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Notation and abbreviations

2z N

Q
ax?

(fdd) lim
a.S.

d.f.

iid.

r.v.

by definition

:={0,+1,42,...} the set of integers

:={1,2,...} the set of positive integers

:= (—00,00) the set of real numbers

= (0, 00)

the space of continuous functions defined on a set A
positive constant, which may change from line to line
= V-1

indicator function of a set A

:= min(z, y)

:= max(z,y)

:= max(z,0)

the greatest integer less than or equal to z (floor)
the least integer greater than or equal to z (ceiling)
the gamma function

the beta function

mean of a random variable X

normal distribution with mean p and variance o>
equality in distribution

equality of finite-dimensional distributions
convergence in probability

convergence in distribution

weak convergence of finite-dimensional distibutions
limit of finite-dimensional distributions

almost surely

(cumulative) distribution function

independent identically distributed

random variable



Notation and abbreviations

w.r.t. with respect to
w.l.g. without loss of generality
AR(1) autoregressive process of order 1
LRD long-range dependence
SRD short-range dependence
RF random field



Résumé long en francais

Nous résumons dans ce chapitre les problemes abordés dans cette these et présentons les
principaux résultats obtenus.

Agrégation de processus AR(1) (Chapitres 3, 4).

Dans le chapitre 3 nous discutons de ’agrégation temporelle et contemporaine de N copies
indépendantes X7,..., Xy d'un processus AR(1) X a parametre autorégressif a aléatoire.
Nous étudions la limite en loi des sommes partielles normalisées du processus somme X; +
-+ + Xy, quand N le nombre des copies et n la longueur des séries tendent vers l'infini
simultanément. Sous I’hypotheése que la loi de a admet une densité a variation réguliere
d’indice § € (—1,1) au voisinage de a = 1, nous montrons que le processus limite est
différent suivant que la suite N'/(+5) /n tend vers (i) oo, (ii) 0, (iii) p € (0,00). Ces résultats
sont comparables & ceux obtenus par [35,70] pour le processus de charge cumulée sur un
réseau constitué de N sources.

Le chapitre 4 compléte le chapitre 3 au sens ou le probleme résolu est le méme mais
sous des hypotheses différentes sur le modele. Les processus AR(1) ne sont plus supposés
indépendants, le processus des innovations est commun a tous les processus AR(1). Sous les
mémes hypotheses sur la loi du coefficient autorégressif a avec 5 € (—1/2,0) nous montrons
que le processus limite est différent suivant que la suite N*/0+9) /n tend vers (i) oo, (ii) 0,
(ili) p € (0, 00).

Un processus X = {X(t), t € Z} est appelé processus autorégressif d’ordre 1 (ou AR(1))
avec coefficient aléatoire si il est stationnaire et si pour tout t, il vérifie

X(t) = aX(t — 1)+ C(b),

ot {{(t), t € Z} sont i.i.d. avec EC(0) = 0, EC?(0) = 1 et le coefficent autorégressif a € (—1,1)
est une variable aléatoire indépendante de {((t), t € Z}.

Hypothése A(f). La loi de la variable aléatoire a € [0,1) admet une densité g telle que

g(x) = ¥(z)(1—z)’, z€l0,1),

ou > —1 et v est une fonction intégrable sur [0, 1) vérifiant lim, 1 ¥(z) = 1, > 0.

9
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Soit
N [n7]

Snn(T) =2_> Xi(t), 720,

i=1t=1
ou X;, i = 1,...,N, sont des copies du processus X satisfaisant ’hypothese A(5). Soit
N,n — oo (simultanément) et

NV/(+8)
——— = p € [0,00].
On considere les trois situations suivantes:
cas (i): p = oo, cas (ii): pu =0, cas (iii): 0 < p < 0.
Théoréme (Chapitre 3, Théoreme 3.2). Soit X;, i = 1,2,..., des copies indépendantes du

processus X satisfaisant l'hypothése A(B) avec B € (—1,1). Alors
dans le cas (1):

N~V 16/ g, (7) fidi By(1), B € (0,1),
NV g () By B e (-1,0),
(Nlog(N/n)) 0~ Syn(r) & vr, B=0,

ot By est le mouvement brownien fractionnaire de paramétre H =1— /2 € (1/2,1); V est
une variable aléatoire 2(1 + [)-stable et {V'1, 7 > 0} est une droite aléatoire;
dans le cas (1i):

NV =128, () B WY2B(7),

ot {WY2B(7), 7 > 0} est un processus (1 + B3)-stable avec W > 0 une variable aléatoire
(14 3)/2-stable, indépendante de B un mouvement brownien standard;
dans le cas (1ii):

NSy (1) 53 pt P2 (7 ),
ou Z est un processus dit ‘intermédiaire’ dont les fonctions caractéristiques de ses lois fini-
dimensionnelles sont connues.

Z admet une représentation intégrale de la forme suivante pour tout g € (—1,1),

Z(r) = /(0’1)XC(R) (/;{/Ofe—x“—%(s gt)dt}dB(s))M(da:,dB)
e (/ {/OTe_x(t_s)l(s gt)dt}dB(s)>M(dx,dB), (1)

—0o0

ot M(dx,dB) est une mesure aléatoire de Poisson sur R, x C(R) d’intensité pu(dz,dB) =
Y12Pdr x Pp(dB(+)) avec P une mesure de Wiener standard sur C'(R) et M(dx,dB) :=
M(dz,dB) — p(dx,dB) est une mesure aléatoire de Poisson compensée.

La proposition suivante donne les propriétés du processus Z.
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Proposition (Chapitre 3, Propositions 3.4, 3.5). (i) Le processus Z défini en (1) est bien
défini pour tout B € (—1,1). C’est un processus a accroissements stationnaires dont les lois
fini-dimensionnelles sont infiniment divisibles.

(i) E|Z(1)]P < 00, p € (0,2(1 + 3)), et
EZ(T) :07 66 (_1/271)7
E[Z(Tl)z<72)] = E[BH(Tl)BH(TQ)]v 6 € (07 1)7
ot By est le processus défini dans le cas (i) du théoréme précédent.

(1ii) Pour tout f € (—1/2,1), presque surement le processus Z a des trajectoires continues.
(iv) Le processus Z est localement et globalement asymptotiquement auto-similaire:

=
o,
=

cHZ(cr) fid] By (7) quand ¢ — 0, B € (0,1),
¢ Z(er) fdi y, quand ¢ — 0, pe(=1,0),
o1 log~ 1/2(1/0) (CT) fi“ VT quand ¢ — 0, =0,

c2Zer) YW O W'Y2B(r)  quand ¢ — oo, pge(—1,1),
ou les processus limites sont définis dans le théoreme précédent.

Théoréme (Chapitre 4, Théoreme 4.3). Si X;, i = 1,2,..., sont des processus AR(1) ayant
les mémes innovations {((t), t € Z} et des coefficients autorégressifs i.i.d., indépendants de
{C(t), t € Z} et vérifiant A(B) avec B € (—1/2,0). Alors
dans le cas (1):
nf NSy (1) B By (),
ot By est le mouvement brownien fractionnaire de paramétre H = 1/2 — 3 € (1/2,1);
dans le cas (1i):
NV =128 (1) MW B(r),
ou W > 0 est une variable aléatoire (1 + [3)-stable, indépendante du mouvement brownien
standard B;
dans le cas (1ii):
N-V+8), 1/ZS ( ) ﬁdl 1/22(7_/”)
ou Z est un processus dit ‘intermédiaire’ dont la fonction caractéristique de ses lois fini-
dimensionnelles sont connues.

Z admet une représentation intégrale de la forme suivante pour tout g € (—1/2,0),

/ /R+ {/ w9 (s < t)dt}dB(s)N(dx),

ott N(dz) est une mesure de Poisson sur R, d’intensité 1, °dz, indépendante du mouvement
brownien standard {B(s), s € R}.
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Inférence statistique a partir des données de panel AR(1) (Chapitre 5).

Dans le chapitre 5 nous abordons la question de l'estimation de la loi du coefficient
autorégressif (de fonction de répartition G) a partir de N séries AR(1) a parametre aléatoire
de longueur n. Contrairement a [9,92], nous adoptons une approche non paramétrique. On
estime sur chaque série le coefficient autorégressif par I'autocorrélation empirique de lag 1,
puis on construit la fonction de répartition empirique de cet échantillon. Nous étudions la
convergence de la fonction de répartition empirique sous des conditions de régularité sur GG
et de vitesse de convergence de N et n vers l'infini. Le résultat est appliqué pour tester
I’'adéquation de la loi G a une loi donnée ou a la famille de lois beta a I'aide de la statistique
de Kolmogorov-Smirnov. Les performances des tests sont illustrés par des simulations et
comparés a l'analogue paramétrique développé par [9].

Nous précisons maintenant le modele. On consideére des processus AR(1) a coefficient
autorégressif aléatoire (RCAR(1)) X; := {X;(t),t € Z}, i = 1,2,..., solution stationnaire
de I'équation

dont les innovations {(;(t)} se décomposent de la forme suivante

G(t) = bin(t) +c&(t), te,

avec les hypotheses suivantes:

Hypothese (B1). {n(¢)} i.i.d. avec En(t) = 0, En*(¢t) = 1, E|n(t)|*’ < oo pour un certain
p > 1.

Hypothese (B2). {&(t)}, i = 1,2,..., i.id. avec E&(t) = 0, EEX(t) = 1, E|&(H)*? < o
pour la méme valeur de p qu’en (B1).

Hypothese (B3). (b;,¢;),i=1,2,
0) =1, E(b? + ¢?) < oo,

Hypotheése (B4). a; € (—1,1), i = 1,2,..., i.i.d. suivant la loi de fonction de répartition
G(r) =P(a; < x), x € [—1,1], vérifiant E(1 — a?)™! < oo.

Hypothese (B5). {n(t)}, {&(t)}, (b, ¢;), a; sont indépendants pour tout i = 1,2, .. ..
Hypotheése (B6). G holdérienne: il existe L > 0, o € (0, 1] tel que |G(z)—G(y)| < Lz —y|°
pour tout z,y € [—1,1].

..., 1.i.d. avec by, ¢; éventuellement dépendant, P (b7 +c? >

On note que dans le contexte des données de panel {n(t)} est la composante des chocs
communs et {&;(t)} est la composante des chocs individuels. Le processus RCAR(1) X; est &
longue mémoire si E(1—a?)™! < oo et E(1—a?)™? = co. Ces conditions sont compatibles avec
I'hypothese (B4). Les mémes propriétés de longue mémoire sont vérifiés pour le processus
limite d'un modele d’agrégation contemporaine de processus RCAR(1) indépendants.

On construit un estimateur non paramétrique de la fonction de répartition G(z) = P(a; <
z), © € [—1,1], & partir des données de panel {X;(¢t),t = 1,...,n,i = 1,...,N}. Il est
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important de noter que 1’on ne dispose donc pas d’observation suivant la loi G. L’estimateur
proposé est

1 N
GN,n(x) = NZ:l(az,n < ZL’), T e [_17 1]7

avec . _ _
S i (Xi(t) — in)(Xz(_t +1) — Xin)
’ Xin (Xi(t) — Xin)?
ou X;, =1 ) DY ( ) pour tout ¢ = 1,..., N. Nous prouvons la convergence faible du

processus empirique G N.n vers le pont brownlen généralisé. Ce résultat implique la consistence
et la normalité asymptotique de I'estimateur non paramétrique G, (z) de G(z).

Théoréme (Chapitre 5, Théoreme 5.3). Supposons que le modéle de panel RCAR(1) vérifie
les hypotheses (B1)-(B6). Si N,n — oo tel que Nn~ (B 0, alors

NYV2(Gyn(z) — G(z)) = W(z), ze[-1,1],

ou {W(x), x € [—1,1]} est un processus gaussien centré avec Cov(W (x), W (y)) = G(z Ay)—
G(z)G(y), x,y € [-1,1], et on note par = la convergence faible dans l’espace D[—1,1] avec
la norme uniforme.

La preuve de ce théoréme repose sur la propriété suivante qui donne la vitesse de conver-
gence en probabilité de I’autocorrélation a; , vers a;.

Proposition (Chapitre 5, Proposition 5.1). Sous les hypothéses (B1)-(B5), pour tout 0 <
y<letn=1,2..., on a le résultat suivant a i fixé

B

P([aip — ai| > 7) < Cn~ Gy 4t
avec C' > 0 qui ne depend pas de n,~y.
Le théoreme limite obtenu s’applique pour construire le test d’ajustement:
Hy:G=Gy, H:G#Gy,

ou Gy est une loi donnée vérifiant (B4), (B6). On fixe w € (0, 1), la région critique du test
de Kolmogorov-Smirnov est

VN sup |G () = Go(w)| > clw),

ou c¢(w) est le quantile supérieur d’ordre w de la loi de Kolmogorov. Si les hypotheses (B1)-

2
(B6) sont vérifiées et N n” e (AP=D) 0, le test est asymptotiquement de niveau w et sa
puissance converge vers 1. Nous comparons numériquement sur des petits échantillons les
performances de ce test avec un test paramétrique construit a partir de I'estimateur étudié



Introduction 14

par [9]. Nous n’observons pas une perte importante de puissance pour le test de Kolmogorov-
Smirnov par rapport a 'approche paramétrique. L’intérét du test de Kolmogorov-Smirnov
est qu’il ne nécessite pas la calibration d’'un parametre de réglage contrairement a ’approche
paramétrique issue de [9]. De plus ses propriétés asymptotiques sont établies sous des hy-
potheses plus faibles sur les innovations du modele RCAR(1).

Nous abordons aussi la question des hypothéses composées. Les hypotheses du test sont

Hy:GeG:={Gy 0c(1,00?%, H :G¢&G,

ou Gy est la fonction de répartition de loi beta de parametre § = (a,3). On utilise la
statistique de Kolmogorov-Smirnov avec 6 estimé par la méthode des moments:
\/ngp |Gnn(x) — GgN’n(a:)\.

Nous obtenons la loi limite de cette statistique ainsi que la normalité asymptotique de

l'estimateur
1 N

m@n = N i_1<ai7n)u

des moments pu® = [' 2%dG(x), u = 1,2,.... Robinson [92] a proposé un estimateur
différent de ™, dont il a établi la normalité asymptotique a n fixé quand N — co. Son
résultat est obtenu uniquement pour des RCAR(1) indépendants et sous des hypotheéses plus
fortes sur GG, qui ne permettent pas au processus individuel RCAR(1) X; d’étre a longue
mémoire.

Le dernier résultat du chapitre 5 porte sur I'estimateur & noyau de g(z) = G'(x). Nous
montrons la normalité asymptotique de cet estimateur et la convergence vers zéro de son
erreur quadratique intégrée.

Transition d’échelle pour des champs aléatoires non linéaires (Chapitre 6).

Dans le chapitre 6 nous considérons des champs aléatoires X définis comme des fonc-
tionnelles non linéaires (polynomes d’Appell) d’un champ aléatoire Y indexé par Z*. Le
processus Y est supposé linéaire, plus précisément c’est une moyenne mobile indexé par Z?2
de variables aléatoires i.i.d. dont les coefficients déterministes tendent lentement vers zéro
(de telle sorte que Y est a longue mémoire) et éventuellement avec des vitesses différentes
dans les directions horizontale et verticale. Pour un champ aléatoire non linéaire X, nous
étudions la loi limite des sommes partielles normalisées calculées sur des rectangles dont les
cotés augmentent aux vitesses O(\) et O(A7) quand A — oo et v > 0 arbitraire. Nous es-
sayons de trouver les champs aléatoires limites pour toutes les valeurs de v > 0. La question
principale est I'existence d’un point de transition vy > 0 tel que les champs aléatoires limites
ne dépendent pas de v mais different pour v > 79 et v < 4. On cherche donc a établir
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les conditions qui assurent 'existence de yy. Nous étendons les résultats de [89,90], ou ce
phénomene, appelé transition d’échelle, apparait pour certains champs aléatoires linéaires a
longue mémoire.

Plus précisément quelque soit v > 0 nous étudions la limite

2] A7) _
AN X(ts) BV (2y), (w,y) € R, 2)

t=1 s=1

des sommes partielles d’un champ aléatoire stationnaire X = {X (¢, s), (¢, s) € Z*} prises sur
une suite croissante de rectangles (0, Az] x (0, \y] N Z? quand A\ — oo, ot Ay, — oo est la
normalisation. Lorsque 7 # 1, les cotés des rectangles croissent a des taux différents O(\) et
O(A\?) quand A — oo, donc v > 0 caractérise I'anisotropie du comportement asymptotique.
Si la limite V, := {V,(z,y), (x,y) € R%} définie en (2) existe pour un certain v > 0 avec
Ay, = MNU(N), o0 H > 0et £:[1,00) = R, est une fonction & variation lente, alors pour

tout A > 0,
fidi

{V,(\z, \y), (z,y) € RE} = {ATV,(2,y), (z,y) € RL}.
Cette propriété est un cas particulier de la notion d’auto-similarité matricielle introduite par
Biermé et al. [12]. De plus, les accroissements rectangulaires du champ V., sont stationnaires:
pour tout (zg,yo) € R3 fixé,

{V’Y((x(hx] X (yoay])a T > Zo,Y > yO}
V(0,2 — o] X (0,5 — o)), @ > @0,y > 4o}
= {V'Y(x_'rmy_y())’ X >$07y > y0}7

ot I'accroissement rectangulaire du champ V,, sur le rectangle (zo, x| X (yo,y] C R% est défini
par V. ((zo, ] X (yo, y]) == V,(z,y) =V, (20, v) =V (z,90) + V; (20, Yo). Ces propriétés générales
sur la limite V, ont été obtenues par [90].

Pour de nombreux champs aléatoires non triviaux, la limite V., définie en (2) existe pour
tout v > 0. Dans ce cas pour un champ aléatoire fixé X, nous associons la famille des
champs limites indéxée par v, {V,, v > 0}, qui caractérise la dépendance et les propriétés
asymptotiques du X. Si {X(¢,s), (t,s) € Z*} sont des variables aléatoires i.i.d. centrées et
réduites, la limite V, coincide avec le drap brownien standard pour tout v > 0, i.e. {V,, v > 0}
est réduit a un élément. On obtient des résultats similaires pour les champs a courte mémoire,
voir e.g. [15]. Les théoremes limites pour les champs aléatoires a courte mémoire sont souvent
obtenus pour des formes générales du domaine de sommation, la loi limite étant indépendante
de la facon dont la région tend vers Z2. Des phénomenes surprenants apparaissent pour des
champs a longue mémoire X, qui possedent un changement de comportement asymptotique
au point y9 > 0 comme décrit dans la définition suivante.

Définition (Puplinskaité, Surgailis [90]). On dit que X possede une transition d’échelle s’il
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existe vo > 0 tel que

vV, i Vi pour tout v >, V, iy pour tout v < 7o,
fidi
Vi # aV_ pour tout a > 0.

Si V, ne dépend pas de v > 0, alors X ne possede pas de transition d’échelle.

Il semble que la transition d’échelle soit une nouvelle caractéristique générale de la dépen-
dance spatiale qui se produit pour de nombreuses champs aléatoires isotropes et anisotropes
sur Z? a longue mémoire. Elle a été établie pour une classe de champs gaussiens a longue
mémoire [89], une classe de modeles agrégés sur les plus proches voisins [90] et certains
champs aléatoires résultant de 'agrégation de ON/OFF ou de processus RCAR(1); voir
[27,35,55,70,79] et [90, Remarque 2.3]. D’une maniére plus générale, le phénomene s’est
avéré apparaitre pour certains champs aléatoires sur Z? avec d > 2 in [10].

Les travaux mentionnés traitent des champs aléatoires linéaires exprimés sous la forme
de sommes (intégrales stochastiques) par rapport a un «bruit» i.i.d. Il est bien connu que
les champs aléatoires non linéaires peuvent avoir un comportement asymptotique assez com-
pliqué et non gaussien. Voir Dobrushin, Major [26], [2,4, 36, 38, 45,59, 66, 100, 104] et les
références citées dans ces papiers.

Considérons un champ aléatoire linéaire Y = {Y(, s), (,s) € Z?} admettant une représen-
tation moyenne mobile:

Y(t,s):= Y. a(t—u,s—v)e(uv), (ts)€Z’ (3)

(u,v)€Z?

oll les variables aléatoires {e(t, s), (¢,s) € Z*} sont i.i.d. E€(0,0) = 0, E€?(0,0) = 1, et ou les
coefficients

a2 t
alt.s) = (1 +1s*%) % (£ ( ) +o1)),
(¢ + |s[*n)2
quand [t| + |s| — oo, ¢; > 0, i = 1,2, satisfont

1 1
1<@Q:=—+4+— <2,
91 q

et L:[—1,1] — [0,00) est bornée et continue.

La condition @ < 2 assure que Y gez2 a°(t,s) < oo, i.e. Y est bien défini, et Q > 1
implique >3 gez2 |a(t,s)| = oo, en d’autre terme Y est a longue mémoire. Notons que
a(t,0) = O(|t|7 1), t — oo, et a(0,s) = O(|s| ), s — oo, décroissent & des taux différents si
q1 # @2, auquel cas Y présente une forte anisotropie.



17 Résumé long en francais

Nous considérons une classe de champs aléatoires non linéaires X = {X (¢, s), (¢, s) € Z*}
construits de la fagon suivante a partir de Y défini en (3). Pour & € N fixé, on suppose
Ele(0,0)|?* < co et on pose

X(t,s) = Ap(Y(t,s), (t,5)€Z? (4)

ou Ay, est le k éme polyndme d’Appell par rapport a Y (0,0). Rappelons que le kéme polynéme
d’Appell Ag(z), z € R, par rapport a la loi de £ avec E[£|* < oo, est défini par

duk \ Eelué

Par exemple si EE = 0, alors A;(£) = &, Ay(€) = &2 — EE?, A3(€) = &€ — 3¢EE? — EE3. Si
13 AN (0,1), les polynomes d’Appell et les polynomes de Hermite coincident.

Pour donner les conditions de longue mémoire pour le champ X = A(Y), nous intro-
duisons les parametres p; == ¢;(2—Q), i = 1,2 et P := p% + p%' On a I’équivalence suivante:
P>1<@Q>1.

Proposition (Chapitre 6, Corollaire 6.11). Supposons que X = Ar(Y) défini en (4) avec Y
défini en (3). Soit r(t,s) := EX(0,0)X(t,s), (t,s) € Z>.
(i) Si1 <k <P, alors ¥ sez2 |7(t, 8)| = 0o (longue mémoire).
(i) Si k> P, alors ¥ gezz |7(t,5)] < 00 (courte mémoire).
Dans le chapitre 6 nous étudions les limites des sommes partielles normalisées de X =

A(Y) calculées sur des rectangles. Le résumé suivant décrit les principaux résultats (voir
Chapitre 6, Théorémes 6.1-6.5).

(R1) Si1l < k < P, alors X = Ai(Y) possede la propriété de transition d’échelle au point
Yo := p1/P2 = q1/q2 indépendant de k.

(R2) V,, est non gaussien (sauf si k = 1) et s’exprime comme une intégrale multiple d’It6-
Wiener de dimension k.

(R3) Si v > 50, alors

Vo FBSheet(H;,1/2) avec H;, € (1/2,1) si kpy > 1,
T {22 ), (v,y) € R2} sikpy < 1,

ot FBSheet représente le drap brownien fractionnaire et ott Z;" est un processus auto-
similaire qui s’écrit comme une intégrale multiple d’It6-Wiener de dimension k. On
obtient un résultat similaire si 0 < vy < 7.

(R4) Sik > P, alors X = A,(Y) ne possede pas la propriété de transition d’échelle et V/, est
le drap brownien pour tout v > 0.
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(R5) Si £(0,0) < A(0,1) et Y(0,0) £ A(0,1), i.e. Y est gaussien, alors (R1)-(R4) sont
vérifiées pour X = G(Y), ou G est une fonction non linéaire avec EG(Y(0,0)) = 0,
EG*(Y(0,0)) < co et G est de rang de Hermite k > 1.

La liste ci-dessus contient plusieurs résultats de type théoréme central ou non-central
limite. (R2), (R4) et (R5) sont des nouveaux résultats dans le cas «anisotrope» p; # pa,
tandis que (R3) est nouveau, méme pour le champ linéaire X = A;(Y) =Y. Comme dans le
cas des modeles linéaires [89,90], les limites dans (R3) ont des accroissements indépendants
ou completement dépendants le long de I'un des axes. La dichotomie de la distribution limite
dans (R3) est liée a la présence ou a 'absence de la propriété de longue mémoire verticale
/ horizontale de X, voir la remarque 6.4, page 116. Nous notons également que les preuves
du théoreme central limite de (R3) et (R4) utilisent une approximation plutét simple par les
variables aléatoires m-dépendantes.

Les résultats de ce type contribuent a la théorie asymptotique des processus spatiaux
fortement dépendants en montrant que la distribution limite des statistiques linéaires et non
linéaires peut dépendre de la relation entre v et vq.

Comportement asymptotique anisotropique pour les modeéles germes-grains
(Chapitre 7).

Dans le chapitre 7 nous considérons un champ aléatoire X indexé par R?, appelé modéle
germes-grains aléatoire. Les germes sont des points uniformément distribués sur le plan R?
auxquels on associe des ensembles (appelés grains) dont les aires sont des variables aléatoires
i.i.d. de variance infinie. En chaque point, X est égale au nombre d’ensembles aléatoires
auxquels le point appartient. La condition sur la variance des aires implique que le champ
X est a longue mémoire. Notre objectif est d’obtenir le champ aléatoire limite des intégrales
partielles normalisées et centrées de X calculées sur les rectangles, dont les c6tés augmentent
a la vitesse O(A) et O(X?) quand A — oo pour 7 > 0 arbitraire. Nous étendons donc les
résultats sur le changement d’échelle isotrope (7 = 1) obtenus par [53]. En outre, nous
étudions la charge totale accumulée sur un réseau a partir d'un modele M/G/oo généralisé
et relions les résultats asymptotiques aux résultats obtenus pour X.

Pour étre plus précis, nous considérons le modele de germes-grains aléatoire:

X(t,s) = 21((21,“ ‘i;f;) E B), (t,s) € R, (5)

oll le grain B C R? est un ensemble borélien déterministe borné (par exemple un disque, un
carré) avec Leb(0B) = 0, 0 < p < 1 est le parameétre de forme, {(u;,v;), R;} est un processus
ponctuel de Poisson sur R? x R, d’intensité dudvF(dr). Nous supposons que F' est une
fonction de répartition sur R, admettant une densité f de la forme

f(r) ~ cpr™ 07 quand 7 — oo, avec 1 < a < 2, ¢; > 0. (6)
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La somme dans (5) compte le nombre d’ensembles de la forme (u;, v;) + RY B contenant (¢, s),
ot RPB = {(RPu, R""Pv) : (u,v) € B} C R? est la version dilatée de B par le facteur RP
(resp. R'"P) dans la direction horizontale (resp. verticale).

Le cas p = 1/2 correspond a la dilatation uniforme ou isotropique. Notons que l'aire
Leb(R? B) = Leb(B)R du grain générique dilaté aléatoirement est proportionnelle a R. Elle
ne dépend pas de p et elle a une loi & queue lourde de moyenne E Leb(R” B) < oo et de vari-
ance infinie E Leb(R” B)? = oo d’apres (6). La condition (6) assure aussi que la fonction de co-
variance du modele de germes-grains n’est pas intégrable i.e. [zo | Cov(X (0,0), X (t, s))|dtds =
00, donc (5) est un champ a longue mémoire.

Soit v > 0 arbitraire, nous étudions la limite suivante du modele de germes-grains:

-1

X(t,s) —EX(t,s))dtds 3 V. c R2 -
A /(O,Aa:]x((),)\'vy]( ( ’8) ( 8)) § “/('r?y)a (a:,y) +5 ( )

quand A — oo, ot Ay, — 0o est la normalisation. Le changement d’échelle isotropique (cas
v = 1) pour p = 1/2 en dimension quelconque a été discuté dans Kaj et al. [53], Biermé
et al. [11]. Nous résumons les résultats de ce chapitre dans la figure suivante, elle décrit les
limites V, := {V,(z,y), (x,y) € R%} dans (7) quand ~ varie entre 0 et oco.

‘intermediate Poisson_’ ‘intermediate Poisson,’
«a_-stable Lévy slide, a-stable Lévg sheet, a-stable Lévy slide,
1<ai1+p 1<ozi 1<a<2—Ap
0 V- D+ 00
FBSheet(1/2, H_), FBSheet(H,1/2),
I+p<a<?2 2—-p<a<?2

Figure: V,, en fonction de « variant de 0 a 0o, 1 <a < 2,0 <p < 1.

Tout d’abord, nous obtenons {V,, v > 0} avec deux points de transition

I—p a—p
)<7+:: )

Vo= —————
a—(1-p p

ceci est une nouvelle caractéristique de la dépendance spatiale par rapport aux résultats
obtenus dans [89,90], ot I'unicité du point de transition a été prouvée pour certains champs
gaussiens, des modeles autorégressifs agrégés sur les plus proches voisins. En raison de la
symétrie du modele de germes-grains aléatoire dans (5), les limites dans (7) sont symétriques
sous le changement simultané z <> y, v <> 1/, p <> 1 —p, et une transformation de réflexion
de B. Cette symétrie se reflete dans la figure, ou la région gauche 0 < v < ~v_ et la région
droite vy < v < 00, y compris les points de transition v, sont symétriques par rapport aux
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transformations ci-dessus. La région du milieu 7. < v < 7, dans la figure correspond a un
drap de Lévy a-stable. Pour v > 7., les limites dans (7) présentent une dichotomie selon
les parametres o, p. Si 2 —p < a < 2, alors le champ aléatoire V, est un drap brownien
fractionnaire de parameétre de Hurst (Hy,1/2), o0 Hy = (2—a+p)/2p € (1/2,1), alors que
sil<a<2—p, onaVy(z,y) =zL(y), (z,y) € R:, ot L(y), y € R%, est un processus de
Lévy a,-stable avec ay == (o —p)/(1 —p) > a. Cette dichotomie de V., pour v > v, est lie
a la transition de X de la longue mémoire verticale vers la courte mémoire verticale: pour
n’importe quel 7" > 0,

[ Cov(X(0,0), X(t,5))drds {_ o, l<as2-p,
[T, T]xR <00, 2—p<a<?.
Enfin, les limites «Poisson intermédiaire» au point v = 4 ne sont pas stables, bien que les
champs soient infiniment divisibles, définis par des intégrales stochastiques par rapport a une
mesure aléatoire de Poisson sur R? x R, de mesure d’intensité c;dudvr=(+®)dr

Nos résultats sont liés par exemple, a ceux obtenus dans [27, 35,55, 70], ou différents
régimes se produisent pour les modeles de trafic internet agrégés. Plus précisément, dans ces
études, on suppose que le trafic est généré par des sources indépendantes (copies du modele
ON/OFF avec des durées a queue lourde) et I'objectif est d’obtenir la distribution limite du
trafic agrégé car I’échelle de temps et le nombre de sources ont tous deux tendance a tendre
vers 0o, éventuellement a des taux différents. Dans Théoremes 7.9, 7.10, nous étendons les
travaux mentionnés ci-dessus et obtenons la distribution limite du processus de charge agrégé

a7 | “ove —Ew@)as x>0,

quand T — oo, ou A7 — 00 est la normalisation et

W(t) = (R "AT)1(u; <t <+ RY), t>0, (8)

)

ou {u;, R;} est un processus ponctuel de Poisson sur R x Ry d’intensité T7duf(r)dr avec
f vérifiant (6) et 0 < p < 1,0 < v < 00, 0 < 8 < oo sont arbitraires. La quantité W ()
définie en (8) représente la charge au temps ¢ transmise par les sources connectées au temps
u; et transmettant avec un taux R} * A T pendant lintervalle de temps (u;, u; + RY ]. On
remarque que 1% joue le role du taux de transmission maximum et 77 est I'intensité de la
source. Le cas p = 1 dans (8) correspond a un taux constant pour le modele file M/G/oo. Le
processus de charge dans (8) est étroitement liée au modeéle germes-grains avec B = (0, 1]2,
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Long-range dependence (also called long memory) is a well-established empirical fact
observed in diverse scientific disciplines and applied fields, including hydrology, astronomy,
environmental sciences, economics and finance, communication networks, see [7,8,29] for data
examples and numerous references on the subject. It refers to the persistence of dependence
between observations that are far apart in time or space. In mathematical framework, long-
range dependence usually means the property of a stationary process, when its covariance
series is not absolutely convergent. To develop statistical methodology for long-range depen-
dent data is of great importance. Given the difficulty to specify the law of sample statistics,
a significant part of statistical procedures relies on limit theorems for sums of observations or
their functions. However, asymptotic results and thus statistical inference under long-range
dependence may differ very much from the classical case of i.i.d. random variables. This
thesis is devoted to limit theorems for spatio-temporal models with long-range dependence.

Aims and problems. We summarize briefly the problems studied in this doctoral thesis.
In Chapter 3 we discuss a joint temporal and contemporaneous aggregation of N inde-
pendent copies Xi,..., Xy of AR(1) process X with random autoregressive coefficient a.
Given the point-wise sum of X, ..., Xy, we look for the limit distribution of its normalized
partial sums process as both N and time scale n tend to infinity. Under assumption that a
has a density, regularly varying near the unit root a = 1 with index g € (—1,1), we show
that different limit processes exist if N'/0+5) /n tends to (i) oo, (ii) 0, (iii) x € (0,00). We
compare our results to those obtained by [35,70], where three distinct limit regimes appear
for cumulative network traffic generated by N independent sources at time scale n.
Chapter 4 complements Chapter 3 as we solve the identical problem for AR(1) processes
with i.i.d. random autoregressive coefficients, but all driven by common innovations. Under

21
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the same assumption on the density of autoregressive coefficient, for 5 € (—1/2,0) we obtain
different limit distribution of normalized aggregated partial sums process if N'/(+#) /n tends
to (i) oo, (ii) 0, (iil) p € (0,00).

In Chapter 5 we discuss estimation of the distribution function G of the autoregressive
coefficient from N random-coefficient AR(1) series each of length n. And contrary to [9,
92], we take a nonparametric approach to the problem. We estimate G by the empirical
distribution function of lag 1 sample autocorrelations of individual AR(1) processes, which
are themselves estimates of unobservable autoregressive coefficients. We study the limit of
the corresponding empirical process under some conditions on regularity of G and on the
relative rate how fast N and n tend to infinity. We apply the obtained result to testing
with Kolmogorov—Smirnov statistic both simple and composite hypotheses that G equals
the beta distribution function. We perform a simulation study to compare the finite-sample
performance of our test and its parametric analogue due to [9].

In Chapter 6 we consider a random field X defined as a nonlinear function (Appell
polynomial) of a Z*-indexed random field Y. Let Y itself be linear, more precisely, a moving
average of Z2-indexed standardized i.i.d. r.v.s with deterministic coefficients decaying slowly
(so as to induce long-range dependence in Y') and possibly at different rate along horizontal
and vertical directions. For a nonlinear random field X, we study the limiting distribution
of its normalized partial sums over rectangles with sides growing at rates O(A) and O(\7) as
A — oo for arbitrary v > 0. We aim to find the limiting random fields for all v > 0. The
main question is if there exists a change-point 7y > 0 such that the limiting random fields do
not depend on ~ but differ for v > vy and v < 7y and if so under what conditions. We extend
the results of [89,90], where this phenomenon, referred to as scaling transition, appears for
some linear long-range dependent random fields.

In Chapter 7 we consider a R%-indexed random field X, the so-called random grain model,
that counts sets, which are uniformly scattered on the plane and of infinite variance in area
so that to induce long-range dependence in X. Our aim is to obtain the limiting random
field of normalized partial integrals of the centered X over rectangles with sides growing at
rates O(A) and O(\Y) as A — oo for arbitrary v > 0. We thus extend results on isotropic
scaling (v = 1 case) due to [53]. Moreover, we investigate the total accumulated workload
from a generalized M/G /oo model and relate its asymptotics to the results obtained for X.

The novelty of the results in the thesis:

o three different limit regimes identified in the scheme of joint temporal-contemporaneous
aggregation for random-coefficient AR(1) processes; new limit process in the ‘interme-
diate’ regime and its properties;

» proof that the empirical process, based on lag 1 sample autocorrelations of individual
random-coefficient AR(1) processes, converges weakly to a generalized Brownian bridge;

o proof that nonlinear random fields may exhibit scaling transition;
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proof that two change-points may exist in the family of scaling limits (for a random
grain model).
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Literature review

In this chapter we review the most important concepts and some results related to the
later parts of the thesis and give references for their in-depth coverage.

2.1 Long-range dependence

A T-indexed stochastic process X is a collection {X(t),t € T} of random variables
(r.v.s), where T' C R? is the set of indices with d = 1 or 2 in the thesis. If d > 2, X is usually
called a random field (RF) on T. The law (distribution) of X is completely determined
by its finite-dimensional distributions P(X(¢;) € Ai,..., X (t,n) € A,,) for all Borel sets
A, CR t; €T, i=1,...,mand m € N. A stochastic process X indexed by T = Z4
or R? is called stationary if X and {X(t + to), t € T} have the same law for any ¢, € T.
In case of stationary X with EX?(0) < oo, its mean function ¢ — EX(¢) is constant and
its covariance function (¢, s) — Cov(X (t), X(s)) depends only on the difference ¢t — s, since
Cov(X(t), X(s)) = Cov(X(0),X(t —s)) for any t,s € T

In the thesis, we study several examples of stationary X that may have long-range de-
pendence. We also refer to this property as long memory, which is a more common term for
processes indexed by Z in literature for time series analysis.

Definition 2.1. A stationary stochastic process {X(t), t € Z%} with EX?(0) < oo and
covariance function 7(t) := Cov(X(0), X(¢)), t € Z%, is said to be long-range dependent
(LRD) if

> Ir(#)] = oo,

tezd
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and short-range dependent (SRD) if

> |r(t)] < ocand Y r(t) #0.

tezd tezd

The case when

d r(t) < ooand Y r(t) =0

tezd tezd

is referred to as negative dependence.

This definition easily extends to the R%indexed X.
By Bochner’s theorem, the covariance function of a stationary RF X on Z¢ with EX?(0) <
oo has the following spectral representation:

r(t) = /[ L) t ezl

where F'(dr) is a nonnegative finite measure on [—, 7)¢ called the spectral measure of X and
< t,x > is the scalar product of t and . In most cases of interest, the spectral measure is
absolutely continuous w.r.t. the Lebesgue measure and is determined by its density function
f(x), x € [—m,m)? called the spectral density of X, which can also describe the dependence
of X. In particular, the fact that the spectral density f is unbounded implies that X has
LRD, since the absolute convergence of the covariance series results in bounded f.

Definition 2.1 being limited to stationary processes with finite second moment, there are
other notions of LRD, see e.g. [22,44,94,95] and [77,86] with references therein. In the thesis
we refer to LRD in the sense of Definition 2.1, unless stated otherwise. In case d = 2, the
dependence of X may vary when quantified along different directions. This leads to a more
detailed classification of LRD/SRD properties by Definition 7.1 on page 143.

2.2 Random-coefficient AR(1) process

In Chapters 3-5 of the thesis, the following stochastic model plays an important role.
The process X = {X(¢), t € Z} is said to be an autoregressive process of order 1 (or AR(1))
with random coefficient if it is stationary and for every t satisfies

X(t)=aX(t—1)+C(t), (2.1)

where innovations {((t), t € Z} are i.i.d. r.v.s with EC(0) = 0, EC?(0) = 1 and AR coefficient
a € (—1,1) is ar.v., independent of {((t), t € Z}. There exists a unique stationary solution
to this equation, given by the series

X(t) = Y a=¢(s). (2.2)

s<t
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see [87, Proposition 1]. The series converges conditionally a.s. and in L? for almost every
a € (—1,1). Moreover, if

1

o[ L] <
1—a?
then the series in (2.2) converges unconditionally in L? and X has zero-mean and covariance
function
altl

1 —a?
See [92] for spectral properties of (t) and some other properties of X.

Next, we discuss two types of aggregation considered in the thesis jointly for copies of
the process X in (2.2) and a related problem of estimating the underlying distribution of the
AR coefficient. Recent developments in aggregation and statistical inference for AR models
with focus on the long memory property can be found in the review [64] and the thesis [86].

r(t) = EX(0)X () = E[ } tel

2.2.1 Aggregation

Contemporaneous (or cross-sectional) aggregation refers to the point-wise summation of
processes X; = {X;(t),t € Z}, i = 1,2,.... The limit aggregated process X, if exists, is
defined as

(X(1), t € Z} = (fdd) {A;Vl f:Xi(t), te Z}, (2.3)

o,

t=1
where Ay is some normalization. Granger [40] originated the idea that contemporaneous
aggregation may be a reason for the long memory phenomenon observed in macro-level
economic time series X.

To be specific, consider a huge population of heterogeneous ‘micro-agents’ (such as house-
holds or firms), each of which evolves according to a short memory AR(1) process X; with
its own deterministic coefficient a;. Drawing a random sample from this population leads to
the assumption that AR coefficients a; are i.i.d. r.v.s. Following Granger [40], assume that
the common distribution of a; is continuous with the following density function of beta type

_ 2 201 2\4-1
g(x) = B(a,ﬁ)x (1—2%)""", z€(0,1), (2.4)
where o > 0, 8 > 0. To rephrase this, the squared AR coefficient a; is beta distributed with
parameters (a, 3).

Let X;, i = 1,2,... be independent copies of a random-coefficient AR(1) process X in
(2.2) under assumption (2.4) with 3 > 1, which guarantees EX?(0) < oo. Then by the
classical CLT, the limit in (2.3) exists for Ay = v/N with X being a stationary Gaussian
process with the same second-order characteristics as those of the individual ‘micro-agent’,
i.e. X has zero-mean and covariance function EX(0)X (t) = EX(0)X(t) = r(t). If 5 € (1,2)
in (2.4), then r(t) ~ constt'=# as t — oo, implying that X has long memory. (Note that
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long memory of single X is not observable since X is indistinguishable from AR(1) series
with the same deterministic AR coefficient.)

Another limit arises in aggregation of dependent time series. Let X;, i = 1,2,..., be
random-coefficient AR(1) processes as X in (2.1), that have i.i.d. AR coefficients a;, but are
all driven by the same innovations {(;(t), t € Z} = {((t), t € Z}. Assume (2.4) with 8 > 1/2.
In this case, under normalization Ay = N the limit (in probability) aggregated process X
exists and can be written as X (t) := Y., E[a'*]((s), t € Z, see [87,111]. If § € (1/2,1),
the limit X has long memory, since EX(0)X (t) ~ constt=2#*1 as t — oo,

Following Granger [40], many authors took up the topic of contemporaneous aggregation,
extending it to more general processes. We refer to [37,39,74,87,88,111,112], for instance.

Let us now introduce another type of aggregation. Temporal aggregation occurs when
the frequency at which we observe a variable is lower than the frequency of its generating
model. For a process Y = {Y (), t € Z} accumulating over time, we define its ‘stock’ as a

partial sums process
[n7]

So(m):=>_Y(t), 7>0,

with S,(0) := 0, whereas

Sp(T) = Sp(t—=1) = Z Y(it), 7=12,...,
t=n(r—1)+1

represents a ‘flow’, measured per unit of time. Note that evolution of the partial sum process
Sy, during a time interval [0, 7] corresponds to an interval [0, n7] on the original finer time
scale for Y.

We may wonder which processes may occur as limits in temporal aggregation of Y as
n — 0o. Under reasonably weak assumptions, Lamperti [58] showed that all possible limiting
processes of suitably normalized S,, are self-similar. Recall that a process V = {V (1), 7 > 0}
is called self-similar, if for some H > 0,

(VAr), 7> 0} < A7V (r), >0} forall A > 0.
In other words, V' is invariant in distribution under certain simultaneous scaling of time and
space.

Theorem 2.1 (Lamperti [58]). Let {Y(t), t € Z} be a stationary process and assume there
exist a sequence of positive numbers A, — oo such that

[n7]

A Y () BV(r), T>0,
t=1

as n — 0o, where the limit process V. := {V(7), 7 > 0} is not identically zero and is
stochastically continuous. Then V is a H-self-similar process having stationary increments,
where H > 0 and the normalization A, = nfl(n) for some slowly varying function ¢ at
infinity.
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The only H-self-similar Gaussian process with stationary increments is a fractional Brow-
nian motion. Let H € (0,1]. A Gaussian process {By(7), 7 > 0} with EBy(7) = 0 and
covariance function given by

1
EBH(Tl)BH(TQ) = 5(7'12H + 7'22H - ’7'1 - 7'2|2H), T1 2 O,TQ 2 O,
is called a standard fractional Brownian motion with (Hurst) index H.

Recall the limit X in (2.3) for independent copies of random-coefficient AR(1) process

under assumption (2.4) with g € (1,2). By [88, Theorem 3.1],

[nT]

_HZX Y oBy(r), T3>0,

where ¢ > 0 is a certain constant and By is a standard fractional Brownian motion with
index H = (3—)/2 € (1/2,1). A similar fact holds for random-coefficient AR(1) processes
driven by common innovations under assumption (2.4) with 5 € (1/2,1), see e.g. [87].

There are other classes of long memory processes Y. Limit theory for their partial sums
{Sn(7), 7 > 0} can be found in books [8, Chapter 4], [36, Chapter 4]. The methods and
results differ significantly from the case when Y has short memory.

In the thesis temporal and contemporaneous aggregation are treated jointly. We look
for the limit distribution of the normalized joint aggregate (contemporaneously aggregated
partial sums) of random-coefficient AR(1) copies Xi,..., Xy as N and the time scale n tend
to infinity simultaneously.

2.2.2 Estimation of the distribution of the AR coefficient

A statistical problem naturally arises, such as recovering the distribution function G(z),

€ [—1,1], of the random AR coefficient. Estimation of G from the limit aggregated series

{X(0),...,X(n)} was treated in [20,61] and some related results were obtained in [19,48,50].

However, we may expect a much more accurate estimate if individual series (panel data) are
available.

Consider N random-coefficient AR(1) series, each of length n 4+ 1: {X;(0),...,X;(n)},
i=1,..., N, which are independent copies of X in (2.1). Robinson [92] suggested to estimate
the parameters characterizing G by the method of moments. [92] identified moments of G in
terms of autocovariances of individual random-coefficient AR(1) processes:

w [t _or(u) —r(u+2)
“()'_/_1IdG(x)_ (0) — r(2)

where r(u) := EX(0) X (u), u=0,...,n, can be estimated by

n—u N

ZZX Xi(t 4+ w),

(n_u+1 t=0 i=1
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and proved the asymptotic normality of the corresponding estimators of ), u =1,... ,n—2,
as N — oo, whereas n remains fixed, under assumption

/1 dG(z)

—— <
-1 (1 —22)2 oo

which does not allow for long memory in X and the limit aggregated process X.

Beran et al. [9] considered independent copies X;, i = 1,2,..., of the process X =
{X(t),t = 0,1,...}, satisfying the AR(1) equation (2.1) for all £ € N with initial value
|X(0)] < C, EX(0) = 0, independent of the AR coefficient a and i.i.d. standard normal
innovations {((¢), ¢t € N}. Assume that a has a density function g given by (2.4) with
(o, B) € (1,00)%. (Recall X and the limit aggregated process X in (2.3) have long memory
if 5 € (1,2).) Given the panel random-coefficient AR(1) data {X;(t),t = 0,...,n,i =
1,..., N}, [9] estimated (v, ) by the method of maximum likelihood. The idea of [9] about
the likelihood is to replace each unobservable a;, : = 1,..., N, by its estimate, which in turn
is a truncated version of lag 1 sample autocorrelation of the individual AR(1) process:

= min(max(@;,, k), 1 — k), where
S X ()Xt + 1)
im0 X7(t)

o~
ai,n,m

> 0.

~
Ain

[9] proved the consistency of the corresponding maximum likelihood estimator of («, 5) and
its asymptotic normality with the convergence rate v/N under the following conditions on
the length of series n and the truncation parameter s: (logx)2N~"12 — 0, v/ Ngmin(@8) 0
and vV Nk 2n"' = 0as N,n — oo, k — 0.

[9] is the closest in spirit to Chapter 5, where we discuss nonparametric estimation of
the distribution function G of the AR coefficient from panel random-coefficient AR(1) data.
Furthermore, employing the idea of [9], we consider a different estimator for moments of G
and prove its asymptotic normality as N,n — oo under less restrictive condition on G in
contrast to [92].

2.3 Aggregation of network traffic models

To explain the observed self-similarity and LRD in network traffic measurements, the
following model has been proposed. Consider cumulative network traffic as an aggregate
of data streams from a large number of independent sources, where each source alternates
between ON and OFF states depending if it transmits data (at a constant rate 1) or not.
Then it is natural to analyze the total workload of high-speed network accumulated over time
and study the distribution of its fluctuations around cumulative average.

But firstly, let us introduce the ON/OFF process in a mathematical framework. Assume
the lengths of ON-periods {Xg,, X1, Xos,...} are i.i.d. non-negative r.v.s and the lengths
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of OFF-periods {Yog, Y, Ys,...} are ii.d. non-negative r.v.s with the Pareto distribution
functions:

Fou(z) == P(Xon <2)=1-=Copx™ ", aum € (1,2), (2.5)
Fog(y) = P(Yorr <y)=1—Cogy ™", o € (1,2),

where C,p,, Co are finite positive constants (which can be replaced by arbitrary slowly varying
functions at infinity). Note that X,,, Yog have finite means pion, pog respectively, but their
variances are infinite so that to induce LRD in the ON/OFF process. We define the renewal
sequence {Ty, k=0,1,...} by

k

Xy = Bf(on, Yy = BYo + (1 — B)Yog,
where B is a Bernoulli r.v. with P(B=1) =1—P(B =0) = pton/(fton + plogf) and Xon, Yogr
have distribution functions
~ 1 z ~
P(Xon <) = — [ (1= Fuw)du, P(Tor <y) =
fon J0

1 y
[0 = Fur(w)au,
Hoff /0O

respectively. Assume all B, Xon, Yorr, {Xon, X1, Xo, ...}, {Yor, Y1, Ya, ...} are mutually inde-
pendent. Finally, we define a stationary ON/OFF process W = {W (t), t > 0} as

W(t):=10<t<Xo)+ > 1T <t <Tj+ Xps1)- (2.6)
k=0

In other words, W(t) = 1 if time ¢ is in the ON-period, W(t) = 0 if time ¢ is in the OFF-
period. For ae, < o, we have r(t) := Cov(W(0), W (t)) ~ const t~(@n=1 as ¢ — oo, see [43].
With the covariance function being absolutely nonintegrable, W exhibits LRD.

Now consider N independent copies W;, i = 1,..., N, of the ON/OFF proces W =
{W(t), t >0} in (2.6). Let

Syn(7) = /0 miWi(t)dt, 7>0, (2.7)

i=1

be the total accumulated workload from N i.i.d. ON/OFF sources by time 7 at scale n.
Taqqu et al. [105] studied the asymptotic behavior of Sy, = {Sn.(7), 7 > 0} in the sequen-
tial scheme. More precisely, [105] proved that finite-dimensional distributions of properly
normalized and centered Sy, converge weakly to those of a fractional Brownian motion as
first the number N of sources goes to infinity and then the time scale n converges to infinity. If
limits are taken in reversed order, the limit distribution of properly normalized and centered
SN corresponds to an infinite variance a,y,-stable Lévy motion. The increment process of
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fractional Brownian motion, fractional Gaussian noise, exhibits LRD. This is in contrast to
stable Lévy motion, which while self-similar too, has independent increments. In Mikosch et
al. [70], the double limits are replaced by a single scheme as N and n go to infinity simultane-
ously. Two limit regimes of fast connection rate and slow connection rate (see Theorem 2.2(i)
and (ii) below, respectively) are identified. In these two regimes fractional Brownian motion
and agy,-stable Lévy motion reappear as limit processes of the scaled centered total ON/OFF
workload accumulated over time. [27] complemented the results of [70] by showing that a
third limit process arises at intermediate connection rate (see Theorem 2.2(iii)).

Theorem 2.2 (Mikosch et al. [70], Dombry, Kaj [27]). Let o := qon < o in (2.5). If
N — 0o and n — oo so that

(i) N/n>~! — oo, then

SNyn(T) — ESN’n(T) @;

N1/2p(3-a)/2 0o Br(7), 720,

where By = {By(1), 7 > 0} is a standard fractional Brownian motion with index

H=3-a)/2 and

o ABTR- )01
= " (ﬂon + Moff)3r(4 - a) ’
(ii) N/n>~!' — 0, then
SNJL(T) — ESN,n(T) fic>1
N1l/apl/a
where L = {L(7), 7 > 0} is an a-stable Lévy motion with Ee?2() = exp{—|0]|*(1 —
isgnftan(ra/2))}, 0 € R, and

O-OL(T)a T 2 07

o Moff(con/ca)l/a 1l -«

= C, = :
0 (lon + o) T/ ['(2 — a)cos(ra/2)

(iii) N/t — ¢ Yon + poft)/Con, then

SN,n(T) - ESN,n(T) 13(; Hoff
n Hon + Hoff

cZ(r/c), 720,

where Z = {Z(1), 7 > 0} is characterized by the cumulant generating function of its
finite-dimensional distributions.

The ‘intermediate’ process Z = {Z(1), 7 > 0} is zero-mean, non-Gaussian and non-stable
with stationary increments. It is not self-similar and has a representation as

Z(7) :/RXR {/()Tl(ugt<u+x)dt}]\7[(dx,du),



33 2.3. Aggregation of network traffic models

where M (dz,du) := M(dz, du) — ez 'dzdu and M(dz, du) is a Poisson random measure
on R, x R with intensity axz™* 'dxdu. Other properties of Z are discussed in [34,35]. In
particular, employing the stochastic-integral representation of Z, Gaigalas [34] showed that
the process is locally and globally asymptotically self-similar with By and L as its tangent
limits. So Z can be viewed as a bridge between the limiting processes in cases (i) and (ii).

Similar limit theorems as for the ON/OFF hold for other network traffic models, e.g.
renewal-reward process, M/G /oo queue (or infinite source Poisson process), see [54,55,68,70,
83], with Gaigalas, Kaj [35] being the first to obtain the limit Z at intermediate connection
rate for the sum of independent scaled renewal processes.

In Chapters 3, 4 of the thesis we discuss joint aggregation of type (2.7) for copies of
random-coefficient AR(1) process, which has a very different dependence structure from the
above-mentioned models.

Finally, let us introduce another popular network traffic model related to the thesis.
M/G/oo queue Wy = {W,(t), t > 0} describes a system where the arrivals are Markovian,
the service times follow some general distribution and there are infinitely many servers, so
jobs do not need to wait. More precisely, let W, (t) count the number of active sessions (or
sources in the network system) at time ¢. The sessions start at times {7}, k € Z}, which are
the points of a rate A homogeneous Poisson process on R, and throughout each session data
are transmitted at rate 1. Assume the transmission durations (session lengths) { Xy, k € Z}
are i.i.d. r.v.s with the distribution function Fy, given by (2.5), independent of the starting
points of sessions. Then we define the workload process W), by

Wi@t):= > LT <t<Tp+Xy), t>0. (2.8)

k=—00

Similarly to the ON/OFF case, high variability in transmission durations causes LRD in the
rate at which work is offered: Cov(W,(0), Wy(t)) ~ const t~(@n=1 as t — co. The so-called
infinite source Poisson process

San(r) = /0 T wabdt, T3>0,

represents the total accumulated workload by time 7 at scale n. Note, as the session intensity

A — 00 and n — oo simultaneously, normalized and centered Sy ,, admits the same limits as
the total accumulated ON/OFF workload.

In Chapter 7 of the thesis we generalize the network traffic model W) in (2.8) for the
situation when the transmission rate is random and bound with its duration and then study
asymptotic behavior of the corresponding aggregated workload. Moreover, Chapter 7 of the
thesis treats a random grain model, whose analogue in dimension 1 the M/G/oco queue is.
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2.4 Anisotropic scaling of random fields

Let X = {X(t,s), (t,s) € Z*} be a stationary random field (RF). For arbitrary v > 0 we
study the limit

>
>

[

z] [

7y]
AVS X(t,s) S Vo(wy), (v,y) € R, (2.9)
t=1

©
Il
-

of the partial sums of X over increasing rectangles (0, Az] x (0, \7y] N Z* as A — oo, where
Ay, — oo is a normalization. Provided v # 1, the sides of the rectangles grow at different
rates O(A) and O(\7) as A — oo, thus v > 0 characterizes the anisotropy of scaling procedure.
Next, let us introduce some general properties of scaling limits in (2.9).

Proposition 2.3 (Puplinskaite, Surgailis [90]). Let X = {X (¢, s), (t,s) € Z*} be a stationary
RF satisfying (2.9) for some v > 0 and Ay, = MNU(N), where H >0 and ( : [1,00) — R,
is a slowly varying function at infinity. Then the limit RF V., = {V,(z,y), (z,y) € R1} in
(2.9) satisfies the operator-scaling property:

fdd

{(V,(Ax, \y), (z,y) € R2} = ANV, (2,y), (z,y) € RZ}  for all A > 0. (2.10)

Moreover, V., has stationary rectangular increments: for any fized (xo,yo) € R%,

{Vv((%"o,ﬂ?] X (Yo, y]), x> 20,y > Yo}
V(0,2 — 20] % (0,5 — yo)), @ > w0,y > Yo}
= {V’Y<x — T, Y — y0)7 x> Zo, Y > y0}7

where the increment of V., on a rectangle (xo,x] X (yo,y] C R is defined as V,((xo, x] X
(Yo, y]) := Va(@,y) — Vi(wo, y) = Va(2, y0) + V4(@o, yo)-

Note (2.10) is a particular case of the operator-scaling RF property introduced in Biermé
et al. [12].

For many RFs, nontrivial V,, in (2.9) exists for any v > 0. In that case, with a given RF X
we can associate a one-parameter family {V/,, v > 0} of scaling limits, which characterizes the
dependence structure and large-scale properties of the underlying X. If {X (¢, s), (¢, s) € Z*}
are i.i.d. standardized r.v.s, the scaling limit V,, coincides with a standard Brownian sheet for
all v > 0, i.e. {V,, v > 0} consists of a single element. A similar fact holds for SRD RFs, see
e.g. [15,31] and the references therein. Actually, limit theorems for SRD RFs often assume
a general shape of summation domain, the limit distribution being independent of the way
in which this region tends to Z2. However, a surprising phenomenon appears for many LRD
RFs X, which exhibit a dramatic change of their scaling behavior at some point vy > 0 in
the following sense.
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Definition 2.2 (Puplinskaite, Surgailis [90]). We say that the RF X = {X (¢, s), (t,s) € Z*}
exhibits a scaling transition at 7y > 0 such that

V}’fgi V, for all v > o, vag V_ for all 0 <~ <, (2.11)

fdd
Vi # aV_ for any a > 0.

If V, is the same for all v > 0, then X does not exhibit scaling transition.

In other words, (2.11) says that scaling limits V, do not depend on v for v > 4 and
v < v_ and are different up to a multiplicative constant (the last condition is needed to
exclude a trivial change of the scaling limit by a linear change of normalization).

Scaling transition arises under joint temporal and contemporaneous aggregation of in-
dependent LRD processes in communication networks and economics, see [27,35,55,70,79],
also [90, Remark 2.3]. E.g., let {X;(t) := W;(t)—EW;(t), t > 0},7=1,2,..., be independent
copies of a centered ON/OFF process given by (2.6) with g, < aog. Align them vertically to
define a RF X = {X;(t),t > 0,i=1,2,...} with ‘one-dimensional dependence’, exhibiting
scaling transition, since the limit distribution in

[ ] fdd 9

Ay ; ; X;(t)dt = Vo (r,y), (7,y) € Ry, as A — oo,
changes from a stable Lévy sheet for 0 < v < 79 to a fractional Brownian sheet for v >
Yo := Qon — 1. Indeed, since V,, has stationary rectangular increments, which are independent
in the vertical direction, the limit process {V,(7r,1), 7 > 0} arising in Theorem 2.2(i)-(iii)
determines the distribution of V,, for v > 7y, 0 < v < 0 and v = 79, respectively. We observe
that for the individual ON/OFF process W, its properly normalized and centered partial
sums process tends to a stable Lévy motion, though W itself has a finite second moment
and exhibits LRD. We can expect to obtain scaling transition for independent copies of other
LRD processes if asymptotic behaviour of their partial sums differs from fractional Brownian
motion.

Recently, scaling transition has been observed for some classes of LRD Gaussian and
aggregated nearest-neighbor autoregressive RFs on Z? in [89,90]. In a more general way, the
phenomenon has appeared for some RF on Z? with d > 2 in [10]. We summarize briefly the
results of [89].

Let X = {X(t,s), (t,s) € Z*} be a real-valued stationary Gaussian RF, having the
spectral representation

X(t,s) ::/ eltutsv) [ £ (u, v) Z(du, dv), (2.12)

[—m,7]?
where Z(du,dv) is a complex-valued Gaussian random measure on [—7, 71]? with zero mean
and variance E|Z(du, dv)|? = dudv and the spectral density is given by

B 9(u,v)
F:0) = o ey

(u,v) € [-m, 7%,
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where 0 < hy < hg < o0, by #1,i=1,2, %2 1/h; > 1and g > 0 is bounded and continuous
at the origin with ¢(0,0) > 0.

Recall that a zero-mean Gaussian RF By, g, = { By, m, (2, y), (z,y) € R} is a standard
fractional Brownian sheet with Hurst index (Hy, Hs) € (0, 1]* if

12 _ )
EBu, (1, 2) By 1, (Y1, Y2) =52 H M2 — |y — g P).

Theorem 2.4 (Puplinskaite, Surgailis [89]). Assume X = {X(t,s), (t,s) € Z*} in (2.12)
and set vy := hi/hg. Then for any v > 0 the limit in (2.9) exists with

Hi’_+7/27 h1<1772707

Vi, 7>,
" ! o 1+’YH2+7 hl > 1772707
V’Y = V77 Y < Y0, H(V) = —_
1/2—'_/7]—‘[27 h2<17’7§707
‘/707 Y = Y0,

Hi +1, hy > 1, v < 7o;
where Hi = (1+h1)/2, H = (1+hy—hy/h1)/2, Hy = (14hy)/2, H{ = (14hy—hy/hy)/2

and

B , hi <1, B -, hy <1,
V—‘r = O-i—;,}u H1+’1/2 ' Vo= 0-/;1 ha HH, ’
Bl,H;” hy > 1; ’ BHf,l’ hy > 1

and U}i n, are some positive constants and V,, is a Gaussian RF given by its spectral repre-
sentation. As a consequence, the RF X exhibits scaling transition at o = hy/hs.

In Theorem 2.4 the RFs V. and V_ have either independent, or invariant (completely
dependent) rectangular increments along one of the coordinate axes, whereas V,, inherits the
dependence structure of the underlying X. This property of increments is characteristic of
limits V. in the presence of scaling transition.

However, for another class of LRD Gaussian RFs, [89] proved the absence of scaling
transition. To be precise, if X is defined by (2.12) with a spectral density given by

U, v
Flu) = DT (o) € fmal
where 0 < d; < 1/2, ¢ = 1,2, and g > 0 is bounded and continuous at the origin with
g(0,0) > 0, then, for all v > 0, the scaling limit of X in (2.9) coincides with a fractional
Brownian sheet with Hurst index (dy + 1/2,dy + 1/2).

Results of this type contribute to the large-sample theory of strongly dependent spatial
data by showing that the limit distribution of simple statistics such as the sample mean may
depend on the relation between v and vy. And if so, these quantities need to be estimated
or decided in advance before applying the limit theorem.

Although general properties of {V,, v > 0} are of interest, in the thesis we focus on
describing the anisotropic scaling limits for specific classes of RFs, see Chapters 6, 7.



Aggregation of independent
AR(1) processes

This chapter contains the article [79]. We discuss joint temporal and contemporaneous
aggregation of N independent copies of AR(1) process with random-coefficient a € [0, 1)
when N and time scale n increase at different rate. Assuming that a has a density, regularly
varying at a = 1 with exponent —1 < 8 < 1, different joint limits of normalized aggregated
partial sums are shown to exist when N'/(1+5) /n tends to (i) oo, (ii) 0, (iii) 0 < p < co. The
limit process arising under (iii) admits a Poisson integral representation on (0, c0) x C'(R) and
enjoys ‘intermediate’ properties between fractional Brownian motion or random line limit in
(i) and sub-Gaussian limit in (ii).

3.1 Introduction

Since macroeconomic time series are obtained by aggregation of microeconomic variables,
an important issue in econometrics is establishing the relationship between individual (mi-
cro) and aggregate (macro) models. One of the simplest aggregation schemes deals with
contemporaneous aggregation of N independent copies X; := {X;(¢), t € Z}, i =1,..., N,
of stationary random-coefficient AR(1) process

X(t) =aX(t—1)+e(t), tez, (3.1)

37
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with standardized i.i.d. innovations {e(¢), t € Z} and a random coefficient a € [0, 1), inde-
pendent of {e(t), t € Z} and such that E(1 —a)™! < oo. The limit aggregated process

N
N2 X0 S x(1), tez, (3.2)
=1

exists in the sense of weak convergence of finite-dimensional distributions, and is a Gaussian
process with zero mean and covariance function

ol
1—a?

mxmmuﬂ:mxmmvﬂ:E[ } tel. (3.3)
Granger [40] observed that for a particular type of beta-distributed random coefficient a, the
processes X and X may have slowly decaying autocovariance functions similarly as in the
case of ARFIMA models while normalized partial sums of X tend to a fractional Brownian
motion. Further results on aggregation of autoregressive models with finite variance were
obtained in Gongalves and Gouriéroux [39], Zaffaroni [111], Oppenheim and Viano [74],
Celov et al. [19] and other papers. In economic interpretation, individual processes X,
i =1,...,N, in (3.2) are obtained by random sampling from a huge and heterogeneous
‘population’ of independent ‘microagents’, each evolving according to a short memory AR(1)
process with its own deterministic parameter a € [0, 1), the population being characterized
by the distribution (frequency) of a across the population. Thus, aggregation of (randomly
sampled) short memory processes may provide an explanation of long memory in observed
macroeconomic time series. See also [8, page 85], [L11], [112, page 238].
In this chapter we consider the limit behavior of sums

N [n7]

Sna(T) =D Xi(t), 7>0, (3.4)

i=1t=1

where X;, i =1,..., N, are the same as in (3.2). The sum in (3.4) represents joint temporal
and contemporaneous aggregate of N individual AR(1) evolutions (3.1) at time scale n. Our
main object is the joint aggregation limit of {Ay! Sy, (7), 7 > 0} in distribution, where
Ay are some normalizing constants and both N and n increase to infinity, possibly at
different rate. We also discuss the iterated limits of {AR,’lnS Na(T), 7 > 0} when first n — oo
and then N — oo, and vice-versa. Related problems for some network traffic models were
studied in Willinger et al. [110], Taqqu et al. [105], Mikosch et al. [70], Gaigalas and Kaj [35],
Pipiras et al. [83], Dombry and Kaj [27] and other papers. In these papers, the role of AR(1)
processes X; in (3.4) is played by independent and centered ON/OFF processes, renewal or
renewal-reward processes, or M/G /oo queues with heavy-tailed activity periods.

Let us describe the main results of this chapter. Similarly to [88,111], we assume that
the r.v. @ € [0,1) in (3.1), or the mixing distribution, has a probability density function ¢
such that

¢(x) =v(2)(1-2)’, z€[0,1), (3.5)
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where 8 > —1 and 1 is an integrable function on [0, 1) having a limit lim,_,; ¥(z) = ¢; > 0.
Under the above condition with 0 < § < 1, it immediately follows from the Tauberian
theorem [33, Chapter 13, §5, Theorem 3] that the covariance in (3.3) decays as ct™#, t —
oo, with ¢ = (¢1/2)I'(/3), implying that partial sums of the Gaussian process X in (3.2)
normalized by nfl with H :=1— (3/2) € (1/2,1), tend to a fractional Brownian motion By
with Hurst parameter H (see [103]). Hence it follows that By coincides with the iterated
limit of {n"#N=Y2Sy (1), 7 > 0} when N — oo first, followed by n — co. However, when
the order of the above limits is reversed, the limit is a sub-Gaussian (1 4 /3)-stable process
defined in (3.11). See Theorem 3.1 for rigorous formulations.
Let now N,n increase simultaneously so as

N/ (+8)
—— 7 MHE [07 OO], (36)

leading to the three cases (i)—(iii):
Case (i): p =00, Case (ii): p =0, Case (iii): 0 < pu < 0. (3.7)

Our main result is Theorem 3.2 which says that under (3.5) and (3.6), the ‘simultaneous
limit” of {Ay!,Snn(7), T > 0} exists and is different in all three Cases (i)—(iii), namely, it
agrees with the above iterated limits in the extreme Cases (i) and (ii), while in Case (iii)
it is written as {u'/2Z(7/u), 7 > 0}, where the process Z corresponding to ‘intermediate
scaling’ in (iii) is defined in (3.31) as a stochastic integral w.r.t. a Poisson random measure
on the product space R, x C(R) with mean v;2°dx x P, where P is the Wiener measure
on C'(R). This process enjoys several ‘intermediate’ properties between the limits in (i) and
(ii) and is discussed in Section 3.3 in detail.

Theorems 3.1 and 3.2 can be compared to the results in [27, 35,55, 70, 83] and other
papers, with [55] probably being the closest in spirit to the present work. In particular,
Mikosch et al. [70] discuss the ‘total accumulated input’ Ay, :== {&N, [7 Wi(t)dt, 7 > 0}
from N independent ‘sources’ at time scale n. The aggregated inputs W;, i« = 1,... N,
are i.i.d. copies of ON/OFF process W := {WW(t), t > 0}, alternating between 1 and 0 and
taking value 1 if ¢ is in an ON-period and 0 if ¢ is in an OFF-period, the ON- and OFF-
periods forming a stationary renewal process having heavy-tailed lengths with respective tail
parameters Qon, Aot € (1,2), aon < aog, see [70] for details. The role of condition (3.6) is
played in the above papers by

a1 1€ (0,09,

leading to the three cases analogous to (3.7):
Case (i'): p =00, Case (ii"): p =0, Case (iii’): 0 < p < oo,

known as the ‘fast growth condition’, the ‘slow growth condition’ and the ‘intermediate
growth condition’, respectively. The limit of (normalized) ‘accumulated input’ Ay, in
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Cases (i") and (ii’) was obtained in [70], as fractional Brownian motion and ag,-stable Lévy
process, respectively. The ‘intermediate’ limit in Case (iii’) was identified in [34,35] and [27]
who showed that this process can be regarded as a ‘bridge’ between the limiting processes in
Cases (i’) and (ii’), and can be represented as a stochastic integral w.r.t. a Poisson random
measure on Ry x R, see (3.49), although distinctly different from the corresponding process
Z arising in Case (iii). Related results for some other heavy-tailed duration-based models
were obtained in [52,55,68,83] and elsewhere.

The differences between the respective limiting processes in this chapter and the above
mentioned works can be partially explained by the fact that the ‘memory mechanism’, or
dependence structure, of the AR(1) model is very different from that of telecommunication
models. Contrary to the latter models, the random-coefficient AR(1) process is non-ergodic
(each individual X; picks a random value a and sticks to it forever), the long memory being
a consequence of a sufficiently high concentration of a’s near the unit root 1. This ‘memory
mechanism’ is very different from the M /G /oo model where each session gets its own duration
and the long memory is essentially due to the occurrence of a few very long durations. The
above differences are reflected in different limit behaviors of the partial sums of the individual
processes (a discontinuous stable Lévy process with independent increments in the latter case
and a continuous sub-Gaussian process with conditionally independent and unconditionally
dependent increments in the former case), extending also to the ‘slow growth’ limits in (ii)
and (ii’). On the other hand, the ‘fast growth’ limits in (i) and (i’) coincide up to a choice
of parameters, since in both cases Gaussian fluctuations play a dominating role.

In the above context, an interesting open problem concerns possible existence and descrip-
tion of an ‘intermediate limit regime’ for double sums (3.4), where X;,i = 1,2, ..., are general
independent and identically distributed processes such that the iterated limits of (3.4) exist
and are different. A particular case of such X; is the regime-switching AR(1) process with
covariance long memory and Lévy stable partial sums behavior studied in [62,65]. This pro-
cess is of particular interest since it combines the dependence structures of random-coefficient
AR(1) and duration models. Other possible generalizations of our results concern random-
coefficient AR(1) process with infinite variance [88] and/or common innovations [87, 111],
autoregressive random fields [90]. See also Remark 3.5.

3.2 Main results

Let {e, e(t), t € Z} bei.id.r.v.swith Ee = 0, Ee? =1, and a € [0,1) be ar.v. independent
of {e(t), t € Z}. 1t is easy to show [88, Proposition 2.1] that there exists a unique stationary
solution to the AR(1) equation (3.1) given by

X(t) = i ate(t — k), teZ. (3.8)
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The series in (3.8) converges conditionally almost surely and in L? given a € [0, 1). Moreover,

if
1
E[ }<oo,

1—a

then the series in (3.8) converges in L? and defines a stationary process with zero mean and
covariance in (3.3).
Consider the following stochastic integral representation of a fractional Brownian motion

Bi—(sj2) = {Bi-(g2)(7), 7 = 0}:

Bi_s)2)(1) = /R R(f(a:, T —5) —f(x,—s))Z(dz,ds), where (3.9)
+ X
(1—e ™) /z, ifx>0andt >0,
f(a.t) = / .
0, otherwise,

w.r.t. a Gaussian random measure Z(dz, ds) on R, xR with zero mean, variance v(dz, ds) :=
Y12Pdrds and the characteristic function Eexp{ifZ(A)} = exp{—0%v(A)/2} for each Borel
set A C Ry x R with v(A) < oo. Here 0 < 8 < 1 and 1); is the asymptotic constant from
(3.5). The representation (3.9) appeared in Puplinskaité and Surgailis [88, equation (1.5)],
as a particular case of a new class of stable self-similar processes. It is related to the super-
position of Ornstein-Uhlenbeck processes discussed in Barndorff-Nielsen [6, Section 6], see
also Section 3.3. It easily follows that

EB1(5/2)(w) B1-(5/2)(v)
- (F(z,u —8) = f(x, =3))(f(z,v — 5) — f(x, —s))v(dwx, ds)

Ry xR
_ F(ﬁ)?/)l -8B B _ 0, -B
=20 515 (u* P + 02 lu —v[* ), w,v>0. (3.10)

When —1 < 8 <0, let V3 be a symmetric 2(1 + 3)-stable r.v. with characteristic function
given in Proposition 3.5(ii). Let 1} 4 N(0,11/2) be a normal r.v. Thus, the process
{V7, 7 > 0} is a random 2(1 + j)-stable line for any —1 < 3 < 0.

Next, let W3 > 0, —1 < 3 < 1, be a (1 4+ j)/2-stable r.v. with Laplace transform
Ee s = exp{—kz01+H/2} 9 > 0, and kg > 0 defined at (3.60). Let {B(7), 7 > 0} be a
standard Brownian motion, EB?(7) = 7, independent of r.v. Wj3. The process

Ws(7) = W,;*B(r), 720, (3.11)

has (1 + ()-stable finite-dimensional distributions and stationary increments. According to
the terminology in [96, Section 3.8], Wj is called a sub-Gaussian process.
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Finally, we define a random process Z3 := {Z5(7), 7 > 0} depending on parameter
—1 < B < 1, through its finite-dimensional characteristic function:

Eexp {iZ@-%(n)}
j=1
— exp {m / <e () 05— f(ﬂfv—s)))zds_1>x5dm}, (3.12)
R4

where ; e R, 7, e Ry, j=1,...,m, m € N, and f is given in (3.9). A Poisson stochastic
integral representation and various properties of Z3 are discussed in Section 3.3.

In Theorems 3.1 and 3.2, Sy, (7) is the double sum in (3.4) of independent copies of the
random-coefficient AR(1) process X (3.8) and the mixing density satisfies (3.5).

Theorem 3.1. The iterated limits of the normalized aggregated partial sums process Sy, are
given by
(fdd) lim lim n®#/2-IN-12Gy

A lim n(T) = Bigp(r) if € (0,1),  (3.13)
(fdd) Jim lim SINTR2AEA Gy (1) = Ve if B € (—1,0), (3.14)
(fdd) lim lim n Y(Nlog N)"Y2Sy,(7) = Vor if B =0, (3.15)

n(7) (3.16)

n—00 N—oo
(fdd) lim lim N=Y#0n 7125y, = Ws(r) if B € (~1,1).

N—00 N—00

Theorem 3.2. The simultaneous limits of the normalized aggregated partial sums process
SN when Nyn — oo as in (3.6) are given in respective Cases (i)—-(iii) of (3.7) by

N=V2p =162 g, (7)Y Bi_2)(1) in Case (i) if B € (0,1), (3.17)
N2 =18y (7 ) & Vst in Case (i) if € (—1,0), (3.18)
(N'log(N/n))"2n=1Sy (1) S Vor in Case (i) if =0, (3.19)

NV p-128, (7 )fdiwﬁ( ) in Case (i) if B € (=1,1), (3.20)
N-YAp=128, ()9 122, (7 /u) in Case (i) if B € (—1,1). (3.21)

Since higher 5 means smaller chances for the individual AR(1) process being close to the
unit root @ = 1, hence having less memory, it is natural to expect that this tendency should
be reflected in the limit behavior of the partial sums Sy ,,. It is most clearly seen in (3.17),
as the ‘memory’ of the fractional Brownian motion B;_ (/) decreases with 3 increasing. On
the other hand, in (3.18) and (3.20), a change of 5 does not alter the dependence structure of
the limit processes Vg7 and Ws but rather affects their variability since 3 is directly related
to the stability index of these processes. These tendencies can be also observed although less
clearly in the ‘intermediate’ limit of (3.21). However, when § > 1 these differences disappear
and the joint limit of the partial sums process is a usual Brownian motion independent of 3
and the mutual increase rate of N and n; see below.
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Theorem 3.3. Let 5 > 1. Then, as N,n — oo in arbitrary way,
N~V 128, (1) Y oB(r)  with 0 = E(1 —a)~* < .

Remark 3.1. The question about weak convergence in the Skorohod space DI0,1] in The-
orems 3.1-3.3 remains generally open, although in some cases ((3.13), (3.17)) the weak con-
vergence follows rather easily by the Kolmogorov criterion.

3.3 The ‘intermediate’ process

This section discusses the definition and various properties of the process Zz arising in
the ‘intermediate’ limit (iii) of Theorem 3.2. Let X be a measurable space with a o-finite
measure £ defined on a o-algebra F(X) of measurable subsets of X. Let M be a Poisson
random measure on X with mean y and M = M —p be the centered Poisson random measure.
The stochastic integrals [y f(x)M(dx) = [ f(z)M(dz) and [y f(z)M(dz) = [ f(z)M(dx)
are defined for any measurable function f : X — R with [1A|f(z)|u(dz) < oo and [ |f(x)|A
|f(x)]*u(dr) < oo, respectively, as limits in probability of suitable integral sums, and their
characteristic functions are given by

Eeieff(a:)/vt(dac) = exp { /(eiﬁf(z) _ 1)M(d$)},
Bt [ F0Ri0) - axp [ [(@0) — 1~ i () p(de)}, 0 e R (3.22)

We have E [ f(z)M(dz) =0, f € L'(X), and E[f f(z)M(d2)]* = [ f*(x)p(dz), f € LA(X).

Moreover,

)P A|f(@)P)u(dz) < 0o, 1< p<2,
o resn] < el von O
see Rajput and Rosinski [91], while
B [ foman)| < sl 0<p<t,
B [ f@Md)| < Clfl 1<p<2 (324

where || f||b := [ |f(2)[Pp(dz) and the constant C(p) < oo depends only on p. For step func-
tions f =372, f;1(- € A;) € LP(X) taking values f; € R on A; € F(X) with u(A;) < oo, the
first inequality of (3.24) with C(p) = 1 follows from | 352, f M(A;)[P < 332, | f;1PIM(A)]P
and E[M(A4;)|P < EM(4;) = pu(A;). The second inequality of (3.24) with C(p) = 2*7 < 2
is obtained in [99, Theorem 3.1], by interpolation between L'(X) and L?(X).
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Consider a family of ‘elementary’ integrated Ornstein-Uhlenbeck processes
= /du/ —eu=91 (4 > 5)dB(s)
/R (f(z, 7 — 5) = §(z, —))dB(s), 7ER, 2 >0, (3.25)

where B := {B(s), s € R} is a standard Brownian motion and f is defined in (3.9). For each
x > 0 the process {z(7;x), 7 € R} is a.s. continuously differentiable on R and its derivative
2'(1;x) = dz(1; ) /d7 satisfies the Langevin equation

dZ(r;2) = =22/ (15 2)dr + dB(7). (3.26)
Accordingly, the joint characteristic function of z(7j;z;), 7; € R, z; € R, j = 1,...,m,

m € N, is given by

m

Eexp {i > 6;2(; xj)}

= exp{ - ;/R (iﬁj (f(xj,Tj —s) — f(zy, —5)))2d5}. (3.27)

W.l.g., we may assume that the process {z(7;z), 7 € R, x > 0} is defined on the space C(R)
equipped with the Wiener measure Pp induced by the Brownian motion B. In other words,
for any cylinder set A = {((-) € C(R) : {(1;) € I;, 7 = 1,...,m}, 7; € R, and intervals
I; CR,j=1,...,m, we have

Pp(A) =P(B(rj) € I;, j=1,...,m). (3.28)
Let M(dz,dB) be a Poisson random measure on the product space Ry x C(R) with the
mean

p(dz,dB) = EM(dz,dB) = 1 2’dz x P(dB(-)), (3.29)
where Pg is defined at (3.28), and let
M(dz,dB) := M(dz,dB) — u(dz,dB)

be the centered Poisson measure. Then, Z3 is defined as a stochastic integral with respect
to the above Poisson measure:

z ::/ ; dz, dB )M(dz,dB), T3>0, (3.30
= [ MR [ S MdedB), T20 (330)

As shown below, for —1/2 < < 1 the two integrals can be combined into a single one:
Zy(r) = / 2(r;2) M(de, dB) (3.31)
R+XC(R)

_ /HM(R){/R(f(m—s)—f@,—s))dB(s)}M(dx,dB).
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Proposition 3.4. (i) The process Zg in (3.30) is well-defined for any —1 < f < 1. It
has stationary increments, infinitely divisible finite-dimensional distributions and the joint
characteristic function is given in (3.12).

(i1) E|Z5(7)|P < 00 for anyp <2(1+43), 0<p <4, and EZ5(1) =0 for —1/2 < g < 1.
(ii) If 0 < 8 < 1 then EZ3(1) < 0o and

L'(8)¢n
2-p01-7)

(v) For —=1/2 < 5 < 1, the process Zz in (3.31) has a.s. continuous trajectories.

(R4 n = In-nP?), mn>0 (332

El25(r) Z5(m)] = 5

Proof. (i) It suffices to check that I := [ 1)xo®) #(dr,dB) = C [y 2Pdz < oo and I :=
Jueoyxem 12(T:2)* p(de,dB) = C [{* Eplz(7; 2)[Pa’dz < co. We have Ep|2(;2)|* = 0*(7; 2),
where

oX(tix) = /TOO (f(l‘,’]‘ 9 —fe —s))st - O((xr) A (z7)? . (1— e—m7)2>

< O((:CT)A(xT)3 N 1/\(367)2> < OT(l/\(Tx))‘ (3.33)

3 3 2

Thus, I < oo when § < 1. (3.12) follows from (3.22), (3.27) and Ez(r;2) = 0. The
stationarity of increments is immediate from (3.12).

(ii) Obviously, it suffices to show E|Z3(7)|P < oo for p < 2(1+ f3) sufficiently close to 2(1+ /)

such that 1+ 5 < p < 2(1+ ). Let first 0 < p < 2. Then using (3.24) we have E|Z3(7)|P <

C |5 Elz(r; z)[PaPdx. Since z(7;x) 4 N(0,0%(1;2)), we have Eglz(t;2)[P < Clo(r;z)P

and hence from (3.33) we obtain

1 p/2
LA (@7) ] PP e = CrE)718 < o (3.34)

B2 p<cp/2/°°
2o < oo [T

Next, let p > 2. Then E|Z5(7)? < oo follows from (3.23) and
/Oo x’deEB“z(T;x)V’ Y |z(7’;a7)|2} < C’/OO <|0(T;a7)|p + |U(T;ZL‘)|2)ZL‘BdJZ < 00
0 0

according to (3.34). The fact that (3.34) holds for p =1 < 2(1 + ) implies EZ5(7) = 0 for
-1/2<p8 <1
(iii) From (3.31), (3.25) and (3.10) we have that for any 7 > 0

BZ2(r) = /R +XR(f(:c,T—s)—f(x,—s))Qu(d:C,ds)

L'(B)¢s 2-5

= EBJ (1) = (2-p)(1- 6)7— ’
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hence (3.32) follows from (3.10).

(iv) From (3.34) and stationarity of increments, for —1/2 < f < 1l and 1 < p < 2(1+ f)
sufficiently close to 2(1 + 3), we have that E|Z3(7 + h) — Z5(7)[P < ChBP/2D=1=8 for any
7,h > 0. Since (3p/2) — 1 — 5 > 1, the Kolmogorov criterion applies, yielding the a.s.
continuity of (3.31). Proposition 3.4 is proved. O

Remark 3.2. Let My(dz,dB) be a Gaussian random measure on R, x C(R) with zero mean
and variance p(dz,dB) in (3.29). From Proposition 3.4(iii) it follows that for 0 < 8 < 1 the
corresponding Gaussian integral of (3.31) is a representation of fractional Brownian motion:

Busp(r) ™ [ (i) Mo(dr, dB).

Remark 3.3. As noted in [96], the sub-Gaussian process Ws (3.11) admits a stochastic
integral representation

We(r) % [ BIN(aB)

w.r.t. symmetric (14/3)-stable random measure N on C'(R ) with control measure v := ¢3Pp,
where P is the Wiener measure, see (3.28), and ¢z := ¢y7/2sin(n(1 + 5)/2)['(2 + ). The
process Ws can be further represented as a stochastic integral w.r.t. the Poisson random
measure M(dz,dB) on Ry x C(Ry) in (3.29), viz.,

B() i

Wy(r) & / B (s, ap) + M(dz,dB).

(01)xC(Ry) T [L,oo)xC(Ry) &

Remark 3.4. Curiously enough, the 2(1+ /3)-stable r.v. V3 in Theorem 3.1(ii) (see Proposi-
tion 3.5(ii) below) can be also represented as a stochastic integral w.r.t. the Poisson measure
M(dz,dB):

Vg/ Z(1;2)M(dz,dB) + 2 (1; 2)M(dz,dB),
7~ Joyxom) (L) M( ) [1,00)xC(R) (L) M( )

where {z/(7;x)} is the stationary Ornstein-Uhlenbeck process in (3.26).
The following proposition describes local and global scaling behavior of the process Zg3.

Proposition 3.5. Let Z5 be defined as in (3.31).
(i) Let 0 < < 1. Then

b2 (Z(r + bu) — Z5(7)) S By_pp(u) asb— 0.
(ii) Let —1 < < 0. Then

b (Za(r + bu) — Z5(7)) B uVs asb— 0,
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where Vi is a 2(1 + 8)-stable r.v. with characteristic function

~ _KyJo20 L'(=5)
BelfVs — o= KaloP0P o Y1 ,

(1ii) Let B = 0. Then
(blog"?(1/b)) "M (Zs(7 + bu) — Z5(7)) W uVy asb— 0,

where Vg <= N(0,41/2) is a Gaussian r.v. with variance i /2.
(iv) Let —1 < B < 1. Then

b2 Z5(b7) W Ws(r)  as b — oo.
Proof. (i) By stationarity of increments, it suffices to prove the convergence for 7 = 0,

or Bexp{i X/, ;672 Z5(bu;)} — Eexp{i¥)", 0;B1_p2(u;)} for any u; € Ry, 6; € R,
m € N. Using (3.12) and (3.9), the last convergence follows from

/Ooo (1 — eXp{ bﬁ : A ml (x,buj —s) — f(x, —s)) st})xﬁdx
; R, xE jf:l‘gj(f(xv uj — s) —f(z, —s)) 2xﬁdajds. (3.35)

Using the scaling property f(x/b, bs) = bf(x, s) of f in (3.9), the Lh.s. of (3.35) can be rewritten

as
00 bl—i—,B 2
b_l_ﬁ/ <1 — exp{ ds})wﬁdx
0 R

and the convergence in (3.35) follows from b‘l_ﬂ(l —e "Iy 5 T (b — 0) and the dominated
convergence theorem, since 0 < 1 —e™* < x for any x > 0 and the integral on the r.h.s. of
(3.35) converges. This proves part (i).

(ii) Using the notation in (3.35), it suffices to show that

[ ({5 LS00 -0 o)

[ ]

Towards this end, consider

29 f(x,u; = s) = f(z, =s))

2

ds}) YraPde

2(1+8)

1 2}>w1x5dx =K (3.36)

m
> buy
j=1

S0, (5 buy — 5) — f(, —5))

U(x;b) = /R;[)Qj:l 2ds:</_000—|—/000)...

=: Uy(x;b) + Ua(x; D). (3.37)
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Then for any x > 0,

sz(l—e )

=1

m 2
Z erj =: \IJ(.Z'), b— 0, (338)

2
Ui(x:b) = il
1(3:7 ) Ar =

4a3

and

m 2
> 6;(1— e i1 (s < buy)| ds
j=1

1 bum
Wa(w;b) 212b? /o

bum
;;2 / (s)%ds < Cb — 0. (3.39)
0

IN

Hence, ¥(z;b) — VU(z). From the inequality 1 —e ™ < z, z > 0, it easily follows the
dominating bound 0 < ¥(z;b) < C'min(1,1/z), Vb,z > 0. The convergence in (3.36), or
J(1—e Y@ 2Pdy — [°(1—e @) 2fdz now easily follows by the dominating convergence
theorem.

(iii) As in (3.36), it suffices to show that

1) =i (1 -

, (3.40)

where W(x,b) is defined in (3.37). Split the integral

B ¢1</01/b +/1:><1 — e VN8O gy =: 4y (1) (b) + Lx(D)).

Then using (3.38) and (3.39) we infer that

o~ [ e

o( 1 >+!Z HuJP/l/b do
log(1/b) 4log(1/b) Ji/10g1/b) T

1| & 2
Z Z@u‘
4 = 777

ZQUJ

On the other hand, using |¥(x;b)| < C/(b*2® + bx?), see (3.38), (3.39), with C independent
of z,b > 0 we obtain that

oo dx 1
L:(0) = C/1/b (0223 + ba?) log(1/b) O(log(l/b)) =oll),

proving (3.40) and part (iii).
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(iv) Similarly as above, it suffices to prove that

oo m 2

/ <1 - exp{ - — 0;(f(x,bu; — s) — f(x, buj—1 — s)) ds})wlajﬁdx
0 i=1

— /oo (1—exp{ 292 — U1 }>w1x6dx

0
m 2 (1+ﬂ)/
- 1+6 ZQ — uj-1) ) (3.41)
where 0 =@ wy < u; < .-+ < Up. The Lhs. of (3.41) can be rewritten as [;°(1 —

e‘xﬁ‘](z?b))wlxﬂdx, where for any = > 0,

2

J(x;b) ds

y(f(:m buj — ) — f(x, b(uj -1 — 9)))

1m
=5 2 i~ )

as b — oo follows easily by substituting § (3.9) into the integral above. The dominating bound
0 < J(z;b) < Cmin(1,1/z) is elementary and allows to use the dominating convergence
theorem, yielding the convergence in (3.41). Proposition 3.5 is proved. O]

Proposition 3.5 entails the convergences

W2 Z5(7 /1) S Wy(r)  and
=B Zg(1 /1) a4 Bi_g)2(7), 0<p <1,

pZs(r/u) S 1V, 1< B<0, (3.42)
p(log ) 2 Z5(r /) 5 TV, 5=0,

as 4 — 0 and g — oo, respectively. In other words, the ‘intermediate’ limit in Theo-
rem 3.2(iii) plays the role of a ‘bridge’ between the limits in Cases (i) and (ii). Since W,
Bi_(3/2) and 7V are distinct processes, (3.42) imply that Zj is not self-similar and not stable.

The definition of Zg in (3.31) naturally extends to a two-parameter random field { Z5(7, z),
(1,x) € R2} defined as a stochastic integral

Zs(r,x) = z(1;v)M(dy, dv, dB)

/(o,x}x(o,nxc(ﬂe)
+ 2(r;0)M(dy, dv,dB), 7,2 >0, (3.43)

(0,2]x [1,00) x C(R)

with respect to a Poisson random measure on Ry x Ry x C(IR) with intensity EM(dy, dv, dB)
= dyu(dv, dB) = ¢ dyv’dv Pg(dB(+)), see (3.29), where M(dy, dv,dB) := M(dy, dv,dB) —
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EM(dy,dv,dB). Then Z3(7) = Z5(7,1). Note that for each 7 > 0, {Z5(7,z), x > 0} is a
homogeneous Lévy process with independent increments. The two-parameter process Zg in
(3.43) satisfies the following properties:

for any (70, zo) € R2,

{Z5(1 + 10, ¢ + x0) — Z5(T + 70, 0) — Z5(70, 2 + o) + Z5(70, %0) } d {Zs(r,2)};  (3.44)
for any ¢ > 0,
{Zg(CT, clwx)} & {03/225(7, x)} (3.45)
Property (3.44) is stationarity of increments and (3.45) is an anisotropic two-parameter
scaling (self-similarity) property. Note that (3.45) implies
{(C,U,)_IC_I/Q.Zg(CT, ()™, 1 € R+}
S 2Z5(r /1), T €RL} forall e >0, (3.46)

which resembles the limit in Theorem 3.2(iii) for N = (cu)'*#,n = ¢ growing as in (3.6).

The two-parameter process {Vs(7, 1) = pu'/2Z5(1/p, 1)} on the r.h.s. of (3.46) satisfies

{Vs(er,cp), T € Ry} & {cY2Ys(7, 1), T € R, }. A related notion of self-similarity was intro-

duced in Jorgensen et al. [51], who call a two-parameter process Y = {Y (7, n), (1, 1) € R%}
self-similar with Hurst exponent H and rate parameter p if for all ¢ > 0,

{Y(CT, CH?l:u)7 T € R-l—} fd:d {CHY(Ta M)? TE R+} (347)

Note that the two-parameter process {Vs(7, ) := Z5(7, 2207} satisfies the self-similarity
property (3.47) with H = 3/2.

Another self-similarity property was introduced in Kaj [52]. Accordingly, a process U =
{U(7), 7 € Ry} is called aggregate-similar with rigidity index p if for any integer m > 1,

{f:U(i)(T),TEI&L}fgl {mPU(T/m*), T € R}, (3.48)

where U® | i > 1, are independent copies of U. Let {Us(7) := Z5(7%?,1)}, then Up satisfies
(3.48) with p := ﬁ, which again follows from (3.45) with ¢ = m!/*) 2 = 1 and the

fact that {37, Zéi) (r2/3, 1)} & {Z5(7%3 m)}.
Remark 3.5. Kaj [52], Gaigalas [34] discussed the ‘intermediate process’

Zg(T) = /R " { /OT I(s—v<u< s)du}M(dv,ds), T >0, (3.49)

where M(dv,ds) = M(dv, ds)—EM (dv, ds) is a centered Poisson random measure on R, x R
with mean EM (dv,ds) = Cv=?~2dvds and 0 < 8 < 1 is a parameter. The process Zs in
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(3.49) arises in the ‘intermediate’ aggregation regime of ON/OFF and infinite source Poisson
models in network traffic. See also [54, 55, 68, 83]. Similarly to (3.43), Zs extends to a
two-parameter random field

Zg(T,x) = /

{/ 1Is—v<u< s)du}ﬂ(dy,dv,ds), 7,0 >0, (3.50)
(0,z] xRy xR 0

where M (dy, dv, ds) = M(dy, dv,ds) — dyEM (dv,ds) is a centered Poisson random measure
on Ry x Ry x R with mean EM (dy,dv,ds) = dyEM (dv,ds). The random field in (3.50)
satisfies the stationary increment property (3.44) and a scaling property similar to (3.45):

{Zs(cr,Px)} & {cZs(1,2)} for every ¢ > 0. These properties might be typical to random
fields arising in the ‘intermediate regime’ of joint temporal and contemporaneous aggregation
of independent copies of random processes with long-range dependence. We conjecture that
(3.50) and (3.43) can be linked into a general class of Poisson stochastic integrals on the
product space Ry x §'(R), where §’(R) is the Schwartz space of tempered distributions
equipped with a o-finite shift and scaling invariant product measure, which includes the
above mentioned ‘intermediate’ limits as particular cases and enjoys similar local and global
scaling properties.

3.4 Proofs of Theorems 3.1-3.3

Proof of Theorem 3.1. Statement (3.13) follows from Theorems 2.1 and 3.1 in Puplinskaite
and Surgailis [88]. Next, consider (3.14). From [88, Proposition 2.3] we have that for any
—1< B <0andany n > 1 fixed,

N_1/2(1+’3)SN771(T) fdd [nT]Vs
as N — oco. Hence, (3.14) immediately follows. In a similar way, (3.15) is a consequence of
(Nlog N)"2Sy (1) Y [n7]Vp, or

(Nlog N)"V2Sn(t) W vo,  Sn(t) == Xi(1), (3.51)

which is proved below.

Similarly to the rest of this chapter, we use the method of characteristic functions. We
shall use the fact that the characteristic function of a standardized r.v. £ has the following
representation in a neighborhood of the origin: there exists an € > 0 such that

x(0) := Eel = e MO/2 for cach |0] < e, (3.52)

where h is a positive function tending to 1 as 6 — 0 (see, e.g., Ibragimov and Linnik [49,
Theorem 2.6.5]). Fixm € Nand @ = (01, ...,0,,) € R™ then X", 6, X (t) = Y.z V(s,a)e(s),
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where ¥(s,a) := 37, 6,0 *1(s < t). Using (3.52) similarly as in [88, pages 519, 521], the
convergence (3.51) follows from

1 V(s,a)
PRSP TR SR S A Y YO |
v () [ exp{ 2N log N SGZZ( (5,a)) (Nlog N)1/2
mo2
hat 3,
t=1
Arguing further as in [88, page 521], we reduce the proof of (3.53) to \I/Nl(e) — U(0), where

Uni1(0) = ¢1N/116 (1 B exp{ - 2]\711%;]\[ Z(ﬁ(s,a))Qh( NlogN 1/2>})

s<0

N | o0 O
- wl/o (1—exp{— 4ylog N })dy
K N |3 9#}) )
~ 1— _ =17t
“ <O(log N) * /K/logN < exp{ 4ylog N dy

Ur| S O N dy
4log N /K/logN ?
U] 3L, 042
4
since 1OgN f Jlog N Y “ldy — 1 when € — 0 and K — oo together with N — oo but slowly
enough (so that log(1/€) = o(log N), log K = o(log N)). This proves (3.51) and (3.15).
It remains to prove (3.16). Let us first show that

(3.53)

— U(0):=

nY28, (1) = n~Y? ZX fd—c; 1—a)'B(r) asn — oo, (3.54)

where B is a Brownian motion as in (3.11) and a € [0,1) is independent of B and has the
same (mixing) distribution in (3.5). Accordingly, it suffices to show that for any fixed m € N
andany 0 =79 <71 < -+ <Tp, 0 =(01,...,0,) € R

U,(0) = Eexp {m—W S0, (Sun(75) — Sin(7i1) }

— Eexp {i (1—a)! én:l@j (B(7j) — B(7j-1)) }
— Eexp{ (1/2)(1 — a) 292 - } . U(6) (3.55)

as n — 0o, where S1 ,(0) := 0. Denote
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Then 352, 0;(S1,0(75) — S1m(Tj-1)) = Ze<inrn] Un(s,a)e(s). Let Ay i={a : 0 < a <1 -
logn/y/n}, A5 :=10,1)\ A,. Note that sup,cy 4ea, [Un(s,a)l/v/n = O(1/logn) — 0, imply-
ing SUP,c7 aea, |h(0,(s,a)/+/n) — 1| = o(1). Using this and (3.52), for n large enough, split
Un(0) = Un1(0) + Upa(0), where

1 ~ @n S, a
Ui () = E[exp{ - 2”3% ]wn(s,a))?h( 751/2 >>}1(a € An)} (3.56)
and U,»(0) := E{exp{m_l/2 S5 05(S1n(Ty) = Sin(7-1)) (e € A;)} Then (3.55) follows
from U,,1(0) — U(0) and U,2(0) = o(1), where the last relation is immediate from |U,,2(0)| <

P(a € A%) = o(1). Using (3.56) and the argument above, the convergence U,;(0) — U(0)
reduces to

Jim nt Y (a(s,a)?=(1—a) 2y (15— 75-1) 03 (3.57)
s<[nrm] =1
for each a € [0,1). Relation (3.57) follows by splitting the sum on the Lh.s. of (3.57) as
ng[nfm] = ZZL:O Z[n‘rk,1]<s§[m'k.]> [anl] = =00, and HOtng that

nt Z (@n(s, a))* = (1 - a)_QGz(Tk — Th_1)
[nTi_1]<s<[nTg]

for 1 <k < mand n 'Y ,o(Un(s,a))* < Cn 'Y o(X2a"%)? < Cnl(1—a?)1(1 —
a)™ — 0, for each a € [0,1). This proves (3.57) and (3.54), too.

Let W:={(1 —a)™'B(7), 7 > 0} and W}, i = 1,2,..., be its independent copies. With
(3.54) in mind, it remains to prove that

N
NV S W (1) 9 Wy (7). (3.58)

i=1
For notational simplicity, we restrict the proof of (3.58) to two-dimensional convergence at
0<mn <o, viz.,

N

Un(61,65) = Eexp {N—l/(1+6) (i 0, iwi(ﬁ) +1i6; Z (Wi(Tz) - Wz(ﬁ)))}

=1 i=1

— Bexp {i0,Ws(r1) + i6a (Ws(r2) = Wa(m)) | (3.59)
= Eexp { — Wg(ﬁ@f + (2 — 7'1)93/2)}
= exp{ — ]{75((7'19% + (7'2 — T1>0§)/2)(1+5)/2}.

We have Uy (6:,65) = (1 — W)N, where

U (6y,06,) = N/ﬂl (1 _ exp{ _ Nz/ﬂ%’(f% — })¢(a)(1 — a)’da,
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where w(by,6) := (1/2)(11607 + (12 — 71)63) > 0. From the above expression and assumption
(3.5), it easily follows that for any € > 0,

i 0,0
Un(01,00) ~ N (1 _ exp{ _ Nz/fffﬁi(fl = })(1 ~ o)da

1—e
— kg(w(0y,0,)) /2,

where

Yy oo o dy 1-p
b= G [T = Hﬁr( . ) (3.60)
This proves (3.59) and Theorem 3.1, too. O

Proof of Theorem 3.2. As in the proof of the previous theorem, we use the method of char-
acteristic functions. For notational convenience we assume that & < A/ (0,1) or A(#) =1 in
(3.52), and that ¥ (a) = ¢y > 0, a € [0, 1), in the mixing density (3.5). For the general case,
the proof of Theorem 3.2 does not require essential changes.

Case (i), 0 < B < 1 (proof of (3.17)). It suffices to prove that for any fixed m € N,
0<m <--<Tp,and any 0 = (6y,...,0,) € R™,

Uan(e) = Eexp{iN_l/Qn_HB/zZGjSNyn(Tj)}

j=1
5 Fexp {iz ejBl_(6/2>(Tj)} —_. U(8), (3.61)
=1
as N,n, N/n'*? — oo. By definition,
ue) = exp{ _ % /Oo K(:r;)xﬁdx}, where (3.62)
2 Jo
m 2
K(l’) = / (Z@(f(x,ﬁ—S)—f(x,—s))) ds
j=1
and f is given by (3.9). We also have
L/ da(s,a) \2\V .

Then Uy, (0) = (1 — M)N, where



55 3.4. Proofs of Theorems 3.1-3.3

Thus (3.61) will be proved once we show that

Uy, (0 / )zPdz  as N,n, N/n'™ — oo, for all € R™. (3.64)

After a change of variable we obtain

N n1+5
\I/Nm(e) = :ﬂfll—s—ﬂ 0 (1 — exp {_KN,n(ZE)}> xﬂdl',

2N

where

ot = 5 001-2)

n

is written as a Riemann sum. By the dominated convergence theorem it follows that
2
Knn(z) — / <Z g, / e =91 (s < t)dt) ds = K(x) for each z > 0, (3.65)

where K (x) is the same as in (3.62). Moreover, the inequality 1 — z < e™* z > 0, yields
(1 — z/n)mtl=Insl < gmalIntl=ns)/n < Ce=2(t=5) 2 >0, ¢t > 5, and then

Ky ()] < ci /R ( /0 e (s < t)dt)2ds — K (2) (3.66)

with K (x) independent of N and n. We conclude by (3.65) and (3.66) that

Inn(T) = nﬁﬂ(l - exp{ _ zl;ﬁKN,n(a:)}) . Kéx)

for each « > 0, and that |Jy,(z)| is dominated by the function K(z) > 0 satisfying
J5° K(z)zPdz < co. Hence the dominated convergence theorem applies and leads to (3.64)
and (3.61). This completes the proof of Case (i) of Theorem 3.2 for 0 < g < 1.

Case (i), —1 < 8 < 0 (proof of (3.18)). Using the notation in (3.61) it suffices to show that

Unn(0) = Eexp{lN 1/20+8) 129 SN 7']>}

J=1

— Eexp{ (Z@ T]>VB} =:U(0) as N,n, N/n'™ — cc. (3.67)
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\IIN,n (0)

Here, U(8) = exp{—Kp| 7, 0;7;* 9} and Uy ,(0) = (1 — =2522)N, where

1

Uyn(0) = Wv/o1 (1 ~exp { ~ swEE S0 a))2}>(1 ~ a)’da.

Hence to prove (3.67), it is enough to verify that for any 6 € R™

m

\PN,n(0> — Kﬂ Z

Jj=1

2(14-8)
as N,n, N/n'™ — oc. (3.68)

0;7;

We have 3,7 (V,(s,a))* = Ro(a) + Ry(a), where

Rola) = (1—a2)—1(§;9j[njﬂat>2,
[nTm] , m T [n7] 2
Rifa) = 3 <;9j1(sg[mj]);at-s> . (3.69)

Clearly, Ri(a) < Cmin{n® n/(1 — a)?} for any 0 < a < 1. After a change of variable
1—a=NY0+Byz we get

N1/(146) 1, B
Uy a(0) = wl/o (1 — exp{ — i(RO(x) + Rl(x))})xﬁdx, (3.70)
where
R (z) = 1 ig. l o (1 _ Nfl/(lJrB):B)t
" - 22— N7V j=1 \n i
1| & 2 ~
j=1
and
- Ri(1— Nfl/(1+ﬁ)m) _ n N1/1+8)
Ry(x) := N2 < C'min {Nl/(1+6)’ o } — 0. (3.72)
Write Uy, (0) = 33, U;(0), where
5 N1/(146) i
U, (0) = wl/o (1 —e’R(I)/Q):Cde,
B NYOED U
Uy(0) = wl/o (c7R)/2 o~ Ro@12) g8y,

N1/(1+8) 5 ~ B
\1[3<0) = ¢1/ (e_RO(I)/2 —e_(RO(””HRl(m))/?)xﬂdx.
0
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Now, relation Wy(8) — oy [$°(1 — e B@)/2)p8de = Ky >y 0752 follows by the dom-
inated convergence theorem. Relation Ty(8) — 0 follows in a similar way, since H(z) :=
e f@)/2 _o=Fo(@)/2 5 0 (see (3.71)) and |H (z)| < |1 — e 1@/2| 1|1 — e @)/2| < O(|R(x)| +

|Ro(x)]) < Cmin(1,1/z) =: H(z), with [§° H(z) 2°dz < co. Finally, ¥5(8) — 0 follows from

the bound (3.72) since |¥5(8)| < 4 ONI/(HB) 11— e B1@/2)28dg < Cf(fvl/mm IRy (x)|zPdx <
Cx( gNl/(Hm/n +fﬁ/<1+3)/n)|é1(x)|xﬂdx = O((NYO+8) /n)B) = o(1). This proves (3.68) and
(3.18).
Case (i), 5 =0 (proof of (3.19)). Following (3.67), (3.68), it suffices to show that
Nn(0) = T > 67 as N,n, N/n — oo, (3.73)
=1
where
Winl0) = 0aN [ (1= e { = ot S (s )7} )
NP7 P P 2n?N log(N/n) = ni% @ o

(s, a) being defined in (3.63). By change of variable 1 — a = x/N arguing as in the proof
of (3.68), relation (3.73) follows from

By(0) = /ON (1 _ exp{ _ 2@%})@ - i(igﬂjf’ (3.74)
() = /ON (1 - exp{ - Qk)l%gl(%}>dx — 0, (3.75)

where Ry(z), Ry(z) are the same as in (3.70) with 8 = 0.
In order to simplify the exposition and notation, we restrict the subsequent proof of
(3.74) to the one-dimensional case m =7 =1, 8 = 6 € R. From definition in (3.71) we have

Ro(x) = Q1(x) + Qa2(x), where
o) - E(E0-2))
62 1 x\H\?  C
@) = NG @) (n; (1 N N> ) =N

Since J3¥ (1~ exp{~Qa(a)/ (log(N/m)})de < s ¥ |Qu@)lde = Olihmy) = o), it
suffices to show (3.74) with Ry(x) replaced by Q1(z), viz.,

B(0) = /ON (1—exp{—4xbg9(2jv/m(71ltzn;(l—;>t>2})dx—>ej. (3.76)
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Rewrite ®(0) = W SN tog(N/m))—1 FNyn(y)d—yy =% ®;(0), where

Y ni= yN log

n/N
and ®,(0) := Tog( N/n f/]\mog (N/n)) Cnn(y )%ya Dy(0) := W fnl/N FN,n(?/)%ya D5(0) = W

X [T°Tnn(y )dyy We have

C n/N dy
d.(0) < 7/ Ann(y)—=
1(0) log(N/n) J1/(N1og(N/n)) Nn(y) Yy

_ C/”/N (12”:(1 1>t)2dy
log(N/n) Ji/(N10g(n/m)) \n (= yN log(N/n) y

C
= N Uya(t+s), with
o7y 2, o+

n/N 1 kdy
Onn(k) = / <1 _ > W
V() 1/(N log(N/n)) yNlog(N/n)/) y

Using 1 —x <e ™, x > 0, we obtain

’ (k) < /n/N { k }dy
n < expy — ————
N 1/(N log(N/n)) yNlog(N/n) /S y
log(N
< Clog (”Og;/n)) 1 <k<2n (3.77)

Indeed, by change of variable z := m z7ldz = —y~'dy the integral in (3.77)

for Nlog(N/n) > k can be rewritten as fk/nlog Ny € P27z = Ji + Jy, where Jp =
k e ” _ldz < C JZ = fk/nlog N/n)e 2 1dZ < fk/nlog (N/n) z dZ = log(w% proving
(3 77). Using (3. 77) we obtain

ni0) = n?log(N/n) N/n gn:ll <W>
= n210g N/n) £ Zkl <2”10gk(N/”)>

B C 2n C'log log(N/n 5

~ n?log(N/n) Zklog( > log(N/n) Zk
B loglog(N/n)\

B O( log(N/n) > = oll);

since Yp2; klog(3) < xlog(%)dx < Cn? Clearly, 'y, (y) < y !, implying ®3(0) =
O(W) o(1). Hence (3 76) follows from ®5(0) — 6%/4. To show the last relation, split
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Py(0) = P21 (6) + P22(6), Where

o1 (0) := log(Jl\f/n) /nl/N G(y)(zy, Doy (0) := log(Jl\/'/n) /r;N[FN,n - G(y)](zy

and G(y) := y(l e~ (@*/9v). Using the facts that G(n/N)—6%/4 = o(1), I iy =log(N/n)
and sup,¢ 1) |G'(y)| < C, we obtain
[@21(6) = 6°/4] < |G(n/N) = 0%/4] +

1
= oW g

Next, consider ®99(6). Note that Ay, (y) is monotone in y € (0, 1], hence Ay, (n/N
Ann(y) < Ann(1) <1, n/N <y < 1. Moreover, Ay, (n/N) = (£ 7 (1 )2

1 dy
W /N(G(y) - G(”/N))?

/n1 G'(y)(log y)dy' = o(1).

/N

) <
_nlogN/n) — 1

follows from (1 — m)t — 1, 1 <t <n. Using these facts, we obtain
Doy(0) = _ /1 {16(92/4)yAN,n(y) {1 _ 6(92/4)y(1AN7n(y)):| }dy

C 1 dy
GET) Iy~ A5
< C(1=Ann(n/N)) =o(1).

It remains to show (3.75). Using 0 < R;(z) < C'min(n/N, N/nz?), see (3.72), it follows
that ¥(0) < W J& Ry (z)dz, where the last integral is bounded by a finite constant
independent of N,n. This proves (3.75) and completes the proof of (3.19), too.

Case (i1), —1 < [ < 1 (proof of (3.20)). Because of similarities with the proofs of (3.17)
and (3.18), we restrict the proof to the one-dimensional convergence at 7 = 1. We have

Eexp{igN~V1+8)p=1/25y (1)} = (1 — WN’T"(H))N, where

Ry QR L T

and where Ry(a) := Y ,<0(9n(s,0))? < (1—a)~®, Ri(a) = Y01 (9a(s,0))? = (1—a) 2 33 (1—
a®)?. By the change of variables 1 —a = N~Y(+8)z Wy (0) can be rewritten as

Unal0) =1 [ e (1-ew{- 92(R0< ) + R;(f>)})w6dx,

where

N 1 N3/(148) N1/(+8)
= RO( i )) S — 07

N?/(H—B)n 1- Nl/(1+5 x3N2/(1+ﬂ)n = 3n

~ 1™ T kN 2
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The above facts entail
kg0 +7

oW,
2(14+8)/2 g

Unn(0) = 1y /00(1 — e 02 Py = = —logEe
0

hence also the proof of (3.20).
Case (iii), —1 < < 1 (proof of (3.21)). Similarly as above, it suffices to prove that for any
0 cR™,

Unn(0) — T, (0) as N,n— oo, NYUA) /n — € (0, 00), (3.78)

where

U,(0) .= —logEexp {i iHjul/QZg(Tj/u)}

—o (e {5

> 0,(ta/in73 = 9) = o/, —)) ) s} ).
see (3.12), and

Uy, (0) = @DlN/Ol (1 — exp{ — R;%Z;ﬁ;fj) })(1 — a)"da,

with Ro(a), Ri(a) defined in (3.69). By change of variable 1 — a = N~Y/(+%)z we obtain

Uy (6) = /0 v (1 - exp{ — (1/2)(Rolw) + Ri(a)) })xﬁdx,

where

- NYA+8) (1 — N—1/A+B) )2 , m [n75]N N 2
Ro(e) = : D51 (1- =5 )Y
na3(2 — N-1/0+8)g) = J N1/(1+8)

Ri(z) = — ["f] <§j 6, (1 - (1 _ M)Wsﬂ)us < [mj]))z.

2
TN 3 N4

It is easy to verify that for each z > 0, Ry(z) — Ko(z), Ri(z) — Ki(z), where

o) = (S0 o)

<.
Il
-

.
Il
R

(
Ki(z) = 272 /OTm <i 0,(1 —e @M= (s < Tj)>2d8
(

<.
Il
—
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Note ¥,(0) = ¢ [5°[1 — exp{—(1/2)(Ko(z) + Ki(x))}az?dz. The convergence (3.78) now
follows by the dominated convergence theorem using a similar argument as in the proof of
Theorem 3.1 in [88]. This proves (3.21) and thereby completes the proof of Theorem 3.2. [

Proof of Theorem 3.3. The proof is analogous to that of the previous theorem. Let Sy, :=
Snn(1). We prove only one-dimensional convergence at 7 = 1, or

. Unn(N\N
Unn(0) := Eei0Snn/(Nn)/2 _ <1 - NN< )> — 6_9202/2, (3.79)

where

— B[ @] g1 - T (025 0)]
Vaal0) = NE[1—c | = el o))

s<n

Un(s,a) = iat_sl(sgt),

t=1
X being the characteristic function of i.i.d. innovations {e(s)}, see (3.52). Let A,, :={a: 0 <
a<1l—logn/\/n}, AS :=1[0,1)\ A, similarly to the proof of Theorem 3.1. Accordingly, split
Unn(l) = Wy, (0) + Ui, (0), where

Uh,(0) = NE[1—e/Om (g e 4,),

W, (0) = NE[1—efu/0m™ (g e A7),

Since |4 ,(0)] = N[EE[L — e?512/(V0)'"*|g]1(a € AZ)| and E[S),|a] = 0, E[S?,|a] =
Y e<n(Un(s, a))? satisfies 3, (0,(s,a))* < 2n/(1 — a)?, we obtain

w5,.60)] < N(@E/2E [N LS (0,5, a) 21aeAc)}

s<n
< PE[(1-a)1(ac A5)] = O ((logn/vn)*™") = o(1)
due to > 1. Finally, (3.79) follows from

1(a € Ay)

Wy (0) = NE[l - eXp{ - 2]9\; > (Un(s, @)%(W)}

s<n
0%02

—> Y
2

by (3.55) and by Taylor expansion of the exponent in a standard way. This both proves
(3.79) and Theorem 3.3. O

As a final remark, let us note that the above proof does not require (3.5) and the conclusion
of Theorem 3.3 remains valid under the more general condition E(1 — a)™2? < .






Aggregation of AR(1) processes with
common innovations

This chapter contains the article [80]. We discuss joint temporal and contemporaneous
aggregation of N copies of stationary random-coefficient AR(1) processes with common 1i.i.d.
standardized innovations, when N and time scale n increase at different rate. Assuming that
the random coefficient a has a density, regularly varying at a = 1 with exponent —1/2 <
B < 0, different joint limits of normalized aggregated partial sums are shown to exist when
NYO+8) [ tends to (i) oo, (ii) 0, (iii) 0 < p < co. We extend the results of Chapter 3 from
the case of idiosyncratic innovations to the case of common innovations.

4.1 Introduction
Let X; :={X;(t),t € Z},i=1,..., N, be stationary random-coefficient AR(1) processes

with common standardized i.i.d. innovations {e(t), t € Z} and ii.d. random coefficients
a; € (—1,1),i=1,..., N, independent of {e(t), t € Z}. Consider the double sum
N [n7]
Sna(T) =YY Xi(t), 7>0, (4.2)
i=1t=1
representing joint temporal and contemporaneous aggregate of N individual AR(1) evolutions
(4.1) at time scale n. We discuss the limit distribution of appropriately normalized double

63
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sums Sy, in (4.2) as N, n jointly increase to infinity, possibly at a different rate. Throughout
this chapter we suppose that the distribution of generic coefficient @ € (—1,1) in (4.1), or
the mixing distribution, satisfies the following two assumptions.

Assumption (A1). There exist § > —1 and € € (0, 1) such that P(a < x) is differentiable
on (1 — e, 1) with derivative

dP(a < z)/dz = (1 — 2)P¥(z), 2z € (1—¢1), (4.3)

where 9 is bounded on (1 — ¢, 1) and continuous at x = 1 with ¢ := lim,,; ¥(z) > 0.
Assumption (A2). E(1+a)™'/? < cc.

Assumptions (A1) and (A2) refer to the behavior of the mixing distribution in the vicinity
of a = 1 and a = —1, respectively (the positive and negative unit roots of generic AR(1)
process X = X, in (4.1)). Because of oscillation of the moving-average coefficients of X
when a < 0, the behavior of the mixing distribution near a = —1 is generally less important
for partial sums processes than its behavior near a = 1, the crucial role being played by
the parameter /5 in (4.3). Assumption (Al) is similar to (3.5) on page 38 and [87,88,111],
although the ‘typical’ range of ( is different in the aggregation schemes with common and
idiosyncratic innovations. The random-coefficient AR(1) process X has finite variance if
and only if EX%(t) = EY,,a®"™®) = E(1 — a®)~' < oo, which implies # > 0 in (4.3).
It is well-known that under the condition (4.3) with 0 < § < 1 (and a € [0,1) a.s.), X
has long memory in the sense that its covariance decays as Cov(X(0), X(t)) = O(t™7),
t — o0, so that 372, | Cov(X(0), X (t))| = oco. Zaffaroni [111], Puplinskaité and Surgailis [87
discussed the existence and long memory properties of the limit (in probability) X (t) :=
limy oo N7PEN, Xi(t), t € Z, of aggregated AR(1) processes X; in (4.1), written as a
moving-average X (t) = 352 g(j)e(t—j) with (deterministic) coefficients g(j) := E[a’], 7 > 0.
For —1/2 < 8 < 0 in (4.3) and under similar condition on the mixing distribution near a =
—1, the coefficients g(j) ~ T'(1+ 8)j ", j — oo, and the (normalized) partial sum process
of X tends to a fractional Brownian motion with parameter H = (1/2)—f € (1/2,1), see [87,
Propositions 2 and 4]. We recall that Granger [40] proposed the scheme of contemporaneous
aggregation of heterogeneous random-coefficient AR(1) processes as a possible explanation
of the long memory phenomenon in macroeconomic time series. Subsequently, large-scale
contemporaneous aggregation of linear and heteroscedastic heterogeneous time series models
was studied in [19,37,39,74,79,87,88,111,112] and other papers.

Let us describe the main results of the present chapter. Assume that the mixing density
satisfies Assumptions (Al) and (A2) with —1/2 < 8 < 0 and N, n increase simultaneously

SO as
NU/(148)
T — pE [07 OO], (44)

leading to the three cases (i)—(iii):

Case (i): u =00, Case (ii): g =0, Case (iii): 0 < p < 0. (4.5)
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Our main result is Theorem 4.3 of Section 4.2 which states that the ‘simultaneous limit’ of
Snn(T) exists in the sense of weak convergence of finite-dimensional distributions, and is
different in all three Cases (i)—(iii), namely,

N~Inf=02 6y (1) ¢ 03B(1/2)-5(T) in Case (i), (4.6)
N-V@p-12g, oy B p(r) in Case (i), (4.7)
NV -12g, () 4 127507 ) in Case (iii). (4.8)

Here, B /2)—g is a standard fractional Brownian motion with Hurst parameter H = (1/2)—p,
os is a constant defined in Proposition 4.2(ii), W3 > 0 is a (1 + §)-stable r.v. independent
of a standard Brownian motion B, and Zz is an ‘intermediate process’ defined as the double
stochastic integral

Zs(r) = /R N { /0 "oy (5 < u)du}dB(s) N(dz), T3>0, (4.9)

where N = {N(dz), z € Ry} is a Poisson random measure on R; := (0, 00) with intensity
v(dz) := EN(dz) := ,2°dz, independent of standard Brownian motion B. The existence
of the process Zz in (4.9) and its properties are discussed in Section 4.2. In particular, we
show that Zg can be regarded as a ‘bridge’ between the limit processes in Cases (i) and (ii),
in the sense that Zg behaves as B(1/2)— at ‘small scales’ and as WgB at ‘large scales’. See
Proposition 4.2 for rigorous formulation.

This chapter extends the previous one (based on [79]), where a similar problem was
discussed for stationary random-coefficient AR(1) processes Y; = {Y;(t), t € Z},i=1,..., N,
with independent (or idiosyncratic) innovations:

Yi(t) = a;Yi(t — 1) +&(t), teZ,

where {e;(t), t € Z} are independent copies of {&(t), ¢t € Z} in (4.1), independent of a; €
[0,1),i=1,...,N. Let Syn(7) := XN, sl Yi(t), 7 > 0, be the analogue of Sy ,,(7) in (4.2).
In Theorem 3.2 on page 42 under Assumption (A1) with —1 < 8 < 1 and N, n increasing as
in (4.4), we obtained joint limits of Sy ,(7) in the respective Cases (i)—(iii) of (4.5). Namely,
the limit process of Sy, (7) in Case (i) is a fractional Brownian motion similarly to (4.6),
but the limits of Sy, (7) in Cases (ii) and (iii) differ from (4.7) and (4.8). In particular, the
‘intermediate process’ Z3 in Chapter 3 arising under Case (iii) is written as a ‘Poisson mixture’
of integrated Ornstein-Uhlenbeck (O-U) processes 7 {7 e *“=1(s < u)du}dB(s) on the
product space R, x C(R) equipped with the measure v(dz) X Pg, with Pg being the Wiener
measure on C'(R), while in the representation (4.9) of Zs, these O-U processes are ‘mixed’
w.r.t. x only. These differences are due to different dependence structure between summands
X; and Y; in the common and idiosyncratic aggregation schemes: the Y;’s are mutually
independent processes while the X;’s are strongly interdependent due to common innovations.
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The results of Chapter 3 and the present chapter are related to the study of joint limits
of the aggregated input in network traffic models, see [27,34,35,55,70,105] and references
therein. See Chapter 3 for a discussion of the relation between AR(1) and network traffic
aggregation schemes and their limit processes.

4.2 Main results

For —1/2 < 8 < 0, define a standard fractional Brownian motion B /2)—g with Hurst
index H = (1/2) — € (1/2,1) as stochastic integral

Bjay-p(7) := C'B_l /T ((T — s)_ﬁ — (—s)ff)dB(s), T >0, (4.10)

— 00

w.r.t. a standard Brownian motion B, where C3 := —fB(—4,14 26)/(1 —28) = -
s)7% — (—s);”)2ds. Note that EBY, 5y _5(7) = 71727, See [36, page 545].

Next, let W3B = {W3B(7), 7 > 0}, —1/2 < < 0, where W3 > 0 is a completely
asymmetric (14 f)-stable r.v., independent of standard Brownian motion B = {B(71), 7 > 0}
and having the log-Laplace transform log Ee ™5 = 1y [°(e=%/* —1)2fdz = —y(D(—B)/(1+
B))0115. 6 > 0. Note, the process WsB has stationary increments and is self-similar with
index 1/2.

Proposition 4.2 details the third limit process arising under (4.4)—(4.5). Before that, we
discuss the double stochastic integral w.r.t. Gaussian and Poisson random measures.

Let N = {N(dz), x € Ry} be a Poisson random measure on R with intensity v(dz) :=
EN(dz) := ¢yafdz, —1/2 < f < 0, independent of a standard Brownian motion B =
{B(s), s € R}. Let N(dz) = N(dz) — v(dz) be the centered Poisson random measure. Let
L, (p > 1) be the space of all r.v.s { measurable w.r.t. the o-field generated by N and B and
such that E[{[P < co. Write E = Exy x Ep, where Ey, Ep refer to expectation w.r.t. N, B
only. For 1 <p <2, let £,(Ry x R) denote the Banach space of all measurable real-valued
functions h = h(x,s), (z,s) € Ry x R such that

Ihlle, == (/Hh {Ahz(x,s)ds}p/2y(dx)>l/p+ [ {/ha(x, s)ds}l/zy(dx) < 0.

Let Lo(R; x R) consist of all (step) functions h = h(z, s) taking a finite number of non-zero
values h,(k,j) on squares (k/n,(k+1)/n] x (j/n,(j +1)/n] C Ry xR, k=0,1,...,5 =
0,£1,£2 ... for some n =1,2,.... For such h € Ly(R, x R), define the double stochastic
integral I(h) = [z, «g h(z, s)N(dz)dB(s) as a sum

I(h) := ;hn(k,j)N((kJ/n, (k+1)/n))B((j/n, (5 + 1)/n]), (4.11)

where B((j/n, (j +1)/n]) := B((j + 1)/n) — B(j/n).
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Proposition 4.1. For any 1 < p < 2, the double stochastic integral I(h) = [z, g h(x,s)N(dx)
dB(s) in (4.11) extends to any h € L,(Ry x R), by continuity in L,, and satisfies the in-
equality

E[I(h)|" < ClhlZ, (4.12)

with C > 0 independent of h € L,(Ry x R). Moreover, for any h € L,(R; x R) and any

0 € R,
Ec ™ = Epexp { /[R+ (exp {i@/Rh(a:,s)dB(s)} - 1) V(dx)}

2

— Evexp{ —92 [ ( /R e, s)N(dx))st}. (4.13)

In particular, I(h) has a mized Gaussian distribution with ‘random variance’ [z([g, h(z, s)

N(dz))3ds.

Proposition 4.2. (i) The process Zz = {Zg(1), 7 > 0} in (4.9) is well-defined for any
p € (=1/2,0), as a stochastic integral of Proposition 4.1, and satisfies E|Zg(T)|P < oo for
any p € [1,2(1+ ) C [1,2). Moreover, Zg has stationary increments and a.s. continuous
paths on R .

(1i) (Asymptotic self-similarity.) For any —1/2 < <0,

VD Z500r) Y 04Bajey_s(T) asb—0, (4.14)
b2 Z5(br) 4 WsB(T) asb— oo, (4.15)

where o5 == —1I'(5)Cp.

In Theorems 4.3 and 4.4, Sy, (7) is the aggregated sum (4.2), where X; are stationary
random-coefficient AR(1) processes

X;(t)=> aje(t—s), t€Z,i=1,...,N, (4.16)
s=0

with common i.i.d. innovations {e(t), t € Z} such that Ee(t) = 0, E¢(t) = 1, and i.i.d.
random coefficients a; € (—1,1), i = 1,..., N, independent of {&(t), t € Z}. Note that the
series in (4.16) converges conditionally a.s. and in Ly for any fixed a; € (—1,1).

Theorem 4.3. Let Assumptions (A1) and (A2) be satisfied, where —1/2 < 3 < 0. Then the
simultaneous limits of the normalized partial sums Sy, as N,n — oo under (4.4) are given
in (4.6)—(4.8) in respective Cases (i)-(iii) of (4.5).

Theorem 4.4. Let Assumptions (A1) and (A2) be satisfied, where B > 0. Then, as N,n —
oo in arbitrary way,
N~ 28y (1) S o B(7), (4.17)

where {B(7), 7 > 0} is a standard Brownian motion and o := E(1 —a)~L.
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4.3 Proofs

Proof of Proposition 4.1. Rewrite I(h) in (4.11) as I(h) = Ii(h) + I5(h), where I,(h) :=
S b s DY, (5 + 1) a)) B, (G + 1)/n]), k) = S bl ) x N((f, (b +
1)/n])B((j/n,(j+1)/n]). By inequality (3.24) on page 43 for pth moment of Poisson stochas-
tic integrals, it follows that for any 1 < p < 2,

ElL(A)P = EE[\12<h>\P|B}
B((j/n, (j + 1)/n])| v

<

((k/n, (k +1)/n])

< 2;{ A s, e 1)

- 22 (% hi(k,jxl/n)} "k O+ 1))
- Q/RJF{/RhQ(:E,s)ds}p/Ql/(dx),

EIL(h)PF < {E[Li(h)[*} p 2
_ { (zk: Wk, vk /n, (k + )/n])) (1/”)}p/

(> |z i) withsm i+ vpm)

— {/ﬂh (/RhQ(a:,s)ds>1/2y(dx)}p

by Minkowski’s inequality. Hence, I(h) in (4.11) satisfies (4.12). The set Lo(R; x R)
being dense in L£,(R; x R), the linear map I : Lo(Ry x R) — L, in (4.11) extends by
continuity in L, to £,(R; x R) and satisfies (4.12). The second equality in (4.13) is ob-
vious. Consider the first equality in (4.13), which obviously holds for h € Lo(Ry x R).

Note that L(h) = [g, (eiefR M@s)dBE) _ 1)y (de) is well-defined and satisfies Eg|L(h)| <
0] fi, Bnl fi b, $)dB(s)v(de) < 10| fy, BY’| o h(z, $)dB(s)Pr(d) = 10] fi, v(de){ fa, h(x,
s)ds}/? < |0|||hllz, and Re(L(h)) < 0. Due to these facts, the first equality in (4.13) easily
extends to h € L£,(R; x R). Proposition 4.1 is proved. O

Zh (k,3)B((3/n, (5 +1)/n])

while

IN

The proof of Proposition 4.2 uses Lemma 4.5. For (z,t) € R, x R define

1 —e if Oand t >0
o) = (1—e")/x, i x>‘an > 0, (4.18)
0, otherwise.



69 4.3. Proofs

Lemma 4.5. (i) Let L(7,2) :== [T__(f(z,7 —5) — f(z,—5))dB(s); Ap(r, ) := b=+ (exp{if
VHPL(r,2)} — 1); Ao(7,2) :=i0L(1,2) for >0, x>0,b>0,0€R. Then

/0 ¥ Ay(r, 2)v(dr) B /0 " No(r 2)v(dz), b0, (4.19)

(ii) Let My(T, z) = exp{ifx~" [T (1—e *(=))dB(s)}—1; Mo (7, 7) := exp{ifz~' [] dB(s)}—
1 fort>0,2>0,b>0,0€cR. Then

/O © My, 2)(de) B /0 ¥ Moo(r 2)v(d), b— oo, (4.20)
Proof. (i) Let 1 < p < 2(1+ ) < 2. Using |e* — 1 — x| < min(2|z|, 22/2), z € R, we obtain
|Ap(T,2) — Ag(7,2)] < Cmin (bHﬁL?(T, x), |L(T, a:)|>
= C{o"P|L(r, 2)[1(1 < 0P| L(7, 7))
OO L(r, ) P11 > 01| L7, 2)) |
< Cb(1+ﬂ)(pfl)|L(T’ z)P,

which tends to 0 with probability 1 as b — 0 for any = > 0. Hence

Bs| [~ (Ao(m,2) = Aol 2))(da)

< OO [T Rl Ly, ) P(de)
0
= OOBIHAP=DY = o(1),

since [;° Ep|L(7, z)|Pv(dz) < C [°|o(r, x)[Pr(dz) < oo by (4.22) with o?(7,z) = EgL*(7, x)
evaluated in (4.21). This proves (4.19).
(ii) Since|My(7,2) — Muo(7,2)| < Cmin(1, |2 [] e=*=9)dB(s)|) =: Ly(7, ), we have

Egp /OOO |IMy(T,2) — Moo(T, x)|v(dz)
< /D E|Ly(7, )|v(dz) + /:O E|Ly(7, 2)|v(dz) =: I + L.

Since § > —1/2 > —1 and L, is bounded, the integral I; can be made arbitrary small by
choosing € > 0 small enough. The proof is completed by showing that

I, < C/OOEB

< (J/OOE}B/2
1/2
25Nz

oo | T /
S O/ / e—2bmsd8
€ 0

< C/ (zb)V22P Yz - 0, b— oo.

2Pdx

xfl / efbx(Tfs)dB(S)
0

2
27Nz

/T e—bz(T—s)dB<S)
0

This proves (4.20) and the lemma, too. O
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Proof of Proposition 4.2. (1) We have h,(z,s) = [ e 91(s < u)du = f(z,7 — 8) —
f(z,—s), (z,s) € Ry x R, where f(7,x) is defined in (4.18). By Proposition 4.1, Zs(7) =
I(h;) is well-defined provided ||h;|z, < oo for some 1 < p < 2. From (3.33), (3.34) on
page 45 we have

o (7, @) = / h2(z, s)ds < C%(l A (7)) (4.21)
R
and hence
p/2 oo (1 p/2
/ {/ h2(z, s)ds} v(dr) < C’Tp/2/ {2(1 A (Tx))} 2P dx
R, LJR 0 T
< CrP/A7176 < oo (4.22)
for 1+ <1<p<2(1+ ). Therefore
E|Zs(r)]P < C|lh ||, < C(rE3/27170 4 72020002)) < o0 (4.23)

for 7 >0,1<p<2(1+8). Zs(1) = Jg, «r Itr(z,5)N(d2)dB(s) has stationary increments

because the invariance properties h,(x,s) — hy(z, ) = ho(z, s —u), {dB(s+u), s € R} o

{dB(s), s € R}, 7,u > 0, hold for the integrand and the white noise dB. The fact that
Zg(T) has a.s. continuous paths follows from (4.23) and stationarity of increments, and the
Kolmogorov criterion [73, Theorem 2.2.3|, by noting that both exponents of 7 on the r.h.s. of
(4.23) are strictly greater than 1 for p < 2(1 + ) sufficiently close to 2(1 + /). This proves
part (i).

(i) We use the method of characteristic functions and restrict the proof to the one-dimensional
convergence at fixed 7 > 0; the proof of finite-dimensional convergence follows similarly.

Proof of (4.14). Using (4.13) and the scaling property f(z,bt) = bf(bx,t) we obtain

Up(0) = Epexp { /00o (eXp {191;5—1/2 /_b;(f(:v, br — s)
(s, —s))dB(s)} _ 1);/(01;(;)}
— Epexp { /0°° (exp {i&bHB /Too(f(bx,T — )
~f(ba, —s))dB(s)} - 1) I/(dx)}

= Epexp { /OooAb(T,y)V(dy)}v

where we changed a variable to get the last equality with A,(7,y) defined in Lemma 4.5(i).
Since Re{[5° Ap(7,y)v(dy)} < 0, Lemma 4.5(i) implies the convergence U,(0) — Up(6) :=
Egexp{ [y~ Ao(7,y)v(dy)} for any 0 € R. It remains to show that Uy() = E exp{ifosB /2)—5(7)}.
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Using the definitions of B(1/2)_s(7) in (4.10) and f(z,7) in (4.18) and the identity [;° f(x,7)
v(dz) = = T(B)777, B € (—1,0), 7 > 0, we obtain

/Ooo Ao(1,2)v(de) = 1«9/ / (x,7—s) — f(z,—s))v(dx)dB(s)
= 003 B/2)-5(7); (4.24)

where the interchange of the order of integration in the first equality of (4.24) can be justified
by the stochastic Fubini theorem, see [85, Chapter 6, Theorem 65]. The proof of (4.14) is
complete.

Proof of (4.15). It is well-known (see, e.g., [96, Theorem 3.12.2]) that the (1 + J3)-stable
r.v. Wz in (4.15) can be written as stochastic integral w.r.t. Poisson random measure N:
Ws 4 Jo° 27N (dz). Let us prove that as b — oo,

Vo(0) = Eexp {10() 1/2/ / (x,b1 —s) (dm)dB(s)}
& Bexp {19 /0 x_lN(d:v)B(T)} _ BB — v (6).

Indeed, using (4.13) and scaling properties of f(x,t) and B, we have V;,(0) = Ep exp{ [;° M, (T,
z)v(dx)}, where My (7, z) is defined in Lemma 4.5(ii). Since Re{ [y° My(7, z)r(dz)} <0, re-
lation V4(6) — Vo (0) = Epexp{[;° Moo(7,2)v(dz)}, b — o0, follows from Lemma 4.5(ii).
It remains to prove that

16,) =% [* [ Ooo (F(z.b7 = s) — f(w,—5)) N(de)dB(s)|

0, (4.25)

b — oo, for some p > 0. Using [°_(f(x,br—s)—f(x, —s))dB(s) = 2~ (1—e~"7) [ e **d B(s)
and the inequality in (3.24) on page 43 with 0 < p <14 5 < 1, 3p/2 > 1 + 3 we obtain

00 00 p
Wb, p) < / (1= =) /2[PE5 / e~ B(s)| v(dz)
0 0
o) P/2
< C'/ — e ) /x|p(/ e_%sds) v(dz)
0
< C/ — ™) Jx|Pa” p/2 v(dz) = O(b(p/2)+pflfﬁ) :o(bp/Q),
which yields (4.25) and completes the proof of (4.15). Proposition 4.2 is proved. O

To prove Theorem 4.3 we need the following lemma.
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Lemma 4.6. Let n,(a,s) :== " at=*1(s < 1), s € Z, a € (=1,1). Then as N,n — oo and
NYO+8) fn — € {1, 00},

N2y (ﬁ:nn(ai, s)>2

SEZL

/ </ / (s < t)dtN(dx))zds, w=1, (4.26)

(~4:T(5)) /R <<f—s>f—<—s>1 P, p=oc.

Proof. We use the criterion in Cremers and Kadelka [23]. Rewrite (4.26) as Iy, —» I, where
Ing = Jg A, (s)ds, T := [p A*(s)ds and

TLBN

Ann(s) = —Znn a;, [ns]
(s <t)dtN(dz), p=1,
A(s) = {/ 7—/_ g (_3)15)7 s

with k := —¢1I'(f). Accordingly (see [23], the second Corollory to Theorem 3), it suffices to
verify two conditions:

Ana(s) S A(s) (4.27)
and "
E[ /]R A?\,’n(s)ds} <. (4.28)

Relation (4.27) follows from the convergence of the joint characteristic functions:

i 6 i © n N i 0 A(s
Ee' 2o liANn(53) <1 + ]t; ) s ¢ = Ee' 2im1 %34() (4.29)

for any (0,...,0,) € R", —c0 < s1 < -+ < 8, < 00, m € N, where

ONnp = NE{eXp {i?\féﬁjnn(a, [nsﬂ)} - 1}

and
wl/ exp{120j e (=) (s <t)dt} ) fde, p=1
O — 0 Jj=1 0
12 0;A(s;) =ik D 0;((7 — )5 = (=5,)7), jt = 00.
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Observe that A(s) = 1 [5°(Jfy e =91 (s < t)dt)axPdw if p = co. Split OnNn =ONn1+ON2,
where

B m
ONn1 = NE[eXp {17\[ > bina(a [nsﬂ)} — 1]1(1 —e<a<l),
7j=1
B m
ONpn2 = NE[GXP {17;V Zemn (nsﬂ)} — 1]1(—1 <a<1-—e),

with the same € > 0 as in Assumption (Al). From n,(a,s) < 2/(1 —a) and |e* — 1] <
|z] (= € R), we obtain [Oy 2| < CRPE[(1 —a)™11(-1 <a < 1—¢€)] =o(1) as B < 0. Next,
with h,(z,s) := fo[m]/n(l — Z)Int1=Mns11([ns] < [nt])dt by change of variable a = 1 —z/n we
obtain

Ovmi = N /ll_e(exp{ Hﬁie / V"a[nﬂmsm([nsﬂg[nﬂ)dt}—1>
xtp(a)(1 — a)’da

= nﬁﬁ/;n(exp{ Hﬁi&h xs]} >¢(1—n> 2P dx

— © (4.30)

in both cases p = 1 and u = oo. This follows from the pointwise convergence h,(z,s) —
J7 e =91 (s < t)dt, (z,s) € R, x R, and the dominating bound

N

1+/3 m
e exp{ ZGh T, s, } ‘ (0 <z <en) < Cmin(l,(1/x)),

which is a consequence of the inequalities |e* — 1| < 2] (z € R), |1 —u] < e (u € [0, 1]).
This proves (4.29) and (4.27).
Consider (4.28). Write Jy,, for the Lh.s. of (4.28). By Minkowski’s inequality,

1/2
Inn = nﬂ—wzw—lE[z(z% 09))

SEZ
1/2
< n"02E [Zm a, s)
SEL
1/2
= 1/2{ {Znnas] 11—-e<a<l)
SEL
1/2
+E{Zni(a,s) 1(—1<a§1—e)}
SEL

= JN,n,l + JN,n,Q



Chapter 4. Aggregation of AR(1) processes with common innovations 74

for the same ¢ > 0 as in Assumption (Al). Since Y ,.on2(a,s) + sl n2(a,s) < C((1+
a)~t+n) for —1 < a < 1—¢, we therefore get Jy 2 = O(n?) = o(1) under Assumption (A2).
Next, similarly to (4.30), by change a = 1 — z/n of variable and with the same h,(z, s) as in
(4.30), we obtain

en T 1/2
INn1 < C'/ xﬁdx{/ hi(x,s)ds} < C.
0

This proves (4.28) and completes the proof of Lemma 4.6. O

Proof of Theorem 4.3. We use the method of characteristic functions as in Chapter 3. For
notational convenience, we restrict the proof to one-dimensional convergence at 7 > 0. The
case of general finite-dimensional distributions does not require essential changes.

Case (1ii) (proof of (4.8)). Let = 1. As in the proof of Theorem 3.2, we first assume ¢ to
be a standard normal r.v., i.e. € 4 N(0,1). Tt suffices to show that for each 6 € R,

Eexp{idN~VI+p=128 (1 )} (4.31)

L Re%5) — By exp{ / ( /R ) / (s < t)dtN(dx))st}

as N,n — oo, NY(+8) /n — 1, where the characteristic function of Zs(7) follows from (4.9),
(4.13). Use X;(t) = Yoy 0} 86(8) and Eel% = e=%*/2 to write the Lh.s. of (4.31) as

EE{exp {10]\7_1/(”5)71_1/2 > <§nn(ai, s))s(s)}

SEL

al,...,aN}

— Eexp { — (02/2) N+ 1 3 (énn(ai, 3))2}, (4.32)

SEZ

with the same 7,(a, s) as in Lemma 4.6. Whence, (4.31) immediately follows from the above-
mentioned lemma.

In a general case of ¢, the above argument needs some modification, see the proof of
Theorem 3.1. Namely, we use the fact (see, e.g., Ibragimov and Linnik [49, Theorem 2.6.5])
that the characteristic function of € has the following representation in a neighborhood of
the origin: there exists ¢ > 0 such that

Eels .= ¢~ (1/20°h0) £ each 0] < 0, (4.33)

where h(6) is a positive function tending to 1 as # — 0. For 0 < p < 1/2 consider the set
Onpi={a = (ar,a9,...) € [0, DN : N (1 —a;)7! < NYI+HpPY Then SUPgcqy . se7 | >N
(g, 5)| < 2NY+BpP implies

sup ‘h(&N 1/0+8) 1/22% (ai, s ) — 1’ =o(1). (4.34)

aEQNm, SEZL
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For N and n large enough, split Uy ,(0) := EeXp{iQN_I/(HB)n_I/QSNm(7)} = Unpa(6) +
Unina(0), where Un ,1(8) = Elexp{i N/ +9n-128 (1)} (a € Q).

Unna(0) = Elexp{i0 N~V +9n=128 ()} (a & Qn.)]. By Markov’s inequality, for (1 +
B)/(14+p)<qg<1l+p<1, we get

N E(XN,(1—a))
|UN,n,2<9)‘ < P(Z(l _ai>71 > Nl/(lJrﬁ)np) < ( —1< )q )
P (N1/t8pr)
1/(1
< E[ 1 }(N /( +6)>qu1_q(1+p)/(1+ﬁ)_>0'
- (1 —a) n

Using (4.33), (4.34), P(a ¢ Qn,) — 0 and (4.31), we obtain

Unni(0) = E[exp{—(92/2)N_2/(1+ﬂ)n_1 > (inn(ai,s)>2

s<[n7] “i=1

N
><h<9]\f_1/(1+6)n_1/2 > nalas, s)) }l(a € QNn)] — REel?Zs(™)
i=1

and finish the proof of Uy ,(0) — Eel??s(") in the general case of . Finally, the general case
of 0 < p < oo reduces to p = 1, since n= Y28y, (1) = p?a~2Sy 1(7/p) with 7 = nu
satisfying NV/(+0) /f — 1.

Case (i) (proof of (4.6)). Follows similarly to Case (iii) by using (4.32) and Lemma 4.6 with
= 00.

Case (it) (proof of (4.7)). Split

SNn(T) = BNni1(T) — Enna(T) + Enns(7), (4.35)
where
[n7] N1
ENp(T) = 5:15(3) ; [
[n7] s
Bnalr) = L ()
Sns(r) = (i ag_sgl__jz{nﬂ)>€(s)'
s<0 Ni=1 i
It suffices to prove that
NV =12y () S WeB(r), (4.36)

ZN,n,i(7—> = 0p<N1/(1+B)nl/2), i =23,
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as N,n — oo, NY/(+8) /n — 0. The first relation in (4.36) follows from

[n7]

N
n-1/2 25(3) LN B(r) and NV (+8) Z(l — ai)_l N W, (4.37)

s=1 i=1

by independence of {e(s)} and {a;} and the continuous mapping theorem. In turn, the
first relation in (4.37) follows by the classical central limit theorem for i.i.d. r.v.s with finite
variance. A similar statement for sums of i.i.d. r.v.s in the domain of attraction of stable
law (see [49, Theorem 2.6.7]) implies the second limit in (4.37), because the distribution of
(1 — a)™! belongs to the domain of attraction of the (1 + )-stable law Wg: P((1 —a)™* >
) =Pla>1—a7) ~ (41/(1+ B))a~ ) 2 — oo, according to (4.3). The remaining
relations in (4.36) are established in Lemma 4.7. This proves (4.7) and completes the proof
of Theorem 4.3. O

Lemma 4.7. Yy,(7) = 0,(n'/2NY+5) i =23 as N,n — oo and NY3+8) /n — 0.

Proof. W.lg.,let 7 =1and Xy, := Xnni(1), i = 2,3. We shall prove that for %(1 + ) <
p<1+p5,
E|Synil? = o(nP2NP/O+E)) =2 3. (4.38)

We have E|Xy ,2|P < EVY, where

n N a'fl_5+1 2y1/2
Vo = E1/2|:|ZN,11,2‘2‘G/17‘"JG’N} :{Z(Z 11— ) }

s=1 \i=1 ;
N n 2s 1/2 N (1 _ aZn)1/2
>2} -

< 2{Zna T a)(— )P

i=1 * s=1

by Minkowski’s inequality. Hence,

(1 _ a2n)1/2
(1—a)(l—a®)V/?’
as p < 1. Split EAS = E[A}1(a <1 —¢)]+ E[A51(a > 1 —¢€)] =: AL, + A} for the same ¢ > 0

as in Assumption (A1). Then A, < CE(1 + a)™®/? < C under Assumption (A2). Next, by
change of variable 1 — a = x/n we obtain

ElXNn2P < NEAS,  where Ay :=

(4.39)

1 (1_a2n)p/2
"
Ay = € 1-e (1 —a)’/?

en 2n 2
O (30/2)—(148) / (1 _ (1 _ x) )p/ 262 4y
0 n

(1—a)’da

where the last integral tends to [7°(1 — e2*)P/228=Cr/2dy < oo for 2(1+ B)/3 <p <1+
by the dominated convergence theorem. Therefore, E|Xy 2P < CNn®»/2=0+8)  proving
(4.38) for i = 2.
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The proof of (4.38) for ¢ = 3 is similar. Namely, E|Xy 3P < EVY, where

N 1-s 1—qaq? 2y 1/2
‘/Eg = E1/2[|2N7n72|2‘(11,...,CLN} = {Z(ZM) }

s<0 Ni=1 l—a
n 2(1_8) n\2N 1/2 N n
a; (1 —a)* 1—a
S { (A (A } S KA
2% (-ap LT
Hence
1—a"

P P .
E’ZN,n,3| S NEAg, where A3 = (1 — a)(l — CL2)1/2

similarly to (4.39). Next, EA] = E[Af1(a <1 —¢€)] + E[A§1(a > 1 — €)] =: A} + Af, where

Ay < CE(1 +a)™?? < C and

11— ar)

1—e¢ (1 — a)3p/2

— op/-048) /" (1 _ (1 _ ”C)")pxﬁ—(?ap/?)d%
0 n

A < C (1 —a)’da

where the last integral tends to [5°(1 — e *)P2%~(P/2dz < co. Lemma 4.7 is proved. O

Proof of Theorem /.4. We restrict the proof of (4.17) to one-dimensional convergence at
7 > 0. Split Sy, (7) as in (4.35). Then, by the central limit theorem and the law of large
numbers, n"Y2N"1Sy .. 1(7) < 0 B(7) as N, n — oo in an arbitrary way. It remains to show
that Yy ,..(7) = 0p,(Nn'/?), i = 2,3. W.lg, let 7 = 1. According to (4.39), E|Sy,2(1)] <
E{E[|EN,n,2(1)|2 | ai, ... ,aN]}1/2 S NEAQ Spht EAQ = E[Ag]_(a S 1—6)]+E[A21(a > 1—6)]
as in the proof of Lemma 4.7. Then E[4;1(a < 1 —¢€)] < OE(1 +a)"/? < C. Using
1 — " < min(l,n(l —u)), u € (0,1), for max(0,1/2 — 5) < ¢ < 1/2 we get E[A21(a >
1—¢€)] < CniE[(1 —a)?3?] < Cn? and thus E|Sy ,2(1)] < CNn? = o(Nn'/?). The proof of
E|XN..3(7)| = o(Nn'/?) is analogous. Theorem 4.4 is proved. O






Statistical inference from
panel AR(1) data

This chapter contains the article [63]. We discuss nonparametric estimation of the dis-
tribution function G of the autoregressive coefficient a € (—1,1) from a panel of N random-
coefficient AR(1) series, each of length n, by the empirical distribution function of lag 1 sample
autocorrelations of individual AR(1) processes. Consistency and asymptotic normality of the
empirical distribution function and a class of kernel density estimators is established under
some regularity conditions on G as N and n increase to infinity. The Kolmogorov—-Smirnov
goodness-of-fit test for simple and composite hypotheses of beta distributed a is discussed.
A simulation study for goodness-of-fit testing compares the finite-sample performance of our
nonparametric estimator to the performance of its parametric analogue discussed in [9].

5.1 Introduction

Panel data can describe a large population of heterogeneous units/agents which evolve
over time, e.g., households, firms, industries, countries, stock market indices. In this chapter
we consider a panel where each individual unit evolves over time according to order-one
random coefficient autoregressive model (RCAR(1)). It is well known that aggregation of
specific RCAR(1) models can explain long memory phenomenon, which is often empirically
observed in economic time series (see [40] for instance). More precisely, consider a panel
{X;(t),t=1,...,n,i=1,..., N}, where each X; = {X;(t), t € Z} is an RCAR(1) process

79
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with (0,0?) noise and random coefficient a; € (—1,1), whose autocovariance

is determined by the distribution function G(x) = P(a < z), x € [—1, 1], of the AR coefficient.
Granger [40] showed, for a specific beta-type distribution G, that the contemporaneous ag-
gregation of independent processes X7, ..., Xy results in a stationary Gaussian long memory
process {X(t), t € Z}, i.e.,

N
NS X)) S X (1) as N — oo, (5.1)
=1

where the autocovariance EX(0)X(t) = EX;(0)X;(¢) decays slowly as ¢t — oo so that
Yiez [BX(0)X (8)] = oo

A natural statistical problem is recovering the distribution G (the frequency of a across the
population of individual AR(1) ‘microagents’) from the aggregated sample {X(1),..., X (n)}.
This problem was treated in [20,21,61]. Some related results were obtained in [19, 48, 50].
Albeit nonparametric, the estimators in [20,61] involve an expansion of the density g = G’
in an orthogonal polynomial basis and are sensitive to the choice of the tuning parameter
(the number of polynomials), being limited in practice to very smooth densities g. The
last difficulty in estimation of G from aggregated data is not surprising due to the fact that
aggregation per se inflicts a considerable loss of information about the evolution of individual
‘micro-agents’.

Clearly, if the available data comprises evolutions {X;(1),..., X;(n)}, ¢ =1,..., N, of all
N individual ‘micro-agents’ (the panel data), we may expect a much more accurate estimate
of G. Robinson [92] constructed an estimator for the moments of G using sample autocovari-
ances of X; and derived its asymptotic properties as N — oo, whereas the length n of each
sample remains fixed. Beran et al. [9] discussed estimation of two-parameter beta densities
g from panel RCAR(1) data using maximum likelihood estimators with unobservable a; re-
placed by sample lag 1 autocorrelation coefficient of X;(1),...,X;(n) (see Section 5.6), and
derived the asymptotic normality together with some other properties of the estimators as
N and n tend to infinity.

The present chapter studies nonparametric estimation of G from panel RCAR(1) data
using the empirical distribution function:

1 N

Gnnlr) =5 D Uain < @), @ €[-11], (5.2)
i=1
where @, is the lag 1 sample autocorrelation coefficient of X;, i = 1,..., N (see (5.12)).

We also discuss kernel estimation of the density ¢ = G’ based on smoothed version of (5.2).
We assume that individual AR(1) processes X; are driven by identically distributed shocks
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containing both common and idiosyncratic (independent) components. Consistency and
asymptotic normality as N, n — oo of the above estimators are derived under some regularity
conditions on G. Our results can be applied to test goodness-of-fit of the distribution G to
a given hypothesized distribution (e.g., a beta distribution) using the Kolmogorov—Smirnov
statistic, and to construct confidence intervals for G(z) or g(x).

The chapter is organized as follows. In Section 5.2 we obtain the rate of convergence of
the lag 1 sample autocorrelation coefficient @, ,, to a; in probability, the result of independent
interest. In Section 5.3 we prove the weak convergence of the empirical process in (5.2) to
a generalized Brownian bridge. Section 5.4 treats the Kolmogorov—Smirnov goodness-of-fit
test for simple and composite hypotheses of beta distributed a. In Section 5.5 we show
that kernel density estimators of g(x) are asymptotically normally distributed and their
mean integrated squared error tends to zero. In Section 5.6 a simulation study compares
the empirical performance of (5.2) and the parametric estimator of [9] when testing the
equality of GG to a given beta distribution. The proofs of auxiliary statements can be found
in Section 5.7.

5.2 Estimation of random AR coefficient
Consider an RCAR(1) process
X(t)=aX(t—-1)+((t), teZ, (5.3)
where innovations {((¢)} admit the following decomposition:

C(t) =bn(t)+c&(t), te, (5.4)

where random sequences {n(t)}, {£(¢)} and random coefficients a, b, ¢ satisfy the following
conditions:

Assumption (A1). {n(t)} are i.i.d. r.v.s with En(0) = 0, En*(0) = 1, E|p(0)|*? < oo for
some p > 1.

Assumption (A2). {£(t)} are i.i.d. r.v.s with E£(0) = 0, E€2(0) = 1, E|£(0)]?? < oo for the
same p as in (Al).

Assumption (A3). b and c are possibly dependent r.v.s such that P(b* + ¢* > 0) = 1 and
Eb? < 00, Ec? < o0.

Assumption (A4). a € (—1,1) is ar.v. with a distribution function (d.f.) G(z) := P(a < x)
supported on [—1, 1] and satisfying

26 —1|a|) -/, fﬁ(ﬁ <o (55)

Assumption (A5). a, {n(t)}, {£(t)} and the vector (b,¢)" are mutually independent.
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Remark 5.1. In the context of panel observations (see (5.10)), {n(t)} is the common com-
ponent and {£(¢)} is the idiosyncratic component of shocks. The innovation process {((¢)} in
(5.4) is i.i.d. if the coefficients b and ¢ are nonrandom. In the general case {((¢)} is a depen-
dent and uncorrelated stationary process with EC(0) = 0, EC?(0) = Eb* +Ec?, EC(0)¢(¢) = 0,

t#0.

Under conditions (A1)—(A5), a unique strictly stationary solution of (5.3) with finite
variance exists and is written as

X(@t)=> da"%(s), tel. (5.6)

s<t

Clearly, EX (t) = 0 and EX?(t) = EC*(0)E(1 — a*)™! < co. Note that (5.5) is equivalent to
1
E() <oo, l<p<2,

1 —falp

since 1 — |a] <1 —|alP <2(1 —|a]) for a € (—1,1).
For an observed sample X(1),...,X(n) from the stationary process in (5.6), define the
sample mean X,, :=n"' 37 | X(¢) and the sample lag 1 autocorrelation coefficient

L DX - X)X+ 1) - X)
" SLEO-Xp

(5.7)

Note the estimator a, in (5.7) does not exceed 1 a.s. in absolute value by the Cauchy—Schwarz
inequality. Moreover, it is invariant to shift and scale transformations of { X (¢)} in (5.3), i.e.,
we can replace {X ()} by {pX(t) + p} with some (unknown) p € R and p > 0.

Proposition 5.1. Under Assumptions (A1)-(A5), for any 0 <y <1 and n > 1, it holds
P(la, —a| >7) < C(n~ GNP 47t
with C' > 0 independent of n, .

Proof. See Section 5.7. O

Assume now that the d.f. G of a satisfies the following Holder condition:
Assumption (A6). There exist constants Lg > 0 and p € (0, 1] such that

|G(z) = G(y)| < Lelz —yl°, =,y e[-1,1]. (5.8)
Consider the d.f. of a,,:

Go(x) == P@, <z), zel[-1,1]. (5.9)
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Corollary 5.2. Let Assumptions (A1)-(A6) hold. Then, as n — oo,

sup |Gn(x) — G(x)| = O(n—rip(g/\(p—l)))‘

z€[—1,1]
Proof. Denote §,, :== @,, — a. For any (nonrandom) v > 0 from (5.8) we have
sup |Gp(z) — G(z)] = sup |Pla+9d, <z)—Pla<z)|
ze[-1,1] ze[-1,1]
< Lan? + P([0n] > ),

implying
sup |Gn(z) — G(x)| < Lgv° + C’(Tf1 + n*(gA(pfl))W*p)
z€[—1,1]

with C' > 0 independent of n,~y. Then the corollary follows from Proposition 5.1 by taking

¥ = 7 = 0(1) such that 42 ~ n~GAP=~~P and noting that the exponent EAP-1) <

1. [l

5.3 Asymptotics of the empirical distribution function
Consider RCAR(1) processes {X;(t)}, i = 1,2,..., which are stationary solutions to
Xi(t) = a; X;(t — 1)+ (1), teZ, (5.10)
with innovations {(;(¢)} having the same structure as in (5.4):
G(t) = bin(t) + ci&(t), ¢ € Z. (5.11)

More precisely, we make the following assumption:

Assumption (B). {n(t)} satisfies (A1); {&(#)}, (bi, i)', as, i@ = 1,2,..., are independent
copies of {£(t)}, (b,¢)T, a, respectively, which satisfy Assumptions (A2)—(A6). (Note that
we assume (A5) for every i =1,2,....)

Remark 5.2. The individual processes {X;(t)} have covariance long memory if conditions
(5.5) and ', |1 —2?|72dG(x) = oo hold, which is compatible with Assumption (B). The same
is true about the limit aggregated process in (5.1) arising when the common component of
shocks is absent (i.e. in case P(b = 0) = 1). On the other hand, in the presence of the common
component, the limit aggregated process has long memory if the individual processes have
infinite variance and condition (5.5) fails, see [87].

Define the sample mean Xz}n :=n"137" , X;(t), the corresponding lag 1 sample autocor-
relation coefficient

G = ?z_ll(Xl(t) - Xz,n)(Xz<f + 1) — Xz,n)
’ Y (Xi(t) = Xin)? ’

1<i<N, (5.12)
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and the empirical d.f.
N
GNn = Zl ain <x), x€l[-1,1]. (5.13)
z:1

Recall that (5.13) is a nonparametric estimate of the d.f. G(x) = P(a; < x) from the observed
panel data {X;(t), t =1,...,n,i=1,..., N}. In the following theorem we show that C:*Nn(zr)
is an asymptotically unbiased estimator of G(z) as n and N both tend to infinity, and prove
the weak convergence of the corresponding empirical process.

Theorem 5.3. Let the panel data model in (5.10)—(5.11) satisfy Assumption (B). Then, as
N,n — oo,

sup |[EGy,(z) — G(z)] = O(n~ w5 (E/P-D)y, (5.14)
z€[—1,1]
If, in addition,
N = o(nets GAP=D)y, (5.15)
then R
NY2(Gnn(z) — G(z)) = W(z), z€[-1,1], (5.16)

where {W(x), x € [—1, 1]} is a continuous Gaussian process with zero mean and Cov(W (z), W (y)) =
G(zNy)—G(x)G(y), x,y € [—1,1], and = denotes the weak convergence in the space D[—1,1]
with the supremum (uniform) metric.

Proof. Note @y, ...,ay, are identically distributed, in particular, E@Nn(ai) = G, () with
Gn(7) defined in (5.9). Hence, (5.14) follows immediately from Corollary 5.2.
To prove the second statement of the theorem, we approximate Gy, (z) by the empirical

d.f.
NZl re[-1,1],

=

1 N
1
of iid. rvs ar,...,ay. We have N1/2 (A o(z) — G(z)) = N'V2(Gn(z) — G(x)) + Dynlz)
with Dy, (z) := N 1 2(Gyn(z) — Gu(z)). Since (A6) guarantees the continuity of @, it holds
NY2(Gy(2) = G(2)) = W(2), =€ [~1,1],
by the classical Donsker theorem. Then (5.16) follows once we prove

sup |Dyn(x)] 20.
z€[—1,1]

By definition,

N
Dyp(z) = N7V23 (1(a; + 60 < x) — 1(a; < 7)) = Dly,.(x) — Dy (2),

i=1
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where 9, '=a;, —a;, 1 =1,..., N, and
N
D;V,n(x) = N_I/QZ 1(1‘ < a; S r — 5i,n7 51’,1@ S 0)7
i=1
N
Dﬁ(,n(x) = N_I/QZ 1(z =6y < a; <z, 6 >0).

i=1
For v > 0 we have

N N
N_1/221(x<a¢ §x+7)+N_1/221(|5i7n| > )

i=1 =1

=: V]Q(JS) + V]Gm.

IN

Dy n(x)

(Note that V, does not depend on z.) By Proposition 5.1, we obtain

N
EV](;’n — N2 ZP(|5W| > ) < CNl/Q(n—((pﬂ)/\(p—l)),y—p +n7Y),

=1

which tends to 0 when ~ is chosen as 72?7 = n~(?/2AP=1) _ (. Next,

Vy(z) = N1/2(GN($ +7) — éN(l’))
= NI/Q(CA;’ x+7)—G(x))+UN(x,x+7]A,
Un(z,x+7v] = NI/Q(GN(JJ—FW) —G(r+7)) —N1/2(GN(JJ) — G(x)).

The above choice of y2*7 = n~(P/DAE=D) implies sup, ¢,y N/2|G(247)—G(z)| = O(N'/?y2) =
o(1), whereas Uy (z, z + | vanishes in the uniform metric in probability (see Lemma 5.11 in
Section 5.7). Since DY, () is analogous to D'y ,(z), this proves the theorem. O

Remark 5.3. (5.15) implies that n > N(@+P)/eP asymptotically for p > 2. Note that (o +
p)/op > 1 and lim, . (0+p)/op = 1/p for any o € (0, 1]. We may conclude that Theorem 5.3
as well as other results of this chapter apply to long panels with n increasing much faster than
N, except maybe for the limiting case p = oo for 0 = 1. The main reason for this conclusion
is that a; need to be accurately estimated by (5.12) in order that G ~N.n behaves similarly to
the empirical d.f. G based on unobserved autocorrelation coefficients A1y...,0pN.

5.4 Goodness-of-fit testing

Theorem 5.3 can be used for testing goodness-of-fit. In the case of simple hypothesis, we
test the null Hy: G = Gy vs. Hi: G # Gy with G being a certain hypothetical distribution
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satisfying the Holder condition in (5.8). Accordingly, the corresponding Kolmogorov—Smirnov
(KS) test rejecting Hy whenever

N2 sup [Gyala) - Gola)] > efw) (517)

z€[—1,1]

has asymptotic size w € (0, 1) provided N,n, Gy satisfy the assumptions for (5.16) in Theo-
rem 5.3. (Here, c(w) is the upper w-quantile of the Kolmogorov distribution.) However, the
goodness-of-fit test in (5.17) requires the knowledge of parameters of the model considered,
which is not typically a very realistic situation. Below, we consider testing composite hy-
pothesis using the Kolmogov—Smirnov statistic with estimated parameters. The parameters
will be estimated by the method of moments.

Write n= (M(l)a s au(m))T and ﬂN,n = (ﬁ%}n? cet a/j%?,TT)L)T7 where

-1

1 1 N
p® = Ba" = / z"dG(x), ﬁ%f)n =5 d (@), 1<u<m.
i=1

Proposition 5.4. Let the panel data model in (5.10)—(5.11) satisfy Assumption (B) with
2 (p
exception of Assumption (A6). If N = o(n™s 2 "*"D)) 45 N n — oo, then

NY2(fin — 1) S N(0,%),  where X := (Cov(a“,a“)) (5.18)

lgu,vgm.

Proof. Write
NY2(fin = p) = NY2(finn — fin) + N2 (A — o),

where fiy = + YN, (a;,...,a")". We have N'2(fiy — p) 4 N(0,%) as N — oo by the
multivariate central limit theorem. On the other hand, N/ Z(ﬁNm — [N) L0 follows from
Ela* — a*| < CE|d, —a| < C(y + P(|a, — a| > 7)) and Proposition 5.1 with 7 =
n_((p/g)/\(p_l)), proving the proposition. ]
Remark 5.4. Robinson [92, Theorem 7] discussed a different estimator of p and proved it to
be asymptotically normally distributed for fixed n as N — oo in contrast to ours. However,

his result holds in the case of idiosyncratic innovations only and under stronger assumption
on GG than in Proposition 5.4, which does not allow for long memory.

Consider testing the composite null hypothesis that G belongs to the family G = {Gy, 0 =
(o, B)T € (1,00)%} of beta d.f:s versus an alternative G' ¢ G, where

1
o) = 50 5)

and B(a, 5) = T'(a)['(8)/T'(a + /) is the beta function. The uth moment of Gy is given by

/z 11— )fdt,  z e [0, 1], (5.19)
0

u—1

! +r
<u>:/ wqCa(z) = TT 2"
s 0o " ol@) rl;[ooﬁb’—l—r
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Parameters «, 8 can be found from the first two moments p = (£, u®)T as

Cp W — @) (1= M) (™ = u®)
@ = (u)2 p@ — (pn)2

8=

a (5.20)

The moment-based estimator éN,n = (AN, BNM)T of § = (a, B)" is obtained by replacing i
in (5.20) by its estimator fiy,. The consistency and asymptotic normality of this estimator
follows by the delta method from Proposition 5.4, see Corollary 5.5, where we need condition
a > 1,0 > 1 to satisfy Assumptions (A4) and (A6).

Corollary 5.5. Let the panel data model in (5.10)—(5.11) satisfy Assumption (B). Let G =
Gy, 0 = (o, 3)7, be a beta d.f. in (5.19), where a > 1, 3 > 1. Let N,n increase as in (5.15)
where o = 1. Then

NY2Onn —0) S N(0,Ag), Ag:=AT'S(ATLY, (5.21)

where Y is the 2 X 2 matriz in (5.18) and

_ _ (9uV /00 0V /0B

Moreover, éNm is asymptotically linear:

NY2 Oy, —60) = N‘l/QiV:lg(ai) +0p(1), (5.22)
) = Ao — 0% - )
where Blg(a) = [} lo(x)dGy(x) = 0 and Elg(a)lg(a)" = [y lo(x)lg(x)TdGy(z) = Ag.
Corollary 5.6. Let assumptions of Corollary 5.5 hold. Then

NY(Cyale) = Gy, (2)) = Volw), « € [0,1],

where {Vy(x), x € [0,1]} is a continuous Gaussian process with zero mean and covariance

Cov(Vy(z),Voly)) = Golz Ay) — Go(x)Go(y) + 0sGo(x) " AgBeGo(y)
_ /0 lo(1) T dClo(w)9sGialy) — /0 lo(1)TAG(w)8yGo(),

where DyGy(x) := 0Gy(x) /00 = (0Ge(x) /O, 0Go(x)/OB)T, z,y € [0,1], and Ay is defined in
(5.21).
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Proof. The d.f. Gy with a > 1,5 > 1 satisfies Assumptions (A4) and (A6) with o = 1.
Recall Gy(z) := N~ vall(al < xz), € [0,1]. Since condition (5.15) is satisfied, so
N2 SUP,e(0,1] |G'n.n(z) — Gy ()| vanishes in probability by Theorem 5.3, whereas the con-
vergence Nl/Q(GN( ) =G5, (@) = Vp(x), x € [0,1], follows from (5.22) using the fact that

0pGo(z), x € [0,1], is contlnuous in 0, see [30] or [106, Theorem 19.23]. O

With Corollary 5.6 in mind, the Kolmogorov—Smirnov test for the composite hypothesis
G € G can be defined as

sup NY2|Gyn(z) — G5 (2)] > ¢, (W), (5.23)

0
xE[O,l} N,n n

where cg(w) is the upper w-quantile of the distribution of sup,¢(o 11 [Vo(2)|:

P( sup |Vy(x)| > ca(w)> =w, we(0,1).

xz€(0,1]

The test in (5.23) has correct asymptotic size for any w € (0, 1), which follows from Corol-
lary 5.6 and the continuity of the quantile function cp(w) in 6, see [102, page 69], [106]. By
writing N'2(Gyu(2) =Gy (2)) = NY2(Gyp(x) —G(2) + NY3(G(z) - Gy, (x)), it follows
that the Kolmogorov— Srmrnov statistic on the Lh.s. of (5.23) tends to mﬁmty (1n probability)
under any fixed alternative G ¢ G which cannot be approximated by a beta d.f. Gy in the
uniform metric, i.e., such that infgsup,cjo 1 |G(2) — Go(z)| > 0. Moreover, even under the

alternative, we preserve the consistency of LN, hence G (w) being a continuous function

of sample moments, converges in probability to some finite limit. Therefore the test (5.23)
is consistent.

In practice, the evaluation of cy(w) requires Monte Carlo approximation which is time-
consuming. Alternatively, [98,102] discussed parametric bootstrap procedures to produce
asymptotically correct critical values. We note that the assumptions of [102, Theorem 1] are
valid for the family of beta d.f.s and the moment-based estimator of # in Corollary 5.6. The
consistency of the test when using bootstrap critical values follows by a similar argument as
n (5.23).

5.5 Kernel density estimation
In this section we assume G has a bounded probability density function g(z) = G'(x),
€ [—1, 1], implying Assumption (A6) with Holder exponent o = 1 in (5.8). It is of interest

to estimate g in a nonparametric way from i p,...,ay, (5.12).
Consider the kernel density estimator

gnan(z) = ZK<

) r € R,
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where K is a kernel, satisfying Assumption (A7) and h = hy,, is a bandwidth which tends
to zero as N and n tend to infinity.

Assumption (A7). K :[-1,1] — R is a continuous function of bounded variation that
satisfies [1, K (x)dz = 1. Set | K||? := [!, K(2)?dz and py(K) := [!, 22K (z)dz and K (z) :=
0,z € R\ [-1,1].

We consider two cases separately.
Case (i): P(by = 0) = 1, meaning that the coefficient b; = 0 for the common shock in (5.11)
is zero and that the individual processes {X;(t)}, i = 1,2, ..., are independent and satisfy
Case (ii): P(by # 0) > 0, meaning that {X;(¢)}, ¢ = 1,2,..., are mutually dependent
processes.

Proposition 5.7. Let the panel data model in (5.10)—(5.11) satisfy Assumption (B) and let
Assumption (A7) hold. If nP/ANP=DpI4P 5 o6 then

Egnn(z) — g(x) (5.24)
at every continuity point x € R of g. Moreover, if
nP/ANP=Dpltr s o0 in Case (i), (5.25)
n®/2NP=D(p/N)HP — 0o in Case (ii), '
then
K|35 i =
Nh Cov(gn (1), gnn(z2)) — gz Z.f no (5.26)
0 if v1 # 2o

at any continuity points 1,9 € R of g. If Nh — oo holds in addition to (5.25), then the
estimator gy () is consistent at every continuity point x € R:

Elgna(z) = g(z)* = 0. (5.

2
Proof. Throughout the proof, let Kh( ) := K(z/h), x € R. Consider (5.24). Note Egy ,,(z)
h'EK},(x—ad,), because A1, - - ., 0Ny are identically distributed. Let us approximate gn,, (

by

7)
2)
(@) = ]\}h > Ko —a), wER (5.28)

which satisfies Egy(z) = h'EK(z — a) — g(z) as h — 0 at a continuity point z of g,
see [76]. Integration by parts and Corollary 5.2 yield

WEGya(@) ~ Bgn(@)] = | [ (Guly) - Gly)dKi(a — y) (5.29)
< v<K> s 1Galy) — o)

ye[-1,
= O(n~ ((p/2)N (:n 1))/(1+p))

Y
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uniformly in € R, where V' (K') denotes the total variation of K and V(K) = V(K}). This
proves (5.24).

Next, let us prove (5.26). We have

. N 1
NhCov(gn(z1),gn(z2)) = EEKh(xl —a)Kp(ze — a)
gle)| K3 if 21 = 2,
0 lf T 7é T2,

as h — 0 at any points x1, x5 of continuity of g, see [76]. Split Nh{Cov(gnn(71), Gnn(T2)) —
Cov(gn(21), g (22))} = £y Qilw1, 22), where

Qi(z1,12) = hYEK,(2) —an)Kp(z9 — Gn) — EKy (21 — a)Kp (29 — a)},
Q2(z1,72) = R Y{EKy(21 — @,)EKy (22 — @) — EKy (71 — a)EKy (29 — a)},
Qs(71,79) = (N — 1A~ Cov(Kp(z1 — @1.0), Kn(29 — G2.0))-

Note Q3(x1,22) = 0 in Case (i). Similarly to (5.29),

Qi(z1,20)] = 7 /R<Gn<y) — G(y)dKy(z1 — y) Kn(zs — )
< Ch~ i~ (@/2Ne=1)/0+p) _y

since V (K (21 — ) Ky (12 —-)) < C and |Q (71, 72)| < Ch~in=(@/2AP=1)/04P) _ ( uniformly
in x1, x5. Finally, by Lemma 5.12,

N -1 % N
|Qs(x1,22)] = T /R/R<P(a1,n <y, G2, < Y2)
—P(a1n, <y1)P(a2, < y2))dKp(xy — y1)dKp (22 — y2)
C R R N N
< — sup  |P(a1, < w80, < y2) — P(G1, < y1)P(a2, < y2)]
h y1,y2€[—1,1]
— O(Nhfln*((p/2)/\(pfl))/(1+p)) = o(1),
proving (5.26) and the proposition. O

Remark 5.5. It follows from the proof of the above proposition that in the case of a (uni-
formly) continuous density g(x), z € [—1, 1], relations (5.24), (5.27) and the first relation in
(5.26) hold uniformly in z € R, implying the convergence of the mean integrated squared
error:

| Elgwa(@) - g(x)Pdz 0.
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Proposition 5.8. (Asymptotic normality) Let the panel data model in (5.10)—(5.11) satisfy
Assumption (B) and let Assumption (A7) hold. Moreover, let K be a Lipschitz function in
Case (ii) and assume Nh — oo in addition to (5.25). Then

§Nn<x> - EgNn<x) d
’ : N(0,1 5.30
Vo) Y (>:30)

at every continuity point x € (—1,1) of g such that g(x) # 0.
Proof. First, consider Case (i). Since gy, (7) = (Nh)"! SN, Vi x is a (normalized) sum of
iid. rvs Viy == Kp(z — @;,,) with common distribution Vy := Vi y, it suffices to verify
Lyapunov’s condition
E|Vy — EVy [t
NO/2 {Var(Vy)}(2+9)/2

for some § > 0. This follows by the same arguments as in [76]. Analogously to Propo-
sition 5.7, we have E|Vy[**? = E|Kj(z — a,)>*° ~ hg(z) [*, |K(y)]*"dy = O(h) while
Var(Vy) = Nh? Var(gn.(z)) ~ hg(z)|| K3 according to (5.26). Hence the Lh.s. of (5.31) is
O((Nh)=9/%) = o(1), proving (5.30) in Case (i).

Let us turn to Case (ii). It suffices to prove that v Nh(gn..(x) — gn(x)) = 0, for Gn(z)
given in (5.28). By |K(z) — K(y)| < Lk|x —y|, z,y € R, for € > 0,

N N Lk X |ain — ail
P( Nhlgy n(x) — )| > ) < P( : > )
VND|Gnn(z) — gn(z)] > €) < m; - €

< NP(ja, -l > m(}@)E)

Lk
< g(h( Nm_m(];\z >1+pn—<<p/2>A(p—1>> N >

= o(1)

from Proposition 5.1 and (5.25) with Nh — oo. O
1/5

— 0, (5.31)

Corollary 5.9. Let assumptions of Proposition 5.8 hold with h ~ ¢cN~° for some ¢ > 0,

i.e.,
o(niTEEC) in Case (1),
N = 5_1 (p -1
o(ns Tip (2A P ))) in Case (m-

Moreover, let g € C?*[—1,1] and [*, yK (y)dy = 0. Then

N5 (Gnal@) — g(2)) S N(u(z), 0%(2)),
where p(z) := (2/2)g" (x)u2(K) and 0*(z) := (1/c)g(z)|| K |3-

Proof. This follows from Proposition 5.8, by noting that Egy(z) — g(x) ~ h%g"(z) pa(K)/2
as h — 0 and Egy,(7) — Egn(z) = O(h~in=(/27E=1)/(14)) by (5.29). O
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5.6 Simulations

In this section we compare our nonparametric goodness-of-fit test in (5.17) for testing the
null hypothesis G = G with its parametric analogue studied in [9]. In accordance with the
last paper, we assume {X;(¢)} in (5.10) to be independent RCAR(1) processes with standard

normal ii.d. innovations {¢;(¢)}, ¢(0) £ A(0,1) and the random AR coefficient a; € (0,1)

having a beta-type density ¢ with unknown parameters 6 := («, 3)":
2 2a—1 2\8—1
g(x) = (1l —=x , x€(0,1),a>1,5>1. 5.32
@) = g 1) (0.1 (5.52)

Note that g € (1,2) implies the long memory property in {X;(¢)}. Beran et al. [9] discuss
a maximum likelihood estimator QAN,n,H = (AN ks BN%H)T of # = (a,3)" when each unob-
servable coeflicient a; is replaced by its estimate a;, , := min{max{a; ,,x},1 — k} with @,
given in (5.12) and 0 < kK = Ky, — 0 is a truncation parameter. Under certain conditions
on N,n — oo and k — 0, Beran et al. [9, Theorem 2] showed that

N'Y2(Oy e — 00) 2 N(0, A7 (6)), (5.33)
where 6 is the true parameter vector,

(i) = (a+ B) —1(a+ B)
Al6) = ( “dilatB) () —waw)) ’

and v(z) := d®*InT(x)/dz? is the trigamma function. Based on (5.17) and (5.33), we
consider testing both ways (nonparametrically and parametrically) the hypothesis that the
unobserved AR coefficients aq,...,ay are drawn from the reference distribution Gy having
density function in (5.32) with a specific 6y, i.e., the null G = G, vs. the alternative G # G.
The respective test statistics are

Ty = NY? sup |Gy n(2) — Go(@)|; To:= N(Onnw — 00) A00) Onpw — 00).  (5.34)

z€[0,1]

Under the null hypothesis, the distributions of statistics T} and 75 converge to the Kolmogorov
distribution and the chi-square distribution with 2 degrees of freedom, respectively, see (5.17),
(5.33).

To compare the performance of the above testing procedures, we compute the empirical
d.f.s of the p-values of T7 and T, under null and alternative hypotheses. The p-value of
observed T; is defined as p(T;) = 1 — K;(T3), ¢ = 1,2, where K;(y), ¢ = 1,2, denote the limit
d.f.s of (5.34). Recall that when the significance level of the test is correct, the (asymptotic)
distribution of the p-value is uniform on [0, 1]. The simulation procedure to compare the
performance of 77 and 75 is the following:

Step (S0). We fix the parameter under the null hypothesis Hy : 6 = 6 with 6y = (2,1.4)".



93 5.6. Simulations

Step (S1). We simulate 5000 panels with N = 250, n = 817 for five chosen values 6 =
(2,1.2)7,(2,1.3)7, (2,1.4)7,(2,1.5)7,(2,1.6) " of beta parameters.

Step (S2). For each simulated panel we compute the p-value of statistics 77 and T5.
Step (S3). The empirical d.f.s of computed p-values of statistics 77 and T3 are plotted.

The values of beta parameters #y = (2,1.4)T, N, n were chosen in accordance with the
simulation study in [9].

Figure 5.1 presents the simulation results under the true hypothesis § = 6, with zoom-
in on small p-values. We see that both d.f.s in the left graph are approximately linear.
Somewhat surprisingly, it appears that the empirical size of T (the nonparametric test) is
better than the size of T, (the parametric test). Particularly, for significance levels 0.05 and
0.1 we provide the empirical size values in Table 5.1.

Figure 5.2 gives the graphs of the empirical d.f.s of p-values of 77 and T3 for several
alternatives 6 # 6,. It appears that for § > 5y = 1.4 the parametric test T5 is more powerful
than the nonparametric test 77 but for § < [y the power differences are less significant.
Table 5.1 illustrates the empirical power for the significance levels 0.05, 0.1.
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Figure 5.1: [left] Empirical d.f. of p-values of T} and Ty under Hy : 6 = (2,1.4)"; 5000
replications with N = 250, n = 817. [right] Zoom-in on the region of interest: p-values
smaller than 0.1.
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w 5% 10%

g 1.2 1.3 1.4 1.5 1.6 1.2 1.3 1.4 1.5 1.6
T, 532 .137 .049 .208 576 .653 .223 .103 .315 .702
T5 .500 .104 .077 313 .735 .634 .184 .134 421 .827

Table 5.1: Numerical results of the comparison for testing procedure Hy: 0 = (2,1.4)" at the
significance level w = 5% and w = 10%. The column for 8 = 1.4 provides the empirical size.

The above simulations (Figures 5.1 and 5.2, Table 5.1) refer to the case of independent
individual processes {X;(t)}. There are no theoretical results for the parametric test 75,
when RCAR(1) series are dependent. Although the nonparametric test 7} is valid for the
latter case, one may expect that the presence of the common shock component in the panel
data in (5.11) has a negative effect on the test performance for short series. To illustrate this
effect, we simulate 5000 panels with RCAR(1) processes { X;(¢)} driven by dependent shocks
in (5.11) with b; = b, ¢; = (1 — b*)"/2. As previously, we choose #y = (2,1.4)7, N = 250,
n =817 and we fix § = (2,1.4)" to evaluate the empirical size of T}. Figure 5.3[left] presents
the graphs of the empirical d.f.s of the p-values of T} for b =1, b = 0.6 and b = 0, the latter
corresponding to independent individual processes as in Figure 5.1. We see that the size of
the test worsens as b increases, particularly for b = 1 when {X;(¢)} are all driven by the
same shocks. To overcome the last effect, the sample length n of each series in the panel may
be increased as in Figure 5.3[right], where the choice of n = 5500 and b = 1 shows a much
better performance of T} under the null hypothesis § = , = (2,1.4)" and the alternative
(0=(2,1.5)T and 6 = (2,1.6)") scenarios.

In conclusion,

1. We do not observe an important loss of the power for the nonparametric KS test T}
compared to the parametric approach.

2. The K8 test 77 does not require to choose any tuning parameter contrary to the test
7.

3. Omne can use the KS test 77 under weaker assumptions on RCAR(1) innovations. We
only impose moment conditions. The dependence between the series is allowed by
(5.11).
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Figure 5.2: Empirical d.f. of p-values of T} and T} for testing Hy : 0 = (2,1.4) " under several
alternatives of the form 6 = (2, ); 5000 replications with N = 250, n = 817.
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dence structure between RCAR(1) series : b; = b and ¢; = (1 —b?)"/2 and N = 250, n = 817.
[right] Empirical d.f. of p-values of T} for testing Hy : 0 = (2,1.4)". RCAR(1) series are
driven by common innovations, i.e., b; = 1, ¢; = 0, for § = (2,3)"; 5000 replications with
N =250, n = 5500.
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5.7 Some proofs and auxiliary lemmas
We use the following martingale moment inequality.

Lemma 5.10. Letp > 1 and {£;,5 > 1} be a martingale difference sequence: E[¢;|&q, ..., &j-1] =
0,7 =2,3,..., with E|§;|P < co. Then there exists a constant C, < oo depending only on p
and such that

(5.35)

P [SEEGP, 1<p<2,
>~ oo p/2
(S (Elg 7)™, p>2.

For 1 < p < 2, inequality (5.35) is known as von Bahr and Esséen inequality, see [107],
and for p > 2, it is a consequence of the Burkholder and Rosenthal inequality ( [18,93], see
also [36, Lemma 2.5.2]).

Proof of Proposition 5.1. Since @, in (5.7) is invariant w.r.t. a scale factor of innovations
{¢(t)}, w.lg. we can assume b* + ¢ = 1 and EC?(0) = 1, E|((0)|*’ < co. Then a, —a =
% | ni, where

A <) B v/ ([ )
T TSI X X T S X0 (X))
Xa(X(1) + X (n) = (X,)*(1+n(1 — )

2im X2(t) = n(Xn)?

5713 =

The statement of the proposition follows from
P(|6,] >7) < C(n~t 40~ (@2AE-D)y=P)y (0 <y <1,i=1,2,3). (5.36)

To show (5.36) for ¢ = 1, note that 8,y = L,/(n + D,), where L, := —a(l — a*)X?*(n)

and D,, = D,; — Dy, Dp1 = 370 (1 — a®)X?(t) — 1), Do := n(1 — a®)(X,,)?. We have
P(|6,1] > 7v) < P(|D,| > n/2) + P(|L,| > nv/2). Thus, (5.36) for i = 1 follows from

E|D,|P"? < Cn, E|Dw|<C and E|L,J < C. (5.37)

Consider the first relation in (5.37). Clearly, it suffices to prove it for 1 < p < 2 only. We
have D, = 2D/, + D/, where

nl»

Dy o= (1=a) Y3 et (s,)C (sa),

s9<s1<n t=1Vs1

D!, = (1—-a ZZ s)—1).

s<nt=1Vs
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We will use the following elementary inequality: for any —1 <a <1, n>1, s <n,

n 2(173)(1 _ a2n) s<0
an(s) == (1 —a® 2t = ¢ oo
(s) = ( %;& | _ g2t 1<s<n

. (j{a%nnnﬂw%wl—wahh s <0, (5.38)

1, 1<s<n.

Using the independence of {((s)} and a and inequality (5.35) (twice) for 1 < p < 2 we obtain

P
E|D [P = E| Y an(s1)((s1) D a™ "((s2)
s1<n s2<51
p

< CE ) |an(s1)C(s1) Y a®7*2((s2)

s1<n s2<81
< CE Z v (s1) [P Z |a|p(51—52)

s1<n $2<81
< CE(—Ja) ' Y Jau(s)P < On

s<n

since E(1 — |a|)™! < oo (see (5.5)) and Y.<, |an(s)[P < Cn follows from (5.38). Similarly,
since {¢*(s) — 1, s < n} form a martingale difference sequence,

BID, P < CEY Jou(s)P < Cn.

s<n

proving the first inequality (5.37). The second inequality in (5.37) follows by noting that
nXTL = ZSSTZ(Z?ZI\/S atis)C(s) a‘nd

_ 1 —a™ 2 n 1 48\ 2 C
(1= B[ X, la] = a*( T )+ (1-a) > (725 ) <1
Consider the last inequality in (5.37). We have |L,| < |2L!, + L + 1|, where

L, == (1—ad®) > a®"a"7((s1)((s2),

sa<s1<n

L = (1—a?) Y a9 (s) - ).

s<n

We use Lemma 5.10, as above. Let 1 < p < 2. Then E|L2|? < CEY,,{(1 — a®)a®"=*)}P <
C and E|LL|P < CEY,,cs,<ni(l — a?)]a|* ™=V |a[**=52}P < CE(1 — |a|)P~2 < C. Next,
let p > 2. Then E|L'|P < CE{X,.,|(1 — a®)a*"®|?}?/2 < C and E|L,|? < CE(1 —
a)P{ g, csycn a3 a251752)1P/2 < O proving (5.37) and hence (5.36) for i = 1.
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Consider (5.36) for i = 2. We have 0, = R,,/(n+D,,), where R,, := (1—a?) Y72 X (¢)((t+
1) and D,, is the same as in (5.37). Then P(|dn2| > v) < P(|R.| > ny/2) + P(|D,| > n/2),
where

P(|1Du| > 1/2) < (n/4)"P"VE[Da]® + (n/4) " E|Dye|

RGN <2
< o{” oo TeS (5.39)
no, P> 2,
according to (5.37). Therefore (5.36) for i = 2 follows from
1<p<2
B[R, < C b= (5.40)
np/2, p> 2.

Since R, = (1 — a?) Cycn_1C(8) i, a'*C(t + 1) is a sum of martingale differences, by
inequality (5.35) with 1 < p < 2 we obtain

ER,’ < CE > |(1—a*)((s) Y. at—sg(t+1)‘
s<n—1 t=1Vs

n—1
< CElL-a*P Y Y Jaftt=9
s<n—1t=1Vs

n—1n—1

< CE|l- a2|p(Z |a| 77 Z lal” + 3> JaPt )

s<0 s=1 t=s

< CE[l—a*P{(1—lal")* +n(l - |af")~"} < Cn,

proving (5.40) for p < 2. Similarly, using (5.35) with p > 2 we get

n—1
EIRP = E[[L-a?E]| 3 ¢6s) & ¢l + 1ol
s<n—1 t=1Vs
n—l 2/py p/2
< 0E[|1—a2|z’{ T (EHC(S) T at_SC(t+1)|paD } }
s<n—1 t=1Vs
n—1 p/2
< cEn-ap{ ¥ % )
s<n—1t=1Vs
n—1n—1
< CE1- ]p{ZaQSZaQt—i-ZZa“ }
s<0 s=1 t=s

< CE[l—d*P{(1—a*)2+n(l —d®) 1} < CnP/?,

proving (5.40) and (5.36) for i = 2.
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It remains to prove (5.36) for i = 3. Similarly as above, P(|0,3] > v) < P(|Qn| >
ny/2) + P(|D,| > n/2), where Q,, := (1 — a*){X,,(X (1) + X (n)) — (X,)*(1 +n(1l —a))} and
D,, is evaluated in (5.39). Thus, (5.36) for ¢ = 3 follows from (5.39) and

ElQ." < C{E|(1 - a*)X*(n)]” + E|(1 - a®)(X,)* (5.41)
FaPE)(1 - a)(1 — a?)(%,)2P} < C.
Since nX,, = Yo (311, @' *)((s), an application of the second inequality of (5.35) yields
_ 1—am)? "1 —as\2\?
ez (i S ()Y
[[nX,[Pla] < C (1_a2)(1_a)2+z 1—a

s=1

Using 1—a” < 1A(n(1—a)) we obtain E|(1—a)(1—a?)(X,)?|P < Cn™? and E|(1—a?)(X,,)?|? <
CE(1—a)"'n~!. Finally, E|(1—a?)X?(n)|P < C follows by the same arguments as E|L,|P < C'
(see (5.37)). This proves (5.41), thereby completing the proof of (5.36) and of the proposition,
too. [

_ Let a,ay,...,ay be iid. rv.s with d.f. G(z) = P(a < z) supported on [—1,1]. Define
Gn(z):= NN 1(a; < 2), Un(z) := NV2(Gn(z) — G(2)), x € [~1,1], and wy(d) (= the
modulus of continuity of Uy) by

wn(0) :== sup |Uyx(y) —Un(z)|, §>0.

0<y—z<6
Lemma 5.11. Assume that G satisfies Assumption (A6). Then for all € > 0,
e'P(wn(8) > 66) < (3+3C)Lad®+ N,
where C' is a constant independent of €, 6, N.

Proof. As in [13, page 106, equation (13.17)] we have that

EUn(y) — Un(@)]*|Un(2) — Un(y)[?
E[Un(y) — Un()[*

3P(a € (z,y])P(a € (v, 2]),
3P(a € (z,9])* + N"'P(a € (z,9])

IA A

for —1 < x <y < z < 1, where the second inequality treats the 4th central moment of a
binomial variable. Now fix 6 > 0 and split [—1, 1] = U;A;, where A; = [-1+40, —1+(i+1)0],
i=0,1,...,[2/6] =1, Alys) = [-1+ |2/0]0,1]. According to [109, page 49, Lemma 1}, for
all e > 0,

e*P(wn(8) > 6¢) < (34 30) max P(a € A;) + N7Y

where C' is a constant independent of €, §, N. Lemma follows from Assumption (A6) on the
d.f. G of the r.v. a. []

Note that if we take § = dy = o(1), we then get P(wn(d) > ¢€) — 0 as N — oo.
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Lemma 5.12. Let Gy, Ga, be given in (5.12) under Assumptions (A1)-(A6) with o = 1.
Then for all v € (0,1) and n > 1, it holds

sup [P < @, o < y) = Pl < )Pz, < y)| = On~ @260/
z,y€[—1,1]

Proof. Define 6;,, :== a;, — a;, i = 1,2. For v € (0,1), we have

P(|01n] >yor|don >7) < P01 >7) + P(l020] > 7)
< C(n—((p/2)A(p—1))7—p +n7Y

by Proposition (5.1). Consider now

P, <z G2, <y) = Plar+ 01, <z, a3+ 2n <y)
S P(al + 51,71 < €, ag + 52,11 S Y, |6l,n‘ é v, |52,n‘ S 7)

+P([01,0] > yor|d2,] > 7).

Then
Play 4+ 01 <, ag+ 62 <y, [010] <7, [020] <)
<Pla <a 47, a2 <y+7, |61, <7, |020] <7)
<Gz +7)Gy+7)
and

>Play <z —7, a0 <y—7,]000] <, |020] <)
> G(r —7)G(y — ) — P(|61,n] > vor[dzu] > 7).

Pla1 + 61, <@, a0+ 020 < Yy, [010] <7, [02.0] <)

From (5.8) we obtain

|G(x £ 7)G(y £v) — G(2)G(y)]
=[(G(z) + OM)(G(y) + O(7)) — G(2)G(y)| < Cr.

Hence,
P(a1 <z, a2 <y) — G(2)G(y)| < Oy +n~t + n~ (/2P0 7P), (5.42)
In a similar way,
[P(a1 < 2)P(az < y) — G(2)G(y)| < Cly +n~"' 0 @207, (5.43)

By (5.42), (5.43), the proof of the lemma is complete with v = 7,, = o(1), which satisfies
o ~o = @/DAB-1) . 0






Scaling transition for
nonlinear random fields

This chapter contains the article [82]. We obtain a complete description of anisotropic
scaling limits and the existence of scaling transition for nonlinear functions (Appell polyno-
mials) of stationary linear random fields on Z? with moving average coefficients decaying at
possibly different rate in the horizontal and vertical direction. This chapter extends recent
results on scaling transition for linear random fields in [89,90].

6.1 Introduction

[90] introduced the notion of scaling transition for stationary random field (RF) X =
{X(t,s), (t,s) € Z*} in terms of partial sums limits

D;,}Y Z X(tvs)gi‘/W(x?y)v (a:,y) GR?H A— o0, v>0, (61>

(tvs)eK[z\x,)\'Vy]

where D), — oo is normalization and K, vy i= {(t,s) € Z* : 1 <t < Az,1 < s < XNy} is
a family of rectangles whose sides grow at possibly different rate O(A) and O(A?) and v > 0
is arbitrary. RF X is said to exhibit scaling transition at v, > 0 if the limit RFs V, = VWX
in (6.1) do not depend on 7 for v > 7, and v < vy and are different up to a multiplicative
constant, viz.,

fdd
VXE VX (Vy > ), VEEVY (vy <), VI # aV (Ya > 0).

103
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In such case, RF Vfo( is called the well-balanced while RFs V;rX and VX the unbalanced scaling
limits of X.

It appears that scaling transition is a new and general feature of spatial dependence which
occurs for many isotropic and anisotropic RFs on Z? with long-range dependence (LRD).
It was established for a class of aggregated a-stable autoregressive models [90], a class of
Gaussian LRD RFs [89], and some RFs arising by aggregation of network traffic and random-
coefficient time series models in telecommunications and economics; see [35,70,79,80], also [90,
Remark 2.3]. The unbalanced limits V7 in these studies have a very special dependence
structure (either independent or invariant rectangular increments along one of the coordinate
axes) and coincide in the Gaussian case with a fractional Brownian sheet (FBS) By, g, with
one of the two parameters Hy, Hy € (0, 1] equal to 1/2 or 1.

The above mentioned works deal with linear RF models written as sums (stochastic
integrals) w.r.t. i.i.d. ‘noise’. It is well-known that nonlinear RFs can display quite complicated
nongaussian scaling behavior. See Dobrushin and Major [26], also [2,4, 36, 38,45,59,66, 100,
104] and the references therein.

The present chapter establishes the existence of scaling transition for a class of nonlinear
subordinated RFs:

X(t,8) =G(Y(t,s)), (ts)ecZ? (6.2)
where Y = {Y (¢, s), (¢,s) € Z*} is a stationary linear LRD RF in (6.3) and G(z) = A.(z),

r € R, is the Appell polynomial of degree k > 1 (see Section 6.2 for the definition) with
EG(Y(0,0))? < oo, EG(Y(0,0)) = 0. The (underlying) RF Y is written as a moving-average

Y(t,s)= > a(t—u,s—v)e(u,v), (L)€ 2, (6.3)

(u,v)€Z2

in a standardized i.i.d. sequence {e(u,v), (u,v) € Z?} with deterministic moving-average
coefficients such that

a(t,s) ~ const([t|? + |s[22/1)~0/2 || +|s| — oo, (6.4)

where parameters ¢, go > 0 satisfy

1<Q::l+l<2. (6.5)
i 92

In Theorems 6.1-6.5, the moving-average coefficients a(t, s) may take a more general form in
(6.10) including an ‘angular function’. Condition @ < 2 guarantees that 3, ;)ez a(t, s)* < oo
or Y in (6.3) is well-defined, while Q) > 1 implies that >, ez |a(t, s)| = oo (in other words,
that RF Y is LRD). Note a(t,0) = O([t|~%), a(0, s) = O(|s|~%) decay at a different rate when
g1 # @2 in which case Y exhibits strong anisotropy. The form of moving-average coefficients
in (6.4) implies a similar behavior of the covariance function ry(t,s) := EY(0,0)Y(¢,s) =
> (uwyezz a(u, v)a(t + u, s +v), namely,

Ot + [s[P2/P1) /2 <y (8, s) < Co[t? + [s2/P) 2, Jt] + [s| = 00, (6.6)
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for some positive constants C,Cy > 0, where

bi = %(2_@)7 1=1,2. (67>

Note p1/ps = ¢1/q2 and the 1-1 correspondence between (¢, q2) and (p1, p2):

i . 1 1
qi = %(1—{—]3), i=1,2, where P:= — + —. (6.8)
bt P2
(6.6) implies that for any integer £ > 1 and P ¢ N,
Yo oyt s)f =0 1<k<P (6.9)

(t,s)ez?

See Propositions 6.8 and 6.10. In the case when Y in (6.3) is a (standardized) Gaussian RF,
ry (t, s)*k! coincides with the covariance of the kth Hermite polynomial Hy (Y (¢,5)) of Y and
the (nonlinear) subordinated RF X = H(Y) is LRD if condition (6.9) holds. A similar result
is true for nongaussian moving-average RF Y in (6.3) and Hermite polynomial Hy replaced
by Appell polynomial Ayg.

The following summary describes the main results of this chapter.

(R1) Subordinated RFs X = A,(Y), 1 < k < P, exhibit scaling transition at the same point
Yo := p1/P2 = ¢1/¢2 independent of k.

(R2) The well-balanced scaling limit V. of X = Ai(Y) is nongaussian unless k = 1 and is
given by a k-tuple It6—Wiener integral.

(R3) Unbalanced scaling limits V;¥ = M/X, v > v, of X = A(Y) agree with FBS BHka,l/2
with Hurst parameter Hy, € (1/2,1) if kp, > 1, and with a ‘generalized Hermite slide’

VX (z,y) = 2Z (y) if kpy < 1, where Z," is a self-similar process written as a k-tuple
[t6-Wiener integral. A similar fact holds for unbalanced limits VX = V7X , Y < Y-

(R4) For k > P, RF X = A,(Y) does not exhibit scaling transition and all scaling limits
VX, v > 0, agree with Brownian sheet By /s 1/2.

(R5) In the case of Gaussian underlying RF Y in (6.3), the above conclusions hold for general
nonlinear function G in (6.2) and k equal to the Hermite rank of G.

The above list contains several new noncentral and central limit results. (R2), (R4)
and (R5) are new in the ‘anisotropic’ case p; # py while (R3) is new even for linear RF
X = A1(Y) =Y (see Remark 6.1 concerning the terminology in (R3)). Similarly as in the
case of linear models (see [89,90]), unbalanced limits in (R3) have either independent or
completely dependent increments along one of the coordinate axes. According to (R3), the
sample mean of nonlinear LRD RF X = A, (Y), 1 < k < P, on rectangles Ky, 7 # 70,
may have Gaussian or nongaussian limit distribution depending on k, ~ and parameters

pi, p2, moreover, in both cases the variance of the sum Yty eK ) X (t,s) grows faster
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than A7 or the number of summands. The dichotomy of the limit distribution in (R3)
is related to the presence or absence of the vertical/horizontal LRD property of X, see
Remark 6.4. We also note that our proofs of the central limit results in (R3) and (R4)
use rather simple approximation by m-dependent r.v.s and do not require a combinatorial
argument or Malliavin’s calculus as in [16,72] and other papers.

It is well-known that Appell polynomials play a similar role to Hermite polynomials in
limit theorems for nonlinear functions of linear nongaussian LRD processes, except that they
lack the orthogonality property of the latter and therefore expansions in Appell polynomials
are of limited use. See [4,36,101]. Particularly, the results in (R1)—(R4) hold for arbitrary
polynomial G(z) = X7, ¢;A;(x) with ¢, # 0 under suitable moment assumptions on the
innovations. However, except for the Gaussian case, dealing with non-polynomial functions
of LRD processes requires different techniques, see e.g. [45,101], and is much harder in the
case of noncausal spatial models, c.f. [28].

The results of this chapter have direct relevance for statistics of strongly dependent spatial
data by showing that the (asymptotic) shape of the spatial region may have a drastic effect
on the limit distribution of linear and nonlinear statistics. See Section 6.8 (Final comment)
at the end of the chapter.

The rest of the chapter is organized as follows. Section 6.2 provides the precise assump-
tions on RFs Y and X and some known properties of Appell polynomials. Section 6.3 contains
formulations of the main results (Theorems 6.1-6.5) as described in (R1)-(R5) above. Sec-
tion 6.4 provides two examples of linear fractionally integrated RFs satisfying the assumptions
in Section 6.2. Section 6.5 discusses some properties of generalized homogeneous functions
and their convolutions used to prove the results. Section 6.6 discusses the asymptotic form
of the covariance function and the asymptotics of the variance of anisotropic partial sums of
subordinated RF X = A, (Y). All proofs are collected in Section 6.7.

In this chapter, we denote R, := (0,00), R% := (0,00)%, R} := R*\ {(0,0)}, Z; =
{0,1,...}, N:={1,2,...}, Z°% := {((ug,v1), ..., (u,vx)) € Z% : (wi,v;) # (uj,v;),1 <i <
j <k}, keN.

6.2 Assumptions and preliminaries

Assumption (A1). {e, (t,s), (t,s) € Z*} is an i.i.d. sequence with Ee = 0, Ee¢? = 1.

Assumption (A2). Y = {Y(t,s), (t,s) € Z*} is a moving-average RF in (6.3) with coeffi-
cients

1 t
alt.9) = g gz (Do (g pge) o).+l oo (610)

(t,s) # (0,0), where ¢; > 0, i = 1,2, satisfy Q = X2, ¢; " € (1,2) (see (6.5)) and Lo(u) > 0,
u € [—1,1], is a bounded piece-wise continuous function on [—1, 1].



107 6.2. Assumptions and preliminaries

We refer to Lo in (6.10) as angular function. Assumptions (A1)-(A2) imply EY(0,0)? =
> ts)ezz alt, 5)? < oo and hence RF Y in (6.3) is well-defined and stationary, with zero mean
EY(0,0) = 0. Moreover, if Ele|* < oo for some o > 2 then E|Y(0,0)|* < oo follows by
Rosenthal’s inequality; see e.g. [36, Corollary 2.5.1].

Given a r.v. £ with E|£|* < oo, k € Z,, the kth Appell polynomial A, (z) relative to the

distribution of ¢ is defined by Ag(z) := (—i)*d*(e™*/Ee™) /du” ‘TO. See [4, 36] for various
properties of Appell polynomials. In what follows, Ay (&) stands for the r.v. obtained by sub-
stituting x = £ in the Appell polynomial A(z) relative to the distribution of £. Particularly,
if E€ = 0 then A;(§) = &, Ay(§) = &2 — EE%, A3(€) = & — 3EEE? — EE? ete. For standard
normal & £ A(0,1) the Appell polynomials A (€) = Hy(€) = (—i)’“dkei“@“ﬁ/Q/duk’u_0 agree
with the Hermite polynomials.

Assumption (A3);. For k € N, El¢|?** < oo and

X = {X(t,5) = A(Y (L)), (t,5) € 2%}, (6.11)

where Ay is the kth Appell polynomial relative to the (marginal) distribution of Y (¢,s) in
(6.3).

We also use the representation of (6.11) via Wick products of noise variables (see [36,
Chapter 14]):

AcY(t,s) = > alt—w,s—vi)-alt —ug, s —vg) re(ug,vr) - e(up, vp): . (6.12)

(uvv)k €72k

By definition, for mutually distinct points (u;,v;) # (uj,vy) (7 # j',1 < 4,5 < 1) the Wick
product : e(uy,v)" -+ e(u;, v;)% 1= TT'—; A, ((uy,v;)) equals the product of independent
r.v.s Ag(e(uj,v;)), 1 < j < i, (6.12) leads to the decomposition of (6.11) into the ‘off-
diagonal” and ‘diagonal’ parts:

Ap(Y(t,5)) = Y*F(t, s) + Z(t, 5), (6.13)
where
Yok(t, s) == Z.a(t — Uy, § —vy) - a(t — ug, s — vg)e(ug, vy) - - e(ug, vg) (6.14)
(u,0)k
and the sum 37, ) is taken over all (u, v), = ((u1,v1), - -, (ug, v)) € Z** such that (u;, v;) #

(uj,vj) (i # j) (the set of such (u,v);, € Z?* will be denoted by Z*?*). By definition, the
‘diagonal’ part Z(t,s) in (6.13) is given by the r.h.s. of (6.12) with (u,v); € Z** replaced by
(u,v)r € Z**\ Z*?*. In most of our limit results, Z(t, s) is negligible and Y'**(¢, s) is the main
term which is easier to handle compared to Ax(Y (,s)) in (6.13). We also note that limit
distributions of partial sums of ‘off-diagonal’ polynomial forms in i.i.d. r.v.s were studied
in [5,36,100] and other works.
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Assumption (A4);. £(0,0) 4 7 and Y (0,0) 4 7 have standard normal distribution

7z 4 N(0,1) and X(t,s) = G(Y(t,s)), where G = G(x), x € R, is a measurable function
with EG(Z)? < oo, EG(Z) = 0 and Hermite rank &k > 1.

Assumptions (A1), (A2) and (A4)g imply that Y in (6.3) is a Gaussian RF. As noted
above, under Assumption (A4); Appell polynomials Ay (x) coincide with Hermite polynomials
Hj,(z). Recall that the Hermite rank of a measurable function G : R — R with EG(Z)? < oo
is defined as the index £ of the lowest nonzero coefficient ¢; in the Hermite expansion of G,
viz., G(z) = 3272, ¢;H;(x) /5! where ¢}, # 0.

Let L?(R%*) denote the Hilbert space of real-valued functions h = h((u,v)s), (u,v)x =
(ug,v1, ..., up,vp) € R* with finite norm ||Al[x := {fgor R((w, v)r)2d(u, v)e}/2, d(u,v)p =
duydvy - - - dugdvg. Let W = {W(du,dv), (u,v) € R?*} denote a real-valued Gaussian white
noise with zero mean and variance EW (du, dv)? = dudv. For any h € L*(R?*) the k-tuple
[t6-Wiener integral [gor h((u, v)g)d*W = [or h(ug, vy, . . ., ug, vi)W (duy, dvy) - - - W (dug, dug)
is well-defined and satisfies
E froe h((u, v))d*W = 0, E(fgor h((u, v))d*W)? < Kl||h]3; see e.g. [36].

6.3 Main results

Recall the definitions of p;, P in (6.7), (6.8); 7o = ¢1/g2 = p1/p2- Denote

Sifw(x,y) = Z X(t,s), Sify = Sif,y(l, 1).

(tvs)eK[)\z,)\’Yy]

Consider a RF

Vi (e9) = [ by (w0 )d W, (e,y) € B, (6.15)
where
k
h(ZE, Y; (U, U)k) = / H aoo<t — Ui S — Ui>dtd87 (616)
(0,z]x(0,y] ;54
Gneltys) 1= (It + [sP/m)L (4 ([ + |52, (1, 5) € RE.

Theorem 6.1. (i) The RF V% in (6.15)(6.16) is well-defined for 1 < k < P as an Ito-
Wiener stochastic integral and has zero mean EV,X (x,y) = 0 and finite variance EVY (x,y)?
= klh(z, y; )|, Moreover, RF V;X, has stationary rectangular increments and satisfies the
operator-scaling property (see [12])

(VX O, X0y), (a,y) € R2} S (AOOVE (2y), (2,y) € RE}, WA >0, (6.17)

where H () =14 v — kp1/2.
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(i) Let REFsY and X = Ar(Y) satisfy Assumptions (A1), (A2) and (A3), 1 < k < P.
Then as A — oo,

Var(S3,,) ~ c(70) A0 ¢(v) := kY| A(1, 1;)[|7 (6.18)
and .
)\_H(%)Sif% (x,y) — Vkﬁo (x,y). (6.19)

Next, we discuss the case 1 < k < P, v # 7. This case is split into four subcases: (cl):

v >0, k> 1/pa, (€2): v > 0, k < 1/pa, (¢3): v <70, k> 1/p1, and (c4): v <0, k < 1/p1
(the ‘boundary’ cases k = 1/p;, i = 1,2, are more delicate and omitted, see Remark 6.2).
Cases (c3) and (c4) are symmetric to (c1) and (¢2) and essentially follow by exchanging the
coordinates ¢ and s. Introduce random processes Z; and Z, with one-dimensional time:

Zi(y) = [

R2k

he(y; (u,0)0)d5 W, Z0(x) = / he(z; (u,0))d*W, 2,y €Ry, (6.20)

R2k

where
y k e k
hey: (w0)) = [ Tl aw(us = vds, Ao (o)) == [ [Taw(t = usv)dt, (6:21)
0 =1 0 i=1
and ax(t,s) is defined in (6.16). In Theorem 6.3, x stands for convolution of functions

indexed by R? (see Section 6.5 for definition).

Theorem 6.2. (i) Processes Z;F and Z, in (6.20) are well-defined for 1 < k < 1/py and
1 < k < 1/p1, respectively, as Ito—Wiener stochastic integrals. They have zero mean, finite
variance, stationary increments and are self-similar with respective indices Hyy, := 1—kpy/2 €
(1/2,1) and Hy,, :=1—kp1/2 € (1/2,1).

(i) Let RFs'Y and X = Ax(Y) satisfy Assumptions (A1), (A2) and (A8)y, 1 < k < 1/ps.
Then for any v > 7o, as A — o0,

Var(Sy) ~ c(y) A7), (6.22)
where H(vy) =1+ ~vH,, and c(v) := k!||h,(1;-)]|? > 0. Moreover,
ATHDSY (z,y) Y 2Ziy), A= . (6.23)

(1ii) Let RFsY and X = Ax(Y) satisfy Assumptions (A1), (A2) and (A3),, 1 <k < 1/p;.
Then for any v < 7, as A — 00,

Var(Sifv) ~ c(v))\QH(V),
where H(v) :=~+ Hy;, and c(y) := K!|h_(1;-)|? > 0. Moreover,

)\_H(W)Sifﬁ/(x,y) fad yZ; (x), A — 0.
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Remark 6.1. Processes Zi in (6.20) have a similar structure and properties to generalized
Hermite processes discussed in [5] except that (6.20) are defined as k-tuple 1t6—-Wiener inte-
grals with respect to white noise in R? and not in R as in [5]. Following the terminology in [81],
RFs zZ;f (y) and yZ; (z) may be called a generalized Hermite slide since they represent a ran-
dom surface ‘sliding linearly to 0" along one of the coordinate on the plane from a generalized
Hermite process indexed by the other coordinate. In the Gaussian case k = 1, a generalized
Hermite slide agrees with a FBS By, m, where one of the two parameters Hy, Hy equals 1.
Recall that a fractional Brownian sheet (FBS) By, g, = {Bu, m(z,v), (z,y) € R2} with
parameters 0 < Hy, Hy < 1 is a Gaussian process with zero mean and covariance function

EBuy 1 (1, 1) Bry s (2, y2) = (1/4)(a3™ + 3™ — |2y — 2o1)
X (177 4+ 3™ — |y — oM7), (6.24)

Theorem 6.3. (i) Let RFsY and X = A,(Y) satisfy Assumptions (A1), (A2) and (A3)y,
1/ps < k < P. Then for any v > 7o, as A — o0,

Var(Ss.,) ~ ()N, (6.25)

where H(vy) := Hfy +7v/2, Hf} := 1+7/2 —kp1/2 € (1/2,1) and () := k! [ig 112z (000 *
oo ) (t1 — to, 8))Fdt dtads > 0. Moreover,
_ fdd

A H(7)5§7($a y) — 0(7)1/2BH$,1/2($7 y)7 A — 0. (626)

(i) Let RFsY and X = A, (Y) satisfy Assumptions (A1), (A2) and (A3)k, 1/p1 < k < P.
Then for any v < 7o, as A — o0,

Var(SifV) ~ ()N (6.27)

where H(7y) :=vHy +1/2, Hyy == 14+1/(270) —kpa/2 € (1/2,1) and c(v) := k! fo(o,1]2((aoo*
Uoo)(t, 51 — 82))Fdtdsdsy > 0. Moreover,

_ fdd
A H(V)va(:t, y) — c('y)l/QBl/Z’H;k (z,y), A— 0. (6.28)

Remark 6.2. Note H;, = 1 (kpo = 1) and H,, = 1 (kp; = 1). We expect that the
convergences (6.26) and (6.28) remain true (modulo a logarithmic correction of normalization)
in the ‘boundary’ cases kps = 1 and kp; = 1 of Theorem 6.3(i) and (ii) and the limit RFs in

these cases agree with FBS By 1,5 or By/y 1, respectively, having both parameters equal to 1
or 1/2.

The next theorem discusses the case k > P.

Theorem 6.4. Let RFsY and X = A (Y) satisfy Assumptions (A1), (A2) and (A3), and
k > P. Then for any v >0, as A — oo,

A~ Var(S5) — o,



111 6.4. Examples: fractionally integrated RFs

where 0% = ;. 5ez2 Cov(X(0,0), X(t,5)) € [0,00). Moreover, if % >0 then

ATRGX (4 y) 9 oxBisap(a,y), A — oo

Our last theorem extends the above results to general function G having Hermite rank k and
Gaussian underlying RF Y.

Theorem 6.5. Let X = G(Y) satisfy Assumptions (A1), (A2) and (A4)x. Assume w.l.g.
that G has Hermite expansion G(x) = Hy(x) + X252, ¢;H;(z) /5.

(i) Let 1 <k < P. Then RF X satisfies all statements of Theorems 6.1-6.3.

(ii) Let k > P. Then RF X satisfies the statements of Theorem 6./.

According to Theorems 6.2-6.3, the unbalanced scaling limits VX of RF X = A,(Y)
satisfying Assumptions (A1)—(A3), are given by

$Z+(y) kp? < 17
V¥ (z,y) ]
i C}&-/zBHﬁc,l/Q(xuy>7 kpa > 1,
— ) - 1/2 .
c Bl/2,H2_k (z,y), kp1>1,

where ¢y = ¢(y) > 0 are constants given in Theorem 6.3. The covariance functions of RFs
VX in (6.29) agree (modulo a constant) with the covariance of FBS By, g, where at least
one of the two parameters Hy, Hy equals 1 or 1/2, namely (Hi, Hy) = (1, HS}) if kpy < 1,
= (H{,,1/2) if kp, > 1 in the case of VX, and (Hy, Hs) = (Hy, 1) if kpy < 1, = (1/2, Hy;)
if kp; > 1 in the case of VX. These facts and the explicit form of the covariance of FBS, see

fdd
(6.24), imply that V¥ £ aVX (Va > 0), for any k, p1, p» in Theorems 6.2-6.3, yielding the

following corollary.

Corollary 6.6. Let RF X = Ap(Y) satisfy Assumptions (A1), (A2) and (A3)x, 1 <k < P,
kp; #1,i=1,2. Then X exhibits scaling transition at vy = p1/po.

6.4 Examples: fractionally integrated RFs

In this section we present two examples of linear fractionally integrated RFs Y on Z?
satisfying Assumptions (A1) and (A2).

Example 1. Isotropic fractionally integrated random field. Introduce the (discrete)
Laplace operator AY (¢, s) 1= (1/4) Xy joj=1 (Y (t+u, s +v) =Y (¢, 5)) and a lattice isotropic
fractionally integrated RF {Y'(¢, s), (t,s) € Z*} satisfying the equation:

(=AY (L, 8) = e(t, 5), (6.30)
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where {e(t,s), (t,s) € Z*} are standard i.i.d. r.v.s, 0 < d < 1/2 is the order of fractional
integration, (1 — 2)* = 352 4;(d)27, ¢;(d) := T'(j — d)/T'(j + 1)I'(—d). More explicitly,

(=AY (t,5) = Z@ZJ] L+ AYY(t,s)= Y bu,v)Y(t—us—v), (6.31)

(u,v)€Z2

where b(u,v) := 322, 1;(d)p;(u,v) and p;(u,v) are j-step transition probabilities of a sym-
metric nearest-neighbor random walk {W;, j = 0,1, ...} on Z? with equal 1-step probabilities
P(Wy = (u,v)[Wy = (0,0)) = 1/4, |u| + |v] = 1. Note 3, yyez2 [b(u, v)| = 352, [1h;(d)| < o0,
d > 0, and therefore the Lh.s. of (6.31) is well-defined for any stationary RF Y with
E|Y(0,0)] < co. As shown in [56], for 0 < d < 1/2 a stationary solution of (6.30) with
zero-mean and finite variance can be defined as a moving-average RF:

Y(t,s) = (=A%t s) = > a(u,v)e(t —u,s —v), (6.32)
(u,v)€Z2
with coefficients
ij d)p;j(u,v) (6.33)

satisfying 3, ,)ez2 a(u,v)* < co. Moreover, RF Y in (6.32) has an explicit spectral density
f(x,y) = (2m) 722724 (1 —cos z)+(1—cos y)| 7%, (x,y) € [—m, w]?, which behaves as const(z+
y?) 2% as 2% + y? — 0. According to [56, Proposition 5.1], the moving-average coefficients in
(6.33) satisfy the isotropic asymptotics:

a(t,s) = (A+o(1)(2 +s2) 1D 24 5% - oo,
where A := 771'(1 — d)/T'(d) and hence Assumption (A2) with ¢; = ¢ = 2(1 — d) € (1,2),
Q =1/(1—4d) € (1,2) and a constant angular function Ly(z) = A, z € [—1,1].

Example 2. Anisotropic fractionally integrated random field. Consider the ‘discrete
heat operator’ Aj,Y (¢,s) = Y(t,s) —0Y(t —1,5) — S2(Y(t—1,s+ 1)+ Y(t— 1,5 — 1)),
0 <0 < 1, and a fractionally integrated RF satlsfymg

AizY(t, s) =e(t, s), (6.34)

where {e(t,s)} are as in (6.30). Similarly to (6.32), a stationary solution of (6.34) can be
written as a moving-average RF":

Y(t,s)=Are(t,s) = > a(u,v)e(t —u, s —v), (6.35)

(u,0)EZ4 XZ

with coefficients

a(u,v) = Yu(—d)qu(v), (6.36)
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where ¢,(v) are u-step transition probabilities of a random walk {W,, v = 0,1,...} on Z
with 1-step probabilities P(W; = v|Wy =0) =60 if v =0, = (1 — 0)/2 if v = £1. As shown
in [60], 3 up)ezz a(u,v)? < oo and the RF in (6.35) is well-defined for any 0 < d < 3/4,
6 € [0, 1); moreover, the spectral density f(z,y) of (6.35) is singular at the origin: f(z,y) ~
const(z? + (1 — 0)%y*/4)~%, (z,y) — (0,0).

Proposition 6.7. For any 0 < d < 3/4, 0 < 6 < 1, the coefficients in (6.36) satisfy
Assumption (A2) with ¢ = 3/2 — d, go = 2q1 and a continuous angular function Ly(z),
z € [—1,1], given by

,d—3/2 (1/2)2 =1 . .
exp{ — }, <z <1,
Lo(2) = { T(d),/27(1 — 6) 2(1-0) (6.37)
0, -1 <2z2<0.
Remark 6.3. [14,41] discussed fractionally integrated RFs satisfying the equation
APALY (L, 8) = €(t, 5), (6.38)

where A1Y (t,s) =Y (t,s) =Y (t—1,s), AY(t,s) ==Y (t,s) —Y(t,s—1) are difference oper-
ators and 0 < dy,dy < 1/2 are parameters. Stationary solution of (6.38) is a moving-average
RF Y(t,s) = 2 (uw)ez2 a(u,v)e(t — u,v — s) with coefficients a(u,v) := 1, (—dy)1,(—ds).
Following the proof of Theorem 6.1 one can show that for any v > 0 the (normalized)
partial sums process of RF Y in (6.38) tends to a FBS depending on dy,ds only, viz.,
AT SY (2, y) ¢ c(dy)e(dy) By, o, (2, y), where H; = d; + 1/2 and ¢(d;) > 0 are some
constants. See [89, Proposition 3.2] for related result. We conclude that the fractionally in-
tegrated RF in (6.38) featuring a ‘separation of LRD along coordinate axes’ does not exhibit
scaling transition in contrast to models in (6.30) and (6.34).

6.5 Properties of convolutions of
generalized homogeneous functions

For a given w > 0 denote
plt,s) i= (It + sP/=)V2, po(t;s) =1V p(t,s), (t,5) € R2.

Let f(t,s) = p(t,s)™"L(t/p(t,s)), where h € R and L = L(z), z € [~1,1], is an arbitrary
measurable function, then f(¢,s) satisfies the scaling property: f(M,\%s) = X 7"f(t, s),
(t,s) € RZ, for each A > 0. Such functions are called generalized homogeneous functions
(see [42]).

We use the notation (ayxaz)(t, s) = [g2 a1(u, v)as(t+u, s+v)dudwv for convolution of functions
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a;,i = 1,2, defined on R%. Similarly, we write [a;*as](t, s) = > (uv)ezz a1(u, v)az(t+u, s+v) for
‘discrete’ convolution of sequences a;, i = 1,2, defined on Z2. Note the symmetry a;(t,s) =
a;(t,—s), i = 1,2, implies the symmetry [a; % as](t,s) = [a1 * az](t, —s), (a1 * az)(t,s) =
(aq x ag)(t, —s) of convolutions.

Let Bs(t,s) := {(u,v) € R? : |t —u| + |s —v| < &}, BS(t,s) :=R?\ Bs(t, s).

Proposition 6.8. (i) For any 6 >0, h > 0,

/ p(t,s) "dtds < co = h <1+ @ (6.39)
B5(0,0)

and

t,s) "dtds < oo
/Bg(0,0) p(t, s)
Z er(ta S)_h <0

(t,s)ez?

< h>1+w. (6.40)

(ii) Let h; > 0, i = 1,2, hy + hy > 1 + w. Then there exists C' > 0 such that for any
(t,5) € RG,

(p M p ) (t,5) < Cp(t,s) ™ M=h h <14 wi=1,2, (6.41)
(P xp™)(t,s) < Cpi(t,s)™", hy <14+ w < hy, (6.42)
(i % py"2)(t,s) < Cpilt,s) ™M hi>14wi=1,2 (6.43)

Moreover, inequalities (6.41)~(6.43) are also valid for ‘discrete’ convolution [p3™ x p3"2](t, s),
(t,s) € Z? with p(t,s) on the r.h.s. of (6.41) replaced by p. (t,s).
(iii) Let a; = a;(t,s), (t,s) € Z?, satisfy a;(t,s) = po(t,8) 7" (Li(t/po(t,s))+o(1)), |t|+]|s| —
0o, where 0 < h; < 1+ w < hy + he, and L;y(u) Z 0, u € [—1,1], are bounded piecewise
continuous functions, i = 1,2. Let a;oo(t,s) := p(t,s) " Li(t/p(t,s)), (t,s) € R? i = 1,2.
Then

(Gro0 * G200 ) (L, 8) = p(t,8) T2 Lo (t/p(t, s)), (t,5) € R?, (6.44)

and
lay * as)(t, s) = py(t,8) T (Lig(t/py (k) +o(1)), |t +|s| = 00, (6.45)
where

Luo(2) = (100 % a00) (2, (1 — 22)%/2) = /R 100 (1, 0)azee (4 2,0 + (1= 22)7?)dudv (6.46)

is a bounded continuous function on the interval z € [—1,1]. Moreover, if Li(z) = La(z) > 0
then Lya(z) in (6.46) is strictly positive on [—1,1].
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Proposition 6.9. Let b(t,s) := pi(t,s)"(L(t/py(t,s)) +o(1)), |t| + |s| = oo, (t,s) € Z2,
boo(t,8) := p(t,s)"L(t/p(t,s)), (t,s) € R?, where 0 < h <1+ w and L(u) >0, u € [-1,1],
is a continuous function. Then for any v > 0,

BA(V) = Z b(tl — 12,81 — 82) ~ C(V)A%m, A — 00, (6-47)

(ti,8:) €K 2av),i=1,2

where
1+ w %, (I)
Hy) = {1+3-l5= ()
1+y-12, (IV)
-1 (V)
/ i boo(tl — tg, S1 — Sz)dtldtgdsldSQ, (I)
0,1
/ | boo(07 S1 — 82)d81d327 (II)
0,1]2
C(’y) = /0 2R boo (tl — tQ, s)dtldt2ds, (III) (648)
/ boo(t1 — t2,0)dt1dty, (IV)
0,1]2
boo(t, S1 — Sg)dtdsldSQ, (V)

Rx(0,1]2

in respective cases (I): vy =w, (II):y>w, h<w, (III):y>w, h>w, (IV):y<w, h<1
and (V): v <w, h > 1.

6.6 Covariance structure of
subordinated anisotropic RFs

In this section from Propositions 6.8 and 6.9 with @ = 7o, p(t,s) = (|t|*> + |s]*/7°)"/? we
obtain the asymptotic form of the covariance function of rx (¢, s) := EX(0,0)X (¢, s) and the
asymptotics of the variance of anisotropic partial sums Sif7 of subordinated RF X = A (Y).

Proposition 6.10. Let RF X = Ap(Y') satisfy assumptions (A1), (A2) and (A3).
(i) Let k > 1. Then X(t,s) = Y*k(t,s) + Z(t,s), where Z(t,s) is defined in (6.14) and

rz(t,s) = O(p(t,s) 1), |t| +|s] — oo. (6.49)
(ii) Let 1 < k < P. Then

rx(t,s) = Klp(t, s) ™" (Lx(t/p(t,s)) + 0o(1)), [t|+]s| = oo, (6.50)
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where Lx(2) i= ((aso * o) (2, (1 — 22)0/2))6 2 € [=1,1], is a strictly positive continuous
function and as, is defined in (6.16). Moreover rz(t,s) = o(p(t,s) "), |t| + |s| = oc.
(1ii) Let k > P. Then

rx(t,s) = O(p(t,s)~FPIACLY ¢ 4 |s| — oo. (6.51)

Clearly, (6.50) implies Cip(t,s) "1 < ry(t,s) < Cyp(t,s)"FP for all |t| + |s| > C3 and
some 0 < C; < 00, i = 1,2,3. The last fact together with Proposition 6.8(i) implies the
following corollary.

Corollary 6.11. Let X = Ax(Y), k > 1, be the subordinated RF defined in Proposition 6.10
and satisfying the conditions therein.

(i) Let 1 <k < P. Then ¥ gezz |7x(t,5)| = 00. Moreover, 3 ez |rx(0,s)| = 00 <= kpy <
1 and Y ez |rx(t,0)] = 0o <= kp; < 1.

(ii) Let k > P. Then X g)ez2 ITx(t,s)] < 00.

Remark 6.4. Following the terminology in [81], we say that a stationary RF X = {X(t, s),
(t,s) € Z?} with finite variance has vertical LRD property (respectively, horizontal LRD
property) if > .cz [rx (0, s)| = oo (respectively, >z |7x(£,0)| = 00). From Corollary 6.11 we
see the dichotomy of the limit distribution in Theorems 6.2-6.3 at points kpy, = 1 and kp; =1
is related to the change of vertical and horizontal LRD properties of the subordinated RF
X = A(Y).

Corollary 6.12. Let X(t,s) = Ap(Y(t,s)) = Y**(t,s) + Z(t,s), 1 < k < P, kp; # 1,
1t = 1,2, be the subordinated RF defined in Proposition 6.10 and satisfying the conditions
therein. Then for any v > 0, as A — oo,

Var(S5) ~ Var(SY") ~ () A1) (6.52)

and

Var(S5,) = O(A'17), (6.53)
where H(y) € (1 +7)/2,1+7) and c(v) are defined in Theorems 6.1-6.5.

6.7 Proofs

6.7.1 Proofs of Propositions 6.8-6.10 and Corollary 6.12

Proof of Proposition 6.8. With the notation o := p(t,s) we have that (¢,s) — (0,t/0) is a
1-1 mapping from R x [0, 00) to [0,00) x [—1, 1]. Particularly, if @ = 1 then (p, arccos(t/p))
are the polar coordinates of (¢,s) € R x [0,00). We use the inequality:

2
p(tl + tz, S1 + 82) S Cw Zp(ti, Si), (654)
=1
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with Co := 1V 2Y/%-1 which follows from

2
p(tl + t2, S1 + Sg)lAw S Zp<t“ Si)l/\w, (ti, Si) S R2, 1= 1, 2. (655)

i=1

(i) W.lg., let § = 1. Then [5, o p(t,s) "dtds < 4 f3 t="dt [/ (1 + u*=)~"2du, where
the inner integral = O(1) if h > @, = O(t" @) if h < w, = O(|logt|) if h = @, as u — 0.
This proves (6.39) and (6.40) follows analogously.

(ii) After the change of variables: u — ou, v — 0%v, g := p(t, s), we get

(p " xp)(t,s) = o FTTTTI /R _p(u,0) M p((t/0) +u, (s/07) +v) " dudv,
= Ql+w—h1—h2 (Il + [2 + [12), (656)

where

L= [ (o) p((t0) + u, (s/0%) + v) dudu,
Bs(0,0)

I, = ... dudw, I, = ... dudv

/195(—1?/97—8/@“) /BE(O,O)HBE(—??/&—S/@W)

with 0 > 0 such that Bs(0,0) N Bs(—t/0,—s/0%) = 0 for any (¢,s) # (0,0). The integrals
I; <C,i=1,2by (6.39) and 0 < h; < 1+ w, i = 1,2. Next, by Holder’s inequality with
h:= hl + h27

I, < p(u,v) "dudv < C,
B£(0,0)

in view of (6.40) and

p((t/o) +u, (s/0%) +v) "dudv = / plu, v) "dudv.

/Bg(t/g,S/@“) B5(0,0)

This proves (6.41).

Next, consider (6.42), or the case 0 < hy < 1+ @ < h;. By changing the variables as in
(6.56), we get (p™ * p~2)(t,s) < p"+®M—he ([ 4 I, + ), where I, < C, I;5 < C are the
same as in (6.56), whereas

I = /Bm,m(@l V o, v)) M p((t0) + u, (s/07) + v) " dudv.

Note that if given small enough § > 0, then (6.55) implies p((t/0) + u, (s/0%) + v)*\@ >
1—p(u,v)'"® > 1/2 for all (u,v) € Bs(0,0), and hence I} < Co" =177 [o py (u,v) " dudv <
Co"=17% according to (6.40). Since p(t,s)F= =2 = o(p(t,s)~"2) as [t| + |s| — oo, the
proof of (6.42) is complete.
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Finally, consider (6.43). We follow the proof of (6.42) and get (p;™ * pi"2)(t,s) <
ot hi=ha (I 4 [ + [15) with the same I < Co" 1% [}, < C, whereas

Iy = / plu,v) " (0™t v p((t/0) + u, (s/07) + v)) " dudv.
Bs(—t/0,—s/0%)

For small enough § > 0, we have p(u,v)'"" > 1 — p((t/0) + u, (s/0%) + v)"® > 1/2 for all
(u,v) € Bs(—t/0,—5s/0%), and hence I} < Co" 1= [0 pi (t +u, s +v) "2dudv < Cph21-=
by (6.40). Using p(t, s)1t==m=h2 = o(p(t, s)7""2) as |t| + |s| — oo, we conclude (6.43).
Extension of (6.41)—(6.43) to ‘discrete’ convolution [p3" % p3"*](t, s) requires minor changes
and we omit the details. This proves part (ii).

(iii) It suffices to show (6.45) for (t,s) € Z x Zy, (t,s) # (0,0), in which case py(t,s)

p(t,s). We have [a;xas](t, s) = }’jzo[a’i*ag] (t,s), where a?(t, s) := p(t,s) " Li(t/p,(t,s)),

al(t,s) == a;(t,s) —al(t,s) = o(py(t,s)7"), i =1,2. Clearly, (6.45) follows from

lim |p(t, s)" =0l x af)(t, 5) — Lua(t/p(t, 5))| = 0 (6.57)

[t]+]s] =00
and
0k ad](t, 5) = o{p(t, )= ), (i,5) £ (0,0), 1,5 = 0,1, [t +]s| =00, (6.58)

The proof of (6.58) mimics the proof of (6.57) and is omitted. To prove (6.57), write [a} *
adl(t,s) as the integral: [a) x a3](t,s) = Jpe a)([u], [v])ad([u] + t,[v] + s)dudv. After the
same change of variables u — ou, v — p%v, ¢ := p(t,s) as in the proof of (ii) we obtain
[ad % ad)(t,s) = o' ™= Mm=h2[ (t/p), where

Lo(2) ::/ Go(u,v; 2)dudv, 2 € [—1,1]
R2
and where
Go(tt, 05 2) 1= ary (1, B) asy (1 + 2,5+ (1 — 2)7/),

with @ := [pu]/ 0, ¥ := [0¥v]/0® and

aip(u,v) 1= (Q_l Y p(u,v))ihiLi (u/ (g_l Vv p(u, U))), i=1,2, (6.59)

since s/0% = (1 — 22)®/% for z =t/o € [~1,1], s > 0. Then with a;o(u,v), i = 1,2, defined
by the statement of Proposition 6.8(iii) we get that

9o, 05 2) = Goo (1,15 2) 1= 100 (U, V) Ag00 (1 + 2,0 + (1 — 2%)7/?) (6.60)

as 0 = p(t,s) — oo (|t| + |s| — oo) for any fixed (u,v;z) € R? x [—1,1] such that (u,v) &
{(0,0), (—z, —(1 — 22)®/2)} and u/p(u,v), (u+ 2)/p(u+ z,v + (1 — 22)%/2) being continuity
points of L, and Lo respectively. Let us prove that

Ly(z) = Lia(z) as o — o0 (6.61)
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uniformly in z € [—1, 1], which implies (6.57), viz., |L,(t/0) — L12(t/0)| < sup,e(_q 1 [Lo(2) —
Li5(2)] = o(1) as ¢ — oo. The uniform convergence in (6.61) follows if lim, o, Ly(2,) =
L15(z) holds for any z € [—1, 1] and every sequence {z,} C [—1,1] tending to z: lim, ,o 2, =
z. Choose ¢ > 0 and split the difference L,(z,) — L12(2) = I + I + I1, where

Il = /136(070)(.9@(“7 v; ZQ) - goo(ua v; Z))d'LLdU,

I = / dudv, Iy ::/ . dudv
Bs(—z,—2") B£(0,0)NBg (—z,—2")

with the notation 2’ := (1 — 22)/2. Note that p(z,2') = 1 and d > 0 is chosen small enough
so that Bs(0,0)NBs(—z,—2") = 0. Let us first check that ||, ¢ = 1,2, can be made arbitrary
small by taking sufficiently small §. Towards this end, we need the bound

|aio (0, 0)] < Cplu,v) ™, (u,v) €R?, i=1,2, (6.62)

Indeed, by (6.54), p(u,v) < Cu(p(a, )—I—p(u—u v—10)), where [u—a| < o7, Jv—0| < o™
and hence p(u — 4,v — 7) < V2 20!, with O, > 0 dependent only on @ > 0. Therefore,
p(u,v) < V205 (p(@,7) + 07") < 2V2C(p(,7) V ¢~") implying

p(i,5)V 0™ > (2V20a) " plu,v), (6.63)

or (6.62) in view of the definition of a;, in (6.59). Using (6.62) it follows that
190(1, 05 20) = Goo (11,03 2)| < Cp(u,v) ™" (o + 20, v+ 2) 7" + plu + 2,0+ 2) 7). (6.64)

From (6.64) we obtain || < C [g 0 p(u,v)Mdudv < O3 = o(1) and similarly,
L] < C§'"T# "2 = o(1). Hence it suffices to show that I;5 — 0 (2, — 2), viz., that for each
e
60>0
/Bc(o —— ]gg(um; Zp) — Goo(u, v; 2)|dudv — 0 as p — oo. (6.65)

From (6.55), p(u+ zp, v+ 2,)""® > p(u+z,0+2)"% —(0/2)""%/2 > (1/2)p(u+z,v+ /)™
for all (u,v) € B§(—z,—2') and g large enough that p(z — z,, 2" — 2,)'"® < (6/2)'%/2 (in
view of z, — z). Hence and from (6.64) we obtain that the integrand in (6.65) is dominated
on B§(0,0) N B§(—z,—2') by an integrable function independent of g, viz., |g,(u,v;z,) —
Goo (U, 0; 2)| < Cp(u,v) M p(u+ z,v+ 2')~"2. Since this integrand vanishes a.e. on B§(0,0) N
B§(—z,—2") as o — o0, see (6.60), relation (6.65) follows by the dominated convergence
theorem, proving (6.61). The continuity of Lo (6.46) follows similarly by the dominated
convergence theorem.

It remains to prove the strict positivity of L5 in the case where Li(z) = La(2) =: L(z) >
0. Under assumption of piecewise continuity of L and L # 0 a.e., we can find 0 < |z] < 1
and 0 > 0 such that L(z) > ¢ for any |z — 2| < 6. We also have |u/p(u v) — (u+2)/plu+
zv+2)] < p(u,v) P+ 1= plu+z,v+2") /p(u,v)] = O(p(u,v) <) uniformly in z € [—1, 1]
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for p(u,v) > 1. Indeed, this follows from |1 — (p(u + z,v + 2')/p(u, v))"®| < p(u,v) "=
by (6.55), when combined with 1 — 2 < @ (1 —2%), 0 < z < 1,if 0 < @w < 1 and
p(u+ z,v+ 2")/p(u,v) < 2Cy for p(u,v) > 1 by (6.54). Hence, given K large enough
lu/p(u,v)—(u+2)/p(u+z,v+2")| < §/2 for all (u,v) € B%(0,0). Next, we choose the interior
point (ug, vy) of B%(0,0) such that ug/p(ug, vo) = 2o. In view of continuity of u/p(u, v), there
exists € > 0 such that |z — u/p(u,v)| < §/2 holds for all (u,v) € B.(ug,v9) C B%(0,0).
Consequently, L(u/p(u,v))L((u + 2)/p(u + z,v + 2')) > §* > 0 for any z € [~1,1] and all
(u,v) € Be(ug,v). Finally, Lis(2) > 6°(2C)™" [5_(4gup) P(t,v) " "2dudv > 0, proving
Ly2(z) > 0,z € [—1,1], and part (iii). Proposition 6.8 is proved. O

Proof of Proposition 6.9. Rewrite the L.h.s. of (6.47) as

B)\(’)/) = /~2 b([tl] — [tg], [81] — [SQ])dtldthsldSQ, (666)
where Ky av := {(t,5) € R?: ([t],[s]) € Kpo}

Case (I): v = w. By changing the variables in (6.66) as t; — M;, s; — A¥s;, i = 1,2, we
obtain A=2"(®) B, (w) = [ga br(t1, t2, 51, 52)dt1dtads dsy, where

ba(tr o, 51,80) = ba((Ma] — [Ma]) /A (WTs1] — [N752]) /A7) (6.67)
<1(([(M], [\7s:]) € (0, A] x (0,A\7], i = 1,2)

with by(t,s) :== (A1 V p(t, 8))""(L(t/ (A1 V p(t,s))) + o(1)) as A — oco. Then
ba(t1,ta, 51, 52) = ooty — ta, 51 — s2)1((ti,8;) € (0,1]% i =1,2), X — o0,
point-wise for any (ty,ts, 51, s2) € R, (t1, 81) # (to, 52) fixed. The dominating bound
ATV p(([A] = X)) /A, (ATs1] = [A7s2]) /A7) = Cp(ty — Lo, 51— s2),

follows by the same arguments as (6.63). These facts and the dominated convergence theorem
justify limy_,oo A7?*(®) B, () = C(w) since the integral C(w) < C f_y 2 p(t,s)"dtds < oo
in (6.48) converges by Proposition 6.8(1).

Case (II): v > @, h < w. By changing the variables in (6.66) as t; — At;, s; — \Vs;, i = 1,2,
we obtain A™2"0) By () = [pa ba(t1, ta, 51, 52)dt dtads ds,, where

balty, b2, 51,82) = ba(([Ata] — [Ata]) /X, ([N7s1] — [NVs2]) /A7)
K1), [\1si]) € (0, 0] x (0,], i = 1,2)

with by(t,s) := (A= V p(t, s))H(L(t/ (A= V p(t,s))) + o(1)) as A — oo. Hence since
v/w > 1 it follows that

ba(t1, b, 51, 82) = boo(0, 51 — 52) (13, 51) € (0,1]%,i = 1,2), A — oo,
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point-wise for any (t, s, 51, 52) € R?*, 51 # s fixed. Note by (0, 5) = L(0)|s|~"/= is integrable
on [—1,1] due to h < . The limit limy_,oc A™?"®) By\(w) = C(w) can be justified by the
dominated convergence theorem using the bound
A7V p(([M] = [Ma) /A7, ([X7s1] = [Ns2]) /A7)
> A7V (0, ([Ns1] = [Ns]) /A7)
> Cp(0, 81 — s2),
which follows by the same arguments as (6.63).

Case (II): v > @, h > w. By changing the variables in (6.66) as t; — At;, i = 1,2,
S1— So — )\wsl, So — )\752, we obtain )\_Q’H(’Y)B)\(’Y) = f]R{4 b)\<t1, to, 81, Sg)dtldthSIdSQ, where
balti ta, s1,80) == ba(([(Ma] — [Ma)) /A, (A8t + AVsg] — [NVs2]) /A7)

x1([\t] € (0,M], i = 1,2,
[)‘wsl + )\732] € (07 )\’YL [)‘732] € (07 )"Y])
with by(t,s) :== (AT V p(t, 8))""(L(t/(A"1 V p(t,s)) + o(1)) as A — co. Then
ba(tr, b, 51, 82) = boo(ty — ta, 51)1((t1, 2, 52) € (0,1]%), X — oo,

for any t1 # ta, s1 € R\ {0}, s2 € R\ {0, 1} fixed since v > w implies 1(0 < [AZs1 + \Vs5] <
A7) — 1(0 < s3 < 1). The dominating bound

ATV p (W] = M) /A, (N5t + Vo] = [N's2]) /A7) > Cplty — ta, 51)

follows in the same way as (6.63), because |([AZs1 + AVsa] — [A\Vs3]) /A% — s1] < 2A™%. Then
the dominated convergence in (6.47) is proved in view of C(v) < C [1, fg p(t, s)"dtds < oo.

Cases (IV) and (V) can be treated similarly to Cases (II) and (III) and we omit the details.
Proposition 6.9 is proved. [

In the rest of the chapter, we apply Propositions 6.8 and 6.9 with @w = =, and use the
notation p(t, s) = (|t|> + |s|¥0)¥2 (¢, s) € R

Proof of Proposition 6.10. (i) Since Z(t,s) =0 for k = 1, let & > 2 in what follows. Accord-
ing to (6.12),

Z(t,s) = ki:lz Z.a(t—ul,s—vl)‘Dl‘---a(t—ui,s—vi)‘D"‘ (6.68)

=1 (D); (u,0);
X Ajpy|(e(ur,v1)) - - - Aip, (e (s, v3)),

where the sum - ), is taken over all partitions of {1,2,--- , k} into i nonempty sets Dy, ..., D;
having cardinality |Dy| > 1,...,|D;| > 1, |Dy| + -+ + |D;| = k. Thus, (6.68) is a decompo-
sition of Z(t,s) = Ar(Y(t,s)) — Y*¥(t,s) into a sum of stationary ‘off-diagonal’ polynomial



Chapter 6. Scaling transition for nonlinear random fields 122

forms of order i < k in ii.d. r.v. Ajp,(e(ug,vp)), 1 < £ <4, with max(|Ds|,---,|D;]) > 2
From (6.68) it follows that

k—1
EZ(0,0)Z(t,s)| <CY Z H|a|du|a| 1(t, s), (6.69)

where the second sum is taken over all collections (d); = (dy,...,d;), (d'); = (d},...,d}) of
integers dy > 1, d, > 1 with Y}_,d, = Si_, d, = k. See [36], proof of Theorem 14.2.1.
Then a(t,s)¥ < Cp(t,s)~%, a(t,s)% < Cp(t,s)™%, where By = dyq1, B3 := djq;. By
Proposition 6.8(ii),

IEZ(0,0)Z(t, s i Z H (t,s)~", (6.70)
=1 ( A:

where
2q1_1—70:p1, ifdg:d2:17
Wy 1= q, lf dg Z 2, dz = 1 or dg = 1, d2 Z 2, (671)
201, if dy > 2, d) > 2.

Relations (6.71) and max;<s<; d¢ > 2, max;<p<; dj > 2 imply S4_, wy > 2¢; and hence (6.49).

(ii) Since RFs {Y**(t,s)} and {Z(t, s)} are uncorrelated: Cov(Y**(t,s), Z(u,v)) = 0 for any
(t,s), (u,v) € Z?, relation (6.50) follows from (6.49) and

Cov(Y**(t,5),Y**(0,0)) = klry(t,8)"(1 4+ o(1)), |t| + |s| — oo. (6.72)

To show (6.72), note that the difference |ry(t,s)*k! — Cov(Y*5(¢,5),Y**(0,0))| = |([a *
al(t, s))* = X0, 1%, a(t + ug, s + vi)a(u;, v;)|k! satisfies the same bound as in (6.70) an
therefore this difference is O(p(t, s)72%) = o(ry (t, s)*) according to (6.49). This proves (6.72)
and part (ii).

(iii) follows similarly to (ii) using (6.49) and | Cov(Y**(¢, s), Y*¥(0,0))| < k!([|a|*|al](t, s))*
Cp4(t,s)~*r1. Proposition 6.10 is proved. ]

ol

Proof of Corollary 6.12. Relation (6.53) follows from (6.49) and Proposition 6.8(i) since the
Lh.s. of (6.53) does not exceed 321, o) (t2,50)ekpp a0y [T2(T1 =12, 51—852)| < MY ¢ oyeze Iz (s 5))
< CNY Y gyeze p+(t,5) 7% and the last sum converges by Proposition 6.8(i) due to 2¢; >
1+ Yo-

Relations (6.52) follow from (6.53), the orthogonality of {Y**(¢,s)} and {Z(¢,s)} and

Vi = Var( 3 Y’k(t,s)>~c('y))\2H(7). (6.73)

(t,8)EK A A7)
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In turn, (6.73) follows from

Vay = k! Z ry (t1 — ta, 81 — SQ)k ~ c(v))\zH(V) (6.74)

(t1,51),(t2,82) €K 5 27

and
Vi, = Vi = o(A2HM)), (6.75)

Relation (6.74) follows from ry(t,s) = [a % a(t, s), Propositions 6.8(iii), 6.9 and the fact
that the asymptotic constants C(7y) in (6.47) coincide with ¢(7) in Theorems 6.1-6.3. (The
last fact follows by exchanging the order of integration in these integrals, e.g. ¢(7p) in (6.18)
writes as ¢(y9) = k! [gor (f(oﬂz [T, oot — usy s — vi)dtds)2 ¥ dudv; = k! S8 boo(t1 —
ty, 81 — 89)dt1dtadsidsy = C(7yg), where boo(t,8) = ((aoo * aoo)(t, 8))F, see (6.44).) Finally,
the difference in (6.75) can be estimated as in (6.69)—(6.70) and therefore this difference is
O(A\'H7) = o(A2H() as shown in (6.53). This proves (6.73) and the proposition. O

6.7.2 Proofs of Theorems 6.1-6.5 and Proposition 6.7

We use the criterion in Proposition 6.13 for the convergence in distribution of off-diagonal
polygonal forms towards It6—Wiener integral which is a straightforward extension of [36,
Proposition 14.3.2].

Let L%(Z?*) be the class of all real-valued functions g = g((u,v)i), (u,v), € Z?*, with
> uwwpeezzt (1, v)1)? < 00 and Qx(g) = X0, 4, 9((w, v)i)e(ur, v1) -~ - e(ug, vy), g € LAH(Z?)
be a k-tuple off-diagonal form in i.i.d. r.v.s {e(u,v)} satisfying Assumption (Al). For g, €
L*(Z?*) (A > 0,7 > 0) define a step function g, € L?*(R?*) by

o ((wv)) = X002, (300, W], 0], [N 0]),
(u,v), € R, (6.76)

Proposition 6.13. Assume there exists h,, € L*(R?*) such that limy_,« ||gr~ — hyllx — 0.
Then Qi(grn) ~ frar hoy (1, 0)R)d¥W (A = 00).

Proof of Theorem 6.1. (i) Let us show that the stochastic integral V;%, (z,y) is well-defined
or |h(x,y; )|k < oo, where h(x,y; (u,v);) is defined in (6.16). It suffices to consider the case
x =y =1. By (6.41), (6.39) of Proposition 6.8, [|h(1,1;)[I} = Jio.11((@eo * @oo)(t1 — t2, 51 —
s9))kdt dtads dsy < C Jop p(ty — to, 51 — s9) " FPrdt dtadsidsy < oo since kpy < 144 =
14 p1/ps or k < P holds. The self-similarity property in (6.17) follows by scaling properties
oo (AL, A08) = ATy (L, ), {W (dAu, AN )} L {A0+0)/21 (du, dv)} of the integrand and
the white noise, and the change of variables rules for multiple It6—-Wiener integral, see [25],
also [36, Proposition 14.3.5].
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(ii) Relation (6.18) is proved in Corollary 6.12. Let us prove (6.19). Recall the decomposition
X(t,s) =Y*(t,s) + Z(t,s) in (6.13). Using Var(S%, ) = O(AT7) = o(A2H00) see (6.53),
relation (6.19) follows from

_ o fad
Qk(grno(, ;) = A0 % Y, (ts) SV (2,y), (6.77)
(t7S)GK[AII;,/\’YOy]
where
oo (T, 5 (w,0)y) = ATHOO) > a(t —uy, s —vp) - alt — up, s — vg),

(t,5)EKxz, 310y

(u,v)p € Z2". (6.78)

Using Proposition 6.13 and Cramér—Wold device, relation (6.77) follows from

B | S 0e@ron o) = e )| =0, (©.79)
for any m > 1 and any 6, € R, (2;,1;) € R2, 1 < i < m, where the limit function
h(z,y; (u,v)) is given in (6.16). We restrict the subsequent proof of (6.79) to the case
m =0, = 1, (z1,71) = (x,y) since the general case of (6.79) follows analogously. Using
(6.10), (6.78), (6.76) and notation ay(t,s) := (A~ V p(t, s)) " (Lo(t/ (A1 V p(t,5))) + o(1)),
A — 00, and X := A\ similarly to (6.67) we get

At] /\ul (Xs]—[Nw;
oo (T, Y5 (u,0)g) /RQHG [t ] }[ ])

< 1(([M], [V's]) € (0,Az] x (0, N'y] ) dtds
= h(z, y; (u, v)i) (6.80)

point-wise for any (u,v)r € R*, (u;,v;) # (uj,v;) (i # j) fixed. A similar inequality to
(6.63), viz.,

TV p(P‘t]j\[’\“], [Xs};l[)\'v]) >cep(t—u,s —v), Vtu,s,veER, (6.81)

holds with some constant ¢ > 0 independent of ¢, u, s,v € R, implying the dominating bound

|§/\,’Yo(xv Y; (U’v U)k)| S C (0.22]%(0.2] H IO — Uiy S — Ui)_qldtds = §($,y : (U, U)k)7
] =1

where ||g(z,y;-)||x < oo by (6.41), (6.39) of Proposition 6.8, so that (6.79) follows by the
dominated convergence theorem in view of (6.80). Theorem 6.1 is proved. ]

Proof of Theorem 6.2. As noted in Section 6.3, part (iii) follows by the same argument as
part (ii) by exchanging the coordinates t and s and we omit the details.
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(i) Let us show that the stochastic integral in (6.20) is well-defined or ||hy(y;-)||x < oo,
where h (y; (u,v);) is defined in (6.21). Indeed by (6.41) of Proposition 6.8 ||h(y;-)||? =
Joapz((aco*aso)(0, 51 — 59))kds dsy < C fio.12 p(0, 51 — 89) *P1ds dsy < C Jiiy |s]7*P2ds < oo
since kps < 1. The remaining facts in (i) follow similarly as in the proof of Theorem 6.1(i).

(ii) Relation (6.22) is proved in Corollary 6.12. Similarly to the proof of (6.19), the weak
convergence in (6.23) follows from

Qulgry (@ y; ) = A7) S~ vt s) ezl (y), (6.82)

(t’s)eK[)\x,XYy]

where

Iy (@3 (u,0)g) = A~ Z a(t —uy,s —v1) - a(t — uk, s — vp),
(tvs)eK[Aac,/\'Yy]

(u,v)r € 72"

Again, we restrict the proof of (6.82) to one-dimensional convergence at (z,y) € R3. By
Proposition 6.13 this follows from

Jim [ (2 :) — wh (9 )i = 0 (6.83)

where, with X' 1= X7, X" := X/ X = o(\), axn(t,s) == (N)71V p(t, s)) "0 (Lo(t/(N)
p(t, s))) +o(1)),

M —[N'u;] [N s]—[Nv;
I (2, y; (u,v)g) /R2Hau []/\[,, I ]/\,[ ])
x1(([M], [X's]) € (0,Az] x (0, N'y])dtds
= ah (y: (—u, o)) (6.84)

point-wise for any (u,v) € R¥*, (u;,v;) # (uj,v;) (i # j) fixed.
The dominating convergence argument to prove (6.83) from (6.84) uses Pratt’s lemma [84],
as follows. Similarly to (6.81) note that

B v (R BAZRT) > AL/ — u, 5 — v),

with ¢ > 0 independent of ¢, u,s,v € R and hence

k
Oaq (2, y; (w,0))] < C /(OM ( T o(Ot/X) = w5 — v;) "0 dtds

x(0,2y] i=1

= CGA((U, U)k)
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with C' > 0 independent of A > 0, (u,v); € R?*. Clearly, limy_,o Gx((u,v)) = G((u,v)) :=
27 [ (9.9, 1%, p(ui, s — v;)""ds point-wise in R%* and

k
IG3E = [ om (27757 AN = 1), 51— 52)) dtdtadsids
9’ X 2 y

k
. (P~ % p1)(0, s — 32)) dt1dtydsydsy = [|Gf; < oo

(0,2x]2 x (0,2y]2 (

by (6.41) of Proposition 6.8 and condition 1 < k < 1/py, or py = ¢2(2 — Q) < 1/k. Thus,
application of [84] proves (6.83). Theorem 6.2 is proved. O

To prove Theorem 6.3 we use approximation by m-dependent variables and the following
CLT for triangular array of m-dependent r.v.s.

Lemma 6.14. Let {&,;, 1 < i < N,}, n > 1, be a triangular array of m-dependent r.v.s
with zero mean and finite variance. Assume that: (L1) &, 1 < i < N,, are identically

distributed for any n > 1, (L2) &, := &n 4, EE2 — EE2 < oo for some r.v. € and (L3)
\/alr(ZfV:”1 i) ~ 02Ny, 0> > 0. Then anl/z ZZN:’H ni N N(0,02?).

Proof. W.l.g., we can assume N,, = n in the subsequent proof. We use the CLT due to Orey
[75]. Accordingly, let &; := &ul(|&u| < ™/?), af,; := B, on, = Cov(&n;,&7). It suffices
to show that for any 7 > 0 the following conditions in [75] are satisfied: (O1) n='/2%7" ol —
0, (02) nt >t ie1 Onij = 0%, (03)n~ 13 o7 = O0(1),and (04) 0, P(|&] > ™m!/?) — 0.
Consider (O1), or n'/2a7 — 0, af := af,. We have 0 = n'/?E¢, = n'/2a’ + k,, where

k| == nY2|EE (€] > Tn/?)| < 77IEE21(|E,| > Tn'/?). Therefore, (O1) follows from
EE21(|¢,| > ™!/?) — 0. (6.85)

Using the Skorohod representation theorem [97] w.l.g. we can assume that r.v.s &, &,, n > 1,
are defined on the same probability space and &, — & almost surely. The latter fact together
with (L2) and Pratt’s lemma [84] implies that E|¢2 — £?| — 0 and hence (6.85) follows due to
P(|&,] > ™n!/?) — 0, see [71, Chapter 2, Proposition 5.3]. The above argument also implies
(04) since P(|¢,| > ™'?) < 77207 'EE21(|¢,| > ™'/?) by Markov’s inequality. (O3) is
immediate from (L1) and (L2). Finally, (02) follows from (L3), (O1) and

n! Z E(§ni€nj — & ;]) — 0. (6.86)

1<i,j < [i—j|<m
Let gﬁz 1= &ni — &)+ Since |E(fmfn]_ i ;])‘ < |E(~771—1 g +£77;i~771—j +€gi~nj>’ < CEI/Q&?A(‘@J >
Tn!/?), relation (6.86) follows from (6.85). Lemma 6.14 is proved. O

Proof of Theorem 6.3. Again, we prove part (i) only since part (ii) follows similarly by ex-
changing the coordinates ¢ and s.
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Relation (6.25) is proved in Corollary 6.12. Let us prove (6.26). Similarly as in the case of the
previous theorems, we shall restrict ourselves with the proof of one-dimensional convergence
at (z,y) € RZ. For m > 1, A > 0, define stationary RFs

Xn(t,s) = Ax(Ynl(t,s)), where
Yiu(t,s) = > a(t —u, s —v)e(u,v), (6.87)

(u,0)€Z2:|s—v|<[A0]m

and where Ay stands for the Appell polynomial of degree k relative to the distribution of
Yin(t, s). Note Xp,(t1,s1) and X,,(t2, so) are independent if |s; — so| > 2[A?°]m. Then

Ny+1

Sf}j(m,y) = > Xn(t,s) = ; Unm(i), (6.88)

(tfs)EK[Am,/\'Yy]

where N, := [[Ay]/[\*]] = O(A77°) and

Usm(i) = 3 3 Xou(t, 5). (6.89)

1<t<[Az] (i—1)[A70]<s<i[A0]

Note Uy (i) and Uy, (j) are independent provided |i — j| > 2m hence (6.88) is a sum of 2m-
dependent r.v.s. The one-dimensional convergence in (6.26) follows from standard Slutsky’s
argument (see e.g. [36, Lemma 4.2.1]) and the following lemma. Theorem 6.3 is proved. [J

Lemma 6.15. Under the conditions and notation of Theorem 6.3(i), for any v > 7o and
anym=1,2,...,

Var(Sif;”(x,y)) ~ ol (x,y) N and (6.90)
/\_H(V)Sif;"(x,y) N N(0,0% (z,y)) as A — oo, (6.91)

where o2 (z,y) is defined in (6.93). Moreover,

lim limsup A~>7™) Var(Sy (z,y) — Sxr (2, y)) = 0. (6.92)

m— 00 A—00

Proof. By adapting the argument in the proof of (6.25) and Proposition 6.9 Case (III), we
can show the limits

ATPHO) Var(S3m(z,y) = kly / ((@oem * oc.m) (11 — tz,s))kdtldtzds
’ (0,z]2 xR

= o2 (z,y) (6.93)
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and
A0 Var (S5 (2, y) = S35 (2, 9))
= \"2H() Z { Cov(X(t1, 81), X (t2, 82))
(t1,51) €K g a7y i=1,2
— Cov(X (t1,51), Xm(te, 52)) — Cov(Xp(t1, s1), X (ta, s2))
+ Cov(Xm(ty, 51), Xm(ta, 52)) }

= k!y/( g Gonltr = 2, 5)d1dEds, A — oo, (6.94)
0,z]2xR

where Gy, (t,5) = ((doo * ao0) (L, 5))F — ((Aoom * o) (t,8))* — ((Aoo * Goom) (L, 8))F + ((Goom *
Uoom)(t,8))* and

Uoom(t,8) := Lo(t/p(t,s))p(t,s) " 1(|s| <m), (t,s) € R? (6.95)

is a ‘truncated’ version of au(t,s) in (6.15). Since |G, (t,5)] < 4((as * aoo)(t, s))* and
Gm(t, s) vanishes with m — oo for any fixed (¢, s) # (0,0), (6.92) follows from (6.94) by the
dominated convergence theorem.

The proof of (6.91) uses Lemma 6.14. Accordingly, let Ny := [[Ay]/[A\]] and &; =
A~HOOU, L. (7), where H(7p) = 14 9 — kp1 /2 is the same as in Theorem 6.1 and U, ,,, (i) are
2m-dependent r.v.s defined in (6.89). Note U, ,, (i), 1 < i < N,, are identically distributed
and AHOO N2 NHO) Y12 Thus, condition (L1) of Lemma 6.14 for &y, 1 < i < Ny, is
satisfied and (L3) follows from Var(¥/2) &) ~ A72H00) Var (S (x, y)) ~ X002 (2, y), see
(6.90). Finally, condition (L2), or

G =AHOU, (1) S g, B — B

follows similarly as in Theorem 6.1 with the limit r.v. £ given by the k-tuple It6—Wiener

integral:
/ { / / H Qoo (t — Uy s — Vp) dtds}de
L 0 =1
and Goom(t, s) defined in (6.95). This proves (6.91) and Lemma 6.15, too. O

Proof of Theorem 6.4. The proof is an adaptation of the proof of CLT in [36, Theorem 4.8.1]
for sums of ‘off-diagonal’ polynomial forms with one-dimensional ‘time’ parameter. Define

Xn(t,s) = Ap(Ynl(t,s)),
Yi(t,s) = > a(t —u,s —v)e(u,v), (6.96)

(u,0)€Z2:|t—u|+|s—v|<m

where Ay, stands for the Appell polynomial of degree k relative to the distribution of Y, (¢, s).
Note the truncation level m in (6.96) does not depend on A in contrast to the truncation level
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m[A?] in (6.87). Similarly to Lemma 6.15 it suffices to prove for any v >0, m =1,2,...,

Var(Syr (x,y)) ~ zyoy, N7, ATUEEGER (g ) RN N(0,zyo%.) (6.97)
lim_lim sup A~ (14 Var (S5, (z,y) — Syr(z,y)) = 0, (6.98)
M=o A—oo ’
where 0% = 3 5)ez2 'x, (t,5) and rx, (t,5) := Cov(Xpn(0,0), Xpn(t,5)). Note Xp(t1,51)
and X, (t2, 52) are independent if [t —ta|+[s1 — 52| > 2m. Therefore 3=, 4ez2 [7x,, (¢, 5)] < 00
and (6.97) follows from the CLT for m-dependent RFs, see [15]. Consider (6.98), where we
can put = y = 1 wlg. We have A=+ Var(Sy, — S37) < Yisyezz [om(t, s)|, where
Om(t,s) == Cov(X(0,0) — X,,(0,0), X(t,s) — X,n(t,s)). From (6.69), (6.70) and (6.72) we
conclude that

| Cov(X(0,0), X (¢,5))] + | Cov(X(0,0), X, (t, s))| + | Cov(X,,(0,0), X, (¢, 8))]
< Cp, (t7 S)—(kpl)/\(ﬂrn)

as in (6.51), with C' > 0 independent of m. Hence |¢,,(t,s)| < Cp,(t,s)" kP ) = (¢, 5),
where 3 j)ez2 ¢(t,8) < 00, see Proposition 6.8(i), also Corollary 6.11(ii). Thus, (6.98)
follows by the dominated convergence theorem and the fact that lim,, . ¢ (t,s) = 0 for
any (t,s) € Z*. Theorem 6.4 is proved. O

Proof of Theorem 6.5. (i) Split X = X}, + Xj, where X = Y52, ., ¢;X;/j!, X;(t,s) =
H;(Y (t,s)). Since all statements of Theorems 6.1-6.3 hold for RF X = Hi(Y) and COV( k(t1,
s1), Xj(ta, 82)) = 0, V(t;,8;) € Z*, i = 1,2, it suffices to show that

Var(Syt) = o(A20)) A = oo, (6.99)

for H(v) defined in Theorems 6.1-6.3. By well-known properties of Hermite polynomials,
Var(Sif,/’;) =250 kt1 € Var(Sfi)/(j!)z, Var(ng) =J! E(ti,si)eKP\’m],izl,Q ry (t; —ta, 51— $2)7 <
J18k11(A), where Xp1(A) = Y1150 €Ky ) i=1,2 Iry (t1 — to, 51 — s2)|FF! for j > k + 1 since
|ry (t,s)] <1 according to Assumption (A4),. Therefore, Var(Sfé) < (521 G /3N Bk (V)
< EG(Y(0,0))28441()), where Siy1(\) = o(A2H() follows by Proposition 6.9. This proves
(6.99) and part (i).

(i) For large K € N, K > k, split X = X + X}, where X (L, s) := YK ¢ H(Y(t,5))/5!
and Xj(t,s) == Y32 ¢ Hj(Y(t,5))/5!. Then Var(Sfé‘) < (CRky165/3)Ek41(A) as in
the proof of part (i), implying Var(Sfﬁ) < Cexg A", where ex = X525, ¢5/j! can be
made arbitrary small by choosing K large enough. On the other hand, by Theorem 6.4,

A~ () /2S (a: Y) fdd ox;Bij212(x,y) for any j > k and the last result extends to finite

sums of Hermlte polynomials, viz., A~ (HV)/QSf;((a:,y) iy 0% Bij2j2(2,y), where 0% =

> (t,5)ez2 Cov(Xx(0,0), Xk (t,s)) = 0%, K — 0o. See e.g. [36, proof of Theorem 4.6.1]. The
remaining details are easy. Theorem 6.4 is proved. [
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Proof of Proposition 6.7. The transition probabilities ¢, (v) in (6.36) can be explicitly written
in terms of binomial probabilities bin(j, k;p) := (’;)p](l —p)* I k=0,1,...,7=0,1,... k,
0<p< 1L

= > bin(u — j,u;0) bin((v +5)/2,7;1/2), weN, Jv| <w. (6.100)

Similarly to [56, proof of Proposition 4.1], we shall use the following version of the Moivre—
Laplace theorem (Feller [32, Chapter 7, §3, Theorem 1]): There exists a constant C' such
when 7 — oo and k — oo vary in such a way that

. ]{,‘ 3
(J k2p) Lo
then
bin(j, k; C  Clj—kp?
‘ 1 in(j, p)J - _1’ <% lJ = P (6.101)
/2rkp(1—p) p{_2kp1 p)}

Let us first explain the idea of the proof. Using (6.100) and replacing the binomial probabil-
ities by Gaussian densities according to (6.101) leads to

1& 1 1 (j— (1= 0)u)?
P O zﬁeu_e)u‘“p{‘ 0 d |
1 v?
Xijn/Q exp{ - 2]}
e z“: 1 ox {_((]/U) (1—9))}
D(d)V27 =5 uy/2760(1 — 6) Ju 20(1—6)/u

xﬁexp{_;%}

ud—3/2

/ {_(w—<1—9>)2}
d)v/2r @m—_ 20(1 —0)/u

1 2
Xﬁe"p{ - 2?}‘1‘”

d—3/2 2 fu
T rd)/2r(1—6) eXp{ 21— 9)}
= p(u,v)* 2 Lo(u/p(u, v))

with Lo(z), z € [—1,1], defined in (6.37). Here, factor 1/2 in front of the sum in the first
line appears since bin((v + j)/2,j;1/2) = 0 whenever v + j is odd, in other words, by using
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Gaussian approximation for all (even and odd) j we double the sum and therefore must divide
it by 2. Note also that in the third line, the Gaussian kernel W xp{— ;9_11 99/u }

acts as a d-function at x = 1 — 6 when u — o0.
Let us turn to a rigorous proof of the above asymptotics. For (u,v) € Z?, (u,v) # (0,0),
denote ¢ := (u? +v")V2 2 :=wu/p € [~1,1], then u = zp, v? = p/1 — 22. It suffices to prove
0 a(u,v) — Lo(z) = 0 as |u| + |v] = oo. (6.102)

By definition (see (6.36), (6.37)), (6.102) holds for u > 0, z > 0 hence we can assume u > 1,
z > 0 in what follows. Moreover, for any € > 0 there exists K > 0 such that

0** da(u,v) < e and Lo(z) <e (V1<u<v”® 0> K). (6.103)

The second relation in (6.103) is immediate by lim, ,o Lo(z) = Lo(0) = 0 and z = u/p <
0”%/0 — 0 (0 — o0). To prove the first relation we use Hoeffding’s inequality [46]. Let
bin(j, k; p) be the binomial distribution. Then for any 7 > 0,

3 bin(j, k;p) < 26727, (6.104)
0<j<k:|j—kp|>7Vk

(6104) 1mphes bm((v —|—j)/2,j,1/2) < 26_02/2]‘ < QG_UQ/QU for any ‘U‘ <u, 0< 7 < u.
Also note that 1 < u < v%° implies 20? > up'/1?. Using these facts and (6.100) with
Y_obin(u — j,u;0) = 1 for any 1 < u < v”® we obtain
0¥ da(u,v) < Co** g, (v) < Co**de /2 < Cg?/* e/t 50, g — o,

5/9

proving (6.103). Hence, it suffices to prove (6.102) for u — oo, 0 < v < u”/?. Next, we give

the proof for v even, the proof for v odd being similar. Denote
Dt (u,v) = {0<j<u/2:[2j —u(l—0)| <u®®and |v] < j3°},
D (u,v) = {0<j<u/2:[2f —u(l—0)]>u®®or |v] > 5%°}).
Split a(u,v) = ¥y (—d) Xo<j<use bin(u — 2j,u; 0) bin(v/2 + 7,25;1/2) = a* (u,v) + a™ (u,v),
where a®(u, v) := 1y (—d) X jept (uy) - - - - It suffices to prove that
0** dat (u,v) — Lo(z) = 0 and 0*?4a" (u,v) = 0 (6.105)
as u — 00, 0 < v < u*?. To show the first relation in (6.105), let j* := [u(1 — 6)/2] and

a*(u,v) :=bin(v/2 + j, 2755, 1/2)1h,(—d) Z bin(u — 2j, u; 0),

JEDT (u,v)

then
a*(u,v) —a*(u,v) = ¥u(=d) >  bin(u—2j,u;0)

JED (u,v)

x (bin(v/2 + j3, 2j5;1/2) — bin(v/2 + j,2j;1/2)).
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According to (6.101), for j € Dt (u,v), j: € Dt (u,v),

1 2 4
bin(v/2 +4,2j;1/2) = ——e™" /49 (1 4 O(j_1/5)
VTJ ( )
1 9,
— v/ -1/5
= \/ﬂ_je (1 + O(u )),
1 »
bin(v/2 + ji, 255 1/2) = 7'*@—112/4Ju (1 + O(u_1/5)),
T
Using c_u < j < cyu, j € DY (u,v) for some cx > 0, and elementary inequalities we obtain
that |ﬁe_v2/4j - ,*e_”2/4j5\ < Cu~"%<v*/v for some C, ¢ > 0 and hence the bound
7Tju

| bin(v/2 + j, 2555 1/2) — bin(v/2 + §,2j;1/2)| < Cu~7/10e=e*/u

for all j € D¥(u,v) and all u > 0 large enough. Therefore since 3= ;cp+ () bin(u—27,u;0) < 1
we obtain

P~ a* (u, v) — a* (u,v)| < Co*PtyTMOFIT gme g B H () < OV,

where L*(z) := Cz%~17/10¢=eV/(1/2°=1 "> < (0, 1], is a bounded function. As a consequence, it
suffices to prove the first relation in (6.105) with a*(u,v) replaced by a*(u,v). This in turn

follows from relations \/%Zefvz/‘% ~ ﬁeqﬂ/%(l*m, Yu(—d) ~T(d) " u®", and
> bin(u —2j,u;0) = 1/2 as u — oo, (6.106)
JEDt (u,v)

each of which hold uniformly in 0 < v < u®®. Let us check (6.106) for instance. Since
cou < j < ciu, j € D¥(u,v) for some cx > 0, see above, so u”/? = o(j%/°) and (6.106)
follows from

B'(u) —1/2 and B"(u) — 0, (6.107)
where B'(u) := >5_obin(u — j,u;0)1(j is even), B"(u) 1= ¥i_,bin(u — j,u; )1(]j — u(l —
0)| > u*/®). Here, the first relation in (6.107) is obvious by well-known properties of binomial
coefficients while the second one follows from (6.104) according to which B”(u) < Ce2+"* —
0. This proves the first relation in (6.105).

The proof of the second relation in (6.105) uses Hoeffding’s inequality in (6.104) in a simi-
lar way. We have a™(u, v) < ay (u,v)+ay (u,v), where aj (u, v) := Yy (=d) Yo<jculj—u(1—0)[>us/5
bin(u — j,u;0) < Cutte 2" implying ¢*2day (u,v) < Cul0/OB2=d+d-1)e-2u/" _,
(u — oo) uniformly in |v| < u°/°. Finally,

ay (u,v) = ,(—d) > bin(u — j, u; 0)
0 <ulj—u(1-0)| Sud/3 v (j/2)3/5
x bin((v +7)/2,5;1/2)
Oud! Z e—v2/2j < C’ude_”“l/s
cru<j<uw=(j/2)%/°

IN
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for some positive constants ¢1, ¢ > 0, implying 032~ %ay (u, v) < Cu10/9G/2=d)+d g=e2ul/® _y )
(u — oo) uniformly in |v| < u*/? as above. This proves (6.105) and Proposition 6.7, too. [

6.8 Final comment

Limit theorems for weakly dependent RFs usually assume very general shape of summa-
tion domains (spatial regions), the limit distribution being independent of the way in which
these regions tend to infinity. Particularly, van Hove’s condition (see e.g. [17]) roughly says
that the volume (cardinality) of spatial region grows faster than that of its boundary. For
rectangular domains, van Hove’s condition means that all sides of rectangles grow to infinity
in an arbitrary way.

The situation is very different for LRD RFs. We prove that for a class of nonlinear LRD
RF X on Z? and rectangular domains with sides increasing as O(n) and O(n?), the limit
distribution of sums of X depends on 7 in a crucial way. Specifically, there exists 75 > 0
such that the limit distribution is different whenever v < vy, v = 79 or 7 > 7y. For partial
sums of Gaussian or stable LRD RFs, a similar trichotomy (termed scaling transition) was
observed [90], [89].

The above facts have important implications for statistics of strongly dependent spatial
data. The quantity v > 0 can be broadly interpreted as the ratio of the vertical and horizontal
dimensions of the sampling region (an ‘external scale ratio’) while 79 = p1/ps can be defined
as the ratio of the ‘vertical and horizontal Hurst exponents’ of the RF (an ‘internal scale
ratio’). Since the limit distribution of simple statistics such as the sample mean or the
sample variance may depend on the relation between vy and 7y, these quantities need to be
estimated or decided in advance before applying the limit theorem. Particularly, deciding on
the value of 7 in a concrete situation might be difficult. For panel data, this is a question of
dealing with either long, or short panel which is not easy to answer and then the natural limit
theory leads to models where the limit is independent of how the numbers of horizontal (time
series) and vertical (cross section) panel observations tend to infinity [78]. Nevertheless, for
some panels with LRD, a ‘scaling transition’ occurs, see [79], and the above question must
be answered in a practical situation.

Let us also mention some open problems related to the present chapter. It is of interest
to extend our results for nonlocal functions or vector-valued RFs, particularly for covariance
estimates, c.f. [3,47]. Several works note that in many practical applications, sampling regions
are non-rectangular, and possibly of a nonstandard shape, see [24,57]. Extending scaling
transition to such domains seems possible but is open at present. Using the terminology
in [57], our results are limited to positively dependent RFs while the case of negatively
dependent RFs is completely open. Finally, a complete description of anisotropic scaling
limits of LRD RFs on Z, v > 3, remains a challenging task, see [89].






Anisotropic scaling of
the random grain model

This is an extended version of the article [81]. We obtain a complete description of
anisotropic scaling limits of random grain model on the plane with heavy tailed grain area
distribution. The scaling limits have either independent or completely dependent increments
along one or both coordinate axes and include stable, Gaussian and ‘intermediate’ infinitely
divisible random fields. Asymptotic form of the covariance function of the random grain
model is obtained. Application to superposed network traffic is included.

7.1 Introduction

It is well-known that many random fields (RFs) exhibit different scaling behavior in dif-
ferent directions. Important examples of RFs with such behavior is fractional Brownian sheet
(FBS) and various classes of stochastic partial differential equations driven by FBS, see e.g. [2]
and the references therein. For stationary RF Y = {Y (¢, s), (£, s) € R?} the simplest form of
anisotropic scaling is obtained by taking partial integrals Sy (2, y) = [io xjx(ox7y ¥ (£, 8)dtds
over rectangles (0, Az] x (0, \7y] C R? whose sides grow with A — oo at different rate O(\)
and O(X7) (provided 7 # 1). The (large-scale) behavior of Y is reflected in the scaling limit

LS, y) =5 Vy(w,y) as A — oo, (7.1)

where a), — oo is a normalization. Moreover, if a, , is regularly varying at infinity with
exponent H(y) > 0, the limit RF V, in (7.1) has stationary rectangular increments and

135
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satisfies the self-similarity property:
{Vy(Az, Ny)} i« {MNOV (2,9)}  for each X > 0;

see [90], which is a particular case of the operator-scaling RF property introduced in Biermé
et al. [12].

[90] observed that for many RFs Y on Z? or R?, (nontrivial) scaling limits in (7.1) exist
for any v > 0, resulting in a one-dimensional family {V,, v > 0} of scaling limits termed
the scaling diagram of Y below. Since scaling limits characterize the dependence structure
and large-scale properties of the underlying random process, the scaling diagram provides a
more complete ‘large-scale summary of Y’ compared to the (isotropic or anisotropic) scaling
with fixed v > 0 discussed in [1,2,16,26,59,67,100, 108] and elsewhere. Scaling diagrams
of some classes of long-range dependent (LRD) Gaussian and aggregated nearest-neighbor
autoregressive RFs on Z? were identified in [89,90]. It turned out that for these RFs, there

exists a unique point 79 > 0 such that the scaling limits V, = Vi do not depend on v
fdd
for v < 79 and v > 79 and V, # V_. [90] termed this phenomenon scaling transition (at

¥ = ). Scaling transition also arises under joint temporal and contemporaneous aggregation
of independent LRD processes in telecommunication and economics, see [35,55, 70,79, 80],
see also [90, Remark 2.3]. In this chapter we obtain a different kind of scaling diagram (see
Figure 7.1) with two change-points y_ < v, of scaling limits which shows that this concept
might be more complex and needs further studies.

The present chapter studies scaling limits (scaling diagram) of random grain model:

- 21(( t—a)/RY, (s —y)/Ri") € B), (t,s) €R?, (7.2)

where B C R? (‘generic grain’) is a measurable bounded set of finite Lebesgue measure
leb(B) < 00, 0 < p < 1 is a shape parameter, {(z;,v;), R;} is a Poisson point process on
R? x R, with intensity dzdyF(dr). We assume that F' is a probability distribution on R,
having a density function f such that

f(r) ~cr 7 asr— o0, forsomel<a <2 ¢f>0. (7.3)

The sum in (7.2) counts the number of uniformly scattered and randomly dilated grains
(75,y;) + RY B containing (t,s), where R'B := {(RPz, R'Py) : (z,y) € B} C R? is the
dilation of B by factors R? and R'"P in the horizontal and vertical directions, respec-
tively. The case p = 1/2 corresponds to uniform or isotropic dilation. Note that the area
leb(R? B) = leb(B)R of generic randomly dilated grain is proportional to R and does not de-
pend on p and has a heavy-tailed distribution with finite mean Eleb(R”B) < oo and infinite
second moment Eleb(RF B)? = oo according to (7.3). Condition (7.3) also guarantees that
covariance of the random grain model is not integrable: [g. | Cov(X(0,0), X (¢, s))|dtds = oo
see Section 7.3, hence (7.2) is a LRD RF. Examples of the grain set B are the unit ball
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and the unit square, leading respectively to the random ellipses model X (t,s) = >; 1((t —
22 /R? + (s — )2 /RX ™ < 1) and the random rectangles model: X (t,s) = ¥, 1(z; <
t < a4+ R,y < s <y + R, 7). Note that for p # 1/2 the ratio R?/R'"? = R¥*~! of
sides of a generic rectangle tends to 0 or co as R — oo implying that large rectangles are
‘elongated’ or ‘flat” and resulting in a strong anisotropy of the random rectangles model. A
similar observation applies to the general random grain model in (7.2).

‘intermediate Poisson_’ ‘intermediate Poisson,’
«a_-stable Lévy slide, a-stable Lévy sheet, o -stable Lévy slide,
l<a<l+p l<a< l<a<2-p
FBSheet(1/2, H_), FBSheet(H,1/2),
1+p<a<?2 2—-p<a<?2

Figure 7.1: Scaling diagram of a random grain model.

Our main results are summarized in Figure 7.1 which shows a panorama of scaling limits
V, in (7.1) as 7 changes between 0 and oco. Precise formulations pertaining to Figure 7.1
and the terminology therein are given in Section 7.2. Below we explain the most important
facts about this diagram. First of all note that, due to the symmetry of the random grain
model in (7.2), the scaling limits in (7.1) are symmetric under simultaneous exchange = < y,
v <> 1/7, p <> 1 — p and a reflection transformation of B. This symmetry is reflected in
Figure 7.1, where the left region 0 < v < ~v_ and the right region v, <~ < oo including the
change points of the scaling limits

I—p

a—(1-p) b o

V= V=

o)
P
are symmetric with respect to the above transformations. The middle region v_ < v < v,
in Figure 7.1 corresponds to an «-stable Lévy sheet defined as a stochastic integral over
(0,2] x (0,y] with respect to (w.r.t.) an a-stable random measure on R%. According to
Figure 7.1, for v > ~, the scaling limits in (7.1) exhibit a dichotomy depending on parameters
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a, p, featuring a Gaussian (fractional Brownian sheet) limit for 2 — p < a < 2, and an o -
stable limit for 1 < o < 2 — p with stability parameter
a—Dp
oy = >« 7.5
ri= 1 (75)

larger than the parameter a. The terminology a--stable Lévy slide refers to a RF of the
form xL,(y) or yL_(x) ‘sliding’ linearly to zero along one of the coordinate axes, where
L. are a-stable Lévy processes (see Section 7.2 for definition). Finally, the ‘intermediate
Poisson’ limits in Figure 7.1 at v = 4 are not stable although infinitely divisible RFs given
by stochastic integrals w.r.t. Poisson random measure on R? x R, with intensity measure
cpdudvr=todr.

The results of this chapter are related to those in, e.g. [11,27,35,53,55,70,79,80,89,90] in
which different scaling regimes occur for various classes of LRD models, in particular, heavy-
tailed duration models. Isotropic scaling limits (case v = 1) of random grain and random
balls models in arbitrary dimension were discussed in Kaj et al. [53] and Biermé et al. [11].
The monograph [69] provides a nice discussion of limit behavior of heavy-tailed duration
models whose spatial version is the random grain model in (7.2). From an application view-
point, probably the most interesting is the study of different scaling regimes of superposed
network traffic models [27,35,55,70]. In these studies, it is assumed that traffic is generated
by independent sources and the problem concerns the limit distribution of the aggregated
traffic as the time scale T and the number of sources M both tend to infinity, possibly at
different rate. The present chapter extends the above-mentioned work, by considering the
limit behavior of the aggregated workload process:

Tx
Ay (Tz) = / Warx(t)dt, where (7.6)
0
W) = S(RPAK)L(z;<t<az+RL0<y <M), t>0,

)

and where {(z;,y;), R;} is the same Poisson point process as in (7.2). The quantity Wy x(t)
in (7.6) can be interpreted as the active workload at time ¢ from sources arriving at x; with
0 <y < M and transmitting at rate R, ” A K during time interval (z;, z; + RP]. Thus, the
transmission rate in (7.6) is a (deterministic) function (RP)~P)/? A K of the transmission
duration RP depending on parameter 0 < p < 1, with 0 < K < oo playing the role of the
maximal rate bound. The limiting case p = 1 in (7.6) corresponds to a constant rate workload
from stationary M/G/oo queue. Theorems 7.9-7.11 obtain the limit distributions of the
centered and properly normalized process {An i (Tx), x > 0} with heavy-tailed distribution
of R in (7.3) when the time scale T, the source intensity M and the maximal source rate
K tend jointly to infinity so as M = T7, K = T? for some 0 < v < 00, 0 < 8 < co. The
results of Theorems 7.9 and 7.10 are summarized in Table 7.1. The workload process in (7.6)
featuring a power-law dependence between transmission rate and duration is closely related
to the random rectangles model with B = (0, 1], the last fact being reflected in Table 7.1,
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where most (but not all) of the limit processes can be linked to the scaling limits in Figure 7.1
and where 74, ay are the same as in (7.4), (7.5).

Parameter region Limit process
(I1+7)(1—-p)<af<o0 l<a<?2 a-stable Lévy process
l<a<2p (a/p)-stable Lévy process

0<af <(1+7)(1-p) 1V2p < a<2 Brownian motion

a) Slow connection rate: 0 <y < 4.

Parameter region Limit process

l<a<2p FBMotion, H = (3 — (a/p))/2
0<arf <7y 1V2p <a <2 Brownian motion

vy < apff <y _ Gaussian line

v <apf < oo I<a<2-=p oy -stable line

Ve <af<oo 2—p<a<2 FBMotion, H=(2—-a+p)/2p

b) Fast connection rate: v, < v < 00.

Table 7.1: Limit distribution of the workload process in (7.6) with M =TV, K = T5.

The rest of the chapter is organized as follows. Section 7.2 contains rigorous formulations
(Theorems 7.1-7.6) of the asymptotic results pertaining to Figure 7.1. Section 7.3 discusses
LRD properties and asymptotics of the covariance function of the random grain model.
Section 7.4 obtains limit distributions of the aggregated workload process in (7.6). All proofs
are relegated to Section 7.5.

7.2 Scaling limits of random grain model

We can rewrite the sum (7.2) as the stochastic integral

X(t,s) = /

R

t— —
1(( s “) € B)N(du, dv,dr), (t,5) € R?, (7.7)
2><R+

rp 7 opl-p

w.r.t. a Poisson random measure N (du, dv, dr) on R? xR, with intensity measure EN (du, dv,
dr) = dudvF(dr). The integral (7.7) is well-defined and follows a Poisson distribution with
mean EX (t,s) =leb(B) [;° rF(dr). The RF X in (7.7) is stationary with finite variance and
the covariance function

Cov(X(0,0), X (£, 5))
=L 1((“ ”) € B, (“ s 8) E B)dudvF(dr). (7.8)

rp’ pl=p rp Tl_P
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Let

Sao(z,y) = /OM /Omy(X(t,s)—EX(t,s))dtds (7.9)

Az pAY o . N
N / {/ / y1<(t U781U) € B>dtdS}N(du,dv,dr)
R?2xRy 0 0 rP rli-p

for (z,y) € R%, where N(du,dv,dr) = N(du,dv, dr)—EN(du, dv, dr) is the centered Poisson
random measure in (7.7). Recall the definition of 7.

1—p «
’Y_;,_::*—l.

Vo= —
a—(1-p) p

In Theorems 7.1-7.6 we specify limit RFs V, and normalizations a,, in (7.1) for all v > 0
and a € (1,2), p € (0,1) as in Figure 7.1. Throughout the chapter we assume that B is a
bounded Borel set whose boundary 0B has zero Lebesgue measure: leb(0B) = 0.

7.2.1 Case v_ <7y <y
For 1 < a < 2, we introduce an a-stable Lévy sheet
La(,y) = Za((0,2] x (0,3]), (z,y) € RY, (7.10)

as a stochastic integral w.r.t. an a-stable random measure Z,(du,dv) on R? with control
measure c®*dudv and skewness parameter 1, where the constant o is given in (7.31). Thus,
Eexp{ifZ,(A)} = exp{—Ileb(A)c*|0|*(1 — isgn(f) tan(mwc/2))}, 6 € R, for any Borel set
A C R? of finite Lebesgue measure leb(A) < co. Note EZ,(A) = 0.

Theorem 7.1. Let v <~y <7y, 1 <a<2. Then
)\_H(V)S,w(x, Y) fdd Lo(z,y) as A — oo, (7.11)

where H(7y) := (14 7v)/a and L, is an a-stable Lévy sheet defined in (7.10).

722 Casesy>7v,l<a<2—pandy<~vy,l<a<l+p

For 1 <a<2—-—pand 1 < a < 1+ p introduce totally skewed stable Lévy processes
{Li(y), y >0} and {L_(x), x > 0} with respective stability indices ay € (1,2) defined as

a—p a—1+p
oy = , = —
l—p p
and characteristic functions
Eexp{ifLi(1)} := exp{—0“*|0|** (1 — isgn(f) tan(ras/2))}, 6 €R, (7.12)

where ¢+ is given in (7.36) and ¢ can be found by symmetry, see (7.27).
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Theorem 7.2. (i) Let v > v, 1 <a <2—p. Then

A HOS, (2, y) Y 2Li(y) as A — oo, (7.13)
where H(7y) := 1+ /oy and Ly is the a-stable Lévy process defined by (7.12).
(i1) Let 0 < v <y, 1l <a<1+p. Then

A HOS, (2, y) Y yL_(z) as A — oo,

where H(7y) :=~+ 1/a_ and L_ is the a_-stable Lévy process defined by (7.12).

7.23 Casesy>v,2—p<a<Z2andy<~vy,1+p<a<?2
A standard FBS By, g, with Hurst indices 0 < H;, Hy < 1 is defined as a Gaussian

process with zero mean and covariance

1
EBu, 1, (21, Y1) Ba, 11, (T2, 42) = Z(ﬁHl + 23 — oy =z M)
X (™ + 5™ — g — ™),

(z:,y;) € R3, i =1,2. The constants o, and ¢, appearing in Theorems 7.3(i) and 7.4(i) are
defined in (7.40) and (7.42), respectively. The corresponding constants o_ and ¢_ in parts
(ii) of these theorems can be found by symmetry (see (7.27)).

Theorem 7.3. (i) Let v > v, 2—p < a <2. Then
AHOS, (2, y) ¢ 01 By, 172(x,y) as A — oo, (7.14)

where H(y) := Hy +v/2, Hy == 1/p—74/2=(2—a+p)/2p € (1/2,1) and By, 1/2 is an
FBS with parameters (H,,1/2).

(it) Let v <v_, 1+ p <a <2. Then
ANHOVS, (2,9) S 0_Bijay (2,y) as A — oo,

where H(y) :=~vyH_+1/2, H_:==1/(1-p)+ (1 —p—a)/2(1 —p) € (1/2,1) and Byjou_ is
an FBS with parameters (1/2, H_).

Theorem 7.4. (i) Let v > v,, « =2 —p. Then
AT (log \) 728, (2,y) % G4 Bryya(z,y)  as A — oo, (7.15)

where H(v) := 14 /2, Bi12 is an FBS with parameters (1,1/2).
(it) Let v <~v_, o« =1+ p. Then

A0 (log )\)—1/25/\77(3;&) fdd G_Bijpa(z,y) as A — oo,

where H(v) := v+ 1/2 and By is an FBS with parameters (1/2,1).
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7.2.4 Cases 7=y

Define ‘intermediate Poisson’ RFs Iy = {I.(z,y), (z,y) € R%} as stochastic integrals

t— N
14(x,y):::/" L/ 1<<1ﬂ8> G<B>chdsﬂi(du,dv,dr), (7.16)
X (0,y] xRy J(0,z] xR

R rp plop

t — —
I (z,y) ::/ / 1((, slv> B)dtdsM(du,dv,dT)
(0,2] xRxR4+ JRx(0,y] P TP

w.r.t. the centered Poisson random measure M (du, dv, dr) = M (du, dv, dr) —EM (du, dv, dr)
on R? x R, with intensity measure EM (du, dv, dr) = c;dudvr=(F)dr.

Proposition 7.5. (i) The RF I, in (7.16) is well-defined for 1 < a < 2,0 < p < 1 and
E|I (z,y)|? < oo for any 0 < q < ay A 2. Moreover, if 2—p < a < 2 then E|I,(z,y)|* < oo
and

El (z1,y1) 1 (x2,0) = aiEBH+,1/2(5171, Y1) B, 1/2(72,12), (7.17)
(zi,y;) €RY, i = 1,2,

where o, Hy are the same as in Theorem 7.3(1).

(7i) The RF I_ in (7.16) is well-defined for 1 < a <2,0<p <1 and E|I_(z,y)|? < oo for
any 0 < g < a_ A2. Moreover, if 1 +p < a < 2 then E|I_(z,y)|* < oo and

EI—($1;y1)I—($2792) = UzEBl/Q,H,(xhyl)Bl/Q,H,(x2ay2)7
(33@,%) € Ria L= 15 27

where o_, H_ are the same as in Theorem 7.5(ii).
Theorem 7.6. (i) Let vy =7;, 1 <a <2. Then
NS, (2, y) ¢ I.(x,y) as A — oo, (7.18)

where H() :=1/p and RF I is defined in (7.16).
(ii) Let vy =~v_, 1 <a < 2. Then

AHOS, (2, y) YT (z,y) as A — oo,

where H(7y) :=~_/(1 —p) and RF I_ is defined in (7.16).

Remark 7.1. The normalizing exponent H(vy) = H(, «, p) in Theorems 7.1-7.6 is a jointly
continuous (albeit non-analytic) function of (v, a,p) € (0,00) x (1,2) x (0,1).

Remark 7.2. Restriction a@ < 2 is crucial for our results. Indeed, if « > 2 then for any
v >0, p € (0,1) the normalized integrals tend

)\_(H”)/QS,\W(:U,Z/) fad 0Bija12(z,y) as A — oo,

to a classical Brownian sheet By 1/ with variance o = leb(B)? [7° r?F(dr). We omit the
proof of the last result which follows a general scheme of the proofs in Section 7.5.
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7.3 LRD properties of random grain model

One of the most common definitions of LRD property pertains to stationary random pro-
cesses with non-summable (non-integrable) autocovariance function. In the case of anisotropic
RFs, the autocovariance function may decay at different rates in different directions, moti-
vating a more detailed classification of LRD as in Definition 7.1. In this section we also
verify these LRD properties for the random grain model in (7.2)—(7.3) and relate them to
the change of the scaling limits or the dichotomies in Figure 7.1; see Remark 7.3.

Definition 7.1. Let Y = {Y(¢, s), (t,s) € R?*} be a stationary RF with finite variance and
nonnegative covariance function py (¢, s) := Cov(Y'(0,0), Y (¢, s)) > 0. We say that:

(i) Y has short-range dependence (SRD) property if [z py (t, s)dtds < oo; otherwise we say
that Y has long-range dependence (LRD) property;

(ii) Y has vertical SRD property if [[_o oj«r Py (¢, s)dtds < oo for any 0 < @ < oo; otherwise
we say that Y has wvertical LRD property;

(iii) Y has horizontal SRD property if [, g g Py (t s)dtds < oo for any 0 < @ < oc;
otherwise we say that Y has horizontal LRD property.

The main result of this section is Theorem 7.7 providing the asymptotics of the covariance
function of the random grain model in (7.2)—(7.3) as |t|+|s| — oo and enabling the verification
of its integrability properties in Definition 7.1. Let

w = (|t|1/p + |S|1/(1_p))p7 for (t,s) € R%.

For p = 1/2, w is the Euclidean norm and (w,arccos(t/w)) are the polar coordinates of
(t,s) € R* s > 0. Introduce a function b(z), z € [-1,1], by

b(z) = ¢y /OOO leb (B N (B + (z/rp, (1-— |z|1/p)1_p/r1_p)>>r_adr, (7.19)

playing the role of the ‘angular function’ in the asymptotics (7.20). For the random balls
model with p=1/2 and B = {2 + y? < 1}, b(2) is a constant function independent on z.

Theorem 7.7. Let 1 <a<2,0<p<1.

(i) The function b(z) in (7.19) is bounded, continuous and strictly positive on [—1,1].

(7i) The covariance function p(t,s) == Cov(X(0,0), X (¢,s)) in (7.8) has the following asymp-
totics:

p(t,s) ~ b(sgn(s)t/w)w™ VP as|t| + |s| = oo. (7.20)

Theorem 7.7 implies the following bound for covariance function p(t,s) = Cov(X(0,0),
X(t,s)) of the random grain model: there exist () > 0 and strictly positive constants 0 <
C_ < Cy < oo such that for any |¢| + |s| > @,

C_ (7 + [s[ VD)7 < p(t, 5) < O (VP + | V/0P) e, (7.21)

The bounds in (7.21) together with integrability properties of the function (|¢|'/? + |s|}/(=P))1-
on {|t| + |s| > @} imply the following corollary.
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Corollary 7.8. The random grain model in (7.2)—(7.3) has:

(1) LRD property for any 1 < a<2,0<p<1;

(7i) vertical LRD property for 1 < a < 2 — p and vertical SRD property for 2 —p < a < 2
and any 0 < p < 1;

(1ii) horizontal LRD property for 1 < a < 14p and horizontal SRD property for 1+p < a < 2
and any 0 < p < 1.

Remark 7.3. The above corollary indicates that the dichotomy at « = 2 — p in Figure 7.1,
region v > v, is related to the change from the vertical LRD to the vertical SRD property in
the random grain model. Similarly, the dichotomy at a = 1 + p in Figure 7.1, region v < .
is related to the change from the horizontal LRD to the horizontal SRD property.

[90] introduced Type I distributional LRD property for RF Y with two-dimensional ‘time’
in terms of dependence properties of rectangular increments of V., v > 0. The increment of a
RFV = {V(2,y), (z,y) € R%} on rectangle K = (u,z] x (v,y] C R? is defined as the double
difference V(K) = V(z,y) — V(u,y) — V(x,v) + V(u,v). Let £ C R? be a line, (0,0) € .
According to [90, Definition 2.2], a RF V = {V(z,y), (z,y) € R} is said to have:

o independent rectangular increments in direction ¢ if V(K) and V(K') are independent
for any two rectangles K, K’ C R% which are separated by an orthogonal line ¢ L ¢;

e invariant rectangular increments in direction ¢ if V(K) = V(K’) for any two rectangles
K, K’ such that K’ = (z,y) + K for some (x,y) € ¢;

o properly dependent rectangular increments if V' has neither independent nor invariant
increments in arbitrary direction £.

Further on, a stationary RF Y on Z? is said to have Type I distributional LRD [90),
Definition 2.4] if there exists a unique point 79 > 0 such that its scaling limit V, has
properly dependent rectangular increments while all other scaling limits V., v # 7, have
either independent or invariant rectangular increments in some direction ¢ = /(). The
above definition trivially extends to RF Y on R2.

We end this section with the observation that all scaling limits of the random grain
model in (7.2)—(7.3) in Theorems 7.1-7.6 have either independent or invariant rectangular
increments in direction of one or both coordinate ares. The last fact is immediate from
stochastic integral representations in (7.10), (7.16), the covariance function of FBS with
Hurst indices Hy, Hs equal to 1 or 1/2 (see also [90, Example 2.3]) and the limit RFs in (7.13).
We conclude that the random grain model in (7.2)—(7.3) does not have Type I distributional
LRD in contrast to Gaussian and other classes of LRD RFs discussed in [89,90]. The last
conclusion is not surprising since similar facts about scaling limits of heavy-tailed duration
models with one-dimensional time are well-known; see e.g. [62].



145 7.4. Limit distributions of aggregated workload process

7.4 Limit distributions of aggregated workload process

We rewrite the accumulated workload in (7.6) as the integral
AM,K (TLC)
Tz
— “ﬂﬂAkﬁ/ uu<tgu+wm@wamuv% (7.22)
0

Rx(0,M]xR4

where N (du, dv, dr) is the same Poisson random measure on R*?xR, with intensity EN (du, dv,
dr) = dudvF(dr) as in (7.2). We assume that F'(dr) has a density f(r) satisfying (7.3) with
1 < @ < 2 as in Section 7.2. We let p € (0,1] in (7.22) and thus the parameter may take
value p = 1 as well. We assume that K and M grow with 7" in such a way that

M=T",K=T" forsome0<~y<o0,0<f< .
We are interested in the limit distribution
b7 (A i (Tx) — BEAy x(T2)) S A(z) as T — oo, (7.23)

where by = by, g — 00 is a normalization.

Recall from (7.4) and (7.5) the definitions

o a—p
Y+ =——1 oy = .
p l—p

For p = 1, let o, := oo. By assumption (7.3), transmission durations R?, i € Z, have a heavy-
tailed distribution with tail parameter a/p > 1. Following the terminology in [27,35,53,70],
the regions v < 74, v > 74 and 7 = 4 will be respectively referred to as slow connection
rate, fast connection rate and intermediate connection rate. For each of these ‘regimes’,
Theorems 7.9, 7.10 and 7.11 detail the limit processes and normalizations in (7.23) depending
on parameters 3, a, p.

Apart from the classical Gaussian and stable processes listed in Table 7.1, some ‘inter-
mediate’ infinitely divisible processes arise. Let us introduce

I(z) := /}RXR {/036 lu<t<u-+ Tp)dt}./\/l(du,dr), x>0, (7.24)

where M (du, dr) is a centered Poisson random measure with intensity measure ¢pdur~1+®)dr.
The process in (7.24) essentially depends on the ratio «/p only and is well-defined for 1 <
a < 2pand 1/2 < p < 1. Under the ‘intermediate’ regime this process arises for many heavy-
tailed duration models (see e.g. [27,35,55]). It was studied in detail in [34]. We introduce a
‘truncated’ version of (7.24):

I(z) == /RXR {(rl_p A1) /OJC llu<t<u+ T”)dt}./\/l(du, dr), x>0, (7.25)
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and its Gaussian counterpart
Z(x) = / {(rlp A1) /m llu<t<u+ rp)dt}Z(du, dr), x>0, (7.26)
RxR 0

where Z(du, dr) is a Gaussian random measure on R xR, with the same variance cdur~(1+*)dr
as the centered Poisson random measure M (du,dr). The processes in (7.25) and (7.26) are
well-defined for any 1 < a < 2, 0 < p < 1 and have the same covariance functions.

The RFs defined in Section 7.2 reappear in Theorems 7.9-7.11 for the certain grain set,
namely the unit square B = (0,1]%. Recall that a homogeneous Lévy process {L(x), = > 0}
is completely specified by its characteristic function Ee?2(V) § € R. A standard fractional
Brownian motion with Hurst parameter H € (0,1] is a Gaussian process {By(z), z > 0}
with zero mean and covariance function (1/2)(z*? + 4?4 — |z — y|*H), 2,y > 0.

Theorem 7.9 (Slow connection rate). Let 0 < v < v4. The convergence in (7.23) holds
with the limit A and normalization by = T™ specified in (i)—(v) below.

(i) Let (14+~)(1—p) < af < oco. Then H := (1 +7)/a and A := {Ly(z,1), z > 0} is an
a-stable Lévy process defined by (7.10).

(i) Let 0 < aff < (1+7)(1 —p) and 1 < o < 2p. Then H := f+ (1 +v)p/a and
A= {Lqyp(x), x > 0} is an (a/p)-stable Lévy process with characteristic function given by
(7.48).

(111) Let 0 < aff < (1+7)(1—p) and 1V2p < a < 2. ThenH := (1/2)(1+v+5(2—a)/(1—p))
and A := {o1B(x), x > 0} is a Brownian motion with variance o% given by (7.49).

(iv) Let 0 < a3 < (14+7)(1—p) and o = 2p. Then by := T (log T)'/? with H := B+ (1+7)/2
and A := {6,B(x), * > 0} is a Brownian motion with variance 53 given by (7.50).

(v) Let aff = (147)(1 —p). Then H := (1+~)/o and A := {L(z), x > 0} is a Lévy process
with characteristic function in (7.51).

Theorem 7.10. (Fast connection rate.) Let vy < v < oo. The convergence in (7.23) holds
with the limit A and normalization by := T™ specified in (i)-(iz) below.

(1) Let 0 < oy < vy and 1 < o < 2p. Then H := H+ f+v/2 and A := {02Bg(z), x > 0}
is a fractional Brownian motion with H = (3 — a/p)/2 and variance o3 given by (7.52).

(i) Let 0 < ayfp < v4 and 1V 2p < a < 2. Then H and A are the same as in Theo-
rem 7.9(iii).

(i11) Let vy < ayf<vyandl <a<2—p. Then H:=1+ (1/2)(v+B(2—a—p)/(1—p))
and A = {zZ, x > 0} is a Gaussian line with random slope Z ~ N(0,03) and o3 given in
(7.53).

(lv) Let y < ayf<ocandl <a<2—p. ThenH :=1+v/a; and A:={zL (1), x > 0}
is an oy -stable line with random slope L (1) having o -stable distribution defined by (7.12).
(v) Let vy < ayf<ooand2—p <a<2. ThenH :=H,+v/2 and A:= {04 By, 1/2(x, 1),
x > 0} is a fractional Brownian motion with H = Hy = (2 — o+ p)/2p and variance o
given by (7.40).
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(vi) Let 0 < ayf < vy and a = 2p. Then by := T"(log T)"/? with H := B + (1 +~)/2 and
A :={G,B(x), x > 0} is a Brownian motion with variance 63 in (7.54).

(vii) Let o B = 4. Then H = (1/2) 1+~ + (2 —a)/p) and A := {Z(z), z > 0} in an
intermediate Gaussian process defined by (7.26).

(viii) Let ayf =y and 1 < o« < 2—p. Then H =1+ 8 and A := {xZ, x > 0}, where a
slope Z is a r.v. defined by (7.55).

(iz) If v < ay B < oo and a = 2 —p. Then by := T™(logT)"?, H := 1+ /2 and A :=
{6 Bi1ja(x,1), © > 0} = {aZ, x > 0} is a Gaussian line with random slope Z ~ N(0,52)
and 52 given by (7.42).

Theorem 7.11. (Intermediate connection rate.) Let v = ~v,. The convergence in (7.23)
holds with the limit A and normalization by := T* specified in (i)—(v) below.

(i) Let 0 < oy 5 < v4 and 1 < a < 2p. Then H := 1+ and A := {I(z), v > 0} is defined
by (7.24).

(77) Let 0 < a8 < v4 and 1V 2p < a < 2. Then H and A are the same as in Theorem
7.9(iii).

(7it) Let 0 < ayf < 4 and o =2p. Then H and A are the same as in Theorem 7.9(iv).
(iv) Let ay B =~,. Then H :=1/p and A := {I(z), z > 0} is defined by (7.25).

(v) Let v; < ayff < oo. Then H :=1/p and A:={I.(x,1), x > 0} is defined by (7.16).

Remark 7.4. Note that p = 1 implies 7, = a — 1. In this case, Theorem 7.9 reduces to
the a-stable limit in (i), whereas Theorem 7.10 reduces to the fractional Brownian motion
limit in (v) discussed in [70] and other papers. A similar dichotomy appears for § close to
zero and 1 < a < 2p with the difference that « is now replaced by «/p. Intuitively, it can
be explained as follows. For small 5 > 0, the workload process Wi, x(t) in (7.6) behaves like
a constant rate process K'Y, 1(x; <t < x; + RY, 0 < y; < M) with transmission lengths R
that are i.i.d. and follow the same distribution P(RY > r) = P(R; > r'/P) ~ (c;/a)r=(@/P)]
r — 0o, with tail parameter 1 < a/p < 2. Therefore, for small 5 our results agree with [70],
including the Gaussian limit in Theorems 7.9(iii) and 7.10(ii) arising when the RY’s have
finite variance.

Remark 7.5. As it follows from the proof, the random line limits in Theorem 7.10(iv)
and (iii) are caused by extremely long sessions starting in the past at times x; < 0 and
lasting RY = O(T7/+), vy < v < a,f or RY = O(T*+P#/7+), v, < a B < v, respectively, so
that typically these sessions end at times z; + RY > T.

7.5 Proofs

7.5.1 Proofs of Sections 7.2 and 7.3
Let

X*(t,s) = /

R

t— — R
1(( u H) c B*)N(du,dv,dT), (t,s) € g
2><R+

rl=p’ pp
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be a ‘reflected’” version of (7.7), with B replaced by B* := {(u,v) € R* : (v,u) € B}, p
replaced by 1 — p and the same Poisson random measure N(du,dv,dr) as in (7.7). Let
Sx. .y, ) = SV [ (X5 (8, ) — BEX*(t, 8))dtds, (y,x) € R%, be the corresponding partial
integral in (7.9). If )\*, v, are related to A, v as A\, = A7, 7y, = 1/ then

83 (,2) E 515 () (7.27)
holds by symmetry property of the Poisson random measure. As noted in the Introduction,
relation (7.27) allows to reduce the limits of Sy, (z,y) as A = oo and v < v_ to the limits
of S5, .. (y,7) as A\ — 00 and 7, > 7.y := /(1 —p) — 1. As a consequence, the proofs of
parts (ii) of Theorems 7.2-7.6 can be omitted since they can be deduced from parts (i) of
the corresponding statements.

The convergence of normalized partial integrals in (7.1) is equivalent to the convergence
of characteristic functions:

E exp {ia;}i ZQiS,\,ﬂ,(mi,yi)} — Eexp {iZQiVW(xi,yi)} as A — 0o, (7.28)
i=1 i=1

for all m =1,2,..., () € R%, 6, € R, i = 1,...,m. We restrict the proof of (7.28) to
one-dimensional convergence for m = 1, (z,y) € R2 only. The general case of (7.28) follows
analogously. We have

Wi~(0) = logEeXp{iﬁaifyS)w(x,y)} (7.29)

Az AT _ _
— / \IJ(G/ / y1<(t u’slv) EB)dtds)dudvf(r)dr
R2 xRy )y J0 0 TP ri—p

where ¥(z) :=e”* — 1 — iz, z € R. We shall use the following inequality:

|U(2)| < min(2|z|,2%/2), z€R. (7.30)
Proof of Theorem 7.1. In the integrals on the r.h.s. of (7.29) we change the variables:

t—u s —v
— t,
rP rl_p

This yields W, (0) = [5° ga(r) fa(r)dr, where

—s, u—=du, v— N, = MOy

fa(r) = )\(1+a)H(v)f()\H(v)r) N cfr_(1+°‘), A — 00
according to (7.3), and

g(r) = /RQ\I/(Qh,\(u,v,r))dudv,

ha(u,v,r) = T/ 100 <u+ APt <z, 0< v+ A2 Ps < y)dtds,
B
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where the exponents §; :=1— H(y)p = (v« —7)/(L +794) >0, 62 :=~v—H(y)(1 —p) =
(v —=v-)/(1 +~-) > 0. Clearly,

ha(u,v,7) = leb(B)r1(0 <u<z,0<v<vy), \— o0,
for any fixed (u,v,r) € RZ x Ry, u & {0,2}, v € {0,y}, implying
ga(r) = xyW(0leb(B)r)

for any r > 0. Since [go hy(u,v,r)dudv = zyrleb(B) and hy(u,v,r) < Cr, the dominating
bound |gx(r)| < C'min(r,r?) follows by (7.30). Whence and from Lemma 7.12 we conclude
that

Wi~(0) = W,(8) := zycs /Oo(eieleb(B)T — 1 —ifleb(B)r)r~ 9 dr,
0
It remains to verify that
W, (0) = —zyo®|0]|*(1 — isgn(f) tan(ra/2)) = log Eexp{ifL.(z,y)},

where

0% = cyleb(B)" cos(ma/2)['(2 — o) /a(1 — a). (7.31)
This proves the one-dimensional convergence in (7.11) and Theorem 7.1, too. [

Proof of Theorem 7.2. In (7.29), change the variables as follows:

t—= A, s—v— \ImP/lemp)g
u— NPy oy N, — N/ @)y (7.32)

This yields W (0) = [5° ga(r) fr(r)dr, where
Fa(r) = NFen/le=p) g\v/le=plpy o cp=(Fe) ) o0, (7.33)

and g (1) := [g2 Y(0h(u,v,7))dudv with

x At —u s 5
ha(u,v,7) = /0 dzf/]R 1<< p ’r1p> € B>1(O <v+ A 2s <y)ds, (7.34)

where 6; == py/(a —p) —1= (v —74)/7+ >0, 02 :=y(aw —1)/(v — p) > 0. Let B(u) :=
{v € R: (u,v) € B} and write leb;(A) for the Lebesgue measure of a set A C R. By the
dominated convergence theorem,

ha(u,v,7) = h(u,v,r) = 210 <v < y)/Rl(<_u i ) € B)ds (7.35)

rp ! Tl—p

= 21(0 < v < y)r' Pleby(B(—u/r"))
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for any (u,v,r) € R? x Ry, v & {0, y}, implying
ax(r) — g(r) ::/ U(Oh(u,v,r))dudv = yrp/ \11(9957“1_” lebl(B(u))>du
R? R

for any r > 0. Indeed, since B is bounded, for fixed r > 0 the function (u,v) +— hy(u, v, r) has
a bounded support uniformly in A > 1. Therefore it is easy to verify domination criterion for
the above convergence. Combining hy(u,v,r) < Cr'™? with [z hy(u, v, 7)dudv = zyrleb(B)
gives |gx(r)| < Cmin(r,r*?) by (7.30). Hence and by Lemma 7.12, Wy () — W, (0) :=
cr J52 g(r)r~ (49 dr. By change of variable, the last integral can be rewritten as

W,(0) = crya®* /leb1 (u))**rdu /Oo(eiew —1 —iQw)w—(1+a+)dw
0
= —(ya® ) a+‘9‘a+( —isgn(f) tan(ma, /2)) = log Eexp{ifz L, (y)},

where

oo o= T2 ) cos{ m+/2 [ teby(B(w)™du, (7.36)
(]. - )Oé+ 1— Oé+

thus completing the proof of one-dimensional convergence in (7.13). Theorem 7.2 is proved.

O
Proof of Theorem 7.3. In (7.29), change the variables as follows:
t—a M, s—v—= APy, v— N, = AP (7.37)
We get Wy ,(0) = 5~ gx(r) fr(r)dr, where
Bl o= A0
gn(r) = , NHO =) g (GNP =HDN b (4, 0, 7)) dud, (7.38)
R
with
ha(u,v,r) = /xdt/1(0<v+)\_5s< )1 fu s € B)ds
AW, Uy T 0 R Yy Tp ) T’l —p
- 10<v<y) / dt/ ((t—u — >€B>ds
ri—p
— 10<v<y rl_p/ leby (B((t — u)/r?))dt
0
=: h(u,v,r) (7.39)

as A — oo, for all (u,v,7) € R? x Ry, v & {0,y}, since § := 1+~ — (1/p) > 0. Note that
2(H(v) —1/p) = v — v+ > 0 and hence

AN2HO=VPIg(ANVP=HO (4, 0, 7)) — —(62/2)h* (u, v, 1), X — 0.
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Next, by the dominated convergence theorem

92
() = glr) = =%
for any r > 0. Using [go h(u,v,7)dudv = xyleb(B)r and hy(u,v,r) < Cmin(r'=?,r) simi-
larly as in the proof of Theorem 7.2 we obtain |gx(r)| < C [g2 3 (u, v, r)dudv < C min(r?=?, r?).
Then by Lemma 7.12,

R (u, v, r)dudv
RQ

Wi (6) = Wo(6) i= s [ glr)r 0 dr = —(62/2)0% 21y,
0
where

ot = cf/Rdu /OOO </01 leby (B((t — u)/rp))dt>2r1_°‘_2pdr, (7.40)

where the last integral converges. (Indeed, since u — leby(B(u)) = [1((u,v) € B)dv
is a bounded function with compact support, the inner integral in (7.40) does not exceed
C(IATP)1(Ju| < K (1+rP)) for some C, K > 0 implying 03 < C [5°(1ArP)*(14rP)ri=*2Pdr <
oo since 2 — p < a < 2.) This ends the proof of one-dimensional convergence in (7.14).
Theorem 7.3 is proved. O

Proof of Theorem 7.4. After the same change of variables as in (7.32), viz.,
t= M, s—v—= N2 w— 2Oy Xy, N/207P)

we obtain Wy, (0) = [5° ga(r) fa(r)dr with fy(r) as in (7.33) and g\(r) := [ge Y(0(log \)~1/2
hy(u,v,r))dudv, where

dip _
ha(u,v,r ::/ dt/ ((A t u) 18p> € B>1(O < v+ A"%25 < g)ds,
r
0 :=pv/2(1 —p) — 1= (y—"4)/7+ >0, 03 := /2 > 0 are the same as in (7.34) and

hy(u,v,7) = h(u,v,r) =210 <wv <y)/Rl(<_u, i ) EB)ds

rp 7"117

c.f. (7.35). Below we prove that the main contribution to the limit of W), () comes from
the interval A™°1/? < r < 1, namely, that W, ,(6) — WY _(0) = 0, where

1
W0 = [ e (7.41)
0 e dr
2 log A Ja-su/e 3P

_ _H;ﬁycf /R (leby (B(w)))?du

/ R*(u, v, r)dudv
RQ

1 1 dr
log A Jx-s1/2 1

92
= _55’-2&-1.23/_ W’Y(Q%
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where

~2 _ € (v —74)
52 = 1‘2(1_]0) /R leb(B N (B + (0,u)))du (7.42)

and where we used the fact that [e h?(u,v,r)dudv = z?yr?=? [;leby(B(u))*du = z?yr? ?
Jrleb(BN (B + (0,u)))du.

Accordingly, write W, (0) = WY (6) + W, (0) + Wi (0), where Wy_(6) := Oxél/p gx(r)
Sa(r)dr and Wi (0) := [7° ga(r) fa(r)dr are remainder terms. Indeed, using (7.30) and

/2 ha(u,v,7)dudv = zyrleb(B), hy(u,v,7) < C(Ar) Ari?, (7.43)
R

it follows that

Wit (0)] < ¢ /1°° dr /]R ha(u, v, 7)dudv = O((log A)~2) = o(1).

(log \)1/2 P3P
Similarly,
3 C/\61 A—01/p
WO < fos [ s [ r)duds
C’)\51 A—61/p C A\L/p
< 2 dr = / 2
N 1ogA/o P = Sy T

= O((logA)™") = o(1),
since §; = py/2(1 —p) — 1. -
Consider the main term WY _(6) in (7.41). Let Wy, (0) := —% Sazsrse Sa(r)dr e b3 (u, v,
r)dudv. Then using (7.43) and |¥(z) + 22/2| < |2]?/6 we obtain

__ C 1 -
|W/(\)/y(9) - Wi, (0)] < (1()g)\)3/2/,\—51/p r2 722 fy (r)dr /]R2 hy(u, v, r)dudv

¢ ! 3—2p d
(og A2 oo’ AT

(logci)?’/2 /01 rPdr = O((log )~*/?) = o(1).

Finally, it remains to estimate the difference |W) ., (6) — W, (8)| < C(J + J), where

1 1
rL 9 T
J/\ T log)\ A—01/p f)\(’f’)d’l“ /R? |h/\(u,2},7”) h (U7U7T)|dUdva
1 1
"o 2p _ b3
o= log X r-siiw [fa(r) = egr?™7|dr.

Let

hy(u,v,7) == x/ 1<<—u’ S) € B>1(0 < v+ A5 < y)ds.
R

rp 7’1*17
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Then J} < J§; + J},, where J3,; := (logA)~! Simsyse )T fgz [B3(u, v, 7) — B3 (u, v, 7)|dudw,
Jy = (log \) 7! [i—s, e fa(r)dr fze |h3 (u,v,7) — h2(u,v,7)|dudv. Using the fact that B is a
bounded set with leb(0B) = 0 we get that

/ \ha(w, v, 1) — ha(u, v, r)|dudv
R2

< yr/ dt
0 R2
< re(A"01rP),

1(()\;jt — u, 3) € B) —1((—u, s) € B)|duds

where €(z2), z > 0, is a bounded function with lim, ,o€(2) = 0. We also have hy(u,v,r) +
hy(u,v,7) < Cr'~P asin (7.43). Using these bounds together with f,(r) < CrP=3, r > \~%/p
we obtain

1 1
Jilogh < C APy = O e(z)z7'dz = o(log \),
A—%1/p A 01
proving J5, — 0 as A — oo. In a similar way, using fgs |hx(u,v,7) — h(u,v,r)|dudv <
o7 fps 1((—u,s) € B)|1(0 < v+ A"2r17Ps < y) — 1(0 < v < y)|dudvds < Cr?=PA=% we
obtain Ji,log A < CA™% [/ r~Pdr = O(A\~%), proving J}, — 0 and hence J; — 0. Finally,
JU = (log )7t 3, r* 7P| f(r) — ¢yrP~3|dr — 0 follows from (7.3). This proves the limit
im0 Wi, (0) = W, (0) = —(62/2)52 2%y for any 6 € R, or one-dimensional convergence in
(7.15). Theorem 7.4 is proved. O

Proof of Proposition 7.5. We use well-known properties of Poisson stochastic integrals and
inequality (3.3) in [79]. Accordingly, I, (z,y) is well-defined and satisfies E|I, (z,y)|? <

2J,(z,y) (1 < ¢ <2) provided
o t—u s
T(x,y) = ./ ~(1+a)q /1 dud !/ 1(( ,) B)dui
q(x y) “ 0 " " Rx(0,y] uaw (0,2]xR rp T rl-p s

00 x t — q
= ey [ 0= qe [ qul [leb, (B2 ) )dt
/ 0 R 0 rp

< 0.
Split J,(w,y) = cpylfy dr+[°]...dr =: cpy[J'+J"]. Then J” < C [° r2(=P)p=(F)dp [ 1(]u]
< OrP)du < C [0 rad-p=(+a+rdr < oo provided ¢ < (o — p)/(1 — p). Similarly, J' <
C [y ra@=p=0te)qr| [1([t| < CrP)dt|e < C fy ra0-Pp=(+a)tedr < oo provided o < ¢. Note
that a < (a —p)/(1—p) <2forl<a<2—pand (o« —p)/(1—p)>2for2—p<a<2.
Relation (7.17) follows from (7.14) and Jy(z,y) = oryz*+ by a change of variables. This
proves part (i). The proof of part (ii) is analogous. O

q

Proof of Theorem 7.6. Using the change of variables as in (7.37) we get W) ,(6) = [5° ga(7)
fa(r)dr with the same fi(r), ga(r) as in (7.38) and hy(u,v,r) satisfying (7.39). (Note
H(vy) = H(vy) = 1/p hence N#0+)=(1/) = 1 in the definition of gx(r) in (7.38).) Par-
ticularly, W(0hy(u,v,r)) — ©(Oh(u,v,r)) for any (u,v,r) € R? x R, v ¢ {0,y}. Then
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ga(r) = g(r) == Jg2 V(Oh(u,v,7))dudv follows by the dominated convergence theorem. Us-
ing [z2 ha(u,v,r)dudv = xyrleb(B) and hy(u,v,r) < Cr we obtain |gx(r)] < Cmin(r,r?)
and hence W), (0) — [° g(r)r~ 1+ dr = log E exp{if1, (x,y)}, proving the one-dimensional
convergence in (7.18). The proof of Theorem 7.6 is complete. [

Proof of Theorem 7.7. (i) Write D,(z,y) = {(u,v) € R* : (u — x)* + (v — y)* < r?} for
a ball in R? centered at (z,y) and having radius r. Recall that B is bounded. Note that
inf,eio11)(2]/r? + (1 — |2|Y@=D)1=P /pl=P) > comin(r~P, r~(7P)) for some constant ¢y > 0.
Therefore, there exists o > 0 such that for all 0 < r < 7 the intersection B, , := BN (B +
(z/rp, (1-— |z|1/p)1*p/r1*p>> = () in (7.19). Hence b(z) < C < oo uniformly in z € [—1, 1].

Let (z,y) € B\ 0B. Then Dy.(xz,y) C B for all r < rg and some 1y > 0. If we
translate B by distance ry at most, the translated set still contains the ball D, (z,y). Since
sup,¢;_pqy(|2[/r? + (1 = [2]'/P)172 /r1=P) < 2max(r~?,r~(17P)), there exists 1 > 0 for which
inf,~,, leb(B.,) > 7rg, proving inf,e(_1 5 b(z) > 0. The continuity of b(z) follows from the
above argument and the continuity of the mapping z +— leb(B,,) : [-1,1] — R, for each
r > 0.
(ii) Let s > 0. In the integral (7.8) we change the variables: u — 7Pu, v — 7"Pv, r — w!/Pr,
Then 0

p(t,s) = w’(afl)/p/o leb(Btjw,) fuw(r)rdr,

where f,,(r) := w3F/P f(wPr) — c¢;r~ 1+ — co. Then (7.20) follows by Lemma 7.12
and the afore-mentioned properties of leb(By/y, ). Theorem 7.7 is proved. O

In this chapter we often use the following lemma which is a version of Lemma 2 in [53]
or Lemma 2.4 in [11].

Lemma 7.12. Let F be a probability distribution that has a density function f satisfying
(7.3). Set fr(r) := AT f(Ar) for X > 1. Assume that g, gx are measurable functions on R
such that g\(r) — g(r) as A — oo for all r > 0 and such that the inequality

lga(r)] < C(rPr ArP2) (7.44)

holds for all r > 0 and some 0 < B1 < a < Bo, where C does not depend on r, \. Then
/OO g (r) fr(r)dr — ¢ /OO g(r)yr~H9dr  as X = oo.
0 0
Proof. Split [5° ga(r) fa(r)dr = (J5+ [Z2)ga(r) fa(r)dr = I1(X) + I2(X\), where € > 0. It

suffices to prove
lim Ir(\) = cf/ g(r)r=*9dr and  limlimsup I;(\) = 0. (7.45)
A—00 € S AUND W
The first relation in (7.45) follows by the dominated convergence theorem, using (7.44) and
the bound f\(r) < Cr~(*® which holds for all » > p/\ and a sufficiently large p > 0
by virtue of (7.3). The second relation in (7.45) follows from |I;(\)| < C [y 7?2 fr(r)dr =
CXe=B2 [0 f(g)dae < CA—P2 4 ONe—F2 [} pPa=(ta)dy < O\ P2 4 oo, O
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7.5.2 Proofs of Section 7.4
Proof of Theorem 7.9. We have

Wrap(0) = logEexp {i0by' (Ay x(Tx) — BEAy (T7))} (7.46)

Tx
= T'Y/ \II(QT_H(rl_” A Tﬁ)/ llu<t<u+ rp)dt)duf(r)dr,
RXR+ 0

where U(z) = e* — 1 — iz, z € R, as in Section 7.5.1.

) Let 0<p< 1,01 :=8—(1+7)(1—=p)/a>0,0:=1—(14+7)p/a=(v+—v)p/a > 0.
Using the change of variables (¢ — u)/r? — t, u — Tu, r — T3/ in (7.46), we obtain

Wrq5(0) = /Ooo gr(r) fr(r)dr, (7.47)
where fr(r) = TN/ e f(TA+9/ap) and
gr(r) = [ (00 AT ) (1) )du

and where hp(u,r) := [§ 1(0 < u+T~%r?t < 2)dt — 1(0 < u < ) for fixed (u,7) € R x Ry,
u & {0,2}. Hence gr(r) — g(r) := 20 (0r) follows by the dominated convergence theorem.
The bound |gr(r)| < C min(r, r?) follows from (7.30) and [ hy(u, r)du = z with hy(u,r) < 1.
Finally, by Lemma 7.12, Wy, 5(0) — xc; [ W (0r)r~ 1) dr = log E exp{if L, (z, 1)}, proving
part (i) for 0 < p < 1. The case p = 1 follows similarly.

(ii) By the same change of variables as in part (i) we get Wr ., 3(0) as in (7.47), where

gr(r) == /R\I/(Q((T_‘Slrl_p) A D) rPhr(u, T))du,

where 0y, fr(r), hr(u,r) are the same as in (7.47) except that now §; < 0. Next, gr(r) —
W (0r?) by the dominated convergence theorem while |gr(r)| < Cmin(r?,r?) follows by
(7.30) and [ min(hy(u,r), h3(u,r))du < C. Then Wr., 5(0) — W, 5(0) := xcy [5° U(0rP)
r~(+)dy follows by Lemma 7.12. To finish the proof of part (ii) it suffices to check that

W, 5(6) = —xm cos (7;;;) |0|O‘/p(1 —isgn(f) tan <7;Z>) (7.48)

=: logEexp{ifL,/(x)}.
(iii) Denote 61 :=1+~y—af/(1 —p) > 0,52 :=1—pp/(1 —p) > 0. Then by change of
variables: (t —u)/r? — t, u — Tu, r — TPy we rewrite Wy, 5(0) as in (7.47), where
fT(T) = T(1+O‘)ﬂ/(1_p)f(Tﬂ/(l_p)r> and

gr(r) = / T51\IJ<0T_61/2(7"1_” A 1)TphT(u,r))du
R
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with hr(u,r) := f§ 1(0 < u+T7%2rPt < x)dt — 1(0 < u < 2). Then gp(r) — —(62/2)(r' P A
1)>r?z by the dominated convergence theorem using the bounds |¥(z)| < 2%/2, 2 € R
and hp(u,r7) < 1(—rP < uw < z). Moreover, |gr(r)] < Cmin(r?,r?) holds in view of
Jg P3(u,r)du < C. Using Lemma 7.12 we get Wiy, 5(0) — —(0%/2)xcy [°(rtPAL)2r2p~(Ha)qy
= —(0?/2)o%x, where
2. 2¢p(1—p)
o] = 2—a)a—) < o0 (7.49)

since max(1,2p) < a < 2. This proves part (iii).

(iv) By the same change of variables as in part (iii), we rewrite Wy, 5(6) as in (7.47), where
gr(r) = /RT51\IJ<0T_51/2(10gT)_1/2(r1_p A 1)rphT(u,r))du

and fp(r) and 0y, 6 > 0 and hp(u,r) := [y 1(0 < u+T-%2rPt < 2)dt — 1(0 < u < z) are the
same as in (iii). We split Wy, (0) = Wi, 5(0) + W2, 5(0) + Wi 5(f) and next prove that
Wy, 5(0) = 3 gr(r) fr(r)dr and Wi 5(0) := [75,/20 g (r) fr(r)dr are the remainder terms,
whereas

T 0> xep [TV,
W%%ﬁ(ﬁ) 3:/1 QT(T)fT(T)dr ~ _Elong ' 72— (1+2p) 4,
62 _,
- _?le = W%B<9)7
where 5
~ c
ot = cry, (141 —p) - 208). (7.50)

=cp— = ——

Top — 2p(1—p)
By (7.3), there exists p > 0 such that fr(r) < Cr=(*2) for all » > p/T?/(1=P). Using this
bound along with [g hy(u,r)du = z, hr(u,r) < 1 and (7.30), we get

_ c ~
Wras)] < oo [ r7fr(r)dr = O(ogT)™) = o),
™2 > 142 1/2
Wi s O < Ol frayn 7 = 0((0gT) ™) = o(1)
We now consider the main term W2, 4(6). Let Wr5(0) == — QIgZT flTélmp 2 fr(r)dr [z ha(u,
r)du. Then, by |U(2) + 22/2| < |2|>/6, 2 € R, it follows that
0 _ C T81/2p 5 5
|WT7%B(9) - WT7775(0)| S (log T)3/2T(51/2 A r pr(r>d7ﬂ/RhT(U/,T)dU
C T91/2p
p—1
(log T)3/2T%1/2 /1 e

— O((log T)™*/?) = o(1).
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Finally, we estimate [Wr ., (6) — W, 5(8)| < C(J5 + Ji), where

1 T91/2p

Jp = logT/1 TQPfT(T)dT/R |hF(u,7) — 1(0 < u < z)|du,
Lo, 142

J7 = logT/1 rP|fr(r) — cfr_( +20)|dy-

Using
/ B2 (u, 1) — 1(0 < u < z)|du
R

1
< 2/ dt/ 10 < u+ TPt < 2) —1(0 < u < z)|du < CrPT %,
0 R

we obtain J;, < C(logT)~1T=% [T yp=1dr = o(1), since 6,/2 < 0 for ¥ < .. Then
Jih = o(1) follows from (7.3), since |fr(r) — c;r= 2| < ecpr=(1420) for all v > p/TH/0-P)
and some p > 0 if given any € > 0. This completes the proof of Wr., 5(0) — —(0%/2)5%x =
log E exp{ifo1B(x)} as T — oo for any 6 € R.

(v) After the same change of variables as in part (iii) we get Wi, () in (7.47), where
gr(r) == / \D(G(rl_p A 1)rPhp(u, r))du
R

with the same fr(r) and hyp(u,t) — 1(0 < u < z) as in (iii). By dominated convergence
theorem, gr(r) — xU(0(r'=? A 1)rP), where we justify its use by (7.30), and hp(u,r) <
1(—r? < u < x). The bound |gr(r)] < Cmin(r?, r?) follows from (7.30) and [ hy(u,r)du = z
with hp(u,r) < 1. Finally, by Lemma 7.12,

Wiy 5(0) — xc; /0 ” U0 A )7 )r= ) dr =: log Eexp{ioL(x)}. (7.51)

The proof of Theorem 7.9 is complete. m

Proof of Theorem 7.10. (i) Denote §; := 1+vy—a/p=~v—~4 > 0and 5 := (1—p)/p—p > 0.
By changing the variables in (7.29): t — Tt, u — Tu, r — TYPr we rewrite Wy, 5(0) as in
(7.47), where fr(r) := TU+/P f(TYPr) and

gr(r) = /R T (0T 2((T%r ) A 1)h(u, 7)) du

with h(u,r) == [§1(u < t < u+ r?)dt. The dominated convergence gr(r) — ¢g(r) =
—(62/2) Jg h?(u,r)du follows by (7.30). The latter combined with [ h?(u,7)du < C'min(1,7?)
Jg h(u,7)du < C'min(r?, r?) gives the bound |gr(r)| < Cmin(r?,7?P). Finally, by Lemma
712, Wr., 5(0) — —(6%/2)032*" | where

1 2dudr
2
oy = Cf/RX]R</O 1(u<t<u—|—7’p)dt) ita

. 20f
= @B a/palp 1) (7:52)
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proving part (i).
(ii) The proof is the same as that of Theorem 7.9(iii).

(iii) Let 6; == v — a8 > 0,82 := a,8/y+ — 1 > 0. By change of variables: ¢t — Tt,
u — TP/ =Py 1 — TO/U=Pp we get (7.47) with fr(r) = TU+B/A=p) £(TA/(1=P)y) and

gr(r) == /RT‘Sl\I/(GT_‘sl/Q(Tl_p A Dhy(u,r))du,

with hp(u,7) :== [§ 1(0 < (T7%t —u)/r? < 1)dt — h(u,r) := 21(—r? < u < 0). Then (7.30)

and h(u,r) < x1(—r? < u < 1) justify the dominated convergence gr(r) — —(6%/2)(r'=? A

1)?rPx?. By (7.30) and [ h3-(u,r)du < C [g hy(u,r)du < CrP, we have |gr(r)| < C'min(r?,

r27P). Finally, by Lemma 7.12 Wy, 5(0) — —(0%/2)22c; [;°(r'™P A 1)2P~(H)dr = —(62/2)
r?0? with

2. _ 2cs(1 —p)
oy = :
(2—p—a)la—p)

(7.53)

proving part (iii).

(iv) Denote 0 :=  —vy/ay > 0,05 := v/v4 — 1 > 0. By the change of variables: ¢t — T,
w — TV, v — TV +Pr we get (7.47) with fr(r) = T+ f(T7/74Pr) and

gr(r) = /R (O A Ty (u,r))du,

where hp(u,r) == [§1(u < T2t < u+ rP)dt — h(u,r) := 21(—r? < u < 0). Then
gr(r) — g(r) = [ U(@xr'PL(—rP < u < 0))du and Wr,5(0) — ¢ 52 g(r)r=H9dr =
log Eexp{ifz L, (1)} similarly to the proof of Theorem 7.2(ii).

(v) Set 61 ==y — 4 >0, 62 := — (1 —p)/p > 0. After a change of variables: ¢t — Tt,
u— Tu, v — TYPr, we get (7.47) with fr(r) := TUF)/P f(TYPr) and

gr(r) = /R TOW(OT 5 2(r12 A T%2)h(u, 7)) du,

where h(u,r) := [ 1(u < t < u+rP)dt. Then gr(r) — g(r) == —(0%/2) [ r>TPh2(u,r)du
and Wy, 5(0) — cf 52 g(r)r=F9dr = —(6?/2)0% 2>+ similarly to the proof of Theorem
7.3(0).

(vi) We follow the proof of Theorem 7.9(iv). By the same change of variables, we rewrite
Wr,5(0) as in (7.47). We split Wy, 5(0) = Wi, 5(0) + W2 5(0) + Wi, 5(0) with the same
W%%ﬁ(Q) being the remainder terms. Note that now dy < d;/2, since v > .. Next, we split
W, 5(0) = Wi, 5(0) + Wi, 5(6), where

To2/P T61/2p
Wioo®) = [ or(fr(dr WE,0):= [ on(r)fr(r)dr

T%2/p
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Analogously to the proof of Theorem 7.9(iv), we show the convergence Wy 5(6) — —(6%/2)
~2
05, where

J 1 5
02.—02—c<—>. 7.54
e P (7.54)
Using (7.30) and g hp(r,u)du = z with hp(r,u) < z(T°/rP), we get
TR dy
i
Wins®l < oo [, T [ Hha

CT% [T gy

<
= logT Jréa/v rite

— O((log 7)) = o(1),

which completes the proof of Wr, 5(0) — —(0%/2)o32 = log E exp{i#52B(z)} as T — oo for
any 6 € R.

(vii) By the same change of variables as in part (i), we rewrite Wr, 3(#) as in (7.47), where
gr(r) = / T‘sl\IJ(@T_‘SI/Q(Tl_p A 1)h(u,r)>du
R

and where &y, h(u,r), fr(r) are the same as in (i). Then gr(r) — —(6%/2) [z h*(u, r)du along
with [r h%(u, ’r’)du < Cmin(r?, ) and (7.30) imply Wr. 5(0) — —(6%/2)cs [5° [x(r'™P A
1)2h2(u, r)r~ ) drdu =: log Eexp{ifZ(x)} as T — oo for any 6 € R, by Lemma 7.12.
(viii) By the same change of variables as in part (iii) we obtain Wy, 5(6) as in (7.47), where
gr(r) == [ ¥(O(r' P A1) hr(u,r))du with fr(r), o = v/v+ —1> 0 and hr(u,r) := [5 1(u <
T=%2t < u+rP)dt — x1(—rP < u < 0) the same as in (iii). Using [ hr(u,r)du = 2rP and
hr(u,r) < x yields |gr(r)] < C'min(r?,7?7P) from (7.30). Hence, by Lemma 7.12, it follows
that

Wi 5(0) — ¢ / U(0z(r17? A 1))rP~ 1404y = log Eexp{ifzZ). (7.55)

(ix) By the same change of variables as in the proof of part (iv), we rewrite Wy, 3(6) as in
(7.47), where

gr(r) = / W(@(logT)_lm(rl_p/\T(sl)hT(u,r)>du
R
with 81, &2 :== v/v4 — 1 > 0 and hp(u,r) == [f1(u < T~%2t < u+ rP)dt — z1(—1P <
u < 0) =: h(u,r) and fr(r) being the same as in (iv). We split Wr, 5(0) = Wy, 5(0) +

W2, 5(0) + Wi 5(0) and next prove that Wy 5(6) := f()T_62/p gr(r) fr(r) and Wz 5(0) =
I7° gr(r) fr(r)dr are the remainder terms, whereas

2
Wi = [ eear ~ =T [T S [ e

T—%2/p 2 logT Jr—s2/v 7"1+p
62 _
= _50-2%1'2 = W’Y,5<9)7
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where the constant 62 is given in (7.42). Using [ hr(u,7)du = 2r? and hy(u,r) < xA(T20rP)
along with (7.30), we show that

C o0 _
|W7J{w3(‘9)| < (logT)l/Q/l rfr(r)dr = O((logT) 1/2) =o(1),
CTo fr—0%2/P C T1/p
- 40)] < 2 = 2 d
W@l < oo [ e = e [
= O((logT)™") = o(1).
To deal with the main term W 4(0), set Wy, 5(6) := —% Jsaso T2A7P) fir(r)dr [ h2(u,
r)du. From |U(2) + 22/2| < |z[3/6, we obtain
(Wi 5(0) — Wi, 5(0)] < C/1 3P f (r)dr/ R (u, r)du
Top T, - (log T)3/2 T-382/p T R T\

C 1 o
g T s, ™ (0
= O((logT)™*?) = o(1).

Finally, we consider [Wy ., 5(0) — W, 5(8)| < C(J5 + J&), where

1 1 _

R e R L [ 1) = B3, 1) |du,
1 1 _ _

T o a7 rl) = e

Using

/R|h2T(u,r) — B2 (u, )| du

< C/xdt/ 1(u < T~ < w4 17) — 1(—r? < u < 0))|du < CT
0 R

we obtain J5. < C(log T)'T~% [} s,/ 7~ 0P)dr = O((log T)~") = o(1). Then J = o(1) fol-
lows from (7.3), since | fr(r) —c;rP73| < ecyrP=3 for all v > p/T7/207P) and some p > 0 if given
any € > 0. This finishes the proof of Wy, 3(0) — —(6%/2)5% 2 = log Eexp{i053 By 1/2(x, 1)}
as T'— oo for any 6 € R.

The proof of Theorem 7.10 is complete. O]

Proof of Theorem 7.11. (i) By the same change of variables as in Theorem 7.10(i), we rewrite
Wr.5(0) as in (7.47), where

gr(r) = /R\I/(H((T52T1_p) A 1)h(u,r)>du — /R\I/(Qh(u,r))du =: g(r),
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since 9y := (1 —p)/p — B = v+ /ay — B > 0 with h(u,r), fr(r) being the same as in Theo-
rem 7.10(i). Using (7.30) along with [g h(u,r)du = zr? and h(u,r) < rP, we get |gr(r)| <
C min(r?, 7%). Hence Wy, 5(0) — cf [5° Jg Y(Oh(u,r))r~H9drdu =: log Eexp{ifI(x)} by
Lemma 7.12.

(i), (iii) The proof is the same as that of Theorem 7.9(iii), (iv) respectively.

(iv) By the same change of variables as in Theorem 7.10(i), we rewrite Wr, 5() as in (7.47),
where g(r) := [ U (0(r'™? A 1)h(u,r))du with h(u,r), fr(r) being the same as in Theorem
7.10(i). Then |g(r)] < C'min(r?,r?) follows from (7.30). By Lemma 7.12, we get Wr, 5(0) —
cr Jo g(r)yr~H9dr =: log E exp{ifI(x)}.

(v) By the same change of variables as in Theorem 7.10(v), we rewrite Wy, g(0) as in (7.47),
where fr(r), gr(r) are the same as in Theorem 7.10(v) except for 9 = 0. Then gp(r) —
g(r) == JgU(Or' Ph(u,r))du and |gr(r)] < Cmin(r,r?) from (7.30) lead to Wr., 5(0) —
cr J52 g(r)r~H9dr = log Eexp{ifI, (z,1)} by Lemma 7.12, similarly to the proof of Theorem
7.6.

The proof of Theorem 7.11 is complete. O]






Conclusions

In this last chapter, we review the main research contributions of this thesis.

o Weidentified three distinct limit regimes in the scheme of joint temporal-contemporaneous
aggregation for independent copies of random-coefficient AR(1) process. We obtained
three limit processes respectively. We showed that the process, arising in the ‘inter-
mediate’ regime, admits a Poisson integral representation and can be regarded as a
‘bridge’ between the other two limit processes. The ‘intermediate’ limit of cumulative
network traffic studied in [27,34,35,55], though different, but has similar properties.

o We identified three different limit regimes in the scheme of joint temporal-contemporaneous
aggregation for copies of random-coefficient AR(1) process, all driven by common in-
novations. We showed that a new process arising under ‘intermediate’ scaling can be
regarded as a ‘bridge’ between the other two limit processes.

o We proved that the empirical process based on lag 1 sample autocorrelations of in-
dividual random-coefficient AR(1) series weakly converges to a generalized Brownian
bridge under certain conditions. Applications of the obtained result arise in statistical
inference from multiple random-coefficient AR(1) series, which are long enough so that
lag 1 sample autocorrelations accurately estimate the unobservable AR coefficients.
In particular, we justified testing with Kolmogorov—Smirnov statistic both simple and
composite hypotheses, that AR coefficient is beta distributed.

o We proved that a nonlinear RF, defined as the Appell polynomial of some stationary
linear LRD RF on Z2, may exhibit scaling transition. Such being the case, scaling tran-
sition occurs at the point 79 > 0, independent of the degree of the Appell polynomial
even if the underlying linear RF is anisotropic.
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For the random grain model on R? with LRD, we obtain two change-points 0 < y_ < v
(distinct even in the p = 1/2 case) in its scaling limits, which shows that the concept
of scaling transition requires further study. We showed that for v > ~,, the random
grain model can have two different scaling limits, depending on «, p. We relate this
dichotomy to the change from the vertical LRD to the vertical SRD property in the
random grain model. A similar result holds for 0 < v < ~_.

The following are some directions for future research.

An interesting open problem concerns joint temporal-contemporaneous aggregation of
independent copies of regime-switching AR(1) process, which combines the dependence
structures of both random-coefficient AR(1) and network traffic models, see [62,65].

Another possible generalization concerns joint temporal-contemporaneous aggregation
of random-coefficient AR(1) processes driven by innovations of infinite variance.

If random AR coefficient a has a regularly varying density near the unit root, then
1/(1—a) is heavy-tailed distributed with the same index. We will adapt some Hill-type
estimator of a tail index to the context of panel random-coefficient AR(1) data and
study asymptotic properties of this estimator.

One may ask if some random field model can have more than two change-points in the
family of its scaling limits.

It is of interest to obtain scaling transition for RFs on R? as A — 0.

For all models considered, it would be useful to strengthen the weak convergence of
finite-dimensional distributions to the weak convergence in the space of functions.
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Théoréemes limites pour les modéles spatio-temporels a longue mémoire

Limit theorems for spatio-temporal models with long-range dependence

Résumé

Les travaux de la thése portent sur les théorémes limites
pour des modeles stochastiques a forte dépendance.
Dans la premiere partie, nous considérons des modeles
AR(1) a coefficient aléatoire. Nous identifions trois
régimes asymptotiques différents pour le schéma
d’agrégation conjointe temporelle-contemporaine
lorsque les processus AR sont indépendants et lorsque
les AR possede des innovations communes. Ensuite, on
discute de I'estimation non paramétrique de la fonction
de répartition du coefficient autorégressif a partir d’'un
panel de séries AR(1) a coefficient aléatoire. Nous
prouvons la convergence faible du processus empirique
basé sur des estimations des coefficients autorégressifs
non observables vers un pont brownien généralisé. Ce
résultat est ensuite appliqué pour valider différents outils
d'inférence statistique a partir des données du panel
AR(1). Dans la deuxiéme partie de la thése, nous nous
concentrons sur les modéles spatiaux en dimension 2.
Nous considérons des champs aléatoires construits a
partir des polynémes Appell et de champs aléatoires
linéaires. Pour ce modéle non linéaire, nous étudions la
limite de ses sommes partielles normalisées prises sur
des rectangles et prouvons I'existence d’une transition
d’échelle. Enfin, nous abordons la méme question pour
le modele de germes-grains aléatoire. Nous mettons en
évidence I'existence de deux points de transition dans
les limites de ces modéles.

Mots clés

Théoréme limite, Longue mémoire, Processus
AR(1) a coefficient aléatoire, Statistique non
paramétrique, Données de panel, Agrégation,
Transition d’échelle, Modéle germes-grains.

Abstract

The thesis is devoted to limit theorems for stochastic
models with long-range dependence. We first consider
a random-coefficient AR(1) process, which can have
long memory provided the distribution of autoregressive
coefficient concentrates near the unit root. We identify
three different limit regimes in the scheme of joint
temporal-contemporaneous aggregation for
independent copies of random-coefficient AR(1)
process and for its copies driven by common
innovations. Next, we discuss nonparametric estimation
of the distribution of the autoregressive coefficient given
multiple random-coefficient AR(1) series. We prove the
weak convergence of the empirical process based on
estimates of unobservable autoregressive coefficients to
a generalized Brownian bridge and apply this result to
draw statistical inference from panel AR(1) data. In the
second part of the thesis we focus on spatial models in
dimension 2. We define a nonlinear random field as the
Appell polynomial of a linear random field with
long-range dependence. For the nonlinear random field,
we investigate the limit of its normalized partial sums
over rectangles and prove the existence of scaling
transition. Finally, we study such like scaling of the
random grain model and obtain two-change points in its
limits.

Key Words

Limit theorem, Long-range dependence,
Random-coefficient AR(1) process, Nonparametric
statistics, Panel data, Aggregation, Scaling
transition, Random grain model.



	Notation and abbreviations
	Résumé long en français
	Introduction
	Literature review
	Long-range dependence
	Random-coefficient AR(1) process
	Aggregation of network traffic models
	Anisotropic scaling of random fields

	Aggregation of independent AR(1) processes
	Introduction
	Main results
	The `intermediate' process 
	Proofs of Theorems 3.1–3.3

	Aggregation of AR(1) processes with common innovations
	Introduction
	Main results
	Proofs

	Statistical inference from panel AR(1) data
	Introduction
	Estimation of random AR coefficient
	Asymptotics of the empirical distribution function
	Goodness-of-fit testing
	Kernel density estimation
	Simulations 
	Some proofs and auxiliary lemmas

	Scaling transition for nonlinear random fields
	Introduction
	Assumptions and preliminaries
	Main results
	Examples: fractionally integrated RFs
	Properties of convolutions of generalized homogeneous functions
	Covariance structure of subordinated anisotropic RFs
	Proofs
	Final comment

	Anisotropic scaling of the random grain model
	Introduction
	Scaling limits of random grain model 
	LRD properties of random grain model
	Limit distributions of aggregated workload process
	Proofs

	Conclusions
	Bibliography

