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Chapter 1

Introduction

1.1 Kac-Moody groups and Masures

In this thesis, we study masures and some of their applications to the theory of Kac-Moody
groups over local fields. Masures are some generalizations of Bruhat-Tits building. They
were introduced in order to study Kac-Moody groups - which are generalizations of reductive
groups- over local fields. Let us introduce those objects.

Kac-Moody algebras Since the works of Cartan and Killing at the end of the nineteenth
century, the classification of semi-simple Lie algebras over C is known. One way to enumerate
this classification is to use Cartan matrices. To each such Lie algebra, one can associate a
Cartan matrix, which is a matrix composed with integers satisfying some conditions. In 1966,
Serre gave a presentation of each semi-simple Lie algebra, by generators and relations (see
chapitre 6 of | ). This presentation involves the coefficients of the associated Cartan
matrix. In 1967, Kac and Moody independently introduce a new class of Lie algebras, the
Kac-Moody algebras. A Kac-Moody algebra is a Lie algebra defined by a presentation, Serre’s
presentation, but for a matrix more general than a Cartan matrix, a Kac-Moody matrix (also
known as generalized Cartan matrix). Let g be a Kac-Moody algebra. Unless g is associated
to a Cartan matrix, g is infinite dimensional. Despite this difference, Kac-Moody algebras
share many properties with semi-simple Lie algebras.

Kac-Moody groups Reductive groups integrate in some sense finite dimensional complex
reductive Lie algebras, which are by definition direct sums of an abelian Lie algebra and of
a semi-simple Lie algebra. An important example of such a group is SL,,(C). The question
of integrating Kac-Moody algebras to obtain groups arises naturally. Many authors studied
this question and proposed “solutions” to this “problem” and each of this solution could be
called a Kac-Moody group. There are (at least) two classes of Kac-Moody groups: mini-
mal Kac-Moody groups and maximal or completed ones. The difference between these two
notions corresponds to the difference between SL, (C[t,¢7!]) and SL, (C((t))), where ¢ is an
indeterminate (or more generally between the functor sending a field K to SL, (K[t,¢7!])
and the one sending K to SL, (K((t))). Modulo some central extensions, the first one is a
minimal (affine) Kac-Moody group over C and the second is a maximal (affine) Kac-Moody
group over C. In this thesis, the Kac-Moody groups we consider are the minimal ones. More
precisely Kac-Moody group functors defined by Tits in | |]. In this definition, a split
Kac-Moody group is a group functor from the category of rings to the category of groups,
which satisfies the nine axioms proposed by Tits. They are inspired by the properties of the



group schemes over Z (hence of the group functors on the category of rings) associated by
Chevalley and Demagzure to reductive groups over C. In particular if G is such a functor,
one of the axioms requires the existence of a morphism Ad : G(C) — Aut(g), where g is the
Kac-Moody algebra “integrated” by G.

Affine Kac-Moody groups and loop groups There are three types of Kac-Moody
matrices: the Cartan matrices, the affine matrices and the indefinite matrices. The affine
Kac-Moody matrices are in bijective (explicit) correspondence with the Cartan matrices. If
A is an affine (indecomposable) Kac-Moody matrix and g is its Kac-Moody algebra, then
g is isomorphic to some extension of g ®c Clt,¢~'], where g is the simple finite dimensional
Lie algebra associated the Cartan matrix A obtained from A, where the Lie Bracket on
g®c Clt, t71] can be described explicitly. This isomorphism integrates and Kac-Moody group
functors associated to an affine Kac-Moody matrix A resembles the loop group functor K
G(/C[t t71]) or K — G(IC(( ), where G is the group functor associated to A. So far, the
affine Kac-Moody groups are the best understood and the most studied groups among Kac-
Moody groups which are not reductive. When the masure is indefinite, Kac-Moody groups
are obtained as an amalgamated product and it seems that there is no “explicit” description
of them as in the reductive or in the affine case.

Bruhat-Tits buildings The Bruhat-Tits buildings, introduced in | | and | | are
a powerful tool to study reductive groups over non archimedean local fields. Let G be a
split reductive group over a local field. Then a building Z is associated to G. The group
G acts on it, which enables to obtain informations on G from the study of Z. The building
7 is an object of geometric and combinatoric nature. It is a gluing of affine spaces called
apartments, all isomorphic to a standard one A. Let us describe A. Let T C G be a maximal
split torus. The root system ® of (G,T) can be viewed as a set of linear forms on some
vector space A (which is a real form of the Cartan algebra of the Lie algebra associated to
(). The hyperplanes of the shape a™*({k}), for some o € ® and k € Z are called walls. The
standard apartment A is the vector space A equipped with this arrangement of walls. As ®
is finite, the connected components of A\ J,cq ez @ ({k}) are open and when G is simple,
their closures are actually simplices of A. Then Z is a simplicial complex satisfying some
axioms. One of them is that every pair of faces is included in an apartment. For example,
when G = SLy (F,((?))) for some prime power ¢, A is isomorphic to (R,Z) (the walls of A are
the points of Z) and Z is a homogeneous tree with valency ¢ + 1.

Masures In order to use certain techniques of building theoretic nature in the Kac-Moody
frameworks, Gaussent and Rousseau associated an object called masure (or hovel) to some
Kac-Moody groups over local fields in | |. It generalizes the Bruhat-Tits buildings.
Charignon and Rousseau developed this theory in | |, | |, | | and | |
and a masure is now associated to every almost-split Kac-Moody group over a field endowed
with a non trivial valuation. Let G be a split Kac-Moody group over a local field and Z
be its masure. Similarly to buildings, G' acts on Z and 7 is a union of affine spaces called
apartments, which are all isomorphic to a standard one A. Let T" C G be a maximal
torus. The root system @,y of (G,T') can be viewed as a set of linear forms on some vector
space A. The hyperplanes of the shape a~!({k}), for some o € ®,; and k € Z are called
walls. The standard apartment A is the vector space A equipped with this arrangement
of walls. Contrary to the reductive case, @,y is infinite and the connected components of
A\Uaco,, vez @ ({k}) have empty interior, unless G is reductive. Thus A is a priori not a



simplicial complex. The faces are defined using the notion of filter (this is already the case
of buildings when the valuation of the field I is not discrete). An other important difference
is that there can exist a pair of points which is not included in any apartment of Z.

Recently, Freyn, Hartnick, Horn and Kohl made an analog construction in the archimedean
case (see | |): to each split real Kac-Moody group, they associate a “symmetric” space
on which the group acts, generalizing the notion of riemannian symmetric space.

1.2 Kac-Moody groups over local fields

We now survey some results obtained recently for Kac-Moody groups over local fields.

Hecke algebras of a reductive group Let G = G(K) be a split reductive group over
a non archimedean local field, where G is a reductive group functor and K is a local field.
The Hecke algebras are central objects in the theory of smooth representations of G over C.
Such an algebra is associated to each open compact subgroup of G. Two choices of open
compact subgroups are of particular interest: the spherical subgroup Ky = G(O), where O
is the ring of integers of K, and the Iwahori subgroup K, which is roughly speaking the
inverse image of B(k) in K, where B is a Borel sub-functor and k = O/m, where m is the
maximal ideal of O. The corresponding Hecke algebras are the spherical Hecke algebra H,
and the Iwahori-Hecke algebra H. The spherical Hecke algebra can be explicitly described
by the Satake isomorphism. Let Q3 be the coweight lattice and W be the Weyl group of
(G,T). The group W" acts on @)y and thus on the algebra C[Q;]. The Satake isomorphism
S is an isomorphism between H, and the algebra of W*-invariant polynomials C[Q%]"". In
particular H; is commutative.

For what we study, two presentations of the Iwahori-Hecke algebra are particularly in-
teresting: the Iwahori-Matsumoto and the Bernstein-Lusztig presentations. Let us describe
them. Let W = W" x @y be the affine Weyl group of G. Then if m denotes the rank of @y,
there exists a set (r;)ico,m] of simple reflections, such that (W, (r;)icfo.m)) and (WY, (73)icq1,m])
are Coxeter systems. Let ¢ be the corresponding length. Let ¢ = |k| be the residue cardinal
of L. Then H is generated by a basis (T, )wew, subject to the following relations (this is
Iwahori-Matsumoto presentation):

(IM1): Ty * Ty = T if £(w) + L(w") = L(ww")
(IM2): T2 = qT} + (q — 1)T;, for all i € [0,m].

We denote the simple coroots of @y, by v, i € [1,m]. The algebra H also has the following
presentation (Bernstein-Lusztig presentation): it is generated by elements Z*, X\ € Q% and
Hy,, we W (where H,, = q_%e(w)Tw), subject to the following relations:

(BL1): for all (w,i) € W" x [1,m],
H,. if {(r;w) =(w) +1
(VT + T VHy + Hyy  if ((raw) = £(w) — 1.

(BL2): for all \,u € Qy, Z* x Z* = Z ™. Therefore we can identify C[Qy] and the
algebra spanned by the Z*’s, A € Q5.
(BL3): for all (A7) € Qy x [1,m],

HTi*Hw:{

(2>~ 77

Hyox 2% = 27 s Hy = (Vi +V/a )
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The Bernstein-Luzstig presentation enables to see that H contains a large commutative
subalgebra. It also permits to determine the center of #: Z(H) = C[QY]"" ~ H..

Kac-Moody groups over local fields This thesis has two components: one is purely
building theoretic, the other focuses on the applications of masures in arithmetic. We now
survey recent arithmetic results which are closely related to the second component. We
will detail the results of | | and | | in Section 1.3 and in the introductions of the
corresponding chapters.

Its seems that the study of Kac-Moody groups over local fields begins with Garland in
the affine case in | |]. In 2011, Braverman and Kazhdan extended the definition of the
spherical Hecke algebra to the affine Kac-Moody frameworks (| |). They obtain a Satake
isomorphism which describes H; as an algebra of formal series. Using masures, Gaussent and
Rousseau generalized their construction to the general Kac-Moody setting (| ). Let G
be a split Kac-Moody group over a local field and Z be its masure. Then K is the fixer of
some vertex of Z. The spherical Hecke algebra is then obtained as an algebra of functions
from a set of pairs of vertices of Z into C. Note that construction of spherical Hecke algebras
from Bruhat-Tits buildings had already be done in | I, | | and | |.

In | |, Braverman, Kazhdan and Patnaik defined the Iwahori-Hecke algebra for
affine Kac-Moody groups. They obtain Iwahori-Matsumoto and Bernstein-Lusztig presenta-
tions. They also obtain Macdonald’s formula: they compute “explicitly” the image by the
Satake isomorphism of some basis of H,. Using again masures, Bardy-Panse, Gaussent and
Rousseau obtained these results in the general case (| | and | |). The Iwahori
subgroup is then the fixer of some chamber Cj and H is obtained as an algebra of functions
from a set of pairs of chambers of 7 into C.

In | |, using Macdonald’s formula of | |, Braverman, Garland, Kazhdan and
Patnaik obtain a Gindikin-Karpelevich formula. Let G be an affine Kac-Moody group over a
local field. This formula relates a formal sum involving cardinals of quotient of subgroups of
G to a formal infinite product of elements of C(Q7) (see the introduction of Chapter 6). The
fact that these cardinals are finite - the Gindikin-Karpelevich finiteness - is an important step
of their proof. In | |, we prove the Gindikin-Karpelevich finiteness for general G (not
necessarily affine) using masures. Patnaik and Puskas use this finiteness to define analogs of
Whitakker functions in the Kac-Moody frameworks: | | for the affine case and | |
for the general (and more generally, metaplectic) case. They obtain a Casselman-Shalika
formula. This formula is more explicit in the affine case thanks to the Gindikin-Karpelevich
formula.

In | |, together with Abdellatif, we prove that the center of the Iwahori-Hecke algebra
‘H is more or less trivial and define a completion of H to obtain a bigger center. We associate
Hecke algebras to subgroups of G more general than the Iwahori subgroup, the analogs of
the parahoric subgroups. These algebras are defined as algebras from a set of pairs of faces
of Z into C.

A motivation (or a dream) for Braverman and Kazhdan would be to develop a theory
of smooth representations and of automorphic representations of (affine) Kac-Moody groups
and a Langlands correspondence in the (affine) Kac-Moody frameworks, see | |. They
hope it would lead to powerful results for automorphic forms of reductive groups.

11



1.3 Main results

We now describe the main results of these thesis. Most of them come from | |, 1 ],
[ | and | |]. We do not respect the chronological order of publication. For more
motivations and details on these results, we refer to the introduction of the corresponding
chapters. As mentioned above a part of the thesis is dedicated to the study of the properties
of masures and the other is dedicated to the applications of masures in arithmetic.

1.3.1 Axiomatic of masures

In | | and | |, Rousseau gives an axiomatic of masures (we write it in 3.1.5) which
contains five axioms. We propose an equivalent axiomatic, which is shorter and closer to the
axiomatic of Bruhat-Tits buildings.

Let G be a Kac-Moody group over a local field and 7" be a maximal split torus. Let ®,.
be the set of real roots of (G,T). One considers ®,. as a set of linear forms of some vector
space A. The hyperplanes of the shape a~!({k}) for some k € Z and o € ®,. are called walls
of A and a half-space delimited by a wall is called a half-apartment of A. An apartment of
type A is more or less an affine space equipped with a set of walls which is isomorphic to
(A, M) where M is the set of walls of A.

Let us begin with affine Kac-Moody groups. In the statement of the next theorem, we
use the notion of chimney. They are some kind of thickened sector faces. In the affine case,
a chimney is splayed if the associated sector face is not trivial.

Theorem 1. (see Theorem 4.4.33) Suppose that G is an affine split Kac-Moody group over
a local field. Let A be the apartment associated to the root system of (G, T). Let (Z,.A) be
a couple such that Z is a set and A is a set of subsets of Z called apartments. Then (Z,.A)
is a masure of type A in the sense of | | if and only if it satisfies the following axioms:

(MA af i) Each apartment is an apartment of type A.

(MA afii ) If A and A’ are two apartments, then AN A’ is a finite intersection of half-
apartments and there exists an isomorphism ¢ : A — A’ fixing AN A"

(MA af iii) If R is the germ of a splayed chimney and F' is a face or a germ of a chimney,
then there exists an apartment containing R and F.

Similarly to buildings, we can define a fundamental chamber C} in the standard apartment

A. This enables to define the Tits cone T = (J, ey w.C_}’, where WV is the vectorial Weyl
group of G. An important difference between buildings and masures is that when G is
reductive, 7 = A and when G is not reductive, 7 is only a proper convex cone in A. This
defines a preorder on A by saying that z,y € A satisfy x < y if y € v + 7. This preorder
extends to a preorder on Z - the Tits preorder - by using isomorphisms of apartments.

A ray (half-line) of A is said to be generic if its direction meets the interior 7 of 7. A
splayed chimney is a chimney containing a generic ray. The main result of this chapter is the

following theorem:

Theorem 2. (see Theorem 4.4.1) Let A be the apartment associated to the root system of
(G,T). Let (Z,A) be a couple such that Z is a set and A is a set of subsets of Z called
apartments. Then (Z,.A) is a masure of type A in the sense of | | if and only if it
satisfies the following axioms:

(MA i) Each apartment is an apartment of type A.

(MA ii) If two apartments A and A’ are such that A N A’ contains a generic ray, then
AN A’ is a finite intersection of half-apartments and there exists an isomorphism ¢ : A — A’
fixing AN A’

12



(MA iii) If R is the germ of a splayed chimney and F' is a face or a germ of a chimney,
then there exists an apartment containing R and F'.

Actually we do not limit our study to masures associated to Kac-Moody groups: for us
a masure is a set satisfying the axioms of | | and whose apartments are associated to
a root generating system (and thus to a Kac-Moody matrix). We do not assume that there
exists a group acting strongly transitively on it. We do not either make any discreteness
hypothesis for the standard apartment: if M is a wall, the set of walls parallel to it is not
necessarily discrete; this enables to handle masures associated to almost-split Kac-Moody
groups over any ultrametric field.

1.3.2 Hecke algebras

The main results of this chapter come from a joint work with Abdellatif, see | |. Let G be
a split Kac-Moody group over a local field, 7" be a maximal split torus and Z be the masure
of G. In | | (when G is affine), | |, | | (when G is affine) and | ],

the authors define and study the spherical Hecke algebra and the Iwahori-Hecke algebra of
G. When G is reductive, these are particular cases (for the definition) of Hecke algebras
associated to compact open subgroups of G. We no more suppose G to be reductive. Two
questions naturally arise:

1. Is there a way to turn G into a topological group in such a way that the spherical
subgroup K or the Iwahori subgroup K7 is open and compact?

2. Can we associate a Hecke algebra to subgroups K more general than K, or K;?

We first prove that the answer to the first question is no. Let Z be the masure of G. Then
K, is the fixer of some vertex 0 in G and K7 is the fixer of some chamber C based at 0. By
an argument of incommensurability using Z, we give a more general answer:

Proposition 3. (see Proposition 5.2.8) Let K C G be the fixer of some face between {0}
and C;. Then there is no way to turn G into a topological group in such a way that K is
open and compact, unless G is reductive.

For the second question, our idea is to use the same technique as Bardy-Panse, Gaussent
and Rousseau in | |. Let F be a face between 0 and Cy . We associate to F a space

FH of functions from some pairs of faces of Z into C. We equip it with the convolution
product if f,g € ¥H and F}, F, € G.F,

frg(FLF) = ) f(Fy, Fa)g(Fs, Fy).

F3eG.F

Our definition is very close to the definition of | | and when F' = C we get their
algebra. There are some definition issues, we have to prove that this definition does not lead to
infinite coefficients. We prove that when F' is spherical, which mean that its fixer in the Weyl
group of (G is finite, then the convolution product is well-defined and (¥H, *) is an associative
algebra (see Theorem 5.3.14). We prove that when F' is non-spherical and different from {0}
however, this definition leads to infinite structure coefficients (see Proposition 5.3.22).

Suppose that G is reductive. Let W be the Weyl group of (G, T') and @y, be the coweight
lattice. Then by Satake isomorphism and Bernstein-Lusztig relations, we have the following
diagram:
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H % Cly"" —H, and Im(g) = Z(H)
g

where S is the Satake isomorphism and g comes from the Bernstein-Lusztig basis.

We no more suppose G to be reductive. Let W' be the Weyl group of G. The Satake
isomorphism is an isomorphism between H, and C[[Y]]""", where Y is a lattice which can
be thought of as the coroot lattice in a first approximation (but it can be different, notably
when G is affine) and C[[Y]] is the Looijenga’s algebra of Y, which is some completion of the
group algebra C[Y] of Y. As we shall see (Theorem 5.5.19), the center of H is more or less
trivial. Moreover, C[[Y]]"" is a set of infinite formal series and there is no obvious injection
from C[[Y]] to H. For these reasons, we define a “completion” H of H. More precisely,
let (Z*Hy)aey+.wewv, where YT is a sub-monoid of Y, be the Bernstein-Lusztig basis of
H. Then H is the set of formal series ZwEW”, revt CurZd AH,, whose support satisfies some
conditions similar to what appears in the definition of C[[Y]]. We equip it with a convolution
compatible with the inclusion ‘H C H. The fact that this product is well defined is not
obvious and this is our main result: Theorem 5.5.10. We then determine the center of H and
we show that it is isomorphic to C[[Y]]"" (Theorem 5.5.19), which is similar to the classical
case. We thus get the following diagram:

~

Ho —> CIVI™" H, and Im(g) = Z(H),

where S is the Satake isomorphism (see Section 8 of | | or Theorem 5.4 of | D,
and g comes from the Bernstein-Lusztig basis.

1.3.3 Gindikin-Karpelevich finiteness

Let G be a split Kac-Moody functor, K be a local field, G = G(K) and T be a maximal
torus of GG. Let O be the ring of integers of IC, ™ be a generator of the maximal ideal of O
and ¢ denote the cardinal of the residue field O/7O. Choose a pair B, B~ of opposite Borel
subgroups such that BNB~ = T and let U, U~ be their “unipotent radicals”. Let K, = G(O).
Let (o )ier denote the simple coroots of (G, T), Qx = P,; Ny and Q = @, ., Zo}.

We prove the following theorem (see Theorem 6.5.1, Corollary 6.6.2, Theorem 6.6.7 and
Theorem 6.7.1):

Theorem 4. Let u € QY. Then for all A € Q¥, K,\K,7\U~ N K,m™U is finite and is
empty if 4 ¢ —Qy. Moreover |K,\ K, 72U~ N K,m*™U| does not depend on A € Q¥ and for
A sufficiently dominant, K, 72U~ N K7 U = Ko K, N K o U .

This theorem corresponds to Theorem 1.9 of | | and this is a positive answer to
Conjecture 4.4 of | |. It proves that

> KNK U N K a1 U |gh e

HEQY

has a meaning in the algebra C[[Qy]] of @y, (loosely speaking, C[[@}]] is a completion of the
group algebra C[Qy] with generators e” for v € @Qy) for a general split Kac-Moody group
over a local field. This is one side of the Gindikin-Karpelevich formula of | |.
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1.3.4 Distances on a masure

Let Z be a Bruhat-Tits building associated to a split reductive group G over a local field.
Then 7 is equipped with a distance d such that G acts isometrically on Z and such that the
restriction of d to each apartment is a euclidean distance. This distances are important tools
in the study of buildings. Let now G be a split Kac-Moody group over a local field. We show
that unless G is reductive, we cannot equip Z with a distance having these properties. It
seems natural to ask whether we can define distances on a masure having “good” properties.
We limit our study to distances inducing the affine topology on each apartment. We show that
under assumptions of continuity for retractions, the metric space we have is not complete
nor locally compact (see Section 7.2). We show that there is no distance on Z such that
the restriction to each apartment is a norm. However, we prove the following theorem
(Corollary 7.4.8, Lemma 7.3.9, Corollary 7.4.9 and Theorem 7.4.14):

Theorem 5. Let g be a sector germ of Z, then there exists a distance d on Z having the
following properties:

e the topology induced on each apartment is the affine topology;

e cach retraction with center q is 1-Lipschitz continuous;

e cach retraction with center a sector-germ of the same sign as q is Lipschitz continuous;
e cach g € G is Lipschitz continuous when we see it as an automorphism of Z.

We call the distances constructed in the proof of this theorem distances of positive or
of negative type, depending on the sign of q. A distance of positive or negative type is
called a signed distance. We prove that all distances of positive type on a masure (resp.
of negative type) are equivalent, where we say that two distances d; and dy are equivalent
if there exist k,¢ € R* such that kd; < dy < Id; (this is Theorem 7.4.7). We thus get
a positive topology 7, and a negative topology 7. We prove (Corollary 7.5.4) that
these topologies are different when 7 is not a building. When 7 is a building these topologies
are the usual topology on a building (Proposition 7.4.15).

Let Zy be the orbit of some special vertex under the action of G. If 7 is not a building, Z,
is not discrete for .7 and 7,. We also prove that if p is a retraction centered at a positive
(resp. mnegative) sector-germ, p is not continuous for 7 (resp. 7,), see Proposition 7.5.3.
For these reasons we introduce mixed distances, which are the sum of a distance of positive
type and of a distance of negative type. We then have the following theorem (Theorem 7.5.7):

Theorem 6. All the mixed distances on 7 are equivalent; moreover, if d is a mixed distance
and Z is equipped with d we have:

e cach g:7Z — 7 € (G is Lipschitz continuous;
e cach retraction centered at a sector-germ is Lipschitz continuous;
e the topology induced on each apartment is the affine topology;

e the set Z; is discrete.

The topology .7, associated to mixed distances is the initial topology with respect to the
retractions of Z (see Corollary 7.5.10).
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1.3.5 Tits preorder on a masure of affine type

Suppose that G is an affine Kac-Moody group over a local field. In this situation, 7 is well
understood: this is more or less a half-space of A defined by some linear form d, : A — R
(the smallest imaginary root of G). Using the action of GG, one naturally extends 0, to a map
0 : T — A. The aim of this short chapter is to prove the following theorem:

Theorem 7. Let x,y € Z such that 6(z) < §(y). Then = < y.

As in restriction to each apartments, 0 is an affine map, this proves that “almost all” pair
of points is included in an apartment. This answers the question of the last paragraph of
Section 5 of | |.

1.4 Frameworks

In this thesis, we consider abstract masures in the definition of Rousseau, not necessarily
associated to a group (depending on the chapters). Our framework is adapted to the study
of almost-split Kac-Moody groups over valued fields or local fields, depending on the chapter.
However, we only define split Kac-Moody groups and refer to | | and | | for the
definition of almost split Kac-Moody groups.

1.5 Organization of the memoir

The memoir is organized as follows. Chapters 2 and 3 detail the framework of this thesis.
Chapters 4 to 8 are based on the works of the author. They contain an introduction, more
detailed than above in 1.3. There is an index of definitions at the end of the memoir and a
section “notation” at the end of Chapter 3.

In Chapter 2, we define Kac-Moody algebras, recall some basic properties and define their
vectorial apartments.

In Chapter 3, we define masures, we briefly define Kac-Moody groups according to | ],
sketch the construction of masures and describe the action of a Kac-Moody group on its
masure.

In Chapter 4, we simplify the axiomatic of masures.

In Chapter 5, we study the Hecke algebras associated to Kac-Moody groups over local
fields.

In Chapter 6, we prove the Gindikin-Karpelevich finiteness.

In Chapter 7, we study distances on a masure.

In Chapter 8, we give a simple criterion for the Tits preorder on a masure associated to
an affine Kac-Moody group.

The most important definitions are in Chapters 2 and 3. Chapters 4 to 8 can more or
less be read independently, punctually admitting results of previous chapters. Chapter 5 to
Chapter 8 are written using the axiomatic definition of 4 (see Theorem 4.4.1). This induces
minor changes in comparison with | |, [ I, [ | where Rousseau’s axiomatic is
used.

In Appendix A, we give a short definition of masures, using the axiomatic of 4 and limiting
the framework to masures associated to split Kac-Moody groups over local fields. The reader
only interested in arithmetic results (Chapter 5 and Chapter 6) can replace Section 3.1 by
this appendix (or replace Chapters 2 and 3 by this appendix).
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Chapter 2

Kac-Moody algebras and Vectorial
apartments

2.1 Introduction

In this chapter we define Kac-Moody algebras, recall some of their basic properties and define
their vectorial apartments.

The masure is a union of apartments, all isomorphic to a standard one A. In order to
define A, we first introduce vectorial apartments, which are some R-forms of Cartan sub-
algebras of Kac-Moody algebras over C. Most of the results of this chapter are known.

Let us describe briefly the construction of the vectorial apartment of a Kac-Moody algebra.
Similarly to semi-simple Lie algebras, a Kac-Moody algebra g admits a root decomposition.
Let us be more precise. The definition of g involves a Cartan subalgebra h which is abelian
and finite dimensional. If & € h*, one defines g, = {x € g|[h, z] = a(h)x Vh € h}. It appears
that for a subset @ of b*, g = Dac_pt 90 &S Dacor, o-

When g = s1,,(C), b is the vector space of diagonal matrices and the g,’s are the spaces
CE; j, where the E; ;’s are the elementary matrices (if « € ®,, i < j and if « € —®],
i > 7j), see Example 2.2.5.

If bg is some R-form of b (that is hg ®g C = b), the elements of ®,;; define hyperplanes
of hg, that we call vectorial walls. This arrangement of walls defines a structure of simplicial
complex on some cone T of hr (the Tits cone) and hr equipped with this arrangement is
called the vectorial apartment. If Y = {z € bg| a(z) > 0 Va € &}, then C} is a cone
called the fundamental chamber. It is delimited by a finite number of walls and the subgroup
of GL(hgr) spanned by certain reflexions with respect to these walls is a Coxeter group called
the Weyl group W* of g. Then one has 7 = [, cp w.C_;ﬁ. The faces of T are the w.F",
where w € W and F" is a face of C'}. We also consider the opposite of the Tits cone —7.

Organization of the chapter In Section 2.2, we recall the definition of Kac-Moody alge-
bras, of vectorial apartments and their basic properties.

In Section 2.3, we describe the vectorial apartment in the affine case and in the indefinite
case.
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2.2 Kac-Moody algebras and vectorial apartment of a
masure

2.2.1 Kac-Moody algebras

In this subsection, we define Kac-Moody algebras by generators and relations. We first
define the realization of a Kac-Moody matrix, which corresponds more or less to the Cartan
subalgebra of the associated Kac-Moody algebra. We then recall the root decomposition of
these Lie algebras and define their set of roots. Our references are mainly | |, Chapter
I of | | and Section 1 of | |.

2.2.1.1 Realization of a Kac-Moody matrix

Let A be a Kac-Moody matrix (also known as generalized Cartan matrix) i.e a square
matrix A = (a; ;)i jer wWith integers coefficients, indexed by a finite set I and satisfying:

1.Viel, a;; =2

2. V(i,j) € I*|i # j, a;j <0

3. Y(i,j) € I* a;; =0&a;; =0.

The matrix A is said to be decomposable if for some reordering of the indices, A, one can

write as a non trivial block diagonal matrix (%1 j ) . One says that A is indecomposable
2

if it is not decomposable.

A root generating system of type A is a 5-tuple S = (A, X, Y, ()ier, () )icr) made
of a Kac-Moody matrix A indexed by I, of two dual free Z-modules X (of characters) and
Y (of cocharacters) of finite rank rk(X), a family («;);e; (of simple roots) in X and a
family (o} );e; (of simple coroots) in Y. They have to satisfy the following compatibility
condition: a;; = a;() for all 4, j € I. We also suppose that the family («;);es is free in X
and that the family (. );es is free in Y.

If K is a subfield of C (one will consider the case £ = R and K = C), a realization of
A over K is a triple (b, (o )ier, (@ )ier) such that b is a finite dimensional vector space over
IC, (o) )ier is a free family of b, («;)ies is a free family of the dual h* of b and for all 4,5 € I,
a;; = a;(a)). The realization is called minimal if moreover dim b = |I| + corank(A).

Two realizations (b, (a;)ier, (0)ier), (B, ()ier, (Y )icr) of A are called isomorphic if
there exists a vector space isomorphism ¢ : h — b’ such that ¢((«))ier) = (&}Y)ier and
¢*(()ier) = (a)ier, where ¢* : h* — h* maps each f € h* on f o ¢. By Proposition 1.1 of
[ |, for all subfield of C, there exists up to isomorphism a unique minimal realization of
A over K.

Let K be a subfield of C. If (A, X,Y, (a;)ier, (o) )ier) is a root generating system then
(YK, (a;)ier, (o )ier) is a realization of A over K. We view the elements of X as linear forms

(2

onY ® K. If (hx, (ai)ier, () )ier) is a realization of A over I then (hx @ C, ()ier, () )icr)
is a complex realization of A.

The following lemma is easy to prove.

Lemma 2.2.1. Let A be a Kac-Moody matriz, KC be a subfield of C and S = (b, («;)ier, (@ )ier))
be the minimal realization of A over K. Let S = (b, (a;)ier, (o)
over KC. Then there exist subspaces by C b and b’ C b such that

)ier) be a realization of A

e ho D () )ier
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o b/ C (e keroy
eh=hal

e there exists an isomorphism of realizations Y : Soxc = (ho, (@)ier, () )ier) = Sk

2.2.1.2 Kac-Moody algebras

Lie algebra defined by a presentation If V' is a vector space, one denotes by T'(V) its
tensor algebra and one equips it with the bracket [a,b] = a ® b — b ® a. Let X be a set
of symbols and CX) be the set of maps from X to C having finite support. The free Lie
algebra generated by X is the Lie subalgebra of T(CX)) spanned by CX) = T(C).
We denote it F(X). If (Ry)rer, (Sk)kex are elements of F'(X), the Lie algebra generated
by X and subject to the relations R, = Sy, k € K, is the quotient of F/(X) by the ideal
spanned by {Ry — S| k € K}.

Remark 2.2.2. If g is a Lie algebra, k € N and ey,...,ex € g, one defines |eq,..., e
by induction on k as follows. One sets [ex] = ex and if L € [L,k — 1], [es ... ex] =
lee, [€et1, - - -, ek]]. Then using Jacobi identity, one can prove that if {ex, k € K} is a set
of symbols, F({ex| k € K}) is spanned by {[ex,,- -, ex, ]|l € N and (ki,..., k) € K*}.

Definition of Kac-Moody algebras Let A = (a;;);jer be a Kac-Moody matrix and
(b, ()ier, (o )ier) be a complex realization of A. The Kac-Moody algebra g := g(A) is the
Lie algebra over C generated by h and the symbols ¢;, f; for ¢ € I subject to the following
relations for all i, € I and h € h:

(R1) [b,h] =0

(R2) [h,ei] = ai(h)es; [h, fi] = —ai(h)fi,

(R3) [ei, f3] = di e/

(Ra) (ad €;)' =% (e;) =0, i # j

(Rs) (ad fi)' =" (f;) = 0,4 # j.

The e;, fi, i € I are called the Chevalley generators of g.

Kac-Moody algebras associated to free realizations of A Let S¢c = (b, (a)ier, (&) )ier))
be a complex realization of A. Let g be the algebra generated by h and symbols e;, f;, i € T
subject to the relations R; to R5. The Lie algebra g is called the Kac-Moody algebra of
Sc.

Let S¢ = (b, (;)ier, (@) )ier)) be the minimal realization of A. Let g be the Kac-Moody
algebra of S _(generated by b and symbols e,, fz,, i € I). One writes h = by @ b’ as in
Lemma 2.2.1. Let g x b’ be the Lie algebra with underlying vector space g x ' and equipped
with the bracket [(g,h), (¢ + h')] = [g, g] for all (g,h),(¢',n') € g x b'. Although we do not
know yet that the map ' — g is injective, we denote by h’ the image of b’ in g

Proposition 2.2.3. There exists a unique Lie algebra isomorphism W : g — g x b’ such that
Uy = Idjy, Y, = T"h; (where T : 8 — Sy is an isomorphism of realizations), V(e;) = e,
and V(f;) = f, for all v € 1.

Proof. Let g be the free Lie algebra generated by b and symbols e;, f;, 7 € I. Let e g — gxb’
defined by ¥(e;) = e,, W(f;) = I {Ivf‘h/ = Idy and {Ivf‘ho = T|_h§ Then U satisfies relations Ry
to Rs and thus it induces a morphism of Lie algebras ¥ : g — g x b".
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Let g be the free Lie algebra generated by h and symbols e, L, i€l Let Q: g— g
be the Lie algebra morphism defined by Q\ﬂ =Ty, Q(gi) = ¢; and Q(f )= fi, for all ¢ € I.

Then € satisfies relations R; to Rs5 and thus it induces a Lie algebra morphism €2 : g — g.
Let ' : g x b’ — g defined by € = and €, is the natural map §" — g. Then (' is a Lie
algebra morphism and € o U (resp. ¥ o Q') is a Lie algebra morphisms whose restriction to
a set of generators of g (resp. g X b’) is the the identity: 0" and ¥ are inverse of each others

and in particular, they are isomorphisms. O

Our framework is slightly more general than the one of | | and | | because
we consider non-necessarily minimal realizations. We use Proposition 2.2.3 throughout this
section to use results of | | and | | in our frameworks.

Cartan involution Let w:hU{e]| i€ I} U{fi— i € I} defined by w(h) = —h if h € b,
w(e;) = —fi and w(f;) = —e; if i € I. Then w extends uniquely to a Lie algebra morphism
(still denoted w) from g to g. Moreover w is an involution and it is called the Cartan
involution of g.

Let Q = D,.; Za; C b* be the root lattice of g. Let Qn = @,.,Na; C Q. For any
a € b*, let go = {x € g|[h,x] = a(h)z, Yh € h}. Let n (resp. n~) be the sub-Lie algebra of g
generated by {e;| i € I'} (resp. {f;| i € I}). Then we have the following Theorem (Theorem
1.2.1 of | D:

Theorem 2.2.4. The canonical map b — g is an embedding of Lie algebras. One considers
b as a sub-Lie algebra of g. One has the following properties.

1. The Lie algebra g decomposes as n~ & h & n.

2. The following root space decomposition holds: n* = @aeQN\{o} gia- An for all a € Q,
ga 1s finite dimensional.

3. The Lie algebra n (resp. n~) is generated by {e;| i € I} (resp. {fi| i € I}) subject to
the only relations Ry (resp. Rs).

Let @4 = {a € Q\{0}| go # 0}. Then @, is called the set of roots and the elements
of @,y are called roots. Let @}, = @, N Qy and @, = —P,. Then &, = ¢F, LU D, If
a € Oy, the dimension of g, is called the multiplicity of a.

Example 2.2.5. A simple example of a Kac-Moody algebra is g = sl,,(C) forn € Nso. As a
vector space, g is the set of n X n matrices whose trace is 0. If a,b € s1,,(C), [a,b] = ab— ba.
The standard Cartan subalgebra b is the set of diagonal matrices whose trace is 0. For
i,j € [1,n—1], one denotes by E; ; the matrixz having 1 in i, j and 0 elsewhere. Ifi € [1,n—1],
one sets e; = E; ;11 and f; = Ei11,. One sets o = E;; — Ei 1,41 for alli € [1,n —1].

The associated Kac-Moody matriz is the matrix having 2 on the diagonal, —1 on the
strictly upper and lower diagonal and O elsewhere.

Ifie[t,n—1], then o;(377_, hjej) = hi — hiyy for all (hy) € C" such that 377, h; = 0.
If (i,7) € [1,n]* such that i # j, one defines o j : h — C by o ;3 p_ hiEry) = hi — Iy
(one has c;; = ity ifi < j). Then &), = {ai](i,7) € [1,n — 1]%i < j} and Oy =
O, U—0F. Ifa€e®, a=qj, then g, = CE;; with the notation of Theorem 2.2.4. Thus
nt (resp. w”) is the set of strictly upper (resp. lower) triangular matriz.

We will write explicitly the root decomposition of an affine Kac-Moody algebra in Sub-
section 2.3.1 (see Lemma 2.3.2 and Corollary 2.3.4).
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Remark 2.2.6. 1. Using 3, one can prove that for all i € I that ad(e;)”*(e;) # 0 and
ad(f;)~%(f;) #0 (in g). In particular, e; # 0 and f; # 0.

2. If ke Nandiy,...,ig €1, [esy,...,€;] € Bai, +.toy, AN [firy--o) fi] € G0, ——o, -
Thus for all & € Qn (resp. —Qn), o is the vector space spanned by the [e;,, ..., €;,]
(resp. [fiys---, fi]) such thatiy, ... ip € I and oy, +. . .4y, = « (resp. o, +...+a;, =
—a).

2.2.2 Vectorial apartment of a Kac-Moody algebra

We now define the vectorial apartment of a root generating system S. If S is associated to
a matrix A, this apartment is a vector space A(a realization of A over R) equipped with a
cone (the Tits cone), which is a geometric realization of the vectorial Weyl group of A.

2.2.2.1 Weyl group, real and imaginary roots

Let S = (A, X, Y, ()ier, (o)) be a root generating system and g be the Kac-Moody algebra
of Sc = (Y @ C, (v)ier, ())). Let A =Y @R. If i € I, one defines the fundamental

i

reflection r; of the space A by r;(v) = v — a;(v)e;. Then r;(a)) = —a; and r; fixes {z €
Al a;(z) = 0}. The Weyl group of g is the subgroup of GL(A) spanned by the fundamental
reflections. We denote it by W". By Proposition 1.3.21 of | |, W¥ {r;| i € I}) is a

Coxeter system. The action of W" on A induces an action of W* on A* by the formula
w.f(x) = f(w ) for all f € A* z € b and w € W".

By Corollary 1.3.6 of | |, the set of roots @, C €P,.; Za; C A* is stable under the
action of W". Moreover for all o € &, and w € W", dimg, = dimg,, . A root is said to
be real if it is of the form w.q;, for some i € I and w € W". One denotes by ®,. the set
of real roots. Let ®;, = ®,;\P,.. An element of ®;, is called an imaginary root. By
Remark 2.2.6, g,, = Ce; # {0} and thus dimg, = 1 for all & € ®,.. By Remark 2.2.6, if
i€l andn € C, no; € Py if and only if n € {—1,1}. Thus we get that if o € ¢, and
n € C such that na € @y, then n € {—1,1}. On the contrary, by Proposition 5.4 of | ],
if « € ®;,,, and r € Q* such that ra € @), then ra € ®,,,.

2.2.2.2 Vectorial apartment

Let CF := {x € Ala;(v) > 0 Vi € I} be the vectorial fundamental chamber. For J C I,
one sets F(J) ={v e Al a;(v) =0Vi € J,a;(v) >0 Vi€ J\I}. Then the closure C_]? of C%
is the union of the F(J) for J C I. The positive (resp. negative) vectorial faces are the
sets w.F"V(J) (resp. —w.F"(J)) for w € W¥ and J C I. A vectorial face is either a positive
vectorial face or a negative vectorial face. We call positive chamber (resp. negative) every
cone of the shape w.C for some w € W" (resp. —w.C’}ﬁ). A vectorial face of codimension 1

is called a vectorial panel. The Tits cone 7T is defined by T = |J, ey w.C’_}’.

Proposition 2.2.7. (Proposition 3.12 b,c of [ /)

1. The fundamental chamberC’_}i is a fundamental domain for the action of W* on T, i.e.,

any orbit WV.h of h € T intersects C_}’ i exactly one point. In particular, the positive
faces form a partition of T .

2. One has T = {h € A|] {a € ®,Ja(h) < 0} is finite}. In particular, T is a convex cone
of A.
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Tits preorder on A One defines the Tits preorder on A as follows. If z,y in 7T, then
one writes x < y if y —x € 7. This is indeed a preorder by Proposition 2.2.7. By definition,
it is W invariant.

A vectorial face F" is said to be spherical if its fixer in W" is finite. Vectorial chambers
and panels are examples of spherical vectorial faces.

Proposition 2.2.8. (Théoreme 5.2.3 (ii) of [ ) Let T be the interior of T. Then T
is the union of the positive spherical vectorial faces of A.

A hyperplane of the form a=1({0}) for some a € ®,. is called a vectorial wall of A.

The Q"-orders in A If ' C R, one sets Q, = P,; Fay. If v,y € A, one denotes z <¢y y
(resp. = <qv y) if y — v € Q, (resp. y —z € Q).

The following lemma is the writing of Proposition 3.12 d) of | | and Lemma 2.4 a of
| | in our context.

Lemma 2.2.9. Let A € C_}’ and w € W'. Then w.\ <qy A. If moreover X € Y, then
wW.A SQ\Z/ .

2.2.2.3 Essential apartment

Let Ay, = ;e ker(a;). Let Ay = A/A;, be the essentialization of A.
If X is an affine space, one denotes by Aut(X) its group of affine automorphisms.

Lemma 2.2.10. Let w € WY. Then the map W : Ay — Ao defined by w(x + Ay,) =
w(x) + Ay, is well defined.  Moreover, the morphism T' : WY — Aut(A.s) sending each
v e W" on v is injective.

Proof. Let x € A and 2/ € A;,. Then w(z + 2') = w(x) + 2/, thus w(z + Ay,) = w(x) + Ay,
and hence w is well defined.

Let v € W¥\{1}. Let x € C}. As the action of W" on the positive chambers is simply
transitive, w.z ¢ C7. Therefore, there exists ¢ € I such that o;(w.z) < 0. In particular
a;(v.x —x) < 0 and thus v.x —x ¢ A;,. As a consequence, U # 1 and I is injective, which is
our assertion. O

2.2.3 Classification of indecomposable Kac-Moody matrices

We now recall the classification of indecomposable Kac-Moody matrices in three types: Car-
tan matrices (also called Kac-Moody matrix of finite type), affine Kac-Moody matrices and
indefinite matrices. If u € R!, one writes u > 0 (resp. u > 0, ...) if u € (Ry)! (resp
u € (R%)!, ...). Suppose A indecomposable. Then by Theorem 4.3 of | | one of the
following three mutually exclusive possibilities holds for A and *A:

(Fin) det(A) # 0; there exists u > 0 such that Au > 0 and Av > 0 implies v > 0 or v = 0.

(Aff) corank(A) = 1; there exists u > 0 such that Au =0 and Av > 0 implies Av = 0.

(Ind) there exists u > 0 such that Au < 0; Av > 0, v > 0 implies v = 0.

One says that A if of finite type or is a Cartan matrix if A satisfies (Fin). One says
that A is of affine type resp. indefinite type) if A satisfies (Aff) (resp. (Ind)). As we shall
see (Subsection 2.3.1), there is a correspondence between Cartan matrices and Kac-Moody
matrices of affine type.
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Proposition 2.2.11. Suppose that A is indecomposable. The following conditions are equiv-
alent:

1. The Kac-Moody matriz A is a Cartan matriz.

2. The vectorial Weyl group WV 1is finite.

3. One has A =T.

4. The set of roots @y is finite.

5. The set of real roots ®,, is finite.

6. The set @, is empty.

7. 9(A) is a finite dimensional Lie algebra.
Proof. By Proposition 4.9 of | |, 1, 4 and 2 are equivalent. By Proposition 5.8 of
[ |, 3 is equivalent to 1. If ®,. is infinite then ®,; O P,. is infinite. Suppose W
infinite. Then by Lemma 1.3.14 of | |, ;¢ is infinite. By Theorem 2.2.4 1 and 2 and
Remark 2.2.6, 7 and 4 are equivalent. By Theorem 5.6 of | |, 1 is equivalent to 6 and
we get the proposition. O
Proposition 2.2.12. Let A = <—Qb —2a> , with a,b € N* be an indecomposable Kac-Moody

matrix of size 2. Then:
e if ab < 3, then A is of finite type,
e ifab =4, then A is of affine type,
e otherwise A is of indefinite type.

Proof. The vectorial Weyl group W of A is spanned by the two simple reflexions r; and rs.
Therefore W is finite if and only if ry75 has finite order. By Proposition 1.3.21 of | |,
this happens if and only if ab < 3. By Proposition 2.2.11, we deduce that A is of finite type
if and only if ab < 3.

Suppose that A is of affine type. Then det(A) = 0, thus ab = 4. Reciprocally, if

a=b=2 A 1 :0,ifa:1andb:4,A(é):0andifa:4,b:1,A(?):Oand
by Theorem 4.3 of | |, A is of affine type.

2.3 Vectorial apartments in the non-reductive case

In this section, we describe the vectorial apartment in the affine case and the indefinite case.
In 2.3.1, we recall the link between Kac-Moody algebras associated to affine Kac-Moody
algebras and loop groups. We then describe the vectorial apartment of such algebras by using
the affine apartment of the underlying semi-simple finite dimensional matrix.
In 2.3.2, we describe the vectorial apartment in the indefinite case. We give a more precise
description in the two dimensional case.
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Figure 2.2.1 — Vectorial apartment of sl; (see Example 2.2.5)
I used Geogebra to build all the pictures of the thesis, except figure 3.1.2.

2.3.1 Affine case
2.3.1.1 Realizations of affine Kac-Moody algebras as loop algebras

Classification of finite dimensional semi-simple Lie algebras using Cartan matri-
ces Let A = (a;;)1<; < be an indecomposable Cartan matrix. By Proposition 8 of V.11 of
[ |, this determines a reduced root system uniquely up to isomorphism. By Theorem 8
and Theorem of the appendix of VI of | |, there exists a unique semi-simple Lie algebra
g(A) having A as a Cartan matrix and this algebra is the Kac-Moody algebra g(A)

For this section, we mainly use Chapter XIII of | .

Underlying finite dimensional simple Lie algebra Let S = (b, (ci)ie, a4 () )icp.q)
be the complex minimal free realization of A. Let g = §(S). We denote by &, fi, i € [1,]
the Chevalley generators of g g. Let dC b* be the root system of (g, S)

Let bZ = @Z | Zey! and F)Z = Homz(hz, 7). Let ¢,d be symbols and bz = hZ @ Ze ® Zd.
Let h = bz ®z C and h* = b, ®; C. One embeds hZ in b3, by requiring A(Zc + Zd) = {0} for
all A € b} Let 0 € by, defined by 6(d) = 1 and §(hz & Zc) = 0.

The system SV = (t/ol, 62,62,(Oziv)ie[[l,g]],(ai)ie[[mﬂ) is a root generating system. By
Propos1t10n 25 (i) of VI of | |, ®* admits a unique highest roots: this is a root
0 = ZZ L @iy € @+ such that for all o = Zle n;o; €+, n; < a;. In particular a; € N* for
all i € [1,7].

Let 6¥ € b be the highest root of ¥+ (where ®V is the root space of SY). One sets
ap=0—60and af =c—6.

One sets agg = 2 = 0(0") and for j € [1,4], ap; = —;(0") and a;p = —0(). Let
A = (aij)o<ij<i-

24



Let V=R®X. By VI 1.1 of | |, there exists a scalar product on V' such that if one
identifies V" and V* through this scalar product, o € R*« for all a € ®.

Lemma 2.3.1. The matriz A is a Kac-Moody matriz of affine type.

Let I = [0,¢]. The system S = (A, b}, bz, (a)icr, () )icr) is a root generating system.
The triple S¢ = (b, (®)icfo,q, (@ )ic[o,q) is a realization of A.

Let g = (C[t,t7!] ®@c g) ® Cc @ Cd, where t is an indeterminate. Let (,) be the invariant
(symmetric nondegenerate) bilinear form on g defined in Theorem 1.5.4 of | | (the
properties of (,) are important to prove that g is isomorphic to the Kac-Moody algebra of S
but as we admit this result, we will not explicitly use them). One equips g with the bracket:

(" @+ Ae+pud, t™ @'+ Nt/ d) = 1" @[z, 2]+ pum/t™ @1’ — ' mt™ @z +mb, _ (2, 2')e,

for \, u, N,/ € C, m,m’ € Z, x,2' € g. )
Let @,y = {jdlj € Z\{0}}U{jo+p| j € Z, 5 € P} If a € bh*, one sets g, = {z €
gl [h, 2] = a(h)x Vh € b}.

Lemma 2.3.2. One has g = h & D, cq,, 9a- Moreover if j € Z\{0}, g5 = ¥ ®b and if
JEZ and B € B, gpijs =t © §g, where g = {x € g| [h, x] = B(h)z Vh € h}.

Let w be the Cartan involution of g. Let xzy € go such that (zg,w(xg)) = —1. Let
E() =—1t® (j)(l’o) and F() =—1t® Zo-

Let g(Sc) be the Kac-Moody algebra with generators (b, (e;):er, (fi)ier) associated to
Sc = (b, (i)ier, (o )ier) in 1.1 of | |

Theorem 2.3.3. (Theorem 1.5.1.3 of [ /) There exists a unique Lie algebra isomor-
phism Y : g(Sc) = ¢ fizring b and mapping ey to Ey, e; to €; and f; to f; for alli € [1,/].

Corollary 2.3.4. The set @,y is the set of roots of g. One has @}, = {jo + Blj € N*, 8 €
dU{0Y}U Dt and By, = (Z\{0})d. Moreover, if j € Z\{0}, dim gjo = /.

2.3.1.2 Apartment of A viewed as a subspace of A,

In this subsection, we show that we can see the affine apartment of A as an affine hyperplane
of the essentialization A.s of A. This is inspired by Section 6 of | |-

Let A=bz; @ R. Let A' = {x € A| §(x) = 1}. Then A! is an affine subspace of A whose
direction contains Rc = Ay,.

One sets A = A'/Rc C A.,. One can consider each element of ®,. as a linear form on
A, and one considers W7 as a subgroup of Aut(A.), which is possible by Lemma 2.2.10.
Let A = @ RaY C A. The map ¢ : A — A, defined by L(ZZ i) = Zle ;o) +Reis
injective and we consider Aasa subspace of A, through this embedding.

Let ¢ : A= A defined by 1(z) = 2 + d. Then ¢ is an isomorphism of affine spaces

One equips A with its structure of affine apartment The walls of A are the a~'({k})
such that ¢ € ® and k € Z. Let QZ @z 1 Za and W = Wv x QZ be the affine
Weyl group of A. Let My = {a ' ({0})| o € @,.} be the set of vectorial walls of A, and
M={MnA| M e M?}. Then by Corollary 2.3.4, if M := {a~"({k})|(d, k) €  x Z} is the
set of walls of A, then M == 1(M).

Let C'f ={zr € A|ozz( ) >0, Vi € [1,{]} and Cf = C’f N 6-1(]0,1[). By Proposition 5

of VI of | s, C'ar is a fundamental domain for the action of W on A and is a connected
component of A\ [Jy,cn,, M-
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Let C}, C Ac, be the image of CF in A.,. Let F(C},) (resp. F(CH)) be the poset of
faces of C%, (resp. ).

Lemma 2.3.5. The map A : F(C7,) — F(CF) defined by A(F?) = Y FY N .&) is well
defined and is an isomorphism of poset.
Proof. Let ' € F(C%.). Let J C [0,{] such that F' = F?(J), where F(J) is the image of
FVin A Let (R;) € {=, >}l sending each i € J on “=" and each i € [0,1]\.J on “>”.
Then F?(J) = {z € A|(ai(z) R; 0), Vi € [0,]}.

Let # € A. One writes 2 = y+d = 1(y), with y € A. Then for all i € [1,/], a;(z) = a;(y)
and ap(x) =0(y+d) — 0y +d) =1—0(y).

Therefore z € F?(J) if and only if (1 — 6(y)Ro0) and (o (y)R;0) for all i € [0,¢] and we

get the lemma because the faces of C’aL are the
{y € A|(1—0(y) Ty 0) and (ai(y) T, 0), Vi € [0, 4]},
such that (T;) € {>,=}104. O

As 0(Qg) = {0}, dow = ¢ for all w € W*. Therefore, W" acts on A. We deduce an
action of W* on A through . If w € WV, we denote by @ = ¢yt ow o1 : A — A the
corresponding affine automorphism.

Lemma 2.3.6. 1. Letic [1,{]. Then for all x € A, #(z) = & — a;(z)ar).

2. For allx € A, #o(x) =z — (0(z) — 1)0".
Proof. Let i € [1,£] and z € A. Then
ri(Y(x)) = ri(z + d)
=z+d— a;(z+d)ao)
= —as(z)a) +d
= Y(r — ai(z)a)),

and thus 7;(x) =z — a;(x) ).
One has
ro(¥(z)) =ro(z+d) =2 +d — ap(z + d)ay
=x+d—(6—0)(x+d)(c—0")
=x+d—(1-0(x))(c—06Y)
= 1(x — (0(z) — DY),
because ¢ = 0 in A, and thus 7(x) =z — (6(z) — 1)0". O

Let F*(Acs) (resp. F (A)) be the simplicial complex of positive vectorial faces of A,
(resp. of faces of A).

Proposition 2.3.7. 1. The morphism = : W' — Aut(;&) mapping each w € W' to w is
injective and its image is W = W? x Q.

2. The map A : F*(Ay) — F(A) sending each F° on ¢~ (F® N A) is well defined and
15 an isomorphism compatible with the actions of W and W: for all w € W" and

F* e FH(A) and w € WY, A(w.F") = w.A(F?).

26



a+30=0 Na+2=0 a+d6=0 a=0 a—90=0 a—20=0

5=1 d

Figure 2.3.1 — Vectorial apartment of éi; with thirteen walls

Proof. Let us first prove that = is injective. Let w € W¥\{1}. Let z € A, such that
w(z) # x. By continuity of w, one can suppose that §(z) # 0. Then 2/ = 6( FORS A
and w(z') # x’. Therefore w # 1d and thus v # Id. Consequently, Z is injective. As
WY = (rii € I), E(W") = (4] i € I). By Lemma 2.3.6, Theorem 1 (i) of V.3.2 of | |
and VI.2.1 of | |, E(W") =W.

Let w € W? and z € A. Then by definition, ' (w.z) = w.)~*(z). Therefore if
FY € Fr(Ag), v Hw. F*NA) = )~ (F* NA). Using Lemma 2.3.5 and 1, we deduce that
A is well defined and is an isomorphism (because CJ is a fundamental domain for the action
of W on A) The proposition follows. O]

Corollary 2.3.8. The Tits cone T of A is 5~ (R%) U Ay, In particular, T = 61 (Ry).

Proof. Let 7. be the image of 7 in A.,. Let x € 7.. Then there exists w € W such that

w.x € C” One has §(z) = 6(w.x) = 8(w.z)+ag(w.z) > 0. Asf € @r_, N*ay, if §(w.x) = 0,

then oz,(w x) = 0foralli € [0, (] and thus w.x = 0. Therefore T, C {0}U{z € A.| 6(x) > 0}.

One has 0 € 7.. By Proposition 2.3.7 2, Ac T.. Moreover 7T, is a convex cone and thus

Te O {x € Aild(z) > 0} U {0}. Consequently, 7. = {x € A.| 6(z) > 0} U {0} and hence
T ={x € Al §(x) > 0} UA,,, which is our assertion.

[

2.3.2 Vectorial apartment in the indefinite case

We now study the vectorial apartment in the indefinite case. Let S be a root generating
system associated to an indefinite Kac-Moody matrix. We keep the same notation as above
in 2.2.

Proposition 2.3.9. Suppose that A is an indefinite Kac-Moody matriz. Then:

1. T={z €Al alx) >0, Ya € &} }, and in particular, TC{xEA] alx) >0, Ya €
@5t
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a+30=0 a+20=0 a+d=0 a—20 a—0=0 a—20=0

0=1 d

Figure 2.3.2 — Vectorial apartment of SL, with forty-one walls

2. forallic I, af e A\TU-T,
3. T is not a half-space of A,
4. foralla € ®f  (Z\{0})a C @ .

m’

Proof. Point 1 is Proposition 5.8 ¢) of [Kac94]. By Theorem 5.6 ¢) of [I[<ac94]|, there exists
§ € ® such that 6(a)) < Oforalli €. Leti € I. By 1, ) € A\T. As T is W"-invariant,
—a) =ri(a)) € A\T and thus o € A\T U -T.

Suppose that T is a half-space of A. Then by 1, T = o '(R,) for all a € &/ . In
particular, 7 = 6 '(R,), where ¢ is as above. But then one would have —ay € T, a
contradiction with 2, and 3 follows. Point 4 is a consequence of 1 and 3. O]

We now study the case where A is of size 2. One writes A = A(a,b) = (—2b _QG) with
a,b € N*. One has ab > 5 by Proposition 2.2.12. In particular, A is invertible and the
minimal free realization A of A over R is of dimension 2. The vectorial faces of A are {0},
the vectorial panels and the vectorial chambers. Except {0} these faces are spherical and by
Proposition 2.2.8, 7 = T\{0}.

Proposition 2.3.10. (see Figure 2.3.3 and Figure 2.3.4) The set A\(T U —T) has two
connected components. We denote them by 'y and I'y. One has Ty = —T'y. Ifi € {1,2},
then T'; is a convex cone, has nonempty interior, does not meet any vectorial wall of A and
I; U {0} is closed.

Proof. One identifies A and C as vector spaces over R. Let U = {x € A| |z| = 1}. As
A\(T U —=T) is a cone, it suffices to study UN (A\(7 U —T)). Let x : A\{0} — U defined
by x(z) = oy forall z € A\{0}. Let zp € T NU. One writes 7o = e'%, with 6y € R. Let
f:[0,27[— U defined by f(#) = €'®+%) Then f= f||}u6],\2?[ is a homeomorphism.

One has f~1(T) = [~ (T\R%20) U {0} = f(T\R%ao) U {0}. As T is a convex cone

which does not contain 0, %\Rixo has two connected components and thus there exists
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U
C;

Figure 2.3.3 — Vectorial apartment of A(1,5)

0 < t; <ty < 27 such that f’l( ) = [0, t1]U]ts, 2. By Proposition 2.3.9 1, TN =T = 0.
Therefore f~(=7) = f~'(=T) and there exist ts,t4 € [0, 27r] satisfying t; < t3 < t4 < to and
such that f~! ( T) =lts, tu]. Therefore FHANT U=T) = fYANT U =T) =]t1, ts[Ults, to
and thus A\(7U—TU{0}) = R% f([t1, 3] U [t, 2]). As a consequence, A\(7T U —T) has two
connected components I'; and I'y, they have nonempty interior and they are convex cones.

Let i € {1,2}. Then I'; U {0} is either Ry f([t1,t3]) or Ry f([t4,t2]) and thus it is closed.

As A\(TU-T) = —(A\(TU-=T)), —T'; is a connected component of A\(7T U —T).
Therefore —I'y € {I';,T's}. The fact that I'; has nonempty interior implies that conv(I'y, —I'y)
contains 0 in its interior and thus conv(I';, —I'y) = A. Therefore —I'; = I's.

Let M be a vectorial wall. There exists w € W such that M’ = w.M is a wall of 6;,
thus M'N7T is nonempty and hence M NT is nonempty. By symmetry, M N— T is nonempty

and consequently, M = (M NT)U{0}U (M N —=T) C T U—T, which completes the proof
of the proposition. O]

29



Al

Figure 2.3.4 — Vectorial apartment of A(3,3)
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Chapter 3

Masures and split Kac-Moody groups

Organization of the chapter In this chapter, we define masures and split Kac-Moody
groups in the definition of | |]. We begin by defining masures as abstract objects. They
are some sets covered with subsets called apartments and satisfying some series of axioms
and are not necessarily associated to a group. We then briefly define Kac-Moody groups,
outline the construction of the associated masure and study the dictionary between notions
in groups and notions in the associated masure.

In Subsection 3.1, we define affine apartments and give the axiomatic definition of masures
of Rousseau.

In Subsection 3.2, we recall some notions on masures that will be useful for the sequel.

In Subsection 3.3, we briefly define minimal split Kac-Moody groups “a la Tits” and sketch
the construction of the associated masure.

In Subsection 3.4, we study the action of a Kac-Moody group on its masure.

3.1 Affine apartment and abstract masure

Our main references for this subsection are | | and | |. Let A be a Kac-Moody
matrix and S = (4, X, Y, (;)ier, (@) )ier) be a root generating system. Let A =Y @ R.

(2

3.1.1 Affine Weyl group of A

We now define the Weyl group W of A. If X is an affine subspace of A, one denotes by X
its direction. We give the definition in the split case and in the general (almost-split) case.
The reader only interested in the split case can skip the paragraph “general case”.

Case of a masure associated to a split Kac-Moody group over a valued field Let
K be a field with a non-trivial valuation w : K — R U {+o0}. Let A = w(K*) (one can
assume A = Z when K is local). Let M = {a ' ({k})|(a, k) € ®,. x A}. The elements of M
are called walls of A. Let Q¥ = @,.; Aoy When A =7Z, Q¥ is the coroot lattice of A. Let
W = W?" x QV be the affine Weyl group of A. One sets A, = A for all a € D,..

General case If X is an affine subspace of A, one denotes by X its direction. One equips
A with a family M of affine hyperplanes called walls such that:

1. For all M € M, there exists a;; € ®,. such that M = ker(ay).
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2. For all a € ®,., there exists an infinite number of hyperplanes M € M such that
o = Q)y.

3. If M € M, we denote by ry; the reflexion of hyperplane M whose associated linear
map is 7,,,. We assume that the group W generated by the r),’s for M € M stabilizes
M.

The group W is the affine Weyl group of A. A point x is said to be special if every real
wall is parallel to a real wall containing x. We suppose that 0 is special and thus W D> W".

If « € A* and k € R, one sets M(a, k) = {v € Ala(v) + k = 0}. Then for all M € M,
there exists a € ®,, and kj; € R such that M = M (o, ky). If @ € D, one sets A, =
{kp| M € M and M = ker(a)}. Then Ay, o = A, for all w € W* and a € ®,..

If a € ®,., one denotes by Ka the subgroup of R generated by A,. By 3, Ay = Ay + 2Ka
for all o € ... In particular, A, = —A, and when A, is discrete, A, = A, is isomorphic to
7.

One sets Q" = P, co Kaav. This is a subgroup of A stable under the action of W". Then
one has W = W x QV.

3.1.2 Filters

For the definition of faces of a masure, one uses the notion of filters. Let us motivate this
utilization. Suppose that A is associated to a split reductive group over a local field. Then
one has M = {a ' ({k})|(a, k) € ®,. x Z}. This arrangement of hyperplanes is locally finite:
for all bounded set E of A, E meets a finite number of walls. The alcoves of A are then the
connected components of A\ [J,,c( M. The following proposition shows that the situation
is completely different when @, is infinite, even when A, = Z for all o € ®,.. and motivates
the use of filters in the definitions of faces, enclosure maps, ... They are already used in
[ | in the case when A, is not discrete for some o € P,..

Proposition 3.1.1. (see Figure 5.1.2) Suppose that ®,. is infinite. Letx € A andy € x+C7.
Then there exists (8,) € ® such that B,(y) — B.(xr) — +oo. As a consequence, all set
having nonempty interior meets an infinite number of walls and the connected components of
A\U,ca,. kez @ "({k}) have empty interior.

Proof. Let (,) € (%)Y be an injective sequence. For all n € N, one writes 8, = Y_,c; At
with ()\;,,) € N7. By injectivity of (3,), one can suppose, extracting a sequence if necessary,
that for some i € I, \;,, = +oo. If n € N, §,(y) — B.(z) > Ainai(y — ) — +oo, which
proves the proposition. O

A filter in a set F is a nonempty set F' of nonempty subsets of E such that, for all subsets
S, S"of E,if S, 5" € Fthen SNS" € Fand, if S’ C S, with S’ € F' then S € F.

If F is a filter in a set F, and F’ is a subset of E, one says that F' contains F’ if every
element of I’ contains F’. If E’ is nonempty, the set Fg of subsets of E containing F’ is a
filter. By abuse of language, we will sometimes say that £’ is a filter by identifying Fr and
E'. If F is a filter in E, its closure F (resp. its convex envelope) is the filter of subsets of £
containing the closure (resp. the convex envelope) of some element of F. A filter I is said
to be contained in an other filter F": F' C F’ (resp. in a subset Z in E: F C Z) if and only
if any set in F’ (resp. if Z) isin F.

If x € A and  is a subset of A containing x in its closure, then the germ of 2 in x is
the filter germ,(€2) of subsets of A containing a neighborhood of x in €.
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Figure 3.1.1 — Affine apartment of sls.

A sector in A is a set of the shape s = z + C" with C* = +w.C} for some x € A and
w € WY. A point u such that s = u+ C" is called a base point of s and C" is its direction.
The intersection of two sectors of the same direction is a sector of the same direction.

The sector-germ of a sector s = x + C" is the filter & of subsets of A containing an
A-translate of s. It only depends on the direction C¥. We denote by +oo (resp. —oo) the
sector-germ of C} (resp. of —C7).

A ray 0 with base point x and containing y # x (or the interval |x, y] = [z, y]\{z} or [z, y]
or the line containing x and y) is called preordered if x < y or y < z (see 2.2.2.2 for the
definition of the Tits preorder <) and generic if y — x € i70’, the interior of +7.

3.1.3 Enclosure maps and affine apartment

In this subsection, we introduce the enclosure maps. This will enable us to define the faces,
chimneys, ... When A is associated to a reductive group over a local field, the enclosure of
aset [ is cl(E) = (,ee D(a, kq), with k, = min{k € Z U +o00|D(a, k) D E}. When A is
associated to a split Kac-Moody group over a valued field, the enclosure map is defined using
filters because the arrangement of walls can be dense in A (see Proposition 3.1.1).

There are many natural definitions of enclosures: one can consider an enclosure involving
only real roots or involving every roots, one can consider only finite intersections or authorize
infinite intersections. This explains that we define many enclosure maps below. Eventually
(see Theorem 4.4.1), we will see that one of these enclosures is more adapted to the study of
masures. In the split case, one defines only two enclosure maps.

Let @, = &, U} U, be the set of all roots. For a € @, and k € R U {400}, let
D(a, k) = {v € Ala(v) + k > 0} (and D(«a, +00) = A for all a € ®yy) and D°(a, k) = {v €
Al a(v) + k> 0} (for o € Dy and k € RU {+00}).

If X is a set, one denotes by &?(X) the set of subsets of X. Let .7 (A) be the set of filters
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We give the definitions in the split case and in the general (almost-split) case. The reader
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Let cl? : Z(A) — .Z(A) be defined as follows. If U € .7 (A),

Let CL = CLy = {cI® cl*}. One sometimes writes clye = cl® = ¢} and clf, =
cl# = cl¥. The enclosure map cl®* is said to be infinite and cl* is said to be finite.
A = (S, W,N) is an apartment, we will often use A to denote the underlying vector space

Definitions 3.1.2. Let
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We give an example of a realization of an affine apartment in figure 3.1.2. I thank Pierre

Baumann for allowing me to use its picture.
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General case Let [®,., D,y be the set of sets P satisfying @, C P C Py

If a € ®;,,, one sets A, = R. Let £ be the set of all families (A/,) € Z(R)®a such that
for all a € @4y, A, C A, and A, = —A" .

If P € [P, Poy] and A’ € L, one defines the map cly : F(A) — F(A) as follows. If
Ue Z(A),

b (U) ={V € U| I(ka) € [ (A, U{+o0})| V > [ D(ev,ka) D U}

acP acP

If A € L, let clf, : F(A) — .Z(A) defined as follows. If U € .7 (A),
i (U)={V eU| IneN,(8) € @, (ki) € [[ Ay VO ()D(Bi ki) DU}
=1 =1

Let CL™ = {clV|P € [®,0, Boy] and A’ € L}. An element of CL™ is called an infinite
enclosure map. Let CL* = {cl?,| A € L}. An element of CL¥ is called a finite enclosure
map. Although CL™ and CL* might not be disjoint (for example if A is associated to a
reductive group over a local field), we define the set of enclosure maps CL by CL™ LICL?:
in 3.1.4, the definition of the set of faces associated to an enclosure map cl depends on whether
cl is finite or not.

If cl € CL, cl = cl}, with P € [®,., Poy] U {#} and A’ € L, then for all a € Oy,
A = {k € R| c(D(a, k)) = D(a, k)}. Therefore I := cl?, is well defined. We do not use
exactly the same notation as in | | in which ¢l means clf.

If A" € L, one sets CLy = {clh| P € [y, Poy]} U {cIF )

Definitions 3.1.3. An affine apartment is a root generating system S equipped with an
affine Weyl group W (i.e with a set M of real walls, see 3.1.1) and a family ' € L, where L
is the set of families (N.)) € P(R)%et such that for all « € @y, Ay C AL, and AL, = —N'__,.
We say apartment when there is no danger of confusion.

Let A = (S, W,N\’) be an apartment. A set of the shape M (o, k), with a € ®,. and
k € Al is called a wall of A and a set of the shape D(a, k), with a € ®,. and k € A, is
called a half-apartment of A. A subset X of A is said to be enclosed if there exist k € N,
Biy.oy B € Bre and (A1, ..., M) € [[hy A, such that X = (., D(B;, \i) (i.e X = clf(X)).

As we shall see, if A’ € L is fixed, the definition of masures does not depend on the
choice of an enclosure map in C£ys and thus it will be more convenient to choose cl?,, see
Theorem 4.4.1 and Theorem 4.4.2.

Remark 3.1.4. Here and in the following, we may replace ® by any W'-stable subset of
D.c; Riay such that Of N J,cq Rov is empty. We then set ®;,, = —®F . We could also
assume .. non reduced, with slight changes, see Remark 4.2.2. This is useful to include the
case of almost split Kac-Moody groups, see 6.11.3 of | /.

3.1.4 Definitions of faces, chimneys and related notions

We now define the faces, chimneys, ... Let A = (S, W, A’) be an apartment. We choose an
enclosure map cl € CLy:.

A local-face is associated to a point z and a vectorial face F” in A; it is the filter
F'(x, F¥) = germ,(x+ F") intersection of z+ F* and the filter of neighborhoods of z in A. A
face F'in A is a filter associated to a point x € A and a vectorial face F'¥ C A. More precisely,
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if cl is infinite (resp. cl is finite), cl = cl}, with P € [®, Poy] (resp. cl = cl¥,), F(x, F?)
is the filter made of the subsets containing an intersection (resp. a finite intersection) of
half-spaces D(a, Ay) or D°(a, A,), with A, € AL U{+o0} for all & € P (at most one A\, € A,
for each o € P) (resp. @,.). A type 0 local face is a local face based at an element of Y.

There is an order on the faces: if F C 7 one says that“F is a face of F’” or “F’ contains
F”. The dimension of a face F'is the smallest dimension of an affine space generated by some
S € F. Such an affine space is unique and is called the support of F. A face is said to
be spherical if the direction of its support meets the open Tits cone T or its opposite —70-;
then its pointwise stabilizer W in W is finite.

A chamber (or alcove) is a face of the form F(z,C") where z € A and C" is a vectorial
chamber of A.

A panel is a face of the form F(x, FV), where x € A and F" is a vectorial face of A
spanning a wall.

A chimney in A is associated to a face F' = F(x, Fyj) and to a vectorial face F"; it is the
filter v(F, F'V) = cl(F + F"). The face F is the basis of the chimney and the vectorial face F"*
its direction. A chimney is splayed if F"” is spherical, and is solid if its support (as a filter,
i.e., the smallest affine subspace of A containing t) has a finite pointwise stabilizer in W". A
splayed chimney is therefore solid.

A shortening of a chimney ©(F, F"), with F' = F(x, F}) is a chimney of the shape
t(F(x + & FY), FV) for some € € Fv. The germ of a chimney t is the filter of subsets of
A containing a shortening of v (this definition of shortening is slightly different from the
one of | | 1.12 but follows | | 3.6) and we obtain the same germs with these two
definitions).

3.1.5 Masure

Let A = (§,W,\’) be an apartment. An automorphism of A is an affine bijection ¢ :
A — A stabilizing the family M of walls, and conjugating the corresponding reflections.
We also ask that its linear map 5 stabilizes ®,. (this is automatic when A, = Z for all
a € ®,.) and the union 7 U —T of the Tits cones (this is automatic in the classical case).
An apartment of type A is a set A with a nonempty set Isomy (A, A) of bijections called
Weyl-isomorphisms such that if fy € Isomy (A, A) then f € Isomy (A, A) if and only if
there exists w € W satisfying f = fo o w. An isomorphism (resp. Weyl isomorphism,
vectorially Weyl isomorphism) between two apartments is a bijection ¢ : A — A’ such
that for some fy € Isomy (A, A) and fj € Isomyy (A, A) (the choices have no importance),
the map (f})™' o ¢ o fy is an automorphism of A (resp. an element of W, the vectorial part
of (f) ' o¢o fyis an element of W¥). We extend all the notions that are preserved by
W to each apartment. Thus sectors, enclosures, faces and chimneys are well defined in any
apartment of type A.

Definition 3.1.5. Let cl € CLy. A masure of type (A, cl) is a set T endowed with a covering
A of subsets called apartments such that:

(MA1) Any A € A admits a structure of apartment of type A.

(MA2, cl) If F is a point, a germ of a preordered interval, a generic ray or a solid chimney
in an apartment A and if A" is another apartment containing F, then AN A’ contains the
enclosure clo(F') of F' and there exists a Weyl isomorphism from A onto A’ fizing cla(F).

(MAS, cl) If R is the germ of a splayed chimney and if F is a face or a germ of a solid
chimney, then there exists an apartment containing R and F'.
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(MA4, cl) If two apartments A, A" contain R and F as in (MAS3), then there exists a
Weyl isomorphism from A to A’ fizing cla(RU F).

(MAOQO) If x, y are two points contained in two apartments A and A’, and if x <4 y then
the two segments [x,y|a and [x,y|a are equal.

In this definition, one says that an apartment contains a germ of a filter if it contains
at least one element of this germ. One says that a map fixes a germ if it fixes at least one
element of this germ.

From now on, unless otherwise stated, the isomorphism of apartments will be vectorially
Weyl isomorphisms. Actually in the split case, one could consider only Weyl isomorphisms.

The masure is said to be semi-discrete if the set of walls of A is {a '({k})|(a, k) €
b, x Z}.

The main example of masure is the masure associated to an almost-split Kac-Moody
group over a ultrametric field, see | |.

Thickness of Z One says that 7 is thick if for all panel of Z, there exist at least three
chambers containing it. One says that Z is of finite thickness if for all panel of Z, the
number of chambers of Z containing it is finite.

Group acting strongly transitively on a masure Let Z be a masure. An endomor-
phism of 7 is a map ¢ : Z — Z such that for each apartment A, ¢(A) is an apartment
and gb}im) is an isomorphism of apartments. An automorphism of 7 is a bijective en-
domorphism ¢ of Z such that ¢! is an endomorphism of Z. Let Aut(Z) be the group of
automorphisms of Z. A group G' C Aut(Z) is said to act strongly transitively if all the
isomorphisms of apartment of (MA2), (MA4) and (MAO) are induced by elements of G. We
give equivalent definitions in 4.4.5 and in Proposition 8.4.3.

3.2 Prerequisites on masures

In this section we recall some notions and results on masures that will be useful for us.
If X is a filter, one denotes by A(X') the set of apartments containing X.

3.2.1 Tits preorder and Tits open preorder on 7

As the Tits preorder < and the Tits open preorder < on A are invariant under the action
of W, one can equip each apartment A with preorders <, and <4. Let A be an apartment
of T and x,y € A such that <4 y (resp. #<,y). Then by Proposition 5.4 of | |,
if B is an apartment containing « and y, * <g y (resp. #<py). This defines a relation
< (resp <) on Z. By Théoréme 5.9 of | |, this defines a preorder < (resp. <) on Z.
It is invariant by isomorphisms of apartments: if A, B are apartments, ¢ : A — B is an
isomorphism of apartments and z,y € A are such that = <y (resp. x§y>, then ¢(x) < ¢(y)
(resp. d(2)<¢(y)). We call it the Tits preorder on Z (resp. the Tits open preorder on
7).

If ,y € T are such that x < y, then the segment [z, y] does not depend on the apartment
containing x,y (conséquence 2) of Proposition 5.4 of | |). This property will be called
order-convexity.
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3.2.1.1 Vectorial distance on 7

For x € T, we denote by ™" the unique element in C'_}’ conjugated by W to x.
Let T x< Z = {(z,y) € I?|x < y} be the set of increasing pairs in Z.

Definition/Proposition 3.2.1. Let (z,y) € Z X< Z. Let ¢ : A — A be an isomorphism
of apartments. Then ¢(x) < ¢(y) and we define the vectorial distance d*(z,y) € C} by
d(z,y) = (¢(y) — ¢(9c))++. It does not depend on the choices we made.

Proof. Let A" be an apartment containing x,y and ¢’ : A’ — A be an isomorphism of
apartments. Let ¢ : A — A’ be an isomorphism fixing [z, y|, which exists by Proposition 5.4
of | |. Let w € W making the following diagram commute:

A—2s A
Pl
Al . A
Let @ € W be the vectorial part of w. Then:

$(y) — ¢(z) =w™" o ¢ o Y(y) —w ™ 0 ¢ 0 W(y)
—w o dy) ~ w0 ¢/ (x)
=w(¢'(y) — ¢'(x)).
Therefore (¢(y) — ¢(x))tT = (¢/(y) — ¢/(x))™F, which is our assertion. O

This "distance" is invariant by isomorphisms of apartments: if x,y € Z are such that
r <y, A is an apartment containing {x,y}, B is an apartment of Z and ¢ : A — B is an
isomorphism of apartments, d"(x,y) = d"(¢(x), ¢(y)).

For x € Z and X € C’_}’, one defines §V(z,\) = {y € Z|z < y and d"(z,y) = \}.

Remark 3.2.2. Let a € Y and \ € C_}’ Then S”(a, ) is the set of points x € T such
that there ezists A € A({a,x}) and an isomorphism of apartments ¢ : A — A such that

8(r) = 6(a) + .

3.2.2 Retractions centered at sector-germs
The reference for this subsection is 2.6 of | |.

Definition /Proposition 3.2.3. (see Figure 3.2.1) Let s be a sector-germ of T and A be an
apartment containing it. Let x € Z. By (MAS3), there exists an apartment A, of I containing
x and s. By (MA4), there exists an isomorphism of apartments ¢ : A, — A fizing s. Then
¢(x) does not depend on the choices we made and thus we can set pas(x) = ¢(x). The map
pAs S a retraction from L onto A. It only depends on s and A and one calls it the retraction
onto A centered at s.

Proof. Let A’ € A(z,s) and ¢/ : A, = A. By (MA4), there exists an isomorphism f : A, —
A’ fixing conv(x,s). Let ¢ : A — A making the following diagram commute:
A, LA
o, I
A —2-A
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Figure 3.2.1 — Retraction centered at —oo on a tree, see 3.4.2. The standard apartment is
drawn as dotted line. An apartment containing x;, x5 and —oo is colored in violet.

Then 1 is an affine automorphism of affine space fixing s and thus ¢» = Id,. Therefore

¢'(z) = p().
The fact that pa is a retraction is obtained by setting A, = A for all x € A. m

Remark 3.2.4. Lets be a sector-germ of A and A be an apartment containing s and p == ps a.
Let ¢ = pja: A — A. Then ¢ is the unique isomorphism A A A Indeed, by (MA4), there
exists an isomorphism of apartments ¢ : A — A fixing s. By definition ¢ = 1 and thus ¢ is
an isomorphism of apartments. If x € A, p(x) = z by definition of p and thus ¢ fires ANA.
Let ' : A — A be an isomorphism fizing ANA. Then ¢’ o ¢~ : A — A is an isomorphism
of affine spaces firing s and thus V' = ¢.

If A and B are two apartments, and ¢ : A — B is an isomorphism of apartments fixing
some set X, one writes ¢ : A X B. If A and B share a sector-germ ¢, one denotes by
A Bor by A % B the unique isomorphism of apartments from A to B fixing q (and

also AN B). We denote by 7 95 A the retraction onto A fixing q. One denotes by poo the
retraction Z 3 A and by p—_oo the retraction T = A.

3.2.3 Action of A;,, on 7

We now define an action of A;, on Z by translation in a more direct way than in Section 5

of | .

Definition /Proposition 3.2.5. Let t € Z and v € Ay,. Let A be an apartment containing
x and ¢ : A — A be an isomorphism of apartments. One sets x +v = ¢(¢p~ (z) +v). Then
x + v does not depend on the choice of A and ¢.

Proof. Let B be an apartment containing x and ¢, ¢, : A — B be isomorphisms of apart-
ments and w = ¢, o0 ¢, : A — A. By definition, w € W. Let @ be the vectorial part of w.
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One has
w(gy ! (2) +v) = w(gr () + d(v) = w(py ' (2) +v = ¢; " (z) + v.

Therefore ¢1 (7" (z) + v) = ¢o(dy  (x) + v).

Let now A’ be an apartment containing x and ¢’ : A — A’ be an isomorphism of apart-
ments. By (MA2), there exists an isomorphism f : A — A’ fixing the enclosure of z. By
what we proved above, one can suppose that ¢’ = f o ¢. One has

¢ (@) +v)=(fod)(¢™ o [T (@) +v)=(fod) (¢ (x) + ).

Moreover ¢~ !(z) + v is in the enclosure (for any choice of enclosure map) of ¢~!(z) and thus
#(¢p~'(x) + v) is in the enclosure of . Hence (f o ¢)(¢ ! (z) +v) = ¢(¢ ' (x) + v) and the

proposition is proved. 0

Remark 3.2.6. Let v € Z, v € Ay, and S*(z,\) := {y € Z| y > = and d*(z,y) = v}.
Then SY(z,v) = {x + v}. Indeed, by Remark 3.2.2 if y € I, then y € S¥(x,v) if and only
if there exists an apartment A containing x,y and an isomorphism ¢ : A — A such that

o y) = o (z) +v.

3.2.4 Parallelism in Z and building at infinity

Let us explain briefly the notion of parallelism in Z. This is done more completely in | |
Section 3.

Vectorial faces Let us begin with vectorial faces.

A sector-face F of A, is a set of the shape x + F" for some vectorial face F* and some
x € A. The germ § = germ(F') of this sector face is the filter containing an element of the
shape ¢ + F”, for some ¢ € v + F¥. The sector-face F' is said to be spherical if IV N 70’7
is nonempty that is if FV is spherical. A sector-panel is a sector-face included in a wall

and spanning it as an affine space. A sector-panel is spherical (see | ] 1). We extend
these notions to Z thanks to the isomorphisms of apartments. Let us make a summary of
the notion of parallelism for sector-faces. This is also more complete in | |, 3.3.4)).

If A is an apartment and F, F' C A are spherical sector-faces of A, we say that F' and F’
are parallel if for some isomorphism of apartment ¢ : A — A, ¢(F) and ¢(F”") are parallel
(i.e there exists a translation 7 of A such that 7(¢(F)) = ¢(F”)). The vectorial direction
in A of a spherical sector-face F'is the set [} of sector-faces of A that are parallel to F'. We
denote it F'j. The vectorial directions of sector-faces of A are called vectorial faces of A.
When A = A, this coincide with the previous notion of vectorial faces. If y € A, then y+ F}
denote the translate in A of F' based at y.

Let F' and F’ are two spherical sector-faces of Z. By (MA3), there exists an apartment
B containing their germs § and §’. One says that F' and F’ are parallel if there exists a
vectorial face Fij of B such that § = germs(x + Fj) and § = germs(y + Fj3) for some
x,y € B. Parallelism is an equivalence relation. The parallelism class of a sector-face germ
§ is denoted §*° and is called the direction of §. We denote by Z> the set of directions of
spherical faces of Z.

If M is a wall of Z, its direction M is the set of Fo such that § = germy(F'), with F
a spherical sector-face included in M.

By Proposition 4.7.1) of | |, for all z € 7 and all §* € I, there exists a unique
sector-face x + §> of direction F> and with base point x. Let us explain how to obtain such
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a sector-face. Let © € Z, §° € Z°°, § be an element of §* and A be an apartment containing
§. One writes § = germy(y + F3), with y € A and F} a vectorial face of A. Then y+ F} is
a splayed chimney and by (MA3), there exists an apartment B containing = and §. Maybe
changing y, one can suppose that y+ F C B and by (MA4) (changing y if necessary), there

FU
exists ¢ : A YT B. Let F = o(FY). Then z + F§ C B is a sector-face of Z based at x and
having §> as a direction.

Generic rays We now recall the notion of parallelism for generic rays of Z. Let § and ¢ be
two generic rays in Z. By (MA3) and | | 2.2 3) there exists an apartment A containing
sub-rays of § and ¢ and we say that § and ¢’ are parallel, if these sub-rays are parallel in
A. Parallelism is an equivalence relation and its equivalence classes are called directions.

Lemma 3.2.7. Let x € Z and § be a generic ray. Then there exists a unique ray x + 06 in L
with base point x and direction 6. In any apartment A containing x and a ray 0’ parallel to
0, this ray is the translate in A of 0" having x as a base point.

This lemma is analogous to Proposition 4.7 1) of | |. The difficult part of this lemma
is the uniqueness of such a ray because second part of the lemma yields a way to construct
a ray having direction 6 and = as a base point. This uniqueness can be shown exactly in
the same manner as the proof of Proposition 4.7.1) by replacing "spherical sector face" by
"generic ray". This is possible by NB.a) of Proposition 2.7 and by 2.2 3) of | .

Building at infinity The simplicial complex Z* is called the building at infinity. Let
e € {—,+} and Z°° be the set of directions of spherical faces of sign e. Then if Z is not a
building, Z*>° and Z~° are disjoint and they are buildings. Moreover (Z7°°,Z-°°) is a twin
building (see 3 of | | for more details). We will not use these properties directly.

3.3 Split Kac-Moody groups “a la Tits” and associated
masures

In this section, we define minimal Kac-Moody groups as defined by Tits in | | and then
briefly recall some of their properties. We then outline the construction of the masures asso-
ciated to these groups over valued field. We will not really use this section in the sequel: we
mainly consider abstract masures, not necessarily associated to Kac-Moody groups. However,
the study of Kac-Moody groups is up to now the main motivation for the study of masures.

We do not recall all the definitions and properties in particular those concerning group
schemes. The main properties of Kac-Moody groups for our purpose are summarized in
Proposition 3.3.9.

In 3.3.1, we define nilpotent sets and prenilpotent pairs of roots. These notions are
important to define Kac-Moody groups.

In 3.3.2, we give the Tits’s axiomatic definition of Kac-Moody groups.

In 3.3.3, we define the constructive Tits functor of a generating root system. This is a
group functor satisfying Tits axioms (at least on the fields).

In 3.3.4, we describe the root data of a Kac-Moody group. This prepares the construction
of masures. The reading of 3.3.2 is not necessary for this part and the sequel.

In 3.3.5, we deal with the link between affine Kac-Moody groups and loop groups.

In 3.3.6, we outline the definition of parahoric subgroups and then define the masure of
a split Kac-Moody group over a valued field.
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In 3.3.7, we briefly introduce almost-split Kac-Moody groups.

3.3.1 Nilpotent sets and prenilpotent pairs of roots

In this subsection, we define the notion of nilpotency for sets of roots. This notion is im-
portant to define the constructive Tits functor and to study the Kac-Moody groups and
particularly their root data.

Let ¥ be a subset of ®,. (or ®,;). Then ¥ is said to be closed if for all o, € U,
a+ 5 € &, (or &) implies a+ [ € ¥. The set ¥ is said to be prenilpotent if there exists
w,w’ € W" such that w. ¥ C &, and w’.¥ C ®_;,. In this case, ¥ is finite and contained in

*1.(13;2 N (w')~1.® ., which is nilpotent (prenilpotent and Closed) A set W is prenilpotent
if and only if —W is prenilpotent.

If {a, 5} C @, is a prenilpotent pair, one denotes by |a, 3] the finite set (N*a+N*5)Nd,.
and one sets [«, 5] =|a, B[U{a, B}. For all a € ®,., the pair {a, —a} is not prenilpotent.

In the remaining part of this subsection, we give criteria for pairs of roots to be prenilpo-
tent in order to illustrate this notion. We will not use them in the sequel.

Lemma 3.3.1. (see Lemme 5.4.2 of [ /)

1. Let W C ®,.. Then ¥ is prenilpotent if and only if T N (Nyeqg o '(Ry) and =T N
Nuew @ '(Ry) has nonempty interior.

2. Let o, € ¥, such that a # —f. Then at least one pair of {{a, B}, {or, —B}} is
prenilpotent.

Proposition 3.3.2. Suppose that A is of finite type. Then a pair {c, 5} C D, is prenilpotent
if and only if o # —p3.

Proof. If « = —f, {«, $} is not prenilpotent.

Suppose a # —f. Then if o = 3, {«, 8} is prenilpotent. Suppose o # 3. Then a~'({0})
and 371({0}) are not parallel and hence a~!'(R,) N B7}(R,) has nonempty interior. As
T = A (Proposition 2.2.11), Lemma 3.3.1 enables to conclude. O

Proposition 3.3.3. Suppose that A is affine. Let o, € @, such that o # [. One writes
a=a+kd, = ﬁ + 06, with 04,6 € <I) k,t € Z, which is possible by Corollary 2.3.4. Then

{a, B} is prenilpotent if and only if & ;é B.

Proof. Suppose that o = —60. If « = —f, then {«, B} is not prenilpotent by definition.
Suppose a # —f. Then {(p+ 1)a+pBlp € N*} = {a+ ((p+ 1)k +pl)d|p € N*} C D,.. As
this set is infinite, {«, 5} is not prenilpotent.

Suppose that & = —BO. Let us prove that {a, 3} is prenilpotent. By Lemma 3.3.1, it
suffices to prove that a ' (R.) N A~ (R)NT and a ' (R_) N B~Y(R_) N T have nonempty
interior.

Let E={x € Al 6(x) =1} C T. Then
Ena ' (R)NBHR,) = {z € Eld(z) > -k} n{z € E|f(z) > —1}.
As & # — B, ENna (R, )NA~Y(R,) has nonempty interior in E. Consequently, o~ (R, )N

A1 (R4)NT D R*%E has nonempty interior. By the same reasoning, o '(R_) NS (R_)NT
has nonempty interior and thus {«, 5} is prenilpotent, which proves the lemma. ]
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Figure 3.3.1 — Exemple of a prenilpotent pair {«, 5}

We now suppose that the matrix A is indefinite of size 2. Let 'y, I'y be the connected
components of A\(7 U —T) (see Proposition 2.3.10).

Lemma 3.3.4. Let v € ®,. and i € {1,2}. Then v *(Ry) contains T; if and only if
v H(Ry) N Ty is nonempty.

Proof. One implication is obvious. Suppose that v~!(R,)NT; contains a point z. Let y € T;.
Then by Proposition 2.3.10, no vectorial wall separates = from y. Therefore yv"}(R;) D y
and the lemma follows. O

Proposition 3.3.5. Suppose that A is indefinite of size 2. Let a, f € ®,.. Let I'y, T'y be as
wn Proposition 2.3.10. Then:

1. The pair {c, B} is prenilpotent if and only if there existsi € {1,2} such that o= (R)N
B~HR,) DT

2. Ezactly one pair of {{«, B}, {a, —5}} is prenilpotent.

Proof. We can suppose that a # 43 because it is clear in this case. Then a (R, )NA"1(R,)
has nonempty interior. Suppose {«, 3} is prenilpotent. Then by Lemma 3.3.1, there exists
z €T,y e —T such that Rz # Ry and {z,y} € a'(R.) N S (Ry). Let § € &} .
By Proposition 2.3.9, §(z) > 0 and §(y) < 0. Therefore there exists ¢t €]0,1[ such that
d(z) = 0, where z = (1 — t)x + ty. By hypothesis on {x,y}, z # 0. By Proposition 2.3.9,
2 e A\TU=T. As T = T\{0}, we deduce that z € A\(T U —T). Let i € {1,2} such that
z € T;. By Lemma 3.3.4, o '(R;) N ' (Ry) D T, which proves one implication of 1.
Suppose that there exists 7 € {1,2} such that a ' (R,) N B (R,) D Ty. Let j =3 —.
Suppose that a '(R;y) D I';. Then a '(Ry) D conv(I',T2) = conv(l';, —I'1) = A: this
is absurd. Similarly, —3(R,) does not contain I';. Therefore a*(R;) N —B(R;) does not
contain 'y, for all k£ € {1,2}. Consequently {a, —f} is not prenilpotent. By Lemma 3.3.1,
{a, B} is necessarily prenilpotent and we get the proposition. O
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Figure 3.3.2 — Exemple of a non prenilpotent pair {«, 8}

3.3.2 Tits’s axiomatic

Let S be a root generating system. We now define the minimal Kac-Moody group “a la Tits”
associated to §. This is the value on a field of the Tits-Kac-Moody functor associated to
S. This functor is a functor from the category of rings to the category of groups satisfying
the axioms (KMG1) to (KMG 9) below. Our main references are Chapitre 8 of [Rcm02]
and [Roul6].

Let A be a Kac-Moody matrix and S = (A, XY, ()ier, () be a root generating
system. Let g be the Kac-Moody algebra of (A, Y & C, (a;)ier, (o) )ier). We write g =
n~ @ h@n asis Theorem 2.2.4. By Corollary 1.3.4 of [Kum02], if € {e;|i € I} U{f;|i € I},
ad(z) : g — g is locally nilpotent, which means that for all v € g, there exists n(v) € N
such that (ad(x))™*)(v) = 0. This enables to define expad(x) : g — g by the usual formula.

Let T = Homy_n,(Z[X], G,,), where G,,,(R) = R* for all ring R. Let

F = (G,U,U",(¥i)icr,n) be a 5-tuple consisting of a functor G from the category of
rings to the category of groups, of functorial subgroups U, U™, of functorial group morphisms
@; : SLy — G for all ¢ € I and of a functorial group morphism 7 : T — G. The 5-tuple F is
a Tits functor if it satisfies the following axioms:

(KMG1) If K is a field, G(K) is generated by the images of ¢;(K), ¢ € I and of n(K).
(KMG2) For all ring R, the morphism n(R) : n(R) — G(R) is injective.

(KMG3) For all ring R, i € [ and r € R*, one has ¢;( (6 rgl)) = n(r*), where r*

denotes the element A\ € X s 7'M of T(R).

(KMG4) If ¢ is an injection of a ring R in a field K, then G(¢) : G(R) — G(K) is
injective.

(KMG5)  There exists a morphism Ad : G(C) — Aut(g) whose kernel is contained in
n(T(C)), such that for all c € C, t € T(C) and i € I,

1

adad (g § ) = expadteen, Adl (|

C

(1)) )] = expad(—cf;),
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Ad(n(t))(e:) = tlai)(es),  Ad(n(t))(fi) = —t(ew) fi.

(KMG6)  The group U(C) (resp. U~ (C)) is the derived group of the stabilizer in G(C)
of n (resp. n™) for the adjoint action of the axiom (KMS5).

(KMGT7) If p: R — K is the injection of a ring in a field and if € is a sign, U¢(R) is the
preimage by G(p) of U¢(K) (with Ut = U).

(KMGS8) The group U%(K) is pronilpotent for all field K

(KMG9) For all field K and all i € I the kernel of ¢4(K) : SLy(K) — G(K) is included
in the center of SLy(K).

The axiom (KMGb5) corresponds to the fact that G “integrates” g.

By Point b) of page 554 of | |), there exists a group functor satisfying these axioms.
For each field IC, the value of G(K) is independent of the choice of the Tits functor G (once S
is fixed). To prove this, Tits constructs an “explicit” functor C~}3 by generators and relations
(see 3.3.3 for a sketch of its construction) and he proves that G(K) = Gs(K). More precisely,
he proves the following theorem:

Theorem 3.3.6. (Theorem 1’ of [ |, see also 8.4.2 of [ /)

Let ¥ = (G, U, U, (¢i)ier,n) be a system satisfying the axioms (KMG1) to (KMGY9)
for 8. Then there exists a functorial group morphism 7 : Gs —» G satisfying the following
properties.

1. For all ring R, 7(U(R)) C U(R) and 7(U~(R)) c U~(R).
2. For all field IC, w(K) is an isomorphism.

This also proves that G satisfies (KM1) to (KM9) at least on the fields. Actually, he also
proves that if F = (G, (¢;)ier,n) is a triple satisfying the axioms (KMG1) to (KMG5), there
exists a functorial morphism 7 : Gg — G which is an isomorphism on the fields except in

some degenarate cases, see Theorem 1 of | | or 8.4.2 of | | for a precise statement.
The construction of Tits relies on the existence of some Z-form of the enveloping algebra of
g introduced in | |, see 7.4 and 9 of | ]. We do not introduce this algebra, but it is

important for the proofs of many results of this subsection.

Definition 3.3.7. If K is a field, a group of the form G(K) for some Tits functor G is called
a split Kac-Moody group over K.

3.3.3 Constructive Tits functor

We now make the construction of the constructive Tits functor és of a root generating
system S. Let g be the Kac-Moody algebra of S. We use the same notation as in Section 2.2.
Our reference is 8.3.2 and 8.3.3 of | .

If v € ®,. Let E, = {eq, e_a} be the double basis of Définition (ii) of 7.4.1 of | | (eq
is a particular choice of an element of g,). Let U, be the group scheme over Z isomorphic to
G, (G4(R) = (R, +) for all ring R) whose Lie algebra is the Z-Lie subalgebra of g generated
by E,.

Let ¥ C ®,. be a nilpotent set of roots. The sum gy = €, .y g is a nilpotent Lie
algebra. Let Uy denote the unipotent complex algebraic group whose Lie algebra is gy .
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Proposition 3.3.8. (Proposition 1 of [ 1)

There exists a uniquely defined group scheme Uy containing U, for o € VU, whose “generic
fiber” Uy (C) is the group Uy and such that, for any order put on W, the product morphism
[I,co Ua = Uy is an isomorphism of the underlying schemes.

The Steinberg functor of A is the functor St that associates to each ring R the amalga-
mated product of the Uy(R), a € @, and Uy, g(R), for {a, B} C @, prenilpotent, ordered
by the inclusion relations.

Let i« € I. Let U; (resp. U_;) denote U,, (resp. U_,,) and x; (resp. x_;) de-
note the isomorphism G, — U, induced by the choice of €q;- For r € R*, one sets
5i(r) == mi(r)z_;(r~Ha(r). If i € I, one sets s} := expad(e;).expad(f;).expad(e;) =
expad(f;).expad(e;). expad(f;). We denote by s; (instead of r;) the fundamental reflexion
of Section 2.2 to avoid confusion with the elements of 7.

The constructive Tits functor of § is the functor Ggs associating to each ring R the
free product St(R)*T(R) subject to the following relations: for allt € T(R), r € R, € R*,
ie€l,a€ d., uecU,R),

ta(r)t ™t =z (o (t)r), ()30 =s(t), (Y = §i.r’°‘iv, Siu.8; = s (u),

where 7/ is defined in (KMG3).

3.3.4 Root datum for a split Kac-Moody group “a la Tits”

Let K be a field and G = ég(lC). We use boldfaces letters to denote the functors T, U,, ...
and roman letters to denote their evaluation in K: T'= T(K), U, = U, (K), ...

The following proposition asserts in particular that (G, (Uy)aca, T) is a “donnée radicielle
jumelée entiére” for the definition of 6.2.5 of | .

Proposition 3.3.9. 1. The group T is isomorphic to (K*)™X).

2. For all a € ¥, U, is isomorphic to (I, +).
3. The group G is generated by T and the U,, o € P,.

4. For all a € ®,., U, is normalized by T. More precisely, tz,(u)t™' = z,(a(t)u) for all
aed.,., teT andu e K.

5. Let {a, B}, be a prenilpotent pair of roots. We fix an order on |c, B]. Then the product
map [ 1 ens Uy = (Usl v € [, B]) is a bijection. Moreover, there exist integers C,q
such that for allu,v € K, [za(u), 25(v)] = 1,10 s10=pa-tes T+ (Cpqtt?v?). These integers
a priori depend on the order choosen on [, 5] but not on the field K.

6. Let {a, B} be a non-prenilpotent pair, the canonical morphism U, * Ug — (U,, Ug) (
where U, * Ug is the free product of U, and Ug) is an isomorphism.

7. For all « € @, and all uw € U,\{1}, there exist u',u" € U_, such that m(u) := v'uu”

conjugates Ug in U, g for all B € ®,.. Moreover, one can require that for all u,v €
U \{1}, m(u)T = m(v)T.

8. If U (resp. U™ ) is the subgroup of G spanned by the U,’s for « € ®T (resp. a € &~ ),
one has TUTNU~ = {1}.
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Proof. Point 1 follows from the definition of 7. Point 2 follows from the definition of U,.
Point 6 is Proposition 5 of Cours 1989-1990 of | |. The other assertions are a combination
of 8.4.1 of | | or Proposition 1.5 of | | and of results of 1.6 of | |- O

Example 3.3.10. If n € Nso, then the functor k — SL, (k) is an ezample of Tits functor,
where T(k) is the group of diagonal matrices, U(k) (resp. U~ (k)) is the group of upper
(resp. lower) triangular matrices having 1 on the diagonal. It is associated to the Lie algebra
sl,(C). We keep the same notation as in Ezample 2.2.5. Ifi,j € [1,n — 1] such that i < j
and a = o j, one can choose Uy (k) =1+ kE;; and U_,(k) =1 + kE;;.

3.3.5 Affine Kac-Moody groups and loop groups

Let A be an indecomposable Cartan matrix and A be the associated affine Kac-Moody matrix
(see 2.3.1.1). Let g be the Kac-Moody algebra of A and g be the (finite dimensional) Kac-
Moody algebra of g. We saw in Subsection 2.3.1 an explicit description of g using the loop
algebra g @ Cl[t,t™!] (with ¢ an indeterminate). Moreover, by 13.1 of | | (page 483), g
can be obtained by taking two central extensions of g ® C[t,¢7!]. It is natural to ask if one
can have an “explicit” description of affine Kac-Moody groups using loop groups.

Let S = (A, XY, (o )ier, (o )ier) be a root generating data such that Y/} ., Zay
is torsion-free (this is condition of 6.1.16 of | ). Let G be the connected, simply-
connected algebraic group such that G = G((C) admits g as a Lie algebra. One defines an
action of C* on C[t,t™!] by setting a.P(t) = P(at) for all @ € C* and P(t) € C[t,t"]. This
action defines an action of C* on G(CJt,t™1)). Let C € G € C* x G(C[t,t™"]) be the center
of G.

Let G = Gg(C). By 3.20 of | |, G is the minimal Kac-Moody group of 7.4 of
[ | (the Kac-Peterson group). By Corollary 13.2.9 of | |, there exists an iso-
morphism 1 : G/Z(G) = (C* x G(C[t,t7Y])/C, where Z(G) is the center of G. Moreover,
by Theorem 13.2.8 ¢) of | |, if the U,, a € ®,. and Uy, & € & (with the same no-
tation as in Subsection 2.3.1) are the root subgroups of ég and é, one has Ugs(C) =
{1} x Us(t*C) C C* x G(C[t,t7Y]). Let T := Homy,_,,(Z[X], G,,) be the standard maximal
torus of G and T = C* x T C C* x G(C[t,t™]) (here the semi-direct product is the direct
product because C* acts trivially on G). Then by Theorem 13.2.8 b) of | |, T/C is the
image by 1 of the standard maximal torus of G. The adjoint action of C* x G(C[t,t*]) on
g ® Clt,t71] ® Cc @ Cd can also be described explicitly, see page 493 of | .

Although it seems likely that loop groups or some central extensions of them satisfy the
axioms (KMG1) to (KMG9) at least on the fields, I did not find a detailed proof of this fact
in the literature. In | |, Tits claims that the functor R — G(R[t,t™*]) coincide with Gg
on the fields, for some root generating system S of A. In | |, Masson proves that for
some torus T,, the functor R — G(R[t,t71]) x T,(R) satisfies (KMG1) to (KMG5).

3.3.6 Parahoric subgroups and masure associated to a split Kac-
Moody group over a valued field

Definition of the masure of G Suppose that K is a valued field. Let G = G(F). Let
N = Ng(T) = {g € G| gTg~' = T} be the normalizer of T in G. In order to associate a
masure to ¢, Gaussent and Rousseau follow the same strategy as Bruhat and Tits to define
their buildings: first they define an action of N on A and then they define the fixer P, of a
point z € A. The second step is the hardest. To cope with the lack of commutation relations
in G they use some completions of G defined by Kumar and Mathieu. We will not recall the
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details of the construction of the ﬁx’s because we will not use them once the masure is built.
We refer to Section 2,3 and 4 of | | for this construction. However, we try to give an
informal outline of the construction of these groups.

In | |, Gaussent and Rousseau considers valued fields whose residue fields contains C.
This enables them to use the “completed” Kac-Moody group defined by Kumar in | |.
They also assume that their group is symmatrizable (which is a condition on the Kac-
Moody matrix, see 1.5 of | | for a definition). Rousseau generalized this construction in
[ |: he drops the assumptions on the residue field and on symmatrizability. He replaces
the completed group of Kumar by the Kac-Moody group defined by Mathieu in | |.
Over C, these groups are isomorphic (by 3.20 of | D).

Kac-Moody group “a la Mathieu” There is (up to now?) no unified definition of
completed or maximal Kac-Moody groups. Several authors define such groups by different
approaches. We focus here on the Kac-Moody group “4 la Mathieu” and “a4 la Kumar” and
refer to Chapter 6 of | | or 6 of | | for a comparison of maximal Kac-Moody groups.
The positive (resp. negative) Kac-Moody groups of Mathieu is a functor G’ (resp. G"™%)
from the category of commutative ring to the category of groups. These two functors are
obtained from each other by permuting ®%, and ®_, and thus we only describe GP™*. It
contains a Borel subgroup B which is a semi-direct product T x UP™* where T is a torus
and U™t is a pro-unipotent group, which is some kind of completion of U. If R is a field,
the elements of U™**(R) can be written in some sense as a product (infinite if @, is infinite)
of elements of UT*(R) for a € ®,, see Proposition 3.2 of | | for a precise statement,
where if « € ®F,, UT(R) = U,(R) ~ (R,+) and if a € ®,, U™ (R) is some group. The
group functor GP™* also contains group functors U = U, for all « € ™.

There exists a injective morphism ix which is the identity on T(R) and on U,(R) for all
a € ¢, which enables to consider G(R) as a subgroup of G™*(R).

The functor G By 3.20 of | |, G™*(C) is isomorphic to the Kac-Moody group of
Kumar.

Action of N on A Let (K,w) be a valued field, with w non-trivial. Let us define an action
v of N on A. The group T acts by translation on A: if ¢ € T, v(t) is the translation by the
unique vector v of A satisfying x(v) = —w(x(t)) for all x € X.

If A and B are affine spaces and f : A — B is an affine map, we denote by f: A = B the
linear part of f. Recall the definition of m(u) for u € U,(K), a € ¥, from Proposition 3.3.9.

By Lemma 2.1 of | | or 4.2 of | |, there exists an action v of N on A by affine
automorphisms such that 7(m(u)) =r; for all i € I, u € Uy,,(K) and such that ker(7) =T

As the ry’s, i € I span WY, we deduce that W* ~ N/T. Let A = w(K*) C R. The image
v(N)is Wypy =W x (Y ® A). The kernel of v is H = O*® Y = T(0O), where O is the ring
of integers of IC.

Unipotent groups associated to filters of A Suppose that G is a reductive group and
K is a local field. Up to renormalization, A = w(K*) = Z. Let Z be the Bruhat-Tits building
of G(K) and 7 be a uniformizer of O. Then if a € ®,., U,(K).A C Z is an extended
homogeneous tree and for all k& € Z, the fixer of the half-apartment D(«a, k) C A in G is
7, (7*O). One can expect similar properties for the masure and this motivates the following
definitions.

Let Q be a filter. If o € X, one sets

fo(a) =inf{\ € A| Q@ C D(a, \)} = inf{\ € Aja(Q) + X C [0, +00]}.
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Let Uq be the subgroup of U generated by the groups U, o = Uy fy(a) for a € @,..

In 4.5 of | |, Rousseau associates subgroups U5 C UP™ and Ug™* C U™™*. He
then sets US"" = UE™ N U and U™ = Us™* N U~. One has UY"™" D US := Uy N U and
U™ D Ug =UaNU~. By 4.5.4) f) of | |, US™ depends only on cl(Q), which is a
priori not true for ¢l ().

In Definition 4.9 of | |, Rousseau defines a group ]Dvg’zc by considering actions on
the enveloping algebra and on highest weight modules. If €2 is a set, he defines ]39 as the
intersection of the P% for K'/K valued field extension and () C €’ C Q. For the definition of
masures, we will only use the groups ﬁm for x € A. One has 131 D U, for all z € A.

Proposition 3.3.11. (see Proposition 4.1} of | /)
The groups P,, x € A have the following properties. Let x € A, then:

1. P,OAN =N, := Fixy(z),

~

2. foralln € N, n.lgx.n_l = Fyn).as

3. B, = Urm+.Urm= N,.

Definition of the masure One defines an equivalence relation ~ on G x A as follows:
(g9,7) ~ (h,y) if and only if there exists n € N such that y = v(n).x and g~'.h.n € P,. The
masure Z(G) of G (or of G over K) is the set G x A/ ~. One defines an action of G on
Z by g.(¢,x) =(g9.9,x) if g,¢ € G and x € A. By Proposition 3.3.11, the map ¢ : A — 7
defined by «(x) = (1, ) for all z € A is injective and enables to consider A as a subset of Z.
An apartment of Z is then a set of the form ¢.A, for some g € G.

Theorem 3.3.12. Let A = w(K*) and cl = cl{*". Then Z(G) is a masure of type (A, cl).
The masure is thick, G acts strongly transitively on T and for all g € G, if A is an apartment
of Z. Each panel of T is included in 1 + |O/nO| chambers. If K is local, one can assume
that A = 7.

Comments on the proof The theorem above is the Théoréme 5.16 of | | (the fact
that the isomorphisms of apartments induced by element of G are vectorially Weyl isomor-
phism is a part of Theorem 4.11 of | ). In order to prove (MA3), Rousseau uses
decompositions of the group GG. For the case where R is the germ of a chimney and F' is a
face, he uses an analog of Iwasawa decomposition, see Proposition 3.6 of | | or Propo-
sition 4.7 of | |. For the case where R and F' are germs of chimneys, he generalizes
Bruhat and Birkhoff decompositions for G, see Proposition 6.7 of | |; the case where
R and F' have the same sign correspond to Bruhat decomposition and the case where they
have opposite signs correspond to Birkhoff decomposition.

In order to study the properties relative to the enclosure map, for example (MA2) and
(MA4), Gaussent and Rousseau introduce the notion of “good fixers” (see 4.1 of | D A
set or a filter of A has a good fixer if its fixer G in G’ admits decompositions involving U£m+,
U,™ and the fixer NQ of Q in NV and have some properties of transitivity on the apartments
containing 2. They prove that many usual filters (sector-germs, preordered segment-germs,
...) have good filters. The fact that U5™" might depend on cI§(Q) and not only on cl? (Q)
explains that we need a priori to use clf““ instead of clf in the definition of masures and in
the theorem above. As we shall see, we actually only need cljﬁE (see Theorem 4.4.1).
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Case of a reductive group Suppose that A is of finite type. By Proposition 3.9 of
[ |, G is isomorphic to GP™* = G™™*. One does not need to use completions of G and
one has Py, = Nq.Us, for all subset Q of A (see 7.1.8 of | |)- By Examples 3.14 of | ],
7 is then the usual Bruhat-Tits building of G.

3.3.7 The almost split case

Let K be a field and K be its algebraic closure. As for reductive groups, it seems natural to
study Kac-Moody groups that are not split on K but which splits over K. Rémy developed

a theory of “almost-split Kac-Moody groups” in | |. Charignon associated masures to
almost-split Kac-Moody groups over local fields in | | and then Rousseau extended this
construction to valued fields in | |]. We explain here briefly some differences between
associated to split Kac-Moody groups and masures associated to almost split Kac-Moody
groups.

If K is a field, one denotes by Sep(K) the category of separable field extensions of K.
A Kac-Moody group over the field K is a functor G from the category Sep(K) to the
category of groups such that there exists a root generating system S, a field F € Sep(K) and
a functorial isomorphism between the restrictions Gg and ég’ g of G and és to Sep(E) =
{F € Sep(K)| E C F}. One says that G is split over E if it satisfies moreover conditions
(PREALG 1,2, SGR, ALG1,2, DCS2) of 11 and 12 of | |. These conditions involves in
particular the action of the Galois group I' = Gal(Ks/K), where K is a separable closure
of K. The functor G is said to be almost-split if the action of I' preserves the conjugacy
classes of Borel subgroups, see (PRD) of 11.3.1 of | .

There is still a notion of root system for the group G in the sense of 2.2 of | |. Let
k®@au (resp. x®,.) be the set of roots (resp. of real roots) of G. Let A = (a; ;)i jer be the
Kac-Moody matrix of S. By 2.5 of | |, there exists sets x I, x Iy such that I, C I and
that we can consider as subset of I such that ®,; C @ie,d Zia,; and x®,., C @ie;dre Liycov;.
One has @, = Py ™ U cPuy~ and @, = k@ U ® ., with obvious notation. The root
system is not necessarily reduced: there can exist a € x®,,. such that 2a € ®,.. There
still exists an affine space A such that ®,; C A" and a Weyl group xW" C xA such
that (W, (k8:)iecr.) is a Coxeter system. The set @, is included in {3,1,2} {w.Ky,|w €
kW?v i € kle}. Let xA” be the set of roots defined in 2.9 3) of | |. Then A" \®,.
satisfies the condition of Remark 3.1.4. By | | and in particular its Proposition 6.11 3),
if (KC,w) is a valued field with non trivial valuation, G(K) acts on a masure Z of type cl§”
for some A’ = (A])acar € P(R)XA" defined in 6.11 2) of | |. For all apartment A of
Z and all g € G, g#i’A is a vectorially Weyl isomorphism of apartments.

Suppose that K is local and let g be the (finite) residue cardinal of K. By Lemma 1.3 of
[ |, one can suppose that A, = Z for all a € x®. One has Q" = D¢, 1 7,0, Za;. Let
i € kle. Let P (vesp. P') be a panel of a; ' ({0}) (resp. o; '({1})). Then the number 1 + ¢;
(resp. ¢) of chambers containing P does not depend on the choice of the panel P C a; ' ({0})
(resp. P’ C a;'({1})). Moreover ¢; and ¢, are powers of ¢. If k € Z and P, is a panel of
a; '({k}), then the number of chambers of Z containing Py is 1+ ¢; if k is even and 1 + ¢/
otherwise (this will be explained in 5.2.1). However contrary to the split case, one can have
¢; # ¢, and (q;), (¢})ier are not necessarily constant.

3.4 Action of a Kac-Moody group on its masure

In this section, we recall some properties of the action of a Kac-Moody group on its masure.
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In 3.4.1, we summarize the fixers and stabilizers of important filters of the masure.
In 3.4.2, we detail the example of a tree.
In 3.4.3, we prove Cartan and Iwasawa decompositions, using masures.

3.4.1 Fixers and stabilizers of usual filters of A

In this subsection, we list the fixers and stabilizer in G of usual filters of the standard
apartment.

Let A be a Kac-Moody matrix, S be a root generating system of type A and G be a split
Kac-Moody groups associated to S. Let K be a field equipped with a non-trivial valuation
w: K — RU{+oo} and A = w(K*). We use the same notation as above for the subgroups of
G and we still denote by boldface letters the functors and by roman letters their evaluation
in /C.

One sets BT = (T.U) and B~ = (T,U~) and one call B" and B~ the positive and
negative Borel subgroups of G.

Let Z be the masure associated to G constructed in | | and cl = clf“”. If moreover
KC is local, one has (up to renormalization, see Lemma 1.3 of | ) Ap = Z for all a € P,..
Moreover, we have:

- the fixer of A in G is H = T(O) (by remark 3.2 of | 1),
- the stabilizer of A is N (by 5.7 5) of | D,
- the fixer of a half-apartment D(«, k) is H.U, . (by 5.7 7) of | s

- the fixer of {0} in G is Ky = G(O) by example 3.14 of | ],

- for all @ € ¥, and k € Z, the fixer of D(a, k) in G is H.U, . (by 4.2 7) of | 1),
- for all e € {—,+}, H.U® is the fixer of eco (by 4.2 4) of | 1)

- the stabilizer of eco is B¢ (see Lemma 3.4.1 below).

In particular, the map G/K; — Zy := G.0 is well defined and is a bijection.
If moreover, K is local, with residue cardinal ¢, each panel is contained in 1+ ¢ chambers.

Lemma 3.4.1. Let e € {—,+}. The stabilizer of eco is Be.

Proof. The groups T and U*€ stabilize eco and thus B¢ stabilizes ecc. Let g € G such that
g stabilizes eco. Then for all V' € 400, g.V € +00. The apartment g.A contains eco. By
(MA4), there exists h € G such that h.(g.A) = A and h fixes +00. One has h.g.A = A.
Thus h.g € N and by paragraph “Action of N on A”, w := h.geg'g'A eW'x (Y ®A). One
writes w = 7,.w’, where 7, is the translation of A of vector y € Y ® A and w’ € W*. Then
h.g(eC?) D eco and hence w' = 1. Let g’ € T inducing the translation of vector —y € Y @ A
on A. Then ¢'.h.gjs = Id4 and thus ¢'.h.g € H. Moreover, ¢ € T and h € HU* C T.U¢ and
thus g € B°. O
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3.4.2 Example of a discrete tree

In this subsection, we study discrete trees. There are important for us for two reasons. First
because they are the “simplest” masures and give some intuitions on the problems. Secondly
because a masure contains many trees as we shall see in paragraph “Extended tree associated
to a wall of a masure”.

Let us describe the apartment of a tree. An apartment is a simplicial complex isomorphic
to Ar = (R,Z) (which means that the walls of A are the elements of Z). Its structure of
simplicial complex is given as follows. An alcove of Ar is a set of the shape |n,n + 1] for
some n € Z. A vertex of At is an element of Z. A face of Ay is either an alcove or a
vertex. The faces of a face I are the faces included in F: the faces of an alcove |n,n + 1] are
In,n + 1[, {n} and {n + 1} and the face of a vertex is itself. The fundamental positive
alcove C is |0, 1].

The vectorial Weyl group of Ay is {+Idg} ~ {£1}. The affine Weyl group of Ar is
27 x {£1} which is isomorphic to the infinite dihedral group.

The simple root of At is o := Idg. The fundamental chamber C’J”ﬁ =R, and —C}’ =R_.
The sectors of Ar are the a + eR, with a € R and € € {£1}.

We identify simplicial complexes and their geometric realizations.

Definition 3.4.2. A Bruhat-Tits tree (see Figure 3.4.1) T is a simplicial complez equipped
with a set A of sub-simplicial complexes called apartments such that:

(T0) Each apartment is a simplicial complex isomorphic to Ar.

(T1) Each pair of faces of T is included in an apartment.

(T2) If A and B are apartments, there exists an isomorphism of simplicial complexes
ANnB

A= B (i.e fizing AN B).

As we only consider Bruhat-Tits trees, we say tree for short. The complete system of
apartments of T is the set A, of sub-simplicial complexes of Z isomorphic to Ar. Then
(Z,A,) is a tree.

The axiom T} and T5 enable to define a distance on T extending the absolute value of Ar
and such that the isomorphism of apartments are isometries. Contrary to what appear on
Figure 3.4.1, the distance between two consecutive vertices is always 1.

The tree of SLy Let G = SLy and K be a non-archimedean local field. Let G = G(K).
Then the Bruhat-Tits building of G is the homogeneous tree with thickness ¢ + 1 (where ¢
is the residue cardinal of ) equipped with its complete system of apartments. A way to
construct it is to use the lattices of X2 up to homothetic transformations, see | |-

Let @ =Id : R — R. Then the root system of sly is {a, —a} and one has a¥ = 2.

A vertex x of T (that is an element x such that d(0, z) € N) is said to be even if d(x,0) €
2N. Then G acts on Z by automorphisms and if g € G, d(0, g.0) is even. Reciprocally, an
isomorphism of apartments preserving even vertices is induced by an element of G. Let 7 be
a uniformizer of K. By Subsection 3.4.1, one has:

K 0 :
oT:zGﬂ(O ’C):lec;(O),

O 0 :
e H:=GnN (0 0) = Fixg(A),

K K _ K 0
e BT :=GnN (0 /C) = Stabg(+o0), B~ :=GnN (IC lC) = Stabg(—00),
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Figure 3.4.1 — Homogeneous tree with thickness 3
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Ifk:EZ,then(O

Wok) induce the translation of vector 2k on Ap. The matrix ((1) é)

induces —Id on Ag. The fixer of C is the Iwahori subgroup (W% g)

Extended tree associated to a wall of a masure Let Z be a semi-discrete masure (one
can drop the semi-discreteness assumption and obtain possibly non-discrete trees). Let M be
a wall of Z, M be its direction (see 3.2.4) and A(M>) be the set of apartments containing
Me°. Concretely, an apartment A is in A(M) if and only if there exists a wall M’ of A
such that the walls M and M’ are included in some apartment B and are parallel in B. One
says that M and M’ are parallel. Let Z(M>) = UAGA(MOO) A. One equips each apartment A
with the following simplicial structure. The faces of A are the strips strictly delimited by two
consecutive walls parallel to M and the walls of A parallel to M. Then by 4.9 of | ],
Z(M=) is an extended tree. If x € Z(M*>) and A € A(M®>) contains x, one denotes by
x + M the hyperplane of A parallel to M and containing x. Then x + M does not depend
on the choice of A. If x,y € Z(M*®), one writes = ~ y if x + M =y + M. Then Z(M>)
can be identified to (Z(M>)/ ~) x M and Z(M®)/ ~ is a tree whose apartments are the
A/ ~ for A e A(M®).

Let o € &,.. If G = G(K) is a split Kac-Moody group over a local field and with the
same notation as in Section 3.3, U,.A = Z(M ), where M = M(«,0).
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3.4.3 Classical decompositions of G

In this subsection, we prove Cartan and Iwasawa decompositions for a split Kac-Moody
group over a local field. For the Iwasawa decomposition, this is a circular reasoning because
Rousseau uses it to prove that the masure associated to such a group satisfies its axiomatic.
However this kind of reasoning is often used to obtain decompositions of GG and this enables
to illustrate the dictionary between quotients of subgroups of G and sets of vertices of Z, see
Chapter 5 and Chapter 6.

Let Zy = G.0.
Lemma 3.4.3. One has ZoNA =Y.

Proof. Let x € Zo N A. One has x = ¢.0 with ¢ € G. By (MA2), there exists a isomorphism
¢ : g A — A fixing . Then x = ¢(9.0) and ¢ o gja : A — A is a Weyl automorphism of
apartment. Let i € G inducing ¢ on g.A. Then h.g € N, hence (h.g)a € W" x Y and thus
r="hg0eyY. O

For all y € Y, one chooses an element 7, of 7" inducing the translation of vector y on A.
The choice has no importance because we want to consider sets of the form 7,. K, for y € Y.

Proposition 3.4.4. (Cartan decomposition) The map T' : K\GT /K, — Y+ mapping each
KK, € K\G'/K, on d'(0,g.0) is well-defined and is a bijection. Its reciprocal function is
the map A : YT — KNG /K, sending each y € YT on K1, K.

Proof. Let us prove that T' is well-defined. Let ¢ € Gt and k € K,. Then d“(0,9.0) =
d’(k.0,k.g.0) = d"(0,k.g.0) (as d" is G-invariant) and thus I'(K;gK) € C’_}’ is well-defined.
By Remark 3.2.2; there exists h € G such that h.g.0, h.0 € A and h.¢g.0 = h.0 + d%(0, ¢.0).
Applying Lemma 3.4.3, we deduce that d"(0,¢.0) € Y. Thus I is well-defined.

Let y,y' € Y+ such that K,7,K; = K 7y K,. One writes 7, = k.7,..k', with k, k' € K.
Then 7,.0 = k.7,.0 =y = k.y'. Therefore d"(0,y) =y = d"(0,k.y') = ¢/ (by G-invariance of
dv).

Lety € Y. Let us prove that K 7, , K, = K,7, K, for allw € W". Indeed, let w € W". Let
k € K inducing w' on A. Then k.7,,,.k" induces a translation on A. As k.7,,.k7(0) =y,
Koty Ky = K1y K.

Let g € G and y = d"(0,¢.0). Let us prove that g € K,7,K,. Let A = g.A. One has
T;[)l.g € K,. Therefore g € 7,0.K,. Hence g € K,7,0K; = K,7,KK,. Consequently A is
well-defined and T and A are inverse of each others. m

Remark 3.4.5. If we replace K, by the fizer of a face between 0 and C;, we get similar
decompositions.

Proposition 3.4.6. (Iwasawa decomposition) The map T' : U\G/Ks; — Y mapping each
UgK, € U\G/K; on p1(g.0) is well-defined and is a bijection. Its reciprocal function is the
map A Y — U\G/K; sending each y € Y on Ut K.

Proof. Let us prove that p, is U-invariant. Let 2 € Z. Let A € A(z, 4+00) and ¢ : A =5 A.
Then pioo(x) = ¢(x). Let uw € U. Then u fixes +00. Let ¢p = (gboufl)}fA. Then 1 fixes +00,
thus ¥(u.x) = pyoo(w.z). But ¢¥(u.x) = ¢(x) and thus pi(u.x) = pio(z). Consequently
P+oo 18 U-invariant.

By definition of pi oo, pioo(9.0) € ZoN A =Y and thus I' is well-defined.

Let y,y" € Y such that Ut,K; = Uty K. Then pi(7,.K;.0) = pioo(ry . Ks.0) =y =9/
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Let g € G and y = p4o(g.0). Let us prove that g € Ut K. Let A € A(g.0,+00) which

exists by (MA3). Let ¢ : A ¥ A and u € U such that u.A = A, which exists by (MAA4).
Then u.g.0 = y. Thus 7, Lu.g € K. Therefore g € Ur,K;. Consequently A is well-defined
and ' and A are inverse of each others.

O

3.5 Notation

In this Section, we recall the notations introduced in the thesis.

Affine spaces and topology Let X be a finite dimensional affine space. Let C' C X be
a convex set and A’ be its support. The relative interior (resp. relative frontier) of C,
denoted Int,.(C') (resp. Fr,.(C)) is the interior (resp. frontier) of C' seen as a subset of A’. A
set is said to be relatively open if it is open in its support.

If X is an affine space and U C X, one denotes by conv(X) the convex hull of X. If
z,y € A, we denote by [z,y] the segment of A joining = and y. If A is an apartment and
z,y € A, we denote by [z, y]a the segment of A joining = and y.

If X is a topological space and a € X, one denotes by Vy (a) the set of open neighborhoods
of a.

If X is a subset of A, one denotes by X or by Int(X) (depending on the legibility) its
interior. One denotes by Fr(X) the boundary (or frontier) of X: Fr(X) = X\X.

If X is a topological space, z € X and 2 is a subset of X containing x in its closure, then
the germ of €2 in z is denoted germ,(£2).

We use the same notation as in | | for segments and segment-germs in an affine
space X. For example if X = R and a,b € R = RU {£o0}, [a,b] = {z € R| a < 2 < b},
[a,b]= {x € R| a < z < b}, [a,b) = germ,([a,b]) ...

Masure If A and B are apartments, X C AN B and ¢ : A — B, the notation ¢ : A AB

means that ¢ fixes X. If such an isomorphism is unique, one sometimes denote it A X B.
If q is a sector germ and A is an apartment containing g, we let Z -5 A denote the
retraction onto A centered at q.
If X is a filter, one denotes by A(X) the set of apartments containing X.
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Chapter 4

Axiomatic of masures

4.1 Introduction

4.1.1 Axiomatic of masures

Let G be a reductive group over a local field. The construction of the building Z associated
to G in | | and | | is rather complicate. However, we can recover many information
on Z by considering it as an abstract building, which means that Z is a union of subsets of
7 called apartments, satisfying the following axioms:

(1I0) Each apartment is a euclidean apartment.

(I1) For any two faces F' and F’ there exists an apartment containing F' and F".

(I2) If A and A’ are apartments, their intersection is a union of faces and, for any faces
F, F"in AN A’ there exists an isomorphism from A to A’ fixing F' and F’.

In this definition, a euclidean apartment is a euclidean space equipped with a locally
finite arrangement of hyperplanes called walls satisfying some conditions. If G is a split
reductive group over a local field, 7" C G is a maximal split torus, and & C A* (where A
is some affine space) is the set of roots of (G,T), then A equipped with the set of walls
{a ' ({k})|(a, k) € ® x Z} is an example of euclidean apartment.

This definition comes from Section 6 of | | (see also | | and Section IV of | ,
and | | or | | for a definition of possibly non-discrete buildings).

Rousseau had a similar approach to masures. Inspired by the axioms above, he proposes
in | | a list of five axioms (see 3.1.5) that a masure associated to an almost-split Kac-
Moody group over a valued field satisfies (see 4.10 of | | for the almost-split case). He
then studies the properties of abstract masures. The results of | |, [ |, [ |,
[ | and | | are obtained with this point of view: the expected property of Kac-

Moody groups is translated as a property of the associated masure and then this property
is proved for abstract masures (satisfying additional conditions such as semi-discreteness,
existence of a group acting strongly transitively, thickness, finite thickness, ...).

The aim of this chapter is to simplify Rousseau’s axiomatic definition of masures given
in 3.1.5.

Let Z be a Bruhat-Tits building. Then the following proposition is well-known:

Proposition 4.1.1. (Proposition 2.5.8 of | |) Let A and B be two apartments. Then
there exist k € N and half-apartments D+, ..., Dy of A such that AN B = ﬂle D; and there
exists an isomorphism of apartments ¢ : A — B fixing AN B.

As masures generalize Bruhat-Tits buildings, it is natural to ask if this property is true for
masures. Moreover, (MA2), (MA4) and (MAO) are weak versions of this property. Therefore
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if this property were true, one could replaces these axioms by the proposition above. We do
not know if this proposition is true in general. However, we prove a weak version of it:

Theorem 8. (see Theorem 4.3.22) Let Z be a masure. Let A and B be two apartments
sharing a generic ray. Then there exist k& € N and half-apartments Dy, ..., Dy of A such that
ANB = ﬂle D; and there exists an isomorphism of apartments ¢ : A — B fixing AN B.

In the particular case of masures associated to affine Kac-Moody group, we prove that
this property is satisfied:

Theorem 9. (see Theorem 4.4.37) Let Z be a masure of affine type. Let A and B be
two apartments. Then there exist £k € N and half-apartments Dy, ..., D, of A such that
ANB = ﬂle D; and there exists an isomorphism of apartments ¢ : A — B fixing AN B.

We then define new series of axioms simpler and closer to the definition of Bruhat-Tits
buildings: one in the general case and one in the affine case. Using Theorem 8 and 9, we prove
that they are equivalent to the one given by Rousseau. We prove the following theorems:

Theorem 10. (see Theorem 4.4.1) Let A = (S, W, A’) be an apartment and cl € CLy be an
enclosure. Then the series of axioms (MA1, cl), (MA2, cl), (MA3, cl), (MA4, cl) and (MAO,
cl) is equivalent to the series of axioms (MA1, cI#), (MA3, cI#) and (MA ii): “if A and B
are apartments sharing a generic ray, then there exist £ € N and half-apartments Dy, ..., Dy
of A such that AN B = ﬂle D; and there exists an isomorphism of apartments ¢ : A — B
fixing AN B.”

Theorem 11. (see Theorem 4.4.33) Let A = (S, W, A’) be an apartment, where S is asso-
ciated to an affine Kac-Moody matrix and cl € CLj, be an enclosure. Then the series of
axioms (MA1, cl), (MA2, cl), (MA3, cl), (MA4, cl) and (MAO, cl) is equivalent to the series
of axioms (MA1, cI*), (MA3, cI*) and (MA af ii): “if A and B are apartments then there
exist k& € N and half-apartments D1, ..., Dy of A such that ANB = ﬂle D; and there exists
an isomorphism of apartments ¢ : A — B fixing AN B.”

An important result of the theorem above is that the series of axioms (MA1, cl), (MAZ2,
cl), (MA3, cl), (MA4, cl) and (MAO, cl) does not depend on the choice of enclosure cl € CLy.
Consequently, the best choice is to take the biggest one cl?.

Frameworks Actually we do not limit our study to masures associated to Kac-Moody
groups: for us a masure is a set satisfying the axioms of | | and whose apartments are
associated to a root generating system (and thus to a Kac-Moody matrix). We do not neither
assume that there exists a group acting strongly transitively on it. We do not either make any
discreteness hypothesis for the standard apartment: if M is a wall, the set of walls parallel to
it is not necessarily discrete; this enables to handle masures associated to split Kac-Moody
groups over any ultrametric field. We assume that the root system ®,. is reduced, which
means that for all & € ®,.., Re N P,.. = {—a,a}. We can drop this hypothesis with minor
changes, see Remark 4.2.2.

Organization of the chapter This chapter is organized as follows. In Section 4.2, we
study the properties of the intersection of two arbitrary apartments A and B. In Section 4.3,
we restrict our study to the case where A N B contains a generic ray. The main result is
Theorem 8. In Section 4.4, we simplify the axiomatic of masures, using Theorem 8.
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4.1.2 Secondary results

In the proof of Theorem 10 and Theorem 11, we prove some results which could be interesting
on their own.

The following proposition enables to reduce some proofs to the case where two apartments
share a sector. We use it in Chapter 7 and Chapter 8. This is a simplified version of
Lemma 4.2.7 and Proposition 4.2.8.

If q is a sector-germ of Z and A is an apartment, d(q, A) is the minimal possible length
of a gallery between q a sector-germ of A of the same sign as .

Proposition 4.1.2. Let A be an apartment, q be a sector-germ of T such that ¢ € A and
n=d(q,A).

1. One can write A = D1 U Dy, where Dy and Dy are opposite half-apartments of A
such that for all i € {1,2}, there exists an apartment A; containing D; and such that

2. There exist k € N, enclosed subsets Py, ..., Py of A such that for all i € [1,k], there
P,

exist an apartment A; containing q U P; and an isomorphism ¢; : A = A;.
The first part of the Proposition above correspond to the axiom (SC) (sundial configura-
tion) of | .
The following theorem improves Proposition 5.1, Proposition 5.2 and Proposition 5.5 of
| | and Proposition 1.10 of | |. This kind of results is useful to define Hecke
algebras. Only Point 1 is used in the proof of Theorem 11.

Theorem 4.1.3. (see Proposition 4.4.16 and Theorem 4.4.17) Let x,y € T and F, (resp.
F,) be a face based at x (resp. y).

1. There exists an apartment containing F, U F, if and only if there exists an apartment
containing {x,y}

2. Suppose moreover x <y (ory < x). Let A and B be two apartments containing F,UF,,.
Then AN B contains the conver hull conva(F, U F,) of F, U F, and there exists an
isomorphism from A to B fixing conva(F, U F)).

4.1.3 Outline of the proof of Theorem 8

The main step of our proof of the equivalence of the axiomatics is Theorem 8: if A and B are
two apartments sharing a generic ray then A N B is a finite intersection of half-apartments
and there exists an isomorphism ¢ : A — B fixing A N B. Let us sketch its proof. We can
suppose that B = A. We first prove that its suffice to prove this theorem when A N A has
nonempty interior. We prove that AN A is closed in A. Then by using order-convexity (the
fact that if x,y € Z such that x < y, then the segment linking x to y is independent on
the choice of apartment containing x and y), we prove that A N A is connected and satisfies
ANA =IntANA. It thus suffices to study Fr(AN A). We then parametrize Fr(ANA) by a
map Fr: U — AN A where U is a convex closed set of AN A with nonempty interior. The
key point is then to prove that the map Fr : U — Fr(A N A) is convex. For this we prove
that the maps Fr,, = Frjj;,) are convex for good choices of [z,y]. We proceed in two steps:
first, we prove that they are piecewise affine and then we study the points where the slope
changes, using order convexity. The fact that Fr,, is piecewise affine is a consequence of
Section 4.2, where we prove, using Proposition 4.1.2 that the frontier of AN A is included in
a finite number of walls (see Proposition 4.2.22).
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Figure 4.2.1 — Sundial configuration in a tree. In this case, all the sector-germs are adjacent
to each others. One has At = Dy U Dy and Dy U D and Dy U D are apartments containing .

4.2 General properties of the intersection of two apart-
ments

In this section, we study the intersection of two apartments, without assuming that their
intersection contains a generic ray. Our main result is that the intersection of two apartments
can be written as a finite union of enclosed subsets (see Proposition 4.2.22.

In Subsection 4.2.1, we prove Proposition 4.1.2.

In Subsection 4.2.2, we prove some preliminary results. We prove in particular that the
intersection of two apartment is closed (Proposition 4.2.17) and we give a characterization of
the points of A by retractions (Proposition 4.2.15), which will be crucial in Subsection 4.2.3.

In Subsection 4.2.3, we write the intersection of two apartments as a finite union of
enclosed parts.

In Subsection 4.2.4, we use the results of Subsection 4.2.3 to prove that if the intersection
of two apartments is convex, then it is enclosed.

In Subsection 4.2.5, we study the existence of isomorphisms fixing subsets of an intersec-
tion of two apartments.

4.2.1 Sundial configuration and splitting of apartments

The aim of this subsection is to prove Proposition 4.1.2. The main step is the fact that if A
is an apartment and q is a sector-germ not included in A but such that q is adjacent to a
sector-germ of A, one can write A = Dy U Dy, with D;, q included in some apartment A; for
all i € {1,2} (this is Lemma 4.2.7).

Recall the definition of ¢l and D(a, k) for a € ®,.. and k € R from 3.1.3.

Lemma 4.2.1. Let a € ®,, and k € R\AL,. Then cl(D(a, k)) 2 D(«, k) (where we identify
D(a, k) and the filter composed of subsets of A containing D(a, k)).

Proof. By definition of cl, D(«, k) € cl(D(a, k)).
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Let X be the filter of subsets of A containing strictly D(«, k). Let us prove that X C
cl(D(a, k)).

Let E € cl(D(a, k)). Then there exists ({5) € (RU{+00})® such that E' D (\eq,, D(B,05) D
D(a, k). Let € ®y\{a U —a}. Then D(B,¢5) D D(a, k) and thus £5 = +oo. As
D(—a,l_,) D D(a, k), {_, = +00. Therefore £ D D(a,{,) D D(a, k). We deduce that
¢y, > k and by hypothesis, ¢, > k. Consequently, £ 2 D(«a,k): F € X.

As D(a, k) ¢ X, we deduce that D(a, k) C X C cl(D(o, k)) and the lemma is proved.

O

Remark 4.2.2. If the system of roots ®,. is not reduced, one has to replace Al, by Al U %A/m
or by 2Ny U A in the lemma above.
2

Lemma 4.2.3. Let A, B be two distinct apartments of T containing a half-apartment D.
Then AN B is a half-apartment.

Proof. Using an isomorphism of apartments if necessary, one can suppose that B = A. Let
a € @, and k € R such that AN A D D(a, k). Let us first prove that AN A = D(«, () for
some ¢ € R. Let M = oc_l({O}) — D(a,0) and Q be a sector of A such that Q N M
is a sector panel Pof M. Let P = —13. Let p, p’, q denote the germs of 13, P’ and Q.
Let x € AN A. Then AN A contains x + q and = + p’, which are splayed chimneys. By
(MA4), AN A contains the closure of the convex hull of x4+ ¢ and 2+ p’ and hence it contains
x + Dy. Consequently, there exists £ € R such that AN A is either AN A = D(a,f) or
ANA = D°(«a,f). Let us prove that the second case cannot occur. Let x € A such that
a(x) = —L. Let y € x £ T such that a(y) > —¢. Then AN A D germ,(]z,y]). By (MA2),
AN A contains cl(germ,(Jz,y])) D germ,([x,y]) and hence AN A = D(a,{).

Let = € A such that a(z) = —¢. By (MA4) applied to z + q and z + p’, AN A contains
cl(D(a, ). By Lemma 4.2.1, we deduce that ¢ € A/, and thus AN A is a half-apartment. [

Lemma 4.2.4. Let M be a wall of A and ¢ € W be an element fizing M. Then ¢ € {1d, s},
where s is the reflection of W with respect to M.

Proof. One writes ¢ = 7 o u, with u € W* and 7 a translation of A. Then u(M) is a wall
parallel to M. Let M be the wall parallel to M containing 0. Then u(M ) is a wall parallel to
M and containing 0: u(M) = M. Let C be a vectorial chamber adjacent to M. Then u(C)
is a chamber adjacent to C: u(C) € {C,s(C)}, where § is the reflection of W with respect
to M. Maybe composing u by §, one can suppose that u(C) = C' and thus v = Id (because
the action of W on the set of chambers is simply transitive). O

If D is a half-apartment of Z, one sets ®, the filter of subsets of Z containing a sub-half-
apartment of D. If D; and D, are two half-apartments, one says that D; ~ Dy if ©; = ®5 and
one says that D; and D, have opposite directions if there exists an apartment A containing
a shortening of them, if their walls are parallel, and if D; and Dy are not equivalent. One
says that D; and D, are opposite if they have opposite directions and if D; N D, is a wall.

Lemma 4.2.5. Let Ay, Ay, A3 be distinct apartments. Suppose that Ay N Ay, Ay N Az and
Ay N Az are half-apartments such that Ay N As and Ay N As have opposite directions. Then
AN Ay N A3 = M where M is the wall of Ay N Az, and for all (i,5,k) € {1,2,3}® such
that {i,7,k} = {1,2,3}, A, N A; and A; N Ay are opposite. Moreover, if s : A3 — As is the

reflection with respect to M, ¢q : As Al Aq, ¢o: As A Ag and ¢3 @ Ay A As, then
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the following diagram is commutative:

Proof. By "Propriété du Y" (Section 4.9 of | ), A1 N Ay N Aj is nonempty. Let z €
A; N Ay N As. Let N be the wall parallel to the wall of A; N A3 containing x. Then
AiNAyNA3 D N. Let Dy = A; N Az and Dy = Ay N As. Then D, and D, have opposite
directions and are not disjoint: they contain M and thus A; N Ay N A3 D M. Let us show
that ¢, o ¢3 0 ¢ = s The half-apartments Dy = A; N Ay and Dy = A; N A contains M
and thus their walls are parallel. Suppose D3 and D, are equivalent. Then D3 D ®, and
DiNDy, =A NAyNA3 = D3N Dy D ®y. Therefore, D; and D, are equivalent, which
is absurd. The half-apartments ¢1(D;) = D; and ¢1(D3) have opposite directions in A,
hence ¢1(Dy) ~ Dj3. Consequently ¢3 0 ¢1(Ds) ~ ¢3(D3) = Ds. We also have ¢o(D2) = Ds.
Therefore, ¢ o ¢p30 ¢1 # Id. By Lemma 4.2.4, ¢, o p30 ¢y = 5. As s fixes A} N Ay N As,
AlmA2ﬂA3CM&HdthUSAlﬂAgﬁAgzM. ]

Recall the definition of Z°° and of the direction M of a wall M from Subsection 3.2.

Lemma 4.2.6. Let M be a wall of Z*°. Let q be a sector-germ dominating a sector-panel
of direction §>° C M. Let Ay (resp. Ay) be an apartment containing a wall My (resp. My)
of direction M> and q. Then either Ay = Ay or Ay N As is a half-apartment.

Proof. Let @) be a sector of germ q and included in A; N Ay. Let Ny be a wall parallel to
M, and such that Ny N Q # 0. Let ¢ : A; A Ay and Ny = ¢(Ny). Let f C NyNQ be a
sector-panel of direction §>°. Then Ny D f. Let H be a wall of A, parallel to M; such that
H D f. Then H is the affine space of A, spanned by f and N, too: H = N,. Therefore,
N3° = M> = Ny°. By Proposition 4.8 2) of | | N1 = Ny (this is the unique wall of
direction M containing § = germqs(f)). Let § be the sector-panel germ of Ny opposite to
§ = germoo(f). Then by (MA4), A; N Ay D cl(F' U q), which is a half-apartment and one
concludes with Lemma 4.2.3. O]

The following lemma is similar to Proposition 2.9.1) of | |.

Lemma 4.2.7. Let A be an apartment, M be a wall of A and M be its direction. Let
Soo be the direction of a sector-panel of M and q be a sector-germ dominating §> and not
included in A. Then there exists a unique pair { D1, Do} of half-apartments of A such that:

e Dy and Dy are opposite with common wall N parallel to M
o foralli € {1,2}, D; and q are in some apartment A;.

Moreover such apartments Ay and Ay are unique and if D is the half-apartment of Ay
opposite to Dy, then D N Dy = Dy N Dy is a wall and Ay = Dy U D.

Proof. Let us first show the existence of D; and Dsy. Let ' be the sector-panel of M
opposite to §°. Let ¢} and g be the sector-germ of A containing §'*°. For i € {1,2}, let A;
be an apartment of Z containing ¢} and q. Let i € {1,2} and x € ANA;. Then z+q, C ANA;
and F;, = Uyex+q; y+ 3§ C AN A; is a half-apartment of A and A;.
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Suppose A; = Ay. Then A; D Uerl x4+ g5 = A and thus A; = A D q, which is absurd.
For i € {1,2}, E; and thus A; contains a wall of direction M*°. By Lemma 4.2.6, A; N A, is
a half-apartment.

By Lemma 4.2.5, AjNA;NA = N, where N is a wall of A parallel to M, and if D; = AN A;
for all i € {1,2}, {D1, Do} fulfills the conditions of the lemma. Let Ej, F5 be another pair
of opposite half-apartments of A such that for all i € {1,2}, E; and q are included in some
apartment B; and such that E;NE, is parallel to M. One can suppose E; ~ D and Ey ~ Ds.
Suppose for example that £y C D;. By the same reasoning as in the proof of the existence
of Dy and Dy, By N A, is a half-apartment. Thus by Lemma 4.2.5, B; N Ay N A is a wall of
A. But BlﬂAQﬂA: EiNDy C DiNDy = N, thus F; N Dy = N and hence E; D D;s.
Therefore, Fy = Dy and by symmetry, £y = D,y. This proves the uniqueness of such a pair.
The fact that D; and D, are half-apartments comes from Lemma 4.2.3.

Let us show the uniqueness of such apartments A; and A,. Let C7 be an apartment
containing D; and q. Let § be the sector-panel germ of N dominated by q. Let § be the
sector-panel germ of N opposite to §. Then by (MA4), C; D cl(§F,q) = D and thus C; D A;.
Therefore, A; = C. By symmetry, we get the lemma. O

We now generalize Lemma 4.2.7. We show that if q is a sector germ of Z and if A is an
apartment of Z, then A is the union of a finite number of enclosed subsets P; of A such that
for all 7, P; and q are included in some apartment.

Let g be a sector-germ and € € {4, —} be its sign. Let A be an apartment of Z. Then
one sets dq(A) = min{d(q, q')|q" is a sector germ of A of sign e}. Let D4 be the set of half-
apartments of A. One sets Py = {A} and for all n € N*, Py, = {_, Di|(D;) € (Da)"}.
The following proposition is very similar to Proposition 4.3.1 of | |.

Proposition 4.2.8. Let A be an apartment of I, q be a sector-germ of T and n = dy(A).
Then there exist Py, ..., Py € Pay, with k < 2" such that A = Ule P; and for each i € [1,k],
P; and q are contained in some apartment A;. Moreover, for all i € [1,k], there exists an
isomorphism ; : A; Ly

Proof. We do it by induction on n. This is clear if n = 0. Suppose this is true for all
apartment B such that d;(B) < n — 1. Let B be an apartment such that d,(B) = n. Let
s be a sector-germ of A such that there exists a minimal gallery s = qo,...,q, = q from s
to q. Let M be a wall of A containing a sector-panel § dominated by qo and q;. Let Dy,
Ds be a pair of opposite half-apartments whose wall is parallel to M and such that for all
i € {1,2}, D;,q is included in an apartment B; (such a pair exists by Lemma 4.2.7). Let
i € {1,2}. One has dy(B;) = n—1 and thus B; = Ule Pj(i), with k; < 277! for all j € [1, k],

Pj(i) € Dp, n—1 and q, P]m is contained in some apartment Ag-i). One has

A=DiNBUD,NB,= | J P'nD,.
1€{1,2},5€[1,k;]
Let i € {1,2} and ¢; : B; ADGi 4, Let j € [1, k;]. Then we still have Pj(i) ND; C Agi). One
writes P\ = (/2! B, with (E;) € D '. We have P\ N D, = ¢;(P\” N D;) = ¢:(P\") N D;
and thus

n—1
PN D; =D () ¢i(Ee) € Pan.

=1
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. p
This shows the first part of this proposition. Let i € {1,2} and j € [1,k;]. Let f : AY) g B;.
PYnD; .
Let ¢ = ¢; o f. One has ¢\Pj(i>ﬁDi = ¢; o Ide(i)nDi = Ide(i)mDi. Thus ¢ : A '— A, which

completes the proof. O

If Ais an apartment and z,y € A, one denotes by [z, y]4 the segment joining z and y in
A.

We deduce a corollary which was already known for masures associated to split Kac-
Moody groups over ultrametric fields by Section 4.4 of | |:

Corollary 4.2.9. Let q be a sector-germ, A be an apartment and x,y € A. Then there exists
r=a1,..., 0 =y € A such that [x,y]a = U] [xi, 2i11]a and such that for all i € [1,k—1],
(i, xiv1]a and q are included in some apartment.

4.2.2 Topological results
4.2.2.1 Definition of y, and T,

We now define for all v € C7} some projection y, : Z — A along R, v and some distance
T,:Z — R, along R, v (see Figure 4.2.2).

If v € C%, one writes 9, the ray R, of A. This is a generic ray. Recall the definition of
x + 6, from 3.2.4.

Lemma 4.2.10. Let v € C} and x € Z. Then there exists a unique point y,(x) € A such
that (x 4+ 0,) N A =y, (z) + Ryv.

Proof. By axiom (MA3) applied to z and the splayed chimney C}, there exists an apartment
A containing « and +oo. Then A contains x + d,. The set (z + d,) N A is nonempty. Let
z € (x+6,) NA. Then AN A contains z, +oo and by (MA4), AN A contains cl(z, +00). As
cl(z,400) D2+ CY ANAD z+6 and thus (z+6,) NA=y+6, or (x+6,)NA=y+5,
for some y € x + d,,, where Sl, =Riv.

Suppose (2+6,)NA = y+0,. Let z € y+4,. Then by (MA2) applied to germy(ly, z]\{y}),
ANA D c(germy(ly, 2]\{y})) 2 y because cl(germ,([y,z]\{y})) contains the closure of
germy([y, z]\{y}). This is absurd and thus (z +6,) N A =y + J,, with y € A, which proves
the existence of such y,(z) € A. The uniqueness of y,(z) is clear because a ray of an affine
space has a unique origin. O

Actually the map vy, : Z — A defined by Lemma 4.2.10 only depends on d,,.

If € Z, one has pioo(z +9,) = proo(x) + 0, and 4, () € pioo(x) + . We define T, (x)
as the unique element 7" of R, such that y, () = pie(x) + Tv.

Our proof of the Gindikin-Karpelevich finiteness relies on the study of the maps 1, and
T,, see Chapter 6.

Lemma 4.2.11. Let v € T and v € C}. Then x < y,(x) and d°(z,y,(z)) = T,(z)v.

Proof. Let 6, = Ryv. By definition, y,(z) € = + 4§, and thus z < y,(x). Let A be an
apartment containing z and +oo and ¢ : A = A, which exists by (MA4). One has ¢(z) =
Proo() = yu(x) + T, (x)v = ¢(y,(z)) + T,(z)v and hence by Remark 3.2.2) d*(z,y,(z)) =
T,(x)v.

O
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Figure 4.2.2 — The maps 7T, and y, on T, when v is the vector joining 0 to —1.

4.2.2.2 A characterization of the points of A

Image of a preordered segment by a retraction In Theorem 6.2 of | |, Gaussent
and Rousseau give a very precise description of the image of a preordered segment by a
retraction centered at a sector-germ, see 6.4. However they suppose that a group acts strongly
transitively on Z. Without this assumption, they prove a simpler property of these images.
We recall it here.

Let A € C’_}’ A M-path 7 in A is a map 7 : [0,1] — A such that there exists n € N and
0<t <...<t, <1such that for all i € [1,n — 1], 7 is affine on [¢;,t;11] and 7'(t) € WA
for all t € [t“ ti+1]-

Lemma 4.2.12. Let A be an apartment of Z, x,y € A such that x < y and p : T — A
be a retraction of T onto A centered at a sector-germ q of A. Let 7 : [0,1] — A defined by
7(t) = (1 —t)x + ty for all t € [0,1] and X\ = d*(x,y). Then po T is a A-path between p(z)
and p(y).

Proof. We rewrite the proof of the beginning of Section 6 of | |. Let ¢ : A — A be an
isomorphism such that ¢(y) — ¢(z) = A, which exists by Remark 3.2.2. By Corollary 4.2.9,
there exist n € N, Ay,..., A, € A(q) and 0 = t; < ... < t, = 1 such that 7([t;, t;11]) C A;
for all i € [1,n — 1].

Using Proposition 5.4 of | |, for all i@ € [1,n — 1], one chooses an isomorphism
i AT A Tet 0 A, 9% AL For all t € [t tina], p(m(1)) = ¢i 0 wi(r(t)). Moreover,
;o : A — A and by (MA1), there exists w; € W such that ¢; o ¢; = w; o ¢. Therefore for
all t € [t;, tir1], (poT)(t) = w;. A, which proves that p o 7 is a A-path. O

If x € Aand X € C_}’, one defines 7§ : [0,1] — A by 7%(t) = a + tA for all t € [0, 1].

Lemma 4.2.13. Let \ € C'_}’ and a € A. Then the unique A-path from a to a + X is 7.
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Proof. Let m be a A-path from a to a + A. One chooses a subdivision 0 =¢; < ... <t, =1
of [0,1] such that for all ¢ € [1,n — 1], there exists w; € W" such that m, . ,(t) =w;.A. By
Lemma 2.2.9, w;.A <qgv A for all i € [1,n —1]. Let h: Qg — R defined by h(} ;. uia)) =
>ier u; for all (u;) € RY. Suppose that for some i € [1,n—1], w;.A # X. Then h(w; A—X) <0
and for all j € [1,n — 1], h(w;.A — A) < 0. By integrating, we get that h(0) < 0: a
contradiction. Therefore 7(t) = a + t\ = 7{(t) for all t € [0, 1], which is our assertion.  [J

The following lemma is Lemma 3.6 of | |. As we want to use it to simplify the
axiomatic of masures and in particular to prove that (MAO) is a consequence of other axioms,
we do not use (MAO) (see 4.4.1) in its proofs and we use weaker versions of (MA2) and (MA3).
We can replace axioms (MA2’) and (MA iii’) by (MA2) and (MA3). As we do not assume
(MAO), the Tits preorder < is not defined on Z a priori but we have the Tits preorder <4 on
cach apartment of Z. We assume that for all z,y € Z, if there exists A € A({x,y}) such that
x <4y, then z <p y for all B € A({z,y}). Thus this defines a relation < on Z. However,
we do not know yet that < is a preorder because the proof of Théoréme 5.9 of | | uses
(MAO).

Lemma 4.2.14. Let 7:[0,1] — T be a segment such that 7(0) < 7(1), such that 7(1) € A
and such that there exists v € C} such that (p- o 7)" = v. Then 7([0,1]) C A and thus
PoooOT =T.

Proof. Let A be an apartment such that 7 is a segment of A. Then 7 is increasing for <y
and thus 7 is increasing for <.

Suppose that 7([0,1]) € A. Let u = sup{t € [0,1]|7(¢) ¢ A}. Let us prove that 7(u) € A.
If w =1, this is our hypothesis. Suppose u < 1. Then by (MA2’) applied to }T(u), 7'(1)), A
contains cls (]7(u), 7(1))) and thus A contains 7(u).

By (MA iii’), there exists an apartment B containing 7((0, u]) U—oc and by (MA4), there
T(u)fﬁ
exists an isomorphism ¢ : B — ' A. For all ¢t € [0, u], near enough from u, ¢(7(t)) =

P—oo(7(t)). By hypothesis, for all t € [0, u], p_oo(7(t)) € T(u) — C_}i Therefore for ¢ < u near
enough from u, ¢(7(t)) = 7(t) € A: this is absurd by choice of u and thus 7([0,1]) C A. O

The following proposition corresponds to Corollary 4.4 of | |, but the proof here is
different.

Proposition 4.2.15. Let x € Z such that pi(T) = p—oo(x). Then x € A.

Proof. Let @ € Z such that pi(x) = p_oo(z). Suppose that x € Z\A. By Lemma 4.2.11,
one has v < y,(x) and d’(z,y,(x)) = A, with A\ = y,(x) — preo(z) € Riv. Let A be an
apartment containing x and +oo, which exists by (MA3). Let 7 : [0,1] — A be defined
by 7(t) = (1 — t)z + ty,(x) for all ¢ € [0,1] (this does not depend on the choice of A by
Proposition 5.4 of | |) and m = p_oo o 7. Then by Lemma 4.2.12, 7 is a A-path from
P—oo(T) = Pioo(®) t0 Yu(2) = pioo(w) + A

By Lemma 4.2.13, 7(t) = pyoo(z) + tA for all ¢t € [0,1]. By Lemma 4.2.14, 7(]0, 1]) C A:
x = 7(0) € A: this is absurd. Therefore = € A, which is our assertion. O

4.2.2.3 Topological considerations on apartments

Proposition 4.2.16. Let q be a sector-germ of T and A be an apartment of . Let p : T 3 A.
Then pja : A — A is continuous (for the affine topologies on A and A).
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Proof. Using Proposition 4.1.2 2, one writes A = (J;_, P, where the P;’s are closed sets of
A such that for all i € [1,n], there exists an apartment A; containing P, and q and an
isomorphism ¢; : A B 4, Foralli € [1,n], one denotes by ¢; the isomorphism A; < A.
Then pp, = ¢; 0 ;p, for all i € [1,n].

Let (z;) € AY be a converging sequence and x = limzy. Then for all k € N, p(x;) €
{@iothi(xr)| i € [1,n]} and thus (p(x,)) is bounded. Let (2,()) be a subsequence of (x) such
that (p(z,x)) converges. Maybe extracting a subsequence of (z,()), one can suppose that
there exists ¢ € [1,n] such z,4) € P; for all k € N. One has (p(z,x)) = (¢ © ¥i(2om))) and
thus p(zsk)) — ¢ 0 ¥i(x) = p(z) (because P is closed) and thus (p(xy)) converges towards
p(x): pa is continuous. O

The following proposition generalizes Corollary 5.10 of | | to our context.
Proposition 4.2.17. Let A be an apartment. Then AN A is closed.

Proof. By Proposition 4.2.15, AN A = {z € A| pio(z) = p_oo(x)}, which is closed by
Proposition 4.2.16. O

4.2.3 Decomposition of the intersection of two apartments in en-
closed subsets

The aim of this subsection is to show that A N A is a finite union of enclosed subsets of A.

If X is an affine space, one denotes by X or by Int(X) (depending on the legibility) its
interior. One denotes by Fr(X) the boundary (or frontier) of X: Fr(X) = X\X.

We first suppose that A and A share a sector. One can suppose that +ooc C AN A. By
Proposition 4.1.2, one has A = Ule P;, for some k£ € N, where the P;’s are enclosed and
P;, —00 is included in some apartment A; for all i € [1, k].

Lemma 4.2.18. Let X be a finite dimensional affine space, U C X be a set such that U C E
and suppose that U = |J;_, U;, where for all i € [1,n] U; is the intersection of U and of a

finite number of half-spaces. Let J = {j € [1,n]|U; # 0}. Then U = Ujes Us-

Proof. Let j € [1,n]. Then Fr(U;) N U is included in a finite number of hyperplanes. There-
fore, if one chooses a Lebesgue measure on X, Uie[[l,n]] U N Fr(U;) has measure 0, hence

U\ Uicp,np Fr(U5) is dense in U and thus in U. Let 2 € U. Let (z3) € (U\ Uieping Fr(U))N
converging towards x. Extracting a sequence if necessary, one can suppose that for some
i € [1,n], x; € U; for all k € N. By definition of the frontier, x} € UZ for all kK € N. As U; is
closed in U, x € U; and the lemma follows. O

Lemma 4.2.19. Let i € [1,k] such that AN AN P, has nonempty interior in A. Then
ANADP,.

Proof. One chooses an apartment A; containing P;, —oo and ¢; : A B A; . Let v, : A; AlA A

(1; exists and is unique by Remark 3.2.4). By definition of p_.., if x € P;, p_(2) = 1;(x)
and thus p_o(x) = 1; o ¢;(x).

Let f: A A% A. One has Proo(x) = f(x) for all z € A. By Proposition 4.2.15,

ANANE ={z € Plp1o(2) = p-so(a)} = BN (f — 50 1) ({0}).
As f — ;o ¢; is affine, (f — v; o ;)71 ({0}) is an affine subspace of A and as it has
nonempty interior, (f — ;o ¢;) 1 ({0}) = A. Therefore P, C A N A.
O]
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We recall the definition of z 4 oo, if © € Z (see 3.2.4). Let v € Z and B be an apartment
containing = and +oo. Let () be a sector of A, parallel to €} and such that @ C BN A.

Then x + oo is the sector of B based at x and parallel to (). This does not depend on the
choice of B.

Lemma 4.2.20. One has ANA =Int(ANA).

Proof. By Proposition 4.2.17, AN A is closed and thus Int(ANA) C ANA.
Let z € ANA. By (MA4) 2+ 00 C ANA. The fact that there exists (z,,) € Int(z + oo)N
such that x,, — = proves the lemma. O

Lemma 4.2.21. Let J = {i € [1, k]| Inta(Z,NANA) #0}. Then ANA =, P

Proof. Let U = AN A. Then by Lemma 4.2.20 and Lemma 4.2.18, U = UjeJU N P; and
Lemma 4.2.19 completes the proof. O

We no more suppose that A contains +o00. We say that (", P, (¢i)ien k) is a decom-
position of AN A in enclosed subsets if:

1. k € N and for all ¢ € [1, k], P; is enclosed,
2. AnA=U", P,
3. for all i € [1,k], ¢; is an isomorphism A 'y

When we do not want to precise the ¢;’s, we simply say “Ule P; is a decomposition of AN A
in enclosed subsets”.

If G is a group of automorphisms of Z, a decomposition (Uf:1 P, (¢i)ienig) of AN A in
enclosed subsets is said to be G-compatible if the ¢;’s are induced by elements of G.

Proposition 4.2.22. 1. Let A be an apartment. Then there exists a decomposition Ule =
of AN A in enclosed subsets.

As a consequence there exists a finite set A of walls such that Fr(ANA) C Uye s M.

If moreover ANA is convex, one has ANA =, ; P;, where J = {j € [1, k]| supp(F;) =
supp(ANA)}.

2. Let G C Aut(Z). Suppose that each isomorphism of apartments fixing a sector-germ is
induced by an element of G. Then if A is an apartment, there exists a G-compatible
decomposition (Uf:1 Py, (¢i)ieniig) of ANA in enclosed subsets.

Proof. We prove 1 and 2 at the same time. For 2, it suffices to require that all the isomor-
phisms of this proof are induced by some g € G. Let n € N and P,,: “for all apartment B
such that d(B,A) < n, there exists a decomposition Ule Q; of AN B in enclosed subsets”.
The property Py is true by Lemma 4.2.21. Let n € N and suppose that P, is true. Suppose
that there exists an apartment B such that d(B,A) = n + 1. Using Proposition 4.1.2, one
writes B = Dy U Dy where Dy, Dy are opposite half-apartments such that for all ¢ € {1,2},
D; is included in a apartment B; satisfying d(B;, A) = n. If i € {1,2}, let (Ué’:1 Q% (¥%)) be
a decomposition of B;NA in enclosed subsets. Then BNA = U?Zl(Dl NQ;)U U?:l(Dg nQ3).

If 7 € {1,2}, one denotes by f* the isomorphism B 2 B;. Thenifj € [1,5], (45)~" o f* fixes
Q; N D; and thus P, is true.
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Therefore ANA = Ule P, where the P;’s are enclosed. One has Fr(ANA) C Ule Fr(P;),
which is included in a finite union of walls.
Suppose that AN A is convex. Let X = supp(A N A). By Lemma 4.2.18 applied with
U=ANA,
ANA = U P,
i€[1,k], Tntx (P;)#£0

which completes the proof. ]

4.2.4 Encloseness of a convex intersection

In this subsection, we prove Proposition 4.2.30: if A is an apartment such that AN A is
convex, then A N A is enclosed. For this we study the “gauge” of A N A, which is a map
parameterizing the frontier of A N A.

Let X be a finite dimensional affine space. Let C C X be a convex set and A’ be its
support. The relative interior (resp. relative frontier) of C, denoted Int,(C) (resp.
Fr,(C)) is the interior (resp. frontier) of C' seen as a subset of A’. A set is said to be
relatively open if it is open in its support.

If X is a topological space and a € X, one denotes by Vx(a) the set of open neighborhoods
of a.

Lemma 4.2.23. Let A be a finite dimensional affine space, k € N*, Dy, ..., Dy, be half-spaces
of A and My, ..., My be their hyperplanes. Then their exists J C [1,k] (maybe empty) such

that supp(ﬂle Di) = Njes M;

Proof. Let d € N* and ¢ € N. Let Py, “for all affine space X such that dim X < d and for
all half-spaces Ej, ..., E; of X, there exists J C [1,¢] such that supp(ﬁfz1 E;) = ﬂjEJ H;
where for all j € J, H; is the hyperplane of £}”.

It is clear that for all £ € N, P, 4 is true and that for all d € N, Py and Py is true. Let
d € N>y and ¢ € N and suppose that (for all < d—1 and ¢ € N, Py ¢ is true) and that
(for all ¢' € [0, /], Py is true).

Let X be a d dimensional affine space, Fy, ..., Eyiq be half-spaces of X and Hy, ..., Hypyq
be their hyperplanes. Let L = ﬂ;zl E; and S = supp L. Then Eyyy NS is either S or
a half-space of S. In the first case, £,y D S D L, thus ﬂfj E; = L and thus by Py,
Supp(ﬂfil1 E;) = ;s Hj for some J C [1,/].

Suppose that E,,1 NS is a half-space of S. Then either Egﬂ NL #0or EOZH NL=10.In
the first case, one chooses z € Eyyq N L and a sequence (z,,) € (Int, (L)Y converging towards
x. Then forn >0, z, € Eg+1 NInt,(L). Consequently, L N Eyyq has nonempty interior in S.
Thus supp(ﬂfg E;) =S and by Py, Supp(ﬂfg E;) =\;c; Hj for some J C [1,£].

Suppose now that Eg+1 N L is empty. Then LNEy,y C Hyyq, where Hyyq is the hyperplane
of Eyyq1. Therefore ﬂf:ll E;, = ﬂf:ll(EiﬁHgH) and thus by Pg_1 ¢11, supp(ﬂfg E;) = ﬂjej H;
for some J C [1,¢+ 1].

]

Lemma 4.2.24. Let A be an apartment such that A N A is convex. Then supp(A N A) is
enclosed.

Proof. Using Proposition 4.2.22, one writes ANA = Ule P;, where the P;’s are enclosed and
supp(P;) = supp(ANA) for all i € [1,k]. By Lemma 4.2.23, if i € [1, k], supp(F;) is a finite
intersection of walls, which proves the lemma. O
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Gauge of a convex Let A be a finite dimensional affine space. Let C be a closed and
convex subset of A with nonempty interior. One chooses = € C and one fixes the origin of A
in z. Let jo, : A = Ry U {400} defined by jc.(s) = inf{t € R%|s € tC}. The map jo, is
called the gauge of C' based at x. In the sequel, we will fix some x € C and we will denote
jo instead of jo,. Then by Theorem 1.2.5 of | | and discussion at the end of Section
1.2 of loc cit, jo(A) C R, and jo is continuous.

The following lemma is easy to prove:

Lemma 4.2.25. Let C' be a convex closed set with nonempty interior. Fiz the origin of A
in a point of C. Then C' ={z € Aljo(z) <1} and C = {x € Aljo(z) < 1}.

Lemma 4.2.26. Let C' be a convex closed set with nonempty interior. Fiz the origin of A
in C. Let U =Ux={s € A| jo(s) #0}. Let Fr = Fro : U — Fr(C) defined by Fr(s) = o)
for all s € U. Then Fr is well defined, continuous and surjective.

Proof. If s € U, then jo(Fr(s)) = jg% = 1 and thus Fr takes it values in Fr(C) by
Lemma 4.2.25. The continuity of Fr is a consequence of the one of jc¢.

Let f € Fr(C). Then Fr(f) = f and thus Fr is surjective.
O

Let A be an apartment such that AN A is convex and nonempty. Let X be the support of
ANAin A. By Lemma 4.2.24, if ANA = X, then AN A is enclosed. One now supposes that
ANA # X. One chooses zy € Intx(A N A) and consider it as the origin of A. One defines
U=Uans and Fr : U — Fr,(ANA) as in Lemma 4.2.26. The set U is open and nonempty.
Using Proposition 4.2.22, one writes ANA = | J;_, P;, where r € N, the P;’s are enclosed and
supp(P;) = X for all ¢ € [1,r]. Let My, ..., My be distinct walls not containing X such that
Fr.(ANA) C Ule M;, which exists because the P;’s are intersections of half-spaces of X and
ANA#X. Let 4 ={M;NX|i € [1,k]}. If M € A, one sets Uy, = Fr*(M).

Lemma 4.2.27. Let U' = {z € U|I3(M,V) € A x Vy(x)|Fx(V) C M}. Then U’ is dense in
U.

Proof. Let M € .#. By Lemma 4.2.26, Uy, is closed in U. Let V' C U be nonempty and
open. Then V' = (J,,c ,Un NV'. By Baire’s Theorem, there exists M € .# such that
V' N Uy has nonempty interior and hence U’ is dense in U. H

Lemma 4.2.28. Let x € U' and V € Vy(x) such that Fr(V) C M for some M € .#. Then
M s the unique hyperplane H such that Fr(V) C H. Moreover M does not depend on the
choice of V' € Vy(x) such that Fr(V') is included in a hyperplane.

Proof. Suppose that Fr(V) C MNH, where H is a hyperplane of X. Let f, f' € X* k, K € R
such that M = f~'({k}) and H = f'~'({k'}). By definition of U, for ally € V, Fr(y) = A(y)y
for some A(y) € R%. Suppose that & = 0. Then f(y) = 0 for all y € V, which is absurd
because f # 0. By the same reasoning, k' # 0.

If y € V\(f72({0}) U f~*({0})), Fr(y) = A(y)y for some A(y) € R and thus Fr(y) =
%y = %y As V\(f71({0}) U f71({0})) is dense in V, k;f’(y) — K fly)y=0forally e V
and thus M and H are parallel. Therefore M = H. It remains to show that M does not
depend on V. Let V} € Vy(z) such that Fr(V;) C H; for some hyperplane H;. By the unicity
we just proved applied to V NV;, M = H;, which completes the proof. O

If z € U’, one denotes by M, the wall defined by Lemma 4.2.28.
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Lemma 4.2.29. Let x € U’ and Dy, Dy be the two half-spaces of X defined by M,. Then
ANA C D, for somei € {1,2}.

Proof. Let V' € Vy(x) such that Fr(V) C M,. Let us prove that Fr(V) = RLV N M,. As
Fr(y) € Riy for all y € V, Fr(V) C RLV N M,. Let f be a linear form on X such that
M, = f~'({k}) for some k € R. If k = 0, then for all v € V, f(v) = 0, and thus f = 0: this
is absurd and k # 0. Let a € R{LV N M,. One has a = AFr(v), for some A € R¥ and v € V.
Moreover f(Fr(v)) =k = f(a) and as k # 0, a = Fr(v) € Fr(V). Thus Fr(V) = RV N M,
and Fr(V) is an open set of M,. Suppose there exists (z1,23) € (D1 NANA) x (DyNANA).
Then conv(zy,z9, Fr(V)) C AN A is an open neighborhood of Fr(V) in X. This is absurd
because Fr takes it values in Fr,(A N A). Thus the lemma is proved. O

If z € U’, one denotes by D, the half-space delimited by M, and containing A N A.

Proposition 4.2.30. Let A be an apartment such that A N A is conver. Then AN A is
enclosed.

Proof. If u € U’, then ANA C D, and thus ANA C (), Du-

Let x € U'N( e Du- One has 0 € ANA and thus 0 € D,. Moreover Fr(z) € M,NANA
and thus = € [0, Fr(z)] € AN A. Therefore U' N(,c;r Do C ANA.

Let x € Intx(,cpr Du). If @ ¢ U, then z € AN A. Suppose x € U. Then by

uelU’ —u

Lemma 4.2.27, there Eexists (zn) € (U NIntx(Nyerr D))" such that x,, — z. But then
for all n € N, z, € AN A and by Proposition 4.2.17, x € AN A. As a consequence,
ANA D Intx((N,epr Du) and as AN A is closed, ANA D Intx((,cr Pu) = Nucrr Pu
because (,cp Du is closed, convex with nonempty interior in X. Thus we have proved
ANA =crr Du-

Let M7, ..., M; be walls of A such that for all x € U’, there exists i(x) € [1, k] such
that M;,, N X = M,. One sets M; = M, for all z € U’ and one denotes by D the
half-apartment of A delimited by A and containing D,. Then X N(,.» D, = ANA.

Lemma 4.2.24 completes the proof.

]

4.2.5 Existence of isomorphisms of apartments fixing a convex set

In this section, we study, if A is an apartment and P C AN A, the existence of isomorphisms
of apartments A LA We give a sufficient condition of existence of such an isomorphism in

Proposition 4.2.34. The existence of an isomorphism A A% A when A and A share a generic
ray will be a particular case of this proposition, see Theorem 4.3.22. In the affine case, this

will be a first step to prove that for all apartment A, there exists an isomorphism A AR

Lemma 4.2.31. Let A be an apartment of T and ¢ : A — A be an isomorphism of apart-
ments. Let P C AN A be a nonempty relatively open convex set, Z = supp(P) and suppose
that ¢ fixres P. Then ¢ fizes P+ (T N Z) N A, where T is the Tits cone.

Proof. Let 1 € P+ (TNZ)NA, & =p+t, where p e P and t € T. Suppose ¢ # 0. Let
L = p+ Rt. Then L is a preordered line in Z and ¢ fixes L N P. Moreover, p < z and
thus by Proposition 5.4 of | |, there exists an isomorphism v : A Pd A particular,
¢~totp: A— Afixes LN P. But then ¢! o ¢ is an affine isomorphism fixing a nonempty
open set of L: this is the identity. Therefore ¢! o ¥ (z) = # = ¢~'(x), which shows the
lemma. O
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Lemma 4.2.32. Let A be an apartment of . Let U C AN A be a nonempty relatively open
set and X = supp(U). Then there exists a nonempty open subset V of U (in X ) such that

there exists an isomorphism ¢ : A YA

Proof. Let Jf_, P, be a decomposition in enclosed subsets of AN A. Let i € [1,k] such that

P; N U has nonempty interior in X and ¢ : A 5 A Then ¢ fixes a nonempty open set of U,
which proves the lemma. O

Lemma 4.2.33. Let A be an apartment of Z and ¢ : A — A be an isomorphism. Let
F={z€ Al¢(z) = z}. Then F is closed in A.

Proof. By Proposition 4.2.16, p1c0¢ : A — A and p_,, 0 ¢ : A — A are continuous. Let
(2,) € FY such that (z,) converges in A and z = lim z,.

For all n € N, one has pyoo(d(2n)) = 20 = poco(d(2n)) = P1oo(B(2)) = 2 = p_oo(9(2))
and by Proposition 4.2.15, z = ¢(z), which proves the lemma. O

Proposition 4.2.34. Let A be an apartment of T and P C AN A be a convexr set. Let
X = supp(P) and suppose that T N X has nonempty interior in X. Then there ezists an

1somorphism of apartments ¢ : A Ry

Proof. (see Figure 4.2.3) Let V' C P be a nonempty open set of X such that there exists

an isomorphism ¢ : A YA (such a V exists by Lemma 4.2.32). Let us show that ¢ fixes
Int, (P).

Let x € V. One fixes the origin of A in z and thus X is a vector space. Let (e;);cs
be a basis of A such that for some subset J' C J, (ej);jer is a basis of X and (z 4+ 7) N
X D @ Riey Forally € X,y =3, ,ye; with y; € R for all j € J', one sets
ly| = maxjecy |y;|. fa € Aand r >0, one sets B(a,r) ={y € X| |y —a| <r}.

Suppose that ¢ does not fix Int,(P). Let y € Int,.(P) such that ¢(y) # y. Let s = sup{t €
[0,1)|3U € Vx([0,ty])| ¢ fixes U} and z = sy. Then by Lemma 4.2.33, ¢(z) = 2.

By definition of z, for all » > 0, ¢ does not fix B(z,r). Let r > 0 such that B(z,5r) C
Int,.P. Let z; € B(z,7)N[0, z) and r; > 0 such that ¢ fixes B(z1,71) and 2} € B(z,r) such that
o(2h) # 2. Let 1y € (0,7) such that for all a € B(z5,r5), ¢(z) # z. Let 2o € B(z4, %) such
that for some ry € (0,75), B(z9,72) C B(z5,15) and such that there exists an isomorphism

v A Bz 4 (such zy and ry exists by Lemma 4.2.32). Then |z; — 29| < 3r.

Let us prove that (z; + 7 N X) N (22 + 7T N X)NInt,(P) contains a nonempty open set
U C X. One identifies X and R”" thanks to the basis (e;);jc,. One has z, — 2, €] — 3,3/
and thus (21 +T)N(za+T) = (21 +T)N (21 + 20— 21+ T) D 214+)3,4[”. As P D B(zy, 4r),
(z1+7NX)N(22+ 7T NX)NInt,(P) contains a nonempty open set U C X.

By Lemma 4.2.31, ¢ and 1 fix U. Therefore, ¢~ o1) fixes U and as it is an isomorphism of
affine space of A, ¢! o) fixes X. Therefore ¢! ot)(z3) = ¢ 1(22) = 2o and thus ¢(z5) = 2y:
this is absurd. Hence ¢ fixes Int,(P). By Lemma 4.2.33, ¢ fixes Int,(P) = P and thus ¢ fixes
P, which shows the proposition. O

4.3 Intersection of two apartments sharing a generic ray

The aim of this section is to prove Theorem 4.3.22: let A and B be two apartments sharing

a generic ray. Then AN B is enclosed and there exists an isomorphism ¢ : A 5 g,

We first reduce our study to the case where AN B has nonempty interior by the following
lemma:
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4+ TNX
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Figure 4.2.3 — Proof of Proposition 4.2.34

Lemma 4.3.1. Suppose that for all apartments A, B such that AN B contains a generic ray
and has nonempty interior, ANB is convex. Then if Ay and Ay are two apartments containing

. . . . . A1NA
a generic ray, Ay N Ay is enclosed and there exists an isomorphism ¢ : A; "= As.

Proof. Let us prove that A; N A, is convex. Let 0 be the direction of a generic ray shared by
Aj and A,. Let x1, 29 € A1 N Ay and F be the vectorial face direction containing §. Let '
be the vectorial face direction of A; opposite to §>. Let C; be a chamber of A; containing
x1, Cy be a chamber of Ay containing xo, t; = v(C},F®) C Ay, t5 = t(Cy,F°) C Ay,
R, = germ(ty) and Ry = germ(ry). By (MA3) there exists an apartment Az containing R,
and fR,.

Let us prove that A3 contains x; and x5. One identifies A; and A. Let F¥ = 0 4+ §
and F"" = 0+ §~°. As A3 D MRy, there exists f' € F" such that A3 D z, + f' + F"™.
Moreover Az D § and thus it contains z; + f' + §°. By Proposition 4.7.1 of | |
1+ f+F° =x1+ [+ F' and thus A3 > x1. As A3z D Ry, there exists f € FV such that
AsDao+ f. As A3 DF™, A3 Dao+ f+§ = a2+ f+ F' by Proposition 4.7.1 of | |
and thus Az 3 x,.

If i € {1,2}, each element of ; has nonempty interior in A; and thus A; N Az has
nonempty interior. By hypothesis, A; N A3 and A; N A3 are convex. By Proposition 4.2.34,
there exist ¢ : A; A0A A, and P Ay 42045 A, Therefore (21, Zo]a, = 21, T2) 4, = [21, 2] 4,
and thus A; N A, is convex.

The existence of an isomorphism A; Al Ag is a consequence of Proposition 4.2.34

o

because the direction X of A; N Ay meets 7 and thus X N 7T spans T .
The fact that A; N A, is enclosed is a consequence of Proposition 4.2.30. O

4.3.1 Definition of the frontier maps

The aim of 4.3.1 to 4.3.5 is to prove that if A and B are two apartments containing a generic
ray and such that AN B has nonempty interior, AN B is convex. There is no loss of generality
in assuming that B = A and that the direction R v of ¢ is included in iC'_}. As the roles of
(%7 and —C7% are similar, one supposes that R v C C_}’ and that A # A. These hypothesis
run until the end of 4.3.5.

In this subsection, we parametrize Fr(A N A) by a map and describe A N A using the
values of this map.
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Lemma 4.3.2. Let V be a bounded subset of A. Then there exists a € R such that for all
u € [a,+oo[ andv eV, v < uw.

Proof. Let a € R} and v € V, then av —v = a(y —1u). Asv e 7 and V is bounded, there

exists b > 0 such that for all a > b, v — —v € T which proves the lemma because T is a
cone. O

Lemma 4.3.3. Lety € ANA. Then ANA contains y+ R, v.

Proof. Let x € A such that ANA Dz + Ryv. The ray x + R, v is generic and by (MA4), if
y € A, AN A contains the convex hull of y and x + [a, +00[v, for some a > 0. In particular
it contains y + R v. O

Let U={y e Aly+ RvnNA#0} =(ANA) +Rv.
Lemma 4.3.4. The set U is convex.

Proof. Let u,v € U. Let v’ € u+R,v N A. By Lemma 4.3.2 and Lemma 4.3.3, there exists
v € v+ Ryv such that v/ < o'. By order-convexity, [u/,v'] C AN A. By definition of U,
[/, v'] + Ry C U and in particular [u,v] C U, which is the desired conclusion. O

There are two possibilities: either there exists y € A such that y + Rv C A or for all
ye A, y+Rv ¢ A The first case is the easiest and we treat it in the next lemma.

Lemma 4.3.5. Suppose that for somey € A, y —R,.v C ANA. Then ANA =U. In
particular, AN A is convex.

Proof. By Lemma 4.3.3; ANA = (ANA)+R,v. By symmetry and by hypothesis on ANA,
(ANA)+R_v=AnNA. Therefore ANA=(ANA)+Rv="U. O

Definition of the frontier Until the end of 4.3.5, we suppose that for ally € A, y+Rv ¢
A. Let u € U. Then by Lemma 4.3.3, v + Rv N A is of the form a + R% v or a + R v for
some a € A. As ANA is closed (by Proposition 4.2.17), the first case cannot occur. One sets
Fr,(u) = a € AN A. One fixes v until the end of 4.3.5 and one writes Fr instead of Fr,.

Lemma 4.3.6. The map Fr takes it values in Fr(ANA) and ANA =,y Fr(z) + Ryv.

Proof. Let w € U. Then Fr(u) + Riv = (u+ Rv) N A. Thus Fr(u) ¢ Int(ANA). By
Proposition 4.2.17, Fr(u) € Fr(AN A) and hence Fr(U) C Fr(ANA).

Let w € ANA. One has u € AN (u+ Rv) = Fr(u) + Ry v and we deduce that AN A C
U,ev Fr(z) +Ryv. The reverse inclusion is a consequence of Lemma 4.3.3, which finishes the
proof. O

Let us sketch the proof of the convexity of A N A (which is Lemma 4.3.21). If 2,y € (O],
one defines Fr, , : [0,1] — Fr(ANA) by Fr,,(¢t) = Fr((1 — t)z + ty) for all ¢ € [0,1]. For
all ¢ € [0, 1], there exists a unique f,,(t) € R such that Fr, ,(t) = (1 — t)x + ty + fo,(t)v.
We prove that for “almost” all z,y € U , foy is convex. Let z,y € U. We first prove that
fzy 1s continuous and piecewise affine. We prove the continuity by using order-convexity
and the piecewise affineness by using the fact that there exists a finite set .# of walls such
that Fr(ANA) C UM € 4 M (see Proposition 4.2.22). This enables to reduce the study
of the convexity of f,, to the study of f,, at the points where the slope changes. Using
order-convexity, we prove that if {z, y} is such that for each point u €]0, 1] at which the slope
changes, Fr, ,(u) is contained in exactly two walls of .#, then f,, is convex. We then prove
that there are “enough” such pairs and conclude by an argument of density.
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4.3.2 Continuity of the frontier

In this subsection, we prove that Fr is continuous on U , using order-convexity.

Let A : U — R be such that for all x € U, Fr(z) = x + A(x)r. We prove the continuity of
Fr; by proving the continuity of A ;. For this, we begin by majorizing A([z,y]) if z,y € U
(see Lemma 4.3.7) by a number depending on z and y. We use it to prove that if n € N and
a,...,an € U, )\(conv({al, o ,an})) is majorized and then deduce that Fr; is continuous
(which is Lemma 4.3.12).

Lemma 4.3.7. Let z,y € U, M = max{\(z),\(y)} and k € Ry such that x+ kv > y. Then
for all u € [x,y], AN(u) < k+ M.

Proof. By Lemma 4.3.3, x + Mv,y + Mv € A. By hypothesis, x + kv + Mv > y+ Mv. Let
t €10,1] and u =tz + (1 — t)y. By order-convexity t(z + kv + Mv) + (1 —t)(y + Mv) € A.
Therefore A\(u) < M + tk < M + k, which is our assertion. O

Lemma 4.3.8. Let d € N, X be a d dimensional affine space and P C X. One sets
convg(P) = P and for all k € N, convg(P) = {(1 —t)p + tp/|t € [0,1] and (p,p’) €
convy(P)?}. Then convy(P) = conv(P).

Proof. By induction,

2k 2k
conv,(P) = {Z Xipil () € 0, 1]2k, Z)‘i =1land (p;) € PQk}.
i=1 i=1

This is thus a consequence of Carathéodory’s Theorem. O

Lemma 4.3.9. Let P be a bounded subset of U such that \(P) is majorized. Then (convy(P))
18 magjorized.

Proof. Let M = sup,cp A(z) and k € Ry such that for all z, 2" € P, 2’4+ kv > x, which exists
by Lemma 4.3.2. Let u € convy(P) and z,2’ € P such that u € [z,2']. By Lemma 4.3.7,
AMu) < k+ M and the lemma follows.

[

Lemma 4.3.10. Let 2 € U. Then there exists V € Vi () such that V' is convex and A\(V')
18 majorized.

Proof. Letn € Nanday, ..., a, € U such that V = conv(ay, ..., a,) contains x in its interior.
Let M € R, such that for all y,y € V, y+ Mv > v/, which is possible by Lemma 4.3.2. One
sets P = {ay,...,a,} and for all £ € N, P, = conv(P). By induction using Lemma 4.3.9,
A(Py) is majorized for all k € N and we conclude with Lemma 4.3.8. O

Lemma 4.3.11. Let V C U be open, convez, bounded and such A(V') is majorized by some
M e Ry. Let k € Ry be such that for all x,2’ € V, x + kv > 2'. Leta € V and u € A be
such that a +w € V. Then for allt € [0,1], Ma+tu) < (1 —t)A\(a) + (M + k).

Proof. By Lemma 4.3.3, a +u + (M + k)v € A. Moreover a +u + (M + k)v > a + Mv,
a+ Mv > a+ Na)v = Fr(a) and thus a + u + (M + k)v > Fr(a).
Let t € [0,1]. Then by order-convexity,

(I=t)(a+Ma)v) +tla+u+ (M+kv=a+tu+ (1 —t)A(a) + (M +k))v € A

Therefore A(a + tu) < (1 —t)A(a) + t(M + k), which is our assertion. O
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Lemma 4.3.12. The map Fr is continuous on U.

Proof. Let z € U and V € Vi (x) be convex, open, bounded and such that A(V) is majorized
by some M € R,, which exists by Lemma 4.3.10. Let k£ € R, such that for all v,v" € V,
v+ kv > 0. Let | | be anorm on A and r > 0 such that B(z,r) C V, where B(x,r) = {u €
Allz —u| <r}. Let S={uecA| |lu—z|=r}. Let N =M + k.
Let y € S and t € [0,1]. By applying Lemma 4.3.11 with « = z and u = y — x, we get
that
AM(1—=t)z +ty) < Ma) +tN.

By applying Lemma 4.3.11 with a = (1 — ¢)z + ty and u = x — y, we obtain that
Mz) =M1 =tz +ty+tlx—y)) <A((1—t)z+ty) +tN.
Therefore for all t € [0,1] and y € S,

Mz) —tN < A((1—t)z + ty) < A(z) +tN.

Let (z,) € B(z,r)Y such that x, — x. Let n € N. One sets t,, = |x";z|. If t, = 0, one
chooses y,, € S. It t, # 0, one sets y, = = + %(a:n —z) € S. Then z, = t,y, + (1 —t,)x and
thus [A(z,) — A(2)| <, N — 0. Consequently A is continuous and we deduce that Fr; is
continuous. ]

4.3.3 Piecewise affineness of I, ,

In this subsection, we prove that there exists a finite set # of hyperplanes of A such that
Fr is affine on each connected component of U\ |Jy.,, H.

Let . be a finite set of walls such that Fr(ANA) is included in | J,,. , M, whose existence
is provided by Proposition 4.2.22. Let r = |.#|. Let p1,...,5, € ®., and (I3,...,4,) €
[T;_, A} such that .# = {M;] i € [1,7]} where M; = 8;'({I;}) for all i € [1,r].

If 4,5 € [1,r], with ¢ # j, B;(v)B;(v) # 0 and M; and M; are not parallel, one sets

R L—Bi(z) _ Li—=Bi=)
Hij = A{z € ARGo = “50)
the next lemma). Then H,; is a hyperplane of A. Indeed, otherwise H;; = A. Hence

’gj Ei; — ggg = ﬁjlgy) — Bil(iu)’ for all z € A. Therefore gj Ei; - gg‘zg = 0 for all z € A and thus
M, and M; are parallel: a contradiction. Let 2 = {H,;|i # j, Bi(v)B;(v) # 0 and M;

M;} U {M;|Bi(v) = 0}.
Even if the elements of 7 can be walls of A, we will only consider them as hyperplanes

of A. To avoid confusion between elements of .Z and elements of 7, we will try to use the
letter M (resp. H) in the name of objects related to .# (resp. J¢).

} (this definition will appear naturally in the proof of

Lemma 4.3.13. Let M = UM;,&M,E% M A M'. Then Fr~'(Mpq) C Unen H-

Proof. Let x € Fr~'(Mp). One has Fr(z) = 2 + Av, for some A € R. There exists i, j € [1,7]
such that ¢ # j, f;(Fr(x)) = ¢; and f;(Fr(z)) = ¢; and M; and M; are not parallel. Therefore

if B;(v)B;(v) # 0, A = ligﬁiy()x) = ljéﬁi(f) and thus = € H,;, and if 5;(v)B3;(v) = 0, x € My,

where k € {4, j} such that 5;(r) = 0, which proves the lemma. O

Lemma 4.3.14. One has ANA =Int(ANA).
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Proof. By Proposition 4.2.17, AN A is closed and thus Int(ANA) C ANA.
Let z € AN A. Let V be an open bounded set included in A N A. By Lemma 4.3.2
applied to x — V, there exists a > 0 such that for all v € V, v+ av > x. One has

V +av C AN A and by order convexity (Conséquence 2 of Proposition 5.4 in | 1.
conv(V + av,z) C ANA. As conv(V + av, z) is a convex set with nonempty interior, there
exists (z,,) € Int(conv(V + av, z))" such that x, — x, and the lemma follows. O

Let fi,..., fs be affine forms on A such that # = {f;'({0})]i € [1, s]} for some s € N.
Let R = (R) € {<,>,<,>}*. Onesets P, = Un{z € A (fi(zx) R 0) Vi € [1,s]}. If
R = (R;) € {<,>}% one defines R = (R]) € {<,>}* by R, = “ <" if R, = “ <” and
R, = “ >” otherwise (one replaces large inequalities by strict inequalities). If R € {<,>}",
then Int(Pgr) = Pr.

Let X = {R € {<,>}*|Pr # 0}. By Lemma 4.3.14 and Lemma 4.2.18, U = (e P
and for all R € X, Pr C A\Upcp H

Lemma 4.3.15. Let R € X. Then there exists M € A such that Fr(Pr) C M.

Proof. Let « € Pg. Let M € # such that Fr(z) € M. Let us show that Fr(Pg) € M. By
continuity of Fr (by Lemma 4.3.12), it suffices to prove that Fr(PR) C M. By connectedness of
Py it suffices to prove that Fr~ (M )N Pg is open and closed. As Fr is continuous, Fr™ (M )ﬂPR
is closed (in Pg).

Suppose that Fr~'(M) N Py is not open. Then there exists y € Px such that Fr(y) € M

and a sequence (y,) € PORN such that y, — y and such that Fr(y,) ¢ M for all n € N. For
all n € N, Fr(y,) € Upper M', and thus, maybe extracting a subsequence, one can suppose
that for some M' € 4, y, € M’ for all n € N.

As Fr is continuous (by Lemma 4.3.12), Fr(y) € M’. Thus Fr(y) € M N M’ and by
Lemma 4.3.13, y € Jye, H, which is absurd by choice of y. Therefore, Fr~ (M) N Py is
open, which completes the proof of the lemma. O

Lemma 4.3.16. Let R € X and M € .4 such that Fr(Pg) C M. Then v ¢ M and there
exists a (unique) affine morphism ¢ : A — M such that Fr|p, = p,. Moreover v induces
an isomorphism ¥ : A/Rv — M.

Proof. It y € U, Fr(y) = y + k(y)v for some k(y) € R. Let a € , such that M = o~ ({u})
for some u € —A/,. For all y € Py, one has a(Fr(y)) = a(y) + k(y)a(rv) = v and a(v) # 0

u—a(y)

because « is not constant on Pr. Consequently v ¢ M and Fr(y) =y + o) V- One defines
Yv:A— Mby vy =y+ u;(ay()y)u for all y € A and 1 has the desired properties. O

4.3.4 Local convexity of Ir,,

Let M € .# and M be its direction. Let T = 7 N M and Dys be the half-apartment
containing a shortening of R, » and whose wall is M.

Lemma 4.3.17. Let a € Fr(U) and suppose that for some Y € Vy (a), Fr(Y) € M for some
M € 4. Then Fr((a =+ Ty)N U) C Dy

Proof. Let u € (O]F‘I (a—Tar), u # a. Suppose Fr(u) ¢ Dy. Then Fr(u) = u— kv, with k > 0.
Then Fr(u) < u<a (which means that a —u € 7). Therefore for some )’ € Vy(a) such that
Y C Y, one has Fr(u )gu for all v € Y'. As a consequence AN A D conv()’, Fr(u)) and
thus Fr(u') ¢ M for all v’ € ). This is absurd and hence Fr(u) € Dy,.

76



Fr(z) — ET\]A Fr(z)

Figure 4.3.1 — Proof of Lemma 4.3.18 when dim H = 2 (the illustration is made in M)

Let v € UN (a+ Ta), v # a and suppose that Fr(v) ¢ Dy Then for o € [Fr(v),v)
near enough from v, a < v'. Therefore, [a,v'] C AN A. Thus for all ¢ €]a,v|, Fr(t) ¢ Dy, a
contradiction. Therefore Fr(v) € Dy, and the lemma follows. O

The following lemma is crucial to prove the local convexity of Fr, , for good choices of x
and y. This is mainly here that we use that A N A have nonempty interior.
Let Hy = UH;AH,E%H NH.

Lemma 4.3.18. Let 2 € U N (Uper H)\Hn and H € S such that x € H. Let Cy and
Cy be the half-spaces defined by H. Then there exists V € Vg (x) satisfying the following
conditions:

1. Forie{1,2}, let V; =V NC;. ThenV; C Py, for some R; € X.

2. Let M be a wall containing Fr(Pg,). Then Fr(V) C Dy;.

Proof. (see Figure 4.3.1) The set U\ Usrem (y H 1s open in U. Let V' € Vi (x) such that
V'O Umen gy H' = 0 and such that V” is convex. Let i € {1,2} and V/ =V'nN C;. Then
v/ cU\U ey H and V/ is connected. As the connected components of U\U new H are the
Py’s for R € X, V' satisfies 1. B

Let ¢ : A — M be the affine morphism such that ¢p, = Frjp, and ¢ : A/Rv - M
be the induced isomorphism, which exists by Lemma 4.3.16. Let m : A — A/Rv be the
canonical projection. As C is invariant under translation by v (by definition of the elements

of ) ¢¥(C1) = ¥(n(Ch)) is a half-space D of M. Let V' = V' N Cy. Then (V") =
(C) Np(r(V')) € Vp(Fr(z)).

Let g : M — R be a linear form such that D = g~!([b,+ocl), for some b € R. Let
e € {—1,1} such that for some u € €Ty one has g(u) > 0. Let n > 0. Then Fr(z +
nu) € x + nu + Ry and thus Fr(x + nu) = Fr(z) + nu + kv for some k € R. If 5 is small
enough that = + nu € V", kv = Fr(z + nu) — (Fr(z) + nu) € M and hence k = 0 (by
Lemma 4.3.16). Let Y = (V") + Rv and a = Fr(z) + nu. Then Y € Vy(a) and for all
ve Y, Fr(v) € M. By Lemma 4.3.17, Fr(U N (a — €Tas)) = Fr(U N (a — €Ta + Rr)) C Dy
Moreover, a — €Ty + Rv € Vi (x) and thus if one sets V = V' N (a — €Ty + Rv), V satisfies 1
and 2.

]
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4.3.5 Convexity of ANA
Let 7 = Uner H be the set of directions of the hyperplanes of 7.

Lemma 4.3.19. Let x,y € UNANA such that y—2x §é A and such that the line spanned
by [x,y] does not meet any point of Hn. Then [x,y] CU N ANA.

Proof. Let 7 : [0,1] — A defined by m(t) =tz + (1 — t)y for all ¢t € [0,1] and g = Fro .
Let f1,..., f, be affine forms on A such that % = {f;'({0}| i € [1,s]}. Asy —z ¢ 2,
for all i € [1, s], the map f; o g is strictly monotonic and 7' (U, H) is finite. Therefore,
there exist k£ € N and open intervals 77, . .., Ty such that [0,1] = Ule T, Ty <...<T, and
7(T;) C Pg, for some R; € X for all i € [1,k]. For all t € [0,1], g(t) = w(t) + f(t)v for
some f(t) € R. By Lemma 4.3.16 this equation uniquely determines f(¢) for all ¢ € [0, 1].
By Lemma 4.3.12, f is continuous and by Lemma 4.3.16, f is affine on each 7.

Let us prove that f is convex. Let i € [1,k — 1]. One writes T; =|a, b[. Then for ¢ > 0
small enough, one has f(b+¢€) = f(b) + ecy and f(b—¢€) = f(b) — ec_. To prove the
convexity of f, it suffices to prove that ¢ < c¢;.. Let M be a wall containing Fr(Pg,). As
m(b) e UN Upenr H\Hn, we can apply Lemma 4.3.18 and there exists V' € Vg 1)(b) such that
g(V) C Dys. Let h: A — R be a linear map such that Dy, = h™!([a, +o0[). For € > 0 small
enough, one has h(g(b+¢€)) > a and h(g(b —¢€)) = a.

For ¢ > 0 small enough, one has

hg(b+€)) = h(m(b) + e(y — x) + (f(b) + ecy)v)
= h(g(b) + e(y — z + cyv))
= a+e(h(y —z) +cih(v) = a,
and similarly, h(g(b —¢€)) = a — e(h(y — x) + c_h(v)) = a.
Therefore h(y —x) 4+ c h(v) > 0, h(y — ) +c_h(v) = 0 and hence (¢, —c_)h(r) > 0. As
Dy contains a shortening of R v, h(rv) > 0 and by Lemma 4.3.16, h(r) > 0. Consequently,

c_ <c¢y and, as i € [1,k — 1] was arbitrary, f is convex.
For all t € [0,1], f(t) < (1 —1¢)f(0)+tf(1). Therefore

(1—=1)g(0) +tg(1) =7(t)+ (L =) f(0) +tf(1))v en(t)+ f(t)v + Ryv = g(t) + Ryv.

By definition of Fr, if ¢ € [0,1], (1 —)g(0) + tg(1) € AN A. Moreover, there exist
A, > 0 such that = = ¢(0) + Av and y = ¢(1) + pv. Then 7(t) = (1 —t)z +ty =
(1—=1)g(0) +tg(1) + ((1 = t)A + tpu)v € AN A and hence [z,y] C ANA.

[

Lemma 4.3.20. Let 2,y € Int(A N A) and A = UHG%F[. Then there exists (x,,), (yn) €
Int(A N AN satisfying the following conditions:

1. x, > x and y, =y
2. foralln €N, y, —x, & H
3. the line spanned by [x,,y,] does not meet any point of Hp.

Proof. Let (z,) € (Int(A N A)\Hn)" such that =, — z. Let | | be a norm on A. Let n € N,
Let F' be the set of points z such that the line spanned by [z,, 2] meets Hn. Then F is a
finite union of hyperplanes of A (because H is a finite union of spaces of dimension at most
dim A —2). Therefore A\(FUz,+5) is dense in A and one can choose y,, € A\(F Uz, +.)
such that |y, —y| < n+r1 Then (z,) and (y,) satisfy the conditions of the lemma. O
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Lemma 4.3.21. The set AN A is convex.

Proof. Let z,y € Int(A N A). Let (z,),(yn) be as in Lemma 4.3.20. Let ¢ € [0,1]. As
Int(ANA) C U, for all n € N, tx, + (1 — )y, € ANA by Lemma 4.3.19. As AN A is closed
(by Proposition 4.2.17), tx+ (1 —t)y € ANA. Therefore Int(ANA) is convex. Consequently
ANA =Int(ANA) (by Lemma 4.3.14) is convex. O

We thus proved the following theorem:

Theorem 4.3.22. Let A and B be two apartments sharing a generic ray. Then AN B is

enclosed and there exists an isomorphism ¢ : A 3

Proof. By Lemma 4.3.21 and Lemma 4.3.1, AN B is convex. By Proposition 4.2.30, AN B

is enclosed and by Proposition 4.2.34, there exists an isomorphism ¢ : A 5 g, O]

4.3.6 A partial reciprocal

We now prove a kind of weak reciprocal of Theorem 4.3.22 when some group G acts strongly
transitively on Z and when Z is thick, which means that each panel is included in at least
three chambers. For example if G is a quasi-split Kac-Moody group over a ultrametric field
IC, it acts strongly transitively on the thick masure Z(G, K) associated.

Lemma 4.3.23. Let P be an enclosed subset of A and suppose that P # (. One fizes the
ortgin of A in some point of P. Let jp be the gauge of P defined in Section 4.2.4. Let
U = {x € Aljp(xz) # 0}. One defines Fr : U — P as in Lemma 4.2.26. One writes
P = ﬂle D;, where the D;’s are half-apartments of A. Let j € [1,k], M; be the wall of D;
and suppose that for all open subset V of U, Fr(V) € M;. Then P = ﬂie[[l,k]]\{j} D;.

Proof. Suppose that P ¢ ﬂie[[17k]]\{j} D;. Let V be a nonempty open and bounded subset
included in (Y;cpy g5 Di\P. Let n € N* such that 1y c P. Let v € V. Then [Lv,v] N
Fr(P) = {Fr(v)}. Moreover for all i € [1,k]\{j}, [Lv,v] C D;. As Fr(P) C Uieqiig Mi,
Fr(v) € M;: this is absurd and thus P = (;cpy 4\ 5y D

O

Lemma 4.3.24. Suppose that T is thick. Let D be a half-apartment of A. Then there exists
an apartment A of A such that D = AN A.

Proof. Let F be a panel of the wall of D. As 7 is thick, there exists a chamber C' dominating

F and such that C' ¢ A. By Proposition 2.9 1) of | |, there exists an apartment A
containing D and C. The set AN A is a half-apartment by Lemma 4.2.3 and thus ANA = D,
which proves the lemma. O

Corollary 4.3.25. Suppose that T is thick and that some group G acts strongly transitively
on Z. Let P be an enclosed subset of A containing a generic ray and having nonempty
interior. Then there exists an apartment A such that ANA = P.

Proof. One writes P = D1N...N Dy, where the D;’s are half-apartments of A. One supposes
that %k is minimal for this writing, which means that for all i € [1,n], P # ﬂje[[ljk]]\{i} D;.

For all i € [1,n], one chooses an apartment A; such that AN A; = D;. Let ¢; : A k A; and
g; € G inducing ¢;.

Letg=g¢1...grand A = g.A. Then ANA D D;N...NDy and g fixes D1N...NDy. Let us

show that ANA = {z € A|g.x = z}. By Theorem 4.3.22, there exists ¢ : A 0% A. Moreover
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g‘;l o¢p: A — A fixes Dy N...N Dy, which has nonempty interior and thus 9\,_&1 o ¢ = Idy,
which proves that AN A = {z € Alg.x = x}.

Suppose that ANA D DyN...N Dy. Let i € [1, k] such that there exists a € AN A\D,;.

One fixes the origin of A in some point of P, one sets U = {z € A| jp(z) # 0} and one
defines Fr : U — Fr(P) as in Lemma 4.2.26. By minimality of £ and Lemma 4.3.23, there
exists a nonempty open set V' of U such that Fr(V') C M;.

By the same reasoning as in the proof of Lemma 4.2.29, Fr(V) N M; is open in M.
Consequently, there exists v € Fr(V) such that v ¢ U;cp a4y My Let V7 € Vy(v) such
that V' 0 Ucpap gy M5 = 0 and such that V' is convex. Then V' C (V;cp o) D;. Let
V" = Fr(V)NnV'. By Theorem 4.3.22, [a,v] C AN A and hence ¢ fixes [a,v]. Moreover
for u € [a,v] near v, u € Njcppp gy Dj- Then gu = g1...6;.(giv1--- ge-u) = g1... gi-u.
Moreover, gi.u = g; ... .. gitu = u. Therefore u € D;, which is absurd by choice of w.
Therefore ANA=D;N...ND,=P. O

Remark 4.3.26. 1. In the proof above, the fact that P contains a generic ray is only

used to prove that AN A is conver and that there exists an isomorphism ¢ : A AT A

When G is an affine Kac-Moody group and I is its masure, we will see that these
properties are true without assuming that AN A contains a generic ray. Therefore, for
all enclosed subset P of A having nonempty interior, there exists an apartment A such

that ANA =P

2. Suppose that all panel of T is contained in at most three chambers. Then for all wall
M of I, there exists no pair (A, A") of apartments such that AN A" = M. Indeed, let
A be an apartment containing M, P be a panel of M and Cy,Cy be the alcoves of A
dominating P. Let A’ be an apartment containing P. If A" does not contain Cy, it
contains Coy and thus AN A" £ M. Therefore the hypothesis “P has nonempty interior”
is necessary in Corollary 4.3.25.

Proposition 4.3.27. Let 7 be a masure such that all panel is dominated by at most three
chambers. Then for all wall M of A, there exist no apartments A such that ANA = M.

Proof. Let A be an apartment containing M. Let P be a panel of A. Let C1,C5 be the
chambers of A dominating P. By hypothesis, there exists i € {1,2} such that A contains
C;. m

4.4 Axiomatic of masures

In this section, we simplify the axiomatic of masures.

In Subsection 4.4.1, we simplify it in the general case, using mainly Theorem 4.3.22.

In Subsection 4.4.2, we study the existence, for a given pair of faces, of an apartment
containing it.

In Subsection 4.4.3, we study the existence, for a given pair of faces included in two
apartments A and B, of an isomorphism A — B fixing this pair.

In Subsection 4.4.4, we simplify the axiomatic of masures in the affine case.

In Subsection 4.4.5, we give other definitions of strongly transitivity for the action of a
group on a masure (see Corollary 4.4.40 and Proposition 4.4.44).
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4.4.1 Axiomatic of masures in the general case

The aim of this section is to give an other axiomatic of masure than the one of | | and
[ |. For this, we mainly use Theorem 4.3.22.

We fix an apartment A = (S, W, A’). A construction of type A is a set endowed with a
covering of subsets called apartments and satisfying (MA1).

Let cl € CLy:. Let (MA i)=(MA1).

Let (MA ii) : if two apartments A, A" contain a generic ray, then A N A’ is enclosed and

. . . ANA’
there exists an isomorphism ¢ : A "— A’.

Let (MA iii, cl): if R is the germ of a splayed chimney and if F' is a face or a germ of a
chimney, then there exists an apartment containing R and F'.

It is easy to see that the axiom (MA ii) implies (MA4, cl) for all cl € CLy/. If cl € CLy,
(MA iii, cl) is equivalent to (MA3, cl) because each chimney is included in a solid chimney.

Let Z be a construction of type A and cl € CLy,. One says that Z is a masure of type
(1,cl) if it satisfies the axioms of | |: (MA2, cl), (MA3, cl), (MA4, cl) and (MAO). One
says that Z is a masure of type (2,cl) if it satisfies (MA ii) and (MA iii, cl).

The aim of the next two subsections is to prove the following theorem:

Theorem 4.4.1. Let 7 be a construction of type A and cl € CLx. Then I is a masure of
type (1,cl) if and only if T is a masure of type (1,c®) if and only if T is a masure of type
(2,¢l) if and only if T is a masure of type (2,cl¥).

Let us introduce some other axioms and definitions. An extended chimney of A is
associated to a local face F* = F*(z, F?) (its basis) and a vectorial face (its direction) F*,
this is the filter v.(F*, F¥) = F* + F*. Similarly to classical chimneys, we define shortenings
and germs of extended chimneys. We use the same vocabulary for extended chimneys as
for classical: splayed, solid, full, ... We use the isomorphisms of apartments to extend these
notions in constructions. Actually each classical chimney is of the shape cl(t.) for some
extended chimney t..

Let cl € CLy/. Let (MA2’, cl): if F is a point, a germ of a preordered interval or a splayed
chimney in an apartment A and if A’ is another apartment containing F' then AN A’ contains
the enclosure cls(F') of F' and there exists an isomorphism from A onto A’ fixing cla(F).

Let (MA2”, cl): if F'is a solid chimney in an apartment A and if A’ is an other apartment
containing F' then AN A" contains the enclosure cl4(F') of F' and there exists an isomorphism
from A onto A’ fixing cla(F).

The axiom (MAZ2, cl) is a consequence of (MA2’, cl), (MA2”, cl) and (MA ii).

Let (MA iii’): if R is the germ of a splayed extended chimney and if F' is a local face or
a germ of an extended chimney, then there exists an apartment containing R and F'.

Let Z be a construction. Then Z is said to be a masure of type 3 if it satisfies (MA ii)
and (MA iii’).

In order to prove Theorem 4.4.1, we will in fact prove the following stronger theorem:

Theorem 4.4.2. Let cl € CLy and T be a construction of type A. Then T is a masure of
type (1,cl) if and only T is a masure of type (2,cl) if and only if T is a masure of type 3.
The proof of this theorem will be divided in two steps. In the first step, we prove that
(MAO) is a consequence of variants of (MA1), (MA2), (MA3) and (MA4) (see Proposi-
tion 4.4.3 for a precise statement). This uses paths but not Theorem 4.3.22. In the second

step, we prove the equivalence of the three definitions. Omne implication relies on Theo-
rem 4.3.22.
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4.4.1.1 Dependency of (MAO)

The aim of this subsection is to prove the following proposition:

Proposition 4.4.3. Let Z be a construction of type A satisfying (MA2’), (MA iii’) and
(MAY). Then T satisfies (MAO).

We now fix a construction Z of type A satisfying (MA2’), (MA iii’) and (MA4). To prove
proposition above, the key step is to prove that if B is an apartment and if x,y € AN B is
such that <, y, the image by p_., of the segment of B joining z to y is a (y — z)™*-path.

Let a,b € A. An (a,b)-path of A is a continuous piecewise linear map [0, 1] — A such
that for all t € [0,1), 7'(t)* € W".(b—a). When a < b, the (a, b)-paths are the (b—a)*"-paths
defined in 4.2.2.2.

Let A be an apartment an 7 : [0,1] — A be a map. Let a,b € A. One says that 7 is an
(a,b)-path of A if there exists T : A — A such that T ox is a (Y(a), Y(b))-path of A.

Lemma 4.4.4. Let A be an apartment and a,b € A. Let 7 :[0,1] — A be an (a,b)-path in
A and f: A — B be an isomorphism of apartments. Then f o is an (f(a), f(b))-path.

Proof. Let T : A — A be an isomorphism such that T o7 is a (Y(a), Y(b))-path in A. Then
T =7To f~':B— Ais an isomorphism, Y o for is a (Y/(f(a)), Y'(f(b)))-path in A and
we get the lemma. O

The following lemma slightly improves Proposition 2.7 1) of | |. We recall that if A is
an affine space and x,y € A, [z,y) means the germ germ,([z,y]), (z,y] means germ,([z,y]),
.y SEE 3.5.

Lemma 4.4.5. Let R be the germ of a splayed extended chimney, A be an apartment of T

and x~,x" € A such that x= <4 x+. Then there exists a subdivision z; = x~,..., 2, = a1 of
[, 2] 4 such that for alli € [1,n—1] there exists an apartment A; containing [z;, zir1]aUR
[zi,zit1] A,

such that there exists an isomorphism ¢; : A~ — " A,.

Proof. Let u € [z, x"]. By (MA iii’), applied to (z~,u]) and [u,z+) there exist apartments
A, and A containing RU (x~,u] and R U [u, z7) and by (MA2’), there exist isomorphisms
oF A (gl A, and ¢, : A bz Af. For all u € [x7,27] and € € {—, 4}, one chooses a
convex set V¢ € [u,z) such that V¢ C AN AS and V is fixed by ¢¢. If u € [x7, 2], one
sets Vi, = Intj,- .+, (Vs UV,"). By compactness of [x7, 2], there exists a finite set K and
amap €: K — {—,+} such that [z7,27] = [, V™ and the lemma follows. O

Let q be a sector-germ. Then q is an extended chimney. Let A be an apartment containing
q. The axioms (MA2’), (MA iii’) and (MA4) enable to define a retraction p : Z % A as in
2.6 of | |.

Lemma 4.4.6. Let A and B be two apartments, q be a sector-germ of B and p : T 5% B.
Let x,y € A such that x <4y, 7:[0,1] = A mapping each t € [0,1] on (1 —t)x +4ty and
f:A— B be an isomorphism. Then po T is an (f(z), f(y))-path of B.

Proof. By Lemma 4.4.5, there exist k € N, ¢; =0 < ... < t; = 1 such that foralli € [1,k—1],
there exists an apartment A; containing 7([t;, t;41)]) Uq such that there exists an isomorphism

QS,L':AT([tﬁJFI]) AZ
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If : € [1,k — 1], one denotes by #; the isomorphism A; 3 B. Then for t € [ti,tit1], one
has p(7(t)) = 1; 0 ¢;(7(t)). Let T : B — A be an isomorphism. By (MA1), for all i € [1, k],
there exists w; € W such that T o¢; 0 p; = w; 0T o f.

Let 7 € [[]_7 k — 1]] and t € [ti,t“_l]. Then

YTopor(t)=Tohop;o7(t)=(1—t)w; 0T o f(x)+tw;oY o f(y).
Therefore po 7 is an (f(z), f(y))-path in B. O

Lemma 4.4.7. Let A € C’_}’ and 7 : [0,1] — A be a A-path. Then 7(1) — 7(0) <qv A.

Proof. By definition, there exists k € N, (t;) € [0,1]* and (w;) € (W?)* such that 2% ¢, =1
and 7(1) — 7(0) = S35 t;.w;. A\, Therefore (1) — 7(0) — A = S2F | ti(w;. A — A) and thus
m(1) = m(0) — A <qgy 0 by Lemma 2.2.9. O

Lemma 4.4.8. Let x,y € A such that x <, y and B be an apartment containing x,y. Let
75 1 [0,1] — B defined by 75(t) = (1 — t)x +p ty, s be a sector-germ of A and ps : T = A.
Then x <py and wp := ps o Tp 1s an (x,y)-path of A.

Proof. Maybe changing the choice of C?, one can suppose that y — z € C_}’ Let g be a

sector-germ of B, pp : T - B and 74 : [0,1] — A defined by 75(t) = (1 — t)x + ty. Let
¢: A — B. By Lemma 4.4.6, g := pgoTy is a (¢(x), ¢(y))-path of B from x to y. Therefore
r<py. Let Y = ¢_1_:B — A. Composing ¢ by some w € W7 if necessary, one can suppose
that ¥ (y) — ¢ (x) € CF.

By Lemma 4.4.6, ma is a (¢(x),¥(y))-path of A. By Lemma 4.4.7, we deduce that
y— 1 <qy ¥(y) — ¥(z).

By Lemma 4.4.4, ¢ o g is an (x,y)-path of A from ¢ (x) to ¥ (y). By Lemma 4.4.7, we
deduce that ¥ (y) — ¥ (r) <qgv y — . Therefore z —y = ¢(x) — ¢(y) and 7, is an (r,y)-path
of A. O]

If x,y € Z, one says that x < y if there exists an apartment A containing x,y and such
that © <4 y. By Lemma 4.4.8, this does not depend on the choice of A: if x < y then for all
apartment B containing x,y, one has x <p y. Thus we can apply Lemma 4.2.14.

We can now prove Proposition 4.4.3: Z satisfies (MAO).

Proof. Let x,y € A be such that © <, y and B be an apartment containing {x,y}. We
suppose that y —z € C_}’ Let ma : [0, 1] — A mapping each ¢t € [0,1] on p_o((1 —t)x +p ty).
By Lemma 4.4.8, 7 is an (z,y)-path from x to y. By Lemma 4.2.13, 74 (t) = x +t(y — x) for
all t € [0,1]. Then by Lemma 4.2.14, my(t) = (1 — t)x +p ty for all t € [0,1]. In particular
[z,y] = [z, y]p and thus Z satisfies (MAO). O

4.4.1.2 Equivalence of the axiomatics

As each chimney or face contains an extended chimney or a local face of the same type, if
cl € CLy, (MA iii, cl) implies (MA iii’). Therefore a masure of type (2,cl) is also a masure
of type 3.

If Ais an apartment and F is a filter of A, then cly(F) C cl%(F). Therefore for all
cl € CLx, (MA2', ) implies (MA2’, cl) and (MA iii, cI#) implies (MA iii, cl).

Lemma 4.4.9. Let cl € CLy and Z be a masure of type (1,cl). Then I is a masure of type
(2,cl).
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Proof. By Theorem 4.3.22, T satisfies (MA ii). By conséquence 2.2 3) of | |, Z satisfies
(MA iii, cl). O

By abuse of notation if Z is a masure of any type and if q, q’ are adjacent sectors of Z,
we denote by q N g’ the maximal face of § N ¢’. This has a meaning by Section 3 of | |
for masures of type 1 and by (MA ii) for masures of type 2 and 3.

Lemma 4.4.10. Let Z be a masure of type 3. Let A be an apartment, and X be a filter of
A such that for all sector-germ s of I, there exists an apartment containing X and s. Then
if B is an apartment containing X, B contains cl#(?( ) and there exists an isomorphism

o#
ng:Al Y B.

Proof. Let q and q' be sector-germs of A and B of the same sign. By (MA iii’), there exists
an apartment C' containing q and q’. Let q; = q,...,q, = q' be a gallery of sector-germs from
qtoq in C. One sets A; = A and A,,;; = B. By hypothesis, for all i € [2,n] there exists an
apartment A; containing q; and X'. For all ¢ € [1,n — 1], q; N ¢,41 is a splayed chimney and

. . AiNA;
A;N A1 D g N qip1- Therefore A; N A;yq is enclosed and there exists ¢; : A; L At

The set A, N A, 41 is also enclosed and there exists ¢, : A, An4nas Ay

If i € [1,n+ 1], one sets ¢; = ¢;_1 0...0¢;. Then 1); fixes A;N...NA;.

Let ¢ € [1,n] and suppose that A;N...NA; is enclosed in A. As 1); fixes A;N...NA;, one
has AjN...NA; =¢;(A;N...NA;) is enclosed in A;. Moreover, A; N A1 is enclosed in A;
and thus A;N...NA;;; is enclosed in A;. Consequently A;N...NA; 1 = 1/}2-_1(141 N...NA1)
is enclosed in A. Let X = A;N...N A,,1. By induction, X is enclosed in A and ¢ := 1,
fixes X. As X D X, X € cI#(X) and we get the lemma.

]

Lemma 4.4.11. Let Z be a masure of type 3. Then for all ¢l € CLy/, T satisfies (MA 1iii,
cl).

Proof. Each face is included in the finite enclosure of a local face and each chimney is included
in the finite enclosure of an extended chimney. Thus by Lemma 4.4.10, applied when X is a
local face and a germ of a chimney, Z satisfies (MA iii, c1*). Consequently for all cl € CLx,
7 satisfies (MA iii, cl), hence (MA3, cl) and the lemma is proved. ]

Lemma 4.4.12. Let Z be a masure of type 3 and cl € CLy,. Then T satisfies (MA2’, cl).

Proof. If A is an apartment and F is a filter of A, then cl(F) C cl* (F). Therefore it suffices
to prove that T satisfies (MA2’, cI#). We conclude the proof by applying Lemma, 4.4.10
applied when X is a point or a germ of a preordered segment. O

Using Proposition 4.4.3, we deduce that a masure of type 2 or 3 satisfies (MAO), as
(MA4) is a consequence of (MA ii).

Lemma 4.4.13. Let T be a masure of type 3. Let t be a chimney of A, vt = v(F*, F?), where
F* (resp. F*) is a local face (resp. wectorial face) of A. Let \# = germao(cl? (F¢, F?)).
Let A be an apartment containing v and R¥ and such that there exists ¢ : A ﬁ A. Then
A S A

Proof. One can suppose that FY C 61} Let U € R* such that U is enclosed, U C AN A
and such that U is fixed by ¢. One writes U = (\\_, D(B;, k;), with By,..., B € ®,. and
(K1, k) € TTizy A
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Let £ € F? such that U € cl(F* + FY +&). Let J = {i € [1,k]| Bi(§) # 0}. As
for all i € [1,7], D(Bi, ki) D n& for n > 0, one has (;(§) > 0 for all i € J. One has
U—¢=N", DB ki + Bi(€)). Let A € [1,+00| such that for all 4 € J, there exists ki € Aj,
such that k; 4+ 5;(€) < k; < k; + AB:i(€). Let U = (", D(B, k;). Then U —¢ C U C U — AL,
Therefore, U € . Let V' € v such that V' € AN A and such that V' + F*  V’. Then
V:=UNV'€r. Letv €V and § C F* be the ray based at 0 and containing £. By the proof

of Proposition 5.4 of | | (which uses only (MA1), (MA2’), (MA3), (MA4) and (MAO)),

there exists g, : A WA AV CU— A, there exists a shortening ¢' of v + ¢ included in U.

Then g;' o ¢ : A — A fixes ¢’. Consequently, g; ! o ¢ fixes the support of & and thus ¢ fixes
v: ¢ fixes V. Therefore ¢ fixes v and the lemma follows. m

Lemma 4.4.14. Let T be a masure of type 3 and cl € CLy. Then T satisfies (MA27, cl).

Proof. Let v = cl(F*, F?) be a solid chimney of an apartment A and A’ be an apartment
containing t. One supposes that A = A. Let t# = cl#(F, F¥) (resp. t. = F* 4 F?) and R#
(resp. M) be the germ of t# (resp. t.). By Lemma 4.4.10 applied with X = R,, there exists

oA ey By Lemma 4.4.13, ¢ fixes v and thus Z satisfies (MA2”, cl).
O

We can now prove Theorem 4.4.2: let ¢l € CLy. By Lemma 4.4.9, a masure of type
(1,cl) is also a masure of type (2,cl) and thus it is a masure of type 3. By Lemma 4.4.11,
Lemma 4.4.12 and Lemma 4.4.14, a masure of type 3 is a masure of type (1,cl) which
concludes the proof of the theorem.

4.4.2 Friendly pairs in Z

Let A = (A, W,A’) be an apartment. Let Z be a masure of type A. We now use the finite
enclosure cl = clf,, which makes sense by Theorem 4.4.1. A family (Fj}),es of filters in T is
said to be friendly if there exists an apartment containing | J I F}. In this section we obtain
friendliness results for pairs of faces, improving results of Section 5 of | |. We will use it
to give a very simple axiomatic of masures in the affine case. These kinds of results also have
an interest on their own: the definitions of the Iwahori-Hecke algebra of | | and of
the parahoric Hecke algebras of | | (see Chapter 5) relies on the existence of apartments
containing pairs of faces.

Ifze€Z ee{—,+} and A is an apartment, one denotes by F, (resp. F¢, F(A), C,, ...)
the set of faces of Z based at x (resp. and of sign €, and included in A, the set of chambers
of Z based at z, ...). If X' is a filter, one denotes by A(X’) the set of apartments containing
X.

Lemma 4.4.15. Let A be an apartment of Z, a € A and C1,Cy € C,(A). Let D, be the
set of half-apartments of A whose wall contains a. Suppose that Cy # Cy. Then there exists
D € D, such that D D> Cy and D 2 Cs.

Proof. Let C} and CY be vectorial chambers of A such that C = F(a,C}) and Cy = F(a,CY).
Suppose that for all D € D, such that D D (', one has D D Cs. Let X € (). There exists
half-apartments Dy, ..., Dy and Q € V4(a) such that X D ﬂle D; > QN (a+CY).

Let J = {j € [1,k]| D; ¢ D,}. For all j € J, one chooses Q; € V4(a) such that
D; D Q. If j € [1,k]\J, D; D Cy, thus D; O Cy and hence D§ O Cy. Therefore, there
exists §2; € Va(a) such that D D Q;N(z+C3). Hence, X D ﬂle D; D (ﬂ?zl Q)N (z+CY),
thus X € Cy and C; D Oy
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Let D € D, such that D D Cy. Suppose that D 2 Cy. Let D’ be the half-apartment
opposite to D. Then D’ D (4 and therefore D' O Cy: this is absurd. Therefore for all
D € D, such that D D Cy, D D (. By the same reasoning we just did, we deduce that
Cy D (4 and thus C; = (5. This is absurd and the lemma is proved.

m

The following proposition improves Proposition 5.1 of | |. It is the analogue of the
axiom (I1) of buildings (see the introduction).

Proposition 4.4.16. Let {x,y} be a friendly pair in T.

1. Let A € A({x,y}) and & be a ray of A based at x and containing y (if y # x, 0 is
unique) and F, € F,. Then (6, F}) is friendly. Moreover, there exists A’ € A(0 U F})

such that there exists an isomorphism ¢ : A RNy
2. Let (F,, F,) € F, x Fy. Then (F,, F,) is friendly.

Proof. We begin by proving 1. Let C, be a chamber of Z containing F,. Let C' be a chamber
of A based at x and having the same sign as C,. By Proposition 5.1 of | |, there exists
an apartment B containing C, and C. Let C; = C,...,C,, = C, be a gallery in B from C
to C,. If i € [1,n], one sets P;: “there exists an apartment A; containing C; and § such that

there exists an isomorphism ¢ : A 2 A;”. The property P; is true by taking A; = A. Let
i € [1,n—1] such that P; is true. If C;; = C;, then P, is true. Suppose C; # Ciyq. Let A;
be an apartment containing C; and 0. By Lemma 4.4.15, there exists a half-apartment D of
A whose wall contains z and such that C; C D and C; Q D. As C; and (), are adjacent,
the wall M of D is the wall separating C; and C;;1. By (MA2), there exists an isomorphism

¢:B G A;. Let M' = ¢(M) and Dy, D5 be the half-apartments of A; delimited by M’. Let
g € {1,2} such that D; D ¢. By Proposition 2.9 1) of | |, there exists an apartment

A; 41 containing D; and Cjp;. Let ¢; 1 A LN A; and ¢ : A; & Aiy1. Then oy : A LN At
Therefore P, is true. Consequently, P, is true, which proves 1.

Let us prove 2, which is very similar to 1. As a particular case of 1, there exists an
apartment A’ containing F, and y. Let C, be a chamber of 7 containing F,. Let C be
a chamber of A’ based at y and of the same sign as F,. Let ¢} = C,...,C,, = C, be a

gallery of chambers from C' to C,, (which exists by Proposition 5.1 of | |). By the same
reasoning as above, for all i € [1,n], there exists an apartment containing F, and C;, which
proves 2. ]

4.4.3 Existence of isomorphisms fixing preordered pairs of faces

A filter X of an apartment A is said to be intrinsic if for all apartment B € A(X) (which

means that B contains &), conv4(X) C AN B and there exists an isomorphism ¢ : A omAl)

B.

The aim of this subsection is to prove the theorem below. It improves Proposition 5.2,
Proposition 5.5 of | | and Proposition 1.10 of | ]. We will not use it in the
simplification of the axioms of masures in the affine case.

Theorem 4.4.17. Let x,y € Z such that v <y and (F,,F,) € F, x F,. Then F, UF, is
mtrinsic.
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To prove this our main tool will be Lemma 4.4.19, which establishes that under some
conditions, if P is included in two apartments and is fixed by an isomorphism of apartments,
the convex hull of P is also included in these apartments. We first treat the case where one
of the faces is a chamber and the other one is spherical.

4.4.3.1 Convex hull of a set fixed by an isomorphism

The following lemma is stated in the proof of Proposition 5.4 of | |:

Lemma 4.4.18. Let x,y € T such that x <y and x # y and A, B € A({x,y}). Let 4 be
the ray of A based at x and containing y and dg be the ray of B based at y and containing x.
Then there exists an apartment containing L = 04 U dp and in this apartment, L is a line.

If A is an affine space and X, X’ are two segment-germs, infinite intervals or rays, one
says that X' and X’ are parallel if the line spanned by X is parallel to the line spanned by
X'

The following lemma is a kind of reciprocal to Proposition 4.2.34.

If P C A and k € N, convg(P) was defined in Lemma 4.3.8.

Lemma 4.4.19. Let A be an apartment. Suppose that there exists P C AN A satisfying the
following conditions:

1. there exists u € T such that for all x € P, there exists U, € Vi_11(0) such that
r+U,uCP

2. there exists an isomorphism ¢ : A 5 A
Then conv(P) C ANA and ¢ fizes conv(P).

Proof. If k € N, one sets Py: “convg(P) C AN A and convy(P) satisfies 1 and 2”. Let us
prove that Py is true for all k € N. As if k € N, convy(P) = convy(convy(P)), it suffices
to prove that P; is true.

Let z,y € P. Let us prove that [z,y] C ANA. If e € {—,+}, one denotes by 5>
the direction of R!v and by 65 the direction of ¢(Rfu). Let 2/ € (z + 6,°)\{z} (resp.
y € (y + 0,°)\{y}) such that [z,2'] (vesp. [y,v']) is included in A and fixed by ¢. By
Lemma 4.4.18, L, = (x + 6;®°) U (' + ;) and L, = (y + ) U (v + 6,>) are lines of
some apartments of Z.

Let §> (resp. §,°°) be the face of Z° containing §,;>° (resp. §,°). By (MA3), there
exists an apartment A’ containing the germs of z + F> and of y + §,°. Then A’ contains
shortenings 2"+, > and y"+6,* of z+6,> and of y+0,>. Then A’ contains (2" -+, %)+,
and (y” 4 §,°°) + 6.

Let A, be an apartment containing L,. The apartment A, contains 6, and 6,>, and
6, is opposite to 6> in A,. Therefore (2" +8,°°)+8,> is aline of A, and as 2"/ +6;> C L,,
(2" + 6°) 4+ 6, = L,. By the same reasoning, A’ O L,. In particular, A’ contains z and
y. By Theorem 4.3.22, [z,y| = [z, y|la = [x,y]a. Therefore, for all z,y € P, [x,y] C ANA.

Consequently if z,y € P and U € V|_1,1)(0) is convex such that x +U.u C P, y+U.u C P,
then convy(x + U,y + U.u) = conv(x + U,y + Uu) C ANA. By Proposition 4.2.34, there

exists 1 @ A comet gyttt 4 e isomorphism ¢~to1 : A — A fixes v + Uu Uy + U.u,
hence it fixes its support; it fixes in particular conv(z + U.u, y + U.u). Thus ¢ fixes convy (P):
convy (P) satisfies 2. Moreover convy(P) satisfies 1 and it follows that for all £ € N, Py is
true.

By Lemma 4.3.8, conv(P) C AN A and ¢ fixes conv(P). We conclude by using Proposi-
tion 4.2.17 and Lemma 4.2.33. O]
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Lemma 4.4.20. Let A be an apartment and q,q" be opposite sector germs of A. Then A is
the unique apartment containing q and (' .

Proof. One identifies A and A. Let Q = 0+q and @' = 0+¢’. One has Q' = —Q. Let (e;);es
be a basis of A such that .., Rie; C @ and (e]) be the dual basis of A. Let A" be an
apartment containing q and g'. Let M € R such that A" D +{z € A|Vj € J, e}(z) > M}.
Let a € A. There exists b € {z € A[Vj € J, €j(r) > M} such that a € b+ q'. Therefore

a € A" and A’ D A. By (MA ii), there exists an isomorphism ¢ : A A" A Therefore q,q9

are two opposite sector-germs of A’ and by symmetry, A D A’. Thus A = A'. O

Proposition 4.4.21. Let A and B be two apartments such that AN B has nonempty interior.
Then AN B is convez if and only if there exists an apartment A’ such that d, (A, A’) =
d_(A", B) =0 and such that ANB C A'.

Proof. The implication < is a corollary of Theorem 4.3.22. Suppose that A N B is convex.

One identifies A and A. By Proposition 4.2.34, there exists an isomorphism ¢ : A “Y B Let
v € C} and 6, (resp. 05>) be the direction of Rt v (resp. of ¢(R*v)). By Lemma 4.4.18,
if z € mt(ANB), L, =+ 6, Uz + 65> is a line of some apartment A,. One has
c(z 4 0>) D« + Cf and cl(z + ;) D ¢(x — C}). Moreover, x + C} and ¢(z — CY)
are opposite in A, and thus A, = conv(+00, germs(¢(r — C7)). In particular A, is an
apartment containing +o0o and germeq(¢(—C%)). By Lemma 4.4.20, A, does not depend on
x and we denote it A'. If x € Int(AN B), x € L, C A, = A" and thus Int(A N B) C A". By
Proposition 4.2.17, AN B C A’, which proves the proposition. m

4.4.3.2 Case of a pair chamber-spherical face

Lemma 4.4.22. Let A be an apartment, r,y € A such that x <y and C' € Cr(A). Then if
B € A(CU[x,y)), there exists C" € CF(A) such that C" C B, (" D [x,y) and such that there
exists a sector Q of A based at x and satisfying Q D [z,y] and C" = germ,(Q).

Proof. One identifies A and A. We call a subset of A a face of T, if it is of the shape = + F"
for some positive vectorial face FY. Let X € C such that X is open and convex. Let 2z’ € X
such that x<z'. Let y' €]z,y] such that y'<z’ and z € X such that y’<z and such that
z — ' is not included in a direction of a wall of A. By Proposition 4.4.13 of | |, there
exists a finite number Fi, ..., F} of faces of T, such that [z,¢/] is included in Fy U ... U Fy.
One identifies [0, 1] and [z,y]. Then maybe renumbering and decreasing k, one can suppose
that there exists t; = 0 = 2z < ty < ... < t}41 = 1 = ¥/ such that for all i € [1,k],
[ti,tiv1] C Fi. As [ty,tr41] is not included in any wall, Fj is necessarily a chamber. Let FY
be the vectorial face such that Fy, = x + F. By order convexity, [z,4] C AN B and thus
Ttk +thy1) € ANB. As @ < $(t + tysa), [2, 2tk + te1)] € AN B and by Proposition 5.4

of | |, cl([z, 2(tk + te1)]) € AN B. Let @ be the sector containing the ray based at
and containing (¢, + tx+1). As cl([z, (¢ + tx11)]) contains the chamber C' = F(z, Fy), we
get the lemma. O]

Lemma 4.4.23. Let A be an apartment, x € A, Q a sector of A based al x and y € A such
that © <y and [x,y] C Q. Let C" = germ,(Q) € CH(A). Then if B € A(C'U[z,y]), ANB
contains conv4(C”, [z, y]).

Proof. Let X € C" such that X C AN B and z € X N Q. Let 6% be the ray of A based at x
and containing z and 0% be the ray of B based at z and containing [z, z]. By Lemma 4.4.18,
L = 6% U % is a line of some apartment A’. By Theorem 4.3.22, AN A’ is enclosed. As
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the enclosure of 6% contains Q, A’ O [z,y] U C" and conv(C’,[z,y]) = conva (C’, [z,y]).
Using Theorem 4.3.22 again, we get that conv 4 (C’, [z,y]) = convg(C’, [z, y]) and the lemma
follows. 0

Lemma 4.4.24. Let A be an affine space and U,V C A be two convex subsets. Then
convy (U, V) = conv(U, V).

Proof. The inclusion convy (U, V) C conv(U,V) is clear. Let a € conv(U,V). There exist
kol € Ny, ... oug € U, gty 00 € Voand (N;) € [0,1]5 such that S5 A, = 1 and
a=F M\u; + Zf;r,fH Avi. Let t =% N\ Tft € {0,1}, a € UUV. Suppose t ¢ {0,1}.
Then a =t>F, 2+ (1 —t) Zfi,fH (f\Tt) € convy (U, V'), which proves the lemma. O
Lemma 4.4.25. Let v,y € T such that x <y, (F,,C,) € F,7 x Cf with F, spherical. Then
F, Uy is intrinsic.

Proof. Let A, B € A(F,,C,). Let X € C, be convex, open, such that X C AN B and such

that there exists an isomorphism v : A X B. Let z € X such that y<z. Then z<z. Let
X' € F, such that X' ¢ AN B, X' is convex, relatively open and such that there exists an
isomorphism ¢' : A X B. Let U € Vy (x) be convex and V' € V4(z) be convex and open and
such that for all (u,v) € U x V, u<wv. Let P = conv(U,V) = conv{(U,V). Then P C AN B
and by Proposition 4.2.34 there exists an isomorphism ¢ : A £ B. As PNV has nonempty
interior, ¢ = ¢. As ¢y = ¢, ¢ fixes X'. Therefore ¢ fixes Int,.(X') UInt(X). As F, is

spherical, one can apply Lemma 4.4.19 and we deduce that conv 4 (Int, (X’),Int(X)) C ANB
and is fixed by ¢ and the lemma follows. m

Lemma 4.4.26. Let A be an apartment, x,y € T such that x <y and Q be a sector of A
based at x and such that [z,y] C Q. Let C, = F(x, F*(x,Q)) and F, € F, spherical. Then
C, U Fy is intrinsic.
Proof. Let B € A(C, UF,). Let X; € conva(Cy,[z,y]) such that X; is convex and X; C
AN B, which exists by Lemma 4.4.23. Let P, = X;. By Proposition 4.2.34, there exists an
isomorphism ¢; : A EiNy:3 ) .

If F, is positive, one sets R = “<” and if F), is negative, one sets R = “>”. Let X, € F,
such that Xo C AN B, such that there gxists Pyt A X2 B and such that X5 1s convex and
Py = Int,(X3). Let z € Py such that y R z. Let (U, V) be such that V' € Vp,(2) is convex

and relatively open and U C P; is open and convex and such that for all w € U and v € V,
u R v. Then Py = conv(U, V) = convy(U, V) is included in AN B. By Proposition 4.2.34,

there exists ¢3 : A % B
The map ¢, fixes Py, ¢3 fixes P; and P, N P; has nonempty interior. Therefore ¢; = ¢s.
As Qajv = dojv, D3jsupp(v) = P2jsupp(v) and @3 fixes P,. Consequently, ¢, fixes P, U P;.

One identifies A and A. Let u; € supg(Pg) N 70’, which exists because F), is spherical. As
P, is relatively open and P is open, Py U P, satisfies conditions 1 and 2 of Lemma 4.4.19 (with
u=wu; and P = P, U P,). Consequently conv(P; U P,) C AN B and ¢, fixes conv(P; U P,).
Moreover, P; € C, and

conv(P; U P) D conv(P, U Py) = conv(P; U X3) D conv(C, U F).
Therefore C, U F,, is intrinsic, which is our assertion. O

Lemma 4.4.27. Let z,y € T such that x <y, C, € C} and F, € F, spherical. Then C,UF,
1S 1ntrinsic.
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Proof. Let A, B € A(C, U F,), which exist by Proposition 4.4.16. Let Q) be a sector of A
based at z such that [z, y] C Q and such that ' = F(z, F*(z,Q)) C AN B, which is possible
by Lemma 4.4.22. Let X, € F, (resp. X’ € (') such that X, is relatively open, included in

AN B and such that there exists ¢ : A XX B, which exists by Lemma 4.4.26. Let X € C

open, included in A N B and such that there exists an isomorphism 1 : A X B , which
is possible (reducing X’ if necessary) by Proposition 5.2 of | |. Then ¢ = ¢ and we
conclude with Lemma 4.4.19. O

4.4.3.3 Conclusion

In order to deduce Theorem 4.4.17 from Lemmas 4.4.25 and 4.4.27, we first prove that if
C' and C' are chambers of the same sign dominating some face F', there exists a gallery of
chambers dominating F' from C' to C’, which is Lemma 4.4.31.

Lemma 4.4.28. Let CV (resp. F') be a positive chamber (resp. positive face) of A. Then
conv(C", FV) contains a generic ray § based at 0 such that cl(6) D F".

Proof. Let (a,b) € C* x F" such that b — a is not included in any wall direction of A and
such that cl(Rib) = F". By Proposition 4.4.13 of | |, there exists a finite number
FY, ..., F} of vectorial faces such that [a,b] is included in F} U ... U FY. One identifies [0, 1]
and [a,b]. Then maybe renumbering and decreasing k, one can suppose that there exists
t1=0=a <t <...< tht1 = 1 = b such that for all i € Hl,k]], [ti,tiJrl] C F;-v. As
[t,te41] is not included in any wall, F}Y is necessarily a chamber. Let 6 = R* (¢ + tgy1).
Then cl(§) = F{ D F?, which is our assertion. O

Lemma 4.4.29. Letx € A, e € {—, 4} and C,C" € CS. Suppose that C D C'. Then C = C".

Proof. Suppose that C' # C’. Then there exists X € C'\C. There exists disjoint finite sets
J,J° and a family (D;);esue of half-apartments such that X > (1, D;jN[;c 0 Dj and such
that D; € C" for all j € J and D}, € C" for all j* € J°. There exists j € JU J° such that D;
or D is not in C. Let D} be the half-apartment of A opposite to D;. Then D} € C\C": a
contradiction. Thus C' = C". O

Lemma 4.4.30. Let a € A and F = F(a,F") be a positive face based at a, with F* a
vectorial face of A. Let C' be a positive chamber based at a and dominating F'. Then there
exists a vectorial chamber CV dominating F* such that C' = F(a,C").

Proof. Let D (resp. D,) be the set of half-apartments of A (resp. whose wall contains a).
Let C" be a vectorial chamber such that C' = F(a,C"™). Let § C conv(C", F’) such that
cl(0) is a vectorial chamber CV containing F", which exists by Lemma 4.4.28. Let us prove
that C' = F(a,C").

Let X’ € C. Then there exists disjoint finite sets J and J° and a family (D;) € D’%/° such
that if X = (;c; D; N (yeso Dy, X' D X D F¥(a,C"). One has X € C and thus X D F.
Moreover, as X is nonempty, X = Njes DiNNieso Di- Let L ={j € JUJ°| D; € D,}. One
has X = QN [, D¢, where € Vy(a) is a finite intersection of open half-apartments. Let
¢e L. Then Dy D a+ C"Ua+ F' and thus Dy D a + conv(C", F¥). Therefore Dy D a+ 9
and hence D, D a+ C”. As C" does not meet any direction of a wall of A, a +C" N M, =0,
where M, is the wall of D,. Consequently, D; D a + C" and thus X € F(a,C"). Therefore
F(a,C") C F(a,C") = C. By Lemma 4.4.29, C = F(a,C") and the lemma follows. O
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Type of a vectorial face Let F¥ be a positive vectorial face. Then F¥ = w.F"(J) for
some w € WV and J C I (see 2.2.2.2). The type of F" is J. This does not depend on the
choice of w by Section 1.3 of | |-

If x € Z and F € F,, we denote by Cr the set of chambers of Z dominating F'.

Lemma 4.4.31. Let v € Z and F € F,. Then if C,C" € Cg, there exists a gallery C' =
Ch,...,C, =C" of elements of Cr from C to C".

Proof. By Proposition 5.1 of | | (or Proposition 4.4.16), there exists A € A(C U C").
One identifies A and A. One writes F' = F(z, F), where F" is a positive vectorial face of A.
By Lemma 4.4.30, one can write C' = F(z,C") and C' = F(x,C"), where C"” and C" are
two positive vectorial chambers dominating F. Let J C I be the type of F'¥. There exists
w € WY such that C" = w.C". Then w.F" is the face of C" of type J: w.F¥ = F". By
Section 1.3 of | |, the stabilizer W of F is conjugated to WV(J) = (r;| j € J). As
(W¥(J),{r;| 7 € J}) is a Coxeter system, there exists a gallery C} = C",...,Cy = C" from
C" to C" such that F¥ C C} for all i € [1,n]. We set C; = F(x,C?) for all i € [1,n] and
C1,...,C, has the desired property. n

IfzeZ ee{— +}and C,C" € CS are different and adjacent, one denotes by C' N C’
the face between C' and C’ in any apartment containing C' and C’. This is well defined by
Proposition 5.1 and Proposition 5.2 of | |.

Lemma 4.4.32. Let a,b € Z, ¢ € {—,+} and C, € C,. Suppose that for all F, € Fj
spherical, C, U Fy, is intrinsic. Then for all F, € Fy, Cy U Fy, is intrinsic.

Proof. Let F, € Fi. Let A,B € A(C, UF,). Let Ci* € C5,(A) and CF € Cf (B). Let
C, =Cf,...,C, = CP be a gallery of chambers of Cf, from C# to CB, which exists by
Lemma 4.4.31. One sets A; = A and A,, = B. By Proposition 4.4.16, for all i € [2,n — 1],
there exists an apartment A; containing C, and C;. For all i € [1,n — 1], A; N Ay D
C, U C; N Ciyq and by hypothesis, conva, (C; N Ciyq,Cy) C A; N A;q and there exists an
isomorphism ¢; : A; — A;4; fixing convy, (C; N Ciyq, Cy). In particular, conv gy, (Cy, ) =
convy, ,(Cq, Fy) C A; N Ay and ¢; fixes convy,(Cy, Fy). By induction A N B contains

convy(C,, Fy) and ¢ = ¢p,_10...0¢1: A COHVAL(;Q’FE’) B and the lemma is proved. O

We now prove Theorem 4.4.17:
Let z,y € T such that = <vy. Let (F,, F,) € F, x F,. Then F, U F,, is intrinsic.

Proof. We have four cases to treat, depending on the signs of F, and Fj,. The case where F,
is negative and F, is positive is a particular case of Proposition 5.5 of | |.
Suppose that F, and F,, are positive. Let (F,, F,) € F,f x F,7 and A, B € A(F,UF,). Let

(C,CP) € Cp,(A) x Cp,(B). Let A’ € A(C{fUCP). By Lemma 4.4.25, Lemma 4.4.27 and

Lemma 4.4.32, CAUF, and F, U C’B are intrinsic. Therefore there exists ¢ : A COHVA (GeF) A’

and ¢ : A’ COHVA(FJ: 2 B. Then conv4(Fy, Fy) = conv/ (F,, F,) = convg(F,, F,) and ¢ o ¢ :
AT B, Consequently F, U F), is intrinsic.

Suppose F; and F), are negative. We deduce the fact that F, U F), is intrinsic from the
previous case by exchanging the signs. Indeed, let A’ be the vectorial space A equipped with
a structure of apartment of type —A: the Tits cone T’ of A’ is —7, ... We obtain a masure
T' of type A" with underlying set Z. Let (F}, F,) € F, x F,”. One has y <" x and F, and F,
are positive for Z'. Therefore F, U F), is intrinsic in 7" and thus in Z.
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Suppose that F, is positive and F), is negative. Let A, B € A(F,,F,) and (CZ,CP) €
Cr,(A) x Cp,(B). By Lemma 4.4.27 and Lemma 4.4.32, C2* U F, is intrinsic. As the roles
of 7 and —7T are similar, F}, U Cf is also intrinsic and by the reasoning above, F, U F), is
intrinsic. [l

4.4.4 Axiomatic of masures in the affine case

In this section, we study the particular case of a masure associated to irreducible affine Kac-
Moody matrix A, which means that A satisfies condition (aff) of Theorem 4.3 of | |.
Let & be a generating root system associated to an irreducible and affine Kac-Moody
matrix and A = (S, W, A’) be an apartment. By Subsection 2.3.1, one has T = {v € A|§(v) >
0} for some imaginary root § € Qn\{0} and T = T U Ay, where A, = Nicr ker(a;).
We fix an apartment A of affine type.

Let (MA af i)=(MA1).

Let (MA afii) : let A and B be two apartments. Then AN B is enclosed and there exists
oA B

Let (MA af iii)= (MA iii).

The aim of this subsection is to prove the following theorem:

Theorem 4.4.33. Let T be a construction of type A and cl € CLy.. Then I is a masure for
cl if and only if T satisfies (MA af i), (MA af ii) and (MA af i1, cl) if and only if T satisfies
(MA af i), (MA af i) and (MA af i, c1¥).

Remark 4.4.34. Actually, we do not know if this axiomatic is true for masures associated
to indefinite Kac-Moody groups. We do not know if the intersection of two apartments is
always convex in a masure.

The fact that we can exchange (MA af iii, c1*) and (MA af iii, cl) for all cl € CLy follows
from Theorem 4.4.2. The fact that a construction satisfying (MA af ii) and (MA af iii, cI*)
is a masure is clear and does not use the fact that A is associated to an affine Kac-Moody
matrix. It remains to prove that a masure of type A satisfies (MA af ii), which is the aim of
this section.

Lemma 4.4.35. Let A and B be two apartments such that there exist x,y € AN B such that
<y and x #vy. Then AN B is convex.

Proof. One identifies A and A. Let a,b € AN B. If §(a) # §(b), then a < b or b < a and
la,b] C B by (MAO). Suppose §(a) = 6(b). As §(x) # §(y), one can suppose that §(a) # d(x).
Then [a,z] C B. Let (a,) € [a,x]N such that 6(a,) # d(a) for all n € N and a,, — a. Let
t € [0,1]. Then ta, + (1 —t)b € B for all n € N and by Proposition 4.2.17, ta+ (1 —t)b € B:
AN B is convex. ]

Lemma 4.4.36. Let A and A’ be two apartments of Z. Then AN A’ is convex. Moreover, if
x,y € AN A, there exists an isomorphism ¢ : A [xﬁ;A Al
Proof. Let z,y € AN A" such that x # y. Let C, be a chamber of A based at z and

C, be a chamber of A’ based at y. Let B be an apartment containing C, and C,, which
exists by Proposition 4.4.16. By Lemma 4.4.35, AN B and A’ N B are convex and by

Proposition 4.2.34, there exist isomorphisms ¢ : A % B and V' B A8 4'. Therefore
[z, yla = [x,y|B = [x,y]a. Moreover, ¢ =1’ o) fixes [x,y]s and the lemma is proved. [
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Theorem 4.4.37. Let A and B be two apartments. Then AN B is enclosed and there exists

. . AnB
an isomorphism ¢ : A — B.

Proof. The fact that A N B is enclosed is a consequence of Lemma 4.4.36 and Proposi-
tion 4.2.30. By Proposition 4.2.22, there exist ¢ € N, enclosed subsets P;,..., P, of A

such that supp(A N B) = supp(P;) and isomorphisms ¢; : A B for all j € [1,4]. Let

z € Int,(P) and y € AN B. By Lemma 4.4.36, there exists ¢, : A Y B Then gb;l o ¢y
fixes a neighborhood of = in [z,y] and thus ¢, fixes y, which proves the theorem. O

4.4.5 Group acting strongly transitively on a masure

In this subsection, we give equivalent definitions of strongly transitivity for a group acting
on a masure. We begin by a definition adapted to the new axiomatic of masures and then
give a simpler definition when 7 is thick.

4.4.5.1 Definition adapted to the new axiomatics

Lemma 4.4.38. Let G C Aut(Z). Then G acts strongly transitively on Z if and only if all
the isomorphisms of apartments fizing a sector-germ are induced by elements of G.

Proof. The implication = follows directly from (MA4).

Reciprocally, suppose that all the isomorphisms of apartments fixing a sector-germ are
induced by an element of G. Let A and B be two apartments. Let X C AN B be a convex
set such that there exists ¢ : A - B. Let (UL, P, (¢1)ies) be a G-compatible decomposition
of AN B in enclosed subsets, which exists by Proposition 4.2.22. Let ¢ € [1, k] such that
X N P; has nonempty interior in X. Let ¢ € G inducing ¢; on A. Then ¢;' o ¢ is an
affine automorphism of A fixing X N P; and thus it fixes X. Therefore g induces ¢ on A.
Consequently all the isomorphisms of (MA2) are induced by elements of G, thus G acts
strongly transitively on Z and the lemma is proved. O]

Remark 4.4.39. The lemma above is also proved in [ | but in a different way (see
Proposition 4.7). It will be improved in chapter 8 (see Proposition 8.4.3).

Corollary 4.4.40. 1. Let T be a masure. A group G acts strongly transitively on I if
and only if all the isomorphisms of apartments involved in (MA i) are induced by an
element of G.

2. Let T be a masure of affine type. A group G acts strongly transitively on T if and only
if all the isomorphism of apartments involved in (MA af ii) are induced by an element
of G.
4.4.5.2 Strongly transitive action and thickness

We now give a simpler definition of strongly transitivity when Z is thick.

Lemma 4.4.41. Suppose that there exists a group G acting strongly transitively on L. Then
for all pair (A, B) of apartments, there ezists g € G such that g.A = B.

Proof. Let qa,qp be sector-germs of A and B and A’ be an apartment containing q4 and qg.
By (MA4) and Remark 3.2.4, there exists g1, ¢> € G inducing A 3 A" and A’ 8 B. Then
g2.91.A = B, and the lemma follows. O
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Lemma 4.4.42. Suppose that a group G acts strongly transitively on Z. Let A be an apart-
ment, M be a wall of A, s be the reflexion of A fixzing M and Dy be a half-apartment of A
delimited by M. Suppose that some panel P C M is dominated by a chamber C not included
in A. Then there exists g € G inducing s on A.

Proof. By Lemma 4.4.41, one can suppose that A = A. Let D, be the half-apartment of A

opposite to M. By Proposition 2.9 1) of | |, there exists an apartment A, containing
C and D. By (MA ii), AN Ay = D;. Let D3 be the half-apartment of Ay opposed to
D;. By Proposition 2.9 2) of | |, A1 := Dy U D3 is an apartment. Let ¢35 @ A Dy As,

a1 1 A Dy Ay and ¢13 : Ay D . By Remark 3.2.4 and (MA4), there exist g2, g21, 13 € G
inducing ¢35, ¢21 and ¢13. By Lemma 4.2.5, the following diagram is commutative:

A P32 A,

and thus g13.¢g21.932 induces s on A. O

Remark 4.4.43. Suppose that a group G acts strongly on Z. The choice of the Weyl group
W (and thus of Q) imposes restrictions on the walls that can delimit the intersection of two
apartments. Let A be an apartment and suppose that AN A = D(a, k) for some o € P,
and k € Al,. Then k € %Oé(Qv). Indeed, by Lemma 4.4.42, there exists g € G inducing the
reflezion s of A fixzing M(c, k) and thus s € Isom(A,A) = W. The vectorial part s of s
fizes M(«,0). As W = W' x QV, s = to§, wheret is a translation of vector ¢* in Q.
If y € M(a, k), one has a(s(y)) = k = a(q") — k and therefore k € $a(Q"). In particular
if T is thick, then A, C %a(@v) for all a € ®,.. This could enable to be more precise in
Proposition 4.2.8.

Proposition 4.4.44. Suppose that T is thick. Then a group G of automorphisms of I acts
strongly transitively on it if and only if for all apartments A, B and all (Weyl)-isomorphism
of apartments ¢ : A — B, there exists g € G inducing ¢.

Proof. The implication < is clear without assumption of thickness of Z. Reciprocally, sup-
pose that G acts strongly transitively on Z.

By Lemma 4.4.42 and definition of the Weyl group W, if A is an apartment, all element
of Isom(A, A) is induced by an element of G.

Let A and B be two apartments and ¢ : A — B be an isomorphism. By Lemma 4.4.41,
there exists ¢ € GG such that ¢.B = A. Let ¢ = gl‘g. Then v o ¢ € Isom(A, A), thus there
exists h € G inducing 1) o ¢ on A. Then g~'.h induces ¢ on A, which proves = and the
proposition is proved. []

Remark 4.4.45. In | |, Ciobotaru, Miihlherr and Rousseau study criteria of strong
transitivity. They give a criteria involving the action on the twin building at infinity, see
Theorem 1.7 of loc. cit.
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Chapter 5

Hecke algebras for Kac-Moody groups
over local fields

5.1 Introduction

Let G be a split reductive group over a local field. The theory of smooth representations of
G is strongly related to the representation theory of Hecke algebras of G, which are algebras
associated to open compact subgroups of G.

When G is a split Kac-Moody group over a local field (not reductive), there is up to now
no definition of smoothness for the representations of G. However Braverman, Kazhdan and
Patnaik (in the affine case) and Bardy-Panse, Gaussent and Rousseau (in the general case)

define certain Hecke algebras of G: the spherical Hecke algebra Hs (] | and | 1.
associated to the spherical subgroup Ky = G(QO), which is the fixer of some vertex 0 in the
masure Z of G and the Iwahori-Hecke algebra H (| | and | |) associated to the

Iwahori subgroup K7, which is the fixer of some alcove C of Z based at 0. In this chapter,
we associate Hecke algebras to fixers of faces between 0 and Cf and study the center of the
Iwahori-Hecke algebra of GG. Let us be more precise.

Smooth representations and Hecke algebras in the reductive case Our reference
for this paragraph is Chapter 4 of | .

Let G be a connected split reductive group, K be a non-archimedean local field and
G = G(K). Then G is locally profinite and in particular the set of compact open subgroups
is a neighborhood basis of the identity. A smooth representation of G (over C) is a couple
(m, V) where V is a vector space over C and m : G — GL(V) is a morphism such that for
all v € V| {g € G|n(g)(v) = v} is open in G. In order to study these representations, one
introduces Hecke algebras. Let H(G) = C°(G) be the set of functions f : G — C which are
locally constant and of compact support. Let u be a Haar measure on G. If fi, fo € H(G)
and g € GG, one sets

fo % falg) = /G £1(0) fale g)du(a).

Then f1 * fo € H(G) and (H(G), %) is an associative algebra, the global Hecke algebra
of G over C. A left H(G)-module M is said to be smooth if it satisfies H(G).M = M.
Then the category of “smooth representations of G over C” is equivalent to the category of
“smooth H(G)-modules”.

Let K C G be an open and compact subgroup. Let ex = ﬁ]l[( : G — C. Then

ex € H(G) and ek x e = ex. Then H(G) = ex x H(G) * ek is a subalgebra of H(G) with
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unit ex. This is the Hecke algebra of G over C relative to K.

Let (m,V) be a smooth representation of G. One denotes by VX the space {v € V| Vk €
K, m(k)(v) = v}. Then VE is an Hx(G)-module. The process (m,V) — VX induces a
bijection between the following sets of objects:

- equivalence classes of irreducible smooth representations (7, V') of G such that VX # 0
- equivalence classes of simple H g (G)-modules.

If 7 is the Bruhat-Tits building of G, the fixers of faces between a special vertex 0 and
an alcove Cy based at 0 are open and compact.

Parahoric Hecke algebras Suppose now that G is a split Kac-Moody group over a local
field. There is up to now no global Hecke algebra of G and no more topology analogous to
the topology of reductive groups. Let Z be the masure of GG, 0 be a special vertex of Z and
C{ be an alcove based at 0. Let K be the fixer of some face between {0} and Cj. We begin
by proving that we cannot turn G into a topological group in such a way that K is open and
compact (see Proposition 5.2.8). This applies in particular to K and K.

We then construct a Hecke algebra associated to each fixer of a spherical face F' be-
tween {0} and Cj, spherical meaning that the fixer of F' in the Weyl group is finite (see
Theorem 5.3.14). Our construction is very close to the one of Bardy-Panse, Gaussent and
Rousseau of the Iwahori-Hecke algebra. When F' is no more spherical and different from
{0} (this case does not occur when G is affine), we prove that this construction fails: the
structure constants are infinite (see Proposition 5.3.22).

Spherical and Iwahori-Hecke algebras in the reductive case Suppose G reductive.
Let us recall some properties of the spherical Hecke algebra H, and the Iwahori-Hecke algebra
H of G. By Satake isomorphism, if W is the Weyl group of G and @)} is the coweight lattice
of G, H, is isomorphic to C[Q¥]"", which is the sub-algebra of W’-invariant elements of the
algebra of the group (@3, +).

The Iwahori-Hecke algebra H has a basis indexed by the affine Weyl group of G - the
Bernstein-Lusztig basis - and the product of two elements of this basis can be expressed with
the Bernstein-Lusztig presentation. It enables to determine the center of H and one sees that
it is isomorphic to the spherical Hecke algebra of G. We summarize these results as follows:

Hy — ClQz]"" —H, and Im(g) = Z(H)
g

where S is the Satake isomorphism and ¢ comes from the Bernstein-Lusztig basis.

Completed Iwahori-Hecke algebra We no more suppose G to be reductive. Braverman,
Kazhdan and Patnaik and Bardy-Panse, Gaussent and Rousseau obtain a Satake isomorphism
and Bernstein-Lusztig relations. In this framework, the Satake isomorphism is an isomor-
phism between H, := Hy, and C[[Y]]"", where Y is a lattice which can be thought of as the
coweight lattice in a first approximation (but it can be bigger, notably when G is affine) and
C[[Y]] is the Looijenga’s algebra of Y, which is some completion of the group algebra C[Y]
of Y. Let H be the Iwahori-Hecke algebra of G. As we shall see (Theorem 5.5.19), the center
of H is more or less trivial. Moreover, C[[Y]]"" is a set of infinite formal series and there
is no obvious injection from C[[Y]] to . For these reasons, we define a “completion” # of
H. More precisely, let (Z*H,,) ey + wewr, where Y ¥ is a sub-monoid of Y, be the Bernstein-

Lusztig basis of H. Then H is the set of formal series > Aev+ Cu, z\Z*H,,, whose support

weWv
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satisfies some conditions similar to what appears in the definition of C[[Y]]. We equip it
with a convolution compatible with the inclusion H C H. The fact that this product is well
defined is not obvious and this is our main result: Theorem 5.5.10. We then determine the
center of H and we show that it is isomorphic to C[[Y]]"" (Theorem 5.5.19), which is similar
to the classical case. We thus get the following diagram:

~

H, % C[[Y]]W”?ﬁ, and Im(g) = Z(7),

where S is the Satake isomorphism (see Section 8 of | | or Theorem 5.4 of | D,
and g comes from the Bernstein-Lusztig basis.

Framework Actually, this chapter is written in a more general framework: we ask Z to
be an abstract masure and G to be a strongly transitive group of (vectorially Weyl) au-
tomorphisms of Z. This applies in particular to almost-split Kac-Moody groups over local
fields. We assume that Z is semi-discrete (which means that if M is a wall of A, the set of
wall parallel to M is discrete) and that Z has finite thickness (which means that for each
panel, the number of chamber containing it is finite). The group G is a group acting strongly
transitively on Z. Let N be the stabilizer of A in G and v : N — Aut(A) be the induced
morphism. We assume moreover that v(N) =Y x W?.

Organization of the chapter In Section 5.2, we prove that if K is the fixer of some face
between 0 and Cyf, there exists no topology of topological group on G for which K is open
and compact (see Proposition 5.2.8).

In Section 5.3, we associate Hecke algebras to spherical faces (see Theorem 5.3.14) and
we prove that the same definition leads to infinite structure coefficients when F' # 0 is not
spherical (see Proposition 5.3.22).

In Section 5.4, we introduce the Looijenga’s algebra of Y and recall the definition of the
spherical Hecke algebra and of the Satake isomorphism in the Kac-Moody framework.

In Section 5.5, we recall the Bernstein Lusztig presentation in the Kac-Moody framework,
define the completed Iwahori-Hecke algebra (see Theorem 5.5.10) and determine the center
of the Iwahori-Hecke algebra and of its completion (see Theorem 5.5.19).

5.2 A topological restriction on parahoric subgroups

In this section, we prove that if G is not reductive, there exists no topology of topological
group on G for which K, or K; are compact and open. We begin by recalling general facts
concerning thickness properties of a masure acted upon strongly transitive group. We then
prove the topology result.

5.2.1 Thickness of a wall

In this chapter, we ask Z to be a semi-discrete thick masure of finite thickness. The walls of

A are the a™({k}) such that o € ®,, and k € Z. One has Q¥ = Q) and W = W’ x Y.
Let N be the fixer of A and v : N — Aut(A) be the restriction morphism. We assume that
v(N)=W.

Proposition 5.2.1. Let M a wall. Then if P is a panel of M, the number of chambers
dominating P only depends on M .
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Proof. Let A be an apartment containing M and P’ be a panel of M. Let D be a half-
apartment of A delimited by M. Let Cp (resp. Cpr) be the set of chambers dominating P
(resp. P’') and not included in D. If E' is a half-apartment, one denotes by Cp g (resp. Cps g)
the chamber of F dominating P (resp. P’).

Let fppr : Cp — Cpr defined as follows. Let C' € Cp. Let B be an apartment containing
D and C, which exists by Proposition 2.9 1) of | |. Let E be the half-apartment of
B opposite to D. One sets fpp(C) = Cp g. Then f is well defined. Indeed, let B’ be an
apartment containing D and C' and E’ be the half-apartment of B’ opposite to D. Then by
(MA ii), BN B’ is a half-apartment of B containing D and C. Therefore B N B’ contains a
neighborhood of M and thus it contains Cp/ 5. Consequently, fpp/ is well defined.

Similarly, one defines fpp : Cpr — Cp. Then fpp and fp/ p are reciprocal bijections,
which proves the proposition.

m

Proposition 5.2.2. Let a € ®,. and 1 € I such that o = w.ay; for some w € W°. If k € Z,
one denotes by 1 + qo(k) the number of chambers containing any panel of M(«, k). Then
Go(k) = qu, (k) and this number only depends on the parity of k.

Proof. Let g € G inducing w € W". Then g.M(a, k) = M(a;, k), thus g.(k) = qa, (k). For
all k' € Z, there exists g € G inducing the translation of vector k'af on A. As a;(a)) = 2,

one gets the proposition. ]

5.2.2 Topological restriction

Let F be a type 0 face of A, i.e a local face whose vertex is in Y. Maybe considering h.F' for
some h € G, one can suppose that F' C +=C;". One supposes that F' C Cy as the other case
is similar. Let K be the fixer of F' in GG. In this subsection, we show that if W is infinite,
there exists no topology of topological group on G such that Kr is open and compact. For
this, we show that there exists ¢ € G such that Kr/(Kr N g.Kp.g~') is infinite.

Let « € ®f and i € I such that « = w.qy, for some w € W". For ¢ € Z, one sets
M, = {t € Ala(t) = ¢} and D, = {t € A|a(t) <1} and one denotes by K, , the fixer of D, in
G. For ¢ € Z, one chooses a panel P, in M, and a chamber C, dominating P, and included
in conv(My, Myyq).

For i € I, one denotes by 1+ ¢; the number of chambers containing P and by 1+ ¢ the
number of chambers containing P;.

Let us explain the basic idea of the proof. Let g € G such that g.0 € C} and F' = g.F.
Then Kp/(Kpr N Kg) is in bijection with Kg.F'. Let lf(va = Uiz Koy, then Ty, := I?;A is a
semi-homogeneous extended tree with parameters ¢; and ¢;. Let K, = K, 1. We deduce from
the thickness of Z that if n, is the number of walls parallel to o' ({0}) between a and g.a,
|K4.g.a] > 2™ and hence that |Kp.g.a| > 2". As W" is infinite, n, can be made arbitrarily
large by changing a.

One chooses a sector-germ q included in Dy. Let pq : Z 3 A. The restriction of pq to Ty
does not depend on the choice of q C Dj.

Lemma 5.2.3. Let v € K,, and z € A. Suppose that v.x € A. Then v fizes Diq(z))-

Proof. Let A = v.A. There exists ¢ € Z such that AN A contains D,. By (MA ii), ANA

is a half-apartment: there exists k € Z such that AN A = Dy. Then v fixes AN A. Indeed,

let ¢ : A A A (which exists by (MA ii)) and ¢ : A — A be the isomorphism induced by
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v. Then ¢ and 1 coincide on a set with nonempty interior and thus ¢ = ¢ and our claim
follows.

One has v.z € AN A. Consequently v.(v.x) = v.x and thus v.z = x. Therefore x € Dy,
thus Diy()) C Dy and hence v fixes Diq(y)).- O

Kyx — Ky\.M,
Lemma 5.2.4. Letx € A and M, = {t € Ala(t) = [a(x)]}. Then the map f :
w.x — u.M,

18 well defined and is a bijection.

Proof. Let u,u’ € K, such u.x = v/.z. By Lemma 5.2.3, v'"'.u fixes M, and thus f is
well-defined.

Let u,u € K, such that u.M, = v'.M,, v = v'"*.uw and A = v.A. Then v.M, = M, C
AN A and by Lemma 5.2.3, v fixes Djq(z)].- In particular v.x = x and f is injective. By
definition f is surjective and the lemma follows. m

Let oz = avop,. If £ € N, one denotes by C, the set of chambers C' dominating an element
of K,.P, and satisfying az(C') > ¢ (which means that there exists X € C such that az(z) > ¢
for all x € X). Let Cy be the chamber of A dominating P, and not included in D,.

Ko Mpyr = Co .
Lemma 5.2.5. Let { € N. Then the map g : is well defined and is a
u.MeH — U.Cg
bijection.
Proof. Let u,u' € K, such that u.My,, = v .M;,;. Let v = v'~.u. Then v.M,,; C A and
by Lemma 5.2.3, v.Cy = Cy. Moreover az(u.Cy) = a(Cy) > ¢ and thus g is well defined.

Let u,u’ € K, such that ©.Cy = v'.C,. Let v = v/~'.u and X € () such that v fixes X.
Let z € X such that a(z) > ¢. Then by Lemma 5.2.3, v fixes M,,; and thus g is injective.
It remains to show that C, = K,.Cy. Let C' € C;. Then C dominates u.FP, for some u € K,,.
By Proposition 2.9 1 of | |, there exists an apartment A containing u.D, and C. Let

oA A and v € K, inducing ¢. Then az(C) = a(v.C), thus a(v.C) > ¢. Moreover
v.C' C A dominates P, and thus v.C' = C,, which concludes the proof. n

By combining Lemma 5.2.4 and Lemma 5.2.5, we get the following corollary:
Corollary 5.2.6. Let x € A. Then if { = max(1, [a(z)]), |Ka-x| = ¢}q:iq; . . . (I — 1 factors)
We now suppose that W is infinite.
Lemma 5.2.7. Let F be a type 0 face of A. Then there exists g € G such that if F' = g.F,
Kr/Kp N Kp is infinite.
Proof. Let g € G such a := g.0 € C}. Let (k) € (@)Y be an injective sequence. For all
ke N, Kg C Ky and thus |Kp.F'| > |K,,.a|. By Corollary 5.2.6, it suffices to show that
Br(a) — 400 (by thickness of 7).
One has fr = Y ,c; Miry, with A € N for all (4,k) € I x N. By injectivity of (),
Y icr Nik — +oo. Therefore, Bi,(a) — +oo, which proves the lemma. ]

Proposition 5.2.8. Let F' be a type 0 face of Z. Then there is no way to turn G into a
topological group in such a way that Kg is open and compact.

Proof. Suppose that such a topology exists. Let ¢ € G and F’ = g.F. The group Kp =
g.Kp.g~! is open and compact and thus Kr N K is open and compact. Therefore Kp/KpN
K is finite: a contradiction with Lemma 5.2.7. O

This proposition applies to K = K, = K, and to the Iwahori group K; = K, o which
shows that reductive groups and (non-reductive) Kac-Moody groups are very different from
this point of view.
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5.3 Hecke algebra associated to a parahoric subgroup

In this section, we associate Hecke algebras to fixers of faces between F, and C;. This
generalizes constructions of | | and | |.

5.3.1 The reductive case

This subsection uses I 3.3 of | |. Assume that G is reductive and let K be an open
compact subgroup of G. Let us give an other equivalent definition of the relative Hecke
algebras of G than in the introduction, more combinatoric and thus more adapted for our
purpose. Let Z.(G/K) be the space of functions from G to Z which are K-invariant under
right multiplication and have compact support. One defines an action of G on this set
as follows: g.f(xz) = f(g.x) for all ¢ € G, f € Z.(G/K) and x € G/K. The Hecke
algebra of G relative to K is the algebra H(G, K) = EndgZ.(G/K) of G-equivariant
endomorphisms of Z.(G/K). Let Z.(G//K) be the ring of functions from G to Z, with
compact support, which are invariant under the action of K on the left and on the right. We
have an isomorphism of Z-modules T : H(G, K) — Z.(G//K) defined by T(¢) = ¢(1) for
all ¢ € H(G, K). Therefore, H(G, K) is a free Z-algebra, with canonical basis (eg)gerx\c/x
where e, = lgyi for all ¢ € G. If R is a commutative ring, one defines Hgx (G, K) =
H(G,K)®z R: this is the Hecke algebra over R of G relative to K.

If 9.9/ € K\G/K, egeq = 3 neira/x M(9: 9’3 9" )eqr, where
m(g.g9'9") = (KgK Ng"Kg~ K)/K|

for all ¢" € K\G/K (m(g,q’;4¢") # 0 implies K¢"K C KgK¢'K for all ¢g,¢,¢" € K\G/K).
When R = C, these algebras are the same as the algebras of Section 5.1:

Proposition 5.3.1. Let K be an open and compact subgroup of G. Then the morphism
I': He(G, K) = Hi(G) defined by I'(ey) = ﬁ]lKgK forall g € K\G/K is well defined and

(K)
18 an isomorphism of algebras.

Proof. By (2) of Proposition of 4.1 of | |, an element f € H(G) satisfies ex * f = f
if and only if f(kg) = f(g) for all k € K and g € G. A direct computation proves that if
f € H(G), then f e, = f if and only if f(gk) = f(g) for all k € K and g € G. Therefore

ﬁ]lKgK = ex * ﬁ]lKgK x e € Hi(G) and I' is well defined. Moreover the elements of
Hr(G) are K-bi-invariant. Thus the condition of compactness of the support implies that
(ﬁ]lKgK)geK\G/K is a basis of Hg(G).

Let " € G. Thenifz € G, L, (x)lkyx(z7g") #0ifand only if v € KgKNg"Kg K.
Therefore

Liore * Mcgre(9”) = / Trgr ()l gyr(z ™ g"du(zr) = W(KgK N ¢"Kg ' K).
G

Moreover

pW(KgK Ng'Kg™'K) = > p(uK) = p(K)m(g, g 9").
ueKgKnNg"Kg'—1K/K

Consequently, ﬁﬂKgK*#K)]lKg’K = D(eg)xI'(ey) = Zg”EK\G/K m(g,d’; g”)ﬁ]lKg”K =
I'(e, * e) and the proposition is proved. ]
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Remark 5.3.2. If g,¢’ € G and h € K\G/K, the finiteness of m(g,¢',h) and of {g" €
K\G/K| m(g,¢’;9") # 0} follow from the fact that K is open and compact. Indeed, KgK N
hKg 'K is compact. Moreover

KgKNhK¢'K = | | uk.

ueKgKNhKg'—'K/K

By Borel-Lebesque’s property, as the uK are open (and nonempty), KgK NhKqg'K/K is
finite. A similar argument proves that {¢" € K\G/K| m(g,¢';9")} is finite.

We no more suppose G to be reductive. We want to define Hecke algebras relative to
some subgroups of G. As there is (up to now?) no topology on G similar to the topology of
reductive groups, we cannot define “open compact” in G. However we can still define special
parahoric subgroups, which are fixers of type 0 faces (whose vertices are in G.0) in the masure
T. Let K = Kp be the fixer in G of some type 0 face F such that Fy C F C Cy, where
Fy = FY0,As) and Cf = F*(0,C%). We know from Proposition 5.2.8 that we cannot use
the same argument as in Remark 5.3.2. We use the method of Bardy-Panse, Gaussent and
Rousseau of | | and | |: we view the (KgK N¢"Kg~'K)/K as intersections of
“spheres” in Z. We prove that when F' is spherical, these intersections are finite. We then
define the Hecke algebra “H of G relative to K as follows: I'H is the free module over Z
with basis e; = 1g,x, g € G*, where GT = {g € G|g.0 > 0}, with convolution product
eg x €q = > neiva+/x M9, 95 9" )egr, where m(g. ¢’ g") = |(KgK N g"Kg' ™ K)/K]| for all
g" € K\G"/K. To prove that this formula indeed defines an algebra, we need to prove
finiteness results. We prove these results by using the fact that they are true when F' is a
type 0 chamber, which was proved by Bardy-Panse, Gaussent and Rousseau to define the
Iwahori-Hecke algebra, and the fact that the number of type 0 chambers dominating F' is
finite. The reason why one uses G instead of G is linked to the fact that two points are
not always in a same apartment. This was already done in | I, | |, | | and
[ |

We also prove that when F' is non-spherical type 0 face such that Fy C F C C, there
exists ¢ € G such that (KgK N ¢"K¢~'K)/K is infinite and thus this method fails to
associate a Hecke algebra to F'.

5.3.2 Distance and spheres associated to a type 0 face

In this subsection, we define an “F-distance” (or a We-distance, where W is the fixer of F’
in W?) for each type 0 face F' between Fy and Cj, generalizing the W@-distance of | |
and the W-distance of | |.

If A (resp. A’) is an apartment of Z, Fy, ..., Ey (resp. E},..., E}) are subsets or filters
of A (resp. A’), the notation ¢ : (A, Ey,...,Ey) — (A, E},..., E,) means that ¢ is an
isomorphism from A to A’ induced by an element of G and that ¢(E;) = E] for all i € [1, k].
When we do not want to precise A and A’, we write ¢ : (Ey,..., Ey) — (B, ..., E}).

Let F be type 0 face of Z such that F' C Cf. Let Wr (resp. Kr) be the fixer of F' in WV
(resp. in G). Let Ap = G.F. We have a bijection Y : G/Kpr — Ar mapping each g.Kp to
g.F.

If Fi,F5 € Ap are based in ay,ay € Z, one writes F; < F5 if a; < as. One denotes by
Ar x< Ar the set {(Fy, Fy) € A%L|Fy < Fy}.

Definition/Proposition 5.3.3. If F' € Ap such that F' C A, one sets [F'] = Wp.F'.
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Let (Fy, Fy) € Ap X< Ap. Then there exists an apartment A containing Fy and Fy and
an isomorphism ¢ : (A, Fy) — (A, F). One sets d*(Fy, Fy) = [p(Fy)]. This does not depend
on the choices we made.

Proof. Proposition 5.1 of | | (or Proposition 4.4.16) yields the existence of A.

By definition, F} = g.F for some g € G. Let A’ = g.A. By (MA2), there exists
V(A F) — (A, F) and if ¢ = gm, then ¢ := ¢/ "to : (A F1) — (A F): ¢ has the
desired property.

Suppose A; is an apartment containing Fiy, Fy and ¢1 : (Ay, F1) — (A, F). By Theo-
rem 4.4.17, there exists f : (A, F1, Fy) — (A, F1, F3). Then one has the following commuta-
tive diagram:

(A, Fy, Fy) —1 (A, 1, F)

Lqﬁ lm
(Av F7 qb(FQ)) - (A, F7 ¢1(F2))7

and the lower horizontal arrow is in Wg, which completes the proof. O

Remark 5.3.4. Suppose that F' = Fy. Using the natural bijection A, ~ Ly, where Iy = G.0
and Y+ ~ YT /W?, we get that d* is the “vectorial distance” d* of | /.
Suppose that F = Cy . Then Wee = {1}. One has [C] ={C} for allC € Agy. Therefore

the distance d is the distance dV of [ /[, by identifying each element w of W to the
type 0 chamber w.C .

Let ALy ={E € Ap|E C Aand E > F}. Let [Ap] = {[F']|F" € ALy} If E € Ap and
[R] € [Ap], one sets S (E, [R]) = {E' € Ap|E' > E and d"(E, E') = [R]} and S8} (E, [R]) =
{E' € Ap|E' < Eand d"(E',E) = [R]}. If E € A%}, one chooses gz € N such that
E = gg.F. Such a gp exists: let ¢ € G such that £ = ¢g.F and A = g.A. By (MA2) and
2.2.1) of | |, there exists ¢ : (A, ¢.F) — (A, g.F). Let ¢ = gK. Then ¢ o) € N and
¢oY(F) =¢(E) = E.

Lemma 5.3.5. Let [R] € [Ap| and Y : G/Kpr = Ap. Then Y~YSY(F,[R])) = KrgrKr/Kr
and T_I(S(fp(F, [R])) = KFg;leF/KF

Proof. Let E € ST (F,[R]). Then there exists g € Kp such that g.F = R = gg.F. Thus
T_I(E) S KFgRKF/KF Let z € KFgRKF, T = klngQ, with kl,kg S KF. Then T([L’) =
kigr.F = ki.R. As d¥ is G-invariant, d¥(k;.F, k;.R) = d*(F,R) = d*(F,k;.R), and thus
x € Y Y(SF(F,[R])). The proof of the second statement is similar. O

If r € [Ap], one chooses n, € N such that n,.F" € r. Then Kp.n,.Kr does not depend
on the choice of n,. Indeed let n’ € N such that n’.F' € r. Then n’.F = w.n,.F for some
w € Wg. Le g € N inducing w on A. Then n'~'.g.n, € Ky and thus n, € Kyn/Kp.

The following proposition generalizes Cartan decomposition (Proposition 3.4.4).

Proposition 5.3.6. The map T : Kp\G"/Kr — [Ar] mapping each KpgKr € Kp\G'/Kp
on d¥'(F, g.F) is well-defined and is a bijection. Its reciprocal function is the map [Ap] —
Kp\G"/KFp sending each r € [Ap] on Kpn, K.

Proof. Let us prove that T' is well-defined. Let ¢ € G and k € Kp. Then d¥(F,k.F) =
d¥(k.F,k.g.F) = d"(F,k.g.F) (as d* is G-invariant) and thus I'(KrgKr) € [Ap] is well-
defined.
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Let r,7" € Y such that Kpn,Kr = Kpn,Kr. One writes n, = k.n.k', with k, k' €
Kg. Then d¥ (F,kn,k'.F) = r = d"(F, kn.k'.F) = d"(F,n...F) = [r] (by G-invariance of
dr).

Let g € GT and r = d¥(F,g.F). Let us prove that g € Kpn,Kp. Let A € A(F,g.F).
Let h € G inducing a morphism A L A. Then hg.F € r by definition of d*. Thus one can
choose n, = hg. Thus Kpn,Kr = KrgKr and the proposition follows. O

5.3.3 Hecke algebra associated to a spherical type 0 face

In this subsection we define the Hecke algebra associated to a spherical type 0 face F' between
Fy and Cf (or to Kr).

Let C, C" be two positive type 0 chambers based at some = € Zy. One identifies the type 0
chambers of A whose vertices are in Y and W+ := W x Y. Then d" (C, C")(=d% (C,C"))
is in W". One sets d(C,C") = £(dV (C, C")).

Lemma 5.3.7. Let C' be a positive type O chamber of Z, n € N and x be the vertex of C'. Let
B,,(C) be the set of positive type O chambers C" of T based at x and such that d(C,C") < n.
Then B,(C) is finite.

Proof. We do it by induction on n. The set By(F”) is finite for all F’ € G.C; because Z is of
finite thickness. Let n € N. Suppose that By(F”) is finite for all k < n and F’ € G.Cy. Let
C" € B,+1(C). Let A be an apartment containing C” and C', which exists by Proposition 5.1
of | ] and ¢ : A — A be an isomorphism of apartments such that ¢(C) = Cy. One
has ¢(C") = w.Cy, with w € WY and f(w) = n + 1. Let w € W" such that {(w) = n
and d(0.Cy, ¢(C") = 1. Let C = ¢~Y(@.Cy). Then d(C,C) = 1 and thus B,1(C) C
Ucres, ) Bi(C"), which is finite. O

Type of a type 0 face Let F4 be the set of positive vectorial faces of A and F) be the set
of positive type 0 faces of A based at 0.

Lemma 5.3.8. The map f : 54 — % mapping each F* € FY on FX(0, F?) is a bijection.

Proof. By definition of local faces, f is surjective. Let F}, Fy € §} such that Fy # Fy. As 0
is special, FY € f(F?) and Fy € f(FY). As FY N Fy =0, f(F?) # f(FY) (for otherwise, one
would have () € f(F})) and thus f is a bijection. O

Let F' be a positive type 0 face of Z. One has F' = g¢;.F] for some type 0 face F}
dominated by C;". Let J C I such that F; = F*(0, F*(J)) (see Subsection 2.2.2.2 for the
definition of F¥(J)). The type of F, denoted type(F') is J and it is well-defined. Indeed,
suppose F' = ¢o.F*(0, F¥(.Jy)), for some g, € G and J, C I. Let g = g5'.g;. One has
FY0,FY(J)) = ¢g.F“0,F"(J;)). By (MA2) and 2.2.1) of | |, one can suppose that
g € N, thus g € WY and by Lemma 5.3.8, F*(J) = ¢g.F"(J;). By Section 1.3 of | |
J = Jy and the type is well defined.

The type is invariant under the action of G and if C' is a type 0 chamber, there exists
exactly one sub-face of C' of type J for each J C I.

We now fix a spherical type 0 face F between Fyy and Cj .

Lemma 5.3.9. Let F' € Ap and Cpr be the set of type 0 chambers of T containing F'. Then
Crr 1s finite.
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Proof. We fix C' € Cpr. Let x be the vertex of C' and " € Cp. Let A be an apartment
containing C' and C’ (such an apartment exists by Proposition 5.1 of | ). We identify
A and A and we fix the origin of A in x. There exists w € W" such that C" = w.C. Let
J be the type of F’'. Then w.F’ is the face of C’ of type J and thus w.F’ = F’. Therefore
w € W where Wi is the fixer of F’ in W, Therefore d(C,C") < max{{(z)| x € Wg'} (Wg
is finite by definition of spherical). Lemma 5.3.7 concludes the proof. O

Lemma 5.3.10. Let (El,EQ), (Ei, Eé) c AF XS AF Then dF(El,EQ) = dF(Ei, Eé) ’Lf and
only if there exists an isomorphism ¢ : (Ey, Es) — (E7, EY).

Proof. Suppose that d* (Ey, Ey) = d¥(E}, Ey) = [R]. Let ¢ : (Ey, Ey) — (F,R) and ¢ :
(E1,Ey) — (F,R). Then ¢ = /"oy : (Ey, Ey) — (E}, EY).

Suppose that there exists an isomorphism ¢ : (Ey, Ey) — (E}, E}). Let R € d¥(Ey, E»)
and ¢ : (Ey, Ey) — (F,R). Then ¢~ o : (B}, E}) — (F, R) and thus d¥'(E}, E}) = [R] =
d¥(E,, Ey), which proves the lemma. O

Lemma 5.3.11. Let (F1,Fy) € Ap X< Ap and r := d"(F\, F). Let R € ALy such that
r = Wp.R = [R]. ThenifCy,Cy are two type 0 chambers dominating Fy and Fy, dV (Cy, Cy) €
Ca(r) where Cy(r) is the set of chambers of A containing an element of r = Wg.R. Moreover

Ca(r) is finite.

Proof. Let A be an apartment containing C; and Cy and ¢ : (A, Cy) — (A, C;). Then ¢(Fy)
is the face of Cy of type type(F): ¢(Fy) = F. Therefore ¢(Fy) € Wp.R = r and thus
dW(Ol, CQ) € CA(’I“).

Using the type, we get that if w € Wy, the set of type 0 chambers of A containing w.R is
in bijection with the fixer of R in W, which is conjugated to W and the lemma follows. [

Lemma 5.3.12. Let (Fy, Fy) € Ap x< Ap and r1,79 € [Ap]. Then the set S¥(Fy,ry) N
S(f;(FQ, o) is finite. Its cardinal depends only on ry,7m9 and r := d¥(Fy, Fy) and we denote it
by a’.

T1,72°

Proof. Let S be the set of type 0 chambers containing an element of S¥(Fy,r1) NSE (Fy,73).
Let C; (resp. C3) be a type 0 chamber containing Fi (resp. Fy).

By Lemma 5.3.11, if C € S, one has d"V(C},C) € Ca(ry) and dV(C,Cy) € Ca(rs).
Consequently,

Sc U {Cect|C,<C <Oy, dY(C,C) =w and dV(C,Cy) = w,).

w1 €CA(11),w2ECx (r2)

By Lemma 5.3.11 and Proposition 2.3 of | |, S is finite. Hence
ST (Fy, 1) N Sh(Fy, 1)

is finite.

It remains to prove the invariance of the cardinals. Let (F],Fj) € Ap x< Ap such
that df(F|,Fy) = r and ¢ : (Fy, Fy) — (F], Fy), which exists by Lemma 5.3.10. Then
SE(F{,r) NSE(F3,r2) = ¢(SF(Fi,r1) N SE(Fy,r2)), which proves the lemma. O

Lemma 5.3.13. Let 11,75 € [Af] and
Pryy = {d5(F, B)|(FL F L F) € Ap x< Ap X< Ap,d¥ (Fy, F') =7y and d¥(F', Fy) = 1}

Then P, ,, 15 finite.
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Proof. Let £ be the set of triples (C7,C’,Cy) of type 0 chambers such that for some faces
Fy, F" and F;, (with [} C C}, ...) of these chambers, d¥'(Fy, F') = and d¥ (F', Fy) = 5.

Let (C1,C",Cy) € €. By Lemma 5.3.11, dV(C},C") € Cx(ry) and dV (C',Cy) € Cpu(rs).
Therefore,

P = {dV(Cy, Cy)|(C, C",Cy) € £} C U Py s

w1EC(r1),w26ECx(12)

where the Py, w, are as in Proposition 2.2 of | | (or in the statement of this lemma).
Thus P is finite.

Let (Fl, F/, FQ) S AF X< AF X< AF such that dF(Fl,F/) =T and dF(F,, FQ) = Ta. Then
Fy and F; are some faces of C; and Cy, for some (Cy,C’, Cy) € €. The distance d¥ (Fy, Fy) is
Wp.F" for some face F” of dV(C}, Cs), which proves the lemma. O

Let R be a unitary and commutative ring and let “H = "H% be the set of functions from
G\Apx<AptoR. Let r € [Ap]. One defines T, : Ap x<Ap — R by T,.(F1, F2) = dar (5, 1)
for all (Fy, ) € Ap x< Ap. Then ¥'H is a free R-module with basis T, for 7 € [Ag].

Theorem 5.3.14. We equip “H with a product * : *H x "H — FH defined as follows: if
b1, 02 € T HE,
G1 % do(F1, o) = Z o1 (Fr, F)ga(F, 1)
FIeAp|FI<F'<Fy
for all (Fy, Fy) € Ap X< Ap. This product is well defined and equips ¥H with a structure of
associative algebra with identity element Typy. Moreover, if r1,75 € [Ap],

.
TxTy= Y al,,,Tn

TEPrl 3T

Proof. The fact that x is well defined and the expression of 7)., * T,, are consequences of
Lemma 5.3.12 and of Lemma 5.3.13. The associativity is clear from the definition. The
fact that Tyry is the identity element comes from the fact that S¥(Fy, [F]) = {F} for all
F 1 € AF Il

Definition 5.3.15. The algebra “H = ¥'H% is the Hecke algebra of T associated to F
over R. When F = C}, Co = CJ”H% is the Iwahori-Hecke algebra of 7 over R

Remark 5.3.16. One has a bijection f : G\Ap x< Ap = Kp\G"/Kp. This map is defined
as follows: let (Fy, Fy) € G\Apr x< Ap. One can suppose that Fy = F. One has Fy = g.F
for some g € G and one sets f(g) = KrpgKp. Then it is easy to see that f is well defined
and is a bijection. One identifies “H and the set of functions from Kp\G*/Kr to R.

Through this identification, eq = 1,4k, corresponds to Ty, ) for all g € G*. If g, 9’ €

//.F
Kp\G*/Kp, one has egxeq =3 ucgeng+ /i, (95 9'19")egr, where m(g,g'; g") = ag_F]}[g,.F]

for all ¢" € Kp\G™/Kp.
By Lemma 5.3.5 and Lemma 5.5.12, m(g,4';9") = |(KrgKrNg"Krg 'Kp)/Kp| for all
g” € KF\G+/KF

5.3.4 Case of a non-spherical type 0 face

In | |, Gaussent and Rousseau associate an algebra (the spherical Hecke algebra) to the
type 0 face Fy. By Remark 5.3.4, their distance d¥ correspond to df®. It seems natural to
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try to associate a Hecke algebra to each type 0 face F between Fy and Cy . Let F be a non-
spherical type 0 face such that Fy C F C Cf (as a consequence A is an indefinite Kac-Moody
matrix of size at least 3 because if A is of finite type, all type 0 faces are spherical and if A is
of affine type, Fy is the only non-spherical type 0 face of C;). As we will see in this section,
the definition of the product as above leads to infinite coefficients. To prove this, we use the
fact that the restriction map which associates wjqy to each w € W is injective.

v V
Lemma 5.3.17. The map W= Autz(@z) 15 injective.

W= Wiy
Proof. Using Lemma 2.2.1,0ne writes A = Ag@®A’, with Ag D Qy the minimal free realization
of the Kac-Moody matrix A, and A" C A;,. For all x € A and w € W’ w(z) —z € Q.
Therefore, A’ is stable by W". Moreover, for all z € A;,, w(x) = x. Hence the restriction
map W* — WY is a an isomorphism. As a consequence, one can suppose that A = Ay. But

by the assertion (3.12.1) of proof of Proposition 3.12 of | | (applied to AY instead of A),
if w e Wy satisfies wjav = 1 then w = 1 (where A" is a set included in Q). This proves
the lemma. O

We suppose that there exists a non-spherical type 0 face F' of A satisfying Fy C F € Cy .

Lemma 5.3.18. Let F' be a non-spherical type 0 face of A of type 0. Then its fixer Wg in
W is infinite.

Proof. One can suppose that the vertex of F'is 0. Then Wy C W". Let F be the vectorial
face such that F' = FK(O, Fv). Let us prove that W is the fixer Wgo of F¥. Let w € W.
Let X € F such that w fixes X. Then w fixes R} .X D F" and thus w € Wg.. Let w € W,
As 0 is special, F¥ € F. Therefore Wr. C Wg and thus Wr = Wgo. As F" is non spherical,
W is infinite and the lemma follows. O

Remark 5.3.19. The vectorial faces based at O form a partition of the Tits cone. Therefore,
if F is a vectorial face and if for some u € F* and w € WY, wu € FY, then w.F¥ = F".
Hence if W' Cc W©, W'.F" is infinite if and only if W'.u is infinite for some u € FV if and
only if W' is infinite for all u € F".

For the next proposition, we use the graph of the matrix A, whose vertices are the ¢ € T
and whose arrows are the {7, j} such that a; ; # 0.

Lemma 5.3.20. Suppose that the matriz A is indecomposable. Let F' be a non-spherical type
0 face F of A satisfying Fy C F C Cf. Then there exists w € W such that Wr.w.F is
infinite.

Proof. One writes F' = F*(0, F?), with F¥ = {u € Ala;(x) > 0Vi € J and oy(z) = 0 Vi €
I\J} for some J C I. By Lemma 5.3.17, there exists k € I such that Wg.q)/ is infinite.

Let i € J (J # 0 because Fy C F) . By 4.7 of | |, the graph of A is connected.
Therefore, there exists a sequence j; =¢,. .., j, = k such that a;, j,a;, s ... a;j_,j, # 0.

Let u € F'. Let us show that there exists w € W" such that ay(w.u) # 0. If z € A and
m € [1,{], one says that x satisfies B, if for all m' € [m+1,(], a; ,(z) = 0 and oy, (z) # 0.
Let z € A, m € [1,£ — 1] and suppose that x satisfies P,. Let 2’ = r;, (7) = v — oy, (¥)a .
Then o, ., (2') = —a;,, (z)a;, j,... # 0 and thus 2’ satisfies P, for some m’ € [m+1,1]. As
i=71 €J, a;,(u) # 0 and hence u satisfies P, for some m € [1,¢]. Therefore, there exists
w € W¥ such that w(u) satisfies Pp: ag(w(u)) # 0.

If Wr.aw(u) is finite, Weg.ri(w(u)) = We.(u—ag(w(u))ay) is infinite and thus at least one
of the sets Wr.w(u) and Wg.rg(w(u)) is infinite. This proves the lemma by Remark 5.3.19.

O
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Let Ay,..., A, be the indecomposable components of the Kac-Moody matrix A. One
writes A = A; & ... @ A,, where A; is a realization of A; for all i € [1,7]. One has
Wv =W} x...x WP where for all i € [1,r], W/ is the vectorial Weyl group of A;.

Proposition 5.3.21. Let F be a type 0 face of A. One writes F = @,_, F;. Then there
exists w € WV such that Wr.w. F is infinite if and only if there exists i € [1,7] such that F;

s non-spherical and different from F;, where F;q is the minimal type O face based at 0 of
A (Fi,o - F£<07Ai,in))'

Proof. With obvious notation, one has Wr = Wg, x ... X Wg.. Suppose that there exists
w € WY such that Wer.w.F is infinite. One writes w = (wy,...,w,). Then Wr.w.F =
Wegw . Fy & ... ® Wg.w,.F, and thus for some i € [1,r], Wg.w;.F; is infinite. If F; is
spherical, Wpg, is finite and if F; = F o, Wg,.w;.F; = F; and thus F; is non-spherical and
different from F; .

The reciprocal is a consequence of Lemma 5.3.20. O

The following proposition is a counterexample to Lemma 5.3.12 when we do not consider
spherical type 0 faces.

Proposition 5.3.22. Let F' be a face based at 0 such that for some w € W°, Wr.w.F is
ifinite. Then
S(F, [w.F)) N SL(F, [w".F))

18 infinite.

Proof. Let us prove that We.w.F C S*(F, [w.F])NS} (F, [w™'.F]). Let E € Wp.w.F. Then
F < E < F. By definition, d"(F,E) = [E] = [w.F]. One writes £ = wp.w.F, with
wp € Wg. The map (wp.w)™' : A — A sends F on F and F on wlwy'.F = w™L.F
and thus d"(E, F) = [w™".F]. Therefore Wp.w.F C S*(F, [w.F]) N SE(F,[w™'.F]) and the
proposition follows. O

Let Ay,..., A, be the indecomposable components of the matrix A. Let J/ be the set of
J € [1,r] such that A, is of finite type (see Theorem 4.3 of | ]) and J>° = [1,r]\J7. Let
A = Djcsr Ay 1 j € [1,7], one sets Aji = (\,eq,, , kera, where @, ; is the root system
of A;. One sets A% = D, oo Ajiin, Y=Y NAS and Y° =Y NAY.

Corollary 5.3.23. Let A € Y*. Then WP.\ is finite if and only if \ € Y/ @Y.

Proof. Let A € Y. One writes A = > . g A, with A; € A; for all j € [1,7].
Suppose that A € Y/ @ Y;2°. Then WY\ = Djci Wi N oD Aj. As W7 is finite for
all j € J/, one gets one implication.

Suppose X ¢ Y/ @ Y. Let j € J* such that \; ¢ Aj;,. Let F} be the vectorial face
WPF) — WP
w.F] = w.A;
bijection. If F} is spherical, W7.F} is infinite because the stabilizer of F} is finite. Suppose
F} non-spherical. Then by Lemma 5.3.20, there exists w; € W} such that Wg,.w;.F} is
infinite, where Wy, is the fixer of F} in Wy. Therefore W/.F} is infinite and the lemma
follows. O

jeJ>

of A; containing ;. By Remark 5.3.19, the map is well defined and is a
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5.4 Almost finite sets and Looijenga’s algebra

In Subsection 5.4.1, we define the almost finite sets of Y and Y, which are involved in the
definition of the Looijenga’s algebra, in the definition of the spherical Hecke algebra and in
the definition of the completed Iwahori-Hecke algebra.

In Subsection 5.4.2, we define the Looijenga’s algebra of Y, which is some kind of com-
pletion of the group algebra of Y.

In Subsection 5.4.3, we define the spherical Hecke algebra of G and the Satake isomor-
phism.

5.4.1 Almost finite sets

Definition 5.4.1. A set E C Y is said to be almost finite if there exists a finite set J CY
such that for all X\ € E there exists v € J such that \ <qy V-

Remark 5.4.2. We will also use almost finite sets included in Y™ and thus we could define
an almost finite set of Y as follows: a set E C Y™ is almost finite if there exists a finite set
J C YT such that for all X\ € E, there exists v € J such that A <qy v. This is actually the
same definition by Lemma 5.4.4 below applied to F =Y.

Let £ € N*. Let us define a binary relation < on N*. Let x,y € N, and x = (21, ..., 7/),
y = (Y1,---,Ye), then one says z < y if x # y and for all i € [[1,/7], z; < ;.

Lemma 5.4.3. Let { € N* and F be a subset of N* satisfying property (INC({)):
forallz,y € F, x and y are not comparable for <.
Then F' is finite.

Proof. This is clear for £ = 1 because a set F satisfying INC(1) is a singleton or ().
Suppose that ¢ > 1 and that we have proved that all set satisfying INC(¢ — 1) is finite.
Let F' be a set satisfying INC(¢) and suppose F' infinite. Let (\,),eny be an injective
sequence of F. One writes (\,) = (AL,...,\Y). Let M = max)y and, for any n € N,
my, = min(\,). Then for all n € N, m,, < M (if m,, > M, we would have Ay < \,). Maybe
extracting a sequence of ), one can suppose that (m,) = (A\¢) for some i € [1,I] and that
(m,,) is constant and equal to mq € [0, M]. For x € N, we define T = (z;) e, q\(iy € NP

Set F = {)\ In € N}. The set F' satisfies INC(¢ — 1). By the induction hypothesis, F' is
finite and thus F’ is finite, which is absurd. Hence F' is finite and the lemma is proved. [

Lemma 5.4.4. Let E CY be an almost finite set and F CY. Then there exists a finite set
J C F such that FNE C e, J — Q-

Proof. One can suppose that £ C y — Qy, for some y € Y. Let J be the set of elements of
F'N E which are maximal in F'N E for <gv. As E is almost finite, for all z € F, there exists
v € J such that ¥ <gy v. It remains to prove that J is finite. Let J' = {u € Qy|y —u € J}.
One identifies Q) and Z!. If x = (x;)ier and 2’ = (2});c; one says that x < 2/ if z; < 2/ for
all i € I and = # z/. Then the elements of J’ are pairwise non comparable. Therefore .J' is
finite by Lemma 5.4.3, which completes the proof. O

We will use almost finite sets of Y* in the definition of the completed Iwahori-Hecke
algebra. We now describe the almost finite sets of Y in the affine case and in the dimension
2 indefinite case.
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Affine case Suppose that A is associated to an affine Kac-Moody matrix A. By 2.3.1, if §
is the smallest positive imaginary root of A, 7 = ¢ *(R%) U A;,. Moreover, 0 is W"-invariant
(see 5.10 of | |) and thus §() = 0 for all 7 € I. Therefore an almost finite set of Y
is a set F such that for some £k € N and y1,...,yo € YT, E C Ule v — Q.

Indefinite case On the contrary to the finite and affine case, when A is associated to an
indefinite Kac-Moody matrix, y — QY € Yt for all y € Y. Indeed, by the Lemma of 2.9 of
| | and its proof, there exists a linear form ¢ on A such that 6(7) > 0 and () < 0
foralli e I. f y € Y and ¢ € I, then §(y — nay) < 0 for n € N large enough and thus
y— QY € Y. However, the inclusion —QY D Y can occur.

Lemma 5.4.5. One has —QY D Y™ if and only if —Q% D YT .

Proof. One implication is clear because Y™ C Y. Suppose —QY D Y**. Let A € Y. By
Lemma 2.2.9, A <gv A*F and thus A € —Q. ]

Suppose that A is essential and associated to a size 2 indefinite matrix A. One writes
A= (a2 a52>, with a;2,a21 € —N*. One has A = Ray @ Ray. If (A, u) € Z? such that
2,1
A < 0 then (2X\ + ago2p)(agaA + 21) < 0 and thus Y € QU —Qy. By Theorem 4.3 of
[ |, QN YTt = {0}, thus —@QY D Y and hence —QY D Y. Therefore an almost
finite set of Y is just a subset of Y.
However this property is not true in general when the size of A is greater or equal to 3.

2 0 =2
For exampleif A= 0 2 0 | and A is the essential realization of A, —2a) + a3 — oy €
-5 0 2

YR - @y

5.4.2 Looijenga’s algebra
Let R be a ring.

Definition 5.4.6. Let R[[Y]] be the vector space of formal series >, .y are*, with (ay) € R
such that supp((ay)) C Y is almost finite. One equips it with the product Y, oy arxe*. > oy buet =
> vey (Qngumy anbp)e”. Then (R[[Y]],.) is an associative algebra: this is the Looijenga’s
algebra of Y over R. It was introduced in [ /.

For all A € Y, one defines my : R[[Y]] = R by ma(D_ ey aue”) = ax. One sets R[[Y ]| =
{a € R][Y]] | ma(a) = 0 VA € Y\YT}. One also sets ZJQ[[Y]]WU = {a € R[[Y]] | mr(a) =
Twy (@) YA, w) € Y x W¥}. Then R[[Y*]] and R[[Y]]"" are sub-algebras of R[[Y]).

One denotes by AFz(Y™T) the set of elements of RY"" having almost finite support. A
family (a;)jes € (R[[Y]])” is said to be summable if:

o forall A €Y, {j € J|m\(a;) # 0} is finite
e the set {\ € Y |3j € J|m\(a;) # 0} is almost finite.

In this case, one sets .. ;a; = >,y bae* € R[[Y]], where by = 3., ma(a;) for all A € Y.
Forall A € Y™, onesets E(A) =3 oy € € R[[Y]] (this is well defined by Lemma 2.2.9).

Let A € T. There exists a unique u € C_}’ such that W% X\ = W@ . One defines \™" = p.
The following two results are proved (but not stated) in the proof of Theorem 5.4 of | |.
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Lemma 5.4.7. Let x € Y. Then W".x is majorized for <qy if and only if x € Y+,

Proof. If x € Yt then W.x is majorized by ™" by Lemma 2.2.9.
Let # € Y such that W".x is majorized. Let y € W".z be maximal for <qgv and ¢ € I.

One has r;(y) <qy y and thus «;(y) > 0. Therefore y € C%, which proves that z € Y. [

Proposition 5.4.8. The map F : AFg(Y ) — R[[Y]]""" defined by

is well defined and is a bijection. In particular, R[[Y]]"" C R[[YT]].

Proof. Let (z)) € AFg(Y ™) and J be a finite set such that for all u € supp((z,)) there
exists j € J such that u <qv j. Let us prove that (xAE()))rey+ is summable. Let v € Y
and F, = {\ € Y| m,(xxE(N\)) # 0}. Let A € F,. Then v € W\ and by Lemma 2.2.9,
v <qy A. Moreover, A <gv j for some j € J, which proves that F), is finite.

Let F={v eY|3aAe Y | m(zaE(N\)) # 0}. If v € F then v <gy j for some j € J
and thus F' is almost finite: the family (z)\E()))yey++ is summable.

As for all X € YT, E(X\) € R[YI"Y', ¥ cys 2aE(N) € R[[Y]]"". Therefore, E is
well-defined.

Let (x)) € AFR(YTT)\{0} and p € Y*F such that z, is different from 0 and maximal
for this property for the Qy-order. Then m,(E((z)))) = z, # 0: E((x)) # 0. Therefore E is
injective.

Let u = Yoy une® € R[Y)]"" and A € supp u. As supp u is almost finite, V¥
is majorized and by Lemma 5.4.7, A € Y. Consequently supp v C Y. One has u =
E((ux)ae(supp w)++), and the proof is complete. O

5.4.3 Spherical Hecke algebra and Satake isomorphism

We now briefly recall the definitions of the spherical Hecke algebra and of the Satake iso-
morphism, see| | for more details. Their construction uses Hecke paths, which are some
particular case of A-paths (see 4.2.2.2) and are more or less the images by retractions of
segments in Z (see 6.4 for a definition). Contrary to the case of Iwahori-Hecke and parahoric
Hecke algebras, the definition of the spherical Hecke algebra involves infinite sums.

Let Hs = {p : Lo x<Zyp — C| v(g.x,9.y) = p(z,y)V (,y,9) €Y XY x G};. In | ],
Gaussent and Rousseau define the spherical Hecke algebra of Z as a subspace of H,. A natural
convolution product on this space would be the product defined by the following formula: if

o, € Hs,
(px0)(z,9) = D ol 2)0(zy),¥(,y) € L. (5.1)
z<z<y
For this formula to be defined, we need to impose some conditions on the support of ¢
and 9. Indeed, when 7 is associated to an affine Kac-Moody group, if z,y € Y such that
d(z) +2 < 0(y) (where 6 : A — R is the imaginary root defined in 2.3.1.1), there exists
z € Y such that 6(z) < §(z) < d(y) (one can take z = = + d with the notation of 2.3.1.1). As
oy = 0,andas T D 6~ '(RY), for all 2’ € 24-Qy, v < 2/ <y. Therefore {2' € Zy| v < 2/ <y}
is infinite. R R R
Let K, = Fixg({0}). Let H, = {¢ : Y™ = K\G"/K — C}. Let = : H, — H. defined by
=(p)(KsgKs) = ¢(0,9.0) for all p € H. and K. gK, € K,\G"/K,. Then = is an isomorphism
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of vector spaces and if ¢ € ﬁ’s, z,y € Iy X< Ty, then 271 (p)(z,y) = ¢(d*(x,y)). Using =,
we identify H, and H.. Then the formula for the convolution becomes, for ¢, 9 € H,:

pr(y) =D p(d(0,2)0(d(2,y)), Yy e YT, (5.2)

where the sum runs over the z € Z; such that 0 < z < y.
Let Hs be the subspace of H of functions ¢ with almost finite support.
By Theorem 2.6 of | |, the formula 5.2 equips H, with a structure of an associative
algebra.
If A € Y**, one denotes by ¢y the map Y+ — C mapping A to 1 and each p # X to 0.
EANpeYtt cyxe, = ZVSQV/\-‘:-M my,u(v)c,, where for all v € Y+,
Z

my (V) = [{z € Iy| d°(0,2) = X and d°(z,v) = pu}|.

Remark 5.4.9. By 2.9 of | [, formula 5.1 defines a structure of algebra on ﬁs when G
1s associated to an indefinite Kac-Moody matriz, see also 6.6.8.

Let b : Qf — R defined by h(}",.; aia)) = >, a; for all (a;) € RY.
Theorem 5.4.10. 1. Let u, A € Y. Then the number
na(p) :={z € Zo| d*(z, ) = A and p_oo(x) = 0}
is finite. Moreover ny(u) # 0 implies p <gy A.
2. Let S : Hys — C[[Y]] be the vector space morphism defined by

S(ex) = D ma(w)g"We VA €Y.

/—LSQ\Z/ A

Then S is a morphism of algebra and it induces an isomorphism Hs, — C[[Y)|V". In
particular Hy s commutative.

Proof. Point 1 is proved in Definition/Proposition 5.2 of | |. To prove it, Gaussent
and Rousseau use the theory of Hecke paths. Let I'(\, i) be the set of preordered segments
7 :[0,1] — Z such that 7(1) = p, d"(7(0), n) = A and p_(7(0)) = 0. Then ny(u) = |T'(A, )|
They prove that the image of a preordered segment 7 : [0,1] — Z by p_o is a Hecke path of
shape d(7(0),7(1)) (Theorem 6.2 of | |). Therefore if 7 € I'(A\, i), p— © 7 is a Hecke
path of shape A between 0 and p. The non vanishing condition on ny(u) is thus a consequence
of Lemma 2.2.9. They prove that the number of such paths is finite (Corollary 5.9 of | ).
They conclude by using the fact that if 7 : [0, 1] — A is a Hecke path, the number of segments
7:]0,1] — A retracting on 7 and such that 7(1) = 7(1) is finite (Theorem 6.3 of | -
Point 2 is Theorem 5.4 of | |. The injectivity of S is a consequence of the fact that
na(A) =1 for all A € YT and ny(u) = 0 for all u € Y\(A — Q). The most difficult part is
the fact that S takes it values in C[[Y]]"". They prove that its is equivalent to the formula:

na(rip) = ¢ Wny (), Vi € I,Y(\, pu) € Y2

By working on the extended tree T,, = U,,.A, for all i € I, they prove that it suffices to
check this formula on a homogeneous tree with valence 1 + ¢, which is easy.

The surjectivity of S is then obtained by constructing an antecedent to each element of
C[[Y]]"" by some explicit procedure. O

The isomorphism S above is called the Satake isomorphism.
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5.5 Completed Iwahori-Hecke algebra

5.5.1 Iwahori-Hecke algebra

When F' = Cj, the Hecke algebra of Definition 5.3.15 is the Iwahori-Hecke algebra of Z.
In | |, following | |, the authors give a Bernstein-Lusztig presentation of this
algebra. We begin this section by recalling this presentation.

Let (04)icr, (0%)ier be indeterminates satisfying the following relations:
- if a;(Y) = Z, then o, = o}

- if 7y, 75 (4,5 € I) are conjugate (i.e if a;(af) = aj(a)) = —1), then 0; = 0; = 0] = 0.

Let Ry = Z|o;,0l]i € I]. In order to define the Iwahori-Hecke algebra H associated to A
and (0;)ier, (0))icr, we first introduce the Bernstein-Lusztig-Hecke algebra BLH. Let BLH be
the free Ri-module with basis (Z*H,)xey.wewr. For short, we write H; = H,.,, H,, = Z°H,,
and Z*H, = Z*, fori € I, A € Y™ and w € W". The Iwahori-Hecke algebra B*H is the
module BLH equipped with the unique product * which makes it an associative algebra and
satisfying the following relations (the Bernstein-Lusztig relations):

(BL1) VA €Y, Z* « H, = Z H,,

H, . if (rjw) = l(w) + 1

- (BL2)Viel, Ywe W' H;xH, = _ . )
(BL2) vi v i {(O'i—O'i YWHy + H,. i L(riw) = £(w) — 1

(BL3) V(\, ) € Y2, ZX % Z# = 7> n,

(BL4) VA € Y, Vi € I, Hyx Z* — 727N x H; = bloy, 0 Z=4)(Z* — Z"W), where
b(t,u; 2) = (b=t (e

1—22

The existence and unicity of such a product is Theorem 6.2 of | |. The Iwahori-
Hecke algebra Hg, associated to A and (0;):er, (0})icr over Ry is the submodule spanned by
(Z*Hy)rey+.wewv, where YT =Y NT (where T is the Tits cone). It is isomorphic to the
Iwahori-Hecke algebra defined in Definition 5.3.15. When G is reductive, we find the usual
Iwahori-Hecke algebra of G.

Extension of scalars Let (R, ¢) be a pair such that R is a ring containing Z, ¢ : Ry — R
is a ring morphism and the ¢(0;) and ¢(o}) are invertible in R for all i € I. The Iwahori-Hecke
algebra associated to A and (¢(0;))icr, (¢(0}))icr over R is Hr = R ®g, Hr, -

Split Kac-Moody case When G is a split Kac-Moody group over a local field K with
residue cardinal ¢, one can choose 0; = 0; = /g, for all i € I and R = Z[\/éil].

5.5.2 Completed Iwahori-Hecke algebra

In this subsection, we define the completed Iwahori-Hecke algebra H. We equip WY with its
Bruhat order <. Onehas 1 < w forallw € W". If u € WY, one sets [1,u] = {w € W*|w < u}.

Let B = [ cwvney+ R If f = (axw) € B, the set {(A\,w) € WY x Y |ay,, # 0} is called
the support of f and is denoted by suppf, the set {w € W*|3\ € Y |ay,, # 0} is called the
support of f along W?" and denoted suppy,. f, and the set {\ € Y |FJw € W¥ay,, # 0}
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is called the support of f along Y and denoted suppy f. A set Z C YT x W is said
to be almost finite if {w € WY|3\ € YT|(\,w) € Z} is finite and for all w € WY,
{Ae YT |(\w) € Z} is almost finite.

Let H be the set of a € B such that supp a is almost finite. If a = (ay,) € 7:[\7 one
writes a = D7\ ey arwZ H,. For (\,w) € YT x W" we define my,, : H — R by
Tow(d axaw ZY Hyy) = @y, In order to extend * to H, we first prove that if ST arwZ Hy,

S bawZ Hyy € H and (p,v) € YT x W?,

Z 7TM7v(a>\,wb)\’,w’Z)\Hw * Z/\/Hw/)

Aw), (N, w)eY+xWwv

is well defined, i.e that only a finite number of 7, ,(ax by w Z* Hy x ZX H,y) are non-zero.
The key ingredient to prove this is the fact that if w € W? and A\ € Y, the support of
H, * Z* along Y is in the convex hull of the u.\’s, for u < w for the Bruhat order (this is
Lemma 5.5.3).

For E C Y and i € I, one sets R;(E) = conv({E,r;(E)}) C E+ Q. If E = {\}, one
writes R;(A) for short. Let w € W7, one sets R, (\) = |J Ry, (Riy (... (Ri,(A)...)) where the

union is taken over all the reduced writings of w.

Remark 5.5.1. Let A € Y and w € WY, R, ()) is finite. Indeed, if E is a finite set and
i €I, Ri(F) is bounded and included in E + Qy,. Therefore R;(E) is finite and by induction,
if k € N* and iy,...,ix € I, Ri,(Ri,(...(R;, (E))...) is finite. As there are at most |I|‘™)
reduced writings of w, we deduce that R, (\) is finite.

Lemma 5.5.2. LetveY andi € I. Then

H, 7" € £ R.ZV Hy.

VIER;(v),t' e{l,r;}

Proof. Suppose o; = o}. Then by (BL4), one has

\

, 1 — Z_O‘i(l’)ai

H; 72" = 7"") « H, —o Yz _

If a;(v) =0, H; % Z¥ = Z" % H;.

If o (v) > 0, Hy% 2% = Z"W s Hy + (0 — 0, 1) 2001 zv=hel and r,(v), v — ha € Ri(v)
for all h € [0, oy (v) — 1].

If a;(v) < 0, Hy% 2" = Z"®) s Hy + (07 — ;1) 32,250 Z2v+hel and ry(v), v + ha) € Ri(v)
for all h € [1, —a;(v)].

Consequently if o; = 0!, H; x Z" € Zy,eRi(V)’t,e{L”} R.ZV H,.

Suppose o; # o.. Then «;(Y) = 2Z. One has

1— Z_O‘i(/\)o‘z\'/
1— 72

%

Hix 2= 2"« Hy + Z*((0; — 07 ") + (0} — 0] 1) Z7°)

The same computations as above complete the proof.

Lemma 5.5.3. For all u,v € W? and p €Y,

H, + Z'H, € &) R.Z"H,.

VERU (N/) 7te [Lu} v
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Proof. We do it by induction on ¢(u). Let v € WY and p € Y. Let k € N* and suppose
that for all w € W" such that {(w) < k —1, H, x Z'H, € @VERM(M),tE[l,w}.U R.Z'H,;. Let
u € W" and suppose that £(u) = k. One writes u = r;w, with ¢ € I and w € W" such that
l(w) =k — 1. One has

Hy, % Z"H, = H; % Hy + Z"H, € Z R.H, + ZH,.

vERy (1), te[l,w]v

By Lemma 5.5.2,

> R.H; x Z'H, C > > R.Z" % Hy % H,.

VERy (p),t€l,w].v vERw () t€[l,w].v v/ E€R; (v),t'€{1,r;}

By (BL2), if t' € {1,r;} and t € [1, w].v,

HyxH € RH,,®RH C Y TR.Hy,

u'e[lu]v

and the lemma follows.
O

Lemma 5.5.4. Let u € W and pn € Y. Then for all v € R, (1), there exists (A )w<u €
[0, 1]% such that Y, ., A =1 and v =3, Awt/ .

Proof. We do it by induction on ¢(u). Let k € N and suppose this is true for all u having
length k. Let w € WY such that ¢(u) = k+1. Let v € Ryz(p). Then v € R; (V') for some i € [
and v/ € R,(u), for some u € W having length k. One writes v = st/ + (1 — s)r;./, with s €
[0,1]. One writes v/ =) . Ayt .. Onehas v =s>_ , . Ayt .+ (1 —5) > o Awritd pu.
As r;u’ < @ for all u' < u, one gets the lemma. - - O

Lemma 5.5.5. 1. Let \,p € Y. Then (A4 p)*+ <gv AT 4 ptt.
2. Let p € Y* andv € W". Then for allv € R,(n), v <qv pu*+.

Proof. Let \,p € Y. Let w € W" such that (A + p)™" = w.(A + ). By Lemma 2.2.9,
w A <oy AT and w.pu <gy p* and thus we get 1.
The point 2 is a consequence of Remark 5.5.1, Lemma 5.5.4, Lemma 2.2.9 and point 1. [

Ifr=>3,,zi) €Qp,onesets h(x) => .,z If A € Y™, we denote by wy the element
w of W of minimal length such that w=.\ € C'_}’ One has A = wy A\TT for all A € Y.

Lemma 5.5.6. Let A € Y and (u,) € (WU M) such that £(w,,,) — +oo. Then h(u, —
A) = —o0.

Proof. The fact that h(p, — \) is well defined is a consequence of Lemma 2.2.9. Suppose
that h(u, — A) does not converge to —oo. By Lemma 2.2.9, h(pu, — A) <0 for all n € N and
thus, maybe considering a subsequence of (), one can suppose that (u,) is injective and
that h(p, — A) — k, for some k € Z. Let (h;);cr be the dual basis of the basis () of Q}
and h = (h;)ier. Foralli € I and n € N, h;(p, — A) < 0 and (h(u, — A)) is injective. This is
absurd and thus h(u, — ) = —oo. O

Lemma 5.5.7. Let A\ € Y™t v e YY" andu € WY. Then F = {u € W ANy € R,(1)} is
finite.
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Proof. Let N € N such that for all v/ € WY\ satisfying ¢(w,) > N, h(v' — X) < h(v — \)
(N exists by Lemma 5.5.6).

Let p € F and w = w,. One writes v =} _,
Y w<u Az = 1, which is possible by Lemma 5.5.4.

If ' < u, one sets v(u') = wy . Suppose that for all v’ < wu, {(v(u’)) > N. One has

v=A=> A=) =D A(v(u)p—A)

u' <u u' <u

=) b)) = A) < Y Awh(v = A) = h(v =),
u'<u u' <u
which is absurd. Therefore, ¢(v(u')) < N, for some v’ < u.
One has v/.u = v(u').u™, thus v'~to(u).u™ = p and hence £(u' " v(v')) > ¢(w), by
definition of w. Therefore, ¢(v(u')) + ¢(u) > (v(v')) + ¢(v') > ¢(w). As a consequence,
l(w) < N + {(u) and thus F' is finite. O

Az, with A, € [0,1] for all z < uw and

and thus

Definition 5.5.8. A family (a;);es € HY is said to be summable if:
o forall e Y™, {j € JFwe W' myn(a;) # 0} is finite
° UjEJ supp a; is almost finite.

When (a;)jes € H7 is summable, one defines diestj € H as follows: diest =
ZA,w TawZ H,, where Ty, = Z].GJ Taw(a;) for all (A, w) € YT x W,

Lemma 5.5.9. Let (a;)jcs € (H)7, (br)kex € (H)X be two summable families. Then (a; *
bi) (jkyesxk s summable. Moreover Z(j’k) a;j * by, depends only on ZJEJ aj and Y, . by and
we denote it by axb, if a =3, ;a; and b= 73 - by.

Proof. For j € J, k € K, one writes

a; = Z TinuZ Hy, by = Z Yk pwZ" Hy.

(Auw)ey+txwv (p,v)eY txWv

If (u,p,v) € W* x Y x W, one denotes by (2,1 )very(uteftue € RTW*Lul) the
family such that
H,«Z'H,= Y z"Z"H,

vER (1) te[1l,ul.v

which exists by Lemma 5.5.3. One has

— U, 1,V r7 AV
a; * by = E TiauYkuw?vi 2 Hi.
()\,U),(M,U)GY+XWU, VERU('U')v te[lvu]
; a __ b _
As a consequence, if 87 = U, cquppyyoa, (1 4l and Sp = U, cquppy oty 115 0l

suppyy (a; * by) C S5.57.

Thus
Sy = U suppyyv (ajr * by) C U S5). U SP)

(§' keI K j'eJ k'eK

is finite.
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Let (p,s) € YT x W". One has

) _ E U,V
7Tp7s(a] *bk) - x]/\uykuvzys
AW EY T XWV (uw)EY T XW?V, vER, (1), AMv=p

Let S = ;e supp a; U Uy supp by and Sy = 7wy (S), where 7y : Y x W* — Y is the
projection on the first coordinate. By hypothesis, S and Sy are almost finite.

Let k € Nand k1, ...,k € Y such that for all A € Sy, AT <qv &, for some i € [1, £].

Let F(p) = {(\,v) € Sy x Y*| I(p,u) € Sy X Syvlyv € Ry(p), and A + v = p}.
Let (\,v) € F(p), (u,u) € Sy x Sy such that v € R,(u). By Lemma 5.5.5, one has
A <qy AT <@y wi and v <qy utt <qy #; for some 4, j € [1,k]. Therefore, F'(p) is finite.

Let F'(p) = {pn € Sy| I(u, \,v) € Swv X F(p)lv € Ry(u)}. Let p € F'(p) and (u, \,v) €
Swe X F(p) such that v € R,(u). Then by Lemma 5.5.5, v** <qv u** <qy &;, for some
i € [1,k]. As a consequence, F'(p)*™ is finite and by Lemma 5.5.7, F'(p) is finite.

If A\ € YT, one sets J(A) = {j € J| Ju € WY z;,, # 0} and K(\) = {k €
K| Ju € WY ypau # 0}. Let Fi(p) ={N € Y| Jv € Y| (\,v) € F(p)} and L(p) =
Ui weroxr(p J(A) x K(p). Then L(p) is finite and for all (j, k) € J x K, m,5(a;* b) # 0
implies that (j,k) € L(p).

Let (p,8) € Uy nyesxi SuPp(a;*by). Then there exist (A, p1) € S3, u € Sy and v € Ry, (k)
such that A + v = p. Thus p*™* <oy A" + pu <gv ki + Ky for some i,i" € [1,k].
Consequently, U(] kyedx - supp(a; * by) is almost finite and (a; * b;) is summable.

Moreover,
U, b,V
Tosl Y ajxby) = > (D Tirabeuorst™)
(Jk)ETXK (Au) €Y+ xW,(u,0) €Y T X W vERu () Mv=p (j.k)EJXK

Y
_ E K
- T uyu vzyg

AW EY T XW? (uv)EY T X WV vER, (1), \+v=p

where a = Z(,\,u)eY+va ZL‘)\VUZAHU and b = Z(M,U)EYJFXWU Yu 2" H,, which completes the
proof. O

Theorem 5.5.10. The convolution x equips H with a structure of associative algebra.

Proof. By Lemma 5.5.9, (ﬁ, x) is an algebra. The associativity comes from Lemma 5.5.9 and
from the associativity of H. m

Definition 5.5.11. The algebra H = Hg is the completed Iwahori-Hecke algebra of
(A; (Uz')z‘el, (0'2)7;61) over R.

Example 5.5.12. Let Z be a masure and suppose that T is thick of finite thickness and
that a group G acts strongly transitively on Z. Let i € I and P; (resp. P}) be a panel of
{z € Al a;(z) = 0} (resp{z € A|] a;(z) = 1}). One denotes by 1 + ¢ (resp 1+ ) the
number of chambers containing P; (resp. P/). One sets o; = \/q; and o \/q_Z for all
i € 1. Then (0;)icr, (0})icr satisfy the conditions of the beginning of Sectzon 5.5 and the
completed Iwahori-Hecke algebra over R associated to (A, (0;)icr, (0%)icr) is the completed
Twahori-Hecke algebra of T over R.

5.5.3 Center of Iwahori-Hecke algebras

In this subsection, we determine the center Z (ﬁ) of H. For this we adapt the proof of
Theorem 1.4 of | |.
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5.5.3.1 Completed Bernstein-Lusztig bimodule

~ ~

In order to determine Z(H), we would like to compute Z¥xzx Z " if z € Z(H) and p € Y.
However, left and right multiplication by Z* is defined in H only when p € Y. We need
to extend this multiplication to arbitrary u € Y in a compatible way with the multiplication
in H. Obviously, multiplication by Z* cannot stabilize H (because Z" x 1 = ZM ¢ H if
p € Y\YT). Thus we define a “completion” PLH of BLH containing H. We do not equip
BLY{ with a structure of algebra but we equip it with a structure of ¥'-bimodule compatible
with the convolution product on H.

If a = (ay,) € RY*"", one writes a = D w)eY W axwZ*H,. The support of a along
Wvis {w € W*| 3X € Y] ay,, # 0} and is denoted suppy,.(a).

Let BLY = {a € RV"™*Y| suppy.(a) is finite }. If (p,s) € Y x W, one defines m,
BLY{ — R by Tps (D2 (wyey xwe arwZ H,) = a, for all D Ow)ey W arwZ H, € BLH.

~

One considers H as a subspace of BLH.
Definition 5.5.13. A family (a;);e; € (PLH)” is said to be summable if:
o forall (s,p) e W x Y, {j € J| ms,(a;) # 0} is finite

o U;cssuppy(ay) is finite.

When (a;)jes is summable, one defines Y. ;a; € BLY by
2u= ), wwlH,
jeJ (Aw)eY x W

with ay,, = Zjej Taw(a;) for all (A, w) € Y x W?,

Lemma 5.5.14. Let (a;) € (BEH)7 be a summable family of PLH, up € Y and a = > jes -
Then (a; x Z") and (Z" * a;) are summable and . a;  Z*, >, ; Z" * a; depends on a
(and ), but not on the choice of the family (a;) ;e

One sets a * Z* = Zjej a;x 2" and ZF % a = Zjej Z¥*aj. Then this convolution equips
BLAL with a structure of Y -bimodule.

Proof. Let S = J;c;suppy(az). If (\,w) € Y x W?, one sets J(A,w) = {j € J|m\w(a;) #
0}.

Let (p,s) € Y x W¥. Let j € J. One has m,4(Z" % a;) = m,_,s(a;), therefore
Ujecssuppw (Z2¥*a;) = U, e, suppwe(a;) = S is finite and {j € J| 7, (2" xa;) # 0} = J(p—
w, s) is finite. Consequently (Z* * a;) is summable. Moreover 7, (> ._; ZF *a;) = m,—,.s(a),
which depends only on a.

Let w € W*. By Lemma 5.5.3, there exists (2,;)(u,t)e Ru (u)x[1.w] € RIAwmx[Lw] gych that

jed

H,x2'= Y 242°H,

VER (1), t€[1,w]

Let j € J. One writes a; = >_\ ey e ajawZ Hy, with (a;.,) € RYVW".
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One has:

Tps(aj * Z") —Wps( Z aM,wZ)‘Hw*Z“)

(Aw)eY xS

:W”’S( (> aa',xwzi'ftZ”“Ht))
(A

(Aw)eY' xS  veRy(u)te(l,w]

§ w
- ( aj,AﬂUZu,s) .
(A w)eYy xS

€ VERy, (1), v+A=p

Let Fps = {j € J|mps(a;xZ") # 0}. Then Fp s C Uespennu J(p—v:w), which is finite.
Moreover suppyy.(a; * Z") C U, es(1, w] and thus ;. ; suppy.(a; x Z*) is finite: (a; * Z*) is
summable. One has:

WP,S(Z ajx Z") = Z aj,,\,wzf,‘js))

jedJ _]GJ ()\w JEY xS VERw(u) v+A=p

= 2 ( (> ajA,ngjs))

(Aw)EY XS NvERw(p),v+A=p Je€J

== E a’)\’wzysﬂ

(AMw)EY XS vERy (1) ,v+A=p

if a = Z()\,w)eYXWU arwZ Hy.

Let b, 1, 4/ € Y. It remains to show that Z* ¥ (Z¥ % b) = (Z*¥) % b, (b¥ ZM) % ZVF =
bx (ZM) and ZF % (b% Z") = (Z" % b) ¥ Z*. One writes b = D (wA)eWrxY bwrZ*H, and
one applies the first part of the lemma with J = W? x Y, using the fact that if x € BLH,
ZH s (ZM xx) = (2P Y s o, (o % ZM) x ZM = 2 (ZFH) and ZF * (zx ZF) = (ZF s x) * 2",
which is a consequence of the associativity of (BXH, *). ]

Corollary 5.5.15. Leta € H and u € Y+. Then ZFsxa=Z" % a and a* Z" = a % Z".

5.5.3.2 Center of Iwahori-Hecke algebras
We now write * instead of . Let Z(H) be the center of 7.
Lemma 5.5.16. Let a € Z(H) and p € Y. Then a* Z" = Z" x a.

Proof. One writes pt = py — p_, with p,u_ e Y.
One has ZH= % (Z7"= xa) = a and ZV~ x (ax Z7"-) = a. Therefore Z 7"~ xa =a* Z H-.
Consequently, Z# xa = ZM xax Z7F = ax Z". O

Let w € W". Let BFHy, = {20 myey xwe ax,Z H, € BYH | ay, # 0 = v # w},
sz = HN BLH@,, Bl ., = {Z()\v)EYXW” axoZ H, € BLH | ay, # 0 = w = v} and
Hew=HNPH_,.

Lemma 5.5.17. Let w € W?. Then :
1. Forall €Y,
} BLﬁzw « 7 C BLﬂzw
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AN BLﬁzw c Bngw
_ZA«BLE_ c BLy_
2. Let A\ €Y. Then there exists S € BLﬂzw such that Hy, * 72> = Z*VH, + S.

Proof. This is a consequence of Theorem 6.2 of | | or of Lemma 5.5.3 and of Lemma 5.5.14.
[

A~

Lemma 5.5.18. One has Z(H) = Z(H) N H.

Proof. Let a € Z(H). Then ax Z H,, = Z*H,, xa for all (\,w) € Y x W*. By Lemma 5.5.9,

-~

a € Z(H). The other inclusion is clear. O

Let Ay, ..., A, be the indecomposable components of the matrix A. Let J/ be the set of
j € [1,7] such that A; is of finite type (see Theorem 4.3 of | ]) and J* = [1,7]\J/. Let
A = ®j€Jf A;. If j € [1,7], one sets A;;, = ﬂaeémd ker o, where @, ; is the root system
of Aj. One sets A% = D¢ s Ajiin, Y/i=YNA and Y° =Y NAL.

The following theorem is a generalization of a well-known theorem of Bernstein, whose
first published version seems to be Theorem 8.1 of | |.

Theorem 5.5.19. 1. The center Z(H) of H is R[Y]]"".
2. The center Z(H) of H is R[Y' & Y.

Proof. We first prove 1. Let z € R[[Y]]"' c H, z = >yey+ @zt Let i € I. One
has z = z 4+ y, with = Z/\@,+|%()\)ZOCL,\ZA and y = Z)\GY+|ai(>\)>0a>‘(Z/\ + ZmWN). As
H; %2z =+ H; and H; xy =y * H;, we get that z € Z(H) and thus R[[Y]|"V" C Z(H).

Let z € Z(H). One writes z = D revwews wZ H, € BFH. Suppose that there exists
w € WP\{1} such that for some A € Y, m\,(z) # 0. Let m € W" be maximal (for the
Bruhat order) for this property. One writes z = « + y with = € H_,, and Yy € ﬁzm. One
writes . = Y, .y ¢xmZ Hp,. By Lemma 5.5.16 and Lemma 5.5.17, if p € Y,

=7t xzx 7 = Z c>\7mZ’\+“_m(“)Hm +9/,
A€Y

for some ¢ € BL’}T[%m.

By projecting on BXH_,,, we get that z = Y,y cxmZ T ™WH,, € He, . Let JCY
finite such that for all (w,\) € WY x Y, ¢y, # 0 implies that there exists v € J such that
A <wv. Let v € Y such that c,,, # 0. For all u € Y, one has 7,1, _m(u),m(z) # 0 therefore
v+ —m(p) <qy v(p) for some v(u) € J for all p € Y. Let p € Y NCY. Let v € J such
that for some o : N — N such that o(n) — +o0, v+ (n)(u—m(u)) <qgy v for alln € N. In
particular v+ o(1)(p — m(p)) — v € Q. By Lemma 2.2.9, u —m(u) € Q\{0} and thus for
n large enough v+ o(n)(p —m(p)) = v+ o(1)(p —m(p)) + (o(n) — (1)) (1 —m(u)) >qy v,
which is absurd. Therefore Z(H) € R[[Y]].

Let 2z € Z(H). One writes z = > ey &3 Z*. Let w € W". By Lemma 5.5.17, one has
Hyz =) oy ZvNH, + vy, with y € BLﬁzw. But Hy x 2z = zx Hy, = Y oy exZ H,,. By
projecting on H_,,, we get that >rey WZNH, =" cxZ*H,,. Therefore, z € R[[Y]]"".

To prove 2, Lemma 5.5.18 shows that Z(H) = HNR[[Y]]""". We then use Corollary 5.3.23
to conclude. n
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Module over the center When W is finite, it is well known that H is a finitely generated

~

Z(H)-module. Suppose that W? is infinite and let Z = Z(H). Then H is not a finitely
generated Z-module. Indeed, let J be a finite set and (h;) € H’. Then for all (a;) € Z7,
supPy (Y5 s aihy) C Ujeysuppwe(hy) € W and thus (h;) does not span H.

5.5.4 Case of a reductive group

In this subsection, we study the case where G is reductive.

In | |, an almost finite set is a set E such that £ C (U, s — Q%) N YT+ for some
Yi,---,yr € Y. If G is reductive, then such a set is finite. Indeed the Kac-Moody matrix A
of G is a Cartan matrix: it satisfies condition (FIN) of Theorem 4.3 of | |. In particular,

Yt C QY & Ay, where AAm = ;s ker a;, which proves our claim.

However, the algebra H that we define is different from H even in the reductive case. If
G is reductive, T = A and thus Y+ =Y. For instance, Zung ZF e H\H.

Proposition 5.5.20. Let R be a ring. Then R[[Y]]"" = R[Y|W" if and only if W* is finite.

Proof. Suppose that W is infinite. Let y € Y NCY. Then Y o €*? € R[[YV]V \R[Y]"".

Suppose that W is finite. Let wy be the longest element of W". By the paragraph after
Theorem of Section 1.8 of | |, wo.QY = —QY. Let E C Y be an almost finite set
invariant under the action of W*. One has £ C | e Vi~ Qy; for some finite set J. Therefore
E =wy.FE C Ujej wo.y; + QY. Consequently, for all x € E, there exists j,j’ € J such that
wo.yjr <@y T <qy y; and hence E is finite, which completes the proof. O]

By Theorem 8.1 of | | and Theorem 5.5.19, when W is finite, one has:

Z(H) =RV = Z(H).

120



Chapter 6

Gindikin-Karpelevich finiteness

6.1 Introduction

The classical Gindikin-Karpelevich formula was introduced in 1962 by Gindikin and Karpele-
vich. It applies to real semi-simple Lie groups and it enables to compute certain Plancherel
densities for semi-simple Lie groups. This formula was established in the non-archimedean
case by Langlands in | |. In 2014, in | |, Braverman, Garland, Kazhdan an
Patnaik obtained a generalization of this formula in the affine Kac-Moody case.

Let G be an affine Kac-Moody group associated to a simply connected semi-simple alge-
braic group. Let IC be a local field, G = G(K) and 7' C G be a maximal torus. Let O be the
ring of integers of K, m be a generator of the maximal ideal of O and ¢ = |O/7O|. Choose
a pair B, B~ of opposite Borel subgroups such that BN B~ = T and let U, U~ be their
“unipotent radicals”. Let Q7 and @3 be the root lattice and the coroot lattice of T'. Let @,y
be the set of roots of G and @7, be the set of positive roots. Let Ky = G(O). Let (o) )ier
denote the simple coroots. For a coroot v = )., n;o € Qy, one sets h(v) = >, n;. Let
QY = B, Nay. Let C[[Y]] be the Looijenga’s coweight algebra of G, where Y is some
lattice containing @y, with generators e*, for A € Y. Then the Gindikin-Karpelevich formula
reads as follows:

1 1—qg e’
VAEQY, Y IK\Km U™ N Em U WA = i (%

LEQy aE@Z‘ll

)" (6.1)

where for o € @7, m,, denotes the multiplicity of the coroot a" in the Lie algebra g of
G, and Hj is some term (see Section 6.8) for an explicit formula) depending on g. When
G is a reductive group, Hy = 1, the m,, are equal to 1 and this formula is equivalent to the
Gindikin-Karpelevich formula.

The aim of this chapter is to establish the following theorems:

Theorem 6.5.1: Let u € Qy. Then if u¥ ¢ —Qy, K, U~ N K U is empty for all
A€ @y If pe @y, then for A € Q) sufficiently dominant,

K7 U™ N K a0 ¢ Koot Ko N K o\ UL

Theorem 6.6.7: Let p € —Qy and A € Q). Then

|KN\K, U~ N K U = |K\K,7°U™ N Ko U
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and these sets are finite.

Theorem 6.7.1: Let p € Q5. Then for A € @)y sufficiently dominant,

Ko U™ N Ko "0 = Koo' K, N K o\ UL

These theorems correspond to Theorem 1.9 of | | and this is a positive answer to
Conjecture 4.4 of | .
Theorem 6.6.7 is named "Gindikin-Karpelevich finiteness" in | | and it enables to

make sense to the left side of formula 6.1. Thus this could be a first step to a generalization
of Gindikin-Karpelevich formula to general split Kac-Moody groups. However, we do not
know yet how to express the term Hy when G is not affine.

These finiteness results are a key tool in the definition by Patnaik and Puskés of Whittaker
functions in the Kac-Moody framework, see | | for the affine case and | | for the
general case.

In order to prove these theorems, we use the masure of G(K). We interpret the sets
involved in these theorems as sets of vertices of Z, using retractions pi.,, p_o and the
vectorial distance d” on Z: for all A € QY, K,\K,m U~ corresponds to p_% ({\}), K,\K,mU
corresponds to p; L ({\}) and K,\K,m™ K, corresponds to

SY(0,\) = {z € Z| d"(0,z) is defined and d"(0,z) = A\}.

This enables to use properties of “Hecke paths” to prove these theorems. These paths are
more or less the images of segments in the masure by retractions. They were first defined by
Kapovich and Millson in | |. We also use finiteness results of | |-

Actually, when we will write Theorem 6.5.1 and Theorem 6.7.1 using the masure, we will
show that these inclusion or equality are true modulo K. But as if X C G is invariant by
left multiplication by K, X =/, K\X Kz, this will be sufficient.

In the sequel, the results are not stated as in this introduction. Their statements use
retractions and vectorial distance, see Section 6.2 for a dictionary. They are also a bit
more general: they take into account the inessential part of the standard apartment A.
Corollary 6.6.2, as it is stated in this introduction was proved in Section 5 of | | and it
is slightly generalized in the following.

Framework Actually, this chapter is written in a more general framework: we ask Z to
be an abstract masure and G to be a strongly transitive group of (positive, type-preserving)
automorphisms of Z. This applies in particular to almost-split Kac-Moody groups over local
fields. We assume that Z is semi-discrete (which means that if M is a wall of A, the set of
wall parallel to M is discrete) and that Z has finite thickness (which means that for each
panel, the number of chambers containing it is finite). The group G is a group acting strongly
transitively on Z. Let N be the stabilizer of A in G and v : N — Aut(A) be the induced
morphism. We assume moreover that v(N) =Y x W?.

Organization of the chapter We first prove Theorem 6.5.1 by studying paths in Z.

Using finiteness results of | ], we deduce that if u € @y, then for A € Q) sufficiently

dominant K\ K,mU~ N K,a***U is finite. Using some kind of translations of Z, we prove

that | K,\ K7 U~ N K, U] is independent of X and deduce Theorem 6.6.7. We then prove

Theorem 6.7.1 by proving that Y+ is finitely generated monoid and using Theorem 6.6.7.
In Section 6.2, we explain the dictionary between G/K; and the vertices of Z.
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In Section 6.3, we prove the Gindikin-Karpelevich finiteness when 7 is a tree and outline
the proof when 7 is a masure.

In Section 6.4, we define Hecke paths.

In Section 6.5, we bound the map T, introduced in 4.2.2.2 (and which somehow estimates
the distance between points of Z and A) by a function of p,o — p_oo. We then prove
Theorem 6.5.1.

In Section 6.6, we study some kind of translations of Z and prove the Gindikin-Karpelevich
finiteness.

In Section 6.7, we prove Theorem 6.7.1.

In Section 6.8, we relate Macdonald’s formula of | | and | | with the Gindikin-
Karpelevich formula.

6.2 Dictionary

In this section, we show the correspondence between the quotient of subgroups of the intro-
duction and sets of vertices of Z.

Let G be a split Kac-Moody group over a ultrametric field K with ring of integer O and
G = G(K). We use notation of the introduction or of Section 3.3. We associate a masure to
G asin | .

The group G acts strongly transitively on Z. The group K is the fixer of 0 in G and HU
(resp. HU™) is the fixer of +00 (resp. —o0) in G, where H = T(O). The action of 7" on A
is as follows: if t = 7" € T for some \Y € A, t acts on A by the translation of vector —\Y
and thus \Y = 77*".0 for all AV € AV,

Let Zy = G.0 be the set of vertices of type 0. The map G — Z; sending g € G to
¢.0 induces a bijection ¢ : G/K — I,. If g € G, then ¢71(g.0) = gK,. If x € A, then
pioc({z}) = Uz and p=L ({z}) = U~.z. By Remark 3.2.2, if A € Q, then §¥(0,\Y) = K,.\.

Therefore, for all A, u € QV, ¢(S°(0,\) N pro({n})) = (Ksa 2K, NUr"K,) /K, and
6 (o= () Nk ({]) = (U7 K, N UKL /K,

We then use the bijection ¢ : K,\G — G/K, defined by ¢(K,g) = g 'K, to obtain the
sets considered in the introduction.

6.3 Case of a tree and idea of the proof

When Z = T is a tree of finite thickness, it is easy to prove Gindikin-Karpelevich finiteness
directly. Indeed, let y : T — Ar sending each z € Z on the unique point z € Ar such that
d(xz,z) = d(z,Ar). Let T : T — R, mapping each = € T on d(z,y(z)). Then p,(z) =
y(x) — T(x) and p_o(x) = y(x) + T(x) for all z € T (see Figure 6.3.1). Therefore for all
A€ R, pil (AN + ) NnpZl({A}) = {z € T| y(z) = A+ £ and T(z) = £}. Therefore
oo (IN+1}) N pZi ({A}) is finite and if T is semi-homogeneous, |p3 L ({\+ u}) N pZl ({A})]
does not depend on A € Z if u € 2Z.

The crucial fact for our method is that if p is fixed, then for A sufficiently dominant (that
is for A sufficiently large)

Proc({A+ 13 NP2 ({A) C i (A + 1}) NS0, {A}),
where §(0,\) is the sphere of T of center 0 and radius A. Indeed, if x € T, d(0,z) =

400, y(x)) + T(x) = {p‘j;“) S T € (D ) 1), (o) =
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Figure 6.3.1 — Images by p_,, and p_., of a point a

A+ £ >0 when A > 0 and thus we have the desired inclusion (and even an equality). As
the right term of this inclusion is finite, we deduce the Gindikin-Karpelevich finiteness.

Outline of the proof in the general case We no more suppose Z to be a tree. We
begin by proving that p 5 ({\ + u}) N pZi({A}) € 8%(0,)). In 4.2.2.1, we defined two maps
Yy, : L — A and T, : T — A which are analogous to y and 7. To prove the inclusion, it
suffices to prove that for z € p7 L ({A 4+ 1}) N p=LL,({A}), wu(x) € C% (by Lemma 6.5.5). We
prove this fact by bounding T, by a map of p, . — p_o (see Corollary 6.5.3).

Using Theorem 5.4.10 (which is proved in | ), we deduce that if 4 € @y, then
o (AN + ud) N pZl ({A}) is finite for A € QY sufficiently dominant. Using automorphisms
of Z inducing translations on A, we show that p i ({\+ u}) N pZl ({\}) does not depend on
A € @y and thus deduce Theorem 6.6.7.

In order to prove the asymptotic equality (Theorem 6.7.1), we use the fact that Y is a
finitely generated monoid and a lemma similar to Corollary 6.5.3 (Lemma 6.5.2).

The main technical lemma (Lemma 6.5.2) is obtained by using Hecke paths on Z, that
we now define.

6.4 Hecke paths

We now define Hecke paths. They are more or less the images by p_, of preordered segments
in Z. The definition is a bit technical but it expresses the fact that the image of such a path
"goes nearer to +00" when it crosses a wall. A consequence of that is Remark 6.4.2 and we
will not use directly this definition in the following.

We consider piecewise linear continuous paths 7 : [0, 1] — A such that the values of 7’
belong to some orbit W".\ for some \ € C’_J”c Such a path is called a A-path. It is increasing
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with respect to the preorder relation < on A. For any t # 0 (resp. t # 1), we let 7’ (¢) (resp.
7’ (t)) denote the derivative of 7 at ¢ from the left (resp. from the right).

Definition 6.4.1. A Hecke path of shape A with respect to —C% is a A-path such that
' (t) <wy, 7. (t) for all t € [0,1]\{0, 1}, which means that there exists a W}, -chain from
7' (t) to 7' (t), i.e., a finite sequence (§ = 7' (t),&,...,.& = ©.(t)) of vectors in V and
(B, ..., 8s) € (Pre)® such that, for all i € 1, s],

1. rg,(&—1) = &

2. Bi(&i-1) <0.

3. rg, € Wiy dee., Bi(m(t)) € Z: w(t) is in a wall of direction ker(5;).
4. Each f; is positive with respect to —C%; i.e., B;(C}) > 0.

Remark 6.4.2. Let 7 : [0,1] — A be a Hecke path of shape \ € C_}’ with respect to —Cf.

Then if t € [0,1] such that 7 is differentiable in t and 7'(t) € C_]?, then for all s > t, m is
differentiable in s and 7'(s) = .

Hecke paths of A Let A € N*. A Hecke path of shape A of Arisamap 7 : [0,1] = R = Ap
such that there exists ¢ € [0, A] such that 0,4 s differentiable and (Wl[o’ﬂ)’ = —land mp )
is differentiable and (7r|[07%-])’ = 1. If a € Z, there are exactly A\ + 1 Hecke paths 7 of shape A
such that 7(0) = a (see Figure 6.4.1).

6.5 Bounding of 7, and asymptotic inclusion in the sphere
Let Qp, = @ic; Ry and Qg = —Qf, . In this section, we prove the following theorem:

Theorem 6.5.1. Let € A. Then if i ¢ Qp , pioc({\+ p1}) N pZio({A}) is empty for all
AN €A Ifu € Qy , then for X € A sufficiently dominant, pri({\ + u}) N p=({A\}) C

SY(0,X) N pioo({A + 1)

In order to prove this theorem, we prove that for all x € Z, T, (z) is bounded by a function

of eroo(x) - p,oo<l‘).
One defines h: Qg = R by h(z) =3, 2, forall 2 = Y., 2,0 € Q.

Lemma 6.5.2. Let T e R, pe A, ace A, veY T =Yn C’_}’ and suppose there exists a
Hecke path m from a to a + Tv — p of shape Tv. Then:

1. pe QH\§+. Consequently h(p) is well defined.

2. If T > h(p), there exists t € [0,1] such that 7 is differentiable on Jt,1] and m, ,, = Tv.
Furthermore, let t* be the smallest t € [0, 1] having this property, then t* < %”)
Proof. The main idea of 2 is to use the fact that during the time when 7'(¢) # Tv, 7'(t) =
Tv — TA(t) with A(t) € QY\{0}. Hence for T large, m decreases quickly for the @y order,
but it cannot decrease too much because p is fixed.
Let to =0, t1,...,t, = 1 be a subdivision of [0, 1] such that for all i € [0,n — 1], 7, ¢,

is differentiable and let w; € W? be such that 7r|’]tz_ toa] = w;. Tv. If w;.v = v, one chooses
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Figure 6.4.1 — Hecke paths of shape of 2 starting from 1 and segments retracting on them.
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For i € [0,n — 1], according to Lemma 2.2.9, w;.v = v — \;, with \; € QY and if w; # 1,
A; # 0. One has

n—1

(1) =7(0)=Tv— > (i1 —t)TAN=Tv—p

i=0,w; £1

and one deduces 1.

Suppose now T' > h(u). Let us show that there exists i € [0,n — 1] such that w; = 1.
Let i € [0,n — 1].

For all i such that w; # 1, one has h()\;) > 1. Hence T30 01 (it — i) < h(u), and
S Olw (i —t) <1=3771, '(tir1 — t;). Thus there exists i € [0, n — 1] such that w; = 1.

By Remark 6.4.2, if w; = 1 for some 4, then w; = 1 for all j > 4. This shows the existence
of t*. We also have t* < ZZ 0.1 (ti+1 — ;) and hence the claimed inequality follows. [

From now on and until the end of this subsection, v will be a fixed element of C} NY".
We define 7, : Z - Ry and y, : Z — A as in 4.2.2.1. Let 6, = —R v and x € Z. Similarly,
one defines y, as the first point of z 4§, meeting A and 7, (x) as the element 7" of R, such
that p_oo(z) =y +Tv.

Corollary 6.5.3. Let x € Z and p1 = p_oo(¥) — pyoo(®). Then p € Qg, and T,(z) < h(p).

Proof. Let y = y,(z) and T = T,(x). Let m be the image by p_., of [x,y]. This is a Hecke
path from p_..(z) to y = pioo(z) +Tv, of shape Tv. The minimality of 7" and Lemma 4.2.14
imply that 7'(t) # v for all t € [0, 1] where 7 is differentiable. By applying Lemma 6.5.2 2,
we deduce that 7' < h(p). Lemma 6.5.2 1 applied to a = p_o(2) and gt = p_oo(x) — proo()
completes the proof. O

This corollary gives a simple proof of Proposition 4.2.15 in this frameworks: let x € 7
such that pyoo(z) = p_oo(z). Then by Corollary 6.5.3, T, (z) = 0 and thus = € A.

Remark 6.5.4. With the same reasoning but by considering Hecke with respect to C} we
obtain an analogous bounding for T, : for allx € T, T, () < h(p_oo(T) — proo(T)).

Lemma 6.5.5. Let v € T such that y, (z) € C}. Then 0 <z and p_(z) = d*(0,z).

Proof. Let y~ = y, (x). Let A be an apartment containing z and —oo. By (MA ii) there
exists ¢ € G such that A = g7'.A and g fixes cl(y, —o0) D y — C_}) 5 0. Then gz — gy~ =
p-oo(®) =y~ =T veCiand gy~ —g.0=y". Thus g.o — 9.0 = p_(z) € C} and we can
conclude by Remark 3.2.2. O

We can now prove Theorem 6.5.1:
Let € A. Thenif 1 ¢ Q% , proc({N+u})NpZi ({A}) is empty for all A € A. If u € QY ,
then for A € A sufficiently dominant, pi i ({\ + u}) N pZi ({A}) € 8%(0,A) N pLi (A + u}).

Proof. The condition on p comes from Corollary 6.5.3.

Suppose 1 € Qf . Let A € A. Let y~ =y, and T~ = T,7. By Corollary 6.5.3 and
remark 6.5.4, if z € pL L ({A+u})NpZl({\}), then y~(x) € [A\=T"(z)v,A\] C A—[0, h(—p)]v.
For all i € I, a;([0, h(—p)]v) is bounded. Consequently for A sufficiently dominant, a;(A —
[0, h(—p)]v) € R} for all i € I. For such a A, y~ (pis({A + 1}) N p=L({A})) € CY. We
conclude the proof with Lemma 6.5.5.

[
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6.6 The Gindikin-Karpelevich finiteness

6.6.1 Translations and invariance of the cardinals

In this subsection, we study automorphisms of Z inducing translations on A and prove that
they commute with maps on Z. Let p € A. In particular we prove that there exists an
automorphism n of Z such that for all A € Y+ Ay, pi i ({A+p})NpZl ({A}) = n(pii({ph)n
p~2({0})) (see Lemma 6.6.5).

We defined in 3.2.3 an action of A;, on Z as follows: if x € Z and v € A;,, x +v =
#(¢p~(z) + v) where ¢ is any isomorphism of apartment sending x in A. For v € A;,, one
defines 7, : Z — Z by 7,(z) = x + v.

Then the following lemma is easy to prove:

Lemma 6.6.1. Let v € A;,. Then:

1. The map 7, is an automorphism of I stabilizing every apartment of L. Its inverse is
T y.

2. Forallge G, got,=1,0g4.
3. For all retraction p centered at a sector germ, po T, = T, 0 p.
4. For all z,y € T such that x <y, then d"(z,7,(y)) = d"(7-,(x),y) = d°(z,y) + v.

Corollary 6.6.2. Let A € A and p €Y + Ay,. Then for all Ny, € Ay,

In particular, for all X € Y + Ay, SU(0,\) N pil ({p+A}) is finite and is empty if p ¢ —QY,.

Proof. The first assertion is a consequence of Lemma 6.6.1.

Let A € Y + A, and \;,, € Ay, such that 7(\) € Y, with 7 = 7,,,. Then T(S“(O, A)N
pis (A + 1)) = 8°(0,7(N) N po ({T(A + 1) }). Consequently, one can assume A € Y.

Suppose S8U(0, ) N p3L({p + A}) is nonempty. Let = be in this set. Then there exists
g,h € G such that go = X and hax = p+ X\ Thus A+ pu = h.gt A € ZyNA =Y and
therefore, p € Y. We can now conclude because the finiteness and the condition on u are
shown in | |, Section 5, see also Theorem 5.4.10 1 (by exchanging all the signs).

O

Lemma 6.6.3. Let n € G inducing a translation on A. Then n o pioe = pioc ©N and
MO P_og = Peoo OMN.

Proof. Let x € Z and A be an apartment containing x and +o0o. Then n.A is an apartment
containing +oo. Let ¢ : A ¥ A. We have n.z € n.A, and no dpont:n.A— A fixes +oo.
Hence p,oo(n.x) =nogont(n.z) =nod(x) =nop,e(r) and thus nop e = pro on. By
the same reasoning applied to p_.,, we get the lemma. O

Lemma 6.6.4. Let n € G inducing a translation on A. Let \;, € A,. Set T =T), on. Let
veliandy =y,. ThenTtoy =y or.

Proof. If x € A, then y~ (z) =z, y~ (7(x)) = 7(x) and there is nothing to prove.

Suppose & ¢ A. Then [z, 5~ (2)\{y~ (2)} C (v — Row\A, thus 7((z,y (@) \y~(2)})
(1(x) —Ryv)\A and 7(y~ (z)) € A. and the lemma follows. ]
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Lemma 6.6.5. Let p € A and A\ € Y + A;,. One writes A = \;, + A, with \;, € Ay,
and A € Y. Let n € G inducing the translation of vector A and 7 = T, on. Then

P (00 ) 1L (EA) = n(prh () 0 o=k (0D)).

Proof. This is a consequence of Lemma 6.6.3 and Lemma 6.6.1.

6.6.2 The Gindikin-Karpelevich finiteness

Lemma 6.6.6. Let € Z. One has pio(x) € Y if and only if p_oo(x) € Y if and only if
x € Zy. In this case, pioo(T) <@y P-oo().

Proof. For x € Z, there exists g_, g, € G such that p_.(x) = g_.z and pi(z) = g:.7,
which shows the claimed equivalence because Y = G.0 N A (see Lemma 3.4.3).

Therefore if x € Zy, then p, () — p_(x) € Q. Moreover, by Corollary 6.5.3, pyoo(z) —
P-oo(x) € Q% and the lemma follows. O

Theorem 6.6.7. Let € A and A\ € Q) + Ay, Then pii (I + u}) N pZlo({\}) is finite. If
¢ —QY, this set is empty. Moreover

P (A + 1) N (A = I (i) N e~ ({011

Proof. The condition on 1 is a consequence of Lemma 6.6.6. By Theorem 6.5.1, for A € YNCY
sufficiently dominant, p; L ({\+u})Np=i ({A}) € S¥(0, \)Npi L ({A+nu}). By Corollary 6.6.2,
these sets are finite for A sufficiently dominant. But by Lemma 6.6.5,

(X + u}) N pZ L (D] = lpi s ({nd) N oL ({0})],

and hence |pL ({\ + p}) N pZi ({\})] is independent of X € Y + A,,,. Therefore, these sets
are finite, which proves the theorem. O

Corollary 6.6.8. Suppose that I is associated to an indefinite Kac-Moody matriz. Then if
z,y € Iy, the set {z € Iy| x < z <y} is finite.

Proof. By Lemma in 2.9 of | |, {z € Iy| * < z < y} is finite. By Corollaire 2.8 of
[ |, if z € Z such that < z <y, then © < p_(2) <y and & < pyo(z) < y. This is
thus a consequence of Theorem 6.6.7 . O

Remark 6.6.9. This corollary is specific to the indefinite case, see 5.4.3 for the affine case.

6.7 Asymptotic equality

In this section, we prove the following theorem:

Theorem 6.7.1. Let p € Q. Then for A € YT + A, sufficiently dominant, S¥(0,\) N
Proc({A+ 1}) = P (fAD) N pZsc (A + 1))

The proof is postponed to the end of this section. Let us sketch it. Using the fact that
Y '+ is finitely generated (Lemma 6.7.3) we prove that there exists a finite set F' C Y™ such
that for all A € YTt + A,

piA+ppnsoNc | s+ ph)nS -1 f)
feF\A—feCT’ﬁ
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(this is Corollary 6.7.5, which generalizes Lemma 6.7.2). Then we use Subsection 6.6.1 to
show that p L ({A+u})NSY(A—f, ) is the image of p L (u+ f)NS?(0, f) by a "translation"
Tr—s of G of vector A — f (which means that 7,_; induces the translation of vector A — f on
A). We fix v € C} and set y~ =y, . By Lemma 6.6.4,

v (pr (A + 1) N80, 0) € | macr oy (8°(0, /) N pih({u+ 11).
feF

According to Section 5 of | | (or Corollary 6.6.2, for all f, u € Y, SY(0, f)Npio({p+r}) is
finite. Consequently, for A sufficiently dominant, ;e ma—y (4~ (S¥(0, /)Npiac({p+f}) € C}
and one concludes with Lemma 6.5.5.

Lemma 6.7.2. Let p € —QY and H = —h(p) +1 € N. Leta €Y, T € [H,+oo[, v € YT
and x € 8¥(a,Tv) N piic({a+ Tv + u}). Let g € G such that g.a = a and g.x = Tv + a.
Then g fizes [a,a + (T — H)v| and in particular x € S'(a + (T — H)v, Hv).

Proof. Let 7:[0,1] — A defined by 7(t) = a + (1 — ¢t)Tv. The main idea is to apply Lemma
6.5.2 t0 pyoo © (g7 1.7) but we cannot do it directly because p, o o7 is not a Hecke path with
respect to —C. Let A’ be the vectorial space A equipped with a structure of apartment of
type —A: the fundamental chamber of A" is O = —C% etc ... Let 7' be the set Z, whose
apartments are the —A where A runs over the apartment of Z. Then 7’ is a masure of
standard apartment A’. We have a <z inZ and so z <" a in Z'.

Then the image 7 of g~ .7 by p, . is a Hecke path of shape —Tv from p (7)) = a+Tv+pu
to a. By Lemma 6.5.2 (for Z'), for t > —h(u)/T, 7'(t) = —Tv, and thus Lemma 4.2.14 (for 7'
and A’) implies pyoo(gt.7(t)) = g7 .7(¢) for all t > —h(p)/T. Therefore, g=t.1y_pu /1) is &
segment in A ending in a, with derivative —Tw and thus, for all t €]=2%) 1], g=1.7(¢) = 7(¢).

T
In particular, g fixes [a,7(£)] = [a,a + (T — H)v], and d°(a + (I’ — H)v,z) = d*(g7".(a +
(T — H)v),g 2)=d"(a+ (T — H)v,a+Tv) = Hv. O

Lemma 6.7.3. There exists a finite set E CY such that Y™+ =3%"__.Ne.

Proof. The set Y;, =Y N A, is a lattice in the vectorial space it spans. Consequently, it is
a finitely generated Z-module and thus a finitely generated monoid. Let E; be a finite set
generating Y;, as a monoid.

Recall the definition of < of Subsection 5.4.1. Let Y.y = Y*tT\Y;,. Let P = {a €
Yiola # b+ c Vb,c € Yoo} Let a: YT — N such that a(x) = (a;(x))ier for all z € Y.
Let a,b € P. If a(a) < a(b), then b = b — a + a, with a,b — a € Y., which is absurd
and by symmetry we deduce that a(a) and «(b) are not comparable for <. Therefore, by
Lemma 5.4.3, a(P) is finite. Let Ey be a finite set of Y.y such that a(P) = {«a(z)|r € Es}.
Then Y+ =" Ne + Y, = > .cp Ne, where ' = Ey U Es. O

e€Fo

Lemma 6.7.4. Let p € —Qy, H=—h(p)+1 € Nanda €Y. Let A € YTt. One writes
A= ZeeE A€ with A\, € N foralle e E. Lete € E. Then if A\, > H,

SY(a,\)Npr{a+A+pu}) S (a+ (N — H)e,A — (Ae — H)e).

Proof. Let z € 8(a,\) N pis({a+ X+ u}) and g € G fixing a such that g.x = a + . Let
z=g Ya+ \e).

Then one has d¥(a, z) = Ace and d*(z,x) = X — Ace.

According to Lemma 2.4.b) of | | (adapted because one considers Hecke paths with
respect to C'}), one has:
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Proo(2) —a <qy d°(a,z) = Ace and pyoo(T) — proo(2) <qy d'(2,7) = A — Ace.
Therefore,
a+ A+ 1= proo(T) <Qy Proo(2) +A = Ace gy a+ A
Hence, pioo(2) = a + Ace + g/, with p <gv ' <gy 0. One has —h(y') +1 < H. By
Lemma 6.7.2, g fixes [a,a + (Ao — H)e] and thus g fixes a + (\. — H)e.
Asd’(g7 ' (a+(A\e—H)e),z) =A—(Ae— H)e, z € S°(a+ (e — H)e,\— (A — H)e). [

Corollary 6.7.5. Let u € —QY. Let H = —h(p) + 1. Let X € YT, We fix a writing
A= epAee, with A\c € N for alle € E. Let J = {e € E|A\. > H}. Then S¥(0,\) N
Plio({A +up) CSTAN-HY  c e~ Zey A, HY cpet Zeg,f Ae)-

Proof. This is a generalization by induction of Lemma 6.7.4. m

We now prove Theorem 6.7.1:
Let 4 € Qy. Then for A € Y+ + A, sufficiently dominant, S(0,A) N p32 ({\ + u}) =
Poe({A}) NP ({A + 1))

Proof. Theorem 6.5.1 yields one inclusion. It remains to show that pt ({\+u})NSY(0,\) C
o (AN + 1)) N pZi ({A}) for A sufficiently dominant.

Let H = —h(p) + 1 and F = {3, _pvee|(ve) € [0, H]F}. This set is finite. Let A €
YT+ + A, A= Ny + A, with A, € Ay, and A € YT

Let 2 € SY(0,\) N p+oo({)\ + p}). Then by Corollary 6.7.5, there exists f € F such that
A—f € C_}’ and x € 8U(A — f, f) (one can take f = H > _;e+ > ,; A where J is as in
Corollary 6.7.5). Let n be an element of G inducing the translation of vector A—f = A—\;,— f
on A and 7y s = 7y,, on. Then x € 7 ;(By) where By = S¥(0, f) N poc ({1 + f}).

Let B = J;cp By- Then one has proved that

S°(0,\) Nt (A + u}) € | ms(B)
feF

By Section 5 of | | (or Corollary 6.6.2), By is finite for all f € F and thus B =
Ujer By is finite. Let v € C} and y~ = y,. Then y~(B) is finite and for A sufficiently
dominant, (. 7a poy™ (B) C C}. Moreover, according to Lemma 6.6.4, | J ;. 7 sy~ (B) =

UfeF y~ o7y s(B). Hence
y (8700 N p (A + ) € Cf

for X\ sufficiently dominant. Eventually one concludes with Lemma 6.5.5. m

6.8 The Gindikin-Karpelevich formula

We now suppose that G = G(K), where G is a split Kac-Moody group and K is a local field.
Let h : Qy — Z defined by h(>",.;mia)) = > ,c;n for all (n;) € Z'. Let g be the residue
cardinal of K. By Theorem 6.6.7, if A € Qy,

= 37 i (D4 u)) T (AN et € Z[[Y)

HEQy

is well defined and does not depend on A. In | |, Braverman, Kazhdan, Garland and
Patnaik compute G when G is an untwisted affine Kac-Moody groups. For this they use a
generalization of Macdonald formula for these groups. This formula explicits the image of
certain elements of the spherical Hecke algebra by the Satake isomorphism. Let us review
these results.
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6.8.1 Macdonald’s formula

In | ], Macdonald establishes a formula which computes S(cy) for A € YT when
G is a reductive group, where S is the Satake isomorphism (see Theorem 5.4.10 for the
definition) and ¢, = 1x g € Hs. Braverman, Kazhdan and Patnaik generalized this formula
in Theorem of 7.2.3 of | | when G is an affine group. Bardy-Panse, Gaussent and
Rousseau generalized this formula to the general Kac-Moody setting, using masures and
paths, see Theorem 7.3 of | |. In this subsection, we give this formula.

Let o be an indeterminate (one will specialize o at q_%) and let Z, denote Z[o,o~1]. If

Y

a¥ € (D) =WV {a)]i € I}, onesets (") = 1;fo;v . This defines an element of Z, [[Y]].

Indeed, (@)Y C QU —QyY. Thus if a¥ € QY, d'(a¥) = (1 — %)Y, ye ™ € Z,[[Y]]
and if 0¥ € —QY, d(a¥) == &2 = —(e* — 0?) S en € € Z,[[Y]).

e’ —1
Let

\%

Zo(Y) ={)_are* € Zo[[Y]| N Fr(Z,[Y]) such that Y a,.ae* € C[[Y]] Vw € W},

€Y ey

where Fr(Z,[Y]) is the field of fractions of Z,[Y]. The group W acts on Z,(Y') by setting
WY ey et = Do yoy ane? for all 30,y anex € Zo(Y). A sequence (¢,) € (Z,(Y))" is
said to be convergent if for all w € W?, (w.¢,) converges in Z,(Y)N. Let Z,((Y)) denote the
completion of Z,(Y') for this notion of convergence.

Let A = [[,cor ¢(—a"). By 5.3 of | |, A € Z,(Y)) and is invertible.

If W' C W?, one sets W/(0?) = 3"y 024 € Z((0)) and if A € Y+, one denotes by
WY its fixer in W".

By Theorem 7.3 of | |, if A € Y™t we have the Macdonald’s formula:
S(C)\) _ qh(A) ( WU<U2) ) ‘ (ZwEW“ (w.A)ew.)\) ‘
ZwEW” w.A o2=q—1 W)l\)(0-2) o2=¢—1

The elements W (02), > cipro WA, D o (w.A)e* and WY (0?) are defined in Z((0))[[Y]]

WU(O.Q) and ZwGW’“ (w.A)ew./\

and not in Z,[[Y]] a priori. However S A NG are in Z,[[Y']] and can be

specialized at o = ¢~ 2.

6.8.2 Relation between Hy, and ¢

Let Hy := &VEUL(;;;A. Let A, = A(0? = ¢7') and Hp, = Ho(0? = ¢~'). The aim of this

subsection is to prove the following theorem.

Theorem 6.8.1. One has

6= 3 Iork A+ i) 0 (APl e = o

peQy

This is Theorem 1.13 of | ]. We now detail the proof of Braverman, Garland,
Kazhdan and Patnaik.
CllY]] = C A/

Let v € Y. One sets 7, : " and h : .
v e o, S w0l o Y,

Let Cl=QY] = {P € C[[V[m(P) = 0 ¥ € ¥\ — QY}. Then Cl[—QY]] is a subalgebra
of C[[Y]].
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Lemma 6.8.2. Let w € W". Then w.A, € C[[—-Q{]].
Proof. Let @, = {a € ;] w.a¥ < 0}. One has

= H w.c,(a”) H w.c(a’) = H cy(w.a”) H cy(w.a’),

a€dy a€d L\ Py a€dy a€d i\ .y

@

where if a” € QU —Qf, ¢,(0") = oty € Cl-Qi). I o € 21\ By, ¢ () € C[-Q¥]]

Let a € ®,,. Then ¢ (w.a) = e:;a—v_l C[[-Qy]] and the lemma follows. O

Lemma 6.8.3. Let v € Y. Then for A € YT sufficiently dominant,

(A +7) = [P ({7 N L ({0})].

Proof. For A € C%, one sets Sy (0, \) = {x € Z| x < 0 and d"(z,0) = A\}. Using the masure
7' of Lemma 6.7.2, Theorem 6.7.1 yields the equality:

[S5(0. 2) N pZs({=A = 7D = lpiaa({=A) N e ({=A =}l

for A\ sufficiently dominant. By using g € G inducing a translation of vector A + v on A,
Lemma 6.6.3 and the G-invariance of d¥, we deduce that

A\ +7) = So,(A+ 7, 0) Np= L ({0D)] = 1o ({7} 0 =L ({0},
which is our assertion. O

Lemma 6.8.4. Lety €Y, Ae CyNY, PeC[[Y]] and k € N*. Then > e (w.A)e? N €
Z,([Y]] and for k large enough,

That (P Z (0.2)e" V) = mixy (PAGM)
weW

Proof. As kX € C%, W}, = {1} and thus Z“’Ewgﬁﬁiewm =Y wewe (W.A)e" e Z,[[Y]].

Let w € W. By Lemma 2.2.9, one has wA = X — i, with p,, € QY. When w # 1, p,, # 0
and thus A(p,) > 1.

Let k € N and w € W\{1}. Then mpy i (P(w.Ag)e*V) = 1, (P(w.Ag)e ).

One writes P = Y,y axe*. Let J C Y be a finite set such that for all A € supp(P),
there exists j € J such that A <gv j. By Lemma 6.8.2, w.A, € Z,[[-Qy]] and thus
P(w.A,) = Z,uGQV bue*, with (b,) € C¥ such that b, # 0 implies y <gy j for some j € J.
Suppose k > |h(y)| + max{|h(j)| | € J} + 1. Then, one has m, (P(w.A;)e ™ ) = 0 and the
lemma follows. [l

Proof of Theorem 6.8.1: Let A € C; NY and v € Y. Then by Lemma 6.8.4 and
Macdonald’s formula, for k sufficiently dominant, one has :

A
7Tk)\+'y(s<clc)\)) = qh(k/\ﬂ)nk,\(kA + ’Y) = 7Tk>\+w(qh(k/\) I7i ¢ ek/\) = Ty\q
0,9

By Lemma 6.8.3, for k sufficiently large,
qh(k/\Jrfy)nk)\(k)\ + ’}/) — qh(“)m(g)

.0

and thus 7,(G) = m,(-==). As this is true for all v in Y, G =

Ho,q HO a’
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6.8.3 Expression for H,?

Suppose that G is reductive. Then Hy =1 by | |, see also Corollary 2.17 of | |-

Let ®;,, be the set of imaginary roots of G, ®,;; be the set of all roots of G, @;r” = O, NQn
and q),j;n = q)zm N QN‘

If « € ®,,, one denotes by m, the multiplicity of o (see 2.2.1.2).

Let A" = Haeq,;rm d(aY) € Z,(Y)) and A% = A.A™. Let w € W*. By Lemma 1.3.14

of | |, w®; =& wA™ =A™ Therefore w. A" = (w.A)A™ for all w € W".
Let 5 Al
Hall — wewr W- _ AzmH )
’ We(o?) ’
By Theorem 6.8.1, one has
Aall
G=—
Hgl
In | |, using 3.8 of | | and | |, the authors give an expression for Hy,
when G is affine and the underlying semi-simple Lie algebra g is of type A, D or E (see
Chapter 4 of | |). One writes I = [[0,¢] with ¢ € N. Then
£ oo 1 — quj 671'6
Hall — :
0,9 ]]1 H 1 _ q—(m]‘-i-l)efzﬁ’

where ¢ is the smallest positive imaginary root and the m; are the exponents of g, defined
by the relation:
¢
° 1 — 0’2(mj+1)
2y
W”(U)_H s
=1
where W7 is the vectorial Weyl group of g.
When G is indefinite however, it seems that there is currently no simple expression of Hy,
even on simple examples.
In | |, Feingold computes Haeq)+”<1 —e )™ for g associated to the indefinite (hyper-

_23 _2 . He also gives explicitly the set of imaginary roots and its formula
gives a way to compute the multiplicities of imaginary roots. It would be interesting to
compute HS" in this case. When G is affine, the set of imaginary roots is easy to describe
and the multiplicities of these roots are known, by Corollary 2.3.4: the multiplicities are all
equal to [I| — 1. A difficulty in the indefinite case is that ®;,, is harder to describe and the
multiplicities of imaginary roots are not easy to compute, see | | for a survey on the
problem of multiplicities in the indefinite case.

bolic) matrix
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Chapter 7

Distances on a masure

7.1 Introduction

Let Z be a Bruhat-Tits building associated to a split reductive group G over a local field.
Then Z is equipped with a distance d such that G acts isometrically on Z and such that
the restriction of d to each apartment is a euclidean distance. This distance is an important
tool in the study of Z. We will show that we cannot equip masures which are not buildings
with distances having these properties but it seems natural to ask whether we can define
distances on a masure having “good” properties. We limit our study to distances inducing
the affine topology on each apartment. We show that under assumptions of continuity for
retractions, Z cannot be complete nor locally compact (see Section 7.2). We show that there
is no distance on Z such that the restriction to each apartment is a norm. However, we prove
the following theorems (Corollary 7.4.8, Lemma 7.3.9, Corollary 7.4.9 and Theorem 7.4.14):
let g be a sector germ of Z, then there exists a distance d on Z having the following properties:

e the topology induced on each apartment is the affine topology

e cach retraction with center q is 1-Lipschitz continuous

e cach retraction with center a sector-germ of the same sign as q is Lipschitz continuous
e cach g € (G is Lipschitz continuous when we see it as an automorphism of Z.

We call the distances constructed in the proof of this theorem distances of positive or
of negative type, depending on the sign of q. A distance of positive or negative type is
called a signed distance. We prove that all distances of positive type on a masure (resp.
of negative type) are equivalent, where we say that two distances d; and dy are equivalent
if there exist k,¢ € R* such that kd; < dy < ld; (this is Theorem 7.4.7). We thus get
a positive topology .7, and a negative topology 7. We prove (Corollary 7.5.4) that
these topologies are different when Z is not a building. When 7 is a building these topologies
are the usual topology on a building (Proposition 7.4.15).

Let Zy be the orbit of some special vertex under the action of GG. If Z is not a building, Zj is
not discrete for 7 and .7, . We also prove that if p is a retraction centered at a positive (resp.
negative) sector-germ, p is not continuous for .7_ (resp. 7, ), see Proposition 7.5.3. For these
reasons we introduce mixed distances, which are the sum of a distance of positive type and
of a distance of negative type. We then have the following theorem (Theorem 7.5.7): all the
mixed distances on Z are equivalent; moreover, if d is a mixed distance and Z is equipped
with d we have:
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each g : 7 — 7 € G is Lipschitz continuous

each retraction centered at a sector-germ is Lipschitz continuous

the topology induced on each apartment is the affine topology

the set Z; is discrete.

The topology .7, associated to mixed distances is the initial topology with respect to the
retractions of Z (see Corollary 7.5.10).

Let us explain how we define distances of positive or negative type. Let A be an apartment
and @ be a sector of A. Maybe considering g.A for some g in G, one can suppose that A = A,
the standard apartment of Z and ¢ = C7}, the fundamental chamber of A (or @ = —C7 but
this case is similar). Let N be anorm on A. If x € Z, there exists an apartment A, containing
x and +oo (which means that A, contains a sub-sector of C}i) For ¢ € CY, we define z + g
as the translate of z by ¢ in A,. When ¢ is made more and more dominant, z + ¢ € C¥.
Therefore, for all z,z" € Z, there exists ¢,q' € C} such that x + ¢ = 2’ + ¢’. We then define
d(x,2") to be the minimum of the N(q) + N(q’) for such couples ¢, ¢'.

We thus obtain a distance for each sector () and for each norm N on an apartment
containing ). We show that this distance only depends on the germ of @ and on N (in
Subsection 7.3.3) .

Framework We ask 7 to be an abstract masure and G to be a strongly transitive group
of (positive, type-preserving) automorphisms of Z. This applies in particular to almost-split
Kac-Moody groups over local fields. We assume that Z is semi-discrete (which means that
if M is a wall of A, the set of wall parallel to M is discrete) and that Z is thick of finite
thickness (which means that for each panel, the number of chamber containing it is finite
and greater or equal to three). The group G is a group acting strongly transitively on Z. Let
N be the stabilizer of A in G and v : N — Aut(A) be the induced morphism. We assume
moreover that v(N) =Y x W".

Organization of the chapter In Section 7.2, we study the properties that distances on a
masure cannot satisfy.

In Section 7.3, we construct the signed distances.

In Section 7.4, we prove that all the distances of the same sign are equivalent.

In Section 7.5, we prove that when Z is not a building, the distances of opposed signs are
non equivalent, introduce the mixed distances and study their properties.

In Section 7.6 we prove that for the distances we introduced, the masure is contractible.

7.2 Restrictions on the distances

7.2.1 Study of metric properties of W

In this subsection we prove that when W" is infinite there exists no norm on A such that W"¥
is a group of isometries.

Let Ay = (erkeray = e ker(Id — w). Let Aoy = A/A;,. If 2 € A, one denotes
by T its image in A.s. Each w € W?" induces an automorphism w of A.; by the formula:
w(T) = w(x) for all z € A. By Lemma 2.2.10, the map W¥ — Aut(A.s) mapping each
w € W on W is injective. Let Y = {gly € Y'}.
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Lemma 7.2.1. The set Y is a lattice of As.

Proof. AsY spans A, Y spans A,. Let | | be a norm on A. One equips A, with the quotient
norm | |: for all z € A, |Z| = inf, 5 |y|.

Let (z,) € Y be a sequence converging towards 0. For all n € N, one writes z, = ¥,
with y, € Y, one chooses u,, € 7, such that |u,| < 2|z,| and one writes u,, = z,, + y,, with
Tn € A,

As A is finite dimensional, there exists wy, ..., w, € W" such that A;, = ﬂle ker(w; —1d).
For all i € [1, /], w;.u, = x,, + w;.y, — 0. Consequently y, — w;.y, — 0 for all : € [1,¢]. As
Yn — Wiy, €Y for all (i,n) € [1,/] x N, y, € Ay, for n large enough. Thus z, =7, = 0 for
n large enough, which shows that Y is a lattice of A.,. ]

Lemma 7.2.2. Let Z be a finite dimensional vectorial space on R and H be a subgroup of
GL(Z). Suppose that H is infinite and stabilizes a lattice L. Then for all norm on Z, H is
not a group of isometries.

Proof. Let (ey,...,ex) be a basis of Z such that L = Ze; @ ... ® Zey. Consider f: H — L*
defined by f(h) = (h.e1,...,h.eg) for all h € H. Then f is injective and thus there exists
i € [1,k] such that {h.e;lh € H} is infinite. As {h.e;Jh € H} C L, {h.e;Jh € H} is not
bounded, which shows the lemma. O

Corollary 7.2.3. Suppose that there exists a norm | | on A such that W is a group of
isometries. Then WV is finite.

7.2.2 Restrictions on the distances

In this section, we show that some properties cannot be satisfied by distances on masures. If
A is an apartment of Z, we show that there exist apartments branching at all wall of A (this
is Lemma 7.2.4). This implies that if Z is not a building the interior of each apartments is
empty for the distances we study. We write Z as a countable union of apartment and then
use Baire’s Theorem to show that under rather weak assumption of regularity for retractions,
a masure cannot be complete or locally compact for the distances we study.

Let us show a slight refinement of Corollaire 2.10 of | |:

Lemma 7.2.4. Let A be an apartment of T and D be a half-apartment of A. Then there
exists an apartment B such that ANB = D.

Proof. Let P be a panel of the wall of A. Let C' be a chamber containing P and not included
in A, which exists by thickness of Z. By Proposition 2.9 1) of | |, there exists an
apartment B containing D and C. By (MA ii), AN B is a half-apartment containing D.
Moreover A N B does not contain C' and thus AN B = D.

[

Proposition 7.2.5. Suppose that there exists a distance dz on L such that for each apartment
A, dria2 is induced by some norm. Then T is a building and dzs> is W-invariant.

%
Proof. Let A and B be two apartments sharing a sector and ¢ : AAN BB. Let us prove that
¢: (A,dr) — (B,dr) is an isometry. Let d' : Ax A — R, defined by d'(z,y) = dz(¢(x), ¢(y))
for all x,y € A. Then d’ is induced by some norm. Moreover dT(AmB)Q = dgj(anpy- As AN DB
has nonempty interior, we deduce that d’ = dz and thus that ¢ : (A,dz) — (B,dz) is an
isometry.
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Let M be a wall of A and s : A — A be the reflection fixing s. By Lemma 4.4.42
and its proof, s is an isometry of (A,dz). Thus W is a group of isometries for dzs2. By
Corollary 7.2.3, W is finite and by | | 2.2 6), Z is a building. O

Lemma 7.2.6. Let q be a sector-germ of Z and d be a distance on I inducing the affine
topology on each apartment and such that there exists a continuous retraction p of I centered
at q. Then each apartment containing q is closed.

Proof. Let A be an apartment containing q and B = p(Z). Let ¢ : B S Aand py: T S A
Then py = ¢ o p is continuous because ¢ is an affine map. Let (z,,) € AN be a converging
sequence and x = limz,,. Then z,, = pa(z,) = pa(x) and thus x = p(z) € A. O

Proposition 7.2.7. Suppose I is not a building. Let d be a distance on L inducing the affine
topology on each apartment. Then the interior of each apartment of T is empty.

Proof. Let U be a nonempty open set of Z. Let A be an apartment of Z such that ANU # ().
By Proposition 3.1.1, there exists a wall M of A such that M N U # (). Let D be a half-
apartment delimited by M. Let B be an apartment such that AN B = D, which exists by
Lemma 7.2.4. Then BNU is an open set of B containing M NU and thus ENU # (), where E
is the half-apartment of B opposite to D. Therefore U\ A # () and we get the proposition. []

One sets Zy = G.0 where 0 € A. This is the set of vertices of type 0. Let —oo =
germq(—C%). One sets p_oo 1 Z = A.

Lemma 7.2.8. The set Iy is countable.

Proof. Let i € {—o0,+0o0}. By definition of p;, pi(z) € Zy for all x € Z; and thus (by
Lemma 3.4.3), pi(z) € Y for all € Zy. Therefore Zy = (U, ,eye P (D) Npil ({ud).
By Theorem 6.6.7, p—i ({\}) N pic({u}) is finite for all (A, u) € Y2, which completes the
proof. n

Let g be a sector-germ of Z. For all z € Z;, one chooses an apartment A(z) containing z
and q. Let z € Z and A be an apartment containing x and q. There exists z € Zy N A such
that x € z + q and thus x € A(z). Therefore Z =, ., A(z).

z2€Zy

Proposition 7.2.9. Let d be a distance on Z. Suppose that there exists a sector-germ q
such that each apartment containing q is closed and with empty interior. Then (Z,d) is not
complete and the interior of each compact set of T is empty.

Proof. One has T = J, .7, A(z), with Zy countable by Lemma 7.2.8. Thus by Baire’s Theo-
rem, (Z,d) is not complete.
Let K be a compact of Z and U C K be open. Then U is compact and thus complete.
One has U = UZGIO U N A(z) and thus U has empty interior. Thus K has empty interior.
]

7.3 Construction of signed distances

In this section we construct distances on Z. To each sector-germ q and to each norm on an
apartment containing ¢, we associate a distance on Z. Let us be more precise.

Let A be an apartment of Z. Let d be a distance on A. One says that d is a norm if there
exists an isomorphism ¢ : A — A and a norm | | on A such that d(z,y) = [¢7'(z) — ¢~ (y)
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for all (z,y) € A% A distance d on A is a norm if and only if for all isomorphism ¢ : A — A,
there exists a norm | | on A such that d(x,y) = [¢7'(x) — ¢! (y)| for all z,y € A. Let N(A)
be the set of norms on A. Let q be a sector-germ of Z and A(q) be the set of apartments

containing q. Let A € A(q) and d € N(A). Then one sets 0,(d) = (d)pea(), Where
ANB

for all B € A(q) and all z,y € B, dg(z,y) = d(¢~ (), ¢ ' (y)), where ¢ : B "= A. Let
©(q) = {04(d)| d € U sc () N(A)}. In this section, we fix q and we associate to each 6 € O(q)
a distance dy on Z.

7.3.1 Translation in a direction

In this subsection we define for all sector ) of direction q a map + : Z x Q such that for all
r €T and q € Q, x + ¢ is the "translate of = by ¢" (see Figure 7.3.1).
Let A € A(q). One chooses an isomorphism ¢ : A — A. We consider A as a vectorial

space over R via this isomorphism. Let Q =0+q C A. Let p: Z 5 A.

Lemma 7.3.1. Let x € Z. Then p, : © +q — p(z) + q sending each u € x +q on p(u) is
well defined and is a bijection.

Proof. Let B be an apartment containing z +q and ¢ : B > A. Then o(r+79q) =o(x)+q =
p(x) + 9. Let u,u’ € z+7q be such that p(u) = p(v'). Then u,u’ € B, thus ¢(u) = ¢p(u') =
p(u) = p(u') and thus u = ' O

Let x € Z and u € @._One sets © +u = p,(p(x) + u). If B is an apartment containing
z and q, then for all u € Q,  + u € B (because B D x + q).

Lemma 7.3.2. Letx € Z. Then for allu,v € Q, (r+u)+v=a+ (u+v) andz+u+v =
T +v+u.

Proof. Let B be an apartment containing q and z. Let ¢ : A A8 B This isomorphism

enables to consider B as an affine space under the action of A. For v € Q, one denotes by
T, : B — B the translation of vector u. Then for all u € Q, 7,(x) = x + u, which proves the
lemma. O

7.3.2 Definition of a distance

Let 0 = (dg)pea(q) € ©(q). For all u € A, one sets |u| = da(u,0). For z,y € I, one sets

T(x,y) = {(u,v) € @2\96 +u =y +v}. One defines dyg(z,y) = inf(y)er(ay) |u| + |v]. Until
the end of this section, we will write d instead of dy.
Let Ay =) keraw C A. Let A;, = ¢(Asy).

Lemma 7.3.3. Let a,b € Z. Then T(a,b) is not empty.

O{G@re

Proof. Let (e;)ics be a basis of A such that for some J" C J, (€;)ies s is a basis of A;;, and
such that Q = Ain ® @, Riei. Let () be the dual basis of (e;). Let B € A(q) and
¢:A-% B. Fori € J, one defines €] ; : B — R by €} 5(x) = e(¢~!(z)) for all z € B. Then
forie J,z € Band q € Q, efg(x +q) = €] z(x) + € (q).

For x € 7 one chooses B, € A(q) containing x. Let ), C @ be a sector of direction
q included in AN B, and M, € R such that for all y € A, min;eyef(y) > M, implies
y € Q. C AN B,. One chooses ¢, € Q such that min;c (] () + €;(qz)) > M,. Then
x4+ q, € A for all z € Z. Therefore a + g, and b+ ¢, are in A. Thus there exists r,s € ()
such that a + g, + 7 =b+ q, + s and (¢, +7,q, + s) € T(a,b). O
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>\(a—4 N

- =00 +00

Figure 7.3.1 — Action of N (which is an element of +00) and —N (which is an element of
—o0) on T.

Proposition 7.3.4. The function d : T?> — R, is a distance.

Proof. The function d is clearly symmetric. Let us show that d satisfies the triangular
inequality. Let z,y,z € Z. Let € > 0 and (u,v) € T(z,y), (1, v) € T(y,z) be such that
lu| + |v] < d(xz,y) +e€and ||+ |v| <d(y,z) +e Onehasc+u=y+vandy+p=z+v.
Thus z+u+pu=y+p+v=z+v+wv (by Lemma 7.3.2) and hence (u+ pu,v+v) € T(z,2).
Consequently, d(z, z) < |u+ p| + v +v| < |u| + |v| + |p] + |v| < d(z,y) + d(y, z) + 2¢, which
proves the triangular inequality.

Let x,y € T be such that d(z,y) = 0. Let (un,v,) € T(z,y)" be such that u, — 0 and
v, — 0. Let n € N. One has y+q D y+v,+q = z+u,+qand thus y+q O ey 2 +un+9q =
x+q. By symmetry, x+q D y+¢q and hence z+q = y+q. Let B be an apartment containing
z and q. By (MA ii), B D cl(x + q) = cl(y + q) > y. Therefore, z = y. O

One equips Z x @ with a distance d defined by d((x, q), (2',¢")) = d(x, ") + |q — ¢'|.

IxQ—1 ‘
Lemma 7.3.5. The map 1s Lipschitz continuous.
(x,v) = x+v

Proof. By the fact that all norms are equivalent on an affine space of finite dimension, one
can choose a particular 6 € O(q). Let (e;)ics be a basis of A such that for some J' C J,
(€:)ica\sr is a basis of A;, and Q = A, ® @z‘eJ\J' R* e; and (e]) be the dual basis to (e;). For
x € A, one sets |z| = Y., |ej(x)| and one supposes that ¢ is associated to | |. Let us show
that + is 1-Lipschitz continuous.

Let z,2’ € 7 and ¢ > 0. Let (u,u’) € T(z,2') such that |u| + || < d(z,2’) + €.
Let v,/ € Q. Onesets \; = ef(v—v/) foralli € J. Let U = {i € J| A\; > 0} and
V={ieJ X\ <0} Let o/ =3,y Nie;and pp = — 3., \je;. One has v+ ="+ i/ and
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|| + || = d(v,v'). Onehas x+v+u+pu=2a +v +u + ' and thus d(x + v, 2’ + /') <
lu| + || + || + || < d(z,2") + d(v, V') + €, which enables to conclude. O

Remark 7.3.6. A consequence of Lemma 7.8.5 is the fact that for all x,y € Q, there exists
(ug,v0) € T(x,y) such that d(x,y) = |ug| + |vo|. Indeed, let x,y € I and let (a,,b,) €
T(x,y)N such that |a,| + |b.| = d(z,y). Obviously (a,), (b,) are bounded and thus extracting
subsequences if necessary, one can suppose that (a,) and (b,) converge in Q. The continuity
of + implies that (lim a,,limb,) € T(z,y), which proves our assertion.

Proposition 7.3.7. For all x,y € I, there exists a geodesic from x to y.

Proof. Let x,y € T and (u,v) € T(x,y) such that d(z,y) = |u|+|v|. One defines 7 : [0,1] — Z
by 7(t) =z +2tuif t € [0,1] and 7(t) = y +2(1 — t)v if ¢ € [3, 1], and 7 is a geodesic from z
to y. O

Remark 7.3.8. Ifdim A > 2, for any choice of 0, there exists two points in L such that there
exist infinitely many geodesics between them. For example, if we choose the norm on A as in
the proof of Lemma 7.3.5, we have that d|a2 is the distance induced by | |. If v =3, ., xe; € A
and if for alli € I, f; : [0,1] = R is a continuous monotonic function such that f;(0) =0
and f;(1) = x;, then f = (fi)icr s a geodesic from 0 to x.

Lemma 7.3.9. Let B and C be two apartments containing q. Then:
(i) the retraction pg : (Z,d) - (B,dp2) is 1-Lipschitz continuous.
(i) the isomorphism ¢ : (B, d p2) 4 (C, dic2) is an isometry.

Proof. Let p : T % A. Let z,y € 7 and (u,v) € T(z,y). One has x +u = y + v, thus
p(x +u) = p(x) +u = p(y+v) = p(y) +v and hence (u,v) € T(p(z), p(y)), which proves
that p is 1-Lipschitz continuous.

First suppose that C' = A. Let z,y € B and (u,v) € T(p(x),p(y)). Then z + u =

pr ' (p(x) +u) = ¢ (p(x) + u) = ¢~ (p(y) +v) =y +v. Hence T'(x,y) D T(p(x), p(y))
and thus T'(z,y) = T(p(x), p(y)). Therefore, ¢ is an isometry. Suppose now C' # A. Let

o1 B3 A 0 AL Cand g: B C. Then ¢ = @50 ¢y is an isometry. One has

pp = @1 op and thus pp is 1-Lipschitz continuous.
[

7.3.3 Independence of the choices of apartments and isomorphisms

Let us show that the distance we defined only depends on 6 € ©(q). For this we have to
show that d is independent of the choice of A € A(q) and of the isomorphism ¢ : A — A.

Let A" € A(q), f: A3 A and ¢/ = f o ¢. One considers A’ as a vectorial space over R by
saying that f is an isomorphism of vectorial space. Objects or operations in A" are denoted
with a ’.

Lemma 7.3.10. Let x € Z andu € Q. Then z +u =z +' f(u).

Proof. One has p/(z+u) = fop(z+u) = f(p(x)+u) = f(p(z))+ f(u) = p'(x)+ f(u). Let B
be an apartment containing z and q. Then B 3 x+u,xz+ f(u) and thus x+u = z+' f(u). O

Lemma 7.3.11. One hasd=d'.
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Proof. Let x,y € Z. By Lemma 7.3.10, Ty (z,y) = f(Ta(z,y)). Let u € A. Then |f(u)| =
da (0, f(u)) =da(f(0), f(u)) = da(0,u) = |u| by definition of ©(q). Therefore, d =d'. O

Let now v : A — A be an other isomorphism of apartments. This defines an other
structure of vectorial space on A. We put a subscript 1) or ¢ to make the difference between
these structures.

Lemma 7.3.12. One has dy = dy.

Proof. One has v = ¢ ow with w € W. One writes w = 7 o W, where w is the vectorial part
of w and 7 is a translation of A. Let us show that if 7 =gpo7 o™, x4y u =2 +47(u)
for all (z,u) € T x Q. Let z,u € A. One has =+, u = (W~ (z) + v (u) = ¢(¢7 (2) +
W(w™ o ¢ (u)) = (¢ () + ¢~ 1(T(x))) = x +4 7(u). Therefore, for all (z,u) € T X Qy,
T Hypu=p(x+ypu) =pt(x+4T(u) = +4 7(u). Let us show that |ul, = [T(u)], for all
u € Qy. Let 7 € A. Then x +4 0y = 7 +4 7(04) = 7 +4 0y and thus 0y = 7(0,). Let u € A.
Then |uly, = d(u,0y) = d(T(u), 7(0y)) = d(7(u),04) = |T(u)|, because T is a translation of
A. Let x,y € Z. Then Ty(x,y) = T(Ty(x,y)) and thus dy(x,y) = dg(x,y). O

Thus we have constructed a distance dy for all € ©(q). When 7 is a tree, we obtain the
usual distance.

7.4 Comparison of distances of the same sign

The aim of this section is to show that if g and ¢ are sector-germs of Z of the same sign
and if 0 € ©(q), 0’ € O(q') then dy and dp are equivalent, which means that there exists
k,¢ € R% such that kdy < dg < ldg. To prove this we make an induction on the distance
between q and q’. In the next subsection, we treat the case where q and ¢’ are adjacent. We
use Proposition 4.1.2.

Lemma 7.4.1. Let q be a sector germ of Z. Then for all § € O(q) and all A € A(q),
d9|A2 € N(A)

Proof. Let A € A(q) and 0 € O(q). Let ¢ : A — A be an isomorphism of apartments.
This equips A with a structure of vectorial space. Let N : A — R, defined by N(x) =
do(¢(z), #(0)) for all x € A. Let z,y € A. Then T'(z,y) = T(0,y — x) and thus dy(x,y) =
N(¢p~ (y) — ¢ '(x)). Let A € R* and x € A. Then T(0, \z) = |A\|T(0,z) and thus N(\z) =
|IA\|N(x). Therefore N is a norm on A and the lemma follows. O

7.4.1 Comparison of distances for adjacent sector-germs

Let A be an apartment of Z and ¢, q' be two adjacent sector-germs of A. Let d be a norm
on A, 0 = 04(d) and 0" = 6y(d). Let dy = dy and dy = dpr. We fix a vectorial structure on
A. One sets |z| = d(0,x) forallz € A. Let Q =0+ qand Q' =0+ ¢q'. For all z,y € Z and
R € {Q,Q'}, one sets Tg(z,y) = {u,v € R|lz +u =y + v}. The aim of this subsection is to

show that there exists & € R such that dy < kd,y. Let p, : Z 3 A and py L % A

Lemma 7.4.2. There exists { € R such that for all B € A(q) N A(q") we have: for all
X,y € B; dq’('r7y) S ldq(ZL',y>

Proof. Let x,y € B. By Lemma 7.3.9, dy(z,y) = dq(pq(x), pq(y)) and dy(pq (), py(y)) =
dy(x,y). As pyip = pg s, one can suppose that x,y € A. Then this is a consequence of
Lemma 7.4.1. O

142



Let B be an apartment containing q but not q’. Let §° be the direction of sector-panel
dominated by q and ¢'. Let z € B and N be a wall containing z +§*°. By Proposition 4.1.2,
one can write B = Dy U Dy, with D; and D, two opposite half-apartments having a wall H
parallel to IV, such that D; and ¢’ are included in some apartment B;, for all ¢ € {1,2}. One
supposes that D; D q.

Let M be the wall of A containing 0 4+ §>°, to : A — A be the reflection with respect to
this wall and 7" € Ry such that t, : (A,d;) = (A,d,) is T-Lipschitz continuous (such a T’
exists by Lemma 7.4.1). As t, is an involution, 7" > 1.

Lemma 7.4.3. There exists a translation T of A such that if t = Toty, one has for allz € B:
o if v € Dy, po(x) = py(2)
o if 2 € Dy, py(2) =10 py(x)

Proof. Let ¢; : B "2 B;, for i € {1,2} and ¢ : B PP B Let t be the reflection of B,

with respect to H. By Lemma 4.2.5, one has the following commutative diagram:

B—".B, .

- T

B, —= B

Let x € Dy. Then pgp, () = 2 = py g, (z). Let ¢ : By P04 A, Then pq(x) = V(pgB (x)) =

(g3, (%)) = py (2)-
Let z € Dy. One has py g, (z) = ¢1(x) and py 5, (z) = ¢(z) and thus py g, (¥) = topy p, ().
Let t making the following diagram commute:

Bl—t>Bl .

Pk
A—> A4
Then pq(z) = topy (). Moreover ¢ fixes ¢)(H), which is parallel to M. Therefore, t = 7ot

for some translation 7 of A (by Lemma 4.2.4).
[

Lemma 7.4.4. Let ¢ be as in Lemma 7.4.2. Let x,y € B be such that x,y € D; for some
i€ {1,2}. Then dy(x,y) < Tdy(x,y).

Proof. By Lemma 7.3.9, dy(z,y) = dq(pq(2), pq(y)) and dy (2, y) = dy (py (), py (y)). Lemma 7.4.3
completes the proof. O

Lemma 7.4.5. Let (X, d) be a metric space, f : (Z,dq) = (X, d) be a map and k € R,.. Then
f is k-Lipschitz continuous if and only if for all apartment A containing q, fa is k-Lipschitz
continuous.

Proof. One implication is clear. Suppose that for all apartment A containing q, fj4 is k-
Lipschitz continuous. Let z,y € Z. Let (u,v) € T'(z,y) such that |u| + [v| = d(x,y). One

has d(f(2), f(y)) < d(f(2), f(z +u) +d(f(y +v), [(y) < k(lu] + [v]) < kd(z, y). O
Lemma 7.4.6. One has dy < (T'd,.
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Proof. Let us prove that Id : (Z,d;) — (Z,dy) is ¢T-Lipschitz continuous. Let z,y € B.
We already know that if x,y € D; for some i € {1,2}, dy(z,y) < {Tdy(z,y). Suppose now
x € Dy and y € Dy. Let u € [z,y] N H. By Lemma 7.4.1, one has:

dy (7,y) < dy(z,u) + dy (v, y) < LT (dg(z,u) + dg(u, y)) = (Tdy(z, ).

As B is an arbitrary apartment containing q and not q’, Lemma 7.4.2 and Lemma 7.4.5
completes the proof. n

7.4.2 Comparison of distances for sector-germs of the same sign

In this subsection, we show that if q and q’ are sector-germs of the same sign, dy and dy are
equivalent. We then deduce corollaries about the induced topologies on each apartment and
on retractions centered at a sector-germ.

Let © be the disjoint union of the O(s) for s a sector-germ of Z. Let 6 € O, q such that
0 € ©(q) and € € {—,+}. One says that 6 is of sign € if q is of sign e. For e € {—,+}, one
denotes by ©, the set of elements of © of sign e.

Theorem 7.4.7. Let q1, qo be two sector germs of T of the same sign. For i € {1,2}, let
0; € ©(q;). Then there exists k € R such that dg, < kdyg,. In particular for all § € ©, the
topology of (Z,dy) only depends on the sign of 6.

Proof. Let A be an apartment containing q; and sy, and d € N(A). Let s = q1,...,%, = 2
be a gallery joining q; and gy. For all ¢ € [0,n], one sets u; = 0,,(d). By an induction using
Lemma 7.4.6, there exists a € R* such that d,, < ad,,. As every norms are equivalent on
A, there exists b, c € R’ such that dy, < bd,, and d,, < cdp,, which concludes the proof of
the theorem. O

We thus obtain (at most) two topologies on Z: the topology 7, obtained by taking a
positive 0 € © and the topology 7 obtained by taking a negative §# € ©. We will see that
when Z is not a building, these topologies are different.

Corollary 7.4.8. Let A be an apartment of Z and 6 € ©. Then the topology of A induced
by the topology of (Z,dy) is the affine topology on A.

Proof. By Theorem 7.4.7, one can suppose § € ©(q) where q is a sector germ of A of the
same sign as . Then Lemma 7.4.1 concludes the proof. O

Corollary 7.4.9. Let q be a sector-germ. Let p be a retraction with center q, A = p(Z) and
d e N(A). Then:

(i) for each 0 € © of the sign of q, p: (Z,dy) — (A,d) is Lipschitz continuous
(ii) if B is an apartment and d € N(B), pjp : (B,d") = (A, d) is Lipschitz continuous.

Proof. Let 6 € O(q). Then by Lemma 7.3.9, p: (Z,dy) — (A, dp) is Lipschitz continuous and
one concludes the proof of (i) with Theorem 7.4.7 and Lemma 7.4.1.

Let g’ be a sector-germ of B of the same sign as q and ¢ € ©(q’). Then p : (Z,dp) — (A, d)
is Lipschitz continuous by (i). Thus pp : (B,dy) — (A,d) is Lipschitz continuous and one
concludes with Lemma 7.4.1. ]

We now give an other proof of Proposition 4.2.17 (in our less general frameworl).
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Corollary 7.4.10. Let A, B be two apartments of Z. Then AN B is a closed subset of A
(seen as an affine space).

Proof. By Lemma 7.2.6, A and B are closed for .7, (or Z_) and thus AN B is closed for 7.
Consequently it is closed for the topology induced by .7, on A, and Corollary 7.4.8 completes
the proof. n

Remark 7.4.11. Suppose that L is not a building. Then by Subsection 7.2.2, for all € O,
(Z,dp) is not complete.

Let q be a sector-germ of T and (Q,) be an increasing sequence of sectors with germ q.
One says that (Q,) is converging if there exists a retraction onto an apartment p : T —> p(Z)
such that (p(x,)) converges, where x, is the base point of Q,, for alln € N and we call limit
of (Qn) the set |,y Qn- One can show that the fact that I is not complete implies that
there exists a converging sequence of direction q whose limit is not a sector of I, which is
impossible in a discrete building. To prove this one can associate to each Cauchy sequence
() a sequence (z,) such that d(z,,x,) — 0 and such that z, + q C zp41 + q for alln € N.
Then we show that (z,) converges in (Z,dy) if an only if the limit of (2, +q) is a sector of I.

7.4.3 Study of the action of ¢

In this subsection, we show that for each g € G, g : Z — 7 is Lipschitz continuous for the
distances we constructed. We begin by treating the case where ¢ stabilizes a sector-germ.
After this, we treat the case where g stabilizes an apartment and then we conclude.

Lemma 7.4.12. Let g € G and suppose that g stabilizes some sector-germ q. Let 0 € ©(q).
Then g : (Z,dp) — (Z,dp) is an isometry.

Proof. Let us prove that g is 1-Lipschitz continuous. Let A be an apartment containing q
and ¢ : A g.A. Let 7 making the following diagram commute:

(A, dg) _g) (gA, dg) .

(9.A,dy)

Then 7 is an automorphism of g.A stabilizing q and thus 7 is a translation. As g.A D q, 7 is
an isometry of (g.A,dy). By Lemma 7.3.9, ¢ is an isometry. Thus gfi’A is an isometry and it

is in particular 1-Lipschitz continuous. By Lemma 7.4.5, ¢ is 1-Lipschitz continuous. As g~!
stabilizes q, it is also 1-Lipschitz continuous, which shows the lemma. O

Lemma 7.4.13. Let A be an apartment of . We fiz a structure of vectorial space on A.
Let Q be a sector of T with base point 0. Let g € G stabilizing A. Let w = g‘lﬁ and W be the
linear part of w. Then for allz € T and u € Q, g.(v +u) = g.x + W(u).

Proof. Let pg : 1 9 A and Pgq @ L 24 A. Let us show that Pgq = G-pg-9 . Let z € T
and B be an apartment containing x and q. Let ¢ : B PO A, One has pq(x) = ¢(x). As

g.0.g7': g.B L A, Paq(g.x) = g.0(g7 .g.x) = g.pq(x). Therefore p,q = g.pq.g7". Let z €T
and u € ). One has

Po.q(g(x +u)) = g.pg(x +u) = w.(pg(x) + u) = w(pg(z)) + D(u).
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We also have

Pg.q(g-7 +W(w) = pgq(g.7) +W(u) = g.pg(x) + W(u) = pgq(g(z + u)).

Then B > 4w and g.B 3 g.(r+u), g.x+w(u). As pyqg.5 is an isomorphism, g.(z +u) =
g.x + w(u). O

Theorem 7.4.14. Let g € G and 6 € ©. Then g: (Z,dy) — (Z,dy) is Lipschitz continuous.

Proof. Let q be such that 8 € ©(q). Let A be an apartment containing q and g.q. Let
¢: g9 AL Aand h € G inducing ¢ on g.A. Then g = h™' o f, where f = hg. As h™?
Lipschitz continuous by Lemma 7.4.12 (and by Theorem 7.4.7), it suffices to show that f is
Lipschitz continuous. One has f(A) = A. One fixes a vectorial structure on A. Let z,y € T
and @ be the linear part of f‘[’:.

One writes 0 = (dp)pea()- Let ' = 0r4(da). For x € A, one sets |z| = da(z,0).

Let £ € R% be such that @ : (A,| |) = (A, ]| |) is k-Lipschitz continuous. Let z,y € T.
Let (u,v) € TQ(m y) such that |u| + |v] = dp(z,y).

By Lemma 7.4.13, (@W(u), W(v)) € Tg.o(f(x), f(y)). Therefore, dy (f(z), f(y)) < |W(u)| +
|W(v)| < kdg(x,y). Therefore f : (Z,dp) — (Z,dy) is k-Lipschitz continuous and one con-
cludes with Theorem 7.4.7. []

7.4.4 Case of a building

In this subsection we suppose that Z is a building. We show that the distances we constructed
and the usuals distance are equivalent.

If d is a W"-invariant euclidean norm on A, one denotes by dz the extension of d to Z in the
usual manner (see | | VL3 for example). For = € 7, one denotes by st(z) = Uceaw C,
where A(z) is the set of alcoves that contains . Then by a Lemma in V1.3 of | |, st(x)
contains x in its interior.

Proposition 7.4.15. Let d be a W"-invariant euclidean norm on A and 6 € ©. Then there
exist k, £ € R such that kdz < dp < ldz.

Proof. Let q be such that § € ©(q). By Theorem 7.4.7, one can suppose that ¢ C A and
that 0 = 0,4(d). Let k, ¢ € R such that kdjp> < dgju2 < ldjs2. Let us first show that
Id : (Z,dg) — (Z,dz) is 1-Lipschitz continuous. Let A be an apartment containing q. Let

z,y € A. Then dyg(z,y) = do(p(x), p(y)) > kdr(p(z), p(y)) = kdz(z,y), where p : T 5 A.
Thus Id : (Z,dy) — (Z,dz) is ;-Lipschitz continuous by Lemma 7.4.5.

Let z,y € Z. As [z, y] is compact and thanks to the Lemma recalled before the proposition,
there exists n € N* and o = z,21,...,2, = y € [z,y] such that z;,; € st(z;) for all
i € [0,n — 1]. In particular, for all ¢ € [0,n — 1], there exists an apartment A; containing
x;, ;o1 and . One has

—_

n—

da(l’,y) < xwxz—l-l Zdﬁ xz x1+1>>
i=0
n—1
< ZZ dz(p(x:), p(wit1)) = EZ dz (i, 1) = Ldz(z,y),
= i=0
which proves the proposition. O
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7.5 Mixed distances

7.5.1 Comparison of positive and negative topologies

In this subsection, we show that 7, and 7 are different when Z is not a building. Let
Zo = G.0 be the set of vertices of type 0. For this we prove that Z; is composed of limit
points when Z is not a building and then we apply finiteness results of Chapter 6.

Proposition 7.5.1. Let 0 € ©. Then Iy is discrete in (Z,dy) if and only if T is a building.

Proof. Suppose that Z is a building. By Proposition 7.4.15, we can replace dy by a usual
distance on Z. By Lemma 3.4.3 one has Zo N A = Y, which is a lattice of A. Let n > 0
such that for all ;2" € Y, d(x,2') > n implies = = 2’. Let x, 2’ € Zy such that d(z,2") <.
Let A be an apartment of Z containing z and 2’ and g € G such that g.A = A. Then
d(g.xz,g.2") <n and thus z = 2'.

Suppose now that Z is not a building and thus that W is infinite. By Theorem 7.4.7, one
can suppose that 6 € ©(q), where q is a sector-germ of A. Let ¢ > 0. Let us show that there
exists @ € Zy such that dyg(x,0) < 2¢ and = # 0. Let M be a wall such that dy(0, M) < €
and such that 0 ¢ M, which exists by Proposition 3.1.1. Let D be the half-apartment of A
delimited by M and containing q. We assume that D does not contain 0 (which is possible,
maybe considering —M instead of M). By Lemma 7.2.4, there exists an apartment A such

that ANA =D. Let ¢: A 3 Aand 2 = #(0). Let y € M such that dy(0,y) < e. Then
by Lemma 7.3.9, dy(z,y) = dp(0,y) and thus d(z,0) < 2¢. As z ¢ A, v # 0 and we get the
proposition. O

Remark 7.5.2. In fact, by Theorem 7.4.14, we have shown that when I is not a building,
each point of Iy is a limit point.

If B is an apartment and (x,) € BY, one says that (x,) converges towards oo, if for some
(for each) norm | | on B, |z,| — +o0.

Proposition 7.5.3. Suppose that T is not a building. Let e € {—,+} and 6 = —e. Let q
(resp. s) be a sector-germ of T of sign € (resp. 6). Let 0 € ©(q). We equip T with dy. Let
p be a retraction centered at s and (x,,) € I be an injective and converging sequence. Then
p(x,) — oo in p(Z). In particular p is not continuous.

Proof. By Theorem 7.4.7, one can suppose that there exists an apartment A containing q and
s such that q and s are opposite in A. Maybe composing p by an isomorphism of apartments
fixing s, one can suppose that p(Z) = A. Let p, : T > A. Let x = limz,, and y = py(x). Then
by Corollary 7.4.9, pq(z,) = y. Let Y4 = ZyN A. Then Yy is a lattice of A by Lemma 3.4.3.
As py(z,) € Iyn A for all n € N, py(x,) =y for n large enough.

We also have p(z,) € Yy for all n € N. By Theorem 6.6.7, for all a € Y4, p~'({a}) N
py ' ({y}) is finite. This concludes the proof of this proposition. O

Corollary 7.5.4. If T is not a building, 7, and J_ are different.

Remark 7.5.5. Proposition 7.5.3 shows that if 0,0 € © have opposite signs, then each open
subset of (Z,dy) containing a point of Iy is not bounded for dy .

147



7.5.2 Mixed distances

In this section we define and study mixed distances.
Let O, =0, x O_. Let = (61,0_) € ©.. One sets dg = dp, + dy_.

Remark 7.5.6. Let 0 € ©.. Let f : Z — Z. Then if for some 0, € ©, and 0_ € ©_, f:
(Z,dg,) — (Z,dp,) and f : (Z,dg_) = (Z,dy_) are Lipschitz continuous (resp. continuous),
then f:(Z,dy) — (Z,dy) is Lipschitz continuous (resp. continuous).

Let A be an apartment of Z and f : T — A. Suppose that for some 0’ € Oy, f:(Z,dp) —
(A, dy) is Lipschitz continuous (resp. continuous). Then f : (Z,dy) — (A,dy) is Lipschitz
continuous (resp. continuous).

Theorem 7.5.7. Let 6 € ©.. We equip Z with dy. Then:
(i) For all 0" € ©,, dy and dy are equivalent.
(i) For all g € G, g is Lipschitz-continuous.
(11i) Each retraction of I centered at a sector-germ is Lipschitz continuous.
(iv) The topology induced on each apartment is the affine topology.
(v) The set Iy is discrete.

Proof. The assertions (i) to (iv) are consequences of Remark 7.5.6, Theorem 7.4.7, Corol-
lary 7.4.9, Theorem 7.4.14 and Corollary 7.4.8. Let us prove (v). Let x € Z; and set
Ty = proo(®) and _ = p_(z). By Theorem 6.6.7, p7 L ({z+}) N p=i({z_}) is finite and
thus there exists r > 0 such that B(x,r)Np; L ({z+ })NpZi({z_}) = {x}, where B(z, ) is the
open ball of radius r and center x. Let k& € R such that p, . and p_. are k-Lipschitz con-
tinuous. Let a > 0 such that for all a,a’ € Y, a # o' implies d(a,a’) > . Let r’ = min(r, 7).
Let us prove that B(x,r") NZy = {z}. Let a € B(x,r") N Zy. Suppose peso(a) # ., for some
¢ € {—,+}. Then
kd(a, z) 2 d(peso(a), peso (7)) = v,

thus a ¢ B(x,r’), a contradiction. Therefore p,..(a) = 4 and p_(a) = z_, hence a = x
by choice of r, which completes the proof of the theorem.
O

Lemma 7.5.8. Let € ©. and a € Z. Let A be an apartment of T containing a. We fix
an origin in A. Let Q4 and QQ_ be opposite sector-germs of A based at 0 and py : T i A,

p_: T 5 A, where q_,q. are the germs of Q_ and Q. Let d be a distance induced by a norm
on A. Then there exists k € RY such that for allx € T, dg(a, ) < k(d(a, p—(x))+d(a, p1(z)).

Proof. One writes § = (0,,0_). By Theorem 7.5.7 (i) and Lemma 7.4.1, one can suppose
that 0_ = 0,_(d), 0, = 0, (d) and d = dg)42.

Let ve @ Let T, =1T,: 7 —-Rand T =7T_, : Z — R be the maps of 4.2.2.3. By
Corollary 6.5.3 and Remark 6.5.4, T, (z), T (z) < h(p—(z) — p4+(z)) with b : A — R a linear
function. Therefore, there exists ¢ € R* such that T (z),T_(z) < ld(p—(x), p+(x)) for all
el

One sets dy = dy, and d_ = dy_. By definition of 7'y, 7" and +, one has x + T (z)v =
pr(x) + T (x)v and x +T_(z)(—v) = p_(z) + T_(z)(—v) for all z € Z and thus

di(w, pi(x)) < 2T;(x)d(0, v) < 21d(0, v)d(p-(z), p+(x)) < 21d(0,v)(d(p- (), a) + d(p+(z),a))
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forallz € Z and i € {—,+}.
One has,

d(a,x) = d(a,2) + d_(a,2) < d_(a, p_(2)) + d_(p_(x), 2) + d (a, ps(2)) + dy (ps (), 2)

and thus d(a, z) < (41d(0,v) + 1)(d(a, p—(z)) + d(a, p+(2))). .

Corollary 7.5.9. Let 0 € O, and let us equip T with d = dy. Then if X C I the following
assertions are equivalent:

(i) X is bounded
(ii) for all retractions p centered at a sector of Z, p(X) is bounded

(iii) there exist two opposite sectors qi and q— such that if p,_ and pq, are retractions
centered at q_ and q4, pq_(X) and p,, (X) are bounded.

Moreover each bounded subset of Ly is finite.

Proof. By Theorem 7.5.7, (i) implies (ii), and it is clear that (ii) implies (iii). The implication
(iii) implies (i) is a consequence of Lemma 7.5.8. The last assertion is a consequence of (iii)
and of Theorem 6.6.7. O

Corollary 7.5.10. The p;'(U) N p=!(U) such that U is an open set of an apartment A and
p— and p_ are retractions onto A centered at opposite sectors of A form a basis of T.. In
particular . is the initial topology with respect to retractions centered at sector-germs.

Proof. This is a consequence of Lemma 7.5.8. m

7.6 Contractibility of 7

In this section we prove the contractibility of Z for .7, .7 and ... By Theorem 7.4.7, by
symmetry of the roles of the Tits cone and of its opposite, it suffices to prove that there exists
0 € O(+00) (where +00 = germq(C})) such that (Z,dy) is contractible and Remark 7.5.6
will conclude for the contractibility of (Z, 7).

One chooses a basis (€;)ic; of A such that for some J' C J, (€)ics ., is a basis of
Ai, and CF = @, Rie; © Ay Let (ef) be the dual basis of (e;). For x € A, one sets
|z| =Y ,c;/lei(x)]. Let dy be the distance on A induced by | | and 6 = 0. (da). Let d = dy.
One has dy = dgs2.

One uses the maps y, : Z — A and 7, : 7 — R, for v € C} defined in 4.2.2.3.

Lemma 7.6.1. Let v € C} and 1 = minisej(v). Then T, is %—Lipschitz continuous and
Yo+ (Z,d) = (A, djp2) is (%|V| + 1)-Lipschitz continuous.

Proof. Let z, 2" € T and (u,u') € T(x,2’) such that d(z,2") = |u|+|v/|. Then z+T,(x)r € A
and thus 2/ +u +T,(x)v = x+u+T,(x)v € A. As 1]u’|y u e Cy, 2+ (T, (a:)+%|u’\)l/ € A.

Consequently, T, (z') < T,(z) + d(xnx and we get the first part of lemma.
One has

Ay, (), 40 (7)) = d(psoo () + Ty (2)V, proc(a) + T, (2")v)
< d(proo() + Ty (20, pioo (@) + To(2)v) + d(pyoc (') + T (2)V, proc(a) + T, (¢ )v)
= d(p1oo(), proo(@’)) + AT, (x)v, T, (z")v),
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because d is invariant by translation on A.
By Lemma 7.3.9, d(pi00(), pr00(2’)) < d(z,2'). One also has d(T,(x)v,T,(z")v) <
T, (x) — T, (2")||v| < %‘V‘d(%, z') and we can conclude. O

Remark 7.6.2. One can also prove that the maps (v,z) — T,(z) and (v,x) — y,(z) are
locally Lipschitz continuous.

Proposition 7.6.3. Let v € C}. One defines

Ix[0,1] =727
t . t
b, : (x,t)l—>a:+1_t1/1f1_t<Tl,(:I;)
(@0) > a) i = Tola)

1-1

(where we consider that % =400 >t for allt € R). Then ¢, is a strong deformation retract
on A.

Proof. Let « € A and t € [0,1]. Then 7,(x) = 0 and thus ¢,(z) = y,(z) = z. Let
x € Z. Then ¢,(z,0) = z and ¢,(z,1) = y,(x) € A. It remains to show that ¢, is
continuous. Let (z,,t,) € (Z x [0,1]))Y be a converging sequence and (z,t) = lim(z,,t,).
Suppose for example that - < T, (x) (the case ;= = T, (z) and & > T, (x) are analogous).
Then by Lemma 7.6.1, 1271 < T,(z,) for n large enough and thus by continuity of addition

(Lemma 7.3.5), ¢, ((zn, tn)) = xp + li’;nu — x4 15V = ¢,(z,t). Therefore, ¢, is continuous,

which concludes the proof. O]

Corollary 7.6.4. The masure (Z,d) is contractible.

Ix[0,1] -7
, 1
Proof. Let v € Q. One sets 1), : (z,t) = ¢y (x,2t) if t < B) . Then 1, is a strong
1
(x,t) = 2(1 = t)y,(z) if t > 5
deformation retract on {0}, which proves the corollary. ]
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Chapter 8

Tits preorder on a masure of affine type -
Préordre de Tits sur une masure de type
affine

8.1 Introduction en francais

Supposons que G est un groupe de Kac-Moody affine sur un corps local. Dans cette situation,
T est bien compris : ¢’est un demi-espace ouvert de A défini par une certaine forme linéaire
da : A — R (la plus petite racine imaginaire de (G). En utilisant I'action de G, on étend
naturellement d, en une application ¢ : Z — A. Le but de ce court chapitre est de montrer
le théoréme suivant :

Théoréme 1. Soient z,y € Z. Alors 6(z) < §(y) si et seulement si x<y.

Comme en restriction & chaque appartement, o est une forme affine, cela prouve que
« presque toutes » les paires de points sont incluses dans un appartement. Cela répond a la
question du dernier paragraphe de la section 5 de | |.

Idée de la preuve On définit une distance d sur ’ensemble des appartements contenant
+00: si A, B contiennent +00, d(A, B) est la longueur minimal possible d’une suite d’appartements
Aq, ..., A, contenant +oo telle que A; = A, A, = B et pour tout ¢ € [1,n—1], A;NA; ;1 est

un demi-appartement (on prouve qu’une telle suite existe). On fait ensuite une récurrence

sur cette distance.

Cadre Dans ce chapitre, Z est une masure abstraite associée a un systéme générateur de
racines.

Organisation du chapitre Dans la section 8.3, on étend la racine 4 : A — R en une
fonction 0 : 7 — R.
Dans la section 8.4, on introduit une distances sur les appartements contenant +oo.
Dans la section 8.5, on prouve le théoréme.

8.2 Introduction

Suppose that G is an affine Kac-Moody group over a local field. In this situation, T is well
understood: this is an open half-space of A defined by some linear form 0, : A — R (the
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smallest imaginary root of G). Using the action of GG, one naturally extends 0, to a map
0 : Z — A. The aim of this short chapter is to prove the following theorem:

Theorem 12. Let 2,y € Z. Then 6(z) < 6(y) if and only if z<y.

As in restriction to each apartments, J is an affine map, this proves that “almost all” pair
of points is included in an apartment. This answers the question of the last paragraph of
Section 5 of | |-

Outline of the proof We define a distance d on the set of apartments containing +oo:
if A, B contains +o0o, d(A, B) is the minimal possible length of a sequence Ay, ..., A, of
apartments containing +oo such that A; = A, A, = B and for all i € [1,n — 1], A; N Aiq
is a half-apartment (we prove that such a sequence exists). We then make an induction on
this distance.

Framework In this chapter, Z is an abstract masure associated to a root generating system
of affine type.

Organization of the chapter In Section 8.3, we extend the root 4 : A — R to a map
0:7 — R.

In Section 8.4, we introduce a distance between the apartments containing +oo.

In Section 8.5, we prove the theorem.

8.3 Standard apartment in the affine case

We now suppose that the Kac-Moody matrix involved in the definition of A is indecomposable
and affine. Then there exists dy € @,.; N*; such that T = 671(R%) and 4, is W*-invariant,

see 2.3.1. One has T =T U A,,..
Lemma 8.3.1. Let w € W such that w fixes a point of A. Then dp 0o w = dy.

Proof. One embeds W in Wy = W¥ x A. Let a € A such that w(a) = a. Let 7 be the
translation of A sending a to 0. Let w’ = Tow o7t € Wy. Then w' = 7 o wy, where 7 is
a translation of A and wy, € W¥. As w'(0) = 0, 7y is the identity and w’ € W". Let z € A.
Then w(z) = a+w'(x) —w'(a). As d, is W¥-invariant, §(w(z)) = d(z) 4+ d(a) — d(a) = (),
which is our assertion. O

Proposition 8.3.2. 1. There exists a unique map 0 : T — R such that ;s = 0, and such
that the restriction of & to each apartment is an affine form.

2. Let q be a sector-germ of A and pg = pga : L — A be the retraction on A centered at
q. Then d = 04 0 py.

Proof. Suppose that there exist d;,d, : Z — R satisfying 1. Let x € Z. By (MA iii), there
exists an apartment A containing x and +00. As d1j4, 994 coincide on a nonempty open set
and are affine, §;4 = dya and thus 0,(x) = 02(x). Therefore, 61 = do.

Let g be a sector-germ of A and §; = d o p;. Let A be an apartment of Z. By Propo-
sition 4.1.2, there exists n € N and Py, ..., P, non-empty enclosed subsets of A such that
A = ., P,, where for all i € [1,n], there exists an apartment A, containing q U P;. If
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i € [1,n], let ¢; : A; 4084 A and [oT A% A, which exist by (MA afii). Let i € [1,n] and

e P Then o) = ) = b1 ).

Let us prove that for all 4,5 € [1,n], da 0 ¢; 0 ¢; = da 01 0 ¢;. Let 4,5 € [1,n]. Let
r € P, and y € P;. One identifies [a:,y] and [0,1]. Then there exists k£ € [1,n], a map
o:[1,k] = [1,n] and t; =0 <ty < ... <t =1 such that for all £ € [1,k — 1], [ts, tes1] C
P,q). Let £ € [1,k —1]. There ex1sts w € W such that ¥, 11) © @rer1) = W © Vppy © Go()-
Moreover if a = Yy(41) © Go(er1)(tr1) = Vo) © Do (tg+1) w fixes a. By Lemma 8.3.1,
Oa (Vo) © doqy) = 5A(¢o(£+1) © Po(e+1))- By induction, we get that 4 ot 0 ¢y = 0950 ¢j-
Therefore, for all i € [1,n], dga = da 0 %; o ¢;. In particular, ¢, is an affine form on each
apartment and we get 2 and 1. O]

8.4 Distance between apartments containing +oo

One denotes by A(+00) the set of apartments containing +o0o. In this subsection, we define
a distance on A(+00). This subsection is not specific to the affine case. We deduce an other
characterization of strong transitivity for the action of a group on Z.

Lemma 8.4.1. Let A € A(+o00) and q be a negative sector-germ of Z. Then there exist
n € N* and a sequence (A;) € A(+00)" such that Ay = A, A, D q and A; N Ay s a
half-apartment for all i € [1,n — 1].

Proof. Let q' be a negative sector-germ of A. By (MA af iii), there exists an apartment B
containing q and q’. Let q1 = ¢/,...,q, = q be a gallery of sector-germs from q’ to q. Let
A; = A. Let i € [1,n — 1] and suppose that we have constructed (A;) € A(+o0)" such that
for all j € [1,7— 1], A; N A4+ is a half-apartment and A; D q;. By Proposition 4.1.2, there
exist two half-apartments D;, Dy of A; such that for all k& € {1,2}, Dy U q;41 is included in
an apartment By. Let k € {1,2} such that Dy D +o00. One sets A;11 = By. By induction,
we get a sequence (A;) satisfying the desired property. O]

Proposition 8.4.2. Let A, B € A(+00). Then there exists n € N* and a sequence (A;) €
A(+00)"™ such that Ay = A, A, = B and for alli € [1,n—1], A; N A;y1 is a half-apartment.

Proof. We apply Lemma 8.4.1 taking ¢ to be the sector-germ of B opposite to +co and
conclude with Lemma 4.4.20. O

Distance on A(+o00) Let A, B € A(+00). One defines d(A, B) € N as the minimal possible
k € N such that there exists a sequence (A;) € A(+00)"*™! such that A; = A, Agy1 = B and
A; N Aiyq is a half-apartment for all ¢ € [[1,k — 1]. This is well-defined by Proposition 8.4.2
and it is easy to see that it is a distance on A(+00).

Proposition 8.4.3. Let Z be a masure, not necessarily of affine type and G be a group of
automorphisms of Z. Then G acts strongly transitively on T if and only if for all pairs A, B

of apartments such that AN B s a half-apartment, there exists g € G inducing A A8 g,

Proof. The implication = is a consequence of (MA4) and Remark 3.2.4. Suppose that all

pairs A, B of apartments such that A N B is a half-apartment, there exists ¢ € GG inducing

AP B Let q be a sector-germ of 7 and A, B € A(q). Let d be the distance on A(q)

defined similarly as the distance on A(+00). Let k = d(A, B) and (Ay,...,Ar) € A(q)
such that Ay, = A, Ay, = B and for all i € [1,k — 1]] A; N A;yq is a half-apartment. For

mA7,+1

all i € [1,k — 1], one chooses g; € G inducing A;

g.A = B and moreover ¢ fixes q. Therefore ¢ induces A - B on A. We conclude with
Lemma 4.4.38. O

Aig1. Let g = gg_1...91. Then

153



8.5 Induction on the distance

Lemma 8.5.1. Let z,y € A such that x<y and w € W such that w fizes a point of A. Then
r<w(y).

Proof. By Lemma 8.3.1 da(w(y)) = da(y), thus d4(z) < da(w(y)) and hence x<w(y). O

Lemma 8.5.2. Let A, B € A(4+00) such that AN B is a half-apartment Dy and ¢ : A Dp.
Let x,y € A such that x<y. Then x<¢(y) and ¢(z)<y.

Proof. If ¢(y) = y this is clear. If ¢(x) = z, then x = ¢(x)<d(y) by invariance of the Tits
preorder. Suppose that ¢(y) # y and ¢(z) # x. Let Dy be the half-apartment of A opposed
to Dy, D3 = ¢(Dy) and M be the wall of Dy. Let Ay = Dy U D3. By Proposition 2.9 2 of
[ |, Ay is an apartment of Z. One has B = Dy U D3. Let s: A; — A; be the reflexion
of A; fixing M. Then by Lemma 4.2.5, the following diagram is commutative:

A—.B ,

F T

A ——=A,

where ¢y : A De A; and ¢; 1 A 2y By hypothesis, z,y € D, and thus ¢(x) = s(z) and

o(y) = s(y).
Let ¢ : A — A be an isomorphism. Let s’ =1 oso¢™t: A — A. Then s € W and s’

fixes ¢(M). By Lemma 8.5.1, ¥(z)<s'(¢(y)) = ¥(s(y)). Therefore z<s(y) = ¢(y).

It remains to prove that ¢(z)<y. By applying the result we just proved with ¢=!: B — A
instead of ¢, we get that x<¢~'(y). Therefore ¢(z)<¢p(¢ *(y)) = y and the lemma is
proved. O

Theorem 8.5.3. Let x,y € Z. Then §(x) < 6(y) if and only if x<y.

Proof. By Corollaire 2.8 of | |, forall x,y € Z, if x<y , then p(x)<p(y) (resp. p(y)<d(z))
(there is no need to assume that A is of affine type) and thus §(z) < §(y).
If x,y € Z, one sets

d(z,y) = min{d(A, B)| (4, B) € A(+0)*>, A > z and B > y}
(d is not a distance on 7). If n € N, one sets Py:
V(w,y) € T d(z,y) < n,6(x) < 6(y) = 2<y.

The property Py is true because o determines the Tits preorder on A. Let n € N such
that P, is true and z,y € Z such that d(x,y) =n+ 1 and 6(z) < 6(y). Let A, B € A(+0o0)
such that d(A,B)=n+1, A>x and B > y.

Let z € A such that §(x) < 0(z) < 0(y). Let A" € A(+00) such that d(A, A’) = 1 and
d(A,B)=n,and ¢ : A A0 A’. One has §(¢(z)) = §(z) and thus ¢(z)<y by P,. Moreover,
d(x)<p(2) (by Ppy) and hence by Lemma 8.5.2, x = ¢~ (¢(z))<é(z). As < is a transitive
(by Théoréme 5.9 of | ]), we deduce that <y and thus P, is true, which proves the
theorem. O

Recall the action of A;, on Z from 3.2.
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Corollary 8.5.4. For all x,y € T such that v + A, # y + Ay, Then:
1. x <y if and only if §(x) < §(y)
2. x and y are not comparable for < if and only if 6(x) = 6(y).
For x,y € Z, one denotes  NC' y if x and y are not comparable for < or x+A;, = y+A,,.

Corollary 8.5.5. 1. The relation NC' is an equivalence relation on T whose classes are
the level sets of 9.

2. Let x,y € . Let A be an apartment containing x. Then x NC' y if and only if there
ezists (x,}) € AN and (z,;) € AV such that x] — z, z, — x and for all n € N,
T, <y<x}.

3. Let x,y,z € T such that y NC z. Then x<y if and only if x<z.
4. Let x,y € Z. Then x<y if and only if pyoo(7)<pio(y).

Remark 8.5.6. e Point 4 of Corollary 8.5.5 is specific to the affine case. Indeed suppose
that G is associated to an indefinite Kac-Moody group. By the lemma of Section 2.9 of
/ | and Proposition 5.8 ¢) of [ J, foralli € I, o) € A\T and asr;.cf = —a,
we deduce that o € A\(T U —T).

Let x = o). Let us show that there exists y € A satisfying x<y but not x<r;(y). Let
u€ T and y, = x + 2u for alln € N*. One has r;(y,) —x = —2a) + r;(u) for
all n € N* and thus ri(y,) —x ¢ T for n large enough. Thus by the same reasoning
as in the proof of Lemma 8.5.2, there exists an apartment A € A(400) such that if

oA an A, one has x<y, but not x<r;(yn) = pioo(P(yn)) for n large enough.

e NC is not an equivalence relation in the indefinite case. Indeed, let uw € T, x = 0,
Yn = ) + %u and z, = %u For n large enough, x NC y,, and y,, NC z, but v < z,.
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Appendix A

A short definition of masures

In this chapter, we give a short definition of semi-discrete abstract masures. The masure
associated to a split Kac-Moody group over a local field is an example of such a masure.

A.1 Vectorial apartment

A.1.1 Root generating system

A Kac-Moody matrix (or generalized Cartan matrix) is a square matrix A = (a;;); jes with
integers coefficients, indexed by a finite set I and satisfying:

1. \V/Z.EI, CLZ'J‘ZQ
2. \V/(’l,j) € IQ‘Z #]7 Qi j <0

3. V(Z,j) € 12, Q5 = 0 Qji = 0.

i\

A root generating system is a 5-tuple S = (A, X, Y, (i )icr, (o) )ier) made of a Kac-
Moody matrix A indexed by I, of two dual free Z-modules X (of characters) and Y (of
cocharacters) of finite rank rk(X), a family (a;)ier (of simple roots) in X and a family
(a)ier (of simple coroots) in Y. They have to satisfy the following compatibility condition:
a;; = o)) for all 4,5 € I. We also suppose that the family («;);cs is free in X and that
the family («);es is free in Y.

We now fix a Kac-Moody matrix A and a root generating system with matrix A.

Let A=Y ® R. Every element of X induces a linear form on A. We will consider X as
a subset of the dual A* of A: the «;’s, 7 € I are viewed as linear forms on A. For ¢ € I, we
define an involution r; of A by r;(v) = v — a;(v)e for all v € A. Tts space of fixed points
is ker ;. The subgroup of GL(A) generated by the «;’s for i € I is denoted by W and is
called the Weyl group of S. The system (W",{r;|i € I}) is a Coxeter system.

Let Qy = @,.; Zay be the coroot lattice of A.

One defines an action of the group W?" on A* by the following way: if x € A, w € W?
and a € A* then (w.a)(z) = a(w™t.x). Let &, = {w.oq|(w,i) € WY x I}, ®,. is the
set of real roots. Then ®,. C @ , where Q = @,.; Zo; is the root lattice of A. Let
W = QY x W C GA(A) be the affine Weyl group of S, where GA(A) is the group of
affine isomorphisms of A.
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A.1.2 Vectorial faces and Tits cone

Define C% = {v € Al a;(v) > 0, Vi € I'}. We call it the fundamental chamber. For J C I,
one sets F(J) ={v e Al a;(v) =0Vi € J,a;(v) >0Vie J\I}. Then the closure C'_}’ of C}
is the union of the F*(J) for J C I. The positive (resp. negative) vectorial faces are the
sets w.F(J) (resp. —w.F"(J)) for w € WY and J C I. A vectorial face is either a positive
vectorial face or a negative vectorial face. We call positive chamber (resp. negative) every
cone of the shape w.C% for some w € W (resp. —w.C%). For all z € C} and for all w € W,
w.r = x implies that w = 1. In particular the action of w on the positive chambers is simply
transitive. The Tits cone 7 is defined by 7 = (e w.C_}’. We also consider the negative
cone —7. We define a W¥-invariant relation < on A by: V(z,y) € A2, 2 <y & y—z € T.

A.2 Masure

A.2.1 Filters

Definition A.2.1. A filter in a set E is a nonempty set F' of nonempty subsets of E such
that, for all subsets S, S" of E, if S, S’ € F then SNS" € F and, if " C S, with 8" € F
then S € F.

If ' is a filter in a set E, and E’ is a subset of E, one says that F' contains E’ if every
element of F' contains E’. If E’ is nonempty, the set Fr of subsets of E' containing E’ is
a filter. By abuse of language, we will sometimes say that E’ is a filter by identifying Fpg
and E'. If F is a filter in E, its closure F (resp. its convex hull) is the filter of subsets of £
containing the closure (resp. the convex hull) of some element of F. A filter F is said to be
contained in an other filter F’: F' C F’ (resp. in a subset Z in E: F' C Z) if and only if any
set in F’ (resp. if Z) isin F.

If x € A and  is a subset of A containing x in its closure, then the germ of 2 in x is
the filter germ,(£2) of subsets of A containing a neighborhood in €2 of x.

A sector in A is a set of the shape s = z + C" with C¥ = +w.C} for some z € A and
w € WY, The point z is its base point and C" is its direction. The intersection of two
sectors of the same direction is a sector of the same direction.

The sector-germ of a sector s = x 4+ CV is the filter & of subsets of A containing an
A-translate of s. It only depends on the direction C¥. We denote by +o0o (resp. —oo) the
sector-germ of C% (resp. of —C7).

A ray § with base point  and containing y # x (or the interval |z,y] = [z,y]\{z} or
[z,y]) is called preordered if z < y or y < z and generic if y —x € +7T, the interior of +7 .

A.2.2 Definitions of walls, enclosures, faces and related notions

Enclosure A hyperplane of the form a~!'({k}) with a € ®,, and k € Z is called a wall.
A half-space of A delimited by a wall is a half-apartment. If o« € ®,, and k € Z, one sets
M(o, k) = {z € Al a(x) + k =0}, D(a, k) = {z € Ala(x) + k > 0} and D°(a, k) = D(e, k).
A set P C A is said to be enclosed if there exist n € N and half-apartments D,..., D,
such that P =, D;.
If X is a filter of A, its enclosure is the filter cl(X') defined as follows. A set E is in
cl(X) if and only if there exists an enclosed set £’ C E such that E’ is enclosed and E' € X.
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Faces A local face F’ in A is a filter associated to a point x € A, its vertex and a
vectorial face F'V C A, its direction. It is defined by F* = germ,(z + F") and we denote
it by F'(z, F’). A face F in A is a filter associated to a point z € A and a vectorial face
Fv C A. More precisely, a subset S of A is an element of the face F' = F(z, F") if and
only if it contains a finite intersection of half-apartments or open half-apartments containing
F'(z, FV).

There is an order on the (local) faces: if F C F’ we say that “F is a face of F’ ” or
“F’" contains F” or “F’" dominates F”. The dimension of a face F' is the smallest dimension
of an affine space generated by some S € F. Such an affine space is unique and is called
its support. A face is said to be spherical if its direction is spherical; then its point-wise
stabilizer W in W" is finite.

As WY stabilizes ®,., any element of W permutes the sets of the shape D(a, k) where o
runs over ®,. and k € Z. Thus W permutes the enclosures, faces, ... of A.

A chamber (or alcove) is a maximal face, i.e a face F*(z, +w.C}) for x € A and w € W".

A panel is a spherical face maximal among faces that are not chambers or equivalently
a spherical face of dimension dim A — 1.

Chimneys A chimney in A is associated to a face F' = F(z, F{) and to a vectorial face
Fv; it is the filter ¢(F, F) = cl(F + F"). The face F is the basis of the chimney and the
vectorial face F¥ its direction. A chimney is splayed if F" is spherical.

A shortening of a chimney v(F, F"), with F' = F(x,FJ) is a chimney of the shape
t(F(x + & FY), F) for some & € F*. The germ of a chimney t is the filter of subsets of A
containing a shortening of t.

A.2.3 Masure

An apartment of type A is a set A with a nonempty set Isom(A, A) of bijections (called
Weyl-isomorphisms) such that if fy € Isom(A, A) then f € Isom(A, A) if and only if, there
exists w € W satisfying f = fy o w. We will say isomorphism instead of Weyl-isomorphism
in the sequel. An isomorphism between two apartments ¢ : A — A’ is a bijection such that
(f € Isom(A, A) if, and only if, ¢ o f € Isom(A, A")). We extend all the notions that are
preserved by W to each apartment. Thus sectors, enclosures, faces and chimneys are well
defined in any apartment of type A.

If A, A" are apartments, ¢ : A — B is an isomorphism of apartments and £ C AN A’, the

notation ¢ : A X A’ means that ¢ fixes E.

Definition A.2.2. A masure of type A is a set T endowed with a covering A of subsets
called apartments such that:
(MA i): Any A € A admits a structure of an apartment of type A.

(MA 4i): if two apartments A, A’ contain a generic ray, then ANA’ is enclosed and there

. . . ANA’
exists an isomorphism ¢ : A "— A’

(MA iii): if R is the germ of a splayed chimney and if F' is a face or a germ of a chimney,
then there exists an apartment containing R and F.

In this definition, one says that an apartment contains a germ of a filter if it contains
at least one element of this germ. One says that a map fixes a germ if it fixes at least one
element of this germ.

When 7 is associated to an affine Kac-Moody group, one can replace (MA ii) by (MA af

ii):
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If A, A" are two apartments then A N A’ is enclosed and there exists an isomorphism

¢ A A

Group acting strongly transitively on a masure Let 7 be a masure. An endomor-
phism of 7 is a map ¢ : Z — Z such that for each apartment A, ¢(A) is an apartment
and gf)If‘(A) is an isomorphism of apartments. An automorphism of 7 is a bijective en-
domorphism ¢ of Z such that ¢! is an endomorphism of Z. Let Aut(Z) be the group of
automorphisms of Z. A group G C Aut(Z) is said to act strongly transitively if all the
isomorphisms of apartment of (MA ii) are induced by elements of G.

If G is a split Kac-Moody group over a local field, then G acts strongly transitively on its
masure Z, see 3.4.1 for more details on this action.

Retraction centered at a sector-germ Let Z be a masure. Let q be a sector-germ of
7 and A be an apartment containing q. If x € Z, there exists an apartment A, containing
z and q (by (MA iii)). By (MA ii), there exists an isomorphism ¢, : A, 4254 A, Then it
is easy to see that ¢,(x) does not depend on the choices we made. One sets pga = ¢(z).
Then pq 4 is the retraction of 7 onto A centered at q.
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affine apartment, 31, 32

affine type KM matrix, 19

affine Weyl group, 28, 29

alcove, 33

almost finite sets, 105

almost split Kac-Moody group, 47
automorphism of Z, 34, 156
automorphism of apartments, 33

Borel subgroups, 48
Bruhat-Tits tree, 49
building at infinity, 38

Cartan involution, 16

Cartan matrix, 19

chamber, 33

character, 15

Chevalley generators of a ac-Moody algebra,
16

chimney, 33

closed set of roots, 39

cocharacter, 15

constructive Tits functor, 43

coweight lattice, 28

decomposable Kac-Moody matrix, 15
direction of a generic ray, 38

enclosed set, 154

enclosure of a filter, 154
endomorphism of Z, 34, 156
essentialization of A, 18

face, 32

filter, 29

finite enclosure, 31

finite thickness, 34

finite type KM matrix, 19
fundamental reflexion, 17
fundamental vectorial chamber, 18

gauge, 66
germ, 29

germ of a chimney, 33
group acting strongly transitively on Z, 34,
156

half-apartment, 31

imaginary root, 18

indecomposable Kac-Moody matrix, 15
indefinite KM matrix, 19

infinite enclosure, 31

intrinsic filter, 83

isomorphism, 33

isomorphism of realization, 15

Kac-Moody group, 47
Kac-Moody matrix, 14

local face, 32
locally nilpotent, 41

masure, 46

minimal realization of a Kac-Moody matrix,
15

multiplicity of a root, 17

nilpotent, 39
order-convexity, 34

panel, 33

parallel sector-faces, 37
prenilpotent, 39

preordered ray, segment, ..., 30

ray, segment, ..., 30

real root, 18

realization of a Kac-Moody matrix, 15
retraction, 35

root generating system, 15, 153

root lattice, 16

root space, 17

Satake isomorphism, 108
sector, 30
sector face, 37

160



sector-germ, 30
sector-panel, 37
semi-discrete masure, 34
shortening, 33

simple coroots, 15
simple roots, 15

smooth module, 92

solid chimney, 33
spherical face, 33
spherical sector-face, 37
spherical vectorial face, 18
splayed chimney, 33
split KM group, 42
Steinberg functor, 43

thick, 34

Tits cone, 18

Tits functor, 41

Tits preorder, 34

type 0 local face, 32

type of a vectorial face, 88

vectorial direction of a sector-face, 37
vectorial distance, 35

vectorial face, 18

vectorial wall, 18

vectorially Weyl isomorphism, 33
vertices of type 0, 145

wall, 28

wall of A, 154

Weyl group of S, 17
Weyl isomorphism, 33
Weyl-isomorphism, 33
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