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On the identification of continuous-time inverse dynamic model of
electromechanical systems operating in closed loop with an instrumental

variable approach: application to industrial robots

The works focus on the identification of industrial robots that belongs to the field of the identification of
continuous-time inverse dynamic models in closed loop. First, a generic instrumental approach
relevant for the identification of rigid industrial robots is proposed. The set of instruments is the inverse
dynamic model constructed from simulated data calculated from the simulation of the direct dynamic
model. This algorithm termed the IDIM-IV method validates the inverse and direct dynamic models
simultaneously, improves the noise immunity of estimates with respect to corrupted data in the
observation matrix and has a rapid convergence. This new approach is experimentally validated and
compared with other standard methods. Then, a statistical test able to assess the validity of the set of
instruments as well as the consistency of the least-squares estimates is presented. This test is based
on the use of the Two-Stage-Least-Squares method and the regressed Durbin-Wu-Hausman test that
are commonly used in econometrics. Finally, the perspectives that the IDIM-IV method can offer to the
communities of robotics and automatic control are enlightened

Mots-clés : IDENTIFICATION BOUCLE FERMEE  ;  ROBOTIQUE  ;  VARIABLES INSTRUMENTALES
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• ���� jy ��4�����������	�������������1���	��
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idm� ����� ( )1n× � ���������5��������/
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• q� ����� ( )1n× � ���������5����� ���������E�

• q�� ����� ( )1n× � ���������5������������������E�

•
ext� ���� ( )1n× � ������������������	����������4����	����������������������� ��������E�

•
idmf ������
�������������4��������������"E�

• n ������
��������	��������������	����������������

)/
������!�%#��������� �����	���������	�������
������	���������������������
��������
��������������

�
��
�� �����������	������������������	�����	���������	���,�������/
��������������� ������+��
��������

�������	���	��

(��� ��"� ���� ��� ����
����	� ����� ���� 2�������� ����
������� 9����� 	��������� ���� ���� ��
�� ��� ��

	������� ������� ��� ������ ��� 9��7� ��	� ������� �����	� ��� ���� ������� (��� 2�������� �/
������ ���

���������9�������������������9���������

idm f ext

d L L

dt

� �∂ ∂

= − + +� �
∂ ∂� �

� � �
q q�

A�� � � � � � !��#�

9����

• L E U= − �����2����������������������E�

• E �����7��������������������������E�

• U ����������������������������������E�

• f� ����� ( )1n× � ���������������������/
���

)/
��������7������������9�����4�������������� ������

( ) ( ) ( ) ( ) ( ), ,idm ext f+ = + + + = +� � M q q C q q q Q q � M q q N q q�� � � �� � A� � !�3#�

9����

• ( )M q ����� ( )n n× �������������	������� ��	���������������������4�������������E�

• ( ),C q q q� � � ���� ( )1n× �  ������ ��� ��������� ��	� �������
���� ���/
��A� �
��� �����

( ) ( ),
E∂

= −

∂

C q q q M q q
q

�� � �
�
�E�

• ( )Q q ����� ( )1n× � ������������ �������/
��E�

• ( ) ( ) ( ), , f= + +N q q C q q q Q q �� � � � ���� ( )1n× �  ������ ����� �����
��� ���� ��������A� �������
���A�

��� ������	�������������/
���

,��9��9�������A�������"������������������������������	�������������������������������

�



�$�

�

����� ������	
�����������������
��������
������� ��!"�

(�����"���� �	�������5�����������������������������������5��������������A� ������������	����/
���������

	�������	����

( ), , ,ddm idm extf=q q q � ��� � A� � � � � � � !�$#�

9�����
ddmf ���������
�������������4��������������"�

(�����"��������9�����������������1������������� ������

( ) ( ) ( )
1 1

0

,− −

� � � �
= +� � � �

−� � � �

q
x u

M q N q q M q

�
�

�
A� � � � � � !�.#�

9�����

• �
�

	


�

�
=

q

q
x

�
�������� ( )2 1n⋅ × ������� �����E�

•
idm ext= +u � � �������� ( )1n× ����
�� ������

,����	�������!�.#A�������"������������������������������������������	��������	������������������

�

����� ��������������
���������������

(����
����������
���9��������������������������	���������	��	����������������9��������������������
�����

�9�������������	����!���������
� ���B'������	���	�������C#��

• �������������	����	����	����������� ������������E�

• ����	���������	����9����������	
�������		��������	�������������	�������5�����

,����	�������BN��������	������������C���	������������������ ����������A�������������������	������

������������	�������	����

( )
jf j j j jFv q Fc sign qτ = +� � A� � � � � � � !�&#�

9�����

•
jf

τ ��������5����� j �������������/
�E�

• jFv ��������5����� j � ����
����������������������E�

• jFc ��������5����� j ���
���������������!���	�����������#������������E�

• ( )jsign q� �������� sign ���� jq� ��� �������

o ( ) 1jsign q =� ���� 0jq >� E�

o ( ) 1jsign q = −� ���� 0jq <� E�

o ( ) 0jsign q =� ���� 0jq =� �



�.�

�

(������	��� ���
������	� ���D����1���#� ���
�
��������
��� �������1=���� ����������;�9� ��A� ���	��������

������������������������������9��������
�������
��� ����������(������������������� ��� ���
������	� ���D���

�1���#���	�������������������������������9���������������	����/
����� ��������������������������/
�A�����

�������������������������������������
�7�(����������������
���4������	������

( )

( )

j

j j j j

f j

j j

Fv q Fc sign q

u

Fs sign u

τ


+

��
= �
�
��

� �

�

if 0

if 0 and 

if 0 and 

j

j j j

j j j

q

q u Fs

q u Fs

≠

= <

= ≥

�

�

�

A� � � � !���#�

9�����

• jFs ��������5����� j ���������������������E��

• ju ��������5����� j �������	����/
��

D������A� +������7� ���9�	� ����� ������ ��� �� ����������� ���9���� ���� ��������� ��	� ���� ������� ���������

��	��� (��� ��
����� ������������ ���
����� 	��������� 
����� ���� �����
�� ��	� �������� ��������� (���

+������7��������������
������	����D����1��	#���	��� ������

( ) ( )exp

j

j

j

j

f j j j j j j

S

q
Fv q Fc sign q Fs Fc

q

δ

τ

� 	� �

 �� �= + + − −

� �
 �
� �� �

�
� �

�
A� � � !���#�

9�����

•
jS

q� ��������+������7K�� �������E�

• jδ ���������������������	��������	�

,������������������	�������������
�	�������BH������	
�����C���	�B'������	���	�������C�,��������1

;P��
 ����������	�	������������������������ ���������� ���������������	��������7������+���71+�����������

B,��������1;P��
 ��� �&&�C� ��	� ���� ������� ������� B,��������1;���
 ��� �&&%C� ����� ����
��� ���

�		�����A������
������������	�����������������������������������������������������	���������������

���� ����7���� ������������A� B,��������1;P��
 ��� ��	� ,���� �&&%C� ��� ��� 9����� ������� ����� ������

�������������������������������������	���	� ���	���	� ���B�
�������	��
������&&�CA� B�
������&&%C�

��	�B0�������	�,����������C�

+��������	����������� �	�������	���������������������� �������������
�	��������������������A� B+������

��	����������&..C�,����������� ���������A�����������������������	��	��
�����	���������������������������

9����� ���� ������� ��� ��� ���� ��� ��� ��� ��� ����������� ��� ����� ��� ��� ������� 9���� ���� ������ ����� ����

���
�	�������������������������������
���������������
��	����/
��������������	���	�����������������

���/
��+
����������	�9��� �
������
����������	� ��� �	������� ����	�������������������������	��
����

����B'�	��	�����	�����C���	��������������������BG���������	
����$��CA�BG���������	
����$��C�(���	�������

���������������� jFs A������������������	��������	��������
������������A��������B8�� ������	
��&&%C�

(��� �	��� �������� ��� ��������� ��� �4������� ���/
��  ��� �� ����� m � ��	� �� �� ��� ���� � � (��� ���������

����������������������������� ������ j jFs g m= � �9����� 29.81 /g m s= ����������� �������������



�&�

�

(���	���������	��������
�
�����	�������	�������������9���������1���������������������

( ),j j jz f z q= �� A� � � � � � � � � !���#�

���	�������B������&$3CA�B���
	���	��:�������	
��&&�C���	�BH������	
�����C�

+
�����	���� ������� ����������	��������������=��������� ���������	���� B���
	���	��:�������	
� �&&�C�

;�9� ��A� ����
�������������	������ �	����������	���������	���� ���/
���� �� �� �	���	����	���4�������

 �������
������������� ����		�����A�������������������	��������
����=�	�9������������������	��� ���

���
��� D��� ��������A� �� ����K�� ��	��� 9��� 
��	� ��� B"�� ���� ��	� 07��
��� ���3C� ��� ��	��� ���

���������������������������/
���������������������������������9����������������������	�����
�	��� ��

����������4�����	����������������������
�������	���

�

�

����� ����� ������� ������
�� �
����� ���������� ��� ���� ������������ � � !
��
��� ������
�"� � � !
��
��� ����

����
���������
��#������
����
��
�"�� �������
��������"�� ��������$���������

�

����# ������
����������������������

'���������������������	�����������������A���������
���������������7���������	������������������������

�����	
��	�2���
�������	��������7� j �����������	��������������������
������	����D����1%�9�����

• jL �������� ( )3 1× ���������� ���������9���� 1jO −
���	� jO E�

• jS �������� ( )3 1× � �������������������1��1���������	���������������7� j �9���������/
������ j jO G

�

(���7����������������������7������ ������

( )
1

2 j j j

j T j j T j

j j G j j G GE m= +� I � V V A� � � � � � !���#�

9����



���

�

•
j

j� ����� ( )3 1× � ������������
���� ��������������7� j �9��������������������� jR E�

•
jG

I � ���� ( )3 3× � �������� ������� ��� ���7� j � ���
�� jG � ��	�9���� �������� ��� �� ������ ��������� ���

������ jR E�

• jm ����������������7� j E�

•
j

j

GV ����� ( )3 1× � �������������������� ���������������������1��1�����������7� j �9���������������

������ jR �

+�����
jG

V ������ ������

j

j j j

G j j j= + ×V V � S A�

��	�����������������;
����K��������A�������������

ˆ ˆ
j

j

j G j j jm= −J I S S A�

��	�����7��������������������������� ������

( )( )
1

2
2

j T j j j T j j T j j

j j j j j j j j j jE m= + + ×� J � V V MS V � A� � � !��%#�

9�����

•
j

jJ � ������� ( )3 3× � ������������������ ���7� j �9��������������������� jR �(���3���������������

j

jJ �����	�����	���� jXX A� jXY A� jXZ A� jYY A� jYZ ���	� jZZ �

•
j

jV �������� ( )3 1× � �������������������� ����������� jO �9��������������������� jR E�

•
j

jMS � ��� ( )3 1× �  ��������� ���� ����������������� ���7� j �9���� �������� ��� ������ jR A� �/
��� ���

j jm S �(����������������� j jMS �����	�����	����
T

j j jMX MY MZ� 	� � E�

•
ˆ
jS � ��� ���� ( )3 3× � �7�91���������������4� 	�����	� ��� ���� ����������� ��� ����  ������ jS � ���

��	����������
��������� ���������	
��� j j×S S �

�����������������!��%#�����������9������������������������������������� j jJ A� j jMS ���	� jm �

(���������������������������
����	�9����

( )
0 0 0T j

j j j j jU m= − +g P A �S A� � � � � � !���#�

9�����

•
0
g �������� ( )3 1× � ���������������� ������������������4������	��������������

0R E�

•
0

jP �������� ( )3 1× � ��������������������� jO ��4������	��������������
0R E�



���

�

•
0

jA ���� ( )3 3× ���������������4���� jR ��4������	��������������
0R �

���������!���#�������������������������� j jMS ���	� jm �

2���
jin

� ������� ( )10 1× � �����������������������������������������7� j ��� ������

jin j j j j j j j j j jXX XY XZ YY YZ ZZ MX MY MZ m� 	= � �� �

(��� ������������������ ���7� j � ��� �� ������ ���� �����9���� ������� ��������� BH�
�������	�N�������&&�C���	�

BH�
������&&�C�

jj j j j inH E U= + = h � A� � � � � � � � !��3#�

9����� jh ������ ( )10 1× ���9������4��� ������

j

j j j

H H H

XX XY m

� 	∂ ∂ ∂

= 
 �
∂ ∂ ∂
 �� �

h � � � � � � � !��$#�

jh ���������9����������

j j j j j j j j j j

T

j XX XY XZ YY YZ ZZ MX MY MZ mh h h h h h h h h h� 	= � �h A�

9����

• 1 1

1

2j j j

j j

XXh ω ω= E�

• 1 2

1

2j j j

j j

XYh ω ω= E�

• 1 3

1

2j j j

j j

XZh ω ω= E�

• 2 2

1

2j j j

j j

YYh ω ω= E�

• 2 3

1

2j j j

j j

YZh ω ω= E�

• 3 3

1

2j j j

j j

ZZh ω ω= E�

•
0 0

3 2 2 3j j j j j

j j j j T

MX jh V Vω ω= − − g s E�

•
0 0

1 3 3 1j j j j j

j j j j T

MY jh V Vω ω= − − g n E�

•
0 0

2 1 1 2j j j j j

j j j j T

MZ jh V Vω ω= − − g a E�



���

�

•
0 01

2j

j T j T

m j j jh = −V V g P �

����������
���������������������10 n⋅ ��������������	��	�����������A� n ������������
��������	�������

�������	���(�������������������������������A���	��	A��� ������

10

1 1 1
j i

n n n

j j in i in

j j i

H H h β

= = =

= = =� � �h � A� � � � � � !��.#�

9�����
iin

β �������������������������	��	�������������	�
ih ��������������	������������
�������

+���������2���������� L �����/
������ E U− A����������������������������������
jin

� �

(���7���������������������	�� ������������� ������

21

2 jactu a jE I q= � A� � � � � � � � � !��&#�

9�����
ja
I �����������������������	�� ��������

D������A� ���� 5����� j � ��������� ���/
�� ������ �� ��� ��� !�&#A� ���� ( )13 1× �  ������ ��� ���� ����	��	�

�������������������7� j ������ ������

j j j

T
T

STD in a j jI Fv Fc� 	= � �� � � � � � � � !���#�

(���A��������������� ���� n ��� �������7�A�����������13 n⋅ �����	��	������������

(�����"�������A����������A�9������������������1��1���1������������������ ������

( ), ,idm ext STD STD− =� � IDM q q q �� �� A� � � � � � !���#�

9�����

• ( ), ,STDIDM q q q� �� ���� ( )13n n× ⋅ ����������4�����������
�������E�

•
STD� �������� ( )13 1n⋅ × � �����������������	��	�������������������������

���������/
��A�9����
������������������������������
��	������
ext =� 0 ������	�����������������������������

(�����"��� ������!���#���	
�������

( ), ,idm STD STD=� IDM q q q �� �� � � � � � � � !���#�

'���
��� ��� ���� ������� ���
��
��� ��� �����A� �� ���7� j � >����?� ���� 	�������� ��� ���7�� 1j + � ��� n �
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( ), ,idm =� IDM q q q �� �� A� � � � � � � � !���#�
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• ( ), ,IDM q q q� �� �������� ( )n b× ������4�����������
�������E�

• � �������� ( )1b× � ������������������������E�
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������A� jb � ��� �����
��������

�����������������������������	�������	�9����
jidmτ ���������
���������	�������������������������������

����5����0D�

�



�%�

�

��# !�������������������������

��#�� &���'!()�������

(��� )"*+� ��� �� ����1���������� ������� )������1"���������� *����������� +�����A� ���� D��� �1�� ��� ��� ��

����	��	� ������
������� ��� �� 	�� �� ������� ���� ���������� 5����� ��� ������� ��� �������� ������ ��� ���

��������	������	+*,�)�	�����������������������������������������	�	������/
��������
�����",(2,'���	�

+�"Q2�8N�����9����������������������������

• ,�"�4������������ �/
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1 1Rm

IDM q= �� E�
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1 1FvIDM q= � E�

• ( )
1 1FcIDM sign q= � E�
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1 1 1 2RZZ ZZ Ia m L= + + E�

•
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j � ( )a j � jµ � jσ � jα � jd � jθ � jr �

�� �� �� �� �� ��
1q � ��

�� �� �� �� 2π− � ��
2q � ��
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( ), ,idm= + = +� � e IDM q q q � e� �� � !��&#�

)/
������!��&#�������������������"�

�

��$�� ������
,	������������������
�������
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• ��������
�����������q ��	�����	�
measq E�

• ��������
�����������
τ
v A����� ( )1n× � �������������������������	�����	�

measτ
v �
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τ τ
=� G v A� � � � � � � � � !���#�
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τ

G �������� ( )n n× �	�������������4����	�� ��������(���	����������������������
τ

G ��� ����������
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���!��&#A� q ������������	�9���� q̂ ��������	��������������
measq �����
�������91�����'
����9���������������

������������9��	���	��� �����	����������(���������������� �	����
������������������������	���	��"������

�
�������(����������������������������
	�����������������9����
��������������������������� 0 fqω� 	� � A� fqω
�

������������������
��������/
�����:��������� 5fq dyn�ω ≥ A� dynω �������������4��
�����	9�	����������

5�������������1�����BH�
���������	
�����C�

( )
ˆ ˆ,q q� �� ���������
����	���������9����
��������������
���������������	������������������������������91�����

�������	����������� q̂ ����

( )

( ) ( )ˆ ˆ1 1
ˆ

2

j j

j

q k q k
q k

dt

+ − −

=� A�� � � � � � � !���#�

9�����

• ( )ˆ
jq k ��������7�������������������������	�5����� j ���������E�

• ( )
ˆ
jq k� ��������7��������������������������	�5����� j � �������E�

• dt ����������������������	�

���	�������A�����	�������������� ��	�	�9������������������������� ( ), ,IDM q q q� �� ���������
����	�BH�
��������

�	
�����C�

(��� ���"� �� ��� ��� !��&#� ��� ������	� ��� ������
������� ���/
����� mf � 9����� ���� ������ ��� ����7����

�������������5��������� ( ), ,r r rq q q� �� �:������������� ��1	��������	������������������
mn ��/
���������	�

b �
�7��9����� ������

( ) ( )
ˆ ˆˆ , ,fm fm fm= +y � X q q q � �� �� A� � � � � � � !���#�
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• ( )fmy � �������� ( )1mn × �������	� ��������� � E�

• ( )
ˆ ˆˆ , ,fmX q q q� �� ������� ( )mn b× �������	������4����� ( )

ˆ ˆˆ , ,IDM q q q� �� �E�

• fm� �������� ( )1mn × �������	� ���������e �

� ��������
���	��������1���/
�����	���
��������9�����������5����	�������������	1�������������(�����

���/
�� �������� ���� ���������	� ��� 
����� �� ��������� 	���������� �����	
��� 9����� ��91����� �������� ���

��������� fmy ���	���������
������� fmX ���	�����������������������9�������A�7������������������� ���

dn �(�������������	�����������������������	��
��9�����������������"�������
��������������������������

�������	������	������������	
��������������������������������������/
������������9��������!������������

�������������#�(������������"�������
���������9��������������������
������
��	��������������������	�

	�9����������������
���(�����91�������������
��������/
����� 2 0.8 /(2 )fp m df nω π= ⋅ �����
��	����7����

���� 	�������	�  ������ ��� ����
�������� ��	� ���
���� ��� ( )
ˆ ˆˆ , ,fmX q q q� �� � 9������ ���� ����� ���/
�����

���������	��������,����	�������BH�
���������	
�����C������	����������� 2fp dynω ω≥ �

��������������������������������������1��	��	���������������������	��������������7��9��	������ dynω �D���

����	���	
�������������A� dynω �
�
����������9�������;=1��;=���������������������5��������	���;=1��;=�����

���������������5������
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��$�$ ���!./)�����������������������
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,����� ���� 	���� ���������� ��	� ���� 	���������� �������A� ���� �����9���� � ��1	��������	� ������� ���

�������	�

( ) ( )
ˆ ˆˆ , ,= +y � X q q q � �� �� A�� � � � � � � !���#�

9�����

• ( )y � �������� ( )1r× �����
�������� �������
����������������
������/
��� � E�

• ( )
ˆ ˆˆ , ,X q q q� �� �������� ( )r b× ������ �����������4��
��������� ( )

ˆ ˆˆ , ,q q q� �� E�

• � �������� ( )1r× � ��������������������E�

• /m d er n n n n= = ⋅ � ��� ���� �
����� ��� ��9�� ��� !���#� 9����� en � ��� ���� �
����� ��� ��9�� ��� ��

�
��������!����0D#� y �

��� y ���	�X A������/
���������������5����� j ����������
��	���������� y ���	�X �������
������������	����

�����

( )

1

n

� 	

 �

= 
 �

 �
� �

y

y �

y

� A� ( )

1

ˆ ˆˆ , ,
n

� 	

 �

= 
 �

 �
� �

X

X q q q

X

� �� � A� � � � � � !��%#�



���

�

9�����

•

( )

( )

1j

j

j en

� 	

 �

= 
 �

 �
� �

�

y

�

� E�

•

( ) ( ) ( )( )

( ) ( ) ( )( )

ˆ ˆˆ 1 , 1 , 1

ˆ ˆˆ , ,

j

j

j

e e en n n
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 �=
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 �
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X

IDM q q q

� ��
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• ( ) ( ) ( )( )
ˆ ˆˆ , ,jIDM q q q� ��� � � � ��� ���� 5��� ��9� ��� ���� ( )n b× � �����4� ��� ���� ������ �
��������

( ) ( ) ( )( )
ˆ ˆˆ , ,IDM q q q� ��� � � ��� ������!���#�

j
y ��	� j

X ���������������
en ��/
�������������
�������� j �!����������5����0D#�D������A�����������!���#�

��	�!��%#��4������9����������	�����������������������������	1�	�����������������1��4��	����������������

�(���	���� ����� ���
������ ������	� 	���� ,����
��� �	������������� ��� �(���	���� ��� /
���� ������� ���

����������� ��	� ����������� ������������ !���� ���� ����������� �� ��� ��� �����	
�����#A� ���� ��������� ���

�	���������� �(���	���� ����� ������	� 	���� �� �� ����� ������������	� ����� ��������� ��� ���� �
��������

�������� ����	� ��� ���9�� ��� ���� �����9���� ������� �������
������ BH������� ��� �	� ����CA� B���� ��	�

Q�����
������3CA�BH�����������	
����$CA�BH�����������	
�����C���	�BH���������	�@�
������%C���	�����

�����9����� �� ��9�BH�����������C�9������������������9����		�����	��������������������������B@�
���

�&$�CA�B@�
����&.�C���	�BQ�����
�����	������&&�C�

�����������������������"�"0��������A� � �������
��	������ ��=��������A����������������
����������	�

��	� ��� ��� �������7�	������ 9���� �� ��
�����	� ����� ��� ��� �� �� �� 	�������� �� �������� �����4� � �

����������	���������

( )
2 2 2

1 e e en j n n ndiag σ σ σ=� I I I� � A� � � � � !���#�

9�����
en
I �������� ( )e en n× ��	������������4�

2

jσ �������������� ������������
����	������02+����
��������������
�������� j �!����BH�
������&&$C���������

����������	������#�

( ) ( )( )
ˆ ˆˆ , ,j j j j

j = +y � X IDM q q q � �� �� � � � � � � !��3#�

(���A�����:2+��������������� ������� ������

( )
1

1 1ˆ T T

LS

−
− −

=� X � X X � y � � � � � � � !��$#�

(��� �
��������� ��� ��� 
��	� ������	� ������� ����
���9��������� ����������� ����� �� ���� ����������� ���

���������� ��	� 	�� ���� ������� ������ ������������ B�� �	���� ��	� "��7������ �&&�C� +
��� 9���������

������������������=������	� �������������������������!���#�:����

1/2−

=� � � A� � � � � � � � � !��.#�
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( ) ( )
1/2 1/2 1/2 1/2T T

rE E− − − −

= = =�� � �� � � �� I A� � � � !��&#�

9�����

• rI �������� ( )r r× ��	������������4E�

• ( )E � ���������4�������������������

����������7�	������������9��������
���	����A���������

( )

2
2 1/2 1/2

,
ˆˆ 1LS LS r b

ε
σ

− −

= − − ≈� y � X� A� � � � � !�%�#�

����
������!��&#�

(����� �������������4�����������"12+���������������� ������

( )
1

1T

LS

−
−

=� X � X � � � � � � � � !�%�#�

2���
( )

( )
2
ˆˆ ,
LS

LSi
i i

β

σ = � ������������	�����������������������
LS� A����������� ������	��	�	� �������

( )
ˆˆ%
LS iβ

σ �

��� ( )
ˆ
LS i� A���������������������� ˆ

LS� A������
���� ������

( )

( )

( )

ˆ

ˆ

ˆ100
ˆ%

ˆ
LS

LS

i

i

LS i

β

β

σ

σ

⋅

=

�
����� ( )

ˆ 0LS i ≠� � � � � � � !�%�#�

�

�

������������������
������7,7)�8������
�����������
���
�
��������������
��

�
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'������
�����������������������������	����������>�4������?��������������5��������A���9���1���	������	�

�����4� X �����������	�,����	����	����������
�������� X ��������������������������������������9����

�4����	���	�������������9�����	�������	�B*��������	�H�
������&&�C��������������	�������������	���������

�
��������X ������ ������

( )
max

min

cond
σ

σ

=X A� � � � � � � � !�%�#�

9������

• maxσ ����������4���������
���� ��
�����X E�

• minσ ��������������������
���� ��
�����X �

(9�� ������ ��������� ���� ��� ��������� D����A� ��� � ��	� ���� ��� ���� ������� ��� �� ���� �� ���	� ���	���������

�
�����9��������������
���� ��
��A����������9�����������������
�	����
��	�B*��������	�H�
������&&�CA�

( )
1

min

k
C cond

σ

= +X A� � � � � � � � !�%%#�

9�����
1k ������
���1	�����	����������

�������������������  ��
������ �������������������,�� ��
��A� ����� ���� �����9����������������
�	����

�����	���	�

( )( )apC cond Diag= X � A� � � � � � � !�%�#�

9����� ( )apDiag � � ��� ����	�������������4���� ������������� ��
������ ��������������������	�����	����

ap� �

(�������������A����B��	�������	
�����C���	�B��������������	
�����CA������
�������� �������	���	�������

��������A��������	�������������� T
X X �������������(��
�����������������������������������	���	A�����

�4��������������
��������/
������������

(������7����� ���	����������������A������1����� ���	��������� ����������������	�(����� ���	�����������

������	��
��9���� ���5���������	��������� �����������
��	�	
��������� �	���������������������,����������

���5������������
�
��������
���(����������������������5����������������	������������������������������

9��7�������������������(���
�����
�������7�	���������������5��������������4����������
�������
���


����� 
�	���4������� ���5��������� ���� �����1�����  ���	������� ���� ���	� ��� ������������������ ���

�4����������� ���
���� ��� ��������A� 	�����
��� ��� �����	�9���� ������������
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• ( )
TE

τ
V � �I� ( ) ( )

TE E
τ

=V � 0 A�

• ( )
T

qE
τ
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=� � �
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5  650(rad/s)=103.5(Hz)fq dyn fq,ω ω ω≥ ≥ A� fqω � ������ ���� �
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(���� 9�� ������� �� %�� ;=� �
����� ���/
����� ,����	���� ��� ���� ��������� 2 0.8 /(2 )fp m df nω π= ⋅ A� ����

������� ����� mf � ��� 	� �	�	� ��� �� ������� dn I��� (��� ���"1�6� �����	� ������� 9���� ���� ���
����
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(�������������������� ( ), rΝ� 0 I� ���� ���	���	��������N+1�����9�������� ������������������� 0.05α = ����
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����������� 1q ���	�9���� ( )1 1
ˆ ˆ,q q� �� �

����
����	� ��� �� �������� 	��������������� ���������� ��� 1q̂ � 9����
�� ��91����� ���������� ��	� ���������
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��� ������ ��� ��� 	����
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���������� ��	� ���� ����� �	� 	����������� ���� ������	� ��� ���� 	� �������� ��� ���� ���"1�6� ���������A�
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��	� ��� ����� ����� ������
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���������������������=�	������������������9���������������
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�
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�
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LS

LS σ
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IV
IV σ
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"��� ���3�!�&L#� �����!�&L#�

D �� ��%&�!��L#� ��3&�!�3L#�

D��� �%��!�%L#� �%.�!��L#�

ˆ%rely � ��L� ��L�

dw � �&� �&�
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���
�����������

(���+�,�,�������������������	�9��������*�����
��
����� ������!���#�9�����

• 2 1 1R 2R 2J ZZ ZZ LMX= + + E�

• � 2 2RJ ZZ= �

(��� ���
��� ������ ���� ����
����	� 9���� !���#� ��7���� �� 	�����	� 	������� d jζ I�� !���� 5����� �� ��	� �#�

���������	���� ��� ��� � �������� (��� 	�����	� ���
���� ���/
�����
jn

d
ω � ��� ������� �����	���� ��� ����

	�� �������������9����
�����
��������������5�����	�� ��D�������������A�9������������
������	9�	���9�����

• 1(rad/s)
1

d f

nω = E�
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• � 10(rad/s)
2

d f

nω = �

+� ����� ��������� ����
	���� *��� �������� ��	� ���	���9��	�  �������<������������� 9����� �� �� �������

����7�������
�����9��������	���	�������������
������ ��������������	�(�������9��������������"1�6�

�����	��������������� ��������������������
��
��A����	��������������������1��1�
�������������	�	����

���� ���	� ��� �4�������� ����7���� ��� �
����	� �����/
�����A� ����� ���� ���
���� �������	� 9���� ���� *��

��������������������	�

(���	��������
����������/
����� ��� mf I����!;=#�(������/
��	������������
����	�9����!���#�9�����

�������������������������	�����
�������������������	����!�������	������!�����<�� #�����5���������	��A�

�������� ���#�9������%1���	��
�	� ������������������	��������!.������	�������!�
����<�� #�����5�������

��	����������� ���#�

(������
����������������"����������	��
��9��������������������������5�����������	�9�������������*��

���
��
��� ��� ���� ���
��� +�,�,� ������ (��� ���������� ���5��������A� ( ), ,r r rq q q� �� A� ���� ������ ��	���

������������ ��	� ������ ( )( )
ˆ ˆˆ , , 25cond =X q q q� �� A� ���� ����������� ���� 9���� �4����	� [Gautier and Khalil 

1992]�(�������������������
����	����������������
�	���	�9����!��3#�9�����

•
d d

1 2 1ζ ζ= = E�

• 1(rad/s)
1

d

nω = E�

• 10(rad/s)
2

d

nω = �

(������ ��� -1 -10.5 (s ) and 5 (s )
1 2

s s

p pk k= = �

(���	�� ���������� ��������	�������	�9���������������������	�������	����BH�
�������	�'���������C��

• 1.414 (Nm/V)
1

apg
τ

= E�

• 0.845 (Nm/V)
2

apg
τ

= �

(�������	��������������9������������ ��
�������
j

s

vk ��

•
1

0 2/1.414 1.4(Vs)s

vk = = �E�

•
2

0 20/0.845=23.67(Vs)s

vk = �

D������A�9��������� 1 2 2.5%tol tol= = �

�

��3�� ���!./)��������!.�4�����������7����������������������������������

(������"12+���	����"1�6������	������������	��
��9���������������	����������A� q̂ A�����
����	�9���������

;=����9��	���	��� �����'
����9��������������	�9�������� ���������A� q̂� A������������������A� q̂�� A�����
����	�

9���� �� �������� 	���������������������������� q̂ � (�����4��
�����	9�	��� ���� ���� �����	� 5�����������

10(rad/s)
2

d

dyn nω ω= = A���������	������������ 5  50(rad/s)=8(Hz)fq dyn fq,ω ω ω≥ ≥ �D������A�9�����������
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�����(������������	�������������������	��
��9��������9�����(�����������������9������

�
��������/
����� 2  0(rad/s)=3.18(Hz)fp dyn fp, 2ω ω ω≥ ≥ �(����9�����������%�;=��
��������/
�����(���

������� ����� mf � ��� 	� �	�	� ��� �� ������� dn I��� (��� ���"1�6� �����	� ������� 9���� ���� ���
����

��������=������

(��� ���"12+� ��	� ���"1�6� ���������� ���� �� ��� ��� (����� �1%� (��� ���"1�6� �����	� ���	�� ����� ��

����������������� �����!����(������1$#�(������"12+���������������7�����������"1�6�������������	������

���������������9���� ������������ ��
���,����	������� ����;�
����K�� �������B;�
������&$.CA� ����

���"12+�����������������������	���	���������������2�7�������������	������������������	������	��������

�����	
�����A��������"1�6������	�	�������������������� ���������"12+������	��������	�9������9���1

�
��	� ���	����� ���������� (���� ��� �4������	� ��� ���� ����� ����� ���� ���� ( )
ˆ ˆˆ , , nf≈X q q q X� �� � ���	���� ���

( ) ( )
ˆ ˆˆ , ,

T
T

nfE E� �
≈ =� �

� �
X q q q � X � 0� �� �

��������������������� ���������������	���	�������������	����/
�����������
���	�9�����������"1�6�

���������� ������ ���� ����
��	� ����� ��� ���9�� ��� D��� �13� +����� ˆ 3%LS− =y X� y � ��	�

3ˆˆ 3%IV− =y Z� y A� ��� ���� ��� �����
	�� ����� ���� �	������������� ���
���� ���� ��� ���	�/
������ +�������

���
�����������������	�9�������"12+����������A�����������������9��������

(������"1�6����������������	����D����1$�'���
���9���� �� , ,
ˆ ˆ 1.025 1.0LS IVε ε

σ σ= = ≈ A����� ����������� � �

��� 9���� �������=�	� ����
��� ���� ���� , ,
ˆ ˆ 1.025 1.0LS IVε ε
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��� �������� ����� ����
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(���(-%�������� ������������	�9��������*�����
��
����� ������!���#�,��	����9��������+�,�,������A�

�� ����� ��������� 9���� ����	� ��	� ���� ����� ���
���� ��� ������ ��������	� ��� ����� �������� �� �� �����

�������	� �����/
�����A� ����� ���� ���
���� �������	� 9���� ���� *�� �������� ���� ��������	� ;�9� ��A�

����
�����������	������������������A������
�������� ��
������������������	�����	�� ������������������

��� �	�	� �����������
�������(��� 5�����������������	��������������������������	�9����������
�������

���/
����� 5mf kHz= �

(��� ������ ���
������� ��� ������	� �
�� 9���� ���� ����� ���������� ���5��������� ��	� 9���� ���� ����� *��

�������� ���
��
��� ��� ���� ���
��� (-%�� ������ ��� �		�����A� ���� ������ ��� ���� ���
����	� ����������� ����


�	���	�9�����������������!��3#�(������"1�6������	������������=�	�9�����������
������������=��������	�

25 =Ia �����
������������
�������������D������A�9��������� 1 2 2.5%tol tol= = �,���. 2���3�����������

�-.4�-�#� ��� 
��	���� ������� �������*��9���� �8()2� �$� �*Q� ��� �
�� ���� ���
������� ��� ������"�0���

����������������� ���"1�6������	���7������� ������.�� ���5�������(���� ���	��������9������ ���� ���"1�6�

�����	���
�	�����
���������������1������������������

(��� ���������� ���5��������A� ( ), ,r r rq q q� �� A� ���� 	������	� ��� ����� rq�� � ���� �����=��	��� !����� �����	�

�������	�����1������������������#�,�����
�������������������4���5�����������9�����D����1�%�:�����
���

���5��������� ���� ���� ( ) 200cond =X ��������� ����� ���� ���������� ���5��������� �4����� 9���� ���� �����

�����������

�

��8�� ���!./)��������!.�4�����������7����������������������������������

(������"12+���	����"1�6������	������������	��
��9�������������	���������A� q̂ A�����
����	�9���������;=�

��
���1��	���'
����9��������������	�9���� ���������A� q̂� A���	��������������A� q̂�� A�����
����	�9��������������

	����������������������� q̂ �(�����4��
�����	9�	�������������4���5�������� 10Hz
6

d

dyn nω ω= = ����	����

���������������;=��
��������/
�����(������������	�������������������	��
��9��������9�����(����������

�������9�������
��������/
�����������;=�,����	�������������������� 2 0.8 /(2 )fp m df nω π= ⋅ ⋅ A������������

����� mf ����	� �	�	���� 100dn = �

(��� ������������ ��������� ��	�� ��� � � ���	� ����
��� ���� N+1����� �������� ( )0 : 0,1H Ν� � �A� ���� ����� ���

��	����	����� 	�������	� ��� �������� ���� ��	� ���� �:1����� �
������ ������ ��� ��� ������������ �������

������������� !dw � ��� ������ ��� ��E� ���� (����� �1�%� ��	� (����� �1��#� ��� �		�����A� ���� ���������� ��� � �

�������	� 9���� ���� ���"1�6� �����	� ������	� ��� D��� �1��� �������� �� H�
������ 	������
����� 9����

, ,
ˆ ˆ 1.03 1.0LS IVε ε

σ σ= = ≈ � (��� ������ � � ��� �������=�	� ��	� �������7�	��������� ��� 9���� ��7��� �����

����
���

(������"12+���	����"1�6����������������� ������(������1�%���	�(������1����������� ����(������"1�6�

�����	� ���	�� ����� �� ������ ��� ��� ����� !���� (����� �1�3#� (��� D1����� �������� ��� ���� �� ����

������������
��������
( )

ˆˆ%
LS iβ

σ ����
( )

ˆˆ% k
IV iβ

σ �������������������L�:���������
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• 48.5=� E�

• 49c =� E�

• 2160r = E�

• 60b = �E�

• 28bc = �E�

��	��������� �	���

•

2 2

2

49 48.5 2160 60ˆ 1.4
60 2848.5

F
� �− −� �

= ≈� �� �
−� �� �

�

+����� ( ) ( )0.95,32,2100
ˆ 1.4 1.6F F≈ < ≈ A� ���� D1����� �������� ���� ��	��� ��	
������ +�A� ����� 3�� �����

����������A�������.�����������������(����������������	�������������������������	������������������

(��� ���"12+���������������7� ��� ���� ���"1�6�������������	���������� �	�	���������������������	����

����	� ������������������"1�6�����������,����	�������B;�
������&$.CA��������"12+������������������

�����	���	� ��� ����������� 2�7�� ���� ������ �	������������������	�� ����	� ��� �����	
�����A� ���� ���"1�6�

	�������������������� �����"12+����������	�9������9���1�
��	����	���������������	����(�������
���������

����������9�����������������	�9��������)"*+���	�����+�,�,��������

(���������������� ����������������	� 5�������������������
����	��������� ���������� k ���	�����������4��� j �

������ ������(������1���(����������� ��������������� ���������A� ������������LA��������������!��.#����

��9���� ���� �������=���� ���� ������� ������ ��� 
�	������ �����	
��� ��� ���� ������ ��� ���� ���
����	�

����������� �� ��� ��� !��3#� (��� ���� ��� �����
����� ��� ��9����  ���	� ��	� ����� �4������� ���� /
��7�

��� ������������������"1�6����������

������� �������������� ���������������	� !���� D��� �1��#� ��	� ������������	� ���/
��� ��������
���	�

9���� ���� ���"12+� ��	� ���"1�6� ���������������� ��������
��	� �����9���� ˆ 5%LS− =y X� y � ��	�

3ˆ 6%IV− =y Z� y �(�������
�������������������	����������������
��������������	�/
�����������	������

	������� ����  ���	���� ���� ���������A� �����1�����  ���	������� �� �� ����� ��������	� (��� �����1�����

 ���	������� ���� ������	� �
�� 9���� ���5��������� ����� ���� 	��������� ����� ������ 
��	� 	
����� ����

�	������������� �������E� �� ���� ��� �� ���5��������� ��� 
�
����� ���
��� (��� ������� 9����� 	������ ����

���5����������������	������������������������������9��7���������������������	��������5����������
���

��� �4������� ���
��� ����
��� 
����� 
�	���4������� ���5��������� ���� �����1�����  ���	����������� ���	� ���

��������������������������4��������������
����D
���������A� �����������A� ��� �����������	�	����������

����	����9����������������
����������/
������������������������(-%�������A����������5�������������

�����1��	��� ������������ ��	� ����� ����� ����
��� ��������	� ������� 	��������� ����� ������ 	�����	� ���

������
��� ���� ���5���������
��	� ��� �
�� ���� ���"12+� ��	� ���"1�6������	�� !����4������ ���� ���� ��4���

5�����������9�����D����1�%#�(���	�������������	�9����������
����������/
����� 1mf kHz= �������	����

5mf kHz= �:�����
������������"1�6������	A����������1����� ���	�������������������	���������9���

• ��D����������	�����������������������4����������5���������	����������������������
��	�	
���������

�	��������������������E�
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• �� +����	�� ���� ������ ��� �4����	� 9���� ������ ���5��������� ��� ��	��� ��� ������� �������� ���� ���

����
��	�5��������/
��A� oy E�

• ��(���	���������
����������������9�������������5�����������	��������"1�6������������� ������

(������1������������
������������
������������4�	�����	� ˆ
oZ ����	�������	���������������E�

• %� D�
����� ���� �����9���� ������ �� ������ 3ˆˆ
o o IV o−y Z � y � ��� ����
����	� ��	� ��� ���� ���"1�6�

������������������������A������ ��
���
�����������������9���� 3ˆ 6%IV− =y Z� y �

D����������"12+������	A��������������������	�%�	�������

• ��(���	��9�������������5��������A���������� �����������4A� oX A�����
�������	�������	������������

���E�

• %� D�
����� ���� �����9���� ������ �� ������ ˆ
o o LS o−y X � y � ��� ����
����	� ��	� ��� ���� ���"12+�

������������������������A������ ��
���
�����������������9���� ˆ 5%LS− =y X� y �

(������
����������������1����� ���	��������������	�9�����������"1�6����������������� ������(������1���

9�����D����1������9������������������9�����������
���5��������/
�����	��������/
�����������
���	�

9���� ���� ������ ���5������� (��� ��������
���	� ���/
��� ���� ���� ���
��� ����� ��	� ���� ���� ������ �� �������

3ˆˆ
o o IV o−y Z � y � ���� ����������� 9���� 3ˆ 6%IV− =y Z� y � ��� �		�����A� ������ ���5��������� ����

�4����������
�������
��� ( )
ˆ
ocond Z ������������� ( ) 200cond =X �������������5�������(�����������������

�������"1�6��������������������
���	�+��������A��������
������������1����� ���	��������������	�9��������

���"12+� ���������� ���� �� ��� ��� (����� �1��� ,��� ���� ������ �� ������� ˆ
o o LS o−y X � y � ���������

ˆ 5%LS− =y X� y A��������"12+�����������������������	���	���������������

�

��8�� ���!./)��������!.�4�����������7����	�������������������

(��� ���"12+� ��	� ���"1�6� �����	�� ���� ������	� �
�� 9���� ����
�������� ��� q � ��	� 9���� ( )
ˆ ˆ,q q� �� �

����
����	� ��� �� �������� 	���������� ������������� q �����
��������9����
�� ��9����� ���������� ��	� ���

���������	����������

(��� ���"1�6������	��������9���� �������
���� ��������=��������	����	���������� ������ ����� !����(�����

�1�3#� (��� ���"12+� ��	� ���"1�6� ���������� ���� �� ��� ��� (����� �1�.� ��	� (����� �1�&�0���� ���� ���� ���

��������������������������� �	�	�����
���������	�����	
����������������	��������D1�����D������A�����

�����9���������� ������������������	� 3ˆ 10%IV− =y Z� y �������������A��������"12+�����������	������

����7�9�����������"1�6�����������9��������������������9������������ ������(������1���(�������� �	�

	��������������9�����������"12+���	����"1�6���������������������������	��������	� ���������������

���"1�6����������A��������"12+�����������������������	���	���������	A�B;�
������&$.C�(������"12+�

�����	� ������ ��� ��� �	�� ����������� ���
���� ����
��� ��� ���� ������ �� ��� ��� ���� ����� ������ �����4�

( )
ˆ ˆ, ,X q q q� �� ������������������
��������	��� ��������� mesq �9����
�� ��9���������������(�������
��� ��� ���
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���������� 9���� ���� ���� �������	� 9���� ���� +�,�,� ������ 0�� ���� ��������A� ���� ���"1�6� �����	�

�
����	�������� �	����������������
��������
������������
������������4� ( )
1ˆˆ , , , k

fm fm S S S IVδ

−

=Z X q q q �� �� �

��� ����
����	� 9���� ���� ���
����	�  ��
��A� ( )SSS qqq ��� ,, A� 9����
�
����  ���� ������ ��� ���� �����1����� ����A�

( ), ,nf nf nfq q q� �� A� ����7�� ��� ������ ��� ���� ���
����	� ����������� 9����� ���� 
�	���	� ��� ���������� ��� ����

����������;�9� ��A��������	��������������������������"1�6����������������������������������������������

�������	�9���� ���� ���"1�6������	����������	�9���� ����������� 	���������� (���	� �������� �� ��� ���

(����� �1�&� ���A� ��	��	A� �������� ����� ������ �� ��� ��� (����� �1��� (���� ��� �4������	� ��� ���� ����� �����

3ˆ 10%IV− =y Z� y �����
����������������������� ��� ��� y � �������������9����������� ��
�����
���A�

����� ���
��� ���9�� ����� ���� ��������� 	���������� ���� ��� ������	� 9���� >�������� ����������?� 
��	� ���

BH���������	�:�������.CA�B@�
�������C���	�BH����������	
�����C�

��� ���� ����� ����7�	� ����� ���� ���� ������������ ���
����������	�� ��� � � ���	�9����� 
����� ���� ���"1�6�

���������������N+1������������� ( )0 : 0,1H Ν� � �9���������������������� � ��������	�9�����������"1�6�

�����	�������	����D����1�3�����������H�
������	������
����E������������� ��	����	�����	�������	����

��������������	������:1������
�����������������������������������������������9�������������������

�������"12+���������������
��	�����
�����������������������A��������
��������	��������������N+1�������5�����

���� ���������� ����������� 9����� ���� ����� ��� ��	����	����� ��	� ���� �:1����� �
������ ������������

�������������+
������
���������4������	�������� ����� ����� ���� ���"12+�������� �����������������A� ��� ���

��������	
����������	�9�����������"12+������	�D������A��
������
�����
���9��������
����

�

������������	�����������
���
������������������
����������������
�����������7,7)�7:�����������

� mf �
( )

ˆ
ocond Z � 3ˆˆ

o o IV o−Y Z � Y �

(��5��������� ��7;=� �.�� 3�L�

(��5��������� ��7;=� �$�� $�L�

(��5��������� ��7;=� ���� 3�L�

�

������������	�����������
���
������������������
����������������
�����������7,7)�8������������

� mf � ( )ocond W � ˆ
o o LS o−Y W � Y �

(��5��������� ��7;=� �.�� 3�L�

(��5��������� ��7;=� �$�� ��L�

(��5��������� ��7;=� ���� ��L�

�

� �
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���������%��7,7)�#�8���������������5%6��
�
����0���
����������������������

� ˆ
LS� � ˆˆ%

LSβ

σ � � ˆ
LS� � ˆˆ%

LSβ

σ �

ZZ��� ���� ��� D��� 3��� �.�

D �� .�.� �3� "-%� 1���� �3��
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�������Z ������ ������

( )
1

ˆ ˆ T T

Z

−

= = =X Z Z Z Z Z X P X A� � � � � � !�$#�
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9����� kx ��������7������
������X E�

• ˆ
kv ��������7������
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�� ��� ( )
TE ≠V � 0 A� ˆ

V� � ��� ��� ������� 
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9���� = −� 	 � � 9����� ��� ���� ( )1b× �  ������ ��� ������	� ����������� ����� ��� �4������ ���� ������������
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�����������A�V �������
�7��9���������������	�9������������������� ������
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� 	= � �X X V �������� ( )2r b× ⋅ ��
������	������ �����������4���	�
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�� ��7��� ������ ��� �������� ˆ
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������������4�:���� nf=Z X A����������9����
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��� Ẑ �������� ���	�

(��� ���"12+� ��	� �+2+� ���������� ���� �� ��� ��� (����� �1�3� (��� ���������� 	������ ����� ������ �� ��� ���

(������1&A������������������	���	���������	��������������A��������������	����5������������������������

� � ��� ��������� 
����������	�9���� ( ), rΝ� 0 I� � ���� �� �� ��� ��� ������������� ��� �L� �
�� ����� ������� ����

����������� ���� �� �� ��� ��� ������������� ��� ��L� D
���������A� ���� ���"12+� ������ ��	� ���� ��������	�

H�
������������	� ���D����1����
����������������	������
������������������	����������������H�
������

	������
������
���������������������� �	����E��������������
�������������	�9���������+2+������	�D������A�

����������������	�9��������,�D���
����� ���
������	� ���D����1����
�����������������������������������

���9������������������������������
�A�����������9����D����13A��������������������������������(����

�4������������9������������� ���	��:;1����������������	������������������������	�����	���������
�����

��7����������	��������

�

0 200 400 600 800 1000 1200
-20

-15

-10

-5

0

5

10

15
Cross-validation, joint 5

N
m

Samples

measurement

estimation

error

0 200 400 600 800 1000 1200 1400
-10

-8

-6

-4

-2

0

2

4

6

8

10
Cross-validation, joint 6

N
m

Samples

measurement

estimation

error



��3�

�

���������%��	�������
������B����������
������2
������=��=�������%�#�)�������������
��������

����
��������������������������5%6��
�
��

G����� j � jb � ( )
2

jbχ � ( )
2
ˆmin η
�

�

�1 ��
��

�� �� $.�� �3�� \��

�� �� $.�� �&�� \��

�� %� &�� ��$� \��

%� %� &�� �&3� \��

�

���������&��	�������
������B����������
������2
�����&�����+�#�)�������������
������������
�������

�������������������5%6��
�
��

G����� j � jb � ( )
2

jbχ � ( )
2
ˆmax η
�

�

�1 ��
��

�� %� &�� ��� ��.�

3� 3� ���&� %&� ��3�

�

���������+��7,7)�8������������������8������������#�)�������������
������������
������������

�������������5%6��
�
��

�
( )ˆ

ˆ ˆ%
LS

LS σ
�

� � ( )
2

ˆ2
ˆ ˆ%

SLS
SLS σ

�
� �

ZZ��� ����!��L#� ��.�!��L#�

D �� .�3�!��L#� .�$�!�3L#�

D��� 3���!��3L#� 3%.�!���L#�

ZZ��� ��$�!��L#� ����!��L#�

D �� �.��!��L#� �.��!�.L#�

D��� 3.��!���L#� 3.��!���L#�

ZZ��� ����!$.L#� ��$�!3$L#�

���� ����!�3�L#� ��$�!%��L#�

D �� ����!$�L#� ����!$3L#�

D��� ����!&�L#� ����!&�L#�

��%� ��%�!�3�L#� ����!���L#�

D %� ��.�!��L#� ����!�.L#�

D�%� ����!&3L#� ��$�!���L#�

���� ��3�!�.�L#� ����!�&�L#�

D �� �&��!$�L#� �.&�!$�L#�

D��� �$��!���L#� �$��!��3L#�

��3� ����!���L#� ����!���L#�

D 3� �3&�!��L#� �3&�!�%L#�

D�3� ���!.&L#� ���!&�L#�

� �3� �3%�!�3L#� �3%�!�&L#�

���3� �$��!���L#� �$��!�3�L#�



��$�

�

ˆ%rely � �$�L� ���L�

dw � �.� �.�

�

�

����� ������ -���
����� 
�� 7,7)�8�� ���
�� ���� ���� ���������� ;�������� #� 0���
������� ����� ���������� #�

)�������������*�������
�����

�

�����������0��
�
�������
��>����������� ����������������
�
�������
��
���������
��
���������������

����
������������������������������������7,)��

�

�

��$ ���������������������������������	����

��$�� ���������	����������

,�������9���������7�������!��$#��������	�����������������������5������������������9���������������!��$#�

��������	� ��� ����� ����A� ���� ����� ����������9���� ��� �������	� (����9��� ��� ��� ���� ���� �������� ��� ����

�4���������	������B,�
������	�H��	9������3C���	�B,�
������	�H��	9������$C�,����
�������9��7��

-6 -4 -2 0 2 4 6
0

10

20

30

40

50

60

70

80

90

 Nm 

 P
o

p
u

la
ti
o

n
 

 Histogram of IDIM-LS error and Estimated Gaussian 

0 4 8 12 16 20 24 28

0

0.2

0.4

ACF

C
o
rr

e
la

ti
o
n

0 4 8 12 16 20 24 28

0

0.2

0.4

PACF

C
o
rr

e
la

ti
o
n



��.�

�

��������	� ��� ������ �9�� ������� ���� ��� ������ ��������A� ��
����� ��� ��/
���	� ����
��� ����� ������� ���

�����������9��	���������	������������	�������������(���������������������

• ���������������������"�"0���������9�����������9��7����������	�����������9�������������

	� ���	�����������+�+0���������

• ,����
��� ������� ���� ������� ��� ��������� ��� ���� ����� ����������A� ���� ������ �
�������� ��������

�����������
���������
����������A�������A��/
������	�������
��������

• D������A� � ��� ���
��� �� ���� ��� ������ ���
��� ��� ��
�	A� ��������� ��� ���� �������������� ��� ����

�����������������D������
����
��	�������A������������������5��������������	��	�
�
������������

������	���	��������
��
������������������������
�
�����������	�������A�BH�
���������	
�����C�

���������9��	�A�����9��7����������	����B,�
������	�H��	9������3C���	�B,�
������	�H��	9������$C�

��
�	����������	�����������������������������������������������������
���A���������1��1���������5���������

��������������������	�������������������
����������	�������
���������������� ����9��7���������������

	��������(��������������4������9����������
������	����������������� ���	��:;1�����

�

��$�� �������������������� ���8"�

(������������!��.#��������=������������	�������������9������������������	����9����������������

������������	���������������1����	���	����
��	�����������������	�����������������������������������A�

������"���������	���	����	�����������������
�������������	��������8�9���M����9��(����������
��������

���������"����A����������A����
��	���������
����	�������
����������������� kx �	������������ kz �������

������ kv � :���� 	������� 9���� ���������� ��	���A� �
��� ���������� 	���� ���� ��7�� ������ ������ ����

��	���� ���� ���� ����	� ��� �� ������ ��������� ��9�� (���� �4������� 9��� ������������ ��� �������������

� ��
�����������������������9����Z ���	�X ���� �������������� ˆ
≠ 0 ����	���������A���������������������

�4�����	� ��
����� ���	�����������4��������������������������
����������������������D������A�����

��������� !��&#� 	������� exp̂ A� ���� �4�����	�  ��
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( )
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���	�����4������	����������������������

(��� ������������1	����	���� ����� ( )( )M q t�� � ��	� ���� ��������� ������������� ( )( )fricd tq� � ����
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asym asym asyidm m= +�y X � A� � � � � !%��#�

9����� idmy �������� ( )1SN × ��������	� ��������� � E� asymX �������� ( )5SN × ������4���� ( )
ˆˆ, ˆ,asym qq qIDM � �� E���	�
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− A�9���������������������� M

���� ���� ������	� D
���������A� ���� 2+� ������ �� ������ ���� ��9� 	�������	� ��� ��LA� ��  ��
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Mt->Consigne_Courant = Qsaturation(Mt->Consigne_Courant,Mt->I_max,-(Mt->I_max));�
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Symetrization = Mt->ADC_Courant - Mt->ADC_Offset;�
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Mt->I_mesure =  __IQmpy(Mt->Kconv_I,Symetrization,5);�
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Mt->I_integral += I_erreur;�
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Mt->I_integral = Qsaturation(Mt->I_integral,Q0_to_Q15(16000),Q0_to_Q15(-16000));�
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Mt->R_consigne = I_erreur + Q15mpy(Mt->Ki_I,Mt->I_integral); 
Mt->R_consigne = Q15mpy(Mt->Kp_I,Mt->R_consigne);�
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Duty_Cycle = Q15_to_Q0((long)PWM2_TIMER_TBPRD*(Mt->R_consigne));�
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#define Q15mpy(A,B) __IQmpy(A,B,15) 

#define Q15_to_Q0(A) ((long)(A)>>15)�
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if(Duty_Cycle > 0) 
{EPwm1Regs.CMPA.half.CMPA = Duty_Cycle; EPwm1Regs.CMPB = 0;} 
else 
{EPwm1Regs.CMPA.half.CMPA = 0; EPwm1Regs.CMPB = -Duty_Cycle;}�
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void PI_Current_Loop(Rec_Moteur *Mt) 
{ 
 Q15  I_erreur; 
 long Symetrization; 

Q0 Duty_Cycle; 

 // Saturation of the reference 
 Mt->Consigne_Courant = Qsaturation(Mt->Consigne_Courant,Mt->I_max,-(Mt->I_max)); 

 // Electric current absorbed by the motor (in Q15)
 // Q15 = (Q20*Q0) >> 5 
 Symetrization = Mt->ADC_Courant - Mt->ADC_Offset; 
 Mt->I_mesure =  __IQmpy(Mt->Kconv_I,Symetrization,5); 

 // Integrator term 
 Mt->I_integral += I_erreur; 

 // Saturation of integral term (+-16000 in Q0) 
 Mt->I_integral = Qsaturation(Mt->I_integral,Q0_to_Q15(16000),Q0_to_Q15(-16000)); 

 // Duty cycle calculation 
 // R_consigne = Kp_I * ( I_erreur  +  Ki_I * I_integral ) in Q15 
 Mt->R_consigne = I_erreur + Q15mpy(Mt->Ki_I,Mt->I_integral); 
 Mt->R_consigne = Q15mpy(Mt->Kp_I,Mt->R_consigne); 

// Compute the PWM cycle 
 Duty_Cycle = Q15_to_Q0((long)PWM2_TIMER_TBPRD*(Mt->R_consigne)); 

 // Update the PWM registers according to the sense of the ref 
 if(Duty_Cycle > 0) 
 {EPwm1Regs.CMPA.half.CMPA = Duty_Cycle; EPwm1Regs.CMPB = 0;} 
 else 
 {EPwm1Regs.CMPA.half.CMPA = 0; EPwm1Regs.CMPB = -Duty_Cycle;} 
} 
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RAML012 : origin = 0x008000, length = 0x000800�
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FLASH  : origin = 0x3E8000, length = 0x00FF80�
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RAMM01  : origin = 0x000050, length = 0x0007B0�
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EPWM1  : origin = 0x006800, length = 0x000040�
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.text   : > FLASH  PAGE = 0�
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codestart  : > BEGIN  PAGE = 0�
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ramfuncs  : LOAD = FLASH,  PAGE = 0 
    RUN = RAML012, PAGE = 0 
    LOAD_START(_RamfuncsLoadStart), 
    LOAD_END(_RamfuncsLoadEnd), 
    RUN_START(_RamfuncsRunStart)�
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#pragma CODE_SECTION(NAME_FUNC, "ramfuncs"); 
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.stack              : > RAMM01       PAGE = 1 

.ebss               : > RAML3        PAGE = 1 
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.esysmem            : > RAML3        PAGE = 1�
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.econst  : LOAD = FLASH,  PAGE = 0 
    RUN = RAML3,  PAGE = 1 
    LOAD_START(_eConstLoadStart), 
    LOAD_END(_eConstLoadEnd), 
    RUN_START(_eConstRunStart)�
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EPwm1RegsFile     : > EPWM1,    PAGE = 1�

����4��
��	�����������������		�����	�����	���������������� ��������)*:"�����
����������������	����������

(���������
����������9����������
�������9������
��������
������

EPwm1Regs.CMPA.half.CMPA = Duty_Cycle; EPwm1Regs.CMPB = 0;}�
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MEMORY 
{ 
 PAGE 0:    /* Program Memory */ 
 RAML012 : origin = 0x008000, length = 0x000800 
 OTP  : origin = 0x3D7800, length = 0x000400 
 FLASH  : origin = 0x3E8000, length = 0x00FF80 
 CSM_RSVD : origin = 0x3F7F80, length = 0x000076 
 BEGIN  : origin = 0x3F7FF6, length = 0x000002 
 CSM_PWL_P0 : origin = 0x3F7FF8, length = 0x000008 
 IQTABLES : origin = 0x3FE000, length = 0x000B50 
 IQTABLES2 : origin = 0x3FEB50, length = 0x00008C 
 IQTABLES3 : origin = 0x3FEBDC, length = 0x0000AA 
 ROM  : origin = 0x3FF27C, length = 0x000D44 
 RESET  : origin = 0x3FFFC0, length = 0x000002 
 VECTORS : origin = 0x3FFFC2, length = 0x00003E 

 PAGE 1 :   /* Data Memory */ 
 BOOT_RSVD : origin = 0x000000, length = 0x000050 
 RAMM01  : origin = 0x000050, length = 0x0007B0 
 RAML3  : origin = 0x008800, length = 0x001800 

   /* To use the bits field structures */ 
 DEV_EMU : origin = 0x000880, length = 0x000180 
 FLASH_REGS : origin = 0x000A80, length = 0x000060 
 CSM  : origin = 0x000AE0, length = 0x000010 
 ADC_RESULT : origin = 0x000B00, length = 0x000020 
 CPU_TIMER0 : origin = 0x000C00, length = 0x000008 
 CPU_TIMER1 : origin = 0x000C08, length = 0x000008 
 CPU_TIMER2 : origin = 0x000C10, length = 0x000008 
 PIE_CTRL : origin = 0x000CE0, length = 0x000020 
 PIE_VECT : origin = 0x000D00, length = 0x000100 
 CLA1  : origin = 0x001400, length = 0x000080 
 ECANA  : origin = 0x006000, length = 0x000040 
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 ECANA_LAM : origin = 0x006040, length = 0x000040 
 ECANA_MOTS : origin = 0x006080, length = 0x000040 
 ECANA_MOTO : origin = 0x0060C0, length = 0x000040 
 ECANA_MBOX : origin = 0x006100, length = 0x000100 
 COMP1  : origin = 0x006400, length = 0x000020 
 COMP2  : origin = 0x006420, length = 0x000020 
 COMP3  : origin = 0x006440, length = 0x000020 
 EPWM1  : origin = 0x006800, length = 0x000040 
 EPWM2  : origin = 0x006840, length = 0x000040 
 EPWM3  : origin = 0x006880, length = 0x000040 
 EPWM4  : origin = 0x0068C0, length = 0x000040 
 EPWM5  : origin = 0x006900, length = 0x000040 
 EPWM6  : origin = 0x006940, length = 0x000040 
 EPWM7  : origin = 0x006980, length = 0x000040 
 ECAP1  : origin = 0x006A00, length = 0x000020 
 EQEP1  : origin = 0x006B00, length = 0x000040 
 LINA  : origin = 0x006C00, length = 0x000080 
 GPIOCTRL : origin = 0x006F80, length = 0x000040 
 GPIODAT : origin = 0x006FC0, length = 0x000020 
 GPIOINT : origin = 0x006FE0, length = 0x000020 
 SYSTEM  : origin = 0x007010, length = 0x000020 
 SPIA  : origin = 0x007040, length = 0x000010 
 SPIB  : origin = 0x007740, length = 0x000010 
 SCIA  : origin = 0x007050, length = 0x000010 
 NMIINTRUPT : origin = 0x007060, length = 0x000010 
 XINTRUPT : origin = 0x007070, length = 0x000010 
 ADC  : origin = 0x007100, length = 0x000080 
 I2CA  : origin = 0x007900, length = 0x000040 
 PARTID  : origin = 0x3D7E80, length = 0x000001 
 CSM_PWL : origin = 0x3F7FF8, length = 0x000008 

} 

/* Allocate sections to memory blocks. */ 

SECTIONS 
{ 
 /* Allocate program areas: */ 
 .cinit   : > FLASH  PAGE = 0 
 .pinit   : > FLASH  PAGE = 0 
 .text   : > FLASH  PAGE = 0 
 codestart  : > BEGIN  PAGE = 0 
    
 ramfuncs  : LOAD = FLASH,  PAGE = 0 
     RUN = RAML012, PAGE = 0 
     LOAD_START(_RamfuncsLoadStart), 
     LOAD_END(_RamfuncsLoadEnd), 
     RUN_START(_RamfuncsRunStart) 

 csmpasswds  : > CSM_PWL_P0   PAGE = 0 
 csm_rsvd  : > CSM_RSVD     PAGE = 0 

 /* Allocate uninitalized data sections: */ 
 .stack              : > RAMM01       PAGE = 1 
 .ebss               : > RAML3        PAGE = 1 
 .esysmem            : > RAML3        PAGE = 1 

 /* Initalized sections go in Flash */ 
 .econst  : LOAD = FLASH,  PAGE = 0 
     RUN = RAML3,  PAGE = 1 
     LOAD_START(_eConstLoadStart), 
     LOAD_END(_eConstLoadEnd), 
     RUN_START(_eConstRunStart) 
  
 .switch  : > FLASH  PAGE = 0 

 /* Allocate IQ math areas: */ 
 IQmath              : > FLASH  PAGE = 0 
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 IQmathTables        : > IQTABLES, PAGE = 0, TYPE = NOLOAD 

 /* .reset is a standard section used by the compiler.  It contains the */ 
 /* the address of the start of _c_int00 for C Code.   /* 
 .reset              : > RESET,       PAGE = 0, TYPE = DSECT 
 vectors             : > VECTORS      PAGE = 0, TYPE = DSECT 

   /*** PIE Vect Table and Boot ROM Variables Structures ***/ 
  UNION run = PIE_VECT, PAGE = 1 
   { 
      PieVectTableFile 
      GROUP 
      { 
         EmuKeyVar 
         EmuBModeVar 
         FlashCallbackVar 
         FlashScalingVar 
      } 
   } 

/*** Peripheral Frame 0 Register Structures ***/ 
   DevEmuRegsFile    : > DEV_EMU,     PAGE = 1 
   FlashRegsFile     : > FLASH_REGS,  PAGE = 1 
   CsmRegsFile       : > CSM,         PAGE = 1 
   AdcResultFile     : > ADC_RESULT,  PAGE = 1 
   CpuTimer0RegsFile : > CPU_TIMER0,  PAGE = 1 
   CpuTimer1RegsFile : > CPU_TIMER1,  PAGE = 1 
   CpuTimer2RegsFile : > CPU_TIMER2,  PAGE = 1 
   PieCtrlRegsFile   : > PIE_CTRL,    PAGE = 1 
   Cla1RegsFile      : > CLA1,        PAGE = 1 

/*** Peripheral Frame 1 Register Structures ***/ 
   ECanaRegsFile     : > ECANA,       PAGE = 1 
   ECanaLAMRegsFile  : > ECANA_LAM,   PAGE = 1 
   ECanaMboxesFile   : > ECANA_MBOX,  PAGE = 1 
   ECanaMOTSRegsFile : > ECANA_MOTS,  PAGE = 1 
   ECanaMOTORegsFile : > ECANA_MOTO,  PAGE = 1 
   ECap1RegsFile     : > ECAP1,       PAGE = 1 
   EQep1RegsFile     : > EQEP1,       PAGE = 1 
   LinaRegsFile  : > LINA,        PAGE = 1 
   GpioCtrlRegsFile  : > GPIOCTRL,    PAGE = 1 
   GpioDataRegsFile  : > GPIODAT,     PAGE = 1 
   GpioIntRegsFile   : > GPIOINT,     PAGE = 1 

/*** Peripheral Frame 2 Register Structures ***/ 
   SysCtrlRegsFile   : > SYSTEM,      PAGE = 1 
   SpiaRegsFile      : > SPIA,        PAGE = 1 
   SpibRegsFile      : > SPIB,        PAGE = 1 
   SciaRegsFile      : > SCIA,        PAGE = 1 
   NmiIntruptRegsFile: > NMIINTRUPT,  PAGE = 1 
   XIntruptRegsFile  : > XINTRUPT,    PAGE = 1 
   AdcRegsFile       : > ADC,         PAGE = 1 
   I2caRegsFile      : > I2CA,        PAGE = 1 

/*** Peripheral Frame 3 Register Structures ***/ 
   Comp1RegsFile     : > COMP1,    PAGE = 1 
   Comp2RegsFile     : > COMP2,    PAGE = 1 
   Comp3RegsFile     : > COMP3,    PAGE = 1 
   EPwm1RegsFile     : > EPWM1,    PAGE = 1 
   EPwm2RegsFile     : > EPWM2,    PAGE = 1 
   EPwm3RegsFile     : > EPWM3,    PAGE = 1 
   EPwm4RegsFile     : > EPWM4,    PAGE = 1 
   EPwm5RegsFile     : > EPWM5,    PAGE = 1 
   EPwm6RegsFile     : > EPWM6,    PAGE = 1 
   EPwm7RegsFile     : > EPWM7,    PAGE = 1 

/*** Code Security Module Register Structures ***/ 
   CsmPwlFile        : > CSM_PWL,  PAGE = 1 
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/*** Device Part ID Register Structures ***/ 
   PartIdRegsFile    : > PARTID,   PAGE = 1 

}�
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@echo off 
SET C_DIR= C:\ti\c2000\cgtools\include;C:\ti\c2000\cgtools\lib; 
SET A_DIR= C:\ti\c2000\cgtools\include;C:\ti\c2000\cgtools\lib; 

@echo on 
C:\ti\c2000\cgtools\bin\cl2000  -c -s -v28 -ml -iC:\DSPF28035\sources\header -
fttemp C:\DSPF28035\sources\DSP2803x_usDelay.asm 
C:\ti\c2000\cgtools\bin\cl2000  -c -s -v28 -ml -iC:\DSPF28035\sources\header -
fttemp C:\DSPF28035\sources\DSP2803x_CSMPasswords.asm 
C:\ti\c2000\cgtools\bin\cl2000  -c -s -v28 -ml -iC:\DSPF28035\sources\header -
fttemp C:\DSPF28035\sources\DSP2803x_CodeStartBranch.asm 
C:\ti\c2000\cgtools\bin\cl2000  -c -s -v28 -ml -iC:\DSPF28035\sources\header -
fttemp C:\DSPF28035\sources\DSP2803x_GlobalVariableDefs.c 
C:\ti\c2000\cgtools\bin\cl2000  -c -s -v28 -ml -iC:\DSPF28035\sources\header -
fttemp C:\DSPF28035\sources\axes_cc_v3.c 
C:\ti\c2000\cgtools\bin\lnk2000 -w  F28035.cmd 
@echo off 
echo . 
pause 
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A New Closed-Loop Output Error Method for

Parameter IdentiÞcation of Robot Dynamics
Maxime Gautier, Alexandre Janot, and Pierre-Olivier Vandanjon

Abstract—Ofßine robot dynamic identiÞcation methods are

mostly based on the use of the inverse dynamic model, which

is linear with respect to the dynamic parameters. This model is
sampled while the robot is tracking reference trajectories that

excite the system dynamics. This allows using linear least-squares

techniques to estimate the parameters. The efÞciency of this
method has been proved through the experimental identiÞcation

of many prototypes and industrial robots. However, this method

requires the joint force/torque and position measurements and
the estimate of the joint velocity and acceleration, through the

bandpass Þltering of the joint position at high sampling rates.

The proposed new method called DIDIM requires only the joint
force/torque measurement, which avoids the calculation of the

velocity and acceleration by bandpass Þltering of the measured

position. It is a closed-loop output error method where the usual
joint position output is replaced by the joint force/torque. It is

based on a closed-loop simulation of the robot using the direct

dynamic model, the same structure of the control law, and the
same reference trajectory for both the actual and the simulated

robot. The optimal parameters minimize the 2-norm of the error

between the actual force/torque and the simulated force/torque.
This is a nonlinear least-squares problem which is dramatically

simpliÞed using the inverse dynamic model to obtain an analytical

expression of the simulated force/torque, linear in the parameters.
A validation experiment on a two degree-of-freedom direct drive

rigid robot shows that the new method is efÞcient.

Index Terms—Closed-loop output error, direct dynamics, dy-

namic parameters, identiÞcation, inverse dynamics, least-squares
methods, robot dynamics.

I. INTRODUCTION

T HE usual identiÞcation method based on the inverse dy-

namic identiÞcation model (IDIM) and least-squares (LS)

technique has been successfully applied to identify inertial and

friction parameters of several robotic prototypes and industrial

robots [1]–[15], among others. Good results can be obtained

provided a well-tuned derivative bandpass Þltering of joint po-

sition to calculate the joint velocities and accelerations is used.

Another approach is to minimize a quadratic error between

an actual output and a simulated output of the system, assuming

both the actual and simulated systems have the same input. This
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is known as an output error (OE) identiÞcation method [16],

[17]. The optimal values of the parameters are calculated using

nonlinear programming algorithms to solve a nonlinear least-

squares problem. The output is given by a state-space model

output equation, which is typically the joint position for me-

chanical systems. DifÞculties arise from the choice of initial

conditions, resulting in multiple, local solutions [18]. The OE

method has been used to identify electrical parameters of a syn-

chronous machine, and a comparison with the IDIM-LS method

showed very similar results [19].

Both IDIM and OE methods require the joint position and the

joint force/torque measurements.

The proposed new identiÞcation method needs only the joint

force/torque measurements. It is based on a closed-loop sim-

ulation using the direct dynamic model while the optimal pa-

rameters minimize the 2-norm of the error between the actual

force/torque and the simulated force/torque, assuming the same

control law and the same reference trajectory. This nonlinear

least-squares problem is dramatically simpliÞed using the in-

verse dynamic model to formulate the simulated force/torque

as an algebraic function linear in relation to the parameters.

Because this method uses both the Direct and the Inverse Dy-

namic IdentiÞcation Models, it is named the DIDIM method:

Direct and Inverse Dynamic IdentiÞcation Models technique.

This paper describes the new identiÞcation method DIDIM and

experimental results obtained using a two degrees-of-freedom

(DOF) robot.

A condensed version of this work has been presented in [20].

This paper contains detailed proofs to enlighten the theoretical

understanding of the method and gives additional experimental

results to show the practical efÞciency of the method.

This paper is organized as follows. Section II reviews the

usual identiÞcation technique of the dynamic parameters of

the robot. Section III presents the output error method. The

new identiÞcation method DIDIM is presented in Section IV.

The modeling of the SCARA prototype robot is presented in

Section V. This direct drive prototype is very well suitable

for the study of the method because it emphasizes nonlinear

coupling while it is divided by the squared high gear ratio

for industrial robots. The experimental results are given in

Section VI. Finally, Section VII is the conclusion.

II. INVERSE DYNAMIC IDENTIFICATION MODEL TECHNIQUE

IdentiÞcation results obtained with the IDIM method are

compared with those obtained with the new DIDIM method.

Moreover, the IDIM method is used at each step of the iterative

procedure in DIDIM. So it is important to give a review of the

conventional IDIM method.

1063-6536/$31.00 © 2012 IEEE
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The inverse dynamic model (IDM) of a rigid robot composed

of moving links calculates the motor torque vector , as

a function of the generalized coordinates and their derivatives.

It can be obtained from the Newton-Euler or the Lagrangian

equations [13], [21]. It is given by the following relation:

(1)

where , and are respectively the vectors of gener-

alized joint positions, velocities, and accelerations, is the

robot inertia matrix, and is the vector of

centrifugal, Coriolis, gravitational, and friction forces/torques.

The choice of the modiÞed Denavit and Hartenberg frames

attached to each link allows a dynamic model that is linear in

relation to a set of standard dynamic parameters, [3], [22]:

(2)

where is the Jacobian matrix of ,

with respect to the vector of the standard parame-

ters given by

with

(3)

where

• are the six components

of the inertia matrix, , of link at the origin of frame

are the components of the Þrst mo-

ments, , of link ;

• is the mass of link ;

• is a total inertia moment for rotor and gears of actuator

;

• are the viscous and Coulomb friction parameters

of joint ;

• is an offset parameter where

is the dissymmetry of the Coulomb friction with respect

to the sign of the velocity and is due to the current

ampliÞer offset which supplies the motor;

• is the number of standard parameters.

The columns of the matrix are obtained using

the recursive algorithm of Newton-Euler, which calculates

(1), in terms of the same set of standard dynamic parameters,

such that the th column is equal to

with for

(4)

To increase the efÞciency of this algorithm, we use the cus-

tomized symbolic technique [13], [23].

The base parameters are the minimum number of dynamic

parameters from which the dynamic model can be calculated.

They are obtained from the standard inertial parameters by elim-

inating those which have no effect on the dynamic model, and

by regrouping some others by means of linear relations. They

can be determined using simple closed-form rules [22] or a nu-

merical method based on the QR decomposition [24].

The minimal inverse dynamic model can be written as

(5)

where

is the matrix of the minimal

set of basis functions of the rigid body dynamics (6)

is the vector of the base parameters (7)

Because of perturbations due to noise measurement and mod-

eling errors, the actual force/torque differs from by an

error, , such that

(8)

Equation (8) represents the IDIM.

We consider the ofßine identiÞcation of the base dynamic

parameters , given measured or estimated ofßine data for

and , collected while the robot is tracking some planned

trajectories.

Usually, the signals available from the robot controller are the

joint position measurement and the control signal vector

, calculated according to the control law.

Then in (8) are estimated with , respectively,

obtained by bandpass Þltering the measure of . The type

of Þlter and its cutoff frequency are chosen in order to

keep equal to in the range such as to

avoid distortion in calculating the coefÞcients of the matrix

(6). This point is discussed in [9]. The Þltered

position is calculated ofßine with a non-causal zero-phase

digital Þlter by processing the input data, , through a lowpass

Butterworth Þlter in both the forward and reverse direction

using the ÞltÞlt procedure from MATLAB. This Þlter has a

ßat amplitude characteristic without phase shift in the range

, with the rule of thumb , where is

the maximum bandwidth of the joint position closed-loop. The

derivatives are calculated ofßine without phase shift, using a

central difference algorithm of the lowpass Þltered position .

The control signal, , is connected to the input current refer-

ence of the current closed-loop of the ampliÞers which supplies

the motors. Assuming that the current closed-loop has a band-

width greater than 500 Hz, then its transfer function is equal to

its static gain, , in the frequency range (less than 10 Hz) of

the rigid robot dynamics. Then, the actual force/torque, , is cal-

culated with the relation

(9)

where , is the diagonal matrix of the drive gains, with

(10)
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where

is the gear ratios diagonal matrix of the joint

drive chains ( , with , the velocity on the

motor side);

is the static gains diagonal matrix of the current

ampliÞers;

is the diagonal matrix of the electromagnetic

motor torque constants.

Those parameters have a priori values, given by manufac-

turers, which can be checked with special tests [25].

The IDIM (8) is calculated at a measurement frequency ,

using samples of to calculate and sam-

ples of to calculate with (9), at different times

, while the robot is tracking a reference trajectory

, during the time length , of the trajectory.

The equations of each joint are regrouped together on the en-

tire trajectory to get an overdetermined linear system such that

(11)

with

(12)

(13)

where

is the th row of the

matrix of the basis functions,

, (6);

and represent the equations of

joint ;

is the number of sample

measurements.

The notation , will

be used to recall that , is calculated with a sampling of

.

The force/torque is perturbed by high frequency unmod-

elled friction and ßexibility force/torque of the joint drive chain

which is rejected by the closed loop control. These force/torque

ripples are eliminated with a parallel decimation procedure

which lowpass Þlters in parallel and each column of

and resamples them at a lower rate, keeping one sample over .

This parallel decimation can be carried out with the MATLAB

decimate function, where the lowpass Þlter cutoff frequency,

, is chosen in order to keep

and in (14), in the same frequency range of

the model dynamics. After the data acquisition procedure and

the parallel decimation of (11), we obtain the overdetermined

linear system

(14)

where

• is the vector of measurements, built from the

actual force/torque ;

• is the observation matrix, built from the

estimated values of ;

• is the vector of errors;

• is the number of rows in (14).

It is to be noted that no error is introduced by this parallel

Þltering process in the linear relation (14) compared with (11).

In [9], we gave practical rules for tuning this Þlter. The main

point is to choose the cutoff frequency , in order

to keep useful signal of the dynamic behavior of the robot in the

Þlter bandwidth. The cutoff frequency is typically less than 10

Hz for a rigid robot.

In and , the equations of each joint are grouped together

such that

(15)

where and represent the equations of joint .

The ordinary LS (OLS) solution minimizes the squared

2-norm of the vector of errors.

Using the base parameters and tracking “exciting” reference

trajectories as discussed in [26], we get a full rank and well

conditioned matrix . Mainly an “exciting” trajectory gives a

condition number of close to one, with large singular values

which means that the amplitudes of force/torque in are large

enough to get a good signal to noise ratio. Nonlinear optimiza-

tion can be used to calculate such trajectories, but it’s also pos-

sible to Þnd acceptable trajectories by a trial and error method,

moving the robot from point to point in the whole operational

space with high velocities and accelerations, using the trajec-

tory generator of the robot based on polynomial interpolation.

The LS solution is given by

(16)

It is computed using the QR factorization of . Standard

deviations , are estimated using classical results from sta-

tistics under the assumptions that is a deterministic matrix,

according to the data Þltering procedure described above, and

, is a zero-mean additive independent Gaussian noise, with a

covariance matrix , such that:

(17)

where is the expectation operator and , the identity

matrix.

An unbiased estimation of the standard deviation is

(18)

The covariance matrix of the estimation error is given by

(19)
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Fig. 1. IDIM-LS identiÞcation scheme.

is the th diagonal coefÞcient of . The

relative standard deviation % is given by

% for (20)

The OLS can be improved by taking into account different

standard deviations on joint equations errors [9]. Each equa-

tion of joint in (14), (15), is weighted with the inverse of the

standard deviation of the error calculated from OLS solution of

the equations of joint , given by

(21)

This weighting operation normalizes the errors in (14) and

gives the weighted LS (WLS) estimation of the parameters.

This identiÞcation method is illustrated in Fig. 1.

Compared with the OE method described in the following

Section III, the use of IDIM, which is an analytical function of

, is particularly interesting because it does not require

the integration of the direct dynamic model (22). Moreover,

is a one step linear LS solution which does not need initial con-

ditions. However, the calculation of the velocities and acceler-

ations are required using well-tuned bandpass Þltering of the

joint position [9].

III. OE METHOD

The OE identiÞcation methods minimize a quadratic error

between an actual output , and a simulated output , of the

system, assuming both the actual and the simulated systems

have the same input. This approach can be implemented in an

open-loop form, [17], [27], or in a closed-loop form, [28], [29].

Considering a closed-loop controlled robot, the input, in the

open-loop scheme shown in Fig. 2, is the actual force/torque

, and the input, in the closed-loop scheme shown in Fig. 3, is

the reference trajectory . Because the open-loop sim-

ulation of unstable robotic systems is very sensitive to the initial

state conditions and to the errors in numerical algorithms which

solve the differential equations, it is more suitable to choose the

closed-loop form.

In both cases, the output is given by a state-space model

output equation. Considering a robot and taking the measured

Fig. 2. Open-loop OE identiÞcation scheme.

Fig. 3. Closed-loop OE identiÞcation scheme.

joint position as the output, the actual output is, , and

the simulated output is, , as shown in Figs. 2 and 3,

where , is the simulated joint position which is the so-

lution of the differential equation given by the direct dynamic

model (DDM).

The DDM can be obtained by writing the IDM equation (1),

as follows:

(22)

where and depend on an estima-

tion of the base parameters

, is the force/torque input of the DDM.

The function , is the result of the integration of the

linear implicit differential equation (22) which can be written as

a nonlinear state-space model

(23)

where , is the state-space vector,

, is the control input

(24)

where , is a , matrix of zeros.
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The linear output equation is given by

(25)

Taking the measure of joint position as the output, ,

we get

is the output matrix (26)

is the direct feedthrough matrix (27)

Hence, for robotic systems, an OE identiÞcation method is

based on the integration of the DDM.

The optimal solution , minimizes the quadratic criterion

, given by

(28)

where and , are vectors obtained by Þltering the vectors

of samples and , respectively, where the equations of

each joint are grouped together, with

(29)

The minimization of , (28), is a nonlinear least-squares

problem. The estimation of the parameters can be computed

using algorithms such as the gradient method, the Newton

methods or the Levenberg Marquardt method. These methods

are based on a Þrst or second-order Taylor’s expansion of .

In [20], we used the Gauss-Newton method to calculate the

optimal solution. It is a Newton method where approximations

of the gradient and the Hessian of are calculated with the

Jacobian matrix of with respect to . The Gauss-Newton re-

gression is the Gauss-Newton method where a Taylor series ex-

pansion of , at a current estimate , of the parameters at it-

eration , simples the calculation of the optimal solution [30]

(30)

where

(31)

where

is the , Jacobian matrix of , with respect to

, evaluated at ;

is the residual of the Taylor series expansion.

Each coefÞcient of , deÞnes a sensitivity function.

These sensitivity functions characterize the variation of the

output function , with respect to a variation of the parameter

. The sensitivity functions are the solutions of a differential

system calculated from (22). However, this technique is more

time-consuming compared to the IDIM method. Indeed, the

DDM and the sensitivity functions must be integrated many

times at each step of the iterative nonlinear optimization

method. Moreover, it is necessary to have good initial condi-

tions in order to avoid multiple and local solutions.

Let us deÞne

(32)

From (30), it becomes

(33)

An overdetermined linear system is obtained by Þltering and

sampling (33) over the time window

(34)

with

, and are, respectively, the sampling and Þltering of

, and of .

is the LS solution of (34). This process is iterated with

a new estimate, , until

(35)

where and , are values ideally chosen to be small num-

bers to get fast convergence with good accuracy.

IV. DIDIM TECHNIQUE

A. Theoretical Approach

In the OE method as shown in Fig. 3, the actual output is the

measured joint position .

We propose to change the output, , from the actual joint posi-

tion , to the actual joint force/torque , and the simulated output

, from the simulated joint position, , to the simulated

joint force/torque, . Then, we take , and ,

according to Fig. 4.

This means that the output equation (25) of the state-space

model (23) reduces to a direct feedthrough equation such as,

.

Then we have , and , in the output

equation (25).

The optimal solution, , minimizes the quadratic criterion,

, (28), where, , and , are vectors obtained by Þltering
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Fig. 4. DIDIM identiÞcation scheme.

the vectors of samples, and , respectively, where the

equations of each joint are grouped, with

(36)

This nonlinear LS problem is solved by the Gauss-Newton re-

gression as explained in Section III.

The input force/torque of the DDM, , can be calculated

with the analytical expression of the inverse dynamic model (5),

such as

(37)

The Taylor series expansion (30), with , at a current

estimate, , of the parameters , at iteration , is calculated

with the Jacobian matrix of , given by

(38)

Then, it becomes

(39)

The calculation of the second term on the right side of (39) needs

to calculate the expression

(40)

Let us recall that the joint force/torque , is obtained

while the robot is tracking a reference trajectory, ,

with a closed-loop control law. The closed-loop simulation uses

the direct dynamic model, the same control law and the same

reference trajectory , as the actual one, to calculate

.

In the following Section IV-B, we show how to tune the con-

trol law of the closed-loop simulation in order to keep the same

bandwidth and stability margin as the actual closed-loop for

any , obtained at iteration . This assumes for the simulated

tracking error to keep close to the actual one for any , that is

to say

for any

(41)

This means that , have little de-

pendence on , such that

Then (40) is simpliÞed as

Taking into account this simpliÞcation in (39), we obtain the

following approximation of the Jacobian matrix (38):

(42)

The closed-loop identiÞcation, with the gain adaptation pro-

posed in Section IV-B, dramatically reduces the sensitivity of

the simulated position to the variation of the parameters (41),

but ampliÞes the sensitivity of the simulated force/torque to the

variation of the parameters (42). That is why it is a major con-

tribution of the paper to take force/torque output instead of po-

sition output for closed-loop identiÞcation.
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Another major contribution is using the Inverse Dynamic

Model to approximate the sensitivity functions in the Jacobian

matrix by the algebraic equation (42). This is much simpler

than for usual OE method where the sensitivity functions are

the solutions of complicated differential equations. The sim-

plicity of the sensitivity functions and the speed of convergence

of the nonlinear optimization resulting are another reasons to

minimize the error between the measured force/torque and

the simulated force/torque rather than to minimize the error

between the actual position and the simulated position.

Taking the approximation (42) of the Jacobian matrix into the

Taylor series expansion (33), it becomes

(43)

From (37), it becomes

(44)

Taking (44) in (43), it becomes

(45)

This is the IDIM (8), where are estimated with

, simulated with (22). At each it-

eration , the IDIMmethod is applied as described in Section II.

The sampling of (45) at a sampling rate , gives an overde-

termined linear system such as

(46)

with

(47)

(48)

The parallel decimation of (46) gives

(49)

The LS solution of (49) gives , at iteration .

Fig. 5. DIDIM with the Gauss-Newton regression, identiÞcation scheme.

This process is iterated until

where and are values ideally chosen to be small num-

bers to get fast convergence with good accuracy. A good com-

promise consists in choosing and between 2.0% and

5.0%.

This new identiÞcation method is based on a closed-loop sim-

ulation using the DDM while the optimal parameters minimize

the 2-norm of the error between the actual force/torque , and

the simulated force/torque , over an observation window

time . This new technique overcomes the problems of non-

linear optimization in OEmethod, Section III, using the IDIM to

calculate the simulated force/torque vector, .

Because this method uses both models DDM and IDIM, it is

named the DIDIM method technique.

The DIDIM method with the Gauss-Newton regression is il-

lustrated Fig. 5.

This approach is particularly interesting thanks to the fol-

lowing reasons.

• It needs only the actuator force/torque measurement or es-

timation.

• It avoids tuning the bandpass Þlter in the IDIM method

by using the integration of the DDM in a closed-loop sim-

ulation where the tuning of the bandwidth automatically

deÞnes the same frequency range for the dynamics of the

actual and of the model to be identiÞed.

• It combines the inverse and the direct dynamic model

and validates, in the same identiÞcation procedure, both

models for computed torque control and for simulation.

• It dramatically simpliÞes the computation of the matrix

of the sensitivity functions which is given by an alge-

braic equation (the inverse dynamic identiÞcation model)

whereas it is given by the resolution of a complicated

system of differential equations in the usual OE method.
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The drawback is that the structure and the tuning of the actual

closed-loop control law must be known to be implemented in

the closed-loop simulation of the robot. Most often, this is not a

real problem, because working on identiÞcation for simulation

or control of the robot, needs a minimal knowledge on the robot

controller.

B. Initialization of the Algorithm

A problem is how to choose the initial values .

We can use CAD values, or identiÞed values with the IDIM

method, but we show that there is no need at all of a priori

values.

We propose an algorithm not sensitive to the ini-

tial conditions, which assumes that the condition

, is satisÞed at any

iteration , and especially for .

This is possible by taking the same control law structure for

the actual robot and for the simulated one with the same per-

formances given by the bandwidth, the stability margin or the

closed-loop poles. Because the simulated robot parameters ,

change at each iteration , the gains of the simulated control law

must be updated according to .

The inverse dynamic model IDM (1) for the joint , can be

written as a decoupled double integrator perturbed by a coupling

force/torque, such that

(50)

where is considered as a perturbation given by

(51)

which depends on , is approximated by a constant

inertia moment , given by

(52)

, is the maximum value, with respect to , of the inertia

moment around joint axis. This gives the smallest damping

value and the smallest stability margin of the closed-loop second

order transfer function (56), while varies.

It can be calculated from a priori CAD values of inertial pa-

rameters and must be equal at least as . The nonlinear

model of a robot can be seen as decoupled linear models where

each joint dynamic model is a double integrator, considering

the nonlinear coupling term , as a perturbation, as follows:

(53)

Fig. 6. Joint PD control of the actual robot.

Then, it makes sense to use linear control techniques to tune

the closed-loop of each joint double integrator. For simplicity,

let us consider the joint PD control of the actual robot, which

is illustrated Fig. 6.

The control input calculated by the robot controller is given

by

(54)

is the current reference of the current ampliÞers which sup-

plies the motor.

The joint , force/torque is given by

(55)

where

is the actual drive gain, calculated with the actual

parameters in (10);

is the actual value of .

In order to tune the tracking performances of the reference po-

sition , the transfer function is calculated with

(56)

where

is the actual natural frequency which characterizes

the closed-loop bandwidth;

is the actual damping coefÞcient which

characterizes the closed-loop stability margin,

with

(57)

Then it becomes

(58)
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Fig. 7. Joint PD control of the simulated robot.

The closed-loop performances are chosen with the desired

two poles of a second-order transfer function characterized by,

, where

is the desired natural frequency;

is the desired damping coefÞcient.

Because the actual values are unknown, the gains are

calculated from (58), where the unknown actual values,

, are replaced respectively by their desired

values, , and by their a priori values,

(59)

where

and are a priori values of the actual unknown

values and , respectively.

Now, let us consider the joint PD control of the simulated

robot which is illustrated Fig. 7.

The variables , in

Fig. 7, are computed by numerical integration of ,

(22).

The control law of the simulated robot has the same structure

as the actual one, Fig. 6, where we take

the a priori value of ;

the value of , (52), calculated with the

estimation , at iteration ;

are the gains of the simulated control law.

They are calculated in order to keep the same performances

for the simulated closed-loop and for the actual closed-loop, that

is to say to keep the same desired values, and , for the

closed-loop poles. Then, it becomes

(60)

The gain, , does not depend at all on the parameters

values, but the derivative gain in the simulator, , must be

updated with , at each iteration .

It is important to note that only the gain in the simulated

closed-loop, , is modiÞed during the iterative procedure.

The actual gain of the robot control law, , is not modiÞed.

The simulated closed-loop tuning given by, , differs

from the actual one, , with the following ratio, calcu-

lated by taking (59) into (57):

(61)

Fig. 8. Scara robot prototype.

Fig. 9. DHM frames of the scara robot.

Usually this ratio is between 0.8 and 1.2. The actual values,

, can be estimated from step response or frequency

analysis of the actual closed-loop. But this is not necessary,

because there is little effect on the identiÞcation accuracy, as-

suming, , is regularly chosen more than 10 times greater

than the frequency range of the robot dynamics.

This allows to keep

, at each iteration .

We propose to take a regular inertia matrix , in

order to have a good initialization for the numerical integration

of the DDM (22). This is named the “regular initialization”.

It can be obtained with

except for (62)

The inertia of the rotor and gear of actuator is generally

taken into account in the IDM model (1) as

Then, the initial inertia matrix becomes the identity matrix,

which is the best regular matrix

(63)

Another simple regular initialization is to take

except for (64)

The initial inertia matrix, , is no more the identity

matrix, but remains regular.

Another point is to choose the state initial condition of the

state vector, , in order to integrate the DDM
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Fig. 10. DIDIM, validation, , no decimate, sample frequency 200 (Hz).

Fig. 11. DIDIM, validation, , decimate cutoff frequency 4 (Hz), sample frequency 5 (Hz).

(22). Because DIDIM does not need the joint position mea-

surement, the actual values , are supposed to be un-

known and we choose, ,

which is close to . Because the closed-loop transient

response due to different initial conditions differs between the

actual and the simulated signals during a transient period of ap-

proximately, , the corresponding joint force/torque sam-

ples are eliminated from the identiÞcation data in (46).

C. Structure of the DIDIM Algorithm

The DIDIM algorithm can be summarized as follows.

Step 0: algorithm regular initialization given by (64).

Step : update gains with (60) and perform

simulation with .

perform an IDIM-LS identiÞcation with the observation

matrix (48) and parallel decimation.

The weighted LS solution of (49) gives .

end.

V. CASE STUDY: MODELING OF THE SCARA ROBOT

The identiÞcation method is carried out on a 2 DOF planar

direct drive prototype robot without gravity effect, shown in

Fig. 8. This direct drive prototype is very suitable for the study

of DIDIM because it emphasizes nonlinear coupling torques.

Indeed, for industrial robots with gear ratio greater than 50, this

nonlinear effect is divided by at least 2500. Moreover, the dy-

namic model of this robot depends on eight parameters only,

which facilitates the study of the identiÞcation efÞciency with

respect to several conditions. At last, this robot and its real pa-

rameters, called the nominal parameters, are well known. Thus,

we can check the physical meaning of the identiÞed parameters.

The description of the geometry of the robot uses the mod-

iÞed Denavit and Hartenberg (DHM) notations [31] which are

illustrated in Fig. 9. The robot is direct driven by two DC per-

manent magnet motors supplied by PWM ampliÞers.

The dynamic model depends on eight minimal dynamic pa-

rameters, considering four friction parameters

(65)

0.5 m, is the length of the Þrst link.

In the case of the SCARA robot, the parameters, , and

, are identiÞed instead of, , and , respectively.
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TABLE I
COMPARISON OF IDIM AND DIDIM METHODS

TABLE II
DIDIM WITH THE REGULAR INITIALIZATION

The eight columns, , of , in

IDIM (8), are the following:

(66)

The columns , 8, are automatically calculated

with the SYMORO software [23] as given by (4).

We tried several control laws including proportional-integral-

derivative (PID) control and feedforward velocity and accelera-

tion which give better tracking accuracy. We obtained the same

results showing that DIDIM is not sensitive to the control law

structure. We choose to present PD results because it shows that

TABLE III
NORM ERRORS (%) RELATIVE TO THE ACTUAL FILTERED TRAJECTORY

DIDIM needs only a simple control law which is very easy to

tune, and does not need very good tracking accuracy to succeed.

The closed-loop control is a PD control law (54), according

to Fig. 6, with

The actual gains are calculated with (59), taking a desired

damping, , for joint 1 and joint 2, corresponding to no

overshoot.

The desired natural frequency, , is chosen according to

the driving capacity without saturation of the joint drive. In the

Þeld of motion control, it is known that the bandwidth of the

velocity and position closed-loop are limited by the electro-me-

chanical cutoff frequency of the open-loop transfer func-

tion between the velocity and the voltage control of the electrical

motor, including the case of current controlled motor

for

where is the electromagnetic motor torque constant and

is the motor armature resistance.

For this robot we obtain a full bandwidth with,

(rd/s), and (rd/s).

The sample rates of the control and of the measurement are

equal to, (Hz).

Torque data are obtained from (55), and from the current

reference data, while position data are obtained through incre-

mental encoders (2000 and 5000 (lines/rev), for joint 1 and 2, re-

spectively) with a 4-fold subdivision of each encoder line, (8000

and 20000 (pulses/rev), for joint 1 and 2, respectively).

The simulation of the robot is carried out with the same refer-

ence trajectory andwith the same PD control law structure as the
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Fig. 12. Joint position at iteration , with .

Fig. 13. Joint position errors at iteration , with .

Fig. 14. Joint torques at iteration .

actual robot. The reference trajectory is a Þfth-order polyno-

mial. The condition number of (49), equals 25. According

to [32], the system (49) is well conditioned meaning that the pa-

rameters are well excited.

The gains in the simulator are calculated with (60) and with

the same values, 1 (rad/s), and 10

(rad/s), which gives s and s .

The drive gains in (60) are calculated with (10), where the

gear ratios , for this direct drive robot, and

and are measured with special tests given in [25].

We obtain 1.414 (Nm/V), 0.845 (Nm/V),

which gives the initial values for
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and

VI. EXPERIMENTAL IDENTIFICATION RESULTS

The new identiÞcation process is performed in different cases

in order to compare the previous IDIM technique to the new

DIDIM technique and to investigate the robustness of DIDIM

with respect to the initialization, to the acquisition sampling

rate, to the data Þltering and to the closed-loop tuning.

All the results are given in SI units, on the joint side.

A. Comparison of IDIM and DIDIM With Good Initial Values,

At Þrst, the algorithm is initialized with, , the vector of

parameters identiÞed with the IDIM LS estimator.

The IDIM LS ofßine estimation is carried out with a Þltered

position calculated with a 20 (Hz) cutoff frequency forward

and reverse Butterworth Þlter, and with the velocities , and the

accelerations, , calculated with a central difference algorithm

of .

The Þlter is tuned according to rules given in [9] and recalled

in Section II. The maximum bandwidth for joint 2 is 10

(rad/s), leading to choose 100 (rad/s)

16 (Hz). Then we choose a 20 Hz cutoff frequency.

The parallel decimation of and , in (11), is carried

out with a lowpass Tchebyshef Þlter with a cutoff frequency

20 (rad/s) 3.18 (Hz). Then we choose

a 4 (Hz) cutoff frequency. According to the relation

, the sample rate is divided by a factor

.

The results are given in Table I. It needs only two steps to

obtain the optimal solution which is very close to the IDIM so-

lution. Hence, the DIDIM method does not improve the IDIM

solution calculated with good bandpass Þltered data.

B. DIDIM, Validation of the Regular Initialization,

The robustness of DIDIM with respect to a wrong initializa-

tion, such as the regular initialization (63), is investigated.

The initial values of the dynamic parameters are given by

(62), with

The identiÞed values given in Table II, are very close to those

given in Table I. This result validates the regular initialization

procedure, described in Section IV-B.

Moreover the algorithm converges in only three steps and is

not time consuming.

The relative norm errors on joint position, velocity and accel-

eration are given in Table III.

The assumption (41), made in Section IV-B,

, at each

iteration , is conÞrmed in Table III and on Fig. 12, with a

constant relative norm error close to 0.5% for the position, 5%,

TABLE IV
NORM ERRORS (%) RELATIVE TO THE REFERENCE TRAJECTORY

TABLE V
RELATIVE NORM ERROR (%) OF JOINT TORQUE:

TABLE VI
PARAMETERS CONVERGENCE

for the velocity and 10%, for the acceleration. These results

validate the updating procedure (60), of the simulated PD

control law gains.

It can be seen also in Table IV and on Fig. 13, that the sim-

ulated trajectory, , is 3 to 5

times closer to the actual one, , than to the reference

one, , with a relative norm error close to 1.5% for

the position, 15%, for the velocity and 30%, for the acceler-

ation. Moreover, this error depends on the closed-loop band-

width. Computing the observation matrix in (14) with the refer-

ence trajectory, , leads to a bad identiÞcation of the

dynamic parameters of this scara robot.

Then, the right assumption made in Section IV-B is,

, (41), at each iter-

ation , with a constant small error. This can be seen on Figs. 12

and 13, at iteration , with the wrong parameters of the reg-

ular initialization. On the contrary, Fig. 14 shows that DIDIM

ampliÞes the parameter errors in the simulated torques which

are very different from the actual ones at iteration . This is

an illustration of the material given by (42), (43), (44), (45). Be-

cause ,

has small variation at each iteration , the parameter sensitivity

is mainly focused on the simulated torques as shown by (44),

and the error between the actual and the simulated torque is

mainly focused on the parameter value in (45). This is why it

is much better to take force/torque output instead of position
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TABLE VII
IDIM AND DIDIM, LOW SAMPLING RATE, 0.5 Hz

output for closed-loop identiÞcation with gain updating in the

simulator, resulting in a very fast convergence in few steps. To

illustrate this point, we carried out the identiÞcation of a single

DOF robot with three dynamic parameters, based on CLOE

method described in Section III. The norm error between the

actual and the simulated position, as given by (28), (29), is

minimized, without gain updating. The nonlinear LS problem

is solved with the Nelder-Mead simplex algorithm (fminsearch

Matlab) [34]. The algorithm, initialized with the regular initial-

ization, converges after 60 iterations, while DIDIM converges

dramatically faster in only one iteration. This simple example

proves that our new approach converges much faster than

existing OE identiÞcation methods. The validation of DIDIM

on a single DOF rigid and ßexible robot is carried out in [34].

Moreover, the relative torque norm error, given in Table V,

dramatically decreases in only three steps. This shows the fast

algorithm convergence.

The fast convergence of each parameter is shown in Table VI.

C. Comparison of IDIM and DIDIM Robustness With Respect

to a Low Sample Rate

The actual torque and the simulated data are resampled to

obtain a low measurement frequency 0.5 Hz. This is a

downsample procedure without lowpass anti-aliasing Þltering

which investigates a real problem on industrial robots where the

available sample rate measurement given by the controller may

be much lower than the control sample rate. All the actual and

simulated data are sampled at 0.5 Hz.

The IDIM LS estimation is carried out with the measured

joint position , and with , calculated by a central dif-

ference algorithm of , without lowpass Butterworth Þltering.

There is no parallel decimation. DIDIM starts with the regular

initialization. Results are given in Table VII.

The identiÞed values with IDIM are not good while the iden-

tiÞed values with DIDIM are still good. This shows the robust-

ness of DIDIM with respect to the sampling rate measurement.

IDIM fails because there is an amplitude distortion in the es-

timation of , with a central difference of , sampled at a too

low frequency . This point is illustrated in Table VIII, which

TABLE VIII
IDIM, JOINT DATA ERRORS (%) AT 0.5 Hz

gives the relative norm errors on velocity (80%) and accelera-

tion (80%).

[ (200 Hz), (200 Hz)], are calculated from , sampled at

200 Hz and lowpass Þltered at a 0.5 Hz cutoff frequency, and

derived with a central difference algorithm.

[ (0.5 Hz), (0.5 Hz)], are calculated from , sampled at 0.5

Hz and derived with a central difference algorithm.

DIDIM succeeds because, , is computed

with accuracy by the integration of the DDM with a well-tuned

variable step solver, and it can be sampled without error at any

frequency .

D. Comparison of IDIM and DIDIM, Without Data Filtering

All the actual and simulated data are sampled at 200

Hz.

The IDIM LS estimation is carried out with the measured

joint position , and with , calculated by a central dif-

ference algorithm of , without lowpass Butterworth Þltering.

There is no parallel decimation. DIDIM starts with the regular

initialization. Results are given in Table IX.

The identiÞed values with IDIM are not good while the iden-

tiÞed values with DIDIM are still good.

IDIM fails because of the too large noise in the observation

matrix, , coming from the derivation of , without

lowpass Þltering. Then the LS estimation is biased.

DIDIM succeeds because the observation matrix,

, is calculated without noise

with the simulated values .

This validation shows that DIDIM cancels the bias of IDIM

estimation, coming from a noisy estimation of , which

gives a too noisy observation matrix .
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TABLE IX
IDIM AND DIDIM ESTIMATION WITHOUT DATA FILTERING

TABLE X
DIDIM, WITH SIMULATED HALF FULL BANDWIDTH,

E. DIDIM Robustness With Respect to Error in the Simulated

Closed-Loop Tuning,

This section investigates the effect of an error between the

actual value, , and the simulated value , of the natural

frequency which represents the closed-loop bandwidth.

The DIDIM identiÞcation is performed taking half the values

of the full ones given in Section V, 1/2

(rad/s) and 10/2 (rad/s), and the same pro-

cedure used to obtain results shown in Table II, that is to say a

measurement frequency, 200 Hz, and a parallel decima-

tion with a factor, , and a lowpass Þlter cutoff frequency

equal to 4 Hz.

The parameters, given in Table X, converge in only six steps

to values which are very close to those obtained in Table II, with

a full closed-loop bandwidth.

The relative norm errors on joint position, velocity and accel-

eration are given in Tables XI and XII.

It can be seen that,

, at each iteration , with a constant norm error larger

but close to the value obtained with the full bandwidth,

Table III, close to, 0.5% for the position, 3%, for the velocity

and 10%, for the acceleration.

The relative torque norm error which is given in Table XIII,

decreases in 6 steps, that is only twice more than with the full

bandwidth, given in Table V. This shows that DIDIM is not

very sensitive to error in the simulated closed-loop bandwidth,

provided the control law structure is known.

However, DIDIM fails beyond 1/3 of the full bandwidth, with

.

VII. CONCLUSION

This paper deals with a new ofßine identiÞcation tech-

nique of robot dynamic parameters, called DIDIM technique.

This method is a closed-loop OE approach, but consid-

ering the output is no more the joint position but the joint

force/torque. The optimal parameters are the solution of

a nonlinear least-squares problem which is solved with a

Gauss-Newton method. Each step of the iterative procedure

of the Gauss-Newton regression is dramatically simpliÞed to

a linear regression which is solved with the IDIM technique.

Then, DIDIM mixes the closed-loop OE technique and the

IDIM technique.

DIDIM needs a closed-loop simulation of the robot using the

DDMand assuming the same structure of the control law and the

same reference trajectory for both the actual and the simulated

robot. Then, it needs to initialize the parameters and the state

vector of the DDM.

The difÞculties for the choice of the initial conditions for non-

linear LS problem are overcome with a “regular initialization”

of the parameters and an updating of the control law gains at

each step of the iterative procedure. The initial state is given by

the initial values of the reference trajectory.

An experimental validation is carried out on a 2 DOF robot.

The following points were checked:

• DIDIM gives the same results as IDIM, provided well-

tuned data Þltering for IDIM, adapted to the system dy-

namics;

• DIDIM is robust to the initialization of both parameters and

state;

• DIDIM is robust to the closed-loop performances tuning

errors between the simulated and the actual closed-loop

robot, provided the same control law structure.

Compared to IDIM, DIDIM technique is particularly attrac-

tive thanks to the following reasons.

• It needs only the actuator force/torque measurement or es-

timation,

• It avoids the calculation of the velocity and acceleration by

bandpass Þltering of the measured position, through well

tuned bandpass Þlter in the IDIM method. In the DIDIM
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TABLE XI
NORM ERRORS (%) RELATIVE TO THE ACTUAL FILTERED TRAJECTORY

TABLE XII
NORM ERRORS (%) RELATIVE TO THE REFERENCE TRAJECTORY

TABLE XIII
RELATIVE NORM ERROR (%) OF JOINT TORQUE, ,

FULL BANDWIDTH/2

method, position, velocity, and acceleration are simulated

data without noise obtained from the integration of the

DDM in a closed-loop simulation. Then, closed-loop band-

width automatically deÞnes the same frequency range for

the dynamics of the actual system and of the model to be

identiÞed.

• It cancels bias in IDIM due to errors in bandpass Þltering

data, or no Þltering at all, or too low measurement fre-

quency.

• It combines the inverse and the direct dynamic model

and validates, in the same identiÞcation procedure, both

models for computed torque control and for simulation. Up

to now, the DDM was validated a posteriori in simulation.

Future work concerns the validation of DIDIM on a 6 DOF

industrial robot.
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A Generic Instrumental Variable Approach for

Industrial Robot Identification
Alexandre Janot, Pierre-Olivier Vandanjon, and Maxime Gautier

Abstract— This paper deals with the important topic of indus-
trial robot identification. The usual identification method is based
on the inverse dynamic identification model and the least squares
technique. This method has been successfully applied on several
industrial robots. Good results can be obtained, provided a well
tuned derivative band-pass filtering of joint positions is used
to calculate the joint velocities and accelerations. However, one
cannot be sure whether or not the band-pass filtering is well
tuned. An alternative is the instrumental variable (IV) method,
which is robust to data filtering and is statistically optimal. In this
paper, a generic IV approach suitable for robot identification is
proposed. The instrument set is the inverse dynamic model built
from simulated data calculated from simulation of the direct
dynamic model. The simulation is based on previous estimates
and assumes the same reference trajectories and the same control
structure for both actual and simulated robots. Finally, gains of
the simulated controller are updated according to IV estimates
to obtain a valid instrument set at each step of the algorithm.
The proposed approach validates the inverse and direct dynamic
models simultaneously, is not sensitive to initial conditions,
and converges rapidly. Experimental results obtained on a six-
degrees-of-freedom industrial robot show the effectiveness of
this approach: 60 dynamic parameters are identified in three
iterations.

Index Terms— Closed-loop identification, instrumental vari-
able method, model reduction, rigid robot dynamics, statistical
hypotheses testing.

I. INTRODUCTION

THE usual robot identification method is based on the

inverse dynamic identification model and least squares

technique. This method, called the (IDIM-LS), has been

successfully applied to identify inertial parameters of several

prototypes and industrial robots [1]–[5]. Good results can be

obtained provided a well tuned derivative band-pass filtering

of joint positions is used to calculate the joint velocities and

accelerations. However, even with guidelines for the tuning of

band-pass filtering given in [6], one doubts whether or not the

IDIM-LS estimates are unbiased.
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This leads to us to try other identification methods: the

extended Kalman filter (EKF) [7], the set membership uncer-

tainty [8], an algorithm based on linear matrix inequality

(LMI) tools [9], and a maximum likelihood (ML) approach

[10], [11]. However, these techniques do not really improve the

IDIM-LS method coupled with a well tuned band-pass filtering

and they were not validated on six-degrees-of-freedom (DOF)

industrial robots.

Another approach is the instrumental variable (IV) tech-

nique introduced by Reiersøl in 1941 [12]. In [13]–[15], and

references therein, IV methods were studied for linear systems.

However, these works are mostly theoretical and validated on

low-dimensional linear systems. This might explain why there

are very few real-world applications, especially in robotics

[16], [17]. This means that the gap must be bridged between

the theory and control engineering practices.

In this paper, a generic IV approach relevant for rigid robot

identification is proposed. The instrument set is the inverse

dynamic model built from the simulated data calculated

from simulation of the direct dynamic model. The simulation

assumes the same reference trajectories and the same control

structure for both actual and simulated robots and is based

on previous IV estimates. This defines an iterative algorithm.

Finally, gains of the simulated controller are updated according

to IV estimates to obtain a valid instrument set at each step

of the algorithm. This algorithm, called the IDIM-IV, validates

the inverse and direct dynamic models of robot simultaneously,

improves the noise immunity of estimates with respect to

corrupted data in the observation matrix, is not sensitive to

initialization, and converges rapidly.

A condensed version of this paper has been presented in [18]

and [19]. This paper contains detailed proofs to enlighten the

theoretical understanding of IDIM-IV method, gives additional

experimental results, and deals with statistical hypotheses

testing.

The rest of the paper is organized as follows. Section II

reviews the usual identification technique IDIM-LS. Section III

presents the IDIM-IV identification method. Tests checking

the statistical hypotheses are introduced in Section IV. The

modeling and experimental identification of a TX40 robot are

presented in Section V. Section VI concludes this paper.

II. IDIM: INVERSE DYNAMIC IDENTIFICATION

MODEL TECHNIQUE

In this part, the main steps of IDIM-LS method are recalled.

The details can be found in [6] and [7].

1063-6536 © 2013 IEEE
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A. Inverse Dynamic Model of Robots

The inverse dynamic model (IDM) of a robot with n moving

links calculates the (n × 1) joint torques vector τ as a function

of generalized coordinates and their derivatives [20], as

τ = M(q)q̈ + N(q, q̇) (1)

where q, q̇, and q̈ are, respectively, the (n × 1) vectors of

generalized joint positions, velocities and accelerations; M(q)

is the (n × n) inertia matrix; and N(q, q̇) is the (n × 1) vector

of centrifugal, Coriolis, gravitational, and friction torques.

The modified Denavit and Hartenberg (DHM) notation

allows us to obtain an IDM linear in relation to a set of base

parameters β as

τ = IDM(q, q̇, q̈)β (2)

where IDM(q, q̇, q̈) is the (n × b) matrix of basis functions

of the bodies dynamics and β is the (b × 1) vector of base

parameters.

Equation (2) represents the IDIM. The base parameters

are the minimum number of dynamic parameters from which

the IDM can be calculated. They are obtained from standard

dynamic parameters by regrouping some of them with linear

relations [21], [22]. The standard parameters of a link j are

X X j , XY j , X Z j , Y Y j , Y Z j , and Z Z j , which are the six

components of the inertia matrix of link j at the origin of

frame j ; M X j , MY j , and M Z j the components of the first

moment of link j ; M j the mass of link j ; Ia j is the total

inertia moment for the rotor and gears of the actuator j ; and

Fv j and Fc j are the viscous and Coulomb friction parameters

of joint j . Because only the base parameters are considered,

the matrix IDM(q, q̇, q̈) is linearly independent.

B. Data Acquisition

Usually, the data available from robots controllers are

measurements of q and measurements of the (n × 1)

control signals vector vr calculated according to control

law. Robots are mostly position-controlled. The usual con-

trols are proportional-differential (PD), proportional-integral-

differential (PID), computed torque (flatness control), and

passive controls [20]. When identifying base parameters, the

PD control is preferred to the others because it is easy to

tune and excellent tracking is not necessary [6]. Motors are PI

current-controlled. The current closed loop has a bandwidth

greater than 500 Hz. Then, in the frequency range of the

dynamics (less than 10 Hz), its transfer function is modeled

as a static gain [6]. The control signal of the motor j , i.e., vτ ,

is related to the reference of current of the motor j , τ , as

τ = Gτ vτ (3)

where Gτ is the (n × n) diagonal matrix of drive gains. The

diagonal components of Gτ have a priori values given by

manufacturers which can be checked with special tests.

C. Data Filtering

In (2), q is estimated with q̂ obtained by filtering mea-

surements of q through a low-pass Butterworth filter in both

the forward and reverse directions using the filtfilt MATLAB

function. ( ˆ̇q, ˆ̈q) are calculated with a central differentiation

algorithm of q̂. By doing so, we avoid distortion when calcu-

lating IDM(q, q̇, q̈) coefficients. This point is discussed in [6].

The IDIM given by (2) is sampled at a measurement frequency

fm while the robot is tracking some reference trajectories

(qr , q̇, q̈r ). The following over-determined linear system is

obtained:

Y f m (τ ) = W f m

(

q̂,ˆ̇q,ˆ̈q
)

β + ρ f m

where Y f m(τ ) is the (nm ×1) measurements vector built from

actual torques τ ; W f m(q̂, ˆ̇q, ˆ̈q) is the (nm × b) observation

matrix built from IDM(q̂, ˆ̇q, ˆ̈q); ρ f m is the (nm × 1) vector

of error terms; and nm is the number of samples.

τ is perturbed by high-frequency disturbances, and since

there is no information in high frequencies because of low-

pass filtered data (q̂, ˆ̇q, ˆ̈q), a parallel decimation procedure is

used to eliminate torque ripples and information-free samples

in high frequencies. The parallel decimation is carried out with

the decimate MATLAB function. This point is discussed in [6]

also.

D. IDIM-LS Estimates and Statistical Analysis

After data acquisition, sampling, and parallel decimation,

the following decimated overdetermined linear system is

obtained:

Y(τ ) = W(q,
ˆ̇
q̂,

ˆ̈
q̂)β + ρ (4)

where Y(τ ) is the (r × 1) measurements vector built from

actual torques τ ;W(q̂, ˆ̇q, ˆ̈q) is the (r × b) observation matrix

built from IDM (q̂, ˆ̇q, ˆ̈q); and ρ is the (r × 1) vector of error

terms; r is the number of rows in (4).

In (4), Y and W, equations of each joint j are regrouped

together. Thus, Y and W are partitioned so that

Y (τ ) =







Y1

...

Yn






, W

(

q̂, ˆ̇q, ˆ̈q
)

=







W1

...

Wn







with

Y j =





τ j (1)

τ j (ne)



 , W j =











IDM j
(

q̂ (1) , ˆ̇q (1) , q̈ (1)
)

...

IDM j
(

q̂ (ne) , q̇ (ne) , ˆ̈q (ne)
)











.

IDM j (q̂(.), ˆ̇q(.), ˆ̈q(.)) being the j th row of the (n × b)

matrix of the basis function IDM(q̂(.), ˆ̇q(.), ˆ̈q(.)) given by (2).

Y j and W j represent the ne equations of a subsystem j, ne

being the number of rows in Y j and W j .

Using base parameters and “exciting” reference trajectories

[1], [3], [23], we get a well conditioned matrix W. A good

conditioning number of W means that base parameters are

well excited and they can be well identified. In [24] and [25],

the authors have considered other criteria (the determinant

of WT W for instance). Though these criteria can also be

considered, in our experience, the experimental results are

quite similar.
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ρ is assumed to have zero mean, be serially uncorrelated,

and be heteroskedastic, i.e., to have a diagonal covariance

matrix � partitioned so that

� = diag (σ 21 Ine · · · σ 2j Ine · · · σ 2n Ine)

where In is the (ne×ne) identity matrix. The heteroskedasticity

hypothesis is based on the fact that robots are nonlinear multi-

input multi-output (MIMO).

σ 2j is the error variance calculated from subsystem j ordi-

nary LS (OLS) solution [7]

Y j = W j (q̂, q̇, q̈)β + ρ j . (5)

Thus, the weighted LS (WLS) estimator is used to

estimate β. The WLS solution of (4) is given by

β̂L S = (WT �−1W)−1WT �−1Y. (6)

Usually, such weighting operations normalize the error

terms in (4). Indeed, with

ρ̄ = �−1/2ρ (7)

one obtains 6ρ̄ρ = E(ρ̄ρT ) = �−1/2E(ρρT )�−1/2 = Ir .

The estimated covariance matrix of WLS estimates is

6L S = (WT �−1W)−1 (8)

σ̂ 2
β̂L S(i)

= 6L S(i, i) is the i th diagonal coefficient of 6L S .

The relative standard deviation %σ̂
β̂L S(i)

of β̂L S; the i th

component of β̂L S is then given by

%σ̂
β̂L S (i) =

100 ∗ σ̂
β̂L S(i)

∣

∣

∣
β̂L S(i)

∣

∣

∣

for

∣

∣

∣
β̂L S(i)

∣

∣

∣
6= 0. (9)

The IDIM-LS, illustrated in Fig. 1, was successfully applied

on several prototypes and industrial robots (see the references

given in introduction).

E. Drawbacks of IDIM-LS Method

To provide unbiased results, measurements of q and vτ must

be accurate enough at high sampling rate and the data filtering

must be well tuned. Finally, the direct dynamic model (DDM)

given by (10) is validated a posteriori

M(q)q̈ = τ − N(q, q̇). (10)

An alternative for eliminating the bias of IDIM-LS estimates

is the IV method, which deals with the problem of noisy

observation matrix and which is statistically optimal.

F. Brief Theoretical Background of the IV Method

LS estimates are unbiased if the following hypothesis holds

[26, Ch.7]:

E(WT ρ) = 0 (11)

where E(.) is the expectation operator.

In this case, W is not correlated with ρ. A violation of

hypthesis (11) leads to biased LS estimates [26]. W(q̂, ˆ̇q, ˆ̈q)

being built from noisy measured data, users can doubt whether

W(q̂, ˆ̇q, ˆ̈q) is correlated with ρ or not, even though the data

Fig. 1. IDIM-LS identification scheme.

filtering described in the Section II-C is performed. That is the

reason why it is interesting to use the IV method introduced

by Reiersøl in 1941 [11]. This method consists in introducing

an (r × b) instrumental matrix denoted as Z such that (4)

becomes ZT Y = ZT Wβ + ZT ρ.

With the assumptions

E(ZT W) exists, is finite, and, full rank b, and (12)

E(ZT ρ) = 0 (13)

the simple IV estimator provides unbiased estimates given by

β̂S I V = (ZT W)−1ZT Y.

IV methods were widely studied and applied to linear sys-

tems, especially the Box-Jenkins model [13]–[15]. According

to these works, a good way is to build from simulated data

only. These simulated data are outputs of an auxiliary model

which is the noise-free mathematical model of the system

to be identified. Instruments can be constructed on previ-

ous IV estimates denoted as β̂
k−1

I V . This defines an iterative

process.

However, these works are mostly theoretically oriented and

validated on low-dimensional linear systems. Furthermore, in

many-real world applications, these methods cannot be used

as they are. This may explain why IV methods are rarely

employed in robotics [16], [17].

In the following section, we aim at bridging the gap

between theory and control engineering practices by proposing

a generic IV approach relevant for rigid robot identification.

III. INSTRUMENTAL VARIABLE APPROACH FOR

ROBOTS IDENTIFICATION

A. Choice of a Valid IV Matrix

Because rank(Z) = rank(W) = b, the system is called “just

identified.” In this case, the true model is assumed to be

Y = W(qn f , q̇n f , q̈n f )β + ey = Wn f β + ey

where ey is the (r × 1) vector of measurement noise,

(qn f , q̇n f , q̈n f are the noise-free vectors of joint positions,

velocities, and accelerations, respectively, and Wn f is the

noise-free observation matrix with E(WT
n f ey). One has

W = Wn f + V
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where V is a (r × b) matrix of error terms uncorrelated with

Wn f and ey , i.e., E(VT Wn f ) = 0 and E(VT ey) = 0. Since

ρ = ey − Vβ, W is correlated with ρ, leading to biased LS

estimates.

An (r × b) valid instrumental matrix is

Z = Wn f = W(qn f , q̇n f , q̈n f ) (14)

to show that the IDM is assumed to be well specified. Hence,

we obtain W = Z + V = Wn f + V. Thus, it follows:

E(ZT W) = E(WT
n f Wn f ) + E(WT

n f V = E(WT
n f Wn f ).

Finally, the following relations hold:

rank (E(ZT W)) = rank (E(WT
n f Wn f )) = b (15)

E(ZT ρ) = E(WT
n f ρ) = 0 (16)

Indeed, E(WT
n f ρ) = E(WT

n f ey) − E(WT
n f V)β = 0.

Hence, with Z = Wn f , assumptions (12) and (13) hold.

Now, we must choose and simulate a valid auxiliary model to

build an instrumental matrix Ẑ which is as close as possible

to Z defined by (14).

B. Choice and Simulation of a Valid Auxiliary Model

For robots, the auxiliary model is the DDM (direct dynamic

model) given by (10). Simulation of the DDM is performed

assuming the same reference trajectories and the same control

law structure for both actual and simulated robots. In addition,

DDM simulation is based on previous IV estimates. Hence, at

step k, where k is the kth IV estimates, the simulated joint

accelerations are given by

M(qS, β̂
k−1

I V )q̈S = τ S − N(qS, q̇S, β̂
k−1

I V ). (17)

By integrating (17), the (n × 1) vector of simulated joint

velocities q̇S and positions qS is obtained. The (n × 1) vector

of simulated torque τ s is given by τ s = Gτ vτ,S , where vτ,S

is the (n × 1) vector of simulated control signals calculated

according to the control law.

Like measurements, simulated data are sampled at a mea-

surement frequency fm . The (nm × b) instrumental vari-

able matrix is then Ẑ f m = Wδ f m(qS, q̇S, q̈S, β̂
k−1

I V ), where

Wδ f m(qS, q̇S, q̈S, β̂
k−1

I V ) is the (nm × b) sampled matrix of

IDM(qS, q̇S, q̈S, β̂
k−1

I V ).

Each column of Ẑ f m is resampled at a lower rate (parallel

decimation). Then we have Ẑ = Wδ(qS, q̇S, q̈S, β̂
k−1

I V ).

Compared with IDIM-LS and the other methods cited in

the introduction, IDIM-IV uses IDM and DDM. Thus, both

DDM and IDM are validated simultaneously. This is the first

contribution of our approach.

Unfortunately, a simple simulation of the DDM to get qS ,

q̇S , and q̈S is not enough to build Z defined by (14). Indeed,

simulation of the DDM is based on previous IV estimates

β̂
k−1

I V and we can obtain Ẑ 6= Z = Wn f . The choice of the

initial values β̂
0

I V is crucial even though IV algorithms are

known to be quite robust to initialization [14]. However, this

behavior was never theoretically proved and, in [27], it has

been shown that a bad choice of β̂
0

I V leads to algorithm diver-

gence or invalid IV estimates because of violation of relations

(12) and (13).

Thus, we propose an IV algorithm which is insensitive to

initial conditions. This assumes that the condition

(qS(β̂
k

I V ), q̇S(β̂
k

I V ), q̈S(β̂
k

I V )) ≈ (qn f , q̇n f , q̈n f )∀β̂
k

I V (18)

is satisfied at iteration k, starting with k = 0.

This is possible by tacking the same control structure for

both actual and simulated robots with the same performances

given by the bandwidth, the stability margin, or closed-loop

poles. Because the parameters of the simulated robot β̂
k

I V

change at each iteration k, gains of the simulated controller

must be updated according to β̂
k

I V .

For example, a joint j PD control is considered. The joint

j inverse dynamic model (IDM) (1), can be written as a

decoupled double integrator perturbed by a coupling torque

τ j = M j, j (q)q̈ j − p j

where pj is considered as a perturbation given by

p j = −

n
∑

i 6= j

M j,i (q)q̈i − N j (q, q̇)

M j,i (q) is approximated by a constant inertia J j , given by

J j = Z Z j + Ia j +max
q

(M j,i (q) − Z Z j − Ia j ).

J j is the maximum value of inertia moment with respect to

q. This gives the smallest stability margin of the second-order

transfer function of the position loop while q varies. It must

be taken at least as Z Z j + Ia j , which can be calculated from

a priori CAD values. The joint j DDM is approximated by a

double integrator as follows:

q̈ j =

(

τ j + p j

)

M j, j (q)
≈

(

τ j + p j

)

J j

.

It makes sense to use linear techniques to tune the perfor-

mances of joint j closed loop.

Now, a joint j PD control of the actual robot, illustrated in

Fig. 2, is considered.

The control input is given by

ντ j =
(

ak pj
akv j

(

qr j − q j

)

−a kv j q̇ j

)

ap J j

apgτ j

(19)

and τ j is given by

τ j =a gτ j vτ j (20)

where agτ j is the actual drive gain,
a J j is the actual value of

J j , and
ap J j and

apgτ j are the a priori values of the actual

unknown values a J j and
agτ j , respectively.

If the a priori values are equal to actual ones, then ak p j

and akv j are the PD control gains of the normalized double

integrator 1/s2. Closed-loop performances are chosen with

the desired two poles of the second-order transfer function

characterized by dωn j and
dζ j .

dωn j is the desired natural

frequency that characterizes the closed-loop bandwidth, and
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Fig. 2. Joint PD control of the actual robot.

Fig. 3. Joint PD control of the simulated robot.

dζ j is the desired damping which characterizes the closed-

loop stability margin. It becomes [6]

ak p j =
dωn j

2dζ j

and akv j = 2dζ d
j ωn j . (21)

Now let us consider a joint j PD control of the simulated

robot illustrated in Fig. 3.

The variables (qS, j , q̇S, j , q̈S, j , τ S, j ) in Fig. 3 are computed

by numerical integration of (10). The PD control of the

simulated robot has the same structure as the actual one

illustrated in Fig. 2. It can be seen that the actual gain
akv j

ap J j

/

apgτ j must be multiplied by Ĵ k
j

/

ap J j to obtain the

same normalized double integrator 1
/

s2 and the same closed-

loop transfer function. The proportional gain ak p j does not

depend on parameter values. Hence, we keep sk p j = ak p j .

But the derivative gain in the simulator must be updated with

Ĵ k
j at each iteration k. Hence, skv j must be updated as follows:

skv j =a kv j

Ĵ k
j

ap J j

∀k. (22)

This allows us to keep (qS(β̂
k

I V ), q̇S(β̂
k

I V ), q̈S(β̂
k

I V )) ≈

(qn f , q̇n f , q̈n f )∀β̂
k

I V . Finally, after simulating the MDD with

gains updating given by (22), after sampling of simulated data

and parallel decimation, one has

Ẑ=Wδ

(

qS, q̇S, q̈S, β̂
k−1

I V

)

≈W
(

qn f , q̇n f , q̈n f

)

=Wn f =Z.

(23)

Compared with other IV algorithms, gains updating per-

formed at each iteration of IDIM-IV allows us to obtain

(qS(β̂
k

I V ), q̇S(β̂
k

I V ), q̈S(β̂
k

I V )) ≈ (qn f , q̇n f , q̈n f )∀β̂
k

I V , lead-

ing to Ẑ ≈ Wn f ∀β̂
k

I V . Thus, (12) and (13) hold ∀β̂
k

I V . This

algorithm, which is not sensitive to initial values β̂
0

I V , is the

second contribution of our approach.

In the following sections, it is reasonable to make the

following approximation, i.e., Ẑ ≈ Z.

C. Algorithm Initialization

In [6], it is proposed to take a regular inertia matrix

M(qS, β̂
0

I V ) to have a good initialization for numerical inte-

gration of the DDM. It is obtained with

β̂
0

I V = 0, except for ,Ia0j = 1, for j = 1, n. (24)

The use of the regular initialization is interesting because

there is no need of a priori knowledge about the values of

base parameters.

D. Calculation of IDIM-IV Estimates

After data acquisition, data filtering, and parallel decima-

tion, we obtain

ZT Y (τ ) = ZT W
(

q̂, ˆ̇q, ˆ̈q
)

β + ZT ρ

where Z is the (r × b) IV matrix given by (23). Y and W are

defined by (4).

In Y, W, and Z, equations of each joint j are regrouped

together. Thus, like Y and W, Z is partitioned so that

Z =







Z1

...

Zn






with Z j =







IDM j
(

qS (1) , q̇S (1) , q̈S (1)
)

...

IDM j
(

qS (ne) , q̇S (ne) , q̈S (ne)
)







IDM j (qS(.), q̇S(.), q̈S(.)) being the j th row of the (n × b)

matrix of the basis functions IDM(qS(.), q̇S(.), q̈S(.)) given

by (2). Partitions of Y and W are given in (4).

Y j , W j , and Z j represent the ne equations of a

subsystem j .

Because ρ is assumed to be heteroskedastic (see Section II),

the IV estimates are given by

β̂
k

I V = (ZT �−1W)−1ZT �−1Y. (25)

This solution is called the weighted IV (WIV) estimates.

As with LS techniques, such weighting operations normalize

the error terms. However, when using the IDIM-IV method, σ 2j
is the error variance calculated from subsystem j IV solution

(Z j )T Y j = (Z j )T W j (q̂, ˆ̇q, ˆ̈q)β + (Z j )T ρ j .

The covariance matrix of IV estimates is given by

6 I V = (ZT �−1Z)−1

σ̂ 2
β̂k

I V (i)
= 6I V (i, i) is the i th diagonal coefficient of 6I V . The

relative standard deviation %σ̂
β̂k

I V (i)
is given by

%σ̂
β̂k

I V (i) =
100 ∗ σ̂

β̂k
I V (i)

|β̂
k

I V (i)|
for|β̂

k

I V (i)| 6= 0 (26)

where β̂
k

I V (i) is an IDIM-IV estimation of β(i) at step k.



JANOT et al.: A GENERIC INSTRUMENTAL VARIABLE APPROACH FOR INDUSTRIAL ROBOT IDENTIFICATION 137

Fig. 4. Scheme of the IDIM-IV identification method.

E. Convergence Criterion

This process is iterated until its convergence

‖ρk‖ − ‖ρk−1‖

‖ρk−1‖
≤ tol1 and max

i=1,...,b

∣

∣

∣
β̂

k

I V (i) − β̂
k−1

I V (i)
∣

∣

∣

∣

∣

∣
β̂

k−1

I V (i)
∣

∣

∣

≤ tol2

(27)

where ||ρk || is the 2-norm of ρ at step k.

The parameters tol1 and tol2 are values ideally chosen to

obtain a good compromise between rapid convergence and

good accuracy. A good compromise consists in choosing tol1
and tol2 between 2.5% and 5.0%.

F. Algorithm of the IDIM-IV Identification Method

The scheme of IDIM-IV method is illustrated in Fig. 4.

DDM and IDM can be calculated with the SYMORO+

software developed by the IRCCyN robotics team [35]. This

software can compute all dynamic and kinematic models

from the geometric parameters of the robot [35]. In addition,

the number of operations (additions and multiplications) is

optimized to obtain a reduced calculation time.

Thus, IDIM-IV is a “fully automated” identification method.

This is the third contribution of our approach.

IV. VALIDATION OF STATISTICAL HYPOTHESES AND

MODEL REDUCTION

A. Introduction

In many papers, statistical hypotheses are not verified, while

estimate unbiasedness depends on them. This is particularly

true when one faces identification of real-world systems.

In statistics, statistical hypotheses testing are carried out

with homoskedastic errors [26]. That is the reason why the

tests described in this section use ρ̄ and not ρ. In addition,

according to (7), if hypotheses made on ρ̄ hold, those made

on ρ hold, too.

B. Statistical Hypotheses Made on ρ̄

1) Normality of ρ̄: Normality assumption is crucial to run

the following tests. The Kolmogorov Smirnov test (KS test)

allows doing that [26]. The KS test is a nonparametric test

for the equality of continuous 1-D probability distribution

that can be used to compare a sample with a reference

probability distribution. The KS test quantifies a distance

between the empirical distribution function (edf) of the sample

and the cumulative distribution function (cdf) of the reference

distribution.

In our case, ρ̄ resulting from a normalization of ρ, the

reference distribution is N(0, 1). The null hypothesis is then

H0 : ρ̄ ∼ N(0, 1). The edf of ρ̄ is compared with the cdf of

the reference distribution via a KS test with a 0.05 level of

significance. The KS test is carried out with the kstest MATALB

function.

If the KS test rejects H0, something goes wrong: measure-

ments quality, tuning of band-pass filtering, or IDM misspecifi-

cation. For a misspecified IDM, some effects such as nonlinear

frictions, stiffness, and so forth are missing and they must be

included (see [28] for a good overview).

2) Independent Samples Test: It is important to check

whether the samples are independent or not. Indeed, if ρ̄ is

serially correlated, then relative deviations given by (9) or (26)

are no longer consistent because they are underestimated or

overestimated.

A simple way to find the correlation between samples

consists in using linear regressions. For the i th sample of ρ̄,

one writes

ρ̄(i) = a1ρ̄(i − 1) + a2ρ̄(i − 2) + · + apρ̄(i − p)

where each ai is a coefficient and p is an dependence order

chosen by the user with p << ne.

The following overdetermined linear system is obtained:

yρ = 8a + u (28)
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Algorithm 1 IDIM-IV Identification Algorithm

Compute the inverse and direct dynamic models using

Newton–Euler equations [20];

Compute W and Y according to (4);

Step 0: initialize IDIM-IV with the regular initialization given

by (24);

While

(

‖ρk‖−‖ρk−1‖
‖ρk−1‖

≥ tol1&& max
i=1,...,b

|β̂
k

I V (i)−β̂
k−1

I V (i)|

|β̂
k−1

I V (i)|
≥ tol2

)

do:

Simulate the DDM by updating gains of the simulated con-

troller with (22);

Compute Ẑ ≈ Z = Wn f as described in section B;

Compute IV solution with (25);

End of while.

where

yρ =







ρ̄(p + 1)
...

ρ̄(ne)






,8 =







ρ̄(p) · · · ρ̄(1)
...

...

ρ̄(ne − 1) · · · ρ̄(ne − p)







a =
[

a1 · · · ap

]T
, and u is the error assumed to be serially

uncorrelated and to have zero mean.

Estimates of a, â, are LS solution of (28), i.e.,

â = (8T 8)−18T yρ . (29)

The coefficient of determination R2ρ̄ is given by [26]

R2ρ̄ = 1− ‖yρ − 8â‖2/‖yρ‖2. (30)

ρ̄ is serially uncorrelated if each âi is close to zero with

large deviation and if R2ρ̄ is close to zero (typically less than

0.1). Roughly speaking, in this case, columns of 8 do not

explain the variations observed on yρ .

If ρ̄ is serially correlated, then useless information-free

samples are present and they must be removed. The parallel

filter cut-off frequency must be therefore rescaled according

to the order p.

C. Model Reduction

Some dynamic parameters remain poorly identifiable

because they have a poor contribution to the dynamics. They

can be cancelled to simplify the inverse and direct models.

Gautier and Khalil [21], [23] suggested that parameters such

that %σ̂
β̂L S

is greater than a bound between 20% and 30% are

cancelled to keep a set of essential parameters of a simplified

dynamic model without loss of accuracy [3]. However, there

is neither a formal proof nor any test that validates or rejects

such statement.

In statistics, the F-statistic is widely run to vali-

date/invalidate model reduction [26]. It is assumed that H0 :

ρ̄ ∼ N(0, 1) holds. From b base parameters, bc parameters

may constitute the set of essential parameters. The F-statistic

is run as follows:

1) one runs IDIM-IV method with the b base parameters

and one computes ||ρ̄||;

Fig. 5. Link frames of the TX40 Stäubli robot.

2) one runs the IDIM-IV method with the bc essential

parameters and one computes ||ρ̄c||, the error norm

obtained with the reduced model;

3) one calculates F̂ =
(‖ρ̄c‖

2−‖ρ̄‖2)

‖ρ̄‖2
( ne−b

b−bc
).

If F̂ is less than or compatible with F(1−α),(b−bc),(ne−b),

then the F-statistic accepts the model reduction; otherwise,

the model reduction is rejected.

Parameters that show the largest relative deviations are

eliminated first and this process is executed in a decreasing

way (%σ̂
β̂I V

= 60%, %σ̂
β̂I V

= 50%, . . . ,%σ̂
β̂I V

= 30%,)

until the F-statistic fails.

It is important to note that IDIM-IV method is used instead

of IDIM-LS because IDIM-LS estimates may be biased. It is

also suggested to perform the KS test to check the normality

of ρ̄c. If the KS test fails, it does not make sense to run the

F-statistic.

V. EXPERIMENTAL IDENTIFICATION RESULTS

A. Modeling of TX40 Robot

The Stäubli TX40 robot has a serial structure with six

rotational joints. The robot kinematics is defined using the

modified Denavit and Hartenberg notation (see Fig. 5) [20].

The geometric parameters defining TX40 frames are given

in Table I: σ j = 0 means that joint j is rotational; α j and

d j give, respectively, the angle and the distance between z j−1

and z j along x j−1; θ j and r j give, respectively, the angle

and the distance between x j−1 and x j along z j . Because all

joints are rotational, θ j is the position variable of joint j , i.e.,

q j = θ j .

The TX40 robot is characterized by a coupling between

joints 5 and 6. This coupling effect adds two additional

parameters: f vm6, the viscous friction coefficient of motor 6;

and f cm6, the dry friction coefficient of motor 6. Full details

about TX40 modeling are given in [29]. TX40 has 60 base

dynamic parameters. The columns of IDM(q, q̇, q̈) in (2)

are obtained using the Newton–Euler recursive algorithm. The

SYMORO+ software is used to automatically calculate the

customized symbolic expressions of models [20].

Joint positions and control signals are stored with a mea-

surement frequency fm = 5 kHz.
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TABLE I

GEOMETRIC PARAMETERS OF TX40 ROBOT

j σ j α j d j θ j r j

1 0 0 0 q1 0

2 0 –π /2 0 q2– π /2 0

3 0 0 d3 = 0.225 m q3 + π/2 r3 = 0.035 m

4 0 π/2 0 q4 r4 = 0.225 m

5 0 –π /2 0 q5 0

6 0 π/2 0 q6 0

Robot simulation is carried out with the same reference tra-

jectories and with the same PD control structure as the actual

TX40 robot. In addition, gains of the simulated controller are

updated with (22). IDIM-IV identification method is initialized

with all base parameters equal to 0 except Ia j = 1 for j 6= 5

and la5 = 2 because of the coupling effect. Finally, we choose

tol2 = 2.5%.

A C MEX S-Function of SIMULINK is used on a 2011

laptop PC with INTEL i7 CPU to run the DDM simulation.

One iteration of IDIM-IV takes 3.5 s for an 8-s trajectory.

Reference trajectories (qr , q̇r , q̈r ) are designed so that q̈r

are trapezoidal (also called smoothed bang-bang accelera-

tions). An illustration for the sixth joint is shown in Fig. 8.

Since cond(W) = 200, reference trajectories excite well the

base parameters [23].

B. IDIM-LS and IDIM-IV Methods With Well Tuned Band-Pass

Filtering

IDIM-LS and IDIM-IV methods are carried out with a

filtered position q̂, calculated with a 50-Hz fourth-order But-

terworth filter and with velocities ˆ̇q and accelerations ˆ̈q,

calculated with a central difference algorithm of q̂. The

Butterworth filter is tuned according to guidelines given in [6]

and recalled in Section II . The maximum bandwidth for joint 6

is ωdyn = 10 Hz. This leads us to choose ω f q > 5∗ωdyn and

ω f q > 50 Hz, ω f q being the filter cut-off frequency. Then we

choose a 50-Hz cutoff frequency. Parallel decimation is carried

out with a low-pass Tchebyshef filter with a cut-off frequency

ω f p > 2∗ωdyn and ω f p > 20 Hz, ω f p being the parallel filter

cut-off frequency. Then we choose a 10-Hz cut-off frequency.

According to the relation ω f p = 2∗π∗0.8 ∗ fm/(2∗nd ), the

sample rate fm is divided by nd = 100.

The normality assumption of ρ̄ holds because the KS test

accepts H0 : ρ̄ ∼N(0,1). The histogram of ρ̄ obtained with

IDIM-IV method is plotted in Fig. 9. It matches a Gaussian

distribution and one has σ̂ρ,L S = σ̂ρ,I V = 1.03 ≈ 1.0. So, the

error terms in ρ are normalized and heteroskedasticity is well

taken into account. Thus, there is no missing effect such as

nonlinear friction or stiffness. IDM is well specified. The test

of independency described in Section IV was run: it provides

R2ρ̄ = 0.05 < 0.1 and small coefficients ai with large relative

deviations. So, samples of ρ̄ can be considered independent.

Finally, all statistical hypotheses made on ρ hold in practice.

IDIM-LS and IDIM-IV estimates are given in

Tables IV and V, respectively. IDIM-IV method needs

only three steps to converge (see Table IV). The

F-statistic accepts to cancel parameters such that %σ̂
β̂L S (i) or

%σ̂
β̂k

I V (i)
is greater than 30%. Indeed, we have ||ρ̄|| = 48.5,

||ρ̄c|| = 49, ne = 2160, b = 60, and bc = 28, leading to

F̂ = (492 − 48.52/48.52)(2160− 60/60− 28) ≈ 1.4. Since

(F̂ ≈ 1.4) < (F0.95,32,2100 ≈ 1.6), the F-statistic accepts the

model reduction. So, from 60 base parameters, only 28 are

well identified with good relative standard deviations. These

parameters define a set of essential dynamic parameters.

IDIM-LS estimates match the IDIM-IV estimates. Accord-

ing to the theory proposed in [30] IDIM-LS estimates are

unbiased. Like the other identification methods cited in the

introduction, IDIM-IV does not really improve IDIM-LS cou-

pled with good band-pass filtering data. In fact, in such case,

one can write W(q̂, ˆ̇q, ˆ̈q) ≈ W(qn f , q̇n f , q̈n f ) = Wn f , and

this explains why IDIM-LS estimates are unbiased. If LS

estimates are used to run the statistical tests, then we obtain

the same results as those obtained with IDIM-IV estimates.

This is because LS estimates are unbiased.

Norm of error relative to filtered joint position calculated at

each step k and for each axis j is given in Table VII. Since

these relative errors are very small, i.e., less than 0.2%, relation

(18) is always satisfied. This result emphasizes effectiveness

of gains updating of the simulated controller given by (22).

C. Direct Comparisons and Crosschecking

Direct comparisons have been performed (see Fig. 6).

Estimated torques constructed with IDIM-LS and IDIM-IV

estimates fit measured torques: we have ‖Y − Wβ̂L S‖/‖Y‖ =

5% and ‖Y − Zβ̂
3

I V ‖/‖Y‖ = 6%.

To check the validity of the estimates, cross-test validations

(or crosschecking) must be performed. The crosschecking

is carried out with trajectories different from those used

during the identification process. A set of three trajectories

is usually enough. These points are randomly chosen in the

accessible workspace of the robot. Users must ensure that these

trajectories are exciting enough because using underexciting

trajectories for crosschecking may lead to misinterpretation

of experimental results. If possible, data must be stored with

another measurement frequency. For the TX40 robot, these

trajectories are fifth-order polynomials and they pass through

specified points different from those defined to build the

trajectories used to run the IDIM-IV and IDIM-LS methods.

An example for the sixth joint is shown in Fig. 8. Data are

stored with a measurement frequency fm = 1 kHz instead of

fm = 5 kHz.

While using the IDIM-IV method, crosschecking is per-

formed as follows:

1) design another set of exciting trajectories different from

the set used during the identification process;

2) excite the robot with these trajectories to obtain another

set of measured joint torques denoted as Yo;

3) simulate the robot with these trajectories and the IDIM-

IV estimates given in Table V to build the instrumental

matrix Ẑo as described in Section III-B;

4) calculate the relative error ‖Yo − Ẑoβ̂
3

I V ‖/‖Yo‖ and, if

the IDIM-IV estimates are unbiased, this value must be

compatible with ‖Y − Zβ̂
3

I V ‖/‖Y‖ = 6%. For IDIM-

LS, only steps 3 and 4 differ;
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TABLE II

RELATIVE ERRORS OBTAINED DURING CROSSCHECKING

AND IDIM-IV ESTIMATES

fm (kHz) cond(Ẑo) ‖Yo − Ẑoβ̂
3
I V ‖/‖Yo‖ (%)

Trajectory 1 1 280 6.5

Trajectory 2 1 270 7.0

Trajectory 3 1 300 6.5

TABLE III

RELATIVE ERRORS OBTAINED DURING CROSSCHECKING

AND IDIM-LS ESTIMATES

fm (kHz) cond(Wo) ‖Yo − Woβ̂L S‖/‖Yo (%)

Trajectory 1 1 280 6.0

Trajectory 2 1 270 5.5

Trajectory 3 1 300 5.5

5) with these trajectories, build the observation matrix Wo

as described in Section II;

6) calculate the relative error ‖Yo − Woβ̂L S‖/‖Yo‖ and, if

the IDIM-LS estimates are unbiased, this value must be

compatible with ‖Y − Wβ̂L S‖/‖Y‖ = 5%.

The results of crosschecking obtained with the IDIM-IV

estimates are given in Table II. Fig. 7 shows a comparison

between actual joint torques and reconstructed joint torques

obtained with the first trajectory. The reconstructed torques fit

the actual ones, and all relative errors ‖Yo − Ẑoβ̂
3

I V ‖/‖Yo‖

are compatible with ‖Y − Zβ̂
3

I V ‖/‖Y‖ = 6%. In addition,

these trajectories are exciting enough because, for each tra-

jectory, cond(Ẑo) is close to cond(W) = 200. This means

that the IDIM-IV estimates can be considered as unbiased.

Results of cross-test validations obtained with IDIM-IV

estimates are given in Table III. All relative errors

‖Yo − Woβ̂L S‖/‖Yo‖ match ‖Y − Wβ̂L S‖/‖Y‖ = 5%.

This means that IDIM-LS estimates can be considered as

unbiased.

D. IDIM-LS and IDIM-IV Methods Without Band-Pass

Filtering

IDIM-LS and IDIM-IV methods are carried out with mea-

surements of q and with ( ˆ̇q, ˆ̈q) calculated by a central

difference algorithm of q measurements without the low-

pass Butterworth filtering. There is no parallel decimation.

IDIM-IV starts with the regular initialization. IDIM-LS and

IDIM-IV estimates are given in Tables VIII and IX. Once

again, IDIM-IV method needs three steps to converge (see VI).

We give the essential parameters because the model reduc-

tion is accepted by the F-statistic. Finally, we have

‖Y − Zβ̂
3

I V ‖/‖Y‖ = 10%.

The IDIM-LS estimates do not match the IDIM-IV esti-

mates. Since the IDIM-IV estimates given in Table IX stick

to those given in Table V, and according to the Hausman’s

theory, the IDIM-LS estimates are biased. IDIM-LS fails

because of the noisy observation matrix W(q̂, ˆ̇q, ˆ̈q) coming

from derivation of q without low-pass filtering. In fact, we

have E(WT ρ) 6= 0.

TABLE IV

IDIM-LS ESTIMATES

β̂L S %σ̂
β̂L S

β̂L S %σ̂
β̂L S

ZZ1R 1.25 1.1 Fc3 6.10 1.8

Fv1 8.18 0.6 MX4 –0.02 16.0

Fc1 6.57 2.2 Ia4 0.03 8.8

XX2R -0.48 2.6 Fv4 1.14 1.4

XZ2R -0.16 4.3 Fc4 2.30 2.5

ZZ2R 1.08 1.0 MY5R –0.03 13.0

MX2R 2.20 2.5 Ia5 0.04 8.8

Fv2 5.67 1.0 Fv5 1.88 1.8

Fc2 7.76 1.8 Fc5 2.90 2.9

XX3R 0.13 9.4 Ia6 0.01 9.4

ZZ3R 0.12 7.6 Fv6 0.68 1.5

MY3R -0.60 2.2 Fc6 2.10 2.5

Ia3 0.09 8.8 fvm6 0.63 1.6

Fv3 2.02 1.6 fcm6 1.80 3.7

TABLE V

IDIM- IV ESTIMATES AFTER THREE STEPS

β̂
3
I V %σ̂

β̂I V
β̂
3
I V σ̂

β̂I V

ZZ1R 1.25 1.3 Fc3 6.0 1.9

Fv1 8.20 0.7 MX4 –0.02 20.0

Fc1 6.55 2.6 Ia4 0.03 9.4

XX2R −0.48 2.9 Fv4 1.15 1.5

XZ2R −0.16 4.8 Fc4 2.27 2.6

ZZ2R 1.09 1.2 MY5R –0.03 14.0

MX2R 2.21 2.9 Ia5 0.04 11.0

Fv2 5.68 1.2 Fv5 1.90 2.0

Fc2 7.77 2.1 Fc5 2.80 3.5

XX3R 0.13 10.0 Ia6 0.01 10.9

ZZ3R 0.12 8.8 Fv6 0.69 1.6

MY3R −0.60 2.3 Fc6 2.00 2.8

Ia3 0.10 9.2 fvm6 0.63 1.8

Fv3 2.03 1.8 fcm6 1.81 4.2

IDIM-IV succeeds because the instrumental matrix Ẑ f m =

Wδ f m(qS, q̇S, q̈S, β̂
k−1

I V ) is calculated with the simulated val-

ues (qS, q̇S, q̈S) are very close to the actual ones (q̂, ˆ̇q, ˆ̈q)

thanks to gains updating performed at each step of the

algorithm.

This validation shows that IDIM-IV cancels the bias of

IDIM-LS, coming from a noisy estimation of (q, ˆ̇q, ˆ̈q),

that gives a too noisy observation matrix W(q̂, ˆ̇q, ˆ̈q).

This result was expected because this is a property of the

IV methods.

However, one can notice that IDIM-IV has lost its effi-

ciency compared with IDIM-IV coupled with a parallel

decimation. Indeed, deviations given in Table IX are greater

than those given in Table V. This is because one has

‖Y − Zβ̂
3

I V ‖/‖Y‖ = 10% because of the noise corrupting Y.

This experimental result shows that parallel decimation can be

related with “optimal prefilters” used in [13]–[15].
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Fig. 6. Direct validations performed for joints 1–6 with IDIM-IV estimates. Blue: measurement. Red: estimation. Black: error.

Fig. 7. Cross-test validations performed for joints 1–6, with IDIM-IV estimates and trajectory one. Blue: measurement. Red: estimation. Black: error.

The normality assumption of ρ̄ holds because the KS test

accepts H0 : ρ̄ ∼ N(0, 1). The histogram of ρ̄ obtained

with the IDIM-IV method is plotted in Fig. 10. It matches

a Gaussian distribution and we have σ̂ρ,I V = 1.02 ≈ 1.0. So,

the errors terms in ρ are normalized and heteroskedasticity is

well taken into account. The test of independency described

in Section IV was run. We have R2ρ̄ = 0.07 < 0.1 and

coefficients ai are small with large relative deviations. So,

samples of ρ̄ can be considered independent. Hence, with

IDIM-IV estimates, all hypotheses made on ρ hold in practice.

If LS estimates are used to run the statistical tests, then the

results are different. This is because LS are biased: first, the

KS test rejects the normality hypothesis; second, samples of

ρ̄ are serially correlated. Such results must warn users.

E. IDIM-IV Method Compared With the Total Least Squares

(TLS) Technique

IDIM-IV method is now compared with the TLS method

because one can resort to the TLS method when facing a noisy

observation matrix. Details about TLS method can be found

in [31] and many papers by the same authors.
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Fig. 8. Trajectories of joint 6 used to run IDIM-IV method (blue) and trajectories used to run cross-test validations (red).

TABLE VI

IDIM- IV ESTIMATES CONVERGENCE

β̂
0
I V β̂

1
I V β̂

2
I V β̂

3
I V

ZZ1R 1.0 1.24 1.25 1.25

Fv1 0.0 8.18 8.20 8.20

Fc1 0.0 6.54 6.54 6.54

XX2R 0.0 –0.47 –0.48 –0.48

XZ2R 0.0 –0.15 –0.16 –0.16

ZZ2R 1.0 1.08 1.09 1.09

MX2R 0.0 2.20 2.21 2.21

Fv2 0.0 5.62 5.68 5.68

Fc2 0.0 7.75 7.77 7.77

XX3R 0.0 0.125 0.13 0.13

ZZ3R 0.0 0.12 0.12 0.12

MY3R 0.0 –0.60 –0.60 –0.60

Ia3 1.0 0.09 0.10 0.10

Fv3 0.0 2.00 2.03 2.03

Fc3 0.0 6.00 6.0 6.0

MX4 0.0 –0.01 –0.02 –0.02

Ia4 1.0 0.03 0.03 0.03

Fv4 0.0 1.13 1.15 1.15

Fc4 0.0 2.26 2.27 2.27

MY5R 0.0 –0.025 –0.03 –0.03

Ia5 2.0 0.04 0.04 0.04

Fv5 0.0 1.90 1.90 1.90

Fc5 0.0 2.75 2.80 2.80

Ia6 1.0 0.009 0.01 0.01

Fv6 0.0 0.64 0.69 0.69

Fc6 0.0 1.95 2.00 2.00

fvm6 0.0 0.61 0.63 0.63

fcm6 0.0 1.78 1.81 1.81

The TLS method is carried with and without band-pass

filtering. When coupled with well tuned band-pass filtering,

TLS estimates stick to IDIM-LS estimates given in Table IV.

Like the other approaches, the TLS technique does not

improve the IDIM-LS method coupled with well tuned data

filtering. Without band-pass filtering, the TLS method provides

estimates given in Table X. In this case, the TLS estimates do

not match the IDIM-IV estimates. According to the Hausman’s

theory [30], the TLS estimator is biased. Unlike the IDIM-IV

method, TLS cannot cancel the bias resulting from a noisy

observation matrix W(q, ˆ̇q, ˆ̈q).

TABLE VII

NORM OF ERROR RELATIVE TO FILTERED JOINT POSITION

∥

∥

∥
q̂ j −qS, j

∥

∥

∥

∥

∥

∥
q̂ j

∥

∥

∥

k = 0(%) k = 1(%) k = 2(%) k = 3(%)

Joint 1 0.080 0.078 0.078 0.078

Joint 2 0.050 0.045 0.045 0.045

Joint 3 0.050 0.048 0.048 0.048

Joint 4 0.051 0.050 0.050 0.050

Joint 5 0.100 0.097 0.097 0.097

Joint 6 0.120 0.119 0.119 0.119

TABLE VIII

IDIM-LS ESTIMATESWITHOUT DATA FILTERING

βL S %σ̂
β̂L S

βL S %σ̂
β̂L S

ZZ1R 0.06 5.5 Fc3 5.56 1.4

Fv1 8.10 0.4 MX4 0.06 2.8

Fc1 6.06 1.3 Ia4 0.01 11.5

XX2R –0.08 4.1 Fv4 1.20 1.9

XZ2R –0.02 6.7 Fc4 2.30 3.5

ZZ2R 0.05 3.2 MY5R –0.02 8.1

MX2R 4.20 0.7 Ia5 0.01 6.8

Fv2 5.15 0.6 Fv5 1.84 1.9

Fc2 8.26 0.9 Fc5 2.85 1.5

XX3R –0.01 20.0 Ia6 0.001 19.0

ZZ3R –0.05 3.2 Fv6 0.68 2.2

MY3R –0.30 1.8 Fc6 2.00 3.8

Ia3 0.05 2.2 fvm6 0.64 1.8

Fv3 2.21 1.05 fcm6 1.74 3.62

F. IDIM-IV Method Compared With the Classical Output

Error (OE) Method

Because the OE overcomes the problem of noisy observa-

tion matrix, IDIM-IV method is compared with a classical

OE technique (see [Section III, 6]). OE identification methods

minimize a quadratic error between an actual output and

a simulated output of the system assuming both the actual

and the simulated systems have the same input. For robot

identification, it is more suitable to choose the closed-loop

OE method (CLOE) [6]. Taking the measured joint positions

as outputs, the actual output vector is yq = q and the simulated

output vector is yS = qS . qS is obtained from integration of
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TABLE IX

IDIM-IV ESTIMATESWITHOUT DATA FILTERING

β̂
3
I V %σ̂

β̂I V
β̂
3
I V σ̂

β̂I V

ZZ1R 1.25 2.6 Fc3 5.9 3.4

Fv1 8.25 1.7 MX4 -0.02 40.0

Fc1 6.50 6.6 Ia4 0.03 13.0

XX2R -0.48 6.0 Fv4 1.16 1.9

XZ2R -0.16 10.0 Fc4 2.20 3.8

ZZ2R 1.08 2.4 MY5R -0.03 21.7

MX2R 2.20 5.8 Ia5 0.04 17.0

Fv2 5.68 2.3 Fv5 1.95 2.6

Fc2 7.73 4.1 Fc5 2.80 5.5

XX3R 0.13 20.0 Ia6 0.01 15.1

ZZ3R 0.11 19.0 Fv6 0.69 2.2

MY3R -0.60 4.2 Fc6 2.00 4.0

Ia3 0.10 15.0 fvm6 0.64 2.4

Fv3 2.06 2.8 fcm6 1.79 5.8

Fig. 9. Histogram of IV error and estimated Gaussian with data filtering.

Fig. 10. Histogram of IV error and estimated Gaussian without data filtering.

the DDM (10). The criterion to be minimized is therefore

J (β) = ‖yq − yS‖2 = (yq − yS)
T (yq − yS). (31)

The minimization of J (β) is a nonlinear LS problem.

Estimates can be computed using algorithms such as gradient

method or Newton methods. These methods, based on a

TABLE X

TLS ESTIMATESWITHOUT BAND-PASS FILTERING

βL S %σ̂
β̂L S

βL S %σ̂
β̂L S

ZZ1R 0.11 5.0 Fc3 5.60 1.6

Fv1 8.05 0.5 MX4 0.01 2.5

Fc1 6.00 1.4 Ia4 0.01 13.0

XX2R −0.12 4.0 Fv4 1.18 2.5

XZ2R −0.08 6.3 Fc4 2.30 3.7

ZZ2R 0.43 5.1 MY5R −0.03 8.0

MX2R 3.21 0.9 Ia5 0.02 7.0

Fv2 5.22 0.6 Fv5 1.91 2.1

Fc2 8.20 1.0 Fc5 2.80 1.8

XX3R −0.01 22.0 Ia6 0.005 20.0

ZZ3R 0.05 3.3 Fv6 0.68 2.0

MY3R −0.40 2.1 Fc6 2.00 4.1

Ia3 0.07 2.2 fvm6 0.65 2.0

Fv3 2.10 1.4 fcm6 1.75 3.8

first- or second-order Taylor’s expansion of J (β), are available

in the lsqnonlin MATLAB function. The calculation of the gra-

dient and/or the Hessian of J (β) makes the CLOE method the

most involved identification method compared to IDIM-LS,

IDIM-IV, and the other methods cited in the introduc-

tion because several DDM simulations are needed. So,

it is expected that the CLOE method is very time

consuming.

DDM simulation is performed without updating gains of the

simulated controller, and the Gauss–Newton (GN) algorithm

is initialized with acceptable values. The lsqnonlin MATLAB

function is used. The GN algorithm converges after 1000

iterations and we retrieve IDIM-IV estimates given in Table V.

However, if the GN algorithm is initialized with the regular

initialization, it does not converge (some values of inertia and

friction parameters are negative). As expected, classical OE

methods are really not suitable for six-DOF robot identifica-

tion: they converge slowly, they need several DDM simulations

to calculate the gradient and/or the Hessian of the criterion,

and they are sensitive to initialization. We recall that IDIM-IV

converges after three iterations only and is not sensitive to

initialization.

G. Comments About Friction Model

In this paper, a linear model of friction composed of viscous

and Coulomb (dry) coefficients was considered. Experimental

results supported by a rigorous statistical analysis validate this

choice. In addition, this linear model is always valid within

a frequency range [20]. However, friction models are often

nonlinear and complex (especially at low frequencies).

Hamon et al. [32] have shown that it is possible to identify

a load-dependent friction model with linear LS techniques.

Thus, in this case, IDIM-IV method described in this paper

can be used as it is.

Another way consists in using the separable least squares

(SLS) introduced by Golub and Pareyra [33], as was done in

[34]. The whole inverse dynamic model is split into two parts:

one that is linear to the set of base parameters, and another
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one that is nonlinear to the friction parameters. Hence, IDM

(4) turns to

Y(τ) = W(q̂,ˆ̇q,ˆ̈q,βN L )β + ρ (32)

where βNL regroups all parameters of nonlinear friction.

β is estimated with the linear LS techniques, as

β̂ = W + (q̂,ˆ̇q,ˆ̈q, β̂N L )Y(τ ) (33)

where W+(q̂, ˆ̇q, ˆ̈q, β̂N L ) is the pseudo-invert of

W(q̂, ˆ̇q, ˆ̈q, β̂N L ).

βN L is estimated with nonlinear LS techniques, as

β̂N L = min ‖Y(τ ) − W(q̂,ˆ̇q,ˆ̈q)β̂‖2. (34)

So, β and βN L can be estimated through an iterative algo-

rithm [33], [34]. For technical details, the interested readers

can refer to [34].

The IDIM-IV described in this paper can be used as it is

to identify the base parameters β. A nonlinear IV approach

could be used to identify friction parameters βN L . However,

to our knowledge, performances of nonlinear IV methods

were never compared with those of nonlinear programming

methods. This may constitute an interesting extension of the

IDIM-IV method.

VI. CONCLUSION

In this paper, a generic IV method suitable for robots

identification, called IDIM -IV, was successfully applied on

a six-DOF industrial robot manufactured by STAUBLI.

This identification method combined the inverse and the

direct dynamic models. These models were validated simul-

taneously. Until now, the inverse and direct models had been

validated separately.

The IDIM-IV algorithm improves noise immunity of esti-

mates with respect to corrupted data in W coming from noisy

measurements and/or bad tuning of band-pass filters of joint

positions. A band-pass filtering is not needed to get unbiased

estimates. However, if the IDIM-IV method is used without

parallel decimation, it may lose its efficiency.

Gains of the simulated controller being updated at each step

of IDIM-IV according to IDIM-IV estimates, the algorithm is

not sensitive to initialization and has a rapid convergence. Only

three iterations are needed to identify 60 dynamic parameters.

With classical IV methods, at least five iterations are needed

to identify low-dimensional systems.

IDIM-IV was also compared with the TLS and OE methods.

Experimental results show that IDIM-IV is more effective than

these latter two approaches.

However, like the other identification methods cited in the

introduction, the IDIM-IV method does not really improve the

IDIM-LS method coupled with good band-pass filtering data.

Furthermore, the IDIM-IV method needs the simulation of the

direct dynamic model. However, thanks to the SYMORO+

software, the number of operations is optimized. This, coupled

with an appropriate C MEX S-Function of SIMULINK, the

simulation is not a heavy burden because one iteration of

IDIM-IV takes 3.5 s for an 8-s trajectory.

Finally, statistical hypotheses were experimentally validated

with rigorous statistical tests. In many papers, statistical

hypotheses are rarely verified while they are crucial to obtain

good estimates.
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a b s t r a c t

This paper addresses the topic of robot identification. The usual identification method makes use of the
inverse dynamic model (IDM) and the least squares (LS) technique while robot is tracking exciting tra-
jectories. Assuming an appropriate bandpass filtering, good results can be obtained. However, the users
are in doubt whether the columns of the observation matrix (the regressors) are uncorrelated (exo-
genous) or correlated (endogenous) with the error terms. The exogeneity condition is rarely verified in a
formal way whereas it is a fundamental condition to obtain unbiased LS estimates. In Econometrics, the
Durbin-Wu-Hausman test (DWH-test) is a formal statistic for investigating whether the regressors are
exogenous or endogenous. However, the DWH-test cannot be straightforwardly used for robot identifi-
cation because it is assumed that the set of instruments is valid. In this paper, a Revised DWH-test
suitable for robot identification is proposed. The revised DWH-test validates/invalidates the instruments
chosen by the user and validates the exogeneity assumption through the calculation of the QR factor-
ization of the augmented observation matrix combined with a F-test if required. The experimental results
obtained with a 6 degrees-of-freedom (DOF) industrial robot validate the proposed statistic.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The usual robot identification method makes use of the con-
tinuous-time inverse dynamic model and the least squares (LS)

technique while the robot is tracking some exciting trajectories.

This explains why robot identification belongs to the closed-loop

identification of continuous-time models from sampled data. This
method, called as Inverse Dynamic Identification Model with Least

Squares method (IDIM-LS), has been successfully applied to

identify the inertial parameters of several prototypes and in-

dustrial robots, (Olsen, Swevers, & Verdonck, 2002; Swevers,
Verdonck, & De Schutter, 2007; Hollerbach, Khalil, & Gautier,

2008; Calanca, Capisani, Ferrara, & Magnani, 2011; Gautier, Janot, &

Vandanjon, 2013; Janot, Vandanjon, Gautier, 2014a) among others.
Good results are obtained provided that an appropriate bandpass

filtering of the joint positions is used to calculate the joint velo-

cities and accelerations. However, because robots are identified in

closed loop, the users can doubt whether the columns of the ob-
servation matrix (the regressors) are correlated with the error

terms (endogenous) or not (exogenous) even with a data filtering,

see e.g. Söderström and Stoica (1989), Garnier and Wang (2008),
Young (2011), Gilson, Garnier, Young, and Van den Hof (2011).

Other identification methods were tried: the Total Least-
Squares (Xi, 1995), the Set Membership Uncertainty (Ramdani &
Poignet, 2005), an algorithm based on Linear Matrix Inequality
(LMI) tools (Indri, Calafiore, Legnani, Jatta, & Visioli, 2002), a
maximum likelihood (ML) approach (Olsen et al., 2002), the
Closed-Loop Output-Error method (Landau, 2001; Östring, Gun-
narsson, & Norrlöf, 2003; Gautier et al., 2013), an algorithm based
on neural network (Soewandito, Oetomo, Ang, 2011), a Bayesian
approach (Ting, Mistry, Peters, Schaal, & Nakanishi, 2006), the
extended Kalman filter (Gautier & Poignet, 2001) and (Kostic, de
Jager, Steinbuch, & Hensen, 2004), a method which estimates the
nonlinear effects in the frequency domain (Wernholt & Gunnars-
son, 2008) and the Unscented Kalman Filter (Dellon & Matsuoka,
2009). Although all these techniques are of interest, they do not
really improve the IDIM-LS method combined with an appropriate
data filtering. Furthermore, the robustness against data filtering
was not studied, some of these approaches were not validated on a
6 degrees-of-freedom (DOF) industrial robot and the condition
that the regressors are not correlated with the error terms is not
addressed whereas it is a critical condition to obtain unbiased
estimates (Hausman, 1978; Davidson & MacKinnon, 1993; Wool-
dridge, 2009). This condition is called as the exogeneity condition.

The Instrumental Variable method (IV) provides unbiased es-
timates while the regressors are endogenous (Söderström & Stoica,
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1989; Garnier & Wang, 2008; Young, 2011). A generic IV method
for industrial robots identification is proposed in Janot et al.
(2014a), Janot, Vandanjon, and Gautier (2014b). This approach
called as the IDIM-IV method was successfully validated on a
2 DOF prototype robot and on a 6 DOF industrial robot. However,
the validity of the instruments was not addressed and using the IV
method while the regressors are exogenous provides inefficient
unbiased estimates i.e. their variances are not minimal (Hausman,
1978; Davidson & MacKinnon, 1993; Wooldridge, 2009).

In Econometrics, the Durbin-Wu-Hausman test (DWH-test) is a
formal statistic for investigating whether the regressors are exo-
genous or endogenous (Hausman, 1978). The DWH-test makes use
of the Two Stages Least Squares (2SLS) technique and an aug-
mented LS regression. However, the DWH-test cannot be
straightforwardly used for robot identification because it is im-
plicitly assumed that the instrumental matrix is well correlated
with the observation matrix and uncorrelated with the errors.
Furthermore, the econometric models are empirical whereas the
models used in mechanical engineering are based on physical laws
(e.g. the Newton's laws).

In this paper, it is proposed to bridge the gap between Econo-
metrics theory and Control engineering practice by presenting a
Revised DWH-test suitable for identification of robots. This re-
visited statistic validates/invalidates the model chosen by the user
and the exogeneity condition is validated by the QR factorization
of the augmented observation matrix combined with the F-test.

A condensed version of this work has been presented in Janot,
Vandanjon, and Gautier (2013). This paper contains detailed proofs
to enlighten the theoretical understanding of the Revised DWH-
test, heteroskedasticity is taken into account and additional ex-
perimental results are provided.

The rest of the paper is organized as follows. Section 2 recalls
the IDIM-LS method and reviews the theory of Econometrics.
Section 3 introduces the Revised DWH-test while Section 4 is
devoted to experimental results. Finally, Section 5 concludes the
paper.

2. Theoretical background: modeling, identification of robots

and introduction of the DWH-test

2.1. Modeling and identification of robots

The inverse dynamic model (IDM) of robot with n moving links
calculates the ( × )n 1 joint torques vector τidm as a function of
generalized coordinates and their derivatives (Khalil & Dombre,
2002),

( )τ = ( ) ¨ + ̇ ( )M q q N q q, , 1idm

where q, q̇ and q̈ are respectively the ( × )n 1 vectors of generalized
joint positions, velocities and accelerations; ( )M q is the ( × )n n

inertia matrix; ( ̇)N q q, is the ( × )n 1 vector of centrifugal, coriolis,
gravitational and friction torques.

The modified Denavit and Hartenberg (MDH) notation allows
to obtain an IDM which is linear in relation to a set of base para-
meters β

( )τ β= ̇ ¨ ( )IDM q q q, , , 2idm

where ( ̇ ¨ )IDM q q q, , is the ( × )n b matrix of basis functions of
bodies dynamics and β is the ( × )b 1 vector of base parameters.

The base parameters are the minimum number of dynamic
parameters from which the IDM can be calculated. They are ob-
tained from the standard dynamic parameters by regrouping some
of them with linear relations (Mayeda, Yoshida, & Osukaet, 1990).
The standard parameters of a link j are XXj, XYj, XZj, YYj, YZj and ZZj

the six components of the inertia matrix of link j at the origin of
frame j; MXj, MYj and MZj the components of the first moment of
link j; Mj the mass of link j; Iaj a total inertia moment for rotor
and gears of actuator j; Fvj and Fcj the viscous and Coulomb
friction parameters of joint j.

The direct dynamic model (DDM) of robots is given by

( )τ( ) ¨ = − ̇ ( )M q q N q q, . 3idm

Proportional–Derivative (PD) and Proportional–Integral–Deri-
vative (PID) controls are often implemented to identify the dy-
namic parameters. The joint j signal control τv j

is given by

( )= ( ) − ( )τv C s q q , 4j r mesj j j

where ( )C sj is the transfer function of the joint j controller, qrj is

the joint j position reference, qmesj
is the measurement of qj the

joint j position, s is the time derivative operator i.e. =s d dt/ .
The data available from robots controllers are qmes the ( × )n 1

vector of measurements of q and τv , the ( × )n 1 vector of control
signals. Each joint j torque is connected with each joint j control
signal ντj by

τ ν= ( )τ τg , 5j j j

where τg j
is the joint j drive gain a priori given by manufacturers.

In (2), q is estimated with q̂ obtained by filtering qmes through a
lowpass Butterworth filter in both the forward and reverse di-

rections. ( ̇̂ ¨̂ )q q, are calculated with a central differentiation algo-

rithm of q̂. τ being perturbed by high-frequency disturbances, a
parallel decimation procedure is used to eliminate torque ripples
(see Gautier et al., 2013 for the details).

Because of uncertainties, the ( × )n 1 vector of the actual joint
torques τ differs from τidm by an error e. The model (2) is sampled
while the robot is tracking trajectories (see Gautier et al., 2013 for
the details). After data acquisition and data filtering, the following
overdetermined linear system is obtained

( )τ β ε( ) = ^ ̇̂ ¨̂ +
( )

y X q q q, , ,
6

where τ( )y is the ( × )r 1 measurements vector built from the actual

torques τ; (^ ̇̂ ¨̂ )X q q q, , is the ( × )r b observation matrix built from the

sampling of (^ ̇̂ ¨̂ )IDM q q q, , ; ε is the ( × )r 1 sampled vector of e;
= ⋅r n ne is the number of rows in (6), ne being the number of rows

in a subsystem j.
Relation (6) is the Inverse Dynamic Identification Model (IDIM).

The columns of (^ ̇̂ ¨̂ )X q q q, , are the regressors. ε is assumed to have
zero mean, to be serially uncorrelated with a covariance matrix Ω

partitioned so that σ σ σΩ = ( ⋯ ⋯ )diag I I In j n n n1
2 2 2

e e e , Ine being the

( × )n ne e identity matrix. σ j
2 is estimated through the Ordinary

Least Squares (OLS) solution of a subsystem j (see Gautier et al.,
2013 for the details). The IDIM-LS estimates and their covariance
matrix are given by

( ) ( )β Ω Ω Σ Ω
^ = ^ = ( )

−
−

− −
−

X X X y X X, . 7LS
T T

LS
T1

1
1 1

1

The IDIM-LS estimates are unbiased if

( )ε = ( )E X 0, 8
T

where ( )E . is the expectation operator (Davidson & MacKinnon,
1993).

Because robots are identified in closed loop, the users can

doubt whether (^ ̇̂ ¨̂ )X q q q, , is correlated with ε or not. To overcome
the problem of a correlation between X and ε, the Two-Stage-
Least-Squares (2SLS) technique is an appropriate method.
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2.2. Review of theory of econometrics

The 2SLS method estimates β with two LS regressions. Re-
searchers in Econometrics consider the model (6) as the reduced
form of the general model defined by

β ε

Π

= +

= + ( )

⎧
⎨
⎩

y X

X Z V
,

9

where Z is the ( × )r z instrumental matrix with ≥z b; Π is the
( × )z b matrix of coefficients to be identified and V is a ( × )r b

matrix of error terms.
The columns of Z are called instruments. If the following as-

sumptions hold ( ) =rank bZ , ε( ) =E Z 0T , ( ) =E Z V 0T and ( ) =E V 0, Z
is said valid.

The first stage calculates Π̂, the LS estimate of Π, given by

Π̂ = ( )−Z Z Z XT T1 . ^
X, the projected of X onto the space spanned by

the columns of Z, is given by

( )Π
^
= ^ = = ( )

−
X Z Z Z Z Z X P X, 10

T T
Z

1

where = ( )−P Z Z Z ZZ
T T1 is the idempotent ( × )r r projection matrix

of Z.
The second stage calculates the 2SLS estimates. Assuming that

=
^ ^

X P X X XT
Z

T

is nonsingular i.e. (
^
) =rank bX , the 2SLS estimates

and their associated covariance matrix are given by Wooldridge
(2009)

β Ω Ω Σ Ω
^ =

^ ^ ^ ^ =
^ ^

( )
−

−
− −

−⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟X X X y X X, .

11
SLS

T T

SLS

T

2
1

1
1

2
1

1

If =z b the 2SLS estimates collapse to the IV estimates given by

β̂ = ( )−Z X Z yIV
T T1 .

If the 2SLS method is used while relation (8) holds, the esti-
mates are unbiased but their variances are not minimal (Hausman,
1978; Davidson & MacKinnon, 1993; Wooldridge, 2009). The
Durbin-Wu-Hausman test (DWH-test) is a formal test which ex-
amines whether Eq. (8) holds or not. This paper focuses on the
augmented DWH-test (Hausman, 1978). Assuming that Z is valid,

the model (9) can be written as β β ε=
^

+ +y X V . Then, by
referring to the coefficient corresponding to V as γ and
rewriting (9) after adding and subtracting βV , one obtains

β γ β ε β θ ε= (
^
+ ) + ( − ) + = + +y X V V X V , with θ γ β= − being

the ( × )b 1 vector of omitted parameters that explain the corre-
lation between X and ε. The following relation called as “exo-
geneity condition” is obtained

( )ε θ= ⇔ ^ = ( )E X 0 0. 12
T

Because V is not known, its estimate is calculated with

Π
^
= − ^V X Z and the following augmented regression is built

β

θ
ε= ^ +⎡

⎣
⎤
⎦
⎡

⎣
⎢
⎤

⎦
⎥y X V . The LS estimates β̂ and θ̂ are then calculated

and with an appropriate statistical test (e.g. F-test), it is checked

that the null hypothesis θ̂ =H 0:0 holds. If the test accepts H0, the
LS estimates are unbiased, otherwise they are biased (Hausman,
1978, Wooldridge, 2009).

Although the DWH-test is of great interest, it cannot be used as
it is. First, the unbiasedness of the 2SLS estimates and the DWH-
test are based on the fact that the Z is valid. In practice, how to
validate/invalidate this assumption? Second, the DWH-test can
detect a bias of the LS estimator but it cannot provide the origin of
this bias. Third, the models used in Econometrics are empirical
whereas the models used in Mechanical/Electrical Engineering are
mostly based on physical laws. Fourth, the notion of closed-loop
identification is not addressed in Econometrics. In the following

section, a Revised DWH-test that validates/invalidates the con-
struction of Z and determinates the origin of the bias of LS esti-
mates is presented.

3. A statistic to validate/invalidate the IDIM-LS estimates

3.1. Preliminary definitions

Because of noisy measurements, the following definitions are

introduced δ= +q q qmes nf mesj j j
, τ τ δτ δτ= + +j nf j qj j

, δ^ = + ^q q qj nf jj
,

δ̇̂ = ̇ + ̇̂q q qj nf jj
and δ¨̂ = ¨ + ¨̂q q qj nf jj

. ̇ ¨q q q, ,nf nf nfj j j
are the joint j noise-

free position, velocity and acceleration respectively, τnf j is the joint

j noise-free torque given by τ = ( )( − )τg C s q qnf r nfj j j j
, δqmesj

is the

measurement error, δq̂j, δ ̇̂qj and δ ¨̂qj are the errors in q̂j, ̇̂qj and ¨̂qj
respectively. At last δτ δ= ( )τg C s qq mesj j j

is the error in τj due to the

feedback and δτj is the error in τj due to the measurement noise.

Let δτ δτ= [ ⋯ ]τe n
T

1 be the ( × )n 1 vector of measurements

noises in τ, δτ δτ= [ ⋯ ]eq q q
T

mes n1 be the ( × )n 1 vector of mea-

surements noises in τ due to δ δ δ= [ ⋯ ]q qqmes mes mes
T

n1 the ( × )n 1

vector of measurements noises in qmes. Let δq̂, δ ̇̂q and δ ¨̂q be the

( × )n 1 vector of noises in q̂, ̇̂q and ¨̂q respectively with

δ δ δ
^ = [ ^ ⋯ ^ ]q qq

n
T

1
, δ δ δ̇̂ = [ ̇̂ ⋯ ̇̂ ]q qq

n

T

1
and δ δ δ¨̂ = [ ¨̂ ⋯ ¨̂ ]q qq

n

T

1
. Let

̇ ¨q q q, ,nf nf nf be the ( × )n 1 vector of noise-free positions, velocities

and accelerations respectively. Since q̂ is obtained through the

filtering of qmes and since ( ̇̂ ¨̂ )q q, are calculated from the differ-

entiation of q̂, the errors δqmes and δq̂, δ ̇̂q, δ ¨̂q are correlated.

3.2. Exogeneity condition for robot identification

For robot identification, the true model is assumed to be

β ε ε= + +

= + ( )

τ

⎪

⎪
⎧
⎨
⎩

y X

X X V
,

13

nf q

nf

where Xnf is the ( × )r b noise-free observation matrix built from
the sampling of ( ̇ ¨ )IDM q q q, ,nf nf nf , ετ is the ( × )r 1 sampled vector

of τe ; εq is the ( × )r 1 sampled vector of eqmes
; V is the ( × )r b matrix

of error terms that depends on the sampling of δq̂, δ ̇̂q, δ ¨̂q.
With ε ε( ) = ( ) =τE E 0q , ( ) =E V 0 and ετ being uncorrelated with

εq, one obtains ε( )τE VT
¼ ε( ) ( ) =τE EV 0T and ε ε( )τE q

T
¼ ε ε( ) ( ) =τE E 0q

T .

Because δqmes and δq̂, δ ̇̂q, δ ¨̂q are correlated, εq and V are also
correlated. As usually done in Statistics, we introduce ε γ= ′Vq

where γ′ is the ( × )b 1 vector of parameters that explain the cor-
relation between V and εq. With = −X X Vnf and by introducing
θ γ β= ′ − the ( × )b 1 vector of omitted variables, it yields

ε ε θ= +τ V . After calculations, one obtains ε θ( ) = ( )E EX V VT T .

ε( ) =E X 0T implies two exogeneity conditions

θ = ( )0, 14

or

= ( )V 0. 15

γ′ being the vector of parameters that have no real physical
meaning, γ′ and β are not of the same nature in the case of robot
identification and relation (14) is quite implausible. Furthermore,

by calculating q̂ through the filtering of qmes and by calculating

( ̇̂ ¨̂ )q q, from the differentiation of q̂, the relations δ^ ≈q 0, δ ̇̂ ≈q 0,

δ ¨̂ ≈q 0 are expected. V being built from the sampling of δq̂, δ ̇̂q, δ ¨̂q,
relation (15) is the expected relation.
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Another way of looking at (15) is the design of the right inputs
(also called’‘optimal trajectories’ in robotics) that allow to obtain
the best estimates. This is the experiment design (Aguero &
Goodwin, 2006; Aguero & Goodwin, 2007). The works presented
in these references cannot be straightforwardly applied for robot
identification because robots are nonlinear Multi-Input-Multi-
Output (MIMO) systems whereas the works presented in these
references are focussed on linear Single-Input-Single-Output
(SISO) systems. At last, the basis functions contain nonlinear
functions. Those reasons explain why the authors suggest to run
the proposed approach.

According to (Gautier, 1991), Eq. (15) is equivalent to state that
θ has no influence on robot dynamics. To assess the influence of θ,

Eq. (6) is first rewritten as
β

θ
ε β ε= [ ][ ] + = +τ τy X V XXTD XTD

where = [ ]X X VXTD is the ( × )r b2 augmented observation matrix

and β β θ= [ ]XTD
T T T is the ( × )b2 1 augmented vector of para-

meters. Second, the QR decomposition of XXTD is considered. This
gives

=
( )( − )×

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

X Q
R

0
,

16
XTD

r b b
X

X

2 2
XTD

XTD

where Q XXTD
is a ( × )r r orthogonal matrix i.e. =Q Q IT

rX XXTD XTD
, and

RXXTD
is a ( × )b b2 2 upper triangular matrix.

Third, let rkX (resp. rkV) be the absolute value of the b first (resp.

last) diagonal elements of RXXTD
i.e. = ( )r R k k,k

X XXTD
for = …k b1, ,

(resp. = ( )r R k k,k
V XXTD

for = + …k b b1, , 2 ). According to Gautier

(1991), θ has no influence if all rkV 's are null

= = … ( )r k b0 for 1, , . 17k
V

In this case, Eq. (15) holds because XXTD is rank deficient and
collapses to X.

Fourth, if all or some rkV 's are not null, then θ may significantly
contribute to robot dynamics. To assess this contribution and to
make a final decision, a F-test associated with the following hy-
pothesis θ =H 0:0 is run. If the F-test accepts H0, then the LS es-
timates are unbiased; otherwise they are biased.

In this section, the exogeneity condition for robot identification
has been given. However, it is assumed that a valid instrumental
matrix Z exists. In the following section, it is explained how to
construct Z and how to validate/invalidate this construction.

3.3. Construction and validation/invalidation of an instrumental

matrix

In Janot et al. (2014a), it has been shown that a ( × )r b valid
instrumental matrix is

( )= = ̇ ¨ ( )Z X X q q q, , . 18nf nf nf nf

where ( ̇ ¨ )X q q q, ,nf nf nf is the ( × )r b sampled matrix of

( ̇ ¨ )IDM q q q, ,nf nf nf .

To build Z, the DDM given by Eq. (3) is simulated with the

previous IV estimates denoted as β̂
−

IV

it 1
and assuming the same

references and the same control law structure for both the actual
and the simulated robots. q̈S the vector of the simulated joint

accelerations is given by β τ β( ^ ) ¨ = − ( ̇ ^ )
− −

M q q N q q, , ,S IV

it

S S S S IV

it1 1

where ̇q q,S S are respectively the ( × )n 1 vectors of the simulated
joint positions and velocities calculated by numerical integration
of the DDM while τS is the ( × )n 1 vector of simulated torques with
τSj, the jth element of τS, is given by τ = ( )( − )τg C s q qS j r Sj j j j

.

Let ^
Z defined by

β
^
= ̇ ¨ ^

( )

−⎛

⎝
⎜

⎞

⎠
⎟Z X q q q, , , ,

19
S S S IV

it 1

where β̇ ¨ ^ −⎛

⎝
⎜

⎞

⎠
⎟X q q q, , ,S S S IV

it 1
is the ( × )r b sampled matrix of

β̇ ¨ ^ −⎛

⎝
⎜

⎞

⎠
⎟IDM q q q, , ,S S S IV

it 1
.

At iteration it , the IV estimates are given by

β̂ =
^ ^

( )

−

⎜ ⎟
⎛

⎝

⎞

⎠
Z X Z y.

20IV

it T T1

In order to ensure ^
≈ ( ̇ ¨ )Z X q q q, ,nf nf nf β∀ ^ −

IV

it 1
, the gains of the

simulated controller of the simulated robot are updated according

to β̂IV

it
. The updating procedure is completely described in Janot

et al. (2014a, 2014b). According to the results presented in Janot
et al. (2014a), this IV approach can be considered as a one-step IV
algorithm. Consequently, a one-step 2SLS algorithm is considered
for experiments.

It is now shown how to validate/invalidate the construction of
^
Z. With =Z Xnf , the following equality holds Π = Ib where Ib is the

( × )b b identity matrix. Π̂exp the expected value of Π̂ the estimate

of Π is defined by Π̂ = Ibexp . π̂ −k exp the expected value of the kth

column of Π̂ is defined as

π π^ ( ) = = ^ ( ) = ≠ ( )− −i i k i i k1 for and 0 for . 21k kexp exp

π̂k the kth column of Π̂ is calculated with π̂ = (
^ ^

)
^−Z Z Z xk

T T

k
1 where

xk is the kth column of X . v̂k the kth column of ^
V is given by

π^ =
^^ −v Z xk k k. It is assumed that Ω^ ∼ ( )^Nv 0,k vk

where Ω v̂k
is a di-

agonal matrix whose the diagonal elements are unknown to the
users. In White (1980), the author showed that the ith diagonal ele-

ment of Ω v̂k
can be estimated with Ω̂ ( ) = ^ ( )^ i i iv, kv

2

k , ^ ( )ivk being the ith

element of v̂k. The estimated covariance matrix of π̂k is then given by

Σ Ω
^ =

^ ^ ^ ^ ^ ^ ^

( )
π π^ ^

−

^

−⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟Z Z Z Z Z Z .

22

T T T

v

1 1

k k k

Then, the following Wald-statistic is calculated

η δ Σ δ= ^ ^ ^
( )δ

π π π π^ ^ ^
−

, 23
T

2
1

k k k k

where δ π π
^ = ^ − ^
π −k k expk

.

If η χ≤ ( )
δ̂

b2 2 for a level of significance α usually chosen between

0.1 and 0.01, π π^ = ^
−H : k k0 exp holds. The construction is ^

Z validated.
Otherwise, this construction is invalidated.

Relation (23) indicates if the distance between π̂k and π̂ −k exp is
compatible the variances calculated. If the Wald-test accepts

π π^ = ^
−H : k k0 exp for all k, then the relation Π Π

^ = ^
exp is verified and

that proves that the statistical assumption made on ^
V hold. In-

deed, if relation (23) holds, π̂k is a consistent estimate of π̂ −k exp and

there exists a compact neighborhood such that π π^ − ^
−k k exp is fi-

nite. Because the trajectories are bounded and according to the

results exposed in White (1980), it follows that v̂k is a consistent
estimate of vk. Since ( ) =E V 0 implies ( ) =E v 0k , one obtains

(^ ) =E v 0k for all k and this leads to (
^
) =E V 0.

3.4. Algorithm of the revised DWH-test for robot identification

The Revised DWH-test is run as follows (see Fig. 1):

1. Construct the instrumental variable matrix ^
Z and validate/in-

validate this construction with the algorithm described in
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Section 3.3.
2. If ^

Z is valid, calculate ^
= −

^
V X Z.

3. Check with the QR decomposition of = [ ^ ]X X VXTD that θ has no
influence on robot dynamics as explained in Section 3.2.

4. If the rkV 's are not null, assess the contribution of θ thanks to a F-
test associated with θ =H 0:0 . If the F-test accepts H0, then the
LS estimates are considered as unbiased; otherwise, they are
biased.

Compared with the classical regressed DWH-test, the revised
DWH-test can determine the origin of the bias by evaluating the
validity of the instruments, can detect a model misspecification
and combines the QR factorization with a F-test. Those remarks
make the proposed statistic relevant for mechatronic system
identification.

4. Experimental identification results obtained with the TX40

4.1. Model reduction and validation of the statistical hypotheses

Before presenting the experimental results obtained with the
TX40 robot, the F-test used to eliminate the dynamic parameters
having no effect on robot dynamics is first introduced. Then, the
tests which validate/invalidate the statistical assumptions are
presented.

4.1.1. F-test

Some dynamic parameters remain poorly identifiable because they
are small. They can be canceled to simplify the inverse and direct
models. The most rigorous way consists in using the F-test (Davidson
& MacKinnon, 1993) which is carried out with the weighted error
ε Ω ε¯ = −1/2 . Because εε Ω εε Ω Ω ΩΩ(¯ ¯ ) = ( ) = =− − − −E E IT T

r
1/2 1/2 1/2 1/2 , it is

assumed that Νε̄ ∼ ( )0 I, r and the samples of ε̄ are independent. From
b base parameters, bc parameters may define the set of essential
parameters that is enough to describe the robot dynamics. The F-test is
performed as follows:

1. First, one runs the 2SLS method with the b base parameters and
one computes ε‖¯‖;

2. Second, one runs the 2SLS method with the bc essential para-
meters and one computes ε‖¯ ‖c , the error norm obtained with
the reduced model;

3. Third, one calculates

( )ε ε

ε

^
=

‖¯ ‖ − ‖¯‖ ( − )

‖¯‖ ( − ) ( )
F

b bc

r b

/

/
.

24

c
2 2

2

If ^
F is less than α( − ) ( − ) ( − )F b bc r b1 , , , the F-test accepts the model

reduction; otherwise, it is rejected.
The F-test works if Νε̄ ∼ ( )0 I, r holds and if the samples of ε̄ are

independent. These assumptions must be validated with the Kol-
mogorov-Smirnov test (KS-test) and the Durbin-Watson test (DW-
test).

4.1.2. Kolmogorov-Smirnov test (KS-test)

The KS-test is a nonparametric test for equality of continuous
one dimensional probability distribution that can be used to
compare a sample with a reference probability distribution. The
KS-test quantifies a distance between the empirical distribution
function (EDF) of the sample and the cumulative distribution
function (CDF) of the reference distribution. In our case, the null
hypothesis is Νε̄ ∼ ( )H 0 I: , r0 . The EDF of ε̄ is compared with the
CDF of the reference distribution via a KS-test with a 0.05 level of
significance.

4.1.3. DW-test

Assuming Νε̄ ∼ ( )0 I, r , the DW-statistic is given by

( ) ( )∑ ∑ε ε ε ρ= ¯ ( ) − ¯ ( − ) ¯ ( ) ≈ −
( )= =

dw i i i1 2 1 .
25i

r

i

r

2

2

1

2
1

where ρ1 is the sample autocorrelation and ε̄ ( )i is the ith sample of
ε̄.

The value of dw lies between 0 and 4. =dw 2 indicates no
autocorrelation i.e. ρ = 01 and if the DW-statistic is substantially

Fig. 1. Scheme of the revised DWH-test suitable for robot identification.
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less than 2, there is evidence of positive serial correlation. Small
values of dw indicate that successive error terms are close in value
to one another (or positively correlated). Similarly, if dw is greater
than 2, successive error terms are much different in value from
one another (negatively correlated).

For robot identification, as a rough rule of thumb, if dw varies
between 1.8 and 2.2, ε̄ can be considered as serially uncorrelated.
Otherwise, a suspicion of a serial correlation is legitimate.

4.1.4. KS-test, Wald-test and F-test with MATLAB

In order to perform the KS-test, the KS-test MATLAB function is
used. The level of significance α is 5%. It is recommended to cal-
culate the p-value in order to make a good interpretation of the
result.

To perform the Wald-test, relation (23) is first calculated and
the chi2cdf MATLAB function is used. For instance, with relation
(23), the following instruction is used η= − ( )

δ̂
p chi cdf b1 2 ,2 where

p is the p-value. It is checked that α≥p to validate the set of
instruments.

For the F-test, the fcdf MATALAB function is used. ^
F given by

relation (24) is first calculated and the following instruction is

used = − (
^

− − )p fcdf F b bc r b1 , , and if α≥p , the model reduc-
tion is validated.

4.2. Brief introduction of the TX40 Robot

The TX40 robot has a serial structure with six rotational joints
and is characterized by a coupling between the joints 5 and 6. This
coupling adds two additional parameters: fvm6 the viscous friction
coefficient of motor 6 and fcm6 the dry friction coefficient of motor
6. The TX40 robot has 60 base dynamic parameters. Its complete
modeling is given in Janot et al. (2014a).

The robot is controlled by a cascade controller which consists of
a P control of the inner velocity loop and a P control of the outer
position loop. τj is given by

( )( )τ = − − ̇
( )τg k q q k q .
26j p r mes v mesj j j j j j

where kpj
is the proportional gain of the outer position loop in Nm/

rad, kvj is the proportional gain of the inner velocity loop in Nm/

(rad/s), τg j
is the drive gain and ̇qmesj

is the velocity calculated from

the differentiation of qmesj
.

The bandwidth of the first (resp. last) three position closed-
loops is 10 Hz (resp. 20 Hz). The results obtained with a PID con-
troller sticking to those given in this paper, the use of a PD con-
troller is enough and this is consistent with the results presented
in Gautier et al. (2013).

The reference trajectories ( ̇ ¨ )q q q, ,r r r are designed so that q̈r are

trapezoidal. Since ( (^ ̇̂ ¨̂ )) =cond X q q q, , 200, ( ̇ ¨ )q q q, ,r r r excite well the
base parameters (Gautier & Khalil, 1992; Pressé & Gautier, 1993).
To evaluate the three identification methods, data are stored with
a measurement frequency =f kHz5m .

To validate the estimates, cross-validations are performed. They
are carried out with 3 fifth-order polynomials passing through
points different from those defined to build the trajectories used to
run the 3 identification methods. For cross-test validations, data
are stored with a measurement frequency =f kHz1m

cv and the
relative errors are calculated with the LS or 2SLS estimates and
with these trajectories (see Janot et al., 2014a for the details).

4.3. IDIM-LS method, 2SLS method and regressed DWH-test com-

bined with an appropriate bandpass filtering

The IDIM-LS, the 2SLS methods and the regressed DWH-test

are carried out with a filtered position q̂ calculated with a 40 Hz
fourth-order Butterworth filter. For the three methods, the parallel
decimation is carried out with a 10 Hz Tchebyshef filter.

Before calculating the LS and the 2SLS estimates, the con-

struction of ^
Z is validated with the procedure described in the

subsection 3.3. The results are given in Table 1 where bj is the
number of identifiable parameters of a joint j. Because one has

η χ≤ ( )
δ̂

b2 2 with a p-value greater than 0.05, ^Z is valid and the 2SLS

estimates are thus unbiased. For the columns associated with joint
accelerations, the rkV 's are not null although very small (i.e. less
than 1e-3) whereas for the columns associated with joint positions
and/or velocities only, the rkV 's are null (smaller than 1e-20). A F-
test is therefore required to make a final decision.

The first hypothesis Νε̄ ∼ ( )0 I, r is validated with the KS-test
with a level of significance α = 0.05. The distribution of ε̄ obtained
with the IDIM-LS method and its estimated Gaussian are plotted in
Fig. 3 (similar results are obtained with the two others methods).
The KS-test accepts Νε̄ ∼ ( )0 I, r and the distribution of ε̄ matches a
Gaussian distribution with the three methods. Furthermore, dw

calculated with (25) and given in Table 2 is close to 2.0 with the
three methods. ε̄ is thus serially independent with Νε̄ ∼ ( )0 I, r .

Table 1

Results of the Wald-test (23) for each joint j.

Joint j bj χ ( )bj2 η( )
δ̂

max 2 p-Value

1 34 48.5 18.5 0.98
2 37 52.3 12.4 0.99
3 31 45.0 18.1 0.97
4 24 36.5 5.4 0.99
5 20 31.3 11.7 0.93
6 11 19.7 9.1 0.61

Table 2

IDIM-LS and 2SLS estimates, regressed DWH-test estimates – appropriate data
filtering.

σβ̂ ( ^ )β̂%LS LS
σβ̂ ( ^ )β̂%SLS SLS2 2

θ̂

ZZ1R 1.26 (1.2%) 1.25 (1.3%) NS
Fv1 8.1 (0.7%) 8.20 (0.7%) NI
Fc1 6.60 (2.3%) 6.54 (2.6%) NI
XX2R "0.48 (2.5%) "0.48 (2.9%) NS
XZ2R "0.16 (4.4%) "0.16 (4.8%) NS
ZZ2R 1.09 (1.1%) 1.09 (1.2%) NS
MX2R 2.20 (2.5%) 2.21 (2.9%) NI
Fv2 5.68 (1.1%) 5.68 (1.2%) NI
Fc2 7.76 (1.8%) 7.77 (2.1%) NI
XX3R 0.13 (9.5%) 0.13 (10.2%) NS
ZZ3R 0.12 (7.6%) 0.12 (8.8%) NS
MY3R "0.59 (2.2%) "0.59 (2.3%) NI
Ia3 0.084 (8.8%) 0.088 (9.2%) NS
Fv3 2.02 (1.7%) 2.03 (1.8%) NI
Fc3 6.10 (1.8%) 6.05 (1.9%) NI
MX4 "0.02 (26.7%) "0.02 (30.0%) NI
Ia4 0.029 (8.8%) 0.029 (9.4%) NS
Fv4 1.14 (1.5%) 1.15 (1.5%) NI
Fc4 2.34 (2.6%) 2.27 (2.6%) NI
MY5R "0.03 (13.7%) "0.03 (14.1%) NI
Ia5 0.044 (8.9%) 0.041 (11.2%) NS
Fv5 1.87 (1.8%) 1.92 (2.0%) NI
Fc5 2.93 (3.0%) 2.79 (3.5%) NI
Ia6 0.01 (9.4%) 0.01 (10.9%) NS
Fv6 0.67 (1.5%) 0.69 (1.6%) NI
Fc6 2.08 (2.5%) 2.00 (2.8%) NI
fvm6 0.63 (1.6%) 0.63 (1.8%) NI
fcm6 1.80 (3.7%) 1.81 (4.2%) NI

^rel% y
6.0% 6.0% 6.0%

dw 1.8 1.9 1.9
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The IDIM-LS and the 2SLS estimates are given in Table 2 as well the

estimates θ̂ calculated with the augmented DWH-test (NS stands for
“Not Significant”). The F-test accepts to cancel the base parameters such
that σ̂ β̂ ( )% iLS

(resp. σ̂ β̂ ( )% iSLS2
) is greater than 30%. Actually, one obtains

ε‖¯‖ = 48.5 with the whole model and ε‖¯ ‖ = 49c with the reduced

model. With =b 60, =b 28c and =r 2160, one has ^
≈F 1.4 with a p-

value greater than 0.05. From 60 base parameters, only 28 define a set of
essential dynamic parameters. Since the F-test accepts θ =H 0:0 , rela-

tion (15) holds, XXTD collapses to X and (^ ̇̂ ¨̂ ) ≈ ( ̇ ¨ )X q q q X q q q, , , ,nf nf nf .

However, the 2SLS estimates are slightly less efficient than the IDIM-LS
estimates because one has σ σ^ ≥ ^

β β
^ ^% %

SLS LS2 2
for each estimate. This result

is consistent with the theory of statistics (Wooldridge, 2009).
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Fig. 2. Cross-validations, joints 1, 2, 3, 4, 5 and 6 with 2SLS estimates and with the first trajectory. Blue: measurement; red: estimation; black: error. Appropriate data
filtering. The constructed torques stick to the measured ones. Similar results are obtained with the IDIM-LS method. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
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Direct comparisons have been performed with the following

relative errors: β= ‖ − ^ ‖ ‖ ‖^rel y X y% /LSy for the IDIM-LS method,

β= ‖ − ^ ‖ ‖ ‖^rel y Z y% /SLSy 2 for revised DWH-test and for

β= ‖ − ^ ‖ ‖ ‖^rel y X y% /XTD XTDy the regressed DWH-test. With relative
errors close to 6% (see Table 2), the matching is therefore good.
Cross-test validations have been performed. In Fig. 2, the torque
reconstructed with the IDIM-LS estimates and with the second
trajectory matches the measured one while the norm of the re-
lative error calculated with each validation trajectory and with the
IDIM-LS and the 2SLS estimates given in Table 3 stick to those
calculated with the direct comparisons. The estimates can be
considered as unbiased (Fig. 3).

4.4. IDIM-LS method, 2SLS method and the regressed DWH-test

combined with an inappropriate data filtering

In this section, the robustness of the methods against an in-
appropriate data filtering is studied. The IDIM-LS and 2SLS

methods are carried out with the position q̂ filtered with a 200 Hz

fourth-order Butterworth filter and with velocities ̇̂q and accel-

erations ¨̂q, calculated with a central difference algorithm of q̂. The
parallel decimation is carried out with a lowpass Tchebyshef filter
with a cutoff frequency of 100 Hz.

Because one has η χ≤ ( )
δ̂

b2 2 with a p-value greater than 0.05, ^Z

is valid and the 2SLS estimates are thus unbiased. In that case, the
rkV 's associated with joint accelerations are of the same magnitude

as those of the rkX 's. With the IDIM-LS method, the 2SLS method
and the regressed DWH-test, the KS-test accepts the hypothesis

Νε̄ ∼ ( )0 I, r with a level of significance α = 0.05while dw is close to
2.0 (see Table 4). Finally, it comes out that ε̄ is serially independent
with Νε̄ ∼ ( )0 I, r .

The estimates of the IDIM-LS, the 2SLS methods and the re-
gressed DWH-test are given in Table 4 (only the significant para-
meters are given). At first glance, the IDIM-LS estimates seem
acceptable because they are not aberrant, the relative error ^rel% y is
not critical and the histogram of IDIM-LS error plotted in Fig. 4
matches a Gaussian distribution. Unfortunately, they are biased

since they do not stick to the 2SLS estimates while the observed
differences are not spanned by the LS variances and θ contributes
to the dynamics, the F-test rejecting θ =H 0:0 . The 2SLS estimates
obtained with an inappropriate data filtering are less efficient than
those obtained with an appropriate data filtering, their relative
deviations being four/five times greater. This result highlights the
behavior of IV estimators: they are able to provide unbiased esti-
mates with very large deviations. This result is consistent with the
theory of statistics (Wooldridge, 2009).

All the components of θ̂ corresponding to inertia parameters
(ZZ1R, XX2R, XZ2R, ZZ2R, XX3R, ZZ3R, Ia3, Ia4, Ia5, Ia6) and to some
gravity parameters (MY3R, MX4, MY5R) are identifiable and have a
significant contribution because the F-test rejects θ =H 0:0 . This is
due to the fact that their associated columns contain noisy joint
accelerations. The augmented DWH-test supports the results of

Table 3

Relative errors obtained with cross-validation, the IDIM–LS and the 2SLS estimates.

fm
cv (kHz) ^rel% y (LS) ^rel% y (2SLS)

Trajectory 1 1 6.5 6.5
Trajectory 2 1 6.5 6.5
Trajectory 3 1 7.0 7.0
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Fig. 3. Histogram of IDIM-LS error and its estimated Gaussian – appropriate data
filtering. The distribution matches a Gaussian distribution. A similar result is ob-
tained with the 2SLS method.

Table 4

IDIM-LS and 2SLS estimates, regressed DWH-test results – inappropriate data
filtering.

σβ̂ ( ^ )β̂%LS LS
σβ̂ ( ^ )β̂%SLS SLS2 2

σθ̂( ^ )θ̂%

ZZ1R 1.11 (0.8%) 1.24 (4.1%) "1.22 (3%)
Fv1 8.23 (0.5%) 8.25 (2.4%) NS
Fc1 6.42 (1.7%) 6.38 (9.1%) NS
XX2R "0.38 (1.9%) "0.48 (10.6%) 0.46 (9%)
XZ2R "0.16 (3.0%) "0.16 (15.9%) 0.14 (16%)
ZZ2R 0.88 (0.8%) 1.08 (3.8%) "1.0 (3%)
MX2R 2.42 (1.7%) 2.22 (9.9%) NS
Fv2 5.63 (0.8%) 5.75 (4.4%) NS
Fc2 7.88 (1.3%) 7.55 (6.4%) NS
XX3R 0.19 (5.7%) 0.13 (29.3%) "0.11 (20%)
ZZ3R 0.07 (6.2%) 0.11 (28.8%) "0.12 (10%)
MY3R "0.71 (1.0%) "0.60 (6.6%) 0.5 (6%)
Ia3 0.15 (2.6%) 0.09 (24.5%) "0.07 (20%)
Fv3 2.03 (1.0%) 2.01 (4.5%) NS
Fc3 5.96 (1.1%) 5.83 (5.1%) NS
MX4 "0.01 (20.1%) "0.02 (27.5%) 0.01 (50%)
Ia4 0.022 (3.9%) 0.028 (25.5%) NS
Fv4 1.14 (0.6%) 1.17 (3.2%) NS
Fc4 2.35 (1.0%) 2.23 (6.3%) NS
MY5R "0.02 (5.7%) "0.03 (28.3%) 0.03 (9%)
Ia5 0.02 (3.2%) 0.04 (25.2%) "0.03 (12%)
Fv5 1.84 (0.7%) 1.94 (4.0%) NS
Fc5 3.01 (1.1%) 2.72 (7.3%) NS
Ia6 0.007 (3.3%) 0.01 (24.5%) "0.008 (10%)
Fv6 0.67 (0.6%) 0.69 (3.8%) NS
Fc6 2.11 (1.0%) 1.97 (6.2%) NS
fvm6 0.63 (0.6%) 0.64 (3.8%) NS
fcm6 1.80 (1.4%) 1.74 (8.1%) NS

^rel% y
17.0% 12.5% 11.0%

dw 1.7 1.8 1.8
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Fig. 4. Histogram of IDIM-LS error with its estimated Gaussian – inappropriate data
filtering. The error distribution matches a Gaussian distribution.
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the Revised DWH-test (the estimates of the regressed DWH-test

are not given because they stick to β̂ SLS2 ).
Cross-test validations have been performed and the results

obtained with the second trajectory and the IDIM-LS estimates are
plotted in Fig. 5. Despite the fact that the errors are not negligible,
the reconstruction of torques is quite acceptable and the IDIM-LS

estimates are acceptable for a non-expert in system identification.
This result shows that the cross-validations may be not enough to
make a final decision. In Table 5, the norms of relative errors
calculated with the set of trajectories and with the IDIM-LS (resp.
the 2SLS) estimates are given. With the 2SLS estimates, these re-
lative errors match those calculated with the direct comparisons

0 200 400 600 800 1000 1200 1400
-80

-60

-40

-20

0

20

40

60

80
Cross-validation, joint 1

N
m

Samples

measurement

estimation

error

0 200 400 600 800 1000 1200 1400
-100

-80

-60

-40

-20

0

20

40

60

80
Cross-validation, joint 2

N
m

Samples

measurement

estimation

error

0 200 400 600 800 1000 1200 1400
-50

-40

-30

-20

-10

0

10

20

30
Cross-validation, joint 3

N
m

Samples

measurement

estimation

error

0 200 400 600 800 1000 1200 1400
-15

-10

-5

0

5

10

15
Cross-validation, joint 4

N
m

Samples

measurement

estimation

error

0 200 400 600 800 1000 1200
-20

-15

-10

-5

0

5

10

15
Cross-validation, joint 5

N
m

Samples

measurement

estimation

error

0 200 400 600 800 1000 1200 1400
-10

-8

-6

-4

-2

0

2

4

6

8

10

Cross-validation, joint 6

N
m

Samples

measurement

estimation

error

Fig. 5. Cross-validations, joints 1, 2, 3, 4, 5 and 6 with IDIM-LS estimates and with the second trajectory. Blue: measurement; red: estimation; black: error. Inappropriate data
filtering. The matching is quite good despite the fact that the IDIM-LS estimates are biased. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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whereas there are some differences with the IDIM-LS estimates
although these differences are not as critical as expected. Without
running the Revised DWH-test, there are no undisputable evi-
dences to conclude that the IDIM-LS estimates are biased.

4.5. Robustness against a misspecified model

The robustness of the Revised DWH-test against a misspecified
model is now studied. Because the gear ratios are greater than 25,
it is legitimate to assume that the parameters of gravity and the
off-diagonal elements of inertia matrices do not contribute sig-
nificantly to the dynamics. These parameters and their associated
columns are removed from the IDM. The data are filtered as ex-
plained in Section 4.3.

For the inertia parameters of joints 1, 2, 3 and 4, the Wald-test

rejects the hypothesis that ^
Z is valid because the minimum of η

δ̂

2

given in Table 6 is greater than χ ( )bj
2 while the p-value is almost

null. Interestingly, the set of instruments of joint 5 and 6 is valid.
This is mainly due to the fact that the gravity parameters and the
off-diagonal elements of inertia matrices are practically null. Be-

cause ^
Z is not valid, the 2SLS estimates are biased.

The IDIM-LS and 2SLS estimates given in Table 7 differ from those
given in Table 2. They are therefore biased. The KS-test rejects the
hypothesis Νε̄ ∼ ( )0 I, r for both methods. The IDIM-LS error and its
estimated Gaussian are plotted in Fig. 6 and the distribution does not
match a Gaussian distribution (a similar result is obtained with the
2SLS method). This experiment shows that the Revised DWH-test is
able to detect a model misspecification.

5. Conclusion

In this paper, a Revised DWH-test suitable for identification of
robots was introduced and experimentally validated on a 6 de-
grees-of-freedom industrial robot. The main contributions of the
work presented in this paper are the following:

# The Revised DWH-test can validate/invalidate the instruments
chosen by the user and is based on general statistical
assumptions,

# The Revised is able to detect model misspecifications,
# The algorithm makes use of the QR factorization of an aug-

mented matrix and is combined with a F-test if required,
# The Revised DWH-test is able to validate/invalidate IDIM-LS

estimates.

The results provided by the revised statistic were cross-vali-
dated and compared with those provided by the augmented
DWH-test widely used in Econometrics. Since all the results are
close to each others, this shows that the results provided by the
Revised DWH-test are reliable.

Future works will address the application of the Revised DWH-
test on flexible robots and electrical motors. The calculation of the
optimal prefilters for robot identification and the application of
the experiment design are worth of investigation and will be
addressed.
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ABSTRACT

This paper addresses the important topic of electro-mechanical systems identi!cation with an appli-
cation in robotics. The standard inverse dynamic identi!cation model with least squares (IDIM-LS)
method of identifying models for robotic systems is based on the use of a continuous-time inverse
dynamicmodel whose parameters are identi!ed from experimental data by linear LS estimation. The
paper describes a new alternative but related approach that exploits the state-dependent parame-
ter (SDP) method of nonlinear model estimation and compares its performance with that of IDIM-LS.
The SDP method is a two-stage identi!cation procedure able to identify the presence and graphical
shape of nonlinearities in dynamic systemmodels with a minimum of a priori assumptions. The per-
formanceof theSDPmethod is evaluatedon twoelectro-mechanical systems: theelectro-mechanical
positioning systemand the second link of the TX40 robot. The experimental results demonstrate how
SDP identi!cation helps to avoid over-reliance on prior conceptions about the nature of the nonlin-
ear characteristics and correct any de!ciencies in this regard. Finally, a simulation study shows how
the resulting SDP model is able to facilitate nonlinear control system design using linear-like design
procedures.

1. Introduction

1.1. Robot identi"cation

A standard method of identifying models for robotic sys-
tems is based on the use of a continuous-time inverse
dynamic model (IDM) and the application of least
squares (LS) estimation based on experimental data mea-
sured while the robot is being used to track trajecto-
ries that excite its full range of dynamic behaviour. For
this reason, the inverse dynamic identi!cation model with

least squares (IDIM-LS) method, as it is called, is applied
with the system operating within a closed-loop. It has
been applied successfully for the identi!cation of the
inertial parameters of several prototypes and industrial
robots, (Calanca, Capisani, Ferrara, & Magnani, 2011;
Gautier, Janot, & Vandanjon, 2013; Hollerbach, Khalil, &
Gautier, 2008; Janot, Vandanjon, &Gautier, 2014a, 2014b;
Olsen, Swevers, & Verdonck, 2002; Swevers, Verdonck, &
De Schutter, 2007), amongst others. Good results can be
obtained using this approach provided appropriate band-
pass !ltering of the joint positions is used to calculate low
noise estimates of the joint velocities and accelerations.

Other identi!cation methods have been tried: the
total least squares (Xi, 1995); the extended Kalman !lter
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(Gautier & Poignet, 2001; Kostic, de Jager, Steinbuch,
& Hensen, 2004); an algorithm based on linear matrix

inequality tools (Indri, Cala!ore, Legnani, Jatta, & Visi-
oli, 2002); a maximum likelihood approach (Olsen et al.,
2002); the closed-loop output-error method (Gautier
et al., 2013; Östring, Gunnarsson, &Norrlöf, 2003);
the set membership uncertainty method (Ramdani &
Poignet, 2005); a method which estimates the nonlinear
e$ects in the frequency domain (Wernholt & Gunnars-
son, 2008) and an instrumental variable approach that
combines the direct and IDM (Janot et al., 2014a, 2014b).

Another promising approach that allows for the identi-
!cation and estimation of nonlinearities in dynamic sys-
tems is the state-dependent parameter (SDP) method of
nonlinear model estimation considered in the present
paper. This SDP methodology is also a tool that has
proven useful in a number of practical applications in var-
ious di$erent areas of study (see e.g. Young, 2011 and the
prior references therein).

1.2. The SDPmethod

The SDP method is a statistical identi!cation proce-
dure able to identify the presence and graphical shape of
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2 A. JANOT ET AL.

nonlinearities in dynamic systemmodels based on exper-
imental sampled data, with a minimum of assumptions
about the nature of the nonlinearities. SDP estimation is
carried out in two distinct stages (see e.g. Young, 2005):
the !rst, a non-parametric identi!cation stage, where the
detailed model structure is identi!ed; and the second, a
parametric estimation stage, where the (normally con-
stant) parameters that characterise a selected parameteri-
sation of this structure are optimised in some appropriate
manner.

In the !rst, non-parametric stage of SDP modelling,
the recursive SDP estimation algorithm is an extension of
the stochastic approach to time variable parameter (TVP)
estimation (e.g. Young, 1999 and the prior references
therein). As in this TVP case, SDP estimation exploits
the power of recursive !xed interval smoothing estima-
tion to obtain lag-free, smoothed estimates of the param-
eter variations. However, it di$ers from TVP estimation
in two important respects (for the detailed description,
see Young, 2000, 2001; Young,McKenna, & Bruun, 2001).
First, in order to allow for the rapid variation that state
dependency can induce in the parameters, the data are
sorted into some other, normally non-temporal order
(e.g. ascending order of magnitude), so that the rate of
change of the parameter variations between samples in
this sorted data space is much smaller than in the orig-
inal observation space. Second, an iterative ‘back-!tting’
algorithm is used to allow for the possibility of di$erent
state dependency in each parameter.

As we see in the later experimental examples, this non-
parametric stage results in a plot of each SDP against its
associated state variable, so providing a graphical por-
trayal of the nonlinearity and its location within the
model. In other words, non-parametric SDP estimation
identi!es the structure of the nonlinear model, prepara-
tory to the second, parametric estimation stage. Here,
the nonlinearities are parameterised in some parametri-
cally e%cient manner involving parameters that are nor-
mally constant and estimated using a suitable optimisa-
tion approach (see e.g. Beven, Leedal, Smith, & Young,
2012). It is this two-stage approach that most distin-
guishes the SDP method from other related approaches
to nonlinear systemmodelling, such as linear and nonlin-
ear parameters varying (LPV/NLPV) methods (e.g. Pre-
vidi & Lovera, 2003). The two stages are useful in prac-
tice because they help to ensure that the model is par-
simonious, with nonlinearities identi!ed and estimated
only where they occur within the nonlinear SDP model
structure.

SDP modelling was developed in this two-stage man-
ner so that it could act as amajor tool in data-basedmech-
anistic (DBM) modelling (see, e.g. Young, 1998a, b and
the prior references therein), where the non-parametric

stage often allows for the interpretation of the nonlinear
model elements in some physically meaningful manner.
Such an interpretation is less straightforward in the case
of ‘black-box’ nonlinear models, such as LPV and NLPV,
that exploit linear combinations of basis functions or neu-
ral net algorithms (see e.g. Previdi&Lovera, 2004, and the
comment on this in Young, 2005). Moreover, it is impor-
tant to note that the non-parametricmodel can be used in
its own right, depending on the nature of the application
and, therefore, it is not always parameterised; whereas,
parameterisation is the norm in LPV identi!cation.

1.3. Contributions of the paper

Surprisingly, the SDP method has not received much
attention in the !eld of mechanical engineering (e.g.
robotics), although its potential for use in this context was
reported some years ago (Young, 1996, 1998). This may
be due to the fact that the dynamic models of electro-
mechanical systems are most often formulated directly
from the Newton’s laws or Lagrange’s equations. The
models are, thus, available directly in a physically mean-
ingful form and black-box identi!cation and estimation
is not considered necessary, although this does mean
that the modeller is assuming that the physical inter-
pretation is completely correct. In order to evaluate the
performance of the SDP method, it is applied on two
electro-mechanical systems: the electro-mechanical posi-

tioning system (EMPS) and the second link of the TX40
robot; and its performance is compared with that of the
IDIM-LS method.

The contribution of the paper is four-fold. First,
a SDP-based identi!cation method that combines the
continuous-time IDM and the SDPmethod is introduced
and experimentally validated on both the EMPS and the
second link of the TX40 robot. Second, it is shown how
this SDP-based method is able to improve on the perfor-
mance of the standard IDIM-LS method. Third, a new,
iterative SDP-based algorithm is proposed that is able to
provide a graphical portrayal of a multi-SDP nonlinear-
ity on the second link of the TX40 robot. It is shown that
this iterative SDP-based algorithm yields accurate graphi-
cal results, provided the e$ects encompassed in themulti-
SDP disturbance are su%ciently separable. Finally, a sim-
ulation example illustrates how the EMPS model with a
SDP identi!ed nonlinearity can be used in the design of
a closed-loop servomechanism control system.

The rest of the paper is organised as follows. Section 2
reviews the usual LS-based identi!cation method, IDIM-
LS, and presents the results obtained by applying this
and the new SDP method to data obtained from exper-
iments on the EMPS prototype. Section 3 presents the
iterative SDP-based algorithm that is able to extract the
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INTERNATIONAL JOURNAL OF CONTROL 3

nonlinearities encompassed in a multi-SDP model and
demonstrates its practical utility by application to the sec-
ond link of the TX40 robot. This is followed by Section 4
that deals with SDP control system design. Concluding
remarks are given in Section 5.

2. First case study: the EMPS

2.1. Experimental set-up

The EMPS is a high-precision EMPS (see Figure 1). It is
a standard con!guration of a drive system for the pris-
matic joints of robots or machine tools. It is connected to
a dSPACE digital control system for easy control and data
acquisition usingMatlab and Simulink software. Its main
components are

r A Maxon DC motor equipped with an incremen-
tal encoder. As we will see later, the DC motor is
position-controlled.

r A star high-precision low-friction ball screw drive
positioning unit and a load in translation.

r An encoder at the extremity of the ball screw. This
encoder is not used in this study.

r An accelerometer on the load which measures its
acceleration. The accelerometer is not used in this
study.

All variables and parameters are given in SI units on
the load side.

2.2. Standard physically basedmodelling of the

EMPS

... Direct dynamicmodel

The direct dynamic model (DDM) of a robot expresses
the acceleration vector as a function of the motor torque,
joint position and velocity vector (Khalil & Dombre,
2002). From Newton’s laws, we have

Mq̈ = τIDM − τfric − o$set, (1)

where q, q̇, q̈ are the joint position, velocity and accel-
eration in m, m/s−1 and m/s−2, respectively; τIDM is the
motor force in N; τfric is the friction force in N; M is the
mass in kg; o$set is the o$set ofmeasurements. In the case
of a ‘linear’ friction model, τfric is given by

τfric = F
v
q̇ + Fcsign

(
q̇
)
, (2)

where Fv and Fc are the viscous and Coulomb friction
parameters in N/m/s−1 and N, respectively.

Although the friction model is usually nonlinear
(especially at low velocities), this simple friction model is
always valid over a range of velocities (Khalil & Dombre,
2002) and the physical parametersM, Fv , Fc and o$set are
referred to as the ‘dynamic parameters.’

... Inverse dynamicmodel

The IDM of a robot expresses τIDM as a function of q, q̇
and q̈ (Khalil & Dombre, 2002). In the case of a linear
friction model, the IDM of the EMPS is given by

τIDM = Mq̈ + Fv q̇ + Fcsign
(
q̇
)
+ o$set. (3)

The important di$erence between this version of the
model and the DDM in Equation (1) is that Equation (3)
is linear in relation to the dynamic parameters, i.e.

τIDM = IDM
(
q, q̇, q̈

)
θ, (4)

where IDM(q, q̇, q̈) = [ q̈ q̇ sign(q̇) 1 ] the (1 × 4)
matrix of basis functions of the IDM and θ =

[M F
v
Fc o$set ]

T is the (4 × 1) vector of the four
dynamic parameters. This linearity in the unknown
parameters makes the IDM relatively easy to estimate
using standard statistical methods. This is in contrast
to the DDM, which is normally nonlinear with respect
to the dynamic parameters and so less straightforward
to identify statistically from the experimental data. As a
result, it is rarely used for robot identi!cation (Gautier
et al., 2013; Swevers et al., 2007).

2.3. Data acquisition and control of the EMPS

The data available for identi!cation of the EMPS are the
measurements q denoted qmeas and the control signal
denoted as ν. The control signal ν results from the control
law and is linked to τIDM by the following relationship:

τIDM = gτν, (5)

where gτ is the ‘drive gain’ of the EMPS. Although gτ is
normally provided by the manufacturers, it can be iden-
ti!ed using special tests (Gautier & Briot, 2014). In the
case of the EMPS, this yields gτ = 35.15N/V.

As the EMPS is a system involving a pure integra-
tor, it cannot be identi!ed in open-loop and, therefore,
it is !rst position-controlled by a proportional-derivative
(PD) controller. InGautier et al. (2013), it has been shown
that a PD control is su%cient to identify the dynamic
parameters of robots because excellent tracking is not
needed for this purpose. The PD control signal ν is given
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4 A. JANOT ET AL.

Figure . EMPS prototype and its instrumentation.

by

ν = KpKv

(
qr − q

)
− Kv q̇, (6)

where Kp is the proportional gain and Kv is the deriva-
tive gain. The calculation of the control gains Kp and Kv

is based on the closed-loop block-diagram for the EMPS,
as shown in Figure 2, where p denotes the di$erentiation
operator, while wq denotes the noise on the position.

It is assumed that wq is serially independent and
homoscedastic, with a bounded variance. These assump-
tions are usually valid in practice. The EMPS can be
modelled as

q = (τ − d)
/
Mp2, (7)

where d = F
v
q̇ + Fcsign(q̇) + o$set is the linear fric-

tion model plus the o$set e$ect, considered as a state-
dependent input disturbance. Expression (7) is typical in
robotics (and in mechanical engineering in general, see
e.g. Noel, Schoukens, & Kerschen, 2015). This explains
why such systems are considered as double-integrator
systems with a state-dependent perturbation. Naturally,
such systems cannot be identi!ed in open-loop because
they are unstable.

The closed-loop relations are given by

q = Hq

(
p
)
qr − Hd

(
p
)
d, (8)

with Hq(p) =
gτKvKp

Mp2+gτKv p+gτKvKp
and Hd(p) =

1
Mp2+gτKv p+gτKvKp

.

The gains Kp and Kv are calculated by comparing
Hq(p)with the following second-order transfer function:

Hq(p) = 1/( p

ωn
)2 + 2η

ωn
p+ 1, where ωn is the natural fre-

quency of the closed-loop and η is the damping coef-

!cient. This yields Kp =
Mω2

n

2ηωnM
and K

v
=

2ηωnM

gτ
. With

ωn = 2π · 20 rad/s, η = 1selected to avoid overshoot and
M= 95 kg from computer-aided design (CAD) values, this
produces the gain settingsKp = 62.83 1/s andKv = 679.26
V/m/s−1.

Note that the above simple control design procedure
includes approximations; therefore, the design speci!ca-
tions are not met completely in practice. However, this
is not important when the resulting experimental data
are being used only for identi!cation purposes. More
sophisticated nonlinear control system design methods
can be exploited after an adequate nonlinear model of
the system has been identi!ed. This is discussed later in
Section 4.

2.4. Standard LS-based identi"cation of the EMPS

As pointed out previously, the traditional identi!cation
method developed for robotic systems has been based on
the use of the IDM combined with simple linear LS esti-
mation. However, in this example, we are considering a
closed-loop situation, and this requires a special approach
to identi!cation (see e.g. Van den Hof, 1998).

First, a pragmatic approach, based on an e%cient
‘tailor-made’ data !ltering, can be used (see e.g. Gautier
et al., 2013). In Equation (3), q is estimated with its esti-
mate q̂ obtained by !ltering qmeas through a zero-phase

low-pass !lter; while ( ˆ̇q, ˆ̈q) are calculated from qusing
either a central di$erentiation algorithm (see e.g. Gau-
tier et al., 2013), or preferably, as in the present paper,
by an optimal !ltering algorithm based on recursive !xed
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Figure . Closed-loop block-diagram for the EMPS prototype.

interval smoothing (Young, Foster, & Lees, 1993). Hence,
the actual motor forceτ di$ers from τIDM by an error
eIDM because of model mismatch, noisy measurements
and data !ltering. The resulting estimation model is then

τ = IDM
(
q̂, ˆ̇q, ˆ̈q

)
θ + e (9)

so that, fromNS available samples of the measured signals
observed at discrete-time instants while tracking the tra-
jectories (qr, q̇r, q̈r), the following over-determined sys-
tem of regression equations is obtained:

yIDM = XIDMθ + εIDM, (10)

where yIDM is the (NS × 1) sampled vector of τ ; XIDM is

the (NS × 4)matrix ofIDM(q̂, ˆ̇q, ˆ̈q); εIDM is the (NS × 1)
vector of eIDM error terms and NS is the number of sam-
ples where the sampling is regular, with a constant sam-
pling interval Ts.

The motor force τ is perturbed by high-frequency dis-
turbances and, since there is no information on high-

frequencies variations because the data (q̂, ˆ̇q, ˆ̈q) are low-
pass !ltered, a parallel decimation procedure is used to
eliminate torque ripples and any samples at high frequen-
cies that contain no information. By applying the tailor-
made data pre-!ltering, the !ltered regression model is
assumed to be free of any signi!cant circulatory noise that
could lead to biased estimates, so that simple LS can be
used to deliver the following estimates:

θ̂LS =
(
XT
IDMXIDM

)−1
XT
IDMyIDM. (11)

The identi!ability of the LS solution (11) is ensured if
XIDM is a column-full-rank matrix, i.e. rank(XIDM) = 4
and this requires that the trajectories (qr, q̇r, q̈r) are suf-
!ciently exciting.

Provided the LS identi!cation residuals are zero mean
and white (serially uncorrelated), and it is assumed that
XIDM is deterministic, then the covariance matrix of the
LS estimates can be calculated as follows using stan-
dard linear regression theory (see e.g. Janot et al., 2014a;

Young, 2011):

6LS = σ̂ 2
εIDM

(
XT
IDMXIDM

)−1
, (12)

where σ̂ 2
εIDM

= ‖yIDM − XIDMθ̂LS‖/(NS − 4).
σ̂ 2

θ̂LS(i)
= 6LS(i, i) is the ith diagonal coe%cient of

6LS. The relative standard deviation %σ
θ̂LS(i)

is given by

%σ̂
θ̂LS(i)

= 100σ̂
θ̂LS(i)

/|θ̂LS(i)| for |θ̂LS(i)| 6= 0.

Note that the statistical assumptions required for these
results to apply are met in the present practical context
thanks to the accurate experimental data and appropriate
data !ltering (see Brunot et al., 2015; Janot et al., 2014a).
However, if this !ltering is not adequate and the noise
level is too high, then the LS estimation would need to
be replaced, for instance, by the instrumental variable
approach presented in Janot et al. (2014a).

2.5. SDP-based identi"cationmethod of the EMPS

As stated in Section 2.2, the linear friction model (2) is
only valid within a given velocity range. At low velocities,
the friction normally exhibits clear nonlinear e$ects (e.g.
Stiction and Stribeck). It is convenient, therefore, to intro-
duce a SDP that is able to cope with such nonlinearities.
Also, in order to validate/invalidate the assumption that
the other dynamic parameters are time-invariant, other
SDP may be identi!ed during SDP estimation.

In the case of the EMPS, the mass Mmay be
acceleration-dependent. The IDM is, thus, rewritten as

τIDM = M
(
q̈
)
q̈ + dfric

(
q̇
)
, (13)

with dfric(q̇) = τfric and M(q̈) allowing for the possibil-
ity of any signi!cant acceleration dependency. Note that
dfric(q̇) is simply the friction force that depends only on
the velocity and so it can be considered, therefore, as a
SDP (dfric(q̇) is used instead of d(q̇) in order to avoid
ambiguity with the linear friction model).
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6 A. JANOT ET AL.

The IDM (13) is now written as a linear-in-the-SDP
form given by

τIDM = IDMSDP

(
q, q̇, q̈

)
θSDP, (14)

with IDMSDP(q, q̇, q̈) = [ q̈ 1 ] and θSDP =

[M(q̈) dfric(q̇) ]
T .

As with the IDIM-LS method, the actual force τ dif-
fers from τIDM by an error eSDP and, therefore, in a similar
fashion, the following over-determined system of equa-
tions is obtained:

ySDP = XSDP

(
q̂, ˆ̇q, ˆ̈q

)
θSDP + εSDP, (15)

where XSDP is the (NS × 2) sampled matrix of

IDMSDP(q̂,
ˆ̇q, ˆ̈q); εSDP is the (NS × 1) sampled vec-

tor of eSDP and q̂, ˆ̇q, ˆ̈q are constructed as explained in
Section 2.4.

The acceleration-dependent mass M(q̈(t )) and the
friction nonlinearity dfric(q̇(t )) are simultaneously esti-
mated by the SDP routine in the CAPTAIN Toolbox. The

SDP routine provides M̂( ˆ̈q), the estimate of M( ˆ̈q), the
(NS × 1) sampled vector of the acceleration-dependent

mass M( ˆ̈q) and d̂fric(
ˆ̇q), the estimate of dfric(

ˆ̇q), the
(NS × 1) sampled vector of the velocity-dependent fric-
tion dfric. As a result, the SDPmodel residual, ε̂SDP, is cal-
culated as

ε̂SDP = yIDM − diagXSDP2̂SDP, (16)

where diagXSDP = [ diag( ˆ̈q) INS
] is the (NS × 2 · NS)

matrix of XSDP(q̂,
ˆ̇q, ˆ̈q) all of whose sampled basis func-

tions are diagonalised and horizontally stacked; diag( ˆ̈q)

is the (NS × NS) diagonal matrix whose the ith ele-

ment is the ith element of ˆ̈q the (NS × 1) sampled

vector of ˆ̈q; INS
is the (NS × NS) identity matrix and

2̂SDP = [ M̂( ˆ̈q)T d̂fric(
ˆ̇q)T ]T is the estimate of 2SDP =

[M( ˆ̈q)T dfric(
ˆ̇q)T ]T the (2 · NS × 1) sampled vector of

θSDP. Finally, the relative error is given by ‖ε̂SDP‖/‖yIDM‖.

2.6. Experimental results

The dynamic parametersM,Fv ,Fc and o$set are !rst iden-
ti!ed with the standard identi!cation IDIM-LS approach
described in Section 2.4.

As pointed out in Section 2.4, since it is possible to gen-
erate very accurate experimental data and utilise appro-
priate data !ltering, the LS estimates can be considered as
unbiased, even though the EMPS is identi!ed in closed-
loop. This point is dealt with in Janot et al. (2014a) and
Brunot et al. (2015). The LS estimates and the relative
errors are given in Table 1.

Table . IDIM-LS estimates of the EMPS with the standard linear
friction model.

Parameters IDIM-LS estimates (%σ
θ̂
LS(i)

)

M (kg) . (.%)

F
v
(N/m/s−) . (.%)

F
c
(N) . (.%)

O+set (N) −. (.%)
Relative error .%

Figure . Direct comparison between mass estimated with the
IDIM-LSmethod (blue dots) and the acceleration-dependentmass
estimated with the SDP algorithm (red crosses): it is clear that the
mass is acceleration-independent.

The acceleration-dependent mass estimated by the
SDP method is illustrated in Figure 3. We see that the
SDP estimation suggests a constant value very similar to
the IDIM-LS estimate (there is only a di$erence of 60
g which is negligible compared with 95 kg). Also note
that the optimised noise variance ratio (NVR) associated

with the M̂( ˆ̈q) term in the SDP regression, which de!nes
the amount of state dependency (see Young, 2011), is
1.0e−23, i.e. virtually zero; while the NVR associated

with d̂fric(
ˆ̇q) is 2.9. This large di$erence between the two

NVRs is consistent with our a priori knowledge and sug-
gests that themass is not acceleration-dependent. As sim-
ilar results are obtained with a position- and velocity-
dependent mass, i.e. M(q) and M(q̇), respectively, it can
be assumed that the mass is state-invariant. Given the
large value of 2.9 for the NVR associated with the friction
SDP estimate, the SDP method is able to reconstruct the
shape of the frictional nonlinearity, as shown in Figure 4.
Finally, the relative error obtained with the SDP-based
identi!cation method is only 1.5%.

At !rst glance, the results obtained with the standard
IDIM-LS identi!cation method and the linear friction
model seem quite acceptable. Indeed, the relative error is
small (less than 5%) and the estimated mass is close to its
CADvalue, i.e. 95 kg.However, the relative error obtained
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Figure. Theupperpanel showsadirect comparisonbetween the
friction nonlinearity reconstructedwith the LS estimates of the lin-
ear friction model (blue dots) and the nonlinearity estimated by
the SDP algorithm (red crosses). The enlarged portion shown in
the lower panel reveals a small but persistent error that suggests
an asymmetrical friction model.

using SDP estimation is only 1.5% and we need to exam-
ine the reason for this discrepancy between the results.
This is due to the estimates of the friction parameters, as
revealed in Figure 4. Here, we see that there is a small but
sustained di$erence between the red and blue lines in the
lower part of the curves (negative velocities), which sug-
gests that there could be a small bias in the latter (see the
enlarged panel in the lower right corner of Figure 4). In
other words, there is a small error in the friction model
identi!ed by the standard method, and the SDP friction
estimate eliminates this by suggesting an asymmetrical

friction model; i.e. a model that depends on the sign of
q̇ where, for negative velocities, the red and blue lines are
not perfectly parallel. This asymmetry can be explained
by the fatigue of the screw.

Table . Parametric IDIM-SDP estimates for an asymmetrical fric-
tion model.

Parameters LS estimates (%σ
θ̂
LS(i)

)

M (kg) . (.%)

F
+
v

(N/m/s−) . (.%)
F

+
c

(N) . (.%)

F
−
v

(N/m/s−) . (.%)
F

−
c

(N) . (.%)
Relative error .%

In order to take this asymmetry into account, the fric-
tion model is modi!ed to

τfric = F+
v
0+

(
q̇
)
+ F+

c sign
(
0+

(
q̇
))

+ F−
v
0−

(
q̇
)
+ F−

c sign
(
0−

(
q̇
))

, (17)

where 0+ and 0− are two operators de!ned by 0+(q̇) =

q̇(
1+sign(q̇)

2 ) and 0−(q̇) = q̇(
1−sign(q̇)

2 );F+
v

and F+
c (resp.

F−
v

and F−
c ) are the viscous and Coulomb friction coef-

!cients for the positive (resp. negative) velocities. Finally,
0+(q̇) (resp. 0−(q̇)) returns q̇ if q̇ > 0 (resp. q̇ < 0) and 0
otherwise.

When Equation (17) is inserted into Equation (1), it
yields the following linear-in-the-parameters IDM:

τIDM = IDMasymθasym, (18)

with IDMasym = [q̈0+(q̇)sign(0+(q̇))0−(q̇)sign(0−(q̇))]

and θasym = [M F+
v

F+
c F−

v
F−
c ]T .

As in the previous situations, the actual force τ dif-
fers from τIDM by an error easym, and the resulting over-
determined set of equations takes the form,

yIDM = Xasymθasym + εasym, (19)

where yIDM is the (NS × 1) sampled vector of τ ; Xasym is

the (NS × 5) matrix of IDMasym(q̂, ˆ̇q, ˆ̈q) and εasym is the
(NS × 1) vector of easym error terms. The LS estimates of
Equation (19) and their associated deviations are given by
Equations (11) and (12),XIDM being replaced withXasym.

The resulting estimates and the relative error are given
in Table 2. These con!rm that the friction has asymmetric
behaviour because F+

v
is signi!cantly di$erent from F−

v
,

while the estimate of Mhas not changed. Furthermore,
the LS relative error has now decreased to 1.5%, a value
that is compatible with the relative error obtained with
the non-parametric SDP method. The direct compari-
son plotted in Figure 5 shows clearly that the agreement
between the SDP estimated friction shape and the asym-
metrical friction model reconstructed with the above LS
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Figure . Direct comparison between the friction nonlinearity
estimated with the asymmetrical linear friction model (second
stage IDIM-SDP model, blue dots) and the friction nonlinearity
previously estimatedby the first stage SDPalgorithm (red crosses),
showing that the two estimates are consistent and confirm the
asymmetry.

estimates is now acceptable. This !nally estimated rela-
tionship is the parameterised SDP model of the EMPS,
which we will term the IDIM-SDP model. Clearly, if the
prior assumptions of the IDIM-LS estimation are modi-
!ed in the light of the SDP estimation, then the IDIM-LS
estimation results would be the same.

Table . Geometric parameters of the TX robot.

j σ j αj dj θ j rj

    θ  
  −π /  θ  
   d = . m θ  r = . m
  π /  θ r = . m
  −π /  θ  
  π /  θ 

3. Second case study: TX40 robot

3.1. Introduction and presentation of the TX40 robot

In the previous section, it has been shown that the SDP
method can be used as a two-stage alternative to the
IDIM-LS method for estimating and evaluating the qual-
ity of the frictionmodel; an alternative that helps to avoid
over-reliance on prior conceptions about the nature of
the nonlinear characteristics. In this section, SDP estima-
tion is evaluated on a more challenging system: the TX40
robot.

The Stäubli TX40 robot has a serial structure with six
rotational joints. Its kinematics are de!ned by the DHM
notation, as in Figure 6 (Khalil & Dombre, 2002). The
geometric parameters de!ning the TX40 frames are given
in Table 3: σ j = 0 means that joint j is rotational; α j and
d j give, respectively, the angle and the distance between

Figure . Link frames of TX Stäubli robot.
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z j−1 and z j along x j−1; θ j and r j give, respectively, the
angle and the distance between x j−1 and x j along z j.

The joint positions and the control signals are
stored with a measurement frequency fm = 5 kHz. The
reference trajectories are !fth-order polynomials that
excite the base parameters su%ciently for identi!cation
purposes.

3.2. IDM of the second link with the usualmethod

When only the second link is moving, with the others
maintained at their steady-state levels, the IDMof the sec-
ond link (also known as the arm of the robot) reduces to

τIDM2 = ZZ2q̈2 + τgrav2 + τfric2 + o$set2, (20)

where τIDM2 is the second joint torque; τgrav2 is the
gravity torque of the second link given by τgrav2 =

−gMX2cos(q2) + gMY2sin(q2),MX2 andMY2 being the
components of the gravity e$ect;g = 9.81m/s2 is the
gravity constant; τfric2 is the friction torque of the second
link; q2, q̇2 and q̈2 are, respectively, the position, velocity
and acceleration of the second link;ZZ2 is the total inertia
of the second link and o$set2 is an o$set parameter.

In the case of a linear friction model, τfric2 is given by

τfric2 = Fv2q̇2 + Fc2sign
(
q̇2

)
, (21)

where Fv2 and Fc2 are the viscous and Coulomb friction
parameters of the second link.

The resulting IDM is linear in relation to the dynamic
parameters, i.e.

τIDM2
= IDM

(
q2, q̇2, q̈2

)
θ, (22)

where IDM(q2, q̇2, q̈2) = [q̈2 −g cos(q2) g sin(q2) q̇2
sign(q̇2) 1] is the (1 × 6) matrix of the basis functions of
the IDM and θ = [ZZ2 MX2 MY2 Fv2 Fc2 o$set2 ]T is the
(6 × 1) vector of the dynamic parameters. As τ2 di$ers
from τIDM2 by an error eIDM2and there are NS available
samples of the measured signals, it is straightforward
to formulate the following over-determined system of
equations:

yIDM2 = XIDM2θ + εIDM2, (23)

where yIDM2
is the (NS × 1) sampled vector of τ2; XIDM2

is the (NS × 6) matrix of IDM(q̂2, ˆ̇q2,
ˆ̈q2);εIDM2

is the

(NS × 1) vector of eIDM2 error terms and q̂2, ˆ̇q2,
ˆ̈q2 are

constructed as explained in Section 2.4. The LS esti-
mates fromEquation (19) and their associated covariance
matrix are given by Equations (11) and (12), with XIDM

being replaced with XIDM2
, again under the assumption

that the pre-!ltering has been fully e$ective in its removal
of noise from the variables.

3.3. Using the SDP function of the CAPTAIN Toolbox

to retrieve the shapes of gravity and friction

When using the SDP estimation method, the IDM is
rewritten in the form

τidm2 = ZZ2q̈2 + d
(
q2, q̇2

)
, (24)

with d(q2, q̇2) = dq2 (q2) + dq̇2 (q̇2) where dq2 (q2) =

−gMX2cos(q2) + gMY2sin(q2) and dq̇2 (q̇2) = Fv2q̇2 +

Fc2sign(q̇2) + o$set2.
It is assumed here that the parameter d(q2, q̇2)

depends on the position q2 and the velocity q̇2 so, ide-
ally, it should be identi!ed using the multi-SDP method
(see e.g. Sadeghi, Tych, Chotai, & Young, 2010). Unfor-
tunately, such a multi-state dependent algorithm is quite
involved and has not yet been fully implemented in the
CAPTAIN Toolbox. As a result, the existing SDP routine
in CAPTAIN cannot be used directly in this situation.
This di%culty has been partially circumvented, however,
by developing an additional iterative ‘back-!tting’ proce-
dure, which is quite similar to that used in the standard
SDP algorithm. Provided it converges satisfactorily, back-
!tting estimation such as this is reasonably justi!ed in this
example because the perturbations can be considered as
decoupled: i.e. one depends on the position alone, while
the other depends on the velocity alone, so the estimation
is potentially ‘separable.’

As in the case of IDIM-LS estimation, τ2 di$ers from
τIDM2 by an error eSDP2

and, therefore, from NS available
samples, the following system of regression equations is
obtained:

yIDM2 = ZZ2
ˆ̈q2 + d

(
q̂2, ˆ̇q2

)
+ εsdp2, (25)

where d(q̂2, ˆ̇q2) is the (NS × 1) sampled vector of

d(q̂2, ˆ̇q2); εSDP2 is the (NS × 1) sampled vector of eSDP2
;

q̂2,
ˆ̇q2,

ˆ̈q2 are constructed as explained in Section 2.4 and
ˆ̈q2 is the (NS × 1) sampled vector of ˆ̈q2. The SDP iter-
ations then involve the following three step procedure,
with steps 2–3 repeated until convergence is achieved:

(1) Initial step: the estimate of d(q̂2, ˆ̇q2), denoted by

d̂(q̂2, ˆ̇q2), is calculated as follows:

d̂
(
q̂2, ˆ̇q2

)
= yIDM2

− ẐZ2q̈2,
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10 A. JANOT ET AL.

where ẐZ2 is the CAD value ofZZ2. Then, the shapes

of dq2 (q2) and dq̇2 (q̇2) are initialised with d̂0q2 (q̂2) and

d̂0q̇2 (
ˆ̇q2) = 0, respectively, since they are assumed to be

unknown to the users.
For k = 1, 2,… , until convergence
At each step k,

(1) The estimate ofdkq2 (q̂2), denoted by d̂
k
q2

(q̂2), is esti-
mated using the SDP algorithm: here, the mea-

surement vector is ykq2 = d̂(q̂2, ˆ̇q2) − d̂kq̇2 (
ˆ̇q2); the

regressor is z = 1 and the state vector is x = q̂2,
q̂2, being the (NS × 1) sampled vector of q̂2.

(2) The estimate ofdkq̇2 (
ˆ̇q2), denoted by d̂

k
q̇2

( ˆ̇q2), is esti-
mated using the SDP algorithm: here, the mea-

surement vector is ykq̇2 = d̂(q̂2, ˆ̇q2) − d̂kq2 (q̂2); the
regressor is again z = 1; but the state vector is now

x = ˆ̇q2,
ˆ̇q2, being the (NS × 1) sampled vector

of ˆ̇q2.

end
The following convergence criterion has been found to

yield good results:

∥∥∥d̂k
(
q̂2, ˆ̇q2

)∥∥∥ −
∥∥∥d̂k−1

(
q̂2, ˆ̇q2

)∥∥∥
∥∥∥d̂k

(
q̂2, ˆ̇q2

)∥∥∥
≤ tol,

where d̂k(q̂2, ˆ̇q2) = d̂kq2 (q̂2) + d̂kq̇2 (
ˆ̇q2) is the estimate

of dk(q̂2, ˆ̇q2) = dkq2 (q̂2) + dkq̇2 (
ˆ̇q2) at step k and tol

is a threshold de!ned by the users (between 0.5%
and 5.0%). Finally, the relative error is simply given
by ‖ε̂SDP‖/‖yIDM2

‖ with ε̂SDP = yIDM2
− ẐZ2q̈2 −

d̂k(q̂2, ˆ̇q2).
Although this back-!tting procedure is reasonably jus-

ti!ed in this example, caution is still necessary because
gravity and friction are low-frequency phenomena, so
that it is not clear a priori that the SDP algorithm will
be able to extract dq2 (q2) and dq̇2 (q̇2) from d(q2, q̇2) in a
completely separable manner. However, as we see below,
it does work reasonably well in this example when only
the second link is moving.

3.4. Experimental results

... Only the second link is moving

The dynamic parameters are !rst identi!ed with the
IDIM-LS method with only the second link being
excited by the !fth-order polynomial trajectories that
are required to ensure good estimation of the dynamic

Table . IDIM-LS and IDIM-SDP estimates compared with the ref-
erence values.

Parameters IDIM-LS estimates SDP estimates Reference values

ZZ2 . (.%) – .
F
v2 . (.%) . (.%) .
F
c2 . (.%) . (.%) .
MX2 . (.%) . (.%) .
MY2 . (.%) . (.%) .
O+set2 . (.%) . (.%) .
Relative error .% .% –

characteristics. The other links are maintained at their
steady-state levels.

The IDIM-LS estimates are given in Table 4. The refer-
ence values are the CAD values for the inertia and gravity
parameters; and the friction parameters are the estimated
values given in Janot et al. (2014a). The reconstruction is
quite good with a relative error of 5.8%. Finally, the esti-
mates of inertia, gravity and friction parameters are close
to the reference values.

The iterative SDP estimation procedure outlined ear-

lier in Section 3.3 is initialised with d̂0q2 (q̂2) and d̂
0
q̇2

( ˆ̇q2) =

0, while tol= 1% is used as the convergence crite-
rion. In order to evaluate the resulting estimates, the

SDP nonlinearities d̂kq2 (q̂2) and d̂kq̇2 (
ˆ̇q2) identi!ed by

this procedure are regressed on [−gcos(q̂2) gsin(q̂2) 1 ]

and [ ˆ̇q2 sign( ˆ̇q2) ], respectively, using standard linear LS
estimation. These constant parameter LS estimates are
referred to as the IDIM-SDP estimates in Table 4 and
one would expect these to be close to the IDIM-LS esti-
mates if the SDP method is to be considered successful
and the SDP identi!ed nonlinearities d̂kq2 (q̂2) and d̂

k
q̇2

( ˆ̇q2)

are to be trusted. In this case, the SDP iterative algo-
rithm converges in !ve iterations and the results plotted
in Figure 7, together with the parameter estimates given
in Table 4, demonstrate that the iterative SDP algorithm
does indeed yield very good results in this example. In
particular, the shape of the gravity and friction nonlinear-
ities reconstructed by the SDP-based algorithm matches
the shape of the same nonlinearities reconstructed with
the IDIM-LS estimates pretty well. The model output
is compared with the measured data in the left hand
panel of Figure 8; the residuals are serially uncorrelated
and the amplitude distribution of the normalised SDP
error distribution appears reasonably Gaussian (see the
right hand panel in Figure 8). Similar results are obtained
with the IDIM-LS method but they are not shown here.
In addition, the estimates of inertia, gravity and fric-
tion parameters are close to the reference values and the
relative error obtained with the SDP-based algorithm is
4.5%, less than the 5.8% obtained using the IDIM-LS
method.
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Figure . The friction nonlinearity estimated by the non-parametric first stage SDP method compared with the friction effect identified
with the IDIM-LS method (left panel); and a similar comparison between the two gravity effect nonlinearities in the right panel.

Examination of the results shows that there is one
small but interesting di$erence between the nature of the
estimated o$sets obtained by IDIM and SDP estimation.
These di$erences can be explained by the implementa-
tion of the SDP algorithm, which attempts to identify
a separate o$set for each state-dependent nonlinearity,
with one o$set identi!ed for the friction and another for
the gravity. However, by adding these two identi!ed o$-
sets together, we obtain the value given in Table 4, which
is very close to the IDIM-LS identi!ed value. In other
words, the SDP algorithm has conveniently separated the
parameter o$set2 into two o$sets (one for the friction and
one for the gravity).

... All the links aremoving simultaneously

In this situation, all the six joints of the TX40 robot are
now excited with !fth-order polynomial trajectories that
ensure good estimation of the dynamic characteristics.
The dynamic parameters of the second link are again
identi!ed using SDP estimation. Here, the gear ratio is
quite high, i.e. greater than 10, so the second link is seen as
a one-degree-of-freedom robot and its IDM is still given
by Equation (22). As in the previous examples, the SDP
estimation results are similar to those obtained by the
IDIM-LS method, but they provide further insight into
the detailed nature of the nonlinearity.
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Figure . Direct comparison of the measured data with the output of the SDP-based identification method (IDIM-SDP, left panel) and
histogram of the normalised error (right panel). A similar result is obtained with the IDIM-LS method.
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12 A. JANOT ET AL.

Table . IDIM-LS and SDP estimates comparedwith the reference
values.

Parameters IDIM-LS estimates SDP estimates Reference values

ZZ2 . (.%) – .
F
v2 . (.%) . (.%) .
F
c2 . (.%) . (.%) .
MX2 . (.%) . (.%) .
MY2 −. (.%) −. (.%) .
O+set2 . (.%) . (.%) .
Relative error .% .% –

The IDIM-LS estimates are given in Table 5 and the
comparison of the model output with the experimental
data is shown in Figure 9. The estimates of inertia and
friction parameters are quite close to the reference values,
but while the amplitude distribution of the normalised
IDIM-LS error looks reasonably Gaussian, the error is
serially correlated. Not surprisingly, therefore, the model
output does not explain themeasured data very well, with
a relative error of 20.0%. Such a result is a reason for
concern because a relative error is expected to be less
than 10%.

As reported in Section 3.4.1, the iterative SDP estima-

tion procedure is initialised with d̂0q2 (q̂2) and d̂0q̇2 (
ˆ̇q2) =

0; tol = 1% is used as the convergence criterion; while

the SDP nonlinearities d̂kq2 (q̂2) and d̂kq̇2 (
ˆ̇q2) identi!ed by

this procedure are regressed on [−gcos(q̂2) gsin(q̂2) 1 ]

and [ ˆ̇q2 sign( ˆ̇q2) ], respectively. In this case, the algo-
rithm converges in six iterations and the results plotted in
Figure 10 demonstrate, together with the parameter esti-
mates given in Table 5, that the gravity and friction shapes
reconstructed by the algorithm do not match the gravity
and the friction shapes reconstructed with the IDIM-LS
estimates. The observed mismatches that can be seen in
Figure 10 are due to the fact that all the links aremoving in
the experiments and, therefore, some neglected coupling
e$ects are being excited. Interestingly, the mismatches
re<ect and, therefore, account for suchneglected coupling
e$ects, so that the explanation of the data using themulti-
SDP model, as shown in Figure 11, is rather better than
that for the IDIM-LS estimated model in Figure 9. This
"con!rmed by the calculation of the relative errors, which
are 20.0% with the IDIM-LS method and 11.0% with the
SDP method.

These experimental results demonstrate once again
the utility of the SDP estimation approach in high-
lighting where problems exist in nonlinear modelling
and how they may be corrected. They also show how
SDP estimation can be used as a tool in DBM mod-
elling. This is an inductive modelling strategy where
less weight is placed on prior assumptions and more
weight on the information in the experimental data.

Only after carefully analysing the experimental data using
appropriate model identi!cation and signal processing
tools, such as SDP estimation, does the modeller con-
sider, at the mechanistic stage of the procedure, the prior
assumptions and hypotheses, in order to see if these are
compatible with the identi!ed, data-based model. Or, if
the data-basedmodel is found to be de!cient in any ways,
as in this case when all the links are moving simulta-
neously, the modeller must consider whether new data
need to be collected in order to examine these de!ciencies
using a better experimental design. And then, depending
on the new SDP estimation results, the parametric form
of the nonlinearities can be modi!ed and re-estimated.

4. SDP control of the EMPS system

One advantage of SDP nonlinear models is that they can
form the basis for control system design based on the
use of linear control theory (see Taylor, Chotai, & Young,
2008; Taylor, Young, & Chotai, 2013, chapter 9). This
SDP approach has some similarities with other methods
that have been proposed, such as exact linearisation by
feedback (Isidori, 1995) (better known as the computed
torque in robotics: see Khalil & Dombre, 2002), velocity-
based linearisation (Leith & Leithead, 1998) and LPV-
based control design (see e.g. White, Zhu, & Choi, 2013).

In this section, we consider how this methodology can
be applied to the control of the simulated EMPS system
represented by the DDM in Equation (1), written as

q̈ = c1q̇ + c2sign(q̇) + c3 + c4τ, (26)

where
c1 = −Fv/M; c2 = −Fc/M; c3 = −o$set/M and c4 =

1/M.
Based on the LS estimates given in Table 1, the values

of these parameters are
c1 = −2.1277; c2 = −0.2123;c3 = 0.0336 and c4 =

0.0105.

4.1. Derivation of the SDP control model

Considering u = τ as the input and x = q as the out-
put, this estimated model can be represented as follows
in transfer function form:

x =
c4

p(p+ aSDP)
u,

y = x + wq (27)

where pr = dr/dt r is the derivative operator; wq repre-
sents the additive noise with a noise/signal ratio by stan-
dard deviation of 5% and aSDP is an SDP estimated by
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Figure . Direct comparisonwith the IDIM-LSmethod (left panel) and histogram of the normalised IDIM-LS error (right panel). The recon-
structed torquedoes notmatch verywellwith themeasuredone, and although the error distribution is reasonably aGaussiandistribution,
the errors are serially correlated. This tends to show that the IDMgiven by Equation () is notwell specifiedwhile all the joints aremoving.

the SDP routine in CAPTAIN using data from the prior
closed-loop experiments on the EMPS unit when con-
trolled by the linear PD controller.

As we have seen in previous sections, aSDP de!nes the
nonlinear characteristics of the open-loop system, and
although it is denoted here as a parameter and used as
such in the SDP control system design, it is a complete
nonlinear function. This is illustrated in the Simulink
model of the open-loop system appearing at the left
of Figure 12 with the SDP nonlinearity block shown

expanded at the right of the Figure 12. The functional
form of aSDP is shown as the red part of the curve in
Figure 13, while the blue parts of the curve are extrapo-
lations to the estimated linear parts of the curve. These
extensions of the relationship are required to handle
larger <uctuations in the velocity arising from the more
rapid SDP controlled response of the closed-loop sys-
tem. Note how the extrapolations reveal the asymme-
try of the estimated nonlinearity, as exposed by the SDP
estimation.
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Figure . Direct comparison with the SDP-based method (left panel) and histogram of the normalised SDP-based error (right panel). A
better matching between the reconstructed torque and the measured one is obtained. Furthermore, the error distribution is reasonably
Gaussian but again there is some serial correlation. This shows that the IDM given by Equation () is not well specified while all the joints
are moving. This IDMmust be, therefore, rejected.

It will seem that Figure 13 is a combination of the
non-parametric SDP estimate and the parametric extrap-
olations. This combined form was chosen here, rather
than the fully parametric form in Equation (17), because
it demonstrates how SDP control can be implemented
directly using the non-parametric estimates, the paramet-
ric estimate or a hybrid combination of both, as here. This
can be particularly useful if the estimated nonlinearity is
rather complex, such as those shown in Figure 10, which

would be more di%cult to parameterise by simple rela-
tionships.

4.2. SDP control system design: re-design of the PD

controller

The idea of using SDP models to simplify nonlinear con-
trol system design has a long heritage (see e.g. Young,
1981, 1996). In the latter reference, it follows from

Figure . Simulation of the EMPS with the SDP-based control.
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research into linear control system design based on the
non-minimal state space (NMSS) form of the system
model (see Section 4.3). The NMSS control gains in the
SDP case are e$ectively updated at each sampling instant,
based on the linear ‘snapshot’ of the SDP model at this
sampling instant. Taylor et al. (2008) have shown that,
using this approach, the stability of the closed-loop non-
linear system is guaranteed for ‘all-pole’ systems, such as
Equation (27) and that good control system designs can
be obtained for more general models. Although stabil-
ity is not guaranteed in the case of model mismatch, the
Monte Carlo-based uncertainty analysis reported in the
paper suggests that the SDP/Proportional-Integral-Plus
(PIP) approach is relatively robust to such uncertainty.

As an initial exercise in SDP control system design, let
us consider re-design of the simple PD controller used
for the identi!cation studies described in Section 2.3,
but based on the SDP transfer function model (27) and
desired closed-loop characteristics with η = 1.0 (criti-
cal damping) and ωn = 250 rad/s. As in Section 2.3, the
design is carried out by simple block-diagram analysis
with an SDP-based PD (SDP-PD) pre-compensator Kp +

Kv p. The closed-loop transfer function obtained in this
manner is given by

x =
c4(Kp + Kv p)

p2 + (aSDP + c4Kv )p+ c4Kp

r, (28)

where r is the command input, i.e. the reference. Since
the system is second-order, this PD control is equiva-
lent to state variable feedback; therefore, we see that both
poles are assignable. And because the open-loop sys-
tem model has a free integrator, the closed-loop system
exhibits ‘type 1’ performance with unity gain and zero
steady-state error to step command inputs.

If the desired closed-loop transfer function denomina-
tor has damping ηd and natural frequency ωnd , then we

see that the values for the control gains can be computed
from the equations:

Kp = ω2
nd/c4; Kv = (2ηdωnd − aSDP)/c4, (29)

where it will be noted that the Kv gain is a function of
the SDP parameter aSDP and, therefore, the closed-loop
system synthesised with these gains includes the SDP
nonlinearity, re<ecting the nonlinear nature of the SDP-
PD control system. In particular, because it is a SDP, it
changes or ‘adapts’ in response to the changes in velocity.

The simulated response of the closed-loop system to
a step input command starting at zero, with a !nal value
of 0.05 m, is plotted in Figure 14 where it will be noted
that the rapid response has a total settling time of 0.04 s.
Also plotted in Figure 14 is the response of the conven-
tional, linear PD controlled system used in the identi!-
cation studies, where we see that the response is clearly
much slower and oscillatory, with a total settling time
about three times as long.

4.3. SDP control system design: PIP-SDP outer-loop

control system design

The NMSS-based PIP approach to control system design
has been described comprehensively in the recent book
by Taylor et al. (2013), which includes all aspects of the
design process, as well as numerous examples illustrating
its application. In the present EMPS example, it could be
applied directly, using the EMPS model in discrete-time
NMSS form, but it would then require nonlinear mod-
i!cation of the kind described in the previous sections,
which is not straightforward once the model is trans-
formed into discrete-time, digital form.
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A simple, alternative approach is to implement PIP
control as an ‘outer-loop’ or ‘trimming’ control that con-
siders the SDP-PD controlled system, which is e$ectively
linearised by its SDP mechanisation, as the system to
be controlled. The discrete-time model required for this
design is obtained by statistical identi!cation and estima-
tion based on input–output data from the SDP-PD con-
trolled system using optimal re!ned instrumental vari-

able (RIV) estimation for continuous-time systems (see
Young, 2011), as implemented by the RIVCBJID and
RIVCBJ routines in the CAPTAIN Toolbox.

The discrete-time model required for PIP control
system design is then obtained via the Matlab c2d
continuous- to discrete-time conversion routine. The
sampling interval for such conversion is at the discre-
tion of the control system designer but, in this case, the
discrete-time model so obtained, for a sampling interval
of 0.01 s, is

x(k) =
0.0107z−1 − 0.0088z−2 + 0.0025z−1

1 − 1.8660z−1 + 0.8706z−2
r(k),

(30)
where z−r is the backward shift operator, i.e. z−rx(k) =

x(k − r).
The PIP design for this model system is based on

linear-quadratic optimisation of the associated NMSS
model form, where the NMSS control gains are com-
puted by the PIPOPT and GAINS routines in the
CAPTAIN Toolbox. These use the numerator and
denominator model coe%cients in Equation (30)
together with the user speci!ed weightings on the
error, ew; control input, uw and the non-minimal state
variables xw where, in this example, ew = 10; uw = 1.0
and xw = 1.0. A serially connected loop gain LG = 5.0
is added to the design in order to tune the closed-loop
response so that it just meets the constraint imposed by
a required 0.15 m/s velocity limit.

The full details of this PIP-SDP control system design
and evaluation are given in Young (2015). This shows
that the closed-loop system responds well to any viola-
tion of hard constraints and is not sensitive to uncertainty
in the estimated model parameters, including the SDP
nonlinearity, unless these reach very high levels. Conse-
quently, this control system design represents a reason-
able, simulation-based starting point for future planned
research and development studies.

5. Conclusions

This paper has shown how the concept of SDP models
for nonlinear dynamic systems can be exploited to aid the
identi!cation and control of electro-mechanical systems.
It has demonstrated how SDP identi!cation provides an
alternative to the existing standard methods of statisti-
cal identi!cation for such systems; an alternative that can
help to avoid over-reliance on prior conceptions about the
nature of the nonlinear characteristics.

When used as a tool in the experimental evaluation
of an EMPS, the !rst, non-parametric estimation stage
in the SDP identi!cation procedure is able to discover
deviations from the assumed nonlinear characteristics of
the system and quantify the resulting nonlinear charac-
teristics in a practically useful SDP form. The second
IDIM-SDP stage, based on LS estimation of the suitably
parameterised SDP model, can be considered as a logi-
cal improvement of the standard IDIM-LS method. One
application of such SDP models is to facilitate nonlin-
ear control system design using linear-like design proce-
dures. This is illustrated by simulation studies that show
how the SDP model of the EMPS system can be used as
the basis for the SDP-PIP design of a nonlinear control
system for the EMPS.
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SDP identi!cation is one of the tools used for the
DBMmodelling of dynamic systems. This general, induc-
tive method of modelling di$ers from the alternative,
hypothetico-deductive ‘grey-box’ approach that is often
used for identifying electro-mechanical systems. In par-
ticular, only after initial, purely data-based ‘black-box’
modelling are any prior assumptions and hypotheses con-
sidered in order to see if they are compatible with the
identi!ed model, or whether new data need to be col-
lected in order to examine any signi!cant di$erences.
A typical example of how SDP identi!cation can be
exploited in such a diagnostic role is demonstrated by the
results of experiments that show SDP identi!ed de!cien-
cies in the initially assumed nonlinear characteristics of
the Stäubli TX40 robot system.

Note

1. This is available as the IRWSM routine in the CAPTAIN
Toolbox for Matlab (see http://captaintoolbox.co.uk/
Captain_Toolbox.html/Peter_Young.html).
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On the identification of continuous-time inverse dynamic model of
electromechanical systems operating in closed loop with an instrumental

variable approach: application to industrial robots

The works focus on the identification of industrial robots that belongs to the field of the identification of
continuous-time inverse dynamic models in closed loop. First, a generic instrumental approach
relevant for the identification of rigid industrial robots is proposed. The set of instruments is the inverse
dynamic model constructed from simulated data calculated from the simulation of the direct dynamic
model. This algorithm termed the IDIM-IV method validates the inverse and direct dynamic models
simultaneously, improves the noise immunity of estimates with respect to corrupted data in the
observation matrix and has a rapid convergence. This new approach is experimentally validated and
compared with other standard methods. Then, a statistical test able to assess the validity of the set of
instruments as well as the consistency of the least-squares estimates is presented. This test is based
on the use of the Two-Stage-Least-Squares method and the regressed Durbin-Wu-Hausman test that
are commonly used in econometrics. Finally, the perspectives that the IDIM-IV method can offer to the
communities of robotics and automatic control are enlightened

Mots-clés : IDENTIFICATION BOUCLE FERMEE  ;  ROBOTIQUE  ;  VARIABLES INSTRUMENTALES
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