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Abstract XV

HysripizatioN oF FETI METHODS
Abstract

In the domain decomposition framework, classic non-overlapping methods such as FETI
and its variations are often used in industrial applications due to better performance
and properties shown by them. Several improvements have been developed in order to
achieve these good results. Following this line of work we present new methods based
on FETI and new implementations of the recently developed S-FETI method.

The classics FETI-1LM and FETI-2LM methods are used to build a new hybrid FETI
method as a fusion of both of them. These methods differ from one another in the
boundary condition imposed on the interface. The basic idea is to develop a new
algorithm that can use both methods at the same time by choosing in each interface
the most suited condition depending on the characteristics of the problem. We search
to have a faster and more robust code that can work with configurations that the base
methods will not handle optimally by themselves. The performance of this method
is tested on a problem with a contact surface, where most of the numerical issues are
focused.

In the following part, we present a new implementation for the S-FETI method. As seen
in the original presentation, the full reorthogonalization needed by S-FETI, and all FETI
methods in general, impose the storage of all the directions created, making the memory
cost somehow a relevant issue. The objective is to reduce the memory usage of this
method, allowing this method to work on larger problems. We achieve this by using the
sparsity properties of the search directions. We also propose other variations to lower
the storage, but this time by reducing the directions saved at each iteration. Finally,
an extension of the FETI-2LM method to his block version as in S-FETI is developed.
Numerical results for the different algorithms are presented.

Keywords: numerical analysis, domain decomposition methods, algebra, scientific
computation

LJLL Laboratoire Jacques-Louis Lions
Laboratoire Jacques-Louis Lions — 4 place Jussieu — Université Pierre et Marie
Curie — Boite courrier 187 — 75252 Paris Cedex 05 — France
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Introduction

In the last decades and thanks to the growth of raw computational power, faster,
more robust and accurate algorithms had been developed to solve numerically
a large variety of problems modeled by Partial Differential Equations (PDE).
The use of multiple processors to increase the speed of calculations leads to the
search for strategies in parallelism that allows profiting from these new computer
architectures. Different parallel iterative and direct methods for solving linear
systems have been developed [70],[24],[3], both with different trade-off regarding
speed, memory, and accuracy. Results of iterative methods based on Krylov
spaces usually depend on the eigenvalue distribution of the matrix representing
the system, and for most problems, the memory requirements are not an issue.
On the other hand, direct methods are more robust, but the use of memory can
be an issue for some large systems.

For problems coming from the discretization of Finite Element Methods,
we have properties that allow us to use different approaches. Considered a
hybrid between iterative and direct methods [59]], [18]] these are the Domain
Decomposition Methods (DDM). They are based on the partition of the domain
of the problem into subdomains, where a smaller system of equations is defined.
From this division, these methods are categorized into two large groups, the
overlapping and non-overlapping methods.

In this work we will focus in some DDM with non-overlapping subdomains,
mainly the Finite Elements Tearing and Interconnecting (FETI) and other related
methods [34],[30],[31].

The primary objective of this thesis is to develop new FETI methods, improv-
ing the results shown by the existing algorithms in as much number of cases as

it is possible. Also, we will expand the results on one modern FETI method to

1



2 Introduction

extend its application to problems in which the current formulation does not

allow it.

Contributions of this thesis

The following work is based on one of the best known non-overlapping domain
decomposition method, the Finite Element Tearing and Interconnecting method
[34],[33]. Since its first appearance, many have been the works based on this
method, producing several improvements to it [27]],[61]] and at the same time
enabling the formulation of new FETI methods [30],[31]. Within this context,
today we can count with two of the most used FETI methods, namely the original
FETI-1LM and the later developed FETI-2LM (both including the enhancements
already done to them). We start our work presenting a new FETI method,
based on these two methods and the similarities shared by them. In this new
algorithm, we try to take advantage and combine the good properties of both
individual base methods. After the presentation of Hybrid-FETI, and after a
better understanding of the same, we can exhibit its advantages in some cases,
in particular, the contact problems, where usually outperforms the FETI-1LM
and FETI-2LM methods.

In a different line of work, this time following the development of a recent
FETI method, the so-called Simultaneous-FETI (S-FETI) [38], we will continue
the analysis of it, to find new, faster or more robust algorithms. Different
variations will be formulated and tested, all of them trying to improve the
existing results shown by the method, mainly in terms of memory use, but also
regarding speed and robustness. We will extend the application of S-FETI to
a broader class of problems by developing a new implementation based on a
sparse storage. This new algorithm will reduce the memory limitations of the
method.

The last parts of this thesis show some ideas are worth exploiting, with
preliminary results and under current development. Based on the properties
beneath the formulation of S-FETI, we try to develop new FETI algorithms of
the same type. For example, we use the same block construction strategy used
to build S-FETI starting from FETI, but this time we apply it to the FETI-2LM
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method, leading to a new block version of this last one. This method along
with some other ideas are still in its basic stage, so they present several issues;

nonetheless, they may lead to new sources of research.

Before giving more details about FETI and the other FETI-like methods, we
want to recall some of the essential linear algebra tools needed in this thesis to
understand this type of algorithms. We refer to the iterative solvers for linear
systems which are key elements in the different FETI methods. We will also link

these ideas against the work in domain decomposition methods in general.

Iterative Methods

We start by showing the fundamental properties of the iterative Krylov Methods
used in the solution of FETI problems.

Krylov Methods

In this section, we are interested in solving the following general problem
Ax=b (1)

With A € M,,,.,(R) a square real matrix, x the vector of unknown, b a vector of
known values also called right-hand side (RHS), both terms are R" vectors.

A big part of our work is based on the solution of such a linear system (the
FETI operator) via an iterative method. First, we will consider the more general
case where A is invertible, meaning that our system has a unique solution.
The most frequent iterative methods used to solve Equation (1)) are the Krylov
methods, a name due to the fact that they are based on projections in a particular
type of space, the Krylov Spaces.

The Krylov Space is defined by

Definition 0.1. Let us consider xy as an initial solution of (I). A Krylov space,
denoted by IC, is the space generated by the residual g := Axo — b and its successive
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p — 1 iterative products
K, = Span{go, Ago, A*go, ..., AP~ go)

The Krylov methods consist of building and projecting our solution in this
subspace, all by just using simple operations such as matrix-vector products,
dot products or linear combinations of vectors. In the following, we will recall
the proof of theoretical convergence of the Krylov methods and how to build in

practice the solution (or approximated solution) of the system ().

We note that this family of subspaces is strictly increasing and bounded, so it
has a maximal dimension that we will call p,,,,. Also, from the definition of the

subspaces K, we have the next properties

Lemma 0.2. If APg € K, then AP™g, € IC, for every q > 0

p-1
Proof. By induction. For g > 0, if we have AP™g, € K, then AP™1g, = ZakAkgO

k=0
and therefore

p—2

APTatlgy = ZakAk+1g0 +a,_1APgy
k=0

p-2 p-1
k+1 k
= Z“kA So+ap ZﬁkA 80
k=0 k=0

p-1
= ZVkAkgo
k=0
OJ

Lemma 0.3. The Krylov space succession is strictly increasing from 1 to p,.. then it

stagnates from p = pax

Proof. If p is the smallest integer that makes APg, dependent of previous vectors,
then the vectors (go, Ago, Ao, --., AP gy) are linearly independent and K, hasa

dimension of ¢, for every g < p. In particular, K, has a dimension p. Furthermore,
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APgy € K, and, from every vector AP*g is in IC,, for every q > 0,

which implies that KC,,, = KC, for every q > 0. Then we have: Ky C---C K, =K,

for every g > 0. And by definition of p,,,,, we have that p = p,,4, N

Theorem 0.4. The solution of the linear system Ax = b is in the affine space xy+K

pmax

Proof. From|[Lemma 0.2|and |Lemma 0.3|the vectors (g, Ago, A%go, ..., APmex~1g4)

are linearly independent and

pmax_l

ApmanO — Z akAkgO (2)
k=0

In this equation, the coefficient «( is non null, from which, multiplying both
terms by A~! we obtain

pmux_l
o k-1
APm go—E arA™ " go
k=0

which is contradictory with the linear dependency of the vectors. If we divide

both terms in Equation (2)) by ay and we pass all terms to one side, we have

pmazx_1

e k 1
+ —A — —APmaxg, = ) &
8o E 2 80 2 8o
k=1
pmax_l 1
Ak k
Axy—b+ —A — —APmaxg, = 0 &
X0 E @ 8o @ 80
k=1
pmax_l a 1
k pk-1 -1
Al xg+ E —A — — APmax =be
X0 2 8o 2 8o

k=1

]

In practice, to build these spaces all we have to do is to compute the basis
of the space, but we will never use the “natural” base because it degenerates
numerically as it grows. In practice, if we use the regular double precision in a

standard machine, after a few iterations the new values of the succession APg,
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start to be linearly dependent, and depending on the matrix A some values are
too small or too big to be represented.

With this in consideration, we need to find another way to reconstruct the
space. To do so, we build different basis, for example, the one called Basis
of Arnoldi which has much better numerical properties of representation and
stability. This base is constructed applying the modified Gram-Schmidt orthonor-
malization procedure to the successive matrix products. The algorithm defined
in (1)) illustrates this procedure.

Algorithm 1 Arnoldi iteration algorithm

1: Initialization

2: gy = AXO -b
3: Vg = H(‘gﬁ
4: loop Construction of the p + 1 vector of the base
5: w=Av,
6: fori=0topdo
7: a; = (w,v;)
8: w=w-—-q;v;
9: end for
10: Vpyl = m“;—”
11: end loop

Let V, be the space of the first p basis constructed of the Krylov space. The
next problem is to find an approximate solution x, of the system using this
basis. From we know that the exact solution is in xo + /C,, , but
in practice the approximate solution is found using limited arithmetic, so we

search a projected solution in the space xy + K. This way, the solution can be

written as

xp = X0+ Vyz, (3)
where z,, is a p dimension vector. This approximation allows the writing of the
error e, and residual vectors g, as

ep =X, —X=x9—x+V,z,=eg+ V2,

gp:=Ax,—b=Ae, =Aeg+AV,z, = gy + AV, z,
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A Krylov method consist, in one hand, of an algorithm to compute a base for
the Krylov space, and on the other side, an optimal criterion to determine the
approximate solution x,. This criterion usually is to minimize the error or

residual using some adapted norm.

Lanczos method

We will now explain how to build the solution in the particular case when A is a
symmetric matrix. Let h;; be the coefficient of orthogonalization of Av; against
v;. Let hj,1; be the norm of the vector w we get after the orthogonalization.
Finally let V, be the matrix of the p first vectors of the Arnoldi’s base, then we
have that

Ty —
Vp Vp = Ip
AVp = Vp+1Hp+1,p

where
hip his hlp
h21 h22 ces th
0  h3y hs3 h3p
Hp+1,P = .
0 0 hp+1yp ]
and so

. _yT
H,:=H,, = V] AV,

For the case of a symmetric matrix, Hp is also symmetric, therefore tridiagonal,
so the algorithm for the construction of the Basis of Arnoldi is simplified.

The method described in shows the construction of the basis of
Arnoldi for symmetric matrices, now called Basisof Lanczos. This algorithm has
the property of only using short recurrences in the computation, so its cost is

constant in every iteration.

If the matrix is also positive definite, the Lanczos Method consist on minimiz-
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Algorithm 2 Algorithm of Lanczos

1: Initialization

2: go = Axy— b
3: Vg = ”‘;ﬁ
4: loop Construction of the p + 1 vector of the base of Lanczos
5: w=Av,
6 hpp1=hpop
7: w=w-—hy 1,y 1
8: hpp = (w-vp)
9: w=w—hy,v,
10 Iy =
11: Upt+1 = W
12: end loop

ing the error in the norm induced by A

E(xp) = llxp = x5 = (A(x, =) (x, = x)) = (g, - ¢p) (5)

The solution constructed using the Lanczos method has the following properties

Theorem 0.5. The approximate solution x, of the Lanczos method is the projection
of x in xo + IC, for the inner product derived from A.

Proof. From , Xp is the element from x +ICP which has a distance to x minimal

in the A-norm.
O

Corollary 0.6. The residual vector g, = Ax, — b of the Lanczos method is orthogonal
to KCp.

Proof. Direct of the properties of projections in affine spaces. O
prop proj p

All that is missing is the practical computation of x,. To do so, we know from

and (4) that

E(xp) = (Aleg + Vpzp) - (€0 + Vpzp)) = (AVyz, - Vyyz,) + 2(80 - Vpzp) + (0 €0)  (6)
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To minimize this, we only need to use the part that depends on z, and so the

problem reduces to the minimization of the functional

1
Tp(zp) = E(VPTAVPZP “Zp)+ (VpTgo *2Zp)
1
= E(szp -zp)+(yp -zp)

where Tp = Hp is the matrix of the orthonormalization coefficients. This is a
classical minimization problem in finite dimension, from where we have the

following results

Lemma 0.7. If A is a symmetric positive definite matrix then J(x) = 5(Ax-x)—(b-x)
is strictly convex

Proof.

J(ax+(1-a)y)=
= %az(Ax -x)+a(l—a)(Ax-y)+ %(1 —a)?(Ay-p)-a(b-x)—-(1-a)(b-y)
—aJ(x)+(1-a)J(y)+

+ % [(@® = a)(Ax-x) + 2a(1 - a)(Ax-p) + (1 - @)’ - (1 - @))(Ay )]

= aJ (1) +(1-a)T () + sala~1)[(Ax-x) - 2(Ax-3) + (Ay -p)]
A is positive definite, so we have
(Ax-x) = 2(Ax-y) + (Ay-y) = (A(x ~p) - (x~p)) > 0
whenever x # . Now, if a €]0, 1] then a(1 — @) < 0, hence
%a(a -1)[(Ax-x)-2(Ax-y)+(Ap-y)] <0
U

Theorem 0.8. The functional J(x) = %(Ax-x)— (b-x) admits and absolute minimum

x that also verifies Ax = b.
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Proof. J is strictly convex and lower bounded, because [J(x) — +co when ||x|| —

+00. It is obviously differentiable with a value of
DJ(x)-y=(Ax-y)=(b-y) = (Ax~D)-y)

This functional has an absolute minimum in the unique point where its gradient

is zero, which is the point where Ax—b = 0. O

Corollary 0.9. The minimum of £(x,) defined in @ is the point x, = xo + V,zp, 2,

being the solution of the system
Tyzy, = =yp.

Proof. From previous theorem and lemma, all we have to prove is that T, =
VpTA V, is positive definite which comes directly from the fact that the matrix A

is also positive definite and the vectors V), are linearly independent. ]

The Lanczos method consists on building T, and y, then find z, and replacing
it in Equation (3) to obtain the approximate solution x, that minimizes the error
in the A-norm.

One of the good things of this method is that the vectors of the basis are
calculated using a short recurrence, but the main drawback is that for the
computation of x, we need to solve a bigger system every step, so the cost grows

as the number of iteration increases.

Conjugate Gradient

Using the Krylov space approach, in this part, we introduce one of the most
known iterative algorithms, the Conjugate Gradient method (CG). It can be
considered as an improvement to the Lanczos method, in fact, the Lanczos
method will be a much better algorithm if it could use a short recurrence for the
calculation of the approximated solution x,. To construct this, we need that the

first component of z, are the ones of z,_; which will give a formula of the type

Xp = Xp_1+apVp,
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In order to do so, the base of the Krylov space must be one in which the projection
matrix WPTAWP is a diagonal one. However, we will not be able to compute the
error £(x,) because ¢y will be unknown. A practical way to test the convergence

of the method is to use the following dimensionless residual

|Ax, - bl
1B

The previous relation implies the need of computing the successive gradients to
control the method. From the fact that g, € K¢ ﬂlCﬁ we have that g, = pv,,1, so

rather than using the orthonormal base of vectors v, we can use the orthogonal

p
base of the gradients. Even if this basis goes to zero, there is no practical issue

because the method will stop before any representation problem.

Let Gp = (go,gl,...,gp_l), we know that, Gp = VpAp where Ap is a diagonal
matrix. The projection matrix GE AG, is also tridiagonal symmetric positive
definite

T _ ATy, T —
GIAG, = ALVIAV,A, = A, T,A

pTpBp =Tp

which at the same time, admits the factorization Tp = I:pljpig, again with Dp a

diagonal matrix, therefore

The previous equations shows that the matrix W, = GPI:;t made of linear combi-

nations of G, is a A-orthogonal base of £,,.

Considering that the projection matrix WPTAWP is diagonal, this basis is ideal
to use in the computation of the solution of the optimization problem (5), as it

can be built using the relation
-
W,L, =G, (7)

Let (wg, wy,...,wp_1) be the column vectors of W, and (yg, y1,...) the sub-diagonal
elements of L', the Equation (7) implies

wo=goand yj_ w1 +w; =g Vj>0 (8)



12 Introduction

With the different relations between x,, g, and w, we can formulate a new
method using only short recurrences in the construction of every new vector. In

fact, from the previous equation, we have
g0 =Axg—band wy =g
Also, from the properties of the base W,, we know that
Xp = Xp1 +Pp-1Wp-1 S & = &p-1 t Pp-14Wpy

Considering that g, is orthogonal to both K, and w;,_;, we can obtain the value

for p,_1

(gp—l : wp—l)
Awp—l : wp—l)

(gp ’ wp—l) = (gp—l 'wp—l) + pp—l(Awp—l ’ wp—l) =0 Pp-1 = _(

From Equation (8| we can build the new w, with the previous w,_; and g,

p
Wp =& ~ Vp-1Wp-1

The coefficient y,,_; is also computed using the A-orthogonality relation between

wy, and wy_;

(gp ’ Awp—l)
Awp—l ' wp—l)

(wp - Awp_1) = (8p - Awp1) = Vp-1(Wp_1 - Awp 1) =0 Yy = (

The method defined this way is called the Conjugate Gradient method [44] and
it can be summarized in

Remark: From a theoretical point of view, we do not need any orthogonal-
ization to build the new descent direction wp, but in finite precision arithmetic,
errors are transmitted from each actualization. Therefore, in practice, to apply
this method in the domain decomposition framework, we will need to recon-
jugate the vectors of the base, and so the storage of these vectors for a robust

method is mandatory [66]. Considering this, the lines (11)), from the
are now replaced by the loop necessary to build the coefficients y; and
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Algorithm 3 Conjugate Gradient method
1: Initialization
2: 9o = Axy— b
3: wo = Qo
4: loop Iteration of the CG method

5: Pp-1 = _(gp—l : wp—l)/(Awp—l : wp—l)
6: Xp = Xp-1 + Pp-1Wp-1
7o & =8&p-1 1 Pp-1AWp
8: if (g,-g,)/(b-b) < €? then
9: End
10: end if
11 Vp-1= (gp 'Awp—l )/(Awp—l 'wp—l)
12: Wp =8y~ Vp-1Wp-1
13: end loop

the reorthogonalized directions

-1
(gp'Awi) . S
Y Gy S0Pl Wemgm) Y
i=0

ORTHODIR

The following iterative method will also be presented using the Krylov spaces
approach. The difference with the Conjugate Gradient method is that it can be
used in cases where the matrix A is no longer symmetric. This is the case of some
FETI methods such as FETI-2LM, but more details will be given in the following
chapter.

In the case of A being a non-symmetric matrix, the H, matrix is no longer
tridiagonal. There is no short recurrences to build an orthogonal basis of the
Krylov space K,,. Also, A does not define an inner product, and the criterion of
optimality £(x,) may not be used. In this case, the choice for a stopping criterion

is the computation of the square norm of the residual
R(xp) = (Alxp =x)- Alxy =x)) = (8- &) = Ixp =xl3r 4 = (ATA(x, =)+ (x, = %)) (9)

We have similar properties to the symmetric case for the approximate solution
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that minimizes R(x,)

Theorem 0.10. The approximate solution x, that minimizes R(x,) in xo + K, is the

projection of x for the inner product associated with AT A.
Proof. Direct from Equation (9). O
Corollary 0.11. The residual vector g, = Ax, — b is orthogonal to AIC,,.
Proof. From the properties of projections in affine spaces
(ATA(xp —x)-wp) = (A(x, —x) - Awp) = (g, - Awy,) = 0, Yw, €K,
O

We have naturally introduced the scalar product defined by ATA that is
symmetric and positive definite if A is invertible. We could think that it would

be appropriate to use the Conjugate Gradient method to the system
ATAx=ATb

This equation is called the “Normal equation” and it does not have a very good
conditioning. Due to its definition, it can be as much as the square of the original
conditioning of A.

The best is to compute the solution using short recurrences, so from the

Theorem 0.10|we know that any AT A-orthogonal basis W, of K, implies that
WPTATAWP should be diagonal.

If we look at the structure of H,, , the matrix HpT+1,p

case the previous basis has no use. To build a basis AT A-orthogonal we only

Hpy,1,p is full, in this

need to apply the modified Gram-Schmidt procedure to the vectors obtained
by successive multiplication for the matrix, using the AT A-norm. With this

considerations, we have the following short recurrences

Xp = Xp-1 T PpWp

8p = &p-1 T PpAwp
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From the AT A-orthonormal properties we have
(gp Awy) =0 (gp—l Awy) + pp(Awp 'Awp) =0 p, =—(g1 'Awp)

Finally, the method is described in

Algorithm 4 ORTHODIR method
1: Initialization

2: 8o = AXO -b

31 wWo = Qo

4: loop Iterate p = 1,..., until convergence

_1-Aw,_

o p= ‘(/(iipl,l-mipl,i)

6: Xp = Xp-1 + PWp-1

7: 8 = 8p-1+PAW, 4

8: w, = Awp_q

9: fori=0top—-1do

_ (Awp-Awy)

10: Y = —W
11: Wy =wp + YW,
12: end for
13: end loop

This algorithm forces to save the vectors of the basis, but this a standard in
the DDM framework for numerical stability. In any case, we will deal with this

issue in the next chapters.

Remark: A small variation of this method, equivalent to the regular and with
the same properties can be made if we change the line (8) and build the next
direction using the gradient, instead of the previous orthonormalized vector, i.e

Wp =&

Parallelization of Krylov methods

The codes presented previously for the CG and ORTHODIR methods represent
both sequential algorithms. However, they can be transformed into their parallel

counterparts.
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The implementation of the parallel version of these iterative methods is
based on a message-passing standard. In practical terms, this implies the use of
libraries that use the most common parallel computing architectures. One of the
most frequently used communication protocol is the so-called Message Passing
Interface (MPI) [39].

Using this protocol, we only add two changes to the sequential CG and
ORTHODIR algorithms

1. Exchange of data between processes (or subdomains, in the domain decom-
position framework) to assemble the matrix-vector products. The details
on how to compute these products will be given when presenting the
first domain decomposition method used in this work, namely the FETI
method.

2. Global reduction operations to add the contribution of each process when

computing the different scalar products.

The first item show one of the fundamental links between parallel iterative
and domain decomposition methods. This is more evident when we know that
one of the strategies to parallelize matrix-vector products come directly from a
partition in subdomains strategy [49]. In the DDM and this thesis in particular,
the parallelization is direct as the matrices to solve come from the discretization
of a PDE in a discrete mesh.

With the previous basic linear algebra, parallel computing and DDM consid-

erations, we are ready to presents the main work of this thesis.

Remark: Using the MPI libraries (in general, any communication protocol
needed to do exchanges in a parallel algorithm) produces synchronization points
in the code that need to be reduced as much as possible to avoid major impact
in the total computation time. This is also standard in the work of DDM and

parallel algorithms.



Chapter 1

Hybrid FETI method

In the domain decomposition framework, the Finite Element Tearing and In-
terconnecting (FETI) method have proven to be very effective in the solution
of real engineering applications during the last decades. For this reason, the
development of FETI and other methods of the like keeps up to this day, always
searching for faster, precise and more robust algorithms. In this context, we
have developed a new method, based on two existing FETI methods, namely the
FETI-1LM [34] and FETI-2LM [31]] (as in one or two Lagrange multipliers). This
new method, called Hybrid-FETI, tries to recover the good properties of each
starting method, in configurations where the use of one or the other is not so
clear, regarding speed or robustness. For the development of Hybrid-FETI, we
need to understand the basics of both FETI methods from a theoretical point of
view, but also from the implementation point of view it will be crucial to show

how the new method works.

In this chapter we first introduce the FETI-1LM method in its classic version,
including some considerations to reach the good performance of the method.
These are mainly, the preconditioner used and the practical implementation of it.
In the same way, the following part explains the FETI method with two Lagrange
multipliers. Finally, we show our new algorithm that arises from combining the
two previous FETI methods. The chapter ends with numerical results to asset

the performance of all the methods shown in the chapter.

17
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Figure 1.1 — Two subdomain splitting

1.1 Basic FETI method

1.1.1 Model problem and discretization
Model Problem

To begin, we will show the development of the method for a simple model,
with the most basic domain decomposition configuration. All the ideas will
be extended later to different elliptic problems and configurations. Let us first

consider the Poisson problem with Dirichlet boundary condition

—Au
u

where QNRY, d = 2,3 is a bounded domain. We need to find its variational form,
so the Stokes formula is used in (1.1, and the problem is now:
Find u € Hé(Q) such that

f in Q

1.1
0 on 0Q (1.1)

J Vu-Vv:J fv VveH&(Q) (1.2)
Q Q

The domain is now divided into two smaller subdomains Q) and Q). Let
I3 = 9QM N dQ>? be the interface between both subdomains as in

This division allows the formulation of two new smaller problems in each
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subdomain that inherits the Dirichlet condition, or any other condition, in a part

of the boundary. These problems are written as

AU = fO i QO
u) = 0 on dQWN\T®)

(1.3)
with s = 1,2. It is clear that the solution of (L.1)) will satisfy these equations, but
the contrary is not always true, due to the differences that occur in T'3),

We continue by using the Stokes formula again, to find the variational form

of (I3

ouls)
J v = [ gt | S0 eH @) 1

For a function v € HO1 (Q), in particular, the solution of the problem, its restriction
to the subdomains Q) will be continuous on the interface I'®). On the other
hand, two functions u(®) that satisfy the local Laplace equations will not
necessarily share the same values on I'®). Instead, they can be used to build a

more general global solution, but not smooth enough as required.

To do this construction, but at the same time recover the unique solution
of (1.1) the two variational equations (1.4) are added, giving the following
variational equality

ou  9u?
= Rt P E) Vv e HY(Q 1.
JQVqu JQfV+L(3)(8n(1)+8n(2))v veH,(Q) (1.5)

3)

where v = v(l)lrm = v(2)|r<3>-

This formulation show that a new condition is necessary to have an equiv-
alence between the solution of the global problem and that of the local ones.
For u to be in Hjj (Q) this admissibility condition imposes the continuity on the
interface

u = 4@ on TG (1.6)

and also, for the same reason (explicit in Equation (1.5))) we need a condition on
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the flux

ou'  gu® (3)
an(1)+9n(2) = 0 on T (1.7)

In general, a non-overlapping domain decomposition method consists of two
things. First, introducing boundary conditions on I'® to complement the local
equations (1.3). Second, iteratively find the values of these boundary conditions
for which both continuity and equilibrium (1.7) are satisfied. This last
condition will imply that the local solutions will be the exact same as the global

searched one (restricted to each subdomain).

Depending on the condition imposed, different basic methods can be derived,
the Schur Complement method and the FETI method. (Later we will show a
third method, also of the FETI type, that comes from using a different condition

on the interface.)

The Schur Complement method consists in enforcing consistent Dirichlet
boundary conditions on I'®) so the continuity condition is automatically
satisfied

u = 4@ = 4B on TG (1.8)

The local Dirichlet problem to be solved in parallel for a given u(® on each

subdomain is

Ayl = f(S) in QO
u) = 0 on 0QE\TG (1.9)
49— 4B on TO

We have reduced the computations to find the value of u(3

librium interface condition (1.7) is satisfied. From equations (1.9), the functions
oul) ou'?
o, nd 2
method consists in solving iteratively a condensed interface problem with u®
oul  ou®
onM + on?’

The FETI method is based on enforcing consistent Neumann boundary con-

for which the equi-

are continuous depending on u!3. The Schur Complement

as the unknown, and whose residual is equal to

ditions on T'®) so now the equilibrium interface condition (1.7) is automatically
satisfied:

ou ou® 3
ey _ _an(Z) — 1 on TI® (1.10)
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the local Neumann problem to be solved in parallel for a given A on each

subdomain is

~Aut) = f6) in QO
u¥) = 0 on 9Q®\TG) (1.11)
a”:s)) = +1 on IO
on'

Now we compute the value A on the interface for which the continuity condition
1) is satisfied. From equations 1) we know that u(l)lr(s) and u(z)lr(s) are
continuous functions depending on A. The FETI method consists in solving
iteratively a condensed interface problem to find A and whose residual is equal

to u(1)|r(3) - u(2)|r(3).

A different interpretation of the FETI method can be considered if we see
the unknown A as the Lagrange multiplier of the continuity condition (1.6).
The solution of the global variational problem (1.2) is the field u of H}(Q) that

minimizes the energy functional

](v):%J;)Vv-Vv—J;)fv (1.12)

This minimization problem is equivalent to finding the couple of fields

(u), u?)) of Héag(l)\rm(g(l)) X Héan\rG)(Q(Z)) that minimizes the sum of the

local energy functionals

]1(V(1))+]2(V(2)):lf W(l)_wl)_f £,
2 Jow Q@

+lf Vo2 . vy _ J £,
2 Jae Q®

under the continuity constraint we have that u(l)lr(g.) = u(2)|r(3). This condition

(1.13)

can be written under the weak form

jrm(u(l)—u(z))y =0 VlueH_%(I‘B)) (1.14)



22 CHAPTER 1. Hybrid FETI method

Consider the Lagrangian

L<v<1>,v<2>,y):lf W(l).wm_f f<1>v<1>+lj Vo2 . vy
2 o 2 )o@

Qi (1.15)
f f<2>v<2>_j (v = 02)
[ol% re
then we note that the saddle point (1«1, u(?), 1) of L in
H! QW) x H! (QB)) x H~2(I'®)) is precisely the point where the

00QIN\TG) 00QN\T G
variational equations (1.11)) and (1.14) are satisfied.

Discretization

Let us consider the discretization of the variational equation using a finite
element method. This process works for different elliptic partial differential
equations and different finite element discretizations. From now on, we can
consider the discussion as a more general work. Therefore, we start from any

discretization of an elliptic PDE that will lead to a system of the following form
Kx=f (1.16)

The global stiffness matrix of the discrete problem can be arranged to have the
block structure showed in Equation (I.17). The subscript i denote the inner
degrees of freedom of subdomains Q) and Q(?) and subscript b is used for the
nodes on the interface T3 = 9QM N Q2 = Q1) N 9Q?)

(1) (1) (1) (1)
o (<)2> Kl@) 2 fi<2)
%54 Eo I I
K,;" Ky Ky Xp Jo

The formulation of each local matrix is made considering that every subdomain
has its mesh and also that the nodes of the interface I'®) are shared by both
subdomains, see So there are two interface blocks, one in each local

matrix, noted with superscripts (1) and (2). The local stiffness matrices of the
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QN
I Q,

Figure 1.2 — Two subdomain divisions with duplicated nodes.

two subdomains are

(1) 1) (2) (2)
K(l) _ Kii Kib K(Z) _ Kii Kib 1.18
| g® g =l @ @ (1.18)

vi Kpp vi Koy

1 2
where Kl(lb) + Kl(;b) = Kpp-

The discretization of variational formulation of Equation (1.4) in subdomain
Q) leads to the following system of equations

(s) (s) (s) (s)
K7> Ki(b) g ]:[ ()fi (s (1.19)
S S S S S °
K, Ky, Xp Sy +hy

where fb(l) + fb(z) = f, and h(bs) is the vector representing the discretization of the
flux 2 on TG,

anls)
From this we have an explicit relation between the inner an the interface
nodes
-1 -1
92 K 0 K 120

from (1.20) and (1.19) the relation between the trace and the flux of a vector
satisfying the inner subset is derived

Y= K ek - Y
= KPES LY kTR 4 K - g
= (K - KRS Kl - (1 - KR )
= sl

(1.21)
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In the last line, S;}z) = KI(;J) - Kéi)Ki(iS)_lKi(Z) is the Schur complement matrix. It
is the discretization of the Dirichlet to Neumann mapping that defines the bi-
continuous one to one correspondence between the trace and the flux on the
boundary (or interface in our case) of a field that satisfies the Laplace equation
inside the subdomain. It is symmetric positive definite if the K*) matrix is
symmetric positive definite.

The discretization of continuity (1.6)) and flux (1.7) are
) = (1.22)

1 2
m+ 1P =0 (1.23)
The last condition also called equilibrium, combined with (1.19), gives the
following interface equation
(1) ( ) (1), (2) (2) (2), (2)

bi
(1) (1) (2)_(2) (1) (2 ) (2)
Kbi X; +Kbi X; "'(Kb +Kbb Xp —fb fb

(1.24)

Finally, for two vectors defined on subdomains Q") and Q(? to be considered as
the restrictions of the solution of the global discrete problem (1.17), they must

meet

e the inner equations in each subdomain

{ K( ) fl)+K( ).(1) f (1.25)
2.0 (2) _ (2 :
Klz Xi +K1b b - fl
e the interface equation
(1) (1) 2,2 g, 1) (2)
Kbi)xi +K£i) + Kpp %y +Kbb b fb + (1.26)

e the continuity across the interface I'®)

xél) = xf) (1.27)
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If the continuity relation (1.27) is fulfilled and if we use the fact that x(bl) and

xf) are both equal to the restriction of the global solution on '3 then the inner

equations (1.25) are the first two rows of (1.17). Also, the interface equations
(1.26) are the third row; meaning that the methodology derived only from linear

algebra is valid for any finite element discretization of an elliptic PDE.

The inner equations (|1.25) are common solution vectors of local problems

for any kind of boundary conditions on I'®). Equations (1.26) and (1.27) are

the actual condensed interface problem. This comes from the fact that inner

51) 5.2) starting from xél) and xéz).

equations (|1.25) allow to obtain x: ' and x

1.1.2 FETI with one Lagrange Multiplier

The previous ideas are now formalized for the general case where we have
N, > 2 subdomains. Using any non-overlapping partition of the domain Q) into
subdomains Q©), s = 1,...,N,. We define the interface I’

I= U (9QY N Q@)
1<s,9<N;

In the FETI method the discrete flux, noted A, is the unknown vector defined in
the nodes along the interface. The jump in the solutions of the local Neumann

problems is the gradient of the condensed interface problem.

With the previous notation, the discretization of the local Neumann problems

in some subdomain Q®), can be written as
K©)x0s) = f(s) O IORS] (1.28)

where K©) are the local stiffness matrices; f(*) the right-hand side vectors;
t) ¢ My a0 are trace operators which extracts boundary degrees of
freedom from any subdomain Q). Finally, B®) ¢ M gimryxdimaqe) are discrete
assembling matrices which connects pairwise degrees of freedom on the inter-

face.

In a general case, the stiffness matrices K the local solution vectors x®) and
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Figure 1.3 — Multiple interface node.

the local right-hand side vectors f*) are defined as

() ls)
K®) = K?) K?b>
S S
Kbi Kbb
(5 (5
NEN AN O b
oIt (5
b b

The i and b subscripts also denote the interior and interface nodes in the subdo-
main, respectively. So the trace operator t*) applied to the solution x*) is such

that

NIEPONG

The discrete operators B(®) are the mapping of vectors defined in JQ) onto the
complete interface. Applied to the solution in the local interface xés) we can
use them to write the continuity condition across the total interface, degree of

freedom per degree of freedom

ZB(S)t(S)x(S) =0 (1.29)

S

the restriction of B on the interface I''/) = 9QNdQ), noted B!, is defined as
a signed boolean operator such that B/J) and BU) have opposite signs, providing
the continuity needed. Any node found in more than two subdomains, e.g., see
will generate the same number of continuity conditions and flux as

the number of interfaces that share it.
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With the definition of B®) and (¥, the solutions x*) of 1) and are
the searched restrictions in every subdomain of the global discrete solution of
(1.17). The definition of B® is such that t)"B6)" A is zero for the inner nodes
of Q). Also, in the interface we have that B A + BUDT A = 0 thanks to the
opposite sign. So, again, the assembly of local discrete Neumann equations
gives exactly the global discrete equation (1.16).

We define the gradient of the condensed interface problem as

g=) B
S

where x) is the solution of the local discrete Neumann problem (1.28). Continu-
ity relation (1.29) will define the condensed interface problem for FETI.

“Floating” subdomains

For most subdomains, we face the common case of finding that 2Q6) N QA is
void. This means that the Dirichlet condition of the problem is not on QY so
the local discrete Neumann equations (1.28) are ill-posed. If K*) comes from
the Laplace equation, its kernel is a constant field in the subdomain; if it comes
from three-dimensional linear elasticity, then the kernel is the subspace of rigid
body motions (of dimension 6 in the case of subdomains simply connected).

The pseudo-inverse K" is now needed, and the Cholesky factorization with
partial pivoting is used on the matrix K®) to achieve this. This choice is also
justified by the fact that it allows computing a generator of the kernel R®) and a
factorization of a maximal full rank sub-block. Given the pseudo-inverse K"
and the kernel generator R"®), the solution x(*) of the discrete system of equation
can be written as a particular solution plus an undefined element of the
kernel of K(®)

) g’

x5 = KO () 4 4T BET 1) 4 RO ) (1.30)

From equation (1.28)), we see that the right-hand side belongs to the range of the
matrix K(®), and so it is orthogonal to the kernel. This orthogonality constraint

can be written
RO (F) 4497 B 1) = 0 (1.31)
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This last equation is the admissibility condition for the forces in a floating
subdomain. Its interpretation is that fields belonging to the kernel must have

Zero energy.

Condensed interface problem

Replacing x*) from equation (1.30) in the continuity condition (1.29) we have

B ) g (s)* t(S)TB(S)T/\ + B®) I RG) o (8) — _ B(S)t(S)K(S)*f(S) (1.32)
3 T -y

S

To build the condensed interface problem, we use equations (1.32) and (1.31));
leading to the system to be satisfied by both A and the vector a of coefficients of

1

B&) = ZB(S)S£Z)+B(5)T dual Schur complement matrix

S

the kernel components
F G

GT 0

o Ga =Y B¥tEIRE ), jump of zero energy fields defined by a!®) in Q)
S

e« GTA=(..,BOMIRE, ) )

The condensed interface system (1.33)) is a hybrid system. Its solution A satisfies

the following orthogonality condition
Wl FA=pld, Vu/GTu=0 (1.34)
Now consider A, for example

Ao =AG(GTAG) ¢
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where A is a symmetric positive definite matrix. This matrix is usually taken as
the identity, but it can also be defined as the preconditioner (we will describe it
later) or some scaling matrix. For details, see [62].

Then this A satisfies the admissibility constraint of Equation and
GT(A=Ag) = 0. So, if P is any projector in the kernel of G, then from Equation
we have that A is the solution of the following projected problem

PTFP(A=1y)=PT(d-FAp) (1.35)

The FETI method solves iteratively via a conjugate gradient algorithm the
previous projected condensed interface problem (1.35), using the orthogonal
projector in the kernel of GT.

Interpretation of the projector P
The orthogonal projection in the kernel of GT can be written algebraically
P=1-AG(G"AG) G" (1.36)
To compute the projection of a given vector ¢ we mainly solve the problem
(GTAG)a=-G"yg (1.37)

which is a global coarse grid problem whose unknowns are the coefficients of
zero energy components of the solutions in the floating subdomains.
Now for a given approximation AP of the flux on the interface, the residual of

the condensed interface problem is
gP = ZB(S)SZ(;Z)+B(S)TAP + ZB(s)t(S)K(5)+f(s) - ZB(s)t(s)x(s)p+
S S S

where x°/" is the solution of the local Neumann problems, computed using the

pseudo-inverse matrices

X = KO () 4 (T BT e



30 CHAPTER 1. Hybrid FETI method

so the gradient is equal to the jump of these particular solutions. From equations
(1.36) and (1.37), the projected gradient PgP is

PgP =gl + AGaP = ) B 1) BOOIR(G Y
S S

the projected gradient Pg, is equal to the jump of the particular local solutions
of Neumann problems x®" plus the term of zero energy fields with coefficients
als’

O = x5 L R) 4 ()

The definition of the constraint (1.31]), associated with the orthogonal projector
(1.37)), entails that the zero energy components of the jump of the local solution
fields x¥)" are minimal in the sense that this jump is orthogonal to all the traces

of zero energy fields
T
G'Pgl =0 < (BYtOIRY) PgP =0 Vs

The projected gradient PgP is obtained by computing the coefficients a? of
optimal local zero energy fields. For the linear elasticity problem, the zero
energy fields are the rigid body motions. The underlying process is a kind of
coarse grid smoothing of approximate solutions that ensures a convergence rate
for the overall FETI process asymptotically independent upon the number of
subdomains [27]. Hence, the FETI method with floating subdomains is a kind of

two-level solver that is numerically scalable.

1.1.3 Local preconditioner

The coarse grid smoothing performed by the zero energy fields projector P gives
a convergence rate independent upon the number of subdomains, but this is not
enough to have a convergence rate that is also independent upon the mesh size.
Is necessary the use of a preconditioner, which for the FETI method is one of the
“Dirichlet” type.

Consider t*) the trace or restriction operator on the local interface of subdo-

main Q©). Then the contribution of this subdomain to the condensed interface
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operator, defined in (1.32), is

and it just depends on the restriction on the interface I'®) = Q) of the pseudo-

inverse of K(®), meaning

* (5)T () _ (&) (7 (St _,
FS) g ()7 4(s)" — (K,, —K, K, K.,y =S,

As this matrix is the pseudo-inverse of the Schur complement matrix on the

interface I'®), a preconditioner based on local contributions for FETI is

D' =) BUsy BY" (1.38)
S

where again Sl(;sb) is the Schur complement. This preconditioner tries to approxi-

mate the global inverse of local sums by the sum of local inverses, meaning

+
[Z B®) Sz(fb) B(s>T] ~ Z B©) Sésb) Be)"
S S

The computation of this preconditioner applied to an interface vector w is done
by solving the following local problems with Dirichlet boundary conditions on

the interface I'®). They are imposed by the assembled local vector tOT Oy

(5) 2 (5)][=(8)
Kii Ky [|@; | _ 07 gy, = | ©
~(s) (s)
0 I ||w, wy,

whose solution is
~(s) _ ()" (s)_ (s)
w; =-K;;" Kjw,

then, multiplying by the stiffness matrix we obtain

Kl.(f) Kz.(;) u?l(.s) 0 } [ 0 }
(s) ) [ -]~ (s) (5) () ()~ ()] ~ [ c(9). (9)
Ky Ky ||y (Kyy =Ky K™ Ky )wy, Spp Wy
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With this preconditioner, it has been proved [52],[33] that the FETI method is
asymptotically independent of the mesh size. With a condition number for the

projected condensed operator bounded by

C(1+ log(%))z

where h is the mesh size, H is the characteristic subdomain size and C is a
constant that do not depend on any of the first parameters. Meaning, that when
decreasing H the number of subdomains increases and when h goes to zero the

finite element mesh is refined (more elements).

So, with both local and global preconditioners, the number of iterations does
not depend anymore neither on the number of subdomains nor the mesh size.
A second preconditioner, not mathematically optimal, can be introduced as an
alternative to the Dirichlet one; the so-called “Lumped” preconditioner can be
defined as

L7'=Y BUKyBY (1.39)

S
where KI(;]) is the finite element discretization matrix on the interface nodes.
This preconditioner works as an approximation of the local Schur complements,
with a much more economical implementation because it does not require any
additional storage and involves only matrix-vector products of sizes equal to the

subdomain interfaces.

Both preconditioners were generalized to treat heterogeneous problems [61]]

by just redefining the Boolean operator B*) to a more general one
BG) .— ﬁ(S)B(S)

such that ZB(S)E’(S)T = I, with ¥ a diagonal scaling matrix, usually based on
the diagonsal coefficients of the local stiffness matrix on the interface, the so-
called super-lumped scaling. This scaling is a consistent combination of the
interface reaction forces from the Dirichlet problem in each subdomain (more

details of this classic results are found in the next chapter). With this new scaled
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assembling operators, the preconditioners are written as

D= Y BUst R
S

1= Y RO
S

The behavior of both preconditioners can be seen in [33], [61] and will be recalled

in following sections.

1.1.4 FETI Algorithms

Using the definitions in (1.33)) and the projector in (1.36)), the CG algorithm to
solve the FETI problem ([1.35)) can be summarized in|Algorithm 5

Algorithm 5 FETI Preconditioned Conjugate Projected Gradient with full recon-
jugation
1: Initialization

2. Mg =AG[GTAG] ¢
3: go=(FAo—d)
4 wy=PD'PTg,
5: loop p=0,1,2,... until convergence
6 __ (wprgp)
’ p (wp,Pwp)
7: Api1 = Ay +ppwp

8p+1=8p+ pppr
9w,y =PD'PTg,
10: fori=0topdo

11: y.:_(wifpwlﬁl)
' : (w;, Fw;)
12: Wpt1 = Wp1 T YiW;
13: pr+1 = Pwp+1 + yiPwi
14: end for
15: end loop

As we can see, a full reconjugation, instead of the classical CG update without
any, is also used (see the line of the algorithm). This orthogonalization is

needed because in finite precision arithmetic, the theoretical orthogonal proper-
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ties of the CG method are lost. In particular, in the context of the FETI methods,
the multiplication by the operator is not entirely accurate, making this part also

crucial for good convergence rate [66].

Algorithm 6 FETI-1LM unsymmetric
1: Initialization

2: Ao =AG[GTAG] Y (-RT¢)

3: go=PD7'P(FAy—4d)

4 wo = Qo

5. Fwy = PD™'PFw,

6: loop ORTHODIR Iteration from p =0, 1,... until convergence

7. 0, = - (pr)Tgp

P7 (Fwy)' (Fw))

8: Api1 = Ay +ppwp

9: 81 =8p tPpFwp
10: loop Construction of the p + 1 vector of the base F! F-orthonormal
L11: Wp+1 = 8p+1
12: Fwy,,, = PD"'PFw,,,
13: fori =0topdo

_ (Fw) T (Fwpa)
14: Vi=- T
(Fw;)" (Fw;)

15: Wpsl = Wpt1 T YViWi
16: Fwy1 =Fwy +yiFw;
17: end for
18: end loop
19: end loop

Unsymmetric FETI algorithm

The previous method and algorithm only work when the matrix F is symmetric
positive definite. For a more general case when the FETI operator F is no
longer symmetric nor positive definite, the CG algorithm will not be appropriate
(this is the case of the next two FETI method described in this chapter). We
use instead, the ORTHODIR method with left preconditioner for unsymmetric
matrices, mainly for its simple implementation and good convergence properties,
as is equivalent to the GMRES algorithm [49, Chapter 12]. One of the main
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theoretical differences between the two is the storage of previously computed
directions which in both cases is needed to perform the full reorthogonalization
that allows keeping the orthogonality between search directions and therefore a

good convergence ratio.

The full description is given in

1.2 FETI with two Lagrange multipliers

1.2.1 FETI-2LM

In this section, we present the second FETI method that is used as a basis to
build the new Hybrid-FETI. Originally introduced in [31] as a solver for acoustic
problems, then extended in [67] and [68]] as a robust solver for more general
discretizations. The basic idea of this method is to impose Robin boundary
conditions on the interface to “glue” the local approximations for them to be the
restrictions of the global solution. The same way as in FETI, to have a method
useful for different approximations of elliptic PDE, it will be derived from linear
algebra.

To understand how this method works we start with a simple partition of the
total domain Q) into two subdomains, as in From this splitting and
some linear elliptic PDE problem defined in the global domain () we use any
finite elements discretization coming from these equations. We use subscript
i for internal nodes, b for the interface ones, with the interface defined as
r'® =200 NQ@. From a finite element discretization, let us consider the

contributions of each subdomain Q), s = 1,2 to the matrix and right-hand side
(s)
6 _| fi
b
(

where sz) represents the interaction matrices between the nodes on the interface

¥ g

i ib

K©) =
(s)  p(s)
Kbi Kbb

and the interior of Q), independent of each other. The same happens for fb(s).

The global block equation system comes from assembling both contributions,
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giving
K;il) 0 Kl(;) xgl) fi(l)
o K K || |<] g (.40
Ky Ky Ky || % Jo

with Ky, = Kéi) + Kéi) and f;, = fb(l) +fb(2). Taking the second line to find xi.z) and
replacing it in the first and third lines, the system that remains can be written in

the following way

K K ] [ £ ]
i1 ib . .
(1) (1) (2) (2) (2)_ (2) -(2)7" £(2)
K" Ky + (K, =Ky K fb Ky Ko™ fi)

The same treatment can be done, but eliminating the unknowns of subdomain 1.

And so, for both subdomains we have

(s) (s) (s) (s)
0 <{<ib<>”xis ]:[ o <)] (1.41)
S S S :
Ky Ky + Sy, Xb £+ ey
-1 -1
with Sbb) = K;}Z)—Ké?)K-(.q) 1(17 the Schur complement and Cb = fb bz Q) fi(q)

the condensed right-hand side on the subdomain Q9), opposite to Q).

The previous equations show that the restriction of the global solution is, in
each subdomain, a local solution of a problem with generalized Robin boundary
condition on the interface. The operator of the generalized Robin condition
is the Dirichlet to Neumann operator of the rest of the domain. In fact, the
Dirichlet to Neumann operator describes exactly the behavior of the boundary
of the outer domain. Enforcing a local generalized Robin boundary condition
using the Dirichlet to Neumann operator of the rest of the domain makes the
interface to behave locally exactly like the rest of the domain forces it to do.
Then, the local problem formulation takes into account the coupling between

the subdomain and the rest of the domain.

Local generalized Robin boundary conditions enforced on both sides of the

same interface should be set up independently. This leads to introduce two
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independent interface variables, one for each side.

(s) (s) (s) (s)
K?) (Fm (s) xb }:[ <ﬁ ‘ (1.42)
S S S S S *
K,) K, +A, x, £, + A

with Agf) to be defined. From these local equations, inner d.o.f can be eliminated
to get the equivalent local condensed problem
-1 -1
=K R A= IR 420

11 il

1.43
(S(S) +A(S))X(S) _ C(5)+/\(5) ( )
bb b/ T b

And the explicit relation between the trace of the solution and the Lagrange
multiplier is

-1 -1
= 5 AP A 5 Al 149

The boundary conditions on both sides are not consistent, so the two interface

conditions (1.26)) and (1.27) must be enforced to make the solutions of the local
problems ((1.42)) be the restrictions of the solution of the global problem ((1.17).
Thanks to the second line of local equation (1.42), the interface equilibrium

condition gives

A4 2

p Xy Ay x, = A1 442 (1.45)

The residual of the condensed interface problem is then

X;yl) —-X
2

AL 42 2) —Aél)xél) —Ag} x

(2)

b 0
(2)
b

(1.46)
=0

where x(bs) is a function of A*®) according to Equation (1.44). These two equa-

tions, combined with the local problem (1.42) are equivalent to the global block
problem (1.40). With this formulation, equations (1.46) have a mixed form, to

avoid this, a new combination of both equations is proposed, leading to a new
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condensed interface problem

AW £ 1@ (Al 1 AP

b
(1.47)
2 1
A2 4 A (Az ) +A§7 ))xé =0
These two forms are equivalent if the sum of the augmentation matrices A(bl)+A§)2)
is non singular. This is verified if the matrix Aés) is the Schur complement of the
rest of the domain and easily satisfied when Azs) is any consistent approximation

of the Dirichlet to Neumann operator of the rest of the domain.

Finally we compute A(!) and A(?). To do so, we have to obtain xés) from (1.44

and use it in (1.47), then the condensed interface problem can be explicitly
defined by

I T= Ay + a7y + Ay | Am
1-(AP +A)s),) + A [N)_ s
[aeaisg a4

AP al)sy) Al |

This method is called FETI-2LM, like 2-Lagrange multiplier FETT method.

1.2.2 Arbitrary mesh partition

We show the extension of the previous method to the case of an arbitrary mesh
with a total number of subdomains N; > 2. The idea is to take the two subdomain
case and apply it to the different local interfaces created between neighbor

subdomains.

To define this, we start by dividing the total interface boundary I' into in-
terface edges I'/ considering that an interface edge is a collection of connecting

interface nodes. The total interface can be written as

r=|J (209 naat)

1<s5,9<N;
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Figure 1.4 — I/ division example and crosspoint detail.

and we can define more precisely I/ as
I7:=T67 = 90 N 9dQW, Vs,q:9Q N oQW = @

The crosspoints are nodes where more than two subdomains are connected, see
for an example of 4 subdomains and one crosspoint. We can see here,
that more than four edges are defined in the crosspoint, as diagonal subdomains
are neighbors. For each interface edge I'/ and for each subdomain Q) that

intersects it, let us define a boolean matrix B(FSJ-) € Mgiprixdim@e)(R) by

B v = v |
where the vector v defined in all the nodes of subdomain Q) can be written

by separating the nodes of the complete local interface from the interior ones as

(s)
(s) — | Vi
V) = [vl(s)}'
b

Remark: This definition of interface edges (I'/ := T*7)) can produce redundan-
cies in the formulation of the problem. In practice these redundancies do not
produce any negative impact in the FETI methods, on the contrary, for some
cases such as the preconditioning in FETI-1LM they play a vital role, as we will
see later in the text.
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With the previous definitions we can rewrite the local problem (1.42) and
the continuity conditions (1.46) for the general case

Z B - ) Br, Y, s=1..N,

ricQt r'cQ®
B(r)x“ —xlp=0 VI, Q¥or

(q) (q) '
> (W -alul)=0 v
Q@ori

where, A( ) is the augmentation matrix in subdomain Q) for the interface I'/.

(s) ~ .
The same way A is the Lagrange multiplier in the interface edge I/ on the side

of the subdomain Q). The vector x|; is the restriction of the global unknown

x to I'/. Let us also define, for every Q) the total augmentation matrix
(5)T 4 (s) p(s)
Y Al
ricQ®

Finally, we can do the condensation of previous equations to obtain the interface

problem
(@) _ 4@ p(s) -1 )T < (s)
Y | -AB (KO a9)T Y B AR
Q=0 rica (1.49)
-1 . )
Z ArJ rJ VAW FC), VI, vQ® o1/
Dr]

This problem can also be written as FA = d where F is, in general, a non-
symmetric matrix, defined in the whole interface, so again, the ORTHODIR
method with full reorthogonalization is used to solve the problem. One of the
differences with FETI-1LM is that there are no efficient local preconditioners for
this method, so for the cases where convergence is expected in both methods, the
2LM may be slower. On the contrary, there are cases (e.g., anisotropic materials,
heterogeneities in the interface, etc.) when bad numerical features located across

the interface will not allow the convergence of FETI-1LM. In this case, the use
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p

I Iy

Figure 1.5 — One way splitting.

of two independent Lagrange multipliers appears as an alternative where the
regularization terms can assure the convergence, making the FETI-2LM a more

robust method.

1.2.3 Optimal Interface Boundary Conditions

As seen in the definition of the FETI-2LM operator, the results of this method
depend on the determination of the augmentation matrix A®). Different works
have been developed to achieve the best numerical choice. Next, we will show
some of them.

From a theoretical point of view, in the case of two subdomains, the optimal

augmentation matrices are defined as

(1) (2)
A, =8
5’2) ff) (1.50)

This choice is proved by the following theorem.

Theorem 1.1. In a case of a two-domain splitting, the simple (Jacobi) iterative
algorithm for 2-Lagrange multiplier with augmented term equal to the complete outer
Schur complement defined as in Equation converges in one iteration at most.

Proof. From the definition of Agj) = SZ(JZ), s=1,2,q=1,2,s#q, the matrix that
defines the method ((1.48) is equal to the identity. O
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In a more general case of a one-way division in N subdomains with no
crosspoints, the optimal augmentation can be proved to be the Schur complement
of the rest of the domain. Consider a one-way splitting as in and
denote the nodes in the interface with the subscript b — 1 for the left interface

and b for the right. Then the local contributions can be written as

(s) (s) (s) (5)
(s) K(“i I<<i>b_1 Sip (s) fi()
s) _ s s s) _ s

K™= Kb(—l)i Kb—lb—l ?) ’ f - fh(—}

S S S
Kbi 0 Kbb fb

If we eliminate the inner nodes, the contributions to the condensed matrix and

right-hand side of subdomain Q) are

(s) (s) [ (s) (5) ()71 (s) (5) ()71 (s)
szl)b—l Sb(—l)b — Kb 1b-1 Kb lz{<11 Kz‘b—l Kb 11Kzz Kz'b

S S - -
skl s _K< >K1<1> K;Z)—l K()_K< >K1(1> Kf;)

) (s)71 £(s)

b()] fbl blszzlfi
()‘ (s)

b fb bz f;

After assembling the local contributions, the global condensed problem is a

block tridiagonal system

0 0
(s-1) (s-1) (s) (s) (s-1) (s)
Sp_1p-2 Sb—lb—1(+) Sp_1p-1 ()Sb—lfa , (0 ) Cb(—)l +(CbI)1

S s s+ s+ ’ s +
0 Spp-1 Spp * Spp Sph1 Cp T 6
0 0

If this system is factorized by successive condensations from both sides up
to the subdomain Q), then the following condensed problem is obtained in

subdomain Q)

(=) (s) (s) (s) (=) (s)
Sy 1p-1+ St Spotp ] [xbs—ll _ [%-1 + Cbs—l}

(s) (s) (+) (s)
Spp-1 Spp + Spp b
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where the terms with (+) and (—) superscript are recursively denoted by

Sn = S - sthufsiesty] sk

s = st - sil s s st

Cé_—)l = CS) - Sl(asb)—l —SZ(J:)lb—1+Sl(JS;)1b—1]_1 [C(_—)l"'cgl]
ar =l s siesi] [ ]

The previous system suggests that the optimal term to add to the local matrix

problem K is S on the left interface nodes and S™*) on the right ones. Q)
=) (+)

is the only subdomain with non zero right-hand side, then ¢, ;, =0and ¢, =0
and the system is the exact condensation of local augmented problem
(s) (s) (s) (s) (s)
K(“i (s Kib_l( ) b ' fi( )
S S - S S
Kb(—l)z‘ Ky 1p-1+ Sp-1p1 “ 0 “ xb(—)l - fb(—} (1.51)
S S + S S
Ky; 0 Kyp +Spp 11 % fy

In this case, we have the following theorem

Theorem 1.2. In a case of a one way splitting, the Jacobi iterative algorithm for the
two-Lagrange multiplier FETI method with augmented term equal to the complete
outer Schur complement (as in Equation ) converges in a number of iteration

equal to the number of subdomains minus one.
Proof. See Roux, Magoules, Salmon, and Series [67]). O

With this theorem, we know that in every subdomain the optimal augmenta-
tion term, in a one-way splitting, correspond to the Schur complement of the
outer domain, which in practice is impossible to compute. Furthermore, this
matrix is a full matrix, even if it was available for free, using it in the generalized
Robin boundary condition would make the local problem too expensive to solve,
so it is mandatory to find sparse approximations.

In this context, several approaches have been proposed 68|, from which we

can name the following:
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Schur neighbor: In a physical context, the complete outer Schur complement
matrix represents the interactions of all the degree of freedom of the subdomains,
condensed on the interfaces. This condensation only with the neighboring sub-
domains, leads to approximate the complete outer Schur complement with the
neighbor Schur complement. In this case, the cost of computation and exchange
of data are reduced to the neighboring subdomains only. Even though this is a
good theoretical approximation, in practice it still has a prohibitive cost. The
following two approximations are based on this first approach. They try to
mimic the behavior of the neighbor Schur complement using a sparse and not
expensive approximation of it, which gives good convergence for the FETI-2LM
method.

Lumped approximation: It has been shown in [67]] that approximate the neigh-

bor Schur complement matrix KZ(JZ) - KZ(;)KS) Ki(z) with its first term KZ(JZ) gives
acceptable results. This alternative is straightforward to implement because
this matrix is computed by the neighboring subdomain during the assembly
procedure and the integration of the contribution of the interface nodes. Only
one exchange with the neighboring subdomain is required for this regularization
procedure, the results are however not as good as we would hope, so a third and

better approximation will be finally used.

Sparse approximation based on patches along the interface: This sparse approx-
imation for the neighboring Schur complement, leads to better results than
the lumped approximation, as shown in [67]] and is the only one used in our
numerical results section. The goal is to emulate the spectral density of the

neighbor Schur complement matrix as close as possible.

A dense, but cheaper approximation can be made if the condensation process
is done only considering a neighboring area of the interface, that is, the Schur

complement is computed by

- -1
§s) = Ké“;) _KZ(J;)K](';) K](.Z), s=1,2,VjeV,

where the nodes j are no longer all the interior nodes, but instead they belong to
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the set

V; = { indexes of interior nodes, such that the minimum connectivity
distance between each of these nodes and the nodes belonging to the

interface is lower than d,d € IN}.

Even though this procedure reduces the computational cost of the Schur comple-
ment, it generates a dense augmentation matrix, which adds an extra cost to the
forward-backward substitution in the method. However it is from this idea that

the sparse approximation is built.

We start again with the two subdomain case, as the general case is direct.
The idea is to perform the condensation only in a small part of the interface,
called patch [68]. Let us define the following subsets of indexes for the nodes of
Q) s=1,2:

Vo) = { indexes of nodes inside the subdomain Q(S)}
Vr = {indexes of nodes inside the interface I'}
Vg = { indexes of the nodes inV such that the minimum connectivity
distance between each of these nodes and the node labelled j
is lower or equal than p,p € IN}

Vlf ; = { indexes of the nodes in V() such that the minimum connectivity

distance between each of these nodes and the nodes in Vg

is lower or equal than d,d € IN}

In other words, Vlf is a patch of radius p around some node j, and sz ; is the

neighboring area of depth d of this patch.

This approximation consists of defining a sparse augmentation matrix to
avoid the increase in the bandwidth of the local problem matrix. This augmen-
tation matrix is built by local condensation along the interface and extraction

of some coefficients. The algorithm to compute the augmentation matrix Aéq),

q =1,2 is described in [Algorithm 7]
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Algorithm 7 Sparse approximation of neighbor Schur complement

1:
2:

Initialization of p and 4.

Construction of the sparse structure of the interface matrix Aéq) €

IRdimerdimVr

Construction of the sparse structure of the subdomain matrix K e
RV xdimVey g
Assembly of the matrix K.
for jin V do
Extraction of the coefficients K,(ﬁ,)q, (m,n) € V;, PR V}f’ ;» and construction of
the sparse matrix K*) e leivaid xdimV, g with these coefficients.
Computation of the dense matrix S) by condensation of the matrix K
on the patch V}Z.
Extraction of the coefficients of the line associated with the node j from
the matrix S and insertion inside the matrix Azq) at the line associated with

the node j.

: end for
10:

Construction of the symmetric matrix Agf) = %

The augmentation matrix built up to the last line of the algorithm is non-

symmetric, so we symmetrize the matrix to avoid this drawback.

considering one neighbor at the time to build one augmentation matrix A

The same algorithm is used in any other subdomain in the general case,

(s)
o for

every neighbor that will be added to the corresponding local matrix K(*). As an

example the regular mesh with Q;-finite elements is presented in
This numbering leads to the definition, for the node 13, withp=1andd =1, 2,

of the subsets of indexes

v}? =1{7,13,19)
V'3 =1{1,2,8,14,20,26,25)
V'3 =1{1,2,8,14,20,26,25,3,9,15,21,27,33,32,31}

These subsets correspond to the overlapping layers represented
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Figure 1.6 — Nodes numbering in subdomain Q).

With the explained computation of the augmentation matrices, the final al-
gorithm for FETI-2LM is the iterative ORTHODIR method, already described
theoretically in previous section The projection and precondi-
tioning are not to be taken into account because the local problems are all well
posed. As usual, the full orthogonalization process is kept as it is needed to
avoid the loss of orthogonality produced when multiplying by the FETI operator
(Although in this case is part of the ORTHODIR method).

In practice, even if the algorithms are similar between this method and the
non-symmetric version of FETI-1LM, we have to point out that most of the
implementation differences are in the construction of local problems. In the
2LM case, we have to add the computed A‘®) matrices. The other big difference
is in the computation by this new operator. In this case, is done by changing the
assembly of the residuals according to the definition in Equation (1.49).
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Figure 1.7 — Interface patch of size p = 1 (red) with one and two layers d = 1,2
(blue).

1.3 New FETI as a hybrid between one and two La-

grange methods

1.3.1 Development

Now we are ready to present a new method that arises “directly” if we think of
the properties of each previous method and the fact that both share similarities
in their implementations. The main idea is to mix the good convergence and
speed of the FETI-1LM method with the robustness of the FETI-2LM and apply
it in more complex scenarios that usually we have to face in real life applications.

To show this, we can see in a contact problem coming from the
scheme model of a rolling bearing. These kinds of problems can be easily
extended to other contact schemes where we want to compute the interactions
between objects of different materials, that can be as different as steel and rubber.
The problems with heterogeneous contact boundary conditions imposed with the
penalty method [81]] are the type of situations that can make the discretization
matrices of the model (and consequently the FETI operator) very ill-conditioned.

In this configuration a natural interface will be one that divides the two
materials, if this is the case, then the FETI-1LM method with the extended
preconditioner may be appropriate to handle the heterogeneities (even here the

convergence is not assured if the differences are “extreme”). However, this is
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P

Figure 1.8 — A contact problem.

not always the case when you do an automatic partitioning of the global mesh,
or if, for example, we use different discretizations that lead to different types
of meshing, then we will have the case of a non-conforming mesh. Other cases
were anisotropic materials needs to be modeled, will also give bad numerical
features on the interface. For those problems, the FETI-1LM will not assure the
usual fast convergence. The FETI-2LM method is, in general, a more robust
method, due to the formulation of two independent Lagrange multipliers, that
can overcome these numerical issues.

If we think now in the interfaces that are completely contained in one of the
two material, or in general do not present numerical issues, the regular FETI
method will be more suited as we will get a faster convergence.

Using one or the other will gives us either fast or accurate result, but we can
try to get both of these good features if we choose properly which method to
apply in every part of the interface. If we manage to make the choice that better
suits every local interface, then we will most likely have a hybrid method with
both good qualities.

We will call this method Hybrid-FETI and its formulation can be described
mathematically as previous methods, but this time starting from a different
most simple configuration, as we need at least two different local interfaces.
For simplicity reasons, the basic problem consists of three subdomains and
two interfaces that are entirely independent of one another (no crosspoints) as
shown in In any case, the generalization is straightforward since the
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Ql ELM QZ BLM QS

Figure 1.9 — Three subdomain divisions.

interfaces are always disconnected with FETI approaches.

Using the subscript notation of previous sections, we have i for interior nodes
and b for the ones on the interface T = ' UT2. Then, for each subdomain Q,
s =1,2,3 the contribution to the stiffness matrix and right-hand side of a finite

element discretization is

(s) (s) (s)
kY K fi
KO=1 0 ol f(5)=[fl<s>] (1.52)
bi Tob b

The global discretization matrix of the form Kx = f (as in (1.16))) can be written
from the assembling of the local problems

kY 0 o kPIEV] (Y]
U N T I T
S e S A I T

Ky Ky Ky Kllx] [ fi

up to this part, we have the same as previous methods. Now we need to look in
detail the interactions that happen in this particular interface, so we can separate
it and impose the different boundary conditions, to form the correspondent local

problems for each method.
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If we use the subscript b; for the interface I'! in which we will impose
the Neumann condition as in the 1LM method and the subscript b, for the
2LM interface where a Robin condition is imposed, then the previous local

contributions are

0
(3)
Ky,

Ky'=[K) o], K= [k K] Ky =[o k()]

() _
’ Ky =

As for the interaction between the interfaces, we have

(1) (2)
M), 2, 0 _|Kpp O] |Kpp, O 0 0
Kyp = K, + Ky + Ky, :[ - HOoO o |t (3)
0 0 szbz 0 szbz

_ )2 0 fb(ll} [fbll [ ]
fo=1y "+ h ] [0 sz sz

And the unknown displacements are

Xbl
Xp =
be

With the previous separation, we can form the local Neumann, Robin and Hybrid

problems to solve in each subdomain. For the first problem, we introduce a

JIENE 1.53
blz bbl xéll fb1 bl 153

For the second subdomain, we form the hybrid local problem, where the La-

single langrage multiplier

grange multiplier introduced for the first subdomain is shared in the "left"

interface, and we add two extra multipliers to the interface in the “right” along
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with the augmentation matrix, as in the 2LM method. With this we form

(2) (2) (2) (2) (2)
K?) K(ibf R b f 4O
2 2
Kl(’”) o 2) ’ o] fbl 5721 o
2 2 2
Ky; 0 K, +A4, ||%, sz Ay,
And for the third subdomain
(3) (3) (3) (3)
K?s) <3>Kib2 3) x?a)}‘[ J } (1.55)
szl szbz +Ab2 xb2 be 2

In the interface between subdomains 1 and 2 we have one Lagrange multiplier,

with opposite values stored in each subdomain, we will denote it as

1)

2
o1 = Ay )

_ 3!

- _/\bl
Now, using the same condensation process as in the previous methods, we
will use the explicit relation between the multipliers and the displacements to
eliminate the unknowns of the inner nodes of each subdomain. Consider the

first subdomain, where we know from the first equation in (1.53) that

(1) _ (1)~ (1) (1) (1) (1)
x; =-K Ky, x, "+ K" f

introducing it in the second equation, we have

_ (1) (1) (1) (1) _ (1)

() ! (1) ey (1)71 (1)
Kb]ZKll Klb b] + 1 b] fb] b]l ii f;
(1 (1) _ (1)

=S 5, %, ~ b,

1) ) e ()7 (1) '
here 5, , =K, }, — K IK” bi is the Schur complement of the subdomain 1

-1
in the interface 1LM and Cb = fb b11 1(11) fi(l). With this, we can have the

displacement as a function of A,

1 1
xy) = FOA, + POl (1.56)
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where
1) ._ o
FDi=s,

is the inverse of the Schur complement. For the second subdomain, we have
from the first line in (1.54) that

(2) 27 () (2) 21 () (2) 27" (2
X =-Kj Kz‘blxbl - Kj; Kibszz +Ki;" f;

replacing it in the second and third equation, we have

I 2) (2 2) (2 2
A(bzl>] ) <2>K£2l>l)xE )Tzlfélzl%)) _(S)é 1) )
Abz thzle + (szbz +Ab2 )xbz - bbz
[ (2) (2) (27! 1 (2) (2) ()71 (2) 2 e
_ Kblbl _KbllKlll Klbl _KbllKll 1Kib2 b ]+[ fb] b11 i1
h (2) £ (2)7 £ (2) (2) (2) (27 (2) | A2 ]],(2) e
| KK Ky, Ky b, =Ky, iKii™ K, + Ay || %, sz blz ii
[<(2) (2) (2) (2)
= S?ifl <2>S " ol ‘[Cf%
Sh,b, Sbob, T A, [ X0, Cp,
where the S terms denotes the corresponding Schur complements of the sub-
-1
domain 2 in the interfaces 1LM and 2LM and cé = fb b K f.(z), sz) =
11 11 i 2

-1
fb(zz) ~kPg? fi(z). So the displacements of both local interfaces are

byi~vii

(2) (2)
S R )|

xbz bz Cbz

here, we have
s (2) -1

(2) . |°byb bib

F= [S&)l S0 40 (1.57)
bob,  °byb, b,

We can divide F(? in blocks, such that

F? =
£

@ L2
Fyp, F ) ;72}
byby  Lbyb

then we can also build a separate explicit relation for both displacements in this

£
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subdomain
(2) (2) (2) 41(2) (2) () (2) (2)
[Xﬁ% | Fr o g * gy * Py (158)
Xp, Fy oAby +F Ay + Fyp €50+ Fyp

For the third subdomain, we do the same treatment to obtain

(3) (3)t - (3).(3) 3)7! (3)
x; =K K x, +Ki"

and then replace it in the second equation of (1.55)

(3) (3)_(3) (3) (3)y.(3) (3)
Ay, =K x5 (K, + A )%, _fb2
(3)

3" (3) (3) (3) (3)‘1 (3)
_szlKll Klbszz + (szbz + A sz b2l it f;
_(c3) (3)y..03) (3
= (Sb2b2 +Ab2 )xb2 —Cp,

With analogous definitions of each term, as before. The equivalence in this case

is given by the next equation
3 3 3
Xéz) = F(3)/\§72) + F(?’)Céz) (159)

where
3) . (c(3) (3)\-1
FO = (S, +A,)

is the inverse of the Schur complements plus the augmentation term in this

subdomain.

The continuity conditions needed in every case will vary depending on the
interface. For the interface 1LM, eliminating the jump of the interface solution

is enough to achieve this, meaning

1 2
xp —x) =0 (1.60)

but for the interface 2LM, the interface condition is not consistent, as seen in
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(1.46). We need to add another constraint that gives us a residual of the form

(2 .03 _
b, ~Xp, =0

(2) (3) (2)_(2) (3).(3) _
/\bz +/\b2 _Ab2 X, _Ab2 Xp, = 0

this mixed form is recombined as in the 2LM method. Together with Equation
(1.60) we obtain the conditions needed to impose continuity across complete the

interface
1 (2 _
Xp —Xp, = 0
(2) (3) (2) (3)\.(2) _
)\b2 +/\b2 —(Ab2 +Al72 )xl72 =0
(2) (3) (2) (3),.(3) _
Abz +Ab2 _(Abz +Ab2 )xbz —_ O

With these equations plus the relations between the Lagrange multipliers and the

different displacement, coming from the solution of local problems (1.56),(1.58),(1.59),

we can do the condensation of previous problems on to the interface for the
Hybrid method

(2) (2)
FO+Fyy ~Fy 0 Ap,
(2) (3)) £(2) (2) . 403\ r(2) (2)
(Ab + 4y, )Fb by I_(Ab2 + 4y, )Pb2b2 I A,
0 I I—(Az2)+Af))P(3) AP
2 2 2

1) (1) (2) () (2) (2)
_P()b +Fy S T Fy .,
2

1
0, 4O\ (p@ 0 0 2
- (Ab2 +Ab )(Fb b, b, +szhzcb1 )
(2) , 40)) £(3),3)
(Ab2 +A, )F( ey,

This matrix is not symmetric, so an ORTHODIR method with full reconju-
gation is used to solve it. We name the previous method Hybrid-FETI as in a
hybridization between FETI-1LM and FETI-2LM.
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1.3.2 Extension to a general problem

For the case of a general problem with N; > 2, we proceed as in the 2LM method,
and we divide the total interface into interface edges (local neighboring interface)
so that each one is treated depending on the chosen method. We split the total
interface nodes into edges, that correspond to a collection of connecting interface
nodes, denoted I/ as we did for the 2LM case.

We add a unique marker to these edges to know a priori which one corre-
sponds to each method; we denote the marked edges as lelm and szlm for both
FETI-1LM and FETI-2LM methods respectively. In particular, crosspoints are
edges of one node, where we can arbitrarily mark them 1LM or 2LM.

We also define the boolean matrix B;Sj) for a subdomain as the restriction of a
vector defined in Q) to its values on the interface I'/, i.e

B = v

(s)
where v(®) = [vis)}- We keep the notation for the interior and interface nodes as i
v
b
and b respectively.
With these definitions, we can write the local problem for subdomain Q) as

well as the conditions to get the continuity, for the general case

2lm 2lm 2lm

(5)T 4(s) pls) (5)7 1 (s)
K(5)+ Z B;] AI_:S] BI‘S‘ x(s) :f(S)_ Z Brsl /\I‘SI’ S = 1""’NS
)

1,06 r'cn®
BEXO —yly=0 v, QWor
Y (A(r‘? -A Xl ):o VI,
: 2Im 2lm 2Im
Q(q)grélm

where A(Sj) is the augmentation matrix in subdomain Q) for the interface
2lm

szlm. The other terms are analogous to FETI-2LM. Let us also define the total

augmentation matrix for a subdomain that contains an edge “2LM"; if there are
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no interfaces 2LM, its value is zero

Y
211’” T Z BI‘} 1‘*] I‘]

2lm 2lm 2lm
2lm—

With this equation, we can do the condensation and obtain the problem to solve
on the interface. In general, the two methods are used, so the equations on the

interface will be separated. Finally, we have the following interface problems

(q) (@) pls)
Z, [AFJ _AFJ Brj (K Zlm) Z Bl“l F’]

Q(’?)Qrzjlm 2lm 2lm 2lm FICQ
_ A(q) B(s) K A() - (s) \7’1“] vO© Dr]
=~ Z voon +Aoim ) f 20m? 20m
Q(q)2r2]1m

(s) (s) S (s)
B¢ (K(5)+A2lm) Y B +BY RVal
1Im llm 2lm ZIm 1Im
I‘2lmCQ

() (q) (9) _pD p@) )
+BY (K +A2lm) >y Bfézm @ 1-BY R@a =

]
1im 2lm I‘llm

IwZI‘WtQQ
B9 (k&1 49 Y F0 L 5D (k@ a9\ f@  yp — Qe AQW
i + Ay | fH o + Agim | f 1m

where the term R®) (or R) is a kernel generator for the matrix K®). The
coefficients a'®) are such that the admissibility condition for this “floating
domain” is fulfilled. We need then to use the same projection strategy explained
in to treat these subdomains. In the case that some subdomain
contains a 2LM interface large enough (for example, two or more nodes for a 2D
elasticity problem, three for 3D elasticity, etc.) the term A(;l)m makes that there is

no longer a kernel, so R is zero.

This interface problem can also be written as FA = d with F being non-
symmetric; hence we use the ORTHODIR method version with left precondi-
tioner and full reconjugation. We will talk about this preconditioner in the next

section.
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1.3.3 Preconditioner

If we want this method to be scalable with respect to the mesh size, we need to
find a preconditioner as in FETI-1LM. Up to this day, no optimal preconditioner
has been found for FETI-2LM, but this method has been tested and shown to be
numerically scalable for the mesh size on its own [31]. No extra computation
needs to be done for the interface edges where the Robin condition is imposed.
On the other hand, for the edges where one Lagrange multiplier is used, a
preconditioner is mandatory to keep the convergence independent of the mesh

size.

We will base the preconditioner on local information, just as the FETI-1LM
does. If we look at the Dirichlet preconditioner, we know that it is computed by
solving a local problem with imposed Dirichlet boundary conditions. From a
mechanical point of view, this condition is the jump in the displacements fields
along the subdomain interfaces. The solution of this problem allows to compute
the corresponding interface traction forces and therefore a correction to the FETI

operator.

From this process, we built the Dirichlet preconditioner, as already detailed

in [subsection 1.1.3 by applying it to all the interface edges and then adding

these local contributions.

The multiplication by the operator that defines this preconditioner needs the

solution of the following Dirichlet problem in Q)

wf-s) _ 0
wés) {wés)}

the subscript i is for interior nodes and b for the interface. Therefore the jump is

(s
K
0

1

)
Kib
I

imposed along the complete local interface.

We can use this preconditioner as a first approximation for our method, in
this case, the definition will be similar to the one in FETI-1LM, but we apply
it only on the interface edges I’ marked as 1LM, leaving the 2LM interfaces

untouched.

We compute the multiplication of a vector w restricted to the interface edges
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i .
[3,,, by our preconditioner as

v/

T T
D wl, =(BY s&BY 4B 5B |y i

i 2bb P i 2bb Pri Tl
I‘llm Um Iﬂllm I‘llm Ijllm I‘llm Lm

T/, =90 N0l

where Sé“;) (or Sl(;é)) is the Schur complement of the subdomain interior nodes into
the local interface. The matrices B'®) are the signed assembly operators, but can
also be taken as their generalization for heterogeneous problems, i.e B¥) = B(*)g(*)

with B¢) some scaling matrix.

The multiplication by this operator is performed in an analogous way to the
case 1LM. First computing the Schur complements in each side of the interface,
then making the exchange with the neighbor subdomain. We can write the

previous preconditioner as a global matrix of the form

D lw= ZD; w

j 1im
I‘llmgr

with w any vector defined in the interface I'.

One of the problems that we encounter with this preconditioner occurs in
some subdomains where the local interface is composed of both 1LM and 2LM
edges. In this case, when we apply the previous preconditioner, we are also
imposing a jump in the 2LM edges, but not of the same type, as a Robin condition
is used here. In[Figure 1.10|we can see the two different boundary conditions that
can be used, the upper one corresponding to the regular Dirichlet preconditioner,

and the bottom one representing a new option to build a different preconditioner.

The advantage of this boundary condition is that now we obtain the exact
local inverse of the Hybrid-FETI operator. The preconditioner is changed to
solve this new problem in the subdomains with shared edges. It involves the
computation of a different Schur complement, this time considering the augmen-
tation matrix. The objective is to improve the representation of the behavior of

the local interfaces marked as 2LM and therefore of the whole subdomain.

Formally this is achieved by solving the following Dirichlet problem in every
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Dirichlet Dirichlet

€

Fim Q 2 oim

Dirichlet Robin

Q,  Hil-

Figure 1.10 — Boundary conditions for both preconditioners.

subdomain with at least one edge marked as 1LM

(s)  (s) (s) (s)
Kii Kibllm Kib2lm uf;) ((S))
O I 0 wbllm - {wbllm}
o 0o I |w) 0
2lm

where by;,,,, by, are subscript for the nodes belonging to the local edges marked
as 1LM and 2LM respectively. Here we impose the computed jump only in
the 1LM edges and zero in the 2LM. Then, we compute the respective traction
forces by multiplying against the matrix of the local problem. This leads to the

computation of the following Schur complement

[ -(5) (s)
() _ | Kpyy 0 } [Kb i s (o)
S — 1ImY91Im _ Umb | KX [K K. ]
bb (s) (s) (s) 1 ibiim by

| 0 Kb2lmb21m + AbZlm bZlmi

(s) (s)
= Slzsl)lmbllm (s) bllmbzlm (s) :I
_szlmbllm bZImeIm AbZlm

The structure of this matrix is the same as usual and corresponds to the local

inverse of the condensed interface problem (as seen in (1.57)).

With this computation of the Schur complement, the preconditioner for every

interface edge I'/ with one Lagrange multiplier is defined the same way as previ-
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ous (remembering that the Schur complement now includes the augmentation

matrices)
Ijljlm rllm 1]lm bb I‘ljlm l-'ljlm bb I‘1]lm rllm
jo.pl
vr!, T =009 noQW

the definition of every term, other than the Schur complement, is the same as
previous (including the consideration of the B matrices as scaling ones). This
preconditioner can also be written in the form of a global matrix denoted R™! as

in Robin preconditioner

_jl w
Iﬂl Im

Rlw= R
T

j
l—‘1lmg

1.3.4 Implementation

The parallel computation of the FETI methods is done by subdomain structures
that are used to store the residuals of the FETI methods in general. These
structures for both FETI-1LM and FETI-2LM are basically the same. In practical
terms, even if we use one Lagrange multiplier (gradient) for the interface, the
values of these vectors will be stored in both subdomains sharing the local edge

(actually one saves Aly; and the other —Al;)).

Independent of the method, to obtain the residuals, first we need to compute
xés). This is done via solving the corresponding local Neumann and Robin prob-
lems. In general, when using Hybrid-FETI there will be at least one subdomain
where the local problem solved comes from imposing both conditions at the

same time.

Let us recall how the gradients are computed for each method. To do so, let
us take as an example the division of a domain into two subdomains Q(1), Q(?)
with an interface I'’. We take this simple case because the procedure is the same

for every interface edge in a more general partition.
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The preconditioned gradient to compute for the 1LM method is
g=D'(FA-d)=D"'(x” -x")
where x;f), s =1,2 are the displacement of the interface nodes in each subdomain.
No projection will be shown here as the implementation is analogous to the 1LM

method and applies only to subdomains where the local interface is completely
marked as 1LM.

From an implementation point of view, if we look at previous computation,

we have that for each process the gradient is obtained as

(1) 2) (1)
& = p-1*0 %
&= @]~ 1) (2
8p Xy —Xp

where the process s computes and stores gl(f), s =1,2. We also note that gl(jl) =

—gl(f) as in this case the unknown is a single Lagrange multiplier along the

interface.

Now for the 2LM method, the gradient is computed from equations (1.47),

meaning that for each process we have

1 1 2 1 2 2
g 2 2 1 1 2 1

the values of glgl) and géz) are different because two independent Lagrange mul-
tipliers are used for this method. However, the computation structure is the
same as the FETI-1LM method. The difference lies in the exchanges needed to
compute both gradients; in the case of the 2LM method, more than one exchange

is needed.

The calculation of the gradients is a basis to the computation by the F operator
(needed in the use of the iterative method). In the case of an arbitrary number
of subdomains, the previous computations are extended by defining a division
of the whole interface into interface edges. Therefore, the multiplication by the

FETI operator of any vector defined in the interface v, is done by:
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e Solve the local problems (K (5) +A(25l)m) with the right-hand side equal to

0
$6)" BG)y = [ (S)], then compute xzs).

Yy

e Assembly of the corresponding gradient, passing the information from one
subdomain to its neighbors.

The first item is common between the FETI-1LM, FETI-2LM and our method.
The difference lies in the existence of the augmentation terms when some of the
edges are marked as 2LM. Is in the assembly of the gradient where we need to
do the mix of both methods.

To explain this in detail, let us take the same case of a three subdomain

division as in with one Lagrange multiplier to the “left” (1LM) and
two to the “right” (2LM). If we want to solve it using the FETI-1LM method, we

will have the following preconditioned gradient at each iteration

) @
g%) x?ll ) x?i) x?l) ] X@)
A8 | — =1, "%, | _ (-1 1\ [*p, %
g="ty[=D7 "W | =(Dp +D)| th
gbz xbz b, be xbz

3) @ _ 03 NUENE

,gbz ] b, b, | e} b,

where the multiplication by the preconditioner was explained in the
tion 1.1.3]

If we think about solving it using only the FETI-2LM method, then the
gradient will be

0 AL A A
= oy | <y 2y (A Ay Dy
Sl | A ey A
125, | _/\h2 +)\b2 _(Ab2 +Ab2 )xb2 |

As for the preconditioned gradient of our method, the computation is done by
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assembling . - 2) (1)
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2, 10+ (A + A

in here the preconditioner D! is reduced to D_bl1 and affects the gradient only

in the interface edge 1LM leaving the last two lines untouched.

The previous computation of the residual allows us to obtain likewise the
multiplications by the FETI operator for each of the three methods, by changing
only the corresponding gradient.

With this, the new method is complete, and a formal algorithm can be
described and implemented. As already said, the operator is non-symmetric
because it shares blocks of the non-symmetric FETI-2LM operator, so we use the
iterative ORTHODIR method with left preconditioner and full reconjugation,
for the same reasons as we did it in the unsymmetric and 2LM FETI methods.

The FETI-1LM method for unsymmetric matrices described in is
the basis of our implementation. Both of them share a theoretical resemblance,
changing the definition of our operator F and also modifying D to D;;,, when
using the preconditioner, because it is used only in the 1LM interface edges.

In practice, the modifications are more complex, so we are listing them

e Marking of the interface edges.

e Correct construction of the local problems, meaning that we add the aug-

mentation matrix in the subdomains with an edge 2LM.

e Change in the computation of the residuals the multiplication by the new

operator.

e Modify the local Dirichlet problem to apply the different preconditioners

and use them only in the 1LM interface edges.

e Project only in the subdomains with a complete local interface 1LM (this
is done automatically, after computing the corresponding kernel in each

subdomain).
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In the following part, we will test numerically our method to show the

advantages of it on some particular difficult problems.

1.4 Numerical results

In this section, we will show a comparative performance of the methods pre-
sented in this chapter.

To begin with, we present the formulation of the Poisson problem in 3D with
Dirichlet condition in a part of the boundary. Let Q C IR® be a bounded domain
and let dQQp C JQ) be a part of the boundary, where zero Dirichlet conditions
will be imposed. Given f € L*(QQ), the problem is

Find ue HY(Q) such that

—vAu = f in Q

u = 0 on dQp
du _
i 0 on JdQ\Qp

with v € R, the parameter that will define the difference between materials and

therefore in the local stiffness matrices of any possible division of ().

Let V:i={ve H(Q): v|sq, = 0}. Then, the variational formulation of previ-

ous problem is

Find u €V such that

vJ‘ Vu-Vvdx:j fv, VYveV
Q Q

This problem is discretized using tri-linear Q! finite elements functions, leading

to the known global system of equations

Kx=f
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Figure 1.11 — Two material bar.

1.4.1 Two material bar

In our first test, we will model a bar of two different materials with some non
zero source in one direction, see[Figure 1.11] In this case, 2 =[0,10]x[0,1]x[0, 1],
f=(0,0,¢)7. The boundary is dQp = {(x,,2) € IQ : x =0V x = 10}.

The problem consists of a bar with two blocks of a different material across
the x-axis; they are located at the same distance of each boundary. The idea is to
represent a localized “heterogeneous” zone in a general homogeneous domain,
leaving only a few interfaces with a bad local conditioning. For each material we

have the following values of their parameters

v = 10°, “blue” blocks

vy = 10°, otherwise

Depending on the domain partition done, we change the size of the blocks
to match the interfaces of the subdomains in the different divisions. Since the
entire domain is divided into slices, we assign one of the values of v to each
subdomain, leaving only two in each case different from the rest, this way we
just have heterogeneities across four of the interfaces.

But before doing any comparative test against other FETT methods, we need

to check the performance of both possible preconditioners for this method,
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Number of | Hybrid-FETI | Hybrid-FETI
subdomains Dirichlet Robin
64 20 18
125 20 20
250 19 21

Table 1.1 — Convergence of Hybrid-FETI preconditioner (Number of iterations)

namely the Dirichlet or Robin one. We will test this problem for three different
number of subdomains. The number of global elements in each computation is
constant of 75 thousand elements per subdomain. Also, following the definition
of [AIgorithm 7] we calculate the augmentation matrices for the 2LM interfaces
by setting the patch size as 1 and the depth size as 3.

For all cases in this chapter, we use the following global stopping criterion

IKxP — flI
1£112

but we also use a second criterion, that is, the relative norm of the jump of the

<1074

solution between subdomains [26|.

I? =y
[oeg[P

The results are shown in In this case, there is no significant
difference between both of them, even in some cases, the Dirichlet preconditioner
performs better than the Robin. We think that this is because the small number
of interfaces where the preconditioner is different is not large enough to let the
differences to be clear. In examples where more subdomains share the two types
of interface, the difference is more evident (See the contact case (1.4.2)).

We also note that almost no augmentation in the number of iterations is
present, even if we have increased the number of subdomains, this good quality
is explained because most of the interfaces were marked as 1LM, meaning that
we are very close to the regular FETI-1LM method. We hope in any case to keep
this property even for the harder problems.
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30+ Hybrid-FETI-Dirichlet —
Hybrid-FETI-Robin —
25|
o 201 /
c
o
T
515}
10}
5 L
0 2x10° 6x10' 1x10° 1.4x10°

Elements per subdomain

Figure 1.12 — Hybrid-FETI Iterations versus Elements number.

We will see now, how the Hybrid method performs when increasing the
number of elements per subdomains. We hope that also some of the other
properties of the methods FETI-1LM and FETI-2LM hold in the Hybrid case.
In particular, the property of having only a small increase in the number of
iterations when the number of elements in a subdomain is augmented. Hence,

we test different values of h (mesh size) for a constant of 64 subdomains. The

results are summarized in [Figure 1.12

From [Table 1.1|and [Figure 1.12|we can see that, as expected, the number

of iterations after augmenting the local size of the problems or the number
of subdomains does not change considerably. This is because this method is
built from a combination of two numerically scalable methods, and we keep the

projection and preconditioner that justify the scalability in the first place.

One of the main issues of the new method lies in the problem of which
interfaces should be marked as 1LM or 2LM. The intuition tells that the interfaces
where the materials change should be 2LM and the rest 1ILM. We will now test
this choice against a different one, where two additional interfaces are marked as
2LM, as seen in The idea is to cover the problematic local interfaces,
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1LM 1LM 1LM 2LM 2LM 1LM 1LM 1LM

1LM 1LM 2LM 2LM 2LM 2LM 1LM 1LM
b)

Figure 1.13 — a) Regular interface marking. b) Extra covering marking.

in this case, the jump of materials. In some other cases this problematic edges
will not be so clear, so extending the 2LM marked interfaces will result mainly
in a more robust method, as the 1LM edges may not always achieve convergence,
but it will be probably slower.

For the rest of the chapter, no difference will be made between precondition-
ers as they are minimal.

The results can be seen in the where in terms of speed, keeping
the number of 2LM interfaces at a minimum will improve the convergence rate.
Given that this is not completely clear for every case, the extension of 2LM
interfaces to cover the difficult interfaces will give us a more robust method.

In the following part and to achieve better performance, when using the
Hybrid-FETI method we will mark as 2LM the edges that connect different

materials and all the rest will be treated as 1LM.

With the default parameters for the Hybrid method, we can now perform a
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Number of | Regular | Extra interface
subdomains | marking marking
64 18 79
125 20 76
250 21 64

Table 1.2 — Convergence of different marking Hybrid-FETI (Number of iterations)

Number of | FETI-1LM | Unsymmetric | FETI-2LM | Hybrid-FETI
subdomains FETI-1LM
64 13 15 151 14
125 14 14 283 15
250 13 17 715 15

Table 1.3 — Convergence of the different methods (Number of iterations)

comparison of it against the two basis methods. In general, the problem we are
solving in this section cause no performance impact to the FETI-1LM with the
basic Dirichlet preconditioner. However, what we hope to obtain in this case is
an improvement in comparison to the behaviour of the FETI-2LM. The idea is
to show later some examples where we only have a good convergence for the
FETI-2LM method, in which we will also hope to be a better alternative.

We modify the configuration of the previous case to solve something closer
to the type of problems where we want to apply this method. Hence, only a
different block is considered, located in the center of the structure, with different

parameters of value

v = 10°, center block

Vy = 10°, otherwise

With these considerations in [Table 1.3|we can see the results in term of iterations
for the different methods.

As expected, the symmetric FETI-1LM is the most suited method for this
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type of problem. However we wanted to show the unsymmetric version of this
method because the problem solved when working with contact models (one
of our primary objectives) is non-symmetric. In this case, the performance is
comparable to the one of the Hybrid-FETI. As for the FETI-2LM, the inferior
performance is explained by the type of divisions used in this particular case. In
FETI-2LM the information is transmitted neighbor by neighbor, so for it to cross
the whole structure, we need as many iterations as the number of subdomains
before achieving convergence.

Even if the FETI-2LM is at it worst, this case represents a good example of the
problems we may find in applications, with two blocks separated by a small part
with really bad conditioning (contact, non-conforming meshes, etc.). Here the
performance of the Hybrid method outperforms that of FETI-2LM, meaning that
we have improved the speed of the more robust method, which will be our next
goal when we try to solve problems where the convergence for the FETI-1LM

method is not assured.

1.4.2 Contact Problem

Our next test case will try to expose the advantages of this new method. To
achieve this, we will present and solve a contact problem.

Contact problems are often found in the structural engineering context,
particularly when analyzing the assembly of different substructures. They are
characterized by a non-penetration condition in an active area of contact which
is not known a priori; this condition is modeled as a constraint of a minimization
problem. For these reasons, these problems may lead to stiff non-linear system
of equations.

Several simplifications to the general contact models can be done to reduce
the computational complexity of the solvers needed. In this line, we can name a
still large class of contact problems that are characterized by the fact that one
of the contacting bodies is much more stiffer than the other. Also, considering
that the displacement of the contact body is constrained in only one direction,
we then have the so-called unilateral contact problems. We also assume that

the displacements are small and the deformation is linearly elastic (this is for
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presentation purposes, as in practice a large displacements model will be used).
The final assumption to do is not to consider the effects of friction, which will

simplify the contact constraints that we will establish later.

We start the formulation of this simplified contact model by recalling the 2D
linear elasticity problem in a standard finite element framework. The equations

that model this problem can be written as

—div(o(u))=f, in Q
u=0in QQD
o(u)-n=01in dQ\ JdQp

where

O'l']'(ll) = 2]161']'(11) + Aé,]dl‘l}(u)

_1(du; du;
B E(Qx] M axi)
E
2(1+v)

Ev

(1+v)(1-2v)

&ij(u)

I,[:

in this context y and A are the Lamé coefficients, E and v are the Young’s Modulus
and Poisson ratio respectively. The different materials are defined by their values
of E and v. A variation of these values in a generated structure will create the

heterogeneities along or across the interfaces.

This model corresponds to the static linear elasticity, but for the next part, the
displacements and several other components of the model will have a temporal
dependency that we will not note, as we will just be testing the Hybrid method

to solve this standard static model in a fixed final time T.

Let us present one of the classic mathematical formulations of a contact
problem. We start as usual with a domain () that denotes the initial state of a
linear elastic body; dQ ¢ will be the part of its boundary that is a potential area
of contact, unknown a priori; n¢ is the outward normal to dQ¢ at a point M;
dQ). is the potential area of contact with JQ but for the other linear elastic
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Figure 1.14 — a) Contact problem. b) Initial gap. c) Contact pressure.

body, and n = —n¢ is the outward normal to dQ. at the point M’ facing point

M (see the left image in |Figure 1.14).

Let u denote the displacement field in one direction. The discontinuity of u

in this normal direction at a point M € dQ can be written as

ou(M)=u(M)-nc+u(M’)-ne=u(M)-nc—u(M’)-nc
= (u(M)-u(M’)) nc

we write the non-penetration condition

dSu(M)—-c(M)° <0

where c(M)? denotes the initial gap, that we assume small, at the point M in Q

(see center image of [Figure 1.14]).

Let t = 0(M)n be the traction vector at point M, and t,, = t - n the normal

component of t. If Q¢ and dQ). are in contact, the pressure at M is positive,

which implies that t,, < 0 (see right image in [Figure 1.14).
As already said, we assume unilateral conditions for the contact problem,

which leads to the Signorini — Fichera restrictions, defined by:

o If Su(M)—c(M)°? = 0 then t, < 0 and the contact is said to be active.

o If Su(M)—c(M)° < 0 then t, = 0 and the contact is said to be inactive.

These relations can be rewritten equivalently as conditions on dQ, so for

the unilateral frictionless contact problem, we have
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t, <0
Su(M)—c(M)° <0
ty - (Su(M)—c(M)°) =0

IA

In a finite element framework, we need to state this contact model in a
different way. Hence, we present now one of the variational formulations of this
problem. In this case we will formulate the previous model as a minimization

problem with variational inequalities.

We define the following spaces
V ={ve (H'(Q)?:vla, =0}

and
U={veV:v-n—cM)’<0ondQc}

We define then, the bilinear and linear forms

a(u,v) := ZJQ pe(u) : e(v)dx + J;) A(V-u)(V-v)dx

Q
where ,
Evy=) fu
i=1
and finally
F(v) = %a(v,v) —b(v)

then, for a given force f € V' the variational formulation of the contact problem
is

Find u € U such that

a(u,v—u)>f(v-u), VYveU
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or
F(u)<F(v) VveU

With this presentation, a minimization method can be applied to solve this

constrained problem.

For the solution of contact problems, we can not forget that two types of non-
linearities exist, the geometrical ones and in the materials. In the geometric non-
linearities we encounter the ones derived from large displacements, deformation
and contact constraints. An iterative incremental solution procedure is used

then to obtain a non-linear solution as a series of linear ones.

Discretization of this problem via finite elements, plus the Penalty method
or the Lagrange multiplier method [|82] to impose the contact condition is one
of the forms of solving this contact problem. However, different methods can
be constructed starting from this. In this context, different FETI-like type of
methods have been developed to solve this non-linear problem [4]], [25], [23].
They are all based on the basic linear FETI method.

To state our comparative test case, we will use some results of a particular con-
tact solver thanks to Alexandros Markopoulos [20]. So from now on, we will only
consider a FETI-like with the penalty method to solve the contact problem. With
this approach, there is a better treatment of the contact constraint with no extra

variables, but at the cost of ill-conditioned problems that we will try to overcome.

For a contact problem, after the solver converges, we obtain a final active
area of contact. With this final configuration we can “lock” the substructures,
just by considering both contact bodies as a single conforming structure. This
characteristic comes from the fact that a node-to-segment discretization is done
in the contact area, which also treats with the large displacements in the model
[80]. This type of discretization, along with the penalty method, implies that,
virtual contact elements are added on one of the contact bodies. These elements,
from a mechanical point of view, represent the elements that connect this body
to an imaginary string, that when the contact is active, should have a very high

stiffness, in order to impose the non-penetration condition.
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In the first iterations of the non-linear solver, the penalty parameter is not
necessarily very high and non-physical penetration may occur. However, when
approaching to the computation of the final loads, we must increase the value of
this parameter, to nullify the penetration and to have a correct imposition of the
contact condition. This treatment produces the very ill-conditioning of the local
stiffness matrices when the contact area is active.

Is for this reason that, unlike FETI-1LM, the FETI-2LM is a more suited
method to solve this kind of problem. The difference is that in FETI-2LM the
operator incorporates the augmentation or regularization matrices that come
from the generalized Robin condition imposed in the interfaces. Added to the
local stiffness problems, these matrices are usually taken as approximations
of the Schur complement of the neighbor subdomain. Therefore, and even if
the stiffness between neighbors subdomains can present as much as orders of
magnitude of difference (this happens when the penalization parameter is acting
in contact), they will be exchanged and taken into account by its neighbor.

To see this regularization, we just need to recall the definition of the FETI-

2LM operator for a two subdomain case

1 2 2 2)\—
I 1 (A + AP (s 4 Al

1-(AY + AV)(sy,) + Ay I
where we take A;l) =~ Slﬁ) and A;jz) ~ S l(jlb), in order to have an operator less affected
by the ill-conditioning produced by the penalization method.

After the computation of the final contact area, we can perform a standard
stress analysis of that configuration. We consider the computed external loads
produced by the interaction of both structures, including the penalization in
the local stiffness matrices that share an interface with actual contact. In this
static problem, we can compare the two standard FETI methods against the new
Hybrid solver.

In the first problem to solve, we have a block on top of a semi-circle, see
Figure 1.15| The top block is the stiffer body, and the bottom one is assumed to

have large displacements. The values for their respective Young’s modulus and
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Figure 1.15 - First example, initial configuration and subdomain division.

Poisson ratio are

Etop =10000, Viop = 0.4
Ebottom =6, Vbottom — 0.3

The entire domain is divided into six subdomains, two for the bottom struc-
ture and four for the top one, then a vertical gravity-like force is applied, i.e.,
f =(0,-10). The Dirichlet condition is used in the base of the bottom structure,
and the two top corners of the block are also fixed, this is to give an initial
stability.

Then, in [Figure 1.16we can see the solution after applying the contact solver.
In here, we can also see the computed active contact zone (the bottom of the
square block) in which the ill-conditioning is concentrated. The forces needed

to obtain such a bending are also given by the solver.

One of the main issues shown in the previous test case was the definition
of the 1LM or 2LM interfaces. When solving contact problems, we have the
advantage of working with two separate and, a priori, known structures. This
allows recognizing each subdomain as part of one or other body, which at the

same time automatizes the process of marking the different interfaces in the
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Displace magnitude
1.015e+00
0.76138
0.50759

- 0.25379
E0.000e+00

Figure 1.16 — First example, final configuration (solution).
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following way

Mark T as 1ILM  if Q),QU) are in the same body
Mark T\1) as 2LM Otherwise

Considering this process, plus the Robin or Dirichlet preconditioner; also, with
a stopping criterion of 107° for the error. Choosing the patch size as 3 and the
path depth as 5 for the Schur approximation matrices in the 2LM interfaces.

Then, we can launch our tests for the final configuration of the contact problem,

see results in [Table 1.4l

The following final two cases of this chapter, model a physically more stable
structure, where the same top block is now over a square bottom structure.
This time we have augmented the number of subdomains to emphasize the
advantages of the Hybrid method.

The top and first structure is divided into 16 subdomains. The bottom and
second is divided into 9 subdomains for the first case and 25 subdomains for
the second. Dirichlet conditions are imposed in the base of the second structure,
and the top block is entirely free, as the contact zone can offer enough initial
stability, see [Figure 1.17

Again, the contact solver gives us the final contact interfaces plus the forces
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Y-AXis

-1 0 1
X-AXxis

Figure 1.17 — Second example, initial configuration.

Subdomains | Global | FETI-1LM | FETI-2LM | Hybrid-FETI | Hybrid-FETI
equations (Robin) (Dirichlet)
6 956 X 29 34 34
25 31954 61 119 50 51
41 5540 X 111 69 74

Table 1.4 — Convergence of the three contact examples for the different FETI
methods (Number of iterations).

needed. The different methods are tested to compare the convergence rate. In
the [Table T.4lwe can see the number of iterations in each method for different

problem sizes.

In the results, we can see that for both cases, the number of iterations for
the Hybrid method is smaller than for the other two methods. Compared to
the FETI-1LM we have gained in robustness since we only see convergence in
the much more stable structure that is the second case. But even when there is
convergence, we have improved its ratio, showing a better general performance
for this type of problems. If we compare against the FETI-2LM method, we can
see that in the biggest case the number of iterations used by the Hybrid method
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is less than half of the ones needed initially and at the same time we manage to
keep the robustness given by this method.

Finally, we point out that when the number of subdomains augments, we
only see a small increase in the total iterations, in accord with the results shown

in the first example of the two material bar.

1.5 Conclusion

The results obtained by the Hybrid-FETI method show us a positive first ap-
proach for the development of a general FETI method that tries to keep the good
performance of the basic FETI-1LM method and the robustness of FETI-2LM.
Its advantages are clearer in the context of solving the ill-conditioned problems
arising from the simplest contact models. In these cases, the benefits regard-
ing easier implementation and improved convergence shown in the numerical
results give us a very good start in search of general better algorithms.

The next steps for this method are to perform tests in bigger and less academic
configurations, but since our preliminary results show an improvement, we
can only hope the same for the more complex cases. Also, a different type of
problems can be tested, which are the class of non-conforming problems. In
here the presence of mortar elements can affect the conditioning of the local
matrices forcing the use of FETI-2LM in the complete structure [65]. However,
in practice, only a small part of the problem needs such treatment, making our

method also appropriate in this context.
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Block FETI methods

Different improvements to make more robust and efficient FETI methods have
been developed in recent years, but for some harder engineering problems
the performance is still very poor. To face these challenging problems, the
Simultaneous-FETI or S-FETI method was developed, first in [|60] for a two
subdomain case, then generalized for arbitrary configurations in [38]. The main
characteristic of S-FETI is the generation of more than one search direction at
each step of the Conjugate Gradient method, leading to a more efficient and in
general more robust method.

Within this new method, and as usual in the practical use of FETI methods, a
full reorthogonalization is mandatory, forcing the storage of all the new search
directions. Depending on the problem, specially when the number of subdo-
mains increases, the total number of directions to store can be a drawback due
to memory limitations, making the S-FETI method impractical for this type of

problems.

In this chapter, we treat the problem of memory limitation of the S-FETI
method. We use the sparse properties of the block of vectors from which we
construct the search directions, to reduce the total memory allocated by the
method. The strategy will be to rebuild at every iteration the search directions

using this sparse blocks and some “small” coefficient matrices.

The introduction of these reconstruction steps will add computations to every

processor, that will be more expensive. However, this cost is small compared to

81
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the time spent in the communication of the different processes, so the total time
used can be as good as the original method. The simplest of the implementations
of this recursive reconstruction will not be enough to be near the performance of
the regular S-FETI, but it will show a first look of the advantages in the storage
and the maximal precision expected. Later we will show some optimizations
based on the parallel properties of the code that will improve the computation
time, making a more efficient algorithm.

This chapter starts by showing the basics of preconditioning in FETI; then
we show how the ideas in the preconditioning steps lead to the formulation
of the first S-FETI method with two subdomains. We continue by presenting
the formal general method, including its implementation and cost. Then we
show in detail how to sort search directions in the presence of linear dependency
between them; we also add a second strategy to achieve this. We continue with
the new storage, reconstruction of the search directions and the optimizations
in the code. Finally we show some numerical results to compare the different

algorithms.

2.1 Introduction and preliminarities

The development of the S-FETI method began in [60] when searching for im-
provements to the Dirichlet preconditioner in FETI. For this reason, in this
section, we will follow the same path from the basics of the preconditioner that
will lead to the first version of S-FETI.

2.1.1 Dirichlet preconditioner for two subdomains

We note that the following parts, up to the definition of the S-FETI method,
are heavily based on the works of Daniel J. Rixen [60], [61], [62]], and can be
considered as classic results. However, we think that is necessary to recall them,
to fully understand how the S-FETI method works. We will start by revisiting
the Dirichlet preconditioner at its basic, for a two subdomain case. The notation,

in this part, will be analogous to the previous chapter.
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The objective of a preconditioner for the PCPG[Algorithm 5|in FETI is to build
in every iteration p a correction to the Lagrange multipliers. This rectification is
based on an interface compatibility error, i.e., a jump denoted as g (we drop the
notation gP for simplicity.). In the case of an elasticity problem this is a jump in

the displacement, but depending on the problem this may change.

Let us consider the two subdomain case as in fromsection 1.1.1

In here, the associated unknowns are

g

x®) = xzs) , s=1,2
Xp

the subscripts i, b represent interior and interface nodes respectively. The jump
1s written as
g= B(l)xél) + B(z)xéz)

with B the signed boolean operator that defined this continuity condition as in
Equation (1.29). Then, we can build a continuous interface approximate solution
by averaging the already computed x*)

0 L (a5

2 b
L2 _1( @ LT 1)
X, _E(xb —B( ) B( )xb )

The operator B B@ is the correspondence between the numbering of the

interface nodes in Q) and Q9. The interface approximate solution corrections

are
sl = oM _ (0 _ _lBu)Tg
b b " 2 (2.1)
@ _ @2 @ 1o '
A (2 ¢

If we modify the inner nodes to satisfy the internal equilibrium (the first equation
in the local problem (1.28)), then we have the correction

(s) _ ()71 o (s) ¢ (5)
ox;" =-K;;" Ky ox,
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Multiplying by the local matrix, the interface response corrections on the inter-

face I' are computed by
S5f = 8\ sl (2.2)

In general 6fb(1) # 6fb(2) so the interface response is not uniquely defined. So
again, an averaging is done as previously with the approximate solution; then

the interface response correction will be chosen as
1 (1) (2)
= (B(l)éfb +B5f )

This corresponds to a new search direction in the CG algorithm. If we look at
this definition, using (2.1)) and (2.2), we can also write it as

2
1 (s) T
z= [ZZB(S)SbSbB(S) ]g
s=1

which is equivalent to the definition of the Dirichlet preconditioner of

tion 1.1.3|with the scaling matrices in consideration. If the two matrices Sl(fb) are

the same, for example in some symmetric splitting of a simple square, then the
preconditioner is the exact inverse of the operator FETI. If not the case, only

locally we have the exact inverse of this operator.

The difference between this Dirichlet preconditioner and its basic non-scaled
form lies in what is defined as a Consistent Preconditioner. In the next part,
we will give its definition and develop this subject in order to generalize the

preconditioner to arbitrary partitions and heterogeneous problems.

2.1.2 Consistent Preconditioners
Preliminaries

We begin by recalling the signed boolean matrices needed to formulate the
problem in a general domain division. For an arbitrary partition into Ny > 2

subdomains, we define

' = 90N\ 90
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this is the interface boundary of QY for s = 1,...,N; then we define the global
interface as
r=ur®

S

Next, we consider the signed boolean operators B®) as the matrices that maps
the nodes from the local interface I'®) into the global one I'. The sign of the
represented nodes is such that the opposite sign is in the position of the same

global node on the neighbor subdomain.

The global interface will again be divided into interface edges I'/, defined as

[/ =169 = 9Q6) N 9@, Vs=1,...,N,, q€mneighbor{s}

The crosspoints are nodes shared by more than two edges. It follows that

B®) :T®) - T can be partitioned as

— B;SI) —

with n(®) the number of neighbors of Q) and where B(rs'j) is the restriction of B(®)

to I'/. We also define the global assembly operator

B= [B(l) B(Ns)]

Next, we define the multiplicity of a node in I/ as m;, and for each node its
values are

m; = |neighbors|+1

the multiplicity varies in each node of the edge, but for simplicity, we will denote
as a single one for each I'/. In general, m; < 2 and for a crosspoint m; > 2. Since
one Lagrange multiplier is used to glue any pair of nodes (d.o.f) in an edge I,

there are exactly (m; —1) Lagrange multipliers applied to each d.o.f in any edge.

From Equation (2.3) and knowing that there are nodes shared by more than
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two subdomains, we can see that

(s)
B

B(s)TB(s) _ B(S)T B(S)T r
=By ... Lol

(s)
rn(s)

T T
= B(r51) B(rsl) Tt B(rsn)(s> B(;:(s)

=(my—1)I+--+(m,—1)I

=diag(m;—1)

Finally, we can write
B9 BY) 11 = diag(m)) (2.4)

where diag(m;) is the diagonal matrix with the multiplicity of the nodes in the
edges 7 CT®),

Remark: This form of gluing connecting d.o.f introduces redundancies in the
compatibility constraints at the crosspoints (continuity). However, we will see

that this redundancy is essential for an efficient preconditioner.

Consistent Preconditioner

With previous definitions, we can analyze the preconditioner in terms of a
general partition of the domain in Ny > 2 subdomains.

Recalling the physical interpretation of the projected gradient in the FETI-
1LM method, we know it is a jump of the displacement field across the subdo-

Ny
g= ZB(S).X;S)

s=1

main interface boundaries

So, from a mechanical point of view, the objective of a preconditioner F~! based
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on local problems is to generate a correction of the Lagrange multipliers z and
its corresponding local interface forces Bz = B(S)T[F_lg]. We want to reduce
the jump g as much as possible.

The basic preconditioning, either Dirichlet or Lumped, applied to the pro-

jected gradient g is defined in general terms as

F (s) (s) T
z=Flg= ZB(S)(SbSb or Kbsb)B(S) g

this operator is built in a three-step procedure, starting with g

1 We define the approximate solution corrections 5x§f) and these are imposed

in the local interfaces I'®) as follows

T

(s)
6be =B ¢

this means that for every d.o.f. we impose a correction equal to the sum of

the jumps with every neighboring d.o.f.

2 Next, the discrete Dirichlet-to-Neumann operator on the interface nodes
6fb(5) is evaluated

of, " = (shy oy (2.5)
the difference between the Dirichlet and the Lumped preconditioners

lies in this step. To construct the Lumped operator, we replace previous

computation by
o= (<51

and we note that the Lumped matrix K;}sb) assumes that the internal nodes

are fixed.

3 Finally, the jump of internal nodal responses 0 fb(s) is computed to obtain

the correction z of the Lagrange multiplier

N

z= ZB(S)%(S)

s=1
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6f(§) z

(C)‘ (d)

Figure 2.1 — Preconditioner construction

(@)

We can now define what a Consistent preconditioner is. It corresponds to
a preconditioner built following the previous three steps, but where the ap-
proximate solution corrections 6x§:) fulfill the compatibility condition; meaning
that these corrections are continuous across the interface. Also, the Lagrange
multiplier corrections z are chosen based on near-equilibrium concepts that will

be explained in the next paragraphs.

The first condition is fulfilled if we use an averaging process as the one shown
for the two subdomain case. This idea of imposing the same value (e.g., the
average) to every node on the interface will also be valid for the general case, i.e.,

considering crosspoint.

Graphically, the three steps construction are depicted in

Figure 2.1|(a) and (b) show how the increments 6x§f) are chosen so that the

corrected interface approximate solution 9225) satisfies the interface compatibility.
Following Equation (2.5) we compute the nodal interface responses required to

maintain the increment 6x§f). This mapping 6 fb(s) does not satisfy the interface

equilibrium unless the corrected solutions 9625)

are the exact final solutions. In
Figure 2.1|{(d) we compute the Lagrange multiplier corrections z. Interface La-
grange multipliers are naturally self-equilibrated in the sense that they result in
interface values B®)' z that are in equilibrium. Hence, it is in general impossi-
ble to define z such that B®)" z restores the interface response corrections o fb(s).
Nevertheless, we require that z to be constructed in such a way that as o fb(s)

approaches equilibrium, B9 zis exactly o fb(s).

Let us consider the global interface response correction gfb as the vector
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defined in the interface, such that

5fb(s) = 6f plres

We can say now that a Consistent Preconditioner is the one that has

1. Consistent approximate solution increments 5x§:), ie.

N N
N WA
s=1 s=1
2. Consistent Lagrange multiplier corrections z, i.e.
if
5f, € Im(B) (2.6)
then, for each s=1,...,N;
Bz = 5

Equation (2.6) is the interface equilibrium as it express that the sum of this

boundary interactions o fb(s) acting on an interface d.o.f. are zero, i.e

N,
viel, ) of=0
s=1

At a subdomain level, the condition (2.6) can also be written

Nq
5 fb(S) _goT Z B fb(r) ~0 (2.7)
r=1

r+S

With this definition, it can be expected that preconditioners that fulfill it
are better than the ones that do not, see [61]] for details. In this sense, we will
explain the modifications done to the basic Dirichlet preconditioner to make it
a consistent one; leading to a new structure that will be generalized to have a

preconditioner also suited for heterogeneous problems (across the interface).
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Remark:

1. The basic Dirichlet or Lumped preconditioners are not consistent. If we
look at the definition of 6x§:) , we have that

N, N
Y B (xf) + 5x(;)) =g+ BB g0
s=1 s=1

which violates the compatibility condition for the solution correction.

Furthermore, if we take the construction

4

S

z= ZB(S)éfb(S)

s=1

and we assume that Equation (Equation 2.7) holds, then we have

Z

T T .
B z=B" ) Bof"
r=1
T T NS
=B B £+ BT ) Bof,"

r=1
r#s

(87 B9+ 1)
and using Equation (2.4)

BO 2= diag(m]-)éfb(s) # 6fb(s)

2. The natural self-equilibrium of the Lagrange multipliers can be expressed

replacing 6fb(s) by B®'zin Equation (2.7

N,
)T

Bz - Bls

Tr+s
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Figure 2.2 — 4 Subdomain problem

from here, we have

this is a direct consequence of the fact that the compatibility conditions

are defined between any pair of connecting d.o.f.

Consistent preconditioner for homogeneous problems

For homogeneous problems, consistent preconditioners are constructed by ex-
tending the averaging scheme used in the two subdomain case, see Equation

(subsection 2.1.1). For clarity, we will start showing it for a 4 subdomain case as

in then generalizing it for arbitrary meshes.

We assume that all subdomains have similar stiffness matrices, i.e., are built
for subdomains of similar materials, geometrical and discretization properties.

Therefore, the construction of the compatible interface solution is done by
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imposing an averaging as follows

. 5 3 A x(l) +x(2) +x(3) +x(4)
32(1):32(1):92(1):32(1): 1 1 41 1
1), (2
J )X tX
2 T2 2

6x(11) = 92(11) - xgl)
(x(lz) - X )) + (x(13) —x(1 )) + (x(14) - X ))
- 4
o BE) ) )
ox| = 1

6x(22) =

If the interface nodal responses are computed as in , then, in general, they
will not be in equilibrium. For instance if we see the node 2, we have that
0 f2(1) #0 f2(2). So the Lagrange multiplier correction is constructed by doing the
same averaging between the results of the Dirichlet-to-Neumann mapping, as

follows " o)
_ —of, +0f,
2

The minus sign in here comes from the fact that these vectors have opposite
(s)
Vi
are +1 if s > g and —1 otherwise. We chose to do the same averaging to keep a

27 (28)

directions. By convention, the entries of B\ (I’ connecting subdomains s and q)

symmetric preconditioner. Doing the analogous averaging for the crosspoint of
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multiplicity 4, we have the corrections

1 2) 2 3
2 = _5f1( )+5f1( 2y = _5f1( )+5f1( )
4 ’ B 4
(3) (4) (1) (4)
25 = —0f] " +0f 24 = —0f] "+0f) (2.9)
4 ’ B 4
1 3) 2 4
e = _5f1( )+5f1( _ _5f1( )+5f1( )
57 4 P %= 4

and the evaluation of z = F~!g is complete.

We can check that this Lagrange multiplier correction is consistent, in fact
if

then

:i(éff” ~of)+ l((5f1‘1>—c5f1‘4>)+ HoR"-of7)
o - ofl!

and the same happens analogously with the other subdomains. So, for the 4
subdomain case the averaging process shows the construction of a consistent

preconditioner (Dirichlet or Lumped).

Let us show the extension of this averaging process to arbitrary meshes.

5(5)

i can be constructed by

Consider any edge I/, then the compatible solutions %

averaging all the nodes belonging to I'!

A(5) 1
Xri = Z Exri

r:Tic{TNT(1)
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where m; is the multiplicity of nodes in the edge I'". Then, we build the following

consistent corrections

I
S
P

R’-\
2=

|

=
- o
S —

r:Tic{rnr)
TS

and extended to the total subdomain interface, we have

N,
1 s

6x;75) = —B(S)le(lg(;) E B(r)xér)
17 =1

- _B(S)TE(S)g

where E©) is a diagonal matrix with values that correspond to the multiplicity of

nodes in the edges that intersect Q). This matrix can be seen as a scaling matrix.

Now we compute the interface responses 5fb(s) associated with these correc-

tions 5x§f) . We simply use ([2.5) the same way as before. As for the consistent

Lagrange multiplier corrections, we generalize the averaging shown in (2.8)) and

(2.9) to obtain

N,
N 1\¢
z=Flg=dia (—) BN
g =diag| - ;:1 fo

Again, let us check the consistency of this correction. We assume the interface
equilibrium condition (2.6) and also (2.4), then we have

N
1 : T
B z = diag|—|Y B BNsF"

1 ) 1 N (

= diag|— |BY" BYs £ + dia (_) B BYof,”
$\m; o S\, ; fy
%S
. 1 . N (5) . 1 ‘ (S)
=diag|— (dzag(mi)—l)bfb +diag v bfb
j i

= 5f"
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from which we have the consistency of the Lagrange multiplier correction z.
With this, we can write the consistent version of the Dirichlet and Lumped

preconditioners
D= Z EG)BO) 5;7) B EB)
S

1= Z EG)B6) K{f;,) B E®)
S

Consistent preconditioner for heterogeneous problems

The previous scaling works in homogeneous problems where the stiffness matri-
ces of neighboring subdomains are similar, and we can think that the compatible
field is in the “middle” of them. In heterogeneous problem this is not the case,
as we can presume that the compatible solution will be closer to the subdomain
with a higher stiffness (from a mechanical point of view), making the previous
scaling to degrade in terms of convergence for this kind of problems. To correct
this behaviour, we will define a more general scaling, also consistent, that can
acknowledge these differences.

We start again by explaining the idea in a 4 subdomain case, as in

In this configuration, we define the more general compatible field as

32(11) _ )2(12) _ 96(13) _ )2(14)
(1) 4(1) (2) 4(2) (3) 4(3) (4) ,(4)
=By X P KB K B E
92(21) _ 32(22)
(1) ,(1) (2) 5(2)
=B, X By X,

where the [3](:) terms are smoothing or weighting coefficients defined in every
interface d.o.f. k of subdomain Q). These coefficients must also be constrained
by
(1), 5(2) , ,(3), ,(4)
By +B +pB +B =1
(1), ,(2)
B +B, =1

this implies that when the solution before weighting is compatible, then the
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corrections vanish. In this case, the consistent corrections are

5x(11) = 32(11) — x(ll)
2 (. (2 (1) 3) (. (3) (1) 4) (. (4 (1)
=B (xl —X )+ﬁ1 (xl —X )+/31 (xl —X )
6x(21)_ (22)(x(22)_x(21))

the interface responses are again computed using Equation (2.5)), so the correc-

tions for the Lagrange multipliers are build using the same weighting

2 =B of) + o fY, 2y =—pllof P 4 o
2=~y of Y + pUofY, zy=—pof 4 pio
z5= B of ) + Vo fY, 2o =—piof 4 o s
27 =~y 0f, ) + By of,"

the previous corrections are in fact consistent. Let us consider that the condition
(2.6) is fulfilled, then for the subdomain 1, we have

if
4 2
Zéfl(s) =0and Zéfz(s) =0
s=1 s=1

then
B(l)TZ _ ——Zl — 24— 25

[ 2 4 3 1 1 2 3 4
(ﬁi '+ B+ B ))6f1( g )(6f1( Lo f 4 s ))}
2 1 2 2
B EY — (1 - pPhs £
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The same happens for the other subdomains.

This process defines a generalization of the weighting procedure for an
arbitrary number of subdomains. The analysis is analogous to previous, but
considering a more general scaling matrix ). It is defined as the diagonal
matrix of weighting coefficients of the interface d.o.f. belonging to the neighbors
of Q).

The choice of these coefficients can be made using a physical criterion. In the
case of an elasticity problem (works for any elliptic PDE problem) we decouple
all the interface d.o.f. assuming that each one of them is connected to a stiffness-
free covering subdomain via a spring. In other words, we see the stiffness of
each subdomain lumped to its interface. The lumped stiffness matrix is diagonal

equal to diag(K,isb) ); this weighting procedure is usually called Superlumped.

In general, the coefficients are computed as the ratio between the stiffness
of an interface d.o.f. in some subdomain and the sum of all the stiffness of the
connecting nodes to this d.o.f. in all neighboring subdomains. For example, for

the 4 subdomain case, we have

i
pi = TPCIEIE
kit + ki ?‘2)]‘11 +kiy
B = (1) <z>k11 () @
kyp + Ky kg ke
1)
B = <1>k;2 )
k2, :;)kzz
po = <1>k22 2)
kyy + k3

And in general, these coefficients are computed for every edge I'' by

-1

ﬂ(rsl) = diag(Kﬁ)) Z diag (KS))
r:Tic{TNr )}
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So finally, adding this Superlumped scaling to the preconditioners Dirichlet and

Lumped respectively, they can be written as

= YOS = Y BT 2o
S S
-1 = Z gEIBE) Kfi,) BB ) = Z B K{fb) BT (2.11)
S S
with
B .= geIBe)

Remark: The implementation of this scaling is computationally efficient; it has
practically no difference in time cost with the basic form. We can see this

negligible extra cost summarized as

e One unique extra communication between processes used to share the

stiffness values from neighboring d.o.f.
e Construction of diagonal matrices (¥

e At every multiplication by the preconditioner, we add two extra com-
putations by this local diagonal scaling, which are negligible in parallel

computation.

2.1.3 Simultaneous FETI

As seen in the previous subsection, the Dirichlet or Lumped preconditioners are
two correctors of the Lagrange multipliers imposed in the interface. They use
an averaging or scaling on the interface to make this correction consistent. The
averaging is necessary because the interface computed responses 0 fb(s) to obtain
a compatible solution are, in general, different in two connected d.o.f.

The idea is now to use these two different corrected responses independently,
as search directions for the Conjugate Gradient method, as shown in [60].

We start again by showing this in a two-subdomain division. Let us consider
the iteration p of the CG method applied to the FETI-1LM method (no projection

is considered in this simple case). Then, we first solve the local Dirichlet problem,
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consisting in enforcing on the interface the compatibility gap g” and then we

compute the boundary reaction which writes
SFOP =SB g, 5=1,2

In the classical Dirichlet preconditioner, we evaluate and approximate correc-
tions to the Lagrange multipliers by computing a weighted inter-subdomain
vector based on 6f*)P. Let us now consider this boundary condition on each
side of the interface as a descent direction for the CG algorithm by writing the

new update of the interface Lagrange multiplier A
APl — AP 4 P 1)5]((1)47 + p(Z);Pf;(2)5f(2) p

assuming now that, instead of using these boundary reactions directly, we use

2 p-l
AP = g5 r(p Zza(s) IsAs)l
s=11=0
2 p-l
AP = BRs 2P 1 o205 rp Zzy(S) L)
s=1 1=0

also, 5A(?P is orthogonal to AP and both directions are orthogonal to all

previous directions

5/\(1)'PTP5/\(2)’P -0
SAOP ESANI =0, rs=1,2 1=0,..,p-1

Then, the new updates are

APFHL = P 4 oA 4 (20 5 3 ()P

(2.12)
gPt = gP + pWPESADP 4 p20P RS A (2)p

the direction coefficient p*»? can be determined by these new orthogonality
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relations

(gP*1-5APY = (gP . 5A(P) 4 p(l)rP(Fé/\(l):P 5AP) 4 o2 (E5 AP 52 (1P)
0=(g"- SAPY 4 p(l)'P(Pé/\(l):P .5AP)

(gP*1 . 5APP) = (gP - 5A2IP) 4 p(l),p(p(g/\(l),P L5A2hP) 4 p(2),p(p5/\(2)fp - 5A2)P)
0=(gP-6A2P)+ p(2),p(p5/\(2),19 LSNPy
which implies
(gP - 6A)P)

(shp — _ =
P (5/\(5),11 .FéA(S)'P), s=1,2

that correspond to the same as the regular CG method. With this, we can note
that one of the fundamental features of this new algorithm is that even if at each
iteration the minimization is done with respect to two descent directions, the
cost of this is equivalent that of a normal CG direction. Actually, recalling that

the directions come from a Dirichlet problem, we note that
- - -1 - -1 - -
FEWs 0P = (B“)Sﬁ) BT 4 B2 B<2>T)B<1>5££>B<1>Tgp

— P+ g<2>5lﬁ>’1g(z)Tgu)éf(l),p

FE@s (2P = ( B Séy‘l BT 4 B2 52?‘1 g(Z)T) B2 gp

— P+ g(l)sé?’lg(l)TI;(z)éf(zxp

And in this case, we see that applying the FETI operator to both descent direc-

tions only requires one Neumann solution per subdomain.

In the generalized version, we do not expect to have this same property
of cost equivalency between methods, but we do expect a reduced number of

multiplications by the FETI operator that will lead to a faster method in general.

We will now show the extension done in [38] to this new method for arbitrary

meshes.
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2.1.4 The algorithm

The idea is to exploit the additive structure of the preconditioner in FETI and
generate several search directions, instead of one, in every step of the CG method.
The basic S-FETI method creates one for each subdomain, but straightforwardly,
this number can be two times the total number of local interfaces in the problem.

In this section, the notation and definitions come from the previous chap-
ter, where the original FETI method is described. With this in mind, we can
remember the construction of a search direction in the classical FETI method.
We denote this direction w € IR", n being the size of the interface, and therefore
the size of the system to solve.

The consistent Dirichlet operator, defined in (2.10)), is first applied to the

global residual vector g

w = D_lg = [ZD(S)_l )g
s

where
DO = B(S)SIESIJ)B(S)T

then the vector w is orthogonalized with respect to previous search directions to
generate the new one.

The idea of S-FETI is to improve the minimization process in CG by spanning
a search space, not from the addition of local contributions, but from each
of these terms separately, letting the process to choose the best combination.
Although more costly, this optimal combination minimizes the residual in the

space generated by
z =DV g, D@ g,..., DN g] (2.13)

where N; is the number of subdomains.

Each one of these columns is projected and orthogonalized to give the block
W of N, columns, where each column corresponds to a new search direction.
The update of the solution A of the CG algorithm at the iteration p is done

simultaneously (analogous to (2.12)) for all these orthogonal vectors in a similar
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way that the classic CG, by adding the linear combination of these directions

that minimizes the error in the F-norm
with Pp € RYN:s, such that
T T
pp =W, FW,)"Z, gp
Since the classical search direction is

=W

p(l,...,l)T € range(W,)

p

this new approximation is better than the usual one given by the CG algorithm.

We can see the need to find the inverse of the matrix WPTFWP € IRN-XN:,
Because W, is formed from local contributions, we would expect that it is full-
ranked. This is not always the case (details will be given in later sections),
and we only have a symmetric positive semidefinite matrix that can only be

pseudo-inverted.

To avoid this pseudo-inversion, another equivalent option is to eliminate
some directions to recover a smaller full-ranked family in W,,. The approximated
solution will be the same, but fewer vectors would need to be stored at every

iteration.

To build this smaller full-ranked family, a rank revealing Cholesky factoriza-

tion with complete pivoting is used, giving
TwT _77T
N (W, FW,)N =LL
where N is a permutation matrix and
Lo
x 0

with L a lower triangular matrix of full rank. The F-orthogonalization of the
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directions in the block W), can be done by

L—T
W, WPN[ . ]
(2.14)

[T
FW, « PWpN[ .

where we are suppressing the redundant directions. The computation of the

optimization parameters p, is now
_wT
Pp=Wp &

In [Algorithm 8| we can find the description of this method. The definition of
the projection and the matrices to compute A are defined as in previous FETI

methods (see|Algorithm 5.
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Algorithm 8 S-FETI algorithm
1: Initialization

2: 1o =AG[GTAG] Y (-R"¢)
3: go=PT(FAy—d)
4 Zg=[...,D9 gp,...], s=1,N;
5: Wy =PZ,
6: loop Iterate p =0,1,2,... until convergence
7. NLLTNT =W[FW,
8  W,=W,NLT
% =Wy 8
10: Apr1 = A+ Wypp
11: 8p+1 :gp+PTFprp
122 Zpy =[.,D® gy, ] s= 1N,
13: Wy = PZp+1
14: fori=0topdo
15: D; = -WFW,,
16: Wy = Wy + WD
17: FW,i1 = FW, 1 + FW;;
18: end for
19: end loop

We note that when building the block of search directions in every iteration,
we are not making this block orthogonal to the ones computed in previous
steps, meaning that in fact, we are losing the short recurrence of the Conjugate
Gradient method, adding the need of doing a full orthogonalization at every
iteration. In any case, this drawback is only theoretical since in practice this
full orthogonalization is also needed to keep the numerical accuracy of FETI

methods in general.
With this orthogonalization, it can be proved the following minimization

property

Theorem 2.1. The approximate solution computed by the p iteration of the S-FETI
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method minimizes the error ||A, — PAl[p over the space

p-1
Ap € span{Wi}
i=0

where @ is the direct sum and W is defined by[Algorithm §|

Proof. The proof is done in [38]] following the usual demonstration for CG, see
[69]]. O

One particularity of this method is that we are no longer minimizing over
a Krylov space. This is because, at every iteration, the approximate solution
is updated in the different directions given by the optimal combination of all
local preconditioners, making the coefficients p to change from one iteration to
another. This fact will not allow finding a bound (heuristic) for the number of
iterations, but in any case, we will expect the robustness that can be explained
by the similarities of this method and the FETI-Geneo method [75].

Remark The S-FETI method has been shown to be very efficient on hard
problems where the classical FETI require many iterations. The convergence
is comparable to the one in FETI-Geneo algorithm where a coarse space is
constructed by solving in each subdomain and at every iteration the generalized

eigenvalue problem
$p1) — B D1BEE) = g s=1,...,N;

This problem allows isolating the part of the solution on which the precondi-
tioner is not sufficiently efficient for the iterative solver to perform well. The
vectors detected are the ones where the restriction of the global preconditioner
is not a good approximation of the non-assembled local component Sl()sb) of the
FETI operator. In S-FETI the solution space comes from the successive appli-
cations of the local non-assembled components B<5)Sésb)B(5)T and the assembled
FETI operator F, so the block of search directions spans a space where the local
effects are taken into account. It is similar to the deflated space where the Geneo

iterations take place, and thus convergence is expected to be very fast.
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Figure 2.3 — Local interfaces with completely different subdomains (Young’s
modulus 0.1 < E <1000)

Extension to local interface division

In the regular first version of the S-FETI method, the preconditioner is decom-

posed in the local contributions

T

D(S)_1 — B(S)SZSSb)B(S)
where Sl(:'b) is the Schur complement of the internal nodes into the interface
ones. This implies that we use the complete local interface T'*) to build the
different search directions. However, different interactions can occur for the
same subdomain, depending on the characteristics of each of its neighbors.

If all of the neighbors have similar properties, then the use of the complete
local interface is justified. If this is not the case, for example in then
we can again divide the local interface into the different interface edges, one for
each neighbor, to take into account these differences. Increasing the number of
search directions in each iteration and improving the approximation of the local

behaviour can reduce the convergence ratio of the method.

The formal construction of these search directions comes from the definitions
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of the preconditioner and the interface edges given in previous sections. Let us

consider the Dirichlet preconditioner with any consistent scaling

N,
D= B SEIBO"

s=1
then in the S-FETI method we consider the local contributions separately

~\T

1 B(s)el)
DB = B(S)Sbb B®)

from which we create the N; different search directions. This operator is applied
in the CG method to the computed gradient g, defined in the entire interface I'.
To do this, we first multiply by the assembling scaled matrix B®" and then we
compute the forces needed to have this displacement

o1 = si{BT s
We know that these forces are defined in the local interface T'®), but since their

interactions may change from one neighbor to another, we create new vectors

that reflect these interactions separately by considering the restrictions to the
interface edges [*? = 9Q®) U 9QW)

¢ ¢(5) (s)
bfr(ssq)zész |I‘(sq) Szl,...,NS, q:1,...,71(5)

where 7(*) is the number of neighbor subdomains in Q). We extend this vector

by zero to match the size of the interface I'®

0
0
F(s) _ (s)
risa) — 6fr(sq) (2'15)
0
0
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Figure 2.4 — Three subdomain subdivision and computed corrections

each one of this vectors is rescaled to recover the consistent property, and with
this form, the columns of the block used to build the different search directions

-1 _

DIS‘S(Zq)g:B(S),f}((SS)q) Szl,...,NS, 6]21,...,71(5)

so finally, the search space will now be generated by the block

(s)7! (s)
7 = ...,Dr(sq)g,... s=1,...,.Ns;, g=1,...,n (2.16)

in this case, we will not have one column for each subdomain, but instead, there
will be one for each local edge (or neighbor). This will allow spanning an even

bigger search space at the cost of computing all the new directions.

Graphically we can see the difference between this block and the regular one,
by looking at and noting that the blocks in both cases will be

[ 0
Subdomain division = Z = a1 2%
| 0 23 24
[ 0 0
Interface division = Z = |} *2
| 0 0 23 24

We note here that when the problem is divided into much more subdomains, the

block Z will show a sparse pattern. In every column, only the values associated
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with T (or in particular T'*9)) are non zero. This fact will be very important in
the practical implementation of the method, as we will see later in this section.

As done in the regular S-FETI, to compute the final search directions, each
of the columns of Z needs to be projected and then orthogonalized with the
previous stored vectors. Then we use the same rank revealing strategy

to compute the inverse of WPTF W, and eliminate the useless directions. The
algorithm is analogous to the previous one and is described in

Algorithm 9 S-FETI algorithm with local interface subdivisions.

1: Initialization
2: Ao =AG[GTAG] Y (-RT¢)

3: gOZPT(F/\O—d)
-1

4: Zog= [...,Dl(ﬂs(zq) 20---) sS=1,Ng g= 1,...,n%
5: WO = PZO
6: loop Iterate p =0,1,2,... until convergence
7. NLLTNT =W]FW,

, _ -T
8: W, =W,NL

. _ T
9: Pp=—-W, &

10: /\p+1 = /\p + prp
11: g1 =8, +PTFW,p,
-1
12: Zp+1 = [...,D;S(zq) gp+1,...], s=1,N; g= 1,...,n"

13: Wyi1 =PZ,1

14: fori=0topdo

15: D; = -WFW,,

16: Wy = Wy + WiD;

17: FW,i = FW, + FW@;

18: end for
19: end loop

Both algorithm for S-FETI show an implementation in general lines of the
method, but several optimizations can be done by using different strategies, all

of this in order to reach for the maximum performance of this method.
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2.1.5 Cost and implementation of S-FETI

One of the characteristics of this method is the reduction in the number of total
iterations versus the classical FETI, at the cost of the extra computations in each
step. However, even if the cost of each iteration does require a much larger
computational effort, several strategies in the implementation of the code lead
to efficient local and global optimizations that reduce these cost differences.
We start by summarizing the main differences between the cost of S-FETI and
FETI-1LM.

1. The number of exchanges phases is the same. The number of communi-
cations (exhanges) between neighbors are almost identical, with one less

interface exchange when computing the Dirichlet preconditioner.

The main difference is that the exchanges in S-FETI involve more data,
increasing to Nt x N for the matrices WPTF W,, @ and to Nt for the vector
p. In here, Nt is either the number of subdomains (in the basic S-FETI)
or Nt = O(N,) when using the local interface subdivision (actually is two
times the number of local interfaces). Also, the full reorthogonalization
process is now done in a block way, so we change the vector operations by
matrix operations, so again, we have the same number of exchanges and

computation, but with more data involved.

The advantages of keeping the number of exchanges, but increasing the
size of the data are more evident if we consider the time consumption of

the communications within an MPI implementation [13]].

In general, the cost of communication between processes (in our case, the
total number of processes is the number of subdomains) can be described
by

T(n)=a+np



2.1. Introduction and preliminarities 111

where

n:number of dataitems.
a :startup time.

B :transmission time per data item.

The startup cost is due to both hardware and software overhead on the
sending and the receiving process. Typically, a is four to five orders
of magnitude higher than g, where f is on the order of the cost of an

instruction.

All these considerations, give us some general lower bounds in time for
the communications. The most important one in the startup time, which
depends on the number of processes (subdomains), and is independent of
the type of communication, either send-receive or reduce operations. This
bound is

T(n)>log,(p)a, p : processes

For this reason, avoiding communication is one of the main issues in paral-
lel programming. Therefore, in the S-FETI method, big part of the speedup
comes from the reduction in the total number of exchange phases (as they

are the same as in FETI per iteration, but the total iterations are reduced).

2. The addition of a Cholesky factorization of the small Ny x Ny dense sym-

metric positive semidefinite matrix WPTF W), is now needed.

In the next section, we will give more details about this, and we will show

an alternative to this procedure.

3. The number of stored directions is increased. Since the number of search
directions increases at every iteration, we now store a block of directions

W, and FW, instead of single vectors.
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A priori this difference may not be very significant, but as we will see
later, it will turn in a major drawback for some cases, specially when us-

ing the modified version of S-FETI, where even more directions are created.

In general, the most costly part of a FETI algorithm is the computation of
solutions of the local Neumann and Dirichlet problems in each subdomain.
In the case of the Dirichlet problem for the preconditioning, there is no
difference between the methods, but the F operator must now be applied to
the N7 columns in W, meaning that, a priori, N7 local Neumann problems
should be solved at every iteration. However, these computations can be

performed efficiently, see item [I]in the next part.

As already said in the first point, communication cost is mainly driven by
the startup time. When multiplying F by a block instead of a vector, the
number of interchanges does not change, only the size of it, meaning that
we will avoid the significant startup time, for each iteration reduced with
this method.

Another point to consider is that block operations are proportionally less
expensive than single vector ones, e.g., N times a matrix-vector product
versus a matrix-matrix product with N columns in the second matrix. This
is because the computation time is driven by the memory access time. More

details of this will be in the following implementation part.

Finally, but more important in our case, is the clever use of the locality
of data. Let us note that the matrix Z, is a sparse matrix. This is due
to the fact that each column associated with the preconditioner coming
from the subdomain Q) is non zero only in the local interface T'®) (or
I'¢9). In contrast Wy, it is not sparse, because of the projection and

orthogonalization. Moreover, we can observe that
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j
FWj, = FPZj, + ZFWiCDZ-]-
i=0

j
= (PZ]+1 - FAG[GTAG]_l GTZ]'+1 ) + ZFWICDIJ
i=0
where we remember that A is a symmetric matrix, that can be taken as the

preconditioner, some scaling matrix or the identity matrix in the simplest

case.

The previous equation show that in every iteration we only need to solve
the localized problems FZ,, using the sparsity of Z,,. The computation
of the projection is done by obtaining the sparse matrix (FAG) during the

initialization once and for all.

The theoretical optimal choice for A is to use the preconditioner, either
Dirichlet or Lumped A = D™! or A = L™! respectively. Both choices are
rather computationally expensive compared to some other alternatives.

From here on, we will choose

A=

1=z

BVldiag Ky ) B¢ (2.17)

i
—_

S

This is the so-called Super Lumped scaling, which has the property of being
computationally inexpensive. This comes from the fact that we only need
to multiply locally by a diagonal matrix. At the same time, the convergence
rate of the FETI method is improved, see [26].

Remark: With all these differences, the final extra cost per iteration remains
minimal when N7 is not too large. Also, the total of Neumann problems to solve
in each subdomain can be done simultaneously as a block, greatly reducing the
cost of the method. This extra cost needs to be weighted with the final number

of iterations of the method, where a reduction of the order of Ny is expected,
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making the total time of this method an improvement compared to the compu-
tation time in FETI-1LM.

To understand how some of the computations are done to improve the effi-

ciency of S-FETI, we can now give some details of the practical implementation

1. Let us return to the last point in the cost of the S-FETI method, the simul-
taneous forward-backward substitutions. By definition, the columns of Zp
related to Q') (the s-column in the regular S-FETI) are nonzero only on the
interface I'*%). So, given a column in Z,, its product by F requires solving a
Neumann problem just in the subdomain itself and its neighbor Q4. On
the other hand, given one subdomain Q) the workload associated with

the computation of F Zp is N/ Neumann solves, where

Subdomain division = N = neighbors + 1

Interface division = N = 2 x neighbors

In particular, this is much fewer than the rank of ZpT, which is in the order
of the number of subdomains (the exact number of subdomains in the first

version).

If we compute the multiple local solutions at once, the efficiency is greatly
improved on a multi-core machine. In fact, the difference between doing
forward-backward substitution for the separate vectors and doing a single
substitution with M -rhs (right-hand side) lies in the number of memory
accesses between them. In the second case, we do almost the same amount
of accesses than a single rhs (which is the number of non zero entries of
the factorized matrix), meaning that even if we multiply the arithmetic

complexity by N we will not have the bottleneck that is the memory access.

To understand this, we need to see how the memory access on a single or
multi-core machine works. On a single core machine, we identify 5 levels
of memory from which the data must move before doing a computation
at the top. These levels can be seen as a pyramid, where the top of the

pyramid contains the memory that is the fastest, and also the smallest, and
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Number of cores | Substitutions | Time (s)
1 1 0.7
12 12 1

Table 2.1 — Time for forward-backward substitution on a multi-core processor.

the bottom of the pyramid contains the memory that is the slowest but also

the largest.

The best routines to take advantage of such a pyramid are the Basic Linear
Algebra Subprograms of level 3 kernels (BLAS3). The reason BLAS3 can
benefit of this hierarchy is that their memory interaction is organized in
such a way that it takes advantage of the various stages of the pyramid. This
leads to having an order of magnitude more computations than memory
interactions. In Level-2 BLAS we have O(n?) data transfers and O(n?)
operations, whereas in BLAS3 we have the same number of data moves
O(n?) but we enlarge the operations to O(n?).

The pyramid concept does not entirely map the modern multi-core opti-
mizations. The difference is that on multi-core, there are often many cores
at the top of the pyramid, and they may have a shared memories between
them. However, this does not change the fact that block operations are a

much faster option.

As an example given in [38]], we can name the case of a sparse matrix of
dimension 2 x 10° on a 12-core Intel Nehalem processor, Santa Clara, Cali-
fornia, US. In|Table 2.1]we can see the time for a single forward-backward
substitution versus 12 simultaneous substitutions on 12 cores using the
PARDISO solver [71]]. With these results, we can see that a good local
optimization reduces the impact of the extra computations in S-FETI on

multi-core machines.

2. Another critical issue is the parallel implementation of the projector P. Let

us recall its definition

P=1-AG(GTAG)!GT
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as previously said, we will consider A as the super lumped scaling to avoid
expensive extra computational cost; the projector is then denoted by P,.
Even if this projection is not local, it only performs a low-rank correction.
With this, the computation of PZ, implies a small extra cost.

In practice what it is done, is first to consider
PyZ, =27, (AG)a, where a, solves (GTAG)ocp = GTZp
This will guarantee that GTPIZP = 0. We recall the definition of G

G = [BWHIRD. . BN NI RN

where R®) = ker(Q®). Comparing the definition of G and Z, we can see
that their sparse pattern are very similar. In fact in both cases for each col-
umn associated with the subdomain Q) the pattern is the same; meaning
that, given a column Z;(,Sq) of Z,, GTZI(,Sq) is computed by applying only dot

products by the columns of G corresponding to Q) and its neighbors.

The matrix (GT AG) is factorized during the initialization, so the compu-
tation of ap is done via a forward-backward substitution. Furthermore, it
can be done in parallel, each subdomain Q) solving the following system,

using its own columns (the ones associated to risa), g=1,..., n(s))
(GTAG)ap” = Tz

We know that a, is a dense matrix with the same number of rows as the
rank(GT) and with Ny columns (the same as Z,). In any case, once it is
computed, we only require a low-rank correction of Z,, in each subdomain,
because just a few columns of G are nonzero in Q). With this, we compute
the total correction

PyZ,=2,-AGa, (2.18)

To understand better this procedure and the general implementation for
the treatment of each sparse block, we will define what we call the coarse

modes. These modes correspond to the non-null vectors in each one of
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the columns of the matrices Z,G,FZ,FAG. They are stored in each local
interface of each subdomain and have a correspondence with the named

global matrices.

In the left part of we show from a subdomain point of view
the different coarse modes stored. They are the local (but shared with
neighbors) modes that describe Z or G, so for each interface, we save
one local mode and one from its neighbor. This double storage allows
performing computations of, for example, GTZ, in every subdomain by
only performing dot products between the coarse modes saved in each local
edge of the subdomains. This way of storage is generalized to allow local
computations between these four matrices only by performing operations

between the different modes stored this way.

In the case of the multiplication by the operator F, we perform in each
subdomain a forward-backward substitution of each one of the modes
previously described. In the basic case, they are considered as a single
mode (when doing the local subdivision it is 2 x neighours). Then we store

the resulting (more numerous) modes in each interface.

Also in the left drawing, we see the subdomains sharing the interfaces

involved in multiplications by the F operator.

In the right part of we show the coarse modes that describe FZ
or FAG stored in one of the interfaces of certain subdomains. For each
local interface, we save the modes after the forward-backward substitution

plus the modes of the neighbor after the substitution.

This implementation in the form of coarse modes allows the computations
of matrix products such as G (FAG), only by performing dot products
between these modes. This implementation also explains how a single
substitution is done when several right-hand sides are present, just by
arranging (copy) the coarse modes in a block matrix. The same way, we
can improve multiple dot products computations by arranging the modes
in order to perform matrix-vector products or matrix-matrix products
that will enhance the performance of this type of computations (see the

previous point).
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SUBDOMAIN INTERFACE
Figure 2.5 -

Subdomain point of view (Left): In red the coarse modes describing Z or G owned
by subdomain Q) in black the interfaces where F times the red modes is also
non-null.

Interface point of view (Right): In doted lines the coarse modes describing FZ or
FAG owned by local interface [4) petween subdomains Q) and Q@) in black
the modes where, due to T¢?, ZT(FZ) is non-null.

3. The previous process it is also important in the calculations to obtain FW,,.

Let us recall that the orthogonalization process that leads to FW,, is applied
to the block PPZp, so we need to compute this block first. To do so, we
use the matrix a, previously computed (as shown in the preceding point),
then we need to do

FPZ,=FZ,-(FAG)a,

What we are doing here is a low-rank correction, but this time of FZ,. The
difference is that, to do these corrections, we now use the sparse pattern of
(FAG) (each column is non-zero in Q) and its neighbors) instead of the
one in G. The sparse matrix (FAG) is calculated at the initialization once

and for all.

The last item is the one regarding the orthogonalization and full reorthog-

onalization procedures for the search directions. As said in the previous
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item, once the block PZ, is computed they must be F-orthogonalized to
obtain the search directions W, and its corresponding block FW,. This
can be achieved by using the standard modified Gram-Schmidt procedure,
which will require the use of many communications between subdomains,

typically Message Passing Interface (MPI) reductions of dimension 1.

To avoid these many communications we can compute (PZp)T(FPZp) by
using the local contributions of each subdomain obtained with the BLAS3
and then making only one MPI reduction. The Cholesky factorization
is then applied to compute the block of directions W, as in line [8] of

Algorithm 9

As for the full reorthogonalization process, we use a block modified Gram-
Schmidt procedure with the same BLAS3 strategy. Thus, we will have a
number of MPI reductions equal to the ones used in classical FETI, but
changing from one vector to a matrix and therefore changing the size of

the reductions from 1 to at most Nt X Nr.

The evaluation of all these considerations for a good implementation will be

shown in the numerical results at the end of this chapter.

2.2 Sorting search directions in S-FETI

The block version of the FETI method has proven to be a significant improvement
in comparison with its basic version, on the basis of enlarging the search space
of the solution. As a consequence of this extension, we have changes in the
algorithm that will impact the execution time. We already named in the previous
chapter the main differences between them; we studied the cost difference
between FETI and S-FETI where we point out the need to inverse the matrix
WTEW.

This matrix is in general positive semi-definite because of the linear depen-
dencies that may occur in the directions built. We can only aim to compute a
pseudo-inverse, but for this same reason, it can also be used to sort the different
directions between the useful ones and the rest. Even if, a priori, the computa-

tion of this pseudo-inverse is cheap in terms of time consumption its impact on
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the final results of the algorithm needs a detailed study.

2.2.1 Linear dependence in block FETI directions

We start this section by recalling the search block built from the preconditioner.

At every iteration, it is computed as

p-1
W, =PZ,+ ) WD,
i=0
This block is orthogonalized with respect to previous blocks W; already stored.
Also, the columns of each of the stored blocks, need to form an F-orthonormal
family, which is the norm used in CG algorithm, i.e., for every block they need
to fulfill
W, FW, =1 (2.19)

from this, we know that we also have to find a decomposition of WPTF Wp that
allows us to modify the basic blocks to build this orthonormal family. Thus the
need to study the properties of this matrix.

Since F is symmetric, it is clear that this matrix is also symmetric, but it is
not so evident that it will be positive definite. The lack of this property comes
from the fact that a linear dependence between the columns of W, can appear at
a certain point of the main iteration. This dependence comes mainly from two
issues; the first is the convergence on some of the local interfaces and second is
the working precision.

To give a better understanding of the first issue, we have to consider that the
global interface is built from the smaller local interfaces that exist between two
neighbor subdomains. The characteristics of each of these local interfaces vary
from one to another, all being of variable size (as in number of d.o.f.) and also
with different mechanical properties along the same. Both characteristics have
an impact on the convergence of the method.

For the simpler or smaller local interfaces we expect a faster convergence, for
example in a 2D elasticity problem. If the interface consist on one node (e.g., in

a corner) the convergence is achieved in two iterations, so the columns created
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from this interface (in the subdivided version of S-FETI) will no longer be useful

and the linear dependency appears.

For the issue of representation in finite precision arithmetic we know that it
depends on the configuration, but it is also closely related to the phenomenon of
achieved convergence. Meaning that we can have directions whose differences
are so small that it is difficult to distinguish them from numerical noise. In

practice what we have is the same direction, so the use of both is redundant.

With both previous issues in consideration, it is clear that the matrix WpTP W,
is only positive semi-definite, so no inverse exists. We have two choices from here,
either compute a pseudo-inverse and use the complete block with redundancies,
or we can sort the directions in order to build a smaller but full rank block with

the same information but less computational effort in the operations to follow.

The second choice is in practice the best one. To make this sorting, in [38]]
a Cholesky factorization is proposed, but we can also add a second way that
consists in applying a diagonalization process to the matrix WPTF W,. Both

procedures will be detailed in the next sections.

2.2.2 Cholesky factorization with complete pivoting

For the process of F-orthonormalization done to the block of search directions,
as already said, we start with the decomposition of the WPTFWP matrix. Since
this matrix is symmetric, we can use the Cholesky decomposition, instead of a
regular QR decomposition, meaning that at each step of the algorithm a lower

triangular matrix L, is built. This matrix is such that
T _ T
W, FW, =L,L,

This decomposition only works if the previous matrix is of full rank. This is
not our case, so we need to use the alternative Cholesky decomposition with
complete pivoting (symmetric pivoting) described in [43]]. The algorithm for this
factorization can also work as a rank revealing procedure. This is achieved by

computing a square permutation matrix N, in this case, the decomposition can
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be written as
T T _ T
N Wp FW,N = Lpr

and if we look in detail the matrix Lp we know that it can be described as
L, 0
L =7

T X
LpeIRr r

where

this smaller matrix is lower triangular with positive elements in the diagonal,
and it has a full rank r < N7, which is the rank of the WpTF W, matrix.

The existence of the permutation matrix (proved in [45], Thm. 10.9) allows
sorting the directions that are useful from the others. This is done merely by
taking the first r columns of W,N.

In summary, at each iteration of the method, the directions to be used and
stored are defined as
. T
W, — (W,N)[L,! 0]

this block of sorted directions fulfills the (2.19) condition, in fact
- T . T s Trs_ T
(L0 o](W,N)TE(W,N)[L,' o] =[L," o]L,Li[L," o

=[L;'L, o|[5;'L, o]

v
~

=

with I e R™.

The algorithm for the computation of the Cholesky factorization, introduces
the use of a new parameter ¢ > 0 (close to zero), to determine at which point we
are in the presence of linear dependence. If this parameter is too small we can be
working within the numerical noise and losing precision in the total convergence.
On the contrary, using one that is too big can have the impact of losing directions
that may be important for the convergence.

Finding the optimal ¢ is not an easy task and is usually chosen based on
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numerical experiences. As a primary consideration, we will try to be closer to the
“losing” directions approach. With this, even if we have a slower convergence,
eventually we will recover these directions in later iterations. On the other
hand, working within the range of the numerical noise of the method can only

introduce sources of error harder to control, and may even end in blowups.

Usually, a regular double precision implementation should be enough, but
introducing new sources of numerical instabilities needs to be done carefully.
Later in numerical tests, we will compare the use of quadruple precision in the
computation of the Cholesky decomposition for this matrix, as an alternative for

accurately capture the directions needed.

2.2.3 Diagonalization of the search directions block

The second way to treat the sorting of independent search directions can be to
use a diagonalization process. At first, we know that this procedure will lead to
the decomposition

T _ -1
WIEW, = E,D,E;

where E, is the matrix of the eigenvectors in the columns, and D, is a diagonal
matrix with the eigenvalues on the diagonal. In our case, the matrix is real and
symmetric, so we have that E}; 1 EPT . Hence, if we are looking for a block that
fulfills the condition we can use the previous decomposition to build it.
Then, we have

T _ T
W] EW, = E,D,E]

this implies that

Ty T —
E, W, FW,E, =D,

the matrix Dp is diagonal, then we can easily find its inverse, and even more, we
can divide it into the multiplication of two diagonal invertible matrices, meaning
that we build

Ty T _nl/2nl/2
ETW]FW,E, = D)D)}

(W,E,D,""*)"F(W,E,D,"?) =T
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and so, the F-orthogonalized search directions can be constructed by doing

-1/2
W, < W,E,D,

the previous diagonalization process works if the matrix WpTF W, is invertible,
but we only have that is positive semi-definite, so the eigenvalues are greater or

equal than zero.

The standard algorithms for the computation of eigenvalues can be used to
obtain them in descending (or ascending) order. This fact will allow us to build a
smaller F-orthonormal full block of search directions by taking into account the
largest of these eigenvalues and their associated eigenvectors. The construction
is the same as previous, but we will only consider the r largest eigenvalues to
build the block

F y-1/2
W, < W,E,D,

where
rank(WpTFWp) = rank(EpT) =rank(D,) =r

meaning that, in theory, no information will be missing from this sorting.

The treatment of the linear dependencies is still limited by some ¢ > 0 pa-
rameter, but now this is done in a more precise way. The algorithm for the
computation of the eigenvectors and eigenvalues will give them in decreasing
order, so the biggest values, and thus the most important ones, are the first
columns of E,. This means that we can eliminate the smallest eigenvalues and
vectors below the threshold ¢. In this case, the dependency between this pa-
rameter and the final result is less significant than in the Cholesky factorization
because we do not eliminate certain directions, but instead, we build a smaller

full block containing all the relevant information.

Let us recall that all these computations (Cholesky or Eigendecomposition)
are done locally. Therefore, the impact in the time of the diagonalization process
is minimal, because of the size of the matrix we are solving depends on the num-
ber of subdomains. Also, the use of LAPACK algorithm with BLAS optimization

allows a fast computation in every subdomain.



2.3. Memory usage in S-FETI 125

Subdomains | Iterations | Max local memory (Gb) | Directions stored
125 7 3.87 11176

Table 2.2 — Direction stored in a 5x5x5 cube configuration

Remark: Later in the numerical results, we will also show the impact in the
use of the Lumped preconditioner, as an economical alternative to complement

this new decomposition.

2.3 Memory usage in S-FETI

In previous sections, we stipulate that one of the differences between the S-FETI
method and the classical FETI lies in the total memory used in both of them.
In FETI-1LM, only two vectors are stored at each iteration; they correspond
to the search direction and its multiplication by F. On the other hand, in
S-FETI the number of search directions built in every iteration is increased,
making mandatory the storage of blocks W, and FW,. This difference may be a
significant drawback in the implementation of S-FETI.

The total number of directions stored depends and grows linearly as the
number of iterations. This value is in every step usually the number of columns
in Z, (in practice, due to the linearity of the directions, we expect a smaller
number that corresponds to Rank(ZpT)). In 2D problems, this is not much of an
issue, but in 3D even in small cases, this needs to be considered. For example, if
our domain is a cube divided into 5x 5 x 5 smaller cubes, we see in[Table 2.2|that
the number of stored directions at each step is of 1600 directions approximately,
a fact that comes only from the geometry of the problem. Now, the total memory
needed will depend on the size of the triangulation of the mesh, in this case of
about 10° elements in each subdomain.

To be able to use this method in bigger configurations we will change the
usual, direct storage and use a different strategy. We know that the time of a
parallel application is limited mostly by the exchange of information between
processes. Hence, if we add local extra computations that are not too expensive,

we hope to have an implementation as fast as the original one, but without the
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memory constraint.

2.3.1 New sparse storage

The idea of this new storage is to, reconstruct the search directions at every
iteration, that is, to compute the projection and the full reorthogonalization of

the columns in Z,,, by storing matrices that are either sparse or “small” ones.

This is done by saving at each iteration the sparse matrices, Zp and FZp,
instead of the full W, = PZ, and FW, = PFZ,. With these sparse matrices, we
also compute and store some smaller coefficient matrices that will allow this
reconstruction. The size of these new matrices will depend on the number of
used search directions at each iteration and will be independent of the size of the

mesh. In general, it will be a small number compared to the size of the problem.

The memory needed for the storage will now be limited more importantly on
the problem configuration. This will determine the number of search directions,
and therefore the memory usage, rather than the size of the discretization.
Compared with the total unknowns of the problem, this number (N7) is usually
a small one. The number of neighbors of each subdomain is also limited, so the
problems that we solve can increase its mesh size and have a lower impact in
the memory used by it, allowing us to use the S-FETI method in more extensive
problems.

The fact that we no longer store the complete search directions will also have
an impact on the precision achieved with this implementation. However, we
hope to keep the accuracy of the S-FETI method or at least be close enough to
make this a useful algorithm; we will later discuss this fact in the numerical

results.

2.3.2 Reconstruction of search directions

In this section, we will show the details used by the algorithm of the sparse
storage for the S-FETI method.
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Idea of the reconstruction

We will try to use the definition of the projector and full reorthogonalization
process, to find a recurrence for the coefficients that define each search direction.
Let us consider the sparse matrices Z, from (2.16) and recalling the definition of
the projector

P=1-AG(GTAG)!GT

with A a symmetric matrix, that can be the identity, the preconditioner or some
scaling matrix. We also know that to apply this projector we use low-rank
corrections as in 1} Starting from Z,,, we have

Zl — PZl = Zl + (AG)Dl

it is clear that
G'PzZ, =0

and that the computation of D, is done by solving
(GTAG)D, =-GT 7z,
meaning that the value of D is
D, =—(GTAG)'GT 7,

no previous directions were computed, so we have our first search direction

block, and the projection coefficients that define it

W1 = Zl
Al = Dl
PWl = PZl = Zl + (AG)Al

in the next iteration and from the definition of the S-FETI method, we build the
sparse block Z,; then we apply the same process for this block

Zz - PZ2 = Zz + (AG)D2
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where
G'PZ,=0

and D, is computed by solving
(GTAG)D, =-GT 2,

so again, its value is
D, =—(GTAG)'GT 7,

We need to consider the full reorthogonalization against the directions built in

the previous step. Hence we have

W, =2, + WDy,
:>PW2:P22+PW1CD12

(2.20)

and to compute @, we use the orthogonality properties of the new directions

and the previous ones in the CG algorithm
(FPW;)TPW, =0 (2.21)
replacing PW, we have
(FPW1)! (PWy)®y = —(FPW,)' PZ;
this problem is solved to compute ®;,. Its value is
D1 == [(PWi) (EPWY)| (FPW))TPZ,
then, in (2.20) we use the projection definition, to obtain

PW2 = Zz + (AG)D2 + (Zl + (AG)Dl )q)lz
=Zy+Z1DP15+(AG)(Dy + D, Py5)

SO
PW2 :Zz-l—ZlBlQ-l—(AG)Az (222)



2.3. Memory usage in S-FETI 129

where
B12 = CDI2 and Az = D2 +D1q)12
but also, since
W2 :Zz+21312 (223)

then we have that
PW2 = W2 + (AG)Az

from this equation, plus from (2.20) and (2.22) we extend the recurrence to a

general case where we have the following equivalent equations

PW, =W, + (AG)A, (2.24)
p-1

PW,=PZ,+) PWPj, (2.25)
=

PW,=Z +ZZ]BJP+ (AG)A (2.26)

With the previous recurrences in mind, we will formalize and explicit the
computation of the coefficient matrices B;j, and A, that needs to be stored. These
matrices along with the sparse ones Z, define the construction of the search

directions.

Remark: The previous construction allows the extension of the sparse multi-
plication against the operator F. From (2.22), we have

FPW2 = FZZ +FZ1312 + (FAG)AZ

and in the general form, using (2.26]) we have

p-1
FPW, =FZ,+ ) FZ;Bj,+(FAG)A,
j=1
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Formal construction

At the iteration p, we apply to Z, the low-rank correction definition of P
PZ,=27,+(AG)D,

with
D, =-(GTAG)'G"z,

also from the definition of P, we apply it this time to the reorthogonalized block
W,
p

PW, =W, + (AG)AP (2.27)
later we will compute AP, not from the classical definition, but recursively.

On the other hand and to avoid notation problems let us consider some
iteration j. We replace in the previous equation (2.27) the computation of W;
(W, in there) by the Gram-Schmidt orthogonahzatlon process applied to Z;

j-1
PW, = Z; +ZZB +(AG)A, (2.28)
i=1

with B;; to be computed later, recursively. Then, we replace this in (2.25).
Actually it corresponds to the formal construction of the orthogonalized and

projected search directions, so we have

-1

j=
PW,=PZ, + _Zl _Zl G)A; |Dj,
R

o 3

p-1j-1 p-1
pt ZiB;j®jp+ ) (AG)A®

\A

ij j¥ijp

n
—_

j=11i ]:1

p-1 p-1j-1
= ZP+ZZJCDJP+Z‘ ZiBij®jp ¢ +(AG) ZA] ip T

j: ]:1 1:1

from this equation and (2.27) it is clear that we can define the computation of
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W, and A, as
p-1 p-1j-1
Wp = Zp + ZZ]CDJP + ZZBI]CD]p (229)
=1 =1 i=1
A, = ZA]% +D, (2.30)
developing the computation of W,
p-1 p-1j-1
W,=Z,+ ) Z®,+ ZZiB1]®]p
j=1 j=1 i=1
p-1 p—2 p-1
=Zy+ ) Z®jp+ Y Zi| ) By,
j=1 i=1 j=i+1
p-1 p-2 p-1
= Zp + Ziq)ip + Zi Z Bl]q)]p
i=1 i=1  \j=i+l
and thus our orthogonalized search direction is
p-1
Wo=Z,+) ZiB (2.31)

with

_CD + ZB” ip

j=i+1

Finally, using the computation of W, from (2.31) and A, defined recursively
in (2.30), the projected search directions at the iteration p can now be computed
as

PW, =W, +(AG)A,

So we can reconstruct the directions only from the sparse matrices Z;, j =1,...p

and the small matrices Bl], A and CDIJ, i=1,...,7,j=1,...p. We store these

coefficient matrices instead of the full and larger W, or FW,,.
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At each iteration, we start with the Z, matrix that is built from previous
gradients and with it we can compute the coefficients D, that do not need to be
stored. What we can do, for example, is to use the same memory space that Ap

and later overwrite it.

To define the computation of the coefficients in ®;, we need to add some
extra calculus. They cannot be based on the storage of any full vector with a size
depending on the mesh. Based on the general orthogonal properties of the CG
algorithm, let us consider at each iteration the generalization of (2.21].

(FPW,)TPW, =0 for j<p
p-1
T —
(FPW))T(PZ,+ ) PW,;®;,)=0
=1

which implies
(FPW,)T(PW;)D;, = —(FPW;)"PZ, for j <p

the left-hand side corresponds to the matrix symmetric positive semi-definite
that needs to be pseudo-inverted at each iteration. To simplify the computations

we apply the Cholesky decomposition (or Eigendecomposition) to it, giving
T T
L;L]®;, = —(FPW;) PZ, (2.32)

The L; matrix needs to be stored at every iteration, but then again these are small

triangular matrices of size rank(ZjT).

The right-hand side is the one needing a particular treatment. It depends
on full terms that we do not want to store. For the PZ, term, the definition of
P is enough to avoid the full storage, but for the term FPW]-, instead of using
it directly, we also need to use the reconstructions that comes from the sparse

matrices.

From the construction of PW; in 1) and the fact that F is a linear operator,
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we have
j-1

FPW,;=FZ; + ZPZ Bjj + (FAG)A;
i=1
from this, as expected, we also need to store the sparse term FZ]-.

Finally the right term in (2.32) is computed

i—1
(FPW) (PZ,) = |FZ; +JZFZB .+ (FAG)A,
i=1

Z,+(AG)D,

ZBIT]ZIT (FZy)+ AT (FAG)" Z,+

j-1
+ZI(FAG)D, + ZBIT]ZIT FAG)D, + AT (AG)T (FAG)D,
i=1

(2.33)

The six previous terms are computed at every iteration for j = 1,p—1. With
this, we can now obtain from (2.32) the values of ®;, and the new implementa-

tion is completed.

Next, we present a summary of the computations needed and the matrices
stored in this new algorithm for the S-FETI method.

(AG)T(FAG) : Computed once for all and sparse stored
Z].TFZP : Computed at every iteration for j = 1,p — 1 and sparse stored

ZpT(PAG) : Computed at every iteration and sparse stored
(2.34)

>

, - Computed at every iteration and overwritten by A,

B

p - Small matrix stored every iteration
(AG)T(PAG)AP : Small matrix stored every iteration

®;, : Small matrices stored every iteration, for j =1,p -1

jp + Small matrices stored every iteration, for j=1,p—1



134 CHAPTER 2. Block FETI methods

With all these considerations, we can describe the S-FETI method with this

new storage for the search directions in|Algorithm 10}

Compared with the S-FETI method, we just replaced the projection and
full reorthogonalization processes to build W and FW. The rest is analogous,
including the use of different preconditioners as well as the rank-revealing
strategy.

2.3.3 Implementation details and exploitable parallelism

In the previous section, to reduce the memory usage, we introduced several extra
computations to the basic S-FETT algorithm. If we want this method to be as fast

as the full version, all these new calculations need to be implemented in the most

efficient way possible. The method is shown in|Algorithm 10/and it describes

a simple presentation for the construction of the search directions. It can be
implemented straightforwardly, but here we will give some considerations that
can provide an important time boost to the use of this method.

Before explaining this, we will explain the sparsity of the new extra terms
that we need to compute and store, let us recall them

(G)T(FG), z]?fpzp, Z, (FG)

with j =1,...,p—1 and for simplicity we consider A = I. If we look at these three
terms, we note that each one share very similar structures, this comes from the
definitions of Z and G

G= [B(l)t(l)R(l),...,B(NS)t(NS)R(NS)]

7= [B“)csf,f;),...,B<Ns>5fb‘55’]

again for simplicity, no scaling is considered in Z. We consider the complete
local interface in Z (without any subdivision) and we think in R() = Ker(Q))
as a single vector in Q). In both cases, the extension to local interface division
and kernels with more than one vector is straightforward, because each column
associated with a subdomain Q) can be considered to have the same structure.

With these definitions, we see that G and Z have the same sparse structure
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Algorithm 10 S-FETI with Sparse Storage

1: Initialization

2: Ao =AG[GTAG]|'(-RT¢)

3: 8o = P/\O —d

4: loop Iterate p =0,1,2,... until convergence

5:

10:

12:

13:

14:

15:
16:

17:

18:
19:

20:

21:

22:

23:

24:
25:
26:
27:

b=
Q,=Fz,
D, =-(GTAG)'G"Z,
forj=0top—-1do
_ 7T

Sip=2; Qp
end for
T, =Z, (FAG)
for]_Otop—l do

A(s)!
Zy =l Fliy PTgp ] s=1Ny g=1,...

O=8T+ ZSIPB + T A,

j-1
® =T + T;D; +ZBTTD +U/ D,
=0

D;, = —(L; LT) O

jir =
end for

p-1
Ap = Dp + ZCDJP
j=0
U, = (AG)T(PAG)AP
forj=0top—-1do

p-1
Bj, = ®jp + Z B;ji®iy
i=j+1
end for

W=2,+ ZZ iBi, +(AG)A > Compute projected

jPip

FW=Q,+ ZQJ i»+ (FAG)A,
j=0
T
NpLyLy N, = WH(FW)
p=—(LyLp) (WN,)'g,
/\p+1 = /\p + (WNp)p

8p+1 ::gp'+(1:VVTVp)P

28: end loop

and reorthogonalized blocks

> I:p e R™ is full ranked
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Figure 2.6 — One-way split of six subdomains

given by the definition of the boolean matrices B"). To see it more clearly, let
us take as an example the where the domain is divided into six
subdomains in a one-way split. Denoting any vector defined in the interface of a

subdomain Q) as v

interface blocks, we have

(

e 8 8 g &
lL)'l»-lk(.o

1
2

bs) , and dividing a vector in the total interface w into local

we see that the size and structure of w are the same as B(S)vés), foranys=1,...6.
With this, each column of G and Z, defined in the whole interface, have the

following structure

O X X O 0 o0 o o o X

X X © O © © O O X X

X O O 0O O ©o o X X o

Here we see that in each column only a small part of the interface is non zero.
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It corresponds to the d.o.f. in the column s shared by the subdomain Q)
(QENT = 0).

The next structures to consider are the ones of FG and FZ. They correspond
to the multiplication of previous blocks by the FETI operator. From the definition
of F, we can see that their structure depends on the multiplication of the boolean
matrices

B9 B@, Vs,q=1,...,N, (2.35)

When subdomains s and g are neighbors, this multiplication is non zero, so when
multiplying Z or G by F only local interfaces corresponding to the neighbors are

non zero. In our example the structures are

—X- —Xq —X-
X X X
FBWvY = 0|, FBPW® = |x|, FBPW =|x|,
0 0 X
0, 0] 0,
0] 0] 0]
X 0 0
FBWo!Y = ||, FBOW =|x|, FBO® =|0],
X X X
-X_ _Xd -X_

With previous blocks, the final structure for the terms (G)T (FG), Z].TPZP, ZPT(PG)

is given by

‘o o ©o © X X

here we see that the terms that are non zero correspond in each subdomain to

S O © X X O

S O X X O© O

S X X © O O

lXXOOOO‘

o o o X X

oS © X X X

S X X X X

X X X X O

X X X o O

XX o o o
Il

‘o o © X X X

S © X X X X

S X X X X X

X X X X X ©

X X X X o© o

IXXXOOO‘
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the subdomain itself plus its neighbors plus the neighbors of these neighbors.
This is a general fact that comes from the definitions of Z, G and F

T N -1 T k
(GTFG); = vél) gl (ZB(S)SI(JSb) B(s) )B(k)vé )
S

in here the term (G” FG);; is non zero if B B) and B®)" B are non zero, which
occurs when the subdomains i-s and s-j are neighbors.

Even though the last term is less sparse that both Z and FZ (G and FG) its
total size is much smaller than previous blocks. They are square matrices of size
Nrt.

Optimization of the code

With these structures in mind, we can now give the details of several possible

optimizations to any basic implementation of [Algorithm 10| Let us remember

that as part of the new orthogonalization process we have to compute the six
terms in (2.33). Then, the improvements come, in one hand, from the fact that
some matrix-vector computations can be done in block, using the advantages of
BLAS3, and on the other side some of the coefficient matrix computations can be
done in parallel.

These changes to optimize the code can be summarized as:

e Concatenated allocation in memory of the terms Z; with j =1,..,p—1so
that the computation of Z]-T(FZP) can now be done as a single block for all
j.
To understand this, let us see how the computation of each term Z].T(FZP)

is done locally. Considering a column associated with the subdomain Q)
of Z,. It is defined in the complete interface, but it takes only local values

where JEF((SSL) is defined in (2.15). Then, each value of Z].T(FZp) is computed
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as

-1
where, as usual F®) = B(S)SZ(ZZ) B®'. The values that are non zero are the
ones where i-s and s-k are neighbors. This implies that in each subdomain
Q©), we need to do an exchange with every neighbor and store in s the

k k . .
vector zl(, ). Then we compute, exchange and store F (S)ZI() at every iteration.

In general, each subdomain Q) will compute and store the sparse vectors
zés),F(S)Z;f),z;,k),F(s)zl(gk), where k € neighbor(s).

Finally, each subdomain Q) will compute the local dot products

AV EO0 i k€ neighbor(s) U (2.36
i p ’ ghbor(s) U {s} .36)
then an assembly into (Z].TFZp)ik plus a global reduction are done to com-
pute the total matrix Z].T(FZP). These are small sparse matrices stored in

every subdomain.

The computation is done for each j =1,...,p —1 at the iteration p; meaning
that we repeat this process p — 1 times at each iteration, with the corre-
sponding load of doing the p—1 global reductions and (p — 1)-times the dot

products.

To improve the time of these calculations, what we can do is to take advan-
tage of block implementations, as already done in this chapter. To do so, in
every subdomain Q) we do a pseudo-allocation that will concatenate the

newly computed and exchanged local vectors z},i) into a block of vectors

[z(li),...,zgll], Vi € neighbor(s) U {s}
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with this we can compute the terms in (2.36) as a block

G () : :
[21 ,...,zp_l] P(S)zp , Vi, k € neighbor(s) U {s}

we can use the optimized libraries BLAS3 to obtain a better performance
than usual dot products.

Since every Z; shares the same structure, multiple assemblages can be done
into the different Z];FFZP, and for each j at the same time, only a single
reduction is made (slightly bigger in data size). We reduce the number of
global exchanges from p — 1 to 1 in each iteration, thus improving the time
cost.

If we look at the following term in the loop to compute ;)

j-1

T
) BLT.D,
i=1

we can see that the matrix D, is independent of the addition, so it can be

j-1

T
) _BiT:|Dy
i=1

the term between parentheses is independent of the iteration p and can be

treated as

computed in previous iterations.

Therefore, instead of doing computations of the type (FAG)D,, we can

p-1
) BT
i=1

This computation is added after the matrices B;, are calculated. We store

compute and save

Vp —

this sum as a single matrix to use it directly in the next iterations. This

term is another small matrix, so the memory cost is still controlled.
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e Thanks to the first point in here, the matrices needed for the computations
of the terms @;, for all j <p, are global and shared in each subdomain (this
includes the matrices coming from the Cholesky factorization). Hence,

each process computes the same terms.

This involves the computation of several small matrix products, that in-
crease in numbers at each iteration. To avoid these increasing computations,

the calculation of ®;, for each j =1,p—1, can be done in parallel.

Each process j can now be in charge of each matrix @;,, up to a limit of N;
matrices (the total number of processes). This means that after the iteration
p > N; the first process will need to do the computation of two matrices @;,,
and then for each extra iteration, another process will be in charge of the
new computations. Since the number of iterations of the S-FETI method is

expected to be low, there will be some rare cases where this will happen.

Even if, a priori, this parallelization will speed up the total time, we can
not forget that an extra global exchange is needed so that every process can
have access to the new computed ®;, matrices. The impact of this change

will be tested in the numerical examples.

2.4 Numerical results

In this section, we want to focus on the S-FETI method, by testing the different
implementations and changes presented in this chapter. The objective is to see
the comparative advantages or disadvantages that can show each one of them.

To begin with, we will solve the Poisson problem in 3D with Dirichlet con-
dition in a part of the boundary. Let () C R3 be a bounded domain, let also
dQp C JQ be a part of the boundary where Dirichlet conditions will be imposed.
Given f € L?(Q)), the problem is

Find u e HY(Q) such that

—-vAu = f in Q
u = 0 on dQp
du  _
o " 0 on J0Q\Qp
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with v € R*, a parameter that characterizes the medium or material and therefore
will produce the differences in the local stiffness matrices of the subdomains
when a partition of Q) is created.

Let V:={ve H(Q): v|5q, = 0}. Then, the weak or variational formulation
of previous problem is

Find u eV such that

vj Vu-Vvdx:j fv, VYveV
Q Q

This problem is discretized using tri-linear Q' finite elements functions,

leading to the known global system of equations

Kx=f

2.4.1 S-FETI basics

Using the system arising from the finite element method for the Poisson problem,
we will start by revisiting some of the numerical results shown in [38]. We will
add some small differences that are considered to be part of our basic starting
S-FETI algorithm when doing the comparative performance of the different
implementations.

Regarding the method itself, the local interface subdivision will be the default,
mainly because we want to reduce to a minimum the number of iterations by
augmenting the number of search directions created at each step.

Also, a small variation will be used in the detection of the kernels and the
solutions of local problems. Usually, the PARDISO solver ([57],[56]) for the
sparse local solutions is used in this type of implementations, but in our case,
we will change this to the use of a different solver, the one called DISSECTION
Solver. This different solver allows a more robust computation of the kernels and
recently it has shown an improved general performance for double and quadru-
ple computations, compared to the usual Intel PARDISO implementations, see
(78]
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Z
X/%\Y

Figure 2.7 — Cube with 125 subdomains.

S-FETI Total Iterations
decomposition | Search Directions

Local subdomain 1125 9
Local interface 6356

Table 2.3 — Difference in subdomain division versus local interface division

In this first case, for the 3D Poisson problem, we model the cube Q) = [0, 1]3,
with zero Dirichlet boundary in dQp ={(x,9,z) e JQ: x =0V x =1}, also f = 1.

We divide the cube into 125 smaller cubes, and define v = 10° for the whole
domain, see Then each subdomain is divided into 75 thousand
elements approximately,

We consider the same stopping criteria as the previous chapter, that is, the
global relative error and the norm of the jump of relative solutions across the
interfaces. In some cases precision measures will be performed, if that is not the
case, the criterion will be to stop when both errors are less than 10°°.

We consider the Superlumped scaling for the projection, i.e P = Py =1 —
AG(GTAG)'GT with A as in Equation , and the consistent weighted Dirich-
let preconditioner as the global preconditioner.

The results are noted in We can see here that the number of
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Figure 2.8 — Time of Pardiso vs Dissection for different element number in each
subdomain.

iterations is greatly reduced, but at the cost of also adding the extra search
directions. This change tries to reduce the impact of communications between

processes which is usually the bottleneck in parallel algorithms.

In the next case, if we use the local interface subdivision that generates more
search directions per iteration, the difference between solvers can be exposed.
The number of local solutions is augmented and therefore the total time cost

will depend more on the solver than in the regular S-FETI or simply FETL.

The following tests, as well as all the time performance test of this chapter,
were done with a Fortran-MPI implementation, on a machine SGI UV 2000
with 32 CPUs Intel Xeon 64 bits EvyBridge E4650 of 10 cores each one, with a
frequency of up to 2.4 GHz.

In the graphic of [Figure 2.8/ we can see that independent of the size problem,
the total time is reduced when using the Dissection solver. However, this speedup
has an extra memory cost. From now on, both local interface subdivision and
Dissection will be the default for the following S-FETT test.
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X Y

Figure 2.9 — Checkerboard cube with 125 subdomains.

2.4.2 Decomposition of W/ FW

Following the propositions of in this part, we will compare the
different strategies to sort the search directions generated in S-FETI. We can

name both Cholesky and Eigendecomposition of the matrix WTFW.

For this problem, we use the same cube as before, with 125 smaller cubes.
We reproduce a slightly heterogeneous case, where we change the parameter v
to be 10° and 10° in a checkerboard configuration, as seen in and we
use the local interface subdivision for the S-FETI method.

In this configuration, what we want is to produce a “high enough” number
of search directions that can allow us to see the differences between sorting
methods and the sensibility to the parameter that represents the zero value
€. In this process are introduced new sources of numerical instability. As a
first approach, although very time costly, the use of quadruple precision in the
decomposition process may improve the quality of the algorithm and possibly
reduce the numerical noise. We test for different values of ¢, and we check the
number of directions kept as well as the total iterations.

In [Table 2.4 we see that as the parameter ¢ is closer to zero, the number of
directions saved augments. Thanks to the full reorthogonalization we also gain
in iteration numbers, but the extra directions used are not entirely the ones that

we hope to capture with this method. This is shown in the minimal error column,
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€ Implementation | Search directions | Minimal | Iterations
per iteration error to error
1074 QUAD 1247 6.0537x107> 8
1074 DOUBLE 1245 9.0064x107> 8
107¢ QUAD 1356 1.7085x1073 6
107 DOUBLE 1356 1.7131x1073 6
10710 QUAD 1498 6.4209x1073 5
10710 DOUBLE 1494 1.6876x1073 5

Table 2.4 — Quadruple vs Double comparison for the Cholesky decomposition of
WTFW.

where bigger values are obtained if we use more of them. Also, a small gain
in precision is obtained when we use the quadruple precision. However, the
behaviour of both implementations is the same, and the cost of the quadruple
computations is much more elevated. Hence, we will perform only double
implementations with the already named value for ¢.

A significant more precise method (smaller minimal error) is obtained when
we do not consider values of ¢ too close to zero. Values that may be within the
limits of just noise, for example ¢ = 107 are a much better alternative than

¢ =107 or any value smaller than that.

Remark: The solver Dissection also comes with a quadruple implementation
for solving the local problems and doing the computation of the kernel. However,
there were no significant advantages in this context that could suggest the use of
this still expensive new implementation. Simple Jacobi one-step improvement
(iterative refinement) used to augment the accuracy of the local solver are enough
to obtain the same results as a complete quadruple computation performed by

Dissection.

Next, we want to compare the performance of the alternative eigenvalue

decomposition. From here on, only double precision implementations will be
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€ Implementation | Search directions | Minimal | Iterations
per iteration error to error
1074 CHOLESKY 1245 9.0064x107> 8
1074 EIGEN 1183 1.7590x10°8 11
107¢ CHOLESKY 1356 1.7131x1073 6
107¢ EIGEN 1299 1.7082x107> 8
10710 CHOLESKY 1494 1.6876x1073 5
10710 EIGEN 1474 2.2169x1073 5

Table 2.5 — Iterations/Search Directions results for different values of ¢.

considered.

One of the advantages expected in changing the decomposition is to make
the method less sensitive to threshold selection. In this case, less sensitive to
€ > 0. This parameter is used to identify linear dependency and also to diminish
the number of saved directions without loosing in performance.

When using the Cholesky decomposition, we can add an extra parameter
that can recognize when a gap between the decreasing pivots is too big. This
gap is an indicator that we may enter into the limits of the noise directions. As
consequence this decomposition is somehow more robust, as we avoid the noise
at the cost of eliminating some other maybe useful directions. In any case, this
lost vectors are usually recovered in later iterations.

For the Eigenvalue decomposition, we have also added an extra parameter to
limit the number of directions saved. It works after the computation with max
tolerance (given by the machine precision) of the eigenvalue algorithm. Then it
reduces the stored directions to the ones associated to the eigenvalues that are
bigger than this new tolerance €. This way of sorting directions, is a much more
stable algorithm than the previous Cholesky decomposition.

In[Table 2.5]we show the number of directions stored with each zero value
until max precision for each method is achieved.

Here we can see that bigger values of ¢ reduce the number of directions

kept. The convergence is still assured, as the critical information is in the
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directions associated with the bigger eigenvalues. The Eigendecomposition, in
this case, is less sensitive to variations in the threshold values. In all the cases
we see a reduction in both the number of directions kept and the number of
total iterations, meaning that at a small cost (in parallel computation is almost
negligible) we can have a method with less memory charge, less total iterations,
and improved precision.

We also insist on the fact that a much more precise method is obtained when
using values of € not so close to zero. Just ¢ = 10™* is more than enough to reduce

the minimal error and at the same time reduce the stored directions.

2.4.3 S-FETI with sparse storage

In this section, we want to test the new sparse storage implementation for the
S-FETI method, regarding both time and memory usage.

The model problem is again the 3D Poisson equations, solved in the cube
Q =[0,1]3, with the same boundary conditions and source as in the previous
examples.

We also use 125 subdomains with local interface subdivisions, to have at
least the same amount of search directions as the previous case. The parameter
v will represent the homogeneous case, meaning that we will have one material
as shown in The time, memory and accuracy measures will be more
important, rather than the number of iterations since this term should not change
between the two sparse implementations, and we hope to have similar results
between the sparse and the full versions.

We start by testing the speed and precision achieved by the two versions of
the SPARSE-S-FETI method. The first with a straightforward implementation
when operating with the sparse blocks and the second one with optimizations in
the memory allocation. We use BLAS3 routines, and we reduce the bottleneck of
doing several matrix-vector operations by doing just one matrix-matrix product.
We also change the full reorthogonalization process by making only one process
to orthogonalize each saved block and then sending the information to the rest

of the processes, see the last point in|section 2.3.3
The results of memory and time are shown in where we measure
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Method Elements | Time | Max local memory
Subdomain (s) (Gb)
SPARSE-S-FETI 103823 571.1 4.91
SPARSE-OPT-S-FETI 103823 289.4 4.63
SPARSE-S-FETI 148877 648.1 6.57
SPARSE-OPT-S-FETI 148877 339.8 6.13

Table 2.6 — SPARSE vs SPARSE-OPT

the total time used and also the maximum memory used by each process. Here,
we can see a speedup of roughly two times for both examples with 100 and
150 thousand elements approximately in each subdomain. We did not add the
expected results concerning number of iterations and precision, where there is
no difference between the two implementations. We see that no precision is lost,
we have improved in memory usage and also the time was reduced, so from here

on, the second implementation is the one to be used.

The objective of the sparse storage implementation is to keep a memory usage
controlled to be able to use this method for the bigger applications. In this part,
we will compare the use of the SPARSE-OPT-S-FETI implementation versus the
regular FULL one.

In the[Figure 2.10]we can see the maximum memory usage between processes
for both methods. We have used two different number of elements per subdo-
main. Since we are interested in memory performance, we will force to save
all the search directions, with no regarding whatsoever on convergence; this is
because we want an upper estimate in terms of memory versus the number of
iterations. In this example, we are using a number of 2072 directions in each
iteration.

For the FULL-S-FETI method, we have a linear relation between the number
of iterations (starting from 2) and the memory usage, or in this case, the number
of search directions stored (every vector has the same size). For the sparse storage,
this iteration/memory relation is in general quadratic. However, this relation is

between the number of iterations and the size of the coefficient matrices stored.
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Figure 2.10 — Max local memory usage in cube problem for 75 (up) and 300
(down) thousand elements per subdomain.
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Method Elements | Iterations | Time Precision
Subdomain (s)
FULL-S-FETI 103823 11 620.1 | 4.3295x107°
SPARSE-OPT-S-FETI 103823 11 624.8 | 2.0870x107%
FULL-S-FETI 148877 11 755.1 | 1.9688x10~*
SPARSE-OPT-S-FETI 148877 11 756.9 | 1.8155x107%

Table 2.7 — FULL vs SPARSE-OPT

These matrices are dense, but much smaller than a regular full block of search
directions and are also independent of the size of the mesh (the size of the
complete search vectors). In any case, there is still an increasing linear relation
between the sparse stored directions (Z, to recall) and the iterations, but as
explained previously, the size of them is less than the full block, and it depends

on the neighbor connectivity of each subdomain.

These results show that the difference between the SPARSE storage and the
FULL implementation is more evident as we augment the number of elements
in each subdomain. In the first case, the FULL version is a better option, but as
we get close to sizes of around 300 thousand elements in each subdomain, the
need of the sparse storage is more evident if we want to be able to solve this and

other larger problems.

The following test to do, once the memory advantages of the sparse storage
were established, is a time consumption test between the SPARSE-OPT-S-FETI
and regular method to see the cost of all the extra computations. The problem to
solve is the same checkerboard configuration as the previous with two materials.
Each subdomain has a parameter of either v; = 10° or v, = 10%. The results
are shown in where we see that the differences in precision and
number of iterations are negligible. In the same way, the time difference is
small considering the size of the problems, and it is smaller when the size of the
problem is increased. We can say then that the new implementation is suitable

to test big cases where the memory is a limitation.
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2.4.4 General comparison

Finally, we want to test the differences between the two existent precondition-
ers for S-FETI, the Dirichlet and Lumped. We check for memory, number of
iterations and total time of the computations.

In addition to this, we want to compare the sparse and full storage imple-
mentations with these preconditioners, as well as the two decompositions for
sorting the search direction. The idea is to have a global view that can give us

some “rules of ‘thumb” of which method should we use in different situations.

Type of implementation: FULL-S-FETI or SPARSE-OPT-S-FETI

Preconditioner: Dirichlet or Lumped.

Decomposition method for WT FW: Cholesky or Eigenvalue.

Elimination of corner crosspoint interfaces: Yes or no.

We added the last point since in practical engineering applications, the corner
interfaces are rare and almost nonexistent. This is due to the fact that the domain
division are done automatically by a mesh partitioning algorithm, such as METIS
([46]). This algorithm, with a regular Cartesian mesh, does not create the corner
interfaces that we usually see in square or cubes division of a domain. To view
the difference in term of number of local solves and total search directions, we
can “eliminate” these corners and test the method more realistically, with none
of the search directions created by the corner interfaces. In our particular case,
we lower the number of total search directions per iteration from 2072 to 600.

One of the crucial differences that we want to test are the ones produced
by the different preconditioners available, in this case, the consistent weighted
Dirichlet and the also consistent Lumped preconditioner. If we look at both
definitions in and (2.11)), we see that one involves the multiplication by
the Schur complement, and that implies the solution of a local problem. Then,
we can realize that there are differences between them regarding computational
and memory cost. In both characteristics the Dirichlet preconditioner is much

more expensive; however, we expect a reduced number of iterations for this
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Implementation | Precon- | Decom- | Max local | Iterations | Time
ditioner | position | memory (s)
(Gb)

FULL Dirichlet | Cholesky 5.98 7 429.0
FULL Dirichlet | Eigen 5.93 7 432.4
FULL Lumped | Cholesky 4.67 8 507.6
FULL Lumped Eigen 5.02 11 825.0
SPARSE-OPT | Dirichlet | Cholesky 6.27 7 340.8
SPARSE-OPT | Dirichlet | Eigen 6.32 7 331.4
SPARSE-OPT | Lumped | Cholesky 5.43 8 410.4
SPARSE-OPT | Lumped Eigen 7.77 11 812.5

Table 2.8 — Comparative between variations of S-FETI with corner interfaces.
125 subdomains and 150 thousand elements per subdomain.

preconditioner, because it considers the nodes in the entire subdomains and not

only the nodes in the interface.

The test case will be the same as previous, with 125 subdomains in a checker-
board configuration for the v parameter and with 150 thousand elements per
subdomain. In this case, we will perform several computations and measure
the time and memory performance of them. Each result will be a different
combination of the four variables previously detailed.

In we show the results obtained. We note that the results are
not in the lines of what we expected. This is due to the characteristic of the
problem; meaning, a number of subdomains and size of the mesh not high
enough. Therefore, we see a reduction in time for the SPARSE-OPT-S-FETI, but
with a higher memory usage. In a remarkable speedup is obtained for
this case when using the SPARSE implementation.

The elimination of corner interfaces also produces a reduction in the to-
tal time, making these results closer to a real implementation with automatic
subdomain partitioning. In terms of memory usage, there is no significant differ-
ences between the methods. As said previously, the size of the problem is not

big enough to make the difference more clear. In any case, we still recall that
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Implementation | Precon- | Decom- | Max local | Iterations | Time
ditioner | position | memory (s)
(Gb)
FULL Dirichlet | Cholesky 5.21 12 119.6
FULL Dirichlet | Eigen 5.21 12 123.4
FULL Lumped | Cholesky 4.46 24 366.9
FULL Lumped Eigen 4.58 25 390.0
SPARSE-OPT | Dirichlet | Cholesky 4.43 12 59.7
SPARSE-OPT | Dirichlet | Eigen 4.41 12 60.6
SPARSE-OPT | Lumped | Cholesky 4.31 24 158.3
SPARSE-OPT | Lumped Eigen 4.09 25 171.4

Table 2.9 — Comparative between variations of S-FETI without corner interfaces.
125 subdomains and 150 thousand elements per subdomain.

depending on memory availability the use of one or the other is recommended.

2.5 Conclusion

Several implementation changes have been introduced in this chapter, most of
them showing an improved performance compared to the primary S-FETI. We
added a new way of sorting search directions. The Eigenvalue decomposition has
proved to be a more robust option, and at the same time, it reduces the number
of directions stored at each iteration. In terms of memory usage, we developed a
new sparse storage that allows using this method in bigger applications without
losing significant performance. The use of the Dissection solver with its kernel
detection algorithm is a good alternative over the more commonly used PARDISO
solver. The Lumped preconditioner for this method is an attractive alternative
to reduce memory and computation efforts, even if the results shown here are
not definitive to say in which cases should be used. Further testing will be done
to this preconditioner as part of the future work.

Finally, other changes and comparatives can still be performed, leaving space
for improvements to this method and its implementations. This is all part of the

future work in this method.
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Block strategies as a preconditioner

In the development of the domain decomposition methods, in particular of the
FETI method, there is always a search for faster and more accurate algorithms
that can be used in as many problems as possible. In this line, but using a
different approach, we will try to use some of the ideas exposed in the previous

chapter, notably, the ones related to the development and implementation of
S-FETI.

The main advantage shown by the S-FETI method is the construction of an
enlarged search space in the Conjugate Gradient algorithm. With this algorithm,
the capture of the larger eigenvalues of the FETI operator, even for some hard
problems, can be achieved in a few iterations. The price to pay for this is the
use of large amounts of memory that can render impractical its use for some
big problems, usually found in real applications. In this context, we already
developed a way to circumvent this limitation by using a sparse storage of the
directions.

In this chapter, we will try to recover the precision and memory use of
the original FETI method, improving the convergence ratio by building a new
preconditioner based on the enlarged space generated by the S-FETI method.
This new preconditioner is a priori more expensive, but hopefully, the faster
convergence expected will compensate this, and we may have a useful method

for practical use.

This chapter starts with some preliminaries to understand the idea of the

155
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new preconditioned FETI method; later we will show a natural extension of
the first part by mixing it with the S-FETI method. We end up with numerical

results of both new methods.

3.1 Introduction and preliminaries

The FETI method is based on finding the solution of an interface problem using
the Preconditioned Conjugate Gradient Method. This iterative method (CG) has
been largely studied over the years. It has lead to different results in its research,
and several generalizations were made to it.

Within these generalizations, we can name the Flexible Conjugate Gradient
[54], the Multipreconditioned CG [11] and the Method of Conjugate Directions
[44]. Although the last one was developed before the CG method, it can still be
considered as one of the generalizations of it.

We will now show in detail, two of these methods and their relation to
previous FETI methods. These relations will allow understanding the roots of

the new FETI methods proposed in this chapter and justify their convergence.
3.1.1 Method of Conjugate Directions
We consider the solution of the general system

FA=d (3.1)

with F a symmetric positive definite matrix.
This method, shown in [44] can be considered as a more general method than
the CG method.

In here, the search directions
Wi, W»p,...
are selected to be mutually conjugate, that is

w;, Fw;)=0, Yizj
(w;, Fw; ]
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and no further restriction is imposed in them. The norm considered here is the
one induced by F, because, as already said, is a symmetric positive definitive

operator.

The summary is presented in |Algorithm 11}

Algorithm 11 Method of Conjugate Directions
1: Initialization
Choose an approximation vector A
go=FAg—d
Choose any non-zero vector wy
loop p=0,1,2,... until convergence
. _ (wp'gp)
‘ Pp (wp, Fw,)
7: Api1 = Ay +ppwp
8: 8p+1 = & T PpFwyp
9: Choose a direction w
10: end loop

p+1 such that (w,, Fw;) =0,Yj=0,...,p

We can see that the CD-method is not precise, in the sense that no formula
is given for choosing the search directions. Depending on how are built these
directions, different methods can be obtained (including the CG method). Later
we will make explicit this definition in order to formulate the new FETI method.

The basic properties of this method are given by the following theorems

Theorem 3.1. The search directions wy,w,,... are mutually conjugate. The residual
vector g, is orthogonal to wy, w»,...,w,_;. The inner product of w, with the residuals

80+ 8p is the same. All this can be written as

(wl,Fw]):O, 1¢] (32)
(wi,gp):O, i=0,1,..p-1 (3.3)
(wprgo) = (wprgl) == (wp’gp) (3.4)

The scalar p,, can be given by the formula

_ (wp'go)
P (wp, Fwp)
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Proof. From the last line in|Algorithm 11|we have directly (3.2). Next, using the
update of the gradient, we have that

(wWir p+1) = (Wi, gp) + pp(wi, Fwy)
if i = p then, by the definition of p, we know that
(i, &p+1) =0
Moreover, from we have
(Wi, &p+1) = (Wi, gp)

Equations (3.3)) and (3.4) follow from the last two relations. The last equation
(3.5) follows from (3.4) and (3.2). O

As for the convergence of the method we have the following theorem

Theorem 3.2. The CD-method is a p-step method (p < n) in the sense that at the

p-iteration the estimate A, is the solution A
Proof. Let p be the first integer, such that
Yo = A—Ag € spanfwy,..., w, 1}

Clearly m < n since the vectors wy, wy,... are linearly independent. On the other

hand, we may choose scalars ay,...,a,_1 such that
Vo= doWqo + -+ ocp_lwp_l

Hence,

A= /\0 +agwg + .- +0cp_1wp_1

Moreover

) :P/\O—d = F(/\O—/\) = —aOFw0—~--—ap_1pr_1
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Computing the inner product

(wi, o) = —ao(w;, Fwg) — -+ — Ofp—1(wi;pr—1)
= —a;(w;, Fw;)
an using (3.5) we imply that a; = p; and hence A = A,,. O

Finally, we can see that the approximated solution improves with the number

of iterations and the error is minimized at each step.

Theorem 3.3. Let A be the solution of (3.1) and f be the error function
f@)=lA=vlp =(A=v,F(A=v)) = (v, Fv) - 2(v,d) + (A, d)

then, the point A, minimizes f(v) on the line v = A, | + aw,_;. In fact, the point A,

minimizes f(v) on the space
Ao +spanfwy,..., wy_1}

and this space contains the vectors, AO,...,AP

Proof. If w is a search direction, then we have
fv+aw)=f(v)-2a(w,g)+a’(v,Fv)

where
g=d-Fv=F(A-v)

Considered as a function of «, the function f(v + aw) has a minimum value at
a = p, where
0= (w,8)
(w, Fw)

Comparing this with the definition of p, in the algorithm, we have the minimiza-
tion result.

For the last part, let us consider the point v € A + span{wo,...,w,_1}, then we
have

v = /\0 +agwoy+---+ ap_lwp_l
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applying f 1
”

f(0)=F(Ao)= ) [2ai(wi, go) - (wy, Fw;)]
i=0

At its minimum we have

(Wi %)

' (w, Fuwy)
and so a; = —pj, for all i = 0,...,p — 1. Then is clear that the minimum point is
Ap- O

Considering the previous theorems, as long as we do the full reconjugation,

we have the liberty to build the search directions in any form we want.

3.1.2 Flexible Conjugate Gradient

As a continuation of the previous Conjugate Directions method, and within the
Conjugate Gradient framework, we can recall the General CG or Flexible CG (as
denoted in [54]). We consider the problem (3.1), solved with the Preconditioned
CG method. The idea is to add at each iteration of the CG method a precondi-
tioner step with the aim of accelerating the convergence by using suitable search
directions. Usually this is achieved by finding the solution of a problem of the
type
Bx=y

where we want that the conditioning of the matrix B! F to be smaller than the
conditioning of F.

In PCG, the preconditioner B~! is symmetric positive-definite and fixed. This
allows keeping the convergence properties of CG. In the Flexible-CG we relax

this conditions and change the preconditioning step to a general mapping

g — Blg]

this mapping also tries to approximate the inverse of F in order to improve the
convergence. This more general mapping does not need to have an explicit form
as it can be a recursive non-linear mapping. We will just consider it as a general

procedure to approximate the inverse of F.
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With this preconditioning procedure and using a full reorthogonalization
process, we can define the algorithm for the Flexible CG method in
This algorithm makes explicit the construction of the F-conjugate search direc-

Algorithm 12 Flexible Conjugate Gradient Method
1: Initialization
Choose an approximation vector A
go=Flo—d
wo = B(go]
loop p =0,1,2,... until convergence
(wp' gp)
(wp, Fwy)
7: /\p+1 = /\p + ppwp
- 8p+1 = & T PpFwyp
9: Wpi1 = B[gp]
10: fori=0topdo

Pp=—

1 y:_(wi’prH)

‘ (wj, Fw;)
12: Wpi1 = Wp1 T YW
13: end for
14: end loop

tions by introducing a preconditioning procedure and applying the Modified

Gram-Schmidt procedure to build the new directions.

It is also essentially the same CG algorithm used by FETI, the main difference
lies in the preconditioner. If we consider B as the Dirichlet or Lumped precondi-

tioner, we can recover the usual FETI method.

Remark: The detailed convergence properties of this algorithm, including
bounds for the error, depend on the definition of the mapping B, where con-
ditions on coercivity and boundness are assumed [7]]. In our case, and to keep
the mapping as general as possible, we will only consider the previously shown
convergence of the CD-method to validate our new FETI method with recursive

preconditioner.
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3.2 FETI with recursive preconditioner

The Simultaneous-FETI method can be considered as a Multipreconditioned CG
method [38], this is because several directions are created in the preconditioning
step thanks to the additive nature of the Dirichlet preconditioner. Closely
related to this method, we have the Flexible CG in which recursive or non-
linear preconditioners can be used at the cost of doing a full reorthogonalization
of the search directions (truncated orthogonalization are also possible.). In
the FETI framework, there are no practical problems in the use of these extra
computations, since we are forced to do them to keep a good convergence (See
[66]).

Following this idea of being forced to do a full reorthogonalization. Let us
consider the general method of Conjugate Directions. With it, we have total
liberty in the creation of the search directions, as long as they are conjugate
between them, more precisely F-conjugate (F being the FETI operator, which is
symmetric positive definite).

This last part made us think of “mixing” these methods. We consider some
special preconditioner that changes from iteration to iteration, and that gives us
a better approximation than the usual Dirichlet in the FETI method. It is built
straightforwardly from the one in S-FETI where a more accurate approximation
is obtained at every iteration. Even if we are not exactly in the conditions to
consider this new method as a Flexible CG method, we can see it as a Conjugate
Directions method, where the convergence is assured.

Now we will show the details of this new method, and later its extension to

an “in between” method, if we consider the S-FETI method and this new one.

3.2.1 One direction from S-FETI block

We derive this new method starting with the FETI basic algorithm, and modifying
the preconditioning step

:_F_lg

, (3.6)

p

with F~! being any suited preconditioner (mainly the Dirichlet or Lumped one).

Even though the multiplication for this precondition matrix is not computed
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directly, we can still consider this step as simple and not so expensive (details
about this have been discussed in previous chapters), the main difference will be
in this step, where a more elaborated preconditioner will be constructed.

We change this multiplication by the Dirichlet or Lumped operator for the
definition of a new procedure (or mapping) 53, based on the block construction
done in S-FETI.

The idea behind this is to use the minimization process of the CG method

applied in the S-FETI method, where we construct a larger search space, based on

the combination of local terms. Let us recall this process in|[Algorithm 13|where

after the computation of the search directions block, we obtain the optimization

parameters and update the solution In this new method, we will consider

Algorithm 13 Minimization process in S-FETI

1: :

w N
2
R
I Ig
~
oa
ja=
=

the update vector W,p, as our unique search direction. It contains all the
information from the non local preconditioner, and it can help speed the process
of capture of the eigenvalues. Meaning that at every iteration of the Conjugate
Gradient method, we will define the search direction as

=W,

Ld p

p Pp = _Wp(WpTgp)
The construction of W, was already explained when we define the S-FETI method
in and it involves the solution of several Neumann and Dirichlet
problems (if the Dirichlet preconditioner is used), so it is more costly than the
regular preconditioner. This extra cost compared to the gain in the convergence
will be tested in the numerical examples.

Adding the construction of the block W), to our new search direction allows

to explicit the definition of the procedure 5[g] used as a preconditioner. This

mapping is described in |[Algorithm 14, The notation in this procedure is the
=
S() , is the local preconditioner partitioned into neighbor

- (
same as in|chapter 2|so Dr s
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Algorithm 14 Preconditioning procedure B

1: Input Residual vector g

2. Z= [...,Dés(zq)l - > Local Dirichlet preconditioner
3: W=PZ > FETI Projection
4: NLLTNT =WTFWw > Cholesky decomposition
5: W=WNLT

6: p=—-WTlg

7. w=Wp

8: Return B[g] « w

interfaces and the matrix N is the permutation matrix coming from the Cholesky

factorization applied to WTFW.

Basically what we are doing is similar to what we do in any preconditioned
CG algorithm, that is, a process from which we take the gradient, and we apply
a particular operator to build a search direction that approximates to the actual
error P_lgp, at the p iteration. The difference, in this case, is that the search
direction do not come from a direct multiplication by a fixed matrix, but from a
more complicated process that in the end makes the new direction to depend on

the previous gradient.

The final method is shown in|Algorithm 15 What we describe is a modifica-
tion of the FETI method (using the Flexible CG instead of classical CG), in which
we change the computation of the preconditioner with the procedure coming
from S-FETI that allows defining B[-] in|Algorithm 14] The definition of the

projection operator P, the matrix A, the matrices G of the FETI coarse space and

the block of vectors of the kernel R are defined in the same way as previous
methods (FETI-1LM or S-FETI).

We hope that with this new method we are going to recover the accuracy and
memory usage of the basic FETI method. We store one direction per iteration
and at the same time we diminish the roundoff effects of the extra sources of
numerical noise that can be found in the S-FETI method. As for the advantages,
the number of iterations will be reduced, due to the improved way to capture
the largest eigenvalues, and we expect this will be enough to compensate for the

extra cost on the mapping of the preconditioner.
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Algorithm 15 FETI block to one direction Algorithm
1: Initialization

2: Ao =AG[GTAG]|'(-RT¢)

3: 8o =(FAg—d)

4 wo = B[PTg]

5: loop Iterate p =0,1,2,... until convergence
_ (gpwp)

6 ap= “Tw,, Fw,)

7: Apr1 = A+ apwy

8pr1 =8 T ?ppr
: Wp+1 = B[P gp+1]
10: fori=0topdo

11 y':_(wi:prH)
: (wi, Fw;)
12: Wpil = Wpy1 T YiW;
13: Fwy,1 =Fwy +yiFw;
14: end for
15: end loop

Cost of the method

Considering the cost of the original FETI method and the one of the S-FETI
method, we can give a comparative estimate of the performance of this method

against the original FETI at each iteration.

We know by its definition that all we need to compare is the preconditioning

step in FETI versus the preconditioning procedure defined in |Algorithm 14}

We note that this is because the procedure B[-] will also give the vector Fw,, at
the end of the procedure since its value corresponds to FWp. Hence no extra
multiplication by F is needed after this part.

Based on the analysis of the cost in S-FETI, we can say that the most expensive
part here is the computation of the block FW. This includes a projection and
several forward-backward computations, but we can use the same strategies
to minimize the computations as done in S-FETI. For each iteration we only
add to each process the workload of N’ Neumann solves, with A being either
neighbors +1 or 2 x neighbors depending on the construction of the blocks. The

projection is also done using low-rank corrections. For details in the cost of
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S-FETI and thus this preconditioning procedure, see [subsection 2.1.5|in the

previous chapter.

Finally, we can say that the cost of each iteration is approximately an iteration
of S-FETI (which at the same time has a few extra cost compared to FETI) plus
an iteration of FETI without the Neumann solution. We can not estimate the
number of iterations needed for convergence (hopefully much less than FETI), so
we will analyze in the numerical examples the real performance of this method.
We will test different ways to compute the block W used in the mapping B[],
namely the diagonalization process in the treatment of the term WTFW and the

use of the Lumped preconditioner.

3.2.2 Linear combination of directions from block

In this section, we will extend the previous idea of using the added combination
Wp built in the S-FETI method as a single direction, to an “in between” method.
We will save in addition to the unique previous directions a reduced number of
vectors containing the information of the block of search directions generated by
S-FETIL. In every iteration, this number will be limited between 1 and the total

number of linear independent search directions Ng.

In order to achieve this, we will proceed similarly as before, only this time,
instead of using the FETI method as a base, we will use the S-FETI method and
we will change the directions stored after the update of the gradient at the end

of each iteration.

First, we will recall the construction of the block of directions W in S-FET]I,
but this time computed with the eigenvalues decomposition. This will allow to
sort the total independent search directions in decreasing order of importance.

In this case, starting from the gradient we have that
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Algorithm 16 Block construction in S-FETI

1:
-1
2 W,=[...,DE) g...]
3. EDET = W] FW,
& W,=W,ED V2"

5:

From here we know that the matrix W, is formed by columns of normalized
vectors that are sorted in decreasing order from the ones that capture the bigger
eigenvalues of the FETI operator to the ones that represent the smaller ones.

Is from this characteristic that we can use and save the more relevant direc-
tions. In the previous case, we added each column to build a unique search

direction

P1
wy=Wop=| W, | ... W;VS : :Zpiwli
PN; i
with p the vector of minimization parameters p = -W,g,. This time we split this
sum, and we recover a new block of search directions. This block is smaller than
the previous one, but to try to keep all the information we add an extra direction,

the vector W,p. This implies the construction of yet another block Wp defined
by

W,=| Wop | W) | ... | WM

Where M is a number that depends on the number of columns, fixed by the
user, that we will study in detail in the numerical tests. What we try to accom-
plish here is the reduction of the relevant information to a limited number of
search directions, improving convergence but with controlled memory usage, at
expenses of the extra computations needed to build the original W,,.

Like the previous method, the definition of the FETI projector P is as usual.
In|Algorithm 17|we described the final algorithm, built from the basic S-FETI,

but changing the construction of the stored block directions. The definition of
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the projection and all the matrices to compute A, are defined as in previous FETI

methods ( seesection 1.1.2)).

Algorithm 17 FETI block with reduced saved directions algorithm
1: Initialization
2: o= AG[GTAG]}(-RT¢)
3: go=(FAg—4d)
4: loop Iterate p = 0,1, 2,... until convergence

5: Z = ...,Dés(zq)lgp,...] > Local Dirichlet preconditioner
6: W =PZ > FETI Projection
7: fori=0topdo
8: I=-WIFwW
9: W=W+LW;

10: FW =FW +LFW,;

11: end for

122 EDET =WTEFW

13: W=WED™?

14: p= —WTgp

15: Apr1=A,+Wp

16: 81 =8 +FWp

17 W, =[Wp,pt W, pN W]

18 FW,=[FWp,p'FW',...,pNFWM|
19: end loop

Since the base of this algorithm is S-FETI, its convergence is assured. This
fact comes from the where the result is independent of the precon-
ditioner or the construction of the block of search directions, as long as they are

F-conjugate, which clearly is our case.

Cost of the method

The cost of this algorithm, at every step, is derived directly from the cost of
S-FETI inlsubsection 2.1.5l We do the same construction to obtain the block of

search directions. The only difference is the size of the stored vectors that may

be reduced as much as we want, however in the next section we will try to find

the optimal value of needed stored directions (if there is one).
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3.3 Numerical results

The methods shown in this chapter can be considered as variations of the S-FETI
algorithm, so the characteristics of them in terms of problems that it can solve
are very similar to the original S-FETI. Is for this reason that a simple test case
will be considered next. We want to make a first comparative between these
methods.

The Poisson problem or any other simple case, solved in 3D will allow us to
do this first comparative of both methods presented in this chapter.

We recall the variational formulation of this problem for some parameter
v € R* and some bounded Q € IR%.

Find u eV such that

vf Vu-Vvdx:J fv, VYveV
Q Q

where
V= {v e H'(Q): vlpq, = 0}

and dQp is the section of the boundary where we impose u = 0.

A finite element discretization, using tri-linear Q! functions is used to ap-
proximate the solution of this problem.

We finish the problem by setting the characteristics of our model, which in
this case are a cube domain Q = [0,1]® with boundary conditions in dQp = {x =
0} U {x = 1}, the value of the source is f = 1 and the parameter v will have an
homogeneous value along the domain.

The cube will be divided in 125 smaller cubes of equal size, with variable
number of elements in each one, and the stopping criteria are the same as

previous chapters.

3.3.1 Storage of single direction

The first method to test will be the one where all the search directions are
reduced to a single one. In simpler terms, we reduce the S-FETI approach to a

FETI method with a more expensive preconditioner.
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Method Elements Iterations
Subdomains
FETI-1LM 74088 17
S-FETI 74088 7
SINGLE_DIR-S-FETI 74088 14
FETI-1LM 195112 18
S-FETI 195112 7
SINGLE_DIR-S-FETI 195112 15

Table 3.1 — Convergence comparative.

In terms of memory, we recover the same usage as the original FETI-1LM, so
no test related to memory will be performed.

Our first and main approach will be to asset the number of iterations needed
for convergence in this method and compare it to the original FETI-1LM. Using
the already described configuration, with v = 1073. we can see the results in
[Table 3.1

Regarding iteration numbers, we can see a reduction in the total number
of them compared to FETI-1LM, but no reduction against S-FETI. This goes
with the lines of what we expected, meaning that an expensive preconditioner
can improve the FETI-1LM method, but the information lost when storing the
constructed directions as a single vector will reduce the convergence compared
to S-FETI.

In any case, the excessive cost of this approach does not compensate for the

good results shown when reducing iterations of FETI-1LM.

3.3.2 Storage of reduced directions

We continue with the extension of the previous method, so in this case, we change
the reduction of the search directions from a single vector to a small number
of them. These vectors are computed in descending order of importance, so we
want to keep a minimal number of search directions without losing convergence.

We continue to use the same test case, that is, the Poisson problem in the
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18 T T T T
S-FETI with reduced stored directions —

16

14

12

Iterations

6 1 1 1 1 1 1
0 20 40 60 80 100

Directions (%)

Figure 3.1 — Iterations versus percentage of computed directions. Example 1

cube with 125 subdomains and fixed 75 thousand elements per subdomain. This
is complex enough, mainly due to the number of directions produced in each
iteration, so we can expose the differences between this method and the original
S-FETI or FETIL

In the definition of this method, we have to choose a fixed number of search
directions to keep at every iteration. In that sense, a fixed number M was
introduced, but what we actually do in practice is to save a percentage of the
independent search directions. This value has a great impact on the method, so

we need to do variations of it to try in find a possible optimal value.

In[Figure 3.1)we show the behaviour of the method in terms of total iterations
versus the percentage of directions stored. Let us recall that the total number of
search directions generated, without considering linear independence is 2072.
From this we do the first reduction, to later keep a part of this reduced amount.

In this image, we see the behaviour of the method, with a fast initial reduction
in the number of iterations, even if we store only a small percentage of directions,
such as 10%. Values close to this can be considered as “optimal” for this method

if we are looking for memory reduction and higher precision. Depending on
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the problem to solve and the machine used, we choose the best suited value for

€very case.

3.4 Conclusion

The variations of the S-FETI method shown in this chapter, are a priori ideas
worth testing, since the storage of the information produced by S-FETI can be an
issue. Numerical results show that in the actual conditions of the first variation,
even if we obtain an improvement regarding iterations to convergence, precision
and memory, there is no gain in total time due to the expensive cost of the
implementation used. The second method arises as an alternative to certain
particular cases, where at the price of more iterations we reduce the memory
usage. In any case, we found important to state these results, to give a source
for new development in the S-FETI and other FETI-like domain decomposition

methods.



Chapter I

FETI-2LM with enlarged search space

In this final chapter, we will show another application of the main idea in the
S-FETI method, that is, enriching the search space of the FETI algorithm. This
time we apply the enhancement to another FETI method shown in this thesis, in
particular, the FETI-2LM method.

The FETI-1LM and FETI-2LM methods share similarities in the iterative
algorithms used, both of them are Krylov based, the Conjugate Gradient and
the ORTHODIR method. This fact gives us the idea of enriching the search
space in FETI-2LM, but without expecting the same results as in S-FETI. This
is because a big part of the convergence properties of S-FETI come from split-
ting the preconditioner to isolate the modes that make the convergence slower.
Also, the connection of this method with the FETI-Geneo method makes the
fast convergence to be expected. In the FETI-2LM case, we do not have these

characteristics, so the advantages are not clear.

In the FETI-2LM method we no longer have an optimal preconditioner, nor
a method to compare, so we do not expect to have the same speedup as in S-
FETI. However, we will have an improvement in the convergence, due to the
construction of directions using local properties that are lost in the FETI-2LM
method. We will also improve the convergence ratio because the size of the
new enriched space is bigger compared to the original one. Finally, in terms of
time spent, we will be applying the same implementation strategies as in S-FETI.

Hence, we also hope to have a time speedup.

173
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Robin
Condition

Figure 4.1 — Two subdomains with Robin Interface Condition

We start by recalling the FETI-2LM method, to then pass directly to the
formulation of the new Block-2LM method. We end this chapter by showing
some numerical examples to test this new method and compared it to the original
FETI-2LM.

4,1 Introduction

Most of the elements needed in this chapter were already described throughout
the previous chapters. Nevertheless, we want to recapitulate some of the more

important ones, to keep clarity on the new method to be constructed.

4.1.1 The FETI-2LM method

This method started as a solver for acoustic problems, first shown in [31], then it
was generalized in [67]] and [68] as a robust solver for problems coming from
any Finite Element discretization of an elliptical partial differential equation.

It is based on the imposition of a Robin condition on the interface, see
in order to “glue” the solutions of each subdomain. We will recall the
basic formulation for a two-subdomain division. The general formulation comes
from using the two-subdomain case in each pair of interface edges between
neighbor subdomains.

Consider the linear problem, arising from a Finite Element discretization of
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a PDE
Kx=f

We divide the global problem into two subdomains QM Q3 and their interface
I'®). Then, the global problem has the structure

(1) (1) (1) (1)
K ?2) K?g) fo) fi<2>
0 K Ky, 1= f;

1
(1) (2) (1) (2) (1) (2)
Ky Ky Ky + Ky || * fo 1y

the subdomain stiffness matrices and right-hand sides are

(1) (1) (1) (2) (2 (2)
S Pl T R e A e
Kbi Kbb b Kbi Khb fb

The FETI-2LM method comes from the imposition of independent general-

ized Robin condition on the interface I'®).

The discrete local problems are

(5 )
N T N N
NPT

(5

the augmentation matrix A, will be considered as a sparse approximation of

(5 (5
Kii Kib
(5

(s) (s)
Ky Ky, Ay,

the neighbor Schur complement, as seen in|subsection 1.2.3|

To be the restrictions of the global problem, each local solution must satisfy

two conditions, first the continuity condition

(1) )

X, —xf =0
the second condition is the interface equilibrium, which is the last line in the
global block formulation
1) (1 2) (2 1 2 1 2
Kl(n')x( )+K,§i)x( )+(Kl(;b)+Kl(7b))xb :fb( )+fb( )

i i
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if we use the continuity condition, we have

M) (1) | 1(2) (2) | (1) (1) 7(2) (2) _ (1) £(2)
Kyi'xi + Ky'x + Kyyxy  + Ky xy = fy 4+,
now using the last line of the local problems, we can write the equilibrium

condition as
(1) (1) (2)_(2) (1) (2)
Abbxb +Abbxb :/\b +/\b

we combine both continuity and equilibrium conditions to obtain the interface

mixed equations

AL L2 L A2),2) _ () 4(2)

bb Xp b Xp b T

(4.1)
(1) (1) (2) (1) (1) (2)
Abbxb +Abbxb :/\b +/\b

additionally, by eliminating the inner unknowns on the Robin local problem, we
can obtain the explicit relation between the trace of the solution on the interface

xés) and the discrete augmented flux /\f)

() _ (&) (7 (8) L Ay (8) _ 1 (8) , £(8) _ () e (8)7 (s)
(Kpp =Ky Ky Ky + A%y, =4y +f, Ky Ky f;

we denote by 5% = K — k{VK K the Sch lement matrix and b
Y Sy =Ky — Ky K5 K, e Schur complement matrix and by

cés) = fb(s) - K}(j)K;f) fi(s) the condensed right-hand side.

Replacing xés) with their values as functions of /\és) coming from previous
explicit relation, and using the mixed equations (4.1)), we can write the condensed
interface problem of the form FA = d associated to the FETI-2LM method

(1) (2)\,c(2) (2)\-1 (2]
Ay + AR (Sy, + A )

1 2)., (1 D1 (1
(A(bb) +A§7b))(sl(7b) +A§7b)) 1C§; )_

The definition and implementation of this method for general problems, come
from the computation of this operator between every two neighbor subdomains

in a general configuration.
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The previous condensed non-symmetric problem is solved using the OR-
THODIR iterative method. This is because in the general case, the operator is
dense, so its assembling is computationally inefficient. On the contrary, to mul-
tiply some vector by this operator (denoted F as usual FETI methods), we only
need local data and exchanges between neighbors; hence an iterative method
such as ORTHODIR is more suited.

We present in [Algorithm 18|the ORTHODIR method used in FETI-2LM, as it
will be the base to construct its generalized block version.

Algorithm 18 FETI-2LM algorithm
1: Initialization

2: /\0 =0
3: o= (FAg—d)
4: wq = Qo
5: loop ORTHODIR Iteration from p =0, 1,... until convergence
6 0, = (pr)Tgp
P~ (Fwy)(Fw))
7: Api1 = Ay +ppwp
8p+1 = 8+ PpFwy
9: loop Construction of the p + 1 vector of the base FT F-orthonormal
10: Wpi1 = &pi1 >w,1 = Fw,, is replaced by the gradient
11: fori=0topdo
_(Fw) (Fwpy,)
12: Vi=-— T
(Fw;)" (Fw;)
13: Wp1 = Wpi1 TYiW;
14: Fwy,1 =Fwy +yiFw;
15: end for
16: end loop
17: end loop

In the next section, we will extend this algorithm to its block version. The idea
is to use the decomposition of the gradient to build a block of search directions

to update the solution in every iteration.
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4.2 The Block-2LM Algorithm

Following the work made in the development of the S-FETI method, we can
apply the same strategy to the FETI-2LM method. In this case, the method called
Block-2LM will build a search space based on the separation of the gradient.
The difference lies that the gradient will no longer be preconditioned as in S-
FETI. However, it can also be considered as a sum of local gradients that when
separated will improve the capture of the local subdomains behaviour. In any
case, in FETI-2LM we have two independent Lagrange multipliers instead of one
in each the interface. Therefore, we can create as many directions as the S-FETI
method in both of its version (subdomain or interface divisions).

Following the notation in the gradient ¢ € R" of the FETI-2LM

method is

with N; being the number of subdomains. Also, g(i) € R™, m; < n are the
values of the global gradient in the subdomain Q). These local gradients are
independent of each other because there are two Lagrange multipliers on the
interface. This subdivision is enough to form a new block of directions, all by

considering that g can be written as

which is similar to the subdomain division in S-FETI.
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Analogously, to form the interface subdivisions, we can consider at the local
level that g*) can also be decomposed into smaller vectors, one for each of the

subdomain neighbors
(s),1
loc

g =1 (4.2)
(S),H(S)

loc

with () the number of neighbors of subdomain Q(®). Hence, the general gradient

can also be written as
(s
n

)
g= g (4.3)
i=1

Z

©
Il

—_

-

where g(s)’i € R" is an extension by zero, defined as

. : T
g =0 .. 0 g 0 .0, s=1.,N, i=1..,n9

c

From Equation (4.3)), we can use the additive form of the gradient to define
the new search space for the Block-2LM method. This space will be spanned at
each iteration by the column vectors in

7 = g(l)’l,...,g(l)’”m, I RO
The iterative algorithm used for the FETI-2LM method is the ORTHODIR
method, so the Krylov space built is formed from the successive matrix-gradient
product, orthonormalized using the FT F-norm. We are now spanning a different
search space, but the use of this bigger space still implies the convergence of the

method since it contains the original Krylov space. This result comes from the
definition of Z and the fact that

Span{g(l) 4o +g(m)} C Span{g(l),...,g(m)}

for any vectors g(i) eR", meN,i=1,...,m.

The norm used in this method changes from F to F F-norm. The matrix that

needs to be inverted also changes. This matrix is used to obtain the block of
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orthonormal vectors and also to obtain the optimal descent coefficients. In this
case, this matrix correspond to (FW)T FW, where W is the block after applying
the full reorthogonalization, i.e., at the p-iteration we have

M‘e

W,=2,+

j% P Wi (Di

i=0
The same linear dependency issue occurs for this matrix as in the S-FETI, see
Section Let us recall that this is due to the phenomenon of working near the
computer precision or because we achieve convergence in some of the interfaces
before the other. This dependency between columns in Z lead to a positive
semi-definite (F W)T(F W) matrix, so as previous treatment, the Cholesky decom-

position with partial pivoting will be used to select the independent directions
(The Eigendecomposition is also valid). The algorithm is described in (19).

4.3 Implementation and cost of the method

The difference in cost between the FETI-2LM and Block-2LM is similar to the one
from FETI and S-FETI. We can name the augmentation on the size of the informa-
tion shared between neighbors, with no incremental number of exchanges. We
also have the pseudo-inversion of the matrix (FW)T (FW), both of these changes
are relatively cheap ones.

The most expensive part is the multiplication by the FETI operator. This
can be done with a simple, straightforward implementation that solves a local
problem for each column in Z. However, this can only serve for academical
purposes to know the precision and convergence behaviour of it. If we want a
practical method, we need to exploit the sparse structure of the search directions
matrix Z.

We know from the definition of the columns g} in Z that they are non-null
only on the interface of subdomain Q). The multiplication by the FETI operator
only requires, at the subdomain level, the solution of local problems equal to the
number of neighbors, which can be done using a block implementation. With

this consideration, we can have the speedup to make this method useful in more
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Algorithm 19 Block FETI-2LM method

1:

_ = =
e

._.
@

14:
15:
16:
17:
18:
19:
20:
21:

Initialization

/\O = O

go=FAg-0

Zo=[...g",...1, s=1N,i=1,n0

WO = ZO

loop Block ORTHODIR Iteration from p = 0,1... convergence
NprLngT =(F WP)T(F W,) > Cholesky factorization
W, = WprLI;T > Eliminates useless directions and
FW, = PWPNPLI;T > FT F-orthogonalizes blocks

Pp = _(FWp)Tgp
Apr1=Ap+ Wypp
gp+l = gp + Fprp
loop Construction of the p + 1 vector of the base F TF-orthonormal
Zp+1:['--1g1(2'111---]; S:l,NS,izl,n(S)
fori=0topdo
D; = ~(FW)"(FZ, 1)
Wp+1 = Zp+1 + W;O;
FWy1 =FZ,q + FW;;
end for
end loop

end loop
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SUBDOMAIN INTERFACE

z @

Figure 4.2 —

Left: In red, the coarse modes describing Z owned by subdomain Q). In
dotted lines, the modes shared between Q) and the subdomains involved in
multiplying by the FETI-2LM operator.

Right: In dotted lines, the coarse modes describing FZ owned by the local
interface of Q©). In red, the non-null modes in the interface.

real problems, because the time spent during the resolutions will be recovered

by reducing the iterations needed for convergence.

To understand the implementation of this method, we will again use the so-
called Coarse Modes, which correspond to the non-null vectors in each column of
Z or FZ. These modes are stored locally in each subdomain. In this case, we have
l(z)cl defined in Equation (4.2).
At the same time, they are shared with every neighbor for further computations,

one mode for each neighbor; they are the vectors g

e.g., multiplication by the FETI operator.
In we can see in the left, the described modes owned by the

subdomains and in dotted lines are the ones owned by a subdomain; also, we see
the subdomains involved in the computing of FZ. In the right, the dotted modes
are the ones held by the red interface, at the same time these modes are non-null

modes of FZ in the red interface, this comes from the definition of the operator.

To better understand this, let us look at the definition of the operator F for a

single interface
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this implies that for the case of the Block-2LM, at the interface level, we have to

compute
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We note that each subdomain solves one local problem for each local interface
(number of neighbors). All the local solutions, plus the multiplication by local
augmentation matrix are sent together to each of the neighbors; meaning we

send the vectors

—1,(s)
(@ 4+ ALY
A(S)(5(S) +A(5))_1/\(15)

this for every local computation performed. Thus, we can multiply previous vec-
tors by the local augmentation matrix associated with the interface. After these
multiplications, we can compute and store the local contribution to FZ. With
this, each local interface stores the contributions to FZ done by the neighbor

subdomain.

Finally, in terms of memory use, the same issue described in is
expected with this implementation. Nevertheless, we can use the same strategy
to store the sparse directions and reconstruct them later, although we will leave

it as a future work.

Remark: We want to point out some of the differences between this method
and S-FETI. The fact that no projection is needed in this case, so no extra cost is
added in this part, and also the connectivity is more limited than in the S-FETI
method, thanks to the definition of the FETI-2LM operator. Hence, we need
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fewer modes stored in each interface.

4.4 Numerical results

In this section, we will be performing another basic comparative testing, that
will include the FETI-2LM and Block-2LM methods. Classical comparison
between iteration number before convergence, as well as a full Fortran-MPI
implementation to measure for time performance, will be analyzed.

To perform this benchmark, we do not need for a special complex case, as
one of the main properties of both methods is the robustness and is expected to
be similar. We will leave the tests for complex cases as future work. From now
on, we will focus on the study of the basic Poisson problem in 3D, with tri-linear

Q' functions for the finite element discretization. For more details, see the

numerical results in |chapter 3|and |chapter 2| We just recall the existence of the

v parameter, that also, in this case, will change between neighbor subdomains,
meaning that a heterogeneous checkerboard type of configuration will be tested,

and blocks of two different materials will be used.

4.4.1 Block-2LM vs 2LM

The global domain is again the cube Q = [0,1]°. Several subdomain divisions
will be done, all characterized by being smaller cubes of equal size. We want to
see the impact of augmenting the generated search directions in each iteration.

As usual, the global error and solution jump across the interfaces will be
our stopping criteria. We stop when both of them are less to 107, We have
diminished this value to be able to use the Block version in cases where the

memory is an important constraint.

In [Table 4.1|and [Table 4.2| we can see a general comparative of both methods.

We have set the values for the parameters patch_size = 2 and patch_depth = 3,
see Also, the number of elements per subdomain changes, as well
as the total number of subdomains (cubes). The values of the parameter v are

10% and 10° in a checkerboard configuration
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Method sﬁéi{g—zfﬁq Iterations | Time (s)
FETI-2LM 46656 87 8.1
BLOCK-2LM | 46656 50 2115.1
FETI-2LM 74088 91 14.5
BLOCK-2LM | 74088 57 3516.4
FETI-2LM 103823 93 21.7
BLOCK-2LM | 103823 62 7919.6

Table 4.1 — 64 subdomains

Method S%‘;’Z—Zfﬁn Iterations | Time (s)
FETI-2LM 1000 39 0.1
BLOCK-2LM 1000 24 375.7
FETI-2LM 27000 45 3.3
BLOCK-2LM | 27000 41 7377.0

Table 4.2 — 125 subdomains

In the results, we can see the reduction in the number of iteration when
comparing the two methods. However, its values are not small enough to
compensate for the time spent in each iteration. This slowdown in the total time
is mainly due to the full reconjugation, where after a certain number of total
iterations the number of matrix-matrix products needed is too costly.

These effects are less present in the S-FETI methods. The computations in
this part can be reduced by 2 because the values of the Lagrange multiplier
are shared by neighbor subdomains. In Block-2LM we are forced to work with
full-size blocks of search directions since two independent Lagrange multipliers
are used in this case. Also, the number of iterations goes up as high as 62 and the

quadratic effects of full reorthogonalization produce the notorious slowdown.
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We consider this implementation as a first step before doing the sparse stor-
age implementation in the same way that was done in In that case, the
performance of this method, specially when doing the full reconjugation, should

be several times faster, and hence a method to be used in practical applications.

Remark: As part of the future work, we leave the test of a variation of this
method, with even more directions per iterations. The idea is to use the neighbor
local gradient as a new direction doubling the number of directions built. The

normal block of directions, using the notation of this chapter, is defined as

and when doubling the directions we will have
Z = [ ..,g(s)'l,g"“{“)’”,...,g(s)’”(s),g”“{(s)'”(s)},...], s=1,...,Ng

where g"°“l®)i} is the extension by zero (using the same position as the non zero
values of g{*)') of the local gradient coming from the neighbor subdomain of Q)

through his local interface i.

4.5 Conclusion

Following the ideas used in S-FETI, a new Block method has been developed
for FETI-2LM. The properties of FETI-2LM, such as the lack of an optimal
preconditioner or the fact that two Lagrange multipliers are already imposed
in the interfaces, make this method a less appropriate candidate for a block
version than the FETI-1LM was. However, the enlargement the search space,
still predicts a better convergence in terms of iterations for this method.

The numerical results validate the reduction in the iterations needed by
this method to converge. Nevertheless, this reduction is not compensated as in
the S-FETI case, mainly because the total number of iterations achieved is not
sufficiently small to keep the time spent in the full reconjugation as a factor

controlled. This issue produces a major slowdown in the Block-2LM method.
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Alternatives to the reconjugation must be found. The sparse storage proposed
in[chapter 2|appears as a good option, but we leave that as a future work.
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Conclusion and perspectives

Throughout the work exposed in the four chapters of this thesis, we have detailed
several improvements to existing classic FETI methods, that are currently used
in real life applications, such as structure, electromagnetism models among

others.

The first part consisted in the development of Hybrid-FETI, born from the
mixing of the FETI-1LM and FETI-2LM methods. This new FETI algorithm
consist in the imposition of either Neumann or Robin conditions in the local
interfaces, as done in FETI-1LM and FETI-2LM respectively, as a way of “gluing”
them.

Due to the particularities of both base methods, the Hybrid-FETI is well
suited for solving problems where a small number of interfaces present bad nu-
merical features beyond the heterogeneities. This is the case of contact problems,
where the contact area presents an ill-conditioning in which the FETI-1LM even
with the consistent version of the Dirichlet preconditioner does not assure the
convergence. These problems are usually solved using the FETI-2LM due to
the formulation with two independent Lagrange multipliers provided by this
method. FETI-2LM can handle these issues in the contact area in a more robust
way. However, its use is only required for the contact area, so we can improve
the global convergence by treating the non-contact interfaces with the regular
and faster FETI-1LM method. This global liberty of choice for the interfaces is
the new Hybrid-FETI method.

When imposing one or the other type of interfaces, we form subdomains
where both methods are active, forcing us to create a preconditioner optimal

for these subdomains. In the subdomains where only the Neumann boundary

189
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condition is imposed, we use the regular Dirichlet preconditioner to boost the
global convergence. In this context, as an extension of the regular Dirichlet
preconditioner, the Robin preconditioner was developed. This preconditioner
differs from the Dirichlet only in the subdomains with mixed interfaces. In these
subdomains the augmentation matrix present in the local problem is added to
the Schur complement usually computed in the Dirichlet preconditioner.

Although we see an improvement with the Robin preconditioner, we leave
as future work for this part the development of an additional preconditioner
for the 2LM interfaces, where no preconditioner is applied or in general a new
preconditioner for the global operator of the Hybrid-FETI.

Looking at numerical results, the best ones obtained by this new method
are seen in the contact case where we reduced by almost two times the number
of iterations of the only working base method, which is the FETI-2LM. These
reductions should be directly applied to a reduction in terms of total time, but
since we did not have the chance to test bigger cases, this will rest as a developing
work. In this same line, we want to extend the application of the Hybrid-FETI
to other problems solved only by the FETI-2LM method, for example, the ones
arising from the use of mortar elements to treat non-conforming meshes, where

also an ill-conditioning is present in a localized zone, see [65].

In the second part, we present the development of the S-FETI starting from
its first version presented in [60] to its more precise general formulation, shown
in [38]. The development of the consistent Dirichlet preconditioner is also
exposed as this is a crucial part of the good behaviour of S-FETI. Details of the
implementation were also explained, also needed to understand the new sparse
storage developed in this chapter.

Following the presentation of the method, we introduced a variation to the
original method. This change comes from the problem of treating the linear
dependency usually present when constructing a block of search directions.
This dependency comes from different elements, which are present in almost
all problems. A good recognition of them can have a large impact on the final
results. The Eigenvalue decomposition is proposed as an alternative to the basic
Cholesky factorization that uses the basic S-FETI.



Conclusion and perspectives 191

Confirmed by the numerical results we can see that with the Eigendecom-
position the same convergence can be achieved, but using fewer directions in
each iteration. This reduction comes from the fact that the new decomposition
can arrange the orthogonal search directions in order of relevance an reduce
the complete information contained in a block of directions. On the contrary,
the Cholesky decomposition only eliminates the ones considered problematic, a
process that leads to possible loss of information at each iteration.

One of the goals of the Eigenvalue decomposition is trying to reduce the
number of directions used in each iteration, and therefore make the usage of
memory S-FETI method less expensive. Even though there is an improvement
present in here, the memory cost of this method makes it limited if we want to
solve bigger cases. To surpass this, a new sparse storage was developed. This
implementation is based on the sparsity present in the block of search directions,
where at a local level each block of directions contains non-null columns in the
ones representing the same subdomain and its neighbors. Using this information
we can reconstruct the directions from a series of smaller coefficient matrices and
these non-null vectors from the blocks, stored as Coarse Modes. The reduction in
memory use is more clear when working on problems with a great number of
unknowns.

In the numerical results, we show that the impact in total time induced by
the extra computations is negligible if we do a correct implementation. Several
improvements to the basic implementation were introduced, leading to a new
S-FETI with sparse storage as fast as the original one. However, there is still room
for new improvements as we have augmented the complexity of the algorithm
by introducing several new sources of computations, that can also be revised.

We leave that for future work.

The third chapter is dedicated to testing different ideas regarding variations
of the S-FETI. We can name the two main ones, which consist of using the block
of search directions build by S-FETI as a preconditioner for the original FETI
method. The second idea is to add to the search direction created in the first
method a small part of the vectors associated with the largest eigenvalues when

doing the decomposition of WTFW.
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Both methods show an improvement in terms of iterations needed for con-
vergence, but due to the expensive cost of the first one of them, it can only be
considered for academical purposes and future development of methods derived
from S-FETI. The second one needs further tests to asses its value.

Finally, the Block-2LM method was developed as an extension of FETI-2LM.
We use the same ideas that lead to the S-FETI method, i.e., the construction of a
larger search space (in this case, containing the original Krylov space to assure
the convergence). The sparsity of the search directions helps to speed up this
method, reducing drastically the number of forward-backward reductions done
in every iteration.

The results confirm a reduction in the number of iterations, although not as
significant as the one seen in S-FETI, and with no reduction in the total time
spent. However, this method is considered as a first step, because a sparse storage
version may also be needed in this case. We justify this necessity in the existence

of problems in electromagnetism, like the ones seen in [8],[64].
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HysribpizatioN oF FETI METHODS
Abstract

In the domain decomposition framework, classic non-overlapping methods such as FETI
and its variations are often used in industrial applications due to better performance
and properties shown by them. Several improvements have been developed in order to
achieve these good results. Following this line of work we present new methods based
on FETI and new implementations of the recently developed S-FETI method.

The classics FETI-1LM and FETI-2LM methods are used to build a new hybrid FETI
method as a fusion of both of them. These methods differ from one another in the
boundary condition imposed on the interface. The basic idea is to develop a new
algorithm that can use both methods at the same time by choosing in each interface
the most suited condition depending on the characteristics of the problem. We search
to have a faster and more robust code that can work with configurations that the base
methods will not handle optimally by themselves. The performance of this method
is tested on a problem with a contact surface, where most of the numerical issues are
focused.

In the following part, we present a new implementation for the S-FETI method. As seen
in the original presentation, the full reorthogonalization needed by S-FETI, and all FETI
methods in general, impose the storage of all the directions created, making the memory
cost somehow a relevant issue. The objective is to reduce the memory usage of this
method, allowing this method to work on larger problems. We achieve this by using the
sparsity properties of the search directions. We also propose other variations to lower
the storage, but this time by reducing the directions saved at each iteration. Finally,
an extension of the FETI-2LM method to his block version as in S-FETI is developed.
Numerical results for the different algorithms are presented.

Keywords: numerical analysis, domain decomposition methods, algebra, scientific
computation
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