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Résumé

Soit Γ un sous-groupe fini de SU2. F. Klein a publié [Klein84] en 1884 dans lequel
il démontre que le quotient C2/Γ est isomorphe à une surface dans C3 définie par une
équation polynomiale. Cette surface possède une unique singularité isolée et est appelée
singularité de Klein, ou singularité simple. Ces singularités ont par la suite été étudiées
par de nombreux auteurs. En 1934, P. Du Val a démontré dans [DuVa34] que la préimage
du point singulier de la singularité de Klein par sa résolution minimale est une union de
droites projectives dont la matrice d’intersection est l’opposée de la matrice de Cartan
d’une algèbre de Lie simplement lacée de type Ar, Dr, E6, E7 ou E8. Cette relation
entre la théorie de Lie et les singularités simples a depuis été exploitée par, entre autres,
E. Brieskorn qui a montré dans [Bries71] que la déformation semiuniverselle d’une singu-
larité simple C2/Γ peut être obtenue par le quotient adjoint de l’algèbre de Lie de même
type que C2/Γ. Il a aussi démontré une conjecture d’A. Grothendieck portant sur une
résolution simultanée de ce même quotient adjoint. En 1978, P. Slodowy a donné une de-
scription en termes de systèmes de racines des singularités présentes dans les fibres d’une
déformation d’une singularité de Klein différentes de la fibre spéciale. Puis en 1998, P.
Slodowy et H. Cassens publièrent [CaSlo98] dans lequel ils construisent les déformations
semiuniverselles des singularités simples dans un contexte algébro-géométrique en util-
isant la théorie des représentations de carquois ainsi que des travaux de P.B. Kronheimer
en géométrie différentielle. À la base de cette construction, on trouve la correspondance
de McKay, découverte en 1980 par J. McKay ([McK80]), et qui établit un lien entre les
représentations irréductibles des sous-groupes finis de SU2 et les diagrammes de Dynkin
étendus de types Ãr, D̃r, Ẽ6, Ẽ7 et Ẽ8.

En théorie de Lie, la classification des algèbres de Lie simples permet leur séparation
en deux catégories: d’un côté les algèbres de Lie simplement lacées de types Ar, Dr,
E6, E7 et E8, de l’autre les algèbres de Lie non simplement lacées (ou inhomogènes)
de types Br, Cr, F4 et G2. P. Slodowy a étendu la notion de singularité simple aux
types inhomogènes en 1978 et a défini des singularités simples de types Br, Cr, F4
et G2. Une singularité simple inhomogène est alors un couple (X0,Ω) où X0 = C2/Γ
est une singularité simple homogène et Ω est un groupe de symétrie du diagramme de
Dynkin associé à la singularité. Il a ensuite montré que l’on peut trouver un sous-
groupe fini Γ′ de SU2 qui contient Γ comme sous-groupe distingué et tel que le quotient
Γ′/Γ ≅ Ω agit sur la singularité C2/Γ. Cette action peut être relevée sur la résolution
minimale de C2/Γ et induit une action sur les diviseurs exceptionnels qui correspond au
groupe d’automorphismes du diagramme de Dynkin associé à C2/Γ. P. Slodowy a par
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Résumé

la suite démontré des résultats généralisant ceux obtenus pour les singularités simples
homogènes. Il a notamment construit la déformation semiuniverselle d’une singularité
de Klein inhomogène à partir du quotient adjoint d’une algèbre de Lie homogène et d’un
groupe de symétrie du diagramme de Dynkin associé.
La correspondance de McKay se généralise également aux cas inhomogènes. En effet, il
est possible d’établir un lien entre les diagrammes de Dynkin de types Br, Cr, F4 et G2
et certains couples (Γ,Γ′) de sous-groupes finis de SU2 avec Γ ⊲ Γ′ et ce de deux manières
différentes. La première, dite par induction, consiste à induire des représentations de
Γ′ à partir des représentations irréductibles de Γ. On peut à partir de là retrouver
la matrice de Cartan transposée du diagramme de Dynkin étendu ∆̃∨(Γ,Γ′) associé à
la singularité simple inhomogène (C2/Γ,Γ′/Γ) de type ∆(Γ,Γ′). La seconde méthode
restreint les représentations irréductibles de Γ′ en des représentations de Γ et obtient la
matrice de Cartan de type ∆̃∨(Γ,Γ′), transposée de celle obtenue par induction.

L’objectif de cette thèse est de généraliser la construction de H. Cassens et P. Slodowy
d’une déformation semiuniverselle aux singularités de types Br, Cr, F4 etG2. On va com-
mencer par rappeler les définitions et propriétés de base des algèbres de Lie semisimples
sur un corps algébriquement clos de caractéristique nulle, et on donnera les résultats
de E. Brieskorn et P. Slodowy sur le lien entre le quotient adjoint et les singularités
simples. On établira également un lien entre les diagrammes de Dynkin homogènes et
inhomogènes à travers un procédé appelé pliage. Dans un second temps, on présen-
tera les définitions et théorèmes nécessaires à la compréhension des résultats de P.B.
Kronheimer en géométrie différentielle et symplectique, ainsi que d’un résultat de G.
Kempf et L. Ness ([KemNes79]) reliant les quotients hyperkählériens et les quotients
GIT. Le troisième chapitre sera l’occasion d’introduire la notion de représentation de
carquois ainsi que son lien avec les systèmes de racines d’algèbres de Lie. On don-
nera également une interprétation du pliage en termes de carquois. Le chapitre 4 sera
consacré à la généralisation des travaux de H. Cassens et P. Slodowy. Pour ce faire,
on étudiera l’espace des représentations d’un carquois appelé carquois de McKay défini
à partir du diagramme de Dynkin associé à C2/Γ, ainsi que d’un groupe de symétrie
Ω = Γ′/Γ de ce même diagramme de Dynkin en se basant sur la correspondance de
McKay inhomogène. L’orientation de ce carquois, présente dans la construction de H.
Cassens et P. Slodowy mais jusqu’ici arbitraire, jouera ici un rôle bien plus important.
En effet, la déformation semiuniverselle est construite à partir d’une application mo-
ment dépendant de l’orientation du carquois. Si l’action du groupe de symétrie Ω est
symplectique, alors l’application moment devient naturellement Ω-équivariante. La dé-
formation semiuniverselle devient elle aussi Ω-équivariante et grâce à des travaux de P.
Slodowy on obtient la déformation semiuniverselle d’une singularité inhomogène. On
déterminera tout d’abord dans quelles conditions l’action de Ω est symplectique ainsi
que la compatibilité de cette action avec la symétrie du diagramme de Dynkin. On
calculera ensuite explicitement la déformation semiuniverselle des singularités de types
A2r−1 (r quelconque), C3, F4 et G2. Ces calculs vont nécessiter l’utilisation d’un système
de coordonnées particulier sur l’espace de base de la déformation: les coordonnées plates
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de K. Saito. Après avoir rappelé leur définition ainsi que la raison pour laquelle on les a
sélectionnées, des formules explicites en seront données. La déformation semiuniverselle
inhomogène obtenue vérifie que chacune de ces fibres est munie d’une action de Ω. En
passant chaque fibre et donc la déformation au quotient, on obtient une nouvelle dé-
formation mais cette fois d’une singularité simple homogène. On verra que le caractère
semiuniverselle est perdu par passage au quotient. On terminera par une étude de la
régularité des fibres de cette déformation sur certains exemples.
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Introduction

In [Klein84], F. Klein studied the polynomial equations of degree 5. For this he looked
at the rotation groups of the five Platonic solids and at the finite subgroups of SL2(C),
which are (up to conjugacy) the cyclic group Cn, the binary dihedral group Dn and the
binary polyhedral groups T , O and I. They are exactly the finite subgroups of SU2.
F. Klein proved that for such a group Γ, the quotient C2/Γ is a surface S in C3 defined
by a polynomial equation R(X,Y,Z) = 0. The surface has an isolated singularity and is
called a Kleinian (or simple) singularity. It was proved that a minimal resolution exists
for all surface singularities and thus for all Kleinian singularities, and P. Du Val showed
in [DuVa34] that, if π ∶ S̃ → S is the minimal resolution of the simple singularity S and s
is the isolated singular point, then the exceptional divisor π−1(s) is a union of projective
lines P1(C) whose intersection matrix is the opposite of the Cartan matrix of a root
system of type Ar, Dr, E6, E7 or E8 that we note ∆(Γ). This result is summarized in
the following table:

Γ R ∆(Γ)

Cn Xn + Y Z An−1

Dn X(Y 2 −Xn) +Z2 Dn+2

T X4 + Y 3 +Z2 E6

O X3 +XY 3 +Z2 E7

I X5 + Y 3 +Z2 E8

This connection between Lie theory and Kleinian singularities has since been exten-
sively studied. Let Γ be a finite subgroup of SU2, ∆(Γ) the associated Dynkin diagram
and g a simple Lie algebra of type ∆(Γ). E. Brieskorn proved in 1971 ([Bries71]) that the
semiuniversal deformation of the simple singularity C2/Γ can be obtained by restricting
the adjoint quotient χ ∶ g → h/W to a particular subspace of g called a slice and linked
to subregular nilpotent elements of g. He also proved a conjecture by A. Grothendieck
relative to the construction of a simultaneous resolution of the adjoint quotient. P.
Slodowy showed in his thesis in 1978 (cf. the enlarged version [Slo80]) how to describe
the singularities that appear in the fibers of a deformation of a simple singularity C2/Γ
other than the special fiber containing C2/Γ in terms of subdiagrams of ∆(Γ). Let us
also mention T.A. Springer’s resolution of the nilpotent variety of g ([Sprin69]).
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In [McK80] J. McKay discovered a connection between the finite subgroups of SU2 and
the simply-laced Lie algebras without using a resolution. He exhibited a way of con-
structing the Cartan matrix of the extended Dynkin diagram ∆̃(Γ) from the irreducible
representations of Γ. From this correspondence one can construct the representation
space M(Γ) of a quiver obtained from ∆(Γ) and called a McKay quiver. The dimension
vector of the said quiver is composed of the dimensions of the irreducible representations
of Γ. It happens that M(Γ) can be equipped with a symplectic structure based on the
orientation of the McKay quiver. P.B. Kronheimer took advantage of such a structure
and constructed in [Kron89] a semiuniversal deformation of C2/Γ using hyperkähler re-
duction. Then in [CaSlo98] H. Cassens and P. Slodowy worked on P.B. Kronheimer’s
results to obtain the semiuniversal deformation of C2/Γ and its minimal resolution in an
algebraic-geometric context.

Dynkin diagrams can be separated in two classes: the simply-laced (or homogeneous)
ones, namely Ar, Dr, E6, E7 and E8 and the non simply-laced (or inhomogeneous) ones
Br, Cr, F4 and G2. In 1978 P. Slodowy extended the definition of a simple singularity
to the inhomogeneous types in the following way: a simple singularity of type Br, Cr,
F4 or G2 is a pair (X0,Ω) where X0 is a simple singularity of type Ar, Dr, E6, E7 or E8
and Ω is a group of automorphisms of the Dynkin diagram associated to X0 as indicated
in the table below:

type (X0,Ω) type X0 Ω Γ Γ′

Br A2r−1 Z/2Z C2r Dr

Cr Dr+1 Z/2Z Dr−1 D2(r−1)

F4 E6 Z/2Z T O

G2 D4 S3 D2 O

Let Γ be a finite subgroup of SU2 and X0 = C2/Γ. Then it is possible to find a finite
subgroup Γ′ of SU2 such that Γ ⊲ Γ′ and Γ′/Γ = Ω acts on X0. This action can then
be lifted to the minimal resolution of the singularity and induces an action on the ex-
ceptional divisors that corresponds to a group of automorphisms of the Dynkin diagram
of X0. P. Slodowy generalized the McKay correspondence to the inhomogeneous types.
Let (Γ,Γ′) be a pair as in the table above and ∆(Γ,Γ′) the associated inhomogeneous
Dynkin diagram. By restricting the irreducible representations of Γ′ to Γ, one can con-
struct the extended Cartan matrix of type ∆̃∨(Γ,Γ′). The correspondence can also be
obtained by inducing representations of Γ′ from representations of Γ, in which case we
obtain the Cartan matrix of the dual diagram.

In this thesis we aim to generalize the construction by H. Cassens and P. Slodowy to

2
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the inhomogeneous cases. Starting from the representation M(Γ) of a McKay quiver
and a symmetry group Ω of the Dynkin diagram ∆(Γ) associated to Γ and based on the
inhomogeneous McKay correspondence, we will construct the semiuniversal deformations
of the simple singularities of types Br, Cr, F4 and G2. In order to do so, we study the
representation space of a quiver called McKay quiver, that is defined by using the Dynkin
diagram associated to the simple singularity C2/Γ as well as a symmetry group Ω of the
same diagram based on the inhomogeneous McKay correspondence. The action of the
group Ω onM(Γ) is obtained by lifting its action on the underlying graph. The choice of
the orientation of the quiver, which did not play any particular role in the homogeneous
case, will now have to be carefully made (Subsection 4.3.3). Indeed the representation
space of the McKay quiver can be equipped with a symplectic structure depending on
the orientation of the McKay quiver. This symplectic structure induces a moment map
from which the semiuniversal deformation is obtained. If the action of Ω is symplectic,
then the semiuniversal deformation becomes Ω-equivariant. We will need to determine
the conditions in which the action is symplectic as well as their compatibility with the
action of Ω on the special fiber of the deformation. In fact we will prove the following
theorem (cf. Theorems 4.3.2 and 4.3.4)

Theorem. 1. The action of Ω = Γ′/Γ on M(Γ) is symplectic when
(i) For (A2r−1,Z/2Z), Ω reverses the orientation of the McKay quiver.
(ii) For the other cases, Ω preserves the orientation of the McKay quiver.

2. For any inhomogeneous singularity (C2/Γ,Ω), there exists an action of Ω on M(Γ)

such that
(i) Ω acts symplectically on M(Γ).
(ii) The action of Ω on M(Γ) induces the natural action on the singularity C2/Γ.

With the semiuniversal deformation now Ω-equivariant, results by P. Slodowy will
lead to the semiuniversal deformation of a simple singularity of inhomogeneous type.
This semiuniversal deformation is such that the group Ω induces an action on each of
its fibers. In order to analyze the family to which the quotient of the fibers will lead
we need to obtain explicit expressions for the semiuniversal deformation. In that sense
we will compute explicitly the semiuniversal deformations of the inhomogeneous simple
singularities of types A2r−1 (r arbitrary), C3, F4 and G2. After quotient, we obtain a
new deformation, but this time of the simple homogeneous singularity C2/Γ′. We will
see that the semiuniversal nature of the deformation is lost in the process. We will also
prove results regarding the regularity of the fibers of the new deformation. For example,
when Γ is of type A3 or D4 (and Ω is either Z/2Z or S3), we will see that every single
fiber is singular after quotient by Ω (cf. Propositions 4.4.1, 4.4.2 and 4.4.3).

In the first chapter in Part I, we recall the main definitions and properties of semisim-
ple Lie algebras over an algebraically closed field of characteristic zero (Section 1.1).
Then a relation between the simply-laced and non-simply laced cases will be exhibited
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through a process called folding in Section 1.2, after which known results on homo-
geneous simple singularities from E. Brieskorn and P. Slodowy will be presented and
explained in Section 1.4. Following P. Slodowy’s definition of the inhomogeneous simple
singularities, we will provide in Subsection 1.4.2 some of his results generalizing those
already obtained on the simple homogeneous ones. The chapter will end with an ex-
planation as well as computations of the McKay correspondence (Section 1.5), in both
homogeneous and inhomogeneous settings.
The second chapter will be devoted to the symplectic reduction. In particular, we will
present a theorem by G. Kempf and L. Ness linking hyperkähler quotients and GIT
quotients (Section 2.3) that will be of use later on.
In the third chapter we define quivers, representation spaces as well as basic notions re-
lated to them (Section 3.1). We will then present results by T. Tanisaki ([Tani80]) that
explain the folding process using quivers representation spaces (Section 3.4), although
it will not be used in our construction, but is related nonetheless.

The construction by H. Cassens and P. Slodowy as well as its generalization to the
inhomogeneous cases will occupy Part II and the final chapter of this thesis. At first
we recall the work of P.B. Kronheimer on which the original construction is based (Sec-
tion 4.1), present the construction itself (Section 4.2.1), and then study the case A2r−1
as an example (Section 4.2.2). The work on a generalization of the construction to the
inhomogeneous cases will occupy the rest of this thesis.
We study the orientation of the McKay quiver as well as the action of Ω from Sub-
section 4.3.1 to Subsection 4.3.4. Then we will compute explicitly the semiuniversal
deformations of the inhomogeneous simple singularities of types A2r−1 (r arbitrary), C3,
F4 and G2. These computations require the use of a particular set of coordinates on
the base space of the deformation: K. Saito’s flat coordinates. After defining them and
explaining why they can be of use for our construction, explicit formulae will be given
(Subsection 4.3.5). The computations of the semiuniversal deformations of the simple
inhomogeneous singularities will be presented in Subsections 4.3.6 through 4.3.9. The
quotient of the semiuniversal deformation by the action of Ω will then be done in Sub-
sections 4.4.2 through 4.4.5. The thesis will be concluded with computations on the
regularity of the fibers of this deformation in some special cases.
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1. Lie Theory

1.1. Definitions and basic properties

In this section we give basic definitions on Lie algebras as well as some elementary
properties. Many of the proofs will be omitted. If not stated otherwise, the reader may
consult the book [Hum78] by J.E. Humphreys for the proofs.
We fix an algebraically closed field k of characteristic 0.

1.1.1. Generalities on Lie algebras

Definition 1.1.1. A vector space L over a field k, with an operation L ×L → L
(x, y) ↦ [x, y]

called bracket, is called a Lie algebra if the three following properties are verified:
(i) The bracket is bilinear.
(ii) [x,x] = 0 for all x ∈ L.
(iii) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 for all x, y, z ∈ L.

The second axiom is equivalent to the bracket being skew-symmetric and the third one
is commonly called Jacobi’s identity. The notion of subalgebra of a Lie algebra L is
defined naturally as a subspace of L that is a Lie algebra with respect to the restriction
of the Lie structure on L.
In what follows all the Lie algebras will have finite dimension (i.e. the underlying vector
space of the Lie algebra is finite dimensional). The study of infinite dimensional Lie
algebras requires other tools that we will not present in this thesis. A detailed account
on this subject can be found in [Kac90].

Examples 1.1.2. ● If V is a k-vector space of dimension n, let us write gl(V ) = End(V )

for the set of endomorphisms of the vector space V . By choosing a base of V , one can
identify gl(V ) with the set of matrices of size n × n. It is a Lie algebra with bracket
[x, y] = xy − yx and is called the general linear algebra. All the Lie algebras in
these examples will be equipped with the same bracket. sl(V ) is the subalgebra of gl(V )

composed of all the traceless matrices of gl(V ). It is called the special linear algebra.
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1. Lie Theory

The structure of sl(V ) when n = 2 will be seen in details later on. Any subalgebra of
gl(V ) is called a linear Lie algebra.

● Let V be k-vector space of dimension 2n. Set J = (
0 In
−In 0 ) with In the

identity matrix of size n × n. One writes sp(V ) = {M ∈ gl(V ) ∣ tAJ + JA = 0}, a space
that will be referred to as the symplectic algebra. One can check that it is indeed a
Lie algebra.

● The orthogonal algebra is defined in the same way as the symplectic one.

If dim V = 2n, set J = (
0 In
In 0 ) and if dim V = 2n + 1, set J =

⎛
⎜
⎝

1 0 0
0 0 In
0 In 0

⎞
⎟
⎠
. The

orthogonal algebra is defined as o(V ) = {M ∈ gl(V ) ∣ tAJ + JA = 0}. It is yet again a
Lie algebra.
Usually, when it is clear what vector space is chosen, (V ) is omitted and the dimension
of V is put as index. The preceding examples are thus gln(k), sln(k), sp2n(k), o2n(k) and
o2n+1(k).

Amorphism of Lie algebras ϕ ∶ L→ L′ is a linear transformation such that ϕ([x, y]) =
[ϕ(x), ϕ(y)] for all x, y ∈ L. A representation (or module) of a Lie algebra L is a
morphism ϕ ∶ L → gl(V ) where V is a vector space. When the context is clear, we will
write h.x for ϕ(h)(x). If V is a representation of L and W ⊂ V is stable by L, then
W is an L-sub-representation (or submodule). A representation ϕ ∶ L→ gl(V ) is said to
be irreducible if the only L-submodules of V are {0} and itself. One important kind
of representation is the adjoint representation. It is the morphism ad ∶ L → gl(L)

such that ad(x)(y) = [x, y] for all x, y ∈ L. One can check explicitly that ad preserves
the Lie bracket and is linear. It is then a morphism of Lie algebras. An interesting fact
is that Ker ad = z(L), the center of the Lie algebra. So if L is simple, i.e. if L has
no non-trivial ideal for the Lie bracket and L is not abelian, then Ker ad = {0} and L
injects into gl(L). Therefore any simple Lie algebra can be seen as a linear Lie algebra.

It will be shown at the end of this section that the algebras sln(k) (n ≥ 2), sp2n(k)
(n ≥ 2), o2n(k) (n ≥ 3), and o2n+1(k) (n ≥ 2) in the preceding examples are in fact simple
Lie algebras.

Example 1.1.3. One can check that sl2(C) has a basis consisting of e = (
0 1
0 0) , f =

(
0 0
1 0) and h = (

1 0
0 −1) with the relations [e, f] = h, [h, e] = 2e and [h, f] = −2f . An

infinite dimensional representation of sl2(C) noted ϕ ∶ sl2(C) → gl(C[X,Y ]) is defined
as follows:
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1.1. Definitions and basic properties

ϕ(e) =X
∂

∂Y
, ϕ(f) = Y ∂

∂X
and ϕ(h) =X ∂

∂X
− Y

∂

∂Y
.

It can be seen that ϕ verifies the requirements for making C[X,Y ] into an sl2(C)-module.
The action is given by the following formulas:

e.XmY n = nXm+1Y n−1, f.XmY n =mXm−1Y n+1, h.XmY n = (m − n)XmY n.

The action preserves the degree of the monomials, so C[X,Y ] splits as a direct sum
C[X,Y ]0 ⊕ C[X,Y ]1 ⊕ C[X,Y ]2 ⊕ . . . as an sl2(C)-module, where C[X,Y ]k is the sub-
module of homogeneous polynomials of degree k. The monomials of degree k form a base
for C[X,Y ]k, so C[X,Y ]k is a C-vector space of dimension k + 1.
We claim that C[X,Y ]k is irreducible. Let x ≠ 0 in an sl2(C)-submodule of C[X,Y ]k.
Then x = ∑ki=0 aiX

iY k−i with the ai’s being complex numbers. Let k0 = min{0 ≤ i ≤
k ∣ ai ≠ 0}. Therefore ϕ(e)k−k0(x) = ak0(k − k0)!Xk and Xk belongs to the submodule.
Because ϕ(f)j(Xk) = k(k − 1) . . . (k − j + 1)Xk−jY j, it follows that all the elements of
the base of C[X,Y ]k are in the submodule, so the submodule is all of C[X,Y ]k. This
proves that C[X,Y ]k is irreducible, for all k ∈ Z≥0. Since dim C[X,Y ]k = k + 1, all the
C[X,Y ]k are non-isomorphic.

Proposition 1.1.4. Let V be a k-vector space of finite dimension and let x ∈ End(V ).
(i) There exists xs, xn ∈ End(V ) such that: x = xs+xn, xs is semisimple, xn is nilpotent

and [xs, xn] = 0. Furthermore, xs and xn are unique.
(ii) There exists two polynomials p(t) and q(t) of one variable such that: p(0) = q(0) =

0, xs = p(x) and xn = q(x). In particular, xs and xn commute with every endo-
morphism commuting with x.

(iii) If A ⊂ B ⊂ V are subspaces such that x maps B into A, then xs and xn also map
B into A.

The decomposition x = xs + xn is called the Jordan-Chevalley decomposition.
We call xs and xn the semisimple and nilpotent parts of x respectively.

Lemma 1.1.5. Let x ∈ End(V ) (dim V < +∞) and x = xs + xn its Jordan-Chevalley
decomposition. Then ad x = ad xs+ad xn is the Jordan-Chevalley decomposition of ad x
in End(End(V )).

Let L be a Lie algebra over k. Its derived series is a sequence of ideals of L defined
by L(0) = L, L(1) = [L(0),L(0)], L(2) = [L(1),L(1)], . . .. The Lie algebra L is solvable if
there exists n ∈ Z>0 such that L(n) = {0}.

Example 1.1.6. Let L be the Lie algebra of upper triangular matrices of size n × n
with coefficients in k and the Lie bracket [A,B] = AB −BA. It is indeed a Lie algebra.
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One computes that [L,L] is the set of upper triangular matrices with a zero diagonal.
Each time a new bracket is computed the first non-zero diagonal goes up one place above.
Therefore, L(n) = {0} and L is solvable.

The maximal solvable ideal of a Lie algebra L is called the radical of L. If the radical
is zero, then L is called a semisimple Lie algebra. For a semisimple Lie algebra L,
it can be proved that the space Der L of derivations of L coincides with the space ad L
and that L → ad L is a bijection. So if x ∈ L, then there exists s, n ∈ L such that
ad x = ad s+ ad n is the usual Jordan-Chevalley decomposition of ad x in End(L). This
means that x = s + n, with commuting s and n, ad s being semisimple and ad n being
nilpotent. We call s and n the semisimple and nilpotent part of x, respectively. This
decomposition is called the abstract Jordan-Chevalley decomposition. It is linked
to the usual decomposition thanks to the following theorem and corollary.

Theorem 1.1.7. Let L ⊂ gl(V ) be a semisimple linear Lie algebra over k (V finite
dimensional). Then L contains the semisimple and nilpotent parts in gl(V ) of all its el-
ements. In particular, the abstract and usual Jordan-Chevalley decompositions coincide.

Corollary 1.1.8. Let L be a semisimple Lie algebra over k and φ ∶ L → gl(V ) a finite
dimensional representation of L. If x = s + n is the abstract Jordan-Chevalley decompo-
sition of x ∈ L, then φ(x) = φ(s) + φ(n) is the usual Jordan-Chevalley decomposition of
φ(x).

Example 1.1.9. Let V be a finite dimensional sl2(C)-module. As h is semisimple, h
acts diagonally on V . Thus one can write V = ⊕λ∈C Vλ where Vλ = {x ∈ V ∣ h.x = λx}.
V is decomposed with respect to the eigenvalues of h. If λ ∈ C is such that Vλ ≠ {0}, λ
is called a weight of h and Vλ is a weight space. A quick calculation shows that if
v ∈ Vλ, then e.v ∈ Vλ+2 and f.v ∈ Vλ−2.
As V is of finite dimension, there is only a finite number of λ such that Vλ is not zero.
So there exists λ such that Vλ ≠ {0} and Vλ+2 = {0}. An element from this Vλ is a
highest weight vector of weight λ (cf. Section 1.1.4).
Let V be an irreducible and finite dimensional sl2(C)-module. Fix v0 ∈ Vλ a highest
weight vector. We note v−1 = 0 and vi = 1

i!f
i.v0 (i ≥ 0). We then compute that

(i) h.vi = (λ − 2i)vi,

(ii) f.vi = (i + 1)vi+1,

(iii) e.vi = (λ − i + 1)vi−1.

The vi’s turn out to be eigenvectors of h for distinct eigenvalues and thus are linearly
independent. As V is finite dimensional, there exists a smaller m ∈ Z≥0 such that
vm ≠ 0 and vm+1 = 0. By taking into account the preceding formulas, one deduces that
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(v0, v1, . . . , vm) is a base of a non-zero sl2(C)-submodule of V . By the irreducibility of
V , (v0, v1, . . . , vm) is a base of V . If in (iii) one sets i =m+1, we obtain 0 = (λ−m)vm.
As vm ≠ 0, it implies that λ = m ∈ Z≥0. We say that m is the highest weight of V . One
also notices that all the weight spaces are unidimensional and appear only once in the
decomposition of V . The following theorem summarises our conclusions:

Theorem 1.1.10. Let V be an irreducible finite dimensional sl2(C)-module.
(i) With respect to h, V is the direct sum of weight spaces Vµ where µ = m,m −

2, . . . ,−m + 2,−m with dim V = m + 1 and dim Vµ = 1 for all µ. We then write
V = L(m).

(ii) V has a unique maximal vector (up to multiplication by a scalar) of weight m.
(iii) The action of sl2(C) on V is explicitly given by the previous formulas. In par-

ticular, there exists (up to isomorphism) at most one irreducible sl2(C)-module of
dimension m + 1 for all m ≥ 0.

We can illustrate this theorem in the following manner.

Because of the previous example, one sees that for all n ∈ Z≥0, C[X,Y ]n ≅ L(n) as
sl2(C)-modules.

The next theorem gives a hint on the structure of the representation space for a certain
kind of algebra and will be of use later.

Theorem 1.1.11. (Lie). Let L be a solvable Lie subalgebra of gl(V ) with V a finite
dimensional k-vector space. Then L stabilizes a complete flag in V , i.e. there is a
sequence of proper subspaces {0} = V0 ⊂ V1 ⊂ . . . ⊂ Vn = V such that dim Vi = i and Vi
is an L-module for all 0 ≤ i ≤ n.

1.1.2. Structure of semisimple Lie algebras

A semisimple Lie algebra can be described in a unique manner as a sum of simple Lie
subalgebras:

11
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Theorem 1.1.12. Let L be a semisimple Lie algebra over k. Then there exists ideals
L1, . . . , Lt of L which are simple (as Lie algebras), such that L = L1 ⊕ . . . ⊕ Lt. Every
simple ideal of L coincides with one of the Li.

A semisimple Lie algebra also has the property, proved by H. Weyl, that any finite
dimensional module is completely reducible.

Theorem 1.1.13. (Weyl). Let L be a semisimple Lie algebra over k and V be a
finite dimensional L-module. Then V is completely reducible, i.e. V can be uniquely
decomposed as a direct sum of simple L-modules.

Let L be a non-zero semisimple Lie algebra over k. If every element of L was nilpotent,
then by a theorem of F. Engel, L would be nilpotent and so solvable. But then {0} =

Rad L = L because L is semisimple. It contradicts L being non-zero. So L contains an
element x ∈ L such that its semisimple part xs is not zero. Hence there exists non-zero
subalgebras of L composed of semisimple elements. Such a subalgebra is said to be
toral. It can be proved that a toral subalgebra is abelian. A maximal (for the inclusion)
toral subalgebra is called a Cartan subalgebra.

Theorem 1.1.14. Let H1 and H2 be two Cartan subalgebras of a semisimple Lie algebra
L over k. Then H1 and H2 are conjugated under the group generated by the elements of
the form exp(ad x) for x ∈ L nilpotent. This implies that all Cartan subalgebras have
same dimension, called the rank of L.

Let H denote a Cartan subalgebra of L. As H is abelian, adL(H) is a family of
commuting semisimple elements. It is therefore possible to simultaneously diagonalize
adL(H). L becomes the direct sum of subspaces Lα = {x ∈ L ∣ [h,x] = α(h)x ∀h ∈ H}

with α ∈ H∗. We write Φ for the set of α ≠ 0 such that Lα ≠ {0}. If α = 0, we have
L0 = CL(H), the centralizer in L of H. The decomposition is then

L = CL(H) ⊕ ⊕
α∈Φ

Lα.

The α’s in this decomposition are called the roots of L relative to H (and they are in
finite number), Φ is the root system of L and the preceding equality is called the root
space decomposition of L. Since the Cartan subalgebras are all conjugated, the root
system of L does not depend on the choice of a Cartan subalgebra H.

Proposition 1.1.15. Let H be a Cartan subalgebra of a semisimple Lie algebra L over k.
Then CL(H) = H and the restriction of the Killing form κ ∶ L ×L → k

(x, y) ↦ Tr(ad(x)ad(y))
to H is non-degenerate.
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The previous proposition enables us to write L = H⊕⊕α∈Φ Lα and to identify H with
H∗ via the Killing form κ. To any element φ ∈ H∗ one associates an element tφ ∈ H
by φ(h) = κ(tφ, h), ∀h ∈ H. We define a bilinear form (., .) on H∗ by (δ, γ) = κ(tδ, tγ).
Because the root system generates H∗, one can choose a base {α1, . . . , αr} consisting
of roots. If β ∈ Φ, then β = ∑ri=1 ciαi, where ci ∈ k. Furthermore, one can show that
ci ∈ Q for all i. Therefore the Q-sub-vector space EQ of H∗ generated by the roots has
Q-dimension r = dim k H∗. Additionally it is known that (α,β) ∈ Q for all α,β ∈ Φ. This
implies that the restriction of (., .) to EQ is a non-degenerate form on EQ. By definition,
for λ,µ ∈ H∗,

(λ,µ) = κ(tλ, tµ) = ∑
α∈Φ

α(tλ)α(tµ) = ∑
α∈Φ

(α,λ)(α,µ).

In particular (λ,λ) = ∑α∈Φ(α,λ)2, so that if λ ∈ EQ, then (λ,λ) is a sum of squares of
rational numbers and is hence positive (unless λ = 0). Therefore the form (., .) is positive
definite on EQ.
We extend EQ to the field of real numbers by setting E = R ⊗Q EQ. The bilinear form
extends to E and is positive definite, which makes E a Euclidean space. We have that
Φ contains a base of E and dimR E = r. The properties of E and Φ are summarized in
the following theorem:

Theorem 1.1.16. Let L,H,Φ and E be as above. Then:
(i) Φ generates E and 0 does not belong to Φ.
(ii) If α ∈ Φ, then kα⋂Φ = {±α}.

(iii) If α,β ∈ Φ, then β − 2(β,α)
(α,α)

α ∈ Φ.

(iv) If α,β ∈ Φ, then 2(β,α)
(α,α)

∈ Z.

Set ⟨α,β⟩ =
2(α,β)
(β,β) . If α ∈ E, one defines the reflection σα ∈ GL(E) by σα(β) =

β − ⟨β,α⟩α. If α ∈ Φ, the preceding theorem shows that σα leaves Φ invariant, and one
can prove that it preserves the bracket ⟨., .⟩. Let us write W for the subgroup of GL(E)

generated by the σα, α ∈ Φ, and call it the Weyl group of L. As W permutes the
elements of Φ, it can be seen as a subgroup of the symmetric group of Φ, and is thus
finite.

A subset Π of a root system Φ is called a base if:
● Π is a base of E. This implies that ∣Π∣ = rank(L).
● Every β ∈ Φ can be written β = ∑α∈Π kαα with integer coefficients all nonnegative

(β is a positive root) or all nonpositive (β is a negative root).
An element of Π is called simple. One can show that a base exists for Φ but is not
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unique. We shall see that the classification of simple Lie algebras can be achieved by
studying the simple roots of a Lie algebra.

For α ∈ Φ, set Hα = {β ∈ E ∣ (β,α) = 0 }. The hyperplanes Hα partition E in a
finite number of regions. The connected components of E ∖ ⋃α∈ΦHα are called Weyl
chambers. The Weyl chambers are in bijection with the bases of Φ, because the walls
of a Weyl chamber define the elements of a base. If Π is a base of Φ, the Weyl chamber
C(Π) defined by

C(Π) = {β ∈ E ∣ (β,α) > 0, ∀α ∈ Π}

is called the fundamental Weyl chamber. The Weyl chambers are permuted by the
Weyl group, and so are the bases of the root system.

Let Π = {α1, . . . , αr} be a base of a root system Φ. The matrix (⟨αi, αj⟩)1≤i,j≤r is
called the Cartan matrix of Φ. The Cartan matrix does not depend on the choice of
a base of the root system Φ because the Weyl group permutes the bases and preserves
the bracket ⟨., .⟩.
If α,β are two distinct non-proportional roots, it can be shown that ⟨α,β⟩⟨β,α⟩ = 0,1,2
or 3. One defines the Coxeter graph of Φ as the graph with r vertices, and such that
i-th and the j-th vertices (i ≠ j) are linked by ⟨αi, αj⟩⟨αj , αi⟩ edges. If all simple roots
have the same length (the length of a root is its norm), the Coxeter graph determines
the ⟨αi, αj⟩ because then ⟨αi, αj⟩ = ⟨αj , αi⟩ and between two distinct vertices there is at
most one edge. If simple roots have different lengths, there can be double or triple edges.
In that situation, on a multiple edge, one adds an arrow pointing to the shortest root.
With this complementary information, one can reconstruct the Cartan matrix from the
graph. The graph is then called a Dynkin diagram and is noted ∆. The Dynkin
diagram determines entirely the root system and their classification is given below.

A root system Φ is irreducible if it cannot be partitioned in two subsets such that
each root of one subset is orthogonal to each root of the other subset. Φ is irreducible
if and only if a base Π cannot be partitioned in the aforementioned manner. This is
equivalent to saying that the Dynkin diagram of Φ is connected. In general, a Dynkin
diagram is composed of several connected components and each one has a base Πk.
We write Π = Π1⋃ . . .⋃Πl the corresponding decomposition of the base. We then
get a decomposition Φ = Φ1⋃ . . .⋃Φl of Φ as a union of sub-root systems and this
decomposition is unique. Each of these irreducible sub-root systems is the root system
of an irreducible component of the semisimple Lie algebra. Thus a semisimple Lie algebra
is simple if and only if its root system is irreducible.

Theorem 1.1.17. Let L be a simple Lie algebra over C of rank r with an irreducible
root system Φ. Then the Dynkin diagram ∆ of Φ is one of the following (each diagram
has r vertices):
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Type of ∆ ∆

Ar (r ≥ 1)
1 2 3 r-1 r

Br (r ≥ 2)
1 2 3 r-2 r-1 r

Cr (r ≥ 3)
1 2 3 r-2 r-1 r

Dr (r ≥ 4)
1 2 3 r-2

r-1

r

E6

1

2

3 4 5 6

E7

1

2

3 4 5 6 7

E8

1

2

3 4 5 6 7 8

F4

1 2 3 4

G2

1 2

Remark 1.1.18. The previous table contains exceptions for small ranks in theA,B,C,D
types. This is done to avoid overlaps of isomorphic classes and obtain only non-isomorphic
simple Lie algebras. In small ranks, these overlaps are called exceptional isomor-
phisms. They are as follows:

A1 ≅ B1 ≅ C1,

B2 ≅ C2,

A3 ≅D3.
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The classification of simple Lie algebras over the complex number field was first
achieved by W. Killing in [Kill88]. The proof was revised by E. Cartan in his Ph.D
thesis [Car94] and he added the classification over the real number field but did not
make use of simple roots whose existence was unknown at the time. In [Weyl25], H.
Weyl introduced the notion of positive root. B.L. Van der Waerden simplified the proof
of the classification in [VdW33], and then E.B. Dynkin used the diagrams bearing his
name and simplified the proof still further in [Dyn46] and [Dyn47]. Dynkin diagrams
are instances of Coxeter graphs ([Cox34]), and E. Witt used these graphs in [Witt41] in
the context of complex semisimple Lie algebras.

By means of Theorem 1.1.17, any Dynkin diagram of a semisimple Lie algebra is
a disjoint union of some of the previous simple diagrams. One can find the Cartan
matrices associated to the diagrams in the table as well as explicit realizations of their
root systems in e.g. [Bou68].

Examples 1.1.19. Let us go back to the previous examples:
● The special linear algebra slr+1(C) is of type Ar.

● The orthogonal algebra o2r+1(C) is of type Br.

● The symplectic algebra sp2r(C) is of type Cr.

● The orthogonal algebra o2r(C) is of type Dr.

The Lie algebras of type A,B,C and D are called classical and the others excep-
tional. Contrary to the classical algebras seen in the preceding example, the exceptional
Lie algebras do not have such simple realizations. It requires more sophisticated tools
like the octonion algebra for G2 or isometries of projective spaces for F4 and the types
E. The reader can find in [Ada96] more information on the exceptional Lie algebras.

From a simple Lie algebra one can construct an associated Dynkin diagram. The
reverse process is possible. One can construct a simple Lie algebra from a Dynkin
diagram. Because the Cartan matrix of Φ determines Φ up to isomorphism, one can
construct Φ from the knowledge of the Cartan matrix, and thus from the Dynkin diagram
(cf. [Hum78]). The following theorem is due to J.P. Serre and describes a simple Lie
algebra in terms of generators and relations.

Theorem 1.1.20. (Serre). Let ∆ be a Dynkin diagram, Φ the corresponding root
system and Π = {α1, . . . , αr} a base of Φ. Let L be the Lie algebra generated by 3r
elements {ei, fi, hi ∣ 1 ≤ i ≤ r}, subject to the relations
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1.1. Definitions and basic properties

(S1) [hi, hj] = 0 (1 ≤ i, j ≤ r).

(S2) [ei, fi] = hi, [ei, fj] = 0 if i ≠ j.

(S3) [hi, ej] = ⟨αj , αi⟩ej , [hi, fj] = −⟨αj , αi⟩fj .

(S+ij) (ad ei)
−⟨αj ,αi⟩+1(ej) = 0 (i ≠ j).

(S−ij) (ad fi)
−⟨αj ,αi⟩+1(fj) = 0 (i ≠ j).

Then L is a finite dimensional semisimple Lie algebra, with Cartan subalgebra spanned
by the hi, and with corresponding root system Φ. The ei, fi, hi’s are called the Chevalley
generators of L.

1.1.3. Weyl group invariants

Let L be a semisimple Lie algebra over k with root system Φ, H a Cartan subalgebra
of L and W the associated Weyl group. As a set of simple roots of Φ is a base of H∗

and the Weyl group W permutes the elements of the root system Φ, there is an action
of W on H∗. But H and H∗ are identified by means of the Killing form thus W acts on
the Cartan subalgebra H. It is known that W is finite and generated by reflections. The
next theorem was proved by C. Chevalley in [Che55].

Theorem 1.1.21. (Chevalley). Let L, H and W be as above. The algebra of polyno-
mial invariants k[H]W is generated by rank(L) algebraically independent homogeneous
elements.

We now define several notions associated to the Weyl group which will be of use later
on.

Definition 1.1.22. Let L be a Lie algebra over k, W its Weyl group, {α1, . . . , αr} a set
of simple roots and {s1, . . . , sr} the simple reflections of the Weyl group associated to the
simple roots. Then s = s1 . . . sr is called a Coxeter element.

Proposition 1.1.23. All Coxeter elements are conjugated in W .

Because of the previous proposition, all Coxeter elements have the same order h. It is
called the Coxeter number of W . As all Coxeter elements are conjugated, they have
the same characteristic polynomial and therefore the same eigenvalues. If ζ a primitive
h-th root of unity in C, these eigenvalues are of the form ζm with 0 ≤ m < h. The
exponents of W are the various m involved, written as

m1 ≤ . . . ≤mn.
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1. Lie Theory

The following theorem gives a practical way to compute the exponents of a Weyl
group.

Theorem 1.1.24. Let L be a Lie algebra over k of rank r, H a Cartan subalgebra and
W the Weyl group. We set f1, . . . , fr invariant homogeneous polynomials (cf. Theo-
rem 1.1.21) such that S(H)W = k[f1, . . . fr] and deg(f1) ≤ . . . ≤ deg(fr). Then the
exponents of W are deg(f1) − 1, . . . ,deg(fr) − 1 and the Coxeter number is h = deg(fr).

Proof. We can find a proof of this theorem in [Bou68].

Examples 1.1.25. We are going to compute the Coxeter number as well as the exponents
for the Lie algebras of types A and D.

● Case Ar: L = slr+1(C), H = {diag(x1, . . . , xr+1) ∣ x1 + . . . + xr+1 = 0} and W =Sr+1.
We have S(H) = C[X1, . . . ,Xr+1]/(X1 + . . . +Xr+1) with Xi being the dual of
εi = ((εi)kj)1≤k,j≤r+1 with (εi)kj = {

1 if k = j = i,
0 otherwise.

The family (εi − εi+1)1≤i≤r is a base of

H embedded in glr+1(C).
It is known that C[X1, . . . ,Xr+1]

W = C[σ1, . . . , σr+1] with σi the i-th elementary sym-
metric polynomial. But in S(H), σ1 = 0 so S(H)W = C[σ2, . . . , σr+1]. The degrees of
the generators are 2,3, . . . , r + 1 so the exponents of W are 1,2, . . . , r and the Coxeter
number is h = r + 1.

One can also compute directly the eigenvalues of the Coxeter element. The Weyl group
is Sr+1 which acts as the permutation group of the base (εi)1≤i≤r+1 (Bourbaki’s notations).
A base of the root system of type Ar is given by (αi = εi − εi+1)1≤i≤r. Let s be the Coxeter
element corresponding to the permutation (123 ⋅ ⋅ ⋅ r + 1). Then s(α1) = −∑

r
k=1 αk and

s(αi) = αi−1 if i ≥ 2. One can express s as a matrix in the base (α1, . . . , αr) and compute
its characteristic polynomial χs. By induction one obtains χs(x) = (−1)r∑rk=0 x

k. So
the eigenvalues of s are exp(2ikπ

r+1 ) for 1 ≤ k ≤ r, and we find the same result as before
for the exponents.

● Case Dr: L = o2r(C), H is generated by hi = (
Λi 0
0 −Λi

) with Λi = ei,i−ei+1,i+1, 1 ≤ i < r,

and hr = (
Γ 0
0 −Γ) with Γ = er−1,r−1 + er,r, and W = (Z/2Z)r−1 ⋊Sr. Sr permutes the hi

and (Z/2Z)r−1 acts by hi z→ (±1)ihi such that ∏i(±1)i = 1.
We have a group homomorphism ϕ ∶ (Z/2Z)r Ð→ Z/2Z

(α1, . . . , αr) z→ α1 . . . αr

. The action of the

(Z/2Z)r−1 part of W on H corresponds to the kernel of ϕ which is of index 2: it is then
(Z/2Z)r−1.
Because S(H) = C[X1, . . . ,Xr] and (Z/2Z)r−1 is normal in W , one finds
S(H)W = (C[X1, . . .Xr]

(Z/2Z)r−1
)Sr . Let P ∈ C[X1, . . .Xr]

(Z/2Z)r−1 be a homogeneous
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1.1. Definitions and basic properties

polynomial. Let Xi be a variable in a monomial factor of P . If Xi is alone, it has
to have an even power. Otherwise it must be multiplied by ∏j≠iXj. Therefore P ∈

C[X2
1 , . . . ,X

2
r ,X1 . . .Xr].

Let P ∈ S(H)W . One sees that P ∈ C[σ1(X
2), . . . , σr−1(X

2), σr(X)]. Here σi(X2) ∶=
σi(X

2
1 , . . . ,X

2
r ) for all 1 ≤ i ≤ r − 1. So S(H)W ⊂ C[σ1(X

2), . . . , σr−1(X
2), σr(X)] and

the other inclusion follows immediately.
We thus have S(H)W = C[σ1(X

2), . . . , σr−1(X
2), σr(X)]. The degrees of the polynomials

are 2,4, . . . ,2r − 2, r, hence the exponents of W are 1,3, . . . ,2r − 3, r − 1 and the Coxeter
number is h = 2r − 2.

The next proposition ([Hum90]) will give a connection between the Coxeter number
of a simple Lie algebra and its dimension.

Proposition 1.1.26. Let L be a simple Lie algebra over k of rank r and dimension n.
Then its Coxeter number h satisfies the following relation

rh = 2N

with N the number of positive roots of L. Because of the root space decomposition of L,
the previous relation implies

n = r(h + 1).

In the next table, we give some numerical values regarding the Coxeter numbers and
the dimensions of the simple Lie algebras. These values can be found in [Bou68].

type of Lie algebra L rank of L exponents of W Coxeter number h of L
Ar r 1,2, .., r r + 1
Br r 1,3,5, . . . ,2r − 1 2r
Cr r 1,3,5, . . . ,2r − 1 2r
Dr r 1,3,5, . . . ,2r − 3, r − 1 2r − 2
E6 6 1,4,5,7,8,11 12
E7 7 1,5,7,9,11,13,17 18
E8 8 1,7,11,13,17,19,23,29 30
F4 4 1,5,7,11 12
G2 2 1,5 6

Table 1.1.
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1. Lie Theory

Using the formula in Proposition 1.1.26 and the values of the ranks and the Coxeter
numbers in Table 1.1, one can compute the dimensions of the simple Lie algebras.

1.1.4. Highest weight modules

If not specified otherwise, the proofs of the results in this subsection can be found in
[Hum08].

Let L be a finite dimensional Lie algebra over k. We write T (L) for the tensor algebra
of L and I for the two-sided ideal of T (L) generated by x ⊗ y − y ⊗ x − [x, y], for all
x, y ∈ L. We define U(L) = T (L)/I and call it the universal enveloping algebra of L.
Let A be an associative k-algebra with unit. A filtration on A is an increasing sequence
{0} ⊊ A0 ⊊ A1⊊ . . . such that A = ⋃i∈Z≥0 Ai and Ai ⋅ Aj ⊂ Ai+j for all i, j ∈ Z≥0. The
associated graded algebra to the filtration {Ai}i∈Z≥0 is the direct sum

Gr A = ⊕
i∈Z≥0

Ai/Ai−1, A−1 = {0},

where the algebra structure on A induces the one on Gr A.
One can define a filtration on U(L). For m ∈ Z≥0, set Tm(L) = ⊕m

k=0 L
⊗k. Then

{Tm(L)}m∈Z≥0 is a filtration on T (L). It induces the one on U(L) by setting Um(L) =

π(Tm(L)) where π ∶ T (L) → U(L) is the canonical projection. This filtration on U(L)

is called the standard filtration of U(L). Because Gr T (L) = T (L), the canonical
projection induces a surjective morphism of algebras ϕ ∶ T (L) → Gr U(L). Let J be the
ideal of T (L) generated by x⊗y−y⊗x, for all x, y ∈ L. We have π(x⊗y−y⊗x) ∈ U2(L)

by definition (x, y ∈ L). But in fact, π(x ⊗ y − y ⊗ x) = π([x, y]) ∈ U1(L). Therefore
in Gr U(L), one finds ϕ(x ⊗ y − y ⊗ x) = 0 and thus J ⊂ Ker ϕ. Hence ϕ induces a
surjective morphism of algebras ω ∶ S(L) → Gr U(L). The next theorem is called the
Poincaré-Birkhoff-Witt theorem, often shortened as PBW:

Theorem 1.1.27. (PBW). The morphism ω ∶ S(L) → Gr U(L) is an isomorphism of
algebras.

Corollary 1.1.28. Let (x1, x2, . . .) be an ordered base of L. Then the elements
xi(1) . . . xi(m) = π(xi(1) ⊗ . . . ⊗ xi(m)), m ∈ Z≥0, i(1) ≤ . . . ≤ i(m), along with the unit,
form a base of U(L).

We fix L a finite dimensional semisimple Lie algebra over k, H a Cartan subalgebra
of L, Φ the root system with base Π = {α1, . . . , αr} and L = H ⊕ ⊕α∈Φ Lα the root
space decomposition. A Borel subalgebra of L is a maximal solvable subalgebra of L.
Just like Cartan subalgebras, all Borel subalgebras are conjugated in L. One can show
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that H ⊕⊕α∈Φ+ Lα, with Φ+ the set of positive roots relative to the base Π, is a Borel
subalgebra. For example, in the case of sln(C), the diagonal matrices form a Cartan
subalgebra and the upper triangular matrices form a Borel subalgebra.

Let V be a finite dimensional L-module. Because the elements of H are semisimple, V
can be decomposed as V = ⊕λ∈H∗ Vλ with

Vλ = {v ∈ V ∣ h.v = λ(h)v, ∀h ∈ H}.

Whenever Vλ ≠ {0} it is called a weight space and λ is called a weight of V . An
L-module V is called a highest weight module of highest weight Λ if there exists
v ∈ V ∖ {0}, called a highest weight vector, such that
● Lα.v = 0, α ∈ Φ+,

● h.v = Λ(h)v, ∀h ∈ H,

● v generates V as a L-module.

Let Λ ∈ H∗ and CΛ ∶= CvΛ be the b+ = H⊕ n+-module, with n+ ∶= ⊕α∈Φ+ Lα, defined by

n+.vΛ = 0 and h.vΛ = Λ(h)vΛ, for any h ∈ H.

Set

M(Λ) = U(L) ⊗U(b+) CΛ.

M(Λ) is a highest weight module of infinite dimension by construction, and because
of the PBW theorem (Theorem 1.1.27) it is also U(n−)-free, with n− ∶= ⊕α∈Φ+ L−α. The
moduleM(Λ) is called theVerma module of highest weight Λ and 1⊗vΛ is a highest
weight vector.

Theorem 1.1.29. Let Λ ∈ H∗ and E a highest weight L-module of highest weight Λ with
a highest weight vector vE. Then there exists a surjection

M(Λ) ↠ E

1⊗ vΛ ↦ vE
.

It implies that any highest weight L-module of highest weight Λ is a quotient of the Verma
module M(Λ).
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1. Lie Theory

It can be proved that if λ ∈ H∗, then there exists a unique irreducible highest weight
L-module (not necessarily finite dimensional) of highest weight λ. We write L(λ) for this
module. Furthermore, one can show that any sum of proper submodules of M(λ) is a
proper submodule ofM(λ). This implies that there exists a unique maximal proper sub-
module ofM(λ) noted N(λ). It is a known result that L(λ) is the quotientM(λ)/N(λ).

Any finite dimensional irreducible L-module is a highest weight module. Indeed, if V
is such a module, then the Borel subalgebra H ⊕⊕α∈Φ+ Lα has a common eigenvector
v ∈ V of weight λ by Theorem 1.1.11, and v is annihilated by all the Lα, α ∈ Φ+. Thus
the submodule generated by v is a highest weight module of weight λ. However V is
supposed to be irreducible and hence V = L(λ). Furthermore, it can be shown that
⟨λ,αi⟩ ∈ Z≥0 for all 1 ≤ i ≤ r. On the other hand, any L(λ) for λ ∈ H∗ is not necessarily
finite dimensional. It requires an additional condition on λ. λ ∈ H∗ is called a dominant
integral weight if ⟨λ,αi⟩ ∈ Z≥0 for all 1 ≤ i ≤ r. We have just seen that if L(λ) is finite
dimensional, then λ is dominant integral. It turns out that the converse is true.

Theorem 1.1.30. Let λ ∈ H∗. Then

L(λ) is finite dimensional ⇐⇒ λ is a dominant integral weight.

Furthermore, if λ is dominant integral, then the Weyl group W permutes the weights
appearing in L(λ) and preserves the dimensions of the weight spaces.

The next theorem gives a presentation of the submodule N(λ).

Theorem 1.1.31. Let Λ ∈ H∗ be a dominant integral weight. The submodule N(Λ)

of the Verma module M(Λ) with a highest weight vector vΛ is generated by the vectors
f

Λ(hi)+1
i .vΛ.

Corollary 1.1.32. Any finite dimensional highest weight module is irreducible.

Proof. Let V be a finite dimensional highest weight L-module of highest weight λ and
highest weight vector v. By Serre’s theorem (Theorem 1.1.20), L is generated by the
Chevalley generators ei, fi, hi, for all 1 ≤ i ≤ r. Let si (1 ≤ i ≤ r) be the Lie algebra
generated by ei, fi and hi. It is isomorphic to sl2(k). By restriction one can look at
V as an si-module, for all 1 ≤ i ≤ r. Let Vi be the si-submodule of V generated by
v. Vi is finite dimensional because V is. So according to Example 1.1.9, the highest
weight of Vi as an si-module is a positive integer and so λ(hi) ∈ Z≥0. This result is
true for any i ∈ {1, . . . , r} and thus λ is a dominant integral weight. Furthermore, it
was shown in Example 1.1.9 that fλ(hi)+1

i .v = 0, for all 1 ≤ i ≤ r. Therefore, according
to Theorem 1.1.31, N(λ) is contained in the kernel of the morphism M(λ) → V

x ↦ x.v

.
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This kernel is a proper submodule of M(λ) and N(λ) is the unique maximal one, so
N(λ) is the kernel. By the isomorphism theorem, one finds V ≅M(λ)/N(λ) = L(λ) and
V is irreducible.

Later on, we will compute some irreducible highest weight modules for some particular
kind of weights, which we define now. Let {α1, . . . , αr} be a base of the root system
of a semisimple Lie algebra L. Let {λ1, . . . , λr} be the dual set of the simple roots
{α1, . . . , αr}, i.e. ⟨λi, αj⟩ = δij , for all 1 ≤ i, j ≤ r. The elements of this dual base are
called the fundamental weights of the root system and they are dominant integral
weights.

When λ is a dominant integral weight, the dimension of the associated irreducible
highest weight module can be computed by means of a formula proved by H. Weyl.

Theorem 1.1.33. (Weyl). Let λ ∈ H∗ be a dominant integral weight. Then

dim L(λ) = ∏
β∈Φ+

(λ + ρ, β)

(ρ, β)

with ρ the half-sum of the positive roots of the root system Φ.

1.1.5. Lie groups, algebraic groups and Lie algebras

We finish this section by a link between Lie groups, algebraic groups and Lie algebras
as well as some notations. The references used here are [DuiKol00] and [OV90].

Definition 1.1.34. A Lie group is a group G with a smooth manifold structure over
R or C, and such that the multiplication m ∶ G ×G → G and the inversion i ∶ G → G are
smooth maps.

Remark 1.1.35. A Lie group can also be defined over a p-adic field, but being smooth
is replaced by being locally analytic (cf. [Schnei11]). However, in this thesis, we will not
work over p-adic fields.

Let G be a Lie group. Because of its smooth manifold structure, one can define the
tangent space to G at a point x ∈ G by TxG = {γ′(0) ∣ γ ∶ [−ε, ε] → G is a C1 curve
on G and γ(0) = x}. A vector field on G is a derivation X ∶ C∞(G) → C∞(G), i.e. a
linear map such that on a product of functions f and g

X(fg) = f(Xg) + (Xf)g.
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Locally one can choose coordinates so that such a derivation is a linear combination of
the derivatives with respect to the coordinates

X =
n

∑
i=1
ai(x1, . . . , xn)

∂

∂xi
,

and with respect to this choice of coordinates, a vector field is given at each point by
the n-vector (a1, . . . , an). If X is a vector field on G and g ∈ G, then the value of X at
g is Xg ∶ C

∞(G) → k defined by Xg(f) = X(f)(g) for any f ∈ C∞(G). The set of all
values at a point g ∈ G of all vector fields on G is the tangent space at g noted TgG. It
can be thought of in terms of derivations acting on germs of functions at g. We have a
diffeomorphism of G defined by the left multiplication by an element g ∈ G and noted
Lg. It induces the map dhLg ∶ ThG → TghG for any h ∈ G. A vector field X is called
left-invariant if

(dhLg)(Xh) =Xgh,

The set invX(G) of all left-invariant vector fields is called the Lie algebra of the Lie
group G and is isomorphic to TeG as a G-module. The Lie bracket for this Lie algebra is
[X,Y ](f) =X(Y (f))−Y (X(f)) for anyX,Y left-invariant vector fields and f ∈ C∞(G).

Definition 1.1.36. An algebraic group is an algebraic variety G over k which is also a
group and such that the maps defining the group structure µ ∶ G×G→ G with µ(x, y) = xy
and ι ∶ x↦ x−1 are morphisms of varieties.

The following definition of the tangent space to an algebraic group comes from [Sprin09].

Definition 1.1.37. Let G be an algebraic group over a field k. The tangent space to
G at x ∈ G is defined by TxG = Derk(k[G],kx), i.e. the set of k-derivations from k[G]

to kx, with kx the field k seen as k[G]-module by the morphism f → f(x). An element
X ∈ TxG is thus a map X ∶ k[G] → k such that X(fg) = X(f)g(x) + f(x)X(g) for any
f, g ∈ k[G].

The tangent space of an algebraic group G can also be expressed using the regular
functions on G. If x ∈ G, we write Mx = {f ∈ k[G] ∣ f(x) = 0}. It can be proved that the
tangent space to G at x is isomorphic to (Mx/M

2
x)

∗ (cf. [Sprin09]).

The Lie algebra of an algebraic group G is the tangent space at the unit element
TeG and is usually noted g. We can check that g is a Lie algebra in the sense given at
the beginning of Section 1.1.1. Indeed, there are two maps
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1.1. Definitions and basic properties

invX(G)
ϕ
Ð→←Ð
ψ

Derk(k[G],ke) = g

defined by:
● for any X ∈ invX(G), ϕ(X)(f) ∶=X(f)(e) for e the unit in G and any f ∈ k[G].

● for any x ∈ Derk(k[G],ke), ψ(x)(f)(g) ∶= x(Lg−1f) for any f ∈ C∞(G) and g ∈ G.
The maps ϕ and ψ are both well defined isomorphisms and inverse to each other (cf.
[Hum75] Sections 9.1 and 9.2). Thus the Lie bracket on g is given by the one for the
left-invariant vector fields. From now on we will write h ⊂ b ⊂ g for a Cartan subalgebra,
a Borel subalgebra and a Lie algebra respectively.

An algebraic group over a field k is defined using polynomials. So if k = R or C, an
algebraic group is always a Lie group. But the converse is not always true. The easiest
example is D1 = {z ∈ C ∣ 0 < ∣z∣ < 1}, the pointed unit disc without its border in R2, the
group action being the product. The metaplectic group Mp2(R), which is the connected
double cover of SL2(R), as well as the subgroup of GL3(R) given by

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0

x t 0

y 0 tα

⎞
⎟
⎟
⎟
⎟
⎟
⎠

RRRRRRRRRRRRRRRRRRRRR

x, y ∈ R, t ∈ R+

⎫⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎭

with α irrational, are non-trivial examples. But there are particular situations in which
the converse is true. The next theorem is proved in [OV90].

Theorem 1.1.38. Let G be a connected, complex, semisimple Lie group. Then G admits
a unique structure of complex algebraic group.

Under these conditions, the classification of simple Lie groups over C and the classifi-
cation of simple algebraic groups over C lead to the same results. In what follows, the
base field will be the complex number field, hence we will identify Lie groups and alge-
braic groups. If G is an algebraic group, then its tangent space as Lie group coincides
with its tangent space as algebraic group. In a similar fashion, the two definitions of the
Lie algebra of G coincide.

If g ∈ G, we define

Ad(g) ∶ g→ g

as the derived map at the unit element e of the conjugation x ↦ gxg−1 from G to G.
This is the Adjoint action of G on g. Also we define
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ad ∶ g→ End(g)

as the differential at e of Ad ∶ G → End(g). It coincides with the adjoint representation
of g on itself and thus one finds ad(X)(Y ) = [X,Y ], ∀X,Y ∈ g.

1.2. Folding of Dynkin diagrams

We fix an algebraically closed field k of characteristic 0.

1.2.1. Definition of the folding of a Dynkin diagram

Let g be a simple Lie algebra of finite dimension over k with root system Φ and x ∈ g.
If ad x is nilpotent of order (say) n+1, then exp(ad x) = 1+ad x+ (ad x)2

2 + . . .+
(ad x)n

n! ∈

Aut(g) is well defined. Any automorphism of g that can be written exp(ad x) with x
nilpotent is called inner and the group generated by inner automorphisms is denoted by
Inn(g). It is a connected and normal subgroup of Aut(g), the group of automorphisms of
g. An outer automorphism is an element of Out(g) ∶= Aut(g)/Inn(g). One can find the
proof of the next proposition in [FulHar91] (or [Bou68] chapter VI, §1, n°5, Proposition
16).

Proposition 1.2.1. Out(g) is isomorphic to the automorphism group of the Dynkin
diagram ∆ of g.

One can verify that the irreducible Dynkin diagrams that have a non-trivial outer
automorphism group are those of type Ar (r ≥ 2), Dr (r ≥ 3) and E6. Let σ be an
automorphism of one of these Dynkin diagrams. Then σ induces an automorphism of
the corresponding Lie algebra. This is achieved by taking a section s of the morphism
π ∶ Aut(g) → Aut(g)/Inn(g) and get s(σ). It has been seen that every vertex of the
Dynkin diagram corresponds to an element of a base Π of Φ. With this identification, σ
induces a permutation of Π. From Serre’s theorem (Theorem 1.1.20), it is known that the
Lie algebra is generated by the Chevalley generators eα, fα, hα, with α running through
Π. Define s(σ) by s(σ)(xα) = xσ(α) for any α ∈ Π, x = e, f or h. It can be verified that
s(σ) is an automorphism of g and π ○ s(σ) = σ. One can see that s(σ) preserves the
Cartan subalgebra h and is thus, by definition, an automorphism of the root system. But
s(σ) preserves also the Borel subalgebra h ⊕⊕α∈Φ+ gα. This implies that s(σ) induces
a permutation, which we call ρ, of the positive roots through s(σ)(gα) = gρ(α). Hence
the permutation ρ is induced by an automorphism of the root system Φ and preserves
Φ+, thus it preserves the base Π. As it also preserves the bracket ⟨., .⟩, one sees that the
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1.2. Folding of Dynkin diagrams

Cartan matrix is unchanged by ρ, and so is the Dynkin diagram. Therefore ρ induces
an automorphism of the Dynkin diagram which is equal to σ.

In order to simplify the notations, we will write σ̇ for the automorphism s(σ). By
definition of σ, σ̇ has finite order. Assuming the order is r ∈ Z≥0, σ̇ induces a gradation
on g such that g = ⊕i∈Z/rZ gi with gi = {x ∈ g ∣ σ̇(x) = ωix}, ω being a primitive r-th
root of unity. Indeed, because σ̇ is of finite order, it is semisimple. Hence there exists
a base of g composed of eigenvectors of σ̇ and the eigenspaces are the summands of the
gradation.

In the next subsections we are going to compute explicitly the gradation of the Lie
algebra by a case by case analysis of the Dynkin diagrams. Furthermore we will also com-
pute the invariants of the root lattice by the action of σ and the corresponding Dynkin
diagram. The folding of a Dynkin diagram consists in computing the invariants of
the automorphism σ̇. The reader may consult [Kac90] for more results on Lie algebras
automorphisms.

1.2.2. A2r−1 and Br

Let g be a Lie algebra over k of type A2r−1, ∆ its Dynkin diagram and {α1, . . . , α2r−1}
a base of the root system. We identify the simple roots of g with their respective vertices
in ∆, so that an automorphism of ∆ can be seen as a permutation of the simple roots.
We define σ the automorphism of ∆ by σ(αi) = α2r−i.

1 2 r-1 r r+1 2r-2 2r-1

σ

a) Folding of the Lie algebra: σ is lifted to an automorphism σ̇ of g defined by σ̇(xi) =
xσ(i), with x = e, f or h, the Chevalley generators.

σ̇ is of order 2 so g = g0⊕g1. We are going to compute g0 and g1.
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g is generated by ei, fi, hi, 1 ≤ i ≤ 2r − 1, with Serre’s relations (Theorem 1.1.20). The
simple roots are α1, . . . α2r−1 and the positives ones are ∑i≤k<j αk, 1 ≤ i < j ≤ 2r. The
root space decomposition gives g = h⊕⊕α∈Φ+(gα ⊕ g−α) with gα = Ceα.

In the following computations, we are going to use that if σ̇ is of finite order r and

x ∈ g, then y =
r−1
∑
i=0
ζ−iσ̇i(x) with ζr = 1 is an eigenvector of σ̇ for the eigenvalue ζ.

● g0: set

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Ei = ei + σ̇(ei), 1 ≤ i ≤ r − 1

Er = er

, ⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Fi = fi + σ̇(fi),1 ≤ i ≤ r − 1

Fr = fr

and

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Hi = hi + σ̇(hi), 1 ≤ i ≤ r − 1,

Hr = hr.

We have the following relations

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[Ei, Fi] = δi,jHi, 1 ≤ i ≤ r,

[Hi,Hj] = 0, ∀i, j,

[Hi,Ej] = cijEj ,

[Hi, Fj] = −cijFj ,

(ad Ei)
1−cijEj = 0 (i ≠ j),

(ad Fi)
1−cijFj = 0 (i ≠ j).

where the matrix (ci,j)1≤i,j≤r is

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

2 −1 ⋯ ⋯ ⋯ ⋯ 0 0

−1 2 −1 ⋱ ⋱ ⋱ ⋱ ⋮

0 −1 2 ⋱ ⋱ ⋱ ⋱ ⋮

0 0 −1 ⋱ ⋱ ⋱ ⋱ ⋮

⋮ ⋱ ⋱ ⋱ −1 ⋱ ⋮

⋮ ⋱ ⋱ ⋱ ⋱ 2 −1 0

⋮ ⋱ ⋱ ⋱ ⋱ −1 2 −1

0 0 ⋯ ⋯ ⋯ 0 −2 2

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.
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According to Serre’s theorem (Theorem 1.1.20), the Ei, Fi,Hi are the Chevalley gener-
ators of a simple Lie algebra a ⊂ g0 whose corresponding Dynkin diagram is

1 2 3 r-2 r-1 r

.

which is of type Cr.

● g1: we have [g0,g1] ⊂ g1, so [a,g1] ⊂ g1. g1 is then a representation of a. Let (λi)1≤i≤r

be the fundamental weights of a. Set ⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

η1 = α1 + . . . + α2r−2,

η2 = α2 + . . . + α2r−1,

and v = eη1 − eη2 . One

can see that v ∈ g1 and v ≠ 0 because η1 ≠ η2. Let V be the a-module generated by
v. By direct computations one finds ⎧⎪⎪⎪

⎨
⎪⎪⎪⎩

[Hi, v] = λ2(Hi)v, ∀i,

[Ei, v] = 0, ∀i.

Therefore V is a highest

weight module of highest weight λ2 and is finite dimensional. By Corollary 1.1.32, V is
irreducible and so V ≅ L(λ2).

By Weyl’s formula (Theorem 1.1.33), we obtain dim V = 2r2 − r − 1. Furthermore
g = g0 ⊕ g1

⋃ ⋃

a V

and dim a+dim V = r(2r + 1) + 2r2 − r − 1 = 4r2 − 1 = dim g, with dim a

given in Table 1.1. The simple Lie algebra a ⊂ g0 which is of type Cr is therefore equal
to g0. We conclude that g0 = a is the simple Lie algebra of type Cr and g1 = V is an
irreducible highest weight a-module of highest weight λ2.

b) Folding of the root lattice Q: let Q =
2r−1
⊕
i=1

Zαi be the root lattice of a root system

of type A2r−1. We have defined σ by σ(αi) = α2r−i and extend it to Q by linearity. Let
us compute the invariants Qσ.

α =
2r−1
∑
i=1

kiαi ∈ Q
σ ⇔ ki = k2r−i, 1 ≤ i ≤ r − 1,

⇔ α =
r−1
∑
i=1
ki(αi + α2r−i) + krαr.

Set
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1. Lie Theory

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

βi = αi + α2r−i, 1 ≤ i ≤ r − 1,

βr = αr.

The βi’s generate the lattice Qσ. From direct computation, one has

(⟨βi, βj⟩)1≤i,j≤r =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

2 −1 ⋯ ⋯ ⋯ ⋯ 0 0

−1 2 −1 ⋱ ⋱ ⋱ ⋱ ⋮

0 −1 2 ⋱ ⋱ ⋱ ⋱ ⋮

0 0 −1 ⋱ ⋱ ⋱ ⋱ ⋮

⋮ ⋱ ⋱ ⋱ −1 ⋱ ⋮

⋮ ⋱ ⋱ ⋱ ⋱ 2 −1 0

⋮ ⋱ ⋱ ⋱ ⋱ −1 2 −2

0 0 ⋯ ⋯ ⋯ 0 −1 2

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

The corresponding diagram is

1 2 3 r-2 r-1 r

.

It is a Dynkin diagram of type Br. We deduce that Qσ is the root lattice of a Lie
algebra of type Br.

1.2.3. A2r and Cr

Let g be a Lie algebra over k of type A2r, ∆ its Dynkin diagram and {α1, . . . , α2r} a
base of the root system. We identify the simple roots of g with their respective vertices
in ∆, so that an automorphism of ∆ can be seen as a permutation of the simple roots.
We define σ the automorphism of ∆ by σ(αi) = α2r+1−i.
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1.2. Folding of Dynkin diagrams

1 2 r r+1 2r-1 2r

σ

a) Folding of the Lie algebra: σ is lifted to an automorphism σ̇ of g defined by
σ̇(xi) = xσ(i), with x = e, f or h, the Chevalley generators.

σ̇ is of order 2 so g = g0⊕g1. We are going to compute g0 and g1.

g is generated by ei, fi, hi, 1 ≤ i ≤ 2r, with Serre’s relations (Theorem 1.1.20). The
simple roots are α1, . . . α2r and the positives ones are ∑i≤k<j αk, 1 ≤ i < j ≤ 2r. The root
space decomposition gives g = h⊕⊕α∈Φ+(gα ⊕ g−α) with gα = Ceα.

● g0: set

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Ei = ei + σ̇(ei), 1 ≤ i ≤ r,

Fi = fi + σ̇(fi),1 ≤ i ≤ r,

Hi = hi + σ̇(hi), 1 ≤ i ≤ r.

We have the following relations

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[Ei, Fi] = δi,jHi, 1 ≤ i ≤ r,

[Hi,Hj] = 0, ∀i, j,

[Hi,Ej] = cijEj ,

[Hi, Fj] = −cijFj ,

(ad Ei)
1−cijEj = 0 (i ≠ j),

(ad Fi)
1−cijFj = 0 (i ≠ j).
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where the matrix (ci,j)1≤i,j≤r is

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

2 −1 ⋯ ⋯ ⋯ ⋯ 0 0

−1 2 −1 ⋱ ⋱ ⋱ ⋱ ⋮

0 −1 2 ⋱ ⋱ ⋱ ⋱ ⋮

0 0 −1 ⋱ ⋱ ⋱ ⋱ ⋮

⋮ ⋱ ⋱ ⋱ −1 ⋱ ⋮

⋮ ⋱ ⋱ ⋱ ⋱ 2 −1 0

⋮ ⋱ ⋱ ⋱ ⋱ −1 2 −2

0 0 ⋯ ⋯ ⋯ 0 −1 2

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

According to Serre’s theorem (Theorem 1.1.20), the Ei, Fi,Hi are the Chevalley gener-
ators of a simple Lie algebra a ⊂ g0 whose corresponding Dynkin diagram is

1 2 3 r-2 r-1 r

.

which is of type Br.

● g1: we have [g0,g1] ⊂ g1, so [a,g1] ⊂ g1. g1 is then a representation of a. Let (λi)1≤i≤r
be the fundamental weights of a. Set θ = α1+ . . .+α2r and v = eθ. One can see that v ∈ g1
and v ≠ 0. Let V be the a-module generated by v. By direct computations one finds
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

[Hi, v] = 2λ1(Hi)v, ∀i,

[Ei, v] = 0, ∀i.

Therefore V is a highest weight module of highest weight 2λ1

and is finite dimensional. By Corollary 1.1.32, V is irreducible and so V ≅ L(2λ1).

By Weyl’s formula (Theorem 1.1.33), we obtain dim V = r(2r + 3). Furthermore
g = g0 ⊕ g1

⋃ ⋃

a V

and dim a+dim V = r(2r+1)+r(2r+3) = 4r(r+1) = dim g, with dim a

given in Table 1.1. We conclude that g0 = a is the simple Lie algebra of type Br and
g1 = V is an irreducible highest weight a-module of highest weight 2λ1.

b) Folding of the root lattice Q: let Q =
2r
⊕
i=1

Zαi be the root lattice of a root system of

type A2r. We have defined σ by σ(αi) = α2r+1−i and extend it to Q by linearity. Let us
compute the invariants Qσ.
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1.2. Folding of Dynkin diagrams

α =
2r
∑
i=1
kiαi ∈ Q

σ ⇔ ki = k2r+1−i, 1 ≤ i ≤ r,

⇔ α =
r

∑
i=1
ki(αi + α2r+1−i).

Set

βi = αi + α2r+1−i, 1 ≤ i ≤ r.

The βi’s generate the lattice Qσ. From direct computation, one has

(⟨βi, βj⟩)1≤i,j≤r =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

2 −1 ⋯ ⋯ ⋯ ⋯ 0 0

−1 2 −1 ⋱ ⋱ ⋱ ⋱ ⋮

0 −1 2 ⋱ ⋱ ⋱ ⋱ ⋮

0 0 −1 ⋱ ⋱ ⋱ ⋱ ⋮

⋮ ⋱ ⋱ ⋱ −1 ⋱ ⋮

⋮ ⋱ ⋱ ⋱ ⋱ 2 −1 0

⋮ ⋱ ⋱ ⋱ ⋱ −1 2 −1

0 0 ⋯ ⋯ ⋯ 0 −2 2

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

The corresponding diagram is

1 2 3 r-2 r-1 r

.

It is a Dynkin diagram of type Cr. We deduce that Qσ is the root lattice of a Lie
algebra of type Cr.

1.2.4. Dr+1 and Cr

Let g be a Lie algebra over k of type Dr+1, ∆ its Dynkin diagram and {α1, . . . , αr+1} a
base of the root system. We define σ an automorphism of ∆ by ⎧⎪⎪⎪⎪⎪⎪⎪

⎨
⎪⎪⎪⎪⎪⎪⎪⎩

σ(αi) = αi if i ≠ r, r + 1,

σ(αr) = αr+1,

σ(αr+1) = αr.
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1 2 r-2 r-1

r

r+1

σ

a)Folding of the Lie algebra: σ is lifted to an automorphism σ̇ of g defined by
σ̇(xi) = xσ(i), with x = e, f or h, the Chevalley generators.

As previously one sees that g = g0⊕g1.

● g0 contains

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Ei = ei, 1 ≤ i ≤ r − 1,

Er = er + σ̇(er),

as well as ⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Fi = fi, 1 ≤ i ≤ r − 1,

Fr = fr + σ̇(fr),

and ⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Hi = hi, 1 ≤ i ≤ r − 1,

Hr = hr + σ̇(hr).

Let a be the subalgebra of g0 generated by the Ei, Fi and Hi’s. As in the previous
subsection, by means of Serre’s theorem (Theorem 1.1.20), one sees that the Ei, Fi,Hi’s
are the Chevalley generators of the simple Lie algebra a ⊂ g0 whose Dynkin diagram is

1 2 3 r-2 r-1 r

which is of type Br.

● g1: as in the previous subsection, we find that g1 is a representation of a. Let (λi)1≤i≤r

be the fundamental weights of a. Let ⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

η1 = α1 + . . . + αr−1 + αr,

η2 = α1 + . . . + αr−1 + αr+1,

and v = eη1 − eη2 .

One can see that v ∈ g1 and v ≠ 0 because η1 ≠ η2. Let V be the a-module generated by
v. By direct computations we find ⎧⎪⎪⎪

⎨
⎪⎪⎪⎩

[Hi, v] = λ1(Hi)v, ∀i,

[Ei, v] = 0, ∀i.

Therefore V is a highest

weight module of highest weight λ1 and is finite dimensional. By Corollary 1.1.32, V is
irreducible and so V ≅ L(λ1).
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1.2. Folding of Dynkin diagrams

By means of Weyl’s formula (Theorem 1.1.33), we obtain dim V = 2r+1. Furthermore
g = g0 ⊕ g1

⋃ ⋃

a V

and dim a + dim V = (2r + 1)r + 2r + 1 = (2r + 1)(r + 1) = dim g, with

dim a given in Table 1.1. We conclude that g0 = a is the simple Lie algebra of type Br
and g1 = V is an irreducible highest weight a-module of highest weight λ1.

b) Folding of the root lattice Q: let Q =
r+1
⊕
i=1

Zαi be the root lattice of a root system

of type Dr+1. We have defined σ by ⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

σ(αi) = αi if i ≠ r, r + 1,

σ(αr) = αr+1,

σ(αr+1) = αr,

and extend it to Q by

linearity. We compute the invariants Qσ.

α =
r+1
∑
i=1
kiαi ∈ Q

σ ⇔ kr = kr+1,

⇔ α =
r−1
∑
i=1
kiαi + kr(αr + αr+1).

Set

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

βi = αi,1 ≤ i ≤ r − 1,

βr = αr + αr+1.

The βi’s generate the lattice Qσ. From direct computation, one has

(⟨βi, βj⟩)1≤i,j≤r =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

2 −1 ⋯ ⋯ ⋯ ⋯ 0 0

−1 2 −1 ⋱ ⋱ ⋱ ⋱ ⋮

0 −1 2 ⋱ ⋱ ⋱ ⋱ ⋮

0 0 −1 ⋱ ⋱ ⋱ ⋱ ⋮

⋮ ⋱ ⋱ ⋱ −1 ⋱ ⋮

⋮ ⋱ ⋱ ⋱ ⋱ 2 −1 0

⋮ ⋱ ⋱ ⋱ ⋱ −1 2 −1

0 0 ⋯ ⋯ ⋯ 0 −2 2

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

35
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The corresponding diagram is

1 2 3 r-2 r-1 r

.

It is a Dynkin diagram of type Cr. We deduce that Qσ is the root lattice of a Lie algebra
of type Cr.

1.2.5. E6 and F4

Let g be a Lie algebra over k of type E6, ∆ its Dynkin diagram and {α1, . . . , α6} a
base of the root system. We define σ an automorphism of ∆ by ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪

⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ(α1) = α6,

σ(α3) = α5,

σ(α5) = α3,

σ(α6) = α1,

σ(αi) = αi otherwise.

1

2

3 4 5 6

σ

a) Folding of the Lie algebra: σ is lifted to an automorphism σ̇ of g defined by
σ̇(xi) = xσ(i), with x = e, f or h, the Chevalley generators.

As previously we prove that g = g0⊕g1.
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1.2. Folding of Dynkin diagrams

● g0 contains ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E1 = e2,

E2 = e4

E3 = e3 + e5,

E4 = e1 + e6,

, ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

F1 = f2,

F2 = f4

F3 = f3 + f5,

F4 = f1 + f6,

as well as ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

H1 = h2,

H2 = h4

H3 = h3 + h5,

H4 = h1 + h6.

Let a be the subalgebra of g0 generated by the Ei, Fi and Hi’s. From direct compu-
tations and by Serre’s theorem (Theorem 1.1.20), one sees that the Ei, Fi,Hi’s are the
Chevalley generators of the simple Lie algebra a ⊂ g0 whose Dynkin diagram is

1 2 3 4

which is of type F4.

● g1: as in the previous subsection, we find that g1 is a representation of a. Let
(λi)1≤i≤4 be the fundamental weights of a. Let ⎧⎪⎪⎪

⎨
⎪⎪⎪⎩

η1 = α1 + α2 + 2α3 + 2α4 + α5 + α6,

η2 = α1 + α2 + α3 + 2α4 + 2α5 + α6,

and v = eη1 − eη2 . One can see that v ∈ g1 and v ≠ 0 because η1 ≠ η2. Let V be the
a-module generated by v. By direct computations we find ⎧⎪⎪⎪

⎨
⎪⎪⎪⎩

[Hi, v] = λ4(Hi)v, ∀i,

[Ei, v] = 0, ∀i.
Therefore V is a highest weight module of highest weight λ4 and is finite dimensional.
By Corollary 1.1.32, V is irreducible and so V ≅ L(λ4).

By Weyl’s formula (Theorem 1.1.33), we obtain dim V = 26. Furthermore
g = g0 ⊕ g1

⋃ ⋃

a V

and dim a+dim V = 52+26 = 78 = dim g, with dim a given in Table 1.1.

We conclude that g0 = a is the simple Lie algebra of type F4 and g1 = V is an irreducible
highest weight a-module of highest weight λ4.

b) Folding of the root lattice Q: let Q =
6
⊕
i=1

Zαi be the root lattice of a root system of
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type E6. We have defined σ by ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ(α1) = α6,

σ(α3) = α5,

σ(α5) = α3,

σ(α6) = α1,

σ(αi) = αi otherwise,

and extend it to Q by linearity.

Let us compute the invariants Qσ.

α =
6
∑
i=1
kiαi ∈ Q

σ ⇔ k1 = k6 and k3 = k5,

⇔ α = k1(α1 + α6) + k3(α3 + α5) + k4α4 + k2α2.

Set

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

β1 = α1 + α6,

β2 = α3 + α5,

β3 = α4,

β4 = α2.

The βi’s generate the lattice Qσ. From direct computation, one has

(⟨βi, βj⟩)1≤i,j≤4 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

2 −1 0 0

−1 2 −2 0

0 −1 2 −1

0 0 −1 2

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

The corresponding diagram is

1 2 3 4
.

It is a Dynkin diagram of type F4. We deduce that Qσ is the root lattice of a Lie algebra
of type F4.
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1.2.6. D4 and G2

Let g be a Lie algebra of type D4, ∆ its Dynkin diagram and {α1, α2, α3, α4} a base
of the root system. We define σ an automorphism of ∆ by ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪

⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ(α1) = α3,

σ(α3) = α4,

σ(α4) = α1,

σ(α2) = α2.

1
2

3

4

σ

a) Folding of the Lie algebra: σ is lifted to an automorphism σ̇ of g defined by
σ̇(xi) = xσ(i), with x = e, f or h, the Chevalley generators.

As before we can prove that g = g0⊕g1 ⊕ g2 because σ̇ is of order 3.

● g0 contains ⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

E1 = e1 + e3 + e4,

E2 = e2,

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

F1 = f1 + f3 + f4,

F2 = f2,

and ⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

H1 = h1 + h3 + h4,

H2 = h2.

Let a be the subalgebra of g0 generated by the Ei, Fi and Hi’s. As in the previ-
ous subsection, by means of Serre’s theorem (Theorem 1.1.20), one concludes that the
Ei, Fi,Hi’s are the Chevalley generators of the simple Lie algebra a ⊂ g0 whose Dynkin
diagram is

1 2

which is of type G2.
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1. Lie Theory

● g1: as in the previous subsection, we find that g1 is a representation of a. Let (λ1, λ2)

be the fundamental weights of a. Let ⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

η1 = α1 + α2 + α4

η2 = α3 + α2 + α1

η3 = α4 + α2 + α3

and v = eη1 + j
2eη2 + jeη3 .

One can see that v ∈ g1 and v ≠ 0 because η1, η2 and η3 are distinct. Let V be the a-
module generated by v. Through direct computations one finds ⎧⎪⎪⎪

⎨
⎪⎪⎪⎩

[Hi, v] = λ1(Hi)v, ∀i,

[Ei, v] = 0, ∀i.
Therefore V is a highest weight module of highest weight λ4 and is finite dimensional.
By Corollary 1.1.32, V is irreducible and so V ≅ L(λ1).

With Weyl’s formula (Theorem 1.1.33), we obtain dim V = 7.

● g2: we have [g0,g2] ⊂ g2, so [a,g2] ⊂ g2. Thus g2 is a representation of a. Set
w = eη1 + jeη2 + j

2eη3 . One can see that w ∈ g2 and w ≠ 0 because η1, η2 and η3 are
distinct. Let W be the a-module generated by w. From direct computations we find
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

[Hi,w] = λ1(Hi)w, ∀i,

[Ei,w] = 0, ∀i.

Therefore W is a highest weight module of highest weight

λ1 and is finite dimensional. By Corollary 1.1.32, W is irreducible and so W ≅ L(λ1).
Therefore V ≅W ≅ L(λ1).

We have g = g0 ⊕ g1 ⊕ g2

⋃ ⋃ ⋃

a V U

and dim a+dim V +dim W = 14+7+7 = 28 = dim g,

with dim a given in Table 1.1. We conclude that g0 = a is the simple Lie algebra of type
G2 and g1 = V ≅W = g2 is an irreducible highest weight a-module of highest weight λ1.

b) Folding of the root lattice Q: let Q =
4
⊕
i=1

Zαi be the root lattice of a root system

of type D4. We defined σ by ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ(α1) = α3,

σ(α3) = α4,

σ(α4) = α1,

σ(α2) = α2,

and extend it to Q by linearity. Let us

compute the invariants Qσ.
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1.2. Folding of Dynkin diagrams

α =
4
∑
i=1
kiαi ∈ Q

σ ⇔ k1 = k3 = k4,

⇔ α = k1(α1 + α3 + α4) + k2α2.

Set

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

β1 = α1 + α3 + α4,

β2 = α2.

The βi’s generate the lattice Qσ. From direct computation, one has

(⟨βi, βj⟩)1≤i,j≤2 =
⎛
⎜
⎝

2 −3

−1 2

⎞
⎟
⎠
.

The corresponding diagram is

1 2

This is a Dynkin diagram of type G2. We deduce that Qσ is the root lattice of a Lie
algebra of type G2.

1.2.7. Conclusions

We summarize the results we obtained in the previous subsections in the following
table:

type of g A2r−1 A2r Dr+1 E6 D4

type of g0 Cr Br Br F4 G2

type of Qσ Br Cr Cr F4 G2

order of σ 2 2 2 2 3

Table 1.2.
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1. Lie Theory

One notices that, in all five cases, the types of g0 and Qσ are dual to each other. This
is due to the fact that the short roots and the long roots are switched when we go from
the Lie algebra to the root lattice. For example, with the case A2r−1, g0 is of type Cr
with simple roots (1

2(α1+α2r−1), . . . ,
1
2(αr−1+αr+1), αr) so we have r−1 short roots and

one long. Qσ is of type Br with base (α1 + α2r−1, . . . , αr−1 + αr+1, αr) so we have r − 1
long roots and one short. The Coxeter graphs will then be identical but the Dynkin
diagrams will differ by the direction of the arrow on the multiple edge.

1.3. Adjoint quotient

1.3.1. Definition of the affine quotient

In this subsection we follow the presentation of the affine quotient given in [Muk03].

LetX = Spm k[X] be an affine variety on which acts an algebraic groupG. We want to
define a quotient “X/G ” which would characterize the action of G on X. A most natural
way is to look at a map of the following form ϕ ∶ X → An

x ↦ (f1(x), . . . , fn(x))

with the

fi being G-invariant regular functions. This map is then constant on each G-orbit. We
say that G is linearly reductive if for any surjective map f ∶ V →W of representations
of G, the induced map fG ∶ V G →WG on the G-invariants is surjective. It is equivalent
to the assertion that every finite dimensional representation of G is completely reducible
(cf. [Pro07] Chapter 7, Section 3.1, Lemma). Furthermore, in characteristic 0, a linear
algebraic group is linearly reductive if and only if it is reductive (cf. [Pro07] Chapter
7, Section 3.6, Theorem 2). One can show that SLn(C), as well as compact Lie groups
(which include the exceptional Lie groups), are linearly reductive. D. Hilbert proved the
following theorem in [Hilb90]:

Theorem 1.3.1. (Hilbert). Let G be a linearly reductive algebraic group, which acts
on a polynomial ring S, preserving the grading. Then the ring of invariant polynomials
SG is finitely generated.

Hilbert’s theorem states that k[X]G has a finite number of generators. So we take
the above fi’s to be a set of generators of the invariants. One wonders if this map can
separate the orbits, or what does the image of ϕ looks like.

Example 1.3.2. Let us look at the action of the multiplicative group Gm on the affine
plane X = A2 given by t.(x, y) = (tx, t−1y), t ∈ Gm, (x, y) ∈ A2. The orbits of this action
are of three kinds:
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1.3. Adjoint quotient

(i) the origin (0,0),

(ii) every hyperbola xy = a with a not zero,

(iii) the x − axis without the origin and the y − axis without the origin.

On the other hand G acts on the coordinate ring of X, which is k[X] = k[x, y]. It is
easy to see that k[X]G = k[xy] and so there is a map

ϕ ∶ A2 → k

(x, y) ↦ xy

.

This map separates the orbits of type (ii), but makes no difference between the types (i)
and (iii).

According to the previous example, the invariant functions are not sufficient to sep-
arate orbits. This is due to topology. The map ϕ is polynomial so continuous. This
implies that each fiber is closed, so if one G-orbit is not closed, ϕ cannot separate the
orbits. We are going to see that ϕ does not separate orbits but certain equivalence
classes of orbits.

Definition 1.3.3. Two G-orbits O and O′ ⊂ X are said to be closure-equivalent if
there exists a sequence of orbits

O = O0, O1, . . . , Or−1, Or = O
′

such that Oi⋂Oi+1 ≠ ∅, for all i = 0, . . . , r − 1.

Theorem 1.3.4. (Mumford-Nagata). Let G be a linearly reductive group acting on
an affine variety X and O, O′ ⊂ X two orbits in X. The following assertions are
equivalent:

(i) O⋂O′ ≠ ∅.

(ii) O and O′ are closure-equivalent.

(iii) O and O′ are not separated by the G-invariants k[X]G.

According to the theorem, ϕ(X) parametrizes the closure-equivalence classes of G-
orbits in X.

43



1. Lie Theory

Corollary 1.3.5. Let G be a linearly reductive group acting on an affine variety X. Then
the distinct closed G-orbits are separated by ϕ. Furthermore, each closure-equivalence
class contains one unique closed orbit.

The corollary implies that the image of ϕ parametrizes the closed G-orbits. Now we
can define our quotient variety.

Definition 1.3.6. We note X//G for the affine variety Spm(k[X]G). The inclusion
k[X]G ⊂ k[X] defines a map

Φ ∶X →X//G,

which is called the affine quotient map. The variety X//G is called the affine GIT
quotient.

It is possible to show (cf. [Muk03] Theorem 5.9) that if G is linearly reductive and
acts on an affine variety X, then Φ is surjective and there is a bijective correspondence
between the points of X//G and the closure-equivalence classes of G-orbits in X.

Assuming that G is a finite group, the affine quotient has an interesting property.
Indeed, as G is finite, every orbit G.x, x ∈ X, is of finite cardinal and is thus closed.
Therefore X//G characterizes all the orbits of G. This turns X//G into a geometric
quotient, and as such, is noted X/G. By definition, a geometric quotient of a G-
variety X by an algebraic group G is a morphism π ∶X → Y such that:
(i) π is surjective, and its fibers are exactly the G-orbits in X.
(ii) The topology of Y is the quotient topology: a subset U ⊂ Y is open if and only if

π−1(U) is open.
(iii) For any open subset U ⊂ Y , the comorphism π# yields an isomorphism

k[U] ≅ k[π−1(U)]G.
The reader may consult [Mum94] for properties of a geometric quotient. In particular, if
X is irreducible, then so is Y , and there is an equality of function fields k(Y ) = k(X)G.

From conditions (i) and (ii), as a set, the geometric quotient is the set of all orbits.
However, the geometric quotient and the set theoric quotient are not always the same,
because the geometric quotient does not always exists.

Examples 1.3.7. (1) Consider the action of G = Gm on X = An by scalar multiplica-
tion. The orbits are the lines through 0 minus the origin, and the origin. But there
is no geometric quotient, since 0 lies in every orbit closure.

(2) Let G = Gm act on A2 ∖ {0} via t ⋅ (x, y) ∶= (tx, t−1y), as in Example 1.3.2. Recall
that the orbits are the hyperbolae {xy = a}, with a ∈ k∗, the x-axis minus the origin
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1.3. Adjoint quotient

and the y-axis minus the origin. All the orbits are closed in A2 ∖ {0}, but there is
no geometric quotient. Indeed, k(X)G = k(xy) and thus, the G-orbits (x = 0) ∖ {0}
and (y = 0) ∖ {0} are not separated by G-invariant rational functions.

One may add that if the geometric quotient and the affine GIT quotient both exist,
then they are identical.

1.3.2. Adjoint quotient

We return to Lie theory. Let G be a semisimple algebraic group over k and g its Lie
algebra. The adjoint action of G on g has already been defined. Let us look at the
morphism g→ g//G.
Let h ⊂ g be a Cartan subalgebra and W the corresponding Weyl group. We write
S(h) ⊂ S(g) for the symmetric algebras of h and g respectively. C. Chevalley proved
the following theorem:

Theorem 1.3.8. (Chevalley). Let G be a semisimple algebraic group over k, g its Lie
algebra, h ⊂ g a Cartan subalgebra and W the corresponding Weyl group. There is an
isomorphism

S(g)G
≅
Ð→ S(h)W .

Proof. A proof due to R. Steinberg can be found in [Hum78].

Examples 1.3.9. In Examples 1.1.25 we computed the exponents for the Lie algebras
of types A and D in the complex settings, and for this we obtained a set of generators
for the algebra S(h)W .
For the type Ar, we found S(h)W = C[σ2(X), . . . , σr+1(X)] with σi the i-th elementary
symmetric polynomial. According to Theorem 1.3.8, the algebra S(g)G of G-invariants
is generated by σ2(X), . . . , σr+1(X).
For the type Dr, we had S(h)W = C[σ1(X

2), . . . , σr−1(X
2), σr(X)] ≅ S(g)G.

For the cases Br et Cr, one finds that S(g)G ≅ S(h)W = C[σ1(X
2), . . . , σr(X

2)].

In the settings of Chevalley’s theorem, g is semisimple and therefore the Killing form
κ of g is non-degenerate. Thus it determines an isomorphism Ξ ∶ g→ g∗ defined by

Ξ(x)(y) = κ(x, y), ∀x, y ∈ g.
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1. Lie Theory

This isomorphism enables us to identify S(g)G (respectively S(h)W ) with k[g]G (re-
spectively k[h]W ). Looking at the spectrum in Chevalley’s theorem, one obtains the
isomorphism g//G ≅ h/W .

One can write h/W becauseW is a finite group and so the quotient h//W is geometric
(cf. Subsection 1.3.1). So there is a surjective morphism χ ∶ g → h/W that we call the
adjoint quotient of g. This morphism will be described in more details.

The next two lemmas can be found in [ColMcG93].

Lemma 1.3.10. Let g be a semisimple Lie algebra over k, G its corresponding group
acting by the Adjoint action, and h a Cartan subalgebra. We define a map

µ̃ ∶ h Ð→ {G-orbits of semisimple elements}

h z→ Oh = G.h

.

Then µ̃ is surjective.

Remark 1.3.11. The closed orbits of G in its Lie algebra g are exactly the orbits of
semisimple elements (cf. [ColMcG93] Theorem 2.3.1).

Lemma 1.3.12. Let g be a semisimple Lie algebra over k, G its corresponding group
acting by the Adjoint action, h a Cartan subalgebra and W the associated Weyl group.
Then we have a natural isomorphism

W ≅ NG(h)/CG(h),

with NG(h) = {g ∈ G ∣ g.h = h} and CG(h) = {g ∈ G ∣ g.h = h ∀h ∈ h} the normalizer and
the centralizer of h in G, respectively.

Proposition 1.3.13. Let g be a semisimple Lie algebra over k, h a Cartan subalgebra
and W the associated Weyl group. Then the set of conjugacy classes of semisimple
elements of g is in bijection with h/W .

Proof. Consider the map

µ ∶ h/W Ð→ {Ox ∣ x is semisimple}

h ↦ Oh
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1.3. Adjoint quotient

with h being the image of h ∈ h by the natural projection h → h/W . Say h and h1 are
two distinct representatives of the conjugacy class h. Then by Lemma 1.3.12 , h and h1
are G-conjugated and so Oh = Oh1 . Therefore µ is well defined. Lemma 1.3.10 implies
that µ is surjective.
We now prove that µ is injective. Assume µ(h1) = µ(h2). Then Oh1 = Oh2 and so there
exists g ∈ G such that g.h1 = h2. One notices that h and g.h are two Cartan subalgebras
containing h2. Since Cartan subalgebras are abelian, h and g.h centralize h2, i.e.

h, g.h ⊂ gh2 .

These are both Cartan subalgebras of gh2 , which is reductive. Therefore there exists g2
an element of the adjoint group of gh2 such that g2.g.h = h and g2.g.h1 = h2. This implies
that g2.g is in NG(h) and sends h1 to h2. By Lemma 1.3.12, there exists w ∈ W such
that w.h1 = h2. In other words, h1 = h2 and µ is injective.

We have the following diagram:

x = xs + xn ∈ g

(G.x ⊂ g//G)

G.xs ↔ g//G h/W
≅

χ

with xs and xn the semisimple and nilpotent parts of x and χ the adjoint quotient.

Example 1.3.14. If g = sln(k), A ∈ g, we have χ(A) = (Tr(A2), . . . ,Tr(An)) ∈ h/W ≅

kn−1.

Let g be a simple Lie algebra over k of rank r, h a Cartan subalgebra and W the Weyl
group. We have k[h]W ≅ k[g]G = k[χ1, . . . , χr] where the χi are the homogeneous gener-
ators from Chevalley’s theorem (Theorem 1.1.21). One can then realize the morphism
χ ∶ g→ h/W by

χ ∶ g Ð→ h/W ≅ kr

x z→ (χ1(x), . . . , χr(x))

.

47



1. Lie Theory

More details on the adjoint quotient can be found in [Hum95].

We conclude this section with a theorem on the structure of the orbits of the Adjoint
action.
Let g be a semisimple Lie algebra over k with adjoint Lie group G acting via the Adjoint
action on g and O an orbit for this action. Let (., .) be a G-invariant inner product on
g, for instance the opposite of the Killing form. Each element U of the Lie algebra g
induces a vector field XU on O defined by

XU(Z) = [U,Z] = −ad(Z)(U), ∀Z ∈ O.

XU is called the fundamental vector field attached to U .
Since G acts transitively on O, at any point Z ∈ O, the values of the fundamental vector
fields XU generate the whole tangent space TZO of O at Z. We deduce that TZO is the
affine sub-space of g at Z associated with the (vector) subspace Im(ad Z), the image of
the endomorphism ad Z in g.

The next theorem is proved in [Bes87].
Theorem 1.3.15. Let g be a semisimple Lie algebra over k with adjoint algebraic group
G acting via the Adjoint action on g. Let O be an orbit in g. Then O possesses a
symplectic structure (cf. Definition 2.1.1) given by the symplectic form F defined by

FZ(X,Y ) = (Z, [U,V ]), ∀X,Y ∈ TZO, Z ∈ O,

where U and V are any elements of g whose image by ad Z are X and Y respectively
(here TZO is viewed as a vector space and not as an affine space). The symplectic form
F is called the Kostant-Kirillov-Souriau form.
Remark 1.3.16. The Kostant-Kirillov-Souriau form is initially a symplectic form on
the co-Adjoint orbits. However, as g is semisimple, the Killing form enables us to identify
g and its dual, thus giving the orbits of the Adjoint action a symplectic structure.

1.3.3. Nilpotent cone

From now on, the base field k will always be the complex number field C. Because of
Theorem 1.1.38, we can now use indifferently the terms Lie group and algebraic group
in our setting of semisimple groups.

Let g be a semisimple Lie algebra over C, h a Cartan subalgebra, W the associated
Weyl group and χ ∶ g → h/W the adjoint quotient. The next theorem is due to R.
Steinberg and proved in [Stein74]:
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1.3. Adjoint quotient

Theorem 1.3.17. The adjoint quotient χ is a flat morphism. As a consequence, all
fibers have the same dimension dim g − rank g. Furthermore, any fiber is a union of a
finite number of conjugacy classes.

We call N(g) = χ−1(χ(0)) the nilpotent cone of g. It was explained in the previous
section that if x = xs + xn ∈ g is the Jordan-Chevalley decomposition of an element of
g, then χ(x) = χ(xs). It follows that x ∈ N(g) if and only if xs = 0, which means x
nilpotent. N(g) is indeed a cone because it is stable by scalar multiplication. It is clear
that the algebraic group G associated to g acts by the Adjoint action on N(g). Because
the nilpotent cone is a fiber of the adjoint quotient, we have the following corollary:

Corollary 1.3.18. Let g be a simple Lie algebra with Weyl group W and nilpotent cone
N(g) = {x ∈ g ∣ x is nilpotent}. Let Φ be the set of roots of g. Then dim N(g) = ∣Φ∣ =

dim g − rank g.

It is also possible to find more information on N(g) as it is done in [Sprin66]:

Proposition 1.3.19. N(g) is an irreducible variety as well as a Zariski-closed subset
of the affine space modelled on g.

An element x ∈ g is called regular if dim ZG(x) = rank(g), where ZG(x) is the
centralizer of x in G under the adjoint action. B. Kostant proved the following in
[Kos63]:

Proposition 1.3.20. Let F be a fiber of the adjoint quotient. Then F contains a unique
regular orbit. Furthermore this orbit is dense in F .

It is proved in [Kos59] that for all x ∈ g, the centralizer zg(x) of x in g contains
a commutative subalgebra of dimension rank(g). So dim zg(x) ≥ rank(g). It is also
known that exp ∶ g → G is a local homeomorphism. We compute d

dt
∣
t=0 on each side of

ad(exp(tX))(x) = x with X ∈ g, and find [X,x] = 0 so X ∈ zg(x). One deduces that
Te(ZG(x)) = zg(x), implying dim ZG(x) = dim zg(x) ≥ rank(g). So an element is regular
if and only if its centralizer is of minimal dimension, or equivalently if its orbit is of
maximal dimension.
One can explain this in another fashion. Let χ ∶ g → h/W ≅ Ar be the adjoint quotient.
Then χ = (χ1, . . . , χr), the χi are algebraically independent and each fiber has dimension
dim g− r, because of the flatness of χ. Each fiber of χ is G-invariant and is a union of a
finite number of G-orbits. Moreover, as the dimension of an orbit is dim G−dim ZG(x),
where x is a point in the orbit, we have dim ZG(x) ≥ r for any x ∈ g.

In [Stein74], R. Steinberg defined an element x ∈ g as being subregular if dim ZG(x) =
rank(g) + 2. It was stated in Theorem 1.3.15 that all orbits have a symplectic struc-
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ture and because of Remark 2.1.2, their dimensions are even. Therefore the orbits of
subregular elements are those of maximal size right after the regular ones.

We have the following propositions regarding the orbits in the nilpotent cone.

Proposition 1.3.21. There exists a unique regular orbit Oreg in N(g). If x is regular
nilpotent, then dim Ox = dim G − dim ZG(x) = dim g − rank(g) = dim N(g).

The existence of the regular orbit is due to the fact that N(g) is a finite union of
orbits and a finite union of subspaces of dimensions strictly inferior than n cannot be a
space of dimension n. The unicity is due to Proposition 1.3.20. There is a similar result
for the subregular nilpotent elements due to R. Steinberg ([Stein74]):

Proposition 1.3.22. There exists a unique subregular orbit Osubreg in N(g). It is
open and dense in N(g) ∖ Oreg. If x is subregular nilpotent, then dim Ox = dim G −

dim ZG(x) = dim g − rank(g) − 2 = dim N(g) − 2.

1.4. Simple singularities and Dynkin diagrams

1.4.1. Simple singularities of type ADE

1.4.1.1. Definition of simple singularities

F. Klein studied the finite subgroups of SL2(C) in terms of transformations of C2 and
classified them in [Klein84]. Later H.S.M. Coxeter and W. Moser gave a presentation
for each one in [CoxMos57]. Let Γ be a finite subgroup of SL2(C). Then Γ is conjugate
to a unique subgroup of the form:

● Cn = ⟨a ∣ an = 1⟩(n ≥ 1), the cyclic group of order n,

● Dn = ⟨a, b, c ∣ a2 = b2 = cn = abc⟩(n ≥ 2), the binary dihedral group of order 4n,

● T = ⟨a, b, c ∣ a2 = b3 = c3 = abc⟩, the binary tetrahedral group of order 24,

● O = ⟨a, b, c ∣ a2 = b3 = c4 = abc⟩, the binary octahedral group of order 48,

● I = ⟨a, b, c ∣ a2 = b3 = c5 = abc⟩, the binary icosahedral group of order 120.

The natural action of Γ on C2 induces an action of Γ on the ring C[C2] of polynomial
functions on C2. The ring C[C2]Γ of Γ-invariant polynomials is then generated by three
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elements X,Y,Z satisfying a unique relation R(X,Y,Z) = 0. Indeed, such relations were
determined by F. Klein in [Klein84].

Theorem 1.4.1. Let Γ be a finite subgroup of SL2(C). Then C2/Γ injects into C3 as
the zeros of a polynomial R ∈ C[X,Y,Z], which is given in the following table:

Γ R

Cn Xn + Y Z

Dn X(Y 2 −Xn) +Z2

T X4 + Y 3 +Z2

O X3 +XY 3 +Z2

I X5 + Y 3 +Z2

Proof. Let Γ be a finite subgroup of SL2(C). As Γ is conjugated to a subgroup of SU2,
without loss of generality, we can assume that Γ is a finite subgroup of SU2.

● Let Γ = Cn = Z/nZ ≅ <
⎛
⎜
⎝

ω 0

0 ω−1

⎞
⎟
⎠
> where ω = exp(2iπ

n ). Set g =
⎛
⎜
⎝

ω 0

0 ω−1

⎞
⎟
⎠
. C2 has a

base (e1, e2) with e1 =
⎛
⎜
⎝

1

0

⎞
⎟
⎠
and e2 =

⎛
⎜
⎝

0

1

⎞
⎟
⎠
. So (C2)∗ has a base (z1, z2) with z1(x) = x1

and z2(x) = x2, for x =
⎛
⎜
⎝

x1

x2

⎞
⎟
⎠
∈ C2. Cn acts on (C2)∗ by (σ.f)(x) = f(σ−1.x), for

σ ∈ Cn, f ∈ (C2)∗ and x ∈ C2. Thus (g.z1)(x) = z1(g
−1.x) = ω−1x1 = ω

−1z1(x), ∀ x ∈ C2.
Hence g.z1 = ω

−1z1, and in a similar manner, g.z2 = ωz2.

The polynomial ring on C2 is C[z1, z2]. Let k, l ∈ Z≥0. The element g acts on the
monomial zk1zl2 by g.(zk1zl2) = ωl−kzk1zl2. Hence Γ acts diagonally on each monomial, and
it follows that C[z1, z2]

Cn = C[zn1 , z1z2, z
n
2 ].
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There is a surjection ϕ ∶ C[X,Y,Z] ↠ C[zn1 , z1z2, z
n
2 ]

X z→ z1z2

Y z→ zn1

Z z→ zn2

.

We show that (Xn−Y Z) = Ker(ϕ). As the inclusion ⊂ follows immediately, we show the
other inclusion. Let P ∈ Ker(ϕ). The division of P by Xn −Y Z seen as a polynomial in
the X variable gives P (X,Y,Z) = Q(X,Y,Z)(Xn −Y Z) +T (X,Y,Z) with T (X,Y,Z) =

an−1(Y,Z)Xn−1 + . . . + a1(Y,Z)X + a0(Y,Z). By using the relation T (z1z2, z
n
1 , z

n
2 ) = 0

and then looking at the degrees of z1 and z2 modulo n, one sees that a0 = . . . = an−1 = 0.
Hence P is divisible by Xn − Y Z, which implies that Ker(ϕ) ⊂ (Xn − Y Z). Therefore
Ker(ϕ) = (Xn − Y Z).

It has been proved that C[z1, z2]
Cn = C[zn1 , z1z2, z

n
2 ] ≅ C[X,Y,Z]/(Xn − Y Z). So C2/Cn

injects into C3 as the solutions of the equation Xn−Y Z = 0. By a linear transformation,
the equation becomes Xn + Y Z = 0.

Representations of R3⋂(C2/Cn) for n = 2 and 3.

The cases where Γ = Dn,T and O are solved in a similar manner. The realizations of
the groups can be found in [Co76] or in Chapter 4 of [Sprin77].

● Let Γ = I =<
⎛
⎜
⎝

exp(2iπ
10 ) 0

0 exp(−2iπ
10 )

⎞
⎟
⎠
,
⎛
⎜
⎝

0 i

i 0

⎞
⎟
⎠
, 1√

5

⎛
⎜
⎝

η4 − η η2 − η3

η2 − η3 η − η4

⎞
⎟
⎠
>, where η =

exp(2iπ
5 ).
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1.4. Simple singularities and Dynkin diagrams

This case cannot be solved easily through direct computations as the previous ones.
Another approach is needed. Here are some preliminary definitions.

Let (z1, z2) be the coordinate system of C2 on which I acts by matrix multiplication.

Definition 1.4.2. Let G be a group acting on C2. A homogeneous polynomial F ∈

C[z1, z2] is a relative invariant of G if for all g ∈ G, g.F = λgF with λg ∈ C∗. The
map χF ∶ G→ C∗, g → λg is called the character of F .

Definition 1.4.3. A Grundform is a relative invariant Φ whose divisor of zeros is an
exceptional orbit (i.e. an orbit with a non-trivial stabilizer).

The Grundformen will form a basis of the invariant polynomials. The following theo-
rem gives the necessary conditions for it to happen (cf. [Dolg07]).

Theorem 1.4.4. Assume that G is finite and there exist two Grundformen Φ1 and Φ2
whose orbits have cardinalities ∣G∣/e1 and ∣G∣/e2 such that the characters satisfy

χe2Φ1
= χe1Φ2

.

Then every relative invariant is a polynomial in Grundformen.

Our aim is to apply the previous theorem to I.

The group I acts on C[z1, z2] and preserves the degree. Let F ∈ C[z1, z2] be a ho-
mogeneous polynomial of degree d. Note that if (x, y) is a zero of F , then F (λx,λy) =
λdF (x, y) = 0, so (x, y) defines a line of zeros passing through the origin. It defines
therefore a point in P1(C). If g ∈ I, then g.F (x, y) = F (g−1.(x, y)) = 0 because (x, y)
is a zero of F . Hence I permutes the zeros of F and the lines they define in P1(C).
Therefore there is an action of I on P1(C).

Let an icosahedron I be centered at the origin and included in the unit sphere. Choose
two diametrically opposite vertices and set them on the north and south poles of the
sphere. Let ξ, µ, ζ denote the coordinates of the unit sphere {ξ2 + µ2 + ζ2 = 1}. The
stereographic projection from the north pole to the plane {ζ = 0} of the icosahedron
sends a vertex of coordinates (ξ, µ, ζ) to a point (x, y) of the plane {ζ = 0} with

x =
ξ

1 − ζ
, y =

µ

1 − ζ
.

The point (x, y) will be given an affine coordinate z = x+ iy. Hence the projection sends
(ξ, µ, ζ) to z = ξ+iµ

1−ζ . The north pole and the south pole are sent to ∞ and 0, respectively.
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Let I be the group of rotations of the icosahedron I. Then I is the preimage of I
under the projection SL2(C) → PGL2(C). With the stereographic projection previously
mentioned, a point on the sphere is given an affine coordinate and can thus be seen as
a point in P1(C). A point of affix z can be seen as (z1 ∶ z2) ∈ P1(C) with z = z1

z2
. The

point (z1, z2) corresponds to the affine coordinate z = z1
z2
. The action of I preserves the

icosahedron I because the action of I does so. If (z1, z2) is fixed by I, then z = z1
z2

∈

P1(C) ≅ S2 is fixed by I. However, the only points of I that are fixed by an element
of I are the vertices, the centers of the faces and the midpoints of the edges. Under
the action of I, the vertices, the faces and the edges form three orbits. This property
is naturally transferred to I. Hence the exceptional orbits are the one of the vertices,
the one of the centers of the faces and the one of the midpoints of the edges. More
details on the binary icosahedral group as well as the other finite subgroups of SU2 can
be found in [Sprin77]. By applying all elements of I to the south pole, one obtains the
affine coordinates of all the vertices:

z = 0, ∞, ην(η + η4), ην(η2 + η3), for ν = 0,1,2,3,4.

Set

f(z1, z2) = z1z2
4
∏
ν=0

(z1 − η
ν(η + η4)z2)

4
∏
ν=0

(z1 − η
ν(η2 + η3)z2).

The zeros of f correspond to the vertices of the icosahedron I and thus form an excep-
tional orbit. Because the zeros are permuted by I, if g ∈ I, then g.f and f have the
same degree and the same roots for all g ∈ I. Hence there exists χf ∶ I → C∗ such that
g.f = χf(g)f for any g ∈ I, implying that f is a Grundform. One can prove that χf is
in fact trivial.

Set

H =
1

121

RRRRRRRRRRRRRRRRRRRRR

∂2f

∂z2
1

∂2f

∂z1z2
∂2f

∂z1z2

∂2f

∂z2
2

RRRRRRRRRRRRRRRRRRRRR

and T =
1
20

RRRRRRRRRRRRRRRRRRR

∂f

∂z1

∂f

∂z2
∂H

∂z1

∂H

∂z2

RRRRRRRRRRRRRRRRRRR

.

From explicit computations, one finds g.H = (det(g))2H and g.T = (det(g))T for g ∈ I.
But I is a subgroup of SU2, hence det(g) = 1 for any g ∈ I. One deduces that H and T
are I-invariants, and thus their zeros are unions of I-orbits.
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1.4. Simple singularities and Dynkin diagrams

The reader is reminded that

f(z1, z2) = z1z2(z
10
1 + 11z5

1z
5
2 − z

10
2 ),

H(z1, z2) = −(z20
1 + z20

2 ) + 288(z15
1 z

5
2 − z

5
1z

15
2 ) − 494z10

1 z
10
2 ,

T (z1, z2) = (z30
1 + z30

2 ) + 522(z25
1 z

5
2 − z

5
1z

25
2 ) − 10005(z20

1 z
10
2 − z10

1 z
20
2 ).

H is an I-invariant of degree 20, which implies that the set of his zeros in P1(C) ≅ S2

is a union of I-orbits and is of cardinal ≤ 20. However, the orbits of the group I are of
cardinal either 12, 20, 30 or 60 and H is not proportional to a power of f . The only
possibility is that the zeros of H are the 20 centers of the faces of I. Hence they form an
exceptional orbit and H is a Grundform. In a similar manner one shows that T is the
Grundform corresponding to the midpoints of the edges. All Grundformen have thus
been found.

It was shown above that χH = χT = 1. Therefore H and T satisfy the condition
of Theorem 1.4.4. It follows that the ring of invariants C[z1, z2]

I is generated by the
Grundformen f,H and T .

There is a surjection ϕ ∶ C[X,Y,Z] ↠ C[f,H,T ]

X z→ f

Y z→ H

Z z→ T

.

Let P ∈ Ker(ϕ). The division of P by 1728X5 − Y 3 − Z2 seen as a polynomial in the Z
variable gives P (X,Y,Z) = Q(X,Y,Z)[1728X5−Y 3−Z2]+S(X,Y,Z) with S(X,Y,Z) =

a1(X,Y )Z + a0(X,Y ). We have a1(f,H)T + a0(f,H) = 0. The first member of the
expression is of homogeneous degree 2 modulo 4 in z1, z2, whereas the second is of
homogeneous degree 0 modulo 4 in z1, z2. Thus a1 = a0 = 0 and 1728X5 − Y 3 − Z2

divides P . This implies Ker(ϕ) ⊂ (1728X5 − Y 3 − Z2) and the other inclusion follows
immediately, proving Ker(ϕ) = (1728X5 − Y 3 −Z2).

One finally obtains C[z1, z2]
I ≅ C[X,Y,Z]/(1728X5 − Y 3 − Z2). So C2/I injects into

C3 as the solutions of the equation 1728X5 − Y 3 − Z2 = 0. By a linear transformation,
the equation becomes X5 + Y 3 +Z2 = 0.
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Representation of R3⋂(C2/I).

According to the above theorem, C2/Γ can be seen as a hypersurface in C3. Γ acts
freely and properly on C2 ∖ {0} and as C2 ∖ {0} is smooth, so is (C2/Γ) ∖ {0}. Hence
C2/Γ has at most one singularity at the origin. Using the polynomial equation R = 0,
one can verify that C2/Γ has a unique singularity at the origin in all cases. The quotient
C2/Γ is called a simple singularity or a Kleinian singularity.

Remark 1.4.5. In [Durf79], A.H. Durfee gave many different names for these types
of singularities like rational double points, quotient singularities or absolutely isolated
double points among others. In this thesis, the chosen denomination will be simple or
Kleinian singularities.

Singularities are usually defined as germs (see below) of analytic spaces. However we
will see that with simple singularities one can work with the algebraic settings given by
the polynomials equations of the previous theorem.

Definition 1.4.6. Let A be the set of pairs (X,x) consisting of an analytic space X
and a point x ∈X. On the set A we define the relation ∼ as follows:
(X,x) ∼ (Y, y) ⇔ there exists a neighborhood U ⊂ X of x (for the complex

topology), a neighborhood V ⊂ Y of y, and an isomorphism

f ∶ U ≅ V such that f(x) = y.
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1.4. Simple singularities and Dynkin diagrams

The relation ∼ is an equivalence relation on A. Let G denote the quotient A/ ∼. An ele-
ment of G is called a germ of the analytic space and we denote it by a representative
(X,x).

The next theorem is due to M. Artin and allows us to switch from the analytic setting
to the algebraic one (cf. [Ishii14] Theorem 4.2.4).

Theorem 1.4.7. (Artin’s Algebraization Theorem). For a germ (X,x) of analytic
space, if x is an isolated singularity, there exists an algebraic variety X over C and a
point p of X such that

(X,x) = (X , p).

This theorem allows us to see isolated singularities as algebraic varieties. Furthermore,
when it comes to simple singularities, the following proposition (proved in [Lamo86]
Chapter 4) tells us that one can work globally using the polynomial equations R of
Theorem 1.4.1:

Proposition 1.4.8. Let 3O denote the germs of holomorphic functions (C3,0) → C and
let f ∈ 3O be a germ without multiple factors. If Z(f) = {x ∈ C3 ∣ f(x) = 0} is isomorphic
to the simple singularity C2/Γ defined from a finite subgroup Γ of SU2 , then there is a
biholomorphic germ ϕ ∶ (C3,0) ≅ (C3,0) such that R = f ○ϕ is the polynomial associated
to Γ by Theorem 1.4.1.

The proof of this proposition is based on the fact that every polynomial of Theo-
rem 1.4.1 is a weighted homogeneous polynomial. The reader may want to consult
[Lamo86] for more details on weighted homogeneous functions.

Let p ∈ Z>0 and choose T1, . . . , Tp among Ar (r ≥ 1), Dr (r ≥ 4), E6, E7 and E8.
A singular configuration of type T1 + . . . + Tp is a complex algebraic surface with p
isolated singularities s1, . . . , sp, such that, for each 1 ≤ i ≤ p, locally around si the surface
is a simple singularity of type Ti.

Example 1.4.9. Let f ∶ C4 → C2

(x, y, z, t) ↦ (z2 − x3 + 3xy2 + t(x2 + y2), t)

. The fiber

f−1(0,0) is a simple singularity of type D4. Let us look at the other singular fibers. One
computes that, except from the origin, the singular fibers are of two types: f−1(0, t) and
f−1( 4

27 t
3, t), t ≠ 0. The former has a single singularity of type A1 at the origin, whereas

the latter has three singular points, namely (2
3 t,0,0), (−

t
3 ,

t√
3 ,0) and (− t3 ,−

t√
3 ,0), each

of type A1. Therefore f−1(0, t) is a simple singularity of type A1 and f−1( 4
27 t

3, t) is a
singular configuration of type A1 +A1 +A1. Below is an illustration in the plane {z = 0}
of both fibers for t = 1:
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1.4.1.2. Resolutions of simple singularities

The study of singularities requires an essential tool:
Definition 1.4.10. Let X be a complex algebraic variety and Xreg its set of regular
points. A proper morphism π ∶ X̃ →X is called a resolution of X if:

● X̃ is a smooth complex algebraic variety.

● π−1(Xreg) is dense in X̃ and the restriction π∣π−1(Xreg) ∶ π
−1(Xreg) → Xreg is an

isomorphism.

The subvariety E = X̃ ∖ π−1(Xreg) is called the exceptional locus of π.

A resolution π0 ∶ X̃0 → X is said minimal if any other resolution π ∶ X̃ → X can be
factorized through π0:

X̃ X̃0

X

π π0

Minimal resolutions exist for singularities of curves (proved by I. Newton) and surfaces
(proved algebraically by O. Zariski in [Zari39]) and are unique up to isomorphism.

58



1.4. Simple singularities and Dynkin diagrams

Examples 1.4.11. In case of the groups C2 and D2, the real part X̃0⋂R3 of the minimal
resolution X̃0 gives a quite faithful idea of the complex situation.

● We know that C2 is associated with the surface S = {X2 + Y Z = 0}. The restriction
π0R ∶= π0∣R3 of the minimal resolution π0 of the singularity C2/C2 can be obtained by
blowing up the origin. We obtain

The circle π−1
0R(0) is contracted on the origin.

● D2 is associated with the surface S = {X(Y 2 −X2)+Z2 = 0}. Again, π0R is obtained
by blowing up the origin several times:
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This time, π−1
0R(0) is composed of four circles: .

In the case when S = C2/Γ is a simple singularity, P. Du Val proved in [DuVa34] that
if s is the singular point and π0 ∶ S̃ → S is the minimal resolution of S, then the preimage
of s is a union of projective lines

π−1
0 (s) = C1⋃ . . .⋃Cr, Ci ≅ P1(C).

Each projective line has self-intersection −2 and intersects with others transversally in at
most one point. We associate to every line Ci a vertex ● in a graph, and two vertices are
linked by an edge if the corresponding lines intersect. We obtain the following diagrams
∆(Γ):

Γ ∆(Γ) Name of ∆(Γ)

Cn
1 2 3 n-2 n-1

An−1

Dn
1 2 3 n

n+1

n+2

Dn+2

T

1

2

3 4 5 6

E6

O

1

2

3 4 5 6 7

E7

I

1

2

3 4 5 6 7 8

E8
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1.4. Simple singularities and Dynkin diagrams

Examples 1.4.12. Let us rework the preceding examples with the illustrations of the
real resolutions.

● We have seen that with C2, π−1
0R(0) is a circle, which is P1(R). The corresponding

diagram is then A1.

● In the case of D2, the diagram corresponding to π−1
0R(0) is , which

is called D4.

The diagrams ∆(Γ) are the Dynkin diagrams of the homogeneous root systems of the
simple Lie algebras. We will see another connection between the simple singularities and
the homogeneous Dynkin diagrams in the next section.

Remark 1.4.13. D. Kirby in [Kirby57] has characterized the Kleinian singularities as
being the only double points whose minimal resolution can be obtained by successive
blowups. Kleinian singularities have many characterisations which have been summa-
rized by A.H. Durfee in [Durf79].

1.4.1.3. Semiuniversal deformation

We start this section by defining a deformation of a singularity based on [Ishii14].

Definition 1.4.14. Let X0 be a complex integral algebraic variety with an isolated sin-
gularity x. A deformation of (X0, x) is a flat morphism of germs of algebraic varieties
ϕ ∶ (X,x) → (U,u) with an isomorphism i ∶ (X0, x)

≅
Ð→ (ϕ−1(u), x).
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The space (U,u) is called the base of the deformation (ϕ, i).

An isomorphism δ ∶ (ϕ, i) → (ϕ′, i′) of two deformations ϕ ∶ (X,x) → (U,u) and
ϕ′ ∶ (X ′, x) → (U,u) of (X0, x) is an isomorphism δ ∶ (X,x) → (X ′, x) such that the
following diagram commutes:

(X0, x)

(X,x) (X ′, x)

(U,u)

i i′

ϕ ϕ′

δ

If ϕ ∶ (X,x) → (U,u) is a deformation of (X0, x) and ψ ∶ (T, t) → (U,u) is any morphism,
then the pullback ϕT ∶ (X,x) ×(U,u) (T, t) → (T, t) of ϕ by ψ is a deformation of (X0, x)
over (T, t) called the induced deformation by ψ from ϕ.

(X,x) ×(U,u) (T, t) (X,x)

(U,u)(T, t)

ϕϕT

ψ

A deformation ϕ ∶ (X,x) → (U,u) of (X0, x) is called semiuniversal if any other
deformation ϕ′ ∶ (X ′, x) → (T, t) of (X0, x) is isomorphic to a deformation induced from
ϕ by a base change ψ ∶ (T, t) → (U,u) whose differential at t ∈ T is uniquely determined.

More details on deformations of singularities can be found in M. Artin’s lecture notes
[Artin76].

We are now able to give one of the important theorems of this section.

Theorem 1.4.15. (Brieskorn). Let g be a simple Lie algebra over C of type Ar, Dr

or Er and x a subregular nilpotent element of g. Let S ⊂ g be a transversal slice (notion
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defined below) at x to the G-orbit of x in g. Then the restriction χ∣S ∶ (S,x) → (h/W,0) of
the adjoint quotient χ ∶ g→ h/W is a semiuniversal deformation of the simple singularity
(χ∣−1

S (0), x), which is of the same type as g.

Proof. The theorem was first proved in [Bries71] in the setting of deformations of germs
of complex spaces, and then in [Slo80] Section 8.7 in an algebraic setting.

According to the theorem, (S⋂N(g), x) = (S⋂χ−1(χ(0)), x) is a simple singularity
of the same type as g.

A transversal slice S at x to the orbit of x is a locally closed subvariety S ⊂ g, x ∈ S,
such that the morphism G × S → g

(g, s) ↦ (Ad g)s

is smooth and dim S = codim G.x.

In our context, a transversal slice is easily obtained by choosing an affine subspace in g
complementary to the tangent space of G.x at x and passing through x.

Brieskorn’s theorem gives us the possibility to study singularities linked to subregular
nilpotent elements of g. In order to use this theorem, a more precise description of the
transversal slice S is necessary. One will be constructed explicitly, but before, here are
some definitions and preliminary results (cf. [Huse94] Chapter 4, Section 5).

Definition 1.4.16. Let G be an algebraic group, H ⊂ G an algebraic subgroup of G
and X a variety on which H acts. The associated bundle G ×H X over G/H is the
quotient of G ×X by the action of H defined by

h.(g, x) = (g.h−1, h.x), ∀h ∈H,g ∈ G,x ∈X.
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1. Lie Theory

We write g ∗ x for the class of (g, x) in G ×H X. The morphism G ×H X → G/H

g ∗ x ↦ gH

gives a fiber bundle structure of fiber X.

When G and H are linear and X is an affine algebraic variety, the associated bundle
G ×H X exists as a variety.
Example 1.4.17. Let G = S1 be the unit circle, H = {±1} and X = R. The action of H
on X is the multiplication. Then the associated bundle G×HX is the Möbius strip. The
effect of the quotient is illustrated on the following representation:

The following lemma will be of use later on.
Lemma 1.4.18. Let X be a G-variety and π ∶ X → G/H a G-equivariant morphism.
Then π is G-isomorphic to the bundle G ×H F → G/H, where F is the fiber π−1(e.H).
We have the following diagram:

X G ×H F

G/H

≅

π
↻

Corollary 1.3.5 tells us that every fiber of the adjoint quotient χ ∶ g → h/W contains
a unique closed orbit. This orbit is composed of the semisimple elements of the fiber.
In fact, the closed orbits are the orbits of semisimple elements, as stated in the next
theorem (cf. [Warn72] Proposition 1.3.5.5).
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Theorem 1.4.19. (Borel, Harish-Chandra). Let g be a reductive Lie algebra, i.e.
the representation ad ∶ g→ End(g) is semisimple, and G its associated adjoint Lie group.
Then x ∈ g is semisimple if and only if its orbit Ad(G)(x) is closed.

Moreover one can prove (cf. [Stein74] 3.4, Corollary 1) that if x = xs+xn is the Jordan
decomposition of an element x ∈ g, then χ(x) = χ(xs). Let h ∈ h with h the class of h in
h/W . One can identify the closed orbit contained in χ−1(h) with G/ZG(h), where ZG(h)
is the stabilizer of h in G. If x ∈ g is such that χ(x) = h, then xs is conjugated to h. So by
sending x on its semisimple part, one obtains a G-morphism σ ∶ χ−1(h) → G/ZG(h). σ is
indeed a morphism because for any x ∈ g, there exists a polynomial Px without contant
term and depending only on the characteristic polynomial of x such that Px(x) = xs, and
all the elements of χ−1(h) have the same characteristic polynomial for any faithful linear
representation of g (cf. [Slo80] 3.10, proof of the lemma). Because of Lemma 1.4.18,
one sees that χ−1(h) is isomorphic to the associated bundle G ×ZG(h) F where F is
the fiber of σ over e.ZG(h). Furthermore F = σ−1(e.ZG(h)) = {x = xs + xn ∣ xs ∈

ZG(h) and xs conjugated to h}. As G.h ≅ G/ZG(h), an element contained in the orbit
of h as well as in ZG(h) can only be h. Hence F = h +N(zg(h)), with N(zg(h)) being
the set of nilpotent elements of zg(h) = Lie ZG(h). One can identify F and N(zg(h)),
therefore χ−1(h) ≅ G ×ZG(h)N(zg(h)).

The following theorem is a key result about nilpotent elements in a Lie algebra.

Theorem 1.4.20. (Jacobson-Morozov). Let g be a semisimple Lie algebra and let
f ∈ g be a nilpotent element. Then there exists e, h ∈ g such that (e, f, h) is a sl2-triple.
This means that the Lie algebra generated by e, f and h is isomorphic to sl2(C) equipped
with its standard basis.

Proof. The proof of this theorem is quite long. Only the main steps will be given below.
A detailed version can be found in [Kos59].

1. Let us take E a C-vector space of finite dimension and A,B ∈ EndC(E). One shows
that if A is nilpotent and [A, [A,B]] = 0 then AB is also nilpotent.
2. Let e ∈ g be nilpotent. Then e ∈ Im(ad e)2. One deduces that there exists f ∈ g such
that [[f, e], e] = e. We set x = [f, e].
3. Let m be the smallest positive integer such that (ad e)m+1 = 0. One proves that
∏m
p=0(ad x− 1

2pid) is zero on Ker(ad e). It implies that ad x+id is invertible on Ker(ad e).
4. If [x, f] = −f then the subalgebra generated by e, x, f is isomorphic to sl2(C). If
[x, f] ≠ −f , one can show that there exists a unique g ∈ Ker(ad e) such that [x, f] + f =

[x, g] + g. It follows that the subalgebra generated by e, x, f − g is isomorphic to sl2(C).
Thus for all f ∈ g nilpotent, there exists a subalgebra a ⊂ g containing f such that
a ≅ sl2(C).
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It is possible to prove that Brieskorn’s theorem does not depend on the choice of the
transversal slice. It is thus possible to choose one that is convenient. The following
construction is due to P. Slodowy.
Let e be a nilpotent element in a semisimple Lie algebra g. Because of the discussion
right before Theorem 1.3.15, it is known that Te(G.e) = e+[g, e]. A transversal slice can
then be written

S = e + Z,

where Z is a complementary of [g, e] in g.
According to Jacobson-Morozov theorem (Theorem 1.4.20), there exists f nilpotent and
h semisimple, two elements of g such that [e, f] = h, [h, e] = 2e, [h, f] = −2f and
< e, f, h >≅ sl2(C). The inclusion gives us a morphism sl2(C) → g. By composing this
morphism with the adjoint representation of g, one can see g as an sl2(C)-module. Then
Theorem 1.1.13 implies that there is a decomposition

g =⊕
i

Ei

of g in a direct sum of irreducible submodules Ei, and

[g, e] = (ad e)(g) =⊕
i

(ad e)(Ei).

In each Ei, isomorphic to an irreducible representation Vni of sl2(C), one chooses as
complementary of (ad e)(Ei) the space of smallest weight of weight −(ni − 1) for the
action of ad h, which is zEi(f) = {x ∈ Ei ∣ [f, x] = 0}. It follows that zg(f) = ⊕i zEi(f) is
the complementary of [g, e] in g and thus

S = e + zg(f)

is a transversal slice to the orbit of e at e. We will denote it by Se and call it the
Slodowy slice at e (cf. [Slo80(2)]).

Now that we know a transversal slice, explicit computations can be made.

Example 1.4.21. Let g = sl4(C) and Se the Slodowy slice for e =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 1 0 0

0 0 1 0

0 0 0 0

0 0 0 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.
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One can check that e =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 1 0 0

0 0 1 0

0 0 0 0

0 0 0 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, f =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0

2 0 0 0

0 2 0 0

0 0 0 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and h =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

2 0 0 0

0 0 0 0

0 0 −2 0

0 0 0 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

form an

sl2-triple. We then compute zsl4(C)(f) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x 0 0 0

y x 0 0

z y x w

t 0 0 −3x

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

RRRRRRRRRRRRRRRRRRRRRRRRRRRR

x, y, z, t,w ∈ C

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. Finally

one obtains Se =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x 1 0 0

y x 1 0

z y x w

t 0 0 −3x

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

RRRRRRRRRRRRRRRRRRRRRRRRRRRR

x, y, z, t,w ∈ C

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

Let A ∈ Se. Then det(λI − A) = λ4 − p(A)λ2 + q(A)λ + r(A) with p(A) = 6x2 + 2y,
q(A) = 8x3 − 4xy − z and r(A) = 6x2y − 3xz − tw − 3x4. The adjoint quotient is then
χ∣Se ∶ Se Ð→ h/W

A z→ (p(A), q(A), r(A))

.

(i) Let us compute (χ∣Se)
−1(a, b, c) for a, b, c ∈ C. It is equivalent to solving the system

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

6x2 + 2y = a,

8x3 − 4xy − z = b,

6x2y − 3xz − tw − 3x4 = c.

By replacing the expressions of y and z depending on x in the last equation one gets
81x4 − 9ax2 − 3bx + tw + c = 0.
So (χ∣Se)

−1(a, b, c) is defined by the equation F (x, t,w) = 81x4 − 9ax2 − 3bx + tw + c = 0.

(ii) We now compute the discriminant D ⊂ h/W of χ∣Se. (χ∣Se)
−1(a, b, c) has a singu-

larity if and only if there exists x, t,w such that F (x, t,w) = ∂xF (x, t,w) = ∂tF (x, t,w) =

∂wF (x, t,w) = 0, which is equivalent to
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1. Lie Theory

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

F (x, t,w) = 81x4 − 9ax2 − 3bx + tw + c = 0,

∂xF (x, t,w) = 324x3 − 18ax − 3b = 0,

∂tF (x, t,w) = w = 0,

∂wF (x, t,w) = t = 0.

Set P (x) = 81x4 − 9ax2 − 3bx + c. Then (χ∣Se)
−1(a, b, c) has a singularity if and only

if P (x) = P ′(x) = 0. So P has a multiple root. The resultant of P and P ′ is R =

43046721(4a3b2 − 27b4 + 16a4c− 144ab2c− 128a2c2 + 256c3). Hence (χ∣Se)
−1(a, b, c) has a

singularity if and only if 4a3b2 − 27b4 + 16a4c − 144ab2c − 128a2c2 + 256c3 = 0. Therefore
the discriminant is

D = {(a, b, c) ∈ C3 ∣ 4a3b2 − 27b4 + 16a4c − 144ab2c − 128a2c2 + 256c3 = 0}.

(iii) Let π ∶ h → h/W be the natural projection. Let us find π−1(D). It is known that

h =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x 0 0 0

0 y 0 0

0 0 z 0

0 0 0 −x − y − z

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

RRRRRRRRRRRRRRRRRRRRRRRRRRRR

(x, y, z) ∈ C3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. If h ∈ h then π(h) = (x2+y2+z2+xy+xz+

yz, (x + y)(x + z)(y + z),−xyz(x + y + z)). Wanting (x, y, z) ∈ π−1(D) is equivalent to

(x − y)2(x − z)2(y − z)2(2x + y + z)2(x + 2y + z)2(x + y + 2z)2 = 0.

Thus π−1(D) is the union of six surfaces: {y = x}⋃{z = x}⋃{z = y}⋃{2x + y + z =

0}⋃{x + 2y + z = 0}⋃{x + y + 2z = 0}.

It is known that h is generated by h1 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0

0 −1 0 0

0 0 0 0

0 0 0 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, h2 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and h3 =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 −1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. Moreover α1, α2 and α3 form a base of the root system of sl4(C).
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1.4. Simple singularities and Dynkin diagrams

The surface {x = y} corresponds to

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x 0 0 0

0 x 0 0

0 0 z 0

0 0 0 −2x − z

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

and is generated by

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 −2

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= h1+2h2+2h3 and

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 −1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= h3. The Cartan matrix of sl4(C) is

⎛
⎜
⎜
⎜
⎜
⎜
⎝

2 −1 0

−1 2 −1

0 −1 2

⎞
⎟
⎟
⎟
⎟
⎟
⎠

so α1(h1 + 2h2 + 2h3) = α1(h3) = 0. As α1 is a linear form on h which is

of dimension 3, Ker(α1) is of dimension 2. Hence Ker(α1) = VectC(h1 +2h2 +2h3, h3) =
{x = y}.
In a similar fashion one can show that {z = x} = Ker(α1 + α2),

{z = y} = Ker(α2),

{2x + y + z = 0} = Ker(α1 + α2 + α3),

{x + 2y + z = 0} = Ker(α2 + α3),

{x + y + 2z = 0} = Ker(α3).

However sl4(C) is of dimension 15 and h of dimension 3. There are six positive roots.
As all the roots previously given are clearly positive, one obtains Φ+ = {α1, α2, α3, α1 +
α2, α2 + α3, α1 + α2 + α3}. Therefore π−1(D) = ⋃α ∈ Φ+ Ker(α).

We remind the reader of an interesting fact:

Let g be a semisimple Lie algebra, h a Cartan subalgebra, W the Weyl group, Φ the
root system and Se a Slodowy slice. We have the following diagram

Se

↓ χ∣Se

h
π
Ð→ h/W

⋃
α∈Φ+

Hα ↦ D
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1. Lie Theory

with Hα the kernel of α and D the discriminant of χ.

In the case of A2, let p ∈ ⋃α∈ΦHα. Then p ∈Hα1 ∖ (Hα2 ⋃Hα1+α2), or
p ∈Hα2∖(Hα1 ⋃Hα1+α2), or p ∈Hα1+α2∖(Hα1 ⋃Hα2), or p ∈Hα1 ⋂Hα2 ⋂Hα1+α2 . It can
be showed that if p belongs to only one Hα (α = α1, α2 or α1 + α2), then χ∣−1

Se
(π(p)) is

a singularity of type A1. However if p ∈Hα1 ⋂Hα2 ⋂Hα1+α2 , χ∣
−1
Se

(π(p)) is a singularity
of type A2. An illustration of this property is shown below

Example 1.4.22. We go back to our previous example with g = sl4(C) and Se the
computed Slodowy slice. Let p ∈ ⋃α∈Φ+Hα and set Φp = {α ∈ Φ ∣ p ∈ Hα}. For every Φp,
we are going to compute χ∣−1

Se
(π(p)).

The Cartan subalgebra is h =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x 0 0 0

0 y 0 0

0 0 z 0

0 0 0 −x − y − z

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

RRRRRRRRRRRRRRRRRRRRRRRRRRRR

(x, y, z) ∈ C3

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. The simple roots

are α1 = ε1 − ε2, α2 = ε2 − ε3 and α3 = ε3 − ε4, with (ε1, ε2, ε3, ε4) an orthonormal base
of (C4)∗. One can check that ̂(α1, α2) =

2π
3 , ̂(α2, α3) =

2π
3 and ̂(α1, α3) =

π
2 . In order

to picture them in R3, we take α1 = (1,0,0), α2 = (−1
2 ,

1√
2 ,−

1
2) and α3 = (0,0,1). The

following picture with the associated color-coding follows:
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1.4. Simple singularities and Dynkin diagrams

α1 Blue

α2 Red

α3 Green

α1 + α2 Yellow

α2 + α3 Purple

α1 + α2 + α3 Brown

We can then represent the Hα’s, keeping the same colors:

The Φ+
p are determined by looking at the intersections. We regroup them depending on

their number of elements and arrange them in the next table:
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∣Φ+
p ∣ Φ+

p Φp

1 {α1},{α2},{α3},{α1 + α2},{α2 + α3},{α1 + α2 + α3} A1

2 {α1, α3},{α2, α1 + α2 + α3},{α1 + α2, α2 + α3} A1 +A1

3
{α1, α2, α1 + α2},{α1, α2 + α3, α1 + α2 + α3},

{α2, α3, α2 + α3},{α3, α1 + α2, α1 + α2 + α3}
A2

6 {α1, α2, α3, α1 + α2, α2 + α3, α1 + α2 + α3} A3

One can see that, by adding the negative roots, the Φp’s are root systems extracted from
A3. They are written in the last column.

We are now going to compute χ∣−1
Se

(π(p)) for p ∈ Φ+
p with ∣Φ+

p ∣ = 1,2,3 and 6 and check
that the singularities obtained are of the same types as the Φp.

●Φ+
p = {α1}: p =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x 0 0 0

0 x 0 0

0 0 z 0

0 0 0 −2x − z

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

with x ≠ z because p ∉ Hα2 and z ≠ −x because

p ∉ Hα3. Subsequently π(p) = (3x2 + 2xz + z2,2x(x + z)2,−x2z(z + 2x)). By taking
x = 2 and z = −1, one gets π(p) = (9,4,12). χ∣−1

Se
(9,4,12) is given by the equation

f(x, t,w) = 81x4 − 81x2 − 12x + tw + 12 = 0. The singular point is (−2
3 ,0,0). In order

to see what happens near the singularity, in the equation f we make the substitution
x→ x − 2

3 . After an analytic change of variables, we find a singularity of type A1.

●Φ+
p = {α1, α3}: p =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x 0 0 0

0 x 0 0

0 0 −x 0

0 0 0 −x

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

with x ≠ 0. So π(p) = (2x2,0, x4). By taking

x = 1, one finds π(p) = (2,0,1). χ∣−1
Se

(2,0,1) is given by the equation f(x, t,w) =

81x4 − 18x2 + tw + 1 = 0. There are two singular points: (1
3 ,0,0) and (−1

3 ,0,0). In order
to see what happens near the singularity, in the equation f we make the substitution
x → x + 1

3 . After an analytic change of variables, we find a singularity of type A1. The
same result is obtained for the substitution x → x − 1

3 . Therefore the fiber is a singular
configuration of type A1 +A1.
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●Φ+
p = {α1, α2, α1 + α2}: p =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x 0 0 0

0 y 0 0

0 0 z 0

0 0 0 −x − y − z

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

with x = y, y = z and x = z. So

p =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x 0 0 0

0 x 0 0

0 0 x 0

0 0 0 −3x

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

with x ≠ 0. Then π(p) = (6x2,8x3,−3x4). By taking x = 1, one

gets π(p) = (6,8,−3). χ∣−1
Se

(6,8,−3) is given by the equation f(x, t,w) = 81x4 − 54x2 −

24x + tw − 3 = 0. The singular point is (−1
3 ,0,0). In order to see what happens near

the singularity, in the equation f we make the substitution x→ x − 1
3 . After an analytic

change of variables, we find an A2-type of singularity.

●∣Φ+
p ∣ = 6: p = (0,0,0). Then π(p) = (0,0,0) and χ∣−1

Se
(0,0,0) is given by the equation

f(x, t,w) = 81x4 + tw = 0, which is a singularity of type A3.

The preceding example is a nice illustration of the following proposition. The proof
can be found in [Slo80].

Proposition 1.4.23. Let χ ∶ X → U be a deformation of a simple singularity X0 with
associated Dynkin diagram ∆. Let Xε ≠ X0 be a non-special fibre of χ. Then there is
a proper subdiagram ∆′ ⊂ ∆ and a type-preserving bijection of the components of ∆′

onto the singular points of Xε. This means that each connected component of ∆′ is
sent to a singular point of Xε, which is a simple singularity of the corresponding type.
Furthermore, if χ is semiuniversal, then all subdiagrams of ∆ are realized as singular
configurations in non-special fibers.

Since the beginning of our study, all the singularities have been isolated. The fact
that a singularity is isolated or not can be algebraically characterized (cf. [Loo84]).

Theorem 1.4.24. Let A be the ring of convergent series C{x1, . . . , xn}. Let f ∈ A

such that f(0, . . . ,0) = 0 and let J(f) be the ideal of A generated by f and the ∂f

∂xi
,

1 ≤ i ≤ n. Assuming that (f−1(0),0) is a singular point, it is isolated if and only if
dim(A/J(f)) < ∞.

Proof. One can show that the ring A is Noetherian and local with m = (x1, ..., xn) as its
unique maximal ideal. The proof of the theorem is based on the following proposition:
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Proposition 1.4.25. Let a ⊂ A be an ideal of A. The following assertions are equivalent:

(i) dim A/a < ∞.

(ii) ∃k ∈ Z>0 such that mk ⊂ a.

(iii) Z(a) ∶= {(a1, ..., an) ∈ Cn ∣ g(a1, ..., an) = 0 ∀g ∈ a} = {0}.

Proof. (ii) ⇒ (i) Assume there exists k ∈ Z>0 such that mk ⊂ a. There is a surjection

A/mk ↠ A/a

x mod mk z→ x mod a

.

It follows that dim A/a ≤ dim A/mk. Furthermore the elements of A/mk are polynomials
whose degree is at most k−1. Thus A/mk has a finite base, which implies dim A/mk < ∞

and dim A/a < ∞.

(ii) ⇒ (iii) Assume there exists k ∈ Z>0 such that mk ⊂ a. If x ∈ Z(a), then x is a
common zero to all elements in mk. But A is an integral domain, implying that x cancels
all elements in m. As the only common zero of the elements of m is 0, it follows that
x = 0 and Z(a) = {0}.

(i) ⇒ (ii) Assume that dim A/a < ∞. There is a sequence of vector spaces:

A/a ⊃ (m + a)/a ⊃ (m2 + a)/a ⊃ ....

According to the hypothesis, there exists k ∈ Z>0 such that (mk+1 + a)/a = (mk + a)/a,
hence m.(mk + a)/a = (mk + a)/a. Then Nakayama’s lemma (cf. [Eis95] Corollary 4.8)
implies that (mk + a)/a = 0, which means mk ⊂ a.

(iii) ⇒ (ii) The analytic version of Hilbert’s Nullstellenstaz (cf. [GinKhen90] First
Part, Chapter 2, Theorem 2.3) tells us that I(Z(a)) = {f ∈ A ∣ f(x) = 0 ∀x ∈ Z(a)} =

√
a.

If one assume that Z(a) = {0}, then
√
a = {f ∈ A ∣ f(0) = 0} = m.

Set k ∈ Z>0. m is generated by x1, ..., xn so an element in mk can be written

∑αβ1,...,βn(x1, ..., xn)x
β1
1 ...x

βn
n with β1 + ... + βn = k and αβ1,...,βn ∈ A.
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1.4. Simple singularities and Dynkin diagrams

For any partition of k in n elements, there exists one part higher or equal to k
n . Indeed,

if the partition (β1, . . . , βn) is such that βi < k
n for any 1 ≤ i ≤ n, then k = β1 + ... + βn <

n kn = k, which is impossible.
As m =

√
a, for any 1 ≤ i ≤ n, there exists αi ∈ Z>0 such that xαii ∈ a. Set k ∈ Z>0 such

that k
n ≥ max(α1, ..., αn). Then for any partition (β1, . . . , βn) of k in n elements, there

exists 1 ≤ i ≤ n such that βi ≥ k
n ≥ αi. Thus xβii ∈ a and because a is an ideal, one finds

αβ1,...,βn(x1, ..., xn)x
β1
1 ...x

βn
n ∈ a. Hence any element of mk is a sum of elements of a and

so is in a. It follows that mk ⊂ a.

The singularity (f−1(0),0) is isolated if and only if 0 is the only solution of the system
⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

f = 0,
∂f

∂xi
= 0, 1 ≤ i ≤ n.

Hence {0} = Z(J(f)). According to Proposition 1.4.25, this is equivalent to
dim(A/J(f)) < ∞, which proves the theorem.

The number dim(A/J(f)) is called theTjurina number of the singularity (cf. [Loo84]).

The next theorem gives us a way of computing the semiuniversal deformation of any
simple singularity. It was proved by A. Kas and M. Schlessinger in [KasSchle72].

Theorem 1.4.26. (Kas-Schlessinger). Let X0 be a Kleinian singularity defined in
C3 by the polynomial equation f(X,Y,Z) = 0. Because of the previous proposition (or by
explicit computation), the vector space V = C[X,Y,Z]/(f, ∂f∂X ,

∂f
∂Y ,

∂f
∂Z ) is finite dimen-

sional. Let (bi(X,Y,Z))1≤i≤k be a base of V . Then the semiuniversal deformation of the
simple singularity X0 is given by the map

ϕ ∶ C3 ×Ck → C

(X,Y,Z, a1, . . . , ak) ↦ f(X,Y,Z) +
k

∑
i=1
akbk(X,Y,Z)

.

1.4.1.4. Springer’s resolution

The theorem that will be proved shortly is about the nilpotent variety. Its proof
requires some reminders on regular nilpotent elements. The following theorem is proved
in [Stein65].

Theorem 1.4.27. Let x be a nilpotent element of a reductive Lie algebra g. The fol-
lowing properties are equivalent:
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(i) x is regular.

(ii) x is contained in a unique Borel subalgebra of g.

(iii) If b = h⊕α∈Φ+ gα is the decomposition in root spaces of a Borel subalgebra b of g
and x ∈ b, then the projection of x on gα is not zero for all the simple roots.

Let B be a Borel subgroup of G, T a maximal torus contained in B, b = Lie B and
h = Lie T . It is known that b decomposes as b = h⊕ n with n the nilradical of b. As n is
stable under the Adjoint action of B, one can define the associated bundle G×B n. The
next proposition can be found in [Sprin09].

Proposition 1.4.28. With the same notations as before, the quotient G/B is a projective
variety called the flag variety for G, and is in bijection with the set of Borel subalgebras
of g.

The flag variety contains interesting information and will be studied in the following
example.

Example 1.4.29. Let G = SLn(C), B a Borel subgroup of G and g,b the respective Lie
algebras. We have the following morphism

G/B {{0} = V0 ⊊ V1 ⊊ . . . ⊊ Vn = Cn ∣ dim Vi = i}
ϕ

sending a Borel subalgebra of g to the flag it stabilizes. Indeed, let (e1, . . . , en) be the
canonical base of Cn on which G acts, and for any 1 ≤ i ≤ n, let Vi = VectC(e1, . . . , ei).
Then the stabilizer of the flag {Vi}1≤i≤n is the space of upper triangular matrices in G and
is a Borel subalgebra. But as all Borel subalgebras are conjugated, any Borel subalgebra
b appears as the stabilizer of a unique flag we call ϕ(b). This defines the morphism ϕ.
There are also the following morphisms

g ∗ x ↦ Ad(g)(x)

g ∗ x G ×B n → g

↧ ↓

gB G/B
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Set x =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 . . 0 0

0 0 1 . . 0 0

. . . . . . .

. . . . . . .

0 0 0 . . 1 0

0 0 0 . . 0 1

0 0 0 . . 0 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

∈ g and let us find the flags stabilized by x.

Let (v1, . . . vn) be the canonical base of Cn. Because x is nilpotent, its only eigenvalue is
0. Set ṽ1 = α1v1 + α2v2 an eigenvector.

● The aim is to find ṽ2 such that the vector space generated by ṽ1 and ṽ2 is stable
by x and of dimension 2. This will imply a relation xṽ2 = µṽ1 + λṽ2. On ⟨ṽ1, ṽ2⟩ the

matrix of x will be
⎛
⎜
⎝

0 µ

0 λ

⎞
⎟
⎠
. But x is nilpotent so λ = 0 and so xṽ2 = µṽ1. By writing

ṽ2 = ∑ni=1 βivi and applying x, one obtains β3v2 + . . . + βnvn−1 = µα1v1 + µα2v2. Thus
β3 = µα2, β4 = . . . = βn = 0 and µα1 = 0.
If α1 ≠ 0, set ṽ2 = v2. This implies that V1 = Cṽ1 ⊊ V2 =< v1, v2 > are stable by x.
If α1 = 0, set ṽ2 = v3. Therefore V1 = Cv2 ⊊ V2 =< v2, v3 > are stable by x.

● We now aim to construct a vector ṽ3 such that the C-vector space V3 = ⟨ṽ1, ṽ2, ṽ3⟩ is
stable by x and of dimension 3. The computation leads to:
If α1 = 0, xṽ3 = αv2+βv3. By setting ṽ3 = β1v1+β4v4, one finds V3 =< v2, v3, β1v1+β4v4 >.
If α1 ≠ 0, one obtains ṽ3 = β1v1 + β2v2 + β3v3 thus V3 =< v1, v2, v3 >.

If one keeps on computing the case α1 ≠ 0, therefore Vi =< v1, v2, . . . , vi >, for all 1 ≤ i ≤ n,
is a C-vector space stable by x.

Let us go back to the case α1 = 0. One eventually finds that every flag stabilized by x is
indexed by an 1 ≤ i ≤ n − 1 and an element (λ ∶ µ) ∈ P1(C) such that

V
i,(λ∶µ)
j =

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

< v2, . . . , vj+1 > if j < i,

< v2, . . . , vi, λv1 + µvi+1 > if i = j,

< v1, . . . vj > if j > i.

The previously mentioned flag will be denoted as V i,(λ∶µ) and the family of flags indexed
by P1(C) as V i = {V i,(λ∶µ) ∣ (λ ∶ µ) ∈ P1(C)}.
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Let 1 ≤ i < k ≤ n − 1. It can be verified that V i⋂Vk =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

one point if k = i + 1

∅ otherwise.
. We

therefore have the following configuration:

Assuming that the self-intersection is −2 for each V i, the intersection matrix of the flag
configuration is the opposite of the Cartan matrix of An−1, which is the Cartan matrix
of SLn(C).

One can also look at the Borel subalgebras containing x and notice that they are in
bijection with the flags stable by x.

The next theorem is due to T.A. Springer and can be found in [Sprin69].

Theorem 1.4.30. (Springer). The morphism ψ0 ∶ G ×B n → N(g)

g ∗ n ↦ Ad(g)n

is a reso-

lution of singularities for the nilpotent variety N(g).

Proof. The associated bundle G ×B n is smooth and has the same dimension as N(g).
Indeed, φ ∶ G×B n→ G/B is a vector bundle and a surjective map. Hence, for any point
p ∈ G/B, the dimension of the fiber φ−1(p) ≅ n is dim(G ×B n) − dim G/B. So

dim(G ×B n) = dim G/B + dim n =
∣Φ∣

2
+

∣Φ∣

2
,

= ∣Φ∣,

= dim N(g),
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with Φ the root system of the Lie algebra g, as previously seen. We have the morphism

α ∶ G ×B n → {(A,x) ∈ B ×N(g) ∣ x ∈ A}

g ∗ n ↦ (bg,Ad(g)n)

with bg = Ad(g)b and B = G/B the set of Borel subalgebras of g. Because N(g) is
G-stable and the action of B on N(g) is the restriction of the G-action, one has an
isomorphism ϕ ∶ G ×B N(g)

≅
Ð→ G/B × N(g) given by ϕ(g ∗ x) = (gB,Ad(g)(x)) (cf.

[Slo80] 3.7, Lemma 1). Hence the inclusion G ×B n ↪ G ×B N(g) composed with ϕ is a
closed embedding of G ×B n in B ×N(g) and is exactly the morphism α. We conclude
that G ×B n can be embedded onto the closed subvariety {(A,x) ∈ B ×N(g) ∣ x ∈ A} of
B ×N(g). Under this identification, the morphism ψ0 corresponds to the projection on
N(g). One deduces that ψ0 is proper. Moreover, ψ0 is surjective because every nilpotent
element is contained in the nilradical of some Borel subalgebra. As ψ0 is G-equivariant
and the orbit of a regular element is dense in N(g), it is enough to prove that the
preimage under ψ0 of any regular element of N(g) contains only one point. According
to the identification, one sees ψ−1

0 (x) with x ∈ N(g) as Bx = {A ∈ B ∣ x ∈ A}. Then
because of Theorem 1.4.27, Bx is a point if x is regular. The theorem is thus proved.

1.4.1.5. Simultaneous resolutions

Definition 1.4.31. Let χ ∶ X → U be a flat morphism of complex algebraic integral
varieties. A simultaneous resolution of χ is a commutative diagram of morphisms of
algebraic varieties

Y X

V U

ψ

θ χ

ϕ

such that:
● θ is smooth,

79
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● ψ and ϕ are proper and surjective,
● ψ induces ψv ∶ θ−1(v) → χ−1(ϕ(v)), which is a resolution of singularities for
χ−1(ϕ(v)), for all v ∈ V .

We will speak of simultaneous resolution of χ over ϕ.

Let χ ∶ (C3,0) → (C,0) be a flat morphism whose only singular fiber χ−1(0) has a
unique isolated singularity. The next theorem was obtained by E. Brieskorn in [Bries66]
in the setting of holomorphic maps of complex manifolds, and later algebraized by M.
Artin in [Artin74] .

Theorem 1.4.32. There exists a simultaneous resolution of χ if and only if χ−1(0) has
a simple singularity.

This theorem provides us a means of proving the existence of a simultaneous resolution.

We say that two simultaneous resolutions of χ,

Y1 X

V U

ψ1

θ1 χ

ϕ

Y2 X

V U

ψ2

θ2 χ

ϕ

are isomorphic if there exists an isomorphism ι ∶ Y1 → Y2 such that ψ2 ○ ι = ψ1 and
θ2 ○ ι = θ1.

Set χ as in the previous theorem and let ϕ ∶ (C,0) → (C,0) be a base change such that
χ has a simultaneous resolution over ϕ. As χ−1(0) is a simple singularity one can assign
it a Dynkin diagram as well as a Weyl group W . The next result comes from [Bries68]
(analytically) and [Artin74] (algebraically).

Theorem 1.4.33. The number of non-isomorphic simultaneous resolutions of χ over ϕ
is exactly the order of W .

Let g be a reductive Lie algebra and h ⊂ b ⊂ g a Cartan and a Borel subalgebras of
g. The triangular decomposition of g gives b = h⊕n with n the subalgebra composed of
the nilpotent elements of b. Let W be the Weyl group of g associated to h as well as G
and B the Lie groups corresponding to g and b. We have the following diagram:
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1.4. Simple singularities and Dynkin diagrams

G ×B b g

h/Wh

ψ

χθ

ϕ

with χ the adjoint quotient map, ϕ the canonical projection of h on h/W and θ and
ψ defined by ψ(g ∗ b) = Ad(g)b and θ(g ∗ (h + n)) = h for g ∈ G, b = h + n ∈ b = h⊕n.

The next theorem was conjectured by A. Grothendieck and then proved by E. Brieskorn.

Theorem 1.4.34. (Grothendieck). The aforementioned diagram is a simultaneous
resolution of the adjoint quotient χ.

Proof. Several points need to be verified:

(1) The diagram is commutative. Indeed, if g ∗ x ∈ G ×B b, then χ ○ ψ(g ∗ x) = G.xs⋂h
with xs the semisimple part of x and ϕ○θ(g ∗x) =W.h with x = h+n the decomposition
of x in b. But as W = N(H)/H, W.h is the set of elements of h conjugated to h. On
the other hand G.xs⋂h is the set of elements of h conjugated to xs. However we know
that xs and h are conjugated so χ ○ ψ(g ∗ x) = ϕ ○ θ(g ∗ x).

(2) The action of B on h ≅ b/[b,b] is trivial because the action of its Lie algebra b on
h is trivial by definition. There is therefore an isomorphism G ×B h

≅
Ð→ G/B × h. The

morphism θ is smooth because it can be factorized as

G ×B b → G ×B h
≅
Ð→ G/B × h → h

g ∗ (h + n) ↦ g ∗ h ↦ (gB,h) ↦ h

and each morphism of the factorization is smooth.

(3) The morphism ϕ is clearly proper and surjective, and so is ψ because every element
of g is contained in a Borel subalgebra and Borel subalgebras are conjugated.

(4) Let h denote the conjugacy class of h in h/W . We aim to show that ψh ∶ θ−1(h) →
χ−1(h) is a resolution of singularities for all h ∈ h.
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It has been seen before that χ−1(h) ≅ G×Z(h)N(z(h)). By composing the G-equivariant
morphism ψh with the projection on G/Z(h), one can see θ−1(h) as an associated bundle:

θ−1(h) → χ−1(h) ≅ G ×Z(h)N(z(h)) → G/Z(h)

g ∗ (h + n) ↦ ad(g)(h + n) ↦ g ∗ ((h + n)n) ↦ gZ(h)

According to Lemma 1.4.18, we need to find the Z(h)-stable fiber of this composition
above eZ(h) ∈ G/Z(h). One can see that h + N(z(h)) is the set of elements whose
semisimple part is h and G.(h + N(z(h))) ≅ G ×Z(h) N(z(h)). The preimage of eZ(h)
by the projection on G/Z(h) is e ∗N(z(h)), which corresponds to the set h +N(z(h)).
The preimage of the composition above eZ(h) is thus the set of elements g ∗ (h + n) ∈
G×B (h+n) such that the semisimple part of Ad(g)(h+n) is h. One can replace g∗(h+n)
by an equivalent gb−1 ∗Ad(b)(h + n) with a b ∈ B chosen such that (Ad(b)(h + n))s = h.
As (Ad(gb−1)(Ad(b)(h + n)))s = h, we get Ad(gb−1)(Ad(b)(h + n))s = h, which means
that Ad(gb−1)h = h. We deduce that gb−1 ∈ Z(h). Hence the fiber above eZ(h) is
{g∗(h+n) ∈ G×B n ∣ g ∈ Z(h) and n ∈ n(h)} with n(h) = n⋂ z(h). But this is isomorphic
to Z(h) ×B(h) n(h), where B(h) = B⋂Z(h) is a Borel subgroup of Z(h) whose Lie
algebra has n(h) for nilradical.
Finally, writing ψ0(h) ∶ Z(h) ×B(h) n(h) → N(z(h)) for the restriction of the Springer
resolution, one sees that ψh is induced by ψ0(h). Therefore ψh is isomorphic to

G ×Z(h) ψ0(h) ∶ G ×Z(h) (Z(h) ×B(h) n(h)) → G ×Z(h)N(z(h)).

As ψ0(h) is a resolution by Springer’s theorem (Theorem 1.4.30), so is ψh.

Let us consider the diagram of the previous theorem. Let S be a transversal slice to
a nilpotent orbit (not necessarily subregular) in g and S̃ = ψ−1(S) the preimage of S by
ψ in G ×B b.

Corollary 1.4.35. The restriction of the Grothendieck resolution is a simultaneous
resolution.
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G ×B b g

h/Wh

⋂ ⋂
S̃ S

ψ

χθ

ϕ

Proof. One sees that S̃ ≅ (G ×B b) ×g S. We know that S is transversal to an orbit at x
in g. As ψ is surjective, let y ∈ G ×B b such that ψ(y) = x. Then S̃ is a transversal slice
to the orbit at y in G ×B b. Indeed, one can see that:

● y ∈ S̃,
● the morphism G × S̃ → G ×B b is smooth (cf. [Slo80] Section 5.1, Lemma 2),
● codim S̃ = dim G.y. Indeed, because dim G×Bb−dim G = dim G/B+dim b−dim G =

0, any fiber of ψ is discrete. The restriction ψ∣G.y ∶ G.y → G.x is surjective and
the dimension of any fiber is dim G.y − dim G.x = 0 because it is discrete. So
dim S̃ = dim G ×B b + dim S − dim g = dim G ×B b − dim G.x because S is transversal,

= dim G ×B b − dim G.y,

= codim G.y.

Then it follows that S̃ is transversal to the G-orbit at y in G ×B b.
One concludes that the composition

G × S̃ → G ×B b → h

(g, s) ↦ g ∗ s ↦ θ(g ∗ s)

is smooth. As it factorizes in

G × S̃
π2
Ð→ S̃

θ∣S̃
ÐÐ→ h,

then θ̃ = θ∣S̃ is smooth. Therefore TsS̃ is well defined for all s ∈ S̃ so S̃ is smooth. One
can easily check that the other properties of a simultaneous resolution are verified as
well.

83



1. Lie Theory

Let S be a transversal slice to a nilpotent subregular orbit of a simple Lie algebra of
type Ar, Dr or Er. Using Theorem 1.4.15 and Corollary 1.4.35, one obtains a simultane-
ous resolution of the semiuniversal deformation of the corresponding simple singularity.

1.4.2. Simple singularities of type BCFG

The simple singularities have been defined and some of their properties proved. These
singularities are linked to the homogeneous (or simply-laced) Dynkin diagrams of simple
Lie algebras. However in Section 1.1.2 it was shown that there are other kinds of simple
Lie algebras, and as such Dynkin diagrams, which are the inhomogeneous (or non-simply-
laced) types Br (r ≥ 2), Cr (r ≥ 3), F4 and G2. P. Slodowy gave a definition of simple
singularities of inhomogeneous types. This definition requires some preparation.

1.4.2.1. Group action on a simple singularity

Let Γ ⊂ Γ′ be finite subgroups of SU2. We would like Γ′ to act on C2/Γ. Γ′ acts on C2

and, if Γ ⊲ Γ′, this action induces an action of the group Γ′/Γ on C2/Γ. It is thus natural
to require that Γ be normal in Γ′. In the following table are all normal subgroups Γ of
the finite subgroups Γ′ of SU2 (cf. [Cox91]).

Γ′ Γ order of Γ

Cn Cr,∀r/n r

Dn

Dn
2
if n even 2n

Cn
q
,∀q/n and n

q odd n
q

C 2n
q
,∀q/n 2n

q

T
D2 8

{±1} 2

O

T 24

D2 8

{±1} 2

I {±1} 2

The symmetry groups of the simply-laced Dynkin diagrams have been determined in
Section 1.2. For type A2r−1, the symmetry group is Ω = Z/2Z and Γ = C2r. We are
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looking for Γ′ in SU2 such that Γ ⊲ Γ′ and Γ′ acts on C2/Γ. The action of Γ′ can be
lifted through the minimal resolution of C2/Γ. As the minimal resolution restricts to an
isomorphism on a dense open subset and Γ acts trivially on C2/Γ, it follows that Γ acts
trivially on the minimal resolution. So the action of Γ′ on the whole minimal resolution
factors through an action of Γ′/Γ. As the origin is a fixed point of Γ′ in C2/Γ, Γ′/Γ
acts on the exceptional locus, which is composed of a union of projective lines whose
intersection pattern corresponds to the Dynkin diagram A2r−1. Therefore we want Γ′/Γ
to act on the exceptional locus the same way Ω acts on the Dynkin diagram. This can
be achieved by requiring Γ′/Γ ≅ Ω and Γ ⊲ Γ′.

● Type A2r−1: Γ = C2r and Ω = Z/2Z. Based on the previous table, the possibilities
are Γ′ = C4r or Dr.
The singularity C2/Γ is defined by {X2r − Y Z = 0} with X = z1z2, Y = z2r

1 , Z = z2r
2 ,

where (z1, z2) is the dual of the canonical base of C2 (cf. Theorem 1.4.1).

- C4r is generated by g =
⎛
⎜
⎝

ζ 0

0 ζ−1

⎞
⎟
⎠
with ζ = exp(2iπ

4r ). The action is g.z1 = ζ
−1z1 and

g.z2 = ζz2. Then

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

g.X = X,

g.Y = −Y,

g.Z = −Z.

- Dr is generated by g2 and h =
⎛
⎜
⎝

0 i

i 0

⎞
⎟
⎠
. g2 fixes C2/Γ and h.z1 = −iz2, h.z2 = −iz1.

Then

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

h.X = −X,

h.Y = (−1)rZ,

h.Z = (−1)rY.

.

In order to determine which group is the appropriate one, it is necessary to extend
the action of Γ′ to the minimal resolution of C2/Γ and check that Γ′ permutes the
components of the exceptional locus the same way Ω acts on the Dynkin diagram. In
the next subsection, it will be explicitly proved that Γ′ = Dr.

● Type A2r: Γ = C2r+1 and Ω = Z/2Z. Based on the previous table, the only possibility
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is Γ′ = C4r+2.
The singularity C2/Γ is defined by {X2r+1−Y Z = 0} with X = z1z2, Y = z2r+1

1 , Z = z2r+1
2 ,

where (z1, z2) is the dual of the canonical base of C2 (cf. Theorem 1.4.1).

C4r+2 is generated by g =
⎛
⎜
⎝

ζ 0

0 ζ−1

⎞
⎟
⎠
with ζ = exp( 2iπ

4r+2). The action is g.z1 = ζ
−1z1 and

g.z2 = ζz2. Then

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

g.X = X,

g.Y = −Y,

g.Z = −Z.

It is necessary to extend the action of Γ′ to the minimal resolution of C2/Γ and check
that Γ′ permutes the components of the exceptional locus the same way Ω acts on the
Dynkin diagram. In the next subsection, it will be shown that is does not. Therefore a
group Γ′ satisfying our conditions does not exist.

● Type Dr+1: Γ = Dr−1 and Ω = Z/2Z. The only possibility is Γ′ = D2(r−1).
If r is odd, the singularity C2/Γ is defined by {X(Y 2−Xr−1)+Z2 = 0} withX = 4 1

r (z1z2)
2,

Y = 4− 1
2r (z

2(r−1)
1 + z

2(r−1)
2 ), Z = iz1z2(z

2(r−1)
1 − z

2(r−1)
2 ), where (z1, z2) is the dual of the

canonical base of C2 (cf. Theorem 1.4.1).
If r is even, the singularity C2/Γ is defined by {X(Y 2 + Xr−1) + Z2 = 0} with X =

4 1
r (z1z2)

2, Y = 4− 1
2r (z

2(r−1)
1 − z

2(r−1)
2 ), Z = iz1z2(z

2(r−1)
1 + z

2(r−1)
2 ), where (z1, z2) is

defined similarly as when r is odd.

D2(r−1) is generated by g =
⎛
⎜
⎝

ξ 0

0 ξ−1

⎞
⎟
⎠
with ξ = exp( 2iπ

4(r−1)) and h =
⎛
⎜
⎝

0 i

i 0

⎞
⎟
⎠
. Then

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

g.X = X,

g.Y = −Y,

g.Z = −Z,

and

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

h.X = X,

h.Y = Y,

h.Z = Z.

● Type E6: Γ = T and Ω = Z/2Z. According to the previous table, Γ′ = O.
The singularity C2/Γ is defined by {X4 + Y 3 + Z2 = 0} with X = 108 1

4 z1z2(z
4
1 − z

4
2),

Y = exp( iπ3 )(z8
1 + z

8
2 + 14(z1z2)

4), Z = (z4
1 + z

4
2)

3 − 36(z1z2)
4(z4

1 + z
4
2), with (z1, z2) the

dual of the canonical base of C2 (cf. Theorem 1.4.1).
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1.4. Simple singularities and Dynkin diagrams

O =< g,T > with g =
⎛
⎜
⎝

ε3 0

0 ε5

⎞
⎟
⎠
and ε = exp( iπ4 ). It is know that T fixes C2/Γ and

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

g.X = −X,

g.Y = Y,

g.Z = −Z.

● Type D4: Γ = D2 and Ω =S3. The only possibility is Γ′ = O.
The singularity C2/Γ is defined by {X(Y 2 − X2) + Z2 = 0} with X = 4 1

3 (z1z2)
2, Y =

4− 1
6 (z4

1 + z
4
2), Z = iz1z2(z

4
1 − z

4
2), with (z1, z2) the dual of the canonical base of C2 (cf.

Theorem 1.4.1).

O =< D2, g, h > with g = 1√
2

⎛
⎜
⎝

ε ε3

ε ε7

⎞
⎟
⎠
and h =

⎛
⎜
⎝

ε3 0

0 ε5

⎞
⎟
⎠
with ε = exp( iπ4 ). It is known

that D2 fixes C2/Γ, and

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

g.X = 1
2(Y −X),

g.Y = −1
2(Y + 3X),

g.Z = Z,

and

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

h.X = X,

h.Y = −Y,

h.Z = −Z.

We summarize the results we obtained in the following table:

Homogeneous Inhomogeneous Γ Γ′ Ω

A2r−1 Br C2r Dr Z/2Z

A2r Cr C2r+1 × Z/2Z

Dr+1 Cr Dr−1 D2(r−1) Z/2Z

E6 F4 T O Z/2Z

D4 G2 D2
O

T

S3

Z/3Z

Table 1.3.
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1. Lie Theory

The "inhomogeneous" column corresponds to the foldings of the root lattices whose
types compose the first column. They were computed in Section 1.2. We add that if we
chose Ω to be Z/3Z in the case Γ = D2, it can be proved that Γ′ = T .

Remark 1.4.36. One may wonder why the Dynkin diagram A2r was disregarded. Let
g be a Lie algebra over k of type A2r, ∆ its Dynkin diagram and {α1, . . . , α2r} a base of
the root system. We identify the simple roots of g with their respective vertices in ∆,
so that an automorphism of ∆ can be seen as a permutation of the simple roots. We
define σ the automorphism of ∆ by σ(αi) = α2r+1−i.

1 2 r r+1 2r-1 2r

σ

The folding of the Lie algebra g gives a Lie algebra g0 of type Br and the folding of the
root lattice gives a root lattice Qσ of type Cr. This case should a priori be included
in Table 1.3. However, it will be shown in Section 1.4.2.2 that for any Γ′ such that
Γ′/Γ ≅ Ω = Z/2Z, Γ′/Γ fails to permute the components of the exceptional locus of the
minimal resolution of A2r like the symmetry group Ω of the Dynkin diagram permutes
its vertices.

1.4.2.2. Computation with A2r−1 and Br

Let σ be the automorphism of the Dynkin diagram of type A2r−1 defined, as in Sec-
tion 1.2.2, by
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1.4. Simple singularities and Dynkin diagrams

1 2 r-1 r r+1 2r-2 2r-1

σ

The group corresponding to A2r−1 is Γ = C2r. Set Γ′ = Dr. Let us check that Γ′
permutes the components of the exceptional locus of A2r−1 the same way σ permutes
the vertices of the Dynkin diagram.

The singularity of type A2r−1 is X2r = {(x, y, z) ∈ C3 ∣ x2r − yz = 0} and its minimal
resolution is given by (cf. [Lamo86])

ψ ∶ X̃2r → X2r

((x, y, z),{(ai ∶ bi)}1≤i≤2r−1) ↦ (x, y, z)

with X̃2r the surface in C3 × (P1)2r−1 defined by ⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

a2r−1x = b2r−1y,

aibi+1x = ai+1bi, 1 ≤ i ≤ 2r − 2,

a1z = b1x.

It is known that Dr = ⟨g, h⟩ with g =
⎛
⎜
⎝

exp(2iπ
2r ) 0

0 exp(−2iπ
2r )

⎞
⎟
⎠
and h =

⎛
⎜
⎝

0 i

i 0

⎞
⎟
⎠
. It was

shown in Subsection 1.4.2.1 that Dr acts on X2r by
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

g.(x, y, z) = (x, y, z),

h.(x, y, z) = (−x, (−1)rz, (−1)ry).

Let α = ((x, y, z), (a1 ∶ b1), . . . , (a2r−1 ∶ b2r−1)) ∈ X̃2r. Our goal is to define g.α and h.α
and make ψ a Γ′-equivariant morphism.

By definition Γ = ⟨g⟩ fixes every point in X2r so g.α = ((x, y, z), (a′1 ∶ b
′
1), . . . , (a

′
2r−1 ∶
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1. Lie Theory

b′2r−1)) ∈ X̃2r thus

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

a′2r−1x = b
′
2r−1y,

a′ib
′
i+1x = a

′
i+1b

′
i, 1 ≤ i ≤ 2r − 2,

a′1z = b
′
1x,

and

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

a2r−1x = b2r−1y,

aibi+1x = ai+1bi, 1 ≤ i ≤ 2r − 2,

a1z = b1x.

One deduces from these systems that (a′i ∶ b
′
i) = (ai ∶ bi) for all i, hence g.α = α, ∀α ∈ X̃2r.

Furthermore, h.α ∈ X̃2r with ⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

a′2r−1(−x) = b′2r−1(−1)rz,

a′ib
′
i+1(−x) = a′i+1b

′
i, 1 ≤ i ≤ 2r − 2,

a′1(−1)ry = b′1(−x).

. But α ∈

X̃2r so x

y
=
b2r−1
a2r−1

and x

z
=
a1
b1

. One deduces that a
′
1(−1)r+1

b′1
=
b2r−1
a2r−1

and b′2r−1(−1)r+1

a′2r−1
=

a1
b1

. Then a
′
1
b′1

= (−1)r+1 b2r−1
a2r−1

and a
′
2r−1
b′2r−1

= (−1)r+1 b1
a1

. Thus a
′
2r−2
b′2r−2

=
1
−x

a′2r−1
b′2r−1

= (−1)r+2 b1
a1x

=

(−1)r+2 b2
a2

. The computation finally gives a
′
i

b′i
= (−1)r+2r−i b2r−i

a2r−i
, 1 ≤ i ≤ 2r − 1. Therefore

the action of h is given by h.α = ((−x, (−1)rz, (−1)ry),{((−1)r+2r−ib2r−i ∶ a2r−i)}1≤i≤2r−1) ∈
X̃2r.

Let E = ψ−1(0) be the exceptional locus. One sees that E =
2r−1
⋃
i=1

Ei with Ei =

{(0,0,0), (1 ∶ 0), . . . , (1 ∶ 0), (ai ∶ bi)
´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¶

i-th position

, (0 ∶ 1), . . . , (0 ∶ 1)} ⊂ X̃2r. The action of g on the

components of E is g.Ei = Ei for any 1 ≤ i ≤ 2r − 1, and h.Ei = {(0,0,0), (1 ∶ 0), . . . , (1 ∶
0), ((−1)r+2r−(2r−i)bi ∶ ai)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
(2r-i)-th position

, (0 ∶ 1), . . . , (0 ∶ 1)}. Thus h.Ei = E2r−i for any 1 ≤ i ≤ 2r − 1.

Finally Γ′ permutes the components of the exceptional locus the same way Γ′/Γ per-
mutes the vertices of the Dynkin diagram.

We go back to the case A2r for Γ = C2r+1 and explain why it differs from the others.
For A2r one cannot find a finite subgroup Γ′ of SU2 such that Γ ⊲ Γ′ and Γ′ permutes the
components of the exceptional locus of the minimal resolution of C2/Γ the same way the
symmetry group of the Dynkin diagram permutes the vertices of the Dynkin diagram.
Indeed, let us take Γ = C2r+1. The singularity C2/Γ is of type A2r. The symmetry group
of the Dynkin diagram of type A2r is Ω = Z/2Z and permutes the vertices i and 2r+1− i,
1 ≤ i ≤ 2r. Based on the table in Section 1.4.2.1, if one wants Γ′ such that Γ ⊲ Γ′ and
Γ′/Γ = Ω, then the only possibility is Γ′ = C4r+2.
The singularity C2/Γ is defined by {X2r+1−Y Z = 0} with X = z1z2, Y = z2r+1

1 , Z = z2r+1
2 ,

where (z1, z2) is the dual of the canonical base of C2 (cf. Theorem 1.4.1).
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1.4. Simple singularities and Dynkin diagrams

C4r+2 is generated by g =
⎛
⎜
⎝

ζ 0

0 ζ−1

⎞
⎟
⎠
with ζ = exp( 2iπ

4r+2). The action is g.z1 = ζ
−1z1 and

g.z2 = ζz2. Then

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

g.X = X,

g.Y = −Y,

g.Z = −Z.

If one lifts this action to the minimal resolution of A2r like we did previously for A2r−1,
then Γ′ stabilizes every component of the exceptional locus. However the action of Ω on
the Dynkin diagram is not the identity, so Γ′/Γ acts differently on the exceptional locus
than Ω acts on the Dynkin diagram of type A2r. Therefore a finite subgroup Γ′ of SU2
that fits our requirements does not exist.

1.4.2.3. Definition and deformations of BCFG singularities

Let us begin with the definition the inhomogeneous Kleinian singularities given by P.
Slodowy in [Slo80].

Definition 1.4.37. A simple singularity of type Br (r ≥ 2), Cr (r ≥ 3), F4 or
G2 is a pair (X0,Ω) of a simple singularity (in the former sense) and a group Ω of
automorphisms of X0 according to the following list:

Type of (X0,Ω) Type of X0 Γ Γ′ Ω

Br, r ≥ 2 A2r−1 C2r Dr Z/2Z

Cr, r ≥ 3 Dr+1 Dr−1 D2(r−1) Z/2Z

F4 E6 T O Z/2Z

G2 D4 D2 O S3

A simple singularity of inhomogeneous type is then a simple homogeneous singularity
with a symmetry of the Dynkin diagram. One notices from the Section 1.2 that the type
of (X0,Ω) is the same as the type of the folding of the root lattice of type X0.

Remark 1.4.38. One notices that the case where X0 is of type A2r does not appear
in the preceding table. Although the Dynkin diagram of type A2r has a non-trivial
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1. Lie Theory

symmetry group, it was proved in Subsection 1.4.2.2 that the action of this symmetry
group fails to lift to the exceptional locus of the minimal resolution of X0.

The notion of symmetry has been added to simple singularities, therefore it is necessary
to include this symmetry in the definition of deformations of singularities of type Br,
Cr, F4 and G2. P. Slodowy gave the following definition.

Definition 1.4.39. A deformation of a simple singularity (X0,Ω) is a deformation
χ ∶X → U of X0 together with a trivial action of Ω on U and with an action of Ω on X
which induces the given one on X0 and such that χ is Ω-invariant.

An isomorphism of two deformations of (X0,Ω) is an isomorphism in the previous
sense which is in addition Ω-equivariant. A semiuniversal deformation is then defined
in an analogous way as done in Subsection 1.4.1.3.

In [Slo80], P. Slodowy constructs a semiuniversal deformation of (X0,Ω) in the case of
X0 a hypersurface with an isolated singularity and Ω a reductive group. More precisely,
he shows the existence of a semiuniversal deformation χ ∶ X → U of X0 in the original
sense with the following additional property: there are Ω-actions on X and U such that
χ is Ω-equivariant and the restriction of Ω on X0 is the given one. Furthermore, if Y → T
is any Ω-equivariant deformation of X0, it can be induced from χ by a Ω-equivariant
morphism. From here, a semiuniversal deformation χΩ of (X0,Ω) is obtained by the
deformation induced from χ by the base change UΩ → U , with UΩ being the fixed point
set of Ω in U .

X ×U U
Ω X

UUΩ

χχΩ

1.4.2.4. Inhomogeneous singularities from Lie algebras of type Br, Cr, F4 and G2

Let g be a simple Lie algebra over C with adjoint group G and let e ∈ g be a nilpotent
element. It is known that there exist f, h ∈ g such that (e, f, h) is an sl2-triple. In
[Slo80] Section 7.5, P. Slodowy defines C(e) ∶= ZG(e)⋂ZG(h) and calls it the reductive
centralizer of e with respect to h.
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1.4. Simple singularities and Dynkin diagrams

Lemma 1.4.40. The reductive centralizer of e centralizes the sl2-Lie subalgebra of g
generated by e, f and h. As a consequence, the Slodowy slice Se = e + zg(f) is C(e)-
stable.

Proof. Let c ∈ C(e). Then (ce, ch, cf) = (e, h, cf) is an sl2-triple for e. Based on the
representation theory of the Lie algebra sl2(C), the map ad x ∶ g(−2) → g(0) is injective
and h = [e, f] = [e, cf]. It follows that cf = f and the sl2-Lie subalgebra of g is stable.
It implies naturally that Se = e + zg(f) is C(e)-stable.

Remark 1.4.41. In fact, the reductive centralizer C(e) is exactly the centralizer of the
sl2-Lie subalgebra.

Proposition 1.4.42. If e ∈ g is regular nilpotent then C(e) = {1}, and in particular
ZG(e) is connected. If e is subregular nilpotent, then according to type we have

Type of g Ar, r > 1 Br Cr Dr E6 E7 E8 F4 G2

C(e) Gm Gm ⋊Z/2Z Z/2Z {1} {1} {1} {1} Z/2Z S3

In the semidirect product Gm ⋊Z/2Z, Z/2Z acts on Gm by x↦ x−1.

Proof. The case e regular was done in [SprinStein70]. The rest was done by various
authors with case by case analysis. All the references can be found in [Slo80] Section
7.5.

In Subsection 1.4.1.3 we stated a theorem due to E. Brieskorn (Theorem 1.4.15) which
gives the semiuniversal deformation of a Kleinian singularity of type Ar, Dr, or Er from
the adjoint quotient of a simple Lie algebra of the same type. This theorem can be
extended to the inhomogeneous case.

Theorem 1.4.43. Let g be a simple Lie algebra over C of type Br, Cr, F4 or G2 and e
a subregular nilpotent element of g. Then there exists a finite subgroup Ξ of the reductive
centralizer C(e) of e and a Ξ-stable transversal slice S at e to the G-orbit of e such that
the (Ξ-invariant) restriction of the adjoint quotient map χ ∶ g → h/W to S realizes a
semiuniversal deformation of a simple singularity of the same type as g.

The proof can be found in [Slo80].

As a special case, the theorem states that the intersection X0 = S⋂N(g) of S with
the nilpotent variety of g plus the induced action of Ξ on X0 is a simple singularity
(X0,Ξ) of the same type Br, Cr, F4 or G2 as g.
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It was mentioned in Proposition 1.4.23 that for a simple singularity whose Dynkin
diagram ∆ is of type Ar, Dr, or Er, singularities whose types correspond to subdiagrams
of ∆ can be found in the fibers of the semiuniversal deformation near the singular point.
There is a similar result for the inhomogeneous singularities.

If ∆ is an inhomogeneous Dynkin diagram, it was shown in Section 1.2 that it can be
obtained from a simply-laced Dynkin diagram h∆ as a quotient by the action of a group
Ξ of diagram isometries. The preimages of this quotient map in h∆ of subdiagrams of
∆ are the Ξ-stable subdiagrams of h∆. The following corollary is also proved in [Slo80].

Corollary 1.4.44. Let χ ∶ X → U be a deformation of a simple singularity (X0,Ξ) of
inhomogeneous type ∆, and let Xε ≠X0 be a non-special fiber. Then there is an Ξ-stable
subdiagram h∆′ of h∆ and a Ξ-equivariant type-preserving bijection of the connected
components of h∆′ onto the singular points of Xε.

Example 1.4.45. For the Lie algebra G2, one obtains a semiuniversal deformation of
type (D4,S3). Consider the projection of h∆ onto ∆:

There are only two non-trivial subdiagrams of ∆:

(1) Omit the red vertex and it gives : = A1 +A1 +A1 plus a permutation

by S3.

(2) Omit the blue vertex and it gives : = A1 which is invariant under S3.

1.4.2.5. A stable Slodowy slice for A2r−1, Dr and E6

Let ∆ be a Dynkin diagram of type A2r−1, Dr, or E6 and let g be a simple Lie algebra
of type ∆ with adjoint simple group G. Take (e, f, h) an sl2-triple with e a nilpotent
element of g. In [Slo80] Section 7.6, CA(e) ∶= {σ ∈ Aut(g) ∣ σ(e) = e and σ(h) = h} is
called the outer reductive centralizer of e with respect to h. The group CA(e) can
be described with the following proposition:

Proposition 1.4.46. If e ∈ g is regular nilpotent, then CA(e) is isomorphic to Aut(∆).
If e ∈ g is subregular nilpotent, then CA(e) has the following form depending on the type
of ∆:
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1.4. Simple singularities and Dynkin diagrams

Type of ∆ A2r−1 D4 Dr, r > 4 E6

CA(e) E(Z/2Z,Gm) S3 Z/2Z Z/2Z

Here E(Z/2Z,Gm) is an extension of Z/2Z by Gm with non-trivial action of Z/2Z on Gm.
For r odd this extension is the semi-direct product, for r even it is the unique non-trivial
extension.

Proof. Let σ ∈ Aut(g) be an automorphism of g. Then (σ(e), σ(f), σ(h)) is an sl2-triple
for σ(e), which is again regular resp. subregular. By the uniqueness of the regular resp.
subregular G-orbit, there exists g ∈ G such that g.σ(e, f, h) = (e, f, h). This implies that
g.σ ∈ CA(e). From the surjectivity of Aut(g) → Aut(∆), it follows that the composition
CA(e) → Aut(g) → Aut(∆) is surjective and its kernel is C(e) = CA(e)⋂G. For e
regular as well as for ∆ = Dr or E6 and e subregular, the kernel is trivial and thus
CA(e) ≅ Aut(∆). For ∆ = A2r−1 and e subregular we have C(e) = Gm and Aut(∆) =

Z/2Z. Thus CA(e) is an extension of Z/2Z by Gm. Let s ∈ CA(e) ∖C(e). To prove the
remaining statements, we need to show that s induces the non-trivial automorphism of
C(e) = Gm and that s2 = 1, respectively s2 = −1, for r odd, respectively even. We verify
this on an example.

Let e be the subregular element of sl2r(C) given by the matrix

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 1 . . . 0

0 0 1 . . 0

. . . . . .

0 0 0 . 1 0

0 0 0 . 0 0

0 0 0 . . 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and let σ ∈ Aut(sl2r(C)) be the outer automorphism σ(m) =t (−m). Let
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g =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 . . . . 1 0

0 0 . . . . .

. . . . . . .

0 0 1 . . . .

0 −1 0 . . 0 .

1 0 0 . . . 0

0 0 0 . . . 1

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

∈ GL2r(C)

and Φ ∶= (Inn g) ○ σ ∈ Aut(sl2r(C)). A computation gives Φ(e) = e and Φ2 = 1. With
respect to a suitable choice of an sl2-triple (e, f, h), the Lie algebra c(e) of C(e) is

c(e) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

m(t) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

t 0 . . . 0

0 t 0 . . 0

. . . . . .

0 0 0 . 0 0

0 0 0 . t 0

0 0 0 . . −(2r − 1)t

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

t ∈ C

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

Then Φ transforms c(e) into itself by sendingm(t) tom(−t). The lemma is hence proved
in this special case.

Take (e, f, h) an sl2-triple with e a subregular nilpotent element of g and S = e+ zg(f)
a Slodowy slice at e. With the same arguments as for the proof of Lemma 1.4.40, CA(e)
stabilizes the slice S. Let δ ∶ S → h/W denote the restriction of the adjoint quotient of g
to the Slodowy slice. The group Aut(∆) ≅ Aut(g)/G acts naturally on g//G ≅ h/W and
can be considered as a subgroup of CA(e).

Corollary 1.4.47. Aut(∆) is a finite subgroup of CA(e) and stabilizes the Slodowy slice
S.

1.4.2.6. Inhomogeneous singularities from Lie algebras of type Ar, Dr and E6

Like in the previous section, ∆ is a Dynkin diagram of type A2r−1, Dr, or E6, g is a
simple Lie algebra of type ∆ with adjoint simple group G, e ∈ g a subregular nilpotent
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element of g, (e, f, h) an sl2-triple of g and S = e+ zg(f) a Slodowy slice at e. Because of
Corollary 1.4.47, Aut(∆) acts on S and on h/W and makes δ equivariant. As a result,
there is an action of Aut(∆) on the special fiber X = δ−1(0). Now let ∆0 be the unique
inhomogeneous Dynkin diagram such that h∆0 = ∆ and AS(∆0) = Aut(∆) with AS(∆0)
being the associated symmetry group of ∆0 defined by

AS(∆0) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

S3 if ∆0 = G2,

Z/2Z otherwise.

The following two theorems are proved in Section 8.8 of [Slo80]:

Theorem 1.4.48. (X,AS(∆0)) is a simple singularity of type ∆0.

Let G0 denote the simple adjoint group of type ∆0 with Lie algebra g0. Let (e0, f0, h0)
be an sl2-triple with e0 a subregular nilpotent element of g0 and S0 = e0 + zg0(f0). Let
δ0 ∶ S0 → h0/W0 denote the restriction to S0 of the adjoint quotient map of g0.

Theorem 1.4.49. The AS(∆0)-equivariant deformation δ ∶ S → h/W of X is AS(∆0)-
semiuniversal, and the restriction δAS(∆0) of δ over the fixed point space (h/W )AS(∆0)

is isomorphic to δ0.

Remark 1.4.50. The theorem above allows an identification of h0/W0 with (h/W )AS(∆0).
However another identification is possible. The group AS(∆0) acts on the Dynkin
diagram ∆ and its action can be naturally extended to h. Set h1 = hAS(∆0) and
W1 = {w ∈ W ∣ wγ = γw,∀γ ∈ AS(∆0)}. Then the natural map h1 → (h/W )AS(∆0)

induces a Gm-equivariant morphism h1/W1 → (h/W )AS(∆0). The Gm-weights of this
morphism are the same on h1/W1 and (h/W )AS(∆0), and are strictly positive. Hence
using [Slo80] Section 8.1, Lemma 3, one finds that it is an isomorphism.

1.5. McKay correspondence

1.5.1. Homogeneous correspondence

In 1980, J. McKay noticed in [McK80] a link between the irreducible representations
of the finite subgroups of SU2 and the extended Dynkin diagrams of types Ar, Dr and
Er.
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1.5.1.1. Statement of the correspondence

Let Γ be a finite subgroup of SU2. As such Γ acts naturally on Vnat ∶= C2. For every
irreducible representation Vi, 0 ≤ i ≤ r, of Γ (V0 being the trivial representation), one
can define the representation Vnat ⊗ Vi. Using representation theory of finite groups (cf.
[Ser78]), these tensor products decompose as:

Vnat ⊗ Vi =
r

⊕
j=0

mijVj , 0 ≤ i ≤ r,

with mij ∈ Z≥0, for all 0 ≤ i, j ≤ r. mij is the multiplicity of Vj in Vnat ⊗ Vi. Set
M = (mij)0≤i,j≤r the corresponding matrix and I the (r + 1) × (r + 1) identity matrix. J.
McKay observed the following:

McKay correspondence: The matrix 2I −M is the Cartan matrix of the extended
Dynkin diagram ∆̃(Γ) associated to Γ. We write ∆(Γ) for the Dynkin diagram associated
to Γ through the resolution of C2/Γ. The extended Dynkin diagram ∆̃(Γ) is obtained
by adding −θ to ∆(Γ), with θ being the highest root of the root system of ∆(Γ). The
obtained diagrams are listed in the table below:

Γ ∆̃(Γ) Name of ∆(Γ)

Cn

1 2 3 n-2 n-1

−θ

An−1

Dn
1

2 3 n

n+1

n+2

−θ

Dn+2

T

1

2

3 4 5 6

−θ

E6

O

1

2

3 4 5 6 7−θ

E7

I

1

2

3 4 5 6 7 8 −θ

E8
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McKay correspondence can be interpreted directly from the diagram ∆̃(Γ). To each
vertex of ∆̃(Γ) one associates an irreducible representation of Γ, the trivial one V0
corresponding to the vertex of the highest root. Recall that the tensor product Vnat⊗Vi
decomposes as a direct sum of irreducible representations. Draw an edge between the
vertices Vi and Vj if Vj appears in the decomposition of Vnat⊗Vi. The process is illustrated
with this example:

l
i

k

j

Vnat ⊗ Vi = Vl⊕Vk⊕Vj and mil =mik =mij = 1.

One can also interpret McKay’s result using the eigenvectors and eigenvalues of the
Cartan matrix of ∆̃(Γ). Let χnat ∶ Γ → C

γ ↦ Tr(ρnat(γ))

(respectively χi) the character

associated to the representation ρnat ∶ Γ→ GL(Vnat) of Γ on Vnat (respectively ρi on Vi).
Let γ0 = 1, γ1, . . . , γr be representatives of the conjugacy classes of Γ. As characters are
central functions, they are defined by their values on γj , 0 ≤ j ≤ r. By putting all these
values in a table one finds the character table of Γ:

γ0 γ1 ⋯ γk ⋯ γr

χ0 1 1 ⋯ 1 ⋯ 1

χ1 d1 χ1(γ1) χ1(γr)

⋮ ⋮

χj dj χj(γk) χj(γr)

⋮ ⋮

χr dr χr(γk) χr(γr)

The formula Vnat ⊗ Vi =
r

⊕
j=0

mijVj gives us χnat(γk)χi(γk) =
r

∑
j=0

mijχj(γk) for all 0 ≤
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i, k ≤ r, which can be written M

⎛
⎜
⎜
⎜
⎜
⎜
⎝

χ0(γk)

⋮

χr(γk)

⎞
⎟
⎟
⎟
⎟
⎟
⎠

= χnat(γk)

⎛
⎜
⎜
⎜
⎜
⎜
⎝

χ0(γk)

⋮

χr(γk)

⎞
⎟
⎟
⎟
⎟
⎟
⎠

. This can be interpreted

as:

The k-th column of the character table is an eigenvector of M (respec-
tively 2I −M) of eigenvalue χnat(γk) (respectively 2 − χnat(γk)).

In particular, as Vnat is of dimension 2, for k = 0, one finds that the column (d0, . . . , dr)
is annihilated by 2I −M , with di = dim Vi, for 0 ≤ i ≤ r. This is due to the fact that
this column corresponds to the coefficients in the decomposition of the highest root θ
in terms of the simple roots {α1, . . . , αr} of the root system associated to ∆(Γ). Indeed
2I −M = (⟨αi, αj⟩)i,j = ((αi, αj))i,j because we work on Ar, Dr or Er hence all the roots

have the same length. Therefore (2I −M)

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

d0

d1

⋮

dr

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= 0 ⇔
r

∑
j=0

dj(αi, αj) = 0,∀i.

⇔ (αi,
r

∑
j=0

djαj) = 0,∀i.

⇔
r

∑
j=0

djαj = 0.

⇔ θ = −α0 =
r

∑
j=1

djαj .

This correspondence was obtained by J. McKay through explicit computation. R.
Steinberg has since proved the result in a more abstract way in [Stein85].

1.5.1.2. Example

Let Γ = I, ∆(Γ) = E8. As Γ is the preimage of A5 by the morphism f ∶ SU2(C) →

SO3(R), we first need to compute the character table of A5.

A5 is the rotation group of the dodecahedron, which is composed of 12 faces, 30 edges
and 20 vertices. Each vertex of the dodecahedron has a stabilizer containing 3 elements:
id, a rotation of angle 2π

3 and a rotation of angle −2π
3 . There are 1 element of order 1

and 2 elements of order 3. Furthermore, two opposite vertices have the same stabilizer.
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Hence there are 10 × 2 = 20 elements of order 3.
In a similar fashion, each face has a stabilizer composed of 5 elements: id and rotations
of angles 2π

5 ,
4π
5 ,

6π
5 ,

8π
5 . We have 1 element of order 1 and 4 elements of order 5. Fur-

thermore, two opposite faces have the same stabilizer. We thus have 6× 4 = 24 elements
of order 5.
Each edge has a stabilizer composed of 2 elements: id and a rotation of angle π. We
have 1 element of order 1 and 1 element of order 2. But two opposite edges have the
same stabilizer so we have 15 × 1 = 15 elements of order 2.
This far, A5 contains 1+20+24+15 = 60 = ∣A5∣ elements. Hence we have all the elements
of the group.

It is an obvious fact that two elements in the same orbit will have conjugated stabiliz-
ers. As the subgroups of order 2 are stabilizers of elements in the same orbit (the action
of A5 on the edges is transitive), these groups are conjugated. The same goes for the
subgroups of order 3 (vertices) and of order 5 (faces).

Let us find the conjugacy classes of A5.

1. As the subgroups of order 2 are conjugated, we deduce that all the elements of
order 2 form one unique conjugacy class of order 15.

2. Let x be the rotation of angle 2π
3 and of vertex v. x is conjugated to any rotation

of angle 2π
3 of another vertex. Let x′ be the rotation of angle 2π

3 and of vertex v′,
the opposite of v. x′ is conjugated to x and x′ = x2. Thus all elements of order 3
are conjugated. They form a unique conjugacy class of order 20.

3. In a similar manner, rotations of angle 2π
5 and −2π

5 form a conjugacy class of order
12.

4. Furthermore, rotations of angle 4π
5 and −4π

5 form a conjugacy class of order 12.
These last two classes cannot be conjugated because that would mean there exists
a class of order 24 ∤ 60 = ∣A5∣.

The class equation of A5 is thus 60 = 1+ 15+ 20+ 12+ 12. There are 5 conjugacy classes.
One can check that 60 = 12 + 32 + 32 + 42 + 52.

The conjugacy classes are:
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Class Order

c1 = {1} 1

c2 = {x rotation of π} 15

c3 = {y rotation of 2π
3 ,−

2π
3 } 20

c4 = {z rotation of 2π
5 ,−

2π
5 } 12

c5 = {z2 rotation of 4π
5 ,−

4π
5 } 12

Let ρ0 be the trivial representation and ρ1 the representation of dimension 3 as a
subgroup of SO3(R). Denote ρ2, ρ3, ρ4 the other irreducible representations and χi,
0 ≤ i ≤ 4, the character of ρi.

1 x y z z2

χ0 1 1 1 1 1

χ1 3 −1 0 α β

with ⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

α = 1 + 2 cos 2π
5 = 1+

√
5

2 ,

β = 1 + 2 cos 4π
5

= 1−
√

5
2 .

A5 acts on the set {1,2,3,4,5}. Hence there exists a representation ρ′ of dimension 5.
One can see from the dimensions that there is a decomposition ρ′ = ρ0 + ρ3. ρ′ realizes
x as an even element of order 2. It is a product of transpositions and thus fixes one
element. So χ′(x) = 1 and χ3(x) = 0. In a similar manner, one finds the values of χ3 on
the other conjugacy classes and obtains

1 x y z z2

χ3 4 0 1 −1 −1

A5 permutes the six axes linking the opposite faces of the dodecahedron, so there is a
representation ρ′′ of dimension 6. It follows that ρ′′ = ρ0 +ρ4. ρ′′(x) fixes two diagonals,
implying χ′′(x) = 2 and χ4(x) = 1. The other values of χ4 are obtained in a similar
fashion. Eventually one finds
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1 x y z z2

χ4 5 1 −1 0 0

A5 is a normal subgroup of S5 so we can define the conjugation σ by an element in
S5 ∖ A5. σ is an automorphism of A5 and σ permutes c4 and c5. Thus ρ1 ○ σ is an
irreducible representation of dimension 3 but is not ρ1. It has then to be ρ2.
The action of σ permutes z and z2. Hence ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪

⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

χ2(z) = χ1(z
2) = β,

χ2(z
2) = χ1(z) = α,

χ2(x) = χ1(x) = −1,

χ2(y) = χ1(y) = 0.

The character table of A5 is now entirely determined:

1 x y z z2

χ0 1 1 1 1 1

χ1 3 −1 0 α β

χ2 3 −1 0 β α

χ3 4 0 1 −1 −1

χ4 5 1 −1 0 0

Because the morphism f is a double cover of SO3(R), the preimage of a conjugacy class
from A5 by the morphism f is one conjugacy class in Γ with order doubled or two classes
of same order. 1 lifts to two classes: 1 and −1. c3, c4 and c5 each transform in two classes
and c2 turns into one class twice its original size. There are 60 new elements divided as
follows: 60 = 1+15+20+12+12. There are 4 additional classes hence 60 = 22+22+42+62.
Therefore Γ has 9 conjugacy classes.

Γ is generated by g1 =
1√
5

⎛
⎜
⎝

η4 − η η2 − η3

η2 − η3 η − η4

⎞
⎟
⎠
and g2 =

1√
5

⎛
⎜
⎝

η2 − η4 η4 − 1

1 − η η3 − η

⎞
⎟
⎠
, with η =

e
2iπ
5 , and its conjugacy classes are:
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Number of

elements
1 1 30 20 20 12 12 12 12

Order of

the elements
1 2 4 6 3 10 5 5 10

Name of

the class
C1 C2 C3 C4 C5 C6 C7 C8 C9

Representative 1 −1 g3
1g

3
2 g2

1g
2
2 −g2

1g
2
2 g1g2 (g1g2)

4 (g1g2)
2 (g1g2)

3

Representative

in A5
1 x y z z2

We remind the reader that a rotation of angle θ around the axis Oz can be written
⎛
⎜
⎝

ei
θ
2 0

0 e−i
θ
2

⎞
⎟
⎠
in SU2.

Let ρ0, ρ1, ρ2, ρ3, ρ4 denote the lifts of the characters of A5 and ρ8 the representation
of Γ as a subgroup of SU2. The corresponding characters are noted ψi.

1. One finds ψ8 = [2,−2,0,1,−1, α,−α,−β,β] and (ψ8, ψ8) = 1 implying that ψ8 is
irreducible.

2. One can check that ψ8ψ2 = [6,−6,0,0,0, αβ,−αβ,−αβ,αβ] thus ρ8 ⊗ ρ2 is irre-
ducible of dimension 6. Let us call it ρ6.

3. A computation gives ψ8ψ1 = [6,−6,0,0,0, α2,−α2,−β2, β2]. The only possible de-
compositions are then ρ8 ⊗ ρ1 = ρ5 + ρ7 or ρ8 ⊗ ρ1 = ρ7 + ρ8. If it is ρ7 + ρ8, then
ψ7 = [4,−4,0,−1,1,1,−1,−1,1] which is irreducible. Hence we found ρ7.

4. ψ5 is obtained using the orthogonality of the columns of the character table.

The character table of Γ is:
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1 −1 g3
1g

3
2 g2

1g
2
2 −g2

1g
2
2 g1g2 (g1g2)

4 (g1g2)
2 (g1g2)

3

ψ0 1 1 1 1 1 1 1 1 1

ψ1 3 3 −1 0 0 α α β β

ψ2 3 3 −1 0 0 β β α α

ψ3 4 4 0 1 1 −1 −1 −1 −1

ψ4 5 5 1 −1 −1 0 0 0 0

ψ5 2 −2 0 1 −1 β −β −α α

ψ6 6 −6 0 0 0 −1 1 1 −1

ψ7 4 −4 0 −1 1 1 −1 −1 1

ψ8 2 −2 0 1 −1 α −α −β β

Let us look at the tensor products ρ8 ⊗ ρi, 0 ≤ i ≤ 8.

● ρ8 ⊗ ρ0 = ρ8 because ρ0 is trivial.

● ψ8ψ1 = [6,−6,0,0,0, α2,−α2,−β2, β2]. By inversing the character table, we get
ρ8 ⊗ ρ1 = ρ7 + ρ8. With the same method it follows that

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ8 ⊗ ρ2 = ρ6,

ρ8 ⊗ ρ3 = ρ5 + ρ6,

ρ8 ⊗ ρ4 = ρ6 + ρ7,

ρ8 ⊗ ρ5 = ρ3,

ρ8 ⊗ ρ6 = ρ2 + ρ3 + ρ4,

ρ8 ⊗ ρ7 = ρ1 + ρ4,

ρ8 ⊗ ρ8 = ρ0 + ρ1.

The corresponding diagram is

ρ5

ρ2

ρ3 ρ6 ρ4 ρ7 ρ1 ρ8 ρ0

which is indeed the Dynkin diagram of Ẽ8.
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1.5.2. Inhomogeneous correspondence by restriction

1.5.2.1. Statement of the correspondence

In Subsection 1.4.2.1 we associated some finite subgroups Γ ⊲ Γ′ of SU2 to inhomoge-
neous Dynkin diagrams in the following way:

Inhomogeneous ∆(Γ,Γ′) Homogeneous ∆(Γ) Γ Γ′ Ω

Br, r ≥ 2 A2r−1 C2r Dr Z/2Z

Cr, r ≥ 3 Dr+1 Dr−1 D2(r−1) Z/2Z

F4 E6 T O Z/2Z

G2 D4 D2 O S3

(In the case of D4 the group O can be replaced with the smaller group T and what
follows remains valid. The difference will be Ω = Z/3Z)

This association can be explained using group-theoretic arguments. The next theorem
is proved in [Slo80] Appendix III.

Theorem 1.5.1. Let Γ ⊲ Γ′ be a pair of finite subgroups of SU2 as in the previous table.
By restriction, the irreducible representations of Γ′ may be regarded as representations
of Γ. Let S1, . . . , Sr denote the equivalence classes (with respect to Γ) of these represen-
tations and let N be the natural representation of Γ as a subgroup of SU2, which can
be seen as the restriction of the natural representation of Γ′. It follows that the tensor
product N ⊗ Si decomposes as:

N ⊗ Si =
r

⊕
j=1

bjiSj , 1 ≤ i ≤ r,

which defines an r × r matrix B = (bij)1≤i,j≤r. One verifies explicitly that the matrix

C = 2I −B

is the Cartan matrix of the extended Dynkin diagram ∆̃∨(Γ,Γ′) of the dual of ∆(Γ,Γ′).
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The diagrams obtained in this correspondence are given in the table below:

Γ Γ′
Type of

∆(Γ,Γ′)
∆̃∨(Γ,Γ′)

C2r Dr Br
1 2 3 r-2 r-1 r0

Dr−1 D2(r−1) Cr

0

1

2 3 r-2 r-1 r

T O F4
0 1 2 3 4

D2 T G2
1 20

In the following subsection the case ∆(Γ,Γ′) = G2 will be explicitly computed.

1.5.2.2. Computations for ∆(Γ,Γ′) = G2

Set Γ = D2, Γ′ = T , Ω = Z/3Z and ∆(Γ,Γ′) = G2.

Γ =< a, b > with a =
⎛
⎜
⎝

i 0

0 −i

⎞
⎟
⎠
, b =

⎛
⎜
⎝

0 i

i 0

⎞
⎟
⎠
and Γ′ =< Γ, c > with c = 1√

2

⎛
⎜
⎝

ε−1 ε−1

−ε ε

⎞
⎟
⎠
and

ε = exp( iπ4 ).

The irreducible characters of T are
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1 −1 b c −c c2 −c2

χ0 1 1 1 1 1 1 1

χ1 1 1 1 ω ω ω2 ω2

χ2 1 1 1 ω2 ω2 ω ω

χ3 2 −2 0 1 −1 −1 1

χ4 2 −2 0 ω −ω −ω2 ω2

χ5 2 −2 0 ω2 −ω2 −ω ω

χ6 3 3 −1 0 0 0 0

with ω = exp(2iπ
3 ). For any 0 ≤ i ≤ 6, one denotes by χ̃i the restriction of χi to D2. It

leads to

ClD2(1) ClD2(−1) ClD2(b)

χ̃0 1 1 1

χ̃1 1 1 1

χ̃2 1 1 1

χ̃3 2 −2 0

χ̃4 2 −2 0

χ̃5 2 −2 0

χ̃6 3 3 −1

Set ⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ψ0 = χ̃0 = χ̃1 = χ̃2

ψ1 = χ̃3 = χ̃4 = χ̃5

ψ2 = χ̃6

. The ψi are the equivalence classes of the restrictions of the

irreducible characters of T to D2. The restricted character table is thus
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ClD2(1) ClD2(−1) ClD2(b)

ψ0 1 1 1

ψ1 2 −2 0

ψ2 3 3 −1

Let ψnat be the restriction to D2 of χnat, the character of the representation of T as
a subgroup of SU2. The character table of ψnat is

ClD2(1) ClD2(−1) ClD2(b)

ψnat 2 −2 0

Therefore ⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ψnatψ0 = [2,−2,0]

ψnatψ1 = [4,4,0]

ψnatψ2 = [6,−6,0]

. By inversing the character table one obtains

ψnatψ0 = ψ1

ψnatψ1 = ψ0 + ψ2

ψnatψ2 = 3ψ1

.

The matrix C = 2I − B introduced in Subsection 1.5.2.1 is then C =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

2 −1 0

−1 2 −3

0 −1 2

⎞
⎟
⎟
⎟
⎟
⎟
⎠

,

and the corresponding diagram is

0 1 2
.

It is an extended Dynkin diagram of type G̃2 = G̃∨
2 = ∆̃∨(Γ,Γ′).
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If we take Γ′ = O and Ω =S3, the restriction of the irreducible characters of Γ′ to D2
are

ClD2(1) ClD2(−1) ClD2(b)

χ̃0 1 1 1

χ̃1 1 1 1

χ̃2 2 −2 0

χ̃3 2 −2 0

χ̃4 2 2 2

χ̃5 3 3 −1

χ̃6 3 3 −1

χ̃7 4 −4 0

Set ⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ψ0 = χ̃0

ψ1 = χ̃2

ψ2 = χ̃5

. The ψi are the equivalence classes of the restrictions of the irreducible

characters of O to D2. The restricted character table is then

ClD2(1) ClD2(−1) ClD2(b)

ψ0 1 1 1

ψ1 2 −2 0

ψ2 3 3 −1

It is the exact same table as in the case Γ′ = T . As the restriction of χnat of O to D2
is the same as the restriction of χnat of T to D2, one obtains the same result as before:
the matrix C is the Cartan matrix of ∆̃∨(Γ,Γ′).

110



1.5. McKay correspondence

1.5.3. Inhomogeneous correspondence by induction

1.5.3.1. Statement of the correspondence

In the Subsection 1.5.2.1 a connection between pairs Γ ⊲ Γ′ of finite subgroups SU2
and inhomogeneous Dynkin diagrams using a restriction approach on the representations
of Γ′ was presented. A similar argument can be made using induction. The following
result appears in [Slo80] Appendix III.

Theorem 1.5.2. Let Γ ⊲ Γ′ be a pair of finite subgroups of SU2 as in the table in
Subsection 1.5.2.1. By induction, one can study the Γ′-equivalence classes Q1, . . . ,Ql of
the representations of Γ′ induced from the irreducible representations of Γ. Then l = r,
r being the number of Γ-equivalence classes of the restrictions to Γ of the irreducible
representations of Γ′. Furthermore, with a convenient ordering of the Qi, there is the
following decomposition formula:

N ⊗Qi =
r

⊕
j=1

bijQj, 1 ≤ i ≤ r,

with N the natural representation of Γ′ as a subgroup of SU2. This decomposition leads
to an r × r matrix tB = (bji)1≤i,j≤r, which is the transpose of the matrix found in Subsec-
tion 1.5.2.1. Therefore the matrix

C = 2I − tB,

is the Cartan matrix of (∆̃∨(Γ,Γ′))∨, the dual of the type obtained with the restriction
argument.

The diagrams obtained in this correspondence are given in the table below:
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1. Lie Theory

Γ Γ′
Type of

∆(Γ,Γ′)
(∆̃∨(Γ,Γ′))∨

C2r Dr Br
1 2 3 r-2 r-1 r0

Dr−1 D2(r−1) Cr

0

1

2 3 r-2 r-1 r

T O F4
0 1 2 3 4

D2 T G2
1 20

In the following subsection the case ∆(Γ,Γ′) = G2 will be explicitly computed.

1.5.3.2. Computations for type ∆(Γ,Γ′) = G2

Set Γ = D2, Γ′ = T , Ω = Z/3Z and ∆(Γ,Γ′) = G2.

Γ′ =< r, b, c > and Γ =< r, s > with r =
⎛
⎜
⎝

i 0

0 −i

⎞
⎟
⎠
, b =

⎛
⎜
⎝

0 i

i 0

⎞
⎟
⎠
, c = 1√

2

⎛
⎜
⎝

ε−1 ε−1

−ε ε

⎞
⎟
⎠
with

ε = exp( iπ4 ) and s =
⎛
⎜
⎝

0 1

−1 0

⎞
⎟
⎠
. The natural representation of T as a subgroup of SU2 is

denoted N .

Set

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(ψi)i the irreducible characters of T ,

(χj)j the irreducible characters of D2,

(ψ↓i )i the restrictions of the (ψi)i to D2,

(χ↑j)j the inductions of the (χj)j to T ,

and (., .)T (respectively (., .)D2) the scalar product of characters on T (respectively D2).
Frobenius reciprocity formula (cf. [Ser78]) states
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1.5. McKay correspondence

χ↑j = ∑
i

(ψi, χ
↑
j)T ψi = ∑

i

(ψ↓i , χj)D2ψi.

The computations of the (ψ↓i )i will lead us to the decomposition in irreducible compo-
nents of the induced representations.

The irreducible characters of T are given by

ClT (1) ClT (−1) ClT (b) ClT (c) ClT (c
2) ClT (−c) ClT (−c

2)

ψ0 1 1 1 1 1 1 1

ψ1 1 1 1 j j2 j j2

ψ2 1 1 1 j2 j j2 j

ψ3 2 −2 0 1 −1 −1 1

ψ4 2 −2 0 j −j2 −j j2

ψ5 2 −2 0 j2 −j −j2 j

ψ6 3 3 −1 0 0 0 0

with j = exp(2iπ
3 ).

It is known that D2 is the quaternion group and is generated by I, J,K with I = r, J =

s,K = rs. The conjugacy classes of D2 are {1},{−1},{I,−I},{J,−J},{K,−K}.

If one looks at the restrictions of the conjugacy classes of T to D2, then the classes
ClT (c), ClT (c2), ClT (−c) and ClT (−c2) disappear and ClT (b) splits into {I,−I},{J,−J},
{K,−K}. The character table of the ψ↓i is then

ClD2(1) ClD2(−1) ClD2(I) ClD2(J) ClD2(K)

ψ↓0 = ψ
↓
1 = ψ

↓
2 1 1 1 1 1

ψ↓3 = ψ
↓
4 = ψ

↓
5 2 −2 0 0 0

ψ↓6 3 3 −1 −1 −1

The character table of D2 is
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1. Lie Theory

ClD2(1) ClD2(−1) ClD2(I) ClD2(J) ClD2(K)

χ0 1 1 1 1 1

χ1 1 1 1 −1 −1

χ2 1 1 −1 −1 1

χ3 1 1 −1 1 −1

χ4 2 −2 0 0 0

The scalar product on the character space of D2 is defined by
(ϕ,χ)D2 =

1
∣D2∣ ∑t∈D2 ϕ(t)χ(t) and the values of (ψ↓i , χj)D2 are put in the following table:

ψ↓0 = ψ
↓
1 = ψ

↓
2 ψ↓3 = ψ

↓
4 = ψ

↓
5 ψ↓6

χ0 1 0 0

χ1 0 0 1

χ2 0 0 1

χ3 0 0 1

χ4 0 1 0

Therefore ⎧⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

χ↑0 ≅ ψ0 + ψ1 + ψ2,

χ↑1 = χ
↑
2 = χ

↑
3 ≅ ψ6,

χ↑4 ≅ ψ3 + ψ4 + ψ5,

, so ⎧⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

X̂0 ≅ Y0 + Y1 + Y2,

X̂1 = X̂2 = X̂3 ≅ Y6,

X̂4 ≅ Y3 + Y4 + Y5,

where the Yi are the irre-

ducible representations of T and the Xj are the irreducible representations of D2.

114



1.5. McKay correspondence

One can verify that Y3 = N and the character table of T gives ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Y0 ⊗N ≅ Y3,

Y1 ⊗N ≅ Y4,

Y2 ⊗N ≅ Y5,

Y3 ⊗N ≅ Y0 ⊕ Y6,

Y4 ⊗N ≅ Y1 ⊕ Y6,

Y5 ⊗N ≅ Y2 ⊕ Y6,

Y6 ⊗N ≅ Y3 ⊕ Y4 ⊕ Y5,

which implies ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

X̂0 ⊗N ≅ (Y0 + Y1 + Y2) ⊗N ≅ Y3 + Y4 + Y5 ≅ X̂4,

X̂1 ⊗N ≅ Y6 ⊗N ≅ Y3 + Y4 + Y5 ≅ X̂4,

X̂2 ⊗N ≅ Y6 ⊗N ≅ Y3 + Y4 + Y5 ≅ X̂4,

X̂3 ⊗N ≅ Y6 ⊗N ≅ Y3 + Y4 + Y5 ≅ X̂4,

X̂4 ⊗N ≅ (Y3 + Y4 + Y5) ⊗N ≅ Y0 + Y1 + Y2 + 3Y6 ≅ X̂0 + 3X̂1.

The non-equivalent induced representations are X̂0, X̂1 and X̂4. We reorder the indices
via the permutation 1→ 2, 4→ 1, 0→ 0. The system then becomes

⎧⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

X̂0 ⊗N ≅ X̂1,

X̂1 ⊗N ≅ X̂0 + 3X̂2,

X̂2 ⊗N ≅ X̂1.

The matrix introduced in Subsection 1.5.3.1 is then C =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

2 −1 0

−1 2 −1

0 −3 2

⎞
⎟
⎟
⎟
⎟
⎟
⎠

whose diagram

is

X̂0 X̂1 X̂2

.

It is the extended Dynkin diagram of type (G̃2)
∨ = (G̃∨

2)
∨ = (∆̃∨(Γ,Γ′))∨.
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2. Symplectic geometry and moment map

2.1. Reminders on symplectic geometry and group actions

Let X be a smooth manifold.

Definition 2.1.1. X is a symplectic manifold if it is equipped with a symplectic form
ω, i.e. a non-degenerate, closed differential 2-form. This translates as:
● ∀x ∈X, ωx ∶ TxX × TxX → C is skew-symmetric and bilinear,

● dω = 0,

● ∀x ∈X, if there exists u ∈ TxX such that ωx(u, v) = 0 for all v ∈ TxX, then u = 0.
The symplectic manifold will be referred to as (X,ω).

Remark 2.1.2. The non-degeneracy of the symplectic form implies that any symplectic
manifold is even-dimensional.

Let (X,ω) be a symplectic manifold and let f ∶ Y → X be a morphism of manifolds.
The pullback of ω by f , noted f∗ω, is the 2-form on Y defined by

(f∗ω)y(v1, v2) = ωf(y)(dyf(v1), dyf(v2)), ∀y ∈ Y,∀v1, v2 ∈ TyY .

Example 2.1.3. Equip R2n with a coordinate system (x1, . . . , xn, y1, . . . , yn). The form
ωR2n defined by

ωR2n =
n

∑
i=1
dxi ∧ dyi

is a symplectic form and thus R2n is a symplectic variety. The reader is reminded that
the dxi, dyi’s form the dual base of ( ∂

∂xi
, ∂
∂yi

)1≤i≤n, base of the tangent space. One can
also see R2n as Cn and thus as a complex variety. An elementary computation shows
that the form becomes
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2.1. Reminders on symplectic geometry and group actions

ωCn =
i

2
n

∑
j=1

dzj ∧ dzj.

A theorem due to G. Darboux states that any symplectic form is locally of the form of
ωR2n.

It was stated in Remark 2.1.2 that a symplectic manifold is necessary even-dimensional.
However the converse is not true, i.e. any variety of even dimension does not necessarily
have a symplectic structure. An example is given below.

Example 2.1.4. We are going to show that the sphere S2n is not a symplectic manifold
if n > 1. Let (X,ω) be a compact symplectic variety without boundary and of dimension
2n. The 2-form ω is closed by definition and it defines a non-zero element in H2

dR(X),
the second de Rahm cohomology group of X. Indeed, assume that there exists a 1-form
α on X such that ω = dα. Then

∫
X
ωn = ∫

X
d(α ∧ ωn−1) = ∫

∂X
α ∧ ωn−1 = 0

using Stokes’ theorem and the fact that ∂X = ∅. But this is impossible because ωn is a
volume form and therefore not zero (it follows from the non-degeneracy of ω). Hence ω
is not exact and its class [ω] is not zero in H2

dR(X). This implies that H2
dR(X) ≠ {0}.

However a computation of the de Rahm cohomology of the sphere gives H2
dR(S

2n) = {0}
if n > 1. Therefore, if n > 1, the sphere S2n cannot be a symplectic manifold.

Definition 2.1.5. Let (X,ω) be a symplectic variety and G a Lie group. An action of
G on X is defined by a smooth map Φ ∶ G ×X → X such that Φ(g.h, x) = Φ(g,Φ(h,x))
and Φ(e, x) = x for g, h ∈ G,x ∈X and e the unit in G. Let Φg(x) ∶= Φ(g, x). The action
of G is symplectic if ω is invariant by the pullback of the action, i.e.

ω(dΦg(.), dΦg(.)) = ω(., .), ∀g ∈ G.

Definition 2.1.6. A vector field on X is a section of the tangent bundle TX →X. If
a Lie group G acts on X, any ξ ∈ g (the Lie algebra of G) induces a vector field Vξ on
X called infinitesimal action defined by

Vξ(x) =
d

dt
∣
t=0

exp(tξ).x

where exp ∶ g→ G is the exponential map of G defined using one-parameter subgroups of
G (cf. [Helga01]).
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2. Symplectic geometry and moment map

Remarks 2.1.7. 1. The exponential map exp ∶ g → G corresponds to the classical
matrix exponential when G is a linear algebraic group.

2. When X is a Lie group acting on itself by left multiplication, this definition of a
vector field on X coincides with the one given in Section 1.1.5.

The Adjoint action Ad of G on g is defined as follows (as in Section 1.1.5):

Adg(ξ) =
d

dt
∣
t=0
g. exp(tξ).g−1, for ξ ∈ g, g ∈ G.

For g ∈ G, the coAdjoint action Ad∗g ∶ g∗ → g∗ is given by

< Ad∗g(l), ξ >=< l,Adg−1(ξ) >, ∀l ∈ g∗.

where < ., . > is the dual pairing.

All necessary elements have been given in order to define a crucial notion for later
reasonings: the moment map.

Definition 2.1.8. Let (X,ω) be a symplectic variety with a symplectic G-action. A
moment map is a morphism µ ∶X → g∗ such that
(i) dµξ = ω(Vξ, .),
(ii) µ(g.x) = Ad∗g(µ(x)),∀x ∈X,g ∈ G (equivariance of µ),

where µξ ∶ X → C

x ↦ < µ(x), ξ >

for all ξ ∈ g.

One notices that µξ = iξ ○ µ with iξ(l) ∶=< l, ξ > for all l ∈ g∗, and that iξ is lin-
ear. Therefore dxµξ = dx(iξ ○ µ) = iξ ○ dxµ. Hence for any vx ∈ TxX, one obtains
dxµξ(vx) = iξ ○ dxµ(vx),

= < dxµ(vx), ξ >,

= ωx(Vξ(x), vx),

according to the (i) condition.

Example 2.1.9. Let M be the vector space Cn equipped with the Hermitian product H
given by

H(z, ζ) =
n

∑
i=1
ziζi,
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2.1. Reminders on symplectic geometry and group actions

for any z, ζ ∈ Cn. Set ω = Im(H). Then ω is a symplectic form on Cn. By identifying
every tangent space of M to Cn, one identifies ω with a symplectic form on M . A system
of real coordinates (xi, yi)1≤i≤n on M is given by

zk = xk + iyk,

and the symplectic form can be written ω =
n

∑
k=1

dxk ∧ dyk.

Let K ∶= Un(C) act on M naturally. By definition, K preserves H which means
H(u.v1, u.v2) = H(v1, v2) for any v1, v2 ∈ M,u ∈ K. The Lie algebra of K will be
referred to as k. One computes

k = un(C) = {X ∈Mn(C) ∣ tX = −X}.

Let us verify that the following map

µ ∶ M → k∗

m ↦ µ(m)

with µX(m) ∶=< µ(m),X >= − i2H(X.m,m), ∀X ∈ k, is a moment map.
The map is equivariant because K preserves H: set g ∈K,m ∈M and X ∈ k. Then
< µ(g.m),X >= − i2H(X.g.m, g.m) = − i2H(g−1Xg.m,m) =< µ(m),Adg−1X >

=< Ad∗gµ(m),X > and therefore µ(g.m) = Ad∗gµ(m).
Set X ∈ k,m ∈M and ξ ∈ TmM ≅ Cn. By definition,

dm(µX)(ξ) = − i2(H(Xξ,m) +H(Xm,ξ)).

Furthermore it is known that if X ∈ k, then its adjoint for H is tX = −X. Hence

H(Xξ,m) = −H(ξ,Xm),

= −H(Xm,ξ).

It follows that

− i2(−H(Xm,ξ) +H(Xm,ξ)) = − i2(2iω(Xm,ξ)),

= ω(Xm,ξ).
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2. Symplectic geometry and moment map

Therefore dm(µX)(ξ) = ω(Xm,ξ), which is the condition (i) in the definition of a mo-
ment map.

The next example gives a hindsight on why a moment map is thus called.

Example 2.1.10. The tangent bundle T ∗Rn of Rn is identified with Rn×Rn through the
inner product. The group SOn(R) = {A ∈Mn(R) ∣ tA = A−1} acts on T ∗R by

A.(p, q) = (Ap,Aq) for any (p, q) ∈ Rn × Rn.

This action preserves the symplectic form ω = ∑ni=1 dpi ∧ dqi. The Lie algebra of SOn(R)

is son(R) = {A ∈Mn(R) ∣ tA = −A}. A moment map

µ ∶ T ∗Rn → so∗n

for the action of SOn(R) on T ∗Rn is then given by

µA(p, q) ∶=< µ(p, q),A >= ⟨p,Aq⟩

with ⟨., .⟩ the inner product in Rn, A ∈ son and (p, q) ∈ T ∗Rn.
When n = 3 there is a bijective correspondence

so3 → R3

A ↦ α

given by

Av = α × v

for v ∈ R3 (× is the cross product). This correspondence identifies µA with the angular
momentum about the axis directed by α.

The next lemma gives a condition on the action of a group Ω on a symplectic manifold
(M,ω) equipped with an action of a Lie group G so that the associated moment map
µ ∶M → g∗ is Ω-equivariant.
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2.1. Reminders on symplectic geometry and group actions

Lemma 2.1.11. Let µ ∶ M → g∗ be a moment map on a symplectic manifold (M,ω)
with an action of a semisimple Lie group G. Assume a group Ω acts on M by symplecto-
morphisms and that Ω is a subgroup of the outer automorphism group of G. Furthermore
assume that the action of G lifts to an action of G ⋊Ω. Then µ is Ω-equivariant.

Proof. The action of Ω on G induces an action on the Lie algebra g as well as on its
dual g∗. If $ ∈ Ω, let σ$ ∶M →M and σ$ ∶ g∗ → g∗ denote the action of $ on M and
g∗. The g∗ ×g pairing is denoted by ⟨., .⟩. By definition of the moment map, it is known
that for any x ∈M,v ∈ TxM and ξ ∈ g,

⟨dxµ(v), ξ⟩ = ωx(Vξ(x), v).

Hence

⟨dσ$(x)µ(dσ$(v)), ξ⟩ = ωσ$(x)(Vξ(σ$(x)), dσ$(v)),

= ωx((dσ$)−1Vξ(σ$(x)), v) because σ$ preserves the symplectic form.

But (dσ$)−1Vξ(σ$(x)) = (dσ$)−1 d
dt
∣
t=0 exp(tξ).(σ$(x)) = d

dt
∣
t=0 σ$−1 exp(tξ).(σ$(x)),

= d
dt
∣
t=0 exp(tσ$−1(ξ)).(x),

= Vσ$−1(ξ)(x).

So

⟨dσ$(x)µ(dσ$(v)), ξ⟩ = ωx(Vσ$−1(ξ)(x), v),

= ⟨dxµ(v), σ$−1(ξ)⟩,

= ⟨σ$ ○ dxµ(v), ξ⟩ by the definition of the action on the dual space.

Thus dσ$(x)µ○dσ$ = σ$ ○dxµ. It follows that µ($.x) =$.µ(x)+f$, with f$ an element
of g∗ (we replaced σ$ by $. in order to lighten the notation). Let us prove that f$ = 0.
For any g ∈ G, we have
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2. Symplectic geometry and moment map

f$ = µ($.(g.x)) −$.(µ(g.x)),

= µ($.(g.x)) −$.(g.µ(x)) because µ is G-equivariant,

= µ(($.g).($.x)) −$.(g.µ(x)) because as the action lifts to the semi-direct product

one finds that for any x ∈M and (g,$) ∈ G ⋊Ω, $.(g.x) = ($.g).($.x),

= ($.g).µ($.x) −$.(g.µ(x)) because µ is G-equivariant,

= ($.g).($.µ(x) + f$) −$.(g.µ(x)),

= ($.g).($.µ(x)) + ($.g).f$ −$.(g.µ(x)),

= $.(g.µ(x)) + ($.g).f$ −$.(g.µ(x)),

= ($.g).f$.

Hence for any g ∈ G, we have g.f$ = f$, implying that f$ is a G-invariant element of g∗.
But as G is semisimple, Theorems 1.1.21, 1.1.24 and 1.3.8 state that the ring S(g∗)G is
generated by r = rank(G) homogeneous polynomials f1, . . . , fr such that the exponents
m1, . . . ,mr of g verify mi = degfi − 1 for all i. But as mi ≥ 1 for all i (cf. [Hum90]
Section 3.16, Lemma), it follows that the non-constant G-invariant elements of S(g∗)
are of degree at least 2. As f$ is of degree 1, f$ = 0. We thus found µ($.x) = $.µ(x)
for any x ∈M , $ ∈ Ω, and so µ is Ω-equivariant.

2.2. Symplectic reduction

In this section we study the Marsden-Weinstein quotient, which is the quotient of a
symplectic manifold by a symplectic action.

Let (X,ω) be a symplectic manifold and G a compact Lie group acting symplectically
on X. Let µ ∶ X → g∗ be a moment map for this action. If l ∈ g∗, let Gl be the isotropy
subgroup of G relative to l for the Ad∗-action defined by

Gl = {g ∈ G ∣ Ad∗g(l) = l}.

The group Gl acts on µ−1(l) because if x ∈ µ−1(l) and g ∈ Gl then µ(g.x) = Ad∗g(µ(x)) =
Ad∗g(l) = l. The orbit space

Xl ∶= µ
−1(l)/Gl

is called symplectic reduction. In what follows it will be shown that, under suitable
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2.2. Symplectic reduction

assumptions, Xl is in fact a symplectic manifold. Before we can state this result, some
notions remain to be defined.

Let f ∶X → Y be a morphism between two manifolds X and Y . A point y ∈ Y is said
to be a regular value of f if for any x ∈ f−1(y), the derivative dxf ∶ TxX → Tf(x)Y is
surjective.
An action of a Lie group G on X is free if for any x ∈X, its stabilizer Gx = {g ∈ G ∣ g.x =

x} is trivial. Furthermore, the action of G is proper if the map G ×X → X ×X

(g, x) ↦ (g.x, x)

is proper, i.e. the preimage of any compact is compact. One can show that the action
of a compact group is always proper (cf. [Bou71] Chapter III, §4, Proposition 2).

Lemma 2.2.1. Let M be a smooth manifold and G a Lie group acting smoothly, freely
and properly on M . Then the orbit space M/G has a natural structure of manifold such
that the quotient map π ∶ M → M/G is smooth. Furthermore, for any m ∈ M , there is
an isomorphism

Tπ(m)(M/G) ≅ (TmM)/Tm(G.m).

Proof. The first assertion comes from the quotient manifold theorem which can be
found in [Lee13] Theorem 21.10. According to the quotient manifold theorem, π is
a smooth submersion and thus, for any m ∈ M , dmπ ∶ TmM → Tπ(m)(M/G) is sur-
jective. One can prove ([Lee13] Proposition 5.38) that Ker dmπ = Tm(G.m). It follows
from the isomorphism theorem that (TmM)/Tm(G.m) = (TmM)/(Ker dmπ) ≅ Im dmπ =

Tπ(m)(M/G).

The next theorem is proved in [MaWein74].

Theorem 2.2.2. (Marsden-Weinstein). Let (X,ω) be a symplectic manifold, G a
Lie group acting symplectically on X and µ ∶X → g∗ a moment map. Assume that l ∈ g∗
is a regular value of µ and that the isotropy group Gl under the Ad∗ action on g∗ acts
freely and properly on µ−1(l). Then the following assertions are verified:
(i) The symplectic reduction Xl = µ

−1(l)/Gl is a smooth manifold of dimension dim X−
dim G − dim Gl.

(ii) There exists a unique symplectic form ωred on Xl such that π∗l ωred = i∗l ω where
il ∶ µ

−1(l) ↪X is the inclusion and πl ∶ µ−1(l) → µ−1(l)/Gl is the quotient map.

The proof of this theorem will require the following lemma:

Lemma 2.2.3. Let x ∈ µ−1(l). Then
(i) Tx(Gl.x) = Tx(G.x)⋂Tx(µ−1(l)), and
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2. Symplectic geometry and moment map

(ii) Tx(µ−1(l)) is the ω-orthogonal complement of Tx(G.x).

Proof. (i) Viewing the tangent space to Y in y as TyY = {γ′(0) ∣ γ ∶]−ε, ε[→ Y is C1 and
γ(0) = y}, one sees

Tx(G.x) = {Vξ(x) ∣ ξ ∈ g},

Tx(Gl.x) = {Vξ(x) ∣ ξ ∈ gl},

where gl is the Lie algebra of Gl. Hence the desired equality is equivalent to

Vξ(x) ∈ Tx(µ
−1(l)) ⇐⇒ ξ ∈ gl.

It is known that the moment map µ is Ad∗-equivariant so dxµ(Vξ(x)) = V ∗
ξ (µ(x)) where

V ∗
ξ is the vector field on g∗ induced by ξ. Indeed, let ϕg ∶ M → M denote the action

of g ∈ G on M . Then the equivariance of µ implies µ ○ ϕexp(tξ) = Ad∗exp(tξ) ○ µ for any
t ∈ R. By differentiating with respect to t at t = 0, one obtains the desired equality (cf.
[AbMar78] Proposition 4.1.28). Hence

Vξ(x) ∈ Tx(µ
−1(l)) = Ker dxµ⇐⇒ V ∗

ξ (l) = 0.

Then V ∗
ξ (l) = 0 ⇔ < V ∗

ξ (l), x >= 0 for all x ∈X,

⇔ < d
dt
∣
t=0 Ad∗exp(−tξ)(l), x >= 0 for all x ∈X,

⇔ d
dt
∣
t=0 < l,Adexp(tξ)x >= 0 for all x ∈X,

⇔ < l, [ξ, x] >= 0 for all x ∈X,

⇔ ad∗ξ (l) = 0 because < ., . > is non-degenerate,

⇔ ξ ∈ gl.

(ii) By definition it is known that

ωx(Vξ(x), vx) =< dxµ(vx), ξ >.
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2.2. Symplectic reduction

Therefore vx ∈ Tx(µ
−1(l)) = Ker (dxµ) ⇐⇒ dxµ(vx) = 0,

⇐⇒ < dxµ(vx), ξ >= 0, ∀ξ ∈ g,

⇐⇒ ωx(Vξ(x), vx) = 0, ∀ξ ∈ g,

⇐⇒ vx ∈ (Tx(G.x))
ω,

according to the equality verified by Tx(G.x) at the beginning of this proof.

Proof. (Marsden-Weinstein Theorem)
(i) The preimage theorem (cf. [Lee13] Corollary 5.14) implies that µ−1(l) is a smooth
manifold. As the action of Gl is free and proper, Lemma 2.2.1 states that Xl is a
smooth manifold. Furthermore, as l ∈ g∗ is regular, the map dxµ is surjective for any
x ∈ µ−1(l) hence dim µ−1(l) = dim Ker(dxµ) = dim TxX−dim Im(dxµ) = dim X−dim g =
dim X − dim G. Finally dim Xl = dim µ−1(l) − dim Gl = dim X − dim G − dim Gl.
(ii) For vx ∈ Tx(µ−1(l)) let [vx] denote the equivalence class of vx in Tx(µ−1(l))/Tx(Gl.x) ≅
Tx(µ

−1(l)/Gl). The relation we aim to prove is

π∗l ω
red = i∗l ω⇐⇒ ωred([v], [w]) = ω(v,w), ∀v,w ∈ Tx(µ

−1(l)).

Because of Lemma 2.2.3 (ii), ωred is a well defined 2-form. Additionally, πl is a surjective
submersion thus admits locally a smooth section σl at every point of its image. There-
fore, by definition of ωred, one verifies that ωred = σ∗l ω. Hence ωred is a composition of
smooth maps and is thus smooth.
Let us show that ωred is closed. By definition ω is symplectic and so d(π∗l ωred) = d(i∗l ω) =
i∗l (dω) = 0. Hence π∗l (dωred) = 0. As πl is a submersion, dπl is surjective and one con-
cludes that dωred = 0.
For the non-degeneracy of ωred, assume that there exists v ∈ Tx(µ

−1(l)) such that
ωred([v], [w]) = 0 for any w ∈ Tx(µ

−1(l)). It implies that ω(v,w) = 0 for any w ∈

Tx(µ
−1(l)) and thus v ∈ (Tx(µ

−1(l)))ω = Tx(G.x) according to Lemma 2.2.3. So [v] = 0
and ωred is non-degenerate.

Example 2.2.4. Let us rework the example of Cn equipped with a Hermitian form H.
The group Un(C) acts naturally on Cn and it has been seen before that there is a moment
map µ ∶ Cn → un(C)∗ given by

µX(v) = − i2H(Xv, v),

for v ∈ Cn and X ∈ un(C).
Consider the circle S1 = {zIdn ∈ Un(C) ∣ z ∈ C and ∣z∣ = 1}. As it is a subgroup of Un(C),
it can be shown that its action on Cn leads to a moment map which is the compose of
the moment map µ with the transpose of the inclusion Lie(S1) = 2iπR ↪ un(C). Define
1∗ ∈ Lie(S1)∗ such that
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2. Symplectic geometry and moment map

< 1∗,2iπ >= 1.

It follows that

µ−1(1∗) = {v ∈ Cn ∣ µ2iπ(v) = 1},

= {v ∈ Cn ∣ πH(v, v) = 1},

= {v ∈ Cn ∣ ∣∣v∣∣2 = 1
π}.

Hence µ−1(1∗) is a sphere of radius
√

1
π in Cn, and is thus homeomorphic to S2n−1.

If λ ∈ S1 fixes v ∈ S2n−1, it means that λ = e2iπk with k ∈ Z. One deduces that the
stabilizer of v is discrete (in fact, finite) and so 1∗ is a regular value of µ. One applies
Theorem 2.2.2 and obtains that µ−1(1∗)/S1 ≅ S2n−1/S1 ≅ P(Cn) is a symplectic manifold.
The symplectic form obtained by reduction on P(Cn) is called the Fubini-Study form.
One notices that for n = 2, the result is S3/S1 ≅ P1, which is the Hopf fibration.

It was shown that a symplectic reduction has a symplectic structure. In the next
section, a particular symplectic reduction will be investigated, namely the one coming
from µ−1(0).

2.3. Kempf-Ness theorem

The aim of this section is to present a result of G. Kempf and L. Ness that will prove
the existence of an isomorphism between a symplectic reduction and a GIT quotient.
Some preliminary definitions are necessary.

2.3.1. Kähler quotients

Definition 2.3.1. Let M be a smooth manifold.
1. The Lie bracket [X,Y ] of two vector fields X and Y on M is defined as the

vector field on M such that
[X,Y ](f) =X(Y (f)) − Y (X(f)) for any f ∈ C∞(M).

2. An almost complex structure J on M is a linear map J ∶ TM → TM on the
tangent bundle of M such that

J2 = −id.
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2.3. Kempf-Ness theorem

Locally, this implies that for any p ∈M there is an endomorphism Jp ∶ TpM → TpM
which satisfies J2

p = − id∣TpM and which depends smoothly on p ∈M .
3. Assume M is endowed with an almost complex structure. A complex vector field

Z on M is holomorphic if J(Z) = iZ.
4. Assume M is equipped with an almost complex structure J . The almost complex

structure is integrable if the Lie bracket of any two holomorphic vector fields is
again a holomorphic vector field.

We can now define the main object of this part.

Definition 2.3.2. A Kähler manifold X is a symplectic manifold (X,ω) with an
integrable almost complex structure J which is compatible with the complex structure in
the sense that the bilinear form ω(., J.) is symmetric and positive definite.

More information on Kähler manifolds can be found in [McD99].

Let (X,ω,J) be a compact Kähler manifold and G a reductive complex Lie group
acting symplectically onX. BecauseG is reductive, it can be seen as the complexification
of GR, a maximal compact subgroup. Assume that the action of GR on X preserves the
symplectic form ω (one can eventually replace ω by ∫GR

ω) and assume there exists
µ ∶X → g∗R a moment map associated to the action of GR on X. g∗R is a vector space on
which a GR-invariant inner product and thus a norm ∣∣.∣∣ is fixed. Set

f ∶ X → R

x ↦ ∣∣µ(x)∣∣2

.

For any x ∈ X, the path of steepest descent of f from x is the trajectory {xt, t ≥ 0} of
−grad(f) and let

ζ(x) = {y ∈X ∣ every neighbourhood of y ∈X contains points xt for t arbitrarily large}

be the set of limit points of the trajectory starting from x. Let Xmin denote the subspace
of X composed of the x ∈X such that ζ(x)⋂µ−1(0) ≠ ∅. Xmin will play a preponderant
role in this section.

Lemma 2.3.3. G = GR exp(igR).

Proof. The proof is based on the polar decomposition of G and on the universal com-
plexification of GR. The details can be found in [HiNe12].
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2. Symplectic geometry and moment map

Remark 2.3.4. The universal complexification GC of a real Lie group GR is a pair
(ηGR ,GC) of a complex Lie group GC and a morphism ηGR ∶ GR → GC such that, for
every homomorphism α ∶ GR → H to a complex Lie group H, there exists a unique
holomorphic homomorphism αC ∶ GC →H with αC ○ηGR = α. This is called the universal
property of GC.

Lemma 2.3.5. If x ∈ µ−1(0) then G.x⋂µ−1(0) = GR.x.

Proof. Let g ∈ G such that g.x ∈ µ−1(0). We aim to show that there exists k ∈ GR such
that g.x = k.x. Because µ is GR-equivariant, it follows that GR acts on µ−1(0). By
Lemma 2.3.3 one can assume that g = exp(iz) with z ∈ gR. Let h ∶ R → R be defined by
h(t) =< µ(exp(izt).x), z >. Then h(0) = h(1) = 0 because x and exp(iz).x = g.x both lie
in µ−1(0). As h is a non-zero continuous function, it follows that there exists t ∈ [0,1]
such that

0 = h′(t) =< dyµ(iVz(y)), z >= −ωy(iVz(y), Vz(y)) = −⟨Vz(y), Vz(y)⟩

where y = exp(izt).x and ⟨., .⟩ ∶= ω(i., .) is the metric induced by the Kähler structure.
Hence Vz(y) = 0 so that exp(izR) fixes y and also x. Therefore g.x = exp(iz).x = x ∈ GRx
and the proof is complete.

The proof of the following lemma can be found in [Kir84].

Lemma 2.3.6. Set x and y in µ−1(0) such that x ∉ GR.y. Then there exists disjoint
G-stable neighbourhoods of x and y in X.

The theorem we were aiming for can now be proved. It was first proved in [KemNes79].

Theorem 2.3.7. (Kempf-Ness). Let X be a compact Kähler manifold on which acts
G, the complexification of a maximal compact subgroup GR. Assume that GR preserves
the Kähler form ω (in this context, the symplectic form is taken to be the Kähler form)
and write µ ∶ X → g∗R for a moment map associated to this action. Suppose that for
any x ∈ µ−1(0), the stabiliser (GR)x is finite. Then Xmin = G.µ−1(0) and there is a
homeomorphism µ−1(0)/GR Ð→Xmin/G between both orbit spaces.

Proof. The minimal value that the function ∣∣µ∣∣2 can take is 0 implying that any point of
µ−1(0) is in Xmin. Furthermore, it is shown in [Kir84] that Xmin is G-stable. It follows
that G.µ−1(0) ⊂ Xmin. Conversely if x ∈ Xmin then there exists y ∈ µ−1(0) lying in the
closure of the path of steepest descent for ∣∣µ∣∣2 from x. Following [Kir84], this path is
included in G.x, hence y ∈ G.x. One deduces that G.y ⊂ G.x and so either y ∈ G.x or
dim G.y < dim G.x. However (GR)y is supposed to be finite, and as G = GR exp(igR), it
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2.3. Kempf-Ness theorem

follows that dim Gy = 0, because Gy is the complexification of (GR)y (cf. [Sze14] Lemma
5.24). Therefore dim G.y = dim G ≥ dim G.x. One sees that y ∈ G.x and so x ∈ G.µ−1(0).
This proves the first assertion.
There is an injection µ−1(0) ↪ Xmin as well as a surjection Xmin → Xmin/G. The com-
position of both these maps and the quotient of µ−1(0) by GR gives a map µ−1(0)/GR Ð→

Xmin/G. Additionally, according to the first assertion and the structure of G, the map
is surjective. Lemma 2.3.5 implies that this map is injective and Lemma 2.3.6 that the
space Xmin/G is Hausdorff. Thus the map is a continuous bijection from a compact
space to a Hausdorff space and therefore it is a homeomorphism.

The preceding theorem establishes a link between Kähler quotients and algebraic
quotients and will help to show the existence of a link between the symplectic reduction
µ−1(0)/GR and the GIT quotient X//G, assuming that X has an algebraic structure.
We first need to define the notion of stability for the manifold X.

Until the end of this subsection the Kähler manifold X is a non-singular complex
projective variety in Pn and G is a connected reductive complex group acting linearly
on X, i.e. via a morphism G→ GLn+1(C).

Definition 2.3.8. Let X ⊂ Pn be a complex non-singular projective variety equipped
with a G-action (i.e. G acts on Pn and stabilizes X) and x a point in X. x is semi-
stable if there exists a polynomial function F ∈ C[X0, . . . ,Xn] on X that is homogeneous,
non-constant, G-invariant and such that F (x) ≠ 0. x is stable if it is semi-stable, i.e.
there exists F a homogeneous G-invariant polynomial such that F (x) ≠ 0, all orbits of
G contained in

XF ∶= {y ∈X ∣ F (y) ≠ 0}

are closed in XF and Gx is finite.
Let Xs ⊂ Xss denote respectively the sets of stable and semi-stable elements of X.

The following theorem can be found in various references, like [Kir84] or [Mum94].

Theorem 2.3.9. Set X ⊂ Pn a complex non-singular projective variety and G a complex
reductive algebraic group acting on X via a morphism ϕ ∶ G → GLn+1(C). Assume that
G has a maximal compact subgroup GR such that ϕ(GR) ⊂ Un+1(C). Then the set Xss

coincides with the set Xmin for the function ∣∣µ∣∣2 where µ ∶ X → g∗R is a moment map
for the action of GR and ∣∣ . ∣∣ is the norm associated to any GR-invariant inner product
on gR.

Let us place ourselves in the context of the previous theorem. The inclusion C[X]G ↪

C[X] induces a rational map X → X//G = Proj C[X]G. Its domain of definition is Xss
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and it gives a G-invariant surjective morphism ψ ∶Xss →X//G.
Assume now that Gx is finite for any x ∈ X semi-stable. Then if x ∈ Xss, there exists
F ∈ C[X]G such that F (x) ≠ 0. As all elements in XF are semi-stable, the stabilizer
of each one of these elements is finite and so its orbit is of same dimension as G. This
implies that all orbits in XF are closed. Indeed, it is known that G.x∖G.x is a union of
orbits of dimension strictly smaller that dim G.x (cf. Proposition 3.3.3). As all orbits
have the same dimension, G.x ∖G.x = ∅ and G.x is closed. Therefore x is stable and
one finds Xss =Xs. However according to [Mum94] Theorem 1.10, every fiber of ψ that
meets Xs = Xss is a unique G-orbit. It follows that there exists a continuous bijection
ψ̃ ∶Xss/G→X//G. Because Xss/G and X//G are compact and Hausdorff, one deduces
that ψ̃ is a homeomorphism. By means of Theorem 2.3.9 and Theorem 2.3.7, one obtains
the following proposition:

Proposition 2.3.10. With the hypotheses of the last paragraph, there exists a homeo-
morphism

µ−1(0)/GR Ð→X//G

between the symplectic reduction and the GIT quotient.

Remark 2.3.11. A theorem due to W.L. Chow states that an analytic subspace of
complex projective space that is closed (in the ordinary topological sense) is an algebraic
subvariety. Thus if we suppose our manifold X to be analytic, non-singular and closed
in some Pn, then it is algebraic and non-singular and Proposition 2.3.10 remains valid.

2.3.2. Hyperkähler quotients

The last proposition of the previous subsection can be extended to another class of
manifold, namely hyperkähler manifolds.

Definition 2.3.12. Let M be a Riemanniann manifold with a metric g. M is a hyper-
kähler manifold if M is equipped with three complex structures I, J,K such that
● g is Kähler for I, J and K.

● I, J and K verify the quaternionic relations, i.e. I2 = J2 =K2 = IJK = −1.

More information on hyperkähler manifolds can be found in [Dan99].

Let M be a simply-connected hyperkähler manifold on which a compact Lie group
GR acts freely. Assume that the action of GR preserves the symplectic forms induced
be the complex structures I, J and K. Because M is simply-connected, there exist
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three moment maps µI , µJ , µK ∶ M → g∗R. One can regroup these maps to construct a
hyperkähler moment map

µH ∶ M → g∗R ⊗H0

x ↦ µI(x) ⊗ I + µJ(x) ⊗ J + µK(x) ⊗K.

with H0 = RI + RJ + RK the set of pure imaginaries.

Proposition 2.3.13. The quotient µ−1
H (0)/GR is a hyperkähler manifold.

This proposition is proved in [Hi87]. It can also be extended to a whole family of
quotients. Let Z = z(gR)

∗ denote the dual of the center of gR.

Theorem 2.3.14. Assume GR acts freely on m ∈ µ−1
H (ζ), with ζ = (ζI , ζJ , ζK) ∈ Z ⊗H0.

Then the quotient µ−1
H (ζ)/GR is non-singular in π(m) and is a hyperkähler manifold of

dimension dim M − 4dim GR, with π ∶ µ−1
H (ζ) → µ−1

H (ζ)/GR the canonical projection.

Proof. cf. [Hi87] Sections 3.B, 3.C, 3.D.

Assume that M has a complex vector space structure and let N be an affine algebraic
subvariety ofM stable by the action of G, the complexification of GR. The next theorem
links hyperkähler quotient and GIT quotient.

Theorem 2.3.15. The composition µ−1
I (0)⋂N ↪ N with the affine algebraic quotient

π ∶ N → N//G induces a homeomorphism

(µ−1
I (0)⋂N)/GR

≅
Ð→ N//G.

Proof. cf. [RS90] Theorem 7.7.

One can also construct the following moment map:

µC ∶ M → g∗ ⊗C

x ↦ µJ(x) + iµK(x).
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with g the Lie algebra of the complexification G of GR. It is shown in [Hi87] that µC is
a moment map for the action of G on M equipped with the form ωC = ωJ + iωK .

Corollary 2.3.16. By setting N = µ−1
C (Z⊗C) in Theorem 2.3.15, there is a homeomor-

phism

(µ−1
I (0)⋂µ−1

C (Z ⊗C))/GR
≅
Ð→ µ−1

C (Z ⊗C)//G.

Hyperkähler manifolds and simple singularities are linked. Indeed, using Hilbert
schemes of points one can prove that the minimal resolutions of the simple singular-
ities have a hyperkähler structure (cf. [Naka99]). Furthermore, in the next chapter, a
construction by P.B. Kronheimer will be presented in which he constructs the semiuni-
versal deformations of the simple singularities with aid of hyperkähler quotients.
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The first three sections of this chapter are largely based on the lecture notes by M.
Brion [Brion00] and the ones by W. Crawley-Boevey [Crawley].

3.1. Definitions and basic properties

Let k be an algebraically closed field.

Definition 3.1.1. A quiver is a quadruplet Q = (Q0,Q1, s, t) with Q0 a set of vertices,
Q1 a set of arrows between the vertices and s, t ∶ Q1 → Q0 two maps that give to each
arrow a source and a target respectively. We shall denote the vertices by letters i, j, . . ..
The arrow α such that s(α) = i and t(α) = j will be written α ∶ i → j. There can be
several arrows between two vertices. An edge loop in the quiver Q is an edge α with
s(α) = t(α). An oriented cycle in Q is a succession of edges α1, . . . , αk such that
t(α1) = s(α2), t(α2) = s(α3), . . . , t(αk) = s(α1). Edges loops and oriented cycles are
allowed as well.

Example 3.1.2. The reader will find below an example of a quiver:

1 2 3 4

5

6

α βb

βa
γ

δa

δb

ε

η

λ

All through this chapter it will be assume that for a quiver Q, the sets of vertices Q0
and edges Q1 are finite.

Definition 3.1.3. A representation V = ((Vi)i∈Q0 , (fα)α∈Q1) of a quiver Q is given by
a family of k-vector spaces Vi indexed by the vertices i ∈ Q0 as well as a family of linear
maps fα ∶ Vs(α) → Vt(α) indexed by the arrows α ∈ Q1.
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Example 3.1.4. A representation of the quiver in Example 3.1.2 will have the form

V1 V2

V3

V4 V5

V6

fα
fβb

fβa

fγ

fδa

fδb

fε

fη

fλ

with the Vi’s being vector spaces and the f∗’s linear maps.

Definition 3.1.5. Let M = ((Vi)i∈Q0 , (fα)α∈Q1) and N = ((Wi)i∈Q0 , (gα)α∈Q1) be two
representations of a quiver Q. A morphism u ∶ M → N between two quiver represen-
tations is a collection of maps ui ∶ Vi → Wi indexed by i ∈ Q0 such that the following
diagram commutes:

Vs(α) Vt(α)

Wt(α)Ws(α)

fα

gα

us(α) ut(α)

for all α ∈ Q1.

The composition of two morphisms between quiver representations is defined naturally
and thus the category Rep(Q) of the representations of the quiver Q can be defined.
One can verify that this category is abelian.

Definition 3.1.6. The dimension vector of a representation M = ((Vi)i∈Q0 , (fα)α∈Q1)

of a quiver Q is

dim M ∶= (dim k Vi)i∈Q0.

The next example shows that the classification of the representations of a given quiver
can be linked to the classification of other objects.
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Example 3.1.7. The quiver with r+1 vertices i1, . . . , ir, j, equipped with arrows α1, . . . , αr
whose sources are the i1, . . . , ir and whose target is j is commonly noted as Sr. Below is
an example of S4 (it is also known as D̃4):

i1 j i3

i2

i4

α1

α3

α2

α4

Hence a representation M of Sr is given by k-vector spaces V1, . . . , Vr,W whose di-
mensions are m1, . . . ,mr, n,respectively, and linear maps fαj ∶ Vj → W for 1 ≤ j ≤ r.
By sending M to the images of the fαj ’s, one obtains a bijection between the isomor-
phism classes of representations of dimension vector (m1, . . . ,mr, n) and the orbits of
the general linear group GLn(k) acting on r-uplets (E1, . . . ,Er) of subspaces of kn such
that dim Ei ≤ mi for any i, the action being g.(E1, . . . ,Er) = (g.E1, . . . , g.Er) for any
g ∈ GLn(k). Therefore there is an equivalence between the classification of the represen-
tations of the quiver Sr for a given dimension vector and the classification of r-uplets of
subspaces of prescribed dimensions of a given k-vector space.

Definition 3.1.8. A quiver Q is of finite orbit type if Q has only finitely many
isomorphism classes of representations of any prescribed dimension vector.

Example 3.1.9. One may check that the quivers S1, S2 and S3 of Example 3.1.7 are of
finite orbit type, but S4 = D̃4 is not.

The next important theorem is due to P. Gabriel who proved it in [Gab72].

Theorem 3.1.10. (Gabriel). A quiver is of finite orbit type if and only if every
connected component of its underlying graph is a simply-laced Dynkin diagram, i.e. it is
one of the following:
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An (n ≥ 1)
1 2 3 n-1 n

Dn (n ≥ 4) 1 2 3 n-2

n-1

n

E6

1

2

3 4 5 6

E7

1

2

3 4 5 6 7

E8

1

2

3 4 5 6 7 8

3.2. The path algebra

Let k be an algebraically closed field and Q = (Q0,Q1, s, t) a quiver. For a represen-
tation ((Vi)i∈Q0 , (fα)α∈Q1) of Q, one defines the k-vector space

V ∶= ⊕
i∈Q0

Vi

as well as two families of linear maps:
● The projections

fi ∶ V → V

(v1, . . . , vi, . . . , vr) ↦ (0, . . . ,0, vi,0, . . . ,0)

, i ∈ Q0.

● The maps
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fα ∶ V → V

(v1, . . . , vs(α), . . . , vr) ↦ (0, . . . ,0, fα(vs(α))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

t(α)-th position

,0, . . . ,0)

, α ∈ Q1.

One notices that these maps verify the relations

f2
i = fi, fifj = 0 (i ≠ j), ft(α)fα = fαfs(α) = fα,

and all other compositions are zero. This leads us to the next definition.

Definition 3.2.1. The path algebra kQ of Q is the k-associative algebra defined by
the generators ei, i ∈ Q0, and α, α ∈ Q1, satisfying the following identities:

e2
i = ei, eiej = 0 (i ≠ j), et(α)α = αes(α) = α,

One notices that the ei’s are idempotent and pairwise orthogonal in kQ. An important
relation is ∑i∈Q0 ei = 1.
The k-vector space V defined above can be seen as a left-kQ-module. Indeed, by defining
injections ιi ∶ Vi → V

vi ↦ (0,⋯,0, vi,0,⋯,0)

and projections πi ∶ V → Vi

(v1,⋯, v∣Q0∣) ↦ vi
naturally, the action of kQ on V is given by:

αi1 . . . αin .v = ιt(αi1)fαi1 . . . fαinπs(αin)(v) and ei.v = ιiπi(v),

for any path αi1 . . . αin of kQ, v ∈ V and i ∈ Q0.

The next proposition establishes a link between the representations of a quiver Q and
the kQ-modules.

Proposition 3.2.2. The category of representations of a quiver Q is equivalent to the
category of kQ-left-modules.

Proof. We have previously seen how, from a representation M of a quiver Q one can
construct a kQ-module V . Let us do the converse. Let V be a kQ-module. Define
Vi = ei.V for any i ∈ Q0. As ∑i∈Q0 ei = 1, one finds V = ⊕i∈Q0 Vi. Furthermore, for any
arrow α ∶ i→ j, there is a map fα ∶ Vi → Vj given by the multiplication by α, which has its
image in Vj because α = ejα . One can verify that both constructions extend to functors
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3. Quivers

between the category of representations of Q and the category of kQ-left-modules, and
each one is the inverse of the other. The details of the computations can be found in
[AuRe97] Chapter III, Theorem 1.5.

Remark 3.2.3. One notices that as a k-vector space, kQ is finite dimensional if and
only if Q does not contain any edge loops nor oriented cycles.

We will now define the notion of a quiver with relations.

Definition 3.2.4. A relation on a quiver Q is a subspace of kQ generated by linear
combinations of paths with same source and same target, and with a length of at least 2.
A quiver with relations is a pair (Q, I) with Q a quiver and I an ideal of kQ generated
by relations. The quotient kQ/I is called the path algebra of (Q, I).

Example 3.2.5. Consider the quiver Q with one vertex and n edge loops α1, . . . , αn:

α1

αi

αr

Its path algebra is kQ = k⟨X1, . . . .,Xn⟩, the ring over k generated by n independent
elements. kQ is clearly infinite dimensional due to the edge loops. For example, if one
wants the order in which the edge loops are browsed not to matter, one defines I the
ideal of kQ generated by the relations XiXj − XjXi, for any i ≠ j. The path algebra
then becomes k⟨X1, . . . .,X1⟩/(XiXj −XjXi,1 ≤ i, j ≤ n) = k[X1, . . . ,Xn] the polynomial
algebra in n variables.

Remark 3.2.6. We mention that the representations of a finite dimensional algebra can
be described in terms of quivers. Starting from an algebra A, one can define a quiver
with relations (Q, I) such that the category of representations Rep(A) is equivalent to
the category Rep(Q, I). More details on this procedure can be found in the fourth
chapter of [Ben98].

Let Q be a quiver without oriented cycles. We are going to classify the simple
representations of Q, i.e. those which do not contain non-trivial subrepresentations.
First let S(i) (i ∈ Q0) be the representation of Q given by

138



3.2. The path algebra

S(i)i = k, S(i)j = {0} (j ∈ Q0, j ≠ i), fα = 0 (α ∈ Q1).

S(i) is clearly simple and its dimension vector is εi = (0, . . . ,0, 1
®

i-th position

,0, . . . ,0).

Proposition 3.2.7. Let Q be a quiver without oriented cycles nor edge loops. Any
simple representation of Q is isomorphic to some S(i) with i ∈ Q0. Furthermore, any
finite dimensional semisimple representation, i.e. a direct sum of its simple submodules,
is completely determined by its dimension vector.

Proof. Let M be a non-trivial simple kQ-module. One sees that M ≠ kQr≥1M with
kQr≥1 the ideal of kQ generated by the non-trivial arrows of Q. Indeed, if M = kQr≥1M ,
then M = (kQr≥1)

nM for any n ≥ 1. But (kQr≥1)
n is a k-vector space generated by the

paths whose length is at least n. As Q does not contain any oriented cycle nor edge loop,
it follows that there exists n ∈ Z≥0 such that (kQr≥1)

n = {0}, which implies M = {0}
and contradicting the non-triviality of M . Because M is simple and kQr≥1M is a proper
submodule of M , one deduces that kQr≥1M = {0}. Hence M can be seen as a module
over

kQ/kQr≥1 ≅ ⊕
i∈Q0

kei ≅ ∏
i∈Q0

k.

Therefore any subspace eiM is a kQ-submodule de M . Thus eiM = {0} or M for any
i ∈ Q0. It is known that ∑i∈Q0 ei = 1, implying that eiM = {0} cannot happen for all
i ∈ Q0. Consequently there exists i ∈ Q0 such that eiM =M . Assume that there exists
j ≠ i such that ejM =M . Then {0} = eiejM = eiM =M because eiej = 0. It follows that
there exists a unique i ∈ Q0 such that eiM =M and then M = S(i).
Let M be a semisimple kQ-module of finite dimension. According to the first statement
of the proposition,

M = ⊕
i∈Q0

miS(i)

with mi ∈ Z≥0 for any i ∈ Q0. Thus

dim M = ∑
i∈Q0

mi dim S(i) = ∑
i∈Q0

miεi

with εi being the i-th basis vector of ZQ0
≥0 .
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We finish this section by introducing an object which will give us a numerical criterion
for the classification of quivers.

Definition 3.2.8. The Euler form of a quiver Q is the bilinear form on RQ0 denoted
by ⟨., .⟩Q and defined by

⟨m,n⟩Q = ∑
i∈Q0

mini − ∑
α∈Q1

ms(α)nt(α)

for any m = (mi)i∈Q0 , n = (ni)i∈Q0 ∈ RQ0.
The quadratic form associated to the Euler form is denoted by qQ and is called the Tits
form. Explicitly,

qQ(n) = ⟨n,n⟩Q = ∑
i∈Q0

n2
i − ∑

α∈Q1

ns(α)nt(α).

for any n = (ni)i∈Q0 ∈ RQ0.

Using a result called the standard resolution (cf. [Crawley]), one can prove the next
formula:

qQ(dim M) = dim EndQ(M) − dim Ext1
Q(M,M).

Therefore the Tits form gives us information on self-extensions of a finite dimensional
representation of a quiver. But it is not its only use. Some of its properties give conditions
on whether or not a quiver is of finite orbit type. The next theorem can be found in
[Ben98].

Theorem 3.2.9. Let Q be a quiver. The following assertions are equivalent:
(i) The Tits form qQ is positive definite.

(ii) qQ(n) ≥ 1 for any n ∈ ZQ0
≥0 ∖ {0}.

(iii) The underlying non-oriented graph of Q is a union of simply-laced Dynkin dia-
grams.

This theorem enables us to reformulate Gabriel’s theorem in the following manner:

Q is of finite orbit type ⇐⇒ qQ is positive definite.
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3.3. Orbits and indecomposable representations

3.3. Orbits and indecomposable representations

In this section we define and study a structure of module on the representation space.
Let Q = (Q0,Q1, s, t) be a quiver and n = (ni)i∈Q0 ∈ ZQ0

≥0 a dimension vector.

Definition 3.3.1. The representation space of a quiver Q with dimension vector
n = (ni)i∈Q0 is

Rep(Q,n) ∶= ⊕
α∶i→j

Hom(kni ,knj).

It is a k-vector space of dimension ∑
α∶i→j

ninj.

Let n be a dimension vector of a quiver Q. The group

GLn(k) = ∏
i∈Q0

GLni(k)

acts naturally on each Hom(kni ,knj) by

(gi)i∈Q0 .xα ∶= gjxαg
−1
i ,

and hence acts on Rep(Q,n) by preserving the decomposition.

Any point x ∈ Rep(Q,n) defines a representationMx of Q. Furthermore, two represen-
tations Mx and My are isomorphic if and only if x and y are in the same GLn(k)-orbit.
The next lemma follows naturally.

Lemma 3.3.2. The map which associates to any x ∈ Rep(Q,n) a representation Mx of
Q defines a bijection between the set of GLn(k)-orbits in Rep(Q,n) and the isomorphism
classes of representations of Q with dimension vector n. Additionally, the isotropy group
of x,

GLn(k)x = {g ∈ GLn(k) ∣ g.x = x}

is isomorphic to the group AutQ(Mx) of automorphisms of Mx.
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For a quiver Q let us write OM for the orbit in Rep(Q,n) associated to the representa-
tion M . Then OM = GLn(k).x where x is any element of Rep(Q,n) such that Mx ≅M .
In particular one may notice that a quiver is of finite orbit type if and only if the number
of GLn(k)-orbits in Rep(Q,n) is finite for any dimension vector n.

The following proposition is stated in a setting broader than that of quivers but can
be easily adapted.

Proposition 3.3.3. Let X be a variety with an algebraic action of an algebraic group
G and x a point in X. The following assertions are true:
(i) The isotropy group Gx is closed in G.
(ii) The orbit G.x is a non-singular subvariety of X and locally closed in X. The

connected components of G.x all have the same dimension: dim G − dim Gx.
(iii) The closure G.x of the orbit is the union of G.x and of orbits of strictly smaller

dimensions. An orbit with the smallest dimension is then closed.
(iv) The variety G is connected if and only if it is irreducible. If so the orbit G.x as

well as its closure G.x are irreducible.

Proof. (i) Consider the map ϕx ∶ G → X

g ↦ g.x

. This map is continuous and every fiber

is a set gGx, for some g ∈ G. As all points are closed, it follows that gGx is closed and
so is Gx.
(ii) The orbit G.x is the image of the morphism ϕx and is thus a constructible subset
of X (cf. Corollary 14.7 in [Eis95]). Hence G.x contains an open subset U dense in its
closure (cf. [Bo91] page 2). One deduces that G.x = ⋃g∈G gU implying that G.x is open
in its closure. In a similar manner, G.x is non-singular and all its connected components
have the same dimension.
(iii) According to (ii), G.x∖G.x is of dimension strictly inferior to dim G.x. As it is G-
stable, one deduces that it is a union of orbits of dimensions strictly inferior to dim G.x.
Let us denote by Omin an orbit with the smallest dimension in G.x. It follows that
Omin ∖Omin is empty and thus Omin is closed.
(iv) The group G can be seen as the orbit of the action of G on itself. According to (ii),
G is non-singular. Because it is an algebraic group, G is connected if and only if it is
irreducible. Hence if G is irreducible, G.x is the image of G by the morphism ϕx and so
G.x and G.x are irreducible.

Proposition 3.3.4. Let x = (xα)α∶i→j ∈ Rep(Q,n) and M be the corresponding repre-
sentation.
(i) The following sequence is exact:

0→ EndQ(M) → End(n) cx
Ð→ Rep(Q,n) → Ext1

Q(M,M) → 0
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3.3. Orbits and indecomposable representations

with End(n) = ∏
i∈Q0

End(kni) and cx((fi)i∈Q0) = (fjxα − xαfi)α∶i→j.

(ii) The map cx can be identified with the differential at the identity of the map

ϕx ∶ GL(n) → Rep(Q,n)

g ↦ g.x

(iii) The image of cx is the tangent space Tx(GL(n).x) seen as a subspace of Tx(Rep(Q,n)) ≅
Rep(Q,n).

Proof. cf. [Brion00] Theorem 2.2.3.

The next proposition gives us some details on the structure of the orbits of GL(n) in
Rep(Q,n). Its proof can be found in [Brion00] Theorem 2.3.1.

Proposition 3.3.5. Let

0→M ′ →M →M ′′ → 0

be an exact sequence of finite dimensional representations of a quiver Q. Then OM
contains OM ′⊕M ′′. Furthermore, the exact sequence splits if and only if OM = OM ′⊕M ′′.

We can now give a more precise version of Gabriel’s theorem (cf. [Gab72]).

Definition 3.3.6. A representation M of a quiver Q is a Schur representation if
EndQ(M) = kidM .

Theorem 3.3.7. Let Q be a quiver with ∣Q0∣ = r. Assume that the Tits form qQ of Q is
positive definite. Then:

1. Any indecomposable representation M (i.e. M cannot be decomposed as a direct
sum of non-zero submodules) is a Schur representation and has no non-zero self-
extension.

2. The dimension vectors of the indecomposable representations are exactly the n ∈ Zr≥0
such that qQ(n) = 1.

3. Any indecomposable representation is uniquely determined (up to isomorphism) by
its dimension vector.
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4. If the underlying graph of Q is connected, then it is a Dynkin diagram ∆ of type
Ar, Dr or Er. Let {α1, . . . , αr} and LQ = ∑ri=1 Zαi be a base of the root system of
type ∆ and the associated root lattice. Identify the vertices of the Dynkin diagram
with their respective roots. Then the map

Rep(Q) → LQ

M = (Mi)1≤i≤r ↦
r

∑
i=1

dim(Mαi)αi

gives a bijection from the set of all isomorphism classes of indecomposable repre-
sentations onto the set of all positive roots of the root system of type ∆.

All quivers are not of finite orbit type. Let Q be a quiver. If there exists a full
embedding of the category of representations of the quiver

into the category of representations of Q, Q is called wild. If Q is neither wild nor of
finite orbit type then it is tame.
In [Gab75], P. Gabriel presented the different types of quivers and stated that the rep-
resentations of a wild quiver are not classifiable. Indeed, let Q be the previous quiver
with one vertex and two edge loops. The path algebra of Q is the free algebra k⟨X,Y ⟩

generated by two indeterminates X and Y . One can show that for any k-algebra of finite
type A there is a fully faithful functor F ∶ ModfA → Modfk⟨X,Y ⟩ from the category of
finite dimensional A-modules to the category of finite dimensional k⟨X,Y ⟩-modules. If
A is generated by n elements a1, ..., an and M ∈ ModfA, then F (M) =Mn+2 and X and
Y act on F (M) by

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 1 . . . 0

0 0 1 . . 0

. . . . . .

0 0 0 . 1 0

0 0 0 . 0 1

0 0 0 . . 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 . . . . 0

1 0 . . . 0

a1 1 . . . .

0 . . . 0 0

0 0 . . 0 0

0 0 0 an 1 0

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.
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3.3. Orbits and indecomposable representations

A complete classification of the finite dimensional representations of the quiver Q would
imply a complete classification of all finite dimensional modules for all finite type k-
algebras, which is not practical.

When the underlying graph of the quiver Q is not a Dynkin diagram, the root system
(in the sense of Section 1.1.2) of the Lie algebra gQ (defined below) whose Coxeter graph
is Q is different than what has been previously described. Let Q be a quiver whose
underlying graph is connected and simply-laced without edge loops. The Cartan matrix

CQ = 2I −A

with A the adjacent matrix of Q:

Ai,j = number of edges between vertices i and j ∈ Q0.

This matrix can be used to define a Kac-Moody Lie algebra gQ (cf. [Kiri16]). In
particular it defines a root lattice and a Weyl group.

The root lattice LQ of Q is defined by

LQ = ∑
i∈Q0

Zαi ≅ ZQ0 ,

where the αi’s are the simple roots. αi can be seen as the vector dimension of a
representation S(i) of Q with 1 at the i-th vertex and 0 elsewhere. The Cartan matrix
defines an integral symmetric bilinear form on LQ, called the symmetrized Euler
form:

(αi, αj) = (CQ)i,j = 2δij −Ai,j .

For every i ∈ Q0, the corresponding simple reflection si is defined as

si ∶ LQ → LQ

α ↦ α − (α,αi)αi

.

The subgroup of GL(LQ ⊗Z R) generated by the simple reflections is the Weyl group
WQ of gQ.
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By looking at the adjoint action of gQ on itself, one finds the root system ΦQ of gQ.
In the special case where Q is a Dynkin diagram or an extended Dynkin diagram, the
root system is given by

ΦQ = {α ∈ LQ ∖ {0} ∣ (α,α) ≤ 2}.

Like in Section 1.1.2, one can show that ΦQ = Φ+
Q⊔Φ−

Q with Φ+
Q ∶= (∑i∈Q0 Z≥0αi)∩ΦQ

being the set of positive roots of ΦQ and Φ−
Q ∶= (∑i∈Q0 Z≤0αi) ∩ ΦQ the set of negative

roots of ΦQ.

A root α ∈ ΦQ is called real if there exists w ∈WQ and i ∈ Q0 such that α = w.αi. All
the other roots are called imaginary, so that

ΦQ = Φre
Q ⊔Φim

Q .

When the underlying graph of Q is a Dynkin diagram or an extended Dynkin diagram,
the next proposition (cf. [Kac90]) characterizes Φre

Q and Φim
Q more precisely.

Proposition 3.3.8. 1. Let Q be a quiver such that its underlying graph is a Dynkin
diagram. Then ΦQ = Φre

Q .
2. Let Q be a quiver such that its underlying graph is an extended Dynkin diagram

∆̃. Let Φ̊Q and Π̊Q denote the root system and a basis of type ∆. Let α0 ∈ ΦQ be
the simple root associated to the extended vertex of Q. Then ΠQ = Π̊Q ∪ {α0} is a
base of ΦQ,

Φim
Q = Z∗δ and Φre

Q = {α + nδ ∣ α ∈ Φ̊Q, n ∈ Z}

with δ = α0 + θ and θ being the highest root of Φ̊Q with respect to Π̊Q.

Remark 3.3.9. Let Q be a quiver such that its underlying graph is a simply-laced
extended Dynkin diagram ∆̃. The dimension vector of the imaginary root δ is the vector
(d0, . . . , dr) from Subsection 1.5.1.1 as well as the dimension vector of the McKay quiver
which will be used in Section 4.2.

The tame quivers were classified by L.A. Nazarova [Nazar73] and by P. Donovan and
M.R. Freislich [DonFrei73].

Theorem 3.3.10. (Donovan-Freislich-Nazarova). A finite connected quiver Q is
tame if and only if its underlying graph is Ã1 or a simply-laced extended Dynkin diagram,
i.e. it is one of the following:
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Ã1
0 1

Ãn (n ≥ 2)
1 2 3 n-1 n

0

D̃n (n ≥ 4)
1

2 3 n-2

n-1

n

0

Ẽ6

1

2

3 4 5 6

0

Ẽ7

1

2

3 4 5 6 70

Ẽ8

1

2

3 4 5 6 7 8 0

Assume Q is tame of type ∆̃. Let {α0, . . . , αr} and LQ = ∑ri=0 Zαi be a base of the root
system of type ∆̃ and the associated root lattice. Identify the vertices of the extended
Dynkin diagram with their respective roots. Then the map

f ∶ Rep(Q) → LQ

M = (Mi)0≤i≤r ↦
r

∑
i=0

dim(Mαi)αi

gives a surjection from the set of all isomorphism classes of indecomposable representa-
tions onto the set of all positive roots of the root system of type ∆̃. Furthermore,

1. If α is a positive real root then f−1(α) is a singleton.
2. If α is a positive imaginary root, then there exists a finite subset D = {p1, ..., pk} ⊂ P1

and a collection of positive integers lp > 1, p ∈D, such that the set of isomorphism
classes of indecomposable representations of Q of dimension α is in bijection with
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(P1 ∖D) ∪ ⋃
p∈D

Z/lpZ.

Finally, in [Kac80] and [Kac83] V. Kac generalized the previous results to an arbitrary
connected quiver without edge loops.
Theorem 3.3.11. (Kac). Let Q be a connected quiver without edge loops. Let α =

∑i∈Q0 niαi ∈ ZQ0 be positive, i.e. ni ≥ 0 for all i ∈ Q0, α ≠ 0. Then:
1. An indecomposable representation M of Q of dimension α exists if and only if α

is a positive root.
2. If α is a positive real root, then the indecomposable representationMα with dim Mα =

α is unique up to isomorphism.
3. If α is a positive imaginary root, then there are infinitely many non-isomorphic

indecomposable representations of dimension α. The set of isomorphism classes
of indecomposable representations of dimension α can be parametrized by a finite
union of algebraic varieties Z1, ..., Zn such that max{dim Zi}i = 1 − (α,α)2 .

In Subsection 1.1.2, a root system Φ was defined as a finite subset of a k-vector space
E coming from a semisimple Lie algebra. It was then equipped with a non-degenerate
bilinear form (., .) coming from the Killing form and if α,β ∈ Φ, we defined ⟨β,α⟩ =

2(β,α)
(α,α) .

The definition of ⟨., .⟩ can be extended to equip affine root systems corresponding to
infinite-dimensional Kac-Moody algebras (cf. [Kac90]).
Definition 3.3.12. A root system Φ (in the sense axioms (R1), (R2) and (R3) of
[Hum75] Appendix) is crystallographic if for any α,β ∈ Φ, then ⟨α,β⟩ ∈ Z.

It was said in Theorem 1.1.16 that finite root systems are crystallographic. It can be
shown that extended root systems are crystallographic as well.

The notion of folding of a root system via automorphism was presented in Section 1.2
for the finite root systems. However the notion can be generalized to a larger class of
root systems. The next proposition comes from [Stem08].
Proposition 3.3.13. Any crystallographic root system may be realized as a folding of a
simply-laced root system by some diagram automorphism.

3.4. Folding of root systems and quivers

In the following subsection we present a construction by T. Tanisaki of some kind of
folding of the representation space of a quiver whose underlying graph is a simply-laced
Dynkin diagram. In the subsequent subsection observations on the different types of
folding will be given.
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3.4.1. Foldings and quivers representations

It has been stated in the previous part that a connected quiver Q has only finitely
many isomorphism classes of finite dimensional indecomposable representations if and
only if Q is a Dynkin diagram ∆ of type Ar, Dr or Er. If Q is of such type, then there
is a bijection from the set of all isomorphism classes of indecomposable representations
onto the set of all positive roots of a root system of type ∆ given by the function dim (cf.
Theorems 3.1.10 and 3.3.7). This result has been extended by T. Tanisaki in [Tani80]
to the non-simply-laced Dynkin diagrams using an approach based on foldings of root
systems. In what follows we present his results.

Let Q = (Q0,Q1, s, t) be a simply-laced quiver. An automorphism of Q is a permu-
tation σ of the set Q0 = {αi}i∈I such that a pair (σ(αi), σ(αj)) forms an edge of Q if
and only if the pair (αi, αj) is an edge of Q. The set of automorphisms of Q is a group
Aut(Q) given by

Aut(Q) = {σ = (σ0, σ1) ∈S
∣Q0∣
0 ×S

∣Q1∣
1 ∣ s(σ1(α)) = σ0(s(α)), t(σ1(α)) =

σ0(t(α)) for all α ∈ Q1}.

For any σ ∈ Aut(Q), one defines the functor F σ ∶ Rep(Q) → Rep(Q) in the following
way:

● For any (Vi, fα)i∈Q0,α∈Q1 , then F σ((Vi, fα)i∈Q0,α∈Q1) = (Wi, gα)i∈Q0,α∈Q1 with Wi =

Vσ−1
0 (i)

for any i ∈ Q0, and gα = fσ−1
1 (α)

for any α ∈ Q1.
● For any ϕ ∶ (Vi, fα)i∈Q0,α∈Q1 → (Wi, gα)i∈Q0,α∈Q1 , then F σ(ϕ) ∶ F σ(Vi, fα) →
F σ(Wi, gα) is given by (F σ(ϕ))i = ϕσ−1

0 (i)
for all i ∈ Q0.

Definition 3.4.1. Let G be a subgroup of Aut(Q). Define the category Rep(Q)G,
which is a full subcategory of Rep(Q), as follows: if (Vi, fα)i∈Q0,α∈Q1 ∈ Rep(Q), then
(Vi, fα)i∈Q0,α∈Q1 ∈ Rep(Q)G if for any g ∈ G, F g((Vi, fα)i∈Q0,α∈Q1) is isomorphic to
(Vi, fα)i∈Q0,α∈Q1 in the category Rep(Q).

One can see Rep(Q)G as the invariants up to isomorphism of Rep(Q) by the action
of G through the functor F .

We are now able to state Tanisaki’s theorem (cf. [Tani80]).

Theorem 3.4.2. (Tanisaki). Let Q be a connected quiver and G a subgroup of Aut(Q)

which preserves the orientation of Q. Then the following assertions are verified:
(i) In the category Rep(Q)G, the theorem of Krull-Remak-Schmidt (which states the

unicity of the decomposition of a module into a direct sum of indecomposable sub-
modules) is valid.

149



3. Quivers

(ii) There are only finitely many isomorphism classes of indecomposable objects in
Rep(Q)G if and only if Q and G are in the following table:

∆(Q,G) Graph of Q G

Ar (r ≥ 1)
1 2 3 r-1 r

{1}

Br (r ≥ 2)
1 2 3 2r-2 2r-1

{1, τ} with τ(αi) = α2r−i

Cr (r ≥ 3) 1 2 3 r-1

r

r+1

{1, τ} with
τ(αr) = αr+1,
τ(αr+1) = αr,

τ(αi) = αi if i ≠ r, r + 1.

Dr (r ≥ 4) 1 2 3 r-2

r-1

r

{1}

E6

1

2

3 4 5 6

{1}

E7

1

2

3 4 5 6 7

{1}

E8

1

2

3 4 5 6 7 8

{1}

F4

1

2

3 4 5 6 {1, τ} with

τ(α1) = α6, τ(α2) = α2,

τ(α3) = α5, τ(α4) = α4,

τ(α5) = α3, τ(α6) = α1.

G2
1 2

3

4

G acts transitively

on {α1, α3, α4} and

fixes α2.
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(iii) Let (Q,G,∆(Q,G)) be a triple as in the previous table. Then there exists a natural
one-to-one correspondence between the set of all isomorphism classes of indecom-
posable objects of Rep(Q)G and the set of positive roots of the root system of type
∆(Q,G).

Remarks 3.4.3. 1. One notices that ∆(Q,G) is the type obtained by folding the
root system associated with the graph of Q by the action of G.

2. The reader might wonder why T. Tanisaki did not work on the Dynkin diagram
A2r with the Z/2Z =< σ > symmetry given by σ(αi) = α2r+1−i:

1 2 r r+1 2r-1 2r

σ

Theorem 3.4.2 is based upon choosing an orientation of the quiver Q and a sub-
group G of Aut(Q) which preserves the orientation. However the non-trivial sym-
metry group of A2r is Z/2Z and the action of σ would send the arrow r → r + 1 to
r+ 1→ r, thus reversing the orientation of this edge. It is the same if we choose to
orient the edge by r + 1 → r. Therefore there cannot be a subgroup G of Aut(Q)

which preserves the orientation and so Tanisaki’s result is not valid anymore.

3.4.2. Observations on foldings

Throughout the several previous sections we have obtained connections between the
simply-laced Dynkin diagrams and the non-simply-laced ones. In this subsection the
different results will be compared.

In Section 1.2, we realized foldings on:

1. simply-laced Lie algebras.

2. root systems of simply-laced Lie algebras.

These foldings give results dual to each others.
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3. Quivers

Type of g A2r−1 Dr+1 E6 D4

Ω Z/2Z Z/2Z Z/2Z S3

Type of g0 Cr Br F4 G2

Type of Qσ Br Cr F4 G2

Table 3.1. – Foldings of root systems and Lie algebras

Remark 3.4.4. The case of type A2r had to be left out because of the absence of a
group Γ′ acting on the singularity with the required properties (cf. Remark 1.4.38).

P. Slodowy defined the inhomogeneous simple singularities based on the symmetries
of the Dynkin diagrams in [Slo80] and [Slo80(2)]:

Γ Γ′ Ω = Γ′/Γ Type of X0 Type of (X0,Ω)

C2r Dr Z/2Z A2r−1 Br, r ≥ 2

Dr−1 D2(r−1) Z/2Z Dr+1 Cr, r ≥ 3

T O Z/2Z E6 F4

D2 O S3 D4 G2

Remark 3.4.5. When (X0,Ω) is of type G2, the possibility Γ′ = T was disregarded
because the quotient T /D2 leads to the same invariants as O/D2.

He also computed two variants of the McKay correspondence: one by induction and
one by restriction. The results are as follows:
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3.4. Folding of root systems and quivers

Γ Γ′ Type of
∆(Γ)

Type of
∆(Γ,Γ′) ∆̃∨(Γ,Γ′)

C2r Dr A2r−1 Br
1 2 3 r-2 r-1 r0

Dr−1 D2(r−1) Dr+1 Cr

0

1

2 3 r-2 r-1 r

T O E6 F4
0 1 2 3 4

D2 O D4 G2
1 20

Table 3.2. – McKay’s correspondence by restriction

and

Γ Γ′ Type of
∆(Γ)

Type of
∆(Γ,Γ′) (∆̃∨(Γ,Γ′))∨

C2r Dr A2r−1 Br
1 2 3 r-2 r-1 r0

Dr−1 D2(r−1) Dr+1 Cr

0

1

2 3 r-2 r-1 r

T O E6 F4
0 1 2 3 4

D2 O D4 G2
1 20

Table 3.3. – McKay’s correspondence by induction

Finally the foldings by T. Tanisaki using quiver representations gave:
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3. Quivers

∆(Q) ∆(Q,G) Graph of Q G

A2r−1 Br (r ≥ 2)
1 2 3 2r-2 2r-1

Z/2Z

Dr+1 (r ≥ 3) Cr (r ≥ 3)
1 2 3 r-1

r

r+1
Z/2Z

E6 F4

1

2

3 4 5 6

Z/2Z

D4 G2
1 2

3

4

S3

Table 3.4. – Foldings using quiver representations

Remark 3.4.6. In the case of (D4,G2) (cf. Remark 3.4.5), the groupS3 can be replaced
by the smaller group Z/3Z and the results of Theorem 3.4.2 remain valid.

We notice that the way P. Slodowy defined the inhomogeneous singularities is in
adequacy with the foldings of the root systems as well as the foldings using quiver rep-
resentations. Furthermore, the McKay correspondences by induction and restriction
establish a similar link between the homogeneous and the inhomogeneous Dynkin dia-
grams, however less direct because of the extension of the Dynkin diagrams as well as
their duals.

The connections between the different foldings are summarized in the following dia-
grams:
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Figure 3.1. – Foldings and McKay correspondences

In the next chapter we are going to present a construction by H. Cassens and P.
Slodowy of the semiuniversal deformations of the simple singularities using quiver rep-
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3. Quivers

resentations and symplectic geometry. Their method will then be generalized to obtain
the semiuniversal deformations of the inhomogeneous simple singularities. The process
is based on the affinization of the Dynkin diagram associated to the singularity through
its minimal resolution, as illustrated below:
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Figure 3.2. – Quivers, symmetries and simple singularities
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Part II.

Quiver varieties and simple
singularities
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4. Deformations and quiver representations

Throughout this chapter the base field will be the complex number field C.

4.1. Kronheimer’s construction

P.B. Kronheimer gave in [Kron89] a new approach regarding the deformations and the
resolutions of Kleinian singularities. His work is based on finite subgroups of SU2 and
hyperkähler quotients. Some of his ideas will be recalled in this section.

4.1.1. Definition of a hyperkähler manifold M(Γ)

Let Γ be a finite subgroup of SU2, N its natural representation as a matrix group and
R its regular representation. Set

M = End(R) ⊗N

where End(R) = HomC(R,R). There is a linear action of Γ on M with the action on
End(R) being the conjugation and the action on N the natural one. Let us focus on the
space

M(Γ) ∶= (End(R) ⊗N)Γ

of Γ-invariants of M .

By providing N with an orthonormal base, as dim C N = 2, any element of M can be
seen as a pair (α,β) with α,β elements of End(R).

Let H = R + RI + RJ + RK be the field of quaternions. It is known that I, J,K satisfy
the relations
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4. Deformations and quiver representations

I2 = J2 =K2 = IJK = −1.

Fix a Γ-invariant Hermitian form on R and, if a ∈ End(R), let a∗ denote the adjoint of
a relative to the Hermitian form.
Let us give M an H-module structure by defining the action of H with the following
formulae:

I.(α,β) = (iα, iβ),

J.(α,β) = (−β∗, α∗),

K.(α,β) = (−iβ∗, iα∗).

Hence I, J and K can be seen as elements of End(TM), where every tangent space of
M is identified with M .

Let U(R) be the subgroup of unitary transformations of End(R) with respect to the
Γ-invariant Hermitian form on R, and set

U(Γ) = {g ∈ U(R) ∣ gγ = γg ∀γ ∈ Γ}

the subgroup of U(R) composed of elements commuting with the action of Γ. U(Γ) acts
naturally on M(Γ) by conjugation:

u.(α,β) = (uαu−1, uβu−1), ∀u ∈ U(Γ),∀(α,β) ∈M(Γ).

It is a classical result of finite group theory that R can be decomposed as a sum of the
irreducible representations of Γ. LetR0,R1, . . . ,Rr denote the irreducible representations
of Γ with R0 being the trivial one and set di = dim Ri. Then

R =
r

⊕
i=0
Ri ⊗Cdi .

One can also decompose U(Γ). The elements of End(R) commuting with Γ are
HomΓ(R,R) = HomΓ(⊕

r
i=0Ri⊗Cdi ,⊕r

i=0Ri⊗Cdi) = ⊕i,j HomΓ(Ri,Rj)⊗Hom(Cdi ,Cdj).
However Schur’s lemma implies that the elements of HomΓ(Ri,Rj) are scalars if i = j or
are invertible or zero if i ≠ j. But by definition Ri ≇ Rj , therefore HomΓ(Ri,Rj) = {0}
if i ≠ j and HomΓ(Ri,Ri) ≅ C. It follows that HomΓ(R,R) = ⊕r

i=0 Hom(Cdi ,Cdi) and
looking at the unitary elements one finds
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4.1. Kronheimer’s construction

U(Γ) ≅
r

∏
i=0

Udi(C).

Hence any element of U(Γ) can be seen as an (r+1)-uplet (u0, u1, . . . , ur) with ui ∈ Udi(C)

for any 0 ≤ i ≤ r. Furthermore, one sees that

M(Γ) = (End(R) ⊗N)Γ = (R∗ ⊗R⊗N)Γ,

= HomΓ(R,R⊗N) = HomΓ(
r

⊕
i=0
Ri ⊗Cdi ,

r

⊕
j=0

Rj ⊗N ⊗Cdj),

=
r

⊕
i,j=0

HomΓ(Ri,Rj ⊗N) ⊗Hom(Cdi ,Cdj).

Any element of M(Γ) can be written as
r

∑
i,j=0

rij ⊗ fij with rij ∈ HomΓ(Ri,Rj ⊗N) and

fij ∈ Hom(Cdi ,Cdj). The action of U(Γ) on M(Γ) is given by

(u0, u1, . . . , ur).(
r

∑
i,j=0

rij ⊗ fij) =
r

∑
i,j=0

rij ⊗ ujfiju
−1
i .

It can be verified that the action of U(Γ) onM(Γ) preserves the quaternionic structure,
i.e. the induced action of U(Γ) on End(TM(Γ)) preserves the real vector space generated
by I, J and K. One can thus obtain three real U(Γ)-invariant symplectic structures on
M(Γ). More specifically, one can choose a U(Γ)-invariant scalar product ⟨., .⟩ on M(Γ)

such that the quaternionic operators I, J and K are anti-self-adjoint with respect to
⟨., .⟩. One finds three real symplectic forms given by

ωI(v,w) = ⟨v, Iw⟩,

ωJ(v,w) = ⟨v, Jw⟩,

ωK(v,w) = ⟨v,Kw⟩,

for any v,w ∈ TM(Γ). As M(Γ) is a vector space, for any x ∈M(Γ), one has TxM(Γ) ≅

M(Γ). Hence the symplectic forms I, J and K can be seen as elements of End(M(Γ)).

One also notices that the group of scalars T = {(λIdd0 , . . . , λIddr) ∈ ∏r
i=0 Udi(C) ∣ λ ∈

U1(C) ≅ S1} ⊂ U(Γ) acts trivially on M(Γ) and so U(Γ)/T acts on M(Γ). Let su(Γ)

denote the Lie algebra of U(Γ)/T. Three moment maps µI , µJ , µK ∶M(Γ) → su(Γ)∗ can
be obtained, each relative to one symplectic structure. They are given by
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4. Deformations and quiver representations

µI(α,β) =
i
2([α,α

∗] + [β,β∗]),

µJ(α,β) =
1
2([α,β] + [α∗, β∗]),

µK(α,β) = i
2(−[α,β] + [α∗, β∗]).

With these maps one defines two new moment maps µH and µC on M(Γ) by

µH ∶ M(Γ) → su(Γ)∗ ⊗H0

(α,β) ↦ µI(α,β) ⊗ I + µJ(α,β) ⊗ J + µK(α,β) ⊗K

and

µC ∶= µJ + iµK ∶ M(Γ) → su(Γ)∗ ⊗C

(α,β) ↦ [α,β]

with H0 = RI + RJ + RK the set of pure imaginaries.

4.1.2. Hyperkähler quotients and simple singularities

Let u(Γ) be the Lie algebra of U(Γ) and define the following form

< ., . >∶ u(Γ) × u(Γ) → C
(A,B) ↦ Tr(AB∗) = −Tr(AB)

.

It is bilinear, symmetric, non-degenerate and invariant under the adjoint action of U(Γ).
Set t = Lie(T) = {(λIdd0 , . . . , λIddr) ∈ ∏r

i=1 udi(C)) ∣ λ ∈ u1(C)} and t⊥ = {u ∈ u(Γ) ∣ <

u, t >= 0,∀t ∈ t} = {u ∈ u(Γ) ∣ Tr(u) = 0}. The restriction of the bilinear form < ., . >
to t⊥ × u(Γ), induces the bilinear form < ., . >∶ t⊥ × u(Γ)/t → C, which is symmetric and
non-degenerate. Therefore

t⊥ → (u(Γ)/t)∗

u ↦ < u, . >

is an isomorphism. But it is known that t⊥ = su(Γ), hence su(Γ) ≅ (u(Γ)/t)∗. This
isomorphism turns (u(Γ)/t)∗ into a Lie algebra. Let c be the center of (u(Γ)/t)∗. Then
the isomorphism gives
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4.1. Kronheimer’s construction

c ≅ {(z0Idd0 , . . . , zrIddr) ∈ su(Γ) ∣ zi ∈ u1(C) and
r

∑
i=0
zidi = 0}.

Let πj ∶ R → Rj ⊗ Cdj denote the canonical projection, 0 ≤ j ≤ r. The iπj (here i is the
square root of −1, not an index) generate the center of u(Γ) . Set

ρ ∶ z(u(Γ)) → h∗R
iπj ↦ djαj

with (αj)1≤j≤r a set of simple roots of the Lie algebra g of type ∆(Γ) relative to a
Cartan subalgebra h, h∗R = {∑ri=1 aiαi ∣ ai ∈ R,∀i} the R-span of the roots of g, and
α0 = −∑

r
j=1 djαj . The root system of g is denoted by Φ. ρ is surjective and its kernel is t

thus ρ induces an isomorphism ρ ∶ z(u(Γ))/t
≅
Ð→ h∗R

iπj + t ↦ djαj
. However, we know that c =

z((u(Γ)/t)∗) = (z(u(Γ))/t)∗ = z(su(Γ)), therefore the transpose of ρ gives an isomorphism

τ−1 ∶ hR
≅
Ð→ c

h ↦ z with z(πj) = h ○ ρ(πj) = djαj(h)

with hR = {h ∈ h ∣ α(h) ∈ R, ∀α ∈ Φ} = {∑ri=1 aiα
∨
i ∣ ai ∈ R,∀i}. By definition, α∨i is the

only element of [gαi ,gαi] such that αi(α∨i ) = 2 and is called the coroot associated to αi.
As πj ∈ u(Γ)/t and z ∈ su(Γ) ≅ (u(Γ)/t)∗, it implies that z(πj) =< z, πj >= −Tr(πjz) =
−djzj .

Finally we obtain an isomorphism

τ ∶ c
≅
Ð→ hR

(z0Idd0 , . . . , zrIddr) ↦ h with αj(h) = −zj , ∀ 0 ≤ j ≤ r

.

There is a natural identification of c⊗C = c⊗ J + c⊗K with the Cartan subalgebra h of
type ∆(Γ).

If α is a root, set Dα = Ker(α○τ) ⊂ c. If ξ ∈ c∖⋃αDα, ξ is called generic. It is known
that c = su(Γ)U(Γ). Hence U(Γ) acts on every fiber µ−1

H (ξ), with ξ = ξ1I+ξ2J+ξ3K ∈ c⊗H0.
Let Xξ denote the quotient µ−1

H (ξ)/U(Γ). It was explained in Section 2.2 that, upon
some hypotheses, Xξ can have a symplectic structure. This result can be strengthened.
First let us define the good set (c⊗R H0)

○ (denomination due to P.B. Kronheimer) by
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4. Deformations and quiver representations

(c⊗R H0)
○ = (c⊗R H0) ∖⋃

α
(Dα ⊗R H0).

where α runs through the roots of the root system of type ∆(Γ). The next proposition
is proved in [Kron89].
Proposition 4.1.1. If ξ ∈ (c ⊗R H0)

○, then Xξ is a non-singular hyperkähler manifold
of dimension 4 over R.

The main theorem of this section can now be stated. Its proof may be found in
[Kron89].
Theorem 4.1.2. (Kronheimer). We have

µ−1
H (0)/U(Γ) ≅ C2/Γ.

Furthermore, the complex r-parameter family

µ−1
H (c⊗C)/U(Γ) Ð→ c⊗C

is the pullback (via h → h/W with W the Weyl group) of the semiuniversal deformation
of C2/Γ.
For ξ1 ∈ c generic, one obtains a simultaneous resolution of the previous family by the
following diagram:

µ−1
H (ξ1I + c⊗C)/U(Γ) µ−1

H (c⊗C)/U(Γ)

c⊗Cξ1I + c⊗C

↺

≅

Finally, all resolutions obtained in this way are minimal.

We conclude this section by mentioning that P.B. Kronheimer gave in [Kron89] an
interpretation of M(Γ) in terms of quivers. This interpretation will be presented in
the next section and is the base of a construction by H. Cassens and P. Slodowy of the
semiuniversal deformations of Kleinian singularities using geometric invariant theory and
quiver theory.
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4.2. Deformations of homogeneous simple singularities

4.2. Deformations of homogeneous simple singularities

In [CaSlo98] H. Cassens and P. Slodowy gave a construction of the semiuniversal
deformations of the simple singularities based on quiver theory and P.B. Kronheimer’s
work as well as H. Cassens’ Ph.D thesis [Cas95]. This construction is presented in the
following subsection.

4.2.1. Presentation of the construction

Let Γ be a finite subgroup of SU2 and ∆(Γ) the associated Dynkin diagram (cf.
Subsection 1.4.1.2). We write R0, . . . ,Rr for the irreducible representations of Γ, R0
being the trivial one, andN for the natural representation obtained through the inclusion
Γ ⊂ SU2. The regular representation is R = ⊕r

i=0 diRi with di = dim Ri. The spaceM(Γ)

of the previous section can be interpreted in terms of quivers in the following way:

M(Γ) = (End(R) ⊗N)Γ = (R∗ ⊗R⊗N)Γ,

= HomΓ(R,R⊗N) = HomΓ(
r

⊕
i=0
Ri ⊗Cdi ,

r

⊕
j=0

Rj ⊗N ⊗Cdj),

=
r

⊕
i,j=0

HomΓ(Ri,Rj ⊗N) ⊗Hom(Cdi ,Cdj),

= ⊕
i j

Hom(Cdi ,Cdj) by McKay’s correspondence,

= Rep(Q,d),

for a quiver Q whose vertices are the vertices of the extended Dynkin diagram ∆̃(Γ),
with two arrows (one in each direction) for any edge in ∆̃(Γ), and whose dimension
vector is d = (d0, d1, . . . ., dr). It is called a McKay quiver. For every arrow a ∶ i→ j of
Q, the opposite arrow j → i is denoted ā.
Remark 4.2.1. The dimension vector d associated to the McKay quiver Q based on
∆̃(Γ) is the same as the minimal imaginary root of the extended root system of type
∆̃(Γ) (cf. [Kac90]).
Example 4.2.2. Take Γ = O. Then ∆(Γ) = E7 and the quiver Q is

0 1 3 4 5 6 7

2
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4. Deformations and quiver representations

with dimension vector d = {1,2,2,3,4,3,2,1}.

The group ∏r
i=0 GLdi(C) acts onM(Γ) by simultaneous conjugation and C∗ = {(zIdd0 ,

. . . , zIddr) ∣ z ∈ C∗} acts trivially. Therefore an action of G(Γ) = (∏r
i=0 GLdi(C))/C∗ on

M(Γ) is induced. We are going to define a G(Γ)-invariant symplectic form on M(Γ).
An orientation of Q is a function ε ∶ Q1 → C∗, such that ε(a) = −ε(a) = −1 for every
arrow

i ja

belonging to a fixed orientation of the edges of Q and its opposite arrow

i ja

For every pair ϕ = (ϕa, a ∈ Q1), ψ = (ψa, a ∈ Q1) of elements of M(Γ), set

⟨ϕ,ψ⟩ = ∑
a∈Q1

ε(a)Tr(ϕaψa).

Then one can verify that ⟨., .⟩ is a non-degenerate G(Γ)-invariant symplectic form on
M(Γ) and induces a moment map

µCS ∶M(Γ) → (Lie G(Γ))∗ ⊂
r

⊕
i=0
Mdi(C)

given by

µCS(ϕ) = (. . . , ∑
j ia

ε(a)ϕaϕa

i-th entry

, . . .).

Here Lie G(Γ) is identified with its dual (Lie G(Γ))∗ using the bilinear form < ., . >
defined at the beginning of Subsection 4.1.2.

Example 4.2.3. For Γ = D2, the associated Dynkin diagram is ∆(Γ) = D4. A repre-
sentation of the quiver Q is denoted by ϕ = (ϕji ) with i = 0,1,3 or 4 and j = a or b. The
complete notation can be found on the following diagram
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4.2. Deformations of homogeneous simple singularities

0

1

3

4

2

ϕb0

ϕa1

ϕb3

ϕa4

ϕa3

ϕb4

ϕa0

ϕb1

For the orientation, take the ϕa’s to be positive. The moment map is then

µCS(ϕ) = (−ϕb0ϕ
a
0,−ϕ

b
1ϕ

a
1, ϕ

a
0ϕ

b
0 + ϕ

a
1ϕ

b
1 + ϕ

a
3ϕ

b
3 + ϕ

a
4ϕ

b
4,−ϕ

b
3ϕ

a
3,−ϕ

b
4ϕ

a
4).

It can be verified through explicit computations that µCS is equal to the map µC

defined in the previous section.

Let Z be the dual of the center of Lie G(Γ). As previously seen, by means of the
bilinear form from Subsection 4.1.2, Z is identified with

c⊗C = {(µ0Id0, µ1Id1, . . . , µrIdr) ∈
r

∏
i=0
Mdi(C) ∣ µi ∈ C,

r

∑
i=0
diµi = 0}.

As the moment map is G(Γ)-equivariant, for all z ∈ Z, G(Γ) acts on the fiber µ−1
CS(z)

and we can form the quotient µ−1
CS(z)//G(Γ). Moreover Kempf-Ness’ Theorem (Theo-

rem 2.3.7) and Proposition 2.3.10 can be adapted to work on a symplectic vector space
instead of a compact symplectic manifold (cf. [Kiri16] Sections 9.9 and 9.10). It follows
that there exists an isomorphism

µ−1
CS(z)//G(Γ) = µ−1

C (z)//G(Γ) ≅ µ−1
H (0, ζ2, ζ3)/U(Γ)

with z = ξ2 + iξ3 ∈ c⊗C = Z. Furthermore, because of Theorem 4.1.2, one obtains that

µ−1
H (Z)/U(Γ) Ð→ Z

is the pullback of the semiuniversal deformation of the Kleinian singularity C2/Γ. We
hence have a construction of the pullback of the semiuniversal deformation of C2/Γ
purely in terms of invariant theory:
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4. Deformations and quiver representations

µ−1
CS(Z)//G(Γ) X ×h/W h

hZ

≅

≅

Remark 4.2.4. H. Cassens and P. Slodowy also used the space M(Γ) in [CaSlo98] to
work on resolutions of the Kleinian singularities. Indeed, by linearizing the quotient
µ−1
CS(Z)//G(Γ) with a well suited character χ ∶ G(Γ) → C∗ (cf. [CaSlo98] Section 7),

they obtain the following diagram:

µ−1
CS(Z)//χG(Γ) µ−1

CS(Z)//G(Γ)

c⊗CZ
≅

which is a simultaneous minimal resolution of the simple singularity C2/Γ.

4.2.2. Example: Ã2r−1

Start with the McKay quiver of type Ã2r−1 with dimension vector (1, . . . .,1):

b1 br−2

a1 ar−2

b2r−2 br+1

a2r−2 ar+1

a0

b0

a2r−1

b2r−1

ar−1

br−1

ar

br

.
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4.2. Deformations of homogeneous simple singularities

The representation space of this quiver is M(Γ) = {(a0, . . . a2r−1, b0, . . . , b2r−1) ∈ C2r ⊕
C2r}. The orientation of the quiver is fixed by ε(ai) = −ε(bi) = 1, 0 ≤ i ≤ 2r − 1.
Moreover G(Γ) = (C∗)2r/C∗ ≅ (C∗)2r−1 and the action of any g ∈ G(Γ) on an element of
M(Γ) is done by conjugation:

g.(a0, . . . a2r−1, b0, . . . , b2r−1) = (g1g
−1
0 a0, . . . g0g

−1
2r−1a2r−1, g0g

−1
1 b0, . . . , g2r−1g

−1
0 b2r−1).

The fundamental invariants are then ⎧⎪⎪
⎨
⎪⎪⎩

zi = aibi, 0 ≤ i ≤ 2r − 1,
x = a0 . . . a2r−1,
y = b0 . . . b2r−1,

with the relation

z0z1 . . . z2r−1 = xy.

Therefore M(Γ)//G(Γ) is the hypersurface

{(z0, z1, . . . , z2r−1, x, y) ∈ C2r+2 ∣ z0z1 . . . z2r−1 = xy}.

The moment map for the action of G(Γ) on M(Γ) is

µ ∶ M(Γ) →
2r−1
∏
i=0

C

ϕ ↦ (. . . , ∑

j ia

ε(a)ϕaϕa, . . .)

.

By quotient of the previous map one gets

M(Γ)//G(Γ)
µ
Ð→ Z = {(µ0, . . . , µ2r−1) ∈

2r−1
∏
i=0

C ∣
2r−1
∑
i=0

µi = 0}

(z0, . . . , z2r−1, x, y) ↦ (z2r−1 − z0, z0 − z1, . . . , z2r−2 − z2r−1)

.

We change the variables by setting
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

z =
1
2r

2r−1
∑
i=0

zi,

λi = z − zi, 0 ≤ i ≤ 2r − 1.

Furthermore, Z is

identified with the Cartan subalgebra h = {diag(λ0, . . . , λ2r−1) ∣
2r−1
∑
i=0

λi = 0} ⊂ sl2r(C)

through the isomorphism h
≅
Ð→ Z

(λ0, . . . , λ2r−1) ↦ (λ1 − λ0, . . . , λ0 − λ2r−1)
.
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4. Deformations and quiver representations

The computations in this example are fairly simple because µ(M(Γ)) = Z. For the
types Dr and E6 it is not the case anymore.

In the new coordinate system, one finds

{
2r−1
∏
i=0

(z − λi) = xy} =M(Γ)//G(Γ)
α̃
Ð→ h

(λ0, . . . , λ2r−1, x, y, z) ↦ (λ0, . . . , λ2r−1)

which is the pullback of the semiuniversal deformation of the hypersurface X0 = α̃
−1(0) =

{(x, y, z) ∈ C3 ∣ z2r = xy}, i.e. a simple singularity of type A2r−1.

The following diagram

X ×h/W h X

h/Wh

ψ

α̃

π

α↺

is the pullback of the semiuniversal deformation X α
Ð→ h/W of X0. W is the Weyl group

of type A2r−1, i.e. S2r.

It is known that C[h] = C[x0, . . . , x2r−1]/(∑
2r−1
i=0 xi) and C[h/W ] = C[h]W ,

= C[ε2(x), . . . , ε2r(x)],
with εi the i-th elementary symmetric polynomial with 2r variables. There is a natural
injection C[h/W ] ↪ C[h] which induces

π ∶ h ↠ h/W
(λ0, . . . , λ2r−1) ↦ (ε2(λ), . . . , ε2r(λ))

.

A polynomial expansion gives
2r−1
∏
i=0

(z − λi) = z
2r +

2r
∑
i=2

(−1)iεi(λ)z2r−i. Set

X = {(x, y, z, t2, . . . , t2r) ∈ C3 × h/W ∣ z2r +
2r
∑
i=2

(−1)itiz2r−i = xy}.
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4.3. Deformations of inhomogeneous simple singularities

There are two natural maps

α ∶ X → h/W
(x, y, z, t2, . . . , t2r) ↦ (t2, . . . , t2r)

and

π ∶ h ↠ h/W
(λ0, . . . , λ2r−1) ↦ (ε2(λ), . . . , ε2r(λ))

.

The pullback of these maps gives

X ×h/W h

= {((x, y, z, t2, . . . , t2r), (λ0, . . . , λ2r−1)) ∈X × h ∣ α(x, y, z, t2, . . . , t2r) = π(λ0, . . . , λ2r−1)},

= {((x, y, z, t2, . . . , t2r), (λ0, . . . , λ2r−1)) ∈X × h ∣ (t2, . . . , t2r) = (ε2(λ), . . . , ε2r(λ)},

= {(x, y, z, λ0, . . . , λ2r−1) ∈ C3 × h ∣ z2r +
2r
∑
i=2

(−1)iεi(λ)z2r−i = xy},

= {(x, y, z, λ0, . . . , λ2r−1) ∈ C3 × h ∣
2r−1
∏
i=0

(z − λi) = xy},

= M(Γ)//G(Γ),

and α−1(0) = {(x, y, z) ∈ C3 ∣ z2r = xy}. It is a simple singularity of type A2r−1 and α is
its semiuniversal deformation.

4.3. Deformations of inhomogeneous simple singularities

The aim of this section is to extend the results of H. Cassens and P. Slodowy to the
inhomogeneous simple singularities. This means that we aim to construct the semiuni-
versal deformations of the simple singularities of type Br, Cr, F4 and G2 using McKay
quivers. First we will lay out the objectives of the task. Then computations will be made
in order to ensure that the objectives are validated. The semiuniversal deformations will
then be explicitly constructed. However, as the semiuniversal deformation of a simple
inhomogeneous singularity is a Ω-equivariant morphism for Ω a symmetry group of the
simply-laced Dynkin diagram associated to the singularity, the fibers above the fixed
points are all acted upon. We will then compute the quotients of these fibers and look
at some of their properties.
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4. Deformations and quiver representations

4.3.1. Objectives

This section aims to extend the construction of Section 4.2 to the inhomogeneous
simple singularities of type Br, Cr, F4 and G2.

Let us start with a Dynkin diagram ∆(Γ) of type A2r−1, Dr+1 or E6 with Γ being
the associated finite group of SU2. The notations and results of Section 4.2 give the
following diagram:

X ×h/W h X

h/Wh

µ−1
CS(Z)//G(Γ) =

µ−1
CS(Z)⊂ M(Γ)

Z ≅

ψ

α̃

π

α↺

with α the semiuniversal deformation of the singularity C2/Γ of type ∆(Γ). Let Γ′ be
the finite subgroup of SU2 such that there exists an inhomogeneous simple singularity
of type ∆(Γ,Γ′) (cf. Definition 1.4.37 and the first table in Subsection 1.5.2.1). Then
Ω = Γ′/Γ acts on the singularity X0 = α−1(0). Our aim is to define natural actions of
Ω on X and h/W such that α becomes Ω-equivariant. The next theorem is a direct
consequence of Theorem 1.4.49.

Theorem 4.3.1. With the previously defined notations, the restriction α∣α−1((h/W )Ω)
over the fixed points (h/W )Ω of a semiuniversal deformation of the singularity C2/Γ is
a semiuniversal deformation of the inhomogeneous singularity of type ∆(Γ,Γ′).

A natural way to accomplish this, is to render α̃ Ω-equivariant. By Lemma 2.1.11, it
suffices to analyze when the action of Ω on M(Γ) is symplectic.

We need to define actions of Ω on every object in the preceding diagram such that:
1. The restriction of the action on X to the singularity X0 coincides with the natural

action computed with matrices in Subsection 1.4.2.1.
2. The action on M(Γ) is symplectic.
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4.3. Deformations of inhomogeneous simple singularities

3. The action on G(Γ) is induced from the one on M(Γ).

4. The action on Lie(G(Γ)) stabilizes Z. Hence the isomorphism τ ∶ Z → h (cf.
Subsection 4.1.2) becomes Ω-equivariant, with the action on h coming from the
action on the Dynkin diagram ∆(Γ).

In Subsection 4.3.2, we will compute the conditions required on the action of Ω so
that it restricts to the natural action on the singularity C2/Γ seen in Subsection 1.4.2.1.
In order for Ω to act symplectically on M(Γ), it has to preserve the symplectic form
⟨., .⟩. However, by definition, this form depends on an orientation of the McKay quiver
based on ∆(Γ). The orientation will then have to be chosen accordingly, which will be
done in Subsection 4.3.3. The questions regarding the action of Ω on G(Γ) as well as
the Ω-equivariance of τ ∶ Z → h will be handled in Subsection 4.3.4.

Because of Theorem 4.3.1, α∣α−1((h/W )Ω) is an Ω-invariant morphism, and as such
the group Ω acts on every fiber of α∣α−1((h/W )Ω). In order to analyse the quotients of
the fibers, an explicit description of the semiuniversal deformation is required. We will
introduce in Subsection 4.3.5 a system of coordinates on the base space h/W of the semi-
universal deformation called flat coordinates. It will simplify the computations because
with this system the action of Ω on h/W becomes linear. The remaining subsections
will be devoted to the explicit computations of the semiuniversal deformations of simple
singularities of inhomogeneous types. The study of the quotients of the fibers will be
conducted in Section 4.4.

4.3.2. Action of Γ′/Γ on C2/Γ

The action of Ω = Γ′/Γ on M(Γ) induces an action on µ−1
C (Z)//G(Γ) and it is known

that C2/Γ ⊂ µ−1
C (Z)//G(Γ). However it has been seen in Subsection 1.4.2.1 that Γ′/Γ acts

on the singularity C2/Γ in a natural way. We therefore want to impose that the action
of Γ′/Γ on M(Γ) that is to be defined shall induce the right action on the singularity
C2/Γ.

4.3.2.1. Computations for C2/Γ of type Ã2r−1

The McKay quiver when ∆(Γ) = A2r−1 is
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4. Deformations and quiver representations

b1 br−2

a1 ar−2

b2r−2 br+1

a2r−2 ar+1

a0

b0

a2r−1

b2r−1

ar−1

br−1

ar

br

.

It is known that Γ = C2n, Γ′ = Dn and Γ′/Γ = Z/2Z =< σ >. The action of Ω on the
Dynkin diagram exchanges the vertices i and 2r− i, 1 ≤ i ≤ 2r−1. We extend this action
to the extended Dynkin diagram of type ∆̃(Γ) by making Ω fix the additional vertex
labelled 0. The action of Ω on M(Γ) arises naturally from its action on the extended
Dynkin diagram. Hence the action of Ω on M(Γ) needs to verify

σ.(a0, . . . , a2r−1, b0, . . . , b2r−1) = (λ2r−1b2r−1, . . . , λ0b0, δ2r−1a2r−1, . . . , δ0a0).

with λi, δi ∈ C.

The action of Z/2Z needs to be consistent with the action on the singularity computed
with matrices. Recall that the singularity C2/Γ is defined by {Z2n −XY = 0} with Z =

z1z2,X = z2r
1 , Y = z2r

2 , (cf. Theorem 1.4.1 for the notation), and that ⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

σ.X = (−1)rY,

σ.Y = (−1)rX,

σ.Z = −Z.

After computation of the special fiber of the moment map, we find that C2/Γ ≅ {z2r −

xy = 0} with ⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x = ∏2r−1
i=0 ai,

y = ∏2r−1
i=0 bi,

z = 1
2r ∑

2r−1
i=0 aibi,

which implies

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

σ.x = (∏2r−1
i=0 λi)y,

σ.y = (∏2r−1
i=0 δi)x,

σ.z = 1
2r ∑

2r−1
i=0 λiδiaibi.
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4.3. Deformations of inhomogeneous simple singularities

For the action to satisfy our conditions, it needs to verify ⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

λiδi = −1, 0 ≤ i ≤ 2r − 1,

∏2r−1
i=0 λi = ∏

2r−1
i=0 δi = (−1)r.

4.3.2.2. Computations for C2/Γ of type D̃r+1

The McKay quiver when ∆(Γ) =Dr+1 is

0

1

2 3 r-2 r-1

r

r+1

ϕb0
ϕa0

ϕa1

ϕb1

ϕb2

ϕa2

ϕbr−2

ϕar−2

ϕar

ϕbr

ϕbr+1

ϕar+1

It is known that Γ = Dr−1, Γ′ = D2(r−1) and Γ′/Γ = Z/2Z =< σ >. The action of Ω on the
Dynkin diagram exchanges the vertices r and r + 1 and fixes the others. We extend this
action to the extended Dynkin diagram of type ∆̃(Γ) by making Ω fix the additional
vertex labelled 0. The action of Ω on M(Γ) arises naturally from its action on the
extended Dynkin diagram. Hence the action of Ω on M(Γ) needs to verify

σ.(ϕa0, ϕ
b
0, . . . , ϕ

a
r−1, ϕ

b
r−1, ϕ

a
r , ϕ

b
r, ϕ

a
r+1, ϕ

b
r+1) =

(ϕa0, ϕ
b
0, . . . , ϕ

a
r−1, ϕ

b
r−1, λr+1ϕ

a
r+1, δr+1ϕ

b
r+1, λrϕ

a
r , δrϕ

b
r).

with λi, δi ∈ C.

Assume r odd. The action of σ has to induce the correct action on the singularity C2/Γ.
From Theorem 1.4.1 we know that the singularity C2/Γ is defined by {X(Y 2 −Xr−1) +

Z2 = 0} with X = 4 1
r (z1z2)

2, Y = 4− 1
2r (z

2(r−1)
1 + z

2(r−1)
2 ), Z = iz1z2(z

2(r−1)
1 − z

2(r−1)
2 ).

Furthermore, Γ′ is generated by g = (
ξ 0
0 ξ−1) with ξ = exp( 2iπ

4(r−1)) and h = (
0 i
i 0). h

fixes X,Y and Z and

⎧⎪⎪
⎨
⎪⎪⎩

g.X = X,
g.Y = −Y,
g.Z = −Z.
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4. Deformations and quiver representations

After computation of the special fiber of the moment map, we get that C2/Γ ≅ {xr +
y2x + z2 = 0} with ⎧⎪⎪⎪⎪

⎨
⎪⎪⎪⎪⎩

x = 4− 1
r pr,r+1,

y = i4 1
2r (q0,...,r −

1
2p

r−1
2
r,r+1),

z = s0,...,r,r+1,

and

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

pr,r+1 = Tr(ϕbrϕar+1ϕ
b
r+1ϕ

a
r),

q0,...,r = Tr(ϕb0 . . . ϕbr−2ϕ
a
rϕ

b
rϕ

a
r−2 . . . ϕ

a
0),

s0,...,r,r+1 = Tr(ϕb0 . . . ϕbr−2ϕ
a
r+1ϕ

b
r+1ϕ

a
rϕ

b
rϕ

a
r−2 . . . ϕ

a
0),

which implies

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

σ.x = λrδrλr+1δr+1x,

σ.y = i4 1
2r ((−λr+1δr+1)q0,...,r + (λr+1δr+1 −

1
2λrδrλr+1δr+1)p

r−1
2
r,r+1),

σ.z = −λrδrλr+1δr+1z.

In order for the action to satisfy our conditions, we need λrδr = λr+1δr+1 = 1.

The conditions when r is even are also λrδr = λr+1δr+1 = 1.

4.3.2.3. Computations for C2/Γ of type Ẽ6

The McKay quiver when ∆(Γ) = E6 is

0 3 6 5 2

4

1

ϕa0

ϕb0

ϕa3

ϕb3

ϕa5

ϕb5

ϕa2

ϕb2
ϕa4ϕb4

ϕa1ϕb1

It is known that Γ = T , Γ′ = O and Γ′/Γ = Z/2Z =< σ >. The action of Ω on the Dynkin
diagram permutes the vertices 1↔ 2, 4↔ 5 and fixes the others. We extend this action
to the extended Dynkin diagram of type ∆̃(Γ) by making Ω fix the additional vertex
labelled 0. The action of Ω on M(Γ) arises naturally from its action on the extended
Dynkin diagram. Hence the action of Ω on M(Γ) needs to verify

σ.(ϕa0, ϕ
b
0, ϕ

a
1, ϕ

b
1, ϕ

a
2, ϕ

b
2, ϕ

a
3, ϕ

b
3, ϕ

a
4, ϕ

b
4, ϕ

a
5, ϕ

b
5) =

(ϕa0, ϕ
b
0, λ2ϕ

a
2, δ2ϕ

b
2, λ1ϕ

a
1, δ1ϕ

b
1, ϕ

a
3, ϕ

b
3, λ5ϕ

a
5, δ5ϕ

b
5, λ4ϕ

a
4, δ4ϕ

b
4).
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4.3. Deformations of inhomogeneous simple singularities

with λi, δi ∈ C.

The action of Z/2Z needs to be consistent with the action on the singularity computed
with matrices. It is known that the singularity C2/Γ is defined by {X4+Y 3+Z2 = 0} with
X = 108 1

4 z1z2(z
4
1−z

4
2), Y = exp( iπ3 )(z8

1+z
8
2+14(z1z2)

4), Z = (z4
1+z

4
2)

3−36(z1z2)
4(z4

1+z
4
2),

(cf. Theorem 1.4.1 for the notation), and that

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

σ.X = −X,

σ.Y = Y,

σ.Z = −Z.

We adopt the following notation: Φ(i1i2 . . . ik) ∶= Tr(ϕai1ϕ
b
i1
ϕai2ϕ

b
i2
. . . ϕaikϕ

b
ik
). After

computation of the special fiber of the moment map, we find that C2/Γ ≅ {x4+y3+z2 = 0}
with ⎧⎪⎪⎪⎪⎪⎪⎪

⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x =
exp( iπ4 )√

2 Φ(425)

y = Φ(4252),

z = Φ(324252) + 1
2Φ(425)2,

which implies

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

σ.x = −(λ5δ5)
2λ4δ4x,

σ.y = (λ4δ4λ5δ5)
2y,

σ.z = −(λ4δ4λ5δ5)
2Φ(324252) + (−(λ4δ4λ5δ5)

2 + 1
2(λ4δ4(λ5δ5)

2)2)Φ(425)2.

For the action to satisfy our conditions, it needs to verify λ4δ4 = 1 and λ5δ5 = ±1.

4.3.2.4. Computations for C2/Γ of type D̃4 and Γ′/Γ =S3

The McKay quiver of type D̃4 is

0

1

3

4

2

ϕb0

ϕa1

ϕb3

ϕa4

ϕa3

ϕb4

ϕa0

ϕb1
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4. Deformations and quiver representations

We have Γ = D2 = ⟨(
i 0
0 −i) ,(

0 i
i 0)⟩ and Γ′ = O = ⟨a = (

ε 0
0 ε−1) , b = (

0 i
i 0) , c =

1√
2 (ε

−1 ε−1

−ε ε
)⟩ with ε = exp( iπ4 ). Then Γ′/Γ = {1, c, c2, a, ac, ac2} = ⟨c, a⟩ =S3 with c3 = 1

and a2 = 1, the symbol ¯ meaning the class modulo D2.

The action of Ω on the Dynkin diagram permutes the vertices with c acting as (143)
and a as (34). We extend this action to the extended Dynkin diagram of type ∆̃(Γ) by
making Ω fix the additional vertex labelled 0. The action of Ω on M(Γ) arises naturally
from its action on the extended Dynkin diagram. Hence the action of Ω on M(Γ) needs
to verify

c.(ϕa0, ϕ
b
0, ϕ

a
1, ϕ

b
1, ϕ

a
3, ϕ

b
3, ϕ

a
4, ϕ

b
4) = (ϕa0, ϕ

b
0, λ3ϕ

a
3, δ3ϕ

b
3, λ4ϕ

a
4, δ4ϕ

b
4, λ1ϕ

a
1, δ1ϕ

b
1),

a.(ϕa0, ϕ
b
0, ϕ

a
1, ϕ

b
1, ϕ

a
3, ϕ

b
3, ϕ

a
4, ϕ

b
4) = (ϕa0, ϕ

b
0, ϕ

a
1, ϕ

b
1, α4ϕ

a
4, β4ϕ

b
4, α3ϕ

a
3, β3ϕ

b
3).

.

with λi, δi, αi, βi ∈ C.

It was proved in Theorem 1.4.1 that C2/Γ ≅ {X3 + Y 2X +Z2 = 0} with
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

X = (z1z2)
2,

Y = i
2(z

4
1 + z

4
2),

Z = −1
2 z1z2(z

4
1 − z

4
2),

. We can then compute

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

c.X = −X+iY
2 ,

c.Y = 3iX−Y
2 ,

c.Z = Z,

and

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

a.X = X,

a.Y = −Y,

a.Z = −Z.

After computation of the special fiber of the moment map, we get that C2/Γ ≅ {x3+y2x+

z2 = 0} with ⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

x = 2− 2
3 exp(2iπ

3 )p34,

y = 2 1
3 exp( iπ6 )(p03 +

1
2p34),

z = q034,

and ⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

p03 = Tr(ϕb0ϕa3ϕb3ϕa0),

p34 = Tr(ϕb3ϕa4ϕb4ϕa3),

q034 = Tr(ϕb0ϕa4ϕb4ϕa3ϕb3ϕa0),

which

implies

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

c.x = λ1δ1λ4δ4
−x+iy

3 ,

c.y = 2 1
3 exp( iπ6 )(−λ4δ4p34 + λ4δ4(

λ1δ1
2 − 1)p03),

c.z = z,

and
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4.3. Deformations of inhomogeneous simple singularities

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

a.x = α3β3α4β4x,

a.y = 2 1
3 exp( iπ6 )(p03(−α4β4) + p34(

1
2α3β3α4β4 − α4β4)),

a.z = −α3β3α4β4z.

In order for the action of Γ′/Γ on M(Γ) to induce the natural action of S3 on C2/Γ
we need ⎧⎪⎪⎪

⎨
⎪⎪⎪⎩

λ1δ1 = λ3δ3 = λ4δ4 = 1,

α3β3 = α4β4 = −1.

If Γ′/Γ = Z/3Z, the results are similar.

4.3.2.5. Conclusions

In the last four subsections, conditions have been found in order to ensure that the
restriction of the action of Ω on M(Γ) to the singularity C2/Γ corresponds to the action
we computed using matrices in Theorem 1.4.1. The results are summarized in the
following table:

Type of singularity Conditions on the action

Br = (A2r−1,Z/2Z)

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

λiδi = −1, 0 ≤ i ≤ 2r − 1,

∏2r−1
i=0 λi = ∏

2r−1
i=0 δi = (−1)r.

Cr = (Dr+1,Z/2Z) λrδr = λr+1δr+1 = 1

F4 = (E6,Z/2Z) λ4δ4 = 1 and λ5δ5 = ±1

G2 = (D4,S3)

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

λ1δ1 = λ3δ3 = λ4δ4 = 1,

α3β3 = α4β4 = −1.

4.3.3. Choice of an orientation

Let M(Γ) be the representation space of the McKay quiver Q defined in Subsec-
tion 4.2.1. By definition, we have M(Γ) = ⊕a∈Q1 Hom(Vs(a), Vt(a)). It is known that
between two connected vertices there are two arrows, one in each direction. For every
such pair of arrows, let us choose one. All the selected arrows form a subset Q+

1 of Q1.
Hence one can write
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4. Deformations and quiver representations

M(Γ) = ⊕a∈Q+
1
(Hom(Vs(a), Vt(a)) ⊕Hom(Vs(ā), Vt(ā))),

= ⊕a∈Q+
1

Hom(Vs(a), Vt(a)) ⊕⊕a∈Q+
1

Hom(Vt(a), Vs(a)),

= ⊕a∈Q+
1

Hom(Vs(a), Vt(a)) ⊕⊕a∈Q+
1

Hom(Vs(a), Vt(a))
∗,

= ⊕a∈Q+
1

Hom(Vs(a), Vt(a)) ⊕ (⊕a∈Q+
1

Hom(Vs(a), Vt(a)))
∗.

Therefore M(Γ) can be seen as the cotangent space on the vector space
⊕a∈Q+

1
Hom(Vs(a), Vt(a)). The choice of Q+

1 , which is the equivalent to the choice of
an orientation of Q, determines the space on which the cotangent fiber is constructed.
Conversely, the choice of the base space of the cotangent fiber will define a subset Q+

1 of
Q1 and so an orientation of Q.

Theorem 4.3.2. The action of Ω = Γ′/Γ on M(Γ) is symplectic when:
● for (A2r−1,Z/2Z), Ω reverses the orientation of the McKay quiver.
● for the other cases, Ω preserves the orientation of the McKay quiver.

4.3.3.1. Proof of Theorem 4.3.2 for the type (Ã2r−1,Z/2Z)

The McKay quiver of type Ã2r−1 is

b1 br−2

a1 ar−2

b2r−2 br+1

a2r−2 ar+1

a0

b0

a2r−1

b2r−1

ar−1

br−1

ar

br

It was showed in Subsection 4.3.2 that the action of Γ′/Γ = Z/2Z =< σ > needs to verify

σ.(a0, . . . , a2r−1, b0, . . . , b2r−1) = (λ2r−1b2r−1, . . . , λ0b0, δ2r−1a2r−1, . . . , δ0a0).

with λi, δi ∈ C.

Let ϕ = (a0, . . . , a2r−1, b0, . . . , b2r−1) and ψ = (c0, . . . , c2r−1, d0, . . . , d2r−1) be two ele-
ments of M(Γ). We are going to compute ⟨ϕ,ψ⟩ and ⟨σ.ϕ, σ.ψ⟩ with ⟨., .⟩ the symplectic
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4.3. Deformations of inhomogeneous simple singularities

form defined in Subsection 4.2.1. M(Γ) is a vector space so it is identified with its
tangent space. Furthermore, σ acts linearly thus σ = dσ. Then

⟨ϕ,ψ⟩ =
2r−1
∑
i=0

(ε(ai)(aidi) + ε(bi)(bici)) =
2r−1
∑
i=0

ε(ai)(aidi − bici)

and

⟨σ.ϕ, σ.ψ⟩ =
2r−1
∑
i=0

ε(b2r−1−i)λiδi(aidi − bici).

For Ω to act symplectically it requires that ε(ai) = ε(b2r−1−i)λiδi⇔ λiδi = ε(ai)ε(b2r−1−i)
for all i. However, for σ to induce the right action on C2/Γ, it is necessary that λiδi = −1
for all i (cf. Subsection 4.3.2). Then we get ε(ai)ε(b2r−1−i) = −1. But the arrow ai is sent
to the arrow b2r−1−i by σ, thus the equality ε(ai)ε(b2r−1−i) = −1 means that σ reverses
the orientation of Q.

From now on the McKay quiver of type Ã2r−1 will be equipped with the clockwise
orientation:

b1 br−2

a1 ar−2

b2r−2 br+1

a2r−2 ar+1

a0

b0

a2r−1

b2r−1

ar−1

br−1

ar

br

↻+

.

Then all ai’s are positive and all bi’s are negative.

4.3.3.2. Proof of Theorem 4.3.2 for the type (D̃r+1,Z/2Z)

The McKay quiver of type D̃r+1 is
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4. Deformations and quiver representations

0

1

2 3 r-2 r-1

r

r+1

ϕb0
ϕa0

ϕa1

ϕb1

ϕb2

ϕa2

ϕbr−2

ϕar−2

ϕar

ϕbr

ϕbr+1

ϕar+1

It was showed in Subsection 4.3.2 that the action of Γ′/Γ = Z/2Z =< σ > needs to verify

σ.(ϕa0, ϕ
b
0, . . . , ϕ

a
r−1, ϕ

b
r−1, ϕ

a
r , ϕ

b
r, ϕ

a
r+1, ϕ

b
r+1) =

(ϕa0, ϕ
b
0, . . . , ϕ

a
r−1, ϕ

b
r−1, λr+1ϕ

a
r+1, δr+1ϕ

b
r+1, λrϕ

a
r , δrϕ

b
r).

with λi, δi ∈ C.

Let ϕ = (ϕa0, ϕ
b
0, . . . , ϕ

a
r , ϕ

b
r, ϕ

a
r+1, ϕ

b
r+1) and ψ = (ψa0 , ψ

b
0, . . . , ψ

a
r , ψ

b
r, ψ

a
r+1, ψ

b
r+1) be two

elements of M(Γ). We are going to compute ⟨ϕ,ψ⟩ and ⟨σ.ϕ, σ.ψ⟩ with ⟨., .⟩ the sym-
plectic form defined in Subsection 4.2.1. M(Γ) is a vector space so it is identified with
its tangent space. Furthermore, σ acts linearly thus σ = dσ. Then

⟨ϕ,ψ⟩ =
r−2
∑
i=0

(ε(ϕai )Tr(ϕaiψbi ) + ε(ϕbi)Tr(ϕbiψai )) +
r+1
∑
i=r

(ε(ϕai )Tr(ϕaiψbi ) + ε(ϕbi)Tr(ϕbiψai )),

=
r−2
∑
i=0
ε(ϕai )(Tr(ϕaiψbi ) −Tr(ϕbiψai )) +

r+1
∑
i=r
ε(ϕai )(Tr(ϕaiψbi ) −Tr(ϕbiψai )),

and

⟨σ.ϕ, σ.ψ⟩ =
r−2
∑
i=0
ε(ϕai )(Tr(ϕaiψbi ) −Tr(ϕbiψai )) + ε(ϕar)λr+1δr+1(Tr(ϕar+1ψ

b
r+1) −

Tr(ϕbr+1ψ
a
r+1)) + ε(ϕ

a
r+1)λrδr(Tr(ϕarψbr) −Tr(ϕbrψar )).

For Ω to act symplectically it requires that ε(ϕar)λr+1δr+1 = ε(ϕ
a
r+1) and ε(ϕar+1)λrδr =

ε(ϕar), which is equivalent to the system

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ε(ϕar)ε(ϕ
a
r+1) = λr+1δr+1,

ε(ϕar+1)ε(ϕ
a
r) = λrδr.
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4.3. Deformations of inhomogeneous simple singularities

However, for σ to induce the right action on C2/Γ, it is necessary that λrδr = λr+1δr+1 = 1
(cf. Subsection 4.3.2). Then we get ε(ϕar)ε(ϕar+1) = 1. But the arrow ϕar is sent to
the arrow ϕar+1 by σ, thus the equality ε(ϕar)ε(ϕ

a
r+1) = 1 means that σ preserves the

orientation of Q.

From now on, the orientation of the McKay quiver of type D̃r+1 will be all ai’s are
positive and all bi’s are negative.

4.3.3.3. Proof of Theorem 4.3.2 for the type (Ẽ6,Z/2Z)

The McKay quiver of type Ẽ6 is

0 3 6 5 2

4

1

ϕa0

ϕb0

ϕa3

ϕb3

ϕa5

ϕb5

ϕa2

ϕb2
ϕa4ϕb4

ϕa1ϕb1

It was showed in Subsection 4.3.2 that the action of Γ′/Γ = Z/2Z =< σ > needs to verify

σ.(ϕa0, ϕ
b
0, ϕ

a
1, ϕ

b
1, ϕ

a
2, ϕ

b
2, ϕ

a
3, ϕ

b
3, ϕ

a
4, ϕ

b
4, ϕ

a
5, ϕ

b
5) =

(ϕa0, ϕ
b
0, λ2ϕ

a
2, δ2ϕ

b
2, λ1ϕ

a
1, δ1ϕ

b
1, ϕ

a
3, ϕ

b
3, λ5ϕ

a
5, δ5ϕ

b
5, λ4ϕ

a
4, δ4ϕ

b
4).

with λi, δi ∈ C.

Let ϕ = (ϕa0, ϕ
b
0, . . . , ϕ

a
5, ϕ

b
5) and ψ = (ψa0 , ψ

b
0, . . . , ψ

a
5 , ψ

b
5) be two elements of M(Γ).

We are going to compute ⟨ϕ,ψ⟩ and ⟨σ.ϕ, σ.ψ⟩ with ⟨., .⟩ the symplectic form defined
in Subsection 4.2.1. M(Γ) is a vector space so it is identified with its tangent space.
Furthermore, σ acts linearly thus σ = dσ. Then

⟨ϕ,ψ⟩ =
5
∑
i=0
ε(ϕai )(Tr(ϕaiψbi ) −Tr(ϕbiψai ))

and
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4. Deformations and quiver representations

⟨σ.ϕ, σ.ψ⟩ = ε(ϕa0)(Tr(ϕa0ψb0) −Tr(ϕb0ψa0)) + ε(ϕa1)λ2δ2(Tr(ϕa2ψb2) −Tr(ϕb2ψa2))
+ε(ϕa2)λ1δ1(Tr(ϕa1ψb1) −Tr(ϕb1ψa1)) + ε(ϕa3)(Tr(ϕa3ψb3) −Tr(ϕb3ψa3))
+ε(ϕa4)λ5δ5(Tr(ϕa5ψb5) −Tr(ϕb5ψa5)) + ε(ϕa5)λ4δ4(Tr(ϕa4ψb4) −Tr(ϕb4ψa4)).

For Ω to act symplectically it requires that

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ε(ϕa1)ε(ϕ
a
2) = λ1δ1 = λ2δ2,

ε(ϕa4)ε(ϕ
a
5) = λ4δ4 = λ5δ5.

However, for σ to induce the right action on C2/Γ, it is necessary that λ4δ4 = 1 (cf.
Subsection 4.3.2). Then we get λ5δ5 = ε(ϕa4)ε(ϕ

a
5) = 1. But the arrow ϕa4 is sent to

the arrow ϕa5 by σ, thus the equality means that σ preserves the orientation between
6 4ϕa4

ϕb4

and
6 5ϕa5

ϕb5

. One notices that there are no conditions on the orientation

of the arrows indexed by 1 and 2.

From now on, the orientation of the McKay quiver of type Ẽ6 will be all ai’s are
positive and all bi’s are negative.

4.3.3.4. Proof of Theorem 4.3.2 for the type (D̃4,S3)

The McKay quiver of type D̃4 is

0

1

3

4

2

ϕb0

ϕa1

ϕb3

ϕa4

ϕa3

ϕb4

ϕa0

ϕb1

It was showed in Subsection 4.3.2 that the action of Γ′/Γ = Z/3Z =< σ > needs to verify

σ.(ϕa0, ϕ
b
0, ϕ

a
1, ϕ

b
1, ϕ

a
3, ϕ

b
3, ϕ

a
4, ϕ

b
4) = (ϕa0, ϕ

b
0, λ3ϕ

a
3, δ3ϕ

b
3, λ4ϕ

a
4, δ4ϕ

b
4, λ1ϕ

a
1, δ1ϕ

b
1).

with λi, δi ∈ C.
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4.3. Deformations of inhomogeneous simple singularities

Let ϕ = (ϕa0, ϕ
b
0, . . . , ϕ

a
4, ϕ

b
4) and ψ = (ψa0 , ψ

b
0, . . . , ψ

a
4 , ψ

b
4) be two elements of M(Γ).

We are going to compute ⟨ϕ,ψ⟩ and ⟨σ.ϕ, σ.ψ⟩ with ⟨., .⟩ the symplectic form defined
in Subsection 4.2.1. M(Γ) is a vector space so it is identified with its tangent space.
Furthermore, σ acts linearly thus σ = dσ. Then

⟨ϕ,ψ⟩ = ∑
i=0,1,3,4

(ε(ϕai )Tr(ϕaiψbi ) + ε(ϕbi)Tr(ϕbiψai )) = ∑
i=0,1,3,4

ε(ϕai )(Tr(ϕaiψbi ) −Tr(ϕbiψai ))

and

⟨σ.ϕ, σ.ψ⟩ = ε(ϕa0)(Tr(ϕa0ψb0) −Tr(ϕb0ψa0)) + ε(ϕa1)λ3δ3(Tr(ϕa3ψb3) −Tr(ϕb3ψa3)) +
ε(ϕa3)λ4δ4(Tr(ϕa4ψb4) −Tr(ϕb4ψa4)) + ε(ϕa4)λ1δ1(Tr(ϕa1ψb1) −Tr(ϕb1ψa1)).

For Ω to act symplectically it requires that

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ε(ϕa4)λ1δ1 = ε(ϕ
a
1),

ε(ϕa1)λ3δ3 = ε(ϕ
a
3),

ε(ϕa3)λ4δ4 = ε(ϕ
a
4).

⇔

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

λ1δ1 = ε(ϕ
a
1)ε(ϕ

a
4),

λ3δ3 = ε(ϕ
a
1)ε(ϕ

a
3),

λ4δ4 = ε(ϕ
a
3)ε(ϕ

a
4).

However, for σ to induce the right action on C2/Γ, it is necessary that λ1δ1 = λ3δ3 =

λ4δ4 = 1 (cf. Subsection 4.3.2). Then we get ε(ϕa1)ε(ϕa4) = ε(ϕa1)ε(ϕa3) = ε(ϕa3)ε(ϕa4) = 1.
But σ permutes circularly the triple (ϕa1, ϕ

a
3, ϕ

a
4), thus σ preserves the orientation of Q.

Remark 4.3.3. One can replace Z/3Z by S3 and the result remains the same.

From now on, the orientation of the McKay quiver of type D̃4 will be all ai’s are
positive and all bi’s are negative.

4.3.3.5. Conclusions

During the last four subsections, conditions have been found in order to ensure that
the action of Ω on M(Γ) is symplectic. The results are summarized in the following
table:
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4. Deformations and quiver representations

Type of singularity Conditions on the action

Br = (A2r−1,Z/2Z) ε(ai)ε(b2r−1−i) = λiδi, 0 ≤ i ≤ 2r − 1

Cr = (Dr+1,Z/2Z) ε(ϕar)ε(ϕ
a
r+1) = λrδr = λr+1δr+1

F4 = (E6,Z/2Z)

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ε(ϕa1)ε(ϕ
a
2) = λ1δ1 = λ2δ2,

ε(ϕa4)ε(ϕ
a
5) = λ4δ4 = λ5δ5.

G2 = (D4,S3)

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

λ1δ1 = ε(ϕ
a
1)ε(ϕ

a
4),

λ3δ3 = ε(ϕ
a
1)ε(ϕ

a
3),

λ4δ4 = ε(ϕ
a
3)ε(ϕ

a
4).

One can see that by setting constants λi, δi such that they verify the conditions in
Subsection 4.3.2.5, and an orientation like in Theorem 4.3.2, the action of Ω on M(Γ) is
both symplectic and induces the natural action on the singularity C2/Γ. It follows that
we proved the following result:
Theorem 4.3.4. For any McKay quiver built on a Dynkin diagram of type A2r−1, Dr+1
or E6, there exists an action of Ω = Γ′/Γ on M(Γ) that is both symplectic and induces
the natural action on the singularity C2/Γ.

4.3.4. Compatibility of the action of Γ′/Γ on G(Γ)

In the preceding section we saw how to define a natural action of Ω = Γ′/Γ on M(Γ)

such that the action is symplectic and induces the right action on the singularity C2/Γ.
We now want to define an action of Γ′/Γ on G(Γ) such that γ.(g.ϕ) = (γ.g).(γ.ϕ) for
all γ ∈ Γ′/Γ, g ∈ G(Γ) and ϕ ∈ M(Γ). Furthermore the morphism τ ∶ Z → h has to be
Γ′/Γ-equivariant. The action will be found by a case by case analysis.

4.3.4.1. Case ∆(Γ) = A2r−1

The orientation of the quiver is all ai’s are positive. Let g = (g0, . . . , g2r−1) be a
representative of an element in G(Γ) and let ϕ = (a0, . . . , a2r−1, b0, . . . , b2r−1) ∈ M(Γ).
We have Γ′/Γ = Z/2Z =< σ >. Set

σ.ϕ = (−b2r−1, . . . ,−br, br−1, . . . , b0, a2r−1, . . . , ar,−ar−1, . . . ,−a0).

It can be verified that this action abides by the conditions of the previous section and is
then symplectic, induces the natural action on the singularity C2/Γ and verifies σ2 = Id.
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4.3. Deformations of inhomogeneous simple singularities

Let Ω act on G(Γ) by

σ.g = (g0, g2r−1, . . . , g1), for any g ∈ G(Γ).

One may check explicitly that the desired relation σ.(g.ϕ) = (σ.g).(σ.ϕ) is satisfied.

Proposition 4.3.5. The action of Ω on G(Γ) induces the correct action on the Cartan
subalgebra h of type A2r−1.

Proof. By definition G(Γ) = ∏2r−1
i=0 GLdi(C)/C∗ with di = 1 for all i. Γ′/Γ acts on G(Γ) by

permuting the i-th and (2r−i)-th coordinates for all i ≥ 1 and fixing the 0-th coordinate.
As the action is linear, it stays the same on g(Γ) = Lie(G(Γ)) = ⊕2r−1

i=0 gldi(C)/C. Z is
defined as the dual of the center of g(Γ). Let z ∈ Z. Then there exists z0, . . . , z2r−1 ∈ C
such that ∑2r−1

i=0 dizi = 0 and z = (z0Idd0 , . . . , z2r−1Idd2r−1). Then the action of Γ′/Γ on Z
is given by

σ.z = (z0, z2r−1, . . . , z1).

Thus Γ′/Γ acts on Z by permuting the coordinates i and 2r − i.
Let (α∨1 , . . . , α

∨
2r−1) be a base of a Cartan subalgebra h of the Lie algebra of type A2r−1,

with (α1, . . . , α2r−1) being a base of the root system of type A2r−1. Γ′/Γ acts naturally
on h by permuting the i-th and (2r − i)-th coordinates. The isomorphism τ ∶ Z

≅
Ð→ h was

computed in Section 4.1.2 and is given by

τ ∶ Z → h
z ↦ h

with αi(h) = −zi, for all 1 ≤ i ≤ 2r − 1. Using the fundamental root system and its
coroot system, it can be verified that τ(σ.z) = σ.τ(z) for all z ∈ Z. Hence τ is Γ′/Γ-
equivariant.

4.3.4.2. Case ∆(Γ) =Dr+1

Let g = (g0, . . . , gr+1) be a representative of an element in G(Γ) and let
ϕ = (ϕai , ϕ

b
i) 0 ≤ i ≤ r + 1

i ≠ r − 1
∈M(Γ). By definition Γ′/Γ = Z/2Z =< σ >. Set

σ.ϕ = (ϕa0, ϕ
b
0, ϕ

a
1, ϕ

b
1, . . . , ϕ

a
r+1, ϕ

b
r+1, ϕ

a
r , ϕ

b
r).
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4. Deformations and quiver representations

It can be checked that this action abides by the conditions of the previous section (an
analysis has to be made depending on the parity of r) and is then symplectic and induces
the natural action on the singularity C2/Γ.

Let Ω act on G(Γ) by

σ.g = (g0, g1, . . . , gr−1, gr+1, gr),

Then the desired relation σ.(g.ϕ) = (σ.g).(σ.ϕ) is verified.

Proposition 4.3.6. The action of Ω on G(Γ) induces the correct action on the Cartan
subalgebra h of type Dr+1.

Proof. G(Γ) = ∏r+1
i=0 GLdi(C)/C∗ with di = 1 for i = 0,1, r, r + 1, and di = 2 otherwise.

Γ′/Γ acts on G(Γ) by permuting the r-th and (r + 1)-th coordinates. As the action is
linear, it stays the same on g(Γ) = Lie(G(Γ)) = ⊕r+1

i=0 gldi(C)/C. Z is defined as the dual
of the center of g(Γ). Let z ∈ Z. Then there exists z0, . . . , zr+1 ∈ C such that ∑r+1

i=0 dizi = 0
and z = (z0Idd0 , . . . , zr+1Iddr+1). The action of Γ′/Γ on Z is given by

σ.z = (z0, z1, . . . , zr−1, zr+1, zr).

Hence Γ′/Γ acts on Z by permuting the coordinates r and r + 1.
Let (α∨1 , . . . , α

∨
r+1) be a base of a Cartan subalgebra h of the Lie algebra of type Dr+1,

with (α1, . . . , αr+1) being a base of the root system of type Dr+1. Γ′/Γ acts naturally on
h by permuting the r-th and (r + 1)-th coordinates. The isomorphism τ ∶ Z

≅
Ð→ h is

τ ∶ Z → h
z ↦ h

with αi(h) = −zi, for all 1 ≤ i ≤ r + 1. Using the fundamental root system and its
coroot system, one may verify that τ(σ.z) = σ.τ(z) for all z ∈ Z. Therefore τ is Γ′/Γ-
equivariant.

The cases for E6 as well as (D4,S3) are dealt with in a similar fashion.

4.3.5. Flat coordinates

The field on which we work is the complex number field C.
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4.3. Deformations of inhomogeneous simple singularities

4.3.5.1. Definition of flat coordinates

Flat coordinates were defined by K. Saito in [Saito79] and [Saito83] in the context
of flat structures of tangent bundles of parameter spaces of universal unfoldings. This
setting goes beyond the scope of this thesis, so the definition will be given only for the
simple singularities.

Let h be a Cartan subalgebra of a simple Lie algebra g of rank r with simply-laced
Dynkin diagram, and W the associated Weyl group. According to Chevalley’s Theorem
(Theorem 1.1.21), the ring S(h∗)W of W -invariant polynomials on h is generated by
r algebraically independent homogeneous polynomials P1, . . . , Pr of degrees m1 + 1 =

2 < . . . < mr + 1 = h, h being the Coxeter number of g. Let ∆ be the product of all
the linear functions defining reflection hyperplanes of reflections in W (∆2 is called the
discriminant of h). Then ∆ is a fundamental anti-invariant of W and is a homogeneous
element in S(h)

rh
2 . The polynomial ∆2 is W -invariant and can thus be written as

∆2 = a0P
r
r +a1P

r−1
r + . . .+ar, with ai a polynomial in P1, . . . , Pr−1 of degree hi. Let s be

a Coxeter element (cf. Definition 1.1.22). The eigenvalues of s are h-th roots of unity.
Let ξ ∈ h be an eigenvector of s associated to the eigenvalue exp(2iπ

h ). Because degPi < h
for 1 ≤ i < r, one has Pi(ξ) = 0 for 1 ≤ i < r. Therefore ai(ξ) = 0 for 1 ≤ i ≤ r and
∆(ξ)2 = a0Pr(ξ)

r. One can show (cf. Proposition 3, §6, V in [Bou68]) that ∆(ξ) ≠ 0,
hence a0 ≠ 0.

Let κ be the Killing form on h. It induces an inner product

I(dPi, dPj) = ∑m,n
∂Pi
∂xm

∂Pj
∂xn

κ(xm, xn)

on the cotangent vectors dPi (i = 1, . . . , r) on h/W . The following proposition can be
found in [SekYan79].

Proposition 4.3.7. There exists a constant c such that

det(I(dPi, dPj)1≤i,j≤r) = c∆2.

The proposition implies that the inner product degenerates along the discriminant.
Set D ∶= ∂

∂Pr
. Because the degree of Pr is maximal among the generators of S(h∗)W ,

D is unique up to scalar multiplication. We define a new inner product J(dPi, dPj) =
DI(dPi, dPj) on h/W . The next theorem comes from [SYS80].

Theorem 4.3.8. The following assertions are verified:
1. J is a non-degenerate bilinear form and det(J(dPi, dPj)1≤i,j≤r) = a0.
2. The inner product J does not depend on the coordinates P1, . . . , Pr.
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4. Deformations and quiver representations

3. There exists affine linear coordinates, say Q1, . . . ,Qr, on h/W , such that, for any
1 ≤ i, j ≤ r, J(dQi, dQj) is a constant. These coordinates are called flat coordi-
nates.

The next proposition is proved in [Yano80] and explains why we take interest in flat
coordinates.

Proposition 4.3.9. Let h be a Cartan subalgebra of a simply-laced simple Lie algebra g,
and W the associated Weyl group. Then the action of any automorphism of the Dynkin
diagram of g on h/W is linear relative to flat coordinates.

In the next subsections flat coordinates for g of type A2r−1, Dr+1 and E6 will be
explicitly given for later purposes. For more details on flat coordinates, the reader may
consult [Saito93] and [Saito01].

4.3.5.2. Flat coordinates for A2r−1

Set g a simple Lie algebra of type A2r−1, h a Cartan subalgebra and W the associated
Weyl group. Let ξ1, . . . , ξ2r be an orthonormal basis of a Euclidian space V ≅ R2r. h
is isomorphic to the subspace of V defined by {∑2r

i=1 xiξi ∈ V ∣ ∑2r
i=1 xi = 0}. The set of

roots of A2r−1 consists of ξi − ξj (1 ≤ i, j ≤ 2r and i ≠ j). The Weyl group of type A2r−1
is S2r and permutes the ξi. Hence the ring of W -invariant polynomials is generated
by ε2, ε3, . . . , ε2r with εi(ξ) the i-th elementary symmetric polynomial in 2r variables
ξ = (ξ1, . . . , ξ2r). Set I = {2,3, . . . ,2r}.

According to [SYS80], flat coordinates for A2r−1 are ψ2, ψ3, . . . , ψ2r with

ψi = ∑
d≥1

(−1)d−1( 1
h(h − i + 1), d − 1))

d!
Xd
i

where

Xd
i = ∑

i1 + . . . + id = i
ij ∈ I

εi1 . . . εid .

and (a,n) = a(a + 1) . . . (a + n − 1). For any i ∈ I, ψi is a homogeneous polynomial of
degree i.
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4.3. Deformations of inhomogeneous simple singularities

4.3.5.3. Flat coordinates for Dr+1

Set g a simple Lie algebra of type Dr+1, h a Cartan subalgebra and W the associated
Weyl group. Let ξ1, . . . , ξr+1 be an orthonormal basis of a Euclidian space V ≅ Rr+1.
The set of roots of Dr+1 consists of ±ξi ± ξj (1 ≤ i < j ≤ r + 1). The Weyl group
of type Dr+1 is the semi-direct product (Z/2Z)r ⋊ Sr+1. Sr+1 permutes the ξi and
(Z/2Z)r acts by ξi ↦ (±1)iξi such that ∏i(±1)i = 1. Hence the ring of W -invariant
polynomials is generated by x2, x4, . . . , x2r, ψ with x2i = εi(ξ

2) with ξ = (ξ1, . . . , ξr+1),
εi the i-th elementary symmetric polynomial in r + 1 variables, and ψ = ∏r+1

i=1 ξi. Set
I = {2,4, . . . ,2r}.

According to [SYS80], flat coordinates for Dr+1 are ψ2, ψ4, . . . , ψ2r, ψ with

ψi = ∑
d≥1

(−1)d−1( 1
h(h − i + 1), d − 1))

d!
Xd
i

where

Xd
i = ∑

i1 + . . . + id = i
ij ∈ I

xi1 . . . xid .

and (a,n) = a(a + 1) . . . (a + n − 1) (the formulas are similar to the case A2r−1, except
for Xd

i who is now a function of the xi’s rather than the εi’s). For any i ∈ I, ψi is a
homogeneous polynomial of degree i.

According to the preceding formulae, flat coordinates for D4 are ψ2, ψ4, ψ6 and ψ with

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ2 = x2 =
4
∑
i=1
ξ2
i ,

ψ4 = x4 −
1
4x

2
2 = ∑

1≤i<j≤4
ξ2
i ξ

2
j −

1
4
(

4
∑
i=1
ξ2
i )

2,

ψ6 = x6 −
1
6x2x4 +

7
216x

3
2 = ∑

1≤i<j<k≤4
ξ2
i ξ

2
j ξ

2
k −

1
6
(

4
∑
i=1
ξ2
i )( ∑

1≤i<j≤4
ξ2
i ξ

2
j ) +

7
216

(
4
∑
i=1
ξ2
i )

3,

ψ = ξ1ξ2ξ3ξ4.

They will be used in Subsections 4.3.7 and 4.3.8.
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4. Deformations and quiver representations

4.3.5.4. Flat coordinates for E6

The computation of flat coordinates for type E6 requires a more delicate approach
than the previous cases. In [Frame51], J.S. Frame studied the Weyl group W of type
E6 as the group of automorphisms of the 27 lines on a non-singular cubic surface. He
described the 27 lines as 27 complex triples:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(0, ωλ, ωµ) with λ,µ = 1,2,3,

(−ωµ,0, ωλ) with λ,µ = 1,2,3,

(ωλ,−ωµ,0) with λ,µ = 1,2,3,

with ω = exp(2iπ
3 ). By taking x1, y1, x2, y2, x3, y3 the real and imaginary parts of the

complex triples, Frame identified the 27 lines with the 27 vertices of a polyhedron in R6

and W as its group of symmetries. The polyhedron has 36 hyperplanes of symmetries,
each given by its normal vector which is one of the following:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Dκ,λ,µ =
1√
3(cκ, sκ, cλ, sλ, cµ, sµ)

T with κ,λ,µ = 1,2 or 3,

Dκ,0,0 = (−sκ, cκ,0,0,0,0)T with κ = 1,2 or 3,

D0,λ,0 = (0,0,−sλ, cλ,0,0)T with λ = 1,2 or 3,

D0,0,µ = (0,0,0,0,−sµ, cµ)T with µ = 1,2 or 3,

with ca = cos(2aπ
3 ) and sa = sin(2aπ

3 ). Let sk = Id − 2DkD
T
k , with k a triple, denote

the reflection in R6 of hyperplane whose normal vector is Dk. Frame proved that W is
generated by s1,0,0, s0,1,0, s0,0,1, s3,0,0, s0,0,3 and s3,3,3.

Let α1, . . . , α6 be a basis of the root system of type E6, and index the Dynkin diagram
in the following way (it is the indexation that will be used for the computation of the
semiuniversal deformation):

1

3

4 6 5 2
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4.3. Deformations of inhomogeneous simple singularities

Remark 4.3.10. The indexation used here is not the standard one used in reference
books like [Bou68], which is

1

2

3 4 5 6

If sαi denote the simple reflection in W associated to αi, then sαi(αj) = αj − cjiαi,

with (cij)1≤i≤6 =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

2 0 0 −1 0 0
0 2 0 0 −1 0
0 0 2 0 0 −1
−1 0 0 2 0 −1
0 −1 0 0 2 −1
0 0 −1 −1 −1 2

⎞
⎟
⎟
⎟
⎟
⎟
⎠

the Cartan matrix of E6. With the Cartan

matrix, one can identify the sαi ’s with their corresponding sk, and as such identify the
αi’s with the Dk’s. The correspondence is as follows:

α1 ↔
√

2D3,0,0 =
√

2(0,1,0,0,0,0)T ,

α2 ↔
√

2D0,0,3 =
√

2(0,0,0,0,0,1)T ,

α3 ↔
√

2D0,1,0 =
√

2(0,0,−
√

3
2 ,−

1
2 ,0,0)

T ,

α4 ↔
√

2D1,0,0 =
√

2(−
√

3
2 ,−

1
2 ,0,0,0,0)

T ,

α5 ↔
√

2D0,0,1 =
√

2(0,0,0,0,−
√

3
2 ,−

1
2)
T ,

α6 ↔
√

2D3,3,3 =
√

2
3(1,0,1,0,1,0)

T ,

so cii = 2 = ∣∣αi∣∣
2, for any 1 ≤ i ≤ 6.

Set pi = x2
i + y

2
i , qi = 1

3x
3
i − xiy

2
i for 1 ≤ i ≤ 3, and define two differential operators Θ

and ∆ by

Θ = ∑3
i=1(3qi(pj − pk) − 2pi(qj − qk)) ∂

∂pi
+ (1

2p
2
i (pj − pk) − 3qi(qj − qk)) ∂

∂qi

for (ijk) = (123), (231), (312),

∆ = ∑3
i=1 4 ∂

∂pi
pi

∂
∂pi

+ 12qi ∂2

∂pi∂qi
+ p2

i
∂2

∂q2
i
.
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4. Deformations and quiver representations

Set A = p1 +p2 +p3, B = 1
5ΘA, H = ΘB, C = 1

16∆H, J = 1
9(ΘC −3A2B), K = 2

3ΘJ . Then
it is proved in [SYS80] that flat coordinates of type E6 are given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ2 = A,

ψ5 = B,

ψ6 = C − 1
8A

3,

ψ8 =H − 1
4AC + 5

192A
4,

ψ9 = J,

ψ12 =K − 1
8A

2H − 1
8C

2 + 5
96A

3C −AB2 − 1
256A

6.

4.3.6. Semiuniversal deformation of type Br = (A2r−1, Z/2Z)

We have Γ = C2r and Γ′ = Dr. The McKay quiver Ã2r−1 is

b1 br−2

a1 ar−2

b2r−2 br+1

a2r−2 ar+1

a0

b0

a2r−1

b2r−1

ar−1

br−1

ar

br

.

The orientation has been chosen as ε(ai) = −ε(bi) = 1, for any 0 ≤ i ≤ 2r − 1. M(Γ) is
the space of representation of this quiver with dimension vector (1, . . . ,1):

M(Γ) = C2r ⊕C2r

{(a0, . . . , a2r−1, b0, . . . , b2r−1) ∣ ai, bi ∈ C}
.

Furthermore G(Γ) = (C∗)2r/C∗ ≅ C2r−1 and the action of g ∈ G(Γ) on M(Γ) is done by
conjugation:
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4.3. Deformations of inhomogeneous simple singularities

g.(a0, . . . a2r−1, b0, . . . , b2r−1) = (g1g
−1
0 a0, . . . g0g

−1
2r−1a2r−1, g0g

−1
1 b0, . . . , g2r−1g

−1
0 b2r−1).

It was computed in Subsection 4.2.2 that the procedure by H. Cassens and P. Slodowy
leads to

{
2r−1
∏
i=0

(z − λi) = xy} =M(Γ)//G(Γ)
α̃
Ð→ h

(λ0, . . . , λ2r−1, x, y, z) ↦ (λ0, . . . , λ2r−1)

,

which, according to Section 4.2.1, is the pullback of the semiuniversal deformation of
X0 = α̃

−1(0) = {(x, y, z) ∈ C3 ∣ z2r = xy}, a singularity of type A2r−1.

The following diagram:

XΓ ×h/W h XΓ

h/Wh

M(Γ)//G(Γ) Ψ

α̃

π

α↻

≅

is the pullback of the semiuniversal deformation XΓ
α
Ð→ h/W of X0.

It is known that C[h] = C[x0, . . . , x2r−1]/(x0 + . . . + x2r−1) and C[h/W ] = C[h]W =

C[ψ2(x), . . . , ψ2r(x)] with the ψi’s being the flat coordinates from Subsection 4.3.5.2.
Because W is finite and C[h/W ] ↪ C[h], there is a surjection

π ∶ h ↠ h/W
(λ0, . . . , λ2r−1) ↦ (ψ2(λ), . . . , ψ2r(λ))

.

If λ ∈ h, then one computes ∏2r−1
i=0 (z −λi) = z

2r +∑2r
i=2(−1)iεi(λ)z2r−i with εi being the

i-th elementary symmetric polynomial in 2r variables. It is proved in [SYS80] that

εi = ∑
d≥1

(2r − i + 1, d − 1)
d!(2r)d−1 Y d

i

where
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4. Deformations and quiver representations

Y d
i = ∑

i1 + . . . + id = i
ij ∈ {2, . . . ,2r}

ψi1 . . . ψid .

and (a,n) = a(a+1) . . . (a+n−1). Hence for any i ∈ {2, . . . ,2r}, there exists a polynomial
fi such that εi = fi(ψ), with ψ = (ψ2, . . . , ψ2r). Set

XΓ = {(x, y, z, t2, . . . , t2r) ∈ C3 × h/W ∣ z2r +
2r
∑
i=2

(−1)ifi(t2, . . . , t2r)z2r−i = xy}.

There are two maps

α ∶ XΓ → h/W
(x, y, z, t2, . . . , t2r) ↦ (t2, . . . , t2r)

and

π ∶ h ↠ h/W
(λ0, . . . , λ2r−1) ↦ (ψ2(λ), . . . , ψ2r(λ))

.

Then the pullback of these maps (or fibered product of these two maps) is
XΓ ×h/W h

= {((x, y, z, t2, . . . , t2r), (λ0, . . . , λ2r−1)) ∈X × h ∣ α(x, y, z, t2, . . . , t2r) = π(λ0, . . . , λ2r−1)},

= {((x, y, z, t2, . . . , t2r), (λ0, . . . , λ2r−1)) ∈X × h ∣ (t2, . . . , t2r) = (ψ2(λ), . . . , ψ2r(λ))},

= {(x, y, z, λ0, . . . , λ2r−1) ∈ C3 × h ∣
2r
∑
i=0

(−1)ifi(ψ2(λ), . . . , ψ2r(λ))z
2r−i = xy},

= {(x, y, z, λ0, . . . , λ2r−1) ∈ C3 × h ∣
2r−1
∏
i=0

(z − λi) = xy},

= M(Γ)//G(Γ),

and XΓ,0 ∶= α
−1(0) = {(x, y, z) ∈ C3 ∣ z2r = xy}. It is indeed an A2r−1-type singularity.

We now need to verify that all the maps in the pullback diagram are Ω-equivariant,
with Ω ∶= Γ′/Γ = Z/2Z =< σ >.

One sees that

Ψ ∶ XΓ ×h/W h → XΓ
(x, y, z, λ0, . . . , λ2r−1) ↦ (x, y, z,ψ2(λ), . . . , ψ2r(λ))

.

Ψ is surjective if and only if for all (x, y, z, t2, . . . , t2r) ∈ C3 × h/W with
z2r+∑2r

i=2(−1)ifi(t2, . . . , t2r)z2r−i = xy, there exists λ ∈ h such that ψ2(λ) = t2, . . . , ψ2r(λ) =
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4.3. Deformations of inhomogeneous simple singularities

t2r. It is a system of 2r − 1 polynomial equations in 2r variables with the relation
∑2r−1
i=0 λi = 0 because g = sl2r(C). As the field C is algebraically closed and the ψi’s are

algebraically independent, there exists a solution. Hence Ψ is surjective.

● Let (x, y, z, λ0, . . . , λ2r−1) ∈ M(Γ)//G(Γ). With the action of Ω on M(Γ) from
Subsection 4.3.4.1 and the change of variables we did in Subsection 4.2.2, we obtain

σ.(x, y, z, λ0, . . . , λ2r−1) = ((−1)ry, (−1)rx,−z,−λ2r−1, . . . ,−λ0) ∈XΓ ×h/W h.

Therefore α̃(σ.(x, y, z, λ0, . . . , λ2r−1)) = (−λ2r−1, . . . ,−λ0) =∶ σ.(λ0, . . . , λ2r−1),
= σ.α̃(λ0, . . . , λ2r−1),

and α̃ is Ω-equivariant.

● If (x, y, z, λ0, . . . , λ2r−1) ∈M(Γ)//G(Γ), then

Ψ(σ.(x, y, z, λ0, . . . , λ2r−1)) = Ψ(((−1)ry, (−1)rx,−z,−λ2r−1, . . . ,−λ0)),
= ((−1)ry, (−1)rx,−z,ψ2(−λ), . . . , ψ2r(−λ)),
=∶ σ.(x, y, z,ψ2(λ), . . . , ψ2r(λ)),
= σ.Ψ(x, y, z, λ0, . . . , λ2r−1)).

Hence the action of Ω on XΓ makes Ψ an Ω-equivariant map.

● If (λ0, . . . , λ2r−1) ∈ h, then π(σ.(λ0, . . . , λ2r−1)) = π(−λ2r−1, . . . ,−λ0),
= (ψ2(−λ), . . . , ψ2r(−λ)),
= (ψ2(λ),−ψ3(λ), . . . , ψ2r(λ)),
∶= σ.(ψ2(λ), ψ3(λ), . . . , ψ2r(λ)),
= σ.π(λ0, . . . , λ2r−1).

Hence the action of Ω on h/W makes π an Ω-equivariant map.

We have just defined the action of Ω on XΓ. It needs to induce the natural action on
the special fiber XΓ,0 = α

−1(0) ⊂ XΓ, i.e. the one obtained in Subsection 1.4.2.1. XΓ,0

is defined by {z2r = xy} and Ω acts on XΓ,0 by ⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

σ.x = (−1)ry,

σ.y = (−1)rx,

σ.z = −z.

The action of Ω on

XΓ = {(x, y, z, t2, . . . , t2r) ∈ C3 × h/W ∣ z2r +∑2r
i=2(−1)ifi(t2, . . . , t2r)z2r−i = xy} is

σ.(x, y, z, t2, . . . , t2r) = ((−1)ry, (−1)rx,−z, t2,−t3, t4,−t5, . . . , t2r).

Then on XΓ,0, ti = 0 for i ≥ 2 and σ.(x, y, z,0, ..,0) = ((−1)ry, (−1)rx,−z,0, . . . ,0), which
is the expected action on C2/Γ.
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4. Deformations and quiver representations

● Let us check the equivariance of α. For any (x, y, z, t2, . . . , t2r) ∈XΓ,

α(σ.(x, y, z, t2, . . . , t2r)) = α((−1)ry, (−1)rx,−z, t2,−t3, t4,−t5, . . . , t2r),
= (t2,−t3, t4,−t5, . . . , t2r),

and σ.α(x, y, z, t2, . . . , t2r) = σ.(t2, . . . , t2r) = (t2,−t3, t4,−t5, . . . , t2r). Hence α is Ω-
equivariant.

Finally the diagram

XΓ ×h/W h XΓ

h/Wh

Ψ

α̃

π

α↻

is commutative and Ω-equivariant.

Let us place ourselves above (h/W )Ω. If (x, y, z, t2, . . . , t2r) ∈ α−1((h/W )Ω), then
t2i+1 = 0 for any 1 ≤ i ≤ r − 1. Furthermore α(σ.(x, y, z, t2,0, . . . , t2r)) = σ.(t2,0, . . . , t2r) =
α(x, y, z, t2,0, . . . , t2r).
Set XΓ,Ω = {(x, y, z, t2,0, . . . , t2r) ∈ X}. Then the restriction αΩ ∶ XΓ,Ω → (h/W )Ω of α
is Ω-invariant and

(αΩ)−1(0) = α−1(0)⋂XΓ,Ω because 0 ∈ (h/W )Ω,

=XΓ,0⋂XΓ,Ω,

=XΓ,0 because XΓ,0 ⊂ XΓ,Ω.

Therefore αΩ is a semiuniversal deformation of type (A2r−1,Z/2Z) = Br, result we ex-
pected from Theorem 4.3.1.

Remark 4.3.11. As the elementary symmetric polynomials εi appear naturally in
the expression of M(Γ)//G(Γ), instead of the flat coordinates we could have chosen
(ε2, . . . , ε2r) as a system of coordinates for h/W .
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4.3. Deformations of inhomogeneous simple singularities

4.3.7. Semiuniversal deformation of type C3 = (D4, Z/2Z)

Set Γ = D2 and Γ′ = D4. The McKay quiver of type D̃4 is

0

1

3

4

2

ϕb0

ϕa1

ϕb3

ϕa4

ϕa3

ϕb4

ϕa0

ϕb1

The dimension vector of this quiver is (1,1,2,1,1), which corresponds to the coordi-
nates of the highest root of the root system D4. The orientation is all a’s are positive
and all b’s are negative.
We have Z = {(µ0, µ1, µ2Id2, µ3, µ4) ∣ µ0 + µ1 + 2µ2 + µ3 + µ4 = 0}.

In [LeBryPro90], it is proved that the ring of invariants of the representation space of
a quiver by the product of general linear groups associated with vertices is generated by
the traces of the oriented cycles of the said quiver.

We have µC(ϕ) = (−ϕb0ϕ
a
0,−ϕ

b
1ϕ

a
1, ϕ

a
0ϕ

b
0+ϕ

a
1ϕ

b
1+ϕ

a
3ϕ

b
3+ϕ

a
4ϕ

b
4,−ϕ

b
3ϕ

a
3,−ϕ

b
4ϕ

a
4) and com-

pute µ−1
C (µ0, µ1, µ2I2, µ3, µ4)//G(Γ).

● Cycles of degree 2: Tr(ϕaiϕbi) = ϕbiϕai = −µi, i = 0,1,3,4.

● Cycles of degree 4: pij =
ji 2
. For example, p01 = Tr(ϕb0ϕa1ϕb1ϕa0) =

Tr(ϕa0ϕb0ϕa1ϕb1).
We have pii + pij + pik + pil = Tr(ϕaiϕbi(ϕaiϕbi + ϕajϕbj + ϕakϕbk + ϕal ϕbl ))

with {i, j, k, l} = {0,1,3,4},
= Tr(µ2ϕ

a
iϕ

b
i),

= −µ2µi.

So ⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

p01 + p03 + p04 = −µ0(µ0 + µ2),
p01 + p13 + p14 = −µ1(µ1 + µ2),
p03 + p13 + p34 = −µ3(µ3 + µ2),
p04 + p14 + p34 = −µ4(µ4 + µ2).

There are 4 linear equations with 6 unknowns. The matrix of the system is of rank 4.
There are then 2 independent elements and we choose p03 and p34.

● Cycles of degree 6: They are qijk = Tr(ϕakϕbkϕajϕbjϕaiϕbi) = qjki = qkij .
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4. Deformations and quiver representations

We have qijk + qijl + qiji + qijj = Tr((ϕakϕbk + ϕal ϕbl + ϕaiϕbi + ϕajϕbj)ϕajϕbjϕaiϕbi)
with {i, j, k, l} = {0,1,3,4},

= µ2Tr(ϕajϕbjϕaiϕbi),
= µ2pij .

Furthermore qiji = −µipij and qijj = −µjpij . So qijk + qijl = (µi + µj + µ2)pij .
Finally ⎧⎪⎪⎪⎪⎪⎪⎪⎪

⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

q013 + q014 = (µ0 + µ1 + µ2)p01 = q103 + q104,
q103 + q034 = (µ0 + µ3 + µ2)p03 = q013 + q304,
q104 + q304 = (µ0 + µ4 + µ2)p04 = q014 + q034,
q134 + q013 = (µ1 + µ3 + µ2)p13 = q314 + q103,
q014 + q314 = (µ1 + µ4 + µ2)p14 = q104 + q134,
q134 + q034 = (µ3 + µ4 + µ2)p34 = q314 + q304.

There are 12 linear equations with 8 unknowns. The matrix of the system is of rank 7.
Therefore there are 8 − 7 = 1 independent element and we choose q034.

● Cycles of degree 8: They are zijkl = Tr(ϕal ϕblϕakϕbkϕajϕbjϕaiϕbi).
We have zijkl + zijkk + zijkj + zijki = Tr((ϕal ϕbl + ϕakϕbk + ϕajϕbj + ϕaiϕbi)ϕakϕbkϕajϕbjϕaiϕbi),

{i, j, k, l} = {0,1,3,4},
= µ2Tr(ϕakϕbkϕajϕbjϕaiϕbi),
= µ2qijk.

We compute that zijkk = −µkqijk, zijki = −µiqijk and zijkj = pjkpij .
So zijkl = (µi + µk + µ2)qijk − pijpjk.

Thus all degree 8 cycles are determined by elements with inferior degrees.

● Cycles of degree ≥ 10: Starting from degree 10, for any cycle, there is at least one
repetition in the indices. Hence any element of degree k ≥ 10 breaks down as the product
of two elements with degrees strictly smaller than k.

Eventually there are 3 linearly independent elements: p03, p34 and q034. By [LeBryPro90]
they generate the ring of invariants.

Because the space we want to exhibit is the pullback of the semiuniversal deformation
of a simple singularity, and that such a deformation is defined by a single equation (cf.
[KasSchle72]), a unique relation has to link the generators (or one can compute the
dimension of the quotient variety and see that it is a hypersurface). Let us find this
relation.

q2
034

= q034q034,
= q034((µ0 + µ3 + µ2)p03 − (µ0 + µ1 + µ2)p01 + (µ0 + µ4 + µ2)p04 − q304),
= q034((µ0 + µ3 + µ2)p03 − (µ0 + µ1 + µ2)p01 + (µ0 + µ4 + µ2)p04) − q034q304,
= q034((µ0 + µ3 + µ2)p03 − (µ0 + µ1 + µ2)p01 + (µ0 + µ4 + µ2)p04) − p03p04p34.
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4.3. Deformations of inhomogeneous simple singularities

We know that 2(p01 − p34) = −µ0(µ0 + µ2) − µ1(µ1 + µ2) + µ3(µ3 + µ2) + µ4(µ4 + µ2) and
p01 + p03 + p04 = −µ0(µ0 + µ2) thus p01 and p04 can be expressed using p03 and p34. By
reinjecting these expressions in the preceding equation, one finds

q2
034 = q034(p03(µ3 − µ4) + p34(µ3 − µ0) +C) + p03p34(p03 + p34) + p03p34E,

with C = µ3(µ2 + µ3)(µ1 + µ2 + µ3) and E = 1
2(µ0(µ0 + µ2) − µ1(µ1 + µ2) + µ3(µ3 + µ2) +

µ4(µ4 + µ2)).

Set q′034 = q034 −
1
2(p03(µ3 − µ4) + p34(µ3 − µ0) +C). The equation becomes

q′2034 = p03p34(p03 + p34) + p03p34(D +E) +Ap2
03 +Bp

2
34 + Fp03 +Gp34 +H,

with

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A = 1
4(µ3 − µ4)

2,

B = 1
4(µ3 − µ0)

2,

D = 1
2(µ3 − µ4)(µ3 − µ0),

F = 1
2(µ3 − µ4)C,

G = 1
2(µ3 − µ0)C,

H = 1
4C

2.

Set
{
p′03 = p03 +B
p′34 = p34 +A

. The equation now becomes

q′2034 = p
′
03p

′
34(p

′
03 + p

′
34) +Ap

′
03p

′
34 + Bp

′
03 + Cp

′
34 +D,

with

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A = −µ1µ2 − µ2µ3 − µ2µ4 − µ
2
2 −

1
2µ1µ4 −

1
2µ1µ3 −

1
2µ3µ4 −

1
2µ

2
1 −

1
2µ

2
3 −

1
2µ

2
4,

B = 1
16(µ3 − µ4)(µ3 + µ4)(2µ2 + µ3 + µ4)(2µ1 + 2µ2 + µ3 + µ4),

C = 1
16(µ1 − µ4)(µ1 + µ4)(2µ2 + µ1 + µ4)(2µ3 + 2µ2 + µ1 + µ4),

D = − 1
32(2µ1µ2 + µ1µ3 + µ1µ4 + 2µ2

2 + 2µ2µ3 + 2µ2µ4 + µ3µ4 + µ
2
4)(µ1µ3 + µ1µ4

+2µ2µ4 + µ3µ4 + µ
2
4)(µ1µ3 − µ1µ4 − 2µ2µ4 − µ3µ4 − µ

2
4).
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4. Deformations and quiver representations

The equation is indeed of type D4 as predicted by Theorem 1.4.26. However we want
to look at the fibers over h/W , so the coefficients of the equation need to be invariant by
the Weyl group W . The coefficients A,B,C,D have to be expressible using Weyl group
invariants.

From Subsection 4.1.2, it is known that τ ∶ Z
≅
Ð→ h

(µ0Idd0 , . . . , µ4Idd4) ↦ h
such that

τ(z) = h with αi(h) = −µi,∀0 ≤ i ≤ 4. Hence an element µ ∈ Z can be identified with
∑4
i=1 −µiΛ∨

i , with (Λ∨
i )i being the fundamental coweights, i.e. the dual base of the simple

roots (αi)i.
The Weyl group W of type D4 is generated by the rα∨j ’s with

rα∨j (Λ
∨
i ) = Λ∨

i −
2(Λ∨

i , α
∨
j )

(α∨j , α
∨
j )

α∨j ,

= ⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Λ∨
i if i ≠ j,

Λ∨
i − α

∨
i if i = j.

It is known that α∨i =
4
∑
j=1

cijΛ∨
j with c =

⎛
⎜
⎜
⎝

2 −1 0 0
−1 2 −1 −1
0 −1 2 0
0 −1 0 2

⎞
⎟
⎟
⎠

the Cartan matrix of type

D4. One sees that
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α∨1 = 2Λ∨
1 −Λ∨

2 ,

α∨2 = −Λ∨
1 + 2Λ∨

2 −Λ∨
3 −Λ∨

4 ,

α∨3 = −Λ∨
2 + 2Λ∨

3 ,

α∨4 = −Λ∨
2 + 2Λ∨

4 .

Hence rα∨1 (µ) = rα∨1 (∑
4
i=1 −µiΛ∨

i ) = µ1Λ∨
1 − (µ1 + µ2)Λ∨

2 − µ3Λ∨
3 − µ4Λ∨

4 , which means

rα∨1 ∶

⎛
⎜
⎜
⎝

µ1
µ2
µ3
µ4

⎞
⎟
⎟
⎠

↦

⎛
⎜
⎜
⎝

−µ1
µ1 + µ2
µ3
µ4

⎞
⎟
⎟
⎠

. In a similar fashion we compute rα∨2 ∶

⎛
⎜
⎜
⎝

µ1
µ2
µ3
µ4

⎞
⎟
⎟
⎠

↦

⎛
⎜
⎜
⎝

µ1 + µ2
−µ2

µ2 + µ3
µ2 + µ4

⎞
⎟
⎟
⎠

,

rα∨3 ∶

⎛
⎜
⎜
⎝

µ1
µ2
µ3
µ4

⎞
⎟
⎟
⎠

↦

⎛
⎜
⎜
⎝

µ1
µ2 + µ3
−µ3
µ4

⎞
⎟
⎟
⎠

and rα∨4 ∶
⎛
⎜
⎜
⎝

µ1
µ2
µ3
µ4

⎞
⎟
⎟
⎠

↦

⎛
⎜
⎜
⎝

µ1
µ2 + µ4
µ3
−µ4

⎞
⎟
⎟
⎠

.

It can be verified that the coefficients A,B,C and D are invariant by these transforma-
tions and thus are invariant by W .

The base we chose to use for h/W is the one with flat coordinates. Therefore the
coefficients A,B,C and D have to be expressed using ψ2, ψ4, ψ6 and ψ from Subsec-
tion 4.3.5.3.
It is known (cf. [Bou68]) that the simple roots of the root system of type D4 are
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4.3. Deformations of inhomogeneous simple singularities

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

α1 = e1 − e2,
α2 = e2 − e3,
α3 = e3 − e4,
α4 = e3 + e4.

with (ei)1≤i≤4 the canonical base of h∗. Let (ei)1≤i≤4 be its dual base.

Again from [Bou68] one finds ⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Λ∨
1 = e1,

Λ∨
2 = e1 + e2,

Λ∨
3 = 1

2(e1 + e2 + e3 − e4),
Λ∨

4 = 1
2(e1 + e2 + e3 + e4).

We have a correspondence

µ↔∑4
i=1 −µiΛ∨

i = ∑
4
i=1 ξiei. It follows that ⎧⎪⎪⎪⎪⎪

⎨
⎪⎪⎪⎪⎪⎩

ξ1 = −µ1 − µ2 −
1
2(µ3 + µ4),

ξ2 = −µ2 −
1
2(µ3 + µ4),

ξ3 = −
1
2(µ3 + µ4),

ξ4 = −
1
2(µ4 − µ3).

and so

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

µ1 = −ξ1 + ξ2,
µ2 = −ξ2 + ξ3,
µ3 = −ξ3 + ξ4,
µ4 = −ξ3 − ξ4.

We can now replace the µi in the coefficients A,B,C and D and we

obtain

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

A = −1
2ε1(ξ

2),
B = −ε4(ξ),
C = 1

16ε1(ξ
2)2 − 1

2ε4(ξ) −
1
4ε2(ξ

2),
D = 1

4(ε3(ξ
2) + ε4(ξ)ε1(ξ

2)),

with εi the i-th elementary symmetric polynomial, ξ = (ξ1, . . . , ξ4) and ξ2 = (ξ2
1 , . . . , ξ

2
4).

Using the expressions from Subsection 4.3.5.3 one finds

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A = −1
2ψ2,

B = −ψ,

C = −1
2(ψ +

1
2ψ4),

D = 1
4(ψ6 +

1
6ψ2ψ4 + ψψ2 +

1
108ψ

3
2),

Set x = p′34, y = p
′
03 and z = q′034. The equation of the deformation becomes:

z2 = xy(x + y) −
1
2
ψ2xy − ψy −

1
2
(ψ +

1
2
ψ4)x +

1
4
(ψ6 +

1
6
ψ2ψ4 + ψψ2 +

1
108

ψ3
2).

The coefficients are indeed invariants of W = S4 ⋉ (Z/2Z)3. According to Subsec-
tion 4.2.1, it is the equation of the pullback of the semiuniversal deformation of type
D4.
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4. Deformations and quiver representations

Set XΓ = {(x, y, z, t2, t4, t6, t) ∈ C3 × h/W ∣ z2 = xy(x + y) − 1
2 t2xy − ty −

1
2(t +

1
2 t4)x

+1
4(t6 +

1
6 t2t4 + tt2 +

1
108 t

3
2)}.

We have π ∶ h → h/W
(ξ1, ξ2, ξ3, ξ4) ↦ (ψ2(ξ), ψ4(ξ), ψ6(ξ), ψ(ξ))

and

α ∶ XΓ → h/W
(x, y, z, t2, t4, t6, t) ↦ (t2, t4, t6, t)

.

Then XΓ ×h/W h

= {((x, y, z, t2, t4, t6, t), (ξ1, ξ2, ξ3, ξ4)) ∈X × h ∣ α(x, y, z, ti, t) = π(ξ1, ξ2, ξ3, ξ4)},

= {(x, y, z, ti, t, ξj) ∣ t2 = ψ2(ξ), t4 = ψ4(ξ), t6 = ψ6(ξ), t = ψ(ξ) and z2 = xy(x + y)

−1
2 t2xy − ty −

1
2(t +

1
2 t4)x +

1
4(t6 +

1
6 t2t4 + tt2 +

1
108 t

3
2)},

= {(x, y, z, ξj) ∣ z2 = xy(x + y) − 1
2ψ2(ξ)xy − ψ(ξ)y −

1
2(ψ(ξ) +

1
2ψ4(ξ))x

+1
4(ψ6(ξ) +

1
6ψ2(ξ)ψ4(ξ) + ψ(ξ)ψ2(ξ) +

1
108ψ2(ξ)

3)},

= µ−1
C (Z)//G(Γ).

Finally we obtain

XΓ ×h/W h XΓ

h/Wh

Ψ

α̃

π

α↻

with α being the semiuniversal deformation of XΓ,0 ∶= α
−1(0) = {(x, y, z) ∈ C3 ∣ z2 =

xy(x + y)}, which is a D4 singularity.

Previously we defined the action of Ω = Γ′/Γ = Z/2Z =< σ > on µ−1
C (Z)//G(Γ) as being

the natural 3↔ 4 permutation. Ω also acts naturally on h by the permutation α∨3 ↔ α∨4 ,
which corresponds to e4 ↔ −e4. By setting σ.(t2, t4, t6, t) = (t2, t4, t6,−t) for the action
of Ω on h/W , we find that π becomes Ω-equivariant.

We look at what happens above (h/W )Ω, i.e. the elements of h/W that are Ω-invariant.
One finds α−1((h/W )Ω) = {(x, y, z, t2, t4, t6,0) ∈ C3×h/W ∣ z2 = xy(x+y)− 1

2 t2xy−
1
4 t4x+

1
4(t6+

1
6 t2t4+

1
108 t

3
2)}. The action of Ω on XΓ,Ω ∶= α−1((h/W )Ω) is induced by the µ3 ↔ µ4
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4.3. Deformations of inhomogeneous simple singularities

permutation. It was proved that ⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

x = p34 +
1
4(µ3 − µ4)

2,
y = p03 +

1
4(µ3 − µ0)

2,
z = q034 −

1
2(p03(µ3 − µ4) + p34(µ3 − µ0)

+µ3(µ2 + µ3)(µ1 + µ2 + µ3)),

and µ3
σ
←→ µ4.

Because p04 = −p03 − p01 − µ0(µ0 + µ2) and 2(p01 − p34) = −µ0(µ0 + µ2) − µ1(µ1 + µ2) +
µ3(µ3 + µ2) + µ4(µ4 + µ2), we obtain the following relations:

⎧⎪⎪
⎨
⎪⎪⎩

σ.x = x,
σ.y = −x − y + 1

2 t2,
σ.z = −z.

Above the origin, the system is ⎧⎪⎪
⎨
⎪⎪⎩

σ.x = x,
σ.y = p04 = −x − y,
σ.z = q043 = −z.

It is known that the equa-

tion of the D4-singularity is X(Y 2 −X2) +Z2 = 0 and the natural Ω-action (cf. Subsec-
tion 1.4.2.1) is ⎧⎪⎪

⎨
⎪⎪⎩

σ.X = X,
σ.Y = −Y,
σ.Z = −Z.

With our computations from the quiver we obtained the equation z2 = xy(x + y). Set
⎧⎪⎪
⎨
⎪⎪⎩

X = −4−1/3x,

Y = −41/6(y +
x

2
).

Then X(Y 2 −X2) + z2 = 0 and ⎧⎪⎪
⎨
⎪⎪⎩

σ.X = X,
σ.Y = −Y,
σ.z = −z.

The action on

the singularity is thus the correct one.

Finally our pullback diagram is Ω-equivariant with the natural action on the singu-
larity, so the restriction αΩ ∶XΓ,Ω → (h/W )Ω of α is Ω-invariant and

(αΩ)−1(0) = α−1(0)⋂XΓ,Ω because 0 ∈ (h/W )Ω,

=XΓ,0⋂XΓ,Ω,

=XΓ,0 because XΓ,0 ⊂ XΓ,Ω.

Therefore αΩ is a semiuniversal deformation of type (D4,Z/2Z) = C3 as expected from
Theorem 4.3.1.

4.3.8. Semiuniversal deformation of type G2 = (D4,S3)

Set Γ = D2 and Γ′ = O. The McKay quiver of type D̃4 is given in the previous
subsection and we keep the same notations.
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4. Deformations and quiver representations

The pullback diagram

XΓ ×h/W h XΓ

h/Wh

Ψ

α̃

π

α↻

of the semiuniversal deformation α of the singularity C2/Γ of type D4 was computed in
the previous subsection. We now check the action of Ω = Γ′/Γ =S3 = ⟨σ, ρ⟩ with σ = (34)
and ρ = (134). Ω induces a natural action on µ−1

C (Z)//G(Γ) and permutes of the vertices
1,3 and 4.
There is also a natural action of Ω on h given by

α∨1 α∨3 α∨4
ρ

and α∨3 α∨4σ
.

From the previous case (D4,Z/2Z), it is known that σ corresponds to the permutation
e4 ↔ −e4. We determine the action of ρ on the base (ei)1≤i≤4 (cf. Subsection 4.3.7) of h.

We have ⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

α∨1 = e1 − e2,
α∨2 = e2 − e3,
α∨3 = e3 − e4,
α∨4 = e3 + e4,

and ρ is represented by a 4×4 matrix P in the base (ei)1≤i≤4

the canonical orthonormal base of h. Because of how ρ permutes the α∨i ’s, it follows that

P =
1
2

⎛
⎜
⎜
⎝

1 1 1 1
1 1 −1 −1
1 −1 1 −1
−1 1 1 −1

⎞
⎟
⎟
⎠

. This implies that the action of ρ on the ei’s is given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e1 ↦
1
2(e1 + e2 + e3 − e4),

e2 ↦
1
2(e1 + e2 − e3 + e4),

e3 ↦
1
2(e1 − e2 + e3 + e4),

e4 ↦
1
2(e1 − e2 − e3 − e4).
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4.3. Deformations of inhomogeneous simple singularities

We already know from Subsection 4.3.5.3 that
π ∶ h → h/W

(ξ1, ξ2, ξ3, ξ4) ↦ (ψ2(ξ), ψ4(ξ), ψ6(ξ), ψ(ξ))
and thus

π(ρ.(ξ1, ξ2, ξ3, ξ4)) = π(P

⎛
⎜
⎜
⎝

ξ1
ξ2
ξ3
ξ4

⎞
⎟
⎟
⎠

) = π

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
2(ξ1 + ξ2 + ξ3 + ξ4)

1
2(ξ1 + ξ2 − ξ3 − ξ4)

1
2(ξ1 − ξ2 + ξ3 − ξ4)

1
2(−ξ1 + ξ2 + ξ3 − ξ4)

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

,

= π(Y1, Y2, Y3, Y4),

= (ψ2(Y ), ψ4(Y ), ψ6(Y ), ψ(Y )),

=

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

ψ2(ξ)

−1
2ψ4(ξ) − 3ψ(ξ)

ψ6(ξ)

1
4ψ4(ξ) −

1
2ψ(ξ)

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

We define the action of ρ on h/W by ρ.(t2, t4, t6, t) =
⎛
⎜
⎜
⎝

t2
−1

2 t4 − 3t
t6

1
4 t4 −

1
2 t

⎞
⎟
⎟
⎠

and π becomes Z/3Z-

equivariant. In the preceding section it was defined σ.(t2, t4, t6, t) = (t2, t4, t6,−t). Hence
π is Ω-equivariant and the action of Ω on h/W is linear.

Let us work above (h/W )Ω, which implies ⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

t4 = −
1
2 t4 − 3t,

t = 1
4 t4 −

1
2 t,

and t = −t. Hence

t4 = t = 0. It implies that α−1((h/W )Ω) = {(x, y, z, t2,0, t6,0) ∈ C3 × h/W ∣ z2 =

xy(x + y) − 1
2 t2xy +

1
4(t6 +

1
108 t

3
2)}.

Ω induces a natural action on XΓ,Ω ∶= α−1((h/W )Ω) via the permutations of 1,3 and 4.
It was proved in the previous section that ⎧⎪⎪⎪⎪⎪

⎨
⎪⎪⎪⎪⎪⎩

x = p34 +
1
4(µ3 − µ4)

2,
y = p03 +

1
4(µ3 − µ0)

2,
z = q034 −

1
2(p03(µ3 − µ4) + p34(µ3 − µ0)

+µ3(µ2 + µ3)(µ1 + µ2 + µ3)).
The action of Ω is given by

{
σ.µ3 = µ4
σ.µ4 = µ3

and ⎧⎪⎪
⎨
⎪⎪⎩

ρ.µ1 = µ3
ρ.µ3 = µ4
ρ.µ4 = µ1

. Hence we have

⎧⎪⎪
⎨
⎪⎪⎩

σ.x = x,
σ.y = −x − y + 1

2 t2,
σ.z = −z,

and ⎧⎪⎪
⎨
⎪⎪⎩

ρ.x = y,
ρ.y = −x − y + 1

2 t2,
ρ.z = z.

We have previously seen that the action of σ on the singularity is the correct one. Let
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4. Deformations and quiver representations

us check what happens with ρ.

Above the origin, ⎧⎪⎪
⎨
⎪⎪⎩

ρ.x = p14 = p03 = y
ρ.y = p04 = −p03 − p01 = −x − y,
ρ.z = q041 = q034 = z.

It is known that the

equation of the D4-singularity is X(Y 2 −X2) +Z2 = 0 and the natural action is

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ρ.X = 1
2(Y −X),

ρ.Y = −1
2(Y + 3X),

ρ.Z = Z.

In our case we have z2 = xy(x+y). Set
{
X = − 1

3√4
x,

Y = − 6√4(y + 1
2x).

ThenX(Y 2−X2)+z2 = 0

and ⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ρ.X = 1
2(Y −X),

ρ.Y = −1
2(Y + 3X),

ρ.z = z.

The action on the singularity is the expected one (cf.

Subsection 1.4.2.1).

Finally the pullback diagram is Ω-equivariant with the natural action on the singu-
larity, hence the restriction αΩ ∶XΓ,Ω → (h/W )Ω of α is Ω-invariant and

(αΩ)−1(0) = α−1(0)⋂XΓ,Ω because 0 ∈ (h/W )Ω,

=XΓ,0⋂XΓ,Ω,

=XΓ,0 because XΓ,0 ⊂ XΓ,Ω.

Therefore αΩ is a semiuniversal deformation of an inhomogeneous singularity of type
(D4,S3) = G2, as predicted by Theorem 4.3.1.

4.3.9. Semiuniversal deformation of type F4 = (E6, Z/2Z)

Set Γ = T and Γ′ = O. The McKay quiver of type Ẽ6 is
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4.3. Deformations of inhomogeneous simple singularities

0 3 6 5 2

4

1

ϕa0

ϕb0

ϕa3

ϕb3

ϕa5

ϕb5

ϕa2

ϕb2
ϕa4ϕb4

ϕa1ϕb1

The dimension vector of this quiver is (1,1,1,2,2,2,3) and corresponds to the coordi-
nates of the highest root of the root system of type E6. The orientation is that all a’s
are positive and all b’s are negative.
By definition Z = {(µ0, µ1, µ2, µ3Id2, µ4Id2, µ5Id2, µ6Id3) ∣ µ0 +µ1 +µ2 + 2(µ3 +µ4 +µ5) +
3µ6 = 0}.

In [LeBryPro90], it is proved that the ring of invariants of the representation space of
a quiver by the product of general linear groups associated with vertices is generated by
the traces of the oriented cycles of the said quiver.

We have µC(ϕ) = (−ϕb0ϕ
a
0,−ϕ

b
1ϕ

a
1,−ϕ

b
2ϕ

a
2, ϕ

a
0ϕ

b
0−ϕ

b
3ϕ

a
3, ϕ

a
1ϕ

b
1−ϕ

b
4ϕ

a
4, ϕ

a
2ϕ

b
2−ϕ

b
5ϕ

a
5, ϕ

a
3ϕ

b
3+

ϕa4ϕ
b
4 + ϕ

a
5ϕ

b
5) and compute µ−1

C (µ0, µ1, µ2, µ3Id2, µ4Id2, µ5Id2, µ6Id3)//G(Γ).

Like we did for the McKay quiver of type D̃4, we compute the traces of the oriented
cycles of the quiver and find those which are linearly independent. Set

Φ(i1i2 . . . ik) = Tr((ϕai1ϕ
b
i1
)(ϕai2ϕ

b
i2
) . . . (ϕaikϕ

b
ik
))

for i1, i2, . . . , ik ∈ {3,4,5}. We find that there are only three linearly independent ele-
ments: X ∶= Φ(425), Y ∶= Φ(4252) and Z ∶= Φ(324252). These are therefore the gener-
ators of the ring of invariants. Because this ring is the coordinate ring of the pullback
of the semiuniversal deformation of a simple singularity, and that such a deformation is
defined by a single equation (cf. [KasSchle72]), a unique relation has to link the gen-
erators. We then compute the relation between the generators X,Y,Z. It leads to the
following equation:

X2Z + Y 3 +Z2 = aX3X3 + aX2YX
2Y + aXY 2XY 2 + aX2X2 + aXYXY + aXZXZ

+aY 2Y 2 + aY ZY Z + aXX + aY Y + aZZ + a0,

with a0, aX , aY , aZ , aXZ , aY Z , aXY , aX2 , aX3 , aY 2 , aX2Y and aXY 2 homogeneous polyno-
mials in µ1, . . . , µ6. They are given in the Appendix 4.4.5.
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4. Deformations and quiver representations

In order for the equation of the deformation to have the form predicted by Theo-
rem 1.4.26, it requires a change of variables: replace (X,Y,Z) by (X +α,Y +βX +ψ,Z +

δX + εY + kX2 + µ) with

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

k = −1
2 ,

β = 1
3aXY 2 ,

ε = 1
2aY Z ,

α = −aX3 − 1
3aX2Y aXY 2 − 2

27a
3
XY 2 +

1
2aXZ +

1
6aY ZaXY 2 ,

ψ = −aXY 2aX3 − 1
3a

2
XY 2aX2Y −

2
27a

4
XY 2 +

1
2aXY 2aXZ

+1
6a

2
XY 2aY Z + aY 2 + 1

4a
2
Y Z ,

δ = 1
2(aXZ − 2α + 1

3aY ZaXY 2),

µ = 1
2(aXZα + aY Zψ − α

2 + aZ).

It follows that the equation becomes

−1
4X

4 + Y 3 +Z2 +AX2YX
2Y +AX2X2 +AXYXY +AXX +AY Y +A0 = 0

with

AXY = 4
81a

5
XY 2−aX3aY Z+

2
3a

2
X2Y aXY 2+2aX2Y aX3+10

27aX2Y a
3
XY 2−aX2Y aXZ−

2
3aXY 2aY 2

+ 2
3a

2
XY 2aX3 − 1

3a
2
XY 2aXZ −

5
27a

3
XY 2aY Z −

2
3aX2Y aY ZaXY 2 − aXY .

AX2Y = −1
3a

2
XY 2 +

1
2aY Z − aX2Y .

AY = −1
9a

3
X2Y a

2
XY 2−

1
6aX2Y aXZaY ZaXY 2+ 2

3aX2Y aY ZaXY 2aX3− 1
4aX2Y a

2
XZ−aX2Y a

2
X3

− 1
2aY ZaZ +

2
27aXY a

3
XY 2 −

1
2aXY aXZ −

1
8a

2
XZaY Z +

1
2a

2
X3aY Z + aXY aX3 − 1

72a
2
XY 2a

3
Y Z

−1
6aY 2a2

Y Z+
8

729a
6
XY 2aY Z+

4
81a

4
XY 2aY 2− 1

108a
4
XY 2a

2
Y Z−

1
12a

2
XY 2a

2
XZ−

1
3a

2
XY 2a

2
X3−

4
81a

5
XY 2aX3

− 7
81a

4
XY 2a

2
X2Y −

16
729a

6
XY 2aX2Y +

2
81a

5
XY 2aXZ+aX2Y aXZaX3−2

3aX3a2
X2Y aXY 2+1

3aXZa
2
X2Y aXY 2

+ 1
6aY Za

2
XY 2a

2
X2Y −

1
12aXY 2aXZa

2
Y Z +

1
3aXY aX2Y aXY 2 − 1

6aXY aY ZaXY 2 + 2
9a

2
XY 2aX2Y aY 2

+ 7
81a

4
XY 2aX2Y aY Z −

1
18a

3
XY 2aXZaY Z −

1
3aXY 2aXZaY 2 − 1

9a
2
XY 2aY ZaY 2 + 5

27a
3
XY 2aX3aY Z

− 10
27a

3
XY 2aX3aX2Y +

5
27a

3
XY 2aX2Y aXZ +

1
3a

2
XY 2aX3aXZ −

1
36a

2
XY 2aX2Y a

2
Y Z +

2
3aXY 2aX3aY 2

− 1
48a

4
Y Z −

4
2187a

8
XY 2 −

1
3a

2
Y 2 − aY .

AX = −2
9aX2Y aXY 2aY ZaY 2 + 2aX3aXZaX2Y aXY 2 − 2

3aX3aXZaY ZaXY 2

+ 2
3aX3aY Za

2
XY 2aX2Y − −

2
9aX2Y a

2
XY 2aXZaY Z −

1
3aX3aY ZaY 2 − 1

18aX2Y aXY 2a3
Y Z

− 1
18a

2
Y ZaXY 2aY 2− 1

3aX2Y aXY 2aZ−
1
3aX2aY ZaXY 2− 8

81a
3
XY 2aY ZaY 2−aX+

2
3aX2aX2Y aXY 2

+ 2
9aXY a

2
XY 2aX2Y − 2a3

X3 −
16

19683a
9
XY 2 −

2
27a

3
XY 2aZ −

1
12aX3a3

Y Z − aX3aZ +
8

243a
5
XY 2aY 2

− 1
3aY aXY 2 − 1

12aXY a
2
Y Z +

4
81aXY a

4
XY 2 −

1
3aXY aY 2 + 2aX2aX3 + 4

27aX2a3
XY 2 − aX2aXZ

− 1
36aXZa

2
XY 2a

2
Y Z−

4
81a

4
XY 2aXZaY Z+

1
9a

2
X2Y a

3
XY 2aY Z+

1
3a

2
X2Y a

2
XY 2aXZ−

1
162aX2Y a

3
XY 2a

2
Y Z

− 1
3aX2Y aXY 2a2

XZ +
4
81aX2Y a

5
XY 2aY Z −2a2

X3aX2Y aXY 2 + 4
27aX2Y a

4
XY 2aXZ +aY ZaXY 2a2

X3
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4.3. Deformations of inhomogeneous simple singularities

− 8
27aX3aX2Y a

4
XY 2 −

2
3aX3a2

X2Y a
2
XY 2 −

1
18aX3a2

XY 2a
2
Y Z +

4
27aX3aY Za

4
XY 2 +

4
9aX3aXZa

3
XY 2

− 2
9aXY 2a2

Y 2 −
5

324a
3
Y Za

3
XY 2 +

4
729a

7
XY 2aY Z −

1
243a

5
XY 2a

2
Y Z −

8
729aX2Y a

7
XY 2 +

4
243a

6
XY 2aXZ

− 2
27a

3
XY 2a

2
XZ−

8
243aX3a6

XY 2−
2
27a

3
X2Y a

3
XY 2−

4
81a

2
X2Y a

5
XY 2+3aXZa2

X3−aX3a2
XZ−

4
9a

2
X3a

3
XY 2

− 1
12aX2Y aXZa

2
Y Z +

4
9a

2
XY 2aX3aY 2 − 1

3aX2Y aXZaY 2 − 2
9a

2
XY 2aXZaY 2 + 16

81aX2Y a
3
XY 2aY 2

+ 1
18a

2
X2Y aXY 2a2

Y Z +
2
3aX2Y aX3aY 2 + 1

6aX2Y aX3a2
Y Z −

1
9aXY a

2
XY 2aY Z +

2
9a

2
X2Y aXY 2aY 2

+ 2
3aXY aXY 2aX3 − 1

3aXY aXY 2aXZ .

AX2 = 2
27aX2Y a

4
XY 2 −

1
3aX2Y aY 2 − 1

12aX2Y a
2
Y Z +

1
6a

2
X2Y a

2
XY 2 −

1
9aXZa

3
XY 2 −

1
27aY Za

4
XY 2

− 2
9a

2
XY 2aY 2 − 1

72a
2
XY 2a

2
Y Z +

1
6aY ZaY 2 + 1

12aXZaY ZaXY 2 +aX3aX2Y aXY 2 − 1
2aY ZaXY 2aX3

− 1
2aXZaX2Y aXY 2 − 1

6aY Za
2
XY 2aX2Y −

1
3aXY aXY 2 −aX2+

3
2a

2
X3 +

2
243a

6
XY 2 +

1
8a

2
XZ +

1
24a

3
Y Z

+ 1
2aZ +

2
9aX3a3

XY 2 −
3
2aX3aXZ .

A0 =
2

243a
3
X2Y a

6
XY 2 −

1
8aX3a2

XZaY ZaXY 2 − 1
72aX3aXZa

2
XY 2a

2
Y Z +

7
108aXZa

2
X2Y a

3
XY 2aY Z

+ 1
9aXZa

2
X2Y aXY 2aY 2 + 1

36aXZa
2
X2Y aXY 2a2

Y Z +
1
18aY Za

2
XY 2a

2
X2Y aY 2 − 2

9aX3a2
X2Y aXY 2aY 2

−1
6aY ZaY 2aZ+

1
3aXaX2Y aXY 2−1

6aXaY ZaXY 2+1
3aY aXY 2aX3+1

9aY a
2
XY 2aX2Y −

1
6aY aXY 2aXZ

− 1
18aY a

2
XY 2aY Z −

1
3aXY aXY 2a2

X3−
4
81aXY aX3a4

XY 2+
1
3aXY aX3aY 2− 1

4a
2
Z +

1
18a

2
X2Y a

2
XY 2aZ

+ 2
27aX3a3

XY 2aZ −
1
72a

2
XY 2a

2
Y ZaZ +

1
6a

2
X3aY ZaY 2 − 1

24a
2
XZaY ZaY 2 − 4

81aX2aX2Y a
4
XY 2

−1
9aX2a2

X2Y a
2
XY 2−

4
27aX2aX3a3

XY 2−
1
36aX2a2

XY 2a
2
Y Z+

7
162aX2Y a

2
XZa

4
XY 2−

2
243aX2Y aXZa

7
XY 2

+ 2
27aX2aXZa

3
XY 2 −

1
12aX2Y a

2
X3a

2
Y Z −

1
3aX2Y a

2
X3aY 2 − 1

432aX2Y a
2
XY 2a

4
Y Z −

1
72a

3
Y Za

2
XY 2aY 2

− 1
864a

5
Y Za

2
XY 2 −

1
108a

3
XY 2a

3
XZ +

2
729a

6
XY 2aZ −

1
96a

2
XZa

3
Y Z −

1
8a

2
XZaZ +

1
9aX3a3

X2Y a
3
XY 2

+ 7
648aX3a3

Y Za
3
XY 2 −

1
18aXZa

3
X2Y a

3
XY 2 +

11
1944aX2Y a

3
Y Za

4
XY 2 +

13
4374aX2Y a

2
Y Za

6
XY 2

− 2
729aX2Y aY Za

8
XY 2 −

1
48aX2Y a

2
XZa

2
Y Z −

1
12aX2Y a

2
XZaY 2 + 1

108a
4
X2Y a

4
XY 2 −

1
9a

2
X3aY Za

4
XY 2

− 1
3a

2
X3aXZa

3
XY 2 +

2
81aX2aY Za

4
XY 2 + aX2aXZaX3 + a3

X3aX2Y aXY 2 − 1
72aXY a

3
Y ZaXY 2

− 1
24aXY aXZa

2
Y Z−

1
24aX2Y a

3
XZaXY 2+7

8a
2
X3a

2
XZ−

3
2aXZa

3
X3+

8
19683aX2Y a

10
XY 2+

2
729a

2
X2Y a

8
XY 2+

3
4a

4
X3−

1
6aXY aXZaY 2− 1

324aXY a
3
XY 2a

2
Y Z−

1
12aXY aXY 2a2

XZ+
7
54aX3a3

XY 2a
2
XZ+

2
81aXY a

3
XY 2aY 2

− 4
2187aXY a

7
XY 2 −

4
729aX2a6

XY 2 −
1
2aY ZaXY 2a3

X3 +
1
24a

2
X3a

3
Y Z +

1
2a

2
X3aZ +

2
243aXY a

5
XY 2aY Z −

4
243aXY aX2Y a

5
XY 2+

2
81aXY a

4
XY 2aXZ+

1
12aXY aX3a2

Y Z−
1
27aXY a

2
X2Y a

3
XY 2−

1
54aY Za

4
XY 2a

3
X2Y −1

108a
3
X2Y a

2
XY 2a

2
Y Z −

1
72aY 2a4

Y Z −
1
18a

2
Y 2a

2
Y Z −

1
12aY a

2
Y Z −

1
3aY aY 2 + 11

324aX3aX2Y a
3
XY 2a

2
Y Z +

7
81aX3a4

XY 2aXZaY Z −
2
27aX3aX2Y a

5
XY 2aY Z +

7
12aX3aX2Y aXY 2a2

XZ −
1
6aX3a2

X2Y a
3
XY 2aY Z −

2
9aX3aX2Y a

4
XY 2aXZ −

1
2aX3a2

X2Y a
2
XY 2aXZ +

7
12a

2
X3aXZaY ZaXY 2 − 1

2a
2
X3aY Za

2
XY 2aX2Y −

1
18aXY aY ZaXY 2aY 2− 3

2a
2
X3aXZaX2Y aXY 2+ 2

81aY a
4
XY 2−

1
2aXaXZ+

2
27aXa

3
XY 2−

1
24a

3
Y ZaZ+

aXaX3+ 4
243a

4
XY 2a

2
Y 2+

1
36aXY aX2Y aXY 2a2

Y Z−
1
18aXY aXZa

2
XY 2aY Z+

1
9aXY aX2Y a

2
XY 2aXZ+

1
27aXY aX2Y a

3
XY 2aY Z +

1
9aXY aX2Y aXY 2aY 2 + 1

3aXY aX3aXY 2aXZ +
1
9aXY aX3a2

XY 2aY Z +
1
3aX2aY ZaXY 2aX3 + 1

9aX2aY Za
2
XY 2aX2Y − 2

3aX2aX3aX2Y aXY 2 − 2
9aXY aX3a2

XY 2aX2Y −
1
27aXZa

3
XY 2aY ZaY 2 − 1

18aXY 2aXZaY 2a2
Y Z +

1
18aXY 2aX3aY 2a2

Y Z −
1
12aXZaY ZaXY 2aZ

+ 1
3aX3aX2Y aXY 2aZ +

1
3aX2aXZaX2Y aXY 2 − 1

6aX2aXZaY ZaXY 2 + 1
648aX2Y aXZa

2
Y Za

3
XY 2 −

1
27aXZa

2
X2Y a

5
XY 2 −

1
8aX3a3

XZ + 4
177147a

12
XY 2 +

8
6561aX3a9

XY 2 −
1
64a

4
XZ − 1

18a
2
XY 2a

2
XZaY 2 +

2
81a

2
X3a

6
XY 2 −

1
486a

4
XY 2aY 2a2

Y Z +
14

2187a
6
XY 2aY ZaY 2 − 1

972a
5
XY 2aXZa

2
Y Z −

1
864a

6
Y Z

− 2
81aX3a6

XY 2aXZ −
1

108a
4
XY 2a

2
XZaY Z −

5
288a

2
XY 2a

2
XZa

2
Y Z −

1
18aX3a2

X2Y aXY 2a2
Y Z

+ 5
486aX3a5

XY 2a
2
Y Z −

2
243aX3a7

XY 2aY Z −
1
81aY Za

6
XY 2a

2
X2Y −

1
24aX2Y a

2
XZaY Za

2
XY 2

+ 7
243aX2Y aXZaY Za

5
XY 2 −

16
81aX2Y aX3a3

XY 2aY 2 + 1
108aX2Y a

2
XY 2a

2
Y ZaY 2

+ 10
243aX2Y aY Za

4
XY 2aY 2 + 2

9a
2
X3aX2Y a

4
XY 2 −

10
243a

2
X2Y a

4
XY 2aY 2 + 4

243a
5
XY 2aXZaY 2

+ 7
2187a

7
XY 2aXZaY Z+

4
243aX3aX2Y a

7
XY 2+

2
27aX3a2

X2Y a
5
XY 2+

2
9a

3
X3a

3
XY 2−

1
144aXY 2aXZa

4
Y Z+
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4. Deformations and quiver representations

2
9aXY 2aX3a2

Y 2 −
2
27a

3
Y 2 −

1
9aXY 2aXZa

2
Y 2 −

28
2187aX2Y a

6
XY 2aY 2 − 1

4aX2a2
XZ − aX2a2

X3

+ 2
27aX2Y a

2
XY 2a

2
Y 2 −

5
5184a

4
XY 2a

4
Y Z − 4

6561a
9
XY 2aXZ − 8

243aX3a5
XY 2aY 2 − 4

19683a
10
XY 2aY Z −

8
6561a

8
XY 2aY 2 + 5

13122a
8
XY 2a

2
Y Z +

8
81aX3a3

XY 2aY ZaY 2 + 2
9aX3a2

XY 2aXZaY 2

+ 8
81aX2Y aXZa

3
XY 2aY 2 + 1

12aX2Y aXZaX3a2
Y Z +

1
3aX2Y aXZaX3aY 2 + 1

18aX2Y a
3
Y ZaXY 2aX3 −

1
72aX2Y aXZa

3
Y ZaXY 2 − a0 +

7
1458a

6
XY 2a

2
XZ +

7
72a

2
XZa

2
X2Y a

2
XY 2 +

1
72a

3
Y Za

2
XY 2a

2
X2Y

+ 7
1944a

2
Y Za

4
XY 2a

2
X2Y −

2
9a

2
XY 2a

2
X3aY 2− 1

48a
3
XZaY ZaXY 2+ 2

81aX2Y a
4
XY 2aZ−

1
27aY Za

2
XY 2a

2
Y 2−

1
144aXZa

3
XY 2a

3
Y Z +

1
2a

2
X3a

2
X2Y a

2
XY 2 +

5
72a

2
X3a

2
XY 2a

2
Y Z −

1
27a

3
X2Y a

2
XY 2aY 2 + 5

8748a
6
XY 2a

3
Y Z +

2
9aX2Y aY ZaXY 2aX3aY 2 − 1

18aX2Y aXZaY ZaXY 2aY 2 + 7
18aX3aX2Y a

2
XY 2aXZaY Z .

According to Subsection 4.1.2, there is an isomorphism

τ ∶ Z
≅
Ð→ h

(µ0, µ1, µ2, µ3Id2, µ4Id2, µ5Id2, µ6Id3) ↦ h with αi(h) = −µi,∀0 ≤ i ≤ 6

with h a Cartan subalgebra of the simple Lie algebra of type E6. Hence an element µ ∈ Z
can be identified with ∑6

i=1 −µiΛ∨
i , with (Λ∨

i )1≤i≤6 being the fundamental coweights, i.e.
the dual base of the simple roots (αi)1≤i≤6 of the root system of type E6.
It is known that the Weyl group W is generated by the rα∨j ’s, with

rα∨j (Λ
∨
i ) = Λ∨

i −
2(Λ∨

i , α
∨
j )

(α∨j , α
∨
j )

α∨j ,

= ⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Λ∨
i if i ≠ j,

Λ∨
i − α

∨
i if i = j,

for 1 ≤ j ≤ 6. It is also known that α∨i = ∑6
j=1 cijΛ∨

j with c =

⎛
⎜
⎜
⎜
⎜
⎜
⎝

2 0 0 −1 0 0
0 2 0 0 −1 0
0 0 2 0 0 −1
−1 0 0 2 0 −1
0 −1 0 0 2 −1
0 0 −1 −1 −1 2

⎞
⎟
⎟
⎟
⎟
⎟
⎠

the Cartan matrix of type E6 according to our labelling of the vertices. Therefore one
can write

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α∨1 = 2Λ∨
1 −Λ∨

4 ,

α∨2 = 2Λ∨
2 −Λ∨

5 ,

α∨3 = 2Λ∨
3 −Λ∨

6 ,

α∨4 = −Λ∨
1 + 2Λ∨

4 −Λ∨
6 ,

α∨5 = −Λ∨
2 + 2Λ∨

5 −Λ∨
6 ,

α∨6 = −Λ∨
3 −Λ∨

4 −Λ∨
5 + 2Λ∨

6 .
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4.3. Deformations of inhomogeneous simple singularities

A computation gives us the action of the generators of W on h : rα∨1 ∶

⎛
⎜
⎜
⎜
⎜
⎜
⎝

µ1
µ2
µ3
µ4
µ5
µ6

⎞
⎟
⎟
⎟
⎟
⎟
⎠

↦

⎛
⎜
⎜
⎜
⎜
⎜
⎝

−µ1
µ2
µ3

µ1 + µ4
µ5
µ6

⎞
⎟
⎟
⎟
⎟
⎟
⎠

,

rα∨2 ∶

⎛
⎜
⎜
⎜
⎜
⎜
⎝

µ1
µ2
µ3
µ4
µ5
µ6

⎞
⎟
⎟
⎟
⎟
⎟
⎠

↦

⎛
⎜
⎜
⎜
⎜
⎜
⎝

µ1
−µ2
µ3
µ4

µ2 + µ5
µ6

⎞
⎟
⎟
⎟
⎟
⎟
⎠

, rα∨3 ∶

⎛
⎜
⎜
⎜
⎜
⎜
⎝

µ1
µ2
µ3
µ4
µ5
µ6

⎞
⎟
⎟
⎟
⎟
⎟
⎠

↦

⎛
⎜
⎜
⎜
⎜
⎜
⎝

µ1
µ2
−µ3
µ4
µ5

µ3 + µ6

⎞
⎟
⎟
⎟
⎟
⎟
⎠

, rα∨4 ∶

⎛
⎜
⎜
⎜
⎜
⎜
⎝

µ1
µ2
µ3
µ4
µ5
µ6

⎞
⎟
⎟
⎟
⎟
⎟
⎠

↦

⎛
⎜
⎜
⎜
⎜
⎜
⎝

µ1 + µ4
µ2
µ3
−µ4
µ5

µ4 + µ6

⎞
⎟
⎟
⎟
⎟
⎟
⎠

, rα∨5 ∶

⎛
⎜
⎜
⎜
⎜
⎜
⎝

µ1
µ2
µ3
µ4
µ5
µ6

⎞
⎟
⎟
⎟
⎟
⎟
⎠

↦

⎛
⎜
⎜
⎜
⎜
⎜
⎝

µ1
µ2 + µ5
µ3
µ4
−µ5

µ5 + µ6

⎞
⎟
⎟
⎟
⎟
⎟
⎠

and rα∨6 ∶

⎛
⎜
⎜
⎜
⎜
⎜
⎝

µ1
µ2
µ3
µ4
µ5
µ6

⎞
⎟
⎟
⎟
⎟
⎟
⎠

↦

⎛
⎜
⎜
⎜
⎜
⎜
⎝

µ1
µ2

µ3 + µ6
µ4 + µ6
µ5 + µ6
−µ6

⎞
⎟
⎟
⎟
⎟
⎟
⎠

.

Using a computer software (in our case Maple 2015) one can explicitly verify that
the coefficients A0,AX ,AY ,AX2 ,AXY ,AX2Y are invariant by the rα∨j ’s and are thus
W -invariant. They can then be expressed using the flat coordinates defined in Subsec-
tion 4.3.5.4. As the coefficients and the flat coordinates are homogeneous, the relations
have to homogeneous as well.

According to our indexation of the vertices of the Dynkin diagram, the expressions of
the fundamental weights, i.e. the duals of the coweights, are given below (cf. [Bou68]):

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Λ1 =
1
3(4α1 + 2α2 + 3α3 + 5α4 + 4α5 + 6α6),

Λ2 =
1
3(2α1 + 4α2 + 3α3 + 4α4 + 5α5 + 6α6),

Λ3 = α1 + α2 + 2α3 + 2α4 + 2α5 + 3α6,

Λ4 =
1
3(5α1 + 4α2 + 6α3 + 10α4 + 8α5 + 12α6),

Λ5 =
1
3(4α1 + 5α2 + 6α3 + 8α4 + 10α5 + 12α6),

Λ6 = 2α1 + 2α2 + 3α3 + 4α4 + 5α5 + 6α6.

Therefore it follows that
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4. Deformations and quiver representations

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Λ1 = (−
√

6
6 ,
√

2
2 ,
√

6
6 ,−

√
2

2 ,0,0)
T ,

Λ2 = (0,0,
√

6
6 ,−

√
2

2 ,−
√

6
6 ,
√

2
2 )T ,

Λ3 = (0,0,0,−
√

2,0,0)T ,

Λ4 = (−
√

6
3 ,0,

√
6

3 ,−
√

2,0,0)T ,

Λ5 = (0,0,
√

6
3 ,−

√
2,−

√
6

3 ,0)
T ,

Λ6 = (0,0,
√

6
2 ,−

3√
2 ,0,0)

T .

So if one writes (x1, y1, . . . , y3)
T = ∑6

i=1 λiΛi, one finds

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1 = −
√

6
6 λ1 −

√
6

3 λ4,

y1 =
√

2
2 λ1,

x2 =
√

6
6 λ1 +

√
6

6 λ2 +
√

6
3 λ4 +

√
6

3 λ5 +
√

6
2 λ6,

y2 = −
√

2
2 λ1 −

√
2

2 λ2 −
√

2λ3 −
√

2λ4 −
√

2λ5 −
3√
2λ6,

x3 = −
√

6
6 λ2 −

√
6

3 λ5,

y3 =
√

2
2 λ2.

Using the isomorphism τ , it follows that µi = −λi for any 1 ≤ i ≤ 6, and thus the
coefficients of the equation can be expressed with the flat coordinates:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A0 =
1

576(ψ12(µ) −
1
8ψ8(µ)ψ2(µ)

2 − 1
8ψ6(µ)

2 + 1
96ψ6(µ)ψ2(µ)

3 − ψ5(µ)
2ψ2(µ)),

AX =
√

6
144(−ψ9(µ) +

1
4ψ5(µ)ψ2(µ)

2),

AY = 1
48(−ψ8(µ) +

1
4ψ6(µ)ψ2(µ) −

1
192ψ2(µ)

4),

AX2 = 1
48(ψ6(µ) −

1
8ψ2(µ)

3),

AXY = 1
2
√

6ψ5(µ),

AX2Y = −1
4ψ2(µ).

Hence
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4.3. Deformations of inhomogeneous simple singularities

µ−1
C (Z)//G(Γ)

= {(X,Y,Z,µ1, . . . , µ6) ∣ − 1
4X

4 + Y 3 +Z2 − 1
4ψ2(µ)X

2Y + 1
2
√

6ψ5(µ)XY

+ 1
48(ψ6(µ) −

1
8ψ2(µ)

3)X2 + 1
48(−ψ8(µ) +

1
4ψ6(µ)ψ2(µ) −

1
192ψ2(µ)

4)Y

+
√

6
144(−ψ9(µ) +

1
4ψ5(µ)ψ2(µ)

2)X

+ 1
576(ψ12(µ) −

1
8ψ8(µ)ψ2(µ)

2 − 1
8ψ6(µ)

2 + 1
96ψ6(µ)ψ2(µ)

3 − ψ5(µ)
2ψ2(µ)) = 0}.

Set

XΓ = {(X,Y,Z, t2, t5, t6, t8, t9, t12) ∈ C3 × h/W ∣ − 1
4X

4 + Y 3 +Z2 − 1
4 t2X

2Y + 1
2
√

6 t5XY

+ 1
48(t6 −

1
8 t

3
2)X

2 + 1
48(−t8 +

1
4 t6t2 −

1
192 t

4
2)Y +

√
6

144(−t9 +
1
4 t5t

2
2)X

+ 1
576(t12 −

1
8 t8t

2
2 −

1
8 t

2
6 +

1
96 t6t

3
2 − t

2
5t2) = 0}.

We have π ∶ h → h/W
(µ1, . . . , µ6) ↦ (ψ2(µ), ψ5(µ), ψ6(µ), ψ8(µ), ψ9(µ), ψ12(µ))

(as Z ≅ h

and (µ1, . . . , µ6) are coordinates on Z, we use the same coordinates on h) and
α ∶ XΓ → h/W

(X,Y,Z, t2, t5, t6, t8, t9, t12) ↦ (t2, t5, t6, t8, t9, t12)
.

Then
XΓ ×h/W h

= {((X,Y,Z, t2, t5, t6, t8, t9, t12), (µ1, . . . , µ6)) ∈X × h ∣ α(X,Y,Z, ti) = π(µ1, . . . , µ6)},

= {(X,Y,Z, ti, µj) ∣ t2 = ψ2(µ), t5 = ψ5(µ), t6 = ψ6(µ), t8 = ψ8(µ), t9 = ψ9(µ), t12 = ψ12(µ),

and − 1
4X

4 + Y 3 +Z2 − 1
4 t2X

2Y + 1
2
√

6 t5XY + 1
48(t6 −

1
8 t

3
2)X

2 + 1
48(−t8 +

1
4 t6t2 −

1
192 t

4
2)Y

+
√

6
144(−t9 +

1
4 t5t

2
2)X + 1

576(t12 −
1
8 t8t

2
2 −

1
8 t

2
6 +

1
96 t6t

3
2 − t

2
5t2) = 0},

= µ−1
C (Z)//G(Γ).

Finally we obtain

XΓ ×h/W h XΓ

h/Wh

Ψ

α̃

π

α↻
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4. Deformations and quiver representations

with α being a semiuniversal deformation of XΓ,0 ∶= α
−1(0) = {(X,Y,Z) ∈ C3 ∣ − 1

4X
4+

Y 3 +Z2 = 0}, which is an E6 singularity.

Finally our pullback diagram is Ω-equivariant with the natural action on the singu-
larity, so the restriction αΩ ∶XΓ,Ω → (h/W )Ω of α is Ω-invariant and

(αΩ)−1(0) = α−1(0)⋂XΓ,Ω because 0 ∈ (h/W )Ω,

=XΓ,0⋂XΓ,Ω,

=XΓ,0 because XΓ,0 ⊂ XΓ,Ω.

Therefore αΩ is a semiuniversal deformation of type (E6,Z/2Z) = F4 as expected from
Theorem 4.3.1.

4.4. Quotient of the inhomogeneous singularity (C2/Γ, Ω) by Ω

4.4.1. Objectives

It was shown in the previous section that the restriction αΩ ∶= α∣α−1((h/W )Ω) ∶ XΓ,Ω →

(h/W )Ω over the fixed points (h/W )Ω of a semiuniversal deformation of the singularity
C2/Γ is a semiuniversal deformation of the inhomogeneous singularity of type ∆(Γ,Γ′)
and is thus Ω-invariant. Hence Ω acts on each fiber of αΩ and the fibers can be quotiented.
It is known that (αΩ)−1(0) =X0 = C2/Γ. Hence the fiber above the origin of the quotient
map is also a Kleinian singularity. Indeed, (αΩ)−1(0)/Ω = X0/Ω ≅ (C2/Γ)/(Γ′/Γ) ≅

C2/Γ′. As Γ′ is a finite subgroup of SU2, C2/Γ′ is a Kleinian singularity. Therefore the
family given by the quotient map αΩ ∶XΓ,Ω/Ω→ (h/W )Ω is a deformation of the simple
singularity C2/Γ′.

With Proposition 1.4.23, P. Slodowy described the singularities in the fibers around
the special fiber C2/Γ in terms of subdiagrams of the Dynkin diagram of type ∆(Γ)

when C2/Γ is of homogeneous type. Furthermore, he gave a relation mentioned in
Remark 1.4.50 between (h/W )Ω and a quotient h0/W0. This raises two questions:

1. how is the map αΩ related with the semiuniversal deformation of type C2/Γ′, and
how to describe the base space (h/W )Ω using a Cartan subalgebra and a Weyl
group of type ∆(Γ′)?

2. can we describe the singularities in the neighbouring fibers of C2/Γ′ in terms of
sub-root systems of the root system of type ∆(Γ′), like P. Slodowy did for the
homogeneous case?
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω

The content of Section 4.4 is only a first step in the search for answers to the previous
questions. In order to investigate the nature and the regularity of the fibers of the
quotient of a semiuniversal deformation of a simple singularity of inhomogeneous type,
we use an explicit realization of the map αΩ ∶ XΓ,Ω → (h/W )Ω given in the previous
section. The quotient map αΩ is computed for the cases (A2r−1,Z/2Z), (D4,Z/2Z),
(D4,S3) and (E6,Z/2Z). In particular, when the original singularity C2/Γ is of type A3
or D4, one notices that every fiber of the map αΩ is singular.

4.4.2. Case (A2r−1, Z/2Z)

We have Γ = C2r and Γ′ = Dr. In Subsection 4.3.6, a semiuniversal deformation
of type (A2r−1,Z/2Z) was computed. It is the projection αΩ ∶ XΓ,Ω → (h/W )Ω with

XΓ,Ω = {(x, y, z, t2,0, t4,0, . . . , t2r) ∈ C3 × h/W ∣ z2r +
r

∑
i=1
f2i(t2, . . . , t2r)z

2(r−i) = xy} with

the same notations as in Subsection 4.3.6. The morphism αΩ is Ω-invariant and thus
Ω acts on every fiber of αΩ. The purpose of this subsection is to compute the quotient
morphism αΩ ∶XΓ,Ω/Ω→ (h/W )Ω, and study its nature.

4.4.2.1. The morphism αΩ ∶XΓ,Ω/Ω→ (h/W )Ω

The action of Ω = Γ′/Γ = Z/2Z =< σ > on XΓ,Ω is
σ.(x, y, z, t2,0, t4, . . . ,0, t2r) = ((−1)ry, (−1)rx,−z, t2,0, t4, . . . ,0, t2r). Let us compute the
Ω-invariant polynomial ring of the coordinate ring of XΓ,Ω.

Set p ∈ C[XΓ,Ω]. Then p = p(x, y, z, t2, t4, .., t2r) and σ.p = p((−1)ry, (−1)rx,−z, t2, t4,
. . . , t2r). As the t2k, 1 ≤ k ≤ r, are invariant by the action of Ω on p, they can be treated
as constants and will be omitted in order to simplify the notations.
We can write p = p0(x, y) + p1(x, y)z + p2(x, y)z

2 + . . . + pn(x, y)z
n = ∑nk=0 pk(x, y)z

k ∈

C[x, y][z] with the pi’s being polynomials in x and y. Let us assume that p is Ω-invariant.
Then

σ.p = p0((−1)ry, (−1)rx) − p1((−1)ry, (−1)rx)z + . . . + (−1)npn((−1)ry, (−1)rx)zn,
= p,
= p0(x, y) + p1(x, y)z + p2(x, y)z

2 + . . . + pn(x, y)z
n.
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By identification, one obtains
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p0((−1)ry, (−1)rx) = p0(x, y),

p1((−1)ry, (−1)rx) = −p1(x, y),

p2((−1)ry, (−1)rx) = p2(x, y),

⋮

pn((−1)ry, (−1)rx) = (−1)npn(x, y).

Assume r to be even. Then the system of equations becomes

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p0(y, x) = p0(x, y),

p1(y, x) = −p1(x, y),

p2(y, x) = p2(x, y),

⋮

pn(y, x) = (−1)npn(x, y).

It follows that pi is symmetric in (x, y) if i is even and skew-symmetric otherwise. The
polynomial p can be rewritten in the following form

p = p0(x, y)
´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶
symmetric

+z2 p2(x, y)
´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶
symmetric

+ . . . + z p1(x, y)
´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶

skew-symmetric

+z3 p3(x, y)
´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶

skew-symmetric

+ . . .

However it is known that a skew-symmetric polynomial in two variables can be writ-
ten (x − y)sym(x, y) where sym(x, y) is some symmetric polynomial. Hence p can be
expressed as

p = sym0(x, y) + z
2sym2(x, y) + . . . + z(x − y)sym1(x, y) + z

2z(x − y)sym3(x, y) + . . .

Therefore any Ω-invariant polynomial is generated by z2, z(x − y) and symmetric poly-
nomials in (x, y). It is also known that the latters are generated by (x+ y) and xy. The
converse is trivial and we have proved

C[XΓ,Ω]Ω =

C[z2, z(x − y), x + y, xy, t2, . . . , t2r]/(z
2r + f2(t2, . . . , t2r)z

2r−2 + . . . f2r(t2, . . . , t2r) = xy).

Set X = x + y, Y = xy,Z = z2 and W = iz(x − y). The relation between these variables
is X2Z +W 2 = 4ZY . This implies that the coordinate ring of our quotient space is given
by
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C[XΓ,Ω]Ω = C[X,Z,W, t2, . . . , t2r]/(Z(X2 − 4Zr) +W 2 − 4f2(t2, . . . , t2r)Z
r −

4f4(t2, . . . , t2r)Z
r−1 − . . . − 4f2r(t2, . . . , t2r)Z = 0).

and thus

XΓ,Ω/Ω = {(X,Z,W, t2, . . . , t2r) ∈ C3 × (h/W )Ω ∣ Z(X2 − 4Zr) +W 2

−4f2(t2, . . . , t2r)Z
r − 4f4(t2, . . . , t2r)Z

r−1 − . . . − 4f2r(t2, . . . , t2r)Z = 0}.

The quotient of the map αΩ is then αΩ ∶ XΓ,Ω/Ω → (h/W )Ω

(X,Z,W, t2, . . . , t2r) ↦ (0, t2,0, . . .0, t2r)

,

which is a deformation of (αΩ)−1(0) = {(X,Z,W ) ∈ C3 ∣ Z(X2 − 4Zr) +W 2 = 0}. It is
a Dr+2 singularity. However, the deformation αΩ is not semiuniversal. Indeed, accord-
ing to Theorem 1.4.15, the base space of a semiuniversal deformation of type Dr+2 is
hDr+2/WDr+2 , which is of dimension r+2. But our base space is (h/W )Ω and of dimension
r < r + 2. Hence the deformation cannot be semiuniversal.

We now assume that r is odd. Then for p = ∑nk=0 pk(x, y)z
k ∈ C[x, y][z] Ω-invariant,

we have

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p0(−y,−x) = p0(x, y),

p1(−y,−x) = −p1(x, y),

⋮

pn(−y,−x) = (−1)npn(x, y).

p0(−y,−x) = p0(x, y), so p0(y, x) = p0(−x,−y). We write p0(x, y) = p0(x, y)even +
p0(x, y)odd the decomposition of p0 in a sum of monomial factors of even degrees and
a sum of monomial factors of odd degrees. Then p0(y, x) = p0(y, x)even + p0(y, x)odd =
p0(−x,−y) = p0(x, y)even−p0(x, y)odd. Therefore the even part is symmetric and the odd
part is skew-symmetric. So p0(x, y) = symmetric of even degree + skew-symmetric of
odd degree. All pi, with i even, can be expressed in a similar fashion.

We have p1(x, y) = p1(x, y)even + p1(x, y)odd the decomposition of p1. As p1(−y,−x) =
−p1(x, y), we get that p1(x, y) = skew-symmetric of even degree + symmetric of odd
degree. All pi, with i odd, have a similar decomposition.

Then if p is Ω-invariant, we have p(x, y) = sym(x, y)even + skew-sym(x, y)odd
+ z(skew-sym(x, y)even + sym(x, y)odd)+ z

2(sym(x, y)even + skew-sym(x, y)odd)+ . . .. But
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we know that skew-sym(x, y)odd = (x − y)sym(x, y)even and skew-sym(x, y)even = (x −
y)sym(x, y)odd. Then p(x, y) = sym(x, y)even+(x−y)sym(x, y)even+z((x−y)sym(x, y)odd+
sym(x, y)odd) + z

2(sym(x, y)even + (x − y)sym(x, y)even) + . . .
We deduce that p is generated x − y, xy, z2, z(x + y) and the t2k, 1 ≤ k ≤ r. Hence

C[XΓ,Ω]Ω = C[x − y, xy, z2, z(x + y), t2, . . . , t2r]/(z
2r + f2(t2, . . . , t2r)z

2r−2

+ . . . + f2r(t2, . . . , t2r) = xy).

Set Z = z2,X = x − y, Y = xy and W = iz(x + y). We have the relation W 2 + ZX2 =

−4Y Z. As we did when r was even, we show that

C[XΓ,Ω]Ω = C[X,Z,W, ti]/(X
2Z +W 2 =

−4Z(Zr + f2(t2, . . . , t2r)Z
r−1 + . . . + f2r(t2, . . . , t2r))).

We deduce that

XΓ,Ω/Ω = {(X,Z,W, t2, . . . , t2r) ∈ C3 × (h/W )Ω ∣ Z(X2 + 4Zr) +W 2

+4f2(t2, . . . , t2r)Z
r + 4f4(t2, . . . , t2r)Z

r−1 . . . + 4f2r(t2, . . . , t2r)Z = 0}.

The quotient αΩ is then αΩ ∶ XΓ,Ω/Ω → (h/W )Ω

(X,Z,W, t2, . . . , t2r) ↦ (0, t2,0, . . .0, t2r)

, which is

a deformation of αΩ−1
(0) = {(X,Z,W ) ∈ C3 ∣ Z(X2 + 4Zr) +W 2 = 0}. It is a Dr+2

singularity. With the same argument as when r is even, the deformation cannot be
semiuniversal.

4.4.2.2. Example: regularity of the fiber of αΩ when r = 2

We look at the regularity of XΓ,Ω and XΓ,Ω/Ω on an example. Set r = 2. Then

XΓ,Ω = {(x, y, z, t2, t4) ∈ C3 × h/W ∣ z4 + f2(t2, t4)z
2 + f4(t2, t4) = xy},

XΓ,Ω/Ω = {(X,Z,W, t2, t4) ∈ C3 × (h/W )Ω ∣ Z(X2 − 4Z2) +W 2 − 4f2(t2, t4)Z
2

−4f4(t2, t4)Z = 0}.

220
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For a fiber inXΓ,Ω other than (αΩ)−1(0) to be singular, it requires 16f4(t2, t4)(f2(t2, t4)
2−

4f4(t2, t4))
2 = 0⇔ f4(t2, t4) = 0 or f2(t2, t4)

2 = 4f4(t2, t4).
● If f4(t2, t4) = t4 +

1
8 t

2
2 = 0 then (t2, t4) = (t2,−

1
8 t

2
2) and (αΩ)−1(t2,−

1
8 t

2
2) is singular

at the origin.
● If f2(t2, t4)

2 = t22 = 4f4(t2, t4) = 4(t4+1
8 t

2
2), then (t2, t4) = (t2,

1
8 t

2
2) and (αΩ)−1(t2,

1
8 t

2
2)

is singular.

In XΓ,Ω/Ω, for any fiber (αΩ)−1(t2, t4), the point (X,W,Z) = (±2
√
f4(t2, t4),0,0) is a

singular point. Hence all fibers of αΩ are singular. We have proved the next proposition.

Proposition 4.4.1. Every fiber of the deformation αΩ ∶ XΓ,Ω/Ω → (h/W )Ω of type D4
is singular.

4.4.3. Case (D4, Z/2Z)

We have Γ = D2 and Γ′ = D4 and Ω = Γ′/Γ = Z/2Z =< σ >. In Subsection 4.3.7,
a semiuniversal deformation of type (D4,Z/2Z) was computed. It is the projection
αΩ ∶ XΓ,Ω → (h/W )Ω with XΓ,Ω = {(x, y, z, t2, t4, t6,0) ∈ C3 × h/W ∣ z2 = xy(x + y) −
1
2 t2xy −

1
4 t4x+

1
4(t6 +

1
6 t2t4 +

1
108 t

3
2)} with the same notations as in Subsection 4.3.7. The

morphism αΩ is Ω-invariant and thus Ω acts on every fiber of αΩ. The purpose of this
subsection is to compute the quotient morphism αΩ ∶ XΓ,Ω/Ω → (h/W )Ω, and study its
nature.

4.4.3.1. The morphism αΩ ∶XΓ,Ω/Ω→ (h/W )Ω

We obtained in Subsection 4.3.7 the following relations:

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

σ.x = x,
σ.y = −x − y + 1

2 t2,
σ.z = −z,
σ.ti = ti, i = 2,4,6.

The relations imply that Cx⊕Cy⊕Cz⊕Ct2 is a C-vector space on which Ω acts linearly.
The eigenvalues of σ are −1 and 1. Set y′ = 1

2x + y −
1
4 t2 and then σ.y′ = −y′. With this

change of variable, one has XΓ,Ω = {(x, y, z, t2, t4, t6,0) ∈ C3 × h/W ∣ z2 = xy(x + y)
1
2 t2xy −

1
4 t4x +

1
4(t6 +

1
6 t2t4 +

1
108 t

3
2)},

= {(x, y′, z, t2, t4, t6,0) ∈ C3 × h/W ∣ z2 = 1
4 t6 +

1
24 t2t4

+ 1
432 t

3
2 + (− 1

16 t
2
2 −

1
4 t4)x −

1
4x

3 + 1
4 t2x

2 + x(y′)2}.
and
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4. Deformations and quiver representations

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

σ.x = x,
σ.y′ = −y′,
σ.z = −z.
σ.ti = ti, i = 2,4,6.

Let p ∈ C[XΓ,Ω]Ω. As x and the ti’s are not altered by σ, we omit them from the notation.
We have σ.p(y′, z) = p(−y′,−z) = p(y′, z). It is then clear that p is generated by y′2, z2

and y′z. So C[x, y, z, t2, t4, t6]
Ω = C[x, y′, z, t2, t4, t6]

Ω = C[x, y′2, z2, y′z, t2, t4, t6].
Set X = x,Y = y′2, Z = z2 and W = y′z. The equations between the invariants are

{
Z = 1

4 t6 +
1
24 t2t4 +

1
432 t

3
2 + (− 1

16 t
2
2 −

1
4 t4)X − 1

4X
3 + 1

4 t2X
2 +XY,

Y Z = W 2,

hence W 2 = (1
4 t6 +

1
24 t2t4 +

1
432 t

3
2)Y + (− 1

16 t
2
2 −

1
4 t4)XY − 1

4X
3Y + 1

4 t2X
2Y +XY 2. We

finally obtain

C[XΓ,Ω]Ω = C[X,Y,W, t2, t4, t6]/((
1
4 t6 +

1
24 t2t4 +

1
432 t

3
2)Y + (− 1

16 t
2
2 −

1
4 t4)XY

−1
4X

3Y + 1
4 t2X

2Y +XY 2 −W 2),

with X of degree 4, Y of degree 4 and W of degree 6. The ti are of degree 2,4 and 6,
respectively.

With the following substitution: Y → Y + 1
8X

2− 1
8Xt2+

1
32 t

2
2+

1
8 t4, the equation becomes

− 1
64X

5 +XY 2 −W 2 +AX4X4 +AX3X3 +AX2X2 +AXX +AY Y +A0 = 0.

with

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

AX4 = t2
32 ,

AX3 = − 3
128 t

2
2 −

1
32 t4,

AX2 = 7
192 t2t4 +

1
32 t6 +

7
864 t

3
2,

AX = − 1
32 t6t2 −

5
384 t

2
2t4 −

35
27648 t

4
2 −

1
64 t

2
4,

AY = 1
4 t6 +

1
24 t2t4 +

1
432 t

3
2,

A0 =
1

128 t6t
2
2 +

1
32 t6t4 +

11
6912 t

3
2t4 +

1
192 t2t

2
4 +

1
13824 t

5
2.

Hence a fiber of αΩ in XΓ,Ω/Ω is defined by the preceding equation. We notice that it
is a subfamily of the semiuniversal deformation of a D6-singularity. It follows that the
projection
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω

αΩ ∶XΓ,Ω/Ω→ (h/W )Ω

is a deformation of type D6. However it is not semiuniversal. Using Theorem 1.4.15,
one sees that the dimension of the base space of a semiuniversal deformation of a simple
singularity of type D6 is of dimension 6. But we have dim(h/W )Ω = 3. So αΩ is not
semiuniversal.

4.4.3.2. The discriminant of αΩ

Let us determine the discriminant of αΩ, i.e. the elements (t2, t4, t6) ∈ (h/W )Ω such
that the fiber (αΩ)−1(t2, t4, t6) is singular.
The fiber (αΩ)−1(t2, t4, t6) is defined by the equation f(X,Y,Z) = − 1

64X
5 +XY 2 −W 2 +

AX4X4 +AX3X3 +AX2X2 +AXX +AY Y +A0 = 0, with Ai’s depending on the tk’s and
whose expressions we can find above. The fiber is singular if and only if the following
system has a solution:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f(X,Y,Z) = 0,
∂f
∂X (X,Y,Z) = 0,
∂f
∂Y (X,Y,Z) = 0,
∂f
∂Z (X,Y,Z) = 0.

This system leads to the following equations:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

W = 0,

Y 2 = 5
64X

4 − 4AX4X3 − 3AX3X2 − 2AX2X −AX ,

− 3
32X

5 + 5AX4X4 + 4AX3X3 + 3AX2X2 + 2AXX +A0 = 0.

The polynomial equation of degree 5 in X always has a solution Xs because the base
field is C which is algebraically closed. It follows that the second equation has two
solutions: ±Ys, depending on Xs. Hence for any (t2, t4, t6) ∈ (h/W )Ω, there exists
(Xs,±Ys,0) ∈ (αΩ)−1(t2, t4, t6) that is a singularity. We obtained the following result:

Proposition 4.4.2. Every fiber of the deformation αΩ ∶ XΓ,Ω/Ω → (h/W )Ω of type D6
is singular.
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4.4.4. Case (D4,S3)

We have seen that the action of Ω = S3 = ⟨σ, ρ⟩ on µ−1
C (Z)//G(Γ) comes from the

permutations of the vertices 1,3 and 4.
We also have a natural action on h given by α∨1 α∨3 α∨4

ρ

and α∨3 α∨4σ
. We com-

puted in Subsection 4.3.8 that XΓ,Ω = {(x, y, z, t2,0, t6,0) ∈ C3 × h/W ∣ z2 = xy(x + y) −
1
2 t2xy +

1
4(t6 +

1
108 t

3
2)}.

Ω induces a natural action on XΓ,Ω via the permutations σ = (34) and ρ = (134).

4.4.4.1. The morphism αΩ ∶XΓ,Ω/Ω→ (h/W )Ω

In Subsection 4.3.8 we obtained

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

σ.x = x,
σ.y = −x − y + 1

2 t2,
σ.z = −z,
σ.ti = ti, i = 2,6.

and ⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

ρ.x = y,
ρ.y = −x − y + 1

2 t2,
ρ.z = z,
ρ.ti = ti, i = 2,6.

Hence Cx⊕Cy ⊕Ct2 is a C-vector space one which ρ acts linearly. The eigenvalues of ρ
are 1, ω = exp(2iπ

3 ) and ω2. Set

{
X = (−3 − i

√
3)x + (−3 + i

√
3)y + t2,

Y = (−3 + i
√

3)x + (−3 − i
√

3)y + t2.

Then

{
ρ.X = ωX,
ρ.Y = ω2Y,

and ρ fixes z, t2 and t6.

Set p ∈ C[(αΩ)−1(t2, t6)]
Z/3Z = (C[x, y, z, t2, t6]/(−z

2 + xy(x + y) − 1
2 t2xy +

1
4(t6 +

1
108 t

3
2))

Z/3Z = (C[X,Y, z, t2, t6]/(−z
2 − 1

216Y
3 − 1

216X
3 − 1

432 t
3
2 +

1
72XY t2 +

1
4 t6))

Z/3Z. It
follows that ρ.p(X,Y ) = p(ωX,ω2Y ) = p(X,Y ). It is clear that p is generated by X3, Y 3

and XY .
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω

Hence C[(αΩ)−1(t2, t6)]
Z/3Z = C[X3, Y 3,XY, z, t2, t6]/(−z

2 − 1
216Y

3 − 1
216X

3 − 1
432 t

3
2

+ 1
72XY t2 +

1
4 t6)),

= C[X ,Y,W, z, t2, t6]/(−z
2 − 1

216(X + Y + 1
2 t

3
2) +

1
72Wt2

+1
4 t6,XY −W

3).

Now let us look at the action of Z/2Z =< σ > on X ,Y,W, z, t2, t6. We compute that

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

σ.X = Y,
σ.Y = X ,
σ.W =W,
σ.z = −z,
σ.ti = ti, i = 2,6.

Set
{

X = X + Y,
Y = X − Y.

Then C[(αΩ)−1(t2, t3)]
Z/3Z = C[X,Y,W, z, t2, t6]/(−z

2 − 1
216X − 1

432 t
3
2

+ 1
72Wt2 +

1
4 t6,

1
4(X

2 −Y2) −W3).
The action of Z/2Z is given by

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

σ.X = X,
σ.Y = −Y,
σ.W =W,
σ.z = −z
σ.ti = ti, i = 2,6.

Therefore ((C[(αΩ)−1(t2, t6)])
Z/3Z)Z/2Z = C[α−1(t2, t6)]

S3 ,
= C[X,Y2, z2,Yz,W, t2, t6]/(−z

2 − 1
216X − 1

432 t
3
2

+ 1
72Wt2 +

1
4 t6,

1
4(X

2 −Y2) −W3).

We have X = 216(−z2 − 1
432 t

3
2 +

1
72Wt2 +

1
4 t6), thus W

3 = −1
4Y

2 +
t62
16 −

3
4Wt42 + 54t32z2 +

9
4W

2t22 − 324Wt2z
2 − 27

2 t
3
2t6 + 11664z4 + 81Wt2t6 − 5832t6z2 + 729t26.

We then have C[(αΩ)−1(t2, t6)]
S3 = C[Y2, z2,Yz,W, t2, t6]/(P (W,Y, z2)) with

P (W,Y, z2) = −W3 − 1
4Y

2 +
t62
16 −

3
4Wt42 + 54t32z2 + 9

4W
2t22 − 324Wt2z

2 − 27
2 t

3
2t6

+11664z4 + 81Wt2t6 − 5832t6z2 + 729t26.

Set ⎧⎪⎪
⎨
⎪⎪⎩

X =Y2,
Y =Yz,
Z = z2.

Then C(αΩ)−1(t2, t6)]
S3 = C[X,Y,Z,W, t2, t6]/(Q(X,Y,Z),R(X,Y,Z))

with
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Q(X,Y,Z) = −W3 − 1
4X +

t62
16 −

3
4Wt42 + 54t32Z + 9

4W
2t22 − 324Wt2Z − 27

2 t
3
2t6 + 11664Z2

+81Wt2t6 − 5832t6Z + 729t26,
R(X,Y,Z) = XZ − Y 2.

We deduce that C[(αΩ)−1(t2, t6)]
S3 = C[Z,Y,W, t2, t6]/(S(Z,Y,W)), with

S(Z,Y,W) = W3Z + 1
4Y

2 − 11664Z3 − (a1Z + a2Z
2 + bWZ + 9

4 t
2
2W

2Z − 324t2WZ2)

and ⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

a1 =
t62
16 −

27
2 t

3
2t6 + 729t26,

a2 = 54t32 − 5832t6,
b = 81t2t6 − 3

4 t
4
2.

After renaming the variablesX ∶= W, Y ∶= Z, and Z ∶= Y , one finds C[(αΩ)−1(t2, t6)]
S3 =

C[X,Y,Z, t2, t6]/(T (X,Y,Z)), with

T (X,Y,Z) =X3Y − 11664Y 3 + 1
4Z

2 − (a1Y + a2Y
2 + bXY + 9

4 t
2
2X

2Y − 324t2XY 2)

and ⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

a1 =
t62
16 −

27
2 t

3
2t6 + 729t26,

a2 = 54t32 − 5832t6,
b = 81t2t6 − 3

4 t
4
2.

Looking at the degrees of the generators, one finds that

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

X is of degree 4,
Y is of degree 6,
Z is of degree 9,
t2 is of degree 2,
t6 is of degree 6.

In order for our equation to have the form predicted by Theorem 1.4.26, we do the
following substitutions: ⎧⎪⎪⎪

⎨
⎪⎪⎪⎩

X → −(11664)1/9X + 3
4 t

2
2,

Y → −(11664)−1/3Y,
Z → 2Z.

The equation is finally

X3Y + Y 3 +Z2 − 1
36 t211664 4

9XY 2 + 11664 7
9 (− 1

6912 t
4
2 −

1
11664b)XY + 11664 1

3 (− 1
11664a2 +

1
48 t

3
2)Y

2 + 11664 2
3 ( 1

13824 t
6
2 +

1
11664a1 +

1
15552bt

2
2)Y = 0.

Hence a fiber of αΩ in XΓ,Ω/Ω is defined by the preceding equation. We notice that it
is a subfamily of the semiuniversal deformation of an E7-singularity. It follows that the
projection
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αΩ ∶XΓ,Ω/Ω→ (h/W )Ω

is a deformation of type E7. However it is not semiuniversal. Using Theorem 1.4.15,
one sees that the dimension of the base space of a semiuniversal deformation of a simple
singularity of type E7 is 7. But we have dim(h/W )Ω = 2. So αΩ is not semiuniversal.

4.4.4.2. The discriminant of αΩ

Let us determine the discriminant of αΩ, i.e. the elements (t2, t6) ∈ (h/W )Ω such that
the fiber (αΩ)−1(t2, t6) is singular.
The fiber (αΩ)−1(t2, t6) is defined as the zero locus of the function
f(X,Y,Z) = X3Y + Y 3 +Z2 − 1

36 t211664 4
9XY 2 + 11664 7

9 (− 1
6912 t

4
2 −

1
11664b)XY

+11664 1
3 (− 1

11664a2 +
1
48 t

3
2)Y

2 + 11664 2
3 ( 1

13824 t
6
2 +

1
11664a1 +

1
15552bt

2
2)Y.

The fiber is singular if and only if the following system has a solution:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f(X,Y,Z) = 0,
∂f

∂X
(X,Y,Z) = 0,

∂f

∂Y
(X,Y,Z) = 0,

∂f

∂Z
(X,Y,Z) = 0.

If Y ≠ 0, this system leads to the following 2 equations:

{
P (X) = (1458 5

9 8Xt22 + 117t421458 1
9 + 1458 1

9 7776t2t6 − 7776X2)(t221458 5
9 − 216X)2 = 0,

Q(X) = (t221458 5
9 + 648X)(t221458 5

9 − 216X)3 = 0.

We notice that P and Q have a common factor, namely (t221458 5
9 − 216X). But this

factor is a degree 1 polynomial and thus always has a solution. It follows that there
exists Xs such that P (Xs) = Q(Xs) = 0.

If Y = 0, this system leads to the following equation:

R(X) =X3 + 11664 7
9 (− 5

62208 t
4
2 −

1
144 t2t6)X + 11664 2

3 ( 11
373248 t

6
2 +

7
1728 t

3
2t6 + (1/16)t26) = 0.
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The polynomial R is of degree 3 and because the base field is C, which is algebraically
closed, R(X) = 0 always has a solution.

Finally for any (t2, t6) ∈ (h/W )Ω, the fiber (αΩ)−1(t2, t6) has a singularity. We ob-
tained the following result:

Proposition 4.4.3. Every fiber of the deformation αΩ ∶ XΓ,Ω/Ω → (h/W )Ω of type E7
is singular.

4.4.5. Case (E6, Z/2Z)

We have Γ = T and Γ′ = O. In Subsection 4.3.9, a semiuniversal deformation of type
(E6,Z/2Z) was computed. It is the projection αΩ ∶XΓ,Ω → (h/W )Ω with

XΓ,Ω = {(X,Y,Z, t2,0, t6, t8,0, t12) ∈ C3 × h/W ∣ − 1
4X

4 + Y 3 +Z2 − 1
4 t2X

2Y

+ 1
48(t6 −

1
8 t

3
2)X

2 + 1
48(−t8 +

1
4 t6t2 −

1
192 t

4
2)Y + 1

576(t12 −
1
8 t8t

2
2 −

1
8 t

2
6 +

1
96 t6t

3
2) = 0}.

with the same notations as in Subsection 4.3.9. The morphism αΩ is Ω-invariant and
thus Ω acts on every fiber of αΩ. The purpose of this subsection is to compute the
quotient morphism αΩ ∶XΓ,Ω/Ω→ (h/W )Ω, and study its nature.

The action of Ω = Γ′/Γ = Z/2Z =< σ > on XΓ,Ω is

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ.X = −X,

σ.Y = Y,

σ.Z = −Z,

σ.ti = ti, i = 2,6,8,12.

It follows that
C[(αΩ)−1(t2, t6, t8, t12)]

Ω

= C[X2, Z2,XZ,Y, t2, t6, t8, t12]/(−
1
4X

4 + Y 3 +Z2 − 1
4 t2X

2Y + 1
48(t6 −

1
8 t

3
2)X

2

+ 1
48(−t8 +

1
4 t6t2 −

1
192 t

4
2)Y + 1

576(t12 −
1
8 t8t

2
2 −

1
8 t

2
6 +

1
96 t6t

3
2)),

= C[X ,Y,W,Z, t2, t6, t8, t12]/(−
1
4X

2 + Y3 +Z − 1
4 t2XY +

1
48(t6 −

1
8 t

3
2)X

+ 1
48(−t8 +

1
4 t6t2 −

1
192 t

4
2)Y +

1
576(t12 −

1
8 t8t

2
2 −

1
8 t

2
6 +

1
96 t6t

3
2),XZ −W2).
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We deduce that C[(αΩ)−1(t2, t6, t8, t12)]
Ω = C[X ,Y,W, t2, t6, t8, t12]/(R(X ,Y,W)),

with

R(X ,Y,W) = −1
4X

3 + XY3 − 1
4 t2X

2Y + 1
48(t6 −

1
8 t

3
2)X

2 + 1
48(−t8 +

1
4 t6t2 −

1
192 t

4
2)XY

+ 1
576(t12 −

1
8 t8t

2
2 −

1
8 t

2
6 +

1
96 t6t

3
2)X +W2.

After renaming the variables X ∶= X , Y ∶= Y and Z ∶= W, the equation is finally

−1
4X

3 +XY 3 +Z2 − 1
4 t2X

2Y + 1
48(t6 −

1
8 t

3
2)X

2 + 1
48(−t8 +

1
4 t6t2 −

1
192 t

4
2)XY

+ 1
576(t12 −

1
8 t8t

2
2 −

1
8 t

2
6 +

1
96 t6t

3
2)X = 0.

Hence a fiber of αΩ in XΓ,Ω/Ω is defined by the preceding equation. We notice that it
is a subfamily of the semiuniversal deformation of an E7-singularity. It follows that the
projection

αΩ ∶XΓ,Ω/Ω→ (h/W )Ω

is a deformation of type E7. However it is not semiuniversal. Using Theorem 1.4.15,
one sees that the dimension of the base space of a semiuniversal deformation of a simple
singularity of type E7 is 7. But we have dim(h/W )Ω = 4. So αΩ is not semiuniversal.
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Appendix

After computation of the relation between the generators of the coordinate ring of
the invariants of the representation space of the McKay quiver of type Ẽ6 (cf. Subsec-
tion 4.3.9), we obtain the following equation

Y 3 +X2Z +Z2 = aX3X3 + aXY 2XY 2 + aX2YX
2Y + aX2X2 + aY 2Y 2 + aXYXY

+aXZXZ + aY ZY Z + aXX + aY Y + aZZ + a0.

with X = Φ(425) of degree 3, Y = Φ(4252) of degree 4 and Z = Φ(324252) of degree 6.
The coefficients are homogeneous polynomials in µ1, . . . , µ6 and are given below.

aX3 = −2µ1µ2µ4 + 2µ1µ2µ5-4µ1µ4µ5-2µ1µ4µ6 + 2µ1µ
2
5 - 2µ2µ

2
4 + 4µ2µ4µ5 + 2µ2µ5µ6

- 4µ2
4µ5 - 2µ2

4µ6 + 4µ4µ
2
5 + 2µ2

5µ6.

aX = 4µ6
1µ

2
2µ4 - 2µ6

1µ
2
2µ5 + 6µ6

1µ2µ3µ4 - 2µ6
1µ2µ3µ5 + 4µ6

1µ2µ
2
4 + 14µ6

1µ2µ4µ5 +
12µ6

1µ2µ4µ6 - 6µ6
1µ2µ

2
5 - 4µ6

1µ2µ5µ6 + 2µ6
1µ

2
3µ4 + 2µ6

1µ3µ
2
4 + 12µ6

1µ3µ4µ5 + 8µ6
1µ3µ4µ6

- 2µ6
1µ3µ

2
5 + 8µ6

1µ
2
4µ5 + 4µ6

1µ
2
4µ6 + 14µ6

1µ4µ
2
5 + 24µ6

1µ4µ5µ6 + 8µ6
1µ4µ

2
6 - 4µ6

1µ
3
5 -

4µ6
1µ

2
5µ6 - 2µ5

1µ
3
2µ4 + 2µ5

1µ
3
2µ5 + 2µ5

1µ
2
2µ3µ4 + µ5

1µ
2
2µ3µ5 + 28µ5

1µ
2
2µ

2
4 - 21µ5

1µ
2
2µ4µ5

+ 6µ5
1µ

2
2µ4µ6 + 10µ5

1µ
2
2µ

2
5 + 2µ5

1µ
2
2µ5µ6 + 8µ5

1µ2µ
2
3µ4 - µ5

1µ2µ
2
3µ5 + 54µ5

1µ2µ3µ
2
4 -

4µ5
1µ2µ3µ4µ5 + 32µ5

1µ2µ3µ4µ6 + 3µ5
1µ2µ3µ

2
5 - 4µ5

1µ2µ3µ5µ6 + 30µ5
1µ2µ

3
4 + 101µ5

1µ2µ
2
4µ5

+ 100µ5
1µ2µ

2
4µ6 - 51µ5

1µ2µ4µ
2
5 + 32µ5

1µ2µ4µ
2
6 + 16µ5

1µ2µ
3
5 + 6µ5

1µ2µ
2
5µ6 - 4µ5

1µ2µ5µ
2
6 +

4µ5
1µ

3
3µ4 + 24µ5

1µ
2
3µ

2
4 + 16µ5

1µ
2
3µ4µ5 + 22µ5

1µ
2
3µ4µ6 - µ5

1µ
2
3µ

2
5 + 20µ5

1µ3µ
3
4 + 108µ5

1µ3µ
2
4µ5

+ 84µ5
1µ3µ

2
4µ6 - 4µ5

1µ3µ4µ
2
5 + 64µ5

1µ3µ4µ5µ6 + 40µ5
1µ3µ4µ

2
6 + 2µ5

1µ3µ
3
5 - 4µ5

1µ3µ
2
5µ6

+ 60µ5
1µ

3
4µ5 + 30µ5

1µ
3
4µ6 + 101µ5

1µ
2
4µ

2
5 + 200µ5

1µ
2
4µ5µ6 + 72µ5

1µ
2
4µ

2
6 - 34µ5

1µ4µ
3
5 +

64µ5
1µ4µ5µ

2
6 + 24µ5

1µ4µ
3
6 + 8µ5

1µ
4
5 + 4µ5

1µ
3
5µ6 - 4µ5

1µ
2
5µ

2
6 - 3µ4

1µ
4
2µ4 - µ4

1µ
4
2µ5 - 11µ4

1µ
3
2µ3µ4

+ 2µ4
1µ

3
2µ3µ5 - 26µ4

1µ
3
2µ

2
4 - 7µ4

1µ
3
2µ4µ5 - 26µ4

1µ
3
2µ4µ6 - 6µ4

1µ
3
2µ

2
5 + 2µ4

1µ
3
2µ5µ6 - 10µ4

1µ
2
2µ

2
3µ4

+ 5µ4
1µ

2
2µ

2
3µ5 - 6µ4

1µ
2
2µ3µ

2
4 - 44µ4

1µ
2
2µ3µ4µ5 - 43µ4

1µ
2
2µ3µ4µ6 + 11µ4

1µ
2
2µ3µ

2
5 + 15µ4

1µ
2
2µ3µ5µ6

+ 72µ4
1µ

2
2µ

3
4 - 148µ4

1µ
2
2µ

2
4µ5 - 18µ4

1µ
2
2µ

2
4µ6 + 12µ4

1µ
2
2µ4µ

2
5 - 106µ4

1µ
2
2µ4µ5µ6 - 51µ4

1µ
2
2µ4µ

2
6

- 14µ4
1µ

2
2µ

3
5 + 12µ4

1µ
2
2µ

2
5µ6 + 13µ4

1µ
2
2µ5µ

2
6 + 2µ4

1µ2µ
3
3µ5 + 58µ4

1µ2µ
2
3µ

2
4 - 36µ4

1µ2µ
2
3µ4µ5

+ 2µ4
1µ2µ

2
3µ4µ6 + 15µ4

1µ2µ
2
3µ

2
5 + 9µ4

1µ2µ
2
3µ5µ6 + 204µ4

1µ2µ3µ
3
4 - 28µ4

1µ2µ3µ
2
4µ5

+ 204µ4
1µ2µ3µ

2
4µ6 - 66µ4

1µ2µ3µ4µ
2
5 - 149µ4

1µ2µ3µ4µ5µ6 - 2µ4
1µ2µ3µ4µ

2
6 + 18µ4

1µ2µ3µ
3
5 +

45µ4
1µ2µ3µ

2
5µ6 + 15µ4

1µ2µ3µ5µ
2
6 + 94µ4

1µ2µ
4
4 + 282µ4

1µ2µ
3
4µ5 + 336µ4

1µ2µ
3
4µ6

- 288µ4
1µ2µ

2
4µ

2
5 - 72µ4

1µ2µ
2
4µ5µ6 + 164µ4

1µ2µ
2
4µ

2
6 + 38µ4

1µ2µ4µ
3
5 - 162µ4

1µ2µ4µ
2
5µ6
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- 173µ4
1µ2µ4µ5µ

2
6 - 12µ4

1µ2µ4µ
3
6 - 15µ4

1µ2µ
4
5 + 20µ4

1µ2µ
3
5µ6 + 39µ4

1µ2µ
2
5µ

2
6 + 10µ4

1µ2µ5µ
3
6

+ 2µ4
1µ

4
3µ4 + 36µ4

1µ
3
3µ

2
4 + 16µ4

1µ
3
3µ4µ6 + 2µ4

1µ
3
3µ

2
5 + 116µ4

1µ
2
3µ

3
4 + 116µ4

1µ
2
3µ

2
4µ5 +

188µ4
1µ

2
3µ

2
4µ6 - 36µ4

1µ
2
3µ4µ

2
5 + 4µ4

1µ
2
3µ4µ5µ6 + 44µ4

1µ
2
3µ4µ

2
6 + 10µ4

1µ
2
3µ

3
5 + 9µ4

1µ
2
3µ

2
5µ6 +

82µ4
1µ3µ

4
4 + 408µ4

1µ3µ
3
4µ5 + 368µ4

1µ3µ
3
4µ6 - 28µ4

1µ3µ
2
4µ

2
5 + 408µ4

1µ3µ
2
4µ5µ6 + 310µ4

1µ3µ
2
4µ

2
6

- 44µ4
1µ3µ4µ

3
5 - 149µ4

1µ3µ4µ
2
5µ6 - 4µ4

1µ3µ4µ5µ
2
6 + 48µ4

1µ3µ4µ
3
6 + 9µ4

1µ3µ
4
5 + 30µ4

1µ3µ
3
5µ6

+ 15µ4
1µ3µ

2
5µ

2
6 + 188µ4

1µ
4
4µ5 + 94µ4

1µ
4
4µ6 + 282µ4

1µ
3
4µ

2
5 + 672µ4

1µ
3
4µ5µ6 + 264µ4

1µ
3
4µ

2
6

- 192µ4
1µ

2
4µ

3
5 - 72µ4

1µ
2
4µ

2
5µ6 + 328µ4

1µ
2
4µ5µ

2
6 + 156µ4

1µ
2
4µ

3
6 + 19µ4

1µ4µ
4
5 - 108µ4

1µ4µ
3
5µ6 -

173µ4
1µ4µ

2
5µ

2
6 - 24µ4

1µ4µ5µ
3
6 + 16µ4

1µ4µ
4
6 - 6µ4

1µ
5
5 + 10µ4

1µ
4
5µ6 + 26µ4

1µ
3
5µ

2
6 + 10µ4

1µ
2
5µ

3
6 -

2µ3
1µ

5
2µ4 - 10µ3

1µ
4
2µ3µ4 - µ3

1µ
4
2µ3µ5 - 24µ3

1µ
4
2µ

2
4 - 25µ3

1µ
4
2µ4µ5 - 24µ3

1µ
4
2µ4µ6 - 2µ3

1µ
4
2µ5µ6

- 18µ3
1µ

3
2µ

2
3µ4 - 88µ3

1µ
3
2µ3µ

2
4 - 62µ3

1µ
3
2µ3µ4µ5 - 86µ3

1µ
3
2µ3µ4µ6 - 6µ3

1µ
3
2µ3µ

2
5 - 112µ3

1µ
3
2µ

3
4 -

130µ3
1µ

3
2µ

2
4µ5 - 212µ3

1µ
3
2µ

2
4µ6 - 104µ3

1µ
3
2µ4µ

2
5 - 156µ3

1µ
3
2µ4µ5µ6 - 100µ3

1µ
3
2µ4µ

2
6 - 12µ3

1µ
3
2µ

2
5µ6

- 2µ3
1µ

3
2µ5µ

2
6 - 12µ3

1µ
2
2µ

3
3µ4 + 2µ3

1µ
2
2µ

3
3µ5 - 80µ3

1µ
2
2µ

2
3µ

2
4 - 64µ3

1µ
2
2µ

2
3µ4µ5 - 92µ3

1µ
2
2µ

2
3µ4µ6

+ µ3
1µ

2
2µ

2
3µ

2
5 + 12µ3

1µ
2
2µ

2
3µ5µ6 - 80µ3

1µ
2
2µ3µ

3
4 - 394µ3

1µ
2
2µ3µ

2
4µ5 - 372µ3

1µ
2
2µ3µ

2
4µ6

- 140µ3
1µ

2
2µ3µ4µ

2
5 - 352µ3

1µ
2
2µ3µ4µ5µ6 - 222µ3

1µ
2
2µ3µ4µ

2
6 - 14µ3

1µ
2
2µ3µ

3
5 + 4µ3

1µ
2
2µ3µ

2
5µ6 +

22µ3
1µ

2
2µ3µ5µ

2
6 + 80µ3

1µ
2
2µ

4
4 - 554µ3

1µ
2
2µ

3
4µ5 - 240µ3

1µ
2
2µ

3
4µ6 - 261µ3

1µ
2
2µ

2
4µ

2
5 - 960µ3

1µ
2
2µ

2
4µ5µ6

- 464µ3
1µ

2
2µ

2
4µ

2
6 - 206µ3

1µ
2
2µ4µ

3
5 - 376µ3

1µ
2
2µ4µ

2
5µ6 - 424µ3

1µ
2
2µ4µ5µ

2
6 - 174µ3

1µ
2
2µ4µ

3
6

- 28µ3
1µ

2
2µ

3
5µ6 - 6µ3

1µ
2
2µ

2
5µ

2
6 + 12µ3

1µ
2
2µ5µ

3
6 - 2µ3

1µ2µ
4
3µ4 + µ3

1µ2µ
4
3µ5 - 28µ3

1µ2µ
3
3µ4µ5 -

24µ3
1µ2µ

3
3µ4µ6 + 6µ3

1µ2µ
3
3µ

2
5 + 8µ3

1µ2µ
3
3µ5µ6 + 172µ3

1µ2µ
2
3µ

3
4 - 254µ3

1µ2µ
2
3µ

2
4µ5

- 18µ3
1µ2µ

2
3µ

2
4µ6 - 84µ3

1µ2µ
2
3µ4µ

2
5 - 256µ3

1µ2µ
2
3µ4µ5µ6 - 100µ3

1µ2µ
2
3µ4µ

2
6 + 2µ3

1µ2µ
2
3µ

3
5 +

36µ3
1µ2µ

2
3µ

2
5µ6 + 24µ3

1µ2µ
2
3µ5µ

2
6 + 420µ3

1µ2µ3µ
4
4 - 208µ3

1µ2µ3µ
3
4µ5 + 520µ3

1µ2µ3µ
3
4µ6 -

654µ3
1µ2µ3µ

2
4µ

2
5 - 1176µ3

1µ2µ3µ
2
4µ5µ6 - 146µ3

1µ2µ3µ
2
4µ

2
6 - 156µ3

1µ2µ3µ4µ
3
5

- 540µ3
1µ2µ3µ4µ

2
5µ6 - 656µ3

1µ2µ3µ4µ5µ
2
6 - 176µ3

1µ2µ3µ4µ
3
6 - 15µ3

1µ2µ3µ
4
5 + 8µ3

1µ2µ3µ
3
5µ6

+ 66µ3
1µ2µ3µ

2
5µ

2
6 + 32µ3

1µ2µ3µ5µ
3
6 + 162µ3

1µ2µ
5
4 + 385µ3

1µ2µ
4
4µ5 + 600µ3

1µ2µ
4
4µ6

- 990µ3
1µ2µ

3
4µ

2
5 - 684µ3

1µ2µ
3
4µ5µ6 + 280µ3

1µ2µ
3
4µ

2
6 - 262µ3

1µ2µ
2
4µ

3
5 - 1608µ3

1µ2µ
2
4µ

2
5µ6 -

1476µ3
1µ2µ

2
4µ5µ

2
6 - 220µ3

1µ2µ
2
4µ

3
6 - 205µ3

1µ2µ4µ
4
5 - 440µ3

1µ2µ4µ
3
5µ6 - 672µ3

1µ2µ4µ
2
5µ

2
6 -

520µ3
1µ2µ4µ5µ

3
6 - 112µ3

1µ2µ4µ
4
6 - 30µ3

1µ2µ
4
5µ6 - 8µ3

1µ2µ
3
5µ

2
6 + 36µ3

1µ2µ
2
5µ

3
6 + 16µ3

1µ2µ5µ
4
6 +

14µ3
1µ

4
3µ

2
4 - 4µ3

1µ
4
3µ4µ5 + 2µ3

1µ
4
3µ4µ6 + µ3

1µ
4
3µ

2
5 + 128µ3

1µ
3
3µ

3
4 + 112µ3

1µ
3
3µ

2
4µ6 - 28µ3

1µ
3
3µ4µ

2
5

- 48µ3
1µ

3
3µ4µ5µ6 + 8µ3

1µ
3
3µ4µ

2
6 + 4µ3

1µ
3
3µ

3
5 + 8µ3

1µ
3
3µ

2
5µ6 + 290µ3

1µ
2
3µ

4
4 + 344µ3

1µ
2
3µ

3
4µ5 +

644µ3
1µ

2
3µ

3
4µ6 - 254µ3

1µ
2
3µ

2
4µ

2
5 - 36µ3

1µ
2
3µ

2
4µ5µ6 + 288µ3

1µ
2
3µ

2
4µ

2
6 - 56µ3

1µ
2
3µ4µ

3
5

- 256µ3
1µ

2
3µ4µ

2
5µ6 - 200µ3

1µ
2
3µ4µ5µ

2
6 + 4µ3

1µ
2
3µ4µ

3
6 + µ3

1µ
2
3µ

4
5 + 24µ3

1µ
2
3µ

3
5µ6 + 24µ3

1µ
2
3µ

2
5µ

2
6

+ 176µ3
1µ3µ

5
4 + 840µ3

1µ3µ
4
4µ5 + 860µ3

1µ3µ
4
4µ6 - 208µ3

1µ3µ
3
4µ

2
5 + 1040µ3

1µ3µ
3
4µ5µ6 +

980µ3
1µ3µ

3
4µ

2
6 - 436µ3

1µ3µ
2
4µ

3
5 - 1176µ3

1µ3µ
2
4µ

2
5µ6 - 292µ3

1µ3µ
2
4µ5µ

2
6 + 268µ3

1µ3µ
2
4µ

3
6

- 78µ3
1µ3µ4µ

4
5 - 360µ3

1µ3µ4µ
3
5µ6 - 656µ3

1µ3µ4µ
2
5µ

2
6 - 352µ3

1µ3µ4µ5µ
3
6 - 16µ3

1µ3µ4µ
4
6 - 6µ3

1µ3µ
5
5

+ 4µ3
1µ3µ

4
5µ6 + 44µ3

1µ3µ
3
5µ

2
6 + 32µ3

1µ3µ
2
5µ

3
6 + 324µ3

1µ
5
4µ5 + 162µ3

1µ
5
4µ6 + 385µ3

1µ
4
4µ

2
5 +

1200µ3
1µ

4
4µ5µ6 + 520µ3

1µ
4
4µ

2
6 - 660µ3

1µ
3
4µ

3
5 - 684µ3

1µ
3
4µ

2
5µ6 + 560µ3

1µ
3
4µ5µ

2
6 + 408µ3

1µ
3
4µ

3
6

- 131µ3
1µ

2
4µ

4
5 - 1072µ3

1µ
2
4µ

3
5µ6 - 1476µ3

1µ
2
4µ

2
5µ

2
6 - 440µ3

1µ
2
4µ5µ

3
6 + 56µ3

1µ
2
4µ

4
6 - 82µ3

1µ4µ
5
5

- 220µ3
1µ4µ

4
5µ6 - 448µ3

1µ4µ
3
5µ

2
6 - 520µ3

1µ4µ
2
5µ

3
6 - 224µ3

1µ4µ5µ
4
6 - 16µ3

1µ4µ
5
6 - 12µ3

1µ
5
5µ6 -

4µ3
1µ

4
5µ

2
6 + 24µ3

1µ
3
5µ

3
6 + 16µ3

1µ
2
5µ

4
6 - 3µ2

1µ
5
2µ3µ4 - 10µ2

1µ
5
2µ

2
4 - µ2

1µ
5
2µ4µ5 - 6µ2

1µ
5
2µ4µ6 -

9µ2
1µ

4
2µ

2
3µ4 - 51µ2

1µ
4
2µ3µ

2
4 - 34µ2

1µ
4
2µ3µ4µ5 - 41µ2

1µ
4
2µ3µ4µ6 - µ2

1µ
4
2µ3µ5µ6 - 66µ2

1µ
4
2µ

3
4 -

108µ2
1µ

4
2µ

2
4µ5 - 122µ2

1µ
4
2µ

2
4µ6 - 8µ2

1µ
4
2µ4µ

2
5 - 66µ2

1µ
4
2µ4µ5µ6 - 47µ2

1µ
4
2µ4µ

2
6 - µ2

1µ
4
2µ5µ

2
6 -

10µ2
1µ

3
2µ

3
3µ4 - 91µ2

1µ
3
2µ

2
3µ

2
4 - 68µ2

1µ
3
2µ

2
3µ4µ5 - 76µ2

1µ
3
2µ

2
3µ4µ6 - 242µ2

1µ
3
2µ3µ

3
4

- 348µ2
1µ

3
2µ3µ

2
4µ5 - 442µ2

1µ
3
2µ3µ

2
4µ6 - 142µ2

1µ
3
2µ3µ4µ

2
5 - 302µ2

1µ
3
2µ3µ4µ5µ6 - 182µ2

1µ
3
2µ3µ4µ

2
6

- 6µ2
1µ

3
2µ3µ

2
5µ6 - 2µ2

1µ
3
2µ3µ5µ

2
6 - 216µ2

1µ
3
2µ

4
4 - 410µ2

1µ
3
2µ

3
4µ5 - 588µ2

1µ
3
2µ

3
4µ6 - 425µ2

1µ
3
2µ

2
4µ

2
5
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4. Deformations and quiver representations

- 832µ2
1µ

3
2µ

2
4µ5µ6 - 520µ2

1µ
3
2µ

2
4µ

2
6 - 26µ2

1µ
3
2µ4µ

3
5 - 268µ2

1µ
3
2µ4µ

2
5µ6 - 338µ2

1µ
3
2µ4µ5µ

2
6 -

140µ2
1µ

3
2µ4µ

3
6 - 6µ2

1µ
3
2µ

2
5µ

2
6 - 2µ2

1µ
3
2µ5µ

3
6 - 4µ2

1µ
2
2µ

4
3µ4 - 60µ2

1µ
2
2µ

3
3µ

2
4 - 44µ2

1µ
2
2µ

3
3µ4µ5 -

50µ2
1µ

2
2µ

3
3µ4µ6 + 2µ2

1µ
2
2µ

3
3µ5µ6 - 220µ2

1µ
2
2µ

2
3µ

3
4 - 404µ2

1µ
2
2µ

2
3µ

2
4µ5 - 469µ2

1µ
2
2µ

2
3µ

2
4µ6

- 188µ2
1µ

2
2µ

2
3µ4µ

2
5 - 353µ2

1µ
2
2µ

2
3µ4µ5µ6 - 203µ2

1µ
2
2µ

2
3µ4µ

2
6 + µ2

1µ
2
2µ

2
3µ

2
5µ6 + 7µ2

1µ
2
2µ

2
3µ5µ

2
6 -

200µ2
1µ

2
2µ3µ

4
4 - 1116µ2

1µ
2
2µ3µ

3
4µ5 - 1058µ2

1µ
2
2µ3µ

3
4µ6 - 890µ2

1µ
2
2µ3µ

2
4µ

2
5 - 2059µ2

1µ
2
2µ3µ

2
4µ5µ6

- 1153µ2
1µ

2
2µ3µ

2
4µ

2
6 - 288µ2

1µ
2
2µ3µ4µ

3
5 - 827µ2

1µ
2
2µ3µ4µ

2
5µ6 - 863µ2

1µ
2
2µ3µ4µ5µ

2
6

- 336µ2
1µ

2
2µ3µ4µ

3
6 - 14µ2

1µ
2
2µ3µ

3
5µ6 - 7µ2

1µ
2
2µ3µ

2
5µ

2
6 + 8µ2

1µ
2
2µ3µ5µ

3
6 + 32µ2

1µ
2
2µ

5
4

- 1027µ2
1µ

2
2µ

4
4µ5 - 600µ2

1µ
2
2µ

4
4µ6 - 964µ2

1µ
2
2µ

3
4µ

2
5 - 2740µ2

1µ
2
2µ

3
4µ5µ6 - 1346µ2

1µ
2
2µ

3
4µ

2
6 -

820µ2
1µ

2
2µ

2
4µ

3
5 - 2140µ2

1µ
2
2µ

2
4µ

2
5µ6 - 2439µ2

1µ
2
2µ

2
4µ5µ

2
6 - 920µ2

1µ
2
2µ

2
4µ

3
6 - 43µ2

1µ
2
2µ4µ

4
5

- 532µ2
1µ

2
2µ4µ

3
5µ6 - 915µ2

1µ
2
2µ4µ

2
5µ

2
6 - 666µ2

1µ
2
2µ4µ5µ

3
6 - 195µ2

1µ
2
2µ4µ

4
6 - 14µ2

1µ
2
2µ

3
5µ

2
6 -

8µ2
1µ

2
2µ

2
5µ

3
6 + 3µ2

1µ
2
2µ5µ

4
6 - 10µ2

1µ2µ
4
3µ

2
4 - 8µ2

1µ2µ
4
3µ4µ5 - 8µ2

1µ2µ
4
3µ4µ6 + µ2

1µ2µ
4
3µ5µ6

- 172µ2
1µ2µ

3
3µ

2
4µ5 - 120µ2

1µ2µ
3
3µ

2
4µ6 - 72µ2

1µ2µ
3
3µ4µ

2
5 - 138µ2

1µ2µ
3
3µ4µ5µ6 - 64µ2

1µ2µ
3
3µ4µ

2
6

+ 6µ2
1µ2µ

3
3µ

2
5µ6 + 6µ2

1µ2µ
3
3µ5µ

2
6 + 266µ2

1µ2µ
2
3µ

4
4 - 676µ2

1µ2µ
2
3µ

3
4µ5 - 92µ2

1µ2µ
2
3µ

3
4µ6 -

666µ2
1µ2µ

2
3µ

2
4µ

2
5 - 1453µ2

1µ2µ
2
3µ

2
4µ5µ6 - 516µ2

1µ2µ
2
3µ

2
4µ

2
6 - 240µ2

1µ2µ
2
3µ4µ

3
5

- 603µ2
1µ2µ

2
3µ4µ

2
5µ6 - 613µ2

1µ2µ
2
3µ4µ5µ

2
6 - 192µ2

1µ2µ
2
3µ4µ

3
6 + 2µ2

1µ2µ
2
3µ

3
5µ6 + 21µ2

1µ2µ
2
3µ

2
5µ

2
6

+ 14µ2
1µ2µ

2
3µ5µ

3
6 + 504µ2

1µ2µ3µ
5
4 - 504µ2

1µ2µ3µ
4
4µ5 + 700µ2

1µ2µ3µ
4
4µ6 - 1896µ2

1µ2µ3µ
3
4µ

2
5

- 3294µ2
1µ2µ3µ

3
4µ5µ6 - 564µ2

1µ2µ3µ
3
4µ

2
6 - 1084µ2

1µ2µ3µ
2
4µ

3
5 - 3525µ2

1µ2µ3µ
2
4µ

2
5µ6

- 3671µ2
1µ2µ3µ

2
4µ5µ

2
6 - 936µ2

1µ2µ3µ
2
4µ

3
6 - 290µ2

1µ2µ3µ4µ
4
5 - 1050µ2

1µ2µ3µ4µ
3
5µ6

- 1497µ2
1µ2µ3µ4µ

2
5µ

2
6 - 1046µ2

1µ2µ3µ4µ5µ
3
6 - 252µ2

1µ2µ3µ4µ
4
6 - 15µ2

1µ2µ3µ
4
5µ6

- 10µ2
1µ2µ3µ

3
5µ

2
6 + 24µ2

1µ2µ3µ
2
5µ

3
6 + 15µ2

1µ2µ3µ5µ
4
6 + 166µ2

1µ2µ
6
4 + 280µ2

1µ2µ
5
4µ5 +

632µ2
1µ2µ

5
4µ6 - 1785µ2

1µ2µ
4
4µ

2
5 - 1692µ2

1µ2µ
4
4µ5µ6 + 180µ2

1µ2µ
4
4µ

2
6 - 1108µ2

1µ2µ
3
4µ

3
5

- 4692µ2
1µ2µ

3
4µ

2
5µ6 - 4254µ2

1µ2µ
3
4µ5µ

2
6 - 760µ2

1µ2µ
3
4µ

3
6 - 805µ2

1µ2µ
2
4µ

4
5 - 2616µ2

1µ2µ
2
4µ

3
5µ6

- 4197µ2
1µ2µ

2
4µ

2
5µ

2
6 - 2942µ2

1µ2µ
2
4µ5µ

3
6 - 608µ2

1µ2µ
2
4µ

4
6 - 36µ2

1µ2µ4µ
5
5 - 530µ2

1µ2µ4µ
4
5µ6 -

1154µ2
1µ2µ4µ

3
5µ

2
6 - 1158µ2

1µ2µ4µ
2
5µ

3
6 - 611µ2

1µ2µ4µ5µ
4
6 - 120µ2

1µ2µ4µ
5
6 - 15µ2

1µ2µ
4
5µ

2
6 -

12µ2
1µ2µ

3
5µ

3
6 + 9µ2

1µ2µ
2
5µ

4
6 + 6µ2

1µ2µ5µ
5
6 + 36µ2

1µ
4
3µ

3
4 - 20µ2

1µ
4
3µ

2
4µ5 + 10µ2

1µ
4
3µ

2
4µ6 -

8µ2
1µ

4
3µ4µ

2
5 - 16µ2

1µ
4
3µ4µ5µ6 - 2µ2

1µ
4
3µ4µ

2
6 + µ2

1µ
4
3µ

2
5µ6 + 224µ2

1µ
3
3µ

4
4 + 288µ2

1µ
3
3µ

3
4µ6 -

172µ2
1µ

3
3µ

2
4µ

2
5 - 240µ2

1µ
3
3µ

2
4µ5µ6 + 40µ2

1µ
3
3µ

2
4µ

2
6 - 48µ2

1µ
3
3µ4µ

3
5

- 138µ2
1µ

3
3µ4µ

2
5µ6 - 128µ2

1µ
3
3µ4µ5µ

2
6 - 16µ2

1µ
3
3µ4µ

3
6 + 4µ2

1µ
3
3µ

3
5µ6 + 6µ2

1µ
3
3µ

2
5µ

2
6 + 396µ2

1µ
2
3µ

5
4

+ 532µ2
1µ

2
3µ

4
4µ5 + 1102µ2

1µ
2
3µ

4
4µ6 - 676µ2

1µ
2
3µ

3
4µ

2
5 - 184µ2

1µ
2
3µ

3
4µ5µ6 + 712µ2

1µ
2
3µ

3
4µ

2
6 -

444µ2
1µ

2
3µ

2
4µ

3
5 - 1453µ2

1µ
2
3µ

2
4µ

2
5µ6 - 1032µ2

1µ
2
3µ

2
4µ5µ

2
6 + 12µ2

1µ
2
3µ

2
4µ

3
6 - 120µ2

1µ
2
3µ4µ

4
5

- 402µ2
1µ

2
3µ4µ

3
5µ6 - 613µ2

1µ
2
3µ4µ

2
5µ

2
6 - 384µ2

1µ
2
3µ4µ5µ

3
6 - 46µ2

1µ
2
3µ4µ

4
6 + µ2

1µ
2
3µ

4
5µ6

+ 14µ2
1µ

2
3µ

3
5µ

2
6 + 14µ2

1µ
2
3µ

2
5µ

3
6 + 208µ2

1µ3µ
6
4 + 1008µ2

1µ3µ
5
4µ5 + 1128µ2

1µ3µ
5
4µ6

- 504µ2
1µ3µ

4
4µ

2
5 + 1400µ2

1µ3µ
4
4µ5µ6 + 1590µ2

1µ3µ
4
4µ

2
6 - 1264µ2

1µ3µ
3
4µ

3
5 - 3294µ2

1µ3µ
3
4µ

2
5µ6

- 1128µ2
1µ3µ

3
4µ5µ

2
6 + 592µ2

1µ3µ
3
4µ

3
6 - 542µ2

1µ3µ
2
4µ

4
5 - 2350µ2

1µ3µ
2
4µ

3
5µ6 - 3671µ2

1µ3µ
2
4µ

2
5µ

2
6

- 1872µ2
1µ3µ

2
4µ5µ

3
6 - 104µ2

1µ3µ
2
4µ

4
6 - 116µ2

1µ3µ4µ
5
5 - 525µ2

1µ3µ4µ
4
5µ6 - 998µ2

1µ3µ4µ
3
5µ

2
6 -

1046µ2
1µ3µ4µ

2
5µ

3
6 - 504µ2

1µ3µ4µ5µ
4
6 - 56µ2

1µ3µ4µ
5
6 - 6µ2

1µ3µ
5
5µ6 - 5µ2

1µ3µ
4
5µ

2
6 + 16µ2

1µ3µ
3
5µ

3
6

+ 15µ2
1µ3µ

2
5µ

4
6 + 332µ2

1µ
6
4µ5 + 166µ2

1µ
6
4µ6 + 280µ2

1µ
5
4µ

2
5 + 1264µ2

1µ
5
4µ5µ6 + 600µ2

1µ
5
4µ

2
6 -

1190µ2
1µ

4
4µ

3
5 - 1692µ2

1µ
4
4µ

2
5µ6 + 360µ2

1µ
4
4µ5µ

2
6 + 564µ2

1µ
4
4µ

3
6 - 554µ2

1µ
3
4µ

4
5 - 3128µ2

1µ
3
4µ

3
5µ6 -

4254µ2
1µ

3
4µ

2
5µ

2
6 - 1520µ2

1µ
3
4µ5µ

3
6 + 64µ2

1µ
3
4µ

4
6 - 322µ2

1µ
2
4µ

5
5 - 1308µ2

1µ
2
4µ

4
5µ6 - 2798µ2

1µ
2
4µ

3
5µ

2
6

- 2942µ2
1µ

2
4µ

2
5µ

3
6 - 1216µ2

1µ
2
4µ5µ

4
6 - 96µ2

1µ
2
4µ

5
6 - 12µ2

1µ4µ
6
5 - 212µ2

1µ4µ
5
5µ6 - 577µ2

1µ4µ
4
5µ

2
6 -

772µ2
1µ4µ

3
5µ

3
6 - 611µ2

1µ4µ
2
5µ

4
6 - 240µ2

1µ4µ5µ
5
6 - 24µ2

1µ4µ
6
6 - 6µ2

1µ
5
5µ

2
6 - 6µ2

1µ
4
5µ

3
6 + 6µ2

1µ
3
5µ

4
6 +

6µ2
1µ

2
5µ

5
6 - µ1µ

5
2µ

2
3µ4 - 9µ1µ

5
2µ3µ

2
4 - 4µ1µ

5
2µ3µ4µ6 - 16µ1µ

5
2µ

3
4 - 3µ1µ

5
2µ

2
4µ5 - 18µ1µ

5
2µ

2
4µ6

+ µ1µ
5
2µ4µ

2
5 - 4µ1µ

5
2µ4µ

2
6 - 2µ1µ

4
2µ

3
3µ4 - 27µ1µ

4
2µ

2
3µ

2
4 - 10µ1µ

4
2µ

2
3µ4µ5 - 15µ1µ

4
2µ

2
3µ4µ6
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω

- 82µ1µ
4
2µ3µ

3
4 - 96µ1µ

4
2µ3µ

2
4µ5 - 123µ1µ

4
2µ3µ

2
4µ6 - 2µ1µ

4
2µ3µ4µ

2
5 - 41µ1µ

4
2µ3µ4µ5µ6 -

35µ1µ
4
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2
6 - 75µ1µ

4
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4
4 - 166µ1µ

4
2µ

3
4µ5 - 196µ1µ

4
2µ

3
4µ6 - 24µ1µ

4
2µ

2
4µ

2
5 - 186µ1µ

4
2µ

2
4µ5µ6

- 141µ1µ
4
2µ

2
4µ

2
6 + 6µ1µ

4
2µ4µ

3
5 + 2µ1µ

4
2µ4µ

2
5µ6 - 37µ1µ

4
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2
6 - 26µ1µ

4
2µ4µ
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3
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4
3µ4
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3
2µ

3
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4 - 16µ1µ

3
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3
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3
2µ

2
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4 - 204µ1µ

3
2µ

2
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2
4µ5

- 228µ1µ
3
2µ

2
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2
4µ6 - 42µ1µ

3
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2
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5 - 116µ1µ

3
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2
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3
2µ

2
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2
6 - 275µ1µ

3
2µ3µ

4
4 -
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3
2µ3µ
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4µ5 - 712µ1µ

3
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3
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2
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3
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2
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3
2µ3µ

2
4µ

2
6

- 12µ1µ
3
2µ3µ4µ

3
5 - 172µ1µ

3
2µ3µ4µ

2
5µ6 - 264µ1µ

3
2µ3µ4µ5µ

2
6 - 112µ1µ

3
2µ3µ4µ

3
6 - 192µ1µ

3
2µ

5
4 -

485µ1µ
3
2µ

4
4µ5 - 670µ1µ

3
2µ

4
4µ6 - 642µ1µ

3
2µ

3
4µ

2
5 - 1352µ1µ

3
2µ

3
4µ5µ6 - 840µ1µ

3
2µ

3
4µ

2
6

- 78µ1µ
3
2µ

2
4µ

3
5 - 732µ1µ

3
2µ

2
4µ

2
5µ6 - 1002µ1µ

3
2µ

2
4µ5µ

2
6 - 420µ1µ

3
2µ

2
4µ

3
6 + 15µ1µ

3
2µ4µ

4
5

+ 8µ1µ
3
2µ4µ

3
5µ6 - 140µ1µ

3
2µ4µ

2
5µ

2
6 - 184µ1µ

3
2µ4µ5µ

3
6 - 64µ1µ

3
2µ4µ

4
6 - 12µ1µ

2
2µ

4
3µ

2
4

- 6µ1µ
2
2µ

4
3µ4µ5 - 5µ1µ

2
2µ

4
3µ4µ6 - 96µ1µ

2
2µ

3
3µ

3
4 - 144µ1µ

2
2µ

3
3µ

2
4µ5 - 150µ1µ

2
2µ

3
3µ

2
4µ6

- 48µ1µ
2
2µ

3
3µ4µ

2
5 - 86µ1µ

2
2µ

3
3µ4µ5µ6 - 42µ1µ

2
2µ

3
3µ4µ

2
6 - 250µ1µ

2
2µ

2
3µ

4
4 - 680µ1µ

2
2µ

2
3µ

3
4µ5 -

754µ1µ
2
2µ

2
3µ

3
4µ6 - 570µ1µ

2
2µ

2
3µ

2
4µ

2
5 - 1131µ1µ

2
2µ

2
3µ

2
4µ5µ6 - 609µ1µ

2
2µ

2
3µ

2
4µ

2
6 - 88µ1µ

2
2µ

2
3µ4µ

3
5

- 339µ1µ
2
2µ

2
3µ4µ

2
5µ6 - 359µ1µ

2
2µ

2
3µ4µ5µ

2
6 - 126µ1µ

2
2µ

2
3µ4µ

3
6 - 192µ1µ

2
2µ3µ

5
4

- 1280µ1µ
2
2µ3µ

4
4µ5 - 1215µ1µ

2
2µ3µ

4
4µ6 - 1500µ1µ

2
2µ3µ

3
4µ

2
5 - 3414µ1µ

2
2µ3µ

3
4µ5µ6

- 1862µ1µ
2
2µ3µ

3
4µ

2
6 - 780µ1µ

2
2µ3µ

2
4µ

3
5 - 2505µ1µ

2
2µ3µ

2
4µ

2
5µ6 - 2721µ1µ

2
2µ3µ

2
4µ5µ

2
6

- 1008µ1µ
2
2µ3µ

2
4µ

3
6 - 26µ1µ

2
2µ3µ4µ

4
5 - 358µ1µ

2
2µ3µ4µ

3
5µ6 - 757µ1µ

2
2µ3µ4µ

2
5µ

2
6

- 582µ1µ
2
2µ3µ4µ5µ

3
6 - 161µ1µ

2
2µ3µ4µ

4
6 - 900µ1µ

2
2µ

5
4µ5 - 576µ1µ

2
2µ

5
4µ6 - 1185µ1µ

2
2µ

4
4µ

2
5 -

3150µ1µ
2
2µ

4
4µ5µ6 - 1555µ1µ

2
2µ

4
4µ

2
6 - 1228µ1µ

2
2µ

3
4µ

3
5 - 3528µ1µ

2
2µ

3
4µ

2
5µ6 - 4030µ1µ

2
2µ

3
4µ5µ

2
6

- 1492µ1µ
2
2µ

3
4µ

3
6 - 129µ1µ

2
2µ

2
4µ

4
5 - 1428µ1µ

2
2µ

2
4µ

3
5µ6 - 2709µ1µ

2
2µ

2
4µ

2
5µ

2
6 - 2070µ1µ

2
2µ

2
4µ5µ

3
6

- 585µ1µ
2
2µ

2
4µ

4
6 + 20µ1µ

2
2µ4µ

5
5 + 14µ1µ

2
2µ4µ

4
5µ6 - 270µ1µ

2
2µ4µ

3
5µ

2
6 - 506µ1µ

2
2µ4µ

2
5µ

3
6 -

325µ1µ
2
2µ4µ5µ

4
6 - 74µ1µ

2
2µ4µ

5
6 - 16µ1µ2µ

4
3µ

3
4 - 30µ1µ2µ

4
3µ

2
4µ5 - 24µ1µ2µ

4
3µ

2
4µ6

- 12µ1µ2µ
4
3µ4µ

2
5 - 15µ1µ2µ

4
3µ4µ5µ6 - 6µ1µ2µ

4
3µ4µ

2
6 - 288µ1µ2µ

3
3µ

3
4µ5 - 192µ1µ2µ

3
3µ

3
4µ6 -

252µ1µ2µ
3
3µ

2
4µ

2
5 - 462µ1µ2µ

3
3µ

2
4µ5µ6 - 192µ1µ2µ

3
3µ

2
4µ

2
6 - 64µ1µ2µ

3
3µ4µ

3
5 - 162µ1µ2µ

3
3µ4µ

2
5µ6

- 138µ1µ2µ
3
3µ4µ5µ

2
6 - 40µ1µ2µ

3
3µ4µ

3
6 + 216µ1µ2µ

2
3µ

5
4 - 760µ1µ2µ

2
3µ

4
4µ5 - 120µ1µ2µ

2
3µ

4
4µ6

- 1164µ1µ2µ
2
3µ

3
4µ

2
5 - 2394µ1µ2µ

2
3µ

3
4µ5µ6 - 832µ1µ2µ

2
3µ

3
4µ

2
6 - 732µ1µ2µ

2
3µ

2
4µ

3
5

- 2025µ1µ2µ
2
3µ

2
4µ

2
5µ6 - 1983µ1µ2µ

2
3µ

2
4µ5µ

2
6 - 576µ1µ2µ

2
3µ

2
4µ

3
6 - 90µ1µ2µ

2
3µ4µ

4
5

- 446µ1µ2µ
2
3µ4µ

3
5µ6 - 669µ1µ2µ

2
3µ4µ

2
5µ

2
6 - 426µ1µ2µ

2
3µ4µ5µ

3
6 - 98µ1µ2µ

2
3µ4µ

4
6

+ 336µ1µ2µ3µ
6
4 - 480µ1µ2µ3µ

5
4µ5 + 528µ1µ2µ3µ

5
4µ6 - 2190µ1µ2µ3µ

4
4µ

2
5

- 3765µ1µ2µ3µ
4
4µ5µ6 - 700µ1µ2µ3µ

4
4µ

2
6 - 1856µ1µ2µ3µ

3
4µ

3
5 - 5970µ1µ2µ3µ

3
4µ

2
5µ6

- 6030µ1µ2µ3µ
3
4µ5µ

2
6 - 1520µ1µ2µ3µ

3
4µ

3
6 - 780µ1µ2µ3µ

2
4µ

4
5 - 3198µ1µ2µ3µ

2
4µ

3
5µ6

- 4887µ1µ2µ3µ
2
4µ

2
5µ

2
6 - 3330µ1µ2µ3µ

2
4µ5µ

3
6 - 756µ1µ2µ3µ

2
4µ

4
6 - 24µ1µ2µ3µ4µ

5
5

- 365µ1µ2µ3µ4µ
4
5µ6 - 986µ1µ2µ3µ4µ

3
5µ

2
6 - 1074µ1µ2µ3µ4µ

2
5µ

3
6 - 545µ1µ2µ3µ4µ5µ

4
6

- 104µ1µ2µ3µ4µ
5
6 + 96µ1µ2µ

7
4 + 126µ1µ2µ

6
4µ5 + 392µ1µ2µ

6
4µ6 - 1548µ1µ2µ

5
4µ

2
5

- 1620µ1µ2µ
5
4µ5µ6 + 48µ1µ2µ

5
4µ

2
6 - 1400µ1µ2µ

4
4µ

3
5 - 5430µ1µ2µ

4
4µ

2
5µ6 - 4905µ1µ2µ

4
4µ5µ

2
6

- 920µ1µ2µ
4
4µ

3
6 - 1200µ1µ2µ

3
4µ

4
5 - 4352µ1µ2µ

3
4µ

3
5µ6 - 7050µ1µ2µ

3
4µ

2
5µ

2
6 - 4844µ1µ2µ

3
4µ5µ

3
6

- 992µ1µ2µ
3
4µ

4
6 - 108µ1µ2µ

2
4µ

5
5 - 1410µ1µ2µ

2
4µ

4
5µ6 - 3414µ1µ2µ

2
4µ

3
5µ

2
6 - 3690µ1µ2µ

2
4µ

2
5µ

3
6

- 1929µ1µ2µ
2
4µ5µ

4
6 - 360µ1µ2µ

2
4µ

5
6 + 14µ1µ2µ4µ

6
5 + 12µ1µ2µ4µ

5
5µ6 - 265µ1µ2µ4µ

4
5µ

2
6 -

644µ1µ2µ4µ
3
5µ

3
6 - 591µ1µ2µ4µ

2
5µ

4
6 - 250µ1µ2µ4µ5µ

5
6 - 40µ1µ2µ4µ

6
6 + 40µ1µ

4
3µ

4
4

- 32µ1µ
4
3µ

3
4µ5 + 16µ1µ

4
3µ

3
4µ6 - 30µ1µ

4
3µ

2
4µ

2
5 - 48µ1µ

4
3µ

2
4µ5µ6 - 6µ1µ

4
3µ

2
4µ

2
6 - 8µ1µ

4
3µ4µ

3
5 -

15µ1µ
4
3µ4µ

2
5µ6 - 12µ1µ

4
3µ4µ5µ

2
6 - 2µ1µ

4
3µ4µ

3
6 + 192µ1µ

3
3µ

5
4 + 320µ1µ

3
3µ

4
4µ6 - 288µ1µ

3
3µ

3
4µ

2
5

- 384µ1µ
3
3µ

3
4µ5µ6 + 64µ1µ

3
3µ

3
4µ

2
6 - 168µ1µ

3
3µ

2
4µ

3
5 - 462µ1µ

3
3µ

2
4µ

2
5µ6 - 384µ1µ

3
3µ

2
4µ5µ

2
6 -

48µ1µ
3
3µ

2
4µ

3
6 - 32µ1µ

3
3µ4µ

4
5 - 108µ1µ

3
3µ4µ

3
5µ6 - 138µ1µ

3
3µ4µ

2
5µ

2
6 - 80µ1µ

3
3µ4µ5µ

3
6
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4. Deformations and quiver representations

- 12µ1µ
3
3µ4µ

4
6 + 280µ1µ

2
3µ

6
4 + 432µ1µ

2
3µ

5
4µ5 + 936µ1µ

2
3µ

5
4µ6 - 760µ1µ

2
3µ

4
4µ

2
5

- 240µ1µ
2
3µ

4
4µ5µ6 + 780µ1µ

2
3µ

4
4µ

2
6 - 776µ1µ

2
3µ

3
4µ

3
5 - 2394µ1µ

2
3µ

3
4µ

2
5µ6 - 1664µ1µ

2
3µ

3
4µ5µ

2
6

+ 16µ1µ
2
3µ

3
4µ

3
6 - 366µ1µ

2
3µ

2
4µ

4
5 - 1350µ1µ

2
3µ

2
4µ

3
5µ6 - 1983µ1µ

2
3µ

2
4µ

2
5µ

2
6 - 1152µ1µ

2
3µ

2
4µ5µ

3
6

- 138µ1µ
2
3µ

2
4µ

4
6 - 36µ1µ

2
3µ4µ

5
5 - 223µ1µ

2
3µ4µ

4
5µ6 - 446µ1µ

2
3µ4µ

3
5µ

2
6 - 426µ1µ

2
3µ4µ

2
5µ

3
6 -

196µ1µ
2
3µ4µ5µ

4
6 - 26µ1µ

2
3µ4µ

5
6 + 128µ1µ3µ

7
4 + 672µ1µ3µ

6
4µ5 + 784µ1µ3µ

6
4µ6 - 480µ1µ3µ

5
4µ

2
5

+ 1056µ1µ3µ
5
4µ5µ6 + 1320µ1µ3µ

5
4µ

2
6 - 1460µ1µ3µ

4
4µ

3
5 - 3765µ1µ3µ

4
4µ

2
5µ6 - 1400µ1µ3µ

4
4µ5µ

2
6

+ 620µ1µ3µ
4
4µ

3
6 - 928µ1µ3µ

3
4µ

4
5 - 3980µ1µ3µ

3
4µ

3
5µ6 - 6030µ1µ3µ

3
4µ

2
5µ

2
6 - 3040µ1µ3µ

3
4µ5µ

3
6

- 176µ1µ3µ
3
4µ

4
6 - 312µ1µ3µ

2
4µ

5
5 - 1599µ1µ3µ

2
4µ

4
5µ6 - 3258µ1µ3µ

2
4µ

3
5µ

2
6 - 3330µ1µ3µ

2
4µ

2
5µ

3
6

- 1512µ1µ3µ
2
4µ5µ

4
6 - 168µ1µ3µ

2
4µ

5
6 - 8µ1µ3µ4µ

6
5 - 146µ1µ3µ4µ

5
5µ6 - 493µ1µ3µ4µ

4
5µ

2
6 -

716µ1µ3µ4µ
3
5µ

3
6 - 545µ1µ3µ4µ

2
5µ

4
6 - 208µ1µ3µ4µ5µ

5
6 - 24µ1µ3µ4µ

6
6 + 192µ1µ

7
4µ5 + 96µ1µ

7
4µ6

+ 126µ1µ
6
4µ

2
5 + 784µ1µ

6
4µ5µ6 + 392µ1µ

6
4µ

2
6 - 1032µ1µ

5
4µ

3
5 - 1620µ1µ

5
4µ

2
5µ6 + 96µ1µ

5
4µ5µ

2
6

+ 432µ1µ
5
4µ

3
6 - 700µ1µ

4
4µ

4
5 - 3620µ1µ

4
4µ

3
5µ6 - 4905µ1µ

4
4µ

2
5µ

2
6 - 1840µ1µ

4
4µ5µ

3
6 + 40µ1µ

4
4µ

4
6 -

480µ1µ
3
4µ

5
5 - 2176µ1µ

3
4µ

4
5µ6 - 4700µ1µ

3
4µ

3
5µ

2
6 - 4844µ1µ

3
4µ

2
5µ

3
6 - 1984µ1µ

3
4µ5µ

4
6 - 160µ1µ

3
4µ

5
6

- 36µ1µ
2
4µ

6
5 - 564µ1µ

2
4µ

5
5µ6 - 1707µ1µ

2
4µ

4
5µ

2
6 - 2460µ1µ

2
4µ

3
5µ

3
6 - 1929µ1µ

2
4µ

2
5µ

4
6 - 720µ1µ

2
4µ5µ

5
6

- 72µ1µ
2
4µ

6
6 + 4µ1µ4µ

7
5 + 4µ1µ4µ

6
5µ6 - 106µ1µ4µ

5
5µ

2
6 - 322µ1µ4µ

4
5µ

3
6 - 394µ1µ4µ

3
5µ

4
6 -

250µ1µ4µ
2
5µ

5
6 - 80µ1µ4µ5µ

6
6 - 8µ1µ4µ

7
6 - µ5

2µ
2
3µ

2
4 - 6µ5

2µ3µ
3
4 - 4µ5

2µ3µ
2
4µ6 - 8µ5

2µ
4
4 - 2µ5

2µ
3
4µ5

- 12µ5
2µ

3
4µ6 + µ5

2µ
2
4µ

2
5 - 4µ5

2µ
2
4µ

2
6 - 2µ4

2µ
3
3µ

2
4 - 18µ4

2µ
2
3µ

3
4 - 10µ4

2µ
2
3µ

2
4µ5 - 15µ4

2µ
2
3µ

2
4µ6

- 41µ4
2µ3µ

4
4 - 64µ4

2µ3µ
3
4µ5 - 82µ4

2µ3µ
3
4µ6 - 2µ4

2µ3µ
2
4µ

2
5 - 41µ4

2µ3µ
2
4µ5µ6 - 35µ4

2µ3µ
2
4µ

2
6 -

30µ4
2µ

5
4 - 83µ4

2µ
4
4µ5 - 98µ4

2µ
4
4µ6 - 16µ4

2µ
3
4µ

2
5 - 124µ4

2µ
3
4µ5µ6 - 94µ4

2µ
3
4µ

2
6 + 6µ4

2µ
2
4µ

3
5 +

2µ4
2µ

2
4µ

2
5µ6 - 37µ4

2µ
2
4µ5µ

2
6 - 26µ4

2µ
2
4µ

3
6 - µ3

2µ
4
3µ

2
4 - 20µ3

2µ
3
3µ

3
4 - 16µ3

2µ
3
3µ

2
4µ5 - 16µ3

2µ
3
3µ

2
4µ6 -

73µ3
2µ

2
3µ

4
4 - 136µ3

2µ
2
3µ

3
4µ5 - 152µ3

2µ
2
3µ

3
4µ6 - 42µ3

2µ
2
3µ

2
4µ

2
5 - 116µ3

2µ
2
3µ

2
4µ5µ6 - 68µ3

2µ
2
3µ

2
4µ

2
6 -

110µ3
2µ3µ

5
4 - 286µ3

2µ3µ
4
4µ5 - 356µ3

2µ3µ
4
4µ6 - 260µ3

2µ3µ
3
4µ

2
5 - 604µ3

2µ3µ
3
4µ5µ6 - 364µ3

2µ3µ
3
4µ

2
6

- 12µ3
2µ3µ

2
4µ

3
5 - 172µ3

2µ3µ
2
4µ

2
5µ6 - 264µ3

2µ3µ
2
4µ5µ

2
6 - 112µ3

2µ3µ
2
4µ

3
6 - 64µ3

2µ
6
4 - 194µ3

2µ
5
4µ5 -

268µ3
2µ

5
4µ6 - 321µ3

2µ
4
4µ

2
5 - 676µ3

2µ
4
4µ5µ6 - 420µ3

2µ
4
4µ

2
6 - 52µ3

2µ
3
4µ

3
5 - 488µ3

2µ
3
4µ

2
5µ6

- 668µ3
2µ

3
4µ5µ

2
6 - 280µ3

2µ
3
4µ

3
6 + 15µ3

2µ
2
4µ

4
5 + 8µ3

2µ
2
4µ

3
5µ6 - 140µ3

2µ
2
4µ

2
5µ

2
6 - 184µ3

2µ
2
4µ5µ

3
6 -

64µ3
2µ

2
4µ

4
6 - 8µ2

2µ
4
3µ

3
4 - 6µ2

2µ
4
3µ

2
4µ5 - 5µ2

2µ
4
3µ

2
4µ6 - 48µ2

2µ
3
3µ

4
4 - 96µ2

2µ
3
3µ

3
4µ5 - 100µ2

2µ
3
3µ

3
4µ6

- 48µ2
2µ

3
3µ

2
4µ

2
5 - 86µ2

2µ
3
3µ

2
4µ5µ6 - 42µ2

2µ
3
3µ

2
4µ

2
6 - 100µ2

2µ
2
3µ

5
4 - 340µ2

2µ
2
3µ

4
4µ5 - 377µ2

2µ
2
3µ

4
4µ6

- 380µ2
2µ

2
3µ

3
4µ

2
5 - 754µ2

2µ
2
3µ

3
4µ5µ6 - 406µ2

2µ
2
3µ

3
4µ

2
6 - 88µ2

2µ
2
3µ

2
4µ

3
5 - 339µ2

2µ
2
3µ

2
4µ

2
5µ6

- 359µ2
2µ

2
3µ

2
4µ5µ

2
6 - 126µ2

2µ
2
3µ

2
4µ

3
6 - 64µ2

2µ3µ
6
4 - 512µ2

2µ3µ
5
4µ5 - 486µ2

2µ3µ
5
4µ6 - 750µ2

2µ3µ
4
4µ

2
5

- 1707µ2
2µ3µ

4
4µ5µ6 - 931µ2

2µ3µ
4
4µ

2
6 - 520µ2

2µ3µ
3
4µ

3
5 - 1670µ2

2µ3µ
3
4µ

2
5µ6 - 1814µ2

2µ3µ
3
4µ5µ

2
6

- 672µ2
2µ3µ

3
4µ

3
6 - 26µ2

2µ3µ
2
4µ

4
5 - 358µ2

2µ3µ
2
4µ

3
5µ6 - 757µ2

2µ3µ
2
4µ

2
5µ

2
6 - 582µ2

2µ3µ
2
4µ5µ

3
6 -

161µ2
2µ3µ

2
4µ

4
6 - 300µ2

2µ
6
4µ5 - 192µ2

2µ
6
4µ6 - 474µ2

2µ
5
4µ

2
5 - 1260µ2

2µ
5
4µ5µ6 - 622µ2

2µ
5
4µ

2
6 -

614µ2
2µ

4
4µ

3
5 - 1764µ2

2µ
4
4µ

2
5µ6 - 2015µ2

2µ
4
4µ5µ

2
6 - 746µ2

2µ
4
4µ

3
6 - 86µ2

2µ
3
4µ

4
5 - 952µ2

2µ
3
4µ

3
5µ6 -

1806µ2
2µ

3
4µ

2
5µ

2
6 - 1380µ2

2µ
3
4µ5µ

3
6 - 390µ2

2µ
3
4µ

4
6 + 20µ2

2µ
2
4µ

5
5 + 14µ2

2µ
2
4µ

4
5µ6 - 270µ2

2µ
2
4µ

3
5µ

2
6 -

506µ2
2µ

2
4µ

2
5µ

3
6 - 325µ2

2µ
2
4µ5µ

4
6 - 74µ2

2µ
2
4µ

5
6 - 8µ2µ

4
3µ

4
4 - 20µ2µ

4
3µ

3
4µ5 - 16µ2µ

4
3µ

3
4µ6

- 12µ2µ
4
3µ

2
4µ

2
5 - 15µ2µ

4
3µ

2
4µ5µ6 - 6µ2µ

4
3µ

2
4µ

2
6 - 144µ2µ

3
3µ

4
4µ5 - 96µ2µ

3
3µ

4
4µ6 - 168µ2µ

3
3µ

3
4µ

2
5

- 308µ2µ
3
3µ

3
4µ5µ6 - 128µ2µ

3
3µ

3
4µ

2
6 - 64µ2µ

3
3µ

2
4µ

3
5 - 162µ2µ

3
3µ

2
4µ
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω
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4. Deformations and quiver representations
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω
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4. Deformations and quiver representations
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2
5 - 478µ2µ3µ

4
4µ5µ6

- 456µ2µ3µ
4
4µ

2
6 + 152µ2µ3µ

3
4µ

3
5 + 204µ2µ3µ

3
4µ

2
5µ6 - 128µ2µ3µ

3
4µ5µ

2
6 - 176µ2µ3µ

3
4µ

3
6 +

110µ2µ3µ
2
4µ

4
5 + 340µ2µ3µ

2
4µ

3
5µ6 + 330µ2µ3µ

2
4µ

2
5µ

2
6 + 88µ2µ3µ

2
4µ5µ

3
6 - 12µ2µ3µ

2
4µ

4
6 -

8µ2µ
7
4 - 96µ2µ

6
4µ5 - 80µ2µ

6
4µ6 + 90µ2µ

5
4µ

2
5 - 116µ2µ

5
4µ5µ6 - 136µ2µ

5
4µ

2
6 + 240µ2µ

4
4µ

3
5 +

546µ2µ
4
4µ

2
5µ6 + 208µ2µ

4
4µ5µ

2
6 - 48µ2µ

4
4µ

3
6 + 280µ2µ

3
4µ

4
5 + 864µ2µ

3
4µ

3
5µ6 + 954µ2µ

3
4µ

2
5µ

2
6

+ 392µ2µ
3
4µ5µ

3
6 + 32µ2µ

3
4µ

4
6 + 60µ2µ

2
4µ

5
5 + 350µ2µ

2
4µ

4
5µ6 + 640µ2µ

2
4µ

3
5µ

2
6 + 498µ2µ

2
4µ

2
5µ

3
6

+ 164µ2µ
2
4µ5µ

4
6 + 16µ2µ

2
4µ

5
6 - 16µ4

3µ
4
4 - 12µ4

3µ
3
4µ5 - 14µ4

3µ
3
4µ6 + 2µ4

3µ
2
4µ

2
5 - 4µ4

3µ
2
4µ5µ6

- 3µ4
3µ

2
4µ

2
6 - 64µ3

3µ
5
4 - 112µ3

3µ
4
4µ5 - 152µ3

3µ
4
4µ6 - 40µ3

3µ
3
4µ

2
5 - 144µ3

3µ
3
4µ5µ6 - 96µ3

3µ
3
4µ

2
6

+ 8µ3
3µ

2
4µ

3
5 - 4µ3

3µ
2
4µ

2
5µ6 - 36µ3

3µ
2
4µ5µ

2
6 - 18µ3

3µ
2
4µ

3
6 - 72µ2

3µ
6
4 - 276µ2

3µ
5
4µ5 - 318µ2

3µ
5
4µ6

- 186µ2
3µ

4
4µ

2
5 - 644µ2

3µ
4
4µ5µ6 - 426µ2

3µ
4
4µ

2
6 - 16µ2

3µ
3
4µ

3
5 - 216µ2

3µ
3
4µ

2
5µ6 - 432µ2

3µ
3
4µ5µ

2
6 -

208µ2
3µ

3
4µ

3
6 + 30µ2

3µ
2
4µ

4
5 + 60µ2

3µ
2
4µ

3
5µ6 - 10µ2

3µ
2
4µ

2
5µ

2
6 - 76µ2

3µ
2
4µ5µ

3
6 - 33µ2

3µ
2
4µ

4
6 - 16µ3µ

7
4 -

216µ3µ
6
4µ5 - 164µ3µ

6
4µ6 - 268µ3µ

5
4µ

2
5 - 800µ3µ

5
4µ5µ6 - 414µ3µ

5
4µ

2
6 - 36µ3µ

4
4µ

3
5 - 478µ3µ

4
4µ

2
5µ6

- 912µ3µ
4
4µ5µ

2
6 - 398µ3µ

4
4µ

3
6 + 76µ3µ

3
4µ

4
5 + 136µ3µ

3
4µ

3
5µ6 - 128µ3µ

3
4µ

2
5µ

2
6 - 352µ3µ

3
4µ5µ

3
6

- 150µ3µ
3
4µ

4
6 + 44µ3µ

2
4µ

5
5 + 170µ3µ

2
4µ

4
5µ6 + 220µ3µ

2
4µ

3
5µ

2
6 + 88µ3µ

2
4µ

2
5µ

3
6 - 24µ3µ

2
4µ5µ

4
6 -

18µ3µ
2
4µ

5
6 + 8µ8

4 - 16µ7
4µ5 + 28µ7

4µ6 - 96µ6
4µ

2
5 - 160µ6

4µ5µ6 + 4µ6
4µ

2
6 + 60µ5

4µ
3
5 - 116µ5

4µ
2
5µ6

- 272µ5
4µ5µ

2
6 - 56µ5

4µ
3
6 + 120µ4

4µ
4
5 + 364µ4

4µ
3
5µ6 + 208µ4

4µ
2
5µ

2
6 - 96µ4

4µ5µ
3
6 - 52µ4

4µ
4
6 +

112µ3
4µ

5
5 + 432µ3

4µ
4
5µ6 + 636µ3

4µ
3
5µ

2
6 + 392µ3

4µ
2
5µ

3
6 + 64µ3

4µ5µ
4
6 - 12µ3

4µ
5
6 + 20µ2

4µ
6
5 +

140µ2
4µ

5
5µ6 + 320µ2

4µ
4
5µ

2
6 + 332µ2

4µ
3
5µ

3
6 + 164µ2

4µ
2
5µ

4
6 + 32µ2

4µ5µ
5
6.

aX2 = 2µ4
1µ2µ4 - µ4

1µ2µ5 + µ4
1µ3µ4 + 4µ4

1µ4µ5 + 2µ4
1µ4µ6 - µ4

1µ
2
5 - 6µ3

1µ
2
2µ4 +

4µ3
1µ

2
2µ5 - 4µ3

1µ2µ3µ4 + 3µ3
1µ2µ3µ5 + 6µ3

1µ2µ
2
4 - 23µ3

1µ2µ4µ5 - 10µ3
1µ2µ4µ6 + 12µ3

1µ2µ
2
5

+ 6µ3
1µ2µ5µ6 + µ3

1µ
2
3µ4 + 7µ3

1µ3µ
2
4 - 8µ3

1µ3µ4µ5 + 3µ3
1µ3µ

2
5 + 12µ3

1µ
2
4µ5 + 6µ3

1µ
2
4µ6

- 23µ3
1µ4µ

2
5 - 20µ3

1µ4µ5µ6 - 4µ3
1µ4µ

2
6 + 8µ3

1µ
3
5 + 6µ3

1µ
2
5µ6 - 2µ2

1µ
3
2µ4 - 8µ2

1µ
2
2µ3µ4 +

4µ2
1µ

2
2µ3µ5 - 30µ2

1µ
2
2µ

2
4 + 7µ2

1µ
2
2µ4µ5 - 22µ2

1µ
2
2µ4µ6 + 8µ2

1µ
2
2µ5µ6 - 5µ2

1µ2µ
2
3µ4 + 3µ2

1µ2µ
2
3µ5

- 20µ2
1µ2µ3µ

2
4 - 13µ2

1µ2µ3µ4µ5 - 26µ2
1µ2µ3µ4µ6 + 12µ2

1µ2µ3µ
2
5 + 13µ2

1µ2µ3µ5µ6 + 4µ2
1µ2µ

3
4

- 97µ2
1µ2µ

2
4µ5 - 54µ2

1µ2µ
2
4µ6 + 33µ2

1µ2µ4µ
2
5 - 40µ2

1µ2µ4µ5µ6 - 34µ2
1µ2µ4µ

2
6 + 24µ2

1µ2µ
2
5µ6

+ 15µ2
1µ2µ5µ

2
6 + 5µ2

1µ
2
3µ

2
4 - 10µ2

1µ
2
3µ4µ5 - 3µ2

1µ
2
3µ4µ6 + 3µ2

1µ
2
3µ

2
5 + 18µ2

1µ3µ
3
4 - 40µ2

1µ3µ
2
4µ5
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω

- 13µ2
1µ3µ4µ

2
5 - 52µ2

1µ3µ4µ5µ6 - 13µ2
1µ3µ4µ

2
6 + 8µ2

1µ3µ
3
5 + 13µ2

1µ3µ
2
5µ6 + 8µ2

1µ
3
4µ5 +

4µ2
1µ

3
4µ6 - 97µ2

1µ
2
4µ

2
5 - 108µ2

1µ
2
4µ5µ6 - 24µ2

1µ
2
4µ

2
6 + 22µ2

1µ4µ
3
5 - 40µ2

1µ4µ
2
5µ6 - 68µ2

1µ4µ5µ
2
6

- 14µ2
1µ4µ

3
6 + 16µ2

1µ
3
5µ6 + 15µ2

1µ
2
5µ

2
6 - µ1µ

4
2µ4 + 2µ1µ

4
2µ5 - 3µ1µ

3
2µ3µ4 + 2µ1µ

3
2µ3µ5 -

6µ1µ
3
2µ

2
4 - 5µ1µ

3
2µ4µ5 - 6µ1µ

3
2µ4µ6 + 12µ1µ

3
2µ

2
5 + 8µ1µ

3
2µ5µ6 - 3µ1µ

2
2µ

2
3µ4 + µ1µ

2
2µ

2
3µ5 -

24µ1µ
2
2µ3µ

2
4 - µ1µ

2
2µ3µ4µ5 - 17µ1µ

2
2µ3µ4µ6 + 10µ1µ

2
2µ3µ

2
5 + 10µ1µ

2
2µ3µ5µ6 - 48µ1µ

2
2µ

3
4

- 3µ1µ
2
2µ

2
4µ5 - 66µ1µ

2
2µ

2
4µ6 - 7µ1µ

2
2µ4µ

2
5 + 2µ1µ

2
2µ4µ5µ6 - 21µ1µ

2
2µ4µ

2
6 + 28µ1µ

2
2µ

3
5 +

36µ1µ
2
2µ

2
5µ6 + 14µ1µ

2
2µ5µ

2
6 - 15µ1µ2µ

2
3µ

2
4 + µ1µ2µ

2
3µ4µ5 - 8µ1µ2µ

2
3µ4µ6 + 3µ1µ2µ

2
3µ

2
5 +

4µ1µ2µ
2
3µ5µ6 - 32µ1µ2µ3µ

3
4 - 57µ1µ2µ3µ

2
4µ5 - 78µ1µ2µ3µ

2
4µ6 + 15µ1µ2µ3µ4µ

2
5

- 13µ1µ2µ3µ4µ5µ6 - 28µ1µ2µ3µ4µ
2
6 + 16µ1µ2µ3µ

3
5 + 30µ1µ2µ3µ

2
5µ6 + 14µ1µ2µ3µ5µ

2
6 -

148µ1µ2µ
3
4µ5 - 88µ1µ2µ

3
4µ6 + 27µ1µ2µ

2
4µ

2
5 - 156µ1µ2µ

2
4µ5µ6 - 102µ1µ2µ

2
4µ

2
6 - 4µ1µ2µ4µ

3
5

+ 42µ1µ2µ4µ
2
5µ6 - 13µ1µ2µ4µ5µ

2
6 - 24µ1µ2µ4µ

3
6 + 30µ1µ2µ

4
5 + 56µ1µ2µ

3
5µ6 + 42µ1µ2µ

2
5µ

2
6

+ 12µ1µ2µ5µ
3
6 + 8µ1µ

2
3µ

3
4 - 30µ1µ

2
3µ

2
4µ5 - 9µ1µ

2
3µ

2
4µ6 + µ1µ

2
3µ4µ

2
5 - 16µ1µ

2
3µ4µ5µ6 -

4µ1µ
2
3µ4µ

2
6 + 2µ1µ

2
3µ

3
5 + 4µ1µ

2
3µ

2
5µ6 + 20µ1µ3µ

4
4 - 64µ1µ3µ

3
4µ5 - 57µ1µ3µ

2
4µ

2
5

- 156µ1µ3µ
2
4µ5µ6 - 39µ1µ3µ

2
4µ

2
6 + 10µ1µ3µ4µ

3
5 - 13µ1µ3µ4µ

2
5µ6 - 56µ1µ3µ4µ5µ

2
6

- 12µ1µ3µ4µ
3
6 + 8µ1µ3µ

4
5 + 20µ1µ3µ

3
5µ6 + 14µ1µ3µ

2
5µ

2
6 - 148µ1µ

3
4µ

2
5 - 176µ1µ

3
4µ5µ6 -

40µ1µ
3
4µ

2
6 + 18µ1µ

2
4µ

3
5 - 156µ1µ

2
4µ

2
5µ6 - 204µ1µ

2
4µ5µ

2
6 - 42µ1µ

2
4µ

3
6 - 2µ1µ4µ

4
5 + 28µ1µ4µ

3
5µ6

- 13µ1µ4µ
2
5µ

2
6 - 48µ1µ4µ5µ

3
6 - 8µ1µ4µ

4
6 + 12µ1µ

5
5 + 28µ1µ

4
5µ6 + 28µ1µ

3
5µ

2
6 + 12µ1µ

2
5µ

3
6

+ µ4
2µ3µ5 - µ4

2µ
2
4 + 4µ4

2µ4µ5 + 2µ4
2µ5µ6 + µ3

2µ
2
3µ5 - 3µ3

2µ3µ
2
4 + 4µ3

2µ3µ4µ5 + 7µ3
2µ3µ

2
5

+ 6µ3
2µ3µ5µ6 - 4µ3

2µ
3
4 - 5µ3

2µ
2
4µ5 - 6µ3

2µ
2
4µ6 + 24µ3

2µ4µ
2
5 + 16µ3

2µ4µ5µ6 + 12µ3
2µ

2
5µ6 +

8µ3
2µ5µ

2
6 - 3µ2

2µ
2
3µ

2
4 + 2µ2

2µ
2
3µ4µ5 + 5µ2

2µ
2
3µ

2
5 + 3µ2

2µ
2
3µ5µ6 - 16µ2

2µ3µ
3
4 - µ2

2µ3µ
2
4µ5 -

17µ2
2µ3µ

2
4µ6 + 20µ2

2µ3µ4µ
2
5 + 20µ2

2µ3µ4µ5µ6 + 18µ2
2µ3µ

3
5 + 30µ2

2µ3µ
2
5µ6 + 11µ2

2µ3µ5µ
2
6

- 24µ2
2µ

4
4 - 2µ2

2µ
3
4µ5 - 44µ2

2µ
3
4µ6 - 7µ2

2µ
2
4µ

2
5 + 2µ2

2µ
2
4µ5µ6 - 21µ2

2µ
2
4µ

2
6 + 56µ2

2µ4µ
3
5 +

72µ2
2µ4µ

2
5µ6 + 28µ2

2µ4µ5µ
2
6 + 28µ2

2µ
3
5µ6 + 36µ2

2µ
2
5µ

2
6 + 10µ2

2µ5µ
3
6 - 10µ2µ

2
3µ

3
4 + µ2µ

2
3µ

2
4µ5

- 8µ2µ
2
3µ

2
4µ6 + 6µ2µ

2
3µ4µ

2
5 + 8µ2µ

2
3µ4µ5µ6 + 8µ2µ

2
3µ

3
5 + 9µ2µ

2
3µ

2
5µ6 + 2µ2µ

2
3µ5µ

2
6 -

16µ2µ3µ
4
4 - 38µ2µ3µ

3
4µ5 - 52µ2µ3µ

3
4µ6 + 15µ2µ3µ

2
4µ

2
5 - 13µ2µ3µ

2
4µ5µ6 - 28µ2µ3µ

2
4µ

2
6 +

32µ2µ3µ4µ
3
5 + 60µ2µ3µ4µ

2
5µ6 + 28µ2µ3µ4µ5µ

2
6 + 20µ2µ3µ

4
5 + 48µ2µ3µ

3
5µ6 + 33µ2µ3µ

2
5µ

2
6

+ 6µ2µ3µ5µ
3
6 - 74µ2µ

4
4µ5 - 44µ2µ

4
4µ6 + 18µ2µ

3
4µ

2
5 - 104µ2µ

3
4µ5µ6 - 68µ2µ

3
4µ

2
6 - 4µ2µ

2
4µ

3
5

+ 42µ2µ
2
4µ

2
5µ6 - 13µ2µ

2
4µ5µ

2
6 - 24µ2µ

2
4µ

3
6 + 60µ2µ4µ

4
5 + 112µ2µ4µ

3
5µ6 + 84µ2µ4µ

2
5µ

2
6

+ 24µ2µ4µ5µ
3
6 + 30µ2µ

4
5µ6 + 56µ2µ

3
5µ

2
6 + 30µ2µ

2
5µ

3
6 + 4µ2µ5µ

4
6 + 4µ2

3µ
4
4 - 20µ2

3µ
3
4µ5 -

6µ2
3µ

3
4µ6 + µ2

3µ
2
4µ

2
5 - 16µ2

3µ
2
4µ5µ6 - 4µ2

3µ
2
4µ

2
6 + 4µ2

3µ4µ
3
5 + 8µ2

3µ4µ
2
5µ6 + 4µ2

3µ
4
5 + 6µ2

3µ
3
5µ6

+ 2µ2
3µ

2
5µ

2
6 + 8µ3µ

5
4 - 32µ3µ

4
4µ5 - 38µ3µ

3
4µ

2
5 - 104µ3µ

3
4µ5µ6 - 26µ3µ

3
4µ

2
6 + 10µ3µ

2
4µ

3
5

- 13µ3µ
2
4µ

2
5µ6 - 56µ3µ

2
4µ5µ

2
6 - 12µ3µ

2
4µ

3
6 + 16µ3µ4µ

4
5 + 40µ3µ4µ

3
5µ6 + 28µ3µ4µ

2
5µ

2
6 +

8µ3µ
5
5 + 24µ3µ

4
5µ6 + 22µ3µ

3
5µ

2
6 + 6µ3µ

2
5µ

3
6 - 74µ4

4µ
2
5 - 88µ4

4µ5µ6 - 20µ4
4µ

2
6 + 12µ3

4µ
3
5 -

104µ3
4µ

2
5µ6 - 136µ3

4µ5µ
2
6 - 28µ3

4µ
3
6 - 2µ2

4µ
4
5 + 28µ2

4µ
3
5µ6 - 13µ2

4µ
2
5µ

2
6 - 48µ2

4µ5µ
3
6 - 8µ2

4µ
4
6 +

24µ4µ
5
5 + 56µ4µ

4
5µ6 + 56µ4µ

3
5µ

2
6 + 24µ4µ

2
5µ

3
6 + 12µ5

5µ6 + 28µ4
5µ

2
6 + 20µ3

5µ
3
6 + 4µ2

5µ
4
6.

aZ = µ4
1µ

2
2 + µ4

1µ2µ3 - µ4
1µ2µ4 + 4µ4

1µ2µ5 + 2µ4
1µ2µ6 - 2µ4

1µ3µ4 + 2µ4
1µ3µ5 - 2µ4

1µ
2
4 -

2µ4
1µ4µ5 - 4µ4

1µ4µ6 + 4µ4
1µ

2
5 + 4µ4

1µ5µ6 + µ3
1µ

2
2µ3 + 3µ3

1µ
2
2µ4 + 2µ3

1µ
2
2µ6 + µ3

1µ2µ
2
3 +

2µ3
1µ2µ3µ4 + 4µ3

1µ2µ3µ5 + 4µ3
1µ2µ3µ6 - 9µ3

1µ2µ
2
4 + 12µ3

1µ2µ4µ5 + 8µ3
1µ2µ5µ6 + 4µ3

1µ2µ
2
6

- 2µ3
1µ

2
3µ4 + 2µ3

1µ
2
3µ5 - 14µ3

1µ3µ
2
4 + 4µ3

1µ3µ4µ5 - 12µ3
1µ3µ4µ6 + 4µ3

1µ3µ
2
5 + 8µ3

1µ3µ5µ6 -
12µ3

1µ
3
4 - 18µ3

1µ
2
4µ5 - 32µ3

1µ
2
4µ6 + 12µ3

1µ4µ
2
5 - 16µ3

1µ4µ
2
6 + 8µ3

1µ
2
5µ6 + 8µ3

1µ5µ
2
6 - 2µ2

1µ
3
2µ4

+ µ2
1µ

2
2µ3µ6 - µ2

1µ
2
2µ

2
4 - 11µ2

1µ
2
2µ4µ5 - 4µ2

1µ
2
2µ4µ6 + µ2

1µ
2
2µ

2
6 + 2µ2

1µ2µ
2
3µ4 + µ2

1µ2µ
2
3µ6
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4. Deformations and quiver representations

- 6µ2
1µ2µ3µ

2
4 + 2µ2

1µ2µ3µ4µ5 + 4µ2
1µ2µ3µ5µ6 + 3µ2

1µ2µ3µ
2
6 - 26µ2

1µ2µ
3
4 - 2µ2

1µ2µ
2
4µ5

- 32µ2
1µ2µ

2
4µ6 - 21µ2

1µ2µ4µ
2
5 - 12µ2

1µ2µ4µ5µ6 - 8µ2
1µ2µ4µ

2
6 + 4µ2

1µ2µ5µ
2
6 + 2µ2

1µ2µ
3
6 -

10µ2
1µ

2
3µ

2
4 + 4µ2

1µ
2
3µ4µ5 - 6µ2

1µ
2
3µ4µ6 + 2µ2

1µ
2
3µ5µ6 - 36µ2

1µ3µ
3
4 - 12µ2

1µ3µ
2
4µ5 - 60µ2

1µ3µ
2
4µ6

+ 2µ2
1µ3µ4µ

2
5 - 22µ2

1µ3µ4µ
2
6 + 4µ2

1µ3µ
2
5µ6 + 6µ2

1µ3µ5µ
2
6 - 26µ2

1µ
4
4 - 52µ2

1µ
3
4µ5 - 88µ2

1µ
3
4µ6

- 2µ2
1µ

2
4µ

2
5 - 64µ2

1µ
2
4µ5µ6 - 80µ2

1µ
2
4µ

2
6 - 14µ2

1µ4µ
3
5 - 12µ2

1µ4µ
2
5µ6 - 16µ2

1µ4µ5µ
2
6 - 20µ2

1µ4µ
3
6

+ 4µ2
1µ

2
5µ

2
6 + 4µ2

1µ5µ
3
6 - 2µ1µ

3
2µ3µ4 - 6µ1µ

3
2µ

2
4 - 2µ1µ

3
2µ4µ5 - 4µ1µ

3
2µ4µ6 - 2µ1µ

2
2µ

2
3µ4

- 6µ1µ
2
2µ3µ

2
4 - 10µ1µ

2
2µ3µ4µ5 - 8µ1µ

2
2µ3µ4µ6 - 8µ1µ

2
2µ

3
4 - 33µ1µ

2
2µ

2
4µ5 - 24µ1µ

2
2µ

2
4µ6 -

8µ1µ
2
2µ4µ

2
5 - 24µ1µ

2
2µ4µ5µ6 - 12µ1µ

2
2µ4µ

2
6 - 6µ1µ2µ

2
3µ4µ5 - 2µ1µ2µ

2
3µ4µ6 - 16µ1µ2µ3µ

3
4

- 18µ1µ2µ3µ
2
4µ5 - 24µ1µ2µ3µ

2
4µ6 - 18µ1µ2µ3µ4µ

2
5 - 26µ1µ2µ3µ4µ5µ6 - 10µ1µ2µ3µ4µ

2
6 -

30µ1µ2µ
4
4 - 28µ1µ2µ

3
4µ5 - 64µ1µ2µ

3
4µ6 - 63µ1µ2µ

2
4µ

2
5 - 84µ1µ2µ

2
4µ5µ6 - 48µ1µ2µ

2
4µ

2
6 -

12µ1µ2µ4µ
3
5 - 48µ1µ2µ4µ

2
5µ6 - 42µ1µ2µ4µ5µ

2
6 - 12µ1µ2µ4µ

3
6 - 16µ1µ

2
3µ

3
4 - 18µ1µ

2
3µ

2
4µ6

- 6µ1µ
2
3µ4µ

2
5 - 4µ1µ

2
3µ4µ5µ6 - 4µ1µ

2
3µ4µ

2
6 - 40µ1µ3µ

4
4 - 32µ1µ3µ

3
4µ5 - 96µ1µ3µ

3
4µ6 -

18µ1µ3µ
2
4µ

2
5 - 48µ1µ3µ

2
4µ5µ6 - 66µ1µ3µ

2
4µ

2
6 - 12µ1µ3µ4µ

3
5 - 26µ1µ3µ4µ

2
5µ6 - 20µ1µ3µ4µ5µ

2
6

- 12µ1µ3µ4µ
3
6 - 24µ1µ

5
4 - 60µ1µ

4
4µ5 - 100µ1µ

4
4µ6 - 28µ1µ

3
4µ

2
5 - 128µ1µ

3
4µ5µ6 - 128µ1µ

3
4µ

2
6 -

42µ1µ
2
4µ

3
5 - 84µ1µ

2
4µ

2
5µ6 - 96µ1µ

2
4µ5µ

2
6 - 60µ1µ

2
4µ

3
6 - 6µ1µ4µ

4
5 - 32µ1µ4µ

3
5µ6 - 42µ1µ4µ

2
5µ

2
6

- 24µ1µ4µ5µ
3
6 - 8µ1µ4µ

4
6 - 2µ3

2µ3µ
2
4 - 4µ3

2µ
3
4 - 2µ3

2µ
2
4µ5 - 4µ3

2µ
2
4µ6 - 2µ2

2µ
2
3µ

2
4 - 4µ2

2µ3µ
3
4

- 10µ2
2µ3µ

2
4µ5 - 8µ2

2µ3µ
2
4µ6 - 4µ2

2µ
4
4 - 22µ2

2µ
3
4µ5 - 16µ2

2µ
3
4µ6 - 8µ2

2µ
2
4µ

2
5 - 24µ2

2µ
2
4µ5µ6 -

12µ2
2µ

2
4µ

2
6 - 6µ2µ

2
3µ

2
4µ5 - 2µ2µ

2
3µ

2
4µ6 - 8µ2µ3µ

4
4 - 12µ2µ3µ

3
4µ5 - 16µ2µ3µ

3
4µ6 - 18µ2µ3µ

2
4µ

2
5

- 26µ2µ3µ
2
4µ5µ6 - 10µ2µ3µ

2
4µ

2
6 - 12µ2µ

5
4 - 14µ2µ

4
4µ5 - 32µ2µ

4
4µ6 - 42µ2µ

3
4µ

2
5 - 56µ2µ

3
4µ5µ6

- 32µ2µ
3
4µ

2
6 - 12µ2µ

2
4µ

3
5 - 48µ2µ

2
4µ

2
5µ6 - 42µ2µ

2
4µ5µ

2
6 - 12µ2µ

2
4µ

3
6 - 8µ2

3µ
4
4 - 12µ2

3µ
3
4µ6 -

6µ2
3µ

2
4µ

2
5 - 4µ2

3µ
2
4µ5µ6 - 4µ2

3µ
2
4µ

2
6 - 16µ3µ

5
4 - 16µ3µ

4
4µ5 - 48µ3µ

4
4µ6 - 12µ3µ

3
4µ

2
5 - 32µ3µ

3
4µ5µ6

- 44µ3µ
3
4µ

2
6 - 12µ3µ

2
4µ

3
5 - 26µ3µ

2
4µ

2
5µ6 - 20µ3µ

2
4µ5µ

2
6 - 12µ3µ

2
4µ

3
6 - 8µ6

4 - 24µ5
4µ5 - 40µ5

4µ6 -
14µ4

4µ
2
5 - 64µ4

4µ5µ6 - 64µ4
4µ

2
6 - 28µ3

4µ
3
5 - 56µ3

4µ
2
5µ6 - 64µ3

4µ5µ
2
6 - 40µ3

4µ
3
6 - 6µ2

4µ
4
5 - 32µ2

4µ
3
5µ6

- 42µ2
4µ

2
5µ

2
6 - 24µ2

4µ5µ
3
6 - 8µ2

4µ
4
6.

aY 2 = - µ4
1 + µ3

1µ3 - 5µ3
1µ4 - 2µ3

1µ6 - 2µ2
1µ

2
2 + µ2

1µ2µ3 - 8µ2
1µ2µ5 - 6µ2

1µ2µ6 + µ2
1µ

2
3 +

7µ2
1µ3µ4 + 2µ2

1µ3µ5 + 3µ2
1µ3µ6 - 9µ2

1µ
2
4 - 8µ2

1µ4µ6 - 8µ2
1µ

2
5 - 12µ2

1µ5µ6 - 5µ2
1µ

2
6 - 2µ1µ

3
2

- µ1µ
2
2µ3 - 8µ1µ

2
2µ4 - 10µ1µ

2
2µ5 - 10µ1µ

2
2µ6 + 5µ1µ2µ3µ4 - 3µ1µ2µ3µ5 - 2µ1µ2µ3µ6 -

27µ1µ2µ4µ5 - 20µ1µ2µ4µ6 - 18µ1µ2µ
2
5 - 36µ1µ2µ5µ6 - 16µ1µ2µ

2
6 + 5µ1µ

2
3µ4 + 15µ1µ3µ

2
4

+ 10µ1µ3µ4µ5 + 15µ1µ3µ4µ6 - 3µ1µ3µ
2
5 - 4µ1µ3µ5µ6 - µ1µ3µ

2
6 - 8µ1µ

3
4 - 12µ1µ

2
4µ6 -

27µ1µ4µ
2
5 - 40µ1µ4µ5µ6 - 16µ1µ4µ

2
6 - 12µ1µ

3
5 - 36µ1µ

2
5µ6 - 32µ1µ5µ

2
6 - 8µ1µ

3
6 - µ4

2 - µ3
2µ3

- 4µ3
2µ4 - 7µ3

2µ5 - 6µ3
2µ6 - µ2

2µ
2
3 - 2µ2

2µ3µ4 - 5µ2
2µ3µ5 - 5µ2

2µ3µ6 - 8µ2
2µ

2
4 - 20µ2

2µ4µ5 -
20µ2

2µ4µ6 - 19µ2
2µ

2
5 - 32µ2

2µ5µ6 - 13µ2
2µ

2
6 - 3µ2µ

2
3µ5 - 2µ2µ

2
3µ6 + 5µ2µ3µ

2
4 - 6µ2µ3µ4µ5

- 4µ2µ3µ4µ6 - 9µ2µ3µ
2
5 - 17µ2µ3µ5µ6 - 7µ2µ3µ

2
6 - 27µ2µ

2
4µ5 - 20µ2µ

2
4µ6 - 36µ2µ4µ

2
5 -

72µ2µ4µ5µ6 - 32µ2µ4µ
2
6 - 24µ2µ

3
5 - 60µ2µ

2
5µ6 - 48µ2µ5µ

2
6 - 12µ2µ

3
6 + 5µ2

3µ
2
4 - 3µ2

3µ
2
5 -

4µ2
3µ5µ6 - µ2

3µ
2
6 + 10µ3µ

3
4 + 10µ3µ

2
4µ5 + 15µ3µ

2
4µ6 - 6µ3µ4µ

2
5 - 8µ3µ4µ5µ6 - 2µ3µ4µ

2
6

- 6µ3µ
3
5 - 17µ3µ

2
5µ6 - 14µ3µ5µ

2
6 - 3µ3µ

3
6 - 4µ4

4 - 8µ3
4µ6 - 27µ2

4µ
2
5 - 40µ2

4µ5µ6 - 16µ2
4µ

2
6 -

24µ4µ
3
5 - 72µ4µ

2
5µ6 - 64µ4µ5µ

2
6 - 16µ4µ

3
6 - 12µ4

5 - 40µ3
5µ6 - 48µ2

5µ
2
6 - 24µ5µ

3
6 - 4µ4

6.

aX2Y = 4µ1µ2 + µ1µ3 - µ1µ4 + 8µ1µ5 + 4µ1µ6 + µ2µ3 + 8µ2µ4 - µ2µ5 + 4µ2µ6 + µ2
3

+ 2µ3µ4 + 2µ3µ5 + 3µ3µ6 - µ2
4 + 16µ4µ5 + 8µ4µ6 - µ2

5 + 8µ5µ6 + 4µ2
6.
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω

aXY 2 = 2µ1 - 2µ2 + 4µ4 - 4µ5.

aXY = −2µ4
1µ2 - µ4

1µ3 + µ4
1µ4 - 4µ4

1µ5 - 2µ4
1µ6 + 4µ3

1µ
2
2 + 4µ3

1µ2µ3 - 8µ3
1µ2µ4 +

16µ3
1µ2µ5 + 8µ3

1µ2µ6 - 8µ3
1µ3µ4 + 8µ3

1µ3µ5 + 2µ3
1µ3µ6 + 4µ3

1µ
2
4 - 16µ3

1µ4µ5 - 6µ3
1µ4µ6 +

16µ3
1µ

2
5 + 16µ3

1µ5µ6 + 4µ3
1µ

2
6 + 4µ2

1µ
3
2 + 10µ2

1µ
2
2µ3 + 28µ2

1µ
2
2µ4 + 18µ2

1µ
2
2µ5 + 24µ2

1µ
2
2µ6

+ 8µ2
1µ2µ

2
3 + 24µ2

1µ2µ3µ4 + 38µ2
1µ2µ3µ5 + 36µ2

1µ2µ3µ6 - 8µ2
1µ2µ

2
4 + 102µ2

1µ2µ4µ5 +
62µ2

1µ2µ4µ6 + 30µ2
1µ2µ

2
5 + 84µ2

1µ2µ5µ6 + 42µ2
1µ2µ

2
6 + 2µ2

1µ
3
3 + 16µ2

1µ
2
3µ5 + 12µ2

1µ
2
3µ6

- 24µ2
1µ3µ

2
4 + 48µ2

1µ3µ4µ5 + 12µ2
1µ3µ4µ6 + 38µ2

1µ3µ
2
5 + 72µ2

1µ3µ5µ6 + 27µ2
1µ3µ

2
6 +

6µ2
1µ

3
4 - 16µ2

1µ
2
4µ5 + 102µ2

1µ4µ
2
5 + 124µ2

1µ4µ5µ6 + 37µ2
1µ4µ

2
6 + 20µ2

1µ
3
5 + 84µ2

1µ
2
5µ6

+ 84µ2
1µ5µ

2
6 + 22µ2

1µ
3
6 + 2µ1µ

4
2 + 6µ1µ

3
2µ3 + 16µ1µ

3
2µ4 + 14µ1µ

3
2µ5 + 16µ1µ

3
2µ6

+ 8µ1µ
2
2µ

2
3 + 40µ1µ

2
2µ3µ4 + 34µ1µ

2
2µ3µ5 + 38µ1µ

2
2µ3µ6 + 60µ1µ

2
2µ

2
4 + 80µ1µ

2
2µ4µ5

+ 104µ1µ
2
2µ4µ6 + 38µ1µ

2
2µ

2
5 + 82µ1µ

2
2µ5µ6 + 46µ1µ

2
2µ

2
6 + 4µ1µ2µ

3
3 + 32µ1µ2µ

2
3µ4

+ 30µ1µ2µ
2
3µ5 + 30µ1µ2µ

2
3µ6 + 48µ1µ2µ3µ

2
4 + 152µ1µ2µ3µ4µ5 + 144µ1µ2µ3µ4µ6 +

66µ1µ2µ3µ
2
5 + 144µ1µ2µ3µ5µ6 + 72µ1µ2µ3µ

2
6 + 210µ1µ2µ

2
4µ5 + 138µ1µ2µ

2
4µ6

+ 144µ1µ2µ4µ
2
5 + 368µ1µ2µ4µ5µ6 + 180µ1µ2µ4µ

2
6 + 48µ1µ2µ

3
5 + 150µ1µ2µ

2
5µ6

+ 164µ1µ2µ5µ
2
6 + 56µ1µ2µ

3
6 + µ1µ

4
3 + 8µ1µ

3
3µ4 + 8µ1µ

3
3µ5 + 8µ1µ

3
3µ6 + 64µ1µ

2
3µ4µ5

+ 48µ1µ
2
3µ4µ6 + 30µ1µ

2
3µ

2
5 + 60µ1µ

2
3µ5µ6 + 27µ1µ

2
3µ

2
6 - 32µ1µ3µ

3
4 + 96µ1µ3µ

2
4µ5 +

24µ1µ3µ
2
4µ6 + 152µ1µ3µ4µ

2
5 + 288µ1µ3µ4µ5µ6 + 108µ1µ3µ4µ

2
6 + 44µ1µ3µ

3
5

+ 144µ1µ3µ
2
5µ6 + 144µ1µ3µ5µ

2
6 + 42µ1µ3µ

3
6 + 5µ1µ

4
4 + 12µ1µ

3
4µ6 + 210µ1µ

2
4µ

2
5 +

276µ1µ
2
4µ5µ6 + 87µ1µ

2
4µ

2
6 + 96µ1µ4µ

3
5 + 368µ1µ4µ

2
5µ6 + 360µ1µ4µ5µ

2
6 + 94µ1µ4µ

3
6 +

24µ1µ
4
5 + 100µ1µ

3
5µ6 + 164µ1µ

2
5µ

2
6 + 112µ1µ5µ

3
6 + 24µ1µ

4
6 + µ4

2µ3 + 4µ4
2µ4 - µ4

2µ5 +
2µ4

2µ6 + 2µ3
2µ

2
3 + 12µ3

2µ3µ4 + 8µ3
2µ3µ5 + 10µ3

2µ3µ6 + 16µ3
2µ

2
4 + 28µ3

2µ4µ5 + 32µ3
2µ4µ6 -

6µ3
2µ

2
5 + 10µ3

2µ5µ6 + 12µ3
2µ

2
6 + 2µ2

2µ
3
3 + 16µ2

2µ
2
3µ4 + 12µ2

2µ
2
3µ5 + 14µ2

2µ
2
3µ6 + 40µ2

2µ3µ
2
4

+ 68µ2
2µ3µ4µ5 + 76µ2

2µ3µ4µ6 + 24µ2
2µ3µ

2
5 + 58µ2

2µ3µ5µ6 + 33µ2
2µ3µ

2
6 + 40µ2

2µ
3
4 +

80µ2
2µ

2
4µ5 + 104µ2

2µ
2
4µ6 + 76µ2

2µ4µ
2
5 + 164µ2

2µ4µ5µ6 + 92µ2
2µ4µ

2
6 - 14µ2

2µ
3
5 + 20µ2

2µ
2
5µ6 +

59µ2
2µ5µ

2
6 + 26µ2

2µ
3
6 + µ2µ

4
3 + 8µ2µ

3
3µ4 + 8µ2µ

3
3µ5 + 8µ2µ

3
3µ6 + 32µ2µ

2
3µ

2
4 + 60µ2µ

2
3µ4µ5

+ 60µ2µ
2
3µ4µ6 + 24µ2µ

2
3µ

2
5 + 54µ2µ

2
3µ5µ6 + 27µ2µ

2
3µ

2
6 + 32µ2µ3µ

3
4 + 152µ2µ3µ

2
4µ5 +

144µ2µ3µ
2
4µ6 + 132µ2µ3µ4µ

2
5 + 288µ2µ3µ4µ5µ6 + 144µ2µ3µ4µ

2
6 + 32µ2µ3µ

3
5

+ 114µ2µ3µ
2
5µ6 + 126µ2µ3µ5µ

2
6 + 42µ2µ3µ

3
6 + 140µ2µ

3
4µ5 + 92µ2µ

3
4µ6 + 144µ2µ

2
4µ

2
5 +

368µ2µ
2
4µ5µ6 + 180µ2µ

2
4µ

2
6 + 96µ2µ4µ

3
5 + 300µ2µ4µ

2
5µ6 + 328µ2µ4µ5µ

2
6 + 112µ2µ4µ

3
6 -

15µ2µ
4
5 + 20µ2µ

3
5µ6 + 105µ2µ

2
5µ

2
6 + 94µ2µ5µ

3
6 + 24µ2µ

4
6 + 2µ4

3µ4 + 2µ4
3µ5 + µ4

3µ6 +
8µ3

3µ
2
4 + 16µ3

3µ4µ5 + 16µ3
3µ4µ6 + 8µ3

3µ
2
5 + 16µ3

3µ5µ6 + 6µ3
3µ

2
6 + 64µ2

3µ
2
4µ5 + 48µ2

3µ
2
4µ6

+ 60µ2
3µ4µ

2
5 + 120µ2

3µ4µ5µ6 + 54µ2
3µ4µ

2
6 + 16µ2

3µ
3
5 + 54µ2

3µ
2
5µ6 + 54µ2

3µ5µ
2
6 + 15µ2

3µ
3
6 -

16µ3µ
4
4 + 64µ3µ

3
4µ5 + 16µ3µ

3
4µ6 + 152µ3µ

2
4µ

2
5 + 288µ3µ

2
4µ5µ6 + 108µ3µ

2
4µ

2
6 + 88µ3µ4µ

3
5

+ 288µ3µ4µ
2
5µ6 + 288µ3µ4µ5µ

2
6 + 84µ3µ4µ

3
6 + 16µ3µ

4
5 + 76µ3µ

3
5µ6 + 126µ3µ

2
5µ

2
6 +

84µ3µ5µ
3
6 + 18µ3µ

4
6 + 2µ5

4 + 6µ4
4µ6 + 140µ3

4µ
2
5 + 184µ3

4µ5µ6 + 58µ3
4µ

2
6 + 96µ2

4µ
3
5 +

368µ2
4µ

2
5µ6 + 360µ2

4µ5µ
2
6 + 94µ2

4µ
3
6 + 48µ4µ

4
5 + 200µ4µ

3
5µ6 + 328µ4µ

2
5µ

2
6 + 224µ4µ5µ

3
6

+ 48µ4µ
4
6 - 6µ5

5 + 10µ4
5µ6 + 70µ3

5µ
2
6 + 94µ2

5µ
3
6 + 48µ5µ

4
6 + 8µ5

6.

aXZ = - µ2
1µ3 - 3µ2

1µ4 - 2µ2
1µ6 - 2µ1µ

2
2 - 2µ1µ2µ3 - 2µ1µ2µ4 - 6µ1µ2µ5 - 4µ1µ2µ6 - µ1µ

2
3

- 4µ1µ3µ4 - 4µ1µ3µ5 - 4µ1µ3µ6 - 9µ1µ
2
4 - 4µ1µ4µ5 - 12µ1µ4µ6 - 6µ1µ

2
5 - 8µ1µ5µ6 - 4µ1µ

2
6 -
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4. Deformations and quiver representations

µ2
2µ3 - 4µ2

2µ4 + µ2
2µ5 - 2µ2

2µ6 - µ2µ
2
3 - 4µ2µ3µ4 - 4µ2µ3µ5 - 4µ2µ3µ6 - 2µ2µ

2
4 - 12µ2µ4µ5 -

8µ2µ4µ6 + 3µ2µ
2
5 - 4µ2µ5µ6 - 4µ2µ

2
6 - 2µ2

3µ4 - 2µ2
3µ5 - µ2

3µ6 - 4µ3µ
2
4 - 8µ3µ4µ5 - 8µ3µ4µ6

- 4µ3µ
2
5 - 8µ3µ5µ6 - 3µ3µ

2
6 - 6µ3

4 - 4µ2
4µ5 - 12µ2

4µ6 - 12µ4µ
2
5 - 16µ4µ5µ6 - 8µ4µ

2
6 + 2µ3

5 -
4µ2

5µ6 - 8µ5µ
2
6 - 2µ3

6.

aY Z = 2µ2
1 + 2µ1µ2 + µ1µ3 + 7µ1µ4 + 4µ1µ5 + 6µ1µ6 + 2µ2

2 + µ2µ3 + 4µ2µ4 +
7µ2µ5 + 6µ2µ6 + µ2

3 + 2µ3µ4 + 2µ3µ5 + 3µ3µ6 + 7µ2
4 + 8µ4µ5 + 12µ4µ6 + 7µ2

5 +
12µ5µ6 + 5µ2

6.

a0 = 2µ8
1µ

3
2µ4 - µ8

1µ
3
2µ5 + 5µ8

1µ
2
2µ3µ4 - 2µ8

1µ
2
2µ3µ5 + 4µ8

1µ
2
2µ

2
4 + 10µ8

1µ
2
2µ4µ5

+ 10µ8
1µ

2
2µ4µ6 - 5µ8

1µ
2
2µ

2
5 - 4µ8

1µ
2
2µ5µ6 + 4µ8

1µ2µ
2
3µ4 - µ8

1µ2µ
2
3µ5 + 6µ8

1µ2µ3µ
2
4

+ 18µ8
1µ2µ3µ4µ5 + 16µ8

1µ2µ3µ4µ6 - 6µ8
1µ2µ3µ

2
5 - 4µ8

1µ2µ3µ5µ6 + 2µ8
1µ2µ

3
4 + 15µ8

1µ2µ
2
4µ5

+ 12µ8
1µ2µ

2
4µ6 + 18µ8

1µ2µ4µ
2
5 + 36µ8

1µ2µ4µ5µ6 + 16µ8
1µ2µ4µ

2
6 - 8µ8

1µ2µ
3
5 - 12µ8

1µ2µ
2
5µ6

- 4µ8
1µ2µ5µ

2
6 + µ8

1µ
3
3µ4 + 2µ8

1µ
2
3µ

2
4 + 8µ8

1µ
2
3µ4µ5 + 6µ8

1µ
2
3µ4µ6 - µ8

1µ
2
3µ

2
5 + µ8

1µ3µ
3
4 +

12µ8
1µ3µ

2
4µ5 + 8µ8

1µ3µ
2
4µ6 + 18µ8

1µ3µ4µ
2
5 + 32µ8

1µ3µ4µ5µ6 + 12µ8
1µ3µ4µ

2
6 - 4µ8

1µ3µ
3
5 -

4µ8
1µ3µ

2
5µ6 + 4µ8

1µ
3
4µ5 + 2µ8

1µ
3
4µ6 + 15µ8

1µ
2
4µ

2
5 + 24µ8

1µ
2
4µ5µ6 + 8µ8

1µ
2
4µ

2
6 + 12µ8

1µ4µ
3
5

+ 36µ8
1µ4µ

2
5µ6 + 32µ8

1µ4µ5µ
2
6 + 8µ8

1µ4µ
3
6 - 4µ8

1µ
4
5 - 8µ8

1µ
3
5µ6 - 4µ8

1µ
2
5µ

2
6 + 2µ7

1µ
4
2µ4

+ 10µ7
1µ

3
2µ3µ4 - 2µ7

1µ
3
2µ3µ5 + 26µ7

1µ
3
2µ

2
4 + 6µ7

1µ
3
2µ4µ5 + 22µ7

1µ
3
2µ4µ6 - 4µ7

1µ
3
2µ5µ6 +

17µ7
1µ

2
2µ

2
3µ4 - 4µ7

1µ
2
2µ

2
3µ5 + 73µ7

1µ
2
2µ3µ

2
4 + 36µ7

1µ
2
2µ3µ4µ5 + 72µ7

1µ
2
2µ3µ4µ6 - 10µ7

1µ
2
2µ3µ

2
5

- 16µ7
1µ

2
2µ3µ5µ6 + 46µ7

1µ
2
2µ

3
4 + 136µ7

1µ
2
2µ

2
4µ5 + 146µ7

1µ
2
2µ

2
4µ6 - 2µ7

1µ
2
2µ4µ

2
5 + 84µ7

1µ
2
2µ4µ5µ6

+ 76µ7
1µ

2
2µ4µ

2
6 - 20µ7

1µ
2
2µ

2
5µ6 - 16µ7

1µ
2
2µ5µ

2
6 + 12µ7

1µ2µ
3
3µ4 - 2µ7

1µ2µ
3
3µ5 + 66µ7

1µ2µ
2
3µ

2
4 +

54µ7
1µ2µ

2
3µ4µ5 + 74µ7

1µ2µ
2
3µ4µ6 - 12µ7

1µ2µ
2
3µ

2
5 - 12µ7

1µ2µ
2
3µ5µ6 + 76µ7

1µ2µ3µ
3
4

+ 270µ7
1µ2µ3µ

2
4µ5 + 260µ7

1µ2µ3µ
2
4µ6 + 48µ7

1µ2µ3µ4µ
2
5 + 232µ7

1µ2µ3µ4µ5µ6
+ 152µ7

1µ2µ3µ4µ
2
6 - 16µ7

1µ2µ3µ
3
5 - 48µ7

1µ2µ3µ
2
5µ6 - 24µ7

1µ2µ3µ5µ
2
6 + 22µ7

1µ2µ
4
4

+ 174µ7
1µ2µ

3
4µ5 + 146µ7

1µ2µ
3
4µ6 + 252µ7

1µ2µ
2
4µ

2
5 + 540µ7

1µ2µ
2
4µ5µ6 + 256µ7

1µ2µ
2
4µ

2
6 -

16µ7
1µ2µ4µ

3
5 + 120µ7

1µ2µ4µ
2
5µ6 + 248µ7

1µ2µ4µ5µ
2
6 + 104µ7

1µ2µ4µ
3
6 - 32µ7

1µ2µ
3
5µ6

- 48µ7
1µ2µ

2
5µ

2
6 - 16µ7
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω
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4. Deformations and quiver representations
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω
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4. Deformations and quiver representations
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω
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4
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+ 49500µ3
1µ2µ3µ

4
4µ
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1µ2µ3µ
3
4µ
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5 + 25384µ3

1µ2µ3µ
3
4µ

3
5µ6 + 62463µ3

1µ2µ3µ
3
4µ

2
5µ

2
6

+ 66992µ3
1µ2µ3µ

3
4µ5µ

3
6 + 25064µ3

1µ2µ3µ
3
4µ

4
6 + 177µ3

1µ2µ3µ
2
4µ

5
5 + 3755µ3

1µ2µ3µ
2
4µ

4
5µ6 +

14392µ3
1µ2µ3µ

2
4µ

3
5µ

2
6 + 23910µ3

1µ2µ3µ
2
4µ

2
5µ

3
6 + 19155µ3

1µ2µ3µ
2
4µ5µ

4
6 + 5856µ3

1µ2µ3µ
2
4µ

5
6

+ 7µ3
1µ2µ3µ4µ

6
5 + 168µ3

1µ2µ3µ4µ
5
5µ6 + 1015µ3

1µ2µ3µ4µ
4
5µ

2
6 + 2464µ3

1µ2µ3µ4µ
3
5µ

3
6

+ 2994µ3
1µ2µ3µ4µ

2
5µ

4
6 + 1868µ3

1µ2µ3µ4µ5µ
5
6 + 472µ3

1µ2µ3µ4µ
6
6 + 588µ3

1µ2µ
8
4

+ 5744µ3
1µ2µ

7
4µ5 + 5584µ3

1µ2µ
7
4µ6 + 12600µ3

1µ2µ
6
4µ

2
5 + 32942µ3

1µ2µ
6
4µ5µ6

+ 18522µ3
1µ2µ

6
4µ

2
6 + 7832µ3

1µ2µ
5
4µ

3
5 + 43980µ3

1µ2µ
5
4µ

2
5µ6 + 66600µ3

1µ2µ
5
4µ5µ

2
6

+ 28560µ3
1µ2µ

5
4µ

3
6 + 3625µ3

1µ2µ
4
4µ

4
5 + 22800µ3

1µ2µ
4
4µ
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5µ6 + 59715µ3

1µ2µ
4
4µ

2
5µ

2
6

+ 64170µ3
1µ2µ

4
4µ5µ

3
6 + 22760µ3

1µ2µ
4
4µ

4
6 - 12µ3

1µ2µ
3
4µ

5
5 + 5580µ3

1µ2µ
3
4µ

4
5µ6
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+ 22200µ3
1µ2µ

3
4µ

3
5µ

2
6 + 38514µ3

1µ2µ
3
4µ

2
5µ

3
6 + 31574µ3

1µ2µ
3
4µ5µ

4
6 + 9488µ3

1µ2µ
3
4µ

5
6

- 91µ3
1µ2µ

2
4µ

6
5 + 42µ3

1µ2µ
2
4µ

5
5µ6 + 3015µ3

1µ2µ
2
4µ

4
5µ
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1µ2µ
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3
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1µ2µ

2
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6 + 7470µ3
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2
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6
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1µ2µ4µ

5
5µ
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6 + 690µ3

1µ2µ4µ
4
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6 + 1272µ3

1µ2µ4µ
3
5µ

4
6 + 1236µ3

1µ2µ4µ
2
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5
6
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3
4 + 14µ3

1µ
6
3µ

2
4µ5 + 21µ3

1µ
6
3µ

2
4µ6 + µ3

1µ
6
3µ4µ

2
5

+ 4µ3
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5
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5
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5
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5
3µ

2
4µ
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5 + 336µ3
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5
3µ
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4µ5µ6 + 252µ3

1µ
5
3µ

2
4µ

2
6 + 6µ3

1µ
5
3µ4µ

3
5 + 36µ3

1µ
5
3µ4µ

2
5µ6 +

60µ3
1µ

5
3µ4µ5µ

2
6 + 30µ3

1µ
5
3µ4µ

3
6 + 1376µ3

1µ
4
3µ

5
4 + 2920µ3

1µ
4
3µ

4
4µ5 + 3960µ3

1µ
4
3µ

4
4µ6

+ 1572µ3
1µ

4
3µ

3
4µ

2
5 + 5008µ3

1µ
4
3µ

3
4µ5µ6 + 3588µ3

1µ
4
3µ

3
4µ

2
6 + 326µ3

1µ
4
3µ

2
4µ

3
5 + 1551µ3

1µ
4
3µ

2
4µ

2
5µ6

+ 2464µ3
1µ

4
3µ

2
4µ5µ

2
6 + 1206µ3

1µ
4
3µ

2
4µ

3
6 + 14µ3

1µ
4
3µ4µ

4
5 + 122µ3

1µ
4
3µ4µ

3
5µ6 + 311µ3

1µ
4
3µ4µ

2
5µ

2
6

+ 332µ3
1µ

4
3µ4µ5µ

3
6 + 123µ3

1µ
4
3µ4µ

4
6 + 2352µ3

1µ
3
3µ

6
4 + 8896µ3

1µ
3
3µ

5
4µ5 + 10656µ3

1µ
3
3µ

5
4µ6 +

8420µ3
1µ

3
3µ

4
4µ

2
5 + 25120µ3

1µ
3
3µ

4
4µ5µ6 + 16420µ3

1µ
3
3µ

4
4µ

2
6 + 3120µ3

1µ
3
3µ

3
4µ

3
5

+ 15056µ3
1µ

3
3µ

3
4µ

2
5µ6 + 23248µ3

1µ
3
3µ

3
4µ5µ
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6 + 10760µ3

1µ
3
3µ

3
4µ
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6 + 504µ3

1µ
3
3µ

2
4µ

4
5

+ 3290µ3
1µ

3
3µ

2
4µ

3
5µ6 + 7914µ3

1µ
3
3µ

2
4µ

2
5µ

2
6 + 8248µ3

1µ
3
3µ

2
4µ5µ
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6 + 2965µ3

1µ
3
3µ

2
4µ

4
6 + 16µ3

1µ
3
3µ4µ

5
5

+ 200µ3
1µ

3
3µ4µ

4
5µ6 + 710µ3

1µ
3
3µ4µ

3
5µ

2
6 + 1154µ3

1µ
3
3µ4µ

2
5µ

3
6 + 904µ3

1µ
3
3µ4µ5µ

4
6 + 264µ3

1µ
3
3µ4µ

5
6

+ 1856µ3
1µ

2
3µ

7
4 + 12082µ3

1µ
2
3µ

6
4µ5 + 12551µ3

1µ
2
3µ
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4µ6 + 19335µ3

1µ
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3µ
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4µ

2
5 + 51600µ3
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+ 29904µ3
1µ
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3µ
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3µ4µ
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3µ4µ
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5µ6 + 796µ3
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3µ4µ
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5µ
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6 + 1772µ3
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3µ4µ
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5µ
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1µ
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2
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6 + 1300µ3
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3µ4µ
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1µ3µ
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+ 5888µ3
1µ3µ
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4µ6 + 18711µ3

1µ3µ
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4µ
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5 + 43316µ3
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4µ5µ6 + 21413µ3

1µ3µ
6
4µ
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6

+ 16254µ3
1µ3µ

5
4µ
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5 + 73744µ3
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5
5 + 12692µ3
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5µ6 + 41642µ3

1µ3µ
3
4µ
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5µ
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+ 66992µ3
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6 + 50128µ3

1µ3µ
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3
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6 + 59µ3

1µ3µ
2
4µ
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5

+ 1502µ3
1µ3µ

2
4µ
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5µ6 + 7196µ3

1µ3µ
2
4µ

4
5µ

2
6 + 15940µ3

1µ3µ
2
4µ

3
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6 + 19155µ3

1µ3µ
2
4µ

2
5µ

4
6

+ 11712µ3
1µ3µ

2
4µ5µ
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6 + 2732µ3

1µ3µ
2
4µ

6
6 + 2µ3

1µ3µ4µ
7
5 + 56µ3

1µ3µ4µ
6
5µ6

+ 406µ3
1µ3µ4µ

5
5µ
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6 + 1232µ3

1µ3µ4µ
4
5µ
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6 + 1996µ3

1µ3µ4µ
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5µ
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6 + 1868µ3

1µ3µ4µ
2
5µ
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6

+ 944µ3
1µ3µ4µ5µ

6
6 + 192µ3

1µ3µ4µ
7
6 + 1176µ3

1µ
8
4µ5 + 588µ3

1µ
8
4µ6 + 5744µ3

1µ
7
4µ

2
5

+ 11168µ3
1µ

7
4µ5µ6 + 4176µ3

1µ
7
4µ

2
6 + 8400µ3

1µ
6
4µ

3
5 + 32942µ3

1µ
6
4µ

2
5µ6 + 37044µ3

1µ
6
4µ5µ

2
6

+ 11438µ3
1µ

6
4µ

3
6 + 3916µ3

1µ
5
4µ

4
5 + 29320µ3

1µ
5
4µ

3
5µ6 + 66600µ3

1µ
5
4µ

2
5µ

2
6 + 57120µ3

1µ
5
4µ5µ

3
6

+ 15472µ3
1µ

5
4µ

4
6 + 1450µ3

1µ
4
4µ

5
5 + 11400µ3

1µ
4
4µ

4
5µ6 + 39810µ3

1µ
4
4µ

3
5µ

2
6 + 64170µ3

1µ
4
4µ

2
5µ

3
6

+ 45520µ3
1µ

4
4µ5µ

4
6 + 11120µ3

1µ
4
4µ

5
6 - 4µ3

1µ
3
4µ

6
5 + 2232µ3

1µ
3
4µ

5
5µ6 + 11100µ3

1µ
3
4µ

4
5µ

2
6 +

25676µ3
1µ

3
4µ

3
5µ

3
6 + 31574µ3

1µ
3
4µ

2
5µ

4
6 + 18976µ3

1µ
3
4µ5µ

5
6 + 4208µ3

1µ
3
4µ

6
6 - 26µ3

1µ
2
4µ

7
5

+ 14µ3
1µ

2
4µ

6
5µ6 + 1206µ3

1µ
2
4µ

5
5µ

2
6 + 4424µ3

1µ
2
4µ

4
5µ

3
6 + 7680µ3

1µ
2
4µ

3
5µ

4
6 + 7470µ3

1µ
2
4µ

2
5µ

5
6 +

3808µ3
1µ

2
4µ5µ

6
6 + 760µ3

1µ
2
4µ

7
6 + 4µ3

1µ4µ
7
5µ6 + 56µ3

1µ4µ
6
5µ

2
6 + 276µ3

1µ4µ
5
5µ

3
6 + 636µ3

1µ4µ
4
5µ

4
6

+ 824µ3
1µ4µ

3
5µ

5
6 + 636µ3

1µ4µ
2
5µ

6
6 + 272µ3

1µ4µ5µ
7
6 + 48µ3

1µ4µ
8
6 - µ2

1µ
6
2µ

2
3µ

2
4 - 8µ2

1µ
6
2µ3µ

3
4

- 2µ2
1µ

6
2µ3µ

2
4µ5 - 4µ2

1µ
6
2µ3µ

2
4µ6 - 13µ2

1µ
6
2µ

4
4 - 8µ2

1µ
6
2µ

3
4µ5 - 16µ2

1µ
6
2µ

3
4µ6 - µ2

1µ
6
2µ

2
4µ

2
5 -

4µ2
1µ

6
2µ

2
4µ5µ6 - 4µ2

1µ
6
2µ

2
4µ

2
6 - 2µ2

1µ
5
2µ

3
3µ

2
4 - 14µ2

1µ
5
2µ

2
3µ

3
4 - 12µ2

1µ
5
2µ

2
3µ

2
4µ5 - 11µ2

1µ
5
2µ

2
3µ

2
4µ6

- 31µ2
1µ

5
2µ3µ

4
4 - 90µ2

1µ
5
2µ3µ

3
4µ5 - 70µ2

1µ
5
2µ3µ

3
4µ6 - 18µ2

1µ
5
2µ3µ

2
4µ

2
5 - 51µ2

1µ
5
2µ3µ

2
4µ5µ6 -

25µ2
1µ

5
2µ3µ

2
4µ

2
6 - 30µ2

1µ
5
2µ

5
4 - 152µ2

1µ
5
2µ

4
4µ5 - 114µ2

1µ
5
2µ

4
4µ6 - 76µ2

1µ
5
2µ

3
4µ

2
5 - 212µ2

1µ
5
2µ

3
4µ5µ6
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω
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2
6 - 8µ2

1µ
5
2µ
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2
6

+ 110µ2
1µ
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3
4µ5µ6 + 144µ2

1µ
4
2µ3µ
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4. Deformations and quiver representations
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω
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1µ
6
3µ4µ

3
6 + 480µ2

1µ
5
3µ

5
4 + 672µ2

1µ
5
3µ

4
4µ5 + 1008µ2

1µ
5
3µ

4
4µ6

+ 270µ2
1µ

5
3µ

3
4µ

2
5 + 864µ2

1µ
5
3µ

3
4µ5µ6 + 648µ2

1µ
5
3µ

3
4µ

2
6 + 30µ2

1µ
5
3µ

2
4µ

3
5 + 180µ2

1µ
5
3µ

2
4µ

2
5µ6

+ 300µ2
1µ

5
3µ

2
4µ5µ

2
6 + 150µ2

1µ
5
3µ

2
4µ

3
6 + 6µ2

1µ
5
3µ4µ

3
5µ6 + 21µ2

1µ
5
3µ4µ

2
5µ

2
6 + 24µ2

1µ
5
3µ4µ5µ

3
6

+ 9µ2
1µ

5
3µ4µ

4
6 + 1504µ2

1µ
4
3µ

6
4 + 3856µ2

1µ
4
3µ

5
4µ5 + 5280µ2

1µ
4
3µ

5
4µ6 + 2726µ2

1µ
4
3µ

4
4µ

2
5 +

8664µ2
1µ

4
3µ

4
4µ5µ6 + 6254µ2

1µ
4
3µ

4
4µ

2
6 + 804µ2

1µ
4
3µ

3
4µ

3
5 + 3934µ2

1µ
4
3µ

3
4µ

2
5µ6 + 6256µ2

1µ
4
3µ

3
4µ5µ

2
6

+ 3084µ2
1µ

4
3µ

3
4µ

3
6 + 62µ2

1µ
4
3µ

2
4µ

4
5 + 576µ2

1µ
4
3µ

2
4µ

3
5µ6 + 1524µ2

1µ
4
3µ

2
4µ

2
5µ

2
6 + 1636µ2

1µ
4
3µ

2
4µ5µ

3
6

+ 611µ2
1µ

4
3µ

2
4µ

4
6 + 14µ2

1µ
4
3µ4µ

4
5µ6 + 72µ2

1µ
4
3µ4µ

3
5µ

2
6 + 135µ2

1µ
4
3µ4µ

2
5µ

3
6 + 110µ2

1µ
4
3µ4µ5µ

4
6

+ 33µ2
1µ

4
3µ4µ

5
6 + 2208µ2

1µ
3
3µ

7
4 + 9536µ2

1µ
3
3µ

6
4µ5 + 11616µ2

1µ
3
3µ

6
4µ6 + 10984µ2

1µ
3
3µ

5
4µ

2
5 +

32896µ2
1µ

3
3µ

5
4µ5µ6 + 21800µ2

1µ
3
3µ

5
4µ

2
6 + 5240µ2

1µ
3
3µ

4
4µ

3
5 + 25608µ2

1µ
3
3µ

4
4µ

2
5µ6

+ 39704µ2
1µ

3
3µ

4
4µ5µ

2
6 + 18620µ2

1µ
3
3µ

4
4µ

3
6 + 1136µ2

1µ
3
3µ

3
4µ

4
5 + 7940µ2

1µ
3
3µ

3
4µ

3
5µ6

+ 19616µ2
1µ

3
3µ

3
4µ

2
5µ

2
6 + 20592µ2

1µ
3
3µ

3
4µ5µ

3
6 + 7510µ2

1µ
3
3µ

3
4µ

4
6 + 48µ2

1µ
3
3µ

2
4µ

5
5

+ 816µ2
1µ

3
3µ

2
4µ

4
5µ6 + 3222µ2

1µ
3
3µ

2
4µ

3
5µ

2
6 + 5488µ2

1µ
3
3µ

2
4µ

2
5µ

3
6 + 4360µ2

1µ
3
3µ

2
4µ5µ

4
6

+ 1296µ2
1µ

3
3µ

2
4µ

5
6 + 16µ2

1µ
3
3µ4µ

5
5µ6 + 112µ2

1µ
3
3µ4µ

4
5µ

2
6 + 302µ2

1µ
3
3µ4µ

3
5µ

3
6 + 395µ2

1µ
3
3µ4µ

2
5µ

4
6

+ 252µ2
1µ

3
3µ4µ5µ

5
6 + 63µ2

1µ
3
3µ4µ

6
6 + 1544µ2

1µ
2
3µ

8
4 + 11036µ2

1µ
2
3µ

7
4µ5 + 11698µ2

1µ
2
3µ

7
4µ6 +

20277µ2
1µ

2
3µ

6
4µ

2
5 + 54832µ2

1µ
2
3µ

6
4µ5µ6 + 32368µ2

1µ
2
3µ

6
4µ

2
6 + 13972µ2

1µ
2
3µ

5
4µ

3
5

+ 67917µ2
1µ

2
3µ

5
4µ

2
5µ6 + 99216µ2

1µ
2
3µ

5
4µ5µ

2
6 + 42712µ2

1µ
2
3µ

5
4µ

3
6 + 5014µ2

1µ
2
3µ

4
4µ

4
5

+ 33468µ2
1µ

2
3µ

4
4µ

3
5µ6 + 82177µ2

1µ
2
3µ

4
4µ

2
5µ

2
6 + 83808µ2

1µ
2
3µ

4
4µ5µ

3
6 + 28954µ2

1µ
2
3µ

4
4µ

4
6

+ 636µ2
1µ

2
3µ

3
4µ

5
5 + 7392µ2

1µ
2
3µ

3
4µ

4
5µ6 + 26368µ2

1µ
2
3µ

3
4µ

3
5µ

2
6 + 43756µ2

1µ
2
3µ

3
4µ

2
5µ

3
6

+ 34272µ2
1µ

2
3µ

3
4µ5µ

4
6 + 9908µ2

1µ
2
3µ

3
4µ

5
6 - 3µ2

1µ
2
3µ

2
4µ

6
5 + 456µ2

1µ
2
3µ

2
4µ

5
5µ6

+ 3016µ2
1µ

2
3µ

2
4µ

4
5µ

2
6 + 7632µ2

1µ
2
3µ

2
4µ

3
5µ

3
6 + 9660µ2

1µ
2
3µ

2
4µ

2
5µ

4
6 + 6108µ2

1µ
2
3µ

2
4µ5µ

5
6

+ 1508µ2
1µ

2
3µ

2
4µ

6
6 + 9µ2

1µ
2
3µ4µ

6
5µ6 + 84µ2

1µ
2
3µ4µ

5
5µ

2
6 + 308µ2

1µ
2
3µ4µ

4
5µ

3
6 + 576µ2

1µ
2
3µ4µ

3
5µ

4
6

+ 585µ2
1µ

2
3µ4µ

2
5µ

5
6 + 308µ2

1µ
2
3µ4µ5µ

6
6 + 66µ2

1µ
2
3µ4µ

7
6 + 416µ2

1µ3µ
9
4 + 5568µ2

1µ3µ
8
4µ5 +

4832µ2
1µ3µ

8
4µ6 + 16530µ2

1µ3µ
7
4µ

2
5 + 39064µ2

1µ3µ
7
4µ5µ6 + 19702µ2

1µ3µ
7
4µ

2
6

+ 16506µ2
1µ3µ

6
4µ

3
5 + 75952µ2

1µ3µ
6
4µ

2
5µ6 + 100752µ2

1µ3µ
6
4µ5µ

2
6 + 38408µ2

1µ3µ
6
4µ

3
6

+ 7768µ2
1µ3µ

5
4µ

4
5 + 53880µ2

1µ3µ
5
4µ

3
5µ6 + 130787µ2

1µ3µ
5
4µ

2
5µ

2
6 + 125952µ2

1µ3µ
5
4µ5µ

3
6 +

39880µ2
1µ3µ

5
4µ

4
6 + 1852µ2

1µ3µ
4
4µ

5
5 + 18406µ2

1µ3µ
4
4µ

4
5µ6 + 65056µ2

1µ3µ
4
4µ

3
5µ

2
6

+ 108146µ2
1µ3µ

4
4µ

2
5µ

3
6 + 82584µ2

1µ3µ
4
4µ5µ

4
6 + 22616µ2

1µ3µ
4
4µ

5
6 - 54µ2

1µ3µ
3
4µ

6
5

+ 2248µ2
1µ3µ

3
4µ

5
5µ6 + 14144µ2

1µ3µ
3
4µ

4
5µ

2
6 + 35080µ2

1µ3µ
3
4µ

3
5µ

3
6 + 44450µ2

1µ3µ
3
4µ

2
5µ

4
6 +

27968µ2
1µ3µ

3
4µ5µ

5
6 + 6728µ2

1µ3µ
3
4µ

6
6 - 22µ2

1µ3µ
2
4µ

7
5 - 12µ2

1µ3µ
2
4µ

6
5µ6 + 944µ2

1µ3µ
2
4µ

5
5µ

2
6 +

4172µ2
1µ3µ

2
4µ

4
5µ

3
6 + 7994µ2

1µ3µ
2
4µ

3
5µ

4
6 + 8148µ2

1µ3µ
2
4µ

2
5µ

5
6 + 4304µ2

1µ3µ
2
4µ5µ

6
6

+ 912µ2
1µ3µ

2
4µ

7
6 + 2µ2

1µ3µ4µ
7
5µ6 + 27µ2

1µ3µ4µ
6
5µ

2
6 + 136µ2

1µ3µ4µ
5
5µ

3
6 + 350µ2

1µ3µ4µ
4
5µ

4
6

+ 510µ2
1µ3µ4µ

3
5µ

5
6 + 427µ2

1µ3µ4µ
2
5µ

6
6 + 192µ2

1µ3µ4µ5µ
7
6 + 36µ2

1µ3µ4µ
8
6 + 848µ2

1µ
9
4µ5 +

424µ2
1µ

9
4µ6 + 4436µ2

1µ
8
4µ

2
5 + 8792µ2

1µ
8
4µ5µ6 + 3324µ2

1µ
8
4µ

2
6 + 7008µ2

1µ
7
4µ

3
5

+ 28372µ2
1µ

7
4µ

2
5µ6 + 32664µ2

1µ
7
4µ5µ

2
6 + 10276µ2

1µ
7
4µ

3
6 + 3620µ2

1µ
6
4µ

4
5 + 28440µ2

1µ
6
4µ

3
5µ6

+ 66552µ2
1µ

6
4µ

2
5µ

2
6 + 58464µ2

1µ
6
4µ5µ

3
6 + 16208µ2

1µ
6
4µ

4
6 + 1224µ2

1µ
5
4µ

5
5 + 12036µ2

1µ
5
4µ

4
5µ6

+ 46136µ2
1µ

5
4µ

3
5µ

2
6 + 77510µ2

1µ
5
4µ

2
5µ

3
6 + 56512µ2

1µ
5
4µ5µ

4
6 + 14192µ2

1µ
5
4µ

5
6 - 272µ2

1µ
4
4µ

6
5 +

1816µ2
1µ

4
4µ

5
5µ6 + 14010µ2

1µ
4
4µ

4
5µ

2
6 + 37368µ2

1µ
4
4µ

3
5µ

3
6 + 48897µ2

1µ
4
4µ

2
5µ

4
6 + 30448µ2

1µ
4
4µ5µ

5
6

+ 6984µ2
1µ

4
4µ

6
6 - 124µ2

1µ
3
4µ

7
5 - 524µ2

1µ
3
4µ

6
5µ6 + 904µ2

1µ
3
4µ

5
5µ

2
6 + 7296µ2

1µ
3
4µ

4
5µ

3
6
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4. Deformations and quiver representations

+ 15500µ2
1µ

3
4µ

3
5µ

4
6 + 16500µ2

1µ
3
4µ

2
5µ

5
6 + 8832µ2

1µ
3
4µ5µ

6
6 + 1840µ2

1µ
3
4µ

7
6 - 8µ2

1µ
2
4µ

8
5

- 68µ2
1µ

2
4µ

7
5µ6 - 124µ2

1µ
2
4µ

6
5µ

2
6 + 376µ2

1µ
2
4µ

5
5µ

3
6 + 1780µ2

1µ
2
4µ

4
5µ

4
6 + 2980µ2

1µ
2
4µ

3
5µ

5
6

+ 2616µ2
1µ

2
4µ

2
5µ

6
6 + 1200µ2

1µ
2
4µ5µ

7
6 + 224µ2

1µ
2
4µ

8
6 + 2µ2

1µ4µ
7
5µ

2
6 + 18µ2

1µ4µ
6
5µ

3
6

+ 68µ2
1µ4µ

5
5µ

4
6 + 140µ2

1µ4µ
4
5µ

5
6 + 170µ2

1µ4µ
3
5µ

6
6 + 122µ2

1µ4µ
2
5µ

7
6 + 48µ2

1µ4µ5µ
8
6 + 8µ2

1µ4µ
9
6

- 2µ1µ
6
2µ

2
3µ

3
4 - 10µ1µ

6
2µ3µ

4
4 - 4µ1µ

6
2µ3µ

3
4µ5 - 8µ1µ

6
2µ3µ

3
4µ6 - 12µ1µ

6
2µ

5
4 - 10µ1µ

6
2µ

4
4µ5

- 20µ1µ
6
2µ

4
4µ6 - 2µ1µ

6
2µ

3
4µ

2
5 - 8µ1µ

6
2µ

3
4µ5µ6 - 8µ1µ

6
2µ

3
4µ

2
6 - 4µ1µ

5
2µ

3
3µ

3
4 - 20µ1µ

5
2µ

2
3µ

4
4 -

24µ1µ
5
2µ

2
3µ

3
4µ5 - 24µ1µ

5
2µ

2
3µ

3
4µ6 - 36µ1µ

5
2µ3µ

5
4 - 115µ1µ

5
2µ3µ

4
4µ5 - 100µ1µ

5
2µ3µ

4
4µ6

- 36µ1µ
5
2µ3µ

3
4µ

2
5 - 104µ1µ

5
2µ3µ

3
4µ5µ6 - 56µ1µ

5
2µ3µ

3
4µ

2
6 - 28µ1µ

5
2µ

6
4 - 144µ1µ

5
2µ

5
4µ5

- 120µ1µ
5
2µ

5
4µ6 - 95µ1µ

5
2µ

4
4µ

2
5 - 270µ1µ

5
2µ

4
4µ5µ6 - 140µ1µ

5
2µ

4
4µ

2
6 - 16µ1µ

5
2µ

3
4µ

3
5

- 80µ1µ
5
2µ

3
4µ

2
5µ6 - 120µ1µ

5
2µ

3
4µ5µ

2
6 - 48µ1µ

5
2µ

3
4µ

3
6 - 2µ1µ

4
2µ

4
3µ

3
4 + 10µ1µ

4
2µ

3
3µ

4
4

- 24µ1µ
4
2µ

3
3µ

3
4µ5 - 4µ1µ

4
2µ

3
3µ

3
4µ6 + 3µ1µ

4
2µ

3
3µ

2
4µ5µ6 + 3µ1µ

4
2µ

3
3µ

2
4µ

2
6 + 72µ1µ

4
2µ

2
3µ

5
4

- 85µ1µ
4
2µ

2
3µ

4
4µ5 + 60µ1µ

4
2µ

2
3µ

4
4µ6 - 96µ1µ

4
2µ

2
3µ

3
4µ

2
5 - 126µ1µ

4
2µ

2
3µ

3
4µ5µ6 + 4µ1µ

4
2µ

2
3µ

3
4µ

2
6 +

6µ1µ
4
2µ

2
3µ

2
4µ

2
5µ6 + 18µ1µ

4
2µ

2
3µ

2
4µ5µ

2
6 + 12µ1µ

4
2µ

2
3µ

2
4µ

3
6 + 105µ1µ

4
2µ3µ

6
4 - 117µ1µ

4
2µ3µ

5
4µ5 +

168µ1µ
4
2µ3µ

5
4µ6 - 455µ1µ

4
2µ3µ

4
4µ

2
5 - 535µ1µ

4
2µ3µ

4
4µ5µ6 + 20µ1µ

4
2µ3µ

4
4µ

2
6 - 128µ1µ

4
2µ3µ

3
4µ

3
5

- 434µ1µ
4
2µ3µ

3
4µ

2
5µ6 - 322µ1µ

4
2µ3µ

3
4µ5µ

2
6 - 16µ1µ

4
2µ3µ

3
4µ

3
6 + 3µ1µ

4
2µ3µ

2
4µ

3
5µ6

+ 18µ1µ
4
2µ3µ

2
4µ

2
5µ

2
6 + 30µ1µ

4
2µ3µ

2
4µ5µ

3
6 + 15µ1µ

4
2µ3µ

2
4µ

4
6 + 32µ1µ

4
2µ

7
4 - 126µ1µ

4
2µ

6
4µ5 +

42µ1µ
4
2µ

6
4µ6 - 612µ1µ

4
2µ

5
4µ

2
5 - 762µ1µ

4
2µ

5
4µ5µ6 - 96µ1µ

4
2µ

5
4µ

2
6 - 360µ1µ

4
2µ

4
4µ

3
5

- 1240µ1µ
4
2µ

4
4µ

2
5µ6 - 1005µ1µ

4
2µ

4
4µ5µ

2
6 - 160µ1µ

4
2µ

4
4µ

3
6 - 54µ1µ

4
2µ

3
4µ

4
5 - 312µ1µ

4
2µ

3
4µ

3
5µ6

- 570µ1µ
4
2µ

3
4µ

2
5µ

2
6 - 348µ1µ

4
2µ

3
4µ5µ

3
6 - 48µ1µ

4
2µ

3
4µ

4
6 + 3µ1µ

4
2µ

2
4µ

3
5µ

2
6 + 12µ1µ

4
2µ

2
4µ

2
5µ

3
6 +

15µ1µ
4
2µ

2
4µ5µ

4
6 + 6µ1µ

4
2µ

2
4µ

5
6 + 60µ1µ

3
2µ

4
3µ

4
4 + 12µ1µ

3
2µ

4
3µ

3
4µ5 + 44µ1µ

3
2µ

4
3µ

3
4µ6

+ 9µ1µ
3
2µ

4
3µ

2
4µ5µ6 + 9µ1µ

3
2µ

4
3µ

2
4µ

2
6 + 384µ1µ

3
2µ

3
3µ

5
4 + 320µ1µ

3
2µ

3
3µ

4
4µ5 + 660µ1µ

3
2µ

3
3µ

4
4µ6

- 16µ1µ
3
2µ

3
3µ

3
4µ

2
5 + 260µ1µ

3
2µ

3
3µ

3
4µ5µ6 + 324µ1µ

3
2µ

3
3µ

3
4µ

2
6 + 33µ1µ

3
2µ

3
3µ

2
4µ

2
5µ6

+ 87µ1µ
3
2µ

3
3µ

2
4µ5µ

2
6 + 54µ1µ

3
2µ

3
3µ

2
4µ

3
6 + 917µ1µ

3
2µ

2
3µ

6
4 + 1263µ1µ

3
2µ

2
3µ

5
4µ5

+ 2460µ1µ
3
2µ

2
3µ

5
4µ6 + 165µ1µ

3
2µ

2
3µ

4
4µ

2
5 + 2030µ1µ

3
2µ

2
3µ

4
4µ5µ6 + 2240µ1µ

3
2µ

2
3µ

4
4µ

2
6

- 168µ1µ
3
2µ

2
3µ

3
4µ

3
5 + 60µ1µ

3
2µ

2
3µ

3
4µ

2
5µ6 + 1028µ1µ

3
2µ

2
3µ

3
4µ5µ

2
6 + 824µ1µ

3
2µ

2
3µ

3
4µ

3
6

+ 39µ1µ
3
2µ

2
3µ

2
4µ

3
5µ6 + 180µ1µ

3
2µ

2
3µ

2
4µ

2
5µ

2
6 + 258µ1µ

3
2µ

2
3µ

2
4µ5µ

3
6 + 117µ1µ

3
2µ

2
3µ

2
4µ

4
6

+ 960µ1µ
3
2µ3µ

7
4 + 1659µ1µ

3
2µ3µ

6
4µ5 + 3416µ1µ

3
2µ3µ

6
4µ6 + 525µ1µ

3
2µ3µ

5
4µ

2
5

+ 4116µ1µ
3
2µ3µ

5
4µ5µ6 + 4572µ1µ

3
2µ3µ

5
4µ

2
6 - 820µ1µ

3
2µ3µ

4
4µ

3
5 - 70µ1µ

3
2µ3µ

4
4µ

2
5µ6

+ 3340µ1µ
3
2µ3µ

4
4µ5µ

2
6 + 2840µ1µ

3
2µ3µ

4
4µ

3
6 - 240µ1µ

3
2µ3µ

3
4µ

4
5 - 796µ1µ

3
2µ3µ

3
4µ

3
5µ6

- 92µ1µ
3
2µ3µ

3
4µ

2
5µ

2
6 + 1272µ1µ

3
2µ3µ

3
4µ5µ

3
6 + 840µ1µ

3
2µ3µ

3
4µ

4
6 + 15µ1µ

3
2µ3µ

2
4µ

4
5µ6

+ 117µ1µ
3
2µ3µ

2
4µ

3
5µ

2
6 + 294µ1µ

3
2µ3µ

2
4µ

2
5µ

3
6 + 300µ1µ

3
2µ3µ

2
4µ5µ

4
6 + 108µ1µ

3
2µ3µ

2
4µ

5
6

+ 360µ1µ
3
2µ

8
4 + 608µ1µ

3
2µ

7
4µ5 + 1536µ1µ

3
2µ

7
4µ6 + 112µ1µ

3
2µ

6
4µ

2
5 + 1946µ1µ

3
2µ

6
4µ5µ6 +

2632µ1µ
3
2µ

6
4µ

2
6 - 1260µ1µ

3
2µ

5
4µ

3
5 - 1146µ1µ

3
2µ

5
4µ

2
5µ6 + 1968µ1µ

3
2µ

5
4µ5µ

2
6 + 2280µ1µ

3
2µ

5
4µ

3
6 -

725µ1µ
3
2µ

4
4µ

4
5 - 2740µ1µ

3
2µ

4
4µ

3
5µ6 - 2100µ1µ

3
2µ

4
4µ

2
5µ

2
6 + 820µ1µ
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω
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4. Deformations and quiver representations
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4.4. Quotient of the inhomogeneous singularity (C2/Γ,Ω) by Ω
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4. Deformations and quiver representations

Whereas the case A2r−1 was easily done by hand, the case E6 requires the help of a
computer software. In order to find these coefficients, we used the program Maple 2015.
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Singularité et Théorie de Lie

Résumé : Soit Γ un sous-groupe fini de SU2(C). Alors le quotient C2/Γ peut être plongé dans C3

sous la forme d’une surface munie d’une singularité isolée. Le quotient C2/Γ est appelé singularité de

Klein, d’après F. Klein qui fut le premier à les décrire en 1884. À travers leurs résolutions minimales,
ces singularités ont un lien étroit avec les diagrammes de Dynkin simplement lacés de types Ar, Dr et
Er. Dans les années 1970, E. Brieskorn et P. Slodowy ont tiré profit de cette connection pour décrire les
résolutions et les déformations de ces singularités à l’aide de la théorie de Lie. En 1998 P. Slodowy et H.
Cassens ont construit les déformations semiuniverselles des C2/Γ à l’aide de la théorie des carquois ainsi
que des travaux de P.B. Kronheimer en géométrie symplectique datant de 1989.
En théorie de Lie, la classification des algèbres de Lie simples divise ces dernières en deux classes : les
algèbres de Lie de types Ar, Dr et Er qui sont simplement lacées, et celles de types Br, Cr, F4 et G2

appelées non-homogènes. A l’aide d’un second sous-groupe fini Γ′ de SU2(C) tel que ΓC Γ′, P. Slodowy a
étendu en 1978 la notion de singularité de Klein aux algèbres de Lie non-homogènes en ajoutant à C2/Γ
le groupe d’automorphismes Ω = Γ′/Γ du diagramme de Dynkin associé à la singularité.
L’objectif de cette thèse est de généraliser la construction de H. Cassens et P. Slodowy à ces singularités
de types Br, Cr, F4 et G2. Il en résultera des constructions explicites des déformations semiuniverselles de
types inhomogènes sur les fibres desquelles le groupe Ω agit. Le passage au quotient d’une telle application
révèle alors une déformation d’une singularité de type C2/Γ′.

Mots clés : Systèmes de racines ; pliage ; singularité simple ; réduction symplectique ; carquois ;
déformations de singularités.

Singularity and Lie Theory

Abstract : Let Γ be a finite subgroup of SU2(C). Then the quotient C2/Γ can be embedded in C3 as a
surface with an isolated singularity. The quotient C2/Γ is called a Kleinian singularity, after F. Klein who
studied them first in 1884. Through their minimal resolutions, these singularities have a deep connection
with simply-laced Dynkin diagrams of types Ar, Dr and Er. In the 1970’s E. Brieskorn and P. Slodowy
took advantage of this connection to describe the resolutions and deformations of these singularities in
terms of Lie theory. In 1998 P. Slodowy and H. Cassens constructed the semiuniversal deformations of
the Kleinian singularities using quiver theory and work from 1989 by P.B. Kronheimer on symplectic
geometry.
In Lie theory, the classification of simple Lie algebras allows for a separation in two classes : those simply-
laced of types Ar, Dr and Er, and those of types Br, Cr, F4 and G2 called inhomogeneous. With the use
of a second finite subgroup Γ′ of SU2(C) such that Γ C Γ′, P. Slodowy extended in 1978 the definition
of a Kleinian singularity to the inhomogeneous types by adding to C2/Γ the group of automorphisms
Ω = Γ′/Γ of the Dynkin diagram associated to the singularity.
The purpose of this thesis is to generalize H. Cassens’ and P. Slodowy’s construction to the singularities
of types Br, Cr, F4 and G2. It will lead to explicit semiuniversal deformations of inhomogeneous types on
the fibers of which the group Ω acts. By quotienting such a map we obtain a deformation of a singularity
C2/Γ′.

Keywords : Root systems ; folding ; simple singularity ; symplectic reduction ; quiver ; deformations of
singularities.

Image en couverture : La queue d’aronde, ou le discrimant de la déformation semiuniverselle d’une singularité simple de type A4.
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