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A Kadoc !

Kadoc, Kaamelott, Livre I1

Si vous croyez comprendre la mécanique quantique, c¢’est que
vous ne la comprenez pas.

Richard Feynman

Tsahaha | What a story Mark !

Tommy Wiseau, The Room

Attention, ce mansucrit n’est pas un mansucrit sur le cyclimse.

MERCI DE VOTRE COMPREHENSION.






Thanks / Remerciements

Il est de bon augure de commencer un manuscrit de thése en remerciant celles et ceux
qui nous ont accompagné le long de ce périple. C’est donc avec un grand plaisir que je vais
ici saluer toutes ces personnes, et évoquer quelques souvenirs qui ont fait de ce doctorat
un voyage enrichissant et passionnant. En particulier, a celles et a ceux qui ne veulent
pas écouter ma soutenance, bonne lecture (si vous en avez le temps) !

Dans un premier temps, je tiens évidemment a remercier les deux capitaines qui ont su
me guider sur la bonne voie, Benoit GREBERT et Laurent THOMANN. Merci pour votre
patience, vos conseils, votre bonne humeur... Ces trois années sont passées extrémement
vite, grace a cette sérénité que vous avez mis dans ce projet.

Je me rappelle encore tres bien le moment du choix de stage de Master 2, et du
conseil donné par mes ainés : “Il ne faut pas choisir le sujet qui te plait le mieux, de
toute fagon, tu n’y connais rien pour le moment. Ce qu’il faut, c’est choisir la personne
avec qui tu a envie de travailler pendant trois ans.” Mon choix s’est porté sur le sujet de
Benoit, notamment parce que j’étais tres enthousiasmé par cette phrase dans le projet de
recherche : “En pratique vous seriez intégré a notre petit groupe (B. Grébert, E. Paturel,
L. Thomann).” Trois ans et demi plus tard, j’ai la certitude d’avoir fait le bon choix.

De ces trois années de doctorat, je retiendrai beaucoup de discussions (mathématiques
ou autres) dans nos bureaux, autour d’une biére sur une terrasse de Maiori, dans la
salle d’embarquement de ’aéroport d’Ajaccio, ou plus personnellement en famille autour
d’une (délicieuse) quiche, ou dans 'enfer de Clisson autour d’une (moins délicieuse) biere
(encore). Tant sur le plan mathématique que sur le reste, vous étes vraiment pour moi
des exemples a suivre. Je suis a la fois fier et reconnaissant d’avoir pu travailler avec vous,
pourvu que ¢a dure ! Merci encore.

Je tiens également a remercier chaleureusement mes deux rapporteurs, Valeria BANICA
et Nicola VISCIGLIA. Merci d’avoir accepté de me relire, d’avoir eu la patience de le faire,
et d’avoir été si bienveillants dans vos rapports.

Un grand merci, évidemment, a Jean-Marc DELORT, Gueorgui PorPov et Nikolay
TZVETKOV pour avoir accepté de constituer mon jury de these. Je remercie particuliere-
ment Nikolay, également membre de mon comité de suivi de these, pour ces échanges par
mail tres précieux qui ont débloqué la rédaction du chapitre 4, et pour cette discussion
tres sympa avant un séminaire a Cergy.

Encore un fois, j’ai vraiment passé trois superbes années au Laboratoire de Mathé-
matiques Jean Leray. C’est en grande partie grace au génial secrétariat qui fait que tout
tourne si bien. Merci a Ana Paula, Anais, Annick, Brigitte, Colette, Dominique, Katrin et
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Stéphanie. Merci pour votre aide dans toutes nos démarches (ordres de mission, organisa-
tion de conférences, organisation de la soutenance, toutes les démarches administratives,
et tout le reste).

Merci également & Eric et Said (et leur armée de stagiaires) du service informatique
du laboratoire, a qui j’ai visiblement donné beaucoup de fil a retordre avec mon petit
portable. Merci a Claude qui anime avec force et joyeuseté le CRDM, une bonne humeur
qui transparait a chacun de ses mails lorsqu’il joue le réle de Jacques Pradel a la recherche
des ouvrages perdus.

Un énorme merci aussi & Bertrand, (appelé aussi Bertrand DE LACAFET), gardien
assez poreux de mille et un secrets, protecteur de la bonne ambiance de la cafétéria,
distributeur officiel de blagues (plus ou moins coquines) et de ragots (plus ou moins
coquins), et ennemi juré des amateurs de Sprite® et de Schweppes Agrum’®. Comment
remercier Bertrand sans citer ses droles de dames, avec une mention spéciale a Catherine
et Sophie avec qui on peut tout autant rigoler.

Toujours dans le laboratoire, un grand merci a tous les permanents qui participent a
cette superbe ambiance, et grace a qui on se sent vraiment dans une grande famille ici. En
particulier, je remercie les membres de ’équipe EDP, notamment Frédéric BERNICOT,
Jean-Francois COULOMBEL, Frédéric HERAU, Francois NICOLEAU, Eric PATUREL, Gue-
orgui Porov, Didier ROBERT et Joe VIOLA, pour les réponses toujours tres attentionnées
a toutes les questions que j’ai posées, aussi naives fussent-elles.

Pour des discussions (toujours intéressantes) au détour d'un couloir, je tiens également
a remercier Anais, Bernard, Friedrich, Gilles, Hélene, Nicolas, Philippe, Samuel, Sylvain,
Xavier et tous les autres membres du laboratoire.

Encore un grand merci a I'ensemble du laboratoire, une grande famille qui va tres
certainement me manquer. Que de bons souvenirs, dans des soirées endiablées pour féter
Noél en salle Eole (en chantant la reine des neiges, en faisant la petite chenille...), a Pornic
en dansant jusqu'a l’épuisement, en salle du courrier ou en salle commune a n’importe
quelle occasion, voir méme au camping en fin d’année. Si le LMJL est le plus grand des
petits laboratoires et une si belle famille, c’est aussi grace a cette merveilleuse ambiance !

S’il faut parler de 'ambiance dans le laboratoire, il faut évidemment parler des doctor-
ants. Merci a tous ces collegues, qui sont devenus autant d’amis, pour tous ces moments
partagés, pour le meilleur comme pour le pire. Ces trois années n’auraient pas été les
mémes sans toutes ces pauses cafés, ces verres a la Scéne Michelet, au Sur Mesure, au
Berlin. . ., ces galettes des rois, ces séminaires des doctorants pour apprendre a se met-
tre la pression en douceur, ces 4442 parties de taroinche (méme si la concurrence n’était
pas vraiment rude !), ces préparations de TD, ces partages de perles dans les copies
(“eF = Z’,jzo ’Iz—: =142+3+...”,“un espace vectoriel est un espace géométrique situé sur
un plan”, “un espace vectoriel est 'ensemble des points qu’il contient”...), ces chansons
dans les couloirs (Sing a happy song aura finalement fini par s’essouftler) et bien stir toutes
ces soutenances (et pots) de these.

Commencgons par remercier les plus anciens, ceux qui terminaient quand je com-
mengais. Merci a Antoine, grand amateur de camomille (surtout celle de Roscoff), spé-
cialiste des coins, qui est a ma connaissance le seul doctorant au monde a avoir envoyé un
mail a son chef commencant par “Salut mon canard”. Cet acte de bravoure est entré dans
la légende. Merci a Christophe pour son rire et sa joyeuseté tellement communicatifs,
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merci de m’avoir fait découvrir Alestorm et d’avoir deviné qu’un "We are here, to drink
your beer” allait forcément me plaire, pour l'accueil quand mon grand frére était parti,
pour les conseils avisés sur la gestion de 'agreg et des post-docs ou sur les avantages et
désavantages de la collocation, et merci pour tout le reste. Styrke og Are ! Merci a Ilaria
(Ma che pizza !), pour ta gentillesse inversement proportionnelle a la puissance moyenne
de ta voix. Tu as mis un point d’honneur a bien accueillir les nouveaux doctorants, et tu
as brillamment réussi. Merci aussi pour le partage de tes dossiers de candidature (CNRS,
qualif’ et MCF) et les conseils qui vont avec, en espérant qu’ils puissent m’aider a avoir
autant de réussite que toi. Quand tu veux pour une nouvelle discussion sur le cinéma,
méme si la prochaine fois on pourra aller voir un film plus simple & suivre qu’Enemy (dont
je garde au passage un excellent souvenir). Merci & Moudhaffar (ou Moody, ou Moudha-
jafar), mon grand fréere ! Merci d’avoir assumé ce role de grand frére mathématique, en
me guidant de confs en confs et en choisissant méme de redécorer mes chaussures quand
le style ne te plaisait pas (je suis fier d’avoir assisté a ce moment important pour toi).
Une petite biere, un banc a Rome, et Gangsta’s Paradise sur nos téléphones, y a pas a
dire, on était bien a Rome, quel départ canon pour ma these. J’aurais probablement été
completement perdu si tu n’avais pas été la a ce moment (et beaucoup d’autres). Je reste
également admiratif devant tes capacités d’adaptation immédiate aux conférences qui ne
t’'intéressent pas ! Merci a Thomas G, doctorant émérite, maitre des nceuds, et gardien
ancestral des traditions taroinchiennes. Merci pour l'accueil et ’excellente cuisine dont
tu nous a fait profité (aussi bien pour la soirée chez toi que pour tes essais culinaires
passagers qui étaient tous aussi réussis). Tu nous a bien fait cogiter dans le bureau avec
tes énigmes du calendrier de I'avant mathématique (fichu ver !). Et merci a Virgile, la
force essentiellement tranquille. Tu m’impressionnais quand, petit étudiant de M2, j’étais
venu préparer une lecon d’agreg avec toi. Ca a été un plaisir de te cotoyer par la suite en
tant que doctorant. Bonne chance pour la prépa a Nancy.

Vient ensuite la génération qui nous a précédée. Commencons par les trois mousque-
taires, la triplette (tres joueuse) dont les jouets hantent probablement toujours quelque
recoin du bureau 09. D’abord, un grand merci collectif & vous trois, pour nous avoir guidés
et maintes et maintes fois conseillés depuis la prépa Agreg. Merci pour ce role d’éclaireur,
et cette capacité a tout relativiser pour mieux se motiver pour la suite. Plus personnelle-
ment maintenant, merci Damien, cher Gobinou (ou Bingo), nouveau compatriote de notre
tendre Céline Dion. Merci pour ton site internet, les fichiers tex de ton premier article
ou de tes beamers, ou pour le coaching a la taroinche. On a bien rigolé, a tellement de
moments différents. Je retiens entre autres une soirée particulierement arrosée du coté
de la Scéne Michelet, ou apres une derniere tournée de shooters, tu te rendais compte
que le TD du lendemain matin allait étre particulierement difficile (“Mais vous n’avez
qu’a ne pas y aller”, “Mais c’est moi le prof !”). Encore une fois merci pour les conseils
sur 'apres these (et la gestion de I'agreg, jusqu’ici tout va bien). Merci a Pierre, heureux
papa, et grand maitre de la chanson francgaise. Merci pour ta bonne humeur constante, tes
chansons entétantes, tes expressions pas piquées du hanneton pendant les parties cousues
main de taroinche plaisir, et ton rire | dMoi je fais la vaisselle, c’est béte, mais je suis
fait comme ¢ad. Au passage, quand je me suis rendu compte que ton “Seasons in the
Sun”, c’est une reprise du Moribond de Brel, j’ai eu une révélation ! Merci Valentin,
merci pour gentillesse qui nous a autant émerveillé que ta moustache en cheveux. Merci
pour ces discussions passionnantes sur les plus folles théories autour de Squall, Linoa et
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Ultimecia, et sur les autres épisodes de FF. Et merci pour tous les coups de mains que
tu as pu me passer sur la compréhension de HPTV, sans tes notes du groupe de travail,
je serais peut étre encore plongé dans les calculs. Toujours dans la méme génération,
merci aux deux numérologues. De la méme maniere, je commence par un merci collectif a
vous deux Florian et Victor, pour tous ces coups de mains que vous avez pu nous filer au
moindre probléme informatique (ce qui, il faut le dire, arrivait souvent). En particulier,
merci Florian, la Blache, pour avoir si efficacement rempli ton role de conseiller au pres
de I'ED en nous traduisant dans un langage compréhensible chaque mail. Merci pour le
coup de main pour tikz, c’est vrai que c’est chouette ! Merci aussi de m’avoir hébergé
puis proposé une brosse a dents, quand apres une soirée arrosée, une lecon de conduite
m’attendait. Merci pour tes mots doux (“Touriste !”), ton amour des prochaines généra-
tions (“Ils font chier ces jeunes communistes !”), et ton cosplay permanent de Denis la
Malice. Merci Victor (quel beau prénom) pour ton travail de fond visant a redonner au
fromage la place qu’il mérite. Un énorme merci pour avoir relu mes premiers essais en
anglais (cette catastrophe) et tous les conseils (pour l'anglais autant que pour latex) que
tu as pu me donner a ’occasion. Merci pour ta batterie portable qui m’a été utile pendant
qu’on chantait en boucle “We’re not gonna take it”, et ton compte Amazon premium qui
a pu me dépanner 1’occasion.

Passons maintenant aux membres de ma génération ! Merci Guillaume, méme si Guy
Roux te va beaucoup mieux comme nom. Merci pour les coups de mains sur Inkscape
(¢a semble facile quand on te regarde faire), pour les discussions sur (et découvertes de)
quelques grandes musiques : ta passion pour Yoko Shimomura (promis j’aime bien), la
magie de Kiki, les belles musiques de XCX, la gestuelle de Brel et sa gueule de cheval,
I’orchestre symphonique suédois avec quelques perles musicales sur Skyrim ou Bloodborne,
Juliette évidemment (méme La Beaude 'aime bien depuis qu’elle a participé a une émis-
sion de radio en méme temps que JLM), des chanteurs d’opéra polonais complétement
barrés avec un Asereje d’anthologie et un Dragostea Din Tei magique (ils sont vraiment
épiques ces gens 1a)...Merci Johan, expatrié angevin, mais toujours nantais dans nos
ceeurs. Merci pour l'occasion donnée de visiter Angers et de parler aux RDL2016 (ou la
joie débordante du visage de Sainte Marie Euphrasie nous a accompagné pour la premiere
fois). Merci de m’avoir donné gotit au port de t-shirt a caractere geek/drole/classe/bien,
mais surtout au port de la barbe. Tel que tu me vois aujourd’hui, je ne suis pas entier,
c’est étrange, et ¢a démange. Et merci d’avoir démontré quune bonne installation élec-
trique, c’est bien pratique quand on veut faire une raclette avec trois appareils. Merci
Noémie pour ses douces envolées lyriques, et désolé de ne pas avoir rejoint le coer univer-
sitaire. Les chants de noél, c¢’était tellement classe ! Merci pour ces éclats de rire que
rien n’arréte, surtout pas le petit mur entre nos bureaux, qui sont tellement communi-
catifs. Méme devant les films tristes, tu commences par rigoler, et ¢a c’est fort (méme si
c’est vrai que l'accent canadien dans Incendies, c’est drdle). Bon courage pour 'aventure
parisienne a venir. Merci Olivier (Holly Vier, la sainte bite). Merci pour les innombrables
fois ou tu as débloqué mes calculs et écouté mes exposés, tu aurais presque pu cosigner
mon manuscrit. Merci pour tous les délires dans les différentes confs (a Angers, Bor-
deaux, Rennes, Rome ou Roscoff). Merci de ne pas avoir paniqué quand la cinquiéme
vitesse nous a laché sur la route de Bordeaux justement, c¢’était flippant. Merci pour le
calendrier de citations numéro 2, qui, avec son prédécesseur, et au grand désarroi de mes
co-bureaux, nous aura donné de nombreux fous rires en compagnie de nos acolytes (est-ce
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que c’est un prénom du labo ?7) : Eve Angeli, Steevy Boulay, Georges W. Bush, Jacques
Chirac, Jean-Claude Van Damme (I'idole de Capheus), Johnny Hallyday, Barack Obama,
Sarah Palin, Michel Rocard, Ségolene Royal, Donald Trump ... Mention spéciale a Mariah
Carey, la bien-pensante, qui a quand méme sorti : “A chaque fois que je regarde la t61¢ et
que je vois ces pauvres enfants qui meurent de faim partout dans le monde je ne peux pas
m’empécher de pleurer. Je veux dire, j’adorerais étre aussi maigre qu’eux mais pas avec
toutes ces mouches, et la mort et tout ¢a.” Merci Radek (Stepanek) Novak (Djokovic), le
géant tcheque (+1 pour la rime avec Radek) que je n’ai jamais vu joué au tennis. Thank
you for the czech bier you brought back when we were at La Blache’s place. Thank you
for “Contact”, which is a very good game, even if it’s hard in english. Your slides will re-
main an inspiration for me (Keep calm, the end is near, finding nemo, the one with Homer
Simpson...). Dékuji ! Merci Ronan, le second expatrié, tres loin du coté de Poitiers, grand
amateur de couilles péruviennes (ga ne s’écrit pas comme ¢a, mais c’est plus drdle comme
¢a). On aura bien rigolé pendant les M2. Inaugurer les séminaires de M2 en anglais, ce
n’était pas simple, mais jutilise toujours maintenant la phase stationnaire que tu avais
présenté avec tant d’aisance. Merci pour ces fous-rires a ton anniversaire ou a Corsept, ou
j’ai découvert qu’on pouvait mélanger la dégustation de paté et I’écoute (oui juste le son)
d’un porno allemand, et ou j’ai pu découvrir des nouveaux mets gastronomiques locaux,
qui nous ont bien fait rire. L’ordre alphabétique nous amene a mes co-bureaux, avec qui
on aura partagé plus que du thé pendant ces trois années. Merci Thomas Mélenchon
Beaudouin, nouveau fan de parachutage. Je suis trés content que malgré tes penchants
anarcho-extréme-gauchistes, tu aies su garder ton sang-froid et laissé mon bureau et ma
voiture intacts (méme si cette derniere a failli sombrer sous le poids de tes tracts). J'ai pris
du plaisir a t’embéter sur JLM, mais j’avoue qu’au final, j’ai y cru. Par contre, je ne suis
toujours pas convaincu (j’en suis méme tres loin) par le véganisme. Bonne continuation
avec la these, I'enseignement, le futur retour sur Nantes, ton futur role de député apres
2027, et 'organisation de toujours plus de parties de tarot. Merci Thomas Danish Jeanne
d’Arc (avec toutes les voix que tu entends...j’ai entendu chambrage !) John Wayne (est-ce
que c’est toi 7) Louis Armstrong (t’es beaucoup plus fort que lui pour les instruments
a vent, méme si ¢a t’obliges a ouvrir la fenétre a chaque ré-pet-ition) Wallez. Merci de
m’avoir ramené vers la lumiere des mathématiques nantaises quand je me suis égaré la
bas loin dans le sud. Merci pour les innombrables trajets en voiture, en particulier les
soirs du M2 Agreg, quand a la fermeture de la BU, c¢’était quand méme tres sympa de
ne pas se taper 1h00 de transport en commun. D’une maniere générale, merci pour ces
7 années communes passées a l'université de Nantes ou on a quand méme bien rigolé,
et toutes celles d’avant ou on rigolait tout autant. Merci pour les soirées Trials, Crawl,
Battleblock Theater, Duck Game, Hidden in Plain Sight...Merci pour tout, et force et
honneur pour la suite. Enfin, merci Vytauté, pour toute cette classe naturelle, cette joie
de vivre quotidienne, et ce nom si chantant. Aciu uz tai, kad ¢ia Siandien, ir sékmés jums.

Commencons la génération suivante, merci Caroline V pour toutes ces discussions o1,
a I’heure du départ (trop) tard le soir, ou au détour d’un couloir un samedi matin, c¢’est
quand méme vachement sympa de parler de la mer (et des ancres), de voitures (Michel
président, bon courage a toi) de parler voyage (Yo ho Mexico), de parler célébrités (Geralt
de Rive ga passe comme nom frangais), de parler médecine (et de salieres géantes), de
parler cartes (vive le Gwent), de parler des qualités des gens (c’est bien d’étre humble,
surtout a partir de 1€), de parler religion (et de leprechauns roux), de parler de nos doutes
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sur le paradis (mais surtout sur 'enfer clissonais). .. Bref, de joyeux commérages qui font
du bien. Merci Hala. Merci pour tous les délicieux (et méme plus encore) plats que tu
nous as concoctés, a I’occasion de repas chez toi ou au laboratoire. Merci pour toute cette

gentillesse dont tu fais preuve a chaque instant. Pour tout ¢a et pour tout le reste, merci
chef !

Passons a celles qui terminent leur premiére année. Merci Caroline R (Kpg). Merci
pour cet exemple de motivation sans failles (bon week-end VS les gateaux de la petite
boulangerie). Merci pour cette bonne humeur persistante (probablement due a ce que tu
consommes le matin avant de venir de tres trés loin). Mais pas merci pour les As troisiémes
ou quatriemes. Que ta passion pour les petites balades puisse te mener bien loin. Merci
Hélene d’avoir accepté de prendre la releve au conseil du département, et félicitations pour
ton élection triomphale. Je suis content d’avoir pu te transmettre les conseils avisés de
mon prédécesseur. Merci Solene, championne de cache-cache pour meubles en tout genre,
digne héritiere de la puissance de Bulbizarre, pour avoir démontré tes talents de stratege
hors pair du coté de Saint Julien de Concelles. Merci Zeinab pour tes sourires quotidiens
qui cachent une répartie toujours ravageuse. Bonne route sur le doux chemin des EDP,
et continue de suivre tes plaisirs coupables a travers tes lectures Hérau-Thomann.

Enfin, finissons ce tour des doctorants nantais avec les futurs arrivants Come et
Matthieu, déja bien intégrés aux meilleures coutumes du labo. Merci Céme, ’ennemi
des arbres au nom si apprécié de Freddy Mercury, qui aura lu (et imprimé) plus d’articles
en 4 mois que beaucoup en 3 ans. Merci Matthieu Dudusse, fils de tellement de peres,
futur doctorant calfeutré, pour la fonction f de Dussaule qui m’a tiré une belle épine
du pied. Tu as redonné ses lettres de noblesse a ’accent belge, méme si ¢a peut devenir
excessivement énervant.

Une grande pensée également et un merci tout aussi grand pour les ATER et post-
docs que j’ai pu croisés ici. Merci Alberto, la puissance tranquille italienne, pour tous les
conseils que tu as pu me donner, aussi bien sur des problémes mathématiques que pour
des choix d’orientation. Merci d’avoir participé a ce génial projet d’exploration de Mars
avec la team KAM (Kolmogorov And March). J’ai hate de te revoir et j’espere qu’on
pourra travailler ensemble. Merci Claire, franc-parleuse a ’accent chantant, conseillere en
mode officielle du labo, d’avoir tenté de me décourager avec mon (pourtant si beau) pull
rose. Merci Gilberto de m’avoir fait redécouvrir Lori Lieberman, d’avoir prété une oreille
attentive & mes essais en italien (depuis une chanson reprise avec Noémie ou a partir de
films et séries). Merci Guillem, spécialiste du kiwi et distributeur de courrier d’un autre
genre en fin de soirée. Merci Nicolas méme si tu ne veux jamais manger avec nous. Merci
Niccolo pour tous ces coups de mains pour les TD de proba. Je pense que j'aurais eu bien
des soucis sans ta patience nécessaire pour expliquer le cours aussi bien a tes collegues
qu’a tes étudiants. Merci Simon, sosie officiel de Matt Pokora (méme si je pense plutot
que c’est lui ton sosie), reconnu mondialement pour ses performances d’acteur dans les
plus grandes séries américaines, 'homme qui connait tout le monde, et que tout le monde
est content de connaitre. Merci Victoria pour avoir eu la patience de me supporter, moi
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Introduction

Note for the non-French-speaking reader : Chapters 2 and after are indepen-
dent, self-contained, and will not refer to this introduction.

Le but de ce manuscrit est de proposer une étude de comportements non linéaires
pour des solutions d’un systeme de deux équations de Schrodinger cubiques couplées de
la forme

{z’@tu +Au = o], (1.0.1)

10w+ A = |u]2 v.

Dans cette introduction, nous allons aborder tous les themes nécessaires a la compréhen-
sion de I’enjeu. Dans une premiere partie, nous verrons au sens tres large pourquoi I'étude
des équations aux dérivées partielles nous intéresse, et quels sont les types de comporte-
ments non linéaires qui peuvent entrer en jeu. Ensuite, nous verrons pourquoi nous avons
choisi pour cette étude de nous pencher sur un systeme de deux équations de Schrodinger
cubiques couplées, et comment ce choix s’articule autour de résultats mathématiques ré-
cents. Enfin, nous verrons via le plan du manuscrit que le choix de I'espace des positions
influe sur le type de comportement non linéaire obtenu.

1.1 Etude des équations aux dérivées partielles

En mathématiques, une équation aux dérivées partielles (appelée EDP dans la suite)
est une équation dont les solutions sont des fonctions de plusieurs variables vérifiant cer-
taines relations mettant en jeu leurs dérivées partielles. Formellement, pour une fonction u
de n variables (z1,...,z,), une EDP est une équation de la forme

ou ou  0%*u 0*u 0%u > 0

"0z, Ox,, 0110x, 011019 07,07,

f(l‘h"‘axna

Dans le cas particulier ou f est une fonction linéaire en u et ses dérivées, 'EDP sera dite
linéaire. Ce cas particulier, donnant lieu a des équations plus simples a résoudre, apporte
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souvent un grand nombre d’informations sur le cas plus général des EDP non linéaires.
Ici, on s’intéresse au cas ou il y a au moins deux variables (n > 2). On aura ainsi
dans la suite une variable pour le temps (notée t) et une ou plusieurs variables d’espace
(notée x dans le cas d'une variable d’espace). Le cas d’une seule variable donne lieu a
I’étude des équations différentielles ordinaires, cadre dans lequel ne s’inscrit pas I’équation
de Schrodinger. Enfin, lorsque 1'on rajoute a 'EDP une condition initiale (pour ¢ fixé),
permettant d’étudier I'unicité des solutions, on parle alors de probléeme de Cauchy.

L’étude de telles équations a été introduite, vraisemblablement, par D’Alembert en
1746 pour décrire la vibration des cordes d’un violon, ou par Leonhard Euler en 1757 pour
décrire 'écoulement de fluides (des liquides ou des gaz). Depuis, les EDP sont fortement
utilisées pour décrire une large variété de phénomenes, et ce dans divers domaines. Le but
de I'étude des EDP est, entre autres, de mieux comprendre ces phénomenes, I'influence
possible des parametres sur ceux-ci, et de pouvoir controler ou prévoir le comportement
des solutions. Parmi les domaines dans lesquels sont utilisés les EDP, on peut citer
quelques exemples intéressants.

En biologie, I’équation de Fisher KPP (1937) modélise la dispersion d'un gene ou
la propagation de maladies dans une population. On peut également citer I’équation
de McKendrick-Von Foerster qui permet d’étudier la prolifération cellulaire, prenant en
compte l'age des cellules.

En économie, l'introduction de 1’équation de Black et Scholes (1973), qui modélise
le prix d’une option européenne d’achat, a permis de décrire le marché financier avec
un modele mathématique simple et efficace. Cette équation a eu un effet remarquable
sur les marchés financiers, dans lesquels elle est depuis largement utilisée. Elle a entre
autres donné lieu a divers sous-modeles utilisés dans toutes les branches des marchés
économiques, et son étude par Merton et Scholes a été récompensée par le prix Nobel
d’économie en 1997.

Les EDP sont également tres largement utilisées dans les autres branches des math-
ématiques, dans le traitement d’images, pour la prévision météorologique, en théorie des
jeux, en informatique, en chimie...

Néanmoins, puisque les EDP ont pour but de modéliser toute sorte de phénomene
observé, leur étude possede un rapport particulier avec la Physique. Depuis 1’équation
d’Euler en 1757, mathématiciens et physiciens ont cherché a développer les EDP en accord
avec les avancées de notre compréhension du son, de la chaleur, de I'optique, du comporte-
ment des fluides, de I'électromagnétisme, de la physique quantique... Ce contexte fait de
I’analyse des EDP un lieu d’échange privilégié et un lien fort entre les Mathématiques
et la Physique. Nous allons ici évoquer, a divers niveaux d’observation (des phénomeénes
microscopiques a la mécanique céleste), ces liens en évoquant quelques EDP importantes.

Au niveau microscopique (niveau de l'atome et de I’électron), on peut citer I’équation
de Schrodinger, qui décrit la densité de probabilité de présence d’une particule massique
non relativiste, introduite par Erwin Schrodinger en 1925 pour décrire la position de
I’électron dans 'atome. L’année suivante, en 1926, Oskar Klein et Walter Gordon pro-
posent une version relativiste de ’équation de Schrodinger pour des électrons de spin
nul : I’équation de Klein-Gordon. Le cas relativiste avec des électrons de spin non nul
est traité en 1928 par I’équation de Dirac. Une autre approche est donnée en 1927 via
I’équation de Hartree, qui est une version non locale de I’équation de Schrodinger, prenant
en compte les interactions entre les électrons. En 1961, Eugene Gross et Lev Petrovich
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Pitaevskii décrivent, indépendamment, un systéeme de bosons identiques, pour offrir un
modele simplifié (dans un gaz dilué) d’étude des condensats de Bose-Einstein, donnant
lieu a I’équation de Gross-Pitaevskii.

Au niveau mésoscopique (échelle intermédiaire entre le niveau microscopique et le
niveau macroscopique), un cadre important est donné par la théorie cinétique des gaz.
L’idée est de considérer qu'un gaz est un nuage de particules qui se déplacent librement
et peuvent donc s’entrechoquer. A la vue du nombre important de particules, il parait
illusoire de se placer au niveau microscopique et d’écrire 1’équation de mouvement de
chaque particule (dans un metre cube de gaz, il y a environ 10?° particules). Pour relier
les grandeurs macroscopiques (comme la température du gaz, sa pression, sa viscosité,
son volume...) aux grandeurs microscopiques (comme la vitesse des particules, leurs colli-
sions...), on considere alors la densité des particules. C’est ainsi qu’est apparue la théorie
cinétique des gaz au XVIII®™® siecle via les idées de quelques scientifiques (dont Daniel
Bernoulli), mais elle sera formalisée mathématiquement qu’au siecle suivant. Plusieurs
modeles mathématiques découlent de cette théorie. La premiere grande équation de la
théorie cinétique est I’équation de Boltzmann (1872), décrivant I’évolution d’un gaz hors
équilibre. L’équation de Fokker-Plank (1931) propose un autre modele pour le terme colli-
sionnel en considérant de multiples petites collisions. L’étude du cas non collisionnel (sans
collisions entre les particules), mais prenant en compte des forces électromagnétiques non
linéaires, donne lieu a I’équation de Vlasov-Maxwell (1938). On peut également citer le cas
particulier de I’équation de Vlasov-Poisson (1938), obtenue en négligeant les forces mag-
nétiques de I'équation de Vlasov-Maxwell. De ce point de vue non collisionnel, I’équation
de Vlasov-Poisson est souvent utilisée pour décrire I’évolution des galaxies, que ’on peut
modéliser comme étant un “gaz” dont les particules (ici les étoiles) n’entrent pas en col-
lision.

Au niveau macroscopique (observable par ’humain, éventuellement a 1’aide de micro-
scopes), on peut citer les équations de la mécanique des fluides. Parmi elles, I’équation
d’Euler (1757), déja évoquée, ou encore les équations de Saint-Venant (1843), Navier-
Stokes (1845), Tricomi (1923) ou encore 'équation de Burgers (1948), également utilisée
pour modéliser le trafic routier ou en acoustique. Un cas particulierement intéressant
pour la recherche de comportements non linéaire est introduit en 1877 par Boussinesq, il
s’agit de I’équation appelée maintenant équation de Korteweg-de Vries. Cette équation
modélise le comportement des vagues en faible profondeur, offrant un cadre mathéma-
tique remarquable puisque qu’elle permet de mettre en évidence 'existence de solitons.
Les solitons sont des ondes solitaires se propageant sans se déformer, décrites initialement
par John Scott Russel en 1834, en observant une vague dans un canal qui semblait ne pas
changer de forme et de vitesse. C’est un exemple de comportement non linéaire.

L’étude de 1’électromagnétisme est lancée durant la seconde partie du XIX®™® siecle,
avec les équations de Maxwell (dont la premiére version, comportant 20 équations, date
de 1865). Beaucoup d’équations découlent de celles de Maxwell, comme I’équation des
télégraphistes, introduite par Heaviside vers 1880, qui modélise 1’évolution de la tension
et du courant sur une ligne électrique en fonction de la distance et du temps.

Le couplage entre les équations de I’hydrodynamique (équations de Navier-Stokes) et
'électromagnétisme (équations de Maxwell) a conduit Alfvén & introduire en 1942 les
équations de la magnétohydrodynamique pour étudier des fluides conducteurs, comme
les plasmas. Cette étude permet entre autres d’analyser le noyau fluide de la Terre, a
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I'origine du champ magnétique terrestre.

Toujours au niveau macroscopique, on peut citer d’autres types d’études. L’étude de
la vibration des cordes d’un violon par Bernoulli puis D’Alembert a conduit a la mise en
place de I’équation des ondes en 1746. Le cas des solutions stationnaires de cette équation
(i.e ne dépendant pas du temps) donne lieu a I’équation de Helmholtz (1871). En 1811,
Joseph Fourier propose I’équation de la chaleur, pour décrire le phénomene physique de
conduction thermique. Enfin, un dernier exemple intéressant provient de la théorie des
poutres. L’étude de la résistance des poutres (au sens large) a intéressé les scientifiques
depuis des études de Léonard De Vinci (XVeme-XVI®me gidcle) et Gallilée (XVIeme-XVIIeme
siecle). Un grand pas dans cette étude est fait vers 1750 avec la théorie des poutres d’Euler-
Bernoulli, qui néglige les effets de cisaillement. Pour un modeéle prenant en compte ces
effets, il faudra attendre le début du XX®™¢ siecle avec 1’équation de Timoshenko.

Enfin, au niveau de la mécanique céleste, on retrouve également les EDP a plusieurs
niveaux. L’exemple le plus parlant est probablement 1’équation d’Einstein, pierre angu-
laire de la théorie de la relativité. Cette équation, publiée en 1925, modélise I'influence
de la matiere et de I'énergie sur la géométrie de 1’espace-temps.

Une des propriétés remarquables de 1’étude des EDP est donc la diversité des domaines
d’applications. Cette diversité est également visible a 1’échelle d’'une EDP particuliere.
Nous avons introduit ici le contexte dans lequel les équations ont été introduites et les
phénomenes décrits originellement. Mais comme on a pu le voir a travers les exemples
de I'équation de Burgers (de I’écoulement des fluides au trafic routier) ou de I’équation
de Vlasov-Poisson (de I'étude des gaz au mouvement des étoiles dans la galaxie), chaque
modele d’équation peut étre amené a décrire des phénomenes parfois tres variés. C’est en
particulier le cas de ’équation de Schrédinger, comme nous le verrons dans une introduc-
tion plus poussée de cette équation dans la partie 1.2.

Tous ces exemples, qui ne refletent qu'une partie de 1’étendue des applications des
équations aux dérivées partielles, mettent en évidence 'importance du défi mathématique
qu’est la compréhension et la résolution de ces diverses équations. Ainsi, parallelement &
ces avancées sur la compréhension des phénomenes physiques, beaucoup d’outils mathé-
matiques ont été développés, de la décomposition en séries de Fourier en 1822 donnant un
moyen efficace de recherche de solutions, a la théorie des distributions de Laurent Schwartz
en 1950 permettant d’élargir le concept de solutions. Aujourd’hui encore, I’étude des EDP,
tant sur le plan théorique que sur le plan numérique, est 'un des domaines des mathéma-
tiques les plus vivants. Du point de vue mathématique, I’étude de ces équations traite,
entre autres, les questions suivantes :

> Existe-t-il des solutions ? Le cas échéant, sont-elles uniques 7

> Quel est le temps d’existence des solutions 7 En particulier, les solutions sont-elles
globales (i.e définies pour tout temps) ?

> Peut-on construire ou approcher les solutions 7

> Les solutions sont-elles stables par rapport aux données initiales 7 (Autrement dit,
une légere modification des données initiales entraine-t-elle une légere modification
des solutions 7)

> Peut-on controler les solutions en agissant sur les équations ?

v

Quel est le comportement (éventuellement en temps long) des solutions 7
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Dans ce manuscrit, nous allons nous intéresser principalement a la derniere question,
en mettant en évidence des comportements non linéaires, en temps long. Mais avant de
définir ce qu’est un comportement linéaire ou non linéaire, nous allons introduire la notion
d’équation dispersive, une famille d’EDP dont nous étudierons quelques propriétés, puis
nous introduirons la transformée de Fourier, un outil primordial pour les calculs effectués
dans cette these.

1.1.1 Equations dispersives et données initiales petites

Dans cette partie, nous allons définir la notion d’équation dispersive, qui donne un
cadre plus précis de famille d’équations a laquelle appartient I’équation de Schrodinger,
et nous allons voir en quoi la dispersion joue un role dans les résultats attendus.

On se place ici dans le cas d’une solution u = u(t, z), avec t € R le temps et x € R"
la variable d’espace.

Ondes planes et équations dispersives

On appelle onde plane monochromatique une fonction de la forme
U(t, I) _ 6i(wt—k.a:)‘

On appelle cette fonction une onde dans la mesure ou, pour un bon choix de w, cette
fonction u est solution de I’équation des ondes

Ot — Au = 0.

Elle est dite plane car dans le cas n = 1, les fronts d’onde sont des plans infinis tous
perpendiculaires a la direction de propagation de 'onde. Enfin, le terme monochroma-
tique vient ici du fait qu’il n'y a qu’une seule fréquence (une seule couleur) w. Bien que
physiquement pas rigoureux, les ondes planes monochromatiques sont tres utilisées car
c’est un modele simple et donnant une bonne approximation de nombreuses ondes.

Ainsi, face a une EDP, une bonne idée dans la recherche de solution est 1'utilisation
des ondes planes. On cherche a écrire une solution particuliere de 'EDP étudiée sous la
forme d’onde plane, on obtient alors une relation sur w et k, dite relation de dispersion,
de la forme w = w(k). Une EDP est alors dite dispersive si

wk)eR et w'(k)#D0.

Dans ce cas, on appelle w'(k) la vitesse de groupe de I’équation. Cette définition de la
vitesse de groupe sera légitimée par le lemme de la phase stationnaire étudié plus en
profondeur dans I'appendice B. Une EDP est donc dite dispersive si la vitesse de groupe
w'(k) dépend de k. En d’autres termes, une EDP est dispersive si différentes fréquences
se propagent a différentes vitesses. On peut déja remarquer que la condition w(k) € R
fait que I’équation de la chaleur n’est pas une équation dispersive. Nous pouvons donner
trois exemples d’EDP dispersives en dimension n = 1.
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Trois exemples dA’EDP dispersives linéaires sur R

Dans le cas qui nous intéresse particulierement dans cette these, concernant 1’équation
de Schrodinger linéaire sur R
i@tu + amu = 0,

—k2t—kx)

les ondes planes e sont solutions. Dans ce cas nous avons :

w(k) = —k?, (k) = =2k, (k) = —2.

L’équation de Schrodinger linéaire est donc bien dispersive. On remarque que la vitesse de
groupe w’ n’est pas bornée, on parle donc de vitesse de propagation infinie. Cette vitesse
infinie vient du fait que les hautes fréquences s’échappent vers I'infini trés rapidement.

Un second exemple similaire est donné par I’équation de Airy, qui est le linéarisé de
I’équation de Korteweg-de Vries :

Oyt + Oyt = 0.

i(k3t—kx)

On remarque alors que les ondes planes e sont solutions. Dans ce cas nous avons :

wik) =k,  W(k)=3K,  o'(k) =6k

L’équation de Airy est donc bien dispersive et est également & vitesse de propagation
infinie.
On peut étudier un troisieme exemple via I’équation de Klein-Gordon linéaire

O*u — Oppu + mu = 0.

Cette EDP admet pour solutions les ondes planes de la forme e'(V¥*+m=k2) - On a donc

__k (k) = —
VE +m’ (k2 +m)2

On peut faire deux remarques quant a la forme de w. Premierement, nous remarquons
que contrairement a I’équation de Schrodinger, la vitesse de groupe est ici bornée. Cette
équation est donc moins dispersive que les équations de Schrodinger et Airy. Ensuite,
nous remarquons que pour m = 0, on a w”(k) = 0. Ainsi, le cas m = 0, correspondant
a I’équation des ondes, est un exemple d’EDP non dispersive (ce résultat est propre a la
dimension 1, I’équation des ondes étant dispersive en dimension supérieure). Par rapport
aux EDP citées en introduction, on peut remarquer que les équations des poutres d’Euler-
Bernoulli, de Korteweg-de Vries, de Schrodinger cubique, d’Einstein ou encore de Hartree
sont d’autres exemples d’EDP dispersives.

w(k) = VE? + m, W'(k) =

Inégalités de dispersion

Physiquement, une EDP dispersive est une équation pour laquelle les solutions tendent
a “s’étaler”, du aux vitesses des différentes fréquences. En d’autres termes, méme pour une
donnée initiale tres localisée, les solutions vont se disperser dans tout 1’espace. Du point de
vue mathématique, cette tendance se traduit par des inégalités dites de dispersion sur la
norme infinie de la solution. Une inégalité de dispersion est donc une estimée garantissant



1.1. A PROPOS DE L’ETUDE DES EDP 23

la décroissance en temps de la norme L*° de la solution devant une certaine norme de la
donnée initiale.

Ainsi, nous obtenons pour les équations de Klein-Gordon et de Schrodinger sur R des
inégalités de dispersion

C
[w(t)]| Lo < ﬁlluOllN-

La norme N est différente dans les deux cas. Alors qu’il suffit de choisir la norme L' pour
le cas de I'équation de Schrodinger, le cas de I'équation de Klein-Gordon demande plus
de controdle sur la donnée initiale, car cette équation est moins dispersive (la vitesse de
propagation est finie).

Equations dispersives linéaires et non linéaires

Les trois exemples étudiés ci-dessus sont trois équations linéaires. Pour les équations
non linéaires, le phénomene de dispersion se traduit habituellement de deux maniéres.

Soit la non-linéarité a tendance a compenser la dispersion. Dans ce cas, on peut ne pas
avoir de décroissance de la norme infinie. C’est ce qui se produit en passant de I’équation
de Airy a I’équation de Korteweg-de Vries, ou cette compensation permet de mettre en
évidence l'existence de solitons.

Soit la non-linéarité perturbe la dispersion, sans la compenser. Dans ce cas, on con-
tinue a obtenir une décroissance de la norme infinie. C’est le cas pour ’équation de Klein-
Gordon, mais surtout dans le cas qui nous intéresse ici pour I’équation de Schrodinger
cubique défocalisante. Ainsi, dans ce manuscrit, on s’attend a une décroissance de la
norme infinie pour les variables d’espace euclidiennes, c’est ce que nous verrons dans les
chapitres 3 et 4.

Données initiales petites et théoreme de point fixe

Face a une EDP, pour répondre aux questions d’existence, d’unicité, et de comporte-
ment des solutions, la méthode habituelle est I'utilisation d’un théoreme de point fixe.
Ici, nous utiliserons le théoreme du point fixe de Banach-Picard :

Théoreme du point fixe de Banach-Picard. Soit E un espace métriqgue complet non
vide et f une application contractante de E dans E. Alors f admet un unique point fixe.

Ainsi, si, par exemple par la formule de Duhamel explicitée dans la sous-partie 1.2.3,
on montre que pour un bon espace E et une bonne fonction f on a :

u solution d'une EDP < f(u) = u.

Alors, il suffit de montrer que f est contractante pour prouver 'existence et 'unicité de
la solution. Les estimées de normes obtenues sur f sont alors appelées estimées a priori,
car on considere des estimées sur la solution u sous la forme f(u) avant de savoir si la
solution u existe. Dans cette optique, les inégalités de dispersion couplées a un choix de
données initiales petites offrent un outil de choix pour prouver que f est contractante. Le
gros du travail sera alors souvent de trouver le bon espace E dans lequel se placer. C’est
cet aspect des EDP dispersives qui nous intéresse dans ce manuscrit.
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1.1.2 La transformée de Fourier

Nous allons ici introduire la transformée de Fourier, un outil de calcul puissant qui sera
utilisé dans toute la suite du manuscrit. En accord avec la suite du manuscrit, nous nous
contenterons ici du cas d’une variable périodique ou euclidienne. Cette transformation a
été introduite dans un premier temps par Joseph Fourier, sous forme de série de Fourier,
pour étudier I’équation de la chaleur en 1822. Le but étant de décomposer une fonction
périodique en série (c’est a dire une somme infinie) trigonométrique. Pour une fonction
périodique f : T — C, on définit la série de Fourier associée par

fla)=>_ fie’™.

JEZ

Les f; sont alors appelés les modes (de Fourier) de la fonction f. La généralisation de
cette transformation sous forme d’intégrale est due, au début du XX®™¢ siecle, a Lebesgue
suite & ces travaux sur 'introduction de I'intégrale de Lebesgue.

Pour une fonction intégrable (au sens de Lebesgue) f : R — C, on définit alors la
transformée de Fourier associée par

A

1 —1iT
flor=—7= [ e f(a)da

La variable ¢ est alors appelée fréquence, alors que la variable x est appelée position. On
peut également noter qu’il existe plusieurs conventions pour la transformée de Fourier,
chacune ayant ses avantages et inconvénients. Par exemple ici, le choix dans la définition

de la constante \/% est arbitraire. Ce choix a l'avantage d’offrir une symétrie avec la
transformée de Fourier inverse. Dans le chapitre 4, on choisira comme constante i, ce
choix aura alors I'avantage de supprimer la constante sur la transformée de Fourier inverse,
choix qui sera opportun car cette transformée inverse sera tres utilisée dans le chapitre.
Dans la suite, on parle de transformée de Fourier aussi bien pour désigner les séries de
Fourier (chapitre 2), la forme intégrale de Fourier (chapitre 3), ou les deux (chapitre 4).

Depuis son introduction, la transformée de Fourier est utilisée de maniere intensive
dans de nombreux domaines, notamment en théorie du signal, mais aussi dans le cadre
qui nous intéresse de l'analyse des équations aux dérivées partielles. L’intérét de cette

transformation vient de ces deux propriétés fondamentales :
> La transformée de Fourier transforme la dérivation en produit.

> La transformée de Fourier est réversible : on peut ainsi ré-obtenir f a partir de sa
transformée de Fourier.

L’utilisation de ces deux propriétés en fait un outil tres commode pour 1’étude des
EDP, car une transformée de Fourier en espace transforme une équation aux dérivées
partielles en une équation différentielle ordinaire (une seule variable est concernée par la
dérivation), souvent bien plus simple a résoudre. Nous allons expliciter cette méthode
grace a I'exemple suivant sur ’équation de Schrodinger linéaire. Nous verrons ensuite a
travers le lemme de la phase stationnaire un moyen d’étude des intégrales fournies par la
transformée de Fourier. Enfin, nous introduirons la décomposition de Littlewood-Paley,
un outil permettant de travailler sur I’espace des fréquences.
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L’équation de Schrodinger linéaire et le groupe de Schrodinger

A travers I’étude de I'équation de Schrodinger linéaire, nous allons introduire ici le
groupe de Schrodinger {e’m,t € R}. On part de ’équation de Schrodinger linéaire

Grace a la transformée de Fourier en espace de u, on transforme cette EDP en équation
différentielle ordinaire que 'on peut résoudre facilement. Si la transformée de Fourier
inverse de cette solution est bien définie, nous obtenons alors une solution de notre EDP
initiale. Cette méthode est résumée dans le schéma suivant :

Solution

W0+ Au =0 €-------------- u(t,x) = e*®u(0, )
Transformée Transformée de
de Fourier Fourier inverse

0l — 20 =0 b @ = ¢ g

10y — &0 Résolution u(t,§) =e 4(0,¢)

Nous avons donc ici introduit la notation e®?, définissant un opérateur unitaire sur les
espaces de Sobolev ¢® : H® — H*® (pour s € R), via la transformée de Fourier, comme

lue dans le schéma ci-contre, par
U(t, J]) = eitAf(ta CL’) A ﬂ(té’) = e_it£2f(t7§)' (111)

On parle alors de groupe de Schrodinger car I’ensemble {eim,t € ]R} ainsi défini est un
groupe pour la composition :
eitAefisA _ ei(tfs)A'

Sur le lemme de la phase stationnaire

Une autre propriété intéressante de la transformée de Fourier est la transformation
d’un produit de fonctions en convolution :

Fg(&) = c(f * 9)(€),

ou la constante ¢ dépend du choix de convention évoqué précédemment pour la transfor-
mée de Fourier.

La ou la transformée de Fourier permettait de traiter le cas linéaire de 1’équation de
Schrodinger directement, le cas non linéaire va poser plus de difficultés. En particulier,
dans le cas qui nous intéresse d’une non-linéarité cubique (de la forme |u|?u), la transfor-
mée de Fourier va faire apparaitre de la convolution et donc dans ce cas (cubique) une
intégrale sur R?. Ainsi, on va se ramener a étudier des intégrales dites oscillantes de la
forme

/2 et @q(z)dz.
R
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Dans la recherche de comportement en temps long de solutions, le lemme de la phase
stationnaire va nous permettre de mettre en évidence le comportement asymptotique de
ce genre d’intégrale.

Avant d’énoncer ce résultat, nous rappelons la définition de point critique non dégénéré.
On considere ¢ : R? — R une fonction de classe C*°.

Définition. Un point x est appelé point critique de ¢ si
¢'(z) = 0.
Un point critique x de ¢ est dit non dégénéré si

det(¢"(x)) # 0.

Nous sommes maintenant en mesure d’énoncer le lemme de la phase stationnaire :

Lemme de la phase stationnaire. Soient n € N*, a € C°(R",C) et ¢ € C*(R",R)
admettant un seul point critique x. € R™, non dégénéré. Alors

, ‘ 2\ 2 1 x "
/ ezw(x)a(l’)dx ~  eitelae) <ZT> 2 |det 90”($C)| ;ezzsgn(tﬂ (xc))a($c)’

t—+00

ot sgn(¢”(z.)) est la signature de la hessienne de ¢ en .

Bien que nous ne serons jamais dans la suite dans le cadre des hypotheses de ce
résultat (en particulier pour les hypotheses de régularité sur a), le lemme de la phase
stationnaire va nous permettre de mettre en évidence de maniere intuitive les parties
prépondérantes des intégrales de cette forme que nous rencontrerons dans les chapitres 3
et 4. Nous reviendrons plus en détail sur ce lemme et son utilisation dans nos calculs dans
I’appendice B.

Un pas vers analyse harmonique et la décomposition de Littlewood-Paley

L’analyse harmonique est une branche des mathématiques directement liée a la trans-
formée de Fourier. Elle consiste en partie en I’étude des relations entres 'espace des
positions et ’espace des fréquences. On peut par exemple penser aux théoremes de Paley-
Wiener reliant la décroissance a I'infini d’une fonction a la régularité de sa transformée
de Fourier.

Nous avons vu, via l'utilisation d’inégalités de dispersion dans le théoreme de point
fixe, 'importance des estimées a priori pour prouver l'existence de solutions. Dans cette
optique, on utilisera dans le chapitre 4 un outil d’analyse harmonique : la décomposition
de Littlewood-Paley. L’idée, pour mieux comprendre le comportement d’une fonction, est
d’effectuer un découpage en fréquences de la fonction et d’étudier les différentes parties
(grace a une séparation basse-haute fréquences).

Une définition formelle de cette décomposition est introduite dans le chapitre 4.
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1.1.3 Comportements linéaires et non linéaires

Qu’est-ce qu'un modele satisfaisant d’équation aux dérivées partielles pour un physi-
cien 7 Comment aborder la recherche de solutions d’EDP pour un mathématicien ? Ces
deux questions sont tres liées a la question de non-linéarité.

Comme énoncé en introduction de ce manuscrit, le but premier des EDP est de mod-
éliser tout type de phénomene, en particulier physique. De ce point de vue, une EDP
sera satisfaisante quand elle décrira avec précision les phénomenes observés. Or, la plu-
part des phénomenes physiques observables mettent en évidence des comportements dit
non linéaires (aussi bien en mécanique des fluides que des solides, qu’en biologie, chimie,
géologie...). La compréhension des comportements non linéaires est donc probablement
la frontiere la plus importante dans notre compréhension de la nature.

Pour bien comprendre ce qu’est un comportement non linéaire, plagons nous du point
de vue du mathématicien. Face & une EDP non linéaire (ce qui, encore une fois, est souvent
le cas pour les EDP décrivant précisément des phénomenes naturels), la premieére approche
est de supprimer la non-linéarité et d’étudier 'EDP linéaire associée (par exemple grace
a la transformée de Fourier introduite précédemment). Cette équation linéaire est certes
moins précise dans sa description des phénomenes observés, mais cette perte de précision
est compensée par un énorme gain de facilité dans la résolution de I’équation. Tout type
de comportement de solution mis en évidence pour 1’équation linéaire est alors appelé
comportement linéaire. A partir de cette étude, on peut alors passer a 'étude de ’équation
non linéaire d’origine. On observe alors deux type de résultats :

e Soit les solutions de I’équation non linéaire vont tendre a reproduire des comporte-
ments de solutions de 1’équation linéaire associée. C’est un résultat auquel I'on peut
s’attendre lorsque par exemple la non-linéarité reste tres petite (éventuellement grace a
la petitesse des conditions initiales). De ce point de vue, on peut distinguer deux grandes
familles de résultats :

* On peut premiérement penser aux résultats de scattering (ou diffusion) non linéaire.
On dit justement qu’une solution exhibe du scattering si elle converge en temps
long vers une solution de I’équation linéaire associée. De ce point de vue, on peut
citer autour de ’équation de Schrodinger sur les espaces euclidiens, les travaux de
Bourgain avec du scattering en norme H' sur R? ([5]) ; les multiples travaux de
Dodson (par exemple I'article [14] pour le cas de I’équation de Schrodinger cubique
sur R?® pour obtenir une plus grande régularité pour le scattering) et le cas de
I’équation de Schrodinger quintique traité par Colliander, Keel, Staffilani, Takaoka
et Tao sur R? ([12]). Le cas des variétés hyperboliques a été également tres étudié,
on peut citer par exemple les travaux de Banica, Carles et Staffilani pour obtenir du
scattering en norme H' sur l'espace hyperbolique H? ([3]) ; le cas des plus grandes
dimensions est traité d’une part par Banica, Carles et Duyckaerts ([2]), d’autre part
par lonescu et Staffilani ([35]) ; enfin, on peut citer I'article de Ionescu, Pausader et
Staffilani sur la mise en évidende de scattering pour le cas critique de I’équation de
Schrédinger quintique sur H? ([34]).

* Une autre approche pour trouver des solutions qui reproduisent des comportements
de solutions des équations linéaires est donnée par la théorie KAM. Le but d'un
théoreme KAM (le mot KAM vient des mathématiciens Kolmogorov, Arnold et
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Moser qui ont développé cette théorie entre 1954 et 1963) est d’étudier la persistance
de tores invariants soumis a de petites perturbations. Ainsi, en perturbant une EDP
linéaire en ajoutant un petit terme non linéaire, ou en examinant le comportement
de perturbations des solutions linéaires dans le cas de 'EDP non linéaire, on pourra
étudier la persistance des tores invariants décrits par les solutions du cas linéaire.
Autour de cette idée, on peut citer les travaux de Kuksin (dont le livre [39], reprenant
ses travaux sur la théorie KAM et les EDP), et les travaux de Poschel (notamment
l'article [45] sur un théoreme KAM pour des systemes hamiltoniens de dimension
infinie). On peut également citer le travail des deux auteurs précédemment cités,
Kuksin et Poschel, qui ont mis en évidence un grand nombre de tores conservés pour
un large choix de non-linéarité sur I’équation de Schrodinger ([40]).

e Soit les solutions de ’équation non linéaire présentent un nouveau type de comporte-

ment, plus exotique. Tout nouveau type de comportement (par nouveau on entend absent
du cas linéaire), sera alors appelé comportement non linéaire. On recense de nombreux
types de comportements non linéaires, parmi lesquels on peut citer, toujours autour de
I’équation de Schrodinger :

* L’explosion des solutions en temps fini. Un premier exemple de comportement non

linéaire est donné par ’explosion de la norme des solutions en temps fini. De nom-
breux articles traitent cette question, avec différents parametres (le choix de 'espace
des positions, d'un potentiel, de la non-linéarité...). Parmi ces nombreux résultats,
on peut citer, pour I’équation de Schrédinger, I’étude de Merle et Raphael dans [43].
Néanmoins, dans notre cas, on a conservation de I’énergie des solutions. En partic-
ulier, la norme de Sobolev H' étant conservée, elle ne pourra pas exploser. On ne
cherchera donc pas dans ce manuscrit a mettre en évidence ce type de comporte-
ments. L’idée sera donc pour nous de considérer des petites perturbations du cas
linéaire (via des petites non-linéarités et des données initiales petites), et de trouver
des comportements non linéaires plus “fins”.

La croissance des normes Sobolev des solutions (par la construction de cascades
d’énergie). Plutdét qu'une explosion en temps fini, on peut mettre en évidence
d’autres types de croissance des normes Sobolev. On peut citer sur ce point les
travaux réalisés sur le tore T? par Colliander, Keel, Staffilani, Takaoka et Tao
dans [13] puis par Guardia et Kaloshin dans [25], par Haus et Procesi dans [30],
et enfin par Guardia, Haus et Procesi dans [24]. Dans les quatre articles cités, le
but est de montrer qu’en temps fini, une solution partant d’une donnée initiale ar-
bitrairement petite peut devenir arbitrairement grande. Pour un comportement en
temps infini, le premier résultat de croissance des normes Sobolev pour I’équation
de Schrodinger vient de l'article [27] de Hani, Pausader, Tzvetkov et Visciglia via
une étude de 1’équation sur I'espace produit R x T¢ (avec 2 < d < 4).

L’existence de solitons. Déja introduite concernant 1’équation de Korteweg-de Vries,
on a évoqué que pour obtenir ce genre de solution, il faut que la non-linéarité
compense la dispersion de I’équation linéaire, ce qui n’est pas le cas par exemple
pour I’équation de Schrodinger cubique dite défocalisante

i0pu + Au = |u|?u.



1.1. A PROPOS DE L’ETUDE DES EDP 29

Par contre, pour le cas focalisant (avec un signe — devant la non-linéarité cubique),
on peut voir dans le livre [47] de Catherine Sulem et Pierre-Louis Sulem la mise en
évidence de solitons. On peut aussi choisir un autre type de non-linéarité, comme
par exemple dans 1’équation dite de Schrodinger dérivée. Dans cette équation,
provenant de 1’étude de plasmas en magnétohydrodynamique ou de 'optique non
linéaire, la non-linéarité est la différentielle en espace d’'une non-linéarité cubique.
De nombreux travaux, basés sur des méthodes de scattering inverse, ont mis en
évidence 'existence de solitons dans ce cas. On peut citer par exemple 'article de
Chen, Xiang-Jun et leurs collaborateurs ([11]) sur I’étude de 'existence de solitons
et leurs collisions.

* La mise en évidence d’échanges d’énergie. Le but ici est de montrer que différents
modes de la solution (ou du couple de solutions dans le cas d’un systéme) échangent
de I’énergie en temps long. Sur ce type de comportement, en temps fini, on peut citer
I'article de Grébert et Villegas-Blas ([23]) dans le cas d’une non-linéarité cubique
perturbée par un cosinus ; 'article de Grébert et Thomann ([22]) puis celui de Haus
et Thomann ([32]) sur I’équation de Schrodinger quintique ; et l'article de Grébert,
Paturel et Thomann sur un systeme de deux équations de Schrodinger cubiques
couplées ([20]). Le second chapitre de ce manuscrit s’appuie sur ce dernier résultat.
En temps infini, Takaoka a mis en évidence un échange d’énergie sur 1’équation de
Schrodinger dérivée ([48]). On peut également citer, pour I’équation de Schrodinger
quintique, le travail de Procesi et Haus ([31]) pour construire des solutions quasi-
périodiques convergeant en temps infini vers des solutions d’un modele réduit qui
échangent de ’énergie, a ’aide d’un théoreme KAM.

* L’instabilité de tores linéaires. Toujours a ’aide de théoremes KAM, on peut mettre
en évidence des phénomenes d’instabilité linéaire. On peut de nouveau ici citer le
livre de Kuksin [39] dans lequel il exhibe des tores linéaires instables pour I’équation
de Sine-Gordon. Autour de Schrédinger, on peut citer les résultats “d’instabilité
modulaire”, obtenus en perturbant le module et la phase de solutions linéaires. Une
vue d’ensemble de ce type d’instabilité et les références associées sont données par
Sulem et Sulem dans [47].

* Des modifications de résultats de scattering. Si les résultats de scattering mettent
en évidence des comportements linéaires, des perturbations de ces résultats peuvent
permettent d’exhiber des comportements non linéaires. Nous reviendrons sur le type
de modifications possibles dans la sous-partie 1.2.4. Les troisiémes et quatriémes
chapitres de ce manuscrit s’inscrivent dans cette optique, en proposant chacun un
type de modification du scattering linéaire.

Cette diversité de comportements non linéaires pour I’équation de Schrodinger con-
trastée par la simplicité de I’équation en fait un modele d’EDP tres intéressant. C’est une
des raisons du choix de cette équation pour ce manuscrit, et c’est I’occasion pour nous ici
de nous pencher un peu plus sur ’équation de Schrodinger. En particulier, nous allons
justifier le choix d’étude du systeme de deux équations de Schrodinger cubiques couplées.
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1.2 A propos de ’équation de Schrédinger

Dans l'introduction des équations aux dérivées partielles, nous avons évoqué la dé-
marche scientifique visant a associer aux systemes physiques des variables dynamiques,
obéissant a une EDP. La physique classique, portée par les lois de la mécanique de Newton
en 1687 puis les lois de I’électromagnétisme de Maxwell en 1865, s’est alors développée en
accord avec les nouvelles découvertes expérimentales, du moins jusqu’a la fin du XIX®me
siecle.

Du point de vue de la physique classique, on distingue deux types d’objets pour former
I'univers :

> La matiere, faite de corpuscules, dont la position et la vitesse obéissent aux lois de
Newton.

> Le rayonnement, obéissant aux lois de 1’électromagnétisme de Maxwell.

La physique classique semblait régir tous les phénomenes observés, de la mécanique céleste
a 1’étude des solides macroscopiques, et méme microscopiques. Pourtant, avec ’avancée
des découvertes sur 'atome, beaucoup de résultats expérimentaux sur l'interaction en-
tre la matiére et le rayonnement (effet photoélectrique, effet Compton...) entrérent en
contradiction avec la théorie classique de la physique. Deux limites apparaissent alors :

> Le traitement des grandes vitesses (de 'ordre de la vitesse de la lumiére). Ce cas
limite donne lieu & la physique relativiste (introduite par Einstein). La physique
classique apparait alors comme étant un cas particulier dans lequel les vitesses sont
négligeables devant la vitesse de la lumiere.

> Le traitement des corps a ’échelle atomique. Ce cas limite donne lieu a la physique
quantique. C’est le cas qui nous intéresse ici.

Afin de traiter le cas de ces contradictions expérimentales sur le cas de I’étude au niveau
atomique, et en particulier pour expliquer les discontinuités observées, deux théories sont
introduites en 1925 : la mécanique des matrices d’Heisenberg, et la mécanique ondulatoire
de Schrodinger. Erwin Schrodinger montra ’année suivante que ces deux théories sont
équivalentes. C’est a partir de ces travaux qu’est née la théorie quantique, formalisée par
Dirac en 1958.

La ou la physique classique modélisait une particule par un point dans l'espace et
écrivait les équations définissant la position et la vitesse de ce point, I'idée nouvelle de
Louis de Broglie (1924), reprise par Erwin Schrodinger est de considérer une fonction
d’onde, donc le module décrit la densité de probabilité de présence d'un électron dans
une région donnée a un temps donné. Ainsi, par son équation, Schrodinger modélise
I’évolution dans le temps de la fonction d’onde d’une petite particule massique non rel-
ativiste (sa vitesse est négligeable devant la vitesse de la lumiere). De ce point de vue,
I’équation de Schrodinger en mécanique quantique joue le role du principe fondamental
de la dynamique de Newton en mécanique classique. C’est donc une pierre angulaire
de la mécanique quantique, depuis utilisée pour décrire des phénomenes dans de nom-
breux autres domaines, parmi lesquels 'optique non linéaire, I’étude des condensats de
Bose-Einstein, la physique des plasmas, I'astrophysique, la chimie...

Dans la suite de cette partie, nous allons voir pourquoi le choix de la non-linéarité
cubique est intéressant du point de vue physique et mathématique. Nous verrons ensuite
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en quoi le choix du systeme de Schrodinger cubique couplé offre un cadre idéal pour la
recherche de comportements non linéaires. A travers ce systéme, et grace & un exem-
ple d’équation différentielle ordinaire, nous introduirons la formule de Duhamel pour la
recherche de solutions et la notion de scattering pour le comportement asymptotique de
ces solutions. Enfin, nous verrons en quoi a travers ces notions les profils apparaissent
naturellement.

1.2.1 De Schrodinger linéaire a Schrodinger cubique

De par ses multiples applications, I’équation de Schrédinger, sous ses multiples formes
(ajout de potentiels, choix de la non-linéarité, choix de ’espace des positions...), suscite
logiquement beaucoup d’intérét. Le parti pris de ce manuscrit est de partir de I’équation
de Schrodinger cubique défocalisante :

10+ Au = |ul*u.

Le choix de la non-linéarité cubique provient de considérations physiques et mathéma-
tiques.

L’équation de Schrodinger cubique est un des modeles les plus importants en physique
non linéaire. On retrouve cette équation dans 1’étude de la propagation de la lumiere
en optique non linéaire et la propagation de faisceaux laser dans la ionosphere. D’autres
exemples sont données par 'étude des ondes de gravité de faible amplitude a la surface
de I'eau, les collisions d’ions lourds en physique nucléaire, ou encore 1’étude des plasmas
chauds (via la fréquence de Langmuir). Au contraire, pour des températures proches du
zéro absolu, on retrouve des généralisations de I’équation de Schrodinger cubique a travers
I'équation de Ginzburg-Landau (1950) pour étudier les supraconducteurs, ou I’équation
de Gross-Pitaevskii (1961) pour I’étude des condensats de Bose-Einstein. Le choix de la
non-linéarité cubique provient également de la précision de ce modele pour décrire les
interactions entre les particules lorsque 'on étudie un systeme quantique composé d’un
grand nombre de particules.

Du point de vue mathématique, ce choix est tout autant légitime. L’idée est d’avoir
une équation :

> avec une non-linéarité petite car on s’intéresse a des perturbations de systémes
linéaires.

> hamiltonienne car, en plus d’étre le cas le plus physique, la structure hamiltonienne
offre un cadre de travail privilégié.

Considérant des non-linéarités petites, 1'idée est alors d’effectuer un développement
limité de la non-linéarité en 0 pour obtenir une non-linéarité polynomiale. Pour rester dans
le cadre hamiltonien (comme ’équation linéaire), il est alors nécessaire que les mondmes
soient de degré impair. On obtient alors une équation de la forme

10u + Au = Z aplu/*u o € R,VE € N.

k>0

Les coefficients oy, sont choisis réels pour assurer la conservation de la masse (c’est a dire
ici la norme L?) des solutions. On remarque dans un premier temps que I’on peut éliminer
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les termes linéaires du terme de droite de I’équation par un changement de variable, appelé
plus couramment dans ce cas changement de jauge :

v(t,x) = " *Mu(t, z).
En effet, la nouvelle inconnue v, ainsi définie, vérifie I’équation

10w + Av = Z arlv)*v oy € R,Vk € N*,

k>1

De plus, par le choix de petitesse des conditions initiales, les termes dominants de la
non-linéarité sont donnés par les mondémes de plus petits degrés. De ce point de vue,
le premier choix logique de non-linéarité est le choix cubique (le terme quintique et les
suivants sont négligeables devant le terme cubique). On obtient alors une équation du
type

10+ Au = alul*u o € R*.

Le module |a| n’a généralement pas d’influence sur le comportement des solutions, on
peut se ramener & || = 1 par un changement d’échelle sur les solutions. En revanche, le
signe de o revét une grande importance, en séparant le cas de I’équation dite focalisante
(avec o < 0) de 'équation dite défocalisante (avec v > 0). Néanmoins, étant dans le
cadre de données initiales petites et donc d’une petite non-linéarité, la différence entre
les deux cas (focalisant ou défocalisant) ne joue pas de role majeur. Dans la suite, on
choisit donc o = 1. Nous allons maintenant justifier le choix de I’étude de systémes de
Schrodinger couplés dans ce manuscrit.

1.2.2 De I’équation cubique au systeme cubique couplé

Nous avons jusqu’ici peu parlé du choix de l'espace des positions. Si le choix de
I’étude de I'équation de Schrodinger sur la droite réelle permet de profiter du caractere
dispersif de I’équation (introduit dans la sous-partie 1.1.1) et joue donc un rdle sur le
type de comportement des solutions, le choix de I’étude sur le cercle (donc de solutions
périodiques) permet quant a lui de travailler sur les résonances dans 1’équation pour
espérer mettre en évidence des comportements non linéaires. Ainsi, I’étude de I'équation
de Schrédinger sur les tores, via les résonances et ’absence de dispersion, semble offrir
plus de possibilités de comportements non linéaires que 1’étude sur la droite réelle, ou
les inégalités de dispersion et le choix de données initiales petites semblent promettre un
comportement proche du comportement linéaire en temps long.

De ce point de vue, et dans l'optique d’étudier une équation la plus simple possible,
le premier candidat semble étre 1’équation de Schrédinger cubique sur le cercle :

10w+ Au = |ul*u, reT.

Or, depuis les travaux de Zakharov et Shabat en 1971 ([55]) par des méthodes de scat-
tering inverse, et jusqu’a la mise en place formelle d’un systeme de coordonnées globales
action-angle par Grébert et Kappeler en 2014 ([19]), on sait que 1’équation de Schrodinger
cubique sur le tore est intégrable au sens de Liouville. En particulier, par cette intégra-
bilité, on sait que beaucoup de quantités sont conservées (la masse, le moment, 1’énergie,
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et une infinité d’autres quantités). Cette rigidité semble nous éloigner de la mise en év-
idence d’un comportement non linéaire. Pour sortir de ce cadre trop restrictif, plusieurs
solutions sont envisageables et ont été pour la plupart déja introduites dans 1’étude des
comportements non linéaires :

> Sortir du cubique en regardant une autre non-linéarité. Plusieurs choix sont possi-
bles. On peut ajouter des résonances en perturbant la non-linéarité (par exemple
I'ajout d’un cosinus dans [23], par Grébert et Villegas). On peut aussi plus sim-
plement sortir du cas cubique, par exemple en regardant le cas de la non-linéarité
quintique ([22],[31],[32]...).

> Changer de dimension. Le résultat d’intégrabilité de Zakharov et Shabat étant lié
a la dimension 1, une solution est donc de regarder le cas d’'une variable d’espace
sur le tore a d dimensions T pour d > 2. On peut dans cette optique rappeler
les résultats de croissance des normes Sobolev en temps fini de Colliander, Keel,
Staffilani, Takaoka et Tao dans [13] ou de Guardia et Kaloshin dans [25]. Dans la
méme idée de construire des cascades d’énergie, on peut également citer le résultat
de Carles et Faou ([8]) pour la création de modes arbitrairement grands. Enfin,
pour la mise en évidence d'une croissance des normes Sobolev en temps infini, on
peut penser au travail de Hani, Pausader, Tzvetkov et Visciglia ([27]) sur l'espace
produit R x T?, avec 2 < d < 4, qui utilise également, via I’étude d'un systéme
résonant, la construction de cascades d’énergie lorsque 1’'on sort de la dimension 1
sur le tore.

> Ajouter un potentiel ou un obstacle. Depuis les années 60-70 avec des travaux, entre
autres, de Rauch, Reed, Simon, Wilcox ou encore Zakharov, la question d’existence
de scattering apres perturbation par un potentiel, ou a l'extérieur d’'un domaine
(présence d’un obstacle) a été tres largement traitée. On voit a travers ces exemples
qu’une perturbation du cas linéaire pose déja plusieurs problemes techniques. Ainsi,
pour rester autour d’'une non-linéarité cubique, cette option ne sera pas choisie
ici. Une autre possibilité, moins physique, pourrait étre d’ajouter un potentiel de
convolution. L’ajout d’un tel potentiel a tendance a tuer les résonances, et donc
plutot tendance a tuer les comportements non linéaires induits par ses résonances
(comme par exemple dans [21]). Ce n’est donc pas la solution envisagée dans cette
these.

> Passer au systeme couplé. En considérant plusieurs équations de Schrodinger cou-
plées entre elles par des non-linéarités cubiques, on peut espérer que les termes de
couplage génerent des nouveaux types de comportements. C’est I'idée développée
par Grébert, Paturel et Thomann dans [20] avec la mise en évidence d’échanges
d’énergie entre les modes des solutions.

Parce qu’elle permet de rester en dimension 1 (les calculs sont donc plus simples) et de
rester dans le cas cubique (qui est a la fois le cas le plus physique, et la non-linéarité la plus
simple pour rester dans le cadre hamiltonien), c’est cette derniére option qui a été choisie
dans ce manuscrit. De nombreux choix de couplages cubiques sont alors envisageables.
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Par exemple, Li et Sunagawa proposent dans [41] un systéme couplé de la forme :

1
W0+ —Au =)\ |u\2 u+ 1T,
2m1

1
100+ —Av = g [v]* v+ ud,
2m2

avec mq, mo € R* et A\, Ay, 1,5 € C. On pourrait faire ce choix et étudier I'influence
des parametres ici (ce que les auteurs ont fait sur R pour obtenir diverses inégalités de
dispersion). Par contre, ce choix ne conserve pas la structure hamiltonienne de I’équation
de Schrodinger cubique, et ne sera donc pas étudié dans ce manuscrit.
Pour obtenir un systeme cubique couplé conservant la structure hamiltonienne, on
peut penser a I'exemple de Manakov ([42]) :
. 2 2
i+ Au = |ul"u+ |v|"u,
O+ Av =P v+ |ul .
Le probleme ici est que ce systeme est intégrable sur le tore. De ce fait, pour la méme
raison que pour I’équation de Schrodinger cubique, nous n’étudierons pas cette forme de
couplage.
Ainsi, suite aux travaux de Grébert, Paturel et Thomann dans [20], le couplage retenu
sera le couplage suivant :
10+ Au = |v|2 u,
i+ Av = |u*v.

Du point de vue physique, ce genre de systeme apparait lors du couplage de deux guides
d’ondes en optique, lors de 1’étude de deux composants polarisés orthogonalement voy-
ageant a différentes vitesses, ou encore ’étude de deux impulsions d’ondes portées par des
fréquences différentes mais avec la méme polarisation. Pour ces trois exemples, on peut
se référer au livre “Contemporary Nonlinear Optics” ([1]) de Agrawal et Boyd pour voir
apparaitre ce systeme dans la description de ces phénomenes.

1.2.3 La formule de Duhamel

Nous allons ici introduire la formule de Duhamel, un outil primordial qui sera la base
de nos calculs dans les chapitres 3 et 4. Pour ce faire, nous allons étudier I’équation
différentielle ordinaire (EDO) de type Ricatti suivante :

Y (1) +y(t) =y (), teR. (1.2.1)

Les solutions de I’équation linéaire associée (appelée aussi équation homogene) sont don-
nées par

y(t) = ce?, ceR.
De part la forme de ces solutions, nous effectuons le changement de variable z(t) := e'y(¢),
visant a supprimer le terme linéaire. L’équation devient alors

Z(t) = e'y?(t).
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Par la formule fondamentale de 1’analyse, on obtient alors, pour t; € R,

z(t) = z(to) + t: e*y?(s)ds.

Ainsi, si I'intégrale est bien définie, la solution y de 'EDO (1.2.1) vérifie

y(t) = e Dy (to) + tt e~ =9)y2(s)ds.
0
C’est cette formule que 'on appelle formule de Duhamel, du nom de Jean-Marie Duhamel,
qui avait le premier introduit cette méthode pour résoudre I’équation de la chaleur au
XIX®™me sigcle. Pour les équations aux dérivées partielles, comme 1’équation de la chaleur
ou l'équation de Schrodinger, la méthode est en effet la méme. Par exemple, pour la
premiere équation de notre systeme :

i0u(t, x) + Au(t,z) = [v(t, z)Pult, x).

On a vu grace a la transformée de Fourier que les solutions de I'équation linéaire associée
sont données par u(t,r) = e*®ug(z), ou I'opérateur e? est défini via I’équation (1.1.1).
Ainsi, pour éliminer le terme linéaire de I’équation, on effectue le changement de variable

f(t,z) = e " Pu(t, z).

Par la formule fondamentale de ’analyse une nouvelle fois, on obtient alors, pour ¢y € R,

£t 2) = f(to, x) — i/t 58 ([o(s, ) Puls, ))ds.

to

La formule de Duhamel pour u est ainsi donnée par :

) o
ult, @) = eyt ) — / G2 (|p(s, 2)[Pu(s, ))ds.
to
De la méme maniere, on obtient une formule de Duhamel symétrique pour v. Ainsi, on
introduit application ®(u,v) = (P1(u,v), Po(u,v)), via les formules de Duhamel de u et
de v, par

. t
@1, 0) = D Buty, 1) — i [ IS (fuls, ) Puls, 2))ds,

to

) to.
Dy(u,v) = 02y (tg, 1) — z/ e A (|u(s, 2)|?v(s, x))ds.

to

Un couple (u,v) sera alors solution du systeme (1.0.1) si et seulement si ®(u,v) = (u,v).
Comme évoqué dans l'introduction du théoréeme du point fixe, le but est donc maintenant,
pour obtenir I'existence et I'unicité des solutions, de montrer que ¢ admet un unique point
fixe. La question qui se pose est alors de trouver le bon espace (donc la bonne norme)
pour effectuer un théoreme de point fixe. En particulier, on revoit ici apparaitre le role
des inégalités de dispersion et des données initiales petites dans le but de montrer que
dans le bon espace complet choisi, I'application ® est contractante.
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1.2.4 Scattering et scattering modifié

Dans les chapitres 3 et 4 du manuscrit, nous exhiberons des résultats de scattering
modifié. Avant de définir ces modifications, nous allons ici définir ¢’est que sont le scatter-
ing et les opérateurs des ondes associés, et mettre en évidence ce type de comportement
a I'aide d'un exemple d’EDO.

Pour parler de scattering sur l’équation de Schrédinger cubique, le bon cadre pour
'espace des positions est I’espace R, pour d > 2. On étudie donc ici I’équation

i0y + Apau = |u*u, (t,2) € R x R (1.2.2)

On dit qu'une solution u de cette équation exhibe du scattering vers une fonction W de x
si, pour une certaine norme N définie sur ’espace des positions,
_ itAng
|u(t) — e 2=t W || N, e 0. (1.2.3)
Par définition, e®2=¢ 1/ est une solution de 'équation linéaire associée a I’équation (1.2.2).
Ainsi, une solution exhibe du scattering si elle se comporte, en temps long, comme une
solution de équation linéaire associée.

Si la norme permet de passer a la transformée de Fourier (ce qui est le cas des normes
Sobolev), une définition équivalente du scattering peut étre donnée. On dira alors qu'une
solution u de I’équation (1.2.2) exhibe du scattering vers une fonction W de x si

0(1) — e HtEPT/ | -
|a(t) — e I/V||N£ el 0, (1.2.4)
ot la norme N sur Pespace des fréquences est la norme duale par transformée de Fourier
de la norme N sur I’espace des positions.

Apres avoir mis en place un résultat de scattering, la question naturelle qui se pose est
la question de la complétude de ce résultat. Si I’on montre que chaque solution u exhibe
du scattering vers une fonction W dans un certain espace fonctionnel sur l'espace des
positions, peut-on inverser le résultat ? Autrement dit, pour une fonction W quelconque
de cet espace fonctionnel, existe-t-il une solution u qui exhibe du scattering vers W 7 Si
la réponse est positive, I'opérateur

WO : W u solution de (1.2.2), tel que |ju(t) — =W ||y, — 0,

t——+o0

est appelé opérateur d’ondes (Wave Operator en anglais). Lorsque I'on a existence et
unicité de la solution du probleme de Cauchy (pour ’équation initiale ou pour I’équation
linéaire), on peut faire 'analogie dans I'opérateur d’ondes entre la solution et sa condition
initiale. Notons qu’il est souvent plus simple de construire un opérateur d’ondes (donc
trouver une solution ayant le comportement asymptotique voulu) que de construire un
résultat de scattering (connaitre le comportement asymptotique de chaque solution don-
née). Nous pouvons maintenant illustrer par un exemple simple d’EDO les définitions de
scattering et d’opérateur d’ondes.

Un exemple de scattering via une EDO
Une nouvelle fois, prenons comme exemple 1’équation différentielle de type Ricatti

suivante , )
{y ) +yt)=y°(t), teR,

y(0) = 10, (125)
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Dans un premier temps, on peut résoudre explicitement cette équation. Si 0 < yg < 1,
alors I’équation admet pour solution globale la fonction y définie par

-
1+ (& —1et’

Yo

y(t) =

Nous cherchons ici a mettre en évidence un comportement en temps long, ainsi on choisit
dans la suite 0 < yo < 1 (pour éviter les explosions ou les solutions constantes y = 0 et
y = 1). Rappelons également que les solutions de 1’équation linéaire associée sont données
par

y(t) =y(0)e™",  y(0) eR.

Pour mettre en évidence un résultat de scattering pour ’équation (1.2.5), nous repar-
tons de la formule de Duhamel pour I’équation en définissant

t
D(y)(1) = o+ [ ey (s)ds,

On cherche maintenant une bonne norme pour effectuer un théoreme de point fixe en
montrant que ® est contractante. De la définition de ®, on obtient

t
COE) = yo+ [ ey(s)ds.
Au regard du terme de gauche de I’équation, on introduit la norme
lyll == sup [e'y(t)|
>0
On obtient alors

t
@) < lool +sup [ e~ lylPds < fuol + ol

Soit ¢ > 0, on définit alors notre espace dans lequel appliquer le théoréme de point fixe
par
By (2¢) = {y, llyll < 2¢}.

Ainsi, pour € > 0 suffisamment petit et pour une petite donnée initiale vérifiant |yo| < ¢,

on a

1
|@(y)]| <e+4e® =e(1+4e) <2 desque €< 7

L’application ® satisfait donc ® : By (2¢) — By (2¢). Montrons maintenant que ® est
une contraction. Pour y,z € B)(2¢) on a

(B(y) — @()(0) = [ I Ps) = H)ds = [ I yls) = 2(5)) (o) + 2(5))ds.

0

Ainsi, on obtient

19(9) — 2(2) < sup | [ e e ly(s) = 2(5)lel(s) + 2()lds

< |ly = 2lllly + 2Il < [ly = 2[[([lyll + [|]]) < 4elly — =]
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Pour ¢ suffisamment petit (toujours & < i), on a donc une contraction, et ainsi existence
et unicité d’une solution a notre équation différentielle par le théoréme de point fixe.

Maintenant, pour étudier le comportement en temps long de notre solution y, on
introduit

+oo
+ . 5,2 Yo
=10+ / e’y (s)ds = .
Yo Yo | Yy (s) 1— 4
Par nos calculs précédents, on a donc scattering de la solution y de (1.2.2) vers la solution
de I'équation linéaire ¢ — e 'yd dans le sens suivant :

lylt) e =1 [ eys)ds] < eyl
On remarque que ¢ — e 'yg est une solution de I’équation linéaire associée a (1.2.2),
avec pour condition initiale yi # yo. Ainsi, la solution y de (1.2.2) se comporte en
temps long comme une solution de ’équation linéaire associée avec une condition ini-
tiale différente. C’est tres souvent le cas dans un résultat de scattering, autrement dit,
I'opérateur d’ondes est rarement l'identité. Dans notre exemple, en identifiant la solution
du probleme de Cauchy a sa condition initiale, I'opérateur d’ondes est donc donné par

WO : 0,400 — ]0,1]

+
n oy
Yo +— Yo ="

Ityg

Les modifications du scattering

Par sa définition, un théoreme de scattering est donc un résultat qui montre que
la solution d’une EDP non linéaire se comporte en temps long comme une solution de
I’équation linéaire associée. Or, le but de cette these est I’étude de comportements non
linéaires. De ce point de vue, les résultats de scattering ne sont pas adaptés. On cherchera
donc ici a obtenir des modifications de scattering, de deux types différents.

Dans un premier temps, dans le chapitre 3, nous mettrons en évidence une modification
du scattering par un terme de déphasage. Le but est d’obtenir une modification de la
définition (1.2.4) dans I'espace des fréquences du scattering, du type

~ ip(t —itg?
lafr) — e T | — o,

ou u(t,z) est la solution de I’équation de Schrédinger considérée, W est une fonction ne
dépendant pas du temps, ¢ : C — R est une fonction, et N une norme sur U'espace des
fréquences. Le nouveau terme e#(“®) est de module 1, c’est un terme de déphasage.
Ce type de résultat a été introduit pour 1’équation de Schrodinger par Ozawa en 1991
dans [44], en considérant une non-linéarité cubique et une non-linéarité plus grande (mais
sous quintique), sur R. Le cas de la dimension supérieure (R" pour n = 2 ou 3) est traité
par Ginibre et Ozawa en 1993 dans [17]. Depuis, plusieurs articles exhibent ce genre de
modification de scattering, dont les travaux de Hayashi et Naumkin dans [33] et de Kato
et Pusateri dans [37]. L’enjeu du chapitre 3 sera alors d’appliquer le travail de Kato et
Pusateri au cas du systéme de Schrodinger cubique couplé (1.0.1) sur I'espace euclidien R.

Dans un second temps, dans le chapitre 4, nous présenterons une modification plus
profonde du scattering, en écrivant que les solutions n’exhibent plus de scattering vers une
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solution de I’équation linéaire associée, mais du scattering vers une solution d’une autre
équation, plus simple, appelée équation résonante. On obtient donc une modification de
la définition (1.2.3) du scattering, du type

itA

ut) — AW (@) v, 0.

ou u(t,z) est la solution de I’équation de Schrodinger considérée, W est solution de
I’équation différentielle dite résonante, et N une norme sur ’espace des positions. Avec
un tel résultat de scattering modifié, 'idée est alors de trouver des comportements non
linéaires pour I’équation résonante, et construire un opérateur d’ondes pour trouver des
solutions de I’équation de Schrédinger qui miment ces comportements en temps long.
C’est l'idée qui a été développée par Hani, Pausader, Tzvetkov et Visciglia dans [27]
pour construire, grace au systéme résonant déja étudié par Hani dans [26], des solutions
de I'équation de Schrédinger cubique sur R x T¢ (2 < d < 4) dont les normes Sobolev
grandissent en temps infini. Cette méthode a par la suite été adaptée, autour de I’équation
de Schrodinger cubique, a travers des modifications de I’équation (voir par exemple les
articles [21], [28], [54]). L’enjeu du chapitre 4 sera donc d’appliquer cette méthode au cas
du systeme de Schrodinger cubique couplé (1.0.1) sur I'espace produit R x T.

A travers ces deux types de modification de scattering, on voit apparaitre une notion
de non-linéarité critique pour passer de résultats de scattering a des résultats de scattering
modifié. On voit a travers les exemples cités que sur R, cette non-linéarité critique est la
non-linéarité cubique. C’est ici une autre raison profonde pour le choix de la non-linéarité
cubique dans ce manuscrit.

1.2.5 Introduction des profils

Pour mettre en évidence les résultats de scattering dans les chapitres 3 et 4, nous
allons travailler sur les profils des couples de solutions (u,v) du systeme (1.0.1), définis
par

ft,z) == e "u(t, z), g(t,x) :== e "y(t, z).

Nous allons voir ici en quoi I'introduction de ces profils est naturelle dans notre cadre
d’étude, a travers la formule de Duhamel et la notion de scattering.

Tout d’abord, nous pouvons remarquer que ce n’est pas la premiere fois quand les
profils sont introduits dans cette introduction. En effet, c’est le changement de variable
qui a été choisi dans la construction de la formule de Duhamel pour u. La propriété
intéressante des profils utilisée ici est le fait que I’équation d’évolution satisfaite par ceux
ci est devenue une équation différentielle ordinaire, car la conjugaison par le flot linéaire
e® permet de supprimer les dérivations en espace. On obtient en effet :

z@tf(t) _ efitA (eitAg(t)efitAﬁeitAf(ﬂ) 7
z'(?tg(t) — oA (eitAf(t)efitAmeitAg(t)) .

C’est ainsi que 'on a d’abord écrit la formule de Duhamel pour f (et aussi par symétrie
pour g) avant de Iécrire pour le couple (u,v). On retrouve ici I'importance du travail
dans Pespace des fréquences de Fourier (car on a défini 'opérateur e2 via sa transformée
de Fourier).
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L’importance des profils se lit aussi dans les résultats de scattering. Si l'opérateur e’

est unitaire sur les espaces de positions considérés (ce qui est le cas sur les espaces de
Sobolev H?), alors on a

itA
|u(t) — e =W || N, S 0 < /@) =W, e 0.

Ainsi, si f(t) converge vers une fonction indépendante du temps W, alors on a scattering
de la solution u = 2 f(¢,x) vers la solution de I’équation linéaire associée de condition
initiale WW. Dans cette optique, la recherche d’un résultat de scattering, éventuellement
modifié, est plus simple du point de vue des profils des solutions.

On retrouve ce rdle du profil dans 'exemple d’équation différentielle (1.2.5) étudiée
précédemment. En effet, de part la forme des solutions de ’équation linéaire associée, on
définit alors le profil z associé a la solution y par

2(t) = ely(t).
On a alors scattering de la solution y vers une solution de 1’équation linéaire associée avec
donnée initiale yd si et seulement si le profil z tend vers la constante yg. En effet, on a :

t _ ot t _ it +
elyt) —e "yl 52 0 & 2 =eylt) - v

1.3 Motivation : sur la croissance de normes Sobolev

A travers I'introduction des comportements non linéaires et des différentes notions as-
sociées (comme le scattering modifié), nous avons déja mis en avant beaucoup de résultats
qui ont fortement influencé la mise en place de cette these. Dans cette partie, nous allons
présenter comment les recherches sur la croissance des normes Sobolev de solutions d'une
équation de Schrodinger cubique ont motivé I’étude du systeme de Schrodinger cubique
couplé. En particulier, nous verrons pourquoi cet historique nous a amené a étudier nos
systemes sur l'espace produit R x T.

Le probléme de Bourgain

En 1996, Bourgain met en évidence dans [4] une borne polynomiale en temps pour les
normes Sobolev des solutions de 1’équation de Schrodinger cubique sur T? et T3, Cette
borne sera plusieurs fois améliorée, notamment par Bourgain lui méme ou Staffilani ([46]).
Néanmoins, dans chacun de ces travaux, rien n’indique que ces bornes soient optimales,
et aucune solution de ’équation de Schrodinger cubique avec une croissance des normes
Sobolev en temps infini n’est exhibée. Or, si ce genre de solution n’existe pas, on devrait
pouvoir exhiber bien mieux qu'une borne polynomiale (qui elle grandit en temps infini)
pour contrdler les normes Sobolev des solutions.

En 2000, Bourgain énonce dans [6] une liste de problémes qui ne seront, selon son
opinion, pas résolus dans un futur proche. Parmi ces problémes, convaincu que les bornes
polynomiales obtenues sont dans un certain sens optimales, Bourgain énonce le probleme
suivant, concernant les solutions de I’équation de Schrodinger cubique sur le tore a d
dimensions T¢ (pour d = 2 ou 3) :

“ Existe-t-il une croissance de  ||u(t)||gs(re)y pour t— +oo 77
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Pour construire de telles solutions, la stratégie évoquée est de construire des transferts
d’énergie des modes de Fourier de petites fréquences vers les modes de Fourier de grandes
fréquences (car dans les normes Sobolev, les modes de plus hautes fréquences ont plus de
poids). C’est ce qu'on appelle des cascades d’énergie.

Dans cet article, Bourgain évoque aussi la question sur RY. Le probléme étant que
sur l'espace euclidien, les résultats de scattering (dus a la dispersion de I’équation) vont
contre cette intuition. En effet, si la solution u(t) exhibe du scattering en norme H*® vers
une fonction W € H*(R?), alors

M Afw() | sy = [Wlira),

t——+o0

et en particulier,
sup [[u(t)]] 7+ gy < +00.
>0

Bien que nous ne cherchons pas a mettre en évidence un résultat de croissance de
norme dans cette these, nous allons maintenant voir en quoi les travaux autour de cette
question nous ont guidé vers I'étude sur 'espace produit R x T.

Choix de ’espace des positions

Nous allons évoquer ici, via 1’étude de ’équation de Schrodinger cubique sur divers
espaces, certains travaux qui permettent de répondre en partie a la question de la mise
en évidence possible de croissance des normes Sobolev des solutions.

Sur les espaces euclidiens R, nous avons vu dans l'introduction de ce manuscrit que la
dispersion de I’équation de Schrodinger cubique peut entrainer des résultats de scattering.
Par exemple, sur R, pour d = 2 ou 3, le scattering des solutions est démontré par Ginibre
et Ozawa en 1993 dans [17]. Dans ce cas, comme indiqué précédemment, on ne peut pas
avoir de croissance des normes Sobolev. Le cas critique pour ’équation de Schrodinger
cubique est de ce point de vue le cas de la dimension 1 : ’étude sur R. On a vu que dans
ce cas, par larticle [44] d’Ozawa en 1991, (voir aussi [33] et [37]), on a des résultats de
scattering modifié. La modification de scattering étant ici le fait d’un terme de déphasage,
celle ci ne modifie pas le comportement des normes de Sobolev, on ne peut donc pas avoir
de croissance des normes Sobolev dans ce cas non plus.

Le cas des solutions périodiques, proposé par Bourgain, semble plus propice a ces
comportements parce qu’il n’y a pas de dispersion. Dans son papier, Bourgain écarte le
cas de I'étude sur T. En effet, on sait depuis 1972 par Zakharov et Shabat ([55], voir aussi
[19] pour une preuve différente) que I’équation de Schrodinger cubique est complétement
intégrable sur le tore. De ce fait, on ne pourra pas obtenir de croissance des normes
Sobolev. Sur T?, une premiére approche de croissance des normes Sobolev en temps infini
est faite par Colliander, Keel, Staffilani, Takaoka et Tao en 2010 dans [13]. Ils montrent
dans cet article, pour tout € > 0 aussi petit que 1'on veut, et pour toute constante M > 0
aussi grande que 1'on veut, il existe un temps 7" > 0 tel que :

[l < ot ()l = M,

et ce pour tout s > 1. Cette une réponse partiellement positive au probleme de Bourgain,
car si on a bien ici un phénomene de croissance des normes Sobolev, il est en temps fini.
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La premiere réponse positive au probleme de Bourgain arrive en 2013 par Hani, Pau-
sader, Tzvetkov et Visciglia dans [27]. Dans cet article, les auteurs se placent sur I'espace
produit R x T¢, avec 2 < d < 4. L’idée est alors de profiter des effets de scattering
modifié propres & I'espace R et des cascades d’énergie propres a I'espace T? pour mettre
en évidence un résultat de scattering modifié des solutions de ’équation de Schrodinger
cubique vers des solutions d'une autre équation, dont les normes Sobolev grandissent en
temps infini.

Ces différents résultats sont résumés dans le schéma suivant :

Figure 1.1 — Croissance des normes Sobolev ?
n > 2 d> 2

Scattering Scattering “Croissance” Intégrabilité
modifié

r € R x T4

ld>2

Scattering modifié
et croissance (1€S
normes Sobolev

Si, du point de vue de la recherche de croissance des normes Sobolev pour 1’équation
de Schrodinger cubique, I’étude sur le tore T n’est pas pertinente au regard de la complete
intégrabilité de 1’équation, il en est autrement pour le systeme de Schrodinger cubique
couplé (1.0.1). En effet, pour ce systeme, on a vu sur le tore T que l'on peut mettre
en évidence un comportement vraiment non linéaire : 1’échange d’énergie sous forme
d’effet de battement de Grébert, Paturel et Thomann ([20]). Cet échange d’énergie étant
un comportement en temps fini, 'idée de ce manuscrit est donc d’appliquer la méthode
déployée par Hani, Pausader, Tzvetkov et Visciglia dans [27]. En se placant sur I'espace
produit R x T, le but est d’exhiber des solutions qui échangent de 1’énergie en temps
infini. La stratégie employée dans ce manuscrit est résumée dans le schéma suivant :

Figure 1.2 — Stratégie du manuscrit

zeT reR

Effet de Scattering

battement modifié
r€RXT

h 4

Scattering modifié et
effet de battement
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1.4 Plan de la thése et présentation des résultats

Nous sommes maintenant en mesure de présenter les résultats obtenus dans les trois
prochains chapitres, afin de donner une vue d’ensemble des résultats de la these. D’apres
I’historique présenté, la question importante ici est de déterminer dans quel espace prendre
les positions z.

Dans le chapitre 2, nous nous placerons sur le tore T pour mettre en évidence un pre-
mier comportement non linéaire : 'effet de battement. Dans les deux chapitres suivants,
(sur R pour le chapitre 3 puis sur R x T pour le chapitre 4), 'enjeu sera alors de répondre
a ces deux questions :

> Peut-on espérer transposer les résultats obtenus pour I’équation de Schrodinger
cubique aux systemes cubiques couplés ?

> Le cas échéant, quel sera alors le réle du couplage ?

Les trois prochains chapitres peuvent étre lus indépendamment. En particulier, les
chapitres 3 et 4 ont donné lieu a des articles soumis et contiennent leur propre introduction.
Nous allons maintenant présenter plus en détail les résultats des différentes parties.

1.4.1 Etude sur le tore T : les effets de battement

Ici, on se place dans le cas d’une coordonnée spatiale périodique, avec le systeme
suivant :

10 4 Oy = |0 u, t,x) e R x T,
{ , oy, (k) "

104U + Oy = |u|2 v,

ou T = R/27Z est le tore de dimension 1.
Le but de ce chapitre est d’étendre le résultat d’effet de battement obtenu par Grébert,
Paturel et Thomann dans [20]. Nous obtenons ainsi notre premier comportement non

linéaire pour les solutions du systeme 1.4.1, un effet de battement décalé, mis en évidence
par le théoreme suivant :

Théoréme A. Pour tout 7 = (11,72, 73) €] — 5, 5[ et pour tout
v € (max(0,73 — 72), min(1 + 7,1+ 73)) \ {7},

0l Y. = Ye(T) est un point, il existe :

B . . . . S
T, € }O, ) [, ou f, est une fonction continue qui vérifie

fT(’Y) > |7'3 — 7'1| et lim f7_<’y) = |7-3 — 7—1|’

y—max(0,73—72)

— K, : R0, 1] une fonction 2T, -périodique non constante avec K.(0) = ~,
. 2
€o <77,

tels que pour tout couple d’entiers distincts p,q € Z et pour tout 0 < € < ¢, alors il existe

un couple de solutions (u,v) du systéme (1.4.1) qui vérifie, quelque soit |t| < e 2z :

Uy ()P + 1y (1) + 37, (t, 1),
v, (1)eP* + vy (t)e " + 5grv(t, x),

——
< £
=
SRS
~— ~—
il
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o

{qu(t)l2== 'K, (), [op(8)[* = (K, (£7) + 72 — 73),

[up ()] = €*(1 + 71 — K, (1)), [0, (1)]* = (1 + 75 — K, (1))

De plus, les termes de reste r, et r, satisfont :
— 1y et r, sont régulieres en temps et analytiques en espace sur {—5’%, E’g} x T,
— pour T =1, 0U Ty, et pour un certain p >0, on a

sup |7(t)] < C’e’pm,

lt)<e3
uniformément en € >0 et p,q € Z.

L’avantage de ce résultat est le comportement vraiment non linéaire mis en évidence :
I’échange d’énergie entre les modes, appelé effet de battement. On voit en effet que les
modes u, et v, vibrent ensemble, a un décalage pres fixé par le vecteur constant 7 choisi.
Il en est de méme pour le second couple (u,,v,). Enfin, ces deux couples échangent de
I’énergie entre eux : c’est I'effet de battement. Cet échange est caractérisé par la fonction
périodique K.

Par exemple, pour les choix de valeurs

7=(-0.1,02,0.1), =025 et =107,

on obtient :

Figure 1.3 — Exemple d’effet de battement décalé
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Le désavantage ici, c’est que ’'on montre ce comportement seulement en temps long,
mais fini. Que se passe-t-il quand le temps grandit trop ? La construction de ce résultat
ne permet pas d’y répondre.
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Méthode et idée de la preuve

Pour étudier le systeme (1.4.1), nous utilisons son caractere hamiltonien. Posons
H(u,@,v,9) = [ (|00 + [0,0]? + [uol?) da,
T

I’énergie totale du systeme. Alors H est I’hamiltonien du systeme dans le sens suivant :

. OH . OH
U = —i— U=1i—o
ou’ ou’
C_om .o
0 =i v=ig.

Ainsi, nous voyons que ’étude du systeme se ramene ici a I’étude de H. Etant sur le tore,
nous effectuons un développement en séries de Fourier des inconnues u et v :

u(t,z) =Y u(t)e??, o(t,z) = v(t)e”.

JEZ JEZ
Dans ces coordonnées, nous avons

H=N+P=3 2w+ P+ ¥ i
JEL p,q,7,SEZL
p—q+r—s=0

Le premier terme, N, est constant pour les solutions de I'’équation linéaire : c’est la
conservation de I’énergie du couple de solutions. Le point important ici est que ce terme
ne dépend que des “actions” (Ju;|? et |vj|?, pour j € Z), il ne jouera donc pas de role
dans la dynamique des solutions. C’est donc le second terme qui va nous intéresser.
Dans un premier temps, par un changement de variables, on met en évidence les termes
prédominants dans le polynéme P. De part le c6té hamiltonien du systeme, la stratégie
employée est 1'utilisation d’une forme normale de Birkhoff, donnée par :

HB Z:HOT:N+Z4+R6,
ou :
> 7 est une transformation symplectique proche de l'identité. Cela rend légitime

I'étude du nouvel hamiltonien HZ, dont les dynamiques observées seront alors
proches des dynamiques de I'hamiltonien d’origine H.

> Z, est un polynome d’ordre 4, qui contient les termes dominants du polynoéme P.
On parle ici de forme normale car Z, commute avec N au sens des crochets de
Poisson.

> Rg est un terme de reste d’ordre 6, qu’on pourra négliger pour des temps longs,
mais finis.

Une fois cette forme normale mise en place, la preuve du résultat se compose de deux
étapes. Premierement, on oublie le terme de reste Rg, et on étudie des modeles réduits
(avec peu de modes excités pour u et v) dans le but de trouver des comportements intéres-
sants, comme 'effet de battement. Le terme N étant préservé, I’étude ici se concentre sur
le terme résonant

Zy = > Uy Uy Ts. (1.4.2)
P,q,7,SEZL

p—q+r—s=0
P22 4r2—s2=0
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En particulier, en introduisant ’ensemble résonant
Lo := {(pa%rws) €Z' | p—q+r—s=0, pQ—q2+r2—52:O},
le systeme hamiltonien associé a Z, est

10y, = Z VgV U,
(p,q,’l",s) EF0
104U, = Z Ug Ty Vs.

(p,(IJ",S) eFO

La seconde partie de la preuve consiste a démontrer que tous les comportements ob-
servés sur le modele réduit se retrouvent sur le systéme associé a 'hamiltonien HZ. C’est
dans cette étape que la gestion du terme de reste Rg nous contraint a une analyse en
temps fini.

1.4.2 Etude sur R : scattering modifié et déphasage

Le travail effectué dans ce chapitre fait I'objet d’un article ([52]) publié dans la revue
“Dynamics of Partial Differential Equations”, en janvier 2016.

Ici, on se place dans le cas d’'une coordonnée spatiale euclidienne, c’est a dire que la
variable x vit sur la droite réelle. On a :

{i@tu + Ot = [v]u,  (t,2) ER xR, (1.4.3)

100 + Oy = |u|2 v.

Le but de ce chapitre est de mettre en évidence un résultat de scattering modifié. La
modification du scattering apparait ici dans un terme de déphasage mettant en évidence
Ieffet de couplage. On obtient également une inégalité de dispersion et un développement
asymptotique pour les solutions. Avant d’énoncer le théoréme, nous avons besoin de
quelques préliminaires.

Dans le théoreme suivant, plutot que demander un contrdle des conditions initiales
au temps 0, on demande une hypothese de petitesse sur les solutions au temps 1. De ce
point de vue, on introduit 'intervalle I = [1,+00). On définit ainsi :

ur(z) = u(l,x), v1(z) = (1, z).

Ce choix de controle, qui a pour but d’éviter les problemes d’intégration en 0 (ce qui est
cohérent quand on cherche un comportement en temps long), est 1égitimé par 1'existence
locale de solutions pour notre systeme de Schrodinger 1.4.3. On introduit 1’espace fonc-
tionnel suivant

Y = {p € L2, |lgllm + o)z < +oo}.
Enfin, on rappelle que les profils sont définis par
ft,z) = e "Oy(t, x), g(t, x) := e "0y (t, 7).

Nous sommes maintenant en mesure d’énoncer le théoréme :
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Théoreme B. Fizons 0 < v < i. Supposons que le couple (uy,vy) € HYY x HY wérifie
[wall g + llorllga <,
ot € > 0 est suffisamment petit. Alors le systéme de Schridinger cubique couplé (1.4.3)

admet une unique paire de solutions (u,v) € C (I; HY') x C (I; HY').
Cette paire de solutions satisfail les inégalités de dispersion suivantes :

|~
| =

lult, e S 1 lo(t, )lze S

N[
D=

t t

De plus, on a un résultat de scattering modifié dans le sens suivant : il existe une unique
paire de fonctions (Wy, Wy) € (L N LZ) x (L N L§) telle que pour tout temps t > 1,

~ Z tl ~ 2 _1 v
Ity (o= [ Lo as) < Wlie S eob
A [ t1 ~ 2 < )
||g(t,)eXp 2\/%/1 g|U(S,>| ds _Wg||Lg° Nt 40,
et
A Z t]. ~ 2 < ,l+£
| f(t,.)exp e g]v(s,.)\ ds _WfHLg <Stosta,
N { t1 ~ 2 _1l,v
it esp (5 7= [l as) < Wl SR,

ou f et g sont les profils des solutions u et v.
Enfin, nous avons un développement asymptotique des solutions : il existe une unique
paire de fonctions (I'y,T'y) € (LF N LE) x (L& N L) telle que pour des temps grands,

2

u(t, z) = @Wf(;)exl’ (’Zt - 2&(\%?(;) In(t) + Fg(;))> + Ot i),
1 T z? i

X

2t

(W25 (0 + T3] + 0 ),

ta) = ——W,y(— S
e T

Le théoréme énoncé dans le chapitre 3 permet de rajouter des poids sur l'estimée de
scattering L? afin d’obtenir un scattering en normes Sobolev, moyennant un plus grand
controle des données initiales (ce qui est nouveau par rapport aux résultats de Kato et
Pusateri). L’avantage de ce résultat est le temps infini dans le comportement asympto-
tique. Le désavantage ici, c’est que le comportement non linéaire (i.e la modification du
scattering) n’apparait que via un terme de déphasage. Le role du couplage se lit justement
ici dans ce terme de déphasage.

Méthode et idée de la preuve

On commence par écrire la formule de Duhamel pour le couple de solutions, on obtient
par exemple pour u :

) t
u(t, x) = "Ny (1) — z/ =)0z |y (s, 2)|2u(s, z)ds.
1
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0

Pour simplifier I’expression, dii a la présence des termes en e~""%»# on réécrit cette équation

du point de vue des profils f et g, on obtient

) t ) . )
ft,z) = e Py (z) — z/ 150 (e”a’”g(s, z)e 0 g(s, )et O (s,x)) ds.
1

Pour pouvoir gérer les termes en e***%= on effectue alors une transformée de Fourier en

espace. Le produit des trois termes dans l'intégrale de droite va donc faire apparaitre un
double produit de convolution. Apres une dérivation en temps, on obtient alors (pour une
constante ¢ > 0 dépendant de la convention de Fourier utilisée) :

A

0f(1,6) = [ e 5(t.€ = 03t — = r)F(¢.€ — m)drd

Il faut maintenant étudier le terme intégral, et en dégager les termes dominants en temps
long pour une analyse asymptotique de la solution. Intuitivement, le lemme de la phase
stationnaire nous dirige vers la décomposition suivante (voir appendice B pour plus de
détails sur ce passage) :

A

iatf(ta 6) =

o

3(t,O)° F(t,€) + R(t, ).

Le terme R, qui sera notre terme de reste, a un bon comportement en temps long : il
décroit plus vite (en norme infinie) que % Pour tirer profit de cette décroissance et gérer
le premier terme, on effectue le nouveau changement de variable

A

(1.6 = Fe. e (ie [ lo(s. O ds) = &) exp (i@ [ 005, ds).

On reconnait dans w le premier terme de notre résultat de scattering modifié. Le but est
donc d’étudier la convergence de w(t). Cette étude, utilisant des résultats de complétude
de T'espace choisi (L? ou L*), se fera alors grace a la décroissance de R puisque

0uts(1,€) = —iexp (ic [ ~13(s,€)ds) R(L,€).

L’existence globale des solutions, les inégalités de dispersion et le comportement asymp-
totique sont donnés par des estimées intermédiaires a la mise en place du résulta de
scattering.

1.4.3 Etude sur Rx T : scattering modifié et effets de battement

Le travail effectué dans ce chapitre fait 'objet d’un article ([53]) soumis en septembre
2016. Afin de profiter du comportement non linéaire observé sur le tore (les effets de
battement) et du scattering modifié observé sur la droite réelle, on considere I'espace
produit R x T, c’est a dire une coordonnée euclidienne et une coordonnée périodique. On
étudie alors le systéme suivant :

0+ Apsru = P u,  (t,2,9) € [0,4+00) x R x T,
{ t RxT v ( y) €[ ) (1.4.4)

1000 + Apyrt = ]u|2 v.
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Ayant une variable d’espace euclidienne et une variable d’espace périodique, on espére
donc pouvoir mettre en évidence les comportements non linéaires du cas périodique, et
transporter ces comportements en temps infini grace au résultat de scattering du cas
euclidien.

En adaptant la méthode de Hani, Pausader, Tzvetkov et Visciglia exposée dans [27] au
cas des systemes couplés, le but est d’obtenir une correspondance entre les comportements
asymptotiques des solutions du systéme initial (1.4.4) et celui des solutions d’un systéme
plus simple, appelé systeme résonant, de la forme :

{z’@TWU(T) = RW, (), Wo(r), Wa(r)], (1.4.5)

10 Wy (1) = R Wy (1), W (1), W,(T)],

ou la transformée de Fourier de la non-linéarité R dans les deux variables d’espace est
donnée par :

FRIf 9.0 (Ep) = Y f(&a)dE r)h(E,s).

p—q+r—s=0
P2 — 2412 —s2=0

On remarque ici que ce systéme résonant R, exprimé dans ses fréquences (§,p) de
Fourier, ressemble beaucoup au systeme hamiltonien associé a la non-linéarité 7, défini
en (1.4.2) pour I'étude du systeme de Schrodinger couplé sur T. C’est cet aspect qui a
motivé I'étude sur 'espace produit dans ce manuscrit. C’est également la raison pour
laquelle nous avons choisi d’approfondir 1’étude des systemes de Schrodinger cubiques
couplés sur le tore T dans le chapitre 2.

Afin d’introduire les résultats de cette partie, il est nécessaire de s’intéresser a la
norme utilisée pour assurer la petitesse des conditions initiales. La norme ST, utilisée
dans les énoncés suivants, est une norme, basée sur la norme L?, qui controle un grand
nombres de dérivées selon les deux variables d’espace et nécessite de la localisation selon
la variable euclidienne. La définition de cette norme est donnée dans le chapitre 4 via
I'équation (4.2.4). Pour cette introduction, on peut se contenter de savoir que ’espace
induit par cette norme est un espace de Banach (on pourra donc appliquer un théoréme
de point fixe) qui contient I'espace de Schwartz des fonctions régulieres a décroissance
rapide.

Nous pouvons maintenant énoncer les résultats de cette partie, qui s’articulent autour

de deux idées :

> La mise en place d'un résultat de scattering modifié et ses conséquences dynamiques.
Nous verrons ici en quoi le résultat de scattering énoncé permet de controler les
normes Sobolev des solutions du systeme (1.4.4).

> La mise en place d’un opérateur d’ondes modifié et ses conséquences dynamiques.
Le but ici est d'utiliser I'opérateur d’ondes pour construire des solutions du systéme
(1.4.4) qui échangent de I’énergie en temps infini grace aux résultats du chapitre 2.

Le scattering modifié

Premiérement, on obtient un résultat de scattering modifié, analogue au résultat de
Hani, Pausader, Tzvetkov et Visciglia dans [27] :

Théoréme C (Scattering modifié). I existe € > 0 tel que si :
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— ug,v9 € ST vérifient ||ugl||s+ + |Jvolls+ < €,
— (u(t),v(t)) est solution du systeme (1.4.4) avec donnée initiale (ug, vy),

alors (u,v) € C([0,+00) : HY) x C([0,4+00) : HY) est une solution globale et exhibe un
scattering modifié vers une solution du systéme résonant (1.4.5) dans le sens suivant : il
existe un couple de solutions (W, (t), W,(t)) du systéme résonant (1.4.5) tel que

lu(t) — 2= W (w () v @y + [0(t) — "= Wo(m ()| v @xry 2, 0.

t——+o0

De plus, on a l'inégalité de dispersion suivante :
_1
Ju(l ey + 0@ | Lgemy S (L [E]) 72

D’abord, on remarque que I'inégalité de dispersion n’est pas étonnante : on retrouve
le méme comportement que pour pour le systéme (1.4.3) dans le cas d’une seule variable
d’espace euclidienne, ce qui est cohérent car on a également ici une norme infinie sur la
variable euclidienne. La variable périodique ne semble donc pas jouer de role ici, cela vient
du choix de la norme H' pour cette variable, norme qui est conservée dans le systéme
linéaire pour la variable périodique.

Ensuite, ce théoreme nous dit donc que, pour des conditions initiales suffisamment
petites, chaque couple de solutions du systéme (1.4.4) se comporte asymptotiquement
comme une certaine solution du systéme résonant (1.4.5). En particulier, un controle des
normes Sobolev des solutions du systéme résonant (1.4.5) permet d’obtenir un controle
des normes Sobolev du systeme initial (1.4.4). C’est l'objet du théoreme suivant :

Théoréme D (Contrdle des normes Sobolev). Il existe € > 0 tel que si :
— ug,v9 € ST vérifient ||ug||s+ + [Jvolls+ < e,
— (u(t),v(t)) est solution du systeme (1.4.4) avec donnée initiale (ug, vo),
alors (u,v) € C([0,+00) : HY) x C([0,+00) : HN) est une solution globale et pour tout

seR, ona
[ g, + [lo@)llag, S e

De plus, il existe une constante ¢ > 0 telle que

dim (llu(t) g, + [0®]a,) = c.

Ce résultat assure donc qu’il n’est pas possible pour le systéeme (1.4.4) étudié ici
de présenter un résultat de croissance des normes Sobolev pour des données initiales
arbitrairement petites. Si ce résultat n’est pas surprenant du fait de la dimension 1 de
la variable euclidienne pour le systeme, il n’est pas non plus attendu, d’autant que la
question de la compléte intégrabilité du systeme (1.4.4) n’est pas réglée.

L’opérateur d’ondes modifié

Apres la mise en évidence d'un résultat de scattering, il est naturel d’examiner la
complétude de ce résultat en tentant de construire un résultat réciproque : un opérateur
d’ondes. On peut une nouvelle fois généraliser au systeme le résultat de [27] via le théoreme
suivant :
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Théoréme E (Opérateur d’ondes modifié). Il existe € > 0 tel que si :
— W0, Wao € ST vérifient ||[Waolls+ + |[Waolls+ <,
— (Wu(t), Wy(t)) est solution du systéme (1.4.5) avec donnée initiale (W, 0, Wi o),

alors il existe un couple (u,v) € C([0,+00) : HY) x C([0, +00) : HY) solution du systéme
initial (1.4.4) tel que

) — €= W, (7 (1)) ey + [0(8) — €455, (o (D) v ey =2 0.
Ce résultat nous assure donc que pour toute paire de solutions du systéme réso-
nant (1.4.5), on peut trouver une paire de solutions du systeme initial (1.4.4) qui exhibe
le méme comportement asymptotique dans le sens du scattering modifié. Ainsi, tout com-
portement non linéaire mis en évidence pour le systeme résonant peut se retrouver sur
une solution du systeme initial.

En particulier, la ressemblance entre le systéme résonant (1.4.5) et le systéme associé
a la partie résonante Z, de I’étude sur le tore nous permet d’énoncer le théoréme suivant,
alliant le scattering modifié et les effets de battement :

Théoréme F (Scattering et effets de battement). Soient I un intervalle ouvert, (p,q) un
couple d’entiers distincts et 0 < v < % Il existe € > 0 tel que si W0, Wy o € ST vérifient

[Waolls+ + [[Woolls+ < e,

alors il existe :

— une constante 0 < T, < |In(y)| et une fonction 2T, —périodique K., : R — (0,1)
telles que
K’y(o) =7, K’y(T'y> =1-7

— un couple de solutions (W, W,) du systéme résonant (1.4.5) avec données initiales
(W0, Wyo) qui exhibe un effet de battement dans le sens suivant :

{%WQMZfW%WKWWW+FMM@QQW%
Wo(t,€,y) = FW,) (8, &, p)e® + F(W,)(L, €, q)e'®,

ou, V¢ € 1, R X
{|Wv<t,5,p>|2 = [Wa(t,& q) = 2K, (),
Wa(t,&,p)]° = Wo(t, & q)]” = 2(1 — K, (e%));

— un couple de solutions (u,v) du systéme initial (1.4.4) qui exhibe du scattering mod-
ifié vers le couple (Wy, W,) dans le sens suivant :
) — *20W, (m hn(0) v o + [0() = 25, (W) | ety 3. .
Par ce résultat, nous remplissons notre cahier des charges établi avant 1’étude du
systeme de Schrodinger cubique couplé sur 'espace produit R x T : nous avons exhibé un
comportement vraiment non linéaire en temps infini. Comme espéré, on a réussi a profiter

des résultats de scattering amenés par la variable euclidienne, et des échanges d’énergie
propres a la variable périodique.
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Méthode et idée de la preuve

Comme pour I'étude précédente R, on commence par écrire la formule de Duhamel
pour les solutions, et on regarde cette formule au niveau des profils. On obtient par
exemple pour le profil de u, toujours défini par f(t) = e~ “ArxTy(t),

00 (1) = e (eHnmg(p)e AT B (1) = Ng(0), (), /(1)

Da la méme maniere que ’étude de I’hamiltonien permettait de connaitre parfaitement le
systeme dans I'étude sur le tore, le but est ici d’étudier la non-linéarité, et en particulier
d’en exhiber les termes dominants. Comme dans les parties précédentes, on passe donc,
via la transformée de Fourier dans les variables de position, dans 'espace des fréquences.
On obtient ici

FN'Ufgblgp) = 3 @ttt [ f (e —n)gie —n— m)hy(§ - r)dnds.

p—q+r—s=0

Pour le terme intégral, on reconnait un terme semblable a celui de I’étude précédente
sur R. Ainsi, le lemme de la phase stationnaire nous pousse donc a écrire (cf appendice B
pour plus de détails) :

L e € = 3§ = 1= )ha(€ = w)dndr & (3 (R (6).

Pour la sommation sur p, comme dans I’étude du systeme sur T avec la forme normale de
Birkhoff, on peut penser que le terme dominant sera donné par la relation de résonance

p—q+r—s=0, pP—q¢+r°—s>=0.

Ainsi, on voit donc le terme R apparaitre, et on veut décomposer la non-linéarité N sous
la forme

Nf, g, h] = %R[f,g, h +E'f, g, h].

Ainsi, en montrant que le terme de reste £ décroit suffisamment vite, on montrera la
s
proximité entre les non-linéarités N[ f, g, h] et ¥R, menant aux résultats de scattering et

d’opérateur d’ondes modifiés. On obtient donc ici une correspondance entre les solutions
du systeéme initial (associé a la non-linéarité N'*) et les solutions du systéme résonant

N s s m sy
(associé a la non-linéarité R). On remarque que le terme — devant la non-linéarité R

est & lorigine du changement d’échelle de temps en 7ln(¢) dans les deux théorémes de
scattering et d’opérateur d’ondes.

De part le résultat de scattering modifié, le controle des normes Sobolev du théoreme D
est une conséquence immédiate du contrdle des normes Sobolev des solutions du systéme
résonant.

Pour mettre en évidence les effets de battement, revenons a la définition de la non-
linéarité R :

FRIf.0.0Ep) = Y fE&aaE k().

P,q,1,SEL
p—q+r—s=0
P2— 2412 _s2=0
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Dans cette définition, £ n’est qu’un parametre, ainsi, on aimerait faire un lien entre cette
non-linéarité et la non-linéarité suivante :

R[f,g,h]p: Z fq@h&

p,q,7,SEZL
p—q+r—s=0
P2 4r2_s2=0

obtenue en supprimant la variable euclidienne. Cette nouvelle non-linéarité R nous définit
un nouveau systéme, appelé systeme résonant réduit. On remarque ici que ce systeme
associé a R est exactement le systeme associé a Z,, défini en (1.4.2), que 'on avait dans
I’étude du systeme sur le tore T, et grace auquel on a pu mettre en évidence les effets de
battement. De part la “brutalité” de la méthode d’obtention de cette non-linéarité (on
a supprimé une variable), on ne peut pas espérer une correspondance bilatérale entre les
solutions du systeme résonant réduit et les solutions du systéme résonant. Néanmoins,
on peut espérer construire une solution du systéme résonant a partir d'une solution du
systeme résonant réduit, et ainsi profiter de toutes les dynamiques de celui-ci. Ce transfert
de solutions est donné par la méthode suivante :

Soit (a,b) une solution du systéme résonant réduit dont on veut mimer le comporte-
ment (par exemple l'effet de battement). C’est a dire :

i0wa, = R[b, b, al,, i0ib, = Rla, a,b],.
On choisit alors une condition initiale du type

Wao(z,y) = F (@) (@)(y), Woolz,y) = F ) (2)5(y),

ou ¢ est une fonction quelconque, et a et § sont donnés par o, = a,(0), B, = b,(0).
Grace a la séparation des variables pour les données initiales, on construit alors une
solution (W,, W,) du systéme résonant en posant

FWo)(t,€p) = ¢(&)ay (9(€)t), FWy)(t€,p) = 9(E)by ((6)*t) -
En particulier, si ¢ = 1 sur un intervalle I, alors
(‘FWu(t>£ap)7FWU(ta£>p)) = (ap<t>7bp<t>)7 Vt € R et 5 € I

On retrouve donc par cette méthode I'introduction de I'intervalle I présent dans 1’énoncé
du théoreme F. Cette stratégie de preuve est résumée dans le schéma de la figure 4.1,
présent dans l'introduction du chapitre 4.






Shifted beating effect for a cubic
coupled Schrodinger system on T

In this chapter, we study the cubic coupled Schrédinger system with initial data
1O+ Oppur = 0] u, (t,z) e R x T,
10,0 + OV = |u|2 v, (2.0.1)
u(0,z) = up(x), v(0,2) = vo(x).
where T = R/27Z is the one dimensional torus. The goal of the chapter is to highlight
some energy exchange between different modes of the couples of solutions. The exchange,

named “shifted beating effect” in reference of the beating effect of Grébert, Paturel and
Thomann in [20], is given by the following theorem:

Theorem 2.0.1. For all 7 = (11,72, 73) € (—3,3)%. For all

v € (max(0,73 — 7o), min(1 + 7,1+ 73)) \ {7},
where . = V.(T) s a point, there exists:

— T, € ]0, \/ﬁ{, where f; is a continuous function that satisfies

f-(v) > | —7| and lim f-(v) = |m— 7],

vy—max(0,73—72)
— K, :R~10,1[ a non constant 2T,-periodic function with K.(0) =,
— & < 727
such as if p,q € Z and 0 < £ < g, then there exists a solution of the system (2.0.2) which
satisfies for all |t] < &3
Uy ()™ + uy ()™ + e3ry(t, x),
Uy (1)P + vy (1) €97 + 221y (t, ),

——
< £
==
SRS
—
il

95
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where

{|uq(15)|2 = 'K, (%), [0 () = (I, (€%¢) + 72 — 73),

‘Up(t)|2 _ 52(1 +7 - Kv(eg?t))’ |vq(t)|2 _ 82(1 Yoo K,y(&‘Qt)). (2.0.2)

Moreover, the terms r, and r, satisfy :
A o 5 5
— 1y and r, are smooth in time and analytic in space on [—z—: 2, € 2} x T,

— forr =r, orry, and for some p > 0:

sup |75(t)] < C’e_pm,
lt]<e™ 3

uniformly in € > 0 and p,q € Z.

This theorem highlights an exchange of energy, for long times, between the two couples
of modes (uy, v,) and (uy, v,). While the couple (u,, v,) behaves, up to a shift induced by
the choice of the constant term 7 — 73, like the function K, the other couple (u,,v,) is
behaving (always up to a constant induced by the choice of 7) like 1 — K_,. This periodic
exchange (of period e 2T,), which appears to be a really nonlinear behavior, is named
the shifted beating effect.

First, we remark that the energy exchange does occur because the period e 2T, is
small in front of the existence time of the decomposition for € small enough. Indeed we
have, for v fixed, and € small enough:

-2

e
e < =< e73.
V()
Then, we see that the shift induced by the constant 7 € (—%, %)3 may not be relevant

if 7 is too small (7 = O (5%)), because of the remainder terms e3r, and e2r,. Finally,

we remark that the choice 7 = (0,0,0) gives us the beating effect theorem of Grébert,
Paturel and Thomann:

Theorem 2.0.2 (Grébert, Paturel, Thomann, 2013). For all vy € (0, %), there exists:
- T,y c :|O [Iny| |:’

T2y
— K, :R—10,1[ a 2T, -periodic function with

K,(0) =, Ky(Ty) =1—7.

2
— &0 <7,
such as if p,q € Z and 0 < & < &g, then there exists a solution of the system (2.0.2) which
satisfies for all |t| < £73:
u(t, z) = up(£)e™” + ug ()€ + 31y (t, z),
u(t, ) = v, (1) + vy (£)e' ™ + e3r,(t, T),
where

{|uq<t>|2 = u,(D)]* = 2K, (%) (2.0.3)

[up(t)[* = [vg(t)|* = (1 — K, (7).

Moreover, the terms r, and r, satisfy :
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. . 5 5
— 1y and r, are smooth in time and analytic in space on {—5 2, € 2} x T,
— forr =r, orry, and for some p > 0:

sup |7(t)] < C’e’pm,
ltl<e™3

uniformly in € > 0 and p,q € Z.

This second statement is more specific (this is just one choice of vector 7). This
specificity allows us to be more precise about the behavior of the function K+ (here we
know that K, (7)) =1 — v) and give us more symmetries. Indeed, we have

[ug(O)F = lup(1)]*  and  Ju, (t)[* = o, (t)[*.

However, the proof of Theorem 2.0.1 is highly related to the proof of this specific case.
Therefore, we will first give a proof of Theorem 2.0.2 and adapt this proof in order to
obtain Theorem 2.0.1.

This chapter is organized as follows. First, we set up in Section 2.1 the Hamiltonian
formalism (in particular, we introduce the polar symplectic coordinates) which is the good
tool for the study of the Hamiltonian system (2.0.1). Then, in Section 2.2, we perform a
Birkhoff normal form in order to obtain a more convenient Hamiltonian of the form

HP .=Hor=Z+R,

where :
— 7 is a symplectic transformation close to the identity.
— Z is a polynomial which contains all interesting dynamics.
— R is a remainder term.

From this Hamiltonian, we extract a reduced model, obtained by truncating the remainder
term R of the normal form and considering just two modes excited. This reduced model,
in which we highlight the shifted beating effects, is studied in Section 2.3. Finally, we
prove Theorem 2.0.2 in section 2.4 and Theorem 2.0.1 in Section 2.5, by controlling the
proximity between the initial Hamiltonian and the reduced ones.

2.1 The Hamiltonian formalism

First, we remark that the system

i+ 0o = |v[*u, (t,z) € R x T,
1000 + Oy = |u]2 v,

is Hamiltonian. For that purpose, we introduce

H ::/ (\8zu]2+\8xv\2) d:c—l—/ [ul?|v]dz.
T T
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Thus defined, H is the Hamiltonian of the system and we have

) OH . OH
U o= —i— U=i—o
ou'’ ou’
- oH . oH (2.1.1)
0 =i V=i

Although this is just a rewriting of the system (2.0.1), the Hamiltonian formulation of
the system allows us to use several tools of the Hamiltonian formalism. In particular,
we want to write a normal form expansion of H in order to understand more deeply the
dynamics of the system. However, we can’t do it with this formulation which doesn’t
allow to differentiate the different modes of the solutions. The idea now is to rewrite this
system in other coordinates appropriate to the normal form.

2.1.1 The Fourier series expansions

In order to take profit of the geometry of the torus (the solutions are periodic), we
write the Fourier series expansion of u, u, v and v:

u(t,x) = u;(t)e’”, a(t,x) = 3 w(t)e ",

=/ jez
u(t,z) = Z vj(t)eijx, o(t,x) = Zﬁj(t)e_ijx.
JET =/

We define the nonlinearity P by:

P(u,v) ::/T|u(t,:x)|2|v(t,:v)|2dx,

1 2 .
L ()
™ Jo

p’q7T7SEZ

= Z UpUgUpUs.
D,q,m,8€Z
p—q+r—s=0
Written in these variables, the Hamiltonian system (2.1.1) becomes

, 0P OH oP  OH

R — . _— =, _ J— . _— = EZ,
e Ju]Jr@Uj o, e ju]JrE)uj Ou, J (2.12)
o ey OP_OH o, 0P _OH . -
J —J J c%j_c%j’ J—j J an—an, J ’

2.1.2 The framework of the study

Let us now introduce the spaces and structures chosen for the study of the Hamiltonian:

— The regularity of the solution isn’t our goal here. Therefore, for some p > 0, we
chose for the phase space the following space

JEL

A, = {(u,v) e (@) x (@), Nwv)l, =3 e (u| +|vy]) < oo}-

In A,, we consider (u,v) as the sequence of the Fourier modes of (u,4,v,7).
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— For the symplectic structure, we endow A, with the canonical symplectic form

—1 Z (du] N dﬂj + dl)j A d@j) .
J
Thus, the Poisson bracket between two functions f and g of (u,v) is written:

{f,g}z—iZ(af@g of dg | 0f 0g 6’f09>‘

(?uj 8@ %j 8uj 8Uj 0@ 0@ an

JEL.

Moreover, we denote by Xy the Hamiltonian vector field of a Hamiltonian H. The
structure induced by the Poisson bracket induced the definitions of symplectic trans-
formations and complete integrable systems. We refer to Appendice A for these
definitions and the related results used in the following.

— We introduce B,(r), the ball of radius 7 centered at the origin in A,.

2.1.3 The symplectic polar coordinates

It is suitable to work in the symplectic polar coordinates (I;,0;, J;, ;) ez defined by:

R 10 o i
uj = /12", v; =4/ J;e".

As a warm up, we check that this change of variable is symplectic. We have

duy A iz = (J}ie”jdej 4 ;Ij‘ %ei@fdfj) A (—I}iewidej + ;Ij‘ %ei@jd[j)
= ;idﬁj Ndl; — ;ide A do; = idf; A dlj.
By symmetry, we deduce that
duNdu+dvAdv=i(dd AdI +idp AdJ).

Therefore, the system (2.1.2) becomes in the symplectic polar coordinates

. oH .  oH
g, — 9% ot Ly
i or,, T a9, 7
oH . OH
SR =
(IDJ 8JJ7 J agp]7 ]6

In this structure, the variables I and J are called the actions, whereas the variables 6 and ¢
are called the angles. We are now equipped to deal with the study of the Hamiltonian H.
The goal of the next section is to write a normal form theorem for H.

2.2 The Birkhoff normal form

The aim of this section is to construct a Birkhoff normal form for the Hamiltonian H.
The idea is to show that, thanks to a symplectic change of variable close to the identity,
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we can transform H into a more convenient form, called the Birkhoff normal form. Back
to the equation (2.1.2), we have a first decomposition

H=N+P,
with

N(u,v) => 7 (lw|* + [v;]?) and Plu,v) = Y. g, vs. (2.2.1)
JEZ p,q,r,SEZ o
p—q+r—s=

Written in the symplectic polar coordinates, the term N, which is the linear part of the
equation, depends only on the actions I; = |u;|? and J; = |v;]?. This is a good behavior
that we want to preserve. Thus, we have to transform the nonlinear part P in a more
convenient form. For that purpose, we define the resonant set I'y by

[y:= {(p,q,r,s) €Z' | p—q+r—s=0, p2—q2+7"2—32:()}.
The Birkhoff normal form is given in the following proposition:

Proposition 2.2.1. For ¢ small enough, there exists a symplectic change of variables T
from the ball B,(c) to the ball B,(2¢) such as:

HP .= Hot =N+ Z,+ Rs, (2.2.2)

where :
i) N depends only on the actions:
N=N(I,J)=>_ 7L+ J;).

JEL
it) Zy is the 4™ order homogeneous polynomial:
Zi(w,v) = Y uplgu .
(p,qﬂ”,S)EFO

In particular, Zy is resonant in the following sense: {N, Zs} = 0.

iii) Rg is the remainder of order 6. It means that Rg is a Hamiltonian function which
satisfies
1 X s (w,0)ll, < Cll(w,0)ll;  for all (u,v) € By(e).

iv) T is close to the identity: there exists C, such as

I7(u, 0) = (u,0)ll, < Cpll(w, )15

p

for all  (u,v) € B,(¢).

2.2.1 Construction of the normal form

The proof of this Birkhoff normal form is made easier by the absence of small divisors.
Indeed, we have

P +rr—s=0 or |pPP—¢@+r*-s>1
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Proof. The idea is to search 7 as the time 1 flow ¢, of y where x is a Hamiltonian
polynomial of order 4. We write

x(u,v) = Z a(p, q, 7, 8)uplyU,Us.
P,q,7,SEZ

For F' a Hamiltonian, the Taylor expansion of F' o ¢; between ¢t = 0 and t = 1 gives:

1
FOT::Fog}l:F—f—{F,X}—i—/O (1—=8t){{F,x},x}oepdt.

Applying this formula to F' = H = N + P we obtain

1
Hor= N +P+{Nx}+{Px}+ [ (1= {{Hx} x}opat. (2.2.3)
4 Re

Thus defined, the first point of the proposition is already checked. We have now to choose
the polynomial x such as 7, Z4 and Ry satisfy the hypothesis of Proposition 2.2.1.
Construction of the polynomial y

According to the equation (2.2.3), we want to solve the homological equation
{x;. N} =P -2, (2.2.4)

where N, P are given by equation (2.2.1) and Z, is given by Proposition 2.2.1. For the
right hand-side polynomial term, we have

(P — Zy)(u,v) = > Uply Uy Us.
p,q,7m,SEL
p—q+r—s=0
p2—q2+r2—s240

The left hand-side Poisson bracket term gives

ou; ou; O 9w, | O, 0, O O,

{X7]V} ::__ijzj

JET

=—i Y (=g +r*=salp,q,r,8)upliqv,s.

D,q,T,SEL

( Ox ON  Ox ON Ox ON 0Oy 8N)

Therefore, in order to solve the homological equation (2.2.4), it suffices to choose
i

a(p,q,r,8) =9 (P?—¢*+1%—5?)
0 else.

if p—qg+r—s=0andp?®—¢®>+1r?>—5s2#£0,

The resonant term 7,

Thanks to the choice of y, we have constructed the polynomial Z,. It remains to prove
that Z, is resonant, i.e

(N, Z} = 0.
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With the same computations as in the y construction, we have:

{N,Zs} =i Z (p* — @ + 1 — 5%)2(p, q, 7, $)uyTyv, Vs,

p,q,7,SEL
where
1 if p—qg+r—s5=0 and p*—¢*+1>—52=0
(quS)—{ ’
T 0 else.
Therefore,

V(p,q,r,8) € L', (0P — ¢ + 1% = *)2(p, ¢, 7, 8) = 0,
and we have {N, Z;} = 0. The proof of the second point of the proposition is completed.

Properties of the change of variables 7

Let us begin with a generic remark about polynomials on A,.

Lemma 2.2.2. Let Q be a polynomial defined by
Q(u,v) := Z a(p, q,r, $)Uyly,Us.

P:q,7,8€L
p—q+r—s=0

If the family of coefficients (a(p, q,, 5>)p,q,r,sez is bounded, then
— The polynomial Q is well defined and continuous on A,.
— The associated vector field X¢ is bounded from A, to A,.

Proof. We assume that for a constant M > 0,
V(p,q,r.5) € Z*, la(p,q,r, )] < M.
Separating the sum with respect to the four variables, we have

Qu.v)l <M 7 Jup| [ug] for] [vs]

P,q,7,SEZ
2 2

< M(ZWH) <Z|Uj|>

jez jez

4

< M X Jusl+ o

JEZ
< M |[(u,0)]]3,

where, for the last inequality, we use that e”Vl > 1,Vj € Z. Therefore, the polynomials
Z4 and x are well defined and continuous on A,. For the vector field X we get

Pl 0Q Q) Q)
|Xq(u, ) JEZZ < Ou, 8uj avj 811] )
SMY e S (fugl o] Jos] + [vg] [y Jus]) -

peZ q,?",SEZ
p—q+r—s=0
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Here, we use that p—q¢+r—s=0=|p| <|q| + |r| +|s|. It follows

IXo(u,v)ll, S M 32 (Jugl e o] e o] =) + o] €1 | e Juiy| e214])

q,m,SEZ
§M< Z ePlil | > (Z ePldl v, ) + M(Z ePldl | ) <Z ePlil v >
JEL JET JEL JEL
, 3
SM( X Mgl + osl)) = M w0}
JEL
Thus, the vector field X is bounded from A, to A,. H

By construction, the coefficients of y are bounded. Thus, the previous proposition
gives

X (w,0)ll, = Ol (w, )], (2.2.5)

We now want to prove that 7 is well defined, i.e. we want to prove that the flow ¢
is defined at least up to ¢ = 1. For that purpose, the idea here is to use a bootstrap
argument. We introduce 7' = T'(u,v) > 0 the existence time of the flow ¢;(u,v), and we
consider a smaller time 0 < s < T. Writing the fundamental theorem of calculus for ¢,
the flow of y, between ¢t = 0 and t = s, we obtain

@S(uv U) - 900<u7 U) = /OS @t(uv U)dt
— /08 X, (¢e(u,v))dt.

By definition, we have ¢y = Id. Thus, the equation (2.2.5) implies (with C' > 0 a
constant):

ot 0) = (wv)ll, < € [ llpr(u, ) [ . (2.2.6)
We choose (u,v) € B,(g). As long as
s (u; v) = (u, 0) ||, < 2[|(u, )],
we have (using that (u,v) € B,(¢)),
lps(u,v) = (u, )], < Cs(2]|(w, v)],)°
< (8C<%) I (u, 0)]l,
For e small enough, we have 8Ce? < 1. Thus we obtain

s (u, 0) ][, < (1 + 8)|[(w, 0)[,.

This bound is satisfied as soon as ||¢s(u,v) — (u,v)|, < 2|[(u,v)|, and s < T'(u,v).
Therefore, by continuity, we have T'(u,v) > 1 and

Vs €[0,1], les(u, v)ll, < 2[(u, v)|,- (2.2.7)

The fact that T'(u,v) > 1 implies that 7 = ¢ is well defined. Thus, writing the equa-
tion (2.2.6) for s = 1 and using the bound (2.2.7), we obtain

7w, ) = (uw,0)llp < MI(w, )] -

We have thus proved the forth point of the proposition.
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The remainder term Rg

We recall that by construction, the remainder term Ry is

Roi= (P} + [ (1= 0 {{Hx} o

The polynomials P, x, N and Z, have bounded coefficients. Therefore, using the homo-
logical equation (2.2.4), the same is true for the polynomials ¢ and ()5 defined by

Ql = {P7X} and QQ = {{H7X}7X}: {Z47X}_{P7X}+{{P7X}7X}

Moreover, the polynomials P, y and Z, are of order 4. Thus, the polynomials )1 and Q-
are of order at least 6. Therefore, the computations of Lemma 2.2.2 give

Xy (), S I 0)l, and  [1Xg,(u, ), S I, 0)];-

Finally, for € small enough and (u,v) € B,(¢), we can use the estimate (2.2.7) to deduce
that

5
[ X R (w, o)1, S (s, 0)]],-
The proof of the point iii) and thus the proof of the proposition is completed. O

2.2.2 About the resonant part 7,

In order to complete the construction of this Birkhoff normal form, we can give an
explicit formulation of Z;. For that purpose we introduce:

1= Z |Uj|2, J = Z |Uj|2 and S = Z’LLJ'@]‘.
JEL JEZ JEZ
Whereas I and J are just the L? norms of the vectors u and v, we see that the term S
contains the informations of the coupling. With these notations, we have

Proposition 2.2.3. The polynomial Z, reads:

Z4:IJ+\S|2— Z |un|2|vn\2. (2.2.8)
nez
Proof. We recall that Z, = > Uplyv,yUs, Where
(p7q7r78)€F0

Iy = {(p,q,r,s) cZ' | p—q+r—s=0,p" — @ +r? -5 :0}.
For (p,q,r,s) € [y we have
0=p°—¢’+r’=s* = (p—q)(p+q)+(r=s)(r+s) = (p—q)(p+q—r—5) = 2(p—q)(p—3).
Necessarily, we have {p,r} = {q, s}. Therefore, we can write Z, as

Iy = Z UpllqVyUs

(p7Q7T75)EFO

= > wpUpv, T+ D U0, Ty — > UnTnUnTy,
p,r€Z p,r€Z nez

= > |w Pl + D (w0,) (w,0,) = D funl*|vn]?
p,TEL p,r€Z nez

=IJ+[S]? = |un|*|val®.

neL
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With this simplified form for Z4, we want to study the dynamical consequences of the
Birkhoff normal form transformation of the Hamiltonian. The first step here is the study
of a reduced model we introduce in the next section.

2.3 The reduced model

The aim of the study of reduced models is to find some interesting dynamics for the
solutions of the reduced system associated. To take advantage of the coupling effect, the
first natural idea is to reduced the study to a two-modes system. For that purpose, we
introduce the space

Jpq) ={(wv) e A, | uj =1 =v; =0, =0 if j#p,q}.
We denote by H" the associated Hamiltonian:
H" = H’J(p,q)'
Writing H” = N" + P" we have, for (u,v) € J(p,q),

N"(u,v) = ZjQ(Ij + Jj) = p2(Ip + Jp) + q2([q + Jg),

JEZ
and
. _ o _ _ _ o o
Prlu,v) = > wtyuety = (uyly + ugly) (UpT) + 04T,) + UpllgVqTp + tglyupTg
i\j, k€L
i—j+k—1=0

= (I, + I)(Jp + Jg) + 20/ IplqJpJy cos(fp — 0y + ¢g — ¢p)-
We introduce the angle ¢ := 0, — 0, + ¢, — ¢,, the Hamiltonian H" reads:
H =p*(I,+ Jp) + (I, + Jy) + (I, + 1) (J, + J,) + 24/ 1,1,J,J, cos .

For (0,,0,, ¢p, ¢,) € T* and (1,,1,,J,, J,) € R*, the finite Hamiltonian system associated
to H" is

g om L om
]__817 7 — 607 J=D04q,
J 7 (2.3.1)
OH . OH

gpj:_ai{]ja j_a(pja J=D,q.

Through the following lemma, we want to study the integrability of this system and find
a more convenient system of coordinates:

Lemma 2.3.1. The system (2.3.1) is completely integrable. Moreover, the change of
variables:

{K1=Iq+lpa K2:Jq+‘]p’ K3:]q+<]q’ KO:]q’

(2.3.2)
¢1=9p, 7/}2:901)7 w3:90q_§0p7 ¢0=9q—9p+90p—<ﬂq7

is symplectic in the following sense: dI A df + dJ A dp = dK A di.
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Proof. In order to show that the system (2.3.1) is completely integrable, let us show that
the variables K, K5 et K3 are constants of motion. For example, we have for K;:
{K 1, H T} = Z

<8K1 OH" B 0K, 0H" n 0K, 0H" B 0K, GHT>
=p.q 8IJ 80j 86] alj an (9% 8% 8JJ

OH"™ OH" ' ‘
= o0, + o0, = 24/1,1,J,J,(sinty — sinhg) = 0.
The same computations show that

OH™ OH" OH" OH"
=0 and {K3 H')} = + —
Ao, O, {3, H'} 80, ' Op,

0.

{K27 HT} =

Moreover, K;, Ky and K3 do not depend on the angles 0,,, ¢,, Thus, they are in
involution:

{Kl,KQ} - {Kl,Kg} - {Kg,KQ} = 0

Finally, it is straightforward to check that K, Ky and K3 are independent. They also are
independent with H which depends on angles. Therefore, we have a system of 8 equations
with 4 first integrals (K, Ky, K3 and H): the system (2.3.1) is completely integrable.
Another easier way to check this integrability is just to remark that the Hamiltonian H"
depends only on one angle. However, the goal of this lemma is to find an appropriate
set of new variables. This is the reason why it is interesting here to work with K;, K,
and K3.
We now have to prove that the change of variables (2.3.2) is symplectic. We have

dVY ANdK =d¥y AdKy+d¥; AdK; +dPy AdKs +dPs AdK;
=dIg Ad(0g — 0y + 0p — g + 0y + g — ¥p)
+dI, Adb, 4+ dJ, Ade, +dJ, Ad(e, + ©q — ¢p)
=dI Ndf+dJ Ade.

Thus, the change of variables (2.3.2) is symplectic and the proof of the lemma is completed.
m

In this new set of coordinates, the Hamiltonian H" reads:
HT - HT(qu)U) K07 K17 K27 K3)
=p*(K1 4+ K> — K3) + ¢°Ks + K1 K>
—f- 2 [Ko(Kl — K0)<K3 — KO)(K2 — Kg —|— K())]§ COS’QD().

In this expression, the last term plays the important role because K;, Ky and K3 are
constants. We now have to fix these constants, which should be of order 2 for initial data,
of order . The different choices may give different kind of behaviors.

2.3.1 The beating effect

As the non constant term in H" is given by

N|=

2 [KO(Kl — Kg)(K5 — Ko)(Kg — Kg + Ko)] COS wo,
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the first natural idea to deal with the Hamiltonian H" is to kill the square-root. For that
purpose, we fix K; = Ky, = K3 = &2, we obtain:
Hg (o, Ko) := HT(¢0>K0,52,52>€2)
= (p? + ¢*) + ' + 2Ko(e* — Kq) cos ¢y
Back to the definitions of K7, Ky and K3 in (2.3.2), we see that the choice K = Ky = K3

implies
I,=J, and I, =J,.
We have now a Hamiltonian system given by
_ 0Hg
0Ky’

. OH}
Ky = —2Ky(e* — Ko) sintpg = —L.
0 0(6 0) Slnwo 8¢0

For convenient computations, we want to kill the dependence on the size ¢ of the initial
data. For that purpose, we proceed to the change of unknowns:

o = 2cos (2K, — &%) =

Yo(t) = ¥(e*t) and Ky(t) = 2K ().

The previous system becomes:

= —2(1 —2K)costp = —aH*,
0K
‘ et (2.3.3)
K =-2K(1—-K)siny = aw*,
where
H; =H](¢Y,K)=2K(1—- K)cos. (2.3.4)

We remark here that for the new Hamiltonian H}, we don’t care about the constant terms
present in H". Let us show that the expression of H] in (2.3.4) insures the existence of
periodic orbits. From now, we fix v € (0, %) For an initial condition of the form

(14(0), K(0)) = (0, 7).

the conservation of the Hamiltonian gives

1
H (%(t), K(t)) = 2K(t) (1 - K(t)) cosy(t) = 2y(1 =) € (0, 5)-
From this conservation, we know that
VteR, 0<K()<1 and —g<mo<g (2.3.5)

In order to prove the existence of periodic orbits, we want to show that the velocity

vector defined by (¢(t), K(t)) never cancels. From the Hamiltonian system (2.3.3) and
the conditions on the variables ¢ and K given in (2.3.5), we have

b(t) =0 K(t) =5, K1) =0s o) =0.
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Let us assume that there exist a time ¢y such that (¢, (to), K (to)) = (0, 5). Thus we have

HE((t0), K (1) = 5 = 29(1 =),

which is impossible for v € (0, 3).
Therefore, the velocity vector (¢(t), K (t)) never cancels and the solutions are periodic.
Moreover, we have informations on the behavior of the couple (1 (t), K(t)) given by the

following symmetries

These symmetries insure that there exists a time 7', such that the solution (v, (t), K (t))
associated to the initial value (¢.(0), K,(0)) = (0,7) is 2T,-periodic and satisfies

T 1
?7) =3 and K,(T))=1—1.

Another way to check the existence of these periodic orbits and symmetries is to draw
the phase portrait of the system (2.3.3), which is given by:

K,(0) =, K’Y<

Figure 2.1 — Phase portrait of the Hamiltonian HJ

1 N

0,87

0,67

0,4

~
22

0

noja ]
Na H

Y(t)

From this phase portrait (and the previous study), we deduce the following result:

Lemma 2.3.2. Let 0 < v <
admits a periodic orbit I, 1=
conditions:

The system (2.3.3) associated to the Hamiltonian H!
¥y (t), Ky (t)) | t € R} of period 2T, which satisfies the

e

(@DV(O)»Kv(O)) =(0,7) and (w’Y(T’Y)? K’Y(Tv)) =(0,1—7).
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Before dealing with the results provided by this lemma, we can take a look at the limit
cases from the condition 0 < v < %
Remark 2.3.3. They are two limit cases in Lemma 2.3.2 that we can observe.

e v =0: the “one-mode” case.
If the initial data is ((0), K(0)) = (0,0), it means that initially, the modes u, and v, are
not excited. Indeed, we have

1,(0) = J,(0) = 0.
Thanks to the system (2.3.3), we see that
K(0)=0 because K(0)=0.
We deduce that
Vi >0, I,(t) = J,(t) =0.
It corresponds to the case where we have just one mode excited for u and v. In this case,
we have
H" =p*L, + ¢*Jy + 1, J,.

The Hamiltonian here doesn’t depend on an angle, thus the actions I, and J, are constants,
and there is no exchange of energy.

° = % the “decoupled” case.
If the initial data is (¥(0), K(0)) = (0, 3), we see in the system (2.3.3) that

¥(0) =0 because (1 —2K(0)) =0, and K(0)=0 because sint(0) = 0.
Therefore,
1
vVt >0, I,(t) =eK(t) = 552.

Thanks to the conservations of K1, Ky and K3, we deduce that

1
V>0, L) =10t = J,0t) = J,(t) = 552. (2.3.6)
Once again, no exchange of enerqgy is possible. Moreover, the conservation of W implies
VE >0, @p(t) = pg(t) = 0,(t) — 0,(t). (2.3.7)

Thus, equations (2.3.6) and (2.3.7) give
. 2
()P = | T, (0D + Jy (1)1 O] = J(£)” + Jy(8) + 2,(£) Jy(t) cos(i2,(t) — p(t)
= I,(t)" + Iy(t)* + 2L, (£) I, (t) cos(0,(t) — ,(t))
= |u(t)|*.
Therefore, the system (2.0.1) is decoupled.

The study of the two limit cases show that the exchange of energy is possible only if
the system is really coupled and if we really excite the four modes u,, u4, v, and v,. These
are the natural assumptions of our study. By the symmetries of the Hamiltonian H}, we
see that we can obtain a more general setting for the lemma by choosing

76(0,1)\{;}.

However, the orbits obtained with this choice are exactly the same obtained by the pre-
vious choice v € (0, %) Therefore, we keep this last choice in the following.
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Out of these two cases, for 0 < v < %, Lemma 2.3.2 gives solutions which provide a
beating effect for the resonant system. For example, if we fix v = 0.25 and € = 0.1, we
obtain:

Figure 2.2 — Beating effect for the reduced system
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2.3.2 The shifted beating effect

Let us go back to the Hamiltonian:

H" :p2(K1 + Kz — Kg) + q2K3 + K1K2
-+ 2 [K()(Kl — KQ)(Kg — KO)(K2 — Kg + l(())]5 COS 77/}0_

In the previous subsection, we fixed K; = Ky = K3 in order to kill the square-root and
obtain a more convenient form for the Hamiltonian H". This choice implies [, = J,
and I, = J,, because we have

I, —J, = (K1 — Ko) — (K3 — Ky) = K1 — K3,
[q—Jp:K0—<K2—K3—|—K0):Kg—KQ.

Therefore, out of the choice K = Ky = Kjs, the difference between I, and J, (or the
one between I, and J,) is still constant but non necessary null. Thus, for a good choice
of constants K, Ky and K3, we can expect a shifted beating effect, i.e. a beating effect
in which we have I, # J, or I, # J,. For more generality, we can consider now these
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constants fixed by

Ki=I,+1I,=¢(1+mn),
K2 = Jq + Jp = 82(1 + 7'2),
Ks=1,+J,=*(1+13),

where 71, 75 and 73 are three constants to fix. Of course, we can’t choose any constant
for the vector 7 = (71, 72, 73). The first obstruction is that for initial data of order e, we
should have K, K, and K3 of order £2. Thus, we have to choose

7 =0(1), »=0(1) and 75 =0(1). (2.3.8)
Moreover, the second obstruction is to keep for the considered times
I,(t) >0, I,(t) >0, J,(t)>0, and J,(t)>0.

It implies
Vi >0, 0,K3— Ky < Ky(t) < Ky, Ks.

If we fix the initial value
Ko(0) = %,

the previous equation implies, for the time ¢ = 0,
max (0,73 — 72) <y < min(l + 7,1+ 73). (2.3.9)

We obtain here the hypotheses on 7 required in Theorem 2.0.1. This inequality is well

defined because with the choice 7 € (=%, 1)? we always have

373
max (0,73 — 72) < min(1l + 74,1 + 73). (2.3.10)
From now, we fix the constant vector 7 € (—31, )%, For the following of the study of this

Hamiltonian system, we use once again the change of unknowns
Yo(t) = ¥(e*t) and Ky(t) = 2K (%),
The Hamiltonian system satisfied by the couple (¢, K) is:

oy,
0K ’
. OH!
K = sh
o’

where the reduced Hamiltonian of the shifted case H}, is defined by

(2.3.11)

NI

H), =H,(V,K)=2[K(1+n - K)1+ 71— K)(m — 13+ K)|2 cos . (2.3.12)

The conservation of this Hamiltonian implies the bound

Vit e R, max(0,73—7) < K(t) <min(l+4+7,1473) and —g <Y(t) < =. (2.3.13)

|
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In order to study this Hamiltonian, we introduce the polynomial P, defined by
P(X)=X14+1n-X)14+7m—X)(ro—T13+ X).

With this polynomial P, and the expression of the Hamiltonian HJ, in (2.3.12), the
system (2.3.11) reads
_ P

P-(K)

K = —2,/P,(K)sin.

Thanks to the equation (2.3.10), the polynomial P, has at least two different roots. In
the particular case of the beating effect (i.e for 7 = Ogs), we have Py(X) := X?(1 — X)?
and there is exactly two different roots. The important property of the polynomial P
comes from its form, we have

Y= cos ¥,

31 v, =7.(7) € (max(0,73 — 72), min(1 + 71,1 + 73)) such that P.(y.) = 0.

It is useful for understanding the notations and the ideas to draw the graph of the poly-
nomial P.:

Figure 2.3 — Graph of the polynomial P

max (0,73 —72)  max(l+ 7,1+ 73)

min(0, 73 — 7o) min(1 + 7,1+ 73)

To prove the existence of periodic orbits, we need once again to show that the velocity
vector (¥(t), K (t)) never cancels. We have, from the bounds (2.3.13):

() =06 K(t) =7, K(t)=0e9(t) =

Let us assume that there exist a time ¢, such that (¢, (to), K,(t9)) = (0,7.). In this case,
the conservation of the Hamiltonian H}, gives, for ¢t € R,

H (1) = HT ($(t0), K (t0)) = 24/ Pr(7e) —V sup (Po(K(s))).

max(0,73—72) <K (s)<min(1+71,1473)
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Therefore, we have, Vt € R,

PL(K(t)) cos (t) = fup (P(K(1))),

K(t)
and we deduce that
VEeR, (1), K(t) = (0,7).

This solution corresponds to the case (¢(0), K(0)) = (0,1) in the study of the beating

(i.e for 7 = 0), which also gives a stationary couple of solution. Out of this special case,
for
v € (max(0,73 — 7o), min(1 + 71,1 4+ 73)) \ {7},

we obtain periodic couples of solutions (¢(t), K(t)). Here, due to the dependence of the
polynomial P, on the vector 7, we only have the symmetry

H;h(_\lj7 K) = H;h(\l/a K)

As in the beating case, we can check this result by drawing a phase portrait. For example,
we choose
7=1(0.1,-0.3,02), v=0.6 and e=10"%

The conditions (2.3.8) and (2.3.9) are satisfied because we have
max (0,73 —72) =05 <y =0.6 <1.1l=min(1+7,1+73).

For this choice of constants, we obtain the following phase portrait:

Figure 2.4 — Phase portrait of the shifted beating effect solutions
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From the previous study, we obtain the following lemma:

Lemma 2.3.4. Let 7 € (—%,3)%. For all
v € (max(0,73 — 7o), min(1 + 7,1+ 73)) \ {7},

where Y. = 7.(T) is a point, the system (2.3.11) associated to the Hamiltonian H?, admits
a periodic orbit 'y := {(¢,(t), K,(t)) | t € R} of period 2T, non reduced to a point,
which satisfies

(1,(0), £5(0)) = (0, 7).

These solutions are called the shifted beating solutions. For example, with the previous
choice of constants 7 and y, we obtain for the actions I, I, J, and J, (obtained from K(t))
the following behavior:

Figure 2.5 — Shifted beating effect for the reduced system
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We recall that the shift between the actions I, and J, (the same stands the shift
between I, and J,) is determined by the choice of the vector 7, on which we have a large
freedom.
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2.4 Beating effect solutions for the initial system

The goal of this section is to highlight the desired energy exchange of Theorem 2.0.2:
the beating effect. For that purpose, we show that for a good choice of initial datum,
the solutions of the Hamiltonian system associated to H” in Proposition 2.2.1 stay close
to the solutions of the systems associated to the reduced Hamiltonians H" or H) de-
fined in the study of the reduced model of Subsection 2.3.1. The conclusion then comes
from the proximity between the Hamiltonian H? from the Birkhoff normal form and the
Hamiltonian H from the initial system (2.0.1).

The first step is to make the change of variables from Lemma 2.3.1 on the modes p
and ¢g. We obtain for H” the complete system:

P ) L) L
J _Ta . = ol ) W = o ) '
Vi =T T S s T =g

(2.4.1)
We denote now D = {p,q} and L = Z \ {p,¢}. By equations (2.2.2) and (2.2.8) we
have:
HP = N+ 1J+ 1S = > |ual*|val* + Re.
neZ
Thus, separating the terms by counting inner modes (from D) and outer modes (from L),
we get

HP = p2<]p +Jp) + q2(]q + Jg) + (I + L) (Jp + o) + (upTlgugp + UpugUgvy)
+ (I, + 1,) Z Ji+ (Jp+ Jy) Z I; + (upv, + ugv,) Z v; + (Upvy, + Ugv,) Z u;T;
jec jec jec jec
+ OO TN+ > wwm — > Lidy + > 521+ J;) + Re.
jec jeL jlel neL jec
Therefore,
HP = H" + Ry + Zyo + Zys + R, (2.4.2)
where
Rp =Y (1 + J;),
JeL
Zyn = Iy +1g) D Ty + (Jy + Jg) D I + (w0 + ugty) Y 505 + (v + Tiqug) D uyTy,
jeL jec jec jec
Zaa = QL) J5) + > wimimuy — Y Iy,
jeL  jecr jlec nel

The polynomial Z4 5 contains all fourth order monomials with 2 indices outside the set D,
whereas Z, 4 contains all fourth order monomials with 4 indices outside D. Thanks to
this form, we can now show that H” and H" are close. The first step is the study of the
quantities K, Ky and K3 which were constants of motion in the study of the reduced
model.
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2.4.1 Almost preservation of the quantities K, Ky and K3

We want to study the behavior of the K; (for j = 1,2, 3), defined by the symplectic
change of variables (2.3.2). Out of the study of the reduced model, K, K, and K3 aren’t
constants of motions anymore for the system (2.4.1). However, the following lemma show
that these quantities are almost preserved.

Lemma 2.4.1. Assume that:
u;(0),v;(0) = O(¢),Vj € D and u;(0),v;(0) = O(*),Vj € L. (2.4.3)
Then, for all 0 <t < Ce™3, we have
L;(t), J;(t) = O(e")  when j€ L, (2.4.4)

and
K;(t) = K;(0) + O(e%¢t, for j=1,2,3.

Proof. Let us begin with the almost conservation of the quantities I,, and J,, for n € L.
For that purpose, and in order to take advantage of the coupling effect, we introduce the
quantity

L,:=1,+J,.

We can remark that I,,, J, and N don’t depend on angles. Therefore we have
{L,,N} ={l,,N} ={J,, N} =0.
From this remark and the equation (2.2.2), we have, for all n € Z:
Ly ={Ln, H?} = {Lpn, Zs} + {Ln, Re} .

Let us show that we also have {L,,Z4} = 0. We recall that with the notations of
Proposition 2.2.3, we have

Zy=1J+1S)? = > |un|*|va]?.

nez

From this form, we deduce the following relation:
{Ln, Zs} = {Ln,|SI*}.

Therefore, we obtain

2 2 2 2
B
JEZ J J J J J J J J
_ 9IS alspF | 9lSP a|S|?
= om " on, T an, " o,
= T, UnS — UpTpS + Tyt S — U, TS
=0.
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Finally, we have ‘
L,=A{L,, Rs}. (2.4.5)

We set now 7. the maximal time such that, for all |t| < T,
u;(t) =vi(t) = O(e) for jeD, ui(t) = v;(t) = O(e?) for je€L.

Thanks to the hypothesis (2.4.3), we know that 7. > 0. For |[t| < T, and n € L,
considering that the remainder term Rg contains monomials of order 6 in (u,v), we have
o) = () o 2 () + T 5 (1) — ()5,

Therefore, from the equation (2.4.5), we have, for |t| < T, and n € L,

{Ln, Re} (t) =un(?) (t) = O(*H9).

Ly(t) = Ly (0) + /Ot {Ln, Rs} (s)ds = O(e*) + tO(e").
The same computations show that, for |t| < T and n € D, we have
L,(t) = O(*) + tO(Y).
Thus, by a bootstrap argument, we conclude that
T. > Cmin(e* 7,27 %) = Ce™3.

This concludes the proof of the equation (2.4.4).
It remains to prove that K;(t) = K;(0) + O(e%)¢, for j = 1,2,3. We have the Hamil-
tonian
HP =N+ Zy+ Rs = N + Zyg+ Zso + Zsa + Re,

where Zy 5, (k = 0,2,4) contains all fourth order monomials of Z, with k indices outside
the set D. We remark that Z,, is the part of the nonlinearity Z4 corresponding to the
reduced model, we have

Zyo = (I, + 1,)(Jp + Jy) + (upTgv,Tp + Upt0y0p) -

7% il

The linear term NV, the action preserving part Z; of the polynomial Z4,, and the quan-
tities K; (for j = 1,2,3), do not depend on angles. Thus, we have

{K;, N} ={K; 2%} =0 for j=1,2,3.
For the effective part Zﬂ)f of Zsp, we remark that by symmetry we have
{1, 254} = = {1, 2 } = = {2l } = {0, 225}
Therefore, we have
{K. 2}
{6 i1}
{160, 231}

{L+ 1,2} =0
{Jo+ 1, 24}
{1+ Jy, 254}

0,
0.
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Moreover, the terms K contain only terms in D, whereas the term Z,4 contains only
terms out of D. Thus, we also have

{Kj, Z474} =0 for ] = 1, 2, 3.

Finally, we have _
Kj :{Kj,Z4’2}+{Kj7R6} for j: ].,2,3.

We remark now that each monomial in {K;, Zs2} is of order 4 with two modes inside L,
and each monomial in {K, Rs} is of order 6 with at least one mode inside £. Therefore,
for 0 <t < Ce3, we have

{K;,Zy5} = O(e%, and {K;, Rs} = O(").
Finally, we deduce that, for 0 < ¢ < Ce3,
K;=0(% and K;(t) = K;(0) + O(5),
and the proof is completed. ]

Without loss of generality, we assume now that the constant C' = 1. From now, we fix
the initial data corresponding to the beating effect:

{Kl(O) =%, K3(0) = &°, K3(0) = &7,

i ()1, (0], [v; (0], [9;(0)] < C=* for j # q.p.
This lemma show that, for a long time, the solutions of the Hamiltonian system associated
to HP remain close to the solutions of the reduced system associated to Hj. Therefore, we

want to write H? = Hy+ R with R a remainder term which stays small for the considered
times (0 <t <e&7?).

(2.4.6)

2.4.2 Proximity between the Hamiltonians H” and H

The strategy is to focus on the couple (¢0g, Ky). As in the study of the reduced model,
we make the change of unknowns:

Yo(t) = ¥(e*t) and Ky(t) = 2K (). (2.4.7)
For the other variables of the system, we introduce

w = (KJ7 %'7 U, Uy Vi, @k)j:1’2’37 k#p,q *

Proposition 2.4.2. We consider the solution of the Hamiltonian system (2.4.1) with the
initial data (2.4.6). The couple (¢, K) defined by (2.4.7) satisfies, for 0 <t <e ':

) =T+ 0,
k) =50+ 0,

where the Hamiltonian H] is defined by

H; =2K(1— K)cos.
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Proof. The goal of this proposition is to show that the variables (¢, K) of the solutions
of the Hamiltonian system associated to the Hamiltonian H? stay close to the solutions
of the reduced Hamiltonian system associated to H. For that purpose, we recall that we

have (equation (2.4.2)):
HP = H" + Ry + Zys + Zys + Rs.
We introduce () defined by

Q L= HT(QpOa K07 Kla K27 K3) - Hr(l/}(h K07€2752752)
= HT(w()? KO) Kla K27 K?)) - Hg

Therefore, we obtain
HP? =H)+ R with R=Q+ Ry + Zys+ Zss+ Re.

We recall that by the system (2.4.1), (¢, Ko) satisfies:

. B
d(t) = =5 (), Kolt),w(0)
- OHPB
Bot) = S l0). Kale) w(t)
After the change of variables (2.4.7), we obtain:
- 1 O0H®
o) =5 (V02K ),

k@) =% (b0.2x0.05).

We know that H{ is close to H}. Indeed we have
Hy(¢,e’K) = H'(,e°K, €%, €%, €%) = C. + " H (¢, K).

Therefore, writing H? = Hj + R in the previous system, we get

i) = =50 - S50 (V.2 0.0)),
k) =50+ S50 (V02K 0.05)).

In order to prove the proposition, we have to show that for 0 < ¢t < &3, we have

Ok R <w(t),52K(t),w(;)) —O(*) and 9,R (w(t),s2K(t),w(;

(2.4.8)

) =0,

where R = Q + Ry + Zyo + Zy4 + Rg. First, we remark that if a polynomial P depends

only on external modes (u;, @ , v;, 3;)jec, we have

Ox P(1, e K, w) = 0y P(¢,* K, w) = 0.
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Therefore, we obtain
O Ri(Y, 2 K, w) = 0y R (¢, €2 K, w) = Ok Zy4(, e K, w) = 0y Zy4(1, > K, w) = 0.

Then, we remark that if a polynomial P contains k internal modes (u;,@;,v;,7;)jep

(with k£ > 0) and [ external modes (uj,;, v}, 3;)jec, we have
Ox P(, e K,w) = 0", 9,P(¢,*K,w) = O(e"?).
Thus, we have (considering for Rg only the monomials with at least one internal mode)

OxZao(, K, w) = O(°%), 0yZ42(¢, 2K, w) = O(e%),
Ox Re(¥, 2K, w) = O(e"),  O9yRs(¥),*K,w) = O(e").

It remains to estimate the derivatives of (). By definition (2.4.8), we have
Q (o, Ko, w) = f(p,q, €, K1, Ka, K3) + 29(Ko, €, K1, Ko, K3) cos(¢),

where f is a polynomial which doesn’t play a role because it doesn’t depend on the
variables Ky and 1g; and ¢ is defined by

=

9(Ko, e, Ky, K, Ky) = (Ko(K) — Ko) (K — Ko)(Kz — Ky + Kp))? — Kol — Ko).

In order to use the almost preservation of the K; (i = 1,2,3), we introduce the quan-
tity AK; defined by
AK;(t) == Ki(t) — K;(0) = K;(t) — &%

By Lemma 2.4.1, we have
AK;(e7%) = 0O(5%) for i=1,2,3 and 0<t<e .

In the variables (¢, K), we have

g(e*K, w) = &* (K(Am +1-K)(AKs+1 - K)(AK, — AK3 + K))% —¢'K(1-K)
S K(AK, +1 - K)(AKs +1 - K)(AKy — AK3 + K) — e*K2(1 — K)?
(K(AK) +1— K)(AKs+1 - K)(AK, — AK3 + K))% + K(1-K)
KPi(e, AK) + K2Py(2, AK) + K3Py(e, AK)
(K(AKy +1 - K)(AKs + 1 - K)(AK, — AKs + K))% + K(1-K)

Y

where AK; = e 2AK;, and the polynomials P;, P, and Py are given by

Pi(e, AKy, AKy, AK3) = (1 4+ e 2AK)(1 + e 2AK3)(AKy — AK3),
Py(e, AKy, AKy, AKs) = (3AKs — 2AK, + AK)e® + AK AKs

+ (AK3 + AK)(AK3 — AK)),
Ps(e, AK, AKy, AK3) = e*(—2AK3 + AKy — AK)).

Therefore, we have

Pi(e, AK), AKy, AK3)(e7%t) = O(¢®) for i=1,2,3 and 0<t<e "



2.4. BEATING EFFECT SOLUTIONS FOR THE INITIAL SYSTEM 81

Using that K and v are dimensionless variables, we deduce that

0pQ(U(1), e K (1), w(e™*t)) = —2g(e* K (), w(e™"t)) sin(y(t)) = O(%).

For the derivative with respect to K, we need to derivate g. For that purpose, we introduce
the denominator

D(K,w) = (K(AKl +1-K)(AK;+1 - K)(AK, — AK5 + K))% + K(1 - K).

We see that
D(K,w)(t) =0(1) and 0JxD(K,w)(t) =O(1).
Therefore, we have

(Py + 2K Py + 3K2P;)D — 9 D(K Py + K2P, + K3P)

Oxg(?K(t),w(e™t)) = 2 = 0(%).
Finally, we can conclude that, for 0 <t < &1,

Ok Q((), 2K (t), w(e™™))) = 20k g(e* K, w(e™*t))) cos(¥(t)) = O(eY),
and the proof is completed. 0

2.4.3 Construction of the beating solutions

We see that the Hamiltonian H? is closed to the Hamiltonians Hj and H! in the
sense of Proposition 2.4.2. The goal now is to use this proximity to construct solutions
of the Hamiltonian system associated to HZ which stay close to knowns solutions (as the
beating ones) of the reduced Hamiltonian system associated to H]. For that purpose, we
consider (¢, K,) the solution of the reduced system (2.3.3) given by Lemma 2.3.2, with
initial data (¢, K,)(0) = (0,v) where we choose ez <~ < 1. We want to compare this
solution with the solution (¢, K') of the system (2.4.1) with the same initial data.

Lemma 2.4.3. For all0 <t < 5_3, we have:
(¥, K)(t) = (45, K,)(t) + O(e)t + O(?)#2.

Proof. We consider the system (2.3.3) and the open domain U = (—m,7) x (0,1). The
system (2.3.3) is Hamiltonian of size 2, thus it is completely integrable (in the Liouville
sense). Therefore, by the Arnold-Liouville Theorem, this system admits action-angle
coordinates (L,«a) = ¢(¢, K), where ¢ is a symplectic transformation defined on the
domain U* = U \ {0,0}, which satisfies the action-angle property

H(L,o) = H(L),
and, uniformly on any compact of the domain U*,

ldg| <C and |dg~!| < C.

_3
2

Using that ¢ is a symplectic, we obtain for 0 <t < e

d

d ..
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Moreover, (¢, K) is a solution of the system (2.4.1). Therefore, Proposition 2.4.2 and the
bound for d¢ imply

d OHT OH'
Gi0) = dotw 10 (-5 T ) 4 0@,

OH] OH] 9
OH; :
(0, 9L > + O(e%).
. d
From the equation —L = O

o (¢?), we deduce that there exists L, € R such that

L(t) = L, + O(e)t.

For the equation on «, the form of L implies

a(t) = aa[f (L. + O(2)t) + O(2).

Therefore, we obtain

alt) = a, + 8;2* (L)t + Ot + Ot

We remark that, by construction, we also have

(Y, Ky)(t) = (L, ot + aaer; (L)t), VteR.

Finally, we use that d¢~! is bounded to get

(), K1) 67 L+ TIE(L)) + Ot + O

6y (1), K (1) + O + 022

¢~ (L(t), 1))

O

We can now check that the remainder is small in front of K,. Due to the change of
variable (2.4.7), we need to estimate

|, K)(£%) = (1y, K (£78)]

Using that £z <~vyandt< 6’%, we have

(0, K) (%) = (4, Ko (78)| =

|0(eMt] + |0(%) P = O(e) < v < K,

Therefore, the solution ((t), K(t)) is close to the solution (¢, K,) for 0 <t < e~

5

2.
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2.4.4 Proof of Theorem 2.0.2

Thanks to the previous results, we are now equipped to prove Theorem 2.0.2.

Proof of Theorem 2.0.2. From Lemma 2.4.3, the solution of the system (2.4.1) with initial
data (2.4.6) and (¢, K)(0) = (0,2y) satisfies, for all 0 < t < e 3:
{Ko(t) = 2K (%) = &K, (%) + O(e%) + O(%?),
Uo(t) = Y(%t) = ¥, (°t) + O(e't) + O(°?).

Using that er < ~ and the fact that the symplectic change of variable 7 is close to the
identity in the Birkhoff normal form decomposition of Proposition 2.2.1, we obtain (2.0.3).

For example, we can check that, for 0 <t <e7 2,
Ly(t) = (K1 — Ko)(t) = e*(1 — K, (et) + O(e))
It remains to estimate the period 27’,. Due to the following figure, (with the choice ¢ =1

in order to have v = K(0)), it seems that 7, grows when ~ decreases.

Figure 2.6 — Influence of v = K(0) on the period of the beating effect

- 2T,
P BE—

0,8 1

0,6 1

0,2
0 T T T T T 1
0 10 20 30
t
K(0) = 0.05 K(0) = 0.15
—— K(0) = 0.25 — K(0) = 0.4

We choose t < % For such times, using the phase portrait of Figure 2.1, we know
that ¢ (t) keeps the same sign. Using that

Y(0)=0 and (0)=—2(1—2v) <0,

we deduce that ¢(t) < 0fort < % Moreover, by the conservation of the Hamiltonian H,
we have

HI(t) = 2K () (1 — K (1)) cos(t) = HI(0) = 29(1 — ).
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Therefore, for t < %, we have

: Y¥4(1
i yld) = ‘J L ROA - K@)

Thus, we obtain

2(1 - %))? = 2K (1)2(1 = K(1))? = 72(1 —7)*.

: g
K(t)=2K({t)(1—-K(t)),|1—

(t) = 2K (1) <>>J O
In the interval (0, %), the function K is strictly increasing, hence invertible. Using that

we have K(0) = v and K (%) = £, and writing the derivative of the inverse function of
K, we obtain

T, I 1y 3 dK ()
— —-0= K u)du = .
F o0 o= | 2K (121 = K(5)2 = 72(1 = 7)*

Instead of computing this elliptic integral, we can remark that for 0 < v < x < %, there
exists a constant C., > 0 such that

2

(1= 2) =71 =) = (2% = %) <(1 —a Y- fl 7) 2 G =),

Indeed, we have for the second part of the right-hand side term:

272 1 | 1 9
> L - V— = - 4+ — 1 = (- — = C .

(I—2)*+~° -

Therefore, using the properties of the inverse hyperbolic cosine, we conclude the proof of
the theorem by the estimate

_1 1 arcosh (=
= Cy ? arcosh(=—) = ()

1
_1 r3 dz
TgCQ/ @ _ Aoy,
L N 2y 31—

and we obtain the desired bound for 7T, by using the logarithm expression of the inverse
hyperbolic cosine (we have % > 1). This ends the proof of the theorem. [

2.4.5 Limit of the period 27, when v — %
In the statement of Theorem 2.0.2, the upper bound

1
Tv<!1n7\7

5 =7

may not be optimal. On the one hand, we obtained a bound that growths when ~
decreases, which is consistent with the Figure 2.6. On the other hand, the bound also
growths when ~ tends to %, which is, this time, inconsistent with the Figure 2.6. Indeed,
in this figure, it seems that T, decreases when v growths. From that point of view, we
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expect T, to be bounded by a constant as < tends to % We recall that for v = %, the
function K, is constant and can be considered as a periodic function of period 0. Thus,
the first natural assumption is that 7., may tend to 0 when 7 tends the critical value %,
which is not the case.

In order to study this limit case (y — 3), we draw in the following figure the behavior
of K(t) for an initial condition v very close to & (we have v = 0.499 in the left example

2
and vy = 0.499999 in the right one):

Figure 2.7 — Behavior of the period 27, when v is close to %

0,5002 0,500002

0,5001 - 0,500001+

K(t) 0,5000 1 K(t) 0,5000001
0,4999 4 0,499999-
0,4998 T T T T T T T T T T 0,499998; T T T T T T T T T
0 n 2n 3n 4m 5n 67 7n 8m 9m 10=xn 0 T 2n 3n 4n 5% 6n 7n 8rn 9=
t t
From these two graphs, it seems that there exists a constant Tj;,;, close to %T, such
that 10
s
TW 13 71limit ~ .
=i 14

In order to prove this statement, we have to refine the computations we did for the
first bound of T,. This time, we use that the function K is strictly increasing, hence
invertible, in the interval (0,7’,). The previous strategy gives us for 7', the equation

1—y dz
T, = / . (2.4.9)
T 2/22(1 - 2)? = 2(1 - )2
In order to study of the denominator, we introduce the polynomial P defined by
1 VA )> (1 VA )
x Y

P(x) :=2*(1 -2 -~ (1—-9)?=(—)(1—v—2) <a:— (5 -

2 + 2
where A is defined by

A= \/1+4y(1—7) e (1,V2).

For the roots of the polynomial P, we have the following order:

1 VA 1 VA

- — — 1— 1< -4 —.
5 5 <0<rvy<ax< v < <2+ 5

Using this order to obtain bounds on the two last terms of P, we obtain the bounds

(z —7)(1 —7—:5)(\/2Z — ; +79)? < Pz) < (z—7)(1—~ _I)(\/QZ + ; — )% (2.4.10)
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Moreover, it is straightforward to check that for A < B we have

. (2.4.11)

B dz 1 dt 1 du
/A \/(JZ—A)(B—ZL‘) :/0 \/m:/lm:

Thanks to the equations (2.4.10) and (2.4.11), and the definition (2.4.9), we obtain for
the period 2T, the bounds

e < < (2.4.12)
+ 5 Y

y

“[5

Taking the limits when v — % on both sides of the previous equation, (we have A — 2 in
this case), we obtain by the sandwich rule
T

lim T, = —,

y—1 K V2
which is coherent with the Figure 2.7, where it seems to be seven periods (i.e 7 x 277,) for
the final time 107. Indeed, we have the approximation

m 107

o~ —— & 0,71
V2 T

For v — 0, the bound (2.4.12) gives

T
<o < —
T 2y +0(y)

where we use the Taylor expansion VA = (/14 4y(1 —~) = 1 + 2y + o(y) around 0.
The upper bound obtained here is less precise than the one we obtained in the proof of
Theorem 2.0.2, that is close to 2|In~y| when + goes to 0. Nevertheless, the first upper

1
bound |1 nl is sufficient for our result, for all v € (0, %), as we can see in the following

2
remark:

Remark 2.4.4. We remark that the period 2T, of the beating effect is large enough to see
as many periods of beating as we want. Indeed, for v € (0, %) fized, we have

ot

Ko(t) = (K, (%) + O(e)) for t<e 2.

Moreover, for e small enough, we have

2.5 The shifted beating effect solutions

The difference between the beating effect and the shifted beating effect comes from
the choice of the initial values K;(0), K5(0) and K3(0). Therefore, the previous results
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that doesn’t depend on the choice of the initial values of Ky, Ky and K3 always stand for
the study of the shifted beating effect. In particular, by Lemma 2.4.1, we still have

AK;(t) := Ki(t) — K;(0) = O(%) for i=1,2,3 and 0<t<¢e?
This time, we fix the initial values
K1(0) = *(1 +7), Ko(0) = e*(1 + 1), K3(0) = &*(1 +73),
{!uj(o)!, [@;(0)], [v;(0)], [7;(0)] < Ce* for j#q,p,

where 71, 7, and 73 satisfy the conditions (2.3.8). The next step is to study the proximity
between the Hamiltonian H? (from the system (2.4.1)) and the Hamiltonian Hj, defined
by

(2.5.1)

H} = H" (1o, Ko, €2(1 4 71),2(1 + 1), (1 + 73)). (2.5.2)

2.5.1 Proximity between the Hamiltonians H” and H}

We want to prove a similar version of Proposition 2.4.2. Once again, we focus on the
couple (1), Ko) by the change of variables

Yo(t) = ¥(e*t) and Ky(t) = 2K (). (2.5.3)
and the introduction for the other variables of the notation
w = (Kj> WYy, Uk, Uy, Vs, @k)j:1,2,3, k#p,q

Proposition 2.5.1. We consider the solution of the Hamiltonian system (2.4.1) with the
initial data (2.5.1). The couple (v, K) defined by (2.5.3) satisfies, for 0 <t < e ':

I =)+ 0(),
k() =500+ 0()

where the Hamiltonian H, is defined by

N|=

Hy(W,K)=2[K(1+7 —K)1+4+ 7 — K)(m2 — 73+ K)]2 cos ¢

Proof. We have to check that the Hamiltonian H? is close to the Hamiltonian HT,. As
in the study of the beating effect, we still have

HP :HT+RI+Z4,2+Z474+R6:FI6+Q+RI+Z4,2+Z4,4+R&
where H} is defined in (2.5.2) and Q is defined by
Q:=H — ﬁg

Once again, the Hamiltonian system satisfied by the couple (¢, K) defined in (2.5.3) is
given by

0 = o (v, 2K 0w )
k) =550 (002K @.0(5).
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Writing HB~= Flg + R (with R = Q+ R+ Zyo+ Zaa+ Rg) in the previous system, and
using that Hj = H], up to an additive constant, we get

B0 = =200 - S3E (v 2K, 0(5)
ki) =500+ o0 (b0 2K 005)

The estimates on Ry, Zy9, Zs4 and Rg from Proposition 2.4.2 always stand. Therefore,

we just need to prove that, for 0 <t <e7!,

0pQ(u(1), 2K (1), w(e™?) = O(%),  IxQ((1), 2K (1), w(e*t)) = O(<°).

By definition, we have

Q(w()?KO’w) = PQ<p7q757 K17 K27 K377-177-27T3> + 2fQ<K07€7K17K27K377—17T27T3> COS(¢0)7

where Py is a polynomial which doesn’t play a role because it doesn’t depend on the
variables Ko and t; and the function f5 is defined by

N|=

fo(Ko, &, K1, Ko, K3,71, T2, 73) := (Ko(K1 — Ko)(K3 — Ko)(K2 — K3+ Kj))
(Ko 4 m) — Ko) (221 + 73) — Ko)(e3(rs — ) + )
We use the notations
AK; = 2AK; for i=1,2,3,

In the variables (1, K, w), we obtain for f5 the expression

N|=

for=e" (K +7 — K+AK)(1+75— K+ AKs)(rp — 73+ K + AK, — AK3))
— K4 —K)(1+75— K)(ry— 735+ K))? .
Therefore, writing AK = (AK;, AKs, AK3) and 7 = (11, 79, T3), we obtain

P KPi(e, AK, ) + K*Py(e, AK, ) + K*P3(¢, AK, T)
B D(K,AK,T) ’

where the polynomials P, P, and P; are given by

P = AK (1 +73) (12 — 73) + 2 AK,(1 4+ 73)(1 + 71) — 2AK3(1 + 71)(1 — 75 + 273)
+ AKIAKy(1+713) — AKIAK3 (1 — 7+ 273) + (AKLGAK3 — AKS) (1 + 1)
+ e ?AKIAK3(AK, — AK3),

Py = 2AK (14213 — 1) — 2AK5 (2 + 1 + 73) + 2AK5(3 + 2711 — 75 + 273)
+ AKGAKs + (AK;3 + AKL)(AK3 — AK)),

Py =3 (—AK, + AK, — 2AKs3),
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and the denominator D is defined by

(SIS

Di=(K(1+7—K+AK)(1+7— K+ AKy)(r — 73+ K + AK; — AK3))
F(K(l+7m—K)1+7—K)(r—7+K))?.

We remark that for 7 = (0,0,0), we find here the same polynomials P, P, and P; and
the same denominator D defined in the beating case. Once again, using that K and 9
are dimensionless variables, we have

Pi(e, AK(e7t),7) = O(%) for i=1,2,3 and 0<t<e !,
D(K(t),w(c™%)) =0O(1) and 0xD(K(t),w(c %) =0(1) for 0<t<e

Therefore, we obtain, for 0 <t < e7!

Dy QU(1), 2K (1), w(e2t)) = —2f(E K (1), w(= 1) sin(4h(1)) = O(Y),
QU (), 2K (1), w(e ™)) = 2 (9 fo) (K (), w(e 1)) cos(wr(8)) = O().

This concludes the proof of the proposition. O

2.5.2 Proof of Theorem 2.0.1

Because it is not depending on the choice of the initial value, Lemma 2.4.3 always
stands in this more general setting. Therefore, thanks to the previous results, we are now
equipped to prove Theorem 2.0.1.

Proof of Theorem 2.0.1. From Lemma 2.4.3, the solution of the system (2.4.1) with initial
data (2.5.1) and (¢, Ko)(0) = (0, £2y) satisfies, for all 0 <t < &7 3:

Ko(t) = 2K () = 2K, (%) + O(e%) + O(*?),
Vo(t) = (%) = ¥, (%) + O(e*t) + O(5).
Using that g2 < ~v and the fact that the symplectic change of variable is close to the

identity in the Birkhoff normal form decomposition of Proposition 2.2.1, we obtain the
shifted beating behavior of equation (2.0.2). For example, we can check that for the

5
2

considered times 0 <t < 72, we have

To(t) = (Ky = Kz + Ko)(t) = €* (r2 — 75 + K, (%) + O(e))
As in the beating case, it remains to estimate the period 27’,. For that purpose, we want
to solve the equation
where we recall that
P(X)=X(14+1n-X)(14+m—X)(o—T13+X).

Indeed, we have

K, = —-2\/P;(K,)siny, and (¢, K,)(0)=(0,7).
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Therefore, the conservation of the Hamiltonian implies
K, (1) = 0 & PL(K, (1) = P.(3).

In the following, we consider that max(0,73 — 73) < v < 7.. The case v > 7, leads to
the same orbits with different initial conditions, thus this choice has no consequences on
the result. We define the polynomial @) by Q(z) := P.(z) — P,(y). We see through the
following figure that @) as exactly four different roots:

Figure 2.8 — Roots of the polynomial Q(x) :

I
N
=

|
3
—~
2

){l "’ ’yc /\(‘_ 1\(_‘{

max (0,73 — 72) max(l+ 7,1+ 73)

min(0, 73 — 7») min(1 + 7,1 + 73)

The roots v, X, Xy and X3 of the polynomial @) verify
X1<m1§M1<7<%<X2<m2§M2<X3,
where the constants my, My, mo and M, are given by

m; = min(ay, §;), M; = max(ey, 3;), ©=1,2 and
ar=0, fi=m—T, am=1l+n, =1+
Thanks to the conservation of the Hamiltonian, the function K is strictly increasing,
hence invertible, in the interval (0,77). The same strategy as in the beating case gives us
for T', the equation
Xs d
o, = | . .
7@ = X))@ =X~ 2)(Xs )

(2.5.4)

Due to the equation (2.4.11), we want to find a lower bound for the polynomial () while
keeping the term (x —y)(Xy —x) related to the bounds of the integral. The main difficulty
here comes from the fact that we don’t know the values of X3, X5 and X3 (which depend



2.5. SHIFTED BEATING EFFECT SOLUTIONS FOR THE INITTAL SYSTEM 91

continuously on 7 and ). Nevertheless, we can obtain some bounds on the terms (z — X7)
and (X3 — z). For the X;-term, we simply use that X; < 0 and x > 7 to obtain

xr— Xy > .

The Xs3-term is more delicate. We use that for 7 fixed, the difference X3 — X5 depends
continuously on the parameter . Thus, using that x < X5, we have

X3 - X S X3 — X2 = fT(’}/),
where f; is a continuous function that satisfies

lim fr(v) = |ms — 7l

y—max(0,73—72)
Therefore, we have, for v < x < Xj,
Q@) > (z =) (X2 —z)7f+(7).

Finally, the equation (2.4.11) and the definition (2.5.4) of the period 27, give

7

NeTAGH)

and the proof of Theorem 2.0.1 is completed. ]

2T, <

As in the beating case, we can remark that the period 277, is small enough to be
controlled by the smallness of the initial condition ¢ :

Remark 2.5.2. We remark that the period 2T, of the shifted beating effect is large enough

to see as many periods of shifted beating as we want. Indeed, for T € (—%, %)3 and for all

initial condition vy € (max(0,73 — 7o), min(1 + 7,1+ 73)) \ {7} fized, we have
Ko(t) = e2(K,(e%) + O(e)) for t<e3.

Moreover, for € small enough, we have

—2
e
e, < ——m—= < g 0.

vf-(7)

2.5.3 Limit cases of the period 27

The first natural question here is to study the existence of a limit period when ~ tends
to 7. in the more general setting of the shifted beating effect. We recall that in the beating
case (i.e for 7 = (0,0,0)), we have 7. = 3 and

lim 2T, = V2.

=3
Now, for 7 € (—3, 1) fixed and for v € (max (0, 73 — 72), 7.), back to the equation (2.5.4),
we have

dx dx

/ Ja— X)X —0)(Xs —a) - V)

2T, =
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Moreover, we have (see Figure 2.8):
(2 —=7)(Xe —2)(Xs = Xo) (v — X1) £ Q(2) < (z — ) (X — 2) (X3 — 7) (X2 — X1).

From these two equations (and with the equation (2.4.11)), we obtain

0 T
< 2T, < .
V(X5 —7)(Xz — X)) V(X5 = Xo)(y = Xy)
The key point here is the fact that
lim X5 = ..

Y—Ve

Therefore, we obtain the same limit as v tends to 7. on both left and right sides of the
previous inequality. The sandwich rule gives

lim 27, = ” (2.5.5)

VXS =70 (e — X)

where
Xi(r) = Xu(7,7) and  X3(7) = X3(7, 7).

Thus, as in the beating case, we obtain a critic value of the period 27, as v — 7.. This
is coherent with the critic period obtained for the beating case. Indeed, for 7 = (0,0, 0),

we have
1 1 2 1 2
O Xf(o):z—\é_ and X§(O):2+\é_.

Therefore, the formula (2.5.5) gives once again the limit of the period for the beating
case:
lim 27, = /2.
e
The second natural question is to study the behavior of the period 27, when 7 tends
to max(0, 73 — 72). We remark that (see Figure 2.8):

(X3 = Xo)(y = X1) > |(13—71)(73 — 7o)

In particular, this inequality implies that in the case where 73 ¢ {7, 73}, the period 2T,
is bounded, for all v € (max(0,73 — 72),7.). This is not the case for the beating effect
(1 =1(0,0,0)), where we see thanks to the expression (2.4.9) that the period grows to co
when v tends to 0.
Here, when v — max(0, 73 — 72), the roots of the polynomial @ tend to the roots of
the polynomial P,. Therefore, if 73 ¢ {71, 73}, we have
lim 2T, = il .
yomaOnm) (7 — )7 — 7o)




Modified scattering for a cubic
coupled Schrodinger system on R

In this chapter, we study a coupled nonlinear Schrodinger system with small initial
data in the one dimension Euclidean space. Such a system appears in the context of the
coupling between two different optical waveguides. We establish an asymptotic nonlinear
behavior and a decay estimate for solutions of this system. The proof uses a recent work
of Kato and Pusateri. This work has been published in Dynamics of Partial Differential
Equations in January 2016 (see [52]).

3.1 Introduction

We consider the following system

i+ e = |v]*u, (t,x) € [1,+00) X R,
100 + Opev = |ul*v, (3.1.1)
u(l,x) = uy(x), v(l,z) = vy (z).

3.1.1 Motivation and background.

An interesting area within the study of the asymptotic behavior of small solutions of
nonlinear dispersive PDEs is the search of nonlinear global dynamics. In the well-known
case of the cubic Schrodinger equation, different methods have been treated by several
authors.

On the one hand, the asymptotic behavior depends on the geometry of the spatial
domain.

— For Euclidean spaces, we mainly have phase corrections results. For example, Kato
and Pusateri treat the case x € R in [37] using only tools from the analysis in
Fourier space. For general Euclidean spaces, we can look at [33] where Hayashi and
Naumkin deal with z € R™.

93
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— In the case of compact domains, the usual example is the study of the torus T¢. We
can for example mention the work of Colliander, Keel, Staffilani, Takaoka and Tao
who showed some first results in the search of unboundedness of Sobolev norms for
small initial data in the spatial space T? in [13].

— Combining these two kinds of spaces, we can study the product spaces R™ x T<.
The first to consider such spaces were Tzvetkov and Visciglia. They obtained some
scattering behaviors in R" x M, where M is a compact manifold (see [50]), or in
R™ x T where they extended their point of view and studied the well-posedness of
their equation (see [51]). For the case RxT?, we can cite the work of Hani, Pausader,
Tzvetkov and Visciglia, who showed in 2013 (see [27]) a real growth of Sobolev norms
by adding a direction of diffusion to the compact problem. For that purpose, they
exhibited a modified scattering of the solution of the Schrédinger equation to the
solution of the resonant system associated. Contrary to the Euclidean case, this is
an effective scattering, and not only a phase correction.

On the other hand, after the geometry of the spatial domain, we can deal with the
equation itself. Using the method presented in [27], similar results have been obtained by
adding a potential (see [21]), a harmonic trapping (see [28]), or by considering different
derivatives along the Euclidean direction and the periodic one (see [54]). In the last
mentioned article, Xu exhibits a modified scattering result between the cubic Schrodinger
equation i0;U + ArU — |V1|U = |U|*U in the spatial domain R x T and the cubic Szegé
equation.

In this article, we focus on a coupled Schrodinger system. Such a system occurs while,
for example, looking for the coupling between two different optical waveguides, that can
be provided by a dual-core single-mode fiber (see [1]). Other examples are given by
two orthogonally polarized components traveling at different speeds because of different
refractive indices associated with them; or by two distinct pulses with different carrier
frequencies but with the same polarization. A surprising fact about these examples is that
they lead to a system close to the Schrodinger system (3.1.1), obtained by interchanging
the spatial and temporal coordinates.

From our point of view, such a system is interesting. Indeed this coupling effect
can provide more nonlinear asymptotic behavior than a single equation. For example,
Grébert, Paturel and Thomann exhibited some beating effects (see [20]), that is to say
some energy exchanges between different modes of the solutions, although they were just
dealing with the spatial domain T. Another example of study of Schrodinger systems is
given by Kim in [38]. Considering relations on the masses in the equations, the author
obtains L* decay of the solution for the spatial domain R.

The goal of this article is to present a self contained proof of nonlinear behavior in
the spatial domain R. Following the method of Kato and Pusateri in [37], we will first
prove a L> decay of the solutions. Then, we will highlight an asymptotic behavior, in the
sense that we will be looking for a pair (W, W,) depending only on the space variable in
a space to be determined, such that:

et ) —Wil| —s 0,
{H p(t) =Will — (3.1.2)

lig(t.) = Wl — 0.
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where |Wf(t,&)| = |a(t,€)] and |Wy(t,&)| = |0(t,€)]. This is a result of phase correction
scattering, and it is interesting to see what effect the coupling has in this case, to get
informations on Wy and Wy, and to approximate the speed of this convergence. Moreover,
we exhibit an asymptotic formula for large time of the solutions.

3.1.2 Notations and norms.

We define the spatial Fourier transform in Schwartz space, for ¢ € S(R), by

F(e)E) = 4(6) = == [ e pla)da

We use the notation f < g to denote that there exists a positive constant M such that
we have f < Mg. This notation will be useful, allowing us to avoid dealing with all the
constants in the different inequalities.

When a function depends on two variables ¢t and z, we denote by ¢(¢) the function defined
on the spatial domain ¢(t) : x — @(t, z).

Working with small initial data, we can expect the nonlinearity to stay small, and thus the
linear dynamics to be dominant. This is the reason why it is interesting to consider the
profile of a solution, which is the backwards linear evolution of a solution of the nonlinear
equation. We define f (respectively g) the profile of the solution u (respectively v) by

f(t,x) = e Moy (t, 2) g(t,x) = e (L, 2). (3.1.3)

We will see in Subsection 3.2.1 that after considering Duhamel’s formula of the solutions,
the equations in f and ¢ are easier to treat than the ones with v and v. This is the main
reason why the profiles have been introduced.

The norm used will be essential in order to prove the global existence of the solutions.
Let n € N, we define the spaces H™?, H%" and L5 corresponding to the following norms:

— [lellrge = sup ()],
zeR

— llellgmo :=>_0ellre,
=0

n
— llellon = >_ ez,
i=0

— [lellzee == sup [p(t)].
te[1,7T)

With these norms, we follow the method of Kato and Pusateri in [37] to construct the
space

Xp = {907 lellxr = llellrgpree + ”t_aSOHL%OH;’O + ”t_aSOHL%OHS*Z"“ . OO} ’

where o > 0 is small enough.

We want to obtain a L> decay of the solutions. For that purpose, we need to control
the behavior of the cubic nonlinearity, which is why the terms ||| ez and [[7%¢|| Lo HLO
are required in the definition of the norm. With these two terms, we can show that we
have a unique and global pair of solutions, and that the scattering limits W, W, of the
equations (3.1.2) are in L*. The last term Ht_QQOHL%CHg,ZnJrI will allow us to show that the

functions Wy, W, are also in H%".
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3.1.3 Statement of the results.

The idea here is to apply the result of [37] to our coupled Schrédinger system (3.1.1).
As we can expect, we also obtain a global existence, a decay estimate, a scattering result
and an asymptotic formula.

Theorem 3.1.1. Fizn €N and 0 < v < ;. Assume that
||u1||H§"+1’0 + ”UlHH%1 + HUlHHﬁ"“’O + ||Ul||H£’1 <e,
for € small enough. Let I = [1,4+00) and set F := C (I; H*"TO(I) N H*'(I)). Then the

system (3.1.1) admits a unique pair of solutions (u,v) € F x F. The pair of solutions
satisfies the following decay estimates:

| =
| =

lu@lleee < 1 lo@®)llzee <

[NIES

t

NI

t

Furthermore, there exists a unique pair of functions (Wy, W,) € (LgoﬂHg’”) X (Lg"ﬂHg’”)
such that fort > 1,

Ft, . / ds| — Wyllpe < et
Ity (5= [ S0P as) < Wiliz

2
. i(s, )P ds ) = Wyl S+,

Jatteso (5 75= [ 3]

I~

and
F ‘ ‘1 _l,v
Hf(t,.)exp (2\/— . S’ ( )‘ ds _WfHHEO’n St 8+2,
O ~ 2 _l,v
19(¢, ) exp <2m il )P ds | = Wl ST,

where f and g are defined in (3.1.3). Finally, we have an asymptotic formula. There
exists an unique pair of functions I'y,I'y € Lg° such that for large time t,

1 x 2 o, T x s,
u(t.2) = W (i - LA (04T (5)) + 00

1 2 —34v
0t = Wil e (15 = G (WP () + () ) + O+,

(2it)=

Remark 3.1.2. Let us begin with some remarks about this theorem.

— We see that, as we can expect, the role of the coupling appears here as a phase
correction term of the scattering result.

— By taking n = 0 in Theorem 3.1.1, we obtain that Wy, W, € Lg N Lg for a small
initial data in HX°N HY'. This is the coupled equivalent of Theorem 1.1 of [37]. In
this article, we are able to get the control of the H*™ norms too.

— The decay estimate is not new here. Indeed, Kim already obtained it in [38], but
without scattering result on the solutions.
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— We see that we need a control on the derivatives on uq,v, to obtain a control on
the H*™ norm of Wy, W,. The reason is that W;, W, are the asymptotic behaviors
of wy and w,, defined in (3.2.5), which are, up to a phase correction, the Fourier
transforms of u and v.

— They are two losses that can be surprising. First, the loss of speed between the L
behavior and the H®™ one. Secondly, the need for 2n+1 derivatives in u,v to obtain
n multiplications in Wy, W,. Both losses are connected to the same phenomenon.
The key part of all the estimations will be the good decay in L™ of a remainder term
R defined in (3.2.3). To control the H*™ norm of R by using this L™ decay, we use
the inequality (3.4.6), which gives us these losses. These losses may not be sharp,
as this control of the H®™ norm may not be optimal.

The rest of the paper is organized as follows. In Section 3.2, we will do some preliminary
computations and introduce the notion of profile. In Section 3.3, we will prove a key
proposition. Finally, the proof of Theorem 3.1.1 will be treated in Section 3.4.

3.2 Preliminaries

In this section, we reformulate the problem by considering Duhamel’s formula of the
profiles of the solutions. Moreover, we state a proposition, which will be the main ingre-
dient to begin the proof of Theorem 3.1.1. Finally, we state and prove a classical estimate
of the Schrédinger linear group.

3.2.1 Introduction of the profile.

We apply Duhamel’s formula to the system (3.1.1). If the solution wu exists, then we
have u = ®(u), where

) o
D(u)(t,z) = ety (z) — z/ ! t=9)%= |y (s 2)|2u(s, z)ds.
1

To get the existence of the solution, we have to apply the fixed point theorem. We
filter out the linear contribution by introducing the profile here. For f defined in (3.1.3),
Duhamel’s formula becomes (with the same notation ® for the profile),

. t .
O(f)(t, x) = e Py (z) — z/ e~ 5%y (s5, 2)0(s, x)u(s, x)ds.
1
Using that uv = fﬁ 0, we compute the spatial Fourier transform of ®(f) as follows:
— o ) t . o
()8 = e a1<s> —if e %vu(s §)ds

N (€)= 7/ /2 6(5’77 — a)i(s, & — n)dndads
R
= i&% _ 7/ / is€2 ~ 7 . N B
o 5 27 J1 JR2 e-u S,CY 'U(S,Oé 77)”(5,5 n)dﬁdOédS
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—itdy —it0y

Now, we reintroduce f =e sy and g =e *p in the above equation to get:

&Bmazwﬁm@>
/ /R2 202 +(a—n)2—(E—n) )f(s 04)5(8’@ —n)j(s, & —n)dndads
— ¢ al(g) _ 5/1 /RQ 2= £ ) g(s, o0 — )i (s, € — n)dndads.

After the change of variables o <+ £ — o, we get

&?)(taf) = e 0, (€) — 2; /€2isna§(8,§ —0)9(s, € —=n—0)f(s, & —n)dodnds. (3.2.1)

We define X
F(s,1,0,€) = 35, € — 0)3(5, € — 1 — 0) (5, € — ). (3.2.2)
Using the Plancherel formula on (3.2.1) we get

B(F)(1,€) = e (¢ —7//50 (21 F, L [F (5,1, 0,€)] dodnds.

Using 6, = \/%e_““”, eiwr = \/278, and the fact that e = if(%) where fy(z) = f(A\z),

we have

; ab
123‘

Foo [€2577] (a,b) = Fy [V27020y (b)) (a) =
Therefore, with the definition of F in (3.2.2),

1
—e
2s

B(F)(t.6) = € (¢) - ;r/;/ieiii’fm; [F(s,m,0,8)] (a,b)dadbds
= a1 [ ti [ Fod 17 (s.,0,)] (0, B)dadbas
oort] ab
-+ [ = / (e—lzst_l 1) Fy L [F(s.m,0.6)] (a; b)dadbds
= Can(§) -~ F [ las mfa®®+[Rm@m
where
R(s,&) = R(9,9, f)( €)= —4;9/(6_";42 — )]:77; [F(s,n,0,¢)] (a,b)dadb.  (3.2.3)
Thus, we obtain
OB (1.€) = 55— la(t. O (1.6 + R(L.6) (3:2.0)

The idea is to use the good behavior of R, which has a good decay in time. To take
advantage of this decay, we introduce a last change of variable. We set

By(1.6) = prWEAS OFas), arlr.9) = FOB,.6)

2 (3.2.5)
Bf(taf): €xp W/l ; 5 d$>> wg(tv£>: f](t,f)Bf(t,f).
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The main property of this change of variables is the conservation of the modulus of f: we

have [ (t,€)| = |f(t,€)|. Thus, we have f = (IT(f\) if and only if w; is a solution of the
following differential equation:

atuA}f (tv 5) = Bg(t> f)R(t, 5)

Applying Duhamel’s formula a second time, we define the Duhamel form for (@, w,) (still
using the same notation ®) by:

D (i, ) (8, €) =w} * / By(s, )R(3.9, f) (s €)ds,

g

) (3.2.6)
Doy, 0,)(1,6) =€)+ [ By(s, R, 1.9)(s,€)ds
where @} (£) = (1,&) and @} (§) = wy(1,&). They are the equations that we will treat
to get the existence of the solutions. For that purpose, we are now able to state the key
result of the article.

Proposition 3.2.1. Assume ||12)]1c||H£10 + ||ZDf||H0,2n+1 + ||ZD;||H§0 + ||’LT);||H0,2n+1 < g, then
3 13

there exists a positive constant M such that

[@1(y, ), < &+ M [yl IIngIXT(1+ IwaIIX )(1+ IIngIX );

@2y, @), <€+ M Nyl 1061, (14 1], ) (1 + 1)

Remark 3.2.2. There are two main differences between this estimation and Proposition
1.3 of Kato and Pusateri in [37]. First, we are dealing here with a result about w, and
not about u directly. The reason is in the equation (3.2.4). As long as we have no proof
of the ezistence of f, we cannot take ®(f) = f and do a legit change of variables in
this equation. But the existence of f is equivalent to the existence of w, which is why we
focus on w here. Secondly, the right-hand side in [37] is a cubic term. The apparition
of (1 + waH;l(T)(l + Hd)gH;l(T) terms in this paper is due to the choice of the Xp-norm.

In particular, the terms H8£f(3>||L§ and ||85§(s)||L§ are not controlled by the definition of

the Xp-norm. In fact, as soon as we consider small solutions, the right-hand side is very
close to a cubic term.

3.2.2 Properties of the linear Schrodinger group.

Before dealing with the computations on the X7 norm, we introduce the following
result of independent interest, about the linear Schrodinger group. This lemma will be
used in both proofs of Proposition 3.2.1 and Theorem 3.1.1.

Lemma 3.2.3. For all ¢ € S(R) and for all0 < § < f, we have

1

Ll 191
7 e

Proof. The following proof is based on the proof of the more general Lemma in [33]. The
idea is to write €%+ as an integral with a kernel. Recall that for

le® pll e S

K,(z) = (4imt) 2 i,
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we have €%z p = K,  ¢. Thus,

et p(z) = /Rgo(y)Kt(l‘—y)d?/

We define A, such that

. 22
¢ () 1= (zit)—%elw(%) + At z). (3.2.7)
The first part of the sum gives us the L* part of the lemma. We now deal with the

remainder term A, by using the fact that (with 0 < 8 < 1):

eif”—1]:2

sin(;)‘ < o, (3.2.8)

This trivial inequality gives us for A

1Al 17 I 17 ],
S (R
S 177 el @7, ) el
S Bl e
This concludes the proof of the lemma. O

3.3 The a priori estimates

In this section, we prove Proposition 3.2.1, following the proof of the similar propo-
sition in [37]. We want to deal with the X7 norms of @, and @,. Here we write the
computations for wy, obviously, the results are the same mutatis mutandis for w,. We
split the proof in three parts because of the several estimations needed in the X7 norm.

3.3.1 The decay of R, one L* estimate.
We first focus on R. We recall that

R(s,€) = R(3,9, [)(5,€) =~ [ (7% = 1) F 2 (F(s.,0,€)] (0, b)dadb,

dns
with )
F(S777a0-7 6) = 9(876 - 0)5(876 —n- O-)f(87§ - 77)

We have the following lemma:



3.3. THE A PRIORI ESTIMATES 101

Lemma 3.3.1. Forall0 < 3a<d < % we have

11— Al12 R
[R(s, )| < s~ allzzo 1/l sz20-

Remark 3.3.2. This lemma is the key of the estimates we will deal with.
— The important result here is this small § that ensures the integrability of || R(s, ')||Lg°'

Moreover, this provides a good decay that will erase the behavior of the other parts,
because 3ae < §, and ensures the existence of the solutions of our system (3.1.1).

— We see here why we choose the time 1 for initial data in the system (3.1.1). Indeed,
here is the main problem with the integral in 0. Almost all the % terms can be
controlled in 0 by changing the coefficients in the Xt norm (for example by changing
the t in 1 +1t), but not this 31% here. This is a consequence of the behavior of the
solution of the linear Schrodinger equation near 0. Qur purpose here is to highlight
an asymptotic behavior, this is the reason why we just avoid this problem by taking
a strictly positive time for the initial data.

— This lemma is satisfied for all 0 < 3a < § < i. The goal after the lemma is to take o
small enough, and § as big as possible. Keeping this in mind, in the Subsection 3.4.4,
it will be natural to consider that we can choose av and § such that 0 < 4a < < i.

Proof. By definition we have
/‘ 1’ ’ (s,n,0,¢)] (a,b)‘ dadb.
Once again we use (3.2.8), with 0 < 0 < 1, to obtain
R(s, )1 $ 577 [[Jal’ b | 772 [F(s.m,0.9)] (a.b)] dadb.
Let us focus on F, JF. We have

Foa [F(s,m,0,8)] (a,b) =

But F7'(fg) = 5= F '(f) * F! (g). Therefore,
fni[F(S n,0,8)](a,b) =
Ft | o€ = )P 00,6 = 0) 2T = 1= )0 @),
Moreover, we have the classical Fourier relations

Fo'9(e = 0))(b) = €g(—b) and  F'[(€ — 0))(b) = €“'g(b).

Thus, we obtain

F L [F(s.n,0,8)] (a,b) = TJ{mgnW%@wmw"@MMm

== F [Fes = [t —pe g5 )] (o)

\/ﬁ/ e g(s, —y)g(s, b — ?J)}—n_l (e_i(b_y)n]?(&f — 77)) (a)dy.
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But F e f(€ —n))(a) = ¢S £ (b — a), this gives us

FralF(s,m,0,8)](a,0) = —= /R e (s, —y)g(s, b — )W) f(s, b — y — a)dy.

Finally, with the change of variables x <+ (b — y), we obtain

FodlFsn. 0,60 (0.0) = = [ (s, — bgls, ) f(s,2 — a)d

= \/%ei(““’)ﬁ A e (s, x —b)g(s,x)f(s,r — a)dz.

Therefore, back on the remainder term R, we have
[R(s, )| S 5717° / jal” b1 g (s, = b)| lg(s, 2)| | f (5, — a)| dwdadb.
Using that |a|’ [o° < (Jz — al’ + |2]°)(Jz — 8]’ + |2|°), we obtain
[R(s,6) S 3—1—5/ [ =0 lg(s, 2 = b |g(s, @)| |« — a’ | (5,2 — a)| dzdadb

571 [g(s,2 = B)] o’ lg(s. )| & = af’ |/ (52 — o)) dadadb

+s‘1_5/ [ = 0" |g(s, 2 = b)| [ |9(s, 2)| | f (5.2 — a)| dzdadb
457170 [ lg(s. = B)] o lg(s,2)] (5. — o) dadladt

11— é 0 0 0
S s (2l gl gl 2 Fllze + gl Il glley | |l 1l
0 6 26
+ 2l glleall 2l gllos 111y + 1121 gllzs gl 2 Ngllzy ) -

Using now the Cauchy-Schwarz inequality and the fact that § < i, we get

| £

o S @ @

2 1) Fllze S 1F 1l gze.
Therefore, we conclude that

[R(s,§)l S 571 5||f||H10HgHH10-

3.3.2 Some L? estimates.

By the previous estimation, we see that we first need to control the | f|| plo term,
which will occur in a lot of our computations. By definition,
17Ol = 17Oz + 100l
[05 )z + [[0e(y By ) (1)l 2
[ ()]l 2 + |0y (£l 2 + s (8) ]| o [0 By (1)1 2
7(t)

t
s + 05Oz [~ 1ty (o)l

IA

IN
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Thus, using the definition of the Xp-norm, we obtain
7 A A, 2
17Oz S ¢ 10, (14 [, )- (3.3.1)

We now have all the tools for studying || R(s)]| 12 By construction, we have

ifi|g(s’£)‘2f(5’£> —if (efisa”ﬂeisa”g(s, x)|26isa“f(s,x))> :

R(s, &) =

Using that ||e?%= || 1z = lell 1z and the conservation of the L? norm of Fourier’s trans-
form, we get

1
HR(S)HLg N S

1971 (3)l1 2 + ™™= g () 76 117 () 2.

Thus, using Lemma 3.2.3 with a < 3 and the fact that (a + 0)? < a? + b%, we get

1R(s) 2 S 57 (192 1765) sz + 5~ 135) 2001 (5) 12 )
<7 (I!wg<s)||%go|lwf(s)!hg + 527D g ()%, (1 + ||wf(s)||§(T)2y|wf(s)|yL§) .

Thus we get
IR() 12 < s~ Nyl sl (1 + [ldp N1, ), (3.32)

Now, let us deal with the derivative with respect to £. In the computations to obtain the
estimate (3.3.1), it has already been shown that

106 By(1)]l 2 < t* 1y 1%, (3.3.3)

For R, we go back once again to its construction. We have

VL ) 70, 6)
™S

= 1(5.9, )(5:€) + _N(3.9. )(s.€). (3:3.4)

N(9.0¢9, f) + -N (3.9, 0cf)- (3.3.5)
Obviously, the three terms in I and N play the same role. We will focus on one of each.

17(Ded, 9, F)(3)llz S 1Fe (7720 (%= g (s, )e g (s, )" [ (5,2))) || 2
S e f () lngelle’™® = g(s) | 2o g (s) | 2
S5 UFO ez + 5 IF G o) W3 g + 5719020196 (3)]] 2
<

— N ~ 112 A 112 ~ 14
s oy e, (1 Mgl ) g, (1 [l )-
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For N, we have

s N (0eg, 3, N)s)lez S sHIF e 19() N e 199 ()12

<

_ N L2 A2
S sy, gl (14 [l ).
Thus, we can conclude that

10cR(5. €)1z < 5~ gy 1%, (14 [yl )1+ gl ). (3.3.6)

The computations are almost the same for the H, g 21 part. Since |B(s, &)| = 1, we just
focus on R. With the decomposition (3.3.4), we have

€ R(s, )] < [7719,9, )5, 6)| + [€77 N (.. D5,
For the I term, using that by convexity of z — 22! on R*, we have
€27 < Je— o 4 (€ — P 4 e — o — L (3.3.7)
We obtain
€70, 9, 1), )| < 1€ 9,9, F) (5, ©)|+|1(0, €79, F)(s, ) +] 13, 5,6 ) (s, 6)|.
Let us deal for example with the third part, we have

||](§7 §7 §2n+1f)(57 g)HLg

S lleeg(s)llige 102 £ (5) 2
S 5T N9z + 579 o) 1€ F ()12
<

s g, Nl (1 + gl ,)-
Doing the same for the two other parts, we conclude for the I part by
162419, 9, F)(s)llz S 577 Mgl gl %, (1 N, ) (1 + Nyl ).
The N term is simpler, cause we remark that
"IN, 9, F)(5,€)| = [N(€9,9. F)(5,€)].
Thus we have

s NG g, D)z S s G 19() 1 1679 ()l 2

S

_ . A2
S5 gl g,
Finally we conclude for R that

n —1+a||,~ A ~ 112 A
1€ R(s)ll 2 S 7 g5, gl (1 + (1]l ) (1 + [l [, )- (3.3.8)
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3.3.3 Conclusion of the proof.

We have to compile our estimates with the norms that defined the X7 norm. We
remind that

losllxz = llsllogerge + 18 sl e o + E7 D[] e proansa

and .
@(iy, 0,)(1,€) 1= D}(€) + [ Byls, ) R(s,€)ds.

For the L™ part, we use Lemma 3.3.1, the equation (3.3.1) and the relation 3av — § < 0
to get

t
[ @1 (i, dg) ()] Lo < [0y Lee +/1 | B(s)|Leds
N ~ 112 A 112 ~ 114
S+ iy, 10gllx, (1 + gl )X+ l[oflx,.)-

For the H'Y part, we use Lemma 3.3.1 and the equations (3.3.2), (3.3.3) and (3.3.6). We
have

I, ) Ol o < bz +17 [ (DR o+ DRz 1B 5V ) s
S &+ sl 1oy, (1 + llpll, ) (1 + lldgll,).
The H%?"*! part is easier, just using (3.3.8) we get
[E @1 (g, g) (Bl goznsr S € + gl x., g, (14 gl ) (1 + [, )-
Finally, we have, with a constant M > 0,
191 (g, ), < 2+ Mgl Iyl (1+ Niogl )1+ 1%,

The other equation is obtained by the same way by symmetry of the roles of v and v. [

3.4 The asymptotic behavior

We are now able to use the proposition in order to prove Theorem 3.1.1. First, this
gives us a local existence, by a fixed point argument in a suitable space. Moreover, by a
continuity argument, we prove a global one. In the two last parts of this section, we use
our estimates to get the L* decay and the scattering.

3.4.1 Local existence and uniqueness of the solution.

For the introduction of the function ®, we need to take care of the notations while
considering two pairs of solutions. We consider the application

O (g, g) = (D1, y), Po(iby, ) ,
with ®; and ®, defined in (3.2.6). The idea is to apply a fixed point argument to ® in

E = {5, ) € X, [0 xp < 28, [l x, < 26},
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that we endow with the norm ||(@y, Wy)||g = [|0¢]| xp + |0g | x7-
Using Proposition 3.2.1, we have

N A ~ ~ 112 ~ 14 ~ 14
[ @1y, ), <&+ Mlldyllx, ([0, (14 [1dpllx, )1+ ldglly, ),
~ A ~ A 112 ~ 14 ~ 14
[Pa (0, g)ll, <&+ Mlligllx, [0, (1+ gl )T+ ol )-

For € small enough,
1

8Me*(1+ 16e*)* < 35
In this case, F is invariant under the action of ®. For this invariance, we could have
chosen just ¢ instead of ¢ in the RHS of (3.4.1). The result would have been the same,
but we will need a deeper accuracy for the global existence in the next part. We now have
to show that the application ® is a contraction, therefore we have to consider two pairs
of solutions. Let (wy,, Wy, ), (y,,0,,) € E, we have

(3.4.1)

||(I)<wf17w91) - (I)<wf27w92)”E :H(I)l(wflﬂwm) - (I)l(wfwwgz)HXT

+ H(I)Z(@fu@m) - (I)Q(wa’wgz)”XT'

We do the computations for @, they are mutatis mutandis the same for 5. We start
from

(1005 05) = 107 03) (4:6) = [ Byl O Fals, s = [ Bpa(s, Pl s

— [ BBy = Ra)(s,€)ds + [ Ba(By, — B, ).

As we saw in the proof of Proposition 3.2.1, the role of || f1(t) — f2(t) ||H§10 will be predom-

inant, but we have to do some preliminary computations before. We first focus on the
coupling effect of B,, — B,,, which give us in a second time estimates for fl — fg. In the
third part of the proof, we will focus on the effect of the R; — Ry terms. To be as clear
as possible, we split the proof by announcing the estimates we are going to prove.

The B, — B,, estimates.

First of all, let us rewrite By, — B,,. We observe that

. . —b\ a
e — e = 2jsin <a2 >ez( Qb), Va,b € R.
Therefore, we get

(Bg1 - Bgz)(ta €) = 2isin (/lt ‘w91(5’§>|22_8 |w92<575)|2d8>

o (1 [/ MO $180(00 )

Thus, we have the following relations:

b H(Bgl - Bgz)(t)”Lgo S 111(75)5““791 - wQQ”XT'
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Actually, we have
[(Bgy = Bgo) (D)2 S II/ H([dg, ()7 = [g, (5)*)ds | e
5/1 5 [, (5) — gy (5)l]2ge ([Iidg, (5)l|zge + [, (5) 250 )dls.

hd ||a£(Bgl - Bg2)(t)||L§ Ste(l+ e’ ln(t))ngl - wg2||XT'

For this relation, we need more computations due to the derivative. We have

10¢(B,, — By, )(t ||L2<Hassm </ |y, (5)|* — Iwgz(s)lgds>

2s 2
L

iy ()7 + |wg2<s>|2ds>

2 i /
sin </ |w91 |w92( )| dS) age ( 1 2s
We consider separately the two parts of the sum. For the first part,

t a7 2 a5 2
b = |3 sin ( [ ()P = b (o) ds) o
1

.
Lg

2s
S| [ 570y, (5)[2 — [t (5)2)dls |
N|1s e (| g, (s W, (S )%
< 1 st ((||35@91(S)||Lg + [|0ctg, (5) ]| 2)[[ g, (5) — g, ()| e

(g, ()l 2o + [[g, (5)[| g2 )[| O (g, () — ?f)ga(s))HLg) ds
S; ta5||wg1 - wQQHXT'

For the second one, using the same relation for the coupled part,

1030 (5)1? + 155 (5) ds)

b~ [sin < Bt A ds) ( %

5 2

t
S [ 57 00 (5) = (e (10 (5) e + 1905 (5) 2l

t
x [ 57 10600 (9210 (5) 5= + 06000 (3)] s ) 2

S t* ln(t)‘g:gHuA}m - UA]92HXT'

The fl — fg estimates.

Using the previous estimates, we now deal with the coupling effect of fl — fg. First,
we remark that

Ji— f2 = wf1§gl - wf2§gz - UA)f1 (§91 - §g2> +§gz(wf1 - wf2>‘

Thanks to this decomposition, we deal with the L, H' and H%?"*! norms of f; — fo.
First, we show that

e H(fl - f2)(t)HLg° S ln(t)EQHUA)gl - wngXT + wal - /lI]f2HXT'
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We prove this inequality by using the estimation of ||(By, — By,)(t)]| Lz We have
I = POl S N @)l 1By — Boo) ()l + (g, — @p) (1) e

o H(fl - f2)(t>HL§ S/ t* ln(t)EQH’lfng - UAJQQHXT + tanfl - wf2HXT'

Indeed, by the exact same way but with the L? control of the @ terms,
1(fr = f2)) |22 S Mg, () |22ll(Bgy — Boo) ()|l ge + [0, — @) (8)]] 2

o (1€ (A= SOz St (1) [y, — Waulxy + g, — s [l

This is the same estimation and exactly the same computation because
1€ (fr = f)O)lez S N b, (O 22l (Bgy — By ) (0)llzge + 1€ (g, — g ) (1)l 2

o [10:(fi = F) ()12 St n(t)e? by, — ,llxcy + [0, — gyl xr-

For this last one we have

106(fr = f2) (V)12 S 106, (D221 (Byy — By )(®)l|ze + Nl ()| ge 19 (B, — Boa) (8)l 2
+ 110 B, (1) | 21 (05, — p,) ()| e + ([0 (dg, — D, ) (E) ] 2-

Here, we can use the previous relations of this part, the equation (3.3.3), and the fact
that € is small to obtain the desired estimate.
Computing these estimates, we finally have

IF = F)(O)

G = 2)(O) e
||(f1 - f2)(t)HHg’2”+1

ln(t)€2HUAJ91 - /lIJQQHXT + wal - waHXT7
2 In(t)e?||ig, — g, || xp + 1| 0g, — Wyl xp, (3.4.2)

1 In(t)e? |y, — g, |l + 1% Dg, — D, lx-

AR AR AN

The R; — R, estimates.

For the Ry — R, terms, the first estimate we deal with is the following
o [[(Ri— Ro)(®)|lree S0P (In(t)e® + 1)(|[ g, — g, [l xp + [0, — Dpalr)-
Indeed, by definition of R we have

|(Ry = Ro)(£,6)] = [R(g1. v, 1) (£.€) = R(da, 6o f2)(£,€)
< (IR(6 — G2 v, | + |R(G2, 61 — G, F)] + |R(G2, G2, i = Jo)]) (1,6,

Therefore, using Lemma 3.3.1 and the equation (3.4.2), we obtain the announced result.
Then, we show that

o [(Ri—Ro)®)llz St ((t)e” + 1)(|[idy, — gy llxp + g, — gl x)-



3.4. THE ASYMPTOTIC BEHAVIOR 109

In order to get this estimate, we have, tanks to the relation (3.3.4), the inequality

I(Ry = Ra) ()]l 2 < 11 (ds Gvs 1) = (G2, Gos F)) ()]l .2
+t (N (Gr, Gis f1) — N (g2, G, f2))(t)||L§
Once again, by linearity, we remark that
I(g1, G1, 1) = 1(2: Go, f2) = I(Gr — o, 61, Fr) + 1(G2, G — Go, 1) + I (2. G, f1 — fo),
N(gr, g1, f1) = N(Ga, G, f2) = NGy = G2, 61, 1) + N(do, 61 — Go, 1) + N(Ga, 6o, fr = f).

Here, we just show how to control one term in I, and one in NV, all the other computations
are the same. For I we use Lemma 3.2.3 and the equations (3.3.1) and (3.4.2),

(g2 = Gz, i f) Oz S 1€ gu ()= e Fu () 5= [l (90 — 92) (8)]2
St 1l + t_5||§1||H;v°)(||f1||Lg° + t_5||f1||H;vO)||§1 — Gz
St (D) by, — g, |y + iy, — Bgalx ) -
For the N term, by equation (3.4.2) we have
IN (i — g i, F) O 22 = 1161 — G)F A0
S Il lgilleg (g — 2l .2
St (In()e by, — b |l xp + llidg, — gslxr )

Combining these results, we have the desired one. For the H'Y part, we want to show
that

o [0e(Ry — Ro)(®)llzz St ((t)e” + 1)(|[idy, — gyl xp + iy, — gl xr)-

To prove this one, we write 0¢(R; — R3) by using the equation (3.3.5), we obtain twelve
terms, six terms in I, six in N. We need to couple these terms, using the same method
as previously. For example, for I we have

1(Der, 61, f1)—1(Deda, Go, fo) = T1(e(Gi—02), Gu, L) H1 (e, Gi—Ga, Fr)+1(Dedi, Gy fr—fo)-

Thus, we obtain eighteen terms with a coupled part in each of them. Following the way of
the estimation of [|(R; — R2)(t) Hng and using the equations (3.3.1) and (3.4.2), we finally
obtain the result. The last estimate we deal with is

o (& (R = Re)(t)llee S 7 (n(t)e? + 1) ([, — g llxy + 107, — gl xy)-

This is the same estimation as ||(R; — Ra)(t)|| 12, and the computations are almost the
same too. As in the previous estimate, we use the following decomposition,

€ (Ry=Ra)| < €2 R(G1— G, 61, F)HIE T R(Go, Gi—Go, 1) HIE" R(Ga, G2, = o).

Let us just focus on the first term, using the equation (3.3.4), we have

" R(Gy — o, G, F)| < 1€ TGy — o, Gu, P+t ETIN (G — G, G, ).
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For the I term, we use a second time the equation (3.3.7) to obtain

|§2n+1](g/\1 _g27g17f1)|
< I (G — G2), Gus FO)| + (G — 62,8 v, f1)| + [ 1(G1 — Go, G0, 1))

Now we just do the same computations that previously. We take the L2 part of the norm
for the coupling part, and the other ones in L°. For N, we simply have

(€2 IN(G1 = g2, g1, fl = IN (g1 — 62, 8", i)l

As we have the relation [£2" T g, | = [£2"T14d,, |, we have the same bound once again.

Conclusion.

Set (t) 1= (D1 (Wy,, Wy, ) — P1(y,, Wy,)) (), we remind that

0(0) = [ By (Ry — Ro)(s, )ds + [ RalBy, — Buu)(s,€)ds

Thus, we have

[0z < [ 10— RS azds + [ 1R(6)a 1By, — Bo)(5) s,
19Ollz < [ 1R = Ba)s)lzzds + [ 1)zl (B, — B) (e,
€90z < [ 1677 (B~ Bo)(s)lzzds + [ 167 Bafs)lzzll (B, — B) ()l
000z < [ 10 Ni2ll(Rr = Ra)Mzzedds + [ 1R~ Ba)(s) 120
[ IR 106(Byy — Byu) () sz

t
+ [ 10BN (B — Bl

Finally, we find, for a constant M > 0,
||¢)1(@f1, wm) - (bl(@fzv w92)|’XT < M52(1 + 1n<t>52)(”@f1 - wf2||XT + ||w91 - w92||XT)‘

We chose & small enough. Thus, for T sufficiently close to 1, Me?(1+&*In(T)) < %, and
wet get

P P oo . .
||(I)(wf1’wg1) - (I)(wfz’wgz)”E < §||(wf1>w91) - (wf27wgz)HE'

Finally, for such a T', ® is a contraction. We can apply the fixed point theorem to get the
local existence of the solutions. Let us see now of to pass from the local existence to the
global one.
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3.4.2 Global existence of the solution.

The key argument for the transition from the local existence to the global one is the
continuity. First, we show that the map

s i (Ol + 16205 (0) o + 10 (0) e,

is continuous. Then we will conclude by a connectivity argument. Let us remark that,
for the times 1 < t; <ty < T, with T" defined in the previous section, we have

g(t2) —ivg(t) = [ Bys, OR(,9. D)5, s,

t1

By Lemma 3.3.1 and the estimate (3.3.1), we obtain

< ‘t23a76 _ t13a76

~Y

— 0. (3.4.3)

For the L? part, we remark that
[ty () — £y (01)] < [t — 7| [y (ta)] + 1 [ty (£2) — iy ()]

With Proposition 3.2.1, we control the ||@s(t2)]| ;10 and ||wf(t2)||H£o,2n+1 terms. Therefore,

using this time Lemma 3.3.1 and the estimates (3.3.1), (3.3.2), (3.3.3), (3.3.6) and (3.3.8),
we have

Jis(t2) = oy () zo < [ 1RG5 P& oo + 1RG5, )z 106 Bl 12)ds

S |t20é _ t1a| + ‘t2406—5 _ t1406—(5

— 0,
t1—to

t2 A
i (t) = s (1) o < [ IR 3. F)(s) | yoonrds
1

< a ;1 a
N |t2 t1 ‘ tjz 0.

Thus, we obtain by the previous computation the continuity of the application
tr g ()l nge 4 170 ()| gro + [t ()] goznsa.

Finally, taking the supremum of this application on [1,7T], we have the continuity of the
application T' — ||@¢|| x,.. Thanks to this continuity, we define the space

A= {T > 1, |dyllx, < 2¢} € [1,+00).

Now, we show that A = [1,+00). Let us remark that,

— A is non empty. Indeed, by the hypothesis of Theorem 3.1.1 and the embedding of
HY(R) in L*(R), 1 € A.
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— A is closed. This is due to the large inequality in the definition of A and the
continuity of the application T +— |||l x,.-

— A is open. Here we use Proposition 3.2.1, if T' € A, then we have:

N N A 12 ~ 14 ~ 114
[l e, <&+ MlJdslly, gl (14 [ldflly, )1+ dgll,)
< e+ 8Me*(1+ 16e*)2

Therefore, by the choice of € in (3.4.1), [|dy[ 5, < 3¢, we can go further for 7.

Finally, A is non empty, open, closed and included in the interval [1, +00). Therefore,
by connectivity, we have A = [1,+00). Thus, we have the global existence of the solu-
tions under the assumptions of Proposition 3.2.1. The last thing to check is that these
assumptions are satisfied under the ones of Theorem 3.1.1. Fix € > 0 and suppose that

DO ™

“ulHH;’U + ||u1||H2,2n+1 <
We want to control w}(g) = f(l,f) = ei£2a<1’ ¢). We have

[oF () gro < (V)22 + 8Dz + 91|z <

o)l s = (D)l gonss <

c
27

2
3

DN ™

Therefore,
[@5()llgz0 + [@H(E) ]| ozns < e.

The hypotheses of Proposition 3.2.1 are checked, and we have the global solution for
Theorem 3.1.1.

3.4.3 The decay estimate.

This estimate comes from Lemma 3.2.3. Indeed, let (u,v) be the pair of solutions of
our problem (3.1.1), thus we have, for all 5 € (0, i),

. 1, 4 1 A
o WO0ra < -
[u(@)llzee = [l f ()]l S ! 1f ()l rge + it%ﬁl\f(t)HH;O
1 1 «
< el oo
S lislliz + 517 o

By the definition of the Xt norm and the bound (3.3.1), we get
_1 a—B\ ||~ .
lu()llez S 721+ 127P) g, (L4 [l )-

Remembering that o < 3, we finally use the control of the X7 norm from the previous
subsection to get the desired decay of Theorem 3.1.1.
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3.4.4 The long-range scattering.

All the ingredients we need to exhibit the long-range scattering are already in the
equation (3.4.3),
[ (t2) — dp(tr)llnee S |20 — %)
£

As 3a — 6 < 0, the Cauchy criterion for the existence of a limit of a function allows us to
construct the application W € Lg°(R) by

W tlgrn We(t,€) in the L™ sense.
oo
Let t; — 400 in the previous equation, we obtain
W) — W2 S 8370 3.4.4
f f 3 Y

We still have to deal with the H%" case. For that purpose, we’ll use the following embed-
ding
1 1
171 S 171l (3.45)
Let us prove this inequality, using Cauchy-Schwarz. Let M > 0,

Il = [ 1A+ [ e e lfLS Ml + Mz,
|z| <M |z|>M

1 1
Choosing M = ||z f|| 7.1/ f]|;2, we get the inequality (3.4.5). Thereby, we have
&Rl S IRH iz e R
SIRIE 1€ RIZ,
1 1
S IRIE Rl 3.6)
where we used (3.4.5) in the last inequality. Finally we have

da—4 da—3

[0 (t2) _UA’f(tl)HHg’" N ’tz T — 1y 2

As 4a — § < 0 (see Remark 3.3.2), the Cauchy criterion for the existence of a limit of a
function allows us to construct the application W € Hg ™(R) by

Wi tli+m Wy(t,€) in the H™" sense.
—+00

Let t; — 400 in the previous equation, we obtain

da—3

Ji5(6) = Wl o S %
These inequalities are verified for all a small enough and all 0 < § < i. The idea is
to take the limits for « — 0 and 0 — i. Let v = i — 0+ 4a € (0, i), we obtain the
desired estimates of long-range scattering. The last thing to check is that Wg* = W},
This is a consequence of the Riesz-Fischer Theorem for the completeness of LP. Indeed,
it is proved in this theorem that if w(¢,) converges to W in LP, then there exists a
subsequence Wy (t,@)) that converges to W almost everywhere. Taking p = 2 and p = o0,
we show that Wp° = W} almost everywhere. Thus we can define

Wy =W =Wp e LE nH".
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3.4.5 The asymptotic formula.

From the previous part, we know that there exists an unique Wy € Lg(R) such that

? t1 1

f(t,. — ds | — Wyllpe St
17t Jexp (o= [ 31 )P as) = Wil 5 -
By the equation (3.2.7) we have

ult,x) = € f(t,2) = (2it) Fe'T f
where, using the bound (3.3.1),

1A Ol e S 27N Fll o S 727070 S A

-

o)+ Ag(t, ),

I\D‘g

Thus, we obtain the following asymptotic expansion for u, for a large time ¢:

u(t,2) = —— exp(i W) exp 2\/%/” DIdr) + O (347)

T
(2it)? 4t

This is an implicit formula. Indeed we have a v term in the RHS of the equality. To deal
with this term, we follow the method of Hayashi and Naumkin in [33]. Let us define

3(t) = [l (7) = () (345)

-
Thus, for 1 < s <t, we have

30(0) = 0(5) = [ ()~ (V) + (1, ()P = () In(s).

We use the bounds of Lemma 3.3.1 and the equation (3.3.1) to get

iy (7)[2 = g (8)2| < [[iby(7)] = g (]| S |70 = 2227
By using this bound in the previous equation we obtain

(1) = ()] S [ = 57| + [P0 In(t) — 5™ In(s)|.
Therefore, by the Cauchy criterion, there exists I'y € Lg°(R) defined by

Iy:&— tEeroovg(t,f) in Lg°.
Let t — +o0 in the previous equation. We use that In(t) < t* to obtain
[79(s) =Ty < 40 (3.4.9)

Back to the definition of 7, in (3.4.8), we have

b o dT " 2
[ g(MIPE = 54(8) + iy () (1)
= [W,PIn(t) + Ty + (3(t) = Ty) + ([t ()[* = [W,[*) In(t).
Thus, using the equations (3.4.4) and (3.4.9), we obtain
t d
I [ lg(r)EE = W In(t) = Tyllag S #7074,
1

We combine this equation with the equation (3.4.7) to get the asymptotic formula for u
for large time t. The formula for v is obtained by symmetry. This concludes the proof of
Theorem 3.1.1.



Modified scattering and beating
effect for a cubic coupled
Schrodinger system on R x T

In this chapter, we study a coupled nonlinear Schréodinger system with small initial
data in a product space. We establish a modified scattering of the solutions of this
system and we construct a modified wave operator. The study of the resonant system,
which provides the asymptotic dynamics, allows us to highlight a control of the Sobolev
norms and interesting dynamics with the beating effect. The proof uses a recent work of
Hani, Pausader, Tzvetkov and Visciglia for the modified scattering, and a recent work of
Grébert, Paturel and Thomann for the study of the resonant system.

4.1 Introduction

The purpose of this paper is to study the asymptotic behavior of the following cubic
defocusing coupled nonlinear Schrodinger system with small initial data:

(4.1.1)

iU + ApyrU = |VPU, (t,z,y) € ]0,400) x R x T,
i,V + ApurV = |UPV,

where T = R/27Z is the one dimensional torus and U,V are complex valued functions
on the spatial product space R x T. We construct some solutions of this system which
exhibit a modified scattering to solutions of a nonlinear resonant system. Thanks to the
nonlinearity, we construct solutions which exhibit a beating effect, namely a transfer of
energy between two different modes of the couple of solutions. This is a genuine nonlinear
behavior.

115



116 CHAPTER 4. CUBIC SCHRODINGER SYSTEMS ON R x T

4.1.1 Motivations and background

When dealing with small solutions of nonlinear evolution equations, there are usually
two main axes of research. The first one is the linear approach. The idea is to show that
for small initial data, the solutions of these equations tend to be close to solutions of the
associated linear equations. The second way to analyze these equations is the nonlinear
approach. This is the approach we choose in this paper. This time, the goal is to find
some solutions with a nonlinear behavior, i.e a behavior that doesn’t exist for the linear
equation. From this point of view, we can expect a large range of results, depending
on the kind of nonlinear behavior we want to highlight. First, we can expect different
kinds of nonlinear behavior. For example, we can expect some growth of the Sobolev
norms, or even a blow-up of the solutions. We can also expect some interaction between
the modes and frequencies of the solutions (e.g. some exchange of energy), existence
of solitons... Then, nonlinear effects can appear on different time scales. This can be
finite time behavior, large but finite time behavior depending of the size of the initial
data, or even infinite time behavior. Finally, we can make a new dichotomy with the
way the solutions are enjoying the behavior: are the solutions presenting themselves the
nonlinear behavior, or are they scattering to solutions of other equations which present
this behavior 7

From the point of view of the search of nonlinear behaviors, the cubic nonlinear
Schrodinger equation is a perfect candidate due to this cubic nonlinearity that offers
some resonant opportunities. Physically, the cubic nonlinear Schrédinger equation

1

with A € R, appears in a large range of phenomena, like for example, the propagation
of light in nonlinear optical fibers, the Bose-Einstein condensates theory, the gravity
waves, the water waves, the plasma oscillations in magnetohydrodynamics. . . This duality
between the physical and mathematical interest makes this equation one of the most
studied and one of the most important models in nonlinear science. The kind of nonlinear
behavior we can obtain depends on the geometry of the spatial domain. Let us present
some of these nonlinear results.

For Euclidean spaces, we can show that the solutions exist globally, are decreasing and
exhibit some kind of scattering to free solutions. We refer to Kato and Pusateri in [37]
for the critical case of the space R (in this case the scattering result is modified), and to
Hayashi and Naumkin in [33] for the more general case of the Euclidean space R™. Both
results are extensions of initial works of Ozawa for the dimension 1 ([44]), and Ginibre
and Ozawa for the higher dimensions ([17]).

For hyperbolic spaces, they are also a lot of scattering results for the cubic Schrodinger
equation. For example, Banica, Carles and Staffilani show in [3] that we have a scattering
behavior and a wave operator in H'(H?). Higher dimension cases are treated, for smaller
nonlinearities and always in H', by Banica, Carles and Duyckaerts with radial assump-
tions ([2]), or by lonescu, Pausader and Staffilani without radial assumptions ([34]).

For compact domains, in the case of the torus, we can use the resonances between
the modes of the solutions to exhibit some growth of the Sobolev norms (see Colliander,
Keel, Staffilani, Takaoka and Tao in the case of the torus T? in [13]). We can also use
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these resonances to see that the equation is strongly illposed on the Sobolev spaces H?
(with s < 0), in the torus T? for d > 2 (see Carles and Kappeler in [9]); or to see the
equation is instable with respect to the initial value (see Carles, Dumas and Sparber
in [7]).

Finally, for product spaces, we can expect to mix some of these geometric domains to
obtain two different kinds of nonlinearity at the same time. The initial idea of Tzvetkov
and Visciglia in [50] is to study the equation on the space R" x M, with M a compact
Riemannian manifold. They show that the solutions exist globally and scatter to free
solutions for small initial data. The two authors extend their result to the large data case
with the compact manifold M = T in [51]. They obtain again a global existence and a
scattering behavior. As in the Euclidean spaces case, the problem is here that solutions
of the cubic Schréodinger equation scatter to free solutions, which prevents from all the
compact-kind nonlinear behavior such as a growth of the norms.

From the point of view of the product space, Hani, Pausader, Tzvetkov and Visciglia
in [27] avoid this problem by considering the space R x T¢, for 1 < d < 4. The idea is to
keep a direction of diffusion with R to enable scattering results and to add the compact
manifold T¢ to obtain interesting nonlinear behaviors. The result here is very interesting
because they show that, for small initial data, the solutions of the cubic Schrédinger
equation scatter to solutions of another equation called the resonant equation, instead of
free solutions. They also obtain a modified wave operator from this resonant equation
to the cubic Schrodinger equation. As a consequence, we can expect a whole new range
of nonlinearity mixing the scattering theory from the Euclidean part, and all the kind
of nonlinearity we can highlight for the resonant equation. In particular, they show how
to transfer solutions of a reduced resonant equation on the torus T? to solutions of the
resonant equation. Therefore, we can expect all 'torus-kind’ of nonlinearity (thanks to
the resonances) for the resonant equation, as a growth of the Sobolev norms, and thus
find solutions to the the cubic Schrédinger equation that scatter to these solutions.

An interesting feature of this method employed by Hani, Pausader, Tzvetkov and
Visciglia, is the fact that it is adaptable. From example, adding a convolution potential
in order to kill the resonances, Grébert, Paturel and Thomann show in [21] that the
modified equation admits modified scattering and a wave operator too, but they show
that all the Sobolev norms of their solutions tend to be constant. Another example is
given by Hani and Thomann in [28]. They add a harmonic trapping and obtain once
again a modified scattering result and the existence of the modified wave operator. The
important fact here is that the resonant dynamics allow them to justify and extend some
physical approximations in the theory of Bose-Einstein condensates in cigar-shaped traps.
Finally, a last example is given by Haiyan Xu in [54]. By modifying the equation, she
establishes a scattering theory between the cubic Schrodinger equation on the cylinder
R x T and the Szegé equation. Thanks to the study of the Szeg6 equation (see for example
the article [16] of Gérard and Grellier), this allows her to construct global unbounded
solutions to this modified cubic Schrodinger equation.

As in the three previous examples, the goal of this paper is to transport the method
of Hani, Pausader, Tzvetkov and Visciglia to another problem, the study of the cubic
coupled Schrédinger system. Indeed, the cubic coupled Schrodinger systems present some
interesting dynamical properties we can present now.
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From the mathematical point of view, the study of systems offers more possibilities
than a single equation. However, the first step is often to check that we can extend the
results of the equation case study to the system case. In that optic, we can see from a
general point of view on evolution systems that the presence of a direction of diffusion
seems to allow scattering. For example, for the Klein Gordon equation on product spaces,
Hari and Visciglia in [29] obtain scattering of the solutions to free solutions for small initial
data. In the case of Schrodinger systems, Cassano and Tarulli show in [10] a scattering
result and the existence of the wave operator, but this study doesn’t allow to look at the
cubic case when there is just one Euclidean space direction. Let us now deal with cubic
coupled Schrodinger systems.

As the cubic Schrodinger equation, the cubic coupled Schrodinger system presents
at the same time a physical and a mathematical interest. Physically, the cubic coupled
Schrodinger system occurs in nonlinear optics while, for example, looking two orthog-
onally polarized components traveling at different speeds because of different refractive
indices associated with them. We can also study the coupling between two different opti-
cal waveguides, that can be provided by a dual-core single-mode fiber. Another example
is given by two distinct pulses with different carrier frequencies but with the same polar-
ization. For more precisions on these examples, we can refer to the book [1] of G. Agrawal
and R. Boyd on nonlinear optics.

Of course, the kind of result we obtain for systems depends on the geometry of the
space domain. For Euclidean spaces, the role of the coupling is not predominant. Ba-
sically, we obtain same kind of results as in the one equation case. As in the Hayashi-
Naumkin article [33], the Euclidean direction can provide some decrease of the L norms.
For example, Donghyun Kim studies in [38] a cubic coupled Schrodinger system with dif-
ferent mass. He obtains the global existence and a decay of the solutions. Another
example is given by Li and Sunagawa in [41], where the authors study the decay rate of
the L* norms for a large range of cubic nonlinearities, including the derivative nonlinear-
ities. The diffusion direction allows extension of the results of Kato and Pusateri ([37]) in
the case of a cubic coupled Schrodinger system on R, with global existence, a scattering
result and a decreasing of the solutions (see [52]). For bigger Euclidean spaces, we can
cite the recent work of Farah and Pastor who show global existence and scattering in
H(R3) in [15].

For the torus case, the study of systems allows to create more nonlinear behaviors by
creating mixing between the different modes of the solutions. This is the main interest
of the study of the cubic coupled Schrédinger systems. For example, Grébert, Paturel
and Thomann in [20] highlight a beating effect for cubic coupled Schrodinger systems
on T. This beating effect consists in an exchange of energy between different modes of
the solution. This surprising behavior can be observed by simple experiences, for example,
with two identical clothespins on a wire. In this experience, with a small perturbation, we
can observe a beating effect between the two clothespins (see the video [18], in French).
The existence of the beating effect for the cubic coupled Schrédinger systems, based on
a Birkhoff normal form decomposition of the Hamiltonian of the system, is thus proved
for large but finite time. This kind of nonlinear behavior is made possible by the mixing
effect mentioned above.

The goal of this article is to obtain a beating effect behavior for the cubic coupled
Schrodinger systems in infinite time. For this purpose, two main solutions may be envi-
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sioned: the KAM theory or the use of scattering results.

Concerning the KAM theory, an example is given by the study of the quintic Schrodinger
equation on the torus. First, Grébert and Thomann obtained for this equation a beating
effect for finite time in [22]. Thanks to a KAM theorem, Haus and Procesi then con-
structed quasi-periodic solutions that exchange energy, through the beating effect, over
an infinite time ([31]). The advantage of this method is the fact that it allows to stay on
the torus in order to obtain the infinite time behavior, when we need for the scattering
method to add a dispersive direction.

In this paper, we choose the second method and thus consider the spatial domain
R x T. The goal is to use the diffusion direction to get a modified scattering result and
construct a modified wave operator by using the method of Hani, Pausader, Tzvetkov and
Visciglia; and to use the compact component T to obtain interesting dynamics such as
the beating effect of Grébert, Paturel and Thomann. By mixing these two approaches,
we obtain a couple of solutions of our system (1.0.1) that scatters to a solution of a
resonant system that provides a beating effect. Moreover, we show that the construction
of the modified scattering implies some dynamical consequences, such as the control of
the Sobolev norms.

4.1.2 The results

In this section, we present the main theorems of the paper. In the following results,
we denote by FH(&,p) = H(E,p) = Hy(§) the Fourier transform of H : R x T — C at
the point (§,p) € R x Z. We recall that we study the system

iU 4+ ApyrU = VU, (t,z,y) € [0,+00) x R x T
i,V + ApurV = Ul V.

Due to the approach of Hani, Pausader, Tzvetkov and Visciglia in [27], we want to make
a link between the behavior of the system (4.1.1) and a resonant system we define here:

{iaTWU(T) =R[Wy(r), Wy(r), Wy ()], (41.2)
iaTWV<T> :R[WU(T),WU(T),Wv(T)], o
with
FRIF.GH|(&p)= 3 FE@GENHEs).
pféﬁr;iizzo

P2—g24r2_s2=0

First, in order to make a link between these two systems, we state two theorems
(about modified scattering and the construction of a modified wave operator) which are
extensions of the results of Hani, Pausader, Tzvetkov and Visciglia in [27] to our coupled
system case. Then, we use these theorems to highlight a control of the Sobolev norms,
and a beating effect of the solutions of the system (4.1.1) with the method of Grébert,
Paturel and Thomann in [20]. In the four theorems, ST is a strong L2, based Banach
space, introduced in Subsection 4.2.1, which contains the Schwartz functions. Moreover,
N > 12 is an integer.
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The modified scattering and the wave operator

We present here the modified scattering result and the existence of the modified wave
operator, that we obtain with the strategy of [27]. First, the following theorem show that
solutions of the initial system (4.1.1) scatter to solutions of the resonant system (4.1.2).

Theorem 4.1.1. There exists € > 0 such that if Uy, Vy € ST satisfies
[Uol[s+ + [[Volls+ < e,

and if (U(t),V(t)) solves the system (4.1.1) with initial data (Uy, Vy), then the couple of
solutions (U, V) € C([0,+00) : HN)xC([0,400) : HN) exists globally and exhibits modified
scattering to its resonant dynamics (4.1.2) in the following sense: there exists (Wi o, Wy o)
such that if (Wy(t), Wy (1)) is the solution of (4.1.2) with initial data (Wi, Wy), then

|U(t) — e A2y (m In(t)|gv@xry — 0 as t— +oo,
[V (t) — "2 Wy (rIn(t)) | gv@xry — 0 as t— +oo.

Furthermore, we have the following decay estimate

{\|U<t>||LgOH; S @2,
IVOllzny <

After the existence of a scattering result, the natural question is to look for a wave
operator. Indeed, if we know that each couple of solutions of the system (4.1.1) scatters
to a couple of solutions of the resonant system (4.1.2), we want to know if all the couples
of solutions of the resonant system (4.1.2) are limits of couples of solutions of the initial
system. The answer is given by the following theorem:

Theorem 4.1.2. There exists € > 0 such that if Wy o, Wyg € ST satisfies
[Woolls+ + [[Wyolls+ <e,

and if (Wy(t), Wy (t)) solves the resonant system (4.1.2) with initial data (Wy, Wy),
then there exists a couple (U, V) € C([0,+00) : HY) x C([0, +00) : HY) solution of (4.1.1)
such that

{HU(t) — R TWy (m () | av@eny =0 as t— oo,

|V (t) — et Wy, (7 ()| gv@sxry — 0 as t— +oo.

The aim now is to use these two theorems to obtain some dynamical consequences for
the initial system (4.1.1).

The control of the Sobolev norms

The first dynamical consequence we obtain is the control of all the Sobolev norms of
the couples of solutions. Using the modified scattering operator of Theorem 4.1.1, we
have the following theorem:
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Theorem 4.1.3. There exists € > 0 such that if Uy, Vy € ST satisfies
10olls+ + [Volls+ <&,

and if (U(t),V(t)) solves the system (4.1.1) with initial data (Uy, Vy), then the couple of
solutions (U, V) € C([0,4+00) : HY) x C([0,+00) : HY) exists globally and, for all s € R,
there exists a constant ¢ > 0 such that

lim ([0, + VOl ) = e (4.1.3)

t——+o0

The beating effect

Thanks to the construction of the modified wave operator in Theorem 4.1.2, the idea
is to find some interesting nonlinear behavior of the resonant system (4.1.2) in order to
transfer this behavior to the initial system. As a consequence, we follow the strategy
of [20] to construct couples of solutions of the initial system (4.1.1) which scatter to
beating effect solutions of the resonant system (4.1.2):

Theorem 4.1.4. Let I C R be a bounded open interval, (p,q) a couple of different integers
and 0 < v < % Fore =¢(p,q,I) > 0 small enough, there exists:
— a constant 0 < T, < [In(y)| and a 2T, —periodic function K, : R — (0,1) such that

KV<O) =7 K’y(T'y) =1-

— a couple of solutions (Wy, Wy) of the resonant system (4.1.2) which exhibits a beat-
ing effect in the following sense:

{mﬁ@mzfmwﬁéwm+fmw@awm,
Wy (t,€y) = FWy)(t, & p)e™ + F(Wy)(t, € q)e'™,

{M®GEMI = [Wu(t, & q)]* = 2K, (%),
(1,6, p))? = Wi (t, & @) = (1 — K, (%));

— a couple of solutions (U, V') of the initial system (1.0.1) which exhibits modified
scattering to this couple (VVU7 W) in the following sense:

|\U(t) — eitARXTWU(W ln(t))HHN(RxT) —0 as t— +oo,
[V (t) — €Wy (mIn(t)| gy sy — 0 as t— +oo.

With this theorem, we see the importance of both parts of the product space. On
the one hand, the bounded component allows us to construct couple of solutions with
very nonlinear behavior such as this beating effect (see [20]). On the other hand, the
Euclidean component gives an infinite time behavior (see [52]). Therefore, thanks to the
product space, we have here an asymptotic convergence to the beating effect, which is a
new result. The counterpart of this construction is the fact that this behavior is local in
the Euclidean coordinate.
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4.1.3 Overview of proof
The modified scattering and the wave operator

According to previous results in scattering theory for Schrodinger equations and sys-
tems (see examples given in [3],[10],[21],[27],[28], [29],[33],[37],[50],[51],[52],[54]...), it is
relevant to introduce the profiles (F, G) of the solutions (U, V'), which are the backwards
linear evolutions of solutions to the nonlinear equations:

F(t,z,y) = e "5 U(t,2,y), G(t,z,y) = e BTV (¢, 2, y).
The system described by the profiles looks like

{i@tF(t) = N'G(t),G(t), F(t)],
i0,G(t) =N'F(@),F(t),G()]

To isolate a resonant system, the idea is to work on the structure of the nonlinearity
N*t. According to a stationary phase intuition, we decompose the nonlinearity as

N'f:gRH:.

The integrable part £ enjoys a fast decrease. The idea is to show that it doesn’t play a role
in the asymptotic dynamics of F' and GG. Thus, the system described by R is our resonant
system, the system which contains all the asymptotically dynamics. The goal is thus to
find interesting dynamics such as the beating effect for this resonant system. For that
purpose, we construct a new system, the reduced resonant system, which is obtained from
the resonant system by deleting the Fuclidean variable. This reduced resonant system
lives on the torus T, where we have the beating effect thanks to [20]. Therefore, we have to
show how to transfer solutions of the reduced resonant system to solutions of the resonant
system.

Thanks to the fast decrease of the £ part of the nonlinearity, fixed point arguments
allow us to prove the existence of the modified scattering and modified wave operators.

The dynamical consequences

Both theorems (the modified scattering and the modified wave operator) imply dy-
namical consequences for the initial system (4.1.1).

The modified scattering theorem shows that all solutions of the initial system (4.1.1)
scatter to solutions of the resonant system (4.1.2). Thus, proving that all the solutions of
the resonant system (4.1.2) are bounded in Sobolev spaces, we obtain that all the solutions
of the initial system (4.1.1) are also bounded in Sobolev spaces. This prevents any kind
of growth of Sobolev norms for our cubic coupled Schrédinger system on R x T.

The modified wave operator theorem shows that for all solution of the resonant sys-
tem (4.1.2), there exists a solution of the initial system (4.1.1) which scatters to this res-
onant system solution. Thanks to this operator, we can transfer the beating effect from
the resonant system to the initial system and thus obtain solutions of the system (4.1.1)
which scatter to beating effect solutions of the resonant system.
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This strategy is summarized in the following sketch:

Figure 4.1 — Sketch of the strategy
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4.1.4 Plan of the paper

In Section 4.2, we introduce the different norms and notations we need and state some
preliminary estimates. In particular, we state a transfer principle in Subsection 4.2.4
which is predominant for the study of the nonlinearity. In Section 4.3, we introduce a
decomposition of the nonlinearity and we study the behavior of the different parts of
this decomposition. The resonant system is introduced and studied in Section 4.4. In
particular, we construct here the solutions which provide some beating effect. Finally, we
prove Theorem 4.1.1 about modified scattering in Section 4.5, and Theorem 4.1.2 about
the modified wave operator in Section 4.6.

4.2 Preliminaries

In this section, we first introduce in Subsection 4.2.1 all the notations and norms we
use in the paper. Then, in Subsection 4.2.2, we introduce the profiles and the nonlinearity
associated to the profile system. Subsection 4.2.3 gives some preliminary estimates that
we use in the following parts of the paper. In Subsection 4.2.4, we prove a crucial transfer
principle that allow to pass from L? bound estimates to other L?-based norm estimates.
Finally, we present a first estimate for the nonlinearity in Subsection 4.2.5 which implies
the local existence of the solutions to the cubic coupled Schrédinger system.

4.2.1 Norms and notations
Some notations

We mainly follow the notations of [27].



124 CHAPTER 4. CUBIC SCHRODINGER SYSTEMS ON R x T

Concerning standard notations, we use the notation f < g to denote that there exists
a constant ¢ > 0 such that f < cg. This notation allows us to avoid dealing with all the
constants in the different inequalities. We also use the usual notation (p) := /1 + p2.

Most of the time, we use the distinction between lower case letters and capitalized
letters to specify on which spatial domain the functions are defined. On the one hand,
we use lower case letters to denote functions of the Fuclidean variable f : R — C or
sequences a : Z — C. On the other hand, we use capitalized letters to denote functions
on the product space F': Rx T — C. Exceptions are given by Littlewood-Paley operators
and dyadic numbers which are capitalized.

We define the spatial Fourier transform in Schwartz space, for ¢ € S(R x T), by

FUONED) =000 = gz [ 5 ol dady

We see with this definition that we use the notation f(£) for the Fourier transform of a
function defined on R, and the notation a, for the Fourier transform of a function defined
on the torus T. One of the interest of this Fourier transform convention is that there is
no m-coefficient for the inverse Fourier transform.

As mentioned in the motivations, it seems relevant to introduce the profiles (F, G) of
a solution (U, V), defined by

F(t,x,y) = e "Bt (t, 1, 9) G(t,x,y) == e BTV (¢ 1 y)). (4.2.1)

As we work with small initial data, we can expect the nonlinearity to stay small, and thus
the solutions of the system (4.1.1) to stay close to their profiles which are the solutions
of the linear system.

For the Littlewood-Paley theory approach, we introduce the full frequency space
Littlewood-Paley projectors P defined by

§

(FPenF)(E,p) = 9(3)0(5)(FF)(E ),

where N is a dyadic number, and the function ¢ € C> satisfy ¢(x) = 1 when |z| < 1,
and ¢(z) = 0 when |z| > 2. The function ¢ localizes near the origin, in order to obtain a
function which localizes near a given frequency, we also define

¢() = p(x) — (22).
From these Littlewood-Paley projectors, we also define the projectors
PN:PSN—PS%, PZNzl_PS%

Therefore, given a function F', we are able to separate the low and the high frequencies
with respect to a dyadic number N by writing

F = P_yF + PoyyF.

In order to localize only in the Euclidean variable, we introduce the partial Littlewood-
Paley projectors ) defined by

(FQenF)(E) = ¢S FF)E D).
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We also define )y and ()>n by the same way.
Moreover, after these space frequency localizations, we can look at time localization.
For that purpose, we introduce the function gy : R — R, for T 2 1, which satisfy

0<qr(s) <1, gr(s)=0 if |s| < Z or 1827, [l st (122)
Concerning the frequency sets we use here, we first introduce the momentum level set
M :={(p,q,r,s) €Z* : m(p,q,r,8) :=p—q+r—5=0}
Thanks to this set, we define the resonant level sets by
I, :={(p,qrs) eM : wpqrs)=p —q¢+r*—s>=w}

In particular, the resonant level set associated to our resonant system is the set I'. We
show in Remark 4.4.3 that

(p,q,r,s) €Ty if and only if {p,r} ={q,s}.

Finally, for the constants used in the paper, we fix the small parameter 6 < 1073 and
the integer N > 12 for the definitions of the norms we present just below.
The norms

First, for the sequences a = (a,)pez, we defined the associated Sobolev norm by
hy = (14 0°)a*.

PEZL

la

Then, for the functions, we use mainly three time-independent norms. The first one
is a week norm, 7, defined by
IFIIZ = ?Elﬂg(l +EP 1+ (4.2.3)

pEZ
The two others are two strong norms S and S™ defined by
IFlls = [IFllax, +llaF ez, Flls+ == Flls + (1 = 0w) Flls + 2 F 5. (4.2.4)

The subscripted letters z,y and p in the definitions of the norms indicate the variable
concerned by the integration, and thus the canonical integration domain associated (R
for the variables z, y and £; and Z for the variable p). We prove in Subsection 4.2.3 the
following hierarchy between the norms:
1 3
[FNaz, S IFlz S TEI NFIS S TFls < 15+

Ty N

The important information about the choice of the Z norm is the fact that this norm is
conserved by the solutions of the resonant system (4.1.2). We also remark that the S
norm is a stronger norm than the S norm, but only in .
For the time dependent norms, we introduce the norms Xr and X7 defined by
-5 —35
IFllxe = sup (IF@llz + QU+ ) IF@ s + 0+ ) 10F@lls),  (4.25)

1Pl = 1Fllxe + sup (L) IE@ st + 0L+ ) N0F W) s+) . (4:26)

These are the norm we use to construct a completed space which will allow the fixed point
arguments we use to prove the modified scattering and the modified wave operator.
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4.2.2 Introduction of the profiles
By writing the system (4.1.1) with the profiles we get

{i@tF(t) = g ARXT (e“ARXTG(t)e‘“ARXTG(t) “ARXTF(t)) NUG(t), G(t), F(t)],

NUE(), F(t), G(1)],

e
i0,G(t) = e e (e p(p)e AT B (1)t G(t) )

where ‘ ‘
NF(E), Gt), H(L)] = o8 (etdaes pe-ituGtdas o)
Let us compute the Fourier transform of N*[F(t), G(t), H(t)]. We first remark that, taking
the Fourier transform with respect to the y variable, we get for F
eitARXTF(t, x,y) = Z iy o —ita” (eitaqu(t, x)) )
q€EZ

Thus, by taking this expression for F',G and H, we obtain
FN'[F,G, H](&,p)

eité? 4 , . . N

_ —ix€ —im(p,q,r,8)y ,itw(p,q,r,s) ufﬁmp 71tazIG zt@zzH dxd

e e e e e € s) (x)dx

(27)? /qur q,gez ( q ) (z)dzdy
61’7&52 ) ) ) o

— Z 6ztw(p,q,r,s) / e—z:v§ (611583” qu—ztazz GTeztazz Hs) (I)dIL’
2 (p,q,r,8)EM R

= etepar) T E, G, H(€), (4.2.7)
(p,q,r,s)EM

where ' ' ' '
T'[F,, Gy, Hy|(x) := ¢ 0= (e@taque*“f’wGie”f’mHs) (z). (4.2.8)

We compute Zt[F,, G,, H,| using the properties of the Fourier transform, we have

T{Ey, Gy, HL](6) = € (ei00e Fyemi0neGetoee 1, ) 6)

= [ (TF)E — o - D)e G ) e BL) () dad

o~

S /R P ) (e 0 )G (a) H (b)dadb,

we now use the changes of variable n =a + b and Kk = £ — a to get
= [, (€ )G —n — 1) HL(€ — )dnds.

Thus, back to N, we have

FN'[F,G, H](&p) = ( Z) N etpars) | M E (€ = )G —n — w)HL(E — r)dnd.
P,q,Ty5) €

From this equation, by a formal stationary phase intuition, we define the resonant part
of the nonlinearity N by

FRIE,GH|(Ep) = Y. E(6)G.()A.). (4.2.9)
(p,q,r,8)€l0

In the next section, Theorem 4.3.1 ensures that this is a wise choice.
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4.2.3 Preliminary results

In the following lemma, we state some bounds we are going to use through this article.

Lemma 4.2.1. We use the following bounds.

i) For the Euclidean variable, we have
1 1—-L a 1
vae (31, Il S 1A e 13 (4.2.10)

i1) We also use the well-known following dispersive bound for Schrédinger equation

on R, A )
e fllzee < T2 (12 (4.2.11)

iii) For the periodic variable, we use that

A
> cc =i

(pyg,m,8)EM

< min ([l |17 .- (4.2.12)
o€Gs P D P

iv) Concerning the norms, we have the hierarchy
[Fllmy, STFlz S IIFHLz 12013 S IFIls S IF s (4.2.13)
Proof. i) Let us prove this inequality, using Cauchy-Schwarz. Let M > 0,

—o (e} 1 e o}
Il = [ v+ [ Jal el 1S MAf g + M2 sz,
|x| <M || >M

1
f o ‘ ‘
”||xf||”L§> , we get the inequality.
L.’l)

ii) The idea is to write €% f as an integral with a kernel. For

Choosing M = (

2
Ky(x) = (8im*t) Y 2e i,
we have e%= f = K, x f. Thus, by the Young inequality, we obtain
7 TxT -1
e Fllige < 1Eallege 1 Flln S 1817211l

iii) For this bound, we also use the Young inequality. We first remark that

Z Zcp—l—rsrs

(p,qu)EM p,r,5€Z

Moreover, we see that

Z p+r scrcs = (Cl * C2 * CS)p
r,SEL

Thus, = ||c'xcPxc? |z, and we conclude by the Young inequality

123
Z CyCrCl

(p,q,r,8)EM

for the convolution.
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iv) The two last inequalities are obvious, let us focus on the two first ones. For the first
inequality, we remark that

1P, = [ o0+ )1+ B0

pPEZL
212 2\ F 2 !
<sup(1+ €9 0+ 1A /Mng)df
< IFI2.

The second inequality is a Gagliardo-Nirenberg type bound. For N a dyadic integer,
we first remark that, using equation (4.2.10) with a = 1,

S 1 1
QN Fp(§)] S NQNF1 72 2@ N Fp I 72
3 : :
S N7ZN°QnE|I7:[12Qn F I
_5 5 1 1
SN72(1 = 0ua) 2 Fyl 72 |2 Fp |72

Thus, we have
(1+&)|Ep(¢ |<ZN2|QNF( 9l
1 5 2 1
S ZN 2[|(1 - axa:)2Fp||zg||me||ig
N

1 1
< HFpHI?{ngFszg

Now, back to the definition of the Z norm in (4.2.3), we use Cauchy Schwarz twice

to obtain
IPI £ 20+ 2Bl
< (Sa+rnli) (Seni)
< (LZu+ s @Piaere) o,
S(LZ 1A o)’ (LEa+mria+erimer ac) el

SHEAS

where we use that NV > 10 in the last inequality.
O

Remark 4.2.2. With equation (4.2.10) for o = 1, and the simple bound || f || pe < ||f||L§7
we obtain the Sobolev embedding

1 l[ege S N - (4.2.14)
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4.2.4 The transfer principle

In this subsection, we present the transfer principle which allows us to obtain S and S+
bounds for our trilinear operators from L? bounds. Once again, we follow the proof of
Lemma 7.4 of Hani, Pausader, Tzvetkov and Visciglia in [27]. Before stating the result,
we need to introduce some definitions.

A family Q = {Q A} of operators indexed by dyadic numbers is called a LP-family if
it satisfies, for any function f,

GO = 2@, Gaf©) = dHf@), Az2,

for two localized functions @, ¢ € C*(R), such that ¢ = 0 in a neighborhood of the
origin. We see of course the relation with the two functions ¢ and ¢ introduced in
Subsection 4.2.1.

From a LP-family Q, we define the set of admissible transformations to be the family
of operators {T} 5 that satisfy, for any dyadic number B,

T = \sQp, Ag| < 1.

With four admissible transformations 7', T, T" and T", we define an admissible
realization of a trilinear operator ¥ at a 4-tuples set of dyadic integers A to be an operator
of the form

SAF, G, H] = Z TpX|T)F, T5G, T H,
(A,B,C,D)EA

We finally define the set of norms we use in this article. A norm B is said to be
admissible if for any admissible transformations {74} ,, we have

1> TaFls S |F|ls-
A
The important fact is that all the norms of the article (in particular Z and S) are admis-
sible.
Lemma 4.2.3. Assume that a trilinear operator ¥ satisfies the Leibniz rule
Z%|F,G,H|=%[ZF,G,H)|+%|F,ZG,H| + T|F,G, ZH|, (4.2.15)

where Z € {x,0,,0,} and let A be a set of 4-tuples of dyadic integers. If for all admissible
realizations of T at A, we have the bound

ITALF, B FYls, < K min | E2 g [0 ] 27, (4.2.16)
for a norm B admissible. Then, for all admissible realizations of T at A we have
IalFe, F, Fells S K max 1E7@ s ]| F s ]| 27| s, (4.2.17)

Therefore, if for Y € {x, (1 — 0,2)*}, we have
1Y Flls S Ol F s+ + 0o Fls, (4.2.18)
Then, for all admissible realizations of € at A we have
AL, ¥, F e SE maas [ F7 s (1F7O s + 64| E7O)5) | F7O)
F B ma | F 5| F7O ]| F7) . (4.2.19)
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Proof. Let B be an admissible norm. We start the proof with the S bound.

e The HY part of the S norm.
Let Z € {0,,0,}. Let Py be the Littlewood-Paley projection either in the x or the y
direction and let s be a positive integer. By definition, we have 1 = P<j; + P>y, S0 We
can decompose

zA[}?u G7 H] = (IA,M,low[Fv G7 H] + (IA,M,high[Fu G7 H]a
where
Tamiow F, G, H| .= T\[P<yi F, P<yG, P<)r H]

and

Tampigh| s Gy H| = T\ [Poom F, G, H| + TN [Pt F, Poon G, H]
+ SA[PSMF; PSMGa PZQMH]-

For the T A arnign term, the idea is to take advantage of the term with the high frequency
localization in each of the three trilinear part. Let us for example deal with the second
term. We use the boundedness assumption (4.2.16) to get

> M| Zp[Pen F, Poon G H)|I72 , < K? Y M*||PoanGlizz | Per F 51 H |1
M M

< K2G I IFIBIH]E

Finally, dealing with the three terms and summing the bounds, we have

1A s nign F E Fmy, S K max 17| 27O ]| 7| 5. (4.2.20)

For the T\ ari0w term, we need to go deeper in the sense that we don’t have a higher
frequency localization to attract the derivatives. Nevertheless, we can decompose the

projector P<jr = Z Py, to obtain
Mi<M

M| PuTantionl F. G Hll 2, S M73 | MPTn[Pers F, PensG, Peas H |12,
SM_S Z Z ”TA[ZaPMva ZbPMzGa ZCPMsHmL%,y'

Ml,MQ,MgSM a-+b+c=2s

Now, we are able to treat this bound with the same argument as in the T arpign case.
Indeed, we can split the sum in My, My, M3 to take advantage of the highest frequency.
For example, when My, M3 < M, we use the boundedness assumption (4.2.16) of the
lemma and we sum over My and M; to get

M~* > IZA[Z Pas, F,Z2° Pag, G, Z€ Prgy H |12,
Mo, M3<M;<M
a+b+c=2s
SKEM™ > MP|Pu,Fllz IGslH|s
M <M
My s s
SKE(Y (ﬁ) 1Z° P Fll 2 )Gl H 5.

M <M
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By the Cauchy-Schwarz inequality and the properties of the dyadic integers, we deal with
the right hand-side term of the previous inequality

Ml s S Ml s % Ml s s 9 %
N Z5Pag Fllr2 < - “ s Z° Py, F
Z G2 P Fl, < (32 () (X G2 Pl )
M }
S(X GHIZ P FIs,) "
M <M

Thus, squaring and summing in M, we obtain

Sy A

2Py Fllez,) S Z )I1Z* Par Fll72
M
M M<M

M M <M

< Z Z M ||ZSP]\41‘F1||L2
My M>M;
<SP 2

My

By symmetry, we have the same results for M, M3 < My and My, My < M;s. Compiling
these bounds, we obtain

Z MQS”PMEA,M,low[F’ G, H] H%%y
M

S K21 FI5: Gl H s + 1F IG5 + IF IG5 ).

Thus, we finally have
ITaptt0w[F? F? By, S K max L | 27O ]| | 5. (4.2.21)

Then, we conclude for the HY part with equations (4.2.20) and (4.2.21),
Al o, F gy, < K min [F7@ | F O s 7O s (4222
Y o€Gs

e The L? part of the S norm. i
For this part of the S norm, the key information we need is that, for () corresponding to
the family (@, ¢),

[2,Qa] = iA7'Q, (4.2.23)
where @' corresponds to the family (¢, ¢'). Indeed, we have
F(lz,Qalf) (&) = F(@Qaf)(&) — F(Qazf)(&)
= 0@ 5) 7€) — 1650 (@
i),

=AY (>
5
Thus, if T4 is an admissible transformation, then [z, T4] too because [iA™!| < 1. The idea
now is to write Ty = [x,Ta] + Tax for using these admissible transformations. Thus, we
have

sIAF.G H) = > [ Tp)R[T\F TG, TYH) + Y. TpaS[TWF, ThG, TE H)
(A,B,C,D)eA (A,B,C,D)EA
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The first term of this some is an admissible realization of ¥ at A. For the second term,
due to the Leibniz rule (4.2.15) for 2%, we have

=X T\F TG, T H] =
T([x, THF, ThG, T H] + S[TAF, [v, TRIG, T H] + S[TAF, THG, [v, TV H]
+ ST F, TG, TH H) + S[T4F, Ty G, THH) + STHF, ThG, T c ).

Here, the first line corresponds to other admissible realizations of ¥ at A. Thus, we have
3A[F, G, H] = Tp[xF, G, H| + I\[F, 2G, H| 4+ SA[F, G, xH] + Z,[F, G, H], (4.2.24)

where ¥, is a sum of four admissible realizations of ¥ at A. Finally, using the assump-
tion (4.2.16), we have

[eZAlF, G, Hl||2 < K([loF |2 |Gl H s + [ Fllsll Gl 2 ]| H]] 5
+IF sl GlislzH| 2 + |1 FllsIGllsll H]5)-

We can conclude for this part that

|2 Za [, B P2 S K max HE sl 27O 27| 5.

Using this equation and equation (4.2.22), we finish the proof of the bound (4.2.17).
e The S* estimate.
We now have to deal with inequality (4.2.19) concerning the S norm. Recall that

1Flls+ = 1Flls + |2F[ls + |1 = Oua) " F -

The first term term is controlled by the above computations. For the xF term, we use
the Leibniz rule (4.2.24) and the bound (4.2.17) to get

||£L‘§A[Fa’ }71?7 FC]HS SJK};%%}; ||xFU(a)“SHFU(b)HBHFJ(C)HB

+ K max [z 7| 5] F7O || [ F7| .
oeB3

For the (1 —0,,)* term, we use the same method as the H" part of the S norm to obtain
the same relation

(1 = D) TALF, F?, Il SK max[[(1 = Og) F7 5[ 7| 5] 77
+ K max [|(1 = 0p) ' F7 s F7O 5| P75
Now, we just use the bound (4.2.18) to get
|TalF?, B Pl SK max [ 7| [[F7O ] 27 5

+ Kgéaé}g(el”Fg(a)HSJr + 0| E7 ) [ F7O s | F7 5,

and we deduce the equation (4.2.19) directly from this one. O
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Remark 4.2.4. We use this lemma for two different norms B in this paper. In most of
the cases, we will have B = S, thus the bounds become simpler. Indeed, by definition of

the ST norm, for Y € {z,(1 — 0,2)*},

1Y Ells < [1F|s+
Thus we have, for the case B =S,
1T, G H]|ls S K| F|[sIGlls|[H][s, (4.2.25)
ITALF F Fel s S K max [ 7|5+ | P70 s 77 5. (4.2.26)
0€63

4.2.5 A first estimate result

The following proposition gives us a first example of use of Lemma 4.2.3 to obtain first
estimates on the nonlinearity N*.

Proposition 4.2.5. We have the following estimates:
IV [E, F2 Fells < (L L) T IE s LE s 11 E) s,
AR B Felse S (1 [H) 7 max (P75 [ P75 P 5.

Proof. By the definition of Z* in (4.2.8), we have
IZ*Lf % Uz < min 177 [ alle®= FO | pge [l 7| . (4.2.27)

x

If || > 1, we use the Schrodinger dispersive bound (4.2.11) and the bound (4.2.10) (with
the parameter a = 1) to get

A _1 S 3

Thus we have

A 1 - 3 > -3
Z HeztameHLgo < (14 Jt)) 2 Z (p) 2| (p>4 FszngFp”zg S+ )72 |F s

PEZ PEZ

If |t| < 1, we use the embedding (4.2.14) to obtain

. _1
Dol Byl £ 30N Fpllm: S INFlls < 1+ [E) 2] Flls.

PEZL PEZ

Then, we can deal with N* by using equation (4.2.27) and the ¢, bound (4.2.12) on
equation (4.2.7)

a c 1 ola it0zqe o(b itz alc
|NYF JFU F ez S H?elm; Z ||FG((q))HL%||et6 Fg((r))HLgoHeta Fo((s))HL;%"
° (p,q,m,8)EM

5 ?61162 ”F;)r(a) ||L§Z% Heita”Fg(b) ||L§°Z}) HeitamF;(c) HL?%

G

<(1+ |t|)71 52162 HFU(CL)HL%yHFU(b)HSHFU(C)HS'

From this inequality, we can use the transfer principle of Lemma 4.2.3 through the equa-
tions (4.2.25) and (4.2.26) with K = (1+ |t|)~! to conclude the proof of Proposition 4.2.5.
m
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4.3 Decomposition of the nonlinearity
In this section, we decompose the nonlinearity as
NY[F, G, H] = %R[F, G, H] + &'[F, G, H), (4.3.1)

where R is defined in (4.2.9). The goal of this section is to prove the following theorem
which states some properties of this decomposition.

Theorem 4.3.1. Assume that for T'>1 and F,G, H : R — S satisfy
[Flxr + 1Gllxr + [[H [ xr < 1. (4.3.2)
Then we can decompose E' defined in (4.3.1) as follows
E'NF(), G(t), H(t)] = E1[F (1), G(t), H(t)] + &[F (1), G(t), H(t)],

where, if we note &(t) := ELF(t),G(t), H(t)] for i = 1,2, we have the following bounds,
uniformly in T > 1,

T [ ar@&Mdls S 1, i=1.2
T sup ||51(t)||Z <1, (4.3.3)

T
T<<r

To sup [|E(1)]s S 1,

TSEST
where E(t) = 0,&3(t). Assuming in addition that
1Fllgs + Gt + IHllg: <1, (43.4)
then we also have

T2‘5||/q (B)dtlls S 1, 55H/q H)dt||lg+ <1, i=1,2. (4.3.5)

The first decomposition of N'* we deal with is

NYF, G, H] =1I'[F,G, H] + N'[F,G, H], (4.3.6)
where
.FHt[F, G,H|(,p) = Z .FxIt[Fq,GT,HS](S). (4.3.7)
(p,a,r,8)€Lg

In Subsection 4.3.1, we first study N*[F, G, H| when at least one of the functions F, G, H
contains high frequencies. Then, in the opposite case, i.e. when F,G, H are localized
in low frequency domains, we introduce the decomposition N* = N* + II*. Therefore,
we deal with the case of the N* part in Subsection 4.3.2. In Subsection 4.3.3, we study
the II' term and show that this part is close to the resonant nonlinearity R. Next, in
Subsection 4.3.4, we study the particular case of the high frequency part of the resonant
nonlinearity, in order to obtain some decreasing behavior. Finally, we give the proof of
Theorem 4.3.1 in Subsection 4.3.5.
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4.3.1 The high frequency estimates

In this subsection, we prove the following proposition about high frequency localized
functions.

Proposition 4.3.2. Assume that T > 1, the following estimates hold uniformly in T':

~

viz o X NIQuFQsG QcH]2 S 75| Fllsl|GlIsIH s,
A,B,C
max(A,B,C)ZT%
(4.3.8)
1
> / ar(ON'[QaF (1), QpG(t), Qe H()|dt|ls < T Fl|x, | Gllx [1H || x.
A,B,C
max(ABC)zTE
(4.3.9)
_ 1
Y [ arON Qa0 QsC().QeH Ot e S TH|F | Gl | Hll .
A,B,C
maX(A,B,C')ZTg
(4.3.10)

The one dimensional bilinear Strichartz estimates

Before proving this proposition, we state a result about the one dimensional bilinear
Strichartz estimates.

Lemma 4.3.3. Assume that A\ > 10u > 1. Then, for all f,g € L? we have

) _1
(e Quf) (e Qua) 1z, S A1/l zllgl

Proof. We follow here the proof of Hani and Thomann in [28] and work by duality. For
a function K € L?, we set

lic 1= (2 QN Qua) Ky e -

By the Parseval’s Theorem we obtain
§—1n

I = /RS eitn2eit(fn)2¢(2)¢(u)f(n)g<€ - H)K(t,f)dndtdf‘.

With the change of variables & <+ 1,& <+ & — 1, this equation becomes

&

e = [ e Do R (1.6 + @)ddsdse

But —_—
/R SHET K (1, &) + &)dt = Fo(K)(E + &,& + &).

Thus, we have

&

R

) F(E0)9(E)FUK) (€ + &,61 + &)dE1dés,
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and applying Cauchy-Schwarz in & and in &, we get

1
2 2

&
A

&

SV VFAR)(E +&,6 +6)

I < || fllzzllgllcz (/R? dflde)

The term in the integral in the right hand-side is localized in the four regions of R? where
we have 3 < [&] < 2X and £ < |&] < 2. In these regions, we can apply the change of
variables ¢(&;,&) = (€2 + £2,& + &). The Jacobian of this transformation is 2(&; — &).
Moreover, in these regions, |{; — &| ~ A (because p < 10A). Thus, considering that the
function ¢ is bounded, we obtain

2

SIgns

LLI6GHeCHRR) € + .6+ &)| e S NIFRE]z
R2 | A I €162
Back to Ix we have
1
I SN2 fle2llgllcall 5 2z, -
It suffices to take K = (e"=Qy f)(e"%=Q),g) to end the proof. O

Remark 4.3.4. This inequality is very used in the study of Schrédinger equations, and
many proofs are available. For an original proof which stands for higher dimension, we
can refer to [49], where Tao gives a ’physical space proof’ of this estimate using mainly
integration by parts arguments.

Proof of Proposition 4.3.2

We can now deal with Proposition 4.3.2.

Proof. We begin with inequality (4.3.8). We fix ¢ > £. Due to the bound (4.2.13), we
can control the Z norm by the norms S and Li’y. For the S norm, by Proposition 4.2.5
we have

I Y. NIQAF.QsG QcH||s ST FlIslIGsl Hlls.
A,B,C
max(A,B,C’)ZT%

For the L2 norm, back to Z" and using the bound (4.2.27) and the Sobolev embed-
ding (4.2.14), we have

IZ'(QaFy, @BGr, QeHyl 12 S 1QAF | m |QpG mil| Qe H | 1
With the Littlewood-Paley decomposition properties, we have
1QaFyll = A A QaFylm S A IQaFyl|me.
Thus, we obtain

IZ'[QaF;, QBGr, Qe Hi]llLz S (ABC) ™ ({g) () (s)) "%
1(0)* QaFyllazz|l (r)* QuGrlluszl (5)” Qo Hyl| -
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We first remark that
(ABC)™" < max(A, B,C) " (ABC)™' < T 3(ABC)™"
Thus, summing the previous inequality, we obtain

I Y NQ4F,QsG,QcHl|lrz, ST 5|Fs|Glsl H|s.
A,B,C

1
max(A,B,C)>T%6

Finally, with the bound (4.2.13), we deduce that

I Y NIQaF.QpG,QcH]|lz ST #*%% PG sl Hlls
A,B,C
maX(A,B,C)zT%

_z
ST FlsIGlsl H s

We now have to deal with estimates (4.3.9) and (4.3.10). We introduce the notation
med(A, B, C) to denote the second largest number between A, B and C. With this nota-
tion, we split the sum over A, B, C' depending on whether

1 1

med(A, B,C) > ’.Z;;i or med(A,B,C) < :f[116

o Ifmed(A,B,C) > 5 T8

For K € L? ,, we introduce

[K = <K7 Z Nt[QAFa QBGa QCH]> s

A,B A
( ) 7C)€ 1 L%’pXL%p

where A; is the set of dyadic numbers A, B, C' such that

, Ts
max(A,B,C)>Ts and med(A,B,C)> Tg
Writing the scalar product, using the triangle inequality and the expression (4.2.7) of N,
we obtain

I < Z

(p,g,rys)EM (ABC )eEAL

L UB@QuE) U@V (1) Qe H)U B, da

Decomposing K, with the Littlewood-Paley projectors, we get

s ¥ [ UD@aE)TO@5CU(D(QcH) TN QoK da.

(p,q,ry8)EM (ABC )eA1,D

Thus, by the Cauchy-Schwarz inequality, this inequality becomes

Ins X . NQuFlllUM(QsG )z IU Qe H) |z QD Kyl 2.

(p7q7T7S)EM (A7Bvc)EA17D
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138
Now, by the Sobolev embedding (4.2.14) and the properties of the Littlewood-Paley de-

composition, we have
U QeG) |t S 1QBG 1z S B~ |QpGH| iz

Thus

Iic S >

Y
(p,q,7,8)EM (A,B,C)EA1,D

(BO) M QaFllez | QpGrll 2| Qe Hall me | @ E I 2.

[

We remark that, due to the condition med(A, B,C) > 42

(BCO)™ < (med(A, B,C))(BO)™* < T-3B8-1
Therefore, summing over A, C, D and applying Cauchy-Schwarz in B, we obtain

_5
> TEF el Grll e | Hll gz 1 22

(p,g,7,8)EM

Ix <

By another application of Cauchy-Schwarz, but this time in p, we get

&7

> IE NGl me | Holl e

(pyg,m,8)EM

In ST3|K||rz,

Thus, applying the £2 bound (4.2.12), we finally have

_5
Ix ST 5Kz, | Fllzz |G e [ H | m2e-

Always with Cauchy-Schwarz,
G m2es < 11 (p) " Hle2ll (0} Gllazer S 1IGls.

Z NQAF, QpG,QcH] in the definition of Iy, we obtain

Taking K =
(A,B,C)eMy

_3
I > NQaF,QsG,QcH]llz, ST 3| F|lzz IG5 Hls-
(A,B,C)EAl

By symmetry, we can change the roles of )G and H. Thus, by Lemma 4.2.3, we obtain

ST NQAF,QsG,QcHl|ls ST 3| F|ls|GllslHls,

(A7B7C) 6A/\l

I
5
I > NQaF,QsG, QcH]|ls+ ST 3| F||s+||Glls+ ][ H]l s+
(A,B,C)eA
Now, by the definitions (4.2.5) and (4.2.6) of the norms X7 and X7, and by the definition

of gr we have
<T.

IFlls S TUFNxp,  IFNs+ STPUF Iy, llarlley S
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Thus, we finally have

> /qT "QaF (), QuG(1), QeH®)At|s S T3 Pl | Gllx, 1 Hl|x..

(A,B,C)eA;
> /qT (ON'[QaF (1), QpG(t), Qe H (D] dt|ls+ S T 5| F ||y [ Gl o I1H | 1
(A,B,C)eA;
Ts
which is sufficient to prove equations (4.3.9) and (4.3.10) in the case med(A, B,C) > TR
T’
e Ifmed(A, B,C) <
We now work on
Eo=Il ¥ [ ar®NIQuF(), QsG(1), QeH 1]t s,
(ABC EAQ
where E(yy = || F||g+ means that £ = ||F||s and E; = ||F|[s+, and Ay is the set of all

dyadic numbers A, B, C such that

o=

1 T
max(A,B,C)>Ts and med(A4,B,C) < 16

Once again, the idea is to split £ for bound it. For that purpose, we consider a regular
function x € C*(R) such that

x(xz)=0 if |z|>2 and d x(z—k)=1.
keZ

Using this new function y, we have for a function a depending on time, that

/RQT t)dt = /C]T ZX

jez T10

a(t)dt.

But on the support of g7, we have |[t| < T', and on the support of x, we have \TL& —jl <2
10

Thus
t

QT(t)X(T%

Using this remark, we define J := {j SYA T —2< Jj < Tt + 2}. We have #J < T1o

and
/R gr(t)a(t)dt = / qr(t

jeJ

—j)=0 as soon as jgé[—T%O—Q,T%—FZ].

— J)a(t)dt,

Therefore, if we denote ¢; := Tio 7, we have
By S B + Bag),s

where

—||Z Z /QT

jeJ (A,B,C)eN2

—J)

(MQAF(t), QpG(t), Qe H(1)] = N'[QaF (t;), QuG(t;), QuH(t))]) dt s,
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and

By =122 > /‘JT

j€J (A,B,C)EAs

N QaF(t;), QG (t;), QcH (t;)]dt] g

We start with the E; ) part. The idea is to take advantage of the time localization
induced by x in the dlfference between the two N terms in Ey ). With this in mind,
we decompose F; ;) as follows

) < Z/ qr(t — ) B (0)dt,
where
E1,j,(+)(t) =
H( Z) (M'QAF (), QsG(t), QcH (1)) = N'[QaF (1), QG (t;), Qe H (t))]) [l s
A,B,C)EN,

By trilinearity of N, we have

Z
=
eS|
VS
~
N—
)
VS
~
:_/
=
~
N—
=
|
Z
iy
VS
Q@b—
N—
D
VS
~
N—
E
b@b—
N—
=
Il

1), Gt NIE(t) = F(t;), G(t), H(t)]
+NI[F(t), G(t) = G(ty), HB) + N'[F(t;), G(t;), H(t) — H(t;)].

Moreover, we use that in Ay, we have jone and only one dyadic number bigger that T%,

and the two others are smaller than L2 to get
>, NIQuF(®), QsG(1), QuH()] = N'[Q, 4 F(1),Q_4 G(1),Q_, 3 H(?))
(A,B,C)€A2 = ST ST
+Nt[Q<iF(t) Q1 G(1), Q<i O+ N(Q_ F(8).Q_,3 G().Q 3 H()]

Using that the Littlewood-Paley projectors are bounded on the L? based spaces S and S™,
and applying Proposition 4.2.5, we obtain

B s 1+ !t\)_l<\|F(t) = Ft)llso 1G@Oseo [ H@) s
HIEONso GE) = Gyl seol H (O] se
HIEO s lGO s 1 H () = H(tj)Hs<+>>-

Due to the support of y, we have in |t — ;] < 2T in E\j ). Thus, applying the
fundamental Theorem of calculus, we obtain

1) = F®)llso S [ 10F0codr

Therefore, with the definitions (4.2.5) and (4.2.6) of the norms X7 and X, we obtain

10 F()lls ST N Fllxp,  NOF @) ls+ S 77 NF s



4.3. DECOMPOSITION OF THE NONLINEARITY 141

Thus, we obtain

Euy(t) S T 05| Fl ey |G xer | H
_1u
By () ST 0 F ) |Gl [1H -

Back to Ey ;) and using the properties of g and x, we have

Z/QT

JjeJ

Nt < T,

then, we conclude that

1 1
By ST Fllxp |Gl | H | ST 5°||F||XT||G||XT||HHXT,
By ST 0 PN Gl s | Hll i S T2 Fllxe |Gl 1 Lt
It remains now to deal with the Ey (1) term. This time, we will not use the time localization
because the trilinearity N*[Q4F(t;), QpG(t;), QcH (t;)] is fixed. The idea here is to use

the Strichartz estimate of Lemma 4.3.3 and the transfer principle of Lemma 4.2.3. From
this perspective, we decompose Fy ;) as follows

D S SlC it

jeJ (A B C €A2

where

o — DNQuF (), QuG(E). QeH (t)dt 5.

B2 =1 [ artt
We first show that

I [arx

(p,q,r,s)EM

S (maX(A,B,C)) Helien 1Dz [ F7O s E7s.
o 3 ’

ﬁ
10

— NT'QAFy, QpF}, Qe F{]dt 12,

For K € L? ,, we introduce

Ik <K Z / qr(t — HI'[QaFy, QBFf7QCF§]dt>
L2 ,xLZ,

= 2 /quT(t)X<Tt9_j>U(t)(QAF;>(WU(t)(Qch)(](lf)(f(Z))dxdt.
(p,q,r,8)EM 10

In view of Lemma 4.3.3, we would like to localize K. For that purpose, we first focus on
the z-integral of the scalar product I and we set

=/RU(t)(QAF;)U(t)(QBFf)U(t)(QcFﬁ)U(t)(Kp)dx- (4.3.11)

With the Littlewood-Paley decomposition of K, we thus have

=% [ UO@QE)TO@ PV () Qe F) T @p Iz
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Thus, with the Parseval identity, we have

=% [ R UOQENU (@) FU Qs FU Qo))

Computing the Fourier transforms, thanks to the properties of the projectors (), we obtain

A

=3 [ e oo o o0 S O B O FHO R, (dcni.

Therefore, due to the properties of ¢ which localize the frequencies near 1, we have in the
support of integration

’77|2A7 |R|:B7 ’§_n|gc7 |§_"i|2

Now, using the triangle inequality ‘|a! — |b” <la—b| <la|+b] and E—k = (£ —n)+n—k,
we have

max (A, B,C) — (med(A, B,C) +min(A,B,C)) <D S A+ B+ C.
But in Ay, we have
max(A, B,C) — (med(A4, B,C) + min(A4, B,C)) ~ A+ B+ C ~ max(A4, B,C).
Thus, we can assume that K, = QpK, where D ~ max(A, B,C). Then, by Cauchy-

Schwarz applied to equation (4.3.11), with K, = Qp K, we obtain

o] S NUO@Q0E)U ) Qumin Froio) 22 11U () (Qune Fona ) U (8) (Qned Fonea) [ 22

where F = F or F and QuinFinin = QU(A)F;((;)) with 0(A) = min(A, B,C). Applying

Cauchy-Schwarz in t (¢r and x are bounded), we obtain for I

—_— —_—~ e/~

|IK| f§ Z “U(t) (QDKP)U<t> (QminFmin)HLg,t HU(t)(QmameaX)U(t)(QmedFmed) HLi’t‘

(p,q,r,8)EM

We can now apply Lemma 4.3.3 to obtain

_1 _1
k| S Z D QHKPHL%HFmin”L% x (max(4, B,C)) 2HFmaXHL%HFmed”L%
(p,g,r,8)EM

S (max(4, B,C))™ > Kl |1 Fyllez | EY N2 | Fe z
(p,g,r,s)EM

Applying Cauchy-Schwarz in p, we obtain

Ix S (maX(A7 B, O)>_1”K”L§p

> Nz I E e I Fe e

(pqr;8)EM b

Thus, applying (4.2.12) for the norm of the sum, we get

Iic < (max(A, B, O)) MK oz, I1F Lz, 1 F 26y 1 F¥ll 2y
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With Cauchy-Schwarz we have || F||z2p < [|F[s, thus taking K equals to the right hand-
side term of the definition of Iy, we obtain

I [ ar(tx

N QaF"(t;), QB F" (1), Qc Fe(t)ldt| 12,
< (max(A, B, C) 7 [ Fllze I FOlIsI1F*s.

By symmetry, we can change the roles of F¢, F* and F°. Thus, by Lemma 4.2.3, we
obtain

Ey;™C S (max(A, B,C)) M| Fls|Glsl H|s,

~Y

Efﬁc S (max(A, B, C)) | Flls+ |Gl s+ H s+

Now, by the definitions (4.2.5) and (4.2.6) of the norms X7 and X7, and using that we
have |t;| ST , we have

IFE) s ST NFllxrs  IEE) s+ S TPIF | xz-
Thus, back to Es 4y we have

By Sy Y (max(A B, C) T F|lx, | Gllxp [ H xe.
j€J (A,B,C)EAy

By S >, (max(A,B,O) T Fl| i 1G] 1 H s
j€J (A,B,C)eA,

But in Ay, we have max(A, B,C) > T%. Recall that #J < TTlo, we obtain

> Y (max(4,B,C) M STw Y AT ST,

Jj€J (A,B,C)EA2 AET%
Therefore, we have

_1 _ 1
Ey ST 5 FllxpGlle| Hllxp S T 51 Flly |Gl | L
_ 1 _1
o ST 599 Pl |Gllr | Hll s ST 5N Fll Gl 12

Finally, we have

> /QT (ON'[QaF(1), QpG(1), Qe H ())dtls S T || Fllx, IG ey | Hll

(A,B,C)EA,

[ rONQuF(1). QuG(1), QeH ]t s £ TPl 1H
ABC €A

which completes the proof of the estimates (4.3.9) and (4.3.10), and ends the proof of
Proposition 4.3.2. O
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4.3.2 The low frequency estimates

The goal of this subsection is to prove the following proposition for low frequencies
localized functions.

Proposition 4.3.5. Let T > 1. Assume that F,G, H : R — S satisfy (4.3.2) and

F=Q .F G=0Q

<T®

G, H=0Q

<T® <T7

Then we can write
N'E(t), G(t), H(t)] = EI[F(1), G(t), H(t)] + ELF (1), G(t), H(t)),

where, if we note £ (t) = ENF(t),G(t), H(t)] and E(t) = ELF(t),G(t), H(t)], then it
holds that uniformly in T > 1 we have

T sup [|E(1)]ls S 1, T sup ||&(t)]s S 1

T<i<r LT<i<T
where E(t) = 0,E3(t). Assuming in addition that (4.3.4) holds, then we also have

T sup [E@)s+ 1, T™ sup [E(1)lls- S 1.
T<t<T T<t<T
Decomposition of the nonlinearity A" and introduction of a new norm

The idea is to decompose N as follows

NP, G HB =Y Y ™ (O[F,. G H)(E) + O)F,. Gy, H(E))

w70 (p,g,m,s) €l
where O! and O} are defined by
Oilf, 9, (&) == /R2 (1L — p(t5nr)) (€ = mG(E —n — K)R(E — k)dnds,
OLF. 9.hI(€) = [, ™o (tinm) f(€ =€ —n — ©)h(E = r)dnds.
For this subsection, we introduce a new norm defined by

I £lly = [l fllzz + 1] o

The interest of this norm is to pass from bounds for functions of one Euclidean variable
to bounds for functions defined in R x T by

Y IBly SIFs. (4.3.12)

PEZL

Let us show this inequality, by the Cauchy-Schwarz inequality, we have

3
9 9
D lle0 e < (Z (p)” IIJJIOFpIIig) :

PEZ PEZ
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Then, by the Young inequality, we get

9

(p) |z]%0 < ()" + 2.

Thus,

N
N

9 20
e Flle S (Z HCL’FpH%g) + (Z () IIFpII%g> S IFlzape +11Flcz, S 1F]s-

pEZ PEZ PEZ

For the second part of the Y norm, we just use the Cauchy-Schwarz inequality, and we
obtain the desired bound (4.3.12). Before dealing with Proposition 4.3.5, we will focus on
estimates on 0% and O} in the two following lemmas.

The O} and O} estimates

First, for low frequencies localized functions, we have:

Lemma 4.3.6. Assume that t, f*, f°, f¢ satisfy

SEST, f=Q_f P =Q ol F=Q_uf

then
— i : ogla g o(cC
\Ioé[f“,f”,fc]lng ST min LF7“ N 22 7N 17y (4.3.13)

Proof. First, we remark that, due to the localization of f, g and h, we have

Os[f, 9. h](€) = /RQ 2 (tinn) <4;é> v (4;) F(&=ma(€ —n = r)h(E - k)dnds.

(4.3.14)
Indeed, f* = Q<T% f%, thus by definition we get
~ E—n\ &
fle=n = (*5") Fie=n.
Ts
Writing the same for g and h, we obtain
O3lf,9,h)(€) =
2itnk 1 5—77 5—77—“ 5_/{ Pl oNA(e o 7 B
/R2 ot ) o = )e( = )e( wr ) JE=ma(€ —n = m)h(E — r)dnds.
In the support of this integral, we have || < |[(€—n—k)— (£ — k)| < 4T's, and by the same
computation, we have too |k| < AT . Moreover, ¢ 4;1 and ¢ 4;1 are equal to 1 for
6 6

such 1, k. Thus we have the expression (4.3.14), and we can consider the multiplier of
OL1f, g, h] defined by

m(1, k) ::so(tinn-)so< nl)so( Kl). (4.3.15)
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The idea of taking another multiplier for the definition of OL[f, g, h] is to have good prop-
erties on the Fourier transform of the multiplier. The Fourier transform of the multiplier
appears while using the Plancherel’s Theorem. Indeed, by Plancherel, we have first that,
up to a constant,

10812, 4%, F sz = I FOLL, £, ]l
= I [ 7S mn, k) F(€ = m3(€ —n — )A€ — K)dndrde]|zz.

Set
Ty = [ e min, k) f(€ = )€ — 1 — ©)h(g — R)dndrde,

we will show that
17 ze S N Fpemlls, IZ°(f, g, Bl 2. (4.3.16)

Denoting by u, v the dual variables of n, k and applying the Plancherel’s Theorem a second
time, we obtain

172 =
| [, Frimtao) ([ et ereoein fe — g - - w)h( ~ x)dndn) dudvdg]|1z.

We denote by 7, f the translated function defined by 7, f(x) := f(x — u), usual Fourier
computations give 7, f(£) = e~ f(£). With this notation, the previous equality becomes

17022 =
I [, Ftmbuo)( [, e sremeimnf(e — n)3(e - — m)7h(E = )dndx)dgdudo]|zz.
Therefore, we have

171z = I [, Fm(u 0)Z'f, g, bl @+ + v)dudv]| 2.

Thus, by the Young inequality, we have (4.3.16). We now have to deal with the inverse
Fourier term || F,tm| ;1 . By (4.3.15), we have
’ R

dnd
¢(4Té> ik

k) @(n)p () dnds.

AT's

— i(un+vk 1 n
Fowm(u, ) Z/RQe( " )90(“?7%)90( )
o1
— 16T / T ko) o (16T
RQ

Wl

Thus,
. 11
/ TP mten) o (16T 5t ) o(n)p()dnd| dudy
RrR2 |JR2

/R et (16T 55 k) (n)p(k)dnds

|7, Amllzs, = 16T [

dudv

RQ

We remark that for ¢t ~ T, we have 1675t ~ T1s. Therefore, we have

17yl
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where o .
I(xy,29) = / e 2 p(Snk)p(n)e(k)dnds  and S ~ T'12.
R2

Let us show that, for all € > 0, we have

{|1($17$2)| ST+ |z )M+ |ao) 7

4.3.17
(@, 22)] ST+ Ja1)) (1 + []) 7 | )

Let us start with the first line of (4.3.17). We have to control the terms
|I(x1,22)|, |z1l(z1,22)], |wol(x1,22)| and |xixel(xq,x2)]|.

The bound of |I(zy,x2)| is trivial, indeed, we have

|I(x1,29)| < / / ldndk < 4.
—2<n<2 J-2<Kk<2

To deal with a multiplication by z; or x5, we integrate by parts. For example, for the
multiplication for x;, we get

/xle“”so(snﬁ)w(n)dn = Z/ e”%(Snﬁ)w’(n)dnH/ e Sk (Snr)p(n)dn.
R R R

The first term is bounded by the same way of the bound of |I(xy,z5)|. For the second
one, we use the control of 1 induced by the term ¢'(Snk). We have

[ s (Smpetman < Il [, Swan $1.

In Sﬁ

Let us us now treat the |zyz2l (21, z2)| bound. We integrate by parts twice to obtain

xlng(xl, 132) =

= [, €77 (@ ()¢ () (1) + Sng' (Sn) e (n)p(w) + Sk (Snr)e(n)¢ () dndw

= [ e (S (Snr)e(m)e(r)dnds + S*nrg” (Snk)e(n)e(k) ) dnds =: T + I,

By the previous computations, we already have that |I;| < 1. The second term provides
us the desire estimate. First, we remark that supp(y’) € [—2,—1] U [1,2]. Then, the

product ¢(Snk)p(n)e(k) is supported in {(77,/1),% <, |k] < 2}. The important fact

here is that these supports do not contain 0. Thus, we have the |x;xol(x1,22)| bound
with

. 2 g L
| [ e e S (Snm)pl)e(m)dnds] S [, 718 < dn < In(T),
R 25 S1

) . 2
| [, emmemn st (Snm)pmp(m)dnds] S [, e=18% 5 sdn S n(T),
R2 e n
Remark that In(T") < T¢, Ve > 0, this completes the proof of the first line of (4.3.17).
The proof of the second line comes from our last computation. The term with the highest

power of S will be the term in 22221 (21, 25)| with S%p®(Snk). While integrating this
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term, we loose a power of S, like in the computation for |zix91(x1, 25)|. It remains then
a finite integral with a factor S3 ~ Ti. This concludes the proof of both inequalities
of (4.3.17). Let us now analyze these two inequalities. The first line of (4.3.17) provides
us an acceptable growth in 7', but a non integrable contribution in xy, xs, whereas in the
second line, we have a bad contribution in 7', but an integrable part in x1,x5. The idea
is thus to interpolate between these two inequalities in order to get an acceptable growth
in T and an integrable contribution in 1, x5. We obtain

(21, 22)| S TXHONI(L 4 20) 2N 1+ 25) 2P, wa€eo,1].

7T_ 5
Then, choosing € < %.0 and \ = 47 100 ¢ (0,1), we obtain
T
1F5 i, = 1]ss,.., ST, (1318)

This inequality (4.3.18), combined with equations (4.3.16) and (4.2.27), leads to
O LF%, £, ]z S T min {7 g [le" f7O o |70 F7 e (4.3.19)
0€6G3

Now, with the Schrodinger dispersive bound (4.2.11) and the bound (4.2.10), we have

7 -1 1_% [e% 2L 1
e fllee ST 2| fll 2™ l2°flI7s,  a€ (5, 1] (4.3.20)
For a = %, we obtain
I flle ST 21f - (4:3.21)
This inequality, combined with (4.3.19), completes the proof of this lemma. ]

Remark 4.3.7. We have

—

Oilf, 9. 0] + O3f. 9,h] = T'[f, g. h],

—

and by (4.2.27), Tt f, g, h] satisfies a better bound than OL[f, g,h]. We deduce that the
term O%[f, g, h] satisfies the same bound (4.3.13).

In fact, we have a better bound for O}[f, g, h], as shown in the following lemma.

Lemma 4.3.8. Assume that t, f¢, f°, f¢ satisfy

T

TSIST f'=Quf' [ =Qsf’ [ =Qcf, max(4,B.C)<Ts,

then
a C —§ : ola (o2 o(c
101[f ,fb,f]||Lg§T 5gelgi||f DNzl 7Oy |17l

Proof. As seen in Remark 4.3.7, O} has at least the same behavior as O%, thus we already
have

a c g : o(a WtOrx £O 10z fo(c
lOLfe, £% f Nl e S To0 min | f D] 2 [le"== f7O| oo [[€”P== £71| oo (4.3.22)
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By symmetry, we just have to show that

1O1Lf. 9, hlllz ST 75

To improve the inequality (4.3.22), the idea is to do a spatial decomposition of g and h.
Set

9 = geTtYe, gc<x> = (p(%)g(x>7 h = hc+hea hc(x> = (P(%)h(x), D =1Ts.

Thus, by (4.3.22), we have

ol

5 i i i i
101£, 9, Bllle S T £llz (€% gelluse €% hell o + NP gell e €% b 2o
+[1€ % ge| Lo | | Lo + He”a“geHLgoIIe”a“hellL;o) :

For the extern terms g. and h., the important behavior due to the localization comes
from
|29gllz2 < sup |26 ]|lz 10 g2 S T30 |g]y,
[>T

where a € (3, +5]. Thus, for g, (the same holds for h,), equation (4.3.20) becomes

i _1_4
€% ge|l e < T72737gly,

RN , : , .
where § = 19= € [0, 2). From now we fix § = 1 (i.e a = 7 € (3, 1]). With this equation,

the embedding (4.3.21) for g. and h. and the bound (4.3.22), we obtain

b 138
|04, gex el S T w||f||Lg||g||Y||h||y,
||Oi{f7 g67 hC]HLg + H(’)i[f, gc, ]”LQ < TIOO

Remind that 6 < 1073, we have 100 15 < _E = —%, thus we have an acceptable bound
for these three terms. It remains to deal with the O%[f, g., h.] term. This time, for the
centered terms g. and h., the important behavior due to the localization comes from

lo"*gelloz < sup a0 lewg ]z S TS ) |lg]ly,

4
ja|<T3

1 9 4 L
l2gellrz < sup [z[10]|z10g.[|2 < T3 10| glly
|| <T3

Thus, for g. (the same holds for h.), equation (4.3.20) applied to xg. becomes
"% gellz S Tollg]ly- (4.3.23)

The frequency localization of f,g and h allows us to do an integration by parts in s to
obtain
-1

OMf g = 57 [, e F (€ =) [(1— ot ) Gule — 1 — WFe(€ — )] s
RET
= i,tp[f? 9o, hC] + Oi,g[f? Ges hC] + Oi,h[fa Ye, hC]7
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where Of ,[f, gc, he] is the term where the derivative in & falls in . For the OF _[f, gc, ]
term, we have

i

OL [f. 00 he) = o [ e () F(€ = m)F(€ —n — w)ul€ — )

We use the bound (4.2.27) to get
= 0z 0z
1O% o[f ger helllzz S T7E 1 Fllzz Nl gell ao €™ el e
Then, by equation (4.3.21), we obtain

1O oL ges hlllz S T3 I fllzllgllv Ry,

which is an acceptable bound. For the Of ,[f, gc, h.] term, we have

L Loy () FE — m)TT(E — 1 — R)BalE — x)ddi,

t
he = —
O141f; ge, he) o Jee 1

Due to the localization assumption of the lemma, in the support of integration, we have
1 1
n,k S Ts. Thus we remark that in the support of (1 — p(tink)), we have

= —

w‘m

nz 2T

t1ik

Therefore, we have

||Oi,g[f’ Ge, h'c] HLg

(1 — ofti ) o _
<1 | [ e L2 e e - mi(e — m)dnds
R 27 Lg
We bound the right hand-side of this inequality by using (4.3.22),
-5+ 185 it itz
1O7 s ges helllz S T2 7708 || |2 [l€"*O gl oo l€% Pl 1
Then, by equations (4.3.23) for g. and (4.3.21) for h., we have
A -3
1O1 g f, g, helll e S T2 0856 f 2l glly [|ally,

and —% + 1%0 + % = _g + 1—00 < —:. By symmetry, we have the same bound for the
term Of ,[f, ge, hel, then for O S, ges h ] and finally for O[f, g, h]. O

Proof of Proposition 4.3.5

We are now able to deal with the proof of Proposition 4.3.5.
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Proof. We fix t € [£,T]. Recall that

NP, G, HB =Y Y e (O[F, G, H)(E) + O)F, Gy, H(E))

w7£0 (p7Q7T7S)€FW

the idea is to show that the O! part of the sum corresponds to ¢, whereas the O} part
splits itself in £ and &L

e The O} sum.
Using Lemma 4.3.8, we have

> > MOIREE]

w#0 (p,q,m,8)€Tw

2
LE P

_6 : o o(b ole
STH|E X min | E el Fr Iy 1E2S v

w7£0 (p7Q77‘7$)6FW (2
P
Thus, by the bound (4.2.12), we obtain
1tw a c -8 : o(a o o(c
IS X Ol B Elg, ST min 1E7 g 1Ol |, 17O,

w70 (p,q,m,5)€Tw

Therefore, using the relation (4.3.12) to deal with the ¥ norm, we obtain

itw a c -8 : o(a o o(c
IX X eOlF L Elg, S T8 min [F@) g | F7O) s F7O) .

w#0 (p,q,7,5)€ly

We can now use equations (4.2.25) and (4.2.26) from Lemma 4.2.3 to obtain

itw a c 79 a c
H%:O( z; O Fy FY Fillls ST = | Fls | FP|lsl Fells
w p,q,7,8)EL,
_6 a c
ST F e FO | xp [ F s
itw a c -8 o(a o o(c
1> > e OUF FF]llst ST 5+75£%%>§||F()||X;HF Ol e 177

w#0 (p,q,7,5)€Tw

Thus, under the assumptions (4.3.2) and (4.3.4), O,(t) := Y. > ™0} [Fe, F), FY]
w#0 (p,q,r,8)€T,
satisfies

T sup [|O1(t)|ls 1 and T sup [|O:(t)]ls+ S 1.
Ly<r T<t<r

e The O sum.
We do the exact same proof as in the O} case but starting with Lemma 4.3.6. We obtain

1tw a c — 9 a c
1> > €O F, B Flls ST 1m0 || FoY|s]| F||s]| F<ls,
w0 (p,q,r,8)€lw
) —1+-2 o(a o o(c
1> > O F EL Fsr ST i ({_IéangF()HmHF Ol F7s.

w#0 (p,q,7,5)€Tw
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We need a better decay than T _1+%, for that purpose, we use that

eitw

Oé[f,g,h}(€)>

w

SO £, g, h](€) =0 (

(&

L, 9 (2 o(tinm)) F€ = ma(s — 1~ mh(E — w)dnds

(OL10uf. 9. W)(€) + OLLS. Dug, hI(€) + OS1f, 9. B:h)(€))

1w
1tw

w
In N, we sum over w(p,q,7,s) = p> — ¢> + r2 — s> # 0. Therefore, the division by w
in the previous equality doesn’t lead to small divisor problems. Indeed, p,q,r,s € Z, so
lw| > 1 in N, Let us show that the two last lines of the previous inequality contributes

to €. For the third line terms, we remark that with (4.3.2), we have ||F|s < T° and
10,F||s < T~13. Thus, we obtain for example (using (4.3.4) for the second line),

eztw

| Z Z —OL[0F,, G, Hy||ls < T—2+135+50 < 712
w

w#0 (p,q,m,5)€Ty

itw

1SS S S_OLaE,, G, Hyllse ST > i60t9 < 712,
w

w#0 (p,q,7,8)€Tw

By symmetry, the same holds for the terms with the time derivative on G or H, and all
the third line terms contributes to £f. For the second line term, we have

1

O (2 p(tinK)) = e (Ziw(tinﬁ) +t @’(tin%)) e,

But in the support of integration, we have |nx| < T—%. Thus, if we note

O Fy FE F) = [0 (¥ p(tinr)) F(€ = m)3(E = 1 — k)A(E = w)dnd,

we have
eltw " a b poc < 1=+ pa b .
HZ Z EOZ@[quFr?Fs]HSNT 1 100||F HS”F ||S||F ||S7
w#0 (p,q,r,s)€ly
eitw L,
| Z Z '7057¢[F57F£aF§]||S+ < 771 at 0 max || FO9) g+ | FO9 | F9)| s
(,U?éo (p7q,r75)erw tw 0'663

Finally, this term contributes too to £f. Tt remains to deal with the first line term. We
define &5 by

Pl 0. F'0. FO)en =Y Y OE FLF(©).

w#0 (p,q,m,8)€ly

By the estimates on 0%, always using that = < 1, the bounds (4.3.2) and (4.3.4) give us
|Es(t)lls ST 3043 ST 30, |[&s(t)]|ge S T 70047 S T,

This completes the estimate of the £ term and the proof of Proposition 4.3.5. n
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4.3.3 The resonant level set

We study now the resonant part IT* defined in (4.3.7). In view of Theorem 4.3.1, we
want to show that II* stay close to TR where R is defined in (4.2.9). In this subsection,
we use the following norm

1F(lz, = Fllz + (1 +[t) [ Flls. (4.3.24)

We remark first that this norm in controlled by the norm Xr defined in (4.2.5). The
second interest of this norm is that Z, is an acceptable norm for the transfer principle of
Lemma 4.2.3, because this norm is based on the Liy norm. The purpose of this subsection
is to prove the following

Proposition 4.3.9. Let t > 1. II' satisfies the estimates

I LFe F FeYls S (L4 1) D0 IFT N 1 F7 ) 21279 s, (4.3.25)
[ <GE}
ITELF, PO P s S (L4 1D 30 IFT N 2 1 F7ON 5, 1P| s
ceBG3
+ (L) (T S [ FTO s [|F7 s (4.3.26)
oeG3

Moreover, we have the same behavior for R,

™ a C o‘a g gl(C
ISR Fells S (U+1e) ™" 30 IF7 Iz I1F Ol zI1F7 s, (4.3.27)
ceBG3
™ a C o'a [o gl(C
ISR Fllse S (L4 1D X IF7 2 F Oz IIF7 s+
ceG3
+ (L) FT O I F O s s. (4.3.28)
oeBG3

Furthermore, 11" is close to TR in the following sense
m _17
I'[E, G, H] ~ TRIF,G. ]l (1 + ) 5 F |Gl s, (4.3.29)
i _9
ITCLF, G H] = S RIE G H]|ls S (1 [¢]) E s IGls 1 H s+ (4.3.30)
Before starting the proof of this proposition, we state two lemmas.

About the behavior of the resonant part
The first lemma we need concerns the resonant part R, we have

Lemma 4.3.10. For every sequences (a'),, (a?), and (a*), indezed by Z, we have

o(3

I > a@alle < Helier;Ha"(”Heg\la"@)\lhg,lla llng.- (4.3.31)

(pvq:T)s)GFO

More generally, for all v > 0, it holds
I Y a@ly S X 10 gla”® ay a7 . (4.3.32)

(p7q7rvs)el—‘0 0'663
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Remark 4.3.11. — The operator we deal with here is not really the resonant non-
linearity R, because we don’t deal with the & variable. In fact, this operator is the
reduced resonant nonlinearity we introduce later in Section 4.4.

— The bound (4.3.31) is very close to the bound (4.2.12) we obtain in Subsection 4.2.3.
In the actual case, we have a deeper condition on the frequency set, because we take
the resonant level set Ty, whereas we have a bigger momentum set M in (4.2.12).
The new condition p* — ¢*> + r?> — 52 = 0 allow us here to find this more accurate

bound.
Proof. We proceed by duality. Set the sequence (R), = (3, 4rs)er, Cbras),. For a® € £2
we have
0 _ 01 23
<a ’R>e§xe§ = A, 0,0, Ty

(p7qarvs)er0
But in one dimension, (p,q,r,s) € I'g implies {p,r} = {q, s} (see Remark 4.4.3). Thus

0 _ 0-1 2-3 0-1 2-3 0-1 23
<a ,R>€§XZ§ = Z a,a,a, a, + Z a,a,a,d, Zapapapap.

p,r€Z p,r€Z pEZL

For the first term, we have by Cauchy-Schwarz in p and r

S abalatal = (z aza;) (z azaf) < 1l lale?ls ol

p,r€ZL PEZL rcZ

The same holds for the second term. For the last term, we have by Cauchy Schwarz

0-1 23 0 ‘ 1 2 3
gapapapap < |la H@% o Haa( )H@H@U( )HK%’HGU( )Hfg°a

which is sufficient due to the embedding k), < > < £>°. Therefore, we get

(R, . Nl min o™l 0"y [0 1.

This completes the proof of (4.3.31). For equation (4.3.32), we remark that

v 14 v

for (p,q,r,s) €Ty, P =@ +r*—=s>=0=(p)" < ()" + (r)" + (s)".

In fact, here we have (p) = (¢) or (s), but the previous inequality is sufficient for the
estimate. Indeed, this inequality implies

(@ W) R), ,< X 1l (@) @aZad] + @l ()" |2 + [@ka?] ()" (@)
P P (pvlJvTvS)eFO

Then, it suffices to apply (4.3.31) to each part of the sum, taking the Ef, for the term in
the sum with the weight. This concludes the proof of this lemma. O

Remark 4.3.12. The fact that we take p,q,r,s € Z is crucial for this proof. In higher
dimension (in R x T with 2 < d < 4), this method doesn’t fit anymore, whereas the result
always holds. Taking (p,q,r,s) € To implies that p,q,r,s are the vertices of a rectangle.
Thus, in dimension one, we have a flat rectangle and Iy is a trivial set. In dimension 2 or
more, Iy becomes much harder, and the proof of Lemma 4.53.10 becomes more technical,
as we can see in [27, Lemma 7.1].
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Remark 4.3.13. From this lemma and Lemma 4.2.3, we deduce the following estimates
about the resonant nonlinearity R:

IRLEY, F2 FP|ls S max IOl 7O 2| 7D , (4.3.33)
IRIF, G, Hlllz S | Fllzl|Gllzl| H]]2- (4.3.34)

A localization estimate

The second lemma we need is a result about localization, which gives us a key argument
to show that IT* and 7R are close.

Lemma 4.3.14. Assume that f¢, f°, f¢ € L2 and

fix) = (s~ i) fox),  fo(2) = p(sTia) fo(x),  fo(x) = (s Ta)f(x), s> 1.

Then, for v an integer, we have

~

L fele = m)fe = n = m) fo(§ = mydndr — Zf(©) ) f(€)
<578 min S|P Ng 157 e (43.35)

~

€1

Proof. We begin with the case v = 0. First, the idea is to rewrite the left hand-side of
the equation to obtain a better form. With the Fourier transform definition, we have

/RQeZisnnfa(g . n)ﬁ(& —n— H)fc(f — /Q)dﬁd/i

1 a rb c iSNK—1 - 7 —N—K)—1 —K
L /Rsf (1) 2 () € (y3) /R2 p2isnk—iy1 (§—n)+iy2(§—n—r)—iys(§ )dndlidy1dy2dy3.

Now we use that

N /5 Y3~y Yy1—y (y3—y2)(W1—y2)
pRisnrtiyin—iya (n+r)+iyse _ o' {( 250+ 550 (V2 552 ) - S L)

Y

and the changes of variable o <> /251 + %—\/_2%2, b < V2sk + %, to obtain

~

L €T E = )€~ = ) (€ — m)dnds =

1 -7 : ;\Y3—Y2)\Y1—Y2 ;
/ ) o) (el i (/ . elaﬁdaw) dy1dyzdys.
R R

1
2s (2m)3

But
/ ePdadp = 27r/ Fll)(—a)da = 27?/ do(a)da = 2.
R2 R R
On the other side, we simply have

FUOPUO) = Gz [, 100 o) e i,
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Therefore, we have

/R2 eZianfa(g o n)ﬁ(g —n— /i)fc(g — /Q)d?’]d/‘i — gfa(g)ﬁ(f)fc(g) —

1

T aly \fb c —i€(y1—y2+ys3) ( R 1) dyydyed
(27)3 s R3f (1) fo(y2) f<(y3)e € Y1dy2dys.

With this form, we can now use the assumptions of the lemma to obtain bounds. We
denote by f one of the functions f2, f°, f¢. Due to the localization hypothesis

1
f(x) =p(s75x) f(2),
we have )
lefllez < s¥l[fllez-
Thus, equation (4.2.10) becomes
1l S s5l fllee-

Moreover, we use that

e“—1\:2

sin(3)] < lal.
Using these estimates, we obtain
. N = ~ T A = N
| /R 25 fa(& — ) fo(€ = — k) fo(6 — k)dndr — ;f“(é*)fb(é)fC(f)]
S [P )l s)llys = vellyn — veldydydys
<572 (I ol el felley + ool £
+ £ el Nl sl ey + 1 el el £ )
9

SERU VAT Vad 12 (Vi 7%

It completes the proof for the case v = 0. Now v is a positive integer. Let us prove the
inequality with the H” norm on the f® term. The idea is to write, by convexity,

€] < 1€ —n—Al" + I+ sl (4.3.36)
Thus, we have
6] [, e fe(& = mf(E = = w)Fe(§ = m)dndr — = fo(©) fH€)(©)
S| [, e fele —m)(e = n—r) (e = n = W) fe(§ = m)dndr = () (€ P f(¢)|
| [, e fr(e = m(e = n = m) fe(€ = )+ 0" dnds]|

The first term is controlled by the above computations by 5% 1o 1 f N 22 | £l 2 - Due
to the Newton binomial expansion, we have for the second term

| [, foe = m) fr(e = n = m) fele = )+ ) dnds
<y | /R 2o fa(g — ) o€ — 1 — w)fo(€ — mn R dds] = 3 Tl fo, . fo)
k=0 k=0
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Performing an integration by parts in x, we obtain the bound

Te(fe, fb, F)

57| [ o fee = moe [Fo(e - n— w0 fe(e — mpwr |t ]
Thus, we compute k integrations by parts in £ and (v — k) in n, we get

Te(fe, f2 )| S

P Z ‘ /RZ e?isnna?fa(g _ n)agzﬁ(g —n— K)aé%fc(g _ /i)dnd/i‘

k1+ko+k3z<v

S5 D0 1O felloz N0 Foll s g fell e

k1+ko+k3<v

But, due to the localization assumptions of the lemma, the inequality of Young and the
bound (4.2.10), we have

108 Fellze = lla™ fllz < 5711 folle,
108 felle < IF(ols 3 a)am) e PPy S llols™ a2 10: (s )™ 122 ol
< st fellzy.
Therefore,

Tolfe o

< s ol el foll ol Fel e,
3 3 3

and finally
[ et =) e = n = ) fe(s = )+ m) dnds] S 5Tl g5l

We use now that (4.2.10) (with o = 1) gives HfbHL% SN SNy to get

2 62isnnfa(§ . n)ﬁ(g —n— K)fc(f — /{)dndl-{ — gfa(f)ﬁ(f)ﬁ(g)’
S (78 s I ezl ol £ 22

We remark that we have the result (4. 3 35) with the H” norm on f as soon as v > 2,
because in this case, we have s~ < 58, By interpolation, this bound holds when v = 1,
and thus for all integer v. We can of course have the same result with the H” norm on f*¢
or f¢, simply considering the bounds [£|” < | —n|” + |n|” or |{]V < |€ — k|” + |k|” instead
of equation (4.3.36), and keep following the rest of the proof mutatis mutandis. O

Proof of Proposition 4.3.9

We are now able to deal with Proposition 4.3.9.

Proof. We begin with equation (4.3.25). Recall that by the definition (4.3.7), we have

FI'E G H|(¢p) = Y.  FIE,G. H] ).

(paQ7T7S)EFO
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Thus, by the definition (4.2.8) of Z*, we have

IFe, B RN @)l < 32 e Fy(@)].|e" F(2)]. "% Fy (x)]

(qums)ero

2.
|3

We apply Lemma 4.3.10 to obtain

ITELFe, F*, FeY(2) 25 S min (€% 7O @) g [l 7O () g [l B () ]y

Therefore, applying the L2 norm on the both sides, we obtain

I F?, B, P, S min [F7 i e 7Ol | Oy, (43,37

In order to apply Lemma 4.2.3 with the new norm Z; defined in (4.3.24), let us show that
; _1
e Fyllnree S (L4 [E) 721 F ]l 5, (4.3.38)
We want to bound the term

€% By 3, = S0 (14 p) e Fy)

PEZ

The idea is to split the sum in p.
o If|p| <ts.
Writing €%+ F), as an integral with a kernel, it is straightforward to check that

2

e[ = Ky % F,,  where K,(r)= (4i7rt)_%e_ﬁ.

Thus, splitting the integral in two parts, we get

. 22 A
eztaszp(x) — (2Zt)_%€ZEFp(%) + AFp(t7x>7 (4339)
where, for all 3 € (0, i),
|AR] .. S #7= 1 Bl (4.3.40)

For more details on this computation, we can refer to [52, Lemma 2.3] or the more general
lemma from Hayashi and Naumkin ([33, Lemma 2.2]). Thus, using the equations (4.3.39)
and (4.3.40), we have for all 8 € (0,1),

i - AL - 7
Yo A+ St Y (1 +p2)|Fp(§t)|2+t DD +p2)\|FpH?{€1
PEZL PEL PEZ
Ipl<t® pl<t® lpl<t®

SEYF + BRI+ oI, ).
We choose 3 = 46 € (0, 1) to obtain
Yo (L+pP)e P Fy(a)? SHIFN + 2N FIE) StHIFIS, (4.3.41)

PEL
1
Ip|<tB
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o If p| > ts.
We write e
1+p) =Q+p)" 1 +p) Y Stz (L +p%)
Thus, using the Sobolev embedding (4.2.14)
it 1_N _ 1_N
Yo (L pP)|e™ P Fy(a))? St 7 Y (L +p)V BT St T FIIE
PEZL PEZ
Ipl>¢3
But N > 10, in particular, N > 6 + 89, thus
Yo ()= Fy(a))? St RIFE SR, (4.3.42)
PEZL
Ipl>t3

Finally, we combine (4.3.41) and (4.3.42) to obtain (4.3.38). Then, back to (4.3.37), we
have

HHt[Fa,Fb’FC]”L%,y S+ )t 52162 HF"(“)HLg,yHFﬁ(”)HZHF;’( )Hz

We can now apply the first part of Lemma 4.2.3, this ends the proof of the bound (4.3.25).
Let us now deal with the equation (4.3.26). In order to apply the second part of
Lemma 4.2.3, we need a bound on [|[YF|z for Y € {z,(1 —,)*}. Thus, according
to (4.3.26), we need to show that

IYFlz S L+ RDTNF s+ + 1+ [H)* (| F s (4.3.43)

First, recall that ||F||;, := ||F||z + (1 + [t|) || F||s- By definition of the S norm (4.2.4),
we have

L+ )NV Flls S @+ ED)IF s+,

for Y e {x, (1-— 81@)4} .
For the [[(1 — 0,,)*F||z term, we follow the computations of the proof of the second
inequality in (4.2.13). We have, for a dyadic integer N, and using (4.2.10),

— 1 1 1 11 1 1
G E(O] S IQNE L eQuE L S N3 = 0:) 2 B2 B 2.
Thus, we have

N

- _1 11 1 1 1 1
1+ 15,0 S SN (1= ) ¥ Bl L 2B S 1B bl Byl
Therefore, we use Cauchy Schwarz to obtain

11— 02 I3 = sup(1 + € W)

SO+ PNEallzFllz SNFlanmllzFlle, S IFIE.
PEZL

Note that we use that N > 11 in the last inequality. It remains to deal with the ||z F|
term, we have to show that

leFllz < A+ ) I F s+ + (1 + )1 F]s. (4.3.44)
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The idea is to use the Littlewood-Paley projectors, we have

[ Flz = ?ﬁiu + ENF (@Fp) (€)llng ~ sup(l + M| F(QueaFy)ll gy

Thus, we want to control the term ||]:(QMpr)||Lgoh11). Now, as in the bound (4.2.10), we
localize xF}, inside and outside a neighborhood of 0. Let R, be positive. We write

wFy(x) = (1 - ¢<;p>>F,,<x> + w(ép)Fp@).

We fix p. By the continuity of the Fourier transform from L! to Lg¢® and the continuity
of the Littlewood-Paley projectors we have for the outside part

T T
17 Qa1 = () Eplliee S 21 = o(—)) Bl
Rp 3 Rp
< lr M1 — (=
S e 1= el
< By ? 2B |-

Dz ll2* Byl 2

For the inside part we have by (4.2.10) and Cauchy-Schwarz

IF(@ure() )l < I Quae( ) Byl

Rp

S |Quap(+-)F, HLQIIQJQMW( )y HL2

Ry Ry

For the first term, we have

i —
|Quap() Byl S () Follzs S RyllFyllzz S RpM || Fylly-

Rp g Rp

For the second term, using the notations of (4.2.23) and the relation
Qur = [Qur, 2] + 2Qu,

we have

Follzz S &= 90( Fpllzz

[2Qarzp( R, V2 + |Q el

S Bl Fplicz + 1 Fpllzz)-

R> R)

Combining these two terms and the bound about the inside part, we obtain
_1 N 1 1 1
IF@QuaFy) e S B2 2 Fyllrz + RyM ™= | E | 5n (1 Fpll 22 + l2Fl172).

We choose R, := (1 + p?)R for R positive to be fixed, then we square and we multiply
both sides by (1 + p?), we get
L+ P IF@uzFy)|ie S B2 Fll2: + (L+p° P REM NN Eyll v (| Fyllzz + |2 Fp 2)
S RY2?EylZz + (1 +p?) RPM Y| |3y
+ (1 + ") RAM N By + RPM Y |2 F 2.
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Therefore, using that N > 6 we take the sum over p,

IF(QuaFp) Loy S BTIFIG+ + R2MN|FS.

[

We choose R = (1+M?)?(1+t])?°, we multiply by (1+M?) and we take the supremum over
M to conclude the proof of (4.3.44). Thus, we can apply the second part of Lemma 4.2.3
and the proof of (4.3.26) is completed.

Then, we want to obtain similar estimates for R. The previous computations give us
this result almost immediately. Indeed, by Lemma 4.3.10, we have

IFRIF, ', F(€)lg S min HET ez I 7P @)l 15 () -

Therefore, taking the L2 norm and using that the Z; norm is controlled by the Z, norm,
we get
IRIF®, F*, F¥ s, < min [F7@) sz 1F) 2,15, (4.3.45)

Thus, using (4.3.43), the transfer principle of Lemma 4.2.3 gives us both equations (4.3.27)
and (4.3.28).

Finally, we have to bound the difference between IT' and TR. In order to apply
Lemma 4.3.14, we decompose F'¢, F® and F°¢ with a centered component and an extern

one as follows )
F=F,+F.,, where F.z,y)=p(t 1x)F(x,y).

The idea is to write
ITI'[F*, F°, F€] — %R[F“, F Fe)| < |ITHF®, F° F€) — T F2, Fb, F9|
1
+ |Ht[Fg>Ff7Fcc] - %R[Fg,Fj,Fg” +Z|R[FG7Fb7FC} —R[FS’F(?,FCCH
(4.3.46)

We want to deal with the S and Z norms. Therefore, for the first line terms, we use that
there is always a extern component (as F* for example), because we killed the component
in [F%, F?, F¢]. For the second line term, we use Lemma 4.3.14 because we have just
centered components. Let us begin with the first line terms. Let us show that

Fe, R F] - TES, FL S+ IRIFS, B, F] — RIFE, B P2

< (L+ [t)TE [ F s | Flls ]| Fels, (4.3.47)
uwwﬂﬂfﬂ—ww&ﬂiww+QWW%WJW—Rmawﬁmm
S (LA ) THF s+ [|F s+ | Flls+.  (4.3.48)

~Y

We introduce the notation F for either F. or F,. As mentioned before, there is always a
extern part here, we take advantage of this extern part with the bounds

_1 — _1 _1
1Fellzz, <11 =@t 12))Fellez, < l27" (1 = o(t™52))[pplleFellzz, S 1+ 1) 731 Flls,

x,y T
— _ _1 _1
IFells < 111 = p(t712)) Fells < l27' (1 = (t752)) [z lloFells S (1+[t) 7| Fls+

Al
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Indeed, we have [|zF|[zz < |F||s and ||zF[|s < [|F[[s+. Here, we see that the control of
the multiplication by x allows us to pass from weaker norms to stronger ones with a gain
of decrease in time. Thus, for the II term, we use equations (4.3.37) and (4.3.38); for R,
we use Lemma 4.3.10 to get

I(ES B Bz, + 5 RIES B Bz, S (L 1) N E laz, | sl ¥l
< @+ )P s Fels.
Using Lemma 4.2.3, with also have
I[ES, B Bl + IS RIFE, B BNl S (L ) sl Bl <l
S (L4 )N F s ||+ | -

We have the same result considering the terms in [F¢, F?, F¢] and [F*, F?, F€], thus, the
second line completes the proof of (4.3.48). We use the first line of this inequality and
the relation (4.2.13) between the norms S, L? and Z to get

a 7 [ m a T [c _5_3 a c
HHt[Fe,FbaF]||z+||;R[Fean,F]||Z§(1+|ﬂ) w1 s Ol sl Fells-

This completes the proof of (4.3.47). We now have to deal with the second line term of
the equation (4.3.46). We have
F(IUFe, 2 F = SRIFS FLED(E D) =
. N - N T A ZA A
S ([ e~ mBLLe — - W€~ Rdnds - TFLFLEL(©)
(p,q,T,S)EFo

First, we write
|FOU(Ee, B Fe) = S RIES FLFE)(E D)
< I FAVFE, B Fe] = SRIFE FL ED(E D) o
Then, we apply Lemma 4.3.14 to obtain
(&) || FAUEe, Y F) = SRIE L F(E )

~Y

(
Thus, applying (4.2.12), we obtain

a c n a c -2 . a(a o o(c
||*F(Ht[Fc ) Fja Fc] - ;R[Fc ) Fja Fc])HLg@g 5 ts gelgé ||Fp,((: )||L%€%||Fp,£b)||H%le)”Fp,((: )HL%Z},

_9 .
< > s min [ FOm | FLO 1 ES | s
p,q,7,8)EL0 o€0s

Therefore, using the injection h) < £}, we have
I Ee Y~ TRIE EY FE s, S min ET s [ETO 5 7O
An application of Lemma 4.2.3 gives us
IO[Ee, B, e = SRIFE FL Fels S €3 P | E sl ) s.

This is sufficient to prove (4.3.30) thanks to the second part of Lemma 4.2.3. The proof
of (4.3.29) follows from this equation and the Gagliardo-Nirenberg type bound (4.2.13).
This finally completes the proof of Proposition 4.3.9. O]
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4.3.4 High frequency estimates for the resonant part

For the resonant part of the nonlinearity, the estimates we obtain in the last subsection
are not sufficient to prove Theorem 4.3.1. More precisely, we want to be more accurate
than the estimate (4.3.27) in order to show that the high frequency part of 7R contributes
to & in Theorem 4.3.1. Indeed, we need to obtain a better decreasing behavior (with
respect to 7") than the one given by equations (4.3.27) and (4.3.34). For that purpose, we
state the following proposition.

Proposition 4.3.15. Assume that T > 1, the following estimates hold uniformly in T':

L), G, HOlz S T2 Fllx |Gl 1 H [ (4.3.49)

>Ts

| [ ar(ERIQ 4 F(0),G(0), HOMts S TPl NGl | H Ly (43.50)

vt <T, IRIQ

Proof. Let us begin with the first equation. We fix ¢ < T. In order to gain some de-
creasing not present in equation (4.3.34), we use the better behavior of the L? norm.
1

1 3
The Gagliardo-Nirenberg type inequality || F||z < ||F||{: ||F||§ from Lemma 4.2.1 will

allow us to transport this gain of decreasing from the L? norm estimates to the Z norm
estimates. For that purpose, we use the equation (4.3.45) to obtain

IRIQ 4 F@),G(), HDl 2, S NQ 3 FOllzz GO 2 1H (@) 2,

Focus on the first term of the right-hand side, we have

2

NER(E)] dg

>

2%
19,4 FO)lzz, = [ S(1+€)7 1+ | ol

1
PEZL 6

_1 _1 _1
STy, ST |Fllz S T3F ) x

For the two other terms, we just use the control of the Z, norm by the X7 norm. It
follows

IRIQ i F(8), G(0), HOll iz, S T3 I Fllxa |Gl 1 -

>T7

For the S norm estimate, we just use the equation (4.3.33) to obtain

s F@, G, HWO]lls SNQu s FOIsIGWOs[IH (#)]s
S TNl Gl | H L xy-

IRIQ

Finally, by the inequality (4.2.13) we get

LE), GO, HOWz ST 75 Pl |Gl | L xr

>T6

IRIQ

The estimate (4.3.49) follows by considering that § is small enough.

The proof of estimate (4.3.50) is slightly more delicate. We can’t just use the equa-
tion (4.3.27) with the bound || F||s < T°||F|x,, because we need more decreasing in 7.
Moreover, we can’t use just the L? behavior to obtain some decreasing for the S norm
estimates. Therefore, the strategy here is to use the ||(1 — 0,,)*F||s term in the definition
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of the ST norm in (4.2.4) to gain a better decay. More precisely, let us show that for
times t < T,
”Q>T6 ®lls S T_§+56”FHX+ (4.3.51)

We begin the proof of (4.3.51) with the L? part of the S norm. We have

2
le@ 4 Fllts, = [ 3 ¢

PEZL

S [ 01— 0320+ €)73 0 (1+ ) F(©)[ ae

PEZL

o ( - f DI+E 1+ €)' B

2

+[ 3 1+ e Fy(e)f ae.

PEL

25
O | (1 — 1+
g ( A2
For the first term of the right-hand side, we use that
(1— () 1+ )P ST75,
Tt
we obtain thus

/21— P40 (1 + ' Fy () de S T3 a1 — 0,) FI

PEL

ST5|F3-.
For the second term of the right-hand side, we have

2€

o (<1 o0 +52>-4) %

F)(1+8%)7" <1_¢(E))€(1+§2)_5

<T_* /
S sO(T
<78,

In the last inequality, we used that the function x +— x(1+ 2?)3 is decreasing for x > 1/2,

1
and here we have £ > T76 > % Thus, we obtain for this second term the inequality

5>

PEZ

2
o (- wznr @)+ @1 hiof ae ST - 0. r1,

ST

Finally, we obtain \
2@ i Flicz, ST 3[Flls+

To prove the inequality (4.3.51), it remains to deal with the HY part of the S norm. We
just write

2

19, Iy, = [ S0+ % 0+ €1+ €)1 - ()1 + €)' Fy(6)| dg

e pEZ
ST = Oue) Fllfiy, S T3 I3
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Therefore, we also obtain
1@, 4 Fllay, ST 31F s+

and finally,
1@ 4 Flls ST 31 s+

Thanks to the definition of the X; norm in (4.2.6), the proof of the inequality (4.3.51) is
completed.
We can now deal with the inequality (4.3.50). By the estimate (4.3.27), we have

IRIQ 4 F() GO, HWD]s
S (LD QL FOIAIGONZ IHOls + IGOIsIHO)]2)
+ U+ 1D NQ s FOISICOI 1 H )5,

Using that the Z, norm is controlled by the S norm, we obtain for % <t<T,

o F 0.0, HONs S T F L Gl |1 s

TR,

Thus, the proof of (4.3.50) comes from the smallness of § and the estimate

| [ ar(®FRIQ . FO.GO, HONtls ST sup | TRIQ, F(2). G0, HD)s.

<t<T

4.3.5 Proof of Theorem 4.3.1

With the previous estimates about the different parts of the nonlinearity, we are now
able to prove Theorem 4.3.1.

Proof. We first introduce some notations. Due to the high frequencies estimates of Propo-
sition 4.3.2, we want to split N between low and high frequencies. For that purpose, for
a trilinear operator ¥ (here, we take T € {Nt,/\ft, I, R}), we set T = Ty + Tpign, Where

rzhigh[Fa G7 H] = Z (I[QAFa QBGa QCH]a
A,B,C
maX(ABC)>T%
zlow[FZG"a]—I] = [Q<T615FQ<T6 ’QST%H]'

According to this idea and the decomposition (4.3.6), we decompose the nonlinearity N
as follows:

Nt = fiigh + low + Hlow (4352)

Moreover, due to the proximity between IT* and the term IR that we want to isolate (see
Proposition 4.3.9), we decompose 1T}, in

m m m
H?ow - ?R + (Hfow - ?Rlow) - thigh-
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Therefore, we have the decomposition

T ~
Nt = ?R + N;zigh + ltow + (Hfow

n T
— TRiou) = R (4.3.53)

Using Proposition 4.3.2, the NV, ;, term contributes to £ in Theorem 4.3.1. For example,
we can see that equation (4.3.8) gives us

_I
sup [ Noign (D)2 S T35 Fllxp |Gl | H L

T
T<t<r

For the other terms, we use the properties of the support of gr and the integral of ¢
introduced in (4.2.2) to obtain

| [ ar®&®dtlsr ST sup En(®)lsco.

T
T<t<r

| [ ar®&dtlsinr S sup [[€a(t)lsco

T<4<T

Thus, Proposition 4.3.5 shows that the A/ term splits in two term & and & which con-
tributes respectively to & and £ Remarking that the Littlewood-Paley projector Q_.1
— TRiow) term of (4.3.53) contributes to
the term &} by Proposition 4.3.9. For example, we see that the control of the Z; norm by

the X7 norm gives

doesn’t increase the Z and S norms, the (II}

low

I [ ar®) (ot = FRi)dtls ST sup ()]s + [ FRIIs)

T<e<T
S TN Fll e |Gl 1 H || xp-

Finally, the last term we have to control is FRpigrn. We want to show that this term also
contributes to £f. By Proposition 4.3.15, we have

™ _2
sup |[[ZRIQ_ 4 F (), G@), HWllz ST 2 Fllxr [|Gllxr [ H xr

>T6
T<t<T t =

T _
I [ ar®)FRIQ_ 4 F), o), HWdtlls S T F L Gl | Hll
Writing that

Rhigh[F)Ga H] = R[QZT%Fv Ga H]+R[Q<T%Fu QZT%GvH]+R[Q<T%Fa Q<T1G)Q 1H]7

6 >T6

it suffices to prove two of the inequalities of Theorem 4.3.1 for FRpign, because there is
always one high-frequency-localized term. The two other inequalities come directly from
the equations (4.3.33) and (4.3.28). This concludes the proof of Theorem 4.3.1. O

Remark 4.3.16. Through the previous theorem, we see the importance of all the terms
of the ST norm. In particular, in order to show that the resonant parts (Ij,, — *Rouw)
and T Rpign contribute to Ef in Theorem 4.3.1, we have to gain a decreasing behavior, with
respect to T', to show that

I /RqT(t)El(t)dtHs ST N Fll i IGx 1H | -
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For that purpose, we see in Subsection 4.3.3 the role of the ||xF||s term of the ST norm
to control (II' — IR), for exzample through the proof of the equation (4.3.48). With the
same idea, we see in Subsection 4.3.4 the importance of the ||(1 — O.2)*F||s term of the
St norm to control TRyign, with the estimate (4.3.51).

4.4 Study of the resonant system
In this section, we want to study the resonant system

{i@TWU(T) =R Wy (r), Wy (1), Wy (7)],
iaTWV(T) =R [WU(T)7 WU<7-)7 WV(T)] )

with

FRIF,G.H(&p)= Y. F(E&qGErHESs)
(p,q,m,5)€l0

and
Lo = {(p.a,7.5) € Z' {p.r} = {¢.5}} -

In the definition of the nonlinearity R, the Euclidean variable & acts just like a parameter.
According to this idea, by deleting this variable, we define the reduced resonant system

for two vectors a = {a,} o, and b= {b,} ., by

iialt) = R (b(t), b{t), alt)).
{iatb@) — R(alt), a(t), (1)) (443)
with
REO.M0A0,= 3 o @o

First, we study the resonant system in Subsection 4.4.1 to obtain some estimates about
the solutions of the resonant system. Then, to take advantage of the reduced resonant
system, we want to show in Subsection 4.4.2 that we can transfer solutions from the
reduced resonant system associated to R to solutions of the resonant system associated
to R. Thus, in Subsection 4.4.3, we study the structure of this reduced resonant system.
Finally, we obtain some dynamical consequences for solutions of the initial system (4.1.1),
like the control of the Sobolev norms (Remark 4.4.2), and an example of nonlinear behavior
with the beating effect (Subsection 4.4.4).

4.4.1 Estimates about the solutions of the resonant system

In this subsection, we study the behavior of solutions of the resonant system (4.1.2).
More precisely, we deal with two lemmas which will be useful to prove Theorem 4.1.1
(Section 4.5) and Theorem 4.1.2 (Section 4.6). First, let us prove this following result,
which helps to prove the existence of the solutions of the resonant system.
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Lemma 4.4.1. Assume Wy, Wy € S and let Wy, Wy) be the solution of the reso-
nant system (4.1.2) with initial data (Wy o, Wyp). Then, for t > 1, we have two conser-
vation estimates.

Wy (Int)||z + [[Wy(Int)||z = [[Wuollz + [Wyellz,
W@ lag, + Wy Ollag, = Woollag, + Wyl g

z,y z,y )

Vo € R. (4.4.3)
Moreover, we also have a control of the growth of the S and ST norms by

IWo (I t)lls + Wy ()]s S L+ ) ([Woolls + [Wrolls), (4.4.4)
IWo(nt)s+ + Wy (I t)lls+ S (04 1) (Woolls+ + [Wolls+), (4.4.5)

where & =~ |[Wyoll% + [Wuollg and 6" =~ [Wyoll% + [[Wool3-

Basically, the goal of the second part of this lemma is to transform exponential bounds
of Gronwall estimates into polynomial bounds, thanks to the In(t) time present in the
resonant terms of Theorem 4.1.1 and Theorem 4.1.2. The gain of this transformation is
primary because we have a control on the power of the polynomial bounds. Before proving
this lemma, let us begin with two remarks. First, we have a dynamical consequence.

Remark 4.4.2. On the one hand, estimates (4.4.2), (4.4.4) and (4.4.5) are just some
generalizations of the case of the cubic Schridinger equation. Indeed, we have the same
estimates with just one equation (see [27, Lemma 4.3] or [54, Lemma 4.2]). On the other
hand, we have the estimate (4.4.3), about the conservation of the sum of the H® norm
of the solutions of the resonant system (4.1.2). This estimate is related to the dimension
one of the compact part T of the spatial domain. In particular, due to Theorem 4.1.1, this
estimate prevents every kind of growth of the Sobolev norms of the solutions of the initial
system (4.1.1). We have thus a first dynamical consequence of this theorem: all the couple
of solutions of the system (4.1.1) are bounded in every Sobolev space H® (for alls € R). In
particular, this is sufficient to prove the estimate (4.1.3) and thus Theorem 4.1.3 follows.

The second remark concerns the structure of the set I'y.

Remark 4.4.3. Let (p,q,r,s) € L'o:

0=P*—¢)+(r*=5") = (p—@) (p+q)+(r—s)(r+s) = (p—q) (p+q—r—s) = 2(p—q)(p—s).

Thus, we have p = q or p = s, and it follows that {p,r} = {q,s}. As a consequence, we
see that

Z WV,p( )WVq( )WUT( )WU,S(t)

(p)q’r75) 61—‘0
2

= 2 Wy ()P W ().

PEZ

- Z ’WVP ’WUV

p,r€ZL

ZWV:D WUq )

PEZL

In particular, this quantity is real.

We can now prove Lemma 4.4.1.
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Proof. Let us see the computations for Wy;. We begin with conservation equations (4.4.2)
and (4.4.3). By definition of the resonant system, we have

i0.FWu(t,&p) = FRWv. Wy, Wl (£.E,p) = - Wag(t W, (8, W (1, 6).
(p7q1r75)€F0
Thus, for h: R — R a real function, we have

05 h(p)Woul* =25 hp)R (00, W,

PEZL pEZ

=2 Z h(p)% (i@tWU,p.WUm)

PEZL

=2 Z h(p)% (WU,pWV,qWV,rWU,s> .
(p7Q:Tvs)€FO
By Remark 4.4.3, we see that for constant function A~ = 1, the right-hand side of the
equation is 0. Thus, we have the conservation of the Ef, norm of Wy and Wy,. For higher
Sobolev norm, let us rewrite the right-hand side by developing the imaginary part. We
have

0 o)Wyt = =i 32 (W) W W W Was = o) Wy Wy W Wi )

pEZ (p,q,7m,5)€T0

By symmetry this equation becomes

at Z h(p>|WU,p|2 =—1 Z (h(p) - h<5)) I/T/YU,pVAVV,qVT/V,TVi/U,s‘

pEZL (p,g;r,s)€l

Here, we have no more symmetry because of the different Wy and Wy terms. To avoid
this problem, we take advantage of the coupling effect by looking the sum of the norms
of the solutions. We have

O > h) (Wl + [Wipl®) = =i Y (h(p) — h(s)) Wy, Wy,g Wy, W

peEZ (p,q,m,8)€T0
—i > (hlp) = h(s)) Wy, Wy oW, W
(p7q77‘78)€r0

Now, by symmetry we have

0, S h) (W2 + [Wip?) = =i 30 (h(p) — hlq) + h(r) — h(s))Wu, W W, W

PEZL (p,g;m,8)€T0

By Remark 4.4.3, we have {p,r} = {q, s}, thus
0 Y~ h(p)((Wu,l* + Wi [*) = 0.

PEZL

From this equation, we deduce the conservation of all the sum of the 27 norms (for o € R).
Equation (4.4.3) follows immediately. From conservation of the A, norm of Wy and Wy,
we have

[FWo (t, )y + [FWy (£, 6)lny = IFWuo(E)llny + [FWrio() Iz (4.4.6)
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Multiplying by (1 + £%)? and taking the supremum in £, we obtain equation (4.4.2).
Let us now deal with the proof of the inequality (4.4.4) for the S norm. From
Lemma 4.3.10 (equation (4.3.32)) and equation (4.4.2), we have

IFR Wy, Wor, Wl ()l S W ()l 10 () g W0 (€) g, + W (€)1 W (€) 17y
< IWoollz + Wl 2)* (W (€) g + W (€)ly)-

With the same method, using this time equation (4.3.31), we also have

10 FR Wy, Wy, Wyl(§)l]ez
S N0 ()l W ()l Wi () 1y + 10Wer () 1z W (€) 17
S (Wullz + 1Wvoll2)* (10 W (€)ll + 106y (€)l2)-

Therefore, with these two estimates, we have

10:Wo (#)lls = IR Wy (£), Wy (), Wu ()] Ils
= IR Wy (), Wy (£), Wo (O] |y, + [[0eFR[Wy (), Wy (£), Wo ()] |22

S (Woollz + [Wvoll2)*(IWu (0)ls + W (£)]]s).

By symmetry, we also have

10y (0)ls < (Wuollz + [Wvollz)*(IWu (8)lls + Wy (©)l]s)-
Now, we use that by Cauchy-Schwarz we have
oWy )5 < IWo @) lsl0:W )]s,
to obtain, thanks to the Young inequality ab < a? + b,
AWy @)z + Wy (O1%) < (Woollz + Wl 2)*(IWu (D15 + W (0)[15).
We apply the Gronwall Lemma to obtain for a constant ¢ > 0,
Wo@N1s + Wy (1% S (IWrvollé + [Wuoll2) exp(c([Wyollz + [WuollZ)t).  (4.4.7)

Therefore, for the time In(t) and the constant 0" = $(||[Wvo||% + [[Wuoll%), we have proved
equation (4.4.4) for the S norm.

It remains to deal with the ST norm estimate of equation (4.4.5). We already have the
first part of the ST norm with the previous computations. For the ||zF||s part, always
from Lemma 4.3.10 and equation (4.4.2), we have
|0eFRIWy, Wy, Wullng < (IWuollz + [1Wvoll 2)* (106Was llng + 106 W)

+ (IWoollz + [Wvoll2) (IWullng 10 Wy llny + Wy llag [0Wv llng + Wy llny | 0Wirlln),
10:FRWy, Wy, Wullle < (IWuollz + 1Wvoll2)*(10eWulle + 108Wr le2)

+ (IWuollz + IWvoll 2) NOeWv lle2 106Wor llns + 106W |2 | OWy || ) -
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Therefore, for v = N, we take the HY norm in the first line and the L2 one in the second
line. We obtain

10:(xW )|y, + 10" W) ll2z, < (leWvlls + [aWolls)(WoollZ + [WollZ)

Ty N

+ (IWoollz + 1Wwoll2) IWulls + 1Wv 1) (10eWo lln e + 10W [lngge)-
(4.4.8)

Here, the main difficulty comes from the ||85Wv(§>||hg,Lg° and ||3§WU(§)||,Z})LOC terms that
are not controlled immediately by the Z norm of the initial data. Thus, we %ocus first on
the first line in the previous equation for v = 1. We obtain

10 FRWy, Wo, Wol(€)llny < (Woollz + 1Wvoll 2)*(10eWer (&) 1y + 10W (€)1ns)-
Therefore, by symmetry, we obtain
10:06 Wi €)1y, + 10:06W v (E)lny S UWwrollz + Wvioll2)* 10V ()lny + 10W (€)]lny)-

Thus, following the computations of the S norm case, we obtain for a constant ¢ > 0 and
the associated parameter 67 = S(|[Wy,ol|Z + [[Wuoll%),

10y (8) npzze + 10 (Dl S (eWoollz + |2 Wl 2)e ™.
We plug this bound and the bound (4.4.7) in equation (4.4.8). We get

10:(xWe) ()]s + [|0:aWv) ()]l S (IWuolly + Wl Z) (W ()|l + [aWu (£)|s)
+ (IWwollz + 11Wvoll2) [Wvolls + [[Weolls) (Wl z + |aWeoll 2)e® o1,

With the Cauchy-Schwarz and Young inequalities, we obtain for a constant ¢ > 0,

A (l@Wu)(®)ls + (W )(E)]ls)? < c(IWuollg + [Wyolls) Wy (8)]]s + laWu (t)lls)?
+c(([WoollZ + Wyl 2) (leWaoll5 + laWel|Z )@+
We set,
y = (W) (@)lls + 1@Wv)(@)lls)?, 05 == c([Wuollé + [[Wroll3),
K = c(|[Wuolly + Wyl 2) (leWyoll + aWeoelly) and  f == KeXT 0"

We have
y < dyy+f,
thus, we deduce that
1! " t "
y(t) < e%lyy + 662t/ e %25 f(s)ds.
0

Back to our variables, it becomes

(W) O)s + [@Wy)(@©)]ls)*
1" 1 t 1" ! 1
< (| @Wo)olls + 12 Wy)olls)* + Ke%t/ A
0
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In the integral, we just use that —d) + 2(6" + 07) < 2(6" + 67). Moreover, we have for a
constant ¢ > 0,
05 +2(8" + 6Y) < c([Wuoll§ + [[Wroll§) = 26"

Therefore, we obtain
W) O lls+1 W) @)]s)? S (Wrollge +IWaoll g )e +([aWrol| 5+ WoolZ)e*™.

We conclude the proof of this part by remarking that ||[zWy ||z < [[2Wvolls < [[Wvolls+-

The last thing to do is to deal with the [|(1 — 9,,)*F||s of the ST norm. The key here
is the fact that in Fourier’s variables, the (1 —3,,)* becomes a multiplication by (1 +£2)%.
Thus, we can just follow the same computations as the S norm case, just by putting the
¢ factors in the non Z terms. Namely, for the HY part we have

1L+ E)*FR Wy, Wor, Wu () Iy S
(WuolZ + WwollZ) 1L+ €3 W (€) Iy + [I(1 + €2 W ()lny).

We remark that we have the same bound as in the S norm case. The difficulty comes with
the L? part of the norm, because we have to deal with derivatives and multiplications in
the same time. We get

11+ )10 FR Wy, Wy, Wyl lle
< KO(H<95WVH£,%H(1 + ) Wollny, + 10:Wulle (1 + 52)4Wth;),

¢ . .
1061+ €))FR W, W, Wol g, S Ki g5 (101 + €)Wl + 1+ €)1 lg)
where Ky := ||[Wyollz + |[Wvollz. The strategy now is the same as in the ||zF||s part of

the norm. We can treat the case v = 1 in the last h” equation or just use the 2" bound
to see that we have the same bound for the terms || (€)° WU”h;L? and | (€)® VAVVHh})Lgo
as in the S norm case. Thus we can conclude the proof with the same inhomogeneous
Gronwall inequation as in the ||z F||g case. O

Remark 4.4.4. Through the previous computations, we also have the following estimates

about R:

IRy, Wor, Wl(#)lls < (IWu(0)lls + Wy (0)[1s) W% + W IZ) (1 + [¢)°,
IRWy, W, Wol(8)lls+ < (IWer(0)lls+ + Wy (0)ls+ ) (IWurlIZ + Wy [Z) (1 + [¢])°
+ (IWu ()3 + W (0)[F) (W llz + Wy ll2) (L + [¢)*"
We now control the growth of the solutions of the resonant system (4.1.2). The next

lemma gives us an estimate in order to control the growth of the difference of two couples
of solutions with close initial data. We have:

Lemma 4.4.5. Assume that for (A, BY) and (A%, B?) solutions of the system (4.1.2) we
have

IAYO)]ls + [1A%(0) s + 1B*(0)Is + 1B*(0)|s < <,
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and

|AT(0) — A%(0)||s + || B*(0) — B*(0)[|s < .
Then, for all 0 <t < T, there exists a constant C' > 0 such that
1A' () — A%(1)]|s + | B'(t) — B*(#)||s < 5.
Proof. The idea is to write
i0,(A' — A?) =R [B', B', A'| - R [B* B?, A?|
=R|[B'- B, B A"+ R |B* B' - B> A'| + R |B* B> A" — A%| .

For the S norm, we follow the strategy of the previous lemma. Let us deal with the first
term of the sum. By the estimate (4.3.33), we have

IR [Bl — B B!, Al] s <|IB* — B?||s||AY|2|| B || 2
+ 1B = B*|z(||A|s]| B' |z + | Al z]| B[] ).

Here, we can use that
IA* @)z < [AY O]z + [I1B*(0)]lz < [IAX0)lls + | B (0)]ls S e

Therefore, with the two other terms of the sum, and the estimate for the B part, we
obtain

O (I(A" = A5+ (B" = B)()[15) < e*(I(A" = A5 + [I(B* — B)(B)][3)
+ (AT O N5 + A2 Olls + I1B* OIS + 1B*®)Ils)-

The previous lemma for the estimates on the second right-side term and an application
of Gronwall inequality gives

2 2 t ~ 2
(A = A3)(0)[ + (B = BA)(1)]3 S 026 4 32620 [ elC-Oeg
0

This completes the proof of the lemma. O

From these lemmas, we can deduce the global existence of the solutions of the resonant
system

Lemma 4.4.6. Let v € N*. For any (Wyo, Wyo) € HY, x HY , there exists a unique
couple of solutions (Wy, Wy) € C(R: HY ) x C(R: HY ) of the resonant system (4.1.2)
with initial data (Wyo, Wyy).

Proof. From the estimate (4.3.31) of Lemma 4.3.10, we have the local existence of the
solutions. Then, equation (4.4.3) allows us to pass from local existence to global existence.

]
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4.4.2 From the reduced resonant system to the resonant system

As mentioned in the introduction of the section, we want to take profit of the study
of the reduced resonant system (4.4.1). In view of this idea, the following computations
show how to transfer informations from a solution of the reduced resonant system (4.4.1)
to a solution of the system (4.1.2). Therefore, the wave operator theorem allows us to
transfer these informations to solutions of the initial system (4.1.1). The idea is to take
an initial data of the form

Wy, y) = o(x)aly), Wvo(z,y) = ¢(2)5(y),

where o, = a,(0), 5, = b,(0), ¢ € S(R) and ¢ is the inverse Fourier transform of .
Thus, thanks to the separated variables x and y in the initial data, it is straightforward
to check that the solution of the resonant system (4.1.2) with initial data (Wy o, Wy) is
given by

FWo)(t:€,p) = o(&)ay, (9(€)°t), FWy)(t€,p) = 9(E)by (2(6)°1) -

Indeed, we have for example for Wy :

i0.F (Wu)(t,€,p) = ¢(€)°(iD1ay) (9(€)°t) = FRIWy (£), Wi (£), Wor (D)],(€).

In particular, if ¢ = 1 on an open interval I, then FWy (¢,€, p) = a,(t) and FWy (¢, €, p) =
by(t), for all t € R and all £ € I. Thus, for £ € I, the resonant system (4.1.2) behaves like
the reduced resonant system (4.4.1).

Remark 4.4.7. The solutions we obtain from this method for the resonant system (4.1.2)
are constant with respect to & on the interval I we choose. The idea is to take the interval
I as big as we want. Thus, we have a big interval in which we conserve the behavior of
the resonant system on the torus. One can think that we completely kill the role of the
Fuclidean variable x with this construction, whereas the goal of this construction is to take
profit of the dynamics of the resonant system and to gain a large time behavior thanks
to the Fuclidean variable. Therefore, this method is really adapted to our aim which is
to construct a couple of solution of the initial system (4.1.1) with asymptotic dynamical
properties of the reduced resonant system.

4.4.3 About the reduced resonant system, the Hamiltonian for-
malism

Let us now see some properties of the reduced resonant system. First, we can de-
duce some results for this system from the computations of Subsection 4.4.1. From
Lemma 4.4.6, we deduce the global existence of the solutions of the reduced resonant
system:

Lemma 4.4.8. Let 0 € R. For any (ao,bo) € hy x hy, there evists a unique couple
of solutions (a,b) € C(R : h7) x C(R : h7) of the resonant system (4.4.1) with initial
data (ag, bo).
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The computations of estimate (4.4.6) imply that R[b, b, .] is self-adjoint and satisfy
(iR[b,b,a], @)y =0,  Va,be€ hy. (4.4.9)

More generally, the computations of (4.4.3) give us, for a solution (a,b) of the reduced
system (4.4.1), Vo € R

la(@)llng + 116 lIag = llaollag + l[bollng- (4.4.10)

Then, we remark that the system (4.4.1) is Hamiltonian, for the Hamiltonian
H = Z apaqbﬁs = Z apdqb,,gs,
(p,g,m,5)€L0 {p,r}={a,s}

which is real due to Remark 4.4.3. Indeed, with H thus defined, we have the infinite
system:

. 0H w_ OH |
l@taj = %7 —Zata,j = %, J € Z,
OH - OH
0ib; = —, —iob; = —, jELL.
O e T T ey
The associated symplectic structure is given by —i Y (da; A da; + db; A db;). Thus, the
JET

Poisson bracket between two functions f and g of (a,@,b,b) is given by

(225 9100 o105 _ o1 00)

{f.9}=-i)_ da; 0a;  Oa;Oa;  0b; Ob;  Ob; Ob;

JEL
In order to rewrite the Hamiltonian, we set
[:=) =|a,]% Ji=> =|b,% S:=>" = apby.
neZ neZ neZ
Therefore, thanks to Remark 4.4.3, we can write the Hamiltonian H as

H=1I1J+S]* = |an)?|bnl*. (4.4.11)

neZ

With this new structure, we can give a new proof of estimates (4.4.3) and (4.4.10). For
an integer n € N we have

Ou(lanl® + 1bnl*) = {lanl®, H} + {|bal*, H}
(_OH oH (+—0H 0H
= —1 (anaan - a”@%) —1 (bnﬁbn - b"abn>
= —3 (TnbnS — anbn\S) — 1 (anbn\S - cTnbnS)
= 0.
This implies the conservation of the H? norms for the reduced resonant system (4.4.1),

but also for the resonant system (4.1.2), where the quantities a,,b,,I,J and S depend
on £ too. We are now able to prove the existence of the beating effect.
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4.4.4 Example of nonlinear dynamics: the beating effect

In this subsection, we adapt the proof of the beating effect of Grébert, Paturel and
Thomann in [20] to prove Theorem 4.1.4. We want to highlight an exchange between two
modes of the solutions. According to this idea, we introduce the reduced space

Ina = 1(a,b),an =@y = b, = b, = 0,n ¢ {p,q}},
and we note H the reduced Hamiltonian defined by
H=Hg,.
For more simplicity, we work in the symplectic polar coordinates (1, J;,0;, ;) defined

by:
a; = \/Tjeigj, bj = \/jjei”j.

This is a symplectic change of variables because we have the relation
daANda+dBAdB=i(dd Adl +dp AdJ).
Therefore, the expression (4.4.11) of the Hamiltonian H becomes for the reduced case
H = (I, + 1) (J, + Jg) + (apb, + agby) (@yby + Ggby) — (a2b? + a2b?)
= (I, + 1) (Jy + Jg) + 2(I, 1, J, J,) % cos(Wo),

where ¥ := 0, — 0, + ¢, — ¢,. We obtain thus the following Hamiltonian system

OH OH ,
atej = _ﬁ7 at]j = %; J=D0q,
J J (4.4.12)
oH oH

Ovp; OJ; = pre J=D0q
J

_GiJj’
Let us show that this system is completely integrable.

Lemma 4.4.9. The system (4.4.12) is completely integrable. Moreover, the following
change of variables is symplectic:

{Ko =1, Ki=1,+1,, Ky=J,+J,, Kz=1,+J,
Vo =0,—0,+pp =0, Vi=0, Vy=¢, Vs=p,—p,.

Proof. First, we easily see that K, Ky and K3 are constants of motion. Indeed, we can
for example check for K that

(i) = ¥

J=D,q
oH  0H . |
B 06, * a6, = 24/ 1,1, J,Jy(sin ¢y — sin)g) = 0.

Then, K, Ky and K3 are independent of the angles 0, 0,, ¢, and ¢,. Therefore, they are
in involution:

am@_%@+afgaﬁl 0K, 0H
8[] 89] 89] 01] aJ] &,0] &,0] aJ]

{Ky, Ky} = {K,, K3} = {Ky, K3} =0.
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Finally, K, K and K3 are clearly independent (they do not depend on the same actions)
and are independent with H which is the only to depend on an angle. Thus, the system
is completely integrable.

Concerning the change of variables, we have

dVY ANdK =d¥y AdKy+d¥ AdK; +dPy AdKs +dWPs AdK;
=dIg A0y — 0y + ©p — g + 0, + g — ¥p)
+dl, AdO, 4+ dJ, Adp, +dJ, Ad(pp + ¢ — ©p)
=dI Ndf+dJ Ade.

Thus the change of variables is symplectic. O

Remark 4.4.10. The fact that the system (4.4.12) is integrable is not a surprise. Indeed,
we can remark that the Hamiltonian H depends only on one angle (Wy). This gives us three
constants of motion, which with the Hamiltonian itself form a family of four independent
constants of motions in involution. Thus the system (4.4.12) is completely integrable.
Another easy way to check this integrability is to consider the conservations of the mass
and moment of the solutions, given by the conservation of the h' norm of the solution
thanks to equation (4.4.9). Therefore, the goal of this lemma is not to prove that the
system is integrable, but to find a new explicit set of variable in order to obtain a simpler
system.

In this new system of coordinates, the Hamiltonian becomes

H = H(Y, Ko, K1, K», K3)
1
= K1K2 -+ 2 (Kg(Kl — Ko)(Kg — KO)(K2 — K3 + KQ>>2 COS(\I/()).

Ky, Ky and K3 and constants of motion. Thus, for initial data of the size €, we can fixed
K =Ky, =Kg=¢%
Thus, we obtain a new Hamiltonian H, defined by
Hy(U, Ko) = H(Tg, Ko, 2,62, €2) = e* + 2K (2 — Kj) cos(Ty).

To deal with all the ¢ terms in the right-hand side of the previous equation, we make a
change of unknown by setting

Wo(t) = W(e’t), Ko(t) =: 2K ().

We obtain the system:

1\ :2(2K—1)cos\I/:——aH*,
0K
Py (4.4.13)
K =2K(K —1)sin¥ = —=*
( ) sin ov

where the new Hamiltonian H, is defined by

H,=H,(V,K):=2K(1— K)cos V.
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Thanks to the conservation of the Hamiltonian, we can check that the velocity vector
never cancels (for a good choice of initial data). Therefore we obtain periodic solutions,
and the symmetries

H(-V,K)=H,(V,K), H(V,1-K)=H,(V,K),

give us informations on the solutions (¥, K'). Another way to check this periodicity of
the solutions is to draw the phase portrait of the system defined by (4.4.13):

Figure 4.2 — Phase portrait of the Hamiltonian

1 N

0,87

U !

Y(t)

I
noja ]
Na H

From this phase portrait, we deduce the following lemma:

Lemma 4.4.11. For all y € (0,3), there exists a time T, such that the system (4.4.13)
admits an orbit of period 2T, with

{(‘1’7(0)7&(0)) =(0,7),

(U4(Ty), Ky (T5)) = (0,1 = ).

Remark 4.4.12. We can show that the period T, satisfies the bound
0<T, S ().

We refer to [20, Theorem 1.1] for the proof of this estimate.

From Lemma 4.4.11, we have the beating effect in the following sense: for any couple
of different integers (p, q), there exists a solution (a,b) of the reduced resonant system

(4.4.1) such that
{Ibp(lt)l2 = |ag(t)|* = " K, ("),
lap(O)]* = [by(1)]* = £*(1 — K, (7).
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Indeed, we can for example check the identity for a, by writing
lap()* = (1) = K1 — Ko(t) = (1 - K(*t)).

We remark that we have a £? factor in the right-hand side which is not present in [20].
But in this article, this factor is present in the system. This completes the proof of the
first and second parts of Theorem 4.1.4. The third part comes directly from the modified
wave operator theorem we prove in Section 4.6.

4.4.5 Persistence of the beating effect and convolution poten-
tials

Going back to the single cubic Schrodinger equation on R x T¢:
10U + ApyraU = |UPU

the method of Hani, Pausader, Tzvetkov and Visciglia in [27] allows to construct solutions
that provide a growth of the Sobolev norms when 2 < d < 4. The idea is to find some
particular solutions of the resonant equation and then to use the wave operator theorem.

In order to perturb the eigenvalues of the Laplacian, we can add a convolution poten-
tial:

10U + AgyqaU +V x U = |U|U.

In this case, Grébert, Paturel and Thomann show in [21] that for generic choice of con-
volution potential, the resonances are killed. For these potentials, there is no more any
growth of the Sobolev norms. More precisely, the Sobolev norms of small solutions are
asymptotically constant.

The natural question is thus to transpose the question about potentials to the system
case. Are the potentials generically killing the beating effect 7 Are the Sobolev norms
of the couples of solutions asymptotically constants ? The answer of the first question is
given by a simple observation. The key argument in [21] to kill the resonances and the
growth of the Sobolev norms is to perturb the equation, thanks to the potentials, in order
to obtain a smaller resonant set

Toconna = {(0:4:7,8) € (Z)" - p—q+r—s=0, {|pl,|r[} = {lal, s}

In our case, we already have this relation. Indeed, we have

FO = {(p7Q7T7 S) € Z4 : {va} = {C], 8}} = 1ﬂO,conv,l-

Therefore, we can conclude that the add of convolution potentials generically doesn’t kill
the beating effect. Thus, why are the Sobolev norms constants in [21] and not in our
coupled system case 7 This is just a consequence of the coupled effect: what we have in
our case is the fact that the sums of the Sobolev norms of the couples of solutions are
asymptotically constants, which is the system equivalent of the result of [21].
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4.5 The modified scattering

To prove the existence of the modified scattering, we set the following theorem which
is a more general setting of Theorem 4.1.1.

Theorem 4.5.1. There exists € > 0 such that if (Uy, V) € ST x ST satisfies
[Uolls+ + IVolls+ <,

and if (U, V') is the couple of solutions of the system (4.1.1) with initial data (Uy, Vo), then
there exists a couple (Wy, Wy ) of solutions of (4.1.2) such that we have scattering of the
solutions (U, V') of (4.1.1) to the solutions (Wy, Wy) of (4.1.2) in the following sense:

e~ ARt () — Wy (mIn(t))||s + [le 2=V (t) — Wy (rIn(t))||ls = 0 as t — 4oo.
Before dealing with the proof of this theorem, we need to show that the system (4.1.1)

admits global solutions.

4.5.1 Global existence of the solutions

We need a priori estimates to prove the global existence of the solutions. By Propo-
sition 4.2.5, we can show that we have local solutions. Indeed, let ¢ > 0 small enough
and (Up,Vp) € ST x ST such that ||Up|ls+ + [|Volls+ < e. We introduce the profiles
F(t) = e7®=x1J(t) and G(t) = e *A=x7V/ (), the system (4.1.1) becomes

{i@tF(t) = N'[G(t),G(t), F(1)],
i0,G(t) =N'F(t), F(t),G(t)].

Thus we write
t s
F(t)=U, — i/o N?[G(s),G(s), F(s)]ds, G(t) = Vo — i/o N?[F(s), F(s),G(s)]ds.
Proposition 4.2.5 thus gives us

IN*[G(s), G(s), F(s)llls+ < (L+ L) TG ()]s 1 F(3)]5+
IN*[F(s), F(5), G(s)]lls+ < (14 [t) I (s)lls+ 1G(s)5+-

Therefore, a fixed point theorem on a small interval [0, 7] gives us the local existence of
the solutions. In order to prove that the solutions are global, we need a global bound,
given by the following:

Proposition 4.5.2. There exists € > 0 such that if (Up, Vo) € ST x ST satisfies
[Uolls+ + [[Volls+ <&,

then there exists a global couple of solutions of (4.1.1) with initial data (Uy, Vyy). Moreover,
for all T > 0, this couple of solution satisfies

[Fllxy <26, [IGllixy <2, (4.5.1)

where the profiles F,G are defined in (4.2.1).



4.5. THE MODIFIED SCATTERING 181

We know that T+ || F|| X is continue, so by a bootstrap argument, this proposition
gives us that the couple of solutions is global. We just have to prove this a priori estimate.

For that purpose, due to the continuity, it suffices to show that for a constant C' > 0 and
for all T' > 0,

IFlls < Wollss + CIGI I1Fllxs. Gl < IVallse + CUFIZ4 G xs.  (45.2)
Proof. Let us remind that by definition, we have

1Fllx, == sup (IF@)]z+ @ +1)UFE)s + 1+ ) |0F @)lls)

0<t<T
Pl = 1Pl + sup (148D IF@ s + 1+ )P @)]s-)-

By symmetry, we do the computations only for F'. Due to these definitions, we split the
proof in three parts. First, we deal with the time derivatives estimates, then we look at
the Z norm term, and finally we treat the other S() norms.

e The time derivatives estimates.
By Proposition 4.2.5, we have

10.F®)lls < A+ EDHIGOISIFO s S @+ D2 NGI5, N Fllxr (4.5.3)
10:F )]s+ < A+ ) UFO s+ IGONS + 1GO s+ GO F()]ls)
S A+ DT UGE I F s
These are the wished bounds for the derivative part.

e The Z norm term.
Recall that by definition,

1F1Z = sup(L+ €2 Fp(O) 17
£eR

we begin to deal with the h; norm. In order to use the results of Theorem 4.3.1, we use
the decomposition (4.3.1), we have

d1
ds2
— g(CfR[G, G, F(s,&,p), Fp(8,€)>

1E (5, €)13: = R(DF(5,€), Fyp(s,€) )

hixhl

+ (FE°G. G Fl(s.£.p), ﬁp<sv@>hg,xh;,>'

hi,xh}

The first term of the right-hand side terms is canceled by equation (4.4.9). Therefore, we
can write

A A t d 1 A
15t )1y = 150, O + [ S I1F(s. )y ds

< IE,0.81+ [ [(F&'(6.G, Fi(s. €.0). By (5. 9))

hy xh}

With ¢ fixed, we multiply by (1 + £2)? on the both sides of the equation. We use Theo-
rem 4.3.1 to bound the right side term. For the & part of £, we have by Cauchy-Schwarz
t

a+¢) [

(811G, G, F)(s,&,p), Fp(s,9)),,  |ds S / IES1G. G, F1(5) 1211 F (s) | ds.

hixh},
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Therefore, thanks to equation (4.3.3), we have

a+ey [ t (16,6 FI(s..p), E(5.6))

t
SIGI 1P [0+ 1s) s sup |1F(s)].

For the & part of £, we write by integration by parts,
t A N
(a+ery? [ \<asé’3 GG FI(3), Fy(5)) | 45 S (1467

(£11G.G. F)(0). F,(0))

<€§[G, G, F(t), ﬁp(t)>h;1,><h,1,

+(1+&)°

++€ [[(&16.6.F1(5),0.5,())

For the two first terms, equation (4.3.3) gives us for s € [0, t],

(1+¢)7 S &G, G Fl(s)] 2] F(s)]lz

~

(&G, G, FI(t), Fy(1))

hlxh}

1
S NG I F Il (1 +[s]) "m0 Sup [|F(s)llz
For the integral term, we have by Proposition 4.2.5,

(1422 /Ot ‘<€§[G, G, F)(s),0.F,(s))

< [ 1616,6. FI(5)I2IN°IG, G, FI(9)]Lds

hixh},

t — _ 1
S NG IFI [ (L 1s) 7+ s,

Thus, we have for the & part

t ~ ~
(1+52>2/0 ’<335§[G, G.F)(s), Fy(s)) | ds
SICT NPl s () + 1CT IF I

Finally, by taking the supremum in £ and ¢, we conclude for the Z norm that
s POz < IFO)lz + CICI I1Fllx; +CIGI Il
and thus
IE®)z < 1FO)z + CIGI R 1F ]l xz- (4.5.4)

e The ||F(t)] g+ bounds.
For these estimates, we split the proof depending on the time. For 0 < ¢t < 1, we use
Proposition 4.2.5 to get

IE(t) = F(0)llscr S sup [0:F ()]s SNGIin 1 F [l -
0<s<t T T
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This bound is sufficient to prove our estimate (4.5.2) for 0 < ¢ < 1. Now we consider
greater times 1 < ¢t < T. By the decomposition (4.3.1) of Theorem 4.3.1, we have

t
IF() = FW)llsor S 1| [ MG(3), G(s), F(s)lds 5o
t oo t
S [ IERIG(), G(s), F(s)lllseonds + || [ €G(s), Gls), Fls)lds]|seo,
1 S 1
For the S norm, we have by Proposition 4.3.9 (equation (4.3.30))

s _
ISRIG.G Flls £ (14 [s) T IGIR Flls + 1G e 1 F L IGs)
S A+ )T NGIRLNE

and we use equation (4.3.5) of Theorem 4.3.1 to get
| [ £1G(),Gls), F(s))dslls S (1+ 1) G 1Pl
Thus we have
1+ D NFE@ s < NFWs + CUGIE: N Fllxs < 1F )]s + CUGIZ 1 Fllxs- (4.5.5)
It remains to deal with the S™ norm, with the same method, equation (4.3.26) give us
ISRIG.GLFlllse £ (14 18D NG 1y
and equation (4.3.5) of Theorem 4.3.1 implies
| /j E°1G(s),G(s), F(s)dslls+ < (1 + D NG5 I1Fllxz-
Therefore, we have
A+ IFOlls+ < IFO s+ +CIG I Nl < IFO) s+ +CIGI3 1 Fll - (4.5.6)

The equations (4.5.3), (4.5.4), (4.5.5) and (4.5.6) imply the a priori estimate (4.5.2). This
concludes the proof of the proposition, and shows that the solutions are global. O

4.5.2 The decay estimate

Let (U,V) a solution of system (4.1.1), and (F,G) the associated profiles. Using
equations (4.2.10) and (4.2.11), we obtain for U

U @)y = €™ F ()| oy = (€= F () 1o 12
1
S WHF@)HL%H; |2 ()| 2z

The last term, controlled by the X7 norm, gives some growth in time, which is not coherent
with the wished estimate. Thus, we need to be more accurate in the bound (4.2.11). Back
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. 2
to the proof of estimate (4.2.11), we have = F = K, x I with K,(x) = (8iw%t)~/2e ia.
Thanks to this expression, we have

"0 (g / F(o)Ki(z — 0)do = (8ir*t) “1et / F(o)e'me 5 do

:(8i7t26“(/F062tdO’+/FO’ e?—l) lda)
R R

For the second term of the right-hand side, we use that for 56 < 8 < %, we have

e —1] =2

sm(z)‘ < af.

Therefore, using equation (4.2.10), we obtain by Cauchy-Schwarz

(€% —1)ei% dgH < [l 11" F

o S ) Fllss
Thus, we finally obtain

. 1 - 1
itA < - -
[ F ()|l e S 71l + |t|%+ﬁ” () Flpz2- (4.5.7)

2|2

Now, we can control the growth of the second term thanks to the t=# term. Indeed,
equation (4.5.7) implies

1 - 1
U ey S — 1 !t|2 T E@ e my + ItIT“*H (@) F )| 2
WII ()||z+‘ E +5||F( s+
S t|%<1 + P F s

Thanks to the choice of 3, we have 50 — 3 < 0. Thus, we use Proposition 4.5.1 to conclude
the proof of the decay estimate of Theorem 4.1.1.

4.5.3 The asymptotic behavior
We can now prove Theorem 4.5.1, which is based on Gronwall’s Lemma.

Proof. We define the time 7}, = e=, and we set
Wi(t) .= Wi(rn(t)) and WH(t) == Wik(mIn(t)),
where (W, W) is the solution of (4.1.2) with Cauchy data
Wi(n) = Wi(Ty) = F(T,),  Wi(n) = WH(Ty) = G(T,),

where the profiles F' and G of U and V are defined in (4.2.1). The interest of these
definitions of the two W terms depending on the W is to get the equations

0 (t) = SRIWE), W0, WD), i0W(e) = SRIVG(0), Wi (), Wi (1),
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Therefore, we can take advantage of the decomposition (4.3.1) of Theorem 4.3.1. First,
we show that for all ¢ > T},, uniformly in n > 0, we have

o [WEB)z + L+ [t) WG )lls + L+ [E) W )]s+ + (14 Itl)l“sllé‘tW&’(t)ll(i%)-

For the Z norm term, we use equations (4.5.1) and (4.4.2) to obtain

IWg®lz = IWar @)z < W)z + IWEmlz = 1Pz + 16T 12
< |Fllxs + Gyt Se.

For the S terms, Remark 4.4.4 gives us

oW (D)ls = II%Q[WS(t), Wi (8), Wi (D]l s

SAWEIZ + IR AW O ]ls + W3 ()ls)
StE(IWg@Olls + W )lls)-

Thus, we have

oIV OIIs + IV @)II5) <t Ce*(IWr5 + Wr)I5).
The Gronwall’s Lemma between T, and ¢ gives us

IWE@IE+ W% < (IWHT)1E + [WHT)[13)7 T,

Moreover, Proposition 4.5.2 gives us ||W2(T)|ls = [|F(T,)|ls < eTS. Thus, as t > T, we
have for € > 0 small enough (such that § — Ce? > 0),

W5 )lls + W ()]s S et
Therefore we conclude that
L+ IWE@s + @+ D oW @)l S e
It remains to deal with the S* term. With Proposition 4.3.9 we have
n ™ n n n
”atVVU(t)HS+ = H?R[WV7WV7WU]HS+

S A+ DT AWRIZAIWE s+ + VP 2 WV 2,177 ]s+)
+ L+ )T 2 W IWE s + W52 W 5)-

But by the previous estimates and the definition (4.3.24) of the Z, norm, we get
WOz, = IWe@Ollz + A+ ) IWe@)lls Se, [WpE)lls S e,
thus we have

10 () s+ + 10:W5()ls+ < 7 (Wl + [Wikls+) + %7
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This time, we use the inhomogeneous Gronwall’s Lemma to get

W5 + IWE )15 < O OOREDWRT) 5 + IWHT)IE)

+ 6(052(1n(t)—1n(Tn)) ! 6_(052(ln(s)_1n(Tn))0538_1+46d8.
Tn

Moreover, we have by Proposition 4.5.2 [|W2(T)|ls+ = ||1F(Th)|ls+ < €T, it implies
IWE @ s + W Dlse S e(OTP 0% 4 £ 4 101802,
Thus, as t > T,,, we have for £ > 0 small enough
A+ NWE@O)s+ Se.
This concludes the proof of the estimate (4.5.8). Then, we want to show that

o sup |IF(t) - Wit)|s ST (4.5.9)

Tp<t<Tni4
We use the relations
0 F(t) = NY[G(t), G(t), F (1)),
0 () = TRIVHE), W), Wi (D),
F(T,) = WH(T,).
Therefore, the decomposition (4.3.1) gives
F(0) = W5(0) = ~i || (W°[6. G F) = TRV (s), Wp(s), Wi ()])ds

——i [ &16.G.Flds — i || “(RIG(s), Gls), Fls)] — RIVE(s) W (), Wi ()])ds.

n S

To bound the first term, we use the equation (4.3.5) of Theorem 4.3.1. For T,, <t < T}, 14,
we obtain

| [ £16,6, Flas|s S ;.
Thus, using equation (4.3.34), WZJ have (always for T,, <t < T,.4),
1F(t) = W)z + IG(t) = Witz S T, +
/TZ(HF(S)H% +HIGZ + WG ()7 + 15 (s)l1Z)
X ([[F(s) = Wi (s)llz + G (s) — W&(S)llz)cf-
We use now the bounds (4.5.8) and (4.5.1), it becomes
IF(t) = W)z + IGO-W ()]l < €T

+ 52/;(\\1?(5) = Wis)llz +11G(s) = W&(S)Hz)is-
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Moreover, we have ||F(T,,) — WHT,)| z+ |G(T,) = W{(T,)|| z = 0, the Gronwall’s Lemma
gives

sup || F(t) — Wi (t)]|z < T, %
Ty <t<Tnt4

For the S norm, we use equation (4.3.27) and the bounds
IE()z < [IFllx, e and  [[Wi(s)llz Se,
to get
1E(#) = Wit)lls + [1G(E) = Wi t)]ls < T,
2 [P @)~ WEOls +16() - We)9)
+ €/Ti(||F(8)||s +1G$)ls + W ()lls + (Wi (s)lls)
X ([[F(s) = Wi (s)llz + 1G(s) — W?(S)Hz)is-
Now, equations (4.5.8), (4.5.1) and the previous case imply
1F(t) = Wt)lls + 1GE) = Wy t)ls S °T,°

2 (1)~ W) s + 16 (s) — W (s)lls)

Tn

Therefore, as ||F(1,) — WHT)|ls + |G(T,) — WiHT,)|ls = 0, the Gronwall’s Lemma
finishes the proof of the bound (4.5.9). We see here that F(t) is close to W (mIn(t)).
However, we can’t conclude that one (VV{}, VV&) couple is solution of the problem, because
if we want to take ¢ — +o00, the time ¢ becomes bigger than any 7,4 for a fixed n.
The idea is thus to find some limit of the T} terms. Because of the different intervals
[Ty, T4 for the estimates, we can’t hope to take directly the limit of the W{}. This is
the reason why we look now at the initial data. Therefore, the next step of the proof is
the inequality

)

o [171(0) = WE(0) s S e (45.10)
First, we remark by (4.5.9) that
WG (n+1) = Wi (n + 1)lls = [F(Tur) = Wi(Tas)lls S €°T5°.
In order to apply Lemma 4.4.5, we define

AYt) = Wi +1—1), BY(t) = —Wit(n+1 —1t),
AX(t) = —Win +1—1), B%(t) := —Wo(n+ 1 —1t).

By the estimate (4.5.10), we remark that
1A O)]ls = W5 (n+ Dlls = W5 (Tus)lls S €T
Thus, (A, B') and (A?, B?) are solutions of the system (4.1.2) and we have

IAY(0)|ls + [1A%(0)[|s + 1 B*(0)||s + |1B*(0)||s < CeTy
|AY(0) — A%(0)[|s + [ B*(0) — B*(0)||s < C°T,,°.
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An application of Lemma 4.4.5 gives us, for € small enough,
||W7UH1(O) - Wﬁ(O)Hs = |A'(n+1) — A%(n+1)||s < 53T;5€C€2T55(n+1)

The proof of equation (4.5.10) is completed, we can now finish the proof of the theorem.
From the estimate (4.5.10), we see that the sequence (W7(0)), is a Cauchy sequence in
the complete space S. Thus there exists an element Wy € S, limit of this sequence,
which satisfies (with Wy g+ € S the limit of the sequence (W74(0)),),

Wuo00lls + IWvo,0lls S €

~ ~ )
W00 = WEO)ls + [Wrpee = Wi (0)]ls S %75

We denote now by (W, Wyeo) the couple of solutions of the resonant system (4.1.2)
with the couple of initial data (Wy e, Wy0,00). Another use of Lemma 4.4.5 implies,
always for € small enough, gives

sup  |[Wi(rIn(t)) = Woeo(mIn(t))||s < e 5T < e3¢5, (4.5.11)
0<t<Tn+2

Thanks to equations (4.5.9) and (4.5.11), we can now conclude the proof of the theorem
by writing

sup [|le™ 27U (1) = Woee(mIn(®))lls = sup [ F(t) = Wooo(mIn(t)) s

TnStSTn+1 TnStSTn-ﬁ—l
< sup [F(E) = Wh)lls +  sup [[W(rIn(t)) — Woeo(mIn(t))lls
TnStSTrH—l TnStSTrH—l
< ele5.

4.6 The modified wave operator

To prove the existence of the modified wave operator, we set the following theorem
that implies Theorem 4.1.2.

Theorem 4.6.1. There exists € > 0 such that if (Uy, V) € ST x ST satisfies
10olls+ + Volls+ <e,

and if Wy, Wy) is the couple of solutions of the resonant system (4.1.2) with initial data
(Uo, Vo), then there exists a couple (U, V) of solutions of (4.1.1) such that e *AexT1{(t),
e aexr/(t) € C([0,4+0), S) and

e 35U 1) = W lm n(®)lls + le 47V (6) = Wy (rn(®)ls = 0 a5t = +ox.

Proof. The idea is to use a fixed point theorem. First, like in the previous theorem, we
set Wy (t) = Wy(rwln(t)) and Wy (t) = Wy (7 In(t)) in order to obtain

Wy (t) = gR[Wv(t)a Wy (t), Wu(t)], 0 Wy (t) = %R[WU(t)a Wy (t), Wy (1))
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The map we define for the fixed point theorem is
O(F,G)(t) := (P1(F, G)(1), Po(F, G)(1)),
where

B, (F, G)(t) = z'/t+°° (/\/S[G F W, G+ Wy, F o+ W] = TRIW(s), W (s), Wi (s)]) s,

400
©(F,G)(1) =i [ ( [P+ Wor, F 4 W, G + W] = TRWy(s), W(s), Wv(s)]> ds.
t
The space we define for the fixed point theorem is the small ball
By(2e) = {(F,G) € A, |(F, @)l < 2¢},

where

ICE G)llg = 1l + G llar,
and the space 2l is defined by the norm

1E [ = sup ((C+ D’ NED s + 1+ EDPIF @z + (L + () [0F@)]s)

Let us begin with some remarks about the choice of the 2l norm.

Remark 4.6.2. — First, about the time t > 1 in the definition of the norm. We want
to prove a asymptotic behavior with this theorem, thus, we avoid the problems near
the origin with this choice. The continuity of the solution in (0, 1) is classical.

— Then, we see that this norm is not really new here. Indeed, the idea of the modified
wave operator is to do a fived point argument near the infinity. Therefore, we can’t
use the Xp norm directly, because this norm localize near 1, so we use this 2L norm
which is some new version of the Xp norm for T' = +o00. In order to compare these
norms, we will use that |F|lx, < || F|la-

~Y

— Finally, we will see the role of each component of the norm during the computations.
But we see already that the first term is overriding for the proof of the theorem,
because we need to obtain a decreasing behavior for the S norm.

To apply the fixed point theorem, we need to show that for ¢ small enough, ® is a
contraction. Let us see how it is sufficient to prove the theorem. Assume that & is a
contraction, by the fixed point theorem, there exists an unique couple (F,G) such that
O(F,G) = (F,G). It follows that

i0,F(t) = N'[G + Wy, G + Wy, F + Wy — gn[wva), Wy (£), W (1),

™

0,G(t) = N'[F+ Wy, F+ Wy, G+ Wy| — ;R[WU(t), Wy (t), Wi (1))

Thus, with the choice of (W, Wy ), we get

i0,(G+ W) (t) = N'[F + Wy, F + Wy, G+ Wy .

{i@t(F + Wp)(t) = NG + Wy, G+ Wy, F + Wy,
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Now we set U := e2#x7(F + Wy ) and V := e2=x7(G + Wy ), then (U, V) solves (4.1.1)
and by definition, for (F,G) € By(2¢), we have

le=*3=U () = Wy (rln(®))lls = | Flls < (L+ )| F ()l < 21+ [H)7° 0,

eV () = Wy (rn(®)) s = [|Glls < (1+ ) IGE)lla < 261+ |t — 0.

The proof of theorem is thus completed. We now have to show that ® is a contraction
for € small enough.

We do the computations for ®;, by symmetry, the results are the same for ®;. By
Theorem 4.3.1 (see equation (4.3.1)), we have the decomposition:

N Wy, Wy, Wy = %R[Wv, Wy, Wy + ENWy, Wy, Wy
Thus, we decompose the integrand part of ®;(F,G) as follows:

NG+ Wy, G + Wy F 4 W] = SRIWy, Wy, Wy] =
ENWy, Wy, Wyl + Ly, w [F. Gl + Qi w, [F, Gl + NG, G, F,
where the linear part (in F and G) L' and the quadratic part Q' are defined by

E%VU,WV[Fa G] = Nt[G7 WV>WU] +Nt[WV7G: WU] +Nt[WV7WV7F]7
IIf/VU,WV[Fu G] = Nt[G7G7 WU] +Nt[Ga WV7WU] —f—Nt[Wv,G, F]

Let us show that ®(By(2¢)) C By(2¢) for € small enough. We have

+0o0 s 400 s
le (@l < [ Wy Wo Woldslla + 1| [ L, e [F. Gldsla

+00 <
[ Qi B Gldslla+ | [ NG, G, Flds]a.

We choose ¢ < 52 in order to have 3§ < < m and 0" < ﬁ with 0’,6” defined in

Lemma 4.4.1. The idea is to use that by the definition of 2, we have for F' € :
A+ D IF®s + A+ EDZIF@)z + (L + ) N0F O)]ls S e

and, by Lemma 4.4.1 (equations (4.4.2) and (4.4.5)) and Remark 4.4.4 for the derivatives,
the choice of € gives us

Wy (®)ls+ + Wy ()]ls+ + (1 + ED0Wu ()] s+ + (1 + [E)]|0Wy ()] s+
< (14 ¢, (4.6.1)
IWo @)z + Wy ()2 S e (4.6.2)

We begin with the first term. Let us show that

o H/ Wy, Wy, Wylds|la S ° (4.6.3)
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From Proposition 4.2.5 and Remark 4.4.4, we have
IV W, W, Wollls S (L4 [E) T IWv (O W ()]s S €21+ [¢) 7,
II* (W (8), W (8), W ()]l S (1 + [¢) 71,

This gives us for the derivative part of the 2l norm:
1-6 Feo s 3
A+ )00 [ I W, Wolds]ls S €°

For the two other terms, we first remark that due to equations (4.6.1) and (4.6.2), we
have for T' = +o00
IWollx,, +IWvlx,, Se

T+ ~

Therefore, Theorem 4.3.1 gives us (with ¢; := 27¢):

[ / Wy, W, WeJds||s < z ||/ (W, Wy, Wirlds|ls

Se Zt;% S+
§=0

We just have to bound the Z norm by the S norm to conclude that
+oo +o00
A [ & W, Woldslls + L+ 1)) [ & W, W, Wolds|2 S &

This finished the proof of equation (4.6.3). For the second term of the estimate of
|®1(F, G)||a, let us show that

°| / Liv, w, [F, Gldslla < e*(1F | + 1G l20)- (4.6.4)
First, we see that by Proposition 4.2.5 and Lemma 4.4.1, we have

1L [, Gllls < L+ [ED) W @15 + [Wo OIS UE@ s + 1G@)]]s)
S A+ )Tl + 1Glla)-

Thus, for the derivative part of the 2l norm, we have
+0o0
(1+ Itl)HHat/t Ly, [, Glds|ls S (1 F [l + [|Glla)-

The proof of the two other parts of the 2 norm is more delicate. We deal for example
with the first term N*[G, Wy, Wy]|. The idea is to use the decomposition (4.3.52), we
have

Nt = fiigh + low + Hlow

By Proposition 4.3.2, we have for the N, , term

+o00 too tir1
I NilG Wy Wodslls S 31 [ A6 Wy Woldsls

_ L
Zt )G e Wl I Wollr S €21+ [t Gl

7=0
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Therefore, we have
+oo +oo
A [ NiignlG Wy Woldslls+ (L DI [ NG, W, Woldslz 221Gl

For the N}, term, we use Proposition 4.3.5. We have N}, = £ + £ = £ + 0,EL. Thus,
by the estimates of Proposition 4.3.5 we have

||/ Mow G WV7WU dSHS Z H/ Mow G WV,WU]dSHS

“+00

SOt sup [[E@s+ sup [|E(H)]s)
-0 thtSQtj t;<t<2t;

_ _L
S A+ )G + (1 + [t) 7] Gla

<.

This is sufficient for the N}, bound. We now have to deal with the ITf, term. This time,

we can’t just use the S bound to deduce the Z bound because we have not enough decay
for the S norm. Indeed, we have by Proposition 4.3.9

1[G, Wy, Wollls S @+ 1) IGx Wulls Wl x4+ 1G e [W s W llxz))
+ (14 ) NG IWollx Wy || xz
S+ ) TNG

From this equation we deduce that

[0, G, W Wirlds s < ZW/ IT5,, (G, Wy, Wods|s
<zt sup | Tiow (t)lls S €*(L+ [t) NG lla
—o  ti<t<2t;

As announced, we see here that we just have a “—9” decay, so we can’t just say that
+oo

(D20 [ 10 (G W Wldsllz S (L )P [ T, (G W, Wolds]s
S+t IG ],

because we can’t deal with a growing polynomial term in the right-hand side of the
equation. Therefore, we have to be more accurate with the Z norm. In the view of the
estimates of Proposition 4.3.9, we write

Moy = (I, — %Rlow) + gRlow-
From equation (4.3.34), we have
||§Rlow[G, Wy, Wolllz S (L4 D HIGI2 Wl 2 Wellz S €21+ [#) ™21 Glla
Moreover, equation (4.3.29) from Proposition 4.3.9 gives us

T
|11}, [G, W, Wy | — ?Rlow[Gy Wy, Wolllz S (1+ [t) "% | Glls|Wulls Wy || s
S+ )G
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Thus, we can conclude with the same computation as in the S norm case. By symmetry,
we have the same result for the two other terms of Ly . [F,G]. This finishes the proof
of the estimate (4.6.4). It remains now to deal with the Qf,. . [F,G] and N*[G, G, F],
let us show that

“+oo —+00
I [ Qi (R Glasla+ 1l [ NIG.G,Fldslla S <(IF I3 + IGI3):  (46.5)

For the Qfy. y, term, we do the same computations as in the Lf, . case. This time,
we have two terms in F' and G, and only one term in Wy or Wy in the N ¢ terms, but the
strategy is the same. For the ./\/t[G, G, F] term, Proposition 4.2.5 gives us

VG, G, Fllls £ (1L + D THIGIEIF s < 1+ ) UG Flla

Considering that we are here in the ball By, this is sufficient to prove inequality (4.6.5)
(with for example the same method as in the N, part of the Ly . [F,G] term).
Finally, estimates (4.6.3), (4.6.4) and (4.6.5) allow us to show that for e small enough and
(F,G) € By, we have

11(F, G)[la <¢,

and q)(Bil(25)) - Bﬂ(?é).
It remains to show that ® is a contraction. Let (F1,Gy), (Fa, G3) € By. We have :

(P1(F1, Gr) — P1(F2,G2))(t) = i/t+oo ( Wowy [F1 = F2, G — G

+(Qi, vy [F1 Gl = Qi [Fo, Gal) + (NP6, G, ] = N¥(Gi, Gz, ) ) s

For the Liy, . part, equation (4.6.4) gives

| / Liy, wy [l = Fo, Gy = Golds|la S (11 — Fella + |Gy — Golla).

For the Q. y, and N¢ parts, the idea is just to use the trilinearity of N in order to
apply the previous estimate (4.6.5). For example for O:

N Wy, Gy, Fil = N Wy, Go, F5] = N Wy, Gi — G, Fi] + N Wy, Ga, Fy — F).
For the N/* part we have we the same idea

Nt[G17G17F1] _Nt[G27G27F2]
:Nt[Gl — Gg,Gl,F1] +Nt[G2,G1 — Gg,Fl] +Nt[G2,G2,F1 — FQ]

Thus, estimate (4.6.5) finally gives us
D1 (F1,G1) — @1(F, Go)lla S (|| Fy — Falla + [|G1 — Galla),

and the same equation for ®, shows that ® is a contraction for ¢ small enough. This
completes the proof of the theorem. n






Conclusion and perspectives

Conclusion

In this manuscript, we have studied some nonlinear behaviors for solutions of a system
of two cubic Schrodinger equations, coupled as follow:

{iatuwxu i, (CNLS)

i + Ao = |ul*v.

For the spatial domain, that plays a great role in the kind of nonlinear behavior we can
obtain, we have considered the case of one periodic coordinate (Chapter 2), the case of one
Euclidean coordinate (Chapter 3), and the case of two spatial coordinates, one periodic
and one Euclidean (Chapter 4). Along the different chapters, various tools have been used
in order to highlight the desired behaviors. The range of tools used and results obtained
justifies the choice of the system (CNLS) as a toy model for the thesis.

Among these tools, we can cite the use of the Hamiltonian formalism of the coupled
nonlinear Schrédinger system (CNLS) on the one dimensional torus T in Chapter 2.
In particular, we have constructed a Birkhoff normal form, that allows to highlight an
exchange of energy between different Fourier modes of the solutions (for a large range of
parameters), this is the shifted beating effect of Theorem 2.0.1. This is a truly nonlinear
behavior, but only for large (but finite) times.

In chapter 3, we have used classical tools such as the Duhamel Formula and the work
on a priori estimates in order to prove a modified scattering result in Theorem 3.1.1 for the
system (CNLS) on R. This is a behavior for infinite time, but close to a linear behavior in
the sense that the modification of the scattering result holds here in a phase correction.
Nevertheless, we see the role of the coupling in this phase correction.

In order to unite these two approaches, we have studied in Chapter 4 the coupled
system (CNLS) on the product space R x T. We have first obtained a modified scattering
theorem (Theorem 4.1.1): the solutions to the initial system (CNLS) scatter to solutions of
a resonant system. The study of the resonant system allows to prove that solutions of the
system (CNLS) are bounded in all Sobolev spaces: this is the purpose of Theorem 4.1.3.
Then, we have constructed a modified wave operator in Theorem 4.1.2 in order to transfer
all nonlinear behavior from the resonant system to solutions of the initial system. Thanks
to this wave operator and the links between the resonant system and the resonant system
of Chapter 2 obtained by the Birkhoff normal form, we have thus obtained the main result
of this thesis in Theorem 4.1.4: an energy exchange in infinite time thanks to a modified
scattering result.

195
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Perspectives

Several perspectives of this work can be envisioned. Due to the richness and the
simplicity of the system (CNLS), we can hope to obtain some improvements on the results
of the manuscript, or modify some assumptions to obtain different nonlinear behaviors.
Two other important perspectives are given by the KAM theory and the adaption of this
work for other equations.

To go further with more excited modes

On Chapter 2, it can be very interesting to consider the reduced resonant system,
obtained after the Birkhoff normal form, with more than two excited modes. We recall
that the resonant part Z, reads

Zy=1J+|S]> - Z |t |20 %,

neN

with

I=YJul’, J=>|v]* and S=)> u;v,.

JEZ JEZ JEZ

Therefore, with n modes (p1,p2,...,p,) excited (for n > 1), the reduced part of Z,

becomes . .
Zi= (X)X 1) +2 > LI Jkcos(¥),
Jj=1 J=1 1<j<k<n
where we use the coordinates u,, = \/I;e v, = \/jjei“"j, and the notation 7% for the
angle

W’k = epj - epk + Opp — Pp, -

From the previous study, we have the following set of constants of motions

Lj ::Ij+°]j:‘upj|2+’vpj|27 jzln,

=35 J=%1J
j=1

j=1
We obtain from this set (n + 1) independent constants of motions (we have for example

the relation / +.J =Y L;). Therefore, we have only (n — 1) true actions. Thanks to the
j=1
relation

Ykt =y,
we also have (n — 1) independent angles. For example, we can choose to focus on the

actions (/i) <4<,_; and the angles <gpl’k>2§k§n.

Thus, in order to exhibit some interesting dynamics, we have to deal with a Hamilto-
nian system of 2(n — 1) equations. For n = 2 (this is the choice made in Chapter 2), we
have thus a Hamiltonian system of 2 equations: this system is completely integrable. This
integrability, which is a key element in the proof of the shifted beating effect, is unclear

for n > 3.
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The other point to study is the kind of behavior we can expect. When, for n = 2, we
have the exchange of energy thanks to the relation

IL —Jy=1 — (L1 — I) = Ly = cst,

the generalization of this relation for n modes (with n > 3) is given by (for example for
n =2k + 1 an odd integer)

k

k k k—1 2k k
ZI%-H - Z Jgi = Z ]2i+1 + (I - Z]Z) - Z(LQZ - [21) =1- ZLQZ = cst. (51)
i=1 =1 =1 =1

i=1 =1

The same is true for n an even integer, for example for n = 4 we have
Il—J2+13—J4:]—L2—L4:CSt.

The problem here is to understand these relations as exchanges of energy between the
modes of the solutions.
To sum up, in order to study more than 3 excited modes, we need to:

* Study the integrability of the new reduced resonant part Zj. This step may not be
relevant in the case of the study of the system on the product space R x T like in
Chapter 4, where the resonant system is exactly given by Z; (i.e without remainder
terms).

* Understand the relations (5.1) as exchanges of energy, possibly by making an ap-
propriate change of variables.

* Make some numerical simulations to understand the observed behaviors.

To go further by modifying the problem

Around the study proposed in this manuscript, some modifications of the assumptions
may give new nonlinear behaviors. Among these possibilities, one may think to consider:

* Other spaces for the spatial coordinates. On the one hand, the choice of the Eu-
clidean space R in Chapters 3 and 4 seems to be optimal in the sense that it allows
to obtain modifications of the scattering. On the other hand, the choice of the
one dimensional torus T in Chapters 2 and 4 is questionable. The aim of this the-
sis is to make a link between the modified scattering of Hani, Pausader, Tzvetkov
and Visciglia ([27]) and the beating effect of Grébert, Paturel and Thomann ([20]),
hence the choice of T. Out of this consideration, one can envisage studying the sys-
tem (CNLS) on other Riemannian compact manifolds. First, one may think about
the higher dimensions for the torus. For example, results on the growth of Sobolev
norms have been highlighting on T? (see for example the articles [13],[24] and [25])
or on the product space R x T? ([27]). It can be interesting to study the influence
of the coupling for the construction of energy cascades that leads to the growth of
the Sobolev norms. Then, on may consider more generic spaces such as for example
any Riemannian compact manifold (see [50]), hyperbolic spaces (see [3])...

* The add of potentials. In Chapter 4, we deal with the add of convolution potentials,
that do not influence the resonant set in our case. Nevertheless, the case of multi-
plication potentials, that is a more physical but also more difficult case because it
perturbs the resonant set, is not treated in this thesis.
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* Other choices of nonlinearity. The choice of the cubic nonlinearity present in the
system (CNLS) is relevant in order to obtain a Hamiltonian system that may not be
completely integrable. From this point of view, the next relevant case is the study
of the quintic nonlinearity. In order to obtain the same structure, it seems that
in this case, the natural system to study is the following system of three coupled
Schrodinger equations:

O+ Nu = v Jw]?u,
i+ A = |ul |w|v,
i + Agw = |ul* [v]* w,

associated to the Hamiltonian
H:= / (10:uf? + 0,0 + 9,w]?) dx+/|u|2|v|2|w|2dx.

One can generalize this idea for a nonlinearity of order (2p — 1) with a system of p
coupled Schrodinger equations. It can be here pertinent to study for such systems
the persistence and the form of exchanges of energy.

Other modifications may be studied, as other choices of nonlinearity (possibly non
Hamiltonian ones), the work with random initial conditions or the use of different norms.
As an example for this last point, one can think about the negative Sobolev spaces used by
Carles and Kappeler to highlight some strong illposedness for the nonlinear Schrédinger
equation thanks to the resonances in [9].

To go further with the KAM theory

In order to transfer a finite time behavior (as the shifted beating of Chapter 2) to an
infinite time behavior, two main options are available. In this thesis, we choose the use of
the scattering theory, which allows us in Chapter 4 to obtain solutions which are closed
to shifted beating solutions for infinite times. The other main option is the KAM theory.

First, one may think of using the KAM theory in Chapter 2 in order to obtain the
shifted beating effect in infinite time on T. This strategy has been used by Haus and
Procesi in [31] to construct solutions of the quintic NLS equation that provides some
exchange of energy. The adaptation of this method, based on the choice of the right
change of variable and the use of the Floquet’s Theorem to kill the angles, should allow
us to construct solutions that exhibit the shifted beating effect in infinite time on T. This
is a work in progress with Emanuele Haus.

Then, in Chapter 4, it can be relevant to write a KAM theorem for the reduced resonant
system (4.4.1) on the torus. Indeed, all behavior observed on this reduced resonant system
can be transfered to solutions of the initial system (CNLS) on the product space R x T
by the strategy developed in the chapter (first, a transfer of the solution of the reduced
resonant system to a solution of the resonant system on the product space, then the use
of the modified wave operator of Theorem 4.1.2). Nevertheless, the system may be too
rigid (there is a lot of constants of motion) to obtain interesting dynamics.
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Finally, out of the study of the shifted beating effect, one may use the KAM theory
on the system (CNLS) in order to study the stability of linear tori for the system (CNLS)
on T. Through a simple example of a couple of linear solutions given by

{u(t, ) = ae™eem it

v(t,x) — B@ibxe_ikgt.

Thanks to a KAM theorem, we can show that the case k; # ks leads to an unstable linear
torus, whereas the case k; = ks leads to a stable linear torus. This is a work in progress
with Benoit Grébert.

To go further on other equations

The last perspective is the use of the methods developed in this thesis for the study
of other equations. Due to the resemblance as dispersive equations (they have the same
dispersive rate), the first natural candidate is the Klein-Gordon equation. From the point
of view of coupled systems, as in this manuscript, we can hope to develop some modified
scattering theorem for a system of two cubic Klein-Gordon equations. It also can be
challenging to consider the coupling between a cubic Schrodinger equation and a cubic
Klein-Gordon one.






Appendices

A Hamiltonian formalism

In this first appendix, we state some definitions and theorems we use in Chapter 2.
These are classical tools from the Hamiltonian formalism, thus, we don’t give the complete
proofs. For more details, the reader may for example take a look at the book KdV &
KAM ([36]) from Kappeler and Poschel.

Let us recall the system studied in Chapter 2:

{i@tu + Oppt = \v|2 u, (t,z) e R x T,

1040 + Oy = |u|2fu,

which is a Hamiltonian system associated to the Hamiltonian
H ::/ (|8xu]2—|— \(‘3mv|2) dx—l—/ [ul?|v|?dz.
T T

In the Fourier modes, the system reads

i, =2 g = ey

J - 8@-’ J 8uj’ J ’
OH . OH

Wy =+—, —W;=-—, jeEL,
/ 8@]’ / 8Uj

and the Hamiltonian is given by

H=Y 72w+ v, + Y wagus.

JEZ D,q,7,5€EZL
p—q+r—s=0

Finally, we recall that the Poisson bracket between two functions f and g of (u,v), asso-
ciated to the symplectic structure —i ) (du; A du; + dv; A dv;), is written:
J

{f’ g} =t Z auj aﬂj B 8@- 816]' (%j 8@- %j c%j

jEZ

<8f dg af 8g+c9f dg  Of 89>.

In this section, we come back to two important notions mentioned in Chapter 2: the
symplectic transformations and the complete integrability.
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Symplectic transformations

In Chapter 2, we use the expression “symplectic change of variables” in order to
qualify the polar coordinates, the change of variable 7 in the Birkhoff normal form Propo-
sition 2.2.1, in the study of the reduces model in Lemma 2.3.1, and the change of variable
induced by the Arnold-Liouville theorem in the proof of Lemma 2.4.3. By this denom-
ination, we mean that these changes of variables are symplectic transformation in the
following sense:

Definition. A diffeomorphism ¢ is called symplectic if it preserves the Poisson bracket,
ie:
{f,9top={fop,goy}, forany Hamiltonians f and g.

Therefore, in order to conserve the symplectic structure of our system, it is natural to
consider only symplectic changes of variables. We show in Lemma 2.4.3 that the change
of variables proposed is symplectic. It remains to insure that it also holds for the polar
coordinates and for the change of variables from the Birkhoff normal form. On the one
hand, it is straightforward to check that the change of variables defined by the polar
coordinates is symplectic. On the other hand, we need more tools for the change of
variables 7 from the Birkhoff normal form in Proposition 2.2.1. By construction, 7 is a
Lie transform, is the time 1 flow ¢; of a Hamiltonian x. The fact that 7 is symplectic
comes from the following proposition:

Proposition. A Lie transform is symplectic.

Proof. We fix f, g and x three Hamiltonians (i.e regular functions) and we suppose that
the flow ¢; of x is defined on [0, ¢y]. We introduce the function u defined on [0, to] by

w:t—={f,gtopr—{fowr,gop:}.

We first remark that u(0) = 0, because we have ¢y = id by definition of the flow. Using
the Jacobi identity

{{A,B},C}y+ {{B,C}, A} + {{C, A} ,B} =0, for any A, B and C Hamiltonians,

we show that )
u'(t) = {ul(t), x o e},
u(0) = 0.
We conclude by a Cauchy theorem that u = 0. [

During the construction of the Birkhoff normal form, we used the following proposition
concerning the Taylor expansion and the Lie transform:

Proposition. Let G and x be Hamiltonians and p; the flow of x. We have

d
dt(G o) ={G, x} o ¢

Furthermore, we have the Taylor expansion
k 1
Goplg,p) = Gilg,p) + (k+ 1)/0 (1= 1)"Gry1 0 (g, p)dt,
=0

1
where Gy = 7 {Gi_1,x}, Go = G and p =y is the Lie transform of x.
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Proof. The first equality is a direct consequence of the definition of ¢, as the flow of y
and the use of the previous proposition. The second equation is constructed, thanks to
the first one, by induction (using one more time that ¢ = id). O

About the complete integrability

One of the key points of the proof of the shifted beating effect is the Arnold-Liouville
theorem, used in the proof of Lemma 2.4.3. To understand this theorem, we need to
define the complete integrability we use in Lemma 2.3.1.

Definition. A Hamiltonian system on a symplectic manifold manifold M of dimension
2n is called (completely) integrable in the sense of Liouville if its Hamiltonian H admits
n independent integrals Fi, ..., F, in involution. This means

1. {H,F;} =0fori=1...n: the F; are constants of motion (also called integrals).
2. {F,,F;} =0 for 1 <i,j <mn: the F; are in involution.
3. (VFi),<;<, are linearly independent: the F; are independent.

We see in Lemma 2.3.1 that the family (H, K, K, K3) satisfies the assumptions of
the previous definition in a Hamiltonian system of 8 equations. The system (2.3.2) is thus
completely integrable.

Due to the definition of a integrable system, an important remark is the fact that
any Hamiltonian system of dimension 2 is completely integrable (the Hamiltonian itself
plays the role of the system of constants of motions). Thanks to this remark, the systems
(2.3.3) and (2.3.11) are completely integrables. This is a key point that allows us in both
cases to use the Arnold-Liouville theorem:

Arnold-Liouville Theorem. Let H be a Liouville integrable Hamiltonian on M a sym-
plectic manifold of dimension 2n, and let F, ..., F, be a set of independent constants of
motion of H in involution. If one of its leaves

M. :={(q,p) € M, Fi(q,p)=c¢j, j=1...n}

is compact and connected, then there exists a neighborhood U of this leave, a neighborhood
D of 0 in R™, and a change of variable

UV: DxT" — U
(1,0) — (¢,p),
such that
> H oW =h(I) is a function of the actions I alone,
> the change of variable ¥ is symplectic.
The new variables (I, 6) are called action-angle variables. In other words, the Arnold-
Liouville theorem says that any complete integrable system (in the Liouville sense) with

compact connected leaves is equivalent to a canonical system where the Hamiltonian
depends only on the actions.
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B The stationary phase approximation

Through the different results of this thesis, we have studied some asymptotic behaviors
for our system of two cubic coupled Schrodinger equations. In all chapters, the first step of
the study is to consider the Fourier transform (in the spatial domain) of the equations. As
soon as we consider the case of one Euclidean variable (as in Chapter 3 and 4), the Fourier
transform of the cubic nonlinearity, expressed in the profiles f and g of the solutions u
and v, gives a convolution term of the form:

Lt € = K)3(t, € = — ) f(t,€ — n)drdn.

In order to deal with this kind of terms, an efficient tool is given by the stationary phase
principle. First, we recall the definition of a non-degenerate critical point:

Definition. Let ¢ € C*(R",R). A point z. € R"™ is said a critical point (or stationary
point) of ¢ if ¢'(z.) = 0. A critical point z. of ¢ is said non-degenerate if ¢”(x.) # 0.

Thanks to this definition, we can state the stationary phase principle:

The stationary phase approximation. Let n € N* be an integer and a € C§°(R™, C)
a smooth function with compact support. If the phase ¢ € C®(R™,R) admits an unique
critical point x. € R™, non-degenerate, then

. . 2\ 2 1 .z "
/ elw(m)a(:c)d:c ~  eite(ze) (;T) 2 ]det (p//(l'c)| %ezzsgn(so (IC))a(xc),

t——+o00

where sgn(¢"(z.)) is the signature of the Hessian of ¢ in x..

In the following, we give the main ideas of the proof and show how this principle gives
us the right intuition to exhibit the predominant terms for the nonlinearity in Chapters 3
and 4.

Idea of the proof

The proof of the stationary is divided in three parts. We give here just the main ideas,
the complete proof is classical and available in some books, as the book [56] of Zuily.

First, we have to prove a “non stationary phase approximation” result. This statement
consists in a decay estimate in the case where the phase ¢ has no critical point (the phase
is non stationary). In this non stationary configuration, we can, by an appropriate change
of variable, reduced the integral to the case of the Riemann-Lebesgue lemma.

The second step is to consider a particular case: the quadratic case. When the phase is
quadratic, thanks to some works on the Gaussian, we can obtain the desired approximation
for the integral.

Finally, to pass from the particular case to the general case, we use the Morse lemma,
that provides a change of variable to transform the general case into the quadratic case.
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Application to our systems

On Chapter 2, there is no Euclidean variable. In order to study the asymptotic
behavior of the nonlinearity, the stationary phase lemma is replaced by the Birkhoff
normal form.

On Chapter 3 and 4, the Euclidean variable leads to the term

L (8, € = 1)3(t, € = — ) f(t,€ — n)ded,

where f and g are the profiles of the solutions v and v. In this example, the phase is
given by ¢(n, k) = 2nk. Thus we have

N

0 2 _ 1
Pl = ). = (3 0) et i = 5 s ) =

The expression of the derivative of the phase ¢’ shows that there is only one critical point
(this is (0,0)) that is non-degenerate. Thus ¢ satisfies the assumptions of the stationary
phase Lemma. Nevertheless, this is not the case for the amplitude, defined by

a(tﬂ% K, g) = g(tvg - K)E(t7£ /. ’i)f(tvf - 77)

Indeed, the amplitude a also depends on time and is not regular with compact support.
However, one may use the stationary phase approximation in order to obtain an intuition
of the asymptotic behavior. We obtain, for the unique critical point (0, 0) (and with n = 2
in our case):

L, (€ = m3(t.€ —n— ) f(t.€ —mydrdn ~ Tl OPF(E,©).

Here, we find the decomposition of the nonlinearity in Chapter 3 from equation (3.2.4).
In Chapter 4, this intuition and the use of the Birkhoff normal form (for the resonant
terms on the torus) are the key of the decomposition of the nonlinearity

N =R+ E,
studied in Theorem 4.3.1. By definition, the nonlinearity N is given by

FN'F.GH(Ep) = 3 o0 [ e f (¢ = )G —n — 0 HL(E — w)dndr,

p—q+r—s=0

where
W(p, q,7, S) = p2 - q2 + TQ - 52'
The integral of the right term, approximated by the stationary phase principle, gives

FNIRGHIED) v X “CemIZE G (©H).
p—q+r—s=0

The Birkhoff normal form decomposition then implies

FNIEGHIED) , v 7 Y FOCOIE = TRIF.GHED).

~

t

—+oo ¢t P s=0
p2—g24r2—s2=0
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T
In particular, the stationary phase lemma approximation justifies the n term in front of

the resonant linearity, that implies the change of scale of the form 7 In(¢) in the modified
scattering result of Theorem 4.1.1 and in the modified wave operator constructed in
Theorem 4.1.2.
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Mise en évidence de comportements non linéaires pour des systemes de

Schrodinger cubiques couplés

Emphasising nonlinear behaviors for cubic coupled Schrodinger systems

Résumé

Lobjectif de ce travail est de proposer une étude de
divers comportements non linéaires pour un systéeme
de deux équations de Schrddinger cubiques couplées.
Selon le choix de I'espace des positions, nous mettons
en évidence différents exemples de comportements
non linéaires.

Dans le premier chapitre, nous introduisons les notions
et outils nécessaires a la compréhension de I'enjeu. En
particulier, nous justifions ce choix de modele par des
résultats récents sur I'équation de Schrédinger non li-
néaire.

Le second chapitre est dédié a I'étude de ce systéme
sur le tore (une coordonnée périodique). Nous mettons
en évidence un échange d’énergie en temps long (mais
fini) entre différents modes de Fourier des solutions :
c’est I'effet de battement (éventuellement décalé).

Le troisieme chapitre porte sur I'étude du systéme sur
la droite réelle (une coordonnée euclidienne). Nous
mettons en place un résultat de scattering modifié pour
obtenir un comportement non linéaire en temps infini.
Enfin, dans le quatrieme chapitre, nous nous plagons
dans un espace produit (une coordonnée euclidienne
et une coordonnée périodique). Nous exhibons alors le
résultat principal de cette thése : un échange d’énergie
en temps infini via un résultat de scattering modifié.

Mots clés

comportements non linéaires, équation de
Schrédinger non linéaire, systémes couplés, effet de
battement, scattering modifié, opérateur d’ondes
modifié.

Abstract

The aim of this work is to propose a study of various
nonlinear behaviors for a system of two coupled cubic
Schrédinger equations. Depending on the choice of
the spatial domain, we highlight different examples of
nonlinear behaviors.

In the first chapter, we introduce the notions and tools
needed to understand the issue. In particular, we justify
this choice of model by recent results on the nonlinear
Schrddinger equation.

The second chapter is dedicated to the study of this
system on the torus (one periodic coordinate). Here,
we exhibit an energy exchange for long (but finite)
times between different Fourier modes of the solutions:
this is the (possibly shifted) beating effect.

The third chapter deals with the study of the system on
the real line (one Euclidean coordinate). We set up a
modified scattering result to get a nonlinear behavior in
infinite time.

Finally, in the fourth chapter, we consider a product
space (one Euclidean coordinate and one periodic co-
ordinate). We obtain the main result of this thesis: an
energy exchange in infinite time thanks to a modified
scattering result.

Key Words

nonlinear behaviors, nonlinear Schrédinger equation,
coupled systems, beating effect, modified scattering,
modified wave operator.
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