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Abstract

The present work aims at numerically predicting the current residual strength
of large engineering structures made of ductile metals regarding accidental events,
e.g. ships collision or bird strike in aviation, which may potentially lead to failure.
With this aim in view, the challenge consists in reproducing within a unified finite
element (FE)-based methodology the successive steps of micro-voiding-induced
damage, strain localization and crack propagation, if any.

A key ingredient for a predictive ductile fracture model is the proper numerical
treatment of the critical transition phase of damage-induced strain localization
inside a narrow band. For this purpose, three different viewpoints in terms of
displacement field across the localization band are proposed involving a strong,
weak and (non-linearly) regularized discontinuity, respectively.

A consistent variational framework is elaborated for each of the three methods,
whereby the enriched kinematics is embedded into the FE formulation using the
eXtended FEM. Then, within a comparative procedure, the performance of these
methods is assessed regarding their ability of modeling the transition phase between
diffuse damage (continuum mechanics framework) and crack propagation (fracture
mechanics framework), always in the context of ductile materials.

According to the aforementioned analyses, the combination of the strong dis-
continuity cohesive model and the X-FEM appears to be the most promising of the
three studied approaches to bring together physics and numerics. The development
of such a model is discussed in detail. Finally, two supplementary criteria are
defined: the first one for the passage from diffuse damage to the cohesive band
model and the second one for the passage from the cohesive band model to the
crack.



Résumé

Le travail présenté a pour objectif la prédiction numérique de la résistance résiduelle
de grandes structures vis-à-vis d’évènements accidentels, tels que ceux rencontrés p.
ex. dans le cas de la collision de navires ou d’impact d’oiseaux en aéronautique. Ces
évènements peuvent dans certain cas conduire à la rupture, qui est ici considérée
ductile. La difficulté de cette étude, consiste à reproduire dans une méthodologie
unifiée basée sur la méthode des éléments finis les étapes successives menant à
la ruine ultime de la structure. Ces étapes sont : l’endommagement ductile, la
localisation de la déformation et la propagation de la fissure.

Un élément essentiel pour la conception d’un modèle de fissuration ductile
prédictif est le traitement numérique de la phase transitoire critique de localisation
de la déformation induite par l’endommagement dans une bande de matière étroite.
A cet effet, trois points de vue différents en termes de champ de déplacement à
travers la bande de localisation sont proposés. Ces trois approches se distinguent
par le type de discontinuité considérée : forte, faible et régularisée (expression non
linéaire).

Un cadre variationnel consistant est élaboré pour chacune des trois approches.
Ainsi la cinématique enrichie est incorporée dans la formulation de l’élément fini en
utilisant la méthode des éléments finis enrichis (X-FEM). Puis, la performance de
ces méthodes est évaluée vis-à-vis de leur capacité à modéliser la phase transitoire
entre endommagement diffus (mécanique des milieux continus) et propagation de
fissure (mécanique de la rupture). Ces travaux sont réalisés dans le contexte de
matériaux ductiles.

D’après les analyses réalisées, la combinaison du modèle de ’discontinuité forte
cohésive’ et la X-FEM semble être la plus prometteuse des trois approches étudiées
pour allier physique et numérique. Le développement d’un tel modèle est discuté
en détail. Enfin, deux critères supplémentaires sont définis : le premier pour le
passage de l’endommagement diffus au modèle de bande cohésive et un deuxième
pour le passage du modèle de bande cohésive à la rupture.
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2 CHAPTER I. INTRODUCTION

I.1 General context of the study

I.1.1 Industrial context

The present work deals with the design of large engineering structures made of
ductile metals regarding accidental events, e.g. ships collision, bird strike/ingestion
in aviation or automotive crashworthiness, which may potentially lead to failure.
Consider for example the structural effects of the oil tanker Limburg after being
exposed to a terrorist attack, see figure (Fig.) I.1. An explosive-loaded boat
provoked a detonation close to the vessel and teared a large hole into the hull
causing an immense oil leak into the sea.

a) b)

Figure I.1 – Oil tanker Limburg after terrorist attack: a) damaged oil tanker [38]
and b) close-up view [38]

A frequently reported case of damage in aviation is the ingestion of birds into
the jet engines causing severe plastic deformation and cracking of the fan blades,
see Fig. I.2. Such events have already been precursor of numerous plane crashes.

A local defect can have catastrophic consequences on the global scale of the
structure. Predicting the current residual strength of the overloaded structure
is of major interest for preserving the main functions and the integrity of the
sensitive areas. Realizing large-scale experiments is associated with unacceptable
costs. Instead, it is more favorable to analyze small-scale specimens (coupons)
extracted from the large-scale structure which are exposed to similar conditions
and to identify the underlying mechanisms which lead to the propagation of a
crack. Based on the experimental findings and by making fundamental hypotheses,
a numerical model is then expected to be set up.

This work is concerned with the development of a physics-motivated
numerical model allowing for the virtual testing of failure events using
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a) b)

Figure I.2 – Multiple bird strike in jet engines causing damage of the fan blades: a)
Multiple cracks in fan blades [125] and b) large plastic deformation [125]

the Finite Element Method (FEM).

I.1.2 Previous works

The complexity of setting up a numerical model of ductile fracture with a strong
industrial focus has given rise to many research works. Among them and particularly
relevant for this thesis are the three PhD works of Geffroy, Crété and Jan which
will be roughly outlined below and related to this present work.

I.1.2.1 Modeling of the structural failure caused by contact explosion

The PhD thesis of Geffroy [57] (LIMATB, UBS), see also [58], contributes to the
numerical analysis of the crack arrest capability of ship hull materials subjected to
contact explosion as it occurs in a terroristic attack. For the behavior of the undam-
aged material the effects of strain and strain rate hardening and thermal softening
were taken into account. The author evidenced the interest of using an advanced
damage-plasticity material model, namely a modified version of the well-known
Gurson-Tvergaard-Needleman (GTN) model, to reproduce the evolution of more or
less diffuse damage what is in accordance with microstructural observations. The
constitutive model was implemented as user material (VUMAT) within the indus-
trial finite element software Abaqus (explicit integration, 3D, dynamic loading).
The developed material model showed satisfactory agreement in reproducing the
material response before crack onset.

Crack propagation is treated by means of an empirical method: the crack is
assumed to initiate as soon as the critical porosity is attained. Using the classical
FEM, the element which meets the initiation criterion (critical porosity) is deleted
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(element erosion method). A comparison between experimental and numerical
results of an air-blast experiment is shown in Fig. I.3.

However by using the critical porosity criterion, the specific phenomena which
lead to the formation of a macro-crack are not represented. Furthermore, the
element erosion method has the inconvenience that the structural response is
strongly sensitive with respect to the FE mesh size and orientation (see also Song
[160]). This is reflected e.g. in that the crack path can not be properly captured (see
Fig. I.3) and in that the crack propagates too fast compared to the experimental
results (as stated in [57]). That gives rise to the conclusion that the residual
strength of the structure after failure can not be reliably predicted, thus demanding
for a more precise modeling of the failure response.

Figure I.3 – Comparison between experimental (a) and numerical (b) results of
air-blast experiments using four different distances between the specimen and the
explosive charge [58]

I.1.2.2 Modeling of the crack propagation in ductile plate structures
using X-FEM

To this end, the thesis of Crété [45] (ICA, ISAE and LIMATB, UBS) was launched
to focus on the numerical treatment describing the formation and propagation
of a macro-crack involving the damage-plasticity pre-crack model developed by
Geffroy. Due to the limitations of the standard FEM to reproduce crack propagation
(mesh dependence, see above), the eXtended Finite Element Method (X-FEM) was
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applied to describe the kinematic consequences of crack propagation across the
mesh. Moreover, a direct coupling method between the more or less diffuse damage
and the enriched FE technology was elaborated - without taking into account
the transition phase of strain localization. The crack propagation relies on three
elements:

• an initiation criterion,

• the determination of the crack direction and

• the computation of the crack length within one time increment.

The crack is assumed to propagate as soon as a critical stored energy is at-
tained. The direction of propagation is evaluated based on the bifurcation analysis.
The criteria involve the application of an averaging technique to reduce the mesh
sensitivity in the softening regime.

The numerical model was implemented as user element (UEL) in Abaqus
(implicit integration, 2D plane strain, dynamic loading). Virtual tests of a plate
with pre-existing cracks have shown that the physical crack path can be well
reproduced, see Fig. I.4. However, irrespective of the choice of the critical stored
energy, the structural response deviates from the experimental curve in that the
force abruptly drops as soon as the crack starts to propagate (Fig. I.4, rightmost) -
a prediction which is indeed too conservative (i.e. too pessimistic). The sudden
drop in load can potentially be traced back to the neglect of the phase of strain
localization as a precursor of crack formation.

I.1.2.3 Modeling of the crack propagation in ductile shell structures
using X-FEM

The PhD thesis of Jan [80] (LaMCoS, INSA de Lyon) is involved in the same
industrial context of military vulnerability with the aim to numerically analyze
the residual strength of ships exposed to extreme loads. Therein, a promising
numerical approach is proposed capable of coupling the shell element formulation
with the X-FEM in order to represent a propagating crack within the ship hull.
This coupling pursues the objectives to reduce the model size as well as to handle
the pathologic mesh dependence. The adopted crack propagation criterion is based
on the (stress-based) approach by Haboussa [68] for the case of an elasto-plastic
material behavior. However, the author states that - although this criterion is
efficient and simple to implement - it must still be improved to better reproduce
ductile materials. In the course of the degradation of the material resistance (stress
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Figure I.4 – Simulation of a tensile test with a pre-cracked, double-notched specimen:
Model (left), numerical result (center), comparison of experiment with simulation
using different propagation criteria (right) (from [45])

softening) the risk is to not attain the yield stress at all.

The numerical model was implemented in the calculation code Europlexus
(EPX) of the Commissariat à l’Energie Atomique (CEA) (explicit integration, 3D,
dynamic loading). A comparison between experiments and numerical tests shows
promising results when using very fine meshes. Therefore, this work constitutes
another significant building brick towards a numerical model of the entire ductile
failure process under highly dynamic loading.

In the present work another point of view of the industrial prob-
lem combining numerical and physical considerations at the same time
is studied. The objective is to propose methods aiming at a smooth
transition from diffuse damage to crack propagation providing a unified
model of ductile failure.

I.2 Problem statement and scientific challenges

Describing the overall process of deformation until fracture in ductile materials
implies accounting for several interacting mechanisms whose comprehension remains
- to this very day - imperfect. One can typically distinguish the following successive
steps (often dealt with independently): plastic deformation, diffuse damage, damage
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concentration (void coalescence) and strain localization and finally crack formation
and propagation, see Fig. I.5. The ultimate purpose is to bring them together
within a unified model which is to be numerically implemented into a commercial
FE computation code.

Plastic deformation Diffuse damage Void coalescence Crack propagation 

Figure I.5 – Main steps of ductile failure

I.2.1 Modeling and numerical issues

I.2.1.1 Diffuse damage and mesh dependence

As a result of void growth induced (diffuse) damage, the material properties are
subjected to a progressive degradation. In order to reproduce these effects of
ductile damage, several constitutive models have been proposed, e.g. by Gurson
[66], Lemaitre [92], Rousselier [142] and also Longère [97]. At an advanced stage of
damage evolution, the global structural response migrates to a softening regime (in
lieu of the preceding hardening regime). This softening behavior goes along with
the concentration of plastic deformation and damage within a narrow band.

When using the standard FEM, strain localization manifests itself in a spurious
mesh dependence of the structural response. Due to this pathologic behavior, a
reliable prediction of the residual strength of the structure after failure can not be
provided. Aiming at an estimation which is less conservative and mesh-dependent,
the complementary modeling of the post-localization phase is inevitable.

I.2.1.2 Damage concentration and strain localization

The local material models fail to describe the damage concentration and strain
localization in a narrow band and the potential crack propagation. A corrective
approach consists in controlling the numerical strain localization in the FE mesh
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in order to allow for capturing the genuine physical strain localization. The mesh
dependence resulting from strain localization can be coped with by introducing
a characteristic length into the formulation which serves as localization limiter.
Non-local techniques (e.g. Bažant [17], Pijaudier-Cabot [127]) can be applied to
attenuate the pathology, but accurate results require a very fine mesh and thus a big
computational effort for large structures. Moreover, the physical strain localization
itself as possible precursor of crack formation can not be properly represented.

A promising approach consists in using comparably large FEs and embedding
the thin band of highly localized strain into the FE, e.g. by enriching the kinematic
FE formulation (Ortiz [119], Belytschko [20]) or the material model (Longère [95]).
The development of an appropriate (embedded-band) method capable
of reproducing the physical localization band and reducing the mesh
sensitivity to a minimum is a significant objective of this dissertation.

I.2.1.3 Crack formation and propagation

The standard FEM is not suitable to reproduce the discontinuous kinematics of
a crack. Complementary techniques as the element deletion method (Song [160],
Autenrieth [11]) and the inter-element crack method (Xu [182]) may be used to
describe the crack propagation but they suffer from mesh dependence. Adaptive
remeshing techniques have been shown to better reproduce the crack propagation,
see e.g. Bouchard [31], yet requiring a huge computational effort.

Similar to the embedded-band approach to treat the (numerical and physical)
strain localization, the crack can be embedded within the finite element by corre-
spondingly enriching the kinematic FE formulation, as e.g. done in the eXtended
FEM (X-FEM) (Belytschko [18]). Works devoted to show the performance of the
X-FEM to reproduce the failure of elastic-(quasi-)brittle structures are numerous in
literature (Moës [106], Dumstorff [50]), whereas works dealing with ductile, strongly
nonlinear structures are still remarkably scarce (Crété [46], Broumand [32]). This
method of embedded finite elements moreover allows for using a coarser mesh and
is accordingly more suitable for large structures.

I.2.2 Towards a unified approach

The challenge consists in reproducing within a unified methodology the successive
steps of diffuse damage, strain localization and crack propagation leading to the
ultimate ruin of the structure. That requires the definition of specific kinematics and
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physics motivated criteria for the passage from one step to the other as compatible
as possible. For this purpose, we are studying here the ability of three
different embedded-band FE methods to model the critical transition
phase between diffuse damage (continuum mechanics framework) and
crack propagation (fracture mechanics framework), namely the strain
localization. The most promising of the three studied approaches is then
elaborated in detail and appropriate physics-based criteria are proposed
to pass from diffuse damage to strain localization, then from strain
localization to crack propagation.

I.3 Main hypotheses for numerical treatment

Beforehand, the most significant hypotheses which are assumed for the developments
in this work are listed:

• The focus of this work is set on the strain localization phenomenon which is
initiated by void growth induced damage.

• The loading will be assumed monotonically increasing and quasi-static. So the
influences of temperature and strain rate are tentatively neglected. Moreover
this implies that any unloading phase will not be considered.

• The structural domain is discretized using 2D plane strain finite elements.

• It is assumed that the deformation remains infinitely small, although we are
conscious about the fact that ductile fracture involves also large local strains.

I.4 Outline of the dissertation

The second chapter gives an overview of the entire ductile failure process regarding
physical mechanisms and their numerical treatment. Different concepts from the
literature to reproduce the failure steps of diffuse damage, strain localization and
crack propagation and overcome related numerical difficulties are introduced -
always with regards to strongly non-linear ductile materials. Furthermore, appro-
priate approaches to describe numerically and physically the transition between
diffuse damage and strain localization, then between strain localization and crack
propagation are reviewed and discussed.

In the third chapter three embedded-band FE approaches to model the phase
of strain localization in ductile materials are elaborated and studied from different
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viewpoints. These methods consist in enriching the displacement field within the FE
by, respectively, a strong, weak or (non-linearly) regularized discontinuity. Based
on a profound discussion, the strong discontinuity approach using a cohesive band
model appears to be the most promising to bring together physics and numerics.

In the fourth chapter a unified, physics-based model is elaborated treating suc-
cessively the phases of plasticity-diffuse damage, localization followed by cracking.
Thereby, the particular interest is on the coupling of the cohesive band model with
the X-FE formulation. This approach allows passing progressively from the phase
of void-growth induced damage to crack propagation in ductile materials. Finally
an application with a plane specimen is analyzed, based on a propagation method
which is elaborated in detail. This allows the evaluation of the unified failure model.

Concluding remarks and perspectives are presented in the last part of this
dissertation.

This PhD thesis has been financially supported by the Direction Générale de
l’Armement (DGA) and the French region Midi-Pyrénées. The work has been
mainly realized at the Institut Clément Ader (UMR CNRS 5312) in Toulouse
and involved short-term research stays at the IRDL (FRE CNRS 3744) (formerly
LIMATB) in Lorient and at the tribology laboratory QUARTZ (EA 7393) in
Saint-Ouen.
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12 CHAPTER II. OVERVIEW OF DUCTILE FRACTURE

II.1 Introduction

The phenomenon of strain localization plays an important role in the ductile failure
process, an insight which is by and by recognized in the research of failure. This
appears to be mainly due to the increasing interest of the industry to be less
conservative in the numerical prediction of structural ruin. This requires to reliably
capture the mechanism of strain localization itself and to describe its relationship
towards the precedent (diffuse damage) and subsequent (crack propagation) phase
of failure.

In order to reproduce the strain localization in the context of a unified (physics-
based) model, a background of ductile fracture physics and modeling is necessary.
Therefore, an overview of ductile failure is given in this chapter. For a better
understanding of the subsequent considerations, it is given in Fig. II.1 a concise
illustration of the physical and numerical hypotheses used in this thesis which
will be elaborated in the following (where that graphic will serve as reference).
The modeling of the strain localization phase and its combination with the other
processes will be part of chapters III and IV, so that the red boxes - left empty for
now - will be filled out step by step.

P
h
ys
ic
s

Plastic deformation Diffuse damage Crack propagation
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Figure II.1 – Tentative physical, mechanical and numerical model of ductile failure
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II.2 Physical aspects of ductile failure

In this section, the complex physics of ductile failure is reviewed. Based on
experimental observations ([70], [56], [97], [179]) the failure process is divided into
successive steps which are characteristic of their distinct physical mechanisms and
kinematic fields.

II.2.1 Experimental evidence

From a macroscopic point of view, ductile failure can be observed as a progressive
loss of the overall material properties. After an initial phase of purely elastic
behavior, the material undergoes combined elastic and intense plastic deformation
which extends diffusely over the entire specimen. Then, the evolution of ductile
damage gradually weakens the structure and leads to a softening behavior of the
global response1. Softening goes along with the local concentration of damage in a
narrow zone triggered by geometrical or material defects - an effect which will be
referred to as strain localization. For a long time, damage has been regarded as a
precursor of strain localization. Recent researches involving sophisticated X-ray
tomography studies, see e.g. Maire [100] and Morgeneyer [109], have revealed that
damage can also be preceded by strain localization. In this study, the most
observed phenomenon of damage-induced strain localization is treated,
see Fig. II.2.

The crack, which is visible to the naked eye (also referred to as macro-crack),
is the result of successive though interdependent physical mechanisms at smaller
scales. Detailed information on the underlying microscopic damaging process can
e.g. be obtained from tensile tests which are interrupted at different stages of
the failure process (yet often difficult to realize due to the high velocity of crack
propagation throughout the structure) and analyzed using a scanning electron
microscope (SEM). Consider in Fig. II.3 such a microscopic analysis of a notched
plane specimen made from mild steel.

At the tip of the macro-crack, a fine, tortous crack (which is also referred to as
meso-crack) can be identified. A closer look to the front and the vicinity of the
meso-crack reveals the presence of micro-voids. Induced by internal necking, these
cavities then progressively coalesce and initiate the meso-crack.

1It should be noted that there exist also other sources of softening, e.g. unstable phase
transformation in shape memory alloys (see e.g. Ahmadian [2]), quasi-adiabatic heating under
highly dynamic loading (see e.g. Recht [134] and Longère [96]) and dynamic recrystallization (see
e.g. Roucoules [141]).
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Figure II.2 – Updated failure process scheme taking into account the mechanism
’strain localization’

Figure II.3 – Experimental observation of the void-induced damage process in a
notched plane specimen (DH36 steel) subjected to tensile loading [97]
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In this work, ductile failure is considered to originate from void ac-
cumulation in a band of localized damage.

II.2.2 Physical mechanisms considered

II.2.2.1 Ductile failure - a multi-scale problem

The degradation process during ductile failure can be divided into four successive
steps, which correspond to the illustration in Fig. II.2:

• homogeneous (undamaged) material undergoing plastic deformation,

• diffuse damage induced by the nucleation of micro-cavities followed by their
growth due to ongoing microplastic flow,

• localization of plastic deformation and damage in a narrow band driven by
void coalescence (progressive decohesion of the inter-cavity bonds) and

• formation and propagation of a macro-crack which may lead to the ruin of
the structure if not arrested.

As these steps take place on different length scales, the fracture process is
also referred to as a multi-scale process. To give an idea of the involved sizes
(referring to the microscopic analysis in Fig. II.3): the diameter of the micro-voids
amounts to 0.5− 2µm in average, the mesocrack extends to 225µm, whereas the
macro-crack is in the order of some mm to cm. However, with regard to rupture
in large structures of some hundreds of meters length, the crack may extend over
several meters, revealing the challenge of setting up a model which enables
to capture the small-scale as well as large-scale effects of ductile failure.

One major challenge is to model each of these steps, another significant task is to
treat the transition between each of the phases. In the present work, the focus
is on the phase of strain localization (the third step in Fig. II.2) and the
transition (i) from the precedent stage of more or less diffuse damage
to strain localization and (ii) from strain localization to the subsequent
crack formation.

II.2.2.2 Characteristics of the kinematic fields across the failure zone

A characteristic evolution of the macroscopic strain field across the zone of failure
can be identified (refer to the row ’Mechanics’ in Fig. II.2, and also to Jirásek
[83]). In the first two steps of ductile failure both the displacement and the strain
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field remain continuous2. The ongoing dissipation effects gradually localize within
a thin zone of finite width. The concentration of micro-voids in this zone goes
along with a highly localized plastic deformation, what can also be identified with
the appearance of a fine crack on the meso-scale (meso-crack). Three different
strain profiles across this localization zone will be proposed later on in
chapter III, the most promising will be analyzed afterwards in chapter
IV. The final material separation at crack propagation corresponds to a strong
discontinuity of the displacement field and a Dirac-type strain field across the crack.

It is important to underline the difficulty to cope with a continuous displacement
field at the early stages of the failure process and a discontinuous displacement field
once the crack initiates and propagates. This duality leads to numerical challenges
what makes the transition from a continuous to a discontinuous field in a unified
model a main focus of this thesis.

II.3 Modeling of ductile failure and numerical
issues

In the following part suitable approaches in modeling the successive ductile failure
steps and the associated numerical issues are discussed. It is also given an overview
on appropriate criteria indicating the onset of each phase so as to pass from one
step to the other - an indispensable ingredient of an unified failure model.

II.3.1 Damage-induced softening

In the following, any type of metals and alloys is considered which exhibits a
distinct ductile behavior with a remarkable phase of plastic deformation and
damage evolution before rupture, as e.g. the mild steel DH36 which is notably
used in the shipbuilding industry (this material was considered in the theses of
Geffroy [57] and Crété [45]).

II.3.1.1 Local modeling of ductile damage

Many models have been proposed so far to describe the constitutive consequences
of void growth-induced damage of ductile materials. According to [57], these can
be classified into dilatant (Gurson [66], Perzyna [126], Rousselier [142], Longère

2From a microscopical point of view, the presence of micro-cracks can be regarded as strong
discontinuities. However, in this work, the mechanics is considered phenomenologically and in a
macroscopic way.
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[97]) and non-dilatant models (Lemaitre [92], Johnson-Cook [86]) according to their
consideration (or neglecting) of the volumetric plastic deformation due to void
growth.

Lemaitre [92] assumes that the ductile damage is directly related to the degra-
dation of the elastic properties via a scalar macroscopic damage variable D. The
material is supposed to be undamaged if D = 0, damaged if 0 < D < 1 and
completely damaged if D = 1. This phenomenological representation of damage
can be thought of the surface density of micro-voids and -cracks in the material.
Then, the model relies on the introduction of the effective stress tensor

σ̃∼ = σ∼
1−D. (II.1)

Likewise, damage evolution corresponds to the deterioration of the elastic material
properties (Young’s modulus). According to the strain equivalence principle, for a
fixed damage D, the damaged material with the elastic modulus behaves equivalent
to an undamaged material with the effective elastic modulus Ẽ = (1−D)E.

As opposed to the Lemaitre model, the micromechanics-based Gurson model
considers the relationship between the volumetric deformation of the bulk and the
void growth. The ductile damage corresponds to the expansion of small spherical
voids which are surrounded by a perfectly plastic bulk. The damage is assumed to
be diffusely distributed in the material, giving rise to the fundamental analysis of
a statistically representative volume element (RVE). Then, the damage variable
f (porosity) defines the void density within the RVE. In her thesis, Geffroy [57]
suggests to use the Gurson model. This choice was motivated by the intention to
approach as close as possible to the physical observations. Another aspect was
that in experiments with specimens made from DH36, Geffroy found out that
the elastic properties do not degrade significantly, giving thus less interest to the
Lemaitre model. And last but not least, the Gurson model is by far one of the most
frequently used ductile model, having led to many extensions since its development.

In the following section, the applied Gurson-type model is described which is
used later for the numerical studies.

II.3.1.2 Considered material model

As the focus of this work is not to set up a constitutive model, only the main ingre-
dients of the material model are provided here. The presented model is described
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in detail in [57], [97] and Crété [45].

In order to take into account effects of nucleation and growth of micro-voids
and get better accordance with experiments, the micro-porous Gurson model was
extended by Tvergaard and Needleman (see e.g. [168], [170]). This improved model
is called GTN-model (abbreviation for Gurson-Tvergaard-Needleman). The plastic
potential of GTN-model reads

ΦG =
(
σeq
σy

)2

+ 2q1f cosh
(
−3

2q2
pm
σy

)
− 1− (q1f)2 = 0 (II.2)

where q1 and q2 are material constants, f is the porosity and σeq denotes the
equivalent stress

σeq =
√

3
2s∼ : s∼. (II.3)

Therein, s∼ is the deviatoric part of the Cauchy stress tensor σ∼ (σ∼ = s∼− pmδ∼ with
the mean pressure pm and the identity tensor δ∼). The yield stress σy in equation
(Eq.) (II.2) is computed from the assumption that only a quasi-static loading is
considered so that the effects of viscoplasticity and thermal softening are tentatively
neglected in this study. A Voce-type strain hardening law is used, as proposed in
[97]

σy = r0 + rinf [1− exp(−kκ)]β︸ ︷︷ ︸
r(κ)

, (II.4)

where (r0, rinf , k, β) are material constants related to the hardening behavior, κ is
the accumulated plastic deformation and r(κ) is the exponential hardening function.

The GTN potential equation reveals the dependence of the yield surface on
the mean pressure and thus the void growth, which is an experimentally observed
characteristic of the ductile materials treated in this study. It should be noted
here, that Longère [97] proposed an advanced formulation of the plastic potential
in order to take into account the experimentally observed void growth under pure
shear loading. A comparison of the yield surfaces between the von Mises and the
Gurson model is shown in Fig. II.4. This comparison emphasizes the independence
of the von Mises law (no damage) on the hydrostatic stress, whereas the GTN yield
surface depends on both the hydrostatic and deviatoric stresses.

The evolution of the accumulated plastic deformation is determined from the
equality of the macroscopic plastic power with the microscopic one (see Gurson
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[66]) as follows
κ̇ = σ∼ : ε̇∼p

(1− f)σy
, (II.5)

where the plastic strain rate is computed from the normality rule

ε̇∼
p = λ̇

∂Φ
∂σ∼

= ε̇pDN∼ + 1
3 ε̇

pMδ∼, (II.6)

where ε̇pD = λ̇ ∂Φ
∂σeq

and ε̇pM = −λ̇ ∂Φ
∂pm

represent, respectively, the distortional and
dilatational parts of the plastic strain rate ε̇∼p, N∼ = 3

2
s∼
σeq

is the direction of isochoric
plastic flow and λ̇ is the rate of the plastic multiplier. The porosity is assumed
to evolve from the superposed effects of the growth of existing voids (ḟg) and the
nucleation of new voids (ḟn): ḟ = ḟg + ḟn. The growth of voids can be computed
from the hydrostatic plastic deformation

ḟg = (1− f)ε̇pM (II.7a)
ḟg(0) = f0 (II.7b)

The nucleation of new voids is described by a probabilistic function using the
Gaussian-type distribution of Chu [43]:

ḟn = Anκ̇; An = fN

sN
√

2π
exp

[
−1

2

(
κ− κN
sN

)2
]

(II.8a)

ḟn(0) = 0 (II.8b)

with {fN , sN , κN} being material parameters. The porosity is also influenced by
the coalescence of voids by localized shearing which induces a strong degradation
of the material properties. In fact, this physically complex phenomenon is difficult
to characterize and to derive the parameters from experiments, so that the decision
has been made to not model this effect explicitly. A phenomenologic description of



20 CHAPTER II. OVERVIEW OF DUCTILE FRACTURE

void coalescence was proposed e.g. by Tvergaard and Needleman [174].

The presented GTN model is not able to describe void growth (and thus
also ductile damage) in the case of pure shear loading, i.e. if σm = 0. This is
a consequence of Eq. (II.7). This is however in contradiction to experimental
observations, see e.g. [57]. One possible extension of the GTN model to reduce
this deficit has been proposed by Longère [97] which is also used here. Therein, a
variable equivalent to a kinematic pressure pr is introduced into the GTN potential.
Instead of using a logarithmic function, here a linear function is proposed in order
to improve the numerical stability

pr = b(q1f − 1), (II.9)

with b being a positive material constant. This variable provokes a shift of the
yield surface towards positive pressures so that the modified potential takes the
form

Φmod
G =

(
σeq
σy

)2

+ 2q1f cosh
(
−3

2q2
pm + pr
σy

)
− 1− (q1f)2 = 0 (II.10)

The GTN model involving isotropic strain hardening is numerically integrated
using the radial return algorithm, see Aravas [7]. The integration is based on a
separate consideration of the deviatoric and the hydrostatic part. Details are found
in the appendix B.

II.3.1.2.1 Numerical treatment of volumetric locking

Volumetric locking is a numerical issue which occurs in low-order finite elements
during (isochoric) plastic deformation leading to spurious pressure stresses at the
integration points and results in a wrong estimation of the structural response.
Locking occurs e.g. for a von Mises material where the plastic flow is only influenced
by the deviatoric stresses, not by the hydrostatic stresses (thus behaving quasi-
incompressible). Also the Gurson model is reported to suffer from locking when the
porosity is still very small, see e.g. Zhang [187]. In this work, the B-Bar approach
(see Hughes [76]) is applied to prevent volumetric locking in the pre-localization
phase. More considerations on this topic are discussed in the appendix C.
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II.3.2 Numerical vs. physical strain localization

The coalescence of micro-voids, i.e. the necking of the ligament between voids,
progressively leads to the concentration of voids and plastic deformation into a
(more or less well-defined) localization band. Inside this narrow band large strains
evolve and finally lead to crack propagation. Due to the incapability of the local
material model to reproduce the strain localization, the post-localization response
strongly depends on the FE mesh size and orientation.

II.3.2.1 Numerical modeling of localization

The mechanical consequences of void coalescence and localization in the softening
regime of the material can be incorporated into the constitutive law, see Thomason
[166], Benzerga [27] and Tvergaard [174] for approaches in the context of the
Gurson model. Such extensions show improvements in the softening response of the
material, but their use beyond the incipience of localization is accompanied with a
(mathematical-founded) loss of ellipticity of the governing differential equations. In
a finite element mesh, this results in a severe mesh dependence of the structural
response in the post-localization phase (further considerations on mesh sensitivity
can be found in the appendix A).

In order to obtain reliable results which are not affected by that spurious mesh
dependence, for a long time, the failure of the structure had been assumed to occur
at the onset of localization. However, soon the demand for a resolution of the
post-localization behavior of softening materials and structures came up. Non-local
models have been developed to reduce the mesh sensitivity of the (local) continuum
model by introducing an intrinsic length scale into the problem formulation. This
length limits the size of the localization band when the mesh size is reduced. These
non-local techniques are capable of alleviating the mesh-sensitivity in the post-
localization regime, but cannot reproduce (and did not target at reproducing) the
genuine (physical) localization band.

II.3.2.2 Physical modeling of localization: Embedded band methods

The localization band can be resolved in a FE mesh using very small elements
(where the band width is equal to or a multiple of the element size) which are
aligned according to the boundary of the band (see Needleman [111]). Though
with respect to the microscopically thin band, an excessive number of elements is
required leading to a high computational effort.
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In the eighties the idea came up to use comparably large finite elements and
embed the strain localization band into the FE formulation3. The work of Belytschko
[20] (based on the seminal paper of Ortiz [119]) was the first to capture the
kinematical consequences of a localization band within a single FE by enriching its
strain field formulation, see Fig. II.5.

Figure II.5 – Embedded localization band inside a finite element (left) and strain
field (right) (adapted from Belytschko [20])

The approach consists in controlling/fixing the band width of the localized
zone in order to alleviate the mesh dependence problem - but more important - to
reproduce the accumulation of a highly localized strain in a more or less defined
band. The method can be well explained by means of a 2-node one-dimensional
bar element with an embedded localization zone, see Fig. II.6.

1 2 1 2

Figure II.6 – Principle of Belytschko’s embedded band method: a) Constant-strain
bar element. b) Bar element with localized band (adapted from Belytschko [20])

The left figure shows a constant strain field of the element modeled with the
3To mutually distinguish these methods from non-local methods, Belytschko [20] has introduced

the apropos terms super-h and sub-h method in order to designate the extension size of the strain
localization with respect to the element size. In super-h methods, the localization band width is
larger than an element (what is usually the case for non-local methods) whereas in sub-h methods,
it is smaller than an element and hence embedded into the element.
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standard FEM. The idea of Belytschko was to divide the element into a localized
and a non-localized zone (Fig. II.6b), where the strain field in both domains is as-
sumed to be constant. These strain fields are determined by the parameters αL and
αP , which can be derived from two conditions: the strain compatibility condition
inside the element and the assumption of stress continuity which is enforced at the
interface between the localized and the non-localized domain (∆σL −∆σN = 0).
This implies that the stress in the non-localized zone σN undergoes elastic unloading,
where the stress in the localized zone σL is subjected to ongoing softening. The
same idea of reproducing a band of highly localized strain and damage in an FE was
followed by Huespe [74], but here the localization band is introduced by modifying
the shape functions (in the context of the Strong Discontinuity Approach). This
concept will be discussed in detail in chapter III.

In the previous approaches, the localization zone is considered as a band which
is bounded by two sharp interfaces (between the localized and the non-localized
domain), so that the band width is explicitly given. The displacement across these
interfaces is weakly discontinuous. In other approaches, the sharp boundaries of
the band are dispersed resulting in a smoothed (regularized) strain field across the
localized zone. An appropriate (X-FE) framework in the context of shear band
modeling was developed by Areias [8], [9]. The displacement field across the shear
band is assumed to have a tanh-profile, see Fig. II.7.

Figure II.7 – Principle of Areias’ embedded band method: a) Embedded-band
element b) Regularized displacement and strain field (adapted from Areias [8])

Similar regularization functions have been proposed e.g. by Patzák and Jirásek
[124] (polynomial regularization function) to resolve the process zone in quasi-brittle
materials or also Benvenuti [25] (exponential regularization function) in the context
of elasto-damaging materials. It should be noted that these two methods seek not
so much to reproduce the strain localization band itself than to model a smooth
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transition from a damage model to crack propagation.

In the context of adiabatic shear banding (ASB), which appears in highly
dynamic loading in ductile materials, Longère [95], [96] proposed to define an RVE
into which the ASB is incorporated by associating it to an anisotropy damage-like
tensor Dij

Dij = d ·Nij , with Nij = ninj, (II.11)

where d is the scalar ASB-intensity and n characterizes the orientation of the
band. In this approach, the width of the localization band is introduced implicitly.

Existing models which consist in embedding a localization band into a finite
element, are mainly applied to quasi-brittle and elasto-plastic materials, but their
ability to be applied to strongly non-linear ductile materials still remains a less
discussed topic. Thus three embedded-band methods to reproduce the strain
localization band are discussed in chapter III.

II.3.2.3 Onset of strain localization

The transition of more or less diffuse damage to the formation of a strain localiza-
tion band requires specific conditions that indicate the initiation and orientation of
the localization band.

Recalling that the strain localization is the precursor of the crack initiation,
the classical criteria used in fracture mechanics (Griffith theory [63], critical stress
intensity factor [79], J-integral [139], etc.) do not provide reliable measures to
indicate the onset of localization. Especially, they do not capture the physical
nature of strain localization which can be traced back to the appearance of an
inhomogeneity (strain and damage concentration within a narrow band) within a -
until then - homogeneous material. Under which conditions does the homogeneous
material lose its stability so that a strain localization band can form? In the
following, two methods to investigate the onset of strain localization - bifurcation
analysis and perturbation analysis - are outlined.

II.3.2.3.1 Bifurcation analysis

Bifurcation analysis provides a condition for the spontaneous occurrence of an
inhomogeneous strain mode within a homogeneous material. The elaboration of
such a condition is the fruit of the early works of Hadamard [69], Thomas [165],
Hill [71] and Mandel [101]. Later, analytical expressions for elasto-plastic materials
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were developed by Rudnicki [144] and Ottosen [121] and finally also for ductile
materials by Yamamoto [184] and others. In the following, the fundaments of
bifurcation analysis are presented and the evaluation of the condition in the context
of a GTN material are elaborated.

General theory

The localization discontinuity can be suitably represented as a strain rate
discontinuity across the plane of the band (see Rudnicki [144] and Rice [140]).
In this concern, the discontinuity surface divides the solid into two subdomains
Ω+ and Ω−. Considering the traction continuity of the stress/strain jump and
the displacement continuity of the strain rate jump across the discontinuity, the
following compatibility condition can be derived (see Thomas [165] and Jirásek
[84] for a detailed derivation)

(
∂u̇

∂x

)+

−
(
∂u̇

∂x

)−
= c⊗ n, (II.12)

where c can be written in the form c = ėm, with ė = ‖c‖ representing the
magnitude of the jump and m = c/‖c‖ denoting the direction of the displacement
jump, called the polarization vector. The vector n characterizes the orientation
of the jump across the band, which is described by the left hand side of the
Eq. (II.12)4. By means of the two vectors m and n the failure mode along the
discontinuity is described completely:

• Tensile splitting (mode I) if m ‖ n, i.e. m · n = 1 (Fig. II.8b) and

• shear slip (mode II) if m⊥n, i.e. m · n = 0 (Fig. II.8c).

Together with the constitutive law in rate form σ̇∼ = D∼∼
t : ε̇∼, where D∼∼

t is the
elastic-plastic tangent operator (tensor of fourth order), the strain-displacement-
relation of the small-strain hypothesis and some mathematical considerations, one
arrives at the general description of the weak discontinuity(

n ·D∼∼
t+ · n

)
· ėm = n ·

(
D∼∼
t− −D∼∼

t+
)

: ε̇∼
−. (II.13)

The distinction between D∼∼
t+ and D∼∼

t− is important with regard to the fact that
the tangent operator depends on the strain rate and can thus vary between the
two sides of the discontinuity surface. With the simplification of rate-independent

4The jump across the discontinuity can also be written as [[∇u̇]].



26 CHAPTER II. OVERVIEW OF DUCTILE FRACTURE

Figure II.8 – a) Body with a localization band, b) tensile splitting (mode I), c)
shear slip (mode II) (adapted from Jirásek [84])

materials (D∼∼
t+ = D∼∼

t− = D∼∼
t), this equation can be reduced to

(
n ·D∼∼

t · n
)
·m = 0. (II.14)

In fact, the second-order tensor Q
∼∼

= n · D∼∼
t · n is called localization tensor

and becomes singular at the release of a localization band leading to the classical
localization condition (eigenvalue problem):

detQ
∼∼

(n) = det(n ·D∼∼
t · n) = 0, (II.15)

which is also named Mandel-Rice criterion [101]. Due to its characteristics, the
tensor Q

∼∼
is also called acoustic tensor as it defines the condition of propagation

of elastic acceleration waves (in elastodynamics) propagating in direction n with
speed U [72]. If the bifurcation criterion (singularity of the acoustic tensor for a
normal vector n) is satisfied, a localization band with normal n can emerge within
the homogeneous material. Therefore this condition represents an indicator for
both the onset and the orientation of strain localization. It should be noted that
the criterion is a necessary but not sufficient condition since it is evaluated locally
at a material point irrespective of the material behavior in the neighborhood. Also
it is not valid for rate-dependent materials for which the acoustic tensor remains
positive definite.

Localization analysis of the GTN-model

Bifurcation analysis consists in searching for the normal vector n which renders
the acoustic tensor singular for the first time in the load history. Mathematically,
the roots of Eq. (II.15) have to be found which can be determined numerically
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(for any kind of rate-independent material) or analytically for certain materials.
The numerical approach (which was implemented here) is explained below. An
analytical expression for the GTN-model can be derived (and may be implemented
for future works), but the reader is referred to the appendix D.2 to regard the
detailed set of equations.

The localization analysis relies on an accurate computation of the continuum
tangent operator D∼∼

t which is derived in the appendix D.1.

According to the paper of Ortiz [119], the determinant of the acoustic tensor in
the 2D case (where the acoustic tensor is a 2x2 matrix) can be written as

detQ
∼∼

(n) = a0n
4
1 + a1n

3
1n2 + a2n

2
1n

2
2 + a3n1n

3
2 + a4n

4
2 (II.16)

where

a0 = D1111D1212 −D1112D1211,

a1 = D1111D1222 +D1111D2212 −D1112D2211 −D1122D1211,

a2 = D1111D2222 +D1112D1222 +D1211D2212 −D1122D1212 −
D1122D2211 −D1212D2211,

a3 = D1112D2222 +D1211D2222 −D1122D2212 +D1222D2211,

a4 = D1212D2222 −D2212D1222. (II.17)

Setting n = [cos θ, sin θ] and x = tan θ, the condition becomes

f(x) = a4x
4 + a3x

3 + a2x
2 + a1x+ a0 = 0, (II.18)

which is a polynomial of fourth order. If the minima of the function switch
the sign from positive to negative, the localization is initiated. The minima occur
at the roots of the first derivative f ′(x) which can be computed using Cardan’s
formulae.

II.3.2.3.2 Linear perturbation stability analysis

In rate-dependent materials which are subjected to high strain rates, the ma-
terial instability is rather governed and controlled by an increasing effect of local
heat accumulation provoking an increasing thermal softening which overcomes the
plastic strain hardening (see e.g. [12] and [180]). It is important to note that
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the constitutive formulations of such materials remain elliptic and the speed of
acceleration waves remains positive [190]. Therefore the bifurcation analysis can
not be applied to viscous materials. For this reason, Clifton [44], Bai [12], Molinari
[108] and others applied the linear perturbation stability analysis to viscoplastic
materials, which goes back to works of Rabotnov and Shesterikov [133].

The perturbation analysis permits to provide an analytical condition for the
onset of an instability, which is however a necessary but not sufficient condition
for a localization. This method is based on the analysis of the stability of the
homogeneous solution u0 after superposing a small linear perturbation δu on the
set of homogeneous solutions (see also Longère [95]):

u = u0 + δu, (II.19)

where u represents the perturbed solution. Let the perturbation have a wave-like
form:

δu = û exp(ωt+ iknx), (II.20)

where û represents the perturbation magnitude, ω the wave pulsation, k the
wave number and n the wave vector. The wave pulsation can be further split into
a real part ωR = Re(ω) and an imaginary part ωI = Im(ω):

δu = û exp(ωRt) exp(ik(ct+ nx)), (II.21)

where c = ωI/k is the wave velocity. The behavior of the real part ωR indicates
the transition between the stable and unstable state:

• if ωR > 0, the perturbation increases over time;

• if ωR < 0, the perturbation decreases over time.

The objective of the analysis consists in finding the condition for which the
solution turns from a stable state to an instable state, i.e. for the wave pulsation
to turn from a negative to a positive value.

II.3.3 Crack formation and propagation

The representation of a disconinuity in the finite element mesh requires a special
numerical treatment and has thus given birth to many different methods. In the
following, an overview of commonly used approaches within the FEM-framework is
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given5.

II.3.3.1 Crack propagation using standard FEM

There are three common methods to reproduce the crack propagation in the context
of the standard FEM: element deletion method, adaptive remeshing technique and
the inter-element crack method (cohesive element method).

II.3.3.1.1 Element deletion method

The element deletion method (Besson [29], Autenrieth [11]) is particularly simple
to implement and therefore a preferred method in basic failure simulations. As
soon as an initiation criterion is met, the stresses in the cracked element are set to
zero. However, that method suffers from severe mesh dependence of the structural
response. Moreover the geometric crack path can not be properly captured as the
crack is represented as a sequence of elements.

II.3.3.1.2 Adaptive remeshing techniques

Remeshing methods (Bouchard [31], Carter [35]) capture the crack path geo-
metrically, however it has severe disadvantages [85]:

• for nonlinear materials (history-dependent state variables) it is necessary to
project results between different meshes many times (Réthoré [138])

• output of time histories at selected points is more difficult;

• the entire data management becomes more difficult because the problem is
associated with many meshes.

Thus, remeshing techhniques can be computationally demanding and are not
easy to implement.

II.3.3.1.3 Inter-element crack method

Another approach consists in using interface elements (Needleman [110], Ortiz
[118]). The displacement jump is represented by incorporating elements of zero

5For the sake of completeness, other numerical methods of crack representation can be cited,
e.g. Boundary Element Method (Yan [185], Portela [128]), Smoothed Particle Hydrodynamics
(Gray [62]), Element-free Galerkin Method (Belytschko [21], Simkins [155]), Phase Field Method
(Ambati [5], Ulmer [175]), Thick Level Set Method (Moës [107]).
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width in between the finite elements. However, several disadvantages make cohesive
elements rather unattractive:

• The discontinuity path is determined by the mesh structure. Interface
elements are therefore restricted to applications in which the crack path
is known in advance (from experimental observations or if the crack path
is prescribed by the material structure, e.g. for delamination in composite
materials). Then, the mesh lay-out has to be arranged such that the crack
path coincides with the element boundaries.

• If the crack path is not known a priori, cohesive elements can be introduced
between each element, as proposed by Xu [182]. Yet also this approach goes
along with mesh-dependent results.

• The requirement to assign these interface elements an infinite elastic stiffness
to model a perfect bond (leading to difficulties in the implementation as
badly conditioned stiffness matrices, stress oscillations, etc. and thus to an
erroneous crack pattern).

II.3.3.2 Embedded finite element methods

Alternatively, the crack can be reproduced numerically by using enriching techniques.
These are based on an enrichment of the finite element formulation such that a
prescribed displacement or strain field can be represented.

II.3.3.2.1 Classification of embedded-discontinuity FEM in terms of
kinematic and static aspects

Following the systematic classification of Jirásek [81], three basic techniques
can be found to embed the enriched displacement or strain field (be it a strong,
weak or regularized discontinuity) into the element:

• Statically optimal symmetric (SOS) formulation: Although the stress conti-
nuity across the crack is naturally satisfied, the kinematics of a discontinuity
is not properly represented (stress locking). Examples from the literature are
the works of Belytschko [20], Larsson [91], Berends [28] and Armero [10].

• Kinematically optimal symmetric (KOS) formulation: Contrarily to the SOS,
the kinematics of a discontinuity is well captured, but the stress continuity
condition is not satisfactory. Examples from the literature are the works of
Lotfi [98], Moës [106], [105] and Remmers [136].
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• Statically and kinematically optimal nonsymmetric (SKON) formulation: This
approach combines the advantages of the SOS and the KOS formulations
implying that both the stress continuity and the kinematic aspects are
reasonably reproduced. Examples from the literature are the works of Dvorkin
[52], Klisinski [88], Oliver [112] and Huespe [74].

A more detailed description of these three classes is given in Jirásek [81].

II.3.3.2.2 Node enrichment vs. element enrichment

The embedded-discontinuity FEM are characterized in that the discontinuity
is inserted into the structure irrespective of the FE mesh boundaries. There are
basically two different ways to introduce a discontinuity into the finite element,
either by node enrichment or by element enrichment.

Node enrichment

This type of embedded-discontinuity FEM is based on the partition of unity
concept, see Melenk [103]. In the context of the FEM, the displacement field can
be enhanced by a product of the standard shape functions (having the property
of the partition of unity) with a priori known enrichment functions. The enriched
displacement field u(x) is then written as follows

u(x) =
n∑
i=1

Ni(x)
ai +

m∑
j=1

Gj(x)bji

 (II.22)

where Ni is the i-th standard FE shape function, n the number of nodes, ai
the i-th standard displacement degree of freedom, Gj is the j-th global enrichment
function, m the number of enrichment functions and bji the i-th additional degree
of freedom associated to the j-th enrichment function. The multiplication of the
enrichment functions Gj with the standard FE shape functions has the advantage
that they share the same support, i.e. the nodes of the element.

The enrichment functions can be chosen according to the physical problem.
The displacement jump across the discontinuity can then be simply described by
using a Heaviside (step) function. The singular displacement field at the crack tip
can be reproduced by using a set of four asymptotic functions, see Belytschko [18].
These enrichment functions are jointly used in the generalized FEM [55] or also
the extended FEM (X-FEM), see e.g. Moës [106].
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Element enrichment

This type of embedded-discontinuity FEM is based on the concept of assumed
enhanced strain, see Simo [158]. As opposed to node enrichment methods, it
relies on the insertion of the enriching discontinuity mode on the element level
(in the following referred to as the commonly used abbreviation E-FEM). Thus,
the additional degrees of freedom are element-wise constant and can be statically
condensed from the governing equations so that the computational effort can be
reduced. The main idea of this approach is going back to works of Ortiz [119] and
Belytschko [20] and was further extended by Simo [157] and Oliver [112] (Strong
Discontinuity Approach, SDA), Feist [54] and Huespe [74], to name a few.

Illustration of the difference between element and node enrichment

This section is thought to illustrate the fundamental difference between node
(referred to as X-FEM) and element (referred to as E-FEM) enrichment.

Consider the crack in Fig. II.9 which passes through the two neighboring finite
elements e1 (nodes 1, 2, 3, 4) and e2 (nodes 1′, 2′, 3′, 4′). The crack direction is
indicated by the normal vector n. At point x the crack cuts the edge 23.

Figure II.9 – Illustration of a geometric crack path through two elements e1 and e2

In the following the displacement jump JuK across the crack line at point x is
computed both with the node and element enrichment formulations. The discretized
(discontinuous) displacement field of the X-FEM can be written as follows

u(x) =
4∑
i=1

Ni(x)ai +
4∑
j=1

Nj(x) (H(x)−Hj) bj, (II.23)

being H the Heaviside function, which equals to 1, if a point is located at the
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’positive’ side of the crack and 0 if it is located on the ’negative’ side (the normal
vector is defined to point into the ’positive’ sense). The discretized displacement
field of the E-FEM reads

u(x) =
4∑
i=1

Ni(x)ai +
 4∑
j=1

Nj(x) (H(x)−Hj)
 b. (II.24)

By using here the ’shifted basis’ formulation (involving the Heaviside functions
at the nodes Hj), the enrichment of the nodes of the element which is cut by the
crack does not influence the neighboring elements.

Figure II.10 – Effect of using the shifted basis formulation (or not) on the support
of the enriched modes in the E-FEM and X-FEM

The main difference between the two formulations can be carved out when
regarding the appearance of the enriching dof’s b. The X-FEM expression involves
eight enriching dof’s, where there are only two in the E-FEM. This has far-rancing
consequences, which are discussed below.

First of all, the displacement jump at point x is computed with the X-FEM
from the viewpoint of element e1:

JuKe1(x) = u(x+)− u(x−) (II.25)

=
4∑
i=1

Ni(x+)ai +
4∑
j=1

Nj(x+)
(
H(x+)−Hj

)
bj (II.26)

−
4∑
i=1

Ni(x−)ai −
4∑
j=1

Nj(x−)
(
H(x−)−Hj

)
bj. (II.27)
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Noting that H(x+) = 1, H(x−) = 0, Hj = {0; 0; 1; 1} for j = {1, 2, 3, 4} and
Ni(x+) = Ni(x−) = Ni(x) and Ni(x) = {0;N2(x);N3(x); 0} yields

JuKe1(x) = N2b2 +N3b3. (II.28)

Thus, the displacement jump is computed from a linear interpolation of the
enriching dof’s through the shape functions. This allows for a good approximation
of the jump throughout the finite element. In the same manner, the jump calculated
within the element e2 reads

JuKe2(x) = N1′b1′ +N3′b3′ (II.29)

what is the same expression as in Eq. (II.28), i.e. JuKe1(x) = JuKe2(x). This
implies that the displacement field and the jump between two neighboring (cut)
elements are conforming.

Likewise, the displacement jump at x is computed in the E-FEM framework

JuKe1(x) =
4∑
i=1

Ni(x+)ai +
 4∑
j=1

Nj(x+)
(
H(x+)−Hj

) b (II.30)

−
4∑
i=1

Ni(x−)ai −
 4∑
j=1

Nj(x−)
(
H(x−)−Hj

) b (II.31)

=
 4∑
j=1

Nj(x)
 b (II.32)

= b. (II.33)

Thus, the jump equals to the enriching dof b which is in fact constant within the
element. This is an important difference to the X-FEM in that the displacement
jump of the crack within the element is reduced to one constant displacement jump
vector. The jump at x ’seen’ from the element e2 yields as well

JuKe2(x) = b, (II.34)

but the jump variables (normally) differ between the elements, so that be1 6= be2.
Therefore the conformity of the jump from one to another cut element can not be
ensured. The different representations of the crack with line segments using the
X-FEM and the E-FEM are compared in Fig. II.11. As opposed to the X-FEM,
the E-FEM is not capable of reproducing a conforming displacement field.
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Figure II.11 – Comparison between node and element enrichment with regard to
their discretization of the crack discontinuity

Summary

A comprehensive comparison of these two enrichment formulations applied
to strong discontinuities is done extensively in articles of Jirásek [85] and Oliver
[117]. In the end there is no superior method, but both have their advantages and
disadvantages compared to the other method.

First of all the attention should be concentrated on the hint that representative
approaches of the E-FEM have been proposed from all the three classes SOS, KOS
and SKON. However - and this is rarely discussed in literature - the X-FEM has
been mainly used in the KOS formulation, what is also emphasized in the paper of
Wu [181]. This clarification plays an important role in the considerations conducted
in chapter IV.

As already carved out, the added dof’s are internal/elemental in the E-FEM,
but global in the X-FEM. Moreover, the dof’s are associated with the elements in
the E-FEM, but with the nodes in the X-FEM. Although this seems to be a trivial
fact, it has several consequences. First of all, the displacement approximation in the
E-FEM is non-conforming (although recently, the consideration of non-conforming
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discontinuity modes have led to conforming E-FEM, see e.g. Alfaiate [3] and
Dias-da-Costa [47], [48]), whereas the displacement across the element boundary is
conforming in the X-FEM. Then, in the E-FEM the additional degrees of freedom
can be statically condensed from the governing equations (as they are element-wise
constant), but this is not the case in X-FEM. Therefore, the E-FEM goes along
with a smaller computational cost compared to the X-FEM, where the additional
degrees of freedom appear in the global system of equations.

It should be noted, that - depending on the formulation (SOS, KOS, SKON) -
the global stiffness matrix in the E-FEM can be non-symmetric, whereas in X-FEM
it is mostly symmetric - due to the fact that the X-FEM is only used in the KOS
formulation. Furthermore, the implementation effort for X-FEM is larger than
for E-FEM, especially with regard to the implementation into an existing FEM
software. Oliver [117] reports, that the accuracy is higher for the E-FEM compared
to the X-FEM when applied to a coarse FE mesh.

So all these conclusions seem to indicate many differences between the two
enrichment techniques, but in the end it turns out that the fundamental difference
lies in their capabilities of capturing the enriching displacement field. The X-FEM
provides more dof’s in representing that relative displacement field than the E-
FEM, so that the X-FEM can be understood as a generalized (enhanced)
formulation of the E-FEM with all the resulting numerical pros and cons.

Finally, a summary is given in Tab. II.1.

Table II.1 – Comparison between E-FEM and X-FEM (Jirásek [85])

Property of comparison E-FEM X-FEM
added degrees of freedom internal global
dof associated with elements nodes
displacement approximation non-conforming conforming
stiffness matrix always non-symmetric can be symmetric
strains in separated parts partially coupled independent
implementation effort smaller greater
computational cost lower higher
numerical robustness limited good
accuracy (Oliver [117]) higher (coarse meshes) lower
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II.3.3.3 Onset of crack propagation

In the case of brittle materials, criteria from linear elastic fracture mechanics can
be applied to indicate the initiation of a crack as e.g. the (global) energy release
rate by Griffith [63] or the (local) critical value of the stress intensity factor by
Irwin [79]). However, these criteria do not apply to ductile materials exhibiting a
distinct phase of plastic deformation and showing a strongly non-linear behavior.
The use of the J-integral (Rice [139] and Cherepanov [42]) as propagation criterion
does not apply for damage-induced softening behavior and non-proportional loading.

In the following, two indicators for crack initiation in ductile materials are
considered: a critical value of an internal variable and use of a measure which is
obtained from averaging a variable (stress, strain, etc.) over a patch at the crack
tip.

II.3.3.3.1 Critical value of an internal variable

More adapted to the type of materials used in this work is to track a locally
evaluated internal variable of the constitutive model close to the crack tip and
check if it attains a critical limit, see e.g. Lievers [94] choosing a critical plastic
shear strain. Geffroy [57] proposed to use a critical (failure) porosity, which is
based on the observation that voids accumulate and coalesce in front of the crack
tip. However, the porosity, which is defined macroscopically in the context of a
homogeneous material, is used to conclude on microscopic processes in front of the
crack tip, what is not realistic. Another issue is the question on how to quantify
the critical value. There exist many empirical studies on this topic in the context
of ductile materials, e.g. Xue [183] proposed a function where the rupture strain
depends on the hydrostatic stress and the Lode angle. Komori [89] elaborated
a function between the plastic strain at failure and the porosity obtained from
the void coalescence criterion of Thomason [166]. Though, in the context of the
FEM, this type of criteria is confronted with the spurious mesh sensitivity of the
numerical result, see Fig. II.12.

II.3.3.3.2 Averaging of a variable over a crack-tip patch

In order to reduce the mesh dependence of the crack propagation indicator, an
alternative way is to delocalize the fracture criterion over an area in front of the
crack tip. Wells [178] and Remmers [135] proposed an averaging technique where a
disk is inserted at the crack tip whose size equals to three times of the element size
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Figure II.12 – Demonstration of the mesh dependency (mesh 1 coarse to mesh 4
fine) when using a critical porosity criterion evaluated in the crack-tip element in
the case of a tensile test (leftmost), adapted from [45]

(see Fig. II.13).
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Numerical modelling of the damage-to-fracture transition in a ductile material 

Figure II.13 – Half-circle patch inserted at the crack tip

Every integration point which is located within the patch, is weighted according
to its distance to the crack tip, using a Gauss distribution function. By integrating
over the entire patch, an averaged stress tensor is computed and by using a
representative stress meausure it can be compared to a critical stress limit indicating
the onset of crack propagation. Likewise, the maximal principal stress is computed
from the averaged stress tensor and compared to a critical stress as applied in many
papers, e.g. Prabel [130], Menouillard [104], Haboussa [67] and Jan [80]. These
models however use an elasto-plastic constitutive material model including strain
hardening with a positive hardening modulus. Yet a stress-based criterion is not
adapted to the damage-induced strain softening behavior of the model used in this
study. Instead, Crété [45] rather recommends for such type of materials to use the
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stored plastic energy averaged over the patch

WPatch =
∑p
i=1 ω

i
sA

i∑p
i=1A

i
(II.35)

where p is the number of elements that are either completely or partially part
of the patch, Ai is the patch area of the i-th element, ωis is the stored plastic
energy of the i-th element averaged over the Gauss points which can be computed
from integration of the exponential hardening law r(κ), see Eq. (II.4), over the
accumulated plastic strain κ

ωs =
∫ κ

0
r(κ)dκ. (II.36)

The crack propagates if the WPatch reaches a critical stored energy value.
However, from his study it is unclear how to determine the critical stored energy
directly from experiments. Also a main difficulty of using a patch is to quantify
the radius of the patch which is usually a function of the FE mesh (and thus mesh
dependent). The smaller the patch radius, the more the failure criterion depends
on the crack-near field and inversely.

II.4 Summary

In this chapter, the challenges of the physical and numerical modeling of the ductile
failure process have been pointed out. The discussion of the modeling of the entire
failure process has emphasized the objective to set up a unified model of ductile
fracture. The focus of this work being on the modeling of the strain localization
and its embedding into the failure process (transition conditions), it has required
to adopt a constitutive model and crack propagation framework and modify them
so as to attain some harmony with the strain localization.

The failure of a ductile material (e.g. DH36) was shown to result from void
nucleation, growth and coalescence. The occurrence of damage at a very small
(micro-)scale contrasts with the propagation of a (macro-)crack which may extend
over meters in a large-scale structure (e.g. a ship of a length of several hundred
meters). Mastering a high fidelity resolution of the local crack propagation and a
low fidelity computation of the global structural response in one simulation (see Fig.
II.14) constitutes a main challenge in predicting the residual structural strength
after failure.
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Figure II.14 – High fidelity vs. low fidelity computation (the FE model was taken
from www.damen.com)

II.4.1 Damage-induced softening

In a first step, a material model for the pre-localization response was elaborated.
A summary is given in Tab. II.2. The effect of strain hardening is considered, yet
the influences of viscoplasticity and thermal softening are tentatively neglected.
The damage-induced softening can be described either by dilatant or non-dilatant
models. The first class takes into account the effect of void growth on the volumetric
plastic deformation of the surrounding matrix, whereas the second class does not.
Motivated by the objective to stick as close as possible to the physical observations,
a Gurson-type model was chosen, see Tab. II.2. The physical consequences of
void coalescence is not explicitly introduced in the material model, but is rather
involved in the modeling of strain localization.

There are two main challenges to deal with: volumetric locking and mesh
dependence. Volumetric locking can potentially arise in the early phase of damage
evolution. In order to prevent the simulation from volumetric locking, the B-Bar
approach [76] is used. Mesh dependence of the structural response is a problem
which comes up in the post-localization regime of softening materials or structures.
It can be attributed to the non-existence of a characteristic length scale in the local
material model to prevent pre-localization in a band of finite elements. Non-local
regularization methods provide a means to reduce the issue, but they require to use
a very fine mesh to capture the (micro-scale) localization effects and they do not
aim at reproducing the appearance of a (more or less sharply bounded) localization
band.
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Table II.2 – Summary : Damage-induced softening

Modified plastic poten-
tial of the damaged
material (GTN-model) • Φmod

G =
(
σeq

σy

)2
+ 2q1f cosh

(
−3

2q2
pm+pr

σy

)
−

(1 + (q3f)2) = 0

Numerical modeling

• Standard FEM

Numerical issues

• Volumetric locking (B-Bar approach)

• Mesh dependence in the softening regime

II.4.2 Numerical vs. physical localization

Reducing the mesh dependence in the softening regime of the material is one
issue, but capturing the damage concentration and strain localization inside a
narrow band is another one. Embedding the localization band into the finite
element efficiently allows for combining these two objectives in one approach. The
enrichment techniques of Belytschko [20] and Huespe [74] provide an idea of how a
sharply bounded band can be embedded into the FE. The kinematic field across
the band can be as well conceived in a dispersed manner and has given rise to
propose different displacement profiles, e.g. using a tanh, polynomial or exponential
shape - to name a few. Incorporating the band kinematics into the FE requires
enriching the nodal or elemental basis of the FE (the same concept is used for
introducing a discontinuity during crack propagation). A different point of view
was elaborated by Longère [95] in the context of adiabatic shear banding which
induces an anisotropy of the material.

The transition from (more or less) diffuse damage to localization relies on the
finding a condition for when the homogeneous material loses its stability. Two
common methods have been discussed: bifurcation analysis and linear perturbation
analysis. Bifurcation analysis is limited to rate-independent materials and consists
in evaluating the orientation of the localization band for which the determinant
of the acoustic tensor equals to zero (or numerically negative). The perturbation
analysis is based on assessing the condition of stability of a homogeneous solution
after having been disturbed by a small wave-like perturbation. In this work, the
bifurcation analysis is used due to the fact that viscoplasticity is tentatively ne-
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glected, see Tab. II.3.

Modeling this step is essential for an accurate prediction of the structural
failure response. Neglecting this transition phase between diffuse damage and
crack propagation can result in tremendous inaccuray, as it has been a meaningful
outcome of the thesis of Crété (recall Fig. I.4). Studying three different embedded-
band methods capable of reproducing the localization band and treating the passage
between the other stages of ductile failure will be the topic of the next chapter.

Table II.3 – Summary : Strain localization

Onset of strain local-
ization

• Bifurcation analysis: det(n ·D∼∼
t · n) = 0

• Numerical computation of the criterion (Ortiz
[119])

Challenges

• Reduction of the mesh dependence in the post-
localization phase

• Physical description of the damage concentration
and strain localization in a (more or less well-
defined) narrow band

• Application of the criteria and methods for a
strongly non-linear ductile material

Numerical modeling

• Incorporation of the strain localization band into
the FEM

• Numerical method to be discussed in the
next chapters

II.4.3 Crack propagation

The third important step of failure modeling discussed in this chapter is the for-
mation and propagation of a macro-crack. Similar to the localization phase, the
challenge here consists in capturing the (stress-free) crack discontinuity in the FE
mesh. Three different methods in the context of the FEM have been proposed,
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however they turned out to suffer from mesh dependence and thus do not really
provide a reliable means of numerical modeling. Rather, the discontinuous displace-
ment field is embedded into the FE by enhancing its kinematic formulation. In
the last decades, many such embedded crack methods have been proposed. They
can be classified into the SOS, KOS and SKON formulation depending on whether
the kinematic representation of the discontinuity, the static continuity across the
crack or both are satisfied. Apart from this classification, it can be distinguished
the type of FE enrichment: either the nodal (X-FEM) or elemental (E-FEM) basis
is enriched. Both enriching techniques have advantages and drawbacks compared
to the other. A strong feature of the X-FEM is that it allows for a more precise
approximation of the crack path. The E-FEM stands out in terms of lower compu-
tational cost and a higher accuracy for coarse meshes. Also there are methods of
the SOS, KOS and SKON class, whereas the X-FEM so far can be only found in
the KOS formulation. The choice of method is made in connection with the choice
of the localization method in the next two chapters, see Tab. II.4.

The crack initiation can be indicated by calculating a (local) critical value of an
internal variable (plastic strain, porosity, etc.), which suffers from mesh sensitivity
issues, or by averaging a variable (stress, plastic strain, etc.) over a crack-tip patch
and comparison to a critical value. The second approach is the most promising in
the context of ductile materials and allows to reduce the mesh dependence problem.
Yet, no particular method has been chosen so far as its choice depends on the
method used for localization modeling, see the next two chapters.
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Table II.4 – Summary : Crack propagation

Onset of crack propa-
gation • Depends on the modeling of the strain localiza-

tion phase (see next chapters)

Challenges

• Reduction of the mesh dependence in the crack
propagation phase

• Numerical modeling of the crack discontinuity

Numerical modeling

• Incorporation of the crack into the FE

• Enrichment of the kinematics of the FE (node
or element enrichment, depends on the method
used for localization band modeling)

• Numerical method to be discussed in the
next chapters
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III.1 Introduction

In the previous chapter, appropriate methods for treating each step of ductile
failure in a physical and numerical manner as well as physics-motivated transition
criteria between these steps have been evoked. In this part, we are studying the
performance of three different embedded-band FE methods to model the phase
of strain localization in ductile materials. The most promising of these studied
approaches is then discussed in detail in chapter IV.

Basically there is no consensus in the literature on how to model the critical
phase of strain localization. Continuum approaches attempt to describe the effects
of void coalescence on the (continuum) material, see e.g. the works of Pardoen
([122], [123]), Benzerga ([26], [27]) and Tvergaard ([169], [171]). An alternative way
consists in reproducing the kinematic consequences of the narrow band of highly
localized strain, an approach which is applied in the following.

By definition, a strong discontinuity involves a discontinuity of the displace-
ment/velocity field, whereas a weak discontinuity involves a discontinuity of the
displacement/velocity gradient field.

III.2 Preliminary considerations

In this section, three localization methods using different kinematic representations
are assessed. In view of comparing the methods in question at the end of this
chapter, common notations and methods are defined here. Therefore, the different
kinematic fields are discussed and the principle of virtual work is stated which the
three methods are derived from. Moreover the enrichment method and transition
criteria which are used for all three methods are specified. Then, in the subsequent
sections, the localization methods are described one after the other.

III.2.1 Kinematic modeling of the localization band

The continuous displacement field û(x) is assumed to be enriched by a discontinuous
field ũ(x) which is supposed to represent the characteristic kinematics of the
localization band. The superposition of these two fields yields the total displacement
field u(x)

u(x) = û(x) +Hw(s)ũ(x) (III.1)

where the function Hw(s) is an adapted version of the classical Heaviside (step)
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function; s is the signed distance function with respect to the center line of the
band (see Fig. III.1). The sign of the distance function is determined in accordance
with the orientation of the normal vector of the localization band. For now, the
normal vector is assumed to be arbitrary, but it can be evaluated e.g. from stability
analysis, see section II.3.2.3 and chapter IV for further details.

The advantage of using the discontinuous enrichment formulation is that any
arbitrary profile of the displacement field across the band can be prescribed.
Depending on the different viewpoints (discussed below), the displacement field
may be described by a strong, weak1 or (non-linearly) regularized discontinuity.
Possible mathematical formulations are the following, where the limit values of the
Heaviside functions have been chosen to be −1 and +12:

• Strong discontinuity: Hw(s) =

1 s ≥ 0
−1 s < 0

(III.2)

• Weak discontinuity: Hw(s) =


1 s ≥ w

2
2
w
s −w

2 ≤ s < w
2

−1 s < −w
2

(III.3)

• Regularized discontinuity: Hw(s) =


1 s ≥ w

2

tanh( 4
w
s) −w

2 ≤ s < w
2

−1 s < −w
2

(III.4)

where w is the characteristic (explicitly indicated) width of the localization
band. These functions are qualitatively visualized in a common graph in Fig. III.1.
The Heaviside function of the strong discontinuity can be identified as step function
across the band, the one of the weak discontinuity as linear function and the one
of the regularized discontinuity as tanh nonlinear function, which were originally
proposed (in similar formulation) by, respectively, Moës [106], Huespe [74] and
Areias [8].

1It should be noted that the weak discontinuity is a special type of regularization of the
strong discontinuity. However, in this work the class of ’weak discontinuity’ is regarded as being
different from the class of ’regularized discontinuity’ which is referred to as non-linearly distributed
(continuous) profile.

2Alternative formulations, which can be found in the literature, are functions bounded by 0
and +1 or also by −0.5 and +0.5.
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Figure III.1 – Qualitative comparison of the strong, weak and regularized (displace-
ment) discontinuity field

Based on the enriched displacement field, the strain field is computed as follows

ε(x) = ∇su = ∇sû(x) +Hw(s)∇sũ+ (ũ(x)⊗∇Hw(s))s. (III.5)

Using ∇Hw(s) = ∂Hw

∂s
∇s = δwn, where δw denotes an adapted version of the

classical Dirac’s delta distribution, yields

ε(x) = ∇sû(x)︸ ︷︷ ︸
εcont

+Hw(s)∇sũ

︸ ︷︷ ︸
εbulk

+ δw(ũ(x)⊗ n)s︸ ︷︷ ︸
εloc

. (III.6)

Here, εcont denotes the continuous strain which prevails before the onset of
localization, εbulk the bulk strain and εloc the localization strain, which is large
compared to the bulk strain and includes contributions normal and tangential
to the band, namely εloc = δw[(ũn · n) ⊗ n + (ũm ⊗ n)s] where the scalar ũn and
the vector ũm are parts of the decomposition ũ = ũn · n + ũm. This results in
different characteristic strain profiles across the localization band, see Fig. III.2,
which shows a single bar element submitted to a symmetric displacement, with a
constant strain (no discontinuity), and a strong, weak and regularized discontinuity,
respectively.

These three conceptually different displacement and resulting strain profiles
come from different physical interpretations of the mechanism of strain localization:

• Strong discontinuity: The complex micro-mechanisms which take place during
strain localization can be assumed to be collapsed into a surface which
corresponds to the experimental observation of the presence of a meso-
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Figure III.2 – Different strain field profiles across the localization band

crack. In contrast to the macro-crack which is also represented by a strong
discontinuity, the meso-crack is not continuous along its propagation path
as it is interrupted by zones of material cohesion (see the micrograph in Fig.
II.3) and it can thus be assumed to still carry stresses. In a similar context,
e.g. when it is about to describe the progressive transition from damage to
fracture, there are e.g. the works of Dvorkin [52], Moës [105], Oliver [112]
and Remmers [136].

• Weak discontinuity: Strain localization is shown to go along with void coales-
cence which occurs in a narrow zone. This band of physically non-zero width
accommodates large portions of damage and plastic deformation. Examples
from the literature are the works of Belytschko [20], Huespe [74], Ortiz [119]
and Sluys [159].

• Regularized discontinuity: Considering that strain localization cannot appear
in a sharply confined band, the strain field across the band is rather seen in
a continuous (smooth) manner. Thus, the strain is highly concentrated in a
thin zone and the maximal strain is found in the very center of the band. A
similar perception can be found in the modeling of shear bands. Examples
from the literature are the works of Abbas [1], Areias [8], Benvenuti [25] and
Su [162].

These different viewpoints of the localization band are studied successively in
the following. As a means of comparison, an appropriate discretization framework
is elaborated, computational issues are discussed and capabilities for describing the
transition from continuum mechanics and towards fracture mechanics are assessed.
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III.2.2 Principle of virtual work

Consider the two-dimensional body Ω in Fig. III.3 which contains a localization
band ΩL. Its orientation is indicated by its normal vector n. The band divides the
domain into two parts Ω+

N and Ω−N , which form together the continuous domain
ΩN . The interfaces between the localized and non-localized domain are denoted as
Γ+
D and Γ−D3. External traction forces t∗ are applied at the boundary Γt. External

displacements u∗ are imposed at the boundary Γu.

Figure III.3 – 2D domain Ω crossed by a localization band ΩL

Assuming quasi-static loading (thus neglecting inertia and body forces), the
balance of linear momentum in Ω can be written by ∇ · σ∼ = 0. Furthermore,
the traction continuity condition σ∼ · n = t applies along Γ+

D and Γ−D. Introducing
any admissible virtual variation of displacements δu and applying the divergence
theorem yields the principle of virtual work∫

Ω
∇S(δu) : σ∼ dΩ =

∫
Γt

δu · t∗ dΓ. (III.7)

Then, using the Bubnov-Galerkin approach, i.e. the test functions are chosen
from the same space as the trial functions, see Eq. (III.1), yields

δu = δû+Hwδũ. (III.8)

Note that this equation involves the decomposition of the displacement field
into a coarse scale δû and a fine scale Hwδũ. Thus it can also be understood as a
formulation of the variational multi-scale method which was originally developed

3The indices ’L’, ’N’ and ’D’ refer to ’Localized’, ’Non-localized’ and ’Discontinuity’, respec-
tively.
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by Hughes [77]. The variational strain field derives from the displacement field

∇S(δu) = ∇S(δû) +Hw∇S(δũ) + δw(δũ⊗ n)S. (III.9)

Later in this chapter, the three methods will be derived from the weak equilib-
rium equation (III.7) using the variations of the displacement in Eq. (III.8) and
strain field in Eq. (III.9) with the corresponding Hw and δw functions.

III.2.3 Enrichment method considered

Representing the different viewpoints of kinematics of the localization band in
the FE requires an appropriate discretization method. The sections II.3.2.2 and
II.3.3.2 have evidenced the interest to use the embedded-band FEM to capture
a discontinuity - or more generally: an arbitrary displacement profile - in the
FE mesh. Therein, two possible enrichment techniques were presented: E-FEM
(element enrichment) and X-FEM (node enrichment). Here, the X-FEM is chosen
against the E-FEM to incorporate the strong, weak and regularized discontinuity
into the element. The choice is based on the following considerations:

• The X-FEM provides a more accurate displacement approximation due to
the higher number of enriching dof’s.

• As opposed to the X-FEM, the E-FEM is reported to suffer from severe
stability and robustness issues under certain conditions (see Jirásek [82],
Oliver [115]). Cumbersome workarounds, as the implicit-explicit integration
scheme (Oliver [116], Sanchez [147]), have to be applied in order to prevent
the numerical simulation from failing.

• The X-FEM has already been successfully applied to ductile materials in the
framework of the PhD thesis of Crété [45] - although without considering the
phase of strain localization. His methods and his implementation in a user
element in Abaqus serve as helpful support for this work.

The displacement and strain fields and their variations are interpolated as
follows (using matrix notation from now on)

û = Na

ũ = Nb

∇sû = Ba

∇sũ = Bb

δû = Na′

δũ = Nb′

∇s(δû) = Ba′

∇s(δũ) = Bb′

(III.10)
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The B-matrix contains the spatial derivatives of the shape functions N, i.e.
B = LN with L being the matrix differential operator

L =


∂/∂x 0

0 ∂/∂y

∂/∂y ∂/∂x

 . (III.11)

As opposed to the examples shown in chapter II, in this chapter the shifted
basis formulation H∗(x) = H(x)−H(xk) will not be used for the sake of simplicity.
The displacement field then reads

u = Na +HwNb, (III.12)

where the modified Heaviside function Hw is used according to the characteristic
kinematics, i.e. Eqs. (III.2), (III.3) and (III.4). The discretized strain field then is

ε = Ba +HwBb + (δwn)Nb. (III.13)

III.2.4 Criteria for the transitions

Here, the common features for the transition criteria, i.e. the passage from diffuse
damage to localization and from localization to crack propagation, are briefly
presented. The discussion of the detailed transition methods is not the focus of
this chapter and is therefore put off to chapter IV.

III.2.4.1 Diffuse damage to localization

It is assumed in this chapter that, without going into the detail, the criteria for
the onset of localization and the orientation of the band are derived from (see the
literature review in section II.3.2.3):

• Bifurcation analysis for rate-independent materials

• Linear perturbation method for rate-dependent materials

At the onset of localization the band is inserted into the element and the
enriching dof’s in the context of the X-FEM are activated.

III.2.4.2 Localization to crack propagation

Due to the attractiveness of the X-FEM to reproduce the relative opening and
sliding of two (meso-crack) surfaces in an element, it is desirable to not only use it
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to describe localization but also to represent crack propagation. By maintaining
the same formulation, the transition from localization to crack propagation can
take place naturally and without modifications. Such a smooth passage demands
for finding a criterion which permits to progressively cancel the stresses in the
localization band in order to avoid jumps which may cause numerical problems.
Then, in the limit case where the stresses in the localization band become zero,
the contribution of the localized domain to the global system of equations vanishes
and the classical (traction-free) X-FEM is obtained.

III.3 Method 1: Strong discontinuity

The important damage mechanisms take place on a very small scale compared
to the structural dimensions. This method thus consists in a macro-mechanical
representation of the degradation process within the localization band with a
cohesive surface approach.

III.3.1 Concept

The damage mechanisms inside the localization band are lumped into a crack-like
surface (3D) in front of the crack tip. As the (volumetric) constitutive (stress-strain)
law describing the bulk material does not apply anymore, an additional (surfacic)
constitutive relation is needed. This idea is realized in cohesive zone models (Baren-
blatt [15], Dugdale [49], Hillerborg [73]), where a (softening) traction-separation
(t-JuK) law is introduced, see Fig. III.4 for the case of a mode-I opening. Thus, the
damage-induced softening behavior within the localization band can be reproduced.

Stating that ductile damage is driven by void coalescence in the form of void
impingement (favored by hydrostatic tension) and/or localized shearing (favored
by a deviator), the propagation of the process of localization involves a cohesive
law which accounts for a normal (JuKn = JuK · n) and also a tangential component
(JuKm = JuK ·m).

The introduced cohesive traction can be interpreted as the ongoing decohesion
induced by internal necking of the inter-void material during void coalescence. The
opening and sliding of the cohesive ’band’ can be thought as an abstraction of
the experimentally observed meso-crack, which is not entirely discontinuous in its
propagation in contrast to the macro-crack, but exhibits zones of material cohesion,
see Fig. II.3. Simultaneously the cohesive law provides for a smooth passage from
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diffuse damage to crack propagation.

perfect cohesion decohesion (stress-free)
crack

Figure III.4 – Cohesive zone model for mode I

Cohesive cracks have been embedded within the X-FEM e.g. by Moës [105] and
Wells [178] in the context of quasi-brittle materials and by Seabra [150] and Simatos
[154] for ductile materials. A similar point of view is represented by Samaniego
[146] in the context of shear banding.

III.3.2 Variational and finite element formulations

The elaborations of Wells [178] are used here to derive the variational and finite
element formulations.

The kinematic field of a strong discontinuity implies using the following formu-
lations, see also Eq. (III.2)

Hw(s) =

1 s ≥ 0
−1 s < 0

; δw(s) = ∂Hw

∂s
= 2δΓD

(III.14)

where Hw coincides with the classical Heaviside (step) function and δΓD
is

the Dirac’s delta distribution centered at the discontinuity ΓD (see Fig. III.3).
The factor 2 in the delta function appears due to the fact that the Heaviside
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function is spanned between −1 and 1. The Dirac’s delta function has for a
given continuous function Φ the following property (a relation which is needed for
subsequent derivations) ∫

Ω
Φ(x)δ(x) dΩ =

∫
ΓD

Φ(p) dΓ, (III.15)

where p refers to all points along the discontinuity ΓD.

Before being able to compute the nodal displacements and strains in a finite
element mesh, the following derivations have to be employed. First of all, inserting
the variations of the displacement in Eq. (III.8) and strain in Eq. (III.9) into the
virtual work in Eq. (III.7) gives∫

Ω
∇S(δû) : σ∼ dΩ +

∫
Ω
Hw∇S(δũ) : σ∼ dΩ +

∫
Ω
δw(δũ⊗ n)S : σ∼ dΩ

=
∫

Γt

(δû+Hwδũ) · t∗ dΓ.
(III.16)

Then, exploiting the property of the Dirac’s delta in Eq. (III.15) allows to write∫
Ω
δw(δũ⊗ n)S : σ∼ dΩ =

∫
ΓD

δũ · t dΓ, (III.17)

where t is the (cohesive) traction force along the strong discontinuity surface
ΓD, see Fig. III.3. As a consequence, the traction force has contributions normal
and tangential to the band. Here, the switchover of a continuum (volumetric) stress
state σ∼ in the pre-localization formulation to a traction t acting on the cohesive
surface becomes obvious. By the independency of the variations δû and δũ, see
also Zienkiewicz [189], and using the discretized variations of the displacements
and strains in Eq. (III.10), two separate weak equilibrium equations are obtained∫

Ω
BTσ dΩ =

∫
Γt

NT t∗ dΓ (III.18a)∫
Ω
HwBTσ dΩ + 2

∫
ΓD

NT t dΓ =
∫

Γt

HwNT t∗ dΓ (III.18b)

The first equation constitutes the equilibrium in the continuous field (bulk
material). The second equation describes the traction continuity across the discon-
tinuity in a weak sense, where continuity is established between the integral over
the entire continuous domain ΩN , i.e. Ω+

N ∪ Ω−N , and the integral over the cohesive
surface, what is typical of KOS formulations. So the traction continuity appears as
a result of the consequent application of the principle of virtual work and is not
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imposed as an additional equation. This is in contrast to the SOS ([20], [119]) and
SKON formulations ([74], [112]) in the context of the E-FEM, where the traction
continuity condition is explicitly imposed at the interface and thus allows for a
more accurate stress computation.

To determine the state of equilibrium involving a non-linear material behavior,
an incremental-iterative solution procedure is used. Therefore, the stress-strain
and traction-jump relationships have to be brought into a rate form. The bulk
stress rate is computed using the continuum tangent modulus Dt

σ̇ = Dtε̇ = Dt(Bȧ +HwBḃ), (III.19)

where ȧ and ḃ represent, respectively, the regular and enhanced nodal velocities,
see Eq. (III.10). In the same way, the traction rate of the cohesive law reads (in
the local coordinate system {n,m})

ṫ = TJu̇K, (III.20)

where T is the cohesive tangent modulus. A link between the enriching degrees of
freedom of the X-FEM and the displacement jump can be made

Ju̇K(x) = u̇(x+)− u̇(x−)
=
∑
i∈I

u̇iNi(x+) +
∑
j∈J

ḃjNj(x+)Hw(x+)

−

∑
i∈I

u̇iNi(x−) +
∑
j∈J

ḃjNj(x−)Hw(x−)
 ,

(III.21)

where x is an arbitrary point located on the cohesive surface, x+ is the projection
of x to the positive face and x− accordingly to the negative face. Noting that
Ni(x+) = Ni(x−) = Ni(x) and Hw(x+) = −Hw(x−) = 1 results in

Ju̇K(x) = 2
∑
j∈J

ḃjNj(x). (III.22)

Finally, Eqs. (III.19), (III.20) and (III.22) can be inserted into Eq. (III.18) so
that the following set of discrete linearized equations involving the incremental
displacements da and db is obtainedKaa Kab

Kba Kbb

da
db

 =

f exta

f extb

−
f inta

f intb

 , (III.23)
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where the stiffness matrix K is computed as follows

K =
 ∫

Ω BTDtB dΩ
∫

Ω HwBTDtB dΩ∫
Ω HwBTDtB dΩ

∫
Ω BTDtB dΩ + 4

∫
ΓD

NTTN dΓ

 (III.24)

and the internal and external force vectors are calculated from

f exta =
∫

Γt

NT t∗ dΓ (III.25a)

f extb =
∫

Γt

HwNT t∗ dΓ (III.25b)

f inta =
∫

Ω
BTσ dΩ (III.25c)

f intb =
∫

Ω
HwBTσ dΩ + 2

∫
ΓD

NT t dΓ. (III.25d)

It can be seen that the stiffness matrix is symmetric if the matrices Dt and T
are symmetric as well, what is assumed here. A symmetric global stiffness matrix
has computational advantages in the solution procedure [178].

III.3.3 Computational issues

The incorporation of a discontinuity into the element using X-FEM requires the
application of special integration techniques to evaluate the integrals at the Gauss
points in the continuum bulk. The widely used subtriangulation method of Moës
[106] is not adapted to ductile materials for which the history-dependent variables
need to be tracked. Thus it is rather advantageous to use the approach of Crété [46]
where the 2D element is subdivided into 16 rectangles which are each integrated
by the 4-point Gauss rule (64 Gauss points in total), see Fig. III.5. This method is
discussed in detail in chapter IV.

The contributions of the cohesive tractions to the elemental equations, that is
the line integrals along ΓD in Kbb and f intb , can be evaluated by using 2 additional
(standard) Gauss points, see e.g. Wells [178]. These are positioned along the 1D
cohesive segment within the localized element, see Fig. III.5.

According to Wells [178], the convergence rate appears to be optimal and the
simulation is very robust, if the cohesive band is introduced at the end of an
increment.
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Integration point for the continuum

Integration point for the cohesive tractions

Cohesive ‘band‘

Figure III.5 – Integration scheme for a 2D quadrilateral element cut by a cohesive
’band’

III.3.4 Coupling ductile damage and localization method

Traditionally, the transition from damage to localization in cohesive zone models
is triggered by a stress criterion which involves the critical cohesive traction t0

(prescribed as material parameter), e.g. by checking when the maximum principal
tensile stress in the damaged zone attains the critical cohesive traction, see e.g.
Wells [178], Remmers [136].

Though, here another indicator for localization is used relying on a stability
criterion, see section III.2.4. In this case, the initial cohesive traction t0 (where
the cohesive separation initiates, i.e. JuK = 0) rather corresponds to the current
stress state σ∼ at the onset of localization satisfying the traction continuity condition
t0 = σ∼ · n, see also Bordas [30] and Belytschko [19]. This implies that the initial
traction is a quantity which is not a pre-defined material parameter, but results
from the current stress state at localization. From that point, the gradient of the
cohesive law depends on the chosen function and the work of separation (see next
section).

III.3.5 Coupling localization method and crack formation

Starting from the initial cohesive strength t0, the transition from strain localization
to crack propagation is supposed to be determined by the amount of energy per unit
surface required to entirely counteract the cohesive traction forces at the meso-crack
faces - or in a physical sense: the energy needed to break up all inter-void bonds.
The decohesion energy corresponds to the area under the traction-separation law,
also called work of separation per unit area Wc

4(unit Nm
m2 ) and can be computed

4This energy measure is comparable to the Griffith energy release rate in brittle materials
- commonly denoted as Gf or Gc - however here it is used in the context of ductile materials.
Therefore, a different notation is used in order to not confound it with the classical fracture
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from
Wc =

∫ JuKc

0
t(JuK) dJuK. (III.26)

This critical work of separation is reached when the traction force becomes zero
and therefore satisfies the crack initiation condition of the progressive loss of the
in-band stresses from section III.2.4, see also Fig. III.6.

Figure III.6 – Transition from meso-crack to macro-crack

In terms of numerics, the macro-crack phase is described by the X-FEM as
well. As soon as the cohesive traction approaches zero the line integrals along ΓD
in Kbb and f intb cancel out and then the standard X-FEM equations describing a
stress-free crack and thus pure crack opening, are naturally obtained ∫

Ω BTDtB dΩ
∫

Ω HwBTDtB dΩ∫
Ω HwBTDtB dΩ

∫
Ω BTDtB dΩ

da
db

 =


∫

Γt
NT t∗ dΓ∫

Γt
HwNT t∗ dΓ

−


∫
Ω BTσ dΩ∫

ΩHwBTσ dΩ


(III.27)

where the stiffness term 4
∫

ΓD
NTTN dΓ in Eq. (III.24) and the internal force

term 2
∫
ΓD

NT t dΓ in Eq. (III.25d) have vanished.

III.4 Method 2: Weak discontinuity

This method is based upon the assumption that the displacement field across the
localization zone exhibits a weak discontinuity which confines the localization band.

III.4.1 Concept

In a perspective which is different from method 1, damage and plastic deformation
are assumed to concentrate inside a sharply bounded band of non-zero width. This
can be argued by stating that localization goes along with void coalescence which

energy measure.
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occurs in a narrow zone. This hypothesis can be corroborated by macroscopic
considerations in that the meso-crack typically follows a tortuous path, as can be
deduced from the micrograph in Fig. III.7. In the vicinity of the meso-crack, there
are voids which have accumulated in the concentration process prior to the propa-
gation of the meso-crack. This roughly bordered zone of high void concentration
can be identified as localization band. Experimentally the band width could be
quantified as the envelope of the tortuous meso-crack path in a defined volume
element (right-most in Fig. III.7).

www.institut-clement-ader.org CFRAC 2015, Cachan, France 1
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Figure III.7 – Micrograph of a meso-crack in a tensile-loaded structure (DH36): (a)
macro-crack, (b) tortuous meso-crack path, (c) definition of a localization band as
an envelope of the path (adapted from Geffroy [57])

The presence of a band with a finite thickness implies that the continuum stress
state is maintained beyond the onset of localization - as opposed to method 1.
Belytschko [20] was the first to embed a localization band into an element. In
his method which is in the context of shear band modeling, the enriching dof’s
are computed from the requirement of stress continuity across the interface (see
Fig. II.5 in chapter 2). Considering two adjacent material points, one located in
the band, the other slightly outside, the former is further damaged and plastified
whereas the latter undergoes elastic loading. Huespe [74] proposed (in the context
of the E-FEM) to modify the shape functions of the localized element such that
a strain band of finite thickness can be represented. He assumed that the GTN
model is applied throughout the entire loading path, i.e. during the pre- and also
the post-localization phase, until crack propagation. The initiation of a crack is
indicated by a critical porosity which corresponds to the loss of the stress carrying
capacity and thus the formation of a new crack surface. The band width remains
constant during strain localization and the deformation is assumed to be homoge-
neous across the band.
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In the following, we propose an X-FEM extension of the (slightly modified)
E-FEM-based method of Huespe [74]. The main hypotheses are:

1. The pre-localization GTN-model is also used to determine the post-localization
stress state in the localization band. Thus, it can be accounted for the
hydrostatic stress dependency inside the band.

2. The predefined band width is kept constant throughout the localization
process until fracture.

3. The deformations and stresses across the band (in the n-direction) are homo-
geneous.

III.4.2 Variational and finite element formulations

The kinematic fields across the band are characterized using a ramp function and
its derivative, see also Eq. (III.3),

Hw(s) =


1 s ≥ w

2
2
w
s −w

2 ≤ s < w
2

−1 s < −w
2

; δw(s) = ∂Hw

∂s
=


0 s ≥ w

2
2
w
−w

2 ≤ s < w
2

0 s < −w
2

(III.28)

For the sake of a better illustration, the virtual work is first of all decomposed
into a localized and a non-localized contribution∫

Ω
∇S(δu) : σ∼ dΩ =

∫
ΩN

∇S(δu) : σ∼ dΩ +
∫

ΩL

∇S(δu) : σ∼ dΩ. (III.29)

Based on the second and third hypothesis made at the beginning, the virtual
work in the localized domain can be simplified to (Remmers [137])

∫
ΩL

∇S(δu) : σ∼ dΩ =
∫

ΓD

∫ w
2

−w
2

∇S(δu) : σ∼ dn dΓ

= w ·
∫

ΓD

∇S(δu) : σ∼ dΓ.
(III.30)

Then, a surface integral along the mean surface of the band is obtained (denoted
as ΓD in accordance with Fig. III.3), but - and this is a difference to cohesive
models - the material in the band is still regarded as a continuum. Based on the
first hypothesis, the stress state in the band continues to behave according to the
pre-localization GTN model. Inserting the test functions in Eqs. (III.8) and (III.9)



III.4 Method 2: Weak discontinuity 63

into the weak form of virtual work yields∫
ΩN

∇S(δû) : σ∼ dΩ +
∫

ΩN

Hw∇S(δũ) : σ∼ dΩ +
∫

ΩN

δw(δũ⊗ n)S : σ∼ dΩ

+w ·
∫

ΓD

∇S(δû) : σ∼ dΓ + w ·
∫

ΓD

Hw∇S(δũ) : σ∼ dΓ + w ·
∫

ΓD

δw(δũ⊗ n)S : σ∼ dΓ

=
∫

Γt

(δû+Hwδũ) · t∗ dΓ.

(III.31)

Considering that the delta function δw is 0 in ΩN and 2
w
in ΩL, the third term

can be eliminated and the sixth term can be simplified. Also, the ramp function
Hw is point symmetric with respect to ΓD, so that by using the third hypothesis
the fifth term disappears leading to∫

ΩN

∇S(δû) : σ∼ dΩ +
∫

ΩN

Hw∇S(δũ) : σ∼ dΩ

+w ·
∫

ΓD

∇S(δû) : σ∼ dΓ + ·
∫

ΓD

2(σ∼ · n)δũ dΓ =
∫

Γt

(δû+Hwδũ) · t∗ dΓ.
(III.32)

Now, by the independency of the virtual variations δû and δũ and using the
discretized variations of the displacements and strains, the discrete weak equilibrium
equations read ∫

ΩN

BTσ dΩ + w ·
∫

ΓD

BTσ dΓ =
∫

Γt

NT t∗ dΓ (III.33a)∫
ΩN

HwBTσ dΩ + 2
∫

ΓD

NT (σ · n) dΓ =
∫

Γt

HwNT t∗ dΓ (III.33b)

In direct comparison to Eq. (III.18) of method 1 two observations can be made:
(i) in the first equation, a second volume integral appears which results from the
band continuum and (ii) the second equation has the same appearance, but now
the tractions are evaluated from the continuum stress in the band which is obtained
from the GTN constitutive law. The stresses inside and outside the band are
calculated from (hypothesis 1)

σ̇|ΩL
= Dtε̇|ΩL

= Dt(Bȧ +HwBḃ + (δwn)Nḃ) (III.34a)
σ̇|ΩN

= Dtε̇|ΩN
= Dt(Bȧ +HwBḃ). (III.34b)

Inserting Eq. (III.34) into Eq. (III.33) gives the discrete linearized equations in
the same form as Eq. (III.23). The components of the symmetric global stiffness
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matrix are computed as follows

Kaa =
∫

ΩN

BTDtB dΩ + w ·
∫

ΓD

BTDtB dΓ (III.35a)

Kab =
∫

ΩN

HwBTDtB dΩ + 2 ·
∫

ΓD

BTDtN dΓ (III.35b)

Kba =
∫

ΩN

HwBTDtB dΩ + 2 ·
∫

ΓD

NTDtB dΓ (III.35c)

Kbb =
∫

ΩN

BTDtB dΩ + 2 ·
∫

ΓD

δwNTDtN dΓ (III.35d)

where N is the operator such that [25]

Na = (Na ⊗ n)S. (III.36)

The internal and external force vectors are calculated from

f exta =
∫

Γt

NT t∗ dΓ (III.37a)

f extb =
∫

Γt

HwNT t∗ dΓ (III.37b)

f inta =
∫

ΩN

BTσ dΩ + w ·
∫

ΓD

BTσ dΓ (III.37c)

f intb =
∫

ΩN

HwBTσ dΩ + 2
∫

ΓD

NT (σ · n) dΓ. (III.37d)

It can be shown that in the limit case, i.e. when w goes to zero, the formulation
is equivalent to a cohesive zone approach. Consider the virtual work in the band
which can be transformed into terms involving surface integrals along the boundary
of the band by using the divergence theorem∫

ΩL

∇S(δu) : σ∼ dΩ =
∫

Γ+
D

σ∼ · n︸ ︷︷ ︸
tΓD

·δu dΓ +
∫

Γ−D
σ∼ · (−n)︸ ︷︷ ︸
−tΓD

·δu dΓ, (III.38)

where the contributions of the surface integrals along the band edges can be
neglected as w goes to zero. Then, using the jump variable δJuK = δuΓ+

D
− δuΓ−D

and taking hypothesis 3 (implying that tΓ+
D

= tΓ−D
), yields

lim
w→0

∫
ΩL

∇S(δu) : σ∼ dΩ =
∫

ΓD

tΓD
· δJuK dΓ. (III.39)

This relation corresponds to the virtual work of cohesive tractions in the ’band
discontinuity’ ΓD, which are induced by stresses in the band. Thus, the approach
can be understood in the context of the cohesive band approach.
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III.4.3 Computational issues

The integration of the continuum terms can be employed in the same way as
described in method 1, i.e. by using 64 fixed integration points. The integration
of the terms concerning the localized band requires some additional reflections.
Regarding the simplification made in Eq. (III.30), the integral over the localization
band

∫
ΩL

could be transformed into a surface integral over ΓD by still maintaining
the continuum character of the localized material. This step allows to apply 1D-
integration with 2 Gauss points along ΓD, see Fig. III.8, and prevents from using
any non-standard 2D-integration scheme adapted to the oriented localization band
in the element.

Integration point for the non-localized continuum

Integration point for the localized continuum

Localization band

Figure III.8 – Integration scheme for a 2D quadrilateral element cut by a localization
band

III.4.4 Coupling ductile damage and localization method

As soon as localization in an element is detected, i.e. satisfying the loss of stability
conditions, the localization band is introduced into the element formulation. As
the inner-band material behavior is dictated by the (pre-localization) GTN model,
no additional constitutive parameters need to be evaluated. The transition from
the homogeneous to the inhomogeneous material is inherently involved in setting
up the X-FEM equations and computing the standard and enriching dof’s in the
localized element such that equilibrium is obtained.

III.4.5 Coupling localization method and crack formation

The crack is formed when the stresses in the band drop to zero and thus a stress-free
crack can evolve, a condition which was defined in section III.2.4. In this case
here, motivated by the argumentation in section II.3.3.3, two different criteria are
proposed: using either (i) a critical porosity value or (ii) a critical energy measure,
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comparable to the energy release rate used in the first method.

The first fracture criterion is widely used for Gurson-type materials, see e.g. [57],
[174], [74]. The classical Gurson model [66] also involves a critical failure porosity,
however does not yield realistic results [174]. Instead, Tvergaard [174] proposed an
alternative failure criterion by replacing the porosity f in the yield condition in
Eq. (II.2) by a modified (effective) porosity which accounts for the accelerating
effects of the void coalescence when f ≥ fc, see Fig. III.9. The material loses its
stress-carrying capacity completely when the failure porosity ff is attained:

f ∗ =

f f < fc

fc +K(f − fc) f ≥ fc with K = fu−fc

ff−fc
; fu = 1

q1

(III.40)

Failure

Onset of
coalescence

Figure III.9 – Porosity law accounting for the accelerating effects of void coalescence,
proposed by Tvergaard [174]

As already noted in section II.3.3.3.1, the porosity, which is defined macroscopi-
cally in the context of a homogeneous material, is used to conclude on microscopic
processes in front of the crack tip, what is not that realistic. For ductile materi-
als, an energy-based criterion is used frequently, e.g. the energy release rate in
Lemaitre-type damage mechanics models [129]. An energy-based criterion is thus
proposed here which can be thought as an adaptation of the crack growth criterion
which was originally proposed by Crété [46] and applied within a ductile failure
model where the stage of localization was neglected. The author supposes that
below a critical value of the stored energy the material is capable of accommodating
plastic deformation and void-induced damage. As soon as this value is attained, a
crack is necessarily formed as the only mechanism which allows for an increasing
deformation.
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In this present context, the stored energy criterion can be applied similarly,
however it is not evaluated in a crack-tip half-circle patch, as employed by Crété,
but it is calculated inside the spatially confined localization band, see Fig. III.10.
Then, the stored energy is obtained from

Wband =
∑p
i=1 ω

i
sA

i∑p
i=1A

i
(III.41)

where p represents the number of localized elements (within a defined meso-
crack propagation length), ωs is the stored plastic energy, see Eq. (II.36), averaged
over the two Gauss points of the elemental band segment and Ai is the area of the
localization band in the element, i.e. Ai = w · lb, where lb denotes the length of
the elemental band segment. The crack is propagating with the length lc when
Wband ≥ Wc.
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Figure III.10 – Stored energy criterion evaluated in the localization band in the
defined propagation length lc

However, this criterion does not provide the cancellation of the stresses so
as to initiate the transition to the (stress-free crack) X-FEM. A pragmatic solu-
tion would then be to enforce the in-band stresses to zero as soon as the critical
stored energy is attained what results in a sudden drop of load in the global response.

Although the loss of stress carrying capacity needs to be enforced in the second
criterion, this one seems to be the preferred criterion which is used for further
considerations. Then, as soon as the critical stored energy is attained, the in-band
stresses are enforced to zero and thus the surface integrals along ΓD become zero
as well leading finally to the standard X-FEM equations, see Eq. (III.27). This
goes along with the opening of a new crack surface. Hence, the transition from the
localization band representation to the formation of a crack is naturally obtained.
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III.5 Method 3: Regularized discontinuity

In this third method the displacement field across the localization zone is viewed as
a diffuse discontinuity so that the displacement remains continuous until fracture.

III.5.1 Concept

Here, the strains and damage are assumed to concentrate in a narrow zone. The
difference to the previous method consists in that a large strain gradient prevails
inside the band, with a highly localized strain peak along its center line. This
idea is borrowed from the kinematic manifestation of shear bands, which can be
experienced in ductile materials under highly dynamic load cases, see e.g. the
test results of Roux and Longère [143] in Fig. III.11. Therein, the findings on
the evolution of the shear strain across the process zone foster the idea to model
the localization in a regularized (smoothed) sense, especially with regard to a
prospective extension of the present work to dynamic load cases.

3

Figure III.11 – Digital image analysis during a Kalthoff and Winkler impact test
[87] of a high strength steel using the line tracking method: time evolution of the
shear strain along the middle line (indicated as line 3) (adapted from Roux [143])
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Using the concept of the regularized discontinuity, three questions arise:

1. Which function to describe the displacement profile across the band?

2. Whether and how to define the border of the localization band?

3. Does the regularization band width remain fixed throughout localization or
is it evolving?

1.) Different regularization functions can be applied. In the context of the
X-FEM, Patzák [124] and Abbas [1] used a series of polynomial functions with a
high gradient across the band. Benvenuti [25] proposed an exponential function to
pass progressively from a continuous to a discontinuous model. In analyzing ductile
materials, Areias [8], [9], Su [162] and also Roux [143] resort to a tanh-function.
Here, such a tanh-based function is used due to its relevance in the context of
ductile materials5.

2.) The chosen tanh-function is C∞-continuous. In order to limit its infinite
extension to a defined band width and to embed the band with a regularized strain
field into the element, the function ’tail’ is cut off beyond the band borders resulting
in a small, artificial kink at that interface. This error is a function of the band
width w and of the chosen function (value at s = w/2). The error is accepted here
provided that the function is constructed such that the error is small, see Fig. III.12.

3.) At the onset of localization, an initial width is presumed. From that point,
there are principally two possible approaches: (i) either the regularization width
remains constant until fracture (Areias [8], [9], Huespe [74]) or (ii) the length scale
gradually decreases to zero (Benvenuti [24], [25], Oliver [113]). Here, the first
approach of using a constant width is used, the reasons for that choice will be
explained later when discussing the transition to fracture.

Based on these considerations, the following hypotheses are suggested:

1. The GTN model is used for the pre- and post-localization response in the
band, see also method 2.

2. The prescribed band width w remains constant until crack formation.

3. The regularization function is cut off beyond the band borders.
5In literature, there are tanh-regularization functions which involve either two parameters

serving to adjust the displacement gradient and the length scale, e.g. Areias [8], Benvenuti [25]
or only a length scale, e.g. Patzák [124], Abbas [1], where the gradient is indirectly controlled.
Here, it is preferred to control the localization width directly, so that only the second group of
tanh-functions is used.
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III.5.2 Variational and finite element formulations

A tanh-based enrichment function is used which permits to control the band width,
see Fig. III.12. Compared to similar functions used in the literature, e.g. Areias
[8] and Roux [143], the function is adapted such that the error at the interface
band/bulk, i.e. at s = ±w/2, is kept small, see Fig. III.12. The regularized
Heaviside and Dirac’s delta distribution are then as follows

Hw(s) =


1 s ≥ w

2

tanh( 4
w
s) −w

2 ≤ s < w
2

−1 s < −w
2

; δw(s) =


0 s ≥ w

2
4
w

[1− tanh2( 4
w
s)] −w

2 ≤ s < w
2

0 s < −w
2

(III.42)

what is obviously a regularized/smoothed version of the weakly discontinuous
formulation (method 2). Here, both ends of the functions are cut off at the interface
to the bulk, where Hw(w2 ) ≈ 0.964 and Hw(−w

2 ) ≈ −0.964.

Figure III.12 – Profile of the chosen tanh-function and its derivative

Inserting the variations of displacement in Eq. (III.8) and strain in Eq. (III.9)
into the equation of virtual work gives∫

ΩN

∇S(δû) : σ∼ dΩ +
∫

ΩN

Hw∇S(δũ) : σ∼ dΩ

+
∫

ΩL

∇S(δû) : σ∼ dΩ +
∫

ΩL

Hw∇S(δũ) : σ∼ dΩ +
∫

ΩL

δw(δũ⊗ n)S : σ∼ dΩ

=
∫

Γt

(δû+Hwδũ) · t∗ dΓ

(III.43)
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where the simplifications of the previous method do not apply here due to the
non-linearity (inhomogeneity) of the stress and strain field across the band. In the
same context, hypotheses have been proposed e.g. by Benvenuti [25] who assumed
that the bulk strain and localized strain (which are components of the total strain,
see the decomposition employed in Eq. (III.6)), and their conjugate stress fields,
are mechanically uncoupled mechanisms. However, this hypothesis has been made
by pure mathematical motivations, but the relation to physics remains questionable.
Furthermore, it is proposed in the context of elasto-damaging materials, but no
analysis has been made so far for ductile materials.

Considering that the virtual variations δû and δũ are independent and using
FE discretization, the two discrete weak equilibrium equations can be written as
follows ∫

ΩN

BTσ dΩ +
∫

ΩL

BTσ dΩ =
∫

Γt

NT t∗ dΓ (III.44a)∫
ΩN

HwBTσ dΩ +
∫

ΩL

HwBTσ dΩ +
∫

ΩL

δwNT
σ dΩ

=
∫

Γt

HwNT t∗ dΓ.
(III.44b)

Since the same constitutive assumptions as in method 2, see Eq. (III.34), are
used here, the components of the discrete linearized system of equations finally
read

Kaa =
∫

ΩN

BTDtB dΩ +
∫

ΩL

BTDtB dΩ (III.45a)

Kab =
∫

ΩN

HwBTDtB dΩ +
∫

ΩL

HwBTDtB dΩ +
∫

ΩL

δwBTDtN dΩ (III.45b)

Kba =
∫

ΩN

HwBTDtB dΩ +
∫

ΩL

HwBTDtB dΩ +
∫

ΩL

δwBTDtN dΩ (III.45c)

Kbb =
∫

ΩN

BTDtB dΩ +
∫

ΩL

H2
wBTDtB dΩ +

∫
ΩL

HwδwBTDtN dΩ+∫
ΩL

δwHwNTDtB dΩ +
∫

ΩL

δ2
wNTDtN dΩ.

(III.45d)

The internal and external force vectors are calculated from

f exta =
∫

Γt

NT t∗ dΓ (III.46a)

f extb =
∫

Γt

HwNT t∗ dΓ (III.46b)

f inta =
∫

ΩN

BTσ dΩ +
∫

ΩL

BTσ dΩ (III.46c)
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f intb =
∫

ΩN

HwBTσ dΩ +
∫

ΩL

HwBTσ dΩ +
∫

ΩL

δwNT
σ dΩ. (III.46d)

It can be noticed that - compared to methods 1 and 2 - there are more expressions
involved and some of them contain the non-linear terms Hw, H2

w, Hwδw, δw and δ2
w.

These terms provoke numerical challenges as will be seen later. It is interesting
to note that the enriching dof’s are evaluated at the nodes of the element and
the regularized displacement profile in the element is obtained by an interpolation
using the regularized tanh-function.

III.5.3 Computational issues

In order to accurately integrate the standard X-FEM terms, where discontinuous
enrichments are involved, the element is normally subdivided, see section III.3.3. As
continuous enrichments are used in this method, such techniques are not necessarily
required. However, in order to properly capture the high strain gradient in the local-
ization band (consider the presence of the strongly non-linear enrichment function
Hw in the components of the stiffness matrix in Eq. (III.45) and the force vectors
in Eq. (III.46)), many integration points have to be used for an accurate evaluation.

Benvenuti [25] extends an approach of Ventura [176] where the functions Hw,
H2
w and δw are replaced by equivalent polynomial functions such that a standard

(low-order) Gauss-rule can be employed. Although it gives an exact integration
result, the equivalent polynomials depend on the enrichment and the element type.
In the paper of Benvenuti [25], polynomials are calculated for an exponential Heav-
iside function, but for a tanh-function as in this case the associated polynomials
have to be recalculated what can be cumbersome.

Instead, Areias [8] has proposed to capture the concentrated deformation by
introducing additional Gauss points across the localization area of width ρ, see Fig.
III.13a. The weights of the integration points are obtained from area calculations.
Another method was developed by Abbas [1], where the element is subdivided with
respect to the highest gradient in the band, see Fig. III.13b.

All these methods require however a mapping of the history-dependent variables
from the initial Gauss points to the points in the adapted scheme. Here it remains
to analyze if it is not more efficient under certain conditions to use the fixed
64-Gauss-points rule which may already provide a sufficient number of integration
points.
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a) b)

Figure III.13 – Integration schemes for regularized kinematics: a) technique of
Areias [8], b) technique of Abbas [1]

III.5.4 Coupling ductile damage and localization method

In the same manner as in method 2, the X-FEM with the regularized enrichment
function is activated at the onset of localization which is triggered by the bifurcation
analysis or linear perturbation method. Thereby, the displacement and strain fields
remain continuous. The regularization parameter is a predefined material parameter
and needs to be determined from microscopic or experimental considerations. In
the context of adiabatic shear banding as a result of impact loading, an idea of
the length scale can be given by the recognized Grady equation [60] which is
derived from the minimization of the dissipated energy as a function of the shear
band width. In the present work, quasi-static loading is assumed, so that this
consideration serves for prospective extensions of the model.

III.5.5 Coupling localization method and crack formation

Here, the point of crack initiation is determined in the same way as described in
method 2, i.e. by using a stored energy criterion which is evaluated over several
elements which contain the localization band. This condition and the enforcement
of the loss of stress carrying capacity in the band are appropriate to this method 3
and the hypotheses considered6.

6For the sake of completeness, a different approach is mentioned here which consists in
progressively reducing the initial regularization parameter to zero. In the limit case, a zero-width
band emerges and either a cohesive-zone model is obtained or fracture occurs directly. When
the band width approaches to zero, the regularized Dirac’s delta converges to the classical
Dirac’s delta evoking prohibitively large stresses and strains in the band. In order to avoid the
unboundedness of stresses in the limit case, Simo [157], Oliver [112], Benvenuti [25] and others
proposed to rather make the localized stress independent of the Dirac’s delta distribution by
modifying the constitutive law accordingly. For simple elasto-plastic materials the softening
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III.6 Assessment, discussion and decision for a
final method

The three methods having been described one after the other, they will now be
assessed and mutually compared with the aim to choose the most efficient ap-
proach. In order to make a well-grounded decision, different evaluation aspects are
accounted for, namely the model hypotheses, the numerical implementation and
the performance with regard to further setting up a unified failure model. The
most suitable approach will accordingly be described in detail in chapter IV.

To facilitate readability, the abbreviations SDM, WDM and RDM will be used
to refer to, respectively, strong, weak and regularized discontinuity method.

III.6.1 Regarding the physics of the model hypotheses

This section discusses the question to which extent the considered model hypotheses
are in agreement with physics.

In reality, strain localization can be understood as being formed in a band of
non-zero width accommodating ongoing plastic deformation and damage. This is
however in contradiction with the hypothesis of a zero-width length made by the
SDM. But then, the introduction of cohesive tractions describing the degradation
in the post-localization regime corresponds well to the experimental observation
that the meso-crack does not entirely traverse the material, but exhibits areas of
material cohesion. In the WDM and RDM, using the GTN model as the Gurson
model corresponds quite well to the softening response in the post-localization
response.

modulus h is regularized as follows
h̄ = δ−1

w h, (III.47)

so that by pure mathematical investigation, the Dirac’s delta cancels out in the localized stress
equation. However, such procedures are only found in the context of elasto-plastic or elasto-
damaging materials, but for strongly non-linear ductile models, such considerations have to the
author’s knowledge not been employed. In the present work the distinct plasticity (exponential
hardening law) smoothes the stresses which can thus not reach unbounded values. Also, in the
GTN model the softening response depends not only on a single softening modulus, but on several
variables so that defining a regularized softening modulus does not suffice. Different evolution
laws for the band width have been proposed. Oliver [113] assumed that the band width evolves
according to a simple empirical law. A decreasing law for the process zone width in concrete is
given in Benvenuti [24], where the regularization parameter is made a function of the damage
variable.
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After all, it remains - till this day - difficult if not impossible to quantify
these micro-mechanisms during strain localization in experiments and thus to draw
conclusions for physical modeling. This is mainly due to a lack of high spatial
resolution of the experimental devices at this micro-scale (the development of
micro-tomography is yet expected to palliate this deficiency, see [100], [99], [132])
and because the crack propagates with a high velocity throughout the structure.
This is probably one of the reasons why there is still no consensus on how to model
strain localization in ductile materials.

In the post-localization regime the three methods are capable of describing the
consequences of ductile damage induced by void growth and coalescence and ductile
failure driven by distinct shearing. In the SDM this is provided by setting up a
cohesive law which includes a normal and shear component, whereas in the WDM
and RDM it is implied by the retained GTN constitutive model which involves
the hydrostatic and deviatoric stresses as well as an additional porosity law taking
into account the accelerating effects of void coalescence. In the case of the SDM, it
would be also possible to implement a more specific triaxiality-dependent cohesive
law, see e.g. Anvari [6], Banerjee [13] and Siegmund [153].

Moreover based on the theoretical framework of the three methods, they can be
later extended to model shear banding which arises during dynamic loading - in the
SDM by splitting the cohesive law into a normal and a tangential component and
in the WDM and RDM by describing a localization band with a finite thickness
thus corresponding to the physical appearance of the shear band.

III.6.2 Regarding the computational issues

First of all it can be stated that the three localization methods introduce a length
scale which serves as localization limiter and thus prevents the post-localization
solution from severe mesh dependence. In the WDM and the RDM, the length
scale obviously corresponds to the band width w. In the SDM, such a length scale
does not appear in its inherent formulation. Yet, we propose here an effective
length scale (which does not depend anymore of the mesh size) derived from the
traction-separation relation

leffc = Wc

t0
. (III.48)

Therein, leffc can be interpreted as the effective band width of the cohesive
zone which is produced when the energy Wc is put into the localized cohesive band
where the traction t0 prevails along its interfaces to the bulk. In the case of a linear
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softening law this would be leffc = 1
2JuKmax where JuKmax is the maximum cohesive

zone separation.

Mesh dependence studies have been conducted with similar models by Wells
[178] for the SDM, Huespe [74], [75] for the WDM and Areias [8], [9] for the RDM.

Concerning the numerical integration, the SDM and WDM make use of a
64-point Gauss rule to integrate the terms related to the bulk material and a
2-point Gauss rule to evaluate the line integrals of either the cohesive segment
(SDM) or the band which is numerically reduced to a line (WDM). In the RDM,
the numerical integration has turned out to be more difficult in so far as it is
important to properly capture the high strain gradient. When the band width is
chosen too small with respect to the element size, the regularized discontinuity
profile cannot be properly captured by the 64 Gauss point rule. Then, specific
integration schemes, as discussed in section III.5.3, have to be applied demanding
for cumbersome projection techniques of the history variables.

III.6.3 Regarding the further unified failure approach

Here the ability of the method to be incorporated into the numerical failure model
involving ductile damage and crack propagation is discussed. A proper transition
from the pre-localization phase of diffuse damage using standard FEM to the onset
of strain localization and the straightforward passage from localization to crack
propagation have to be ensured.

At the onset of localization, the enriching dof’s of the X-FEM are activated
in all three methods. In the SDM the initial traction force of the cohesive law in
the localized element has to be determined so as to get a smooth transition. In
the WDM and RDM there is no need to compute additional values as the Gurson
model is furthermore used.

The transition to fracture is realized in the three methods as soon as the in-
band stresses or tractions become zero. Then, for the SDM, WDM and RDM it
could be shown that the equations for stress-free (standard) X-FEM are naturally
obtained. In order to fulfill this condition, different energy-based approaches have
been assumed - while other criteria could have been used as well. They consist
in computing an energy value from the in-band stress state and compare it to a
critical value, which can be thought as the maximal capacity of the material to
accommodate plastic deformation and void-growth induced damage. In the SDM
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the traction becomes zero when the area under the traction-separation function
attains a critical fracture energy Wc. An energy-based criterion has also been
proposed for the WDM and RDM, although the attainment of the critical value
does not necessarily correspond to a vanishing stress in the localization band so
that this needs to be enforced to zero and thus may result in a non-physical jump
in the response.

III.6.4 Summary and decision for the localization method

The assets and weak points of the three methods are summarized in table III.1
below according to the expressed hypotheses. Therein, the SDM clearly stands out
compared to the other two methods. The SDM appears to be the most adapted
method in the context of the simulation of large structures where the macrome-
chanical consequences of localization are of great interest. Also its simplicity in
terms of numerical aspects has fostered the opinion to use the cohesive zone model
to describe the strain localization phase.

Combining the advantages of the presented methods, it may be possible to
use the WDM or RDM after the onset of localization and to switch to the SDM
at a later stage of localization. However an advanced approach raises additional
questions, e.g. when to pass from WDM or RDM to SDM or how to reduce the
band width towards a zero-width cohesive band? Such considerations are set aside
for later research works.
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III.7 Conclusion

In this chapter, three embedded-band FE approaches have been elaborated and
studied from different viewpoints. Based on a profound discussion, the strong
discontinuity approach using a cohesive band model has been chosen as the preferred
method to describe the strain localization phase considered in this study, namely an
interspersed meso-crack. The band of strain localization is accordingly represented
by its median plane and its resistance in tension and shear via a cohesive law which
ensures the stress continuity and the material degradation in the post-localization
regime. Finally, the failure scheme from chapter 2 can be completed, see Fig. III.14.
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Figure III.14 – Final failure process scheme taking into account the applied approach
for modeling the strain localization
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IV.1 Introduction

In this chapter a unified, physics-motivated model is proposed aiming at reproduc-
ing the successive phases of plasticity-diffuse damage, strain localization and then
crack propagation. The method which has been chosen among those outlined in the
previous chapter will thus be developed in detail. Thereby, the particular interest
is on the application of the concept of the cohesive band model within the X-FE
formulation. According to the analysis conducted in Chapter III, this combination
appears indeed to be the most promising to bring together physics and numerics.

The scenario considered here is as follows, see Fig. IV.1:

1. Continuous plasticity and diffuse damage are dealt with using FEM.

2. Strongly discontinuous cracking is dealt with using X-FEM.

3. The intermediate stage (between (1) and (2)) of the strain localization consid-
ered here (meso-crack) is assumed to involve a cohesive strong discontinuity
(as for a latent crack) and is accordingly dealt with using cohesive X-FEM.

4. The transition from diffuse damage (1) to strain localization (3) is assumed
to result from a material bifurcation/instability.

5. The passage from strain localization (latent crack) (3) to (true) crack forma-
tion (2) is triggered by a critical work of cohesion.

IV.2 Preliminary considerations

The main concepts are outlined in the following subsections.

IV.2.1 Justification of using a cohesive zone model

An efficient method to model the void coalescence-induced damage accumulation
band in front of the crack tip, previously introduced as the meso-crack, see Figs.
II.3 and III.7, is the cohesive zone model. However, instead of describing the
damage mechanisms during strain localization from a microscopic point of view,
the (macroscopic) static consequences of strain softening are rather described in
a phenomenological way. The degradation process during strain localization is
assumed to be lumped into a sufficiently thin cohesive band. Indeed, the cohesive
zone allows for a gradual transition between the onset of localization and the
formation of a macro-crack. Here two different viewpoints are proposed of how to
understand the physical strain localization in the context of cohesive zone modeling:
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1. The first perspective is illustrated in Fig. IV.1. The meso-crack which can
be observed in experiments, exhibits a very small opening which can be
considered nearly constant along its propagation path, as can be concluded
from the micrograph in Fig. II.3. In order to transfer this observation
into a cohesive model with a progressively decreasing traction toward the
macro-crack, the blunt crack-front (the first millimeters of the macro-crack)
is understood as part of the meso-crack and its opening is smoothed out all
over the extent of the meso-crack.

2. The second perspective is shown schematically in Fig. IV.2. This interpreta-
tion has also been used as justification in the previous chapter. Herein, the
increasing effect of void coalescence, i.e. the internal necking of the inter-voids
bulk material, leads to a decreasing resistance of the material. Finally, the
stress carrying capacity of the material is completely lost locally and a crack
can form.

t0

Diffuse 
damage

Meso-crack
(cohesive band)

(Traction-free)
macro-crack

Figure IV.1 – Visualization of the first cohesive zone concept: (top) Ductile fracture
model (Fig. II.1), (bottom) Introduction of cohesive tractions

In the following, the second view is adopted due to the fact that it better
reflects the idea of a damage-induced strain localization which results from void
coalescence.

IV.2.2 Cohesive zone models

Cohesive models were originally proposed by Barenblatt [14], [15] and Dugdale [49]
and further extended by Hillerborg [73]. Applications to ductile materials which
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t0

Diffuse 
damage

Void coalescence
(cohesive band)

(Traction-free)
macro-crack

Figure IV.2 – Visualization of the second cohesive zone concept: (top) Ductile frac-
ture model (Fig. II.1), (bottom) Introduction of cohesive tractions corresponding
to the void coalescence-induced strain localization

fail from void nucleation, growth and coalescence were proposed e.g. by Needleman
[110] and Siegmund [153].

Cohesive models are characterized by two constitutive relations: the classical
stress-strain-relation (volumetric) describing the bulk material that remains con-
tinuous and an additional cohesive law which relates the traction force t to the
displacement jump JuK between the cohesive band faces, see Fig. IV.3 (explained
in detail further below). The cohesive law is defined by the cohesive strength t0,
the decohesion energy per unit area Wc and its shape.

𝑢 𝑛

Wc

𝑡𝑛

𝑢 𝑚

Wc

𝑡𝑚

Wc

𝑡0𝑛 𝑡0𝑚

a) b)

Figure IV.3 – Applied linear softening cohesive laws in the a) normal and b)
tangential direction
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The initiation of the progressive material separation (within the X-FEM) is
usually triggered when the maximum tensile stress attains the maximum cohesive
traction t0. In this work, however, decohesion is assumed to initiate when a stability
criterion deduced from bifurcation analysis is satisfied. In such a case, the initial
cohesive strength is no longer a material parameter but rather results from the
current stress state at the onset of localization so as to provide a smooth transition.
Thus the activation of the cohesive band is naturally provided by the material
model and accounts for the loading path.

After the onset of localization, the behavior in the cohesive band is determined
from the traction-separation law. Here, the question arises whether its shape has
an influence on the simulation results and which shape is the most adapted for the
applied type of material. Many research works have been published so far on these
questions, see e.g. Tvergaard [173], Scheider [149], Volokh [177], Alfano [4], Guinea
[64], Chen [40] and Tardif [164]. There is no clear consensus on the importance
of the shape of the cohesive function, but usually it is considered to be of minor
relevance for the post-localization response. So using a linear or exponential law
may be judged as being similar with regard to the global response of the struc-
ture. Based on these findings, a linear softening law is adopted here due to
its simplicity and its frequent use in the context of ductile materials ([173], [93], [65]).

The unloading behavior is not particularly treated here as the applications
considered in this work refer mostly to monotonically increasing loading path.

A key ingredient of the cohesive law is the fracture energy/work of separation
Wc which corresponds to the dissipated energy which is necessary to create a new
unit stress-free crack. In the context of ductile materials it can be interpreted as
the energy per unit area dissipated to make grow and coalesce voids and plastically
deform the inter-void matrix in the localization band until crack formation. It
is comparable to the fracture energy per unit area (critical energy release rate)
used in linear elastic fracture mechanics, denoted as Gf . The fracture energy
determines the crack opening/sliding JuKc at the moment of crack formation. Here
it is assumed that a crack is formed when the stress in the cohesive band vanishes
completely, i.e. the cohesive law can be written in a general form

t = t0 −
t20

2Wc

JuK, (IV.1)

where the slope of the cohesive law is −t20/(2Wc).
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The work of separation is an important material parameter and thus it is of
major interest to carefully determine its value. Three possible approaches have
been identified from literature to determine the fracture energy in ductile materials:

1. Identification of constants by experiments vs simulations comparison (inverse
analysis), see e.g. Chen [41] and Seabra [150]. The analysis can be supported
by digital image correlation, see e.g. Shen [151].

2. FE-assisted micromechanical analysis: Scheider [148] reports that the parame-
ters and the shape of the cohesive law can also be found on a micromechanical
basis using a RVE in a multi-scale analysis, see also Zeng [186]. Such an ap-
proach is interesting as it can be directly applied to a Gurson-based material
model.

3. Energy transfer/conservation/equivalence from damage to fracture, originally
proposed by Mazars [102], is based on thermodynamic considerations in the
context of a Lemaitre-type damage model. The idea is to transform a damaged
zone into an energetically equivalent crack, i.e.

∫
Ω−Y ḊdΩ = −WcȦ, where

Y is the damage energy release rate (partial derivative of the free energy with
respect to the damage variable D), A is the area of the crack. Thus the work
of separation can be directly deduced from the damage model, see also Cazes
[36], [37] and Seabra [150].

It has been shown experimentally that in ductile materials the work of separa-
tion strongly depends on the triaxiality, see e.g. the works of Siegmund [152], [153]
and Tvergaard [172]. The aforementioned authors have developed cohesive models
which take into account the triaxiality in the vicinity of the crack tip. Keeping
that dependence in mind, it is from now on assumed that the work of separation is
determined at a given triaxiality.

It is well known that ductile damage is driven by void growth (favored by
hydrostatic tension) and the ultimate stage of damage occurs in the form of void
coalescence (favored by both hydrostatic tension and deviator). Therefore the
propagation of the process of localization involves a cohesive law which accounts
for a normal and also a (in-plane) shear component, i.e.

t = tnn+ tmm, (IV.2)

where n and m denote, respectively, the normal and tangential vector of the
cohesive band, see Fig. IV.4.
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FE

Cohesive band

𝒏
𝒎

𝜃

𝑥

𝑦

Figure IV.4 – Global and local coordinate systems of the cohesive band within the
FE

Fig. IV.5 shows a post-mortem tension specimen made of ductile material. It
can be seen that the opening Mode I is predominant in the specimen width whereas
the shearing Mode II is predominant in the thickness. While numerically simulating
such a tension test assuming 2D conditions for e.g. assessing the performance of
a new development (of a constitutive model, of a numerical methodology, etc.),
plane stress hypothesis (small thickness, as for the left picture of Fig. IV.5) is
expected to activate Mode I crack propagation, and plane strain hypothesis (large
thickness, as for the right picture of Fig. IV.5) is expected to activate Mode II
crack propagation.

Figure IV.5 – Rupture of a ductile plate during a uni-axial tensile test: (left)
rupture in the predominant opening mode in the plate width and (right) rupture
in the predominant shear mode in the plate thickness [57]

Under the 2D-plane strain condition assumed in the present work (thick plate,
corresponding to the right picture of Fig. IV.5), the cohesive band is supposed to
cross the plate entirely in its thickness (i.e. the width of the tension specimen in
Fig. IV.5). In order to be able to describe both effects of hydrostatic tension and
shear on void coalescence (in the form of void impingement and localized shearing),
the cohesive law has to take into account tension and shear components, see Fig.
IV.3. The cohesive law considered here is expressed as

tm = t0m − sign(t0m) t
2
0m

2Wc

|JuKm| (IV.3)

tn = t0n −
t20n

2Wc

JuKn, (IV.4)
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where it is tentatively assumed that the work of separation per unit area Wc is
the same in normal and shear. The maximum tractions t0n and t0m are evaluated
at the onset of localization from the current stress state. In the first equation
the absolute value of the tangential displacement jump is used in order to model
cohesive tractions in both directions of shearing. This is also reflected in Fig. IV.3
by two functions: one in the positive and one in the negative separation domain.

IV.2.3 The extended finite element method

The principles of the classical X-FEM have already been outlined in the precedent
chapters. Here, the focus is on the X-FEM formulation which is used within this
chapter.

In the case of a strongly non-linear elasto-plastic ductile material, as it is the
case in this work, the singular terms in the enhanced displacement formulation can
be neglected, see also the considerations of Crété [45] and in the Appendix E.1 on
this topic. The shifted basis formulation is applied here, originally proposed by
Zi [188]. By using the shifted basis formulation, the enrichment term vanishes at
the nodes and thus avoids the cumbersome use of blending elements (transition
elements between the enriched elements and the standard finite elements) leading to
an optimal convergence rate. Therefore only the elements containing the cohesive
band are enriched and the adjacent elements are not influenced by the enrichment
at all. As a consequence, the total number of enriched elements is reduced. A
second advantage is that the total displacement at the nodes corresponds to the
physical displacement, i.e. u(xi) = ai what simplifies the post-processing of the
displacement values. Also the displacement boundary conditions can be directly
applied to the nodes. In the shifted basis approach, the Heaviside function at the
nodes Hj is taken into account and thus only the cut elements are enriched

u(x) =
∑
i∈I

Ni(x)ai +
∑
j∈J

(H(x)−Hj)Nj(x)bj. (IV.5)

The enrichment function H is calculated from the level set function φ which
captures the crack trajectory and needs to be updated when the crack propagates,
see Appendix E.2 for more details. The cut elements are integrated using a 64
fixed Gauss points scheme which is better adapted to strongly non-linear ductile
materials, see [53], [45] and the Appendix E.3 for more information.
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IV.3 Combining cohesive models and X-FEM

The X-FEM is considered here as the more suitable method to model the cohesive
band in the FE mesh. In contrast to other approaches, as e.g. the commonly used
inter-element methods applied in the context of the delamination of composite
materials, see e.g. Camanho [34] and Turon [167], and in the context of ductile
materials, see e.g. Xu [182] and Camacho [33] (refer to the literature review in
section II.3.3.1), the X-FEM does not require the a priori knowledge of the crack
path on the one hand and extra cohesive elements along this crack path on the
other hand. In another context, it does not need expensive remeshing. Indeed, the
X-FEM, by enriching the finite element formulation, allows for incorporating the
cohesive crack into the mesh independently of the mesh topology1. The cohesive
band is inserted right at the onset of decohesion so that the problem of assigning
a large stiffness to the cohesive zone from the very beginning of the simulation is
avoided.

IV.3.1 Illustration of the principle using a 1D example

The implementation of the cohesive law in X-FEM can be well explained by means
of a simple 1D bar loaded in (quasi-static) tension. For the sake of simplicity,
the units will be omitted in this section. Consider the model in Fig. IV.6a with
an elastic material behavior. A cohesive localization band is introduced in the
element center as soon as the monotonically increasing displacement at node 2
exceeds the arbitrarily chosen value ū2 = 0.3. The material in the cohesive band is
characterized by a linear softening traction-separation law, see Fig. IV.6b. Two
Gauss points (local coordinates ξ1 = −1/

√
3 and ξ2 = 1/

√
3, weights w1 = 1,

w2 = 1) are used to integrate the equilibrium equations.
Using the shifted basis formulation of the X-FEM, the displacement field is

interpolated as follows

u(x) =
2∑
i=1

Ni(x)ai +
2∑
j=1

(H(x)−Hj)Nj(x)bj, (IV.6)

where the shape functions in local coordinates ξ (varying between the values
−1 and 1) are

N(ξ) = 0.5
[
1− ξ 1 + ξ

]
. (IV.7)

1There exist other numerical methods to employ the cohesive zone concept into the FE mesh.
A boundary element formulation was used by Cen [39] and Saleh [145] to model cohesive crack
growth. Meshless techniques as e.g. the Element-free Galerkin method were applied by Belytschko
[22].
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a) b)

Figure IV.6 – a) 1D model of a bar with a localization in the center, b) Linear
traction-separation law

The deformation at each Gauss point (GP) of the bar is computed using the
B-matrix B and the enriched displacements u. In global coordinates, the B-matrix
is generally computed from:

B(x) = 1
det J

[
∂N1
∂ξ

∂N1
∂ξ

(H(x)−H1) ∂N2
∂ξ

∂N2
∂ξ

(H(x)−H2)
]

(IV.8)

where J is the Jacobian matrix characterizing the transformation of the variables
from the local to the global coordinates; its determinant is accordingly det J = 0.5.
The derivatives of the shape functions at the two Gauss points are ∂N1

∂ξ
= 0.5 and

∂N2
∂ξ

= −0.5 (independent of the position).

Now, the bar is loaded until the cohesive band is activated at ū2. Until then,
the enriching dof’s b1 and b2 are zero. In the following, the internal forces in the bar
are calculated at the onset of localization. First of all, the strain field is computed
at the two Gauss points x1 and x2

ε(x1) = B(x1)u =
[
−1 0 1 −2

]

a1 = 0
b1 = 0
a2 = 0.3
b2 = 0

 = 0.3 (IV.9)

ε(x2) = B(x2)u =
[
−1 −2 1 0

]

a1 = 0
b1 = 0
a2 = 0.3
b2 = 0

 = 0.3 (IV.10)

Then, the stresses are

σ(x1) = Eε(x1) = 60000 (IV.11)
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σ(x2) = Eε(x2) = 60000 (IV.12)

The internal force vector reads

f int =
∫

Ωe
BTσdΩ ≈

2∑
i=1

wi · A · det J ·BT (xi) · σ(xi) (IV.13)

= 1 x 1 x 0.5 x


−1
0
1
−2

 x 60000 + 1 x 1 x 0.5 x


−1
−2
1
0

 x 60000 (IV.14)

=


−60000
−30000
60000
−30000

 (IV.15)

Visualizing these internal forces acting at the two bar nodes (Fig. IV.7) reveals
that the system is not in equilibrium due to the force contributions induced by the
enriching dof’s.

Figure IV.7 – Internal forces at the onset of localization

Considering first of all the standard X-FEM, where the crack is assumed to be
traction-free, this equilibrium is obtained by calculating the enriching dof’s b1 and
b2 such that these two components are zero. As both components f int(2) and f int(4)
point into the ’negative’ direction, the enriching dof’s would need to be positive
in order to provoke a positive counteracting force, i.e. b1 = b2 = 1

2JuK = 0.15
(obtained by solving the equation system K∆u = −f int). After some manipulation,
this enriched displacement vector then leads, to

σ(x1) = E ·
[
−1 0 1 −2

]


0
0.15
0.3
0.15

 = 0 = σ(x2). (IV.16)

Thus the enriching dof’s imply a force such that the entire bar is stress-free. These
additional forces result in a sudden crack opening of JuK = 0.3.

The second possibility to obtain the equilibrium in the bar without changing
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the enriching dof’s (aiming at crack closure at the onset of localization) is to impose
cohesive forces which are associated to the enriching dof’s and are oriented such
that they oppose the unbalanced internal forces in Fig. IV.7, i.e.


−60000
−30000
60000
−30000

+


0

+30000
0

+30000


︸ ︷︷ ︸

=fcoh

=


−60000

0
60000

0

 (IV.17)

This example illustrates that the cohesive law introduces forces which prevent
the classical X-FEM formulation from an abrupt opening. This is because the
residual forces corresponding to the enriching dof’s vanish and as a consequence
b1 = b2 = 0, i.e. the cohesive zone remains closed. By reducing the cohesive forces
progressively via a softening law, a gradual opening of the cohesive zone is realized.

This 1D model was then implemented as user element subroutine (UEL) in the
finite element simulation environment Abaqus. Different traction-separation laws
are applied to illustrate the working principle of the cohesive laws in combination
with the X-FEM. For each simulation the evolution of the reaction force is plotted
in Fig. IV.8. The following four cases are considered:

(A) Traction-free crack: t = 0. This provokes the immediate rupture of the
element (corresponds to standard X-FEM).

(B) Cohesive traction opposed to the enriched internal force of the standard
X-FEM and increasing with the applied displacement u2: t = t0 = E · u2

L
.

Then, the cohesive forces cancel the standard X-FEM forces associated to
the enriching dof’s everywhere along the loading path so that the standard
FEM is obtained.

(C) Linear cohesive law: t = t0 + Tc · JuK with Tc = −100 000. This law provokes
a global softening response in the post-localization regime.

(D) Constant cohesive traction: t = t0 = E · 0.3
L

which equals to the traction
in the bar at the onset of localization. Therefore a constant resistance is
maintained in the bar during the post-localization response.
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Figure IV.8 – Evolution of the reaction force in a 1D bar loaded in tension
considering different cohesive laws

IV.3.2 Aspects of numerical implementation in 2D

As indicated in section III.3 the developed set of discrete linearized equations of
the X-FEM including a cohesive band is given in the following incremental form

Kaa Kab

Kba Kbb

da
db

 =

f exta

f extb

−
f inta

f intb

 , (IV.18)

where the tangent stiffness matrix K is computed as follows

K =
 ∫Ω BTDtB dΩ

∫
Ω BTDtB∗ dΩ∫

Ω B∗TDtB dΩ
∫

Ω B∗TDtB∗ dΩ + 4
∫

ΓD
NTTN dΓ

 , (IV.19)

where T is the cohesive tangent modulus as detailed in Eq. (IV.23) below. The
B-matrix contains the spatial derivatives of the shape functions N, i.e. B = LN
with L being the matrix differential operator

L =


∂/∂x 0

0 ∂/∂y

∂/∂y ∂/∂x

 . (IV.20)

and B∗ = LN∗ with N∗ containing the entries N∗j = (H(x) − Hj)Nj for
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each node j of the enriched element. The internal and external force vectors are
calculated from

f exta =
∫

Γt

NT t∗ dΓ (IV.21a)

f extb =
∫

Γt

N∗T t∗ dΓ (IV.21b)

f inta =
∫

Ω
BTσ dΩ (IV.21c)

f intb =
∫

Ω
B∗Tσ dΩ + 2

∫
ΓD

NT t dΓ, (IV.21d)

where the volume forces have been neglected. The stress σ is obtained from
Eq. (III.19) in chapter III and the traction forces t are calculated from Eq. (III.20).

It should be noted that the cohesive tangent modulus T as well as the tractions
t are defined in the local coordinate system of the oriented cohesive band. Therefore
it is necessary to perform a transformation from the local to the global system.
This is done by taking into account the rotation matrix R such that

tg = RT tl and Tg = RTTlR ; with R =
 cos θ sin θ
− sin θ cos θ

 , (IV.22)

where g denotes the global and l the local coordinate system, see Fig. IV.4.
Using the linear softening traction-separation law from section IV.2.2 yields the
following (local) cohesive tangent modulus

Tl = ∂tl

∂JuKl
=

 ∂tl
m

∂JuKl
m

∂tl
m

∂JuKl
n

∂tl
n

∂JuKl
m

∂tl
n

∂JuKl
n

 =
T lm 0

0 T ln

 , (IV.23)

where the normal and tangential traction components are assumed to be un-
coupled from each other. That means that a separation in normal direction does
not have an influence on the tangential direction.

The contribution of the continuum domain to the equilibrium equations of an
element which is crossed by the localization band is tentatively integrated by subdi-
viding the element into 16 rectangles which are themselves integrated by a standard
4-point Gauss rule. This 64-fixed points scheme ([53], [45]), see Fig. IV.9, is espe-
cially adapted to strongly non-linear ductile materials so as to avoid the cumbersome
and numerically error-prone projection of loading- and history-dependent internal
variables inherent to the classical subtriangulation methods, see e.g. Moës [106].
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This method will be used tentatively. Later on, a different method is considered
which is particularly efficient when further dealing with large engineering structures.

The integration of the contributions of the cohesive band to the equilibrium
equations, i.e. the terms involving a line integral over ΓD, is realized using a
standard 2-point Gauss rule. Two integration points are necessary, because the
displacement jump along the cohesive band is described by a linear interpolation
function provided by the X-FEM. As opposed to that, the E-FEM (see e.g. [112],
[74]) requires only one integration point as the enriching dof is constant over the
enhanced element.

A

B
A B

‘Bulk‘ integration point (64)

‘Cohesive‘ integration point (2) 

Cohesive band (Real length 𝐿𝑐𝑜ℎ)

Figure IV.9 – Tentative integration scheme for a 2D quadrilateral element crossed
by a cohesive band: (left) FE with 64 fixed Gauss points for the bulk part and 2
Gauss point for the cohesive part, (right) Transformed cohesive line element in the
natural (local) coordinate ξ

In order to update the cohesive tractions at the two Gauss points, the radial
return method can be applied in the same way as in the context of plasticity, see
Belytschko [19], Simo [156]. The normal cohesive tractions are computed according
to algorithm 1.

Algorithm 1 Radial return method to update the (local) normal tractions from
pseudo-time step k to k + 1
1: JuKk+1

n = n · JuKk+1 = n∑4
i=1Ni(ξ, η)bk+1

i

2: if JuKk+1
n > 0 then . Contact condition

3: tk+1
y = t0n + TnJuKk+1

n . Current cohesive traction
4: ttrialn = tkn + Tn(JuKk+1

n − JuKkn) . Prediction step
5: fk+1 = ttrialn − tk+1

y . Trial cohesion function
6: if fk+1 ≥ 0 then
7: tk+1

n = tk+1
y . Correction step

8: return tk+1
n , JuKk+1

n

In case of contact, i.e. JuKk+1
n ≤ 0, the cohesive band is inactive and the
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material behavior is computed using the equations of motion [19]2. The tangential
tractions are calculated in the same way (index n replaced by m), however the
contact condition is not necessary as the shearing can take place in the positive
and negative direction. The effect of friction during contact and gliding motion is
tentatively neglected.

IV.4 Application

The previous parts have introduced the methodology of coupling a cohesive band
method with the X-FEM allowing for dealing with the progressive transition phase
of strain localization. The difficulty of applying the method to non-linear ductile
materials was carved out and appropriate numerical tools were proposed. The
objective of this section is to apply the elaborated combination of cohesive band
model and X-FEM to a test cases in order to assess its performance with regard to
numerical simulations.

IV.4.1 Modeling of localization and fracture in a ductile
material

The basic numerical requirements for the subsequent applications are explained in
this section.

IV.4.1.1 Numerical environment

The choice of using the commercial FE software Abaqus has been made due to the
strong interest of the industry in simulating the complex failure process in large
engineering structures. Although this choice is ideal for industrial Engineers, it
poses problems in terms of implementing complex scientific methodologies. Indeed
there exist features to simulate failure mechanisms, but they are applicable only to
simple materials. In this concern, the X-FEM is provided in Abaqus, but merely
allows to use it in combination with elastic or simplistic elasto-plastic materials.
Thus, it is not adapted to simulating the complex ductile failure process. Therefore,
elaborated methods combining advanced constitutive modeling and X-FEM require
being implemented as user element subroutine (UEL). The incorporation of the
UEL, developed in the present work, into the global flow chart of Abaqus is shown in
Fig. IV.10. The propagation algorithm (red-dashed box) is explained further below.

2A simple approach to treat contact may consist in introducing a penalty stiffness T p
n when

the displacement jump is negative, i.e. tn = T p
nJuKn, see e.g. Remmers [136].
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Figure IV.10 – Flow chart of FE analysis and user element (UEL) in Abaqus

In a displacement-controlled simulation, the total prescribed displacement is
divided into small increments. In each increment, Abaqus loops over all finite
elements of the mesh, whose behavior is determined in the UEL at each inte-
gration point. At each call of the UEL, an input database is provided (nodal
displacements, increment of nodal displacements, state variables at the integration
points, ...). Based on this database, the state variables at the integration points
(in the bulk and along the cohesive band) are updated and the elemental stiffness
matrix and the internal force vector are computed and returned to Abaqus at
the end of the UEL. Abaqus carries out the assembly of the global system of
equations and solves for the unknown degrees of freedom. If the solution does not
converge, another iteration is performed until convergence is attained. Then, a new
increment is started. This implies using an implicit integration scheme involving
the return of the tangent stiffness matrix K. This is motivated by the fact that
it provides a more accurate solution compared to the explicit integration. Also,
the larger computational effort of the implicit scheme compared to the explicit
one is acceptable as the focus is tentatively set on quasi-static load cases in this work.

The methodology related to the propagation of the cohesive band and the crack
is managed at the end of each increment, when convergence is reached. This is due
to the fact that the insertion of a discontinuity in the Newton-Raphson iteration
scheme reduces the order of convergence.
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Table IV.1 – Parameters related to the elastic and strain hardening laws, see Eq.
(II.4)

E ν r0 rinf k β

200 GPa 0.33 300 MPa 350 MPa 4.4 0.5

Table IV.2 – Parameters related to the microporous plasticity GTN model, see Eq.
(II.10) together with Eqs. (II.7) - (II.9)

q1 q2 f0 fN sN κN b

1 1 10−3 0.04 0.05 0.3 100MPa

IV.4.1.2 Test case and parameters of the material model

In the following, a 2D test case is studied. This application example concerns a
parametric study of a plate which is loaded in tension. An advanced method for
the propagation of the cohesive band and crack is proposed and implemented as
UEL in Abaqus. Due to purely numerical reasons, the 2D model is implemented
assuming plane strain conditions. Although it might be more adapted for ductile
materials to use a finite strain framework, here the deformations are assumed to
remain small. The quasi-static loading is applied by displacement control.

The modified GTN model detailed in section II.3.1.2, see Eq. (II.10) and
preceding Eqs. (II.4) - (II.9), is used in this model. The parameters of the material
model are given in the tables IV.1 and IV.2. Therein, E and ν denote, respectively,
the Young’s modulus and the Poisson’s ratio characterizing the elastic material
behavior. In Eq. (II.9) pr has been linearized in order to favor numerical stabiliy,
i.e. pr = b(q1f − 1).

IV.4.2 Tensile test of a 2D plate

In this section a 2D plate specimen is considered which is subjected to a quasi-static
tension loading. The objective of this test case is to propose and test an algorithm
for cohesive band propagation and crack formation.

IV.4.2.1 Problem statement

Consider the plane specimen in Fig. IV.11 which is fixed at the bottom and
loaded in tension at the top (in red). The imposed displacement is increased
quasi-statically up to a value Umax. The thickness of the plate is 1 mm. The
plate is free of pre-cracks so that a strategy will be proposed which identifies the
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position of the first nucleation of the localization band. Plane strain conditions are
assumed here. The illustrations of the results are restricted to the area of inter-
est (green box in Fig. IV.11) where the propagation of the cohesive band takes place.

6 mm

42 mm

6 mm

R = 6 mm

R = 6 mm

18 mm

Umax = 20 mm

Area 
of interest

Figure IV.11 – Model of the plane uncracked specimen subjected to a quasi-static
displacement loading Umax

Ten different simulations are conducted, see Tab. IV.3. In the table short
cuts are assigned to the simulations (first column) serving as references for later
discussion. In order to analyze the sensitivity to the mesh size, two different element
sizes are used: about 0.5 mm element size for the coarse mesh and 0.25 mm for
the fine mesh. Furthermore, the cohesive tangent moduli T lm = T ln in Eq. (IV.23)
are varying. And then, in the next section, a new propagation method combined
with a 4-point Gauss rule is presented, so that simulations with 64 and also 4 GP
are employed and compared. Furthermore, two simulations are employed with the
GTN model without discontinuity. Finally, two simulations are conducted - one
with a fine mesh and one with a coarse mesh - using the X-FEM only, i.e. without
a cohesive law (CZM).
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Table IV.3 – Configuration of the employed simulations (coarse mesh: element size
0.5 mm, fine mesh: element size 0.25 mm)

Short cut Mesh No. of GP T ln/T
l
m[N/mm3]

Sim1 fine 4 −25.0
Sim2 fine 4 −12.5
Sim3 coarse 64 −25.0
Sim4 coarse 64 −12.5
Sim5 coarse 4 −25.0
Sim6 coarse 4 −12.5
Sim7 fine 4 No discontinuity
Sim8 coarse 4 No discontinuity
Sim9 fine 4 X-FEM without CZM
Sim10 coarse 4 X-FEM without CZM

IV.4.2.2 Description of the propagation algorithm

The propagation of the cohesive band, then the crack formation, is accomplished
by the sequence of the following four steps

1. Onset and direction of propagation of the cohesive band

2. Determination of the propagation length

3. Propagation of the cohesive band

4. Onset of the macro-crack in the cohesive band wake

The methodology is explained below step by step. It is assumed that only one
cohesive band can propagate throughout the structure. Branching can occur in
ductile materials, but it is not considered here. A flow chart of the propagation
algorithm is given at the end of this section in Fig. IV.15.

IV.4.2.2.1 Onset and direction of propagation of the cohesive band

As indicated in section II.3.2.3 the transition from diffuse damage to the
formation of a localization band relies on finding a condition for the spontaneous
occurrence of an inhomogeneous strain mode within a homogeneous material. Two
common methods were discussed in the context of ductile materials: bifurcation
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analysis and linear perturbation analysis, see section II.3.2.3. The analyses of the
present work are limited to rate-independent materials so that the bifurcation
analysis is applied here. This method consists in evaluating the orientation of the
localization band n for which the determinant of the acoustic tensor Q

∼∼
becomes

zero (or numerically negative) for the first time, i.e. (see also Eq. (II.15))

detQ
∼∼

(n) = det(n ·D∼∼
t · n) = 0, (IV.24)

where D∼∼
t denotes the elastic-plastic tangent operator of the microporous plas-

ticity GTN model. Normally, two solutions for n are found. The bifurcation
condition is evaluated locally at an additional Gauss point which is inserted at
the element center and does not contribute to the global equation system. The
space between 1 and 180 degrees is swept by increments of 1 degree. For each
orientation the bifurcation criterion is checked. If this criterion is fulfilled, the angle
is added to a list. Then, within this list the propagation angle corresponding to the
smallest determinant value is chosen. Various criteria are checked to verify if that
angle is numerically and physically appropriate (e.g. if the direction would lead to
overlapping of the existing band or if a crossed element would be cut twice). If the
propagation angle does not fulfill these criteria, the angle with the second smallest
determinant value is selected and so on until an appropriate angle is found. A
different algorithm to choose the direction of propagation relying on the evaluation
of the maximal plastic deformation is shown in the perspectives chapter.

The cohesive band is inserted only once the porosity at the center GP exceeds
a critical value. This criterion is necessary to ensure that already some damage
has evolved in the element before it is localized and thus prevents from premature
artificial localization. Based on purely numerical reasons, its value is set to
fini = 0.03 which is found to be a good compromise between numerical and physical
aspects. A double criterion has thus to be satisfied for the cohesive band activation:

1. the bifurcation condition is met at the center GP of the element located in
front of the current cohesive band

2. the central porosity has reached a critical value at the center GP

This is a tentative approach as it is well known that a local evaluation of
the initiation criterion may lead to pathological mesh dependence [57]. A more
appropriate (non-local) methodology for ductile material has been proposed by
Crété [45] and may be implemented in future works.
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Due to the fact that the specimen is initially free of defects or cracks, an
approach is proposed which allows to find the element where the cohesive band
nucleates, see Fig. IV.12. A loop over all elements identifies all those which fulfill
the aforementioned criteria. If several such elements are found (what is normally
the case), the cohesive band nucleates in the element with the largest porosity at
the center GP.

Initial cohesive band segment

Center Gauss point

Elements fulfilling the propagation criteria

Loop over all elements

det(Q)   0?

Add porosity of element i to list
L[i] = f

Last element?

Cohesive band inserted into 
element for which f = max(L[i])

No

No

Yes

Yes

f   fini? No

Yes

a) b)

Figure IV.12 – Strategy to set the initial cohesive band: a) Situation in the FE
mesh, b) Algorithm to determine the element containing the initial cohesive band

IV.4.2.2.2 Propagation of the cohesive band

Instead of prescribing the fracture energy, the cohesive moduli in Eq. (IV.23)
are given due to a better numerical performance. The normal and tangential
cohesive moduli are assumed to be equal, i.e. T lm = T ln.

Several modifications of the constitutive bulk behavior are made in order to
better agree with physics and improve numerical performance. First of all, the
void growth is enforced to stagnate at the continuum GPs in the elements which
are crossed by the cohesive band. This can be justified physically because the
cohesive band is assumed to be the narrow zone where all the damage and plasticity
processes are henceforth concentrated. It corresponds also to the experimental
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observations which suggest that around the meso-crack there are only a few small
voids, see Fig. II.3. Therefore, the void growth is reduced to the elements in the
process zone. This has also an important numerical advantage as it turned out
that the simulation suffers from convergence problems if the void growth is not
restricted.

IV.4.2.2.3 Determination of the propagation length

How far does the localization band propagate during one displacement incre-
ment of the monotonic loading? The characteristics of the propagation velocity
for fatigue loading are well studied, see e.g. [131], [163], [90]. However, in the
case of a monotonically increasing loading, far less research can be found. For a
slow, quasi-static loading, experiments with the ductile material DH36 suggest that
the meso-crack propagates intermittently by the length of the mesocrack (about
200− 300µm), see Fig. II.3. Modeling such a propagation length with FEs would
require a prohibitively small element size compared to the structure dimensions.
Therefore, the length of the intermittently propagation cohesive segment has to
be adapted to the FE mesh. The procedure of that so-called exhaustion method
is described below. It corresponds to the approach proposed by Crété [46] in the
context of crack propagation.

The cohesive band is propagating element by element whereas its orientation
does not change within an element. The front of the cohesive band is assumed to
be located always on an edge. At first, the cohesive band propagates within the
element in front of the current cohesive band as soon as it fulfills the propagation
criteria. Then, still in the same increment and without recalculating the equilibrium,
the band propagates in the next element if the criteria are fulfilled until exhaustion
is attained. Due to convergence issues, the equilibrium is not recalculated when
a cohesive band propagates through several elements, as it is done e.g. in the
approach proposed by Pourmodheji [129].

IV.4.2.2.4 Onset of the macro-crack in the cohesive band wake

Instead of waiting until the residual strength of the cohesive band is completely
lost, i.e. both the tractions tm and tn are zero, the crack is formed already
before. This has two reasons. First of all, this corresponds to the assumption that
the interrelating bonds of the coalescing voids can only stand a certain critical
or rupture traction. Exceeding this traction leads to a sudden rupture of this
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ligament and so to the formation of new crack surfaces. Secondly, this approach
improves the convergence rate. An effective traction in the local coordinate system
teff =

√
tl2m + tl2n is computed and compared to a critical value, here the - up to

now - arbitrary value of 100 MPa is chosen.

IV.4.2.2.5 Considerations on the integration scheme

Realizing that a relatively fine mesh has to be used to get reliable results,
using 64 Gauss points in each FE from the beginning of the simulation (Elguedj
[53], Crété [45]) tremendously slows down the calculation time, especially with
regard to large structures. Also the subsequent numerical tests have revealed
that using 64 GP in combination with a very fine mesh may lead to divergence
of the solution. Therefore a different strategy is used here which allows reducing
the number of GP tremendously and at once maintaining a still acceptable accuracy.

Here it is proposed to use the 4-point Gauss rule, what is in strong contrast
to commonly used integration schemes in the X-FEM. In order to guarantee that
at least one Gauss point is on both sides of the cohesive band, the new cohesive
segment is forced to traverse the center of an edge. Depending on the bifurcation
angle, the propagation angle can only take three possible values determined by the
geometry of the element, see Fig. IV.13.

Propagated cohesive band segment

Propagation direction determined
from bifurcation analysis

Bulk Gauss point

Cohesive Gauss point

Figure IV.13 – Modified propagation algorithm using 4 GP in the continuum

The question arises in how far the accuracy of the proposed method is impaired
compared to the previously recommended 64-point integration scheme. In the
following, the propagation algorithm presented in this chapter is applied to the
plate specimen in Fig. IV.11. In accordance with the objectives of this work, a
rather coarse FE mesh is used (element size 0.5 mm). For each method two different
values for the cohesive tangent modulus are considered. The results are shown in
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Fig. IV.14.
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Figure IV.14 – Evolution of the reaction force with coarse mesh for Sim3, Sim4,
Sim5 and Sim6, see Tab. IV.3 for the nomenclature

It can be observed that the difference between the global responses of the two
approaches is slight and independent of the cohesive law. This startling finding
implies that the costly use of the 64-point Gauss rule in each FE from the beginning
of the simulation can be replaced by the standard 4-point rule without losing
any accuracy. Although the propagation algorithm has to be slightly modified,
this seems to be an efficient approach applicable to large engineering structures
requiring a coarse mesh. The advantages of using 4 Gauss points instead of 64
Gauss points can be summarized as follows:

• It is considerably faster.

• It requires much less storage for the state variables on each Gauss point and
thus much less time for post-processing.

• It is numerically more stable, because simulations with the 64-point rule has
revealed convergence problems when applied to a very fine mesh.

• It provides still a good prediction of the global response.

The 4-point Gauss integration in combination with the described propagation
algorithm is therefore used as the preferred method.
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IV.4.2.2.6 Summary of the algorithm

The algorithm is summarized as a flow chart in Fig. IV.15. The propagation of
the cohesive band and/or the crack is done at the end of a displacement increment.
Therefore the introduction of a discontinuity into the unbalanced system during
iteration can be avoided and the optimal convergence rate of the Newton-Raphson
solution scheme can be maintained.

IV.4.2.3 Results

The results of the simulations in Tab. IV.3 are discussed here. The visualization
of the simulations is employed with the software Gmsh [59]. According to the
2D-plane strain condition assumed here, the band which will later give birth to the
crack is expected to propagate following Mode II, i.e. with an angle of around 45◦

with respect to the normal of the loading direction, as for the right picture of Fig.
IV.5 (see comments above that figure).

IV.4.2.3.1 Localization of damage and specimen necking using the
GTN model

If the GTN model is used throughout the entire simulation without numerically
treating the phase of strain localization, the damage and plasticity concentrates
within a few FEs located in the center of the specimen, see Fig. IV.16. The latter
shows specimen necking and no thin band of heterogeneous deformation, which
is clearly in contradiction with the experimental results (see right picture of Fig.
IV.5). As a consequence, the use of only a continuous model throughout the entire
failure process does not allow for reproducing the phase of void coalescence-induced
localization band and further Mode II-crack propagation in the specimen thickness.

IV.4.2.3.2 Comparison of the propagation angle

At the onset of localization, the cohesive band is inserted into the structure. It
is observed that in all simulations the cohesive band nucleates in the very center of
the structure and then propagates towards both sides, see Fig. IV.17.

The first two simulations a) and b) show the propagation within a fine mesh
but different tangent moduli. The cohesive band propagates as one line through
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Cohesive band initiated?

Loop over elements

Element crossed by 
cohesive band?

Element in front of 
cohesive band?

Resolution of the global system of 
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No

No

Yes
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New increment
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Determine element containing 
the initial cohesive segment
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Propagation algorithm

Update state variables (UEL)

Problem treatment

Rupture criterion satisfied?

Deactivate cohesive law

Figure IV.15 – Flow chart of propagation algorithm
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a) b) c)

Figure IV.16 – Localization of damage f with Sim7, see Tab. IV.3 for the nomen-
clature, at different loading states: a) U = 7.1mm, b) U = 8.2mm, c) U = 9.9mm

a) b) c) d)

Figure IV.17 – Propagation angle of the cohesive band at an early stage of local-
ization (U = 7.8mm): a) Sim1, b) Sim2, c) Sim5, d)Sim6, see Tab. IV.3 for the
nomenclature
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the structure and with an angle of 58◦ with respect to the horizontal axis as the
result of the bifurcation criterion. This numerical value of 58◦ has to be compared
with the experimental value of 45◦ reported previously (see above and right picture
of Fig. IV.5). This discrepancy may be explained by the hypothesis of 2D-plane
strain condition assumed for the numerical simulations while not being satisfied for
the real loading case (the width of the tension specimen is not large enough for the
plane strain condition to be met). Changing the stiffness of cohesive band does
not have an influence on the propagation angle. In contrast to the fine mesh, the
propagation pattern for the coarse mesh looks different and reminds of a cup and
cone failure mode. These differences can be justified by the fact that the decision
of the bifurcation angle in an element is purely based on the numerical determinant
value of Q

∼∼
. A better choice may be provided by using the method of Crété [45]

where the angle is chosen which yields the maximum plastic deformation.

IV.4.2.3.3 Comparison of the evolution of the reaction force

First of all it is worth analyzing the global response for the case when only the
X-FEM, i.e. without incorporating a cohesive law (t = 0), in comparison to the case
when the X-FEM is combined with a cohesive law. The evolution of the reaction
force is shown in Fig. IV.18. In the case of using only the X-FEM without cohesive
law, it can be observed that right at the onset of strain localization the structure is
subjected to an abrupt drop in load to zero, i.e. an immediate formation of a crack
leading to the total rupture of the structure. This abrupt drop in load reminds
one of the simulation model of Crété, see Fig. I.4 in the first chapter, wherein
the phase of strain localization has been neglected and a direct transition from
diffuse damage (FEM) to crack propagation (X-FEM) was assumed to occur. If
the X-FEM is combined with a cohesive law, this sudden drop can be retarded and
the transition to crack formation takes places in a progressive manner. Then, when
the critical rupture traction is reached, the propagation of a macro-crack occurs in
wake of the cohesive band and the load drops to zero almost abruptly. This drop
in load occurs in two steps: (i) first of all, the traction-free crack forms in a few
elements (small drop in load with crack arrest in the structure) and then (ii) the
crack abruptly traverses the entire structure leading to the total rupture of the
structure.

It should also be paid attention to the fact that a smooth transition from the
pre- to the post-localization regime can be achieved - even for the coarse mesh -
mainly by computing the internal cohesive force vector from the nodal bulk forces



110
CHAPTER IV. MODELING OF STRAIN LOCALIZATION USING COHESIVE

X-FEM

at the onset of localization.
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Figure IV.18 – Evolution of the reaction force for Sim2, Sim6, Sim9 and Sim10, see
Tab. IV.3 for the nomenclature

It was already reported that the mesh size influences the direction of propa-
gation. Now, the effect of the mesh size on the global response is examined, see
Fig. IV.19. It can be observed that the pure use of the GTN model leads to severe
mesh dependence of the global response. By contrast, the proposed cohesive band
propagation method in the context of the X-FEM is nearly insensitive to the mesh
size what concerns the global response.

The final graph IV.20 shows the evolution of the reaction forces for different
slopes of the cohesive law, which can be well represented for the fine and coarse
meshes. Due to the fact that a critical rupture traction has been used, the simulation
fails earlier in the case of a larger slope.

IV.5 Discussion and conclusion

In this chapter a methodology to couple a strain localization induced cohesive band
with the X-FEM was proposed and assessed. This approach allows for passing
progressively from the phase of void-growth induced damage to crack propagation
in ductile materials. An appropriate cohesive law was elaborated which accounts
for a normal and a tangential component. The principle and numerical aspects
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Figure IV.19 – Evolution of the reaction force for Sim2, Sim6, Sim7 and Sim8, see
Tab. IV.3 for the nomenclature
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Figure IV.20 – Evolution of the reaction force for Sim1, Sim2, Sim5 and Sim6, see
Tab. IV.3 for the nomenclature
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of implementation of the cohesive band X-FEM were explained first in 1D, then
extended to 2D. The fixed 64-point integration scheme for the bulk part was
suggested as tentative method and a 2-point Gauss rule to integrate the cohesive
part.

Then, a tensile test of a plate with a Gurson-based model has been presented in
order to analyze the performance of the methodology. An algorithm was proposed
to activate and propagate a cohesive band within the structure until rupture.
This model was implemented as a UEL in the commercial FE computation code
Abaqus. Several simulations with different configurations and parameters have
been conducted, analyzed and compared to each other. An important observation
could be made concerning the applied integration method of the bulk part in the
enriched element. It could be shown that using the 4-point integration scheme
merely impairs the accuracy of the simulation compared to using an expensive
64-point rule - even in a coarse mesh. The propagation method has been modified
to optimally work with the new integration scheme. The calculation time and
storage space can thus be reduced.

Then, the performance of the model has been tested on the one hand with a
coarse and on the other hand with a fine mesh. It was observed that the propagation
path differs between the two simulations. This may be traced back to the mere
use of the value of the determinant as decision basis for the propagation angle. In
the future, a more sophisticated methodology can be implemented, see e.g. [45].
Regarding the global response, the cohesive law allows passing progressively from
diffuse damage to crack propagation and thus avoids the sudden drop in load when
only using the standard X-FEM. Then it could be shown that the model behaves
nearly mesh independent. Also it could be shown that the transition from dif-
fuse damage to the onset of localization is smooth and without numerical difficulties.

A main challenge during implementation was that many sources of numerical
issues have been encountered. Most of them could be solved by modifying the
propagation algorithm and the constitutive laws in a physically acceptable manner.
Although some issues still remain to be addressed, the cohesive band methodology
in combination with a physics-motivated propagation method has been shown to
produce first convincing results. In a prospective work, the parameters of the
cohesive law need to be adapted to experimental results for further being used for
failure analysis of engineering structures.
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In the end, the final framework including the displacement field and the equi-
librium equations in the three steps diffuse damage, strain localization, then crack
propagation is summarized in Fig. IV.21.

Displacement field Discretized weak form

Figure IV.21 – Summary of the discretized displacement field and equilibrium
equations for the steps of ductile failure
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Chapter V

Conclusions and perspectives

V.1 Conclusions

This work aims at contributing to the prediction of the residual strength of acciden-
tally overloaded structures by numerical simulation (virtual testing). The challenge
consists in reproducing within a unified methodology the successive (multi-scale)
phases of diffuse damage (micro-scale), strain localization (meso-scale) and crack
propagation (macro-scale) potentially leading to the ultimate ruin of the structure.
The objective of this dissertation was to develop an appropriate (embedded band-
based) method capable of reproducing the physical localization band and reducing
the mesh sensitivity to a minimum.

In a first step, a material model for the pre-localization response was elabo-
rated. The material in the undamaged state was described by a simple von Mises
plasticity model. The effect of strain hardening was considered, yet the influence
of viscoplasticity and thermal softening was tentatively neglected. The damaged
(micro-porous) material was then described using a Gurson-type constitutive model.
It was stated that mesh dependence of the structural response is a problem which
comes up in the post-localization regime of softening materials or structures.

Reducing the mesh dependence in the softening regime of the material is one
issue, but capturing the damage concentration and strain localization inside a
narrow band is another one. The embedded-band FE method was identified to
combine these two objectives in one approach. The X-FEM which allows for a
precise approximation of the discontinuity path was chosen to enrich the FEs to
account for the localization band kinematics. This enrichment method is also
appropriate to represent a crack within the FE in the late stage of the loading
process. The bifurcation analysis which is limited to rate-independent materials
was identified to indicate the passage from diffuse damage to strain localization.

Three different embedded-band FE methods which enrich the kinematic field
across the localization band by means of, respectively, a strong, weak or regularized
discontinuity have been proposed in a common X-FEM framework. It was studied
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their ability to model numerically and physically the phase of strain localization as
well as the transitions from diffuse damage to localization and from localization to
crack propagation in ductile materials. The strong discontinuity cohesive model
appeared to be the most adapted method in the context of the simulation of large
structures where the macromechanical consequences of localization are of great
interest.

In order to respond to the demand of the industry to use the model for engi-
neering applications, the model was implemented as user element (UEL) in the
engineering FEM computation code Abaqus. Thereby, a constitutive model was
implemented accounting for the effects of plasticity and void-growth induced dam-
age. The X-FEM was used to describe the presence of a strong discontinuity in the
enhanced elements. A methodology was shown to model a cohesive band using the
X-FEM.

Then, a tensile test using a 2D plate was presented in order to assess the
developed methodology. A methodology was proposed to activate and propagate
the cohesive band through the structure until crack formation. This model relies
on the following ingredients

• Onset and direction of propagation of the cohesive band

• Determination of the propagation length

• Propagation of the cohesive band

• Onset of the macro-crack

Controlled by ductile damage-induced softening, the strain localization was con-
sidered as the consequence of a material instability so that the onset and direction of
propagation was determined from bifurcation analysis (rate independent dissipative
mechanisms). If the cohesive band crosses an element, the initial cohesive force is
computed such that it compensates the enrichment-related bulk force to ensure
a smooth transition from the pre- to the post-localization regime. The length
of propagation is determined from the exhaustion of the onset criterion within a
displacement increment. The initiation of a crack is based on the comparison of
the effective traction force with a critical fracture traction.

Considering the developed methodology as an attempt to describe the strain
localization phase within a unified ductile failure model, the first results are quite
promising from a qualitative viewpoint. It could be shown that the propagation
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of the cohesive band through the structure can be reproduced in an efficient and
mesh-independent way by using an adapted 4 Gauss point propagation method.
Realizing a smooth transition from diffuse damage to localization, the subsequent
global softening behavior during the phase of post-localization can be properly
captured. Thus, the abrupt drop in load which emerged in the simulations of the
model of Crété (direct transition from diffuse damage to X-FEM crack propagation),
could be avoided. However, the propagation direction of the cohesive band turned
out to depend on the mesh size. It is supposed that this is due to the fact that the
bifurcation criterion is evaluated locally at the center of an element and based on
the order of the determinant of the acoustic tensor. Furthermore, due to numerical
reasons, the cohesive tangent modulus was assumed as the material constant,
whereas it would be more physical to use an energy value. This explains the linear
decrease of the softening response.
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V.2 Perspectives

Modeling the complex nature of ductile failure is not possible without making
simplifications. This work leaves open questions and unresolved challenges even if
all the main ingredients of a unified model of ductile failure have been given and
first promising results have been obtained. In the following, important topics for
future works are proposed and associated to short term, mid term or long term
priority.

V.2.1 Short term perspective 1: Improvement of the prop-
agation algorithm

The results have revealed the mesh sensitivity of the propagation angle. This can
be explained by the local evaluation of the bifurcation criterion at an additional
Gauss point in the center of the element. Moreover, the propagation angle is deter-
mined from geometric considerations and the minimum value of the determinant
of Q

∼∼
. However, it can be thought that these criteria are not sufficient and require

advanced physical considerations.

In this concern, it may be of great interest to extend the propagation algorithm
by a methodology which takes into account averaged quantities at the tip of the
cohesive band. An appropriate framework was proposed by Crété [46] in order to
treat the transition from diffuse damage to crack propagation in ductile materials,
see Fig. V.1 for a summary.

?

?

?

2 localization planes for each integration point
Projection of       onto n1 and n2

Propagation angle

[Crété et al., CMAME, 2014] 

Averaging

n1 n21 2

3

4
5

Figure V.1 – Determination of the propagation angle in the method of Crété [45]
using quantities averaged over a patch
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V.2.2 Short term perspective 2: Experimental characteri-
zation of the cohesive law

Another relevant topic consists in the determination of certain parameters from
experiments. First of all, the work of separation per unit area at the onset of
crack propagation needs to be evaluated. Possible approaches have been presented
in section IV.2.2 and involve e.g. inverse analysis ([41], [150]) or in combination
with the digital image correlation ([151]), which has already been applied in our
laboratory to analyze shear banding, see e.g. Roux [143].

Furthermore the influence parameters of the cohesive fracture energy with
regards to the considered ductile materials (e.g. DH36) need to be identified, e.g.
the effect of the triaxiality ratio or the temperature. The experiments conducted
in the framework of the thesis of Geffroy [57] can serve as a first orientation.

V.2.3 Mid term perspective: Extension of the model to
dynamic loading

This work focused on the consideration of a quasi-static loading. In order to describe
the failure process during accidental events as e.g. impact or explosion (dynamic
loading), the model needs to be extended by several features. The treatment of
dynamic loading is very complex, so that certain topics are selected and explained
here:

• The effects of the strain rate and temperature on the material behavior under
quasi-adiabatic conditions need to be taken into account, see the works of
Geffroy [57] and Crété [45].

• The bifurcation analysis can not be applied any more, because the determinant
of the acoustic tensor remains positive throughout the phase of localization.
Therefore a different criterion needs to be chosen. A commonly used approach
is the linear perturbation method, which is however not trivial to apply and
implement.

• In highly dynamic tests and under negative triaxiality ratio, e.g. in the
Kalthoff-Winkler impact test, it can be observed that crack propagation
is preceded by very localized adiabatic shear banding, see Fig. V.2. As
opposed to the strain localization band considered in this work, the adiabatic
shear band forms first and then highly localized void-growth induced damage
evolves within the band. At present, at our laboratory there are several
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thesis works in progress focusing on the experimental analysis and numerical
modeling of this complex phenomenon.

Adiabatic shear band

Figure V.2 – Appearance of a thin adiabatic shear band as a precursor of crack
propagation in the Kalthoff-Winkler test under high-velocity impact (Roux and
Longére [143])

V.2.4 Long term perspective: Multi-scale simulation using
non-intrusive coupling

The crack propagation within large scale structures can be considered as a multi-
scale problem, whereas the crack-related mechanisms occur on a small scale (order
of 10−4 − 100 m) in a large-scale structure (order of 101 − 102 m, e.g. ships).
The desired high fidelity within the local domain (strain localization and crack
propagation) thus stands in contrast with a rather low fidelity computation of the
global domain (entire structure using a simple FE model would involve a large
number of degrees of freedom). The dissertation of Mickaël Duval [51], defended at
the Institut Clément Ader in summer 2016, is an important contribution towards an
efficient multi-scale computation. The proposed algorithm allows to couple a highly
sophisticated research code handling the crack propagation with a commercial FE
code which calculates the global domain response using a simple FE model (e.g.
basic plate elements) and structure geometry. Several applications in the software
Code_Aster (developed by the EDF) show the high potential of the method, see
e.g. the process of non-intrusive coupling in the context of crack propagation using
a linear elastic material in Fig. V.3. In the future, his simple crack propagation
model could be replaced by the ductile failure model elaborated in this dissertation
and further developed in prospective works.
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Non-intrusive global/local problem 

Non-intrusive coupling in an FE mesh 

Non-intrusive crack growth simulation 

Figure V.3 – The non-intrusive coupling problem in the context of crack propagation
(local domain) in a linear elastic plate (global domain)
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Appendix A

Illustration of mesh sensitivity in
the post-localization regime of
softening materials

In order to illustrate the spurious mesh sensitivity, consider the finite element
simulation of a notched 2D plate in Fig. A.1 (left) which is subjected to a prescribed
vertical displacement. The material behavior is governed by the constitutive law
which is shown in Fig. A.1 (right). As soon as the stress state at a material point
attains the yield stress σF , it is assumed that it subsequently undergoes strain
softening.

𝐸 

𝐻 < 0 

𝜎𝐹  

𝜎 

𝜀 

𝑢 𝑦 

Figure A.1 – Notched plate tensile-loaded with prescribed displacement ūy (left)
and bi-linear strain softening constitutive law (right)

The finite element analysis is then carried out with three different mesh re-
finements (implicit integration, 2D plane strain condition, standard 4-node finite
element, 4-point Gauss integration). The resulting field of the equivalent softening
strain for each of these meshes is shown in Fig. A.2. The corresponding global
vertical force-displacement responses are plotted in Fig. A.3.

The following observations can be made:

• The plastic dissipation localizes within a band which has the size of one finite
element, irrespective of the mesh size. That implies that the localization
band width is not unique.

• The orientation of the localization band is not unique (and thus is not
governed by the applied load case).
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a) b) c)

Figure A.2 – Equivalent softening strain in a 2D notched plate with strain-softening
material law with a a) coarse mesh, b) finer mesh and c) very fine mesh
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Figure A.3 – Force-displacement curves for the meshes from Fig. A.2

• The post-localization response in the force-displacement plot varies with the
mesh size. Reducing the element size goes along with a softer structural
behavior.

Each of these meshes represents one possible solution of the same static problem,
but constituting different outcomes. In fact it can be shown that there is an infinite
number of solutions - the boundary value problem is ill-posed. In the extreme case,
the element size is further reduced until it is infinitely small. As a consequence,
the strain localization zone becomes infinitely small what effectively corresponds
to a mode of zero dissipation energy1, see e.g. [84]. This leads to the unphysical
conclusion that the structure is failing without dissipating energy. Based on
these numerical issues, a reliable estimation of the residual strength of

1This conclusion results from the fact that the dissipated energy is proportional to the area of
the highly deformed zone.
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the structure after failure can not be provided.

This pathologic behavior justifies the intensive research for remedies to achieve
objective mesh-independent results in the post-localization regime of the structural
response of softening materials and structures.
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Appendix B

Numerical implementation of the
GTN model

The GTN model involving isotropic strain hardening is numerically integrated using
the radial return algorithm, see Aravas [7]. The integration is based on a separate
consideration of the deviatoric and the hydrostatic part. After mathematical
manipulation of equation II.6, an incremental function Ξ∆ can be defined

Ξ∆ = ∆εpD ∂Φ
∂pm

+ ∆εpM ∂Φ
∂σeq

= 0 (B.1)

The integration of the following set of non-linear equations

Φ = 0 (B.2)
Ξ∆ = 0 (B.3)
pm = pem +K∆εpM (B.4)
σeq = σeeq − 3µ∆εpD (B.5)

∆H = h(∆εpD,∆εpM , σeq, pm, H) (B.6)

can be solved for the primary unknowns ∆εpD and ∆εpM by applying the
Newton-Raphson solution procedure. Here, σeeq and pem denote the trial functions
of the equivalent stress and mean pressure, ∆H comprises the evolution equations
of the state variables.
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Appendix C

Occurrence and treatment of
volumetric locking

Volumetric locking is a numerical phenomenon which occurs in low-order finite
elements during (isochoric) plastic deformation leading to spurious pressure stresses
at the integration points. This is especially severe for ductile materials which are
subjected to a significant plastic deformation and potentially results in a wrong
estimation of the residual strength of the fractured structure. Thus it is worth to
shortly investigate on the possibility of the occurrence of volumetric locking using
the aforementioned GTN material law.

In many material laws, the volumetric plastic deformation is supposed to remain
zero as the plastic flow evolves. This is for example valid for a von Mises material
where the plastic flow is only influenced by the deviatoric stresses, not by the
hydrostatic stresses. That condition corresponds to a nearly-incompressibility of
the material. However, when applied to fully-integrated (low-order) finite elements,
which are not formulated with incompressible conditions, the pressure stresses can
not be well calculated leading to wrong results.

Let us consider the tensile-loaded 2D plate at the very left of Fig. C.1. An
exemplary von Mises law with the indicated values is used. The spurious stresses
appear in the results of the stress component σxx (midst of Fig. C.1), where a
checkerboard-like pattern can be recognized. The stresses oscillate around the
correct solution of 0MPa with local peaks in the order of +/− 105Pa.

The handling of that issue consists in separately treating the deviatoric and
volumetric strain fields. Over the years, various techniques have been proposed, e.g.
mesh refinement, higher order interpolation (see Zienkiewicz [189]), enhanced as-
sumed strain method (Simo [158]), reduced integration with hourglass stabilization
(Hughes [78]), selective reduced integration (Hughes [78]) or also the frequently
used B-Bar approach (Hughes [76]). When applying the B-Bar approach in the
previous plate example, the volumetric locking can be effectively avoided (see the
very right of Fig. C.1).
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Setup Stress field of σxx (unit: Pa) 

using standard FEM

Stress field of σxx (blue = 0 Pa) 

using B-Bar approach

Figure C.1 – Demonstration of volumetric locking and the application of the B-Bar
approach using a von Mises constitutive law

As opposed to many ductile material laws, the Gurson-type model considers
the volumetric plastic deformation induced by void growth (see equation II.7).
Therefore, the material does not behave incompressibly during plastic flow so that
volumetric locking should not be an issue, if the Gurson model is used as sole
constitutive model. Some authors recommend nevertheless to use a method to
prevent volumetric locking in Gurson-type materials. In his thesis, Zhang [187]
reports the occurrence of volumetric locking when using a very small initial poros-
ity f0. According to his findings, at the beginning of the damage evolution, the
Gurson-type material behaves nearly like a von Mises material so that volumetric
locking might be a problem.

In this work, the B-Bar approach is applied to prevent volumetric locking, which
appears especially in the early stages of plastic deformation (von Mises plasticity)
and damage (if a very small initial porosity is used). For the details of the B-Bar
approach and its implementation, the reader is referred to the paper of Hughes
[76]. However, the author is conscient about the fact that advanced techniques are
necessary to apply the B-Bar approach in the context of enriched FEM during the
propagation of the strain localization and the crack (see e.g. the thesis of Seabra
[150] for more ideas). The extension of the B-Bar approach is however remained
for future works.



Appendix D

Bifurcation analysis of the
GTN-model

D.1 Continuum tangent tensor

The localization analysis relies on an accurate computation of the continuum
tangent operator D∼∼

t which is derived below for the GTN model presented in section
II.3.1.2, see also [147], [74] and [45] for similar solution approaches. Consider the
stress-strain-rate relation

σ̇∼ = C∼∼
e :
(
ε̇∼− λ̇

∂Φ
∂σ∼

)
= D∼∼

t : ε̇∼. (D.1)

which involves the elasticity tensor C∼∼
e and the plastic multiplier λ. Assuming

plastic loading (λ̇ > 0), the plastic consistency condition λ̇Φ̇ = 0 requires that

Φ̇(σ∼, κ, f) = 0 = ∂Φ
∂σ∼︸︷︷︸
N∼

: σ̇∼ + ∂Φ
∂κ︸︷︷︸
R

: κ̇+ ∂Φ
∂f︸︷︷︸
F

: ḟ , (D.2)

where N∼ denotes the direction of plastic flow. Inserting the stress rate D.1,
the equivalent plastic strain rate II.5 and the porosity rate ḟ into D.2, the plastic
multiplier reads

λ̇ =
N∼ : C∼∼

e

χ
: ε̇, (D.3)

using

χ = N∼ : C∼∼
e : N∼ −F(1− f)Tr(N∼ )− (FAn +R) σ∼ : N∼

(1− f)σy
. (D.4)

Substituting D.4 into D.1 finally leads to the expression of the continuum
tangent operator

D∼∼
t = C∼∼

e −
(C∼∼

e : N∼ )⊗ (N∼ : C∼∼
e)

χ
. (D.5)
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D.2 Analytical bifurcation analysis

An analytical expression for the result of the bifurcation criterion II.15 was elab-
orated by Oliver [114] and Sanchez [147]. Substituting the tangent operator D.5
into the bifurcation condition II.15 results in

det(n ·D∼∼
t · n) = det

(
n · C∼∼

e · n︸ ︷︷ ︸
Q
∼∼

e

−
(n · C∼∼

e : N∼ )⊗ (N∼ : C∼∼
e · n)

χ

)
= 0. (D.6)

= det(Q
∼∼

e)
(

1−

Z(n)︷ ︸︸ ︷
(n · C∼∼

e : N∼ ) ·Q
∼∼

e−1 · (N∼ : C∼∼
e · n)

χ

)
. (D.7)

where Q
∼∼

e denotes the elastic acoustic tensor. Since the determinant of Q
∼∼

e ([74])

det(Q
∼∼

e) = E(1− ν)
(1 + ν)(1− 2ν)

[
E

2(1 + ν)

]2

> 0 (D.8)

is positive, the onset of localization occurs when Z(n) = χ is satisfied for the
first time. The analytical solution for the critical localization vector ncrit can
be obtained by using a geometrical localization envelope originally developed by
Benallal [23] for elasto-plastic materials and adopted for the Gurson model by [114]
and Sanchez [147]. It is computed as follows

ncrit = cos(θcrit)ΛI + sin(θcrit)ΛIII , (D.9)

with θcrit being the critical localization angle computed from

tan2(θcrit) = −ΛIII − γΛI

ΛI − γΛIII

; γ = ν

1− ν (D.10)

where Λ1 > Λ2 > Λ3 are the eigenvalues associated to the eigenvectors
ΛI ,ΛII ,ΛIII of the tensor (C∼∼

e : N∼ ) (which appears in D.7). Hence, localization anal-
ysis consists in computing ncrit from D.9 and D.10 for every plastic loading step and
checking when Z(n) ≥ χ is fulfilled for the first time (corresponding to det(Q

∼∼
) ≤ 0).

Based on the expression of the acoustic tensor and advanced studies ([147]) it
can be shown that the bifurcation point depends on the stress state σ∼, and the
porosity f .



Appendix E

Supplementary explanations on
the X-FEM

E.1 The singular displacement field in ductile
materials

In the case of a strongly non-linear ductile material, as it is the case in this work,
the presented X-FEM formulation cannot be adopted directly. First of all, the
singular stress at the crack tip is released over the so-called process zone which is
plastically deformed. Thus, the stress field at the crack tip is attenuated so that the
asymptotic enrichment functions do not apply any more. Also, the determination of
the analytical functions involved in the singular enrichment term is very complex for
such material so that this singular displacement term is neglected here. Elguedj [53]
proposed a method which is based on the singular crack tip fields by Hutchinson,
Rice and Rosengren (HRR) assuming a power-hardening material. Despite of the
high accuracy of these analytical enrichment functions, the analytical stress field
at the crack tip is not a priori known for a GTN material involving a non-linear
material behaviour.

In his PhD thesis, Crété [45] conducted numerical tests with a ductile GTN
material to analyze if the accuracy of the results significantly deteriorates if the sin-
gular enrichment functions are neglected. There, he uses two different displacement
formulations:

• Heaviside enrichment to represent the jump across the crack and the asymp-
totic functions from LEFM to represent the singular stress field (this allows
that the crack tip can also be located in the interior of an element)

• solely using the Heaviside enrichment (the asymptotic functions are neglected)
whereas the crack tip is necessarily located on the element edges

For both formulations, the evolution of the equivalent stress proposed by
Haboussa [68] at the crack tip was tracked in the case of a pre-cracked 2D plate
which is loaded in traction. No crack propagation is allowed so that the focus is
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on the influence of the stress field at the crack tip. From the results he found out
that the use of the singular enrichment functions does not provide a significant
difference in accuracy compared to the case where these functions are neglected. He
thus proposes to neglect the singular term in the crack tip element and only use the
Heaviside enrichment. This also brings another advantage. The number of degrees
of freedom per element involving the singular enrichment term is 48 compared to
only 16 when they are neglected. Regarding the use of the model in large-scale in-
dustrial applications, the reduction of computational costs is an immense advantage.

This simplification also seems reasonable in the case of the representation of
the strain localization as a cohesive crack as the singular stress field at the crack
tip is strongly attenuated and remains bounded. However we want to refer e.g. to
the efforts of Moës [105] who proposed in the case of cohesive cracks non-singular
enrichment functions at the crack tip which are proportional to r2 instead of

√
r.

E.2 Representation of the crack by the level-set
method

The enrichment functions H and F are calculated from the coordinates φ and
ψ which capture the crack trajectory and the crack tip position and need to be
updated when the crack propagates. Here we use the usually applied concept of
level set, first proposed by Osher and Sethian [120] and later adopted also in other
domains as e.g. fluid mechanics or fluid-structure interaction (see e.g. Baumgärtner
and Wolf [16]). This function is necessary to align the FE mesh with the crack
discontinuity by assigning a signed distance value of each node to the discontinuity
which represents the trajectory of value zero. The signed distance function φ of
the crack path is defined as follows

φ(x) = ||x− x∗||sgn
(

n(x∗)(x− x∗)
)

(E.1)

where x represents a material point in the domain, x∗ is the closest-point
projection of x onto the discontinuity and n is the normal vector of the trajectory.
It can be shown that the gradient of φ is collinear with the normal vector n. In a
FE mesh, the (discretized) level set function is computed from the signed distance
values of the four nodes of an element φi={1,2,3,4}

φh(x) =
∑
i∈I

Ni(x)φi. (E.2)
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The crack tip is represented by a second level set function ψ which is computed
from the tangential vector at the crack tip t

ψ(x) = (x− x′)t(x′) (E.3)

whereas x′ is the crack tip point. In the same manner, ψ is discretized in a FE
mesh as follows

ψh(x) =
∑
i∈I

Ni(x)ψi. (E.4)

This function is thus orthogonal to φ at the crack tip. It should be noted that
the Heaviside function is then a direct function of φ (H(x) = sign(φ(x)) and the
singular enrichment functions F are direct functions of φ and ψ. The two level
set functions need to be updated when the crack propagates, which is normally
done by numerically integrating two modified Hamilton-Jacobi equations, one for
φ and one for ψ, see e.g. Gravouil [61] for more information. However, here we use
a simplified approach, also applied by Stolarska [161] and Crété [45], in which the
level set is updated geometrically based on the crack propagation angle and the
distance of crack propagation per increment (velocity).

E.3 Numerical integration

This section discusses the choice of an appropriate integration scheme of the X-FEM
considering the use of a non-linear Gurson-type constitutive model.

The standard Gauss integration rule is not precise enough for integration of the
discontinuous functions appearing in the computation of the stiffness matrix and
the internal force vector.

The most common technique, proposed by Moës [106] consists in subdividing
the cut element into triangles and applying the standard Gauss rule to each of
these triangles (see Fig. E.1). When a crack passes through an element, a mapping
of the state variables at each of the standard Gauss points to the new Gauss points
of the subdivided triangles needs to be performed.

Although this method provides an accurate integration of the element, it is not
suitable for ductile materials with a significant phase of plastification. For this type
of materials, the state variables at each Gauss point are history-dependent. This
implies that the mapping of the state variables from the Gauss points of the regular
FE to the Gauss points of the triangles of the subdivided element is not trivial at
all and is accompanied with numerical challenges. Furthermore the conservation
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Standard integration Subtriangulation

Figure E.1 – Subdivision of the cut elements into triangles which are integrated
using standard Gauss rule. All the other elements use 4-point Gauss integration.

of energy during the projection of the state variables is not guaranteed. On top
of that, the application of such mapping is in contradiction with the powerful
advantage of the X-FEM to avoid cumbersome remeshing and projection. An
alternative approach for elasto-plastic materials was proposed by Elguedj [53]
which is based on a subdivision into 16 regular quadrilaterals (see Fig. E.2). Each
of these quadrilaterals is integrated using a standard 4-point integration rule giving
in total 64 fixed Gauss points per cut element. This approach provides a reasonable
approximation of the integrals involving discontinuous functions.

Standard integration Subquadrangulation

Figure E.2 – Subdivision of the cut elements into 16 quadrilaterals which are
integrated using standard 4-point integration rule.

This integration scheme with a largely increased number of points was also
applied in the PhD thesis of Crété [45] in the context of a GTN-material. In order
to avoid the projection of the fields from the 4-point scheme to the 64-point scheme,
he uses the 64-point scheme already from the beginning of the simulation in all
those elements which might possibly undergo cracking throughout the simulation.
To this end, he defines already in the design phase a zone where cracking will
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probably occur. All elements in this zone are then integrated with the 64-point
rule throughout the entire simulation, although it might be possible that some
elements won’t crack.

That integration method is well suited for ductile materials, but it is extremely
costly in terms of computational time, especially with regard to large structure in
the industrial context. Alternatively, Ventura [176] proposed a method which works
without subdivision. That method relies on replacing the integrals involving the
discontinuous functions by continuous polynomial functions which can be integrated
using standard integration rules. Benvenuti [25] exploited the Ventura integration
scheme to integrate regularized discontinuities. Though this applies to triangular
elements and not for quadrilaterals.
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