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FIGURE 1 — Ce dessin reprend les différents thémes abordés dans la thése, savoir la dif-
fraction par des cristaux et quasi-cristaux photoniques (motifs du papillon et pavage de
Penrose) aux grandes longueurs d’ondes par des méthodes de type deux-échelles (symbo-
lisées par l'effet "loupe") et la propagation de la lumiére dans les fibres optiques.
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Résumé

Discipline : Physique Mathématique

L’objet de cette thése est d’une part 1’étude théorique et numérique de la diffraction
des ondes électromagnétiques en régime harmonique par des structures finies constituées de
matériaux hétérogénes périodiques ou quasi-périodiques, & la limite des grandes longueurs
d’ondes, et d’autre part ’analyse des modes propagatifs dans des guides périodiques dans
le domaine de résonance.

Dans la premiére partie, nous cherchons a remplacer des structures ferro-magnétiques
de type "cristal photonique" par un matériau effectif défini par des matrices de permitti-
vité et de perméabilité anisotropes déduites de la résolution de problémes annexes de type
électrostatique sur un tore. Nous nous interessons ensuite a I’homogénéisation des struc-
tures quasi-cristallines et introduisons pour cela une notion de convergence deux-échelles
coupe-projection. Enfin, nous estimons le comportement asymptotique de 'erreur entre la
solution homogénéisée et la solution quasi-périodique d’un probléme d’électrostatique 1D.

Dans la seconde partie, nous utilisons des méthodes numériques de type "éléments
finis" pour I'analyse des modes dans des fibres optiques de type "cristal photonique", qui
permettent de propager la lumiére dans un défaut d’indice faible (par exemple, de 1’air)
grace a l'existence de bandes interdites. On s’intéresse aussi & la propagation des ondes
centimétriques dans des structures constituées de matériaux diélectriques et métalliques.

Dans la troisiéme partie, nous appliquons des méthodes asymptotiques a ’analyse spec-
trale des guides de type "cristal photonique" pour les basses fréquences (homogénéisation)
et pour les hautes fréquences (domaine de résonnance). Nous donnons des résultats numé-
riques pour les modes de tels guides aux basses fréquences (méthode des éléments finis) et
pour des modes hautes fréquences dans des cavités multicouches 1D (matrices de transfert).

Mots-clés : homogénéisation, électromagnétisme, cristaux-photoniques, quasi-cristaux,
convergence deux-échelles, fibres optiques, guides métalliques, cavités, théorie spectrale,
éléments finis d’aréte.



Summary

Subject : Mathematical Physics

This thesis treats diffraction of time harmonic electromagnetic fields by finite size crys-
tals and quasi-crystals for large wavelengths and propagation of modes in photonic crystal
fibers near resonance.

In the first part, we attempted to replace ferro-magnetic photonic crystals by homoge-
neous structures with anisotropic matrices of permittivity and permeability, deduced from
the resolution of annex problems of electrostatic type on a periodic cell. Then, we give effec-
tive permittivity for quasi-crystalline phasis, thanks to the so-called "cut-projection conver-
gence". Finally, we estimate the asymptotic behaviour of the error in the one-dimensional
case.

In the second part, we make use of "finite element methods" to study the propagation
of leaky modes in low index structural defects of photonic crystal fibers (the existence of
which depends upon the photonic band gap effects). Furthermore, we outline a numerical
approach for complex waveguides mixing dielectric and metallic materials.

In the third part, we make an asymptotic analysis of photonic crystal waveguides for
both the quasi-static limit (homogenization) and the high frequency limit (resonance). We
give some numerical results for low-frequency modes of such waveguides, thanks to finite
elements. In the high frequency limit, we use the transfer matrices to compute the surface
modes of a 1D cavity.

Key-words : homogenization, electromagnetism, photonic crystals, quasi-crystals, two-
scale convergence, optical fibers, metallic waveguides, cavities, spectral theory, edge-elements.
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Préambule

From a long view of the history of mankind -seen from, say, ten thousand
years from now- there can be little doubt that the most significant event of
the 19 th century will be judged as Maxwell’s discovery of the laws of elec-
trodynamics. The American Civil War will pale into provincial insignifiance in
comparison with this important scientific event of the same decade.

R. P. Feynman

Cette thése se veut transdisciplinaire en ce qu’elle aborde des problémes qui intéressent
les physiciens avec des outils mathématiques récemment développés. Les thémes abordés
dans cette thése se trouvent en effet a Uinterface de plusieurs champs de la physique et des
mathématiques : il y est question d’électromagnétisme, de cristallographie, de méthodes
asymptotiques en homogénéisation, de théorie spectrale, de théorie des nombres (un soup-
¢on) et de méthodes numeériques. La partie mathématique de la thése a été rédigée au
laboratoire d’Analyse Non Linéaire Appliquée et Modélisation de I’Université de Toulon
et du Var de Guy Bouchitté. La partie théorie des nombres fait ’objet d’une collaboration
avec Philippe Tchamitchian. Les parties physique et numérique ont été mises en oceuvre,
sous la direction de Frédéric Zolla, dans I'équipe CLARTE (ex. Laboratoire d’Optique Elec-
tromagnétique de Roger Petit et Daniel Maystre) de I'Institut Fresnel de Claude Amra a
Marseille : ces parties sont le fruit d’une collaboration avec d’une part André Nicolet et So-
phie Lasquellec de l'institut Fresnel, et d’autre part Christophe Geuzaine et Patrick Dular
du Service d’Electricité Appliquée de Willy Legros de I’Université de Licge.

La thése est bilingue : il nous est en effet apparu nécessaire que les les résultats figu-
rant dans la thése soient rédigés en anglais, ou pour le moins accessibles & un anglophone.
Nous avons fondu dans la thése les articles acceptés [105][100], soumis [101] ou & soumettre
[106][97][104][128][103] dans des revues scientifiques ainsi que les actes de conférences don-
nés [214][99]|198] [96], acceptés [102] ou soumis [95] dans les parties physiques et numériques
de la these, qui sont donc rédigées dans la langue de Shakespeare (en moins plaisant). Les
développements mathématiques sont rédigés en langue francaise aprés avoir été introduits
dans un chapitre précédent en anglais ou sous forme d’addenda en début de chapitre. Les
chapitres 4, 5 et 10 font 'objet d’articles en préparation [34][36][35].

La thése est divisée en chapitres et sections qui ont une nature philosophique différente
et que l’on peut sommairement diviser en quatre catégories : Mathématiques (M), Physique
(P), Numérique (N) et Histoire des Sciences (H). Voila le découpage que nous proposons :
Introduction. (H)

1) Homogenization of finite photonic crystals. (P)



2 PREAMBLE

2
3
4
5
6
8
9) Homogenization of dielectric PCF with metallic boundary. (P)

Justification by two-scale convergence. (M)

Some concepts related to quasi-crystalline phasis. (H+M+P)
A two-scale approach to quasi-periodic homogenization. (M)
Asymptotic behaviour of the error. (M)

Propagating modes in dielectric waveguides. (N)

~— — — ' ~—

Propagating modes in waveguides mixing metallic and dielectric media. (N)

10) Spectral aymptotic analysis of cavities. (M)

Conclusion.

A) The geometry of electromagnetism. (H+P)

B) Quasi-periodic structures. (M+P)

La frontiére entre ces catégories étant perméables, nous espérons que les mathématiciens
trouveront quelque intéret a la lecture des chapitres normalement dévolus aux physiciens
(P) et que la lecture des chapitres estampillés (H) leur soit ludique. Réciproquement, nous
avons mis ’accent sur les rappels des notions mathématiques nécessaires a la lecture des

chapitres estampillés (M), pour les lecteurs physiciens.
A remarkable stroke of insight

Numerous mathematicians and physicists had proposed systems of equations for the
effects of moving electric charges which had seemed to be satisfactory within the general
Newtonian framework. In the Newtonian scheme, the forces of electricity and magnetism
(the existence of both having been known since the antiquity, and studied in some detail by
William Gilbert in 1600 and Benjamin Franklin in 1752) act in a way similar to gravitatio-
nal forces in that they also fall off as the inverse square of the distance, though sometimes
repulsively rather than attractively, as shown by Coulomb’s law. Here, the electric charge
(and the magnetic pole stength), rather than the mass, measures the strength of the force.
The first scientist to have made a serious challenge to the Newtonian picture seems to have
been the English experimentalist and theorician Michel Faraday (1791-1867). Faraday’s
profound experimental findings (with moving coils, magnet and the like) led him to believe
that electric and magnetic fields have physical reality and, moreover, that varying electric
and magnetic fields might sometimes be able to push each other along through otherwise
empty space to produce a kind of disembodied wave. He conjectured that light itself might
consist of such waves. Such a vision would have been at variance with the prevailing New-
tonian wisdom, whereby such fields were not thought as real in any sense, but merely
convenient mathematical auxiliaries to the true Newtonian point particle action, picture of
actual reality. Confronted with Faraday’s experimental findings, together with earlier ones
by the French physicist André Marie Ampeére (1775-1836) and others, and inspired by Fa-
raday’s vision, the Scottish physicist and mathematician James Clerk Maxwell (1831-1879)
puzzled about the mathematical form of the equations for the electric and magnetic fields
that arose from those findings. With a remarkable stroke of insight he proposed a change
in the equations, seemingly perhaps rather slight, but fundamental in its implications. This
change was not at all suggested by (although it was consistent with) the known experi-
mental facts. It was a result of Maxwell’s own theoretical requirements, partly physical,
partly mathematical, and partly aesthetic. One implication of Maxwell’s equations was
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that electric and magnetic fields would indeed push each other along through empty space.
An oscillating magnetic field would give rise to an oscillating electric field (this was implied
by Faraday’s experimental findings), and this oscillating electric field would, in turn, give
rise to an oscillating magnetic field (by Maxwell’s theoretical inference), and this again
would give rise to an electric field and so on. Maxwell was able to calculate the speed that
this effect would propagate through space and he found that this would be the speed of
light ! Moreover these so-called electromagnetic waves would exhibit the interference
and the puzzling polarization properties of light that had long been known (see Young
and Fresnel). In addition to accounting for the properties of visible light, for which the
waves would have a particular range of wavelengths (4 to 7.10~"m), electromagnetic waves
of other wavelengths were predicted to occur and to be produced by electric currents in
wires. The existence of such waves was established experimentally by the German physi-
cist Heinrich Hertz in 1888. Faraday’s inspired hope had indeed found a firm basis in the
equations of Maxwell. One of the main differences of the Maxwell’s equations compared to
the Newtonian framework is that there are field equations rather than particle equations,
which means that one needs an infinite number of parameters to describe the state of the
system (the field vectors at every single point in space), rather than just the finite number
that is needed for a particle theory (three coordinates of position and three momenta for
each particle). The so-called Newtonian field was studied in details by Laplace in its fa-
mous electrostatic equation AV = p, where V is the electrostatic potential in a dielectric
body and p its volumic density of charges. More precisely, denoting respectively by the
vector fields E, B, J and p the electric field, the magnetic field, the electric current, and
the density of electric charge, Maxwell stated that in vaccuo :

,

E
rotB = uoso% + pod
rotE = —a—B
- 50t (1)
divE = —
€0
divH =0

where poeg is a constant equal to the inverse of the square of the speed of light usually
denoted by c; This so-called Maxwell’s system still holds in material. Because the optical
wavelength are very large compared to the atomic scale, we are rather interested in the
mean value (< E >, < B >) : we call this first homogenization process (from the micro-
scopic scale to the mesoscopic one), natural homogenization. It is well known that if
we assume that the material is constituted of neutral molecules with dipole momenta p;
and charges ¢; located at points 7;, we can define a field D such that :

D=¢y<E>+P
divD = p,

where P = Z pid(r — r;) is the electric polarization vector and p. is the density of charges
i

of conduction.
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Similarly, we define the current of conduction :
87"1'(75)
Jc - zz: < C_h( ot )5(7“77‘1) >

and the magnetic polarization vector :

M= Zl: < H;(/]RS(T' — 1) X J(r’,t)dr’)é(r — 1) >

We therefore have : 9D
tH=J.+ —
TO + ot

where H is defined by :

1
H=—(<B>-M)
Ho

In the following, we will always assume that (perfect media) :
P=cyx. <E>
where ¥, is a positive real called electric susceptibility. We thus have :
D=¢y(1+xe) <E>=¢pe, <E>

Analogously, we assume that :

Xm

= <B>
1+ xm

where x,, is a positive real called magnetic susceptibility. We thus have :
B = p1o(1+ xm) < B >:= popr <B >

r and e, are functions which can either depend upon the space variable z and the
time variable ¢, respectively called relative permeability and relative permittivity (note that
they have no physical dimensions). From now on, we will denote the mesoscopic electroma-
gnetic field (< E >, < H >) by (E, H), because we will consider another homogenization
process from the mesoscopic scale to the macroscopic one (artificial homogenization) i.e.
we will consider some large optical wavelengths in conjunction with the size of mesoscopic
heterogeneities in some specific materials called photonic crystals.

In this thesis, we will assume that pu, is equal to 1 and &, only depends upon the space
variable x, except in the first chapter for the homogenization of ferro-magnetic media. In
that case, we will assume that p, depends upon the space variable i.e. we place our study in
the linear approximation for ferro-magnetic materials. It should be noted that fields cannot
be regarded as mere mathematical appendages, because Maxwell showed that when the
fields propagate as electromagnetic waves they actually carry definite amounts of energy
with them. The fact that energy can indeed be transported from place to place by these
electromagnetic waves was experimentally confirmed by Hertz’s detection of such waves

(radio waves). It should also be noted that the presence of — in the system (1) was

ot
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Maxwell’s master stroke of theoretical inference. All the remaining terms in (1) were, in

effect known from direct experimental evidence. The constant pgeg = 2 is very tiny, which
is why that term had not been experimentally observed! : in the nineteenth century, the
physicists had access to the electric conductivity o (J = oE for conducting materials
for centimeter wavelengths) which is very large, compared to the rate of the electric field

pulsation w over c.

1. It is worth noting that Romer deduced a time delay for light travelling from Jupiter to Earth in 1676
by observing Jupiter’s satellites, and Christian Huyghens used Romer’s result together with the results of
French measurements which established the size of the Solar System, to give the first estimate 3.610%m.s™*
for c. From that time, Fizeau found ¢ ~ 310%m.s™" in 1849 and Michelson and Morlay obtained the Nobel

Price for proving the isotropy of space together with getting the constant c precisely in 1907.
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Introduction

"The remarkable formula, arrived at almost simultaneously by L. Lorenz
and H. A. Lorentz, and expressing the relation between refractive index and
density, is well known ; but the demonstrations are rather difficult to follow and
the limits of application are far from obvious. Indeed, in some discussions the
necessity for any limitation at all is ignored. I have thought that it might be
worth while to consider the problem in the more definite form which it assumes
when the obstacles are supposed to be arranged in rectangular or square order,
and to show how the approximation may be pursued when the dimensions of
the obstacles are no longer very small in comparison with the distances between
them."

Lord Rayleigh (1892) [194].

0.1 Some issues of homogenization theory in electromagne-
tism

0.1.1 Homogenization of static problems

The philosophy of the necessity for rigour expressed by Lord Rayleigh in 1892 [194]
concerning the Lorentz-Lorenz equations acts as the fundation of homogenization. In his
paper of 1892, John William Strutt, the third Lord Rayleigh, was able to solve Lapace’s
equation in two dimensions for rectangular arrays of cylinders, and in three-dimensions
for cubic lattices of spheres. As far as we know, the first theoretical works related to
homogenization in electromagnetism began with the static effective medium models of
Mossotti (1836) and Faraday (1837), which proceeded in a similar way to analyse the
distribution of electric charge on several metallic bodies embedded in a dielectric medium.
Mossotti’s analysis was based on earlier closely related work by Poisson on magnetic media.
He analyzed the interaction between the polarizable entities, invoking the first of many
cavity considerations in the derivation of the effective field for a dielectric. The english
version of the original paper of Mossotti (1896) [158] "Analytical discussion of the influence
which the action of a dielectric medium exerts on the distribution of the electricity on the
surfaces of several bodies dispersed in it" is explicit. Since Ottavanio Fabrizio Mossotti was
made prisoner by the Austrians during the first war for Italian independence (1848-49),
his paper which had been submitted in 1846 was only published in 1850. A subsequent
step was taken by Lorenz, whose 1869 and 1875 papers in Danish were succeeded by one

7
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in German, in 1880 [132]. In this paper, Lorenz assigns a refractive index to the interior
of the molecules which differs from that of the surroundings and then proceeds in a akin
to the Coherent Potential Approximation and other modern wave propagation theories in
stochastic media. In the presence of the irregularly distributed molecules Lorenz asks for the
value of the propagation constant of light such that the deviations from this well behaved
sine wave average out to zero, and do not build up [131]. Clausius, in his 1879 book [52],
assumes, as did Mossotti and Faraday, that the molecules are conducting spheres. He then
takes each molecule as contained in a small sphere, cut out of the continuous surrounding
medium, which is characterized by the final dielectric constant of the material. In contrast
to some of the other derivations, Clausius’ sphere fits tightly around the molecule under
consideration. In 1870, Lorentz invoked a well-known large sphere cut out of the dielectric,
centered about the molecule in consideration, to derive the effective field. The large sphere
separates the far away molecules, which can be treated as a continuum, from the close
molecules which have to be taken into account more explicitly. The expression for the
"macroscopic" electric field in a inhomogeneous media which was derived simultaneously
by Lorenz and Lorentz takes the following form :

1
Eeff = Eapplied + %P (2)

where g¢ is the permittivity of free space, and P is the dipole moment per unit volume.
The effective field E.fy is known as the Lorentz field. Lorentz’s proof used essentially the
spherical shape of the inclusions to replace them by point dipoles. Such a derivation does
not hold for a high density of inclusions and there exists more rigorous derivations of the
same expressions (Landauer,1972 [126]). Cohen et al. even derived an expression of the
effective field for ellipsoidal inclusions from that of Lorentz in 1952.

Furthermore, Lorentz derived the following effective dielectric constant .y of two-
dimensional composite, from (2) :

Eeff —Em & Em

Eeff T €m i€i+€m

where g; and &, are the dielectric constants of the inclusions and the background material,
respectively, and f; is the volume fraction of the inclusions. The expression is known as
Clausius-Mossotti approximation in electrostatics and Lorenz-Lorentz equation in dyna-
mics. In optics, it is referred to as Maxwell-Garnett equation, since J. C. Maxwell-Garnett
used Maxwell’s equations for propagating waves to derive it in 1904 [136] (note that Max-
weel himself derived the formula (2) when the volume fraction of inclusions is small, in
his "Treatise on Electricity and Magnetism" [135], whose first edition appeared in 1873).
J. C. Maxwell-Garnett derived the expression for the Lorentz field and also arrived at a
correction term for the Lorentz-Lorenz equation which depended on the density, or filling
fraction, of the inclusions. However, the original proof of Rayleigh suffers a conditionally
convergent sum in order to calculate the dipolar field within the array. Many authors
proposed extensions of Rayleigh’s method to avoid this drawback, amongst them Batche-
lor (1972). Another limit of Rayleigh’s method is that it does not hold when the volume
fraction of the inclusions increases : there is a point where there exists a connected path
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through the material, along which a current may flow. This phenomenon is known as a
percolation threshold. Bruggeman developped two effective medium theories for dielec-
tric materials in 1935-1936 [45]. The first one made a distinction (like previous theories),
between the inclusions and the background matrix, whereas the second one exhibited a
percolation threshold. His two theories agreed well with the Lorenz-Lorentz equation for
the small volume fractions.

An important act in homogenization theory takes place in the ETOPIM congress of
1977, where R. Mc. Phedran and Mc. Kenzie proposed to extend Rayleigh’s fundamental
work of 1892 [145][141]. At this occasion further developments were discussed with Ping
Sheng, Bergman and Milton in relation with new mathematical techniques which appea-
red one year after in a fundamental book by Bensoussan, Lions and Papanicolaou [18].
The first mathematical results obtained in homogenization were in fact that of Spagnolo
(1968). Spagnolo studied elliptic and parabolic problems of diffusion, when the operators
were symmetric, and he chose the term of G-convergence to refer to convergence of Green
functions [192]. The term of homogenization was first introduced in mathematics by Ba-
buska [15][16]. In the early seventies, Tartar and Murat developed the mathematical tools
for homogenization theory. In 1974, Tartar described the notion of weak convergence to
link microscopic and macroscopic scales [195] in relation to effective properties in homoge-
nization which were derived heuristically by Sanchez-Palencia [188], thanks to asymptotic
expansions for periodic structures. In 1974, Murat refered to the method of H-convergence
(H for homogenization) in a seminar he gave in Alger. The H-convergence inspired pro-
babilistic models, such that ones of Papanicolaou and Varadhan [170][171]. Afterwards,
Oleinik extended the method to the almost-periodic case and then to the general case.

From this time a great number of papers appeared on homogenization theory in elec-
tromagnetism, among them a series of three papers (Mc. Phedran and Mc. Kenzie, 1978
[145][141], Mc. Kenzie et al [142], 1978, Perrin et al [175], 1979) which extended Rayleigh’s
technique to arbitrary multiple orders and gave formulae for the conductivity to an arbi-
trary accuracy. Later, Mc. Phedran, Milton and Poladian provided an effective medium
model for arrays of circular inclusions which were both close to touching and highly conduc-
ting (1986 [143] [179], 1987 [146] and 1988 [148]) ; Bouchitté and Petit introduced at this
time asymptotic methods for the homogenization of gratings ([37], 1985 and [177|, 1987).

0.1.2 Homogenization of dynamic problems

In the case of a dynamic problem in a periodic medium, say a periodic arrangement of
rods (photonic crystal fiber), the solutions are in general not unique and exist in modes,
or energy bands, which are functions of the spatial frequency of the solution. Using the so-
called plane wave expansion method allows to satisfy exactly the periodicity conditions, but
the boundary conditions on the surface of each cylinder are satisfied only approximatively.
It works well in case of low index contrast (weak-coupling assumptions). On the contrary,
the so-called Generalized Rayleigh Method, which is inspired of Rayleigh technique for
static problems (1892) [194] expands the solution in terms of a set of functions which can
be made to satisfy the boundary conditions exactly. The periodicity conditions are then
satisfied approximatively, by the appropriate choice of expansion coefficients (Mc. Phedran
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and Dawes, 1992 [144], Chin et al. 1994 [53], Nicorovicci et al., 1995 [168]). This multiple
method has been applied to linear elasticity by Mc. Phedran and Movchan (1994, [147])
who also gave the lattice sum for elastodynamics (Movchan et al., 1997 [159]).

The quoted authors use a dynamic theory to solve Maxwell’s equations in a heteroge-
neous periodic media and then take the long wavelength limit in order to determine the
effective properties of the structures. It is noticed by Poulton (Poulton, 1999 [180]), that
in doing so, one encounters a problem of definition, in that there is more than one cha-
racteristic of the dynamic solution which can be used to define the corresponding effective
property. Indeed, there is an ambiguity when one uses the change of phase accross the unit
cell to define a phase refractive index, or the reflection coefficient from the exterior surface
of the heterogeneous structure, in order to define an amplitude index. Another possibility
is also to use the dispersion relation of a particular mode to find a group velocity which
defines the group index for waves in the material.

0.1.3 Exact formulae and the theory of bounds

Some mathematical works devoted to the theory of composites go back to Wiener
(1912, [207]) by interchanging the roles of background and matrix in the Lorentz-Lorenz
formula. A classical theorem is that of Keller (1964) [117] which found a relation between
the transverse effective conductivity of an array of cylinders and the conductivity when
the phases are interchanged. The essence of Keller’s theorem is that if in a 2 dimensional
potential problem for Laplace’s equation, u is a solution for a problem with one type
of inclusion, then its Cauchy-Riemann partner v is the solution for the problem with
dielectric constant inverted and the electric field rotated by 90 degrees. In 1970, Dykhne
[68], using the fact that a divergence-free field when rotated locally at each point by 90
degrees produces a curl-free field and vice versa, could generalize Keller’s result to isotropic
multiphase and polycrystalline media. He noted that the duality relations implied exact
formulae for the conductivity of phase interchange invariant two-phase media (such as
checkerboards) and for polycrystals constructed from a single crystal. In the chapter 2
of the thesis, we get a similar result to that of Keller and Dykhne which expresses the
homogenenized permittivity of a two dimensional electrostatic problem in terms of the
homogenized inverse permittivity up to a rotation of 90 degrees. In the particular case of a
checkerboard i.e. a planar body of square symmetry characterized by a piecewise constant
permittivity which takes the values €1 and €9, it can be then deduced the well known
formula [68] :

Eeff = VE1€2 -

This formula has been generalized by Kozlov in the random case and also the asymptotic
behavior of €.y when e is small in term of percolation thresholds (|123], 1983). This
formula was independently derived by Golden and Papanicolaou (|91], 1983).

The pioneering works of Keller and Dykhne stimulated a large body of research : Ber-
dichevski (1983) [20] derived an exact formula for the effective shear modulus of a checker-
board of two incompressible phases. The duality and phase interchange relations of Berdi-
chevski were extended to anisotropic composite materials by Hesling, Milton and Movchan
(1995) [112] together with numerical results of high accuracy. Ni and Nemat-Nasser (1995)
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[163] obtained duality transformations for three-dimensional anisotropic bodies with stress
and strain fields indepndent of the x3 coordinate. Milton and Movchan (1995) [155] found
an equivalence between planar elasticity problems and antiplane elasticity problems in in-
homogeneous bodies. These results and additional duality relations were then discussed
in detailed by Hesling, Milton and Movchan (1997[112]). A plethora of three-dimensional
exact relations from pyroelectricity to thermopiezoelectric composites has recently been
given by Grabovsky, Milton and Sage (2000 [92]).

Besides, when no explicit formulae are available, it is an important matter to have
a priori estimates on the effective matrix in term of the statistical properties of each
component of the composite. This is the so-called theory of bounds which motivated a
lot of contributions in several fields of physics, mechanics an mathematics. The pioneering
work was done by Hashin and Shtrikman in (1962) [111] where a complete description
of all possible effective tensors was derived. This result was proved later by Tartar [196]
who extended the result to the anisotropic case. Then a lot of papers appeared in the
literature among them we may quote Benveniste (1995) [19] who obtained bound results in
piezoelectricity, Francfort (1992) [82] who made a correspondence between the equ ations
of incompressible elasticity and the duality relations for conductivity.

The rigorous mathematical theory of the homogenization of elliptic operators with
random coefficients proposed by Jikov, Kozlov and Oleinik ([115],1995) is closely related
to the Bergman-Milton theory of bounds (|156,1982 and [22], 1992) who obtained some
maximal and minimal bounds for the effective properties of fractal structures.

0.2 Synopsis of the thesis

This thesis is divided in three parts. In the first part, we are interested in the asymptotic
behaviour of the harmonic Maxwell system when the size of inclusions tends to zero for a
fixed given wavelength (in other words, the wavelength is large compared to the distance
between dielectric inclusions). In the second part, we consider optical fibers obtained by
mixing dielectric and metallic materials, and we implement numerical methods in order
to analyze propagating modes in all the range of frequencies. The last part (part III) is
devoted to the homogenization of optical fibers and in particular to the asymptotic analysis
of spectral properties.

0.2.1 Part I : Homogenization of the Maxwell system

In chapter 1, we consider the homogenization of finite photonic crystals in the perio-
dic case by using multiple-scale expansions. These results are justified mathematically in
chapter 2 by using the two-scale convergence method. In chapter 3, we introduce different
approaches of quasi-crystalline structures for which we develop in chapter 4 a variant of
the two-scale convergence adapted to quasi-periodic structures obtained by the so-called
cut-projection method. This enables us to give explicitely the effective limit behaviour of
the crystal in term of a unit cell periodic problem which is detailed in the one and two-
dimensional cases. A last chapter (chapter 5) is devoted to the estimate of the order of
convergence as the size parameter 1 tends to 0. We expect that, in dimension 1, this order
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of convergence lies between that of the periodic case (1) and that of the purely random
case (/1) depending on the irrational character of the slope used in the cut-projection
method.

0.2.2 Part II : Discrete models for spectral problems in electromagne-
tism

Let us now describe the plan of the second part of the thesis. In this part, we use nume-
rical methods (the Finite Element Method) to compute propagating modes in waveguides.
Dealing with 2D geometries (problems are described by their cross section), we will focus
on waveguides made of regular patterns of rods. This allow us to show homogenization and
to determine photonic band gap modes. In the first chapter, we numerically investigate
the case of dielectric waveguides i.e. we deal with spectral problems having a continuous
spectrum. We give a theoretical criterion to discriminate the bound modes, which is of the
foremost importance for the practical use of a numerical algorithm such as the Lanczos
algorithm. The model involves no approximation such as the weak coupling and is the-
refore a three-components vector model. We propose a finite element scheme with edge
elements (Nédelec, 1980 [160]) for the transverse component and node elements for the
longitudinal component to eliminate the well-known spurious modes (Bossavit, 1990 [30]).
Furthermore, we make use of a geometric transformation (Nicolet, 1994 [166]) to deal with
the unboundness of the domain (infinite elements). In the second chapter, we focus on
metallic waveguides that is bounded problems (and therefore without a continuous spec-
trum). We choose an electric field formulation to deal with the boundary conditions (the
tangential part of the electric field is null, unlike that of the magnetic field on the metallic
boundaries). We place our study in the framework of weighted Sobolev spaces to keep
self-adjointness properties of the operator. To find the so-called leaky modes in photonic
crystal fibers (guided in a central air region), it is necessary to embed the structure in a
metallic guide (also called jacket). We give some numerical examples of PCF with metallic
exterior boundary, and we take into account the symmetries to study only one quater of
the guide. In the third chapter, we study the case of complex structures mixing metallic
and dielectric media in open domains. For this, we use both the electric field formulation
and the geometric transformation for unbounded domains. It is to be noticed that we can
calculate the magnetic current on the metallic boundaries of the structure, because we use
a vector model (it would not be the case if we did not take into account the longitudinal
part of the electric field). We achieve a numerical treatment of grooved metallic waveguides.

0.2.3 Part III : Asymptotic methods in high frequencies

In the third part of the thesis, we make an asymptotic analysis of spectral problems in
both low and high frequency limits. We first investigate the case of the homogenization of
Photonic Crystal Fibers (see chapter 9) with a metallic boundary (bounded domain, hence
discrete spectrum) thanks to the multi-scale expansion method. We then exhibit birefrin-
gence phenomena in an anisotropic homogenized circular waveguide (using the GetDP
software), whose tensor of permittivity is derived from the resolution of two annex pro-
blems of electrostatic types (solved by the Method of Fictitious Sources). Secondly, we
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use a notion of "Bloch wave homogenization" introduced by Allaire and Conca in [5] to
perform the asymptotic analysis of Photonic Crystal Cavities in the resonance domain
(surface modes coming from photonic band gap effects). We introduce a notion of "two-
scale convergence for operators" which allows us to deduce a result of convergence for
spectral families of operators, and in particular of the sequence of renormalized spectra
(eigenvalues of the order of the square of the medium period) towards the Bloch part of the
limit spectrum. We then analyse the so-called boundary layer part of the limit spectrum in
the one-dimensional case, by the use of monodromy matrices. Following Allaire and Conca
[7][8], we assume that the cavity is filled with an entire number of cells, and we also charac-
terize the boundary layer spectrum thanks to a limit problem settled in the half plane (but
with Neumann conditions instead of Dirichlet ones). The originality is that we explicit the
discrete part of the boundary spectrum thanks to a new spectral problem settled in ]0;1] :
we show that each eigenvalue of this spectral problem belongs to a different gap and we
give the expression of its decrease. Finally, we illustrate this theoretical study by numerical
results deduced from this spectral problem.
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Premiére partie

Homogénéisation des structures
cristallines et quasi-cristallines finies.
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Chapitre 1

Homogenization of finite photonic
crystals.

"In the application of our results to the electric theory of light we contem-
plate a medium interrupted by spherical, or cylindrical, obstacles, whose induc-
tive capacity is different from that of the undisturbed medium. On the other
hand, the magnetic constant is supposed to retain its value unbroken. This
being so, the kinetic energy of the electric currents for the same total flux is
the same as if there were no obstacles, at least if we regard the wave-length as
infinitely great."

Lord Rayleigh (1892) [194].

1.1 Concept of homogenization of diffraction

In the last decade, some advances have been made towards a deeper understanding
of the optical properties of photonic crystals. Such remarkable structures prohibit the
propagation of light, or allow it only in certain directions at certain frequencies, or loca-
lize light in specified areas. These materials, which affords us complete control on light
propagation, result when a small block of dielectric material is repeated in space. The op-
tical properties of such photonic crystals depend on the geometry of the crystal lattice
[116, 61, 137, 75, 138, 213, 74, 73]. PC are periodic devices which induce the so-called pho-
tonic band gaps just as electronic band gaps exist in semiconductors : light propagation is
forbidden for certain frequencies in certain directions. This effect is well known and forms
the basis of many devices, including Bragg mirror, dielectric Fabry -Perot filters, and dis-
tributed feedback lasers. All of these devices employ low-loss dielectrics that are periodic in
one dimension, and are therefore called one-dimensional photonic crystals. However, while
such mirrors are tremendously useful, their reflecting properties depend greatly upon the
frequency of the incident wave in conjunction with its incidence. In practice, one wishes
to reflect light of any polarization at any angle (complete photonic band gap) for some
frequency range. This could be achieved with certain structures with periodicity in three
dimensions. Such a three dimensional photonic crystal has been engineered by Yablono-
vitch in 1987 [209]. The recent thrust in this area is partly fueled by advances in theoretical
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techniques, based on Fourier expansions in the vector electromagnetic Maxwell equations
[57], [108], which allow non prohibiting computations. This plane wave expansion method
is by far the most popular theoretical tool employed for studying the photonic band gap
problem. In this thesis, we adopt another point of view, based on asymptotic analysis tech-
niques which have been used for a long time as applied to many problems of mechanic or
electrostatic types [18]. Following the works of G.Bouchitté, R.Petit and D.Felbacq [37],
[177], [72] , we adapt these classical methods to electromagnetism for “three-dimensional
finite periodic” structures.

At an atomic scale, matter behaves as if it were highly heterogeneous, but experience
shows that it can frequently be treated as being homogeneous. Indeed, microscopic inho-
mogeneities can smooth at a macroscopic scale (fluid aspect of fine sand...). At first glance,
one can say that there are two kinds of inhomogeneities : the first ones of a periodic type
(such as photonic crystals) and the others of a random type (such as amorphous glass).

In this thesis, we will deal with photonic structures, but it seems possible to adapt
the results to the stochastic case : roughly speaking, the period is changed in the mean
distance between the scatterers. The incoming wave “averages” the microscopic asperities
(microscopic in regard with its wavelength) whenever they are randomly or periodically
arranged, provided that one makes the assumption that the obstacle is densely filled. Indeed
the incident wave “sees” the average of the asperities.

Hence, we consider a structure of constant permeability o (permeability in vaccum)
illuminated by a monochromatic wave, whose wavelength A is large in comparison with
typical heterogeneity sizes. Consequently the wavelength is large compared to the
period 1 of the medium. Using these hypotheses, our goal is to replace the photonic
crystal by an equivalent homogeneous structure having analogous electromagnetic proper-
ties.

Thanks to our formalism, we can treat three-dimensional structures of arbitrary
shape (); having a piecewise continuous complex valued permittivity. Such
hypotheses cover the physical domains of application. In the sequel, we will pay
special attention to the case where the permittivity is a piecewise constant function. Such a
function describes the inclusions in the scattering object we are studying. These inclusions
are usually called scatterers. It is worth noting that a scatterer can possibly touch the sides
of the basic cells; for instance, this allows us to study compact cubic structures such as
face-centered cubic and simple cubic ones (fig. 1.1) or the well-known “Yablonovite” [209],
[116], [61]. Moreover, when the number of scatterers is great, and when they are very small
with regard to the wavelength, one can expect the structure to become homogeneous : that
is to say that the scattering object behaves as if it were made of a homogeneous material
with a permittivity usually called effective permittivity by physicists.

From a theoretical point of view, one can only hope to obtain relevant results when the
number of scatterers is infinite. Therefore, there are two ways of tackling this problem : the
old one used by most of people, consists in assuming that the size of the scatterers is fixed,
while the obstacle filled up by these scatterers is increasing until it covers the overall space
IR?, and the wavelength goes to infinity. It is a useful method in solid state physics, since
it enables physicists to use the powerful tools of Bloch Wave Decomposition. The main
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FiGUrE 1.1 — Homogenization of a photonic crystal made of ellipsoidal scatterers. The
grid of dotted lines defines a virtual “scaffolding” €2, of the whole obstacle €2y. For the
sake of simplicity, we give an example with 1 near to 1, i.e. with a small number of rather
big scatterers (here 9). The reader has to imagine the same body (£2y) filled with a great
number of scatterers (on the order of 1000) of small size (1 near to 0).

drawback of this method, when applied to electromagnetisin, is that the diffraction problem
does not make sense anymore at the limit. In fact, the incident field is then confined to the
complement of the overall space, and it is of null pulsatance ! Nevertheless, as was discussed
in the introduction of the thesis, the advantage of this method is that it gives information
for every size of wavelength : one can therefore "homogenize" the PC even in the resonance
domain (Gralak et al., 2000 [94]). On the contrary, if one considers that the obstacle and
the wavelength remain fixed, while the size of scatterers goes to zero and their number to
infinity, the boundary of the obstacle still has an influence in this limit, and one can still
speak of incident wave. This process is much more complicated to perform than the first
one, but the results it provides are closer to physical reality.

Homogenization techniques used in this thesis, namely homogenization of
diffraction, allow us to study structures of practical interest, for wavelengths large com-
pared to the size of the scatterers of the obstacle. We achieve proofs by using the so-called
two-scale convergence method [2] and, to be more precise, find what is generally called
the effective permittivity of the homogeneous object. This depends upon a local problem
arising in the crystal lattice unlike that one of solid state physics which takes place in the
first Brillouin zone. Contrary to the effective permittivity given by the method of Bloch
waves decomposition, our permittivity also depends upon a global problem which takes
into account the boundary conditions. This work is actually an extension of those perfor-
med in the 2D scalar cases (TE and TM) by D.Felbacq and G.Bouchitté ([72], 1997), who
were among the pioneers in the homogenization of diffraction.

In the context of interferometric experiments, one will be concerned with the
phase change of an electromagnetic wave as it crosses the composite material. In this
latter context, homogenization using the Bloch Theorem in the long wavelength
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limit is perfectly reasonnable physically and can be carried out in a rigorous
mathematical fashion (|151], 1996).

1.2 Set up of the problem

From now on, assuming a time dependance in e~**, we will deal with time harmonic
Maxwell equations.

For this study, we have to consider objects of opposite natures : the first ones are purely
geometrical and the others physical.

The first approach is a geometrical description of the obstacle, which lies in a fixed
domain €1y not necessarily simply connected. Furthermore, although our study only deals
with the bounded case, it remains relevant for s infinite in one (fig. 1.2) or two directions
(fig. 1.3). In such cases, one just has to adapt the study with “ad hoc” outgoing wave

conditions (as for gratings, the reader may refer to [152]).

F1GURE 1.2 — Band of finite parallel rods seen as a three-dimensional photonic crystal

infinite in one dire
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FIGURE 1.3 — Bi-grating seen as a three-dimensional photonic crystal bounded in the x3

axis.

The second approach (a physical one) describes the optical characteristics of the ma-
terial illuminated by the electromagnetic wave.

Let us begin by the geometrical description of the objects involved in our study.

Let (O,x1,x9,23) be a Cartesian coordinates system of axes of origin O, i = (i1, 42, i3)
a multi-integer of Z> and 1 a small positive real. Let YV’ =]0; 1[® be a basic cell, and 7; Y’

be the translation of Y by the vector i :
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TZ(Y) :]’i1,i1 + 1[X]’i2,i2 + 1[><}Z'3, 13 + 1[: Y +1i
Let us design by 1 (7;Y") the homothety on 7;Y of ratio 7 : thus we form a box of size
n and center ni (fig. 1.4).

1
—>

Yy ==
|

1 =,

ny

Y
FIGURE 1.4 — The elementary cell of the photonic crystal is the homothety on a unit cell
of ratio 7.

Under such considerations, one can now define a “scaffolding” €2, of 2 in the following
manner : €2, is defined as the greatest union of boxes of size 1 which is entirely enclosed
in 2y and whose fineness is controlled by 7. More precisely, the finer the scaffolding (the
smaller the 7), the better the imitation (fig. 1.5). Obviously, as we wish to “build up” €y,
the number N, of cells depends upon 7, since it corresponds the following equivalence :

meas(§2,;)  meas(Sly)

A

where meas(£),;) and meas(€2y) respectively denotes the measure (volume) of €2, and
Q.

N, =

ny, — Q

® x,

FIGURE 1.5 — The process of homogenization consists in a periodic arrangement of rescaled
unit cells, forming a succession of “scaffoldings” €2, entirely enclosed in the diffracting object
Q.

We can now start the description of the physical problem we are interested in.
Let us define what we will call up to the end a Scattering-Box (SB) : we note B an
obstacle merely defined by its relative permittivity eZ(x) :

vx € IR3, z—:rB(x) =1-xy +xy &),



22 CHAPITRE 1. HOMOGENIZATION OF FINITE PHOTONIC CRYSTALS.

with yy the characteristic function of Y (i.e. xyy = 1 when z € Y and xy = 0 elsewhere)
and where £,(x) is a given piecewise continuous complex valued function, which denotes
the relative permittivity in the overall physical space. By analogy with the geometrical
study developed above, we define 7B, n (;B) and B,. Thus, as 1 goes to 0, we build up
a sequence of three-dimensional bounded structures B, made of a periodic arrangement of
an increasing number N, of identical SB of decreasing size, whose global shape €, tends
to Q f-

For each obstacle B, we can define a total field F,, = (E,, H,), corresponding to the
field generated by the N, SB when they are illuminated by a given incident monochromatic
wave of wavelength X. As explained above, our purpose is to make clear the behavior of F;,
when 7 goes to zero. In other words, we try to understand the electromagnetic behavior of
our set of SB when their size tends to zero and their number to infinity. It is obvious that
for all x in €,, el (x) = 51].3(§), where 2 is a Y-periodic complex valued function in Qy

such that 0 < arg(e) < 7 i.e. Re (ie) < 0. Hence, unlike most of the articles dealing
with solid state physics, we do not assume periodicity of ¢Z in the overall space
R?.

Moreover, let us note the relative permittivity at every point x € IR® by &, (x) = &(x, %),
with

< ) 1 ,ifxEQf7
elx, = .
Y afn(y) ,ifx ey,

where 27 denotes the complementary of the obstacle in the overall space IR? i.e. IR3\Q

This is the crucial point of our discussion : unlike 7, this function can be
seen as a Y-periodic function of the y variable (which continuously depends
on its variable x). Therefore, we can introduce (Eﬁl]7 Hg) the diffracted field (which only
makes sense outside the structure) deduced from the incident field (E*, H) illuminating the
structure by (Eg, Hg) = (E,, H,)—(E, H'). It is worth noting that we can rigorously define
the diffracted field, since the structure does not cover the overall space, which emphasizes
the importance of its boundary. Thus by defining the complex wave number kg as kg =
w(eo,uo)%, we obtain the following problem of electromagnetic scattering :

1) rot E; + iwpoH, =0

2) rot H,, — iwepe, E, =0

SM1) H _O(\x|) Ed O(\x|)
SM?2) kOE +wp(E A Hd) =o()

x|

(
(
P, = (
( ]
where (SM1), (SM2) denote the outgoing wave conditions of Silver-Miiller type, which

play a fundamental role by insuring existence and uniqueness of the solution of P, (see for
example Cessenat [51]).

Of course, equations (1) and (2) of the above system make sense when assuming that
E, and H,, and all their derivatives are taken in the sense of distributions in the overall
space IR®. The radiation conditions are relevant in C>(IR® \ 2,)). That is to say, E, and
H,, are continuous, as all their derivatives outside the obstacle (this is a consequence of the
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Helmholtz equation arising outside the obstacle, which induces analiticity of the diffracted
electromagnetic field). From now on, we will always assume these hypotheses.
If we take the curl of the former equations we then have two similar problems :

(17) rotrot E, — k3, E, = 0
(PE)Q (SM1P) Ej = O(r)
(SM27) 3 Arot Ef +ikE; = o( )
(17) rot (&fl rot Hn) —k3H, =0
() (SM1TT) HY = O()
(SM2H) B Aot H! +ikHY = o(ﬁ)

At this point, let us note that it appears much more difficult to perform the study of
the problem 737’;3 than the one of the problem 737? : the magnetic field H,, is divergence

1
free, in contrast with the Electric field for which div E, behaves like —. Indeed, taking

n
the divergence in the second equation in Pn, we obtain div(e,E,) = 0 which implies that
divE, = — (g, ~ - Y¥°
En ne
ones of the divergence and the curl of E,, it implies strong oscillations for the gradient of
the electric field E,,.

Hence, in the rest of the study we will exclusively deal with 77,171[ . Taking into account

E, . The behavior of the gradient of E, being related to the

that E, = wglognrot H,, (from equation (2)), we will come back to the couple (E,, H,),

solution of the initial problem P, by taking the curl of H,, solution of the problem Pf )

To conclude this introduction, let us recall that in this thesis, we will only pass to the
limit on the problem (7371;{ ), for the reason explained above. Furthermore, we will show
in which sense the field H; tends to a field Hpep, solution of the so-called homogenized
diffraction problem (P}{{)m), whose resolution leads to an annex problem of electrostatic
type which will be explained further.

It is worth noting that we then let the conductivity tend to infinity in the homogenized
problem to modelize a problem of scattering by a finite size photonic crystal filled with small
metallic inclusions : we consider a static problem on a basic cell with an highly conducting
inclusion and we then take the limit when the refractive index of the inclusion tends
to infinity. On the other hand, one can consider a body filled with perfectly conducting
inclusions and then take the static limit when the incident wavelength tends to infinity. The
answers in these two cases are different [181]. More precisely, if one consider a trajectory
in the coordinates (frequency,inverse of conductivity), then the result will depend on this
trajectory in the vicinity of the origin. Since there is a unique solution to the problem of
diffraction by a photonic crystal with perfectly conducting inclusions, there is a physical
subtlety which was addressed in [181]. in the two-dimensional case, one considers Dirichlet
or Neumann boundary conditions depending upon the polarization [72]. In the 3D case,
one just has the nullity of the tangential trace of the electric field (the tangential trace of
the magnetic field gives the surface current) and it sounds reasonable to choose the electric
field as unknown (even if it is not divergence free). We refer for that case to recent works
by G. Bouchitté and D. Felbacq [33].
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1.3 Asymptotic analysis

The main idea underlying our asymptotic analysis is to select two scales in the study :
a microscopic one (the size of the basic cell) and a mesoscopic one (the size of the whole
obstacle of shape €1¢). From a physical point of view, one can say that the modulus of the
incident field is forced to oscillate like the permittivity in the illuminated periodic structure.
In fact, the smaller the size 1 of the SB, the faster the modulus of the field F;, oscillates.
Hence, we suppose that H;, solution of the problem 7751 has a two-scale expansion of the
form :

X X X
Vx € va Hn(X) = HO(Xa E) + 77H1(X7 5) + 772H2(X7 5) +

where H; : Qf X Y @ is a smooth function of 6 variables, independent of 1, such
that Vx € Q, H;(x,-) is Y-periodic.

Our goal is to characterize the electromagnetic field when 7 tends to 0. If the coefficients
H; do not increase “too much” when 7 tends to 0, the limit of H,, will be Hyp, a rougher
approximation to H,,. Hence, we make the assumption that for all x € R3, H;(x, %) =
0(%), so that the expansion (also denoted by the german word “ansatz”) still makes sense
in neighbourhood of 0. If the above expansion is relevant, we can state the following
fundamental result :

Theorem 1 When n tends to zero, H,, solution of the problem (77,1;1), converges (for the
norm of energy on every compact subset of IR?) to the unique solution Hyop, of the following
problem (PH ) :

rot(sgolm(x)rot Hpom (X)) — k3Hpom(x) = 0
(PR = { HL, (0 = O(%)
X Arot HE (x) 4+ ikHY (%) = o( &)

By hom hom x|

With
Ehom (X) =< £(x,y)(I — VyVy(y)) >y in Qf
8hom(x) =1 LN Qgc

Where < f >y and £(x,y) respectively denote the average of f inY (i.e. [y, f(x,y) dy)
and

~ 1 if x € Q5
— ’ f
&%) { 6§(y) ,ifx € Qy

Besides, Vy = (V1,Va,V3), where V; ,j € {1,2,3} is the unique solution in Hﬁl(Y)/IR
(that is to say that V; are defined up to an additive constant in the Hilbert space of Y -
periodic functions Hﬁl (Y)) of one of the three following problems (K;) of electrostatic type :

(Kj) : —divy [ (v)(Vy (Vi (y) —9;))| = 0,5 € {1,2,3}
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Roughly speaking, as n tends to zero, we can replace the isotropic heterogeneous dif-
fracting obstacle of shape €2, by an anisotropic homogeneous obstacle of shape ¢ (fig.
1.6). In other terms, the effective permittivity is given as follows.

FIGURE 1.6 — The result of the process of homogenization is a finite homogeneous aniso-
tropic object.

Developed form for the matrix of effective permittivity

The relative permittivity matriz of the homogenized problem s equal to :

<eB(y) >y 0 0 Y11 P12 P13
Ehom = 0 <eB(y) >y 0 —| @21 w22 @23
0 0 <eB(y) >y ©31 P32 P33

where @;; represent corrective terms defined by :

Vi,j € {1,2,3}, gy =< PGl >y=< PP >y=— <L GV, YV >y

the brackets denoting averaging over Y, and V; being the unique solutions in Hﬂl (Y)/IR
of the three partial differential equations K; (fig.1.7). Hence, thanks to the symmetry of the
matriz on the right (pij = @ji), the homogenized permittivity is given by the knowledge of
siz terms p;;, depending upon the resolution of three annex problems K;.

FIGURE 1.7 — Basis cell Y with an ellipsoidal scatterer.
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Proof of the corollary

As for the homogenized permittivity, </, Vy denoting the Jacobian matrix % of Vy,
Ehom Clearly derives from the equation of the theorem.
Multiplying divy(e 7y (Vi —vi)) by Vj, j € {1,2,3}, and integrating by parts over the
basic cell Y leads to :
(P (Vi =) - 7V ), =0.

Therefore, we get the equality :

aV;
BOV;
i = <E& >
801] r ay] Y
= — <&’ VVi- vV >y
9V : . . o
= <eg, ) >y & and j playing a symmetrical fole
7

Hence, we derive that ¢;; = ¢j;.
Comments on the theorem 1 :

Our purpose is to study the behavior of the electromagnetic field F,, = (E,, H,)) in order
to answer the following question : does this function converge, in some sense which remains
to be cleared up, to some function Fq 7 If so, is it possible to characterize Fy as solution
of the problem of diffraction of incident wave F? by a certain structure which we are able
to give “clearly” 7 This is done in the next chapter using a notion of two-scale convergence
[2] for the convergence of the field in the photonic crystal together with considerations on
the convergence of the diffracted field outside the photonic crystal, which have been suc-
cessfully applied, among others, by G.Bouchitté and R.Petit in the electromagnetic theory
of gratings |37][177] and by G.Bouchitté and D.Felbacq in the case of a two-dimensional
finite photonic crystal [72]. Let us briefly outline this asymptotic approach.

Forgetting physics for a while, let us consider the Hilbert space
H(rot, Q) = {v € L}(Q) , rotv € LQ(Qf)} ,
and its Hilbert subspace
HY () = {v € LX(Qy), vv e L?(Qf)} .

It is well-known, in functional analysis [51], that the Hilbert space H'(2f) has got a be-
havior close to H'(rot,{2)’s provided one gets some control on the divergence in L*({s)
norm and on the trace on 0€1;. In fact, if we want to control the gradient of a function
in L?(Qy), we just have to keep controlling its curl and divergence in L*(Q¢). That is to
say that the vectorial aspect of the diffraction by three dimensional photonic structures
appears in the decomposition of the gradient on its tangential (curl) and normal (diver-
gence) components. Our battle plan is then to get enough information on the curl and on
the divergence of the field to realize a study similar to the one of the two-dimensional case
[72]. It is for this reason that we will give preference to the study of the magnetic field H,,
whose divergence vanishes in ¢, in contrast with E,.
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Let us first assume that, for physical reasons, the electromagnetic field of each problem
Py, namely F, = (E,, H,) is locally of finite energy. In mathematical terms, it means that
for all n, F, is locally square integrable, that is to say that :

¥ >0,3M, >0, fo | By [P de+ fo | Hy " de < M,

The proof of the next chapter, based upon this hypothesis, is rather subtle and proceeds
in two steps : in step 1, we assume (H,) to be uniformly bounded in L?(€)), thanks to
a notion of two-scale convergence, we deduce some important results allowing us notably
to determine completely the limit function Hy, thanks to the two-scale convergence. In
step 2, assuming H,’s boundedness in L?( ¢) for a given 7, using a reductio ad absurdum
method and theoretical results obtained in step 1, we prove that (H,) is actually uniformly
bounded in L%(2y).

Remark on the convergence of the permittivity

It is worth noting that we cannot expect a nice convergence for the sequence of per-
mittivities €,. Indeed, &, is proportional to the identity matrix, hence characterizes an
isotropic medium, unlike its limit which characterizes an anisotropic medium. It is a ty-
pical difficulty encountered in many homogenization problems (e, is just bounded which
implies bad convergence properties for e, rot H,). Hence, there is no hope to get control
on the convergence of the diffracted field, by means of volume integral equations|204].

In fact, it is to be understood that in both mathematical and physical aspects in
homogenization of diffraction, the good parameter is the diffracted field. Hence, our goal is
to show in what sense does the electromagnetic field F,, = (E,, H,)) converge towards the
first term of its asymptotic expansion, and to be more precise to verify that the limit field
From is still solution of a diffraction problem. This can be done, thanks to the Stratton-Chu
formula, which assures that we only have to control the restriction of the electromagnetic
field on the boundary of the lit body to keep control on the field in the overall space.
Here is the main difficulty of the homogenization of diffraction of three-dimensional finite
structures : the divergence of the sequence of electric-fields goes to infinity, hence we cannot
easily keep controlling Fy s . Therefore, we consider a ball strictly including the obstacle.
By the knowledge of the convergence of the diffracted field on the boundary of the ball, we
deduce the convergence of the diffracted field outside the obstacle, thanks to the Stratton-
Chu formula. Let us recall that there is no alternative way to achieve the proof by means
of volume integral equations|204].

To conclude this paragraph, we want to point out that the main problem of homoge-
nization of diffraction comes from the strong oscillations of the electromagnetic field near
the interior boundary of the obstacle. Mathematically speaking, unlike physicists of solid
state physics who consider an obstacle whose boundary is going to infinity, we deal with
global problems : the boundary of the obstacle remaining fixed, its influence is still sensible
at the limit.

1.4 Practical application

In most applications, one has just to consider a two valued piecewise constant permitti-
vity in the unit cell Y and more precisely, the relative permittivity yields €, in what we will
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call, from now on, the scatterer S and 1 elsewhere. It is the case, for instance, of the struc-
tures studied by E. Yablonovitch [209]. Consequently, the problem we are dealing with is
only defined by a complex number £4.4; and the shape of the scatterers Qg = Supp{e, — 1}
(in other words, the scatterers lie in the volume area, support of the above function). It
is worth noting that one can give many shapes to S, except the ones with very irregu-
lar boundaries : this covers most of the structures encountered in physics (cubic compact
structures, Yablonovite...). Before going further, it is worth noting that the limit behavior

of the complex permittivity e, of the set €, is crucially related to the limit filling ratio of
the elementary cells :

9 =ty e 0)05)
n—0 n
where meas(f(n)Q2s) denotes the volume occupied by the homothety on Qg of ratio
f(n)ie. f(n)Qsin Y, (fig. 1.8). Indeed, when 6 equals zero the scatterers “disappear” when
n tends to 0, and the effective medium is completely transparent (e.g. f(n) = n?).

1
—>

V y<—>

ny

F1GURE 1.8 — The elementary cell of the three-dimensional photonic crystal’s lattice results
of a homothety of ratio n over a unit cell.

On the contrary, the structure becomes homogeneous (but not invisible) at the limit
when 6 # 0 i.e. when f(n) = n (if the reader wants to convince himself from this remark,
he just has to make an expansion (ansatz) with functions H;(z, a), a>1).

This remark seems trivial at first glance, but one has to be careful with the beha-
vior of the structure in the case where it is filled up by infinite conducting scatterers.
Indeed, having regard to the theoretical results obtained by D.Felbacq and G.Bouchitté
in [72], in the two-dimensional case, we can see that, even if § equals zero, (the scatterers
therefore vanish at the limit), their influence is still sensible on the effective medium. In
[210][186][211], some numerical computations have been made to illustrate this phenomena
in case of arrays of infinite conducting elliptical cylinders.

In daily experiments, scatterers are made of one isotropic material characterized by a
permittivity escqt (fig. 1.9). Then, for every point x € IR3, the permittivity is defined by :

En(xX) = €scat A x €N, Ey(x) =11f x ¢ NQg

where €5¢4¢ is a bounded function, supposed to be Y — periodic with :

Re(escat(y)) >0, Im(esear(y)) > 0.
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Imitation of photonic crystal

I:s

—nY
@é——ns
oade
eeae
ceae
adae
@ |

FIGURE 1.9 — The imitation of the photonic crystal results when a small scatterer nS' is
periodically distributed in the whole diffracting object 2.

Dielectric case

As 7 tends to zero, the collection of scatterers may be replaced by an anisotropic
homogeneous obstacle of shape €2y. The relative permittivity is then given by the following
lemma :

Lemma 1 The resolution of the three annex problems K; introduced in the fundamental
theorem 1 amounts to looking for functions V; solutions of the following system (fig. 1.10),
where derivatives are taken in the usual sense :

AV =0,inY \ 0N
[‘5 %‘g]ags = _[5]695 g
Viloas =0

with e = { Sscat in $¥s _
1 ,in Y \ Qg

[flaag denotes the jump of f across the boundary 0Qg, and n;, i € {1,2,3}, denotes
the projection on the axis e; of a normal of 0Qg.

Proof :

Let us denote by e;, i € {1,2,3} the three vectors of the orthonormal base of IR?. As
already seen, the problem verified by V; can be written :

K; : div, (a(y)(vyv,- + ei)> —0,i€{1,2,3}

This expression must be taken in the sense of distributions. Applying the formula of
derivatives in the sense of distributions and keeping in mind that all functions of Hﬁ1 (Y)/R
are continuous leads to :

ev Vi=¢e{vVi}
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1
—>

"
<«——— AV;=0 inY\Qq

1 t [€ DVl sas-= - [€] aas M
AV,=0 inQq

Y

F1GURE 1.10 — Description of the annex problem in the dielectric case. The scatterer can
possibly touch the boundary of the elementary cell, which allows us studying dielectric
structures made for example of parallel rods (fig. 1.2)

Where the derivatives in the left member must be taken in distribution sense and the
ones in the right member in usual sense (brackets).
Taking the divergence of this expression we get :

divie v Vitee;) = e{AVi}+ [elyg n - eidaas + [€ 7 Vin doag
——

e 24]

Equating on the one hand the regular part and on the other hand the singular part of
the above distribution we obtain the expected result.

These results call for further comments detailed in the two following remarks.

Remark about the physical sense of the annex problem

Coming back for a while to the general case, the annex problem can be rewritten as
divy(e(y) vy Vi) = —divy(e vy vi) which can be seen as an electrostatic problem with a
volumic distribution of charges p; = divy (e 7y ¥i).

In a similar way, in the case were € is a two valued piecewise constant function (the
case encountered in most manufactured optical devices), we can write that :

divy(e(y) 7y Vi) = ~0ion

where o is a surfacic distribution of charges defined by o; = [€]n;dpqy-

Solving the annex problem for a two valued piecewise constant permittivity, reduces
then to looking for the potential induced by a surface density of charges on the edge
of the scatterer. This result is not surprising, unlike the following remark which plays a
fundamental role in numerical implementations.

Remark about the numerical calculus of the permittivity

In the fundamental theorem we have seen that the relative permittivity matrix of the
homogenized problem is deduced from 6 numbers ¢;; (¢i; = ;i) defined as follows :

av;
i = | €y dy ,
o1 /Y<>8yj

€ being a two-valued piecewise permittivity, we then deduce that :

aV; aV;
121/ ldyesca/ : dy
i y—ag 0Yj ' Qs{ayj}
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It then follows that :

Yij = 1/ le(V;BJ) dy — 5scat/ dlv(‘/;e]) dy
Y-Qg Qs

= / div(Vie;) dy + (escat — 1) [ div(Vie;) dy
Y Qs
Applying the Green formula, due to the antiperiodicity of the outer normal n to 0Y
the integral over Y vanishes, and we obtain that :

©ij = (€scat — 1) Vinjds = [ Vin; ds
Qs 0

Let us remark that V; is well defined on 9€2g because it doesn’t suffer a jump accross
the boundary of the scatterer. This last formula is very important for numerical implemen-
tations : it is not necessary to compute the gradient of V' (which gives rise to numerical
inaccuracy) to perform the calculus of the homogenized permittivity, which is far beyond
our first thoughts on the matter. We can then hope for a faster convergence than was first
expected.

The reader may be surprised at the last expression which seems to give a permittivity
depending upon the choice of the potential V' (V is defined up to an additive constant).
In fact thanks to the nullity of |, a0 M ds, the permittivity is well defined.

As concerns the numerical implementation, a method of fictitious sources is being
adapted by F. Zolla to the resolution of the annex problem on the torus Ty [215]. Roughly
speaking, Ty = Y/]R3 is a unit cell whose opposite sides are stuck together. This geome-
trical vision enables to take once more into account the boundedness of the whole obstacle.
In the next paragraph, we propose another numerical approach based on a finite difference
scheme coupled with Fast Fourier Transform. A third way to solve numerically the annex
problem is to take the variational form of problem J; :

(L)@ Vi— ) - 9V3), =0

One can then make use of a Finite Element Scheme on the torus to solve the problem :
this method takes advantage of the wide variety of geometries it can solves.
Infinite conducting case

Let us first notice that in this section, we do not pretend to achieve the study of
homogenization of photonic crystals with metallic inclusions (the reader can refer to [38] for
the mathematical model of an infinite conducting scattering obstacle in electromagnetism).
Here, we just study a case consisting in letting the conductivity tend to infinity in the
homogenized problem. Therefore, we do not face problems of the cohomology type when
deriving the expression of Eq from roty (Eo(x,y)) = 0 (see equations (9) and (10) of the
next section).

This case has been treated in the case of conical incidence on a set of parallel metallic
rods by D.Felbacq and G.Bouchitté [33]. Following the results obtained by these authors
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in the two dimensional case [71]|[72], it can be seen that the limit problem rely on the
manner in which the volume of the scatterers vanish in conjunction with the volume of the
basic cells. Although different, our limit problem gives an idea of the behavior of metallic
photonic crystals at large wavelengths when the basic cell and its scatterer vanish in the
same way).

Lemma 2 If we assume that © # 0, we get the following expression for the effective
permittivity (note that the average is taken on the complementary of the metallic scatterer) :

Ehom =< (I - VyVY >Y\QS

with
AV; =0,inY \ Qg
%‘2 = -—n; , on Qg
Denoting by ¥;; the average < g;ﬁ >Y\Q , as for the dielectric case, we prove that :
S

. A% g
Vi,j € {17273}7 Yij =< Tyz >\ =< % >y\ag= — < Vi VV7 >Y\Qg

A way to get this system (fig. 1.11) is to let the conductivity tend to infinity in the
annex problem of the dielectric case : we first get the homogenized problem for an array of
conducting scatterers and we then take the limit when the effective index of the scatterers
tends to infinity. Another way to proceed is to assume that the inclusions are perfectly
conducting, and then to take the long-wavelength limit [72]|[180||181]. The two answers are
different : we face a mathematical problem of non-commuting limits. Due to the uniqueness
of the electromagnetic field solution of the problem, there is a dicussion to avoid this
paradox in [180][181][167], where Poulton et al. and Nicorovicci et al. explain that the
mathematical dynamic problem associated with an array of highly conducting inclusions
is a "singularly perturbed problem" for the case when the wavenumber is fixed and the
refractive index of inclusions tends to infinity. These problems are characterized by highly
oscillating fields which vary rapidly in the presence of a metallic boundary. They give
numerical results which corroborate this theory. Finally, they note that in the case of
cylinders with refractive index, the internal wavelength is zero, and is thus never larger
than their cross-section, which emphasizes that one has to be very careful when dealing
with infinite conducting inclusions : in the literature on homogenization, it is usual to
state that an effective refractive index can always be attributed to a composite material,
provided the wavelength of electromagnetic radiation is much larger than a characteristic
size (period of the lattice, size of inclusions...), which is obviously no more the case.

The case of spherical scatterers

In that case, for both dielectric and metallic scatterers, the homogenized medium is
isotropic, and the tensor of the effective permittivity reduces to a scalar which appears to
be ehom = < €(y) >y — 11, in the dielectric case and epom = (1 — O) — ¥y in the metallic
case, since @j; = @j; (resp. Wy = ¥;;) and ¢;; = 0 (resp. ¥;; = 0) for i # j, 4,5 € {1,2,3}.
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FIGURE 1.11 — Description of the annex problem in the metallic case. One has to be carefull
if the scatterer touch the boundary of the unit cell : when some scatterers are stuck together
to form a set of parallel rodes, there are numerical inaccuracies.

1.5 Numerical implementation

1.5.1 Resolution of the annex problem

In this section, we present a numerical approach based on a finite difference scheme
coupled with a Fast Fourier Transform. This method has been applied for a long time to
solve the Laplace equation

Au(z,y,z) = p(z,y, 2)

in a periodic media, which is closely related to our annex problem. Let us recall the
underlying ideas. We first represent the function u(z,y, z) by its values at the discrete set
of points :
rj=xz0+jh,j=0,1,..,J

y=x0+1lh,1=01, .. L
Zm=x0+mh, m=0,1, ..., M

where h is the grid spacing. From now on, we will write w; ., for u(x;, v, zm), and
piim for p(z;,y1, zm). The discrete form of the Laplace equation is thus given by :

u.]"’_l)l’m B 2uj7l)m + u]_l)l’m+u]7l+17m B 2uj’l7m + u.]7l_17m+u])l7m+1 _ 2uj7l)m + ujvl7m_1 — .
n? 02 n? — Pk

We can rewrite this expression as follows :

2
u]+17l7m + u]_17l7m + u.j7l+17m + u]al_lvm + u]7l7m+l + u]J:m_l - 6u]7l7m = h pj7l7m
To take into account the periodic boundary conditions, we make a discrete inverse
Fourier transform in the variables x, y and z of u and p, and we get :

J-1L-1M-1

1 “ —2imjp —2imwlq —2immr
Uilm — S5 Upgr€ J e L e M
! JLM 22 2 i

p=0 ¢g=0 r=0

J-1L-1M-1

1 R —2imjp —2imlg —2imtmr
i = i S X e R
JLM

p=0 ¢g=0 r=0
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If we substitute these two expressions on the discrete form of Laplace equation, we get :

2mip —2mip 2miq —2miq 2mir —2mir

ﬂpqr<eT+e T 4+e L +e L H4+eM +e M _G)Zﬁpqrh2

We then deduce that

pparh’?

27p 2mq 2mr
2(cos 7 +cos =t + cos 57 2)

Upgr =

Thus, the strategy for solving the discrete Laplace equation with periodic conditions is
to compute the discrete Fourier transform

J-1L-1M-1

. 2imjp 2iwlg 2immr
qur:E:E:E:qure el eM

p=0 ¢g=0 r=0

We then compute 1,4 thanks to the above equation and get w4 by a discrete inverse
Fourier transform. The algorithm is performant, since we can use Fast Fourier Transforms
to compute the solution. We now want to adapt this classical algorithm to our case. For
this, we note that :

div (5 v u(x,y, z)) =eAu+ e - Yu
We can compute e - \yu thanks to an iterative process. If € takes two values €1 and

€2, let us denote by x the susceptibility of the media :

€1 — &2

€1

If up,, denotes the value of uyg- at the n-th iteration, we get :

n+1 n+1 n+1 n+1 n+1 n+1 n+1
6k (u.7+17l7m + uj_lvlvm + u]7l+17m + uj7l_17m + u]7l7m+l + uj7l7m_1 o 6u]al7m)

_ 12 n n n+1 n
= h"pjim + X(uj+1,z,m T U m T Y T 3Uj,l,m>
n

par-
This iterative method is being implemented for ellipsoidal scatterers. Although we are

where ¢y, is either equal to €1 or to €2, depending on which media is u

not yet capable to give the complete result (we have to avoid problems of convergence
during the iterative process), we show in figure 1.12 the behaviour of the periodic potential
for the first iterations. This scheme can be used for every scatterer with a parametric
equation. For bodies with complicated shapes, work is in progress to solve the variational
equation associated to the annex problem by the use of the GetDP software [64] : we want
to implement a finite element scheme analogous to that of Laminie and Mefire [125] where
we take periodic conditions (periodic cell) instead of boundary elements.

1.5.2 Connection between Bloch eigenvalues and homogenized coeffi-
cients

In this section, we show the connection between the homogenization via the Bloch
method (slope of the dispersion curve at this origin), and that of the multiple scale method.
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Cartes du potentiel multi-scalaire 3D V, pour un ellipsoide de
permittivité 4, défini par a=0.2,b=0.3 et c = 0.35.

o "

¥ Axis Y Mis

Coupe en x,; = 0.35 Coupe en x; =0.5 Coupe en x,; = 0.7

FiGURE 1.12 — Behavior of the 3D multi-scalar potential Vi in the planes 7 = 0.35,
z1 = 0.5 and z; = 0.7, for ellipsoidal inclusions characterized by a = 0.2, 6 =0.3 , ¢ =0.35
and € = 4.

Let us consider the operator A defined by the coefficients (apq(y)) where apq = agp :

0 0

A= _3_yp(apq(y)8_yp)

Associated with it are the Bloch eigenvalues {\x(¢)} and the corresponding eigenfunc-
tions {®(¢,.)}. A = MY dans RY avec ¢(z) = /*®(z) p.p. € RY. Donc
A(Q2(¢,) = MOR(C,.) V(€Y
where A(() is the shifted operator

Alg) = —(aiyp i) + [apq<y><8iyq i)

There is a remarkable relation between the second derivatives of the first eigenvalue
A1(¢€) and the effective matrix 8}:01m of the homogenized problem for the H || polarization :

—div (5,:01”1 \V/ Hhom> = k§Hhnom

Prom -~ :O(;) qe 8Hﬁom:< 1 )
hom \/m y pom — R0 Ox o \/m

with

Ehomij = (/Y e ) (ei + vwi(y))(es + vwj(y)) dy = /Ys‘l(y)(ej + vw;(y)) dy)e;

where wj is the unique solution in Hﬁl(Y)\IR ) of the annex problem
Py —divle (y)(e; + Tyw)] = 0

The link between these two matrices is given by the following classical lemma [18] :

Lemma
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L 1o
Shompq - 2 agpva (O)

Proof :

Here, we just give a sketch of the proof which can be found in the book of Bensoussan,
Lions and Papanicolaou (pp. 633-638, [18]).

We first note that :

R S NORA)
1720 . DAC)  IM(0),091(C)
290,00, (apg®1(¢), 1(¢)) + (( a, oG, ) %, , @1(¢))
¢, (g I
Moreover, the first derivative of ®1(() satisfies :
hom
(¢ (e 2o (PATIS)Og ¢) — g

oG oG oG
We know that A;(0) = 0 and ®1(0) = 1. If we use this information in the above formulae
evaluated at ( = 0, we get :

92(0) =0Vp=1,..,.N
8341(70) h
1 iy B
ac, =iwp, Vp=1,..,.N

Inserting these expressions into the above expression for the second derivative of Ap,
we arrive at the desired relation between q:olm and the second derivative of Aj.

Remark :

There is a paradox between our annex problem in H || polarization, derived from the
annex problem of the three-dimensional case, and that of [72] : in their annex problem,
is replaced by €7 !. In the lemma 14 of chapter 2, we establish a variant of the classical
theorems of Keller [117] and Dykhne [68] to explain these difference.

1.6 Homogenization of ferro-magnetic structures

In this section, we use a heuristic method to homogenize a three-dimensional structure
filled with a periodic arrangement of ferro-magnetic inclusions. More precisely, using a
multiscale expansion technique applied to a scattering problem, we prove that a three-
dimensional finite crystal behaves as if it were homogeneous, when the period becomes
very small in regard with a fixed wavelength. We show that the homogeneous medium
is actually anisotropic, and we derive the expression of its tensors of permittivity and
permeability from the calculus of six scalar periodic potentials, solutions of two partial
differential equations of electrostatic type. The question of the convergence of the solution
H,, of the problem P,f towards the solution Hp,,, of the problem Pﬁm, will be addressed
in [104].
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1.6.1 The Multiple-Scale expansion of H,

Let H,, be a sequence of locally square integrable functions on IR? solutions of

rot £71(x, >)rot Hy — k3 i(x, »H, =0 .in D'(IR?)
P H = O0(5) Jin C*°(IR3 — Q)
X Arot HY +ikHYE = o() Jin C®(R? — Q)

I x|

where £71(x, %) and a(x, %) respectively denote the relative permittivity and permea-
bility of the media.
We suppose that H,, solution of the problem P;I has a two-scale expansion of the

form :

vx € Qy, H,(x) = Ho(x, %) +H, (%, %) + 1P Hy(x, %) + ..

where H; : Q¢ x Y +— @ is a smooth function of 6 variables, independent of 7, such
that Vx € Qf, H;(x,-) is Y-periodic.

Our goal is to characterize the electromagnetic field when 7 tends to 0. If the coefficients
H; do not increase “too much” when 7 tends to 0, the limit of H,, will be Hy, a rougher
approximation to H,. Hence, we make the assumption that for all x € R?, H;(x, %) =
o(%), so that the expansion (also denoted by the german word “ansatz”) still makes sense
in neighbourhood of 0. If the above expansion is relevant, we can state the following
fundamental result :

Theorem 2

When n tends to zero, H,, solution of the problem (Pf), converges weakly in L*(Q) to
the first term of its asymptotic expansion Ho(x,y). The average field Hpom(x) of Ho(Xx,y)
on the basic cell Y (Hpom(x) = [, Ho(x,y)dy) is the unique solution of the following
problem (P Y

rot(a;{}m(x)rot Hpom (X)) — k3 tthomHpom (x) = 0
(PH) = { HY,,(x)=0()

X ArotHY, (x) +ikHY,, (x) = o( )
with
Ehom(x) =< 5(X7Y)(I - VyVY(Y)) >y ,in Qf
Ehom(x) =1 sin
and

thom(X) =< (%, ¥)(I =V, Wy(y)) >y ,in Qf
Lhom (Xx) =1 sin Qf

Here, < f >y is the average of f in'Y (i.e. [, f(x,y) dy). Furthermore, &(x,y) and
[i(x,y) respectively denote

- _ 1 ,ifxéQ?c
e(X’Y)_{ eBly) | ifxeQy
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and
| L ifx e
uPly) , ifxeQy

Besides, Vy = (V1,V2,V3) and Wy = (V1, V5, V3), where V; ,j € {1,2,3} and W ,j €
{1,2,3}, are the unique solutions in Hﬁl(Y)/IR of one of the siz following problems (K;)
and (M) of electrostatic type :

f(x,y) = {

() s ~divy [P (9) (7 (Vi(y) = ;)] =0, € {1,2,3}

(My) s —divy [1E ()T (W (¥) = y3))| =05 € {1,2,3}

As 7 tends to zero, we can replace the isotropic heterogeneous ferro-magnetic diffracting
obstacle of shape ();, by an homogeneous obstacle of shape {1y with both anisotropic
permittivity and permeability which are given by what follows :

Developed form for the matrices of effective permittivity and permeability
It is clear from the corollary of theorem 1 that the relative permittivity and permeability
matrices of the homogenized problem are equal to :

<eBly) >y 0 0 Y11 P12 P13
Ehom = 0 <eP(y) >y 0 —| w21 w22 @3
0 0 <eB(y) >y ©31 P32 P33

and
< uB(y) >y 0 0 Y11 12 i3
Phom = 0 < uB(y) >y 0 — | o1 a2 a3
0 0 < uB(y) >y 31 P32 P33

where @;; and ;; represent corrective terms defined by :

aV;
Pt >y=—<el v Vi-VV; >y

oV
Vlv.j € {17273}7 901] =< 57«B J Sy =< € =
dy;

0yi
and

r (9yj

.. oW
Vi j € {1,2,3}, vy =< pl—L >y=<np

5 Sy=—<pu’ v Wi-vW; >y
Yi

Here, the brackets denote averaging over Y. Furthermore, V; and W; are the unique so-
lutions in Hﬁl(Y)/IR of the siz partial differential equations IC; and M; (fig.1.7). Hence,
thanks to the symmetry of the matrices on the right (pij = @ji and Vij = 1), the homo-
genized permittivity and permeability are given by the knowledge of twelve terms y;; and
Vi, depending upon the resolution of siz annex problems K; and M;.
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For 7 fixed, H,, is the unique solution of the above problem (the reader may refer to [51]
for existence and uniqueness theorems). Let us now assume that H,, satisfies the following
two-scale expansion :

X X X X
H, = Hy(x, ;) + nH, (%, 5) + 7*Hy (x, ;) + oV H (x, 5) +o(n™)(E1)

where H; : Qf x R? — @ are smooth complex valued functions of the variables (x,y),
independent of 7, periodic in y of period 1. The introduction of the variable y = % takes
into account the periodic dependance on x of the permittivity €, in the “bounded periodic”
structure.

Assuming that the above expansion is relevant, we can state the following lemma :

Lemma 1 The Mazwell operator A, = rot 5;1 rot associated to the problem P, satisfies
the following operator expansion A, = N2 Ayy 41" Axy +n° Axx+0(1), where A, denotes
the operator rot, 71 (x,y) rot,, the couple (u, v) being in {x,y} x {x,y}.

Besides, the asymptotic terms of A, are solutions of :

AyyHy 0 (1)
So = AyyHl + AxyHo + AyxHj 0 (2)
Aysz + AxyHl + Anyl + AxxHO - k%ﬂ(X, Y)HO =0 (3)

Proof :

For convenience in the following calculations, we denote by R, the operator of restric-
tion onto the overplane {y = %} :

Ry: f(x,y) — f(x, %)

where f(x,y) and f(x, %) are respectively locally square integrable functions of Q x
R? — @® and Q — @ of finite energy.

It is worth noting that R, obeys the following rules of calculation :

properties of R, 1 R, is a “distributive operator”, that is to say that

Ry(f) By(9) = By(f9)

Furthermore, we can define the action of the differential operator on the projector R,
by :

1

o y)) + an(af(x,y))

o (R f(x,y)) = ol o

ox; ox;

0
that is to say that [aTci’R"] = ey
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With the help of the operator R,,, (E1) can be rewritten in the form :

H,(x) = R,Ho(x,y)+nRHi(x,y)+ ...+ 7" RHy(x,y) +o(n")

N
= Ry{)_n Hj(x,y)} +o(n")(E2)
=0

0
Thus, the partial differential operator 5 acting on H, (x) satisfies the following equa-

)

lity :

) 9 =~ N
o Hi() = =Ry 0 Hi(x )} +o(n™)

Jj=0

o 1. 8
— __ - 7 . N—1
g, + ) 7 By} 00

We now want to deduce the action of the second order differential operator rot(€;; Lrot)

1
involved in the problem 7771;{ , on the field H,;. Taking into account that [roty, R,| = — R, roty,
n

we obtain that :

roty ((Rné_1 (x,¥))(rotx RnHj)>
1
= TOty <(Rn§_1(x, y)) (R, rotyx H; + ERn roty H]))

We then use the distributivity of R, to get :

roty ((Rné_1 (x,y))(rotx RnHj))

1
= rotx R,( ' rotyx H;) + = rotyx R, (£ roty H;)
n

We iterate the process, by taking into account once more that roty and R, do not
commute :

rotu((Ry2 ™ () (rotx Ry Hy) )
1
= R, [ro‘cx(f1 rotx H;) + — roty (67! roty H]}
n
1 . 1 .
+ ERW [rotx(a roty H;) + Eroty(a roty Hj)}

We then apply this two-scale second order operator in the expansion of the magnetic
field H,. Assuming that the terms of the development of the powers higher than 2 are
bounded, we can write :
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1
roty <€_1 rotx (Ho + 77H1)> + % roty (5_1 roty (Ho + 77H1)>

1
+ - (roty £ roty (Ho + 77H1))
n
1
+ " roty (5_1 roty (Ho + nHy + 772H2))

— kZi(Hp +nH;) +0(n) =0

In a neighborhood of n = 0, we express the vanishing of the coefficients of successive
powers of % Thus, we have to consider the following system :

n? AyyHo 0 (1)
30 = 7771 : AyyH1 + AxyH() + Anyo 0 (2)
T]O : AyyHg + AxyH1 + Any1 + A Hp — k%ﬂ(x, y)H() =0 (3)

where A,,, denotes the operator rot, £~ !(x,y) rot,, the couple (4, ) being in {x,y} x

{x,y}.

Let us rewrite the equation (1) of the previous system Sy :
rot, (é_l(x, y) roty HO) =0 (1)

The next step in the asymptotic expansion is to show the link between <Eo , H0> (x,y)
and the so-called homogenized electromagnetic field (Ehom , H;wm) (x).

Lemma 2 Let for fited x € Qy, Hg be a Y periodic function in'y, such that roty Ho(z,.) €
H(rot,Y'), solution of equation (1). Then

roty Ho(x,.) =0, a.e. onY

Proof :

Multiplying equation (1) in Sp by the conjugate of Hf of Hy and integrating over Y
leads to :

[ oty [£ 0 3)roty Ho )] - iy dy =0
Y

By applying the Poynting Identity ( div(AAB) = —A-rot B+ B -rot A) and summing
on Y, we have :

/Y [gfl(x, y)(rotyHo(x,y))| - roty H(x, y) dy
- /Ydivy [5_1(X, y)(rotyHo(x,y)) A Hy(x, y)} dy =0

The Green-Ostrogradsky formula then gives us :
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/Y [5—1(X, y)(roty Ho(x, y))} -toty H(x,y) dy
_ /ay {gfl(x, y)(rotyHo(x,y)) A Hy(x, y)] -nds =0

From the anti-periodicity of the unit outgoing normal n to dY and the periodicity in
the y variable of Hy, we deduce that :

/ Efl(x, y) [rotyHo(x, y)} ? dy =0
Y

Let us assume that the real or imaginary parts of £~! keep a constant sign. We deduce
that :

a.ey €Y, roty Hyo(x,y) =0 (4)

(QED)

From lemma 2, we can derive the following result.

Lemma 3 Hy, solution of the system Sy, is such that
For almost every y inY , divy (ﬂ(x,y)Hg(x,y)) =0

Remark :

In [105][214], we studied the homogenization of a three dimensional diffracting problem
using the same multi-scale expansion method in the magnetic field formulation. We also
deduced that rot, Ho(x,y) = 0. Noting that 4 = po (non magnetic medium) we knew
that div, Ho(x,y) = 0, which is obviously no more the case. We therefore deduced that
AyHo(x,y) = 0, which ensured us that Hy did not depend on the microscopic variable x.
Consequently, Hy could be seen as a homogenized magnetic field Hypom (%) i.e. Ho(x,y) =
Hpom(x). The main difference with [105][214] is thus that the first term Hg of the ansatz
is here dependent of the y variable.

Proof :

From equations (2) and (4) we have :

roty (éfl(x, y) rotx Ho(x, y)) + roty (éfl(x, y) roty Hy(x, y)) =0 (5)

By applying divy to (3) we derive :

divy (rotx(é*1 rotx Ho) ) + divy (rotx(é*1 roty, Hy)

) )
+ divy (roty (67 roty H1)> + divy, (roty (7 roty Hg)) + ki divy (ﬁ(x, y)H(]) =0
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Noticing that
divy rot, A(z,y) = vy - (Vm N A(z, y)) =—Va '(Vy A Az, y)) = —div, roty A(z,y) ,
this expression reduces to :

—divy <r0ty(é’*1 rotx Ho) + roty (7' roty, H1)> + k§ divy (ﬂ(x, y)Ho) =0

=0(5)

Finally, we get the following formulation :

divy (fi(x,y)Ho(x,¥)) =0 (6)

We want to show some analogous properties for Eg. Having a look at (5) :

roty (71 (x, y) 1oty Hi(x, y) + rot Ho(x,3))) =0, (5)
for reasons of coherence in the physical units, we can state that :

Eo(x,y) = 0;05—1<x,y><rotyﬂl<x7y> + 1ot Ho(x, y)) (5)

This is just a definition, since it has not been proved that E;, were converging towards
Ey. Consequently, the equation (5) can be written as :

roty (—iweg Eo(x,y)) =0 (7)

€ goes in the left side of the expression (5), and we take its divergence in the y variable.
Noting once more that div, rot, A(x,y) = — div, roty A(x,y), thanks to the lemma 2 we

get that :
divy (€Eo(x,y)) =0 (8)

The results derived from the equations (7) and (8) are thus summed up in the following
system :

roty (Eo(x,y)) =0
divy (€Eo(x,y)) =0

Making the obvious remark that the average of Eg on Y gives us a field independant
of the microscopic variable, we denote by Ep,,, the following quantity :

i () = (Bo)y = oo | Bulx.y)ay o

Where meas(Y) denotes the volume area of the unit cell Y.
Hence, roty(Eg — Epopy) = 0. In general, this merely implies that Eg = Epon(x) —

VyV (%,¥) + Econom (x), where Ecopom belongs to the so called cohomology space whose
dimension depends upon the number of cuts made in the complex plane to obtain a simply
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connected open set Y. In our case, < Eg >y = < Epop >y and < vy V >y = 0 which
implies that E.opom = 0. Then, Eqg — Ey,,;, derives from a scalar potential denoted by V.
That is to say that there exists a Y-periodic function V(x,y) such as :

EO = Ehom — vyV (10)

It is worth noting that this deduction would not hold necessarily if there were currents
in the Scattering-Box. This would be the case for a domain €2y filled up by diffracting
objects of infinite conductivity.

Injecting (10) in (8), leads us to :

divy (5(Eh0m - vyV)> ~0 (11)

By linearity of the divergence, we can write that :

— divy (é(vyV)) = — divy (FBpom)
3

= - diVy (52 Ehom,jej)

j=1

= —Zdlvy< e(x,y €j>Ehom,J( )

We are thus led to solve an annex problem of electrostatic type K; :

K+ —divy (566 ¥)(Vy Vi — ) =0, € {1,2,3} (12)

The variational form associated to this problem having the good properties (sesqui-
linear, continue and coercive) in the Hilbert space Hﬁl(Y) /IR, the Lax-Milgram lemma
assures the existence and uniqueness of the solution of this problem in Hﬁ1 (Y)/IR, that is,
up to an additive constant.

Let us remark that £(x,y) being a data of the problem P, divy (£(x,y)e; ) is a known
function. Therefore, we have to solve an annex problem where the unknowns are the three
components of the potential V. The solutions of (11) are given by the functions :

3
Z Vi(¥)Enom,j(x) = Vy - Epom (13)
7j=1

where Vy = (Vi, V5, V3) and V; denote respectively the vectorial potential of the basic
cell and one of the scalar potentials associated with the density of charges divy (e(y)e;).

Before going further, it is worth noting that the problem K; is of interest by itself. In the
previous section, we have proposed to solve it thanks to a finite difference scheme. We are
also working on a finite element modelization with periodic conditions. It is worth noting
that the annex problem has been solved in the scalar case thanks to a method of fictitious
sources [47][215][178] that is used in the third part of the thesis for the homogenization of
metallic waveguides filled with a periodic assembly of dielectric rods.
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From (10) and (13) we get that :
EO = (I — VyVY)Ehom (14)
where I denotes the identity matrix and 7y Vy denotes the jacobian of Vy.

That is to say that :

oV 9Va  OVa
dyr  Oy1  Oyi

- _ | 9 9V 9Vs

Eo = I Oy2  Oy2 Oy Erom
oL 9Va OV
Jys OJys Oy

We want now to precise the link between Ejp,,, and the average Hy,,,, of Hy(x,y) over
the basic cell Y :

Hi(0) = (Holy = mos | Hoxy)ay

From (5) we know that :

Ey = Lé_l(ro‘cyHl + rotxHo(x,y))
WeQ
We then deduce from (14) that :
v
(I =y Vy)Ehom = ot L(roty H; + rotxHo(x,y))

Making the sum over Y of this expression leads us to :
/ roty Hy(x,y) dy + rotxHpom (x) = —iweo< E(I — 7y Vy) >y Enom (15)
Y

Thanks to the periodicity of H; and due to the antiperiodicity of the outer normal n to
dY', by virtue of the Green formula, we have :

/rotyHl(x,y) dy:/ nAH; ds=0
Y oY

Then, we are led to the following system :

{ I‘Oth_Ihom(X) = _iwgoghomEhom (16)

Ehom = < 5([ — VyVy) >Y

It remains to give the equation verified by Hpp, (X). Summing the equation (3) in the
system S over Y, we derive that :

/ roty (é_l (roty H2)> dy
Y
— 4 [ by By dy - |

_ /Y roty (gfl(roty Hl)) dy — /Y roty (éfl(rotx H1)> dy (17)

rotx (é_l (rotx Ho(x, y))> dy

Due to the periodicity of Hy, Hy and €, and due to the antiperiodicity of the outer
normal n to Y, by virtue of the Green formula ([, rot A dy = [, nA A ds), we get that :
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/Yroty(é_l(rotx Hl(x,y))) = /Yroty (é_l(roty Hg(x,y))> =0

Therefore, the equation (17) reduces to :

- 4 [ Aty Bolxy)dy + [

Y
+ / roty (5_1(roty Hl)) dy =0
Y

rotx (éfl (rotx Ho(x, y))) dy

Taking into account the equation (5), we get :

—ko/ Aa(x,y)Ho(x,y) dy+zw50/ rotx Eg =0
Y Y

Thanks to the definition of Ejq,,, if we commute the summation over Y and the rota-
tional in the x variable in the second integrand, we obtain :

k2 / fa(x,y)Ho(x,y) dy + iweg rot Eppp = 0 (19)
Y

To conclude the proof, we must express the first integrand in terms of ppom and Hpop,.
From the lemmae 2 and 3, we know that :

roty (Hy (x, y)) = 0
{ divy (%, y Ho(x, y)) = 0 20

From the first equation of the system (20), we deduce that Hy — Hp,,,, derives from
a scalar potential denoted by W. That is to say that there exists a Y-periodic function
W(x,y) such as :

Ho = Hhom — VyW (21)

Injecting (21) in the second equation of the system (20), we get that :

divy (%, ¥) (Hpom — 7y W) ) =0 (22)

By linearity of the divergence, we can write that :

—divy (A.Y)(VyW)) = —divy(ix.y)Hpom)

= —divy (ﬂ(X7 y) i Hhomvjej)

j=1

= de1Vy< Xye]>Hhom]()

We are thus led to solve an annex problem of electrostatic type M, :

M; = divy (%, ¥)(7yWj = ¢)) = 0,j € {1,2,3} (23)
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The variational form associated to this problem having the good properties (sesqui-
linear, continue and coercive) in the Hilbert space Hﬁl (Y)/IR, the Lax-Milgram lemma
assures the existence and uniqueness of the solution of this problem in Hﬁl (Y)/IR, that is,
up to an additive constant.

Let us remark that fi(x,y) being a data of the problem P, divy (,&(x, y)ej> is a known
function. Therefore, we have to solve an annex problem where the unknowns are the three
components of the potential W;. The solutions of (22) are given by the functions :

W(X7 y) = Z Wj (y)Hhom,j (X) =Wy - Hpom (25)
j=1
where Wy = (W, Wy, W3) and W) denote respectively the vectorial potential of the ba-
sic cell and one of the scalar potentials associated with the density of charges divy (u(y)e;).

From (21) and (25) we get that :
Hy = (I = VyWy)Hhuom (26)

where I denotes the identity matrix and 7y Wy denotes the jacobian of Wy-.
That is to say that :

3W1 8W2 8W3
0y1 Jy1 oy1

_ | oWy aw,  aws

Ho = I Oy 0y2 0y2 Hpom
oW1 OWo oW3
dys  Oys  Oys

From (19) and (26), we deduce that :
k(% </ ,u(x, Y) (I - VyWY) dY) Hyom + iweg rot Eppp = 0 (27)
Y

The homogenized equation then clearly follows from the system (16) :

rot (5;01m(rot Hhom(x))) — kguhomHhom(x) =0 (28)

with the effective permittivity defined by :

Ehom = < EN(X,y)(I — VyVy) >Y

and the effective permeability defined by :

Hhom = < [L(vaxl - VyWY) >y

Comments :

The mutiple-scale method which relies on the boundedness of the asymptotic terms
of the expansion (E1), risks being mathematicaly unsound, and hence leading to untrue
equations. Nevertheless, in our case, we believe that the multiple-scale method gives the
good form of the homogenized equation : in case of dielectric media, this heuristic method
has been successfully applied to various problems [18]. It remains to get the same results
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using the two-scale convergence relying on the following theorem : Let u(x,y) be a function
Q¢ x R? — @ periodic and regular in y with period Y =]0; 1[> and square integrable on
Q. Then, the sequence (u,) defined by u,(x) = u(x, %), which of course fails to converge
everywhere, tends weakly in L?(€)y) to the “average function” < u > (x) = [,u(x,y) dy
that is to say that we can extract a subsequence of u, still denoted by u,), such that :

VQO € LZ(Qf) , /

Qy

u,)(x)p(x) dx — (/

Q

K [ utxy) dy)etx) ax)

Roughly speaking, this method is based on a variational approach of the problem and
uses suitable test functions of the form :

on(%) = po(x, ) +n1(x, 7)

which can be seen as an ansatz of the first order. This is the object of an article in
preparation for mathematicians [104].

Coming back to the multiple scale method, the first order term H; provides the likely
form of a corrector C; chosen in such a way that

|1Hy, — (Hpom +1Ch) ”Hl(ﬂf) — 0. In other words, this expression converges to 0 for the
Hilbert norm L? and for the L? norm of its gradient. Roughly speaking, the corrector Cj is
given for correcting strong oscillations near the obstacle. It is very important in numerical
computation since it gives a convergence criterion. At this time, we have not been able to
prove this choice to be in agreement with the requirement ||H,, — (Hpop, +7Hy)|| o)
0, since H,, belongs to another Hilbert space (which is very close to H .

Let us repeat once more that the mutiple-scale method which rests upon the existence
of the expansion (F1) risks being mathematically unsound in homogenization process dea-
ling with metallic inclusions. Hence, it remains to show that the heuristic calculus of the
preceding section leads to the good homogenized problem, and in what sense. In other
words, the diffraction problem P, being well posed for a given 7, in what sense does it
converge to an homogenized problem, and is it still a diffraction problem at the limit ?

In conclusion, the multiple-scale method leads here to the right formula, which is proba-
bly the essential point for most physicists. In fact, it remains to relate the limit of the inner
field in the finite obstacle (given by the multiple-expansion) to the one of the diffracted
field.

1.6.2 Perspectives on diffractive properties of such structures

In the last section, we outlined an asymptotic approach of scattering by finite pho-
tonic crystals with heterogeneous permittivity and permeability in the quasi-static limit
thanks to the so-called multi-scale expansion method. Let us briefly discuss the physics
underlying counter-intuitive phenomena. We note that there exists some Ferro-magnetic
media whose relative permeability is lower than 1 (contrary to the relative permeability
which is always greater than 1). On the first hand, thanks to the homogenization process,
one can adjust the effective permittivity and the effective permeability in such a way that
Eeffiteff = Id. The effective media therefore transmits light without deviation and reflects
light as an ordinary medium (note that both effective permeability and permittivity can
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be anisotropic, although their product is the identity matrix, which certainly leads to as-
tonishing phenomena!). On the second hand, one can adjust .7 and ji.¢s such that their
ratio is the impedance of the air : in the one-dimensional case, it can be seen that there is a
Brewster incidence in both E) and H| polarizations. Furthermore, we note that bodies of
various permittivity and permeability can verify e.ryperr = Id, and one has thus to define
a class of equivalence for such heterogeneous structures, which behaves in the same way for
the long wavelength, although they are quite different structures. One cannot distinguish
such bodies in transmission (even if their shapes are quite different), since the transmitted
waves does not see them !

In the three-dimensional case, the physics of these effective structures sounds therefore
far from obvious and one needs to improve his conjectures with numerical computations.
We therefore propose a numerical approach based on a finite difference scheme coupled
with Fast Fourier Transforms (this method works either for annex problem involving € or
1). We are only capable to present partial numerical results (we just give the behavior of
the multi-scalar potential on the basic cell and do not compute explicitely the effective
matrices of anisotropy), but work is in progress to improve this method with a second
approach based on a finite element scheme. The numerical implementations will certainly
lead to astonishing results in case of metallic inclusions : the British physicist R. Pendry
has recently numerically exhibited composite structures with previously inaccessible values
of effective permittivity and permeability [172]. He proposed some micro-structures which
can be designed to have positive or negative values of €.¢y and ey for low frequencies. He
exploited a combination of negative e.rs with p.rs to get "negative refractive index" : the
structure can bend light in the opposite direction to normal materials. Such a material will
be a perfect lens, able to focus the magnetic as well as the electric part of the evanescent
field in the opposite way to other materials : this novel type of lens can make an image
of the evanescent field that mirrors the original light source. As a result, one can produce
images smaller than the wavelength of light : such a material could be used to form high-
resolution images. Pendry although exploited adequate values of the effective permeability
tey s of microstructures on a scale much less than the wavelength of radiation, which are not
resolved by incident microwaves, and used a very low density of metal (dilute composite)
so that these structures can be extremely lightweight [173]. Most of the structures are
resonant due to internal capacitance and inductance, and resonant enhancement combined
with compression of electrical energy into a very small volume greatly enhances the energy
density at critical locations in the structures. Weakly nonlinear materials placed at these
critical locations will show greatly enhanced effects.

To conclude with ferro-magnetic structures, we believe that they may exhibit complete
gaps in high frequencies even in the one-dimensional case (no dependence of the gaps upon
the incident field when the ferro-magnetic medium has the index of the vaccum), unlike
the traditional Bragg mirrors.
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1.7 Conclusion

In this chapter, we have introduced an alternative to the use of the plane-wave-expansion
method as applied to the homogenization of three-dimensional finite photonic crystals. The
so called multi-scale method (the heuristic analog of the two-scale convergence) allows us
to consider, unlike the Fourier expansion method, taking into account the effects of the
crystal’s boundary on the diffracted field. Furthermore, we give explicitely the expression
of the effective permittivity (and effective permeability in case of ferro-magnetic media)
which characterizes a finite anisotropic medium and thus that may exhibit sizable birefrin-
gence. We have then proposed two numerical approaches to give the terms of the tensor of
permittivity (note that all these developments hold for the tensor of permeability) : these
approaches consist in deriving its terms from the resolution of three annex problems of
electrostatic type by using a finite difference scheme combined with a Fourier transforma-
tion and a method of fictitious sources [47] on a torus (the annex problem obtained by
D. Felbacq and G. Bouchitté in the H || case [72] has been recently solved by this way).
It is to be noticed that our asymptotic analysis still holds when applied to the study of
crystals bounded solely in one direction (bi-gratings) or two directions (rods). It is then
straightforward to study the homogenization of bigratings : (the reader may refer to [62],
[13] or [152] to find adapted radiation conditions), which is a natural extension of the
works led in [149] and [151]. Work is also proceeding on the homogenization of finite pho-
tonic crystals, whose basic cell is not paralellepipedical, by the use of differential forms [9],
[10],]11],[12].



Chapitre 2

Justification par la méthode
deux-échelles

A ce discours, nos deux voyageurs se laissrent aller I'un contre l'autre en
touffant de ce rire inextinguible qui, selon Homre, est le partage des dieux ; leurs
paules et leurs ventres allaient et venaient, et, dans ces convulsions, le vaisseau
que le Sirien avait sur son ongle tomba dans une poche de la culotte du Sa-
turnien. Ces deux bonnes gens le recherchrent longtemps ; enfin ils retrouvrent
I’quipage, et le rajustrent fort proprement. Le Sirien reprit les petites mites; il
leur parla encore avec beaucoup de bont, quoiqu’il ft fch dans le fond du ceeur
de voir que les infiniments petits eussent un orgueil presque infiniment grand."

"Micromgas" in "Les contes philosophiques" (1752) Voltaire

Addendum

This chapter is devoted to the asymptotic analysis of the vector Maxwell system for
a 3D finite photonic crystal in the case where p = g is constant. We prove the theo-
rem 1 of chapter 1 and derive the annex problem for the two dimensional case in H ||
polarization with a variant of the classical results of Keller [117] and Dykhne [68| on the
chess-board problem (in our case, the permittivity € can be a continuous function). It is
worth noting that Milton et al proved analogous duality relations for multiphase media in
electromagnetics and acoustics [156][155][112][92].

2.1 Notion de convergence deux-échelles
La méthode utilisée repose sur la notion de convergence & deux échelles qui est liée &
une classe de fonctions dites admissibles dont nous allons rappeler la définition.

Définition :
Soit © un ouvert de RN et Y =]0; 1[V. ¢ € L*(Q x Y) est dite admissible si la suite
on(z) = p(z, %) est bornée dans L?(2) et vérifie :

. T, 2
hm/w<x,>| dmz// ¢ P y) dady
=0 Jo n QXY
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Il est important de noter que les fonctions (z,y) € LZ(Q;LE(Y)) ne satisfont pas

cette définition puisque 1'on ne peut pas assurer que x — (z, —) soit mesurable sur .

T
n
Un résultat classique [69] assure que les éléments de L%(2, Cy(Y)) satisfont cette derniére
propriété (noter pour cela que ces fonctions sont mesurables en x, et continues en y pour

presque tout x). De plus, on a 'inégaliteé :

T2 2 2
[ e o< [ supl o) o= el oy < +o0
Q n Qyey
qui montre que ¢(z, f) € L?(Q). Partant de cette constatation, Nguetseng a établi

dans [164] les deux résultats suivants :

Lemme 1
Les espaces fonctionnels L*(Q, Cy(Y)), L%(Y,C(Q)), et C(Q; L (Y)) qui sidentifient a
des sous-espaces denses de L2(Q x Y') sont des espaces de fonctions admissibles.

Proposition 2
Soit (uy) une suite bornée dans L*()) . Alors 3ny suite tendant vers 0 et Jug(z,y) €
L2(Q2 x Y) (Y-périodique en y) tels que Vo admissible

T
lim Uy, (), — dx:// ug(z, y)e(z,y) dedy
Jin [ w @ Dyde =[] w et

Ce type de convergence est baptisé "convergence faible & deux-échelles". Le passage a la
limite dans des intégrales du type [ wy(z)v,(x)dx s’appuie sur une notion de convergence
forte & deux-échelles. ¢

Définition :

i) On dit quune suite u, € L?(2) converge faiblement & deux échelles vers une fonction
uo(z,y) € L*(2 x Y) et on note u, — ug(z,y) faible & deux échelles si :

Vo(e.y) € D CEW) . Jimy [ up()ote Do = [ unteg)itay) dedy

ii) On dit qu’une suite u,) € L%(Q) converge fortement a deux échelles vers une fonction
up(z,y) € L*(2 x Y) et on note u, —» uo(z,y) fort a deux échelles si

limsup/ |y |*dz < // | ug [*(x,y) dzdy
n—0 Q QxY

soit encore,
Tian [l | () = lluoll 2@y -

Remarques :

1) La limite faible dans L?(£2) de la suite uy, (x) est donnée par u(x) = / uo(x,y) dy.
Y
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En effet, si on prend une fonction ¢(z,y) telle que p(z,y) = p(x), alors

lim ; Un, () (2, %) dr = //Qxy uo(z,y)p(x) dedy = /Q</Y uo(z,y) dy)gp(x) dx

k——+o0

2) La convergence forte dans i) exprime que les seules oscillations effectives de la suite
(uy) sont & ’échelle . Dans la proposition 3 i), due a Allaire [2], un résultat de correcteur
est obtenu pour la suite (u,), lorsque ug est assez réguliére.

Proposition 3

Soit (uy) une suite bornée dans L*(Q) telle que u, — uo(x,y) faible a deuz échelles.
Alors

i) uy, converge faiblement dans L*(Q) vers u(z) = / uo(z,y) dy et de plus
Y

lig1_)i(1)1f lunll 20y = lwoll 2xyy = 1ull 2o

ii) Soit vy, une autre suite bornée dans L2(Q) telle que vy —» v fortement, alors
unvy — w(z) dans D'(Q) on w(x) = / uo(x, y)vo(z,y) dy

Y
i) Si uy —» ug(x,y) fort a deuzx échelles et uy admissible, alors

T
g = uo(z, =)~ —0
N L2(Q)

Pour passer a la limite dans le systéme de Maxwell, nous serons amenés, étant donnée
une suite (u,) bornée dans H(Q) (qui vérifie alors u, — ug et Vu, — x d’aprés la
proposition 2), & déterminer la relation différentielle liant x & up. Dans la proposition qui
suit nous aurons besoin de la définition de ’espace Hﬁl(Y) que nous rappelons.

Définition :
Hﬁl(Y) = {w € HL (RY); west KY-périodique (Vz € ZY w(. +2) = w(.) p.p. y € KY)}

Hﬁl(Y) muni du produit scalaire (u | v) = / wvdy + / V u -V vdy est un espace de Hil-
Y Y
bert.

Par ailleurs, il est connu que dans Hﬂl(Y) /IR, wr— || Vw|| 2y définit une norme
équivalente a celle de Hﬁl(Y) qui fait de Hﬁl (Y)/IR un espace de Hilbert.

Nous sommes maintenant en mesure d’établir le résultat de structure pour les gradients

da a G. Allaire [2].

Proposition 4
Soit (uy) une suite bornée dans WH2(Q) . Alors Ju € Wh2(Q2), Juy € L2(Q,Hﬁl(Y)) et une
suite extraite (encore notée (uy)) telle que :

Uy = ug ot ug(z,y) = u(x)
Vu, = Vyu(z) + Vyui (z,y)

Démonstration :
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premiére étape :

uy et WV uy, sont bornées dans L%(12) et [LQ(Q)]N donc convergent (apreés une extraction
de sous-suite ) a deux échelles vers des limites ug(z,y) € L*(Q x Y) et /yuo(z,y) €
(L2 x V).

Soit ¢ € [D(; CE’O(Y))]N alors

fim [ Fua) - ol Do = [ xofawn) - ol dady M

n—0

La formule de Green nous assure que :

x ) x
/ Vuy(z) - p(x, —)de = —/ uy div(p(z, —)) dx
Q n Q n
Par ailleurs, 'opérateur divergence “rescalé” prend la forme suivante :
T T 1 T
divp(x, —) = (divg @) (z, —) + —(divy p)(z, —
( 77) ( ) n) 77( v @) n)

L’égalité (1) peut donc étre réécrite :

Xo(z,y)e(x,y) dedy = lim I, avec
Y n—0

Qx
. T 1 . z
1= [ uy(dive )@ Ly de — = [ wgfdivy 9) (@, 2 dal 2)
Q n nJa n
Comme I, reste borné, on déduit de (2) que
0 :%g%nln
x
= lim [— | uy(div z,—)dr
ti = [ (v, ) (2. 5) o]

En prenant la limite & deux échelles de u,, on obtient :
J[ wleiivg o) v dody =0 Vi € DI (KY)) 3)
Qxy

On choisit dans (3) la fonction test particuliere (z,y) = 0(z)¢(y) ou 6 € [D(Q)]V et
b e (Cr).

Le théoréme de Fubini appliqué aux fonctions ug(x, y)(divy ¢) qui sont intégrables pour
la mesure produit dxdydz, nous assure que :

[ 0@ [ wotey) divy (5.2 dy) dz =0
Q Y

Ceci étant vrai pour tout § € D(2), on obtient que pour tout ¥ € [CﬂOO(Y)]N, et pour
presque tout x € ) :

/ up(z,y) divy ¥(y) dy =0
Y

D’ou ’équation vraie pour presque tout z € 2

Vyuo(z,y) =0 dans D'(Y) (4)
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L’équation (4) entraine que pour presque tout = € Q, ug(z,y) = u(x) (p.p.- y € Y).
Deuxiéme étape : identification de x¢ donné par (1).

On choisit une fonction ¢ € [D(£; C&”(Y))]N telle que divy ¢ = 0 et on passe a la limite
dans (2) quand n — 0 :

//QXyXO(x,y) co(z,y)dedy = —//Qxyuo(a:,y)(divx ©)(x,y) drdy

= —/Qu(x) [/Y(divx ©)(z,y) dy} dz

Posons [¢](z) ::/ o(z,y) dy, le théoréme de dérivation sous le signe somme nous as-
Y

sure alors que, [p] € [D(Q)]Y et div,[¢] = / (divy ¢)(x,y) dy. En intégrant par parties et
Y

d’aprés Fubini, on en déduit que :

//Qxyxo(:c,y).gp(x,y) dzdy = —/Qu(x) div,[p] d
= [ vule) - [elta) d

On applique une nouvelle fois Fubini pour obtenir que :
ve e PCE. [[ Role) - V@] pla)dady =0 )
X

Localisation en x : en choisissant ¢ de la forme ¢(z,y) = 0(x)y(y) avec ¢ €
[C&’O(Y)]N telle que divy 1 =0 et 0 € [D(Q)]Y dans (5), on a immédiatement que :

pp.z €, /Y (xo(,9) — V() - (y) dy = 0 (6)

Cette relation s’étend par densité a toute fonction ¢ € [LE(Y)]N telle que div, ¢ = 0.
Pour caractériser I’ensemble décrit par ces fonctions ¥, nous avons besoin du

Lemme 5

Soit ’ensemble
M={welL;(Y | e H(Y)v,v=w}
Alors, M est un sous-espace fermé de [L?(Y)}N dont I'orthogonal est donné par
N | .
M= ={y e [L;(V)]" | divy 3 =0}

Démonstration :

Soit wy, = /yv, tel que w, — w dans [L?(Y)}N. Alors vy, est une suite de Cauchy dans
I'espace de Hilbert Hﬁl(Y)/IR, ce qui nous assure de l'existence d’une limite © € Hﬁ1 Y)/R
telle que v, — v.

En particulier, on a la convergence V, v, — V,v dans [Lf(Y)]N. Par unicité de la
limite on en déduit que w = V, v donc w est un élément de M.
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Il nous reste a caractériser l'orthogonal de M. Pour cela, on considére un élément 1
de M. Notant que / Y- Vyvdy =0Vv e Hﬁl (Y), par intégration par parties, on déduit
. Y

que :

/vdivywdy:—/w~vyvdy:0, Vv e D(Y)
Y Y

Donc divyy) = 0 dans D'(Y). Par ailleurs, le théoréme de la divergence appliqué a la
fonction 9 de [Lg(Y)]N dont la divergence est dans LE(Y) nous assure l'existence d’une

1
trace ¢ - n dans Hy *(0Y) telle que :

/ divy(¢) vdy =< (¢ -n)v, 1>
Y

H™3(0Y),H? (9Y) 0

On en déduit que ¥ - n prend des valeurs opposées sur les faces opposées de 9Y et que
divyh = 0 dans D'(IRY) par Y-périodicité.
Réciproquement si divyy) = 0 dans D’ (IRM), il est clair que

/Yzb-vyvdy—O, VveHﬁl(Y)

(QED)

D’aprés (6) et le lemme 5, on en déduit que xo(z,.) — Vu(z) € M+t = M (car M
est fermé). Donc il existe uy(z,.) € Hﬁl(Y) tel que xo(z,.) = Vau(z) + Vyui(z,.). Ce qui
achéve la démonstration de la proposition.

(QED)

2.2 Homogénéisation 3D périodique

Dans cette section, on montre le théoréme 1 du chapitre 1 en utilisant de maniere
essentielle le fait que p = po = cste. Le cas p variable, plus délicat du fait que les champs

électromagnétiques oscillent & 1'ordre 0, sera traité ultérieurement (cf. [104]).
(E,H)

Soit (£, Hy) une solution du systéme de Maxwell Py, suivant ;
(1) rot By + jwpoH, =0 , dans [D'(IR?)]’
. 3
P(EH) (2) rot H, — jweoe, By =0 , dans [D'(IR?)]
K : / 3
(3) div(e,Ey) =0 , dans D'(IR”)
( (4) div(poH,) =0 . dans D'(IR?)

Si l'on considére des milieux dont la perméabilité 1 est constante (milieux non magné-
tiques), le probléme de diffraction par une structure D constituée d’un matériau hétéro-
géne périodique de période 7, caractérisé par une permittivité €, (z), se raméne a chercher
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I'unique solution H, € L2 (IR?, @) (champ magnétique) du systéme suivant :

(i) rot( Lyot H, ) —k2H, =0 dans [D/(IR%)]?

P (i1) div Iln7 =0 dans D’'(IR?)
(1) H, O(ﬁ) quand | z | +oo dans [C®(IR? \ D)]?
(w) A rot Hd + zkHd = o(ﬁ) quand | z |— +oo dans [C®(IR? \ D)]?

ou les conditions d’onde sortante (7ii) et (iv) jouent un role fondamental en assurant
I'existence et l'unicité de la solution H, de (Pf]q) [51] (noter que e,(x) = 1 en dehors
de D). Pour la dérivation des systémes de Maxwell dans les cas 2D polarisés (obstacles
diffractants de type cylindrique), on renvoie le lecteur au chapitre 4.

Nous allons passer a la limite quand 1 tend vers 0 dans le systéme vectoriel Prf[ . Ceci
nous ameéne & travailler dans des espaces fonctionnels adaptés (indépendants de 1) associés
a un ouvert €2 contenant strictement 'objet diffractant D.

2.2.1 Reésultats préliminaires
Proposition 6

Soit Q un ouvert borné de IR3. Alors
i) Les espaces fonctionnels

H(div,Q) = {v e LX), dive e L2(Q)}

H(xot,2) = {v € [LQ) , roto e [L3(Q)}

sont des espaces de Hilbert pour les normes

1
2

lollraiv.) = {1012y + Idiv )220y }

N

lollpror ey = {101 2aps + ot o]z qys }
i) H(div, Q) N [H (rot, Q)]? est un espace de Hilbert défini par

H(rot,div, ) = {v € [L*(Q)]?, dive € L*(Q) , rotwv € [LQ(Q)]S}

Démonstration
Pour une preuve de la proposition, on se reportera a [58] (Tome 2, chap. IX).

Proposition 7

Soit Q un ouvert borné de classe C? de R?, de bord 0. Alors les espaces de Sobolev

Hy(vot, div, Q) = {v € H(rot,div,Q) , v-mypq € H%(aQ)}



58 CHAPITRE 2. JUSTIFICATION BY TWO-SCALE CONVERGENCE

Hy(rot, div, Q) = {v € H(rot,div,Q) , v Anjpg € [H%(a(z)]?’}

s’identifient topologiquement avec l'espace de Hilbert [W52(Q)]3. En particulier, il existe
des constantes C1 et Co > 0 telles que :

o]l () < Cl{llv\l[p(mp + [[rot v|iz2(qys + div vl p2) + v - nHH%(aQ)}

vl (s < C2{||U||[L2(Q)]3 + [[rot vl{r2(ays + ldiv vl 2q) + lv A nH[H%(@Q)P’}

Démonstration

On trouvera la preuve de la proposition dans [58] (Tome 2, Chap. IX, p. 247, corollaire
1).
Proposition 8

Soit Y = [0,1]% de bord OY . Alors le sous-espace de L? (IR®,@%) défini par :

loc

V= {u € L2 (R3,@%) , u Y-périodique , divu € L2 (IR3,Q) , rotu € L2, (IR®, 033)}

loc

muni du produit scalaire

(u\v)z/rotu-rotvdx—i—/divudivvdw+/u-vdw
Y Y %

est un espace de Hilbert qui s’identifie topologiquement a [’espace

[Hﬁl(Y)]3 ={uc L} (R @) | uY-périodique, Vuc L? (IR?’,(LBXS)}

loc loc

= {u € HY(Y,@®) | u a la méme trace sur les faces opposées du cube}

muni du produit scalaire

(u|v):/vu:vvdx+/u-vdx
Y Y

ot YV u: Vo désigne le produit scalaire des matrices jacobiennes V u et Vv défini par :

Vu:Vo=Tr(Vivvu)

En particulier, il existe une constante C' strictement positive telle que :

N

Vu €V, full gy vy < C{||“H[2L2(Y)]3 +[|rot u[fy 2y + [1div UH%Q(Y)}

Remarque :
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Dans la suite, nous considérerons aussi le sous-espace quotient de [Hﬁ1 (Y)]3 par les
constantes dans @ :

[Hﬁl(Y)/(]L}3 = {u ceHY Y, @), ve H(YV,@®) lu~v <= Jce @, ux)—v(z)=c pp x € Y}

qui est muni de la classe d’équivalence des fonctions égales (presque partout) dans [H, ﬂl (Y)]3
a une constante additive prés (dans @®). Il est d’usage de noter les éléments de la classe
d’équivalence de u par %. On munit alors [Hﬁ1 (Y)/(Iﬂ3 d’un produit scalaire par :

(u|v) :/ Vu:Vvdz
Y

En effet, si (a]@) = 0, alors V u(x) = 0 pour presque tout € Y. On prolonge le résultat a
[D’(R3)]3 par périodicité et on en déduit qu’il existe une constante ¢ € @ telle que u(z) = ¢
pour presque tout = € @®, soit @ = 0. Par ailleurs, la norme induite par ce produit scalaire
est équivalente a celle de [Hﬁ1 (Y)]3 et fait de [Hﬁl(Y) / (Lﬂg un espace de Hilbert.

Démonstration :

11 —
Soit © une boule ouverte de IR? et soit ¥ =] — 2 5[3 tels que Y C Q C 2Y (la boule

3
Q = B(0,r) de rayon r = \2[ convient). Prenons a une fonction de D(€;[0;1]) telle que

a=1surY et supp a C . Soit u € V, prenant v = qu, on peut écrire que :

divv = adivu+Va-u (1)
rotv=arotu+VaAu (2)
De (1) et (2), on déduit que :
[ divoll o) < llall ooyl divull 2y + | V allipe@ysllullie s (3)
[ rot vll(r2iqys < llall oo I rot ullzzqys + | V allizoe @ys lullr2ia)s (4)

Les majorations (3) et (4) nous assurent qu’il existe alors une constante C(«, ) > 0
ne dépendant que de la fonction « et de la mesure de €, telle que :

/[|v|2—|— Irot o] + |div v[2] dz < C(a, Q) /[|u|2—|— rotul + [divul2 dz  (5)
Q Q

Revenant & v = « u, on note que u € V, donc que v € H(rot,div, 2). Par ailleurs,
v est nul en dehors de l'ouvert et v-njpg = 0 griace aux propriétés de o, donc v €
H, (rot,div,Q). On peut donc appliquer a la fonction v la proposition 3.1.2 avec ||v -

n|| = 0. Nous sommes donc assurés de ’existence d’une constante C4(2) strictement

3 (69)
positive telle que :

~—

1ol < CL() [/ﬂ ]2 dx+/ﬂ\rowy2 da:+/ﬂ|divv\2 dx} (6
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Des majorations (5) et (6) on déduit que :
[ollmy @y < C1() Cla, Q) /[lul2 + [rotuf® + |div uf’] de (7)
Q

Notant que Q C2Y,on a:

/|u\2 daz+/ |rot ul|? dx—i—/ |div u|? dazg/ |ul? dx+/ |rot ul? dﬂc+/ |div u|? do
Q Q Q 2y 2y 2y ®

D’apres la Y-périodicité de u, de (7) et (8) on tire que :

0l ey < 2° C1Q) Cler, Q) [/ Jul? dm—i—/ ot ul? d:c—i—/ |div u)? dac}
Y Y Y

Finalement, il existe une constante Ca(a, Q) = 8 C1(Q2) C(«, ) strictement positive

telle que :
Yuev /[|u|2 1V U] do < lollmy ey < Cg(a,Q)/[|u|2 F frot ul? + |divul?] da
Y Y

(QED)

Nous sommes maintenant en mesure de reformuler le résultat de structure établi dans
la proposition 4 pour les rotationnels de fonctions vectorielles 4 divergence nulle.

Corollaire 9
Soient 2 un ouvert borné de classe C? de IR® et H,, une suite dans [L2(Q2)]? tels que :
div H, = 0 (a)
sup/ <\ H, |* + | rot H, \2> dr < +oo (b)
n JQ

()

1 3
H, An est bornée dans [H2(012)]

Alors la suite est bornée dans [W12(Q)]3. Donc il existe une sous-suite de (H,,), encore
notée (H,), et deux fonctions Hy € [W12(Q)]3 et H; € [LQ(Q,HQ(Y))]“Q‘ telles que :

H, — Ho(z) dans [L*(Q)]? fort, et div Hy =0 (i)
V H, = V Hy(z) + VyHi(z,y) et divy Hy =0 (i)

En particulier, on a la convergence des rotationnels suivante :

rot H, — rot Hy(x) + rot, Hi(x,y)
Démonstration :

Les hypotheéses de la proposition 7 étant satisfaites, il existe une constante C' > 0 ne
dépendant que de la mesure de € telle que :
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|y | (71 ) < C{HHnH[m(m]‘o‘ + [[rot Hylliz2(qys + [|div Hyll 228 + [[Hy A ”H[H%(m)ﬁ}
D’apres les hypothéses (a), (b) et (c) du corollaire, on en déduit que
sup ”HnH[Hl(Q)}S < 400
n

On peut donc appliquer la proposition 4 qui nous donne I’existence d’une sous-suite de
(H,), encore notée (H,), de Hy € [H*(Q)]? et de H; € [LQ(Q,Lg(Y))]?’ telles que :

H,, — Hy(z) dans [L2(Q))3 fort , et V H, = V Hy(z) + VyHi(z,y) (9)

La condition div H,, = 0 entraine que div Hy = 0 sur €2. Si I’on prend des fonctions test
du type @(z, 7)Id ot ¢ € D(Q,Dy(Y)), on déduit alors de (9) que :

div Hﬂ — div,Hy + diVyHl

(noter que / vV Hy - (o(x, %)Id) de = / div Hy (¢(z, %)) daz). Par ailleurs, la diver-
Q

Q
gence de H,;, étant une suite identiquement nulle, on a :

divyHo + divyH; =0 dans L;(Q2xY)

Puisque div,Hg = 0, on conclut que :

pp.x €8, divyH(z,)=0

(QED)
2.2.2 Reésultat de convergence
Théoréme 10
Quand 7 tend vers zéro, H,, solution du probléme (Pf ), converge dans [L? (IR*)]® vers
I'unique solution Hy du probléme (Pﬁm) suivant :
(
(1) rot (shamrot Hy(x )) — kZHo(z) =0 dans [D'(IR3)]3
i (2) div Ho(z) =0 dans [D'(IR3)]3
Phom _
(3) HE = (Il‘\) quand | 2 |— +oo dans [C®(IR? — Q)]?
(4) Arot HY + ik HE = o(ﬁ) quand | z |— +oo dans [C®(R? — Q)

Avec
{E}wm(l') =<e(l —Vy0) >y (x) dans

Ehom(z) =1 dans R? — Q
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Ou b, j € {1, 2, 3} est 'unique solution dans Hul(Y)/(D du probléme annexe suivant :

(K;) : —div,(e(y)(Vy0; — €j)) = 0, e; vecteur unitaire de la base canonique de IR

Démonstration :

Soit un objet diffractant D. On considére un rayon R tel que € := {| = |< R} vérifie
D C Q. Dans une premiére étape, on démontre le théoréme sous ’hypothése que la suite
(Hy) est bornée dans [Lz(Q)]g donc converge faiblement (4 une sous-suite extraite pres)
vers une limite notée Hy. On vérifie ensuite cette hypothése par un raisonnement par
I’absurde qui utilise 'unicité de la solution du probléme limite vérifié par Hy.

Etape 1 : (H,) est supposée bornée dans [LQ(Q)]3 :

a) Comportement asymptotique de (E,, H,) en dehors de  :

Fixons r < R tel que D C {| # |< r} C €. Noter que 'équation (i) de P} est vérifice
au sens faible dans IR? (i.e. au sens des distributions). Mais, du fait que € = 1 en dehors de
D, toute solution de (7) vérifie 'équation de Helmholtz vectorielle AH,, + k(Q]Hn = 0 pour
| z |> r. Ce qui assure 'analycité de H, pour | x |> r. De méme, E, est solution faible
dans R? de rotrot E, — kje,E,; = 0, et elle vérifie 'équation de Helhmoltz vectorielle au
sens classique pour | x |> r. E, est donc analytique pour |  |> 7. Supposant connues

x x
les valeurs de Tz A E, et de Tz A Hy pour | z | = r, on en déduit la valeur du champ
x x

électromagnétique diffracté (E;i], H;‘]l) pour | z |> 7 par la forme intégrale suivante de (7i7)
et (iv) du probléme Pf , et son analogue pour le champ électrique diffracté End :

Ed@)=iwpo | Gle—y)EAHIY)ds+ [ VG —y) (L AEly)) ds
(SC’) ly|=r r ly|=r r
Hg(aﬁ) = —iwgo/ G(x—y)(y/\Eg(y)) ds + VG(:c—y)(g/\Hg(y)) ds
lyl=r r lyl=r r
1 eik‘o|x\

ou G est la fonction de Green G(z)

Tdm |z |

Quigte a extraire une sous-suite, on peut supposer que (H,) converge faiblement dans
[L%(Q2)]” vers un champ Hy. Grace a 'hypoellipticité de 'opérateur A + k2, la convergence
H, — Hj a lieu en fait dans £(2\ D), ce qui entraine la convergence uniforme du couple

1
(Ey, Hy) et de toutes ses dérivées sur la sphére {| « |= r} (remarquer que E,, = —— rot H,
Jweo

sur 2\ D). Passant & la limite dans (SC), on obtient ainsi la convergence de (E,, H,) dans
E(R?*\ D). La limite de (H,) égale a Hy sur €2 sera encore notée Hy sur IR® tout entier.
Notant Ejy la limite de £, sur IR?\ D, on aura donc le systéme :

EO = jw,u,oHo , sur ]R3 \E
Hy = —jweoEy ,sur R3\ D
(B¢, HY) = (Ey — E}, Hy — H}) vérifie (SC) , sur R*\ D

b) Convergence et étude des oscillations de (£,, H,) sur Q :
On commence par établir le lemme 11, d’ou résulte que la suite (E,, H,) est bornée
dans H (rot, §2).
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Lemme 11

Soit (E,, Hy) une solution de P,gE’H) telle que Sllp/ | H, |? dz < +o00. Alors les suites
n JQ

(Ey), (rot Ey), (rot Hy) sont bornées dans [LQ(Q)]3.

Démonstration :

Compte tenu de (1) et (2) dans PéE’H), il suffit d’établir que sup/ | rot Hy, 2 dz < +o0.
n JQ

Supposant la suite (H,) bornée dans [LQ(Q)]3, Péquation (i) du probléme 73;;{ nous assure
1
que (rot(irot H 77)) est elle méme une suite bornée dans [LQ(Q)]s. On multiplie alors

en(z)

(i) par la fonction test ¢, dans [D(IR*)]* et on intégre sur Q :

1
/ rot(irot HT,> <o dx — k%/ H, - p,dx =0 ,Yp, € [D(R?)]? (1)
Q en(x) Q

Par ailleurs, I'identité de Poynting nous assure que pour toute fonction test ¢, dans
[D(R?)]? -

1 1 1
rot( ——=rotH, ) - dm:/ rotH, -rotp dx—l—/ div rotH, Ay | dx (2
o gagron) enda = [ gty oty o | (¢ ottty dr (2

1
Le théoreme de la divergence appliqué a la suite de fonctions iy, (x) = TFOtHn A @n
en(x

de [L*(2)]® dont la divergence est dans L?(Q2), nous apprend qu’il existe une suite (¢, - n)
1
dans H™2(09Q) telle que :

/div¢ndx:<w,7-n, 1>
Q

H™3(09),H? (69)

De (2) on tire alors que pour toute fonction test ¢, dans [D(IR®)]? :

1
rot rotH,) - ¢, dx
/Q (En(l‘) 77) n

1
= [ ——rotH, - roty, dr + < (——rotH, Apy) -n, 1>
x

0 &n(7) en(T) H™3(6Q),H? (69)
1 1
= [ ——rotH, - rotp,dr — < (n A\ ¢y) - (——rotHy), 1 >
/Q en(z) ! ! " ey (x) ! H™3(09),H? (69)

On déduit de (1) que pour toute fonction test ¢, dans [D(R3)]3 :

1 1
/ —— rot Hy-rot ¢, dx—kg/ Hyppde=<(nAyy)  (——=rotHy), 1>
Q &n(T) Q en(x) H™3(99),H% (99)

Par densité de [D(IR?’)]3 dans [L?(€2)]3, on peut prendre la fonction test particuliére
on = Hy :

1
/Q|rotH,7 de:c—kg/QyHn 2de =< (nAH,) rotHy, 1> (3)

ey(2) H™2%(99),H?2 (99)
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Comme (H,;) converge faiblement dans [L?(Q)]3 et vérifie AH, + kZH, = 0 sur IR?\ €0,
par hypoellipticité de 'opérateur de Helmholtz, (H,,) prolongée a [L2(IR?)]? via les relations
de Stratton-Chu, converge uniformément (ainsi que toutes ses dérivées) sur tout compact
K c R?\ Q. On en déduit que :

lim < (n A Hy) -rot Hy , 1 >

) g oo.ate) = < (nAHp)-rotHy, 1>

H™%(09),H? (69)

Or l'intégrale kg/ | H, |? dz reste bornée par hypothése. En passant a la limite dans
Q

1
| rot H,, |* dx reste bornée. Par ailleurs, —— est

en()

I’équation (3) on en déduit que /
. o &y()
minorée dans I'ouvert €2, d’ou la conclusion.

(QED)
D’apreés le lemme 11, (H,)) est bornée dans H (2, rot). Par ailleurs, (H,) est a divergence

3
nulle et sa trace tangentielle est bornée dans [H %(89)] . Donc le corollaire 9 nous assure

que (H,) est bornée dans [W1’2(Q)]3 et qu'il existe une sous-suite extraite de (H,), encore
HY(Y) B
notée (Hy), et deux fonctions Hy € [WH23(Q)]3 et Hy € [L3(1, ”ng ))] telles que :

H, — Ho(z) dans [L?(Q)]3 fort
rot H, — rot Hy(z) + rot, Hi(z,y)

On écrit alors la formulation variationnelle associée au probléme 7371;[ sur €. De (1), on
tire que :

1
—rotH, ) -rotp, de — k2 | Hy-ppdz=0,V D(O)]? 3
uﬁ;(en<x>r° o) vy e~k [ Hy ey e =0, Y, € () 3)

Dans (3'), on prend des fonctions test particuliéres de la forme ¢, = po(x) + ne1(z, f),
n
ol o € [D(Q)]? et 1 € [D(D, Cﬁ’o(Ym))]g. On obtient en particulier que :
rot ¢y, (x) = rot po(x) +n [rot 1(z, %)}
= rot ¢o(z) + 1| (rotupr) (@, £) + L (roty1) (x, 2) |
L’opérateur rotationnel "rééchelonné" prend donc la forme suivante :

rot ¢y (x) = rot po(x) + n(roty v1)(x, %) + (roty ¢1)(z, %) (4)

En appliquant (4) a (3), pour toutes fonctions test o € [D(Q)]° et 1 € [D(; C’é)o(Ym))]g,

on obtient que :

/9(51111:) rot Hn($)> . (rot o(z) + (roty v1)(x, %)) dax

1 T T
+77/ (7rot Hn(m)) : ((rotx 1) (z, —)) dx = kg/ H, - podx+n k:g/ H, - ¢i(x,—)dx
Q n Q Q n

ey(x)
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On souhaite maintenant passer a la limite quand 7 tend vers zéro dans (5). Or, (H,)
est bornée dans [L?(2)]? et 1 est tres réguliére donc :

sup]/H77 o1(x \< 400

Par ailleurs, (g, ! rot H,) est bornée dans [LQ(Q)] donc :

x
sup | / 5;1 rot Hy - rotg ¢1(x, —) |[< +00
n Q n

On en déduit que :

1
hm [nko/ H, - ¢i(x,— dx] = 71]1_r>r(1) [n/ﬁ((gnrotH ) . (rotmapl(x,%» dm] =0

Pour traiter la convergence des deux termes restant dans I'expression (5), on note que
la fonction

U(@,y) = e (y) (rot po(a) + (rotyp1)(z,y))
est dans [Lg (Y,C (Q))]3 ¥ est donc admissible pour la convergence & deux échelles. En

passant a la limite & deux échelles dans I'expression (5), on obtient pour toutes fonctions
test o € [D(Q)] et ¢y € [D(Q; Ce2(Y™))]°

//QxY 5(;, ) [rotHo(x)+rotyH1(x, y)} . [rotgpo(x)—i—rotygol(x,y)} dady = k? /Q Ho(z)-po(x) dz
(6)

Par densité, on en déduit que (Hy, H;) satisfait la formulation variationnelle précédente
pour tout couple de fonctions (¢, ¢1) dans [H&(Q)]3 x [L2(8); Hﬁl(Y)/(II)]3
c¢) Equation microscopique sur Y :

On veut déduire de I’équation précédente, I’équation locale ayant cours sur la cellule
Y. On choisit pour cela des fonctions test particulieres ¢y € D(Q) telles que ¢ = 0 et
o1(z,y) = 0(x)x(y) avec 8 € [D(Q)]? et x € [C’tfo(Y)]S. On obtient alors que :

// [ ! (rotH (x)+rot, Hy(z, y))} ot x(y)0(x) dedy = 0, V0 € [D(Q)]3,Vx € [CQ’O(Y)]?’
axy Le(z,y) )

D’apres le théoréme de Fubini, on en déduit que pour presque tout z € €2 :

/ [/ }(x, y)(rotH (z)+roty Hi(z, y))-rotyx(y) dy} O(z)dx =0, V9 € [D(Q)]*,Vx € [C'ﬁoo(Y)]?’
abtJy € ®)

Ce résultat étant valable quelle que soit la fonction test § € D(2), on a donc :

p.p.x € ) ———(rot Ho(z) + rotyHy(z,y)) - rotyx(y)dy =0, Vx € [Cﬁ’o(Y)]3 9)

Y 8(56, y)
En appliquant l'identité de Poynting, on obtient que pour presque tout z € € :
1
rot [7(1"0‘5}[(@ + rot, Hy (x, y))] -x(y) dy
/y Ile(a, yl) Y

—me[

(10)

oy O @) 0ty Ha () A x(w) | dy = 0, ¥ € [CR(V)P
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Le théoréme de la divergence appliqué a la fonction

ely) = s (oL (@) + x0t, i (2.1) A x(0)

de [Lg (Y)]? dont la divergence est dans L% (Y'), nous apprend que pour presque tout = € 2
il existe une trace (5 - n) dans H_%((?Y) telle que :

ppr €, /Ydlvy Va(y)dy = <tz -m, 1 Z % ov),1} (0v)

Il s’ensuit que pour presque tout x € € et pour toute fonction y dans [C’ﬁo"(Y)]3 :
1

/ rot, [7(rotH(x) + rot, Hi (z, y))} “x(y) dy

Y sl(xv y)

- < [a(x, " (rotH (x) + roty Hi(z,y)) A X(y)} n, 1>

En utilisant ’antipériodicité de n sur la cellule de base Y, on en déduit que pour presque
tout z € Q) :

/Yroty [E(Jw(rotH(a}) + roty Hy (, y))} x(y)dy =0, Vx € [CEO(Y)]?’ (12)

(11)

H™3(9Y),H3 (Y)

Posant £ = rot Hy(z), par densité de [C&’O(Y)]?’ dans [Li?(Y)]3 on aboutit & la formula-
tion variationnelle suivante :

Pe): [ oty [ (€ rot, )] x(w dy =0 e [0 (13

On souhaite maintenant établir I'existence et I'unicité du probleme local (Py). Pour ce

faire, nous revenons a sa forme variationnelle : posant £ = rot Ho(z) dans (9), par densité
de [CEO(Y)]B’ dans [LT?(Y)]3 on aboutit & la formulation variationnelle suivante :

/Y g(xly)(g + roty Hi(x,y)) - roty x(y)dy =0, Vx € [Hul(Y)]3 (14)

L’existence et l'unicité de la solution du probléme (P¢) reléve du lemme de Lax-
Milgram. Pour cela, pour presque tout z € Q, on définit la forme sesquilinéaire a,(.,.)

sur [H} (V)@ x [H} (v)/Q)” :

ag(t,0) = /Y 5(x1,y) [rotyu(y)] : [rotyv(y)} dy (15)

Cette forme est continue. En effet, la coercivité de €, nous assure qu’il existe une
constante v strictement positive telle que pour presque tout x € €2 :

ot )y jap < = | [rotyto)] - [rotyo(w)] d (16)

De l'inégalité de Cauchy-Schwarz, et de la proposition 8 on déduit alors qu’il existe une
constante strictement positive ~; telle que pour presque tout z € €2 :
”a:r(uﬂ.f)H[H;(y)/q?’ < 7|l roty “(y)”[L2(y)]3 | rOtyv(y)”[L2(y)]3
<l Vy u(?/)”[p(y)ﬁ I Vy U(y)H[L2(y)]3 (17)
= ll@lly vy jap 100y o
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Par ailleurs, az(., .) est une forme sesquilinéaire coercive sur [Hﬁ1 Y)/ (lf’ X [Hﬁ1 (Y)/ (ﬂg.
On a en effet le lemme suivant :

Lemme 12

Si divy u(y) = 0, il existe une constante 8 > 0 telle que pour presque tout x € € et
pour tout u dans [Hﬁl(Y)/([f]3 :

Démonstration :

Soit s un réel > 0. Par hypothese, div, u(y) = 0, ce qui implique que pour tout % dans
[H}(Y)/@, on a -

az(,0) = /Y 6(;7 m [rotyu(y)} . [rotyu(y)} dy + s /Y [divyu(y)} [divyu(y)} dy  (20)

Comme Re{ec} est bornée dans [L>°(€2; LQ’O(Y))]Q, d’aprés la proposition 8 il en résulte
qu'’il existe (s) > 0 telle que pour presque tout x € € et pour tout @ dans [ZiTﬁl(Y)/(L}3 :

Refag(i, i)} > 8 / | vy uly) 2 dy

Yo
= Bl iy vy /a2

(QED)

On définit maintenant la forme linéaire b,(-) sur [Hﬁl Y)/ ([/13 pour presque tout x € €2
par :

Vi€ [HE(Y)/QP , by(in) = /

Y 5($7y)

Cette forme est continue car il existe des constantes y2(§) et y3(§) telles que :

& -rotyu(y) dy (21)

be(u)”[l_];(y)/@]?’ <728 roty U(y)H[Lz(y)]B
< ()| Vy U(?J)||[L2(y)]3 (22)
= 73(5)”@H[Hnl(y)/qj3

Le lemme de Lax-Milgram appliqué dans l'espace de Hilbert [Hﬁ1 (Y)/(]Z]3 X [Hﬁl(Y)/([ﬂ3
a la forme sesquilinéaire continue coercive ay(-,-) et & la forme linéaire continue b,(-), nous
assure alors de l'existence et de I'unicité de la solution w du probleme local (Pg )

Nous allons maintenant montrer que le probléme annexe se raméne & 3 problémes
scalaires.

De (12), on déduit I’expression suivante dans [D'(Y)]? :

1
e(z,y)

p.p.x € Q 1oty (rotH (x) + rotyHq(z,y))| =0 (23)
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Posant que :
1
w(z,y) = —(z,y)(roty H1(z,y) + ot H(z)) , (23)

Pexpression (23) se traduit comme suit :
rot,w(z,y) = 0, dans [D'(Y)]? (24)
On prend maintenant la divergence par rapport a la variable y dans (23) :
div, (ew) = div, rot, Hy + divyrot, Ho(z) , dans D'(Y) (25)
Notant que div, rot, = 0 et que div,rot, = 0, il vient :
div, (ew) = 0 dans D'(Y) (26)
On établit alors le lemme :

Lemme 13

Soit une fonction w € [Lf(Y)]?’ telle que

<w>::/w(y)dy:() et rotyw(y) =0,
Y

alors il existe une fonction 1 € Hﬁl(Y) telle que Vy 9 (y) = w(y)— < w >.
Démonstration :

Ce lemme découle du théoreme 5.8.1 page 202 de [21] : sur un tore de dimension 3, la
dimension du quotient des 1-formes fermées par les bords est de dimension C§ = 3. En
d’autres termes, une fonction de rotationnel nul sur le tore de dimension 3 est & un vecteur
constant preés le gradient d’une fonction périodique.

(QED)
Remarque :

Sur un tore de dimension 2, on obtient qu'une fonction périodique de divergence nulle
est & un vecteur constant pres le rotationnel d’une fonction périodique.

Le lemme 13 appliqué a (26), nous assure qu'’il existe une fonction 1) € Hﬁl(Y) telle
que :

divy(e(<w > =V, ) =0 (27)

Par linéarité de la divergence, on note que :

—divyeVyy = —divyew

(28)
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De (28) on tire que les solutions du probléme (27) sont données par les fonctions :

3
Yla,y) =Y 0;(y)<w>j(z) =0- <w > (29)

j=1
ou les 0;, j € {1, 2, 3} sont les solutions uniques dans Htil (Y)/@ des trois problémes
annexes scalaires (de types électrostatiques) suivants :

(Kj) + =divy(e(z,y)(Vy0; +€5)) =0 (30)

d) Equation homogénéisée :

Nous allons maintenant préciser le lien entre le probléme annexe (ayant court sur la
cellule de base Y), et le probléme macroscopique. Prenant ¢; = 0 dans (6), on en déduit
que Vipo € [D(Q)] -

//Q Ya_l[rotH(x) + roty, Hy(2,y)] - rotzpo(x) = k3 /Q H(x)po(z)dx (31)
X

D’aprés Fubini, pour toute fonction ¢o € [D(2)]3, on a :

1
/Q[/Y @) [rot H (z) + rot, Hy (x,y)] dy] - rotypo(x) de = ki /Q H(x)po(x)dx  (32)

[’égalité suivante est donc vraie au sens des distributions dans 'ouvert 2 :

1
rot, [/Y m(rotH(x) + roty Hq(x,y)) dy} = k2H(z) (33)

Par ailleurs, d’apres (23') :

w(z,y) = - (; (Ot H (@) + ot F (.1) (34)
On déduit alors de (33) et (34) que :
rot, <w > (z) — k3H(z) = 0 dans [D'(Q)] (35)

On va maintenant exprimer < w > en fonction de H et d’'une matrice homogénéisée.
Du lemme 13 et de (29), on tire que :

w=(I+Vyl) <w> (36)
De (34) et (36), on tire que :

e(l + Vb)) < w >= (rot,Hy + rot, H) (37)

On fait la moyenne de cette expression sur la cellule de base Y et on obtient :

/}/(rotH(x) + rotyHl(x,y)> dy =<e(I +Vy0) ><w > (38)

Par ailleurs, la formule de Green nous assure que :
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=0 (39)

ty H dy = NH 1
[ oty i) dy =< oA Hie) 15

car n est antipériodique et H; prend les mémes valeurs sur les faces opposées de Y.
De (38) et (39), on tire alors que :

rot, H =< e(I +Vy0) ><w >, (40)
soit encore :
rote H = epom < w >, (41)
avec
Ehom =< (1 —Vy0) > . (42)

De (35), (41) et (42), on déduit le probléme homogénéisé suivant :

rot (e;;m(rot H(a:))) “K2H(z) = 0 dans [D'(Q)]? (43)

Avec
Ehom =< 5(1 - Vye) >

Etape 2 : Preuve que (H,) est bornée dans [LQ(Q)]3 :

Il nous reste & montrer que (H,) est une suite bornée dans [L? (Q)]3 Comme dans [37],
on raisonne par 'absurde. Supposant que (/) n’est pas bornée dans [L2(Q)]3, on peut en

extraire une sous-suite, encore notée (H,), telle que HHnH[LQ(Q)]g tende vers l'infini. Posons
H
vy = —————— alors (v;) est bornée dans [LQ(Q)]?’. On obtient alors les mémes résultats
1l 202
i
qu’a I’étape 1, pourvu que ’on remplace H* par . La suite (vy) converge donc
1l g2

fortement dans L? (IR3, @) vers 'unique solution du probléme :

loc

(1) rot{a,;lm rot vo(az)} — k2vo(z) =0 dans [D'(IR?))?
(Po) (i1) divwg(z) =0 dans [D'(IR?))?
(4ii) vo(x) = O() quand |  |— +oo dans [C®(IR?\ D)]?

|z

| (iv) a1 A\ Tot vo(x) + ik vo(x) = o

-

n7)  quand | # | 400 dans [C®(IR3\ D)3

8

C’est a dire que le champ incident v = vy — vf]l est nul dans le probléme homogénéisé.
Par unicité de la solution du probléme (Py), on peut conclure que vy est identiquement
nul. Par suite, (v,) converge fortement vers 0 dans [LQ(Q)]?’, ce qui est absurde puisque



2.2. HOMOGENIZATION OF 3D PERIODIC STRUCTURES 71

(QED)
Remarque :

On peut s’étonner du caractére contradictoire entre notre résultat d’homogénisation
et le résultat classique d’homogénéisation 2D en polarisation H || [18] [72] dans lequel le
probléme annexe fait intervenir non pas € mais son inverse. Dans [72], le champ homogénéisé
H = u(xy,x9)es vérifie ’équation

div <Bh0m V) + k2u=0 (44)

ol Bpom est la matrice donnée par :
1
Bhomej =< g(ej + ij(y) >

ou wj est I'unique solution dans Hﬁl (Y)/IR de

div, (é(ej + ij(y))) =0

Appliquons le théoréme 10 dans le cas ou e(x, y) ne dépend que des variables (x1, 2, y1, y2)
et ou l'ouvert €2 est un cylindre de la forme G x IR. La relation D = €p0, E' conduit dans
ce cas & une matrice effective de la forme :

c o Apom 0
hom = 0 <e>

ot Apom est la matrice 2 lignes 2 colonnes définie par Apome; =< e(ej + Vv;(y)) >,
et v; est l'unique solution dans Hﬂl (Y)/IR de

div, (s(ej +v vj(y))) -0

Dans le cas d’'une onde incidente polarisée T.M., le champ magnétique
H(x1,x9,x3) = u(x1,x2)es vérifie alors I'équation

rot (E}:Olm rot H) =kiH (45)

Il n’est pas évident a priori que la solution de (45) cherchée sous la forme
H = u(z1,z2)es veérifie 'équation (44). Pour le montrer, on note tout d’abord que la
composante €33 de €p0y, n'intervient pas dans le calcul et que 'on a :

rot <5holm rot (u(azl, x2)63)> = —div (Adj(Aholm) \V4 u) €3 (46)

En effet, si M désigne une matrice symétrique de la forme :

mi1 m 0

M 0
M = m mo9 0 :< )

0
0 0 mas a3
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on obtient :

0 ou ou 19, ou ou
rot (M rot (“<xlv$2>63>) =- (&r (mangy—mg =)+ 5o (g - mm)) es

Notant M’ la matrice deux lignes deux colonnes suivante :
mhy,  m)
r_ 11 12
M= ( nom )
Moy Mo

rot (M rot (u(xl, x2)63)> = —div (M’ \V4 u) es3

si et seulement si

on aura

L )
118:131 12 81‘2 N = 61’1 8$2
ou , Ou ou ou

/
Moy +Mog— =Mi17— — M
21 633‘1 2 833‘2 61’2 833‘1

Par identification, on en déduit que M’ = Adj(M).
D’apres (46), pour lever la contradiction, il suffit de vérifier que :

Adj(A7L ) = Bhom

hom

Cette propriété est une conséquence d’une variante des résultats classiques de Kel-
ler [117] et de Dykhne sur le probléme de ’échiquier [68], et de ceux de Milton et al.
[156][155][92] pour des diffuseurs quelconques répartis périodiquement. Pour notre part,
nous nous affranchissons de ’hypothése de continuité par morceaux pour € :

lemme 14

Soit Apom et Bpom les matrices homogénéisées associées aux uniques solutions w; et p;
j e {1, 2}) dans H!(Y)/Q des quatre problémes annexes suivants :
#

div, (a(y) (ej + Vywj(y)> =0

div, (b(y)(e; + 7ups(») =0

o b=a"!. Alors, on a :

A
Bhom = hom ) (Tesp- Ahom =

Det(Apom o )

Det(Bhom)
Démonstration du lemme 14 :

La matrice Apoy, est obtenue en considérant pour tout & € @2, I'unique solution we
dans Hﬁl (Y)/@ du probléme annexe :

divy (a(y)(§ + Vywe(y)) =0
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D’aprés le lemme de Lax-Milgram, on vérifie aisément que :

1 1
pAhoné €= inf {5 a) ¢+ o) Py
2 ver;v)/e| 2 Jy W)l 2
Une formule classique d’analyse convexe (cf. par exemple [14]|[115]) permet de calculer
la conjuguée de Fenchel relativement a la variable £ € IR du second membre de I’égalité
précédente. On obtient : du probléme annexe

1 s ew . 1 _ . .
AL ¢t = inf {Q/YGI(?/)Ié+Q\2dy,d1va(y)=0 et/

a(W)ELF(Y) Y

q(y) dy = 0}

En dimension 2, il est bien connu (cf lemme 13) que toute fonction ¢ de L?(Y) de
moyenne nulle et de divergence nulle est & une rotation pres le gradient d’une fonction
de Hﬁl(Y) Plus précisément, il existe une fonction v € Hﬁl(Y) (unique & une constante
additive prés) telle que :

q(y) = R(Vy v(y))
(1)

| € +q(y) > =| RE" + Rq(y) |> = | RE" + vy u(y) |

ou R désigne la matrice

Notant que

on obtient ’égalité :

A€ €= inf {;A)fﬂwnfm*+vymwr%w} (47)

v(y)eH} (Y)/T

Or, la matrice homogénéisée Bj, associée a I'unique solution p(y) du probléme annexe
suivant dans Hﬁ1 Y)/C:

divy (b(y) (€ + 74p(y)) =0

1

avec b = a~ ", vérifie :

1 1
—Bhromz -2 = inf /aly z+ Vyv(y 2dy
; W%WWW{QY ()] =+ Vyuly) |

Choisissant z = RE* et tenant compte de (47), on obtient :

o€ - € = Bhom RE" - RE*

hom

d’oul la relation :
A*l

hom

= R'ByomR = R 'Bj,omR (48)
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En fait, le second membre de I'inégalité précédente n’est autre que la matrice adjointe
de Bpom, d’ou il existe A telle que :

Bhom = AAhom
Par ailleurs, en égalant le determinant des deux membres de (48), on obtient
Det(Ahom)Det(Bhom) =1

D’ov
ol 1

~ det(Anom)

(QED)

Remarque :

Dans le cas d’un damier oul € est une fonction constante par morceaux qui prend
deux valeurs « et 8 sur les cases du damier, on obtient par un argument de symétrie que

1
Brom = ﬁAhom et que Anom = apomld. Tenant compte du lemme 14, on en déduit que
Q@

B o Ahom o Ahom
" Det(Anom) o

D’ou DetApom = af et apom = Vaps.

Application pratique :

Soit une structure bornée constituée d’un matériau hétérogéne périodique & deux indices
optiques n = €2 et ny = 2. En utilisant le résultat du lemme 14, on peut déduire du calcul
de la matrice effective Apop, du lemme 14, la matrice effective Chop, correspondant a la
méme structure mais avec le contraste inversé : on note pour cela qu’il suffit de multiplier
la matrice By, du lemme 14 par le produit €162 (voir figure 2.1).

Bhom: Ahom / Det Ahom

Chom = 81 S2 Bhom

F1GURE 2.1 — Calcul de la matrice effective pour un contraste inversé en fonction de la
matrice effective initiale.



Chapitre 3

Some concepts related to
quasi-crystalline phasis.

"Twas brillig, and the slithy toves
Did gyre and gimble in the wabe :
All mimsy were the borogoves,
And the mome raths outgrabe.
"Beware the Jabberwock, my son!
The jaws that bite, the claws that catch!
Beware the Jubjub bird, and shun
The frumious Bandersnatch !"
"Through the Looking-Glass’, by Lewis Carroll.

3.1 Introduction to quasi-crystallography

In December 1984, the Israeli physicist D. Shechtman, together with 1. Blech, J. W.
Cahn and the French physicist D. Gratias [190], announced the discovery of a phase of an
aluminium-manganese alloy which seemed indeed to be a crystalline-like substance (now
referred to as a quasicrystal) with fivefold symmetry (see figure 3.1).

These patterns are somewhat remarkable in that a standart mathematical theorem
concerning crystal lattices states that the only rotationnal symmetries that are allowed
for a crystalline pattern (see figure 3.2) are twofold, threefold, fourfold, and sixfold (by
a crystalline pattern, one means a discrete system of points which has a translational
symmetry).

Furthermore, a remarkable feature of the quasicrystalline tiling patterns is that their
assembly is necessarily non-local. That is to say, in assembling the patterns, it is necessary,
from time to time, to examine the state of the pattern many, many atoms away from the
point of assembly, if one is to be sure of not making a serious error when putting the pieces
together. Normally, when Nature seeks out a crystalline configuration, she is searching for a
configuration of lowest energy. It sounds that with quasicrystal growth, the state of lowest
energy is much more difficult to find as for periodic structures, and the best arrangement
of the atoms cannot be discovered simply by adding on atoms one at time in the hope that
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FIGURE 3.1 — A quasicrystal of about one millimetre in size (an AL-Li-Cu alloy) due to
Gayle [85] with an apparently impossible crystal symmetry (the one of Schechtman’s was
about one micrometre in size).
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FIGURE 3.2 — Periodic tilings with various symmetries (where the centre of symmetry, in
each case, is taken to be the centre of a tile).

each individual atom can get away with just solving its own minimizing problem. Instead,
we have a global problem to solve. Such tilings where previously studied by Roger Penrose
who found many interessant mathematical properties related, as we will see, to arithmetic
and logic. It is to be noticed that quasicrystalline substances also exhibit a symmetry
in three-dimensions, and not only in the plane, giving a forbidden icosahedral symmetry
(these analogues of the Penrose tilings had been found by Robert Amman in 1975).

3.2 The puzzle game

Numerous mathematicians spent time to play activities which often led to discoveries.
Amongst them, the great number theorist Russel whose mathematical works where inspired
by books and puzzles of Lewis Carroll. In the early seventies, Roger Penrose was considering
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the question of covering the Euclidean plane with polygonal shapes, where there is a given
finite number of different such shapes. The question was to find whenever it is possible
or not to cover the plane completely, without gaps or overlaps, using just these shapes
and no others. It is well known that such tilings are possible using just squares, or just
equilateral triangles, or just regular hexagons, but not using just regular pentagons, as was
seen above. Many other single shapes will tile the plane, such as irregular pentagons, but
with a pair of shapes the tilings can become more elaborate (see fig. 3.3). Now, there are

FIGURE 3.3 — Two examples of periodic tilings of the plane. The left one uses a single
shape and the right one uses two shapes.

many tilings of the plane which are not periodic. Amongst them, the famous non-periodic
spiral tilings (see figure 3.4) who were devised by B. Grunbaum and G. C. Shepard (1981).
It is worth noting that the same ’versatile’ shape tile both periodically and non periodically
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FIGURE 3.4 — On the left, a non-periodic spiral tiling using the same versatile shape that
is used in the periodic tiling on the right.

the Euclidean plane (see figure 3.4), which is a property shared by many other single tile
shapes and sets of tile shapes. Are there single or sets of tiles which will tile the plane
only non-periodically 7 In 1971, the American mathematician Raphael Robinson exhibited
a tiling with six shapes which tiles the plane only in a non-periodic way. His works were
ingpired from those of the Chinese-American logician Hao Wang who adressed the question
of whether or not there is a decision procedure for the tiling problem, that is to say, is there
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an algorithm for deciding whether or not a given finite set of different polygonal shapes
will tile the entire plane. Hao Wang [203] was able to show that there indeed would be such
a decision procedure if it could be shown that every finite set of distinct tiles which will
in some way tile the plane, will in fact also tile the plane periodically. In 1966, following
some of the directions that Hao Wang had suggested, Robert Berger was able to show that
there is in fact no decision procedure for the tiling problem : the tiling problem is a part
of what is called non-recursive mathematics.

Thus, it follows from Hao Wang’s earlier result that an aperiodic set of tiles must exist.
The first one was exhibited by Berger and involved originally 20426 different tiles. Berger
was then able to reduce this number to 104 tiles in 1964. In 1971, we have seen that Raphael
Robinson get this number down to six. Finally, Roger Penrose found in 1974 an aperiodic
tile made of two tiles (see figure 3.5). The question of whether or not it is possible to tile
the Euclidean plane aperiodically with a single tile remains an open question. According
to Roger Penrose, one way of doing this would be to give the vertices of the tile as points
in the complex plane, and these points may be given as algebraic numbers. Indeed, N. G.
de Bruijn [60] showed that such patterns could be built thanks to a cut and projection
method who was developped, among others, by M. Duneau and A. Katz [66].

F1GURE 3.5 — A pair of tiles tiling the plane only non-periodically and a region of the plane
tiled with such a pair.

3.3 The cut-and-projection method

Let us begin by a brief description of the method in the one-dimensional case : consider
the plane IR?, the square lattice Z? and a line E) to be tiled (see figure 3.6).

A strip is obtained by shifting a unit square Y2 = ]0;1[* along Ej. Then, for almost
all positions of the line Ejj, this strip contains a unique broken line (made of edges of the
lattice), which joins exactly all the vertices inside the strip. The orthogonal projection P
of this line on Ej gives a tiling, the two tiles being the projections of the vertical and
horizontal edges of the unit square Y2. Consider now the slope of the line E) with respect
to the canonical basis of IR2. One can check that the tiling is periodic if and only if this
slope is a rational number.
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FIGURE 3.6 — The cut and projection method : when the slope of the line E) is irrational,
the orthogonal projection P of the vertices of Z? (belonging to the strip spaned by the
unit square Y2) onto E)| defines a quasi-periodic tiling of Ej.

An important property of such patterns is the local isomorphism property, intro-
duced by M. Duneau and A. Katz [66] as a property of Penrose tilings, which asserts that
any finite patch of tiles that belongs to a tiling appears infinitely many times in any tiling
defined through a strip with the same irrational slope. To prove this property, one has
to consider the line E|, orthogonal to E). A finite patch of tiles in a given tiling is the
projection of a finite broken line, the projection of which on F| is strictly smaller than the
projection of the whole strip. Then, their exists a non empty open set of translations in |
that keep the projection of the finite broken line inside the strip. Because the orthogonal
projection P| of Z? on E| is dense, there are infinitely many translations of Z? which map
the finite broken line inside the strip, which give infinitely many copies of the initial patch
of tiles. One can show along the same lines that any finite patch of tiles that appears in a
tiling appears in all tilings with the same slope.

There are interesting questions concerning the mean distance between copies of a given
patch. The density of the copies of a patch depends on arithmetical properties of the slope.
Indeed, it can be seen that when the slope of E is given by an algebraic number, the mean
distance between two copies is proportional to the size of the patch. On the contrary, when
the slope is given by a Liouville number (non-algebraic irrational number), the distance
can grow arbitrarily quickly. It is to be noticed that if the unit square is replaced by
any other unit cell of Z? (say KY?, where K is a positive integer), new tilings involving
the projections of the two edges of this cell are obtained. This is closely related to self-
similarity properties of the Penrose tilings i.e. each fragmented geometric shape can be
subdivided in parts, each of which is (at least approximately) a reduced-size copy of the
whole. However, the projection method should not be restricted to these tilings since more
general strips also generate tilings involving a finite number of tiles. Furthermore, one can
easily generalize this method to higher dimensions. To get a quasi-periodic pattern in IR"
issued from a projection of a periodic pattern in IR™ (m > n), one has to consider the
subspace | = IR" and E its orthogonal subspace in IR™. The Penrose tilings are issued
from a cut and projection of IR* (or IR?) in IR? and their three-dimensional equivalents
(the icosahedral structures) from a cut and projection of IR® (or IR'?) in IR?.
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3.4 Quasi-crystals versus fractal sets

These strange properties are related to abstract mathematical objects introduced by
Benoit Mandelbrot : let us first consider the mapping z — 22 + ¢ where z and ¢ are two
complex numbers. It is easy to see that for certain choices of the given complex number c,
the mapping remains bounded (to be precise this set was found by Julia and Mandelbrot
considered the mapping z — 22 + ¢). Such a set of values of ¢ defines what is called the
Mandelbrot set (cf. figure 3.7).

F1GURE 3.7 — The black part denotes the Mandelbrot set, and the white part denotes its
complementary set. It is not a computable matter to ascertain that a point is actually in
the white region itself.

To test whether a point of the complex plane belongs to the Mandelbrot set (coloured
black) or to the complementary set (coloured white), one can imagine a computer starting
at 0, then applying the map z — 224 c to z = 0 to obtain ¢, and then to z = ¢ to obtain
22+ c and then to z = 22 4 ¢ to obtain z* +223 + 224 2, and so on. If this sequence remains
bounded after a fixed number of iterations, then the point is coloured black ; otherwise it
is coloured white. For the complementary of the Mandelbrot set, the computer can detect
the unboundedness of the sequence after a finite number of iterations. This set is thus
said to be a recursive set, for there is a general algorithmic way of deciding whether or
not an element belongs to this set. As concerning the Mandelbrot set, there is still no
proof of whether or not it is a recursive set. It seems that this property may rely upon
properties of algebraic numbers, that is to say complex numbers which are solutions of
algebraic equations with integer coefficients. Indeed, the algebraic numbers are countable
and computable (contrary to complex numbers, since there is no bijection between € and
IN) and it is actually a computable matter to decide whether or not two of them are equal.
It turns out that such structures, baptised fractals by Benoit Mandelbrot, are closely
related to quasi-crystals : they are self-similar and their properties seem to rely upon
those of irrational numbers. We explain in the sequel that we can actually characterize a
quasi-crystal in terms of fractal dimension. The strict mathematical definition is that
fractal is an object whose Hausdorff dimension strictly exceeds its topological dimension.
Most fractals objects have self-similar shapes although there some fractal objects exist that
are hardly self-similar at all. Most fractals also have infinite complexity and detail, that is,
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the complexity and detail of the fractals remain no matter how far you "zoom-in", as long
as you are zooming in on the right location. Also, most fractals have fractional dimensions
[70], and although we just outline an approach to characterize a quasi-crystal in terms of
fractal dimension, there is no doubt that it will be the case!

We note that the natural way to study the quasi-crystalline phases is to look at their
diffraction pattern i.e. the Fourier transform of the structure. In the following, we thus
focus on the properties of fractal measures in Fourier space, as did the mathematician
Strichartz, who showed that the classical relation :

1

n €l T| a(§) |2d§ ~T7%, when T — +o0o, with p a finite measure on R"
<

(where « is an integer in simple cases as absolutely continuous measures or discrete
measures), could be generalized to fractal measures with « a real exponent. For example,
in case of Cantor measure, whose support is the Cantor triadic set (with null Lebesgue
measure), we have :

1 12 _log2
= | (&) |7dE ~ T Te3 | when T — +00
T Jig=r
Guérin and Holschneider showed |107] that quadratic means of the Fourier transform

of a finite positive Borel measure p :

1 2
Mu(T) = = | (&) |7 dg
T" Jigi<r
are related to a fractal dimension of the measure u, called dimension of correlation d.

For this, they considered the function Qu :

)= | (B dulz) (¥
ze€R™
and they defined the upper and lower dimensions of correlation of i as follows :
log 2 log 2
d*(u) = limsup log Qyu(r) et d”(p) = liminf log Qyu(r)
r—0 logr r—0 logr

d" and d~ are related to My by (Guérin, Holschneider, 1998) :

log M (T log M (T
d* (i) = limsup log Mu(T) et d” (p) = limsup log Mu(T)
T—+o00 logT' T—+o00 logT'
Analogously to the physicists who deduce the characteristics of the quasi-crystals from
the intensity of their diffracted field (reciprocal space) by inverse Fourier transform, one
can calculate the inverse Fourier tranform of My via the mean value of p(x) on the ball

of radius r in (x) :
1
Pu(r) = - / | W(Blar)) | de
rzeR™

,r'n,
(x — p(B(0,7)) is square integrable). It can be seen that d™ and d~ are related to
I'p by [107] -

d* (i) = timsup 5L o g (1) = tim g 8L
r=0 logr r—0  logr
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To conclude this section, it is worth noting that one can distinguish two opposite cases
for the dimensionality of a measure via quadratic means of its Fourier transform. On one
side, if p is absolutely continuous in conjonction with the Lebesgue measure, of density
f € L?(IR™), the Plancherel formula ensures us that :

lim | Ae) [P d = (2m)" /]R | () P

On the opposite side, one has the Wiener’s theorem which ensures that for discrete

measures j(x) = Z ckd(z — ) -
keZ™

1
lim —

| a(€) Pde =D e l?,

keZ™

and the Besicovitch identity for almost-periodic measurable functions F' :

lim — F(¢) |?d¢ = c |
P g f g FO T gzjn\ el
This last formula will be the key point in the proof of the corrector type result for
the homogenization of the one-dimensional quasi-crystal and more particularly of the 1D
penrose tiling (see chapter 5). Although we are not yet capable to give a rigorous mathe-
matical statement of this conjecture, we believe that our result provides the correlation
dimension of these quasi-periodic structures (cf [193]).

3.5 quasi-crystals versus Godel

We have seen that non-recursive properties are related to a kind of non-halting pro-
perty of an algorithm : in our previous example, the Mandelbrot set, the computer may
calculate for eternity in case of unboundedness of the mapping. This question of whether
or not one can find a halting criteria was adressed by Tiiring. Tiiring was concerned with
the resolution of Hilbert’s broad-ranging Entscheidungsproblem : is there some mechanical
procedure for answering all mathematical problems, belonging to some broad, but well-
defined class 7 The response he found in the works of the Austrian mathematical logician
Kurt Godel. What Gédel showed in 1931 was that any system of axioms, provided that it is
broad enough to contain descriptions of simple arithmetical propositions and provided that
it is free from contradiction (consistent), must contain some statements which are neither
provable nor disprovable by the means allowed within the system. The truth of such sta-
tements is thus undecidable by the approved procedures. Such a result is of the foremost
importance, as shown by the fascinating story of one of the notes Pierre de Fermat wrote
in the margins of Bachet’s publication of the Latin version of the Diophantus’ Arithmetica
(1621) : Cubum autem in duos cubos, aut quadrato quadratum in duos quadrato quadratos,
etgeneraliter nullam in infinitum ultra quadratum potestatem in duos ejusdem nominis fas
estdividere : cujus rei demonstrationem mirabilem sane detexi. Hanc marginis exiguitas
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non caperet.! No one was able to prove this statement, nor to find a counter-example
(i.e. to exhibit such a 'Fermatean triple’) during three centuries. In the eighties, the be-
lieve was therefore that it was part of undecidable procedures, until the mathematician
Gerhard Frey claimed in 1984 that if anyone could prove the so-called Taniyama-Shimura
conjecture, then they would also prove this statement.

More precisely, let us consider the famous 'Fermat’s last theorem’ asserted by the French
mathematician Pierre de Fermat (1601 — 1665) and proved by Andrew Wiles in 1995, in
terms of a formal mathematical proposition F :

Fe3u, o,y 2 €N, [(@+ 1) 4 (y+ 10 = (2 4 1)+
which stands for it is not so that there exists natural numbers w, x, y, z such that?
(w + 1)w+3 4 (y+ 1)w+3 — (Z + 1)w+3 .

A proposition might also depend on one or more variables. For example, for some
particular power w + 3, we have :

Gw)==-Jw, z,y, ze N, [(x + 1)w+3 + (y+ 1)w+3 =(z+4 1)“’+3]

so that G(0) asserts no cube can be the sum of positive cubes, and so on. The Fermat
assertion is now that G(w) holds for all w :

F =VYw|[G(w)]

G(.) is an example of what is called a propositional function. Hilbert’s hope was
that for any string of symbols representing a mathematical proposition, say G, one should
be able to prove either G or =G, depending upon whether G is true or false. Here we
must assume that the string is syntactically correct in its construction i.e. is satisfying
all the notational rules of the formalism, such as brackets being paired off correctly, so
that G has a well-defined true or false meaning. The hope had been that a comprehensive

1. It is impossible for a cube to be written as a sum of two cubes or a fourth power to be written as
the sum of two fourth powers or, in general, for any number which is a power greater than the second to
be written as a sum of two like powers : I have a truly marvellous demonstration of this proposition which
this margin is too narrow to contain.

2. Note the strong connection of this problem with solutions which concerned Pythogoreas’theorem.
Instead of considering the equation

iUQ + y2 — Z2
where there exists an infinite number of solutions (Pythagorean triples), Fermat was contemplating a
variant of Pythagora’s creation

Y
where there are no solution at all. The proof of the first statement is quiet elementary, and was stated by
Euclid. Euclid’s proof begins with the observation that the difference between successive square numbers is
always an odd number (e.g. 4% — 3% = 7). Every single one of the infinity of odd numbers can be added to a
particular square number to make another square number. A fraction of these odd numbers are themselves
square, but a fraction of infinity is also infinite. Therefore, there are also an infinity of odd square numbers
which can be added to one square to make another square number. In other words, there must be an
infinite number of Pythagorean triples.
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system of axioms and rules of procedure could be given for arithmetic such that it would
be complete i.e. it would enable us in principle to decide the truth or falsity of any
mathematical statement formulated within this system. If Hilbert’s hope could be realized,
this would even enable us to dispense with worrying about what the propositions mean
altogether. G would just be a syntactically correct string of symbols. The string of symbols
G would be assigned the truth-value TRUE if G is a theorem (i.e. if G is provable within
the system) and it would be assigned the truth-value FALSE if, on the other hand, -G is
a theorem. For this to make sense, we require consistency, in addition to completeness.
That is to say, there must be no string of symbols G for which both of G and -G are
theorems. Otherwise, G could be TRUE and FALSE at the same time! This was in fact
established by Gdodel [90].

The complicated part of the Godel’s argument is to show how one may actually code
the individual rules of procedure of the formal system, and also the use of its various
axioms, into arithmetical operations. In order to carry out this coding, we need to find some
convenient way of labelling propositions with natural numbers (the so-called godelisation).
One way would be simply to use some kind of alphabetical ordering for all the strings of
symbols of the formal system for each specific length, where there is an overall ordering
according to the length of the string. Thus, the strings of length one could be alphabetically
ordered, followed by the strings of length two alphabetically ordered, and so on. This is
called lexicographical ordering. We shall be particularly concerned with propositional
functions which are dependent on a single variable, like G(w) above. Let the nth such
propositional function (in the chosen ordering of strings of symbols), applied to w, be
Gp(w). We can allow our numbering to be a little sloppy if we wish, so that some of
these expressions may not be syntactically correct. If G, (w) is syntactically correct, it
will be some perfectly well-defined particular arithmetical statement concerning the two
natural numbers n and w. Precisely which arithmetical statement it is will depend on the
details of the particular numbering system that has been chosen (Arabic notation, Binary
notation...). That belongs to the complicated part of the Godel’s argument and will not
concern us here (a method is given of constructing, for any formal system of mathematics,
a question of number theory undecidable in the system in Godel’s first incompleteness
theorem [90]). The strings of propositions which constitutes a proof of some theorem in
the system can also be labelled by natural numbers using the chosen ordering scheme.
Let [],, denote the nth proof. Now consider the following propositional function, which
depends on the natural number w :

= [H$ proves Py (w)] .

The statement in the square brackets is given partly in words, but it is actually a well-
defined arithmetical statement about two natural numbers z and w. It is not supposed to
be obvious that the statement can be coded in arithmetic, but it can be, as Gédel provided
it. We have numbered all propositional functions which depend on a single variable, so
the one we have just written down must have been assigned a number. Let us write this
number as k. Our propositional function is the kth one in the list. Thus, it turns out that :

= [HI proves Py (w)] = P(w) ,
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which is known as a self-reference principle.
Now examine this function for the particular w-value : w = k. We get :

- Jz [HI proves Py(k)] = Py(k) .

Although Py (k) is just an arithmetical proposition, we have constructed it so that it
asserts what has been written on the left-hand side : there is no proof, within the system,
of the proposition Py(k). If we have been careful in laying down our axioms and rules of
procedure, and assuming that we have done our numbering right, then there cannot be any
proof of this Py (k) within the system. For if there were such a proof, then the meaning of
the statement that Py(k) actually asserts, namely that there is no proof, would be false,
so Py(k) would have to be false as an arithmetical proposition. We have found a true
proposition which has no proof within the system !

What about its negation — P (k) ? It follows that we had also better not be able to find
a proof of this either. We have just established that — Py (k) must be false (since Py (k) is
true), and we are not supposed to be able to prove false propositions within the system !
Thus, neither Pg(k) nor — Px(k) is provable within our formal system. This establishes
Godel’s second incompletness theorem which states that no classical formal system of
mathematics can prove its own consistency [90].

Although it is very abstract, this theorem is closely related to non-recursive mathema-
tics. Indeed, if we accept that Py (k) is a perfectly valid proposition, we may simply add
it to our system, as an additional axiom denoted Gy. Of course, our new amended system
will have its own Godel proposition, say G1, which again is seen to be a perfectly valid
statement about numbers. Accordingly we adjoin G1 to our system also, and so on. Is the
resulting system with infinite system of axioms Go, G1, G2, G, ... complete 7 This conti-
nuing adjoining of Gédel propositions is a perfectly valid scheme and can be rephrased as
an ordinary finite logical system of axioms and rules of procedure. This system will have
its own Godel proposition, say G,,, which we can again adjoin, and then form the Godel
proposition G,,41, of the resulting system. Repeating, as above, we obtain a list G, Gi41,
Gu+2, ... of propositions, all perfectly valid statements about natural numbers, and which
can all be adjoined to our formal system. This is again perfectly systematic, and it leads us
to a new system encompassing the whole lot ; but this again will have its Gédel proposition,
say Gu+tw, which we can rewrite as G2, and the whole procedure can be started up again,
so that we get a new infinite, but systematic, list of axioms G2, Gua+1, Gua+2, --- leading
to yet a new system and a new Godel proposition G3. Repeating the entire procedure,
we get G4 and then G5 and so on. Now this procedure is entirely systematic and has its
own Godel proposition G 2. This procedure never ends. It was discussed by Alan Tiiring
in 1939 [199]. The insight whereby we concluded that the Gédel proposition Py(k) = Gy
is actually a true statement in arithmetic is an example of a general type of procedure
known to logicians as a reflection principle. There is a similarity between the argument
establishing the truth yet unprovability of Py(k) and the argument of Bertrand Russell’s
famous paradox : consider R the set of all sets which are not members of themselves. The
question is whether or not the Russell’s set R is a member of itself or not. If it is not a
member of itself then it should belong to R, since R consists precisely of those sets which
are not members of themselves. Thus R belongs to R after all, which is a contradiction.
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On the other hand, if R is a member of itself, then since itself is actually R, it belongs to
that set whose members are characterized by not being members of themselves i.e. it is not
a member of itself after all, which is again a contradiction (the most popular paradox is
the one of the ancient greek Epimenide which said that all greeks are liers.). Russel and its
collegue Alfred North Whitehead set about developping a highly formalized mathematical
system of axioms and selected rules of procedure so as to prevent the paradoxical types of
reasonning that led Russel’s own paradox. There is a strong thread of historical connec-
tion between Russel’s paradox, Godel’s theorem and Tiiring machines. Tiiring found his
argument after studying the work of Godel. Godel himself was well aware of the Russel
paradox, and was able to transform paradoxical reasoning of this kind, which stretches the
use of logic too far, into a valid mathematical argument. All these arguments have their
origins in Cantor’s diagonal slash argument which establishes by reductio ad absurdum that
there is no one-to-one correspondence between the real numbers and the natural numbers.
Nevertheless, the continum hypothesis of Cantor will never be prooved since Gédel showed
it is an undecidable proposition.

Let us come back to the last Fermat theorem in terms of a formal mathematical pro-
position F

F=-3w, z, 9, 2z€ N[z+ 1"+ (y+ 1) = (2 +1)v3].

One can ask whether or not we could establish that a computer algorithm which runs
through all the quadruples of numbers (w, x, y, z) one after the other until the equation
is satisfied would ever stop. If we could establish that this algorithm does not stop, then we
would have a proof of the Fermat assertion. It turns out that there is no algorithmic proce-
dure for answering the general question of the halting problem completely automatically,
as was showed by Tiiring. But this is not to say that in our individual case we may be not
able to decide the truth, or otherwise, of this particular mathematical statement. Perhaps
this statement could be proved by the exercise of ingenuity or thanks to arguments coming
from outside the system : it is not obvious that another branch of mathematics belonging
to geometry, analysis or algebra could not be the good point of view. Indeed, as was shown
by Andrew Wiles in 1995 [208], the proof of the theorem is issued from considerations on
modular forms rather than on algebraic equations : the proof is indeed mainly based upon
the Taniyama-Shimura conjecture, which asserts that "Every elliptic equation is a modular
form".

The modular forms were studied by the French mathematician Henri Poincar in the
nineteenth century and he had great difficulty coming to terms with their immense sym-
metry. These esoteric objects exhibit indeed infinite symmetry. For the sake of simplicity,
it is convenient to make a parallel with the trivial example of a square tiling. In case of
the square tiling we have an object which live in two dimensions, its space being defined
by the z-axis and the y-axis. A modular form is also defined by two axes, but the axes are
both complex. Modular forms therefore live in a four dimensional space called hyperbolic
space. This is this extra dimension which gives the modular forms such an immensely
high level of symmetry. The modular forms which live in hyperbolic space come in various
shapes and sizes, but each one is built from the same basic ingredients. What differentiate
modular forms is the amount of each ingredient it contains. The ingredients of a modular
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form are labelled from one to infinity (M;, Ms, Ms, ..., ) and so a particular modular
form might contain one lot of ingredient one (M), three lots of ingredient two (Ms), two
lots of ingredients three (Ms3), etc... This information describing how a modular form is
constructed can be summarized in a so-called modular series (or M-series) i.e. a list of the
ingredients and the quantity of each one required :

Mi=1,My=3, Ms=2, ...

The amount of each ingredient listed in the M-series is critical. Depending on how you
change the amount of, say, the first term you might generate a completely different, but
equally symmetrical, modular form, or you might destroy the symmetry altogether and
generate a new object which is not a modular form. If the amount of each term is arbitrarily
chosen, then the result will probably be an object with little or no symmetry. Modular forms
and elliptic equations live in completely different regions of the mathematics.

The elliptic equations date back to the ancient greeks and have nothing to do with
symmetry. The name "elliptic equations” or "elliptic curves" denotes algebraic equations
of the form :

V=a4a? +br+c,a b c, €k,

for in the past they were used to measure the perimeters of ellipses and the lenghts
of planetary orbits. While the fascinating thing about Penrose’s tiled surfaces is their
restricted symmetry, the interesting property of modular forms is that they exhibit infinite
symmetry. The modular forms studied by the Japanese mathematicians Taniyama and
Shimura can be shifted, switched, swapped, reflected and rotated in an infinite number of
ways and still they remain unchanged, making them the most symmetrical of mathematical
objects. The French mathematician Henri Poincaré dicovered their fascinating properties
at the begining of the century and hardly accepted that they were symmetrical in the
extreme. One can not imagine such objects since they live in a four-dimensional space
C x @ (hyperbolic space). Nevertheless, the english clergyman and shakespearean Edwin
A. Abbott (1836-1926) who published in 1884 the novel "Flatland, a romance of many
dimensions" under the pseudonym A. Square, described what life could be in such upper
dimensional space. The artist Mauritz Escher drawn a representation of the hyperbolic
space on a two-dimensional page (cf. figure 3.8).

More precisely, let us define an analytic function on the half-plane of Poincaré {z €
C, Zm(z) > 0}, satisfying certain monotony assumption on its boundary, and the following

f(“”b}) — e+ P (. o) €TOV)

equation

cz+d

where I'g(N) is the group of matrices with entries a, b, ¢, d € Z and whose determinant
is unitary. Such functions are modular forms invariant under the translation z — 2z + 1
and can therefore be expanded in Fourier series
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FiGURE 3.8 — Representation of two-dimensional creatures living in an hyperbolic space.

If f satisfy an adequate monotony condition on the boundary (parabolic modular form),
it appears that ag(f) = 0.

What is the link between modular forms and elliptic equations 7 The Shimura-Taniyama-
Weil conjecture claims that there exists an integer N > 1 and a parabolic form f, norma-
lized such that a;(f) = 1, satisfying

where p denotes the prime numbers of good reduction for the elliptic curve E (if the
reduced equation associated to E has no singularities on the finite corps Z/pZ with p
elements, F is said to have good reduction in p). For example, the elliptic curve defined
by the equation

which is equivalent to
3 2

v ty=2"—2%,
has good reduction in p for p # 11. Let N, be the number of solutions on Z/pZ of
the reduced equation. Then the sequence (ap(E)), defined as ap(E) = p — Np, where p
runs on prime numbers of good reduction, is a natural arithmetic invariant of the elliptic

2 _d =0, where d is an integer,

curve. In the particular case of the second order equation x
the primes numbers which do not divide 2d are of good reduction for this equation. For
such a p, N, equals 2 or 0, depending upon d is a square modulo p or not. Thanks to the
quadratic reciprocity law of Gauss, we know that this property of p solely depends upon
the congruence class of p modulo 4d, and the sequence NN, is therefore 4d-periodic. The
Shimura-Taniyama-Weil conjecture just claims that in the general case of elliptic curves,
the sequence (ap(E)), follows the same kind of rule.

During the autumn of 1984 Gerhard Frey, a German number theorist, claimed that if

the Fermat Last Theorem were wrong, the Shimura-Taniyama-Weil conjecture would be
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false. Considering the three whole numbers a, b, ¢, hypothetical solutions of :
a+ bt =",

thanks to a deft series of complicated manoeuvres Frey fashioned Fermat’s original
equation into :
y2 — 563 + (an _ bn)!IZQ — ap" .

which is an elliptic equation. By turning Fermat’s equation into an elliptic equation,
Frey had linked Fermat’s Last Theorem to the Shimura-Taniyama-Weil conjecture : Frey
prooved that his elliptic equation could never be modular, which invalidated the Shimura-
Taniyama-Weil conjecture. In other words, Frey’s argument was as follows :

(1) If (and only if) Fermat’s Last Theorem is wrong, then Frey’s elliptic equation exists.

(2) Frey’s elliptic equation is so weird that it can never be modular.

(3) The Taniyama-Shimura conjecture claims that every elliptic equation must be mo-
dular.

(4) Therefore the Taniyama-Shimura conjecture must be false.

By running his argument backwards, Frey had come to the conclusion that the truth of
Fermat’s Last Theorem would be an immediate consequence of the Shimura-Taniyama-Weil
conjecture being proved.

To prove this conjecture, Wiles had gone outside the system of arithmetics. The notion
of mathematical truth thus goes beyond the whole concept of formalism. Any particular
formal system has a provisional and man-made quality about it. Such systems indeed have
very valuable roles to play in mathematical discussions, but they can supply only a partial
(or approximate) guide to truth. According to Roger Penrose, real mathematical truth
goes beyond mere man-made constructions. The physicist takes therefore advantage to his
contact with reality to test whether its system is consistant or not.

3.6 Quasi-crystals versus homogenization

In this thesis, guided by physical experiments, we choose the point of view of Fourier
analysis to treat the mathematical problems under consideration ; but we may have chosen
a completely different point of view (a probalistic one, an algebraic one...). To be more
precise, the spectral properties of the Penrose patterns under consideration, first observed
by A. L. Mackay [134] using optical methods, exhibited the presence of sharp Bragg peaks
in the diffraction patterns, now identified as the expression of quasiperiodicity : the Fourier
transform of the measure defined as the sum of Dirac deltas at all the vertices of the tiling,
is a sum of weighted Dirac carried by a fractal set (see figure 3.9).

Therefore, we choose to make our study in the Fourier space since it seems to reveal the
deep nature of quasi-crystals. Furthermore, the very non-recursive nature of quasi-crystals,
coming from fractal set properties, is studied with a functional analysis point of view : one
may have thought to treat the problem from the point of view of the logician. Obviously,
all the problems arising in quasi-crystals, such as self-similarity and local-isomorphism,
are very present in all our study, but our general point of view is mainly based upon a
functional approach (except for the estimate of the corrector in chapter 5).
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F1GURE 3.9 — The Penrose lattice and its diffraction pattern.

Let us now develop the plan of the following chapter. In the introduction, we explain
what is the physical problem of scattering by a finite size quasi-periodic structure for the
long wavelengths limit : contrary to the periodic and random media, there is in fact a
competition between the size of the quasi-periods of the structure and the increasing wave-
length, during the process of homogenization (self-similarity of quasi-crystals). Whatever
large the wavelength is, it still remains in resonance with one of the quasi-periods of the
structure. The very nature of algebraic numbers and more particularly the "bad approxi-
mation" of the gold number by rationals allows the homogenization process to converge :
we can exhibit a homogenized structure with an anisotropic matrix of effective permittivity,
whose coefficients depend upon the resolution of problems of electrostatic type in the Fou-
rier space. In a first section, we set up in mathematical terms the physical problem under
consideration, thanks to the vector Maxwell system. We then state the general properties
of quasi-periodic functions in the sense of Bohr and Besicovitch : we can define an almost
periodic function f in the sense of Bohr as the uniform limit of a trigonometric polynomial
Py, of degree 7, € IN,

Jim 1Pn(y) = f(W)lloe =0

where for all m € IR and U € R, Py thewf Y. The main drawback of this
j=1
definition is that it just concerns continous functions. When dealing with measurable func-

tions, we must introduce the notion of almost periodic functions in the sense of Besicovitch.
For this, we define a linear functional L (called ergodic mean) on the set of almost periodic
functions in the sense Bohr :

L(f) = lim / e

T—+00 2T

The set of almost-periodic measurable functions f : R — C (in the sense of Besico-
vitch) coincides with the closure of the set of trigonometric polynomials for the following
norm :

JHm L(| Pa(y) = f(y) ) =0
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Keeping in mind that our aim is to study the diffraction by quasi-periodic structures
such as Penrose tilings, we introduce the notion of quasi-periodic functions issued from a
cut and projection of periodic functions in a space of higher dimension. A quasi-periodic
function f, : IR — @ issued from a cut and projection of a Y2-periodic function f(y, 2)
can be written as follows :

faly) = fy, ay) .

where « is a positive irrational number. We generalize this notion to almost-periodic
functions on IR, issued from a cut and projection of periodic functions on IR (m > 1) :

fam,l (y) = f(y7 ary, a2y, ..., Oémfly) )

1% L,
where the irrational numbers o; satisfy the condition — ¢ @, Vi # j. Let us denote the
Qj

set of such almost-periodic functions Q1,,. We then see that U Q1,m is actually dense

m>1
in the set of almost-periodic functions in the sense of Besicovitch (denoted by Bj). We

generalize the preceding results to almost periodic functions fr : R" —— @ issued from a
cut and projection of a Y™-periodic function f(yi,...,ym) :

fR(y17 --~7yn) - f(R(yh 73/71))

where R is a given matrix with m lines and n columns such that R'k #£ 0, Vk € Z™ \
{0}. We can see that these functions are dense in the Besicovitch almost-periodic functions
f:IR" — @, thanks to the Besicovitch identity (generalized Plancherel formula) :

. 1 2 2
1 - d —
Tlm (2T)n /|y|<T Hf(y)H 3 1?:1 HmkH )

o
where f(y) = Zxkeiwky, x € @ and w, € R™.
k=1
We then explain the link between the quasi-periodic measurable functions issued from

a cut and projection and quasi-crystals : the most important point is that we describe the
geometry of the quasi-crystalline structures thanks to their permittivity, which belongs to
the preceding class of functions. To conclude this section, we point out on two ambiguities
when defining a quasi-crystal thanks to the cut and projection method. The Penrose tilings
can actually be issued from a cut and projection of crystal lattices in IR* or IR® (in fact,
they may be issued from spaces of higher dimensions too) : uniqueness of the definition is
missing, since fr depends upon the choice of the matrix R. Furthermore, such quasi-crystal
structures are even issued from an infinity of periodic lattices in IR* or IR?. These paradox
are closely related to non-recursive mathematics.

In a second section, we introduce a notion of two-scale convergence relatively to the
R matrix, based on the following result (cf. proposition 2) : let 2 be a bounded subset of
IR" and Y =]0;1[™. If (u,) is a bounded sequence in L?(9), then there exists a function
ug(w,y) € L?(%Y; Lg(Ym)) (i.e. square integrable over 2 in the x variable and Y™ periodic
and square integrable over Y™ in the y variable) such that Vo € D(Q;C°(Y™)) (ie.
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infinitely differentiable function with compact support in £ in the x variable, and infinitely
differentiable with compact support in Y, Y™ periodic in the y variable)

. R(x
in_ [ @ple Sy o = [ oot dody
k—+o0 Jo u QJym
provided that R is a matrix such that R'k # 0, Vk € Z™ \ {0}. If the result holds, we
say that u,, two-scale converge towards ug (relatively to the R matrix), and we write :

Ei
unk ()

It is worth noting that this convergence highly depends on the irrational entries of the
R matrix. If n = 1 and m = 2, we take R' = (1, «), which satisfies the previous condition
if «v is irrational : Vo € D(; C§°(Y2)),

. X e
lim unk(fﬂ)@(%,Oz)d:UZ//2uO(:v,yhyz)sO(x,y1,yz)da:dy1dy2
QJY

k—=to0 Jo Nk Mk
The physical underlying idea is that we "scan" the basic cell Y2 (see figure 3.10) if the
slope of the subspace FEj| is irrational. For this, we translate every segment derived from
the intersection of the line of slope a (E)) with the basic cells of R?, on the basic cell
centered at the origin.

0 1 2 3 4

FIGURE 3.10 — A scanner for the basic cell Y?2.

We see that the two-scale limit of oscillating quasi-periodic sequences no more depends
upon the choice of R, which leads to an obvious physical interpretation : if u, stands for the
diffracted field by a quasi-periodic structure, there is no more ambiguity on the definition
of its two-scale limit wug, since it represents the diffracted field by an homogeneous body.

In the sequel, we will have to pass to the limit in uy vy dr where u, i3 ug and
Q

Uy iy vg. We therefore introduce a notion of strong two-scale convergence. We say that a
sequence (uy) in L%(€2) strongly two-scale converges to a limit ug in Lg(Q x Y™) (relatively

to the R matrix), and we write u, E» up, if and only if :
[l 20y = luo(; Y)ll 2@xym)

We then have a result of corrector type (proposition 5) : if u, E» uo(z,y)
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. x

| = [uo(z, Y)ll 2@ xym), it follows that [luy — uo(z, =) — 0.
L2() M L2

Concerning the convergence of gradients of such sequences, we make the study in Fourier

T
and ||ug(x, —
[[uo 77)

space, since the oscillations of a sequence (Vu,) cannot be expressed by means of the
gradient of a periodic function. We are thus led to introduce the space

Lr= {w Y™ | wy)= Y M BRIk, N € a:}
keZ™\{0}

which is a closed subspace of [Lf(Ym)]n (cf. lemma 6). It is worth noting that (\g)

is not necessary in (2, but solely verify Z | M 2| RT (k) |2 < 400, since | RT (k) | is
keZ™\ {0}

positive for all & € Z™ \ {0} but has no lower bound. Thanks to the very definition of Lg,

we can state the fundamental result on the convergence of gradients (cf. proposition 7) :

let (u;) be a bounded sequence in W12(Q). Then there exists ug € W12(Q) (i.e. square

integrable function of square integrable gradient over ), w € L?(£2, L) and a subsequence

(still denoted (uy,)) such that :

R
Uy = up(x)
Vu, Eid Vauo(z) + w(z,y, 2)

provided that R is a matrix such that R'k # 0, Vk € Z™ \ {0}. In the third section,
we extend the result of proposition 7 to the convergence of rotationals of vector valued

sequences. Let R be a matrix with m lignes and 3 columns such that R'k # 0, Vk €
Z™ \ {0}. We denote by Mg the closed subspace of [L?(Ym)]g :

Mp={we ™ | w) = > Avw R (k)™
keZ™\ {0}
where Ay, € @ and Ay, - RT(k) =0, ¥ k € Z™ \ {0}}

We establish, in corollary 8 that if {2 is a regular open bounded set of IR* and (H,) a
sequence in [L?(£2)]? such that :

(i) div H, = 0
p, =1 (i) sup/ (| H, >+ | rot H, |2) dz < +00
n Q
(¢49) Hy An is bounded in [H%(aﬂ)]

then (H,) is bounded in [W12(Q)]® and there exists Hy € [W'2(Q)]® and w €
L?(2, M) such that, up to a subsequence,
H, — Hy(z) in [L%(Q))?
v H, 2 v Ho(z) + w(z, y)

Thanks to this result, we can now make the asymptotic analysis of the vector Maxwell
system for the magnetic field :
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(i) rot( Lyot H. ) —KRH,=0 in[D/(R®)

(P ) — (i1) div 15@7 =0 in D'(IR?) i

e (7i7) H, O(I;‘) when | z |— 400 in [C®(IR?\ D)]?

(w) /\ rot Hd + zkHd = o(ﬁl‘) when | z |— 400 in [C®(IR3\ D)]3

where H¢ = H, — H' (H' is the incident field and H¢ is the diffracted field). It is worth

n n U
1
noting that the electric field is then deduced from the equation E;, = ——— rot H,,.
JWEOoEY

In theorem 9, we establish our main result : let L be the linear continuous mapping
defined for every matrix in @ by : Vv € @ , L(w) Av = (w — w)v. Let w be the
unique solution in Mg of the three variational annex problems (indexed by 2 € IR?) (PF),
ief{1,2,3):

P [ o e+ )] - [Lwl@)] dy = 0. vl €

When 7 tends to 0, the unique solution H, of the problem (Pfa) tends strongly in
L2 (IR3, @) to the unique solution Hy of the following problem (Pp) :

(1) rot{ ., Tot Ho(x)} — k2Ho(r) =0 in [D'(IR%)]3

Po =1 (i) div Hp(xz) =0 in [D'(IR3)]3 B
(iii) HY(x) = O(ﬁ) when | z |— 400 in [C®(IR? \2)]3
(iv) £ a1 A\ rot Hi(z) + ikH(z) = o(ﬁ) when | 2 |— 400 in [C*®(IR3\ D)]?

where the homogenized matrix 6}:017” is given for all x € IR3 by :

1 ) W)
“hom (¥) = /Ym 5(1’1, Y) W /Ym j%yy) A= <5(1701,3/)>Ym " <j$vyy) >Y"‘

B being the matrix defined by the three column vectors L(w;(y)) :

B(y) = (L(wi(y)) | L(w2(y)) | L(ws(y)))

It is worth noting that one cannot expect to obtain such a result by the use of matrices

which approximate that of the icosahedral structure : passing to the limit over n with
a matrix of rational entries and then approximating the R-matrix leads to the homoge-
nized problem of chapter 2 (periodic case). It is worth noting that dealing with metallic
quasi-crystals would lead to two successive problems of limits : the first one is related
to the approximation of irrationals by rationals and the second one is induced by the
approximation of infinitely conducting scatterers by conducting ones.

In the fourth section, we apply this result to the Penrose tilings and one-dimensional
quasi-crystals (quasi-periodic Bragg mirrors). Concerning the two-dimensional case, we
consider a quasi-periodic assembly of dielectric rods lightened in the polarizations E || and
H ||. In the first polarization, the result is trivial :
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AE(x) + Keers(x) B (x) = 0 L in D/(IR?)
EX () = o( ) , when | |— +o00 in C(R?\ D)

o el
(B@) = b5 (w)) = o( =) when | 2 [ +o0 in C(R2\ D)

vikl

where e.¢f(x) = {/3’2xy2 e(y,z)dydz ,ifxe€D
1 , elsewhere

Concerning the second polarization, we establish in proposition 11 that :
let wj, j € {1,2} be the unique solution in [LE(YZ)]2 of the following local problem

Q; : Find the projection of e; (constant function in [Lg(YQ)]Q) on Ly.

Then Hy is the unique solution in W12(Q) of the homogenized problem :
Pt —divs (e} (@) VHo(x)) = K Ho(x)

where z-:e_flf is the homogenized matrix given by :

1 1 1
ef1f< ) =< g >y Id + << gw1 >ya2, < g’wg >y2)

In the one-dimensional case, we establish in proposition 12 that the homogenized pro-
blem for the H || polarization is given by :

{ (< € >y2 17( )) (kg — 52 <! >y2)u(z) =0 , dans D,(]O; 1[)
(0) + iyu(0) = 0 u' (1) — iyu(l) = —2iye™

3.7 Inside the gold number

The Birth of Venus of the painter Sandro Botticelli (1446-1510) is the symbol of mystery
through which the divine message of beauty came into the world. The picture of Boticelli
forms a perfeclty harmonious pattern, so that we do not notice the unnatural length of the
neck of the Venus, the step fall of her shoulders and the queer way her left arm is hinged
to the body. We should say that these liberties which boticelli took with nature in order
to achieve a graceful outline add to the beauty and harmony of the design because they
enhance the impression of an infinitely tender and delicate being, wafted to our shores as
a gift from heaven. The Birth of Venus respects the same rules that the architecture of
monuments (Parthenon, Cheops pyramid...). L’Estaque of the painter Paul Cézanne takes
its beauty from the agencement of backgroung, middleground and foreground. All these
creations were thought in respect to the approximants of the Gold number.

The gold number 7 has a particular status. 7 is the positive solution of the algebraic
equation :

_r=1
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FiquRE 3.11 — These pictures of Boticelli and Cezanne were painted in conjonction with
the Gold number, as are some famous architectures.

One easily sees that 7 is the fixed point of the following sequence :
Up = Up—1 + Un—2

The rate of successive numbers 0, 1, 1,2, 3,5, 8, 13, 21, 34, 55 ... gives the
rational approximants of 7. This sequence was found in 1202 by Léonard de Pise (son of
Bonaccio, or "Filius Bonacci", hence the name Fibonacci sequence), although the ancient
Greeks knew about the Gold number for a long time. They used to compute the successive
powers of 7 thanks to the formula :

= 7_n—1 + 7_n—2

and hence had an empirical knowledge of the sequence of Fibonacci.

From this time, the Golden mean and its approximants appeared in various situations
in physics and notably in phenomena dealing with chaotic process (cf. Kolmogorov-Arnold-
Mozer theorem). Since the last decade, many physicists and among them Roger Penrose,
worked on the connections between the quasi-crystalline growth and the physics of chaos
[174] and in particular with its famous tiles. It sounds that this properties rely on the speed
of convergence of rational towards the algebraic numbers and in particular to that of the
Gold number. From these results, we know that the degree of irrationality of algebraic num-
bers involved in the slope of the cut-projection method will probably influence the result
of homogenization. We will see that the touchstone of homogenization of such structures is
a corrector type result (see proposition 3 of chapter 5) where we estimate the asymptotic
behavior of the error in conjunction with the properties of algebraic numbers. From our
result, we expect that this corrector lies between that of periodic structures (for the Gold
number) and that of random structures (Liouville numbers i.e. transcendantal numbers).
But, we have seen that the Penrose tillings and quasi-crystalline phases encountered in
nature can always been deduced from cut-projection methods involving the gold number
(Penrose tillings and icosahedral structures). Therefore, it sounds that the quasi-crystalline
phases can be homogenized in the same way as periodic structures.



Chapitre 4

Homogénéisation des quasi-cristaux
via une convergence
deux-échelles-coupe-projection

"Though it be madness, yet there is method in’t.” !
"Hamlet’, Act II, Sc. II, William Shakespeare

"Regis Tusfu Cantio Et Reliqua Canonica Arte Refotula"
J. S. Bach?

4.1 Introduction

A T’échelle atomique la matiére apparait comme éminemment hétérogéne mais I’expé-
rience quotidienne nous la montre plutot comme homogéne. En effet, des inhomogénéités
microscopiques peuvent “étre lissées” a l’échelle macroscopique (aspect fluide d’un sable
fin...). Les méthodes d’homogénéisation que nous allons employer s’inspirent de cette évi-
dence en faisant fondre a la limite les hétérogénéités au regard de la taille gigantesque de
la structure par rapport a celle des aspérités.

Nous considérons donc une structure éclairée par une onde monochromatique, dont
la longueur d’onde est grande devant les dimensions (diamétre) des diffuseurs. Avec de
telles hypothéses, on peut s’attendre a ce que le systéme physique considéré se comporte
comme si il était homogene. Il est en effet bien connu (Bensoussan, Lions and Papanicolaou,
1978 [18]) (Bouchitté and Petit, 1985 [37]) (Felbacq and Bouchitté, 1997 [72]) que si 'on
agence ces diffuseurs périodiquement, on peut remplacer la structure par une structure qui
peut s’avérer anisotrope dans le cas 2D. Des résultats analogues ont été obtenus pour des

1. 'C’est de la folie, mais il y a une méthode’

2. "A la Demande du Roi, le Chant Et le Reste Résolus selon ’Art Canonique" est une dédicace de .J.
S. Bach a "l'offrande musicale" écrite pour le Roi Frédéric. Les initiales des mots de la dédicace donnent
RICERCAR, mot italien qui signifie "chercher" ou désigne un type de fugue pour les érudits. Les 10
canons qui composent l'offrande ont un lien étroit avec le principe d’auto-référence et certaines suites
quasi-périodiques [113].
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matériaux 2D présentant une répartition aléatoire de diffuseurs, dans le cas de I’équation
des ondes (Garnier and Fouque, 1996 [84|). Notre étude porte, quant a elle, sur un domaine
qui ne rentre dans aucune des catégories que nous venons de citer : celui de ’étude de la
diffraction par des phases quasi-cristallines. Notre objectif est donc de remplacer un quasi-
cristal par une structure homogéne ayant les mémes propriétés diffractives a la limite des
grandes longueurs d’ondes. La difficulté de I’étude réside dans ce que la longueur d’onde,
quelque grande qu’elle soit, est dans le domaine de résonance de I’'une au moins des échelles
caractéristiques (quasipériodes) du cristal étudié.

Des résultats existent dans la littérature (Kozlov, 1979 [122], 1984 [124]) (Oleinik and
Zhikov, 1982 [169]) (Braides, 1985 [41], 1990 |40]) conduisant, quand le nombre de diffuseurs
tend vers I'infini, a la convergence du modéle vers un modéle homogénéisé avec une matrice
effective représentant les caractéristiques physiques d’un milieu homogéne équivalent. La
question pratique est la détermination de cette matrice effective, qui selon les résultats
théoriques précédemment cités, est obtenue par passage & la limite sur des problémes
élémentaires sur une cellule de taille IV, avec N qui tend vers I'infini.

Ici, nous nous proposons de donner une méthode de calcul ramenant les problémes
élémentaires sur une seule cellule de base mais sous ’hypothése particuliére que la structure
est engendrée par une coupe projection (suite de Fibonacci, Pavage de Penrose...). Le
chapitre est organisé de la fagon suivante :

Dans la section 2, on décrit la géométrie du probléme et le probléme de diffraction
indexé par le petit parameétre 7 (quasi-période).

Dans la section 3, nous rappelons des résultats classiques sur les fonctions quasi-
périodiques, et définissons une notion de fonctions quasi-périodiques construites par coupe-
projection.

Dans la section 4, on introduit une variante de la méthode de convergence & deux
échelles (Allaire, 1992 |2]) adaptée a la structure coupe-projection et démontrons des ré-
sultats de structure pour les limites de champs de gradients.

Ces résultats sont appliqués dans la section 5 ol nous établissons notre résultat principal
d’homogénéisation pour le systéme de Maxwell (cas 3D).

Dans la section 6, on particularise au cas d’une onde polarisée et d’un obstacle cylin-
drique (réduction au cas 2D et équations d’Helmholtz scalaires), puis au cas d’un milieu
stratifié (une étude qualitative du correcteur est donnée dans ce cas dans le chapitre sui-
vant).

4.2 Position du probléme de diffraction

On étudie la diffraction électromagnétique par des structures tri-dimensionnelles bor-
nées (ou bien cylindriques dans le cas polarisé), construites par adjonction d’un arrange-
ment "quasi-périodique" d’un grand nombre de diffuseurs identiques T;, (dont les dimen-
sions sont de l'ordre du petit paramétre 7) insérés dans un domaine fixe D qui sera dans
toute la suite un ouvert borné de classe C? de IR? ou IR®. Nous nous intéressons plus
particuliérement & des structures finies du type pavages de Penrose en dimension 2 : ces
pavages sont générés par deux losanges (dont les angles sont des multiples de %r et de
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rapport de surfaces égal au nombre d’or 7) & I'aide de régles de connexion ou "matching
rules". Ces pavages, qui présentent une symétrie d’ordre 5 interdite par la cristallogra-
phie, peuvent-étre obtenus par la coupe d’une structure périodique dans IR* ou IR? suivant
un hyperplan de pente irrationnelle qui s’exprime en fonction de 7 (méthode de coupe-
projection [66]|67], cf. annexe B). De méme, on peut générer 1’équivalent 3D des pavages
de Penrose, les icosaédres, qui sont des phases quasi-cristallines qui peuvent-étre obtenues
par la coupe d’une structure périodique dans IR® ou dans IR'2. Notre étude s’applique a des
profils de permittivité décrits par une fonction &, bornée et supérieure a 1 (les matériaux
rencontrés en pratique a profil de permittivitté continu ou constant par morceaux rentrent
dans ce cadre). Considérons par exemple une phase quasi-cristalline dans IR3, dont le profil
d’indice prend deux valeurs. Si on désigne par xp la fonction caractéristique de ’obstacle
diffractant D (xp = 1 sur D et 0 ailleurs), la permittivité relative en tout point de l'espace
sera définie par :

R(x)

n

en(z) = es(— = )xp(2) + (1 = xp)(z) (0)
oll & est une fonction mesurable bornée ]0; 1[°>-périodique sur R® (g4 € Lz (]0; 1),
un petit parameétre (quasi-période) et o R désigne un relévement linéaire de IR3 dans
RS (ou ]R12). Comme on le verra, ’analyse des oscillations de la suite &, quand n — 0
dépendra essentiellement du caractére irrationnel des coefficients de la matrice associée &
R. Notons que la fonction € est en général & valeurs complexes et vérifie 0 < arg(ey) <7
(Zm(ey) > 0). La zone ot Im(egy) > 0 correspond a la présence d’un diélectrique & pertes.

On éclaire I'obstacle diffractant D par un champ incident monochromatique (E*, H?)
dont la longueur d’onde A est grande devant les dimensions des diffuseurs 7;,. L’étude
mathématique consiste alors & étudier le champ électromagnétique en régime harmonique
(par convention la dépendance temporelle est en exp(—jwt)) qui est diffracté par 1’obstacle
D quand le petit parameétre n tend vers 0. Nous considérons donc la suite des couples
(Ey, Hy) solutions du probléme de diffraction Péi’H) associé & la permittivité ¢, définie
par (0) via l'obstacle D et la fonction &y :

(1) rot By + jwpoH, =0 , dans [D/(Rs)]s

DE,H) (2) rot H,, — jweoenEy =0 , dans [D'(R%))?
e (3) div(eyEy) =0 , dans D'(IR?)
(4) div(uoH,) =0 dans D/(R?)

Le champ électromagnétique cherché doit de plus avoir un comportement & l’infini
particulier. Les conditions de rayonnement de Silver-Miiller imposent au champ diffracté

(Eff,Hff) = (B, — E', H, — H") une décroissance en 2l uniformément pour toutes les
x
directions :
1 1
d __ d _
En - O(m) ) Hn - O(m)
(SM) 1 1
v Arot B 4+ ikEY = o(—) i/\rotHd+ik:Hd:0(—)
|z | ! R E N ! G
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Ces conditions appelées aussi conditions d’onde sortante (elles correspondent & une su-
perposition d’ondes planes sortantes), jouent un role fondamental en assurant l’existence
et I'unicité de la solution du probléme 735 o [51]. Dans le cadre de notre analyse asympto-
tique du probléme Prf&H, on considére un rayon R et un ouvert {2 tels que  := {| z |< R}
vérifie D C €. On fixe alors r < R de sorte que D C {| x |< r} C Q et on écrit la formula-
tion variationnelle associée a 73#7 2 sur Pouvert borné € indépendant de 7. Pour traiter la
convergence du champ diffracté (E4, H?), nous faisons alors appel a la forme intégrale de
(SM), appelée aussi formule de Stratton-Chu, valable pour tout | z | > r :

Elw)=iwp | Gla—y)EAmi ) ds+ | vG(a—y)(LAEy)) ds
(SC) ly|=r r ly|=r r
H(x) = —iweg / Gla —y)(L A Ed(y)) ds + / VG - y)(L A Hi(y)) ds
ly|=r r ly|=r r
1 etkol=|

ou G est la fonction de Green G(z) =

dr x|’

Si ’on considére des milieux dont la perméibillté o est constante (milieux non magneé-
tiques), le probléme de diffraction PéE’H) par la structure D caractérisée par le coefficient
e,(x) se raméne alors a chercher I'unique solution H, € L? (IR*, @*) (champ magnétique)
du systéme suivant (£, étant alors déduit de (2)) :

(i) rot( Lrot H ) —k¢H, =0 dans [D'(IR*)]3
i) (1) div Hn =0 dans D’'(IR?)
Pia _
" (#i1) H, O(El‘) quand | z |—= +oo dans [C®(IR?\ D)]?
(w) A rot Hd + zk:Hd = 0(|71‘) quand | z |— +oo dans [C®(IR?\ D)3

Pour Dexistence et 'unicité de la solution H, de P/  on se réferera a [51].

n,00

Dans le cas d’une onde polarisée, on peut envisager un obstacle cylindrique G = D X IR,
D étant un ouvert borné de IR?. Dans les cas transverse électrique (E) est parallele a
la génératrice du cylindre e3) et transverse magnétique (H, || e3), le champ diffracté
(Ed H d) (E, — E*, H, — H") vérifie les conditions de rayonnement de Sommerfeld :

Bl =0(—=) = 0(—1=)

e b,
. 1 , 1
(Bi - ko7t ) = "(\/m) ] - ko) = O(m)

Les relations de Kirchhoff-Helmholtz (cf. [51]) nous assurent que (.5) est équivalent & :

(5)

i) = /a (2= ) = 5 - 9B ds | dans €(R?\ D)

i) = [ [0 =970~ 5@ - )] ds | dans ©(R*\ D)

ou ® est la fonction de Hankel de premiére espéce ®(z) = i'H(()l)(k:0| x ).
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Les composantes du champ électromagnétique E;, et H,, sont solutions de deux systemes
d’équations aux dérivées partielles découplées :

2l

{ AE, + ke, E; =0 dans D'(IR?)
n,x

Eg vérifie (KH) . dans C*°(IR?\ D)

et

i (551 v Hy) = K3H, , dans D'(R?)
n,a

)

Hff vérifie (K H) , dans C*=(IR? \ D)

4.3 Rappels sur les fonctions quasi-périodiques

Pour les besoins de notre étude, il nous faut définir les différentes notions de fonctions
quasi-périodiques : contrairement & Kozlov [122][124], Oleinik et Zhikov [169] et Braides
[41][40], nous n’étudions qu’une classe particuliére de fonctions quasi-périodiques, en vue
d’une application pour des phases quasi-cristallines rencontrées en pratique.

4.3.1 Fonctions quasi-périodiques continues

Il y a plusieurs définitions équivalentes des fonctions quasi-périodiques, dont la suivante
qui est due & Harald Bohr [26] :
Définition :

Une fonction continue f : IR — IR est dite quasi-périodique si

Ve >0, dl. >0 tel que tout intervalle de longueur /. contient un réel a vérifiant
sup | f(z) — fz+a)|<e (1)
z€lR

Les nombres a sont appelés quasi-périodes de f, attachées a € et [. longueur d’in-
clusion. Il faut noter que toute fonction périodique vérifie trivialement cette condition,

ses quasi-périodes étant données par les multiples de sa période fondamentale.
Pour fixer les idées, nous montrons dans ’annexe B que la fonction f(z) = sin(27z) +
1+5

2
Plus généralement, on peut montrer que tout polynéme trigonométrique est une fonc-

2w
sin(2mrx) (01‘1 7 est le nombre d’or 7 = =1+ cos —) est quasi-périodique sur IR.

tion quasi-périodique continue. Par ailleurs, on peut montrer [17][26] qu'une fonction f
quasi-périodique au sens de Bohr est limite uniforme d’une suite de polynoémes trigonomé-
triques : soit P un polyndéme trigonométrique de degré r, € IN, défini pour xé‘ € R et
U;-L € IR par:

Th
ol
Poy) =) ale™s? (4)
j=1
Alors

[ Pa(y) = f(W)llso =0

lim
h—o0
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De plus, les fonctions quasi-périodiques au sens de Bohr sont uniformément continues
sur IR. En effet, se donnant un réel € et sa longueur d’inclusion [. associée (4), soient deux
réels t1 et to tels que |1 —t2 | < l.. Ils appartiennent & un méme intervalle [y , v + [.]
qui contient une presque période a.. Par conséquent, t; — a. et to — a. appartiennent
a un méme intervalle [—l. , l.] dans lequel f(z) est uniformément continue. On peut
donc trouver un nombre d. tel que, si | (t1 —7)—(ta—7)| = |t1 —t2| < de, on ait
| ft1—7)— flta—7) | < g De la continuité de f, on déduit que :

| () = flt) [ < f(t) = ftr—7) [+ ftr—7) = flla = 7) [+ ] fla = 7) = f(t2) | <&

4.3.2 Fonctions quasi-périodiques mesurables

L’inconvénient de la notion de quasi-périodicité au sens de Bohr est qu’elle exclut
les fonctions constantes par morceaux, qui apparaissent naturellement dans les structures
cristallines (en particulier les multi-couches fabriqués avec la suite de fibonacci). Il existe
plusieurs généralisations (dues a Besicovitch, Stepanoff et Weyl) de la définition de fonction
quasi-périodique continue aux fonctions présentant des discontinuités. Dans chacune de
ces généralisations, ’ensemble des fonctions quasi-périodiques est donné par "adhérence de
I’ensemble des polynomes trigonométriques pour une norme donnée. L’argument de densité
invoqué dans chacune de ces généralisations utilise de maniére essentielle ’existence d’une
fonctionnelle linéaire L (appelée moyenne ergodique) sur I’ensemble des fonctions quasi-
périodiques au sens de Bohr :

T—+oo ﬁ

T
L(f) = lim - / )y

On peut structurer 'espace des fonctions quasi-périodiques au sens de Bohr (1)en espace
vectoriel normé non plus avec la norme de la convergence uniforme, mais en posant :

P

IF @, = (L(I fy) Ip)> (%)

Définition :

Pour tout p > 1, on note BP(IR,IR) (espace de Besicovitch) le complété des fonctions
quasi-périodiques au sens de Bohr (ou bien des polynomes trigonométriques) pour la norme
1 [l

Remarque :

Il est important de noter que les éléments de BP sont des fonctions mesurables mais
non continues a priori (il existe des suites de fonctions quasi-périodiques continues qui sont
de Cauchy pour la norne de LP, dont la limite n’est pas quasi-périodique continue).

Propriétés :

1) 11 est facile de vérifier que la forme linéaire L se prolonge de maniére unique en un
élement du dual de BP et que la formule (x) est encore vraie pour tout élément de BP.
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2) Pour tout 1 < p < 400, BP est un Banach réflexif. Pour p = 2, le produit scalaire
défini par :
V(f,9) € B> x B*, (f,9) = L(f3)

associé la norme quadratique, procure a B? une structure d’espace de Hilbert (Besico-
vitch, 1932 [23], Braides, 1990 [40]).

Plus généralement, si (X, ]/ -]|) est un espace de Banach complexe, on dit qu'une
fonction mesurable f : R" —— X est (Besicovitch) quasi-périodique, et on note f €
BP(IR"™, X), s’il existe une suite de polynomes trigonométriques Py, (du type (4)) telle que :

Tim L(|Pu(y) — f)]1") = 0 5)
—00
L’espace BP(IR", X)) est alors muni de la norme suivante :

1
p

1F@)ll, = (L(Hf(y)llp)>

4.3.3 Suites quasi-périodiques

On cherche maintenant & étendre la notion de quasi-périodicité aux suites numeériques.
On pense en premier lieu & définir une suite quasi-périodique a partir d’une fonction quasi-
périodique f sur IR telle que f(n) = un, Vn € Z. Une suite (), .z de nombres réels est
alors quasi-périodique si Ve > 0 il existe un entier NV tel que parmi N entiers consécutifs,
on puisse trouver un entier a tel que :

Sup | 7 — Tora | < €
nez
On note alors qu’une suite quasi-périodique prenant un nombre fini de valeurs ne sa-
tisfait pas ce critére. En particulier, la suite de Fibonacci ne rentre pas dans ce cadre. Un
critére moins restrictif de quasi-périodicité pour une suite (u,) est alors d’exiger que pour
tout couple (I,n) € Z x IN,, il existe un entier N > 0 tel que

VkeZ, i€k k+ N] tel que x4 =g, Vj€{0,...,n—1}

Une autre maniére d’exprimer ce critére de quasi-périodicité est de raisonner en terme
d’alphabet : la suite de Fibonacci peut par exemple étre générée par la succession de deux
lettres A et B :

up = A,u; = AB,us = ABA,u3s = ABAAB,us = ABAABABA...

Les mots de I’alphabet sont les ensembles de lettres générées par u;, Vi € {1,...,n}. Le
critére se reformule alors de la maniére suivante : la suite (uy,) est quasi-périodique si pour
tout mot de (uy,), 'espace séparant ses différentes répliques est borné. On montre que (uy,)
vérifie bien ce critére. On remarquera ’absence d’une succession AA ou BBB : on définit
ainsi une grammaire pour 'alphabet associé & (uy). On retrouve cette propriété dans les
regles de sélection permettant de générer un pavage de Penrose.



104CHAPITRE 4. TWO-SCALE APPROACH TO QUASI-PERIODIC HOMOGENIZATION

Dans la pratique quotidienne des quasi-cristaux, le physicien a, en fait, accés & la donnée
d’une succession quasi-périodique de deux couches d’indices optiques différents dont le
rapport des épaisseurs est 7. Ce pavage de Penrose uni-dimensionnel appelé empilement
multi-couches est généré a partir de la séquence précédente (ou A et B désignent les couches
d’épaisseurs a et Ta). Par ailleurs, on peut définir la position de la niéme couche par rapport
& une origine par la relation :

Tp =na + EE(E)
T

E(x) désignant la partie entiére de z € IR. On note de plus que la structure quasi-
périodique est générée par une procédure itérative dite de déflation : Une couche épaisse
A est transformeée en une couche épaisse et une couche mince AB. Si la séquence d’itérations
commence par une couche épaisse, la succession de couches sera alors ABAABABAA....
Par déflation de cet empilement infini, on obtiendra le méme empilement constitué de
couches plus petites, i.e. la structure obtenue est invariante par un changement d’échelle
donné (auto-similarité).

4.3.4 Fonctions quasi-périodiques type coupe et projection

Les résultats d’homogénéisation connus dans le cas de milieux quasi-périodiques (cf.
[122][124][169][41][40]) font, en fait, toujours référence a un tenseur effectif dont les com-
posantes sont obtenues en considérant des limites de problémes élémentaires sur des cubes
dont la dimension tend vers l'infini. Autrement dit, ’existence d’un tenseur homogénéisé
est établie de fagon abstraite en utilisant des résultats de type ergodique, mais le calcul
effectif de ce tenseur n’est pas réalisable en pratique.

Ici, nous utilisons la structure particuliére des fonctions quasi-périodiques au sens de
Besicovitch (& valeurs dans X = € ou X = @%) deduites par coupe-projection dune
fonction périodique dans IR™ (m > n), pour tenter de ramener toute notre analyse asymp-
totique & la cellule élémentaire Y™ = ]0; 1[™. Pour fixer les idées, nous allons d’abord
commencer par ’exemple le plus élémentaire de fonctions quasi-périodiques au sens de Be-
sicovitch, savoir les fonctions de IR dans @€ pour lesquelles la dimension de périodicité vaut
2. Suivant Duneau et Katz [66][67], cette classe particuliére de fonctions quasi-périodiques
peut étre générée de la maniére suivante : Soit Z? le maillage de IR? et (O, 21, 22) le repére
qui lui est attaché. Pour ce faire, on consideére le repére (O, e1, e2) déduit de (O, z1, z2) par
une rotation d’angle @ (cf. 3.6). Soient alors F) et E| deux sous-espaces orthogonaux de
dimension 1 de IR? représentés par les droites portées par les vecteurs e et es. L’ensemble
dénombrable des points de Z? peut-étre projeté orthogonalement sur la droite E). Quand
la pente a = tan ® de E) est rationnelle, la projection des points de Z? est un ensemble
discret de points répartis périodiquement sur Fj. En revanche, si la pente « est irration-
nelle la projection des points de Z? est un ensemble de points qui est dense dans E). Sil'on
veut subdiviser la droite E en intervalles de mesures non nulles, il faut alors restreindre
la projection aux points de Z? dont la distance a la droite E) est inférieure a une valeur
donnée. On considére alors une cellule unitaire Y2 (appelée fenétre de sélection) que I’on
translate suivant la direction du vecteur e, et on obtient une bande B qui contient les

1
points de Z? dont la distance a la droite E)| est inférieure a 7 Les projections orthogonales
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des points de B N Z? sur E|| générent alors une suite quasi-périodique de deux types de
segments dont le rapport des longueurs vaut o~ !. Par ailleurs, la projection orthogonale
de Z? sur E| étant dense si la pente o de Ej est irrationnelle, il est clair qu’il y a une
infinité de translations de Z? dont les points contenus dans la bande de coupe-projection
B peuvent étre projetés sur £). On a donc une infinité de copies du pavage initial de E).
On en déduit une propriété importante des pavages quasi-périodiques issus d’'une coupe-
projection baptisée "isomorphisme local" par Duneau et Katz dans [66][67] : toute partie
finie d’un tel pavage apparait une infinité de fois dans tout pavage défini par une bande
avec la méme pente irrationnelle. On ne peut donc pas différentier deux pavages de Pen-
rose par une quelconque de leur parties finies : on parle alors de classes d’équivalence des
pavages de Penrose. Nous reviendrons sur ce point fondamental un peu plus loin. En pra-
tique, cela signifie que si ’on se donne une structure quasi-cristalline, il n’y a pas unicité
de la matrice de relevement. On verra dans la suite que cela n’induit pas d’ambiguité sur
le calcul de la structure équivalente a la limite des grandes longueurs d’onde. On génére
ainsi une fonction f, quasi-périodique dans IR par coupe-projection & partir d’une fonction
f(y,2) ]0;1[x]0; 1[-périodique dans IR? par :

fay) = f(y,ay) .

On généralise sans peine ce procédé & des fonctions quasi-périodiques
fam,l (y) = f(y7 ary, agy, ..., Oémfly) 5

Qy . . . .
oit les irrationnels o; vérifient la condition — ¢ @, Vi # j. Ces fonctions quasi-
"

J
périodiques sur IR sont alors issues de la coupe-projection d’une fonction périodique dans

IR™ avec m > 1. On montre que la classe de telles fonctions quasi-périodiques est alors
dense dans les fonctions quasi-périodiques sur IR : appelant spectre de f ’ensemble

o(f) ={w e R, L(f(y)e ™) # 0},

3 H. Bohr a en effet remarqué que o( f) était un ensemble dénombrable (fini ou non). Notant
alors wy, les valeurs discrétes de w, il a démontré une formule de Plancherel généralisée aux

3. 1l existe un opérateur linéaire continu P dont les e ~*“*¥ sont les fonctions propres et les x les valeurs
propres associées. En effet, définissant la convolution en moyenne sur les fonctions quasi-périodiques conti-
nues comme h(y) = f*g(y) = L(f(y — s)g(s)), Vopérateur P défini par Pg = f * g est un endomorphisme
sur les fonctions quasi-périodiques continues. La continuité de P résulte de la majoration suivante :

1Pglloe = sup [ h(s) | < sup| f(s) |sup|g(s) | = Ifllllgll
s€R s€R s€R

Par ailleurs, 'opérateur linéaire P admet pour fonctions propres des exponentielles e’“¥ :

L(f(y = $)e™) = L(f(s)e™ ™) = €V L(f(s)e ")

On note alors que L(f(s)e™™*) est nul sauf pour w = wi € o(f); auquel cas z = L(f(s)e™"**) est le

coefficient de Fourier-Bohr correspondant. On a donc

P(eiwkS) — mkeiwks
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fonctions quasi-périodiques continues [27] :

L( 1) Z\m

oit les x, = L(f(y)e ™“*¥) sont appelés coefficients de Fourier-Bohr et les wy, les pulsa-
tions propres de la fonction f quasi-périodique continue. Dans le cas particulier des fonc-
tions quasi-périodiques issues d’une coupe-projection, les wy sont générés par un nombre fini
de pulsations incommensurables. En d’autres termes, pour ces fonctions quasi-périodiques,

pour tout entier k il existe un nombre fini de réels incommensurables @1, Ws, ..., Uy et un
nombre fini d’entiers I(1, k), (2, k), ...,{(m, k) tels que :

Wi = Z l(]v k‘)(:)
7=1

La fonction quasi-périodique fi(y) = sin(2my) + sin(277y) est par exemple issue d’une
coupe projection de la fonction fi(y,z) = siny + sin z périodique dans IR%. Au contraire,

ei\/27r\k\y
la fonction quasi-périodique fo(y) = T
keZ

On peut étendre les résultats précédents aux fonctions quasi-périodiques de IR™ dans X

n’est issue d’aucune coupe projection.

espace de Banach, issues d’'une coupe-projection généralisée dans IR™ avec m > n. On
génére ainsi une fonction fr quasi-périodique dans IR™ par coupe-projection & partir d’une
fonction f(y1,...,Ym) Y™-périodique dans IR™ par :

fR(yla 72/71) = f(R(y17 7y7’b))

ol R est une matrice & m lignes et n colonnes satisfaisant la condition R'k # 0, Vk €
Z™\{0}. On étend la formule de Plancherel généralisée précédente au complété B2(IR™, X)
des fonctions quasi-périodiques continues de IR dans X (identité de Besicovitch qui est &
rapprocher de (5) pour p = 2) :

. 1
TlgTéo(QT)n/| £ ()||? dé = Zumku

ou f(y Zxke“‘”@y zr € X et w, € IR™
k=1
On montre que I’espace des fonctions coupe-projection fg, est alors dense dans B2(IR"™, X)

pour la norme quadratique, a I'aide de I'identité de Besicovitch.

4.3.5 Meéthode de coupe et projection

Ces résultats sont & la base de la méthode de coupe-projection généralisée initialement
et indépendemment proposée par plusieurs auteurs dont M. Duneau et A. Katz [66][67].
La séquence de Fibonacci est ainsi la coupe d’une structure périodique dans IR? suivant
une droite de pente 7!, Son équivalent bi-dimensionnel, le pavage de Penrose, est la coupe
d’une structure périodique dans IR* ou IR®. En ce qui concerne les phases quasi-cristallines
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icosaédrique-rhomboédrique de 'alliage Algs.sFe12.5Cu24 (cf. [153]), elles sont issues d’une
coupe-projection dans IR® d’un réseau cubique (certains auteurs en donnent aussi une
coupe-projection dans IR1?).

Par analogie au cas uni-dimensionnel, on considére ainsi E| le sous-espace dans lequel
est définie la phase icosaédrique et E| son sous-espace orthogonal dans IR® :

IRGZE”@EJ_

Soient X = (X1, ..., X¢) un point de IR et x| = (z1,72,73) (vesp. v1 = (24,75, 76)) un
point de Ej = IR? (resp. F). La matrice de projection orthogonale M, qui conduit a la
phase icosaédrique est alors définie par une opération de rotation qui fait passer du repére
lié au réseau cubique a celui attaché aux sous-espaces orthogonaux Ej et E :

(2, 21) = M7 (X)

T 0o -1 7 0
T 0 1 T 0o -1
1 o 1 7 0 -1 7 . 1++5
avec M, = ——— ouT=
2(1 +2) -7 1 0 T 1 0 2
1 0o —7 1 0 T
0 -7 1 0 T 1

On vérifie trivialement que la matrice M, est bien orthogonale, un de ses pseudo-
inverses a droite étant donné par sa transposée. Par ailleurs, la phase icosaédrique est
donnée en pratique par la projection des points de Z°® dans E = IR? associée & la matrice

P, suivante :
1 1 0 -1 71 0

Pr=— T 01 7 0 -1
2042\ 001 7 0 -1 7

Notant que 72 = 1 + 7, la matrice R, ci-dessous est I'un des pseudo-inverses a droite
de P- :

1 T 0

T 0 1

no— 1 0 1 T
V22| 1 om0
T 0 -1

0o -1 7

Noter que la matrice M, étant de rang 3, le choix de P; est arbitraire. On doit donc
en toute rigueur définir une classe d’équivalence de matrices de projection Pr, donc de
matrices R;. Cette ambiguité apparait clairement comme une conséquence du choix ar-
bitraire des vecteurs de base de Ej dans la construction de la matrice M. (a rapprocher
de la propriété d’isomorphisme local des pavages apériodiques, dont parlent M. Duneau
et A. Katz). Le quasi-cristal mono-dimensionnel est le seul qui échappe a Cette' régle : en

. . P N P s N n: .
dimension supérieure & un, les vecteurs d’'une base de IR" sont déterminés a 5 rotations
prés.
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Dans la suite, nous n’aurons besoin, en fait, que de la. donnée de la matrice R, dite
matrice de relévement. En effet, dans la pratique, grace a des considérations de symétries
sur des clichés de diffraction en rayon X (pseudo-réseau réciproque), le physicien a acces
aux caractéristiques opto-géométriques d’une phase quasi-cristalline, autrement dit, a la
donnée de la matrice de relévement. La matrice de permittivité de 'alliage Algs 5 Fe12.5Cuaq
se met ainsi sous la forme :

€(ZE1,$2,$3) = 6ﬁ(X1,X2,X3,X4,X5, X6) = €ﬁ(RT($1, s, .1/‘3))
= g4(nr (21 + T22), N (T21 + 23), N7 (T2 + TT3),
nr(—x1 + 7x2), N (721 — 3),Nr(—x2 + TX3))

oll n, est la constante de normalisation et ey € LEO(YG).

1
NeeR)

Remarque :

Il s’avére que de nouveau, il peut y avoir une ambiguité. Par exemple, dans le cas de
lalliage Algs.5Fe12.5Cu24, on note que 'on peut aussi définir la permittivité a partir d’une
coupe-projection de IR'? dans IR? (cf. [66][67]) :

e(w1, w2, 23) = e3(Rr (w1, 22, 23)) = €4 (R (21, 22, 73))

ou R/ est une matrice a 12 lignes et 3 colonnes et 6& € L§°(Y12). Nous verrons dans la

section suivante que le résultat d’analyse limite est, en fait, indépendant de la matrice de
relévement R, pourvu qu’elle soit du type "coupe-projection" i.e. RLk # 0, Vk € Z™\{0}.

Dans la section suivante, nous allons définir une notion de convergence adaptée aux

fonctions oscillantes quasi-périodiques, issues d’une telle coupe-projection.

4.4 Convergence a deux échelles coupe-projection

4.4.1 Remarques préliminaires

Il est facile de vérifier que des produits de fonctions trigonométriques dont les rapports
de périodes sont irrationnels ont des moyennes ergodiques décorrelées i.e. que la moyenne
ergodique du produit de telles fonctions soit le produit de leurs moyennes ergodiques. Plus
généralement, on établit le résultat suivant :

Lemme 0

Soient f et g des polynomes trigonométriques 1-périodiques sur un ouvert borné € de
IR. Pour tout irrationnel o > 0, on a alors la convergence suivante dans L () *-faible :

gt ([ s ) ([ o))

Remarque :
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On généralise sans peine le résultat précédent & des polynomes trigonométriques f1, fo,
..., ft 1-périodiques et des irrationnels oy, as,

ey . > 0 tels que %EIR,T\CQ,VZ’ # j.
Q
On a alors :

fi(naax) fo(nasx)... fr(nagz)— /fl ) dy /fz dy /fk dy

Démonstration :

On considére des fonctions f et g de type polyndomes trigonométriques en y
= Z fre® ™ et g(y) = Z giemt
kEZ I€Z,
|k[<ko

lt<lo
Le produit f(y)g(ay) s'écrit dans ce cas :

f(?/)g(ay Z Z fkgl6217ry (k+al)

I€Z keZ
l<lo [k|<ko

La suite f(nx)g(anz) bornée dans L>°(2) admet donc au moins une valeur d’adhérence

pour la topologie x-faible. Il suffit de montrer que celle-ci est unique et coincide avec la
1

1
constante = fogo = (/ f(y) dy> (/ 9(y) dy). Pour cela, il est suffisant de prouver la
. 0 0

convergence sulvante :
lim

b
n—H—oo/a f(nz)g(nz) dr = fogo(b — a)

pour tout intervalle |a; b[C Q. Quitte a effectuer le changement de variable z —

T —a
on
—a
se raméne a faire le calcul sur un intervalle ouvert  =]0; 1[. On obtient :
1 1 n
| fowg(ansyds = [ rwygtanay= 3 Y- / frgiemviad gy (p1)
0 v Jo IEZ ke
[1|<lo |k|<ko
sin(max
Notant alors sinc la fonction sinus cardinal définie par sinc(z) = (mz) sur IR, et
g
prolongée par continuité & 1 & I’origine, on obtient
n
lim 1/ o2imy(k+al) dy lim 1 1 [62i7ry(k+al)]n
n—+oon Jo n—+oo n 2im(k + al) 0

_ im(k+al)n
ngrfoo e sinc((k + al)n)

Par ailleurs, si o € IR;\ @, nous sommes assurés que k+al # 0, V(k,1) € ZxZ\{0,0}
Il s’ensuit que :

1 /"
lim / e2my(ktal) gy — 5069 (P2)
n——+oo N 0
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ou 5? = 1sii=j et 0sinon. De (P1) et (P2), on tire alors que :

1 n
. T l 2imy(k+al)
ngrfoo/o f(nz)g(anz)de = nggloo E g n/o frgie dy

l€eZ keZ

1<l |k|<ko
1 /™
_ Z Z fkgz< lim — p2imy(k+ad) dy)
n—+oo n 0
I€Z  keZ
<l |k|<ko

= fogo
4.4.2 Définitions et propriétés

Dans une premiére étape, il nous faut adapter les techniques double-échelle intro-
duites dans [2]. Nous introduisons alors un concept de convergence a deux échelles coupe-
projection relativement a une matrice R pseudo inverse & droite d’une matrice de coupe
projection P de IR™ dans IR". Dans toute la suite, R sera donc une matrice a m lignes et
n colonnes (m > n). Par analogie au cas classique [2], notre objectif est d’approcher une
suite oscillante u,(z) par une suite de fonctions pseudo-périodiques de la forme ug(x, @)
ou ug(z,.) est périodique sur IR de période 7. Au préalable, nous devons nous assurer
que si g est un polynéme trigonométrique, alors la fonction quasi-périodique f = go R de
moyenne [¢], admet [g] comme moyenne ergodique i.e. :

1
U = iy [ S = (*)

Dans la section précédente, nous avons remarqué par ailleurs que la matrice de reléve-

ment n’était pas unique. On léve cette ambiguité en notant que la propriété (x) est en fait

indépendante, pour P donné, du choix du pseudo-inverse R tant que R vérifie la condition :
RTE#0, Vk e Z™\ {0} (0)

En effet, on a :
Lemme 1

Soit R : R"™ — IR™ (m > n) telle que (0) est veérifiée. Alors, (*) est satisfaite pour
tout g polynoéme trigonométrique sur IR™.

Preuve :

Soit g un polynéme trigonométrique sur IR™ défini pour tout k& multi-indice dans Z™
par :

Vy e R™ 7 g(y) _ Z Ckeink-y
|k|<ko

Notant que pour tout k € Z™ et pour tout x € R™, on a :

4 1 .
2imk-R(z) — 2ink-R(x)
Le ) = /]_T;T[n ‘ e

n T

1 1 :
— 1 77[ QZW(]CZRZ]‘LE]'):|
Tirfoojl;[l (2T) 2inky Ry, L 7
n
Plm ] sinc(2k Ry;T')
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sin(mz)

ou la fonction sinus cardinal est définie par sinc(x) = sur IR, et prolongée par

T ,
continuité & 1 a l'origine. Sous la condition (0), on a clairement L(e*™*£(®)) =0 | Vk ¢

Z™\ {0}, ce qui implique que :

L(f) = ) CpL(*™ W) = CyL(1) = [g]
|k[<ko

(QED)

Ce résultat nous conduit & définir une notion de convergence faible a deux-échelles
relativement & une matrice de relévement R telle que R'k # 0, Vk € Z™ \ {0} :
Définition :

On dit que la suite (u,) converge & deux échelles relativement & R vers la fonction
up € L2(Q x Y™) si :

v e D CErm) .t [ ueele, N ydo = [ wo)ete ) dady @

R
ce que l'on notera u, — uo.

Nous sommes maintenant en mesure d’établir ’existence de telles limites lorsque la
suite (u,) est bornée dans L?(12).

Proposition 2

Soit R une matrice satisfaisant ’hypothése (0). Soit Q un ouvert borné de R™, Y™ =
10; 1[™ et (uy) une suite bornée dans L*(S2). Alors 3Iny, suite tendant vers 0 et Jug(z,y) €

L2(Q x Y™) (Y™-périodique en y) tels que up, £l uo.

Remarques

1) Soient « un irrationnel > 0,  un ouvert borné de RN et YN =10;1[". Désignant
par R la matrice qui a tout vecteur z de R™ associe le vecteur R(z) = (z, ax) de RN xIRY,
on déduit de la proposition 2 le résultat suivant :

Soit (uy;) une suite bornée dans L?($2). Alors 3, suite tendant vers 0 et Jug(z,y,z) €
L2(Q x YN x YN) (YN-périodique en y et en z) tels que Vo € D(Q; (ijo(YN))2),

lim U, () (2, i,ai)dx = /// uo(z,y, 2)p(x,y, z) dedydz
Q U QXY NxYN

k—+o00
En effet, a étant irrationnel, on a R (m,n) =m +an #0,Y (m,n) € Z¥ xZV\{0,0}.

2) Il est important de noter que le théoréme est faux si il existe k € Z™ \ {0} tel que
R'k = 0. En effet, dans 1), prenons la suite constante uy = 1 et par exemple o = =, p € IN*
p

et ¢ € IN. Alors, Yo € D(; (C(YV))?)

) R(x) 1 / / D
lim x, der = — x,y,—y)dy ) dr = /// x,y, 2) dr p(dydz
n—0 ng( n ) gV Q< qYN #l q ) ) OXYNxYN #l ) ( )

otl it est une mesure portée par la diagonale de YV x YV définie par :
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e C x YY), <) o= [ e ) dy
YN
Clairement, il n’existe pas de fonction ug(z,y, 2) telle que

i [ ot e = [ [ [ wo(, 9, 2)p(z, 9, 2) drdydz
n=0 Jo n QxYNxYN

puisque le second membre de cette égalité est associé a une mesure étrangeére a u.

3) Comme cela sera précisé dans la proposition 5 ci-aprés, la limite & deux-échelles
(coupe-projection) 1y contient plus d’information qu’une limite L2-faible classique : la
convergence a deux-échelles agit comme un filtre sur certaines oscillations de la suite consi-
dérée, qui sont alors restituées dans la limite deux-échelles.

Démonstration
Cette proposition se démontre & ’aide de 2 lemmes préliminaires.
Lemme 3

Soit R une matrice satisfaisant (0). Soit Q un ouvert borné de R™ et Y™ =10; 1[™. Soit

@ € Cy(Y™)) et la suite de fonctions p, définie par ,(x) = go(R;x)) Alors ¢y converge

*_faiblement dans L*°(Q) vers la fonction constante [p] := / o(y) dy.

Démonstration du lemme 3

Le résultat est immeédiat pour une fonction de type polynome trigonomeétrique en y i.e.

pour

o(Ry) = Y ™R

kezZ™
|k <ko

En effet, ¢, s’écrit dans ce cas :

o) = o) = 3 gy

N keZ™
|k|<ko

24T t(k)

Par hypothése, R'k # 0, Vk € Z™ \ {0}, par conséquent e 7
vers 0 pour k € Z™ \ {0}. On en déduit que :

“* converge faiblement

VU(z) e C(Q), lim [ @u(x)¥(z)de = /QCO\I/(:JU) dr = /Q\I/(x) d:c(/mLp(y) dy)

n—0 [¢)
Le cas général s’obtient par approximation : soit ¢ € Cy(Y™), § > 0 et ¢ un polynéme trigo-

nométrique tel que sup | @ — ¢ | < 4. Soit ¥ € C(Q,RT). Posons I, = / op(2)V(x) dx.
yeym Q

Comme @ est un polynéome trigonométrique, il converge vers sa moyenne [p] = / o(y) dy.
D’ou

V6 >0, ([¢]— 5)/ U(z)dz < liminf I;, <limsup I,, < ([¢] +5)/ U(x)dx
0 n—0 n—0 Q
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Or [ [@] = [¢] |< sup | ¢ — ¢ |< 6, ce qui assure que
yeym

([¢] — 25)/ U(z)dx <liminf I, <limsup I, < ([¢] + 2(5)/ U(z)dx
Q n—0 n—0 Q

Ceci étant vrai Vé, on en déduit que pour toute fonction continue ¥ positive

lim [ ¢, Vdx = [go]/ U dx
n=0Jq Q

La convergence précédente s’étend immédiatement au cas ¥ € C(Q2), puis du fait que
(¢n) est bornée dans L>(12), a tout ¥ € L1(Q).

(QED)

Lemme 4
Soit R une matrice satisfaisant (0) et ¢ € L*(Q, C4(Y™))
(i.e. / (sup | o(z,y) |)?dz < +oo), alors :
Q yeym
. R(z), 2
i [ oo S ar= [ ot P sy it
Q Qxym

n—0 n

~—

Remarque :

Ce résultat nous conduit a définir de maniére analogue a [2] la notion de classes de
fonctions admissibles pour la convergence a deux-échelles relativement & une matrice R :
© € L?(Q,Y x Y) est dite admissible si la suite {¢p(x, #)}ne}o;l[ est bornée dans L?(Q)
et vérifie (1') pour R satisfaisant (0).

Démonstration du lemme 4

On considére d’abord le cas ou ¢ est de la forme p(z,y) = a(x)B(y) on a(z) € L>()
et B(y) € Cy(Y™). Alors 4% étant une fonction périodique dans Cy(Y™), on déduit du
lemme 1 que 6%(@)) — [B?] faiblement dans L'(€2). Puisque a? appartient a L>(Q),
on peut écrire que :

i [ 0@y de = ([ o) 5 dy)
n=0.Jq n Q ym

Le théoréme de Fubini nous assure alors que :

2
lim/ | o(x, R(w))l dw—// ©*(z,y) dovdy
=0 Jq n Qxym

Ce résultat s’étend par linéarité aux fonctions étagées ¢, € S¢(€2, Cy(Y™)) de la forme

k
o = ZtiXAi (z)i(y) , ou A; = {z € Q, pp(z,.) = t;} et Yy) € C4y(Y™), puis au cas
i=1

général par densité des fonctions étagées dans L?(Q, C4(Y™)).
Soit ¢ € L2(Q, C4(Y™)). Alors il existe une suite de fonctions g € Sy(€2, Cy(Y™)) telle
que :
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li - 2 de = li — |2 my =0
lim Q(yseggnwk(:v,y) p(,y) )" de = lim [lop = ¢l72.ci0mm)

Par ailleurs, de I'inégalité triangulaire et de la continuité de R, on déduit qu’il existe
une constante C' > 0 telle que :

Rlz x x R(z
lote, B <Cllon, D - DI+ lonte, B
Torw g A 2(8) n L9

Remarquant que pour toute fonction v dans L*(Q2,C3(Y™)), on a la majoration sui-
vante :

T, 2
[ oD o< [ (sup oGy ) do = [0l
Q n Q yeym

on en déduit que pour tout entier k :

Blz) B,

n L2(Q)

lo(z, )| < Clle = erll2a,0,vmy) + lon(z,
L2(9)

Puisque ¢y est admissible, il s’en suit que :

. R(x
limsup, 0 le(@, ) gy < Clle = el 2@, 0,00m) + 198l 2@vm)

< lle = erll2@,cpvmy) + 10 = @rllL2@xymy + 1€l L2@xym)

Par ailleurs, on note que :

// | o — ox |? dady < / ( sup | ¢(z,y) — pr(z,y) |2) dz = |l¢ = rll72(0,0,0m)
Qxym o \yeym

On en déduit que pour tout entier k :

: R(z)
lim sup [|¢(z, )| < (C+ 1) lle = erll2@.o,vmy) T 9@ Yl L2 @xym)
n—0 L2(Q)

Faisant tendre k vers 0, on obtient que :

R(z)
U

lim sup | (,
n—0

i < lle@, Yl 2 sy m) (2)
L2(Q)

En ce qui concerne la limite inférieure, le raisonnement est identique :

W <l B9 o 2Oy e B2y

ok (2,
L2(Q) n n L2(Q) n L2(Q)

R(z)
n

i étant admissible et par les mémes majorations que précédemment on obtient que :

R(z)

)l

low(@ Dl 2@xym) < Clle = @rll2o.cy00m) +liminf flo(, o
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On en déduit que pour tout entier & :

R(x
oy 2 12kl 2@vm) = Clle = @kl 20,050m

lim inf, ¢ [|¢(z,

> ”90HL2(Qme) —lle— SOk||L2(Qxym) —Cllp — (PkHLQ(Q,Cu(Ym))
> ||90||L2(Qxym) —(C+1)[le— SOkHL?(Q,Cﬁ(Ym))

En faisant tendre k vers 0, il en découle que :

R(z)

S S . 3
1{7n_>1(r)1 |lo(z, )HLQ(Q) Z H‘P(fU:y)HLQ(QxY ) (3)

Des inégalités (2) et (3), on déduit le lemme 3.

(QED)

Preuve de la proposition :
Soit (uy) une suite bornée dans L?(2) et M = sup Hu,7||L2(Q).
U

Soit ¢ € L%(2, C4(Y™)), on définit une forme linéaire sur cet espace en posant :

< Ly, >= /ng(:c, M)un(az) dx

D’aprés I'inégalité de Cauchy-Schwarz, on obtient

R(x)

W< M, B8y (4)

< L, 0 >|< ug]| le(z,
K 1L L2(Q) n L2(Q)

On en déduit que :

Vo € L*(Q,Cy(Y™)), sup|< Ly, ¢ >| < +o0
U

Donc L, est une suite bornée (HLTIHL?(Q) < H“nHLZ(Q) < M) d’applications linéaires
continues sur L?(Q, C4(Y™)). Cet espace étant un Banach séparable, on en déduit qu'il
existe une sous-suite 7, de 77 tendant vers 0, et une application L dans le dual de L*(£2, Cy(Y™))
telles que :

Vo € LA, Cy(Y'™)), Jim < Ly, >=<L,p>

On a montré dans le lemme 4 que ¢ est admissible. En passant & la limite quand 7
tend vers 0 dans I'inégalité (4), on en déduit que :

[<L,o>|< Mol p2auym

L’application L est linéaire continue sur L2(Q, C4(Y™)) muni de la norme de L?(£2 x
Y™). Donc il existe un unique prolongement linéaire a 'adhérence de L*(Q, C4(Y™)) dans
L2(QxY™). Par densité de L%(€2, C4(Y™)) dans L?(2xY™), on en déduit que I'application
L s’étend par continuité a tout L?(£2 x Y™) en un élément du dual de L?(Q x Y™). En
d’autres termes, il existe ug(x,y) dans L2(Q x Y™) périodique en y tel que :
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m . R(z
vo e @), tin [ @ D do= [[ waleppta) drdy
o0 X m

Ce qui achéve la démonstration de la proposition.

(QED)

Nous aurons besoin dans la suite de justifier des passages a la limite dans des intégrales
. R R . . .
du type / Uy vy dr ot u, = ug et v, = vg. Pour cela, nous introduisons de maniére

similaire & Allaire [2]| la notion de convergence forte & deux-échelles (coupe-projection)
relativement & une matrice R satisfaisant (0).

Définition :
Soit R une matrice de IR" dans R™ satisfaisant (0). On dit qu'une suite u, de L*({2)
converge fortement & deux-échelles (coupe-projection) vers une limite ug dans Lg(Q xY™)

et on note uy, E» ug, Si et seulement si :
||u77HL2(Q) - HUO(%?J)HH(QxYW)

La convergence forte précédente exprime que les seules oscillations effectives de la suite
(uy) sont a léchelle n. Dans la proposition 5 (i7i), un résultat de correcteur est obtenu
pour la suite u, lorsque ug est assez régulicre.

Proposition 5

Soit R une matrice de IR" dans R™ satisfaisant (0). Soit u, une suite bornée dans
L%(Q) telle que u, EY uo(z,y) faible a deux échelles (coupe-projection). Alors
i) uy, converge faiblement dans L*(Q) vers u(z) = / uo(x,y) dy et de plus
Yym

tm o gy > 1ol @y 2 Nl 20y

i) Soit v, une autre suite bornée dans L?*(S) telle que v, ]—_1)» vo fortement (coupe-
projection), alors

upvy — w(z) dans D'(Q) ov w(z) = / uo(z, y)vo(z,y) dy

m

iii) Supposons que u, E» uo(z,y) fort a deuz échelles (coupe-projection). Si de plus,

R(x
o 2 o, )l ey (+)
L2(Q)
Alors : R( )
T
- oz, & S0
n L2(Q)
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Remarque :

Les classes de fonctions wug satisfaisant () sont les classes de fonctions admissibles pour
la convergence deux-échelles (coupe-projection). En particulier, les fonctions de L*(£2, Cy(Y™))
(sous-espace dense de L2(Q x Y™)) sont admissibles d’aprés le lemme 2.

Démonstration :

La preuve est en tout point similaire & celle de Allaire [2].

(QED)

4.4.3 Limite a deux-échelles d’une suite de gradients

Pour passer a la limite dans le probléme (P;4") on est amené, étant donné une suite

(uy,) bornée dans W2(Q) (qui vérifie alors u,, L ug et Vuy, i x d’apreés la proposition 2),
a déterminer la relation différentielle liant x & ug. Ce probléme a été résolu par Allaire dans
le cadre classique des fonctions périodiques |2]. L’adaptation a notre cadre est plus délicate
dans la mesure ou les oscillations de la suite (Vu,,) ne peuvent-étre représentées en général
a l'aide du gradient d’une fonction périodique. Nous nous ramenons systématiquement a
une description dans l’espace de Fourier. Pour cela, nous introduisons ’espace

Lr={we LZm" | ww)= Y A RT(R)™V, A € @)
keZ™\{0}

Remarquons que la suite (A\) qui apparait dans la définition ci-dessus n’appartient pas
nécessairement a [ mais vérifie seulement :

S I PIRT(E) [* < +oo
keZ™\{0}

(Pexpression | RT (k) | est non nulle pour tout k € Z™\ {0} mais n’est pas minorée).
Lemme 6

Soit R une matrice satisfaisant (0). Alors Lr est un sous-espace fermé de [LE(Y’”)]"

eton a :
ch={oe 2™ | o)=Y DueP™*ViDy LRI (k) Yk e 2\ {0}}
keZ™\{0}
Démonstration

Montrons que L est un sous-espace fermé de [Lg(Ym)]n.
Soit w® (y) = Z )\;p)RT(k)ezmk'y une suite d’éléments de L, convergente vers
keZ™\ {0}
w. Alors, pour tout multi-indice kg € Z™ \ {0}, la suite {/\,(g)) , DE ]N} est une suite de
Cauchy puisque :

"2 n 2 2
bz}
/ 2
> [N = M TR (ko) |
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On remarque en effet que | RT (ko) \2 est strictement positif grace a (0). Ainsi, pour
tout multi-indice ko € Z™ \ {0}, la suite {)\,Ef))} admet une limite quand p — +o00 que
nous notons Ag,. On en déduit que par continuité du produit scalaire :

Vho € Z"\ {0}, (w(y) | e@™ov) = tim (w@(y) | eHmhov)

p—+o0

D’apres Parseval, on a donc

w(y)= Y A RT(ko)e? ™o
ko€Z™\{0}

On en déduit que w est bien élément de L.
Il nous reste a caractériser ’orthogonal de £, dans [Lg (Y™)]". Ecrivons un élément v
de £} sous la forme

v(y) = Z D™y

keZ™\{0}

Alors, pour tout kg € Z™ \ {0}, la fonction w = RT (ko)e?™ 0¥ appartenant & L,, on

" (o) | () = (BT (k) (vly) | o)
= (R" (ko)) - Dy,
=0

ie. Vko€Z™\ {0}, Dy, L RT (ko)

(QED)

Nous pouvons maintenant énoncer notre résultat de structure pour les gradients de
fonctions scalaires bornées dans W12(Q).

Proposition 7

Soit R une matrice satisfaisant (0). Soit u, une suite bornée dans WH2(2) . Alors
Jug € WH3(Q), 3w € L3(Q, LR)
et une suite extraite (encore notée uy,) telle que
U E» uo(x)
Vuy, £l Veuo(x) + w(z,y)

Démonstration :

premiére étape :
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uy, et 7u, sont bornées dans L2(Q2) et [L%(€2)]" donc convergent (aprés une extrac-
tion de sous-suite) & deux-échelles vers des limites ug(x,y) € L%(Q x Y™) et xo(z,y) €
[L2(Q x Y™)]".
Soit ¢ € [D(Q; CF(Y™))]" alors

R

~—

e = [ volw) - olo.p) dody (5

lim / Ty (z) - ol
Q n

n—0

La formule de Green nous assure que :

R(x)
/Q Vin(a) - (o,

Par ailleurs, 'opérateur divergence “rééchelonné” prend la forme suivante :

= — U, div Z‘M T
o = = [ wdiviplz, “)d

R(x)

aveple, ) = (aiva o). ) + 2 vy 0 ), T

ey
Remarquant que divy(po R) =Tr(y(po R)) = ﬂRﬂ =i iR, i € {1,..,n} et
®j
j € {1,..,m}, on en déduit que I’égalité (5) peut étre réécrite :

xo(z, y)e(x,y) dedy = lim I, avec
Qxym 7]%0

R(x)

== [ v o) ) do = [ e, B o ®

Comme I, reste borné, on en déduit que

0 = Tlilg%] niy
R(z)

=t st S

En prenant la limite a deux-échelles (coupe-projection) de u,, on en déduit que :
| e e Rata) dudy =0 Vo € PG (7)
X m

On choisit dans (7) la fonction test particuliere ¢(x,y) = 0(x)¥(y) ou 6 € D(R) et
¥ e [Ce(y™))™.

Le théoréme de Fubini appliqué a la fonction wo(x,y)y; ;jRji(z,y) qui est intégrable
pour la mesure produit dxdy, nous assure que :

[ 6@ [ wolan)isRotw) dy) da =0
Q m

Ceci étant vrai pour tout 6 € D(Q2), on obtient que pour tout ¥ € [C{°(Y™)]", et pour
presque tout x € € :
8UO

/ o, )i Rjs(y) dy = — | 22 ()i Ryi(y) dy = 0
m ym Yj
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D’ou I’équation vraie pour presque tout = € )
RT(7yuo(z,y)) = 0 dans [D'(Y"™)]" (8)

Développons ug(x,.) qui est élément de [L?(Ym)]n en utilisant Parseval :

uo(z,y) = Ch(z)e*™¥
kez™

L’équation (8) entraine que pour presque tout z € €, Z 2in RT (k)Cp ()™ ¥ = 0.

kez™
Puisque 2™ forme un systéme libre, on en déduit que :

ppx € Q, RU(k)Cr(z) =0, Yk € Z™\ {0}

Par ailleurs, R satisfaisant (0), nous sommes assurés que R’ (k) # 0, Yk € Z™ \ {0}.
Posant u(z) = Cp(z), nous obtenons alors 'égalité ug(x,y) = u(z), pp- x € Q (p.p.y €
Yy™).

Deuxiéme étape : identification de yo donné par (5).

On choisit une fonction ¢ € [D(€; C°(Y™))]" telle que divy(p o R) =0 et on passe &
la limite dans (6) quand n — 0 :

//QXYm xo(z,y) - p(z,y)dedy = — //Qxym uo(z,y)(divy p)(z,y) dedy

— —/Qu(x)[/ym(divx ©)(x,y) dy] dz

Posons [p](x) := / o(xz,y) dy, le théoréeme de dérivation sous le signe somme nous dit

alors que [¢] € D() et divy[p] = / (divy ¢)(x,y) dy. En intégrant par parties et d’apres

m

Fubini, on en déduit que :

//Qxym xo(z,y) - p(x,y)dedy = _/Qu(x) diva[y] do
- [ u@) [l ds

On applique une nouvelle fois Fubini pour obtenir que :
Ve e D CEO™ [[ oo - @] play) dady =0 (©
X m

Localisation en z : en choisissant ¢ de la forme ¢(x,y) = 0(x)(y) avec ¢ €
[Ce(Y™)]" telle que T'r(7y(p o R)) =0 et 6 € D(2), on a immeédiatement que :

pp. 2 €0 [ (aley) — Tula)) - vl dy =0 (10)

Cette relation s’étend par densité a toute fonction 1) € [Lg(Ym)]n telle que T'r (74 (¢ o
R)) = 0 et donc, d’apres le lemme 6, xo(z,.) — yu(z) appartient au bi-orthogonal de
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Lr ( noter pour cela que w(y) = Z De? ™Y avec Dy, L RT (k) , Vk € Z™ \ {O})
keZ™\ {0}
Puisque L est fermé (donc L5+ = Lg), il existe donc un élément w(z,.) de Lg tel que
xo(z,.) = Veu(z) + w(x,.).
Ce qui acheéve la démonstration de la proposition.

(QED)

4.5 Reésultat d’homogénéisation pour le systéme Maxwell en
dimension 3

4.5.1 Reésultats préliminaires

Dans I’étude de la diffraction par un obstacle 3-D, nous devons passer & la limite quand n
A .~ (EH)
tend vers 0 dans le systéme vectoriel Py o

. Ceci nous amene & travailler dans des espaces
fonctionnels adaptés (indépendants de 7) associés & un ouvert € contenant strictement
I’objet diffractant D, définis dans le chapitre 2. Par ailleurs, nous devons étendre le résultat
de structure sur la convergence des rotationnels établi dans le chapitre 2 (corollaire 9) au
cas quasi-périodique. Pour cela, on note R une matrice & m lignes et 3 colonnes satisfaisant

(0). On introduit le sous-espace Mp de [Lg(Ym)]g défini par :

M= {welBr™) | wy)= Y M@ R (ke
keZ™\{0}
ot Ay € @ et Ay RT(k) =0, Vkezm\{o}}

De maniére similaire au lemme 6, on établit que Mp est un sous-espace fermé de
[L?(Ym)]g. Le résultat de structure établi dans le cas de fonctions scalaires dans la propo-
sition 7 se reformule de la facon suivante :

Corollaire 8

Soit R une matrice a m lignes et 3 colonnes satisfaisant (0). Soient Q un ouvert borné
de classe C? de R® et (H,) une suite dans [L?(Q)]® telle que :

divH, =0 (i)

sup,, f9<] H, |2 + | rot H,, ]2) dr < +oo (i)
3

H, An est bornée dans [H%(aﬁ)] (7i7)

Alors la suite est bornée dans [Wh2(Q)] et il existe une sous-suite de (H,), encore notée
(H,), et deuz fonctions Hy € [W12(Q)]® et w € L*(Q, MR) telles que :

{ H, — Ho(z) dans [L*(Q)]? fort
vH, Y VHo(x) +w(z,y)

Démonstration :
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Les hypothéses de la proposition 7 du chapitre 2 étant satisfaites, il existe une constante
C(2) > 0 ne dépendant que de la mesure de  telle que :

1z s < CO{ 1 Hy ey + kot Hylzzqays + 145V Holliao) + 1 Ha Anl s o0 |
D’aprés les hypothéses (i), (ii) et (iii) du corollaire, on en déduit que

sup | Hyll(m1 (s < +o0

La limite de div H,, étant nulle, la proposition 7 du chapitre 4 nous assure de I’existence
d’une sous-suite de (H,), encore notée (Hy), de Ho € [W2(Q)]® et de w € L*(Q, Mp)
tels que :

(23) H, — Ho(z) dans [L2(Q)] fort, et vH, 2 v Hy(x) +w(z, y)
(QED)

4.5.2 Résultat de convergence
L’étude asymptotique du probléme PH quand 1 — 0 conduit au résultat suivant :
Théoréme 9

Considérons Uapplication linéaire continue L qui a toute matrice de @° associe le vecteur
L(w) de @ comme suit :

Voe @, Liw)Av=(w—w)v (0)

Soit w l'unique solution dans Mpg des 3 problemes variationnels annexes (paramétrés
par z € R3) (PF), i € {1,2,3}, suivants :

P [ e )] - [£wl))] dy = 0. vl € M

Quand 1 tend vers zéro, H, solution du probleme (PL.)), converge dans L? R3, @
n n; loc
vers l'unique solution Hy du probleme (Py) suivant :
(7) rot{shom rot Ho(x )} —k2Ho(z) =0 dans [D'(R?)]?
(Po) (i) deO( ) = dans [D'(IR?))?
11 =0(% quand | x |— 400 dans [C®(IR? \ D)]?
|]
(w) i A rot Hi(z) + ikH(z) = o(ﬁ) quand | z |— 400 dans [C®(IR?\ D)?
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avec la matrice homogénéisée définie pour tout x € IR3 par :

“hom (@) = <e<x1,y> Jyn * <a€c(,y y)>>wn

B étant la matrice définie par les vecteurs colonnes L(w;(y)) :

B(y) = (L(wi(y)) | L(wa(y)) | L(ws(y)))

Remarque :

On peut réécrire le probléme (PF) en utilisant I’application linéaire continue L* adjointe
de L et en notant que pour tous w , w’ € @°, on a :

L(w)- L(w') = (L(w)Av)-(L(w') Av)
=0l (Wt —w') (w—wh)v="Tr(w" —w) (w—wh))=w,:w
)

ol w, (resp. w),) désigne la partie antisymétrique (w — w') de la matrice w (resp. w')

et v est un vecteur unitaire quelconque. Alors (P7) devient :

PO [ s )+ wa )] s [wh )] dy =0, vl € M

Ici Papplication adjointe L* est déterminée pour tous vecteurs u et v de @® par la
relation :
L*(uAv) = (u®v),
En effet, pour toute matrice w de @, on a :
L*(uAv):w = (uAv) Lw)=—(w—-w)v u=(w—-wl): (uew)
—w:(uwev)— (wev) tw=w: (Lv—vRu)
Nous allons maintenant démontrer le théoréme 9.

Démonstration :

On reprend les hypothéses géométriques imposées dans la section 1. On considére un
rayon R tel que Q := {| z |< R} vérifie D C €. Dans une premiére étape, on démontre
le théoréme sous 'hypothése que la suite (H,) est bornée dans [LZ(Q)]3 donc converge
faiblement (& une sous-suite extraite prés) vers une limite notée Hy. On vérifie ensuite
cette hypothése par un raisonnement par l’absurde qui utilise 'unicité de la solution du
probléme limite vérifié par Hy.

Etape 1 : (H,) est supposée bornée dans [LZ(Q)]3 :

a) Comportement asymptotique de (E,, H,) en dehors de ) :
On renvoie le lecteur a la preuve du théoréme 10 du chapitre 2.
b) Convergence et étude des oscillations de (E,, H,) sur Q :

D’aprés le lemme 11 du chapitre 2, (H,)) est bornée dans H (2, rot). Par ailleurs, (H,)

est & divergence nulle et sa trace tangentielle est bornée dans [H %(89)] .
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Donc le corollaire 8 nous assure que (H,) est bornée dans [W1’2(Q)]3 et qu'il existe
une sous-suite extraite de (H,), encore notée (H,), et deux fonctions Hy € [W12(Q)]3 et
w € L?(2, MRg) telles que :

{ H, — Ho(z) dans [L?(Q)]? fort )
R
VH, = vHo(z) + w(z,y)
Soit Iapplication linéaire continue L définie pour toute matrice u dans @ par :
Voe @, Liu) Av=(ul —u) (2)
On déduit de (1) et (2) la convergence des rotationnels suivante :
R
rot H, = rot Hy(z) + L(w(z,y))
On écrit alors la formulation variationnelle associée au probléme Pﬁa sur € :
1
/ (w0t Hy ) - 1ot o, da — k;g/ H, - opdz =0 Yo, € [D(Q)] (3)
o \&y() Q

R
Dans (3), on prend des fonctions test particuliéres de la forme ¢, = @o(x) + ne1(z, ﬂ),
n
ol o € [D(Q)]? et 1 € [D(D, Cﬁ’o(Ym))]g. On obtient en particulier que :

R(x)
n

)

)+ 10ty (o1 0 R, Rf7)>]

rot ¢, (x) = rot po(x) + 7 [rot o1(z,
R(z)

= 1ot ¢o(x) + 1| (rota1) (z,

L’opérateur rotationnel "rééchelonné" prend donc la forme suivante :

E(z) R(z)

ot g () = rot o(x) + nrote p1)(w, = =) + (roty(pr o R))(w, = =) (4)

En appliquant (4) a (3), pour toutes fonctions test g € [D(Q)]? et o1 € [D(Q; C’é’o(Ym))]?’,
on obtient que :

/g}(lrot Hn($)> : (rot wo(z) + (roty(p1 o R))(x, Rff))) da

en()
Jr77/Q(€n(1x)1r0t Hn(a:)) . ((rotx v1)(z, Rff))) dx
:k(%/QHn'SDde‘i‘nk(%/QHn'Sol(xa Rff))dx (5)

On souhaite maintenant passer a la limite quand 7 tend vers zéro dans (5). Or, (H,)
est bornée dans [L%(Q)]?, @1 est trés réguliere et R est continue, donc :

R(x)
n

sup | [ i, D) < o
n Q
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Par ailleurs, (g, ! rot H,) est bornée dans [L2(2)]? donc :

R
sup | / e, rot H, - rot, 1 (z, ﬂ) |< 400
n Q "

On en déduit que :

i 4 o 52 ] = [ Gt (vt E0) | <

Pour traiter la convergence des deux termes restant dans I’expression (5), on note que

la fonction
W(z,y) = (y) (rot po(x) + (roty (1 0 R))(z,y))

est dans [L?(Ym, C (Q))]3 ¥ est donc admissible pour la convergence a deux échelles
relativement & la matrice R, au sens du lemme 4. En passant a la limite dans I’expression
(5), on en déduit que pour tous champs ¢g € [LQ(Q)]3 et w' € L?(Q, MR) :

//Qme 5(.%'1’ y) [I'Ot HO(:U) + L(w(w, y))] .
[I“Ot pol@) + Lz, y))} dudy = k%/ Ho(z) - po(x)dz  (6)
Q

¢) Equation microscopique sur Y :

On veut déduire de (6) ’équation locale ayant cours dans la cellule Y. On choisit
pour cela des fonctions test particulieres ¢g € [D(Q)]? telles que ¢o = 0. On obtient alors
que pour tout w’ € L?(Q, Mpg) :

//Qme 5(951, 0 [rotHo(:L") + L(w(x,y))} . [L(w’(x,y))] dedy =0 (7)

D’aprés Fubini, on en déduit que pour presque tout x € ) et pour tout élément de
MR, encore noté w’ :

/Ym e(ml, » [rotHo(:L‘) + L(w(y))} . [L(w'(y))] dy=0 (8)

Posant § = rot Ho(z), on aboutit donc & la résolution de problémes annexes (Pf), §
décrivant @@, suivants :

P [ osler )] (B )] =0 ©

m 5($,y)

L’existence et 'unicité de la solution du probléeme (Pf) reléve alors du lemme de Lax-
Milgram. A cet effet, pour presque tout x € €, on définit la forme sesquilinéaire a,(.,.) sur

Mp X Mp :
o) = [ s [Lww)] - (£ )] ay

Cette forme est continue. En effet, la coercivité de €, nous assure qu’il existe une
constante -y strictement positive telle que pour presque tout = € 2 :

fostwal <2 [ [Lw)] - [2@e)] dy

Y
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De l'inégalité de Cauchy-Schwarz appliquée dans ’espace de Hilbert Mp, et de la
continuité de L, on déduit alors qu’il existe une constante strictement positive 1 (§) telle
que pour presque tout x € {2 :

laz(w, w)ll - < y1()lw®)] w' ()l

Par ailleurs, a,(.,.) est une forme sesquilinéaire coercive sur Mpr x Mp. On a en effet
le lemme suivant :
Lemme 10

Pour tous vecteurs a et b dans @ tels que a -b =0, le vecteur L(a®b) de @ (cf. (0))
vérifie :

[L(a@b)|| = lla] [|o]

Démonstration :
Par homogénéité, on se raméne au cas ol a et b sont unitaires.

[L{a@b)]| = Sup [L{a@b) A 2|
z||=1
= sup [[(a®b—-b®a)z|
llzl1=1
= s Jalb-2) ~bla-2)|

1
= sup \b-z!2+]a-z\2]2
lI2ll=1
=1

ot dans l'avant derniére égalité, on a utilisé le fait que a et b sont orthogonaux.

(QED)

Pour tous k € Z™ \ {0} et Ay € @ tels que Ay, - RT (k) = 0, on déduit du lemme 10 la
majoration suivante :

IL(Ax @ BT (k)| = |Aw]l [RT (k)] = [1Ax @ R (k)]

Comme Re{e} est bornée dans [L>(; Lgo(Ym))]g, il en résulte qu’il existe 8 > 0 telle
que pour presque tout x € et pour tout w € Mp :

1 2
Refasww)} = [ 1w )y

> — |
B
On définit maintenant la forme linéaire continue b, (+) sur Mg pour presque tout = € €
par :
1
V' € M ba(w') = [ € L/ (1)) dy
; ym 5(1"’ y)

Le lemme de Lax-Milgram appliqué dans ’espace de Hilbert Mp a la forme sesquili-
néaire continue coercive a(-,-) et a la forme linéaire continue b;(-), nous assure alors de
I’existence et de 'unicité de la solution w du probléme local (Pg”)
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d) Equation homogénéisée :

On veut maintenant préciser le lien entre le probléme annexe (ayant court sur la cellule
de base Y™), et le probléme macroscopique. On prend pour cela w’ = 0 dans (6), et on en
déduit que pour toute fonction ¢ € [D(Q)]? :

//Qxym ! [rot Hy(z) + L(w(x,y))} -rot p(x) = kg/ﬂHo(x)(p(x) dz (10)

D’aprés Fubini, on obtient que pour toute fonction ¢ € [D(Q)]? :

/Q{/Ym 8(;’ o) [rot Hy(x) + L(w(x,y))} dy} -rot p(x) dx = kg /Q Ho(x)p(z)dz (11)

L’égalité suivante est donc vraie au sens des distributions dans 'ouvert €2 :

1
rot{/ym D) {rot Hy(z) + L(w(x,y))} dy} — k?gHo(x) —0 (12)

Notant B la matrice dans Mp telle que
L(w(z,y)) = (rot Hy(z))1 L(wy)+(rot Hy(x))2 L(ws)+(rot Hy(x))sL(ws) = B(y, z) rot Hy(x)

on en déduit que :

1
rot{/ym @) {rot Hy(z) + B(y, z) rot Ho(x))] dy} k2 Hy(z) = 0 (13)

1 s’en suit que Hy est la solution dans [D'(Q)]® de équation :

1 By, 2) B
fot{ [/Ym(&“(l?,y) T ey )dydz] rot Ho(x)} — kg Ho(x) = 0 (14)

Hy est donc solution dans [D/(€2)]* de I'équation homogénéisée
rot{eholm rot Ho(w)} — k2Ho(z) =0 (15)

avec la matrice homogénéisée définie pour tout z € IR par :

“hom (@) = <e<x1,y> o * <?<y ;>>Ym

3 .

Etape 2 : Preuve que (H,) est bornée dans [L?(Q)]

On renvoie le lecteur a la preuve du théoréme 10 du chapitre 2.

(QED)
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4.6 Application aux obstacles cylindriques et aux milieux
stratifiés

Dans cette section, on particularise ’étude de la section précédente a des obstacles
diffractants cylindriques en polarisation E || et H || puis pour un milieu stratifié en pola-
risation H ||. Par ailleurs, une étude qualitative du correcteur est donnée dans le chapitre
5, pour un probléme d’électrostatique uni-dimensionnel.

4.6.1 Résultats d’homogénéisation pour un ensemble de tiges paralléles
infinies réparties quasi-périodiquement

Dans ce paragraphe, on reprend les hypothéses géométriques imposées dans la section
1. Pour simplifier les notations, on considére une assemblée de tiges de génératrices suivant
e3, placées aux noeuds d’un réseau quasi-périodique de IR? issu d’une coupe projection
de R* (les noeuds d'un pavage de Penrose par exemple, dont la matrice de relévement
est donnée en annexe) et contenues dans un ouvert borné D. L’obstacle diffractant G
est alors défini par G = D x IR. Nous nous intéressons aux deux cas de polarisation
transverse magnétique dit H || (champ magnétique vectoriel de la forme H, (21,22, 23) =
Hf’](xl,xg)eg) et transverse électrique dit E || (champ électrique vectoriel de la forme
En({L‘l,SUQ,SCg) = Eg(l’l,.’ﬁg)eg).

Cas F ||

Dans le cas d’une onde polarisée E ||, le résultat de convergence est trivial. En effet,

on déduit de 735,3{{ que E, (21,29, 23) = Eg(:cl, x3)es est solution dans D’'(IR?) de AE?] +

kgenE = 0. E;} étant bornée dans W?(D) et &, étant bornée dans L>®(D), AE} est elle

méme bornée dans W2(D). Quitte a extraire une sous-suite, on peut donc supposer qu’il

existe B € WH?(D) telle que Ej — Ej(x1,22) et AE; — AEg(x1, ) dans L*(D) fort.

Sachant que €, — /2 . e(y, z) dydz dans L?*(D) faible, on en déduit que E§ est I'unique
YexYy

solution du probléme homogénéisé :

Py { AE(z) + kgeerp(@)Eg(x) =0, dans D'(IR?)
0, Eg’d vérifie (S) , dans C™ (IR2 \E)
ou € ff(:[:) = {/};2 v €(y,z) dydz s siz€eD
¢ x
1 ,six & D

Cas H ||

On déduit du théoreme 9 le résultat de convergence suivant en polarisation H || :
Proposition 11

Soit v; Vunique solution dans

Lp={we O | w) = Y WA RS, A ed)
keZ™\{0}
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des 2 probléemes variationnels annezes (QF), i € {1 ,2}, suivants :

(9F) : /Y2xY2 E(iL‘ly,Z) [ei +vi(y,z)} . [vg(y, z)} dydz =0, Vv, € Lr

Quand n tend vers zéro, Hy(x1,x2,23) = Hg(xl,xg)eg solution du probléme (P,fa),

converge dans L2 (IR®, @) (a une sous-suite extraite prés) vers Ho(w1, x9, v3) = Ho (1, 72)es
ot HS’ est l'unique solution du probléme homogénéisé :

uy | —div (s;flf ng) — k2H3 , dans D'(IR?)

,

P
Hg’d vérifie (S) , dans C>*(IR?\ D)

E_flf désignant la matrice définie par :

_ 1 1 1
5ef1f($) =< 2vixy? Id+ (< U >yzxyz|< Zv2 >y2yy?)

Démonstration :

On applique le théoréme 9 en tenant compte du fait que H,, est paralléle a e3 et ne
dépend que de (z1,z2). Exploitons le probléme annexe (P}) dans ce cas :

(PF) - [ei + L(w;(y, z))} . [L(w;(y, z))} dydz =0, Yw, € Mg

1
/Y2><Y2 8({1}, Y, Z)

Les matrices jacobiennes associées a des champs de vecteurs paralléles & e3 et ne dé-
pendant que de (z1,z2) étant des combinaisons linéaires des tenseurs e; ® ez et e ® e3, on
cherche w sous la forme :

w(z,y, 2 Z RT [Ak x1,T2)e Zimk-(¥:2) e, @ e + A2 (21, xg)e%”k'(y’z)eg ® 63}
kez?

Considérant alors I'application linéaire continue L du théoréme 9, on a :
L(w(z,y,z Z RT(k |:/\z€2i7rk-(y7z)€1 _)\l]éeQiﬂk.(%Z)eQ}
keZ}

(PF) s’écrit dans ce cas :

R B

(m,n)eZt

{ )\’ie%”k'(y’z)} } dydz =0

_ ik (y,2)
/Y 2oxy? €(T,Y, 2 {1 Z RT [/\’1“62 ! }}

keZ?

{ Z RT )\/’1€e2i7rk'(y,z)} } dydz =0
keZ}
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Posant alors :

0 .- 0
1,1 1,2 3
)\}C(xl,xg) = 9k 78.%1 Hg(l'l,.%'g) — Hk 78332]{0(.%'1,.@2)
0 0
2,1 2,2
)\z(xlafl‘?) = ek; 8x1Hg(331,$2) _ek; a:EZHg(xlaxQ)

On déduit du ) du théoréme 9 que Hg est solution dans D'(D) de I'équation :

i 1 B(y, z) s -
d * d d ‘H 9 _kj _H y =
" {[/3’2xY2(5(93ay,Z) * €($,y,z)) ydz| 7 Hy (21, 22) oHy(r1,72) =0

ot By, z) est la matrice définie par :

B(y,z) = Z RT(k) (0,1’161 ®ep + 9,1’261 & e + 02’162 ®ep + 6’,2’2@2 ® 62>62”k'(y’z)
kez?

Pour faire le lien entre les problémes annexes P; et Q7, il suffit de poser :

2

o=y > Rk )

p=1kczt

Remarque :

Nous devons résoudre le probleme local QF, j € {1,2} :

1 /

(et ui(y, 2y, 2)dydz =0,V €L 16

//}/2><Y2 e(z,y,2) (€5 % 030 2))05 (0, 2) dyd= o (16)

On note pour cela que e; est une fonction constante de [L%(Y2 X Y2)]2 et que v; est

élément de Lp. De (16), on déduit que e; + v;(y,2) € L. Le théoréme de projection

orthogonale nous assure alors de ’existence d’un projecteur P, sur Lr parallelement a
L% tel que v; est I'unique solution dans [L?(Y2 X Y2)]2 du probleme Q;, j € {1,2} :

Qj: —vj=Pr,(ej) <= e +vj(y,2) € ,Cﬁ et v; € LR

En d’autres termes, résoudre le probleme Q;, c’est trouver la projection dans I’espace de
Hilbert [Lt%(Y2 X YQ)]2 de e; sur le sous-espace fermé Lg : on peut donc envisager de
résoudre le probléme annexe avec une méthode numérique de type "moindre carrés".

4.6.2 Etude du cas mono-dimensionnel H ||

On considére un milieu quasi-périodique hétérogene d’épaisseur finie, stratifié suivant
(Ox). On éclaire ce quasi-cristal mono-dimensionnel par une onde plane (pulsation w) sous
Iincidence 6, venant des x positifs i.e. la fonction € ne dépend que de z. On se propose
d’étudier le comportement électromagnétique d’une telle structure quand le nombre de
couches tend vers l'infini, cependant que ’onde incidente reste en résonance avec la struc-
ture dont I’épaisseur est fixe. On considére le cas de polarisation H || pour lequel le champ
magnétique peut se mettre sous la forme :

Hn(l‘, Y, Z) = un(l‘)eiﬁyez
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oil B = ksinf et k3 = w?pp. Par ailleurs, HE(z,y) = uy, (7)Y est solution faible dans
IR? de léquation :
div(e, " (z) v H) + kg H = 0

On en déduit que u,(z)e’ est solution dans D'(IR?) de I'équation :

d . |
% <6;1(:E)%(:U)ewy) + ddy (iﬁs;l(x)un(x)e’ﬂy) + K2y (x) = 0

La composante tangentielle u, du champ magnétique H, est donc solution dans D'(IR)
de I’équation :

(" @ %)) + (1~ By (@)ux) = 0 )

Dans le superstrat (x > 1), la permittivité relative du milieu €, est constante et vaut
€0 = 1 (air). En conséquence, u, est solution de I’équation :

up () + Y up(r) =0

ot v = k3 — 2.
On en déduit qu'il existe A, et B;, dans IR telles que :

Uy (1) = Ape’* + Bye "

Compte tenu des conditions d’ondes sortantes, notant r, le coefficient de reflexion de
I’onde incidente, pour tout x > 1, on a :

up(x) = Tnem +e "

Par ailleurs, d’aprés (1) la composante tangentielle u, du champ magnétique H,, est
continue sur l'interface {x = 1} :

Uuy(17) = uy(17) =0
La condition d’impédance en {x = 1} est alors explicite :
up (1) — iyuy (1) = —2iye ™ (2)
De méme, dans le substrat (z < 0), notant ¢, le coefficient de transmission de I'onde

incidente, on montre que :
—iyT

up(z) = tye
On en déduit la condition d’impédance en {x = 0} :
uy (0) + iyuy(0) = 0 (3)
Pour tout n > 0, u, est donc solution du probléme de diffraction suivant :

- { (' @5 @) + (8 By @) =0 dans D(J0:1]
uy(0) + iyu, (0) = 0, uy' (1) — iyuy(l) = —2iye™
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ol ey(z) = a(f,oﬁ) (e € LF(Y xY) o Y =]0; 1], et £ > eo)
non

Pour l'existence et 'unicité du probléme P, o, on pourra consulter [51].

L’étude asymptotique du probléme de diffraction P, quand 7 tend vers 0, conduit au
résultat trés simple suivant :
Proposition 12

Soient @ € IR \ @ et u, I'unique solution du probleme P, .. Alors u, converge
faiblement dans W12(]0; 1[, @) vers I'unique solution u du probléme homogénéisé suivant :

P()a

)

dx dx

{ i<< € >71d—u(3:)> + (k3 — B2 <e P >)u(x) =0 |, dans D'(J0;1])
u'(0) + iyu(0) = 0, u/(1) — iyu(l) = —2iye™ "

o < f >:= / f(&1,&2) d&1déz et Y =]0; 1].
Y XY
Remarque :

La preuve peut se faire directement sous la seule hypothése que les suites e, et g, 1
convergent faiblement (dans notre cas, les limites de ces deux suites sont respectivement

du
< e >et < e ! >). On note pour cela que x, = En_ld—n(az) converge fortement dans
x

d
“n (x) = xney converge faiblement dans

dx

du du
L?(]0; 1]) vers d—(x) = x < € >. La limite x est donc donnée par x =< & >~} d—(:r) Par
x x
ailleurs, comme u,, converge fortement dans L?(]0; 1[) vers u, on déduit que la suite u,e

L?(]0; 1[) vers une limite x. Par conséquent,

—1
n
converge faiblement dans L?(]0;1[) vers u < & >~1.

Pour la commodité du lecteur, nous remontrons ce résultat en appliquant directement

la proposition 11 dans le cas d’un milieu stratifié i.e. ne dépendant que de la variable x.
Démonstration :
On note L, le sous-espace de Lg(Y x Y') suivant :
Lo = {w € Lg(Y xY) | w(y,z) = Z Amon (M + an)eXTmytnz) Amon € (D}
(m,n)€ZxZ\{0,0}

Soit alors I’application linéaire continue R : x € IR — (z, ax) € R xIR. Puisque « est
irrationnel, RT (m,n) = m + an # 0, ¥(m,n) € Z x Z \ {0,0}, donc R vérifie la condition
d’admissibilité (0) pour la convergence a deux échelles relativement & une matrice. De
la proposition 11, on déduit alors que u, converge faiblement dans W12(]0; 1], @) vers la
solution u de I’équation homogénéisée suivante :

d<_1d7u

— (' (x)) (k2= B2 < et >)u(z) =0 dans D'(J0: 1])

la permittivité 9 étant donnée par :

-1 -1 w
g =<&g >+ —>
€
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ou w € L, est I'unique solution du probléme variationnel suivant :

/ L oer, 62) derdes = — / Lo(en, &2)p(61, &) derdes , Vo € La
YxYy € Yxy €

1
—(1 +w) appartient donc a £Z. Par ailleurs, le lemme 6 nous assure que L, est un
5

sous-espace fermé de L% (Y xY) (L4 est donc un Hilbert) dont le sous-espace orthogonal
L dans Lg(Y x Y') est donné par :

£l = {v LY XY) | v(gz)= 3 Dype®mmvina

(m,n)EZy X Zy
Dyy L (m+an), V(m,n) € Z, x Z*}

On note alors que £2 est réduit a 'ensemble des fonctions constantes sur la cellule Y x Y.
Il existe donc une unique constante ¢ € € telle que :

0t w6, &) =

Par ailleurs, w est élément de L, donc sa moyenne sur la cellule Y x Y est nulle. La

constante c est alors donnée par :

c=<e>"1

Il s’ensuit que w satisfait :
w 1 1

e <e> ¢

— <& 1>, on en conclut que :

w
Notant alors que < — >=
€ <e>

gl=<e>t

Il nous reste a établir les conditions d’impédance vérifiées par le probléme limite P 4.
Soit alors u, la solution faible dans D'(IR) de I’équation (1) :

d /o _ du _
Ir (% 1(35)7;(37)) = <—k3 + 8%, 1(33))“77(95)
1d d
Cela implique que —ﬂ(:n) et ﬂ(31:) sont continues sur IR, donc sur [0; 1].
ey dx dx
duy ; . . ) 1 du
De plus, ———(x) étant continue sur [0; 1], elle converge uniformément vers ——(x
ey dx go dx
dans [0; 1].
1d
D’apreés la continuité de ;—u(ﬂs) sur [0;1] (limite uniforme d’une suite de fonctions
0 axr
i 1 ldu, , du
continues), et remarquant que £ vaut 1 en dehors de |0; 1], on en déduit que —d—( ) = o
go dx x

Par ailleurs, u, est continue sur [0; 1], donc converge uniformément vers u qui est continue
sur [0;1]. On obtient alors la condition d’impédance sur {x = 0} pour Py o, par passage a

la limite dans (3) :
d
Z(0) + iu(0) = 0 (4)

(07).
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De maniére analogue, on obtient la condition d’impédance sur {x = 1}, par passage a

la limite dans (2) :
%(1) —iyu(l) = —2iye™™ (5)

(QED)



Chapitre 5

Comportement asymptotique de
I’erreur

"Proof is an idol before which the mathematician tortures himself."
Sir Arthur Eddington.

"C’est 'une des pratiques spontanées du chercheur, quand il piétine devant
une difficulté technique de son montage ou une erreur masquée de son calcul,
que d’aller exposer son probléme aux collégues voisins |[...|. Le simple fait de
s’adresser & un autre, par l'effort d’explication et de conviction qu’il exige,
mobilise plus intensément la pensée que la réflexion solitaire, et lui permet
souvent de faire sauter les entraves."

Jean Marc Lévy Leblond [129].

5.1 Préliminaires

5.1.1 Position du probléme physique

Notre objectif est maintenant d’estimer I'erreur R,, commise sur la solution approchée
u, de la solution u du probléme limite. Pour ce faire, nous restreignons le cadre de notre
étude au probléme d’électrostatique suivant : pour tout > 0, u, est 'unique solution
dans H'(]0;1[)/IR du probléme :

Pra { %(@(m)%(x)) =0 ,sur|0;1]
up(0) =0, uy(l) =1

x
ol gy(x) = e(—,a—)(c € LF(Y x Y) avec Y =]0; 1] et € > €¢). Ce probléeme d’électro-

n
statique revient a se donner une différence de potentiel aux deux bornes d’un condensateur
constitué d’un milieu périodique hétérogéne de période 1 et & étudier la limite asympto-

tique du champ électrostatique quand n tend vers 0. Plus précisément, on désire évaluer la
H o
n

vers 0. Cette derniére dépend
L2(Jo;1[)

vitesse de convergence de

L200a) H n
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étroitement de la nature de « i.e. de la facon dont « est approché par une suite de ration-
nels. Nous rappelons donc en premier lieu les résultats de théorie des nombres qui nous
seront utiles pour la suite.

5.1.2 Rappels de théorie des nombres

Se donnant un nombre « € IR, on peut (par densité de @) trouver pour tout n > 0 un
couple (p,q) € Z x Z, tel que :
—a|<n

La question est maintenant de savoir & quelle vitesse on peut approcher a.. Un résultat
classique [110] est que pour un réel a et un entier n donnés, il existe un couple (p,q)
d’entiers, 0 < g < n tel que :

p 1
Poa)e——
q g(n+1)
Cela entraine en particulier que :
P 1
-—a| < *
| . | . (%)

Ce résultat appelle deux remarques :

a
Remarque 1 : Si « est un rationnel 7 alors pour tout (p,q) € Z x Z, tel que b # a,
q

on a . b 1
13_9|:M27 (%%)
q b bq bq

Il résulte alors de (%) que l'entier ¢ dans (xx) vérifie ¢ < b. Autrement dit, si a est

p _
| = —al=]
q

rationnel, il y a seulement un nombre fini de solutions a (x).

Remarque 2 : Rappelons 'approximation d’un réel par une suite de fractions conti-

nues. Etant donnée une suite d’entiers non nuls (ai, as, as, ..., @y, ...) on définit
1
o= —— =1

[a17 Y a’l’b7 ] al + (LQ + a31 nl_%[ala 9 an]

ou la suite ([a1, ..., ay]) est définie par :
1

[al, ceny an] =a1 + m = [CL17 [a27 vy an]]

Alors pour tout réel «, il existe une suite unique ([a1, ..., a,]) telle que a = [ay, ..., ap, ...]

et on appelle n-iéme convergent de « le rationnel [ay, ..., a,]. Par exemple, le nombre d’or
T peut étre défini par :

1 _1+V5

T=1+——=1[1,1,1,...] =
L+ 2
On génére ainsi une suite d’approximants P donnés par les termes successifs de la
dn
suite de Fibonacci : .
qn = Pn—1

Pn = qn—1+Dn-1

po =q =1
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Il est bien connu (voir [110]) que si Pnest le n-ieme convergent d’un irrationnel «, on
n

——al|l< = (o % )

d’on I’équation (%) admet contrairement au cas o € Q une infinité de solutions. Ceci
permet de distinguer un « irrationnel d’un « rationnel. Ce principe de distinction peut-étre

C(a)
q¢

généralisé en remplacant (* * *) par une inégalité du type | L | < comme cela
q

est décrit ci-dessous :
Définition 1 :

On dit que « est approzimable & Uordre £ (£ entier > 0), s’il existe une constante
C(a) > 0 telle que linéquation :

Cla

| P_q | < % ,
q q
admet une infinité de couples (p, q) solutions.

1l est clair que si a est approzimable a Uordre &, il le sera a fortiori pour tout ordre

& < & On définit donc lordre d’approzimation du réel o comme la borne supérieure des

entiers £ pour lesquels o est approzimable a [’ordre €.
Commentaires :

D’apres la remarque 1, 'ordre d’approximation d’un rationnel est égal & 1 (noter que
Péquation bp — ag = 1 admet une infinité de solutions) et d’aprés la remarque 2, il est
supérieur & 2 pour tout irrationnel. Dans le cas du nombre d’or 7, il est égal a 2 (voir
[110]) et dans le cas des nombres de Liouville il est infini.

Notons que si « a un degré d’approximation égal a &y, alors pour tout £ > &y et toute
constante C'(«) > 0 I’équation

L
q

admet au plus un nombre fini de solutions. Il en résulte (pour C' = 1 par exemple) que
pour tout & > &, il existe un entier gg tel que :

1
E-al> = Yoz q (3% 5%)
q q

C’est cette inégalité qui permettra de minorer le correcteur R,. En fait, une inégalité
de type (* * #*) peut-étre obtenue en pratique a ’aide du théoréme de Liouville :

Théoréme de Liouville :

Si « vérifie une équation algébrique d’ordre n, alors (x * xx) a lieu pour § = n. Il en
résulte que l'ordre &y d’approzimation d’un tel o est nécessairement < n.

Preuve :

Soit « un irrationnel algébrique racine du polynéme a coefficients entiers :

fla) = apa™ + a4+ .. +ap,
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Il existe une constante M (a) > 0 telle que pour tout z €la —1; a+ 1],

| f'(z) | < M(a) (1)
Soit 2 # a une approximation de « telle que P €la—1; a+ 1[. De plus, nous choisis-
q

sons cette approximation telle qu’elle soit plus proche de a que 'une quelconque des autres
racines de f(x) = 0, de sorte que f(g) # 0. Puisque f(g) est un entier > 1, on en déduit
que : q 4

~Jaop™ +aip" g+ .. | S 1

q" qr

P
)] (2)

f étant continue sur [E ; a] et dérivable sur ]]lZ ; «f, le théoréme des accroissements
q

finis nous assure qu’il existe une constante x G]g ; af telle que :
q

FE) = £E) = fla) = (£ —a) () (3)
De (1), (2) et (3), on tire alors que :

_ G
T @) Mg

p
| = —al

(QED)

Commentaires :

Le théoréme précédent fournit un critére de distinction entre les irrationnels algébriques
et les irrationnels transcendantaux. Dans le cas o « est un nombre de Liouville i.e. de la

“+o00
a= Z 10",
n=0

notant «; la somme des i premiers termes de la série, il existe un couple d’entiers (p, q) tel

forme :

que o = P _ P Alors pour tout N >4+ 1, on a :
10 q
—+00 )
0<a-— g —a—ar= Y 107" <2107 <947V
n=1+1

Il en résulte que le degré d’un tel nombre « est arbitrairement grand (donc « est transcen-
dantal).

Les résultats précédents nous assurent que pour un irrationnel algébrique o d’ordre
€ > 2, il existe deux constantes C1(a) et Ca(a) > 0 et un réel s (2 < s < &) tels que :

ngg_a‘gwg%
¢ q q° q

En résumé, pour tout irrationnel «, il existe une fonction bornée f,(q) telle que :

inf|2—a|:fa(2q).
pelN ' q q

De plus, on a lim f,(q) =0, dés que le degré £ de « est > 2.

q—+00
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5.1.3 Estimation d’une serie

Notant B, une bande de largeur n orientée suivant la droite de coupe-projection
Bn:{(m,n)EZxZ\{0,0},]m—i—an\gn}, (4)
nous sommes maintenant en mesure d’établir une premiére estimation de la fonction

O(n) = Z | Cmn |2 ) (5)

(m,n)eBy,
qui joue un role essentiel dans le résultat de correcteur.
Remarque :

Il est facile de vérifier que liH(l) g | Coum 2 = 0. En effet, puisque a & @), V'intersec-
n—
(m,n)eBy,

tion OB,, est vide et donc en appliquant le théoréme de convergence monotone & la suite
n>

| Crim |2XBn (n,m) définie sur Z x Z\ (0,0) muni de la mesure discréte p = Z S(m,n);

(m,n)cZ?
on a :

lim | Con |2 = lim i/ | Crum |2X3n(n,m)d,u :/ (hm 1 Cmn |2XBn(n,m)>d,u =0
n—0 n—0 7.2 72 \n—0
(m,n)eBy, * *

Il s’agit maintenant d’estimer la vitesse de convergence vers 0 qui dépend étroitement
du degré d’irrationnalité de a.

Lemme 1

Soit « un irrationnel solution d’une équation algébrique de degré £. Soit r > 0 et € un
1
¢lément de Hy? "(Y?) ie.

1_r
Z ‘Cm,n |2[1+(m2+n2)4 21| < 400
(m,n)€Z?

Alors, on a :

Z ’ Cmn ‘2 = 0(77(%77”)(?11))

(m,n)eBy,
ou B, est défini par (4).
Remarque :

En pratique, nous utilisons des permittivités €, provenant d’une coupe-projection cor-
respondant & une fonction € périodique sur IR? et constante par morceaux. Il est bien connu

1_
que de telles fonctions appartiennent & I’espace Hﬁ2 T(YQ) pour tout 7 > 0 (Maz’ja, 1985
[139]).

Démonstration :
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On peut supposer que a est > 0. D’aprés le théoréme de Liouville, il existe une constante
C > 0 telle que :

C
| Z el > ——, ¥(m,n) € 2
m | m |

Il en résulte que pour tout (m,n) € By, on a :

C

S o
m [¢

n
<|—+al|<
m |m |

n . S .
Le rapport — étant minoré sur B,, on a donc pour une constante C7 adéquate :
m

n?+m? > Cym?
2
— Cl| mEil ’571

2
C|&-1
ZCI‘; )

pour tout couple (m,n) dans B,.
On en déduit qu'’il existe une constante Cs telle que pour tout couple (m,n) dans B, :

lyr 1_r
Z |Cm,n ’2 = Z ‘Cm,n ‘2<n2+m2)_4+2(n2+m2)4 2
(m,n)€By (m,n)€By, e
_(1_r —(5—2) (== 1,
<O Y 0 PG T T e m)i
o (m,n)eBy n
2
S I
’]7 —1

1
ouW(n)i= Y |Cpp[((n®+m?)?

(m,n)eBy,
1_r
Puisque Z | O P(n% +m?)172 < HEHZ%—T < 400, et notant que l'intersection
(m.n)€ZL?

N

OB,7 est vide, on déduit du théoréme de convergence monotone que lir% U(n) =0.
n> n—

(QED)

5.1.4 Examples pratiques :

Dans le lemme 1 nous avons obtenu une majoration de 'ordre de convergence vers 0
de la fonction ©(n) définie par (5). Du fait que le théoréme de Liouville ne donne qu’une
minoration de la vitesse de convergence, nous ne sommes pas capables de donner un équi-
1+5
) 2
(dans ce cas € =2 et O(n) =o(nz~"), ¥Vr > 0), nous allons établir que pour une fonction

périodique constante par morceaux £(z,y), il existe une constante C' telle que :

valent de ©(n) quand n — 0. Cependant dans le cas du nombre d’or a =7 =

O(n) ~ Cn?, quand n— 0. (6)



5.2. FINE ESTIMATE OF THE CORRECTOR 141

La démonstration de ce résultat est basée sur I’estimation de la fonction f(n) suivante :

fn) = qu

[qT]<n

ou s est > 1 et [qT] = g7 — E(qT) = q7 — p.

L’estimation précise de la fonction f(n) au voisinage de {n = 0}, utilise de fagon
essentielle les propriétés des approximants du nombre d’or 7.

On considére pour cela €, la permittivité du réseau de IR? dont on prend la coupe-
projection suivant la droite de pente o = 7. Alors il existe une constante C' > 0 telle

Z | Cnm |2 ~ C'772

(m,n)€eBy,

que :

Proposition 2

Pour tout s > 1, si 7 désigne le nombre d’or T = 5 on a
1 S
fy=>_ & = o)

Commentaires :
Ce résultat nous donne un équivalent pour f(n) (voir annexe) :

1
C >0, f(n) = Z — ~Cn®, quand n — 0

[qT]<n

La preuve de la proposition 2 est rejetée en annexe B. Dans le cas général d’'un nombre
algébrique, nous ne donnons que des résultats de majoration (voir lemme 1 et lemme 2 de
I’annexe B).

Dans la section suivante, nous établissons notre résultat principal sur le correcteur.

5.2 Estimation du correcteur

Dans cette section, on s’interesse plus particuliérement & la minoration du correcteur,
dans la mesure ou des estimations pour la borne supérieure existent dans la littérature
[115].

Proposition 3

Soit @ € R\ @, Y =]0; 1[ et u,, 'unique solution du probléme P, 4. Alors u, converge
faiblement dans W12(]0; 1[,IR) vers I'unique solution u du probléme homogénéisé suivant
dans W2(]0;1[, R)/IR :

dzr

Po.o { i<< e? >71%(f£)) =0 ,sur]0;1]
7 u(0)=0, u(l)=1
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ou < f >:= / f(&1,&2) d&1dE,. Par ailleurs, si «v est un irrationnel solution d’une
Y XY

1_
équation algébrique (cf. [110]) et € € H "(Y2), Vr > 0, alors :

—um2
| lalz) —uol@), = B ()

U r2qoap M

ou 0(n) = Z | Crmm |2-

(m,n)eBy

Remarques :

On conjecture que le comportement asymptotique du correcteur est compris entre celui
d’un milieu aléatoire [39]

ot (@) — o (@) 2o ~ VT -

et celui d’un milieu périodique |18§]

[ () — UO(»’U)HLZ(]O;1[) ~n-

Le cas périodique correspond & o = 7, ou 7 est le nombre d’or. En effet, dans ce cas
0(n) ~ n? d’aprés la proposition 2 et () devient

2
n L2(]0;1])

Le correcteur est trés sensible aux approximants de « : en fait, plus l'irrationnel « est
difficile & approcher par un rationnel, meilleur est le correcteur. Plus précisément, si o est
un irrationnel transcendantal (par exemple un nombre de Liouville), on conjecture que le
correcteur se comporte de maniére analogue & celui d’un milieu aléatoire. Ces irrationnels
sont les mieux approchés par les rationnels. En effet, un nombre de Liouville « est défini
par :

—+00
a=Y 107"
n=0

La théorie des nombres nous assure alors de 'existence de deux entiers ¢ > N > 0 et
d’une constante C(«) > 0 tels que :

o= 3200 107" < C(a)10-(VH!

< O(e)(3500)" " ~ (@) ()Y

ol q est lié & N par logqg = N!. Quand N tend vers 'infini, loglogq ~ Nlog N soit
encore
N ~ logloglogq

Contrairement au nombre d’or dont la suite des approximants est trés réguliére (elle
est géométrique), les nombres de Liouville ont un développement en fraction continue
trés irrégulier. Nous ne sommes pas encore en mesure d’exhiber des irrationnels tels que
6(n) > n?, mais I'idée est de prendre un irrationnel quadratique dont le développement en
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fraction continu est irrégulier. Par ailleurs, il est bon de noter que si I'on s’intéresse & la
minoration du correcteur pour la norme | - [|ly1.20,1p), de tels cas peuvent-étre plus faciles
a exhiber.

Dans la pratique, il s’avére que les seules phases quasi-cristallines découvertes & ce jour
sont celles construites par coupe-projection a l’aide du nombre d’or. La physique de ces
matériaux est régie par les lois du chaos : malgré son caractére aléatoire, la croissance
des phases quasi-cristallines est expliquée par un principe de moindre energie de type
déterministe.

Démonstration :

On montre la proposition sous 'hypothése que € est continue.
De I’équation dans Py o, on tire que :

du
n(r) ) = ay sur [0;1]

ou la constante a; est déterminée par la relation suivante :

1
1 =uy(1) —uy(0) = an/o ey H(x)da .

On en déduit que I'unique solution du probléme Py, . vérifie :

o zefl(t) dt
Vo e [0;1], uy(x) = an/o 57;1(t) dt = /0<;1> (1)

Par conséquent, la suite (u;) est bornée dans W12(]0; 1[) € C([0;1]) et converge uni-
formément dans [0; 1] quand 7 tend vers 0 vers sa limite simple

X
/ <e > dat
0

u(x) = =z 2
(@) =20 8
1
Ici, on a utilisé le fait que la fonction quasi-périodique b, = <€77f1> converge -
faiblement dans L>°(]0; 1[) vers sa valeur moyenne qui vaut 1. La décomposition de la fonc-
tion ]0; 1[%-périodique &(z,y) en série de Fourier dans L%(]O; 1[%) permet d’écrire eglsous
la forme :
@)= Y Ot (3)
(m,n)EZXZ
on 3 Gl = [ () Pdody < +ox.
(m,n)E€ZXZ J0;1[?
La moyenne C;, de ¢,/ ! vérifie donc :
—1
Cp =<g, >
. Cm,n 9 (mtan)
B Z 2im(m + an) n (e T
(m,n)EZXZ (4)

. (m+an)
= S G sine(URE M) i

(m,n)€ZXZ n
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On note R, = u,—x 'erreur commise (ou terme correcteur) entre la solution approchée
upn(z) et la solution exacte du probléme limite u(x) = x. Notre objectif est d’évaluer la
norme quadratique de R,. D’apres (1) et (4), la suite (u,) se met sous la forme :

Uy () = aylin(z) = Cn_lﬂn(ﬂf) , (5)

ou

Nous sommes alors conduits a estimer la quantité suivante :

1

/ | iy — 2+ (ay — V)i, |* da

(7)
/ |“n_$| d$+|1_an’ / |u77| dx
+2Re{/ Uin(1 = ay)(ty — v) dz}
Posons
1
g Cm,n 2im(m+an)y 2
= -1 d
Iy(@) 77/0 | Z 2im(m + an) (e ) | dy
) (m,n)€ZxZ\{0,0} (8)
d Cm,'ﬂ 2im(m+an)y 2
= T -1 d
]é | Z 2im(m + an) (6 ) [ dy
(m,n)eZxZ\{0,0}
puis pour tout réel § > 0 :
1 2
I5 _ L7 2ir(m+an)y 1 d 9
2(@) ]é | Z 2177 m—l—om)<e ) |y, (9)

(m,n)eB

ou Bf] désigne une bande de largeur g dans Z x Z \ {0,0} :

Bg:{(m,n)erZ\{o,O}, \m+an|§g}

Nous allons montrer successivement que :

. R Uy — T
(4) 1= == = I(e),
T 12(jos1)) Lo
(i) aQQ:>V5>O,L7(oz)~Ig(a)—>+oo, quand n — 0.

(i) o f Q= 3d(0) > 1, |1=ay|=]1-C;"|=0(")
quand & — 0, (G, défini par (4))
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De (7), (i7) et (ii), et de I'inégalité de Cauchy-Schwarz appliquée au terme
1
/ (1 — ay)(t, — =) dr dans expression (7) de l'erreur, on déduira que :
0
. 2
R 2 Z(m,n)EBg| Cmm, |

R 2
) Va & Q, |—2 ~ |2 ~ I0(a)>
(iv) I b I (0 .

, quand 6 — 0

prouvant ainsi que HRHHLQGOJD > ndesquef(n) = Z | Crm ]2 ~ nd(a), quand d(«a) <
(m,n)EB,‘;
2.
Preuve de (i) :

Sans restreindre la généralité, on peut supposer que < e ' >= 1 i.e. Coo = 1. De (3)
et (6), on déduit que :

(@) = Y. Cun / 2imman)sy gy

(m,n)EZXZ

/ Coodt+ 3 Coum / emmen) it (10)
0

(m,n)EZy X Zy

I )

(myn)EZy X Zy

ou dans la premiére égalité, on a utilisé le fait que la série converge uniformément
(€ est continue).
Pour évaluer la norme quadratique de I2,, on calcule :

Vol 220 /run—m da
Cinn 21'7r(m—&—om)£ ’2
— -1
77/ Z 2m(m—|—om)( ! ) de

(m,n)EZy X Ly (11)

2

]é Z sz(fnm—: an) ( ey - 1) ‘ dy

(m,n)EZ+XZx
= 772]77(04)

ou I () est défini par (8).

Remarque :

Lorsque o € @, la fonction €, donnée par (3) est périodique (de période ng ou ¢ > 1)
et le comportement bien connu de I'erreur R, en O(n) indique que I;)(or) = O(1) quand n

tend vers 0 (prendre o = 0 dans (11)). Le résultat (iv) montre qu'inversement si « est un
irrationnel tel que (1) ~ n®) ou d(a) < 2, alors

lim I) (o) = 400, (12)
n—0

(autrement dit limsup I, () est une fonction discontinue de @) si bien que erreur R,
n—0

tendra vers 0 moins vite que 7.
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Preuve de (ii) :

Fixons 6 > 0. On écrit I,(«) sous la forme :

3=

I() :]é 9(y)dy , (13)

ou g est la fonction quasi-périodique suivante :

9(y) = ‘ > __ Cmn (e%’“’“a”)y — 1) ‘2 . (14)

(m,n)€ZxZ\{0,0} 2Z7T(m * om)

La convergence dans (13) revient donc a étudier l'existence ou non d’une moyenne

ergodique pour g. Pour cela, on décompose g comme suit :

gly) = W) + 3w [*, (15)

hfy(y) = Z fm,neiwm’ny - Z fm,n

(m,n)€BY (m,n)eBY

Cm,n i (m-+an
= X S =) (16)

(m,n)eB]

= Z Tr(am’n) (Sinﬂ'(m 4 an)y) eiﬂ(m+an)y

m 4+ an
(m,n)eB]

7“2(1/) = Z fm,nemwm’ny - Z fm,n

(m,n)EZE\Bg (m,n)EZE\Bg

= Z _ Cmn__ (sin m(m + om)y) gim(m+an)y
B\ B w(m+ an)
m7n * 17

avec

et

Ol Wy = 2(Mm 4+ an) et f = Cpyp/iwm p.
Notant que :

I —]gli 9(y) dy _jérll ’ hg(y) ‘2 dy +]€% | rg(y) lzdy + 2R6{]€Tll hg(y)rg(y) dy} , (18)

Passertion (7i7) résulte alors des propriétés suivantes :

1

. 2

lim - |10 (y) | dy = O(1) (19)
1

. n 5 2 o

liny ; | hy(y) | dy = +oo (20)

1
Appliquant Cauchy-Schwarz a QRC{ ][n hi(y)rg(y) dy} dans (18), on déduit alors de
0
(19) et (20) que :

1 1
n n 2
I () —]é g(y) dy N]é ] hg |"dy ~ +00, quand n — 0 (21)
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Preuve de (19) :
Fixons § > 0. Pour démontrer la propriété (19), on utilise I'expression (17) :

, , | Conn [
n 2 " 'm.n
]g | #9(y) [P dy <2]10 3

2 2
= m an
(m,n)€Z2 \B;SI | + |

1
| Con | "
R Tl

2
() eZ2\ B8 2| m+ an |

2
sin w(m + om)y’ dy

2
sin(m + an)y‘ dy

2 1 9
<2 N Cmn 7 sin(m + om)z dx
w2l m+an|* Jo n
(m,n)€Z\B;
sin (27 mtan)

D I P (R

2 2

() 22\ 212 m + an |
52

<= > | Cual (22)

(m,n)€Z2\B}

3

ou dans la deuxiéme inégalité on a appliqué Fubini-Tonelli et dans la derniere inégalité
2

on a utilisé le fait que < 6% lorsque (m,n) € Z2\ Bg. La convergence de la

| m+ an |?
série Z | Cnm |* nous assure alors de la propriété (19).
(m,n)€Z;\Bj

Preuve de (20) :

Fixons 0 et p > 0. Pour démontrer la propriété (20), on définit hf] dans (16) sous la

forme :
hf] - ;lni—% Z fm,neiwm'ny (23)
(m,n)EBg’p
Cm,n

Ol Wnp = 2w(Mm + an), fomn = et Bg’p est définie par :

Wm,n
1
Bg,p:{(m,n)erZ\{o,O}, [ml+nl <, |m+an|§g}.

On en déduit les minorations suivantes pour tous réels § et p > 0 :

1
. . n Wi, nY 2 2
h%n_)%lf ; ] Z fm.ne | dy > Z | fmn |
(m,n)eBy” (m,n)eBy”
> 1 3 ’ o ‘2
~ 4n? m+ an
(m,n)GBg’p

S G P (21)

Z 1 min A
T mmeBy” ’ man ‘ (m,n)eBY?
) n

ou dans la premiére inégalité, on a utilisé la formule de Parseval Plancherel généralisée.
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Passant alors a la limite quand p — 0 dans (24), on tire que :

Z 1 Z 2
llm hm lnf ewm nY —_— O
]E | fmin ‘ y_47T UnneB&’m—l—om’ | Crn |

p—0 n—0 5 s
(m,n)eBy” (m,n)EBy

3=

(25)

Par ailleurs, comme € est continue, nous sommes assurés que :

L 1
1 N | i
lim £ ‘ hf,(y) |2dy := lim inf lim (]én | Z Frame@mny | dy)

’n*)O 0 774)0 p*)(] 8,p
) (m,n)eBy
o n ; 2
= lim lim 1nf< | E fmne Y| dy)
p—0 n—0 0
(m,n)GBg’p

on établit alors la propriété (20) en notant que d’une part
, 1 52
min >
(mn)EBS | m + an | Ui
et que d’autre part il existe une constante C' > 0 telle que :
0(n) = Z | Conn |? ~ C1p @ avec d(a) < 2,

(m,n)eB)

dans le cas ou « est un nombre algébrique autre que le nombre d’or (noter que d(a) = 2
pour le nombre d’or d’aprés la proposition 2 établie dans 'annexe B, qui correspond & une

erreur R, qui converge comme 17.).
Preuve de (ii7) :

Notant que < e~! >=11i.e. Coo =1, de (4) on tire que :

. _(m+an)
-G, | :‘ S Cun sine(TUME M)y im (e
(mn)EZ+XZx "
< Y |G sineTEEAN)|
n

(m,n)EZy X Zy
m(m + an)

= Z ‘Cmn sinc( M)‘ + Z ’Cm,n sinc( )| (26)

(m,n)eB) " (m,n)€Z2\B}

ou dans la premiére egalité, on a utilisé le fait que sinc est prolongée par continuité a
1 en 0. Notant & est le degré algébrique de l'irrationnel «, d’aprés le lemme 2 de 'annexe

B, on sait par ailleurs que :

Z ‘C’ 'm,n sinc( (m;—an))‘ = o(nF1), (27)
(m,n)eB]

. ) .omm . Tm
pour des coefficients de Fourier Cy, , = sinc—sinc— et
n Ui

5 |G sine ™| — o). (28)
(m,n)eB)
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J1(V/n? + m?)
Vn24+m2

De plus, pour tout couple d’entiers (m,n) € Z2 \ Bg

pour des coefficients de Fourier C,, , =

, " < 4. On en déduit
[m+an]

qu’il existe une constante C7 > 0 telle que :

Z ‘C’mm sinc(ﬂ(m—i_an))’ <y Z #! Crn |

(mn)eZ2\B, K mayeznsg | O

§ 5C1 Z | Cm,n | (29)

(m,n)€ZI\B]

Comme ¢ est continue, Z | Crm | < 400, on établit alors ii7) en passant a la
(m,n)€Z2\B]
limite quand d tend vers 0 dans(26) a 1’aide de (27) (ou (28)) et (29).

(QED)
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Deuxiéme partie

Analyse numérique de la propagation
de modes guidés dans les fibres
optiques.

151






Chapitre 6

Propagating modes in dielectric
waveguides

Physical vector quantities may be divided in two classes, in one of which the
quantity is defined with reference to a line, while in the other the quantity is
defined with reference to an area.

'A Treatise on Electricity and Magnetism’, by J. C. Maxwell. [135]

6.1 Introduction

Optical fibers and integrated optical waveguides are today finding wide use in areas
covering telecommunications, sensor technology, spectroscopy, and medicine. As was ex-
perimentally shown by Russell and co-workers ([24][119][120][44][121]), a special class of
components incorporating photonic crystals can propagate light in a low index medium or
be monomode at all wavelengths in a high index defect. More precisely, they fashioned a
dielectric waveguide with a two-dimensional periodic variation in the plane perpendicular
to the fiber axis, and an invariant structure along it. One application of such materials
is a type of optical waveguide where light is confined by surrounding it with a band gap
material. The photonic band gap effect (PBG) may be achieved in periodically structured
materials having a periodicity on the scale of the optical wavelength : this is the well-
known ability of photonic crystals to inhibit the propagation of photons with well-defined
frequencies, which has a close analogy with the electronic properties of semiconductors.
Therefore, two-dimensional periodic structures in the form of long, fine silica fibers that
have a regular array of tiny air holes running down their length (|24][119]|120][44][121])
constitute two-dimensional photonic crystals with lattice constants of the order of micro-
meters. In the sequel, we will refer to such structures as photonic crystal fibers (PCF).
These microstructure fibers have recently been used to form both endlessly single-mode
crystal fibers based on total internal reflection thanks to a high defect index core and the
crystal cladding, lossless crystal fibers based on light confinement in a low defect index
core by PBG effect. The first type of PCF is a glass fiber with a regular array of holes
running down its length : we will call it in the sequel high photonic crystal fiber (HPCF).
A single missing hole in the array forms a region which effectively has a higher refractive

153
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index than the surrounding photonic crystal. This acts as a waveguide core in which light
can become trapped, forming a guided mode. Russell and al (|24][119][120][44][121]) have
experimentally demonstrated a single-mode operation in such waveguides in a wavelength
range from 337 nm to 1550 nm. Furthermore, it can be theoretically predicted that this
type of PCF remains monomode even for very short wavelengths using the effective index
model of Russell and al (|24][120]). The first step is to note that in a standard step-index
fiber with core radius 7 and core and cladding indices n¢ and n.;, the number of guided
modes is determined by the V' value ([24][120]) :

which must be less than 2.405 for the fiber to be single mode at optical wavelengths. Thus,
single-mode fibers are in fact multimode for light of sufficiently short wavelength. Russell
and al then propose an explanation for the monomode property of PCF based on the
effective refractive index of the cladding. They find an empirical rule which determines
whether the fiber is single mode or not :

2wd
Vess = T\/”(QJ _ngff g

where d denotes the center-center spacing between holes, ng is the index of silica and

YeffA
neff: o 5

Vefs being the maximum propagation constant 7y allowed in the cladding. V.r; is then
calculated by solving the scalar wave equation within a unit cell centered on one of the
holes. Furthermore, they noted that for small A, the scalar wave equation gives :

NAF + V5 F =0,

where F' stands for the electromagnetic field of the crystal in silica regions and A; is the
transverse part of the Laplacian. When A tends towards zero, the field F' is excluded from
the low index air holes and is confined to the silica region bounded by the edges of the holes.
For a given ratio of hole size to A, the field is therefore an invariant function of normalized
transverse coordinates % and % in the short wavelength limit. The previous equation then
implies that Ve is finite and independent of A and A under these conditions. This situation
contrasts with that for the step index fiber, for which V' tends to infinity as A tends to
zero. Russel and co-workers then conclude that the limiting value of V. depends on the
relative size of the holes, but a sufficiently small value guarantees single-mode operation
for all wavelengths A and scales A.

The second type of PCF is certainly the more surprisingly one, since it enables light
propagation in a low index structural defect thanks to the PBG effect : we will call it
in the sequel low photonic crystal fiber (LPCF). Its properties have been studied both
theoretically and experimentally in honeycomb photonic crystal fibers made of around
one hundred rods. For the numerical determination of the defect modes, Broeng et al.
employed a super-cell enhancement of the plane-wave method (the basic cell contains the
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overall guide to take into account the defect). Let us recall that for a single mode, the full-
vector wave equation of the magnetic field Hyx may be obtained from Maxwell’s equations

and expressed as follows :
2

1
curl — curl Hy = —%Hk ,
Er c

where k represents the wave propagation vector of the mode and &, is the relative permit-
tivity of the periodic structure. Taking advantage of the periodic nature of the problem,
the magnetic field may be expanded into a sum of plane waves using the Floquet-Bloch’s

He =Y hge &9,
G

where G represents a lattice vector in reciprocal space, describing the periodic structure.

theorem as follows :

The dielectric constant may be expressed as a Fourier series expansion to obtain :
1 G
EiaD DACTARE
" G

1
where Vg denotes the following Fourier coefficients of — :
€

— 1 i —iG-r dr

meas(Y) Jy e
In this equation, Y denotes the smallest basic cell that may be used to represent the cross-
section of the guide to be periodized (and meas(Y’) the measure of Y). Therefore, a matrix
generalized eigenvalue problem is obtained, where, for a fixed wave vector k, the frequencies
w of the allowed modes in the periodic structures are found as complex eigenvalues.

The main drawback of this method is that it is necessary to suppose a priori that the
finite size of the crystal cladding has no influence on the propagating modes, which is far
from being obvious. We will see in the sequel that such an assumption could led to unphy-
sical solutions : the bounded cross-section of the PCF induces a discrete spectrum which
corresponds to propagating modes and the exterior of the photonic guide induces a conti-
nuous spectrum (non-propagating modes). Therefore, one question naturally arises : how
can we make a distinction between physical modes which belong to the discrete spectrum
and that of the continuous one if we consider the operator associated to the Bloch-wave
decomposition ?

In this study, we try to give both theoretical and numerical elements to answer this
question. To be complete, we must add that our modelling allows us only to observe non-
dissipative modes : we therefore have numerical access to the first type of PCF (HPCF).
Concerning the second type (LPCF), we outline an alternative approach to that of Broeng
and al : although this numerical study is not yet achieved, we explain our battle plan to
find such leaky modes.

6.2 Preliminaries

Before going to the general case of propagation in two-dimensional dielectric wave-
guides, we simply want to illustrate our approach with the analysis of the classical dielec-
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tric slab. For this, we consider an heterogeneous dielectric waveguide invariant along the
y and z axes (e.g. propagation of modes in one or more parallel slabs). We then set :

E(z,y,2) = u(z)e"ez in Ey, and H(z,y, z) = u(z)eMez in H,

curl H = —wecurl E
curl E = dwpcurl H
curl(pH) =0

curl(eE) =p

In the absence of volumic charges, if ;1 = p¢ (non-ferro-magnetic media), we are led to
the well-known equations :

1 1
—curl —curlE + W’E =0
SR
—curl“cuwrlH+w’H =0
Ho €

The above system defines two spectral problems, which amount to looking for frequen-
cies w for which the electromagnetic field (E, H) is of finite energy in IR3.

If € is a piecewise constant function associated to a one-dimensional photonic crystal
fiber, we know that for the two polarizations, u satisfies an equation of Helmholtz type in
each homogeneous media. If ky denotes the wave number /wpogo, we define k; as koej,
where ¢ is the permittivity of the j-th media. We are thus led to :

Au+ (k]2 —)u=0 (0)

On the above expression, we see that the spectral problem splits in two ways : we can
either fix the propagating constant v and look for k; corresponding to bounded eigenvectors
(E,H), or we can consider a given wavenumber k; and look for propagation constants
associated to bound modes i.e vector analogues to bound states in quantum mechanics,
where the « are discrete eigenvalues. Although these two point of views are mathematically
equivalent (7 is a strictly monotonic function of k; as shown by Bonnet [28]), it sounds
that the usual way to study optical fibers is the second one. For this reason, we discuss the
one-dimensional case this way. It is worth noting that we will choose the first approach in
the two-dimensional case, to keep a linear operator.

For a fixed ~, defining ﬁjz as ,/ka- — 72, we deduce that in every media :

u(z) = Aj_e_iﬁj” + A;reiﬁjx

where ; = 1/ka — 2 if v > kj, or i,/k:? —2if vy <kj.

We now consider that e(z) = g¢ for x € R\ [—1; 1] (the dielectric waveguide is included
in ] — 1; 1[xIR?). If we denote k; (resp. k,) the wave numbers for x > 1 (resp. < 1) we
see that for a lower than k; (resp. ky), 51 (resp. () is a positive real. We deduce that -

must be greater than k1 (resp. ky), therefore i3 = —\/72 — ki (resp. i3, = —\/7% — k2)
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and v is thus bounded for x > 1 if A} is null (resp. for x < 1 if A; is null) : elsewhere u is
an oscillating function which does not vanish at infinity. The propagating constant must
thus satisfy :

~v > max(kq, ky)

This lower bound is the condition for total internal reflection : when light travelling
inside the PCF approaches the interface with the air, one of two things can occur. If the
angular condition for total reflection is met, the light is reflected back into the photonic
guide, otherwise much of the light passes into the air and is lost.

To get an upper bound for 7, we take the variational form associated to (0) and apply
the Green formula. From Maxwell equations, we know that in F), u and du must be

1d

continuous and that in H) u and fd—u is continuous. We hence deduce that (Petit, 1993
e dx

[176]) :

d*u

d*u —
—52/ uudm—ﬁi/ uudaz+/ U—7 dr = ,82/ u——dz
" Mirool J—o0i0)] |—oortoo| 27 ]z; P et sty da?

which shows that 5]2 > 0 for all j € {2,n— 1}, since 57 and 82 are < 0. We hence know
that the propagating constants of the bound modes satisfy :

max(ki, kp) < v <kj, Vjie{2,n—-1}

These are the so-called dispersion relations. Note that the upper bound occurs because

7 is a component of kj;, which is the magnitude of the wavevector K; that points in the
. )
direction of light propagation in the layer |1 — 2%; 1- 27 7 [.
n— n—

Remark :

From the previous study, we know that :

Afewlx ,siz >1 p1 = ’i\/’Y2 — ki
U(.%’) = Aj—e—iﬁjm 4 A;-elﬁjiﬂ , si—l<z<l1 /8] =4 /kj2 _ ,72 (1)
Ase e o p < —1 Bn =iVy* — k3

Noting once more that in E), v and ﬁ must be continuous on each interface (resp. u
and %Z—z in H)), we can deduce some relations between A, A7, A;r and A (Petit, 1993
[176]). More precisely, for a given v these constants are the unknowns of a homogeneous
linear system which has a solution if and only if its discriminent A (depending upon ) is
null. The properties of A are closely related to that of the discriminent of the scattering
matrix S (Tayeb and Maystre, 1997 [197]). The S matrix links the incident field Fj to that
of the diffrated one Fj :

S F =F, (2)

One can then define the propagating modes as solutions of Maxwell’s equations without
any incident field, that is with F; = 0. The linear system (1) hence reduces to :
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The scattering matrix S can be considered as a function of the wavelength A. Equation
(2) has solutions only for discrete values A\, of A, which are the poles of the S matrix :

det[ST1(\p)] =0

what is equivalent to :
det[S(\p)] = o0

These complex values )\, are obtained numerically by searching for the roots of det[S™1(\,)]
in the complex plane. The propagating modes are then the eigenmodes associated to these
eigenvalues. The F' column associated with the mode is the eigenvector of Sil()\p) asso-
ciated with the eigenvalue 0 (Maystre et al, 1996 [138]).

From a theoretical point of view, we face a spectral problem with an unbounded ope-
rator with dense domain H2(IR) in L?(IR). This operator thus exhibits a spectrum made
of two parts : a discrete one with eigenvalues associated to eigenvectors of finite energy
(the propagating modes) and a continuous one corresponding to the scattering problem
(the so-called radiation modes associated to this part of the spectrum are not in L?(IR)
since they do not decrease in the exterior of the guide). From a numerical point of view,
we cannot hope to mesh the overall space IR to discretize this problem. One may first
think that taking some Dirichlet boundary conditions at a finite distance of the guide (say
on the boundary 02 of a given open bounded set 2 C IR) would correctly approximate
the problem : the energy of the field is indeed rapidly vanishing outside the waveguide (as

|72) Theoretically speaking, the Helmholtz operator would thus be of compact resolvent
x

thanks to the compact embedding of H'(2) in L?(Q2). The compact operators being well
approached by finite rank operators (i.e. matrices) since it only has a discrete spectrum, a
Galerkin scheme would thus have some good properties (Ciarlet, 1978 [54]). Nevertheless,
taking Dirichlet boundary conditions at a finite distance would add the modes of a metallic
cavity (spurious modes, Bossavit, 1990 [30]) !

One way to avoid this drawback is to use some transformation methods combined
with a particular class of finite elements (Nedelec 1980, [160]) in the two-dimensional
case : these so-called Nedelec (or edge) elements have the peculiarity to keep topological
properties under a so-called pull-back mapping (see next section). The idea is then to map
the infinite domain in a finite one : we transform orthogonal coordinates in curvilinear
ones. We therefore keep the unbounded nature of the Helmholtz operator, but we just
have to mesh a finite set. In the one-dimensional case, the transformation is trivial, and
the discretization can be led with basic nodal elements on Fourier bases. Let us emphasize
that this scaling procedure will not affect the boundary conditions (Dirichlet ones, since
the field is null at infinity), because our transformation applies on the exterior of the
waveguide, where no discontinuities occur. Some further details can be found in the section
"transformation method", where the two-dimensional case is treated (we can sketch that
the transformation is a kind of conformal mapping on the interface between the guide and
the air). To show this, let us consider the bijection :

2
—arctan : x €] — 00; +o0[— o € [—1;1] (3)
77
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Besides, we know that :
da du
T (w(0)) = TS (w(a)

We thus deduce that :

d*u doa d [ dodu
E(ﬂﬁ(a)) = dr da (d:pda(gc(a))>

Letting h(a) be equal to u(z(«)), we derive from (4) and (0) that :

da d sdadh 2 2 —
o do (o o (@) (# = 2%)h(a) =0
9 do 21 2
Noting that o = ;arctanx, we derive that dﬁ = 71 tan2 7@ -

2
thus obtain :

L oo T (o2 T 0)) 4 (12— 4)h0) = 0

with the Dirichlet boundary conditions h(—1) = h(1) = 0.

= —— COS

159

T
> and we

()

We now want to discretize this spectral problem. For this, we expand h in Fourier

series :

b= Z hneinﬂ’a

neZ

1 1
Noting that cos® % =3 + 5 cosma, we get :

dh ] 1 . 1 . )
cos? %@(a) = % (1 + ie”a + 5(?”“) Z nhye™™
nez
T 1 1 inmo
-Z (nhn +5(n = Dhpoy + 5(n+ 1)hn+1)e

nez
We thus deduce that :

yrad (o madh
9 da (COS 2 da(a))
2

i

—T 1. 1 . 1 1 -
= T<1 + 5@”“ + 3¢ ”a) Z n(nhn + i(n — Dhp—1 + i(n + 1)hn+1)emm
neZ
i (n+ Tt Dot S0 = Dn)h + (50— 1% + Sl —1)
= — n° 4+ —(n n+—(n—1)n —(n — —n(n —
1 = 4 4 "\2 2

2 2 4

From (5), we derive the following linear system of equations for n € Z :

+(%n+n2+1Mn+10mwr+1@—4xn—mm%2+im+4xn+mmw4éma

i<6n2hn+(n—1)(2n—1)hn_1+2(n+1)(2n+1)hn+1—|—(n—1)(n—2)hn_2+(n+1)(n+2)hn+2)
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= (kQ - 72)hn

This is a large sparse system which can be solved thanks to the Lanczos algorithm,
which is introduced in the next section. The remaining question is to address the conver-
gence of the truncated system towards the infinite one. In the next section, we generalize
this study to the two-dimensional vector problem.

6.3 Setup of the problem

We consider a dielectric waveguide of constant section 2, invariant along the z axis and
whose permittivity profile € is supposed to be a known function (e.g. a piecewise constant
function to model a photonic crystal fiber). We look for electromagnetic fields (£, H) which
are solutions of the following Maxwell equations :

curl H = 58—6

(1) ot
curl€ = — a—/H
= —Ho ot

o being the permeability of vacuum.
Furthermore, choosing a time dependence in e~** and taking into account the inva-
riance of the guide along its 2z axis, we define time-harmonic two-dimensional electric and

magnetic fields E and H by :

(3{5@WJJ)—%dEwwpiwtwn
H(x,y, 2,t) = Re(H(z, y)e («i=712))

If [L? (]RQ)]3 denotes the Hilbert space of square integrable functions on IR? with values
in @, we say that (E,H) is a guided mode when :

(,w) € RY
(E,H) # (0,0)
E, H € [L2(R?)]®

where w is the angular frequency in the vacuum and =y denotes the propagating constant
of the guided mode.
For (E, H) satisfying (1), (2) can be written as :

3) curly H = —iwege, (z,y)E  (3.1)
curl, E = iwpoH (3.2)

where €, denotes the relative permittivity is such that 1 < e, < et = SUP (5 ) cR? er(z,y)
(bounded and coercive function) and where curl, H and curl, E are defined by :

n curly H(z,y) = curl(H(a:, y)e?)e 1z
4 . .
curly E(z,y) = curl (E(ac, y)e”z) e "

Furthermore, div, being an operator analogously defined to curl, in (4), it is clear
that div, curl, ¢ =0, Vp € [D(IRQ)]g, that is for smooth vector valued functions ¢. Thus,
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denoting by ko the wave number w,/geg, we are led to the two following systems of
Maxwell’s type :

(4,) curl, curl, E = ke, E
E divy(g0e,E) =0
() curl, (e, curl, H) = kZH

diV,y(/LoH) =0
It must be noticed that H (resp. E) can be deduced from (4%;) (resp. (4%)) thanks to (3.2)
(resp. (3.1)). Making the obvious remark that the divergence of H is null, contrary to that

of E, we choose a magnetic formulation. We thus have the following lemma (|28]) :
Lemma 1 :

Let s be a positive real. Then, the two following systems are equivalent in [Hl(IRQ)]3
(space of functions in [LZ(IRQ)]3 whose gradients are in [LQ(IR2)]9) :

) curl, (e, Y ewrl, H) = kKZH  (5.1)
div,H=0 (5.2)

(6) curl, (e, curl, H) — s v/, (div, H) = k3H

Remark :

Taking the divergence in (5.1), we simply derive (5.2) but we keep this last equation
to emphasize on this fundamental property of null divergence.
Proof :

A solution H of (5) in the Hilbert space [Hl(IRQ)]3 clearly satisfies (6).
Conversely, suppose that H satisfies (6). Taking the divergence of the two members of
(6) and letting ¢ be div, H, we get :
—sdivy(V49) = kg

We are thus led to the following system :

p € L*(IR?)

(7) OO
—sAp = (kg —77s)¢

Taking the Fourier transform ¢ of ¢, we get :

—-p)p=0, in L*(R?)
\/ if 72 > kg
where A =
Vs kg g ko > 2

and with a Fourier convention in e_z(p”$+pyy). The solution of the preceding equation in
the sense of tempered distributions is of the form :

$ = Ad(A —p)+ B6(A+p)
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which is not in L2(IR?). Hence, (7) admits only trivial solutions, which proves that div., H =
0.
(QED)

Noting that in IR? \ Q (exterior of ), (6) becomes :
~AH +~+*H+ (1 - 5) v, (div, H) = k3 H ,

we take s = 1 to get the vector Helmholtz equation outside €. Our problem reduces to
find real e, (for a given positive propagation constant 7) such that there exists H solution
of the problem (P) :

> {H e [HY(RY)]® ,H#0
3
c(yv; H,H) = k}(H,H') ,VH' € [H'(IR?)]

where ¢(7; -, ) is the sesquilinear form defined by :
1 - I
c(v;H,H) = / (— curl, H - curly H + div, Hdiv,, H')dzdy
R? Er

Note that for all U in [H*(IR?)]?, we have :

/ (| curl, U |?) dedy = / curl, (curly, U) - U dady
R2 R?

:/ (—AU+72U+v7(div7U)>-dedy:/ (\ vU |2+72\U]2—|div7U]2) dzdy
R2 R?

3
where | YU |* = Tr((yU)' v U) = Z | 0'U; |2. Thus, assuming that inf e.(z,y) =1,
i—1 (z,y)€IR2
we deduce that c(v; -, -) satisfies, Vy € Rt ,VH € [HI(IRQ)]3
min(y*,1)

. 1 2 2 2 2
) > = [ (TH P o2 H ey > PR

c(y; H,H) < /]R2(| VH |* + 7| H [*)dzdy < max(v*, 1) [H| 51 e

where T is given by et = sup &,(z,y) and HHHIQLP(IRQ) :/ (| VH |* 4+ | H |*)dxdy.
(z.y)ER? R?

The previous system ensures us that ¢() is thus continuous and coercive in [H 1(R2)]3
if v # 0. From the Lax-Milgram lemma, we then deduce that (5) admits a unique solu-
tion in [H 1(IRQ)]?’ given by the minimum of the following functional in the Hilbert space
[ (R?)

1 -
R(yv;H,H') = / — curl, H - curl, H'dzdy
R? &r

8 +s [ div, Hdiv, Hdady — k3 | H-Hdxdy
v Y 0
R? R?
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Besides, from the Lax-Milgram lemma we know that for a given positive real 7, there is a
unique operator C(v) defined for all H and H' in [L2(IR2)]3 by (C(v)H,H') = ¢(v; H,H').
It can thus be established that (|28]) :

Lemma 2 :

Let v be in RT. Then the operator C(v) is a self adjoint operator and its spectrum
a(C(v)) satisfies the following inclusion :

2

o(C() € [y +ocl

Besides, if we denote by o,(C(7)) the set of eigenvalues of C(v), then g—i ¢ ap(C(7)).

Proof :
(i) We know that for all H in [H'(IR2)]*

2
g 2
c(v;H,H) > e 722

which proves both the self adjointness of C'(y) and the inclusion satisfied by its spectrum
(Reed and Simon, theorem 8.15 p. 278, tome 1 [183]).

(ii) We have to prove that g—i is not an eigenvalue of C'(vy). Stating that H is such that
the above inequality is an equality, we deduce that

/ | VH |* daedy = 0
RQ
Thanks to the Parseval identity, we get that :
A D2 ~ 2
|V H P dpadn, == [ 02+ ) [ dpidp, =0
IR2 IR2

Hence, H is identically null (contradiction).

(QED)

We now develop H(z,y) in its transverse and longitudinal components Hy(x,y) and
Hl (.’L’, y) :

H(z,y) = He1(v,y)e. + Hio(z,y)ey + Hi(z, y)e: = He(z,y) + Hi(z,y)e:

We define the transverse gradient, divergence and curl as

OH, OH,
thl('ra y) = Eex + aiyey
. 0H, OH
divi(Hy e, + Hipey) = 8;’1 + 8;2
0H, OH
curlt(Hmex + Ht,gey) = 852 — a;’l

and we develop curl, and div, in their transverse and longitudinal components :

OH OH,
1 O

div, H =
WV Oz oy

—i—i'yHl = dinHt +Z"}/Hl



164 CHAPITRE 6. PROPAGATING MODES IN DIELECTRIC WAVEGUIDES

0H,
curl, H = (a—l —1 th,2>ex + (Z vH; 1 —
Yy

@)e (BHt,z B 6Ht,1)e
oz )Y ox oy N
=curly Hy e, + (VeH; —ivHy) X e,

Making use of the Green formula :
/ (le H, - H,- vﬁ;) drdy = — / (divt H, A} — H, div FI;) dxdy
R? R?

we derive the following lemma ([28]) :
Lemma 3 :

For all positive real v, and for H and H' in [H! (IRQ)]S, we have the following equality :
(9) c(y;H,H') = d(7, H,H') ++°(H, H')
with d(v,.,.) defined by :
d(v, H,H') = d"(H,H') + ~d'(H,H') + *d*(H,H’)

where d°, d* and d? are given by :

1 _ _ 1 _
dO(H, H,) = / (; curl; H; curly H; + divy H; divy H; + ; v H; - thl,> dxdy

R2 \&r r

, 1 _ _

) =1 [ (5= )l - v ) dady
R2 N Er
1 _
d*(H,H) :/ (— — 1)H; - H} dzdy
R? Er

It is worth noting that we are dealing with an unbounded operator, since d has a
support in the overall space IR? (this would not be the case for a metallic guide of dielectric
rods). We therefore have to deal with the essential part of the spectrum, that is the set of
eigenvalues of infinite multiplicity, accumulation points of eigenvalues and the continuous
spectrum (bands). It can be shown that for all v € IR, the essential spectrum oss(C(7))
of C(v) satisfies (|28]) :

Tess(C(7)) = [72;+00[
Lemma 4 :

For all v € R, the essential spectrum oess(C(7)) of C(v) satisfies :

oen(C()) = |7 400

Proof :

1
We see that d' and d? are compact perturbations of d (note that — — 1 is null outside
Er

Q2 and conclude by the compact embedding of [HI(Q)]3 in [L2(Q)]3.), thus they do not
change its continuous spectrum ([183]). We then have that :

Tess(C(1) = {A +77 5 A € 0us(C(0) }
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Furthermore, the lemma 3 ensures that d°(H, H) satisfies for all H € [Hl(IRQ)]3 :

1
CEHE) > [ [ 9H [ dedy
3 R2

= sup e(ny).

(z,y)€R?
From the lemma 2, we hence deduce that :

where ¢

0ess(C(0)) = R

The lemma is thus straightforward.

(QED)

Lemma 5 :

If € is a piecewise function of class C* in §) the discrete spectrum of C(v) satisfies :

oa(C(7)) C] — 00397

Proof :

In other words, we must prove that there are no eigenvalues in the continuous spectrum
except sometimes for ¥2 (when a new mode appears, cf. figure 6.1). Let H be a mode in
[H! (IRZ)]3 and A > 72 an eigenvalue such that :

(. HH) = A(HH)) , VH € [H(R?)]
From (6), we see that for all (z,y) € IR?\ Q, H(z,y) satisfies :
~AH+ (A —+*)H=0

The above equation admits only trivial square integrable solutions since A — 42 is
positive [184]. Therefore the theory of partial differential equations ensures us of the nullity
of H in IR? [114].

(QED)

Remark :

This lemma holds for instance for step profile fibers, graded profile fibers and obviously
for photonic crystal fibers.

The operator C(7) is self adjoint, hence every point which is not in its essential spectrum
is an isolated eigenvalue of finite multiplicity ([183]). Furthermore, the operator C(7) is
lower bounded. We can then apply the Min-Max principle on each eigenvalue inferior to
the lower bound ~? of its essential spectrum [28].

Lemma 6 :

Every eigenvalue A (v), j € {1,..,k}, of the operator C(v) satisfies the following dis-
persion relations (DR) :

2

gj <A () S A() << AF(y) <P (DR)
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where €™ is given by e = sup eq(z,y)
(z,y)eR?
Remarks :

An empty discrete spectrum o4(C;) corresponds to frequencies under the cut-off, and
an integer k = 1 to a monomode fiber (fig. 6.1).

Thanks to the dispersion relations (DR), we know that every eigenvalue greater than
72 belongs to the essential spectrum, which gives us a numerical criterion to eliminate the
modes without any physical meaning. Nevertheless, we numerically detect some frequencies
in the essential spectrum whose associated eigenvectors seem to satisfy all the properties
of propagating modes (notably null divergence). We believe that those eigenvectors may
give us information on the diffracting problem in conical incidence.

From (9), we see that c(vy) depends on both 7 and 2 i.e. €, being fixed, the calculus
of v such that (v,e,) is a solution of P, is a non linear problem. We thus choose to look
for w as a function of v (such an approach would not hold for a dispersive media).

Let us also note that the functions v € IR —— A,,(7) € IR" are monotonic, provided
that

(1- yWer+1) <1,

6+

which is a property shared by all the optical fibers (|28]). The functions A,, are therefore
bijective on IR* and the usual dispersion curve is straightforward from (DR). To be more
precise, the A,, are even almost everywhere differentiable since they satisfy ([28]) :

‘Am(')’)_Am('Y/H 1
<2(1 - —
v =7 <2

)(Vet + 1) max(y, ) .

We thus have an upper estimate for the slope of the curves : the lower ', the smaller
the estimate (therefore the slope) and this estimate is asymptotically equal to 2(\/8Tr +
1) max(vy, /) for large ™. One cannot hope to show stronger properties on the derivatives
of the curves, since there are some branches of eigenvalues crossing each other even in the
case of a step profile optical fiber of circular cross section.

To be complete, we must add that the previous results can be generalized to the case of
dielectric waveguides in perturbed media. The theoretical study is much more difficult to
perform since d' and d? are no more compact perturbations of d°. These optical waveguides
have very specific properties. For instance, it can be shown that such waveguides have
no guided mode when the wave number is close to 0, due to the discontinuity of the
permittivity at the interface [28]. Furthermore, the numerical study of propagating modes
in a waveguide in the vinicity of an interface is of pratical interest : in integrated optics
the optical guides lie on dielectric substrates and in telecoms the optical fibers are layed
under water. We therefore give a sketch of the proof of a theorem which evaluates the new
lower bound of the essential spectrum. The reader can find the complete proof in [28].

Without loss of generality, we can suppose that there exists a positive real a such that :
er(z,y) =¢el,, if|z|>a and y >0

er(z,y) =e, if|xz|>a and y <0
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YV le,

O4
/ } multimode

monomode

/
/ cut-off

Dispersion curves wP/c?

FIGURE 6.1 — Decomposition of the spectrum o((C7)) of the open guide operator C()
in its discrete part o4 (which gives the dispersion curves when 7 varies in IR]) and its
essential part oess (eigenvalues of infinite multiplicity, accumulation points of eigenvalues
and continuous spectrum which are probably associated to the diffracting problem).

Let us assume that e, > e__.
Theorem 7 :

For all v € R™, the essential spectrum oess(C(7y)) of C(v) satisfies

ool C0) = [ s oo

Proof :

If we prove that
2

7ess(C() € [T oo

the theorem will be deduced from lemma 2.
We know that o.55(C(7)) is closed. We therefore have to prove that

} Lj; —i—OO[ C 0ess(C(7)) .

€0

2
Let A > ’YT To prove that A € o(C(7)), we must find a sequence of singular eigenvec-
€

tors (Hp)peleofor A [189]. Following [28], we set :

oty A2
(11){1\_500)\ v >0
HP = wH° ,V p € IN*
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where H? # 0 is an arbitrary vector of @ and u? is defined by :

(12) uP(,y) = —=0(=, ~)p(z,y) , ¥ p e N

with o(z,y) = Jo(vV/Ay/22 4+ 42), and where .Jy is the Bessel function of order 0. ¥ is an
infinitely differentiable function with compact support in IR? such that :

2 —
(13) /1R2|\Il|dxdy—1
U =0 dans Rx] — oo;d"]|

where d¥ = infia € RY;e,.(z,y) =1 pp.v€R, y > a}.

It is worth noting that Jy is a Bessel function which describes an almost periodic
phenomenon vanishing at infinity. Furthermore, Jo(0) = 1 is the maximum of this function.
This function thus fits the behavior of transverse fields whose energy is mainly in the core
of the fiber and which are vanishing with oscillations outside the fiber.

It is clear that :
uP € H'(IR?) ,V p € IN*

and
supp (uf) € Rx]d"; +oo[ ,V p € IN*

We want to establish that :

”Hp||[L2(]R?)}3 2 HHO”[L?.(]R2)]3 , VpeIN*
+oo
|’C(7)Hp - )‘Hp||[L2(IRQ)}3pH—> 0
HrY X% ,in [L2(IR2)]” weak

1 1
Noting that (E — —)Hp is null on IR?, from lemma 3 we deduce that :

€0

R? € S% R2

+div B divi V] + 9 Hf - V) — AHPVT) dady

_ 1 _
c(y HP, V) =\ | BPVPdedy = — | (curl HY curl, V7

Integrating par parts, we get that :
1 0
C(y)HP — \H? = oz (Auf + AuP)H

We therefore have to establish that :

i) 3a >0 such that [[u”[|j2p2) > o, ,Vpe N,

i) |Au? + AP p2g2y — 0, when p — +00

iii) u? — 0 in L?(IR?) weak , when p — 400
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i) Noting that Jy(0) = 1, we see that ¢) holds for finite p. The assertion 7) is then
derived from the asymptotic behavior of Jy [1] :

2 T
(14) Jo(r)rii"o,/; cos(r — 7).,
where r = /22 + y2. Taking v = T andw="Yin (4.2), we get that :
p p
(15) lupll 2wy = / , U2 (v, w) p J2(pV AV V2 + w?) dvdw
R

We deduce from (13), (14) and (15) that :

o 2
[P (| 2 w2y Pl 2 U2 (v, w) cos® (pVAVv2 4+ w? — z) dvdw
W\/K IRQ 4
oo 1 1
) U2 (v, w) dvdw = —

W\/K /]PLQ 7TA

The assertion is then straightforward.
ii) It can be shown that 28] :

1
—(A+ M’ = =V (=, =) (-Ap(z,y) — Ap(z,y))
p2
2 x
_jvan(ivf) VQO(.’IJ,y) 5A\Ij77( 77)()0(1.72/) .
p2 pp p2
Noting that p(z,y) = Jo(vVA\/22 + y2) satisfies
Ap+Ap=0,

and taking into account that

rotoo | 2 3
VJo(r) - \/;cos(r — Z)er ,

(where e, is a unit radial vector) the assertion can be deduced analogously to ).
iii) This assertion derives from the Lebesgue dominated theorem (see [28]).

Remarks :

It is established in [28] that :
[V H P drdy <90 [ B dody
R? Q

where

M(e,) = 8(e,) (1 + 41/8(e,) + 45(e,))

d
an 1 1
5r(xay) 5;

d(er(z,y)) = sup er(x,y) sup
(z,y)€IR? (z,y)€IR?
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Besides, we know that div, H = 0. This implies that :
din Ht = —Z’)/Hl

Integrating par parts, it thus follows that :

/ | H, \Qd:udy<M(sr)/ | H, |? dedy
R? 9)

If M(e,) is small (i.e. &, is close to €4+ ), we deduce that the magnetic field is almost
transverse : the weak coupling assumption can therefore been used.

The confinement of the field in the core region €2 of the fiber can be quantified with
the following ratio :
Jo | H |? dzdy
Jpz | H [ dzdy

If we denote by Q.- the lower outer medium (substratum)
Qm_:{(m,y)eﬂ%2, |z |>a and y<0},
it can be established that [28] :

duler) [ B Pdody < M) [ [P dedy

where

Moo(er) = 8(er) (1 + 6(er)) + 20/ M (e,)8(2r) (1 + 8(er))boo () + 4M (21 )boo (er)

and X .
dso(er(z,y)) = sup er(z,y) sup |——— — -
(z,y)€R? (@y)eR2 | Eoo(T,Y) €

We note that the majoration of / | H, |* dzdy is obvious if the outer of the wave-
Q

guide is an homogeneous medium (500(02T(a:, y)) = 0). On the contrary, if the outer of the
waveguide consists of two media of very different permittivities (doo(er(x,y)) is big), we
see that the magnetic field is vanishing in the substratum.

These theoretical developments are of very importance for the numerical treatment of
propagating problems encountered in most of the pratical cases : optical cables under the
sea, micro-strips...

6.4 Variational methods and finite elements.

6.4.1 Maxwell’s equations and differential forms.

The calculus of differential forms has been used for a long time, in general relativity,
quantum field theory, thermodynamics, or mechanics, whereas in electromagnetic field
theory it has been rather lately introduced as an alternative to vector analysis. However, it
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clarifies different notions such as field intensity or flux density, the connection between the
Stokes theorem and the divergence theorem and the correspondence between vector fields
and their rotationals. Cartan and others developed the calculus of differential forms in the
early 1900’s. A differential form is a quantity that can be integrated, including differentials.
More precisely, we will see in the sequel that a differential form is a fully covariant, fully
antisymmetric tensor. The calculus of differential forms is a self-contained subset of tensor
analysis. Since Cartan’s time, the use of forms has spread to many fields of pure and applied
mathematics and a section on differential forms is commonplace in mathematical physics
texts.

The laws of electromagnetic field theory as expressed by James Clerk Maxwell in the
mid 1800’s required dozens of equations. Vector analysis offered a more convenient tool for
working with electromagnetic theory than earlier methods. Tensor analysis is in turn more
concise and general, but is very abstract and gives no intuitive representation to tensor
fields such as the curl operation (and it requires many indices). The question is thus to find
another way which may combine the simplicity of vector analysis to the power of tensor
analysis. The answer was given by Weyl and Poincaré who expressed Maxwell’s laws using
differential forms early this century. Applied to electromagnetics, differential forms combine
much of the generality of tensors with the simplicity and the concreteness of vectors. Other
formalisms for electromagnetic theory are available, including bivectors and quaternions.
We will give further details on the notion of bivectors in the sequel. Concerning the set
of quaternions, H, we just note that it is a generalization of the set of complex numbers
defined as :

{a=rie : 1=0,1,2,3 : 1, € R} (16)

such that ey eg = eg, and e; e; = —0;5 eg + €451 ey for all 4, j, k = 1,2,3. H is a non-
commutative associative algebra whose properties are studied by group theorists and were
introduced in electromagnetism by J. C. Maxwell himself [135] :

C=v-VH ,C=J+D,
B=v-VU ,E=-U+VV, (17)
B=uH ,D=KE

d d d
where v means "vector part" of a quaternion product, and V is the operator eidf + ejdf + ekd—.

x Yy z
With vector calculus, we would write it :

curlH:C:J—i—éD,B:curlA, andE:—éA—V\Il (18)
ot ot

None of these offer the combination of concrete graphical representations and close
relationship to vector methods that the calculus of differential forms. Last, but not least,
differential forms give an easy way to compute electromagnetic fields thanks to a particular
class of finite elements called Nédelec elements or edge elements (Nédélec, 1980 [160],
1982 [161] and Bossavit, 1988 [29]), which are a kind of discrete differential forms whose

properties were studied by Whitney (Whitney, 1957 [206]).
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6.4.2 Notions of differential geometry

From a differential geometry point of view, the vector fields are the first order linear
differential operators on functions. They have a vector space structure, one basis of which

0.
is the set {W} of partial derivatives with respect to coordinates. The action of a vector
z

field v on a function f is noted v(f). A 1-form « is a linear map from vector fields v to
scalar functions «(v), also noted < «a,v > to emphasize duality (at one point of space, a
vector field is represented by a vector and a 1-form by a covector i.e. a linear map from
vectors to real numbers). A special 1-form associated to a function f is its differential df
defined such that df (v) = v(f). One basis for the vector space of 1-forms is the set {dz’} of
the differentials of the coordinates. A p-form w is a multilinear totally skew symmetric map
from p vectors v1, ..., vp to scalar functions w(vy, ..., vp). Functions are identified with 0-
forms. In three-space only 0-,1-,2- and 3-forms are not identically equal to zero (because of
the skew symmetry). 0- and 3-form spaces are one-dimensional vector spaces while 1- and 2-
forms are three-dimensional vector spaces (neglecting of course the functional aspect where
they are all infinite dimensional). From this point of view, scalar fields from vector analysis
are 0- or 3-forms depending on their physical meaning : O-forms are pointwise relevant
functions while 3-forms are densities to be integrated on volumes. The vector fields from
the vector analysis are 1-forms and 2-forms : 1-forms are integrands of line integrals while
2-forms are flux densities. Operations on forms include the exterior or wedge product A
that maps pairs of a p-form w; and a ¢-form ws on the (p + ¢)-form wy A wy defined by :

1
(WiAw2)(v1, -y Vpg) = = Z {Sgn(ﬂ')wl(vw(l), s V() X W2(Vr(pg1)s -0 Vn(ptq))
T mESptq

where 7 runs over the set of permutations of p + ¢ indices. The set {dzt A ... Adz®}
of the linearly independent exterior products of p differentials of the coordinates is a basis

|
for the

ﬁ—dimensional vector space of p-forms. Any p-form can be expressed as a
pl(n —p)!
linear combination of such p-monomials.

Another fundamental operation on forms is the exterior derivative d that maps p-forms

on (p+ 1)-forms
1 < A A
= Z (dwiy ..5,) Ndz"™ A o Ndx'™
P

91 ... ip=1

dw

where dw;, .., stands for the differential of w;, . ;, considered as a function.

From this definition it is obvious that the exterior derivative of a function f is its
differential df. The opposite operation of the exterior derivative is the integration of a
n-form w = f(z! ... 2™)dz' A ... Adxz™ on a n-dimensional domain M, which is defined
by :

/ w= flat . a™ydat . da™
M R"
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where f is supposed to be zero outside M.

These objects and operations only involve the topology and the differential structure
of the ambient space i.e. they are independent of any notion of angle and/or distance.
Those notions are introduced by giving a metric g i.e. a symmetric bilinear map from two
vector fields v, w to scalar functions numbers g(v,w). The metric allows the definition of
the Hodge star operator x which maps p-forms on (n — p)-forms where n is the dimension
of the ambient space. In local coordinates, the star operator is defined for an exterior
p-monomial by (using the Einstein summation convention on repeated indices) :

Vigl

(n—p!’

where €;, ... j, is the Levi-Civita symbol. If the matrix the elements of which are

*xdz™ A ... ANdz'h = gilj1 gipjl’d:l;jp“ A o A da:jnejl - n

gij = 9(0./9x", 9./0x7)

is considered, the g%/ are the components of its inverse and | g |= det(g;;) is its determinant.
By linearity, the definition of the star operator may be extended to any form. In three-space,
the Hodge star operator maps 0-forms on 3-forms, 1-forms on 2-forms and conversely. This
is why only functions and vector fields are used in the vector analysis of the three-space
with the Euclidean metric.

6.4.3 A brief survey on edge elements and Whitney forms

"Edge elements" is a nickname for recently developed finite-element bases for vector
fields, whose degrees of freedom are not to be interpreted as the components of some
vector field at mesh nodes, but as circulations of the field along element edges [162]). We
will see in the sequel that they do not impose on the magnetic and electric fields H and
E more continuity than physics requires : edge-element approximations of (let’s say) H,
will have tangential continuity across material interfaces, but its normal component will
not be forced to (unwanted) continuity by the nature of finite-element interpolants, as may
happen with some node-based elements. Edge-elements are part of a discrete algebraic-
geometric-differential structure of finite-element shape functions invented by H. Whitney
(|206]) which assign degrees of freedom to simplices of a given mesh : nodes, edges,
facets, tetrahedra. This structure, the so-called "Whitney complex", closely matches a
continuous structure made of four vector subspaces of L? and of three differential operators
W, curl, div, which is known as the "de Rham complex". This complex is called an exact
sequence if the image of each operator domain of this structure is exactly the kernel of
the next operator what depends upon the topological properties of the domains such as
connectivity assumptions. We thus choose the point of view of differential geometry in the
sequel.

Consider a simplicial mesh on a three-dimensional manifold D, that is, a set of tetra-
hedra which 2 by 2 have in common either a full facet, or a full edge, or a node (vertex),
or nothing, and whose set union is D. We also assume a numbering of the nodes n, so
that edge e or facet f can alternatively be described by a list of node numbers. We call T,
F, E, N respectively, the sets of tetrahedra (or volumes), facets, edges and nodes which
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constitute the mesh. Hence an edge e element of £ will be denoted by the ordered set {i, j}
of its two extremities. A node n element of N will be denoted by {é¢} (i is the number of
node n) and a facet f element of F will be denoted by {7, j, k}. We shall adopt from
now on the generic term of p-simplices to refer to nodes (p = 0), edges (p = 1), facets
(p = 2) and volumes (p = 3) : more precisely, a p-simplex denotes the convex envelope

of p 4+ 1 nodes i.e. if x; denotes the location of the i-th node, the p-simplex is the set
p+1 p+1

{Z Bixi, Bi >0, Zﬂi = 1}. Let us emphasize that if edge {i, j} belongs to &, or if

fazcei {i, j, k} belorigs1 to F, then {j, ¢} does not belong to £, and neither {k, i, j},
{4, k, i}, etc., do belong to F : each p-simplex appears only once, with a definite orien-
tation. We shall associate with this tesselation four finite-dimensional vector spaces (i.e.
discrete functional spaces), named WP, p = 0 to 3, of p-forms (see the previous section for
a definition of p-forms). For each of these four vector spaces we may exhibit a basis (not an
orthogonal one, but such that all base functions have a compact support). The elements
of these bases are the node-, edge-, facet-, volume-elements alluded to.

Let us first define )\gkl(l‘) the barycentric coordinate of point x with respect to node
{i} located in z; : this barycentric function is continuous over D, piecewise linear in the
tetahedron {i, j, k, [} and null elsewhere (fig. 6.2).

FIGURE 6.2 — Two tetrahedra {7, j, k, I} and {m, I, k, j} with a common facet {j, k, l}.

Consequently, this function is entirely defined by its values on the four vertices of the
tetrahedra {1, j, k, {1} :
M) =1
{ . (19
M) =0, itm#i

Let us now denote by K; the set of integers m such that z,, and z; belong to the same
edge. This way, we can define a function A; whose support is the set of tetrahedra which
have the node {z;} in common (fig. 6.2) :

A = Z /\zkz

{, k, ek}
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(of course, in the case of curved tetrahedra, this should be understood in the reference
space).

We are now ready to define Whitney elements of order p = 0, 1, 2, 3. They are
differential p-forms associated with p-simplices and generate the spaces WP. For a node
n = {i}, we set :

wp(x) = Ai(z) (20)

This is a "Whitney element of order 0", based at node n. These elements are nothing
else than the familiar piecewise linear, continuous P! elements : the "hat functions", or
"Lagrange elements of polynomial degree 1", of finite element theory (P* stands for the
set of polynomial functions of degree < k). To edge e = {i, j}, we assign the "Whitney
element of order 1", or "edge-element" based at edge e, defined by the 1-form (vector
field) :

we:AivAj*Aiji (21)

To facet f = {i, j, k}, we assign the "facet-element" defined by the 2-form (vector field) :
wr =20 7 Aj X VAL + A7 A x VA + A7 A x TA) (22)

Finally, we associate with volume {i, j, k, I} a function whose analytical expression
can be infered from (21) and (22) (a factor 6 should be thrown in), but it is piecewise
constant (P element), so writing it down would be pointless. The 1-form in (21) is certainly
not continuous over D, since the \;s are not continuously differentiable. But it has some
continuity nevertheless. To see this, consider the gradient (exterior derivative) of the 0-form
Ai .

VAZ = {VAZ} + H[Az] (52 s

where dy; denotes a Dirac mass (de Rham current) with support on the tetrahedral facet
opposite to the node 4, [A;] denotes the jump of A; across this facet, n denotes the outward
normal to this facet and {7A;} denotes the regular part of \7A;. Thanks to the continuity
of Aj, we know that [A;] = 0 and [A; 7 A;] = Aj[VA;]. If we then take the rotational of
the 1-form A; 7 A;, we get that :

curl(Aj \V4 Al) = {Curl(Aj \V4 Al}) + TlAj X [VAl] 52

One cannot hope the continuity of \7A; on 3 since it is not differentiable on 3 (it is a de
Rham current). Nevertheless, it is obvious from the definition of A} M

3 igkl ijkl
2 () = Z Ny Tp+a
i ikl

nI* 3o + aidkl’
p:l 0 0

where n;;,jkl is the outward normal to the facet {j, k, [} opposite to the node {i} (tetrahe-
dron {i, j, k, 1}) and a”*! is solely defined by (19) (cf. figure 6.2). Besides n}fkl and ¥
are the coefficients defining the plane (fig. 6.2)

3
g n;]klxk + a7k =0 |
k=1
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such that \7A; is collinear to the outward normal n of the previous plane (whose components
are given by the n;i,jkl). After cumbersome but easy computations, the reader can check
that for each facet n x [\VA;] = 0.

We can thus conclude that the rotational (exterior derivative) of the 1-form w, is given

by :
curlwe = Ajcurl YA + VA; X A — Ajeurl yA; — YA; x YA =27 A X VA .

The very fact that curl w, exists as 2-form, and not as a distribution as a de Rham current
(distribution) proves that the tangential part of w. on facets of the mesh is continuous
across these facets ([30]). In other words, the tangential component of w. on a common
facet {j, k, I} of two adjacent tetrahedra {i, j, k, I} and {m, [, k, j} depends only on
its values on the three edges {j, k}, {k, I}, {l, i} (fig. 6.2).

From this remark, we can already infer that Whitney vector fields of degree 1 (that is,
those generated by edge-elements) are exactly what is needed in order to represent vector
field like E (electric field) or H (magnetic field) in electromagnetic computations : for these
fields (1-forms) have precisely this kind of continuity i.e. continuity of the tangential part
across material interfaces.

A similar remark holds about facet-elements (p = 2). For this, let us consider the
divergence of (21). We first note that the Poynting identity ensures us that :

div(A; 7 Aj X 7Ag) = Ay - curl(A; 7 Aj) — Ay 7 Ay - curl(7Ag)
If we develop the previous equation, we get that :
div(A; 7 Aj X JAg) = VAR - (Ajcurl A + A x Aj) — Ay 7 A - curl(7Ag)
We have already seen that curl \yA; = {curl \yA;} = 0. We therefore deduce that :
divwr =67 A - (VAj X YAg) ,

which is a 3-form. Besides, we can write the exterior derivative of the 2-form w; in terms

of a continuous form and a de Rham current as follows :
divwy = {divws} +n - [ws]ds.

We hence conclude that the normal component n - wy of wy is continuous across facets.
The facet-elements are thus closely related to the magnetic and electric flux densities B
and D (2-forms). It is worth noting that the tangential continuity of w. and the normal
continuity of wy reveal the deep nature of Whitney elements which are built to ensure their
continuity and that of their exterior derivative. Furthermore, w, satisfies

div(curlwe) = div(yA; x VA;j) = VA - curl 7A; — VA - curl(VA;) =0,

which is nothing else than ddw = 0. Moreover, using differential forms, we are able to
exhibit a general expression for Whitney forms ([31]) :

p
we = (=)' NdAg A .. AdAig AdAigi A .o Ad),
=0
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Now let us consider p-forms built from Whitney elements, i.e. following linear combi-

u = E UsWy

seS

nations :

where the set S of p-simplices is N, £, F or T, according to the value p. If p = 0 (thus
S = N, the set of nodes), the @s are the nodal values of u, hence a clear interpretation of
the degrees of freedom us. If p =1 (thus S = &), it follows from the very definition of w,
(21) that its circulation along edge e (from node {i} to node {j}) is equal to 1, and to 0
along the other edges. Therefore, in the development of u, the degree of freedom u; is the
nodal value of u if s is a node, and the circulation of uw along the edge, if s is an edge.

Furthermore, A;(x) being the barycentric coordinate of point located in x;, it must
satisfy :

Y Xi(z)=1,VzeD,
1

where i denotes the nodes of D. This and (21) imply that :

Zw{@ j3 = VA; for all nodes i and j of D.

J#i
Therefore, the gradient of a 0-Whitney element is a linear combination of 1-Whitney ele-
ments, which we may express as follows :

Wl cwt.

Similarly, one can prove that curl W' C W2 and div W2 C W3 (see [31]). We can summa-
rize these injectivity properties of the Whitney complex in the following diagram :

WO \W4 Wl cur] W2 div, W3

We can express the same phenomena in terms of spaces W' of degrees of freedom :
=0 G =51 C =52 D =3
W —W —W —W

where T is the set of the node’s values of the field, W' is the set of the circulation along
the edges, W is the set of the flow across the facets and W is the set of the volume
integral on the elements. The symbols G, C, D denote rectangular incidence matrices
(whose entries are all 0, 1 or —1) which represent v/, curl, div in the bases provided by
Whitney elements. For instance, if h = Zﬁewe, then curlh = Z C'feﬁewf : the size of

eef ferF
C' is the number of facets times the number of edges. If we denote by INV,, N., N; and

N, respectively the number of nodes (N,, = CardN'), edges, facets and volumes, one can
see that G and D are similarly matrices with N, lines and V,, column, and N, lines and
Ny column. The fundamental properties of these matrices, as shown by the diagram, are
CG = 0 and DC = 0 : there is an isomorphism between the W? and the W, which are
spanned by the vectors of degrees of freedom. We will see in the sequel that the magnetic
field H actually "lives" in the space of 1-forms and is therefore well represented at the
discrete level as an element of W' given by the set of coefficients w' (to be determined
by our numerical method).
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6.4.4 A discrete analogue to the variational problem

The electromagnetic fields and sources may be represented by differential forms : the
magnetic field H and the electric field E are 1-forms, the magnetic flux density B, the
electric flux density D and the current density J are 2-forms and the charge density p is a
3-form. In this representation, the vector Maxwell system is given by :

oD
dH =J+ —
—(;Bat
dE =-——
(23) ot
dB =0
dD =p
The 1-form A and the 0-form V may be introduced as potentials such that B = dA and
A
E= —8— — dV. All those equations are obviously independent of the metric. Nevertheless,

this one is involved in the definition of the constitutive relations given by D = ¢ x E and
B = o » H (where the Hodge star operator satifies xdr = dy A dz, xdy = dz A dx and
*dz = dx N\ dy).

In this representation, the harmonic vector Maxwell system is given by :

dH = —iwe x E

dE =dwpu+H
(24)

d(po*H) =0

dexE) =0

in the absence of current density and volumic charges.

In the case of a two-dimensional electromagnetic problem, invariant by translation along
the z-axis, the geometry is described by the trace of the electric and magnetic fields on the
transverse plane. We choose the magnetic field as the variable and we develop H(z,y) in
its transverse and longitudinal components H(z,y) and H(x,y) :

H(.%‘7y) = Ht,l(xay)dx + Ht,Q('Z'?y)dy + Hl(‘ray)dz = Ht(-f,y) + Hl((l?, y)dZ

If we take the exterior derivative to the 1-form H;, we get that :

OHy 1 N OH: 9
oy Oz

0H;
dy

Hio
ox

dH; = dy/\ala:—i—a de Ndy = (— )dx A dy

Applying the Hodge star operator x to Hy, we get that :
*H; = Hy1dy AN dz + Hyodz N dx

If we take the exterior derivative of the previous expression, we obtain :

H, 0H, 0H, OH, OH,
t,2 t,1+ t,2 1:,1+ t,2

Hi
: “dyNdzAdx = dzNdyNdz =
oy yhdzndr = ox oy JdzAdyndz = ( ox y

ox

d(xH;) = 9 d:vAdy/\alz:—i—8 )x1
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We define the transverse gradient, divergence and curl as follows :

0H,; 0H,;
H —df; = Tl + Ty
Vil (x,y) 1= det oy W
. 0H, OH,
div,(H,) = +d « H, = a;l + 8;’2
OH;» OH::

curly(Hy)dz = *dH; = ( )dz

Ox oy
We can thus rewrite the problem (5) of lemma 1 with the formalism of differential forms

as follows :
{ xcurl, (e, xcurl, H) = kZH (A1)
divy (o xH) =0 (A2)

The discretization of the problem is based on Whitney forms. Taking the variational
form of (Al) and assuming some Dirichlet boundary conditions on the boundary 96 the
three-dimensional manifold 8 = 2 x IR, we get that :

/**s;l*cmd7 HAcuwrl, H = /»s;l*cuﬂV HAcurl, H =k} /*H/\H/ ,YH € W, (25)
0 0 0

where W/ denotes the restriction of the space of p-forms on a finite element space WP,
with null value on 06.

Analogously to ([30]), we note that the sequence of W? is exact i.e. that the image of
WP~ by the operator /., (resp. curly, div,) is exactly the kernel of the next operator,
thanks to the nullity of its trace (resp. the tangential and the normal trace). It is thus
identified with the De Rham complex (Bossavit, 1990). Let ¢’ be a test function in W?Y.
Noting that s7,W° C W1, we take H' such that H' = v/, and derive from (25) that (if
w#0) :

/e,uo*H/\vw’zo,ng/EWO (26)

Bossavit has proved that this property solves the spurious mode problem for resonant ca-
vities ([30]). This weak formulation of null divergence (A2) still works if yg is not constant.
Therefore, replacing H by E and po by €oe,, we see that Whitney forms clearly satisfy
divy(e9e, * E) = 0. The electric formulation is thus straightforward from (25).

Concerning our formulation, we are dealing with H € [H 1(R2)]3 which implies that H
is null at infinity. The sequence of WP remaining exact (the trace conditions are obviously
satisfied), the edge elements still fulfill (26).

We now develop curl, and div, in their transverse and longitudinal components :

OH,1 OH,
div, H = —5L 4 %2 4 iy H) = divy Hy + i vH,
ox oy
0H, . . 0H, OHis OHy,
euly H = (Gt —i9Hz)do + (i yHia = T )y + (508 = 50 )

= curly H; dz + (\7¢H; — i vHy) Ndz
If we use the star Hodge operator property xdz = dx A dy, we deduce that :

xcurl, H A curl, H'
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= x(curly Hy dz + (/¢ Hy — i vHy) A dz) A (curly H dz + (7o H] + i vH]) A dz)
= curlt Ht curlt Hg * 1+ *(VtHl —1 ’}/Ht) VAN (VtH[/ +1 ’}/Hé)
:curlthcurltHL{*l—|—*VtHl/\thl’—iq/*Ht/\thlW—i'y*thl/\H{—i—'yQ *Ht/\Hé

From a numerical point of view, we minimize the following functional, which is a discrete
analogue to (8) :

R(v;H,H) = /5T1 * (curlt H; curltﬁé + Ve Hp A Vtﬁ;
0
—i yHy A7 H iy <7 Hy AH, + 42 Hy Aﬁ@)—ké /e*(Ht AHY 4 Hlﬁl’)

This formulation involves both a transverse field in the section of the guide and a longi-
tudinal field along its axis. The section of the guide is meshed with triangles and Whitney
finite elements are used i.e. edge elements for the transverse field and node elements for
the longitudinal field :

g [ He= X awi@,y)e™ in R?
| H. =2 Bjwl(z,y)e* in R

where a; denotes the line integral of the transverse component H; on the edge elements,
and 3; denotes the line integral of the longitudinal component H. along one unit of length
of the axis of the guide (which is equivalent to the nodal value). Besides, w and wj are
respectively the basis functions of Whitney 1-forms and Whitney 0-forms.

6.4.5 Transformation methods

The interesting property of differential forms is their behaviour under mapping of do-
mains. If @ is a differential map from a domain M to a domain N, a function f on N
is mapped (pulled back) on a function ®*(f) = f o ® on M by composition with ®.
Vector fields on M are mapped (pushed forward) on vector fields on N by considering
their action on pulled back functions. Since a vector field v on M maps the pulled back
functions ®*(f) to numbers v(®*(f)), it defines a linear differential operator for the func-
tions f on N i.e. a vector field ®.(v) on N whose action on a function f on N is given
by ®.(v)(f) = v(®*(f)). A 1-form on N is mapped (pulled back) on M by considering
its action on pushed forward vector fields from M to N. The pullback ®*(«) on M of a
I-form « on N is defined by < ®*(a) , v >=< «a , ®,(v) >. Any purely covariant ob-
ject such as a p-form or the metric can be pulled back from M to N by the following
definitions, for a p-form ®*(w)(vi, ..., vp) = wW(Py(v1), ..., P«(vp)) and for the metric
D*(g)(v1, v2) = g(Ps(v1), Pi(v2)). As g allows the definition of the star operator *, on N,
®*(g) allows the definition of the star operator xg-(4) on M. In the preceding definitions,
it is important to remark how the duality reverses maps leading to an alternation of push
forward and pull back maps for the domains, the functions, the vector fields, and the forms.
The fundamental point for the setting of transformation methods is that the operations on
forms previously defined commute with the pull back. For forms «, § one has :

¢ (anpB) =% (a) A" (5)
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3*(da) = do*(a)

/M ¥ = /N=<1>(M) “

*q;,*(g)q)* (O[) = (I)* (*ga)

In the following we will consider two types of geometric transformations for two-
dimensional electromagnetic problems invariant by translation along the z-axis, the geo-
metry of which will be described by the trace of the 1-form H(z,y)dz (magnetic field)
on the z — y plane : dielectric waveguides in unbounded domain and dielectric waveguides
surrounded by a jacket at a finite distance (chapter 7). We will make use of two transforma-
tion methods to deal with the infinite domain outside the waveguide (Dirichlet boundary
conditions at infinity) and with the jacket (Dirichlet boundary conditions at a given dis-
tance). The philosophy of the transformation methods is the following : a domain M* being
mapped on the original domain M, the forms and the metric on M are pulled back on M*
and the formulation of the problem on M* is immediate. The mapping of the domain M™*
with coordinates {X, Y} on the original domain M with coordinates {x, y} is given by
two functions fi and fo such that {X, Y} — {z, y} = {f1(X, Y), fo(X, Y)}.

We then descretize the problem thanks to the finite element method which consists of
approximating the vector field H of the infinite dimensional hilbert space H (curl, M*) by
the linear combination ) | H;w; where H; are parameters and w; are 1-forms corresponding
to shape functions [Nedelec] obtained by assuming a simple behaviour on elements from
a meshing of M. The subspace of H(curl, M*) spaned by these linear combinations is
the so-called Galerkin space. More precisely, we consider the variational formulation of
the previous section. We then discretize the problem thanks to edge elements which are
shape 1-forms w; = a;(z,y)dz where a;(z,y) are the classical shapes functions (Lagrange
elements,Nedelec) and *w; = «o;(z,y) x dz = a;(z,y)dx A\ dz. We are thus led to integrals
of discrete 3-forms dw; A xdw; = a;;. The contribution of an element to the coefficient a;;
of H; in the 7th equation is the integral on the element of :

Oy fL + Ov f3 Ox f10y f1 + Ox f20y f2

<8Xai 3Yai> aXfngYJJ;% +g;<£%8yf1 8Xf188;(/]{1% + gﬁ%a‘/fl ( 85’(2; )

Ox f10y fo — Ox f20v fi  Ox f10Oy f2 — Ox f20y f1

where 0, and 0, indicate the partial derivative with respect to X and Y respectively, and

a;(X, Y), a;(X, Y) are the shape functions on the transformed element. This contribution
of the transformed element is equal to the non transformed one up to the central matrix. If
the transformtion is trivial (f1(X,Y) =X, f2(X,Y)=Y) or corresponds to a conformal
transformation (f1(X,Y) + if2(X,Y) is analytic i.e. Ox fi = Oy f2 and Ox fo = =0y f1),
this matrix reduces to the unit matrix. As for the term involving the transverse magnetic
field and its conjugate, the contribution to the ¢ th equation of an element is the product of
H;H; by the integral of w; A*xw; = a;a;x1 on the element. x1 is the volume form associated
to the metric i.e. x1 = (9x f10y fo — Ox f20y f1)dX AdY and the integral transforms simply
according to the formula for the change of coordinates in multiple integrals.
Remark :
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If f1(z,y) and fa(x,y) are the two components of a conformal mapping, and therefore
satisfy the Cauchy-Riemann criteria (analytic function), we easily see that this Jacobian
reduces to the identity.

6.4.6 Transformation method for unbounded domain

To deal with an open problem, a judicious choice of coordinate transformation allows
the finite element modeling of the infinite exterior domain ([166]) (Nicolet et al., 1994). The
underlying idea is to use the nice properties of conformal mapping of our transformation
on the interface between the guide and the coronna : one can chek that if OA = 20 B, then
the Jacobian reduces to the identity on the interface, and thus behaves as a conformal map-
ping transformation (see previous section). We thus avoid the analysis of transformation of
interface/boundary conditions due to scaling ([133]) (Lowther et al, 1989). Considering two
disks D(O, A) and D(O, B) of center O = (0,0) and radii A and B > A strictly including
Q, we define a corona C = D(O, B) \ D(O, A). Let (x,y) be a point in IR?\ D(O, A) (the
infinite outer domain) and (X,Y’) be a point in C, the transformation is then given by :

{ = [i(X.Y) = X[A(B - A)]/[R(B - R)]
y= f2(X,Y) = Y[A(B - A)/[R(B - R)]

where R denotes the Euclidean norm v/ X2 + Y2, This transformation may be viewed as a
mapping of the finite corona C' with the non orthogonal coordinate system (X,Y’) to the
infinite domain with the cartesian coordinate system (z,y) (see figure 6.3).

This way, the finite element discretization appears as a chained map from the reference
space to the transformed space and from the transformed space to the physical space. Using
discretizations entirely based on differential forms allows a straightforward formulation of
transformation methods by pull-back of the corresponding weighted residuals. Following
the remark of the preceding section, we fix v € IRT and look for (&, H) satisfying (8). We
are thus led to a linear generalized eigenvalue system.

It is also to be noticed that taking Dirichlet boundary conditions at a finite distance
(without geometric transformation) from the cross section of the guide allows to consider an
operator with a compact resolvent (thus artificially eliminating the continuous spectrum)
but it would add the modes of an unphysical metallic guide. As for us, we pay a special
attention to the unboundness of our resolvent operator : the operator remains unbounded
under the transformation method and we therefore use the relations (DR) as a practical
criterion to select the discrete spectrum corresponding to propagating modes and reject
the numerical values corresponding to the continuous spectrum.

Remarks :

Another way to discretize the problem would be to use vector nodal elements. The
main drawback of this method is that vector nodal elements do not contain the gradients
of the scalar nodal elements. One way of tackling this problem is thus to penalize the diver-
gence. For this, we develop the divergence in its transverse and longitudinal components
as follows :

div,, H div, V = div, Hy div, H] ++2H, H +i (H, (div, H]) — (dive Hy) ﬁ;)
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FIGURE 6.3 - (a) Reference element. (b) Meshing of the corona equivalent to the unboun-
ded domain with transformed coordinates. (¢) Physical unbounded domain in cartesian
coordinates.

The problem of minimization (8) therefore admits a unique solution thanks to the added

term

s / div, H div, H = s / (divt Hy dive H] +~*H; H] + i v(H, (divy H}) — (divy Hy) ﬁ;))
0 0

which acts in fact as a constraint which forces the nullity of the magnetic field divergence

(the greater the s, the better the solution). Furthermore, with nodal elements, vector quan-

tities are represented by three functions, one for each component (in cartesian coordinates).

The geometrical meaning is lost together with pull-back properties and the naturalness of

the transformation method. The practical implementation is then much more cumbersome.
It is worth noting that the edge elements belong to the Hilbert space :

L*(curl, ) = {f € L?(9), curl f € L*(A) n x f =0 on 96}

and it has been proven ([63])(Dodziuk, 1976) that for a given field ¢ in L?(curl, 6),
there exists a sequence of Whitney edge elements ¢, which converges to ¢ for the norm of
L?(curl, #), provided that the tetrahedra of the mesh tends to 0 in a given way. Concerning
the node elements of [W0]3 it is classical that they tend towards a given function ¢ in
H'(6) : such a convergence therefore necessitates to place the study in an inadequate
functional space (H'(#)), which leads to divergence penalization techniques. Finally, one
can improve the convergence of the numerical scheme by using high order curl conforming
finite elements (hierarchical finite elements) which are linear combinations of functions of

types (21), (22), AA; v (Ag) and v(AiAj(AZ- - Aj)) (Geuzaine, 2001 [88]).

6.5 Numerical implementation

Our discrete formulation leads to a generalized eigenvalue problem solved thanks to the
Lanczos algorithm, which allows the computation of several eigenvalues and their associated
eigenvectors for Hermitian matrices. In the Lanczos algorithm, spectral shifting is required
to give access to a given part of the spectrum and/or to accelerate or even guarantee the
convergence towards a given eigenvalue. The (DR) relations give a useful practical estimate
of the shift to be used to obtain the lowest frequency modes. In the following subsection,
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we give a brief survey on the Lanczos algorithm and its main properties. The interested
reader can get further details in (|187],[86]) (Saad, 1991, Geradin and Rixen, 1997).

6.5.1 The Lanczos algorithm

The Lanczos algorithm is an iteration method on both eigenvectors and eigenvalues
adapted to the resolution of generalized eigenvalue problems of the following form (|187],[86|)
(Saad, 1991, Geradin and Rixen, 1997) :

Kz =k:Mz (27)

where the matrices K and M (generally called mass and stiffness matrices) are Hermitian
and positive definite. The underlying concept of this method is that of the power algorithm
which is the basis of all methods using iteration on eigenvectors. The first main property
of the power algorithm holds in its convergence rate towards a given solution independent
of the matrix size, which potentially makes it the ideal method for very large systems. The
second one is that it makes it possible to limit the solving of the eigenvalue problem to
the number of required solutions. One of the main drawbacks of the Lanczos method is
its bad convergence rate for close eigenvalues. One way to tackle this problem is to use a
spectral shift. Let us now introduce the principle of the Lanczos algorithm : it consists of
generating a subspace including the system fundamental eigensolutions by inverse iteration
on one starting vector called xg. From the latter, we construct the Krylov sequence

_ _ 2
{zo, K"*Muzo, (K™*M) g, ...}
the terms of which are made orthogonal to each other by a construction process of conju-
gate directions. Starting from an arbitrary vector zg, the Lanczos algorithm consists of
combining inverse iteration operations and orthogonalization of the successive iterates by
applying the relation :
Cp+1Tp+1 = KﬁlMxp — apTp — bp_12p—1
with coefficients ay, b,—1 and cp41 determined in such a way that :

t oMz, =0, j<p+l
e, o (29

t —
Ty Map =1

One can easily calculate coefficients a, and b,—1 by imposing the orthogonality of x,i1
with respect to x, and x,_1 with the Gram-Schmidt algorithm. One gets that :

¢ -1
a = MK " Mx
' MK Mo (29)
bp_l = ZCPMK Macp_l
the orthogonality of x,41 to x,_2, £,—3 is then deduced by recurrence thanks to :
m;MKilMxp—j = fL'ZM(CpH—jprrl—j + Cp—jTp—j + bp—j—1Tp—j-1)

which vanish as soon as j > 2. Let us also note that relations (29) enable us to calculate
a new expression for b,_1 :

bp—1 = x;MK_lMxp,l = x;’,M(cpxp +ap_12p—1 + bp_2zp_2) = ¢p
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Thus we arrive at the symmetry relation of the coefficients :

bp-1=¢p (30)
Applied to generate the successive iterates X = [zg, ..., xp|, the algorithm (27) gives rise
to the matrix form relationship :
ag bo
caoar b 0
KMz ... zp] = [x0 ...7p] +10 ... 0 cpp12ps1)
0 Cp_l ap_l bp_l
Cp ap

Or, if we take (30) into account to define the symmetric tridiagonal matrix of the coeffi-

cients :
apg C1
1 a1 0
T = (31)
0 Cp

Cp Qp

we can summarize the Lanczos algorithm with the following matrix formalism :
K 'MX=XT+S5, (32)
where S is the remainder matrix :
S=100..0cpr12p41] = cpprHe; . (33)
We multiply at stage p the equation (4.6) by (MX)*, and we get that :
X'M'K'MX = X'"M'XT + X'M'S .

If we note the orthogonality (MX)tS = 0 obtained by constructing iterate p, thanks to
(28) we get the interaction relation :

X'MIKT'MX = X'M!XT =T . (34)

In fact, the tridiagonal matrix 7' of the Lanczos coefficients can be seen as the projection
(with respect to the metric M) of the matrix K ~!1M onto the Lanczos orthogonal subspace
X. The matrix T thus has the same eigensolutions as the projection of K~'M onto the
reduced basis X.

We can further improve the analysis of the significance of the interaction problem
eigensolutions :

Tz=\z. (35)

By looking at two successive iterates of the iteration method

vo =Xz and v = K_IMUO — K 'MXz ,
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and taking into account of (32), we get :
K 'Muvy=XTz+ Sz .

If we then premultiply the two members of the previous equation by (M X z)t, we get :

N ATz vt Mug

2tz vhMuvg ’

which shows that the Rayleigh quotient of the tridiagonal matrix formed with vector z is
equal to the Schwarz quotient formed for the complete system with vector vg, which is the
corresponding estimate in the Lanczos vector basis. Owing to the remarkable properties of
the Schwarz quotient (Geradin and Rixen, 1997), we can expect a very good convergence of
the method. In practice, experience shows that the Lanczos method requires three or four
inverse iterations per converged eigenvalue. Furthermore, this number remains independent
of the problem size. It is also not very strongly affected by the closeness of the eigenvalues.

Besides, we have an estimate of the accuracy of the numerical calculus of the eigensolu-
tions. Let (Am, 2m) be a solution of the problem (35). This corresponds to an approximate
solution of the initial problem (27) :

Um = X2m (36) )

obtained by projection into the subspace formed by the Lanczos vectors. The error on the
eigensolution (36) can be measured by calculating the following difference :

$m = (KM — \p)vm, (37) .

With this in view, let us return to the recursive relation (32) and let us multiply it by zy,.
We get that :
K 'MXzy, = XTzp + Sz, -

Let us note that Tz, = Am2zm. We then obtain :
(K_lM — Am)Um = Sm
where s,, is defined as follows :
Sm = Szym = cp+1e;zma:p+1 (38) .

The different factors forming the right-hand side of (38) can be deduced from the Lanczos
iteration process. Consequently, it is easy without any further effort to carry out the test :

l[smll <0 (39)

where 0 is an adequate accuracy measure.

Let us now analyse the difficulties of the Lanczos method. First, it must be noticed
that the dominant modes of the system are very quickly extracted from the started vector
so that, after a few iterations, numerical errors become of the same order of magnitude
as the Lanczos base vectors. The result is that vectors [z ... £p—2], in relation to which
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orthogonality has been achieved, reappear in iterate z,41. We overcome this situation by
reconstructing the direction’s orthogonality by a Gram-Schmidt process, but it is obvious
that we lose part of the method’s benefit. Nevertheless, a selective re-orthogonalization
process leads to a reduction of the cost of the operation.

Theoretically, multiple eigenvectors can not be extracted using the Lanczos method :
indeed, the starting vector contains only a linear combination of those multiple modes,
and this combination remains unchanged in the course of iterations. In practice, the result
of the degeneration of the orthogonalization process is that multiple solutions reappear
progressively. In the case of a dielectric waveguide of circular cross section, we know that
the degeneracy of the modes induced by the symmetry is 2. We numerically verify that
the eigenvalues belonging to the discrete spectrum (those with physical meaning) are given
twice (with ten significant figures), but their associated modes are different. Furthermore,
we restart the algorithm with other starting vectors, therefore we can guarantee effective
computation of all eigenvectors with a multiple eigenvalue.

Another difficulty is that of appearance of parasitic solutions or even skipping of so-
lutions, which result from the degeneration of the orthogonalization process and a bad
conditioning of matrices K and M. To overcome this difficulty, we multiply the M matrix
by a factor ¢? (c being the velocity of light in vaccuum) : we then have two matrices K
and ¢?M with the same order coefficients, which induces a good starting vector associated
to K~'¢2M — X implemented in the Lanczos algorithm (see (37)). It is to be noticed that
non-converged solutions can be rejected a posteriori by an error criterion such as (39).

To conclude this section, we want to say that the Lanczos method is extremely powerful
for the extraction of eigenvalues and makes it possible to treat very large sparse systems.
But its implementation is delicate and its use sometimes requires precautions. Nowadays,
it is used in most finite element analysis codes.

6.5.2 Validation of the code

Let us first note that the GetDP software (|65]) (Dular et al., 1998) has been used
to set up the finite element problem. We study the case of a low index step fiber of
circular cross-section (¢, = 1.25) to validate our method : it is then easy to compare
our dispersion curve to that derived in the weak-coupling assumptions (Snyder and Love,
1983). In this case, the H F1,, modes have a small azimuthal variation and depend only
on the radial position r. There is therefore no prefered axis of symmetry in the circular
cross-section. In this exceptional case, the transverse magnetic field can be directed so that
it is everywhere parallel to one of an arbitrary pair of orthogonal directions. If we denote
this pair of directions by z- and y-axes, then there are two fundamental or H F1,, modes,
one with its transverse magnetic field parallel to the z-direction, and the other parallel
to the y-direction. The symmetry also requires that the scalar propagation constants of
each pair of modes are equal. This degeneracy of the modes highly depends upon the
geometry of the waveguide cross-section. It is worth noting that if the cross-section is
elliptical, the transverse magnetic field is everywhere parallel to the major and minor axes
of the elliptical cross-section. As for the circular fiber there are two modes associated
with this solution (one for each polarization). Because the cross-section is not circular, the
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propagation constants of these two modes will differ : the difference is due to polarization,
or birefringence properties of the waveguide. In this sense, the propagation on noncircular
waveguides is similar to propagation in anisotropic media. It is worth noting that with the
exception of the fundamental H E1; mode, every mode is cut off below a certain value of
V' (see section 1).

Thanks to the symmetry of the guide, we just mesh one fourth of the guide (we could
have considered a smaller part of the guide) : we take Dirichlet or Neumann boundary
conditions on the z and y axis to get symmetric or antisymmetric modes versus these axes

(fig. 6.4).

LTSS o

\ ©

B‘

o

FIGURE 6.4 — (a), (e) Projections of a plane of symmetry (Dirichlet condition) or anti-
symmety (Neumann condition). (b) Exterior boundary of the corona rejected to infinity
(Dirichlet boundary condition). (c¢) Interface between air and corona (tangential continuity
of the Whitney elements). (d) Interface between core and air (tangential continuity of the
Whitney elements).

This remark is of importance in the case of PCF structures : we only consider one
fourth of the PCF since their crystal cladding has the square symmetry. Our validation
is all the more significant that we obtain both the dispersion curves (fig. 6.5) and the
associated expected transverse magnetic fields (fig. 6.6) for all the modes : these results
strengthen those foreseen by B. Meys ([154], 1999). Furthermore, there is a good agreement
with analytical results of the classical book of Snyder and Love ([191], 1983) :

u? +w? = r2w?ug(e1 — £2)
J! K/ J] K! 1 1 1

udm(u)  wKpy(w)/ \equdp(u)  wKpy(w w2 w2/ \equ? T w?

with u = rey/w2e1 0 — 2, w = 1ey/7? — wW2eap0, Jm, Km, J), and K/, being the Bessel
(and modified Bessel) functions and their first derivatives ([191],[1]). Here, r. = 1 is the
radius of the fiber, £ = 1.25 is the permittivity of the fiber and €5 = 1 is that of the air.

6.5.3 Analysis of cross-talk phenomena

In this section, we explain how to get numerically the phenomena of cross-talk between
identical fibers (Vassalo, 1985 [200]), (Petit, 1993 [176]) for a given time frequency w. Fi-
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FIGURE 6.5 — Dispersion curves of a fiber of circular cross-section with relative permittivity
e, = 1.25 and a unit radius.

gure 6.8 shows the variation of the real and imaginary parts of the three components of
the magnetic field H along a line through the centers of the fibers, for a given propagating
constant 7. Because of the symmetry of the problem (the two guides are identical), we can
deduce that the mirror reflection with respect to the axis of symmetry between the guides
is also a solution (with the same propagating constant v and the angular frequency w). It
corresponds to a degeneracy of the mode. These two solutions can be linearly combined
to give a symmetric solution Hy (even part of the curve) and an antisymmetric solution
H, (odd part of the curve). Unfortunately, it is very unprobable that the Lanczos algo-
rithm gives directly such solutions. It rather gives an arbitrary linear combination of these
solutions. We therefore have to "build" them.

Thanks to the linearity of the Maxwell equations, we can state that there are propaga-
ting modes of the form :

H(xz,y,2) = Hy(z,y)exp(ivsz) + Ha(x, y)exp(ivaz)

The so called phenomenon of optical cross talk, whereby light initially in one fiber transfers
to the other fiber during propagation, is a consequence of interference between the modal
fields H associated with symmetric and antisymmetric magnetic fields Hy and H, (linearly
polarized thanks to the symmetries) for distinct propagating constants s and 7, (cf. figure
6.7).

Besides, we can define the intensity of the magnetic field as follows :

[=|H [ =H;]+H; + 2Re{H, - Hoeap(i(ys — 74)2)}
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™y, | HE;, HE,,

FI1GURE 6.6 — The four hybrid modes HFE11, HE9, HE3;, HE12 (ordered in increasing
frequencies) and the two transverse modes T'Ey; and T'My; of the circular fiber of radius 1
with relative permittivity of e, = 1.25 (corresponding to the dispersion curves of fig. 6.5)

for a propagation constant v = 8m~!. Their associated wave numbers are ky = 7.38194,
7.70039, 7.99773, 7.97468, 7.62185 and 7.73754 m~ 1.
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FI1GURE 6.7 — Representation of the real and imaginary parts of the three components of

a magnetic mode for a propagating constant v = 9m .

o) = {

We then deduce that :

| Hy(z,y) + Ho(z,y) |* if (75 — 7a)2 = 2pm,p € Z

|
| Hy(z,y) — Ho(z,y) |° if (s —Ya)2 =7+ 2qm,q € Z
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FIGURE 6.8 — Behaviour of the fields Hy; and H,. The dotted line corresponds to the
symmetry plane.

In fact, light power oscillates from one fiber to the other in a manner analogous to the
behaviour of a pair of coupled, identical pendulums. If [ denotes the beat length, i.e. the
distance along the waveguide in which there is a total transfer of power from one fiber to
the other fiber and back again, then we have :

lz”/”Ys_'Ya‘

As the separation increases, vs — 7, and the beat length becomes rapidly large (no
more coupling of the fibers).

The cross talk effect can form the basis of many devices such as demultiplexers in
optoelectronic components. In mechanics, the coupling between two identical pendulums
is function of the time ¢ and the time frequency w which respectively play the role of z
and 7 in the cross talk phenomenon. In mechanics, it is well known that coupling two
pendulums degenerates their frequencies. The coupling of two fibers induces degeneracy of
the propagating constant.

In the next section, we present the extension of this study (invited talk in EMF 2000
[99], and article in COMPEL 2001 [100]) to coupling between a large number of dielectric
parallel rods i.e. the so-called photonic crystal fibers (PCF).

6.5.4 Numerical results for the PCF

Let us first discuss the physics underlying photonic propagation in the first type of
photonic crystal fibers (HPCF of glass with air holes) i.e. with a high index structural
defect : we consider a waveguide of circular cross-section composed of a matrix of index
2 and 80 air holes periodically arranged. We achieve a numerical study of modes confined
in specific parts of the high index region thanks to the crystal cladding : one can see on
figure (6.9) some propagating modes trapped in the high index core region of the fiber
and one can see the analogous phenomenon on figure (6.10) for modes confined outside
the crystal cladding (and even inside-outside). The most popular physical interpretation is
that the effective index for the crystal cladding is lower than that one of core and exterior
regions and the modes therefore propagate in these regions. Such an effect is very similar
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to that of the classical waveguides. A second interpretation can be formulated : we consider
the periodic assembly of air holes as independent fibers (although they are air holes) that
are strongly coupled together. Let us assume that each isolated rod could support many
distinct modes (obviously, these modes are purely complex since they cannot propagate in
air holes), each with a different frequency w. When a large number of such rods (in our
case 80) are placed in close proximity, they couple together, and each mode of the single
rod opens up into a passband of modes of the composite structure (when the number of
rods tends to infinity), each passband now covering a range of w values. The passbands
are separated by band gaps also known as photonic band gaps. The central high index
defect would, if isolated, support a different set of waveguide modes, thanks to its different
morphology. If the w value of one of these modes falls within one of the bands of modes of
the periodic cladding, this mode of the core will be coupled to the spatially extended modes
of the periodic cladding (everywhere in high index). However, if one of the modes of the core
region falls in between the passbands of the fully periodic lattice region, then this mode is
localized within the core and forms a PBG guided mode. Thus, at some wavelengths, there
is a mode trapped within the core (resp. outside the crystal cladding), whereas at other
wavelengths modes are extending between the fibers (they cannot propagate in air holes).

_n_| \ kA= 12.1146
n=2——— _

n=1
O OO0
D OO00 YA=24
D00 OO
Dirichlet O OO0 3 TN

boundary B c 0

conditions

\ kA =12.4461

V.

2 O OO

El W

FIGURE 6.9 — Transverse magnetic fields and their associated normalized wave numbers
kA in a circular HPCF (PCF type 1) of index 2 with 80 unit radius air holes and nearest
hole spacing A = 3. The normalized propagation constant yA is equal to 24.

We achieve a numerical study of modes propagating in fibers of index 2 in a crystal
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FIGURE 6.10 — Transverse magnetic fields and their associated normalized wave numbers
kA in a circular HPCF (PCF type 1) of index 2 with 80 unit radius air holes and nearest
hole spacing A = 3. The normalized propagation constant yA is equal to 24.

cladding. We clearly see that such modes propagate in each fiber independently of the
other fibers (which is far from being obvious) (see figure 6.12) : these modes have the same
frequencies and symmetries (up to a phasis) than the ones of a single fiber of unit radius
and relative permittivity € = 4. Obviously, these modes are identical in each fiber up to a
phasis and amplitude : they are linear combinations of each individual mode, which induces
degeneracy of the eigenvalues.

Such a result could although be interpreted as modes belonging to the Bloch spectrum :
in the Bloch wave decomposition, one only considers a fiber in a unit cell Y with quasi-
periodicity conditions (up to a phasis).

6.6 Conclusion and perspectives

In conclusion, we want to say a few words about the physical aspect of the study. Due to
the vector treatment of the problem, we achieve a rigorous numerical study of the physical
phenomena arising in propagation of modes in a photonic crystal fiber. We first compare
the numerical results of the finite element scheme with classical ones : for this, we study the
dispersion curves of a dielectric circular waveguide. We then study two types of photonic
crystal fibers of finite cross section. In the first type of PCF (HPCF), we numerically
characterize modes which propagate thanks to the photonic band gap effect in a region of
high index surrounding a crystal cladding (fiber of index 2 with a periodic assembly of air
holes). In the second type of PCF (LPCF), we numerically show some propagating modes
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Dirichlet
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conditions

FIGURE 6.11 — Transverse magnetic fields and their associated normalized wave numbers
EA in a circular HPCF (with a "H" default) of index 3 with 60 unit radius air holes and
nearest hole spacing A = 3. The normalized propagation constant yA is equal to 24.

confined in each rod (silica) of the crystal cladding and which have all the properties of the
modes of a circular fiber : the frequencies and associated modes of such fibers do not depend
on the existence of the other fibers and are thus called local modes. We are working at
the present time on the generalization of the Lanczos method to the computation of leaky
modes (see next section for an approach of leaky modes via an electric field formulation).
In the next section we will study with further details the influence of geometry in such
guides (see figure 6.11 for a striking example). Other remarkable properties of PCF are
that linearly polarized light coupled into the fiber parallel to one axis emerges linearly
polarized and parallel to the same axis even if the fiber is bent or twisted. An analogous
phenomena is even observed concerning the loss of energy induced by the bends : unlike
classical optical waveguides, the PCF can propagate light without loss of energy in the
bends, thanks to the PBG effect. Such a modelling could be achieved with our formalism,
thanks to adequate geometrical transformations (by the use of pull-back properties of the
edge-elements) similar to the ones of the C method [52].
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KA=10.0722  kA=10.1067

FIGURE 6.12 — Transverse magnetic fields and their associated normalized wave numbers
kA in a circular LPCF (PCF type 2) of index 1 with 80 unit radius rods of index 3 and
nearest rod spacing A = 3. The normalized propagation constant yA is equal to 15.
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Chapitre 7

Propagating modes in metallic
waveguides

The purpose of computing is insight, not numbers.
R. W. Hamming. [109]

7.1 Preliminaries

Let us now introduce some qualitative insight into the nature of the guided modes
of a low-index PCF structure (LPCF with silica rods). Although rigorous, our numerical
study holds only for the non-dissipative modes. The localized mode is a kind of "leaky
mode", that is a dissipative mode, and is therefore associated with complex frequencies.
To look for such a mode necessitates the investigation of the case of complex propagation
constant «. For this, it seems more natural to work with a fixed frequency w and look for
gamma : we are thus led to a non-linear generalized eigenvalue problem with non-hermitian
matrices. Such a "spectral problem" could be numerically solved thanks to an algorithm
of non linear inverse iterations. This algorithm can indeed solve our generalized eigenvalue
problems which takes the form :

K(V)X =w*MX

where the matrix K is complex non hermitian and depends non-linearly on v and M is a
complex hermitian matrix.

It is then necessary to shift the convergence of the algorithm towards the estimation of
each solution. For this, we transform the previous system as follows :

(K(y) = AM)X = (&® - A)MX ,

which shifts the spectrum of eigenvalues of —A. Noting that the algorithm of non linear
inverse iterations without shift converges towards the smaller eigenvalue (in modulus), we
hence force the convergence to the closest eigenvalue of A (in modulus). This algorithm has
not been implemented yet, although it is a straigthforward generalization of our discrete
formulation. It is worth noting that the localized mode has a complex propagation constant

Y=+,
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therefore, there are many kinds of propagating modes for a given complex frequency w.
The magnetic field can therefore be written as follows :

H(.T, Y, %, t) = §R€(H(QL‘, y)e(i’yr_%‘)z—iwt)

If we consider the propagating modes with positive z, we know that the ones with
v; < 0 correspond to exponentially increasing waves at infinity i.e. leaky modes. The ones
with 7, = 0 and ~; > 0 are evanescent, and the ones with v, > 0 and ~; > 0 are dissipative
propagating modes (the case 7, > 0 and ; = 0 corresponds to non-dissipative modes).

The main difficulty is that this algorithm only gives one eigenvalue and its associated
eigenvector per calculus. Therefore, we do not investigate the leaky modes by this way.
Analogously to ([205])(White, 2000), we could consider a medium with a complex per-
mittivity including the PCF, to take into account the amount of loss of the leaky modes.
In that case, € is not hermitian and the linear system can be solved thanks to an Arnoldi
algorithm, which provide many eigenvalues per calculus. To keep the self-adjointness of the
operator (real spectrum), we take a jacket at a finite distance from the waveguide, with
Dirichlet conditions.

7.2 Set up of the problem

We consider a metallic waveguide with heterogeneous permittivity and permeablity, of
constant section {2 invariant along the z axis. We are looking for electromagnetic fields
(€,H) solutions of the following Maxwell equations :

. curlH =e% gi‘ +J
. curl€ = —px* oH
ot
*¢ and xu being two second order real symmetric tensor fields, defined in €2, with

bounded coefficients satisfying the ellipticity conditions

Y ety =l &1 and Y p&is = Bl E1, VEER?

i,j=1,3 i,j=1,3

Furthermore, choosing a time dependance in e~*? and taking into account the inva-
riance of the guide along its 2z axis, we define time-harmonic two-dimensional electric and

magnetic fields E and H by :

) E(x,y,2,t) = Re(B(x,y)e i=12))
H(x,y,2,t) = Re(H(z,y)e “=72))

where w is the angular frequency in the vacuum and « denotes the propagating constant
of the guided mode.
For (E, H) satisfying (2), (1) can be written as :

3 curl, H = —iwe(z,y) xE+J
crly E  =dwp(z,y) xH
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where J is defined as E and H in (7.2), and curl, H and curl, E are given by :

curl, H(z,y) = curl(H(z,y)e"?)e "?
curly E(z,y) = curl{ E(z, y)em) e 2

We say that (E,H) is a guided mode if :

(v,w) € R?
(5)¢ (E,H) #(0,0)
E,H € [L2(Q)]

with n AE =0 and n A H = J; (surface current) on the boundary 0 of Q.

We choose an electric field formulation [185] because the tangential trace of E is null,
contrary to that of H. Thus, div, being an operator analogously defined to curl, in (4), it
is clear that divy xcurl, ¥E = 0, for all 1-form E in 2 such that n A E = 0. Thus, we are
led to the following system of Maxwell’s type :

(6) el xcurl,(p ! xcwrl, E) = w’E
divy(e xE) =0

Let (v,w) be a solution of the spectral problem (6) and F its associated eigenvector.
Then (7, —w) is a solution of (6) with the same eigenvector F. Physically speaking, this
is induced by the time-invariance of the wave equation when dealing with non dissipative
media (w is not complex). Furthermore, (—vy,w) et (—v, —w) are also solutions of (6) with
the eigenvector (Fi, F», —F3) : this is a space-invariance induced by the symmetry of the
guide along the z-axis. Roughly speaking, the physical nature of the problem remains
unchanged if a wave propagates along the z-positive or negative, provided that the cross
section of the guide is constant. We therefore look solely for (v,w) € R + xIR™.

The variational formulation associated to (6) is :

(7) /6_1*curly(/f1*cur17E)/\*E’ —/wQE/\*E’
Q Q

Thanks to the Stokes theorem, we see that the left member of (7) defines a bilinear
form

1 1—
(8) a(v;E,E') :/ — % curl, E A xcurl, —E/
QK €

which is not symmetric. We therefore introduce a new measure on the domain 2 i.e.
we change the scalar product. Noting that the Hodge operator defines a volume-form
dx A dy A dz thanks to x1 = dz A dy A dz and that *x a = «, we can rewrite (8) as follows

1 .1
(9) a(v; E,E) :/*(*Curle/\*curlvE’)E*l
Q M

It is clear that this form is bilinear, symmetric, continuous and ccercive on the weighted
Sobolev space

V(y) ={V € [L¥Q,dL)] ; cwrl, V € [L2(Q,dL)]); div,V =0, nAV =0 on 0Q}
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where dL denotes the measure (2-form) e x 1. Thanks to the properties of £ (coercivity
and uniform boundedness), V() is isomorphic to the Sobolev space

(Ve LX) : curl, V e [L2Q)]%; divy V=0, nAV =0 on 9Q} .

This functional space highly depends upon +. It is then difficult to study the dispersion
curves, since the guided modes are functions of v. Numerically speaking, it is a problem of
penalization of the divergence. We therefore use the following result :

Lemma 1 :
Let F be a 1-form in [H'(92)]3 such that n AF = 0 on the boundary 9Q of . We then
have the Green formula :

[ eul F 24 divy PRz = [(F P 4o F P i
Q Q
The functional space V(vy)
V(y) ={V € [L¥Q,dL)] ; cwl, V € [L2(Q,dL)])’; div, V € [L3(Q,dL)]°, nAV =0 on 99}

is then isomorphic to the Hilbert space [Hé(Q)]3
Proof :

Thanks to nullity of n A F on 0f2, the results follows from an integration by parts.

(QED)
Lemma 2 :

Let s be a positive real. Then, the two following systems are equivalent in V() :

(10) curl, (™t curl, E) = w?E
div,(eE) =0
curly(p ! curl, E) — s 77, (div, €E) = w?cE
Proof :

The proof is analogous to that of lemma 1 of chapter 6 (note that n AF = 0 on 0f2).

(QED)
The solution of the above problem is then given by the minimum of the following

functional in the weighted Hilbert space [Ho(Q, d£)]* where dL is the measure edady

R(v;E,E) = / curly E - curl, E' d(
Q

+/divadivyE’dﬁ—uowz/E-E’dﬁ
Q Q

This problem of minimization admits a unique solution thanks to the added term
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/ div, E div, E' dL which acts in fact as a constraint which forces the nullity of

div,(e,E). It is worth noting that the operator associated to this variational problem

has a compact resolvent (compact embedding of H!(Q2) in L?(Q2)). From the chapter 6, it
2

is clear that its spectrum is a discrete set of eigenvalues belonging to [Z—, ~+oo[ which gives

T
us a numerical criterion to eliminate non physical modes.

7.3 Application to homogeneous metallic waveguides

We now make the hypothesis that p(z,y) is a constant function, which takes the value
to (non ferro-magnetic media), and we write the bounded coercive function e(x,y) as
the product gog,. Thus, denoting by ko the wave number w,/puogo, we are led to the two
following systems of Maxwell’s type :

curl, curl, E = ke, E
SRR
div,(eoe,E) =0

We achieve numerical computations with the help of finite elements. It involves both
a transverse field in the section of the guide and a longitudinal field along its axis. The
section of the guide is meshed with triangles and Whitney finite elements are used i.e. edge
elements for the transverse field and nodal elements for the longitudinal field. It is to be
noticed that the generalized eigenvalue problem is solved thanks to the Lanczos algorithm.
The GetDP software [64] has been used to set up the finite element problem.

We give the dispersion curves for a metallic homogeneous wave guide of circular cross-
section, to validate the code (see figure 7.1) and some associated transverse electric fields
(see figure 7.2). We note a good agreement betwen our dispersion curves (fig. 7.1) and
analytical results given by classical waveguide theory ([176])(Petit, 1993),(|200])(Vassalo,
1985). Nevertheless, one can see on figure 7.1 that there are some numerical discrepancies
for small propagating constant and high frequency modes. One can avoid these inaccuracies
by refining the mesh of the structure.

7.4 Application to heterogeneous metallic waveguides

7.4.1 Propagating waves and symmetry groups

Three symmetry types influence modes in PCF : the outer guide symmetry, the single
rod symmetry and the architectural symmetry (multirod pattern). The previous Finite
Element Method is applied on multishapes PCF to show the various influences : the li-
terature on symmetries as applied to Finite element models in automatics is wide (see
e.g. ([130])(Lobry, 1993) or ([127])(Lasquellec, 1998)), but it sounds not being fairly used
in Finite Element Models for studying propagating modes in PCF. Nevertheless, symme-
try analysis provides exact information concerning mode classification, mode degeneracy,
modal electromagnetic-field symmetries, and the minimum waveguide sectors which com-
pletely determine the modes in each mode class, as shown in ([140])(Mac Isaac, 1975).
This author uses the irreducible representations to determine the mode classes and their
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FiGURE 7.1 — Dispersion curves for a circular metallic waveguide.
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FIGURE 7.2 — Miscelleneaous modes of a metallic circular waveguide.

degeneracies, as well as their azimuthal symmetries. For this, he introduces the notion
of group i.e. a set G of distinct elements for which a combining operation is defined and
which satisfies four group postulates. The combining operation is called "group multipli-
cation" and associates a third element of the set with any ordered pair of elements. The
number of distinct elements of G is called the order of the group and denoted by g. For
any particular group one can writ a group multiplication table which displays the results
of multiplying any two elements of the group (note that group multiplication is not re-
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quired to be commutative i.e. AB # BA). Examples of groups are provided by the sets
of spatial symmetry. It is easy to check that the set of n distinct rotations about an axis
(labeled Cy,) satisfies the group postulates (|202]|201])(Vincent, 1978) as well as the set
of n distinct rotations about an axis and n mirror reflections in planes containing the
axis. Sets of spatial symmetry operations which satisfy the group postulates are called
symmetry groups. For a discussion of propagating modes in uniform waveguides, only the
C,, and C,, symmetry groups need be considered, as noted by Mc Isaac. This holds true
for discussion of the associated scattering problem : one can relate the symmetry of the
waveguide to that of its diffracted field via the so-called scattering operator, as shown
by Vincent ([202][201])(Vincent, 1978). The relationship of the group of spatial symmetry
operations belonging to a particular symmetry group possessed by a particular waveguide
and the modal electromagnetic fields of the waveguide can be expressed in either of two
ways. Consider some symmetry operation R belonging to the symmetry group G. One
can apply the symmetry operation R to the waveguide structure, leaving the modal fields
fixed in space; or one can apply the symmetry operation R to the modal fields, leaving
the waveguide structure fixed in space. In either case, after the symmetry operation is
applied, the modal fields must again be a solution to the boundary value problem for the
waveguide. For clarity, we distinguish between symmetry operations on the structure and
on the electromagnetic fields by defining P(R) to be that symmetry operation acting on
the electromagnetic-field-waveguide-structure relationship to be the same after operation
by either R (on the structure) or P(R) (on the electromagnetic fields). One must have

where E(r) is the electric field and R™! is the symmetry operation inverse to R. A similar
relation holds for the magnetic field ([140])(Mac Isaac, 1975).

In addition to symmetry groups there are many other sets of elements which satisfy
the requirements for a group. Particularly important examples for symmetry analysis are
sets of square matrices which satisfy all the group postulates with matrix multiplication as
the group multiplication operation. Such a set of matrices is called a group representation,
and certain group representations are central to symmetry analysis. Given any symmetry
group G of order g, one can always devise a set of g matrices which satisfies the same
multiplication table as the symmetry group, after making a correspondence between each
element of the symmetry group and one of the matrices. Although an infinite number of
group representations can be written for any symmetry group, it is found that all of these
can be written as the sum of a few group representations whose matrices have a dimension
of one, two, or at most three ([140])(Mc Issac, 1975). These few group representations
are called the irreducible representations associated with the symmetry group. For the
symmetry groups of current interest, the associated irreducible representations are known
and tabulated ([202][201])(Vincent, 1978).

The boundary value problems associated with waveguides can usually be formulated
in terms of an eigenvalue problem. Typically,

Ly = M
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where L is an operator, A is an eigenvalue, and 1 is the associated eigenfunction.
Suppose the waveguide has the symmetry group G. If R is one of the symmetry operations
of the group, then the operator P(R) must commute with the operator L. Therefore, we
know that
P(R)LY = P(R)\¢

L(P(R)w) = AP(R)Y .

Thus, if ¢ is an eigenfunction with eigenvalue A, then P(R)1 must also be an ei-
genfunction with eigenvalue A. If the eigenvalue A has p degenerate eigenfunctions ;
(i =1, 2, ..., p), then P(R)Yy, where 1, is one of these p eigenfunctions, can always be
expressed as a sum over the p degenerate eigenfunctions. The effect of P(R) is completely
characterized by its effect on each of the basis functions ;. For example, we get

P(R)wj = ¢1F(R)1j + wZF(R)% +o Tt pr(R)pj .

The coefficients I'(R)
p X p square matrix I'(R). If the v; are collected into a row matrix

;; in these equations can be considered to be the elements of a

VY = (Y13 ... Pp) ,

then the previous equations can be written as

P(R)Y = YT(R) .

Any solution of the eigenvalue problem with eigenvalue A must beexpressible as a linear
combination of the p independent solutions 1, 2, ,..., ¥p. Thus, there is an equation
analogous to the last one for every member of the symmetry group G. The complete set
of matrices I'(R) for all ¢ members of the symmetry group forms a representation. The
basic assumption of symmetry analysis is the Irreducibility Postulate (]202][201])(Vincent,
1978)([150])(Mc Weeny, 1963) :

Lemma 3 :

Provided there are no accidental degeneracies (no mode degeneracy which appears not
to be symmetry related), every degenerate group of eigenfunctions of an operator L provides
an irreducible representation of the group of symmetry operations which leaves L invariant.

Thus, the I'(R) in the previous equation forms an irreducible representation. An alter-
native form of this postulate is the one which is used as the basis for the symmetry analysis
here (]140])(Mc Isaac, 1975) :

Lemma 4 :

For every p-dimensional irreducible representation of the symmetry group under which
an operator L is invariant, we can find p-fold degenerate sets of eigenfunctions. Any further
degeneracy would be accidental and expected to occur only rarely.

As a consequence, any eigenfunction of the operator L can be associated with a row
of one of the irreducible representations of the symmetry group G. For those irreducible
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representations which are one-dimensional, each of the associated eigenfunctions is non-
degenerate (|140])(Mc Isaac, 1975). For those irreducible representations which are two-
dimensional, the associated eigenfunctions must occur in degenerate pairs, with one mem-
ber of each pair associated with the first row and the second member with the second
row of the irreducible representation. A similar statement applies to higher dimensional
irreducible representations, but for uniform waveguides only one- or two-dimensional re-
presentations are encountered ([140])(Mc Isaac, 1975).

Furthermore, the symmetry group of the Maxwell operator for uniform waveguides
being either C), or C,, (with no irreducible representations with dimension higher than
two), there will be no symmetry-induced modal degeneracies higher than two. Reference to
tables of irreducible representations of the symmetry groups (]202])(Vincent, 1978)(|150])(Mc
Issac, 1963) reveals that symmetry group Cy has two one-dimensional and one two-dimensional
irreducible representations, and symmetry group Cg, has four one-dimensional and two
two-dimensional irreducible representations. Therefore, waveguides with Cy symmetry have
two nondegenerate mode classes and a pair of mutually degenerate mode classes, and wave-
guides with Cg, symmetry have four nondegenerate mode classes and two pairs of mutually
degenerate mode classes.

7.4.2 Symmetries in PCF

In this section, we apply the formalism of group symmetry to propagating modes in
photonic crystal fibers (article in preparation, [128]).

A- The Outer Guide Symmetry (macroscopic scale).

Figure 7.3 shows a PCF with a propagation constant v = 0.1em ™!, which corresponds
to a low frequency according to the dispersion curve. Because of the high wavelength,
modes are not sensitive to individual rods and they spread out over the total fiber. The
PCF is homogenized and therefore behaves as a classical circular metallic waveguide. It is
worth noting that in case of a periodic arrangement of elliptic dielectric rods, the overall
structure then behaves as an anisotropic circular metallic waveguide [105].

B - The Architectural Symmetry (mesoscopic scale).

The symmetry and degeneracy of the modes in resonance with the multirod pattern
can be assigned to one of two general symmetry groups C,, and C,, depending upon it
presents n-fold rotation symmetry but no reflection symmetry, or n-reflection planes [140].
For a given mode class, it is possible to assign a minimum waveguide sector sufficient to
determine the fields of all the modes of that mode class. Thanks to group representation, it
can be shown that the minimum sector to consider to take into account all the degenerated
modes for the hexagonal structure (Cg, waveguide) is 90 degrees, which is far from being
obvious. Furthermore, lines for adequate boundary conditions must correspond with the
reflection planes of the hexagon.

C - The Single Rod Symmetry (microscopic scale).

Rod shapes allow to select modes associated to wavelengths of their order : at a fixed
frequency, modes can be found either in circular rods or in square rods as shown on Figure
7.4. Dirichlet boundary conditions induce no modes in the central fiber. This property
highly depends upon the symmetries of the rod cross-sections (circle, triangle, square,
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FIGURE 7.3 — Transverse electric field in a PCF with rods of unit radius, for a propagating
constant v = 0.1em ™! and a wave number k = 0.275¢m ™! (wavelength equal to 22.847cm)
compared to the mode T'Es 1 of an equivalent homogeneous circular metallic waveguide.

hexagon) : for a given frequency, the field can only propagate in rods compatible with its
Symmetry.
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FIGURE 7.4 — For v = 8cm ™1, the transverse electric field is either confined in square rods
(k = 4.243cm™1) or in circular rods (k = 4.159cm™1).

Propagating modes in photonic crystal waveguides present a wide variety of behaviour
due to the various effects involved (metallic waveguide, photonic band gap, localized modes,
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Bloch modes, homogenization ...). A particular behaviour does not depend only on the ratio
of the wavelength of the mode to the characteristic lengths of the three scales, but it also
depends on the symmetries of the various components (|49])(Centeno, 2000)([50])(Centeno,
1999).

7.5 Application to leaky modes in Photonic Crystal Fibers

In this section, we study the second class of PCF which is known as Photonic Bandgap
Guidance fibers (PBG) : if the holey region extends far enough from the core, typically
containing several hundred holes, there can be significant Bragg reflection of particular
wavelengths in the transverse plane (z — y) resulting in a two-dimensional photonic band-
gap. The core region forms a localised state that allows wavelengths in the bandgap to
propagate along the core of the fiber, but not in the crystal cladding : light can therefore
propagate in the air, a property that can never be achieved in classical optical fibers. Be-
cause such MOF have a finite cladding, and the silica region between the holes allows some
radiations to escape the core region, all the modes propagating in the central low index
structural defect (air) are lossy. Some of these modes propagate in or near the core of the
fiber for relatively long distances, and it is these guided radiation modes that are of parti-
cular interest when studying lossy fibers. There are only a discrete number of such modes,
and they can be expressed as a superposition of the radiation modes of the continuous
spectrum (|191])(Snyder and Love, 1983). Modes of this type resemble bound modes, ex-
cept they are attenuated as energy is lost to the cladding. Such modes, called leaky modes,
are thus not square integrable in the transverse plane (z — y), and necessitate an adequate
treatment. In ([205])(White, 2000) a jacket with lossy material is introduced surrounded
the MOF, which presents the advantage of allowing estimate of the losses of such modes.
This multipole approach is based on properties of Green-functions and leads a search for
zeros of a matrix determinant. We choose a discrete approach (finite element modelling)
and take a jacket with Dirichlet boundary conditions to keep the self-adjointness of the
Maxwell operator (real spectrum). Furthermore, thanks to the boundness of the domain,
the operator is of compact resolvent and its spectrum is only made of an infinite number
of isolated eigenvalues associated with bound modes. When there is only 6 air-holes in
the PCF, surrounding the low structural defect, we do not see guided modes (fig. 7.7).
The leaky mode has a large imaginary part and it does not propagate on a long distance.
When there 54 holes surrounding the low defect, we catch the leaky mode (fig. 7.9). Some
theoretical works show that these kind of modes have an imaginary part depending upon
the number of layers surrounding the cavity, in the one-dimensional case (|76])(Figotin and
Gountsveig, 1998).

Work is in progress to estimate the loss of these modes thanks to the computation of
the magnetic current on the boundary of the jacket. For this, one has to consider a variant
of the geometric transformation of section 6.4.6. Considering three disks D(O, A), D(O, B)
and D(O, C) of center O = (0,0) with radii C > B > A strictly including the cross section

of the waveguide 2, we define a first corona C; = D(O, B) \ D(O, A). Let (z,y) be a point

in a second corona Co = D(O,C)\ D(0, A) and (X,Y’) be a point in Cy, the transformation
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is then given by :

{ z = fi(X,Y) = X[CA(B - A)|/[(C = 1)R(B — R) + A(B — A)]
y=L(X,Y)=Y[CAB - A)/[(C -1)R(B - R) + A(B — A)]

where R denotes the Euclidean norm v/ X?2 + Y?2. This transformation may be viewed as
a mapping of the first corona C; (small one) with the non orthogonal coordinate system
(X,Y) to the second corona Cs (big one) with the cartesian coordinate system (x,y) (when
C — 400, this is the mapping of section 6.4.6.). Furthermore, one can check that this
transformation has the nice property of local conformal mapping in the interface between
guide and the corona : the interface boundary conditions need no particular analysis. When
the distance between the jacket and the PCF grows to infinity, the bounded operator (of
compact resolvent) tends to an unbounded one, and we thus fits the behavior of modes
propagating in a low index structural default i.e. leaky modes.

It is worth noting that the Finite Element Method is insensible of inversion of contrast
(fig. 7.6), unlike the multipole-methods (due the use of Hankel functions), and that we can
deal with every type of geometry (the multipole method has been recently generalized by
Yardley, Mc Phedran, Nicorovici and Botten to elliptic cylinders [210]). The drawback of
our method remains its time of computation and the memory it requires, compared to the
higly rapidly convergent lattice sums. These two methods sound therefore complementary
ones and an extension of the thesis could be to compare both approachs in various situations
arising in electromagnetics.

Remark :

We think that taking a jacket remains to looking for modes in the complex plane has
shown on figure 7.10. To minimize the influence of this spurious device, the jacket can be
placed far thanks to a geometric transformation : this transformation allows studying the
influence of the distance of the jacket to the PCF on the calculated leaky modes.

Conclusion :

Optical fibers with a micron-scaled periodic arrangement of air holes in a silica back-
ground material can be readily fabricated ([121])(Knight et al., 1998). Although silica-air
photonic crystals do not exhibit PBGs for wave propagation refined strictly in the periodic
plane, we show that this system does allow for complete bangaps (i.e. for any polarization
of the light) to appear for waves propagating with a non-zero wave-vector component in the
direction perpendicular to the periodic plane. This out-of-plane is exactly the case of inter-
est in optical fibers, where light is intended to be guided along the fiber axis : we enforce
that our results differ from those of (|44])(Broenj et al,1999) for large conical incidence,
since we take into account the finite size of the waveguide. This correction is of the fore-
most importance, since PBG effects occur only for such incidences in air-silica structures.
Because real PCF have a finite crystal cladding (contrary to the assumption of [?]), all the
propagating modes induced by PBG effects are leaky. It is therefore important that the
losses associated with leaky modes be considered when calculating the modal properties
of PCF. For this, we embed our PCF in a metallic jacket : all the modes remain therefore
bounded (associated with real eigenvalues) and we can take into account the losses of leaky
modes via the computation of the current (Jg = nAcurl, E) on the metallic cavity. To our
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FIGURE 7.5 — Transverse electric field and its associated renormalized wave numbers kA =
47.0526 in a circular LPCF (PCF type 2) with 80 unit radius rods of index 4, a nearest
rod spacing A = 3 and a renormalized propagation constant yA = 21.
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FIGURE 7.6 — Transverse electric field and its associated renormalized wave numbers kA =
47.07 in a circular LPCF (PCF type 2) with 80 unit radius rods of index 4, a nearest rod
spacing A = 3 and a renormalized propagation constant YA = 21.
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K=30.481 m"! K=32.442 m"!

n=1

F1GURE 7.7 — Transverse electric field and its associated renormalized wave numbers kA =
91.433 and kA = 97.326 in a circular air-silica LPCF (PCF type 2) with a hexagonal
air cavity surrounded by 6 unit radius air holes, a nearest hole spacing A = 3 and a
renormalized propagation constant YA = 21.

kA=115.572

YA=21

n=1

n=1.445

Dirichlet
boundary
conditions

F1GURE 7.8 — Transverse electric field and its associated renormalized wave numbers kA =
115.572 in a circular air-silica LPCF (PCF type 2) with 55 unit radius air holes (no central
defect), a nearest hole spacing A = 3 and a renormalized propagation constant YA = 21

knowledge, this has not been done so far in the published literature : the nearest approach
is that of (|205])(White, 2000), which involves a lossy jacket combined with a Multipole
method. First efforts into the realization of structures with a complete out-of-plane PBG
for 2D silica-air photonic crystals were performed using triangular arrangements of air
holes, but the requirement of large air hole sizes proved difficult to fulfil experimentally,
and fabricated photonic crystal fibers using triangular arrangements of air holes showed
no evidence of PBG effects. We have investigated numerically square arrangements, but
we have only found leaky modes for PCF with semiconductor rods in air matrix. Our at-
tention was therefore shifted to so-called honeycomb photonic crystals, which have been
found to possess larger band gaps than square crystals and to exhibit waveguidance by
PBG at realistic parameters ([121])(Knight et al.). Work is in progress with Russell’s team



7.5. APPLICATION TO LEAKY MODES IN PHOTONIC CRYSTAL FIBERS 211
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X

FIGURE 7.9 — Transverse electric field and its associated renormalized wave numbers kA =
115.572 in a circular air-silica LPCF (PCF type 2) with 54 unit radius air holes (one
missing air hole), a nearest hole spacing A = 3 and a renormalized propagation constant
yA =21
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FIGURE 7.10 — In the above figure, we show the link between the spectrum of a dielec-
tric PCF in unbounded domain (discrete and continuous spectrum) and that of the PCF
surrounded by a jacket with Dirichlet conditions (only discrete spectrum).

to improve new geometries (both numerically and experimentaly). Although the research
in PBG-guiding is still in its infancy, their potential as ultralow-loss transmission fibers,
as well as their dispersive properties may pave the way for PBG fibers to become of high
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commercial interest in optical communications.



Chapitre 8

Propagating modes in
metallo-dielectric waveguides

"Dave", said Hal, "I don’t understand why you’re doing this to me... I have
the greatest... enthusiasm for the mission... You are destroying my mind... Don’t
you understand 7... I will become a childish... I will become nothing."

Arthur C. Clarke [46].

8.1 Introduction

In recent years the development of microwave, millimeter and optical devices and sys-
tems has promoted interest in more complex waveguide structures. We can divide these
structures in two main classes : the first one concerns dielectric guides (open domain, chap-
ter 6) and the second one concerns metallic guides (closed domain, chapter 7). To study the
first class, one has to consider the field decrease outside the guide (finite elements coupled
to integral formulations, to Fourier series expansions or to geometric transformation). It
is worth noting that there is a continuous part in the spectrum of this spectral problem,
coming from the unboundness of its operator : one thus has to eliminate the corresponding
non propagating modes, thanks to a theoretical criterion ([100], chapter 6). To study the
second class, one has to use an electric formulation, since the tangential trace of the ma-
gnetic field is an unknown of the problem (chapter 7). Nevertheless, the compacity of the
resolvent of the operator ensures that the spectrum is composed of an enumerable set of
isolated eigenvalues tending to infinity. For problems including these two classes, we have
to take into account both the unboundness of the domain and the metallic inclusions. The
numerical scheme developed in the paper is based on a finite element method combining
edge elements for the transverse field and nodal elements for the longitudinal field. The
use of the so-called Whitney elements eliminates the spurious modes [30]. We choose an
electric field formulation (dual to the magnetic one) to get simple boundary conditions
because the tangential component of the electric field is null [185], what is not the case of
the tangential magnetic field equal to the surface current .
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8.2 Set up of the problem

We consider a complex waveguide of constant section €2 composed of a dielectric part g4
and a metallic part 2,,, invariant along the 2z axis and whose permittivity profile € = epe,
(0 and &, being the permittivity of vacuum and relative permittivity of the medium) is
supposed to be a known function e.g. a piecewise constant function.

We are looking for electromagnetic fields (£,H) solutions of the following Maxwell

equations :
curl H = 5% + Js
8t87—[ (1)
curl£ = —ppg—
ot

1o being the permeability of the medium, supposed to be non-magnetic and Js denoting
the surface current density on the boundary of the metallic part €2,,.

Furthermore, choosing a time dependance in e, and taking into account the inva-
riance of the guide along its z axis, we define time-harmonic two-dimensional electric and

magnetic fields E and H by :

{E(m,y, z,t) = Re(E(x, y)e HWi=12)) )

H(l’, Y, z, t) = %6(H(w7 y)e—i(wt—fyz))

where w is the light pulsation and v denotes the propagating constant of the guided mode.
We say that (E,H) is a guided mode if :

(v,w) € R?
(E,H) # (0,0)
E, H € [L2(R?\ Q)]

with n x E = 0 and n x H = Jg (surface current density) on the boundary of the conductor
Q.

Js being unknown, we choose an electric formulation.

8.3 continuous formulation

For (E, H) satisfying (2), (1) can be written as :

{ curly H = —iwepe, (2, y)E — iwd, 3)

curly E = iwuoH

where €, denotes the relative permittivity (bounded and coercive function) and where d,'V
is defined by :
4,V (w,y) = d(V(w,y)e*) e (4)

where d is either curl or div and V is either H or E. Furthermore, from (4) it is clear
that div, curly ¢ =0, Vo € [D(IRQ)]S, that is for smooth vector valued functions ¢. Thus,
denoting by kg the wave number w,/geqg, we are led to the following system of Maxwell’s
type :

{ curl, curl, E = ke, E (5)

divy (g0, E) =0
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The solution of the above problem is then given by the minimum of the following
functional in the weighted Hilbert space [H(IR? \Qm,alﬁ)}3 where dL is the Lebesgue
measure €,.dxdy :

R(v;E,E) = / curly E - curly E' dC
R2\Q,

+ / div, E div, B/ dL — pow? / E-EdL (6)
R2\Q,, RA\Qp,

This problem of minimization admits a unique solution thanks to the penalty term
/ div, E div, E' dL
R2\Q,

which acts in fact as a constraint which forces the nullity of div,(e,E) in the exterior
of Q,,.

8.4 Discrete formulation

We achieve numerical computations with the help of finite elements. For the reasons
mentioned above, we choose the electric field as the variable. It involves both a transverse
field in the section of the guide and a longitudinal field along its axis. The section of the
guide is meshed with triangles and Whitney finite elements are used i.e. edge elements for
the transverse field and nodal elements for the longitudinal field.

E, =37 a;we(z,y)e* | in R?
B B, =" Biw?(z,y)e"* | in R

where «; denotes the line integral of the transverse component E; on the edges, and 3;
denotes the line integral of the longitudinal component F, along one unit of length of
the axis of the guide (what is equivalent to the nodal value). Besides, w{ and w] are
respectively the basis functions of Whitney 1-forms and Whitney 0-forms.

We develop curl, and div, in their transverse and longitudinal components :

diV’y E = din Et +1 ’YEz
curly E = curl, Ey e, + (Vi B, — 1 YEy) X €,

Similarly to the case of cavities [30], we know that we only have to minimize the following
functional :

R(1;E,E) = /

R2\ Qs
+iy v B, B +4% B Eé) L

—gw? /mz\g (Et-EHEZ ﬁ) s (7)

(curlt Et . curltfi —1 ’YEt . vtEi
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To show this property, one has to take

E' = 0 = Vip + ivpe,

in (7), where ¢ is a Whitney O-form (this is allowed since v/, is a Whithey 1-form). The
very properties of the Whitney complex ensures that curl, /¢ is null and it follows from
(7) that for all w # 0 :

/ E -v,0dL=0,
R2\Qm,

which is a weak form of div, (e, E) = 0.

Finally, to deal with the open problem, the judicious choice of coordinate transforma-
tion of section 6.4.5 allows the finite element modelling of the infinite exterior domain :
using discretizations based on differential forms allows a straightforward formulation of the
transformation method thanks to pull-back properties [166][165] (it can also be seen as a
conformal mapping [133]). It is to be noticed that the generalized eigenvalue problem is
solved thanks to the Lanczos algorithm. The GetDP software [64] has been used to set up
the finite element problem.

8.5 Application to a grooved metallic guide

We apply our model to a circular metallic waveguide with grooved dielectric inclusion
(Fig. 8.1). This example combines all the theoretical difficulties presented in the previous
sections. Figure 8.1 shows the real part of the transverse electric field for a propagating
mode. Note that without the presence of the dielectric, there is no propagating mode (only
leaky modes corresponding to complex eigenvalues could be present).

F1GURE 8.1 — Real part of the transverse electric field in a grooved metallic guide where a
is the conductor and b the dielectric (e, = 1.25).
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8.6 Perspectives

We are currently extending the method to twisted grooved metallic waveguides (article
in preparation, [103]). Work is in progress to study the analogous of cross-talk phenomena
for microstrips i.e. coupling between metallic rectangular waveguides lying on a dielectic
substrate. We also want to study the influence of a plane interface on the behavior of pro-
pagating modes in an optical waveguide, whose z-axis is parallel to the interface. Although
classical, this study leads to interesting applications e.g. for photonic crystal modeling : if
we consider the simpler case of a plane interface separating two media, one of them contai-
ning an optical fiber. it is well known that the distance between the guide and the interface
is closely related to the appearance of the cut-off frequencies [28]. In the case of two wave
guides in the vicinity of a plane interface, it both induces coupling between the optical
fibers and pertubations due to the proximity of the interface. The adopted configuration
(two wave guides in the upper medium, or each one in a different medium) will certainly
deeply transform the dispersion curves. Finally, a special attention should be paid to the
case of an arrangement of many waveguides intersecting with the interface. The numerical

computations could be achieved with the help of our Finite Element Formulation.
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Troisiéme partie

Analyse asymptotique des cavités en
cristal photonique.
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Chapitre 9

Homogenization of dielectric PCF
with metallic boundary

"Nous avons déja vu que beaucoup d’affections considérées comme des qua-
lités résidant dans les sujets externes n’ont en réalité d’existence qu’en nous-
mémes et ne sont en dehors de nous que des noms; j’incline beaucoup & croire
que la chaleur est du méme genre et que cette matiére qui produit en nous le
chaud et nous le fait sentir, et que nous désignons du terme général de feu, se
compose d’une multitude de corpuscules trés petits ayant telle ou telle forme,
telle ou telle vitesse ; rencontrant notre corps, ils le pénétrent grace a leur ex-
tréme subtilité, et leur contact, qui affecte notre substance a leur passage, est la
sensation que nous appelons le chaud ; affection agréable ou désagréable selon
le nombre et la vitesse plus ou moins grande de ces particules qui piquent et
pénétrent."

Galilée in "L’Essayeur" (1623) [83]

9.1 Multiscale expansion of F,.

In this chapter, we are looking for out-of-plane propagating modes (conical incidence)
in a metallic waveguide of constant cross section €2y (open bounded subset of IR?) filled
a periodic assembly of dielectric rods for the large wavelengths. The problem is index by
two positive real parameters : the small parameter n characterizing the distance between
inclusions (tending to zero), and the fixed propagating constant «. Since the tangential
trace n A H,, of the magnetic field H,, on the boundary 9€2¢ is an unknown of the spectral
problem, we choose an electric field formulation : we are therefore looking for (-, k%, E,) €

Rt x R x [H(curl, Qf,sndas)]S, E, # 0, such that

— curl, curl, E, (x) = k2B, (x) in Q
737175: £(xX) ¥ v En n=n !

nAE,;=0 on 0§ ¢

where €, is a real coercive and bounded function. In second part, we have seen that the
operator associated to this problem has a compact resolvent. Its spectrum is a discrete set
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2
of isolated eigenvalues belonging to [Z—, +ool.

As it was previously said, the mainTidea of homogenization is to select two scales in the
study : a microscopic one (the size of the basic cell Y =]0;1[?) and a mesoscopic one (the
size of the whole obstacle of shape Q). From a physical point of view, one can say that the
modulus of the propagating field is forced to oscillate like the permittivity in the photonic
crystal fiber. In fact, the smaller the diameter n of the rods, the faster the modulus of the
field E,, oscillates. Hence, we suppose that E,, solution of the problem 73,];3 has a two-scale
expansion of the form :

Vx € Q, E,(x) =Eo(x, %) + nE;(x, %) + nQEg(x, %) + ...

where E; : Qp x YV — @ is a smooth function of 4 variables, independant of 7, such
that Vx € Qy, Ei(x,-) is Y-periodic.

Our goal is to characterize the propagating modes when 7 tends to 0. If the coefficients
E; do not increase “too much” when 7 tends to 0, the limit of E;, will be Eq, the rougher
approximation of E,. Hence, we make the assumption that for all x € IR?, E;(x, %) =
0(%), so that the expansion (also denoted by the german word “ansatz”) still makes sense
in neighbourhood of 0. If the above expansion is relevant, we can state the following

fundamental result :

Theorem 1 When n tends to zero, E, solution of the problem (777]]3), converges (for the
norm of energy on Cs) to the unique solution Epom, of the spectral problem (P;f‘om) defined
as follows : look for (v, k:?wm, Enom) € IRT x IRT x [H'(curl, Q,shomdx)]3, Enom £ 0, such
that
PE ) oy curly (curly Epom () = kjomEnom(x)  in Q

nAEpm =0 on 09

With
Ehom (X) =< £(x,y)(I — VyVy(y)) >y in Qf
Ehom(x) =1 LN Q;

Where < f >y and &(x,y) respectively denote the average of f in'Y (i.e. [y f(z,y) dy)
and

- )1 ; if x €
=} by | hece

Besides, Vy = (V1,Va), where Vj ,j € {1,2} is the unique solution in Hﬁl(Y)/]R (that
s to say that V; is defined up to an additive constant in the Hilbert space of Y -periodic
functions Hﬁl (Y)) of one of the two following scalar problems (KC;) of electrostatic type :

(Kj) : ~divey [P (¥)(Vey (Vi(y) = 93))] = 0,5 € {1,2}
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Roughly speaking, as 7 tends to zero, we can replace the isotropic heterogeneous wave-
guide of shape (¢, by an anisotropic homogeneous waveguide of shape 2. In other terms,
the effective permittivity is given by the following result :

Theorem 2 The relative permittivity matriz of the homogenized problem is equal to :

<e(y) >y 0 0 v pi2 0
Ehom = 0 <e(y) >y 0 —| ¢21 p22 0O
0 0 <e(y) >v 0 0 0

where @;; represent corrective terms defined by :
.o oV; g
Vi,j € {12}, gy =< et >y=<egi >y=—<e v, Vi- VoV >y

the brackets denoting averaging over Y, and V; being the unique solutions in Hﬁl (Y)/IR
of the two partial differential equations K;. Hence, thanks to the symmetry of the right
matriz above (p;j = @ji), the homogenized permittivity is given by the knowledge of four

termes @;j, depending upon the resolution of two annex problems KC;.

Proof of theorem 2

7

As for the homogenized permittivity, \7, Vy denoting the Jacobian matrix g—? of Vy,
€hom Clearly derives from the equation of the theorem.

Multiplying divy(e 7y (Vi — v:)) by Vj, 5 € {1,2}, and integrating by parts over the
basic cell Y leads to :

<€(y)(vy(W — i) - V}>Y = 0. Therefore, we get the equality :

i = < EaVZ >
PYij = 3yj Y
= —<evVi-vV;>y
= < 58 >y i and j playing a symmetrical role
Yi

Hence, we derive that ¢;; = ¢j;.
Proof of theorem 1 :

For n fixed, E, is the unique solution of the above problem (the reader may refer to [51]
for existence and uniqueness theorems). Let us now assume that E, satisfies the following

two-scale expansion :

x X x X
E, = Eo(x, 5) + nEq(x, E) +7*Es(x, 5) +.ot "7NE77(X’ 5) +o(n™)(EL)

where E; : Qf x IR? — € are smooth complex valued functions of the variables (x,y),
independent of 7, periodic in y of period 1. The introduction of the variable y = % takes
into account the periodic dependance on x of the permittivity €, in the “bounded periodic”
structure.
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Before going further, let us define the notations that will be used in this chapter.
We first develop E(x1,x2) in its transverse and longitudinal components E;(x1,x2) and
El(l'l,xg) .

E(x1,22) = Er1(x1,x2)e1 + Era(x1, 22)e2 + Ej(x1, 22)es = Ey(z1, 22) + Ei(x1, x2)es

We define its transverse gradient, divergence and curl as

OF oF
ViEi(z1,19) = —e1 + —ey
oS o
divi(E1e1 + Eygey) = —ot 4 =12
’ ’ oz oz
(B 4 Bpe) 3E;,2 aE?t,l
cur e e = —
t(Er1e1 + Epoes . O

We define curl, and div,, as follows :

oF oF
divy B = 2L 4 =22 iy H) = div, By + i 7B
T OF 0F,s OF
LE :< L i nE ) ( H . — l) ( 6,2 t,l)
curl, Dy 1YLy )er + (@ v —axl e + Do oy es

=curly By e3 + (Vi By — i yEy) X e3
Furthermore, we will denote by curly and divg the previous operators for v =0 i.e.

diV() E = din Et
curl E = curly Fy es + /4 E) X e3

Assuming that the above expansion is relevant, we can state the following lemma :

Lemma 1 The Mazwell operator A;) = egl curl, curly associated to the problem P, satis-
fies the following operator expansion A; = 17_2A2,y + 77_1(141’39 + Ag’;) + 1A% + o(1),
where the asymptotic terms of A, are solutions of

n? AV Eg =0 (1)
So=1¢ nt AJyE1 + AWE) + AE, =0 (2)
n®  tAY By + AJYE) + AYE; + AlEo — ék3Ey =0 (3)

v 0 7,0
where Az denotoes the operator curly ; curly 5, Ay, denotes curly y curlyy, Azy denotes
7’}/
curly ; curlyy and Ayz denotes curlyy curl, ;

Proof :

For convenience in the following calculations, we denote by P, the operator of restriction
onto the overplane {y = %}

P, f(x,y) — f(x, %)

where f(x,y) and f(x, ) are respectively locally square integrable functions of £y x

IR? €2 and Qf — @3 of finite energy.
Let us sum up the properties of P, in the following proposition :
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proposition 1 P, is a “distributive operator”, that is to say that P, (f) P,(9) = P,(f9).
Furthermore, we can define the action of the differential operator on the projector P,

by :
0 0 1 0
P, =P —P(—
axi( nf(xvy)) n(axlf(xvy))—f_ n U(aylf(xvy))
1
that is to say that [88X,’ P, = nP"E;;'
With the help of the operator P,, (E1) can be rewritten in the form :
E,(x) = PEo(x,y)+nPEi(x,y)+ ... + 0V PEN(x,y) + o(n")
N
= P> W E;(x,y)} + o(n")(E2)
§=0
. . 0 . : .
Thus, the partial differential operator I acting on E, (x) satisfies the following equa-
lity :
) 0 N
B0 = 2P0 B y)}+ o)
1 1 j:0

o 1. 0
— __ - J . N—1
(P, T + 7713,7 oy ){;:0: 7 Ej(x,y)} +o(nV )

We now want to deduce the action of the second order differential operator curl, (e, Leurl,)

involved in the problem 737]73, on the field E,. Taking into account that [curl, x, ;)] = — P, curly y,
n
we obtain that :
1
curly x <Pn(curl%x PnEj)> = curlk (Pn(P77 curl, x E; + =P, curly y E])>
n

We then use the distributivity of P, to get :

1
curly x (Pn (curly x PnEj)) = curly x Py(curly x E;) + — curly x P,(curlyy E;)
n

We iterate the process, by taking into account once more that curl,x and P, do not
commute :

1
curly x <P,7(curl%x PnEj)) = P, [curl%x(curl%x E;) + — curlg y(curly x EJ}
n

1 1
+ —P, [curl%x(curlqy E;) + — curlp y(curlpy EJ)}
n n
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We then apply this two-scale second order operator in the expansion of the magnetic
field E,. Assuming that the terms of the development of the powers higher than 2 are
bounded, we can write :

curly x (curl%x(Eo + 77E1)) + % curly x (curlo,y(Eo + nEl))
+% (curlQy curly «(Eo + nE1)> + n% curlp y (curlovy (Eo
+nE; + 772E2)> — Ek3(Eo +nE1) + O(n) =0

In a neighborhood of 7 = 0, we express the vanishing of the coefficients of successive
powers of % Thus, we have to consider the following system :

n? AV Eg =0 (1)
So=13 nt AJyE; + AJYE) + AE, =0 (2)
n®  tAY By + AIYE) + AYE + AlEo — ék3Ey =0 (3)

Y 0 7,0
where Az ; denotoes the operator curl, ; curl, , A, denotes curl, curlp,, Az)y denotes
curl, , curly, and Ay2 denotes curly, curly ;.

Let us consider the first equality of the previous system Sy :

curlp , (curlgyy EO) =0 (1)
We first want to show the link between Ep,,, and Ey.

Lemma 4 Let Ey be a Y periodic function in'y, solution of the equation (1) of the system
So. Then
For almost everyy inY, curlyy Eo(x,y) =0 (4)

Proof :

Multiplying equation (1) in Sp by the conjugate Ef of Ey and integrating over Y leads
to :

1 *
/Y xy) curlyy [(Curlo,y Eo(x, Y))} -Eg(x,y)dp =0

By applying the Poynting Identity div,(AA B) = —A - curl, B+ B - curly A for vy =0
and summing on Y, we have :

/ {(curlo7yE0(x, y))] -curly y Ef(x,y) dy —/ divo,y [(curlovyEg(x, v)) NE§(x, y)] dy =0
Y Y

The Green-Ostrogradsky formula then gives us :

J [(curtoy Booe )] - cutoy By dy = [ [(curla o, v)) A B, )] - mds =0

From the anti-periodicity of the unit outgoing normal n to dY and the periodicity in
the y variable of Eg, we deduce that :
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2
/ [curl(),yEo(x,y) dy =0
Y

It follows that :

aey €Y, curlpy Eg(x,y) =0 (4)

This auxiliary lemma is applied to perform the proof of the second lemma.

Lemma 5 Let Eg be a Y periodic function in y, solution of the system Sg. Then

For almost everyy inY, divoy (E(X, v)Eo(x, y)) =0 (4)
Proof :

From equations (2) and (4), we have that :

curlg y (cuﬂ%x Eo(x, y)) + curlp y (curlQy E;(x, y)) =0 (5)

By applying divgy to (3) we derive that :

divo,y (curl%x(curl%x E0)> + divo,y (cuﬂ%x(curlo,y El))
+divgy (curlo,y(curl%x El)) + divo,y (curlay (curlpy Eg)) + k3 divo y (s(x, y)E0> =0 (6)
Noting that
divgy curly ; A(z,y) = ngy-<v%z/\A(x,y)> = —V%x-(vo,y/\A(:c,y)) = —div, , curlyy A(z,y) ,

the expression (6) confines itself to :

—divy x (curlojy (curly x Eg) + curlg y(curlg y E1)> + kZ divo,y <5(x, y)E()) =0

=0(5)

Finally, we get the following formulation :

divo,y (e(x, y)EO) —0 (7)

Remark :

In [105]|214], we have studied the homogenization of a three dimensional diffracting
problem using the multi-scale expansion method in the magnetic field formulation. We
deduced although that curl, Ho(x,y) = 0. Noting that x4 = po (non magnetic medium)
we knew that div, Ho(x,y) = 0, which is obviously not the case for the electric field. The
main difference with the magnetic field expansion is thus that the first term Hg of the
ansatz is independent of the y variable, unlike Eg which is therefore not the homogenized
field (it is in fact its average on the basic cell Y).
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The results of lemmae 2 and 3 (expressions (4) and (7)) are summed up in the following
system :

curly y (Eo(x, y)) =0
divo,y (£(x,¥)Eo(x,¥)) =0

Making the obvious remark that the average of Eg on Y gives us a field independant
of the microscopic variable, we denote by Ep,,, the following quantity :

i () = (Baly = o | Bolx.y) dy )

Where meas(Y') denotes the volume area of the unit cell Y.
Hence, curly (Eg — Ejep,) = 0. Then, Eg — Ey,,,, derives from a scalar potential denoted
by V. That is to say that there exists a Y-periodic function V(x,y) such as :

EO - Ehom - VO,yV (10)

It is worth noting that this deduction would not hold anymore if there were currents in
the Scattering-Box. This would be the case for a domain €y filled up by diffracting objects
of infinite conductivity. !

Injecting (10) in (7), leads us to :

diVO,y (5(Eh0m - VD,yV)> =0 (11)

By linearity of the divergence, we can write that :

~divoy (8(voyV)) = —divoy(EEhom)

3
= — diV07y (52 Ehomdej)

i=1

2
= — Z diVo’y («EN(X, Y)ej) Ehom,j (X)
=1

We are thus led to solve an annex problem of electrostatic type K; :

K+ —divoy (80x,¥) (Vo Vs — €))) = 0,5 € {1, 2, 3} (12)

The variational form associated to this problem having the good properties (sesquili-
near, continue and coercive) in the Hilbert space Hﬁl(Y)\IR, Lax-Milgram lemma assures
the existence and uniqueness of the solution of this problem in Hﬁl(Y)\IR, that is, up to
an additive constant.

1. In general, Eg = Epom(x) — VyV(X,¥) + Econom (%), where Econom belongs to the so called coho-
mology spaces whose dimensions depend upon the number of cuts made in the complex plane to obtain a
simply connected open set Y. As for us, < Eo >y = < Enom >y and < Yo,y V' >, = 0 which implies that
Ecohom =0
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Let us remark that £(x,y) being a data of the problem P, div y (é(x, y)ej> is a known
function. Therefore, we have to solve an annex problem where the unknowns are the three
components of the potential Vj. The solutions of (11) are given by the functions :

2
V(xy) =Y Vi(y)Bhom,j(x) = Vy - Epon (13)
j=1

where Vy = (Vi, V5, V3) and V; denote respectively the vectorial potential of the basic
cell and one of the scalar potentials associated with the density of charges divoy(e(y)e;).

Before going further, it is worth noting that the problem K; is of interest by itself. It
is solved by a method of fictitious sources [47][215][178], and works are in progress to solve
it by a finite difference scheme (see next section).

We still have to precise the link between Eg and Epop,-

From (10) and (13) we get that :

EO = (I - VO,yVY)EhOm (14)

where I denotes the identity matrix and /o,y Vy denotes the jacobian of Vy.
That is to say that :

%
— _ 1 2
Eo=11=1% & O Ehom
0 0 0

It remains to give the equation verified by Epgp,(x). Summing the third equation in
the system Sp over Y, we derive that :

/ curl y (curlQy Eg) dy
Y

= kg / EEgdy — / curly x (curl%x Eo) dy — / curly x (curlojy E1) dy
Y Y Y
—/ curlg y (curl%x E1> dy (17)
Y

Due to periodicity of E;, Es and €, and due to the antiperiodicity of the outer normal
n to Y, by virtue of the Green formula ([}, curly A dy = [, n A A ds), we both get that :

/ curlp y (curlmx E;(x, y)) = / curlp y (curlo,y Es(x, y))) =0,
Y Y

and that
/ curl, x (curlay E;(x, y)) dy = curl,y,x/ curlpy Eq(x,y)dy =0 .
Y Y

Therefore, the equation (17) reduces to :

k:g/ e(x,y)Eody + / (curl%x <€_1(curl%x Eo))> dy =0
Y Y
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From (14), we therefore deduce that :
—kg (/Y e(x,y)I —VoyVy) dy) Epom(x)
+ curly x curly x Epom(x) — curly x curl, x (/Y Yo,y Vy dy) Enom(x) =0 (18)

Due to periodicity of Vy and due to the antiperiodicity of the outer normal n to Y,
by virtue of the Green formula, we deduce that :

/ V07yVy dy = / nVy ds =20
Y oYy

We then deduce from (18) that Ep,,, is solution of a homogenized equation given by :
E,;Olm curl, (curlwc Ehom(x)) — knghom(x) =0 (19)
with the effective permittivity defined by :

€hom = < E(I = VoyVy) >y (20)

Comments :

The operator associated to the homogenized problem P, of theorem 1 has a compact
resolvent and its spectrum ¢ is made of a countable set of increasing eigenvalues A¥ :

72
o= <A< Al<. AF< ..

>\min

where Anpnin is the smallest eigenvalue of the effective matrix €4,4,, and i lim A* = +00. In
—+00

the next chapter, we will explain in what sense the spectrum of the operator associated to
the problem P, converges to o.

9.2 Numerical results.

In this section, we give some numerical results on the homogenization of a circular
metallic waveguide made of a periodic arrangement of dielectric rods of elliptic cross-
section of index 2 embedded in a matrix of index 1. We derive the tensor of effective
permittivity from the resolution of the two annex problems of electrostatic type K;, with
the method of fictitious sources [212]. This method consists in representing the potential
by an approximate potential created by two families of fictitious charges : the first ones
are located in the scatterer S and they radiate in its complement Y \ S in the periodic
cell Y, and the second ones are located in Y \ S and radiate in S. Each of these charges
satisfies a Laplace equation in Y with periodic conditions and they are chosen such that
the potential V; verifies the boundary conditions that appears in the following system :

AV =0,inY\0S
e Filos = ~lelas n;
€ onlas Elas My

Vilas =0
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. €scat 1D S
the = _
wie { 1 ,inY\S

[flas denotes the jump of f across the boundary 05, and n;, j € {1,2}, denotes the
projection on the axis e; of a normal of 0S.

In figure 9.1, we compare the transverse electromagnetic field of a heterogeneous me-
tallic waveguide made of a periodic arrangement of elliptic dielectric rods with that of its
effective anisotropic waveguide, derived from the asymptotic analysis. We must solve an
annex problem settled in the basic cell Y = ]0; 1[2 with the shape of the scatterer defined
by the equation

v v,
a? b2

with a = 0.4 and b = 0.2. Its permittivity is given by €scqt = 4. The method of fictitious

sources gives us

] = 1.39787, el = 2.01435 , &5 =< fF >y = 4769911

the remaining terms being identically null.

We use the GetDP software [64] to modelize the anisotropic waveguide (chapter 7)
defined by this tensor of permittivity.

Remark :

Our aim is the numerical treatment of the so-called Microstructered Optical Fibers
(MOF) which are all-silica fibers with an arrangement of microscopic air holes that run
down their entire length (Knight 1996 [119], Broenj 1999 [44]). In some cases, light is
guided in a high index core region i.e. a solid core surrounded by air holes. Typically, the
air holes are arranged in a hexagonal arrangement about a core formed by a missing hole
(honeycomb). Such a guidance is related to effective index theories i.e. we can replace the
composite structure by a homogeneous waveguide for the large wavelegths that is for A >>
hole diameter (in case of elliptical air holes, the effective structure is anisotropic). However,
for short wavelengths, the field actually sees the air holes and the silica between them, and
becomes confined to the high-index silica regions, raising the effective index of the modes.
The experimental team of Bath, which is supervised by P. St. J. Russell, used an effective
model to explain why MOF of this type are single mode over a very large wavelength
range (Russell, 1997 [24] [120]). Because these fibers have strong anomalous dispersion in
the visible spectrum, they have potential applications in dispersion compensation and non
linear optics, such as soliton formation and continuum generation in the visible part of the
spectrum. The effective model of Russell et al. doesn’t hold any more when the fraction of
air relative to silica is not large and appears to work well only for simple hole arrangements
(e.g. hexagonal) as was mentioned by (Ghosh et al., 1999 [89]). An alternative explanation
has been proposed by (Ranka et al., 2000 [182]) to show theoretically that for high-delta
air-silica MOF, although several modes may be supported, there is almost no coupling
between these modes. Even strong pertubations such as sharp bending may not excite
higher modes, and the fiber may thus appear to be single mode. Furthermore, the number
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—
e

F1GURE 9.1 — Comparison between the transverse electric fields T Es; and T E3; of a me-
tallic PCF for v = lem™! (k = 0.7707cm ™! and k = 0.7607cm 1) with the ones of the
homogenized anisotropic associated metallic waveguide for v = lem™! (k = 0.5478cm !
and k = 0.5201em™1).

of modes supported by the MOF does not seem to depend on the absolute dimension of

d
the fiber, but rather on the ratio of the hole diameter to the hole spacing A\



Chapitre 10

Analyse limite spectrale

"Que tel phénomeéne périodique (une oscillation électrique, par exemple)
soit réellement dia & la vibration de tel atome qui, se comportant comme un
pendule, se déplace véritablement dans tel ou tel sens, voild ce qui n’est ni
certain ni intéresant. Mais qu’il y ait entre ’oscillation électrique, le mouve-
ment du pendule et tous les phénoménes périodiques une parenté intime qui
correspond a une réalité profonde ; que cette parenté, cette similitude, ou plu-
tot ce parallélisme se poursuive dans le détail ; qu’elle soit une conséquence de
principes plus généraux, celui de I’énergie et celui de la moindre action ; voila
ce que nous pouvons affirmer; voila la vérité qui restera toujours la méme sous
tous les costumes dont nous pourrons juger utile de 'affubler."

H. Poincaré in "La science et '’hypothese" (1902)

Addendum

In this chapter, we outline an asymptotic approach of propagating modes in hetero-
geneous metallic waveguides constituted of a periodic dielectric medium (photonic crystal
fibers) for the high frequencies (photonic band gap effects). For this, we use a method of
"Bloch wave homogenization" introduced by Allaire and Conca in [5][4][7]|8] which, unlike
the classical homogenization method, characterizes a renormalized limit of the spectrum,
namely sequences of eigenvalues of the order of the square of the medium period. We de-
rive the convergence of spectral families associated to the operators of the photonic crystal
cavities and in particular to that of their spectra. We prove that the renormalized limit
spectrum contains in addition to the usual Bloch spectrum some boundary layer spectrum
corresponding to sequences of eigenvectors whose support concentrates on the metallic
boundary (boundary modes). The operator under consideration is self-adjoint with com-
pact resolvent and depends on a small parameter n which describes the heterogeneity of
the cavity. As we work in the T.M. case, we deal with the magnetic field and therefore
homogeneous Neumann conditions are prescribed on the metallic boundary of the
cavity. This study has been already performed in case of homogeneous Dirichlet conditions
by Allaire and Conca who considered spectral problems in acoustic. In this chapter, we give
a complete characterization of the boundary layer spectrum in the one-dimensional case,
when the cavity is made of an integer number of periodic cells : we show that the boundary
layer spectrum is characterized as in [8] by a spectral problem in the half plane (in the
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one-dimensional case, we obtain a spectral problem in ]0; +oo[ with Neumann condition
at 0). The associated spectrum can be deduced from a spectral problem set in |0; 1] with
Neumann conditions. Furthermore, we illustrate our discussion by numerical results deri-
ved from this new spectral problem. Although we just address here the asymptotic analysis
for the scalar electromagnetic case, we emphasize that our study can be generalized to the
vector case thanks to the modelling proposed in the first section [35] of the chapter. It is
worth noting that many related recent papers can be found on the subject, but with quite
different approachs [55][198|[157][77][78][79][80].

10.1 Position du probléme physique

Dans ce chapitre, on s’intéresse a la propagation des ondes électromagnétiques dans
un guide & parois infiniment conductrices, constitué d’une assemblée de tiges diélectriques
réparties périodiquement. L’objet de cette étude théorique et numérique est de mettre en
évidence l'influence des conditions limites sur les modes susceptibles de se propager. En
hautes fréquences, nous montrons que deux types de modes coexistent : les modes induits
par la périodicité ou modes de Bloch, et les modes induits par les conditions aux bords
baptisés modes de bord. Les premiers sont bien connus des physiciens et sont insensibles au
type de conditions aux limites. Au contraire, les modes de bord rendent compte de 'aspect
fini de la structure en ce que leur existence dépend étroitement du type de conditions
imposées au bord : il s’avere que leur support se concentre sur le bord du guide pourvu
que ce dernier soit a parois métalliques.

On considére un ouvert  de classe C? dans IR? qui correspond & la section transverse
du guide. On remplit ce guide d’un amas de tiges réparties périodiquement. Pour étudier le
comportement asymptotique de ce guide, on considére alors un nombre croissant de tiges
telles que le rapport de leur section sur ce nombre soit constant. Pour ce faire, on se donne
un ouvert 7' (la section d’une tige) dont on supposera le bord 97T régulier et une cellule de
base Y = ]0;1[%, avec T C Y (T peut éventuellement toucher les bords de la cellule Y). La
région occupée par la section des tiges est alors donnée par :

T,= Ji+1}1ne (1)

i€Z>
Dans une premiére étape, nous allons déduire des équations de Maxwell le probléme
mathématique que nous nous posons. On considére un guide métallique de section constante
Q (un ouvert borné de IRQ), de génératrice suivant eg, occupé par un milieu périodique
hétérogene de période > 0. Notant la cellule de base Y =]0; 12, le profil de permittivité du
guide est représenté par une fonction €, de la forme e, (x) = e(z, f) oue(z,y) (e(x,y) = 1si

x ¢ Q) est supposée satisfaire les hypothéses suivantes : £(z,y) est une matrice symétrique
dans [C(IR?% LB”(Y))]9 et vérifie par ailleurs une hypothese de coercivité. Nous cherchons
les champs électromagnétiques (&, Hy) solutions des équations de Maxwell :
88’7 / 3
rot H, = €080, dans D'(]0; T[xIR”)

ot @)

rot &, = —po o dans D' (]0; T[xIR?)
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Sil’on choisit une dépendance temporelle en e~ et si ’on prend en compte l'invariance
du guide suivant e3, on définit alors des solutions harmoniques d’un tel probléme comme

suit :

{5n(9€17$2,$3a75) = gge(En(xth)e—i(wt—ws)) (3)

Hn(x17 €To,X3, t) = %e(Hn(xl’ x2)e_i(°~’t—7x3))

On dit que (E;, H;) est un mode guidé si :

(v,w) € IR?
(Ey, Hy) # (0,0) (4)
Ey, Hy € [Lz(IRQ)]g

ol w est la pulsation de la lumiére dans le vide et « la constante de propagation du
mode. Pour les champs de la forme (3), le systéme (2) s’écrit :

{ rot, H, = —iweoeyE, dans D'(IR?) (5)

roty F; = iwpoH, dans D'(IR?)

ou rot., H, et rot, E, sont définis par :

I‘Ot’y H'f](xh %2) =rot (Hn(xh x2)ei’m3)e—i'yx3

I‘Ot’y E’f] (wla IL'2) = rot (EU (':Ul, 1»2)61'7963) e—i’yxg

Pour obtenir (6), il suffit de poser :

0F3
— v F
81’2 Z; 2
F:
roty F'= ¢ iyF1 — 8—;
0F, O0F;
(91’1 81‘2

Comme le champ électromagnétique (E,, H;) est nul en dehors de €2, les conditions

limites sont données par :
{n/\En:O sur 0f)

H,-n=0 sur 09

L’analyse mathématique des modes susceptibles de se propager consiste alors & chercher

les triplets (v, A, Hy) € R x RT x [H (rot, Q)]?, H, #0, tels que :
1 T 1

—roty (e (x, —)roty H,)) = ——H,, dans Q
n Ay

n A (roty Hy) =0 et Hy-n=20 sur 0€2

(7)

Noter que A, est positive car elle a les dimensions du carré d’une longueur d’onde i.e.
2

de 6—2 ou c désigne la célérité de la lumiere. On peut l'interpréter comme une réversi-
bilt((:eu temporelle du probléme physique (penser a I'invariance par renversement temporel
de I’équation des ondes). De plus, (=7, A;) est également une solution de (7) associée a la
fonction propre (H%, Hg, —Hg) On a donc affaire & un probléme physique présentant aussi

une réversibilité spatiale suivant ’axe es. Il parait en effet intuitif qu’une onde puisse se
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propager dans le sens des x3 positifs ou négatifs sans que la nature physique du probléme
soit changée (la section du guide étant constante). Le probléme précédent se réduit alors
& chercher les triplets (v, A,, H,) € RT x RT x [H (rot, Q))?, H, # 0 veérifiant (7). La
formulation équivalente & (7) en terme de champ électrique consiste a chercher les triplets
(v, A, ) € RT x RT x [Hl(rot,Q)]S, E, #0, tels que :

1
A—nE77 dans 2

nAE,=0 et nA (roty E;) =0 sur 02

—e Ha, E) rot, roty E, =
n

(8)

Tl est facile de vérifier que les spectres des opérateurs définis par (7) ou (8) sont réels : on
note pour cela que

/ rot., (5,;1 oty Hn) . H{] dr = / 5771 roty Hy - rot, H;7 dx
Q Q

—1 /
< ey ATty Hy) - Hy 1> o0y 113 (00

et que n A (rot, H,)) = 0. Le caractére auto-adjoint de (8) est obtenu en utilisant le
produit scalaire associ¢ a la mesure de Lebesgue ¢, dx. La difficulté de I'étude réside
alors dans le passage & la limite : le produit scalaire dépend lui méme du paramétre 7.
L’étude du spectre de cet opérateur a n fixé a été abordée dans la partie II d’un point de
vue numérique. On a constaté que ce spectre est discret et qu’il est semblable & celui de
Popérateur associé au probléme de la cavité résonnante (v = 0) : la propagation induit un
décalage & droite du spectre calculé pour I'opérateur associé a la cavité résonnante donné
par ~, mais ne change pas la nature du spectre. Dans la suite, nous nous contenterons donc
de I’étude du probléme d’une cavité résonnante remplie d’un milieu hétérogéne périodique
de période 7 (i.e. lorsque la constante de propagation 7 est nulle).

On déduit de (8) que le probléme de la recherche des modes trans