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Titre : Localisation en espace de la propriété de Feller avec application aux processus de type Lévy
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Résumé : Dans cette thése, nous donnons une
localisation en espace de la théorie des processus de
Feller. Un premier objectif est d’obtenir des résultats
simples et précis sur la convergence de processus de
Markov. Un second objectif est d’étudier le lien entre les
notions de propriété de Feller, probléme de martingales et
topologie de Skorokhod.

Dans un premier temps nous donnons une version
localisée en espace de la topologie de Skorokhod. Nous en
étudions les notions de compacité et tension. Nous faisons
le lien entre les topologies de Skorokhod localisée et non
localisée, grace a la notion de changement de temps.

Dans un second temps, a l'aide de la topologie de
Skorokhod localisée et du changement de temps, nous
étudions les problémes de martingales. Nous montrons
pour des processus lI'équivalence entre, d’'une part, étre
solution d’un probléme de martingales bien posé, d’autre
part, vérifier une version localisée de la propriété de Feller,
et enfin, étre markovien et continu en loi par rapport a sa
condition initiale.

Nous caractérisons la convergence en loi pour les
solutions de probléemes de martingale en terme de
convergence des opérateurs associés et donnons un
résultat similaire pour les approximations a temps discret.
Pour finir, nous appliquons la théorie des processus
localement fellerien a deux exemples. Nous l'appliquons
d’abord au processus de type Lévy et obtenons des
résultats de convergence pour des processus a temps
discret et continu, notamment des méthodes de simulation
et schémas d’Euler. Nous appliquons ensuite cette méme
théorie aux diffusions unidimensionnelles dans des
potentiels, nous obtenons des résultats de convergence
de diffusions ou marches aléatoires vers des diffusions
singulieres. Comme conséquences, nous déduisons la
convergence de marches aléatoires en milieux aléatoires
vers des diffusions en potentiels aléatoires.

Title : Space localisation of the Feller property with application to Lévy-type processes

Keywords : Markov processes, Feller processes, Lévy-type processes, Skorokhod topology

Abstract: In this PhD thesis, we give a space localisation
for the theory of Feller processes. A first objective is to
obtain simple and precise results on the convergence of
Markov processes. A second objective is to study the link
between the notions of Feller property, martingale problem
and Skorokhod topology.

First we give a localised in space version of the Skorokhod
topology. We study the notions of compactness and
tightness for this topology. We make the connexion
between localised and unlocalised Skorokhod topologies,
by using the notion of time change.

In a second step, using the localised Skorokhod topology
and the time change, we study martingale problems. We
show the equivalence between, on the one hand, to be
solution of a well-posed martingale problem, on the other
hand, to satisfy a localised version of the Feller property,
and finally, to be a Markov process weakly continuous with
respect to the initial condition.

We characterise the weak convergence for solutions of
martingale problems in terms of convergence of
associated operators and give a similar result for discrete
time approximations.

Finally, we apply the theory of locally Feller process to
some examples. We first apply it to the Lévy-type
processes and obtain convergence results for discrete
and continuous time processes, including simulation
methods and Euler's schemes. We then apply the same
theory to one-dimensional diffusions in a potential and we
obtain convergence results of diffusions or random walks
towards singular diffusions. As a consequence, we
deduce the convergence of random walks in random
environment towards diffusions in random potential.
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Chapitre 1

Introduction

1 Processus de Markov

Les principaux objets d’étude de ma these sont les processus de Markov, c’est-a-dire les
processus sans mémoire. Formellement un processus de Markov sur un espace probabilisé
(Q,G,P) est une famille de variables aléatoires X; : Q — S indexée par ¢t € R, a valeurs
dans un espace mesurable d’états (S,S), vérifiant

Vs <t, VA€ S, Pps., PXi€eA| Xy, u<ls)=P(X,€A]|X,). (1.1)

1.1 Equation de Chapman-Kolmogorov

Une premiere approche pour étudier ces processus est la suivante : en supposant que S est
un espace de Bore]E], alors il existe une version réguliere ps+(Xs, db) de Z (X | X;), i.e.
pour tout s <¢

Va €S, ps(a,db) est une mesure de probabilité sur S, (1.2)
VAeS, lafonctionae S psi(a, A) est mesurable, )
VAeS, Pps., P(XreA| Xy, u<s)=us(Xs A), (1.4)

qui vérifie de plus I’équation de Chapman-Kolmogorov
Vs<t<u,Vae S, VAeS, pusula,A)= /Ms,t(a, db) put,u (b, A). (1.5)

Ceci est démontré notamment dans [Kal02], Théoreme 6.3 p. 107 et Corollaire 8.3 p.
142. De plus (voir [Kal02] Proposition 8.2 p. 142) les lois fini-dimensionnelles de X sont
uniquement déterminées par (f¢(-,db))s<; et par la loi de Xy. Réciproquement, par le
théoreme d’existence de Kolmogorov ([Kal02] Théoréeme 8.4 p. 143), pour toute famille
(s, (-, db))s<¢ vérifiant , et et pour toute probabilité initiale vy sur S, il
existe un espace probabilisé et un processus de Markov X vérifiant et tels que Xp
soit de loi vy.

Ceci permet la construction des processus de Markov classiques, tels que le processus de
Poisson N sur N, ainsi que le mouvement brownien B, le processus de Ornstein—Uhlenbeck

1Un espace mesurable est de Borel s'il est en bijection bimesurable avec un borélien d’un espace métrique
séparable complet.
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(d) Processus de Cauchy

FI1GURE 1 — Exemples de processus ayant des probabilités de transitions explicites.



XOU et le processus de Cauchy X© sur R? (voir Figure 1). On connait, en effet, explici-
tement leurs probabilités de transition :

LN~ Ny | N =Pt —s) =t 3 U ;S) 5,
keN '

2
Z (Bi = By | Bs) = N(0,t — s) = (2r(t — 5))""* exp <—2(’lbﬂs)> db,

2 (X0V | x0V) = (-0 xou L)
t s s )

— o~ (t=s) xOU|2
_ A—2(t—s)\\—d/2 . ”b e s H
=(r(1—e" ) exp < [ o—30=s) db,

F(d 1) —5)

X(Xtc ~ X¢ ’ XS) =C(0,t—s) = Zl) 7 ((t — )2 — |[B]|2)~@+D/2p,
2

1.2 Exemple : les processus de Lévy

Dans cette section 'espace d’états est R4, qui est R? auquel on a ajouté un point & lin-
fini A pour pouvoir prendre en compte une possible explosion instantanée. Les processus
de Poisson, mouvements brownien et processus de Cauchy sont des exemples de proces-
sus de Lévy, c’est-a-dire & accroissements indépendants et identiquement distribués (voir
par exemple [App09], [Ber96] ou [Satl3]). Cette propriété revient a étre markovien et a
posséder pour tout s < ¢ une version réguliere g ,(Xs,db) de £ (X; | X;) qui en plus de

vérifier (1.2 . peut étre factorisée en
Vs <t, Va € RY,  pgy(a,db) = T, s * d,.

Ici pour t > 0, i, est la loi de Xy — X et d, est la mesure de Dirac en a. L’équation de
Chapman-Kolmogorov (1.5) devient alors 1’équation de semi-groupe de convolution

\V/S,t > Oa ﬁs+t = Hs *ﬁt'

L’étude des lois infiniment divisibles permet de caractériser les semi-groupes de convolution
et donc les processus de Lévy. La donnée de la loi d’un processus de Lévy est équivalente a
la donnée d’un semi-groupe de convolution (fz;):>0 ce qui est encore équivalent & la donnée
du triplet de Lévy (6,7, v), ou

e une dérive 6 € R?,

Rdxd

e une matrice de diffusion v € symétrique, semi-définie positive,

e une mesure (positive) de sauts v sur R \ {0} satisfaisant
/(1 A ||b]|?) v (db) < oco.

L’équivalence passe par la description des fonctions caractéristiques :

Vi >0, Va € Rd: E (ei(Xt_XO).Oé> = /eib.alu’t(db) - e_tw(a)a



ou l'exposant caractéristique 1 est de la forme

w(a):—ié-a—i-;a-’ya—i-/

00 02 04 06 08 10
(a) Processus (4/5)-stable, & saut
positif, sans compensation des
sauts par dérive, avec taux de
sauts %51, odz.

RAN\{0}

4
00 02 04 06 08 10
(b) Processus (6/5)-stable, a saut
négatif, avec compensation des
sauts par dérive ”infinie”, avec
taux de sauts = "/%1,<odz.

— et iib cav v )
<1 T ) (db) +v({A})

00 02 04 06 08 10
(c)  Processus  (9/5)-stable,
symétrique, avec taux de sauts
7%,

FIGURE 2 — Exemples de processus de Lévy stable sans partie diffusion, voir aussi Figure 1,
(a), (b) (2-stable) et (d) (1-stable).

1.3 Description infinitésimale

De méme que les systemes dynamiques déterministes sont souvent représentés par une
EDO, une idée pour étudier les processus de Markov est de décrire leurs comportements
lors d’un temps infinitésimal. On s’intéresse alors au comportement de i ;4p(a), lorsque
h tend vers 0+. Par exemple, dans le cas des diffusions on a que ju 4p(a) ressemble & une
gaussienne. Une facon de regarder ce comportement est de regarder X comme solution
d’une EDS, par rapport & un mouvement brownien ([[W89] Chapitre IV), un processus de
Lévy ([App09] Chapitre 6) ou encore un processus ponctuel de Poisson ([IW89] Chapitre
IV Section 9).

Une idée commune aux processus de Feller (voir par exemple [EK86] Chapitre 4 Sec-
tion 2, [Kal02] Chapitre 19 ou [RW94] Chapitre III Section 2) et aux problemes de mar-
tingales (voir par exemple [EK86] Chapitre 4, [RW00] Chapitre V Section 4 ou [SV06])
est de regarder le comportement de [ f(b)p,i+n(a, db), lorsque h tend vers 0+, et lorsque
f est suffisamment réguliere. Il s’agit de donner un sens, possiblement faible, a

E(f(X Xy =a)— b) —
i (f(Xesn) | ht a) — fla) _ hl_i>I(I)1+/f()hf(a)Ht,t+h(aydb)a

Lif(a) =

pour une classe de fonctions f suffisamment large pour décrire la dynamique (aléatoire).
Comme nous allons le voir dans les sections suivantes, la description de L; est, la plupart du
temps, assez simple, faisant intervenir des coefficients facilement interprétables. D’autres
approches infinitésimales pour étudier les processus de Markov sont par exemple I'étude
des formes de Dirichlet (voir par exemple [FOT11]) ou ’études des équations d’évolutions
(voir par exemple [BSW13] Section 3.4).



Pour les EDO, on souhaite reconstruire les solutions a partir de ’équation. De méme,
une question fondamentale est de savoir dans quelle mesure (L;); caractérise (ps¢)s<t €t
donc les lois fini-dimensionnelles de notre processus. De méme, quelles conditions impo-
ser & L; pour qu’il existe un processus de Markov associé. Ces deux questions sont tres
importantes, notamment en modélisation ou le systeme est souvent décrit a 1’aide des co-
efficients présents dans (L;);. De maniere générale les conditions sur L; vont étre du type :
principe du maximum positif, domaine suffisamment grand, ellipticité et/ou régularité des
coefficients ...

Une autre question, qui m’a beaucoup intéressé lors de ma these, est de savoir quel
est le lien entre la convergence d’une suite de processus de Markov et la convergence des
opérateurs associés, et donc des coefficients associés. Ces convergences permettent d’obte-
nir des limites d’échelles, des approximations, de la stabilité par rapport aux coefficients ...

1.4 Exemple : les processus a sauts

Les processus de Markov constants par morceaux sur un espace mesuré (S,S) (voir par
exemple [Kal02] Chapitre 12) fournissent des exemples simples de processus de Markov.
Leurs dynamiques peuvent étre décrites ainsi : pour tout a € S et t > 0 il existe une mesure
de saut v¢(a,db) sur S\ {a}, positive et finie, telle que pour tout mesurable B C S\ {a},

P (X saute de a vers B dans Uintervalle [t,t + h] | X; = a) = hiy(a, B) +o(h).  (1.6)

On retrouve le processus de Poisson classique en prenant S = N et v4(n,db) = d,41. On
étend de maniére naturelle v4(a,db) & S en définissant

vi(a,{a}) == —1i(a, S\ {a}).

Ainsi, on déduit de (1.6)) que, pour h proche de 0+, en notant encore §, la mesure de
Dirac en a,

L (Xeyn | Xe =a) = pyn(a,db) ~ (1 — hiy(a, S\ {a}))ds + hlprqvi(a,dd)
=0, + hvy(a,dd).

Ainsi on a le comportement infinitésimal

Lif(a) == lim E(f(Xesn) | Xi =a) — f(a) _/

h—0+ h

(f(b) = f(a))vi(a,db)
f(0)

_ /S vi(a, db).

Partant de (14(-,db)):, on a une construction explicite du processus associé : soit (E;)i>o
une suite variables aléatoires i.i.d. de loi exponentielle de parametre 1. Partant d’un point
Xo on définit les temps de sauts (7;); de X et les valeurs apres les sauts (X,); par

70 =0,

¢
Vi >0, 71 :=inf {t ‘ / vs(Xr,, S\ {X~,})ds > EZ} , (1.7)

Vriva (XTi’db)|S\{Xri}
Vriy (Xr, S\{X7 1)

Vi>0, & (Xfi+1 ‘ Ti+1, (Xt)t<7'i+1) =



Si S = R% on peut ajouter une dérive pour obtenir des PDMP (Processus de Markov
Déterministe par Morceaux), c¢’est-a-dire des processus qui sont déterministes entre des
temps de sauts aléatoires sans accumulation (voir par exemple [Dav93] Chapitre 2). Dans
les cas réguliers, on peut décrire leurs dérivées au temps t en a par d;(a) € R?, ¢’est-a-dire

d
]P)—p.S., Vi > O, &Xt—’— = 5t(Xt)

On a encore le comportement infinitésimal
L (f(Xetn) | Xe = a) = prina, db) = 844 ps,(a) + hra(a, db),

ou encore

Lif(a) :== lim =6t(a)-Vf(a) Jr/sf(b)vt(a, db).

De plus ces processus peuvent étre construits de maniere similaire & celle décrite en (|1.7)).

— Xf
—— M

0

FIGURE 3 — Exemple de PDMP : d2X,/dt? = 1/ X?—C;/(M;—X;)? ot (My, Cy) est constant
par morceau et saute en (m, (X; — m)Cy_ /(X — M;_)) avec intensité 1,,~ x,e”"dm.

1.5 Exemple : les diffusions

Les diffusions sont des exemples fondamentaux de processus de Markov. On peut les voir
comme des versions non homogenes en espace et en temps du mouvement brownien (voir
par exemple [TW89], [RW00] Chapitre V ou [SV06]). Pour le mouvement brownien sur RY,
on peut voir que

. E(f(Bt+n) | Bt =a) — f(a) 1
hli}g{‘r h B iAf(a)'

Formellement, un processus de Markov X est une diffusion dans R? si pour tout ¢ € Ry et
a € R4, il existe une dérive d;(a) € R? et une matrice de diffusion ;(a) € R?*? symétrique
semi-définie positive, telles que pour h petit,

L (Xeyn | X = a) = prgrn(a, db) ~ N(a+ héi(a), hy(a)). (1.8)



Par exemple une solution de 'EDS
dXt = 5t(Xt)dt + Ut(Xt)dBt

est une diffusion de dérive § et matrice de diffusion ool. On déduit de (1.8) que formel-
lement, pour h qui tend vers 04, en notant V2 f(a) la hessienne de f en a,

B (Xoan) | X =0) =B (1(0) + (Xin =) 910
5 (Xesn = 0) - V(@) (Ko — )+ o1 X — o) | X: = a)
— f(a)+ hoy(a) - VF(a) + %trace (hu(a)V2f(a)) + o(h),
d’ou le comportement infinitésimal
E(f(Xi) | X —a) - f(a)

Lif(a) i= i : = 6u(a) - V(@) + gtrace (v(a)V*f(a))
(1.9)

1.00 A

0.75 4

0.50

0.25

0.00

=0.25 1

—0.50 1

—0.75 1

T T T T
0 2 4 6 8 10

(a) Elliptique : solutions de dX: = dB; +dt/(1 + X¢) — dt/(1 — Xy).

— X
0.4

0.2 A

0.0

024

-0.6

T T T T
0 10 20 30 40 50

(b) Parabolique : solutions de dX; = Vidt avec dV; = dB;/2 + dt/2(X: + 1)? — dt/2(X; — 1)? — 2Vidt.

FIGURE 4 — Deux exemples de diffusions sur (—1,1).



1.6 Exemple : les processus de type Lévy

Soit X un processus de Lévy de triplet de Lévy (6,7,v) et d’exposant caractéristique v,
on peut déduire de E (elXn=Xo)@) = ¢=h(@) ~ 1 — hy)(a) la formule classique (voir par
exemple [App09], [Ber96] ou [Sat13])

E (f(Xi4n) | Xe =a) — f(a)

Vt >0, Va € R%, Jim - = —(V)f(a),

ou, pour f suffisamment réguliere,

~

~UV)f(@) = [ —eu@fie)a e flo):

(2m) 4 /R ) e 1 f(b)db

=6-Vf(a)+ %trace (vV?f(a))

b
—l—/Rd <f(a—|—b) — f(a) — HHbHQ-Vf(a)) v(db).

Compte tenu de la discussion des deux précédentes sections, ceci permet d’interpréter le
processus de Lévy comme ’addition, d’une part d’une diffusion de matrice de diffusion
v et de dérive §, et d’autre part d’un processus de saut d’intensité v avec compensation
des sauts sous forme de dérive. Il faut noter qu’il y a potentiellement une infinité de
sauts en temps fini, non nécessairement sommables mais de carrés sommables, et que la
compensation est potentiellement infinie.

Les processus de type Lévy sont des processus de Markov X qui ressemblent en temps
petit & des processus de Lévy (voir par exemple [BSW13| ou [Kiih17]). Précisément, pour
tout t >0, a € R? et h petit, la loi .2 (X4 | X; = a) est proche de la loi d’un processus
de Lévy au temps h, d’exposant caractéristique ¢;(a, ) et partant de a, ou autrement

E (ei(XHh—Xt)‘a

Xt — a) ~ e_hqt(ava)'

On appelle g le symbole de X. Cette propriété est vérifiée pour les processus ”suffisamment
réguliers”, comme on peut le voir, par exemple, dans de Théoreme 2.21 p. 47 de [BSW13].
Une solution de 'EDS

dXt = O't(Xt,)dEt

avec (f4); un processus de Lévy d’exposant caractéristique v, est un processus de type
Lévy de symbole (t,a,a) — 1) (Ut(a)Ta). De méme, les solutions d’EDS par rapport & des
processus ponctuels de Poisson sont des processus de type Lévy (voir [BSW13|] Section 3.2).
Pour un processus de type Lévy X de symbole g, on a, formellement, le comportement
infinitésimal

1i E (f(Xi+n) | Xe = a) — f(a)

im
h—0+ h

~—ala.V)f@ = [ ~e"q(a.0) fla)de.

2 Processus de Feller

Une maniere de reconstruire les probabilités de transition a partir de L est contenue dans la
théorie des semi-groupes de Feller (voir par exemple [EK86] Chapitre 4 Section 2, [Kal02]
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FIGURE 5 — Exemple de processus de type Lévy :

Lf(a) = af (@) + hof" (@) + § Ji (F(@) = F©)(1 - b/a)~*/2ab.

Chapitre 19 ou [RW94] Chapitre III Section 2). Décrivons succinctement I'idée dans le cas
ot S est un espace localement compact & base dénombrable? muni de sa tribu borélienne.
De maniere a prendre en compte ’explosion possible des solutions, on ajoute un point a
Pinfini A & S : on assigne la valeur A a un processus qui a explosé.

On ne considérera que les processus de Markov homogenes en temps, c’est-a-dire ceux
qui possedent, pour tout s < ¢, une version réguliere ps (X5, db) de 2 (X | Xs) qui, en

plus de vérifier (1.2)-(1.5]), vérifie
Vs <t, Va€S, psi(a,db)=pois(a,db).

Un processus de Markov est dit fellerien si pour tout ¢ > 0 et pour toute fonction f
appartenant & ’ensemble Cy(S) des fonctions continues réelles définies sur S qui tendent
vers 0 en 'infini, la fonction

.f: S - R
a = E(f(Xy) | Xo=a):=[f(b)uo(a,db)

appartient également & Cy(S), ou on a étendu f par f(A) = 0. On obtient un opérateur
borné T; sur l'espace Cy(S) muni de la topologie de la convergence uniforme. De plus
I’équation de Chapman-Kolmogorov devient alors ’équation de semi-groupe (voir
[Dav80])

VS,t 2 O, T5+t = Tsﬂ

Une fonction f € Cy(S) est dite dans le domaine D(L) du générateur infinitésimal L de
(T}); si la limite

Lf(a) = lim E(J(X) [ Xo=a)= f(0) _ lim Tif(a) - f(a)
t—0+ t Tots0+ t

existe pour tout a et si Lf € Cy(S). Comme on peut le voir dans les exemples des sections
précédentes, L décrit le comportement infinitésimal de la dynamique. Hille et Yosida ont
montré ([Kal02] Lemme 19.5 p. 371) que la loi de X, ou de maniére équivalente le semi-
groupe (T})¢, est uniquement déterminé par L, ce qui justifie I'écriture

vt > 0, T, = &'t

2Cette propriété topologique est équivalente & étre séparable et métrisable par une métrique & boules
compactes, donc S est polonais.



Ils ont de plus montré ([Kal02] Théoreme 19.11 p. 375) que la fermeture d’un opérateur
quelconque L est le générateur d’un processus de Feller si et seulement si, pour A > 0
quelconque,

1. le domaine D(L) est dense dans Cy(5),
2. 'image de A\ — L est dense dans Cy(S),

3. Popérateur L vérifie le principe du maximum positif : pour tout f € D(L) et a € S
tels que f(a) = supyeg f(b) >0, Lf(a) <O0.

Ce résultat permet la construction de processus de Feller, les premiere et troisieme
conditions sont en pratique faciles a obtenir, toute la difficulté est dans la deuxiéme condi-
tion. Celle-ci peut étre vérifiée a 'aide de méthodes analytiques, considérons par exemple
un opérateur de diffusion

L:f€C§°1—>6'Vf+%trace(ny2f).

Sous les conditions que v et § soient globalement lipschitziennes et que -y soit uniformément
définie positive, la fermeture de L est le générateur d’un processus fellerien (voir [EK86]
Théoréme 1.6 p. 370). De méme, si § est globalement lipschitzienne et si y est C? bornée et
que ses dérivées jusqu’a I'ordre deux sont bornées, alors la fermeture de L est le générateur
d’un processus fellerien (voir [EK86] Théoreme 2.5 p. 373).

Des résultats similaires existent pour des diffusions avec conditions de bord (voir [EK86]
Théoréeme 1.4 p. 368 et Théoreme 1.5 p. 369) et des processus de type Lévy (voir par
exemple [BSW13| Section 3.1).

3 L’espace des fonctions cadlag et la topologie de Skorokhod

Pour étudier un processus de Markov il apparait nécessaire d’imposer de la régularité
sur les trajectoires, pour au moins deux raisons. Une premiere est 1'utilisation des temps
d’arréts : en effet rien n’indique a priori que les temps aléatoires classiques, tel que le
temps d’atteinte d’un borélien, soit mesurable. Si 7 est un temps d’arrét, rien n’indique
non plus que X, soit mesurable et on ne peut donc pas donner de sens & la propriété de
Markov forte, i.e. I’équation écrite en remplacant s et ¢t par des temps d’arrét.

Une deuxieme motivation est I’obtention de théoremes limites. On veut alors une topo-
logie forte sur I’espace des trajectoires avec des criteres de tension utilisables en pratique.

Si S est un espace topologique, I'ensemble des trajectoires cadlag, c’est-a-dire conti-
nues a droite avec limites a gauche est tout a fait adéquat, I’apparition des sauts per-
met de modéliser une grande classe de processus. Cet espace apparait naturellement de
la théorie des martingales, notamment avec les résultats de Doob sur la régularisation
([Kal02] Théoreme 7.27 p. 134) et sur l'arrét optimal ([Kal02] Théoreme 7.29 p. 135).

Gréace a ces résultats sur les martingales, Kinney a pu montrer ([Kal02] Théoreme 19.15
p. 379) que les processus de Feller admettent une version cadlag et Dynkin, Yushkevich
et Blumenthal ont montré ([Kal02] Théoreme 19.17 p. 380) que ces versions vérifient la
propriété de Markov forte pour la filtration augmentée.

De plus, le "théoreme du début” ([DM78] Théoreme IV.50 p. 116) permet de voir que
les temps d’atteinte de boréliens sont des temps d’arrét pour les tribus augmentées. Dans
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mes travaux j’ai décidé de ne pas augmenter les tribus, car ceci n’est pas nécessaire. Les
temps d’atteintes que j’utilise sont

pour tout U ouvert de S, 7V :=inf{t>0| X, ¢U ou X; ¢ U}.

Ce sont bien des temps d’arréts pour la filtration canonique de X si X est cadlag.

Une premiere notion de convergence pour des trajectoires cadlag serait de prendre la
convergence uniforme. Cependant des suites de trajectoires dont on souhaiterait la conver-
gence, tel que Ljg 14,1y vers 1jg 1) ne convergent pas uniformément. De plus la topologie
induite n’est pas séparable, ce qui complique son utilisation. Skorokhod a eu l'idée de
modifier la convergence uniforme en permettant de décaler temporellement les trajectoires
pour permettre de synchroniser les sauts. On peut trouver dans [Bil99] Chapitre 3 une
description précise de cette topologie.

Si S est un espace localement compact a base dénombrable, les trajectoires cadlag (z}')¢>0
convergent vers (z;);>0 au sens de Skorokhod s'il existe une suite (A\¥); de bijections conti-
nues croissantes de R telles que

vVt >0, lim supd(a:s,m';,?) =0 et lim sup|\¥ —s| =0,

k—oo g<t k—o0 <t

ol d est une métrique quelconque de S. Cette notion de convergence définit une topologie
polonaise et, de plus, on possede une caractérisation de la compacité similaire au critere
d’Ascoli. De cette caractérisation on peut déduire des critéres de tension, dont le critere
d’Aldous, qui est une version du critere d’Ascoli le long des temps d’arréts.

La topologie de Skorokhod et notamment le critere d’Aldous a permis & Trotter, Sova,
Kurtz et Mackevic¢ius d’obtenir une caractérisation de la convergence en loi des processus
de Feller pour la topologie de Skorokhod en termes de semi-groupes ou en termes de
générateurs (voir par exemple [Kal02], Théoreme 19.25 p. 385). Précisément, on dit qu'une
suite de générateurs L,, converge vers L si

VfeD(L), I(fa)ns fo— [y fo €D(Ln), Lufa — Lf. (3.1)

Cette convergence est plus facile a obtenir en pratique (lorsqu’on connait D(L)), et se
déduit souvent de la convergence des parametres des processus. Il existe un critere similaire
pour la convergence des processus de Markov a temps discret (voir par exemple [Kal02],
Théoréeme 19.28 p. 387) et on peut alors obtenir des résultats de convergence de type
Donsker.

4 Problemes de Martingales

La théorie des processus de Feller permet d’obtenir une description simple des processus de
Markov a I’aide du générateur et permet de ramener I’étude des convergences des processus
a ’étude, plus simple, des convergences de générateurs. La principale difficulté est alors
de montrer qu’un opérateur L, ou sa fermeture, est générateur d’un processus de Feller.

Entre autres pour palier a cette difficulté, It6 a développé le calcul stochastique. On
peut construire des processus de Markov, en résolvant 'EDS

dXt = (5(Xt)dt + O'(Xt)dBt.
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Dans le cas ot § : R — R? et ¢ : R? — R%*? gont localement lipschitziennes et sous-
linéaires, on peut résoudre cette EDS ([IW89] Théoreme 3.1 pp. 164-165) et voir que la
solution est fellerienne. Cependant, on ne connait pas, en général, le domaine (ou un core)
du générateur, on sait simplement qu’il s’agit d’une extension de I'opérateur f € C° — ¢ -
Vf +%trace (UUTV2 f ) Des résultats similaires sont connus pour les EDS avec condition de
bord ([IW89] Chapitre IV Section 7) par rapport a des processus Lévy ([App09] Chapitre
6) et/ou des processus ponctuels de Poisson ([[W89] Chapitre IV Section 9).

Par ailleurs, Stroock et Varadhan ont donné un autre cadre pour étudier les processus
de Markov, celui du probleme de martingales (voir par exemple [EK86] Chapitre 4, [RW00]
Chapitre V Section 4 ou [SV06]). Partant d’un opérateur L, un processus X est solution
du probleme de martingales associé si

t
VfeD(L), f(Xy) — / Lf(Xs)ds est une martingale en la variable t.
0

Ceci est une formalisation de I’équation heuristique E (f(Xy1p) | Xi) ~ f(Xi) + hLf(Xy).
Sous de bonnes hypotheses sur L, notamment le principe du maximum positif, il y a
toujours existence de solutions au probleme de martingales, et de plus toute solution
admet une version cadlag et quasi-continue.

Le probleme de martingales est dit bien posé si, partant de n’importe quel point initial,
il existe une unique (en loi) solution du probléme de martingales. Alors L définit de maniére
unique (en loi et & loi au temps initial fixée) un processus, qui vérifie la propriété de Markov
forte.

Cette théorie permet la construction de processus de Markov sous des conditions plus
faibles. Initialement, Stroock et Varadhan ont montré ([SV06] Théoreme 7.2.1 p. 187) que
le probleme de martingales associé a f € C° +— § -V f + %trace (’yVQ f) était bien posé
sous les conditions que ¢ soit mesurable bornée et y soit continue définie positive bornée.
De nombreux résultats sur le caractere bien posé des problemes de martingales associés
aux processus de type Lévy ont été obtenus (voir par exemple [BSW13| Section 3.5).

Il s’avére que le point de vue probleme de martingales est plutot universel, en effet
Kurtz ([Kurll]) a montré I’équivalence entre le caractere bien posé d’une EDS, le caracteére
bien posé d’une équation d’évolution et le caractere bien posé d’un probléeme de martingales
(correspondant & un opérateur pseudo-différentiel de la forme —¢(-, V) et de domaine C2°).

De méme Van Casteren a montré (voir [vC92]) que dans le cas ot S est compact,
étre solution d’un probleme de martingales bien posé est équivalent & étre un processus
de Feller. Cependant il faut noter que les points de vue restent différents car on peut
connaitre le caractere bien posé d’un probleme de martingales sans connaitre le générateur
de la solution.

5 Localisation en espace

Un des objectifs de ma these a été d’étudier finement les problemes de martingales, no-
tamment de généraliser le résultat de Van Casteren au cas non compact et d’obtenir des
résultats généraux de convergence pour les solutions de problemes de martingales.

Mon travail méle les trois notions que sont la topologie de Skorokhod, les processus de
Feller et les problemes de martingales. Cependant, dans le cadre localement compact, il va
étre fructueux de localiser en espace ces notions, d’une part pour enlever les hypotheses
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FIGURE 6 — Solutions de 4 = (1 — t)z7.

sur le comportement a l'infini des coefficients des dynamiques et d’autre part pour obtenir
des résultats généraux.
Pour illustrer les raisons de la localisation, considérons ’'EDO

iy =(1-t)z?, t>0, z9eR.

Celle-ci est tres réguliere et admet, pour toute condition initiale xg, une unique solution

maximale
2 1\ 00, pour zg € [0,2),
Ty = (2 -1+ ) avant explosion en tyax = 1—+/1—=2/zp, pour zg > 2,
Zo

1+ +/1—2/zp, pour zg<O0.

Cependant méme en compactifiant R, les trajectoires ne sont pas continues par rapport a la
donnée initiale zq, pour la convergence uniforme sur les intervalles bornés, la discontinuité
apparaissant & la condition initiale 2 (voir Figure 6). Pour obtenir la continuité par rapport
a la condition initiale 1'idée est de demander, pour tout compact de ’espace d’états, la
convergence uniforme uniquement lorsque la trajectoire reste dans ce compact.

Partant de cette idée on peut construire la topologie de Skorokhod locale : des trajec-
toires cadlag, avec possible explosion, (z}); convergent vers (z;); au sens de Skorokhod
locale s'il existe une suite (\¥); de bijections continues croissantes de R telles que

Vt > 0 t.q. {zs}s<t soit compact, lim sup d(xs,aclf\k) =0 et lim sup \)\f —s] =0,
k—o0 s<t s k—o0 s<t

ol d est une métrique quelconque de S. Cette notion de convergence définit une topologie
polonaise et de plus on possede une caractérisation de la compacité, similaire au critere
d’Ascoli. De cette caractérisation on peut déduire une amélioration du critere d’Aldous de
tension, qui devient une équivalence.

La version localisée du probleme de martingales consiste seulement a considérer des
opérateurs a valeurs dans I’ensemble des fonctions continues, non-nécessairement bornées,
en utilisant une notion voisine a celle de martingale locale. Ceci permet essentiellement de
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considérer des processus qui ont des sauts tres grands. Un processus sera dit localement
fellerien si, pour tout compact, il coincide avec un processus de Feller tant qu’il reste dans
ce compact.

Nous avons montré qu’un processus est localement fellerien si et seulement s’il est
solution d’un probleme local de martingales bien posé et si et seulement s’il est markovien
et continu en loi par rapport a la donnée initiale, pour la topologie de Skorokhod locale.
De plus il vérifie la propriété de Markov forte pour la filtration augmentée.

De plus nous avons montré que des solutions de problemes locaux de martingales bien
posés convergent si et seulement si les opérateurs associés convergent, au sens de (3.1)).
La principale amélioration par rapport au résultat similaire pour les processus de Feller
est qu’ici on n’impose pas que 'opérateur limite soit un générateur, mais uniquement que
le probléeme local de martingales associé soit bien posé. Ainsi ce résultat est applicable
dans bien plus de cas. Nous avons aussi donné un résultat du méme type concernant la
convergence des processus de Markov a temps discrets.

Enfin, comme exemples, nous avons appliqué ces résultats aux processus de type Lévy
et aux diffusions unidimensionnelles évoluant en potentiels aléatoires.

6 Notations et principaux résultats obtenus

Dans toute la suite S désigne un espace topologique localement compact a base dé-
nombrable. Cette propriété topologique est équivalente a étre séparable et métrisable par
une métrique & boules compactes, donc S est polonais. Soit A ¢ S, nous notons S® O S
le compactifié de S par le point A si S est non compact, et la somme topologique SLI{A}
si S est compact. Ainsi on a la caractérisation de la convergence vers A :

S3a, — A s.si. VK C S compact,dIng € N, Vn > ng, a, & K.

n—oo

Nous notons C(S) := C(S,R) I'’ensemble des fonctions continues réelles définies sur S.
Nous notons Cy(S) 'ensemble des fonctions f € C(S) s’annulant en A. L’espace C(S) est
muni de la topologie de la convergence uniforme sur les compacts et Cy(.S) de la topologie
de la convergence uniforme.

La propriété qu’un sous-ensemble A C S soit relativement compact dans un ouvert
U C S, c’est-a-dire que la fermeture A soit un compact inclus dans U, est notée A € U.

Nous noterons X le processus canonique sur (S2)®+ ou, sans danger de confusion, sur
n’importe lequel de ses sous-espaces. Nous munissons (SA)R+, et ses sous-espaces de la
tribu F := 0(Xs, 0 < s < 00) et de la filtration F; := o(X;s, 0 < s < ¢). Enfin nous
notons le temps d’explosion

€ = inf{t > 0| {X,}ot & S}.

6.1 Topologie de Skorokhod locale

Nous exposons dans cette section les résultats obtenus dans [GHIT7b], que l'on peut re-
trouver dans le chapitre 2l Un espace de trajectoires utilisé pour étudier les processus est
’ensemble des trajectoires cadlag & valeurs dans S2 :

D(S2) = {:c e (S8)R+

Vt >0, zy = limg; x5, et
Vt >0, x4 := limgy x5 existe dans S
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muni de la topologie de Skorokhod (voir, par exemple, Chap. 3 de [EKS86], pp. 116-147),
que nous appelons globale et qui est polonaise. Une suite (a?k)k de ]D)(SA) converge Vvers
x pour cette topologie si et seulement §'il existe une suite (A\*); de bijections continues
croissantes de R telles que
V¢ >0, lim supd(zs,a%,) =0 et lim sup AP — 5| =0.
k—oo g<¢ s k—oo s<t

La topologie de Skorokhod globale ne dépend pas de la métrique arbitraire d sur S* et sa
tribu borélienne coincide avec F.

Nous avons souhaité localiser cette topologie en espace. Pour une trajectoire x €
(SA)R+ nous rappelons que son temps d’explosion est défini par

E(z) :=inf{t > 0| {zs}s<t & S}.
Nous avons introduit un espace de trajectoires cadlag a valeurs dans S avec explosion :

vt > 5(1'), Tt = A?
Dioc(S) =< z € (SA)RJr vVt >0, xp = limg ¢ xs,
Vit >0t.q. {zs}s<t €S, x4— := limgyy x5 existe

Nous disons qu'une suite (z¥)zen de Dioe(S) converge vers = au sens de Skorokhod locale
s'il existe une suite (\¥); de bijections continues croissantes de R telles que

Vt>0t.q. {zs}sct €S, lim supd(zs,25,) =0 et lim sup|\¥ —s|=0.

k—o0o g< k—o0 s<t

Dans notre Théoréme [2.4] nous avons montré que cette convergence définit une topologie
polonaise sur Djo.(S), qui ne dépend pas de la métrique arbitraire d sur S2, et que sa
tribu borélienne coincide avec F.

Nous nous sommes ensuite intéressés a la compacité pour la topologie de Skorokhod
locale, 'objectif étant d’avoir une caractérisation similaire au cas de la topologie de Sko-
rokhod globale (voir par exemple [Bil99], Théoreme 16.5 p. 172). Pour cela nous avons
besoin de modules de continuité modifiés : pour x € Dj,.(S), t > 0, K C S compact et
6 > 0, nous avons défini

NeN 0=ty< - <ty <{(x)
wg,K,x(é) = inf sup d(zs,,Tsy) | (EN, Ty ) €10,8] X K

0<i<N ; et
ti<s1 o <tist VO<i<N: tiy1—t; >0

Nous avons alors montré, dans notre Théoreme qu’un sous-ensemble D C Dy, (S) est

relativement compact si et seulement si

vVt >0, K C S compact, supw; g ,(6) — 0.
xeD ’ ’ 6%0

A partir de ce résultat nous avons pu améliorer le critere d’Aldous (voir par exemple
[Bil99], Théoreme 16.10 pp. 178-179) pour obtenir une caractérisation de la tension dans
I'espace P(Djoc(S)) des probabilités sur Dio.(S), du type "uniformément cadlag le long
des temps d’arréts”. Pour U ouvert de S, on définit le temps d’arrét

Vi=inf{t>0| X, ¢UouX; U} NE. (6.1)

Dans notre Théoréeme nous avons montré que pour un sous-ensemble P C P (D, (5)),
nous avons équivalence entre :
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1. P est tendu,

2. pour tout t > 0, € > 0 et tout compact K de 5,

3. pour tout t > 0, € > 0 et tout ouvert U € S,

sup sup P(R>¢) — 0,
PeP 7m1<m<m3 6—0
3< (1 +8)AtATY

ou le supremum est pris pour des temps d’arréts 7; et ou

d( X7y, Xrp) Nd( Xy, Xorg) 510 <71 < 79,
Ri=< d(Xp—, Xpy) Nd(Xry, X7y) 810 <71 =72,
d(XTlaXTz) si0=r7.

Ayant pour but d’avoir un lien entre les topologies de Skorokhod locale et globale nous
avons introduit un changement de temps. Soit g € C(S,R;), pour ¢ € Ry nous notons le

temps d’arrét
S
s > 7170} oy / du Zt}.
0 g(Xu)

Nous introduisons alors le changement de temps, F-mesurable,

e ::inf{sz()

g-X: Dloc(S) — DlOC(S)

?

défini par : pour t € R,
(9 X)e:= X toroy_ sl =7 X {920y _ existe dans {g = 0},
! a XTtg sinon.

La notation vient du fait que

Vag1,92 € C(S,Ry), g1 (92-X) = (g192) - X.

Pour P € P(Dyoc(S)), notons également g - P la mesure image de P par g- X. Nous avons
étudié ’ensemble de continuité du changement de temps dans notre Théoreme Dans
notre Proposition [3.9] nous explorons un lien entre les topologies locale et globale. Soit F
un espace localement compact a base dénombrable arbitraire et soit U un ouvert de S,
pour toute application
P: E — PDy(9))
a +> P, ’

lassertion i) implique 'assertion ii), ou

i) 'application P est étroitement continue pour la topologie de Skorokhod locale,
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ii) il existe g € C(S,Ry) telle que {g # 0} = U, telle que pour tout a € E
g-Pq(0 <& <00= Xe existe dans U) =1,
et telle que 'application

g-P: E — PHO<E{<o00= X¢_ existe dans U})
a g-P,

soit étroitement continue pour la topologie de Skorokhod globale.

De plus, si U = S les assertions i) et ii) sont équivalentes.

6.2 Processus localement fellerien et probléemes locaux de martingales

Nous exposons dans cette section les résultats obtenus dans [GHI17c|, que I’on peut retrou-
ver dans le chapitre [3| Pour un opérateur

L:D(L) c Co(S) — C(S)

de domaine D(L) un sous-espace vectoriel dense de Cy(S), l'ensemble M(L) des so-
lutions du probleme local de martingales associé & L est ’ensemble des probabilités
P € P (Dyoc(5)) telle que pour tout f € D(L) et tout ouvert U € S :

tarV
f(Xprv) — / Lf(Xs)ds est une P-martingale
0

par rapport a la filtration (F;);. Nous rappelons que U est défini par (6.1)). En se rame-
nant au Théoreme 5.4 p. 199 de [EKS86], nous avons obtenu, dans notre Théoreme
I’équivalence entre les deux assertions suivantes

i) existence au probleme local de martingales : pour tout a € S il existe un élément P
de M(L) tel que P(Xp =a) =1,

ii) L satisfait le principe du maximum positif : pour tout f € D(L) et ag € S, si
f(ao) = sup,eg f(a) > 0 alors Lf(ap) < 0.

Le probleme local de martingales est dit bien posé si pour tout a € S il existe un unique
élément P de M(L) tel que P(Xy =a) = 1.

Nous avons exploré le lien entre les notions de probleme de martingales, topologie de
Skorokhod et processus de Feller. Dans notre Théoréme [4.5] nous obtenons que pour une
famille de probabilités (Py)q € P(Dioe(S))”, les assertions suivantes sont équivalentes :

1. (continuité) la famille (P,), est F-markovienne et a — P, est étroitement continue
pour la topologie de Skorokhod locale;

2. (changement de temps) il existe g € C(S,R%) telle que (g - Py), est une famille
fellerienne ;

3. (martingales) il existe un opérateur L : D(L) — C(S) de domaine dense dans Cq(S)
tel que

VaeS, PeM(L)et P(Xop=0a)=1<= P =P, (6.2)
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4. (localisation) pour tout ouvert U &€ S il existe une famille de probabilités felleriennes
(P,)q telles que, pour tout a € S,

Lo, (X)) =25, (X)),
ot X7 est le processus arrété a la sortie de U.

La derniere assertion nous autorise a appeler de tels processus localement felleriens. Nous
obtenons de plus que les processus localement felleriens sont (F;y )¢ -fortement markoviens
et quasi-continus. Pour une famille localement fellerienne (P,), € P(Dioc(S))”, on appelle
générateur I'opérateur L maximal vérifiant .

Dans notre Théoreme nous avons montré quune famille (P,), € P(Dioe(S))? est
fellerienne si et seulement si elle est localement fellerienne et

YVt >0, VK C S compact, P,(X; € K) —A> 0.
a—

Nous avons ensuite étudié la convergence des solutions de problemes de martingales.
Soit, pour tout n € N, (P0'), une famille de probabilités localement felleriennes de
générateurs Ly, et soit (P,)s € P(De(S))° une famille localement fellerienne solution
d’un probléme local de martingales bien posé d’opérateur L. Il y a équivalence entre (voir
notre Théoreme

1. pour tout a,,a € S tels que a, — a, Py converge étroitement pour la topologie de
Skorokhod locale vers P,

2. pour tout f € D(L), il existe une suite d’éléments f,, € D(L,,) telle que

fo 2% f et Lf, - LS
n—oo n—oo

On obtient ainsi une caractérisation de la convergence, similaire au résultat classique
sur les processus felleriens (voir par exemple le Théoreme 19.25, p. 385, dans [Kal02]).
L’amélioration principale est encore que nous n’imposons plus que L soit le générateur,
mais uniquement que le probléme de martingales associé soit bien posé. Ainsi notre résultat
s’applique a plus de constructions de processus markoviens.

Enfin on peut utiliser les bonnes propriétés de localisation des problemes de martin-
gales, voir par exemple la Section 6.6 pp. 161-165 de [SV06]. Nous avons ainsi obtenu dans
notre Théoréme que pour un opérateur L : D(L) — C(S) de domaine dense dans
Co(9), si pour tout a € S il existe un voisinage V' de a et un opérateur L : D(L) — C(S)
de méme domaine pour lequel le probleme local de martingales est bien posé et tel que

VfeD(L), Lfy =Lfy,

alors le probléme local de martingales associé & L est bien posé. Dans notre Théoréme
nous obtenons un résultat similaire pour le générateur.
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6.3 Processus de type Lévy : convergences et schémas discrets

Nous exposons dans cette section les résultats obtenus dans [GHI17al], que 1'on peut re-
trouver dans le chapitre |4} Dans le but d’étudier les approximations discretes de processus
localement felleriens, nous avons montré dans notre Théoreme [3.2] qu'une suite de proces-
sus de Markov a temps discret {ke,, | kK € N}, de pas de temps ¢, — 0+, et d’opérateurs
de transitions 7}, converge vers un processus localement fellerien, solution d’un probleme
local de martingales bien posé associé & un opérateur L : D(L) C Cy(S) — C(S5) si et
seulement si
Vi € DL), Ifun € Co(S), tel que fr < f ot InTIn C pp
n—00 En n—o00

On obtient ainsi une caractérisation de la convergence, similaire au résultat classique
sur les processus felleriens (voir par exemple le Théoreme 19.27, p. 387, dans [Kal02]).
L’amélioration principale est encore que nous n’imposons pas que L soit le générateur,
mais uniquement que le probleme local de martingales associé soit bien posé.

Nous avons voulu appliquer les résultats obtenus sur les processus localement felleriens
aux processus de type Lévy sur R?. Un symbole est une fonction ¢ : R¢ x R? — C telle
que, pour tout a € R%, ¢(a,-) est 'exposant caractéristique d’un processus de Lévy avec
possible explosion (voir Section . On sait (voir par exemple [BSW13|, Proposition 2.17
p. 43) que

Va e R%, Va e RY, |g(a,a)] <2(1+]af?) sup lq(a, B)|.
<1

Ceci permet de définir 'opérateur pseudo-différentiel de symbole g :

~

Ve Cr, —q(,V)f(a) = —q(a,V)f(a) ::/ —e"%q(a, @) f(a)do

Rd

avec ]?(oz) = (27T)_d/ e 1w £(p)db.
Rd
Pour appliquer les résultats sur les processus localement felleriens, on souhaite que I'opér-
ateur ¢(-, V) envoie C° dans C(R?). Par convergence dominée on voit qu’il suffit que

Va e RY a— ¢(a, a) soit continue.

De méme, pour une suite de symboles ¢,,, dans le but d’appliquer les théorémes de conver-
gence, on voudrait savoir sous quelles conditions, pour tout f € C°, ¢,(-,V)f converge
vers q(-, V) f. Encore par convergence dominée, on voit qu’il suffit que

Va e R gu(,2) — ¢(-, @) uniformément sur les compacts de R%.
n—oo

Dans notre Théoreme [4.1| on obtient des conditions nécessaires et suffisantes, en termes de
triplet de Lévy, pour ces deux problemes et pour le probleme similaire associé aux schémas
discrets.

Dans notre Théoreme 4.5 nous obtenons la convergence d’'un schéma d’aproximation
d’Euler pour les processus de type Lévy. On améliore ainsi le Théoreéme 7.6 p. 172 de
[BSW13]. En effet on ne demande plus que la fermeture de —q(-, V) soit le générateur
d’un processus de Feller, mais uniquement que le probleme local de martingales associé
soit bien posé.
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Enfin, dans nos Proposition [5.1] et Proposition [5.2] nous nous sommes intéressés aux
diffusions unidimensionnelles évoluant dans des potentiels cadlag. En effet, en utilisant les
résultats de [Man68] on peut voir que pour V : R — R cadlag, 'opérateur

LV .= levie*‘/i

2  da da

associé a 'EDS formelle .
dX; =dB; — §V'(Xt)dt

est le générateur d’un processus localement fellerien. De plus, en utilisant nos résultats de
convergence, on a montré que si V,, converge vers V pour la topologie de Skorokhod, alors
la suite de générateurs L'» converge vers L et donc les processus associés convergent
aussi.

Nous avons aussi obtenu un résultat de convergence de marches aléatoires sur Z vers des
diffusions dans des potentiels. On a pu I’appliquer aux marches aléatoires de Sinai (intro-
duites dans [Sin82]), c’est-a-dire les marches aléatoires sur Z en environnements aléatoires
i.i.d. On a montré des convergences vers des diffusions dans des potentiels aléatoires de
Lévy (introduits dans [Bro86|] pour le cas brownien et dans [Car97| pour le cas général),
améliorant ainsi les résultats de [Sei00].
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Chapter 2

Local Skorokhod topology on the
space of cadlag processes

Abstract: We modify the global Skorokhod topology, on the space of cadlag paths, by localising
with respect to space variable, in order to include the eventual explosions. The tightness of families
of probability measures on the paths space endowed with this local Skorokhod topology is studied
and a characterization of Aldous type is obtained. The local and global Skorokhod topologies are
compared by using a time change transformation.

Key words: cadlag processes, explosion time, local Skorokhod topology, Aldous tightness criterion,
time change transformation

MSC2010 Subject Classification: Primary 60B10; Secondary 60J75, 54E70, 54A10

1 Introduction

The study of cadlag Lévy-type processes has been an important challenge during the
last twenty years. This was due to the fact that phenomena like jumps and unbounded
coefficients of characteristic exponent (or symbol) should be taken in consideration in order
to get more realistic models.

To perform a systematic study of this kind of trajectories one needs, on one hand,
to consider the space of cadlag paths with some appropriate topologies, e.g. Skorokhod’s
topologies. On the other hand, it was a very useful observation that a unified manner
to tackle a lot of questions about large classes of processes is the martingale problem
approach. Identifying tightness is an important step when studying sequences of distribu-
tions of processes solving associated martingale problems and the Aldous criterion is one
of the most employed.

The martingale problem approach was used for several situations: diffusion processes,
stochastic differential equations driven by Brownian motion, Lévy processes, Poisson ran-
dom measures (see, for instance, Stroock [Str75], Stroock and Varadhan [SV06], Kurtz
[Kurld]...). Several technical hypotheses (for instance, entire knowledge of the genera-
tor, bounded coefficients hypothesis, assumptions concerning explosions...) provide some
limitation on the conclusions of certain results, in particular, on convergence results.

The present paper constitutes our first step in studying Markov processes with ex-
plosion and, in particular in the martingale problem setting. It contains the study of
the so-called local Skorokhod topology and of a time change transformation of cadlag
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paths. The detailed study of the martingale problem, of Lévy-type processes and several
applications will be presented elsewhere (see [GH17c| and [GHI7al).

One of our motivations is that we wonder whether the solution of a well-posed martin-
gale problem is continuous with respect to the initial distribution. The classical approach
when one needs to take into consideration the explosion of the solution is to compactify the
state space by one point, say A, and to endow the cadlag paths space by the Skorokhod
topology (see for instance Ethier and Kurtz [EK86], Kallenberg [Kal02]). Unfortunately,
this usual topology is not appropriate when we relax hypotheses on the martingale problem
setting.

The simplest example is provided by the differential equation

&y =b(t,xy), t>0, starting from zp € R,

where b : Ry x R? — R? is a locally Lipschitz function. The unique maximal solution
exists by setting x; = A, after the explosion time. In general, for some t > 0, the mapping
Ty +> x¢ is not continuous, and in particular xy + . is not continuous for the usual
(global) Skorokhod topology. As an illustration, let us consider

iy =(1—-t)z?, t>0, xzocR.
For any initial condition xg, the unique maximal solution is given by

2 1\ 00, if g € [0,2),
Ty = (2—t+> before tpax = 1—+/1—=2/zg, ifxg>2,
o 1+ /1= 2/, ifzy<0,

and xz; := A, after tp.x. Indeed, this trajectory is not continuous with respect to the
initial condition in the neighbourhood of xy = 2. To achieve the continuity of the mapping
xo —> xo our idea will be to localise the topology on the paths space, not only with respect
to the time variable but also with respect to the space variable. More precisely, we need
to consider uniform convergence until the exit time from some compact subset of R, x R

We adapt this idea to cadlag paths by following a similar approach as in Billingsley
[Bil99] and we get the local Skorokhod topology which is weaker than the usual (global)
Skorokhod topology. Then, we describe the compactness and the tightness in connection
with this topology. Furthermore, we state and prove a version of the Aldous criterion,
which is an equivalence, as in [Reb79].

As in Ethier and Kurtz [EK86], pp. 306-311, we introduce a time change transfor-
mation of the cadlag path = by the positive continuous function g. Roughly speaking, it
is defined by (g - x); := x,, with 7 the unique solution starting from 0 of the equation
7t = g(x7,). Another novelty of our paper is the employ of the time change transformation
to compare the local Skorokhod topology with the usual (global) Skorokhod topology.

Our paper is organised as follows: the following section is mainly devoted to the study
of the local Skorokhod topology on spaces of cadlag paths: the main result is a tightness
criterion. Properties of the time change mapping, in particular the continuity, and the
connection between the local and global Skorokhod topologies are described in Section 3.
The last section contains technical proofs, based on local Skorokhod metrics, of results
stated in Section 2.
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2 Paths spaces

2.1 Local spaces of cadlag paths

Let S be a locally compact Hausdorff space with countable base. This topological feature
is equivalent with the fact that S is separable and can be endowed by a metric for which
the unit balls are compact, so, S is a Polish space. Take A ¢ S, and we will denote by
SA 5 S the one-point compactification of S, if S is not compact, or the topological sum
SU{A}, if S is compact (so, A is an isolated point). Clearly, S® is a compact Hausdorff
space with countable base which could be also endowed with a metric. This latter metric
will be used to construct various useful functions, compact and open subsets.

For any topological space A and any subset B C R, we will denote by C(A, B) the set
of continuous functions from A to B, and by Cy(A, B) its subset of bounded continuous
functions. We will abbreviate C(A) := C(A,R) and Cy(A) := Cp(A,R). All along the
paper we will denote C' € A for a subset C' which is compactly embedded in A. Similarly,
C & A means either that C is not a subset of A or C' is not compactly embedded in A.

We start with the definition of our spaces of trajectories:

Definition 2.1 (Spaces of cadlag paths). Define the space of exploding cadlag paths

0 <¢(x) < o0,
Dip(8) i= 4 s 0,¢(a)) —» 5 | 710 € 06 = e
Vig € (0,&(x)) x4y— = 1ltlTItn x¢ exists in S
0

When £(z) = 0, we assume that x is the empty subset of [0,0) x S. For a path = from
Dexp(5), &() is its lifetime or explosion time. We identify Dex,(S) with a subset of (S2)F+
by using the mapping

Dexp(S) = (52)%+

. o . S
o o (@0 with  x;:=A if ¢>&(x).

We define the local cadlag space as the subspace
Dioc(S) 1= {# € Dexp(S) | £(x) € (0,00) and {2} scg(z) € S imply gy exists}. (2.1)
We also introduce the global cadlag space as the subspace of Dy (.5)
D(S) := {x € Dipe(S) | £(2) = 00} € SF+.

We will always denote by X the canonical process on Dexp(S), Dioe(S) and D(S) without
danger of confusion. We endow each of Dexp(S), Dioc(S) and D(S) with a o-algebra
F:=0(Xs, 0<s<o0)and a filtration F; := 0(Xs, 0 <s <t). We will always skip the
argument X for the explosion time (X)) of the canonical process.

The following result provides a useful class of measurable mappings:
Proposition 2.2. Forty € Ry, the mapping
Degp(S) x [0,t0] — SA

(3}, t) = Tt
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is Fi, @ B([0,to])-measurable. For tg € R, the set
A= {(x,t) € Degp(S) x (0, 0] | m— ewists in SA}
belongs to Fyy— @ B((0,10]) and the mapping

A - 84
(z,t) — x—

is Fo— @ B((0,to])-measurable. For U an open subset of S and for ty € Ry, the set
B := {(1" 5,1) € Degp(S) x [0, o) ’ {Zy}snt<u<svt € U}
belongs to Fy,— @ B([0,t9])®? and the mapping
BxCU) — R
(z,s,t,h) — /t h(xy)du

is Fyy— @ B([0,10])%? @ B(C(U))-measurable.

Before proving this proposition we state a corollary which give a useful class of stopping
times:

Corollary 2.3. For any (F;)-stopping time 10, U an open subset of S%, h € C(U,R.) a
continuous function and M : Degy(S) — [0, 00] a Fr,-measurable map, the mapping

t
7= inf {t > 10| {(Xrgs Xs) brocsct & U oF / h(X sy, Xs)ds > M}
70

is a (F)-stopping time. In particular, £ is a stopping time. Furthermore, if U C S is an
open subset,

Vi=inf{t>0| X,_ ¢U or X, gU} < ¢ (2.2)
18 a stopping time.

Proof of Corollary[2.3 For eacht > 0, using Proposition [2.2]it is straightforward to obtain
that

—1 if 79 > t,
Yi=1{ [L (X, Xo)ds if o <t and {(Xpy, Xo)}r<s<t € U,
o0 otherwise.

is Fi-measurable. Hence
{r<t}={Y>M}={Y >M}n{n <t} eF,
so, T is a (F;)-stopping time. O

Proof of Proposition|[2.3. Let d be a complete metric for the topology of S, note that

A= ﬂ U m {ql,qQE[t—é,t)id(qu,x%)ga}

e€Q 6. q1,02€Q+N[0,t0)
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so, A belongs to Fi,— @ B((0,10]). It is clear that for each n € N

A = SA
(,t) = T4y |
n+tl LOJ

is Fi,— @ B((0, to])-measurable, where |r| denotes the integer part of the real number r.
Letting n — oo we obtain that (z,t) — xi— is Fy,— @ B((0,to])-measurable. The proof
is similar for (z,t) — x;. To prove that B is measurable, let (K, ),cn be an increasing
sequence of compact subsets of U such that U = J,, K;,. Then

B = U {(l‘,s,t) € Dexp(s) x [OatO]Q | {Cﬂu}s/\tgu<svt C Kn}
neN
= U m {(x,s,t) € Dexp(S) X [0, o) ‘ sANt<qg<sVt=ux4€ Kn},
neN qeQ4
q<to

so, B € F;,— ®@B([0,t0])®2. To verify the last part, let us note that for n € N* the mapping
from B x C(U)

n—1

sign(t — s) «—
osst) = D S
=0

is Fy,— @B([0,0])*?@B(C(U))-measurable. Here and elsewhere we denote by N* = N\ {0}
the set of positive entire numbers. Letting n — oo, the same thing is true for the mapping

BxC(U) — R
t
(x,s,t,h) / h(xy)du.

2.2 Local Skorokhod topology

To simplify some statements, in this section we will consider a metric d on .S. To describe
the convergence of a sequence (z¥)ren C Dioe(S) for our topology on Dy, (S), we need
to introduce the following two spaces: we denote by A the space of increasing bijections
from Ry to Ry, and by A C A the space of increasing bijections A with A\ and A~! locally
Lipschitz. For A € A and t € R, we denote

A —id|; == sup |As —s| = A1 —id]|x,. (2.3)
0<s<t

For A € A, let A € Lo (ds) be the density of dA with respect to the Lebesgue measure.
This density is non-negative and locally bounded below, and for ¢t € Ry denote

dx;!
1 S
()
The proofs of the following theorems use the strategy developed in §12, pp. 121-137
from [Bil99], and are postponed to Section

Asg — A
log =22 ~5L
S9 — 81

|| log )\”t 1= esssuPp< < log )\S|| = sup

0<s1<52<t At
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Theorem 2.4 (Local Skorokhod topology). There exists a unique Polish topology on
Dioe(S), such that a sequence (z¥)pen converges to x for this topology if and only if there
exists a sequence (\¥)pen in A such that

o cither () < oo and {Zs}sce(z) € S: /\’g(w) < &(xF) for k large enough and
k

sup d(xsja:’f\k) — 0, Ty — A, [AF — id[l¢z) — 0, ask— oo,
5<g(2) ’ =)

o or §(x) = 00 or {Ts}ecg(n) € S: for allt < &(x), for k large enough N < ¢(2%) and

supd(xs,a:’f\k) — 0, IN¥ —id||y — 0, as k — oo.
s<t s

This topology is also described by a similar characterisation with Mec A and | NF —id||
replaced, respectively, by \¥ € A and || log \¥||. Moreover, the Borel o-algebra B(Dj,(S))
coincides with the o-algebra F.

Definition 2.5. The topology on Dj,.(S) whose existence is stated in the latter theorem
will be called the local Skorokhod topology. The trace topology from Dj,.(S) to D(S) will
be called the global Skorokhod topology.

Remark 2.6. 1) We point out that these topologies do not depend on the metric d of
S and this is a consequence of the fact that two metrics on a compact set are uniformly
equivalent (cf. Lemma [4.3| below).

2) The convergence conditions of Theorem [2.4) may be summarised as: a sequence (x)g
converges to z for the local Skorokhod topology if and only if there exists a sequence (A\¥)y
in A satisfying that for any ¢ € Ry such that {zs}s<; € S, for k large enough \F < £(z¥)
and

sup d(a:s,x];k) — 0, ZL"I;\? —sxy,  |N—id|ly — 0, ask — .

s<t s

3) A sequence (z*); from D(S) converges to = € D(S) for the global Skorokhod topology
if and only if there exists a sequence (AF); in A such that for all ¢t > 0

sup d(ms,wik) — 0, IAF —id|; — 0, as k — oco.
s<t s

In fact, we recover the usual Skorokhod topology on ID(S), which is described, for instance,
in §16 pp. 166-179 from [Bil99]. O

We are now interested to characterise the sets of Dy, (S) which are compact and also
to obtain a criterion for the tightness of a subset of probability measures in P (Do (S)).
For 2 € Dexp(S), t > 0, K C S compact and 6 > 0, define

NeN 0=ty < - <ty <{x)
w£7K7x(5) := inf sup d(zs,,Tsy) | (tn,Tey) €10,1] X K . (24)

0<i<N ; oty —
t<s1.99<tise VO<i<N: tiyr —t;>90

We give some properties of w’.
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Proposition 2.7.
i) Consider x € Degp(S). Then x belongs to Dee(S) if and only if

Vt >0, VK C S compact, w; i ,(9) ps 0.
bl k) %

ii) For allt >0, K C S compact and 6 > 0, the mapping

]Dloc(s) — [07+OO]
Zz = wg,K,x(é)

1S upper semi-continuous.

Proof. Suppose that x € Dj.(S) and let ¢ > 0 be and consider a compact set K C S.
There exists T' < &(z) such that (T, z7) ¢ [0,¢] x K and the limit zp_ exists in S. Let
€ > 0 be arbitrary and consider I the set of times s < T for which there exists a subdivision

O=ty<---<ty=s

such that
sup  d(zs,,Ts,) < €.
0<i<N

1i<s1,52<lit1
It is clear that I is an interval of [0, T'] containing 0: set ¢* := sup I. Since there is existence
of the limit x4«_, then t* € I, and, since x is right-continuous, t* =T. Hence, T € I and
there exists § > 0 such that w; -, (6) <e.

Conversely, let’s take 2 € Dexp(S) such that {(z) < 00, {Ts}scgx) € S and
Vt >0, VK C S compact, wj j () yos 0.
K ) %

We need to prove that the limit z¢,)_ exists in S. Let y1,y2 be any two limits points of
zs, as s — £(x). We will prove that y; = ya. Let € > 0 be arbitrary. By taking t = £(x)
and K = {z,} ) in (2.4) there exists a subdivision,

s<&(x
0=ty < <ty=E),

such that

sup  d(zg,Ts,) < e
0<i<N
t;<s1,52<t;41

Replacing in the latter inequality the two sub-sequences tending toward y;, y2, we can
deduce that d(y1,y2) < €, and letting € — 0 we get y1 = yo.

We proceed with the proof of part ii). Let (2*), C Djoc(S) be such that z* converges
to # € Dioe(S) and let (AF);, € A be such in Theorem We need to prove that,

lim sup wy e .1 (0) < wi ¢ . (9).
k—ro0 T o

We can suppose that wa K@((S) < 00. Let € > 0 be arbitrary and consider a subdivision
0=ty <--- <ty <{(z) such that

I
sup d($31,x32) < wt,K,x(é) +e,
0<i<N
ti<s1,52<tiy1
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tiy1 > ti+6 and (tn,zey) € [0,t] x K. If ty = &(z) and {Ts}s<g(z) & S, then we can find
ty such that ty_1 4+ 6 < ty < &(x) and z7, & K. We can suppose, possibly by replacing
tn by ty, that

ty = &(v) implies {Ts}oce() € 5.
Hence, for k large enough, /\,’fN < &(2F) and

sup d(ws,xlf\k) — 0, ac];k — Tty INF —id|sy — 0, as k — oco.
s<tn tN

We deduce that, for k large enough, we have 0 = )\,]fo << )\fN < E(xR), AF > )\k +9,

()\fN, ) ¢ [0,t] x K, and moreover,
sup d(xfl,:rfz)) < sup  d(zs,Ts,) + 2 sup d(xs,:):’;k)
0<i<N 0<i<N s<tn
PV <51752</\t o t;<s1,52<ti+1
< wéyny(é) +e+2sup d(xs,x];k) —> wth(é) + €.
s<tn
Therefore,
lim supwt K x(0) < wé’K’x(é) + ¢,
k—o00
and we conclude by letting € — 0. O

We can give now a characterisation of the relative compactness for the local Skorokhod
topology:

Theorem 2.8 (Compact sets of Dio(S)). For any subset D C Dyye(S), D is relatively
compact if and only if

Vt >0, K C S compact, supwj g .(9) P 0. (2.5)

x€eD —0

The proof follows the strategy developed in §12 pp. 121-137 from [Bil99] and it is
postponed to Section [
We conclude this section with a version of the Aldous criterion of tightness:

Proposition 2.9 (Aldous criterion). Let P be a subset of P (Die(S)). If for all t > 0,
€ > 0, and an open subset U € S, we have:

f P(r <= d(X,,, X,)1 >¢e) — 0, 2.6
oyl n Pisnmcondindallng 290 20
Tg§(7'1+6)/\t/\7'U

then P is tight. Here the infimum is taken on all finite subsets F' C P and the supremum
1s taken on all stopping times ;.

Remark 2.10. As in [Bil99], Theorem 16.9, p. 177, an equivalent condition for tightness
can be obtained by replacing (2.6 by

f P(r < (r+6)A d(X,, X Tpoop > ) — 0,
52731:2171;3“5&13 (r<(r+) AT =€ or d(Xr, Xy sprv)Uiraey > €) 2

by taking infimum on all finite subsets F' C P and the supremum on all stopping times 7.

O
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In fact we will state and prove a version of the of the Aldous criterion, which is a
necessary and sufficient condition, similarly as in [Reb79]:

Theorem 2.11 (Tightness for Dj,.(S)). For any subset P C P (De(S)), the following
assertions are equivalent:

1. P is tight,
2. forallt>0,e>0 and K a compact set we have

P o) >
Ps)lép (wi e x(0) >¢) QO

8. for allt >0, e >0, and open subset U € S we have:

a(e, t,U,d) := sup sup P(R>¢e) — 0,

PecP  71<7e<73 -0
T3<(T1+HS)ALATY

where the supremum is taken on T; stopping times and with

,

X, X)) Nd( Xy, X)) if0< T <T2<T3<E,

Xr—s 7'2) /\d(XTmXTa) if0< T =71 <T13<E,

XTI, ) 0= <m<for0<n <1 <13 =E¢,
)(7-2 , ) fo<m=mn<m=E,
ifm=€§o0r0<n <1 =rT3,
if0:T1<7'2:€.

QU

d(
E
R := (

U

80

Remark 2.12. 1) If d is obtained from a metric on S2, then if ¢ < d(A, U) the expression
of a(e, t,U,§) may be simplified as follows:

a(e, t,U,0) = sup sup P(R>¢) — 0,
PcP 7m1<m<m3 6—0
T3<(T1+H8)AtATY

where the supremum is taken on 7; stopping times and with

N d(Xr, Xe) Nd( X4y, Xry) 0 <1 <,
R:=¢ d( X, Xn) Nd( X7y, Xry) H0< 7 =10,
d( X, Xr,) if 0= 7.

2) It is straightforward to verify that a subset D C D(S) is relatively compact for D(S) if
and only if D is relatively compact for Dy,.(S) and

Vt>0, {zs|zeD, s<t}cS.

Hence we may recover the classical characterisation of compact sets of D(S) and the
classical Aldous criterion. Moreover, we may obtain a version of Theorem for D(S).

3) The difficult part of Theorem is the implication and its proof is adapted from
the proof of Theorem 16.10 pp. 178-179 from [Bil99]. Roughly speaking the assertion
uses

wr(8) == sup d(xs,, Tsy) N d(Tsy, Tsy),
51<s2<s3<s1+6
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while the Aldous criterion uses

W:r(é) = sup d($517$52)'
51<s2<s1+0

The term d(X,,_, X;,) appears because, in contrary to the deterministic case, some stop-
ping time may not be approximate by the left. We refer to the proof of Theorem 12.4 pp.
132-133 from [Bil99] for the relation between w” and w’. O

Proof of Theorem |2.11].

Consider (t,)n>1 a sequence of times tending to infinity and (K,),>1 an increasing
sequence of compact subsets of S such that S = |J,, K. Let n > 0 be a real number, and
for n > 1 define §,, such that

sup P (wi, x, x(6n) > n71) <27,
Pep

Set
D :={Vn e N*, wngn,X((Sn) < n_l}.

By Theorem 2.8 D is relatively compact and moreover

sup P (D) < » 27"np=n

so, P is tight.
1213 Consider e, two arbitrary positive real numbers. There exists a compact set D C
Dioc(S) such that

sup P(D°) <.
PeP

By Theorem there exists § > 0 such that
D c {wi’U,X@) < e}
Since for all 71 < 75 < 73 < (11 + ) At ATV we have

{w;U’X(é) <etCc{R<e},

we conclude that
sup sup P(R>¢) <n.
PeP  11<m<m3
3 (T1+8)AtATY
32| For all € > 0, t > 0 and open subset U € S, up to consider 7; := 7; A (11 + ) At ATV
we have a new expression of a(e,t,U,J):

ale,t,U,6) =sup sup P(R>e, < (n+0)AtATY) — 0. (2.7)
PeP 11 <ma<73<E 6—0

Consider ¢y > 0, t > 0 and K a compact subset of S. We need to prove that

inf P(w] ) — 1.
Pl,felp (Wt,K,X( ) < €0) P
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Choose 0 < €1 < £9/4 such that
U={yeS|dyK)<e}&S.
For n € N and ¢ > 0, define inductively the stopping times (see Corollary
70 := 0,
75 =inf {s > 7| d(X7,, Xs) Vd(Xr,, Xs—) Z e} A(t+2) A 7Y,
Tl 1= Tty

It is clear that 7;; increases to 7,41 when ¢ increases to €1. If we choose 0 < €3 < €1, then
forall P € P,

limsupP(X;, € K, 7 <&, d(X5,, X)) < e, 7, <t +1) (2.8)
E—E1
e<eq

<P limsup{XTn €K, 7-5 <, d(XTanT,‘Z:L) < &2, T,i <t+ 1} = P(Q) =0.
E—E1
e<el

Foral P € P, 6 <1 and 0 < ¢ < g1 we have using the expression (2.7)) with stopping
times 0 <75 < 75' =7y
P(X() e K, T(‘)E < 5) = P(Xo € K, XTS ¢ B(X(],EQ), 7'5 < (5)
+P(X0 e K, Tg <&, d(X(),XTS) < €9, Tg < 5)
< 04(62, L+ 27 U7 6)

+ P(XO €K, 7_8 <§, d(X()vXTS) < &g, Tg St+ 1)

so, letting ¢ — €1, since 7§ T 71, by (2.8) we obtain
P(Xo € K, 1 <6) < afes, t +2,U,9). (2.9)

Foral Pe P, §d <1,n e Nand 0 < e < &1 we have also using the expression (2.7 with
stopping times 7, < 77 < 71 and 7, < 7 < Ty

P(rp41 <t X5, Xr o €K, 7y — T <0)

<SP(X,, €K, 75 <& d(Xn, Xr2) <9, 75 <t+1)
+P(Xr,, €K, 74 <& d(Xr, 0 Xoe, ) <62, Ty St41)
+ P<Tn+1 S t7 XT7L7X7'»,L+1 S K7 d(XTanTfL) Z £9,
d(XrgaX ) > 67277—71«#1 —Tp < 6)

Tn+1 9

e
+P<Tn+1 < t, XTnyXTn_;,_l € K7 d(XTnaXT,,EL) > €2, XT'IEL+1 ¢ B(XTfla ?2)7

T;:;H—Tng&)
<SP(X;, €K, 1, <& d(X;,, X)) <o, 7, <t +1)
+P(X;, e K, 1< dX Xre, ) <eg, i <t+1)

Tn41r “3To 4y
+ 2« (%,t—i—Q,U,(S)
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so, letting € — €1, since 75, . T Tny2, by (2.8) we obtain
P(rni1 <t Xp, Xro) €K, Tnio — 70 < 0) < 20 (%t +2,U, 5) . (2.10)

Forall Pe P, 0 <1,neN*and 0 < £ < g1 we can write using the expression (2.7)) with
stopping times 7, < 7, < 75

P(r, <t, X;, € K, d(X;,—,X.,) > €2, T, —Tn < 9)
<P(X,, €K, 1, <& d( X5, X)) <ea, 1, <t 4 1)
+P(r, <t, X5, € K, d(X;,-,X;,) > €2, Xos € B(X;,,62), 75, — Ty <6)
<P(X,, €K, 75 <& d(X,, Xr) <ep, 75 <t+1)+a(est+2,U,0)

so, letting ¢ — €1, since 77 T 741, by we obtain
P(r, <t, X;, € K, d(X;,—,X;,) > €2, Tn+1 —Tn <0) < a(eg,t +2,U,0). (2.11)
Let m € 2N and 0 < ¢’ <1 be such that m > 2t/¢’ and denote the event
A={rp, <tandVn<m, X, € K}.

Then for all 0 < ¢ < m, thanks to (2.10)

g2 /
E[TH-Q_Ti | A] Z(SIP(TH_Q—TZ'Z(;/ ‘ A) 25/ (1_2a(23t+27U76))

P(A)
Hence
(m—2)/2
mé' 20 (2,4 2,U,¢)
tZE[Tm‘A]: ; E[Tgi+2—TQZ”A]22<1— P(A)
S0,
200 (22, +2,U,¢
P(A) < (3,4 ) (2.12)

- 1-2t/(md")
Taking 0 < § < 1 and setting

(Tiny Xrgs -+ X)) € [0,8] x K™+

Xoe K=m >0,

VO<n<m-—2, ipy1 <tand X, X, ., € K= Ty42— T >0, ’
VO<n<m, <t X;, €K, d(X;, -, X;)>ecr=Tpnt1—Tn >0

by (2:9), @10), [@-I1) and (2:12) we obtain that

200 (22,t+2,U,¢
inf P(Bps)>1— o5+ )
PcP ’ 1 —2t/(md")

—2(m — 1)« (%,t+2,U,(5> —ma (g2, t +2,U,0).

By,s =

— a(&g,t + 2, U, (5)

32



Hence

sup inf P(B — 1.
me%PeP (Brm.s) 50

Recalling that €1 < 4eq, a straightforward computation gives

Bm’é C {WQ,K,X((S) < 80} .
We conclude that

inf P(w, ) — 1.
Pl,felp (wt,K,X( ) < €o) Py

3 Time change and Skorokhod topologies

3.1 Definition and properties of time change

First we give the definition of the time change mapping (see also §6.1 pp. 306-311 from
[EKS86], §V.26 pp. 175-177 from [RW0Q]).

Definition 3.1 (Time Change). Let us introduce
C7%(S,Ry):={g:S =R, | {g =0} is closed and g is continuous on {g # 0}},
and for g € C79(S,R,), * € Dexp(S) and ¢ € [0, 0o] we denote

du {970}
7 (x):=inf{s > 0] AY(x) > t}, where Af(x):= { Jo gy LEE 0,7 (@)
00

otherwise.
(3.1)
For g € C7°(S,Ry), we define a time change mapping, which is F-measurable,
G- X1 Dexp(S) — Dexp(S)
x = g-,
as follows: for ¢t € Ry
X.g_ ift>A% , X o exists and belongs to {g = 0}
- X))y = oo T T’ T ’ 2
g+ X)s { X otherwise. (3:2)

For g € C70(S,Ry) and P € P(Deyp(S)), we also define g - P the pushforward of P by
T g,

The fact that this mapping is measurable will be proved in the next section.

Remark 3.2. Let us stress that, by using Corollary 7/ is a stopping time. In partic-
ular, the following stopping time will play a crucial role:

79 =770 = e Ainf {t > 0 | g(Xi-) A g(Xy) = 0} . (3.3)
The time of explosion of g - X is given by

£t x) = {

oo if 78 < € or X¢_ exists and belongs to {g = 0},
Ag otherwise.
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Roughly speaking, g - X is given by (g - X); := X9 where ¢ — 7/ is the solution of
77 = g(X,s), on the time interval [0, 7).
t

Proposition 3.3.
1. For U C S an open subset, by identifying
CURy) ={g€ C7%(S,Ry)|{g # 0} C U and g is continuous on U},
the time change mapping

C(U,Ry) X Degp(S) = Degy(5)
(g, ) =g,

is measurable between B(C(U,Ry)) ® F and F.
2. If g1,92 € C7°(S,Ry) and = € Degp(S), then g1 - (g2 - ) = (g192) - .
3. If g is bounded and belongs to C7°(S,R,), and x € D(S), then g-x € D(S).
4. Define
67'&0(5, Ry) := {g e C70(S,Ry) |VK C S compact, g(K) is bounded}.
If g € C*9(S,R,) and z € Dye(S), then g -z € Dype(S).
Proof. The first point is straightforward by using Proposition while the second point

is a direct consequence of the time change definition and, in particular, of the first part of
(3.2). The third point can be easily deduced because,

&(g x)>/oo ds >/00d$_oo
“Joogzs) — Jo o llgll
To prove the fourth point we suppose that {(g-x) < 0o and {g - Ts}s<g(gr) € S Then,
{Ts}sce(@) = 19 Tstoce(ga) 505

ds > {(z) )
(xs) HQH{ms}s<§(m>

&(x)
o0 >§(g- ) = /
0 9
Hence £(7) < 0o and 80, g - T¢(g.0)— = Tg(q)— €Xists. O

Remark 3.4. It can be proved that if g € C#7°(S,R;) and (P,)acs is a strong Markov
family, then (g - Pg)qcs is a Markov family. Furthermore, if (Pg)ses is a Fip-strong
Markov family, then (g - Py)aes is a Fiq-strong Markov family. We will not use these
properties here hence we skip the proofs of these statements. O

Another interesting fact is the following:
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Theorem 3.5 (Continuity of the time change). For couples (g, z) € C7°(S,R) x Dye(S)
consider the following two conditions:

(o) <o) implies [ 3.4
T5.(x) < &(x) tmplies / = 00, .
0 g($s>
and
Ay (@) (z) <00, Trg (g)— exists in S and g(x,g (y)—) =0 imply T g (o) =T (y)- (3.5)

Introduce the set

Bic = {(g,) € C70(S,Ry) X Dyoe(S) | conditions (3:4) and (B hold }. (3.6)

Then the time change

C#O(S,Ry) X Dipe(S) —  Dyoe(S)

is continuous on Bi. when we endow respectively 6750(5, R.) with the topology of uniform
convergence on compact sets and Dy,.(S) with the local Skorokhod topology. In particular

C(S,R%) x Dpe(S)  — Dyoe(S)
(9,2) = gz

1s continuous for the topologies of uniform convergence on compact sets and local Skorokhod
topology. Here and elsewhere we denote by R* =R\ {0} the set of positive real numbers.

Remark 3.6. 1) It is not difficult to prove that By, is the continuity set.

2) If (g,2) € By and h € C#9(S,Ry) is such that {h = 0} = {g = 0} and h < Cyg for a
constant C' € Ry, then (h,x) € By,.

3) More generally, let By be the set of (g,z) € C#9(S,Ry) x Dioe(S) such that

75(x) <00 =Vt >0, Ty (o)1t = Trg ()

T19 (g)— exists in S and g(2.9 1)) = 0= T (5)— = Tr9 ()

&)

Then
{(9:9-2) | (9,2) € CP(S,Ry) x Dioe(S) } € By © By (3.7)

O

To simplify the proof of the theorem we use a technical result containing a construction
of a sequence of bi-Lipschitz bijections (A\¥)y useful when proving the convergence. Before
stating this result let us note that, for any (g, z) € C7°(S, Ry ) x Dyye(S) and any ¢ < 7% (z)

such that {zs}s<: € {g # 0}, by using (3.1)), A(x) < oco.

Lemma 3.7. Take a metric d of S. Let z, 2% € Dype(S) and g, gr € C*O(S,Ry) be such
that (gy, x*) converges to (g,x), as k — co. Lett < 7% (x) be such that {x,}s<; € {g # 0}.
Then,
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i) there exists a sequence (\F) € AN such that, for k large enough )\Z?(I) < &(gp - )

and
Hog ¥ =0, sup dlg-zge-ah) =0, ok b graap, ash oo
v<Af (2) ! A7 @) '
i) Moreover, if 7% (x) < &(z) and f(;'g"(x)Jr % = 00, (A\¥), may be chosen such that

for any v > 0 and k large enough )\Zf(z)—i-v < &(gr - 2%) and

lim sup sup d (gkz : l‘ik ) {fﬂs}tsSsr&(a:)) =0
k—oo  AY(z)<w<AY(z)+v v

We postpone the proof of the lemma, and we give the proof of the continuity of time
change:

Proof of Theorem [3.5 We remark first that
BtC = B1 U By U B3 U By,
with
Byi= {9, (@) =00 or {#:}ycrn ) & S} :

4(2) = §(2) < 00 and {2, }cr ) € {9 # 0} },

78 (z) T ds
By = 478(7) <&(2), @78 (2)- = Trg(2)r Ay () (%) <00 and / e
0

+

75 (2)
By = {Tc?o(rr) <&(2), 9(wrg (2)-) # 0 and /0 gfﬂ; B Oo}'

Let z,2% € Dyc(S) and g,g; € 67’50(5, R,) be such that (g, ") converge to (g,z) and
(9,2) € B. We need to prove that

Dioe (S
kD (S)

—00

gk g-x, (3.8)

and we will decompose the proof with respect to values of i such that (g, x) € B;.

e If (9,z) € By, we use the first part of Lemma 3.7 for all ¢ < 7% (z). We obtain that
Af(z) < &(g- ). Since A(z) tends to £(g- ), when t tends to 7% (x), by a diagonal
extraction procedure we deduce (3.8)).

e If (9,z) € Bs, it suffices to apply the first part of Lemma to t := {(z) and
Al (z) = &(g - ).

o If (g9,7) € B3, let t < 7%, (x) be. Then, by the third part of Lemma there exists
A¥ € A such that, for any v > 0, for k large enough, /\Zg(x)ﬂ < &(gr - 2¥) and

|log N¥|| — 0, limsup sup  d(g- Zw,gs - a:lf\k) <2d (l’Tgo(x), {$s}t<s<,rgo($)> .
k—o0 k—o00 w§A§($)+U w ——

Since x is continuous at 7% (z), we conclude by a diagonal extraction procedure, by
letting ¢ tends to 7% (z) and v — oco.
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o If (g,2) € By, let t = 7% (x) be. By the second part of Lemma there exists

A¥ € A such that, for any v > 0, for k large enough A’Zg(x)+v < &(gy - %), and

|| log \¥|| — 0, sup  d(g - T, gk - whi ) — 0.
k=00 < A9 (2) 4o v koo

We conclude by a diagonal extraction procedure and letting v — co.
O

Proof of Lemmal[3.7. Let A € A be as in Theorem and to simplify notations define,
for s >0

Ts := 1I(2), A = Ad(x),
ok o= 1 (ab), AE = A (o)
and u := A;. Since 7, =t < &(x) and {zs}s<; € S we have, for k large enough Xf < €(xP),
~k
and [[log A |l — 0, sup,; d(xs,xl;’ik) — 0 and l‘»];:k — x4, as k — 00. Since {zs}s<t €
s t

{g # 0}, we deduce that for k large enough {xlg}KXk € {gi # 0}. Define then \* € A by
t

)\{le it v > w.

Since Xf < 7k we have
k k k
Au < AL < &gk - 2"),

now we obtain

supd(g - Ty, gk - xl)c\,g) = sup d(xTv,xlj\«k ) = sup d(xs,xi«k) . 0,

v<u v<u s<t —00
k k
B XN =28, — o =g-T
Gt ENg TRy, T
~k -k
ATvg(xTv) Asg(xs)

| log N¥|| = esssup, <, |1og = esssup,<,, |log -
gk(xi’;) k—o0

9 (5, )

For the second part of the proposition we keep the same construction as previously. For

any v > 0 we have that
/t ds S Ak
> T
Ak gk (zF) >

k
Tk
Au+v

:inf{tz/\fj

Using Fatou’s lemma

- -k

)™ ds oot X ds oot s
liminf/ == liminf/ Sik 2/ =00
k—oo [k 9k (%) k—oo Jy gk(%gg) t
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so, limsup;_, T)’fk — )xﬁoo < 0. Moreover, for k large enough, Tfk > 7k e = )\ s
u+v u+v
Ay < &(gr - 2¥) and

limsup sup d <gk -x/\k7{xs}t<5<7'oo) =0.

k—oo ulw<lu+v

3.2 Connection between local and global Skorokhod topologies

Generally to take into account the explosion, one considers processes in ID(SA), the set
of cadlag processes described in Definition associated to the space S2, and endowed
with the global Skorokhod topology (see Definition . More precisely, the set of cadlag
paths with values in S? is given by

D(S4) = {x e (S8)R+

Vt >0, x4 = limg s x5, and
Vit >0, 24— := limgy x5 exists in SA

A sequence (zF); in D(S?) converges to a for the global Skorokhod topology if and only
if there exists a sequence (\F);, of increasing homeomorphisms on R, such that

Vt >0, lim sup d(ms,a:]f\k) =0 and lim |[A¥ —id|, = 0.
k k—o0

—00 <t

In this section we give the connection between ID(S?) with the global Skorokhod topol-
ogy and Dy, (S) with the local Skorokhod topology.
We first identify these two measurable subspaces
Dioc(S) ND( SA {J; € Dioe(5) ‘ 0 < {(x) < 00 = T¢(y)— exist in SA}
:{JJE]D)SA) ‘VtZTS, zp=A}.
We can summarise our trajectories spaces by

D(S) C Dipe(S) ND(SA)  C Dioe(S) C Dexp(S).
N
D(S?)

Hence Dy,.(S) N D(S?) will be endowed with two topologies, the local topology from
Dioe(S) and the global topology from D(S2).

Remark 3.8. 1) On Dj,.(S) ND(S?) the trace topology from Dy, (S) is weaker than the
trace topology from D(S?). Eventually, these two topologies coincide on D(S). Indeed,
this is clear using a metric d on S and the characterisations of topologies given in Re-

mark The result in Corollary below is a converse sentence of the present remark.
2) If € Dipe(S) ND(SA) then g - x is well-defined in ]DDlOC(S) ND(S2) for

g€ Cy(S,RY) C {g € C7OUS, Ry [ g(A) =0}
We deduce from Theorem [3.5] and the third point of Remark [3.6] - 6] that the mapping
Cp(S,R%) X Dipe(S) ND(SA) = Dyoe(S) ND(SA)
(9, %) — g-x
is continuous between the topology of the uniform convergence and the global Skorokhod
topology. O
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The following result is stated in a very general form because it will be useful when
studying, for instance, the martingale problems.

Proposition 3.9 (Connection between Dy, (S) and D(S2)). Let E be an arbitrary locally
compact Hausdorff space with countable base and consider

P: E — PDy(S))
a P,

a weakly continuous mapping for the local Skorokhod topology. Then for any open subset
U of S, there exists g € C(S,Ry) such that {g # 0} =U, foralla € E

g-Pu(0 <& <o00= X emists inU) =1,
and the application

g-P: E — PH0<E{<o00= X emists in U})
a qg-P,

is weakly continuous for the global Skorokhod topology from D(S%).

Before giving the proof of Proposition [3.9] we point out a direct application: we take
E :=NU{oc}, U = S and a sequence of Dirac probability measures Py = §,x, Po = ;.
Then we deduce from Proposition [3.9] the following:

Corollary 3.10 (Another description of Dy,.(S)). Let x,x', 2%, ... € Dyo(S). Then the
sequence ¥ converges to x in Dy,e(S), as k — oo, if and only if there exists g € C(S, R%)
such that g-x,g-x',g-2%,... € D(S?), and g-xz* converges to g-x in D(S?), as k — oc.

We proceed with the proof of Proposition [3.9) and, firstly we state a important result
which will be our main tool:

Lemma 3.11. Let D be a compact subset of Dyye(S) and U be an open subset of S. There
exists g € C(S,Ry) such that:

i) {g#0}=U,

ii) for all x € D, (g,x) is in the set By given by (3.6]) in Theorem and

g-x6{0<§<oo:>X§_ exists inU}.

iii) the trace topologies of Djpe(S) and D(SA) coincide on {g-z|x € D}.

Furthermore, if g € C(S,Ry) satisfies i)-iii) and if h € C(S,Ry) is such that {h # 0} =U
and h < Cg with a non-negative constant C, then h also satisfies i)-iii).

Proof of Proposition@. Let (K,,)nen+ be an increasing sequence of compact subset of F
such that E = J,, Kn, then {Pq} 5 is tight, for all n € N*. So, there exist subsets
D,, C Dy(S) which are compacts for the topology of Dy..(S), and such that

sup Py (D) <
ael?n

S|
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For any n € N*, consider g, satisfying i)-iii) of Lemma associated to the compact set
D,,. It is no difficult to see that there exists g € C(S,Ry) such that {g # 0} = U and for
all n € N*, g < C),g, for non-negative constants C,,. Hence, g satisfies i)-iii) for all D,,,
n € N*. Hence, for all a € F

g-Py(0 < <00= X¢_ exists in U) ZPa< U Dn> —1.
neN*
Let ap,a € E such that ay, k—> a. For n large enough {ay}r C K,. Then, if F is a subset
— 00

of {0 < &€ < 0o = X,_ exists in U} which is closed for the topology of D(S%),

limsupg - Pg, (F) — g - Po(F)

k—o0

1
<limsupP, (X € D,, g- X € F) = P,(X € D,, g-XGF)—I—E.

k—00

But thanks to iii) in Lemma {X €D, g-X € F} is a subset of Dj,(S) which is
closed for the topology of Dj,.(S). Hence, by using the Portmanteau theorem (see for
instance Theorem 2.1 from [Bil99], p. 16)

limsupPg,, (X € Dy, g- X € F) <P, (X €Dy, g-X€F)

k—o00
and so, letting n — oo,

limsup g - Pak(F) < g-Pu(F).

k—o0

By using the Portmanteau theorem, the proof of the proposition is complete, except for
the proof of Lemma |3.11 O

Proof of Lemmal[3.11. Let d be a metric on S® and denote
Kyn:={aes| d(a, SM\U) > 27"},
By using Theorem there exists a sequence (1,,), € (0,1)N decreasing to 0 such that

sup wén,B(A,z—n—2)c7x(nn) <2772, (3.9)
zeD

Moreover, there exists g € C(S*,[0,1]) such that {g # 0} = U and gxe < 27"y, For
instance, we can define

g(a) :=sup ((2*"%) A d(a, SA\Kn)), acSh.
n>0

Let x € D be. We consider the following two situations:
o If 7{(x) < oo and {ws}, ;9 (,) is not a compact of U, take m € N such that

2m > 74, (x), denote

t::min{sz()

Ts ¢ Km+1} < Tgo(l‘)

40



and let n > m be such that z; € K,12\K,+1. Using (3.9) there exist ¢1,t2 € Ry
such that t; <t <ty < 1% (x), t2 —t1 > 1, and x5 & K, for all s € [t1,t2). So,

2 g
A9, (2)> / > 9m,
TOO (1‘) ( ) t1 g(xs)

hence, letting m goes to infinity,

Aiogo(x)(x) = 0.

o If 7d(x) < &(x) and g(w,g (,)—) # O, then g(z,g () = 0. Let m € N be such that
2™ > 18(x) and {xs}s<,9 ) C B(A, 2-m=2)¢. Using (3.9), there exist t1,t2 € Ry
such that t; < 75,(7) < to < £(x), ta — t1 > Ny and x5 & K for all s € [t1,t2). So

8o (@) +nm g titnm  Jg
[
0 g(xs) t1 g(xs)

hence letting m tend to infinity

/Tgo(m)—i- ds
= o0
0 g(l's)

Hence, we obtain that (g,z) € B, and g- 2 € {0 < § < 00 = X¢_ exists in U} and ii) is
verified.

We proceed by proving iii). Thanks to Remark to get the equivalence of the
topologies it is enough to prove that if 2*,z € D are such that ¢ - z¥ — ¢ -z for the
topology from Dy, (S) and £(g - x) < oo, then the convergence also holds for the topology
from D(S2). Let A* € A be such that

sup d(g-xs,g- :E/\k) — 0, || log ).\k||§(g.$) — 0, ask— oc.
s<¢(g-x)

We may suppose that )\’S“ =0, for s > &(g - x). Denote ty, := /\’g( ) and choose m € N be

gx
such that {g-2s}sce(ga) € Km and {(g-x) < 2™. Then, for k large enough {g- Yy, €

K, g- :Efk ¢ Kime1 and t, < 2™,
o Eitherg~xfk€Uandsog azk—g :c for all s > &(g - x).

e Org- :Ef € U and let n > m be such that g - xf = T7 (ak) € Kpio\Kpy1. Using

(B.9), d(xs,2f) <27"7% and so x; € U\K, for all s € [Tt (z%), 7 (x ) +n,]. Hence,
A? 7 (@) b >t + 2", s0d(g-xs,9- xtk) <272 for all s € [tg, t + 2"].
Hence we obtain that, for k large enough,

sup  d(g-ws,g-ahy) < sup d(g-ws,g-ahy) +27"77
s<e(gm)+2m T s<e(ga)
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so letting m goes to the infinity we obtain that ¢ - ¥ converge to ¢ - z for the global

Skorokhod topology from D(S4). Hence, the proof of iii) is done.

Finally, to prove the last part of the lemma let g € C(S,R,) be such that i)-iii) are
satisfied and let h € C(S,R4) be such that {h # 0} = U and h < C'g with a non-negative
constant C. Thanks to Remark (h,x) belongs to the set By, given by , it is also
clear that h -2 € {0 < § < 00 = X¢_ exists in U}. We have that % € Cy(U,R%), so using

(3.7) for S and S?, the bijection

{9-x|lxe D} — {h-z|xeD}
T > ba

is continuous for the topology of Diy.(S), but also of D(S*). But since {g- x|z € D}
is compact, this application is bi-continuous, and we obtain the result. Now the proof of
lemma is complete. ]

4 Proofs of main results on local Skorokhod metrics

In this section we will prove Theorem and Theorem by following the strategy
developed in §12, pp. 121-137 from [Bil99]. To construct metrics on Dy (.S), we will
consider a metric d on S. To begin with, we define two families of pseudo-metrics:

Lemma 4.1 (Skorokhod metrics). For 0 < t < oo and K C S a compact subset, the
following two expressions on Degy,(S):

pri(zt,2®) == inf  supd(zl,z3) VA —id|
ti<€(z') s<t1 ; .
AEA Ay =t2 V lg%%)é} <d(xti, KN (t — ti)+]lti<§(:0i))7
pri(zt,2?) = inf  supd(al,23) V| log Al VA —id]ls,
ti<g(at)  s<ty
AEA N, =to

v max (d(x;, KA (t— ti)+11ti<g(xi)).

define two pseudo-metrics.

Proof. Let us perform the proof for p; i, the proof being similar for p; . The non-trivial
part is the triangle inequality. Let z!,2% 23 € Dexp(S) and € > 0 be then there are

1 < E(ah), to, T < £(22), B3 < £(23) and ! € A, A2 € A such that
pr(at,a®) +e> sup d(ay, 230) V [[log AMley V1A' = id]le,
s<t1 ) .
V max <d(x§i, Ke) A (t — ti)+11ti<§(x,-)),

ie{1,2}

pri (%, 2%) + & > sup d(a?, 23,) V || log Az, v | \* = id]l;,
s<to
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V e (dlaf KON (= Bty g

~

Define 5 := to /\tAg, 1= ()\1)?_1 t3 := )\?2 and X := \2o \. Then
2 2
sup d(z}, 3 ) <sup d(l‘s,l')\l) + sup d(z?, xiz)
s<ty s<t1 s<ty
[log Ally, < [llog Alley + [[log A[lg,, (1A —id]l;, < 1A' —id]ls, + [[A* = id]l;,.-
Moreover, for instance, if #; # t1, then #; < t; < &(xy), to =1y <ty < &(x9) and

d(w} KA (t—T1)4 < d(ag a2 ) VB — T +d(al KO A (t—T2)4

1) Tt
< supd(ed,ady) v IN = idlly + d(ad, K A (0= )
s<t1
Hence
P (@h,2®) < prc(at, a?) + P (22, 2°) + 2e,
so letting € — 0, we obtain the triangular inequality. O

We prove that these pseudo-metrics are in somehow equivalent:

Lemma 4.2. Take z,y € Dj.(S), t > 0 and a compact subset K C S, if prr(z,y) < %

then
ﬁt,K($7y) <6- \/ Pt,K(fL‘»y) VWQ,KJ ( Pt,K(%y)) .

Proof. Let € > 0 be arbitrary. There exist g € A and T > 0 such that T < &(x), pr < &(y)
and

Sugd(ms, Yus) Ve —1dlr < prx(z,y) + ¢,
s<

d(xr, K)YN(t = T) 1 Ircea)y < pri(w,y) + &,
A(Ypgs K) N (= pr)+ 1 <o) < pri(@,y) + &

Let § > 2p; i (z,y) + 2¢ be arbitrary, there exist 0 =ty < --- < tx < &(z) such that

sup d(val?xSZ) < wé,K,x(d) +e,
0<i<N
t;<s1,52<tit1
d < tiy1 —t; <26 and (tny,zey) € [0,t] X K. Set ng := max{0 <i< N | t; <T} and
T :=ty,. Define A € A by

Vi < ny, )\ti = Mty
Vi < mng, Ais affine on [t;, ti+1],
Vs>T, Ms=1.

Then
[A—id]| = Osup e, — till < llp —id|l7 < pe.x(w,9) + .

<i<ng
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For 0 < i < ng we have

Pty — Mt; — tiy1 + 15 < 2||pe —id|| 7 < 2p¢,x(x,y) + 2¢

<1,
tiv1 — - 0 - )
so, by the classical estimate:
|log(1+7)| < I for |r| < 1.
1—|r|
we deduce 5 5
. —ry , 5
H 10g )\H — Sup 10g /‘I’t'H»l /"Ltz < Pt,K(fE y) + .
0<i<no tiy1 —ti 6 —2ptk(z,y) — 2¢

Since for s < Az, A;! and ;! lies in the same interval [t;, t;41). Therefore,

sup d(zy-1,ys) < sup (d(arus—l,ys) + d(ar,ls—l,%;l)) < pri(w,y) + wi g 5 (0) + 2.
S<)\T S<)\j;

For the two last terms in p; gk we may consider only the case were T #T. If ng = N:
d(zz, K°) A (t — T)4 = 0, otherwise:
d(az, KA (t = T)y < dar, KO A (t = T)g +d(zz,27) V(T = T)
< pri (2, y) + Wi g 1 (6) V (20) 4 2e.
By using Az = puz, we also have
A(yn, KON (¢ = Ap)y < d(wg, KON (¢ = T) g + d(wg, yu) VT — pzl
< 2p1 (2, y) + wi g . (8) V (20) + 3e.
Letting € — 0 we obtain that for all 6 > 2p; g (x,y),

th,K(xv y)

8 —2pt i (2, y)
1

<3

Pri (x,y) < (2005 (2, ) + Wi g () V (20)) V
Finally, by taking § := /ps,k (x,y) we have for p; g (x,y)
2p,k (2,Y)

~ / )
prx(r,y) < (2Pt,K($7y) +wp g (0) V (25)> \ 5 — 2 (m:y)

< (2ot n) + o (yfoenla ) v @2 oesc(e.) ) v 6y et n)

<64/ prr(Ty) vVt .y ook (@,y)). O

At this level it can be pointed out that we obtain the definition of the local Skorokhod
topology. Indeed, by using Proposition Lemma and the fact that p; x < p K, the
two families of pseudo-metrics (p¢ i )¢,k and (pt, i )¢, i define the same topology on Dy (.5),
the local Skorokhod topology.

If (Kp)nen is an exhaustive sequence of compact sets of S, then the mapping

Dioe(S)* — Ry
(.%'7 y) = ZHEN 2inpn7Kn (.T, y) /\ 1
is a metric for the local Skorokhod topology. By using a diagonal extraction procedure, it

is not difficult to prove that a sequence (z*), converges to x for this topology if and only
if there exists a sequence (A\¥); in A such that

(4.1)
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e cither {(z) < 0o and {zs}<¢() € S: for k large enough )\’g(x) < &(2%) and

sup d(ms,xik) — 0, a:’;k — A, || log /'\k||£(x) — 0, as k— oo,

s<&(z) &(x)

o or {(z) = 00 or {Zs}sce(z) € St forall t < {(z), for k large enough Af < ¢(2F) and

sup d(acs,:v’;k) — 0, |log A¥||; — 0, as k — oc.
s<t s

The local Skorokhod topology can be described by a similar characterisation with \¥ € A
replaced by A¥ € A and respectively, || log \¥|| replaced by ||A—id||. The fact that the local
Skorokhod topology does not depend on the distance d is a consequence of the following
lemma, which states essentially that two metrics on a compact set are uniformly equivalent:

Lemma 4.3. Let T be a set and x, 2% € ST be such that {x}ser € S, then

supd(:rt,:r,'f) — 0, ask— oo,
teT

if and only if
YU C S? open subset containing {(y, Y)tyes, ko Vk > ko, VEeT, (xy, xf) eU.

So the topology of the uniform convergence on {(E c ST ’ {ziher € S} depends only of
the topology of S.

Proof. Suppose that sup,cp d(zy, 2f) — 0 as k — oo and take an open subset U C S?
containing {(y,y)}yes. By compactness there exists € > 0 such that

{(gr.12) € 8% |yr € {wde, dlyr, ) <e} U,

so, for k large enough and for all ¢, (x4, :ﬁ,’f) € U. To get the converse property it suffices
to consider, for each ¢ > 0, the open set U, := {(y1,y2) € S*|d(y1,y2) < €} which clearly

contains {(y,y)}yes- O
In the next lemma we discuss the completeness :

Lemma 4.4. Suppose that (S,d) is complete. Then any sequence (%) € (Dpe(S))N
satisfying
VYt >0, VK C S compact, ﬁt,K(a:kl,xkz) — 0,
kl,k2—>00

admits a limit for the local Skorokhod topology.

The proof of this lemma follows from the same reasoning as the proof of the trian-
gular inequality, the proof of Theorem 12.2 pp. 128-129 from [Bil99] and the proof of
Theorem 5.6 pp. 121-122 from [EKS86].
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Proof. It suffices to prove that (z¥); have a converging subsequence. By taking, possibly,
a subsequence we can suppose that

vVt >0, VK C S compact, Zﬁt7K(xk,mk+l) < 0. (4.2)
k>0

We split our proof in five steps.
Step 1: we construct a sequence (A\¥), C A. Let u* € A and 3 > 0 be such that for all
t >0 and K C S compact, we have for k large enough

e < E@h),  pE <M,

sup d(§, a7 ) V [log @Iz, v [I6* —idlfg, < 260k (a®, 2",
s<tg

(Al K A (=B 1, g ) < 20 (5,254, (4.3)
T ) e Gt
For all k > 0 define
o= @) oo (W) T (Erga), (4.4)

i>0
so, t, < tj, and ,ufk <tpy1. For k0 >0

k+i—1

d . orie
g L (11 0.0 5 (5)y, < Z | log [z,
‘ k—l—z—
I oo b —idlly, < Y Iuf —id]l,
l=k
and for j > 1
I oo — T oo Py < T o0 pt T —id
k+j—1
Y4 .
< > et —idlg,.
t=k+i

Using (4.2)) and (4.3) we obtain
Dol —idly, <o, Y log i, < oe,
>0 >0

so, the restriction to [0,;] of continuous functions p***~!o ... o u* converges uniformly

to a continuous function. Set

)\i? = limy_oo 1o 0 pk(s), if s <ty,
Ne=1, if s > ty.
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Clearly for s < t, \¥ = A+l o 1% (s). We have

A = idl) <sup [+ o0k — i, < 3 I — i, < . (4.5)
>0 =
ik b AN d i k
[log A" = sup |log < sup || log — (u* o0 pf(s))]ly,
0<s1<82<t}, 89 — 51 i>0 ds
<Y logll, < o (46)
>k

so, \F ¢ A.

Step 2: we construct a path x € Dy (S). For all k > 0: )\fk = )\ﬁjl < )\f:ll and moreover
tr

for all 0 < k1 < ko

ko—1
kz _ ko €+1
sup d( vy T ka1 ) iy d( Tsh & e, 'Ouk1(5)> < ) supd(al,z,h).
<>‘tk1 k1 =k 5<te
By using (4.2) and (4.3) we get >, sup,_7, d(xt, xfj{l) < 0o. By using the completeness
of (S,d), we deduce that, for each m € N, the sequence :U’(“

\ky—1 converges uniformly on
[0, A" ). We can define x € Dey,(S) by setting:

&(z) := lim )\t and Vs < £(x), x4 := lim zF

k—oo k—o0 ()‘k)sl
We see that, for all £ > 0

sup d(z” T (k)= 1,xs) = sup d( ¥ .’E)\k Zsupd (xg, Z'H). (4.7)
S s<tp o>k 5<te

Step 3: we prove that the infimum in (4.4) is a minimum. Suppose that there exists
ko > 0 such that

Vi 0,y < (1) om0 () T )

and we will show that one get a contradiction. Firstly, note that for all k > kg we
necessarily have ,ufk = tp41 and £ <t so, )\fk is constant equal to £(z) and furthermore

k k+1 k+1
d(xtk’xtk—:1) < sup d(z* = #+ )
S<tk

. k .k+1 k
Since »_j~qsup,_7, (x5, Y ) < 00, T,

arbitrary such that K := B(a, 3e) C S is compact. Let k1 > ko be such that

k ~ ko k €
d(xtkll a) <g, Z pg(z)+4s,K(‘T y L +1) < 5
k>k1

converges to an element a € S. Let € > 0 be

and such that (4.3) holds for all &k > k; with ¢t = £(x) 4 4e. Set

ser= N\ (W) oo (TN T (E, ).
0<i<t
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It is clear that sy, > t;, and s, is a decreasing sequence converging to tj, so, the set
{€ >0 sp < sg_1} is infinite. Let £ > 0 be such that sy < sy and sy — t, < &, then

se= (W) oo (TN TR ).

Therefore,
teype = pFH oo P (sy) < pF T oo pbi(ty, 4 €) (4.8)
k1+4—1 ‘ k1+4—1 .
< >0 e —idlly e e < D gt —idlly + N —id]y, +E(x) +e
i=ky i=ky
<e@+e+2 Y I —idly < E@) +e+ 4 Py (a2t < €(x) + 3e.

>k i>k1

Furthermore ty, ¢ < ,ufl*g ' < ¢(ahth) and
k1+£—1

ki = ~ ky+l kit
d(z tlté KON (E(@) +4e = e 10)+ 15, | cemre) S 20¢(@) e,k (2 T Rty <)

so, by (I3,

d( k1+€ KC)
tk1+€ &
and
k1+6—1
k1 c < k1 k1+€ k:1+€ c 3 H—l
d(@s,, K°) S dlwgy, 2" ) +dlag ™ K°) < zk: Sz?d(xs ) +e < 2.
i=k1 i

Hence we have d(a,z%!) > ¢ and d(a, xt ) < e. Letting ¢ — oo we get a contradiction.

Step 4: fitt >0 and K C S a compact set. we prove that limy_,oo pt,K(x ,x) = 0. Taking

k large enough ({4.3] @ holds and by using (4.5 @ and E,

041 041
SSildeS,fE)\k Zsupda:s, T <22p”< o),

0>k s<te >k
INF—id] < >t —idllg, <23 pux(af 2,
0>k >k
Hog A¥|| <> " [llog ji‘lly, <2 prc(af, 2.
>k >k

Moreover by the previous step we know that the infimum in (4.4 is a minimum and so,
in the present step, we set

m::min{KZk: ‘ (F)y oo (uf )" (tg)—tk} €N,

M = sup{ez k ‘ () oo (WL (E) _tk} e NU {o0}.
Then

m—1

d(ay,, KA (t—th) 1 Dy cg(ory < Z SU%IVD d(a, Hl) V|t —id|g,
1=k s<t¢

+ (@ KO) A (t— Tn)4 1

<2) px(af 2t
1>k

tm <&(x™)
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It is clear that A} = &(z) if and only if M = oo. If M < oo
d(zye KON =N+ =d(mm KON (= A4
e tM

< ML K A = )+ S supa(el, 2 vt — idly,
tM o> M 5<te ° 4

<23 et at). (1.9)
>k

We have proved that

<2 — 0.
pr.i (2", x) < €E>k pri(x,z") ;

Step 5: we prove that x € Djy.(x). Suppose that {(x) < oo and that {xs},c¢z) € S. Let
e > 0 be such that K := {y € S | d(y, {@s}s<¢(x)) < €} is compact and set t = {(x) +&.
By using (4.9) we have, for k large enough,

d(zys , KAt~ Afk)ﬂlekqu) <2 pk(af 2 <e
>k

Then &(z) = Af, and we deduce that

k ~ 0 f+1
sup d(z/yi-1.,%s) <2 pri(x, ) — 0
S ( (AF)—1s 5) ; k00

and that the limit z¢(,)_ exists in S. Therefore, z € Dioc(S) and z* converges to « for the
local Skorokhod topology. O

To prove the separability and the criterion of compactness we will use the following
technical result:

Lemma 4.5. Let RC S, §d >0 and N € N be. Define

ERs.N = {x € Dy,e(S) ’f(ﬂ?) < N§, Vk € N x is a constant in RU{A}
on k6, (k+1)6)}.

Then for any x € Dj,.(S)

pno (2, EpsN) < ( sup d(a, R) + wﬁva,K,x@) Vé.
aeK

Proof. For arbitrary € > 0 , there exist 0 = tg < -+ < tpr < &(x) such that

/
sup  d(@s;, Tsy) < Wy g 2(0) + 6,
0<i<M
t;<s1,s2<tit+1

such that for all 0 < i < M, ti11 > t; + 6 and (tpr,2e,,) € [0, N6] x K. Denote t* :=

min{s > 0‘3 > N6 or d(zs, K¢) = 0} < tpr and define M := min{0 < i < M | t; > t*}.
Define tNM = (%] 0 where [r] denotes the smallest integer larger or equal than the real
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number r. Moreover, for 0 < ¢ < M define 1; := L%J d where we recall that |r] denotes

the integer part of the real number r, so 0 = to<...< ;1\7' Finally, we define € Eps N
by

£(x) = %VJ\ZL

VO <i<M: wechoose Z7 in R such that d(zy,,7) < d(2,, R) + ¢,

VO <i< M,V <s<tir: Ty =T,

and A € A given by

V0 <i< M : Aines = b,
VO <i< M: \isaffine on [t;, t;+1 At*],
Vs>t*: Ag=1.

We can write

PN (2, ErsN) < prs (2, Z) < sup d(xs, Ty,) V [|A —id||

s<t*
< <sup d(a, R) + wi g . (6) + 2&7) Vo,
acK
so, letting € — 0 we obtain the result. O

The separability is an easy consequence:
Lemma 4.6. The local Skorokhod topology on Dy,.(S) is separable.

Proof. Let R be a countable dense part of S and introduce the countable set
E = U Ep 1N
n,NeNt

Consider z € Dyo.(5), t > 0, K C S a compact set and let £ > 0 be. We choose n € N*
such that n™! <e and w),; ;. (') <& and set N := [nt]. We can write

1 1
pt,K(xagRl N) < PN K(x7€Rl N) < <Sup d(aaR) +wlﬁ K.Z’(>> V=
‘n? n’ ‘n? aEK n T 1 n

1

< WZH,K@(E) V-<e

S|

We deduce that E is dense, hence Dy, (S) is separable. O
We have now all the ingredients to prove the characterisation of the compactness:

Proof of Theorem[2.8 First, notice that, similarly as in the proof of Lemma the
condition is equivalent to: for all ¢ > 0, all compact subset K C S and all open
subset U C S? containing the diagonal {(y,y)|y € S}, there exists § > 0 such that for all
x € D there exist 0 =ty < -+ < ty < {(x) such that

V0§i<N, 81,82 € [ti,tprl), (xsl,xSQ) EU,

forall 0 < i < N, tix1 —t; > 9, and (tn,zey) € [0,t] x K. Hence, the condition (2.5)
is independent to d, and we can suppose that (S, d) is complete. Suppose that D satisfy
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condition ({2.5)), then, by using Lemma we need to prove that for allt >0, K C S a
compact set and ¢ > 0 arbitrary, D can be recovered by a finite number of p; x-balls of
radius . Let 0 < < é be such that

6NV supw g, (Vi) < e,
zeD

and let 6 <7 be such that

N3

sup w£+1,K7:v (5) <
xzeD

Since K is compact we can choose a finite set R C S such that

3

sup d(a, R) < 7,
aeK 2

take N := [t6~']. Then by using Lemma

sup pt, i (%, Er6,N) < SUp pno K (2, ERaN) < (SUP d(a, R) + sup Wf\ns,K,x(‘S)) Vo<
xeD xzeD acK €D

and by using Lemma 4.2

sup pr,x (¢, ErsN) < 6sup (th,K(fng,a,N) VWi ko < Pt,K(l‘fR,é,N))) <e.
zeD zeD

Since &g v is finite we can conclude that D is relatively compact.

To prove the converse sentence, thanks to the first part of Proposition [2.7] it is enough to
prove that if z¥, x € Dyy(S) with z¥ converging to x, then for all ¢ > 0 and all compact
subset K C S,

limsupw! .- .(6) — 0.
k%oop bR ( )5‘>0

This is a direct consequence of Proposition Let us stress that although we cite Theo-
rem in the proof of Proposition in reality we only need the sequential characteri-
sation of the convergence. O

We close this section by the study of the Borel o-algebra B(Djo.(S5)).
Lemma 4.7. Borel o-algebra B(D,.(S)) coincides with F.

Proof. Let f € C(S?) and 0 < a < b < o0 be. Consider z* € Di,c(S) converging to
x € Dioe(S), with £(z) > b, and take A\¥ € A as in Theorem Then, for k large enough
bV AF < £(2¥) and by dominated convergence,

b PV b . b b
[ swhas= [T s [CratoNase [ sabias oy [ roas

Hence, the set {x € Dyoe(S) | b < &(x)} is open and on this set the function

b
:L‘l—>/ flxg)ds
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is continuous so, for ¢ > 0 and £ > 0 the mapping from Dj,.(S) to R

e d ELT Frds, it e < (),
f(A), otherwise,

is measurable for the Borel o-algebra B(IDj,.(S)) and, the same is true for the mapping
x +— f(x), by taking the limit. Since f is arbitrary, x + x; is also measurable and so,
F C B(DloC(S)).

Conversely, since the space is separable, it is enough to prove that for each 2° € Djo.(S),
t >0, K C S compact and € > 0 there exists V' C Dyo.(5), F-measurable, such that

{a: € Dioe(S) ‘ puK(JL‘,xO) < 5} cVc {x € Dioe(S) ‘ puK(l‘,xO) < 36} ) (4.10)
Proposition allows to get the existence of 0 = t) < -+ <%, < £(2°) such that

0 0
sup d(xslaxm) < g,
0<i<N
t?§81752<t?+1

and (t(])\,,x%,v) ¢ [0,t]x € K. If we define

A=ty <--- <ty <&x), M < N such that:
VO<i<M, [t;—t)<e

V=< 2 € Dipe(S) VO <i< M, Vte t,tiy1), d(mt,mg?) < 2

d(a:?% JKO) A (t— tg’w)glt%«w) <2

d(l‘tM_,Kc) A d(xtM, KC) A (t — tM)—‘r]ltM<§(x) < 3e

it is straightforward to obtain (4.10)). Since

V6 >0, 30=¢qo < < qum <&(x) — 6, M < N such that:
VO<i<M, |g—t|<e+d

V= qx€Di(S) V0 <i< M, Vg € g+ 0,git1 = 0], d(wg,ap) <2

d(x??w, KA (= t%/[)+]1t?\4<§(x0) < 2e

d(xfhwv Kc) A (t - QM)-i-]lqM<§(m) <3c+6

where ¢, ¢; and ¢ are chosen to be rational, V' belongs F. The proof is now complete. [
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Chapter 3

Locally Feller processes and
martingale local problems

Abstract: This paper is devoted to the study of a certain type of martingale problems associated
to general operators corresponding to processes which have finite lifetime. We analyse several
properties and in particular the weak convergence of sequences of solutions for an appropriate
Skorokhod topology setting. We point out the Feller-type features of the associated solutions to
this type of martingale problem. Then localisation theorems for well-posed martingale problems
or for corresponding generators are proved.

Key words: martingale problem, Feller processes, weak convergence of probability measures,
Skorokhod topology, generators, localisation

MSC2010 Subject Classification: Primary 60J25; Secondary 60G44, 60J35, 60B10, 60J75,
47D07

1 Introduction

The theory of Lévy-type processes stays an active domain of research during the last
two decades. Heuristically, a Lévy-type process X with symbol ¢ : R4 x R¢ — C is a
Markov process which behaves locally like a Lévy process with characteristic exponent
q(a,-), in a neighbourhood of each point a € R?. One associates to a Lévy-type process
the pseudo-differential operator L given by, for f € C°(R?),

Lf(a):=— /]Rd e %(a, a)f(oz)da, where f(a) = (27r)d/ e % f(q)da.

R4

Does a sequence X (™ of Lévy-type processes, having symbols ¢,, converges toward
some process, when the sequence of symbols g, converges to a symbol ¢7 What about a
sequence X (") corresponding to operators L,, when the sequence of operators converges
to an operator L? What could be the appropriate setting when one wants to approximate
a Lévy-type processes by a family of discrete Markov chains? This is the kind of question
which naturally appears when we study the Lévy-type processes.

It was a very useful observation that a unified manner to tackle a lot of questions about
large classes of processes is the martingale problem approach (see, for instance, Stroock
[Str75] for Lévy-type processes, Stroock and Varadhan [SV06] for diffusion processes,
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Kurtz [Kurll] for Lévy-driven stochastic differential equations...). Often, convergence
results are obtained under technical restrictions: for instance, when the closure of L is the
generator of a Feller process (see Kallenberg [Kal02] Thm. 19.25, p. 385, Thm. 19.28,
p. 387 or Bottcher, Schilling and Wang [BSW13|, Theorem 7.6 p. 172). In a number of
situations the cited condition is not satisfied.

In the present paper we describe a general method which should be the main tool to
tackle these difficulties and, even, should relax some of these technical restrictions. We
analyse sequences of martingale problems associated to large class of operators acting on
continuous functions and we look to Feller-type features of the associated of solutions.

In order to be more specific, let us point out that the local Skorokhod topology on a
locally compact Hausdorff space S constitutes a good setting when one needs to consider
explosions in finite time (see |[GHIT7D]). Heuristically, we modify the global Skorokhod
topology, on the space of cadlag paths, by localising with respect to space variable, in
order to include the eventual explosions. The definition of a martingale local problem
follows in a natural way: we need to stop the martingale when it exits from compact sets.
Similarly, a stochastic process is locally Feller if, for any compact set of S, it coincides
with a Feller process before it exits from the compact set. Let us note that a useful tool
allowing to make the connection between local and global objects (Skorokhod topology,
martingale, infinitesimal generator or Feller processes) is the time change transformation.
Likewise, one has stability of all these local notions under the time change.

We study the existence and the uniqueness of solutions for martingale local problems
and we illustrate their locally Feller-type features (see Theorem [4.5)). Then we deduce a
description of the generator of a locally Feller family of probabilities by using a martingale
(see Theorem below). Furthermore we characterise the convergence of a sequence of
locally Feller processes in terms of convergence of operators, provided that the sequence of
martingale local problems are well-posed (see Theorem below) and without assuming
that the closure of the limit operator is an infinitesimal generator. We also consider the
localisation question (as described in Ethier and Kurtz [EK86], §4.6, pp. 216-221) and
we give answers in terms of martingale local problem or in terms of generator (Theo-
rems and . We stress that a Feller process is locally Feller, hence our results,
in particular the convergence theorems apply to Feller processes. In Theorem we give
a characterisation of Feller property in terms of locally Feller property plus an additional
condition.

Our results should be useful in several situations, for instance, to analyse the conver-
gence of a Markov chain toward a Lévy-type process under general conditions (improving
the results, for instance, Thm 11.2.3 from Stroock and Varadhan [SV06] p. 272, Thm.
19.28 from Kallenberg [Kal02], p. 387 or from Bétcher and Schnurr [BS11]). We develop
some of these applications (as the Euler scheme of approximation for Lévy-type process
or the convergence of Sinai’s random walk toward the Brox diffusion) in a separate work
[GHI7al. The method which we develop should apply for other situations. In a work
in progress, we try to apply a similar method for some singular stochastic differential
equations driven by a-stable processes other than Brownian motion.

The present paper is organised as follows: in the next section we recall some notations
and results obtained in our previous paper [GHI7b] on the local Skorokhod topology on
spaces of cadlag functions, tightness and time change transformation. Section 3 is devoted
to the study of the martingale local problem : properties, tightness and convergence, but
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also the existence of solutions. The most important results are presented in Section 4.
In §4.1 and §4.2 we give the definitions and point out characterisations of a locally Feller
family and its connection with a Feller family, essentially in terms of martingale local
problems. We also provide two corrections of a result by van Casteren [vC92]. In §4.3 we
give a generator description of a locally Feller family and we characterise the convergence of
a sequence of locally Feller families. §4.4 contains the localisation procedure for martingale
problems and generators. We collect in the Appendix the most part of technical proofs.

2 Preliminary notations and results

We recall here some notations and results concerning the local Skorokhod topology, the
tightness criterion and a time change transformation which will be useful to state and prove
our main results. Complete statements and proofs are described in an entirely dedicated
paper [GHI17D].

Let S be a locally compact Hausdorff space with countable base. The space S could
be endowed with a metric and so it is a Polish space. Take A ¢ S, and we will denote
by S2 O S the one-point compactification of S, if S is not compact, or the topological
sum S L {A}, if S is compact (so A is an isolated point). Denote C(S) := C(S,R), resp.
C(S2) := C(SA,R), the set of real continuous functions on S, resp. on S2. If Cqy(9)
denotes the set of functions f € C(S) vanishing in A, we will identify

Co(S) = {f € C(5) | F(A) =0}.

We endow the set C(S) with the topology of uniform convergence on compact sets and
Co(S) with the topology of uniform convergence.

The fact that a subset A is compactly embedded in an open subset U C S will be
denoted A € U. If z € (S*)®+ we denote

E(z) :=inf{t > 0| {zs}s<t & S}.

Firstly, we introduce the set of cadlag paths with values in S2,

D(S%) = {m € (95)%+

vVt >0, xy = limg )¢ x5, and
Vt >0, x4 := limgy x5 exists in SA (7

endowed with the global Skorokhod topology (see, for instance, Chap. 3 in [EK86], pp.
116-147) which is Polish. A sequence (z*); in D(S*) converges to x for the latter topology
if and only if there exists a sequence (A¥); of increasing homeomorphisms on R, such that

Vt >0, lim supd(zs, J:I;k) =0 and lim sup|\F —s| =0.
k—oo g<t s k—o0 g<¢
The global Skorokhod topology does not depend on the arbitrary metric d on S2, but

only on the topology on S.
Secondly, we proceed with the definition of a set of exploding cadlag paths

vt > &(x), z = A,
Dioe(S) :={ = € (S2)*+ | Vt >0, x; = lim,y, z, ,
Vt > 0s.t. {Ts}s<t €S, @ := limgy x5 exists
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endowed with the local Skorokhod topology (see Theorem 2.6 in[GH17b]) which is Polish.
Similarly, a sequence (:z:k Jken 1n Do (S) converges to x for the local Skorokhod topology if
and only if there exists a sequence (\¥);, of increasing homeomorphisms on R satisfying

Vt > 0s.t. {zs}s<r €S, lim sup d(ms,m';,?) =0 and lim sup |]\¥ — 5| = 0.

—00 <t k—oo s<t

Once again, the local Skorokhod topology does not depend on the arbitrary metric d on
S2 but only on the topology on S.

We will always denote by X the canonical process on D(S2) or on Dy (), without
danger of confusion. We endow each of D(S*) and Dy, (S) with the Borel o-algebra
F :=0(Xs, 0<s<o00)and a filtration F; := o(Xs, 0 <s <t). We will always omit the
argument X for the explosion time £(X) of the canonical process. It is clear that ¢ is a
stopping time. Furthermore, if U C S is an open subset,

Vi=inf{t>0| X,  ¢Uor X4 U AE (2.1)

is a stopping time.

In [GH17b] we state and prove the following version of the Aldous criterion of tightness:
let (Py,), be a sequence of probability measures on Djo.(S). If for all ¢ > 0, ¢ > 0, and
open subset U € S, we have:

lim sup sup P, (d(Xr,Xn) =€) — 0, (2.2)
n—oo T1<T2 0—0
72§(7'1+5)/\t/\TU

then {P,}, is tight for the local Skorokhod topology. Here d is an arbitrary metric on SA
and the supremum is taken on all stopping times ;.

There are several ways to localise processes, for instance one can stop them when they
leave a large compact set. Nevertheless this method does not preserve the convergence
and we need to adapt this procedure in order to recover continuity. Let us describe our
time change transformation. Since , we can write

7_{9;&0} (x) :=inf {t > 0| g(x:_) A g(z¢) = 0} A &(x).

Let g € C(S,Ry) be. For any = € Dj(S) and ¢t € R} we denote

s> 970} op / du > t} . (2.3)

0 g(l'u)

77 (x) := inf {s >0

We define a time change transformation, which is F-measurable,

g X Die(S) — Dioc(S)
x = g-x,

as follows: for t € Ry

(9 . X)t = X’T{g¢0}— if Ttg =7
. X otherwise.

{#0}, X {20y _ exists and belongs to {g = 0}, (2.4)
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For any P € P(Dyc(5)), we also define g - P the pushforward of P by = +— ¢ - z. Let us
stress that, 77 is a stopping time (see Corollary 2.3 in [GHI7b]). The time of explosion of
g - X is given by

€lg-X) = 00 if 77 < € or X¢_ exists and belongs to {g = 0},
g N 05 gg};) otherwise.

It is not difficult to see, using the definition of the time change (2.4)), that
Vg1,92 € C(S,Ry), Vo € Dioe(S), g1 (92-7) = (9192) - . (2.5)

In [GHI7H]) Proposition 3.8, a connection between Djo.(S) and D(S*) was given. We
recall here this result because it will employed several times.

Proposition 2.1 (Connection between Dyo.(S) and D(S2)). Let S be an arbitrary locally
compact Hausdorff space with countable base and consider

P: S — PDp(9))
a P,

a weakly continuous mapping for the local Skorokhod topology. Then for any open subset
U of S, there exists g € C(S,Ry) such that {g # 0} =U, for alla € S

g-Po(0<{<o00=> Xe existsinU) =1,
and the application

g-P: § = PH0<E<o00= X exists in U})
a qg-Pyg

is weakly continuous for the global Skorokhod topology from D(S%).

3 Martingale local problem

3.1 Definition and first properties

To begin with we recall the optional sampling theorem. Its proof can be found in Theo-
rem 2.13 and Remark 2.14. p. 61 from [EKS6].

Theorem 3.1 (Optional sampling theorem). Let (Q, ((]t)teR+,IF’) be a filtered probability
space and let M be a cadlag (Gi)i-martingale, then for all (Giy)¢-stopping times T and o,
with T bounded,

E[M; | Got| = Mrpny, P-almost surely.

In particular M is a (Gi4)i-martingale.

Definition 3.2 (Martingale local problem). Let L be a subset of Cy(S) x C(5).

o7



a) The set M(L) of solutions of the martingale local problem associated to L is the set
of P € P (Dyoc(S)) such that for all (f,g) € L and open subset U € S:

tatU
f(Xiprv) — / 9(Xs)ds is a P-martingale
0

with respect to the filtration (F3); or, equivalent, to the filtration (Fy);. Recall
that 7V is given by (2.1). The martingale local problem should not be confused with
the local martingale problem (see Remark below for a connection).

b) We say that there is existence of a solution for the martingale local problem if for
any a € S there exists an element P in M(L) such that P(Xy =a) = 1.

c) We say that there is uniqueness of the solution for the martingale local problem if
for any a € S there is at most one element P in M(L) such that P(Xy =a) = 1.

d) The martingale local problem is said well-posed if there is existence and uniqueness
of the solution.

Remark 3.3. 1) By using dominated convergence, for all L C Cy(S) x C(S), (f,g) €
LNCy(S) x Cp(S) and P € M(L), we have that

tAE
f(Xy) — / 9(Xs)ds is a P-martingale.
0

Hence, if L C Cy(S) x Cy(S), the martingale local problem and the classical martingale
problem are equivalent.
2) It can be proved that, for all L C Cy(S) x C(S), (f,g) € L and P € M(L) such that

P (¢ < oo implies {X;}s<¢ € 5) =1,

we have

tAE
f(Xy) — / g(Xs)ds is a P-local martingale.
0
Indeed, it suffices to use the family of stopping times
{TU V (T]}‘{TUST,’TUZS}) ’ U < S, T Z 0} y

to obtain the assertion.

3) We shall see that the uniqueness or, respectively, the existence of a solution for the
martingale local problem when one starts from a fixed point implies the uniqueness or the
existence of a solution for the martingale local problem when one starts with an arbitrary
measure (see Proposition below).

4) Let L € Cy(S) x C(S) and P € M(L) be. If (f,g) € L and U € S is an open subset,
then, by dominated convergence

E [f(Xiprv) | Fol — f(Xo)
t

=E

Let us point out some useful properties concerning the martingale local problem:
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Proposition 3.4 (Martingale local problem properties). Let L be a subset of Co(S)xC(S).
1. (Time change) Take h € C(S,R4) and denote

hL :={(f,hg) | (f,g9) € L}. (3.1)

Then, for all P € M(L),
h-P e M(hL). (3.2)

2. (Closer property) The closure with respect to Co(S) x C(S) satisfies

M (span(L)) — M(L). (3.3)

3. (Compactness and convexity property) Suppose that D(L) is a dense subset of Co(S),
where the domain of L is defined by

D(L) :={f € Co(9) | 3g € C(5), (f.9) € L}.
Then M(L) is a convex compact set for the local Skorokhod topology.

4. (Quasi-continuity) Suppose that D(L) is a dense subset of Co(S), then for any P €
M(L), P is (Fi+)i-quasi-continuous. More precisely this means that for any (Fiy)¢-
stopping times T,T1,Ta . ..

X;, — X; P-almost surely on {Tn — T < oo}7 (3.4)
n—o0

n—00
with the convention X := A.
In particular for any t >0, P(X;— = X;) =1,

P (Dyoe(S) ﬂ]D)(SA)) =P (£ € (0,00) = X¢_ eaists in SA) =1,
and for any open subset U C S, P(7Y < oo = X.v ¢ U) = 1.

The following result tell that the mapping L +— M(L) is somehow upper semi-
continuous.

Proposition 3.5. Let L, L C Cy(S) x C(S) be such that

Y(£,9) € Ly 3(fas9n) € Ln, such that  fo <% f, go > g. (35)

n—oo
Then:

1. (Continuity) Let P™" P € P (D;,.(S)) be such that P™ € M(L,) and suppose that
{P"},, converges weakly to P for the local Skorokhod topology. Then P € M(L).

2. (Tightness) Suppose that D(L) is dense in Co(S), then for any sequence P™ €
M(Ly,), {P"},, is tight for the local Skorokhod topology.

The proofs of the two latter propositions are interlaced and will be developed in the
appendix (see § . During these proofs we use the following result concerning the
property of uniform continuity along stopping times of the martingale local problem. Its
proof is likewise postponed to the Appendix.
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Lemma 3.6. Let L,, L C Cy(S) x C(S) be such that D(L) is dense in Co(S) and assume
the convergence of the operators in the sense given by . Consider K a compact subset
of S and U an open subset of S% containing {(a,a)}ecs. For an arbitrary (Fyy)s-stopping
time 11 we denote the (Fiy)¢-stopping time

7(71) = inf {t > | {(XTUXS)}HSSSt & Z/l}.

Then for each € > 0 there exist ng € N and 6 > 0 such that: for any n > ng, (Fit)i-
stopping times 11 < 15 and P € M(Ly) satisfying E[(r2 — 71)1(x, eyl < 0, we have

P(X, €k, 7(n) <) <eg,

with the convention X := A.

3.2 Existence and conditioning

Before giving the result of existence of a solution for the martingale local problem, let us
recall that X[ = X, for 7 a stopping time, and the classical positive maximal principle
(see [EKS86], p.165):

Definition 3.7. A subset L C Cy(S) x C(S) satisfies the positive maximum principle if
for all (f,g) € L and ag € S such that f(ag) = sup,cg f(a) > 0 then g(ap) < 0.

Remark 3.8. 1) A linear subspace L C Cy(S) x C(5) satisfying the positive maximum
principle is univariate. Indeed for any (f, g1), (f, g2) € L, applying the positive maximum
principle to (0, g2 — g1) and (0, g1 — g2) we deduce that g; = go.

2) Suppose furthermore that D(L) is dense in Cy(.5), then as a consequence of the second
part of Proposition [3.4/ and of Theorem [3.9 below, the closure L in Cq(S) x C(S) satisfies

the positive maximum principle, too. %

The existence of a solution for the martingale local problem result will be a consequence
of Theorem 5.4 p. 199 from [EKS86].

Theorem 3.9 (Existence). Let L be a linear subspace of Cy(S) x C(S).

1. If there is existence of a solution for the martingale local problem associated to L,
then L satisfies the positive mazximum principle.

2. Conversely, if L satisfies the positive maximum principle and D(L) is dense in
Co(S), then there is existence of a solution for the martingale local problem as-
sociated to L.

Proof. Suppose that there is existence of a solution for the martingale local problem, let
(f,g) € L and ap € S be such that f(ag) = sup,cg f(a) > 0. If we take P € M(L) such
that P(Xo = ag) = 1, then, by the fourth part of Remark

(a0) = lim =+ (f(Xip,0) = F(a0)) <0,

t—0

so L satisfies the positive maximum principle. B
Let us prove the second part of Theorem Consider Lo a countable dense subset
of L and L := span(Lg). There exists h € Cy(S) such that for all (f,g) € Lo: hg € Cy,
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hence L = Lo and hLy C Co(S) x Co(S). We apply Theorem 5.4 p. 199 of [EKS6]
to the univariate operator hLg: for all a € S, there exists P € P(D(S?)) such that

P(Xp=a) =1 and for all (f,g) € hLg
t ~
f(Xe) — / 9(Xs)ds is a P-martingale.
0
Then P := .ff,(XTS) eP (]D)loc(S) N ]D(SA)), moreover for any (f,g) € hLg, for any open
subset U € S, for any s1 < --- < s < s <tin Ry and for any ¢1,...,0% € C(SA),

AtV

E

ATU

(f(XtATU> — F(Xoprv) —/ g(Xu)dU> P1(Xsy) - sozc(Xsk)]

- tarV
E

ATU

(f(Xt/\rU) — f(Xgprv) — / Q(Xu)du> 01(Xsy) - ‘Pk(XSk)] = 0.

Hence P € M(hLg). To conclude we use the two first parts of Proposition

- 1
ML) = M(D) = M(z0) = { - @ | Qe MuLo) |
So + - P € M(L) and the existence of a solution for the martingale local problem is
proved. O

Remark 3.10. Since F is the Borel o-algebra on the Polish space Dj.(S), we can use

Theorem 6.3, in [Kal02], p. 107. So, for any P € P (Djoc(S)) and (Fi4 )i-stopping time 7,

P-a.s.
the regular conditional distribution Qx 2 “p ((X7+t)t20 } .7-"T+) exists. It means that

there exists

Q: Dloc(s) - P (Dloc(s))
x — Q.
such that for any A € F, Qx(A) is Fr4-measurable and

P((X7+t)t20 cA ‘ ]-"T+) = Qx(A) P-almost surely. O
Proposition 3.11 (Conditioning). Take L C Cy(S) x C(5), P € M(L), and a (Fi+)s-
stopping time 7. As in Remark|3.10 we denote Qx P:_is’ .i”p((XTH)tZO |.7-"T+), then

Qx € M(L), P-almost surely.

Proof. Let (f,g) bein L, s; < --- < s, < s < t bein Ry, ¢1,...,¢, be in C(S?) and
U & S be an open subset. Here and elsewhere we will denote by EQ¢ the expectation
with respect to Q. Since

AtV
]17—<TUEQX |:(f(Xt/\TU) - f(XS/\TU) - / v g(Xu)du)(pl(Xﬂ) T QOk(XSk)}
SAT
Poas (t+1)ATY
= ]lT<TUE|:(f(X(t+T)/\TU) - f(X(S-‘rT)/\TU) - [ AU g(XU)du>
P-a.s.
X 1 (Xspgr) - ‘Pk(XSkJrT) ]:T+:| =0,
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we have

AtV

B (B [(f(Xipro) — F(Xope) ~ |

sATU

g(Xy)du)p1(Xs,) - - -sok<xsk>} £ o)

<PV <r<¢). (3.6)

Let L be a countable dense subset of L, C be a countable dense subset of C(S%)and U, € S
be an increasing sequence of open subsets such that S = J,, U,. Then Qx € M(L) if
and only if for all (f,g) € L, k €N, for any s1 < -+ < s < s < tin Qg, for any
©v1,...,pr € C, and for n large enough

tATUn
EQX |:(f<Xt/\TU”) - f(Xs/\TUn) - / v g(Xu)du)(pl(XSl) e (Pk(Xsk) = 0.
SATYn
Hence {Qx € M(L)} is in Fr4 and by (3.6)), P-almost surely Qx € M(L). O

Proposition 3.12. Set L C Cy(S) x C(S).

1. If there is uniqueness of the solution for the martingale local problem then for any
p € P(S?) there is at most one element P in M(L) such that Zp(Xo) = p.

2. If there is existence of a solution for the martingale local problem and D(L) is dense
in Co(9), then for any u € P(S?) there exists an element P in M(L) such that
gp (Xo) = M.

Proof. Suppose that we have uniqueness of the solution for the martingale local problem.

Let g be in P(S?) and P!, P2 € M(L) be such that Zp1(Xg) = Lp2(Xg) = p. As in
Remark let Qo, Re : S& — P(Dyoe(S)) be such that

Ploas. P2as.
Qx, = L (X | Fo), Rx, = Zp2 (X | Fo).

Then, by Proposition Q.. R, € M(L) for p-almost all a, so, by uniqueness of the
solution for the martingale local problem, Q, = R, for p-almost all a. We finally obtain
P! = [Quv(da) = [Ryv(da) = P2

Suppose that we have existence of a solution for the martingale local problem and that
D(L) is dense in Cy(.S). Thanks to [3| from Proposition |3.4] M(L) is convex and compact.
Hence the set

C:={peP(S?)|3IP € M(L) such that Lp(Xo) = u}
is convex and compact. Since there is existence of a solution for the martingale local
problem we have {5, | a € S2} C C so C = P(52). O
4 Locally Feller families of probabilities

In this section we will study a local counterpart of Feller families in connection with
Feller semi-groups and martingale local problems. The basic notions and facts on Feller
semi-groups can be founded in Chapter 19 pp. 367-389 from [Kal02].
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4.1 Feller families of probabilities

Let (Gi)i>0 be a filtration containing (F3)¢>0. Recall that a family of probability measures
(Pa)aes € P(Dioe(S))? is called (Gy)-Markov if, for any B € F, a — P4(B) is measurable,
for any a € S, Po(Xo =a) =1, and for any B € F,a € S and ty € Ry

P, (Xtg+t)t € B | Gyy) = Px, (B), Py — almost surely,

where Pa is the unique element of P(Dye.(S)) such that Pa(§ = 0) = 1. If the latter
property is also satisfied by replacing tg with any (G;):-stopping time, the family of prob-
ability measures is (G;);-strong Markov. If G, = F; we just say that the family is (strong)
Markov. If v is a measure on S® we set P, := [ P,v(da). Then the distribution of X
under P, is v, and P, satisfies the (strong) Markov property.

Definition 4.1 (Feller family). A Markov family (Py)a € P(Dyc(S))? is said to be Feller
if for all f € Cyp(S) and t € Ry the function

thl S — R
a — Eq[f(Xy)]

is in Co(S). In this case it is no difficult to see that (7}); is a Feller semi-group on Cy(.5)
(see p. 369 in [Kal02]) called the semi-group of (P,),. Its generator L is the set of
(f,9) € Co(S) x Co(S) such that, for all a € S

th(a)t_ f(a) Q g(CL)

and we call it the Cy x Cy-generator of (Py),.

In [vC92] Theorem 2.5, p. 283, one states a connection between Feller families and
martingale problems. Unfortunately the proof given in the cited paper is correct only on
a compact space S. The fact that a Feller family of probabilities is the unique solution of
an appropriate martingale problem is stated in the proposition below. We will prove the
converse of this result in Theorem

To give this statement we need to introduce some notations. For L € Cy(S) x Cy(S)
we define

LA :=span (LU {(1ga,0)}) € C(52) x C(S2). (4.1)

We recall that we identified Cy(S) by the set of functions f € C(S) such that f(A) = 0.
The set of solutions M(L?) C P(Djee(S?)) of the martingale problem associated to L

satisfies
VP € M(L?), P(Xpe S?= X eD(S?)) =0.

Without loss of generality, to study the martingale problem associated to L it suffices to
study the set of solution with S®-conservative paths:

M(L?) = M(LA) N P(D(S?)) = {P € M(L?) | P(Xo € S%) =1} .
In fact Mc(L?) is the set consisting of P € P(ID(S*)) such that for all (f,g) € L

t
f(Xy) —/ g(Xs)ds is a P-martingale. (4.2)
0
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Proposition 4.2. If (T}); is a Feller semi-group on Co(S) with L its generator, then there
is a unique Feller family (Py), with semi-group (T});. Moreover the martingale problem
associate to L™ is well-posed and

Mc(LA) = {Pu}ueP(SAy
Remark 4.3. 1. For any P € M.(L?) the distribution of X ™ under P satisfies
Zp(X7) € Mo(L*) NDioe(S) € M(L).
Moreover if D(L) is dense in Cy(S), thanks to [4] from Proposition
M(L) = Mc(L®) N Dioc(S).

So if D(L) is dense in Cy(S) there is existence of a solution for the martingale problem
associated to L if and only if there is existence of a solution to the martingale problem
associated to L®. Moreover the uniqueness of the solution for the martingale problem
associated to L® imply uniqueness of the solution for the martingale problem associated
to L.

2. If S is compact and D(L) is dense in Cy(S) = C(S), then it is straightforward to obtain
M(L) = M(L?). O

For the sake of completeness we give:

Proof of Proposition[f.3. The existence of a solution for the martingale problem is a con-
sequence of Theorem[3.9] Thanks to Proposition to prove our result we need to prove
that

VP € Mc(L%), ¥t > 0, ¥f € D(L), E[f(X,)] = E[T,f(Xo)]

Let 0 =tg < --- <tnyy41 =t be a subdivision of [0, ¢], then

N
E [f(Xt) | JT;O] - th(XO) = ZE [Tt—ti+1f(Xti+1) ‘ fO] - E [Tt—tif(Xti) ‘ ‘FU]
=0

N
= ZE [E [Tt—tiﬂf(XtH—l) | ]:ti] - Tt_tif(Xti) ‘ ]:0] .
1=0

Moreover for each i € {0,... N}, using martingales properties for the first part and semi-
groups properties (see for instance Theorem 19.6, p. 372 in [Kal02]) for the second

tit1
E Tt*t¢+1 f(XtiJrl) ’ ]:tz} - T;f*tif(Xti) = E[/ LTt*tz'Hf(XS) - LTt*Sf(Xti)ds } ]:ti:| )
t;

SO
N tit1
B0 - T 0] SEY. [ |1 f(X) — LT (X3)] s,
i=0 7 ti
By dominated convergence we can conclude. O
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Before introducing the definition of a locally Feller family, let us state a result on an
application of a time change to a Feller family:

Proposition 4.4. Let (P,), € P(Dye(S))° be a Feller family with Co x Co-generator L.
Then, for any g € Cy(S,R%), (9:-Pa)a is a Feller family with Co x Co-generator gL, taking
the closure in Cy(S) x Co(S).

Proof. Thanks to the first part of Proposition [3.4] and to the Proposition the result is
only a reformulation of Theorem 2, p. 275 in [Lum73|. For the sake of completeness we give
the statement of this result in our context: if L C Cy(S5) x Co(S) is the generator of a Feller
semi-group, then for any g € Cy(S,R%), gL is the generator of a Feller semi-group. O

4.2 Local Feller families and connection with martingale problems

We are ready to introduce the notion of locally Feller family of probabilities. This is given
in the following theorem whose proof is technical and it is postponed to the Appendix

W)

Theorem 4.5 (Definition of a locally Feller family). If (Py)a € P(Dioe(S))?, the following
four assertions are equivalent:

1. (continuity) the family (Py)q is Markov and a — P, is continuous for the local
Skorokhod topology;

2. (time change) there exists g € C(S,R%) such that (g-Pa)q is a Feller family;
3. (martingale) there exists L C Co(S) x C(S) such that D(L) is dense in Co(S) and

Vae S, PeM(L) and P(Xg=a)=1<= P =Py,;

4. (localisation) for any open subset U € S there exists a Feller family (P,), such that
for any a € S

Lo, (X)) =25, (X))

We will call such a family a locally Feller family.
Moreover a locally Feller family (Pg), is (Fiy )i-strong Markov and for all i € P(S?), P,
18 quasi-continuous.

Remark 4.6. A natural question is how can we construct locally Feller families? We give
here answers to this question.

i) A Feller family is locally Feller.

ii) If g € C(S,R%) and (Py)s € P(Dioc(S))* is locally Feller, then (g - P,), is locally
Feller. This result is to be compared with the result of Proposition 4.4

iii) If S is a compact space, a family is locally Feller if and only if it is Feller. This
sentence is an easy consequence of the third part of the latter theorem and of Propo-

sition [4.41
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iv) As consequence of the first assertion in Theorem if (Py)a € P(Die(9))° is
locally Feller then the family

U — PD(U))

a gpa(X)

is locally Feller in the space U. Indeed, it is straightforward to verify that, for any
open subset U C S, the following mapping is continuous,

DIOC(S) — DIOC(U) with o= Ts ifS<7'U(‘/L‘)7
T — z s A otherwise. o

Since a locally Feller family on S? is also Feller we can deduce from Theorem a
characterisation of Feller families in terms of martingale problem. The following theorem
is the converse of Proposition [4.2] and provides a first correction of the result Theorem 2.5,
p. 283 in [vC92].

Theorem 4.7 (Feller families - first characterisation). Consider (Pg)a € P(Dpe(S))5.
The following assertions are equivalent:

1. (Pg)q is Feller;

2. the family (Py)q is Markov, P, € P(D(S?)) for any a € S, and S > a — P, is
continuous for the global Skorokhod topology;

3. there exists L C Co(S) x Co(S) such that D(L) is dense in Co(S) and
Vae S2, PecMJ(L?) and P(Xg=a) =1<= P =P,.
We recall that Pa is defined by Pa(Vt >0, Xy = A) = 1.

Proof. Thanks to the fourth point of Proposition[3.4a Feller family in P(Djq.(S)) continues
to be Feller also in P(D(S2)), so a family (P,)q € P(Dioc(S))” is Feller if and only if the
family (P,), € P(D(S2))5" is Feller. Since S is compact, using the third point of
Remark this is also equivalent to say that (Pg),cga is locally Feller in S2. Hence the
theorem is a consequence of Theorem applied on the space S2 and to Proposition

O

The following theorem provides a new relationship between the local Feller property
and the Feller property. With the help of Theorem we obtain another correction of
the Theorem 2.5 p. 283 from [vC92] by adding the missing condition (4.3)).

Theorem 4.8 (Feller families - second characterisation). Consider (Pg)q € P(Dpe(S))7.
The following assertions are equivalent:

1. (Pg)q is Feller;
2. (Pg)q is locally Feller and

vVt >0, VK C S compact set, Pu(X; € K) — 0; (4.3)
a—r
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3. (Pga)q is locally Feller and
Vvt >0, VK C S compact set, P, (TS\K <tA 5) —A> 0.
a—

Proof. . Take a compact K C S and t > 0. There exists f € Cy(S) such that f > 1.
Since the family is Feller,

P.(X: € K) < E,[f(Xy)] — 0.

a—A

[Z={3 Take an open subset U € S such that K C U and define
7= inf {s >0 ‘ {(Xo, Xu) Yo<uss & U2 U (S\K)2}.

By the third sentence of Theorem we can apply Lemma to K=K, U :=U%U
(S\K)?, 71 := 0 and 5 := %, we get the existence of N € N such that

t
supr<T < —) < 1.
beK N

By Theorem P, is quasi-continuous for any a € S, so Po(X s\x € K U{A}) = 1.
Denoting [r] the smallest integer larger or equal than the real number r, we have

P, (Hk EN, k<N, Xpn1 € U) > Pa<75\K SEAE Xyy-ifiinroi € U>

=E, |:]1{7.S\K<t/\§}EXTS\K (X € U]ls:th[thTS\K]_TS\K }
> Pa(TS\K < t/\f) [1 —supP(7 < tN_l)],
beK
S0 N
_oPa(Xpn-1 €U
(5 < ) < ShrPelX s £0)
1 — suppeg Pb(T < tN—l)
[3=] Consider f € Co(S) and let ¢ > 0 and ¢ > 0 be. There exists a compact subset
K C S such that ||f||xe < e, and an open subset U € S such that K C U and

— 0, asa— A.

sup P (79K <t 0 €) <e.
agU

With the aim of the second assertion of Theorem and Proposition [£.4] there exists
g € C(S,(0,1]) such that g(a) =1, for a € U, and (g - P,), is Feller. Then for any a € S

|Eolf(X0)] = Ealf((g- X))l| S Eal[f(X2) = f((g- X)) Lv ]
<Eo|[|[f(X)| 1ven] + Ea[ (g X)) Tpv ]
By Theorem P, is quasi-continuous, so P, (X, v ¢ U) = 1, we have
E, [\f(Xt)\]l{TUq}] =E, [11{TU<t}EXTU [1£(Xs)]] ‘S:t_TU}
= E, |:]1{TU<t}EXTU [|f(X8)‘]l{TS\K<t/\§}] |s:t77U}

4 Ba[L0 B o X)L s sane) ] e
< Il Snga(TS\K <ENE) + (I fllxe < (1fI1+ De,
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and

Ea|17(9- X0) |1 rvay | = Ba| Lo cnBx o [1£(9 - X)) oy o
= B[ B, [0 XL e cangy o]

+Ea []l{TU<t}EXTU [1£(g- XM rsricsiney] \s:t_TU]
< || £ll S;BPa(TS\K <tNE) + [ fllxe < (IIf] + De.

Hence
|Ealf (X0)] = Ealf((g- X)) < 2(IF]| + Ve,

so, since a — Eg4[f((g - X):)] is in Co(5), letting € — 0 we deduce that a — E,[f(X¢)] is
in Cy(5), hence (P,), is Feller. O
4.3 Generator description and convergence

In this subsection we analyse the generator of a locally Feller family:

Definition 4.9. Let (Py), € P(Die(S))® be a locally Feller family. The Cq x C-generator
L of (Pg)a € P(D1oe(S))? is the set of functions (f, g) € Co(S) x C(S) such that for any
a € S and any open subset U € S

taTU
f(Xiprv) — / 9(Xs)ds is a Pg-martingale.
0

Theorem 4.10 (Description of the generator). Let (Py)e € P(Dye(S))° be a locally
Feller family and L its Cy x C-generator. Then D(L) is dense, L is an univariate closed
sub-vector space,

M(L) = {Ppu}uep(sa)s

L satisfies the positive mazimum principle and does not have a strict linear extension
satisfying the positive mazimum principle. Moreover for any (f,g) € Co(S) x C(S) we
have equivalence between:

1. (f,g9) € L;

2. for all a € S, there exists an open set U C S containing a such that

tim + (B [F(X,,0)] ~ £()) = g(a):

t—0

3. for all open subset U € S and a € U

tim + (B [F(X,,0)]  £(@)) = g(a).

t—0
Proof. Thanks to the third assertion of Theorem [4.5] and Proposition [3.12] we have

M(L) = {Pu},cp(say and D(L) is dense. By the point 2 of Proposition Lis a
closed sub-vector space. The fourth part of Remark allows us to conclude that: L is
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univariate, L satisfies the positive maximum principle, and that It is straightfor-
ward that Thanks to Theorem L does not have strict linear extension satisfying
the positive maximum principle. Finally the set of (f,g) satisfying the statement [2| is
a linear extension of L satisfying the positive maximum principle, so by the previous
assertion 2=1{11 O

Remark 4.11. One can ask, as in Remark [£.6] how can we obtain the generator of a locally
Feller family? A similar statement of first one in the cited remark is Proposition
below. The second one is straightforward: if g € C(S,R% ) and if L is the Cy x C-generator
of (Pg)q, then gL is the Cy x C-generator of (g - Py)4, as we can see by using [1] from
Proposition |3.4 O

Proposition 4.12. Let (P,), € P(Dyoe(S))° be a Feller family, Ly its Co x Co-generator
and L its Cy x C-generator. Then taking the closure in Cy(S) x C(S5)

LoILﬂCO(S) X C()(S), and L:fo.

Proof. First, we have Ly C LNCq(S) x Co(S) by Proposition 4.2l Hence LNCq(S) x Co(S)
is an extension of L satisfying the positive maximum principle, so by a maximality result
(a consequence of Hille-Yoshida’s, see for instance Lemma 19.12, p. 377 in [Kal02]),
Lo =LNCy(S) x Cop(9).

Secondly, take (f,g) € L. Let h € C(S,R%) be a bounded function such that hg €
Co(S). Thanks to Proposition the Cp x Cyg-generator of (h - P,), is mco(s)xco(s).
Moreover the Cy x C-generator of (h - P,), is hL. Hence applying the first step to the
family (h-Pg), we deduce that

7Co(S)><Co(S)

hLg = (hL) N Cy(S) x Co(S),

Co(S)xC(S)

s0 (f,hg) € hLo ") and (1,9) € Ty O

Theorem 4.13 (Convergence of locally Feller family). For n € NU {co}, let (P]), €
P(Dye(S))° be a locally Feller family and let Ly, be a subset of Co(S) x C(S). Suppose
that for any n € N, L, is the generator of (P"),, suppose also that D(Ls) is dense in
Co(S) and

M(Los) =P} yep(sa)-

Then we have equivalence between:

1. the mapping
NU {oo} x P(§2) — P (Dpe(S))
(m, 1) > P

1s weakly continuous for the local Skorokhod topology;

2. for any an,a € S such that a, — a, Py converges weakly for the local Skorokhod
topology to P2°, as n — oo;

3. for any (f,9) € Lo, for each m, there exists (fn,gn) € Ln such that f, % I

C
9n > g
n—oo
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Remark 4.14. 1) We may deduce a similar theorem for Feller process.

2) An improvement with respect to the classical result of convergence Theorem 19.25, p.
385, in [Kal02], is that one does not need to know that L., is the generator of the family,
but only the fact that the martingale local problem is well-posed. Let us point out that
there are situations were the generator is not known. %

Proof of Theorem[{.13. 1t is straightforward that [I=f2l The implication [B={1] is a conse-
quence of Proposition [3.5
We prove that 2=13] We can suppose that Lo is the generator of (P°),. It is straight-

forward to obtain that
NU{oo} x S& — P (D(S))
(n,a) > Py

is weakly continuous for the local Skorokhod topology. Thanks to Proposition on
the connection between Djo.(S) and D(S2), there exists h € C(S,R% ) such that, for any
neNU{oco} anda € S,

h- P (Die(S) ND(S?)) =1,

and the mapping
NU{oo} x §& — P (D(S2))
(n,a) — h-P?
is weakly continuous for the global Skorokhod topology. Thanks to Theorem (P)g is
a Feller family, for all n € NU {oo}. From Remark and Proposition we deduce
that: hL, N Co(S) x Co(9) is the Cy x Co-generator of (P?), for n € N, hLs, N Co(S)? is
the Cp x Cp-generator of (Pg°), and

Co(S)xC(S)

hLs N Co(S) X Co(S) = hlLx.

Take arbitrary elements a,ai,as... € S® and t,t,t... € Ry such that a, — a and
tn, — t, then h - Py converges weakly for the global Skorokhod topology to h - Pg°. By
Theorem h - Pg° is quasi-continuous, so h - P3°(X;— = X;) = 1. Hence, for any
f € Co(5)

h-Eg [f(Xe,)] — h-EZ[f(X1)].

n—o0
From here we can deduce that, for any ¢ > 0

lim supsup |- BX[F(X,)] — h - EX[F(X,)]| = 0.

n—oo SSt acsS

Here and elsewhere we denote by E! the expectation with respect to the probability
measure P}'. Hence by Trotter-Kato’s theorem (cf. Theorem 19.25, p. 385, [Kal02]), for
any (f,g) € hLo N Co(S) x Co(S) there exist (fn,gn) € hL, N Co(S) x Co(S) such that
(fnsgn) — (f,9), so it is straightforward to deduce statement O

n—oo

4.4 Localisation for martingale problems and generators

We are interested to the localisation procedure. More precisely, assume that U is a recov-
ering of S by open sets and, for each U € U, let (PY), be a locally Feller family, such that
for all Uy, Us € U and a € S

ngl (XTUlmU2> = gPUQ (XTUlmU2> .
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We wonder if there exists a locally Feller family (P,), such that for all U € Y and a € S
Lo, (X)) = Loy (X7 ?

An attempt to give an answer to this question needs to reformulate it in terms of generators
of locally Feller families. This reformulation is suggested by the following:

Proposition 4.15. Let L1, Ly C Co(S) x C(S) be such that D(Ly) = D(L2) is dense in
Co(S) and take an open subset U C S. Suppose that

- the martingale local problem associated to L1 is well-posed, and,
- for all a € U there exists P2 € M(Lsy) with P?(Xo = a) = 1.

Then
VP2 € M(Lo), IPt € M(L1), Lo (XTU) — D (XTU> (4.4)

if and only if
V(f,9) € Lo, guv = (L1if)v-

We postpone the proof of this proposition and we state two main results of localisation.

Theorem 4.16 (Localisation for the martingale problem). Let L be a linear subspace
of Co(S) x C(S) with D(L) dense in_Co(S). Suppose that for all a € S there exist a
neighbourhood V' of a_and a subset L of Co(S) x C(S) such that the martingale local
problem associated to L is well-posed and such that

{Fo) | (Fgye Ly ={(Fon) | (19 € L} (45

Then the martingale local problem associated to L is well-posed.

Proof. Thanks to Theorem 3.9} to prove the existence of a solution for the martingale local
problem it suffices to prove that L satisfies the positive maximum principle. Let (f,g) € L
and a € S be such that f(a) = maxf > 0. Then there exist a neighbourhood V' of a
and a subset L of Co(S) x C(S) such that the martingale local problem associated to L
is well-posed and holds true. In particular, by Theorem d L satisfies the positive
maximum principle and so

g(a) = Lf(a) <0.

To prove the uniqueness of the solution for the martingale local problem, we take P, P2 ¢
M(L) and an arbitrary open subset V' € S. By hypothesis and using the relative com-
pactness of V, there exist N € N, open subsets Uy,...,Uy C S and subsets Li,...,Ly C
Co(S) x C(S) such that V' € J,, Un, such that for all 1 < n < N the martingale local
problem associated to L,, is well-posed and such that

{(Fogu) | (Fg) €L} = {(f.q0.) | (£.9) € L}

At this level of the proof we need a technical but important result:
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Lemma 4.17. Let U be an open subset of S and L be a subset of Co(S) x C(S) such
that D(L) is dense in C(S) and the martingale local problem associated to L is well-posed.
Then there exist a subset Lo of L and a function hy of C(S,Ry) with {ho # 0} = U such
that L = Lg, such that hoLg C Co(S) x Co(S) and such that: for any h € C(S,Ry) with
{h # 0} = U and sup,c(h/ho)(a) < oo, the martingale problem associated to (hLg)™
is well-posed in D(S?). Recall that (hLg)> is defined by and that the associated
martingale problem is defined by .

We postpone the proof of this lemma to the Appendix (see § and we proceed with
the proof of our theorem.

Applying Lemma there exist a subset D of Cy(S) and a function h of C(S,Ry)
with {h # 0} =V such that for all 1 <n < N: L, = Ly |p, hln |p C Co(S) x Co(S) and
the martingale problem associated to (th | D)A is well-posed. Denote Ly := D x {0}
and UN*T! .= SA\V. We may now apply Theorem 6.2 and also Theorem 6.1 pp. 216-
217, in [EK86] to hLp and (Up)i<n<n+1 and we deduce that the martingale problem
associated to (hL|D)A is well-posed. Hence h- P! = h-P? so

Lor(XT ) = L2 (XT).

We obtain the result by letting V' to grow toward S. This ends the proof of the theorem
except to the proof of Lemma postponed to § O

Theorem 4.18 (Localisation of generator). Let L be a linear subspace of Co(S) x C(S)
with D(L) dense in Co(S). Suppose that for all subsets V' € S there exists a linear subspace

L of Co(S) x C(S) such that L is the generator of a locally Feller family and

{(ha) | (Fo) Ly ={(f.o0) | (F9) € L}

Then L is the generator of a locally Feller family.

Proof. Thanks to Theorem [£.16]the martingale local problem associated to L is well-posed,
let (P2°), the locally Feller family associate to L. Let Lo, be the generator of (PS°),.
Let U, € S be an increasing sequence of open subsets such that S = |J,, U, and let
L, C Co(S) x C(S) be such that for all n € N, L,, is the generator of a locally Feller
family (P7), and

{(f.90.) | (f.9) € L} ={(f.91v) | (£,9) € Ln}. (4.6)
Then by using Proposition foralln e Nand a € §
Lo (X7 = Loy (X7 (4.7)

At this level we use a result of localisation of the continuity stated and proved in §
Lemma Therefore, by (4.7)) the mapping

NU {oo} x & = P(Dp.(S))
(n,a) = Py
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is weakly continuous for the local Skorokhod topology. Hence by Theorem for any
f € D(Ls) there exists (fn)n € D(L)Y such that (f,, Lnfn) — (f, Loof), so by (4.6)
n—0o0
(fas Lfn) — (f,Loof). Hence L = L is the generator of a locally Feller family. The
n—oo
proof of the theorem is complete except for the proof of Proposition O

Proof of Proposition[{.15 Suppose (4.4). For each a € U, take an open subset V C U,
Pl € M(L;) and P? € M(Ly) such that a € V € S and PY(Xy = a) = P*(Xg = a) = 1.
By using the fourth part of Remark we have for each (f,g) € Lo

t—0 t—0 ¢

g(a) = lim 1 (B? [f(X,0,0)] — £(@)) = lim © (B [F(X;pr)] — F(0)) = Laf(a).

For the converse, by Lemma there exists h € C(S,Ry) with {h # 0} = U such that
the martingale local problem associated to hL; = hLsy is well-posed. Take P2 € M(Ls)
and let P! € M(L1) be such that %p1(Xg) = Lp2(Xp), then h- Pl h-P2 € M(hL1) so
h-P! = h-P? and hence is verified. O

A Appendix: proof of technical results

A.1 Proofs of Propositions and

Remind that the proofs of Propositions [3.4] and [3.5] are interlaced and will be performed
in several ordered steps.

Proof of Lemma(3.6. Take a metric d on S and ag € K, then there exists g9 > 0 such that
B(ag,420) € S and {(a,b) € 5? | a € K, d(a,b) < 3e0} C U. Define

1, if d(a, ap) < ey,
fla):=¢ 0, if d(a, ag) > 2¢o,
2 d(i’:o), if €0 < d(a, CLQ) < 26[).

Then

feCo(S), 0<f<1, Vac Blagep), fla)=1 and {f # 0} C B(a,3z).

Let > 0 be arbitrary. There exist (f,g) € L and a sequence (fpn,gn) € Ly, such that
Ilf—fll < nand the sequence ( f, gn)n converges to (f, g) for the topology of Cy(S) x C(S5).
Let 71 < 7o be (Fi4)i-stopping times and let n be in N, assume that P € M(L,,). For
€ < 3eg we denote

o, = inf {t > 7 ‘t >¢&or sup d(X;,Xs) > 5}.
T71<5<t
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Let an open subset V' € S be such that V' O B(ag, 4ep). If t > 0 and € < 3gp we can write

E fn(Xt/\TV/\Ug/\TQ)]]‘{Xq—l EB(aO,Eo)I’VC}:|

(e Xanevan) + [

tATV ATy

t/\TV/\05 NT2

=E

gn(Xs)ds)ﬂ{XTleB(ao,ao)ﬁK}]
> E [J(Xinrv ar )15 €800yt | = I1F = ful (A1)

+E

ATV ATy

t/\TV/\G'E/\TQ
/t gn(XS)dS]l{Xfl €B(ag,e0)NK}

ZP()(T1 GB(CLo,Eo)ﬂIC) —P(t/\TV <7 <§) —-n— ||f—an
—E[(1 — 1) 1x,, exy) - 19l Blag.4z0)-

Splitting on the events {o. > 7}, {0- <t ATV A} and {t ATV < 0. <}

E [fn(Xt/\TV/\UE/\TQ)]I{XrleB(ao,eo)ﬂK}}
< P(X,, € B(ag,e0) NK, 02 > ) + 1+ || f — ful (A.2)
+ E[fu(Xo)lix, eBlageo)y] TP (X €K, t <72) + 0+ f — full.
Hence by and ,
P(Xr, € B(ag,e0) NK, 7(11) < 1) < P(X;, € Blag,e0) NK, 0. < 1)
<3 +3|f — ful +PtATY <7 <€) +E[(2 — Tl)ﬂ{XTIE,C}] “N19nl B(ag 4e0)
+E[fo(Xo)1(x, eBageo)}) T P(Xn €K, t <),

Since the limit lim.43., X, exists and is in S*\B(X,,3s0) we have

hIIl;gsupE[fn(XCTs)]l{XTIEB(ao,&‘o)}] S ||fn||B(a0,2€0)c S Hf - fTLH + ||f - f“ + ||fHB(a0,260)C
e13¢eo

<|If = fall +4,
SO
P(X.r1 € B(ag,e0) NK, 7(m1) < 7'2)
<An+A|lf = fall FP(EATY <1 <€)
+E[(n — 1)1x, exy) - 190l Bagaeo) + P(Xr €K, t < T2).
Letting t — oo and V growing to .S, P(t ATV <1 < 5) tends to 0, hence

P(X’Tl < B(a07€0) N IC? T(Tl) < T2)
<dn+4|f = ful +El(r — 1)Lix, exy] - 9]l B(ao.de0)
+ P(,XT1 € IC, To = OO)

So letting n — oo, E[(m2 — 71)1(x, exy] = 0 and n — 0 we deduce that for each ¢ > 0
there exist ng € N and 6 > 0 such that: for any n > ng, (Fi4)i-stopping times 71 < 7
and P € M(Ly) satistying E[(r2 — 71)1(x, ex}] < 0 we have

P()(T1 € B(ao,é‘o) nK, T(7'1> < 7'2) <e.
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We conclude since ag was arbitrary chosen in C and by using a finite recovering of the
compact IC. O

Proof of part[]] of Proposition 3.
Step 1: we prove the (Fiy)i-quasi-continuity before the explosion time . Let 7,,T be
(Fi4)e-stopping times and denote 7y, := infy, >y T, T 1= sup,,en 7 and

A lim, o X5,, if the limit exists,
’ A, otherwise.

Let d be a metric on S® and take € > 0, t > 0 and an open subset U € S. Since

lim E[F AtATY =7, atATV] =0,

n—oo
by Lemma applied to K :=U and U = {(a, b) € §2 ‘ d(a,b) < 6} we get

P(Xzaenrv € U, d(Xz ponrvs Xannrv) > €) — 0.

n—oo

Hence

P(F<tAn7Y, d(Xz,X7)>¢e) =P(F, <7 <tATY, d(X5,, X7) > ¢)
<P(Xz, nnrv €U, d(Xz, inrvs Xepinrv) > €).

Letting n — oo on the both sides of the latter inequality we obtain that
P(F<tATY, d(A,Xz) >¢) =0.
Then, successively if ¢ — oo, U growing to S and € — 0 it follows that
P(T < oo, {Xs}s<7 €S, A# X7) =0.
We deduce
P(XTn — Xy, Th 3 T <00, {Xs}s<r € S)

n—oo

=P(A#X: 7, — T=T <0, {Xs}s<7 €85) =0. (A.3)

Step 2: we prove that P (Dy.(S) ND(S?)) = 1. Let K be a compact subset of S and take
an open subset U € S containing K. For n € N define the stopping times

g - — O,
7o i=inf{t 2 on | {Xs}o, <ot & S\K},
Op+l := inf {t > Ty ’ {XS}TnSSSt g U}

Let V; € S\K be an increasing sequence of open subset such that S\K = (J, V4, and
denote 7F := inf {t > 0, | {Xs}o, <s<t & Vi}. Then, by (A.3)

P<X7—k 7L>X7—n7 Tn < 00, {Xs}s<7'n c S) =0,

n
k—o0
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so {m, < &} = {X,, € K} P-almost surely. Thanks to Lemma applied to K := K and
U:=U?U(S\K)?

SupP(XTn e K, ont1 <7y +8) — 0.
neN e—0

For ¢ > 0,

P(¢ < o0, {Xs}see & Sand VE < &, 3s € [1,€), X5 € K)
§P(E|n,Vm2n, Tm<§<7'm+€) SsupP(Tn<§<Tn+€)

neN
< SupP([XTn €K, opt1 <Tp +5)a
neN
so letting € — 0 we obtain
P(f <00, {Xs}scg @ Sand Vt <, 3s € [t,§), X, € K) =0. (A.4)

Letting K growing toward S, we deduce from (A.4) that P (Djec(S) N ]D(SA)) =1.
Step 3. Let 7,, T be (Fi4)-stopping times. By the first step X, — X, P-almost surely
n—oo
on
{Tn — 7 <00, {Xs}s<r € S}v

n—oo

by the second step this is also the case on
{Tn — 7 =& <00, {Xs}s<7' & S}a
n—oo

and this is clearly true on {Tn — T >£ }, so the proof is done. O
n—o0

Proof of part[1] of Proposition[3.4. Take (f,g) € L and an open subset U € S. If 51 <
<o < s < s <t are positive numbers and fi,..., frx € C(SA), we need to prove that

tATY

h-E

(f(XWw — ) - |

sATU

(hg)(Xu)dU) f1(X31)'--fk(XSk)] =0. (A5)

We will proceed in two steps: firstly we suppose that U € {h # 0}. Recalling the definition
[2.3), if we denote 7; := 7/* A 7V, then we have, for all t € R,

h - Xt/\’TU(h'X) = Xr,, (A.6)

tATY (h-X) tATY (h-X) Tt
/ (hg)(h - X)du = / (hg) (X, )du = / g(Xo)du. (A7)
0 0 0

Hence by (A.6))-(A.7) and optional sampling Theorem

h-E (f(XWw )= [ <hg><Xu>du> fi(Xa) fk<Xsk>]
=h-E (f(Xt/\TU) - f(XS/\TU) - //\/\; (hg)(Xu)du> fl(Xsl/\TU) Tt fk(XSk/\TU)]

— 5| (060 - £ - | SN X, flXe,)] =0
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Secondly, we suppose only that U € S. Let d be a metric on S and we introduce, for
n > 1 integer, U, := {a € U |d(a,{h = 0}) > n~'}. Then it is straightforward to obtain
the pointwise convergences

h Xingvnnxy =2 10 Xiprt ()

fot/\‘rUn(h-X)(hg)(h - X,)du njo f(;t/\TU(h-X)(hg)(h.Xu)d%

SO
tATUn
FKipe) = F(Xapgin) = [ (o) (X )
tATY
"I F(Xi) = [ = [ () (XK

Applying the first step to U, and letting n — oo, by dominated convergence we obtain

&), 0

Proof of part[1] of Proposition[3.5. By using Proposition [2.1] we know that there exists
h € C(S,R%) such that Dyec(S) N D(S?) has probability 1 under h - P™ and under h - P
and such that h - P™ converges weakly to h - P for the global Skorokhod topology from
D(S?). Let us fix (f,g) and (f,,gn) arbitrary as in and then we can modify h such

that it satisfies furthermore hg,, hg € Cy(S) and hg, Co, hg.
n—oo
Let T be the set of t € Ry such that h- P(X;— = X;) = 1, so R4 \T is countable.

Let s1 < -+ < s < s <t belonging to T and let 1,...,pr € C(SA) be. By using of
Proposition and the first part of Remark

b (500 £ - [ o) (6)t) X)X <0 4

The sequence of functions (fn(Xt) — fu(Xs) — fst(hgn)(Xu)du)gol(Xsl) - op(Xs,) con-
verges uniformly to the function (f(Xt)—f(XS)—f;(hg)(Xu)du)gol(Xsl) -+ (X5, ) which
is continuous h - P-almost everywhere for the topology of D(S?). Hence we can take the
limit, as n — o0, in and we obtain that

bB (100 = 10 - [ (o)) (X)) 0. (a9)

Since T is dense in Ry, by right continuity of paths of the canonical process, and by
dominated convergence (A.9) extends to s;,s,t € Ry. Hence h-P € M({(f,hg)}), so

using (2.7)) and part [l of Proposition[3.4, P = (1/h)-h-P € M({(f,9)}). Since (f,g) € L
was chosen arbitrary, we have proved that P € M(L). O

Proof of part|[3 of Proposition|[3.4 It is straightforward that M(span(L)) = M(L). Let

P € M(L). We apply the part I of Proposition . to the stationary sequences P = P
and L,, = span(L) and to span(L). Hence P € M(span(L)) and the proof is finished. [
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Proof of part[3 of Proposition[3.5. Take ¢t € Ry and an open subset U € S, and let d be
a metric on . By Lemma onsidering K:=U and U := {(a,b) € $* | d(a,b) < €},
we have

sup Pn(d(XTI,XTz) > 5) — 0,

< n—oo
TI<T2 550

o< (1 +8)ATYUAL

hence (2.2)) is satisfied and we can apply the Aldous criterion (see also Proposition 2.14 in
[GHI7D]). O

Proof of part[3 of Proposition[3.4). It is straightforward that M(L) is convex. To prove
the compacteness, let (P™),, be a sequence from M(L). We apply the part [2| of Proposi-
tion to this sequence and to the stationary sequence L, = L. Hence (P") is tight, so
there exists a subsequence (P"); which converges toward some P € P(Djo(S)). Thanks
to the part (1| of Proposition we can deduce that P € M(L). The statement of the
proposition is then obtained since P(Dyo.(5)) is a Polish space. O
A.2 Proof of Theorem [4.5]

To prove the theorem we will use three preliminary results.

Lemma A.1l. Let (Py), € P(Dye(S))° be such that a — P, is continuous for the local
Skorokhod topology. Suppose that for all a € S®: Py(Xo = a) = 1 and there exists a dense
subset T, C Ry such that for any B € F and tg € T,

P, ((Xty+t)t € B | F1y) = Px, (B) Pg-almost surely.
Then (Pga)q is a (Fyt)i-strong Markov family.

Proof. Let T be a (Fy4)i-stopping time, let a € S be and let F' be a bounded continuous
function from Dy, (S) to R. For each n € N* chose a discrete subspace Ty C T, such that
(t,t +n '] NT? is not empty for any ¢ € R%, and define

T, =min{t € Ty | 7 < t}.
Hence 7, is a (F;)¢-stopping time with value in T} , so
E, [F ((Xr,4t)t) | Fr.] = Ex, F Pg-almost surely.

Since 7 < 7, < 7+ n"! on {r < 0o} and a — P, is continuous, lim, Ex, F=ExF.
We have

E, ’Ea [F ((X7+t)t) ’ -7:7-1-] - E, [F ((Xm-i-t)t) ‘ }—Tn”
< E, ‘Ea [F ((X7+t)t) ’ ]:T-I—] - E, [F ((XT—i—t)t) | ‘F'Tn” (A~10)

+ Eo | F (Xr1t)t) — F ((Xr,44)1)] -

On the right hand side, the first term converges to 0 (see, for instance, Theorem 7.23, p.
132 in [Kal02]) and the second term converges to 0 by dominated convergence. Hence

E, [F ((XT—i-t)t) | ’FT"F] = EXTF P,-almost surely,

50 (Pg)q is a (Fi4)e-strong Markov family. O
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Lemma A.2 (Localisation of continuity). Set S an arbitrary metrisable topological space,
consider U, C S, an increasing sequence of open subsets such that S = |, U,. Let

(P an € P(Dioe(S)S*N be such that
1. for each n € N, a — P?' is weakly continuous for the local Skorokhod topology,

2. foreachngmandaeg

Lo (X77) = Loy (X)), (A11)

Then there exists a unique family (PS°), € P(DZOC(S))g such, that for anyn € N anda € S
Un Un
Lo (X) = oy (X7, (A.12)
Furthermore the mapping

NU{oo} xS — P(De(9))

(n,a) — P? (A-13)

1s weakly continuous for the local Skorokhod topology.

Before giving the proof of this lemma let us recall that in Theorem 2.15 of [GH17D]
is obtained an improvement of the Aldous criterion of tightness. More precisely a subset
P C P (Dype(S)) is tight if and only if

Vt >0, Ve >0, Yopen U € S, sup sup P(R>¢) — 0, (A.14)
PeP T1<12<T3 6—0
T3<(T1+HS)ALATY

where the supremum is taken along 7; stopping times and with

d(Xr, X)) Nd( X4y, Xry) 0 <1 <,
Ri=1{ d(Xp—, Xp) Nd(Xry, Xry) 0 <7 =7,
d( X, Xr,) if 0 =7,

d being an arbitrary metric on S2.

Proof of Lemma[A.3 The uniqueness is straightforward using that X on converge to X
pointwise for the local Skorokhod topology as n — oo.

Let us prove that for any compact subset K C S, the set {P] | a € K, n € N} is tight.
If U € S is an arbitrary open subset, there exists N € N such that U C Uy. Let t.e >0
be. By the continuity of a — P7, the set {P!' | a € K, 0 <n < N} is tight, so using the
characterisation we have

sup sup P)(R>¢e) — 0.
0<n<N  71<72<73 6—0
a€K  m3<(m+6)AtaTY

Since U C Uy, for alln > N and a € K,
gpé\f (XTU> == gP;’lL (XTU> )
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hence

sup sup Pl(R>¢)= sup sup P)(R>¢) — 0.
neEN, aeK T1<12<T3 0<n<N T1<712<T3 0—0
T3<(T1+8)AATY a€K  m3<(r+6)AtATY

So, again by (A.14), {P} | a € K, n € N} is tight.

Hence, if a € S, then the set {P7}, is tight. Fix such a, there exist an increasing
sequence (k) and a probability measure P2 € P(Djo.(S)) such that Py (k) converges to
Po° as k — oo. Fix an arbitrary n € N, there exists kg € N such that p(ko) > n and U,, €
Ug(k)- Thanks to Proposition there exists g € C(S,R) such that U,y = {g # 0}
and such that g-Po* converges to g-PS° weakly for the local Skorokhod topology, as & — oo.
By using we have, for each k > ko, g - pet) — g- Pf(ko), sog-P*=g- petho),
Hence we deduce

Lo (XTU") = Lot (XTU") = Ly (XTU") .

Let us prove that the mapping in is weakly continuous for the local Skorokhod
topology. Since we already verified the tightness it suffices to prove that: for any sequences
ni € NU {o0}, aj, € S such that ng — oo and a — a € S as k — 0o and such that the
sequence Py converges to P € P(Djoc(5)), then P = Pge. Fix an arbitrary N € N, there
exists kg € N such that n,, > N and Uy @ Unko- As previously, by using Proposition
again, there exists g € C(S, R ) such that Uny, = {g # 0}, g - Pi* converges to g - P and
g-Pur converges to g - Py, as k — co. Thanks to (A.12) g - Pl =g- P, for k > ko,

ko __
a0 =

sog-P=g-P g - P:°. Hence we deduce

o (X) = Zoe (x7)
and letting N — oo we deduce that P = P;°. O

Lemma A.3 (Continuity and Markov property). Let

NU {co} x SA P(Dioe(S))
(n,a) — Py

be a weakly continuous mapping for the local Skorokhod topology such that (P7), is a
Markov family for each n € N. Then (PS°), is a Markov family.

Before giving the proof of the result recall the following property of the time change
stated in the fifth part of Proposition 3.3 of [GHI7H]: for any (P,)q € P(Diee(S))® and
g€ C(Sa R-‘r)v

(Pa)a is (Fig)e-strong Markov = (g - Pg)q is (Fiy )e-strong Markov . (A.15)
Proof. Using Proposition there exists g € C(S,R?%) such that for all (n,a) € NU
{oo} x S2, P™(Dye(S) ND(S?)) = 1 and such that (n,a) — P? is weakly continuous

for the global Skorokhod topology from D(S?). For all n € N, by Lemma (Pl is
(Fi+)e-strong Markov, so, by (A.15), (g - P7), is (Fiy)i-strong Markov.
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Take a € S and denote T, := {t eRy ‘g PR(Xi =Xy) = 1}, so T, is dense in R..
Let t € T, be and consider F,G two bounded function from D(S?) to R continuous for
the global Skorokhod topology, we want to prove that

9B [F (X2)5) G (Xins)o)] = 9 B [+ BRFIG (Xin)s) |- (A.16)
For any n € N, by the Markov property we have
9+ B |F ((Xi1:),) G (Xins)s) | = 9 Bl g+ B, [FIG ((Xins)s) |. (A.17)

The mappings

D(S?) — R and D(S?) — R
r = F((2t1s)s) G ((ens)s) r = g-EF [F]G ((ztns)s)
are continuous on the set {X;_ = X;} for the global topology. Hence, since g-E!' converges

to g - EX° weakly for the global topology and ¢ - P2°(X;— = X;) = 1, we have

9 EL[F(Xer)) G (Xins)s) | =2 97 B2 [F (X)) G(Xens)) | (A18)
9|9 BEIFIG (Xin)s) | — 9+ B2 [9- BRIFIG ((Xeno)s) |- (A.19)

Since (n,b) — g - P} is continuous for the global topology, using the compactness of SA
we have

sup |g-EfF —g-E°F| — 0. (A.20)

aESA n—o0

We deduce (A.16]) from (A.17)-(A.20) and so
9-EX[F (Xi4s)s) | 7] = g-EX[F], g-P-almost surely,

so, by Lemma[A.1] (g-P), is (Fy )-strong Markov. Applying (A.15)) to (g - Pg°), and
1/g, and using ({2.5)), we deduce that (PS°), is (Fi4 )i-strong Markov. O

a

Proof of Theorem [{.5 Thanks to Propositionthere exists g € C(S,R% ) such that
for all a € S2, Pu(Doe(S) NID(SA)) = 1 and such that the mapping a +— P, is weakly
continuous for the global Skorokhod topology from D(S*). Lemma insure that (Pg),
is (Fi4)e-strong Markov. By we can deduce that (¢-Pg)q is (Fiy)e-strong Markov.
Take a € S and t € R}, we will prove that g Po(X;— = X;) = 1. For any f € C(S?),
s <t and € > 0, by the Markov property

A T | 7] P g B [ / F(Xu)du].

Since a — g - P, is weakly continuous for the global topology and since z +— % f(f f(Xy)du
is continuous for the global topology,

g-Ex. E /Osf(Xu)du] i—zgg-EXF E /ng(Xu)du}.
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By a similar reasoning as in (A.10)) we have

1 t+e 1 s+e
9-Ealg- Eq [f f(Xu)du‘ft_} g E, [/ f(Xu)du‘]-"S] 0
= = Js =
50 t+e €
1 g-Pg-a.s. 1
g-Eq [g ) ( ]-"t_} e By, [6/0 f(Xu)du].
Hence letting e — 0 we deduce g - E, [f(X¢) | Fi—] g Pacas f(Xi-). Since f is arbitrary,

this is also true for f2 so we deduce

9-Ba (f(X0) = f(Xi0))* = g Ba [g- Ea [f2(X0) | Fi] = £2(X00)]
—29-Eo[f(Xi-) (9- Ea [f(X2) | -] = f( X))
= 0.
Since f is arbitrary, taking a dense sequence of C(S?), we get g - Po(X;— = X;) = 1.

Finally, for any t € R, and f € C(S%), since z — f(z;) is continuous for the global
Skorokhod topology on {X;_ = X;}, the function

SA R
a = g Eaf(Xt)

is continuous, so (g - Pg), is a Feller family.
[2=]3 Let L be the Co x Co-generator of (g - Pg)q, then, by Proposition M(L) =

{g- P“}“ep(sA) so by the first part of Proposition and by ([2.5)),

1
M <gL> ={Pu}uep(sa)-
[3={1] Thanks to [3| from Proposition for the local Skorokhod topology,

{Pa}aes — S
P, = a

is a continuous injective function defined on a compact set, so a — P, is also continuous.
Let 7 be a (Fi4)i-stopping time and a be in S. As in Remark we denote

Pg-a.s.

QX = gPa ((XT—i-t)tZO ‘ ]:7'-!—) .

By using Proposition Qx € M(L), Pg-almost surely, so Qx = Px_, Py-almost
surely, hence (P,), is (Fi4)i-strong Markov. The quasi-continuity is a consequence of
from Proposition [3.4]

[Z={/] Take an open subset U € S and define for all a € S

P,:=h-P, where 5= 209
ming g

By Proposition (P,)q is Feller, and moreover, since X7 = (h- X)),

vaes, Z, (x) =% (x7).
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/=11l Let U, € S be an increasing sequence of open subsets such that S = (J,, U,. For
each n € N there exists a Feller family (P}), such that

VaeS, Lo, (XTU”> = Lo (XTU"> .
Denote P := P,, then thanks to Lemma the mapping

NU{oo} x 82 — P(Dec(S5))
(n,a) — P

is continuous and thanks to Lemma (PS°)q is a Markov family. O

A.3 Proof of Lemma [4.17

Before proving the Lemma let us note that thanks to Proposition and ,
if (Py)q € P(De(S))? is locally Feller then for any open subset U C S there exists
ho € C(S,Ry) such that U = {hg # 0} and (ho - P,), is locally Feller. This fact does
not ensure that the martingale local problem associate to hoL is well-posed as is stated in
lemma. During the proof we will use two preliminary results.

Lemma A.4. Let L be a subset of Co(S) x C(S) such that D(L) is dense in Co(S) and U
be an open subset of S, then there exist a subset Ly of L and a function hy of C(S,R4.) with
{ho # 0} = U such that L = Ly, such that hoLo C Co(S) x Co(S) and such that: for any
h € C(S,Ry) with {h # 0} = U and sup,cyr(h/ho)(a) < oo and any P € M. ((hLo)?),
P(X=X")=1.

Proof. Take Ly a countable dense subset of L and let d be a metric on S*. For any n € N*
there exist M,, € N and (an.m)1<m<n, € (SA\U)M such that

M,
SM\U ¢ | Blanm,n™).

m=1
For each 1 < m < M, there exists (fn m,gnm) € Lo such that
1—n"Y14+n"1 ifdla,anm) >2n"t,

fam(@) € [-n~H1+n71]  ifn7t <d(a,anm) > 2n71,
[-n~1,n1 if n71 < d(a, anm)-

Take hg € Co(S,Ry) with {hg # 0} = U, such that hog € Cy(S) for any (f,g) € Lo and
such that for any n € N* and 1 <m < M,

1

[

Hence L = Ly and hLy C Co(S) x Co(S). Let h € C(S, R, ) be such that {h # 0} = U and
C = sup,ey(h/ho)(a) < co. Let P € M, ((hL)?) be such that there exists a € SA\U
with P(Xo = a) = 1. We will prove that

PVs>0, X;=a)=1 (A.21)
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Take t € Ry and n € N. There exists m < M, such that d(a, an,) < L. If we denote

-1
- TB(a,?)n )7

then

E{fom(Xinr)] = fam(a) + B [ [ Hgm(xas

1+tC
n

< fnm(a) + Rl e, p,an-1) | gnmll <
Since by 4| from Proposition we have P(7 < oo = d(X-,a) > %) =1,

E[fn,m(Xt/\T)] = E[fn,m(XT)]l{ert}] + E[fn,m(Xt)]l{t<T}}
2(1_%)P(7gt)—%P(t<T):P(rgt)—l,

n
SO
Plr<t) < 2+tC"
n
Hence we obtain
P (Vs €[0,1], d(Xs,a) < %) >Pt<Tt)>1- 24;;0'

By taking the limit with respect to n and ¢ we obtain .
To complete the proof let us consider an arbitrary P € M, ((hLO)A). As in Re-
mark [3.10 we denote
Qx " L (Xov)is0 | Frv)-
Thanks to Proposition P-almost surely Qx € M ((hL)A), and thanks to M| from
Proposition P-almost surely Qx(Xo = a) = 1 with a = X, € S2\U on {7V < co}.
By using the previous situation and by applying we get that P-almost surely
Qx(Vs >0, Xy =a) =1, with a = X, € S2\U on {rU < oo}. Hence P(X = X7 ) =
1. O

Lemma A.5. Let L be a subset of Co(S) x Co(S) such that the martingale problem as-
sociated to L is well-posed. Then the martingale problem associated to L* is well-posed if
and only if P(X = X7°) =1 for all P € Mc(L?) (in other words P € P(Dipe(9))).

Proof. Assume that the martingale problem associated to L” is well-posed and take P €
M (LA). Then Zp(X™) € Mc(LA), so by uniqueness of the solution P = %p(X™") and
so P(X = XTS) = 1. For the converse, let P!, P2 € M.(L?) be such that Zp1(Xo) =
ZLp2(X0). Then PL P2 € P(D}oe(S)) so P, P? € M(L), hence P! = P2 O

Proof of Lemmal[{.17. Let Ly and ho be as in Lemma and take h € C(S,R;) with
{h # 0} = U and sup,cr;(h/ho)(a) < oo. The existence of a solution for the martingale
problem associated to (hLg)® is given by the existence of a solution for the martingale
problem associated to L. Let PY, P2 € M.((hLo)®) be such that Zp1(Xo) = Lp2(Xo).
Thanks to Lemmaand Lemma for an open subset V' € U, there exist k € C(S,R%)
and a dense subset Ly of Ly such that k(a) = h(a) for any a € V, kL; C Cy(S) x Cy(S5)
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and the martingale problem associated to (kLi)® is well-posed. Hence we may apply
Theorem 6.1 p. 216 from [EK86] and deduce that Zpi (X7 ) = Lp2(X™" ). Letting V
growing toward U we deduce that Zp1 (XTU) = Lp2 (XTU) and so, since P*(X = XTU) =1
for i € {1,2}, we conclude that P! = P2 O
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Chapter 4

Lévy-type processes: convergence
and discrete schemes

Abstract: We characterise the convergence of a certain class of discrete time Markov processes
toward locally Feller processes in terms of convergence of associated operators. The theory of
locally Feller processes is applied to Lévy-type processes in order to obtain convergence results on
discrete and continuous time indexed processes, simulation methods and Euler schemes. We also
apply the same theory to a slightly different situation, in order to get results of convergence of
diffusions or random walks toward singular diffusions. As a consequence we deduce the convergence
of random walks in random medium toward diffusions in random potential.

Key words: Lévy-type processes, random walks and diffusions in random and non-random
environment, weak convergence of probability measures, discrete schemes, Skorokhod topology,
martingale problem, Feller processes, generators

MSC2010 Subject Classification: Primary 60J25; Secondary 60J75, 60B10, 60G44, 60J35,
60J05, 60K37, 60E07, 47D07

1 Introduction

Lévy-type processes constitute a large class of processes allowing to build models for many
phenomena. Heuristically, a Lévy-type process is a Markov process taking its values in
the one-point compactification R%?, such that in each point of a € R,

e it is drifted by the value of a vector §(a),
e it diffuse with the value v(a), a symmetric positive semi-definite matrix,

e it jumps into a Borel subset B of R with the rate v(a, B), a positive measure
satisfying

/(1 A b —al*)v(a,db) < oco.

For a Lévy-type process we will call (d,~,v) its Lévy triplet.

In general, the study of the convergence of sequences of general Markov processes is
an important question. The present paper considers this question, among others, in the
setting of the preceding two models. The approximating Markov sequences could have
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continuous or discrete time parameter in order to cover scaling transformations or discrete
schemes.

A usual way to obtain such results is the use of the theory of Feller processes. In this
context there exist two corresponding results of convergence (see, for instance Kallenberg
[Kal02], Thms. 19.25, p. 385 and 19.27, p. 387). However, on one hand, when one needs
to consider unbounded coefficients, for instance the Lévy triplet (d,,v) for Lévy-type
processes, technical difficulties could appear in the framework of Feller processes. On
the other hand the cited results of convergence impose the knowledge of a core of the
generator. This could not be the case in some probabilistic constructions.

Our method to tackle these difficulties is to consider the context of the martingale local
problems and of locally Feller processes, introduced in [GHI7c]. In this general framework
we have already analysed the question of convergence of sequences of locally Feller pro-
cesses. In the present paper we add the study of the convergence for processes indexed
by a discrete time parameter toward processes indexed by a continuous time parameter.
We obtain the characterisation of the convergence in terms of convergence of associated
operators, by using the uniform convergence on compact sets, and hence operators with
unbounded coefficients could be considered. Likewise, we do not impose that the operator
is a generator, but we assume only the well-posed feature of the associated martingale
local problem. Indeed, it could be more easy to verify the well-posed feature (see for
instance, Stroock [Str75] for Lévy-type processes, Stroock and Varadhan [SV06] for diffu-
sion processes, Kurtz [Kurll] for Lévy-driven stochastic differential equations and forward
equations...).

We apply our abstract results and we obtain sharp results of convergence for discrete
and continuous time sequences of processes toward Lévy-type process, in terms of Lévy
parameters (,7,v). We prefer the use of the Lévy triplet than the symbol associated to
the operator, since the results are more precise in the situation of possibly instantaneous
explosions. This is due essentially to the fact that the vague convergence of bounded
measures cannot be characterised in terms of characteristic function. Our results can
also be used to simulate Lévy-type processes and we improve Theorem 7.6 from Béttcher,
Schilling and Wang [BSWI13|, p. 172, which is an approximation result of type Euler
scheme. We state the results in terms of convergence of operators, but essentially one can
deduce the convergence of the associated processes.

Another well known model is the dynamic of a Brownian particle in a potential. It is
often given by the solution of the one-dimensional stochastic differential equation

1
dXy = dB, — S V'(Xy)dt,

where V' : R — R. The process X is also a Lévy-type process, and, thanks to the
regularising property of the Brownian motion one can consider very general potentials, for
example cadlag functions (see Mandle [Man68]). In particular, it can be supposed that
the potential is a Brownian path (see Brox [Bro86]), a Lévy path (see Carmona|Car97])
or other random paths (Gaussian and/or fractional process...).

When studying a Brownian particle in a potential, we prove the continuous dependence
of the diffusion with respect to the potential, using again our abstract results, even this
is a different situation. We point out that it can be possible to consider potentials with
very few constraints. In particular we consider diffusions in random potentials as limits of
random walks in random mediums, as an application of an approximation of the diffusion
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by random walks on Z. An important example is the convergence of Sinai’s random walk
[Sin82] toward the diffusion in a Poisson potential (recovering Thm. 2 from Seignourel
[Sei00], p. 296), toward the diffusion in a Brownian potential, also called Brox’s diffusion
(improving Thm. 1 from Seignourel [Sei00], p. 295) and, more generally, toward the
diffusion in a Lévy potential.

Let us describe the organisation of the paper. The next section contains notations and
statements from our previous paper [GHI17c], which are useful for an easy reading of the
present paper. In particular, we give the statements concerning the existence of solutions
for martingale local problems and concerning the convergence of continuous time locally
Feller processes. Section 3 is devoted to the limits of sequences of discrete time processes,
while Section 4 contains two results of convergence toward general Lévy-type processes.
The diffusions evolving in a potential are studied in Section 5. The appendix contains the
statements of several technical results already proved in [GHI17¢].

2 Martingale local problem setting and related results

Let S be a locally compact Polish space. Take A ¢ S, and we will denote by S2 O S the
one-point compactification of S, if S is not compact, or the topological sum S U {A}, if S
is compact (so A is an isolated point). The fact that a subset A is compactly embedded in
an open subset U C S* will be denoted by A € U. If x € (S°)®+ we denote the explosion
time by

E(z) :=inf{t > 0| {zs}s<t & S}.

The set of exploding cadlag paths is defined by

V> (), @ = A,
D]OC(S) = QT E (SA)R7L Vvt > 0, Ty = limsu Ts, ,
Vt > 0s.t. {T5}sct €S, xy— := limgy x5 exists

and is endowed with the local Skorokhod topology (see Theorem 2.4 in[GHI17b]) which is
also Polish. A sequence (2*)en in Dioe(S) converges to 2 for the local Skorokhod topology
if and only if there exists a sequence (A¥), of increasing homeomorphisms on R satisfying

Vit > 0s.t. {T5}s<t €S, lim sup d(xs,:):’;k) =0 and lim sup |]\¥ —s| = 0.

k—oo g<t k—oo g<t

The local Skorokhod topology does not depend on the arbitrary metric d on S2, but only
on the topology on S. We will always denote by X the canonical process on Dioq(S).
We endow Djo.(S) with the Borel o-algebra F := o(X;s, 0 < s < oo) and a filtration
ft = U(XS, 0 S S S t).

Denote by C(S) := C(S,R), respectively by C(S?) := C(S?,R), the set of real con-
tinuous functions on S, respectively on S, and by Cy(S) the set of functions f € C(S)
vanishing in A. We endow the set C(S) with the topology of uniform convergence on
compact sets and Cy(S) with the topology of uniform convergence.

We proceed by recalling the notion of martingale local problem. Let L be a subset of
Co(S) x C(S). The set M(L) of solutions of the martingale local problem associated to L
is the set of probabilities P € P (Do.(S)) such that for all (f,g) € L and an open subset
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Ues:
tATY
f(Xiprv) — / 9(Xs)ds is a P-martingale
0

with respect to the filtration (F;); or, equivalent, to the filtration (F;1);. Here 7V is the
stopping time given by

V=inf{t>0| X, gUor X;_ ¢ U}. (2.1)

In [GHI7c] the following result of existence of solutions for martingale local problem
was proved:

Theorem 2.1. Let L be a linear subspace of Cy(S) x C(S) such that its domain D(L) :=
{f €Co(S) | 3g e C(S), (f,g) € L} is dense in Cy(S). Then, there is equivalence between

i) existence of a solution for the martingale local problem: for any a € S there exists
an element P in M(L) such that P(Xo = a) = 1;

ii) L satisfies the positive mazimum principle: for all (f,g) € L and ag € S, if f(ap) =
Supacs £(a) > 0 then g(ao) < 0.

Let us note that a linear subspace L C Cy(S) x C(95) satisfying the positive maximum
principle is univariate, so that it can be equivalently considered as a linear operator

L:D(L) — C(S).

The martingale local problem is said well-posed if there is existence and uniqueness of the
solution, which means that for any a € S there exists an unique element P in M(L) such
that P(X() = CL) = 1.

A family of probabilities (Py)a € P(Die(S))° is called locally Feller if there exists
L C Cy(S) x C(S) such that D(L) is dense in Cy(S) and

Ya € S : PeM(L) and P(Xp=a)=1<= P =P,.

The Cg x C-generator of a locally Feller family (Py), € P(Dioc(S))? is the set of functions
(f,9) € Co(S) x C(S) such that, for any a € S and any open subset U € S,

taTY
f(Xiprv) — / 9(Xs)ds is a P,-martingale.
0

It was noticed in Remark 4.11 in [GHI7c] that if h € C(S,R%) and if L is the Cq x C-
generator of a locally Feller family, then

hL :=={(f,hg)|(f,g) € L} is the Cy x C-generator of a locally Feller family.  (2.2)

A family of probability measures associated to a Feller semi-group constitutes a natural
example of a locally Feller family (see Theorem 4.8 from [GHI17c]). We recall that a Feller
semi-group (7}):cr, is a strongly continuous semi-group of positive linear contractions on
Co(S). Its Cp x Cp-generator is the set Lo of (f,g) € Co(S) x Co(S) such that, for all
a€esS

lim ~ (Tuf(a) — f(a)) = g(a).

t—0 t
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It was proved in Propositions 4.2 and 4.12 from |[GH17c|, that the martingale problem
associated to Lo admits a unique solution and, if L denotes its Co(S) x C(S)-generator
then, taking the closure in Cy(S) x C(S5),

Lo=LNCy(S) x Cy(S) and L :fo. (2.3)

The following result of convergence is essential for our further development and it
was proved in |[GHI7c]. As was already pointed out in the introduction, an improvement
with respect to the classical result of convergence (for instance Theorem 19.25, p. 385, in
[Kal02]), is that one does not need to know the generator of the limit family, but only the
fact that a martingale local problem is well-posed.

Theorem 2.2 (Convergence of locally Feller family). For n € NU {oo}, let (P0}), €
P(Dpe(S))° be a locally Feller family and let Ly, be a subset of Co(S) x C(S). Suppose
that for any n € N, L,, is the generator of (P7),, suppose also that D(Ls) is dense in
Co(S) and

Va €S PeM(Ly) and P(Xop=0a) =1<= P =P;°.
Then we have equivalence between:

a) the mapping
NU {00} x P(S2) — P (Dp.(S))
(n, 1) = Py

is weakly continuous for the local Skorokhod topology, where P, := [Pqu(da) and
PA(Xo=A)=1;

b) for any an,a € S such that a, — a, Py converges weakly for the local Skorokhod
topology to PS°, as n — oo;

a ’

c) for any f € D(Lso), there exists for each n, f, € D(L,) such that f, % f,
Lufo 5 Loof.
n—oo
3 Convergence of families indexed by discrete time

We start our study by giving a discrete time version of the notion of locally Feller family.

Definition 3.1 (Discrete time locally Feller family). We denote by Y the discrete time
canonical process on (S2)N and we endow (S2)N with the canonical o-algebra. A family

(Po)a € P ((SA)N)S is said to be a discrete time locally Feller family if there exists
an operator T' : Cy(S) — Cu(S5), called transition operator, such that for any a € S:
P,(Yo=a)=1and

Vn € N, Vf S Co(S>, E, (f(Yn—l—l) ’ Yo, ... 7Yn) = ]l{Yn?éA}Tf(Yn) P,-a.s. (31)

If we denote P A the probability defined by Pa(Vn € N, Y, = A) = 1, then for u € P(S?),
P, := [ P,u(da) satisfies also (3.1)).
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Now we can state the main result of this section which, similarly, is an improvement
with respect to Theorem 19.27, p. 387, in [Kal02], in the sense that one does not need to
know the generator of the limit family, but only the fact that a martingale local problem
is well-posed.

Theorem 3.2 (Convergence). Let L be a subset of Co(S) x C(S) with D(L) a dense
subset of Cy(S), such that the martingale local problem associated to L is well-posed, and
let (Po)a € P(Dyoe(S))? be the associated continuous time locally Feller family. For each
n € N we introduce (P7), € P((S®)N)S a discrete time locally Feller families having for
transition operator T,,. We denote by L, the operator (T, — id)/e,, where (c,), is a
sequence of positive constants converging to 0, as n — oco. There is equivalence between:

a) for any pin, p € P(S?) such that ju, — p weakly, as n — oo,

ER

Loy ((Vagea)t) =37 P

b) for any an,a € S such that a, — a, as n — o,

) P05

n—oo

ngn ((YLt/an)t P.;

¢c) for any f € D(L), there exists (fn)n € Co(S)Y such that f, COT(SQ fy Lofa (¥>) Lf.
Here |r] denotes the integer part of the real number 7.

Proof. Set Q := (S®)NxRY and G := B(S?)*N@B(R,)®N. For any u € P(S?) andn € N,
define PP} := P}, ® £ (1)®N, where £(1) is the exponential distribution with expectation 1.
Define

Y, : Q - S and E, : Q — Ry
(i )k (SK)K)) = Yn (i )k (sK)K)) = 8n,s

and introduce the standard Poisson process
n+1

V>0, N, ::inf{nEN‘ ZEk>t}.
k=1

Step 1) For each n € N define Z}' := Yy, . . Consider the modified assertions:

a') for any pin, i € P(S?) such that p, — p,

P(Dioe(S
Lo (27 T2l p

n—oo

b') for any ay,a € S such that a, — a,

P(Bioc(S))

n—oo

gpgn (Zn) Paa
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We will verify that ') < b') < ¢). We need to prove that for all € P(S%), L (Z") €
M(Ly,). Taking G' := (N, , Z¢, s < t), it is enough to prove that, for each f € Co(S)
and 0 < s <t,

e [z - sz - [ sz

R

Let us introduce the (G}');-stopping times 7' := inf {u >0 Nyje, = k:} Then, for all
keN,

E; [f(ZfA(T,gHVS)) — F(Z{\(rpvs)) ’ gtn/\(T]?Vs)}
= Litsrps<rp, B [(f(yk—i-l) = fV) gy, <ty ‘ ng(rgvS)}
= L crp, B [(F0Vi1) = FOR Lo, —rpvasirpvay | Gopvs]
= Lpsaps<rp, ) (Tnf (Vi) — F(Ye)) (1 — exp(—(t — 70 V 5) /en))
= ]1{t>T,g,s<rg+1}Lnf(Zf,g\/s)5n(1 —exp(—(t =7 V 5)/en)),

where we used the fact that (N, /., ). is a Poisson process. Similarly,

- /t/\(T,?_'_le) I f(Zn)d G
n A Vs
a tA(TVS) I V)
= ]1{t>’r,?,S<T£+1}Lnf(Z77}£V5)EZ |:t A TI?+1 - Tl? Vs ‘ gtn/\(‘r]’;Vs):|
= Lppsrp oy o (Zipy JER [(E = 7V 8) A (s = 2V 8) | Gl
= s scrtyy End (Zips) [0 /20) expl=u/en)((¢ =V 5) M)
= ]1{t>r,§‘,s<rg+l}Lnf(Z%VS)En(1 —exp(—(t -7V 3)/5n))
Hence
. . . tA(Ty 1 Vs) . .
E,u f( t/\(T,?Jrl\/s)) - f(Zt/\(T,?Vs)) - /t/\(T]?Vs) Lnf(Zu)du gt/\(T]?VS) = 0.
Hence
t
5 | 120 - 12 - [ Larzac] a2
(T 1 VS)
= E.“’ Z (( t/\(7'1?+1\/5)) - f( t/\(TI?VS)) - /t/\( ny ) Lnf(Zu)du> gS
k>0 Vs
n |mn n n AT V) n n n
= ZEu Eu f(Zt/\(TI?+1\/S)) - f( t/\(T,?\/s)) B / Lnf(Zu)du gt/\(*rly\/s) gs
k>0 tA(TVS)

:07

so that Zpn (Z™) € M(Ly,). Hence applying the convergence Theorem to L, and L,
we obtain the equivalences between a'), ') and c).
Step 2. To carry on with the proof we need the following technical result
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Lemma 3.3. Forn € N, let (2",G",P") be a probability space, let Z" : Q" — Dy,e(S) and
" : Q" - C(R4,Ry) be an increasing random bijection. Define Z™ := Z™ o I'™. Suppose
that for each ¢ >0 andt € Ry

P (sup]FZ—s| >5> — 0.

s<t n—00
Then for any P € P(D,.(S)),

Lo (Z") — P & L (Z") — P,

n—00 n—oo
where the limits are for the weak topology associated to the local Skorokhod topology.

We postpone the proof of this lemma and we finish the proof of the theorem. Let us
note that for any t > 0 and n € N, Y|/, | = ZF? with

[t/en]
[P =en | Y Ext (t/en— [t/en]) Eltje, )1
k=1
Assuming that
vVt >0, Ve > 0, sup P} <sup Iy —s| > 5) — 0, (3.2)
HEP(SA) s<t oo

then, by the latter lemma we get a) < a’) and b < V'), so that a) < b) < ¢).
Let us prove (3.2). Fixt > 0,e > 0, n € N and u € P(S?), then since I' is a
continuous piecewise affine function, we have

k
Sup[T" —s| < sup [T%, —kea| = sup |20 S Ei— kool —en sup Myl
s<t keN keN = keN
k<[t/en] k<[t/en] - k<[t/en]

where My, := Zle E;—k and [r] denotes the smallest integer larger or equal than the real
number r. Since the F; are independent random variables with exponential distribution
£(1) we have

Ej[M}] = KE}[(Ey —1)’] = k.
By Markov’s inequality and by the maximal Doob inequality applied to the discrete time

martingale (M), we can write

E, [Supksrt/eu M| ep

g2

Py <sup|1“? —s|> 5) <P, <5n sup | M| > 5) <
s<t k<[t/en]

2 2
4y {M[t/‘sn]} €0 Aft/en]el At +en)en
< — < ,
— 82 52 — 52

We deduce (3.2) and the proof of the theorem is complete except for the proof of Lemma
O
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Before giving the proof of Lemma we state and prove a more general result:

Lemma 3.4. Let E be a Polish topological space, forn € N, let (2", G",P") be a probability
space and consider Z™, Z™ : Q" — E random wvariables. Suppose that for each compact
subset K C E and each open subset U C E? containing the diagonal {(z,2)|z € E},

pP" (Z” €K, (Z",2") ¢ U) ) (3.3)

n—oo

Then, for any P € P(E),

Lon(Z™) — P implies  Lpn(Z") — P,

n—oo n—oo
where the limits are for the weak topology on P(E).

Proof. Suppose that Zpn(Z") — P so that for any bounded continuous function f :

n—o0
E — R, lim, o E*[f(Z™)] = [ fdP. Since E is a Polish space the sequence (-Zpn(Z™))y,
is tight. Take an arbitrary € > 0 and let K be a compact subset of E such that

VneN, PYZ"¢K)<e. (3.4)
By (3.3) applied to K and U := {(z,2) | |f(Z) — f(2)| < €}, we have

pr (Z” e K, |f(Z") — f(ZM)| > 5> 0.

n—o0

Hence by
12" - $(27)

Ew@m—/mﬂswwwm—/mﬂ+w

F(Z") = £(27)

IN

EA(Z7)] = / fap| +E" | Lignerlszm—szmiz)
P27 = FE)| Ui pierpizmpeny] + B [ = 12| 1z

< B2 - [ FdP|+ 21 P (27 € Ko IS(Z7) = 127 2 ) + <+ 2],

Letting successively n — oo and € — 0, we deduce that

E"[f(Z")] — [ fdP,

n—oo

hence, since f is an arbitrary bounded continuous function, we have iﬁpm(f”) — P. O
n—oo

Proof of Lemmal[3.3. We denote by A the space of increasing bijections A from Ry to Ry,
and for ¢ € R, we denote ||\ —id||; := supg<; |As — s|. Since

VAEA, VEeRy, Ve>0, |A—id|ie <e= IAN"'—id|; <e,

the hypotheses of Lemma are symmetric with respect to Z and A , 80 it suffices to prove
only one implication. Hence we suppose Zpn(Z") — P and, by applying Lemma
n—o0
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we prove Zpn (Z") — P. Let K be a compact subset of Dj,.(S) and U be an open

n—oo

subset of Dy,.(S)? containing the diagonal {(z, 2) | 2 € Djoc(S)}. We prove the assertion
>0 >0 Ve K, VA€ A, |[A—id|i<e= (2,20 €U. (3.5)

If we suppose that is false, then we can find two sequences (z"),, € KN and (A"),, € AN
such that, for all n € N, (2™,2" 0 A") € U and for all ¢t > 0, ||\, —id]|; — 0, as n — oo.
By compactness of K, possibly by taking a subsequence, we may suppose the existence of
z € K such that z” — z as n — oco. Then, it is straightforward to obtain

UZ(E"2"oA") — (2,2) € U.

n—oo

This is in contradiction with the fact that U is open, so we have proved (3.5)). Take ¢ and
e given by (3.5, then

p" (Z" c K, (Z",2") ¢ U) <P (" —id]; > &) — 0.

Hence by Lemma Lon(Z") —> P, O

n—o0

4 Lévy-type processes: convergence and discrete scheme

In this section we take d € N*, we denote by | - | the Euclidean norm and by R?* the one
point compactification of R%. Let also C3°(R?) be the set of compactly supported infinitely
differentiable functions from R? to R. We are interested in the dynamics which locally
look like as Lévy’s dynamics. To simplify notations all along of the present section, let us
introduce a linear functional on C3°(R?) which describes a dynamic in a neighbourhood
of a point a € R%: for f € CP(RY),

d
Toalbn)f =y 30 0 (@) + 8- Vi@ + [ (7(0) = F(@) = x(ab)- ¥ (a)w(ah),

dA
ij=1 R

where

— the compensation function x : R? x R — R? is a bounded measurable
function satisfying, for any compact subset K C R%,

b,c)—(c—b
p (D= (=)
b,ce K, b#c lc — bl

(H1)

< 0Q;

— the drift vector is § € RY, the diffusion matrix v € R?™? is symmetric
positive semi-definite and the jump measure v is a measure on R%* satisfying
v({a}) =0 and (H2(a))

/ (1A [b = af?)p(db) < oc.
RdA
Usually we take for compensation function

xi(a.b) == (—a)/A+[b—al*) or xa(ab):=(b—a)lj_g<- (4.1)
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It is well known (see for instance Theorem 2.12 pp. 21-22 from [Hoh9§|) that for any
linear operator L : C°(R?) — C(R?) satisfying the positive maximum principle and for
any x satisfying (H1): for each a € R? there exist 6(a), v(a) and v(a) satisfying (H2(a))
such that

Vf € CP(RY), Va e R, Lf(a) =Tya(d(a),y(a),v(a))f.

In the following we will call such an expression of L a Lévy-type operator.

In order to obtain a converse sentence and to get the convergence of sequences of Lévy-
type operators, we have to make a more restrictive hypothesis on the couple (x,v): for
a € R?

— the compensation function x : R? x R — R? is a bounded measurable
function satisfying, for any compact subset K C R%,

b,e)—(c—0
sup Ix(b,c) (f; ) 0
bee K, 0<|c—b|<e lc— b e=0

(H3(a))

and v ({b € R | x is not continuous at (a,b)}) = 0.

For example, y; given in (4.1]) satisfies (H3(a)) for any v and x2(a,b) satisfies (H3(a))
whenever v({b € R|[b—a| = 1}) = 0.

The following theorem contains a necessary and sufficient condition for the convergence
of sequences of Lévy-type operators (and processes) in terms of their Lévy triplet. Before
we introduce some notations.

e Let x : R x R¥ — RY be a compensation function. For each a € R? let (y,v(a))
and (d(a),7y(a),v(a)) satistying respectively (H2(a)) and (H3(a)). Set

Lf(a) := Tya(d(a),7(a),v(a))f,  for any f € CZ(RY). (4.2)
e For each n € N and a € R? let (6, (a), yn(a), vn(a)) satisfying (H2(a)). Set

Ly f(a) =Ty a(6n(a),m(a),vn(a))f, for any f € C?(Rd). (4.3)

e For each n € N and a € R? let u1,,(a) be a probability measure on R and let ¢, > 0
be a sequence converging to 0. Set

Tof(a) := / F(b)pn(a,db),  for any f € C(R¥). (4.4)

Theorem 4.1 (Characterisation of the convergence toward Lévy-type operators).
1) The function Lf is continuous for any f € C2(RY) if and only if
e a+ 6(a) is continuous on R,

e a [ f(b)v(a,db) is continuous on the interior of { f = 0}NRY, for any f € C(R™),

e a— vji(a)+ [ xila,b)x;(a,b)v(a,db) is continuous on RY, for any 1 <i,j < d.
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2) Assume that Lf is continuous for any f € C‘C’O(Rd). The uniform convergence on
compact sets, L,f — Lf, asn — oo, holds for all f € C(R?) if and only if

e 6,(a) — 6(a), uniformly for a € R varying in any compact subset,

o [ f(b)vn(a,db) — [ f(b)v(a,db), uniformly for a € R? varying in any compact subset
of the interior of {f = 0} NRY, for any f € C(R¥),

o Ynij(a)+ [ (xix;)(a, b)vn(a, db) — vi;(a)+ [ (xix;)(a, b)v(a, db), uniformly fora € R?
varying in any compact subset, for any 1 <i,j < d.

8) Assume that Lf is continuous for any f € CX(R?). The uniform convergence on
compact sets, e, (T f — f) — Lf, as n — oo, holds for all f € C(R?) if and only if

o c ! fRdA\{a} x(a, b)) pn(a, db) — 8(a), uniformly for a € RY varying in any compact
subset,

o 5,1 [ f(B)un(a,db) — [ f(b)v(a,db), uniformly for a € RY varying in any compact
subset of the interior of {f = 0} NRY, for any f € C(R),

o c ! fRdA\{a}(Xin)(a, b)pin(a, db) — vij(a) + [(xix;)(a,b)v(a,db), uniformly for a €
R? warying in any compact subset, for any 1 <1i,j < d.

Remark 4.2. 1) Thanks to Theorems and |3.2| we can deduce from Theorem [4.1|sharp
results of convergence for the processes associated to L,, T, and L. In particular, the
third part of Theorem is, somehow, an improvement of the classical Donsker theorem,
and, for instance allows us to simulate Lévy-type processes. We illustrate this fact by the
following example.

2) The previous theorem may be adapted in the context where S is a manifold. In this
case

Lf(@) == 3 D*(@)1(@) + DS (@) -8(a) + [ (7(8) = F(@) = D(@) - x(a,)v(a db),

where for each a € RY Df(a) € TFS and D?f(a) € T;S®? are first and second order
differentials at a, the compensation function y(a,b) € T,S is defined for b € S2, the drift
vector &(a) is in 1,5, the diffusion v(a) € T,S%? is symmetric positive semi-definite and
the jump measure v(a) is a measure on S2®. Here T,S and T;'S are the tangent and the
cotangent spaces of S at a. O

Example 4.3 (Symmetric stable type operator). Consider ¢ € C(R% R,) and a €
C(RY,(0,2)), and denote, for f € Co(R?) and a € RY,

Li@ = [ (f0) = (@) = (b= ) VF@)1-gr)ela)lp - o]

As a consequence of the first part of Theorem L maps Co(R?) to C(R%). For a € R?
and n € N*, define the probability measure

C(a) —d—afa i C(a)Sdil Ve
pn (@, db) == —=[b — a "y _gyze, db, with  en(a) = (naw)
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where Sq_1 = 2n%2/T'(d/2) is the measure of the unity sphere in R%. Thanks to the third
part of Theorem for any f € C(RY),

lim n </ f(b)pn(a,db) — f(a)) = Lf(a), uniformly for a in compact subsets of R

n—oo

To go further, it is straightforward that for any a € R% and n € N*, p,,(a) is the distribution
of the random variable

c(a)Sa-1

1/a(a)
no(a)U > , with independent Q ~U(S?1), U ~uU([0,1]),

a+Q (
where U(S%1) and U([0, 1]) are the uniform distributions, respectively on the unity sphere
of R? and on [0,1]. To simulate the discrete time locally Feller processes associated to

(un(a))q we can proceed as follows. Let (Q, Uy )x be an i.i.d. sequence of random variables
with distributions ¢/(S*1) ® U([0,1]) and define, for n € N* and k € N,

(27 Sq-1 ) 1/a(Zy)

AN — s —
=2+ (S

Hence thanks to Theorem [3.2] if the martingale local problem associated to L is well-posed,
then (ant | )¢ converges in distribution to the solution of the martingale local problem. ¢

Remark 4.4. This example is adaptable when we want to simulate more general Lévy-
type processes. The heuristics is as follows: first we approximate the Lévy measure by
finite measures, we renormalise them and then we convolute with a Gaussian measure
having well chosen parameters. O

Before proceeding to the proof Theorem we give a second approximation result
inspired from [BSW13], Theorem 7.6 p. 172. Let L : C*(R%) — C(R?) be an operator
satisfying the positive maximum principle. Let the translation of f by h € R? be the
mapping 7, f(a) = f(a + h). For ay € R%, we introduce the operator

L(ap) : Cgo(Rd) — Co(Rd) by  L(ag)f(a) := L(Ta—q, f)(ao)- (4.5)

Clearly Lf(a) = L(a)f(a). Since L(ag) is invariant with respect to the translation and
satisfies the positive maximum principle then its closure in Co(Rd) X Co(Rd) is the Cy x Cg-
generator of a Lévy family (see for instance, Section 2.1 pp. 32-41 from [BSW13]). We
denote by (T;(ao))>0 its Feller semi-group and we state:

Theorem 4.5 (Approximation with Lévy increments).
Let (ey)n be a sequence of positive numbers such that £, — 0 and define the transition
operators T, by

Tuf(a) ="Te,(a)f(a),  for f€ Co(R?).
Then, for any f € C*(RY),

1
—(Tnf—f) — Lf, uniformly on compact sets.

En n— 00

Remark 4.6. If the martingale local problem associated to L is well-posed, by Theo-
rem one deduces the convergence of the associated probability families. O
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Excepting the fact that the present convergence is for the local Skorokhod topology,
Theorem is an improvement of Theorem 7.6 p. 172 from [BSWI3|. More precisely,
we do not need that the closure of L is a generator of a Feller semi-group, but we only
suppose that the martingale local problem is well-posed. We postpone the proof of the
latter theorem to the end of this section.

The proof of Theorem is obtained as a straightforward application of the following
proposition whose result is somehow similar to Theorem 8.7, pp.41-42 of [Sat13].

Proposition 4.7. For each n € NU {0} take a, € R? such that a, — ase and con-
sider (On,Yn,Vn) satisfying (H2(ay)). Let also x be such that the couple (x,Veo) satisfies
(H3(aoo)). Then

Vf € Cgo (Rd)a Tx,an (5m Tn, Vn)f njo T Qoo (5007 Yoo Voo)fa (4-6)

if and only if the following three conditions hold

(0, — Ooo,

n—o0

Vf € C(R¥) vanishing in a neighbourhood of as, [ f(b)vn(db) — [ f(b)veo(db),

n—oo

Z?]

| (s + S 0x) (@n, Do) (s [ (6i%3) (e, oc(dD))

(4.7)

Proof of Theorem[{.1. Parts 1) and 2) are direct consequences of the latter proposition.
To verify Part 3) we remark that for any f € C°(R?), n € N and a € R, we have

(Tnf(a) = f(a))/en = Tx,a((sn(a)707 vn(a)) f
with

on(a) := 6;1/ x(a,b)pun(a,db) and  v,(a,db) := sgllleA\{a}(b)un(a,db),
RI2\{a}

hence we can apply again Proposition [£.7} O

In order, to prove Proposition [£.7] we need the following lemma on the convergence of
measures:

Lemma 4.8. For n € NU {oc} let a, € R? be such that a, — as and let v, be Radon
measures on R¥ \ {a,}. Suppose that, for any f € C(R™) such that f vanishes in a
neighbourhood of aso, is constant in a neighbourhood of A and is infinitely differentiable
in R%, we have

[ 1ot = [ o).

i) Then, for any sequence (fn)nenu{oo} Of measurable uniformly bounded functions from

R to R such that the f, vanish in the same neighbourhood of as, for n € NU {0}, and
such that

Voo (RdA\{bo ERM[ lim  fu(b) :foo<bo)}) =0, (4.8)

—00,b—bg
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we have
[ 5aon@r) = [ gpnctan),

i1) Assume, moreover, that there exists n > 0 such that

sup / |b— an|2]l|b_an‘§n vp(db) < 0.
neNU{oo}

Then, for any sequence (fn)nenu{oo} Of measurable uniformly bounded functions from R4

to R satisfying fn(ay) =0,

n n h’
lim lim sup sup M

= 4.
0—=0 n—oo 0<‘h‘§5 |h|2 07 ( 9)

and , we have
[ a0 — [ s@nctan),

Proof. Consider a sequence of functions (fn)nenufoo} @s in the first part of lemma. Let Uy
be an open subset such that U; € R \ {as} and

no Y {fn;éO}ngA\{boeRdA
neNU{oco}

lim  fu(b) = foo(b0) }-

n—o00,b—bg

Let ¢1 € C(R?2) be such that ¢ vanishes in a neighbourhood of as, and is constant in a
neighbourhood of A, ¢y is infinitely differentiable in R? and such that ¢ > 17,. Then

[ermn@) = [ooua@)

so that

sup  v,(Up) < sup /@1(b)un(db) < 0.
neNU{co} neNU{oco}

Since R \ {aw} is a Polish space, the measure v, is inner regular on this set. Hence, if
€ > 0 is chosen arbitrary, there exists a compact subset K. C U; satisfying

K. C {bo eR®|  lim  fu(b) = foo(bo)} and  veo(K.) > voo(Uy) —e.  (4.10)

n—o00,b—bg

Hence f is continuous on K. and f, converges uniformly to fo on K.. There exists
a function ¢y € C(R%) such that g9 is constant in a neighbourhood of A, is infinitely
differentiable in R? and such that {2 # 0} C Uy, [|p2|| < ||fsll and |2 — foollk. < €.
Since (4.10]), by compactness there exists an open subset Us C U; such that

K. cU;C {bo € R4 | lim sup ‘fn(b) — @2(1)0)‘ < 2&}.

n—o00,b—bg

By dominated convergence there exists a function 3 € C(RdA) such that 3 vanishes in
a neighbourhood of a«, is constant in a neighbourhood of A, is infinitely differentiable in
R4, and such that 1y, > @3 and [ 03(b)vee(db) > vso(Us) — €. Hence

n—oo

liminf ,(U2) > lim inf / o (b)vn(db) = / s (D)vao(d) > v (Us) — &

> Voo (K:) — € > v (Ur) — 26.
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Therefore we have

iimsup| [ fa(0)n() ~ [ foo<b>uoo<db>‘ <timsup | [ a0pna) - [ m(b)uoo(db)\
1 limsup / <fn<b>—so2<b>)vn<db>'+hmsup / (fa(B) — 9(5))vn(dD)
n—oo Us n—oo U1\U2
e <foo<b>—go2<b>>uoo<db>'+nmsup [ Gt = eattm(a)
n—00 K. n—00 Ul\KE

§O+255up7/n(Ul)+45 sup anH +5V00(U1)+25||foo”

neN neNU{oo}
<3e( sup vu(U1)+2 sup |ful)-
neNU{oo} neNU{oo}

Letting ¢ — 0 we obtain that

[ 5a0n@) [ fms(an),

We proceed with part ii) of the lemma. Fix 7 > 0 as in the statement and choose an
arbitrary € > 0. By (4.9), there exists 0 < § < /2 such that

h
limsup sup fnn + )< c

< .
noo o<lr<2s |l 1V  sup / |b— an|*1jp_q,|<y¥n(dD)
neNU{oco} B

Consider a function ¢ € C(R%*,[0,1]) which vanishes in a neighbourhood of as, and such
that p(a) =1 for any a satisfying |a — as| > 6. Then, by the first part i),

[ e a0n(@) = [ o) @it

For n € N large enough, |a — a,| < J, hence

[0 e O] < [ Pt sup PR
B 0<|h|<26 |h|
so lim sup /(1 - go(b))fn(b)yn(db)‘ < e. We also have

[0 e

< [ 1= Py zqpa(@) imsp sup LA 2D
- n—0o 0<|h|<2§ Al
so that
lim sup /fn(b)vn(db) - /foo(b)z/oo(db)’ < 2e.
n— o0
Letting € — 0 we can conclude. O
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Proof of Proposition[{.7. Suppose first (4.6). Let f € C(R%*) be such that f vanishes in
a neighbourhood of a.., is constant in a neighbourhood of A and is infinitely differentiable
in R%. Hence f — f(A) € CX(R?), and

Ty 00 (0o0s Yoos Voo ) (f — f(A /f Voo (dD),

while, for n large enough,

T (O ) (f — F(A / F(B)n(db).

We deduce that
[ 1ot = [ o).

Therefore we can apply the first part of Lemma and in particular, for any f € C(R%)
vanishing in a neighbourhood of a,

[ 1o = [ o).

Consider # € C(R4,[0,1]) such that (r) = 1 for r < 1 and 6(r) = 0 for r > 2. For
(a,b) € RY x R¥ and n € NU {oc}, define

X(a,b) :=0(]b —al)(b—a)lpxa and O =0 + /( (an,b) — x(an,b))vp(ddb). (4.11)

Therefore, for all f € C°(R?) and all n € NU {oo}

Tx,an (5n> Tns Vn)f = T)?,an (gna Tns Vn)f

Let ¢ be an arbitrary linear form on R? and consider f € C(R?) such that f(b) =
¢ - (b — aso) in a neighbourhood of as,. Then

T (Boos yoos Vo) f = 6 300 + / (D) — & T, b)vso (D)

and for n large enough

Tsa Bos s va)f = - 8 + / (F(B) = F(an) — & K(an, b))vn(d).

Thanks to the first part of Lemma

/ (F0) = F(an) — & T(anb)wn(db) —> [ (F() = &+ F(aoo, b))vae(dD),

n—o0

so that ¢ - 5~n — ¢ (5~Oo and since ¢ was chosen arbitrary, 5~n — (5~Oo
n—o0 n—oo

Let @ be an arbitrary symmetric bilinear form on R? and if (e1,...,eq) is the canonical
basis of RY, we denote ®;; = ®(e;,e;), 4,5 = 1,...,d. Consider f € C2(R?) such that
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f(b) = ®(b — oo, b — ax) in a neighbourhood of an,. Then, for n large enough,

Tx,an( ns In, Vn)

s+ 20(an — oo, 3) + / (F(B) — £(an) — 20(an — oo X(an, b))vn(db)

d
-0
zd_: (’)’n ij + /(Xz-f(j)(an, b)l/n(db))> +2®(ay, — aoo,gn)
+ [ (70 = Fan) 2000 — a0 K, S by @) Yt 8))).

3,j=1

A similar equality holds with the index n replaced by oo:

Tx,aoo((sooa’)’om’/oo f Z (I)zj')’oo ij +/f Voo db)

4,j=1
d d
= D Pij | Yooiis T [ (XiXj) (@00, D)vso(dD)) |+ [ ( f(B)— D Pij (XiXj)(aoo,b) | Voo (dD).
o fs im0 51
Thanks to the first part of Lemma
d
[ (F0) = (@) = 2000 — 2o, Tl ) = 3 05 (R a0 B)) ()
ij=1
d
— () =3 @iy (i) (00, ) ) e (D),
ij=1

so that

d d
> 5 (s [ G b @) 2 D 05 (s + [ (R aoes e (@1) ).

i,j=1 i,j=1

Since ® was chosen arbitrary, for all 1 <1¢,57 <d
Yo + [ () @n D) =2 o [ () s B ().
So, we can apply the second part of Lemma 4.8 and in particular

lim [ ((anb) — x(an, b))vn(db) = / (R(e: b) — x(aoc: b)) vao (dD),

n—o0

so that, by (4.11)), J, e d0o- By the second part of Lemma we also have, for all
1<4,j<d,

n—oo

/((ii%j)(am b) — (Xin)(am b))vn(db) — (()?z’;(/j)(aom b) — (Xz‘Xj)(aom b)) Voo (db),
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so, we deduce
s + [ 060) @n D) =2 o [ (103) (s B ().

We prove the converse, by supposing (4.7) and applying the second part of Lemma
Let f € CX(RY) be, for all n € NU {oo},

Tx,an(énylynayn : Z Tn zg f an +6 Vf(an)
t,j=1

+ / () = f(an) — x(an,b) - ¥ f(n))a(dD)

1 d
=z n,ij T ( i ')(ana b)Vn(db) a%f(an) + 0p - vf(an)
;3 (s + [ 00 )

d

+/ F(0) = f(an) = x(@n,0) - Vf(an) = D (xixj)(an, b)35 f(an) | va(db).

4,j=1

Applying the second part of Lemma [£.8] to the last term of the previous equation, we
deduce

Tx,an(5n77nayn)f n?oT ,aw(éoo;7ooaVoo)f~ 0

We finish the section with the proof of Theorem |4.5| Recall that xi(a,b) is given by
(4.1). Thanks to Theorem 2.12 pp. 21-22 from [Hoh98]7 for each a € R? there exists a

triplet (0(a),v(a),v(a)) satisfying (H2(a)) such that, Lf(a) := Ty, «(6(a),v(a),v(a))f, for
all f € CX(RY). It is clear that for any ag,a € R? and f € C(R?), the Lévy operator
L(ap) defined by (4.5)) satisfies also

L(ao) f(a) = Ty, ,a(6(a0), v(ao), va(ao))-

Here and elsewhere v,(ag) is the pushforward measure of v(ag) with respect to the trans-
lation b — b — ag + a.

Proof of Theorem[{.5 It suffices to prove that for any function fy € CSO(Rd) and any
sequence a,, € R? converging to as € R%, the sequence (T}, fo(an) — fo(an))/en converges
to Lfo(aso). Thanks to Proposition [4.7| we have, §(a,) — 0(ao),

n—oo

Vf € C(RY) vanishing in a neighbourhood of ae, / f(b)v(an,dd) vd f(b)v(ase,db),
and for all 1 <14,5 <d

Yij(an) +/(X¢Xj)(amb)7/(amdb) —2 7ij(aco) +/(Xin)(aoovb)y(a007db)‘
It is not difficult to deduce that, there exists C' € R4 such that, for all n € NU {co} and

f € CZ(RY),
< ) 2.
1E(an)Fll < ClIAV max O£ v max (07511
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Hence, sup,enufoo} [[L(an) foll < oo. Consider by € RY, a sequence b, — by and a
function f € C(R?) vanishing in a neighbourhood of bs. By using the first part of

Lemma [4.§]
/f(b)ybn(an,db) = /f(b — ap + by)v(ay,dd)

n—oo

N f(b—aoo+boo)z/(aoo,db):/f(b)uboo(aoo,db).

Hence, by the second part of Theorem L(ay)f converges uniformly on compact sets
toward L(as)f, for all f € CP(RY). In particular, for each £ > 0 there exists an open
neighbourhood U of ay and ng € N such that

Vn > ng, Va €U, [L(an)fo(a) — L(aso) folax)| < €.

Let P, be the unique element of M(L(a,)) such that P, (Xo = a,) = 1. Then, for all
n > nyg

TnfO(an) - fO(an)

€n

En[fO(Xsn)] - fO(an)

€n

- Lo oo = | - L{a) o)

Bo [ (LX) = Lo o)) ds
< B[ty & [ L@ R00) - Lo folan]as]

By [ Lney = [ D) o(X) - Llae)fofan)|ds]

<2P, (17 <en)  sup | L(am)foll + <.
meNU{oo}

We apply Lemma of uniform continuity along stopping times with a compact neigh-
bourhood K C U of as and with U := R% x U U (R?\ K) x R?. We deduce that

lim P,(tY <¢&,) =0.

n—oo
Hence
T _
lim sup nfolan) = folan) L(as) fo(ase)| < €,
n—00 En
and we conclude by letting € — 0. O

5 Diffusion in a potential

We recall that L%OC(R) denotes the space of locally Lebesgue integrable functions. A real
continuous function f is called locally absolutely continuous if its distributional derivative
f’ belongs to L{ (R). We introduce the set of potential functions

loc

Vo= {V : R — R measurable | ¢/l € L%OC(R)} .

106



It is straightforward to prove that there exists a unique Polish topology on ¥ such that a
sequence (V) in ¥ converges to V € ¥ if and only if

M
VM e Ry, lim eV (@) _ eVala) ]y o= VI(a) _ g=Vala)| qq = 0.

n—oo | _ar

For a potential V € ¥, the operator

1yd d
v._tvd v
LV = 5¢ ¢ 4o (5.1)

is the set of couples (f,g) € Co(R) x C(R) such that f and e~V f’ are locally absolutely
continuous and g = %ev(e_v 1"). Let us notice that it is a particular case of the operator
DmD; described in [Man68|, pp. 21-22. Heuristically, the solutions of the martingale
local problem associated to LY are solutions of the stochastic differential equation

1
dX = dB; - JV/(X)dt,

where B is a standard Brownian motion.
Proposition 5.1 (Diffusions on potential and random walks on Z).
1. For any potential V € ¥, the operator LV is the generator of a locally Feller family.

2. For any sequence of potentials (Vy,)n in ¥ converging to V. € ¥ for the topology of
¥, the sequence of operators LV» converges to LV, in the sense of the third statement

of the convergence Theorem 2.3

3. For (n,k) € NxZ, let go;, € R and e, > 0 be. For all n € N, accordingly with
Definition let (PY)x € P(ZN)? be the unique discrete time locally Feller family

such that .
Denote the sequence of potential in ¥V by
la/en] —la/en] -1
Vn(a) = Z Qn,kz]laan - Z qn’_k]la<0 .
k=1 k=0

Let V' be a potential in ¥V and let (Pg)q be the locally Feller family associated with
LY. Assume that V,, converges to V for the topology of ¥, and €, — 0 as n — co.
Then, for any sequence pi, € P(Z) such that their pushforwards with respect to the
mappings k — ek converge to a probability measure p € P(R), we have

) P0uxf5)

n—o0

Lon ((enY]e/e2))t P,.

Before proving this proposition, we give an important consequence concerning a ran-

dom walk and a diffusion in random environment. For n € N, let (2",G",P") be a
probability space and consider the random variables

(@) Q" = RE (Z1): Q" = ZN  and  &,: Q" = RY.
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Suppose that for any n € N and k£ € N, P"-almost surely,

1
P (Z)y = ZF +1 | en, (ane)ecz, (2] )o<i<k) = etz 4 1
1 1
P (77 -7 _1 YA — =1 — .
( k+1 k ‘ En, (Qn,E)KGZa ( ¢ )Oﬁfﬁk) e Iz, 41 e 2y 4+ 1

For any n € N and a € R, denote the random potential in ¥ by

la/en] —la/en]—1
Wn(a) = Z Qn,kﬂaZEn - Z Qn,—k]la<0 . (52)
k=1 k=0

Let (©2,G,P) be a probability space and consider random variables
W:Q—=7% and Z:Q — Di(R).
Suppose that the conditional distribution of Z with respect to W satisfies, P-a.s.

Lo (Z | W) e M(LY).

Proposition 5.2. Suppose that ¢,, converges in distribution to 0, that €,Z§ converges in
distribution to Zy and that Wy, converges in distribution to W for the topology of V. Then
(EnZ@/agj)t converges in distribution to Z for the local Skorokhod topology.

Example 5.3. 1) Let (gx)r be an i.i.d sequence of centered real random variables with
finite variance o2 and suppose that Ink = \/EnQk- Suppose also that W is a Brownian
motion with variance o2. Then, by Donsker’s theorem, W, given by converges in
distribution to W, so that we can apply Proposition to deduce the convergence of the
random walk in a random i.i.d. medium (introduced by Sinai in [Sin82]) to the diffusion in
a Brownian potential (introduced in [Bro86]). Hence we recover Theorem 1 from [Sei00],
p. 295, without the hypothesis that the distribution of ¢ is compactly supported.

2) Fix deterministic ¢ € R and A € R’.. Suppose that for each n € N, (g, ) is an i.i.d
sequence of random variables such that P (g, = q) =1 — P"(gn i = 0) = Xe,. Suppose
also that W (a) = gN»4, where N is a standard Poisson process on R. Then, it is classical
(see for instance [Car97]), that W), given by converges in distribution to W, so that
we can apply Proposition to deduce the convergence of Sinai’s random walk to the
diffusion in a Poisson potential. Hence we recover Theorem 2 from [Sei00], p. 296.

3) More generally, suppose that for each n € N, (gp 1)r is an i.i.d sequence of random
variables. Likewise, suppose that W, given again by , converges in distribution to
a Lévy process W. We can apply Proposition to deduce the convergence of Sinai’s
random walk to the diffusion in a Lévy potential (introduced in [Car97]). O

Proof of Proposition[5.3. Let F be a bounded continuous function from Dj,.(R) to R.
Define the bounded mapping

G:Rx7 xRy =R
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as follows: for any a € R, V € ¥ and € € R* | let P%"* € P(Z") be the unique probability
such that P*V¢(Yy = |a/e]) = 1 and, P®»"**-almost surely, for all k € N,

PV (Vi1 = Y +1 | Yo,...,Yk)—1—Pa’V’S(Yk+1_Yk_1 | Yo, s V)

//sYk+5
Yk € Yi—¢

Let P%V0 € P(Dyo.(R)) be the unique element belonging to M(LY) and starting from a.
We set

G(a,V,e) :=E“V* [F ((eY|y/e2))¢)] and  G(a,V,0) :=E“’[F(X)].
By Proposition the mapping G is continuous at every point of R x ¥ x {0}. Thus,

E" [G(en 28, Wi, e2)] — E[G(Zo, W,0)].

n—oo

Hence

[ ()] =5 [ [ (C0) [ 5. ]
= E" [G(en 2 Wanea)] — E[G(Z0,W,0)] = E[E[F(Z) | Zo, W]] = E[F(Z)] .

Then (5nZﬁe Je2 J)t converges in distribution to Z. O

Before starting the proof of Proposition let us give a preliminary computation.
Consider a1,a2 € R and a measurable function V' : [a; A az,a1 V ag] — R, such that
elVl € LY([a1 Aag, a1 Vas]). For any absolutely continuous function f € C([a1Aag, a1Vas],R)
such that e=V f’ is absolutely continuous and g := 1e¥' (e~ f’)’ is continuous, we have

flan) = flan+ [ poas = s+ [70 <(e‘vf’)(a1) - i(e‘vf’)’(c)dc> db

= fla1) + / eV (<er')( 1)+ / be*V@) g(c )dc> db (5.3)

— fla) + eV ) a) [ e Odb+ 29(an VO dedb
[ommena [ [

as b
+2 / / VOV (g(c) — g(ay))dedb.
al al

Proof of Proposition[5.1 Proof of[1. This part is essentially an application of the second
chapter of [Man68]. For the sake of completeness we give here some details. Let h €
C(R,R% ) be such that, for all n € N,

n+1 n+2
<|i]‘n<f (hla) <~ / / V"=V dpda A\ / / V) db da
n<la|<n+ n+
—n—1
A / / " OV@dpda A / / b)dbda}
—n—1Ja
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The operator ALY coincides on Co(R) x Co(R) with the operator Dy, D C C(R) x C(R)
on the extended real line R, described in [Man68], pp. 21-22, where

26_‘/(@)
h(a)

dm(a) := da and dp(a) := " @da.

Applying (5.5) we have

oo ra n+2  rn+l
/ / dm(b)dp(a) > lim sup/ / dm(b)dp(a) > limsup 2n = oo,
0 0 n—oo  Jn+ n—00
o  ra n+1
/ / dp(b)dm(a) > lim sup/ / dp(b)dm(a) > lim sup 2n = oo,
0 0 n—oo n—o0
0 0 —n—1
/ / dm(b)dp(a) > lim sup/ / p(a) > limsup 2n = oo,
oo Ja n—00 n—00

0 0
/ / dp(b)dm(a) > limsup / / dp(b)dm(a) > lim sup 2n = oc.
—o0 Ja n—o0 n—00

Thus according to the definition given in [Man6§|, pp. 24-25, the boundary points —oo
and +oo are natural. Thanks to Theorem 1 and Remark 2 p. 38 of [Man68], D,,D; is

the generator of a conservative Feller semi-group on C(R). Furthermore by steps 7 and 8
in [Man68]|, pp. 31-32,

Dy Dy} f(=o0) = Dy Df f(+00) =0, Vf € D(DyD}f),
so that the operator
Dy D N Co(R) x Co(R) = (RLY) N Cy(R) x Co(R)

is the Cy x Cp-generator of a Feller semi-group. Hence, by (2.3 and (2.2) we deduce that
the operator

= %(hLV) A Co(R) x Co(R)

is the generator of a locally Feller famlly Here the closure is taken in Co(R) x C(IR), and it
is clear that L ¢ LY. Thanks to it is straightforward to obtain LY = LV and thanks
to it is straightforward to obtain that LY satisfies the positive maximum principle.
Thanks to Theorem [2.1] we deduce the existence for the martingale local problem associ-
ated to LY. Hence LY = L is the generator of a locally Feller family.

Proof of[4 Denote by (P%), and (P3°), the locally Feller families associated, respectively,
to LV» and LY. By Theorem it is enough to prove that for each sequence a, € R
converging to as, € R, Py converges weakly to Pg° for the local Skorokhod topology.
Thanks to Lemma for M € N*, there exists hys € C(R, [0, 1]) such that

{hM#O}:(_2M72M)’ {thl}:[_M7M]

and, for all n € N, the martingale local problems associated to hys LY and to hysLV" are
well-posed. For n € N and M € N*, denote by (Pi™), and (P3>"), the locally Feller
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families associated, respectively with hj;LY" and hyps LY. For n € N, define the extension
of h MLV”:

—_~—

Ly = {(f, g9) € Co(R) x C(R) ‘ g= %hMeV" (e_v"f/)l]l(—2M,2M)},

where f and e~"» ' are supposed locally absolutely continuous only on (—2M,2M). By
(5.4) it is straightforward to obtain that L, s satisfies the positive maximum principle,
so that by Theorem Ly, ar is a linear subspace of the generator of the family (PZ’M)G.

We will prove that the sequence of operators L,, ys converges to the operator h wm LY in the
sense of the third statement of Theorem Consider f € D(L) and define f,, € Co(R)
by

fla), a¢ (—2M —n=t 2M +n~1)
fn(a) = a
£(0) + / eVn(®) [(e—V F(0) + 2 / be_V"(C)LV fle)de|ddb, a € [-2M,2M],
0 0

with f, affine on [~2M — n~',—2M] and on [2M,2M + n~']. Hence f, € D(L, 1) and
Loy fn= harLY f. We have

[fo=FfIl< sup  |fu(a) = f(a)| + sup |f(az) — f(a1)]-
a€[—2M,2M] 2M<|ay|,|az|<2M+n~1
0<ajaz

Since f is continuous, the second supremum in the latter equation tends to 0. It is
straightforward to deduce from (5.3)), by using the expression of f,, and the convergence
Vi, — V, that

sup |fu(a) — f(a)] — 0.
a€[—2M,2M)] =00

Hence || fn — f|| = 0 as n — oo, so the by the Theorem [2.2}
prM _, peM, (5.6)
Using Lemma [A.2] for all M € N* and n € NU {oco},
L (XT(_M’M)) — o (XT(_M’M)) . (5.7)

At this level we use a result of localisation of the continuity contained in Lemma
Therefore, from (5.6) and (5.7)), letting M — oo, we deduce

Proof of [ For n € N, define the continuous function ¢, : R x R — Ry given by

a+h rb
on(a,h) = 2/ / eVn®)=Vale)qc db.
a a

For each a € R, it is clear that ¢,(a,-) is strictly increasing on Ry and ¢,(a,0) = 0.
Furthermore, since V;, is constant on the interval [e,[a/e,],en([a/en] + 1)),

en([a/en]+1) rb
gon(a, 2571) > 2/ / eVn(b)_Vn(C)dC db = 8%.
enfa/en] enfa/en]
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Hence, there exists a unique 91 ,(a) € (0, 2¢,] such that

n(a, Prn(a)) = e (5-8)

Using the continuity of ¢,, and the compactness of [0, 2¢,], it is straightforward to obtain
that 1, is continuous. In the same manner, we may prove that, for each a € R, there
exists a unique ¥ p(a) € (0,2, such that

n(a, —v2n(a)) = €, (5.9)

and that v, is continuous. Introduce the continuous function p, : R — (0, 1) given by

‘ Va(®) T )
pnla) := / e db / e’ db, (5.10)
a—wQ,n(a) a_d@,n(a)

and define a transition operator T;, : Co(R) — Co(R) by
Tnf(a) = pn(a)f(a + wl,n(a)) + (1 - pn(a))f(& - wZ,n(a))'

According to Deﬁnition let (P™), € P (RN)]R be the discrete time locally Feller family
with transition operator 7). For any k € Z, since V,, is constant on [e,k,e,(k + 1)) and
on [en(k —1),e,k), we have

en(kxl) rb
on(enk, ten) = 2/ / dedb = E%L
enk enk

and therefore Y1 (e k) = V2, (enk) = €,. Furthermore

k) = Sl eV ene'n (71 !
pn(gn ) B fan((kk+11)) eVn(b)db - €n€Vn(5n(k_1)) + €nevn(6"k) N 1+ eq"’k’

hence for any f € Cyo(R),

e flenlk — 1)),

Tof(enk) : T

= 1_i_mf(sn(kz +1))+
We deduce that for any p € P(Z) andn € N, Zpn(c,Y) = f’g , where 11 is the pushforward
measure of y with respect to the mapping k — e, k.

We shall use the Theorem [3.2] of convergence of discrete time Markov families. If
f € D(LY), we need to prove that there exists a sequence of continuous functions f, €
Co(R) converging to f such that (T}, f, — fn)/e2 converges to L f. By the second part of
Proposition there exists a sequence of continuous functions f, € D(L"*) such that f,
converges to f and L' f,, converges to LY f. Applying to fn and V,, and recalling
and , we have for all a € R and n € N,

at11 n(a) .
Fa+ bin(@) =f(@) + (¢ £)(a) / eV Odb + 2 L% £, (a)

a+¢1,n(a) b
1 / / VOV (LYo (¢) — LV £, (a))dedb,

a
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fla=yuala) =f@) ~ @10 [ FOa

a—12,n(a) b
+2/ / e OVO(LY: f,(¢) — LV fo(a))de db.

Hence by (5.10)), for all a € R and n € N,
Tnfn(a) - fn(a)

2
En

— L fn(a)‘
- 2pn2(a)‘ /“”’W“) / beV(b)fV(C)( LY fo(c) — LV fn(a))dcdb’

— a—2,n(a)
S ‘ / / VOVE(LY: f(e) = LV () de b

< sup \LV”fn(a—Fh)—LV"fn( ).
|h|<2ep

It is not difficult to deduce that (T}, f, — f,)/e2 converges to LY f. Finally, by Theorem
for the convergence of discrete time Markov families, for any sequence p,, € P(Z) such
that g, converges to a probability measure p € P(R), we have

P(Dloc(s))
Loy, (En¥lyez)e) = L (V) 227 P
where f1,, are the pushforwards of u, with respect to the mappings k — e, k. ]

A Appendix

We collect in this appendix several results already proved in [GH17c] containing technical
statements and used in the previous sections. We refer the interested reader to the paper
[GH17c| for the introductory contexts and proofs of each lemma.

Lemma A.1 (cf. Lemma 3.6 in [GHI7c]). Let Ly, Lo C Co(S) x C(S) be such that
D(L) is dense in Co(.S) and assume that, for any f € D(L), there exists, for each n,
fn € D(Ly) such that f, — f, Lyfn % Lo f. Consider K a compact subset of S and

U an open subset of S x S contamz’ng {(a,a)|a € S}. For an arbitrary (Fiy)¢-stopping
time 11 we denote the (Fyi)-stopping time

T(n) = inf{t > 7 [ {(Xr, Xo) <ot EUS.
Then for each € > 0 there exist ng € N and § > 0 such that: for any n > ng, for any 1 <
T2, (Fit )e-stopping times, and for any P € M(Ly) satisfying E[(r2 — 11)1ix, exy) <0
we have

7_
<
P(Xn €K, T(Tl) < 72) <e

with the convention X := A.

Lemma A.2 (cf. Proposition 4.15 in [GHI17c]). Let Ly, Ly C Co(S) x C(S) be such that
D(L1) = D(Lg) is dense in Co(S) and assume that the martingale local problems associated
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to Ly and Ly are well-posed. Let P' € M(L1) and P2 € M(Ls) be two solutions of these
problems having the same initial distribution and let U C S be an open subset. If

Vi€ D(Lh), (Laf)y = (L. then  Zpo (X77) = Zo (x77).

Lemma A.3 (cf. Lemma 4.17 in [GHI17c]). Let U be an open subset of S and L be a subset
of Co(S) x C(S) with D(L) is dense in C(S). Assume that the martingale local problem
associated to L is well-posed. Then there exists a function hy € C(S,Ry) satisfying {ho #
0} = U, such that for all h € C(S,Ry) with {h # 0} = U and sup,cy;(h/ho)(a) < oo, the

martingale local problem associated to hL is well-posed.

Lemma A.4 (cf. Lemma A.2 in [GHI7d]). Let (Uy)men be an increasing sequence of
open subsets such that S = J,, Up. For n,m € NU {oo}, let P™™ € P(Dj,.(S)) be such
that

i) for each m € N, P»™ —s P weakly for the local Skorokhod topology,

n—oo

ii) for each m € N and n € NU {oco}, Lpnm (XTUm> = Lpn.oo (XTUm).

Then P™° — P weakly for the local Skorokhod topology.

n—o0
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