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In english ...

This thesis exposes my contribution to the measurement of homogeneity scale using galaxies, with the

cosmological interpretation of results.

In physics, any model is characterized by a set of principles. Most models in cosmology are based on

the Cosmological Principle, which states that the universe is statistically homogeneous and isotropic on

a large scales. Today, this principle is considered to be true since it is respected by those cosmological

models that accurately describe the observations. However, while the isotropy of the universe is now

confirmed by many experiments, it is not the case for the homogeneity. To study cosmic homogeneity,

we propose to not only test a model but to test directly one of the postulates of modern cosmology.

Since 1998 the measurements of cosmic distances using type Ia supernovae, we know that the universe

is now in a phase of accelerated expansion. This phenomenon can be explained by the addition of

an unknown energy component, which is called dark energy. Since dark energy is responsible for the

expansion of the universe, we can study this mysterious fluid by measuring the rate of expansion of the

universe. The universe has imprinted in its matter distribution a standard ruler, the Baryon Acoustic

Oscillation (BAO) scale. By measuring this scale at different times during the evolution of our universe,

it is then possible to measure the rate of expansion of the universe and thus characterize this dark energy.

Alternatively, we can use the homogeneity scale to study this dark energy.

Studying the homogeneity and the BAO scale requires the statistical study of the matter distribution

of the universe at large scales, superior to tens of Megaparsecs. Galaxies and quasars are formed in the

vast overdensities of matter and they are very luminous: these sources trace the distribution of matter.

By measuring the emission spectra of these sources using large spectroscopic surveys, such as BOSS and

eBOSS, we can measure their positions. It is thus possible to reconstruct the distribution of matter in 3

dimensions in gigantic volumes. We can then extract various statistical observables to measure the BAO

scale and the scale of homogeneity of the universe. Using Data Release 12 CMASS galaxy catalogs, we

obtained precision on the homogeneity scale reduced by 5 times compared to WiggleZ measurement.

At large scales, the universe is remarkably well described in linear order by the ΛCDM -model, the

standard model of cosmology. In general, it is not necessary to take into account the nonlinear effects

which complicate the model at small scales. On the other hand, at large scales, the measurement of our

observables becomes very sensitive to the systematic effects. This is particularly true for the analysis of

cosmic homogeneity, which requires an observational method so as not to bias the measurement.

In order to study the homogeneity principle in a model independent way, we explore a new way to

infer distances using cosmic clocks and type Ia SuperNovae. This establishes the Cosmological Principle

using only a small number of a priori assumption, i.e. the theory of General Relativity and astrophysical

assumptions that are independent from Friedmann Universes and in extend the homogeneity assumption.

This manuscript is as follows. After a short presentation of the knowledge in cosmology necessary for

the understanding of this manuscript, presented in Chapter 1, Chapter 2 will deal with the challenges

of the Cosmological Principle as well as how to overcome those. In Chapter 3, we will discuss the

technical characteristics of the large scale structure surveys, in particular focusing on BOSS and eBOSS

galaxy surveys. Chapter 4 presents the detailed analysis of the measurement of cosmic homogeneity

and the various systematic effects likely to impact our observables. Chapter 5 will discuss how to use

the cosmic homogeneity as a standard ruler to constrain dark energy models from current and future

surveys. In Chapter 6 ,we present our results on the determination of the homogeneity of the universe

model independently. Finally in chapter 7, we draw our conclusions.



En français ...

Cette thèse présente ma contribution à la mesure de l’échelle d’homogénéité à l’aide de galaxies, avec

l’interprétation cosmologique des rèsultats.

En physique, tout modèle est constitué par un ensemble de principes. La plupart des modèles de cos-

mologie sont basés sur le principe cosmologique, qui indique que l’univers est statistiquement homogène

et isotrope à grande échelle. Aujourd’hui, ce principe est considéré comme vrai car il est respecté par ces

modèles cosmologiques qui décrivent avec précision les observations. Cependant, l’isotropie de l’univers

est maintenant confirmée par de nombreuses expériences, mais ce n’est pas le cas pour l’homogénéité.

Pour étudier l’homogénéité cosmique, nous proposons un postulat d’homogénéité cosmique.

Depuis 1998, les mesures des distances cosmiques à l’aide de supernovae de type Ia, nous savons que

l’univers est maintenant en phase d’expansion accélérée. Ce phénomène s’explique par l’ajout d’une

composante énergétique inconnue, appelée énergie sombre. Puisque l’énergie noire est responsable de

l’expansion de l’univers, nous pouvons étudier ce fluide mystérieux en mesurant le taux d’expansion

de l’univers. L’échelle d’oscillation acoustique Baryon (BAO). En mesurant cette échelle à différents

moments de la vie de notre univers, il est alors possible de mesurer le taux d’expansion de l’univers et

donc de caractériser cette énergie sombre. Alternativement, nous pouvons utiliser l’échelle d’homogénéité

pour étudier cette énergie sombre.

L’étude l’echelle de l’homogénéité et l’échelle BAO reclament lètude statistique de la regroupement de la

matière de l’univers à grandes échelles, supérieure à plusieurs dizaines de Megaparsecs. Les galaxies et

les quasars sont formés dans les vastes surdensités de la matière et ils sont très lumineuses: ces sources

tracent la distribution de la matière. En mesurant les spectres d’émission de ces sources en utilisant

de larges études spectroscopiques, telles que BOSS et eBOSS, nous pouvons mesurer leurs positions. Il

est possible de reconstruire la distribution de la matière en trois dimensions en volumes gigantesques.

Nous pouvons ensuite extraire divers observables statistiques pour mesurer l’échelle BAO et l’échelle

d’homogénéité de l’univers. En utilisant les catalogues de diffusion de données 12 de la version 12 de

données, nous avons obtenu une précision sur l’échelle d’homogénéité réduite de 5 par rapport la mesure

de WiggleZ.

À grande échelle, l’univers est remarquablement bien décrit en ordre linéaire selon le modèle LCDM , le

modéle standard de la cosmologie. En général, il n’est pas nécessaire de prendre en compte les effets non

linéaires qui compliquent le modèle à petites échelles. D’autre part, à grande échelle, la mesure de nos

observables devient très sensible aux effets systématiques. Ceci est particulièrement vrai pour l’analyse

de l’homogénéité cosmique, qui nécessite une mèthode d’observation.

Afin d’étudier le principe d’homogénéité d’une manière indépendante du modèle, nous explorons une

nouvelle façon d’inférer des distances en utilisant des horloges cosmiques et SuperNovae de type Ia. C’est

la théorie la plus couramment utilisée dans le domaine des hypothèses astrophysiques.

Ce manuscrit est le suivant. Après une courte présentation des connaissances en cosmologie n’ecessaires à

la compréhension de ce manuscrit, présentée au chapitre 1, le chapitre 2 traitera des défis du principe cos-

mologique ainsi que de la manière de les surmonter. Au chapitre 3, nous discuterons des caractéristiques

techniques de la structure à grande échelle dans les enquêtes de BOSS et de eBOSS. Le chapitre 4

présente l’analyse détaill’ee de la mesure de l’homogénéité cosmique et des différents effets systématiques.

Le chapitre 5 traitera de l’utilisation de l’homogénéité cosmique comme règle standard pour limiter les

modèles d’énergie sombre des enquêtes actuelles et futures. Dans le chapitre 6, nous présentons nos

résultats sur la détermination de l’homogénéité du modèle universel de manière indépendante. Enfin,

au chapitre 7, nous tirons nos conclusions.



Keywords: cosmology, galaxies, clustering, surveys, redshift, ΛCDM, matter, energy, fractals,

statistics
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Chapter 1

Concordance Cosmology

1.1 Prelude

The current concordance picture of our Universe is described by the evolution and the interaction

between matter and space. Two most well established theories exist that describe the funda-

mental laws of the universe from the smallest possible scales to the largest possible scales. The

first one is theory of General Relativity (GR) which is the fundamental theory that we usually

use to describe the universe at largest possible scales1, i.e. up to the comoving diameter of the

observable universe which is estimated to be ∼ 19Gpc' 1025m2,3. The second one is the Quan-

tum Field Theory (QFT) which describes usually the behaviour of our universe at the smallest

possible scales ( down to the order of planck scale, lP ' 10−35m4) which is about 20 orders of

magnitudes smaller than the diameter of the known proton. Associating those theories5, a uni-

versal mathematical framework is built to explain the phenomena and the history of nature, with

the name, across the physics community, ΛCDM-model. Along those 40-orders of magnitudes

a very interesting and beautiful journey begins, that lasts for more than 13.799 ± 0.021 billion

years [6] and it has many possible futures! The main pillars of the observational framework is

the expanding nature of the universe, the existence of dark matter, the growth of structures,

and the cosmic microwave background. The mathematical assumption that glues every piece

together is the Cosmological Principle which states that:

The universe is homogeneous and isotropic, or smooth, at large enough scales.

and is the main topic of this thesis.

1Some physists combine GR with QFT in order to describe also the smallest possible scales, among other
phenomena, known as string theory, in the framework of quantum gravity, predicting extra dimensions [4].

2 Is the angular comoving distance, as described in section 1.2.6, at times corresponding to the emission of the
first light at redshift z ' 1090.

3 Parsec is a unit of length used to measure distances of celestial objects outside our solar system with a
technic called parallax

4The planck length scales, lp, which are not yet observable, are the scales theoritized to be the quantization
of space which makes up the fabric of the universe referred to as a quantum foam [5]

5Not yet a satisfactory combination of the two having the name Quantum Gravity

1
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1.2 Initialising ΛCDM-model

At the core of the simplest ΛCDM-model, we find several assumptions that are in accordance

with our current observations. The interpretation of these observations is structured around the

assumption that the Theory of General Relativity is the correct theory of gravity on cosmological

scales (r >> 10h−1Mpc) and gave birth to Relativistic Cosmology. This theory is based on

several principles. One of them, the idea of relativity, is based on the equivalence of free-falling

frames which led Einstein to conclude that gravity is not a force during 1915 [7]. Gravitational

force, in the context of this theory, is explained as follows: one may consider a massless particle

which free-falls and follows a trajectory in the space-time, called geodesic. The space-time

continuum is locally curved in the presence of a gravitational field and is flat in the absence

of it. This statement is formulated by a metric tensor6, gµν , which characterises the invariant

line element ds2 = gµνdx
µdxν for a local 4-space coordinates of a non-euclidean geometry7,

x = xµ = (t, ~x) = (t, x, y, z). Thus, the behaviour of this metric depends on the energy filling

the spacetime. We can summarise this relationship in the Einstein’s fields equations (EFE) as

follows:

Gµν(x) =
8πG

c4
Tµν(x) (1.1)

where Gµν is the Einstein tensor quantifying the behaviour of the metric gµν , i.e. Gµν(x) =

Gµν [gµν(x)]. Tµν is the energy-momentum tensor representing the energy, momentum density,

pressure and shear. G is the Newton’s gravitational constant and c is the speed of light in a

vacuum. The aforementioned non-linear, second order differential equations of gµν (Eq. 1.1) are

simplified by differential geometry considerations that are called Bianchi identities. These are

expressed as Gµν;µ = 0, where ”;” implies a covariant derivative8. These identities are related to

the physical independence of Einstein’s equations on the choice of a coordinate system which we

call gauge invariance. Thus, the solutions of these equations preresquest a fixing of a coordinate

system.

1.2.1 A Smooth Universe

Friedmann9 has shown in the 20’s that one can use the cosmological principle to build such a

coordinate system in order to solve Einstein equations for a dynamical model that describe an

expanding, homogeneous and isotropic universe, or smooth universe. The cosmological principle

(homogeneity and isotropy) restricts the range of possibilities for such a metric. The isotropy

condition restricts us to define a spatial metric through the expression of an infinitesimal 4-line

element ds that is independent of a spatial component. The homogeneity condition allow us to

define this metric with a radial dependence and parametrise it with a parameter k for a possible

variation of the spatial curvature. Moreover, the cosmological principle allows a possible time-

dependence of the space component of the metric and we parametrise it by an arbitrary function

6Greek letters are used as indices for all four spacetime components, while Latin letters are used only for the
angular component. Furthermore, we use the einstein convention that repeating indices imply a sum.

7The partial derivative in respect of the coordinate system is defined as ∂µ = (∂t, ∂i) = ( ∂
∂t
, ∂
∂~x

)
8which is a well-defined derivative in a curved space-time.
9Lemâıtre, Robertson and Walker, independently of Friedmann, have developed the same model during same

epoch, 1920-1930.
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of time a(t), commonly called as scale factor, that works as a space dilator. For convenience, we

write ds in spherical coordinates. As stated before, the gauge freedom imposes us to arbitrarily

fix some terms of the metric. Usually the choice is a diagonal metric such that g00 = 1 and

g0i = 0, which simplifies equations. Thus the homogeneous and isotropic metric, namely FLRW

metric, is thus written as :

ds2 = c2dt2 + a2(t)

[
1

1− krdr
2 + r2(dθ2 + sin2θdφ2)

]
(1.2)

where dΩ = dθ2 + sin2θdφ2 reflects the isotropy condition and γij = 1
1−kr2 dr

2 + r2dΩ. If k = 0,

space is flat and infinite (critical). If 0 < k < 1 space is spherical and finite (closed), while

−1 < k < 0 correspond to a hyperbolic and infinite space (open). The 2D representation of the

different curvatures are shown in Fig. 1.1. A more detailed description of the construction of

the FLRW metric is given in appendix A.2. One notices that:

• So far, we have only assumed geometrical properties and the Cosmological Principle to

define the behaviour of the coordinate.

• The FLRW metric allows us to define the comoving observers which are observers that

measure the distances of objects that are not gravitationally bound to them. This defines

us the comoving distances, dC which factor out the expansion of the universe model by

a(t) and the physical distances which are the actual distances, dph(t) = a(t)dC , measured

by the usual observers, which depends on time.

Figure 1.1: 2D Representation of possible variety of the curvature of our 3 dimensional
spatial space.

The FLRW metric is used as an input on the left hand side of equation Eq. 1.1 for the compu-

tation of the scale factor as a function of the geometrical properties of the universe. Thus one

can easily show that the Einstein Tensor, for an FLRW metric (Eq. 1.2), reduces to a tensor
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with the following non-zero components:

G00 = 3

([
ȧ(t)

a(t)

]2

+
kc2

a2(t)

)
, Gij = −γij

[
k + 2a(t)ä(t) + ȧ2(t)

]
(1.3)

where dot ” ˙ ” represent the derivative in respect of time t10.

The right hand side of equation Eq. 1.1 describes the energy content of the universe as a perfect

fluid in thermodynamic equilibrium, thus the energy-stress tensor takes the simplified form:

Tµν =

[
ρ(x) +

P (x)

c2

]
uµuν + P (x)gµν (1.4)

where ρ(x) is the energy density, P (x) is the pressure and uµ is the 4-velocity. The cosmological

principle implies that uµ = (1, 0, 0, 0), meaning that the fluid is locally at rest with respect to the

chosen frame. Furthermore, the cosmological principle restricts the energy density and pressure

to be constant over space but allows a possible time dependence. These considerations model

the stress energy tensor, with only non-zero components, as follows:

T00 = ρ(t), Tij =
P (t)

c2
a2(t)γij (1.5)

The gauge invariance allows us to add a constant on the Eq. 1.1, cosmological constant, Λ. By

taking all the above considerations into account, the 00-component and the trace of Eq. 1.1 are

written as:

H2(t) ≡
(
ȧ

a

)
=

8πG

3
ρ(t)− kc2

a2(t)
+

Λc2

3
(1.6)

−
(
ä

a

)
=

8πG

2

[
ρ(t) +

3P (t)

c2

]
− Λc2

3
(1.7)

where the H(t) = ȧ/a is the Hubble expansion rate. The above differential equations are not

enough to completely specify the system, i.e. a(t), ρ(t) and P (t). Thus, either by combining the

above equations or by using the local conservation of the stress-energy tensor (Tµν ;µ = 0), we

have that:

ρ̇(t) = −3H(t)

[
ρ(t) +

P (t)

c2

]
(1.8)

The set of the 3 latter equations (Eq. 1.6, Eq. 1.7 and Eq. 1.8) are used to describe the evolution

a(t) of the cosmic fluid with properties ρ(t) and p(t). This set of equations are called Friedmann

equations. However, in the ΛCDM-modelling there are several species of the total cosmic fluid

and a more detailed description is given in the following section.

1.2.2 The cosmic fluid

The most important matter content of the universe describing the large scale structures is the

mixture of photons, baryons, cold dark matter and neutrinos which we call the cosmic fluid.

Their properties are described by the quantum definition of the energy density and pressure.

10For a detailed derivation one may read the 1st chapter of the manuscript of Pieroni [8].
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In the early hot universe, reactions occurred at such rates that the different species were in the

thermal equillibrium, sharing a time-evolving temperature T (t). Thus, their energy densities

and pressure can be described by the statistical averages of the total relativistic energy E(p) =√
(pc)2 + (mc2)2 (0th component of the 4-momentum) and 3dimensional momentum P weighted

by the distribution of particles in phase-space fX(~x, ~p), where the subscript X denotes the

different species. These are formulated by:

ρX(~x, p̂) = NX

∫
d3p

(2π~)3
fX(~x, ~p)EX(p) (1.9)

PX(~x, p̂) = NX

∫
d3p

(2π~)3
fX(~x, ~p)

p2

3EX(p)
(1.10)

where NX denotes the degeneracy of individual species (e.g. NX = 2 polarisations of the photons

).

Assuming, now, the Cosmological Principle, we can model the phase-space distribution of parti-

cles independent of position ~x and orientation p̂. This is described by standard Bose-Einstein(”+”

sign) or Fermi-Dirac statistics(”-” sign):

fX(~x, ~p, t)→ fX(p, t) =
[
e(EX(p)−µ)/kBTX(t) ± 1

]−1

(1.11)

where µ is the chemical potential, which to a good approximation is much smaller than the

temperature over almost all times and species and hence µ→ 0. Note that this also implies that

the number of particles is equal to that of anti-particle, which is not true for baryons.

The cosmic species are divided into two general categories, i.e. the relativistic and non relativistic

species, according to the level of their rest mass energy mc2. The former have a rest mass

energy which is insignificant against their average kinetic energy mc2 << kBT . This leads

to analytical solutions of Eq. 1.9 and Eq. 1.10 giving a simple relation between energy and

pressure: Prel = ρrel/3. The latter are those whose momentum is negligible to their rest energy

(mc2 >> kBT ), and therefore Pn.rel ' 0. However, one may generalise those two approximated

relations for the two categories of species with a parameter

w =
P

ρc2
(1.12)

namely equation of state parameter. This allow for a class of solutions of Eq. 1.8, i.e.

ρX(t) ∝ [a(t)]
−3(wX+1)

(1.13)

for each species X.

It is convenient, now, to define the critical energy density as the energy density for a universe of

zero curvature (k=0) and no cosmological constant (Λ = 0):

ρc(t) =
3H2(t)

8πG
(1.14)
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Then by dividing Eq. 1.6 with H2(t), we have:

1 =
8πG

3H2(t)
ρ(t)− kc28πG

8πGa2(t)H2(t)
+

Λc28πG

3× 8πGH2(t)
(1.15)

Now substituting Eq. 1.14 to Eq. 1.15 we have:

1 =
ρ(t)

ρc(t)
− 1

ρc(t)

kc2

8πGa2(t)
+

1

ρc(t)

Λc2

3× 8πG
(1.16)

Last but not least, we introduce the ratio of energy densities of the possible species (X) of our

universe against the critical density as:

ΩX(t) =
ρX(t)

ρc(t)
(1.17)

where X = {γ, ν, b, cdm,Λ} correspond to photons, baryons, neutrinos, cold dark matter and

dark energy, respectively. One may define as well the energy density ratio of curvature as:

Ωk(t) = − kc2

8πGa2(t)
. (1.18)

Therefore, all those species must satisfy the local energy conservation equation at all times:

Ωk(t) +
∑

X

ΩX(t) = 1 . (1.19)

Thus in the field of concordance cosmology, we use the above simple parametrization (Eq. 1.17)

to measure the ratio of energy densities of the different species in our universe. The convention

we adopted is that when we drop the time dependence, we talk about the energy density ratio

today ΩX = ΩX(t = 0).

1.2.2.1 Radiation: Photons and Neutrinos?

The early universe was dominated by radiation. Radiation is composed of primordial photons

and neutrini. Photons being massless, they are always relativistic. These are the carriers of

the electromagnetic interactions of charged particles. Most of the primordial photons, which

we detect today, are in the form of the cosmic microwave background (CMB) and were emitted

380000 years after the planck epoch. These photons are thermalized and follow very close the

black-body distribution with a temperature Tγ = 2.7255 ± 0.0006K as measured by Fixsen [9].

Therefore, the evolution of the energy density of CMB photons is written as:

ργ(t) = 2

∫
d3p

(2π~)3

pc

epc/kBTγ(t) − 1
=

π2k4
B

15c3h3
T 4
γ (t) (1.20)

Since we have a relativistic species, wγ = 1/3, we have that ρ ∝ a−4(t) which means that the

CMB photon temperature is inverse proportional to the scale factor, Tγ(t) ∝ a−1(t). Intuitively,

the temperature of photons, instead of the scale factor or time, is used to define the different

epochs of the Universe. However this is not valid in very early epochs due to the change in the
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photon distribution when leptons and antileptons annihilate. The density of entropy is another

intuitive time indicator for the early universe since s(t) ∝ a−4(t).

On the other hand, neutrini are relativistic fermions that interact weakly with matter. Recent

experiments show that the three observable families of neutrini (electronic, muonic and taunic)

are possibly a quantum linear combination of the three non-obsevable neutrino eigenstates. A

measurable effect by Ahmad et al. [10], possibly explaining the neutrino mass, implies that

neutrini oscillate between different families. These experiments have access to the difference

between the square of two neutrino eigenstate masses, ∆m2 ≥ 0.0027eV 2, meaning that at least

one neutrino would have a mass of at least 0.04 eV . However, in this study, in the radiation

domination era neutrinos are treated as massless particles to simplify our modelling.

1.2.2.2 Baryonic matter

Observing the night sky in the optical spectrum, we came to the realisation that the universe

consist of baryonic and leptonic matter fluid. Besides that matter, the universe is consist of Dark

Matter (described in next section). In this framework, we consider as baryonic matter the set of

all the luminous matter i.e. the matter that interacts with the photons (baryons and leptons) and

it is formed in the large scales in structures that we call galaxies, i.e. collections of gravitationally

bound stars, objects which were formed at the late times of our universe t = 8Gyr after the planck

time. The baryonic matter is observed in increasing scales in different gravitationaly bound

objects such as planetary systems, stars, galaxies or in the form of dust in the intergalactic

medium, composing totally about Ωb = 4.9%. The baryonic matter interacts with the photons,

thus it is easily observed through the photodetectors, such as the HST observatory[11]. An

example of baryonic matter is the binary-galaxy, called Chorodidascalous Andromedae, belonging

to the vast galaxy zoo. This binary is shown in Fig. 1.2, where the HST observatory observed

the gravitational interaction of the two close-by galaxies.

Figure 1.2: The highly resolved Arp-734 binary galaxy observed by HST[12]. The name of
this binary is Chorodidascalous Andromedae, or ”Χοροδιδάσκαλος Ανδρομέδα” which means in
greek translation ”the Dance-teacher Human-protector”, describing the gravitational interac-

tion (dance) between the two galaxies.
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Furthermore, observations show the existence of the leptonic matter such as electrons and muons

which observed by numerous observatories. One of them is the HESS telescope based on

cherenckov radiation detection[13]. The last element of large cosmic structures are the neu-

trini, which are detected by experiments such as the Hyper-Kamionkande water tank multi-

photomultipier detectors located in Japan[14]. Although we are going to, briefly, explain in the

chapter 1.2.3 the physics of the interaction of baryonic, leptonic and neutrino matter with the

photons and the metric, the budget of those species is negligible in respect of baryons and dark

matter for this study. However, in the near future precision measurements of large scale struc-

ture observations, neutrini could play an important role at non-linear scales(r < 20h−1Mpc)

on structure formation models. At the scales we are considering (∼ 100h−1Mpc ) the baryonic

matter is usually formed in large scales in galaxies and collections of galaxies, galaxy clusters.

The baryonic matter currently is mapped with various large scale structure surveys that we are

going to discuss in chapter 3. One needs to note that there is also a small fraction < 0.01% of

cold hydrogen that is a very faint source obviously and we refer to it as dark baryons. This was

detected by the study of Fukugita et al. [15].

1.2.2.3 Dark matter

There is evidence for an additional matter fluid called, Cold Dark Matter (CDM) which does not

interact with the photons and consist of Ωcdm = 26.3% of our universe today. The first strong

astronomical evidences of this CDM were observed by the study of the rotational curve of the

Coma galaxy cluster, shown in Fig. 1.3, by Swiss-American astronomer Fritz Zwicky [16]. In

his study, he used, among other methods, the virial theorem of classical mechanics to determine

the velocities and masses of celestial objects. With this method he revealed a missing mass

component, naming it Dark Matter. Later on 1970, Vera Rubin[18] studying the rotational curve

Figure 1.3: Composite image of the Bullet (star) Cluster observed by the Chandra X-ray
Observatory [17]. We can see the X-ray(blue) and γ-ray (pink) radiation emitted by the
collision of star cluster with another start cluster providing us with direct evidence of Dark

Matter through gravitational lensing.

of M31 galaxy, i.e. studying the rotational velocities of the galaxy vrot(r) against the inferred

mass from X-ray luminosity observations, found strong evidence for Dark matter as well. The



Chapter 1. Concordance Cosmology 9

gravitational lensing studies of smaller structures, such as the Bullet Cluster[17] shown in fig

1.3, support the Dark Matter essence existence. Evidence of Dark matter has inspired many

scientists to characterize the cosmic web of our universe. Thus the classification of the largest

possible structures of our universe is a hot research subject at the time and there are many

efforts of classifying the large cosmic web with the notions of nodes, filaments, sheets and voids

which is a dynamical classification according to the tidal forces acting on the different structures

due to the gravitational potential of the clustering at different corners of our universe11.

The nature of Dark Matter is not yet determined, however many theoretical explainations exist,

which model the Dark Matter as a hot neutrini or warm neutrini, a MAssive Compact Halo

Objects (MACHOS), a Weakly Interacting Particles (WIMPs), an oscillatory scalar field coupled

to Higgs Boson[20] or other exotic objects.

1.2.3 Fluctuating from equilibrium

In the previous section, a homogeneous and isotropic model for our universe was introduced.

However, the evolution of a homogeneous cosmic fluid cannot lead to the development of galaxies

and the peculiar large scale structures that we observe on the night sky. The complexity of GR

equations Eq. 1.1 does not allow for an analytical treatment of the evolution of the matter density

field, ρ(x), that describes the observed large scale structures. Therefore, we use the simplest

linear perturbation modelling, considering small spatial density fluctuations, δ(x), compared to

the spatial average matter density ρ̄(t) =< ρ(t, ~x) >~x which allows us to expand equations to

first order12. Those differential equations become linear in this approximation. The agreement

between this linear approximation and observations is a remarkable achievement, as shown in

the latest large scale structure observations[21, 22].

Figure 1.4: Schematic representation of the linear, coupled Boltzmann-Einstein field equa-
tion describing the interplay of physics at large scales, inspired by Fig 4.1 of Dodelson [23].

11 An arising famous technique is the classification of the cosmic web using information theory [19].
12This is a good approximation for early times
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The small spatial overdensities around the mean field of the different species of the cosmic fluid,

X, are modelled, simply, via:

ρX(x) = ρ̄X(t) [1 + δX(x)] (1.21)

where the evolution of the mean density, ρ̄X(t), is described via the smooth cosmology.

Two ingredients are necessary to describe the evolution of those perturbations and their corre-

sponding velocity field ~vX(x). The first ingredient is the perturbation of the FLRW space-time

metric as:

ds2 = − [1 + 2Ψ(~x)] dt2 + a2(t) [1 + 2Φ(t)] d~x2 (1.22)

where we have considered scalar pertubations defined via the Φ(t) spatial curvature field and

the Ψ(~x) Newtonian potential field 13, which is called the synchronous gauge. By neglecting Ψ

and Φ scalar perturbations, we retrieve the homogeneous and isotropic, FLRW metric.

The second ingredient is the Boltzmann equations, describing the nature of the interactions and

the evolution between the different species of the cosmic fluid, beyond the equilibrium. These

are defined generally via:

DtfX(~x, ~p, t) = C[fX(~x, ~p, t)] (1.23)

where the left hand side describes the time evolution of the distribution of the temperature

fluctuations of each species, TX(x) = TX(t)
[
1 + δT

T |X(~x, p̂, t)
]
, which we have developed in first

order approximation14, while the right hand side describe the collision treatment between the

different species X, C[fX ]. For the interaction between photons and leptons, we consider the

classical Thomson scattering non-relativistic approach, l∓+ γ ↔ l∓+ γ with an interaction rate

Γ ' nlσT , where σT ' 2× 10−3MeV −2 is the Thomson cross section. For cold dark matter, we

consider a collisionless non-relativistic approach, as done in various famous structure formation

history models. This are the simplest models that agree with observational large scale structure

data. For baryons and leptons interactions, we assume a Coulomb Scattering, b±+ l∓ ↔ b±+ l∓

in the Quantum ElectroDynamic (QED) approach. While for neutrini, we only consider them

as a massless relativistic particle fluctuation overdensity and therefore we assume that they do

not interact with matter. This is true only in the linear regime at large scales. Adopting a

Fourier transform framework to simplify the equations in question, we end up with a set of 6

linear differential equations describing the non linear evolution of the 3 different species of density

fluctuations (baryons, photons and neutrinos and Dark Matter) and their corresponding velocities

at large scale as a function of conformal time15, η, and wavenumber, ~k. However, this system is

coupled to the 2 degrees, Φ(η) & Ψ(~k), of freedom defined by the perturbations of the curved

metric. Thus, in order to completely specify the system one may solve the time-time component

and the spatial trace of the Einstein equations using the perturbed metric defined via Eq. 1.22.

Thus we end up with the coupled Boltzmann-Einstein equations that completely specify the

system on large scale structures, i.e. the evolution of the density and temperature fluctuations,

13For a non-scalar perturbation treatment I refer the reader to the 5th chapter of [23].
14where Dt = ∂t + a−1(t)p̂i + ∂tΦ(t) + a−1(t)p̂i∂iΨ(~x) is the well defined derivative of the perturbed metric.
15 The conformal time η =

∫ t
0 dt
′/a(t′) defines the time needed for particles that travel in the speed c to reach

an observer from the maximum distance existing in the universe (observable universe) which we call particle
horizon.
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δX(t, ~x) & δT
T |X(t, ~x), of the different species X. This interplay16 between the different species

and the metric is represented schematically in Fig. 1.4.

Finally, all this special interaction leaves a special pattern on the structured density field, both

temperature and matter. If the mean density of the structures(matter or temperature) is n, then

we can characterise these inhomogeneities with the overdensity variable, δ(~x) = [n(~x)− n] /n,

or its Fourier transform δ̃(~k). However observationally, we are interested in both δ(~x) and also

to the power spectrum P (~k) which is defined as:

〈δ̃(~k)δ̃∗(~k′)〉 = (2π)3δD(~k − ~k′)P (~k) (1.24)

where δD(~k − ~k′) is a Dirac distribution. This way, we can characterise all the modes, ~k that

have interacted within the observable universe.

1.2.4 Expanding universe

The expanding of the universe was first evidenced by the famous astronomer, Edwin Hubble

[25], who determined, in 1929, a linear relation between the recessional velocities (vrec) and the

radial distances (d) of galaxies17, at low redshift (z < 0.01 observations):

vrec := cz = H0 d (1.25)

where H0 is the hubble constant measured today, hence the subscript 0 and z is the redshift

variable. This defines the hubble horizon today, dH ≡ dH(z = 0) = c/H0, which is the maximum

distance a photon can travel during a time as long as the age of the universe. The recessional

velocities, or redshift z, can be obtained by the spectra information. The spectra information

for each source emitter is simply determined by the relative difference between the emitting

source wavelength at the rest frame of the emitter, λem(te), and the wavelength that we observe,

λobs(to). This leads to the relation for the expansion rate of the universe, since:

1 + z =
λobs(to)

λem(te)
≡ λcomova(to)

λcomova(te)
=

1

a(t)
(1.26)

where we have adopted the convention that a(t0) = 1. The distances were determined by

the standard candle technique, which is basically the distance measurement through measuring

the relative fluxes of those objects in respect of their rest frame spectra, which are obtained

by studying chemical element emission in the laboratories. This allows as to rewrite the first

Friedmann Eq. 1.6 as:

H(z;H0, ~Ω) = H0

√
Ωk(1 + z)2 + (Ωcdm + Ωb)(1 + z)3 + ΩΛf(z) + (Ων + Ωγ)(1 + z)4 (1.27)

16For a simplistic derivation of Boltzmann-Einstein equations one may revise the 4th and 5th chapters of
Dodelson [23] or the lecture notes of Baumann [24].

17Cepheids Variables are stellar objects within galaxies, undergoing pulsations in very regular periods on the
order of days or months and are established by Hubble for determination of galaxy distance within our local
group.
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where f(z) quantifies the different flavours of Dark Energy models[26], with f(z) = 1 corre-

sponding to the cosmological constant Λ. This defines as the Hubble expansion rate, H(z; ~Ω)

as a function of redshift information, z, and the various energy density parameters quantified as

~Ω = (Ωk,Ωcdm,Ωb,Ων ,Ωγ ,ΩΛ). This equation is useful for all cosmological observations since

we have only access on the redshift information z of the celestial objects.

1.2.5 Evolving Fluctuations

The solutions of the Boltzmann-Einstein equations depend on the choice of the initial conditions.

The choice of initial condition is related to the different hypotheses for the origins of the universe,

one of the most intriguing questions in physics today. We are going to give a brief discussion

on the initial conditions in chapter 1.2.7, while here we are going to describe the current picture

of the solutions. Observations have shown that the Universe was so hot and dense in the past

that baryons (and leptons) and photons acted as a single fluid, a plasma. During this hot

period, each plasma overdensity was growing due to the interplay between gravity, pressure and

expansion. The number density of free leptons was so high that the mean free path of the

Thomson scattering of photons was extremely hot. On the other hand, this plasma was being

pulled away of these potentials due to thermal pressure. This interplay between gravity and

pressure around these density fluctuations lead to the propagation of density waves outwards of

the potential wells. These sound waves propagate in space until the pressure falls to zero after the

recombination epoch. At that time the universe cools down to energy levels, E < 13.6eV , letting

the baryons recombine with leptons, at a time corresponding to z∗ = 1090. When the baryons

and leptons stop feeling the pressure of photons, defined as drag epoch, zdrag = 1060, the sound

waves stops propagating and leave a slightly over-dense shell, rd(z), of baryonic matter around

each original perturbation. This drag shell is described by the oscillatory solutions, krs(η), of

the damped Boltzmann-Einstein equations for the baryon-lepton-photon fluid, where rs is the

comoving distance traveled by the sound wave at conformal time η, i.e. :

rs(z) =

∫ η

0

dη′cs(η
′) =

∫ z(η)

∞
dz′

cs(z
′)

H(z′)
(1.28)

where the sound speed in the plasma is simply given by:

c−1
s (z) =

√
3

[
1 +

3ρb(z)

4ργ(z)

]
(1.29)

This phenomenon is called baryon acoustic oscillations (BAO). Since drag epoch, the radius

of these shells is only affected by the expansion of the Universe, with negligible gravitational

collapse into the central region of original perturbations. Those oscillations leave a pattern

that can be described in the Fourier space by the power spectrum P (~k) of the density Fourier

modes, δ(~k). Since dark matter fluid is practically not affected by other species or thermal

pressure(except at small scales), simply falling into gravitational potential wells, it is common

practice to use the dark matter power spectrum as a reference to study large scale structures

at all times. However, dark matter fluctuations, during radiation dominated era, are indirectly

affected by radiation. The potential wells are subdominant in respect to dark matter itself during
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matter dominated era. On the other hand, the effect of baryonic fluctuations is negligible on the

overall shape of the power spectrum apart from the small wiggles at high modes due to BAO.

Linear perturbation theory predicts that large scale modes keep their gaussianity until later

times. Non-linear physics affect small scale modes, coupling different wavelengths, and creating

non zero odd point correlation functions which is the fourier transform of the power spectrum.

Figure 1.5: Measurement of the matter power spectrum observed by combination of different
surveys[27].

The initial conditions18, observationally, are set with a scale-independent power spectrum P (k) ∝
kns−1 that evolves with time or redshift and ns ' 1. Once the wavelength of a given density

mode λk = 2πk−1, is smaller than the hubble horizon, dH(z) = c/H(z), at a given time, the

Dark matter collapses and this mode is in causal contact. Matter density perturbations grow

by the gravitational potential with time. However, during radiation dominated era the rate

of growth is insignificant due to the thermal pressure. Outside the hubble horizon modes are

growing since they are not causally connected and they are not affected by the pressure, this will

become clearer in chapter 1.2.7. This leads to a break in the observed power spectrum slope at

this wavelength, as shown in Fig. 1.5.

1.2.6 Accelerating universe with standard rulers

In 1998, Riess, independent from Schmidt and Perlmutter[28] led teams to performed a sophis-

ticated analysis using Type Ia Supernovae (SNIa), i.e. explosions of stars, 19 and revealed the

accelerating nature of the universe. This measurement was recently updated by a compilation

of different projects[29] using SN up to redshift z . 1. Figure 1.6 shows the scale factor of the

universe as a function of time which is the analogue of the measured brightness and redshift of

the supernovae revealing the preference of an accelerating universe against a forever expanding

18 We will explain this choice of the initial conditions in more details in chapter 1.2.7
19Explosion of stars with generated luminosities equivalent of the host galaxy. This explosion occurs only after

the mass of the star reaches the Chandrasekhar limit due to gravitational attraction of their massive environment

releasing energies up to ESN ' 3
5

G M2
SN

RSN
= 2× 1046J for a mass 1.4M� and a radius 15km.
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or decelerating or collapsing. These methods for the determination of the acceleration of the

universe are called standard candles methods. Standard candles are objects whose luminosity

is known, for instance exploding stars (Supernovae) that have the same luminosity at the max-

imum of their explosion. This is true for Type Ia supernovae with a spread of their maximum

luminosity (after some corrections) of order 12%. Having the apparent luminosity of the ob-

ject, and knowing its absolute luminosity, one can directly measure the luminosity distance and

compare it with the redshift of the object, measuring a Hubble diagram which depends on the

cosmological parameters.

Figure 1.6: Scale factor as a function of time, measured by a compilation of the Brightness
of samples of Supernova at different redshifts. One can notice that the ”always accelerating”

scenario is best fitted to these data [Image taken from [30]]

A similar concept, uses standard rulers, e.g. special rods that are objects with a known size. In

particular, the BAO features of the universe which are imprinted on the large scale structures

remain constant in time. Therefore, they can be used as a standard ruler to measure mainly

the acceleration, and expansion but also a possible curvature and matter to baryon ratio of the

universe. This interesting feature does not change during the whole period from recombination to

nowadays, which means that the sound horizon is only affected by the expansion of the universe.

This is due to that the large size of the sound horizon, of about 110h−1Mpc (larger than any

collapsed structure) protecting this feature from non-linear effects of structure formation. One

of the main differences with respect to standard candles is that the BAO signal is so weak that

statistical measurements over large volumes are needed.

Alcock and Paczynski [31] derived a test, namely AP-test, to optimally and independently ex-

tract the cosmological information from the BAO features. To do so in practice we need two

ingredients:

a A way to measure distances of the underlying distribution

b A way to study this distribution
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To measure radial comoving distances, we assume an FLRW metric ( Eq. 1.2) and by adopting

ds = dθ = dφ = 0, we are lead to:

dχ(z) =
c

a(t)
dt = − c

H(z)
dz (1.30)

Then, we can express the comoving radial distance at redshift z of an object by integrating the

redshift information of photon emitted by the source at z to now (z=0) when it was observed,

as:

dC(z) = c

∫ z

0

dz′

H(z′)
(1.31)

Then, by having the 2 dimensional angular information on the sky, i.e. (θ, φ) of every galaxy, we

reconstruct the 3 Dimensional distribution in comoving cartesian coordinates (x,y,z). However,

this comoving distribution is only valid for a flat (k = 0) universe. If we need to measure the

transverse size of this distribution in the sky at a specific redshift we need to assume FLRW

metric Eq. 1.2. However, since we are interested in the angular coordinates, the Eq. 1.2 fail to

describe[32] the whole 3D-Sphere with curvature k=+1. Therefore, the metric is shown to be

rewriten as:

ds2 = −c2dt2 + a2(t)
[
dr2 + S2

k(r)(dθ2 + sin2θdφ2)
]

(1.32)

where

Sk(r) =





√
k
−1

sin
(
r
√
k
)

, k > 0

r , k = 0√
|k|−1

sinh
(
r
√
|k|
)
, k < 0





. (1.33)

Now, if we adopt dt = dr = dφ = 0 on the new version of FLRW metric (Eq. 1.32), we end up

to:

ds = a(t)Sk(r)dθ . (1.34)

The above equation tell us that the ds is the proper transverse size of the distribution (or the

transverse size of BAO), dθ is the comoving angular size and dA(t) = a(t)Sk(r) is the physical

angular distance to the object. Then by using the time-redshift relation (Eq. 1.26), the measured

angular size of an object is rewritten as:

dθ =
ds

a(z)S2
k [dC(z)]

:=
ds

dA(z)
(1.35)

Notice, that we substituted r = dC(z) at the specific redshift, z, that we are measuring. There-

fore, the angular physical distance of any object, dA(z), is defined via:

dA(z) =
1

1 + z





dH√
Ωk

sinh
(√

Ωk
dC(z)
dH

)
, Ωk > 0

dC(z) , Ωk = 0
dH√
Ωk

sin
(√

Ωk
dC(z)
dH

)
, Ωk < 0





(1.36)

To study now the distribution, we need in our disposal, the excess probability dP of finding an

object within a volume d~r around another object of a density field with mean density ρ̄. This
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expression is quantified as follows:

P ≡
∫
dP =

∫
ρ̄ [1 + ξ(~r)] d~r . (1.37)

A detailed derivation of the 2-point correlation function is given in appendix A.3. Thus, we

study the BAO features statistically via the the 2-pt correlation function, ξ(~r). Since the BAO

feature is a 3Dimensional object, we decompose ξ(~r) into comoving line-of-sight (l.o.s. hereafter)

dependence, comoving parallel in the l.o.s. dependence.

Figure 1.7: Illustration of the AP-test of large scale structure clustering. [See text for details]

Since, in the radial (redshift) direction, one measures comoving sizes of objects, their physical

radial size dl will related to the expansion rate of the universe via dl = cdz/H(z). Therefore the

physical BAO size parallel to l.o.s. will be:

dlBAO,||(z) = dzBAOc/H(z) (1.38)

While its transverse comoving size one measures the projected expansion of the universe, there-

fore measures a dl which is proportional to the integrated expansion rate of the universe. For any

universe of curvature Ωk, the transverse comoving size is proportional to the comoving angular

distance, dA,c = dA(z)/(1 + z), i.e. :

dlBAO,⊥(z) = (1 + z)dA(z)dθ . (1.39)

If the measurement is completely spherical, then dlBAO,⊥ = dlBAO,|| holds20 and therefore:

dz

zdθ
=

1 + z

cz
dA(z)H(z) (1.40)

20Notice that this hold for every curvature of the FLRW-metric Eq. 1.2.
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which is the definition of the AP -test. The test is illustrated in Fig. 1.7, where we can observe

the measurement of ξ(r||, r⊥), which is represented with different colors. One can see that the

peak is illustrated with the grey color.

Figure 1.8: Large scale structure clustering measurements, revealing the accelerating nature
of our universe with a combilation of AP-tests [Image drag from [33]]

Currently, the most sophisticated AP-test try to take the advantage of the analysis of Lyman-α

Forests[33], which are the absorption lines coming from the gas that fill the space in front of the

line of sight of observations of quasars21 (QSO). The state of the art measurement of accelerated

expansion of the universe from large scale structure clustering measurements are summarised in

the right panel of Fig. 1.8. They have used a compilation of different total matter tracers, i.e

Gal: galaxies QSO quasars and Lyman-a Forest, as long as the combination between Lyman-a

and Quasars. In each compilation they have measured the BAO feature which underlies at each

tracer. Measuring this feature they determined the Hubble expansion rate, which was normalized

by the scale factor and calibrated with the drag shell, rd147 = 147.33Mpc as measured by current

CMB experiments. This amazing result shows that the rate of the expansion of the universe

H(z)/(1 + z) = a(z)ȧ(z)/a(z) = ȧ(z) was decreasing in epochs, z > 1, while later on, z < 1 the

universe started an accelerating expansion.

1.2.7 Initial conditions and the Inflation Paradigm

In order to understand the evolution of the structures in the universe, we have explored the

equations of the perturbations around a smooth background. However, in order to solve those

Boltzman-Einstein equations, we need a proper choice of initial conditions. As discussed in

Dodelson [23], the quest of the initial conditions has lead to a new realm of physics, the theory of

Inflation. Historically, inflation was introduced by Guth [34], Linde [35], Albrecht and Steinhardt

[36] to explain basically three issues of ΛCDM-model:

21Quasars or QSO (Quasi stellar objects) are galaxies that form in the early universe, z ≥ 2 with a high mass,
usually Mqso = 109M�. Quasars have a supermassive black holes in their center having very bright accretion
discs.
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1. The Horizon Problem

2. The Flatness Problem

3. The Magnetic Monopole problem

Let’s consider the following paradigms to understand how this mechanism solve all the above

problems. In the context of inflation, the universe initially, during planck time22, t ∼ tP ,

passed through a rapid exponential expansion phase, a(t) ∝ tHt, until the end of its phase tf ,

corresponding to z ∼ 1090. For the horizon problem consider two facts:

a the physical wavelength of fluctuations, λp, increase due to the expansion of the universe

b the physical horizon, dp,hor, depends on time.

The physical horizon, constitutes of all the spacetime regions where individual points can interact

with each other and it is expressed as:

dp,hor(t) = a(t)dhor(t) = a(t)

∫ t

0

cdt′

a(t′)
= a(t)

∫ log a(t)

log a(t=0)

cd log a

aH(a)
(1.41)

In standard ΛCDM-model, i.e. without the extension of theory of inflation, with a cosmic fluid

which has constant in time equation of states23 we end up to a situation where the physical

horizon is proportional to the Hubble radius, dp,hor(t) ∝ (aH)−1. While the physical wavelength

of fluctuations is only λp(t) = a(t)λc. This means that the physical horizon grows faster than

the physical wavelength of fluctuations. Thus, the largest observed scales today were outside the

horizon at early times. Hence, the individual points on the spacetime fabric were not causally

connected. Qualitatively, this translates to about 104 causally disconnected regions at times,

z ∼ 1100. This is illustrated in Fig. 1.9 in which the p and q point are outside the physical horizon

before reaching our world line (w.l.). However, observations have shown that the temperature

at that time was everywhere uniform, isotropic (see next chapter 1.2.8), and therefore should

be causally connected. Thus, by introducing a mechanism of a fast expanding universe at early

times, the physical wavelengths of fluctuations grow faster than the physical horizon. This means

that the fluctuations were inside the physical horizon at initial times, but they stretched outside

of the horizon during slighly later times, inflationary era, and re-enter the horizon in the later

universe, at matter-radiation era, a ' 0.5, This mechanism force individual points of space

interact with each other in the past even thought now they are observed far away from each

other.

In parallel, the flatness problem is considered by the fact that while standard ΛCDM-models

can have any curvature, observations have shown a value of the curvature which is very small,

Ωk(t = 0) ' 10−62. Nonetheless, standard ΛCDM-model solutions with zero curvature, i.e.
∑
X ΩX = 1, are unstable. Any slight difference of the total energy density ratio value can

22Alternative theories exist for prior planck time, but none of them were verified observationally
23If we substitute Eq. 1.13 to Eq. 1.6 for Λ = k = 0, we have: [aH(t)]−1 = H−1

0 a(1+3w)/2(t) and hence

dhor(t) =
2cH−1

0
1+3w

= a(1+3w)/2(t)− a(1+3w)/2(t = 0). But, the comoving horizon receives its largest contributions

from late times 1
1+3w

a(1+3w)/2(t = 0)
w>−1/3−−−−−−−→
a(t=0)→0

0 and therefore dph(t) = 2
1+3w

[a(t)H(t)]−1.
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Figure 1.9: : Illustration of the inflationary solution to the horizon problem. The comoving
physical horizon shrinks during inflationary epoch and expands during the standard ΛCDM-
model evolution at least until later time at a > 0.5 This allow all large physical fluctuation
(p, q points at the surface of last scattering which are outside the physical horizon) to be in
causal contact with each other at initial times since in the past they were inside the physical

horizon. [ Diagram was taken by Baumann [37]

cause a rapid expanding universe at early times. For example, if at early times
∑
X ΩX(t =

1044tP = 1sec) = 0.9, the universe would grow to a value of 10−14 today. However, if at early

times
∑
X ΩX(t = 1044tP = 1sec) = 1.1 , the universe would grow so rapidly that would have

recollapsed just 45 seconds after planck times. The resolution comes to this problem by forcing

a rapid accelerating period at early times, ä(t ' tP ) > 0 and therefore the
∑
X ΩX = 1 becomes

an attractor solution. If, for example, the scale factor grew by a factor of e60, namely inflation

lasted for at least 60 e-folds, then
∑
X ΩX is driven so close to 1 that we will still observe it near

1 today.

The inflation theory could also be solution for magnetic monopoles problems, using the bary-

on/antibaryon asymmetry. Tiny perturbations that happened during inflation could create little

regions of more baryons than antibaryons and destroy the production of any magnetic monopole

that were introduced by standard homogeneous and isotropic ΛCDM-models.

To explain briefly the inflation mechanism, consider that during early times, t ∼ tP , the universe

is dominated by a very different form of energy. This is often modelled by a scalar field φ,

inflaton, with potential energy density V (φ). During inflationary era, this field is displaced from

a global vacuum in a state of high energy density. Assuming, further, that this field in this

vacuum state dominates all contributions of the total energy density, the stress energy tensor of

Eq. 1.1 suggest in this paradigm that the energy density of the universe is determined by the

kinetic energy 1
2 φ̇

2 and each potential energy V (φ):

ρ(φ) =
1

2
φ̇2 + V (φ) , (1.42)



Chapter 1. Concordance Cosmology 20

while its pressure is determined by space component of the stress energy tensor, e.i.:

P (φ) =
1

2
φ̇2 − V (φ) . (1.43)

An enough slowly evolving field, i.e. V (φ) >> 1
2 φ̇

2, results in a source of negative pressure, since

P (φ) ' −V (φ) ' −ρ(φ). Under negative pressure fluid condition, the solution of Friedmann

equations, ignoring curvature and Λ terms result to H2(φ) ' 8πG
3 V (φ). Therefore, solving under

these conditions Eq. 1.8, we have :

a(t) ∝ eHt . (1.44)

This mechanism explaining the exponential expansion during early times is called slow-roll in-

flation.

Finally, inflation mechanism give rise to quantum fluctuations that become macroscopic during

that time24. Considering that the primordial inflaton, φ(t, ~x), is splitted into a homogeneous

background, φ̄(t) and a spatial varying perturbation, δφ(t, ~x), then δφ(t, ~x) satisfy the equations

of motion of a harmonic oscillation with a time-dependent mass. The quantum treatment of

the perturbations, translates to a collection of one-dimensional harmonic oscillators spatially

distributed. The zero-point quantum fluctuations during inflation induce a non-zero variance

for the inflation perturbations. Therefore, the end of inflation is modulated by the fluctuations

on the inflaton. This means different fluctuations stop at different times. This process can

convert the inflaton perturbations into energy density δρ(t, ~x). The efficiency of the production

of density perturbations depends on the slope of the inflaton potential, while the size of quantum

fluctuations on its amplitude. The full calculation result to a parametrization on the primordial

power spectrum, i.e. the power spectrum of the metric:

Pprim(k) = Ask
ns−1 (1.45)

where As is the amplitude of the primordial scalar perturbations and ns is called the spectral

index. Several models of inflation predict that ns is less than one. Currently, Planck Mission

measure its value at near percentage level, i.e. ns = 0.9667± 0.0040. 25

1.2.8 Cosmic Microwave Background

In 1965 A. Penzias and R. Wilson[38], found an excess noise on the measured temperature of

their antenna. In particular they have been using a Horn-reflector antenna, 6m long, which

they were pointing it to the sky at various directions away from the galactic plane which covers

16% of the sky. They have found an unpolarized, isotropic temperature excess of 3.5K at

around 4GHz frequency that remain constant at seasonal variations. They verified that this

temperature was not coming from the receiver of the antenna or other observed known radio

galactic sources on the sky. This temperature had an unknown source and a possible theoretical

24For a detailed discussion, I refer the reader to Baumann [37].
25 Note that the power spectrum of the densities is defined as Pδ ∝< ρ2 >∝ kns . Since the poisson equation

tells us that ∇Φ ∝ ρ or in fourier space k2Φ = ρ. From eq 17 of Baumann [37] of the definition for the Primordial
Power spectrum Pφ, we have that the spectrum of the metric is PΦ ∝ k3 < Φ2 >. Substituting Poisson equation
we have PΦ ∝< ρ2 > k−1. But since < ρ2 >∝ kns , we have that the primordial power spectrum of the metric is
PΦ(k) ∝ kns−1.
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explanation and a confirmation of the measurement was given by Dicke et al. [39]. In their

letter, they explained that the primordial universe due to thermal considerations possibly emits

a temperature at microwave frequency matching the observations of Penzias and Wilson. This

emission was named Cosmic Microwave Background (CMB) since it originate from the thermal

component of the early universe. This thermal component was predicted by Alpher et al. [40] in

1948, that explain in a rigorous manner the origins of the chemical elements of the early universe.

This light from that epoch of recombination comes to us from a spherical shell around us called

the Surface of Last Scattering (SLS).

Figure 1.10: Uniform frequency spectrum (intensity vs frequency) fitted on the theoretical
Planck Black Body curve. The errorbars are only a small fraction of the line thickness[41].

[See text for details]

Later on several experiments were deployed to characterise this emission. Fast forward in time,

in 1989, the FIRAS spectrometer (Far-InfraRed Absolute Spectrophotometer) [41], placed on the

COBE satellite (COsmic Background Explorer) manage to measure the frequency spectrum of

the CMB emission in high precision. Is was detected with a temperature of Tcmb,f = 2.75277±
0.002K at a peak-intensity located around 282.2GHz corresponding to a maximum wavelength

of λmax = 1.067mm. The measured spectrum revealed a Planck Black Body spectrum of CMB

emission as shown in Fig. 1.10.

This observed CMB radiation is very isotropic. However, as it was first measured by a small

device on the U-2 aircraft [44], it turn out to have a dipole anisotropy, T = Tcmb,f (1 + v
c cosθ).

Current estimates give a best fit value of a temperature 3.343 ± 0.016µK on the direction

(l, b) = (264 ± 0.3, 48.4 ± 0.5)o. After calibration with the rotation of the Earth around the

Sun which moves around the Galaxy center, which moves around the center of the Local Group

of Galaxies[45], the speed of the center of the Local Group in respect of the CMB is 627±22kms−1

towards (l, b) = (276± 3, 30± 3)o.

Therefore, current experiments are dedicated to study the small anisotropies of the CMB, or in

other words temperature fluctuations. As discussed before CMB contains information on the

early universe. This statistical information is related to the matter power spectrum projected
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Figure 1.11: Left : CMB intensity map showing the temperature fluctuations as observed
by PLANCK Satellite[42]. Right : Measured angular power spectra of a compilation of exper-

iments denoted with different colours [43]. [See text for details]

in the celestial sphere. Therefore, for observational purposes, the temperature fluctuations,
δT
T (θ, φ), are decomposed in spherical harmonics, Ylm(θ, φ), where l is the multipole moment

and m is the phase. The multipole moment is related to the angular size on the sky, ∆θ, through

l ' π/∆θ. From basic statistics we know that for a Gaussian random field the average and

variance is enough to study its statistical properties. In the case of a primordial isotropic field

< alm >= 0, while the average variance is defined through , Cl = 〈|alm|2〉, for each spherical

harmonic l. This angular power spectrum, Cl, is the discrete, spherical analog of the 3D power

spectrum, P (~k), for a given mode, ~k, in Fourier space.

In the right part of Fig. 1.11, the maximum posterior CMB intensity map in Mollweide

Projection[46] at 5′ angular resolution, in Kcmb = 2.725K physical units, as it is derived from

the joint baseline analysis of the data of Planck satellite[42], WMAP (Wilkinson Microwave

Anisotropy probe) [47, 48], and 408 MHz Map [49] as was compiled by Planck Team[42]. The

small strip of the Galactic plane, 1.6% of the sky, is filled in by a constrained realisation that

has the same statistical properties as the rest of the sky. Furthermore, this map shows that the

isotropic behaviour of cosmic structures is of the order of 10−5, in the early universe. In the right

panel of Fig. 1.11, the re-scaled temperature angular power spectrum, Dl = l(l+1)Cl/2π, is dis-

played as measured by a compilation of the current most precise experiments Planck Satellite,

WMAP, ACT(Atacama Cosmology Telescope[50]) and SPT(South Pole Experiment [51, 52]).

The former two experiments are satellites and are observing large portions of the sky nearly

60% acquiring high precision on the largest possible scales (small modes l) of the measurements,

avoiding earth’s atmospheric light pollution. The latter two experiments are ground base tele-

scopes aiming the small angular scales (high l). At that time up to nine peaks are observed on the

power spectrum due to baryon acoustic oscillations, allowing a precise measurement of the an-

gular acoustic scale, at θ∗ = 0.596724±0.00038 deg. This measurement was validated later with



Chapter 1. Concordance Cosmology 23

the large scale structure surveys detecting the Baryon Acoustic Oscillation peak position[53, 54],

at about rs ' 100h−1Mpc.

This observable directly show the different modes of the ripples of the matter density field at

380000 yrs after the planck time. One can observe the remarkable agreement between experi-

mental results and best fit-ΛCDM -model.

1.3 Gravitational Waves

It is always fruitful to imagine what the outcomes could be from new observations. Since this

thesis is written 101 years after the most amazing prediction of physics and its first detection, i.e

the gravitational waves (GWs hereafter), it is worth devoting a small section with the possible

impact to our study. Since, we live in the era of multi-messenger astronomy is hard but not to

stargaze, how our current picture of our universe is going to be more revealed or modified by

the new observations of GWs which are waves that propagated through the spacetime continuum.

Although, GWs are not yet fully understood from current observations, for example there is still

high inaccuracy in their location on the sky, they open new potentials on spacetime observations.

Currently, the range of the observed mass of the binary black holes[55] suggested the existence

of a spatial distribution of Primordial Black Holes that could trace the cosmic fluid allover the

universe, since primordial black holes are generated at the center of supermassive galaxies and

quasars. Additionally, some authors argued[56] for a very challenging observation of the very

small modification of the large scale structure clustering due to GWs. The detection of the GWs

is summarised in appendix A.10.



Chapter 2

Cosmological Principle

In this chapter, we are briefly discussing the Cosmological Principle: from the observational,

historical and mathematical points of view. We introduce the different aspects of distributions

and discuss its possible implications of this principle. Finally, we discuss the challenges of this

study and our approach.

2.1 Observational and Historical views

In cosmology, as discussed in the previous chapter, one of the basic pillars of our understanding

of the universe is the Cosmological Principle. This principle states that the universe should be

smooth, i.e. homogeneous and isotropic, on the largest scales. Recall that this basic assumption

is used to derive every tool that we use in cosmology; i.e. the FLRW metric, the Friedmann

equations as long as Einstein-Boltzmann equations. One may wonder, though: ”Do we have

enough evidence for that?”, ”What are the observables and the tools for this study out there?”

or ”Why make this assumption to begin with?”. Well, we have evidences, but before discussing

those, lets discuss some of the difficulties of the ”what”. Although, it is easy to assert a test to

study how isotropic is the universe using the earth as the observational point, it is difficult to

investigate the homogeneous behaviour of the universe. The reason for that is simple. We do

not have the luxury to look from everywhere the universe. If only we could start travelling along

three orthogonal directions in the universe we would be able to measure the differences of the

positions of the galaxies in order to assert a test for homogeneity. Thus, we rely on observations

from ground based or satellites telescopes that turn around the earth, known as observatories.

Now we are able to answer the why-question. As it was discussed in the previous chapter

1.2, having a homogeneous and isotropic universe provides us with a less simple picture of our

universe. However, one can contradict the latter statement and suggest a simple universe in

which the Milky Way (our galaxy) is the center and the rest of the universe is only isotropically

distributed around it. By constructing such a picture for our universe, we end up in another

simple model for our universe. However, this model has not many convincing evidence so far.

Nonetheless, cosmologist were lead to the interest of cosmography of our universe, to distinguish

24
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between these two possible pictures. Cosmography is basically the analogous of topography for

the universe, i.e. one measures the location of the objects in order to understand the whole

configuration. Large scale structure studies are mostly cosmography.

There are several observational evidences about isotropy, one of the two parts of Cosmological

Principle. Currently, large spectroscopic galaxy surveys, show no evidence for anisotropies in

the projected galaxy distribution in volumes of a few Gpc3 [57]. At z ' 1100, Cosmic microwave

Background temperature anisotropies correspond to density fluctuations in the young universe

of the order of 10−5[58], as discussed in the previous chapter. Furthermore, isotropy tests, using

the luminosity function of galaxy survey[59], have shown no statistical deviations from isotropy.

In the more recent Universe, at z ∼ 2.6, analysing the structures of the Lyman-alpha Forests[60],

statistical isotropy was estimated for the first time in low precision. Additionally, the distribution

of sources in X-ray emission of baryonic matter structures[61] at z ∼ 0.02 and surveys of radio

sources[62] at z ∼ 1 strongly supports the isotropic behaviour of our universe.

Historically, going towards the past of cosmological principle construction, it was first Coperni-

cus observing the night sky realised that the Earth rotate around the most luminous celestial

object on our day sky, the sun which is the center of the solar system, during the 14th century.

This led him to assume that we live in place which is not privilege. This was named as the

Copernican Principle. Later on, in 1687, Cosmological Principle (CP hereafter) was asserted as

a philosophical statement by Newton in his book with title ”Philosophiae Naturalis Principia

Mathematica” [63]. Newton was the first to realise that there is a deviation of the gravity center

and the position of the sun. Therefore he generalised the notion of the center of the universe to

any center which is at rest. This made him conclude that the earth goes around the sun and then

sun moves within an infinite, homogeneous and isotropic universe. Going forward in time, in

1923, the CP was, mathematically, asserted into the Einstein Field Equations by Friedmann, to

obtain a simplistic solution, thus making easier to construct cosmological models as we described

in the previous chapter and established the current standard cosmological model, ΛCDM-model.

However, we should stress that, combining isotropy and the Copernican principle, which states

that our position in the Universe is not privileged, does not strictly implies that the Universe

is homogeneous [64–67]. As shown by Durrer et al. [68], this implication is not true if we only

have projected isotropy. This means that the projected isotropy is a weaker assumption than

spatial isotropy. In order to distinguish the two notions, i.e. spatial and projected isotropy,

lets consider the following. A spatial isotropic 3D point-distribution can be described by the

equality, ρ(r, θ1, φ1) = ρ(r, θ2, φ2) for every r, θ1, φ1, θ2, φ2 ∈ R5. This information is different

from the projected isotropy in which we integrated all the radial information, i.e. ρproj(θ1, φ1) =

ρproj(θ2, φ2) for every θ1, φ1, θ2, φ2 ∈ R4, where ρproj(θ, φ) =
∫
ρ(r, θ, φ)dr. Thus observational

isotropy evidences, such as CMB isotropy, for instance, at a given redshift or after projection

over a given range of redshifts are not enough to ensure a homogeneous universe.

Additionally, an observer, using a 3D spatial distribution through a spectroscopic survey, can

only probe the statistical properties of the universe only on the observer past light-cone and not

inside of it. Thus, the observed galaxies are not at the same epoch. An attempt to overcome

this limitation was to use the star formation history in order to probe the homogeneity of struc-

tures inside the past light-cone [69], but this is model dependent through strong astrophysical
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assumptions. A team[70] introduced another solution for probing the homogeneity by using

a combination of secondary CMB probes, including integrated Sachs-Wolfe, kinetic Sunyaev-

Zeldovich and Rees-Sciama effects to overcome this limitation. Nonetheless, no observational

evidence of this effect exists to date.

Figure 2.1: Left: The Lianakea structure in the equatorial plane, identified by a velocity
Wiener filter algorithm with a compilation of (z, θ, φ) coordinates of galaxies[71]. Shaded
contours represent density values within the equatorial slice with red at high densities and
blue in voids. Individual galaxies from a redshift catalog are given as white dots. Velocity
flow streams within the Laniakea basin of attraction are shown in white. The orange contour

encloses the outer limits of these streams.

Moreover, in the galaxy distribution, there are special patterns which we need to identify before

studying the homogeneity scale. There is a plethora of studies in the literature for identification of

such large scale structures. In 1983, Clowes [72] performed a Power Spectrum Analysis to identify

a Large Quasar Group of ∼ 100Mpc size at z ∼ 0.37. Later on, Tully [73] used a percolation

analysis identifying the 350Mpc Pisces-Cetus Supercluster Complex up to z ∼ 0.1. Two years

later, Geller and Huchra [74] using a spectroscopic survey, identified a ∼ 240Mpc structure,

naming it as the Great Wall. In 2001, Klypin and Kopylov [75], by using the Kormendy relation

as a distance indicator, i.e. taking into account galaxy luminosities, they discovered a Giant Void

with size ∼ 300Mpc with h=0.5. Two years later, Gott III et al. [76] used a spectroscopic survey

identified the 420Mpc Sloan Great Wall. Moving fast forward in time, in 2006, a large scale

filamentary structure was identified around the protocluster at z=3.1 with a size of 65Mpc[77].

Close to the CMB Cold spot Rudnick et al. [78] identified a 140 Super Void structure with NVSS

sources smoothed to a few degrees. In 2012, Clowes et al. [79] found a filamentary structure in the

early universe, z ∼ 1.3 with a characteristic size of 500 Mpc. At the same epoch, Horvath et al.

[80] using a Kolmogorov-Smirnov test[81] on the angular positions of a γ-Ray Burst distribution,

identified the Hercules-Corona Borelis with a tremendous size of 2.2Gpc size. When this thesis

was started, Tully et al. [71] used a velocities wiener filter to identify 160h−1Mpc structure that

they named Lianakea, due to its shape as a giant fluid in space as illustrated in Fig. 2.1. Finally,
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last year, a 271h−1Mpc massive supercluster system[82] was identified in the Sloan Digital Sky

Survey at z ∼ 0.47.

Some of the aforementioned studies with structure of sizes larger than 270h−1Mpc, obviously

do not contradict the measured homogeneity scales with lower values, since homogeneity is a

statistical property of the universe. Some studies found a transition to homogeneity scale between

70 and 150 h−1Mpc[83–93]. However, some others have not found such a transition. Large scale

structure studies[94–98] using observables, similar to our study, obtaining evidence for a fractal

distribution of galaxies. However, the galaxy redshift surveys used in the aforementioned studies

are too shallow, sparse, or have survey geometries too complicated, to give conclusive results for

a fractal universe.

Another difficulty arises from the fact that those measurements cannot go beyond the observable

universe which is defined by the comoving shell of dC(z ∼ 1100) ' 49Gly. However, the validity of

Copernican Principle or the Cosmological Principle outside the observable universe, is currently

impossible to test. Therefore, we always rely in the assumption that the universe remains the

same even outside the observable horizon, particle horizon.

2.2 Mathematical definition

Let’s break down mathematically the Cosmological Principle. The Cosmological Principle is

comprised by two assumptions as said before. A statistically homogeneous universe at large

scales. A statistically isotropic universe at large scales. In other words, homogeneous universe

relies on the translational invariance of the properties of the universe while isotropy rely on the

rotational invariance of those properties. However these kind of tests are impossible to perform.

An isotropic distribution is, mathematically, defined as the distribution whose properties, defined

by a mathematical function f, are rotationally invariant:

f(x′) = f(Rx) (2.1)

where f(x) quantifies the function of the property in study, observed in a coordinate system

with coordinates x, R is the rotational matrix and x′ is the coordinates on the rotated system.

Furthermore, a homogeneous distribution is the distribution whose properties are translationally

invariant:

f(x′) = f(x+ ψ) (2.2)

where ψ is linear displacement field. Generally, though, we can have 4 distinct different classes

of distributions:

• Class 1: Homogeneous and Isotropic 3Dimensional distributed properties.

• Class 2: Non homogeneous nor isotropic 3Dimensional distributed properties.

• Class 3: Non homogeneous but isotropic 3Dimensional distributed properties.

• Class 4: A homogeneous but non isotropic 3Dimensional distributed properties.
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However, in this thesis, we study point-distributions since we are dealing with galaxies. These

kind of distributions are a subclass of the previous classification, since the last class 4 is not

valid for infinitely large point distributions. By construction a 3 dimensional homogeneous

point-distribution is uniform in space. This means that the average density is constant with

translations in every direction. Thus if one selects one point in space of a 3D homogeneous

distribution and observe around, he will notice that the average number density does not change

with the different rotations.

The class 1 is illustrated by the left panel of Fig. 2.2, a two dimensional distribution of galaxies

that are treated as point sources. One can observe that the average number of galaxies does

not change under any translation or rotations of the observer. The 3rd class, isotropic but

inhomogeneous, is illustrated by a two dimension spatial distribution of galaxies, treated again

as point sources. The average number of galaxies do not change if we rotate the observer as

one can observe in the right panel of fig Fig. 2.2. However, one notices that the inside shell has

more galaxies per degree than the outer shell, which reflects the radial dependence of the point

distribution.

Figure 2.2: Left : 2D representation of homogeneous (and isotropic) galaxy distribution
Right : 2D representation of an isotropic (but not homogeneous) galaxy distribution [See text

for explanation][Credit on [99]]

However, there are potentially various properties of a galaxy distribution that can be use to

study homogeneity and isotropy of the universe. A short list is summarised below:

• spatial number density of a galaxy

• average magnitude (color) of a galaxy

• average spin of a galaxy

• average size of a galaxy

• average shape of a galaxy

• Star Formation Rate of a galaxy
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• Hubble rate of a galaxy

• e.t.c.

Currently, in observational cosmology, it is most common to study the spatial number density

for isotropic and homogeneity tests, as long as quantities related to this property such as the

fractal correlation dimension and the power spectrum. Another familiar, approach is to test the

Hubble rate[100] against the radial and angular dependence.

2.3 Implications of Smoothing

Criticism on the assumption of the Cosmological Principle has been particularly active in the

recent years for alternative explanations of the accelerating expansion of the universe. Models

relaxing the homogeneity assumption can get rid of the need of Dark Energy which is an exotic

form of fluid. A particular example is to introduce an alternative model, in which the Milky

way is at the center of the universe and beyond a large amount of void, a huge clump of matter

exists that attracts the celestial objects between our Milky way and the large clump of matter,

i.e. the acceleration that we observe with the supernovae[57]. This will results in an image of a

universe in which Dark Energy is not needed and the apparent acceleration is due to the large

void between the milky way and the large clump. However, as Caldwell and Stebbins [101] have

shown those models should produce large amount of spectral distortions on the observed Black

Body spectrum of CMB. But those distortions are not yet detected despite the high precision

measurements, to date.

Figure 2.3: Relative Distance module measurement as a function of redshift of a compila-
tion of Supernova, fitting separate isotropic universe (AvERA) better than homogeneous and

isotropic universe (Planck best-fit model).[See text for details]

Furthermore, Kovács and Garćıa-Bellido [102] have found strong evidence for overdensities and

underdensities in the cosmic web. In particular they have found evidence for an alignment be-

tween CMB Cold Spot, located in (l, b) = (207.8o,−56.3o) galactic coordinates, and the Eridanus
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supervoid and in the antipode observational part with the overdensity structures such as Her-

cules, Corona Borealis and the Great Pillar, indicated by a continuous blue line. They have

also found an alignment between the Supervoid Draco and LEP structure in the cosmic web as

plotted with a blue dash line in Fig. 2.4. However, these peculiar baryonic structures are only

a small fraction of the observed volume to date, ∼ 26h−3Gpc3[103]. Therefore their existence

is statistically insignificant against the statistical homogeneity that we observe on large scale

structure volumes.

Another recent study by Rácz et al. [104] have revealed evidences for the conjecture of separate

isotropic expanding universes without dark energy. They have used the relative distance module

as a function of redshift at z ≤ 1 to discriminate between the AvERA (Average Expansion Rate

approximation) model, which is in accordance with the aforementioned conjecture, and ΛCDM-

model which assumes a homogeneous and isotropic universe. They have excluded Einstein de

Sitter universe, (ΩM ,ΩΛ) = (1, 0). They have also found that AvERA matches better the

observational data of SN than best fit ΛCDM-model of PLANCK satellite measurement as

shown in Fig. 2.3. However, this apparent disagreement might be consistent with the known

tension between the Planck H0 measurement[6] and the Riess et al. [28] distance ladder study.

Therefore, a more cautious and thorough investigation is needed on this study.

Thus, for the aforementioned reasons, we consider homogeneous but anisotropic models or

isotropic and inhomogeneous models. A particular toy model for the latter class was described

by the Lemaitre(1933)-Tolman(1934)-Bondi(1947) model. This model considers the spherically

symmetric dust solution of Eq. 1.1, which is modelled by the metric:

ds2
LTB = −c2dt2 +

[∂R(t, r)/∂r]

1 + E(r)
dr2 +R2(t, r)dΩ (2.3)

where R(t,r) and E(t,r) are functions that depend in time and radial direction of the observer

to allow for an isotropic universe.

The homogeneous but anisotropic models are a class of Bianchi Cosmological Models. In the

simplest case, they are modelled by a spherically anisotropic solution of Eq. 1.1:

ds2
Bianchi,I = −c2dt2 + a2

X(t)dx2 + a2
Y (t)dy2 + a2

Z(t)dz2 (2.4)

where there are 3 different time-dependent scale factors, aX(t), aY (t), aZ(t). However, recently,

these models were strongly disfavoured by CMB observations, where strong constrains where

obtained for the anisotropic expansion of the universe parameter, sV /H0 < 4.7 × 10−11 at

95%C.L. [105].

Furthermore, another way of relaxing the homogeneity assumption was introduced by Schwarz

[106], Buchert [107] and it is called the backreaction mechanism. In order to explain this mech-

anism consider the following. Assuming that GR holds, the motivation behind a backreaction

mechanism comes from the non-commutation of the temporal evolution and spatial averaging

in inhomogeneous space-time. To explain this consider that in the usual ΛCDM-model one

solves Eq. 1.1 when the perturbed FLRW metric (Eq. 1.22) is firstly smoothed at first or-

der, gµν → 〈gµν〉 and then it evolves through Einstein Field Equations. This is formulated as,
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Figure 2.4: An alignment of the overdensity and underdensity spots in the cosmic web as
discovered by a compilation of supercluster catalogues. [Image taken from [102]]

G̃µν(〈gµν〉), where G̃µν = Gµν − 8πG
c4 Tµν . Then one needs to add an additional term, Λgµν to

fit the observational data, that is come naturally from the gauge freedom of those equations.

However, in the second case, backreaction, the perturbed metric evolves with EFE. Then the

evolved EFE equations can be smoothed to first order giving rise to this additonal term. This is

described mathematically as, 〈G(gµν)〉. Therefore, now one can observe the difference of those

equation G̃µν(〈gµν〉) 6= 〈G̃µν(gµν)〉. This leads to two different metric solutions, the standard

homogeneous and isotropic pertrubed FLRW-metric, which we discussed in chapter 1.2.1, and

the backreaction one. This is how backreaction mechanism could introduce a new way to un-

derstand the acceleration of the universe, by substituting the Dark Energy with an underlying

mechanism of evolution of structures through an inhomogeneous background metric.

The backreaction mechanism can be observationally apparent in the following example. Let’s

consider that the ideal measurement of the Hubble constant proceeds as considered by Li [108].

Considering N perfect standard candles [109] that located within a physical volume V(t) homo-

geneously. In this idealised case, perfect standard candles are those candles, i.e. very low redshift

candles z << 1, that allow for the determination of the expansion rate today, H0. Then their

physical distances, di, are measured via relative magnitude measurements and their velocities by

the redshift information, vi = czi, as shown by Ruiz-Lapuente[110]. Then to obtain the Hubble

constant one takes the average:

H0 ≡
1

N

N∑

i=1

vi
di

(2.5)

In the limit of a large sample, N →∞, this turns into a volume average:

H0 ≡
1

V

∫
v(~r)

d(~r)
d3~r (2.6)
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If we neglect the effect of the lightcone, which is true for z << 1, the spatial average is a good

approximation for the average over the past light-cone, since the expansion rate of the Universe

changes insignificantly at timescales shorter than the Hubble time, tH = H−1
0 . However, in

standard cosmology, the expansion rate is defined as HΛCDM
0 = ȧ(t)

a(t) . The issue is to establish

the connection between H0 and HΛCDM
0 . In the standard model, they agree by construction

if the volume V (t) becomes large enough. However, due to the nonlinearity of the Einstein

equations at smaller scales, overdensities affect the evolution of the averaged values, such as H0.

There is still a significant debate to the question of the backreaction mechanism, with the large

fraction of the community convinced that the effect is negligible[111].

2.4 Fractal Universes?

Nature is full of fractal patterns, be it from amazing snowflakes to romanesco broccoli. Naturally

due to the peculiar structure of galaxies around us, there were several claims that the universe

behaving like a fractal one[97, 98]. In 1996, Rassem and Ahmed [112] have described the dynamics

of a fractal universe. Introduced in 1982 by Mandelbrot, fractals are mathematical objects whose

structure is invariant of scale. However, there is no strict, or unique, definition but it relies on

unconventional views of the scaling and dimension notions. Traditional notions of geometry

dictate that the shape scales predictable according to intuitive and familiar ideas about space

they are contained within. Here, we consider that a fractal F satisfies the following properties:

• F has a finite structure, i.e. the distribution is structured to arbitrarily small scales.

• F cannot be defined with usual geometric and analytical tools due to its irregular pattern.

• F has one or more repetitive patterns, with different proportions each.

• F is usually described by a recursive process.

A famous fractal example is the Koch snowflake (Kock curve) as shown in Fig. 2.5. The

construction of the Koch curve starts with the design of an equilateral triangle. Then recursive

change each line segment following 3 simple rules:

1. Each line segment is divided into three segments of equal length.

2. An equilateral triangle is drawn in the middle segment from step 1 as its base and points

outward.

3. The line segment that is the base of each triangle from step 2 is removed.

After one iteration of this process, the resulting shape is the outline of a hexagram. After four

iterations a snowflake is created. The Koch snowflake is the limit approached as the above steps

are followed over and over again.

One of the simplest mathematical definitions will make the above definition more clear. The

box counting method consists of filling the space with boxes of size δ around the 3 dimensional
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Figure 2.5: The first four iterations of the Kock snowflake.[Image taken from [113]]

fractal object and then count the number of only those boxes that cover the space of the fractal.

For a line fractal element with size l contained in a 3 dimensional space we find N(δ) ' l/δ

and for surface fractal element with surface A we obtain N(δ) ' A/δ2. Mathematically, the

box-counting dimension is defined as:

D0 = lim
δ→0

log [N(δ)]

log δ−1
(2.7)

where the number of boxes N(δ) containing the 3dimensional fractal object. This is also the

definition of the Minkowski Dimension. If this limit does not exist, we define the superior and

inferior limits instead. This definition of fractal dimension can be generalized in the Generalised

Fractal Dimension, Dq, which we discuss in chapter A.9. However, in our study, we are interested

in one special case of the generalized fractal dimension, the fractal correlation dimension, D2.

This special case applies for a 3 dimensional point distribution, which is the objective of this

thesis and we discussed its application in chapter 4.1.1.

2.5 Complications of Celestial 3Dimensional Distributions

The statistical tools that we have in our disposal to study the Cosmological Principle are the

baryonic matter distribution, which is structured as galaxies and quasars in the late universe.

However there are several subtleties when we want to make inferences for the universe since

it consist of not only luminous matter but also Dark Matter. Therefore galaxies and quasars

are treated only as tracers of the total matter of the universe and we investigate the possible

implications and effect on the latter from Dark Matter to make global statistical inferences. Thus,

we study the power spectrum and correlation function as long as number densities of traces of

the total matter density of the universe. These subtleties that we will discuss are relevant for

every large scale structure analysis.
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2.5.1 Biased Tracers

ΛCDM-model predicts the power spectrum of the total matter distribution of the universe.

However, observationally we have access to the statistical information of the distribution of the

tracers such as galaxies, quasars Lyman-a forest or other. Galaxies and quasars are the most

massive objects, which they formed in the densest regions of the universe, resulting in an increase

of the observed density perturbations. Therefore the power spectrum is retrospectively amplified

by a factor b2:

Ptr(k) = b2Pm(k) (2.8)

where Pm(k) is the matter power spectrum and Ptr(k) is the power spectrum of the tracer we

consider. The name of this factor, b is called the cosmic bias, or bias for short. The same

amplification adjust also the amplitude of the 2ptCF, ξ(r) which is only the Fourier transform

of the power spectrum. Note that this factor, b2, depends on the tracer that we are considering

to measure, ξ(r) and P (k), therefore it varies with redshift, the magnitude or the mass of the

tracer.

2.5.2 Redshift Space Distortions

We show in chapter 1.2.4 that the redshift of an object allows us to identify its position along the

line of sight. However, the relation between redshift and position is not exact for every case since

the object has also a different velocity component of the one coming the hubble expansion. The

redshift measured for an object with velocity in the line of sight of the observer has higher value

than the redshift of an object without a velocity. Therefore, when we reconstruct the position

along the line of sight, the object with velocity seems further than it is. Conversly, an object,

whose velocity direction is towards to the observer in opposite direction of the hubble flow,

seems closer. These effects are called Redshift Space Distortions (RSD). Due to the gravitational

interaction, the velocity field of the tracers is correlated with the gradient of the density of

matter. This correlation modified the power spectrum and the 2ptCF of the tracer.

Schematic representation of the effect of distortions in redshifts space. At the top, the points

represent the positions of the tracers in the real space, and the arrows their velocities. The

figures at the bottom show the reconstructed positions in the redshifts space, in the case where

the observer is at the bottom of the image.

On large scales (rls > 10h−1Mpc), tracers tend to move towards the overdensities of Dark Matter

due to the huge Potential as shown in Fig. 2.6. Tracers which falls towards an overdense region

situated between the observer and this tracer thus has lower removal speed that if it followed only

the hubble flow. Therefore, when reconstructing the radial position from the tracer’s redshift, the

tracers appears closer to the center of the overdensity. The same reasoning can be performed if

the positions of the tracer and the overdensity are reversed. Since it falls towards the overdensity,

the radial velocity of the tracer appears more important to the observer that if the tracer was

taken only in the Hubble flow: it also seems closer of the tracers around the overdensities along

the line-of-sight, which then appear denser in the space of the redshifts than in the real space.
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Figure 2.6: Schematic illustration of the Redshift Space Distortion effect. In the top the
figures represent the actual position of the celestial objects and their velocities. On the left
the motions are due to gravitational potential of the overdensity and on the right due to
gravitational interaction among the objects. Bottom figures represent the apparent position

of the objects and the apparent shape of the overdensity. [See text for details]

Concequently, this effect , increases the signal to noise ratio of clustering and therefore amplifies

the 2ptCF and Power Spectrum.

Kaiser [114] has shown that in first order, this effect is only a multiplication factor to P (k)

depending only in the direction of the underlying modes in respect of the line of sight:

Ptr(k, µ) = b2(1 + βµ2
k)2Pm(k) , µk = cos(~k,~k⊥) , (2.9)

with

β =
f

b
, f =

d lnD(a)

d ln a
' Ωγm(z) (2.10)

where the last equality is a valid parametrization of the rate of growth of structures, f and

γ = 0.55 for the unmodified General Relativity Theory[115]. The factor, β, quantifies the RSD

phenomenon. Taking the fourier transform and averaging over angles[116] we end up:

ξtr(r) = b2(1 +
2β

5
+
β2

5
)2ξm(r) . (2.11)

At smaller scales rss . 10h−1Mpc, the non-linear effect are dominant, define the non-linear

regime. The tracers are not moving coherently in the underdensities. Since, we reconstruct the

positions of the tracers, their velocity dispersion in general is affected in a marginal manner

by the underdensity along the line of sight as shown in Fig. 2.6. Consequently, there is an
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ajustement of the amplitude of P (k) and ξ(r). From the point of view of the observer, this gives

the impression that the distribution of the tracer ”point” towards him: and therefore this effects

is named ”Finger of God” (FoG hereafter). This can be modelled empirically, by introducing

a term of the dispersion of the peculiar velocities σp in the power spectrum. We introduce this

effect with a Gaussian form as:

lnDG(k, µ;σp) = −1

2
(k
σp
H0

µ)2 (2.12)

We introduce the above form of the Damping model in the Ptr(k) as:

Ptr(k, µ) = b2(1 + βµ2
k)2DG(k, µ;σp)Pm(k) , µk = cos(~k,~k⊥) , (2.13)

Thus we can transform the measured power spectrum for the tracers into the redshift space in

the matter power spectrum in the real space. Notice that this is only an overall amplitude on

the spherically symmetric power spectrum. The Fourier transform of this power spectrum will

serve as a model for all the observations of the following chapters.

At even smaller scales, ress . 1h−1Mpc, the universe becomes more complex. The evolution of

those scales are not explained with the linear theory, and several approaches exist that try to

phenomenologically treat these problem. These scales are treated with computationally heavy

N-body simulations or perturbation theory. However, those scales are beyond the scope of this

thesis, since they do not affect our large scale measurements.

2.6 Current Unanswered questions of ΛCDM-model

Although our current ΛCDM-model is support by many observations still has some unexplained

issues. These are summarised below:

• Non-linear regime, i.e. at small scales r ' 10 − 20h−1Mpc where gravity is strongly non-

linear and requires using complex N-body and hydrodynamical numerical simulations.

• Nature/existence of inflation, is it an artifact that is used to explain the smooth flat

expansion of small inhomogeneities and the horizon problem or a different explanation

underlies?

• Neutrino mass measurement. Non-linear dynamics of the universe at small scales might

be affected but the neutrini budget of the universe[117].

• MOdified Newtonian Dynamics (MOND). At small scale, structure formation models can

be built based upon both ΛCDMand MOND paradigms, however the latter fits better the

observed data of the Tully-fisher relation[118].

• Matter/Antimatter Asymmetry, which is expressed by the low annihilation rate of the relic

density ratio between baryons and photons nb/nγ ∼ 10−18, has many possible explanations.

• Essence of Dark Matter, as discussed in chapter 1.2.2.3, is an inflaton particle or a super-

symmetric particle or other?
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• Nature of Dark Energy, as discussed in chapter 2.3, it is a cosmic negative pressured fluid

or a Backreaction mechanism of the treatement of the evolution of the metric or a different

Gravitational Theory modification underlies?

2.7 Approaching the Challenges

The basic challenges one needs to overcome to study the Cosmological Principle are the following.

Which celestial objects one needs to use for this study and how to define them. Which are the

possible observables. What are the possible estimators and which of them are the optimal ones.

Which is the definition of the homogeneity scale in practice. Which theoretical predictions are

compatible with its measurement. To which extend the objects in study are enough to trace

the universe as a whole. Are there any missing matter(dark matter) that one needs to take into

account. Which is the ranging of scales one needs to look for a homogeneous universe. How,

we are going to define the 3D comoving position of galaxies in the celestial sphere, in practice.

Are there any alternatives to the cosmological principle, which can be identified from the data

point of view. What are the possible implication of this measurement on the different theoretical

models of the universe. Can we use this measurement to distinguish between alternative models

against the concordance one, i.e. ΛCDM-model?

As discussed before, there is a plethora of observables in the literature that are suited in study

of the homogeneity scale. All those observables are all obviously related to the number density

of objects on the celestial sky. Those observables, obviously need to study the 3 dimensional

spatial space of the objects. The possible objects that one needs to study are the largest possible

identified objects. These are the collection of stars that we call galaxies or the cluster of galaxies

or so on. Therefore, one start looking for scales beyond ten-ths of kpc which is the typical sizes

of individual galaxies. However, since galaxies are objects that only trace the electromagnetic,

optical spectrum of matter in the universe, we need to take into account this missing matter

that we cannot observe. Thus, we include in our analysis the additional clustering of the total

matter, electromagnetic and non electromagnetic interacting matter.

Furthermore, in practice, to perform the above measurement, i.e. counting of the average number

density, we treat galaxies as point particle in the celestial sphere, and we need their radial and

angular position. We obtain the angular position by imaging photometric(or astrometry) based

on ground based telescopes. The radial position is more complicated to obtain. Since we do

not have a long ruler to measure galaxies, we rely on their luminosities. Therefore, we use

spectroscopic instruments that acquire the total flux of the galaxies as a function of wavelength.

This permit us to compare their rest frame spectrum, which is the template of the standard

emission lines on different chemical elements composing the different galaxies that are studied in

the laboratory. Then we compare the wavelength location of each emission line obtained by the

spectroscopic instrument for each individual galaxy with the location of the emission lines that

is studied in the lab. Therefore, we have assumed that the chemical components of each galaxy

emit lines in the same sequence as the ones observed in the lab. However, experimentally, we

observe that the locations lines are stretched, which is an effect of the expansion of the universe.

Through, this comparison we identify the difference of the emission lines with the rest frame
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location and we measure the redshift of each galaxy. Therefore, we have access to the velocities

of the galaxies. Then, we use the hubble law, to convert velocities, i.e. redshift into distances.

However, this velocity field, is mixed with the peculiar velocities of each individual galaxies,

since galaxies are subjected to the gravitational field of their environment, fro example other

massive galaxies. This introduces deviations on the velocity field. This phenomenon is named

redshift space distortions and we take that into account as well. We correct for this effect by

estimating a correction using the theoretical prediction. However, this correction is subjected to

question if it treats or not correctly this effect and if its effect is significant to our measurement

and Cosmological Principle test.

Once we obtained the 3 dimensional position of our sample of galaxies we use, basically, the

local number density of galaxies and compare it to the total density of the sample. However, this

treatment is again complicated since the sample of galaxies that we obtained are only a part of the

galaxy and not of the whole universe. This is due to that we have only access to the observable

part of the universe. The light has a constant speed. Thus it needs time to travel from the distant

galaxy and reach the earth, and cannot reach the detectors instantaneously. Furthermore, the

spectroscopic instrument can only observe only a finite part of the celestial sky since our earth

is located to a specific location inside the milky way. The electromagnetic radiation from the

distance galaxies at low galactic-latitudes is screened by the very dense electromagnetic wall of

our own galaxy, the milky way. For all those reasons, we need to assume that this partial sample

of the whole universe, is representative of the whole universe. This is consistent with the isotropy

hypothesis and a more general notion, the ergodic theorem. The ergodic theorem suggests that

a 3 dimensional spatial average is equivalent to an ensemble average. Where the ensemble, is

the set of different realisations of the survey, i.e. simulated galaxy catalogues. Moreover, we are

going to use a suite of simulation of the galaxy catalogue to test this hypothesis. Additionally,

we will see that our instrument surveys the celestial sky but leaves some regions unobserved,

therefore surveying only a peculiar geometry of the celestial sky. In order to treat this effect

there is again a plethora of methods, but we chose to use conventionally the comparison of galaxy

counts with the counts of a random distribution which has the same properties as the galaxy

sample. This way we are going to quantify a scale at which the universe transit to a homogeneous

state.

The theoretical predictions that describe our observable universe are related to the dynamics

and evolution of the universe. This is quantified by the power spectrum of the matter of the

universe at different epoch of the universe. Therefore we use the power spectrum in order to

predict the underlying visible and non visible matter field of the universe and via the definition

of the homogeneity scale at the epoch we perform our observations and finally compare it to the

measurement from our galaxy data sample.

If we are convinced enough by this first study that the homogeneity hypothesis holds, then

the quantification of the homogeneity scale is going to define standard spheres on the universe

that correspond to this transition. Therefore, we can use this scale to probe different scenarios

of ΛCDM-model by measuring different set of cosmological parameters with it. To explore its

sensitivity first we are going to confront it against a previous standard ruler, the BAO scale,

by measuring it on thousands of simulated galaxy catalogues. Then, we are going to use the
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standard Fisher Analysis Formalism, which allows us to determine the best sensitivity of a probe,

i.e. a relation between small changes of the cosmological parameters with small changes on the

measurements of this specific ruler, the homogeneity scale.

Another investigation we are going to follow is to determine the sensitivity of this probe using

different experiments. Therefore we are going to simulate the future galaxy surveys, i.e. simulate

the number density, angular coverage and redshift precision of each experiment and we are going

to mitigate their effect by defining scaling laws with the precision of the homogeneity scale.

Finally, to probe further the assumption of homogeneity we are going to relax the homogeneity

hypothesis on our reconstruction of our observables. We are going to achieve that by using two

different ways to measure distances. The first one is the cosmic chronometers that are used to

estimate the hubble expansion rate against different redshifts. To perform this measurement one

relies only on astrophysical models that only assume general theory of relativity for gravity and

standard structure formation history models that assume no homogeneity or isotropy. This is an

alternative way of defining the hubble rate without the assumption of homogeneity. The second

one is the Type Ia Supernovae distance module data. Those data are going to provide us with

the information of the transverse comoving distance between the positions of the galaxies that

are located at the same epoch as the one of the Supernovae. We perform the Supernovae distance

module so as not to assume any curvature about the spatial curvature of our universe. Therefore

by using those two methods, we can reconstruct a 3 dimensional comoving distribution (x, y, z)

from the regular (z, θ, φ) measurement of each galaxy. Then we perform the same analysis

discussed above and quantify the transition to homogeneity.
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Large Scale Structure Surveys

In this chapter, we discuss existing and upcoming large scale structure surveys. We introduce

the difference between spectroscopy and photometry. Furthermore, we present the main goals of

the Sloan Digital Sky Survey and the data reduction pipeline for the Baryon Oscillation

Spectroscopy Survey which produced the data used in this thesis. Finally, we discuss the galaxy

sample selection that was performed for the analysis developed in this thesis.

3.1 Introduction

Comprehensive wide-field imaging and spectroscopic surveys of the sky have played a key role

in astronomy, leading to new breakthroughs in our understanding of the solar system, our Milky

Way Galaxy and our Universe 1. In the era of the upcoming Stage IV experiments, various

projects are going to provide us with a clearer and wider image of the nature of our Universe.

Those projects are a class of large scale structure surveys which are one of the main interest of

modern observational cosmology. While the angular positions of galaxies are in general easy to

measure, the radial distances are not so easy. Indeed in an expanding universe, the radial distance

is a function of the history of expansion and therefore is model dependent. In order to estimate

those distances, large surveys typically use the spectrum of light emitted by galaxies, including

absorption and emission lines and more general features, all resulting from the integrated stellar

light. This results in a measurement of the redshift. Then we infer their distances, via the

established hubble law, mapping the 3 dimensional cosmic distribution. It is important to stress

that these measurements are model dependent, be it from from the astrophysical models to

acquire the redshift to the expanding history of the universe models.

Various projects are aiming at this three dimensional mapping of the universe. Ground based

telescope and satellite telescopes. There is a plethora of existing ground based telescopes. The

3.9m ground based Anglo-Australian Telescope, located at the Siding Spring Observatory near

1 remarkable breakthrough is the detection of the Gunn & Peterson trought, which is a feature of the presence
of neutral hydrogen in the intergalactic medium[119] which led to the discovery of the reionisation epoch. Another
remarkable breakthrough is the imprint of the Baryon Acoustic Oscillations in the large scale structures of our
universe [53, 54].

40
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Coonabarabran, New South Wales, Australia, was used for the completion of 2 cosmological

surveys. The 2dF Galaxy Redshift Survey which survey the large scale structures in a window

of 1500 deg2 of the sky at zm ∼ 0.2 and completed in April 2002. In January 2011, the WiggleZ

Dark Energy Survey[120] was completed, reaching a cosmic volume of about 1Gpc3 up to redshift

z = 1 covering 1000 deg2 of the equatorial sky in 7 regions. It obtained accurately 239000 spectra

for UV-selected emission-line galaxies at a median redshift of zmed = 0.6. Currently, the Sloan

Digital Sky Survey, hosting many projects, operates the 2.5m telescope in New Mexico, mainly

mapping millions of galaxies and thousand of quasars in a total volume, for BOSS Vboss ∼
17h−3Gpc3 and for its successor eBOSS Veboss ∼ 98h−3Gpc3, at z ∼ 0.6 and 3.5, respectively.

Upcoming ground based surveys such as, the Large Synoptic Survey Telescope (LSST hereafter)

and Dark Energy Spectroscopy Instrument (DESI hereafter) are going to increase the survey

volume allowing for a better understanding of the cosmos especially regarding Dark Energy. In

particular

• The DESI instrument[121] will conduct a five-year spectroscopic survey, covering 14,000

deg2 of the sky, using the 4-m Mayal telescope located in Kitt Peak, Arizona. It is designed

to obtain 5000 spectra simultaneously over the optical wavelength range, 360 < λ <

980nm, with a wavelength-dependent resolution, R= λ/∆λ ∼ 2000 − 5500. The main

DESI scientific goals are focusing on Dark Energy Science)[121] with several Dark Matter

tracers spanning from a variety of different type galaxies at z ∼ 1.7 to Ly-a absorption

features at higher redshifts, 2.1 < z < 3.5.

• The LSST telescope, having a large spectrum of scientic goals, from Dark energy science

to Asteroid science, will survey 18000 deg2 of the sky using photometry. Using a 8.4m

telescope with a special three-mirror design, which create a wide field of view, LSST has

the ability to survey the entire observable sky only in three nights. The LSST Summit

Facility is located on the Cerro Pachon ridge in north-central Chile. The LSST camera will

produce extremely high quality images by adopting a new technology of a 3.2 Gigapixel

flat focal plane array, obtaining 15TB of raw imaging data per night[122].

The Euclid Mission[123], is the most promising upcoming satellite, which will be launched in

2020. It will spend 6 years on the main scientific goal, i.e. enriching the cosmic geometry

measurements by mapping 2 billions galaxies spread over more than one third of the sky, with

a wide survey ∼ 18000 deg2 and a deep survey of 40 deg2. The telescope design is a 1.2 m

Korsch, with a three mirror anastigmat. A three-mirror anastigmat telescope consist of at least

three types of mirrors. The typical order is a concave first mirror, a convex second mirror and a

concave third mirror. These mirrors are arranged such that the first mirror and the second mirror

form, from an object at infinity, an intermediate image situated between the second mirror and

the third mirror. The third mirror forms, from this intermediate image, a final image in the focal

plane of the telescope. In this kind of architecture of telescope, at least the surface of the concave

third mirror is an n-polynomial surface[124]. This allow in a compact manner a very large field

of view ∼ 0.54deg2. This telescope will perform Near Infrared Spectroscopy (NISP hereafter),

1100 < λ < 2000 nm, for galaxy clustering science, and Near Infrared Imaging Photometry for
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Weak and Strong Gravitational Lensing science. It will gather cosmological information reaching

high redshifts up to z ' 2.0.

3.2 Photometry vs Spectroscopy

Photometry is the technology of simply recording astronomical images of sources in the sky. The

light from the sources passes through coloured filters where the wavelength information is only

restricted to the intensity of the light admitted through the filter and modified by the detector

transfer function. The main advantage of this method is that one creates a fast image on the

sky. Another advantage is that the light from a source over the filter band is concentrated onto

a spot on the detector allowing better S/N. Furthermore, photometry allows data collection for

thousands of sources per image. However, the main disadvantage is that the effective wavelength

resolution is only as good as the width of filter bandpass, degrading the ability to distinguish

between individual spectral features.

In spectroscopy, the light follows a path through a sequence of dispersive elements. It is reflected

from those dispersive elements, which usually comprise of a prism or diffraction gratings. As a

result, different wavelengths focus on different pixels so that the actual spectrum of the source

is measured. The main advantage is that one is allowed to record the light of one or more

objects over a large wavelength range having excellent resolution in wavelength space, resulting

in clear individual spectral features of the sources. However, one of the main disadvantages

is that the light of the sources is spread over many detectors, rendering a small S/N ratio on

each detector. This results in a difficult acquisition of the spectra in one exposure, usually

texp ' 10 − 100 seconds on multi-slit of multifiber spectrographs. Therefore, one needs a large

amount of exposure time.

These days, both techniques usually use a charged coupled device (CCD hereafter) as a detector.

What differs is the instrument prior to the detector. For spectroscopy one uses a dispersive

element while for photometry one uses a coloured filter. While spectroscopy results in high

resolution in wavelength providing a quality distinction of the spectral feature, it requires a

prior photometry to identify each targets. In spectroscopy only a small number of objects are

actually measured at each exposure. Therefore, it requires efficient target selection at the prior

stage, which can be only achieved through photometric observations and target identifications.

3.3 The Sloan Digital Sky Survey

One of the most successful astronomical surveys to date, the Sloan Digital Sky Survey, SDSS[125],

started observations in 1998 and has completed three different phases. The data collected include

optical imaging of one fourth of the night sky, ∼ 10, 000deg2, as well as focusing on optical and

near-infrared spectroscopy of over 3.5 million stars, galaxies, and quasars. These observations

were all performed by the 2.5-meter Sloan Foundation Telescope at Apache Point Observatory,

APO; [126]. The fourth phase, SDSS-IV, builds upon and extends both the infrastructure and

scientific legacy of the previous generations of surveys.



Chapter 3. Experimental Overview 43

The two first versions of the survey, SDSS-I and II, measured, during eight years of operation,

more than 900,000 galaxies and 100,000 quasars, allowing the construction of the largest three

dimensional map of large scale structures of the Universe. The project had a huge scientific

impact, with more than 8000 publications related to SDSS data.

The third generation of the SDSS[127], SDSS-III, started in autumn 2008 based on the same

telescope as SDSS-II with improved instruments in order to cover three main themes: dark energy

and cosmological parameters, the history and structure of the Milky Way, and the population of

giant planets around other stars. Three major programs cover those themes. One of the main

surveys, the Baryon Oscillation Spectroscopic Survey, hereafter (BOSS) measured redshifts of

1.5 million massive galaxies and the Lyman-alpha forest spectra of 150,000 quasars, to study the

first theme at redshifts z < 0.7 and at z < 2.5, respectively. After producing regular public Data

Releases for more than 8 years, SDSS was updated in summer 2015. In this update update, there

was the successor of BOSS, extended BOSS (eBOSS hereafter). Furthermore, there are also two

subprograms that are concurrently operated with eBOSS. The next generation SDSS-IV has

new goals that build upon the scientific results of previous SDSS surveys in the areas of galactic

archaeology, galaxy evolution, and cosmology. Those programs are listed below:

• APO Galactic Evolution Experiment 2 (APOGEE-2) expands the APOGEE-1, probing

the Galactic history through mapping the chemical and dynamical patterns of its stars

via high resolution (R ∼ 30, 000), high signal-to-noise-ratio(S/N ≥ 100 for most targets),

with a near-infrared spectroscopy, 1.51µm ≤ λ ≤ 1.70µm. The second generation pro-

gram has northern and southern components, APOGEE-2N and APOGEE-2S, respec-

tively. APOGEE-2N continues at APO, with primary use of the bright time. APOGEE-2S

utilises new infrastructure and a new spectrograph now installed at the 2.5-meter du Pont

Telescope at Las Campanas Observatory (LCO). The pair of spectrographs at APO and

LCO together aiming to target 400,000 spectra of stars. APOGEE-2’s near-infrared obser-

vations yield access to key regions of the unobserved parts of the Milky Way from other

surveys, which are predominantly conducted at optical wavelengths as was reported by

Majewski et al. [128].

• Mapping Nearby Galaxies at APO (MaNGA) provides a high resolved mapping of the

internal structure of nearby galaxies, at an early epoch, z ∼ 0.03, establishing a new

observing mode of SDSS, integral field spectroscopy. This new mode includes the spatial

distribution of both gas and stars, enabling access to the dynamics, stellar populations, and

chemical abundance characterisation as a function of the environment within each galaxy.

Using about half of the dark time at APO, MaNGA relies on novel fiber bundle technology

to observe 17 galaxies simultaneously by feeding the fiber output of independent integral

field units into the optical BOSS spectrographs. MaNGA plans to observe 10,000 nearby

galaxies with various environments and the stellar mass range 109−1011M�. The MaNGA

observations cover a spectrum of 0.35 < λ < 1 µm at ∼ 65 km s−1 velocity resolution and

∼ 2 kpc spatial resolution[129].

• SPectroscopic IDentification of ERosita Sources (SPIDERS) is executed concurrently with

eBOSS, using ∼ 5% of the eBOSS fibers on sources related to X-ray emission. In late 2018,
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cotargeting with the eROSITA instrument which it was installed at the Spectrum Roentgen

Gamma satellite[130], SPIDERS will provide the most succesfull characterisation of 80,000

X-ray identified sources (∼ 57,000 X-ray galaxy-clusters and 22,000 Active Galactic Nuclei).

• Time Domain Spectroscopic Survey (TDSS) aims to spectroscopically characterize the vari-

able sources identified by Pan-STARRS 1 data release[131] or between SDSS and PS1 wide

field imaging, using ∼ 5% of the eBOSS fibers. This will provide a statistical complete

selection of 200,000 variable objects on the sky down to faint objects, i = 21, after the

TDSS targeting of 20,000 objects not otherwise included by eBOSS target strategy.

3.3.1 (e)BOSS: Main Scientific Goals

Since the first measurements of the baryon acoustic oscillation peak in the large-scale structures

independently by two teams using the 2dF Galaxy Redshift Survey[54] and by SDSS-II [53], a

new window was opened for more accurate BAO measurements of using larger and deeper survey,

which is the main goal of BOSS. The interest of mapping the large scale structures and observe

the BAO feature is that the latter can be used as a standard ruler to give us information for the

Dark Universe and its evolution, i.e. the nature of Dark energy and Dark matter.

The Baryon Oscillation Spectroscopy Survey (BOSS) was divided into two main spectroscopic

surveys, executed concurrently over 10,000 deg2 of the sky. The first one was dedicated to

the survey of more than 1.5 million of massive galaxies in the redshift range 0.15 < z < 0.75,

with an eight times larger effective volume, traced using BOSS galaxies, than for SDSS-II. The

second survey targets 150,000 quasars and their Lya forest absorption over 2.1 < z < 3.5.

The galaxy survey was accurately analysed by independent teams of the BOSS collaboration

resulting in concensus values[21] on transverse distance measurements2 and hubble expansion

rate at late epoch, dM (z ' 0.32) = 1294 ± 21[rd/rd,fid] Mpc and H(z ' 0.32) = 78.4 ± 2.3

kms−1Mpc−1 respectively, as well as at earlier epochs, dM (z ' 0.57) = 2179± 35[rd/rd,fid]Mpc

and H(z ' 0.57) = 96.6 ± 2.4 kms−1Mpc−1. While the quasar sample performed on higher

redshifts.

The extended version of BOSS (eBOSS) completes the gap of the BOSS galaxy targeting into

the new redshift regime, 0.6 < z < 2.2. Using single fiber spectroscopy, it targets ∼ 250, 000

new galaxies in the range 0.6 < z < 1.1 and 60, 000 new quasars at redshifts z > 0.9. These

samples improve the investigation of the expansion of the universe using the Baryon Acoustic

Oscillation (BAO) and the growth of structure using large-scale redshift space distortions, as was

forecasted by Dawson et al. [132]. In particular, a 1.2%(2.8%) accuracy is expected on angular

distance measurements, dA(z), and 2.1%(4.2%) precision on H(z), combined with billion BOSS

galaxies at z < 0.6 ( 60,000 BOSS quasars at z > 2.1). However, systematic effects, such

as metal absorption, damped Lyman-a systems or broad absorption lines listed by Bautista

et al. [33], were not taken into account into this prediction. Furthermore, another science goal

is the improvement of the accuracy on the Growth rate measurements[133] which will reach

∼ 3.3%. Finally, improvements are expected with eBOSS Lyman-a Forest analysis on neutrino

2Transverse (motion) distance is defined via the Eq. A.4, as dM (z) =
dA(z)
1+z
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mass constrains, currently giving values,
∑
mν < 0.12eV (95%C.L.) when combined with CMB

Planck Data [117].

3.3.2 The Telescope

The Sloan Digital Sky Survey utilises a telescope located at Apache Point Observatory, in New

Mexico, United States of America. The telescope was designed by a modified version of the two-

corrector Ritchey-Chretien which has a 2.5-m, f/2.25 primary, an 1.08m secondary, a Gascoigne

astigmatism corrector, and one of a pair of interchangeable highly aspheric correctors near the

focal plane, one for imaging and the other for spectroscopy. This results in a focal ratio of

type f/53. The telescope is instrumented by a wide-area, multiband CCD camera and a pair of

fiber-fed double spectrographs. The telescope includes the following:

• A 3 deg diameter (0.65 m) focal plane with an excellent image quality and small geometric

distortions over a wide wavelength range (300-1,060 nm) operating in imaging mode. It

is developed with good image quality combined with very small lateral and longitudinal

color errors in the spectroscopic mode. The unusual requirement of very low distortion is

set by the demands of time-delay-and-integrate (TDI) imaging.

• A very high precision motion supports these TDI observations.

• A unique wind baffle/enclosure construction that maximizes image quality and minimizes

construction costs.

Time-Delay-and-Integration is a technique dating back to the age of filming. It was developed

to solve the problem of image smearing and improve the signal-to-noise ratio. The essence of the

technique is to allow the camera shutter open and roll the film at the same relative velocity as

the target image. This results in collecting a long strip of film of an apparently static scene. The

main advantage is the elimination of the need for a mechanical shutter. Secondly it allows long

exposure times without introducing smear. Finally, it enables a capture of tremendous amounts

of high-resolution from a relatively small camera when compared to an equivalent framing cam-

era. Instead of rolling the film, the registers of the CCD are clocked in synchronization with

the velocity of the targeted object. Therefore, the charge is ”coupled” (hence charge-coupled

device) from row to row in the sensor. Image signal integrates higher and higher as it traverses

the sensor such that the final image becomes brighter compared to an equivalent static image.

Typical TDI CCDs have 64 rows allowing for a 64 times improvement in the signal and an 8

times improvement in the S/N .

The first light of the telescope was obtained in May 1998 and began regular survey operations in

2000. More details about the telescope design can be found in Gunn et al. [134]. The telescope

is shown in the Fig. 3.1.

3Focal ratio is the ratio between focal length and the entrance pupil.
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Figure 3.1: SDSS Telescope located in the Apache Point Observatory, in New Mexico, U.S.A.

3.3.3 The Camera

The camera operated by Sloan Digital Sky Survey (SDSS-I and SDSS-II) is a large-format mosaic

CCD camera constructed by Gunn et al. [135] in 1998. It was optimized to perform in TDI

imaging mode and better cover the 3 deg2 field of view of the telescope.

The camera consist of six columns of five CCD, one for each photometric band, of 2k × 2k

(=2048 × 2048) pixels each. The effective imaging area of 720 cm2 as shown in Fig. 3.2. An

astrometric array of 24 smaller (400× 2k)-CCDs with the same pixel size, is placed around the

main CCDs and is used for astrometry and calibration. The TDI drift scan direction is shown

by the Y axis.

The main photometric CCDs is equipped to carry out photometry simultaneously in 5 color

bands (u,g,r,i,z), i.e. spanning the range from UV to near infra-red, which is the limit of silicon

detectors. In Fig. 3.3, we see the quantum efficiency of each filter taking into account the optic,

CCDs response and atmospheric extinction. The low relative efficiency of the u and z filters

justify their positioning near the center of the focal plane.

The photometric detectors are arrayed in the focal plane in six columns of 5 chips each such that

two scans cover a filled stripe 2.5o wide. For more technical and engineering details of the camera

review Gunn et al. [135]. It is worth mentioning that this camera was used for the SDSS-I and

SDSS-II photometric operations but not for the BOSS/eBOSS spectroscopic surveys.

3.3.4 The spectrographs

BOSS is constituted by a system of two identical spectrographs. The employed technology

is similar to the SDSS-II versions. However, spectrograph quality improvement was acquired

to reach BOSS scientific requirements. The system is executed in a single-fiber configuration

by (e)BOSS, TDSS and SPIDERS. The twin multi-object fiber spectrographs are consist of a
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Figure 3.2: Photometric Camera Layout and its design overploted. Optical layout of the
focal plane of the SDSS camera. Field 22 (top and bottom) are focus CCDs; Fields 16-21
are astrometric chips, and 1-15 are the photometric array. The TDI drift scan direction is
coming from the nose of Y-arrow to its tail, so a star-light traverses this array from right to

left. [Image taken from [135] and modified to include the design]

Figure 3.3: Quantum Efficiency of the telescope camera for the u,g,r,i,z photometric bands.
The expected throughput of the optics is included; the lower of each pair of curves includes

the expected atmospheric extinction. [Image taken from [135]]

simple optical layout with reflective collimators, gratings, all-refractive cameras, and state-of-the-

art CCD detectors to produce hundreds of spectra concurrently in two channels over a bandpass

covering the near-ultraviolet to the near-infrared, with a resolving power R = λ/FWHM ∼ 2000

as shown in Fig. 3.4. The spectrographs were upgraded for BOSS with volume-phase holographic

gratings and modern CCD detectors, improving the peak throughput by nearly a factor of two,

extending the bandpass to cover 360 < λ < 1000 nm, and increasing the number of fibers from

640 to 1000 per exposure. The throughput for BOSS was measured by averaging the throughput

of 24 stars over three plates, split evenly between the two spectrographs. Full technical details

about BOSS spectrographs can be found in Smee et al. [136].
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Figure 3.4: Optical layout of the SDSS spectrographs. Light enters each spectrograph
through 320 fibers (180 µm diameter) terminating at a curved slit plate mounted inside the
slithead. The slit plate positions the fiber ends on a radius concentric with the spherical colli-
mating mirror (B). The 45 deg dichroic beamsplitter reflects the blue portion of the bandpass
(λ < 605 nm) and transmits the red wavelengths (λ > 605 nm). Immediately after the beam-
splitter in each channel is a grism (D,E), dispersing the light which exits the grisms and enters
all-refractive, eight-element (F,G). Each camera contains a single 211 × 211 CCD with 24µm

pixels (H). [ Image taken from Smee et al. [136]]

3.3.5 Wide-field Imaging

During the first stage of the survey (2000 to 2005) wide-field imaging was deployed covering

the full ∼ 11, 600 deg2 of the Northern Galactic Cap (NGC) using the five photometric filters

(u,g,r,i,z)-bands. The falls of the years 2008 and 2009, Southern Galactic Cap (SGC) was also

imaged with an effective area of ∼ 3, 100 deg2. The final image covers ∼ 14, 500 deg2, more

than one fourth of the sky, and contains almost a billion objects detected individually up to a

magnitude of r ∼ 22.5.

Spectroscopy is much more time consuming process than imaging, therefore a careful selection

of the targets for spectroscopy needs to be performed prior to observation. Therefore, the next

step consists in the spectroscopy of all interesting objects, galaxies, quasars, Lyman-a forest,

(AGN) for (e)BOSS. For eBOSS, our main targets are galaxies, z ∼ 0.01 − 1.6 and z ∼ 2 − 4

quasars and Lyman-a forest. The BOSS collaboration developed algorithms for selecting these

kind of targets. The next section briefly describes the process of galaxy target selection, which

was used in our analysis.

3.3.6 Galaxy target selection

For galaxies, the main goal is to select galaxies composing a homogeneous distributed high

density sample over the covered volume. Instead of selecting luminous red galaxies (LRG) as

in SDSS I and II, BOSS galaxies of a same mass and no intrinsic color restrictions are selected,

resulting in a denser sample (n̄ ∼ 3 × 104h−1Mpc3 at z = 0.57). For BOSS, two classes of

galaxies were selected based on their redshift, called LOWZ and CMASS samples. Following
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Eisenstein et al. [137], we define the combination of color magnitudes as:

c|| = 0.7(gm − rm) + 1.2(rm − im − 0.18) (3.1)

c⊥ = (rm − im)− 0.25(gm − rm)− 0.18 (3.2)

d⊥ = (rm − im)− 0.25(gm − rm)/2 (3.3)

where c|| and c⊥ describe the low redshift locus while d⊥ the high redshift locus. It has been

shown that d⊥ is highly correlated with redshift, z. Those new colors, ~c = (c||, c⊥, d⊥), are

appropriate to separate the galaxies based on their evolution. Targets are selected according to

cuts on the new colors, ~c.

The LOWZ algorithm is designed to select luminous red galaxies (LRG) at 0.15 < z < 0.45. This

the color cuts 16 < rm < 19.5, rm < 13.6+c||/0.3, and |c⊥| < 0.2 correspond to the LOWZ galaxy

sample. The CMASS galaxy sample, 0.43 < z < 0.7, is based on the color-cuts: ri − im < 2,

17.5 < im < 19.9, d⊥ > 0.55, and im < min [19.86 + 1.6(d⊥ − 0.8)]. The last condition is

designed by Maraston et al. [138], ensuring a sample with all galaxies having the same constant

stellar mass. The distribution of their masses is narrow and centered at log(M/M�) ∼ 11.3 for

both galaxy samples. Full details about galaxy target selection are discussed in Reid et al. [139].

Figure 3.5: Target Selection algorithm, (see details in the text)

The diagram of Fig. 3.5 nicely describes in a pedagogical manner the description of the algorithm

of various sample-cuts that were performed. In this figure it is plotted the magnitude in the i-

band versus the dperp variable of a sample of targets. The dperp variable is a combination

of color-magnitudes that are highly correlated with redshift as can be understood from the

plot. Different colors represent different redshift. There is a color-cut at dperp ' 0.55 which

corresponds to a redshift z ' 0.43 which defines the high redshift galaxy catalogue. The i = 17.5

cut is applied to ensure the removal of very luminous objects while the im = 20 cut is applied
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removes of very faint objects. The diagonal cut is dedicated to ensure a constant stellar mass

limit on the output galaxy sample according to a passively evolving model [138].

3.3.7 Observations

As in the first two stages, SDSS-III and IV uses the multi-object spectroscopy technology, al-

lowing the observation of hundreds of spectra simultaneously. The focal plane of the telescope

is equipped with a 1.5 deg radius spectroscopic aluminum plate, accommodating 1000 optical

fibers of 2” diameter as shown in Fig. 3.6.

Science targets are assigned to fibers in plates in a process referred as tiling. The tiling process

is intended to maximize number of targets observed with the minimum number of tiles, tiling

efficiency. The fraction of objects observed in a given class that were assigned by fibers is called

tiling completeness. Approximately, 160-200 fibers per plate are dedicated to the main quasar

targets, 560-630 to galaxy targets, and 20-90 to ancillary science targets. The minimum distance

between two fibers on the same plate corresponds to 62” on the sky, which results in some

collisions between targets. It may, however, be possible to observe both colliding targets if they

are in the overlap region between two or more plates. The optical fibers are positioned on the

drilled aluminium plate to guide the photons to the spectrographs. Measurements of the sky

background and calibration with F-stars are assigned to ∼ 100 fibers, distributed uniformly over

the plate to ensure consistent data quality for all spectra, regardless of their position in the focal

plane.

Figure 3.6: BOSS Aluminum plate. Bundles are separated by black bounded edges, and
holes are marked in blue to reduce contamination between nearby emission line galaxies or
quasars. Holes for guide star fibers are marked in black and denoted by the corresponding

number ranging from 1 to 16.

Atmospheric differential refraction and time of the observation are taken into account to obtain

the (x,y)-positions of the fibers in the plate. Galaxies, stars and sky fibers are placed so as the

throughput is maximized near ∼540nm, while quasar fibers at ∼400nm in order to improve the
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signal in the Lyα forest. The z direction is corrected by the use of washers4. This allow to

gather 1000 spectra per exposure [140], achieving a typical redshift uncertainty of a few tens on

kms−1 [141].

The observation starts, once a given plate is installed in the focal plane with all fiber connected.

The procedure of observations consist of the following three basic steps:

• Flat-field calibration exposures and positioning of the telescope.

• A 15’ sequence of science exposures, with a simplified version of data reduction pipeline

being run for data-quality at each exposure.

• Re-observation of the science exposures which do not satisfy quality requirements.

The data reduction pipeline is basically a comparison between the magnitude of each object with

the mean signal-to-noise of pixels in the g band for the blue cameras and in the i band for the

red ones. For a low signal-to-noise output a new observation is scheduled.

3.3.8 Data reduction pipeline

eBOSS utilises ∼ 50% of dark time at APO. The eBOSS pipeline is a slightly modified version

of the BOSS pipeline[103]. A quicklook pipeline is used to pre-process eBOSS data during each

observation. Estimation of S/N in real time result in informed decisions about continuing to

subsequent exposures. Quality tests are examined each day for unexpected failures identification

of the observing system or pipelines. Each morning, following a night of eBOSS observations,

the data are transferred from the APO to the Lawrence Berkeley National Laboratory to run the

automatic data reduction pipeline (pipeline hereafter). The eBOSS pipeline adopts the existing

aspects of the BOSS pipeline. We have used the data from BOSS pipeline, since there was the

most uniform sample of galaxies when this thesis started. We are going to describe briefly the

main points of the BOSS pipeline.

In particular, the BOSS pipeline extracts, calibrates, coadds, classifies, and fits the redshift of

all spectra using all exposures as described by Bolton et al. [141]. Firstly, the data are collapsed

from two-dimensional images into one-dimensional spectra. Secondly, an algorithm of redshift

characterisation and classification of objects is executed. This algorithms performs several tasks.

The main tasks are described below.

An Optimal Extraction method is used during pipeline which extracts the individual spectra,

building a spatially-dependent model of the sky spectrum from the 80 sky fibers and subtracts

that model from each object fiber. The optimal extraction algorithm is able to sort out the

cross-talk between closed fibers on the CCD.

Pre-processing of raw CCD frames is used for subtraction of a bias model, which is overscanned

by subtracting a dark current model, and dividing by a pixel flat-field model for each CCD.

4Washer is a thin plate, typically disked shape, used to distribute the load of a threaded fastener, such as
screw or nut.



Chapter 3. Experimental Overview 52

Sky subtraction is performed by using a background model derived from the sky-fibers that

were assigned during plate design. The background model varies with fiber position to account

for small differences across the focal plane. The spectral response, i.e. the flux calibration, is

determined using template spectra of the standard stars obtained during in plate design.

Co-addition of spectra from individual exposures of each fiber are combined into a single frame

with a resampled grid that is linear in log(λ). Blue and red data are combined into a single

spectrum covering the full wavelength range of the instrument, 361 < λ < 1014nm.

Finally, a Classification of each object is defined through a fit of a star, galaxy, or quasar

template into their combined spectrum. Due to some low S/N spectra the identification is

sometimes inaccurate, therefore those spectra are flagged with warning tags, ZWARNING

and special treatment is given to them as we describe in chapter 3.4.2. A set of templates is

deployed to determine redshifts, z, with separate sets for stars, galaxies, and quasars. For stars,

the templates consist of individual archetypes; for galaxies and quasars, the templates consist

of Principal Component Analysis (PCA) sets that are linearly combined to fit the data at each

potential redshift. The best redshift and classification (star, galaxy, or quasar) is determined

based on the ∆χ2 between the data and the templates. For galaxies, the pipeline performs an

additional fit on the velocity dispersion parameter of the galaxy, by comparing the spectra with

linear combinations of a set of high-resolution stellar templates. The pipeline conducts emission

line flux and width measurements for a fraction of the major emission lines.

The BOSS pipeline confirms that for the color-selected CMASS sample of massive galaxies

targeted at redshift 0.4 < z < 0.8 the pipeline achieves an automated classification success rate of

98.7% and confirms 95.4% of unique CMASS targets as galaxies (most of them being M-stars5).

A subset of BOSS galaxies was visually inspected, retrieving about only 0.2% of confidently

reported CMASS sample classifications and redshifts are incorrect, and approximately 0.4% of

all CMASS spectra are objects unclassified.

The pipeline undergoes continuous improvement as problems are identified and repaired. Future

versions will benefit from ongoing efforts to improve sky subtraction and spectrophotometric

calibrations. Specifically, from 2016 the SDSS operate the eBOSS pipeline. In particular, one

of the new things implemented on eBOSS is the determination of galaxy and quasar redshifts

with a large number of fixed archetypes using the REDMONSTER suite[142] rather than a PCA

basis set.

The eBOSS pipeline has been applied to all SDSS-III BOSS data as well and further compared to

spec2d suite for calibration purposes. The first SDSS-IV data release DR13 contains a rereduction

of BOSS data, including plates from SDSS-IV completing the SEQUELS sample (Sloan Extended

QUasar, ELG and LRG Survey). In DR14, the first two years of eBOSS data will be released

and become available before the fall of 2017.

A sample of results of both pipelines (BOSS/eBOSS) are displayed in Fig. 3.7 by a sample of

six spectra from the first year of eBOSS, processed through a preliminary version of the eBOSS

pipeline and two additional galaxy spectra obtained by the BOSS pipeline (top row). One can

observe the different elements identified for each target.

5Class M-stars are by far the most common living in the main sequence.
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Figure 3.7: Sample of SDSS spectra. (Top) 2 SDSS-III targeted galaxies spectra (black)
and the noise at each pixel (red) with the best redshift measurement (blue). (2nd row to Bot-
tom) are 6 SDSS-IV targeted objects (black) with their identified emission lines (blue).[Image

extracted by [103] and modified ]

3.4 Sample Selection Strategy

In this thesis, we used the CMASS galaxy sample that has a number of properties that are useful

in the homogeneity study:

• Volume-limited galaxy sample.

• Time-invariant galaxy sample properties6

• Mass Galaxy invariance

Furthermore to fullfill statistical test of this sample we used mock galaxy catalogues dedicated

to mimic the aforementioned sample and the survey characteristic, which we discuss in chapter

3.4.3

6 Selecting only passively evolving objects, we ensure to obtain a sample were no different type of galaxies
contaminate the sample.
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3.4.1 Homogeneity study Sample

A 3D representation of the CMASS galaxy sample is given in Fig. 3.8 arround the Milky Way

(M.W.). In this figure, one can also distinguish the redshift-slicing of the sample that we have

selected to probe the cosmic evolution of the homogeneity scale. The large masses of the obtained

objects ensures this sample to have a strong bias with respect to the underlying Dark Matter

field, allowing a high signal to noise ratio on the two-point correlation function as described by

previous observations [143]. This allows us to measure the cosmic bias which is an important

quantity as we explain in chapter 1.2.6.

M.W.

ngc

sgc

increased-z

cmass

Figure 3.8: 3D representation of the CMASS sample. Different colors represent different
redshift slices applied in homogeneity galaxy analysis[144].

The CMASS galaxy sample consists of ∼ 106 galaxies with accurate spectroscopic redshifts. The

CMASS sample has been used to measure the Baryonic Acoustic Oscillation feature (BAO) with

unprecedented accuracy allowing to put strong constraints on the cosmological parameters [145].

z NGC SGC
0.430-0.484 101,383 40,170
0.484-0.538 174,468 63,518
0.538-0.592 151,084 56,805
0.592-0.646 97,155 37,179
0.646-0.700 47,289 17,899
0.430-0.700 571,379 215,571

Table 3.1: DR12 data sample in 5 redshift intervals in the NGC and SGC

We used the Data Release 12 (DR12) and we divide our galaxy sample according to SDSS

specifications on the North Galactic Cap that span approximately 6934deg2 and South Galactic

Cap of effective area 2, 560deg2 (NGC and SGC respectively) [139].
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Furthermore, we divide our data sample into 5 redshift regions as shown in table 3.1 to study the

evolution of the clustering of our galaxy sample. The redshift profile of data sample is shown in

the bottom panel of Fig. 3.9 which spans between 0.43 ≤ z ≤ 0.7 that define the CMASS galaxy

sample as explained in [139] and references there in for a volume limited sample. The R.A. takes

values in the region between (109, 264)deg for NGC, while for the SGC takes values in the region

(0, 45) deg and (316, 360) deg. The Dec variable takes values in the region (−6, 69) deg for the

NGC while for the SGC in the region (−10, 36) deg. These profiles are shown in the upper part

of Fig. 3.9. We use the prediction of flat ΛCDM -model to convert the redshift measurements to

comoving distances using Eq. 1.2. The cosmological parameters used for calculating distances

are given by:

pcosmo = (ωcdm, ωb, h, ns, ln
[
1010As

]
) = (0.1198, 0.02225, 0.6727, 0.9645, 3.094) , (3.4)

and therefore we assume flatness. The numerical values in Eq. 3.4 are from Planck 2015 T T, T

E, EE + lowP analysis [6]

Figure 3.9: R.A. and Dec profiles (top) and redshift distribution (bottom) of the DR12
sample for the NGC and SGC. The vertical dashed lines define the redshift-cut used in the

analysis [144].

3.4.2 Galaxy weighting scheme

There are a number of effects occuring when one measures the position of the galaxies in practice.

The effects that were currently identified are the ones following Reid et al. [139] specifications.

Due to fiber coating, one cannot assign optical fibers on the same plate to two targets that are

closer than 62′′. Therefore, one needs to weight with the close-pair weight, wcp. This means

that for two galaxies that are within 62” angular distance we keep one of them count it as two

galaxies to account for the unobserved one. Targets for which the pipeline failed to measure

the redshift are identified resulting to the wnoz weight. This weight therefore corrects for the

number of galaxies that we had a redshift but was poorly identified. Furthermore, there is a

dependance of the observed galaxy number density with the stellar surface density, especially

in the equatorial plane where the stellar density is more dominant. The observed local galaxy
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density is also correlated with the seeing. So one weights each galaxy with a wstar and wsee

weight to account for the two aforementioned effects, respectively. Finally, in order to reduce the

variance of the two-point correlation function estimator, we use the FKP weight, wFKP , [146].

This weight is defined as:

wfkp =
1

1 + n̄(zi)P0
(3.5)

where n̄(zi) is the mean density of the sampled galaxy distribution at redshift zi. Furthermore,

P0 defines the value of the power spectrum amplitude at which the error is minimized. In

this analysis we have used P0 = 20, 000h−3Mpc3 at k= 0.10= h/Mpc. However, the latter

approximation ignores the scale dependence of the power spectrum, but it has been shown that

do not affect the final results and errors. Therefore, our galaxy weighting scheme is weighting

each galaxy according to a total weight given by:

wgal = (wcp + wnoz − 1)× wstar × wsee × wfkp . (3.6)

3.4.3 Mock Galaxy Catalogues

Mock Galaxy Catalogues are an important tool for determining uncertainties in galaxy surveys

and tuning data analysis pipelines. With those mock galaxy catalogues, we are able to perform

statistical and null tests to falsify our observations. In practice, mock catalogues are used to

replace the standard sophisticated methods of jacknife, or bootstrap techniques[147] on the

estimation of the covariance matrix of the galaxy sample. The substitution of the standard

methods is done because they poorly mimic the Cosmic Variance that is an inherent source of

error on our observations on large scales structures. Thus, we use the mock galaxy catalogue

generation techniques that use both our knowledge of the cosmic variance and the survey errors

for the construction of the catalogue.

There is a plethora of methods for constructing mock catalogues in the literature, each having

their own weaknesses and strengths. The basic method for constructing such catalogues is done

in the following summarising steps:

• predicting the evolution of the underlying mass field

• locating and characterizing the properties of dark matter halos

• populating the halos with mock galaxies

• applying survey characteristics to the box 7 of galaxies

The survey characteristics are summarized on the selection function which is constructed through

the information of:

• telescope efficiency (seeing)

• survey geometry

7The mass field and the mock galaxy catalogue both occupy a volume larger than the one of the survey in
study, namely box. This is done so that the box will contain the survey.
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• luminocity function

• selection function

All the above criteria are essential ingredients to mimic for the construction of the catalogue. The

procedure of predicting the galaxy field is usually relying on modelling the non-linear dynamics

on small scales, r < 20 h−1Mpc, such as Halo-Occupation Algorithms [148], which often provides

an accurate and reliable method to mimic the small scales. Finally, one need to compare the

generation of those catalogues with N-body simulations8 through different statistic measures,

such as the 2pt Correlation function. The latter simulations are the most realistic simulations

of the universe, but they are computationally heavy.

Figure 3.10: Qualitative comparison mock catalogues QPM and LPT with N-body simu-
lations (TPM). The advantage of QPM against LPT is clear on the non linear regime.[image

taken from White et al. [150]]

In the literature, several semi-analytical methods were developed in 2nd-order Lagrangian Per-

tubation Theory (LPT)[151] 9 to model the growth of structure on the nonlinear regimes. As

a result, several set of codes exists to construct the mock catalogues such as PTHalos [153],

COLA[154], L-PICOLA[155], EZmocks [156].

In this study, we used the state of the art 1000 mock catalogues constructed with the quick-

particle-mesh (QPM) algorithm [150] dedicated to mimic the BOSS survey mask. These are

expected to be more realistic than mocks based on LPT methods as shown in Fig. 3.10. These

mock catalogues use a different flat ΛCDM-cosmology than the one we use in this analysis10:

pqpm = (Ωcdm,Ωb, h, ns, σ8) = (0.274, 0.046, 0.7, 0.95, 0.8) (3.7)

where σ8 is the variance of the matter power spectrum computed in spheres of 8h−1Mpc radius.

However, we take that into account on our analysis pipeline, as we explain in Fig. 4.1.5.2

8The most powerful N-body simulation called Millenium developed in MPA [149]
9The first order of Perturbation Theory on the Galaxy Power Spectrum impressively agrees with the Zel’dovich

Approximation [152]
10This difference is accounted for in our analysis, see chapter 4.1.5.2



Chapter 4

Homogeneity Measurement

In this chapter, we discuss how to measure the homogeneity scale of the universe using galaxies

as tracers of the matter density field. The development of an alternative estimator of the

characteristic scale of transition to homogeneity is presented which is part of my original

contribution and published in Ntelis et al. [144] using an Landy Szalay inspired estimator. The

test with the Fractal Distribution was done with the help of P.Laurent. While the statistical

tests were done with the help of J.M. Le Goff, J.Rich and Nicolas Busca. On the

Computational side, I had a lot of help from M.Stolpovskiy, R.Banerji and D.Poletti.

4.1 Homogeneity Observables

As discussed before in order to study the homogeneity of the universe, we use the galaxy distri-

bution in which we treat the galaxies as point particles. Currently, three are the most common

observables that can be used for studying the statistics of the clustering of point distribution.

The counts-in-spheres, N(< r), the fractal correlation dimension, D2(r) and the correlation

function, ξ(r). We will see in this chapter that all those observables are related to each other,

although giving different estimation of the statistical clustering of the galaxy distribution. Fur-

thermore, in this chapter, we will discuss the different selection criteria we used in our analysis

and the treatment of the Redshift Space Distortion (RSD hereafter) models.

4.1.1 Counts-in-spheres and Fractal Correlation Dimension

The “counts-in-spheres”, N(< r), is defined as the average number of objects in a sphere of radius

r. It should obviously scales as r3 for a homogeneous distribution since such a distribution has

a spatial independent density. However, for inhomogeneous distribution the measured counts-

in-spheres variable does not scale the same. Instead, we relax the power of the scaling with a

parameter, D2, to observe departures from a homogeneous behaviour. Therefore, this power can

be redefined, as:

D2(r) ≡ d lnN(< r)

d ln r
. (4.1)

58
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This is the definition of fractal correlation dimension. For a homogeneous distribution one gets

D2 = 3 at any scale, r, while for a fractal distribution D2 < 3 is a measure of the fractal

dimension, due to clustering of the distribution, since fractals have not radial-independent mean

density.

However, these simple expressions are no longer valid in the case of the observable survey that

has a peculiar geometry and a non-uniform completeness. The number of incomplete spheres

is more important as r increases. This drastically reduces the accuracy of our measurement at

large scales. However, to correct for this geometrical effect we use a random catalog to take into

account all spheres, including those that are not completely included in the survey. This way

we correct for these geometrical effects. The correction is simply the following procedure. We

uniformly fill the survey volume with a random point distribution and we compare the counts-

in-sphere on the data galaxy catalog with those of the random point catalog. We therefore define

the “scaled counts-in-spheres” as:

N (< r) =
Ngal(< r)

Nrand(< r)
(4.2)

which is the ratio between the counts-in-spheres of the galaxy distribution, Ngal(< r), and the

counts-in-spheres of the random point distribution inside the same survey geometry, Nrand(< r).

This quantity is now expected to be independent of r, since the ratio of two quantities, a

homogeneous galaxy (data) distribution and a random point distribution, does not scale with

r3. Therefore, for a homogeneous distribution the fractal dimension is redefined as:

D2(r) ≡ d ln N (< r)

d ln r
+ 3 , (4.3)

in order to be equal to 3 for a homogeneous distribution.

Thus, N (< r) and D2(r) are the two observables we will consider in this analysis, and we show

in chapter 4.1.4 that there are different ways to obtain them from the galaxy data.

4.1.2 ξ(r) - N (< r) relation

In chapter 1.2.6, we have defined the correlation function, ξ(r), as the excess probability, with

respect to a homogeneous distribution, of finding two objects separated by a distance r. When the

characteristic scale of homogeneity is reached, one expects to obtain a vanishing ξ(r). However,

this definition implies that estimators of this observable requires the prior knowledge of the total

average matter density nuniv. The existence of an average density of matter requires that the

distribution of matter become homogeneous on large enough scales. Therefore it is not strictly

rigorous to use ξ(r) to establish the homogeneity of the universe. On the other hand, measuring

simply the number of objects in counting spheres N(< r) and the fractal correlation dimension

D2(r), defined in chapter 4.1.1, do not, a priori, require the knowledge of the average density of

tracers.
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However, for the purposes of our analysis, we need to consider the relationship between the 2-pt

correlation function and the scaled counts-in-spheres. As shown by Peebles [157], the counts-in-

spheres of the distribution of galaxies is related to the correlation function by:

dN(~r) = ρ̄ [1 + ξ(~r)] d3~r . (4.4)

Assuming isotropy ξ(~r) = ξ(r) and integrating we get:

N(< r) = 4πρ̄

∫ r

o

[1 + ξ(r′)] r′2dr′ . (4.5)

For the random homogeneous distribution we have, Nrand(< r) = ρ̄ 4π
3 r

3, so

N (< r) =
N(< r)

Nrand(< r)
=

3

r3

∫ r

o

[1 + ξ(r′)] r′2dr′ = 1 +
3

r3

∫ r

o

ξ(r′)r′2dr′ . (4.6)

This simple formula is used in two cases. We use it to predict the counts-in-spheres and fractal

correlation dimension from our theoretical model. We use it as an alternative estimator for

the scaled count in spheres. Notice that Eq. 4.6 implies that ΛCDM-model predicts different

counts-in-spheres for a tracer of the total matter of the universe and quite different for the total

matter of the universe, since it is described by ξtr(r) = b2ξmat(r).

4.1.3 Homogeneity scale definitions

In our study we explore two different classes of homogeneity scale definitions. Following Scrim-

geour et al. [93], we define a homogeneity scale RH for both N and D2 observables, as the scale

for which the observable approaches its nominal (homogeneous) value within a percentage value,

pH . We then have two a-priori different homogeneity scales defined by:

D2(RD2

H ) = Dnominal2 (1− pH) (4.7)

and

N (RNH ) = Nnominal(1 + pH) . (4.8)

where obviously Nnominal = 1 and Dnominal2 = 3. The ”-” and ”+” signs is because we expect

increasing and decreasing functions. We can arbitrarily choose either pH = 1% or pH = 0.1%.

We examine thoroughly the former possibility and we give only as simple estimate for the latter

in the chapter 4.5. The aforementioned homogeneity scale definitions are arbitrary but they

do not depend on the survey since they do not depend on the estimation of the error on the

observable, N or D2 but only in their absolute values. Therefore they can be used to test

cosmological models and compare different survey measurements as long as the same definitions

are used in all cases. However its drawback is that it depends on the value of the bias as we are

going to see.

Other authors have proposed different ways of defining the homogeneity scale. In particular,

the homogeneity scale can be defined as suggested by Yadav et al. [158] , i.e. the scale beyond

which it is impossible to distinguish the given distribution from a homogeneous distribution,
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within the errors of estimation. Thus, an alternative way to define the homogeneity scale, using

any observable O = {Dq, N, ...} and its dispersion as a function of galaxy separations. This is

obtained formally by:

REH := min {r ∈ R : (O + σO) (r) > Orand} (4.9)

where Orand is the nominal value of the observable applied to a random distributed point sample,

and σO is the 1σ standard deviation of the observable.

This is obviously another proper definition of the homogeneity scale because it is independent of

the bias and similar conclusions can be drawn as we demonstrate at the end of section chapter

4.6. However, we use the Eq. 4.7 as the Homogeneity scale estimator, for our basis analysis,

since its estimation has less covariances as we show in chapter chapter 4.3.2. Furthermore, this

estimator is independent of the survey, and therefore it can be used as an index of comparing

different surveys.

4.1.4 Homogeneity Estimators

In order to select the proper estimator for the homogeneity study, we need to descriminate

from all the possible ones. As long as we have the 3 point distributions, i.e. galaxy catalog

(data) and random catalog (needed for correcting the geometric effect), we perform the following

computation. We select each object of the catalog as a center and we draw a sphere of radius,

r, around it. We compute the number of galaxies within this sphere. Then, we measure this

number for each galaxy of the catalog. Then we perform the same computation for every galaxy

of the survey as a center and compute for a higher separation distances, r. This computation is

defined as

GG(r) =
1

G

G∑

i=1

n
(G)
i (r) , (4.10)

where G is the total number of galaxies and n(G)(r) is the number of pairs around each galaxy

center i which is separated by a distance r from the center. However in order to correct for

geometric effects of the survey that we take into consideration, we perform the same computation

on a random catalog that lies into the same survey region, i.e. same R.A., Dec and z ranges as

the galaxy catalog. Therefore we need to define,

RR(r) =
1

R

R∑

i=1

n
(R)
i (r) , (4.11)

where R is the total number of random points and n(R)(r) is the number of pairs around each

random-point center i. Furthermore, it is needed to compute the cross-reference between the

catalogs. Therefore, we throw in our survey region both catalogs and by selecting each galaxy

as a center, we compute the average number of random points for different distance separations,

GR(r) =
1

G

G∑

i=1

n
(R)
i (r) (4.12)
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where n
(R)
i (r) is the number of random-points around each galaxy center i. However, in order to

compare apples with apples we need to normalize each quantity since we count a pair of galaxies

twice. Therefore we define:

• gg(r) =
GG(r)

(G− 1)/2
: the normalized galaxy pairs distant by r,

• rr(r) =
RR(r)

(R− 1)/2
: the normalized random-point pairs distant by r,

• gr(r) =
GR(r)

R
: the normalized average galaxy-random-point pairs distant by r,

where G and R are the total number of galaxies and random points, respectively. From these

quantities, we can construct different estimators for the different observables, ξ, N and D2.

4.1.4.1 2ptCF estimators

Several authors proposed different estimators for the two-point-correlation function, (2ptCF

hereafter) by combining differently the above quantities. We list them in table 4.1. In a recent

study, Vargas-Magaña et al. [159] have compared, the Landy-Szalay estimator[160], ξ̂ls(r), with

a sophisticated estimator which is constructed by a linear combination of all possible pair counts

combination, ξ̂vb. They have found that when the latter estimator is used to galaxies samples

for cosmological inferences, i.e. (Ωm,ΩΛ) measurements, gives better performance than ξ̂ls(r)

with a gain of 10− 15%, on old data releases DR7 and DR9. However, we use the Landy-Szalay

estimator, ξ̂ls(r), since it is the simplest to implement and lighter computationally[160].

Author 2ptCF-Estimator Computational Speed r2σξ(r) [h−2Mpc2]

Peebles and Hauser [161] ξ̂ph(r) = gg(r)
rr(r) − 1 high 20-40

Hewett [162] ξ̂he(r) = gg(r)−gr(r)
rr(r) high 20-40

Davis and Peebles [163] ξ̂dp(r) = gg(r)
rd(r) − 1 high 20-40

Hamilton [164] ξ̂ha(r) = gg(r)×rr(r)
rr(r) − 1 high 10-20

Landy and Szalay [160] ξ̂ls(r) = gg(r)−2gr(r)+rr(r)
rr(r) high 10-20

Vargas-Magaña et al. [159] ξ̂vb(r) =
∑
i cifi[gg(r), gr(r), rr(r)] low 9-19

Table 4.1: The current list of 2pt correlation function estimators, ξ(r), and their rescaled
RMS, r2σξ(r), in the region r ∈ [80− 120]h−1Mpc as was estimated by Vargas-Magaña et al.

[159]. Clearly the best option are between the three last estimators.

4.1.4.2 N (< r) and D2(r) estimators

We define the estimator of the scaled counts-in-spheres, N (< r), using the number density

estimators defined in the previous chapter 4.1.4 as:

Nstr(< r) =

∫ r
0
gg(s)ds∫ r

0
rr(s)ds

=

1
G(G−1)/2

∑r
rj=0

∑G
i=1 n

(G)
i (rj)

1
R(R−1)/2

∑r
rj=0

∑R
i=1 n

(R)
i (rj)

(4.13)
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Notice that this definition of N (< r) in Eq. 4.13 recalls the Peebles-Hauser estimator, ξ̂ph(r) =

gg(r)/rr(r) − 1 for the two-point correlation function [165]. Therefore, Laurent et al. [166]

developed a Landy-Szalay inspired estimator for the counts-in-spheres:

N̂lau(< r) = 1 +

∫ r
0

[gg(s)− 2gr(s) + rr(s)] ds∫ r
0
rr(s)ds

. (4.14)

They have shown that the aforementioned estimator has minimal variance on scales where

ξ(r) << 1 in analogue of the σξls(r) << σξph(r), as shown in table 4.1.

Alternatively, we can directly estimate the counts-in-spheres from the Landy-Szalay estimator of

the two-point correlation function itself, as explained in chapter 4.1.2, by only using an estimator

for the 2ptCF, i.e. using Eq. 4.6. Thus we developed an alternative estimator of the scaled-

count-in spheres defined by:

N̂cor(< r) = 1 +
3

r3

∫ r

0

ξ̂ls(s)s
2ds . (4.15)

We expect that these two estimators Nlau and Ncor(< r) are expected to be closer to optimal

than the estimator Nstr(< r).

The aforemention estimator result in three different estimators for the fractal dimension using

Eq. 4.3. We name them accordingly D̂2,str(r), D̂2,lau(r) and D̂2,cor(r). In section 4.3.9, we show

that in our final analysis, unless stated otherwise for comparison, we use the cor-estimators and

we drop the lau indices and the hat for sake of simplicity. We summarise all different estimators

in table 4.2.

Name N -Estimator D2-Estimator

str Nstr(< r) =
∫ r
0
gg(s)ds∫ r

0
rr(s)ds

D2,str(r) = 3 + d ln
d ln r [Nstr(< r)]

lau Nlau(< r) = 1 +
∫ r
0

[gg(s)−2gr(s)+rr(s)]ds∫ r
0
rr(s)ds

D2,lau(r) = 3 + d ln
d ln r [Nlau(< r)]

cor Ncor(< r) = 1 + 3
r3

∫ r
0
ξls(s)s

2ds D2,cor(r) = 3 + d ln
d ln r [Ncor(< r)]

Table 4.2: The three different estimators for the scaled count-in-spheres, N (< r) and fractal
correlation dimension, D2(r), studied in this thesis.

To implement our estimators we used:

- The trapezodial rule[167] for the integration of the estimator N (< r).

- The second order central difference rule[168] for the derivative of the estimator D2(r).

Finally for all those estimators we apply the definition of Homogeneity scale chapter 4.2.3, using

equation Eq. 4.7 and Eq. 4.8, respectively.

4.1.5 Theoretical modelling

Our theoretical model is obtained by solving the Einstein-Boltzmann equation derived to describe

the dynamic behaviour of the energy fluid. We use the latest software dedicated for those studies,
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Cosmic Linear Anisotropy Solving System (CLASS) [169]. CLASS software like CAMB (Code

for Anisotropies in the Microwave Background [170]), is a software dedicated to provide the

predictions for observables from the standard ΛCDM or any other flavour of ΛCDM-models,

such as sCDM (standard Cold Dark Matter without dark energy), w0waΛCDM(ΛCDM-model

with a time-dependent equation of state), etc.. The predicted observables are the auto and cross

power spectra of 2nd and 3rd order decompositions in 2 and 3 dimensions.

4.1.5.1 Theory for ξ(r),N (< r) and D2(r) observables

We use CLASS to compute the theoretical matter power spectrum, P
(r)
mat(k), where the (r)

exponent indicates that it is calculated in real space, by opposition to redshift space, for any

fixed fiducial cosmology. Here the fiducial cosmology we use is defined via Eq. 3.4. In order to

get a prediction for the redshift-space galaxy power-spectrum, P
(s)
tr (k) = P

(s)
gal(k) where the (s)

exponent indicates redshift space, we model RSD as discussed in chapter 2.5.2.

We integrate over all orientations relative to the line-of-sight, µ variable, the redshift-space galaxy

power spectrum reads:

P
(s)
gal(k; b, σp) = b2

∫ 1

0

(1 + βµ2)2DG(k, µ;σp)dµ P
(r)
mat(k) , (4.16)

We can analytically integrated over µ the above function as:

P
(s)
gal(k; b, σp) = P

(r)
mat(k)× b2H0

2k5σ5
p

×
[
−2 exp

(
−k

2σ2
p

2H2
0

)
kβσpH0

(
k2(2 + β)σ2

p + 3βH2
0

)

+
√

2πErf
(

kσp√
2H0

) (
k4σ4

p + 2k2βσ2
pH

2
0 + 3β2H4

0

)]
.(4.17)

and β = β(b; γ = 0.55) defined by Eq. 2.10. Applying a Fourier Transform to equation (4.17)

results in the two-point correlation function with two parameters b and σp:

ξ(s)(r; b, σp) = FT
[
P

(s)
gal(k; b, σp)

]
. (4.18)

where notice that the free parameters are (b, σp) .Then, using Eq. 4.15 and Eq. 4.3 we compute

the ΛCDM prediction for N (< r) and D2(r) for the fiducial cosmology Eq. 3.4.

4.1.5.2 Bias and RSD corrections

One may, however, question the strict necessity of including these redshift space distortion

corrections in our large scale homogeneity analysis. To address this question, we have made

a simple test: we calculate the ratio between the theoretical homogeneity scale (as defined in

Eq. 4.7) with or without accounting for redshift space distortions. We use a range of values for

the RSD parameters around the typical (b ≈ 1.95, σp ≈ 300 h km/s), [171]. This percentage ratio

is shown in Fig. 4.1 for our second redshift bin (for which the effect is expected to be the largest)

and turns out to be ranging between 15 and 25% depending on the value of the galaxy bias. We

observe no significant effect on the ratio regarding the galaxy velocity dispersion. Although, we
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need to take it into account because it is degenerated with bias parameter. The redshift space

distortion effects are therefore not negligible when comparing the homogeneity scale for data and

ΛCDM predictions, which justifies the use of this model for our analysis.

Figure 4.1: Test of necessity of RSD modelling: We show the percentage ratio of the predicted
homogeneity scale defined in Eq. 4.7 with and without accounting redshift space distortions
according to Eq.4.17. The effect ranges from 15 to 25% and varies according to the bias

parameter and is therefore not negligible.

The estimators presented in chapter 4.1.4 measure the clustering properties of the galaxy distri-

bution, we need to convert them into estimators that describe the clustering properties of the

total matter distribution. We fit ξ(r) in the range 1 h−1 < r < 40 h−1 Mpc with our model of

equation 4.18 to obtain b and σp. If we take into account only the bias and the Kaiser effect,

the angle-averaged correlation function is just multiplied by a constant factor, a squared effec-

tive bias. Since this factor is independent of r, the same factor applies to N (< r) − 1, which

is an integral over ξ(r′) (see equation 4.15). Taking into account also finger-of-God effect, the

multiplicative factor is no longer independent of r. To transform the estimated N (< r)− 1 for

galaxies into an estimation for matter, we multiply it by the ratio of our model for N (< r)− 1

for matter (i.e. b = 1 and σp = 0) to our model for the best fit value of b and σp, as

N̂ (< r) =
Nmodel(< r; b = 1, σp = 0)− 1

Nmodel(< r; b, σp)− 1
×
[
N̂gal(< r)− 1

]
+ 1 . (4.19)

Then the fractal correlation dimension D̂2(r) is obtained from N̂ (< r) using equation 4.3.

Section 4.3.6 shows that taking into account the finger-of-God effect only contributes in a small

change in the measurement of the homogeneity scale by typically 1%. So the error due to the

imperfection in the modelling of this effect is negligible.

Furthermore, the QPM mock catalogs were generated with a different fiducial cosmology than

the CMASS galaxy distribution which are in the ”true” cosmology, i.e. the recently measured

from Planck 2015. Therefore, we account for the difference in cosmology in two ways. Firstly,
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to account for the effect on the y-axis of Fig. 4.3 we use:

N̂ corrected
qpm (< r) =

Nmodel(< r; bqpm, σ
qpm
p , pcosmo)− 1

Nmodel(< r; bqpm, σ
qpm
p , pqpm)− 1

×
[
N̂qpm(< r)− 1

]
+ 1 . (4.20)

where the bqpm and σqpm
p are the mean values of the 1000 QPM mock catalogs estimated for

each individual mock with the procedure explained in chapter 4.2.2. Secondly, to account for

the effect on the x-axis, we multiply the scale r with:

aqpm,corr(zm) =
dV (zm; pcosmo)

dV (zm; pqpm)
(4.21)

where zm is the mean redshift of each slice bin described in table 3.1 and dV (z;p) is the volume

distance defined via:

dV (z;p) =
[
czH−1(z;p)(1 + z)2d2

A(z;p)
]1/3

(4.22)

where H(z;p) is the hubble expansion rate as a function of redshift defined via Eq. 1.27 and

dA(z;p) is the angular diameter distance defined via Eq. A.4.

4.1.6 Core Analysis Algorithm

In summary, the scheme in Fig. 4.2 describes briefly the overall procedure to measure the

homogeneity scale. Firstly, we perform a mapping between (z, θ, φ)-coordinates to (r, θ, φ)-

coordinates for every object on the three different catalogs we use in our analysis, using a

ΛCDM-model, i.e. using Eq. 1.31 in the fiducial cosmology. This introduces a mapping between

(z, θ, φ)-coordinates to cartesian comoving coordinates, (x, y, z). This allows as to reconstruct the

3Dimensional catalogs of the three different types of catalogs, i.e. galaxies, randoms and mocks.

Then, we measure the mean pairs of objects at different separations between the same catalog

and between different catalogs, i.e. galaxy-galaxy catalog, GG(r) the galaxy-random catalog,

GR(r), and random-random catalog, RR(r). By selecting an estimator for our observables, i.e.

a mathematical combination of the pair-counts, we estimate the 2pt Correlation function, ξ,

the scaled count-in-spheres, N , fractal correlation dimension, D2, as a function of separation

of objects, r, for Galaxy-Randoms combination and Mock-Randoms combination. The first

combination, i.e. Galaxy-Random estimators, allows us to the model dependent data estimators

as a function of separations r. The second combination, i.e. the Mock-Random estimators, allows

us to build the covariance matrices for the different estimators, CXij where X = {ξ,N,D2}. Then

performing a spline fitting in the separation around the homogeneity scale, using a definition

that depends on our observables as discussed in chapter 4.2.3, we estimate the Homogeneity scale

of the galaxy distribution. The error of the homogeneity scale is transfered by error propagation

from the abscissa to the ordinate. By using a RSD model, we determine the bias and peculiar

velocities parameter, (b, σp) to obtain an estimate of the clustering bias between luminous and

total matter of the universe. This allows us to determine the scaled count-in-spheres, N and

fractal correlation dimension, D2 for the matter distribution and therefore from a spline fitting

acquire the Homogeneity scale for the matter distribution. We note that we can use either count

in spheres or fractal dimension to determine the homogeneity scale, using Eq. 4.8 or Eq. 4.7,

respectively. Note, that we do not use the 2ptCF, since we cannot define mathematically a %
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Figure 4.2: Core analysis pipeline procedure. See text for detailed explanation

difference from the nominal value of the 2ptCF, i.e. the value of a homogeneous distribution

which is 0.

4.2 Results

In this section we discuss the basic results with the choices that we have made for measuring the

homogeneity scale for the galaxy distribution and the matter distribution, as long as estimates

of this observable against the cosmic depth of our survey, redshift z on the North Galactic Cap

and South Galactic Cap.

4.2.1 Homogeneity scale for the galaxy distribution

We first compute N gal(< r) and Dgal2 (r) for the CMASS galaxy distribution using equation 4.15

and 4.3, without correcting for bias and redshift space distortions. This provides a measurement

that does not rely on ΛCDM model to determine the bias. Results are shown in figure 4.3 for the

0.430 ≤ z ≤ 0.484 redshift interval in the North Galactic Cap. As described in chapter 4.3.2, the

error are obtained from the 1000 QPM mock catalogs. The estimators of QPM mock catalogs

are treated with Eq. 4.20 as discussed at the end of chapter 4.1.5.2.

The horizontal black-dashed lines in figure 4.3 indicate the value of the corresponding observable

for an homogeneous distribution. The two observables reach homogeneity on large scales. The

intersection of the data with the red-dashed lines (at N = 1.01 and D2 = 2.97, nominal values)

defines the homogeneity scale. In order to determine it, we perform a spline fit over 6 data
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Figure 4.3: Scaled counts-in-spheres, N (< r), (left) and fractal correlation dimension, D2(r),
(right). The black points with error bars are the result for the galaxy distribution in the NGC
in the 0.430 ≤ z ≤ 0.484 redshift bin. The blues lines are the best spline fit of the data. The
green lines are the results for the 1000 QPM mock catalogs. The red continuous line is the
ΛCDM prediction for b = 1.95 and σp = 252 km/s. The vertical dash line shows the BAO

feature on the fractal correlation dimension computation.

point around the intersection. The number of nodes of the spline fit is set to 5 in order to get

an average χ2 equal to the number of degrees of freedom for the 1000 QPM mocks. The error

on RH was obtained from the errors in the spline factors by error propagation, as described in

chapter A.12 where we consider pertubations of 1%. The error propagation is the ratio between

an estimation on the errors of the coefficient of the spline with the slope of the function N (< r)

or D2(r) at the nominal values. The results, presented in Table 4.4 for the case of D2, are

consistent with our ΛCDM model predictions. We finally stress the fact that the behaviour of

the data is consistent with that of the 1000 QPM mock catalogs, which are denoted with green

color lines on the figure.

4.2.2 Determining the bias and the velocity dispersion

As illustrated in figure 4.4, we fit our model (Eq. 4.18) to the measured correlation function for

the CMASS galaxy sample, in order to determine the galaxy bias, b, and velocity dispersion σp

for the redshift slice 0.538 ≤ z ≤ 0.592. As explained in chapter 4.3.7, we account for theoretical

uncertainties in the RSD modelling by boosting the covariance matrix on the relevant small

scales with the eff-parameter. We thus achieve a good χ2/n.d.f. in the range [1, 40] h−1 Mpc.

In chapter 4.3.7 it is also shown that this change in the covariance matrix at small scales has a

negligible effect on the measurement of the homogeneity scale.

Results are given in table 4.3. The mean precision is 2.6% (NGC) and 4.1% (SGC) for the bias

and 12% (NGC) and 23% (SGC) for the velocity dispersion. The bias is in agreement with values

obtained by several authors [172–177] and the velocity dispersion is consistent with the typical

CMASS-galaxy-sample velocity-dispersion, σp ≈ 240± 50 km/s [171].

Notice in Fig. 4.4 that at large scale of the 2ptCF, we also detect the comoving BAO peak

position. One can observe the bao peak position at about 110h−1Mpc.
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NGC SGC
z b σp [km/s] χ2

red b σp [km/s] χ2
red

0.430-0.484 1.879± 0.023 243.0± 9.7 0.44 1.872± 0.035 238.7± 15.2 0.85
0.484-0.538 1.846± 0.021 247.1± 7.4 0.67 1.840± 0.032 234.6± 12.1 0.66
0.538-0.592 1.944± 0.021 252.0± 8.9 0.91 1.943± 0.032 236.2± 13.7 0.59
0.592-0.646 1.995± 0.022 234.2± 10.9 1.47 2.001± 0.035 237.9± 19.6 0.79
0.646-0.700 2.153± 0.028 235.3± 21.7 0.79 2.081± 0.045 210.3± 40.1 0.50

Table 4.3: Fitted values of bias, b, and velocity dispersion, σp, in the different redshift bins,
together with the corresponding reduced χ2 for 24 degrees of freedom.
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Figure 4.4: The correlation function of the CMASS galaxies in the [0.538 − 0.592] red-
shift range. Data points have both their original error bars and the error bars enlarged to
take into account the uncertainty of the RSD model on small scales (see section 4.2.2 and
appendix 4.3.7). The red line is the result of the fit performed over the range [1, 40] h−1Mpc

(up to the vertical black-dashed line).

4.2.3 Homogeneity scale for the matter distribution

We use Eq. 4.19 with parameter b and σp obtained in section 4.2.2 to transform N gal(< r)

into N (< r) for matter. We then use Eq 4.3 to get D2(r) for matter distribution. Results are

shown in Fig. 4.5 for the redshift interval 0.538 ≤ z ≤ 0.592. The two observables indicate

homogeneity on large scales in this redshift interval, and in the four other intervals as well. As

in section 4.2.1, we fit the data points to determine the homogeneity scales. We stress that the

fit range, 40 < r < 100 h−1Mpc, does not overlap with the fit range for determining the bias,

1 < r < 40 h−1Mpc.

The results, presented in Table 4.4 for the case of D2, are consistent with our ΛCDM model

predictions. In the redshift interval 0.538 ≤ z < 0.592 we get a precision of 1.6%, which is a

factor 5 better than Scrimgeour et al. [93] in spite of their wider redshift range, 0.5 < z < 0.7.

Note that the more recent analysis by Sarkar et al. [178] does not give RH for matter distribution.
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Figure 4.5: Same as figure 4.3 for matter distribution in the redshift interval 0.538 ≤ z ≤
0.592.
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Figure 4.6: The homogeneity scale RD2=2.97
H (z) measured in the NGC (red) and in the SGC

(blue) as a function of redshift. The green line is the ΛCDM model prediction. The shaded
areas indicate the 1σ range for the 1000 QPM mock catalogs.

Furthermore, we perfrom the measurement in the 5 redshift linear bins as are defined table

3.1, so that to study the time evolution of the homogeneity scale. Figure 4.6 shows that the

measured homogeneity scale is compatible with ΛCDM, with reduced χ2 smaller than unity

both in the NGC and the SGC. The scale is increasing with time, from z = 0.7 to z = 0.43,

as expected when clustering is increasing with time. The reduced χ2 remains smaller than

unity when adding the result from Laurent et al. [166], which results in homogeneity scale,

RH(z = 2.4) = 26.2 ± 0.9 h−1Mpc. The reduced χ2 is χ2
red = 0.98 for the North galactic cap

and χ2
red = 0.65 for the South galactic cap.
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RH [h−1Mpc] Galaxy RH [h−1Mpc] Matter
z NGC SGC NGC SGC

0.430− 0.484 124.5± 12.5 121.1± 9.8 64.2± 1.3 66.7± 1.6
0.484− 0.538 111.9± 4.9 119.8± 8.8 65.4± 0.9 63.9± 1.5
0.538− 0.592 116.4± 7.8 110.5± 5.1 62.6± 0.8 65.2± 1.6
0.592− 0.646 108.8± 3.9 120.1± 11.7 60.4± 0.8 60.1± 1.1
0.646− 0.700 125.8± 7.3 147.4± 8.4 59.0± 0.8 60.1± 1.8

Table 4.4: Homogeneity scale, RD2=2.97
H (z), for the galaxy and matter distributions in the

north and south galactic caps.

4.2.4 Consistency with ΛCDM

In order to characterize more precisely the agreement with the ΛCDM model, we fit D2(r) from

the data and the 1000 mock catalogs in the range 40 < r < 1300 h−1Mpc with

DΛCDM
2 = D2(ar;pcosmo) . (4.23)

We fix the cosmological parameters pcosmo and leave only free the dilatation parameter a.
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Figure 4.7: Top: value of the dilatation parameter α resulting from the fit of the NGC (red)
and SGC (blue) D2(r) data with the model of equation 4.23, in different redshift bins. The
shaded areas correspond to the 1σ region for the 1000 QPM mock catalogs. Bottom: The

corresponding χ2.

Figure 4.7 shows the results of the fits in different redshift bins for both NGC and SGC. The val-

ues of a, all consistent with 1, demonstrate a good agreement with ΛCDM model. Furthermore,

the bottom plot of the figure shows that, for the data, the χ2 are consistent with the number of

degrees of freedom (23), as illustrated by the grey shaded area that indicates the expected 1σ

extension, χ2 = 23±
√

2× 23. The mock catalogs, however, are a bit at variance with this grey

area at large z. We summarise the results in table 4.5
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NGC SGC
z a χ2 a χ2

0.430− 0.484 1.003± 0.008 18.2 1.001± 0.012 32.4
0.484− 0.538 0.995± 0.009 21.9 1.009± 0.010 19.8
0.538− 0.592 0.995± 0.005 31.9 0.994± 0.010 31.6
0.592− 0.646 1.006± 0.009 23.8 1.006± 0.009 16.3
0.646− 0.700 1.003± 0.009 25.5 0.995± 0.015 11.1

Table 4.5: Mean, error and χ2 of the consistency test fit given by Eq. 4.23 with 23 degrees
of freedom, in the NGC and SGC for the five redshift bins.

4.2.5 Constraints on fractal correlation dimension
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Figure 4.8: Fractal correlation dimension for the matter distribution, 3 − 〈D2〉, averaged
over 300 h−1 < r < 1300 h−1 Mpc, in the different redshift bins.

Matter Galaxy
z NGC (×10−4) SGC (×10−4) NGC (×10−3) SGC (×10−3)

0.430− 0.484 2.8± 3.3 2.5± 8.1 1.3± 1.5 1.1± 3.7
0.484− 0.538 2.0± 3.1 1.9± 5.4 0.9± 1.4 0.8± 2.4
0.538− 0.592 3.6± 1.7 2.4± 9.9 0.2± 0.9 1.2± 4.9
0.592− 0.646 4.1± 2.0 0.9± 4.5 2.1± 1.1 0.5± 2.3
0.646− 0.700 1.7± 3.8 −0.2± 2.8 1.0± 2.3 0.1± 1.6

Table 4.6: Fractal correlation dimension, 3 − 〈D2〉r(z), averaged over 300 < r < 1300 h−1

Mpc, with 1σ errors, in the NGC and SGC.

In order to assess the level of homogeneity of the CMASS DR12 galaxy sample we compute

the average of D2(r) over the range 300 < r < 1300 h−1Mpc, accounting for the covariance

matrix, i.e. computing the weighted average. The results are presented in table 4.6 for the

different redshift bins in the NGC and SGC. All results are compatible and we average them to

get 3− 〈D2〉r,z = (0.9± 1.2)× 10−3 (1σ).
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Strictly speaking, it is not possible to transform the results for the galaxy distribution into results

for matter distribution without using ΛCDM prediction to compute the galaxy bias. However,

Laurent et al. [166] show that, with a set of reasonable assumptions independent of ΛCDM, it is

possible to obtain a lower limit for the tracer bias. In particular, these set of assumptions are as

it follows. Firstly, consider that weak lensing is a direct measurement of the total matter in the

universe. Bacon et al. [179] have measured the clustering of matter only through weak lensing

data and compare it to the ΛCDMprediction and they found an amplitude of the clustering,

ξWL(z = 0.2) ≤ 1.6ξmatter(z = 0.2) at redshift z ∼ 0.2. But we measure a model dependent

bias for the cmass sample b2CMASS = ξCMASS(z = 0.5)/ξmatter(z = 0.5) ' 22. Assuming now

that the clustering does not decrease with time, ξmatter(z = 0.2) ' ξmatter(z = 0.5). Comparing

the clustering of CMASS galaxy sample to the weak lensing sample we have an estimate of

the bias of the cmass sample in respect to an estimate of the clustering of the total matter,

(b’cmass)
2 = ξCMASS(z = 0.5)/ξWL(z = 0.2) ≥ 4/1.6. Notice that we can do this measurement

for any assumed As amplitude of the scalar perturbations parameter, as described in section

1.2.7, rendering this new bias measurement ”model independent”. In our case this results in

b’CMASS > 1.6 and therefore, we have an upper limit for the fractal correlation dimension for

the total matter distribution, 3− 〈D2〉 < 7.12± 9.48× 10−4.

Alternatively, we can assume ΛCDM, use it to get the galaxy bias and compute D2(r). We

average D2(r) over 300 < r < 1300 h−1Mpc and give the results in table 4.6 and in figure

4.8. Since the galaxy bias is significantly larger than one, the constraints are tighter for matter

distribution than for galaxy distribution. Averaging over redshift and caps we get 3− 〈D2〉r,z =

(1.7± 1.0)× 10−4 (1σ) for the matter distribution. This is a strong consistency check of ΛCDM.

4.3 Selection Criteria and Systematics

In this part, we are going to describe all the choices we have made to measure the homogeneity

scale. In particular we are going to describe the range of scales that we are considering for this

analysis, the estimation of the covariance matrix and the precision matrix, the test we performed

for the selection of the different estimators for our observables. We discuss the selection of cor-

estimator against the others through a qualitative test. Finally, we are going to discuss the

systematics studied for the homogeneity measurement.

4.3.1 Scale-Range cuts

Figure 4.9 shows the number density of random pairs, dN/dr, divided by r2 and normalized

such that at small scales it is unity. This scaled number density is constant at small scales and

then decreases with r due to the finite size of the survey. We analyse data up to a maximum

r = 1300 h−1Mpc with a logarithmic binning of 50 bins. We chose this cut since the scaled

density goes down to 1%.
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Figure 4.9: Scaled number density of random pairs, r−2dN/dr, versus the comoving radius
of spheres, r, normalized to be unity at small r.

4.3.2 Covariance and Precision Matrices

We use a set of Nmock = 1000 QPM mock catalogs1 to estimate the covariance matrices for

all possible estimators. We compute our observables for each of the catalogs and derive the

bin-to-bin covariance matrices for each of the relevant observables, ξ(r), N (< r) and D2(r). The

covariance matrices are given simply by:

Cij =
1

Nmock − 1

Nmock−1∑

k=1

(Ok(ri)− < O(ri) >) · (Ok(rj)− < O(rj) >) (4.24)

where Ok =
{
Dmat2 ,Dgal2 ,Nmat,N gal, ξ

}
and we used the notation for the average all over the

mocks at different scales as: < O(r) >= 1
Nmock

∑Nmock
k=1 Ok(r). However, Taylor et al. [180] have

shown that this estimator of covariance shifts the estimator of the precision matrix, ψij = (C−1)ij

that we use on our fitting methods on our analysis. The corrected precision matrix has been

shown to be given by :

ψcij = F · ψij (4.25)

where F = Nmock−Nbins−2
Nmock−1 . In the case where (Nbins, Nmock) = (50, 1000) the correction is

F ' 0.949 which is an important factor in precision cosmology. In this analysis, we present the

correlation matrices since they have less dynamics than the covariance matrices. The correlation

matrix is given by:

rij =
Cij√

Cii ∗ Cjj
. (4.26)

Fig. 4.10 displays the resulting correlation matrices, in the redshift bin 0.538 ≤ z ≤ 0.592. The

correlations matrices are similar in the other redshift bins.

1The generation of the mock catalogs was discussed in Fig. 3.4.3.



Chapter 4. Analysis 75

100 101 102 103

rj [h−1 Mpc]

100

101

102

103

r i
[h
−

1
M

p
c]

1.0
0.8
0.6
0.4
0.2

0.0
0.2
0.4
0.6
0.8
1.0

z=0.538-0.592

100 101 102 103

rj [h−1 Mpc]

100

101

102

103

r i
[h
−

1
M

p
c]

1.0
0.8
0.6
0.4
0.2

0.0
0.2
0.4
0.6
0.8
1.0

z=0.538-0.592

100 101 102 103

rj [h−1 Mpc]

100

101

102

103

r i
[h
−

1
M

p
c]

1.0
0.8
0.6
0.4
0.2

0.0
0.2
0.4
0.6
0.8
1.0

z=0.538-0.592

Figure 4.10: Correlation matrices for our estimators ξ(r), N (< r) and D2(r) for the total
matter distribution estimators in the north galactic cap at the redshift slice 0.538 ≤ z ≤ 0.592.

N (r) is more correlated on large scales than ξ(r) because it is an integral over ξ(r). On the other

hand D2(r), which is a derivative of N (r), is not very correlated. Therefore, when studying the

redshift evolution in chapter 4.2.3, we consider only the homogeneity scale obtained with D2(r),

and not with N (r).

4.3.3 Spline error robustness

In order to make the estimation of the error using the spline error propagation on the homogeneity

scale described in chapter A.12 we perform the following test. We measure the homogeneity

scale of the matter distribution on each individual QPM mock catalog as described in chapter

4.2.1, i.e. with the spline method. Furthermore, we measure the homogeneity scale of the matter

distribution on each individual QPM mock with a simple interpolation method between the data

points of fractal correlation dimension, D2(r). Additionally, we measure the homogeneity scale

on the matter distribution using an MCMC2 of a 5 degree polynomial. Then, we compare the

standard deviation homogeneity scales with the error estimated with the spline error propagation

for the galaxy catalog for all redshift bins for both the North (NGC) and the South (SGC) galactic

caps with each different method, e.i. the spline and interpolation methods on 1000 QPM mock

catalogues and the MCMC method on the galaxy catalogue. The result are shown in Fig. 4.11.

We see that the ratio between the two different estimations is always less than 20% for all redshift

bins and the two different galactic caps when we compare the basis measurement, i.e. the spline

method, with the spline or interpolation methods on the mock catalogues. However, the MCMC

method on the galaxy catalogue gives a ratio of the standard deviations of up to 40%. These

results show that the spline method is a conservative method and therefore suitable to use in

our analysis.

4.3.4 Normalization Issue between str cor estimators

Consider that using the definitions Eq. 4.10, Eq. 4.11 and Eq. 4.12, we construct the estimators

for the scaled count-in-sphere and fractal correlation dimension summarised in table 4.2. Notice

that:

N str(< r) =

∫ r
0
gg(s)ds∫ r

0
rr(s)ds

= A(R,G)

∫ r
0
GG(s)ds∫ r

0
RR(s)ds

(4.27)

2MCMC: Monte Carlo Markov Chain
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Figure 4.11: Ratio of the standard deviations of the homogeneity scale of the matter distri-
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note the standard deviation of the homogeneity scale on 1000 QPM mock catalogues with the

interpolation method and the spline fit respectively.

f where A(R,G) = R(R−1)/2
G(G−1)/2 . This introduces a shift on the measurement of the scaled counts-in-

spheres which depends on R and G. However, on Dstr2 -estimator this shift cancels out completely

since:

N str(< r) = A(R,G)rD
str
2 → ln

[
N str(< r)(r)

]
= ln [A(R,G)] + ln

[
rD

str
2

]

Then we have:

Dstr2 (r) =
d ln [N str(< r)]

d ln r
− d ln [A(R,G)]

d ln r
→ Dstr2 (r) =

d ln [N str(< r)]

d ln r

While on N cor(< r) there is no unique normalisation factor for all pair-counts, and therefore

Dcor2 estimator is shifted according to the normalisation factor, which is not the case for the

Dstr2 . Therefore we use, as a comparison, the str-estimators for scaled-counts-in-spheres and

fractal correlation dimension to compute an unbiased estimation of the homogeneity scale. In

Fig. 4.12, we observe that indeed the homogeneity is, asymptotically, reached within error bars

for the str-estimator for both observable N gal,str and Dgal,str2 for the galaxy distribution. For

the N gal,str observable there is a small shift on the mean against the nominal value 1.00 at large

scales r ≥ 300h−1Mpc but negligible within the 1σ dispersion. While for the N gal,cor displayed

in the left panel of Fig. 4.3, we see a shift from the nominal value which is not negligible.

However, for the Dgal,cor2 of the same figure in the right panel, we have no such shift on average

from r ≥ 300h−1Mpc. In Fig. 4.5 the shift of Nmat,cor vanishes but this is due to the lucky

combination of R and G. Furthermore, there is no shift against the value 3 of the Dmat,cor2 for

all redshift bins, as we show in Fig. 4.8. We observe also that indeed by performing the same

spline fitting method described in chapter 4.1.6, the str-estimator is less precise than the cor-

estimators, e.g. ∂ logRD2

H,cor = 1.2% against ∂ logRD2

H,str = 10.3% on the North Galactic Cap
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for the redshift slice 0.538 ≤ z ≤ 0.592. Notice also that this estimator is also compatible with

the ΛCDM-model. So, finally, we conclude that the cor-estimator shift is negligible and that the

accuracy gain of this estimator justifies its use in our analysis.
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Figure 4.12: Same as figure 4.3 for the str-estimators in the redshift interval 0.538 ≤ z ≤
0.592.

4.3.5 Fractal correlation dimension bias

Recall that in this analysis, we have used random, i.e. homogeneous, catalogs to take into

account the inhomogeneity of the survey. Thus, we may wonder if this could bias the resulting

N (< r) or D2(r) towards homogeneity. To search for such a possible bias, we generate 500

fractal realizations with a given value of the fractal correlation dimension, we pass them through

our pipeline analysis and study the resulting D2, as done by Laurent et al. [166].

Following Castagnoli and Provenzale [181], we create a cubic box of L ≈ 4 h−1 Gpc side,

containing the whole survey at z = 0.538 − 0.592. We divide this box in M = n3 sub-boxes of

size L/n, where n = 2 and we give to each sub-box a survival probability p. We then repeat

the procedure for each surviving sub-box. An infinite number of iterations would give a fractal

distribution with:

D2 =
log(pM)

log(n)
= 3 +

log p

log 2
(4.28)

We perform 9 iterations. After the last iteration, we populate each sub-box with random points that

follow a Poisson law of mean λ < 1. The value of λ is chosen so that after the survey cuts the number

of objects in the fractal distribution is approximately the same as in our survey. Then we convert the

cartesian coordinates to z,RA,DEC with the same FLRW metric as used in our analysis. Finally,

we apply cuts to simulate the selection function of our galaxy survey3. Then we reconstruct the fractal

distribution in cartesian comoving coordinates to measure the fractal correlation dimension as a function

of scales. At the last iteration the size of the sub-box is 15 h−1 Mpc.

In Fig. 4.13, we calculate the reconstructed fractal correlation dimension for 500 fractal simulated distri-

butions with an input fractal correlation dimension Dinput
2 = 2.995. Note that most of the reconstructed

values tend to D2 = 3 and some have way lower than the input value. Our simulation method create

3We use the mangle software to apply the masks of our survey that is given in ”*.ply” format. http://space.

mit.edu/~molly/mangle/

http://space.mit.edu/~molly/mangle/
http://space.mit.edu/~molly/mangle/
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Figure 4.13: Reconstructed fractal correlation dimension, D2, at the nominal value 2.995
(green dash line) in the redshift interval z = 0.538− 0.592. Yellow line represent each fractal
simulation. Green line is the average and error over 500 simulations for str-estimator (left)

and cor-estimator (right).

a fractal distribution all over the cube, while we are reconstructing the observable only on the window

of the survey. When the survey window is located to a large cube that did not survive the iteration

procedure, we reconstruct a lower value of D2 than the simulated value. On the other hand, if the

sample is restricted to a zone where a small cube has been discarded, a value of D2 is obtained which is

close to 3.

In Fig. 4.14, we plot the average reconstructed fractal correlation dimension for simulated input fractal

distribution of constant values D2 = {2.990, 2.995, 2.999} for the 2 different estimators, Dstr2 (r) and

Dcor2 (r). For the str -estimator the reconstructed values are slighly larger than the input one, while for

the cor -estimator are silghly lower, but compatible with the input values.
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Figure 4.14: Reconstructed average value of D2 as a function of scales, r, with the estimators
Dstr2 (r) (left) and Dcor2 (r) (right), for 500 simulations. The errors are obtained with the
standard deviation over 500 simulations. The dash line corresponds to the initial input value

of D2

In order to summarise the above result, we average the reconstructed D2 over r ∈ [15, 1300] h−1 Mpc.

We obviously select the lower value to be r = 15h−1Mpc, since this is the smallest value of the it-

erating procedure for the generation of the mono-fractal distribution. Figure 4.15 presents this av-

erage value for the reconstructed fractal correlation dimension relative to the different input values

D2 = {2.950, 2.970, 2.990, 2.995, 3.000}. Fitting these points with a straight line, y = αx+ β, results in

α = 1.00± 0.03 and β = (−0.4± 7.9)× 10−2 with χ2
red = 0.9/3. So, in contrast with Scrimgeour et al.

[93], we do not observe any bias in the reconstructed fractal correlation dimension.
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Figure 4.15: Reconstructed fractal correlation dimension, D2, in the redshift interval z =
0.538− 0.592, averaged over r ∈ [15, 1300] h−1 Mpc.

4.3.6 RSD model Systematic

We compare the homogeneity scale obtained with two different modelling of redshift space distortions.

Namely, the model with a scale-independent bias and the Kaiser effect, see equation (2.11) :

ξ(r; b) = FFT [Pgal(k, µ; b)] , (4.29)

This model was fitted only in the range r ∈ [10− 40]h−1Mpc with only free parameter the cosmic bias,

b. Our full model, which includes in addition a modeling of the finger-of-God effect (Eq. 4.16):

ξ(r; b, σp) = FFT [Pgal(k, µ; b, σp)] (4.30)

was fitted for (b, σp) parameters in the whole range r ∈ [1 − 40]h−1Mpc as was explained in chapter

4.2.2.

Figure 4.16 presents the homogeneity scale for these two models in the five redshift bins for the north

and south galactic caps. We note that using the full RSD model lowers the χ2, confirming that this

is a better model than the purely linear Kaiser model. The full model tends to lower RH , by up to

slightly more than 1σ, or typically 1%. The exception is only for the north galactic cap at redshift slice

0.592 ≤ z ≤ 0.646 where the mean difference is higher than 1σ. This means that we should not use

the purely linear Kaiser model. The remaining systematic error due to the imperfection of our full RSD

model is a fraction of the difference between Kaiser and full models, and therefore negligible with respect

to our statistical error.

4.3.7 Boosting error Systematics

The theoretical model for redshift space distorsions (Eq. 4.16) is not perfectly accurate at the smallest

scales due to the nonlinear behaviour of gravity at these scales. In order to ensure satisfying χ2/n.d.f.
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Figure 4.16: Measured homogeneity scale in different redshift bins, in the NGC and the
SGC, with Kaiser (triangle) and full RSD model (circles).

for the RSD fitting, we boost the error on ξ(r) at the relevant scales in an empirical way as

C
′
ij = Cij(1 + δij∆i∆je

2) . (4.31)

Here δij is the usual Kronecker symbol, e is a parameter that measures the amount of error boosting we

apply, ∆i is the theoretical inaccuracy, estimated as the relative difference between our model and the

average of the 1000 QPM mock catalogs.

In particular, after playing with several functions to achieve good χ2−ndf ratio, we define the correction

shape funcion, fcs as:

fcs(r; ~pcs) = 1 + exp
[
p2r

2 + p1r + p0

]
(4.32)

where ~pcs = {p2, p1, p0} are the correction shape parameters. Then, we introduce this function to the

theoretical model for the 2ptCF, (Eq. 4.18) as:

ξfit(r; b, σp, ~pcs) = fcs(r, ~pcs) · ξgal(r; b, σp) (4.33)

which we call, empirical 2ptCF. We fit this model in the mean of 1000 QPM mock catalogs 2ptCF as

shown in Fig. 4.17, in order to to determine the correction shape function, i.e. determine the ~pcs = ~pfitcs ,

parameters for the best fit values of (b, σp)- parameters. The resulting function parameters defines us

the ∆i = ∆(ri) function as:

∆(r) = fcs(r; ~pcs = ~pfitcs )− 1 (4.34)

In this plot one can see the empirically 2ptCF, ξfit(r; b, σp, ~pcs) fitting the data with a conservative

χ2 = 8.1 over 22 degrees of freedom.

In Fig. 4.18, we present the χ2-test for different boosting covariance matrices parametrized by parameter

e described in Eq. 4.31. From left to right we can see the same test for different fitting ranges with

minimum scale rminfit = [1, 2, 3]h−1Mpc. One can see that that only the value for e = 10 can give
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Figure 4.17: Empirical 2ptCF, ξfit(r; b, σp, ~pcs), as a function of scales, r, for the best fit
parameters, (b, σp, ~pcs) = (bfit, σfitp , ~pfitcs ) for the mean of the (0.538 ≤ z ≤ 0.592)-slice. [See
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Figure 4.18: χ2 test for selection of best boosting error parametrized by e, for different fitting
ranges from left to right and different redshift slices(different colors). See text for details]

satisfactory χ2-test, i.e. the measured |χ2(e) − ndf | ≤ √2ndf ,where ndf are the number of degrees

of freedom for 2 free parameters (b, σp). The ndf parameter varies, 22, 19, 16 for the different values

of the minimum scale bins. This is true for every minimum fitting scale, rminfit and every redshift

slice described in table 3.1. One can see the effect of different values of e parameter onto the estimated

auxillary parameters b, σp, in Fig. 4.19 and Fig. 4.20 respectively. One can see that there is no significant
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bias on the measurement for each of those parameters for different values of e against the measurement

with e = 0.
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Figure 4.19: Cosmic bias parameter, b, as a function of boosting parameter e, for different
fitting ranges from left to right and different redshift slices(different colors). See text for

details]
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Figure 4.20: Same as Fig. 4.19 but for the peculiar velocities, σp. [See text for details]

Therefore, in Fig. 4.21 (left) we display the resulting boosting factor on the error in the correlation

function for e=10. It appears to be significant only on scales smaller than 10 h−1 Mpc, i.e. up to 3

times the original error, and degrading at scales larger than 10h−1Mpc at zero contribution to the error

(i.e. down to 1% to the original one).
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Figure 4.21: Boosting factor on the error in the correlation function as a function of scales,
for all redshift bins (different colors).

Finally, from Fig. 4.22 we can understand that the reconstructed homogeneity scales measured with D2

is not significantly modified by the error boosting, i.e. e=10, and matches the measured one, i.e. e=0.
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Figure 4.22: RH(z) with (circle) and without (triangle) boosting the errors, for NGC (red)
and SGC (blue).
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4.3.8 Test of spline fit on QPM mock catalogs

We perform a spline fit of D2 for the 1000 QPM mock catalogs in order to obtain the homogeneity

scale at 1% (Eq. 4.7). The fit is performed in the range r ∈ [40, 100] h−1 Mpc with 6 data points

and 1 degree of freedom. The distribution of the χ2 of the mock should therefore follow a χ2-law for 1

degree of freedom. In table (4.7) we show the mean and the error on the mean of the distribution of the

corresponding χ2 for the 1000 QPM mock catalogs. The test is successful in both NGC and SGC.

z χ2
NGC χ2

SGC

0.430-0.484 1.00± 0.05 0.99± 0.04
0.484-0.538 0.99± 0.05 1.00± 0.04
0.538-0.592 1.02± 0.05 1.00± 0.04
0.592-0.646 0.99± 0.04 1.00± 0.05
0.646-0.700 1.02± 0.05 1.00± 0.04

Table 4.7: Mean and error over the 1000 QPM mock catalogs for the χ2 of the spline fit
with 1 degree of freedom, in the NGC and SGC for the five redshift bins.

4.3.9 Qualitative tests between estimators

We consider three estimators for N (< r), defined by equations (4.13), (4.14) and (4.15). We compute

N (< r) and the resulting D2(r) with the three estimators for the 1000 QPM mock catalogs. Figure 4.23

compares the mean of the 1000 mocks to the ΛCDM model. For the calculation of the estimators we

have used the reconstruction method described in chapter 4.2.2 the bias and peculiar velocities that were

estimated in section chapter 4.2.2. In Fig. 4.23 we show the computation for the different estimators

with different colours. The result with the cor estimator are more accurate than lau or str estimators

in respect of the ΛCDM model.
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Figure 4.23: Top: the scaled counts-in-spheres, N (< r), (left) and the fractal correlation
dimension, D2(r), (right) for matter distribution, with str(green), lau (black) and cor (blue)
estimators, compared to ΛCDM model (red). Bottom: the ratio to ΛCDM model for both

estimator.
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Furthermore, we compare the resulting 1σ dispersion as a function of scales, r, for the different estimators

in Fig. 4.24. We can see that for the observable N the str-estimator reaches 1 order of magnitude larger

dispersion than the cor-estimator at scales larger than 100h−1Mpc. But the lau-estimator is about 5%

more precise than the cor-estimator at scales larger than 30h−1Mpc. For the observable D2, we detect

for str-estimator a 1σ dispersion up to 7 times larger than the cor-estimator. While, the ratio between

lau and cor estimators is a monotonically decreasing function at scales [20−1300]h−1Mpc reaching up to

40%. This renders the lau-estimator more precise than the cor -estimator. However, the scale of interest

of measuring the homogeneity scales are about 60h−1Mpc where the difference in precision is only 5%.
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Figure 4.24: Ratio of the 1σ of the observables N (left) and D2 (right) for estimators lau
(blue) and str (green) against cor as defined in table 4.2 as a function of scales, r. We zoom

in at scales r ∈ [10− 1300]h−1Mpc.

For these reasons, we decided to use cor -estimators since it is more accurate but only slighly less precise

than the lau-estimators for both observables N and D2 at the scale of interests.
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4.3.10 RSD-RH correlations

As discussed in chapter 4.2.3, to perform the measurement of the homogeneity scale RH on the matter

distribution we perform before a measurement on the bias, b and peculiar velocities, σp, to account for

Redshift Space Distortions. Therefore, we are interested in the correlation, r, between the homogeneity

scale and the bias and peculiar velocities. To calculate the correlation coefficient we use Eq. 4.26, the

1000 QPM mock catalogs for the different redshift slices described in table 3.1 on the North or South

galactic caps. We measure the bias and peculiar velocities for each individual QPM mock catalog accord-

ing to chapter 4.2.2. The measurement of the homogeneity scale for the galaxy or matter distribution is

in accordance with chapter 4.2.1 or Fig. 4.2.3, respectively.
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Figure 4.25: Homogeneity scale for the galaxy distribution measurement, R(G)
H or matter

distribution, R(M)
H , versus bias, b, or peculiar velocities, σp, measurements for 1000 QPM mock

catalogs on the North Galactic Cap for the different redshift bins color-coded. The contours
show the 1σ and 2σ confidence regions. The normalized histograms with the mean and 1σ
values are displayed for the two measurements. The correlation coefficient, r, is also displayed.

The measurement between the homogeneity scale on the galaxy distribution, R(G)
H , or the matter dis-

tribution R(M)
H , bias, b, and peculiar velocities, σp is illustrated in in Fig. 4.25 for the different redshift

which are color-coded for the North Galactic Cap. Furthermore, the correlation coefficient, r, is com-

puted for each redshift slice. On the diagonal panels are the normalised histograms of the bias, peculiar

velocities homogeneity scale for the galaxy and matter distributions, from top to bottom respectively.

For each redshift bin the the mean and 1σ values of the measurements are also displayed. We can observe

that the R(G)
H does not vary with the bias or the redshift. However, the bias increases with redshift with

a precise measurement of about ∼ 1%. We can see that the R(G)
H does not vary with the σp as well. On



Chapter 4. Analysis 87

the other hand, the peculiar velocities are slightly decreasing with redshift. Similar results we obtain for

the homogeneity scale on the South Galactic Cap as we illustrate in Fig. 4.26.
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Figure 4.26: Same as Fig. 4.25 but for the South Galactic Cap.

Finally, in left panel of Fig. 4.27, we present the correlation coefficient, r, as a function of redshift, z,

for the different combination between the measurements on the homogeneity scale and bias for North

or South galactic cap and galaxy and matter distribution. We observe that the correlations are always

positive, reaching up to 2.5% between the homogeneity on the galaxy distribution and the different

variables on the South galactic cap. Additionally, in the right panel of Fig. 4.27, we present the

correlation coefficient between the homogeneity scale and the peculiar velocities measurement for the

same combinations. We observe less correlation between the different measurement reaching up to 1.1%

rendering the correlation negligible. We conclude that the correlation between RH and b or σp is small

and we do not account for them into our analysis.
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Figure 4.27: Correlation coefficient, r, as a function of redshift, z, between bias, b (left), or
peculiar velocities, σp(right), and the homogeneity scale, RH for the North or South galactic
caps for the matter (M) or galaxy (G) distribution, as measured for 1000 QPM mock catalogs.

4.3.11 Weight Scheme Systematic tests

We perform the measurement of the bias, peculiar velocities, homogeneity scale of the galaxy and matter

distribution for different weighing schemes as described in chapter 3.4.2. Each galaxy has a total weight

that is a combination of different systematic effect on the observed local galaxy density. First we perform

the measurements by switching off each individual weight and keeping the rest of the weights on. Then

we switch off all the weights at once. The results of the bias and peculiar velocities are shown Fig.

4.28, on the top left and top right panel respectively. In colors we represent the measurement of the

homogeneity scale for the different weights that we switch off. We label with ”No” when we switch

off all the weights. With ”NoStar, NoSee, NoFKP” when we switch of the weights wstar, wsee, wfkp,

respectively. Notice that we switch off bott the redshift failure weight wzf and the weight of closed

pairs, wcp, namely ”NoZCP”. Finally, with ”All” we represent the null measurement, i.e. the basis

measurement of our analysis. On the bottom panels we show the relative measurement in respect of the

null measurement. We observe that the measurement of bias for switching of the wstar, wsee, wfkp is

not affected for all redshift bins. For removing the weight wnz and wcp or all, we see that we have a

systematic error less 2% only for the intermediate redshift bins 0.484 ≤ z ≤ 0.538 and 0.538 ≤ z ≤ 0.592.

However, this systematic is within the statistical errors. For the case of the peculiar velocities we observe

a systematic error of less than 3%, for the same removal of weights wnz and wcp , within the statistical

errors. Therefore the measurement of bias and peculiar velocities are driven by statistics.

We present the results for the systematic error of the homogeneity scale measurement for the galaxy and

matter distribution, in left and right panel of Fig. 4.29, respectively. We observe no significant systematic

error for the redshift bins larger than z ≥ 0.5 for the homogeneity scale of the galaxy distribution, i.e.

the systematic errors is less than 2%, consistent within the 5% precision of the statistical measurement.

Furthermore, we observe a 5% systematic error when we turn off the weights wfkp or all the weights but

within the statistical errors of 10%. The homogeneity scale of the matter distribution follows the same

picture. The maximum systematic error is only at 1% significance when we turn off all the combination

of the weights for the redshift slice 0.484 ≤ z ≤ 0.538. However this is within the 1σ statistical error of

2% as it is true for all other redshift slices.



Chapter 4. Analysis 89

0.45 0.50 0.55 0.60 0.65

z

1.8

1.9

2.0

2.1

2.2

bi
a
s(
z)

No
NoStar
NoSee
NoFKP
NoZCP
All

0.45 0.50 0.55 0.60 0.65

z

200

210

220

230

240

250

260

270

σ
p
(z

)

0.45 0.50 0.55 0.60 0.65

z

0.96

0.97

0.98

0.99

1.00

1.01

1.02

1.03

bi
a
s(
z)
/b
ia
s
A
L
L
(z

)

0.45 0.50 0.55 0.60 0.65

z

0.80

0.85

0.90

0.95

1.00

1.05

1.10

1.15

σ
p
(z

)/
σ
A
L
L

p
(z

)

Figure 4.28: Systematic measurement of the bias, b and peculiar velocities, σp as a function
of redshift bins, z for the North galactic cap. Different colors correspond to different weighting
scheme. Top figures show the measurement and bottom figures show the percentage ratio
from the measurement applying all the weights. Shaded regions shows the 1σ error of the

measurement applying all the weights.

Similar results we obtain for the South galactic cap for the bias and peculiar velocities displayed in Fig.

4.30. We see that we observe no significant systematic for the homogeneity scale measurement on the

south galactic cap represented in Fig. 4.31.

4.4 Bias Gain

As we show in appendix A.8, assuming a scale independent bias, the precision on the measurement of

the correlation function on the matter distribution is not affected by the bias:

σξG

ξG
(r) ' σξM

ξM
(r) (4.35)
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Figure 4.29: Systematic measurement for the homogeneity scale, RH , of the galaxy (left) and
matter (right) distributions as a function of redshift, z, for the North galactic cap. Different
colors correspond to different combination of the weighting scheme. Top figures show the
measurement and bottom figures show the percentage ratio from the measurement applying
all the weights. Shaded regions shows the 1σ error of the measurement applying all the weights.

While we show that for the scaled counts-in-spheres at large scale limit, i.e. NM (< r)− 1 ' 0, we have

that:
σNM
NM

(r) ' σNG(r)

NG(r) + (b2 − 1)
(4.36)

Notice that there is a gain for a biased tracer, while for an unbiased tracer there is no gain (b2 = 1).

Similar we have for the Fractal Dimension Precision at the large scale limit, i.e. DG2 (r)− 3 ' 0, that :

σDM2
DM2

(r) '
σDG2 (r)

DG2 (r) + 3(b2 − 1)
(4.37)

In order to verify this calculation, we perform a test by using the 1000 QPM mock catalogs. We

measure the fractal correlation dimension on the galaxy distribution and the matter distribution with

the reconstruction method described in chapter 4.2.3. Then, we use the measurement of the galaxy

distribution but we correct with the bias using Eq. 4.37. We perform the same measurement for

normalized-counts-in-spheres for the galaxy and matter distribution as well as a measurement for the

galaxy distribution but correcting for bias using equation Eq. 4.36.

The results from the fractal correlation dimension are shown in the top panel of Fig. 4.32. We see

that the precision for the fractal correlation dimension of the matter distribution with the reconstructed

method, Dmat2 , shown with red line matches the one with the fractal correlation dimension of the galaxy

distribution corrected with bias, i.e. using Eq. 4.37, which is shown with green line. Similar results
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Figure 4.30: Same figure as Fig. 4.28 for the south galactic cap

we obtain for the scaled-counts-in-spheres, N , which are shown in the bottom panel of Fig. 4.32. We

see that the scaled counts-in-spheres Eq. 4.36 (bottom). The Eq. 4.37 and Eq. 4.36 tell us that the

precision of measuring the observable for the matter distribution from a biased tracer gains in precision

from the individual bias measurement.

4.5 Homogeneity scale at 0.1%

The choice of a 1% threshold to define the homogeneity scales is arbitrary. Therefore, we can define

them for instance at 0.1% as:

D2(RD2=2.997
H ) = 2.997 or N (RN=1.001

H ) = 1.001 , (4.38)

namely per-Mille definition. Figure 4.33 shows that the measured homogeneity scale for matter distri-

bution is compatible with ΛCDM, with χ2
red = 5.82/6 in the NGC and χ2

red = 7.98/6 in the SGC.

We observe that the definition of the homogeneity scale with a more strict threshold, 0.1%, result in a

Homogeneity scale about three times higher than the one with 1%., i.e. R0.1%,NGC
H = 157.2±4.5h−1Mpc
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Figure 4.31: Same figure as Fig. 4.29 for the south galactic cap

and R0.1%,SGC
H = 174.9± 4.7h−1Mpc . This per-Mille definition has less precision than the one we use

for our basis analysis. This is true since the former definition probes larger scales where the volume

density drops at 10% as shown in Fig. 4.9, i.e. probing less statistics. Finally, using the definition of Eq.

4.38, it possible to compare the results of both of the analyses that I was involved in: Galaxy analysis

and QSO analysis (to a smaller extent).

4.6 Alternative Definition of RH results

In this section we explore the error definition of the homogeneity scale. In particular, we use the

minimum scale that corresponds to the fractal dimension value plus the one sigma error that is less or

equal to the nominal value for homogeneity, 3 as we explain in chapter 4.2.3. This is formulated as:

REH := min {r ∈ R : (D2 + σD2) (r) > 3} . (4.39)

In Fig. 4.34, the weighted mean between the North galactic cap and South galactic cap for fractal

correlation dimension, D2(r), at different scales, r, and redshift bins is displayed. We determine the

homogeneity scale as defined in Eq. 4.39 for the matter distribution (left) and the galaxy distribution

(right). Different colours correspond to the REH for the different redshift bins. The rest of the fractal

correlation dimension is color with grey color for all redshift bins. The error homogeneity scale is reached

at different scales for different redshift bins.
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Figure 4.34: RVH -estimator defined by equation 4.39 for 5 z-bins. Left: Galaxy Right:
Matter.

In addition, we compute this estimator (REH) for the 1000 QPM mock catalogs. The results are sum-

marised in Fig. 4.35 for the North galactic cap (left) or South galactic cap(right) for the matter or

galaxy distribution. In Fig. 4.35, we can observe that the mean and 1σ dispersion of the error ho-

mogeneity scale for 1000 QPM mock catalogs is RE,NGC
H,mock ' 360 ± 120h−1Mpc for the north galactic

cap and RE,SGC
H,mock ' 300 ± 120h−1Mpc for the south galactic cap. Therefore, the test with the mock

catalogs suggest a signal to noise ratio for all redshift bins about S/N ' 3. Furthermore, we observe

that RE,NGC
H,mock > RE,SGC

H,mock. This is consistent with the fact that the volume of the survey is larger on

the North Galactic Cap than the South Galactic Cap, V NGCsurv < V SGCsurv . This is true, since we shown in

chapter 5.5 that the sensitivity of the fractal correlation dimension and therefore the error of the Error

homogeneity scale is proportional to the inverse of the volume of the survey, σD2 ∝ σξ ∝ σP ∝ 1√
V

.

Then, since σSGCD2
> σNGCD2

, then (D2 + σD2)SGC approaches D2 = 3 in scales less than (D2 + σD2)NGC .

Furthermore, we observe that the data are within 1σ region of the mock catalogs, for almost every

redshift bin. However, at z ∼ 0.62 we have an outlier for both North and South galactic cap, RE,XGC
H,data '

1100h−1Mpc, for which we have not found an explanation other than a statistical fluctuation.

From Fig. 4.35, we infer that both galaxy (Gal) and matter (Mat) distribution result in the same mean

and variance of Error Homogeneity scale. Thus, we marginalise galaxy and matter information. Then

we perform a Kolmogorov-Smirnov test[81] (KS-test) to see how likely is that the data distribution is

drawn from the mock distribution. The result is summarised in table 4.8, where DKS is the KS-statistic

and DKS
crit is the critical value for α = 0.001 confidence level (C.L.).

C.L. = α = 0.001 NGC SGC
DKS 0.196 0.334
DKS
crit 0.617 0.617

p− value 0.791 0.172

Table 4.8: KS-test for North and South Galactic Cap. [See text for details]

The KS-statistic does not pass its critical value. Hence, the KS-test for this estimator of the homogeneity

scale, REH , suggest that data and mocks are drawn from the same distribution at 21% and 83% C.L. for
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Figure 4.35: Mean and dispersion of REH -estimator for NGC and SGC.

North and South galactic caps respectively. Finally, we conclude from this test that this estimator for

the homogeneity scale depends on the the survey characteristics and it has a large dispersion, rendering

this estimator not useful for precision measurements in cosmology.

4.7 3D Homogeneity or 2D Spatial Isotropy?

In large scale structure studies, we observe the redshift position of galaxies, z. Thus, the observed density

of galaxies can be expressed by:

ρ(z, θ, φ) =
d3N(z, θ, φ)

dzdΩ
(4.40)

which is only a function of redshift and angles. Then, we can, easily, relate the observed density with

the reconstructed density via any jacobian:

d3N(x, y, z)

dxdydz
=
d3N(z, θ, φ)

dzdΩ
J(z, θ, φ) . (4.41)

However, the J(z, θ, φ) depends on the relation between distances and redshift. This relation is model

dependent. This makes the reconstruction of the density field a quantity that relies on the choice of the

fiducial cosmology. One could imagine differently the possibility of having a different choice of a model.

Different kind of models are described by a different metrics. We present the current possible models

and their corresponding metric in table 4.9.

Universe Metric Name
Homogeneous & Isotropic FLRW
Non Homogeneous but Isotropic LTB[182–184]
Fractal RS[112]

Table 4.9: Different Universe and their metrics
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In standard cosmography, we measure distances with FLRW metrics. This means that our Jacobian is

defined via:

JFLRW (z; pfid) =
H(z; pfid)

cd2
A(z; pfid)

(4.42)

which is only a function of z for any possible fiducial cosmology pfid = (h, ~Ω), where ~Ω are the vector

containing the energie densities of the different species of the universe described in chapter 1.2.2.

As we will saw in this thesis, the analysis of CMASS galaxy sample [144] and Quasar sample [166] shows

that we observed a homogeneous 3D spatial distribution with a spectroscopic survey on scales larger

than r > 300h−1Mpc. This statement is quantified by the following relation:

ρ(x, y, z) ≡ d3N(x, y, z)

dxdydz
= constant . (4.43)

Since we constrained by the choice of an FLRW cosmography, we are lead to the conclusion that

d3N(z, θ, φ)

dzdΩ
∝ J−1

FLRW (z; pfid) . (4.44)

Therefore, the observed density is not a function of angles. This is the definition of spatial isotropy. Thus,

we conclude that a 3D spatial homogeneity analysis in the FLRW context is only an 2D spatial isotropy

analysis.Thus, the CMASS galaxy sample and the QSO sample are spatially isotropically distributed

under the choice of a Jacobian which is only a function of z for any fiducial parametrization of an FLRW

metric system. However, we expect minor changes from different parametrisation.

On the other hand, one can observe that if we assume a different kind of model, we assume different

jacobian J(z, θ, φ). Then, we may end up in a different conclusion.

4.8 Conclusion and Discussion

We have used the data release 12 of BOSS CMASS galaxy sample to study the transition to cosmic

homogeneity over a volume of 5.1 h−3 Gpc3. We do not consider the correlation function, ξ(r), to

study homogeneity because its definition requires an average density, which is only defined for a ho-

mogeneous sample. We rather use the counts-in-spheres, N(< r), i.e. the average number of objects

around a given object, and its logarithmic derivative, the fractal correlation dimension, D2(r), to test

for a possible fractal universe. For a homogeneous sample, N(< r) ∝ r3 and D2 = 3. We define a

characteristic homogeneity scale, RH , as the value for which D2 reaches the homogeneous value within

1%, i.e. D2(RH)=2.97.

For the galaxy distribution, we get 3 − 〈D2〉 = (0.6 ± 1.3) × 10−3 at 1 σ over the range 300 h−1 ≤
r ≤ 1300 h−1 Mpc, which is consistent with homogeneity assumption of the universe and a transition

to homogeneity at a characteristic scale, R(G)
H = 114.2 ± 5.8 h−1Mpc. However, in our analysis we use

a random catalog to take into account the geometry and the completeness of the survey. The redshift

distribution of this catalog is taken from the data. Therefore, this study is insensitive to a possible

isotropic variation of the density with redshift, ρ = ρ(z). This means that we can only check for spatial

isotropy, ρ(z, θ1) = ρ(z, θ2). Note that the same is true for all galaxy redshift surveys[185]. Contrary, this

spatial isotropy can be obtained without using any fiducial model as discussed by Laurent et al. [166].

So by assuming the Copernican principle our data imply homogeneity of the galaxy sample without any

prior ΛCDM assumption.
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If we use a similar to Yadav et al. [158] estimator for the transition to homogeneity, we find agreement

between the mocks and data. This estimator provides a qualitative estimate of the homogeneity scale

in the range of 150 ≤ r ≤ 400 h−1Mpc. This further confirms the transition to homogeneity in both

matter and galaxy distributions, despite the lower precision of this estimator, i.e. 30% compared to our

estimator which is near %-level.

Furthermore, we can perform the measurement in an alternative way to check the ΛCDM model. In

particular, we fit the CMASS galaxy two point correlation function in the range 1 < r < 40 h−1Mpc to

obtain the galaxy bias relative to the ΛCDM prediction for the matter correlation function as long as

the peculiar velocities to correct for Redshift Space Distortions. We correct our measurement of N(< r)

for this bias and the peculiar velocities, in order to get the result for the matter distribution, that we

finally compare to the ΛCDM prediction.

For the distribution of matter, we achieved a measurement of 3 − 〈D2(r > 300h−1Mpc)〉z = (1.7 ±
1.0) × 10−4 at 1σ. We obtained a characteristic scale R(M)

H = 61.9 ± 0.8 h−1Mpc at an average z =

0.538 − 0.592 for the transition to homogeneity. This measurement of RH is more precise than the

previous measurements of Scrimgeour et al. [93] Collaboration by a factor 5. While Sarkar et al. [178],

only give a qualitative measurement of RH .

We also investigate the redshift evolution of our observables. We find that the homogeneity scale for

the matter distribution, R(M)
H , is decreasing with time as expected if clustering is increasing with time.

We find accordance with ΛCDM model with a reduced χ2 = 0.89(0.61) for the North(South) Galactic

Cap for the 6 redshift bins, i.e. accounting also the measurement of Laurent et al. [166] at redshifts

2.2 ≤ z ≤ 2.8. However, the characteristic scale of the galaxy distribution, R(G)
H , remains almost

constant with time or redshift, z. The homogeneity scale is an intrinsic property of the galaxy sample.

Therefore, this result is consistent with the fact that the CMASS sample has properties that remain

constant with time.

Moreover, we performed several test to ensure that the measurement is unbiased against several choices

on the performance of the measurement. Firstly, we checked for a potential systematic against alternative

modelling of Redshift Space Distortions. Furthermore, we ensure that measuring the fractal correlation

dimension on several fractal distributions with the survey mask does not bias the intrinsic properties

of these distributions, i.e. the fractal dimension of the distribution. Moreover, we perform the basis

measurement of the homogeneity scale with different combination of the weighting scheme, observing

no significant systematic errors. Furthermore, we check for alternative estimators of the homogeneity

scale and we found that the optimum one (most accurate and the 2nd least precise) is the one we

developed in this thesis. In a further study we found out that the bias and peculiar velocities, used to

measure the homogeneity on the matter distribution are slightly correlated with the characteristic scale,

i.e. r ≤ 20% for all possible combination between of the quantities (R(G)
H ,R(M)

H , b, σp) at all redshift

bins, rendering their correlation negligible. Additionally, we find that using a different definition for

the homogeneity scale, i.e. the minimum scale at which the fractal correlation dimension becomes

consistent with the nominal value within 0.1%, D2(RD2=2.997
H ) = 2.997, namely per-Mille definition,

gives scales which are more than twice the scales obtained with the adopted definition of our basis

analysis, D2(RD2=2.97
H ) = 2.97.

Furthermore, we find that the precision of the observables of the fractal correlation dimension and the

scaled-counts-in-spheres for the matter distribution gains about 1 order of magnitude in respect of the

same observable for the galaxy distribution, due to the bias correction, which is not the case for the

2-point-correlation function that it is being used in regular large scale structure analysis. This renders
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our observables, counts-in-spheres and fractal correlation dimension a potential precision observables of

cosmological inferences for large scale structure cosmography.

We also conclude that this measurement of the homogeneity scale is only a validation of the Cosmological

Principle. This is true since we cannot infer distances from observational data, i.e. redshift, without

the assuming in prior a Homogeneous universe with an FLRW metric. Therefore future projects should

relax the homogeneity assumption and use the same observable and estimators for a model independent

measurement of the characteristic scale of the transition to cosmic homogeneity for a confirmation test.

Finally, we are unable to perform measurements outside the observable universe. Therefore, we rely

on the assumption that the observable universe is a fair sample, i.e. the properties of the observable

universe are the same as the unobserved one. However, since the measurements done by Hogg et al.

[83] in 2005 have a homogeneous universe at redshift, z ' 0.3. While in this study we have shown that

the galaxies even beyond the observable universe, of 2005, i.e. the observable universe 2017 at redhift

z ' 0.56, the universe has also a homogeneous behaviour. Therefore by induction, we conclude that the

unobserved universe will look uniform as well, with a model dependent measurements of course.

This study was published in an article in JCAP that is attached in this manuscript.
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Abstract. In this study, we probe the transition to cosmic homogeneity in the Large Scale
Structure (LSS) of the Universe using the CMASS galaxy sample of BOSS spectroscopic
survey which covers the largest effective volume to date, 3 h−3 Gpc3 at 0.43 ≤ z ≤ 0.7. We
study the scaled counts-in-spheres, N (< r), and the fractal correlation dimension, D2(r), to
assess the homogeneity scale of the universe using a Landy & Szalay inspired estimator.

Defining the scale of transition to homogeneity as the scale at which D2(r) reaches 3
within 1%, i.e. D2(r) > 2.97 for r > RH , we find RH = (63.3±0.7) h−1 Mpc, in agreement at
the percentage level with the predictions of the ΛCDM model RH = 62.0 h−1 Mpc. Thanks
to the large cosmic depth of the survey, we investigate the redshift evolution of the transition
to homogeneity scale and find agreement with the ΛCDM prediction. Finally, we find that
D2 is compatible with 3 at scales larger than 300 h−1 Mpc in all redshift bins.

These results consolidate the Cosmological Principle and represent a precise consistency
test of the ΛCDM model.
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1 Introduction

Most models of modern Cosmology are based on solutions of General Relativity for an isotropic
and homogeneous universe. The standard model, known as ΛCDM , is mainly composed of a
Cold Dark Matter (CDM) and Λ corresponds to a cosmological constant. This model shows
excellent agreement with current data, be it from Type Ia supernovae [1, 2], temperature and
polarisation anisotropies in the Cosmic Microwave Background [3] or Large Scale Structure [4–
6]. The two main assumptions of this model are the validity of General Relativity and the
Cosmological Principle [7] that states that the Universe is isotropic and homogeneous on large
enough scales, or equivalently that the Universe statistical properties are both rotationally
and translationally invariant on large scales.

Isotropy is well tested through several probes at various cosmic epochs: at z ≈ 1100,
Cosmic Microwave Background temperature anisotropies, corresponding to density fluctua-
tions in the young Universe, have been shown to be of order 10−5 [8]. In the more recent
Universe, the distribution of sources in X-ray [9] and radio [10] surveys strongly supports
isotropy. Large spectroscopic galaxy surveys, such as the baryon oscillation spectroscopic sur-
vey (BOSS) of the third Sloan digital sky survey (SDSS-III), show no evidence for anisotropies
in the projected galaxy distribution in volumes of a few Gpc3 [11].

We should stress, however, that these observations test isotropy at a given redshift
or after projection over a given range of redshifts. This "projected” isotropy is a weaker
assumption than “spatial” isotropy, which is an isotropy at each redshift 1. Combining spatial
isotropy and the Copernican principle, which states that our position in the Universe is not
privileged, implies that the Universe is homogeneous [7, 12–14]. However, as shown by Durrer
et al. [15], this implication is not true if we only have projected isotropy. So CMB isotropy,
for instance, cannot be combined with the Copernican principle to prove homogeneity.

It is therefore important to test homogeneity. Large three dimensional spectroscopic
surveys offer an excellent occasion to strengthen this aspect of the cosmological model with
accurate observations. Most of the studies conducted so far found a transition to homogeneity
in the galaxy distributions at scale between 70 and 150 h−1 Mpc [16–27] therefore strengthen-
ing the cosmological principle. Some studies did not find a transition to homogeneity [28–34].
However none of those studies reached scale larger than 200 h−1 Mpc, where homogeneity
becomes clear.

However, these 3D surveys investigate the statistical properties on the observer past
light-cone and not inside of it, so they do not observe galaxies at the same epoch. An attempt
to overcome this limitation was to use star formation history in order to study the homogeneity
inside the past light-cone [35], but this is model dependent. Another possibility [36] is to use
a combination of secondary CMB probes, including integrated Sachs-Wolfe, kinetic Sunyaev-
Zel’dovich and Rees-Sciama effects.

In this article, we use the Data Release 12 of the SDSS-III/BOSS spectroscopic galaxy
sample to search for a transition to homogeneity [37]. The BOSS CMASS galaxy catalogue
covers a volume of 5.1 h−3 Gpc3 in the redshift range 0.43 < z < 0.7 and contains nearly one
million galaxies in 8500 square degrees. It represents the largest effective volume sampled as
of today 2 and therefore offers a unique opportunity to observe the transition to homogeneity.

1More precisely, spatial isotropy is the assumption that ρ(r, θ1) = ρ(r, θ2) for any given (r, θ1, θ2), while
projected isotropy is the assumption that ρ(θ1) = ρ(θ2) for any (θ1, θ2), where ρ(θ) =

∫
ρ(r, θ)W (r)dr and

W (r) is the window function.
2 The effective volume of a survey is given by Veff = V nP

1+nP
, which describes the statistical power of the
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A similar study of homogeneity has been performed with the DR12 quasar sample of BOSS
[38]. We mostly follow the method introduced in [26] to measure the "fractal correlation
dimension” of the distribution, D2(r), as an indicator of the transition to homogeneity[37].

Due to the possible evolution of the tracer with redshift, a redshift survey is blind to
strictly radial variation of the density [39]. So strictly speaking we can only test homogeneity
up to a radial variation, that is we can test spatial isotropy (and then combining spatial
isotropy with the Copernican principle we can prove homogeneity). On the other hand, as
discussed by Laurent et al. [38], we can demonstrate spatial isotropy independently of a
fiducial cosmology 3.

Throughout this study, unless stated otherwise, we use a fiducial flat ΛCDM cosmological
model with the following parameters:

pcosmo = (ωcdm, ωb, h, ns, ln
[
1010As

]
) = (0.1198, 0.02225, 0.6727, 0.9645, 3.094) , (1.1)

where ωb = Ωbh
2 and ωcdm = Ωcdmh

2 are the reduced fractional density of baryons and cold
dark matter, respectively; h = H0/[100 km s−1 Mpc−1], with H0 the Hubble constant; and
finally ns and As are, respectively, the spectral index and the amplitude of the primordial
scalar power spectrum. The numerical values in Eq. 1.1 are from Planck 2015 TT, TE,EE+
lowP analysis [40].

The paper is organized as follows. Section 2 describes the galaxy data sample used in
this analysis and section 3 the methodology to quantify cosmic homogeneity. In section 4 we
introduce the model that is adjusted to the observed data, while in section 5 we present our
results. In section 6 we test the robustness of our method, and we conclude in section 7.

sample. The CMASS sample has V CMASS
eff ' 2.9h−3Gpc3, while the QSO sample has V QSO

eff ' 0.21h−3Gpc3.
3 Indeed let’s assume a homogeneous 3D spectroscopic survey with a constant density ρ(r, θ, φ) = Cst.

This density is the product of the Jacobian J(z) = H(z)/cD2(z) with the observed density of sources
dN(θ, φ, z)/dΩdz which is a function of angles and redshift. As a result the observed density is necessar-
ily a function of redshift only following: dN(θ, φ, z)/dΩdz ∝ J−1(z), which is the definition of spatial isotropy.

– 3 –
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2 Dataset

2.1 The BOSS survey

BOSS[41] is dedicated to studying the 3D distribution of ∼ 1.4 × 106 galaxies and ∼ 105

quasars and their Lyman-α forests within an effective area of ∼ 10, 000 deg2 [42, 43]. Alu-
minum plates are set on the focal plane of the 2.5m telescope[44] and drilled with 1000 holes
corresponding to targets to be observed. An optical fiber is fixed on each hole, allowing
1000 spectra to be measured per exposure [45] with a typical redshift uncertainty of a few
tens of km · s−1 [46]. Several color cuts are used to select massive galaxy in the redshift
range 0.43 < z < 0.7 in the imaging data from SDSS-I-II and SDSS-III/BOSS in (u, g, r, i, z)
bands [47]. These cuts are designed to result in a stellar mass limit that is constant with
redshift, according to a passively evolving model [48]. The large masses ensure a strong bias
with respect to the underlying dark matter field, providing a high signal-to-noise ratio on the
two-point correlation function. The resulting sample of galaxies is called CMASS and consists
in ∼ 106 galaxies with accurate spectroscopic redshifts. The CMASS sample has been used
to measure the Baryonic Acoustic Oscillation feature (BAO) with unprecedented accuracy,
putting strong constraints on cosmological parameters [49]. We use the same galaxy sample
to perform a measurement of the transition to homogeneity benefiting from the signal-to-noise
enhancement due to the large bias of this galaxy sample.

We weight galaxies with [50]:

wgal = (wcp + wnoz − 1)× wstar × wsee × wFKP , (2.1)

Here, the close-pair weight, wcp, accounts for the fact that, due to fiber coating, one cannot
assign optical fibers on the same plate to two targets that are closer than 62′′. The wnoz
weight accounts for targets for which the pipeline failed to measure the redshift. The wstar
and wsee weights correct for the dependance of the observed galaxy number density with the
stellar density and with seeing, respectively. Finally, we use the FKP weight, wFKP , [51] in
order to reduce the variance of the two-point correlation function estimator.

z NGC SGC
0.430-0.484 101,383 40,170
0.484-0.538 174,468 63,518
0.538-0.592 151,084 56,805
0.592-0.646 97,155 37,179
0.646-0.700 47,289 17,899
0.430-0.700 571,379 215,571

Table 1. DR12 data sample in 5 redshift intervals in north (NGC) and south (SGC) galactic caps.

2.2 Data sample

We divide our data sample into 5 redshift intervals, as defined in table 1, to study the evolution
of the clustering of the CMASS galaxy sample. The angular and redshift distributions of the
sample are shown in figure 1. We use a flat ΛCDMmodel with parameters defined by equation
1.1 to convert the redshift measurements to comoving distances:

dcomov(z) =
c

H0

∫ z

0

dz′

E(z′)
, (2.2)
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where E(z) =
√

Ωm(1 + z)3 + ΩΛ. A final sample with a total effective volume of 3.8 h−3

Gpc3 [50] is obtained, which is significantly larger than the effective volume used in previous
studies, such as 0.6 h−3Gpc3 for WiggleZ [26], 1h−3Gpc3 for a DR7 LRG galaxy sample
study [27] or 0.2 h−3Gpc3 for the SDSS II LRG analysis [16] .

Figure 1. Right ascension and declination profiles (top) and redshift distribution (bottom) of the
DR12 sample for the North (NGC) and South (SGC) Galactic Caps. The vertical dashed lines define
the redshift interval used in our analysis.

2.3 Mock-Catalogues

Mock catalogues are an important tool for determining uncertainties in galaxy surveys and
tuning data analysis pipelines. In our analysis we use 1000 mock catalogues constructed
with the quick-particle-mesh (QPM) algorithm [52] for BOSS. These are expected to be more
realistic than mocks based on second-order Lagrangian perturbation theory, although not
as much as the highly time-consuming N-body simulations. These mock catalogues use a
different flat ΛCDM cosmology than the one we use in our analysis, but this difference is
accounted for in our analysis:

pqpm = (Ωcdm,Ωb, h, ns, σ8) = (0.274, 0.046, 0.7, 0.95, 0.8) (2.3)

where σ8 is the variance of the matter power spectrum computed in spheres of 8 h−1 Mpc
radius.
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3 Methodology

In this section we present the method we have used to study the transition to homogeneity
in the distribution of the BOSS CMASS galaxy catalogue. We follow Scrimgeour et al. [26]
in assessing the homogeneity of the catalogue through the fractal dimension, D2(r), but use
significantly different methods.

3.1 Observables

The “counts-in-spheres”, N(< r), is defined as the average number of objects in a sphere of
radius r, it should obviously scales as r3 for an homogeneous distribution. This scaling is the
basis for the definition of the fractal dimension:

D2(r) ≡ d lnN(< r)

d ln r
. (3.1)

For a homogeneous distribution one gets D2(r) = 3, while for a fractal distribution D2 < 3 is
a measure of the fractal dimension. These simple expressions are no longer valid in the case
of a survey that has a peculiar geometry and a non-uniform completeness. We correct for
these geometrical effects by using catalogues of random points that uniformly fill the survey
volume. We use random samples that are five times larger than the data sample in order to
ensure that statistical fluctuations due to the random points are significantly smaller than
those due to the data. We therefore define a “scaled counts-in-spheres”

N (< r) =
Ngal(< r)

Nrand(< r)
(3.2)

which is the ratio between the counts-in-spheres of the galaxy distribution, Ngal(< r), and the
counts-in-spheres of the random point distribution inside the same survey geometry, Nrand(<
r). This quantity is now expected to be independent of r (ratio of two quantities ∝ r3) for a
homogeneous distribution and therefore the fractal dimension is redefined as:

D2(r) ≡ d ln N (< r)

d ln r
+ 3 , (3.3)

in order to be equal to 3 for a homogeneous distribution.
N (< r) and D2(r) are the two observables we will consider in the analysis, and we show

in the next section that there are different ways to obtain them from the data.

3.2 Estimators

We define the following quantities from our data and random catalogues:

• dd(r) =
DD(r)

ng(ng − 1)/2
: the normalized number of galaxy pairs distant by r,

• rr(r) =
RR(r)

nr(nr − 1)/2
: the normalized number of random-point pairs distant by r,

• dr(r) =
DR(r)

ngnr
: the normalized number of galaxy random-point pairs distant by r,

– 6 –
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where ng and nr are the total number of galaxies and random points, respectively. The
definition of N (< r) in Eq. 3.2 recalls the Peebles-Hauser estimator, ξ̂(r) = dd(r)/rr(r)− 1,
for the two-point correlation function [53]. This estimator is known to be less efficient than
the more sophisticated Landy-Szalay estimator [54].

ξ̂ls(r) =
dd(r)− 2dr(r) + rr(r)

rr(r)
, (3.4)

which has minimal variance on scales where ξ(r) << 1[54].
Laurent et al. [38] defines a Landy-Szalay inspired estimator for the counts-in-spheres:

N̂lau(< r) = 1 +

∫ r
0 (dd(s)− 2dr(s) + rr(s))ds∫ r

0 rr(s)ds
. (3.5)

Alternatively, we can directly compute the counts-in-spheres from the Landy-Szalay estimator
of the two-point correlation function itself, as explained in appendix A:

N̂cor(< r) = 1 +
3

r3

∫ r

0
ξ̂ls(s)s

2ds . (3.6)

These two estimators are expected to be closer to optimal than the estimator of equation 3.2.
They result in two different estimators for the fractal dimension that we name accordingly
D̂2,lau(r) and D̂2,cor(r). In appendix B, we show that the cor-estimators, N̂cor(< r) and
D̂2,cor(r), are less biased than the lau-estimators. In our final analysis, unless stated otherwise,
we use the cor-estimators and we drop the lau indice and the hat for sake of simplicity.

Since we are interested in matter distribution, we must use the galaxy bias, b, to convert
the counts-in-spheres measured for galaxies to the one we would get if we were measuring the
whole matter (mostly dark matter). We also have to account for redshift space distortions
and we explain in details how we do that in section 5.4.

3.3 Homogeneity scale definition

Following Scrimgeour et al. [26], we define an homogeneity scale RH for both N and D2

observables, as the scale for which the observable approaches its homogeneous value within
1%. We then have two a-priori different transition-to-homogeneity scales defined by:

D2(RD2=2.97
H ) = 2.97 and N (RN=1.01

H ) = 1.01 . (3.7)

These are, of course, arbitrary definitions for the homogeneity scales but they do not depend
on the survey and can be used to test cosmological models and compare different survey
measurements as long as the same definitions are used in all cases [26].

Other authors have proposed different ways of defining the homogeneity scale. In partic-
ular Yadav et al. [18] proposed to define it as the scale at which D2 cannot be distinguished
from 3 within the survey errors. This is obviously another proper definition because it is
independent of the bias and similar conclusions can be drawn as we demonstrate at the end
of section 5.7. Furthermore, using this estimator on the mock catalogues (See section 5.7 ),
we find larger variations on the estimated homogeneity scale in respect with the one obtained
by Eq. 3.7. For these reasons, we have made the choice in this study to use the arbitrary
but universal definition in Eq. 3.7, although we show that beyond 300 h−1Mpc, we do find
consistency with D2 = 3 within our measurement errors.

– 7 –
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4 Theoretical Model

4.1 Prediction for ξ(r),N (< r) and D2(r)

We use the CLASS software [55] to compute the ΛCDM theoretical prediction for the two-
points correlation function and the observables we consider in the analysis. CLASS computes
the theoretical matter power spectrum, P (r)

δδ (k), where the (r) exponent indicates that it is
calculated in real space, by opposition to redshift space. In order to get a prediction for
the redshift-space galaxy power-spectrum, P (s)

gg (k) where the (s) exponent indicates redshift
space, we model redshift-space-distortion (RSD):

• On large scales, galaxies are falling into large gravitational potentials, which tends to
sharpen their distribution along the line-of-sight in redshift space. This is known as the
Kaiser effect [56], which results in:

P (s)
gg (k, µ; b) = b2(1 + βµ2)2 P

(r)
δδ (k) , (4.1)

where b is the linear (scale independent) bias between galaxy and matter distribu-
tions, β = f/b where f is the linear growth rate, which can be approximated by
f ≈ Ω0.55

m (z)[57] and µ = cos θ, with θ the angle relative to the line-of-sight.

• On small scales, galaxies have a velocity dispersion whose projection on the line-of-sight
in redshift space gives rise to the "finger-of-God” effect (FoG). These distortions can be
modeled with a simple Gaussian orientation-dependent and scale-dependent damping
model, which takes into account the pairwise peculiar-velocity dispersion of the galaxies
σp [58]:

lnD(k, µ;σp) = −1

2

(
kσpµ

H0

)2

. (4.2)

This damping factor represents well actual data down to scales where kσp ∼ H0 [58],
which corresponds to r ∼ 15h−1Mpc.

Finally, accounting for both effects and integrating over all orientations relative to the
line-of-sight, the redshift-space galaxy power spectrum reads:

P (s)
gg (k; b, σp) = b2

∫ 1

0
(1 + βµ2)2D(k, µ;σp)dµ P

(r)
δδ (k) , (4.3)

which can be analytically integrated over µ, leading to:

P (s)
gg (k; b, σp) = P

(r)
δδ (k)× b2H0

2k5σ5
p

×
[
−2 exp

(
−k2σ2

2H2
0

)
kβσpH0

(
k2(2 + β)σ2

p + 3βH2
0

)

+
√

2πErf
(

kσp√
2H0

) (
k4σ4

p + 2k2βσ2
pH

2
0 + 3β2H4

0

)]
.(4.4)

Applying a Fast Fourier Transform to equation (4.4) results in the two-point correlation
function with two parameters b and σp:

ξ(s)(r; b, σp) = FFT
[
P (s)
gg (k; b, σp)

]
. (4.5)

Then we use equation (3.6) and (3.3) to compute the ΛCDM prediction for N (< r) and
D2(r).

– 8 –



DRAFT

4.2 Correction for bias and RSD

The estimators presented in section 3.2 measure the clustering properties of the galaxy distri-
bution, we need to convert them into estimators that describe the clustering properties of the
total matter distribution. We fit ξ(r) in the range 1 h−1 < r < 40 h−1 Mpc with our model of
equation 4.5 to obtain b and σp. If we take into account only the bias and the Kaiser effect, the
angle-averaged correlation function is just multiplied by a constant factor, a squared effective
bias. Since this factor is independent of r, the same factor applies to N (< r) − 1, which is
an integral over ξ(r′) (see equation 3.6). Taking into account also finger-of-God effect, the
multiplicative factor is no longer independent of r. To transform the estimated N (< r)−1 for
galaxies into an estimation for matter, we multiply it by the ratio of our model for N (< r)−1
for matter (i.e. b = 1 and σp = 0) to our model for the best fit value of b and σp, as

N̂ (< r) =
Nmodel(< r; b = 1, σp = 0)− 1

Nmodel(< r; b, σp)− 1
×
[
N̂gal(< r)− 1

]
+ 1 . (4.6)

Then the fractal correlation dimension D̂2(r) is obtained from N̂ (< r) using equation 3.3.
Section 6.2 shows that taking into account the finger-of-God effect only contributes in a

small change in the measurement of the homogeneity scale by typically 1%. So the error due
to the imperfection in the modelling of this effect is negligible.

– 9 –
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5 Results

In this section, we present the results of our analysis. We determine the range in comoving
distance for which we can measure N (< r) with our sample. We quantify the uncertainties in
our measurements using mock catalogues. We measure the homogeneity scale for the galaxy
distribution,we fit the redshift-space-distortion parameters, measure the homogeneity scale
for matter distribution. Finally we make comparisons with the ΛCDM model and estimate
the average of D2 on large scales.

5.1 Analysis range

Figure 2 shows the number density of random pairs, dN/dr, divided by r2 and normalized
such that at small scales it is unity. This scaled number density is constant at small scales and
then decreases with r due to the finite size of the survey. We analyse data up to a maximum
r = 1300 h−1 Mpc, where the scaled density goes down to 1%.

101 102 103

r [h−1Mpc]

10-3

10-2

10-1

100

101

r
−

2
d
N
/d
r

[h
3
M

p
c−

3
]

Figure 2. Scaled number density of random pairs, r−2dN/dr, versus the comoving radius of spheres,
r, normalized to be unity at small r.

5.2 Covariance matrices

We use a set of 1000 QPM mock catalogues to estimate the covariance matrices. We compute
our observables for each of the catalogues and derive the bin-to-bin covariance matrices for
each of the relevant observables, ξ(r), N (< r) and D2(r).

Fig. 3 displays the resulting correlation matrices4 in the redshift bin 0.538 ≤ z ≤ 0.592.
The correlations matrices are similar in the other redshift bins. N (r) is more correlated on
large scales than ξ(r) because it is an integral over ξ(r). On the other hand D2(r), which is a
derivative of N (r), is not very correlated. Therefore, when studying the redshift evolution in
section 5.5, we consider only the homogeneity scale obtained with D2(r), and not with N (r).

4We show the correlation matrices, ρij =
Cij√

Cii∗Cjj
, which have less dynamics than the covariance matrices.
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Figure 3. Correlation matrices for ξ(r), N (< r) and D2(r) for the total matter distribution in the
redshift range 0.538 ≤ z ≤ 0.592 .

5.3 Homogeneity scale for the galaxy distribution

We first compute N gal(< r) and Dgal2 (r) for the CMASS galaxy distribution using equation
3.6 and 3.3, without correcting for bias and redshift space distortions. This provides a mea-
surement that does not rely on ΛCDM model to determine the bias. Results are shown in
figure 4 for the 0.430 ≤ z ≤ 0.484 redshift interval in the NGC. As described in section 5.2,
the error are obtained from the 1000 QPM mock catalogues.
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Figure 4. Scaled counts-in-spheres, N (< r), (left) and fractal correlation dimension, D2(r), (right).
The black points with error bars are the result for the galaxy distribution in the NGC in the 0.430 ≤
z ≤ 0.484 redshift bin. The blues lines are the best spline fit of the data. The green lines are the
results for the 1000 QPM mock catalogues. The red continuous line is the ΛCDM prediction for
b = 1.95 and σp = 252 km/s.

The horizontal black-dashed lines in figure 4 indicate the value of the corresponding
observable for an homogeneous distribution. The two observables reach homogeneity on large
scales. The intersection of the data with the red-dashed lines (at N = 1.01 and D2 = 2.97)
defines the homogeneity scale. In order to determine it, we perform a spline fit over 6 data
point around the intersection. The number of nodes of the spline fit is set to 5 in order to get
an average χ2 equal to the number of degrees of freedom for the 1000 QPM mocks. The error
on RH was obtained from the errors in the spline factors by error propagation. The results,
presented in Table 3 for the case of D2, are consistent with our ΛCDM model predictions.
We finally stress the fact that the behaviour of the data is consistent with that of the 1000
QPM mock catalogues.
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5.4 Determining the bias and the velocity dispersion

As illustrated in figure 5, we fit our model (Eq. 4.5) to the measured correlation function for
the CMASS galaxy sample, in order to determine the galaxy bias and velocity dispersion. As
explained in Appendix C, we account for theoretical uncertainties in the RSD modelling by
boosting the covariance matrix on the relevant small scales. We thus achieve a good χ2/n.d.f.
in the range [1, 40] h−1 Mpc. Appendix C shows that this change in the covariance matrix at
small scales has a negligible effect on the measurement of the homogeneity scale.

Results are given in table 2. The mean precision is 2.6% (NGC) and 4.1% (SGC) for the
bias and 12% (NGC) and 23% (SGC) for the velocity dispersion. The bias is in agreement
with values obtained by several authors [58–63] and the velocity dispersion is consistent with
the typical CMASS-galaxy-sample velocity-dispersion, σp ≈ 240± 50 km/s [64].

NGC SGC
z b σp [km/s] χ2

red b σp [km/s] χ2
red

0.430-0.484 1.879± 0.023 243.0± 9.7 0.44 1.872± 0.035 238.7± 15.2 0.85
0.484-0.538 1.846± 0.021 247.1± 7.4 0.67 1.840± 0.032 234.6± 12.1 0.66
0.538-0.592 1.944± 0.021 252.0± 8.9 0.91 1.943± 0.032 236.2± 13.7 0.59
0.592-0.646 1.995± 0.022 234.2± 10.9 1.47 2.001± 0.035 237.9± 19.6 0.79
0.646-0.700 2.153± 0.028 235.3± 21.7 0.79 2.081± 0.045 210.3± 40.1 0.50

Table 2. Fitted values of bias, b, and velocity dispersion, σp, in the different redshift bins, together
with the corresponding reduced χ2 for 24 degrees of freedom.

100 101 102 103

r [h−1Mpc]

0

5

10

15

20

rξ
(r

)

b = 1.944±0.021
σp = 252±9 km/s

ΛCDM model

DR12

z_0.538_0.592 χ2
red = 21.93/24 eff=10.0 minuit

Figure 5. The correlation function of the CMASS galaxies in the [0.538 − 0.592] redshift range.
Data points have both their original error bars and the error bars enlarged to take into account the
uncertainty of the RSD model on small scales (see section 5.4 and appendix C). The red line is the
result of the fit performed over the range [1, 40] h−1 Mpc (up to the vertical black-dashed line).
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5.5 Homogeneity scale for the matter distribution

We use equation (4.6) with parameter b and σp obtained in section 5.4 to transform N gal(< r)
into N (< r) for matter. We then use Eq 3.3 to get D2(r) for matter distribution. Results are
shown in figure 6 for the redshift interval 0.538 ≤ z ≤ 0.592. The two observables indicate
homogeneity on large scales in this redshift interval, and in the four other intervals as well.
As in section 5.3 we fit the data points to determine the homogeneity scales. We stress that
the fit range, 40 < r < 100 h−1 Mpc, does not overlap with the fit range for determining the
bias, 1 < r < 40 h−1 Mpc.
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Figure 6. Same as figure 4 for matter distribution in the redshift interval 0.538 ≤ z ≤ 0.592.

The results, presented in Table 3 for the case of D2, are consistent with our ΛCDM
model predictions. In the redshift interval 0.538 ≤ z < 0.592 we get a precision of 1.6%,
which is a factor 5 better than Scrimgeour et al. [26] in spite of their wider redshift range,
0.5 < z < 0.7. The more recent analysis by Sarkar et al. [27] does not give RH for matter
distribution.

Figure 7 shows that the measured homogeneity scale is compatible with ΛCDM, with
reduced χ2 smaller than unity both in the NGC and the SGC. The scale is increasing with
time, from z = 0.7 to z = 0.43, as expected when clustering is increasing with time. The
reduced χ2 remains smaller than unity when adding the result from Laurent et al. [38],
RH(z = 2.4) = 26.2± 0.9 h−1Mpc.

RH [h−1Mpc] Matter RH [h−1Mpc] Galaxy
z NGC SGC NGC SGC

0.430− 0.484 64.2± 1.3 66.7± 1.6 124.5± 12.5 121.1± 9.8
0.484− 0.538 65.4± 0.9 63.9± 1.5 111.9± 4.9 119.8± 8.8
0.538− 0.592 62.6± 0.8 65.2± 1.6 116.4± 7.8 110.5± 5.1
0.592− 0.646 60.4± 0.8 60.1± 1.1 108.8± 3.9 120.1± 11.7
0.646− 0.700 59.0± 0.8 60.1± 1.8 125.8± 7.3 147.4± 8.4

Table 3. Homogeneity scale, RD2=2.97
H (z), for the galaxy and matter distributions in the north and

south galactic caps.
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Figure 7. The homogeneity scale RD2=2.97
H (z) measured in the NGC (red) and in the SGC (blue) as

a function of redshift. The green line is the ΛCDM model prediction. The shaded areas indicate the
1σ range for the 1000 QPM mock catalogues.

5.6 Consistency with ΛCDM

In order to characterize more precisely the agreement with the ΛCDM model, we fit D2(r)
from the data and the 1000 mock catalogues in the range 40 h−1 < r < 1300 h−1Mpc with

DΛCDM
2 = D2(ar;pcosmo) . (5.1)

We fix the cosmological parameters pcosmo and leave only free the a.
Figure 8 shows the results of the fits in different redshift bins for both NGC and SGC.

The values of a, all consistent with 1, demonstrate a good agreement with ΛCDM model.
Furthermore, the bottom plot of the figure shows that, for the data, the χ2 are consistent
with the number of degrees of freedom (23), as illustrated by the grey shaded area that
indicates the expected 1σ extension, χ2 = 23±

√
2× 23. The mock catalogues, however, are

a bit at variance with this grey area at large z.

5.7 Constraints on fractal correlation dimension

Matter Galaxy
z NGC (×10−4) SGC (×10−4) NGC (×10−3) SGC (×10−3)

0.430− 0.484 2.8± 3.3 2.5± 8.1 1.3± 1.5 1.1± 3.7
0.484− 0.538 2.0± 3.1 1.9± 5.4 0.9± 1.4 0.8± 2.4
0.538− 0.592 3.6± 1.7 2.4± 9.9 0.2± 0.9 1.2± 4.9
0.592− 0.646 4.1± 2.0 0.9± 4.5 2.1± 1.1 0.5± 2.3
0.646− 0.700 1.7± 3.8 −0.2± 2.8 1.0± 2.3 0.1± 1.6

Table 4. Fractal correlation dimension, 3− 〈D2〉r(z), averaged over 300 h−1 < r < 1300 h−1 Mpc,
with 1σ errors, in the NGC and SGC.
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Figure 8. Top: value of the parameter α resulting from the fit of the NGC (red) and SGC (blue)
D2(r) data with the model of equation 5.1, in different redshift bins. The shaded areas correspond to
the 1σ region for the 1000 QPM mock catalogues. Bottom: The corresponding χ2.
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Figure 9. Fractal correlation dimension for the matter distribution, 3 − 〈D2〉, averaged over
300 h−1 < r < 1300 h−1 Mpc, in the different redshift bins.

In order to assess the level of homogeneity of the CMASS DR12 galaxy sample we
compute the average of D2(r) over the range 300 h−1 < r < 1300 h−1Mpc, accounting for
the covariance matrix. The results are presented in table 4 for the different redshift bins in
the NGC and SGC. All results are compatible and we average them to get 3 − 〈D2〉r,z =
(0.9± 1.2)× 10−3 (1σ).

Strictly speaking, it is not possible to transform the results for the galaxy distribution
into results for matter distribution without using ΛCDM prediction to compute the galaxy
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bias. However, Laurent et al. [38] show that, with a set of reasonable assumptions independent
of ΛCDM, it is possible to obtain a lower limit for the tracer bias. In our case this results in
b >
√

1.6 and 3− 〈D2〉 < 7.12± 9.48× 10−4 for matter distribution.
Alternatively we can assume ΛCDM, use it to get the galaxy bias and compute D2(r).

We average D2(r) over 300 h−1 < r < 1300 h−1 Mpc and give the results in table 4 and
in figure 9. Since the galaxy bias is significantly larger than one, the constraints are tighter
for matter distribution than for galaxy distribution. Averaging over redshift and caps we get
3− 〈D2〉r,z = (1.7± 1.0)× 10−4 (1σ). This is a strong consistency check of ΛCDM.

Using a similar estimator to Yadav et al. [18] on 1000 QPM mock catalogues, we find a
minimum 160 h−1Mpc, maximum 1250 h−1Mpc, a spread of 120 h−1Mpc and an average of
320 h−1Mpc corresponding to a precision of about 30% which is less precise than the results,
we present in this study. A KS-test [65] for this estimator suggest that data and mocks are
drawn from the same distribution at 21% and 83% C.L. for NGC and SGC respectively.
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6 Analysis Robustness

6.1 Bias in the fractal correlation dimension

We use homogeneous random catalogues to take into account the inhomogeneity of the survey,
so we may wonder if this could bias the resulting N (< r) towards homogeneity. To search
for such a possible bias, we generate 500 fractal realizations with a given value of the fractal
correlation dimension, we pass them through our pipeline analysis and study the resulting
D2, as done by Laurent et al. [38].

Following Castagnoli and Provenzale [66], we create a cubic box of L ≈ 4 h−1 Gpc side,
containing the whole survey at z = 0.538 − 0.592. We divide this box in M = n3 sub-boxes
of size L/n, where n = 2 and we give to each sub-box a survival probability p. We then
repeat the procedure for each surviving sub-box. An infinite number of iterations would give
a fractal distribution with:

D2 =
log(pM)

log(n)
(6.1)

We perform 9 iterations. After the last iteration, we populate each sub-box with random points
that follow a Poisson law of mean λ < 1. Then we convert the cartesian coordinates to z,RA,DEC
with the same FLRW metric as used in our analysis. Finally, we apply cuts to simulate the selection
function of our galaxy survey. The value of λ is chosen so that after cuts the number of objects in
the fractal distribution is approximately the same as in our survey.
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Figure 10. Reconstructed fractal correlation dimension, D2, in the redshift interval z = 0.538−0.592,
averaged over r ∈ [15, 1300] h−1 Mpc.

At the last iteration the size of the sub-box is 15 h−1 Mpc. So we average the reconstructed
D2 over r ∈ [15, 1300] h−1 Mpc. Figure 10 presents this average for different input D2. Fitting these
points with a straight line, y = αx + β, results in α = 1.00 ± 0.03 and β = (−0.4 ± 7.9) × 10−2

with χ2
red = 0.9/3. So, in contrast with Scrimgeour et al. [26], we do not observe any bias in the

reconstructed fractal correlation dimension.
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Figure 11. Measured homogeneity scale in different redshift bins, in the NGC and the SGC, with
Kaiser (triangle) and full RSD model (circles).

6.2 Sensitivity to RSD model

We compare the homogeneity scale obtained with two different modelling of redshift space distortions.
Namely, the model with a scale-independent bias and the Kaiser effect, see equation (4.1) :

ξ(r; b) = FFT [Pgg(k, µ; b)] , (6.2)

and our full model, which includes in addition a modeling of the finger-of-God effect (Eq. 4.3):

ξ(r; b, σp) = FFT [Pgg(k, µ; b, σp)] (6.3)

Figure 11 presents the homogeneity scale for these two models in the five redshift bins for the
north and south galactic caps. We note that using the full RSD model lowers the χ2, confirming
that this is a better model than the purely linear Kaiser model. The full model tends to lower RH ,
by up to slightly more than 1σ, or about 1%. This means that we should not use the purely linear
Kaiser model. The remaining error due to the imperfection of our full RSD model is most probably a
fraction of the difference between Kaiser and full models, and therefore negligible with respect to our
statistical error.
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7 Conclusions

We use the data release 12 of BOSS CMASS galaxy sample to study the transition to cosmic ho-
mogeneity over a volume of 5.1 h−3 Gpc3. We do not consider the correlation function, ξ(r), to
study homogeneity because its definition requires an average density, which is only defined for a ho-
mogeneous sample. We rather use the counts-in-spheres, N(< r), i.e. the average number of objects
around a given object, and its logarithmic derivative, the fractal correlation dimension, D2(r). For a
homogeneous sample, N(< r) ∝ r3 and D2 = 3. We define a characteristic homogeneity scale, RH ,
as the value for which D2 reaches the homogeneous value within 1%, i.e. D2(RH)=2.97.

For the distribution of galaxies, we get 3 − 〈D2〉 = (0.6 ± 1.3) × 10−3 at 1 σ over the range
300 h−1 ≤ r ≤ 1300 h−1 Mpc, consistent with homogeneity and a transition to homogeneity at
RH = 114.2 ± 5.8 h−1 Mpc. However, our analysis makes use of a random catalog to take into
account the geometry and the completeness of the survey. The redshift distribution of this catalogue
is taken from the data. We are therefore insensitive to a possible isotropic variation of the density
with redshift, ρ = ρ(z). In other words, we can only check for spatial isotropy, ρ(z, θ1) = ρ(z, θ2).
We stress that the same is true for all galaxy redshift surveys [39]. On the other hand, this spatial
isotropy can be obtained without using any fiducial model as discussed by Laurent et al. [38]. So if
we assume the Copernican principle our data imply homogeneity of the galaxy sample without any
ΛCDM assumption.

Using an estimator similar to that of Yadav et al. [18], we find agreement between the mocks
and data, further confirming the transition to homogeneity in the matter and galaxy distributions,
despite the lower precision of this estimator (30% compared to our estimator which is near %-level).
This estimator provides a qualitative estimate of the homogeneity scale in the range of 150 h−1 ≤ r ≤
400 h−1 Mpc.

Alternatively, we can make a cross check of ΛCDM model. Thus, we fit the CMASS galaxy
correlation function in the range 1 h−1 < r < 40 h−1Mpc to obtain the galaxy bias relative to the
ΛCDM prediction for the matter correlation function. We correct our measurement of N(< r) for
this bias in order to get the result for the matter distribution, that we finally compare to the ΛCDM
prediction.

For the matter distribution, we get 3 − 〈D2(r > 300h−1Mpc)〉z = (1.7 ± 1.0) × 10−4 at 1σ
and a transition to homogeneity at a characteristic scale RH = 61.9 ± 0.8 h−1Mpc at an average
z = 0.538−0.592. This measurement ofRH is more precise than previous measurement by Scrimgeour
et al. [26] by a factor 5, while Sarkar et al. [27], only give a qualitative measurement of RH . We also
investigate the redshift evolution of our observables. We find that the homogeneity scale is decreasing
with time as expected if clustering is increasing with time. We find accordance with ΛCDM model
with a reduced χ2 = 0.89(0.61) for the North(South) Galactic Cap for the 6 redshift bins.
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A From ξ(r) to N (< r)

The probability of finding a galaxy within a volume dV around another galaxy depends on the two-
point correlation function ξ(~r) [67]:

dP = ρ̄ [1 + ξ(~r)] dV . (A.1)

The counts-in-spheres of the distribution of galaxies is then related to the correlation function:

N(< r) =

∫
dP = ρ̄

∫ [
1 + ξ(~r′)

]
dV . (A.2)

Assuming ξ(~r) = ξ(r) we get:

N(< r) = 4πρ̄

∫ r

o

[1 + ξ(r′)] r′2dr′ . (A.3)

For the random homogeneous distribution, NR(< r) = ρ̄
4π

3
r3, so

N (< r) =
N(< r)

NR(< r)
=

3

r3

∫ r

o

[1 + ξ(r′)] r′2dr′ = 1 +
3

r3

∫ r

o

ξ(r′)r′2dr′ . (A.4)

B Choice of estimator for N (< r)

In section 3.2, we consider two estimators for N (< r), defined by equations (3.5) and (3.6). We
compute N (< r) and the resulting D2(r) with the two estimators for the 1000 QPM mock catalogues.
Figure 12 compares the mean of the 1000 mocks to the ΛCDM model. The result with the cor
estimator are much closer to the ΛCDM model.
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Figure 12. Top: the scaled counts-in-spheres, N (< r), (left) and the fractal correlation dimension,
D2(r), (right) for matter distribution, with lau (black) and cor (blue) estimators, compared to ΛCDM
model (red). Bottom: the ratio to ΛCDM model for both estimator.

C Tuning errors in RSD Analysis

The theoretical model for redshift space distorsions (Eq. 4.3) is not perfectly accurate at the smallest
scales due to the real nonlinear behaviour of gravity at these scales. In order to ensure satisfying
χ2/n.d.f. for the RSD fitting, we boost the error on ξ(r) at the relevant scales in an empirical way as

C
′
ij = Cij(1 + δij∆i∆je

2) . (C.1)
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Figure 13. Left: Boosting factor on the error in the correlation function. Right: RD2=2.97
H (z) with

(circle) and without (triangle) boosting the errors, for NGC (red) and SGC (blue).

Here δij is the usual Kronecker symbol; e is a parameter that measures the amount of error boosting
we apply; ∆i is the theoretical inaccuracy, estimated as the relative difference between our model and
the average of the 1000 QPM mock catalogues. Figure 13 (left) presents the resulting boosting factor
on the error in the correlation function. It appears to be significant only on scales smaller than 10
h−1 Mpc. Fig. 13 (right) shows that the reconstructed homogeneity scales measured with D2 is not
significantly modified by the error boosting.

D Test of spline fit on QPM mock catalogues

We perform a spline fit of D2 for the 1000 QPM mock catalogues in order to obtain the homogeneity
scale at 1% (Eq. 3.7). The fit is performed in the range r ∈ [40, 100] h−1 Mpc with 6 data points
and 1 degree of freedom. The distribution of the χ2 of the mock should therefore follow a χ2-law for
1 degree of freedom. In table (5) we show the mean and the error on the mean of the distribution
of the corresponding χ2 for the 1000 QPM mock catalogues. The test is successful in both NGC and
SGC.

z χ2
NGC χ2

SGC

0.430-0.484 1.00± 0.05 0.99± 0.04
0.484-0.538 0.99± 0.05 1.00± 0.04
0.538-0.592 1.02± 0.05 1.00± 0.04
0.592-0.646 0.99± 0.04 1.00± 0.05
0.646-0.700 1.02± 0.05 1.00± 0.04

Table 5. Mean and error over the 1000 QPM mock catalogues for the χ2 of the spline fit with 1
degree of freedom, in the NGC and SGC for the five redshift bins.

E Homogeneity scale at 0.1%

The choice of a 1% threshold to define the homogeneity scales is arbitrary. We can define them for
instance at 0.1% as:

D2(RD2=2.997
H ) = 2.997 or N (RN=1.001

H ) = 1.001 (E.1)
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Figure 14. The homogeneity scale at 0.1% level, RD2=2.997
H (z), measured in the NGC (red) and in

the SGC (blue) as a function of redshift. The purple point is the result obtained with quasars in the
NGC, in the redshift range 2.2 ≤ z ≤ 2.8 by Laurent et al. [38]. The green line is the ΛCDM model
prediction. The shaded areas indicate the 1σ range for the 1000 QPM mock catalogues.

Figure 14 shows that the measured homogeneity scale for matter distribution is compatible with
ΛCDM, with χ2

red = 5.82/6 in the NGC and χ2
red = 7.98/6 in the SGC.
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Chapter 5

Cosmic Homogeneity as a

Standard Ruler

In this chapter, we discuss how to use the characteristic scale of transition to homogeneity as a

standard ruler to measure the properties of the Universe, i.e. perform cosmography with it.

Furthermore, we estimate forecasts of this ruler for future survey instruments. This work was done in

collaboration with Nicolas Busca, J.M. Le Goff.

5.1 Does the RH bring any new extra cosmological infor-

mation?

To answer this question, we first need to know if the measurement of the homogeneity scale is independent

of the BAO peak position, since both are obtained from the same data. To know this we need to perform

the following simple test, i.e. describe the correlation of the measurement homogeneity scale with that

of the BAO scale. In order to perform a blind analysis test, we measure the Homogeneity scale and the

BAO peak position, each with two different methods. First, we describe the methods used to measure the

two scales and then we present the result. If we are convinced that the homogeneity scale is independent

of the measurement of the BAO scale then we proceed to characterise the cosmological information

the homogeneity scale provides. Then we compare this information to the one from the BAO scale.

We do that in two steps. Firstly, we provide a fisher matrix analysis on the two scales for a set of

cosmological parameters. This will show us which parameters the homogeneity scale is sensitive to. We

then deploy an MCMC parameter estimation algorithm to explore the cosmological parameter space

that the homogeneity scale is sensitive to, and compare it to the BAO scale cosmological parameter

sensitivity. Furthermore, in this chapter we provide an estimate of the sensitivity of the homogeneity

scale from future surveys. In order to do so, we will simulate ground based and satellite photometric

and spectroscopic surveys, that is, their density, volume and photometric redshift error.
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5.1.1 Determination of the BAO peak Position

In order to determine the BAO peak position, we first use the Landy & Szalay estimator to measure

the 2-point correlation function from the galaxy sample data, as discussed in section 4.1.4.1. Then in

the range of r = [40, 180]h−1Mpc, we fit the 2 point correlation function with two different methods.

In both methods, in order to avoid the result from being driven by the full shape of the 2pt correlation

function, which is subjected to systematics, we model the 2-point correlation function in such a way that

the result is only driven by the location of the BAO peak position[186]. We then describe the application

to both methods of a broadband model. This model can be described by the following formula:

bb(r; pbb) = p1 +
p2

r
+
p3

r3
(5.1)

where pbb = (p1, p2, p3) are the broadband parameters.

For the first method, we model the measurement of the BAO peak position using the usual Gaussian

model [187], described by:

ξ(1)(r;RBAO, A, σpeak, pbb) = A exp

[
−1

2

(
r −RBAO
σpeak

)2
]

+ bb(r; pbb) (5.2)

where RBAO is the BAO scale parameter, A and σpeak are the amplitude and the smoothing scale of a

Gaussian function, respectively.

In the second method, we use the usual correlation function described in section 4.2.2 with the fiducial

cosmology as a template. We then model the correlation function as:

ξ(2)(r;αiso, pbb) = b2ξ(αiso ∗ r; pfidcosmo) + bb(r; pbb) (5.3)

where we model the isotropic dilatation parameter as:

αiso = rs/r
fid
s (5.4)

In order to determine the BAO peak position, we measure the parameter rs = RBAO by marginalising

on the rest of the parameters. For the first set of parameters we marginalise the nuisance parameters

defined by:

p(1)
n = (A, σpeak, pbb) (5.5)

. For the second method we marginalise the nuisance parameters defined by:

p(2)
n = (b, pbb) . (5.6)

Therefore, in both methods, we take into consideration uncertainties due to redshift space distortions

introduced in our measurement.

5.1.2 Determination of the Homogeneity Scale

To determine the homogeneity scale we use two different fitting methods. In both methods we use the

estimator that is described by Eq. 4.7. For the first method, we use the spline-interpolation method,

i.e. we fit a spline function on the fractal correlation dimension observable D2 of the galaxy distribution

at ranges r = [90 − 200]h−1Mpc as described in chapter 4.1.6. This gives us the homogeneity scale for

the first method, namely R(1)
H . For the second method, we use the same algorithm but we substitute
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the spline-interpolation with a polynomial interpolation at ranges r = [10 − 1300]h−1Mpc. This gives

us the homogeneity scale fro the second method, namely R(2)
H . We use the cor -estimator for the Fractal

Correlation dimension table 4.2 for both cases.

5.1.3 Blind Cross-Correlation of RH −RBAO plane

Using 1000 QPM mock catalogues, we determine the R(1)
BAO and R(2)

BAO as determined by the method

using the equation 5.2 and Eq. 5.3 respectively. In Fig. 5.1, we plot the Homogeneity scale versus the

BAO peak position both determined via their first method as described in section 5.1.2. The contour

shows that there is a 19% correlation between the measurement of the two scales at redshift slice

0.538 ≤ z < 0.592 on the North Galactic Cap. Notice that both measurements are done on the galaxy

distribution rather than on the total matter distribution. This is in order not to measure the bias before

the parameter estimation with all the cosmological parameters. We do this in order to simplify the

measurement of the homogeneity scale by not requiring a bias measurement beforehand. This renders

the measurement less model dependent and furthermore, we can investigate any possible correlation of

the bias parameter with the cosmological parameters.
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Figure 5.1: Contour plot with 1σ(2σ) in dark blue (light blue) for the Homogeneity scale
versus the BAO scale for the 0.538 ≤ z < 0.592. See text for details.

Furthermore, as a blind test, we perform the measurement using the other two methods. We cross-

correlate the results of all different combinations in order to calculate the correlation coefficient, r.

In Fig. 5.2, we present the results. The top panel of Fig. 5.2 shows that the absolute value of the

correlation coefficient for the different methods is less that 30 for all redshift slices. Moreover, in the

bottom panel of Fig. 5.2, we show the non z-dependence of the measurement of the BAO peak position

and the Homogeneity scale. This means that the correlation between the two scale measurements, the

homogeneity scale measurement and the BAO measurement is negligible.
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[	h
-1
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pc
	]

Figure 5.2: Upper: Correlation coefficient (r) as a function of z for methods measuring RH
and rs. Bottom: RH and rs measurement as a function of z for 1000 QPM mock catalogues.

See text for explanation.

Additionally, in table 5.1 we present the weighted average between the measurements for each scale using

the two different method. The weighted average of BAO peak is consistent with measurements found in

[188].

Galaxies RH [h−1Mpc] rs [h−1Mpc]
Method 1 130.5± 3.9 107.4± 2.3
Method 2 130.9± 3.7 108.0± 3.6

Table 5.1: Weighted average over 5 redshift bins for the Homogeneity and BAO scale for
the two different methods.

The aforementioned results show that the measurements are blind to the methods used to determine both

estimators for both scales (RH and RBAO). Furthermore, it is demonstrated that that there is correlation

less than 30% between the measurements of the two scales for the galaxy distribution for either of the

redshift slices that we use in our analysis. Therefore, the homogeneity scale measurement, RH , brings

information additional to that of BAO scale measurement, on the measured cosmological parameters.

Since we are convinced that the homogeneity scale, as a ruler, gives extra independent information from

previous rulers (such as the BAO scale), we can now quantify that amount of information.

5.2 Fisher Matrix RH vs rs

The Fisher matrix formalism plays a fundamental role in predicting the errors obtained from a given

experimental set up. Therefore it is used extensively on most experimental designs[189]. The fisher

matrix is defined as

Fij =
∑

b

1

σ2
o(b)

∂o(b)

∂pi

∂o(b)

∂pj
(5.7)
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where o(b) is the observable in the bin, b, of a measurement of an experimental setup, σo(b) is the error

of the observable and pi are the parameters upon which the estimator depends. We use as a fiducial

model the w0waΛCDM -model, i.e. we assume for a time dependent equation of state1. This means that

the evolution of the Dark Energy fluid is a more complicated function than ΩΛ · (1 + z)3(1+w). The next

order approximation is the redshift dependence of equation of state as w(z) = w0 + z
1+z

wa, where w0 is

the equation of state parameter today and wa is the difference between the equation of state parameter

at high redshift, z >> 1, and the one today. We are overall interested in the following parameters,

namely:

pw0waΛCDM =
{
h, ns, ωb, ωcdm, ns, ln 1010As,ΩΛ, w0, wa

}
(5.8)

to search for a possible impact using the homogeneity scale measurement as a probe. Note that we have

assumed that σo(b;p) = σo(b), which means that the errors of the observable do not depend on the

variation of the parameters. It has been shown by Fisher[190] that the inverse of the Fisher matrix is

the covariance matrix with the minimum variance that one can obtain for this observable. 2

From table 4.4 within the redshift bin 0.538 ≤ z ≤ 0.592 on the North Galactic Cap, we can obtain

an estimate of the precision on the homogeneity scale of the matter distribution, as 0.8/62.6 = 1.3%,

or the galaxy distribution, as 7.8/116.4 = 6.7%. In table 5.1, we have shown that the precision of the

Baryon Acoustic Oscillation scale for the galaxy distribution is 5.1/107 = 4.8%. We have shown in

section A.8 that the precision of the BAO scale does not change for the matter distribution. Therefore,

we adopt these precisions for each observable. We then apply Eq. 5.7 for the theoretical prediction of

the homogeneity scale, RH(z;p) and for the comoving size of the BAO,

RBAO(z;p) = rs(z;p)/a(z∗) , (5.9)

where a(z∗) is the scale factor at the recombination epoch, z∗. We then use the property of the Fisher
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Figure 5.3: Contours of 68% (shaded) and 95% (light) C.L. of the CMB observable (blue),
CMB combined with the BAO scale observable (red), CMB combined with the Homogeneity
scale observable (blue) and CMB combined with the Homogeneity scale observable and the

BAO scale observable (green) for the 7 cosmological parameters of w0waΛCDM-model.

matrix to add Fisher matrices of different data sets as explained in appendix A.11. This property helps

in two ways. First, we add the information for each observable, RH(z;p) or RBAO(z;p) for the different

1Chevallier-Polarski-Linder parametrization[6]
2 A simple derivation is given in appendix A.11.
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redshift bins described in table 3.1, i.e.

FXij =
∑

z

FXij (z)

where X is the RH(pw0waΛCDM ) or RBAO(pw0waΛCDM ) and (i, j) are indices of the matrix that run

through our cosmological parameters pw0waΛCDM . Then, using the information from the CMB measure-

ments from Planck satellite on the estimation on the error of the parameters[6], we quantify the Fisher

Matrix of CMB3. To quantify the fisher matrix of the CMB, we simply invert the covariance matrix of

the parameters we are interested in. We then add the Fisher Matrix of each observable with the Fisher

Matrix of the CMB.

The result for the matter homogeneity comoving scale and the BAO acoustic comoving scale, are shown in

Fig. 5.3. We observe that the Homogeneity Scale breaks the degeneracies, in particular the degeneracies

of the ωcdm,ΩΛ, w0, h. We also observe that using both observables (the BAO and the homogeneity

scale) we end up further constraining all cosmological parameters. Note that we have assumed the

same precision for all redshift bins for simplicity. Notice also as well that the fisher matrix method

assumes that the observable has a linear dependence on the parameters that we take into consideration.

Therefore, it needs verification of parameter exploration from the data. Therefore, we are going to

explore those parameters with the MCMC algorithm on the next chapter.

5.3 MCMC on RH

In order to explore the parameter space with the homogeneity scale, we use the following procedure. We

measure the homogeneity scale for the galaxy distribution using a fiducial cosmology. We then measure

the correlation function for the galaxy distribution as a function of scale at a range r ∈ [10−40]h−1Mpc.

We do this step since it is necessary to obtain an estimate of the bias to use for the theoretical prediction

of the homogeneity scale for the galaxy distribution, since it is biased from the homogeneity scale of the

matter distribution. Therefore, we model our χ2 with two parts. The first part takes the information of

the theoretical prediction of the homogeneity scale with our measurement for the galaxy distribution.

The second part estimates the bias information according to the galaxy sample using the 2pt correlation

function. So, the first part is formulated as:

χ2
RH (z; b, pT ) =

(
RGH(z; pF )−RG,thH (z; b, pT )× α(z; pF , pT )

σRG
H

(z)

)2

(5.10)

where RGH(z; pF ) is the measurement of the homogeneity scale for the galaxy distribution at redshift z

and pF is the fiducial cosmology given by Eq. 3.4. The 1σ deviation of the homogeneity scale is given by

σRG
H

(z) at each redshift slice. The theoretical prediction of the homogeneity scale is given by the term

RG,thH (z; b, pT ) at redshift z where pT are the parameters of the ”true” cosmology that we are going to

explore. Notice that we correct for the fiducial cosmology by the factor:

α(z; pF , pT ) =
dV (z; pF )

dV (z; pT )

3We have used the Planck 2013 Data Release[191] since they have estimates of the likelihood of the cosmological
parameters only for CMB measurements that we need to use independently. In 2015 Data Release they have only
combinations of different datasets including large scale structures that we already usehttp://pla.esac.esa.int.

http://pla.esac.esa.int
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where dV (z; pT ) is the volume distance given by Eq. 4.22. We model the second part of the χ2 via:

χ2
ξ(z; b, pT ) =

[
ξG(ri; pF )− ξGth(α−1 · ri; b, pT )

]
C−1
ri rj

[
ξG(ri; pF )− ξGth(α−1 · ri; b, pT )

]T
(5.11)

where ξG(ri; pF ) is the measured correlation function at the fiducial cosmology, pF at ranges r ∈ [10−
40]h−1Mpc as a function of scales ri, ξ

G
th(α−1 · ri; pT ) is the theoretical predictions at the cosmology we

explore, i.e. the ”true” set of cosmological parameters, pT , and α−1 is the inverse of Eq. 5.3 that we

use to correct for the fiducial cosmology. Moreover, C−1
ri rj is the covariance matrix of the correlation

function at the scales we are considering. Note that we have used only the Kaiser model to constrain

the bias parameter at small scales since it is the simplest one. Furthermore, the full RSD model has no

significant deviation from the Kaiser model on the measurement of the homogeneity scale for the matter

distribution (less than 1%) as we have shown in chapter 4.3.6, therefore it is justified to use only the

Kaiser model here. We execute the MCMC algorithm[192] at each redshift bin by minimizing for pT the

following quantity:

χ2(z; b, pT ) = χ2
RH (z; b, pT ) + χ2

ξ(z; b, pT )

We are focused in the simplest case exploring the 3 basic cosmological parameters, i.e. we consider

the cold dark matter energy density ratio given by ωcdm = Ωcdmh
2 and the curvature ratio Ωk of the

universe and we fix the rest of the parameters to the fiducial values[6]. The parameters we are exploring

are listed in table 5.2. Notice that we can infer the measurement the total matter of the universe, since

Ωm = (ωcdm + ωb)/h
2 for the fixed values of h and ωb. Furthermore, we can infer the ΩΛ parameter

from the exploration of the Ωk parameter since ΩΛ = 1 − Ωk − Ωm. We further explore the bias

parameter between luminous and dark matter, b. The last parameter we explore is the dimensionless

hubble constant, h.

Parameter Prior Mean V alue Prior Range Prior Type
bias 1.94 −0.02 − 0.02 gaussian
ωcdm 0.1198 −0.0015 − 0.0015 gaussian
Ωk 0.0040 −0.015 − 0.015 gaussian
h 0.6727 −0.0066 − 0.0066 gaussian

Table 5.2: Prior measurements of the bias and the cosmological parameters space that we
explore with the homogeneity scale of the galaxy distribution RGH .

In Fig. 5.4, we present the result of the Eq. 5.3 with a corner-plot4 for the 4 aforementioned parameters,

i.e. b, h,ΩM ,ΩΛ. In blue is the measurement of cosmological parameters using the homogeneity scale

without applying the priors nor the weights given by Eq. 3.6. In red we show the measurement with

all the priors applied and we do not consider the weights as well. In green we do not use the priors but

we apply all the weights on the measurement of the homogeneity scale. Finally in yellow, we use both

all the priors and all the weights. These results show that without using the priors and applying or not

the weights of our measurement we have no significant deviations from the estimated parameters, i.e.

the deviation is less than 3% for all four parameters but within the 1σ deviation of the measurement.

We further observe that there is an anti-correlation between the h parameter and the Ωm parameter,

r ∼ 0.9. The correlation between the bias and the ΩΛ reduces from 80% to 20% when we use the prior

CMB measurement and the bias measurement rendering the correlation insignificant. Furthermore, we

observe that when we use the prior information there is a slight correlation between the ΩΛ and h as

well as between ΩΛ and Ωm. The result using all the priors from the CMB measurement and the bias

parameter shows that the deviation is less than 1% for the b and Ωm parameters, while for the ΩΛ is

4The corner plot is a matrix of several plots of a set of parameters where usually the 1σ (68%) and 2σ (95%)
Confidence Level are displayed with contours. On the diagonal of this matrix the normalised histogram of each
parameter is displayed.



Chapter 5. Homogeneous Ruler 135

2%. Therefore, the measurement of the homogeneity scale is a comparable way to measure cosmological

parameters.
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Figure 5.4: Contours of 68% (shaded) and 95% (light) C.L. of the homogeneity scale of
the galaxy distribution for the 3 cosmological parameters of ΛCDM-model at the intermediate
redshift slice of North Galactic Cap. Different colors represent different configurations of the

measurement [See text for details.]

In Fig. 5.5 the estimation of 68% and 95% contours for the 3 cosmological parameters is displayed for the

5 redshift bins described by table 3.1 on the North Galactic Cap. The measurement was performed using

all the weights and all the priors. We observe that using the priors we reach an 1% precision. The total

matter density of the universe today remains consistent with the values obtained at all different epochs

within 1σ confidence level. Its value for the middle redshift bin is Ωm(0.538 ≤ z ≤ 0.592) = 0.315±0.007

which is in accordance with the values obtained by Planck Satellite measurement, ΩPlanckm = 0.316 ±
0.009. This measurement is also consistent with the values obtained by Laurent [193] that they use

the two point correlation function method with a combination of CMASS, LOWZ and QSO samples of

either BOSS or eBOSS survey.

Furthermore, we observe that the correlation between the individual biases and the dimensionless hubble

constant and total matter density ratio are negligible, i.e. the correlation coefficient are |r| . 0.16 and

|r| . 0.07 respectively. The correlation of bias and the Dark energy ratio density is insignificant as well,

r < 0.30. Furthermore, we observe that the dimensionless hubble constant parameter is weakly correlated

with ΩΛ parameter, i.e. r ∼ 0.5 for the individual redshift bins. We also see that the dimensionless

hubble constant parameter is anti-correlated, or degenerate, with the ΩΛ parameter with r ∼ −0.9 for

the individual redshift bins. Additionally, the total matter density is slightly anti-correlated with the

dark energy density, r ∼ −0.50 for the different redshift bins.
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Figure 5.5: Contours of 68% (shaded) and 95% (light) C.L. of the homogeneity scale of the
galaxy distribution for the 3 cosmological parameters of ΛCDM-model for the 5 redshift slices

(color-coded) of the North Galactic Cap. [See text for details.]

Finally, we explore the parameter space of 3 cosmological parameters and the 5 bias parameters for

the data for the 5 different redshift bins at once with and without using the priors. This is formally

performed by minimizing the sum of the different χ2(z) for the different parameters, i.e.:

χ2
once =

4∑

z=0

[
χ2
ξ(z; b, pT ) + χ2

RH (z; b, pT )
]

(5.12)

Notice that we apply all the weights, as explained in chapter 3.4.2. Furthermore, we change our CMB

measurement to the one of Planck 2013 results, which are more well known.

The result are shown in Fig. 5.6. In order to compare our measurement combined with the gaussian

prior of CMB, namely CMB prior, we overplot the CMB prior in blue.

We see that the measurement of the CMB planck 13 of cosmological parameters and the bias measure-

ment as prior knowledges combined with the Homogeneity scale the following. We obtain values on

the biases consistent with the ones obtained in chapter 4.2.2 but more precise 19%. Furthermore, we

observe a degeneracy between the dimensionless hubble constant with the total matter ratio density,

r ∼ −0.95. While the dimensionless hubble constant is less degenerate with the Dark Energy ratio

density, r ∼ 0.79. We also find no correlation between the 5 bias parameters and the 3 cosmological

parameters as expected. We find a slight anticorrelation between the total matter ratio density and the

Dark Energy ratio density of about 55%. The final result, using the CMB prior and the bias measure-

ment prior, show that we obtain a value for the hubble constant, H0 = 69.4 ± 0.18km/s/Mpc which is

consistent but less precise than the one obtained HPlanck
0 = 67.7± 0.1km/s/Mpc. We find for the total

matter ratio density to, Ωm = 0.294± 0.017 which is less precise but comparable than the one reported

by Planck ΩPlanckm = 0.307± 0.011. For the Dark energy ratio density, we constrain ΩΛ = 0.760± 0.026

which is in tension with the Planck value, ΩΛ = 0.693 ± 0.012. Furthermore, we constrain using the
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Figure 5.6: Contours of 68% (shaded) and 95% (light) C.L. of the homogeneity scale of the
galaxy distribution for the 3 cosmological parameters of ΛCDM-model (Ωm,ΩΛ, h) and the
5 bias parameters of the 5 redshift slices of the North Galactic Cap. With blue is the CMB
measurement of Planck 2013 combined with BAO, red CMB measurement combined with the

RH and with green combine CMB, BAO and RH

homogeneity scale the equation of state parameter to a value, w0 = −0.996 ± 0.041 which is a bet-

ter constrained obtained by the BAO and the CMB measurement, wPlanck−BAO0 = −1.005 ± 0.044.

Therefore, we find comparable constrains with the current constrains from Planck measurement [191]

using the Planck + WP + highL + BAO data, last column of table 5. Finally, these results are

consistent with our forecasts with the fisher matrix formalism explained in chapter 5.2, for example

σFisherΩΛ
/σMCMC

ΩΛ
−1 = 3%. Furthermore, the observed degeneracy between the Hubble constant and the

Dark energy ratio density might brake by using the Alcock-Paczynski test[31] on the homogeneity scale.

Finally, we observe that when we combine all three probes together, the BAO measurement the CMB
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measurement and the homogeneity scale we end up constraining the cosmological parameters further.

This renders the homogeneity scale a complementary cosmological probe.

5.4 Modelling the Future Surveys

In order to simulate a survey, we need first in our disposal the function that describes the number

density of celestial objects such as galaxies or quasars as a function of redshift. However, we have two

possibilities for that. The photometric surveys and the spectroscopic surveys. Firstly, we describe the

method for a photometric survey. Mainly, we follow the method of Ma et al. [194].

Having only the photometric redshift of a galaxy, an observer can bin the galaxies with their photometric

redshifts, zph, rather than the true redshift, z(i.e the more precise redshift obtained from a spectroscopic

survey). A given probability distribution, p(zph|z) in zph at a given z, quantifies the overlap of the

two distribution, i.e. photometric and true (spectroscopic). In general this distribution varies with z.

Therefore, the true distribution of galaxies ni(z) that fall in the i-th photometric redshift bin with width

z
(i)
ph < zph < z

(i+1)
ph is given by:

ni(z) =

∫ z
(i+1)
ph

z
(i)
ph

dz p(z|zph) . (5.13)

While n(z) is the overall galaxy redshift distribution parametrized by

n(z) ≡ dz d
3N

dzdΩ
∝
(
z

z0

)a
× exp

[
−
(
z

z0

)b]
(5.14)

where the parameters (z0, a, b) are the characteristic parameters for each different survey. The normal-

ization is fixed by the total number of galaxies per steradian:

n(norm) =

∫ ∞

0

dz n(z) (5.15)

and analogously, we have that:

n
(norm)
i =

∫ ∞

0

dz ni(z) (5.16)

for the ith photometric redshift bin. In practice, the lower and upper bound (0 and infinity) turn to the

the minimum and maximum redshift probed by the survey, i.e. (zmin, zmax). Notice that by construction

we have
∑
i ni(z) = n(z). Therefore, regardless the complication of the photo-z probability distribution

the redshift distribution of the photometric bins, i.e. the total distribution of galaxies, n(z), remains

unchanged. This way, we can distinguish the uncertainties due to the photometric redshifts of the

individual survey galaxies characterised by p(zph|z) from the uncertainties in the redshift distribution

of the underlying total distribution of galaxies n(z). This means that we are allowed to bin all of the

galaxies together assuming that the underlying redshift distribution or selection function of the survey

is considered to be known. Therefore, we consider, in practice, the known selection function to be

described by a fair subsample of a spectroscopic galaxy survey. To simplify our modelling for the true

photometric distribution of redshift, we consider it as a Gaussian function at each redshift, given by :

p(zph|z) =
1√

2πσ2
z

exp

[
−0.5

(
z − zph + zbias

σz

)2
]
, (5.17)
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where the redshift bias, zbias(z), and standard deviation, σz(z), can be any arbitrary function of redshift,

z. This leads to the fact that the true distribution of galaxies, defined by Eq. 5.13, is written as:

ni(z) =
1

2
n(z) [erf(xi+1)− erf(xi)] (5.18)

where xi =
(
ziph − z + zbias(z)

)
/
√

2σz and erf(x) is the error function. Notice that in the bibliography,

there are two popular models for the photometric redshift distribution given by:

Model I : zbias(z) = 0 , σz = σF (1 + z) (5.19)

Model II : zbias(z) = 0 , σz = 0.3Θ(z − 1.0) + 0.2 (5.20)

where Θ(x) is the step function and σF are the photometric redshift error at z=0. Ma et al. [194]

have shown that the Model I is the simplest one. Therefore, we adopt this one to construct several

photometric surveys by varying the parameters:

pphoto = {z0, a, b, zmin, zmax, σF } (5.21)

as done by Schaan et al. [195]. However, the aforementioned models are the simplest one of the survey

and do not take into account several imperfections such the ones described in chapter 3.4.2.

Now it is straightforward to model the density of a spectroscopic survey. One simply assumes that

the survey observes the true underlying distribution of galaxies, and therefore assumes p(zph|z) = 1.

Therefore the spectroscopic redshift density reduces to:

nspectro(z) = n(norm)

(
z

z0

)a
× exp

[
−
(
z

z0

)b]
(5.22)

Therefore one varies the following parameters:

pspectro = {z0, a, b, zmin, zmax} (5.23)

for simulating the redshift number density function of a spectroscopic survey. This modelling of the

cosmological surveys is the minimal one, since we have not consider experimental complications, i.e. we

have consider the most simplistic selection function.

5.5 Modelling the sensitivity of RH

Here, we discuss the estimation of the sensitivity of the Homogeneity scale in spectroscopic and

photometric galaxy surveys. In current galaxy surveys, the information of the large scale structures is

obtained by analysing the correlation function that describes the 2-point statistics of galaxy and matter

distributions of the universe and in particular, the BAO scale. Tegmark [196] provided a way to estimate

the sensitivity obtained for a BAO measurement. In this study, we are going to use a similar procedure

to obtain the sensitivity of the homogeneity scale. Firstly, we are going to discuss the sensitivity obtain

from BAO studies and then we are going to demonstrate the sensitivity obtained from the homogeneity

scale studies.

We make the usual assumption that the sensitivity of the BAO scale is proportional to the sensitivity

of the measured Power Spectrum P (k) of the large scale structures:

δRBAO
RBAO

∝ δP

P
(5.24)
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So we only need to model the precision of the power spectrum. We assume that the error of the Power

Spectrum is the usual combination of the cosmic variance and the error coming from the shot-noise of

the galaxy sample as shown by Blake et al. [197]:

δP =
1√
m

(
P +

1

n

)
(5.25)

where the Power Spectrum is evaluated at the scales of first Baryon Acoustic Oscillation peak P := P (k?)

and n is the density of the structured distribution. The quantity m is the total number of independent

Fourier modes contributing to the measurement of the Power Spectrum. For the spectroscopic surveys

it scales with the volume m ∝ V . While for photometric surveys it scales with m ∝ V/σz, where

σz = σF (1 + z) is the photometric redshift error of the survey with optimistic and pessimistic scenarios

given by the range σF = (0.001, 0.01) for the current surveys [189]. Therefore we have:

δP ∝
√
σz√
V

(
P +

1

ntot

)
(5.26)

where P is the normalized power spectrum and n is a normalized density.

Now, since the fractal correlation dimension is a function of the normalised count-in-spheres D2 = D2(N )

given by equation Eq. 4.3 and the normalised counts in spheres is a function of the power spectrum

N = N (P ) since Eq. 4.18 , we have that D2 = D2(P ). Thus, we can define a linear operator D̂2 acting

on the power spectrum P :

D̂2[P ] = 3 +
d ln

d ln r

(
1 +

1

r3

∫ r

0

FT [P ] (s) s2ds

)
(5.27)

Acting the operator on equation 5.26, we have that the sensitivity for each r is:

δD2(r) ∝
√
σz√
V

[
3 +

d ln

d ln r

(
1 +

1

r3

∫ r

0

∫ +∞

−∞

[
P (k) +

1

ntot

]
e−iksdk s2ds

)]
(5.28)

Notice that the operator does not act on the ratio σz/V , since we treat it as a constant value. Then

using the Dirac Delta property: ∫ +∞

−∞
dke−iks = 2πδ(s) (5.29)

and the fact that ∫ +∞

−∞
δ(s)s2ds = 0 (5.30)

with some basic algebra we see the the second term of Eq. 5.28, i.e. the one ∝ n−1
tot, vanishes, and

therefore we end up to:

δD2(r) ∝
√
σz√
V
D2(r) (5.31)

which describes the error of Fractal correlation Dimension scaling with the Volume (V ) and Redshift

Error (σz) but not with density (n). Thus by also assuming that the fractional error on the Homogeneity

scale is proportional to the fractional error of the fractal correlation dimension:

δRH
RH

∝ δD2

D2
∝
√
σz√
V

(5.32)

In the next section we are going to discuss the scaling relations of the BAO scale and the Homogeneity

scale coming from simulations of the potential surveys.
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5.5.1 Simulating the Scaling Laws of Precision

In order to test the theoretical argument described in the previous section (section 5.5) we are going to

simulate a realistic case. The fractional error of our current cosmological probes (the BAO scale RBAO
and the Homogeneity scale RH) depends on the volume (V ), the density (D) of the survey as well as

the photometric-redshift error (σF ) which we define as the survey variables psv = (V, n, σF ).

We define the following scaling models, inspired from the results of the previous section, for the fractional

error of each cosmological probe (RX = {RH , rs}) with survey-variables dependence. Therefore we take

the error of the BAO as defined by Eq. 5.24 and 5.26 and we rewrite it as:

δR

R
=

√
σz√
V

(
1 +

1

nP

)
(5.33)

then we expanded in first order for the psv = (V, n, σF ) each with a correspoding variation, for the

volume εV , the density εn and the photometric error, εσz . We find that:

δR

R
=
δR

R
[σz0, V0, n0]

[
1 + αεσz + βεV + γ

εn
nP

]
(5.34)

around the initial values, σz0, V0, n0 and p = (α, β, γ) are the scaling parameters and nP = 3 for the

BOSS survey[? ]. Thus, we are going to vary the scaling parameters individual for each different probe.

We expect for the BAO scale that α = 1/2, β = −1/2 and γ = −1.

We use the 100 QPM mock catalogues to study the fractional precision of the cosmological probes with

the scaling of the 3 survey-variables. We define 15 configurations by varying the survey variables at each

QPM mock catalogue as:

V = (90, 80, 70, 60, 20) % (5.35)

n = (90, 80, 70, 60, 20) % (5.36)

σF = (1, 2, 5, 10, 15)× 10−3 (5.37)

where the percentage is the percentage ratio in respect of the original volume or density of the CMASS

galaxy sample at redshift 0.538 ≤ z ≤ 0.592, on the North Galactic Cap. We decrease the volume

by 5.35. Similarly, we decrease the density of each catalogue by shot-noising the galaxy sample by

the percentage rate described by equation 5.36. Furthermore, we add photometric error on each QPM

catalogue by the ”Reshuffle” method as explained in chapter 5.5.2 using the different parameters defined

by Eq. 5.37. Then, we measure the BAO scale with the method 1 of chapter 5.1.1 and the homogeneity

scale with the spline method for the galaxy and matter distribution, as explained in chapter 4, at each

configuration on each individual mock catalogue. Finally, we use the mean and one standard deviation

of the precision computed of the 100QPM mock catalogues to obtain the scaling parameters pscaling.

5.5.2 Reshuffle Method

In order to mimic a photometric survey, we use the method called Reshuffle. Briefly in this method,

we use the spectroscopic redshift information for each galaxy of our CMASS catalogue from our survey

discussed in section chapter 3.4.1. Then, we assign a gaussian probability on each galaxy of the catalogue

with mean its redshift and dispersion given by σz = σF (1 + z). Then, we draw randomly from this

probability a new redshift and we replace the old one. Finally, we have a new galaxy catalogue with

”reshuffled” or ”distorted” redshifts mimicking a photometric survey.
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By assigning the gaussian probability at each galaxy, there are galaxies that lie in the region out of the

redshift slice. This result in an increase of the volume since it increases the redshift space from the

reshuffling method. In order to keep the volume constant, we perform the reshuffle method in the whole

CMASS survey area and we then discard the galaxies that fall out of the z-slice.

5.5.3 Results of scaling laws

In this section, we keep investigate the fractional error of the two probes, the BAO scale and the

Homogeneity scale as a function of the volume density and photometric redshift error as defined by the

model Eq. 5.34 by estimating the scaling parameters p = (α, β, γ). The measurements are performed on

the galaxy distribution using the method described in section 4.2.1. We present the results in diagrams

of normalized fractional error as a function of the normalized volume or density or photometric redshift

error. The normalization was done against our baseline measurement which is the measurement on the

BOSS redshift slice 0.538 ≤ z ≤ 0.592.

We first examine the fractional error of the two probes as a function of the volume. The results are

shown in Fig. 5.7. With blue data points, we have the simulated data for the normalized fractional error

for the BAO scale. Notice that the errorbars are so small that are not visible on the plot. Wth blue

continuous line we display the fitted model for α = γ = 0. The fitted value parameter is β = −0.48±0.12

which is consistent with the expected value −1/2 at 3σ. With green data we display the normalized

fractional error of the homogeneity scale . With green continuous line, we display the model as defined

finding β = −0.55± 0.16 which is consistent with the expected value −1/2 at 2σ.

We then examine the fractional error of the two probes as a function of the density. The results are

shown in Fig. 5.8. With blue data points, we have the simulated data for the normalized fractional

error for the BAO scale. Note here that the errorbars are so small that are not visible on the plot.

Wth blue continuous line, we display the fitted model for α = β = 0. The fitted value parameter is

γ = −1.33 ± 0.35 which is consistent with the expected value −1 at 1σ. With green data, we display

the normalized fractional error of the homogeneity scale. With green continuous line, we display the

model finding γ = −0.16 ± 0.17 which is not consistent with the expected value −1. This tells us that

the homogeneity scale has no dependence with the density.

We finally examine the fractional error of the two probes as a function of the photometric redshift error.

The results are shown in Fig. 5.9. With blue data points, we have the simulated data for the normalized

fractional error for the BAO scale. With blue continuous line, we display the fitted model for β = γ = 0.

The fitted value parameter is α = 0.52 ± 0.04 which is consistent with the expected value 1/2 at 1σ

verifying our model. With green data, we display the normalized fractional error of the homogeneity

scale. With green continuous line, we display the model finding α = −0.01 ± 0.03 which is consistent

with 0 at 1σ. This tells us that the homogeneity scale has no dependence with the photometric redshift

error.

Evidently, the homogeneity scale varies only with the volume of the survey. On the other hand, the

BAO scale varies with the precision of the photometric redshift, and the density of the emitting source

in addition with the volume. For these reasons, for our calculations, we use the precision of the BAO

scale as defined by:

Notice that we have verified the precision law for the BAO scale, given by Eq. 5.33.
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Figure 5.7: Normalized fractional error δR/R as a function of volume, V , for the bao scale
(blue) and the homogeneity scale (green) for the the galaxy distribution. [See text for details.]

While for the Homogeneity scale for the galaxy distribution, we use:

δRH
RH

∝ 1√
V

(5.38)

Here, it is important to stress out that we observe that the precision ofRH does not vary with the redshift

errors, while the BAO one is strongly degraded for large redshift errors. Therefore, the homogeneity

scale is a better probe for the photometric surveys rather than the BAO scale.

5.5.4 Results with the Global Fitting Formula

We simulate a range of current future surveys as described in chapter 5.4. We measure for each simulation

the precision of the homogeneity scale and the BAO scale as described in chapter 5.5.1. in this study,

we consider the realistic configurations of the different experiments with different field of view, dΩ, and

cosmic debth ∆z = zmax − zmin. We list them in table 5.3.

Instead of simulating the number density for BOSS, DESI and EUCLID projects, we use more realistic

simulations as used by Font-Ribera et al. [198]. For the WFIRST and LSST, we use the aforementioned

simulated methods described in section 5.4. Notice that we have consider an optimistic scenario for the

EUCLID experiment. A pessimistic scenario would be with σF = 0.01. Furthermore, we calculate the
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Figure 5.8: Normalized fractional error δR/R as a function of density, n, for the bao scale
(blue) and the homogeneity scale (green) for the the galaxy distribution. [See text for details.]

Experiment BOSS eBOSS DESI EUCLID LSST WFIRST
z0 0.5 1.2 1.0 0.65 0.51 0.60
a 2.0 2.0 2.0 1.3 1.27 1.27
b 8.0 2.0 8.0 1.5 1.02 1.02

zmin 0.05 0.55 0.15 0.65 0.1 1.05
zmax 0.75 2.15 1.85 2.05 4.9 2.75
σF 0.001 0.001 0.0005 [0.001− 0.01] 0.003 0.003
dΩ 10, 400 2, 400 14, 000 15, 000 18, 000 2, 200

Table 5.3: Configuration of the simulation of the redshift density profile and survey area of
the different experiments.

characteristic comoving volume of each experiment using:

Vexp(z; pcosmo) =
c

H0

(1 + z)2d2
A(z; pcosmo)

E(z; pcosmo)
∆zexpdΩexp (5.39)

where E(z; pcosmo) is given by the ratio of Eq. 1.27 and the hubble constant, H0, while dA(z; pcosmo) is

the comoving angular diameter distance for the fiducially parametrized cosmology, pcosmo.

For the BAO probe, we observe that b is consistent with 0 at 1σ C.L. and it is also consistent with

both the volume and photomoteric redshift error scaling laws in the literature [189, 197]. For its density

dependence, we are consistent with the literature as well finding we find b = −0.657±1.121 expected with

the 0 value. This shows that the scaling with the density, for the BAO probe, has the same dependence
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Figure 5.9: Normalized fractional error δR/R as a function of photometric redshift error,
σz, for the bao scale (blue) and the homogeneity scale (green) for the the galaxy distribution.

[See text for details.]

than the one obtained by Blake et al. Fitting Formula. Therefore, we follow Albrecht et al. [189] and

we model empirically the precision of the BAO scale as:

δ lnRBAO(σF , V,D;ABAO) = ABAO

√
σF (1 + z)

σF,0

V0

V

(
1 +

1

3n

)
(5.40)

whereABAO is a free parameter that we fit with a global fit. Furthermore, σF,0 = 34h−1Mpc/E(z; pcosmo)

is the characteristic photometric redshift error obtained by Albrecht et al. [189] and V0 = 2.16h−3Gpc3 is

the characteristic volume of the precision studies[199]. Notice also that we have followed Albrecht et al.

[189] and we have normalized the density dependence with the ratio of the true clustering power to that

from the shotnoise of our survey, i.e. nP = 3. The global fit give us a value of ABAO = 0.0107± 0.0029

for the perpendicular to the line of sight which is within 2σ with the literature value A⊥BAO = 0.0123 or

A
||
BAO = 0.085 or 0.0145 for the transverse or perpendicular to the line of sight as measured by Blake

et al. [197].

Since the homogeneity scale depends only with the volume, we model empirically the precision of the

galaxy homogeneity scale as:

δ lnRHOMO,G(σF , V,D;ARM
H

) = ARM
H

√
V0

V
(5.41)

where ARG
H

is a free parameter that we fit using our measurement and we find ARG
H

= 0.0063± 0.0021.
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Then we calculate the precision of the homogeneity scale and the BAO scale of each experiment, which

are displayed as a function of redshift in Fig. 5.10.
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Figure 5.10: Precision of the scale, RX versus the redshift, z for the different experiments
which are color-coded. The dash lines correspond the the BAO scale while the continues lines

correspond to the homogeneity scale for the matter distribution. See text for details

With dash lines, we plot the precision for the BAO scale as a function of redshift and they are color-coded

with the different experiments. We display with continuous lines the precision for the homogeneity scale

under the same color-code. Firstly, we can observe that for the BAO scale the precision is consistent with

the one obtained by the literature [198]. Furthermore, we observe that the precision of the homogeneity

scale does not depends on the density of the sources that we have as a function of redshift. This can

be seen from the fact that the precision is smoothed out for all experiments in respect on the peculiar

behaviour of the precision of the BAO, which it is a result of the density dependence. We zoom in the

region with the best precision that we obtained for the leading future experiments DESI, EUCLID and

LSST.

In particular, we observe that the BAO scale, using the DESI experiment (black dash line), achieves

better maximum precision 0.97% than using the EUCLID (red dash line) or LSST(yellow dash line) that

both follow similar precisions, 1.1% and 1.0% respectively. This tells us that DESI will lead the BAO

oscillation precision measurements on future large scale structure surveys. While for the homogeneity

scale precision of the LSST experiment (continues yellow) reaches a maximum precision of 0.44% leading

the precision measurements of the homogeneity scale. Notice that this calculation assumes that we

measure the same bias for all our tracers. In a more realistic case the bias varies with the different tracer

and the picture becomes more complicated. Furthermore, we observe that overall precisions of the BAO

scale is 0.5% while for the homogeneity scale is 0.24% rendering the homogeneity scale more precise

measurement. Notice that this precision is somehow a density precision and if someone need to find the

total precision needs to integrate over redshift the inverse of this quantity[198]. Notice also that this

result is due to the fact that the measurement of the homogeneity scale for the matter distribution result

in scales less than the BAO scale where we are shot-noise limited. These results render the homogeneity

scale a better probe of cosmology than the BAO scale for photometric surveys. However, it should also
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be taken into account that the method, used here, is an approximate solution and an extrapolation was

performed for the the variable regime of the future experiments.

5.6 Conclusion

We have compared the measurement of the transition to cosmic homogeneity scale, RH with the BAO

scale, RBAO, using the CMASS galaxy sample. We found that there is insignificant correlation between

the two probes, r ∼ 20%, rendering the the transition to cosmic homogeneity scale a complementary

cosmological probe. In order to quantify the additional information of the homogeneity scale, we have

provided the Fisher Matrix of each theoretical prediction against a basic set of cosmological parameters.

We found that the homogeneity scale result into comparable information to that of the BAO scale

using large scale structure to the measurement of this set of cosmological parameters. In particular, we

found that the homogeneity scale is sensitive to the Hubble constant, H0, the total matter ratio density,

Ωm, the Dark energy ratio density, ΩΛ, and the equation of state as a function of time or redshift,

i.e. parametrized with two parameters (w0, wa). Using an MCMC exploration algorithm and CMB

measurement as prior knowledge, we have found for the basic parameters comparable constrains than

the one obtain by Planck measurement[191]. In particular, we have found that the hubble constant is

H0 = 67.6± 0.8km/s/Mpc, the total matter ratio density is Ωm = 0.308± 0.009. The Dark energy ratio

density is ΩΛ = 0.727±0.0015 which in tension with the Planck value ΩPlanckΛ = 0.681±0.0016. Finally,

we have explored the sensitivity of the homogeneity scale for future experiments that will map the large

scale structures and we have compared it to the sensitivity of the BAO scale. In particular, we have

found that the overall precision of the homogeneity scale for six projects equal to 0.24%. The leading

experiment will be the ground based experiment LSST achieving a maximum sensitivity of 0.44%. On

the other hand, the BAO scale will be lead by the ground based experiment DESI providing a maximum

density of 0.97%. The overall density of all experiments for the BAO studies will be 0.5%. These results

render the homogeneity scale a better probe than the BAO scale for photometric surveys. However, bare

in mind that the comparison method is a first order approximation and an extrapolation on the variable

regime of the future experiments, thus a more detailed study is required for a quality test of this result.



Chapter 6

Cosmic Homogeneity with

Cosmic Clocks and type Ia SN

In this chapter, we discuss the validation the Cosmological Principle in a model independent manner.

We are using the redshift information through a model independent transformation to infer distance

betweens us and the galaxies. This work was performed in collaboration with

James Rich.

6.1 Introduction

So far we have explored a model dependent measurement of the homogeneity scale. We have use the as-

trometry of the SDSS telescope to obtain the angular positions of our galaxy sample and the spectroscopic

information to obtain the redshift measurement of each galaxy. Then, by assuming the cosmological

principle, we have used the FLRW metric to infer the radial distances from corresponding redshifts of

each galaxy. We then have used the fractal correlation dimension as an indicator of homogeneity and

we have found that it becomes homogeneous in a model dependent way.

However, in order to validate the cosmological principle in a model-independent way, we need to use the

redshift information of each galaxy source through a model independent transformation to infer distances

between us and the emitting sources as well as among the emitting sources (galaxies). Jimenez and Loeb

[200] have measured the cosmological parameters using the relative galaxy ages. This method assumes

only astrophysical assumptions in order to determine the relative redshift against age of the different

galaxies that are close in a small redshift bin, ∆z. Furthermore, in order not to assume any curvature

of the cosmic spacetime, we are going to use the luminosity distance relation to extract the transverse

distances among the emitting sources, which assumes only astrophysical models. Therefore in our study,

we are going to use a model independent relation to transform redshifts into distances, rendering our

study free of assuming the Cosmological Principle. As a result, in this chapter, we are going to assume

only a minimal set of information about our universe. These assumptions are summarised as:

1. Metric Theory of Gravity

2. Stellar Population Synthesis model

148
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3. Supernova Astrophysical Luminosity model

4. Smooth expansion history of the universe

5. Universe looks the same outside of our current survey geometry

6. Flatness of the universe

Notice that the first assumption is necessary since we are observers that we measure distances within

a complex gravitational field generated by the different gravitational bodies existing in the universe.

The second one is an assumption of constructing the CMASS sample that assumes that the properties

of the galaxies do not change with time, i.e. rendering this sample volume limited. Furthermore, the

stellar population synthesis model will help as on the determination of the hubble expansion rate. The

third one is necessary since we need to have the information of the amount of luminosity at different

wavelengths that each galaxy emits so that not to assume that the universe has an arbitrary curvature of

spacetime. The forth one is another cosmological fact and therefore is evidently taken into account but

it does not assume a homogeneous or isotropic universe. Notice that this assumption assumes neither

homogeneity nor isotropy. The final assumption is another rephrasing of the fact that we are limited

to only a small sample of our universe in respect of the whole one, which is impossible to test with our

current observational devices. Notice that we do not restrict ourselves in a particular metric for our

measurements, rendering our framework free of homogeneity and isotropy assumption.

6.2 Methodology

We are using the str-estimator, i.e. using Eq. 4.13, to estimate the fractal correlation dimension1, in

order not to assume homogeneity as an assumption. The weakness of this estimator is that it is not as

precise as the cor-estimator but the precision is not relevant for this study. Furthermore, as explained

in chapter 4.1.1, we are using a random catalogue to correct for the geometrical effects of our survey.

Additionally, to correct for the efficiency of our telescope, i.e. the amount of galaxies per redshift bin, we

impose that the random catalogue has the same redshift distribution as the galaxy catalogue. Therefore

we are not able to work around this restriction. A possible solution would be to use surveys that have

galaxy densities that do not vary with redshift. However, this is not the case for our current surveys.

We also use the Eq. 4.39 to estimate the homogeneity scale from our dataset, i.e. we use the minimum

scale at which the fractal dimension reaches reaches the homogeneity value, 3, within 1σ error.

We use the redshift slice 0.538 < z < 0.592 on the North Galactic Cap (NGC) to perform this measure-

ment. We weight the galaxies as explained in chapter 3.4.2. This weighting scheme does not introduce

any extra assumptions on the construction of the sample. Furthermore, we show in chapter 4.3.11 this

introduces no significant deviations for the measurement of the homogeneity scale.

Throughout this study, in order to compare our model independent results with the model dependent

(MD) ones that we obtained in the previous chapters, we use a flat ΛCDM cosmology defined via:

pΛCDM = (Ωm,ΩΛ, h) = (0.274, 0.726, 0.70) (6.1)

where Ωm is the total matter energy density ratio in the universe, ΩΛ is the Dark Energy density ratio

in the universe and h ≡ H0
100kms−1Mpc−1 is the hubble dimensionless parameter. Moreover, in order to

determine the galaxy survey uncertainties, we use 20 QPM[150] mock catalogues constructed via a flat

1 We have used a modified version of the publicly available codehttps://github.com/damonge/CUTE/tree/
master/CUTE. For more information look at [201].

https://github.com/damonge/CUTE/tree/master/CUTE
https://github.com/damonge/CUTE/tree/master/CUTE
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ΛCDM cosmology defined via Eq. 6.1. The number of mock catalogues is small but sufficient for the

sake of this measurement. In the next section, we describe how to reconstruct a (z, θ, φ)-distribution

into a 3Dimensional cartesian one using cosmic clocks and SuperNovae data only. Therefore, the main

difference, in respect of the previous chapters, is that we are going to use a model independent (MI) way

to reconstruct our distances as we explain in the next section.

6.3 3D Space reconstruction

In order to reconstruct our 3D galaxy distribution assuming no homogeneity or isotropy, we need to

measure distances without assuming a cosmological model. Firstly, we are considering the radial depen-

dence on redshift. We then consider the transverse distance (or motion distance) between two objects

at a certain redshift.

We substitute the usual comoving redshift-distance relation of ΛCDM model with the new relation of

cosmic chronometers. The ΛCDM predictions of the comoving distance is given by Eq. 1.31. In the

new method, we reconstruct distances using cosmic chronometers[202] to define the redshift-distance

relation. Cosmic chronometers are used to measure the Hubble expansion rate, Hclock(z). Thus, we can

measure the radial comoving distance of each galaxy via:

dclock(z) = c

∫ z

0

dz′

Hclock(z′)
(6.2)

and Hclock(z) will be a linear model as:

Hclock(z) = Az +B (6.3)

where A and B are two independent parameters with the same units as the hubble rate H(z) that

are fitted to the measurement of Moresco et al. [202] for the two possible assumptions of the stellar

population synthesis algorithm as explained in chapter 6.4.1.

Secondly, we are considering that the transverse distances between the galaxies. To measure the trans-

verse comoving distance without assuming any cosmology we need a relation that gives transverse co-

moving distances. The transverse comoving distance (or motion distance) is related to the luminosity

distance as

dM (z) =
1

1 + z
dL(z) . (6.4)

Therefore instead of assuming a cosmological model for the transverse comoving distance and in extend

the homogeneity assumption or a curvature about the universe we use an astrophysical model for the

definition of the luminosity distance. The motivation behind the use of the transverse distance is that

we use this distance to infer the transverse size of objects via: dM (z)dθ = dA(z)dθ. Riess et al. [203]

have shown that one can obtained the luminosity distance through the distance module, µ(z), as:

dL(z) = 10[µ(z)−25]/5 (6.5)

Their measurement of µ(z) was performed under the astrophysical assumption that the apparent magni-

tude has been corrected from the interstellar absorption. Therefore, we can use their measurement and

we can simply find a linear model for determining the distance module, µ = µ(z;Aµ, Bµ) where Aµ and

Bµ are two parameters that capture the astrophysical assumptions. We determine these parameters in
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section 6.4.2. Then the luminosity distance is given by:

dL(z;Aµ, Bµ) = 10[µ(z;Aµ,Bν)−25]/5 (6.6)

The transverse comoving distance is only a function of the redshift and the astrophysical parameters

(Aµ, Bµ) defined as:

dM (z;Aµ, Bµ) =
1

1 + z
10[µ(z;Aµ,Bν)−25]/5 (6.7)

Now, we reconstruct the astrophysical coordinates of our galaxy catalogue (z, θ, φ) into cartesian coor-

dinates (xc, yc, zc) via the transformation:

xc = dM (z;Aµ, Bµ) sin θ cosφ (6.8)

yc = dM (z;Aµ, Bµ) sin θ sinφ (6.9)

zc = dclock(z;A,B) cos θ (6.10)

So using this transformation, we assume only an astrophysical model which is quantified by the param-

eters (A,B,Aµ, Bµ). Therefore we are free of assuming homogeneity or isotropy of our galaxy catalogue

and in extend the universe.

6.4 Results

6.4.1 Hubble Rate calibration with Cosmic Chronometers

Since Moresco et al. [202] used 2 different stellar population models to measure the hubble expansion

rate, namely MaStro library (HM) and BC03 (HB), we use both of them to measure the Hclock(z), in

order to cross validate the result. As shown in the left panel of Fig. 6.1, we have two simple solutions,

namely HM(green line) and HB(blue line), of Eq. 6.3 by fitting Moresco et al. [202] data. HM correspond

to (A,B) = (58, 63), while HB corresponds to (A,B) = (36, 75) solutions of Eq. 6.3. As a result, we have

measured the Hubble expansion rate using the cosmic chronometers method by assuming only a stellar

population synthesis model, i.e. assuming no homogeneity neither Isotropy of the galaxy distribution.

For comparison, we display with red line the ΛCDM-model. We observe that our simplistic models and

the ΛCDM-model, all agree with both datasets.

6.4.2 Luminosity Distance Calibration using SN

We use the data of type Ia supernova of the measured apparent magnitude at redshift 0.30 ≤ z ≤ 0.98

given in table 6 of Riess et al. [204]. By using a simple model for the apparent magnitude, i.e.:

µ(z;Aµ, Bµ) = Aµ log10(z) +Bµ (6.11)

where Aµ, Bµ are the nuisance parameters that contain all the astrophysical information we constrain

the apparent magnitude, i.e. we measure that (Aµ, Bµ) = (5.72± 0.48, 44.32± 0.15) for χ2 = 7.11 per 8

degrees of freedom. We present the result of our model in Fig. 6.2.

Therefore, we are able calibrate the luminosity distance relation using Eq. 6.6 at the redshift of our

interest, z = 0.538 − 0.592. This enable us to determine the transverse comoving distance among the

emitting sources, dM , without assuming a curvature for the spacetime.
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Figure 6.1: Left : Calibrating the Hubble expansion rate using cosmic chronometers. [See
text for details]

6.4.3 Model independent Cosmological distances

We summarise all the different distances as described by Eq. 1.31,Eq. 6.7 and Eq. 6.2 in Fig. 6.3. We

observe that the cosmic clock distance, dclock, is compatible with the comoving distance, dC , at less than

5% throughout the redshift slice that we are interested in. On the other hand, the transverse comoving

distance, dM is compatible with the comoving distance at less than 13%.

6.4.4 Fractal Correlation Dimension with Cosmic Chronometers and

SN

We measure the fractal correlation dimension, D2, as a function of scales, r, which is displayed in the

right panel of Fig. 6.4, for the 3 different ways of reconstructing distances from redshift, in 50 bins in the

range r = [0, 1500]Mpc. With red, we plot the Fractal Correlation dimension using the ΛCDM redshift-

distance relation. With blue(green), we display the fractal correlation dimension measurement for the
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Figure 6.2: Supernovae distance module, µ, as a function of redshift, z. Data points are
denoted with blue, red line is the function of ΛCDM-model and orange is a simple relation

between the distance module and the redshift.

HM(HB) cosmic chronometers calibration of the redshift distance relation and the luminosity distance

calibration using SN data, namely HMF(HBF) respectively. With grey color, we plot the 20 QPM

mock catalogue that we used in this analysis to estimate our uncertainties. We observe that the fractal

dimension, of the CMASS galaxy sample, is an increasing function of the separations, r, for all different

methods of estimations, and asymptotically reaches the value of 3 for all three different methods of

estimation.

This shows that the CMASS galaxy sample becomes homogeneous on scales RH ' 150Mpc as defined

by Eq. 4.39, in a model independent way. We can, also, observe that the estimation of the fractal

dimension using ΛCDM-method is compatible with the HMF and the HBF methods at all scales. We

also find that the galaxy distribution becomes homogeneous at scales larger than 400Mpc for the HMF

method and ΛCDMmethod. For the HBF method the galaxy distribution becomes homogenous at scales

larger than 300Mpc. This might be a statistical fluke since we are using only 20 QPM mock catalogues

for the determination of our variance, which is a poor statistical choice. However, the fractal correlation

dimension for the galaxy distribution becomes homogeneous at scales larger than 400Mpc, confirming

the homogeneity assumption for the galaxy distribution in a model independent way.

For the matter distribution we need to assume a bias between the galaxy distribution and the matter

distribution. This means that still we need to assume the homogeneity assumption to confirm the

cosmological principle which is still a model dependent way.
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Figure 6.3: (Top) Cosmological distance versus redshift for the FLRW comoving distance,
dC (blue) , model-independent transverse comoving distance, dM (orange), and the two model
independent cosmic clock comoving distances, dclock (green and red). The black vertical lines
indicate the redshift cuts of our survey. (Bottom) Different cosmological distances over co-

moving distance versus redshift.

6.5 Conclusion

We have studied the transition to cosmic homogeneity in a model independent fashion using the 12th

data release of BOSS CMASS galaxy sample. We have shown, that using an alternative estimation of

the radial distance from redshift data, i.e. free of assumptions of Homogeneity and isotropy, the fractal

correlation dimension still reaches the homogeneity value, 3, asymptotically. In particular we have used

two cosmic chronometers methods to calibrate the hubble expansion rate, which is a model independent

estimation of the radial comoving distance. Additionally, we have used the high-z and low-z Supernovae

Data to calibrate the comoving luminocity distance in a cosmological model independent way and then

measure the transverse comoving distance. Furthermore, we show that the fractal correlation dimension

for the galaxy distribution becomes 3 at scales larger than 400Mpc for both model independent methods

which is compatible with the fiducial ΛCDM-method.
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Figure 6.4: Fractal Correlation Dimension as a function of scales, D2(r), for the CMASS
galaxy sample using a model independent distance measure and confirming the Cosmological

Principle. [See text for details]

However, we are still insensitive to a possible redshift evolution of the galaxy sample since in order to

correct for geometric effects, we construct a random catalogue that follows the same redshift distribution

as the galaxy sample. Therefore in principle one should use a galaxy sample that has a number density

which is constant with redshift. This issue is left to be corrected in future work.

Furthermore, this measurement is a rough estimate to the actual measurement. One should in principle

measure the age difference of pairs of galaxies of the sample from their spectrum and furthermore measure

the magnitude of the supernova located on the surrounding environment of each galaxy to acquire a

more accurate estimate of the individual magnitude and therefore a more accurate measurement of the

transverse comoving distance. This is left to future work where the ideal sample of galaxies would have

contain galaxies which have at least one identified Supernovae on their surroundings.



Chapter 7

Conclusion

In the framework of modern cosmology, we have investigated its main pillars, the Cosmological Princi-

ple. This principle states that the universe is homogeneous and isotropic at enough large scales. The

Cosmological Principle, not physical motivated due to the large inhomogeneity that we observe on struc-

tures, it was first adopted to simplify our knowledge and find simple solution for the dynamics of the

universe. In this study, we have used the data release 12 of BOSS CMASS galaxy sample of the to study

the transition to cosmic homogeneity over a volume of 5.1 h−3 Gpc3. We use the counts-in-spheres,

N(< r), i.e. the average number of objects around a given object, and its logarithmic derivative, the

fractal correlation dimension, D2(r). For a homogeneous sample, N(< r) ∝ r3 and D2 = 3. We define a

characteristic homogeneity scale, RH , as the value for which D2 reaches the homogeneous value within

1%, i.e. D2(RH)=2.97.

For the galaxy distribution, we get 3− 〈D2〉 = (0.6± 1.3)× 10−3 at 1 σ over the range 300 h−1 ≤ r ≤
1300 h−1 Mpc, which is consistent with homogeneity assumption of the universe and a transition to

homogeneity at a characteristic scale, R(G)
H = 114.2± 5.8 h−1Mpc.

Using an alternative definition for the homogeneity scale, i.e. the minimum scale at which the fractal

correlation dimension is consistent with the homogeneity value within 1σ error, we estimate a range for

the homogeneity scale, 150 ≤ REH ≤ 400 h−1Mpc, using 1000 mocks for all redshift bins and galactic

caps. This further confirms that the universe transits to homogeneity state in both matter and galaxy

distributions. However this estimator has 30% precision which is lower to ours which it is in %-level.

Furthermore, we perform the measurement on the matter distribution in a model dependent way. In

particular, we fit the two point correlation function on the CMASS galaxy sample in the range 1 < r <

40 h−1Mpc to obtain the bias relative to the ΛCDM prediction for the matter correlation function as

long as the peculiar velocities to correct for Redshift Space Distortions. We correct our measurement of

N(< r) for this bias and the peculiar velocities, in order to get the result for the matter distribution,

that we finally compare to the ΛCDM prediction.

For the distribution of matter, we achieved a measurement of 3 − 〈D2(r > 300h−1Mpc)〉z = (1.7 ±
1.0) × 10−4 at 1σ. We obtained a characteristic scale R(M)

H = 61.9 ± 0.8 h−1Mpc at an average z =

0.538 − 0.592 for the transition to homogeneity. This measurement of RH is more precise than the

previous measurements of Scrimgeour et al. [93] Collaboration by a factor 5. While Sarkar et al. [178],

only give a qualitative measurement of RH .
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We also investigate the redshift evolution of our observables. We find that the homogeneity scale for

the matter distribution, R(M)
H , is decreasing with time as expected if clustering is increasing with time.

We find accordance with ΛCDM model with a reduced χ2 = 0.89(0.61) for the North(South) Galactic

Cap for the 6 redshift bins, i.e. accounting also the measurement of Laurent et al. [166] at redshifts

2.2 ≤ z ≤ 2.8. However, the characteristic scale of the galaxy distribution, R(G)
H , remains almost

constant with time or redshift, z. The homogeneity scale is an intrinsic property of the galaxy sample.

Therefore, this result is consistent with the fact that the CMASS sample has properties that remain

constant with time.

Moreover, we performed several test to ensure that the measurement is unbiased against several choices

on the performance of the measurement. Firstly, we checked for a potential systematic against alternative

modelling of Redshift Space Distortions. Furthermore, we ensure that measuring the fractal correlation

dimension on several fractal distributions with the survey mask does not bias the intrinsic properties

of these distributions, i.e. the fractal dimension of the distribution. Moreover, we perform the basis

measurement of the homogeneity scale with different combination of the weighting scheme, observing

no significant systematic errors. Furthermore, we check for alternative estimators of the homogeneity

scale and we found that the optimum one (most accurate and the 2nd least precise) is the one we

developed in this thesis. In a further study we found out that the bias and peculiar velocities, used to

measure the homogeneity on the matter distribution are slightly correlated with the characteristic scale,

i.e. r ≤ 20% for all possible combination between of the quantities (R(G)
H ,R(M)

H , b, σp) at all redshift

bins, rendering their correlation negligible. Additionally, we find that using a different definition for

the homogeneity scale, i.e. the minimum scale at which the fractal correlation dimension becomes

consistent with the nominal value within 0.1%, D2(RD2=2.997
H ) = 2.997, namely per-Mille definition,

gives scales which are more than twice the scales obtained with the adopted definition of our basis

analysis, D2(RD2=2.97
H ) = 2.97.

Furthermore, we find that the precision of the observables of the fractal correlation dimension and the

scaled-counts-in-spheres for the matter distribution gains about 1 order of magnitude in respect of the

same observable for the galaxy distribution, due to the bias correction, which is not the case for the

2-point-correlation function that it is being used in regular large scale structure analysis. This renders

our observables, counts-in-spheres and fractal correlation dimension a potential precision observables of

cosmological inferences for large scale structure cosmography.

We also conclude that this measurement of the homogeneity scale is only a validation of the Cosmological

Principle. This is true since we cannot infer distances from observational data, i.e. redshift, without

the assuming in prior a Homogeneous universe with an FLRW metric. Therefore future projects should

relax the homogeneity assumption and use the same observable and estimators for a model independent

measurement of the characteristic scale of the transition to cosmic homogeneity for a confirmation test.

Additionally, another conclusion we draw is that we are unable to perform measurements outside the

observable universe. Therefore, we rely on the assumption that the observable universe is a fair sample,

i.e. the properties of the observable universe are the same as the unobserved one. However, since the

measurements done by Hogg et al. [83] in 2005 have a homogeneous universe at redshift, z ' 0.3. While

in this study we have shown that the galaxies even beyond the observable universe, of 2005, i.e. the

observable universe 2017 at redhift z ' 0.56, the universe has also a homogeneous behaviour. Therefore

by induction, we conclude that the unobserved universe will look uniform as well, with a model dependent

measurements of course.

We stress that another issue one need to resolve is the fact in these studies, the only tool that we have in

our disposal are the galaxy catalogues coming from vast surveys of technologically improved telescopes.
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But even with this amazing technological power we still end up with a galaxy catalogue survey, which

have holes in them and of course geometrical boundaries. In order to remove the geometrical boundaries

we throw in the survey region simulated random points and we compare the galaxy counts to the one with

the random catalogue. The unfortunate thing is that we have no tool to mimic independently randomly

the redshift distribution, so we end up using random catalogues that their redshift distribution matches

the galaxy catalogue. This is due to the fact that we need to mimick target detection efficiency of the

telescope (magnitude cuts) which end up being a peculiar function of the radial(redshift) density 1 . A

possible solution might come with a survey that manages to measure a galaxy number density that is

constant with redshift. This is left to be determined by future work.

Furthermore, the information of redshift is the information we obtain from the photons that travel from

each individual source to the observers. This means that each galaxy is at different redshift from one

another. Which means they live in different times epochs. So in a sense, one does not have access to

the actual spatial distribution of galaxies in the same epoch but on the contrary he has access to a

distribution that lies on the past lightcone, a distribution of objects in different times. Therefore, we

cannot study directly the 3D comoving spatial distribution, but we rely always on our modelling of the

universe. However, passively evolving galaxy distribution (the CMASS sample we discussed in chapter

3.4), gives you access to galaxies that do not evolve in time. This means that their properties do not

change in time and they are all of the same type. Then this means that we are using a distribution that

is conserve in time. Then ones has access to the actual spatial distribution of galaxies. However, to

construct this sample you rely on astrophysical models but these models are not in the same paradigm

as ΛCDM-model. Therefore this sample of galaxies is constructed with a model free of the homogeneity

assumption. This renders the CMASS sample the best homogeneity assumption free sample that we can

use, to date.

Moreover, we have developed a new complementary cosmological probe, i.e. we have used the transition

to cosmic homogeneity scale as standard rule to measure cosmological parameters. In particular, we have

shown that the measurement of the transition to cosmic homogeneity scale, RH is comparable to the

BAO scale,RBAO, using the CMASS galaxy sample with insignificant correlation, r ∼ 20. We have found

that our probe is sensitive to the cosmological parameters, the Hubble constant, H0, the total matter

ratio density, Ωm, the Dark energy ratio density, ΩΛ, and the equation of state as a function of time

or redshift, w(z) = w0 + wa
1

1+z
, using a Fisher Matrix formalism. An MCMC exploration algorithm

of the homogeneity scale probe let us find comparable constrains using the prior knowledge of CMB

measurements[6]. In particular, we find that the hubble constant is H0 = 68.4±0.8km/s/Mpc, the total

matter ration density is Ωm = 0.294± 0.009 and the Dark energy ratio density is ΩΛ = 0.709± 0.0010,

while for the equation of state we find, w0 = −1.047± 0.035. Finally, we show that the sensitivity of the

homogeneity scale is only a function of the volume of the large scale structures that will be mapped by

future experiments. We find that the overall precision of the homogeneity scale for the future projects will

be 0.24% with leading experiment the ground based experiment LSST achieving a maximum sensitivity

of 0.44% (compared to the BAO scale sensitivity of 0.5%). These results render the homogeneity scale

a better probe of cosmology than the BAO scale for photometric surveys.

We have also studied the transition to cosmic homogeneity in a model independent fashion. We have

shown, that using an alternative estimation of the radial distance from redshift data, i.e. free of assump-

tions of homogeneity or isotropy for the distribution in study, the fractal correlation dimension for the

galaxy distribution still reaches the homogeneity value, 3, asymptotically. Furthermore, we show that

the fractal correlation dimension is compatible with 3 for the galaxy distribution at scales larger than

400Mpc model independently.

1 See for example the n̄(z)-diagram by Reid et al. [139] (figure 11).
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Furthermore, for the matter distribution we need to assume and FLRW model to infer the bias between

the galaxy and the matter distribution. Therefore we cannot confirm the Cosmological Principle in a

model Independent way. Additionally, using this model independent way for homogeneity, we are still

insensitive to a possible redshift evolution of the galaxy sample since in order to correct for geometric

effects with the same ways as we do for the model dependent study. Therefore in principle one should

use a galaxy sample that has a number density which is constant with redshift. These issue are left to

be corrected in future work. To correct for these issues one need to use as surveys whose the number

density of the acquired galaxy samples is constant with redshift and the inference of the bias between

luminous and matter distribution can be achieve model independently.
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Cosmo-Tips

A.1 Cosmography

Hubble distance:

dH =
c

H0
' 3× 108 m/s

7× 104 m/s/Mpc
' 5Gpc (A.1)

Hubble Volume:

VH = d3
H ' 3Gpc3 (A.2)

Comoving Distance:

dC(z) = dH

∫ z

0

dz′

E(z′)
(A.3)

where E(z; ~Ω) = H(z)/H0 and H(z) is given by Eq. 1.27.

Transverse Comoving Distance(Motion)

dM (z) =





dH√
Ωk

sinh
(√

Ωk
dC(z)
dH

)
, Ωk > 0

dC(z) , Ωk = 0
dH√
Ωk

sin
(√

Ωk
dC(z)
dH

)
, Ωk < 0





Angular Diameter Distance dA(z) = s(z)
θ

=
sizeobject(z)

(Angular apperture of object)
:

dA(z) =
dM (z)

1 + z
(A.4)

Luminocity Distance:

dL(z) = (1 + z)dM (z) (A.5)

Light-travel Distance:

dT (z) = dH

∫ z

0

dz′

(1 + z′)E(z′)
(A.6)

Age of the Universe:

lim
z→∞

t(z) = lim
z→∞

dT (z)/c (A.7)

Comoving Volume:

dVC = dH
(1 + z)2d2

A(z)

E(z)
dΩdz (A.8)
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Comoving Volume distance:

dV (z;p) =
[
czH−1(z;p)(1 + z)2d2

A(z;p)
]1/3

(A.9)

A.1.1 Luminocity Distance revisited

SN can be used as standard candles. By measuring their

• m : color magnitude

• M : assuming an absolute magnitude (which maybe using a bayesian analysis you can assume a

gaussian around M ±∆M , [205])

• z : redshift (can be infered also from their Host Galaxy)

For object in the neaby universe (z << 1 in practice z < 0.02)

dL(m) = 10
m−M

5
+1 (A.10)

We can measure dL(m) only by astrophysical assumptions about the emitted flux.

For objects that are not nearby then on need to calculate:

dL(z) =

√
L

4πF
(A.11)

If we are interested in differential Flux, Fν , and Luminosity, Lν rather than the bolometric ones the

above formula need some corrections due to redshift since the source emits at a different band than the

one we observe. Therefore, if we are working with frequencies, ν the correction gives us:

dL(z) =

√
(1 + z)

L(1+z)ν

Lν

Lν
4πFν

(A.12)

while if we are working with wavelengths, λ we use:

dL(z) =

√
1

1 + z

L(1+z)λ

Lλ

Lλ
4πFν

(A.13)

A.2 Topological Restrictions

A universe may be described by its topological properties and its energy content. Here we are going to

describe first the topological properties. Any kind of universe is described by a general metric gµν(x),

defined via:

ds2 = gµν(x)dxµdxν (A.14)

In the context of topology, we can assign labels to each comoving observer and use spacetime comoving

coordinates on a (1,3)D manifold described by equation:

xµ = (t, x, y, z) (A.15)

The general metric of a comoving observer takes the form of:

ds2 = −c(x)2dt2 + 2g0i(x)dxidt+ gij(x)dxidxj (A.16)
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In Concordance Cosmology, we need to respect the geometrical properties arised from the construction

of the Cosmological Model which is the Cosmological Principle. The properties, which arised from this

construction, give the following topological restrictions on the construction of the metric: e.i. spatial

stationary, non-accelerating comoving observer and isotropical local expansion.

A.2.1 Spatial stationary comoving observer

By assuming isotropy the comoving observer’s 4-velocity u must be perpendicular on the hypersurface

Σt. Since the position of the observer (xi) is fixed, we have:

uα = (c−1[x], 0, 0, 0) (A.17)

which is the first component of normalisation. The 4-velocity of the observer is perpendicular to every

4-vector v, which is tangent to Σt, e.i. v0 = 0. The generalized dot product, reduces to:

u · v = gαβu
αvβ = g0iv

ic−1(x) (A.18)

Since this product should be 0 for every tangent vector v, we have that g0i = g0i = 0 and gij is the

inverse of gij
1.

A.2.2 Spatial non-accelerating comoving observer

The spatial component of the acceleration of the comoving observer (aµ = uν∇νuµ) can be written as:

ai = ∂i ln c(x) (A.19)

Since the 4-acceleration a is measurable from the comoving observer, ai = 0 (no preferred spatial

direction). From Eq. A.19, we infer:

∂ic(x) = 0→ c = c(t) (A.20)

We may redefine the time coordinate as:

t′(t) = c

∫
c(t)dt (A.21)

The new metric becomes:

ds2 = −c2dt′2 + gij(x)dxidxj (A.22)

For simplicity, we through the prime on our calculations. In these coordinates uα = (1, 0, 0, 0) and a = 0,

which implies spacetime-non-accelerating observer.

A.2.3 Isotropical local expansion

For any purely spatial vector v2 that is normalised (vνvν = 1), we may construct the following quantity

with a general dependence on time, location and direction:

H(t, xi, v) = vνvµ∇νuµ (A.23)

1N.B. c(x)=0 would imply a singular coordinate system.
2spatial in the comoving frame, i.e. u · v = 0
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which is a component of the gradient of the 4-velocity. This function can only depend on time (t). Since

by the previous restriction v0 = v0 = 0, we have:

H(t, xi, v) = vivjg
jk 1

2
∂tgik =

1

2
vivk∂tgik (A.24)

If this quantity satisfy the normalization condition vivkgik = 1, H(t, xi, v) is independent of the direction

(v). Thus, the 3× 3 symmetric matric ∂tgik must be a scalar multiple of gik:

∂tgik = Igik . (A.25)

Inspection gives H = I/2 and:

∂tgik = 2H(t)gik (A.26)

We now may define the scale factor via:

a(t) = exp

[∫
H(t)dt

]
(A.27)

and by integrating Eq. A.26:

gik(t, xj) = γik(xj) exp

[
2

∫
H(t)dt

]
= γik(xj)a2(t) (A.28)

we may reform the metric defined by Eq. A.16 to the Robertson-Walker (RW) metric:

ds2 = −c2dt2 + a2(t)γij(~x)dxidxj (A.29)

A.2.4 Selection of the 3D spatial metric

Topologically, there are several options for a homogeneous isotropic 3-manifold defined via the 3-metric

γij(~x). Thus generally, we may describe an isotropic 3-manifold by:

ds2
3 = dχ2 + f(χ)dΩ (A.30)

where dΩ = dθ2 +sin2θdφ2 reflects the isotropy of the spatial comoving space. All possible homogeneous

3 manifolds may be parametrize the functional f(χ), via the k-parameter which is an intrinsic geometrical

property3 , and allow for a possible curvature-variation of the 3D-spatial-space as it is represenated in

Fig. 1.1.

Thus, assuming the Cosmological Principle and a possible 3D-spatial-space curvature, Eq. A.30 takes

the form of an Friedmann Lemâıtre Robertson Walker (FLRW) metric:

ds2 = −c2dt2 + a2(t)

[
1

1− kr2
dr2 + r2dΩ

]
(A.31)

Note, that this is a construction of a comoving coordinate system only by considering geometrical

properties.

3Intrinsic geometrical properties are geometrical properties that can be measured by measuring quantities
inside the same dimensional geometrical space
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A.3 General n-point Correlation function

Large scale structures are currently being investigated with the statistical tool dedicated to study

the correlation of the structures which is a manifestation of number density. If one would like to study

the correlations of a spatial distribution, independent of any assumption of homogeneity and isotropy or

a model describing the distribution, he could build estimators based on the definition of the correlation

function described by equation n-point-correlation function.

In liquid theory[206], it became clear that the presence of one molecule in a region increased the

probability of finding another nearby . To express this, consider a volume of space containing N

galaxies (or molecules or, generally, particles) labelled each by 1, 2, 3, ..., N . Consider the probability

that galaxy 1 is in a specified small region d~r1 and galaxy 2 in d~r2 and so on for n of the N galaxies by

P (n)(~r1, ~r2, ..., ~rn)d~r1d~r2...d~rn and whatever the configuration of the remaining N −n galaxies. Since all

n galaxies must be somewhere in the total volume V , the normalization for each P (n) is:

∫

V1

∫

V2

...

∫

Vn

P (n)(~r1, ~r2, ..., ~rn)d~r1d~r2...d~rn = 1 (A.32)

Next, suppose we wish to designate the probability that there are n galaxies in the volume elements

d~r1d~r2...d~rn without specifying which galaxy is in which volume element. Then any of the N galaxies

could be in d~r1, any of N − 1 in d~r2, and any of N − n+ 1 in d~rn, giving a total of

N(N − 1)...(N − 1 + 1) =
N !

(N − n)!
(A.33)

possibilities and the general distribution function is:

ρ(n)(~r1, ~r2, ..., ~rn) =
N !

(N − n)!
P (n)(~r1, ~r2, ..., ~rn) (A.34)

whose normalisation turns out to be:

∫

V

...

∫

V

ρ(n)(~r1, ~r2, ..., ~rn)d~r1d~r2...d~rn =
N !

(N − n)!
(A.35)

from equation (A.32).

To define the correlation function, we note that if the distribution is completely uncorrelated (analo-

gous to a perfect gas), the probabilities of finding galaxies in different volume elements are independent

and therefore the multiplication is giving:

ρ(n)
uncorr(~r1, ..., ~rn) = ρ(1)(~r1) · ... · ρ(1)(~rn) (A.36)

where ρ(1)(~ri) is just the probability that some galaxy is in d~ri at ~ri . But any correlations will introduce

modifications, which we can represent by writing more generally, as:

ρ(n)
corr(~r1, ..., ~rn) = ρ(1)(~r1) · ... · ρ(1)(~rn)

[
1 + ξ(n)(~r1, ..., ~rn)

]
(A.37)

Up to this point no assumption about the homogeneity or isotropy was made [157]. So the n-point

correlation function is defined via:

dP (n)(~r1, ~r2, ..., ~rn, ) = ρ(1)(~r1)...ρ(1)(~rn)
[
1 + ξ(n)(~r1, ..., ~rn)

]
d~r1d~r2...d~rn (A.38)
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A.4 CMASS Effective Volume Calculation

For a survey at redshift z with volume V (z) the effective volume is given by:

Veff =
∑

z

∆V (z)

(
n(z)P

1 + n(z)P

)2

(A.39)

where n(z) is the sample density at redshift z and P is the power spectrum calibration value of

the survey. For the CMASS galaxy sample the ratio of true clustering power to that from shot-

noise is given by n(zcmass)P = 3 [139]. This quantity is calculated in the following manner. We

have: Total CMASS galaxies = NGC + SGC = (571379 + 215571)gal = 786950gal within a volume of

Vsurvey = 5.1h−3Gpc3, assuming Planck-2015[6]. This gives a density of n(zcmass) = 154303h3Gpc−3 ≈
1.5 × 105 × 10−9h3Mpc−3 ≈ 1.5 × 10−4h3Mpc−3. The calibration Power Spectrum value is P =

20000h3Mpc−3 corresponding to the observed power spectrum at k ≈ 0.15hMpc−1 given at 6.7 sec-

tion of [139]. Therefore:

V cmass
eff = 5.1h−3Gpc3 ∗

(
3

1 + 3

)2

= 2.9h−3Gpc3 (A.40)

A.5 Cosmic Variance vs Shot Noise Domination

A shot-noise dominated sample is a sample in which enough modes have enter the survey volume, but

they are purely measured since we have very low density of objects. While in the case of cosmic variance

dominated sample because the density of objects is large enough, we can measure the modes. The test

to define such a sample is given through the equation:

nP =

{
' 1 Cosmic Variance dominated

<< 1 Shot noise dominated

}

A.6 Systematic Error from the underlying Modelling

Example: Imagine we measure the Homogeneity Scale with 2 different Methods. First method is by

reconstructing the D2 observable measuring the bias by only applying the Kaiser (K) at scales r =

[15, 40] h−1Mpc and then by applying the Kaiser plus Finger of God (K + F ) models at scales r =

[1, 40] h−1Mpc, by marginalising over the rest of the parameters of the model of course. The output

measurements are following values:

• RKH = 63.2± 0.8h−1Mpc

• RK+F
H = 62.6± 0.8h−1Mpc

then we have statistical error (random error) σstatRH
= 0.8h−1Mpc = δRK = δRK+F. However the

systematic error arise from the fact that there is a bias between the 2 models. So the systematic error

is about σsystRH
= |RKH − RK+F

H | = 0.6h−1Mpc . Then we say is that the contribution from the Finger

of God modelling is less than the statistical error. So there is a systematic difference between the two

methods which is less than the statistical error. So we dominated by statistics. It is a systematic since

we use different scales to apply the 2 models.
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From the experimental point of view, the systematic error is, generally, thought of as the error generated

from the instrument or detection methods malfunctions. Usually, they are treated with calibrations to

known values of the parameter space. These results into weights that you need to take into account on

to your observable.

A.7 D2(r) - Error Propagation from s.s.s. to l.s.s.

While Linear theory describes very accurately the large scale structures (l.s.s : r > 40h−1Mpc), it

fails to describe the small scale structures (s.s.s. : r < 40h−1Mpc). This means that the estimation

of the 2-point correlation function ξ(r) is not accurately described at s.s.s.. Our Fractal Correlation

Dimension estimator of the structures of the universe D2(r) is an radius-derivative of an integral over all

the possible angles of the 2-point correlation function. This means that before integration we multiply

the 2-point correlation function with the function s2. This will provide a small weighing at small scales

and a large weigh on larger scale. As a result, the alteration of the description of structures through

the 2-point correlation function estimator at s.s.s will not alter the description of structures using the

Fractal Correlation dimension estimator at l.s.s.

A.8 bias, a gain for DM2

Assuming a scale independent bias, we have the relationship of the correlation function between the

matter distribution and the galaxy distribution at any scale r as:

ξG(r) = b2ξM (r) (A.41)

The variance of the correlation functions are related through error propagation as:

σ2
ξG =

(
b2σξM

)2
+ (ξM 2 b σb)

2 (A.42)

Since ξM (r) ' 0 at large r, we have that the variances are related by:

σξG(r) ' b2σξM (r) (A.43)

Then the ξ-precision is similar for matter and galaxy distribution at any scale:

σξG

ξG
(r) ' σξM

ξM
(r) (A.44)

This means that the precision on the measurement of the correlation function on the matter distribution

is not affected by the bias. While for the scaled counts in spheres and Fractal correlation dimension, we

have a different picture on the relation of the precision. For the scaled count in spheres from:

N (< r) = 1 +
3

r3

∫ r

0

ξ(s)s2ds (A.45)

we can have:

NM (< r) =
NG(< r)− 1

b2
+ 1 (A.46)

With simple algebra this relation can be rewritten for any scale r:

NM =
1

b2
NG +

(
1− 1

b2

)
(A.47)
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With error propagation from Eq. A.46 we get:

σ2
NM =

(
1

b2
σNG

)2

+

(
−2
NG − 1

b3
σb

)2

(A.48)

Since NM (< r)− 1 ' 0 we have:

σNM '
1

b2
σNG (A.49)

Then by dividing Eq. A.49 with Eq. A.47 we have that the precision is written:

σNM
NM

=
1
b2
σNG

1
b2
NG + b2−1

b2

=
σNG

NG + (b2 − 1)
(A.50)

This means that the N -precision between galaxy and matter distribution for large scales is given by:

σNM
NM

(r) ' σNG(r)

NG(r) + (b2 − 1)
(A.51)

There is a gain for a biased tracer, while for an unbiased tracer there is no gain (b2 = 1).

Similar we have for the Fractal Dimension Precision! We consider that:

D2(r) = 3 +
∂ ln

∂ ln r

[
1 +

3

r3

∫ r

0

ξ(s)s2ds

]
(A.52)

Or simply:

D2(r)− 3 =
∂ ln N (< r)

∂ ln r
(A.53)

It follows that the relationship between matter and galaxy, at any scale r, can be given by:

DM2 − 3 =
∂ ln

∂ ln r

[
NM − 1

]
=

∂ ln

∂ ln r

[
1

b2
NG − 1

]
=

1

b2
∂ ln

∂ ln r
NM (A.54)

which leads to:

DM2 − 3 =
1

b2

(
DG2 − 3

)
(A.55)

This then can be rewritten with simple algebra as:

DM2 (r) =
1

b2
DG2 (r) +

3(b2 − 1)

b2
(A.56)

Simple error propagation from Eq. A.55 leads to:

σ2
DM2

=

(
1

b2
σDG2

)2

+

(−2

b3
(DG2 − 3)σb

)2

(A.57)

Then since DG2 (r)− 3 ' 0 for large r only the first term survives and we get:

σDM2 =
1

b2
σDG2 (A.58)

By dividing Eq. A.59 with Eq. A.47 we end up with:

σDM2
DM2

=

1
b2
σDG2

1
b2
DG2 + 3 (b2−1)

b2

(A.59)

Then the precision for the Fractal Correlation dimension will be given by:

σDM2
DM2

(r) =
σDG2 (r)

DG2 (r) + 3(b2 − 1)
(A.60)
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The Eq. A.60 and Eq. A.51 tell us that the precision of measuring the observable from a biased tracer

is gained from the individual bias.

If we measure the bias from the same data then that is a recursive technic. Although if we measure the

bias from low scale data and use it to reconstruct our observable on higher scales this is independent

measure of bias and we can reconstruct our observable to benefit from its gain. Furthermore, if we could

predict the bias from the theory then the use of bias would reconstruct the observable and make a gain

as well. Finally, since for the measurement of the homogeneity scale RO at 1%
H we propagate the error

from the observables D2 and N then the Homogeneity scale is benefit by the same gain from the bias

reconstruction. However, we find slighly different precision relation for the homogeneity scale since the

RM,D2=2.97
H and RG,D2=2.97

H measurements as they are performed at different scales.

A.9 Alternative homogeneity observables

Several authors have proposed to study the underlying matter distribution of galaxy samples with dif-

ferent observables, but we do not investigated them in this thesis. In particular, Fractal Correlation

dimension D2(r) is a special case of the generalised fractal dimension. Thus there are alternative ob-

servables to use to study a distribution of galaxies such as the generalised fractal correlation dimension

[207]:

Dq(r) =
1

q − 1

d log

d log r

[
1

MN

M∑

i=1

[ni(< r)]q−1

]
(A.61)

where ni(< r) =
∑N
j=1 Θ(r − |~xi − ~xj |) for each i-galaxy as a center is the number density defined via

the heaviside function Θ(X). Another special case of the generalised fractal correlation dimension is the

shannon-entropy observable (Information Dimension (D1)) :

H(X) = −
n∑

i=1

p(xi) log p(xi) (A.62)

where p(xi) is the probability distribution of the random variable X. The estimators of this observable

gives consistent result with ΛCDM N-body simulations [208]. Furthermore, another observable can be

defined using the anomalous diffusion (a.d.) of particles [209], which can be defined via:

√
〈r2〉 ∝ tα/2 (A.63)

where t is the number of steps of a random-walker walking on the centers of the galaxy sample and

αa.d. = 1 for an normal diffusion. Therefore, a thorough investigation is needed to study which is the

optimal estimator for the measurement of the homogeneity scale measurement. However, as we discussed

in chapter 4, we observed that among the estimators that are related to the fractal correlation dimension

the most optimum and simplest one is the cor-estimator, i.e. D2(r) = 3 + d ln
d ln r

(
1 + 1

r3

∫ r
0
ξls(s) s

2ds
)
,

where ξls is the usual Landy & Szalay estimator of the two point correlation function.

A.10 Gravitational Waves

The detection of the primordial black holes at the very late universe (z = 0.09+0.03
−0.04) was performed for

the first time from our best current Gravitational Wave Observatory LIGO [210].
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Figure A.1: (LIGO) Laser Interferometer Gravitational Wave Observatory.

The detection was achieved with a modified Michelson interferometer where the Gravitational Wave(GW)

strain was measured as a difference in lengths of each orthogonal arms. The two arms are formed by

two mirrors, acting as test masses, separated by Lx = Ly = L = 4km. Then a passing GW can alter

the arm lengths by a distance ∆L(t) = δLx − δLy = η(t)L, where η(t) is the GW strain amplitude as a

function of time t projected onto the detector. The detection was achieved in both detectors, located in

Hanford Washington (H1) and Livingston Louisiana (L1) as shown in figure Fig. A.1 on September 14

2015 at 09:50:45 UTC, in less than 10 msec apart.

The left part of figure Fig. A.2 represents the detected signal. This is the strain amplitude as a function

of time. One can observe that the signal becomes more apparent a few parts of seconds after the

triggering mechanism where the residuals are less apparent than the signal. After 0.35 seconds of the

triggering time, the signal-to-noise ratio is increasing significantly ∼ 2. The bottom of figure Fig. A.2,

shows the time-frequency representation of the strain data, expressing the signal frequency increasing

over time. That was the famous detection of the GW!

Figure A.2: Left: Gravitational Wave (GW) Signal as a function of time Right: Physical
interpretation of the GW signal, which correspond to a coalescence of two Black Holes

This current observational picture matches the predicted signal from numerical relativity which is shown

in the left part of figure Fig. A.2. This figure shows the phases of the two black hole coalescence effect

of the two massive black holes of masses ~M = (36+5
−4, 29+4

−4)M� as a function of time at 1.5± 0.6 billion

light years away from earth (which is the most precise but yet high fairly uncertainty). In the coallesense

effect there is the inspiral phase where the binary system performs an inspiral trajectory for about 0.15

seconds. Then for about 0.02 seconds, there is the merger phase where the GW emission peaks. Finally

the newborn sytem of 62M� mass performs a ringdown phase for about 0.01 seconds where there exists

still some GW emission until the final stable phase. The bottom panel quantifies the extreme velocities



Appendix A. Mathematical Treatments & Tips! 170

(0.5c) that the binary system exhibits during the coalescence phenomenon. Credits should be given to

both LIGO and VIRGO [211] collaborations for the tremendous effort that they put to analyse these

peculiar and beautiful detection pipeline.

A.11 Fisherology

Assuming that we have a measurement y(b) of an observable o(b; ~p) (where b are the bins and ~p are the

dependence of the parameters ) which is random Gaussian variable centred at each true value:

y(b) = o(b; ~p) + n(b) (A.64)

with

〈y(b)〉 = o(b; ~p)

〈n(b)〉 = 0

〈y2(b)〉 = σ2
o(~p)(b)

〈n2(b)〉 = σ2
o(~p)(b)

Then the propability of the measurement is:

P (~n|~p) ∝
∏

b

exp

(
− n2(b)

2σ2
o(~p)(b)

)
(A.65)

which is rewritten as:

P (~n|~p) ∝ exp
(
−1

2

∑

b

(
y(b)− o(b; ~p)
σo(~p)(b)

)2
)

(A.66)

We can maximize the value:

χ2(~p) =
∑

b

(
y(b)− o(b; ~p)
σo(~p)(b)

)2

(A.67)

However, using Taylor theorem we can expand χ2 arround the true values, ~p = ~p0 +δ~p, and average over

realisations of the data we have:

〈χ2(~p)〉 = χ2(~p0) +
∑

i

δpi〈∂χ
2

∂pi
〉+

1

2

∑

i,j

δpiδpj〈 ∂
2χ2

∂pi∂pj
〉+O(4) (A.68)

if we subtitute Eq. A.67 into the taylor expansion we have for the distribution of the error, n(b) in the

measured parameters is thus in the limit of high statistics (i.e. 〈 ∂χ2

∂pi
〉 = 0):

P (pi, pj) ∝ exp
(
−1

2
〈χ2(~p)〉

)

∝ exp
(
−1

4
δpiδpj〈 ∂

2χ2

∂pi∂pj
〉
)

∝ exp
(
−1

4
δpiδpjFij

)
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where we have defined the Fisher matrix, Fij , as:

Fij =
∑

b

1

σ2(b)

∂o(b)

∂pi

∂o(b)

∂pj
(A.69)

Note that we have assumed that σo(b; ~p) = σo(b). The inverse of the fisher matrix gives us the covariance

matrix of the parameters

Cij = 〈δpiδpj〉 = (F−1)ij (A.70)

Therefore, the Fisher Matrix quantifies the Maximum Information that an observable can give with

estimated error σ(b). Notice also, that this definition of the Fisher Matrix is only valid for errors that

do not depend on the parameters. In the more general case:

Fij =
∑

bb′

∂ob
∂pi

C−1
bb′
∂ob′

∂pj
+

1

2
trace

(
C−1
bb′
∂C−1

bb′

∂pi
C−1
bb′
∂C−1

bb′

∂pj

)
(A.71)

Furthermore, If one can construct a propability of the parameters of the model given a set of observational

data, P (~p|y(b)), e.g. with a Bayesian method, then the Fisher Matrix Components are given by:

Fij = −〈∂
2 lnP (~p|y(b))

∂pi∂pj
〉 (A.72)

The Cramer-Rao bound theorem suggest that the any unbiased estimator for the parameters delivers

a covariance matrix of parameter that is no better than the inverse of the Fisher Matrix, thus Fisher

Matrix has the ability to estimate parameters given a set of observations[189]. Fisher Matrix has some

useful properties:

1. Easy parameter-space change: Under param-change: ~q = M~p we have simply Fq = MTFpM ,

where M is the transformation matrix.

2. Additive property of 2 different datasets A and B: FA+B = FA + FB

3. Easy marginalisation: Remove the non-interesting (”nuisance”) parameters by removing the cor-

responding columns of F−1 and reinverse to obtain the reduced Fisher matrix.

A.12 Numerical Error propagation on interpolated point

Consider that we estimate a function (yd(xd) at bin d through a polynomial function(or spline function[212]

or other):

ypol =

N−1∑

i=0

aix
i = F (x;~a) (A.73)

This results in the estimated parameters ~̃a and the covariance, C(ai, aj). Then at a point which is

between the bins xh 6= xd we have that:

y(xh) ≡ yh ' a0x
0 + aix

1 + a2x
2 + a3x

3 + ... (A.74)

Then perturbing the y in respect of each parameters ai at position xd = xh we have:

yh,0 = (a0 + δa0) + a1x
1
h + a2x

2
h + ... (A.75)

yh,1 = a0 + (a1 + δa1)x1
h + a2x

2
h + ... (A.76)

... = ... (A.77)

yh,N = a0 + a1x
1
h + a2x

2
h + ...+ (aN + δaN )xNh (A.78)
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This allows us to define the partial derivative at position xh as:

∂yh
∂a0
|xd=xh =

yh,0 − yh
δa0

=
δa0

δa0
= 1 (A.79)

∂yh
∂a1
|xd=xh =

yh,1 − yh
δa1

=
δa1x

1
h

δa1
= xh (A.80)

... = ... (A.81)

∂yh
∂aN
|xd=xh =

yh,N − yh
δaN

=
δaNx

N
h

δaN
= xNh (A.82)

In compact form this is written as:

∂yh
∂~a
|xd=xh =

(
∂yh
∂a0

, ...,
∂yh
∂aN

)
(A.83)

Therefor the error of y at the intermidiate position xd = xh is given by:

σ2
y(xd) =

N∑

i,j=1

∂yh
∂ai
|xd=xh · Cai,aj ·

∂yh
∂aj
|xd=xh (A.84)

If we need to transfer the function of the y-axis to the x-axis at xh, we only need to estimate the slope

of the function at position xh with the estimated parameters, ~̃a:

dyh
dx
|xd=xh =

d

dx

[
F (x, ~̃a)

]
|x=xd (A.85)

Then the error on the x axis at xd = xh is given by:

δxh =
σy

dyh
dx
|xd=xh

(A.86)

In our analysis, we consider a small perturbation at all parameters of the spline, i.e. ai = 0.01 for every

i ∈ N.

A.13 Why locally we observe Minkowski space while glob-

ally we feel expansion?

Any observer can sense global expansion since he/she reads:

ds2 = −dt2 + a2(t)dx2 (A.87)

But due to the fact that Locally we have spacetime curvature through:

Gµν ∝ Tµν(Λ,m) (A.88)

one can make a change of variables:

ds2 = −dt′2 + dx′2 (A.89)

which looks Minkowski. So 2 objects that are locally bound by the gravitational force seem to stay

together (because we read from the transformed spacetime (Minkowski)), but 2 objects that are far are

always going away from each other as can be seen by Doux [213].



Appendix A. Mathematical Treatments & Tips! 173

A.14 Can we use ratios as an N -Estimator?: No

Why don’t we use :

N (< r) =

NR=NG∑

i=i

DDi
1

NG(NG−1)

DRi
1

NR(NR−1)

(A.90)

or the Variance of the ratios DDi/DRi. Consider the following example from Ogliore et al. [214].

When we have two Random Variables X,Y : and we want to estimate the R = Ȳ
X̄

there are 2 possible

easy ways4:

r1 =
1
n

∑∞
i=0 yi

1
n

∑∞
i=0 xi

' R
[
1 +

1

nX̄
+

1

n2X̄2

]
(A.91)

or

r2 =
1

n

∞∑

i=0

yi
xi
' R

[
1 +

1

X̄
+

1

X̄2
− 3Cov[X,Y ]

X̄Ȳ

]
∼ R

[
1 +

1

X̄
+

1

X̄2

]
(A.92)

. Note that r1 is n times less biased than the r2 in first order. The variance of r1 is given by:

V [r1] = E [(r1 − E[r1]] ' R2

[
1

n

(
1

X̄
+

1

Ȳ

)
+

1

n2

(
6

X̄2
+

3

X̄Ȳ

)]
(A.93)

while:

V [r2] = V
[ ȳ
x

]
=

1

n
V

[
yj
xj

]
' R2

n

[
1

X̄
+

1

Ȳ
+

6

X̄2
+

3

X̄Ȳ

]
(A.94)

Lets consider the simple case where we have 1 dimension. Python Exercise:

Then if X,Y are both 2 random(uniform=homogeneous) distributions between the value [0,1]. Then if

we measure:

• mean(X/Y) = 6, while mean(X)/mean(Y) = 0.99

Then if X,Y are both 2 gaussian distributions with the same mean=10 and variance=1 then:

• mean(X/Y) - mean(X)/mean(Y) = 0.01 always.

this means that mean(X)/mean(Y) is a less biased estimator of 2 random variables.

A.14.1 Hubble Distance Measure

If one would like to prove that we live in and expanding isotropic and Homogeneous universe, he would

prefer, ideally, to use probes that are model independent in order to have an observational fact indepen-

dent from a theoretical framework. As we discussed thoroughly in chapter 1 and chapter 2, part of the

assumptions of cosmological models are well tested from other studies, we can focus on the Homogene-

ity part of the set of cosmological assumptions. So lets address the question: Can we observe Cosmic

Homogeneity in a model independent way?

Since resolution of the redshift information on large scale structure is not important (actually it is), we

could use the low redshift galaxies samples. At these redshift regimes the Hubble Law is reduces from

Eq. 1.31 to the simple form cz = H0d. The difference between the Hubble distance and ΛCDM-distance

as a function of redshift is described in figure in Fig. A.3. We could use this law to define distances

from our spectroscopic data and have a model independent measurement of galaxy-counts. The distance

4There are also other possibles according to Ogliore et al. [214].
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Figure A.3: ΛCDM-model Distance minus hubble distance as a function of redshift, z, for
different fiducial cosmologies.

error between the model dependent distance measure dΛCDM (z) = dFLRW (z; Ωm) and hubble distance

dH(z) is about 250h−1Mpc at z = 0.6. Since precision is not an important issue we can use dH which

is model independent relationship. However, the reconstructed 3D distribution of galaxies from dH is

completely different from the model dependent reconstructed distribution from dFLRW at the epoch of

interests, z ' 0.5, as shown in Fig. A.3. Therefore, this is not good idea, because one infers wrong

distances that are approximately true only on late times, z << 0.1.



Bibliography

[1] Emile Faguet. Initiation Into Philosophy. BookRix, 2016.

[2] Tatsumi Aoyama, Masashi Hayakawa, Toichiro Kinoshita, and Makiko Nio. Tenth-order qed

contribution to the electron g- 2 and an improved value of the fine structure constant. Physical

Review Letters, 109(11):111807, 2012.

[3] ”metre”. https://en.wikipedia.org/wiki/Metre. Wikipedia: The Free Encyclopedia. Wikime-

dia Foundation, Inc. 22 July 2004. Web. 10 Aug. 2004.

[4] Elias Kiritsis. String theory in a nutshell. Princeton University Press, 2011.

[5] Y Jack Ng. Quantum foam and quantum gravity phenomenology. In Planck Scale Effects in

Astrophysics and Cosmology, pages 321–349. Springer, 2005.

[6] Planck Collaboration, P. A. R. Ade, N. Aghanim, M. Arnaud, M. Ashdown, J. Aumont, C. Bacci-

galupi, A. J. Banday, R. B. Barreiro, J. G. Bartlett, and et al. Planck 2015 results. xiii. cosmological

parameters. 594:A13, September 2016.

[7] Albert Einstein. Kosmologische und relativitatstheorie. SPA der Wissenschaften, 142, 1917.

[8] Mauro Pieroni. Classification of inflationary models and constraints on fundamental physics. arXiv

preprint arXiv:1611.03732, 2016.

[9] DJ Fixsen. The temperature of the cosmic microwave background. The Astrophysical Journal,

707(2):916, 2009.

[10] QR Ahmad, RC Allen, TC Andersen, JD Anglin, JC Barton, EW Beier, M Bercovitch, J Bigu,

SD Biller, RA Black, et al. Direct evidence for neutrino flavor transformation from neutral-current

interactions in the sudbury neutrino observatory. Physical review letters, 89(1):011301, 2002.

[11] Anton Koekemoer. The legacy of the hubble space telescope spectrographs. In Hubble after SM4.

Preparing JWST, volume 1, page 13, 2010.

[12] Bodifee, gerard. ”catalogue of one thousand named galaxies”. retrieved 21 may 2017.

[13] F Aharonian, AG Akhperjanian, U Barres De Almeida, AR Bazer-Bachi, Yvonne Becherini, B Be-
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[138] Claudia Maraston, G Strömbäck, Daniel Thomas, et al. Modelling the colour evolution of lu-

minous red galaxies–improvements with empirical stellar spectra. Monthly Notices of the Royal

Astronomical Society: Letters, 394(1):L107–L111, 2009.

[139] Beth Reid, Shirley Ho, Nikhil Padmanabhan, Will J Percival, Jeremy Tinker, Rita Tojeiro, Martin

White, Daniel J Eisenstein, Claudia Maraston, Ashley J Ross, et al. Sdss-iii baryon oscillation

spectroscopic survey data release 12: galaxy target selection and large-scale structure catalogues.

Monthly Notices of the Royal Astronomical Society, 455(2):1553–1573, 2016.

[140] Stephen A Smee, James E Gunn, Alan Uomoto, Natalie Roe, David Schlegel, Constance M Rockosi,

Michael A Carr, French Leger, Kyle S Dawson, Matthew D Olmstead, et al. The multi-object,

fiber-fed spectrographs for the sloan digital sky survey and the baryon oscillation spectroscopic

survey. The Astronomical Journal, 146(2):32, 2013.
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