
HAL Id: tel-01545613
https://hal.science/tel-01545613v1

Submitted on 22 Jun 2017

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY-NC-ND 4.0 - Attribution - Non-commercial use - No
Derivative Works - International License

A first approach on how to solve contact problems using the
Inequality Level-Set

Matthieu Graveleau

To cite this version:
Matthieu Graveleau. A first approach on how to solve contact problems using the Inequality Level-Set. Solid
mechanics [physics.class-ph]. Ecole Centrale de Nantes (ECN), 2015. English. ⟨NNT : ⟩. ⟨tel-01545613⟩

https://hal.science/tel-01545613v1
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://hal.archives-ouvertes.fr


Institut de Recherche en
GénieCivil etMécanique

MG MG

THESIS at École Centrale Nantes

for the degree of

DOCTEUR DE L'ÉCOLE CENTRALE DE NANTES

Specialty : GÉNIE MÉCANIQUE

Proposed by

Matthieu Graveleau
DOCTORAL SCHOOL : SPIGA

DEPARTMENT : Gem � UMR CNRS 6183

A �rst approach on how to solve contact
problems using the Inequality Level-Set

Proposal on the Friday 20th November 2015

before a jury composed of :

Bruno Cochelin

Professor at Laboratoire de Mécanique et d'Accoustique, Marseille / Reporter

Yves Renard

Professor at Institut Camille Jordan, Institut National des Sciences Appliquées de Lyon / Reporter

Stanisªaw Stupkiewicz

Professor at Institute of Fundamental Technological Research, Warsaw / Examiner

Benoit Magnain

Associate professor at Institut National des Sciences Appliquées Centre Val de Loire, Blois / Examiner

Nicolas Moës

Professor at École Centrale Nantes / Thesis supervisor

Nicolas Chevaugeon

Associate professor at École Centrale Nantes / Thesis co-supervisor





I hope that this manuscript will help the reader understand what was done during this work
as much as it did for me.

How do I know what I think until I see what I say?

Edward Morgan Forster

This thesis was exiting as it was full of interesting surprises.

The most exciting phrase to hear in science, the one that heralds new discoveries, is not
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Jules Verne
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Résumé

L
a suite de ce rapport étant en Anglais, un résumé de ce qui a été accomplis durant
cette thèse est fait ici en français. Commençons dans un premier temps par situer le

sujet d'étude. Le lecteur ne sera pas surpris d'apprendre que les simulations numériques du
comportement mécanique des structures prennent rapidement une place de plus en plus impor-
tante dans le monde industriel. Un tel engouement est justi�é entre autre par le gain �nancier
entraîné par une diminution des essais expérimentaux. Cependant, cet attrait pour les méth-
odes numérique implique une forte demande dans ce domaine pour être capable de représenter
précisément et e�cacement divers phénomènes mécaniques.

Parmi ces phénomènes, nous allons nous intéresser aux phénomènes de contact. Présent
dans nos vies quotidiennes, le contact joue un rôle majeur dans de nombreux cas. Il est donc
crucial de disposer d'outils nous permettant de traiter ces problèmes.

De manière plus générales, il n'est pas injuste de dire que la méthode des éléments �nis est
largement la plus usitée pour traiter numériquement des problèmes de mécanique du solide.
C'est donc en se fondant sur cet outil que des méthodes de résolutions adaptées au contact ont
été développées. Plusieurs di�cultés émergent directement de l'utilisation de la méthode des
éléments �nis pour traiter les problèmes de contact.

Avant de dé�nir ces obstacles, dé�nissons certaines spéci�cités des problèmes de contact.
Sans prendre en compte des phénomènes spéci�ques liés au contact, tels que la friction ou
l'adhésion, le problème de contact semble être équivalent à un problème de mécanique du
solide classique avec des conditions aux limites adaptées. Cependant, il faut connaître la zone
sur laquelle les solides rentrent en contact a�n de pouvoir appliquer ces conditions aux limites.
Or, cette zone de contact est a priori inconnue. Nonobstant cette di�culté, des méthodes
itératives ont été développées pour trouver l'état d'équilibre du système ainsi que la zone de
contact.

L'évolution de cette zone pause un problème concret pour la méthode des éléments �nis.
Cette méthode s'appuie sur une discrétisassion du domaine en un ensemble �ni d'�éléments�. Les
frontières, internes comme externes, sont contraintes par celles des éléments. Ne connaissant
pas les positions que va occuper la frontière de la zone de contact il n'est pas possible de
positionner les éléments (durant l'opération que l'on nomme maillage) pour représenter au
mieux cette frontière. Sans adaptation, il faut alors se contenter de sa meilleur approximation
pour le maillage donné. Une autre option consiste à remailler (changer la position des éléments)
avec le déplacement de la zone de contact. Cependant, cette opération reste coûteuse.

L'importance de la précision de la zone de contact n'est plus à prouver. Outre l'in�uence



directe qui peut être imaginée lorsqu'une erreur est faite sur la zone où une condition aux
limites est appliquées, d'autres considérations sont à prendre en compte. À la limite de la zone
de contact, de nombreux phénomènes complexes peuvent apparaîtrent aboutissant à la création
de singularités. Pour bien approximer la solution du problème, il faut être capable de capter
ces singularités. Cela n'est pas aisé avec les approximations classiques aux éléments �nis.

Dans cette thèse, vous l'aurez compris, nous allons proposer une méthode qui permettra
de s'a�ranchir des problèmes de maillage. Cette méthode que nous mettons ici en avant est
l'Inequality Level-Set ou en bref l'ILS. Elle est, comme nous le verrons, une méthode crée pour
permettre de résoudre des problèmes comportant des inégalités émergentes de la méconnais-
sance d'une zone. Si cette zone est connue, il est alors possible de transformer les inégalités en
égalités. Le problème du contact rentre évidemment dans cette catégorie.

Essayons de donner ici l'essence de cette méthode. Pour cela nous allons fournir une expli-
cation sur les caractéristiques qui font cette méthode de manière graduelle. Avant de s'y atteler,
il est bon de rappeler ses origines. Elle utilise les outils développés pour modéliser l'évolution de
�ssures (tels que les fonctions de niveaux et la mécanique con�gurationnelle), pour laquelle un
parallèle avec le contact peut être dressé. La première étape consiste à s'a�ranchir de la forte
dépendance au maillage en utilisant des fonctions de niveaux pour représenté la frontière de la
zone de contact. En plus de dé�nir la frontière de contact, cette fonction de niveaux permet
d'avoir accès facilement, entre autres, à la distance d'un point à cette frontière et à sa normale.
Couplée à cela, l'eXtended Finite Element Method (X-FEM) permet de prendre en compte les
singularités déjà mentionnées ainsi que d'intégrer une connaissance de modélisation du prob-
lème. En e�et, cette méthode permet d'enrichir les approximations classiques éléments �nis
localement par une fonction censée être proche de la solution exacte. Ce tandem permet d'avoir
une bonne représentation d'une zone de contact ainsi que des phénomènes singuliers y ayant
lieux. Nous pourrions nous arrêter là et utiliser une méthode classique (active-set notamment)
pour faire évoluer cette zone de contact. Cependant, une autre méthode est proposée. Un
algorithme très prisé est la méthode de Newton de part son e�cacité et sa relative simplicité.
Cette méthode est utilisée pour trouver le zéro ou le minimum d'une fonctionnelle. Elle a déjà
était utilisée dans le cadre du contact notamment avec la méthode du Lagrangien augmenté.
Ici, le problème est transformé en optimisation de forme associé à la zone de contact. Pour
ce faire il faut dé�nir un critère caractérisant sa bonne position. Ce choix peut être e�ectué
via des considérations de mécanique con�gurationnelle ou phénoménologique comme nous le
verrons. La bonne position de la zone de contact implique l'annulation de ce critère. De ce
fait, s'il est possible de calculer la variation de ce critère avec le déplacement de la zone de
contact, une méthode de Newton peut être appliquée. Cette variation est obtenue en calculant
la dérivée directionnelle du critère. Un avantage de cette méthode est la facilité à prendre en
compte les phénomènes d'adhésions.

La suite de ce rapport est composé comme suit. Le chapitre I permet de dresser un cadre
général pour le problème qui nous concerne. De plus, un inventaire des méthodes les plus
utilisées est fait. Le chapitre II se concentre sur la présentation de l'ILS dans un cadre général.
En e�et, il a été noté que l'ILS était faite pour résoudre une classe générale de problème et
cette dé�nition, de part la nouveauté de la méthode, n'a pas encore été faite. Les deux derniers
chapitres III et IV donnent des exemples d'applications de cette méthode aux problèmes de
membranes puis de solides pleins. De nombreux tests ont été menés a�n de quali�er et quanti�er
les avantages et inconvénients de cette méthode.



Ce travail met en exergue le potentiel de l'ILS pour traiter les problèmes de contact. L'ILS
ce montre à la fois e�cace et précise sans sacri�er pour cela son adaptabilité. Elle a l'avantage
de permettre directement de prendre en compte l'adhésion. De plus, un bon comportement de
la méthode pour les interpolations de haut ordre la rend attractive. Tout au long de ce rapport,
une attention particulière est prêtée au choix de la formulation variationnelle qui conditionne
la stabilité du problème.



Glossary

BB (condition): Babu²ka-Brezzi ;
DMT : Derjaguin-Muller-Toporov ;
FEM : Finite Element Method ;
JKR : Johnson-Kendall-Roberts;
KKT (conditions): Karush Kuhn Tucker ;
ILS : Inequality Level Set ;
X-FEM :eXtended Finite Element Method ;
dofs :degrees of freedom;



Notation

Elements notation

• L2(Ω): ensemble of square integrable
function over Ω;

• H1(Ω): ensemble of function in L2(Ω)

for which their �rst derivative is in
L2(Ω) too;

• t: �rst order tensor;

• T : second order tensor;

• I: second order identity tensor;

• T: fourth order tensor;

• v or {v} : a vector;

• M or [M]: a matrix.

Operators

• (�) · (�) scalar product;

• (�) ∧ (�) cross product;

• det(�) determinant;

• ∇X(�) gradient in the initial con�gu-
ration;

• ∇x(�) gradient in the current con�gu-
ration;

• div(�) divergence (the same distinc-
tion can be made for the con�gura-
tion).

Classical mechanics

• Ω a domain;

• Ωγ the domain γ;

• ∂Ω the boundary of the domain;

• ∂Ωt part of ∂Ω where external forces
td are imposed;

• ∂Ωu part of ∂Ω where displacements
ud are imposed;

• fd body forces;

• u displacement;

• ε strain;

• σ stress;

• K Hooke's tensor;

• n outward normal to Ω;

• F deformation gradient;

• Ψ energy density;

• Π total elastic potential;

• T membrane tension.



Contact

• Ω− part Ω possibly in contact (also
called ∂Ωc before the settlement of the
level-set);

• Γ boundary of Ω−;

• gn gap function;

• d initial distance to the rigid solid;

• pn contact pressure;

• ­ normal to Γ included in Ω−;

• γ surface tension.

Con�gurational mechanics

• φ level-set ;

• % shape optimization criterion ;

• w shape optimization displacement;

• wn nth mode;

• D[w](f(x)) directional derivative of a
function f for a displacement w;

• Dm mechanical dissipation;

• C Eshelby tensor;

• g con�gurational force;

• B computing band;
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Why the ILS for contact?

B
efore reading a little bit over one hundred pages, the reader is entitled to know what
was the motivation for �lling these pages and what is hoped to be achieved by it.

Basically, what he is getting into. The suspense was mostly removed by the title �solve contact
problems using the Inequality Level-Set�. Let us �rst focus on the most common topic: contact
problems.

Contact is present everywhere in our everyday life. Objects have widely interacted with
one each others way before the creation of the �connected objects�. One of the oldest one we
can imagine is what is referred as contact. That is to say when two bodies come close enough
and �touch� themselves. This naive description allows nonetheless to grasp the extend of the
variety of problems for which contact play a part if not the main part. Therefore we have tried
to understand and master this phenomenon, going through the scienti�c process of observation,
modelization and computation. Tremendous progress has been made in the later century on the
subject. Several phenomena have been observed and modeled such as friction, adhesion, wear...
What seems at �rst a trivial problem is in fact subtle and di�cult. But where does this work
�t into? We mentioned also the desire to be able to carry out computations in order to predict
the solution of contact problems. Of course a desirable method to solve such problem shall be
e�cient and accurate, allowing the user to represent accurately all the phenomena involved. It
is admitted that one of the challenge of contact problems is to �nd and represent precisely the
contact zone. It raises majors di�culties with the classical framework used for solid mechanics.
We wish to propose a method designed to ease these di�culties. Furthermore we wish it to
be able to include, as much as possible, the knowledge gotten from the observation and the
modelization.

Let us have a foretaste of the Inequality Level-Set method. Its basis is the classical Finite
Element Method which is widely use. To that, an extra layer is added. Level-sets are used
in order to represent accurately and freely the contact zone. The eXtended Finite Element
Method is also used to capture e�ciently the singularities of the problem. Coupled to this
framework, a shape optimization problem is set up. Its goal is to drive the contact zone to
its correct position and shape. This shape con�guration problem is based on con�gurational
mechanics.

This report aims at detailing the Inequality Level-Set method and at giving examples of its
use. The �rst chapter settles the framework around contact problems and give a brief overview
of the methods and formulations available to tackle these problems. The second chapter gives a
general overview of the Inequality Level-Set method. Indeed contact mechanics is not the only



Why the ILS for contact?

�eld where it can be applied. A general presentation of this method was never done before and
therefore we want to settle that. The two last chapters provide examples of the application of
the method to contact problems. First membrane problems are dealt with. Then plain solids
are the subject of interest. In any case, a comparison of the method with a more classical one
is done. Several tests are conducted in order to underline both its assets and its drawbacks.

2 ILS for contact



I
A journey toward contact problems

Contents

I.1 Continuum mechanics, the common ground . . . . . . . . . . . . . 5

I.1.1 A �rst approach without contact . . . . . . . . . . . . . . . . . . . . . 5

I.1.1.1 Small deformation hypothesis . . . . . . . . . . . . . . . . . . 8

I.1.1.2 Membrane formulation . . . . . . . . . . . . . . . . . . . . . 8

I.1.1.3 Weak formulation for small deformation hypothesis . . . . . 9

I.1.2 Addition of contact contributions . . . . . . . . . . . . . . . . . . . . . 10

I.1.3 Several possible formulations . . . . . . . . . . . . . . . . . . . . . . . 14

I.1.3.1 Penalty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

I.1.3.2 Lagrange multiplier . . . . . . . . . . . . . . . . . . . . . . . 15

I.1.3.3 Augmented Lagrange . . . . . . . . . . . . . . . . . . . . . . 16

I.1.3.4 Other formulations . . . . . . . . . . . . . . . . . . . . . . . . 17

I.1.4 A special phenomenon: adhesion . . . . . . . . . . . . . . . . . . . . . 19

I.2 From the formulation to the solution: numerical frameworks . . . 20

I.2.1 Di�culties arising from the discretization . . . . . . . . . . . . . . . . 21

I.2.2 Di�erent methods of resolution . . . . . . . . . . . . . . . . . . . . . . 23

This chapter is dedicated to introduce the main framework of contact mechanics. Even if
a broad overview is given, some aspects are left aside or only refered to. Nevertheless, a
special focus is made on the aspect related to the aimed improvement that are tried to be
made by the original work of this thesis. As the method proposed here is a rather new
approach, the problems considered will be restricted by some hypothesis de�ned below.
First the modelization and the mathematical framework is presented. Then, some numeri-
cal methods are listed. Di�culties in the resolution process are underlined as the ILS will
try to answer to them.

Summary
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Dans ce premier chapitre, une présentation de la théorie de la mécanique du solide et du
contact est faite. Elle n'a pas pour prétention d'être exhaustive, des livres entiers ont été
nécessaires pour traiter chacun de ces sujets, mais d'assurer l'établissement des fondations
requises à la compréhension du problème. Dans un premier temps, la théorie des milieux
continus est exposée. Cela nous permet de modéliser le comportement d'un solide soumis à
des sollicitations extérieures. Certaines hypothèses simpli�catrices sont ensuite proposées
car elles seront utilisées dans les chapitres suivants. Ensuite, les bases de la théorie du
contact sont présentées a�n de nous permettre de prendre en compte les interactions entre
solides. Plusieurs choix de formulations sont o�erts et représentent un panel des plus
usités. En�n les méthodes numériques à dispositions sont étudiées ainsi que les di�cultés
émergeant du passage au numérique.

Résumé
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I.1 Continuum mechanics, the common ground

As knowledge and technology improve, matter is known to be built of smaller and smaller
elements. Atoms were guessed to be elementary constituents since the antiquity but the 19th

century taught us about smaller elements such as proton. The last step (for now) was made
in 1964 with the quark theory. Let us just stop at the atomic level. Dealing with matter at
this scale is clearly an impossible task when looking at macro-scale problems. Furthermore,
the interest would be limited as quantities of interest are also macro-scaled. Therefore, a
more global model, suited for macro-scaled problems, is required. As, at this scale, matter
appears to be continuous, a continuous model seams the logical choice. This observation leads
to continuum mechanics which will be the basis of this work. An overview of this theory can
be found in [Marsden and Hughes, 1994], only a brief sum up is given here.

I.1.1 A �rst approach without contact

Let us begin by describing brie�y the general groundwork of continuum mechanics. Most of the
notations are illustrated in Figure I.1. First, let us focus on the kinematic of the problem. The
focus of this study is on quasi-static problems, meaning that dynamical e�ects are neglected.
A body in an initial con�guration Ω0 goes through a transformation into Ω. This means that
every material point in a position X changes to a new one x. The relation between these
positions is given by the function Φ such that:

Φ : Ω0 → Ω

X → x
(I.1)

With this de�nition we can de�ne an interesting quantity: the displacement u(X). The
displacement of a point X is naturally:

u(X) = x−X = Φ(X)−X (I.2)

When the movement is not a rigid body motion some deformations occur. Deformations
arises from the change of distance between points of the body as the transformation occurs.
In order to measure this change, it is convenient to de�ne an operator which links an ele-
mentary distance in the initial con�guration to its transformation. This operator is called the
deformation gradient F .

dx = FdX (I.3)

ILS for contact 5



A journey toward contact problems

In the following, the notion of derivation is going to be a key point. Several types of
derivative are going to be used and it is crucial to not confuse them. The �rst one en-
countered here is the partial derivative. Let f be a function such that f: Rn → R and
x = (x1, . . . , xn) 7→ f(x) then, the �rst order derivative regards to the ith component of x
is de�ned as:

∂f(x)

∂xi
= lim

h→0

f(x1, . . . , xi + h, . . . , xn)− f(x1, . . . , xi, . . . , xn)

h
. (I.4)

With this de�nition, the gradient of f can be de�ned:

∇xf =
∂f(x)

∂x
=

(
∂f(x)

∂x1
, . . . ,

∂f(x)

∂xn

)
. (I.5)

When no confusion can be made, the subscript of the gradient (here x) can be dropped.
In our case, the subscript allows us for instance to di�erentiate the gradient on the initial
con�guration ∇X(•) and the current con�guration ∇x(•).

Remark

Therefore, F can be de�ned using the gradient:

F =
∂x

∂X
= ∇Xx = ∇XΦ(X) = I +∇Xu (I.6)

A transformation, to be kinetically admissible, must be invertible. Using the determinant
of F , called the Jacobian J = det(F ), the condition translates as J > 0. On top of allowing the

veri�cation of the transformation's invertibility , the Jacobian quanti�es the volumic change
from dv into dV such that dv = JdV . Finally, the last kinematic quantity we are going to de�ne
is the Green-Lagrange tensor E. This is the most common choice of tensor to characterize a

strain measure. Is de�nition is:

E =
1

2

(
F>F − I

)
=

1

2

(
∇Xu> +∇Xu+∇Xu>∇Xu

)
(I.7)

Dual quantities to the kinematic one are de�ned by means of a strain-energy density func-
tion. Such class of material models are the hyper-elastic material. One example is the Saint
Venant�Kirchho� model which, providing the material Lamé constants (λ, µ), gives the follow-
ing strain-energy density function:

Ψ(E) =
λ

2
Tr(E)2 + µTr(E2) (I.8)

Several stress tensors can be derived from this energy function. Two are going to be de�ned.
The �rst one �rst express the stress relative to the reference con�guration. It is called the �rst
Piola�Kirchho� stress tensor P . It is related to the strain-energy density function with the

relation:

P =
∂Ψ

∂F
(I.9)
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The second one, is the Cauchy stress tensor σ and gives the stress relative to the current

con�guration:

σ =
1

J

∂Ψ

∂F
· F> (I.10)

Then the local equilibrium can be written in the reference con�guration, neglecting the
dynamical e�ects:

div
X

(P ) + F d = 0 in Ω0 (I.11)

or in the current con�guration:

div
x

(σ) + f
d

= 0 in Ω (I.12)

where F d (resp. fd = JF d) are the body forces in the reference (resp. current) con�guration
and div

X
(•) (resp. div

x
(•)) the divergence in the reference (resp. current) con�guration.

Now that the internal behavior has been de�ned, let us talk about the interaction of the
body with its environment. On top of the already de�ned body force, the in�uence of the
environment can also appears on the boundary of the body. That could translate into imposed
displacement ud or forces td on the boundary as de�ned in Figure I.1.

Φ

udtd

f
d

∂Ωt

∂Ωu

Ω0 Ω
b

b

X

x

F d

Ud

T d
∂ΩT

∂ΩU

Figure I.1: Illustration of the notations used

In this section, the classical formulation for continuum mechanics was stated. A sum up of
the principal notations is given below.

ILS for contact 7
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• Ω0 initial con�guration of the solid;

• X a point of Ω0;

• ∂Ω0 the boundary of Ω0;

• ∂ΩT where forces T d are imposed
on the initial con�guration;

• ∂ΩU where displacements Ud are
imposed on the initial con�guration;

• Ω deformed con�guration;

• x a point of Ω;

• ∂Ω its boundary;

• ∂Ωt where forces td are imposed
on the deformed con�guration;

• ∂Ωu where displacements ud are
imposed on the deformed con�gura-
tion;

• F d, fd body forces;

Check point

I.1.1.1 Small deformation hypothesis

A common simpli�cation of the general theory is the small deformation hypothesis. This simpli-
�cation is legitimate if displacements and deformations are small compared to body dimensions.
This is usually the case for sti� elastic materials. In small deformation theory, the geometry
and the constitutive properties are supposed unchanged with the deformation. In this context,
a linearization of the strain tensor E is made. The linearized strain tensor is:

ε =
1

2

(
∇u> +∇u

)
(I.13)

The reader will notice the disappearance of the subscript of the gradient operator. Indeed
as the reference and the current con�gurations are identical therefore ∇(•) = ∇X(•) = ∇x(•).

The stress tensor σ is related to this strain tensor through the equivalence of the Saint

Venant�Kirchho� law called the generalized Hooke's law:

σ = λTr(ε)I + 2µε = K ε (I.14)

and therefore the energy density then is written:

Ψ(ε) =
1

2
ε : K : ε (I.15)

I.1.1.2 Membrane formulation

Another model simpli�cation used in this thesis is the membrane formulation. This modeliza-
tion takes into account geometrical speci�cities. Indeed, when one or several dimensions of a
body are negligible compare to the other ones, simpli�cations can be made. That is also what
is done with beam theory or shell theory. For the membrane case, one dimension is negligible
allowing the solid to be assimilated to a 2D body. For the small deformation case we are only
interested in the normal displacement u of the membrane. The tension in it is considered to be
constant and denoted T . In this case, fd represent the surface force applied to the membrane.
The equilibrium equation stated in (I.12) is replaced by:

T∆u+ fd = 0 in Ω (I.16)
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Then the energy density is given by:

Ψ(u) =
1

2
T∇u · ∇u (I.17)

I.1.1.3 Weak formulation for small deformation hypothesis

The equation (I.12), called strong formulation of the problem is not well suited computationally.
Another formulation, called weak formulation, is usually preferred. This formulation is designed
to allow the use of linear algebra tools to solve partial di�erential problems. These tools
allow to characterize the existence and uniqueness of the solution. There is several ways to
derive the weak formulation from the strong equations. Here the energetic approach will be
followed. The unknowns are chosen to be displacement based. Let us de�ne the space in
which the displacement lives. This space has to guarantee enough regularity (without too
much restrictions) and the ful�llment of the imposed displacement ud. Jumping ahead, the
right displacement �eld space is given:

U =
{
u ∈ H1(Ω) | u = ud on ∂Ωu

}
(I.18)

with H1(Ω) the Sobolev space which guarantees the integrability of a function and its �rst
derivative respect to the L2-norm on Ω. Staying with the small deformation hypothesis the
total elastic potential is:

Π(u) =

∫
Ω

(
Ψ(u) + f

d
· u
)
dV −

∫
∂Ωt

(td · u) dS (I.19)

Finding the minimum of this function gives a solution that ful�lls the equilibrium equation
(I.12).

In order to �nd the minimum, the total derivative of the total elastic potential is computed.
Let us take time to de�ne the total derivative. Taking a functional f(a), then its total
derivative in the direction a∗ is:

D[a∗](f(a)) = lim
ε→0

f(a+ εa∗)− f(a)

ε
(I.20)

Remark

Therefore if u?(often called test �eld) represents a variation of u and thus lives in U0 = {u ∈
H1(Ω) |u = 0 on ∂Ωu} the total derivative of Π(u) is:

D[u?](Π(u)) =

∫
Ω

(
ε(u?) : K : ε(u)− u? · f

d

)
dV −

∫
∂Ωt

(u? · td) dS (I.21)

Then, to be a minimum for Π, u must veri�es:

D[u?](Π(u)) = 0 ∀u? ∈ U0 (I.22)

ILS for contact 9
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which is equivalent to say that the sum of virtual works arising from a virtual displacement u?

at the equilibrium solution u is equal to zero.

The same reasoning can be followed for the membrane case with:

D[u?](Π(u)) =

∫
Ω

(T∇u? · ∇u− u?fd) dS −
∫
∂Ωt

(u?td) d` (I.23)

I.1.2 Addition of contact contributions

Previously, we only considered one body and we de�ned its mechanical behavior. In the fol-
lowing we will stay with the small deformation hypothesis. Nevertheless, it is uncommon to
�nd isolated bodies. Generally, solids are part of a system of several bodies interacting with
each other. Without being the only possible interaction, contact is the most obvious one.
Nevertheless, the addition of contact in the mathematical formulation requires work for mod-
elization, formulation and simulation (cf. Figure I.2). In this thesis, we are working mainly
on the simulation part. However, a �rst step is to understand and model phenomena aris-
ing from contact. Then, their contributions must be added into the formulation. After that,
there are two options. The �rst one is that an analytical solution can be found. The Hertz
problems class introduced in [Hertz, 1882] is one of the few for which an analytic solution can
be exhibited. An explanation of the Hertz theory, but also of more recent work on analyt-
ical solutions, can be found in the book [Johnson, 1987]. Furthermore, additional contribu-
tions to analytical contact have been made lately in order to widen its scope (for instance see
[Goryacheva, 2001, Vorovich and Aleksandrov, 2001]). However, the list of problems with an
analytical solution is succinct. Therefore, problems often fall into the other category where
only an approximate solution can be found. This is commonly a job for numericians. There-
fore, special mathematical formulations are needed and were developed. The �rst step was
made by Signorini ([Signorini, 1933, Signorini, 1960]) who gave his name to the general for-
mulation for linear elastic frictionless contact. Work as been done to assert the existence and
uniqueness of the solution for instance by [Fichera, 1973]. Others have highlighted examples
of non-uniqueness or non-existence as it is the case in [Klarbring, 1990, Martins et al., 1994].
A wide mathematical analysis was performed in [Kikuchi and Oden, 1988]. For the numerical
implementation [Wriggers, 2006] or [Laursen, 2002] are reliable references. Trying to summa-
rize every aspect of the work already done in the above-named references would be out of the
scope of this thesis and only a pale imitation of them. Therefore, in this review we will only
give a brief state of the art of what will be important to understand and compare the method
designed in this thesis.

An important but di�cult point for contact formulations is the de�nition of geometrical
quantities. To echo Figure I.1, Figure I.3 schematizes two solids Ω1 and Ω2 coming into contact
with each other without the small deformation hypothesis. However, as it was said this work is
con�ned to small deforation and thus only the right con�guration in Figure I.3 is studied. The
contact zone is called ∂Ωc and its boundary is Γ. The external normal to a body Ωγ is denoted
as Nγ in the reference con�guration and nγ in the current con�guration. The main quantity
of interest is the gap function gn in the current con�guration. Indeed, gn characterizes the gap
between the two solids. Let us be more precise, in order to avoid penetration for every material
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A journey toward contact problems

Contact tools

Phenomena modelization

- adhesion
- friction
- wear...

Problem formulation

- weak formulation
- explicit quantities
(s.a. gap, normal...)

Numerical computation

- discretization
- numerical framework

Figure I.2: Additional contact contribution to continuum mechanics

points x1 ∈ ∂Ω1 and x2 ∈ ∂Ω2 the following inequality must be veri�ed:

(x2 − x1) · n1 ≥ 0 (I.24)

This formulation is not numerically convenient. It is usually preferred to pick one of the
surface as a �master surface�. In the following ∂Ω1 is arbitrarily chosen. Then, for each point
x2 its closest point x̂1 ∈ ∂Ω1 and its associated normal n̂1 are de�ned. Allowing therefore to
de�ne the non-penetration condition using the gap function as follows:

gn = (x2 − x̂1) · n̂1 = (u2 − û1) · n̂1 + d ≥ 0 (I.25)

with the initial gap d being the initial distance between x2 and x̂1.
Another important quantity is the normal reaction on the contact zone ∂Ωc.

pn = n1 · σ1 · n1 = n2 · σ2 · n2 (I.26)

As long as there is no adhesion, the normal reaction pn cannot be positive. Indeed, having
pn > 0 means that there is an attraction between the two bodies.

Consequently, two quantities are de�ned and must verify some conditions. On one hand,
where the two bodies are in contact, meaning that gn = 0, there must be no attraction thus
pn ≤ 0. On the other hand, if there is no contact (and no imposed e�ort) the boundary is
stress free with pn = 0 and there must be no penetration gn ≥ 0. These set of conditions can
be translated into three equations known as the Kuhn Tucker Karush (KKT) conditions in
the general framework of optimization theory or as the other triptych Hertz Signorini Moreau
conditions for contact: 

gn ≥ 0 no penetration
pn ≤ 0 no attraction
pngn = 0 normal condition

(I.27)

These conditions are focused on the normal quantities on the boundary. If we keep to
frictionless problems, as it will be the case, it is su�cient. For the frictional case the reader is
referred to [Persson, 2000].

Nevertheless, it was said that a weak formulation was better suited. The equations (I.27)
must then be introduced into the weak formulation. First, let us de�ne a new admissible
displacement space Ud =

{
u ∈ U|(u2 − û1) · n̂1 + d ≥ 0

}
. The virtual work for one body Ωγ

ILS for contact 11
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Φ
udtd

f 2
d

∂Ω1
t

∂Ω1
u

Γ

∂Ωc

Ω1
0

Ω2
0

Ω1

Ω2

b

b

b

b

X1

X2

x1

x2

F 2
d

dA

da
N 2

n2

Ud

T d
∂Ω1

T

∂Ω1
U

Figure I.3: Notation for two solids coming in contact without small deformation hypothesis

at the equilibrium solution, de�ned in the case without contact by (I.21), can be formulated
taking into account the contact interaction for a virtual displacement (v − u) with u and v in
Ud as:∫

Ωγ

(
ε(v − u) : K : ε(u)− (v − u) · f

d

)
dV −

∫
∂Ωγt

((v − u) · td) dS −
∫
∂Ωc

((v − u) · n pn) dS

(I.28)
since (v − u) · n pn = (v · n − g)pn ≥ 0 because of (I.27) and v ∈ Ud, the following variational
inequality characterizes the solution of the contact problem:

Find u ∈ Ud such that for all v ∈ Ud

a(u, v − u) ≥ f(v − u) (I.29)

with:

a(u, v − u) =

∫
Ω1∪Ω2

(
ε(v − u) : K : ε(u)

)
dV

f(v − u) =

∫
Ω1∪Ω2

(v − u) · f
d
dV +

∫
∂Ω1

t∪∂Ω2
t

(v − u) · td dS
(I.30)

Problem 1

In this brief review, several di�cult points have been left aside. For instance, how does
the closest point and the normal are computed? Is there existence and uniqueness of them?
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The answer to this last question is no. If surfaces are not smooth enough, the normal can-
not be well de�ned. A regularization is needed in this case by smoothing for instance the
master surface as it was done in [Wriggers et al., 2001] and [Krstulovi¢-Opara et al., 2002].
Even if the surface is smooth, there might be problem of uniqueness and it was discussed in
[Heegaard and Curnier, 1996]. Not to mentioned the assymetry in the choice of the master
surface. Indeed if the former de�nition of the closest point give both pairs (x2,x̂1) and (x1,x̂2)
(taking ∂Ω1 or ∂Ω2 as the master surface) then taking x2=x̂2 does not implies x1=x̂1.

(1)

(2)
(3)

?

?

Figure I.4: Geometrical problems represented by red spheres. (1) shows the assymetry depend-
ing on the choice of the master surface; (2) hilights the non uniqueness of the closest point; (3)
stages the non-excistance of the normal vector

In order to, if not delete, limit any extra-burden not relevant to the contribution of this thesis
we will focus on simple problems. On top of the small deformation hypothesis,the boundary
of the solids are considered smooth enough (at least C2). Furthermore, only unilateral contact
with one deformable solid coming into contact with a rigid one is considered. With this last
hypothesis the functional of Problem 1 are simpli�ed by carrying the computation only on the
deformable solid (called Ω here).

a(u, v − u) =

∫
Ω

(
ε(v − u) : K : ε(u)

)
dV

f(v − u) =

∫
Ω

(v − u) · f
d
dV +

∫
∂Ωt

(v − u) · td dS
(I.31)

Furthermore, the gap function gn can be simpli�ed. With d the initial distance between the
deformable and the rigid solids, then:

gn = d− u · n (I.32)

The non-linearity of contact problems appears clearly as the formulation involves a varia-
tional inequality. Special frameworks are designed to solve these problems, including special
formulations (see Section I.1.3) and associated algorithm (see Section I.2.2).
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I.1.3 Several possible formulations

In the last section, a variational inequality formulation was derived for contact problems. It
was said to be numerically challenging. An option to simplify it is to design a formulation
for a given contact zone. Indeed, knowing the contact zone removes the inequality as the
contact contributions can be directly taken into account. This leads, with our hypothesis, to
a linear problem. Several formulations for the contact contributions can be devised and an
overview of the most widely used will be given. A special focus will be put on the penalty,
the Lagrange multiplier and the augmented Lagrange formulation. All these methods are
well known in optimization under constraints theory, which is often applied in mechanics (see
[Duvaut and Lions, 1976]). Obviously, the complexity of the formulation did not vanished.
Indeed the contact zone is not a priori known. Therefore, the choice of a contact zone can
be erroneous at �rst and a correction need to be made. Algorithms, depending on the chosen
formulation, are designed to do so and will be discussed in Section I.2.2.

Taking into account the contact contributions is achieved by adding to the total energy
(de�ned in Equation (I.19)) the energy coming from the contact Πc. It was said earlier that, as
a choice, the unknown was to be the displacement. Then, as the strain was derived from the
displacement using a constitutive law, the contact reaction as to be modeled. Let us look into
several modelizations.

I.1.3.1 Penalty

The penalty formulation is widely use. Its main advantages are that only displacement quanti-
ties are involved and it is easy to implement. The general idea of the method is that the rigid
body is not impenetrable anymore but resists to the penetration. This resistance is modeled
by a penalty function. Even if it is not compulsory, the classical function is a linear function of
the gap as long as there is no penetration. The classical image given to illustrate it is Figure I.4
where one can see springs which represent the reaction of contact. These springs have a chosen
sti�ness εn and thus the normal contact reaction is pn ← min(0, εngn) such that no traction is
applied where there is no penetration. The additional energy coming from contact is, in this

gn ≤ 0

ǫn

Figure I.5: Interpretation of the penalty method with springs

case:

Πp
c =

1

2

∫
∂Ωc

εn(min(0, gn))2 dS =
1

2

∫
∂Ωc

εn(min(0, d− u · n))2 dS (I.33)

and consequently the problem can be stated as:

14 ILS for contact



A journey toward contact problems

Find u ∈ U such that for all u? ∈ U0

a(u, u?) + cp(u, u?) = f(u?) (I.34)

with:

cp(u, u?) = −εn
∫
∂Ωc

(u? · n)min (0, gn) dS (I.35)

Problem 2

A major drawback of this formulation is the choice of εn. If taken too small the solution
might allow strong penetration of the rigid body. On the other hand, if εn is taken too big, the
problem becomes ill-conditioned. Hence, its choice was fairly discussed in the literature, let us
cite [Nour-Omid and Wriggers, 1987] which propose an estimate of the best choice for εn.

I.1.3.2 Lagrange multiplier

Another classical method is the well known Lagrange multiplier method. From a mechanical
point of view, the contact pressure pn is added to the unknown of the problem through Lagrange
multiplier p living in a space P− = {p regular enough s.t. p ≤ 0}. The addition of more
unknowns is the main drawback of such formulation. The total energy is then a functional of
the two �elds u and p. The p-dependence arises only from the contact contribution:

Πl
c =

∫
∂Ωc

pgn dS =

∫
∂Ωc

p(d− u · n) dS (I.36)

It is well-known that such a constrained minimization problem is equivalent to a saddle point
problem. Indeed, if both energy, Π and Πl

c are summed, the notorious Lagrangian functional
is obtained L(u, p) = Π(u) + Πl

c(u, p). The solution of the problem is given by:

min
u∈U

max
p∈P−

(L(u, p)) (I.37)

This last equation is equivalent to �nd (u, p) which satisfy for all u? ∈ U0 and p? ∈ P− the two
equations: {

D[u?](L(u, p)) = 0

D[p?](L(u, p)) ≥ 0
(I.38)

Finally, the problem is explicitly given by:
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Find u ∈ U and p ∈ P− such that for all u? ∈ U0 and p? ∈ P−{
a(u, u?) + cl(p, u?) = f(u?)

cl(p?, u) ≥ ll(p?)
(I.39)

with:

cl(p, u) =

∫
∂Ωc

p(u · n) dS

ll(p?) =

∫
∂Ωc

dp? dS
(I.40)

Problem 3

The variational formulation still holds an inequality. However the constrain on u is passed
to p. This can be of great help if the constrained on u is complex as the constrain on p is only
to be negative. To remove the inequality in the equation a given contact zone must be picked.

I.1.3.3 Augmented Lagrange

In order to overcome the drawbacks of these last two methods, a combination of them has been
developed for general minimization under constraints in [Powell, 1969, Hestenes, 1969]. Applied
to contact (see [Wriggers et al., 1985]), the equivalent contact reaction is a combination of the
Lagrange multiplier and the penalty reaction. We de�ne thus this reaction with the above
notations as pn ← p+min(0, εngn). The main di�erence with a classical Lagrange formulation
(i.e. pn ← p) is that the formulation is valid for pn ≤ 0 but also for pn > 0, meaning that the
gap is open. Therefore, the non-positiveness of the Lagrange multiplier does not have to be
imposed. The contact energy contribution is de�ned by the functional:

Πa
c (u, p) =

∫
∂Ωc∩{x/p+min(0,εngn)≤0}

pgn +
εn
2
g2
n dS +

∫
∂Ωc∩{x/p+min(0,εngn)>0}

− p2

2εn
dS (I.41)

The augmented Lagrangian functional is de�ned as previously, La(u, p) = Π(u) + Πa
c (u, p). It

was proven that a solution of min
u∈U

max
p∈P−

(L(u, p)) is also one of min
u∈U

max
p∈P

(La(u, p)).

Taking again the total derivative of the Lagrangian allows to write the problem as:
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Find u ∈ U and p ∈ P such that for all u? ∈ U0 and p? ∈ P{
a(u, u?) + cap(u, u?) + cal(p, u?) = f(u?)

cal(p?, u) + caa(p, p?) = la(p?)
(I.42)

with:

cap(u, u?) = −εn
∫

∂Ωc∩{x/pn≤0}

(u? · n)gn dS cal(p, u) =

∫
∂Ωc∩{x/pn≤0}

p(u · n) dS

caa(p, p?) = − 1

2εn

∫
∂Ωc∩{x/pn>0}

pp? dS la(p?) =

∫
∂Ωc∩{x/pn≤0}

dp? dS

(I.43)

Problem 4

In exchange for more complexity, the variational formulation is unconstrained and a Newton
method can be used. Nevertheless, because of a lack of smoothness in the functional La(u, p)
special methods (such as a generalized Newton method) are used (cf. [Alart and Curnier, 1991])
and confer a good convergence rate.

A simpler formulation can be obtained if (u, p) are not searched simultaneously. This lead
to a formulation adapted to the Usawa algorithm discussed later on. At one iteration of this
algorithm, Lagrange multiplier are supposed to be constant, p = pc. The associated formulation
is:

Find u ∈ U given pc such that for all u? ∈ U0

a(u, u?) + cu(u, u?) = f(u?) (I.44)

with:

cu(u?) =

∫
∂Ωc

((pc + εngn)u? · n) dS (I.45)

Problem 5

Then, a method to update pc after each iteration needs to be designed. This will be discussed
in the algorithm section.

I.1.3.4 Other formulations

In the last section, the most used formulations for contact problems have been established. In
this sections, less common ones are going to be exposed. As they are not going to be used later
on, only a brief summary is given. For more details the reader is referred to [Wriggers, 2006].
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Direct elimination It was said that we supposed the contact zone. Therefore, the displace-
ment on this part is known. An obvious option is to consider it as a classical Dirichlet boundary
condition. On top of being easy to implement, this method reduce the number of unknowns by
removing all the contact zone unknowns on one side of the boundary. Nevertheless, as it will
be discussed later, to work numerically without extra e�orts special discretization is needed.
This in not always feasible and special constrained elimination technique have to be used such
as Mortar Methods which is equivalent to a Lagrange multiplier formulation.

Nitsche formulation The Nitsche formulation [Chouly et al., 2015, Annavarapu et al., 2014]
might be compared to a Lagrange multiplier formulation but with a more straightforward way
to take into account the contact contributions. Indeed, rather than using Lagrange multiplier
to represent the normal reaction, the constitutive law is used: pn ← pnf (u) = n · K ε(u) · n.
Therefore no extra unknowns are added. Like with the augmented Lagrange method, a penalty
term is generally appended in order to avoid ill-conditioning. This leads to the formulation:

Find u ∈ U such that for all u? ∈ U0

a(u, u?) + cnf (u, u?) = f(u?) (I.46)

with:

cnf (u, u?) =

∫
∂Ωc

pnf (u) (u? · n) dS −
∫
∂Ωc

pnf (u?)gn dS − εn
∫
∂Ωc

(u? · n) gn dS (I.47)

Problem 6

Nevertheless, this formulation is less �exible than the Lagrange formulation. As soon as the
constitutive law is complicated the computation becomes di�cult.

Perturbed Lagrange Perturbed Lagrange is another way to combine the penalty and the
Lagrange multiplier rather than the augmented Lagrange method. Instead of using the gap as
a penalizing function the Lagrange multiplier are chosen. This leads to:
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Find u ∈ U and p ∈ P such that for all u? ∈ U0 and p? ∈ P{
a(u, u?) + cl(p, u?) = f(u?)

cl(p?, u) + cpl(p?, p) = ll(p?)
(I.48)

with:

cpl(p?, p) = − 1

εn

∫
∂Ωc

pp? dS (I.49)

Problem 7

Sadly, this formulation is only valid for the friction-less and stick case

Barrier formulation This last formulation discussed here is a well known to solve inequality
constrained problems. A barrier function is added to the total energy. A classical choice for
such addition is:

Πb
c = −εn

∫
∂Ωc

1

gn
dS (I.50)

The formulation linked to this energy is:

Find u ∈ U such that for all u? ∈ U0

a(u, u?) + cb(u, u?) = f(u?) (I.51)

with:

cb(u, u?) = −εn
∫
∂Ωc

u? · n
g2
n

dS (I.52)

Problem 8

With this formulation the penetration needs to never be violated (gn must be greater or equal to
zero) and therefore a numerical di�culty is to �nd a starting point which does not violate this
condition. Moreover, during the iterations, an algorithm is necessary to ensure that it is not
violated. As for the penetration formulation εn has to be well chosen to avoid ill-conditioning.
Nonetheless, the advantage is that all the constraints are active. Lately this method was also
coupled with augmented Lagrangian.

I.1.4 A special phenomenon: adhesion

In the set of KKT equations (I.27) the condition pn ≤ 0 has been highlighted. This re�ects an
impossibility to have attraction between two solids. However, several physical examples show
that positive normal contact stresses can appear. For instance the reader can think about a
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tape on a solid surface or when two �at surfaces are pressed together with a layer of water in
between. Such phenomena exhibit what is called adhesion.

A key point to adhesion modeling is the energy interactions and more particularly the
energy per unit contact area γ called the surface energy. Early on, some parallel have been
drawn with damage theory and the work of [Gri�th, 1921, Irwin, 1957, Rice, 1968]. The �rst
model was introduced in [Johnson et al., 1971] and became the Johnson-Kendall-Roberts (JKR)
formulation. However, this model gives an in�nite stress at the boundary of the contact zone.
Later, [Maugis and Barquins, 1983] con�rm the parallel with the Gri�th theory. In the same
line of thought, [Fremond, 1982, Raous et al., 1999] derived a constitutive equation allowing
a transition from adhesion to adhesion-free contact. This modelization is similar to damage
models. A function β is then introduced such that:

β = 0 no adhesion
0 < β < 1 partial adhesion
β = 1 total adhesion

(I.53)

An adhesion force is added to pn proportional to the gap with a constitutive parameter Cn
with the expression Cngnβ2. Then, an evolution law of β needs to be given (see for instance
[Raous et al., 1999]).

Another point of view is to take into account the micro-structural interaction and molecular
forces. Such standpoint was taken in [Derjaguin et al., 1975] giving the well known Derjaguin-
Muller-Toporov (DMT) formulation. Even if the molecular forces act outside of the contact
zone, the pro�le outside of the contact zone is unchanged which is not physically consistent.

A bridge between the two classical JKR and DMT formulations was given in [Maugis, 1992].
Lately, lot of e�ort was made for micro/nano-scale contact computation using both above

mentioned theories. This interest is explained by a growth of micro-electro-mechanical sys-
tems [Zhao et al., 2003], nano-indentation [Fischer-Cripps, 2011] or biological [Chu et al., 2005,
Autumn et al., 2002] needs. Numerical improvements of classical methods have been proposed
for example by R. Sauer [Sauer, 2011].

I.2 From the formulation to the solution: numerical frameworks

In this chapter, several partial di�erential equations were established. They need to be solved
on possibly complex domains. Anyone who has studied partial di�erential equations knows
that analytic solutions are seldom. Therefore approximations are made. In mechanical en-
gineering di�erent methods are used. To name but a few, let us mentioned the Finite Vol-
ume Method [LeVeque, 2002], the Boundary Element Method [Banerjee et al., 1981] and the
Isogeometric Analysis [Cottrell et al., 2009, Temizer et al., 2011]. However, in the solid com-
munity, the most widely used is the Finite Element Method (FEM). Its success is mostly
due to its robustness, adaptability and simplicity. Since its beginnings in the seventies, the
FEM has expanded quickly. Several books devoted to this method have been written such
as [Hughes, 2012, Zienkiewicz and Taylor, 2005]. The great interest shown by the mechanical
community is underlined in the last mentioned book as shown by this quote:

�The size of each of these editions expanded geometrically (from 272 pages in 1967

to the �fth edition of 1482 pages). This was necessary to do justice to a rapidly
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expanding �eld of professional application and research. Even so, much �ltering of

the contents was necessary to keep these editions within reasonable bounds.�

The main idea is to approximate the domain by the union of sub-domains Ωe called elements:

Ω ≈ ∪Ωe (I.54)

Then, the �elds are approximated by a linear combination of shape functions Ni which are only
locally non-zero, on supports that �t with the elements.

u(x) ≈
∑
I

uiNi(x) (I.55)

The coe�cients ui of this combination become the unknowns of the problem and are called the
degrees of freedom (dofs). This approximation is injected in the variational formulation and
leads to a linear system to be solved for a given contact zone. This system is usually put in a
matricial form:

[K]{ui} = {f} (I.56)

I.2.1 Di�culties arising from the discretization

The contact boundary An obvious problem with a discretization of the �elds and the
geometry is the representation of the contact zone. As the contact zone is a priori unknown
the generated mesh cannot be adapted to �t it. Therefore, as there cannot be any discontinuity
in an element with the classical FEM, a problem appears if an element is cut by the contact
boundary as shown in Figure I.6.

× × × × × × × × ×

f
d

∂Ωc

?
exact solution

Figure I.6: Problem with the boundary of the contact zone for a linear approximation

A straightforward answer would be to change the mesh at every step in order to match the
supposed contact zone. Nevertheless re-meshing is a costly operation and one might want to
avoid it if possible. Rather than doing a full re-meshing of the domain only part of the node
are moved. This method is often used for high-order FEM and leads to the rp-FEM. The r

stand for the relocation of the nodes and p represents the order of the approximation. A study
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of this method can be found in [Nübel et al., 2006] and an application to contact problems is
done in [Franke et al., 2010].

Another possibility to overcome this problem without modifying to the mesh is to use the
eXtended Finite Element Method (X-FEM) and will be presented later on.

Compatibility of meshes Contact is a matter involving several bodies and interaction be-
tween them. Therefore discretizations of the solids have to allow the synergy of each contribu-
tions. In order to do so, the discretization of the elements involved in contact interfaces have
to be carefully designed. The simplest discretization is to have the nodes of the mesh, which
are part of the contact zone, match their counterparts on both solids involved (the meshes are
then referred as matching). Therefore this method is referred as Node to Node method. Even
if this method passes the patch test (good transfer of a uniform pressure through the contact
interface), it restrains the domain of application. Indeed the degree of approximation of the
�eld is limited and no sliding nor large deformations can be taken into account.

Another option is to use a Node to Segment approach which allows non-matching meshes
[Hughes et al., 1977]. This method is not as restrictive as the Node to Node and also easy to
implement but does not pass the patch test as it is [Cris�eld, 2000]. Some adaptation of it
was designed in order to overcome this drawback and recover some symmetry in the problem
[Zavarise and De Lorenzis, 2009, Oliver et al., 2009]. However it increases the cost and the
complexity of the method.

Last, let us mentioned a Segment to Segment discretization and the associated framework:
the Mortar Method. It is closely related to the Domain Decomposition method [Wohlmuth, 2001].
For an application to contact problem, the reader is referred to [Belgacem et al., 1998] and
[McDevitt and Laursen, 2000]. The main idea is to use a �mortar surface� (which can be one
of the solid contact surface) to de�ne the pressure. This method has good stability properties
but can be quite challenging to implement. A great care has also to be taken in the choice of
discretization space as it will be mentioned in the next paragraph.

Stable approximation �elds It is common in mechanical engineering to use, in a same
formulation, �elds of a di�erent nature. Such formulation is called a �mixed problem�. A
typical example is the formulation often used for incompressible Navier-Stokes equations where
the two �elds of interest are the velocity and the pressure. Previously, we mentioned several
possible formulations for contact problems. Several of them �t in the mixed problem category,
particularly the formulation involving Lagrange multiplier.

With such problems, a special care has to be taken both with the formulation and the
discretization of the �elds in order to be numerically stable. Such considerations were raised in
[Babu²ka, 1973, Brezzi, 1974]. In these papers, a mathematical study has been done. It leads
to the so called Babu²ka-Brezzi (BB) condition or more generally to the inf-sup condition. Let
us take again the previous notations and name c(p, u) the bilinear forms coupling the two �elds
p and u. The inf-sup condition associated to this form is satis�ed when:

inf
p∈P

sup
u∈U

|c(p, u)|
‖p‖P‖u‖U

= β > 0 (I.57)

Coupled with continuity property, the inf-sup condition controlled the conditioning of this
operator. As it was mentioned, a discretize version of the �elds are used. Let us approximate
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p ∈ P by ph ∈ Ph and u ∈ U by uh ∈ Uh′ . The parameters h and h′ handle the discretization
coarseness. Then, the discretize inf-sup condition is:

inf
ph∈Ph

sup
uh∈Uh′

|c(ph, uh′)|
‖ph‖Ph‖uh′‖Uh′

= βhh′ > 0 (I.58)

In order to guarantee the stability of the formulation a constant β0 needs to be found such
that βhh′ ≥ β0 > 0 for all h and h′. Not achieving the inf-sup condition can lead for instance
to spurious oscillations of the solution. Such condition can be ful�lled by picking a compatible
pairing for the approximation �elds (Ph,Uh′). Also, if di�erent options are available, the choice
of the operator c(•, •) is of a tremendous in�uence on β0. Several studies have been carried
to �nd the right pairing for di�erent operators as for instance in [Kikuchi and Oden, 1988,
Hughes, 2012]. A particular e�ort on this matter was made by the Domain Decomposition
community for the Mortar Method. Special Lagrange multiplier spaces have been designed to
ful�ll the inf-sup condition for non-matching meshes. The conception of these particular spaces
are based on the trace operator on the mortar zone [Bernardi et al., 1993] and more recently on
dual space properties [Wohlmuth, 2001]. Examples of these special space for 1D discretization
is given Figure I.7.

1

1

2

1

-1

classical

mortar

dual

Figure I.7: Di�erent approximation �elds for the Lagrange multiplier. From top to bottom
there are the classical approximation then the original mortar approximation and �nally the
one using dual properties as a construction basis.

I.2.2 Di�erent methods of resolution

In section I.1.3 several possibilities were o�ered to build a mathematical framework for contact
problems. In this section, we will now present some methods in order to compute numerically
the solution of these problems. It was explained previously that a discretized version of the
formulation given in section I.1.3 leads to a linear problem to be solved if the contact zone is
known. Obviously, the contact zone is a priori unknown and iterative algorithms are used to
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solve this problem. The contact problems �t into the minimization under constraints class of
problems. This quite active �eld of study led to numerous iterative algorithms. The focus will
be maintained on the two most used algorithms in contact mechanics, namely the active-set
and Uzawa algorithms.

The simplest and widely use algorithm is the active-set. It can be used both with the
penalization and the Lagrange multiplier formulation. To begin with, potential contact nodes
are classi�ed into two �sets�: the active set and the non-active set. Being part of the active
set means that the constraint is supposed to be active on this node (i.e. the node is part of
the contact zone). The other nodes are obviously members of the second set. For a given set
and thus a given contact zone the equilibrium equations are solved. Then, the KKT conditions
are checked. Every nodes part of the active set for which pn > 0 is removed from this set.
On the contrary, every node in the non-active set for which gn < 0 is added to the active
set. This process is repeated up to convergence. A drawback of this algorithm is that �ip-�op
phenomena can appear. The convergence of this algorithm has only been proven if a single
state (active/none-active) is changed at a time. Also, the convergence criteria (crit) is not easy
to de�ne. A minimal tolerance can be set or detection of a loop (the algorithm is coming back
to an active set already obtained) in the iterations can be used. Nevertheless it is really easy
to implement. When used with penalty parameter, it can be updated if the algorithm does not
match the required tolerance on the contact constraints at the end of a set of iterations.

Algorithm 1: Active-set algorithm

Initialize active set (AS): usually AS=∅;
(Initialize penalty term εn ← ε0);
while !crit do

Solve equilibrium problem (Equation (I.34) or (I.39));
Check penetration:
for every nodes in non-active set (NAS) do

if gn < 0 then AS← node;

Check reaction:
for every nodes in AS do

if pn > 0 then NAS← node;

(Update εn if necessary);

The other widely used method in contact mechanics is the Augmented Lagrange formula-
tion. Even if this formulation was designed to allow the use of a Newton's method, an Uzawa
algorithm is often used instead as mentioned in section I.1.3. With an Augmented Lagrange
formulation, two �elds have to be found: the displacement �eld and the Lagrange multiplier
�eld. In the Uzawa method, both �elds are searched separately. Indeed at one iteration step,
the Lagrange multiplier p are maintain constant (thus the notation p = pc). Then the equilib-
rium equation (I.42) is solved for this given pc. Using the result of this equation the Lagrange
multiplier are updated with a de�ned law. A classical example of such law can be found in
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Algorithm 2 but the reader will �nd di�erent options in [Wriggers, 2006] or [Bertsekas, 1982].

Algorithm 2: Uzawa algorithm

Initialize �elds and penalty: u← u0, pc ← pc0 and εn ← ε0;
while !crit do

Solve equilibrium problem (Equation (I.42));
Update Lagrange multiplier:
for every possible contact nodes do

pc ←
{
pc + εngn, pc + εngn ≤ 0

0, pc + εngn > 0

(Update εn if necessary);

Up to now, only two major resolution algorithms have been presented. We will now only
mentione two other possibilities coming from the optimization community (see [Luenberger, 1984])and
give the reader the references in which a detailed explanation can be found:

• Successive Quadratic Programming (SQP) [Spellucci, 1998, Björkman et al., 1995]

• Linear Complementary Programming (LCP) [Klarbring, 1999]

In this chapter a brief state of the art was made. We remind the reader that a more complete
work was done in [Wriggers, 2006] for contact mechanics. After setting the mathematical
framework, several methods of resolution were proposed. The reader is urged to pay special
attention to the Lagrangian formulation as it is going to be used later on. A special
focus was put on the di�culties arising from the discretization. In the next chapter,
a method is proposed to overcome some of these di�culties combined with an e�cient
iterative algorithm.

Conclusion
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The inequality level-set has been �rst developed for kinematic constraints in [Bon�ls, 2011].
However, a general description of this method was never done. Therefore, the goal of this
chapter is to present a broad framework for a class of problems that can be handled by the
ILS. The ILS is based on two main features to solve constrained problems. The �rst one
is a good representation of the constraint zone. The second one is an e�cient framework
to �nd this zone. In this chapter we aim to explain the method and the numerical tools
needed to apply the ILS.
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Ce chapitre est consacré à la mise en place de l' ILS dans un cadre général. En e�et,
cet méthode n'est pas restreinte aux seuls problèmes de contact. De ce fait, une première
étape consiste à dé�nir les classes de problèmes pouvant être traités par cette méthode.
Pour résumer, cette méthode s'adresse aux problèmes pour lesquels, en plus d'une équation
d'équilibre, des contraintes d'inégalités apparaissent du fait d'une méconnaissance d'une
zone. Par exemple, une contrainte d'inégalité portant sur tout le domaine peut être trans-
former en égalité en �xant la quantité contrainte à sa valeur seuil sur une zone précise.
Cependant, cette zone n'est pas connue a priori. Il est évident que le contact rentre dans
cette catégorie avec comme contrainte d'inégalité la non-pénétration et la zone inconnue
étant la zone de contact.
Le principe de l'ILS est de découpler le problème d'équilibre et la recherche de la zone incon-
nue. Dans un premier temps, les équations d'équilibre sont résolues pour une zone donnée.
Grâce à la solution obtenue, une optimisation de forme est faite a�n de se rapprocher de
la zone exacte donnant ainsi lieu à un algorithme itératif. A�n de pouvoir appliquer cette
optimisation de forme, il faut dans un premier temps être capable de dé�nir précisément
la zone inconnue. Pour ce faire, les fonctions de niveau (ou level-set) sont utilisées. Elles
autorisent une représentation de la zone sans être fortement contraint par le maillage. De
plus l'implémentation de ces fonctions ouvre la porte à l'utilisation d'enrichissements (via
X-FEM) a�n de représenter au mieux les phénomènes frontaliers. Ensuite, il faut avoir
un critère pour pouvoir estimer la bonne position de la zone à trouver. Ce critère peut se
fonder sur une connaissance du problème ou sur l'utilisation de la mécanique con�gura-
tionnelle. De ce critère, il faut être capable de connaître sa variation pour une modi�cation
de la zone inconnue. Cette information est obtenue grâce à la dérivée directionnelle ap-
pliquée aux équations d'équilibre. Avec toutes ces cartes en main, une méthode de Newton
peut être mise en place a�n d'annuler le critère en modi�ant la forme de la zone jusqu'à
s'approcher su�samment de la position exacte.
Finalement, la procédure numérique associée à cette méthode est mise en place. La prise
en compte de nombreux paramètres garantissant une bonne convergence de la méthode
donne lieu à la proposition d'un algorithme général (Algorithm 3).

Résumé
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II.1 Type of problems handled by the ILS

As its name suggests, the ILS method was designed to solve problems involving inequalities.
More particularly, inequalities arising from the ignorance of a zone where criterion have to be
met. This means that, if we do know the mentioned zone then, the problem is only a set of
equalities. Let us take, in this chapter, a general problem to explain the method. The unknown
of our problem is a �nite set of �elds {ui(x)} ∈ Ui de�ned on a physical domain D or a part of
it Di . The problem is composed of a set of equalities (E) and of a set of inequalities (I) which
need to be ful�lled in all the domain of de�nition. This can be written as:

Find ui ∈ Ui such that: {
a(ui) = f on Di (E)

c(ui) ≥ 0 on Di (I)
(II.1)

Problem 9

This last formulation is, for several reasons, not well suited for computational purpose.
Therefore, some steps have to be taken before solving these equations. The �rst one is to rewrite
the set of equalities (E) into their weak form. The motivation for such a change was already
highlighted in Section I.1.1.3. Therefore, given that {ui(x)} satis�es the needed regularity
properties, we introduce the test functions u?i ∈ U?i with U?i a space regular enough associated
to Ui. Then, the former problem can be written as:

Find ui ∈ Ui such that ∀u?j ∈ U?j :{
aD(ui, u

?
j) = fD(u?j) (Ev)

c(ui) ≥ 0 on Di (I)
(II.2)

Problem 10

For the following, it is important to notice the dependence of the applications to their
domain of de�nition. Hence, the supscript notation is used which might appear heavy to read
but shall help the comprehension of the method. For instance aD(•, •) and fD(•) depend on
D as hinted by the subscript. Nevertheless, the inequalities are still present. As underlined
earlier, the particularity of our problem is that there is a set of zones {Dci}ex ⊂ {Di} such that
the inequalities can be converted to equalities with this extra information. These particular
zones represent the domains where the constraints are active inside and not violated outside.
Consequently, Problem 10 is equivalent to:
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Find ui ∈ Ui, knowing {Dci}ex such that ∀u?j ∈ U?j :{
aD(ui, u

?
j) = fD(u?j) (Ev)

c(ui) = 0 on Dci (EDci ) (II.3)

or in its full weak form with coupled equations:{
aD(ui, u

?
j) + caDci

(ui, u
?
j) = fD(u?j) (Ev)

ccDci
(ui, u

?
j) = lDci (u

?
j) (ED

c
i

v )
(II.4)

Problem 11

As advertised, there is only equalities in this last formulation. Depending on the method
used, the passage from the strong constraint formulation in (II.3) to the weak one (II.4)
might require the addition of unknowns (this is the case for Lagrange multiplier based method
for instance). Practically, it means that we tried to �nd not only {ui(x)} ∈ Ui but also
({ui(x)}, {ui′(x)}) ∈ Ui × Ui′ . For the sake of simplicity the additional unknowns are included
without any change of indices and without more precision {ui(x)} refers to the set of all un-
knowns.

That last formulation is obviously of no practical use as {Dci}ex is unknown. A pragmatic
version would therefore be:

Find {Dci} such that all constraints are ful�lled ({Dci} = {Dci}ex):

c(ui) ≥ 0 on Di (the all domain)

and �nd ui ∈ Ui such that ∀u?j ∈ U?j :{
aD(ui, u

?
j) + caDci

(ui, u
?
j) = fD(u?j) (Ev)

ccDci
(ui, u

?
j) = lDci (u

?
j) (ED

c
i

v )
(II.5)

Problem 12

As it was already mentioned in Section I.2.2, an iterative algorithm is used in these circum-
stances. A classical method is to start with a supposed set {Dci}0. Then Problem 12 is solved
with {Dci}0. Using the solution of the later problem, a correction is made which makes {Dci}0
evolve leading to a new constraint zone {Dci}1. Then this process is started again, leading after
k iterations to a constraint zone {Dci}k. It is stopped when {Dci}k is considered close enough
to {Dci}ex (of course this notion as to be de�ned carefully as {Dci}ex is unknown).

The question is how to drive the correction on {Dci}k in order to converge to {Dci}ex. The
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main goal of the ILS is to o�er a method to de�ne and compute {Dci}k e�ciently in a discrete
setting.

The attentive reader would have noticed the parallel of this general problem with the contact
problems. Indeed, taking the notations of Section I.1.2 the Problem 9 is equivalent to the
contact problem. The equation set (E) being the equilibrium equations and the inequality set
(I) the contact constrains. Then, any weak formulation of Section I.1.3 �ts into the general
formulation of Problem 12. More detailed explanations will be given in the next chapter.

Let us give another concrete examples of this class of problem. The �rst ever treated by
the ILS method was involving inequality kinematic constraints. It was studied in a former
thesis [Bon�ls, 2011] and lead to an article [Bon�ls et al., 2012]. It was applied to a linear, two
dimensional, elastic problem on a domain Ω. The kinematic constrain was a limitation of the
trace of ε by a constant αε. As it was mentioned Section I.1.3.2, Lagrange multipliers can be

used and must ful�ll p ≥ 0. We de�ne Dc as the zone where Tr(ε) should be equal to αε. Thus

the problem to solve, written in Problem 12's fashion is:

Find Dc such that:

p ≥ 0 and αε − Tr(ε) ≥ 0

and �nd u ∈ H1(Ω) and p ∈ L2(Dc) such that ∀u? ∈ H1(Ω) and p? ∈ L2(Dc):

∫
Ω

ε(u) : K : ε(u?) dΩ

︸ ︷︷ ︸
aD(u,u?)

+

∫
Dc

pTr(ε(u?)) dΩ

︸ ︷︷ ︸
caDci

(p,u?)

=

∫
Ω

f
d
u? dΩ +

∫
∂Ωt

tdu
? dΓ

︸ ︷︷ ︸
fD(u?)∫

Dc
p?Tr(ε(u)) dΩ

︸ ︷︷ ︸
ccDci

(u,p?)

=

∫
Dc

p?αε dΩ

︸ ︷︷ ︸
lDci

(p?)

(II.6)

Problem 13

To sum up, Problem 12 gives a formulation which, coupled with an iterative algorithm,
gives the solution of Problem 9 (see Figure II.1). Some iterative algorithms have already been
presented in Section I.2.2. In the following, the motivation for several aspects of the ILS method
are going to be presented leading naturally to the ILS formulation.

II.2 Use of level-sets and the X-FEM

The last section highlights the importance of {Dci}. It is therefore crucial to be able to represent
e�ciently these zones. Furthermore, at the boundary of them, discontinuities might appear.
For instance, in the contact case, if there is adhesion on the contact zone or simply if the contact
zone is erroneous , a weak discontinuity of the displacement occurs. Thus it is also essential
to be able to represent these discontinuities. We propose here an answer based on two key

ILS for contact 31



Generalities about the Inequality Level Set

{Dci}k
Solve Equation II.5:

�Unconstrained Problem�

c(ui)≥ 0

on Di

Update the �elds
and domains

{Dci}k+1

END

no

yes

Figure II.1: General principle of resolution for Problem 12's type.

points: level-sets and X-FEM. For the sake of simplicity (and as it will be the case for contact
problems) we are going to assume that only one type of constraint is to be enforced, that is to
say {Dci} = Dc.

II.2.1 An answer to de�ne the boundary of a domain

Following a moving interface is of a great interest in several domains. To name but a few, there
is image processing, optimal design, material interfaces, domain interfaces such as burning �ame
or waves. In this thesis, the boundary that is followed is the frontier of the constraint domain
Dc and will be noted Γ. Di�erent techniques have been developed to track and move inter-
faces. Among them let us cite the Marker and Cell method [Harlow et al., 1965], the Immersed
Boundary method [Peskin, 2002] or the Volume Of Fluid method [Hirt and Nichols, 1981]. A
state of the art review was given in [Tryggvason et al., 2001].

Here we will focus on a family of method introduced in [Osher and Sethian, 1988] which
are based on a mathematical object called level-set. A summary of the fundamental work
on this subject was published in the two books [Sethian, 1999, Osher and Fedkiw, 2003]. The
use of level-sets is particularly well coupled with the FEM. Furthermore, a lot of level-sets
mathematical properties will be useful for the ILS. Let us �rst de�ne what is a level-set:

A level-set L is a set associated to a function φ (called the level-set function) and a constant
c such that

L[φ](c) = {{x1, · · · , xn}|φ(x1, · · · , xn) = c} (II.7)

If the value of c is �xed, the corresponding set is called an iso-level. A particular case is
the iso-zero, being the place where φ is equal to zero:

L[φ](0) = {{x1, · · · , xn}|φ(x1, · · · , xn) = 0} (II.8)

Check point

Therefore one can use a level-set to de�ne a boundary on a domain. Indeed, if the function φ
is de�ned on the domain such that φ = c on the boundary, then L[φ](c) is the set of all points
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on this boundary. Classically, the iso-zero level set is used:

Γ = L[φ](0) = {{x1, · · · , xn}|φ(x1, · · · , xn) = 0} (II.9)

A particularly interesting type of level-set function is the signed distance function. Starting
from the iso-zero level-set, the function φ is equal to the distance to it with an arbitrary sign
depending on the side to the boundary.

A �rst asset of level-sets is that it is straightforward to know if a point on one side or the
other. For the sake of simplicity assume that the boundary is set to be the iso-zero. Then,
depending if φ(x) > 0 or φ(x) < 0 the point x is on one side or the other of the boundary. As
a choice, the concept of �inside� is de�ned as the set of points where φ(x) ≤ 0. On the contrary
if φ(x) ≥ 0 then it is considered as �outside�. It is easy to also de�ne the notion of strictly
inside (resp. outside) by changing the inequality to φ(x) < 0 (resp. φ(x) > 0). Therefore, all
domains or quantities inside the boundary will be denoted with a exponent �−� whereas the
ones outside with a �+�.

Example of level-set in 1D In one dimension, the level-set function is a one-variable func-
tion. The boundary is a point and the signed distance function associated is therefore the
function giving the signed distance to this point.

x

φ(x)

(a)

x

φ(x)

(b)

Γ

ℓ− ℓ+

x

(c)

Figure II.2: The level-set has to ful�ll the properties illustrated in (c), (b) shows one of the
possible choice and (a) the particular case of a signed distance function.
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Example of level-set in 2D Taking the case of a surface, the associated boundary is a
curve. It is not to be confused with a simpli�cation of the 3D case under hypothesis such as
axy-symmetry. This situation is the most interesting one for contact problems since the contact
zone is a surface.
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Figure II.3: As before (a) represents a possible level-set whereas (b) illustrates the signed
distance function associated.

34 ILS for contact



Generalities about the Inequality Level Set

Example of level-set in 3D Last, the 3D case has a 2D boundary.

(a) (b)

Γ

Ω−

Ω+

(c)

Figure II.4: Again, (a) is a level-set and (b) the special signed distance level-set.

II.2.1.1 Useful properties

On top of being able to di�erentiate easily on which side of the boundary a point is, level-sets
have a great adaptability. For instance, Boolean operations can easily be done. Taking two
level-set functions φ1 and φ2 the associated level-set function φ for:

• the intersection is φ = max(φ1, φ2),

• the union is φ = min(φ1, φ2),

• the complement of φ1 is φ = −φ1.

Several information can be deduced from the level-set function φ. Its gradient is normal to all
the iso-levels. Therefore it can be used to de�ne the unit outward normal vector ­ to these
iso-levels:

­ =
∇φ
|∇φ| (II.10)
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This is obviously of great interest for the particular case of the iso-zero as it gives access to
the normal to the boundary. Another information one can get about an iso-level is its mean
curvature κ. The mean curvature is de�ned as the divergence of the normal. Thus it can be
computed using the level-set function:

κ = div(­) = div

( ∇φ
|∇φ|

)
(II.11)

In the special case of signed distance function |∇φ| = 1 and can thus be removed from the
precedent formulae. Moreover, taking a point x, it is easy to �nd its closest point xc of the
iso-zero using the formula:

xc = x− φ(x)­ = x− φ(x)∇φ(x) (II.12)

II.2.1.2 Compulsory use of level-sets for ILS

Level-sets were introduced in this thesis in order to track the constraint zone. In order to match
the level-sets notations, the constrained zone previously noted Dc will from now on be called
D−. A big advantage of using implicit functions to represent this boundary is that, with a
FEM strategy, the position of the boundary is not strongly dependent of the mesh. It is indeed
still dependent of the mesh as any such approximation methods. An error is made if the exact
position of the boundary does not live in the approximation space and the error is linked to
the characteristic size of the mesh h. Nevertheless it is not directly linked to the position of
the nodes itself. That means that if the characteristic size of mesh used is the same, the shape
position is not strongly in�uenced. This property will be highlighted in the numerical example
sections.

Let us focus a moment on the particular case of contact problems. The constrained zone
D− is the zone in contact (formally called ∂Ωc in Figure I.3 and denoted Ω− from now on) and
Γ the boundary of the contact zone. Therefore in most cases, the possible contact domain is of
a one lower dimension as the full body (this is not the case if working with degenerated model
such as membrane, shell or beam as it will be seen in Chapter III). For instance, the contact
zone of a 3D body is at most a surface which can be de�ned in a 2D space. Therefore, a lot
of the computation speci�c of the ILS method will be carried only on this lower dimensional
entity or a small part of the whole domain, saving a lot of computational cost.

II.2.1.3 Another interesting use

Another independent use of level-sets is to represent the boundary of the body. Indeed, for com-
plicated domains, mesh generation can be of great di�culties. The idea is therefore to create a
simple mesh and represent the boundary of the body on it. Several methods can be used but we
will focus on the level-set approach. This work was started in [Belytschko et al., 2003] and im-
provement were brought by many contributions such as [Dréau et al., 2010, Legrain et al., 2012]
for higher order representation. With this approach, it is easy to compute the penetration func-
tion between two solids (as it is the value of the level-set associated to one solid on the boundary
of the other), the closest point or the normal vector. Furthermore, having an easy access to
the curvature allows the detection of possible problems and the smoothing of the geometry if
necessary. An example of this use can be found in [Khoei and Nikbakht, 2006].
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II.2.1.4 Useful algorithms

Most of the algorithms for level-sets are based on a type of equation called Hamilton-Jacobi
equation. Indeed, most equations driving the motion of the level-set can be written in the form:

dφ
dt

+H(∇φ) = 0 (II.13)

with H the functional called the Hamiltonian and t a �ctitious time. For instance, the dis-
placement of the level-set in its normal direction with a speed w is governed by the equation:

dφ
dt

+ w|∇φ| = 0 (II.14)

Likewise, the propagation of a function f de�ned on the iso-zero level-set to the whole domain
can be computed using the equation:

df
dt
± ∇φ|∇φ|∇f = 0 (II.15)

The sign �±� changes with the side on which the function is extended. The sign �+� is used
for a propagation on Ω+ and �−� for Ω−.

Finally, the construction of a signed distance function can also use an Hamilton-Jacobi
equation with an initialization on the iso-zero level-set:

dφ
dt
± |∇φ| = ±1 (II.16)

Hamilton-Jacobi equations are really common in mechanics and especially in computational
�uid dynamic. A review of most of the algorithms used for level-set are given in [Sethian, 1999,
Osher and Fedkiw, 2003].

Usually, these equations are solved using �nite di�erences for both space and time. It
was shown in [Shu and Osher, 1988] that in order to improve the resolution only high order
accurate approximation for the space discretization was really needed. Indeed, forward Euler
time discretization is often enough for this purpose. Nonetheless, in order to ensure stability
of the method, condition linking the space (∆x) and time (∆t) discretization have to be met.
For instance, the Courant Friedreichs Lewy (CFL) condition is often used:

∆t <
∆x

max(|w|) (II.17)

On the other hand, an accurate spacial discretization makes a tremendous di�erence on the
quality of the solution. Based on physical properties of these equations, �upwind� discretizations
are used. Some advance discretization were also developed with for instance the Hamilton-
Jacobi essentially non-oscillatory (ENO) [Harten et al., 1987] and weighted essentially non-
oscillatory (WENO) [Liu et al., 1994] methods.

A special algorithm was also designed to solve the particular problem of the propagation of
a function in the normal direction or the creation of a signed distance function from the iso-zero.
This speci�c algorithm is called the Fast Marching Method. Starting from the iso-zero, a small
band of nodes around it (the size depending on the spacial discretization) is initialized using a
classical method and make the set of �xed value nodes. Then, for a trial set composed of all
the adjacent nodes to the �xed value nodes, a tentative value of the problem is computed using
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only the �xed value nodes. The trial node with the smaller tentative value is then added to
the �xed value nodes and its computed value is set. The trial test is updated and the tentative
values are:

• computed on the new nodes,

• updated on the former trial nodes adjacent to the newly added �xed node.

This update process is carried on up to the point where all the nodes are �xed. This algorithm
is particularly e�cient, especially if a pro�cient sorting algorithm is used to �nd the smallest
tentative value. For example, a sorting algorithm was designed in [Tsitsiklis, 1995] for binary
tree.

It is worthwhile to mentioned that adaptive algorithms are often used to focus the compu-
tational cost close to the iso-zero. Indeed, in most situation only the iso-zero is really worth
computing accurately.

II.2.2 The strategy to use it with the FEM: X-FEM

Being able to represent boundary by implicit functions is not enough to carry a full computation.
Indeed, in the classical FEM the computation is done on the full element. Therefore, as the
boundary can cut through the element, strategies have to be designed. Furthermore, the
possible singularities at the boundary have to be handled with care in order to keep a good
convergence of the method. The X-FEM is going to be introduced here. It �rst appears in
[Moës et al., 1999] in order to handle crack growth. It has been since a dynamic �eld of research
with applications in di�erent domains and several improvements. Let us see, point by point,
what makes the X-FEM.

II.2.2.1 A speci�c integration scheme

To illustrate our point, let us take the example given in Figure II.5(a). The computation
needs to be carried only on Ω−. In order to deal with the computation a classical discretiza-
tion of the domain is taken. It is chosen here to work with triangular elements and a linear
interpolation. The equivalent numerical strategy can be �nd in [Moës et al., 1999] for other
type of elements, [Dréau et al., 2010, Legrain et al., 2012] for higher order interpolations or in
[Belytschko et al., 2003] for 3D problems. On the discretized version Figure II.5(b) the bound-
ary cut through the elements. As it was explained in Section I.2, a key point of the FEM
is the integration over each elements. Thus it is important to design an integration scheme
that allows to take into account only the desirable contributions without modi�cations of the
degrees of freedom or re-meshing. For every cut elements, integration sub-elements are created
following the cut (see Figure II.5(c) for di�erent cases). This sub-elements do not have to ful�ll
the geometrical properties needed by the classical elements for a good behavior of the FEM.
Therefore the complexity of mesh-generation is avoided and they can be created in a straight-
forward fashion. It is to notice that the degrees of freedom are unchanged. The integration is
then carried usually on the original mesh except that when the integration are made on a cut
element the sub-elements are used. The sign of the level-set is used as a �lter in order to know
if the integration should be done or not on a sub-element.
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Γ

Ω−

Ω+

(a)

Γh

(b) (c)

Figure II.5: Example of the special integration technique to integrate only on a part of a domain
de�ned by a level-set. (a) represents the problem to handle, (b) its discretization and (c) shows
the integration mesh.

II.2.2.2 Enrichment of the �elds

To enrich a �eld means adding to the classical interpolating functions new ones. There can
be di�erent motivations to do so. First let us take back the problem of the above section
and assume that the domain Ω+ is also a domain of interest but is independent of Ω−. Even
with the special integration, the degrees of freedom in Ω+ which belong to a cut element
come into the integration over Ω−. We will see that an Heaviside enrichment deals with the
problem. Another interesting use of enrichment is to increase the rate of convergence of the
problem. If the numerician as some knowledge of a special behavior of the solution, such as some
discontinuities or a local analytic solution then, it is interesting to add it into the formulation.

Let us see how it is done in practice. In order to incorporate these functions into the �nite el-
ement approximation, the property of the partition of unity (introduced in
[Melenk and Babu²ka, 1996]) is used. For example, let us say that a classical scalar �eld needs
to be enriched by a function F (x). It is recalled that the classical �eld discretization given in
Section I.2 is u(x) ≈∑I uiNi(x). First, imagine we want to enrich the whole domain. Then, to
the basic discretization is added the enrichement function times a partition of unity (classically
the shape functions) such that the new approximation is:

u(x) ≈
∑
I

uiNi(x) +
∑
I

ueiNi(x)F (x) (II.18)

This is obviously really costly as the number of unknown is doubled. A practical approach is to
limit the enrichment to a local zone. Indeed, where the solution is smooth enough no enrichment
is needed. Let us call J a subset of I which contains the chosen enrichment nodes (i.e. the
nodes where the classical approximation is not enough). Thence, the new approximation can
be obtained:

u(x) ≈
∑
I

uiNi(x) +
∑
J

uejNj(x)F (x) (II.19)

Even if it is often convenient, having the same interpolation functions for the classical �eld and
the enriched one (i.e. for a same node Ni = Nj) is not compulsory. The use of a partition
of unity allows a good representation of the enrichment but keeps a local in�uence. Indeed,
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outside the elements containing an enriched node nj the associated function Nj(x)F (x) is equal
to zero. Hence the matrices associated to the formulation have nice properties such as sparsity
and are bloc diagonal. Moreover, the use of the partition of unity gives a good transition from
the enriched zone to the classical one. An example of a simple approximation with enrichment
is given Figure II.6.
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Figure II.6: The function
√
x is �rst represented by only the classical linear �nite element (a)

and then with the �rst node enriched (b). In (b) only the �rst node is enriched as the classical
linear approximation does an handy job on the rest of the domain.

Of course these de�nitions are easily extended to non-scalar �elds.
In the following, several useful enrichments are presented.

Heaviside enrichment (Figure II.7) The Heaviside enrichment was the �rst one to be
used in [Moës et al., 1999]. This allows typically to uncouple the two domains separated by the
iso-zero. Indeed, the Heaviside function H(x) has a strong discontinuity for x = 0. There is
several de�nitions of an Heaviside function. It is chosen here to use the function H(x) de�ned
as:

H(x) =

{
0 x > 0

1 x ≤ 0
(II.20)

This functions has been shown to be easy to implement even with high order interpolations
and will be extensively used in this thesis.

Ridge enrichment (Figure II.8) This enrichment is designed to allow a weak discontinuity
(i.e. a discontinuity of the �rst derivative of the �eld). Again, several de�nitions were proposed.
Here the de�nition given in [Moës et al., 2003] is used:

Ri(x) =
∑
I

|φ(x)|Ni(x)−
∣∣∣∣∣∑
I

φ(x)Ni(x)

∣∣∣∣∣ (II.21)
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x

ℓ− ℓ+

H(x)

(a)

H(x)

(b)

Figure II.7: Representation of the Heaviside function for 1D elements (a) and 2D elements (b)

x

ℓ− ℓ+

Ri(x)

(a)

Ri(x)

(b)

Figure II.8: Representation of the ridge function for 1D elements (a) and 2D elements (b)

Crack-like enrichment (Figure II.9) As it was pointed out, the �rst use of X-FEM in
[Moës et al., 1999] was to model 2D crack growth. The displacement �eld at a crack tip can be
approximated by the knowledge of the analytic solution with in�nite boundary. It is interesting
to add this knowledge in the formulation. Furthermore, the gradient of the displacement and
therefore the strain is singular at the crack tip. Using X-FEM to model this allows a better
convergence of the method. Analytic solutions were developed in [Gri�th, 1921, Irwin, 1957].
This leads to a possible family of functions used to enriched a crack tip (see Figure II.9):

Fc(r, θ) =

{√
r sin

(
θ

2

)
;
√
r cos

(
θ

2

)
;
√
r sin

(
θ

2

)
sin(θ);

√
r cos

(
θ

2

)
sin(θ)

}
(II.22)

where (r, θ) are the polar coordinate associated with the crack tip. In this work we will focus
only on the �rst function Fc1 =

√
r sin

(
θ
2

)
. Its gradient is also going to be needed:

∇Fc1(r, θ) =

{
∂Fc1
∂r

,
1

r

∂Fc1
∂θ

}
er,eθ

=

{
1

2
√
r

sin

(
θ

2

)
,

1

2
√
r

cos

(
θ

2

)}
er,eθ

(II.23)

In order to compute the local polar coordinates level-sets are drawn upon again. A �rst level-
set φn is the one giving the distance to the crack plane in the normal direction as described
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Figure II.9: Crack enrichment functions

Figure II.10(a). The other one φt is giving the distance to the crack tip in the tangential
direction as in Figure II.10(b). With both level-sets the local coordinates at a point x can be

(a) φn (b) φt

Figure II.10: Level-set used as local coordinates for a contact zone represented in green and its
boundary by a green dot

obtained as 
r =

√
φ2
n(x) + φ2

t (x)

θ = arctan

(
φn(x)

φt(x)

) (II.24)
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II.2.2.3 Dirichlet conditions on the boundary

A common boundary condition is to impose the value of the unknowns on a given region.
This type of condition is refereed as Dirichlet boundary condition. However, with an implicit
boundary as with level-set method, it is not an easy task. As mentioned, a classical way to
impose such conditions in FEM is to use Lagrange multiplier [Babu²ka, 1973]. In order to do so
with level-set, a mesh of the boundary needs to be created. Furthermore, a careful construction
of the Lagrange multiplier has to be done to avoid the previously mentioned violation of the BB
condition. A framework was settled in [Béchet et al., 2009] and a summary is given here. The
�rst task is to create the boundary mesh. It is e�ortless to �nd the cutting point of element's
edges by the iso-zero. Therefore this points can be used as a �rst set of nodes for the boundary
mesh. The straightforward idea would be to use all these nodes to create it. However such a
method was shown in [Ji and Dolbow, 2004] to not ful�ll the BB condition. Another strategy
needs to be set. First only part of the cutting vertices are kept as nodes and called vital vertices.
As stated in [Béchet et al., 2009], the rules to chose these nodes are:

(i) an isolated vertex is always vital,

(ii) a vital vertex is not allowed to be connected to any other vital vertex,

(iii) a non-vital vertex must be connected to at least one vital vertex.

It is to be noticed that the set of vital vertex is note unique and an algorithm to obtain such
set can be found in the above mentioned article. The shape functions associated to these vital
vertices are the trace of the associated elements shape functions. Then, if IΓ is the set of the
classical shape functions such that their restriction to Γ is not zero, the shape function γk(x)

of a vital vertex vk can be expressed as:

γk(x) =
∑
IΓ

uγkNi(x)|Γ (II.25)

with uγk ∈ R de�ned in [Béchet et al., 2009].

Let us take a moment to summarize the tools at our disposal so far and what we are missing.
The coupling of level-set and X-FEM allows an accurate representation of a boundary in
a domain without having to design speci�c meshes. Furthermore, particularities such
as singularities or discontinuities can be handled e�ciently. Thus, Problem 12 can be
e�ciently solved for a given contact zone. Methods have also be given to make the boundary
evolve for a given displacement. Therefore, the only missing point for a complete method
is to �nd the necessary displacements of a boundary Γ to make it converge to the boundary
Γex of the exact constraint domain Dcex. That will be the subject of the next chapter.

Check point

II.3 How to �nd the right constraint zone

The goal of this section is to develop a method to �nd the right constraint zone. Several
methods were described in Section I.2.2 for the contact case. These methods are classically
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Γh

▲

▲ ▲

▲

Figure II.11: Example of the creation of the boundary space �eld based on the domain decom-
position of Figure II.5. The vital vertices are represented by N and the nodes for which the
shape function are part of IΓ are selected by ◦

used for general constraint problems. Without extra work, such classical strategy could be
used. Let us say for instance that a classical active set strategy is chosen coupled with an
enforcement of the constraints by Lagrange multipliers. The application of this strategy to a
constraint zone de�ned by a level-set is developed below with the graphical support of Figure
II.12.

The starting point is an initial level-set (see Figure II.12(a)). Then, after solving equation
II.5 of Problem 12, constraints veri�cations are made. We recall that the main constraint is
c ≥ 0 on all the domain. Furthermore, a constraint is added on the Lagrange multipliers and
reads p ≥ 0. Using an active set update means:

• checking if the constraint c ≥ 0 is violated on D+ (as it is already imposed on D−),

• adding to the constraint zone the domains where violation was detected,

• checking if the constraint p ≥ 0 is violated on D−,

• removing from the constraint zone the domains where violation was detected.

This update of D− is easily handled with level-set. Indeed, we can use the value of c to create a
level-set function φc (Figure II.12(b)) and the value of −p for φp (Figure II.12(c)). With these
functions it is easy to do topological operations. A level-set function, with the zones where
c < 0 are added to D−, is given by min(φ, φc). Likely, a level-set function, with the zones
where p < 0 are removed to D−, is obtained with max(φ, φp). Combining both expressions (the
order does not matter) max(min(φ, φc), φp) creates a level-set representing the new domain D−
(Figure II.12(d)). In order to have an e�cient level-set some post-treatment is required. First,
the desired iso-zero is perturbed by zero values arising from the boundary of the domain of
de�nition of φc and φp (see the dashed line in Figure II.12(d)). Numerically, it is noticed only
if the boundary cut a node of the mesh. An easy �x is to shift φc (resp. φp) down (resp. up).
These shifts changed obviously the shape of the new domain. However, only a small shift is
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needed (not much greater than the machine epsilon) and the error is negligible. Then, using
the iso-zero, a new level-set function is computed in order to be a signed distance function
(using for instance the method described in II.2.1.4). The �nal result of the update is given
Figure II.12(e). On top of the easy construction of the new constraint domain, the use of
level-sets allows to have an update not linked to the nodes of the mesh. Indeed, the constraint
are veri�ed on all the domain and not only at each node. Even if simple, this method lacks
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Figure II.12: Example of an active-set strategy with level-sets. The starting level-set is (a) and
the level-set ascociated with constraints are (b) and (c). The result of the level-sets operation
is (d) and the �nal signed distance function (e). Solid lines represent the iso-zero of each one.
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of robustness and rapidity. In order to improve that more information is used in the update
algorithm. Indeed, with active set, there is only a �on or o�� update of the region. More
advance method like the augmented Lagrange method requires more information. For instance
augmented Lagrange multiplier is designed to be used with Newton's methods and thus grant a
faster convergence. These Newton's methods requires the derivative of the functional to cancel
or the hessian if the functional is to be minimized. Here, another method is proposed, also
linked to a Newton method, that use a special derivative.

II.3.1 The general framework

In this section, the general idea of how the evolution of the constraint zone is carried on using
ILS is explained. A graphical representation of the problem is given Figure II.3.1. This �gure
only represent the case where a unique solution is possible. The extension in the other cases is
similar but with no guaranty of convergence to one particular solution. As stated in Problem
9, the solution sought is the intersection of:

• the subspace of the admissible �eld U , SE satisfying the set of equalities (E),

• the subspace SI where the constraints (I) are not violated.

SE

SI

U

solution of the problem

Figure II.13: Representation of the solutions space.SE is the space where (E) are satis�ed and
SI is the space where (I) are satis�ed.

The ILS propose to �nd a criterion % that must veri�ed:

Γ = Γex ⇒ % = 0 (II.26)

That means that when the right boundary is found then % = 0. But it is possible to have
% = 0 and not be at the right solution, such a case is depicted in Figure II.15. Now, the key
point is to know how this criterion is going to change when moving Γ. The derivative of % with
regards to the displacement wΓ of Γ gives the linearized answer to this question. Let us for
now suppose that we know how to compute this derivative that will be noted %̊(wΓ). Then a
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Newton method can be used to �nd the displacement of Γ that cancel %. This famous method
iteratively solve the equation:

%+ %̊(wΓ) = 0 (II.27)

with wΓ as unknown. An example of such scheme is given Figure II.3.1 for Γ being a point on
a line.

x

y

̺(x)

x0x1

x2

x3

x4

xf

Γ0Γ1Γ2 Γ3Γ4 Γf

Figure II.14: Illustration of Newton's method iterations, the brown line are the tangents to the
curve.

When the Newton method has converged one has to check if (I) are satis�ed. If it is the
case then a solution has been reached. If not an active-set update is done and a new Newton
algorithm is started with this new initial guess (see Figure II.15).

The general framework given in Figure II.1 is updated in Figure II.16 to give a general idea
of how the ILS framework is designed.

II.3.2 De�nition of the directional derivative

In the last section, a derivative was introduced (which physical meaning is to represent a
variation of a quantity for a displacement of the boundary) without more details. The aim of
this Section is to give a de�nition of such a derivative.

II.3.2.1 A generic de�nition

First, let us give the de�nition of a family of derivative that would meet the requirements. The
directional derivative is a special case of the total derivative (see Equation I.20). Let us take a
function f(Γ) de�ned on Γ and which depends on its position. Then, given a displacement wΓ

of the boundary (see Figure II.17), the directional derivative of f in the direction wΓ is de�ned
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Figure II.15: The criterion % is plotted for any point of the solution space SE . Red dots
represent the point where % = 0 but the constraints are not ful�lled. A possible behavior of
the ILS algorithm is shown in blue. Starting points are represented by a blue pyramid. The
progress of the algorithm is: Newton update (0→1) leading to an unsatisfying solution (each
iteration are blue cross); active set update (1→2); Newton update leading to the desire solution
(2→3)

{Dci}k
Unconstrained

Problem
% = 0

c(ui)≥ 0

on Di

Active set

Newton's method

{Dci}k+1

ENDyes

no

no

yes

Figure II.16: The ILS global framework

as:

D[wΓ](f(Γ)) = lim
τ→0

f(Γ + τwΓ)− f(Γ)

τ
(II.28)

Another point of view, leading to the same de�nition, is to see wΓ as the speed of the
boundary and τ a time (�ctitious in the case of static or quasi static problems).

The physical meaning of this derivative is di�cult to grasp at �rst. Imagine a non-material
point s on Γ. The value f(s) could be for instance a physical property such as the temperature.
Then, if the boundary moves with a displacement wΓ, f(s) might change. This change can be
decomposed in two parts:

• the point of measurement has changed as Γ moved,

• the displacement of Γ has changed the problem.

The combination of both contributions leads to the directional derivative.
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Γ(τ)

Γ(0)

×

×

wΓ(s)

Figure II.17: Some unspeci�c displacement wΓ of the boundary

II.3.2.2 The particular case of the normal directional derivative

The boundary Γ is represented by an implicit function and is not linked to physical points.
That means that only its shape is of matter. Therefore, many displacement wΓ can lead to the
same change for Γ. As a choice, we will always use a displacement normal to the boundary.
Indeed, the tangential displacements does not give a shape change. Hence, from now on,
wΓ = wΓ­ = wΓ∇φ. The directional derivative with this normal direction is called the normal
directional derivative. The equivalent of Figure II.17 is presented Figure II.18.

Γ(τ)

Γ(0)

×
×

wΓ(s)

Figure II.18: Normal displacement wΓ of the boundary

II.3.2.3 Extension of the de�nition to the whole domain

These last de�nition of the directional derivative is only valid for quantities de�ned on the
boundary, as the displacement wΓ is only de�ned there. However, it might be necessary to
compute the derivative of quantities outside Γ. The previous de�nition is going to be extended
to the whole domain. An handy way to do so is to create a mapping Φτ from the initial domain
D with the constraint zone bounded by Γ to a new one Dτ . The displacement of a point x of
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D to its new position is noted w(x). Let us de�ne the transformation Φτ (w) such that:

D → Dτ
x → x+ τw

(II.29)

The �rst obvious requirement for w(x) is to be equal to wΓ on Γ. Thus the new position of the
boundary Γτ will match the previously de�ned update boundary. Moreover, in order to avoid
boundary terms, w(x) · n = 0 is set on the outside boundary ∂D of the domain D. This means
that the mapping does not change the shape of the outside boundary. Furthermore it is taken
smooth around Γ and continuous on the whole domain. For instance, w(x) may be set to zero
outside a band B along Γ.

Then we can de�ne for a function f(x) its directional derivative as:

D[w](f(x)) = lim
τ→0

f(x+ τw)− f(x)

τ
(II.30)

and its normal directional derivative:

D[w·∇φ](f(x)) = lim
τ→0

f(x+ τw · ∇φ)− f(x)

τ
(II.31)

This last derivative is chosen as the one mentioned Section II.3.2.1. As a short hand, we use the
notation f̊ = D[w·∇φ](f(x)). The mapping Φτ can be viewed as a �ctitious deformation and clas-
sical mechanics tools can be used. Such vision was applied by [Pradeilles-Duval and Stolz, 1995]
and [Taroco, 2000]. Some useful formulae are given in Appendix A.

At this point, the main idea behind the ILS formulation has been given. What follows is
technicality on how to apply it. Therefore let us sum-up the general concept. The �rst
ILS key point is the representation of Γ by a level-set and the use of X-FEM to handle
speci�c behaviors of the solution. The next step is to be able to update Γ. Here, rather
than an active set method, con�gurational mechanics is used. Again, this relies on two key
stones. Firstly, a criteria % is designed such that when the right position of Γ is reached
% = 0. Then, to drive this quantity to zero, a Newton's method is used involving the
normal directional derivative of %.

Check point

II.3.3 Finding a criterion: the mechanical case

Now that the derivative is de�ned, let us explain how to �nd a criterion %. First, a known
property can be su�cient. It can be for instance a known regularity property of the solution.
Several examples of ad hoc criteria are given in the numerical examples sections. Here, a more
general framework for mechanical problem is presented if no obvious criterion is available. The
method is based on con�gurational mechanics. The reader is referred to the reference books
for an overview of it and some application examples [Gurtin, 2000, Maugin, 2010].

In order to show the generality of this method we will compute this criterion on a broader
case without small deformation hypothesis. Since we did not consider friction or dissipative
process in the bulk, dissipation should be zero as the contact zone evolves.
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In the initial con�guration, consider that the boundary of the contact zone Γ0 evolves with
some normal velocity w0 = w0� where � is the equivalent of ­ in the reference con�guration.
We consider a domain B0 inside Ω0 surrounding the contact front Γ0. We extend w0 from Γ0

into B0, in the same fashion as explained in the previous section, with the following rules:
w0 continuous over B0

w0 smooth around Γ0

w0 = 0 on ∂B0/∂Ω0

(II.32)

××
Γ0

B0
� �

Ω−
0

Ω0

Figure II.19: Representation of the domains on the initial con�guration

The mechanical dissipation is the external mechanical power minus the change in free energy
of the system. We de�ne v = ∂x

∂t as the material velocity.

Dm = Pmext −
d
dt

∫
Ω0

Ψ dV (II.33)

We have

Pmext =

∫
∂Ω0

P N · v dS =

∫
Ω0/B0

P : Ḟ dV +

∫
∂B0

P N · v dS (II.34)

d
dt

∫
Ω0

Ψ dV =

∫
Ω0/B0

Ψ̇ dV +

∫
B0

D[w0](Ψ) + Ψ div
X

(w0) dV

−
∫
∂B0

Ψw0 ·N dS (II.35)

Regarding the directional derivative, we have

D[w0](Ψ) =
∂Ψ

∂F
: D[w0](F )

= P : ∇Xw − (F>P ) : ∇Xw0 (II.36)
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where we have used
D[w0](F ) = ∇X(D[w0](X))− F∇Xw0 (II.37)

and the short hand notation
w = D[w0](x) (II.38)

where w has the meaning of the contact zone velocity in current con�guration. Gathering
terms, we get

Dm =

∫
Ω0/B0

P : Ḟ − Ψ̇︸ ︷︷ ︸
0

dV −
∫
B0

(ΨI − F>P ) : ∇Xw dS

−
∫
B0

P : ∇Xw dV +

∫
∂B0

P N · v −Ψw0 ·N dS (II.39)

The �rst term above is zero because we have no bulk dissipation whereas in the second one,
the Eshelby tensor C appears

C = ΨI − F>P (II.40)

Regarding the third one, we will use the equilibrium and the kinematics relation

w = v + F w0 (II.41)

The �nal expression of the dissipation is

Dm = −
∫
B0

C : ∇Xw0 dV +

∫
∂B0∩∂Ω0

C N · w0 dS ≡ gw0 (II.42)

In this last formula g is the con�gurational force associated to the displacement of the boundary.
Assuming w0 is tangent to the boundary, the boundary term is zero and we get:

Dm = −
∫
B0

C : ∇Xw0 dV (II.43)

With the small deformation hypothesis, the following formula for the Eshelby tensor is used:

C =
1

2
(σ : ε)I −∇u>σ (II.44)

and the dissipation is:

Dm = −
∫
B0

C : ∇xw dV (II.45)

Therefore, for 2D problems, we have two possible criteria Dm and g. In this thesis, g is
preferred for computational purpose. Indeed, it is easier to set up a Newton's method with g.

A straightforward interest in using one of these criteria is the direct link with adhesion
phenomenon. Indeed, when adhesion is considered, the dissipation is no longer zero. We can
correlate both Dm and the already mentioned surface energy γ

Dm = γ (II.46)

Therefore a criterion for the case with adhesion could be Dm − γ = 0
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II.3.4 Computing the derivative of the criterion

Theoretically, all the tools are in our hands to apply the method. Nonetheless, the reader might
ask himself how does the derivative of the criteria is computed? This is not a straightforward
task an it shall be enlightened in this section. First, the criteria is computed with the solution
of the unconstrained problem (Equation II.5). This means that a functional can be found such
that: % = f(ui). Therefore, using the formulae given in Appendix A we can compute:

%̊ =
˚

f(ui) = f(̊ui, ui) (II.47)

The special lettering of f indicates that it is the derivative of a functional with no assumption
made. We will see shortly that, under certain conditions, simpli�cations can be made. In
Equation II.47, the operator f is known and so is ui thus only ůi is to be found. The reader
might complain on this point as we now have to compute the derivative of ui on possibly the
whole domain. However, we will see that it is actually easier. The unknowns ui were obtained
by solving Equation II.5. Then, taking the derivative of these equations gives a knew problem
with ůi as unknowns. It is chosen, in order to simplify the calculus, to imposed that ů?j = 0.
That physically means that the test �elds follow the transformation Φτ . The new problem
obtained, called sensitivity problem, is:

Find ůi ∈ U such that ∀u?j ∈ U? such that ů?j = 0:{ ˚
aD(ui, u?j) =

˚
fD(u?j)

˚
cDc(ui, u?j) =

˚
lDc(u?j)

(II.48)

⇔
{

a(̊ui, ui, u
?
j , w) = f(ui, u

?
j , w)

c(̊ui, ui, u
?
j , w) = l(ui, u

?
j , w)

(II.49)

Problem 14

Let us consider a particular case: aD(ui, u
?
j) and cDc(ui, u

?
j) are bilinear and fD(u?j) and

lDc(u
?
j) are linear. Then let us look at what happens for a(̊ui, ui, u

?
j , w). In order to apply

Equation II.31 to aD(ui, u
?
j) everything referring to the initial con�guration will be labeled
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with 0 and τ for the transformed con�guration:

a(̊ui, ui, u
?
j , w) = lim

τ→0

aDτ (uτi (x+ τw), u?τj (x+ τw))− aD0
(u0
i (x), u?0j (x))

τ
(II.50)

= lim
τ→0

aDτ (uτi (x+ τw), u?0j (x))− aD0
(u0
i (x), u?0j (x))

τ

+ lim
τ→0

aDτ

(
uτi (x+ τw),

�����������
u?τj (x+ τw)− u?0j (x)

τ

)=ů?j=0

(II.51)

= lim
τ→0

[
aDτ − aD0

]
(uτi (x+ τw), u?0j (x)) + aD0

(uτi (x+ τw)− u0
i (x), u?0j (x))

τ
(II.52)

= lim
τ→0

[
aDτ − aD0

]
(uτi (x+ τw), u?0j (x))

τ
+ aD (̊ui, u

?
j) (II.53)

The �rst term can be seen as the normal directional derivative of the operator aD and will
be written å(ui, u

?
j , w). Doing the same with the other operators and assuming the derivative

of all the operators exist, Problem 14 is equivalent to:

Find ůi ∈ U such that ∀u?j ∈ U?:
aD (̊ui, u

?
j) =

fsD(ui, u
?
j , w)︷ ︸︸ ︷

f̊D(u?j , w)− åD(ui, u
?
j , w)

cDc (̊ui, u
?
j) = l̊Dc(u

?
j , w)− c̊Dc(ui, u?j , w)︸ ︷︷ ︸
lsDc(ui, u

?
j , w)

(II.54)

or in a matricial form using the same discretization as before:

[K]{ů} = {f s} (II.55)

Problem 15

It is important to notice that the left hand-side operator is the same as in Problem 12. This
is numerically convenient as one needs to prepare the left-hand side only once to do multiple
solving with di�erent right-hand sides.

Solving Problem 15 gives access to ůi and therefore to %̊. As an example, g̊ (with g de�ned
in the previous chapter) will be expressed in function of ů. It was de�ned that g = Dm/w

with w the norm of the normal speed at which the front evolves. However this w does not
have to be the same as the one used for the normal directional derivative. In order to make
this di�erence it will be set that g = Dm/w′. The reader shall be reassured knowing that this
particular criteria derivative is the more complex one handled in this thesis.

g̊ =
D̊mw′ − ẘ′Dm

w′2
(II.56)
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Thus, in order to compute g̊, D̊m and ẘ′ need to be expressed. In the static or quasi static
case ẘ′ = ∇w′ · w. For D̊:

D̊m = −
∫
B

C̊ : ∇w′ dΩ−
∫
B

C : ∇̊w′ dΩ−
∫
B

C : ∇w′ div(w) dΩ (II.57)

Recalling that:

C =
1

2
(σ : ε)I −∇u>σ (II.58)

C̊ = (ε(̊u)− (∇u∇w)S) : σ I −∇u>(σ(̊u)−K(∇u∇w)S)− (∇ů−∇u∇w)>σ (II.59)

and

∇̊w′ = ∇ẘ −∇w′∇w = ∇(∇w′ · w)−∇w′∇w = ∇∇w′ · w (II.60)

all the elements are accounted for in order to compute Equation II.57 and thus Equation II.56.
From an analytic point of view, the set up is done to apply the Newton's method.

II.3.5 The numerical framework

A general method was designed previously to apply a shape optimization to the contact zone.
Nevertheless, the formulation was given for a general displacement w. In the same way that a
discretization was needed to solve the unconstrained problem, a discretization of w is needed
to compute numerically the directional derivatives.

Several options are available to approximate w. A di�erence can be made depending on the
problem we are dealing with. Indeed, if the contact zone is 1D its boundary is a set of points.
One mode is needed per point to represent its displacement. In the case of a surface as a contact
zone, more complicated modes are needed. For instance Fourier modes (see Figure II.20) will
be used in this thesis. The advantage of these modes is the span of there in�uence on the
front. With only few modes, a coarse approximation of the contact zone can be made during
the �rst iterations of the method. Then, one can increase the number of modes to capture local
details. However, the number of Fourier modes is to be linked to the size of the mesh. Indeed,
increasing the frequency (thus the number of nodes) is pointless if the characteristic length of
the mesh is to big compare to the wavelength. That is why it seems more interesting to choose
more local modes after reaching a coarse approximation of the contact zone.

In any case, the decomposition of the boundary displacement can be formalized as:

w ≈
nmode∑
m

τmwm∇φ (II.61)

with wm the above-mentioned modes, nmode their number and τm their contribution. First
taking the weak form of Equation (II.27):
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Find w ∈ L2(Γ) such that ∀q ∈ L2(Γ):∫
Γ

%q +D[w](%)q d` = 0 (II.62)

Problem 16

the discretization can be introduced in this formulation for both w and q:

Find {τm} ∈ Rnmode such that ∀l:∫
Γ

%wl d`+

nmode∑
m=1

τm

∫
Γ

D[wm∇φ](%)wl d` = 0 (II.63)

or in its matricial form: Find {τm} ∈ Rnmode such that:

[S]{τ} = −{%π} (II.64)

with:

Sml =

∫
Γ

D[wm∇φ](%)wl d`

%πl =

∫
Γ

%wl d`
(II.65)

Problem 17

Therefore, for every mode wm the associated directional derivative of the �elds needs to be
computed. The Problem 15 is thus solved for every wm. However, in practice, all the directional
derivative are computed altogether. This leads to the linear problem:

[K][{ů1}; · · · ; {ůnmode
}] = [{f s1}; · · · ; {f snmode

}] (II.66)

With the solution to this system every derivative of % can be computed and therefore Equation
(II.64) can be solved.

Every aspects of an iteration to update the contact zone was explained above. Finally,
lets us discuss the numerical procedures between each iterations. First let us list the evolving
parameters in the ILS method:

• number of modes,

• size db of the computing band B.

Then lets us also account for the tolerance and limiting parameters:

• maximum number of modes nmax
modes (linked to the computational cost and the character-

istic size of the mesh h),
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• tolerance on the constraints εc, the advance of the front εw.

What are the desired adaptations:

• Use the minimal amount of modes. The number of modes is increased each time the norm
of the advance of the front is less than εw.

• Limit the size of db. At one iteration db is set to be twice the norm of the advance of the
front if no modes are added.

Finally, what should be avoided:

• The advance of the front should not exceed the computational band. If the norm of the
front displacement is greater than db the advance is reduced proportionally such that the
norm is reduced to db.

• The size of the band db should not inhibit the advance of the front. If modes are added
db is reinitialized. Furthermore db can't be smaller than 2h.

• Optionally, the advance of the front should not be perturbed by small mode contributions.
Every mode contribution τm such that τm < 0.1× |{τ}| is thus canceled
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All this numerical procedure is summarized in the Algorithm 3.

Algorithm 3: ILS algorithm

Initialize: level-set φ←− φ0; number of modes nmodes ←− n0; size band db ←− d0;
while nmodes < nmax

modes
do

Solve the direct problem [K]{u} = {f} (I.56);
if criterium not small enough :|%| > %min then

for m = 1 to nmodes do

Compute modes wm on Γ;
Extend wm on B;
Solve the sensibility problem [K][{ům}] = [{f sm}](II.66);

Solve the shape optimization problem [S]{τ} = −{%π}(II.64);
(if τm < 0.1× |{τ}| then τm = 0);
if |{τ}| < εw then

nmodes ←− nmodes + 1;
db ←− d0;

if |{τ}| > db then

{τ} ←− {τ} × db
|{τ}| ;

db ←− 2db;

else

db ←− max(2|{τ}|, 2h);

update φ ;

else criterium small enough :|%| < %min

if check for penetration and traction < εc then

return 1 ;
else

compute φc and φp ;
update φ with φc and φp;
nmodes ←− n0; size band db ←− d0;

This chapter did present the main idea of the Inequality Level Set method. The two key
points have been highlighted. The enrichment of the �elds coupled with level-sets allow an
e�cient representation of the constraints zone and the local phenomena. Then, a shape
optimization is set up to �nd the right zone. This optimization is based on the choice of
a position criterion %. If found by mean of con�gurational mechanics, the criterion can
be used to model physical phenomenon such as adhesion. The next chapters apply this
method to contact problems and try to show its potential.

Conclusion
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Figure II.20: Fourier modes for the �rst four frequencies on a circular boundary

ILS for contact 59





III
Contact of a membrane

Contents

III.1 Description of the problem . . . . . . . . . . . . . . . . . . . . . . . . 63

III.2 ILS formulation for the membrane . . . . . . . . . . . . . . . . . . . 67

III.2.1 Discretization of the problem . . . . . . . . . . . . . . . . . . . . . . . 67

III.2.2 Shape optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

III.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

III.3.1 The axi-symmetric problem . . . . . . . . . . . . . . . . . . . . . . . . 73

III.3.1.1 With axi-symmetric hypothesis . . . . . . . . . . . . . . . . . 74

III.3.1.2 Higher order interpolation . . . . . . . . . . . . . . . . . . . 78

III.3.1.3 Without axi-symmetric hypothesis . . . . . . . . . . . . . . . 79

III.3.2 Non-axi-symmetric problems: an end to �atness . . . . . . . . . . . . 83

A �rst problem is studied here with the ILS. The membrane problem was chosen for the
simplicity of its equations but also because it is a challenging problem when it comes to
comparing the ILS with other methods. Indeed, the contact zone is of the same dimension
as the full body and this is the worst case scenario for the ILS. The formulation of the
problem is �rst set. Then some numerical computations are carried in order to show
several aspects of the method. The adhesion is studied along with high order interpolation
on simple cases. Finally, a more challenging problem is tackled. Through this chapter,
comparisons with a classical active-set method are given.
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Contact of a membrane

Dans ce chapitre, une première application de l'ILS est faite. Elle concerne le cas d'une
membrane (sous l'hypothèse des petites déformations) rentrant en contact avec un solide
indéformable. Un e�ort de modélisation à été fait a�n d'obtenir une formulation stable. En
e�et, l'utilisation des quantités duales que sont les multiplicateurs de Lagrange implique
des contraintes sur la formulation et la discrétisation du problème. Ces contraintes sont
généralement exprimées sous forme de la condition de Babu�ska-Brezzi (BB). Elle permet
de garantir la stabilité et la convergence du problème. A�n de véri�er cette condition,
deux approches peuvent être utilisées. La première est de trouver la discrétisation des
champs adaptée. La seconde consiste à trouver une formulation adéquate pour minimiser
au maximum l'in�uence de la discrétisation. C'est cette dernière solution qui est choisie
ici.
La représentation physique du problème pour une zone de contact erronée (ou dans le cas
de l'adhésion) est assurée par un enrichissement Heaviside sur la frontière de la zone de
contact, couplé à une force linéique sur cette même frontière. Cette force linéique est en
fait des multiplicateurs de Lagrange visant à annuler le saut en déplacement introduit par
l'enrichissement, ne laissant ainsi qu'un saut de pente possible.
Dans un premier temps, un problème axi-symétrique, pour lequel une solution analytique
est disponible, est traité. Cette étude permet de valider la cohérence de la méthode ainsi
que de la comparer à une méthode active-set classique. Sur ce problème simple, des ap-
proximations d'ordre deux et trois ont également été éprouvées. Par la suite, la capacité de
la méthode à gérer l'apparition, la création et la séparation de zones de contact a été testée.
Un problème récapitulant ces phénomènes est présenté ici. Il s'agit d'une membrane ren-
trant progressivement en contact avec un sol en forme de �boîte à ÷uf� avec l'augmentation
du chargement. Une fois de plus la cohérence de la méthode est mise à l'épreuve en véri�ant
que la solution en charge est proche de celle en décharge.
Cette étude nous a permis de valider l'e�cacité de la méthode et son intérêt a�n de trouver
à moindre coup la position précise de la zone de contact. Cependant une amélioration des
modes pour prendre en compte des évolutions plus locale reste à prévoir.

Résumé
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III.1 Description of the problem

We will assume the contact to be friction-less and we will focus only on the static problem with
small deformation hypothesis. The deformable body occupies the volume Ω, its frontier is ∂Ω

and x = (x, y, z) is the coordinate of a point. We will denote u(x) the displacement of the
point x and T the tension of the membrane. The distance between the solid and deformable
body without any load applied is represented by a function d(x) > 0. The non penetration of
the two bodies can be written u + d ≥ 0. Without loss of generality zero displacements are
imposed on ∂Ω and only continuous body forces fd will be applied. Finally, the part of the
boundary in contact with the rigid surface will be called Ω− and its boundary Γ. Figure III.1
illustrates this description.

ex

ey

ez

d(x)

Ω+ Γ

­

fd

Ω−

u = 0

Figure III.1: Membrane into contact with a rigid surface

We recall the well known governing equations of the equilibrium of a membrane given in
I.16. Without contact but with the imposed displacement, every point of the membrane has to
ful�ll the strong equations :

{
T∆u+ fd = 0 on Ω ,

u = 0 on ∂Ω .
(III.1)

With contact, the set of equations is more complex and involves inequalities. If there is contact
the classical equivalent of (III.1) can be written with an addition of the Signorini equations
(III.3):
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Find u and pn such as: {
T∆u+ fd + pn = 0 on Ω ,

u = 0 on ∂Ω .
(III.2)


u+ d ≥ 0 on Ω ,

pn ≥ 0 on Ω ,

pn(u+ d) = 0 on Ω .

(III.3)

Problem 18

where pn is the normal reaction exerted by the rigid surface to the membrane.
In Problem 18, all the equations have been generalized to the whole domain. However, if

we split the domain into Ω+ and Ω− (being the actual contact zone), as described previously,
Problem 18 is equivalent to:

Find u, pn and Ω− such that:

in Ω+ in Ω− on Γ

equality T∆u+ fd = 0 T∆u+ fd + pn = 0 u+ = u−

u = 0 on ∂Ω −u = d

inequality −u ≤ d pn ≥ 0

Problem 19

Another problem, which is closer to what is solved in practice, is to �nd the equilibrium
solution assuming a contact zone.

Find u, pn and λn for a given Ω− such that:

in Ω+ in Ω− on Γ

equality T∆u+ fd = 0 T∆u+ fd + pn = 0 T J∇uK · ­ = λn
u = 0 on ∂Ω −u = d u+ = u−

Problem 20

with J∇u(s)K = ∇u(s)+−∇u(s)− the jump of ∇u at a point of Γ located by its curvilinear
abscissa s and λn the reaction on the boundary of the rigid solid (= 0 if Ω− is exact). To be
equivalent to Problem 19, Problem 20 needs to be solved for the right Ω−.
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Let us show that if the contact conditions are ful�lled, i.e. the contact zone is the right
one, we must satisfy J∇uK · ­ = 0. First, let us look at the case J∇uK · ­ > 0, thus λn > 0.
This means that the membrane is attracted by the rigid body. Without adhesion this is not a
physical solution. Now, if J∇uK · ­ < 0 and therefore ∇u+(s) · ­ < ∇u−(s) · ­. As by de�nition
∇d(s) is continuous and ∇u−(s) = ∇d(s) we must have ∇u+(s) · ­ < ∇d(s) · ­ and therefore
there is penetration of the rigid surface.

Hence,

J∇uK · ­ = 0 ∀s ∈ Γ (III.4)

is a necessary condition to have the right contact zone. This property will reveal itself quite
useful in the next section.

In any case, as mentioned in Section I.1.1.3, a strong formulation is often not suited for
computational purpose. The classical approach is to derive the weak form of this formulation.
Let us �rst de�ne the admissible displacements space that will be used in this chapter:

Vd =
{
u ∈ H1(Ω+ ∪ Ω−)|u = 0 on ∂Ω

}
(III.5)

Therefore if u ∈ Vd it can admit a strong discontinuity on Γ. Problem 20 can be written as the
weak formulation:

Find u ∈ Vd, p ∈ P and λ ∈ H−1/2(Γ) such that:
a(u, u?) + 〈p, u?〉P + 〈λ, Ju?K〉H−1/2 = f(u?) ∀u? ∈ Vd,
〈p?, u+ d〉P = 0 ∀p? ∈ P,
〈λ?, JuK〉H−1/2 = 0 ∀λ? ∈ H−1/2(Γ).

(III.6)

Problem 21

with:

a(u, u?) =

∫
Ω

T∇u · ∇u? dS f(u?) =

∫
Ω

fdu
? dS

〈λ?, JuK〉H−1/2 = c(λ?, u) =

∫
Γ

λ?JuK dΓ
(III.7)

Two options for P are available. The most obvious one is L2(Ω−) meaning that the duality

pairing reads therefore 〈p, u〉L2 =

∫
Ω−

pu dS. Even if this formulation appears as the straight-

forward way to impose a Dirichlet condition it is not well suited to satisfy the Babu�ska-Brezzi
(BB) condition. The other choice is H1(Ω−) and the duality pairing becomes 〈p, u〉H1 =∫

Ω−

lm∇p · ∇u dS +

∫
Ω−

pu dS. The addition of lm is only there for dimensional homogenization

and will be set to lm = 1m2. This last formulation ful�lls naturally the BB condition as the
operator is the natural scalar product associated to the space where both u and p live.
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Proof : Let us prove that:

sup
u∈H1(Ω−)

〈p, u〉H1

‖u‖H1

= ‖p‖H1 (III.8)

First we have (given ‖u‖H1 6= 0)

〈p, u〉H1

‖u‖H1

≤ ‖u‖H1‖p‖H1

‖u‖H1

= ‖p‖H1 (III.9)

Furthermore if u = p in the above formula we have:

〈p, p〉H1

‖u‖H1

=
‖p‖2H1

‖p‖H1

= ‖p‖H1 by Cauchy�Schwarz inequality (III.10)

Thus ‖p‖H1 is a supremum of
〈p,u〉H1

‖u‖H1
and is reached by it when u = p. Therefore III.8 is veri�ed.

Injecting this property into Equation (I.57) allows us to write:

inf
p∈P

sup
u∈U

|c(p, u)|
‖p‖P‖u‖U

= inf
p∈P
‖p‖P
‖p‖P

= 1 (III.11)

Thus the BB condition is ful�lled.

Consequently, it is chosen for this chapter and Problem 21 writes:

Find u ∈ Vd, p ∈ H1(Ω−) and λ ∈ H−1/2(Γ) such that:
a(u, u?) + cp(p, u

?) + cλ(λ, u?) = f(u?) ∀u? ∈ Vd,
cp(p

?, u) = lp(p
?) ∀p? ∈ H1(Ω−),

cλ(λ?, u) = 0 ∀λ? ∈ H−1/2(Γ).

(III.12)

Problem 22

with:

b(p, u?) =

∫
Ω−

lm∇p · ∇u? + pu? dS lp(p
?) = −

∫
Ω−

lm∇p · ∇d+ pd dS (III.13)

A drawback of this formulation is the loss of equivalence between both pn and p just as λn
and λ. Therefore, post-processing will be needed to compute the reaction of the ground.

In this section, several ways of expressing the membrane contact problem have been shown.
To summarize, it is convenient to break down the full problem given by Problem 18 into
two problems: solve Problem 22 for a given Ω− on one hand and �nd an admissible Ω−

on the other hand. Let us see how to discretize this formulation and then how the ILS
framework is built for this problem.

Check point
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III.2 ILS formulation for the membrane

III.2.1 Discretization of the problem

It was already explained in Section II.2 that a signed distance function was used to separate
contact zones from the rest of the domain. Let us see how an appropriate numerical discretiza-
tion can be set. We will start with classical shape functions called Ni. For instance it could
be the well known hat functions. With such functions we can approximate the value of the
level-set at at each point of the domain by:

φ(x) =
∑
i∈I

φiNi(x) (III.14)

where I represents the number of shape functions. However in order to represent the displace-
ment �eld, this classical approximation is not enough. Indeed, the solution might present weak
discontinuities on the boundary. Hence, we are using the X-FEMmethod [Belytschko et al., 2003]
to enrich the displacement. If we choose to use an enrichment function F suited to our problem
an approximation of the �eld u is :

uh(x) =
∑
i∈I

uiNi(x) +
∑
j∈J

uejNj(x)F (x) (III.15)

with J the subset of I which is enriched.

A straightforward choice for F would be a ridge function allowing a weak discontinuity of
the displacement �eld. Then Lagrange multiplier have to be de�ned on Γ in order to represent
the linear force needed to physically allow a slope discontinuity in the membrane. Nonetheless,
an equivalent strategy is to set F to be an Heaviside function and to use the above mentioned
Lagrange multiplier to cancel the jump of the displacement JuK. A better numerical behavior
of the Heaviside function, especially for high order �nite element, motivates this choice.

Lagrange multiplier also need to be discretized. In order to have good convergence properties
we need to use the right approximation for p and λ such as the BB condition is satis�ed.
This problem was handled in [Moës et al., 2006] for Lagrange multiplier on a boundary (i.e.
for λ) coupled with X-FEM. Rather than degree of freedoms linked directly to the front, a
combination of degree of freedoms attached to the elements cut by the level-set is used. Hence
this discretization is used here.Furthermore, the choice of the formulation guarantees a good
behavior of p. We can then approximate p and λ:

ph(x) =
∑
i∈Ip

piN
p
i (x) (III.16)

λh(x) =
∑
i∈Iλ

λiN
λ
i (x) (III.17)

with Ip and Iλ the set of degrees of freedom for each �eld. Finally, with such a discretization
we can apply a Galerkin method to approximate Problem 22 and write it in a matricial form:
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Find u, ue, p and λ such that:

[K]


u

ue

p

λ

 =


f

f e

lp
0

 where [K] =


Acc Ace B C

Ace> Aee Be Ce

B> Be> 0 0

C> Ce> 0 0

 (III.18)

with:

u = {ui} Accij =

∫
Ω

∇NiT∇Nj dS f =


∫
Ω

Nifd dS


ue = {uei} Aeeij =

∫
Ω

∇N e
i T∇N e

j dS Aceij =

∫
Ω

∇NiT∇N e
j dS f e =


∫
Ω

N e
i fd dS


p = {pi} Bij =

∫
Ω−

NiN
p
j dS Be

ij =

∫
Ω−

N e
i N

p
j dS lp =

−
∫

Ω−

Np
i d dS

+

∫
Ω

lm∇Ni∇Np
j dS +

∫
Ω

lm∇N e
i ∇Np

j dS −
∫

Ω−

lm∇Np
i ∇d dS


λ = {λi} Cij =

∫
Γ

NiN
λ
j dΓ Ceij =

∫
Γ

N e
i N

λ
j dΓ

(III.19)

Problem 23

The size of the matrix Aee is usually very small compare to the size of Acc. This last matrix is
not changing through the iteration, which is numerically convenient. Therefore a great deal of
computational e�ort can be spared by working on Acc only once.

III.2.2 Shape optimization

At this point, we can solve Problem 19 for a given contact zone. However the solution might
not ful�ll the contact conditions (i.e. the contact zone is not the right one). We are going to
search for the exact contact zone with an iterative process. As with an active-set method, we
are using the �elds computed at the current iteration to determine the evolution of the contact
zone. The main di�erence is that we are not using the same criterion as in active-set method
to make the contact zone evolve. An active-set method uses directly the value of the �elds. For
instance a criterion would be if the Lagrange multiplier are positive then remove the constraint
at the node. The ILS is mainly using another criterion % which depend on the problem it is
dealing with. This criterion is chosen strictly related to the boundary of the contact zone rather
than whole of the solid boundary. Let us denote Γk the boundary of the contact zone at the kth

iteration. To lighten the notations we will usually only write Γ. The abovementioned criterion
must satisfy:

Γ = Γex ⇒ % = 0 on Γ (III.20)

68 ILS for contact



Contact of a membrane

where Γex is the exact boundary of the contact zone. Thus if % 6= 0, the position of Γ is not
the right one . This leads to try to �nd at each iteration the evolution of the contact zone
which cancel %. Nevertheless, having % = 0 is not always su�cient to insure that Γ = Γex.
Indeed the KKT conditions might not be ful�lled everywhere. Therefore, time to time, these
conditions are checked on the full domain in order to take into account contact zone nucleation
and disappearance (see Section II.3 for q more detailed explanation).

Here, the obvious choice for % is J∇uK ·­, see equation (III.4). This choice is recovered if the
more general con�guration mechanics method is used as explained in Section II.3.3. Indeed,
the con�gurational force g de�ned in this above mentioned section has the following expression
if fd is constant:

g = −pJ∇uK · ­ (III.21)

An e�cient way to �nd the zero of a functional is to use a Newton method. Therefore, if
we can compute the derivative of % with respect to a variation of the contact zone shape we
can apply a Newton algorithm to update Γ. This correspond to the de�nition, given in Section
II.3.2, of the normal directional derivative. With this de�nition, normal directional derivative
of % is:

D%[wΓ] = lim
ζ→0

%(Γ(ζwΓ))− %(Γ(0))

ζ
(III.22)

Then the zero of % can be found by solving:

Find wΓ ∈ L2(Γ) such that:

%+D%[wΓ] = 0 on Γ (III.23)

⇔
∫
Γ

%w?Γ d`+

∫
Γ

D%[wΓ]w?Γ d` = 0 ∀w?Γ ∈ L2(Γ) (III.24)

Problem 24

We recall that we use the notation D%[wΓ] = %̊. We can expand this expression in this

particular case to %̊ =
˚J∇uK · ­ = J∇ůK · ­− J∇uK · ∇wΓ · ­ + J∇uK · ∇­ · wΓ.

With these new tools we are going to take the directional derivative of Problem 22 to have
a system with (̊u, p̊, λ̊) as unknowns. In order to compute ů, p̊ and λ̊ we need to extend the
de�nition of D[ ] to the whole domain. The boundary displacement wΓ is then extended onto
this domain. This extended displacement is noted w. But, as we are only, in practice, interested
by the evolution of % on the contact boundary, we are going to introduce a function r(φ). This
means that this function depends on the distance from Γ in the normal direction. This function
allows us to set the displacement value to zero after a certain distance δ and thus to reduce the
computational cost (cf. Figure III.2). This de�ned the band B already mentioned in Section
II.3.3. Finally, in order to keep the extended displacement normal to the boundary of the
contact area we are going to use the gradient of the level-set ∇φ(x) as its norm is one and it is
normal to the iso-level-set.

w(x) = wΓ(sc)∇φ(x)r(ς) (III.25)
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where sc represent the curvilinear abscissa of the closest point of x on Γ.

φ(x) = 0
r = 1

r = 0 δ
×

∇φ

∂Ωc

α

Figure III.2: function r in the case of a circular level-set

Now with this extended displacement, the normal directional derivative can be de�ned for
any quantity f in the same fashion as explained in Section II.3.2.3.

Let us take a moment to give a step by step calculus of every derivatives of Problem 22
members.

D(a(u, u?))[w] =

∫
Ω
T
(
∇̊u · ∇u? +∇u · ∇̊u? +∇u · ∇u? divw

)
dS (III.26)

=

∫
Ω
T
(
(∇ů−∇u · ∇w) · ∇u? +∇u · (∇ů? −∇w∇u?) +∇u · ∇u? divw

)
dS

D(b(p, u?))[w] =

∫
Ω−
lm(∇p̊∇u? +∇p∇ů? −∇p(∇w> +∇w)∇u? +∇p∇u?divw) dS (III.27)

+

∫
Ω−
p̊u? + pů? + pu?divw dS

D(c(λ, u?))[w] =

∫
Γ
λ̊Ju?K + λJů?K + λJu?K(divw − ­ · ∇w · ­) d` (III.28)

D(f(u?))[w] =

∫
Ω
f̊u? + fů? + fu? divw dS (III.29)

D(lp(p
?))[w] =−

∫
Ω−
lm(∇p̊?∇d+∇p?∇d̊−∇p?(∇w> +∇w)∇d+∇p?∇d divw) dS (III.30)

−
∫

Ω−
p̊?d+ p?d̊+ p?d divw dS
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The test �elds u?, p? and λ? are chosen such that for all x where the �elds are de�ned,
ů?(x) = 0, p̊?(x) = 0 and λ̊?(x) = 0. This means that the test �elds follow the movement of the
interface. Therefore if the imposed force �eld fd also follow the movement of the interface (i.e.
f̊d=0 ) we �nd the formulation of Problem 25.

Hence, gathering all the terms, Problem 22 derivative is:

Find ů ∈ Vd , p̊ ∈ H1(Ω−) and λ̊ ∈ H−1/2(Γ) such that:
a(̊u, u?) + b(p̊, u?) + c(̊λ, u?) = fs(u?, w) ∀u? ∈ Vd,
b(p?, ů) = lsp(p

?, w) ∀p? ∈ L2(Ω−),

c(λ?, ů) = lsλ(λ?, w) ∀λ? ∈ H−1/2(Γ).

(III.31)

Problem 25

where:

fs(u?, w) = −
∫
Ω

T
(
∇u>∇u? divw − (∇u>(∇w> +∇w)∇u?)

)
dS

−
∫

Ω−

lm

(
∇p>∇u? divw − (∇p>(∇w> +∇w)∇u?)

)
dS

−
∫

Ω−

pu? divw dS −
∫
Γ

λJu?K(divw − ­ · ∇w · ­) d`+

∫
Ω

fdu
?divw dS

lsp(p
?, w) = −

∫
Ω−

p?d̊ dS −
∫

Ω−

lm∇p?∇d̊ dS

lsλ(λ?, w) = −
∫
Γ

λ?JuK(divw − ­ · ∇w · ­) d`

(III.32)

It is important to note that Problem 25 has the same left-hand side as Problem 22. Using
the discretization given in (III.15,III.16,III.17) Problem 25 allows the following discrete form:

Find ů, p̊ and λ̊ such that:

[K]


ů

p̊

λ̊

 =


f s

lsp
lsλ

 (III.33)

Problem 26

and thus the left-side matrice is the same as the one of Problem 25. Thereby we can use the
matrix decomposition already computed to speed up the process.
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However, as wΓ is unknown, we cannot directly compute Problem 26. Therefore, wΓ is going
to be approximated by nmode given modes wm. For each mode, a τm is associated and represent
the mth mode contribution to wΓ.

wΓ =
∑
m

τmwm. (III.34)

There is plenty of possibilities to construct the modes. Here we are going to use the Fourier
modes wm = Fm(α) (α being a parametrization angle for the contact area boundary as in
Figure III.2). The Fourier modes are de�ned fore every m′ ∈ N such that:{

F2m′(α) = cos (m′α)

F2m′+1(α) = sin ((m′ + 1)α)
(III.35)

At the end of this chapter, a discussion is opened on the advantage and the drawbacks of such
modes. In order to get all the ρ̊m, Problem 26 has to be solved nmode times. In practice, all
these problems are solved in one go. This approximation can be passed on to Problem 24, it
can thereby be approximated using a Galerkin approximation:

Find τ = {τm} ∈ RM such that:∑
n

∫
Γ

%wn d`+
∑
m

∑
n

∫
Γ

τmD%[wm­]wn d` = 0 (III.36)

⇔
∑
n

∫
Γ

%wn d`+
∑
m

∑
n

∫
Γ

τm%̊mwn d` = 0 (III.37)

Problem 27

Again, Problem 27 can be written as:

Find τ ∈ Rm such that:
[S] τ = −%π (III.38)

where:

Snm =
∑
i

∫
Γ

%iDN
λ
i [wm]wn d` (III.39)

%πn =
∑
i

∫
Γ

%iN
λ
i wn d` (III.40)

Problem 28

These steps (Problem 23, nmode-times Problem 26 and Problem 28) are iterated up to
convergence. To be able to compute the new Γ we need to update the level-set using the
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displacement w. In order to do so, one of the technique mentioned in Section II.2.1.4 is used.
In the case where a �xed number of modes is used, the algorithm is stopped when the norm of
projection of % noted π(%m) onto the mode space is small enough (i.e. inferior to a scalar πmin),
which means that we could do no better with the modes used. It is more interesting to have
an increasing number of modes through the iterations. Indeed, at the beginning, having only
a few modes allow a fast computation to get closer to the solution. Then a greater number of
mode allows a better precision.

However, it was already pointed out that, by itself, the algorithm might not converge to a
solution as % could be zero for another con�guration. That is why, at the end of the convergence
of the algorithm (or if there is no convergence at all) extra steps are added. First, as in classical
active set methods, we check if there is penetration and also that the reaction of the support is
not attracting the membrane. This de�nes areas where the contact conditions are violated and
they should be added in case there is penetration or removed for attraction as it was explained
in Section II.2.1.4. The full method was already summed up in the Algorithm 3.

Let us now consider the in�uence of adhesion in the contact zone and how it a�ects the
Inequality Level Set approach. For instance, consider that the �oor in Figure III.1 is
covered with a �uid with surface tension γt. At equilibrium, the con�gurational force on
the boundary of the contact zone is no longer zero but needs to match the value of surface
tension. Indeed, with adhesion, it takes energy to create new surfaces as the contact zone
is reduced in size. As a consequence, at equilibrium the pressure on the boundary of the
contact zone is no longer zero but we have

T

2
%2 = γt → % = %a =

√
2γt
T

(III.41)

The ILS algorithm described in section III.2 is still the same except that the pressure is
driven to %a and not zero. An example of this application can be found in the next section
(see Figure III.6).

Remark

III.3 Results

In this section we are going to study the case of a membrane with a homogeneous loading.
Then, the full 2D problem will be dealt with.

III.3.1 The axi-symmetric problem

We recall that the problem we are looking at is a circular membrane (Figure III.3) with radius
R (set to 1 m for numerical purpose) and homogeneous tension T (set to 1 Nm−1). This
membrane is loaded with an homogeneous loading fd. The quantity of interest is the vertical
displacement u which is prescribed to be zero along the border. This displacement is limited
by an undeformable horizontal plane of altitude d.
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d

−→
f d

u(R) = 0

O

−→ez

−→erR

Figure III.3: Axi-symmetric membrane with an homogeneous load

The problem can be summarized into the equations:
T∆u+ fd = 0 in Ω

−u ≤ d in Ω

u = 0 for r = R

(III.42)

The analytical solution (see Appendix B) of the equilibrium for a given rc is :

u = −fdr
2

4T
+A ln

( r
R

)
+B (III.43)

where:

A =
fd(R

2 − r2
c ) + 4dT

4T ln(R/rc)

B =
fdR

2

4T
rc is the radius of the contact zone

(III.44)

However, the only solution which ful�lls the contact condition (see Appendix B) imposes
that the exact value of rc is:

rexc = R exp

(
1

2

(
1 + W−1

(
−4dT + fd

efd

)))
(III.45)

With W−1(x) the branch of the Lambert function de�ned for −1/e ≤ x < 0 and e = exp(1).
In this section, for every numerical simulation |fd| = 1 N and d = 0.1 m.

III.3.1.1 With axi-symmetric hypothesis

As said before, if we take into account the axi-symmetry the problem is simpli�ed in a 1D
problem. At a given contact area, we need to �nd u such that:

T
1

r

∂

∂r

(
r
∂u

∂r

)
+ fd = 0 on [0, rc[

−u = d on [rc,R]

u = 0 for r = R

(III.46)
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R

d

−→
fd

−→er

−→ez

Figure III.4: Axi-symmetric simpli�cation of the membrane (right side) and illustration of the
solution

Let us illustrate what was described in Section III.2 with this simpli�ed problem. In order
to impose u = d on [0, rc] we use Lagrange multiplier p. Even if p is going to be de�ned on
[0, R] we will be able to take into account their in�uence only on the contact zone. Indeed,
taking advantage of the level-set framework we integrate only on the contact zone.

Find u ∈ Vd, p ∈ H1(Ω−) and λ ∈ R such that:
a(u, u?) + b(p, u?) + c(λ, u?) = f(u?) ∀u? ∈ Vd,
b(p?, u) = lp(p

?) ∀p? ∈ H1(Ω−),

c(λ?, u) = 0 ∀λ? ∈ R.
(III.47)

Problem 29

with:

a(u, u?) =

R∫
0

Tr
∂u

∂r

∂u?

∂r
d` f(u?) =

R∫
0

fdru
? d`

b(u, p) =

rc∫
0

(
lm
∂p

∂r

∂u

∂r
+ pu

)
r d` lp(p

?) = −
rc∫

0

(
lm
∂p

∂r

∂d

∂r
+ pd

)
r d`

c(u, λ) = λrcJuK

(III.48)

As we are dealing with a 1D problem we will use only one mode for w which correspond to
a unit displacement of rc in er direction If we take the normal directional derivative of these
equations we obtain the following sensitivity problem.
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Find ů ∈ Vd, p̊ ∈ H1(Ω−) and λ̊ ∈ R such that:
a(̊u, u?) + b(p̊, u?) + c(̊λ, u?) = f s(u?) ∀u? ∈ Vd,
b(p?, ů) = lsp(p

?) ∀p? ∈ H1(Ω−),

c(λ?, ů) = lsλ(λ?) ∀λ? ∈ R.
(III.49)

Problem 30

with:

fs(u?) = −(rcfd + λ)u?+(rc)

lsp(p
?) = 0

lsλ(λ?) = −λ?rc
λ

T

(III.50)

First we will use a linear approximation. The {Ni} family is therefore the family of the
hat functions. The displacement �eld is enriched at rc with an Heaviside function. Thus the
enriched nodes are the ones surrounding rc or the node itself if rc is on a node. One shall keep
in mind that the integration of p only on the contact zone is enabled by the knowledge of the
position of rc between two nodes.

rc

enriched noderc

+(

× )

rc

H
u−

u+

uh

ph

λ

contact zone

Figure III.5: Approximation of the �elds

76 ILS for contact



Contact of a membrane

Once these two problems are solved we have access to % and %̊ and we can solve the Problem
27 associated to our case.

%+ %̊τ = 0 ⇔ τ = −%
%̊

(III.51)

Thus if we were at the kth iteration the next rk+1
c would be:

rk+1
c = rkc + τ = rkc −

%

%̊
(III.52)

An illustration of the results of the ILS method can be seen in Figure III.6. This same
problem was also treated adding adhesion as described in Section III.2.2. We need to apply the
Newton algorithm on the function % − %a. The weak discontinuity of the displacement is well
represented by the X-FEM Heaviside enrichment combined with Lagrange multiplier.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 11

−0.1

−0.06

−0.02

0

r

u
(r

)

initial guess
solution without adhesion
solution with pa =0.2

Figure III.6: Solution given by the algorithm with an without adhesion

We compared this method to an active set method with nodal Lagrange multiplier (which
will be referred as �classical�) in the case without adhesion. The set where the constraint is
active (namely where the contact is imposed) is a set of Nc nodes. The coordinates of the
kth node in this set is noted xkc . In order to make this contact zone evolve, the penetration
and the reaction of the support are checked as explained in the last section. Then, every
node which violates the penetration is added in the active set whereas the ones violating the
support reaction are removed. The same discretization of u is used without the enrichment.
The problem for a given Ω− is then:
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Find u ∈ Vd, p ∈ RNc such that:
a(u, u?) +

Nc∑
k=1

pku
?(xkc ) = f(u?) ∀u? ∈ Vd,

Nc∑
k=1

p?ku(xkc ) = −
Nc∑
k=1

p?kd(xkc ) ∀p? ∈ RNc .
(III.53)

Problem 31

The initial rc is chosen as rc0 = 0.3m. In Figure III.7(a) we are interested in the evolution
of the relative error on the position of rc with the size of the elements h. With ILS method
we observe a better convergence rate than with the other one. The stages of the other method
are also avoided. They arise because as long as the re�nement of the mesh does not add a
node closer to rexc there is no better approximation available. This problem is avoided by the
enrichment of the ILS method. Figure III.7(b) on the other hand shows the power of having
an evolution driven by the sensitivity. Indeed, by adding more degree of freedom we increase
the number of iterations needed with the classical active set as there is more sets possibilities.
Whereas it is not increasing in our case as it is sensitivity driven.
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Figure III.7: Evolution of (a) the error on rc (b) the number of iterations, with the size of the
mesh

III.3.1.2 Higher order interpolation

Using the above set up, higher order interpolations are tried out. Increasing the interpolation
degree is often an e�cient way of improving the quality of the solution. Compare to mesh re-
�nement (often called h-convergence), the use of higher degree shape functions (p-convergence)
is known to be more e�cient in most situation. Nevertheless it is harder to implement and
may have convergence issues (such as spurious oscillations) in problems like contact. Here, the
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Bernstein polynomials are used. For a degree p, there is p+ 1 polynomials de�ned on s ∈ [0, 1]

such that:

Bi,p(x) =

(
p

i

)
si (1− s)p−i , i = 0, . . . , p (III.54)

The polynomial up to degree three are made explicit below:

B0,0(s) = 1,

B0,1(s) = 1− s, B1,1(s) = s

B0,2(s) = (1− s)2, B1,2(s) = 2s(1− s), B2,2(s) = s2

B0,3(s) = (1− s)3, B1,3(s) = 3s(1− s)2, B2,3(s) = 3s2(1− s), B3,3(s) = s3

The solution of the problem on a coarse mesh is given in Figure III.8 for di�erent degrees of
interpolation:

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

-0.1

-0.08

-0.06

-0.04

-0.02

0

x

u
(x
)

degree 1
degree 2
degree 3
node
rc

Figure III.8: Solution on a coarse mesh for several degrees of interpolation

The stability of the number of iterations is conserved with h or p-re�nement. Furthermore,
no oscillation of the �elds were to be found.

In Figure III.9 errors are studied. The position of the boundary rc is better represented
using a high order interpolation up to the point where a step is reached at 10−12 (see Figure
III.9(a)). As expected, Figure III.9(b) shows an increase of the rate of convergence by one when
using the next order of interpolation.

III.3.1.3 Without axi-symmetric hypothesis

Without this hypothesis, we recall that the direct problem is Problem 22. Then, if we use the
modal base {wm} to approximate the displacement �eld and note wm = wm­, the sensitivity
problem becomes similar to Problem 30 with the above notation and:
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Figure III.9: Study of the convergence of the method for di�erent interpolation orders

fs(u?, w) = −
∫
Ω

T
(
∇u>∇u? divw − (∇u>(∇w> +∇w)∇u?)

)
dS

−
∫

Ω−

lm

(
∇p>∇u? divw − (∇p>(∇w> +∇w)∇u?)

)
dS

−
∫

Ω−

pu? divw dS −
∫
Γ

λJu?K(divw − ­ · ∇w · ­) d`+

∫
Ω

fdu
?divw dS

lsp(p
?, w) = 0

lsλ(λ?, w) = −
∫
Γ

λ?JuK(divw − ­ · ∇w · ­) d`

(III.55)

The primary task is to set the initial contact area boundary to be the solution of the problem
without any contact conditions. Therefore, the �rst guessed contact area is a centered circle of
radius 0.77m. Only the �rst mode should be activated and we should observe a proportional
growth of the contact zone. Indeed, the �rst mode represent an homogeneous growth of the
front. The combination of the second and the third allows a translation of the contact zone.
Latter modes become more and more localized. A �rst simulation is done with a non-axi-
symmetric mesh. The result can be seen Figure III.10. The jump in the membrane slope,
clearly visible in the initial solution, is canceled at the end of the iterations. Here, a small δ
was taken on purpose. This explained the constant advance of the front for the �rst iterations.

In Figure III.11(a) it can be seen that other modes than the �rst one are activated. This
is due to the numerical error during the level-set evolution which breaks the axi-symmetry.
Therefore the algorithm needs extra modes to compensate these errors. To ensure that this is
due to these numerical aspects an axi-symmetric mesh was used in another simulation. Figure
III.11(b) con�rmed that no other modes but the �rst one are activated at �rst. The activation
of the other modes at the 8th iteration is just due to the fact that the convergence stage as

80 ILS for contact



Contact of a membrane

(a) Initial (b) Evolution (c) Final

Figure III.10: Evolution of the contact interface from initial to �nal con�guration (b) with the
displacement associated to these to extreme position ((a) and (c) ).

been reached as Figure III.12 shows.
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Figure III.11: Evolution of the norm of τ and percentage of the contribution of each mode

A stage in the convergence can be observed after some iterations (cf. Figure III.12). It is
due to the geometrical approximation of the level set on the mesh. Therefore, it is decreasing
with the size of the mesh as we get a better representation of the level-set.

Let us compare again the ILS method to the active set method. The behavior of these
methods is quite similar to the axi-symmetric hypothesis case, retrieving the same properties
of convergence for the location of Γ (cf. Figure III.13(a)).

In relevance to the e�ciency of the algorithm, Table III.1 gives the total computational
cost for each method up to convergence as well as the average time per iteration. First the
comparison is made for several �xed meshes and then for a targeted error on the location of
Γ. First, let us discuss the computational times on �xed meshes. The ILS uses more time on
coarse mesh than the classical method. Nonetheless for regular sized or �ne meshes this trend
is reversed. This is due to both the increase of iterations needed by the classical method and
the reduction of the di�erence of time needed by each method for one iteration. This last point
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Figure III.12: Error on the position of the contact interface compare to a reference solution for
each problem.
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Figure III.13: Evolution of (a) the error on Γ (b) the number of iterations, with the size of the
mesh

is explained by the change in the dominant time consuming function. For a coarse mesh, the
assembling takes the greatest computational e�ort. Whereas, for a �ne mesh, the solving is
the main expense. Also, the ILS algorithm is more elaborate. Thus, it takes more e�orts to be
optimized and we think there is still room for improvement. But the comparison should also
be made with a precision criterion on Γ. Indeed, we have already emphasized the importance
of the contact boundary. For this particular purpose, the ILS is far more e�cient and does not
require an overkill mesh to obtain su�cient accuracy for the contact boundary position.
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Mesh ILS Classical

1/h tILS
tot

(s) tILS
iter

(s) tclass
tot

(s) tclass
iter

(s)

2 0.4 0.08 0.06 0.02

4 1.06 0.212 0.39 0.08

8 2.53 0.506 1.06 0.151

16 7.59 1.52 5.24 0.476

32 36.4 7.28 48.7 2.43

64 243.9 48.78 617.8 19.92

128 2062 412.4 20971 349.5

Error on Γ ILS Classical

tILStot (s) tclasstot (s)

5.10−2 0.4 1.06

5.10−3 2.53 617.8

5.10−4 36.4 ×
10−5 2062 ×

Table III.1: Time comparison between ILS and active-set method. First on �xed meshes then
for a targeted error. All computations have been done on an AMD Opteron 6328 3,2 GHz
octocore with 4Go of RAM.

III.3.2 Non-axi-symmetric problems: an end to �atness

In the previous section, we have dealt with axi-symmetric problems. The ILS has been shown
to be consistent when keeping the axi-symmetric features. However in these cases, only the �rst
mode was needed to converge. We will now seek examples which need extra modes. In this part,
we are going to see to the resolution of a membrane coming into contact with a non-constant
�oor following the mathematical expression d(x, y) = −1/1000(15 + 5 cos(2πx) cos(2πy)). A
representation of the �oor and the used mesh can be found in Figure III.14. The loading

Figure III.14: Floor shape (2D and 3D representation) and associated mesh

will be increased and then decreased such that contact zones appear, then merge and split
(|fd| = 0.1 → 0.2 → 0.3 → 0.4 → 0.3 → 0.2 → 0.1). Results of this process can be found in
Figure III.15.

The method seems to be consistent as the results are similar for the loading and the un-
loading of the membrane. The di�erences come from the di�erent initial level-set between the
loading and the unloading. Indeed, using Fourier modes, their number is limited by the num-
ber of elements cut by Γ and therefore local errors (mainly arising when penetration or release
checks are done) are di�cult to overcome. In a future work localized modes will be developed
to deal with this issue. Nevertheless, it is notable that few iterations are needed between each
steps.
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(a) f = −0.1, RT, 3 ILS (b) fd = −0.2, RT, AP, 5 ILS (c) fd = −0.3, AP, 2 ILS

(d) fd = −0.4, AP, 2 ILS

(e) fd = −0.3, RT,2 ILS (f) fd = −0.2, RT, AP, 5 ILS (g) fd = −0.1, RT, 4 ILS

Figure III.15: Evolution of the solution and the contact boundary (green line) with the loading
(AP meaning addition of the area with penetration to the contact zone, RT meaning removal
of the area where there is traction on the membrane and ILS is short for ILS iteration)
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The ILS coupled with a particular formulation of the problem seems to be an e�cient
numerical method to handle the membrane case. It was shown to be particularly e�ective
on a coarse mesh and led to an accurate representation of the contact zone. Few iterations
were needed to converge, even with an initial guess far from the solution. The punctual
active-set iteration handled quite e�ciently the appearance and disappearance of contact
zones. Furthermore, adhesion an high order interpolations were easily included in the
method.

Conclusion
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After dealing with membrane problems, plain solids are studied. The general framework
is settled. As a modelization choice, a parallel with fracture mechanics is drawn. This
allows an access to several shape optimization criteria but also to take into account ad-
hesion phenomenon. An extensive study of the method is made with a comparison with
a classical active-set method. Another formulation is proposed in order to ful�ll the BB
condition when Lagrange multipliers �eld is enriched. Finally a �rst step toward high order
formulation is made.

Summary



Contact for plain solids

Pour �nir cette étude, des problèmes de contact unilatéraux sont étudiés. A�n d'établir
une méthode d'optimisation de forme e�cace, une analogie avec la mécanique élastique
linéaire de la rupture est faite. Tout d'abord, cela permet d'obtenir des critères d'évolution.
En plus de cela, cette formulation permet de gérer les problèmes d'adhésion de manière
naturelle. Une fois de plus, une attention particulière est portée au choix de la formulation
variationelle a�n de véri�er la condition BB. Une étude poussée de l'ILS pour ces problèmes
est conduites. Une fois de plus, la comparaison avec une méthode active-set classique est
faite. Les performances de l'ILS sont attrayantes autant pour sa rapidité que pour sa
qualité. En�n, un premier pas vers l'utilisation d'interpolations de haut ordre est fait.

Résumé
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IV.1 Summary for the plain solids problem

In the �rst chapter, we derived several contact formulations. We are going to focus on unilateral
contact with small deformations hypothesis. The notations are summarized in Figure IV.1.
As usual, Ω denotes the whole domain and Ω

-
the contact zone. Before, in the membrane

case, the contact zone was of the same dimension as the whole domain whereas here it is one
dimension smaller. This is numerically convenient for the ILS as the computation for the shape
optimization will involve a lot less dofs than the total number.

We recall brie�y some of the notations. The displacement of a material point located at the
position x is u(x). The distance between the rigid body and the deformable solid is denoted
d(x), the imposed body force f

d
and the external loading td.

udtd

f
d

∂Ωt

∂Ωu

Γ

Ω−

Ω

b

x

Figure IV.1: Unilateral contact notations

Given that the boundary conditions are respected, the set of equations and inequality to
be solved are:

div(σ) + f
d

= 0 in Ω (IV.1)

with the boundary conditions: 
u = ud on ∂Ωu

σ · n = td on Ωt

σ · n = pnn on Ω−
(IV.2)

and everywhere on ∂Ω/∂Ωt ∪ ∂Ωu
gn ≥ 0 no penetration
pn ≤ 0 no attraction
pngn = 0 normal condition

(IV.3)

with pn the contact pressure, and gn the gap function de�ned as in Section I.1.2 Before being
able to apply the ILS method, the formulation associated to the direct problem needs to be
picked. As for the membrane case, the Lagrange multiplier formulation is chosen:
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Find u ∈ U and p ∈ H−1/2 such that for all u? ∈ U0 and p? ∈ H−1/2{
a(u, u?) + cl(p, u?) = f(u?)

cl(p?, u) = ll(p?)
(IV.4)

with:

a(u, u?) =

∫
Ω

ε(u) : K : ε(u?) dV f(u?) =

∫
Ω

u? · f
d
dV +

∫
∂Ωt

u? · td dS

cl(p, u) =

∫
Ω−

p(u · n) dS ll(p?) =

∫
Ω−

dp? dS
(IV.5)

Problem 32

In this formulation the Lagrange multipliers p are physically equivalent to the contact pressure
pn.

The choice of the enrichment is discussed in the next section. However, assuming some
enrichment F we can use the approximation:

u(x) ≈


∑

i∈Ix uxiNi(x) +
∑

j∈Jx u
e
xjNj(x)Fx(x)∑

i∈Iy uyiNi(y) +
∑

j∈Jy u
e
yjNj(y)Fy(x)∑

i∈Iz uziNi(z) +
∑

j∈Jz u
e
zjNj(z)Fz(x)

 (IV.6)

it is to note that di�erent enrichments can be applied to the component of the displacement.
For the sake of simplicity, another notation will be used, indexing the degrees of freedom:

u(x) ≈
∑
i∈I

uiNi(x)ei +
∑
j∈J

uejNj(x)Fx(x)ej (IV.7)

The functions Nj(x) are kept linear through the whole chapter.

The other unknowns are the Lagrange multiplier on the boundary of the domain, for a �rst
approximation they can be written as:

p(x) ≈
∑
i∈Ip

piN
p
i (x) (IV.8)

Injecting this approximation into the variational formulation of Problem 32 leads to the
matricial system:
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Find u, ue and p such that:

[K]


u

ue

p

 =


f

f e

lp

 where [K] =

 Acc Ace C

Ace> Aee Ce

C> Ce> 0

 (IV.9)

with:

u = {ui} Accij =

∫
Ω

∇(Niei) : K : ∇(Njej) dV

f =


∫
Ω

Nifd · ei dV +

∫
∂Ωt

Nitd · ei dS


ue = {uei} Aeeij =

∫
Ω

∇(N e
i ei) : K : ∇(N e

j ej) dV Aceij =

∫
Ω

∇(Niei) : K : ∇(N e
j ej) dV

f e =


∫
Ω

N e
i fd · ei dV +

∫
∂Ωt

N e
i td · ei dS


p = {pi} Cij =

∫
Ω−

NiN
p
j n · ei dS Ceij =

∫
Ω−

N e
i N

p
j n · ei dS

lp =

−
∫

Ω−

Np
i d dS


(IV.10)

Problem 33

Even more so than for the membrane problem, the size of the matrix Acc is preponderant
compared to the other ones (see Figure IV.2). Furthermore this matrix is unchanged through
the iteration. Therefore a great deal of computational e�ort can be saved by saving the matrix
and its decomposition during the �rst iteration. Also, the rest of the matrix is really sparse
and can be rearranged e�ciently.

The reader should by now be familiar with the next steps. Indeed, as well as with the
general method given in Chapter II and the application to the membrane case of Chapter III,
the problem is decomposed into two parts. First the Problem 32 is solved for a given contact
zone. Then this contact zone is updated by mean of a shape optimization problem. This
process is detailed in the next section with an emphasis on the particularity linked to plain
solids contact.

IV.2 ILS formulation for plain solids

In this section, the speci�cities of the ILS applied to a plain solid are given. For the sake of
simplicity, we will focus the study on 2D problems even if a generalization of the method can be
made. Let us �rst summarize what is needed to be able to use the ILS. The formulation required
to solve the equilibrium problem for a given contact zone was already settled by Problem 32.
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Figure IV.2: Graphical representation of an example of the block components in K

An important aspect in order to use e�ciently this formulation is to be able to represent
accurately the phenomena at the contact boundary. This is especially true if dealing with
adhesion problems. Thereby, in Section IV.2.1 the modelization of the contact phenomenon
are discussed. Then, when the problem can be solved accurately for a given contact zone, the
shape optimization needs to play its part. This shape optimization is driven by a criterion %.
Its choice is of course of a tremendous importance and is discussed in Section IV.2.2. Finally,
the numerical framework is recalled before giving some examples.

IV.2.1 Modeling the contact as a crack-like phenomenon

Previously, it was highlighted that the ILS was able to deal e�ciently with adhesion problems
given the right formulation. In order to be able to handle adhesion problem, but also to have
a consistent formulation for non-adhesive one, a general formulation is set up. Indeed, if the
method can solve the problem for any surface energy γ it can also tackle the non-adhesive one
with γ = 0.

One of the �rst model for adhesion was given by [Johnson et al., 1971] and is referred as
the JKR model. In [Maugis and Barquins, 1983], it was shown to be equivalent to a Gri�th's
theory of fracture. In this thesis we consider this model. Other models were proposed and
shall be the focus of later work. For instance the use of molecular forces to model adhesion
was also developed such as in the DMT model [Derjaguin et al., 1975]. These interactions were
also taken into account by mean of an enrichment method like in [Sauer, 2011]. Such models
could be integrated into the ILS formulation. To come back to the JKR model, one could see
a parallel between two solids coming into contact with one another and a crack propagation in
mode I, also call the opening mode. For instance, in Figure IV.3, close to Γ and if both material
of Ω1 and Ω2 are the same the problem can be seen as a classical crack propagation. In this
case Γ would be the crack tip and the opening of the crack goes into the eθ direction. As for
the crack propagation, a local system of coordinate is set at what will be referred as the �crack
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tip� (the limit of the contact zone for contact). The coordinate r represents the distance of a
point P to the crack tip and θ the angle between the vector eθ and the vector with direction the
line passing through P and it's closest point to the crack tip. Such coordinates are computed
in the fashion described in Section II.2.2.2.

With these coordinates it is possible to de�ne an enrichment. An enrichment is necessary if
one wants to capture the singularity arising from an erroneous contact zone. Indeed, imposing
an erroneous contact zone is equivalent to imposing Dirichlet boundary conditions which create
weak discontinuities of the displacement. It is important in our case to capture this singularity
in order to compute accurately the sensitivity of the problem regards to the contact zone
position. The enrichment mentioned in Section II.2.2.2 as the function Fc1(r, θ) =

√
r sin(θ/2)

is used. It is localized near the crack tip. A limitation parameter rlim is de�ned such that only
the nodes which ful�ll the condition r < rlim are enriched. Such enrichment method is refered
as geometrical enrichment (see [Béchet et al., 2005]).

×

×
Γ

er

eθ

P

r

θΩ−

Ω1

Ω2

×
Γ

Figure IV.3: Illustration of the parallel between crack and contact problems.

With this model, a stress concentration appears at the boundary of the contact zone if the
enrichment is activated. This activation appears if the contact zone is erroneous or if dealing
with adhesion. This singularity is the major drawback of the JKR model and this modelization
and might motivate the later use of other ones. Nevertheless, except for that point, the JKR
model seems to be able to represent e�ciently the observed phenomena if one is interested in
the global behavior.

IV.2.2 Choice of a criterion

The parallel drawn between fracture mechanics and adhesion motivates the choice of possible
criteria. It was shown in Section II.3.3 that a general criterion could be used computing the
energy of dissipation associated with the displacement of the contact zone. This approach is
really common in fracture mechanics although a di�erent notation is used. The variation of
energy associated with an advance of the crack front is called the strain energy release rate G.
When G = 0 there is no singularity present at the crack tip. Going back to the contact problem
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modeled like a crack, G = 0 is reached for the solution of the problem without adhesion. As
explained Section I.1.4, the modelization of adhesion phenomena often use the surface energy
γ. This quantity is equivalent to G in the Gri�th's theory of fracture if the contact zone is
right (γ = G(Γex)) as it was shown in [Maugis and Barquins, 1983].

Practically, the energy release rate is computed using a path independent integral devel-
oped in [Rice, 1968] called the J-integral. Several studies were made on this integral and on
how to compute it. In this thesis we used the work done in [Dolbow and Gosz, 2002] and
[Legrain et al., 2008]. For more details on the subject, the reader is referred to the bibliog-
raphy therein these articles. In order to de�ne the J-integral we consider a 2D crack with a
local coordinate system (e1,e2). The vector e1 represent the direction of advancement of the
crack. Let us consider also a contour ΓJ that encloses the crack tip and its normal nΓJ

. Then
the J-integral is de�ned as:

J =

∫
ΓJ→0

(
ΨnΓJ

· e1 − (∇u> · e1) · (σ · nΓJ
)
)
d` (IV.11)

The limit of this integral when ΓJ → 0 is the strain energy release rate G. The J-integral
can be written in a di�erent form using the Eshelby tensor C de�ned Section II.3.3.

J =

∫
ΓJ→0

(
(C · nΓJ

) · e1

)
d` (IV.12)

It is often prefered to integrate on a domain rather than on a boundary. Therefore, the
above integral is transformed such that it ful�lls this condition. In order to do so, a domain
B is de�ned (as in Section II.3.4) such that Γ is included in it. Then, a virtual velocity �eld
classically called q is constructed. It has to satisfy:

• q = qe1,

• q must be smooth enough,

• q = 1 inside the domain enclosed by ΓJ ,

• q = 0 on ∂B.

With this notation , the equivalent of the J-integral in its domain form is:

J = −
∫
B

(
∇q : C

)
dS (IV.13)

It is clear, from the constructing method and this �nal form, that the J-integral is a special
case (with w = q) of the integral Dm also de�ned in Section II.3.3 with the Equation (II.43).

Another formulation, which gives access to G, uses another integral computed with auxiliary
�elds. These auxiliary �elds are based on the analytic solution given in [Michell, 1900]. The
integral, depending on the choice of the auxiliary �elds is :

Iaux =

∫
B

(
σ(∇u>aux · e1) + σ aux(∇u> · e1)− σε aux · e1

)
· nΓJ

dS (IV.14)

In order to explained the link between the G and the above de�ned one, others classical
quantities of interest in fracture mechanics need to be introduced. These are the stress intensity
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factors which are used to characterized the stress concentration near the tip of the crack. It
is usual to decompose the crack into three modes which are, in order, the opening mode, the
in-plane shear mode and the tearing mode. In plane crack, the later is of no use and we
will focus on the other two. Therefore two associated stress intensity factors are used for the
characterization. They can be de�ned, using the already mentioned polar coordinate system
centered at the crack tip, by:

KI = lim
r→0

√
2πrσ22(r, 0)

KII = lim
r→0

√
2πrσ12(r, 0)

(IV.15)

such that near the crack tip the stress �eld can be approximated as:

σij =
KI√
2πr

σIij(θ) +
KII√
2πr

σIIij (θ) (IV.16)

with σIij and σ
II
ij appropriate functions of θ.

Using this notation for the computation of the G it is found that:

G =
K2
I +K2

II

E∗
(IV.17)

with

E∗ =

 E for plane stress
E

1− ν2
for plane strain

(IV.18)

It can be shown, using the same expression for the auxiliary �elds as in Equation IV.16
that:

Iaux =
2

E∗
(KIK

aux
I +KIIK

aux
II ) (IV.19)

Thus using the right auxiliary �elds KI (with Kaux
I = 1 and Kaux

II = 0) and KII (with Kaux
I = 0

andKaux
II = 1) are available through the computation of Iaux. Once these stress intensity factors

are acquired G can be computed.
In the case of slipping contact, only KI is of interest as the problem correspond to a mode-I

crack. Therefore, another possibility rather than using G as a criterion it to use KI . The reader
might point out that there is only a known coe�cient di�erencing the two values and therefore
there is no real interest in using one or the other. Nevertheless this remark justify the use of a
last criterion which do not require extra computation.

It was already mentioned above that an enrichment was going to be used. To complete
this de�nition, let us precise that only the e2 component of the displacement �eld is enriched
with the function Fc1 =

√
r sin(θ/2). This is coherent with the hypothesis that the equivalent

crack is of a mode-I type. Therefore, for a �rst order approximation, at every enriched node an
extra degree of freedom is added compared to a non-enriched �eld. Let us consider triangular
elements, Tc denotes the boundary element containing the contact boundary. Using the indices
1 and 2 to refer to the node on the boundary an 3 the node inside the domain the approximation
of ue2 can be expressed as:

ue2 ≈ uhe2 =

3∑
i=1

ue2 iNi(x) +

3∑
i=1

uee2 i
Ni(x)Fc1(x) (IV.20)
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Near the crack tip, a predominant part of the displacement is of the form:

utipe2 =

√
2KI(2κ+ 1)(1 + ν)

4E
√
π

Fc1(x) (IV.21)

with again the value of κ linked to the 2D hypothesis:

κ =


3− ν
1 + ν

for plane stress

3− 4ν for plane strain
(IV.22)

Thus, one way of comparing the asymptotic solution and the numerical one is to take the limit
of their ratio at the crack tip denoted xc.

lim
x→xc

uhe2

utipe2
= lim

x→xc

∑3
i=1 ue2 iNi(x) +

∑3
i=1 u

e
e2 i
Ni(x)Fc1(x)

√
2KI(2κ+1)(1+ν)

4E
√
π

Fc1(x)
(IV.23)

=
4E
√
π
(
uee21

N1(xc) + uee22
N2(xc)

)
KI

√
2(2κ+ 1)(1 + ν)

(IV.24)

This expression is simpli�ed by setting uc = uee21
N1(xc) +uee22

N2(xc). The coe�cient uc is the
interpolation of the enrichment degrees of freedom at the crack tip. A relation between uc and
KI is therefore established if we consider the solution of the problem to be close enough to the
analytic solution:

uc = KI ×
√

2(2κ+ 1)(1 + ν)

4E
√
π

(IV.25)

It is more convenient to use uc rather than KI as only a linear interpolation is to be made after
solving Problem 33. This advantage is particularly striking when the total derivative will have
to be computed.

In this section, we started with the notion of surface energy γ. This value is directly link
to adhesion phenomenon and is therefore a good criterion to drive the shape optimization
(γ = 0 if there is no adhesion). Thanks to a parallel with fracture mechanics, an equivalence
with the energy release rate G was made. Furthermore, a relation with other quantities
were exhibited, i.e. G ∝ KI ∝ uc, giving three possible criteria for the position of the
boundary.

Check point

IV.2.3 The shape optimization

At this point, the solution of the problem for a given contact zone can be found. Furthermore
we have at our disposal criteria to characterize the rightness of the contact zone. It was already
explained in Section II.3 how a shape optimization can be settled in order to �nd the right
contact zone. The application to the plain solid contact is detailed here.

A Newton's method is applied in order to cancel the criterion. The goal is �rst to determine
the evolution of the chosen criterion with a change of the contact boundary shape. This
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evolution is characterized by the normal directional derivative of the criterion. Once that
derivative is computed, a step of the Newton's method can be done. This process is iterated
up to convergence as illustrated in Figure II.16.

IV.2.3.1 Set-up of the boundary displacement

In the case of 2D problems, the boundary of the contact zone is represented by a set of points
{xmc }. Therefore the evolution of the shape of a contact zone are directly linked to the dis-
placements of these points on the interface (without considering the apparition or nucleation
of contact zones which were said to be handled di�erently). Therefore, for each point xmc , an
independent displacement wm = wm­ is associated. In order to keep the parallel with fracture
mechanics, the displacement is chosen to correspond to the advance of the crack and therefore
to the diminution of the contact zone. In order to compute the normal directional derivative, it
was explained that this displacement needs to be extended to the whole domain. Nevertheless,
to keep the computational cost as low as possible the displacement is driven to zero outside of
a band Bm including xmc . The in�uence of this band is studied later on.

IV.2.3.2 Computation of the derivative

For each displacement wm, de�ned in the above section, the normal directional derivatives
of each criteria have to be computed. Indeed, for every xmc , a criterion %m is associated (it
could be Gm, KIm or ucm) and therefore the in�uence of the displacement of any xm

′
c has to be

computed. In this section, the indices are dropped for a better understanding and the derivative
of the criteria are computed for any displacement w. In this thesis, the method to compute G
through KI is the one using auxiliary �elds. The directional derivatives of the auxiliary �elds
are taken to be zero. This simply means that these �elds follow the interface. The �rst criteria
to be introduced was G and it was said to be computed using G = K2

I /E
∗ in mode-I. Therefore

its derivative is:

G̊ =
2KIK̊I

E∗
(IV.26)

The derivative of the second criterion KI is needed. Strictly speaking, the derivative of KI ,
which depends directly on ∇u, should be (using the notation introduced in Section II.3.4):

˚
KI(∇u) = KI(∇̊u) + K̊I(∇u) (IV.27)

with K̊I the derivative of the operator itself. However it was chosen to approximate the deriva-
tive by neglecting the last part. This choice was made to simplify the computation as the
strategy to compute KI(∇̊u) is the same as with KI(∇u). In a later work a more precise

determination of K̊I shall be done. Nevertheless the use of KI is only there as a reference for
the use of the last criterion uc.

The main advantage of uc is that it is easy to compute its value and its derivative. Indeed
the total derivative of uc is:

ůc =
˚

uee21
N1(xc) + uee22

N2(xc) = ůee2 1
N1(xc) + ůee2 2

N2(xc) (IV.28)

and is therefore straightforward to compute as soon as ů is known.
Then let us come to that point. As it was highlighted and then applied to the membrane

problem, the directional derivatives of the unknowns of the problem are computed by taking
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the derivatives of the full direct problem (Problem 32). For a given w the directional derivatives
of each term of Problem 32 are:

D(a(u, u?))[w] =

∫
Ω

ε(̊u) : K : ε(u?) dV −
∫
Ω

ε(u) : K : (∇u?∇w)S dV

−
∫
Ω

(∇u∇w)S : K : ε(u?) dV +

∫
Ω

ε(u) : K : ε(u?)div(w) dV (IV.29)

D(cl(p, u))[w] =

∫
Ω−

p̊u · n dS +

∫
Ω−

p̊u · n dS +

∫
Ω−

pu · n(div(w)− n · ∇w · n) dS (IV.30)

D(ll(p?))[w] = −
∫

Ω−

d̊p? dS −
∫

Ω−

dp̊? dS −
∫

Ω−

dp?(div(w)− n · ∇w · n) dS (IV.31)

D(f(u?))[w] =

∫
Ω

u? · f̊
d
dV +

∫
Ω

ů? · f
d
dV +

∫
Ω

u? · f
d
div(w) dV

+

∫
∂Ωt

u? · t̊d dS +

∫
∂Ωt

ů? · td dS +

∫
∂Ωt

u? · td(div(w)− n · ∇w · n) dS (IV.32)

Supposing as previously that ů? = 0 and p̊? = 0 and using the fact that on Ω− u · n = −d the
sensitivity problem becomes:

Find u ∈ U and p ∈ H−1/2 such that for all u? ∈ U0 and p? ∈ H−1/2{
a(̊u, u?) + cl(p̊, u?) = fs(u?)

cl(p?, ů) = lls(p?)
(IV.33)

with:

fs(u?) =

∫
Ω

ε(u) : K : (∇u?∇w)S dΩ +

∫
Ω

(∇u∇w)S : K : ε(u?) dΩ

−
∫
Ω

ε(u) : K : ε(u?)div(w) dΩ−
∫

Ω−

pu? · y(div(w)− n · ∇w · n) dS

+

∫
∂Ωt

u? · t̊d dS +

∫
∂Ωt

u? · td(div(w)− n · ∇w · n) dS

+

∫
Ω

u? · f̊
d

dV +

∫
Ω

u? · f
d
div(w) dV

lls(p?) = −
∫

Ω−

d̊p? dS

(IV.34)

Problem 34
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which again exhibits the same left hand side as in Problem 32 and can be written in its matricial
form using the same interpolation:

Find ů, ůe and p̊ such that:

[K]


ů

ůe

p̊

 =


f s

f es

lsp

 (IV.35)

with f s, f es and lsp computed from Equation IV.34 in the same fashion as in Problem 33.

Problem 35

IV.2.3.3 Newton's iterations

Problem 35 needs to be solved for every wm. Then the shape optimization problem can be
assembled. It is recalled that in order to �nd the displacement of the contact boundary that
cancel the criteria (generalized with the notation %m), a linearization of their dependence respect
to the positions of the boundaries is made. Thus the problem to be solved is:

Find τ = {τm} such that ∀n ∈ {1, ..,Card(xmc )}:

%n +
∑
m

τmD[wm](%n) = 0 (IV.36)

Problem 36

which translates matricialy into a small system to solve:

Find τ = {τm} such that:
[S]τ = −% (IV.37)

with

Smn = D[wm](%n) % = {%n} (IV.38)

Problem 37

Once this problem is solved the positions of the contact boundaries are updated such that:

xmc ← xmc + τmwm (IV.39)

This full procedure is iterated up to convergence. This process is more detailed in Algorithm
3.
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IV.3 Numerical results

As for the mebrane case, we will try in this section to show the assets and the weaknesses of the
ILS method. A comparison with a classical method, namely a Lagragian formulation (Section
I.1.3.2) coupled with an active-set strategy (Section I.2.2). Also, a study of the in�uences of
the ILS parameters is made.

IV.3.1 A �rst test case: uplifting of a body

To start with, let us consider a rectangular body of length 2L = 20 cm and height l = 2 cm for
which a plane strain hypothesis is made. Furthermore, the axi-symmetry of the problem ( axis
ey and position x = 0) is taken advantage of by imposing the appropriate boundary conditions.
The Young's modulus of the material is set to be E = 100 MPa and the Poisson's ratio ν = 0.3.
The external loading is a boundary force td such that:

td =


((

2x

L

)2

− 1

)
ey for x ≤ 5 cm

0 for x > 5 cm

(IV.40)

A �at horizontal rigid body limits the vertical displacement of the solid. This limit is set to be
at a zero altitude such that the initial distance of the solid from the rigid body is d = 0 cm. A
summary of the notations is given in Figure IV.4.

ex

ey

ez

×
xc

L

l

Ω−

td

Figure IV.4: Diagram of the uplifting problem

A crucial part for the success of the method is the choice of the criterion. Let us prove in
this example the equivalence between KI and uc as mentioned in Section IV.2.2. Indeed both
values were said to be proportional. In Figure IV.5 this fact is well observed. For di�erent
values of xc = (xc, 0, 0) both KI and uc were evaluated. Then their values were normalized
by dividing by their maximum and plotted. A pretty fair match is observed with nonetheless
some slight variations for uc.

An example of the result obtained at convergence with a rather coarse mesh is given Figure
IV.6. We observe the uplifting of the body out of the contact zone as expected.

Next the results of the method for both criteria are compared along with the active-set
strategy.
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uc/ max(uc)
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Figure IV.5: Proof of the proportionality of KI and uc

Figure IV.6: Displacement after convergence of the ILS algorithm, the �nal contact zone is
represented by the dark green line

IV.3.1.1 Comparison with the classical active-set

Here, a comparison is drawn between a widely used active-set strategy coupled with a La-
grangian formulation and the ILS method with both criterion KI and uc. As a reference
solution, the active-set strategy was used coupled with an overkill mesh. The limit of the
contact zone coming from this overkill computation is referred as xrefc . Then, it is possible to
compute an error on the position of the contact boundary. A relative error is chosen following
the formula error = |xrefc − xc|/xrefc as can be seen in Figure IV.7(a). The convergence criteria
for the ILS method is linked to the value of %. The Newton's method is considered converged
if |%| < %min. The limit here is set to %min = 10−6.

Let us �rst study the evolution of the error with the size of the mesh described in Figure
IV.7(a). As expected, the error is always lower with the ILS method. Nevertheless, the overall
behavior of the error is di�erent between the ILS and the active-set method. A noticeable
evolution of the active-set error with the mesh is observed. However, as it was observed before
in Figure III.7(a) some stage can happened if the re�nement of the mesh does not add any
node closer to the solution. It is easy to understand that the only guarantee one has on the
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Figure IV.7: Comparison of the error on the contact boundary position in (a) and the number
of iterations needed to converge (b)

error with the active-set strategy is that it is less than h/2. Indeed that correspond to the
case where the exact solution is in the middle of one element. On the other hand, the error
with the ILS does not seem to be directly linked to the size of the mesh which is not consistent
with what was observed in the membrane case. This is not due to a lack of convergence of the
Newton's method. If the method is not stopped when |%| < %min one can reached |%| < 10−10

without any noticeable improvement on the position xc. Therefore it can be supposed that the
problem is the computation of the criteria. Indeed, if the criteria can't be computed with a
good enough precision even on a �ne mesh, it is not possible to improve the accuracy of the
contact zone. Several explanations are plausible to justify this barrier. First, some work can
be done on the enrichment. Indeed there is a con�ict close to the solution. The enrichment
should not be needed but without enrichment no uplifting is possible. Also the accuracy of the
computation of KI is limited by the quality of the integration. Classical numerical integration
is not adapted to handle the singularity at the boundary of the contact zone. Thus, the two
options that should be investigated in a later work are: the improvement of the enrichment
to allow an uplifting without activating the singular enrichment and the use of a more suited
integrations as proposed for instance in [Minnebo, 2012, Chevaugeon et al., 2013].

It is now interesting to look into the computational cost of both methods. In order to do
so, two sources of information are available: the evolution of the number of iterations needed
to converge in Figure IV.7(b) and the time needed Table IV.3.1.1.

It was chosen to pick the uc criterion for the ILS as it is the easiest criterion to implement
and to use. One ILS iteration is of course more costly than an active-set iteration. However,
as expected it is less noticeable than in the membrane case. Except for the coarser mesh, both
methods are similarly costly. Again, the ILS seems to be interesting both for coarse and �ne
mesh. For coarse meshes, the increase in the cost is fully compensated by the gain in accuracy.
For �ne meshes, the stabilization of the number of iterations needed and the diminution of the
di�erence of time for one ILS and active-set iteration make it computationally e�cient.
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Mesh ILS Classical

1/h tILS
tot

(s) tILS
iter

(s) tclass
tot

(s) tclass
iter

(s)

2 0.32 0.04 0.08 0.02

4 0.6 0.10 0.48 0.08

10 5.52 0.92 6.08 0.76

20 17.57 2.51 16.72 2.09

40 60.6 10.1 97.1 9.71

Table IV.1: Time comparison between ILS with uc criterion and active-set method. All com-
putations have been done on an AMD Opteron 6328 3,2 GHz octocore with 4Go of RAM.

IV.3.1.2 In�uence of ILS parameters

In Chapter II and in this chapter several user chosen parameters were introduced. It is inter-
esting to study the in�uence of these parameters on the solution.

First, let us look into the size of the enriched area. The enriched zone consists of the set of
all the elements such that at least one of their node is no further than a certain distance (rlim)
from xc. This distance is referred as the enrichment zone size. A good touchstone to evaluate
the in�uence of the size of the enriched zone is the value of uc. In Figure IV.8, the value of
uc is normalized by dividing by an arbitrary value ufarc . This value is taken as a reference for
the value of uc with a big enriched zone but not to much to avoid the possible in�uence of
the boundary of the solid. Here it is taken for an enriched zone of size 1.8. This study was
conducted for two meshes in order to know if the in�uence of the size of elements plays a part
in the impact of the size of the enriched zone. The coarse mesh has a mesh size h = 0.5 cm
and for the �ne mesh h = 0.05 cm.
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Fine mesh

0 0.5 1 1.5 2 2.5 3

1

1.1

1.2

Figure IV.8: Evolution of the normalized value of the criterion uc with the size of the enriched
zone rlim in cm

The solution seems to stay consistent if the size of the enriched zone is greater than 0.5 cm.
The size of the mesh does not seems to be linked to this limit. This was expected as it means
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that the solution needs, in order to approximate accurately the exact solution, a contribution
of the enriched �eld up to this limit. Further than that, the classical interpolation are enough
to represent e�ciently the exact solution.

The same study is made for the size of the band B. This band directly in�uence the value of
w and therefore the directional derivative of the �elds. Therefore, in Figure IV.9 the consistency
of ůc is studied in the same fashion as before.
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Figure IV.9: Evolution of the normalized value of the derivative of the criterion ůc with the
size of the band B in cm

The same conclusion is drawn for the in�uence of the band B size as for the in�uence of
the enriched zone size. It does not depend strongly on the size of the mesh and the consistency
limits is linked to where the solution became smooth enough. Nonetheless, it is also to be
observed that oscillations appears when the band B get close to the boundary of the solid (as
the thickness of the solid is 2 cm).

Therefore, the parameters need to be picked in order to capture the singularity of the
solution and avoid the boundary in�uence. However, these restrictions leave much liberty in
the choice of the parameters.

IV.3.2 Evolution of the loading with a curvy �oor

In order to observed multiple contact zones the former problem is modi�ed. The �oor is no
longer �at but sinusoidal leading to the initial distance d = 0.15

(
cos
(
πx
4

)
− 1
)
. Furthermore,

the external loading td is maintained constant other the top boundary. This description is
summarized in Figure IV.10. The value of td (like it was done for the membrane problem)
is increased then decreased following the same path in order to check the consistency of the
method. The chosen loading path is td = −0.25 → −0.75 → −1.5 → −2.5 → −3.5 →
−2.5→ −1.5→ −0.75→ −0.25 such that the contact zones merge for the higher loading. The
displacements resulting from these loads are shown Figure IV.11. The criterion chosen here is
uc. Indeed, due to the shape of the �oor and the scale at which the computation is carried,
the approximation of a straight crack is not computationally valid anymore. Computational
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methods of the J-integral were proposed for curved cracks (see [Gosz et al., 1998]) or notch (see
[Li et al., 1985]) but they are more complicated. Therefore using uc save a lot of burden.

ex

ey

ez

×
x1

c

×
x2

c

×
x3

c

L

l

Ω−

td

Figure IV.10: Diagram of the problem leading to multiple contact zones

Overall, few iterations are needed for each loading steps. On top of the separation from
one to two contact zones during the unloading −3.5→ −2.5 which is compulsory, an active-set
iteration was only needed to go from −2.5→ −1.5. This con�rm a good stability of the method.

In Table IV.3.2, a study of the di�erence between the solutions for a same load but a
di�erent starting point (loading or unloading) is made. Two quantities are de�ned:

δmin = min
i

(
xic(loading)− xic(unloading)

xic(loading)

)
δmax = max

i

(
xic(loading)− xic(unloading)

xic(loading)

) (IV.41)

Obviously xic(loading) refers to the boundary limits obtained while increasing the load and
xic(unloading) while decreasing it.

td -0.25 -0.75 -1.5 -2.5

δmin 1.2 · 10−3 1.7 · 10−4 8.9 · 10−4 1.9 · 10−4

δmax 2 · 10−2 6.1 · 10−3 4.7 · 10−3 1.7 · 10−2

Table IV.2: Consistency of the contact zones positions

The results obtained in Table IV.3.2 are really encouraging as the maximum variation of
the results is of 2 · 10−2.
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IV.3.3 The enrichment of the pressure �eld

In the previous section, we have proven the potential of the method for classical contact prob-
lems. However, only the displacement �eld was enriched. What about the Lagrange multipliers?
In order to handle the singularity of the constrain on Γ, it seems logical to enrich the Lagrange
multipliers �eld. The function 1/

√
r is used such that it can handle the contact pressure

n · σ · n ∝ 1/
√
r on Ω−. This should de�nitely improve the solution, particularly the pressure

�eld, when the enrichment is needed (i.e. when adhesion need to be modeled or when the
contact zone is not yet close to the exact contact one). Furthermore it is hoped that it will also
improve the above results.

However, enriching the Lagrange multipliers �eld is not a straightforward matter. Without
any modi�cations, the enrichment implies that the BB conditions are not ful�lled anymore.
Two options are o�ered. First, the discretization can be modi�ed. This lead was followed
without success using the mortar discretization �eld de�ned in Section I.2.1. The other option
is to adapt the formulation as it was done for the membrane. In [Hansbo, 2005], a stabilization
term is proposed. In addition to both the total and contact energy, the following stabilization
term is joined:

Πstab =
1

2δ
(p− n · σ · n)2 (IV.42)

with δ a parameter of dimension N.m−1 such that 1/δ = O(h). This lead to the new variational
problem replacing Problem 32:

Find u ∈ U and p ∈ H−1/2 such that for all u? ∈ U0 and p? ∈ H−1/2{
a(u, u?) + astab(u, u?) + cl(p, u?) + cstab(p, u?) = f(u?)

cl(p?, u) + cstab(p?, u) + cp(p?, p) = ll(p?)
(IV.43)

with:

astab(u, u?) =
1

δ

∫
Ω−

(n · σ(u) · n)(n · σ(u?) · n) dS

cstab(p, u) = −1

δ

∫
Ω−

p(n · σ(u) · n) dS cp(p, p?) =
1

δ

∫
Ω−

pp? dS
(IV.44)

Problem 38

The addition of these terms changes also the sensibility problem given by Problem 34 into
the new set of equations:
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Find u ∈ U and p ∈ H−1/2 such that for all u? ∈ U0 and p? ∈ H−1/2{
a(̊u, u?) + astab(̊u, u?) + cl(p̊, u?) + cstab(p̊, u?) = f s(u?) + fsstab(u?)

cl(p?, ů) + cstab(p?, ů) + cp(p?, p̊) = lls(p?) + llsstab(u?)
(IV.45)

with:

fsstab(u?) =
1

δ

∫
Ω−

(
n ·K(∇u∇w)S · n

)
(n · σ(u?) · n) dS

−llsstab(p?) =
1

δ

∫
Ω−

(
n ·K(∇u∇w)S · n

)
p? dS

(IV.46)

Problem 39

The �rst step with this new formulation is to compare the results obtained with and without
this enrichment for the previous problem. Figure IV.12 shows the error on the position of the
contact zone in the two cases. Even if the solution is closer for most of the cases with the
enriched formulation, it is not enough to conclude that it improves the accuracy of the contact
zone. However Figure IV.13 shows the normalized pressure �eld on the bottom boundary of
the solid. The enriched �eld allows a better representation at the boundary of the contact zone.
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Figure IV.12: Comparison of the relative error on xc with an without the enrichment of the
Lagrange multipliers �eld for di�erent mesh sizes

Nevertheless, the improvement of the pressure �eld is striking when we consider adhesion.
In order to do the comparison, we solve the same problem as before but with a surface energy
γ = 10−3. Without enrichment an oscillation of the �eld appears (see Figure IV.14) whereas
with the enrichment the singularity is well represented and �t the JKR model.

The in�uence of the parameter δ is important. If it is not well calibrated spurious oscillations
appear. On one hand, if the parameter is too big the stabilization term does not play its part.

108 ILS for contact



Contact for plain solids

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5
0

0.2

0.4

0.6

0.8

1

x

p
/
p
(0

)

Without enrichment
With enrichment

Figure IV.13: Comparison of the pressure �eld with an without the enrichment without adhesion
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Figure IV.14: Comparison of the pressure �eld with an without the enrichment with adhesion

On the other hand, if the parameter is too small the constrain on the pressure �eld is to strong.
Even if the evolution of the parameter with the mesh size is known, we haven't developed a
framework to �nd it for a �rst given mesh. A mathematical study of the problem shall be done
in a later work to solve this problem.
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IV.3.4 Hertz cylinder, toward higher order approximation

The �nal example in this report will be an approximation of a classical Hertz problem. The
same set-up as in [Franke et al., 2010] is used and the reader is referred to this article in order
to compare the obtained results. An unilateral contact of a cylinder of radius R and length l
on a rigid �at surface is studied. A point-wise force Fey is applied on its top. The solution of
this Hertz's problem gives, among others, two quantities of interest:

• the half-width of the contact zone:

b =

√
4F

πl

(1− ν2)R

E
(IV.47)

• the contact pressure:

pn

(x
b

)
=

E

2R(1− ν2)

√
4F (1− ν2)R

πlE
−
(x
b

)2
b2 (IV.48)

An approximation of this problem is made. Only a quarter of this cylinder is considered
(see Figure IV.15). The symmetry is taken into account with appropriate boundary conditions
and the loading is modeled by a homogeneous displacement on the top boundary. This ap-
proximation was said to be negligible in [Franke et al., 2010] however we will not be surprised
if the contact zone obtained numerically is not exactly equivalent to the Hertz's solution. This
set-up is illustrated in Figure IV.15.

ex

ey

ez er

eθ

ud

αc

R

Ω−

Figure IV.15: Diagram of the Hertz's cylinder problem

The parameters used for the simulations are the same as in the above mentioned article,
that is to say:
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E = 2.1× 105N.mm−2 ν = 0.29 R = 10mm l = 1mm
F = 70000N → ud = 0.490559880766923mm

(IV.49)

The originality on this example compared to the previous one is that an order two in-
terpolation is also tested. The computation is carried on two di�erent meshes. The �rst
one is composed of 1072 elements with a high concentration of elements on the contact zone
(h = 0.05mm). The other one is a coarse mesh of 217 elements with a mesh size of h = 0.5mm
on the contact zone. On these two meshes, computation are made with an active-set method
with an order 1 approximation and the ILS method with both an order 1 and an order 2 inter-
polation. For the ILS order 1 approximation we used 1/δ = |h| · 10−4m.N−1 and for the order
2 we used 1/δ = |h| · 10−5m.N−1. The stress �elds obtained with these di�erent con�gurations
can be seen in Figure IV.18.

First, let us study the pressures obtained with the di�erent solutions on the �ner mesh, given
in Figure IV.16. The advantage of the ILS is clear around the contact zone. As mentioned before
the position of the contact zone is better than with the classical formulation. Furthermore, the
pressure �eld is well represented in this area with the ILS whereas big oscillations are observed
with the active-set. On the rest of the boundary, some oscillations are still present but less
noticeable with the order 2 interpolation.
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Figure IV.16: Comparison of the pressure �eld for the di�erent methods on a classical mesh of
1072 elements

The advantage of the order 2 approximation is more noticeable on the coarser mesh (see
Figure IV.17). On this coarse mesh, the ILS order 1 interpolation does not give a satisfactory
solution. The position of the contact zone is rather good but the pressure �eld is not well
represented. On the other hand, the order 2 interpolation shows its potential with both a good
representation of the pressure �eld and the the contact zone.

The results we obtained are consistent with the work of [Franke et al., 2010] which under-
lines the assets of high order interpolation as long as the contact zone is well approximated.
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Figure IV.17: Comparison of the pressure �eld for the di�erent methods on a coarse mesh of
217 elements

The results of this chapter are consistent with the results obtained in the membrane chapter
(Chapter III). The ILS gives a good representation of the contact zone with an attractive
computational cost. Furthermore, the pressure �eld is also well approximated, especially
using a higher order interpolation. The importance of the formulation choice was also
highlighted in order to ful�ll the BB condition. These �rst results do encourage an e�ort
to improve the method. The integration method is to be improved to handle the singularity.
Furthermore, the use of high order interpolation was opened with the order 2 interpolation
but higher order will be implemented too. Finally a mathematical study need to be carried
out in order to give an e�ective way to chose the parameter δ.

Conclusion
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(a) 217 elements with Active-Set (b) 1072 elements with Active-Set

(c) 217 elements with ILS order 1 (d) 1072 elements with ILS order 1

(e) 217 elements with ILS order 2 (f) 1072 elements with ILS order 2

Figure IV.18: Stress at convergence for di�erent methods on a �rst mesh composed of 217
elements and a second of 1072 elements

ILS for contact 113





Conclusion

I
n this report, a �rst application of the ILS to contact problems was done with success. The
use of level-sets is de�nitely a great asset. First it gives a good representation of the contact

zone without a strong dependence on the mesh. Furthermore, it paves the way to more advance
techniques. By using the level-set, an enrichment method can be set-up to represent more
e�ciently several phenomena, including adhesion. Moreover, a shape optimization is possible
in order to �nd the contact zone. The key points of this shape optimization are the choice
of a positioning criterion and the computation of its directional derivative. Con�gurational
mechanics gives an answer to both of them, even if a physical knowledge can also motivate the
choice of the criterion.

Let us take a moment to summarize what was achieved. First, it is important to emphasize
the importance of the Babu²ka-Brezzi condition for the stability of mixed formulations. In or-
der to ful�ll this condition, two schools of thought are present. One works on the compatibility
of the discretization spaces between every �elds. This method seemed too complicated, espe-
cially when enrichment is involved. The other one proposes the modi�cation of the variational
formulation such that the discretization spaces constraints are lighten. The usual method is to
add a stabilization term which cancel itself if the exact solution is injected into the formulation.
This is the method we used in this thesis as it was e�cient and worked with the enrichment.
Once the variational formulation is settled, a general framework was given in order to make the
contact zone evolve. It is based on a Newton's method for which the in�uence of the contact
zone position is modeled thanks to the directional derivative. This framework was intensively
tested on several problems. The algorithm handled well the contact zone evolution, even the
merging or the nucleation. Furthermore, due to the good approximation of the contact zone,
higher order interpolation can be used e�ciently.

The comparison with a classical formulation with an active-set strategy has shown the
potential of the ILS. The gain on the accuracy of the method truly compensate the slight
increase in computational cost.

It is clear that the work of this thesis has opened a door toward new developments of the
ILS for contact. Before giving a glance at what is behind this door let us wipe our feet on the
front mat. Indeed this �rst approach has left some untidy part due to a lack of time and it is
important to underline them in order to correct it in a later work. More local modes should be
implemented in order to handle less smooth contact zones. Finally a mathematical study is to
be made in order to calibrate a priori the stabilization parameter.

Several possible improvements of the method are considered. First, even if the plain solid



Conclusion

problem was solved with an order two approximation, higher order interpolations can be im-
plemented in order to bene�t from the good representation of the contact zone with a coarse
mesh. Others model of adhesion could also be considered by changing the type of enrichment
used. Also, other phenomena such as friction shall be integrated in the method.
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A
Formulae

In order to understand from where the formulae associated with the directional derivative come
from we will use a classical framework. It was mentioned that the directional derivative was
linked to a quantity w. This quantity could be seen as a displacement or a velocity depending
on the framework chosen. The most general one and the closer to what the reader might be
familiar with is the one leading to see w as a velocity. Therefore we chose this framework here.
Let us imagine that a body in an initial con�guration Ω0, with an internal zone Ω−0 undertakes
a transformation in time Φt into the current con�guration Ωt (see Figure A.1). Every points
x0 evolves with a speed w.

Φt

×
x0 ×

×
xt

tw

Ω0 Ωt

Ω−
0 Ω−

tΓ0 Γt

n0 nt

Figure A.1: Body undergoing a transformation de�ned by w

From this, the basic notations are recalled, for a function u: ů = D[w](u) and u̇ =
∂u

∂t
. The

mathematical de�nition of ů is :
ů = lim

t→0

ut − u0

t
(A.1)

The link between ů and u̇ is ů = u̇+∇u · w. Thus we can deduce a useful formula:

∇̊u = ∇u̇+∇∇u · w = ∇(u̇+∇u · w)−∇u · ∇w = ∇ů−∇u∇w (A.2)

and compute directly:

D(ε(u))[w] = 1
2D(∇uT +∇u)[w]

= 1
2(∇̊uT + ∇̊u)

= 1
2

(
∇ůT − (∇u∇w)T +∇ů− (∇u∇w)

)
= ε(̊u)− (∇u∇w)S

(A.3)



Chapter A. Formulae

More generally, the total derivative of a functional is done by computing the limit given Equa-
tion A.1. In order to do so, the quantity in the current con�guration needs to be expressed in
the initial con�guration. It was explained how to do in Section I.1.1 by mean of the deformation
gradient F (for instance ∇xtu = ∇x0

F−1 and dVt = dV0 det(F )).

This leads to the ready to use formulae for any smooth function f (all subscripts are dropped
as the con�guration are equivalent at the limit):

D

(∫
Ω
f dV

)
[w] =

∫
Ω
D(f)[w] + fdivw dV (A.4)

D

(∫
Γ
f dS

)
[w] =

∫
Γ
D(f)[w] + f(divw − n · ∇w · n) dS (A.5)

If the reader is interested in verifying the above formulae some useful limits are given:

lim
t→0

F = I

lim
t→0

F̊ = ∇w
lim
t→0

F̊
−1

= −∇w

lim
t→0

˚
det(F ) = divw

lim
t→0

˚(
dSt
dS0

)
= divw − n · ∇w · n

(A.6)
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B
Analitycal solution: membrane

The setting of the problem of an axy-symmetric membrane was already done partially Section
III.1 and completed Section III.3.1. The governing equations are :

T
1

r

∂

∂r

(
r
∂u

∂r

)
+ fd = 0 on [0, rc[

−u = d on [rc,R]

u = 0 for r = R

(B.1)

From the �rst equation it can be deduced:

T
1

r

∂

∂r

(
r
∂u

∂r

)
+ fd = 0

integration⇐=====⇒ ∂u

∂r
=
A

r
− fdr

2T
integration⇐=====⇒ u = B +A ln

( r
R

)
− fdr

2

4T

(B.2)

First let us use the the boundary condition u = 0 for r = R: u = B +A ln
( r
R

)
− fdr

2

4T
u = 0 for r = R

⇒ 0 = B − fdR
2

4T
⇔ B =

fdR
2

4T
(B.3)

Then let us use the other Dirichlet's condition −u = d for r = rc: u = A ln
( r
R

)
+
fd(R

2 − r2)

4T
−u = d for r = rc

⇒ d =
fd(r

2
c −R2)

4T
−A ln

(rc
R

)
⇔ A =

fd(r2
c−R2)
4T − d
ln
(
rc
R

)
(B.4)

At this point, all the Dirichlet's conditions are veri�ed. Nevertheless, the equilibrium is not
satis�ed for any rc. Writing the equilibrium of a piece of membrane centered at rc and having
its length shrinking to zero, the equilibrium condition becomes:

∂u(rc)

∂r
= 0⇔

fd(r2
c−R2)
4T − d

ln
(
rc
R rc

) − fdr
2
c

2T
= 0 (B.5)

Solving this equation gives the position of the exact contact zone:

rexc = R exp

(
1

2

(
1 + W−1

(
−4dT + fd

exp(1)fd

)))
(B.6)
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size of the band B in cm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
IV.10 Diagram of the problem leading to multiple contact zones . . . . . . . . . . . 105
IV.11 Evolution of the solution with the loading (AS meaning an active-set itera-

tion and ILS is short for ILS iteration). The mesh was made of 2624 nodes
homogeneously distributed with a characteristic length h = 0.1 cm . . . . . . . 106

IV.12 Comparison of the relative error on xc with an without the enrichment of the
Lagrange multipliers �eld for di�erent mesh sizes . . . . . . . . . . . . . . . . 108

IV.13 Comparison of the pressure �eld with an without the enrichment without ad-
hesion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

IV.14 Comparison of the pressure �eld with an without the enrichment with adhesion 109
IV.15 Diagram of the Hertz's cylinder problem . . . . . . . . . . . . . . . . . . . . . 110
IV.16 Comparison of the pressure �eld for the di�erent methods on a classical mesh

of 1072 elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
IV.17 Comparison of the pressure �eld for the di�erent methods on a coarse mesh of

217 elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
IV.18 Stress at convergence for di�erent methods on a �rst mesh composed of 217

elements and a second of 1072 elements . . . . . . . . . . . . . . . . . . . . . . 113

A.1 Body undergoing a transformation de�ned by w . . . . . . . . . . . . . . . . . 117

ILS for contact 131



G
Abstract

Résumé

This thesis proposed a method which takes advantage of the level-sets to solve contact problems.
The importance of the variational formulation and the discretization is highlighted trough the whole
manuscript. First enrichments are proposed in order to give an accurate representation of contact
phenomena. Then suitable formulations are given such that the Babu²ka-Brezzi condition is ful�lled.
Nevertheless, the most original contribution of this work is the way the contact zone is found. A shape
optimization is set-up and coupled with a Newton's method. Criteria are proposed in order to drive
this shape optimization problem. Their derivative is computed using the directional derivative of the
equilibrium variational problem which allows to use the numerical work already done to solve this �rst
problem.
This method is shown to be e�cient and accurate on a wide variety of unilateral contact problems
such that a membrane or a Hertz problem. Thus, this work ascertains the possibilities of this method
and encourage further development in this direction.

Cette thèse propose une méthode qui tire avantage des fonctions de niveau pour résoudre des problèmes
de contact. L'importance de la formulation variationnelle et de la discrétisation est mise en exergue
tout au long de ce manuscrit. Premièrement, des enrichissements sont proposés a�n de donner une
représentation précise des phénomènes de contact. Par la suite, des formulations adaptées sont sug-
gérées a�n que la condition de Babu²ka-Brezzi soit véri�ée. Quoi qu'il en soit, la plus grande originalité
de ce travail réside dans la manière de trouver la zone de contact. Une optimisation de forme cou-
plée à une méthode de Newton sont mises en place. Di�érents critères sont proposés a�n de conduire
cette optimisation de forme. Leur dérivées sont déterminées en calculant la dérivée directionnelle de
la formulation variationnelle du problème d'équilibre, permettant ainsi de réutiliser le travail fait pour
résoudre ce dernier problème.
Cette méthode s'est montrée e�cace et précise pour une grande gamme de problèmes dont les mem-
branes ou les problèmes de Hertz. Ce travail permet donc de conclure sur le potentiel de cette méthode
et encourage à continuer les développements dans cette direction.

Keywords: Adhesion, Contact, Con�gurational mechanics, Inequality Level-Set, Shape optimization, X-FEM

Mots-clés: Adhésion, Contact, Inequality Level-Set, Mécanique con�gurationnelle, Optimisation de forme, X-
FEM
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