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Introduction

Let N denote the set of natural numbers, including 0. A semigroup S is an additive submonoid of (N, +), that
is0 € S and if a,b € 5, then a+ b € S. A numerical semigroup S is a submonoid of N of finite complement,
i.e., N\ S is a finite set. It can be shown that a submonoid of N is a numerical semigroups if and only if the
group generated by S in Z (namely the set of elements > 7_; Nia;, Ai € Z,a; € S) is Z.

There are many invariants associated to a numerical semigroup S. The Apéry set of S with respect to an
element a € S is defined as

Ap(S,a) ={seS; s—a¢ S}.
The elements of N\ S are called the gaps of S. The largest gap is denoted by

f = £(S) = max(N\ )

and is called the Frobenius number of S. The number f(5)+1 is known as the conductor of S and denoted
by ¢ or ¢(S).The number of gaps
g=9(5) =[N\ 5|
is known as genus of S. The smallest non zero element m = m(S) of S is called the multiplicity of S and
the set {s € S;s < f(S)} is denoted by n(S). Every numerical semigroup S is finitely generated, i.e., S is of
the form
S=<g1,...,90 >=Ng; + ...+ Ng,

for suitable unique coprime integers g1, ..., g,. The number of minimal set of generators of S is denoted by
v =uv(S5)

and is called the embedding dimension of S. An integer z € N\ S is called a pseudo-Frobenius number
if 45\ 0 C S. The type of the semigroup, denoted by ¢(S) is the cardinality of set of pseudo-frobenius
numbers. We have formulas linking these invariants.

Frobenius in his lectures proposed the problem of giving a formula for the largest integer that is not repre-
sentable as a linear combination with nonnegative integer coefficients of a given set of positive integers whose
greater common divisor is one. He also threw the question of determining how many positive integers do
not have such a representation. This problem is known as Diophantine Frobenius Problem. Using the
terminology of numerical semigroups, the problem is to give a formula, in terms of the elements in a minimal
system of generators of a numerical semigroup 5, for the greatest integer not in .S. This problem, introduced
and solved by Sylvester for the case v = 2 (see [21]), has been widely studied. For v = 3, in 1962 Brauer
and Shockly (see [6]) found a formula for the Frobenius number but their solution was not a polynomial in
the generators and it involved magnitudes which could not be expressed by the generators. Later on, more
solutions to this case were found by using different methods (for example see [20]). However, all of these
methods do not give explicit formula of the Frobenius number in terms of the generators. Generally, it has
been proved in [15] that f(S) is not algebraic in the set of generators of S.

In [22] 1978 H. S. Wilf proposed a conjecture suggesting a regularity in the set N\ S. It says the following :
f(S)+1 <v(S)n(S).

Although the problem has been considered by several authors (cf. [2], [4], [9], [10], [L1], [14], [19], [23] ), only
special cases have been solved and it remains wide open. In [9], D. Dobbs and G. Matthews proved Wilf’s
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conjecture for v < 3. In [14], N. Kaplan proved it for ¢ < 2m and in [10] S. Eliahou extended Kaplan’s work
for ¢ < 3m.

In Chapter 1, we recall some basics about numerical semigroups that will be used through the thesis.

In Chapter 2, we generalize the case covered by A. Sammartano in [19], who showed that Wilf’s conjecture
holds for 2v > m, and m < 8, based on the idea of counting the elements of S in some intervals of length m.
We use different intervals in order to get an equivalent form of Wilf’s conjecture and then we prove it in some
relevant cases. In particular our calculations cover the case where 2v > m, proved by Sammartano in [19].
Here are few more details on the contents of this Chapter. Section 2.1 is devoted to give some notations that
will enable us in the same Section to give an equivalent form of Wilf’s conjecture. In Section 2.2, we give
some technical results needed in the Chapter. Let Ap(S,m) = {0 = wp < w1 < -+ < Wp_1}. In Section
2.3, first, we show that Wilf’s conjecture holds for numerical semigroups that satisfy w,,—1 > w; + w, and
(2+ O‘;3)1/2mfor some 1 < a < m — 1 where ¢ = gm — p for some ¢ € N, 0 < p < m — 1. Then, we prove
Wilf’s conjecture for numerical semigroups with m — v < 4 in order to cover the case where 2v > m. We also
show that a numerical semigroup with m — v = 5 verify Wilf’s conjecture in order to prove the conjecture for
m = 9. Finally, we show in this Section, using the previous cases, that Wilf’s conjecture holds for numerical

semigroups with (2 + é)u > m. In Section 2.4, we prove Wilf’s conjecture for numerical semigroups with

Wyp—1 > Wo—1 + We and (OCTH)V > m for some 1 < a < m — 1. In Section 2.5, we show Wilf’s conjecture

Yz | (y—g—1)+(y—2)+ | L] (z—1
e L%”)Jﬁ%)ﬁtzmj( ))v > m. The
U w

holds for numerical semigroups with w,,—1 —m > w,; +w, and (2 +

last Section 2.6 aims to verify the conjecture in the case m and also in the case n < 5.

Exact determination of Ap(S,m), f(S), ¢g(S) and PF(S) is a difficult problem. When S is generated by an
arithmetic sequence < m,m + 1,...,m + [ >, Brauer [5] gave a formula for f(S). Roberts [17] extended
this result to generators in arithmetic progression (see also [3], [24]). Selmer [20] and Grant [13] generalized
this to the case S =< m,hm + d,hm + 2d,...,hm + ld >. In [16], it has been considered the case of
semigroups generated by {m,m +d,...,m +ld,c} (called almost arithmetic semigroups) where it has been
given a method to determine Ap(S,m) and also symmetric almost arithmetic semigroups. In [12], pseudo
symmetric almost arithmetic semigroups have been characterized. In Chapter 3, we focus our attention on
numerical semigroup consisting of all non-negative integer linear combinations of relatively prime positive
integers m,m+1,...,m+1,k(m+1) +r where k, m,l,r are positive integers and r < (k + 1) + 1. We give
formulas for Ap(S,m), f(5),¢(S) and PF(S). We also determine the symmetric and the pseudo symmetric
numerical semigroups of this form. Note that our semigroups < m,m—+1,...,m+10, k(m+1)+r > are almost
arithmetic semigroups. The advantage is that we are able for this class of semigroups to determine all the
invariants with simple formulas.

Good references on numerical semigroups are [18] and [1].



Basics and notations

Definition 1.0.1. Let S be a subset of N. We say that S is a submonoid of (N, +) if the following holds :
0esS.

Ifa,be S, thena+beS.

Remark 1.0.2. All semigroups considered in this thesis are submonoids of (N, +), hence commutative, that
is,a+b=0b+a forall a,be S.

Example 1.0.3. Consider the following examples :
{0} and N are trivially submonoids of N.

Let d be an element of N, the set dN = {da : a € N} is a submonoid of N.

Definition 1.0.4. Let S be a submonoid of N. If N\ S is a finite set, then S is said to be a numerical
semigroup.

We have the following characterization of numerical semigroups :

Proposition 1.0.5. (See Lemma 2.1 in [18]) Let S # {0}, and S # N be a semigroup of N and let G be
the subgroup of Z generated by S, i.e., (G = {>°;_; Niai,s € N,\; € Z,a; € S}). Then, S is a numerical
semigroup if and only if G = 7Z, i.e., (ged(S5)=1).

Proposition 1.0.6. (See Proposition 2.2 in [18]) Let S be a semigroup of N. Then, S is isomorphic to a
numerical semigroup.

Definition 1.0.7. Let S be a numerical semigroup and let A C S. We say that S is generated by A and
we write S =< A > if for all s € 5, there exist a1,...,a, € A and A1,..., A\ € N such that a = Y/, Aia;.
We say that S is finitely generated if S =< A > with A C S and A is a finite set.

Remark 1.0.8. Through this thesis X* will stand for X \ {0}.

Next, we introduce an important tool associated to a numerical semigroup.
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Definition 1.0.9. Let n € S*. We define the Apéry set of S with respect to n, denoted by Ap(S,n), to
be the set
Ap(S,n) ={se€S:s—n¢ S}

Remark 1.0.10. Given a non zero integer n and two integers a and b, we write a = b mod (n) to denote
that n divides a — b. We denote by b mod n the remainder of the division of b by n.

From Definition 1.0.9, we can easily see the following.

Lemma 1.0.11. Let S be a numerical semigroup and let n € S*. For all 1 <i < n, let w(i) be the smallest
element of S such that w(i) =i mod (n). We have the following :

Ap(S,n) ={0,w(1),...,w(n—1)}.

Proposition 1.0.12. Let S be a numerical semigroup. Let n € S* and let Ap(S,n) = {wo < w1 ... < wp_1}
be the Apéry set of S with respect to n. We have the following :

wo = w(0) = 0.
|[Ap(S,n)| = n.

Proposition 1.0.13. (See Lemma 2.6 in [18]) Let S be a numerical semigroup and let n € S*. For all s € S,
there exists a unique (k,w) € N x Ap(S,n) such that s = kn + w.

As a consequence of Proposition 1.0.13, we obtain the following property.
Corollary 1.0.14. (Theorem 2.7 in [18]) Let S be a numerical semigroup. Then, S is finitely generated.

Definition 1.0.15. Let S be a numerical semigroup and let A C S*. We say that A is a minimal set
of generators of S if S =< A > and for all z € A, z cannot be written as a linear combination with
nonnegative integer coefficients of other elements in A.

Corollary 1.0.16. (See Corollary 2.8 in [18]) Let S be a numerical semigroup. Then, S has a minimal set
of generators. This set is finite and unique.

Definition 1.0.17. Let .S be a numerical semigroup. We define the following invariants :

The embedding dimension of S denoted by v(S), or v for simplicity, is the cardinality of the
minimal set of generators of S.

The multiplicity of S denoted by m(S), or m for simplicity, is the smallest non zero element of S.

Lemma 1.0.18. (See Proposition 2.10 in [18]) Let S be a numerical semigroup with multiplicity m and
embedding dimension v. We have v < m.

Let us recall some basic and important invariants of numerical semigroups.

Definition 1.0.19. Let S be a numerical semigroup. We introduce some invariants associated to a numerical
semigroup S :

We define the Frobenius number of S, denoted by f or f(S) to be max (Z\ 5).
We define the conductor of S, denoted by ¢ or ¢(5) to be f(S) + 1.

4
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We define the set of gaps of S, denoted by G(S) to be N\ S.
We define the genus of S, denoted by ¢(S) to be the cardinality of G(.5).

We denote by n(S5), the cardinality of {s € S : s < f(S5)}.

Remark 1.0.20. Note that f(S) > 1 for all non trivial numerical semigroups.

Lemma 1.0.21. (See in [6], [20]) Let S be a numerical semigroup and let n € S. Then,
£(8) = max(Ap(S, ) — n.

W)= Y w-imn-1)

" wEAp(S,n)

Definition 1.0.22. Let S be a numerical semigroup. We say that « € N is a pseudo-Frobenius number
if v ¢ Sand z+s e S for all s € S*. We denote by PF(S) the set of all pseudo-Frobenius numbers of S.
We denote the cardinality of PF(S) by t(S) and we call it the type of S. It results from the definition of

f(S) that f(S) € PF(S), and also f(S) = max (PF(S5)).

Corollary 1.0.23. (See Theorem 20 in [11]) Let S be a numerical semigroup with Frobenius number f(.5),
type t(S) and n(S) = |{s € S : s < f(S)}|. Then, we have

f(8) + 1< (t(S) + )n(S).

Wilf’s conjecture : Let the notations be as before. The problem whether f(S) + 1 < n(S)r(S) is known
as Wilf conjecture [22]|. For some families of numerical semigroups this conjecture is known to be true, but
the general case remains unsolved.

Remark 1.0.24. By Corollary 1.0.23, if ¢(5) < v(S) — 1, then S satisfies Wilf’s conjecture.
Definition 1.0.25. Let a,b € N. We define <g as follows : a <g b if and only if b —a € S.

Remark 1.0.26. As S is a numerical semigroup, it easily follows that <g is an order relation over S
(reflexive, transitive and anti symmetric).

Definition 1.0.27. Let S be a numerical semigroup and n € S*. Let Ap(S,n) = {wp =0 < w1 < wg <
... < wp—_1} be the Apéry set of S with respect to n. Then, define the following sets :

min<g (Ap(S,n)) = {w € Ap(S,n)* such that w is minimal with respect to <g}.

max<¢(Ap(S,n)) = {w € Ap(S,n)* such that w is maximal with respect to <g}.

Lemma 1.0.28. (See Lemma 6 in [11]) Let S be a numerical semigroup, n € S* and Ap(S,n) be the Apéry
set of S with respect to n. Let w € Ap(S,n) and u € S. If there exist v € S such that w = u + v, then u €
Ap(S,n).

Corollary 1.0.29. Let x € Ap(S,n)*. We have the following :
x € min<(Ap(S,n)) if and only if z # w; + w; for all w;, w; €Ap(S,n)*.
x € max<,(Ap(S,n)) if and only if w; # x + w; for all w;, w; €Ap(S,n)*.

Proof. Let x € Ap(S,n)*.
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Let € min< (Ap(S,n)). Suppose by the way of contradiction that x = w; + w; for some w;, w; €
Ap(S,n)*. Then, z = w; + w; with w; € Ap(S,n) and w; € S which implies that ¢ min< (Ap(S,n))
and we get a contradiction.

Conversely, suppose that « # w; + w; for all w;, w; €Ap(S,n)*. Suppose by the way of contradiction
that z ¢ min< (Ap(S,n)), then there exist w; € Ap(S,n) and s € S such that x = w; + s. By
Lemma 1.0.28, it follows that s € Ap(S,n). Thus, z = w; + s such that w;, s € Ap(S,n) which gives a
contradiction.

Let z € max< (Ap(S,n)). Suppose by the way of contradiction that w; = x + w; for some w;, w; €
Ap(S,n)*. Then, w; = x4+ w; with w; € Ap(S,n) and w; € S which implies that z ¢ max< (Ap(S,n))
and we get a contradiction.

Conversely, suppose that w; # x + w; for all w;, w; € Ap(S,n)*. Suppose by the way of contradiction
that z ¢ max< (Ap(S,n)), then there exist w; € Ap(S,m) and s € S such that w; = « + s. By
Lemma 1.0.28, it follows that s € Ap(S,n). Thus, w; = x + s such that w;, s € Ap(S,n) which gives a
contradiction.

Thus, the proof is complete.

Proposition 1.0.30. (See Lemma 3.2 in [7] ) Let S be a numerical semigroup with multiplicity m and
embedding dimension v and let n € S*. Let Ap(S,n) be the Apéry set of S with respect to n and let
{g1 < g2 <...< gy} be the minimal set of generators of S. We have the following :

g1 =m.
mlnSS(Ap(S7 n)):{927 AR gl/}

max<(Ap(S,n))={w € Ap(S,n) such that w — n is a pseudo-Frobenius number of S}.

From Proposition 1.0.30, it follows Corollary 1.0.31.

Corollary 1.0.31. Let S be a numerical semigroup with multiplicity m, embedding dimension v and
{g1 =m, g2,...,9,} the minimal system of generators of S. Let n € S* and Ap(S,n) be the Apéry set of S
with respect to n. We have the following :

| mine, (Ap(S.n))| = v — L.
[Ap(S, n)*\mine, (Ap(S, n))| = n — v.

| max< (Ap(S; n))| = t(5).

We introduce in Definitions 1.0.32 and 1.0.33 special kind of numerical semigroups and give some properties
of this kind in Lemma 1.0.34.

Definition 1.0.32. A numerical semigroup is said to irreducible if and only if S cannot be expressed as
the intersection of two numerical semigroups 51, Sz such that S C 51,5 C Ss.

Definition 1.0.33. Let S be a numerical semigroup. We have the following :
S is said to be symmetric if and only if S is irreducible and f(S) is odd.

S is said to be pseudo-symmetric if and only if S is irreducible and f(S) is even.

Lemma 1.0.34. (See Corollary 4.5 in [18]) Let S be a numerical semigroup with Frobenius number f(.5)
and genus ¢(.5). We have the following :
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S)+1
S is symmetric if and only if g(S) = f(;—i_

2

S is pseudo-symmetric if and only if g(S) = f(S;+
Remark 1.0.35. Consider the following notation that will be used throug this thesis :
We denote by floor (x) = |x]| the largest integer less than or equal to z.

We denote by ceil (x)= [z] the smallest integer greater than or equal to x.






Wilf’s conjecture

In this chapter, we give an equivalent form of Wilf’s conjecture in terms of the elements of the Apéry set
of S, embedding dimension and the multiplicity. We also give an affirmative answer to Wilf’s conjecture in
some cases.

2.1 Equivalent form of Wilf’s conjecture

Let the notations be as in the introduction. For the sake of clarity we shall use the notations v, f, n,c... for
v(S), £(S),n(S), c(S).... In this Section, we will introduce some notations and family of numbers that will
enable us to give an equivalent form of Wilf’s conjecture at the end of this Section.

Notation. Let S be a numerical semigroup with multiplicity m and conductor ¢ = f + 1. Denote by

q= [E]
Thus, gm > c and ¢ = gm — p with 0 < p < m.
Given a non negative integer k, we define the kth interval of length m,

Iy =[km—p,(k+1)ym—pl={km—p,km —p+1,...,(k+1)m —p—1}.

We denote by
ng = |S N I

For j € {1,...,m — 1}, we define n; to be the number of intervals I, with nj, = j.

n; = {k e N; ng = j}|.

Let 0 <k <qg—2 If s € SNI then s+m € SN Iy 1. This implies that ny < ngyq1. Let for example
S = (4,6,13). We have ¢(S) = ¢ = 16 = 4 -4, hence I}, = [km,(k + 1)m[ for all £ > 0. Moreover,
ng=1,n1 =2,n9 =2,n3 =3, and ng = 4 for all £k > 4. We also have n; = 1,170 = 2,193 = 1.

Proposition 2.1.1. Under the previous notations, we have :
i) 1<npy<m-—1foral0 <k <gqg-1.

1) ng =m for all k > q.
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q—1
i11) Z ng = n(S) =n.
k=0

m—1
) > ni=q.
=1
m—1 q—1
v) Zjnj = an:n.
j=1 k=0
Proof.

i) We can easily verify that if S contains m consecutive elements a,a + 1,...a +m — 1, then for all
n>a+m,n € S. Since (¢ — 1)m —p < f < gm — p, then it follows that nr < m — 1 for all
0<k<qg—1. Moreover, km € SNI; forall 0 < k < g¢g—1, thus n; > 1.

i) We have f =gm —p—1 € I,_;. From the definition of the Frobenius number, it follows that ny = m
for all k > q.

1i1) %;%) ng is nothing but the cardinality of {s € S;s < f} which is n(S) by definition.
iv) We have 1 < ‘S N Ik,] <m —1if and only if 0 < k < ¢ — 1. This implies our assertion.
v) The sum Z;-”:_ll Jnj is nothing but the cardinality of | U%;é S N I| = n. This proves our assertion.

Thus, the proof is complete.

Next, we will express n; in terms of th Apéry set.

Proposition 2.1.2. Let Ap(S,m) = {wy =0 < w; < ws < ... < Wy_1}. Under the previous notations, for
all1 <j <m—1, we have

o witp, w1 tp
ni =1 m =1 m ]

Proof. Fix 0 < k < g—1and let 1 < j < m — 1. We will show that the interval I} contains exactly j
elements of S if and only if wj_; < (k+ 1)m — p < wj.

Suppose that I} contains j elements. Suppose, by contradiction, that w;_1 > (k + 1)m — p. We have
Wrp—1 > ... > wj—1 > (k+1)m — p, thus

q
Wip—1,--,Wj—1 € Ut:k—i—llt'

Hence, Ij; contains at most j —1 elements of S (namely wo+km = km, wi +kim, wa+kam, ..., wj_o+kj_om
for some ki,...,kj—2 € {0,...,k —1}). This contradicts the fact that I} contains exactly j elements of S.
Hence, wj_1 < (k+1)m — p.

If w; < (k+1)m —p, then wg < ... <w;j < (k+1)m — p, thus

k
wo, . e ,wj € Ut:OIt‘

Then, I}, contains at least j + 1 elements of S which are : wg +km = km, w1 + kim, wa +kam, ..., w; +k;m
for some kq,...,k; € {0,...,k — 1}, which contradicts the fact that I} contains exactly j elements of S.
Hence, wj > (k+1)m—p. Consequently, if I}, contains exactly j elements of S, then w;_1 < (k+1)m—p < w;.

Conversely, wj_1 < (k+ 1)m — p implies that wg < ... <w;j_1 < (k4 1)m — p, then
we, ..., Wj—1 € Uf:(]]t.

Hence, I}, contains at least j elements of S which are wg +km = km, w1 +kim, wa +kom, ..., w1 +kj_1m
for some ki,...,kj—1 € {0,...,k — 1}. On the other hand, w; > (k + 1)m — p implies that wp,—1 > ... >
wj > (k+1)m — p, then

W1y, Wj € Ult]:k+1lt'

10
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Thus, I}, contains at most j elements of S which are : wo +km = km,wy +kim,wa +kam, ..., wj_1 +kj_1m
for some ki,...,kj—1 € {0,...,k — 1}. Hence, if wj—1 < (k+ 1)m — p < wj, then I} contains exactly j
elements of S and this proves our assertion. Consequently,

n; = [{k € Nsuch that [I; N S| =j}|

= |{k € N such that w;_; < (k+1)m — p < w;}|

= |{k € N such that === < (k4 1) < L2}

= |{k € N such that =172 1 < | < W2 1}

= |{k € N such that [“=12| < | < ML) — 1}

= [t - 1)

Thus, the proof is complete.
Proposition 2.1.3 gives an equivalent form of Wilf’s conjecture using Propositions 2.1.1 and 2.1.2.
Proposition 2.1.3. Let S be a numerical semigroup with multiplicity m, embedding dimension v and

conductor f+1=qgm —pforsomegeNand 0<p<m—1. Let wg=0< w; <ws <...<wpy_1 be the
elements of Ap(S,m). Then, S satisfies Wilf’s conjecture if and only if

m—1

S - |2 Gy~ m) £ p > 0.

J=1

Proof. By Proposition 2.1.1, we have

q—1 q—1 q—1 q—1
fHI<mwegm—p<vY mpe Y m—p< > mre Y (npr—m)+p > 0.
k=0 k=0 k=0 k=0
Equivalently, we obtain
m—1
> iy —m)+p=0
j=1
By applying Proposition 2.1.2, we get
m—1 m—1 w; + p Wi+ p
nj(jv—m)+p20e Y (=] - [-——=))(jv —m) +p > 0.
et = m m

Thus, the proof is complete.

2.2 Technical results

Let S be a numerical semigroup and let the notations be as in Section 2.1. In this Section, we give some
technical results will be used through the Chapter.

Remark 2.2.1. Let Ap(S,m) = {wp =0 < w; < ... < wp_1}. The following technical remarks will be
used through the Chapter :

N Wo+p
=0.
i) |22
.. . w; + p
i1) For all 1 <i <m —1, we have | |1>1

11
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ii1) For all 1 <1i <m — 1, we have either Lwi+pJ:L%J or Lwi—i_pJ:L%J—i-l.
m m m
iv) If LwierJ = L%J + 1, then meth >2and p > 1.
m m m
v) Forall 0 <i < j<m—1, we have Lwr{_pJSijijJ.
m m

. wmfl‘i‘p i

vi) | - | =q.
Proof.

i) This is because wy = 0 and 0 < p < m.
i1) We have m < w; for all 1 <4 < m — 1. This implies the result since p > 0.

i17) Forall 1 <i <m—1,let w; = g;m+r; such that ¢;,r; € Nand r; < m. We have | 72] = ¢;. Therefore,

wit+p, o gm+rite, o Titp, o Titp, Wi Ti +p
R P U S P L L ha)
Since 0 < p,r; < m, it follows that0§%<2. Consequently, 0 < L%J < 1. Hence,
wj w; + p wj
— | < < |— 1.
()< PR <
Equivalently,
w; + p W; Wi + p w;
== =|— 1.
(DL ) o [ MEL)

iv) Suppose that |“2f2| = || + 1. By using part ii), we get 2] > 2. In this case p > 1 (as p > 0).

v) By definition, we have w; < w; for all 0 < i < j < m — 1. Thus, wiTJ“p < ijer. Consequently,
Lwi"!‘pJ < ij+PJ.
m - m

vi) By Lemma 1.0.21, we have f = max(Ap(S,m)) — m = wy,_1 — m. Hence, |“2=1*L| = {%J =
|motmtp| _ g
m
Thus, the proof is complete.
Let 1 < a < m — 1. Using Remark 2.2.1, we get the following inequalities which will be used later in the
Chapter :

J=1 j=0
a—1 . We, w a—1 w; '
Jj=1 J=1
a—1 .
:Lwanjpj(ay— )—LwOT:pJ(V_m)— Lw]nijV
j=1
a—1 .
= L7 o —m) = | ) — | o S R
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a—1 ) "
e R e D e A I R )
=2

From Remark 2.2.1 (v), we have LwJT—HJJ < [®ef2| V2 < j <a— 1. Hence,

Sy BT y  m

j=1
2Lwa+pj(az/—m)— w1+p iwaer
= 12 (v — m) - V“T”J M (0 - 2w
=Ly | 2P o ),
Consequently, we have
S (AL Gy gy > UL B0 R (5 (22.1)

=1

Therefore,

j=a+1
m—1
> > (ijnij - Lw%;,b—i_pj)((a—kl)l/—m) (as j >+ 1 and ijrrj:pJ > ij*;jpj)
j=a+1
m—1
= ((a+tp—m) 3 (18— | Ml
j=a+1
! j ml
= (o =m)( 3 [PE) - 3 el
Jj=a+1 j=a+1
m—1 ) m—2 w
= ((a+r-m)( Y L“’JJPJ_ L j,;pJ)
Jj=a+1 j=«
m—2 . Wyyy— W, m—2 w
= ((a+ 1)y —m)( LwJT:'OJ—i—L n11+pJ | nij Z I JT;‘PD
J=atl j=a+1
= (M - (PR (ot - m)
Hence, we obtain
m—1 ) Wi W v,
> - P Gy — ) > (|2 P (- m). (222)
Jj=a+1

The following technical Lemma will be used through the Chapter :

Lemma 2.2.2. Let Ap(S,m) = {wg =0 < wy < ... < wp_1} and suppose that w; > w; + wi. We have
the following :

N Wi tp w; +p Wk +p
> -1
i) (PR 5 | MRy TR
1UZ+-p w; +p Wi + p

If —1, th

i) T [PEL) Ly R hen
wj+p wj wg +p W
—_ | = |— 1 land p>1.
(L) By, |2 B and

13
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In particular,

R R

| >2and p>1.
m m

Proof.

i)

i)

Assume that w; > w; + wy. Then, w; + p > w; + wi, + p. Consequently,

w; + p > w; + Wk + p N rwiﬁ-pJ > Lug-+1uk%—pJ'
m m m m
Therefore, we have
w; + p uy—%p Eﬁ

1> ]+

L m m m

o e 4
By Remark 2.2.1 (i), |2%] > [*£2] — 1. Hence,

|.

w; + p w; + p wg + p
> — 1.
(P ik et
Suppose that w; > w; + wy and that |“o2] — Lwi:pj — |“&t2| = —1. Suppose by the way of
Wi+p

contradiction that LwJTﬂ)J # |22 +1or |
p >0, it follows that

] # [5E] +1or p<1 By Remark 2.2.1 (i7) and that

m

w; + p (o Wk + p W
(L) |Gy or |y = | B
Since w; > w; + wyg, we have
w; + p Wj + Wk + p
> .
R ]
Since | YL ] = |Yi| or [“EtL| = [k | or p =0, it follows that
w; + p w; + p Wy + p
>
EALTPL ety ]

which contradicts the hypothesis. Hence,

w; + p
m

wk—i_pjzt%j—i—landel.
m m

I

=12+ |

Using Remark 2.2.1 (ii), we get that | "2 | = || 41> 2 [“t2] = || 4] >2and p> 1.

m

Thus, the proof is complete.

2.3 Numerical semigroups with w,,_; > w; + w, and (2+ QT_?')I/ >m

In this Section, we show that Wilf’s conjecture holds for numerical semigroups in the following cases :

1.

2.

Win—1 > w1 + we and (2+0‘Tf‘%)l/2mf0rsomel<oz<m—1.

m — v < 5. (Note that the case m — v < 3 results from the fact that Wilf’s conjecture holds for
2v > m. This case has been proved in [19]), however we shall give a proof in order to cover it through
our techniques).

Then, we deduce the conjecture for m =9 and for (2 4+ %)V > m.

Next,

we will show that Wilf’s conjecture holds for numerical semigroups with

a—3

Wm—1 > w1 +w, and (2 +
q

v > m.

14
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Theorem 2.3.1. Let S be a numerical semigroup with multiplicity m, embedding dimension v and conduc-
tor f+1=qgm—pforsome g, peN;0<p<m—1.Let wo=0<w; <ws <...<wmn_1 be the elements

of Ap(S, m). Suppose that w,,—1 > w; + w, for some 1 < o <m — 1. If (2+ C“T_?’)V > m, then S satisfies
Wilf’s conjecture.

Proof. We are going to use the equivalent form of Wilf’s conjecture given in Proposition 2.1.3. Since
Wim—1 > W1 + Wq, by Lemma 2.2.2, it follows that

Wr—1 + P w1+ p We + P
> +
L m J_L m J L m

|-1.

Let ¢ = |Wmi®P| Wit ) | Watp| Thep g > —1and [“F2] 4 |Yete| = |Yn-l¥2| 5 = g — g (by

m

Remark 2.2.1 (vi)). Now, using (2.2.1) and (2.2.2), we have " "
el i w;_
(122 — | Ly Gy — ) 4
j=1
- - wj_ el w; w;—
=YL (R Gy — )+ Y () — LR Gy — ) 4
j=1 j=a+1
2_ﬁﬂiﬁpqq@zjﬁmy_mHﬂVm;+py_ﬁﬁ:pp«a+ny_my+p (by (2.2.1) and (2.2.2))
— P2 (vt (@ Dy = m) (o Dy —m) )+ 2 20— )
(L 22 L)) (o Dy — m)+p
= 1L Yo — ) + [P o — (| PR e PP ) (0 1) — )
= (R84 (PP oy )+ AL (a2
(LT BTl EUEL ) (0 1y )
=(q—2z)2v —m) + LwlTHJ (a = 2)v+z((a+ 1)v —m) + p.
Consequently,
m—1 ) Wi w
(L) = (2L ) Gy —m) +p 2 (g = )2 = m) + [ (0 = Dpta((a+ Dy = m) +p.
=1
’ (2.3.1)
Since J/‘—meil—l_pJ*{wl—i_pJ*Lwa_‘_pJ2*1

then we have two cases :

If x = —1, then by Lemma 2.2.2 (ii), we have | 22| > 2. From (2.3.1), it follows that

I(ij—l—,oJ B ijfl—l-p
m m

m

NGy —=m)+p

=1
>(@+1)2v—m)+2(a—2v— ((a+1)v—m)+p
=v(2¢+24+2a—4—a—-1)—gm+p

<

=v(2¢+a—3)—gm+p

15
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a—3
q
>0 (by hypothesis).

=q(r(2+

)—m)+p

If 2 > 0. By Remark 2.2.1 (ii), we have | 22| > 1. From (2.3.1), it follows that

m—1

S L) - | LR Gy — ) +
1

;(q—x)(2u—m)+<a—2>v+x((a+1)v—m)+p

<

=v(2¢+(a=2)(xz+1)+z)—gm+p
>v(2¢+a—-3)—gm+p (asxz>0)
a—3
q
>0 (by hypothesis).

=a(v(2+ ) —m)+p

Using Proposition 2.1.3, we get that S satisfies Wilf’s conjecture. Thus, the proof is complete.
Example 2.3.2. Consider the following numerical semigroup
S =< 19,21,23,25,27,28 > .

Note that 3v < m. We have wy; = 21, w4 = 56 and w,,_1 = 83 that is w,,_1 > w; + wy4. In addition,
(24 O‘Tf?’)u = (2+ 113)6 > 19 = m. Thus, the conditions of Theorem 2.3.1 are valid.

In the following we shall deduce some cases where Wilf’s conjecture holds. We start with the following
technical Lemma.

Lemma 2.3.3. Let S be a numerical semigroup with multiplicity m and embed(ding dimension v. Let
ala—

wy =0 < w; <wy < ...< Wy be the elements of Ap(S,m). If m —v > (§) = Tl) for some o € N*,
then wy,_1 > wy + wq.

Proof. Suppose by contradiction that wy,_1 < w1 + wq. Let
w € Ap(S,m)* \ min<, (Ap(S,m)).

Thus, w < wp,—1 and w = w; + w; for some w;, w; € Ap(S, m)* this follows from Corollary 1.0.29. Hence,
W < W1 < W1 + wy. Thus, the only possible values for w are included in {w; + wjil<i<j<a— 1}. By
Corollary 1.0.31, we have m — v = |[Ap(S, m)*\min<,(Ap(S,m))|. Therefore, m —v < (§) = w, which
is impossible. Hence,

Wm—1 = W1 + Wq.

Thus, the proof is complete.

Next, we will deduce Wilf’s conjecture for numerical Semigroups with

-1 -3
my>a(a2) and (2+a
q

v > m.

It will be used later to show that the conjecture holds for those with (2 + %)1/ > m, and in order also to
cover the result in [19] saying that the conjecture is true for 2v > m.

Corollary 2.3.4. Let S be a numerical semigroup with multiplicity m, embedding dimension v and conduc-
tor f4+1 = gm—p for some g € N, 0 < p < m—1. Suppose that m—v > (§) = @ for some 1 < @ < m—1.

If (2+ QT*S’)I/ > m, then S satisfies Wilf’s conjecture.

16
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Proof. It follows from Lemma 2.3.3 that if m —v > @, then w,,_1 > w1 +ws. Now, use Theorem 2.3.1.

Thus, the proof is complete.
As a direct consequence of Theorem 2.3.1, we get the following Corollary.
Corollary 2.3.5. Let S be a numerical semigroup with a given multiplicity m and conductor f+1 = gm—p

for some ¢ € N, O < p < m—1. Let wp =0 < wy < ... < wy_1 be the elements of Ap(S, m). If
Wyp—1 > W1 + Wy forsome 1l <a<m—1and m <8+ él(o‘T_?’)7 then S satisfies Wilf’s conjecture.

Proof. By Theorem 2.3.1, we may assume that (2 + O‘Tf?’)y < m. Therefore,

< qm < 8¢+ o — 12‘
2¢+a—3 2¢+a—-3
Hence, v < 4. Consequently, S satisfies Wilf’s conjecture (see [9]). Thus, the proof is complete.

In the following Lemma, we will show that Wilf’s conjecture holds for numerical semigroups with m —v < 3.
This will enable us later to prove the conjecture for numerical semigroups with (2 + %)y > m and cover the
result in [19] saying that the conjecture is true for 2v > m.

Lemma 2.3.6. Let S be a numerical Semigroup with multiplicity m and embedding dimension v. If m—v <
3, then S satisfies Wilf’s conjecture.

Proof. We may assume that v > 4 (v < 3 is solved [9]). We are going to show that S satisfies Wilf’s
conjecture by means of Proposition 2.1.3.

Case 1. If m — v =0 (S is said to be a numerical semigroup with maximal embedding dimension). Then,
t(S)=m—1=v—1 (Corollary 3.2 [18]). Consequently, S satisfies Wilf’s conjecture ( [9] Proposition 2.3).

Case 2. If m — v = 1, then we may assume that m =v +1 > 5 (v > 4). By taking a = 1 in (2.2.2), we get

m—1 ) Wi Wiy w
S (L) LR Gy > (PR LR oy ), (2.3.2)
j=2
Hence, we have
m—1 . Wi
(L2 — | 2L Gy — ) 4
j=1
. j wj— = wj wj—
= SR - | g — ) Y (L (PR ) 4
J=1 j=2
= wj w;—
= (2 O )+ S () - L Gy — ) 4
j=2
m—1 ) Wi
= ) Y (P PR Gy )+ (as 222 = 0)
j=2
> | ) 4 (L R oy ) (by (23.2))
= PPt (20— ) — (2 —m)) + (P2 L o)
= [ (3 = 2m) + (|2 — (R | oy —m) +
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Therefore, we get

m—1

S L Gy )+ p >
j=1 (2.3.3)
(L — 3+ (|2 L | ) 4

Sincem—v=1>0= @, then by Lemma 2.3.3, it follows that w,,_1 > wi +w;. Consequently, by Lemma

2.2.2 (1), we have

Wm—1+p wy +p wi + p
> —1.
[ —l=zl——l+ 1=
If [(WmolH0| | witp || wit2 | = ] By Lemma 2.2.2 (ii), we have | “L*2| > 2. From (2.3.3), we obtain
m—1
witp, W1 tp N
j:1(L == Dy —m) +p
wi +p Wm—1+ P wy +p wy +p
> - — - —2
2 | — —lm=3) +([— — - |—— - |———Dm-2)+p
>2(m-3)—(m-2)+p (as [YLF] > )

m

Y

0 (asm >5).

If [Wm=lte| | wite) | witp | > () From (2.3.3), we get

ml i wj—
(L2 — | Ly Gy — ) 4
j=1
G R (e R e R e IR
= (m=3)+p
>0 (asm >5).

Using Proposition 2.1.3, we get that S satisfies Wilf’s conjecture if m — v = 1.

Case 3. If m —v € {2,3}. Wehave m —v > 1= @ If (2 - é)y > m, then by Corollary 2.3.4 S satisfies

Wilf’s conjecture. Now, suppose that (2 — %)1/ < m. Since Wilf’s conjecture holds for ¢ < 3 (see [14], [10]),
we may assume that ¢ > 4.

If m — v =2. Then, (2 — %)V < v +2. Hence, v < 2(;%5) < 8. By [9], S satisfies Wilf’s conjecture.
If m — v = 3. Then, (2 — %)V <wv+3. Hence, v < 3(_%;) < 4. By [9], S satisfies Wilf’s conjecture.

Thus, Wilf’s conjecture holds if m — v < 3. Thus, the proof is complete.

The next Corollary covers the result of Sammartano for numerical semigroups with 2v > m ( [19]) using
Corollary 2.3.4 and Lemma 2.3.6.

Corollary 2.3.7. Let S be a numerical semigroup with multiplicity m and embedding dimension v. If
2v > m, then § satisfies Wilf’s conjecture.

Proof. If m —v >3 = @ and 2v > m, then by Corollary 2.3.4 Wilf’s conjecture holds. If m — v < 3, by
Lemma 2.3.6, S satisfies Wilf’s conjecture. Thus, the proof is complete.

In the following Corollary we will deduce Wilf’s conjecture for numerical semigroups with m — v = 4. This
will enable us later to prove the conjecture for those with (2 + %)V > m.

18
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Corollary 2.3.8. Let S be a numerical semigroup with multiplicity m and embedding dimension v. If
m — v = 4, then S satisfies Wilf’s conjecture.

Proof. Since Wilf’s conjecture holds for v < 3 (see [9]), then we may assume that v > 4. Therefore,
v > m — v. Consequently, 2v > m. Hence, S satisfies Wilf’s conjecture. Thus, the proof is complete.

The following technical Lemma will be used through the paper.

Lemma 2.3.9. Let S be a numerical semigroup with multiplicity m and embedding dimension v. Let
wp =0 < wy < ... < wpy_1 be the elements of Ap(S,m). If m —v > (§) -1 = @ — 1 for some
3<a<m-—2, then wy,_1 > wi + Wy OF Wip_1 > We—2 + Wa_1-

Proof. Suppose by the way of contradiction that w.,, 1 < w1 + we and wy,—1 < Wa_2 + wWa_1. Let
w € A(S,m)" \ min<,(Ap(S,m)).

Then, w < wy—1 and w = w; + w; for some w;, w; €Ap(S,m)* (Corollary 1.0.29). In this case, the only
possible values of w are included in {w;+w;;1 <i < j < a—1}\{wa—2+wa—1, wa—1+we—1}. Consequently,
m — v = |[Ap(S,m)* \ min< (Ap(S,m))| < % — 2. But % -2< % — 1, which contradicts the
hypothesis. Hence,

Wip—1 = W1 + Wy

or
Wpm—1 2 Wa—2 + Wa—1-

In the next theorem, we will show that Wilf’s conjecture holds for numerical semigroups with m — v = 5.

Theorem 2.3.10. Let S be a numerical semigroup with multiplicity m and embedding dimension v. If
m — v = b, then S satisfies Wilf’s conjecture.

Proof. Let m — v = 5. Since Wilf’s conjecture holds for 2v > m, then we may assume that 2v < m. This
implies that v < 7 = %’5 i.e., v < 5. Since the case v < 3 is known [9], then we shall assume that v = 4.
This also implies that

m=v+5=09.
Since m —v =5 = @ — 1, by Lemma 2.3.9, it follows that

wg > wa + w3

or
wg > w1 + wy.

Case 1. If wg > wy + ws. By taking a =3 in (2.2.2) (m =9, v =4), we get

;u“’j; 2 B g - 9) 2 (1B - |12 ). (234)
Hence,
:lu“’jnj 2| L Gy ) 4
=]Z:(Lw39+pJ [N =9+ (m=9)
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= (22— [P o)+ (250 — (L - (| - | 222 ) s)

8 1 w,—
(L |y 9) +
j=4

9
8 .
- R+ R + DS -0+ (1252 -0
> Lwlg‘pJ(_gl) " LwQTerJ(—‘UHwSTﬂJ(S)HLwS;pJ B LMSJPJ)(7) tp  (Using (2.3.4).

On the other hand, as | “4F2 | < [Y2*2] and | 2] < |“3E2] then

w1+ p

wa + p w3+ p
ALy <52 )y B0
Consequently, we have
el i w;_
> (1L | LR Gy — )+
> (12520 + 2520 )+ 20+ 220 @) +( 2552 - 1220+
wa + p w3 + p

el j w;_ w w w w
YL | LR Gy — )+ p 2 [P0 (| - |2 | )

m 9 9 9 9
(2.3.5)
Since wg > wg + w3, by Lemma 2.2.2, it follows that ngg"'pj > Lw%;pj + Lw39+PJ —1.
! + + +
wg T+ p w2 + p w3 + p
_ _ >0

then (2.3.5) gives

5 1 w,;—

S (ML g —9) 4 p 2 0,
j=1

If

=—1.

ws+p, watp,  ws+p

e te)_|ete)mate
By Lemma 2.2.2, we have p > 1. Since for ¢ < 3 Wilf’s conjecture is solved (see [10], [14]), then may
assume that ¢ > 4. Since

LwQ+P
9

w3 +p w2+pJ+Lw3+pJ £w8+P

J< 0] and |22 ; J+1=g+1,

in this case, it follows that

w3 + w3 + wy + w3 +

20
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Hence,

szg'

Now, (2.3.5) gives

5w p W1+,
DTGl = I D@ = m) +p 2 3(2) ~ T+ 120,
j=1

Using Proposition 2.1.3, we get that S satisfies Wilf’s conjecture in this case.

Case 2. If wg > w1 +wy4. We may assume that wg < we + ws, since otherwise we are back to case 1. Hence,
the possible values of w € Ap(S,9)*\min<,(Ap(S,9)) are {w1 +wj;1 < j <7} U {ws + wa}.
If Ap(S,9)"\min<g(Ap(S,9)) C {w1 +wj;1 < j < 7}. We have
5=m—v = |Ap(S,9)* \ min< (Ap(S,9))|.

Then, there exist five elements in Ap(S,9)* included in {w; +w;;1 < j < 7}. By Corollary 1.0.29, an
element z of the Apéry set of S belongs to max< (Ap(S,m)) if and only if w; # x+w; for all w;, w; €
Ap(S,m)*, then there exists at least five elements in Ap(S,9)* that are not maximal (five elements
from {w; ..., wr}), hence,

t(S) = [{max<4(Ap(S,9)) -9} <3 =v -1
Consequently, S satisfies Wilf’s conjecture (Proposition 2.3 [9]).

If
wg +we € Ap(S,9)" \ min<,(Ap(S,9)),

then
wo + we € Ap(S,9)

namely wg > we 4+ wy. By Lemma 2.2.2, we have

(BBl o 2y,
In particular, .
L“’29+"J < q‘; . (2.3.6)
By taking a =4 in (2.2.2) (m =9, v = 4), we get
8 ; Wi— w, w
S ML) - PP -9y 2 (|2 - | ), (23.7)
j=5
We have
ml i w;_
(L) — | Ly Gy — ) 4
j=1
8 .
=S - (MR -9+ (m=9)
j=1
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witp,  wstp S owitp, wiitp,,
Hl—5) - 1= J)(7)+j25(t L) (- 9) +
= |2 () + |2 (4 B () + | )
) - R a9y (as [2E2] = 0)
j=5
> | L))+ |2+ (a4 | R ()
HEL - A+ (by (257)
wy +p qg+1 wy + p wy + p wg + p
> ) )+ () -0+ L () + ()12
L)) (11) 4+ p (by using (23.6) and | 252 < |22
= | (4 - 2(g + 1) + L @)+ () - 12 an +
= | (4 11— 1) = 20+ DL 3) () - () +
= |y = 2+ 1)+ 2@ - 2 - R 1)+
= (1L L))+ 12 @) - 20a+ 1) + (1550 - 2 - Ry + .
Therefore,
el j w;j—
(L) — Bl Gy — ) 4
j=1
> (|2 4+ | ) @) + (2 ) — 2(g + 1) + (1L - | PR - |2 ) 4,
(2.3.8)

We have wg > wq 4+ wy, then by Lemma 2.2.2 (7)

wg + p w1+ p wq + p
> — 1.
[Py 2 | 2R | 2R

If [WSEL| — |Wf2] — W42 > (. Let » = [YSH2| — |“4F2] — [“42| Hence, z > 0 and
| Wik | | wake ] — | W82 | g = g — gz (Remark 2.2.1 (vi)). Then, (2.3.8) gives

9

s w +
Z L)) (45 - 9) +
;(q )(3)+4—2(q+1)+11x+p

—q+8x+2+p>0.

If |Wsf2 | — |WEL| — W42 | = —]1. Then, |“LF2] + W42 ] = |®852] + 1 = g+ 1 (Remark 2.2.1
(vi)). By Lemma 2.2.2] we have L““TJ”]J >2and p > 1. Since ¢ > 1 (S # Nie., f > 1), then
2.3.8) gives

—~

® wg—1+p .
Z o D=9 +p
2

(q+1)(3)+8 20q+1)—11+1
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=q—12>0.

Using Proposition 2.1.3, we get that S satisfies Wilf’s conjecture in this case.

Thus, Wilf’s conjecture holds if m — v = 5. Thus, the proof is complete.

In the next corollary, we will deduce the conjecture for m = 9.
Corollary 2.3.11. If S is a numerical Semigroup with multiplicity m = 9, then S satisfies Wilf’s conjecture.

Proof. By Lemma 2.3.6, Corollary 2.3.8 and Theorem 2.3.10, we may assume that m — v > 5, hence,
v <m—>5=4.By [9], S satisfies Wilf’s conjecture. Thus, the proof is complete.

The following Lemma will enable us later to show that Wilf’s conjecture holds for numerical semigroups
with (2 + %)1/ > m.

Lemma 2.3.12. Let S be a numerical Semigroup with multiplicity m, embedding dimension v and conductor
f+l=gn—pforsomeqe N, 0<p<m-—1Ifm—v =06 and (2+%)V2 m, then S satisfies Wilf’s
conjecture.

Proof. Since m —v =6 > %3) — 1, by Lemma 2.3.9, it follows that
Wp—1 2 W1 + Wy

or
Wip—1 2> W2 + W3.

Case 1. If wy,—1 > w; + wy. By hypothesis (2 + %)V > m and Theorem 2.3.1 Wilf’s conjecture holds in this
case.

Case 2. If w;,,—1 > ws 4+ ws. We may assume that w,,—1 < w; + wy, since otherwise we are back to
case 1. Hence, Ap(S, m)*\min< (Ap(S,m)) = {w1 + wi, w1 + wa, w1 + w3, ws + wa, wa + w3, w3 + w3} (as
6 =m — v = |Ap(S, m)"\min<,(Ap(S,m))|). Consequently,

m—1

(L) — | Bl Gy — ) 4
j=1
. m—1 w Wi
=S (L - | LR Gy )+ Y (1L | LR Gy — )
j=1 j=4
= (1R8] — MO )y — ) (| 222 ) — [Py — ) (| — | 2R (3 — )
m—1
ST LRy Gy — ) 4
j=4
= w; wj—
N e R el TP ) (I B = Sl R
j=4
tp (as [ME0] = 0)
> LwanLr pj(—u)JerQn;r PJ(—V)+LIU3T: pJ(?)]/_m)_l’_(Lu}m'_TﬁpJ _ Lw?’TerJ)(‘lV—m)er (by (2.3.4)).

On the other hand, as | %12 | < [¥2%2] and |WE2] < | 2842 then

w1+,0J < Lw2+pJ+Lw3+p
m m m

2| |.

Consequently, we have
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+(L

wa + p

WP ML Gy ) 4 p

m m

JG0) + P2 )+ 2 (o) 2L 30— m)

m m m

L LR L ) 4y — )+ p

w2+pJ(_§y)+Lw3+pJ(5§—m)+(me_1+pJ _ {w3+pj)(4u—m)+p

m m m m

DL g () — (= )4 LY (| P M g )

m m 2 m m

we +p,, bU m) + w3+pJ(571/_m)+(me71+PJ_Lw2+PJ_Lw3+PJ)(4V_m)+p

mJ(g_)LmQ m m m

= Lw2 +pJ(37V - 6)—|—Lw3T+pJ(3§ _ 6)+(me_ni+ PJ B LWQT:L_ pJ _ ng?;: PJ)(?)V —6)4p (as m—v = 6).
Hence,
el ] Wi, —
(LEEL) | PPy Gy ) 4
= (2.3.9)
= Lwi; p“%y —6)+ Lwi: pJ(%V —6) + (L“)’”‘TWJ +p—Lw27: P L“’?’nj 2 )30 - 6).

We have w,,_1 > wo + w3, by Lemma 2.2.2, it follows that

wm—1+PJ > Lw2+pJ+Lw3+pJ—1-
m m m

I

If

Wm—1 + p wa + p ws + p
_ _ >0,

]

using v > 4 in (2.3.9) (v < 3 is solved [9]), we get

m—1
w; + p wi—1+p,,,.
(|- - |- Dy —m)+p > 0.
; m
J=1
it + + +
Wm—1 TP w2 T p w3 + p
_ _ ——
R
then n . .
w2 + p w3 + p Wm—1 TP
=|—" 1
(2L |y B B g,
that is . n
w2 T+ P w3 + p
1. 2.3.10
(2L B g (23.10)

We have w3 + w3 € Ap(S, m)*\min< (Ap(S, m)) namely wz 4+ w3 €Ap(S,m), then wy,_1 > w3 + ws.
By Lemma 2.2.2, we have [“==12] > 2| “8t2 | _ 1 Tn particular,

w3+ p q+1
< ) 2.3.11
= < (2:3.11)

Since Wilf’s conjecture holds for ¢ < 3 ( [10], [14]), then we may assume that ¢ > 4. Since LLQH | <
L—wf;pj, by (2.3.10) and (2.3.11), it follows that szT”LpJ = Lw*’Tﬂ’J = q+1 , in particular ¢ is odd, then

we have to assume that ¢ > 5. Now, using (2.3.10), ¢ > 5 and the hypothe51s (2+ q)y >m=v+6
n (2.3.9), we get
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P Y.

> ((2E2) 4 |2 gy (Pt M2y My gy g
=g+ (%~ 6)~ By —6) +

_ (%+5—3)—6q+p

23Dy vty (asbg<quty)

:y(g—g)—i—pZO (as g > 5).

Using Proposition 2.1.3, we get that S satisfies Wilf’s conjecture in this case.

Therefore, Wilf’s conjecture holds if m — v = 6 and (2 + %)y > m. Thus, the proof is complete.

Next, we will generalize a result for Sammartano ( [19]) and show that Wilf’s conjecture holds for numerical
semigroups satisfying (2+ %)I/ > m, using Lemma 2.3.6, Corollary 2.3.8, Theorem 2.3.10, Lemma 2.3.12 and
Corollary 2.3.4.

Theorem 2.3.13. Let S be a numerical semigroup with multiplicity m, embedding dimension v and conduc-
tor f+1=qgm—pforsomeqe N, 0<p<m-—1.1f (2+ %)y > m, then S satisfies Wilf’s conjecture.

Proof.

If m — v <3, then by Lemma 2.3.6 Wilf’s conjecture holds.

If m — v = 4, then by Corollary 2.3.8 Wilf’s conjecture holds.

If m — v =5, then by Theorem 2.3.10 Wilf’s conjecture holds.

Ifm—-v==6and (2+ %)1/ > m, then by Lemma 2.3.12 Wilf’s conjecture holds.

Ifm—-—v>6and (2+ %)I/ > m, then by Corollary 2.3.4 Wilf’s conjecture holds.
Thus, the proof is complete.
Example 2.3.14. Consider the following numerical semigroup

S =<13,15,17,19,21,27 > .

Note that 2v < m. We have (2 + %)y = (2+ 1)6 > 13 = m. Thus, the conditions of Theorem 2.3.13 are
valid.

Corollary 2.3.15. Let S be a numerical semigroup with multiplicity m and conductor f + 1 = gm — p for
some g N, 0<p<m—1.Ifm<8+ %, then S satisfies Wilf’s conjecture.

Proof. If v < 4, then S satisfies Wilf’s conjecture (see [9]). Hence, we can suppose that v > 4. Thus,

1 1
2+-)w>2+-)4>m.
q q

By using Theorem 2.3.13 S satisfies Wilf’s conjecture. Thus, the proof is complete.

25



CHAPITRE 2. WILF’'S CONJECTURE

2.4 Numerical semigroups with w,, 1 > w,_1 +w, and (%2 3 )y >m

In this Section, we will show that if .S is a numerical semigroup such that

a+3
3

Wm—1 > Wa-1+wWe and ( v >m,

then S satisfies Wilf’s conjecture.

Theorem 2.4.1. Let S be a numerical semigroup with multiplicity m and embedding dimension v. Let
wy =0 < w; < wo < . < Wp—1 be the elements of Ap(S,m). Suppose that w,,—1 > wa—1 + w, for some
l<a<m-—1If (&2 )V > m, then S satisfies Wilf’s conjecture.

Proof. We may assume that p > (3~ 5o, J)ram Indeed, if 0 < p < (32_ O?J)roém, then ¢ < 3 and Wilf’s conjecture

holds for this case (see [14]). We are going to show that S satisfies Wilf’s conjecture by means of Proposition
2.1.3. We have

SR AL Gy )

j=1 "
= Y1 Gy —m) = L Gy — m)
Jj=1 j=1
o a—1
=YL Gy —m) = YL+ 1)y —m)
7j=1 7=0
a—1
_Lwaﬂjpj(al/— ) Lwonjpj(u—m) ZLwJT:pJ
j=1
a—2
[ R D DI S AN CIE T By
j=1
a—2
> (%022 f(ap = m) - [P Ly = 302 (1P 4 [P )y (by Remark 2.2.1 (v)
j=1
L o (s R [y
Hence

Fl " " (2.4.1)
Wo +p,, 00+2 Wo—1+p,, v
> - - .
> |——1((=~) )= l— —1(5)
By (2.2.2), we have
m—1
U]j+p U)j71+,0 . Wm—1 1+ P Wo + P
- - > - v —m).
EH(L L NGy = m) = () = R (e Dy —m)
Since w1 > Wa—1 + Wa, by Lemma 2.2.2, it follows that
Wm—1+p Wa—1+p Wo + p
> — 1
(Ol | Bl Ry e P

Let o = |WmoddP || Waoltp | | Watp| Then g > —1 and [“esifP| 4 |[Patl| = |Wnol2P| _ gy = ¢ — g (by

m

Remark 2.2.1 vi). Now, using p > (32 qloém and (2£2)v > m, we get
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= w; wj_

(L2 — | 2Ly Gy — ) 4
j=1

SR By g 3 (B B Gy

j=1 Jj=a+1

W +p,,, 0+ 2 Wo—1+p, ,av

> = (v = m) = ()

+(me;711+ 'OJ - Lwanj pJ) (a+1)r—m)+p (by (2.4.1) and (2.2.2))

e P2t

m m 2

:Lwo‘_1+pj<_2ay+(a+1)l/—m—((a+1)y—m)>+L

(L 2R ) (o 1y —m) +

— ([ R (D = ) (| BT PR (o 1y - )

> (¢g—x)(( 2)I/—m)+x((a+1)y—m)+p

+
2
(07 T
:V(Q+%+7)*QW+P

(8 —glam

Zvlat g —g) et g (e S

= (g + % _ %) 7m(q(2a +26;i(6q—3)a)

— v+ G- P -mi 2(2q+a3) B 2(0?13))

=(¢+ % - z)(ai?))((a;_g)y_’m) >0 (by hypothesis).

Using Proposition 2.1.3, we get that S satisfies Wilf’s conjecture. Thus, the proof is complete.
Example 2.4.2. Consider the following numerical semigroup

S =< 22,23,25,27,29,31,33 > .

Note that 3v < m. We have wg = 33, wy = 46 and w,,_1 = 87 i.e., w,_1 > we + wy. Moreover, (O‘T?’)y =

(%3)7 > 22 = m, thus the conditions of Theorem 2.4.1 are valid.
The following Corollary 2.4.3 is an extension for Corollary 2.3.4 using Theorems 2.3.1 and 2.4.1.

Corollary 2.4.3. Let S be a numerical semigroup with multiplicity m and embedding dimension v. Suppose
that m — v > @ —1forsome 7<a<m-—21If (2+ O‘T_?’)V > m, then S satisfies Wilf’s conjecture.

Proof. Since m —v > @ — 1, then by Lemma 2.3.9, we have wy,—1 > w1 + Wq OF Wyp—1 > We—2 + Wa—1.-
Suppose that wyp,—1 > w; + wg. Since (2 + QT{)’)I/ > m, by applying Theorem 2.3.1, S satisfies Wilf’s
conjecture. Now, suppose that wy,—1 > we—2 + we—1. We may assume that ¢ > 4 (¢ < 3 is solved [14], [10]).
Then, for a > 7, we have (%W’)V > (2+ an‘?’)V. Consequently, (O‘%HS)V > m. Next, by applying Theorem
2.4.1, S satisfies Wilf’s conjecture. Thus, the proof is complete.

As a direct consequence of Theorem 2.4.1, we get the following Corollary.

Corollary 2.4.4. Let S be a numerical semigroup with multiplicity m and embedding dimension v. Let
wp =0 < w; <wy <...<wp—1 be the elements of Ap(S, m). Suppose that wy,—1 > wa—1 + w, for some
l<a<m—-1.Ifm< @, then S satisfies Wilf’s conjecture.
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Proof. If v < 4, then S satisfies Wilf’s conjecture (see [9]). Hence, we can suppose that v > 4. Thus,
(QTH)(I/) > @ > m. By applying Theorem 2.4.1 S satisfies Wilf’s conjecture. Thus, the proof is complete.

|22 | (y—a—1)+(y—2)+| 2L | (z—1)

2.5 Numerical semigroups with (2 + EEEs

YJv >m and wy,—1 —m > wy + wy,

In this Section, we will show that if S is a numerical Semigroup such that

Bl == D+ =2+ [2e-D,
[T+ ] +2 o

Wm—1 —Mm > wy +wy, and (2+

then S satisfies Wilf’s conjecture.

Theorem 2.5.1. Let S be a numerical semigroup with multiplicity m and embedding dimension v. Let
wo =0 < wy < ... < wWy_1be the elements of Ap(S, m). Suppose that wy,,—1 —m > w, + w, for some
O<arx<y<m-—1.1If

2+ [y -2 -1+ -2+ [T -1)

- . v >m,
L) + 5] +2
then S satisfies Wilf’s conjecture.

Proof. We are going to show that S satisfies Wilf’s conjecture by means of Proposition 2.1.3. We have

SR Ry Gy

= m m
= SR Gy —m) = S Gy — m)
=1 j=1
z—1
=Y R Gy — ) = YL (4 1 m)
j=1 j=0
z—1 ) w z—1 W
= S Gy —m) + (2L Y — ) = MO — )= 3L (o 1)y — m)
Jj=1 j=1
r—1
_wanjpj(xy— )= [P0 ) th]nij
j=1
z—1 )
=1y —m) = S (as [ 2E2) = )
j=1
z—1
> wanj pj(a:v—m) - sznj pJ (by Remark 2.2.1 (v))
j=1
= | o — ) — [ o — 1
= |2 —m).
Therefore,
(1) — (B2 )Gy —m) 2 22 (= m). (25.1)

In addition,
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Jj=x+1
= > G —m - > [ Gy —m)
j=z+1 j=z+1
y ) y—1 w
= > Gy —m) = S (G 1y —m)
Jj=x+1 J=z
y! w vl
DN e R e R e = (RO R DR =L (PR
Jj=x+1 Jj=x+1

y—1 W
= 1 g — ) — [ (@ =)= Y [P

jmat1
2 Lwym+ 2y —m) - wanj 2 (@ + 1w - m)—jglLWW (using Remark 2.2.1 (v))
= 1P g — ) — [ (G Dy — )~ [Py - — 1)
= 22 (@4 Dy —m) — (P2 (4 Dy — m).
Hence,
élq“’jﬂj 2) = B Gy — ) > [ (@ 1= m) — [ (w4 - ). (25.2)

Moreover, we have

m—1

(MR | B2 ) Gy — )
Jj=y+1
= j w;—
> ) (LWJT: pJ - [+ 71n+ pJ)((lH'l)V—m) (using Remark 2.2.1 (v))
J=y+1
m—1 1Uj+p m—1 U1371+p
=+ r—m) (3 By S L)
Jj=y+1 j=y+1
m—1 ’LU]—F,O m—2 wj+p
=(+r—m)( > | L)y h
J=y+1 j=y
— (me_n{berJ B LwyT:pJ)((erl)V—m)-
Therefore,
m—1 . Wi Wyyy— w,
Y (L) LR Gy ) > (L L (4 1) — ), (2.5.3)
J=y+1
Consequently,
= w; wj—
(IEEL) = (2L ) Gy = m) +
j=1
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= SR - Gy 3 (P P )
Jj=x+1

S Gy 1
J=y+1
> szﬂj 2w - m)ﬂw"’Tﬂ)J ((z + Vv —m)- Lw””nj £J((@+ 1)y —m)
+(me;T1L+ Pi_ Lwy;; P+ 1)v—m)+p (using (2.5.1), (2.5.2) and (2.5.3))
We + p

=1

) (a4 1 m)

(mefl‘FpJ . Lwy+p

+ L)) (y+ 1y —m) +p

- waT:pJ<—xv+((y+l)V-m) - ((y+1)v—m))

HEL (@ 1y = m) + (|2 (2L (4 Dy —m) +
_ waT:pJ((y—x—i—l)y—m)—i— LwyTHj((x+1)u—m)

(ML) R R ) (g 1)y — )+,
Consequently,

) | B ) Gy = m) +p
j=1
> 12 (g =2t 1= m) + 2 (o4 D m) 254
ALy Ly ) (4 1)y — )+,

Since wy,—1 — M > wy + wy, it follows

-1+ Wy + Wy +
mel pJ>Lx y TP
m m

| (2.5.5)
Consider the following cases :
Case 1. If |“st2| = | % | 4 ] and |“22] = |“2| 4 1, then (2.5.5) gives

Wm—1+ P Wy + p Wy + p
> + .
L m J B L m J { m J
Then, from (2.5.4) and the hypothesis, we have
1

() — |22l Gy — ) 4

L (@4 1y —m) +p

J((y— o+ v —m)+|
= (1254 Dy =2+ Dy —m) + (=4 + D@+ Dy —m) +p

— (L 12 ) (o RO D DS HESD,, )
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By Proposition 2.1.3, we get that Wilf’s conjecture holds in this case.

Case 2. If [Y22] = | %= | and LWyT“J = |22 +1, then (2.5.5) gives

m
Wm—1+p Wy + P Wy + p
(Un APy MRy Bty
Then, from (2.5.4) and the hypothesis, we have
m—1
witp, wi—itp .o
(L L )+
+ +
> [F Ly —a+ Dy —m) + [ (@4 Dy —m)+((y+ Dv —m) +p

= (22 (g =+ 1y —m) + (1524 1) (@ D = m)+ (g Dy —m) +

2] 422 42) <<2+ L%J“’_:"_ltlffﬂﬁﬁtfj(x_””wm> o

STy <<2+ )y - - D+ -2+ %)@ -1
0

ETEETES )”m)”

By Proposition 2.1.3, we get that Wilf’s conjecture holds in this case.
Case 3. If %22 | = | % | 4 1 and Lwi‘TﬂJ = [2], then (2.5.5) gives

wm71+PJ > waﬂ-PJ_i_{wy"‘PJ
m m m

I

Then, from (2.5.4) and the hypothesis, we have

e ‘ Wi—
(L) — | 2Ly Gy — ) 4

j=1

2 LNy e ) + [P (G 1 m) (4 v m) 4

= (=2 + D) (g =2+ Dy —m) + |2 (@ + Dy = m)+((y + Dy = m) +p
By~ =)+ (y=2) + 2]~ 1) + (y— 2)

_ny<(2+ [ ]+ 2] + 2 )I/—m>+p
[ )y~ = 1)+ (y = 2) + 2] (2~ 1)

=T <<2+ EYEaE )”_m>+”

where

By Proposition 2.1.3, we get that Wilf’s conjecture holds in this case.

Case 4. If [“=12| = | | and |“2] = | Y| then (2.5.5) gives

Wm—1+ p Wy + P Wy + p
> .
e Bl b R

31



CHAPITRE 2. WILF’'S CONJECTURE

Then, from (2.5.4) and the hypothesis, we have

m—1

_ (ijTjL-PJ _ ij_;n—i_pJ)(jV_m)ﬂLP
j=1
> waT:pJ((y—:c+1)u—m)+LwyT""pJ((x_i_l)y_m)_i_((y_i_l)y_m)+p

= [ ((y—a+ Dy —m) + [ 22 (@ + Dy = m)+((y + Dy —m) +p.

Hence,

= ij_1+/)

- DGy —m)+p

Wa LY )<(2+ el -2 -+ -+ [ -1)

[T+ 2] 41 pom) o

)V—m>+p

we )y~ = 1)+ (r—2) + (2] 1)
(L + e 1) e+ EIEEaEy
0

By Proposition 2.1.3, we get that Wilf’s conjecture holds in this case.
Thus, Wilf’s conjecture holds in all cases. Thus, the proof is complete.
As a direct consequence of Theorem 2.5.1, we get the following Corollaries.

Corollary 2.5.2. Let S be a numerical semigroup with multiplicity m and embedding dimension v. Let
wop =0 < wy <...<wp_1 be the elements of Ap(S,m). Suppose that wp,—1 —m > w, + wy, * > o + 1,
y—x > a+1 for some a € N. If (2+ a)v > m, then S satisfies Wilf’s conjecture.

Proof. We have

e |y~ — 1)+ (y — 2) + |22z — 1) 2 Ja+ 20+ [%]a
(2+ [T+ (2] 12 Jo o= (2 ]+ (2] +2 )
> 24 o)y >m.

By Theorem 2.5.1, S satisfies Wilf’s conjecture. Thus, the proof is complete.

Corollary 2.5.3. Let S be a numerical semigroup with multiplicity m and embedding dimension v. Let
wop =0 < w; < ... < Wpy_1 be the elements of Ap(S,m). Suppose that wy,—1 —m > w, + w,, for some
z>a+1l,y—x>a+1and a € N. If m <4(2+ «), then S satisfies Wilf’s conjecture.

Proof. We may assume that v > 4 (v < 3 is solved [9]), then (2 4+ a)v > (2 + «)4 > m. By applying
Corollary 2.5.2, S satisfies Wilf’s conjecture. Thus, the proof is complete.
Example 2.5.4. Consider the following numerical semigroup

S =< 19,21,23,25,27,28 > .

Note that 2v < m. We have wy = 27, ws = 28 and w,,_1 — m = 64 i.e., wy,,_1 — m > wy + ws. Moreover,

6> 19 = m.
171:2°%2 m

| f(y—2— 1)+ (y—2)+ [2](z-1)\ 0+3+3
(2+ ]+ (2] 42 )=t

Thus, the conditions of Theorem 2.5.1 are valid.
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2.6 Numerical semigroups with m — v > %
In this Section, we show that Wilf’s conjecture holds for numerical semigroups with m —v > ("*2)2& and

also the conjecture holds for those with n < 5.

Lemma 2.6.1. Let S be a numerical semigroup with multiplicity m, embedding dimension v, Frobenius
number fandn=|{s€ S;s< f}. Ifm—v > % for some 0 < o« < m — 2, then w, < f. In particular,
n>aoa+ 2.

Proof. We claim that w, < f. Suppose by the way of contradiction that ws, > f (ws # f), and let
w € Ap(S,m)*\min<g(Ap(S,m)). Then, there exists w;, w; € Ap(S, m)* such that w = w; + w; (Corollary
1.0.29). Suppose that at least one of the two indicies, let’s say i, is greater than or equal to «. Then, w =
wi+w; > we+m > f+14+m. Hence, w—m € S which contradicts the fact that w € Ap(S, m). Consequently,
the two indicies are necessarly less than or equal to o — 1. Since |Ap(S, m)*\min< (Ap(S,m))| = m — v
(Corollary 1.0.31), we deduce that m — v < @ which is impossible. Consequently, w, < f. Therefore,
we get that {0, m, w1, ws,...,wa} C {s € S;s < f}. Hence, n > a + 2.

Theorem 2.6.2. Let S be a numerical semigroup with multiplicity m, embedding dimension v and n =
HseS;s< fH. Iftm—v> w with 2 < n < m, then S satisfies Wilf’s conjecture.

Proof. By Lemma 2.6.1, the condition m — v > W, gives that

{Ovm’wlanV"awan} - {SE S;S <f}

Therefore, {0, m,wy,ws,...,wp—2} = {s € S;s < f}. Hence, 2m > f. By [14], it follows that S satisfies
Wilf’s conjecture.

In [9], D. Dobbs and G. Matthews proved Wilf’s conjecture for n < 4 in a long technical proof. In [10], S.
Eliahou showed Wilf’s conjecture has a positive answer for n < 6. We are going to introduce a simpler proof
for n < 5 using the previous theorem (note that If n <5, then we can assume 2 < n <5).

Corollary 2.6.3. Let S be a numerical semigroup with multiplicity m, embedding dimension v and
n=|{seS;s< f}. Ifn<bh, then S satisfies Wilf’s conjecture.

Proof. By Theorem 2.3.6 and Theorem 2.3.10, we will assume that m — v > 5 which is strictly greater than
M for a € {0,1,2,3}. Hence, by applying Theorem 2.6.2 for n = o+ 2 € {2,3,4,5} Wilf’s conjecture

holds.
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Numerical semigroup of the form <m,m+1,... m+ 0, k(m+1)+r >

Throughout this chapter we suppose that S is a numerical semigroup minimally generated by m,m +
1,...,m+l,k(m+1)+r with k,l,m,r € N* and r < (k+ 1)+ 1. The aim of this chapter is to determine the
Frobenius number f(S) and the genus g(5). Also, it aims to characterize those numerical semigroups which
are symmetric (resp. pseudo-symmetric) and to determine the set of pseudo-Frobenius numbers PF(.S).

Definition 3.0.1. Let k,I,m,r € N*. For every 1 < ¢ < m — 1, write, by the euclidean division, ¢ =
ai(kl +7r)+ Bil +t; with 0 < Bl +t; < kl +r and 0 < t; < [. In particular

i = ai(kl+)
), g D),

Oéi:|_

and
t,=1— Ozi(kl + 7“) — Bil.

For the convenience of the statement we will use the following notation :
1= Ozi(k}l + 7“) + ﬁzl + Giti
where

L1t £,
10 if ¢ =0.

Clearly ¢;t; = t; but we shall use ¢; later in the notations.

Proposition 3.0.2 and 3.0.3 give some properties that will be used in this Chapter using the notations used
in Definition 3.0.1.

Proposition 3.0.2. Let the notations be as in Definition 3.0.1 and suppose that » < (k + 1)l 4+ 1, we have
Bi +€ <2k +1.
Proof. By using Definition 3.0.1 and r» < (k+ 1) + 1, it follows that
Bil +eiti <kl+r—1<ki+ (k+1)l = (2k+ 1)L

Case 1. If ¢, = 0. We have f;l = B;l + €;t; < (2k + 1)I. Consequently, 5; < 2k + 1. Hence, §; + ¢; < 2k + 1.

Case 2. If ¢, = 1. We have Bl + ¢;t; < (2k+ 1)l and t; > 1 (as ¢, = 1). If B; > 2k + 1, then S;l + €;t; >
(2k + 1)l + 1, which gives a contradiction. Consequently, 5; < 2k. Then, 5; + ¢; < 2k + 1.
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Proposition 3.0.3. Let the notations be as in Definition 3.0.1 and suppose that r < (k + 1)l + 1, we may
assume that
r< min((k+1)l+1,m+1—1).

Proof. We claim that we may assume that r < m + [. Indeed, if » > m + [, then there exist ¢/,r" € N such
that 7 = ¢/(m—+1)+r' with ' <m+1. Let K = k+¢/, then k(m+1)+r = (k+¢)(m+1)+r =K (m+1)++/
with 7/ <m+landr =r—¢dm+1) < (k+1)I+1<(k+¢ +1)l+1= (K +1)l+ 1. Hence, S is a
numerical semigroup generated by

mym+1,....om+LKE(m+1)+r with o <k +1)+1.

Consequently, we may assume that » < m + [ — 1. By hypothesis, we have r < (k + 1)l + 1. Hence, we get
our assumption. Thus, the proof is complete.

3.1 Apéry set of S

Let Ap(S,m) = {0,w(1),...,w(m — 1)} be the Apéry set of S with respect to m, where w(7) is the smallest
element of S which is congruent to ¢ mod m. The following theorem gives a formula for the Apéry set of S.

Theorem 3.1.1. Let S be a numerical semigroup minimally generated by
m,m+1,....m+Lk(m+1)+r with r<(k+1)[+1.
For all 1 <7 <m — 1 where i is written as in Definition 3.0.1, we have :
w(i) = m(ka; + Bi + €) + i.

Proof. Let \; = m(ka; + B; + €;) + i where ¢ is written as in Definition 3.0.1. We are going to show that
Ai = w(i) for all 1 <4 < m — 1. To this end, we will show that A\; € S, \; is congruent to ¢ mod m and
)\i —m ¢ S.
We have \; € S and ); is congruent to ¢ mod m. It follows from
Ai = m(ka; + B+ €) +i
= m(koz,' + G; + 62') + Oéi(k‘l + 7“) + Gil + €it; (3.1.1)
= ai(k(m+1)+7)+ Bi(m+1)+e(m+t;).
We will prove that \; —m ¢ S by the way of contradiction. From (3.1.1), we have \; — m = «;(k(m +1) +

r)+ Bi(m—+1) + (e, — 1)m + €;t;. Suppose by the way of contradiction that A\; —m € S. By Definition 1.0.7,
there exist x,z;,...,z9 € N such that

Ai—m=zk(m+1D)+r)+z(m+1)+...+z1(m+1)+ zom.
Thus,
ai(km+10)+7r)+ Bim+1) + (6 — 1)m + €t; =
z(k(m+10)+7r)+z(m+0)+...+x1(m+1) +zom.

In particular,
m(ka; + Bi + e — 1) + o (kl + 1) + Bil + ity =

(3.1.2)
m(kr+x+...+x1+xo0) +xkl+r)+ol+z1(0—1)+... 4+ x1.

To show that \; —m ¢ S, we are going to show first that z — a; > 0, then we will show that x — a; > 2 and
conclude our assertion from (3.1.2). Since 1 <i <m — 1 and i = «a;(kl + r) + Bl + €;t;, it follows that

Oéi(kl—l-T‘)-l-ﬁil-f—Giti <m-—1. (313)
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We claim that
ko +06i+e¢ —1>krx+x+x1_1+ ...+ 21 + x0.

Suppose by the way of contradiction that
kaj+6i+e—1<kx+z+x-1+...+x1+ 20-
Then, from (3.1.3), we get

m(ka; + Bi + € — 1) + ai(kl + 1) + Bil + €t

< mkr+x+x1+... 1 +x0—1)+m—1

= mkr+x;+x1+...+x1+130) — 1

< mlkr4+x+...+z1+x0) Fakl+r)+ol+a(0-1)+... + 21— 1.

This contradicts (3.1.2). Consequently,
ko, +Bi+e—1>krx+x;+x-1+...+21 + 20. (3.1.4)
From (3.1.2) and (3.1.4), it follows that
ai(kl+r)+ Bl + ety <az(kl+r)+xl+a(0—-1)+... + 1. (3.1.5)
If we multiply (3.1.4) by [, we get
aikl + Bil > (kv +x+x—1 + ... + 21 + 20)l + (1 — €)L. (3.1.6)
Using (3.1.6) and (3.1.5), it follows that
zkl+ (z—ap)r+xl+x1(l—1) 4+ ...+ 21 — €ty > okl + Bl > xkl+ (z;+ ...+ xo)l + (1 — &)l

Consequently,
(x—a)r>aol+z1(l—1)+ ... +x_1+ (1 — &)l + ety

Since zg, ..., 21,7 € N, 1 € N* and ¢; € {0,1}, we get that
x —a; > 0. (3.1.7)
Next, we aim to show that z — a; > 2. From (3.1.2), we have

m(B;) =m(k(r —a;)+1—€+a;+...+x1 +x0)

(3.1.8)
—i—((a: — Oéz)(/{l + 7“) — Bl — Giti> + xl + .T}l,l(l — 1) +...+x1.

Then, ((z — a;)(kl + 1) — Bil — eity) + 2l + x—1(l — 1) + ... + x1 is divisible by m. Since  — a; > 0 (by
(3.1.7)), Bil + €it; < kl + r (by definition) and z1,...,z; € N, then there exists p € N* such that
(x —ai)(kl+7) = Bl —€ti) +ml +2-1(1— 1)+ ... + 21 = pm. (3.1.9)
By substituting (3.1.9) in (3.1.8), we get
m(Bi) =m(k(r —a;))+1—e+x14+ ...+ 21+ 20+ p).

Consequently,
Bi=k(r—a))+1—€+p+ax+...+x1 + 0. (3.1.10)

From (3.1.9), it follows that

ﬁil = (a: — Oél)(kl + T) - fiti + .%’ll + le_l(l — 1) +...+x1 — pm. (3.1.11)
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By multiplying (3.1.10) by [ and using (3.1.11), we get the following :
(x—a)r=pm+1)+Q—€)l+eti+ax—1+...+x1(0— 1)+ z0l.
Since ¢; € {0,1}, x;_1,...,20 € N, p € N* and 0 < r < m + [ (Proposition 3.0.3), we get that
T — o > 2.
From (3.1.2), we have

m(Bi + e — 1) + Bil + ety =
m((z — )k +z+ ...+ z1+z0)+((x — ) (kl +7) + 2l + 21 (1 — 1) + ...+ z1).

Since x — a; > 2 and xy,...,x9 € N, it follows that

On the other hand, Since ;1 +€;t; < kl+r (by definition) and §; +¢; — 1 < 2k (Proposition 3.0.2), it follows
that
m(B; + € — 1) + Bil + €ty < 2km + Kkl + 7. (3.1.13)

From (3.1.12) and (3.1.13) we get a contradiction. Consequently, A\; —m ¢ S.
Hence, w(i) = \j = m(kay + B; + €;) + 4. Thus, the proof is complete.

Example 3.1.2. Consider the following numerical semigroup
S =< 19,20,21,22,52 > .

Note that m =19, 1 = 3, k = 2 and r = 8. Let Ap(S,m) = {0, w(1),...,w(m — 1)} be the Apéry basis of
S. By using GAP [8], we obtain

Ap(S,m) = {0,20,21,22,42,43, 44,64, 65, 66, 86, 87,88, 108,52, 72,73, 74,94}

and they verify the formula given in Theorem 3.1.1.

3.2 Frobenius number of S

Definition 3.2.1. Let the notations be as above. Let

r—1
l -

Thus, gl <r—1landr—1=¢ql+t with q, t € Nand ¢t <. Let ¢, € N defines as in 3.0.1

1 if t>1,
€ =
0

q=

if ¢t=0.

Proposition 3.2.2 and 3.2.3 give some properties that will be used in this Chapter using the notations used
in Definition 3.2.1.

Proposition 3.2.2. Under the above notations, we have

Bi <k+q.
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Proof. By definition, we have
Bil +eti <kl+r—1=(k+q)l+t with t<IL

Consequently,
Bil +€it; < (k+q+ 1)L.

Suppose by the way of contradiction that 3; > k + q. Hence, B;l + €;t; > (k 4+ ¢ + 1)I, which is impossible.
Consequently, 5; < k + ¢g. Thus, the proof is complete.

Proposition 3.2.3. Under the above notations, we have
q+e<k+1

Proof. By definition, we have r—1 < (k+1)l and r—1 = ¢l+t with ¢,t € Nand ¢ < [. Thus, gl+t < (k+1)l.
Case 1. If ¢, = 0, then ¢t = 0. Hence, ¢l < (k + 1), which implies that ¢ < k + 1. Thus, ¢+ ¢ < k + 1.

Case 2. If ¢ = 1, then ¢t > 1. Hence, gl +t < (k+ 1)l with ¢ > 1, it follows that ¢ < k. Therefore,
q+ € < k+ 1. Thus, the proof is complete.

Next, we shall focus on the determination of the Frobenius number of S. We shall start with the following
proposition that will enable us to determine the Frobenius number and will help us later in determining the
Pseudo frobenius number of S.
Proposition 3.2.4. Let S be a numerical semigroup minimally generated by

m,m+1,... m+Lkm+1)+r with r<(k+1)+1.
For all 1 <i < j <m — 1 where ¢ and j are written as in Definition 3.0.1, we have :

IfOéi:Oéj—2, ﬁj:t?jzoandﬁi‘l-ﬁi:?k—f—l, then

w(i) —w(j) > 0.

Ifoy=0j—1, Bi+€6 >k+pj+e¢ and B +¢€; <k, then

Otherwise,

Proof. Let 1 <i < j <m — 1, where
i=oi(kl+7)+ Bil + ety and  j = a;(kl+71)+ Bl + €t
be as defined in Definition 3.0.1. By Theorem 3.1.1, we have
w(i) = m(ka; + 5 +€)+i and w(j) = m(ka; + 55 +€;) + J.

We claim that a; < ;. In fact, since ¢ < j, then #_Ha < #_'Hn, which implies that L#HJ < Lﬁj Hence,
o; < aj.

Case 1. If a; = ;. We aim to show that §; < 3;. Indeed, suppose by the way of contradiction that 3; > 3;,
then i = a;(kl + 1) + Bil + €it; = o (kl + 1) + Bil + ety > okl + 1) + il > oj(kl + ) + (B; + 1)I. Since
€it; <1, we get that i > oj(kl + 1) + ;1 + €;t; = j which is a contradiction with i < j. Hence, 5; < 3;.
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If 3; < B;. Then,
w(j) —w() = m(ka; + B +€)+j—mka; + fi +€) —i
= m((aj —ai)k+ (6 = Bi) +(¢j —€)) +7 — i
= m((Bj — Bi) + (¢ — &) +J —i.
Since f; < B, i < j and €;,¢; € {0,1}, it follows that w(j) — w(i) > 0.

If B; = B;. We aim to show that €;t; < ¢;t;, in particular €; < €;. Suppose by the way of contradiction
that Eiti > Ejtj, then

i =o;(kl+7)+ Bil + €ty = o (kKL + 1) + Bl + ity > aj(kl + 1) + Bl + €5t = 7,
which is a contradiction with ¢ < j. Hence, €;t; < €;t;. As €;,¢; € {0, 1}, we get that €; < ¢;. Therefore,
w(j) —w@) = m((oy —ai)k+ (8 — Bi) + (e —€)) +Jj —i
= m((g —&))+j—i
Since €; < ¢; and i < j, we obtain w(j) —w(i) > 0.

Consequently, if i < j and o; = o, then
w(t) —w(j) <O0.
Case 2. If o; < ;.

If o; < oj — 3. By Proposition 3.0.2, we have ¢; + 3; < 2k + 1. Then,
w(j) —w(i) = m((oj —ai))k+ (85 — Bi) + (6j —€)) +j —i

m(3k+ (B — Bi) + (¢j —€)) + 75—
> mBk—2k—14+08;+¢)+7—1.

v

Since k > 1 and i < j, it follows that w(j) — w(i) > 0. Consequently, if i < j and «; < a;; — 3, then
w(i) —w(j) <0.
If Q; = a5 — 2.
If Bj +€; > 0. By Proposition 3.0.2, we have ¢; + ; < 2k + 1. Then,

w(j) —w@) = m((aj —ai)k+ (8 — Bi) + (6 —€)) +Jj—i
m(2k + (8 — Bi) + (€ — &) +j —i

(

(

AV

m(2k + B +¢; — 2k — 1) +j — i
m(2k +1—2k —1) + j — i.

v

Since i < j, we get w(j) — w(i) > 0.

If 53' =€ — 0. Then,

~—

w(j) —w(@) = m((aj —ai)k+ (B —Bi) + (6 — &) +j—i
= m(2k—Bi—e)+j—i
By Proposition 3.0.2, we have ¢; + 5; < 2k + 1.

- If B + €; < 2k. Since i < j, we obtain w(j) — w(i) > 0.
- If Bi +€ =2k + 1. Since j < m — 1, it follows that w(j) — w(i) < 0.
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Consequently, if i < j and o; = oj — 2, then

w(i) —w(j) <0
unless in the case where §; = ¢; = 0 and ; +¢; = 2k + 1.
If o; = aj — 1.

If B; + € < k+ B3 +¢;. Then,

w(j) —w(i) = m((aj —ai)k+ (B —Bi) + (e —€)) +7—i
= m(k+ (8 —Bi) + (e —€)) +7—i
> m(k—k)+j—1.
Since i < j, we get w(j) —w(i) > 0.
Ifﬁi+6i>/€+,8j—|—6j. Then,
w(j) —w(@) = m((a; —a))k+ (B — Bi) + (6 —€&)) +j —i
= m(k+ (B —Bi)+(—e)+j—i
< mk—k—1)+j—i.

Since j < m, it follows that w(j) —w(i) < 0. Note that if 5; +€¢; > k+ 8 +¢€;, then 5 +¢; < k
it follows from 3; 4+ ¢; < 2k + 1 (Proposition 3.0.2).

Consequently, if ¢ < j and o; = aj — 1, then
w(i) —w(j) <0
unless in the case where 5; +¢€; > k+ 3 +¢; and §B; +¢; < k.

In conclusion, if ¢ < j, we have
w(i) —w(j) >0,

in the case
Cki:Ozj—Q, Bj:ej:Oandﬁi—i—ei:Qk—i—l,

or
Cti:Oéj—L Bi+€i>k+,@j+€j and6j+6j§k,

and in the other cases
w(i) —w(j) <0.

Thus, the proof is complete.

The following theorem gives a formula for the Frobenius f(.5).
Theorem 3.2.5. Let S be a numerical semigroup minimally generated by
m,m+1,....m+Lkm+1)+r with r<(k+1)+1.
The Frobenius number f(S) of S is given by :
m(kam—1+q+e —1)+apm_1(kl+7r)—1 if S satisfies condition (H),
f(8) = .
m(kam—1+ Bm—1+ €m-1) — 1 otherwise,

where
(H) tm—1= am—l(kl + ’I”) + Bm—1l + €m—1tm—1, With a1 > 1, Broe1 +€m—1 <k, ¢+ € > Bn—1 +€m_1
and r > 1.
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Proof. By Lemma 1.0.21, we have f(S) = max(Ap(S,m)) —m. We are going to show that
w((am—1 —1)(kl +7)+ Kkl +r—1) if S satisfies condition (H)
max(Ap(S,m)) = { .
w(m — 1) otherwise.
By applying Proposition 3.2.4, we get
max(Ap(S,m)) =
max{w((am—1 —2)(kl +r)+kl+r —1),w((am- —1)(kl+7r)+kl+7r—1),w(m—1)}.
Recall that r — 1 =¢ql+t witht <[, e, =0ift =0 and ¢, = 1 if t # 0. We have
w((am—1 =Dkl +r)+kl+r—1) —w((am- —2) (Kl +7) + kl +7r—1)
= m(k(am-1—1)+k+qg+e)+ (ma—1)(kl+r)+kli+r—1
—m(k(am—1—2)+k+q+e)— ((ama —2)(kl+7r)+kl+7r—1)
= m(k)+kl+r>0.
Consequently,
max(Ap(S,m)) = max{w((am-1 — 1)(kl +7)+ki+7—1),w(m —1)}.
Case 1. If ay,—1 = 0, then i = (-1 — 1)(kl +7) + kl +r — 1 < 0. Hence,
max(Ap(S,m)) = w(m — 1) = m(kam—1 + Bm-1 + €m-1) + m — 1.
Case 2. If a1 > 1.
If r =1. Thus, r — 1 = 0 and so are q and ¢;. Therefore,
wim—1) —w((am—1 — 1)(kl+7)+ kl+7r—1)
= w(m—1) —w((am-1 — 1)(kl + 1) + kl)
= m(kam—1+ Bm-1+ €m—1) + m-1(kl + 1) + Br—1l + €m—1tm—1
— m(k(am—1—1)+ k) — (@m_1 — 1)(kl + 1) — ki
= m(Bm-1+ €m-1) + Bm-1l + €m—1tm—1+1 > 0.
Consequently,
max(Ap(S,m)) = w(m — 1) = m(kam—1 + Bm—-1 + €m—1) + m — 1.
Ifr>1(r—1=ql+twheret<l,¢=1ift>1and ¢ =0if ¢t =0). Then,
wim —1) —w((am—1 — 1)(kl+7r) + kl+r—1)
= m(kam-1~+ Bm-1+ €m—1) + am—1(kl +7) + Bm—1l + €m—1tm—1
—m(k(am-1—1)+k+q+e)— ((amo — 1) (Kl +7r)+kl+7—1)
= m(Bm-1+ €m-1—q¢— &)+ Bm-1l+ em_1tm-1+1.

If g4+ ¢ > Bm_1+ €m—1. We have 3,,_1 + €n—1 < k in this case this follows from Proposition
3.2.3. Since a;,—1 > 1 in this case, we get

Brm-1l + €m—1tm-1+1 < am-1(kl +7) + B—1l + €m—1tm—1 =m — 1.

Consequently,
w(m —1) —w((am-1 —1)(kl+7)+ Kkl +7r—1)

= Mm(Bm-1+ €m-1—q—€) + Bm-1l + €m_1tm_1+1
< m(-1)+m-—1
0.

A
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Hence,
max(Ap(S,m)) = w((am—1 —1)(kl+7)+kl+r—1)

= mlkam—1+q+e€)+ am(kl+7r)—1.
If g+ e < Bm-1+ €m—1. Then,
wim—1) —w((am-1 — 1)(kl+7)+ Kkl +7r—1)
=m(Bm-1+€m-1—q—€)+ Bl +em_1tym1+1>0.
Therefore,

max(Ap(S,m)) = w(m — 1) = m(kam—1 + Bm-1 + €m—1) + m — 1.

Hence, if S satisfies condition (H), we get
max(Ap(S,m)) = w((am-1—1)(kl+7r)+kl+r—1)
= m(kom—1 +q+¢€)+ am_1(kl+7)—1.
Otherwise, we obain
max(Ap(S,m)) = w(m — 1) = m(kam_1 + f1 +em_1) +m — 1.
By applying Lemma 1.0.21, if S satisfies condition (H), we obtain
f(S)=m(kam-1+qg+e—1)+am(kl+7r)—1,

otherwise, we obtain
f(S) =m(kam—1+ Bm-1 + €n-1) — L.

Thus, the proof is complete.
Example 3.2.6. Consider the following numerical semigroups.

S =<19,20,21,22,52 >. By using GAP [8], we get that f(5) = 89. Note that k =2,/ =3 and r = 8.
In addition, m —1 = 18 = 1(14) + 1(3) + 1 = am—1(kl + r) + Bm—1l + €m—1tm—1 With a1 = 1,
Bm-1=1l€épm1=1Ltph1=1landr—1=7=23)+1=ql+t withg=2,t=1,¢ = 1. We have S
verifies condition (H) and verifies the formula given in Theorem 3.2.5 as 89=19(2(1)+2+1-1)+1(14)-1.

S =< 11,12,13,14,36 >. By using GAP [8], we obtain that f(S) = 43. Note that £k = 2, [ = 3 and
r = 8. In addition, m—1 =10 =0(14) +3(3) + 1 = apm—1(kl +7) + Br—1l + €m—1tim—1 With a1 =0,
Bm-1=3,€m-1 =1ty =landr—1=7=23)+1=¢ql+t withgq=2,t=1,¢ = 1. We
have S does not verify condition (H) as a;,—1 = 0 and verifies the formula given in Theorem 3.2.5 as
43 =11(2(0) +3+1) — 1.

3.3 Genus of S

The following theorem gives a formula for the genus g(S).
Theorem 3.3.1. Let S be a numerical semigroup minimally generated by m,m+1,...,m+ 1, k(m+1) +
r with r < (k4 1)l + 1. The genus g(95) of S is given by :

l(kamfl + Bmfl)
2

g(S) = (kamfl + ﬁmfl + 1)( + Emfltmfl)

+]€Oém_1(0£m—1 + 1)7” n (q + 1)(7‘ -1+ t)O[m_l.

2 2
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Proof. By using Lemma 1.0.21 and Theorem 3.1.1, we get

1 m—1 17 . om—1
g(8) = = Y w-——=—=> (mkai+Bi+e)+i)— ——
m 2 m “ 2
weEAP(S,m) =0
m—1 1 m—1 m—1 m—1
= (ko + Bi + &) + — i—T:Z(kai+ﬂi+ei).
i=0 m 2o i=0

Now, we are going to divide the set {0 < i < m — 1} into subsets and calculate the value of ka; + f; + €; in
each subset. We have

{0<i<m-—1}

{Gkl+7r) <i<jkl4+r)+kl+(r—1);0<j<apy_1—1}

U {am—l(kl + 7') <t < o1+ Bl + 6m—ltm—l}
= UZ:lAfv

where

Ay = {j(kl+71); 0<j < am1 —1},

( );
Ay ={jkl+r)+yl+1<i<jki+r)+(y+1; 0<j<ami1—land0<y<k-1},
As={jkl+r)+ (k+)l+1<i<jkl+r)+(k+y+1); 0<j<am1—1land0<y<qg—1},
Ay={jkl+r)+ (k+l+1<i<jkl4+r)+k+ql+t; 0<j<opm1—1},
As = {am—1(kl + 1)},
Ag = {am-1(kl+r)+yl+1<i<amalkl+r)+y+1); 0<y < fm1—1},
A7 ={am_1(kl +7) + Bl + 1 < i < a1 (KL +7) + Br—1l + €m—1tm—1}.

Next, we will calculate the value of ka; + 5; + €; on each subset Ay.

If i € Ay, then ko + 5; +¢; = kj.

If i € Ay, then ko + B; + €, = kj +y + 1.

Ifi € Az, then ka; + 6, + ¢, =kj+k+y+ 1.

If i € Ay, then koy + B; + €, =kj +k+q+ 1.
If ¢ € As, then ka; + 8; + ¢, = kayn—1.

If i € Ag, then ka; + 8; + ¢, = ka1 +y + 1.
If i € Ay, then ka; + 8; + ¢, = kaym—1 + Bm—1 + 1.

Therefore,
m—1 7

9(5) = Z (kai; + Bi + &) = Z Z (ko + Bi + €)
=0 (=1i€A,

k—1 j(kl+r)+(y+1)I

Qm—1—1
= > (’faﬂmr)+5j<kz+r>+6j<kl+r)+z > (kaitBite)
j=0 y=0i=j(kl+r)+yl+1

q—1 j(kl+r)+(k+y+1)l G (kl+r)+(k+q)l+t
4 Y GwrAre)t > (it fire))
y=0i=j (kl-+r)+(k+y)l+1 i=j(kl+r)+(k+q)l+1

ﬁ'mfl_1 amfl(kl"!‘r)"'(y—"_l)l

+ (kaaml(lirr) + Ban_1 (kl+r) T ﬁaml(kz+r)> + Y > (ka; + Bi + €)
y=0 i=am—_1(kl+r)+yl+1

Oém—l(kl"l‘r)"l‘ﬁm—ll'f'fm—ltm—l
+ > (ko + Bi + €).
i=m—1 (Kl4+1)+Bm—11+1
Equivalently,
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Qm—1—1 k—1 j(kl+r)+(y+1)l —1 j(kl+r)+(y+1)1
g(S) = > <k3+z > (kj +y+1) +Z > (kj +k+y+1)
=0 y=0 i=j(kl+r)+yl+1 y=0i=j(kl4+r)+yl+1

G(kl+r)+(k+q)l+t Bm—1—1 am—1(kl4r)+(y+1)!

+ > (kj+k+q+ 1)>+kam_1 + > > (ka1 +y+1)
i=j(kl+r)+(k+q)i+1 y=0  i=am_1(kl+r)+yl+1

Olm71(kl+T)+ﬂm71l+€m71tm71
+ Z (kam—l + ﬂm—l + 1)
i=om—1(kl+r)+Bm—11+1

aanl*l k—1 q—l

= > (kj+Z(kj+y+1)l+Z(kj+k+y+1)l+(kj+/~c+q+1)t)
7=0 y=0 y=0

ﬂmfl_l
+k@m—1 + Z (kam—l + Yy + 1)l+(kam—1 + 57%—1 + l)em—ltm—l
y=0

Am—1—1

k(k — 1)1

= > (kj+k(kj+1)l+(2)
=0

(¢ —1)ql

+ (ki + b+ Dl +

+(kj+k+q+1)t)

/Bm—l (ﬁm—l - l)l
2

+kam—1 + (kamfl + 1)Bmfll+ + (kamfl + Bm—1+ 1)‘fmfltmfl

ap—1—1

= > (k:(kl+1+ql+t)j+
j=0

(k4 1)(kl 4 2ql + 2t) + 2qt + q(q — 1)l>
2

6m—1(/8m—1 - 1)l

+kam—1 + (kam—1 + 1)Bm-1l + 5

+(k05m71 + Bmfl + 1)Emfltmfl

k(KL +1+ gl + t)omm 1 (am-1 — 1
_ k(K +q+'? WOmo1 = 1) g s+ (ks + 1)l

(E+1)(kl+2¢l +2t) +2¢t + q(¢ — D) m—1  Bm—1(Bm_1 — 1)1
+ 5 + 5

+(kam—1 + Bm—l + 1)6m—1tm—1

(kam—1 — k)(Klam—1)  kam—1(am—1—1) (gl +t)(kam—1 — k)am—1
2 + 2 + 2

k+ 1)kloy, I+ 6)(2k + 2) 2t + q(q — 1))
+(+)204 1+(q+)(2 )a 1+(q q(q2 ) om—1

(kam—1+1)Bm-1l  Bm-1(klom—1) = Bm—1(Bm-1l)
2 * 2 * 2

+(kam—l + Bm-1+ 1)€m—ltm—l

l(kam—l + 5m—1)
2

kotm—1(am—1+1)
2

= (kamfl + Bm—1+ 1)( + Emfltmfl) +

(gl +t)(kam—1 +k+2)am-1  (2qt +q(g— 1)) am—1
+ 2 + 5 .
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Finally,
l(kom—1 + Bim— kogp—1(om—1 +1
9(S) = (komo + s+ 1)(1 5 Bnct) 4o t) + 1 5 )
N (k4 kapm—1 + 2)am—1(r — 1) + (2¢t + ¢(q — 1)) 1
2
lkm—+m— km— m—1+1
= (kam—l +5m—1 + 1)( ( a 12 IB 1) +€m—1tm—1) + a 1(Oé2 ! )7’
(g+1)(r—1+t)am—1
+ :
2
Thus, the proof is complete.

Example 3.3.2. Consider the examples in Example 3.2.6.

3.4

Next,

S =<19,20,21,22,52 >. By using GAP [8], we get that g(S) = 50. Note that k =2, =3 and r = 8.
In addition, m — 1 = 18 = 1(14) + 1(3) + 1 = am-1(kl + r) + Bm-1l + €m—1t;m—1 With a;—1 = 1,
Bm-1 =1 €n-1 =1ty =1landr—1=7=23)+1 = ¢l +t with ¢ = 2, ¢t = 1. We have
50 = (2(1)+1+1) (w +1) + 2(1)(§+1)8 + (2+1)(851+1)(1). Hence, S verifies the formula given in
Theorem 3.3.1.

S =< 11,12,13,14,36 >. By using GAP [8], we get that g(S) = 22. Note that k =2, =3 and r = 8.
In addition, m —1 = 10 = 0(14) + 3(3) + 1 = am—1(kl + ) + Bm—1l + €m—1tm—1 With ap_1 = 0,
Bm-1 =3, €m-1 =1ty =landr—1=7=23)+1=gql+t with g =2, ¢t = 1. We have
22 =(2(0)+3+1) (w +1)+ 2(0)(g+1)8 + (2“)(8;1“)(0). Hence, S verifies the formula given in
Theorem 3.3.1.

Determination of symmetric and pseudo-symmetric numerical semigroups

we shall focus on the determination of symmetric and pseudo-symmetric numerical semigroups. We

shall start with a technical Lemma.

Lemma 3.4.1. Let the notation be as defined in Definition 3.0.1 and in Definition 3.2.1, we have the

following :
29(5) — (£(5) + 1) = { F1 if S satisfies condition (H),
Fo otherwise,
where
Fi= am1((1—e)(kl+r)+kt+(g+ 1)t 1))
+Bm-1l(kom—14 Bm-1+1—q+1—€)
tem—t1tm—1(km—1+26m-1+2—q+1—¢)+1—¢ —q,
Fo= am-i1(—em1(kl+r)+(k+q—Bm1)r+k(l—=1)+7r+ (¢g+1)(t—1))
+Bm—11(1 = €m—1) + €m-1tm—1(kam—1+ Brm—1+2 — €m—1) — €m—1 — Bm—1
and
(H) :m—1=am-1(kl+7)+ Bm-1l+em-1tm—1, With a1 > 1, Bn1+em—1 <k, g+ 6 > Bm1+em1

and r > 1.
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Proof. By Theorem 3.2.5, we have f(S) = m(kaym—1+q+e —1)+am—1(kl+17)—11if S satisfies condition
(H) and f(S) = m(kam—1 + Bm—1 + €m—1) — 1 otherwise. Now, we use the formulas in Theorem 3.2.5 and
Theorem 3.3.1.

Case 1. If f(S) =m(kam-1+q+e — 1)+ apm_1(kl +7) — 1. Then,
29(8) = (f($) +1)

= (kam—l + 5m—1 + 1)(l(kam—l + 5m—1) + 26m—ltm—l) + k(am—l + 1)am—17'
+g+1)(r = Dam-1 + (g + Dtam—1 —mlkam—1+q+e — 1) — am1(kl + 1)

= oam_l(kQZam_l + klBm—1 + 2kém—1tm—1 + klBm—1 + kl + k(-1 + 1)r
+(@+ 1) =1+ @+t —km—kl—7)+ Bm-1l(Bm-1 + 1)
+€m71tm71(2ﬁm71 + 2) - m(q + e — 1)

= O‘mfl(kql +kt+qr+ (q + 1)(t - 1)) + Bmfll(ko‘mfl + Bm—1+ 1)
+em—t1tm—1(kam—1 +2Bm-1+2) — am_1(kl +7)(g+ e — 1) = Br—1l(g + & — 1)
_em—ltm—l(q + € — 1) - (q + € — 1)

= Oém_l((l — et)(kl + 7’) + kt + (q + 1)(t — 1)) + ﬁm_ll(kam_l +Bm1+1l—q+1-— 6t)
Fem—1tm—1 (k;amfl +28nh1+2—-q+1— et) +1—e—q.

Case 2. If f(S) = m(kam—1 + Bm—1 + €m—1) — 1. Then,
29(8) = (f(S) +1)

= (kam—l + /Bm—l + 1)(l(kam—1 + Bm—l) + 26m—ltm—l) + k(am—l + 1)Oém_17’
+(q + 1)(T - 1)am—1 + (q + 1)tam—1 - m(kam—l + /Bm—l + 6m—l)

= am-1(klom—1 + ElBm—1 + 2kem_1tm—1 + klBpm—1 + kl + k(@m—1 + 1)r
+(@+1)(r—=1)+ (g+ 1)t —km) + Br—1l(Bm—-1 + 1)
Fem—1tm-1(28m-1+2) = m(Bm-1 + €m—1)-

Therefore,

29(8) — (f(S) +1)

= am-1(klBm—1 + Kl +kr+(g+1)(r—1)+ (g+ 1)t — k) + Brm-1l(Bm-1 + 1)
+em—1tm—1(kam—1+ 2Bm-1+2) — am-1(kl + r)(Bm-1 + €m—1)
_/Bm—ll(/@m—l + 6m—l) - 6m—ltm—l(/@m—l + 6m—l) - (/Bm—l + 6m—l)

= am-1(—€em1(kl+r)+(k+q—Bm-1)r+k(l=1)+7r+(¢g+1)(t—1))
+/6m—1l(1 - 6m—l) + 6m—ltm—l(kam—l + Bm-1+2— 6m—l) — €m—1— Bm-1.
Thus, the proof is complete.

3.4.1 Determination of symmetric numerical semigroup

The following theorem gives the set of symmetric numerical semigroups.

Theorem 3.4.2. Let S be a numerical semigroup minimally generated by
mm+1,... m+Lkm+1)+r with r<(k+1)l+1.

Then, S is symmetric if and only if it satisfies one of the following :
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1.

2.

3.

7.

8.

S=<2k+3,2k+4,k2k+4)+Ek+2>.
S =< 2kl +3,2kl +4,...,(2k + 1)l +3,k((2k + 1) +3) + kl +2 > with [ > 2.
S =< /Bm—1+176m—1+2,k(ﬁm—1+2)+7’> with Bm—l > 1.

S=<(ama1+1)(k+q+1),(ma+1)(k+qg+1)+1LEk((tma+1)(k+qg+1)+1)+qg+1>.

S =<Bm-1l+2,.. (B + DI+ 2,E((B—1 + 1)l +2)+ gl +t+1> witht >1and [ > 2.

S =< (1 + (k4@ +2),- -, (1 + 1)k + @) +2) L E((m 1+ 1) ((k+ @)l +2) +1) +gl+2 >
with [ > 2.

S =< Bm-1l +2,..., Bt + D+ 2,k((B—1 + 1) +2) + gl +1> with [ > 2.

S=<am1(kl+1)+k—-1)14+2,...,0m-1(kl+1)+ Kkl +2,k(ctm-1(kl+1)+ Kkl +2)+1 > with | > 2.

Proof. By Lemma 1.0.34, we have

S is symmetric if and only if 2¢(S) — (f(S) +1) = 0.

Case 1. If S satisfies condition (H). By Theorem 3.2.5,

with

F(S) =mkam-1+q+e —1)+am_1(kl+7)—1

m—1 >0, Bm-1+em-1 <k, g+e >0Bn1+en1andr>1.

By using Lemma (3.4.1), S is symmetric if and only if

am—1((1 =€) (Kl +7) + kt + (g + 1)(t = 1)) +Bm—1l(kom—1 + Pn-1 +1—q+1 &)
+€m—1tm—1(kam—l +28n-1+2—-q+1— ft) +1—-e=q

If ¢, =0 (t=0and r =gl + 1 in this case). Then, S is symmetric if and only if

amfl(k;l + Q(l - 1)) + ﬁmfll(kjamfl +Bm-1+2— Q)

(3.4.1)
+€m—1tm—1(k04m—1 +2Bm—1+3 — Q) +1=gq.

Since | > 1, ayp—1 > 1 and ¢ < k+ 1 (Proposition 3.2.3), it follows that kl + q(I — 1) > kl, kay,—1 +
Bm-1+2—q>1and kay,—1 + 208m—1 + 3 — g > 2. Consequently, (3.4.1) implies that
1kl + Bm_1l + Em_ltm_1(2) +1<q. (3.4.2)
As app—1 > 1,1 > 1 and ¢ < k + 1 (Proposition 3.2.3), then (3.4.2) implies that [ = 1, a;p—1 = 1,
Bm-1=0, €n_1tm—1 =0and ¢ =k + 1. Asr = ¢l + 1 in this case (as ¢, =t = 0), we get r = k + 2.
Therefore, S is symmetric in this case if and only if
am1 =1, Bt =0, tmy1 =0, =1, r =k +2. (3.4.3)

We have m — 1 = a1 (kl +7) 4+ B—1l + €ém—1tm—1. By substituting (3.4.3) in S, we obtain

S=<2k+3,2k+4,k2k+4)+k+2>.

If ¢, =1 (¢t > 1). Then, S is symmetric if and only if

a1 (Kt + (q+ 1)t = 1)) + Bnsl (k1 + 1 +1—q)

(3.4.4)
+5m—1tm—1(kam—l +28n-1+2— Q) =4q.
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Since t > 1, ayp—1 > 1 and ¢ < k (by Proposition 3.2.3 as ¢ = 1), it follows that kt + (¢+1)(t — 1) >
kt, kay—1+ Bm-1+1—q > Pm—1+1 and kayy—1+2Bm-1+2—q > 20,—1 + 2. Consequently, (3.4.4)
implies that

Oémfl(kt) + 5m71l(5m71 + 1) + Emfltmfl(QBmfl + 2) <gq. (345)

As a1 > 1, t > 1 and ¢ < k (by Proposition 3.2.3 as ¢, = 1), then (3.4.5) implies that a,,—1 =
1,t=1, -1 =0, ép_1tm—1=0and g=k. Asr=ql+t+ 1, we get r = kl + 2. Since t > 1, then
I > 2. Therefore, S is symmetric in this case if and only if

am-1=1, Bn_1=0, typ1 =0, r=kl+2, 1 > 2. (346)
We have m — 1 = a1 (kl +7) 4+ B—1l + €m—1tm—1. By substituting (3.4.6) in S, we obtain

S =< 2kl 43,2kl +4,..., (2k + 1)l +3,k((2k + 1)l +3) + kl +2 > with [ > 2.

Case 2. If S does not satisfy condition (H). By Theorem 3.2.5,

f(S) = m(kamfl + ﬂmfl + 6mfl) -1
with
Om-1=00r Bp1+€em_1>kor Bp_1+€en_1>q+e orr=1. (3.4.7)

By using Lemma 3.4.1, S is symmetric if and only if

Am—1(— €mo1(kl+7)+ (k+q—Bm—1)r+k(l—=1)+7r+ (¢g+1)(t —1))
+/8m—ll(1 - 6m—l) + 6m—ltm—l(kam—l + /Bm—l +2 - 6m—l) = /Bm—l + €m—1-

If €,—1 =0 (t;m—1 = 0). We have r = ql + t + 1, then S is symmetric if and only if
m—1((k+q¢—Bm-1)r+k(—1)+q(l—1)+ (¢ +2)t) + f-1(l —1) = 0. (3.4.8)

If B—1 = 0. Since €,,—1 = 0 and m # 1 (S # N), it follows that a,—; > 1. Since f,,—1 =
0, €ém—1 =0, and a,—1 > 1, by using (3.4.7), we get r = 1 in particular ¢ = 0 and ¢, = ¢t = 0.
In this case by using (3.4.8), we obtain S is symmetric if and only if ay,—1(k+ k(I —1)) = 0. As
am—1 > 1, it follows that kI = 0 which is impossible (as k > 0 and [ > 0).

If B,—1 > 1. Since | > 1 and S,,—1 < k + ¢ (Proposition 3.2.2), it follows that au,—1((k + ¢ —
Bm-1)r +k(l—1)+q(l—1)+ (¢+2)t) > 0 and B,—1(l — 1) > 0. By using (3.4.8), we get
Bn1(l—1) =0 (3.4.9)
and
Am—1((k+q—Bm—1)r +k(l—1)4+q(l —1) + (g + 2)t) = 0. (3.4.10)
Since fp,—1 > 1, then (3.4.9) implies that [ = 1. By substituting { = 1 in (3.4.10), we get

Wm—1((k+q = Bm—1)r + (¢ +2)t) = 0. (3.4.11)
Now, (3.4.11) implies that
1 =0 (3.4.12)
or
(k+q—Bm-1)r+(¢+2)t =0. (3.4.13)

Since Bpn—1 < k 4 ¢ (Proposition 3.2.2), » > 0 and ¢ + 2 > 0, then (3.4.13) implies that
Pm-1=k+qgand t =0. Asr =ql+t+ 1 (with [ = 1 proved above), then r =gl +1 =g+ 1 in
this case. Therefore, S is symmetric in this case if and only if

am—1=0, Bp—1 21, €m_1=0,1=1 (3.4.14)
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or
Bm-1=k+q, €n1=0,1=1 r=q+1. (3.4.15)

We have m — 1 = a1 (Kl +7) + B—1l + €m—1tm—1. By substituting (3.4.14) and (3.4.15) in S,
we get that S is symmetric if and only if

S =< /Bm—l + 175771—1 + 27 k(ﬁm—l + 2) + 7> with 5m—1 > 1

or
S=<(am1+D)k+q+1), (am1+1)(k+q+1)+1,

k((ama+ 1) (k+q+1)+1)+q+1>.
If €y—1 =1 (t;p—1 > 1). Then, S is symmetric if and only if
am-1((k+q = Bn-1)r + (g+ 1)(t = 1))+ (tm-1 — 1) (k-1 + Bm—1 + 1) = 0. (3.4.16)
If t > 1. Since B—1 < k + ¢ (Proposition 3.2.2) and ¢t > 1, it follows that
am—1((k+q—Bm-1)r +(g+1)(t—1)) > 0.
We have kay—1 + B—1 + 1 > 0 and t,,—; > 1. By using (3.4.16), we get
tmoy =1 (3.4.17)

and
Am—1((k+q = Bm-1)r+ (¢g+1)(t—1)) =0. (3.4.18)

Since t,—1 = 1, it follows that | > 2 (€—1tm—1 < [). Now, (3.4.18) gives a;p—1 =0 or (k+ q —
Bm—1)r+(g+1)(t—1) =0.If (k+q—Bm-1)r+(¢g+1)(t—1) = 0, since f,—1 < k+q (Proposition
322),r>0,¢g+1>0andt >1,it follows that t = 1 and f,,—1 = k + ¢. Consequently, S is
symmetric if and only if t,,_1 =1 with ayy,_1 =0, >2o0r t,,_ 1 =1witht =1, 8,1 =k + g,
1 >2 Since r =gl +t+1and ¢t > 1 in this case, it follows that S is symmetric if and only if

Omo1=0, tm_1 =1, t>1with [ >2 (3.4.19)

or
Bmo1=k+q, tm1 =1, r=ql +2 with [ > 2. (3.4.20)

We have m — 1 = a1 (Kl +7) + B—1l + €m—1tm—1. By using (3.4.19) and (3.4.20), we get S is
symmetric if and only if

S=<Bm1l+2,..., B+ DI +2,k((Br1 + DI +2)+ql +t+1>
witht>1and !> 2
or
S=<(amaa+D)((k+q)l+2),....(maa1+D({(k+ql+2)+1,
E((am—1+1)((E+@)l+2)+1)+ql+2> withl>2.
If t = 0. We have r = ¢l + 1, then (3.4.16) implies that S is symmetric if and only if
am-1((k+q—1=Bm-1)r +q(l = 1)+(tm-1 — 1) (kam-1+ -1 +1) = 0. (3.4.21)

We have r = gl4+1and 1 < €,,_1t;,—1 < [—1in this case. On the other hand, 8,,_1l4+€n_1tm_1 <
kl+r—1=kl+ql. Hence, Bp—1 < k+q—1 (as €p—1tm—1 > 1). Sincel > 1 and B,—1 < k+q—1
in this case, it follows that am,—1((k+ ¢ — 1 — Bm—1)r + ¢l — 1)) > 0. We have t,,—1 > 1 and
k-1 + Bm—1 +1 > 0. By using (3.4.21), we get

tme1 =1 (3.4.22)
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and

am—1((k+q—1—=Bp_1)r+ql—1)) =0. (3.4.23)
Since t,—1 = 1, it follows that | > 2 (e—1tm—1 < ). Now, (3.4.23) gives a;,—1 =0 or (k+q —
1—fBm-1)r+q(l—1)=0.If (k+q¢—1—Bm_1)r+q(l—1) =0, since B;,,—1 < k+¢—1 in this case
(proved above), r > 0 and [ > 1, it follows that 3,1 = k4+¢—1 and ¢(I—1) = 0. Since t,,—1 = 1,
it follows that [ > 2, in particular ¢(Il — 1) = 0 gives ¢ = 0. Thus, in the second case, we have
Bm-1=k+q—1with ¢ =0 (r =1 in this case as t = 0). Consequently, S is symmetric if and
only if t,,—1 =1 with a1 = 0,1 >20r ty,—1 =1 withqg=0 (r=1), fp_1 =k+qg—1=k—1,
1 >2. Asr =gl +1 in this case, it follows that S is symmetric if and only if

Om—1=0, tymm1 =1, r=¢ql+1 with[ > 2 (3.4.24)
or
Bn—1=k—1, tyjy_1 =1, r=1with [ > 2. (3.4.25)
We have m — 1 = a1 (Kl +7) + B—1l + €m—1tm—1. By using (3.4.24) and (3.4.25), we get S is
symmetric if and only if
S =< Bl + 2o Bt + DU+ 2, k(B + D)l +2) + i + 1>
with [ > 2
or
S=<ama(kl+1)+k-11l+2,...;0m-1(kl+1)+kl+2,
E(om—1(kl+1)+kl+2)+1> with [ > 2.
Thus, the proof is complete.
Example 3.4.3. Consider the following numerical semigroups.

1. § =< 9,10,35 >. By using GAP [8], we get that S is symmetric. Note that m = 9 = 2k + 3 with
k = 3. In addition, [ =1 and r = 5 = k + 2. Hence, S verifies the formula in Theorem 3.4.2.

2. § =< 15,16,17,18,44 >. By using GAP [8], we get that S is symmetric. Note that [ = 3 and
m = 15 = 2kl + 3 with £k = 2. Moreover, r = 8 = kl + 2. Hence, S verifies the formula in Theorem
3.4.2.

3. §=<38,9,48 >. By using GAP [8], we get that S is symmetric. Note that [ = 1. Moreover, m = 8 =
7(1) + 1 where ay—1 =0, Byn—1 =7 > 1 and t,,,—1 = 0. In addition, £k = 5 and r = 3. Hence, S verifies
the formula in Theorem 3.4.2.

4. S =< 10,11,35 >. By using GAP [8], we get that S is symmetric. Note that [ = 1. In addition,
m=10=183+14+1)+3+1+1=(14+1)(3+1+1) where app—1 =1, Bn—1 =3+ 1=k + ¢ such
that k=3 and ¢=1, t,,_1 =0 and r =2 = ¢+ 1. Hence, S verifies the formula in Theorem 3.4.2.

5. § =< 18,19,20,21,22,54 >. By using GAP [8], we get that S is symmetric. Note that | = 4 > 2
and m = 18 = 4(4) + 1 + 1 where a1 = 0, Bp—1 = 4 and t,,—1 = 1. In addition & = 2 and
r=10=2(4)+141=gql+t+1suchthat t =1 > 1. Hence, S verifies the formula in Theorem 3.4.2.

6. S =< 16,17,18,40 >. By using GAP [8], we get that S is symmetric. Note that [ =2 > 2, k = 2,
g=1landr =4=¢l+2. Inaddition,m =16 =1((2+1)2+2)+(2+1)2+2=(1+1)((2+1)2+2) =
am—1((k+ @l +2)+ (k+ q)l + 2 where a1 =1, Bn—1 = k+ ¢ =3 and t,,_1 = 1. Hence, S verifies
the formula in Theorem 3.4.2.

7. 5 =< 18,19,20,21,22,75 >. By using GAP [8], we get that S is symmetric. Note that [ = 4 > 2
and m = 18 = 4(4) + 1 + 1 where a1 = 0, fp—1 = 4 and t,,—1 = 1. In addition k£ = 3 and
r=9=2(4) 4+ 1= ql + 1. Hence, S verifies the formula in Theorem 3.4.2.

8. 5 =<89,90,91,92,93,94,565 >. By using GAP [8], we get that S is symmetric. Note that | =5 > 2,
k =6 and r = 1. In addition, m = 2(5(6) + 1) + (6 — 1)(5) + 2, where a—1 =2, Bn1 =5=k—1
and t,,_1 = 1. Hence, S verifies the formula in Theorem 3.4.2.

51



CHAPITRE 3. NUMERICAL SEMIGROUP OF THE FORM < M, M +1,.... M + L, K(M + L)+ R >

3.4.2 Determination of pseudo-symmetric numerical semigroup
Now, we shall characterize the set of pseudo-symmetric numerical semigroups.
Theorem 3.4.4. Let S be a numerical semigroup minimally generated by
m,m+1,....m+Lkm+1)+r with r»<(k+1)I+1.

Then, S is pseudo-symmetric if and only if it satisfies one of the following :

1. §=<9,10,13 > .

2. S=<2k+2,2k+3,k(2k+3)+k+1>.

3. S =<2k—-1)l+3,...,2kl +3,k2kl +3) + (k — 1)l + 2 > with [ > 2.

4.8 =< 220 +2)+1,...,2020+2) + 1+1,(220 +2) + 1 +1) + 1 +2 > with [ > 2.
S=<2k+1,2k+2,k(2k+2)+ 1> with & > 2.
S =<3,4,5>.
S =<2kl+5,....,2k+ 1)l +5,k((2k + 1) +5) +3 > with [ > 3.
S=<2k-2)l+3,...,2k— 1)l +3,k((2k —1)I+3)+ 1> with [ > 2.

© »®» N o«

S =<4k +5,4k + 6,4k + 7, k(4dk +7) +3 > .
Proof. By Lemma 1.0.34, we have
S is pseudo-symmetric if and only if 2¢(S) — (f(S) +1) = 1.
Case 1. If S satisfies condition (H). By Theorem 3.2.5,
f(S) =m(kay—1+q+e —1) +apm(kl+7) -1

with

am-1>0, Bn-1+€m-1<k, ¢+e&>Bn1+en-1andr>1
By using Lemma 3.4.1, S is pseudo-symmetric if and only if

Am—1 (L= e)(kl+7)+kt+(g+ 1)t — 1)) +Bm-1l(km-1+ Bm-1+1—q+1—¢)
+6m—1tm—1(kam—1 +28p1+2—-qg+1— et) +tl1-e=q+1
Ife,=0(t=0,r=gql+1). Since r = ql + 1, it follows that S is pseudo-symmetric if and only if
am—l(kl + Q(l - 1)) + /Bm—ll(kam—l + Bm-1+2— Q)
(3.4.26)
+€m71tm71(k704m71 + 2617171 +3 - Q) =4q.

Since a;,—1 > 1 and ¢ < k4 1 (Proposition 3.2.3), it follows that ka,—1 + Bm—1+2 —q¢ > Bm-1 + 1
and kay—1 + 268m—1+ 3 — ¢ > 261 + 2. Consequently, (3.4.26) implies that ay,—1(kl +q(l — 1)) +
Bim—-1l(Bm-1+1) + €m-1tm—128m-1+2) < q. Asap—1 >1,k>1,1>1and ¢ < k+ 1 (Proposition
3.2.3), it follows that

[=1, Bt =0, eém_1tm_1 =0, am_1 € {1,2}. (3.4.27)

If ayp—1 = 2. By substituting (3.4.27) in (3.4.26), it follows that S is pseudo-symmetric if and
only if 2k = ¢q. As ¢ < k+ 1 (Proposition 3.2.3), we get k = 1 and ¢ =2k =2. Asr =ql + 1
with [ = 1 in this case, we obtain r = 3. Thus, we have

m1=2 Bmo1 =0, tym1=0,1=1,r=3, k=1. (3.4.28)
We have m — 1 = ayp—1(kl +7) + Bm—1l + €m—1tm—1. By substituting (3.4.28) in S, we get
S =<9,10,13 > .
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If -1 = 1. By substituting (3.4.27) in (3.4.26), it follows that k =¢q. Asr =¢ql+ 1 with [ =1
in this case, we obtain r = k + 1. Thus, we have

ame1=1, Bno1=0, t;p1 =0, =1, r=k+1. (3.4.29)
We have m — 1 = a1 (Kl + 1) + Bin—1l + €m—1tm—1. By substituting (3.4.29) in S, we get

S=<2k+2,2k+3,k(2k+3)+k+1>.
If ¢ =1 (¢t > 1). Then, S is pseudo-symmetric if and only if

am—1(kt+ (¢ +1)(t — 1)) 4+ Bm-1l(kom—1 + Bm-1+1—q)

(3.4.30)
+6m71tm71(k04m71 +2Bm—1+2— Q) =q+1

Since ay—1 > 1 and ¢ < k (by Proposition 3.2.3 as ¢, = 1), it follows that kay,—1 + -1 +1—¢q >
Bm-1+ 1 and kay—1 + 26m—1+2 — ¢ > 28m—1 + 2. Consequently, (3.4.30) implies that

am-1(kt + (¢ +1)(t = 1)) + Bn-1l(Bn-1 + 1)

(3.4.31)
+€m—1tm—1(2/8m—1 + 2) <qg+ 1.

Since t > 1, it follows that [ > 2. As a1 > 1,¢t > 1,1 > 1 and ¢ < k (by Proposition 3.2.3 as ¢, = 1),
then (3.4.31) implies that
Qm—1 € {1,2}, Bm-1=0, ¢n_1tm_1=0,t=1, 1> 2. (3.4.32)

If ap,—1 = 1. By substituting (3.4.32) in (3.4.30), it follows that k = ¢+ 1. Asr =¢l+t+1 and
t =1, then r = (k — 1)l + 2 in this case. Thus, we have

amo1=1, Bt =0, tm1 =0, r=(k—1)+2, 1 >2. (3.4.33)
We have m — 1 = a1 (kl + 1) + Bm—1l + €m—1tm—1. By substituting (3.4.33) in S, we get
S=<2k—-11+3,...,2kl +3,k(2kl +3) + (k — 1)l +2 > with [ > 2.

If -1 = 2. By substituting (3.4.32), in (3.4.30), it follows that 2k = ¢+ 1. As ¢ < k (by
Proposition 3.2.3 as ¢, = 1) in this case, we obtain K = 1 and ¢ = 1. Since r = ¢l + ¢ + 1 with
t=1and ¢ =1 we get r = [ 4+ 2. Therefore, we have

Om-1=2, Bn_1=0, t;no1=0, k=1, r=1+2, 1> 2. (3.4.34)
We have m — 1 = a1 (Kl +7) 4+ Bi—1l + €m—1tm—1. By substituting (3.4.34) in S, we obtain
S=<220+2)+1,...,2Q+2)+ 141,220 +2)+1+1)+1+2> with [ > 2.
Case 2. If S does not satisfy condition (H). By Theorem 3.2.5,
f(S) = m(kam—1+ Bm—1 + €m—1) — 1

with
Om-1=00r Bp_1+€m_1>kor Bp_1+€n1>q+eorr=1. (3.4.35)

By using Lemma 3.4.1, S is pseudo-symmetric if and only if
o1 ( = em (L4 7) + (5 + g — B )+ 50— 1) + 7+ (g + 1)t — 1))
+ﬁm71l(1 - Emfl) + 6mfltmfl(kamfl + Bm—1+2— Emfl) = Bm-1+€m-1+ 1.

If €,—1 = 0. We have r = gl +t + 1, then S is pseudo-symmetric if and only if

Am—1((k+q¢—Bm-1)r+k(l—1)+q(l — 1)+ (g+2)t) + Ba(l — 1) = 1. (3.4.36)
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If Bn—1 > 1. Since B—1 < k + ¢ (Proposition 3.2.2) and [ > 1, it follows that a,,—1((k + ¢ —
Bm—1)r+k(l—1)+q(l—1)+ (¢+2)t) > 0 and B,,,—1(l — 1) > 0. By using (3.4.36), we get that
1<2.

- If I = 2. From (3.4.36), as Bpm—1 > 1 and B,,—1 < k + ¢ (Proposition 3.2.2), it follows that
am—1 = 0 and B,,—1 = 1. In this case as €,,_1 = 0, we get that m = 3. Since [ = 2, then
v =4 > m which is impossible (v < m).

- If | = 1. By using (3.4.36), we get S is pseudo-symmetric if and only if a,,—1((k + ¢ —
Bm-1)r + (¢ + 2)t) = 1. Hence, a1 = 1 and (k + ¢ — Bm—1)r + (¢ + 2)t = 1. Since
Bm-1 < k + q (Proposition 3.2.2), r > 0 and ¢+ 2 > 1, we get that t =0, 5,1 =k+q¢—1
and r = 1 (in particular ¢ = 0). Thus, $,,—1 = k — 1. We have f,,_1 > 1, then k > 2. Thus,
we have

amo1 =1, b1 =k —1, tm1 =0, r=1, =1 (3.4.37)
with k£ > 2. We have m — 1 = a1 (kl + 1) + Bm—1l + €ém—1tm—1. By substituting (3.4.37)
in S, we obtain
S =<2k+1,2k+2,k(2k+2)+ 1> with £ > 2.
If 81 = 0. Since €,-1 = 0 and m # 1 (S # N), it follows that a,,—1 > 1. As a1 > 1,
Bm—1 = 0 and €,,—1 = 0, then (3.4.35) implies that » = 1 in particular ¢ = 0 and ¢, = ¢t = 0.
Then, (3.4.36) implies that S is pseudo-symmetric if and only if a1 (k+k(I—1)) = 1. Therefore,
am—1 =1 and kl = 1. Thus, we have

am1 =1, Bo1 =0, tm1 =0, k=1, 1=1, r=1. (3.4.38)
We have m — 1 = app—1(kl + 1) + Bm—1l + €m—1tm—1. By substituting (3.4.38) in S, we get
S =<3,4,5>.
If €,—1 =1 (t;y—1 > 1). Then, S is pseudo-symmetric if and only if
amo1((k+q = Bm—1)r + (g + 1)t = 1)) + (tme1 — 1) (keun—1 + By + 1) = 1. (3.4.39)

If t > 1. Since ty,—1 > 1, Bm—1 < k + ¢ (Proposition 3.2.2) and ¢t > 1, it follows that ay,—1((k +
q—Bm—1)r+(g+1)(t—1)) > 0 and (ty—1 — 1) (kam—1+ Bm—1+1) > 0. From (3.4.39), it follows

that
m—1((k+q— Bm-1)r + (¢ +1)(t - 1)) =0,
(3.4.40)
(tmfl - 1)(kOém,1 + Bm—1+ 1) =1
" et (k40 = Bt + (g + D(E—1)) =1,
(3.4.41)

(tmfl - 1)(kam71 + Bm—1+ 1) =0.

From (3.4.40) as (tm—1 — 1)(kam—1 + Bm—1 + 1) = 1, it follows that a1 = 0, Bp—1 = 0 and
tm—1 = 2. Thus, m = 3 but v < m = 3, then [ = 1 for must. On the other hand, ¢ <[ =1 which
implies that ¢ = 0 which is impossible as ¢ > 1 in this case. Thus, we do not have case (3.4.40).
Now, consider (3.4.41). As kayp—1+4 Bm—1+1 > 0, then (3.4.41) implies that t,,—1 =1, -1 =1
and

(k+q—Bm-1)r+(¢+1)(t—1)=1 (3.4.42)
Since t > 1,7 >0,qg+ 1> 0 and B,,-1 < k+ g (Proposition 3.2.2), then (3.4.42) implies that
q=0,t=2and B,-1 = k+q =k (the case where f,,-1 = k+q¢—1,r=1andt =1is
impossible as 7 = 1 implies that ¢ = 0 and we get a contradiction). As r = ¢l +t + 1, we get
r = 3. In addition, as t = 2, it follows that [ > 3. Thus, we have

Am—1 = 1, /Bm—l = k, tm—1 = 1, r= 3, l > 3. (3.4.43)
We have m — 1 = a1 (kl +7) 4+ Bm—1l + €ém—1tm—1. By substituting (3.4.43) in S, we obtain
S=<2kl+5,...,2k+ 1)l +5,k((2k+ 1)l +5) +3 > with [ > 3.
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If t =0. We have r = ¢l + 1, from (3.4.39), it follows that S is pseudo-symmetric if and only if
Am—1((k+q—1—=Bm_1)r+ q(l = 1)) +(tm-1 — 1) (kam-1+ Bm-1+1) = 1. (3.4.44)

We have r = gl4+1and 1 < ¢,_1t;,—1 < [—1. On the other hand, 5,,_1l4+€m_1tm_1 < kl+r—1 =
kl+ql. Hence, Br—1 < k+q—1 (as €yp—1t;m—1 > 1). Since [ > 1, t,,—1 > 1 and Bym1 < k+q—1,
it follows that a—1((k+q—1—Bm-1)r+q(l—1)) > 0 and (-1 — 1) (kam—1+ Bm—1+1) > 0.
From (3.4.44), it follows that

Am-1((k+q—1—=Bm_1)r+q(l—1)) =0,
(3.4.45)
(tmfl - 1)(kamfl + Bm-1+ 1) =1,

or
m-1((k+q—1—=Bp_1)r+q(l—1)) =1,
(3.4.46)
(tm—l - 1)(kam—1 + Bm—1+ 1) = 0.

From (3.4.45), as kayy—1 + Bm—1+1 > 1, it follows that a,,—1 = -1 = 0 and t,,—1 = 2. In this
case, we have m = 3. As v < m = 3, it follows that [ = 1 which contradicts t,,_1 =2 <1 — 1.
Thus, we do not have case (3.4.45).

Now, from (3.4.46), as kapy—1 + Bm-1 + 1 > 1, it follows that ¢,,—; = 1. Since t;,—1 = 1
(tm—1 <1—1), we get [ > 2. In addition, (3.4.46) implies that a,,—1 = 1, and

(k+q—1—=pBm-1)r+q(l—1)=1. (3.4.47)

Since B,—1 < k+ ¢ — 1 in this case as stated above, r > 1 and [ > 1, then (3.4.47) implies that

r=1(¢g=0), f-1=k+q—2=k—2 (3.4.48)

or
1=2,q=1, fn1=k+q—-1=k. (3.4.49)
Since r = ¢l + 1 in this case, from -1 =1, t—1 =1, 1 > 2, (3.4.48) and (3.4.49), it follows

that

om1=1, Bt =k —2, tma =1, r=1,1>2 (3.4.50)

or
am1 =1, Bt =k, tm1 =1, =2, r=3. (3.4.51)

We have m — 1 = a1 (Kl +7) + B—1l + €m—1tm—1. By (3.4.50) and (3.4.51), we get
S =< (2k—2)1+3,...,(2k — 1)l +3,k((2k —1)| +3)+ 1> with [ > 2

or
S =<4k + 5,4k + 6,4k + 7, k(4k +7) +3 > .

Thus, the proof is complete.
Example 3.4.5. Consider the following numerical semigroups.

1. § =< 9,10,13 > . By using GAP [8], we get that S is pseudo-symmetric. Moreover, S verifies the
formula in Theorem 3.4.4.

2. § =< 32,33,511 >. By using GAP [8], we get that S is pseudo-symmetric. Note that [ = 1, &k = 15
and r = 16 = k 4 1. In addition, m = 32 = 2(15) + 2. Hence, S verifies the formula in Theorem 3.4.4.

3. S =<15,16,17,18,19,44 >. By using GAP [8], we get that S is pseudo-symmetric. Note that [ = 4,
k=2andr=6=(k—1)l+2. In addition, m = 15 = (2(2) —1)4+3 = (2k — 1)[ + 3. Hence, S verifies
the formula in Theorem 3.4.4.
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4. § =< 17,18,19,20,25 >. By using GAP [8], we get that S is pseudo-symmetric. Note that [ = 3,
k=1,r=>5=1+2. Moreover, m = 17 = 2(2(3) +2) +1 = 2(2/+2) + 1. Hence, S verifies the formula
in Theorem 3.4.4.

5. 8 =<9,10,41 >, By using GAP [8], we get that S is pseudo-symmetric. Note that [ = 1, »r = 1 and
k =4 > 2. Moreover, m =9 = 2(4) + 1 = 2k + 1. Hence, S verifies the formula in Theorem 3.4.4.

6. S =<3,4,5>. By using GAP [g8], we get that S is pseudo-symmetric. Moreover, S verifies the formula
in Theorem 3.4.4.

7. S =< 45,46,47,48,49,50,203 >. By using GAP [8], we get that S is pseudo-symmetric. Note that
l=5>2,r=23and k = 4. Moreover, m = 45 = 2(4(5)) + 5 = 2kl + 5. Hence, S verifies the formula
in Theorem 3.4.4.

8. 5 =<19,20,21,22,23,70 >. By using GAP [8], we get that S is pseudo-symmetric. Note that [ =4 >
2, r =1 and k = 3. Moreover, m = 19 = (2(3) — 2)4 + 3 = (2k — 2){ + 3. Hence, S verifies the formula
in Theorem 3.4.4.

9. §=<09,10,11,14 >. By using GAP [8], we get that S is pseudo-symmetric. Note that | = 2, k =1
and r = 3. Moreover, m = 9 = 4(1) + 5 = 4k + 5. Hence, S verifies the formula in Theorem 3.4.4.

3.5 Pseudo-Frobenius Numbers

The aim of this Section, is to determine the set of pseudo-Frobenius Numbers of S. We are going to introduce
some Lemmas that will help us in determining the set of pseudo-Frobenius Numbers of S.

Lemma 3.5.1. (see [6]) Let S be a numerical semigroup and n € S*. Let Ap(S,n) = {w(i); w(i) =
i mod n, 0 <i<n-—1} be the Apéry set of S with respect to n and let PF(S) be the set of pseudo-
Frobenius numbers of S. Then, w(z) —n € PF(S) if and only if

wx+y)+n<w)+w(y) forall 1 <y <n—1where x +y =z + y mod n.

Proof. Let w(z)—n € PF(S). By definition of PF(S), we have w(z)—n+S* C S. Then, w(z)4+w(y)—n € S
(as w(y) € S*). On the other hand, both w(x) +w(y) —n and w(x + y) are congruent to x + y mod n, then
by definition of the elements of the Apéry set of S, we get

wx+y) <w(@)+w(ly) —n, V1i<y<n-—1

Conversely, suppose that w(z +y) +n < w(z) + w(y), V1 <y < n — 1. By definition of the elements
of the Apéry set of S, we have w(z) —n ¢ S, then it is left to show that w(z) —n + S* C S to get that
w(x)—n € PF(S). Indeed, we have w(z) —n+w(y) > w(x +y) forall 1 <y < n—1and both w(z)—n+w(y)
and w(x + y) are congruent to  + y mod n. Consequently, from the definition of the elements of the Apéry
set of S, it follows thatw(x) —n +w(y) € S, ¥V 1<y <n—1 which implies that

w(zr) —n+S*CS.

The later follows from the fact that for all s € S, there exists (k,w) € N x Ap(S,n) such that s = kn +w
and that n € S (Proposition 1.0.13). Hence, our assertion holds. Thus, the proof is complete.

By applying Lemma 3.5.1 on our numerical semigroup, we get Proposition 3.5.2. Proposition 3.5.2, mainly
=

equation (3.5.1), will be used later in determining PF(S).

Proposition 3.5.2. Let S be a numerical semigroup minimally generated by m,m + 1,...,m + [, k(m +
)4+ r with r < (k+ 1)l + 1. Then,

w(z) —m € PF(S) ifand only if V1<y<m—1,

m(kagy + By + ey + 1) + 7+ y <mk(az + ay) + Bs + By + € + €y) + 7+ y. (3.5.1)
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Proof. By Lemma 3.5.1, we have w(x) —m € PF(S) if and only if

wx+y)+m<wx)+wly), Vi<y<m-—1

where x + y =  + y mod m. By applying Theorem 3.1.1, we get w(z) —m € PF(S) if and only if

mkogy + Brg t &y T 1)+ 2ty <mk(as +ay) + B+ By + e +6y) +a+y

for all 1 <y < m — 1. Thus, the proof is complete.

In Lemma 3.5.3, we give cases where (3.5.1) does not hold. This will allow us to determine some elements

that are not in PF(S).

Lemma 3.5.3. Let S be a numerical semigroup minimally generated by m, ..., m+1,k(m+1)+r with r <

(k+ 1)+ 1. Let * = ap(kl + 1) + Bzl + €xts,
y1=kl+r, y2=1 and y3=101+1—€;t,.
We have the following :
1. Suppose that = +y; < m — 1. For all r € N, = does not satisfy (3.5.1) for y;.
2. Suppose that z + yo < m — 1 and ¢,t, = 0. If one of the following conditions holds :

r—1=gql+1t with ¢t > 0;
r—1=gql with g >0 and 8; # k + ¢;
r=1and 8; # k,

then = does not satisfy (3.5.1) for ys.

3. Suppose x + y3 < m — 1. If one of the following conditions holds :
r—1l=ql+twitht>0and 8, #k+q;
r—1=qlwithq>0, 8, #k+q—1and B, #k+ ¢;
r=1,0, #k—1and 3, # k,

then = does not satisfy (3.5.1) for ys.
Proof.
1. We have m(kay, + By, + €,,) = m(k). Thus,
m(k(az + ay,) + Be + By, + €+ ey) T+ 11
=m(k(az + 1) + By + €x) + (aw + 1) (Kl + 1) + Bol + €xty.

(3.5.2)

Since z + y; < m — 1, it follows that x + y; =  + y;. For all r € N, we have x + y; = (o, + 1)(kl +

r) + Bzl + €xt,. Hence,

m(kax+y1 + Bm+y1 + €x4y, + 1) +r+y
=m(k(ay + 1)+ Bz + €z + 1) + (ag + 1) (kL +7) + Bul + €xts.

By using (3.5.2) and (3.5.3), it follows that x does not satisfy (3.5.1) for y;.
2. If ¢, =0, then © = a,(kl +r) + B,1. We have m(kay, + By, + €,,) = m. Therefore,

m(k(ag + oy,) + Be + By, + €2 +€y,) + T+ 42
=m(kag+ B +1) + ag(kl+ 1)+ Bl + 1.

Since x 4+ yo < m — 1, it follows that « + y2 = x + ys. If one of the following conditions holds :

o7
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r—1=gql+1t with t > 0;
r—1=gql with ¢ >0 and 8; # k + ¢;
r=1and §; # k,

then = + yo = ag(kl + r) + Bzl + 1. We have

M(kQgtyo + Batys + €xtys + 1) + T+ 42

(3.5.5)
=m(kay + Bs +2) + ag(kl + 1) + Bl + 1.
By using (3.5.4) and (3.5.5), it follows that = does not satisfy (3.5.1) for ys.
3. We have m(kay, + By, + €y) = m(2) if ¢, = 0 and m(kay, + By, + €y5) = m if €, = 1. Therefore,

m(k(ag + ays) + Be + By + €x +€y3) + x4+ Y3

(3.5.6)
=m(kag + By +2) + az(kl +r) + (B + 1)l + 1.
Since x 4+ y3 < m — 1, it follows that x + y3 = « + y3. If one of the following conditions holds :
r—1=gqgl+twitht>0and 8, #k+q;
r—1=gqglwithqg>0,8,#k+q—1and 5; # k+gq;
T:17ﬁx7ék_1andﬁi7ék7
then = + y3 = ag(kl +7) + (B, + 1)l + 1. We have
M(KkQgqys + Baotys + €xtys +1) + 2T+ y3
( +y3 +y3 +y3 ) (3.5.7)

=m(kay + Bz +3) +ag(kl+r)+ (B + 1)1 + 1.
By using (3.5.6) and (3.5.7), it follows that x does not satisfy (3.5.1) for ys.

Thus, the proof is complete.
Theorem 3.5.4 will determine the elements that do not belong to PF(S).

Theorem 3.5.4. Let S be a numerical semigroup minimally generated by m,m +1,...,m+ 1, k(m+1) +
r with 7 <(k+1)I+1. Forall1 <z <m—1, write = ag(kl + 1) + Bzl + €zt as in Definition 3.0.1 and
w(x) = m(kay + Bz + €) + = as in Theorem 3.1.1. We have the following :

Case 1. If r — 1 = gl + t for some ¢,t € N with t <[ and t # 0.
Case 1.1. If m — 1 = ay—1(kl + 1) (i-e., Bn—1 = €m—1 = 0), then
PF(S) C{w(x) —m; (ame1 —1)(kl+7r)+(k+q@)l+1<x<m-—1}.
Case 1.2. If m — 1 = ay—1(kl + 7) + Bim-1l (i.e., Bn—1 > 0, €—1 =0), then
PF(S) CH{w(x) —m; am_1(kl+7r)+ Bma —1)I+1<z<m-—1}
U{w(z) —m; © = (am-1 — 1) (Kl +7)+ (k+ q)l + ety
with €, = 1 and (k + @)l + €4ty > Bm—1l}.
Case 1.3. If m — 1 = ap—1(kl +7) + Bm-1l + €m—1tm—1 (i.e., €1 = 1), then
PE(S) CHw(z) —m; am-1(kl+7)+ Bpnal+1<z<m-—1}
U{w(z) —m; = (am-1 — 1) (Kl +7)+ (k+ q)l + ezt
with €, = 1 and (k + @)l + €4ty > Bm—1l + €m—1tm—1}-

Case 2. If r — 1 = ¢l for some ¢ € N*.
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Case 2.1. If m — 1 = ap—1(kl +7) (i-e., B—1 = €m—1 = 0), then

PF(S) C{w(x) —m; (am—1 —1)(kl+7r)+(k+q¢—1)+1<z<m-—1}.
Case 2.2. If m — 1 = ap—1(kl + 7) + Bim-1l (i.e., Bn—1 > 0, €y—1 =0), then
PF(S) C{w(x) —m; am_1(kl+7r)+ (Bm— —1)I+1 <2z <m-—1}
U{w(xz) —m; x = (am_1 — 1)kl +7)+ (k+q— 1) + €ty
with €, = 1 and (k+ ¢ — 1)l + €,ty > Bm—1l}
U{w(xz) —m; = (-1 — 1)(kl+ 1)+ (k+ q)l
with (k‘ + q)l > ﬁmfll}.
Case 2.3. If m — 1 = ap—1(kl +7) + Bm-1l + €m—1tm—1 (i.e., €y—1 = 1), then
PF(S) C{w(z) —m; am—1(kl+7)+ Bn-al+1<z<m-—1}
U{w(z) —m; = (am-1 — 1)(kl+7)+ (k+q— 1) + ety
with €, = 1 and (k4 ¢ — 1)l + €4ty > Bm—1l + €m—1tm—1}
U {w(z) —m; = (m—1 — 1)(kl+7)+ (k+ ¢)l
with (/ﬂ + q)l > Bm_1l + em_ltm_l}.
Case 3. If r = 1.
Case 3.1. If m — 1 = a1 (kl + 1) (i.e., Bm—1 = €m—1 = 0), then
PF(S) C{w(xz)—m; (amo1 —D(kI+1)+(k—1)I4+1<z<m-—1}.
Case 3.2. If m — 1 = ap_1(kl + 1) + Bm-1l (i-e., Bm—1 > 0, €y—1 = 0), then
PF(S) C{w(x) —m; am1(l+1)+ (Bn-1 —DI+1<z<m-—1}
U{w(z) —m; 2= (-1 — 1)(kl+1)+ (E—1)1+1
with (k— 1)l 4+ 1> B,—1l}
U {w(z) —m; = (m-1 — 1)(Kl+ 1) + ki
with [ = 1 and kl > B,,-11}.
Case 3.3. If m — 1 =ap_1(kl + 1) + Bn-1l + €ém—1tm—1 (i-e., €n—1 = 1), then
PF(S) C{w(x) —m; am-1(kl+1)+ -1l +1<z<m-—1}
U{w(x) —m; 2 = (-1 — 1)(kI+ 1)+ (E—1)1+1
with (k: — 1)l + 1> Bmal+ Emfltmfl}
U {w(z) —m; = (-1 — 1)(Kl+ 1) + ki
with [ =1 and kl > B_1l + Emfltmfl}.
Proof. Case 1. If r — 1 = gl + ¢ for some ¢,t € N with ¢t <[ and ¢ # 0.
Case 1.1. If m — 1 = ap,—1(kl +7) (i-e., Bn—1 = €m—1 = 0). We have

(m—1 — D) (Kl +7)+ (Kl +7) < ap_1(kl +r)

and
((m—1 = D)(kl+7)+1) + (Kl +7) > am—1(kl + 7).
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Consequently,
z4+y1 <m-—1iff < (am-1—1)(kl+7).

Since x does not satisfy (3.5.1) for y; if x+y1 < m—1 (Lemma 3.5.3), we deduce that if x < (a1 —1)(kl+7),
then w(z) —m ¢ PF(S). In particular,

PF(S) C{w(x) —m; (ame1 —1)(kl+7r)+1<z<m-—1} (3.5.8)
Moreover,
(mog =Dkl +7)+(k+q—DI+1—=1)+(1+1=(1—-1)) < am_1(kl +7)
and
(m—1 = D(kl+7)+ (k+ ) + (1+1) > am—1(kl + 7).
Consequently,

r4+ys<m—1iff < (m1—D(El+r)+k+qg-—1I+1-1.
Since z does not satisfy (3.5.1) for y3 if z +y3 < m —1 and 8, # k + ¢ (Lemma 3.5.3), by using (3.5.8), we
get that if x < (a1 — 1)(kl+7r)+ (k+q¢—1)l +1— 1, then w(z) — m ¢ PF(S). In particular,

PF(S) C {w(x) —m; (amo1 —1)(kl+7)+ (E+ ¢l <z <m-—1}. (3.5.9)

In addition, if z = (am—1 — 1)(kl +7) + (k + ¢)l, then ¢, = 0 and x + y2 < m — 1. Since x does not satisfy
(3.5.1) for yo if z +yo < m — 1 and ¢, = 0, we deduce that if z = (-1 — 1)(kl +7) + (k + q)l, then
w(zx) —m ¢ PF(S) (Lemma 3.5.3). By using (3.5.9), we obtain

PF(S) C{w(x) —m; (amo1 —1)(kl+7)+ (k+q@)l+1 <z <m-—1} (3.5.10)

Case 1.2. If m — 1 = ap—1(kl +7) + Bm—1l (i€, B—1 > 0, €m—1 = 0). We have
((m—1 = 1) (Kl +7) + Bm—1l) + (kl + 1) < a1 (kl + 1) + L1l
and
((m—1 = 1)(kl+7) + Br—al + 1) + (Kl + 1) > am—1(kl + 1) + Bm-1l.

Consequently,
x4+y1 <m-—1 iff x <(am-1—1)(kl+7)+ Bm-1l.

Since x does not satisfy (3.5.1) for y; if  + y1 < m — 1, we deduce that if x < (a1 — 1)(Kl +7) + Brm—1l
(Lemma 3.5.3), then w(z) — m ¢ PF(S). In particular,

PF(S) C{w(x) —m; (am—1 —1)(kl+7)+ Bl +1 <z <m—1}. (3.5.11)
Moreover,
(amo1 (Kl +7r)+ (B =2l +1—-1)+ ((+1—=(1-1)) < am-1(kl +7) + L1l
and
(Oém_1<kl + 71) + (57%—1 - 1)l> + (l + 1) > am—l(kl + T) + Bm—ll-
Consequently,

r+ys<m—1 iff z<ap,_1(kl+7r)+ (Bm-—2)+1-1.

Since z does not satisfy (3.5.1) for y3 if z +y3 < m —1 and B, # k + ¢ (Lemma 3.5.3), by using (3.5.11) we
deduce that if z < a1 (kl +7) + (Bn—1 — 2)l +1 — 1 and & # (m-1 — 1)(kl +7) + (k + q)l + €xt, with
(k+ q)l + exty > Bm—1l, then w(zx) —m ¢ PF(S). In particular,

PF(S) CH{w(z) —miam_1(kl+7)+ (Bm-1 — 1)l <x <m-—1}
U{w(z) —m; = (am-1 — 1)(kl+7)+ (k+ q)l + exty (3.5.12)
with (k + q)l + exts > Brn1l}.

60



CHAPITRE 3. NUMERICAL SEMIGROUP OF THE FORM < M, M +1,.... M + L, K(M + L)+ R >

In addition, if £ = a1 (kl+7)+ (Bm-1—1)l, then ¢, = 0 and 4y, < m—1. Since x does not satisfy (3.5.1)
for yo if z+y2 < m—1and e, =0, it follows that if = a1 (kl+7)+ (Bm—1 —1)I, then w(z) —m ¢ PF(S)
(Lemma 3.5.3). By the same argument we have if © = (am—1 — 1)(kl + 1) + (k + q)l + €4t5 such that e, =0,
then w(z) —m ¢ PF(S). By using (3.5.12) we deduce that
PF(S) CH{w(xz)—m; am1(kl+7)+ Pm1—1I+1<z<m-—1}
U{w(x) —m; = (-1 — 1)(kl+7)+ (k+ @)l + exts (3.5.13)
with €, = 1 and (k + ¢)l + €4ty > Bm—1l}.
Case 1.3. If m — 1 = ap—1(kl +7) + B—1l + €m—1tm—1, i-e., (€m—1 = 1). We have
((am_1 — 1)(/€l =+ T) + ,Bm_ll + fm—ltm—l) + (k}l + 7’) < Ozm_l(kl + 7’) + ﬂm_ll +em—1tm—1

and

((m—1 = 1)(kl +7) + Bm—1l + €m—itm—1 + 1) + (Kl + 1) > am—1(kl + 1) + Bm—1l + €m—1tm—_1.

Consequently,
z+y1 <m-—1 iff 2 <(m-1—1)(kl+7)~+ Bm-1l+ em_1tm—1.

Since x does not satisfy (3.5.1) for y; if 2 4+y; < m — 1, we deduce that if z < (am—1 —1)(kl+7)+ Bm-1l+
€m—1tm—1, then w(z) —m ¢ PF(S) (Lemma 3.5.3). In particular,

PF(S) C {w(x) —m; (am—1 — 1)(kl 4+ 7) + Bm—1l + €m—1tm—1 +1 <2 <m —1}. (3.5.14)
Moreover,

(Oémfl(kl + ’l“) + (ﬁmfl — 1)l +1— 1) + (l +1-— (l — 1)) < Oémfl(k‘l + ’I") 4+ Br—1l + €m_1tm—_1

and
(am—1(kl+7) + Bm—1l) + (1 + 1) > am—1 (Kl +7) + Br—1l + €m—1tm—1.

Consequently,
z+ys<m—1 iff x<ap,_1(kl+7)+ Bmo1—1I+1—1.

Since z does not satisfy (3.5.1) for y3 if z +y3 < m —1 and B, # k + ¢ (Lemma 3.5.3), by using (3.5.14) we
deduce that if z < a1 (kl +7) + (B—1 — 1)l +1—1 and & # (am—1 — 1)(kl + 1) + (k + q)l + €xt, with
(k+ @)l + ety > Bm—1l + €m—1tm—1, then w(z) —m ¢ PF(S). In particular,

PF(S) CH{w(x) —m; am-1(kl+7)+ Bn-1l <z <m—1}
U {w(x) —m; = (-1 — 1)(kl+7)+ (k4 @)l + exts (3.5.15)
with (k + q)l + €xtz > Bm—1l + €m—1tm—1}-

In addition, if x = a,—1(kl + 1) + Bm—1l, then €, = 0 and = + yo < m — 1. Since x does not satisfy (3.5.1)
for yo if x +y2 < m —1 and ¢, = 0, we deduce that if z = ay,—1(kl + 1) + Bm—1l, then w(z) —m ¢ PF(S)
(Lemma 3.5.3). By the same argument we have if = (q,,—1 — 1)(kl + ) + (k + ¢)l + €,t, such that e, = 0,
then w(z) —m ¢ PF(S). By using (3.5.15), we deduce that

PF(S) C{w(x)—m; am-1(kl+7)+ Bmaal+1<z<m-—1}
U{w(z) —m; = (tm—1 — 1)(kl+7)+ (k+ @)l + exts (3.5.16)
with €, = 1 and (k4 @)l + exts > Bm—1l + €m—1tm—_1}.
Case 2. If r — 1 = ¢l for some ¢ € N*.
Case 2.1. If m — 1 = ap—1(kl + 1), (i-e., Bn—1 = €m—1 = 0). We have

(m—1 — ) (Kl +7)+ (Kl +7) < apm_1(kl + 1)
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and
((m—1 = 1) (Kl +7)+ 1) + (kL +7) > a1 (Kl + 7).

Consequently,
xr4+y1 <m-—1 iff x < (apm_1—1)(kl+r).

Since x does not satisfy (3.5.1) for y; if x+y1 < m—1 (Lemma 3.5.3), we deduce that if x < (ay,—1—1)(kl+7),
then w(z) —m ¢ PF(S). In particular,

PF(S) C{w(x) —m; (ame1 —1)(kl+7r)+1<z<m-—1}. (3.5.17)
Moreover,
(1 = D)(kl4+7)+k+q—DI+1—-1)+ (1 +1—-(1-1)) <am(kl+r)
and
((m—1 = D) (kl+7r)+ (E+ Q) + (1 +1) > a1 (Kl + 7).
Consequently,

r+ys<m—1iff o <(ama1—1D(kl+7r)+k+qg—-1I+1—-1

Since x does not satisfy (3.5.1) for y3 in the case z+y3 < m—1, By # k+q¢—1 and 8, # k+q (Lemma 3.5.3),
by using (3.5.17) we deduce that if x < (-1 — 1)(kl+7)+ (k+q¢—2)l +1—1, then w(x) —m ¢ PF(S5).
In particular,

PF(S) CH{w(z) —m; (o1 —)(Kl+7m)+(k+qg—1)l <z <m-—1}. (3.5.18)

In addition, if x = (-1 — 1)(kl +7) 4+ (k 4+ ¢ — 1)I, then €, =0, 5, # k + q and = + y2 < m — 1. Since x
does not satisfy (3.5.1) for yo in the case z +y2 <m —1, ¢, = 0 and Sy # k + ¢ (Lemma 3.5.3), we deduce
that if x = (-1 — 1)(kl +7) + (k + ¢ — 1)I, then w(z) — m ¢ PF(S). By using (3.5.18), we obtain

PF(S) C{w(z) —m; (a1 —1)(kl+7)+(k+qg—1)+1<z<m-—1} (3.5.19)
Case 2.2. f m — 1 = ap—1(kl + 1) + Bm-1l (i.e., Bn—1 >0, €1 = 0). We have
((m—1 = 1) (Kl 4+ 7) + Bm—1l) + (Kl + 1) < a1 (kl + 1) + L1l

and
((m—1 = 1)(kl+7) + Bm—1l + 1) + (Kl + 1) > apm—1(kl +7) + Br—1l.

Consequently,
x4y <m-—1 iff x <(am-1—1)(kl+7)+ Bm-1l.

Since = does not satisfy (3.5.1) for y; if z +y; < m — 1 (Lemma 3.5.3), we deduce that if x < (q—1 —
1)(kl 4+ 7r) + Bm—1l, then w(z) —m ¢ PF(S). In particular,

PF(S) C{w(x) —m; (am_1 — 1) (Kl +7)+ Bp_1l+1 <2 <m—1}. (3.5.20)
Moreover,
(m—1 (Kl +7)+ B = 2)I+1 -1+ ({+1=(1-1)) < am_1(kl+7)+ Bm-1l
and
(m—1 (Kl +7)+ (Br—1 — D) + (1+ 1) > a1 (kl +7) + Bm—1l.
Consequently,

x4+ys<m—1 iff x <apm_1(kl+7r)+ Bm-1—2)+1—1.

Since x does not satsify (3.5.1) for y3 in the case v +y3s < m—1, B, #k+q—1and B, # k+¢q
(Lemma 3.5.3), by using (3.5.20) we deduce that if © < ap—1(kl + r) + (Bm—1 — 2)l + 1 — 1 such that
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x # (am—1—1)(kl+7r)+ (k+q—1)l+ ety with (k+qg—1)l+€xty > Bm—1l and z # (-1 —1)(kl+7)+(k+q)l
with (k + q)l > Bm—1l, then w(zx) — m ¢ PF(S). In particular,

PE(S) CH{w(z)—m; am-1(kl+7)+ (Bm-1 — 1)l <z <m-—1}
U{w(xz) —m; = (am—1 — 1)(kl+7)+ (k+q— 1)l + €5
with (k +q — 1) + exty > Bm1l} (3.5.21)
U {w(a) — mi 2 = (s — (kL4 7) + (b + )l
with (k + ¢)l > Bm-1l}.

Ifx=am-1(kl+7)+ (Bm-1— 1), then e, =0, Bn—1 — 1 #k+q (as B—1 < k+q) and 2+ ys < m — 1.
Since = does not satsify (3.5.1) for yo in the case  +y2 < m — 1, ¢, = 0 and S, # k + ¢ (Lemma 3.5.3), we
deduce that if = a1 (kl + 1) + (Bm—1 — 1)I, then w(x) —m ¢ PF(S). By the same argument we have if
x = (am-1 — 1)kl +7)+ (k+ q— 1)l + €,t, such that e, = 0, then w(x) — m ¢ PF(S). By using (3.5.21),
we get

PF(S) CH{w(xz)—m; am1(kl+7)+ Pm-1—1l+1<z<m-—1}

U{w(x) —m; = (am—1 — 1)(kl+7)+ (k+q— 1)l + €5
with €, = 1 and (k+ ¢ — 1)l + €4ty > Bim—1l} (3.5.22)
U fwe) — mi = = (amr — DK+ 1)+ (k + )
with (kK + q)l > Bm-1l}.
Case 2.3. If m — 1 = ap_1(kl +7) + B—1l + €m—1tm—1, i.e., (€n—1 = 1). We have

((tm—1 = D)kl +7) + Br—1l + €m—itm—1) + (Kl + 1) < @m—1 (KL + 1) + Bm—1l + €m—1tm—1
and
((Olm—l — 1)(]€l + T') + Bm1l + €m_1tm_1 + 1) + (kl + 7“) > Odm_l(kl + 7“) + Br—1l + €m_1tm_1.

Consequently,
z+y1 <m—1iff 2 <(m-1—1)(kl+7)~+ Bm-1l+ ém-1tm—1.

Since x does not satisfy (3.5.1) for y; if x +y3 < m — 1 (Lemma 3.5.3), we deduce that if x < (-1 —
1) (kl +7)+ Bm—1l + €m—1tm—1, then w(x) —m ¢ PF(S). In particular,

PF(S) C{w(x) — m; (am—1 — 1)(kl +7) 4+ Bm—-1l + €m—1tm-1 +1 <z <m—1}. (3.5.23)
Moreover,
(Oémfl(k'l + ’l“) + (6m71 — 1)[ +1— 1) + (l +1-— (l — 1)) < Oémfl(k‘l + ’I”) 4+ Br—1l + €m_1tm—_1

and
(am—1(kl+7) + Bm—1l) + (1 + 1) > am—1 (Kl +7) + Br—1l + €m—1tm—1.
Consequently,
x4+ys<m-—1 iff x <apm1(kl+7r)+ Bm-1—DI+1-1.

Since = does not satisfy (3.5.1) for y3 in the case x +y3 < m —1, f; # k+qg—1and B, # k+ ¢
(Lemma 3.5.3), by using (3.5.23) we deduce that if x < ayp—1(kl + r) + (Bm—1 — 1)l +1 — 1 such that
 # (m—1—1)(kl+7)+(k+q)l with (k+q)l > Bm—1l+em—1tm—1 and z # (apm—1—1)(kl+7r)+(k+q—1)l+ezt
with (k+q — 1)l + €xty > Bm-1l + €m—1tm—1, then w(x) —m ¢ PF(S). In particular,

PF(S) CH{w(z) —m; am—1(kl+7)+ Bn-1l <x<m-—1}
U{w(x) —m; = (-1 — 1)(kl+ 1)+ (k+ ¢)l
with (k+ q)l > Bm—1l + €m—1tm-1} (3.5.24)
U{w(z) —m; &= (am-1— 1) (kl+7)+ (k+q— 1)l + ety
with (k+q — 1)l + exty > Bm—1l + €m—1tm—1}.
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If v = apm—1(kl + 1) + Bm-1l, then ¢, = 0, B = B-1 # k+q (if Bp—1 = k+ g, then m — 1 =
am—1(kl+7)+(k+q)l+€emn—tm_1 as €,—1 =1 and r = gl + 1, we get a contradiction) and z+ys < m — 1.
Since x does not satisfy (3.5.1) for ys in the case x +y2 < m — 1, ¢, = 0 and 8, # k + q (Lemma 3.5.3),
we deduce that if x = ay—1(kl + 1) + Bm—1l, then w(z) —m ¢ PF(S). By the same argument we have if
T = (am-1 — 1)(kl +7) + (k+ g — 1)l + €4t; such that e; = 0, then w(x) — m ¢ PF(S). By using (3.5.24),

we obtain
PF(S) C{w(x) —m; am-1(kl+7)+ Bmal+1<z<m-—1}

U{w(z) —m; = (m-1 — 1)(Kl+7)+ (E+q— 1) + ety
with €, = 1 and (k+ ¢ — 1)l + €4ty > Bm—1l + €m—1tm—1} (3.5.25)
U{w(z) —m; o= (am-1 — 1)(kl +7)+ (k+q)l
with (kj + q)l > Bm—1l + Gmfltmfl}.
Case 3. If r = 1.
Case 3.1. If m — 1 = ap_1(kl+1) (ie, Bm—1 = €m—1 = 0). We have
(m—1 — 1)Kl 4+ 1)+ (Kl +1) < apm-_1(kl +1)
and
((m—1 = 1)(kl+ 1)+ 1) + (Kl + 1) > a1 (Kl + 1).

Consequently,
z+y1 <m-—1 iff z<(am_1—1)(kl+1).

Since z does not satisfy (3.5.1) for y; if t+y; < m—1 (Lemma 3.5.3), we deduce that if z < (-1 —1)(kl+1),
then w(x) —m ¢ PF(S). In particular,

PF(S) C{w(x) —m; (o1 —1)(kl+1)+1 <z <m-—1}. (3.5.26)
Moreover,
(1 =Dkl +1)+ k=Dl +1-1)+(1+1—(1—=1)) <am_1(kl+1)
and
((Oém,1 — 1)(]43[ + 1) + k’l) + (l + 1) > Oémfl(k‘l + 1)
Consequently,

r+ys<m—1 iff z<(apma—1)HE+1)+(E-1)1+1-1.

Since x does not satisfy (3.5.1) for y3 in the case x +y3 < m — 1, B, # k — 1 and B, # k (Lemma 3.5.3),
by using (3.5.26) we deduce that if x < (ap—1 — 1)(kl + 1) + (k — 2)l + 1 — 1, then w(z) —m ¢ PF(S). In
particular,

PF(S) C{w(x) —m; (ame1 —1)(kl+1)+(k—1)I<x<m—1}. (3.5.27)

If 2 = (mo1 — 1)(kl + 1)+ (k — 1), then ¢, = 0, By # k and = + y2 < m — 1. Since = does not
satisfy (3.5.1) for yo in the case © +yo < m — 1, ¢, = 0 and B, # k (Lemma 3.5.3), we deduce that if
= (m-1—1)(kl+ 1)+ (k —1)l, then w(z) — m ¢ PF(S). Hence,

PF(S) C{w(xz) —m; (a1 —D(kl+1)+(k—1)l+1<z<m-—1}. (3.5.28)
Case 3.2. If m — 1 =ap—1(kl + 1) + Bn-1l (i-e., €n—1 = 0). We have
((m—1 = )(kl 4+ 1) + B—1l) + (Kl + 1) < a1 (Kl + 1) + Brm—1l

and
((m—1 = 1)(kl 4+ 1) + Breal + 1) + (Kl + 1) > a1 (Kl + 1) + Bim—1l.

Consequently,
z4+y1 <m-—1iff x <(m-1—1)(kl+1)+ Bl
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Since x does not satisfy (3.5.1) for y; if x +y; < m — 1 (Lemma 3.5.3), we deduce that if x < (-1 —
1)(kl + 1) + Bm—1l, then w(z) —m ¢ PF(S). In particular,

PF(S) C {w(x) —m; (om—1 — D)kl + 1)+ Bl +1 <z <m—1}. (3.5.29)
Moreover,
(o1 (Kl+ 1)+ B =2l +1—-1)+ ((+1—-(1-1)) < am_1(kl + 1) + B-1l
and
(m—1(kl + 1) + (Bm—1 — D) + ([ +1) > a1 (kl + 1) + Bin—1l.
Consequently,

z+ys<m—1 iff 2 <ap_1(kl+1)+ (Bm—2)I+1-1.

Since x does not satisfy (3.5.1) for y3 in the case x+y3 < m—1, 8, # k—1 and S, # k (Lemma 3.5.3), by using
(3.5.29) we deduce that if x < a1 (kl+1)+(Bm—1—2)l+1—1 such that = # (am—1—1)(kl+1)+(k—1)l+€xt,
with (k— 1)l + ezty > Bm—1l and z # (am—1 — 1)(kl + 1) + kl with kl > 3,11, then w(z) —m ¢ PF(S). In
particular,

PF(S) C{w(x)—m; ama1(kl+1)+ (Bn-1 — DI <z<m-—1}
(k14 1)+ (k — 1)l + €4t with (K — 1)l 4 €3ty > Bm—1l} (3.5.30)
(kl 4+ 1) + Kkl with kl > B,—11}.

U {w(z) —m; x = (p-1—1)
U{w(z) —m; x = (-1 —1)
If 2 = apmo1(kl + 1)+ (Bm—1 — 1), then e, =0, Bz = Bm—1 — 1 # k (as Bm—1 < k+ g = k in this case as
r=1) and = + y2 < m — 1. Since = does not satisfy (3.5.1) for yo in the case x +yo < m —1, ¢, = 0 and
Bz # k, we deduce that if © = ap—1(kl + 1) + (Bm—1 — 1), then w(z) —m ¢ PF(S). By the same argument
we have if z = (a1 — 1)(kl + 1) + (k — 1)l + €,t, such that €, = 0, then w(z) — m ¢ PF(S). By using
(3.5.30), we get

PF(S) C{w(x)—m; am_1(kl+1)+ (Bn-1—l+1<z<m-—1}
U{w(z) —m; 2 = (-1 — 1)(kl+ 1)+ (k= 1)l + €ty
with €, = 1 and (k — 1)l + €4t > Bm-1l}
U {w(z) = m; = (m—1 — 1)(kl + 1) + kl with kl > S,—1l}.

(3.5.31)

Now, let x = (m—1—1)(kl+1)+(k—1)l+e,t,. Suppose that e,t, > 2. If we take y' = [, then 2 does not satisfy
(3.5.1) for y. Indeed, we have x4y" = ay—1(kl+1)+(extz—1) with ezt —1 > 1. We have 24y’ < m—1 which
gives  + ¢y = z+y'. In addition, m (ko 4y +Brty +€pty +1)+x+y = m(kam—1+1+1)+z+y'. On the other
hand, m(k(agz+oy ) +Be+ By +extey)+a+y = m(k(oam—1—1)+k—1+14+1)+z+y = m(kay,—1+1)+a+y'.
Consequently, = does not satisfy (3.5.1) for y' if €,t; > 2. Therefore, if 2 = (apm—1—1)(kl+1)+ (k—1)l+ €ty
with €,t, > 2, then w(z) —m ¢ PF(S). By using (3.5.31), we get

PF(S) CH{w(z) —m; am_1(kl+1)+ (Bm—1 —DI+1 <z <m-—1}
U{w(z) —m; o= (a1 — (kI +1)+ (k—1)I+1
with (k— 1)l + 1> Bo_1l} (3.5.32)
U {w(z) —m; = (-1 — 1)(kl + 1) + ki
with kl > Bm11}.
Next, let = (am-1 — 1)(kl + 1) + kl. Suppose that I > 2. If we take y” = 2, then x does not satisfy
(3.5.1) for 3. Indeed, z + ¢" = am—_1(kl + 1) + 1. We have z + y"” < m — 1 which gives z +¢" =z + 3.

In addition, m(kogyyr + oty + €4y + 1) + 2 + 3" = m(kom—1 + 1+ 1) + 2+ y”. On the other hand,
m(k(og + o) + o+ By + € +ey) +x+y" =m(k(am_1 — 1) +k+1)+z+y" = m(kay—1 +1)+x+y".
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Hence, = does not satisfy (3.5.1) for y” if [ > 2. Consequently, if z = (ay,—1 —1)(kl+1) + kl and [ > 2, then
w(x) —m ¢ PF(S). By using (3.5.32), we get

PF(S) CH{w(z)—m; am_1(kl+1)+ (B —DI+1<zx<m-1}
U{w(z) —m; 2= (-1 — 1)(kl+1)+(E—1)1+1
with (k — 1)l +1 > Br_1l} (3.5.33)
U {w(z) —m; = (-1 — 1)(Kl + 1) + ki
with [ = 1 and kl > B,,-11}.
Case 3.3If m—1=am_1(kl +1)+ Bm-1l + €m—1tm—1, i-€., (€m—1 = 1). We have
((m—1 — 1) (Kl + 1) + Bm—1l + em—1tm—1) + (Kl + 1) < ap—1(kl + 1) + Br—1l + €m—1tm—1
and
((m—1 = 1)(kl 4+ 1) + Br—1l + €m—itm—1 + 1) + (Kl + 1) > a1 (kl + 1) + Br—1l + €m—1tm—1.

Consequently,
x4+y1 <m-—1 iff x <(am-1—1)(El+1)+ Bm-1l+ ém—1tm—1.

Since x does not satisfy (3.5.1) for y; if x +y3 < m — 1 (Lemma 3.5.3), we deduce that if x < (-1 —
1)(kl+1) + Bm—1l + €m—1tm—1, then w(z) —m ¢ PF(S). In particular,

PF(S) C{w(x) —m; (am—1 — 1)(kl +1) + Br—1l + €m—i1tm—1 +1 <2 <m—1}. (3.5.34)
Moreover,
(1 (Kl+ 1)+ (B — DI+ -1+ ((+1—(1—1)) < am1(kl + 1) + Bm—1l + €m—1tm—1

and
(m—1 (Kl + 1) + Brnal) + (1 +1) > a1 (Kl + 1) + Brn—1l + €m—1tm—1.

Consequently,
x+ys<m—1iff z<apm1(kl+1)+ (Bpmo1—1)I+1—1.

Since z does not satisfy (3.5.1) for y3 in the case x+y3 < m—1, 5, # k—1 and 3, # k (Lemma 3.5.3), by using
(3.5.34) we deduce that if x < a1 (kl+1)+(B—1—1)I4+1—1 such that = # (ay,—1—1)(kl+1)+(k—1)l+e€t,
with (k — 1) + exty > Bm-1l + €ém—1tm—1 and = # (-1 — 1)(kl + 1) + kl with kl > Bp—1l + €m—1tm-1,
then w(z) —m ¢ PF(S). In particular,

PF(S) CH{w(z) —m; am—1(kl+ 1)+ Bp_al <z <m—1}
U{w(x) —m; = (-1 — 1)(kI+ 1)+ (k= 1)l + €,
with (k — 1) + exty > Bm—1l + €m—1tm—1} (3.5.35)
U{w(z) —m; = (-1 — 1)(kl+ 1) + ki
with kl > B_1l + em_1tm_1}.

Ifz=am1(kl+1)+ Bmn-1l,then e, =0, x +y2 <m —1and By = Bp—1 # k (if fp—1 = k, then m — 1 =
am—1(kl+1)+kl+en_1tm—1, as €,—1 = 1 and r = 1, we get a contradiction). Since x does not satisfy (3.5.1)
for yo in the case z+ys < m—1, ¢, = 0and 5, # k (Lemma 3.5.3), we deduce that if £ = a1 (kl+1)+Fm—1l,
then w(z) —m ¢ PF(S). By the same argument we have if £ = (-1 — 1)(kl + 1) + (k — 1)l + €,t, such
that €, = 0, then w(xz) —m ¢ PF(S). By using (3.5.35) we deduce that

PF(S) CH{w(z) —m; am-1(kl+1)+ Bm_1l+1<zx<m-1}
U{w(z) —m; = (-1 — 1)(kI+ 1)+ (k= 1)l + €,
with €, =1 and (k — 1)l + €,ty > Bm—1l + €m—1tm—1} (3.5.36)
U{w(z) —m; = (-1 — 1)(kl+ 1) + ki
with & > B_1l + em_1tm_1}-
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Now, let © = (am—1 — 1)(kl + 1) + (k — 1)l + €4t,. Suppose that €,t, > 2. If we take y' = [, then z does
not satisfy (3.5.1) for ¢/. Indeed, we have z + ' = ay—1(kl + 1) + (€xty — 1) with ezt — 1 > 1. We have
z +1y < m — 1 which gives x + 3/ = x + /. In addition,

m(koysy + Boty + €ory +1) +x+ Yy =mlkaym—1 +1+1)+z+y.

On the other hand, m(k(ay + o) + o + By + €2 +€y) + o+ vy = m(k(am— — 1)+ k—-1+1+1) +
x4y = m(kam,-—1+ 1) + 2+ y'. Consequently, 2 does not satisfy (3.5.1) for 3/ if eyt > 2. Therefore, if
T = (m—1 — 1)(kl+ 1) + (k — 1)l + €4t with €,t; > 2, then w(z) —m ¢ PF(S). By using (3.5.36), we get

PF(S) C{w(x) —m; am_1(kl+1)+ Bp-il+1<z<m-—1}
U{w(x) —m; 2= (-1 — 1)(kI+1)+ (k-1 +1
with (k — 1)l + 1> Bn_1l + ém_1tm_1} (3.5.37)
U {w(z) —m; = (-1 — 1)(kl+ 1) + ki
with kl > Bon_1l + €m-1tm_1}.

Next, let = (am—1 — 1)(kl + 1) + kl. Suppose that [ > 2. If we take y” = 2, then = does not satisfy (3.5.1)
for y”. Indeed, x + " = a;m—1(kl+1) + 1. We have x +y” < m — 1 which gives = + 3" = x +¢”. In addition,

m(koysyr + Botyr + €oryr + 1) + 2 +y" =m(kam_1+14+1) + 2z +y".
On the other hand,
mk(ag +ay) + Be + By + e +ey) +x+y" = mk(am —1)+k+1)+az+y"
= m(kam—1+1)+z+y".

Hence, = does not satisfy (3.5.1) for y”. Consequently, if x = (ay,—1 — 1)(kl + 1) + kl and [ > 2, then
w(x) —m ¢ PF(S). By using (3.5.37), we get
PF(S) CH{w(z) —m; am_1(kl+1)+ Pm_1l+1<zx<m-1}
U{w(r) —m; 2= (am1 — 1)kl +1)+(k—-1)I+1
with (k— 1)1 4+1> Bp-1l+ €m_1tm—1} (3.5.38)
U {w(z) —m; = (-1 — 1)(Kl + 1) + ki
with I =1 and kl > B—1l + €m—1tm—1}-
Thus, the proof is complete.
Lemmas 3.5.5 and 3.5.6 give cases where (3.5.1) holds. This will allow us to determine later some numbers

that belong to PF(S).

Lemma 3.5.5. Let S be a numerical semigroup minimally generated by m,m + 1,...,m + ,k(m +1) +
rwithr <(k+1)l+1.Ifm—1=apm_1(kl +7), then m — 1 satisfies (3.5.1) forall 1 <y <m — 1.

Proof. Let 1 <y < m — 1 and write y = ay(kl + r) + pyl + €yt as in Definition 3.0.1. Let = m — 1. For
1<y <m-—1, wehave x +y > m — 1 which giveszx +y=2+y +m, ie, m —1+y =12+ y+ m. Hence,
r+y=y—1=oay(kl+r)+ pyl + ety — 1. Therefore,

m(kaerﬁereer D+a+y < mkoy+By+e+1)+x+y
= m(kay + B, +¢) +x+y.
On the other hand, m(kay + B + €2) = m(kay,—1). Consequently,
m(k(oz + o) + o+ By + €z +€) ++y=m(k(m—1 +oy) + By + &) +2+y.
Therefore,
m(kagry + By eyt D+ +y <m(k(az +ay) + B + By +ex +¢) + T+ y.
Hence, z = m — 1 satisfies (3.5.1) for all 1 <y < m — 1. Thus, the proof is complete.
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Lemma 3.5.6. Let S be a numerical semigroup minimally generated by m,m + 1,... ., m + l,k(m +1) +
rwithr <(k+1)l+1. Let 1 <z,y <m—1such that z+y >m —1 and x = az(kl + 1) + Szl + €4t with
Bz + €z > 0. Then, x satisfies (3.5.1) for y.

Proof. Suppose by the way of contradiction that = does not satisfy (3.5.1) for y. Consequently,

w(r+y)+m>w)+w(y).

Wehavez+y>m—land 1 <z,y<m-1, thusz+y=x+y+m, x+y <z and z+y < y. Since
w(z)4+w(y) and w(z + y) are both elements in S that are congruent to x+y mod m, then from the definition
of the element of the Apéry set of S, it follows that w(x) + w(y) = w(z +y) + xom for some zp € N. On
the other hand, w(z +y) + m > w(z) + w(y). Thus, xop = 0 and

w(rx +y) =w(zr)+wy). (3.5.39)

Asx > 1landy > 1, it follows that w(y) > 0 and w(z) > 0.Then, (3.5.39) implies that w(z + y) > w(z) with
z+y <xand w(x +y) > w(y) with x + y < y. By Proposition 3.2.4, we have if i < j, then w(i) > w(y) if
and only if it satisfies one of the following :

l.oay=0;—2,8=¢ =0and 3 +¢ =2k + 1.
2. ai:aj_l,ﬁi+6i>k+ﬁj+€j andﬁj+ej§k.

In particular, if ¢ < j such that w(i) > w(j), then a; < aj —1. Write @ + y = ag (kl+7) + Bzl + ey tary
and y = ay(kl+r)+ﬁyl+eyt Since w(ac +y) > w(z) withz +y < zand w(z+y) > w(y ) with z+y <y,

it follows that o 7 < ap—1and az; < oy — 1. By proposition 3.0.2, we have Bm+y €25y < 2k+1. Hence,
w(xz+y) = m(kazy TRl =erias Hy)—l—x—i-y
< m(kagz+2k+1)+2+y (3.5.40)

= m(kagg +2k) + 2 +y.

On the other hand, w(y) = m(kay + By + €y) +y > m(k(az + 1)) +y. By using 8y + €, > 0 (hypothesis)

and oz > az; + 1, we get w(x) = m(kag + By + €2) + @ > m(k(azz; + 1) + 1) + 2. Consequently,

w(z) +w(y) > m(kagy +2k+1) +z+y. (3.5.41)
But (3.5.41) and (3.5.40) contradicts (3.5.39). Therefore, x satisfies (3.5.1) for y.

Now, we are ready to determine the set of pseudo-Frobenius Numbers of S.

Theorem 3.5.7. Let S be a numerical semigroup minimally generated by m,m +1,....,m+ 1, k(m+1) +
r with 7 < (k+1)l+1. Forall 1 <z <m—1, write x = ag(kl + ) + Bzl + €;t, as in Definition 3.0.1 and
w(zx) = m(kay + By + €) + = as in Theorem 3.1.1. We have the following :

Case 1. If r — 1 = gl + ¢ for some ¢,t € N with ¢t <[ and t # 0.
Case 1.1. If m — 1 = ap—1(kl + 1) (i.e., Bn—1 = €m—1 = 0), then

F(S) ={w(z) —m; (am-1 —1)(kl+7r)+ (k+q)l+1<2<m-—1}
Case 1.2. If m — 1 = ap—1(kl + 7) + Bim—1l (i.e., Bn—1 > 0, €p—1 = 0), then

PF(S) =A{w(z) —m; am-1(kl+7)+ Bm-1—1I+1<z<m-—1}
U{w(z) —m; © = (am-1— 1) (Kl +7)+ (k+ q)l + exty
with €, = 1 and (k + )l + ezt > Bm—1l}.
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Case 1.3. If m — 1 = ap—1(kl +7) + Bm-1l + €m—1tm—1 (i.e., €1 = 1), then
PF(S) =A{w(x) —m; am-1(kl+7)+Bn-il+1<z<m-—1}
UA{w(z) —m; 2= (am-1 — 1) (kl+7)+ (k+ @)l + €ty

with €, = 1 and (k4 @)l + exts > Bm—1l + €m—1tm—1}.

Case 2. If r — 1 = ¢l for some ¢ € N*.
Case 2.1. If m — 1 = ap—1(kl +7) (i-e., Bn—1 = €m—1 = 0), then
PF(S) ={w(xz) —m; (a1 —1)(kl+7)+(k+qg—1)I+1<z<m-—1}

Case 2.2. It m — 1 = a1 (Kl +7) + Bm—1l (i-e., Bn—1 >0, €n—1 = 0), then
={w(x) —m; am—1(kl+7)+ Bn-1—Dl+1<x<m-—1}

PF(S)
U{w(z) —m; &= (am-1— 1) (kl+7)+ (k+q— 1)l + ety
with €, = 1 and (k+ ¢ — 1)l + €xty > Bm-1l}

U{w(z) —m; x = (-1 — 1)kl +7)+ (k+ q)l
with (k + q)l > 5m_1l}.

Case 2.3. If m — 1 = apm_1(kl +7) + Bm—1l + €m—1tm—1 (i-e., €ym—1 = 1), then
={w(x) —m; am—1(kl+7)+Bp-al+1<z<m-1}
U{w(z) —m; = (am-1 — 1)(kl+7)+ (k+q— 1) + ety

with €, = 1 and (k4 ¢ — 1)l + €ty > Bm-1l + €m—1tm—1}
U{w(z) —m; = (-1 — 1)(kl+7)+ (k+ ¢)l

PF(S)

with (k + q)l > Bp_1l + em_ltm_l}.

Case 3. If r = 1.
Case 3.1. If m — 1 = ap_1(kl+1) (ie., Bm-1 = €m—1 =0), then

PF(S) ={w(z) —m; (a1 —1)(kI+1)+(k—1)I+1<z<m-—1}.

Case 3.2. If m — 1 = ap—1(kl + 1) + Bn-1l (i-e., Bm—1 > 0, €y—1 = 0), then
={w(x) —m; am_1(kl+1)+ Bn-1—1)l+1<z<m-1}

PF(S)
U{w(z) —m; 2= (-1 — 1)(kl+1)+ (E—1)1+1

with (k— 1)+ 1> By,—1l}
U {w(z) —m; = (-1 — 1)(Kl+ 1) + ki
with I =1 and kl > B,,—11}.
Case 3.3. If m — 1 =ap_1(kl + 1) + Bn-1l + €ém—1tm—1 (i-e., €n—1 = 1), then

= {w(x) —m; am_1(kl+ 1)+ fpnal +1 <z <m -1}
U{w(z) —m; 2= (am-1 — 1)kl +1)+(k—-1)I+1

with (ki - 1)l +1> Bl + Gmfltmfl}

PF(S)

U {w(z) —m; = (-1 — 1)(Kl + 1) + ki
with [ = 1 and kI > Bm_1l + ém_1bm_1}.
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Proof. Case 1. If r — 1 = ¢l + ¢ for some ¢,t € N with t <[ and ¢ # 0.

Case 1.1. If m—1 = a1 (kl+7) (i.e., B—1 = €m—1 = 0). We claim that if (-1 —1)(kl+7)+(k+q)l+1 <
x < m — 1, then x satisfies (3.5.1) for all 1 <y <m — 1. In fact,

If x =m — 1, then by using Lemma 3.5.5 x satisfies (3.5.1) for all 1 <y <m — 1.

If (o1 —D)(El4+7)+ (E+@)l+1<x<m—2= (apm_1—1)(kl+7)+ (k+¢q)l+t. Since S, + €, > 0,
then from Lemma 3.5.6 we may assume that x + y < m — 1 and this implies that x +y =z + y. In
particular

(mo1 —)(Kl+7r)+(k+)l+2<z+y<m-—1.
If (a1 = 1)(kl+7)+ (k+q)l+2 < x4y < m—2, then m(kagyy + Bty +€z4y) = m(katm—1+q+1)
and m(kog1y + Boty + €x+y) = m(kam—1) if 2 +y=m — 1 = ap_1(kl + ). Hence,
M(kQpty + Boty + €xty) < m(kam—1+q+1). (3.5.42)

Since z +y < m — 1, it follows that 1 <y < t. Then, m(kay + 8y + €,) = m. In addition, we have
m(kay + By + €2) = m(kay,—1 + g + 1). Consequently,

m(k(oz + o) + Bo + By + €2 + €y) = m(kam—1 + g+ 2). (3.5.43)
By using (3.5.43) and (3.5.42), we get that x satisfies (3.5.1) for all y.

Therefore,
{w(x) —m; (am—1 —1)(kl+7r)+(k+q)l+1<z<m-—1} C PF(S). (3.5.44)

By using (3.5.10) and (3.5.44), we get
PF(S) ={w(x) —m; (a1 —1)(kl+7)+ (k+¢@)l+1<z<m-—1}.

Case 1.2. If m — 1 = ayp—1(kl + 1) + Bim-1l (i-e., Bmn—1 > 0, €n—1 = 0). We claim that if a,,—1(kl +7) +
(Bm-1—1l+1 <2 <m—1, x satisfies (3.5.1) for all 1 < y < m — 1. Indeed, since 5, + €, > 0, then
from Lemma 3.5.6 we may assume that z + y < m — 1 and this implies that z +y = x + y. In particular,
a1 (El+7)+ P —Dl+2<z4+y<m-—1=am_1(kl +7)+ Bmn_1l. Hence,

M(kQpty + Loty + €xry) = m(kom—1 + Bm—1). (3.5.45)

Since x +y < m — 1, it follows that 1 < y < [ — 1. Then, m(koy + By + €,) = m. In addition, we have
m(kay + Bz + €2) = m(kam—1 + Pm—1). Consequently,

m(k(oz + o) + Bo + By + €2 + €y) = m(kapm—1 + Bm—1 + 1). (3.5.46)
By using (3.5.46) and (3.5.45), we get that x satisfies (3.5.1) for all y. Consequently,
{wx) —m; am1(kl+7)+ (Bm—1—1I+1<z<m-—1} C PF(S). (3.5.47)

Furthermore, if z = (apm—1 — 1)(kl +r) + (k + @)l + €4t; such that e, = 1 and (k+q)l + exty > Bm—1l, then z
satisfies (3.5.1) for all 1 <y < m — 1. In fact, write y = oy (kl + 1)+ Byl + €yt,. Since B, + €, > 0, then from
Lemma 3.5.6 we may assume that x +y < m — 1 and this implies that x + y =x + y. Since x +y < m — 1
and (k + q)l + €ty > Pm—1l, it follows that y = Bl + €,t,. Thus, m(kay + By + €,) = m(B, + €,). Since
x = (am—1—1)(kl+7r)+ (k+q)l + €xt, such that e, = 1, we get that m(kay + Bz + €) = m(kay,—1 +q+1).
Consequently,

m(k(ag + o) + Bz + By + €2 + €y) = m(kam—1 +q+ 1+ 5, +¢€). (3.5.48)

We have 1 < €t <t (as By =k+qgand z = (o1 —1)(kl+7)+ (k+q)l+esty). 1 < Byl+eyty + ety <,
then = +y = (am—1 — 1)(kl +7) + (k + @)l + Byl + €4ty + €xty with 1 < Byl + ety + €xt, < 1 — 1 and if
t+1 < Byl+eytyt+epty, then o+y = a1 (kl41)+(Byl+ests+eyty—(t+1)) with 0 < Byl4-eyty+e,t,—(t4+1) <
Byl + eyty (as exty < t). Since By + €, > 1 (as y > 1), it follows that

m(kagyy + Boty + €xty) < m(kam—1+q+ By +€). (3.5.49)
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By using (3.5.48) and (3.5.49), we get that x satisfies (3.5.1) for 1 <y < m — 1. Therefore,

{w(x) —m; z = (am—1 — 1)(kl +7) 4+ (k+ @)l + ety (3.5.50)
with €, = 1 and (k + @)l + eztz > Bm—1l} C PF(S). o

By using (3.5.13), (3.5.50) and (3.5.47), we obtain
PF(S) =A{w(xz)—m; am(kl+7)+ Pm-1—1I+1<z<m-—1}
O {wle) —m5 @ = (s — DL+ 1)+ (5 + )+ et
with €, = 1 and (k + ¢)l + ezt > Bm—1l}.

Case 1.3. If m — 1 = ap—1(kl + 7) + B—1l + €m—1tm—1, i€, (€n—1 = 1). We claim that if a1 (kl + 1) +
Bm-1l+1 < x < m — 1, then z satisfies (3.5.1) for all 1 <y < m — 1. Indeed, since (B, + €; > 0, then
from Lemma 3.5.6 we may assume that x +y < m — 1 and this implies that x + y = 2 + y. In particular,
a1 (El+7)+ Pl +2<zx4+y<m—1=am-1(kl+7)+ Bm-1l + ém—1tm—1. Hence,

Mm(kQgty + Bty + €xty) = m(kom—1 + Bm—1 +1). (3.5.51)

Since z +y < m — 1, it follows that 1 < y < €y_1t;—1 — 1. Then, m(kay, + 5y + €,) = m. In addition, if
-1kl + 1)+ Bl +1 <z <m—1=am1(kl +7) + Bm-1l + €m_1tm—1, then m(koy + Bz + €2) =
m(kam—1 + Bm—1 + 1). Consequently,

m(k(oz + o) + Be + By + €2 + €y) = m(kapm—1 + Bm—1 + 2). (3.5.52)
By using (3.5.52) and (3.5.51), we get that x satisfies (3.5.1) for all y. Consequently,
{w(x) —m; am_1(kl+7)+ Pm-1l+1<x<m-—1} C PF(S). (3.5.53)

Furthermore, if x = (ay,—1—1)(kl4+7)+(k+q)l+€,t, such that e, = 1 and (k+q)l+€,ty > Bm—1l+em—1tm—1,
then x satisfies (3.5.1) for all 1 <y < m—1. In fact, write y = ay (kl+7r) + Byl + €yty. Since B + €, > 0, then
from Lemma 3.5.6 we may assume that x4+y < m—1 and this implies that x + y = x+y. Since t+y < m—1
and (k+q)l + ety > B—1l+ €m—1tm—1, it follows that y = Syl + eyt,. Thus, m(kay + By +ey) = m(By +€y).
Since © = (am—1—1)(kl+7)+(k+q)l+e€t, such that e, = 1, we get that m(ka,+ By +¢€,) = m(kam—1+q+1).
Consequently,

m(k(oz + o) + Bo + By + €2+ €y) = m(kam—1 +q+ 1+ By + €). (3.5.54)

We have and 1 < €,t, <t (as S = k+qand = (apm—1—1)(kl+7)+(k+q)l+esty). If 1 < Bylteyty+est, < t,
then z 4+ y = (am_1 — 1)kl + 1) + (k + )l + Byl + ety + €xtr with 1 < Bl + ety + €xty < [ — 1 and if
t+1 < Bylteytytepty, then o+y = a1 (kl4r)+(Byl+epts+eyty—(t+1)) with 0 < By l4-€yty, et —(t41) <
Byl + eyty (as eyt < t). Since By + €, > 1 (as y > 1), it follows that

M (kg iy + Bty + €aty) < m(kam-1 +q+ By + €). (3.5.55)
By using (3.5.54) and (3.5.55), we get that x satisfies (3.5.1) for 1 <y < m — 1. Therefore,
w(x) —m; x = (m-1— Dkl +7)+ (k+ q)l + etz
{wiih)ex =1 and (k+ q)l + ety > ;m_lz + em_1tm_1} C PF(S). (3.5.56)
By using (3.5.16), (3.5.56) and (3.5.53), we get
PF(S) =A{w(x) —m; am-1(kl+7)+ Bn-1l+1<z<m-—1}
UAw(z) —m; = (am-1 — 1) (Kl +7)+ (k+ q)l + ety
with e, = 1 and (k + ¢)l + €xty > Bm—1l + €m—1tm—1}.
Case 2. If r — 1 = ¢l for some ¢q € N*.

Case 2.1. If m — 1 = a1 (kl +7), (i-e., fn—1 = €m—1 = 0). We claim that if (a—1 —1)(kl+7r)+ (k+q—
1)l 4+ 1<z <m-—1, then z satisfies (3.5.1) for all 1 <y < m — 1. In fact,
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If 2 = m — 1, then by using Lemma 3.5.5, it follows that x satisfies (3.5.1) forall 1 <y <m — 1.

If (1 —D(kl+7r)+(k+qg—1)I+1 < 2<m-—2= (ap-1— 1)(kl+7r)+ (k+ ¢)l. Indeed,
since B; + €; > 0, then from Lemma 3.5.6 we may assume that = + y < m — 1 and this implies that
T+ y = x + y. In particular,

(o1 —)(Kl+7r)+(k+qg—1)l+2<zx+y<m-—1.

If (a1 = 1)(Kl+7)+(k+q—1)I+2 < z+y < m—2, then m(kogqy + Boty + €24y) = m(kam—1+q)
and m(kog 1y + Bty + €xty) = m(kay,—1) if  =m — 1. Hence,

M(kQpty + Boty + €xty) < m(kom—1 + q). (3.5.57)

Since x +y < m — 1, it follows that 1 < y < [. Then, m(koy + By + €,) = m. In addition, if
(1 — D)kl +7r)+(k+qg—1DI+1 < 2z < m-—2, then m(kay + Bz + €2) = m(kam—1 + q).
Consequently,

m(k(ag + o) + B + By + €2 + €y) = m(kam—1 +q+1). (3.5.58)

By using (3.5.58) and (3.5.57) , we get that = satisfies (3.5.1) for all y.

Therefore,
{w(z) —m; (@m—1 —1)(kl+7r)+(k+q—1)+1<x<m-—1} C PF(S). (3.5.59)

By using (3.5.19) and (3.5.59), we get
PF(S) ={w(xz) —m; (a1 —1)(kl+7)+(k+qg—1)+1<z<m-—1}

Case 2.2. If m — 1 = ayp—1(kl + 1) + Bm-1l (i-e., Bn—1 > 0, €—1 = 0). We claim that if a,,—1(kl +7) +
(Bm-1— 1l 4+ 1<z <m-—1, then z satisfies (3.5.1) for all 1 <y < m — 1. Indeed, since (3, + €, > 0, then
from Lemma 3.5.6 we may assume that x +y < m — 1 and this implies that x + y = « + y. In particular,
am—1(kl+7)+ B—1 —Dl+2<z+y<m-—1=am_1(kl +7)+ Bm-1l. Hence,

M(kQpty + Boty + €xty) = m(kom—1 + Bm—1). (3.5.60)

Since z +y < m — 1, it follows that 1 <y <1 — 1. Then, m(koy, + By + €,) = m. In addition, if a,,—1(kl +
)+ Bmo1— DI+1<x<m—1=ap-1(kl +7)+ Bm-1l, then m(kay + By + €) = m(kam—1 + Bm-1)-
Consequently,

m(k(ag + ay) + Bz + By + €z + €y) = m(kam—1 + Bp—1 + 1). (3.5.61)

By using (3.5.61) and (3.5.60), we get that x satisfies (3.5.1) for all y. Consequently,
{w(z) —m; am—1(kl+7)+ (Bn—1 —DI+1 <z <m-—1} C PF(S). (3.5.62)

Furthermore, if z = (-1 —1)(kl+7) 4+ (k+q — 1)l + €,t, such that €, = 1 and (k+q— 1)l + €xty > Brm—1l
or x = (am—1—1)(kl+7)+ (k+¢)l such that (k+¢)l > B,—1l, then z satisfies (3.5.1) forall 1 <y <m—1.
In fact, write y = ay(kl + 1) + Byl + €yt,. Since (; + €, > 0, then from Lemma 3.5.6 we may assume that
z+y < m —1 and this implies that z +y = = + y. Since z +y < m — 1, it follows that y = B,l + €4ty
(as (k +q — 1)l + exty > Bl or (k+ q)l > Pm—1l). Thus, m(kay + By + €,) = m(By + €,). Since
= (amo1—1)(kl+7)+(k+q—1)l + €ty with e, =1 or & = (-1 — 1)(kl +7) + (k + q)l, we get that
m(kay + By + €2) = m(kay,—1 + q). Consequently,

m(k(o + o) + Be + By + €2 + €y) = m(kam—1 +q + By + €). (3.5.63)
If = (-1 — 1)(kl +7) + (k + q)l such that (k + ¢)l > By—1l. We have
r+y=(ama—1)kl+7r)+ 4+l +14+ Byl + ety —1=cm1(kl+7)+ Byl + ety — 1
with Byl +eyty —1 >0 as y = Byl + €,t, > 1. Then,
MKty + Boty + €aty) < m(kom—1 + By + €y). (3.5.64)

By using (3.5.63), (3.5.64) and ¢ € N*, we get that z satisfies (3.5.1) for all 1 <y <m — 1.
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If 2 = (-1 — 1)(kl+7)+ (k+ q— 1)l + €,t, such that e, = 1 and (k + ¢ — 1)l + ety > B—1l.
If By, > 1. We have
r+y = (am1—1)(kl+7)+ (k4+q— 1)+ ety + Byl + €4ty
= am_1(kl+7)+ (By — 1)l + eyty + €zt — 1.
Since 1 < e;t, <1 —1 and €,t, <1 —1, it follows that 0 < eyt + €,t, — 1 < 2] — 2. Hence,

m(kaa:—l—y + /Bx-i-y + fx-i—y) < m(kam—l + By + ey)‘

If B, = 0. Then, y = €,t, with ¢, =1 (as y > 1). Since 1 < gt <l —1and 1 < eyt <1 -1,
it follows that 2 < ety + €ty < 20 — 2. If 2 < ety + €ty < [, then 2 +y = (m—1 —
Dkl + 1)+ (k+q — 1)l + exty + eyty with ety + €ty < [ and if ety + €,t, > 1+ 1, then
T4y =am_1(kl +7)+ (exty + €yty — (I + 1)) with 0 < ezt + €ty — (I +1) < 1 — 3. Hence,

m(k’Oéery + Baty + €x+y) <m(kam-1+q—1+1).
Since ¢ € N* and 8, + €, > 1 (as y > 1), it follows that
M(kQgty + Boty + €xty) < m(kom—1+ By +q—1+¢€). (3.5.65)
By using (3.5.63) and (3.5.65), we get that x satisfies (3.5.1) for 1 <y <m — 1.

Hence, if £ = (-1 — 1)(kl +7) 4+ (kK + g — 1)l + €,t, such that ¢, =1 and (k+ g — 1)l + €;ty > Bm—1l, or
x = (am—1 — 1)(kl + r) + (k + ¢)l such that (k + q)l > Bn—1l, then z satisfies (3.5.1) for 1 <y < m — 1.
Therefore,

{w(z) —m; 2= (m-1 —1)(kl+7r)+ (k+q— 1)l + ety with ey =1

and (k+q — 1)l + exty > Bl U {w(x) —m; (3.5.66)
x = (am-1 — 1) (Kl +7)+ (k + q)l with (k+ q)l > Bm-1l} C PF(S).
By using (3.5.22), (3.5.66) and (3.5.62), we get
PF(S) =A{w(x) —m; am-(kl+7)+ Pm-1—1I+1<z<m-—1}
U{w(x) —m; = (-1 — 1)(kl+7)+ (k+q¢— 1) + €5
with €, = 1 and (k+ ¢ — 1)l + €4ty > Bm-1l}
U{m(kag + fz+ € — 1)+ 2; 2 = (m—1 — 1)(kl +7) + (k+ ¢)l
with (k + ¢)l > Bm_1l}.

Case 2.3. It m — 1 = a1 (Kl + 1) + B—1l + €m—1tm—1, i-e., (€m—1 = 1). We claim that if a,,—1(kl +r) +
Bm-1l+1 < x < m — 1, then z satisfies (3.5.1) for all 1 < y < m — 1. Indeed, since (, + €, > 0, then
from Lemma 3.5.6 we may assume that x +y < m — 1 and this implies that x + y = x + y. In particular,
-1kl +7)+ Bl +2<z+y<m-—1=ap_1(kl+7)+ Bm-1l + €m—1tm—1. Hence,

m(kogyy + Boty + €xty) = m(kam—1 + Bm—1 + 1). (3.5.67)

Since x +y < m — 1, it follows that 1 <y < €y,—1t—1 — 1. Then, m(koy, + By + €,) = m. In addition, if
A1 (kL +7)+ B—1l+1 <z <m—1=ap_1(kl +7) + Bm-1l + €m—1tm—1, then m(kay + B + €;) =
m(kam—1 + Bm—1 + 1). Consequently,

m(k(oz + o) + Be + By + €2 + €y) = m(kapm—1 + Bm—1 + 2). (3.5.68)
By using (3.5.68) and (3.5.67), we get that x satisfies (3.5.1) for all y. Consequently,

{w(z) —m; am—1(kl+7)+ -1l +1 <z <m-—1} C PF(S). (3.5.69)
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In addition, if x = (-1 — 1)(kl +7r) + (k 4+ g — 1)l + €,t, such that e, = 1 and (k + g — 1)l + €t >
Bm-1l + €m—1tm—1 or & = (-1 — 1)(kl + 1) + (k + ¢)l such that (k + ¢)l > Bp—1l + €m—1tm—1, then z
satisfies (3.5.1) for all 1 <y <m —1. In fact, write y = oy, (kl + 1) + Byl + €,ty. Since B, + €, > 0, then from
Lemma 3.5.6 we may assume that  +y < m — 1 and this implies that x + y =z +y. Since x +y <m — 1,
it follows that y = Byl + €,ty, (as (k+q — 1)l + €ty > Bm—1l + €m—1tm—1 or (k+ @)l > B—1l + €m—_1tm—1).
Thus, m(koy + By + €y) = m(By + €y). Since & = (ap—1 — 1)(kl +7r) + (k 4+ g — 1)l + €;t, with €, = 1 or
T = (am—1 — 1)(kl +7) + (k+ ¢)l, we get that m(kag + Bz + €) = m(kam—1 + q). Consequently,

m(k(az + oy) + Be + By + €2 + €y) = m(kam—1 +q+ By +€). (3.5.70)

If 2 = (m-1 — 1)(kl +7) + (k + q)l such that (k 4+ ¢)l > Bm-1l + €ém—1tm—1. We have z +y =
(am—1 = 1)(El+7)+(k+q)l+ 14 Byl +eyty — 1 = a1 (kl+71) + Byl + €ty — 1 with Syl +€,t, —1 >0
as y = Byl + €,ty, > 1. Then,

m(kogiy + Boty + €xty) < m(kam—1 + By + €). (3.5.71)
By using (3.5.70), (3.5.71) and ¢ € N*, we get that = satisfies (3.5.1) for all 1 <y <m — 1.
Ifz = (am—1—1)(kl+7r)+(k+qg—1)l+€t, such that e, = 1 and (k+q—1)l+€,ty > B—1l+€m—1tm—1.
If B, > 1. We have
r+y = (amo1 — D)(E+7)+ (k+q— 1)+ ety + Byl + €yt
= am—1(kl+7)+ (By — DI+ eyty + €xty — 1.
Since 1 < e;t, <1 —1 and €,t, <1 — 1, it follows that 0 < €yt + €;t, — 1 < 2] — 2. Hence,
M(kQpty + Boty + €aty) < m(kom—1 + By + €).

If By = 0. Then, y = €,t, with e, =1 (asy > 1). Since 1 < gt <l —1and 1 < ety <1 -1,
it follows that 2 < eyt + €;t, < 20 — 2. If 2 < ¢4ty + €5t < [, then 2 +y = (m—1 —
Dkl +17) + (k+ g — 1)l + exty + €4ty with eyty + €ty < 1 and if €ty + €, > 1+ 1, then
4y =om_1(kl+7)+ (exty +eyty — (1+1)) with 0 < ety + €.ty — (I+1) < 1—3. Since ¢ € N*,
then

m(kog iy + Boty + €oty) < m(kam-1+¢—1+1).

Since ¢ € N* and 8y + ¢, > 1 (as y > 1), it follows that
m(kogty + Boty + €xty) < m(kam—1+ By +q—1+¢). (3.5.72)
By using (3.5.70) and (3.5.72), we get that x satisfies (3.5.1) for 1 <y <m — 1.

Hence, if £ = (a—1—1)(kl+7)+ (k+q—1)l+€xt, such that e, = 1 and (k4+q¢—1)l4€xtr > Bn_1l+€em—1tm—1,
or & = (m—1 — 1)(kl + ) + (k + q)l such that (k + q)l > Bm—1l + €m—1tm—1, then x satisfies (3.5.1) for
1 <y < m — 1. Therefore,

{w(x) —m; o= (am_1 — 1) (kl+7)+ (k+q— 1)+ ety
with €, = 1 and (k+ ¢ — 1)l + €3ty > Bm—1l + €m—1tm—1}
U{w(z) —m; 2= (am-1 — 1)(kl+7)+ (k+ q)l}
with (k+ q)l > Bm—1l + €m—1tm-1} C PF(S).

By using (3.5.25), (3.5.73) and (3.5.69), we get

(3.5.73)

PF(S) =A{w(z) —m; am-1(kl+7)+ Bn-1l+1<z<m-—1}
U{w(z) —m; = (am-1 — 1) (Kl +7)+ (k+q— 1)l + exty
with e, =1 and (k+ ¢ — 1)l + exty > B—1l + €m—1tm—1}
U{w(z) —m; &= (am-1 — 1)(kl+7)+ (k+q)l
with (k + )l > B1l + em1tm_1}-
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Case 3. If r = 1.

Case 3.1. If m—1 = a1 (kl+1) (i.e., Bn—1 = €m—1 = 0). We claim that if (-1 —1)(kl+1)+(k—1)I+1 <
x < m — 1, then x satisfies (3.5.1) for all 1 <y <m — 1. In fact,

If x = m — 1, then by using Lemma 3.5.5 x satisfies (3.5.1) for 1 <y <m — 1.

If (o1 —1)(Kl+1)+(k—1)I+1<x<m-—2= (-1 —1)(kl+ 1)+ kl. Indeed, since 3, + €, > 0,
then from Lemma 3.5.6 we may assume that x + y < m — 1 and this implies that z +y =z + y. In
particular, (-1 — 1)(Kl+ 1)+ (E—1)+2<zx4+y<m—1=ay_1(kl+1). Hence,

M(kQypty + Bty + €xty) = m(kom—1). (3.5.74)

Since  +y < m — 1, it follows that 1 <y <. Then, m(kay + By + €y) = m. In addition, m(ka, +
Bz + €2) = m(kay,—1). Consequently,

m(k(ow + o) + Be + By + €2 + €y) = m(kapm—1 +1). (3.5.75)
By using (3.5.75) and (3.5.74), we get that z satisfies (3.5.1) for all y.
Consequently,
{w(@) —m; (m-1 —D(El+1)+(k—1I+1<zx<m-—1} C PF(S). (3.5.76)
By using (3.5.28) and (3.5.76), we get
PF(S) ={w(z) —m; (a1 —1)(kl+1)+(k—1)I+1<z<m-—1}.

Case 3.2. If m — 1 = ay_1(kl + 1) 4+ Bi—1l (i-e., €n—1 = 0). We claim that if c—1(kl + 1) + (Bm-1 —
DI+1 < x < m—1, then z satisfies (3.5.1) for all 1 < y < m — 1. In fact, since B, + €; > 0, then
from Lemma 3.5.6 we may assume that x +y < m — 1 and this implies that x + y = 2 + y. In particular,
1 (Kl+ 1)+ B—1 — D)l +2<z+y<m-—1=ay_1(kl + 1) + Bp—1l. Hence,

M(kQyty + Boty + €xty) = m(kom—1 + Bm—1). (3.5.77)

Since z +y < m — 1, it follows that 1 <y <1 — 1. Then, m(koy, + B, + €,) = m. In addition, if oy,—1(kl +
D4+ Bmor—Di+1<z<m-—1=apn_1(kl+1)+ Bpn-1l, then m(kay + Bz + €z) = m(kam—1 + Bm—1)-
Consequently,

m(k(ag + oy) + B + By + €2 + €y) = m(kay—1 + Bm—1 + 1). (3.5.78)

By using (3.5.78) and (3.5.77), we get that x satisfies (3.5.1) for all y. Consequently,
{w(x) —m; am_1(kl+ 1)+ (Bm—1 — 1)l +1<z<m-—1} C PF(S). (3.5.79)

Furthermore, if ¢ = (-1 —1)(kl+1)4(k—1)I+1 such that (k—1)l4+1 > Bp—1l or x = (am—1—1)(kl+1)+kl
such that [ = 1 and kl > (,,—1l, then x satisfies (3.5.1) for all 1 < y < m — 1. In fact, write y =
ay(kl + 1) + Byl + €yty,. Since [ + €; > 0, then from Lemma 3.5.6 we may assume that = +y < m — 1 and
this implies that  +y = « +y. Since x +y < m — 1, it follows that y = Syl + €ty (as (k= 1)l +1 > B,,_1l
or kl > Bm—1l). Thus, m(kay + By + €y) = m(By + €,). Since * = (m—1 — 1)(Kl +1) + (k= 1)+ 1 or
T = (am—1 — 1)(kl + 1) + kI, we get that m(kag + By + €2) = m(kam,—1). Consequently,

m(k(oz + o) + Be + By + €2 + €y) = m(kam—1 + By + €). (3.5.80)

If v = (-1 —1)(kl+1) 4kl such that [ = 1 and kl > B,—1l. We have e,t, = 0as ! =1, thus y = 3,1
with 8, > 0 (asy > 1). In addition, z+y = (apm—1—1)(kl+1)+kl+1+4Fyl—1 = a1 (kl+1)+(8y—1)I
as [ = 1. Then,

m(kogty + Boty + €xty) = m(kam—1 + By — 1). (3.5.81)

By using (3.5.80), (3.5.81), we get that x satisfies (3.5.1) for all 1 <y <m — 1.
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If 2 = (-1 —1)(kl +1) + (k — 1)l + 1 such that (k— 1)l +1 > Bp—1l.
If 3, > 1. We have
r+y = (amo1—1)(kl+1)+ =11+ 1+ Byl + €ty
= am-1(kl+1) + (By — 1)l + €4ty
Hence,
M(kQpty + Boty + €xty) = m(kam—1 + By — 1 + €). (3.5.82)
By using (3.5.80) and (3.5.82), we get that x satisfies (3.5.1) for 1 <y <m — 1.

If B, = 0. Then, y = ¢yt, with ¢, =1 (as y > 1). We have 2 +y = (apm—1 — 1)(kl + 1) + (k —
DI+ 1+ eyt with 1+ €,t, <1 (as eyt < I). Hence,

M(kQpty + Baoty + €xpy) = m(kotm—1). (3.5.83)
By using (3.5.80) and (3.5.83), we get that x satisfies (3.5.1) for 1 <y <m — 1.

Hence, if x = (-1 —1)(kl+ 1)+ (k—1)l+ 1 such that (k—1){+1 > By—1l, or & = (-1 —1)(kl+ 1)+ kl
such that [ =1 and kl > B,,—1l, then x satisfies (3.5.1) for 1 <y <m — 1. Thus,

{w(z) —m; = (amo1 —(Kl+1)+(k—-1)+1
with (k— 1)+ 1> B,,—1l}U
{w(x) —m; = (a1 —1)(kl+1)+ kKl
with I = 1 and kl > Bm_1l} C PF(S).
By using (3.5.33), (3.5.79) and (3.5.84), we get
PF(S) =A{w(z) —m; am-1(kl+1)+ (Bm—1 —DI+1<zx<m-—1}
U{w(x) —m; 2= (am-1 — 1)kl +1)+(k-1)I+1
with (k — 1)l +1 > Bo_11}
U {w(z) —m; = (-1 — 1)(kl + 1) + ki
with [ = 1 and kl > Bn_1l}.

Case 3.3. f m— 1 =a;—1(kl + 1) + B—1l + €m—1tm—1, i€, (€n—1 = 1). We claim that if ay,—1(kl + 1) +
Bm—1l +1 <z < m — 1, then z satisfies (3.5.1) for all 1 <y < m — 1. In fact, since 8, + ¢, > 0, then
from Lemma 3.5.6 we may assume that x +y < m — 1 and this implies that x + y = x + y. In particular,
1 (Bl + 1)+ Bl +2<z4+y<m-—1=am_1(kl +1) 4+ Bn-1l + ém—1tm—1. Hence,

Since x +y < m — 1, it follows that 1 <y < €y,—1t;—1 — 1. Then, m(koy, + By + €,) = m. In addition, if
U1kl + 1) + Bl +1 <2 <m—1=ap1(kl+ 1)+ Bm-1l + €m_1tm_1, then m(koy + B + €2) =
m(kam—1 + Bm—1 + 1). Consequently,

(3.5.84)

m(k(ag + oy) + B + By + €2 + €¢y) = m(kaym—1 + Bm—1 + 2). (3.5.86)
By using (3.5.86) and (3.5.85), we get that x satisfies (3.5.1) for all y. Consequently,
{w(z) —m; am_1(kl+1)+ -1l +1 <2z <m-—1} C PF(5). (3.5.87)

Furthermore, if * = (-1 — 1)(kl + 1) + (k — 1)l + 1 such that (k — 1)l 4+ 1 > Bp—1l + €pm—1tm—1 oOr
x = (-1 — 1)(kl + 1) + Kkl such that | = 1 and kl > B-1l + €m—1tm—1, then x satisfies (3.5.1) for all
1 <y <m—1.1In fact, write y = oy (kl + 1) + Sl + €yt,. Since B, + €, > 0, then from Lemma 3.5.6 we may
assume that z+y < m—1 and this implies that * + y = x+y. Since x+y < m—1, it follows that y = B, l+¢€,t,
(as (k—1)I+1> Br—1l+em—itm—1 or kl > Bp_1l+€m_1tm—_1). Thus, m(koy, + By +¢€,) = m(By, +¢€,). Since
= (am_1—1)(kl+1)+(k—1)l+1or x = (apm—1—1)(kl+1)+kl, we get that m(kay,+ By +€z) = m(kam—1).
Consequently,

m(k(ag + o) + Bz + By + €2 + €y) = m(kam—1 + By + €). (3.5.88)
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If x = (ayp—1 — 1)(kl+ 1) + kl such that [ = 1 and kl > B,—1l + €—1tm—1. Since | = 1, it follows that
eyty = 0, thus y = B, with 8, > 0 (as y > 1). In addition, z+y = (am—1—1)(kl+1)+kl+1+6,l—-1 =
am—1(kl+1) + (By — 1)l as [ = 1. Hence,

M(kQgty + Boty + €a4y) = m(kam—1 + By — 1). (3.5.89)
By using (3.5.88) and (3.5.89), we get that x satisfies (3.5.1) for all 1 <y <m — 1.
If v = (-1 — 1)(kl+ 1)+ (K — 1)l 4+ 1 such that (k — 1)+ 1> Bp—1l + €ém—1tm—1.

If B, > 1. We have = (-1 —1)(kl+1)+ (k= 1)I+14 Byl +€yty = a1 (kl+1)+(By — 1) +eyty,.
Hence,
M(kQypty + Boty + €xty) = m(kom—1 + By — 1 + €). (3.5.90)

By using (3.5.88) and (3.5.90), we get that z satisfies (3.5.1) for 1 <y <m — 1.
If By = 0. Then, y = ¢,t, with ¢, =1 (as y > 1). We have v +y = (apm—1 — 1)(kl + 1) + (k —
DI+ 1+ eyt with 1+ €,t, <1 (as eyt < 1). Hence,

M(kQgty + Boty + €xty) = m(kom—_1). (3.5.91)
By using (3.5.88) and (3.5.91), we get that x satisfies (3.5.1) for 1 <y <m — 1.

Consequently, if x = (-1 — 1)(kl + 1) + (kK — 1)l + 1 such that (k — 1)l +1 > Bn-1l + €ém—1tm—1 Or
x = (am—1 — 1)(kl + 1) + kl such that | = 1 and kl > Bp—1l + €m—1tm—1, then x satisfies (3.5.1) for all
1 <y <m — 1. Thus,

{w(x) —m; z= (a1 —1)(kl+1)+(k—1)I+1

with (k= 1)l 4+ 1> 1l + €m—1tm—1}U

{w(x) —m; = (apm—1 —1)(kl+1)+ Kkl

with I =1 and kl > B—1l + €m—1tm—1} C PF(S).
By using (3.5.38), (3.5.87) and (3.5.92), we get

(3.5.92)

PF(S) =A{w(z) —m; am-1(kl+1)+ Pm_1l+1<zx<m-—1}
U{w(x) —m; == (am-1—1)(El+1)+(k—-1)I+1
with (k — 1)+ 1> Bm—1l+ €ém—1tm—1}
U{w(z) —m; = (am-1—1)(kl+1)+Ekl
with I =1 and kl > By—1l + €m—1tm—1}.

Thus, the proof is complete.
Example 3.5.8. Consider the following numerical semigroups.
1. §=<12,13,14,15,35 >. By using GAP [8], we get that
PF(S) ={46,23} = {w(10) — 12, w(11) — 12}.

Note that m =12, k =2, l =3 and r =5 (-1 =1, Bn-1 = 0, €m—1tm-1 =0,¢g=1,t=1). S
verifies the formula in Theorem 3.5.7.

2. §=<18,19,20,21,47 >. By using GAP [8], we get that
PF(S) = {64,69, 70,71} = {w(10) — 18,w(15) — 18, w(16) — 18,w(17) — 18}.

Note that m =18, k =2, l =3 and r =5 (-1 = 1, Bn—1 = 2, €m—_itm—1 =0, g =1,t =1). §
verifies the formula in Theorem 3.5.7.
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3. 8 =<16,17,18,19,43 >. By using GAP [g8], we get that
PF(S) = {58,63} = {w(10) — 16,w(15) — 16}.

Note that m = 16, k =2, I =3 and r =5 (-1 =1, Bn—1 = 1, €m_itm—1 =1, g=1,t =1). §
verifies the formula in Theorem 3.5.7.

4. S =<11,12,13,14,32 >. By using GAP [8], we get that
PF(S) = {29,30,31,21} = {w(7) — 11, w(8) — 11, w(9) — 11,w(10) — 11}.

Note that m = 11, k =2l =3 and r = 4 (-1 = 1, Bn—1 =,0 €p—1tm—1 =0, ¢ =1,t=10). S
verifies the formula in Theorem 3.5.7.

5. 8 =<17,18,19,20,44 >. By using GAP [8], we get that

PF(S) = {41,42,43,65,66,67}
={w(7) —17,w(8) — 17, w(9) — 17,w(14) — 17,w(15) — 17,w(16) — 17}.

Note that m = 17, k =2, l =3 and r =4 (-1 =1, Bn-1 = 2, €m—1tm-1 =0,¢=1,t=10). S
verifies the formula in Theorem 3.5.7.

6. S =<15,16,17,18,40 >. By using GAP [8], we get that
PF(S) = {37,38,39,59} = {w(7) — 15,w(8) — 15,w(9) — 15,w(14) — 15}.

Note that m =15, k =2, l =3 and r =4 (-1 =1, Bn—1 = 1, €m_itm—1 =1, g=1,¢t=10). S
verifies the formula in Theorem 3.5.7.

7. 5§ =<8,9,10,11,23 >. By using GAP [8], we get that
PF(S) = {12,13,14,15} = w(4) — 8, w(5) — 8, w(6) — 8, w(7) — 8}.

Note that m =8, k=2, l=3and r =1 (-1 =1, Bm-1 =0, €m—1tm—1 = 0). S verifies the formula
in Theorem 3.5.7.

8. §=<14,15,16,17,35 >. By using GAP [8], we get that
PF(S) = {53,54,55} = {w(11) — 14, w(12) — 14, w(13) — 14}.

Note that m = 14, k =2, l =3 and r = 1 (-1 = 1, B—1 = 2, €m—1tm—1 = 0). S verifies the
formula in Theorem 3.5.7.

9. §=<12,13,14,15,31 >. By using GAP [g8], we get that
PF(S) = {47} = {w(11) — 12}.

Note that m = 12, k =2, Il =3 and r = 1 (-1 = 1, Bn—1 = 1, ém—1tm—1 = 1). S verifies the
formula in Theorem 3.5.7.
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Résumé

Cette these est composée de deux parties. Nous
étudions dans la premiére la conjecture de Wilf pour
les semi-groupes numériques et la résolvons dans
certains cas. Dans la seconde nous considérons une
classe de semi-groupes presque arithmétiques et
donnons pour ces semi-groupes des formules
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Frobenius, et les nombres de pseudo-Frobenius. Nous
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Abstract

The thesis is made up of two parts. We study in the
first part Wilf’s conjecture for numerical semigroups.
We give an equivalent form of Wilf’s conjecture in
terms of the Apéry set, embedding dimension and
multiplicity of a numerical semigroup. We also give an
affirmative answer for the conjecture in certain cases.
In the second part, we consider a class of almost
arithmetic numerical semigroups and give for this
class of semigroups explicit formulas for the Apéry set,
the Frobenius number, the genus and the
pseudo-Frobenius numbers. We also characterize the
symmetric (resp. pseudo-symmetric) numerical
semigroups for this class of numerical semigroups.
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