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Résumé

Dans cette thése nous nous intéressons aux propriétés qualitatives des solutions de quelques équa-
tions d’ondes en milieux dispersifs ou dispersifs-dissipatifs. Dans le premier chapitre nous étu-
dions I’explosion de solutions dans le régime log-log et I’existence globale pour le probleme de
Cauchy associé a I’équation de Schrodinger L?-critique amortie.

Dans le deuxiéme chapitre, nous considérons 1’équation de Schrédinger L2-critique avec un
amortissement non linéaire. Selon la puissance du terme d’amortissement, nous montrons 1’exis-
tence globale ou I’explosion en régime log-log.

Dans le troisieme chapitre, nous étudions le probleme de Cauchy pour I’équation de Kadomtsev-
Petviashvili-Burgers-I (KPBI) en deux dimensions. Nous montrons que ce probléme est locale-
ment et globalement bien posé dans H*(R?), s > —%.

Dans le dernier chapitre, nous considerons I’équation d’ Ostrovsky sur le cercle, et nous construi-
sons une mesure invariante par le flot associée a I’energie de cette équation.

Mots clés : Equations dispersives et dissipatives, existence locale et globale, espaces de Bourgain,
explosion, mesures invariantes.
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Abstract

This thesis deals with the qualitative properties of solutions to some wave equations in dispersive
or dispersive-dissipative media. In the first part, we study the blowup in the log-log regime and
global existence of solutions to the Cauchy problem for the L>-critical damped nonlinear Schro-
dinger equations. In the second part, we consider the Cauchy problem for the L?-critical nonlinear
Schrodinger equation with a nonlinear damping. According to the power of the damping term, we
prove the global existence or the existence of finite time blowup dynamics with the log-log blow-
up law. In the third part, we study the Cauchy problem for the Kadomtsev-Petviashvili-Burgers-1
(KPBI) equations in two dimensions. We show that this problem is locally and globally well posed
in H*(R?), s > —3.
In the last part, we consider the Ostrovsky equation on the circle, we construct an invariant mea-
sure under the flow associated with the energy of the equation.

Keywords : Dispersive and dissipative equation, local and global existence, Bourgain’s spaces,
invariant measures.
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Introduction

De nombreux milieux sont dispersif. Ce terme signifie que les ondes traversant ce milieu évolu-
ent a des vitesses différentes selon la fréquence imposée par la source. Ce phénomene induit un
étalement, sans perte d’énergie, de la solution qui peut étre vue comme une superposition d’ondes
de différentes longueurs se propageant a des vitesses différentes. Cependant, ces ondes sont sou-
vent soumises a des effets dissipatifs plus ou moins importants, particulierement pour des ondes
longues de petite amplitude et par conséquent, une solution perd de 1’énergie au cours du temps.
Ces phénomenes relatifs a la propagation d’ondes dans des milieux non-linéaires dispersifs-dissipatifs
peuvent étre modélisés par des équations aux dérivées partielles d’évolution. L’étude mathéma-
tique de ces équations a fait I’objet de recherches intensives ces vingt dernieres années et ceci
a conduit a I'introduction de nouveaux outils afin de mieux comprendre le comportement lo-
cal et global de leurs solutions. Ce groupe d’équations comprend entre autre, les équations de
Schrodinger et de Korteweg-de-Vries qui en sont les exemples types.

D’un point de vue historique, les équations de type Schrodinger ont fait I’objet de nombreuses
recherches dans les années 80 et le probleme local pour (NLS) était bien appréhendé des le début
des années 90, avec entre autres les travaux de Ginibre - Vélo [GV85] et de Cazenave - Weissler
[CWI0]. Ceci a permis a Raphaél et Merle dans les années 2000, d’étudier la dynamique explosive
des solutions de ces équations. En ce qui concerne les équations de type KdV, il a fallu attendre les
travaux de Bourgain [Bou93b] puis de Kenig, Ponce et Vega [KPV96] pour voir se développer de
nouveaux outils permettant d’obtenir une théorie locale optimale pour ces équations. Récemment,
Molinet et Ribaud (cf. [MRO1], [MRO02b], [MRO2c]) ont montré que 1’on pouvait adapter de fagcon
tres satisfaisante la méthode introduite par Bourgain pour traiter les équations a la fois dispersives
et dissipatives. Ils ont ainsi obtenu un résultat précis dans 1’échelle des espaces de Sobolev pour le
probléme de Cauchy associé a I’équation de Korteweg-de Vries-Burgers (KdV-B).

L’objet de cette these est I’étude mathématique de modeles dispersifs et dissipatifs-dispersifs non
linéaires. Les buts étant d’étudier des solutions explosives et I’existence globale pour de telles
équations, d’améliorer les résultats existants et d’obtenir ainsi des résultats précis sur les prob-
Iémes de Cauchy locaux et/ou des résultats d’existence globale dans des espaces naturels. Enfin,
on construira une mesure invariante pour une équation purement dispersive.

L’équation de Schrodinger non linéaire L-critique est donnée en dimension d par :
4
i, + Au+ |uldu = 0, (NLS)

En dimension d = 2, cette équation modélise la dynamique de 1’enveloppe d’une onde monochro-
matique dans un milieu non linéaire faiblement dispersif. Le phénomene décrit par la dynamique
explosive dans 1’espace d’énergie H' est alors la focalisation ponctuelle du faisceau laser en un
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point de I’espace.
Dans les années 70, Ott et Sudan [OS70] ont montré que dans certains milieux les collisions de
certaines particules imposent d’ajouter un terme d’amortissement a 1’équation qui devient:

iu; + Au + Iulgu +iau =0, (NLSa)

ot a > 0 est le coefficient d’amortissement.
Une généralisation de I’équation (NLSa), lorsque I’amortissement est non linéaire, dans ce cas
I’équation est donnée par

iy + A+ luldu + ialulPu = 0. (NLSap)

L’origine du terme d’amortissement non-linéaire est 1’absorption multiphotonique (voir [FMO1]).
Par exemple, dans le cas des solides le nombre p correspond au nombre de photons nécessaires
pour faire une transition de 1’état stable a un état excité ou au continuum.

D’autre part, I’équation de Korteweg-de Vries-Burgers:

Ol + Uy — Uyyx + U, = 0, (KdV-B)
apparait dans la littérature en tant que version dissipative de 1’équation de Korteweg-de Vries:
Ot + Uy + Uty = 0. (KdV)

Dans quelques situations typiques, en raison des effets de viscosité, il est impossible de négliger
des effets dissipatifs, et ceci peut mener a I’équation de KdV-Burgers (cf. [OS70]). Elle est donc
un modele pour la propagation d’ondes dans un milieu non-linéaire a la fois dispersif et dissipatif.

Récemment, il a été montré par Leblond [Leb02] que les équations de Kadomtsev-Petviashvili-
Burgers:
(Ot + Uy — Uy + Uly), + €Uy, =0 € = +£1, (KPB)

modélisent, dans certains régimes, la propagation d’ondes éléctromagétiques dans un milieu ferro-
magnétique saturé. On peut donc considérer ces équations comme des modeles pour la propagation
des ondes bidimensionnelles prenant en compte des effets d’amortissement. Notons que, comme
nous sommes intéressés par une propagation presque uni-directionnelle, le terme dissipatif agit
seulement dans la direction principale de la propagation dans KPB. Ces équations sont aussi des
versions dissipatives des équations de Kadomtsev-Petviashvili:

(Ot + Uy + Ulty) + €Uty =0 € =+1. (KP)

Dans le contexte des vagues, les équations de (KP) sont des modeles universels pour des ondes
dispersives non-linéaires presque unidirectionnelles avec des effets transversaux faibles. Le signe
€ = +1 correspond a I’équation de (KP-II), tandis que le signe € = —1 correspond a I’équation de
(KP-I). L’équation de KP-II modélise de longues vagues avec des effets faibles de tension superfi-
cielle, par contre I’équation de KP-I modélise I’écoulement en présence des effets de tension super-
ficielle forts. Ces équations sont des extensions bidimensionnelles de 1’équation de Korteweg-de
Vries (KdV).
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En perturbant I’équation de Korteweg Vries (KdV) avec un terme non-local, on pourra obtenir
I’équation d’Ostrovsky:
Ol — Uyyy + ﬁ;lu +uu, = 0. (Ost)

Cette équation pourra €tre considérée comme un modele faiblement nonlinéaire des ondes longues,
pour décrire la propagation des ondes de surface dans 1’océan.

Cette these se compose de quatre chapitres qui font I’objet de mes travaux dans [Dar12a], [Dar12c],
[Dar12b] et [Dar13]. Le premier chapitre est relatif 4 1’équation de Schrodinger non linéaire L2-
critique amortie (NLSa), plus précisement a 1’étude des solutions explosives et I’existence globale
pour cette équation.

Dans un second chapitre, nous avons généralisé les résultats obtenus pour (NLSa), en étudiant le
cas d’un amortissement non linéaire.

Un troisiéme chapitre est consacré a I’équation de Kadomtsev-Petviashvili-Burgers (KPB-I), plus
précisement a I’étude précise en dimensions deux d’espace du caractere bien posé local et global
pour cette équation.

Le dernier chapitre porte sur I’étude du caractere bien posé et la construction des mesures invari-
antes pour 1’équation d’Ostrovsky (Ost) sur le cercle.

Nous présentons maintenant un résumé détaillé de chacun des quatres chapitres:

Explosion pour I’équation de Schrodinger nonlinéaire L critique amor-
tie

Dans ce premier chapitre, nous étudions I’explosion de solutions et 1’existence globale pour le
probleme de Cauchy de I’équation de Schrédinger L2-critique amortie:

{iu, + Au+ |uliu + iau = 0, (¢, x) € [0, co[xR%, d = 1,2,3, 4. (1)

avec une donnée initiale u(0) = uy € H'(RY) et a > 0 est le coefficient d’amortissement.
L’équation (1) apparait dans divers domaines de 1’optique non linéaire, la physique des plasmas et
dans la mécanique des fluides.

Il est connu que le probléme de Cauchy pour (1) est localement bien posé dans H'!(R?) (voir Kato
[Kat87] et aussi Cazenave [Caz03]) : Pour tout ug € H'(R?), il existe T € (0, co] et une unique
solution u(f) de (1) avec u(0) = ug telle que u € C([0,T), H L(R%)). De plus, T est le temps maxi-
mal d’existence de la solution u(f) dans le sens ol si T < oo, alors lh_)n% () |1 (Ray = 0. Tsutsumi

[Tsu84] puis Ohta et Todorova [OT09] ont étudié le cas surcritique (Ju|’u avec p > 3) et ont montré
que I’explosion en temps fini peut étre obtenue en utilisant la méthode du viriel. Cependant, cette
méthode ne semble pas s’appliquer dans le cas critique. Par conséquent, méme si des simulations
numériques suggerent 1’existence de solutions qui explosent en temps fini (voir Fibich [FMO1]), il
n’existe aucune preuve mathématique pour I’explosion dans le cas critique.

Notons que pour a = 0 (1) devient 1’équation de Schrodinger non linéaire L2critique :

{iug + Au+ w1 = 0 w(0) = ug € H'(RY) )
Cette équation (2) admet un certain nombre de symétries dans I’espace d’énergie H'. En partic-
d

ulier, si u(t, x) est une solution de (2), alors YAy € R, /lg u(Apx, /lét) est aussi une solution de NLS.
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Notons que la norme L? est invariante par scaling et donc L? est 1’espace critique associé a cette
symétrie.

L’évolution (2) admet les lois de conservation dans I’espace d’énergie H' suivants:

Norme L [|u(z, 0)ll2 = [lu(0, 0)ll 2 = lluo(x)ll> -

4
)4 L _ 1 2 d at?
Lénergie - E(u(t, 1) = 5IVulf, = gl 7}, = Ewo).

Moment cinétique : P(u(t)) = Im( | Vuu(t, x)) = P(ugp).

Des solutions spéciales jouent un rdle fondamental pour la description de la dynamique de (2), ce
sont les ondes solitaires de la forme u(z, x) = exp(it)Q(x), ou Q résout I’équation suivante:

AQ + QIQl7 = 0. 3)

L’équation (3) est une équation elliptique non linéaire, qui posseéde une solution unique positive
(aux translations pres) (voir [BL83], [Lio84], [Kwo89]).
Pour uy € H', un critére pour I’existence globale a été trouvé par Weinstein [Wei83]: a) Pour
lleollz2 < [1Qllz2, 1a solution de (2) est globale dans H I, Cela découle de la conservation de I’énergie
et de la norme L? et ’inégalité de Gagliardo-Nirenberg:

Sl 2
Toe)

b) Il existe des solutions explosives issues de données initiales uy € H I avec [Juol| 2 = 10llz2.
Cela découle de la symétrie pseudo-conforme appliquée aux ondes solitaires.

Dans une série d’articles [MR02a, MRO5], Merle et Raphaél ont étudié 1’explosion de 1’équation
de Schrodinger L?-critique (2) et ont prouvé I’existence d’un régime explosif correspond 2 la loi
log-log:

Vue H' Ew) > %(fIVuIQ)(l —(

log |log(T - t)| 3
T -t ) ’

Ce régime a I’avantage d’étre stable par des perturbations de I’équation.

Les travaux de Merle-Raphaél [MR02a, MRO5] montrent en particulier, le résultat suivant:

Soit ug une donnée initiale dans H'(R?) de masse sur-critique:

IOl ~ ( @)

1912 < lluollr2 < 1Qllz2 + o &)

avec une énergie négative E(up) < 0, alors la solution correspondante de (2) explose en temps
fini avec la vitesse log-log. Dans la preuve de leur résultat, ils utilisent entre autre les quantitées
conservées. Dans le cas de (1), il n’existe plus de quantitées conservées. Cependant, il est facile
de montrer que si u est une solution de (1) alors:

lu@®llz2 = exp(=ad)lluoli2, 1 € [0, T), (6)
d _ 2 _ %+2
7 E®) = —a(lVull IIMIIL%H) (M
et
|P(u(t))] = exp(=2an)|P(uo)l, t € [0, T). ®)

4



INTRODUCTION

Maintenant, nous sommes en mesure d’énoncer les résultats principaux de ce chapitre.

Dans le théoréme suivant nous montrons que, si ||ugll;2 < ||Q|l;2 la solution de (1) est globale
dans H', et qu’il existe des solutions de masse surcritique qui explosent en régime log-log. Plus
précisement, nous avons le théoreme suivant:

Theorem 0.1. Etant donnée ug dans H'(R?) avec d = 1,2,3,4:

1. Si oz < 1Oz alors la solution de (1) est globale dans H'.

2. 1l existe 6y > O telle que Ya > 0 et Y6 €]0, 8¢, il existe ugy € H' avec lluollz2 = 11Qll;2 + 6,
telle que la solution de (1) explose en temps fini dans le régime log-log.

Principe de la preuve.

Explosion en temps fini pour (NLSa)
Pour montrer I’existence des solutions explosives, nous nous mettons dans le régime décrit par
Merle et Raphaél. Nous restreignons désormais notre discussion au cas de données de petite

masse surcritique:
up € By :{uoeHl;sz <f|u0|2<fQ2+a}
avec « petit.

L’idée est de décomposer notre solution de la facon suivante:

1 = x() . 1
(Qvin + &)1, XTZ()W ) )

u(t, x) = —;
A2(¢)

ou (x(1),y(?)) € R? x R et llellgt < 0(@), 6(a) — 0 quand @ — 0, A(r) ~ m, b = -4 et
L

Ou(r) est un raffinement de Q. Apres avoir décomposé la solution u, le régime log-log correspond

au controle asymptotique suivant:

c

As
by ~Ce 5, —— ~b (10)
A

et

f|Ve|2 <et, (a0

ou nous introduisons le changement d’échelle suivant % = %

En fait, (11) est une conséquence de 1’estimation préliminaire:
f IVel> s e7b + LE®). (12)
On constate alors que, dans le régime log-log, I’intégration des lois (10), donne

A~e® < e b b(t) >0,t—>T. (13)

Par conséquent, le terme impliquant la conservation de I’Hamiltonien est asymptotiquement nég-
ligeable par rapport a I’ordre dominant le terme e~ % qui entraine 1’estimation (12) de b. C’était
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I’observation centrale faite par Planchon et Raphaél dans [PRO7]. En fait, n’importe quelle crois-
sance algébrique de 1’énergie inférieure a % serait suffisante. Dans ce chapitre, nous montrons que

dans le régime log-log, la croissance de 1’énergie est estimée par:

E(u() < (log(A())°. (14)

Nous déduisons de (12) que:
f|ve|2 <eh. (15)

Une caractéristique importante de cette estimation au niveau H' est qu’elle repose sur un calcul de
flux dans L. Cela permet de récupérer les lois asymptotiques pour les paramétres géometriques
(10) et de boucler les estimations de bootstrap du régime log-log.

Existence Globale en temps pour (NLSa)

Pour montrer I’existence globale en temps, nous allons montrer que si la solution explose en temps
fini T, alors un phénomeéne de concentration dans L? aura lieu. Plus précisement, pour n’importe
quelle fonction w(#) qui vérifie w(?) |[Vu(?)||2ge) — oo lorsque r — T, il existe x(7) € R telle que:

lim sup |l 2 x—x(ry<wiry = 19l z2(wra)-
t—»T
Ce qui nous donne ’existence globale, pour des donnes initiales de masse inférieur ou égale a
celle de Q.

Sur I’équation de Schridinger non linéaire L? critique avec un amor-
tissement non linéaire

Dans ce chapitre, nous étudions I’explosion et I’existence globale de solutions pour I’équation de
Schrodinger NLS (focalisante) avec un terme d’amortissement non linéaire:

ity + Au + [uldu + ialulPu = 0, (1, x) € [0, 00[xRY, d = 1,2,3,4. 16)
u(0) = ug € H'(RY)

avec une donnée initiale u(0) = uy € H'(RY) otr a > 0 est toujours le coefficient d’amortissement
et p > 1. Notons que si on change +|u|3u en —Iulgu , (16) devient défocalisante.
L’équation (16) entre dans divers domaines de 1’optique non linéaire, la physique des plasmas et
de la mécanique des fluides. Fibich [FMO1] a noté que, dans le contexte optique non linéaire,
I’origine du terme d’amortissement non-linéaire est 1’absorption multiphotonique. Par exemple,
dans le cas des solides le nombre p correspond au nombre de photons nécessaire pour faire la
transition entre la bande de valence et la bande de conduction. Un comportement similaire peut se
produire avec des atomes libres, dans ce cas p correspond au nombre de photons nécessaires pour
faire une transition de I’état fondamental a I’état excité ou au continuum.
Le probleme de Cauchy associé a (16) a été étudié par Kato [Kat87] et Cazenave [Caz03] et
il est connu que si p < ﬁ, alors le probleme est localement bien posé dans H'(R?): Pour
uy € H'(RY), il existe T € (0, 0] et une unique solution u(t) de (16) avec u(0) = ug telle que
u € C(([0,T]); H'(RY)). De plus, T est le temps maximal d’existence de la solution u(¢) dans le
sens ou si T' < oo alors lim |[u(?)||g1 gy = 0.

t—>T
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Dans le premier chapitre nous avons étudié le cas d’amortissement linéaire (p = 0). Nous avons
montré I’existence globale dans H' pour |lug|l;2 < ||Qll;> et ’existence de solutions explosant en
temps fini avec la vitesse log-log.

Des observations numériques suggerent que ce phénomene d’explosion persiste dans le cas d’amortissement
non linéaire pour p < f—l ( voir [FMO1] et [PSS05]). Passot et Sulem [PSS05] ont prouvé que la so-
lution est globale dans H'(R?) pour p > 2. Par conséquent, il est intéressant maintenant d’étudier
selon la valeur de p, I’explosion ou I’existence globale de solution.

Résultats principaux

Nous montrons I’existence des solutions explosives dans le régime log-log dans le cas p < % et
nous établissons I’existence globale de solutions dés que % <p< % ou 51472 est I’exposant H'-
critique.

Apres nous montrerons que pour p < %, il n’existe pas de solution de donnée initiale de masse
inférieur ou égale a celle de Q qui explose en régime log-log.

Plus précisement, nous avons le théoréme suivant:

Theorem 0.2. Soit ug dans H'(R?) avec d = 1,2, 3, 4:

1. Si J%z >p> (47, la solution de (16) est globale dans H'.

2. Pourp=1letd=1,2,30up=2etd =1, la solution est globale dans H', pour ugy € H!
telle que |luo|l;2 < @ avec @ > 0 suffisamment petit.

3. Soit p < %, alors il existe 69 > 0 telle que Ya > 0 et Y6 €]0, 6ol, il existe uy € H' avec
lluollz2 = 1Oll2 + 6, telle que la solution de (16) explose en temps fini dans le régime log-log.

4. Soit1 < p < %, alors il n’existe pas de donnée initiale ug avec ||lugl|l;2 < [|Qll;2 tel que la
solution u de (16) explose en temps fini avec la vitesse suivante:

S IVu@dll 2 ray <

1

. 2 2-Bpd
quels que soient 3 €]0, p—d[ et 0<e< 84'-6;11 .

Dans le cas p = g, nous avons le théoréme suivant:

Theorem 0.3. Pour p = %, le probléme de Cauchy pour (16) est globalement bien posé dans
H*(RY), s > 0. De plus, il existe un unique u,. dans L?* tel que

llu(., 1) — e™uillp — 0, t — +oo, (17)

o ™ est la solution du probléeme linéaire.

Principe de la preuve.

Pour montrer la premiere partie du Théoreme 0.2, nous prouvons une estimation a priori sur la
norme H' de u pour tout t > 0.
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Pour montrer la deuxieéme partie du Théoreme 0.2, nous utilisons une inégalité de Gagliardo-
Nirenberg géneralisée pour montrer que I’énergie est décroissante. La décroissance de 1’énergie et
I’inégalité de Gagliardo-Nirenberg suivante

Vue H', Eu) > %(fwmz)(l - (%f )

nous donnent alors directement I’existence globale de la solution.

Comme dans le cas d’un amortissement linéaire, afin d’etablir I’explosion, nous avons juste besoin
de montrer que dans le régime log-log la norme L? est non croissante, et que la croissance de
I’énergie (resp le moment cinétique) est inférieure a % (resp %) oud~ m.

Pour cela, nous montrons que dans le régime log-log, les croissances de l’Lénergie et du moment
cinétique sont bornées par:

E(u(n) < 1ogA)AN ™, Pu(0) 5 log(dn)A®)'~F

Finalement le Théoreme 0.3 se déduit d’une estimation a priori sur la norme de Strichartz cri-

tique: .
quet ul 40 o

Sur le caractere bien posé pour I’équation de Kadomtsev-Petviashvili-
Burgers 1

Nous considerons dans ce chapitre le probleme de Cauchy pour 1’équation dispersive-dissipative
de Kadomtsev-Petviashvili-Burgers-I (KPBI) en deux dimension :

{ (Ot + U — Uy + ULy, — Uyy = 0,
u(0, x,y) = ¢(x, y).

Bourgain a développé une nouvelle méthode, précisée ensuite par Ginibre dans [Gin95], pour
I’étude du probleme de Cauchy liée aux équations non linéaires dispersives (cf. [Bou93c], [Bou93a],
[Bou93b]). Cette méthode est basée essentiellement sur I’introduction d’un espace qui mesure la
localisation de la transformée de Fourier des fonctions proches d’une parabole liée au symbole
associé a la partie linéaire de 1’équation considérée. Un tel espace est connu dans la littérature
sous la désignation d’espace de Bourgain.

(18)

En introduisant un espace Bourgain associée a KPI usuel (lié uniquement a la partie dispersive du
symbole linéaire dans I’équation KPBI), Molinet-Ribaud [MRO2b] ont prouvé I’existence locale
pour le probleme de Cauchy associé a I’équation KPBI pour des données initiales dans H**2(R?),
s1 > 0 et sp > 0. Ces solutions sont globales en temps lorsque les données initiales ont une énergie
finie. Rappelons que I’énergie de I’équation KP-I, est donnée par:

1 1 1
B0 =5 [0r+; [@ler-¢ |6

8
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Kojok [Koj07] a prouvé I’existence locale et globale pour (18) pour des petites données initiales
dans L2(R?). Dans ce chapitre, nous améliorons les résultats obtenus par Molinet-Ribaud et Kojok,
en prouvant ’existence locale et globale pour KPBI pour des données initiales dans H** lorsque
s > —%. Notons que cela prouve, en particulier, 1’existence globale pour des données initiales
arbitraires dans L*(R?) et évite d’imposer des contraintes sur les faibles fréquences des données
initiales pour avoir une énergie finie.

Le nouvel ingrédient est une estimation trilinéaire pour KPI prouvé dans [IKTO08]. En se référant a
[MRO02c], nous introduisons un espace Bourgain associé a KPBI. Cet espace est en fait I’intersection
de I’espace introduit dans [Bou93c] et d’un espace de Sobolev lié€ a I’effet dissipatif. L’ avantage de
cet espace est qu’il contient a la fois les parties dissipative et dispersive du symbole linéaire de (18).
A la fin de ce chapitre, nous prouvons aussi que notre résultat est optimal dans le sens ot 1’application
¢ — ude H**> dans C([0, T']; H*'-*2) (si elle existe) ne peut jamais étre réguliere pour s; < —% et
s» = 0. Ce point de vue a été introduit par Bourgain. Notant que (18) n’admet pas un changement
d’échelle laissant invariant I’équation, par contre H~!'/29 est critique pour le changement d’échelle
des équations de KP.

Résultats principaux

Dans le but d’expliquer les résultats principaux de ce chapitre, nous commengons par donner
quelques notations essentielles. Nous définissons la transformation de Fourier pour une fonction
f = f(x,y) notée par > de S’'(R?) dans S’(R?) par :

F0) = Fay (D) = f HEIN fx yydxdy, Vf € SR,
RZ

et pour une fonction f = f(¢, x,y) par:

f@,v) = Frayu)(n,v) = f eI (1 x yYdtdx dy

R3
et les espaces de Sobolev correspondant a I’espace (resp. espace-temps) H*1*2 (resp H”*1%2) par
les normes suivantes :

H"2(R?) =: {u € S’ (R?); llullgs1-2 (R?) < +00}, (19)
HPS192(R?) =2 {u € 8 (R?); lull oy o (RY) < 00} (20)
ou,
[ fR i (2 Nae)dy, (21)
0 = fR DXOM M) IF ey ()T, v)dvd, (22)

et v = (&,71). Soit U(-) le groupe unitaire dans H**2, s, s, € R, définissant 1’évolution libre de
I’équation (KP-I), qui est donnée par

U(1) = exp(itP(Dy, Dy)), (23)

ou P(Dy, Dy) est le multiplicateur de Fourier de symbole P(&,7) = & —n? /€. Par la transformation
de Fourier, la partie linéaire de 1’équation (18) peut s’écrire comme :

i(t— & -7 1) + & =1 i(t — P(, &) + €. (24)
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Nous avons besoin de localiser notre solution, et I’idée de Bourgain était de considérer cette local-
isation en définissant I’espace X*»* muni de la norme:

lullyssrsr = IKi(T = P, €)) + EYE (Y 2ai(r, £, 2wy (25)

Nous aurons besoin aussi de définir la décomposition de Littlewood-Paley. Soit n € Cy(R) telle
quen >0, supp n C [-2,2], n = 1 sur [-1, 1]. On définit ensuite (&) = n(¢) — n(2€).

Les variables N, L sont en dyadique, i.e. ces variables sont de la forme N = 2/, j € Zet L = 2/,
[ € N. On fixe pn(&) = go(%) et I’opérateur Py défini par F(Pyu) = ¢onF (). On introduit
YL(1,0) = ¢r(t = P()) et pour u € S (R?),

F(Pnu)(E) = en(©F ()1, 8), F(Qru)(T,&,m) = Yr(t, OF W)(7,8); L > 1

et F(Qu)t,&,n) = n(t — P(O)F (u)(t,£). Grosso modo, 1’opérateur Py localise dans I’anneau
{lé] ~ N} et Qp localise dans la région {(r — P({)) ~ L}. On note Pyu par uy, Qru par up et
Pn(QpLu) par un,.

C .. . b,s1,
Pour T > 0, nous considérons les espaces de restriction de Bourgain X7*!*

T muni de la norme

lullyosrso = inf {|IWlixpsyr, w(2) = u(®) sur [0,TT}.
T Wexb,sl,sz

Nous utilisons également I’espace de Lebesgue L*? munie de la norme

el g = [z | . -

et nous utiliserons la notation L pour Ltzx2
Nous désignons par W(-) le semi groupe associé a I’évolution libre de I’équation (KPB),

F(W(D)9) = explitP&m) — PN, Yo e SR®RY, 120. (26)
Nous prolongeons W en un opérateur linéaire défini sur tout I’axe réel R de la facon suivante:
FL(W(D)9) = explitP(& 1) — €71, Vo€ SR, 1R, 27

Finalement, la formule de représentation intégrale de Duhamel permet de réécrire I’équation (18)
comme

u(t) = W) — % fo Wt — )0, )dt', t>0. (28)

Dans le but de montrer notre résultat d’existence, nous appliquerons un argument de point fixe a I’
extension de (28), qui est défini sur tout 1’axe réel par:

u(t) = Yr(OIW(O)¢ — LOxW7u7)(x, 0] =2 M(u(t)), (29)
ol € R, Y7 indique une fonction plateau comme suit:

YeCYM®), suppy C[-2,2], ¢ =1lsur[-1,1], (30)
Yr() = Y(/T), et

T _ o lié

it
L(f)(x, 1) = W(r) f e’x"ceiTTT(W(—t)f)(f,T)dde- €19

10
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On peut voir facilement que

XR, (DY(OL(f)(x, 1) = xR, (OY(2) fo W(t — 1) f(r)dr. (32)

En effet, en prenant w = W(—-)f, la quantité a droite de (32) pourra étre réécrite comme

T _ —|f|!f2 )

W fes, w0 [ & =mite. 7 aar

Dans [MR02c], les auteurs ont effectué le processus d’itération dans I’espace X** muni de la
norme:

ullgosrsy = IKi(T = PO)) + EYAE )™ i, V| 2 w3

qui tient compte de 1’effet mixte dispersif et dissipatif I’équation. Nous allons plut6t travailler dans
sa version Besov X*%4 (avec g = 1) munie de la norme

1

lalloa = ( D 1D 4L+ N Ny Py Qualt, 17)

N L o

Remark 0.4. 1] est clair maintenant que si u resout (29) alors u est une solution de (28) sur [0, T],
T < 1. Donc il suffit de résoudre (29) pour un temps petit.

Dans ce cadre nous pouvons maintenant énonger nos principaux résultats:

Theorem 0.5. Soient sy > —1/2 et ¢ € H*''O. Alors il existe un temps T = T(H¢|IH’%+’°) > 0 et une

solution unique u de (18) dans
Yr = X200 (33)

L’application ¢ — u est C* d’une boule de H*'"* de rayon R > 0 dans YT®).
De plus, dans le cas de données initiales a valeurs réelles, la solution est globale en temps et
appartient a C(R; H'0) 0 C(R*; H®Y), O

Remark 0.6. En procédant comme dans [MRO1], il est facile de voir que le théoreme (0.5) reste

. 1/2,51,0,1 . 1/2 1
vrai en remplacant H*', XT/ SO ot HO respectivement par H? XT/ SELor HS2 gvec

sy = 0.

Le deuxieme résultat concerne le caractere mal posé de I’équation (18) qui assure que notre
résultat d’existence est optimal dans un certain sens.

Theorem 0.7. Etant donnée s < —1/2, il n’existe aucun temps T > 0 tel que I’équation (18)
admette une unique solution dans C([0, T, HS’O) pour toute donnée initiale dans une boule de
HSO(R?) centrée a Iorigine et telle que I’application

dr—u (34)

soit Cz-diﬁférentiable a lorigine de H*O dans C([0, T], H*). ]

11
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Principe de la preuve.

Caractere bien posé

On résout d’abord I’équation intégrale (29) dans un intervalle du temps [0, 7] T assez petit, par
une méthode de point fixe consistant a montrer que 1’opérateur M défini dans (29) est une con-
traction dans une boule de X}/ 251,82 pour s; > —1/2, sp > 0. La méthode donne en méme temps
Iexistence et 1'unicité de la solution dans Y7 et la continuité de I’application ¢ +— u de H*>%
dans Y7. Si cette situation est réalisée, on dira que le probléme (18) est localement bien posé dans

H*%2_ Le principe de la preuve du résultat d’existence locale tient en deux étapes:

Premiere étape: Dans le but d’appliquer un argument standard de point fixe, une approche clas-
sique sera d’analyser premierement les deux termes: terme libre et terme de force de I’équation
intégrale (29). Une premiere étape consiste donc a montrer, a I’aide de 1’analyse de Fourier, que
I’application ¢ — ()W (£)¢ est bornée de H*'»*> dans X'/21:%2 pour s1, 55 € R et que I’opérateur
L est borné de 1’espace auxiliaire X~1/2152 dans X'/251:%2 pour s1, s, € R. De plus, pour obtenir
des informations sur la régularité de la solution, on montre que I’opérateur linéaire L admet des
effets régularisants.

Deuxieme étape: La préparation des estimations linéaires permet de concentrer toute la diffi-
culté sur les estimations non-linéaires. Une deuxieme étape nécessite de montrer des estimations
bilinéaires assurant que 1’application (1, v) — 9,(uv) est bornée et lipschitzienne de X 125182
X1/2:5152 dans X~1/251:52 Dans le but d’établir de telles estimations nous avons besoin de I’estimation
dispersive prouvée pour KPI par Ionescu-Kenig-Tataru et de quelques estimations de Strichartz.
Ce type d’estimations caractérise les propriétés dispersives de I’équation.

Caractere bien posé global

L’existence globale vient si on réussit a étendre les solutions pour tout r € R, en itérant le résul-
tat d’existence locale. Cette extension requiert un controle a priori de la norme de u dans H*"*.
Si cette situation est réalisée, on dira que le probleme de Cauchy est globalement bien posé. Par
ailleurs, I’existence globale de la solution de notre équation vient de 1’effet régularisant dii au terme
dissipatif. En fait, I’effet régularisant lisse la solution dés que 1’on décolle du temps initial. Ceci
nous permet d’utiliser I’énergie de notre équation qui montre que ¢ — |{u(?)||;2 est non-croissante
sur ]0, +oo].

Le caractere mal-posé de KPB-1

L’idée de base, dans la preuve du Théoréme 0.7, repose sur la construction d’une suite de données
initiales qui va nous assurer la non-régularité de 1’application ¢ — u de H*" dans C([0, T, H*°)
pour s < —1/2. Nous raisonnons par 1’absurde, nous supposons donc que I’application est C?,
par conséquent nous pouvons utiliser un développement de Taylor autour de I’origine. Dans ces
conditions, un choix convenable d’une suite de données initiales (¢y)y, N >> 1, nous permet
d’aboutir a une contradiction pour s < —1/2 en montrant que

2 —1-2;
1~ lignlleo = Nz n@llgso = CN77°

ou uy y désigne le second terme du développement de Taylor utilisé qui est la derivée seconde de
u en z€ro dans la direction de ¢. Soulignons que u, y est aussi la seconde itération associée a ¢y
dans une méthode itérative appliquée a notre équation.

12
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Sur les mesures invariantes pour I’équation d’Ostrovsky

Dans ce dernier chapitre, nous construisons une mesure invariante pour le systtme dynamique
défini par I’équation d’Ostrovsky périodique :
-1 -
Ot — Uyyx + 07 u+uu, =0, (Ost)
u(0, x) = up(x),
ou x € T := R/2nZ et u est a valeurs reélles.
L opérateur ;' dans 1’équation désigne la primitive de moyenne nulle par rapport a la variable

x. Cet opérateur est défini pour les fonctions 27-périodiques de moyenne nulle par (95! f)(n) =
fo :
-, NEL.

Les mesures invariantes jouent un role important dans la théorie des systeémes dynamiques
(DS). 11 est bien connu que toute la théorie ergodique est basée sur ce concept. D’autre part, elles
sont nécessaires dans diverses considérations physiques.

Notons qu’une application bien connue des mesures invariantes est le principe de récurrence
de Poincaré: pour presque toutes les conditions initiales, un syst¢eme dynamique conservatif va
repasser au cours du temps aussi pres que 1’on veut de sa condition initiale, et ce de fagon répétée.

Récemment, plusieurs articles [Ars84],[Zhi95],[Zhi94] ont été publiés sur les mesures invari-
antes pour des systemes dynamiques non linéaires.
Une série infinie de mesures invariantes associ€es aux lois de conservation a été construite par
Zhidkov [ZhiO1] pour I’équation:

Ol + Uy + uu, =0 . (KdV)

En particulier, une mesure invariante associée a la conservation de 1’énergie a été construite pour
cette équation. L’équation (Ost) est une perturbation de 1’équation (KdV), avec un terme non local
et a été introduite par Ostrovskii [Ost78]. Cette équation peut étre considérée comme un modele
faiblement non linéaire d’ondes longues, dans un référentiel en rotation, pour décrire la propaga-
tion des ondes sur la surface de I’eau.

Nous allons construire une mesure invariante associée a la conservation de 1’énergie:

H) = 5 f ()’ + 5 f CA f 2.

Résultats principaux
Dans le but d’expliquer nos résultats principaux de ce chapitre, nous commengons par donner
quelques notations essentielles.
Nous définissons la transformée de Fourier sur le cercle par

fo = 5= [ Foenp(-invds
2w T
et L(%(T) par

L3(T) = {u € L*(T); f udx = 0},
T

13
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et nous introduisons I’espace de Sobolev espaces Hj défini par :

H(T) =: {u € S'(T); #(0) = 0 et ||ulls < +o0}, (35)

llullgs = (Zn)%H(.)SﬁH,’%. (36)

Nous allons rappeler brievement la construction de mesures de Gauss sur un espace de Hilbert.
Soit X un espace de Hilbert, et {e;} une base orthonormée dans X constituée par les vecteurs propres
pour un opérateur S = S* > 0 qui admet 0 < 41 < Ay < A3.... < A4 < ... comme valeurs propres.
Nous disons qu’un ensemble M C X est cylindrique ssi:

M ={xeX;[(x,e1),(x,e),..(x,e,)] € F}

pour un certain Borélien F c R", r € N. Nous définissons la mesure w par:
r r 1 1 r Ry
w(M) = 2n)"2 ]_[ 2% f e 2 i 4 gy, (37)
1 VF

Nous pouvons facilement vérifier que la classe A de tous les ensembles cylindriques est une al-
gebre sur laquelle la mesure w est additive.
w s’appelle dans ce cas, la mesure gaussienne centrée sur X associée a 1’opérateur S .

Maintenant nous allons donner une définition pour une mesure invariante:

Definition 0.8. Soient M un espace métrique séparable complet et une fonction h : R x M +— M
telle que pour chaque t, h est un homéomorphisme de I’espace M dans lui-méme satisfaisant les
propriétés suivantes:

1. h(0,x) = x pour tout x € M.
2. h(t,h(t,x)) = h(t + T, x) pour t,T € Ret x € M.

Alors la fonction h est appelée un systeme dynamique dans ’espace M. Si u est une mesure définie
sur M telle que u(Q) = u(h(Q, 1)) pour tous Q C M et t € R, nous dirons que u est une mesure
invariante par le syteme dynamique h.

Maintenant nous allons énoncé nos principaux résultats:

Theorem 0.9. Pour tout s > —1/2, le probléme (Ost) est localement bien posé dans HS(T). De
plus, pour tout uy € Hy, il existe T = T(up) > 0 tel que 'application ¢ +— u soit C= de H(T)
dans C([0, T], Hy(T)). O

Theorem 0.10. Le probleme (Ost) est globalement bien posé dans L(%(T). La mesure u sur L(Z)(T)
définie pour tout borélien Q C L(z) par

u(Q) = f e 8 Wy(du)
Q

on w est la mesure de Gauss associé a l'opérateur S~ = (<A + A™)7! et g(u) = % fu3dx est le
terme non linéaire de I’Hamiltonien, est une mesure invariante pour I’ équation (Ost).

14



Chapter 1

Blowup for the Damped L2-Critical
Nonlinear Schrodinger Equation

1.1 Introduction

In this chapter, we study the blowup of solutions to the Cauchy problem for the L?-critical damped
nonlinear Schrédinger equations:

u(0) = up € H'(RY) (-1

{m, + Au+ luldu + iau = 0, (£, x) € [0, 00[xRY, d = 1,2,3,4.
with initial data u(0) = ug € H'(R?) and where a > 0 is the coefficient of friction. Equa-
tion (1.1) arises in various areas of nonlinear optics, plasma physics and fluid mechanics. It is
known that the Cauchy problem for 1.1 is locally well-posed in H!(R?)(see Kato[Kat87] and also
Cazenave[Caz03]): For any uy € H'(R?), there exist T € (0, co] and a unique solution u(z) of (1.1)
with u(0) = ug such that u € C([0, T); H' (R?)). Moreover, T is the maximal existence time of the
solution u(¢) in the sense that if T < co then th_)n% (Ol g1 (rety = 0.

Ohta [OT09] and Tsutsumi [Tsu84] studied the supercritical case(|u|’u with p > f—l) and showed
that blow-up in finite time can occur, using the virial method. However this method does not seem
to apply in the critical case. Therefore, even if numerical simulations suggest the existence of fi-
nite time blowup solutions in this case(see Fibich [FMO01]), there does not exist any mathematical
proof of blow-up in the critical case.

Let us notice that for @ = 0 (1.1) becomes the L?-critical nonlinear Schrodinger equation:

{iu,+Au+|ul3u:O (1.2)

u(0) = ug € H'(R?)

This equation (1.2) admits a number of symmetries in the energy space H': if u(t, x) is a solution

to (1.2) then YAy € R, so is /15 u(Aox, /lét). Note that the LZ2-norm is left invariant by the the scaling
symmetry and thus L? is the critical space associated with this symmetry.

The evolution of (1.2) admits the following conservation laws in the energy space H':

L2norm : [lu(t, )ll2 = (0, D)2 = latg (o)l -

15



1.1. INTRODUCTION

d+2

Energy : E(u(t, x)) = 3[IVull?, - 75l || = E(uo).

Kinetic momentum : P(u(t)) = Im( Vuu(t, x)) = P(up).

Special solutions play a fundamental role for the description of the dynamics of (1.2). They are
the solitary waves of the form u(¢, x) = exp(it)Q(x), where Q solves:

AQ + QIQl7 = Q. (1.3)

Equation (1.3) is a standard nonlinear elliptic equation, that possesses a unique positive solution
(see [BL83], [Lio84],[Kwo089]) .

For uo € H', a sharp criterion for global existence has been exhibited by Weinstein [Wei83]:

a) For |lupll;2 < 1|1Oll;2 , the solution of (1.2) is global in H ! This follows from the conservation of
the energy and the L? norm and the sharp Gagliardo-Nirenberg inequality:

[ uf
f|Q|2) )

b)There exists blow-up solutions emanating from initial data uy € H U with [|uo| 12 = |Oll;2. This
follows from the pseudo-conformal symmetry applied to the solitary waves. In the series of pa-
pers [MR02a, MR06], Merle and Raphael have studied the blowup for the L?-critical nonlinear
Schrodinger equation (1.2) and have proven the existence of the blowup regime corresponding to
the log-log law:

Yue H',E) > (fIV M1 - (

log |log(T - t)| )i

T 1.4)

el g1 ey ~ (

This regime has the advantage to be stable with respect to H!-perturbation and with respect some
perturbations of the equation.

Remark 1.1. Based on the works [MR02a, MROG6] we have the following result:
Let uy the initial data € H'(R?) with small super-critical mass:

19122 < lluollz2 < 1IQllz2 + ao (1.5)
with nonpositive Hamiltonian E(ug) < 0, then the corresponding solution to (1.2) blows up in
finite time with the log-log speed.

In the case of (1.1), there does not exists conserved quantities anymore. However, it is easy to
prove that if u is a solution of (1.1) then:

(@2 = exp(-adlluoll;z. 7 € [0,T), (1.6)
d )
gy E®) = =alIvul; = Il °) (1.7)
t
and
|P(u(t))| = exp(—2at)|P(up)|,t € [0, T). (1.8)

In this paper, we will show:

16



1.2. L>-CONCENTRATION

1. if [{uollz2 < [|Qllz2, then the solution of (1.1) is global in H'.

2. The existence of finite time blowup solutions.

More precisely, we have the following theorem:

Theorem 1.2. Let ug in H'(RY) withd = 1,2, 3, 4:

1. if  Nuollzz < 1|Qllz2 then the solution of (1.1) is global in H'.

2. There exists 6o > 0 such that ¥Ya > 0 and V6 €]0, 6|, there exists uy € H' with lluoll;2 =
[|Oll;2 + 6, such that the solution of (1.1) blows up in finite time in the log-log regime.

To show the existence of the explosive solutions, we will put us in the log-log regime described
by Merle and Raphael.
The global existence will be proved thanks to a L?>-concentration phenomenon (see Proposition
1.4 in the next section).

Acknowledgments. I would like to thank prof Luc Molinet for his encouragement, advice,
help and for the rigorous attention to this paper.

1.2 L3-concentration

In this section, we prove assertion (1) of Theorem 1.2 by extending the proof of the L?-concentration
phenomen, proved by Ohta and Todorova [OT09] in the radial case, to the non radial case.

Hmidi and Keraani showed in [HK05] the L?-concentration for the equation (1.2) without the
hypothese of radiality, using the following theorem:

Theorem 1.3. Let (v,,), be a bounded family of H Y(RY), such that:

limsup [|Vvll;2ey < M and limsupllvnllL > m. (1.9)

%+2
n—+oo n—+oo

Then, there exists (x,), C R? such that:

V(- + x,) =V weakly,

d
. d 4 5+1 1
with ||Vl 2gay 2 (757)4 mM%+ 1Oll2Ra)-

Now we have the following theorem:

Theorem 1.4. Assume that uy € H'(R?) , and suppose that the solution of (1.1) with u(0) = ug
blows up in finite time T € (0, +o0). Then, for any function w(z) satisfying w(t) [[Vu(t)l|j2ga)y — o0
ast — T, there exists x(t) € R4 such that,

lim sup [[u(O)l] 22— xiry<wieyy = 1Ql12way -
t—»T

17



1.2. L>-CONCENTRATION

To show this theorem we shall need the following lemma:

Lemma 1.5. Let T € (0, +00), and assume that a function F : [0,T) — (0, +00) is continuous,
and lim,_,7 F(t) = +oo. Then, there exists a sequence (t); such that ty — Tand

f ' F(t)dr
—0 =

li 1.10
WS Fty) (1.10)
For the proof see [OT09].
Proof of Theorem 1.4:
By the energy identity (1.7), we have
!
E(u(t)) = E(upy) — af K(u(t))dr, te]0,T]. (1.11)
0

4
Where K(u(?)) = ||Vu||i2 — [Juel| :22, and by the Gagliardo-Nirenberg inequality and (1.6), we have:
Lat

244
K@) < IV gy + IO,
4
d

2
& gy IV

< Vu@)|s g, + C ()l 2, )

L2(RY)

4
< (1 + C ol ) VU1

for all ¢+ € [0, T[. Moreover, we have lin% IVu(®ll;2ray = +o0, thus by Lemma 1.5, there exists a
—

sequence (fx)x such that fy — T and

ka(M(T))dT
0

1m T S
k—oo ”Vu(tk)HLZ(Rd)

=0. (1.12)

L2 Rd

VUl 2gey
and px = p(tx), vi = v(tx,.). The family (v¢); satisfies

and v(t,x) = p%u(z‘, £X)

||Vk||L2(Rd) < ”u0”L2(Rd) and ||VVk||L2(Rd) = ||VQ||L2(Rd)-
By (1.11) and (1.12), we have

Tk
E(v) = ptE(up) — ap; f K(u(t))dr — 0, (1.13)
0
which yields
”Vk”Z%ﬁ = VOl - (1.14)

18



1.3. STRATEGY OF THE PROOF OF THEOREM 1.2 PART 2.

The family (v;)x satisfies the hypotheses of Theorem 1.3 with

4 d+2
ma*? = ||VQ||L2(Rd) and M = |IVOIl;2gra) »

thus there exists a family (xz)x C Rd and a profile V € H'(R?) with IVll2gaey = 11Qll12ray> such

that,
d
piulti, pi - +x) =V € H' weakly. (1.15)
Using (1.15), VA > 0
L d 2 2
hmmff Olu(ty, pnx + xp)["dx > f |V|“dx,
n—+e JB(0,4) B(0,A)

= +oo thus W(’”)

W(’ln) > A, ppA < w(t,). This gives immediately:

but lim,,— 4 oo >

lim inf sup f |u(t,, x)|*dx > f |V|dx.
Nt yerd Jlx—yl<w(ty) xl<A

This it is true for all A > O thus :

lim inf supf |u(t, x)lzdx > sz. (1.16)
[x=yl<w(®)

t—T yERd
But for every ¢t € [0,T[, y f |u(t, x)lzdx is continuous and goes to 0 at infinity,
[x=yl<w(?)

thus the sup is reached in a point x(¢) € RY, sup f |u(t, x)lzdx = f |ua(t, x)lzdx and
yeR4 Jx—yl<w(t) [x—x(DI<w(t)

Theorem 1.4 is proved.

Now the part one of Theorem 1.2 is a consequence of Theorem 1.4 and (1.6).

1.3 Strategy of the proof of Theorem 1.2 part 2.

We look for a solution of (1.1) such that for ¢ close enough to blowup time, we shall have the
following decomposition:

REEREONET

u(t,x) = 0 ,

(1.17)

for some geometrical parameters (b(¢), A(t), x(¢), y(¢)) € (0, 00) X (0, 00) X R? x R, here A(t) ~

||Vu(t)|| > , b = —A4, and the profiles O, are suitable deformations of Q related to some extra degen-

eracy of the problem.

Now we take ug in H' such that u admits the following controls:
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1.3. STRATEGY OF THE PROOF OF THEOREM 1.2 PART 2.

1. Control of the scaling parameter:

2
2350

0<b(0)<1 and 0<A0)<e” (1.18)
2. L? control of the excess of mass:
le(O)];2 < 1. (1.19)
3. H' smallness of €(0):
3
f IVe()* + f leOFPe™ < T, (1.20)
_c
where I'p) ~ e 0.
4. Control of the energy and momentum:
|E(uo)| < 1 (1.21)
uo .
VA(0)
1
|P(ug)| < . (1.22)
VA(0)

Remark 1.6. 7o prove that there exists ug in H'(R?) satisfying (1.18)-(1.22), we take iy in H I(RY)
an initial data such that the corresponding solution to (1.2) blows up in the log-log regime as
described by Merle and Raphael. Then from [MRO0G6] there exists a time to such that ii(to) admits a
geometrical decomposition:

. 1 x—x(f)\ ;

i(ty, x) = ——=(Op(ry) + E(lo))(—)ewm

Aty)2 A(to)

such that (1.18)-(1.20) hold. Moreover by conservation of the Hamiltonian and the Kinetic mo-
mentum.:

|E(@(10))] + [P(a(to))| = |E(iio)| + |P(ito)| <

1
VIIVa(to)ll 2
for ty close enough to blowup time, and hence (1.21) and (1.22) hold. We take uy = ii(ty).
These conditions will be denoted by C.I. Now we have the following theorem:
Theorem 1.7. Let uy € H' satisfying C.I, then for 0 < a < ao, ag small the corresponding solution
u(t) of (1.1) blows up in finite time in the log-log regime.
The set of initial data satisfying C.Iis open in H', using the continuity with regard to the initial

data and the parameters, we can prove the following corollary(see the proof in section 5):

Corollary 1.8. Let ug € H' be an initial data such that the corresponding solution u(t) of (1.2)
blows up in the loglog regime. There exist o > 0 and ay > 0 such that if vo = ug + ho, ||hollg < Bo
and a < ag, the solution v(t) for (1.1) with the initial data vy blowup in finite time.

Remark 1.9. 1. Combining Theorem 1.7 and Remark 1.1, we deduce that for uy € H 1 (Rd),
having negative energy and satisfying (1.5), there exists ag > 0 such that the corresponding
solution of (1.1) blows up in finite time providing a < ay.
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1.4. CHOICE OF THE BLOW UP PROFILE

2. It is easy to check that if u is a solution of NLS, (Equation (1.1)),then /l%u(/lzt, Ax) is a so-
lution of NLS p,. Therefore Corollary 1.8 ensures the existence for any a > 0 of explosive
solutions emanating from an initial data up, € H U where up 4 satisfies:

10122 < ||uoal|,> = lluoll2 < 1QlI2 + .

After the decomposition (1.17) of u, the log-log regime corresponds to the following asymp-
totic controls

e A
by~ Ce b, —73 ~b (1.23)
and
f IVe? < e, (1.24)
ds _ 1

where we have introduced the rescaled time =7

In fact, (1.24) is partly a consequence of the preliminary estimate:
f IVel? < e b + L2E®). (1.25)

One then observes that in the log-log regime, the integration of the laws (1.23) yields

Sy

A~e® < eh, b(t) = 0,1t — T, (1.26)
Hence, the term involving the conserved Hamiltonian is asymptotically negligible with respect to
the leading order term e~ which drives the decay (1.25) of b. This was a central observation made
by Planchon and Raphael in [PRO7]. In fact, any growth of the Hamiltonian algebraically below
;—2 would be enough. In this paper, we will prove that in the log-log regime, the growth of the
energy is estimated by:

E(u(®) < (log(A(1)))*. (1.27)
We deduce from (1.25) that:
f IVel” < e7b. (1.28)

An important feature of this estimate of H' flavor is that it relies on a flux computation in L? . This
allows one to recover the asymptotic laws for the geometrical parameters (1.23) and to close the
bootstrap estimates of the log-log regime.

This paper is organized as follows. In Sect. 1.4 and 1.5, we recall some nonlinear objects involved
in the H' description of the log-log regime and set up the bootstrap argument, see Proposition 1.12.
In Sect. 1.6, we will control in the bootstrap regime the growth of the energy and momentum, see
Lemma 1.13. In Sect.1.7, we close the bootstrap estimates and conclude the proof of Theorem 1.2
(part 2). Finally, the proof of Corollary 1.8 is postponed at the end of Section 1.8.

1.4 Choice of the blow up profile

" da
s(t):f; 2@
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1.4. CHOICE OF THE BLOW UP PROFILE

If u(#) blows up in finite time 7', then \/% < |[|Vullz2 and one always has:
s([0,T]) = R™*.
Let us set:
v(s,y) = e YOS u(t, A(t)x + x(1)),
where y = A(f)x + x(¢), note that:

d A, . A
vy = —iygv + zjv + e Oy, 4 Tsy Vv + % - Vv.
Av = e YO 25 Ay(r, A()x + x(£)) and vv|d = e YO yjuli.
Now u(t, x) solves (1.1) on [0, T[ iff v(s, y) solves: Vs > 0,
A d
ws+Av—v+vM%=iiﬁzv+y.vw+r%.vv+yw, (1.29)

where 7, = —y; — 1 —iaA?, and a is the coefficient of friction. Now v(s, y) = Q(y) + €(s, y) and we
linearize (1.29) close to Q. The obtained system has the form:

Ag d
ieg + Le = if(§Q+x-VQ)+)75Q+i%-VQ+R(e), (1.30)

where R(¢) is formally quadratic in €, and L = (L4, L_) is the matrix linearized operator closed to
Q which has components:

Li=-A+1-(1+%H0i, L =-A+1-0Qi.

A standard approach is to think of equation (1.30) in the following way: it is essentially a
linear equation forced by terms depending on the law for the geometrical parameters.
Let us observe that the key geometrical parameter is A which measures the size of the solution. Let
us then set
b=-%
and study the simpler version of (1.29):

wg+Av—v+ vlvlg + ib(%v—ky -Vv) =0.
We look for solutions of the form v(s,y) = ab(“,)(y) where the mapping b — Q; and the laws

for b(s) are the unknown. We take b uniformly small and Qp|p=0 = Q. Now injecting v(s,y) into
the equation, we get:

.db 00, - — . d= — — = 4
J4(222) + MOy = Opcy + D) $0ne + 7+ Vi) + o Byl = 0.
i b(s —_
We set Py(s) = e’%lyIZQb(s) and solve:

] db yyﬁ_. - —
5 \Tq1 AP s _P s - _P s P s P s = V. 1 1
lds( b ) + APy b(‘)+(ds +b7(s) 1 Do + b(s)|Ph(s)ld =0 (L.3D)

Two remarkable solutions to (1.31) can be obtained as follows:
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1.5. SETTING OF THE BOOTSTRAP

e Take b(s) =0 and ﬁb(s) = (, that is the ground state itself.

e Take b(s) =b and Py, = P for some non zero constant b and Py, satisfying:
= s WP s
APy, — P+ b (S)pr + Pp|Ppld = 0. (1.32)

The solutions to this non linear elliptic equation are those who produce the explicit self similar
profiles solutions to this equation:

— — — — 4 d— _
AQp — Op + OplQpld + ib(EQb +y-VQ,) =0. (1.33)

A simple way to see this is to recall that we have set b = —%. Hence from 48 = &

dt A2’
b=-%=-2ie A(t) = V2b(T - 1),

which is the scaling law for the blow up speed.

1.5 Setting of the bootstrap

In this section, we recall some fundamental nonlinear objects central to the description of the log-
log regime. We then set up the bootstrap argument, in the heart of the proof of Theorem 1.2. The
conditions C.I will be to initialize the bootstrap.

Based on Propositions 8 and 9 of [MR04] , we claim:

Proposition 1.10. There exist universal constants C > 0, n* > 0 such that the following holds
true: for all 0 < n < n*, there exist constants v*(n) > 0, b*(n) > 0 going to zero as n — 0 such

that for all |b| < b*(n), setting
Ry=3y1-n R, = 1-nR,,
Bg, = {y € RY,|y| < Ry}, there exists a unique radial solution Qp € L*(B(0,R)) to

AQ), — O + OOl 7 + ib(40y, +y-VQ,) =0,
Po=0p B 50 in By, (1.34)
05(0) € (Q(0) = v* (1), Q(0) + v*(m)), Qp(Rp) = 0.

Moreover, let ¢y, be a smooth radially symmetric cut-off function such that ¢p(x) = 0 for |x| = Ry
and ¢p(x) = 1 for |x| < R;,O < ¢p(x) < 1 and set

0p(r) = Qp(r)$p(r)
then

O,—>0 as b—0
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1.5. SETTING OF THE BOOTSTRAP

in L>(RY), and Qy, satisfies

4 d
AQp — Op + OplOpl? + ib(sz +y-VQp) = -Y), (1.35)

. 1+4 4
where Wy = 2V¢,V Oy + Op(Adp) +iQpy - Vo + (b, — d) Qs 103l ,
with \
supp(Wp) C {R, < Iyl <Ry} and [Yplcr <e .

Eventually, Qp has supercritical mass:

leb|2 = sz +cob® +ob*) as b—0, (1.36)

for some universal constant co > 0.

The meaning of this proposition is that one can build localized Qj, on the ball Bg, which is a
smooth function of b and approximate Q in a very strong way as b — 0. These profiles satisfy
the self similar equation up to an exponentially small term ¥, supported around the turning point
[%. The proof of this proposition uses standard variational tools in the setting of non linear elliptic
problems, and can be found in [MR04].

Now one can think of making a formal expansion of O, in terms of b, and the first term is non
Zero:

b= = —DIPO.
However, the energy of O is degenerated in b at all orders:
E(Qy)| < €71, (1.37)

for some universal constant C > 0.

Now given a well-localized function f , we set:
d
fa=5f+y-Vf and faa = (fa)a-
Note that integration by part yields:

(fa, @2 = —(f, 8a)12-

We next introduce the outgoing radiation escaping the soliton core according to the following
lemma(see Lemma 15 from [MRO04]):
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1.5. SETTING OF THE BOOTSTRAP

Lemma 1.11. (Linear outgoing radiation) There exist universal constants C > 0 and 7* > 0 such
that ¥ 0 < n < n*, there exists b*(n) > 0 such that ¥\b| < b*(n), the following holds true: there
exists a unique radial solution {p to

[ o=
Moreover, let
0y = fim bGP, (1.39)
then there holds
e < 1y < oDy (1.40)

We recall that the solution u(#) admits the decomposition :
u(t, X) = 745 (Qbiry + (1, F)e”

where the geometrical parameters are uniquely defined through some orthogonality condi-
tions(see later): Let us assume the following uniform controls on [0, T']:

e Control of b(t)

b(t) > 0 and b(t) < 10b(0). (1.41)
e Control of A: .
At < e ™ (1.42)
and the monotonicity of A:
Atr) < %A(tl),v 0<n=<n=<T (1.43)

Let ko < k; be an integer and T* € [0, T'] such that

1 a0 <

+

o ST ok AT < T (1.44)
and for kg < k < k., let #; be a time such that
1

Alt) = % (1.45)

then we assume the control of the doubling time interval:
teel — te < kA2 (1. (1.46)

e control of the excess of mass:
2 2 7

f IVe()* + f le@P e <y, (1.47)
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1.6. CONTROL OF THE ENERGY AND THE KINETIC MOMENTUM

The following proposition ensures that (1.42)-(1.47) determine a trapping region for the flow. O

Proposition 1.12. Assuming that (1.41)-(1.47) hold, then the following controls are also true:

b > 0 and b(t) < 5b(0). (1.48)

Af) < ¢ 00 (1.49)

Aty) < Za(n),v 0<t;<tr<T (1.50)
fee1 =t < VkA2(ty) (1.51)

f IVe()l* + f le(D* e < rf(t). (1.52)

1.6 Control of the energy and the kinetic momentum

We recall the Strichartz estimates. An ordered pair (g, r) is called admissible if %1 + % = % 2<qg<
oo. Let r > 2 and 2* < g < oo, we define the Strichartz norm of functions u : [0, T] X RY +— C by:

lullsoqorixrey = suplullzopr o, 71xme) (1.53)
(g,r)admissible

and

||M||Sl([o,T]><Rd) = sup ||Vu||L;1L;([o,T]><Rd) (1.54)
(g,r)admissible

We will sometimes abbreviate S’([0, 7] X R?) with S’ or $°[0,T], i = 1,2. Let us denote the
Holder dual exponent of g by ¢’ so that é + % = 1. The Strichartz estimates may be expressed as:

llullgo < lluoll2 + 11(E0; + Aull (1.55)

’
q rr
L Ly

where (g, r) is any admissible pair. Now we will derive an estimate on the energy, to check that it
remains small with respect to A72:

Lemma 1.13. Assuming that (1.42)-(1.47) hold, then the energy and kinetic momentum are con-
trolled on [0, T*] by:

IEu(n)| < (log(A(1))’, (1.56)

|P(u(1)] < |P(uo)l . (1.57)

To prove this lemma, we shall need the following one:

Lemma 1.14. Let u be a solution of (1.1) emanating for ug in H'. Then u € C([0, AT1, H") where

ﬂ
AT = ||ugl| ¢ ||u0||1_121, and we have the following control

L2
lellgoro.ary < 2lluollzz . MNullsijo.ary < 2 luollg gay -
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1.6. CONTROL OF THE ENERGY AND THE KINETIC MOMENTUM

proof: For all v € S (RY) we have:

IWlisoto sy S IOz + 163, + &) vl

In particular,

t
. 4
f el(t—S)A|u|3u
0

Using the Holder inequality we obtain:

2 244 Ad+d) | 2 Adtd) _d
Cl 1 1vu®)? < (| ju™c )&a( | |[Vu~7 )=,

Integrating in time and applying again Holder inequality we get:

2m+d> d
1 v 5 ) ¥ ar)
LY([0, AT])LZ(R")
2(4+d) d__4+d KIE
x( f ( f \Vul " @ dx)T0 d dt) .

4

e? v Sl IVl s )
LI(10.AT]L2(R) L oAy 7 e S (0.aTyL " Ry

4
s ”|u|quHL1L2 )

1 t Bx
ST

Thus:

But (ﬂ, 8*;12‘1) is admissible, thus we have:

4
jul V| S llls 10,877
H LY([0,AT])L2(R4) ([0 ATDL d 8+2d (R9) S'10.AT]

By Sobolev we have:

||I,t|| 4+d OAT]L8+2d ~ “ || OAT])HC“'“(R‘])

< (AT)@a .
_( ) ”””quo,AT])H%(Rd)

Now by interpolation we obtain for d = 1,2, 3,4:
4-d 24

d+4 d+4 d+4
” ” ([0 AT])L (Rd) == (AT) ”M”Loo([o AT])LZ(Rd) ||l/[| Lw([O,AT])Hl(Rd) *

But since according to (1.6), |ull .~ oAy r2®e) S lltollf2ra), We finally get:
4-d 2d

A d+4 d
llullg 10,077 < ||u(t)||Hl(Rd) + (AT) @ |luol Z;‘(‘Rd) llull 3 o ||M||s1[o,AT],

we deduce that for AT < C HMOHU(Rd) ||u(t)||H,(Rd)

lullgio.a77 < 2 ||u(t)IIH1<Rd>

In the same way. llllojo a7 < Iollay + (ATYF ol Il - dlgopo .
4-d o_d_ d
4+d a+4 1
but (AT)d+4 [0 D) [|u4] S10.AT] < 5 we obtain that:
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1.6. CONTROL OF THE ENERGY AND THE KINETIC MOMENTUM

”u”SO[O,AT] < 2||M()||L2(Ra') and ||u||S][O,AT] < 2””0”H1(R‘1) .

Let us return to the proof of the lemma 1.13: o
According to (1.46) each interval [#, #x+1], can be divided into k intervals, [/, T]J;l] such that the
estimates of the previous lemma are true. From (1.7), we thus deduce that:

thrl d Tkt 1 4
—E(u(?) < f f |ufa*?
ft}: dt tk

k T_/+I

Since (% + 2,% + 2) is admissible. Using that [|ullgojo a7) < 2lluoll;2rey independantly of 7, we

obtain finally :
Tkt d
—E(u(t)) <k.
f, CE) <

k

Summing from kg to k., we obtain
T+
d 2
f L E) < log [
0 t

But E(u(T*)) = Eu(0)) + f O%E(u(s))ds, since |[E(u(0))| < ﬁ then we obtain |[Eu(T*))| <

|log(/l(T+))|2. This completes the proof of (1.56).
Now (1.57) follow directly from (1.8). For sake of completness, let us prove (1.8):
Suppose first that u(t) is very regular (for example D(R%))

C%P(u(t)) = Im(fEVudx—kfﬁVu,)

=Im(fu_,Vudx—fu,Vﬁ)

= Im(ZiImfu_,Vu)

=2Im f wVudx = 2Im(i f iu,Vu) = 2Re f iu,Vu

- 2Re( f (=ATi = |ul# % + iaii)Vudx

— _2Re( f AiVu) — 2Re f u|d WVu + 2aRe f v,

d
It is easy to prove that: —2Re( f AuViu) = f V |Vul, and —2Re f lul 7Vu = — V(lu|2).

But 2aRe f wuVu = —2alm f uVu = —2aP(u(t)) we obtain:
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4 pu(t)) = f V(|Vul* - % ul1*2) = 2aP(u(r)), But f (V(IVu|2 - |u|3+2)) = 0, we obtain

finally:

d+?2

L%P(u(t)) = —2ap(u(t)) and P(u(?)) = e_z‘”P(uo).

Now we take ug in H'(R?), up is the limit of a sequence (ug,) in D(RY), for each ug, we denote
by u, the solution of (1.1) such that u,(0) = ug,, we have P(u,(t)) = e P(ugy), but ug +— u is
continuous from H'(R?) to C([0, T1, H'(R?)) by passing to limit we obtain P(u(f)) = e~>* P(u(0)).
O

1.7 Booting the log-log regime

Now we are going to prove the Proposition 1.12:
First of all we are going to prove the smallness of the L? norm of &(¢):

Lemma 1.15. There exist ap < 1, such that ¥t € [0, T], |le(®)ll;2re) < @o.
Proof: From (1.19) we have |jug|l;2 < ||QOll;2 + Y0, With yg very small. By (1.6)

[0 e (] e
= 1105 + €ll7 g
_ 2 2
= ”Qb + GHLZ(B(O,R)) + ”Qb + €||L2(Rd\B(O,R)) .
1Op + €llr2o.r) = 1O6ll2B0.R) — ll€ll2cB0.R))
> 1Oll2ray — 1Ob — Ollr2(ra)

= 1Ol 2a\B0.R)) — ll€llz2B0.R)) -

From (1.47), we have ||€||.2p0 ) < B, Where B is very small. Moreover O, — Q in L*(RY), and

”Qb”Lz(Rd\B(O,R)) < ”Qb - Q”Lz(Rd) + ||Q||L2(Rd\B(O,R))’ Where ||Q”L2(R‘1\B(O,R)) — 0as R — oo.
Therefore:

Qs + €llr2Bo.R) = luoll2rey — Y0 =B — 6,

and

105 + €ll2@e\p0.8) = llell2eas0.0) ~ 15ll2e\50.0)
> |l€ell2wa\B0,R)) — 0>

where 6 — 0 as b — 0 and R — oo. We obtain finally:
2 2

+ ”u()”LZ(Rd) - ao,

2 2
”uO”LZ(Rd) 2 ”6||L2(R‘1\B(O,R))
where agp — 0 as yp — 0.

This completes the proof. O

29



1.7. BOOTING THE LOG-LOG REGIME

1.7.1 Control of the geometrical parameters

Let us now write down the equation satisfied by € in rescaled variables. To simplify the notations,
we note
O, =2+4+i0 , €=¢ +iea and ¥, = Re(WY) + ilm(P),
in terms of real and imaginary parts.
We have: Vs € R*, ¥y e RY,

b2 + Oye — M_(€) + be1)a = (% + b)Zd + 7,0+ % .V (1.58)

+ (&)@ +Te+ 5 Ve

+ Im(¥) - Ra(e).
by39 + e + Mule) + blea = (% +b)0s - 72+ % -0 (1.59)

+ (% + b)(ez)d - ys€1 + % -Ve,
— Re(') + Ri(e).

With 7,(s) = =1 — y,(s) — iaA?. The linear operator close to Q) is now a deformation of the linear

operator L close to Q and is M = (M, M_) with

2 4 4
Mo = -t + e - (75 + 1)l0ulter - (210407 e

432 4 430 4
M_(e) = -Ae + & — (W + 1)|Qh|"62 - (de—blz|Qh|")€1-
The formally quadratic in € interaction terms are:

4 4 2 4 4
Ri(©) = (& + Dle + Ol = TIQy13 — (725 + 10l e - (2510411 e

4 4 2 4 4
Ro() = (&2 + Dlle + 0ol = ZI0s1# ~ (725 + 10l 2 - 22,1041 e
We note s(0) by sg and s(7") by s*, now we have the following lemma:

Lemma 1.16. (Control of the geometrical parameters) For all s € [sy, s*), there holds:
o Estimates induced by the control of energy and momentum:
12 (€1, X+ bOy — Re(¥Yp)) + 2(€,0 — by — Im(Vp)) |
< 6o( f IVel* + f le? e M)z + r})(s o+ A2 |E(u(n)] . (1.60)
(€2, VO)I < 60 IVl 2 ray + AP ()] (1.61)

o Estimates on the modulation parameters:

A
= +b

1
2
- +|bs|sC( f IVe(s)I* + f |e(s)|2e—'>") + T, (1.62)
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1.7. BOOTING THE LOG-LOG REGIME

_ (e1, L+ Qaa) L+Qdd)
||Qd||L2

N

( f e(s) e 'y) +T, 0. (1.63)

Here 6 is a small constant 5y < 1.

We will need the following lemma ( for the proof see [MRO03] ).

Lemma 1.17. (Control of nonlinear interactions). Let P(y) a polynomial and integers 0 < k < 3,
0<1<1,0<m<?2, then for some function 6(ag) — 0 as ag — 0,

< Cpu f ()P 3,

- 00| < dtan) [ eI Y,

da" 00| _ 2—||f 2 1
(y)d’"ab _(f|€(s)|€y+ [Vel”dy)z,

°f|6|

< C([le(s)P? edy + f Vel® dy)?,

. f IF() + |(Ri(e). Za)| + | Ra(e). ©0)] < d(ao) f ()P ey + f VeP dy)?,

o [POLY. £ 0000 + [(e PO )| < 7T,

o (22, P0) £ 0,0) + (5 0. PO) £ 00)] < (0

Proof of Lemma 1.16: To prove (1.60), we rewrite the expression of energy in the € variable
. d
(€ = e (Du(t, A(1)x + x(1)) — Op):

2(e1, X + bOy — Re(P)) + 2(e2, ® — bZ; — Im(P))
= 2E(Qp) — 2% E(u(1))

432 4
\Y 2—f 1)|0s|7 €
+f| o = | Gop Tl E
4@2 4 9
— 1 d
f(deb|2+ )10ul7 &

20 2
-8 iee — F(e). 1.64
fdellebl €16 2+3f (€) (1.64)
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With

442
127 : (e + Oe)

_ 142 _ iv2 (2
F(e) = le + Qpli*2 = 10| (d )|Qb

2|Q;,|+2 2 4 ) )
o ((3+1)(3+1)z +(Zz+1)®)
2|Qb| i+

20t

412
82
—6162%—(— + l)Z@.
Ol d\d

(1.60) then follows from Lemma 1.17 (we estimate the terms in (1.64) using Lemma 1.17, and we
obtain (1.60)).
Now to prove (1.61), we rewrite the expression of the moment in the € variable:

((221 + 1)(3 L 1)0? + (% n 1)22)

P(u(t)) = Imf(Vuﬁ) = %Im( f(Ve +VOp)(e + Qb))
- l(Im( f Vee) - 2(e, V) + 2(61,VG))),
A
so that

2(e2, VI) = 2(€1, VO) + Im( fVeE) — AP(u(t)).

From ®p—o = 0 and the smallness of the L? norm of €(¢) and the control(1.8) of the momentum we
obtain (1.61).
The prove (1.62)-(1.63), it suffices to follow the proof of Lemma 3 in [MRO03]. m|

Now let

2|Qb|
10
2%';(2 2 3G - o)
41Ql
d |Qpl*

Ri(e) =Ri(e) - &

6
+ D23 2®2)
|4(d(d >ty

€ 62((3 - 1HE’O + ®3), (1.65)

s Llosli2 46,
Ro(e) = Ro(e) eleb|4(d(d+1)® +F @))

2w

d d
4104l
d g,

€l 62((3 -1)ze? + 23). (1.66)
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We define the two real Shrodinger operators:
2 4 2
Li=-A+ G+ 1Qi™y VO, Ly=-A+ 201"y V0.

To show the explosion, we will need to control bs. Note that our continuous functions (4, y, x(¢), b)
are chosen such that: .,
€ = "D (Ou(t, A()x + x(1)) — Oy

satisfy the following conditions of orthogonality:

(e1(0),2Zg) + (&(1),04) = 0, (1.67)
(e1(0),y2) + (e2(1),y0) = 0, (1.68)
—(€1(1), Ogq) + (&2(1), Zaa) = 0, (1.69)
—(€1(2), 0y) + (&(1),Z4) = 0. (1.70)

For the proof of these conditions see Lemma 2 in [MRO3], the proof is based on the implicit func-

tion theorem using that (Op)p=0 = (0]
2

and (86%)1,:0 = —i%Q.

Now we have the following one:

Proposition 1.18. There exist 69 > 0, C > 0 and 0 < 8 < 2 such that:
by > 6o( f Vel® + f le? D) — =5 — AB(s). (1.71)

Proof: To prove this proposition, it suffices to follow the proof of Proposition 3 in [MR03] and
use the control of the energy. . |

We will need to refine Q) because Q) is not an exact sel-similar solution. The basic idea is
that the profile Qj, + ) should be a better approximation of the solution. The problem is now that
{p is indeed in H', but not in L2, and we then are not able to estimate the main interaction terms.
We therefore introduce a cut version of the radiation: leave a radial cutoff function: y4(r) = X(ﬁ)
with y(r) =1for0 < r <1 and y(r) = 0forr > 2.

The choice of the parameter A(?) is a crucial issue in our analysis, and is roughly based on two
contraints: we want A to be large in order first to enter the radiative zone, i.e., % < A, and to
ensure the slowest possible variations of the L?-norm in the zone [y| = A. But we also want A not
too large, in particular to keep a good control over local L*-terms of the form flyl A el
A choice which balances these two contraints is: [ Y

A= A(t) = 50 so that T,” <A<T, >,
for some parameter [ > 0 small enough to be chosen later and which depends on 7. Now let

) ¢ =x($),
Observe that £ is now a small Schwartz function thanks to the A localization. we next consider the
new variable
E=e—/, (1.72)

33



1.7. BOOTING THE LOG-LOG REGIME

Zy still satisfies the size estimates of Lemma 2.1 and is moreover in L? with an estimate

f 27 <. (1.73)

The equation satisfied by  is now
A-C+ib(D)y=Yp+F
with
F = (Axa)p +2Vxa - Vi +iby - Vxalp. (1.74)

Now we have the following lemma (see Lemma 4.4 in [CR09] for further details):

Lemma 1.19. (Virial dispersion in the radiative regime) There exist a constants 51 > 0, C > 0
and a > 0 such that:

(fl(s))s251(I|V€IZ+fle(s)lze_'y'+1“b)

2A
-— lel> — CA2E(u(?)). (1.75)
01 Ja

with

b 1 = - -
Sl =7 lyQoll7. + Elm( f(y V&) + (2, Adre) — (€1, Adim). (1.76)

24
We now need to control the term f le|? in (1.75). This is achieved by computing the flux of
A

L?-norm escaping the radiative zone. We introduce a radial nonnegative cut off function ¢(r) such
that ¢(r) = 0 for r < % d(r)=1forr>3,1<¢'(r) < % for1 <r<2,¢(r) = 0. We then set
Ba(s.7) = B(55).

Moreover, we restrict the freedom on the choice of the parameters (7, ) by assuming / > Cn. We
have:

¢a(r)=0 for 0<r<4,
L <P, ()< S for A<r<2A,
da(r)=1 for r>3A

¢, (r) > 0,0 < ga(r) < 1.

We now claim the following dispersive control at infinity in space ( see Lemma 7 in [MRO06] for
the proof):

Lemma 1.20. (L? dispersion at infinity in space). For some universal constant C > 0, if s large
enough:

2 b 24 2 1+Cl % 2 /12
(| dale?)y2 755 | 1P =T =T, | IVel? = S5 Bu). (1.77)
A

C
Note that 1 < ¢7” thus ’bl—zE(u(t)) < 2 with 0 < 8 < 2 close to 2, thus the last term in this
estimation is small with respect to A.
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1.7.2 L*-dispersive constraint on the solution.

In this subsection, we derive the dispersive estimate needed for the proof of the blowup. The
virial estimate (1.75) corresponds to nonlinear interactions on compact sets. The L’linear estimate
(1.77) measures the interactions with the linear dynamic at infinity. We now couple these two facts
through the smallness of the L?>-norm, which is a global information in space.

Proposition 1.21. For some universal constant C > 0 and for s > 0, the following holds:

(9), < Cb rb+ f IVEl> + f &P e + f |e|2)+C E(u(1)). (1.78)
with:

8<s>=(f|Qb|2—f|Q|2)+2<e1,2>+2<eZ,®>+f(l—¢A>|e|2

- @ bfi(b) - f Fivadv + b((€, M) ~ (61,A€zm))) (1.79)

Here ¢ > 0 denotes some small enough universal constant and:

- b 1 .=
Fi) = T b0 + 5 m( f VD). (1.80)

Remark 1.22. Here the range of parameters is more restricted and yields: there existn*, I*, Co > 0
suchthat¥ 0 <n<n*, YO0 <[ <1I"suchthatl > Con, there exists b*(n, [) such that V¥ |b| < b*(n, 1),
the estimates of this proposition hold with universal constants.

Remark 1.23. The gain is that we now have a Lyapunov function 3 in H'. Remark that in a
regime when € is small compared to b in a certain sense, 3 ~ fIQbIZ - \lel2 ~ b from (1.36)
and (1.78) forces b to decay.

Proof: Multiply (1.75) by 200 b and sum with (1.77). We get

61b 6%b N o b [
( f b4 |e|2)x+8§ﬁ(f1>sz 200 f |Ve|2+ f e ™) + 255 f lel?

051b
- E —F2 \Y 1.81
+ E, - B f Vel (1.81)

We first integrate the left-hand side of (1.81) by parts in time:

b
b(fl)s=(bf1(b)— fo fl(v>dv+b((ez,(§;e>d)—(el,@fm)d)))v
= by((€2. (re)a) = (€1, (Lim)a)). (1.82)
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where fi given by (1.80). (1.82) now yields

b
f ¢ lel® + @(bfl (b) - f Fivadv + b((€, (L) — (61,(§;m)d)))

2A
7 f veP + f & e + f ) + C‘Slbrb—c _E(u(t)
- 800 A 1000

1 f Ve + rbsby((e2, G) = (61, G

We now inject the expression of the L?-norm:

f le[* + f |0 +2(e1,%) + 2(&2,0) = ™ f luol* dx,
fm |e|2=f|e|2—f<1—¢A>|e|2,
we compute:

(f¢A|e|2)s=—((f|Qb|2—f|Q|2)+2<el,2>+2<ez,®>+f(l—¢A>|e|2)‘
+(f|u0|2 e—ZaI)S
- (f|Qb|2—f|Q|2)+2<el,2>+2<ez,®>+f<1—¢A>|e|2)

— 2a2%e™ 2 ||u|?

but

L2R4) "

Thus, we get

61b 24 c51b 22
(-9) > ‘— f Vel + f &% e + f |€|2)+ Ty — C= E(u(r)
800 N 1000 °~ "2

-T; f |Ve|2+%b (&, (Ge)a) — (€1, (Cm)a)) — Col®. (1.83)

‘We now have

1 1
I’ f Vel> < T2(0, " + f IVeP),

from the assumption / > Cn. Next, we estimate from (1.62):

~ ~ e _
e G - @1 G <73 N [we 4 [ e e 4 c2B@)
Injecting these estimates into (1.83) yields (1.78). This concludes the proof of the proposition. O

Note that now from (1.78) we obtain:
(B(s))s < -CbI'y, + C E(u(t)) < - Cbe <0.
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1.7.3 Proof of the Bootstrap (Proposition 1.12)

f2=(f|Qb|2—fQ —@ bfi(b) - fﬁ(v)dv

it satisfies(using the smallness (1.73) of { in L?)

Let f> be defined by:

do _dfa
Vel de —— |20 < Cd, (1.84)
with dy defined by :
0< ﬁ([|Qb| Mp2=0 = do < +o0. (1.85)

Now as a consequence of the control (1.60) and of the coercivity of the linearized energy under
the chosen set of orthogonality conditions, we have the bounds:

> -+ L([ Vel + [|el* ™)
(S(S) - f2(b(S))){ < CAbz( f |Vg|2 4 f|€|2 e_|y|) n FIIJ_CI. (186)
Indeed,
I(s)— falb(s)) = 2er. D) + 2, ) + f (1 - ¢2)leP
o1b
- S‘W((ez &) - (el,@m)d)) (1.87)

From the estimates on Z of Lemma 1.11, the choice of A, we have:

1_ A 1
(2. Greda) = (€1, Gim)a)| < T} Cn(jo‘ el )?

< AT, 4 ( f IVel? + f le[? e
<T, 4+ C( f Vel* + f l€l* 7).

The other term in (1.87) is estimated from the expression of energy:

2(e1, X + bOy — Re(P)) + 2(e2, ® — bZ, — Im(P))
=2E(Qp) - zﬁE(u(r))

f| Vel - f( S+ DIl €
1Ol
®
_f(chbF DI &

—8[2 05l €16 — — fF(e)
J107 bld €162 P ,
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which can be rewritten as :

2e,5) + 2e 0) + f (1= ) leP = (Loer,e)) + (Ler, &) — f oa leP
+ 2(e1, Re(P)) + 2(ep, Im(WY)) + 2E(Qp) — 2/12E(u(l‘))

432 4 4 4
—f( 010 - G+ D)

d1Qs?
4@2 4 4\ 9
_f((chbF Hhle - o )62
20 4 2
_Sfd|Qb|2 o 6162_2+§IF(6)'

‘We first estimate:

(€1, Re(P))| + (€2, Im(¥))| + E(Qp) + 2% |E(u(2)]

< +T( f IVel* + f le* e™P).

The cubic term f |F(e)| and the rest of the quadratic form are controlled by 6(ag)( f |Ve|2 +

j‘lel2 e ™y + T+ we thus obtain:

'S(s) — fa(b(s)) - ((L+61, )+ (Lo, e) - f (@) lel? )

< 6(C¥0)(f|V6|2 + f|6|2 LOFS yu

The upper bound follows from:

f (1 — ¢a) lel* < CA?logA( f IVel” + f lel? 7). (1.88)

For the lower bound, we use the elliptic estimate on L = (L4, L_) (for the proof see Appendix D
in [MRO6]), this ends the proof of (1.86).
We are now in a position to prove the pointwise bound (1.52):

2

3

Vel* + f el ™™ < ).
Let 5o € [sg,s%], if by(sp) < 0, then (1.52) follows directly from (1.71). If by(sy) > 0, let

s1 € [s0,sT] be from s, such that by(s;) = 0, then either s is attained or s; = sp. In both cases,
we have using (1.20):

3
f Ve(sD)P? + f eGP e <y
and thus ;
I(s) = falb(s1) ST, (1.89)
from (1.86) and for / > 0 is small enough. Moreover, bg > 0 on [sy, s2] and thus:

b(s2) = b(sy).
(1.90)
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We now use the Lyapunov control (1.78) to derive:

I(s2) < B(s),
we then inject (1.86), (1.90) and (1.89) to conclude:

1 Iy -
ooz + o [ WetsP+ [letsf ) < 3+ TG
2
< fa(b(s1)) + Ty + Ty < fa(bs1) + 2T,
The monotonicity (1.84) of f> in b and (1.90) now imply:
2
IVe(s)> + | le(sa)? e™ < Lo

which implies that Equations (1.52) holds at s;,. This concludes the proof of (1.52).
Now we are going to prove the upper bound on blowup rate:

From (1.71) we obtain:

by 2 -, 5", (1.91)

In particular:
1-Cn

2b? <1

(e70), < e -

_z
asI', ~ e7 7, and therefore
Vs g
el < eb0 45— 509 < S,

thus from (1.91) and the value of so(we take s¢ = e%).
Finally, Vs € [so, s7[,

T
b(s) = , 1.92
(s) 3 Tog(s) (1.92)
we now rewrite the estimate (1.62) using (1.52) as follows
A 1
7+b <r,. (1.93)
Thus:
b A
- < —— <2b.
2 A

We integrate this in time and get: Vs € [so, s*],

1 TS S0
—log (A(s)) = —log A 5 | b=-logd 4\ ogs '
og (A(s)) = —log A ((so)) + 2fs0 > —logA(so) + 4(1ogs logSo)

Now from (1.18):
2 4
—log (2(0)) > ™0 = s,
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and thus

—log (A(s)) > —% log ((0)) + _T e A(s) < A3(0)e i, (1.94)

This also implies: ¥s € [so, s2[,

—log (A(s)) = 4_1 1— > Vs (1.95)

and taking the log of this inequality yields

T

log[log (A —1 L 4log [logA(s)|
og [log (1| = Flog(s). e b= g m

(1.96)
using (1.92). Therefore (1.49) is proved.

Now we are going to prove the monotonicity of 1: We turn to the proof of (1.50) and (1.46).
From (1.49), (1.62) and (1.52), there holds:

As
-= >
P

/1(S2) f f 1
/1(S1) 5 10g(S) (197

This prove (1.50). To prove (1.46), we let [#, tx+1] be a doubling time interval, then from (1.97):

o Alt) __dt
log(2) = —log(——== A1) )23 f 2 (log(s(t))

SN

and thus: V1, s2 € [so, 571,

and thus
C(tg+1 — 1) S C(tgs1 — 1) S C(tge1 — 1)

~ (log(s(tka1)) — 22(t)log [log(Atee1))| — A(t)logk
and (1.51) follows.
The upper bound on b is a direct consequence (1.36). The lower bound b > 0 follows from (1.96).

Now we prove the blowup in finite time. We observe from (1.95) that
+00 4 —+00 s
T = f A2(s)ds < 13(0)(C + f e 305 ds) < 4o,
0 2

Moreover, from (1.52),

el 1 (raty ~

A0
and thus the local well-posedness theory in H! ensures A(f) = Oast — T.
The convergence of the concentration point is a consequence of (1.63), (1.95) and (1.52) which

imply:
tmpy +00 +00
f |xs|ds < Cf A(s)ds < +oo.
S0 S0
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1.8 Determination of the blow-up speed

In this chapter, we prove that the blow-up holds with the log-log speed.

Observe from (1.86), (1.52) and (1.49) that:

2
? < J(s) < Ch*(s).

Together with (1.78), this implies:

_c
(J),<e V5,

integrating this in time yields:

b(s) < CVI < ¢
log(s)

for s large enough. Integrating now (1.93) in time, we conclude that

s

—log(A(s)) < C f Sb +C<C
50 log(s)

for s large enough, and thus together with (1.96):
1

- < blog [log(D)] < €.
Now
—(A’log [loga|), = —A4,log |log()| (2 + m)
- _(% + b)log |log]| (2 + m)
+ blog|log| (2 + m)
From (1.93)

1 T
(75+b)logllog/l| < f (b*1og [loga]ydr.
t

r

Injecting this into (1.99) integrated from ¢ to T and using (1.98), we conclude that

T-t
— S A(Hlog|logA()| < C(T - 1)
from which
1 T—1t > T—1t >
YTt Y e Tt
Cl\log |10g(T - t)| log |10g(T - t)|
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1.8. DETERMINATION OF THE BLOW-UP SPEED

for ¢ close enough to 7.
But
26(T — 1) = 22,

and thus:

1 1 1
- <)< C— .
C log|log(T - 1)| <by< log [log(T - 1)|

From this we obtain:

é log(T - 1)|log [log(T — 1)| < (1) < C [log(T - 1)| log|log(T - 1)|.
This prove (1.4). m]

Remark 1.24. Following the ideas in [MRO5], we can also prove the existence of a L*-profile at
blow-up point. More precisely there exists u* in L>(R?) (L?-profile) such that:

x—=x(t)
A(?)

1 .
u(t, x) — —— Opr(t, )e?D — w* in AR, t > T. (1.102)
A5 (1)

Proof of Corollary 1.8: Let S (¢) be the propagator for the linear equation:
O +Au=0, (tx) € [0,c0[xR?.

The Cauchy problem for (1.1) with u(0) = uy € H'(R?) is equivalent to the integral equation:

u(t) = S(ug + if S(t- s)(lu(s)lgu(s) + iau)ds.
0

We know from Lemma 1.14: there exist T'(||uol| g1 re)) > O such that:
Y0 <a < 1, llullpoqo, .y < 2 1uollgrray -
Let u a solution for (1.1) and v solution for (1.2) we have:

u—v=SOuo—vo) +i fo S(t = $)(Ju()1uls) — ()] v(s))ds

t
+ iaf S(t—u()dr .
0
By Strichartz we obtain (see the proof of Lemma 1.14):
et = Vllzeoo. 71,01y < lluo = vollg rey
4 4
+ CaT ||u||L°°([0,T];H1) .
Thus for 71 = Min(T (|luoll g1 ra))» T (IVoll g1 ray)) We obtain V 0 <t < T1:
llee = Vil 0,101y < o = vollgi (e

4 4
+ CT7 (lluolly, + Ivoll ) llee = Vllzsso,r1:m)

+ CaT |lullp=o,17:11) -
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4

. 1 4 4
Now for T = sMin(Max™ (luoll?,, , Ivolly,,), T1):

1
”M - v||L°°([0,t];H1) < ||I/l() - VO”Hl(Rd) + 5 ”M - V||L°°([O,t];H1)

+a,

thus
[lu — VllLoo([OJ];Hl) < lug — V()”Hl(Rd) +a. V0<t<T,.

Thus the map (a,$) — u(-,a, ¢) is continuous in (0, up) from R X H'(RY) to C([0, T>], H' (RY)).
Since T, only depends on |{uol| g1 ra), this continuity extends to any interval [0, 7] in the maximal
interval of existence of u.

We know after a time fy closed to blow-up time of u with the initial data u, that u(zy) verifies C.I,
and by continuity v(#g) verifies also C.I (the conditions C.I are stable by a small perturbations in
H"), then we obtain from Theorem 1.7 the blow up of v with the initial data v(#y) for (1.1).Therefore
the solution of (1.1) emanating from vy blows up in finite time in the log-log regime. m|
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Chapter 2

On the L?-critical nonlinear
Schrodinger equation with a nonlinear
damping

2.1 Introduction

In this chapter, we study the blowup and the global existence of solutions for the focusing NLS
equation with a nonlinear damping (NLS ap):

iy + Au + ul2u + ialulPu = 0, (1, x) € [0, o[ xR, d = 1,2,3, 4. @1
u(0) = up € H'(RY) ’

with initial data u(0) = ug € H'(RY) where a > 0 is the coefficient of friction and p > 1. Note that
4 4
if we replace +|u|du by —|u|<u , (2.1) becomes the defocusing NLS equation.

Equation (2.1) arises in various areas of nonlinear optics, plasma physics and fluid mechanics.
Fibich [FMO1] noted that in the nonlinear optics context, the origin of the nonlinear damping
is multiphoton absorption. For example, in the case of solids the number p corresponds to the
number of photons it takes to make a transition from the valence band to the conduction band.
Similar behavior can occur with free atoms, in this case p corresponds to the number of photons
needed to make a transition from the ground state to some excited state or to the continuum.

The Cauchy problem for (2.1) was studied by Kato [Kat87] and Cazenave[Caz(03] and it
is known that if p < d;iz’ then the problem is locally well-posed in H!'(R?): For any uy €
H'(RY), there exist T € (0, o] and a unique solution u(f) of (1.1) with u(0) = up such that
u € C([0,T]; H' (R?). Moreover, T is the maximal existence time of the solution u(f) in the
sense that if 7 < oo then zll»n% (Ol g1 gty = 0.

Let us notice that for a = 0 (2.1) becomes the L?-critical nonlinear Schrodinger equation:

{ iu,+Au+|u|f7u:0 2.2)

u(0) = uy € H'(RY)
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For uy € H', a sharp criterion for global existence for (2.2) has been exhibited by Weinstein
[Wei83]: Let Q be the unique positive solution to

AQ + QI0l7 = Q. 2.3)

For ||ugll;2 < ||Qll;2 , the solution of (2.2) is global in H ! This follows from the conservation of
the energy and the L? norm and the sharp Gagliardo-Nirenberg inequality:

fl |2) )

1 1 f 2
Yue H ,E(u) > 2( [Vu| )(1 fIQIZ

where
1 d +2
E() := Z|IV = ———|Jull? 2.4
(u) 2II uII yn 2dII |I (2.4)
On the other hand, there exist explicit solutions with |lugl|;2 = ||Qll;2 that blow up in finite time
T € R with |[u()||g ~ ﬂ

In the serie of papers [MR02a, Rap05], Merle and Raphael have studied the blowup for (2.2)
with ||Qll;2 < lluoll;z < 1Qll2 + 6, & small and have proven the existence of the blowup regime
corresponding to the log-log law:
log [log(T - 1)|\3

o)y ~ (%) 2.5)
In [Dar12a], Darwich has proved in case of the linear damping (p = 0), the global existence in H'
for |luoll;2 < ||Qll;2, and has showed that the log-log regime is stable by such perturbations (i.e.
there exist solutions blows up in finite time with the log-log law).
Numerical observations suggest that this finite time blowup phenomena persists in the case of the
nonlinear damping for p < 3 ( see Fibich [FMO1] and [PSS05]). Passot and Sulem [PSS05] have
proved that the solutions are global in H'(R?) in the case where the power of the damping term
is strictly greater to the focusing nonlinearity. The case where the power of the damping term is
equal to the focusing nonlinearity, "small damping prevents blow-up ? "was an open question for
Sparber and Antonelli in their paper [AS10] and for Fibich and Klein in their paper [FK12]. Our
results give an answer to their open problem, at least for the L*-critical case. In fact, our aim in
this paper is study for each value of (d, p), the existence of blow-up solutions as well as global
existence criteria. In particular, we will be interested in the stability of the log-log blow-up regime
by such perturbations.
Let us now state our results:

Theorem 2.1. Let ug in H' (RY) withd = 1,2,3,4
1. ifﬁ >p> g, then the solution of (2.1) is global in H'.

2. if1<p< 2—‘1 and 1 < p < 2, then there exists 0 < a < ||Q||;2 such that for any ug € H' with
lluoll;2 < @, the emanating solution is global in H'.
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2.2. GLOBAL EXISTENCE.

3. ifl<p< %, then there does not exists an initial data uy with ||ugll;2 < [|Qll;2 such that the
solution u of (2.1) blow up in finite time T > 0 by satisfying

1
T _1p< IVu(@®llz2(ra) T — e
2—Bpd

forany,Be]O,%[ and 0 <e< Sipd -

4. if1<p< %, then there exists 6o > 0 such that Ya > 0 and Y6 €]0, 5[, there exists ug € H'
with ||lugll;2 = ||Qll;2 + 6, such that the solution of (2.1) blows up in finite time in the log-log
regime.

Remark 2.2. Note that, part (3) of Theorem 2.1 proves in particular that we don’t have the blowup
in the log-log regime for any p € [1, %[ and in the regime %for d=1and1 < p <2, for initial
data with critical or subcritical mass.

In the "critical" case p = i—‘,, we have more precisely :

Theorem 2.3. Let p = %, then the initial-value probem (2.1) is globally well posed in H*(RY),
s > 0. Moreover, there exist unique u, in L? such that

lu(., 1) — e™uyll;2 — 0, t — +00, (2.6)

where '™ is the free evolution.
Remark 2.4. Theorem 2.3 and parts (1) -(3) of Theorem 2.1 still hold in the defocusing case.

Remark 2.5. Note that if u(t,.) is a solution of (NLS ;) then u(—t,.) is a solution of (NLS _ ),
then we dont have the scattering in —oo, because this changes the sign of the coefficient of friction.

Acknowledgments. I would like to thank my advisor Prof. Luc Molinet for his rigorous
attention to this paper, Dr. Christof Sparber for his remarks and Prof. Baoxiang Wang for having
given me the reference of Lemma 2.8.

2.2 Global existence.

In this section, we prove assertions (1) and (2) of Theorem 2.1 and Theorem 2.3. To prove part
(1), we will prove that the H'-norm of u is bounded for any time. To prove part (2), we use
generalised Gagliardo-Nirenberg inequalities to show that the energy is non increasing. Finally to
prove Theorem 2.3, we etablish an a priori estimate on the critical Strichartz norm.

Theorem 2.6. Let p > 1 ford=1,20r1 <p < ﬁford > 3, then the initial-value probem (2.1)

is locally well posed in H LRY)( If p < ﬁ the minimal time of the existence depends on ||uo||g1.) -

Proof: See [Caz03] page 93 Theorem 4.4.1.

To prove the following proposition, we will proceed in the same way as in the section 3.1 in
[PSSO05].
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2.2. GLOBAL EXISTENCE.

Proposition 2.7. Let u be a solution of (2.1) and J%z >p> 3 then

-4
pd-3),

(
V)|l 2y < VUl 2gaye "

Proof: Multiply Eq. (2.1) by -Au , integrate and take the imaginary part, this gives
1d 4
3d fIVulzdx +a f P |Vul* + aR qulquVﬁdx = _Zs fuvﬁ‘x(uvu)mﬁ—% 2.7)

In the Lh.s, a simple calculation shows that the third term rewrites in the form % f |u|p‘2(V|u|2)2.Equation
(2.7) becomes:

1d 2
ST f IVul’dx + a f |u|P|vu|2+a§ f lulP2(Vu)? < - f |4 Va2, (2.8)

To estimate the r.h.s of (2.8), we rewrite it as ( p > 3)

4 2 4 8 -8
el 2 |Vul™ = | |ul?[Vul#?|Vul™ .

Now by Holder inequality we obtain that

f ) [Vuf? < ( f ul? V) ( f V) "5

Then inequality (2.8) takes the form:

d 4 4 a4
() + 2av(0) < 2v(z)/?‘dw(z)l 3

where w(t) = f |Vu|? and v(r) = f ul?|Vul®.

Using Young’s inequality ab < ea? + C e_qlflbq/, ad

=1, withg = pTd and € = £ we obtain :

+ p)

1., 1
q q
4 iy <Ca Fwin
—w a w(t),
dt -

pd—4

where C =C, 4 = T

This ensures that:
Ca(_Pét4)t
w(t) < w(0)e .0

This show that the H'-norm of u is bounded for any time and gives directly the proof of part one
of Theorem 2.1 in the case p > 4/d.

Now we will prove the global existence for small data, for this we will use the following general-
ized Gagliardo-Niremberg inequalities (see for instance [Fri76]):

Lemma 2.8. Let g, r be any real numbers satisying 1 < g, r < oo, and let j, m be any integers
satisfying 0 < j < m. If u is any functions in Cg’(Rd), then

. .
1D ullrs < CIID™ ullflully™
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2.2. GLOBAL EXISTENCE.

where

1 1 m 1
-==+a(--—-)+(1-a)-,
s d a(r d) ( a)q
for all a in the interval
S <a<l,
m
where C is a constant depending only on d, m, j,q,r and a.

As a direct consequence we get :

Lemma 2.9. Let 1 < p <2and v € C3(R?) then:

f a2+ < C( f V(v 5HPR) x ( f M2)i.

where ¢ > 0 depending only on d and p.

4
Proof: Take s = %zzp, q= HLB r =2, j=0and m = 1,then by Lemma 2.8 we obtain that:
2 2

8

4+2p d
+ 442p 8+4+2p
ul 4., < CIVUlS
L 1+2 L1+g
. 14 .
Taking u = |[v|'*2, we obtain our lemma. ]

Now we can prove the following proposition:

Proposition 2.10. Let 1 < p < 2. There exists 0 < a = a(p,d) < ||Q||;2 , such that for any ugy € H!
with |luoll;2 < @, it holds

d
EE(M(I)) <0, Vr>0.
where the energy E is defined in (2.4).

Proof: We can check that

d PR, 4 p2
S0y =a(C, [ - — [ rvu5p)

and by Lemma 2.9 we obtain

d p+2 2
 E) < a f 9l FHRCHC f )i — ),

(p+2)?
Choosing @i < (wi;z)z#’ and using that |[u(f)|[;2 < ||luol|;2 for all # > O (see 2.14 below) we get
the result. m|
Now the proof of part (2) of Theorem 2.1 follows from the sharp Gagliardo-Nirenberg inequality :

[ lu |2
[10r )

Proposition 2.10 together with the above inequality ensure that the H'-norm of u is uniformly
bounded in time. This leads to the global existence result for small initial data when 1 < p < 2.

Yue H', E(u) > (fIV M- (—
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2.2. GLOBAL EXISTENCE.

2.2.1 Critical case ( p = 3)

Now we will treat the critical case and prove Theorem 2.3. First let us prove that, if the solution

blows up in finite time 7', then ||u|| 4., 4., = 400
Lad™([0,T;LE ™ (RY))

Proposition 2.11. Let u be the unique maximal solution of (2.1) in [0,T*); if T* < oo, then

lull o qo,71,L) = 00 where o = 3 +2.

To prove this claim, denoting by S(-) the free evolution of the linear Schrodinger equation
and defining the notion of admissible pair in the following way : An ordered pair (g, r) is called
admissible if %] + ‘;l = %, 2 < g < oo, we will use the following proposition:

Proposition 2.12. There exists § > 0 with the following property. If uy € L*(R?) and T € (0, o]
are such that ||S (Duolleqo,r1.Ley < O, there exists a unique solution u € C([0, T1,L2(RY)) n
L7([0,T], L7 (R%)) of (2.1). In addition, u € L4([0, T1, L"(RY)) for every admissible pair (q,r); for
t € [0, T).Finally, u depends continuously in C([0, T, L*(R")) N L7 ([0, T1, L (R%)) on uy € L*(R%).
If ug € H'(RY), then u € C([0, T], H'(R?)).

See [CW89] for the proof.

We need also the following lemma ( see [CW89]):

Lemma 2.13. Let T € (0, 0], let o = §+2, and let (q, r) be an admissible pair. Then, whenever u €
Lo([0, T1, L7 (RY)), it follows that F(u) = —ift S - s)(lulgu +ialulPu)ds € C([0,T], H'RY) N
L40,T,L" (Rd)). Furthermore, there exists K, Oindependent of T, such that

4 4
d d
WY = Fulleaqo,riery < KWlly, 40 70 ro@ay  Weqo 7o @ay 1~ Viizrqorizz@a) (2.9)

foreveryu,v e L°(]0,T], L7 (R%)).

Proof of Proposition 2.11:

Let ug € L2(R?). Observe that||S (.)uollze.7..7y — 0 as T —> 0. Thus for sufficiently small
T, the hypotheses of Proposition 2.12 are satisfied. Applying iteratively this proposition, we can
construct the maximal solution u € C([0, T*), L>*(R9))) N L7 ([0, T*), L (RY)) of (2.1). We proceed
by contradiction, assuming that 7" < oo, and ||u|lzrqo,r;,Le) < oo. Let t € [0,T*). For every
s € [0,T* — t) we have
S(u(t) = u(t + s) — F(u(t+-))(s).

From (2.9), we thus obtain
IS Oullzeqo,r+—0,L7@eyy < ullerqereee) + K(”””L"(]I,T*[,L"))%+1
Therefore, for ¢ fixed close enough to T, it follows that
IS OuOll e (0,741, L7 Ry < O
Applying Proposition 2.12, we find that u can be extended after 7%, which contradicts the maxi-

mality.
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Corollary 2.14. For p = j—;, the solution of (2.1) is global.

Proof Multiply equation (2.1) by u, and take the imaginary part to obtain:
d 442
I, + 20”“”2;2 = 0.

Hence YVt e R,
442

[l

1 2
< —lluolly,-
L%+2[0,I[L%+2(Rd) 2a L?

The global existence follows then directly from Proposition 2.11. Now to finish the proof of
Theorem 2.3, we will prove the scattering:
Let v(t) = e " u(f) := S (—t)u(r) then

V(t) = up + i f S (=5)(|u(s)| 7 u(s) + ialu(s)|d u)ds.
0

Therefore for 0 < t < 7,

W) —v(t) = i f S (=) (u(s)|7 u(s) + ialu(s)| u)ds.

It follows from Strichartz’s estimates that:

T 4 . 4 441
V@) —v(ll2 = ||zf S(=s)(u(s)|7u(s) + ialu(s)|duw)ds|l2 < C || u II“Q , :
T La*([1,r]xXRY)

The right hand side goes to zero when t,7 — +co, then scattering follows from the Cauchy
criterion.
This completes the proof of Theorem 2.3.

2.3 Proof of part (3) of Theorem 2.1

Special solutions play a fundamental role for the description of the dynamics of (NLS). They are
the solitary waves of the form u(¢, x) = exp(it)Q(x), where Q solves:

AQ + QI0l7 = 0. (2.10)

The pseudo-conformal transformation applied to the stationary solution e Q(x) yields an explicit
solution for (NLS)

1 N
S(t,x) = — Q(D)e i
ez 1
which blows up at 7 = 0.
Note that |
ISz = 11Qllz2 and VSOl ~ 7 (2.11)

It turns out that S (¢) is the unique minimal mass blow-up solution in H' up to the symmetries of
the equation ( see [Mer93]).
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On the other hand, a known lower bound ( see [Caz03]) on the blow-up rate for (NLS) is

Va2 > 5;”_0) 2.12)

Note that this lower bound is strictly smaller that the blow-up rate of S(¢) given by (2.11) and
the log-log one given by (2.5). The assertion (3) of Theorem 2.1 enables to exclude some blow-up
rates for initial data with critical or subcritical mass. To prove this assertion, we will need the
following theorem (see [HKOS5]):

Theorem 2.15. Let (v,), be a bounded family of H Y(RY), such that:

limsup [[Vv,ll;2ray < M and limsupllvnllL

n—+oo n—+oo

m. (2.13)

%+2 2

Then, there exists (x,), C R? such that:

V(- + x,) =V weakly,

d
: d \dm2t4
with IVll2way Z (7i7)* mM%+ 1Ol 2Ra)-

Let us recall the following quantities:

L2-norm : ||u(t, x)||;2 = f lu(t, x)|*dx.
442
Energy : E(u(1, %)) = 3|[Vull?, - ﬁ,uunz%ﬂ

Kinetic momentum : P(u(t)) = Im( | Vuu(t, x)).

Remark 2.16. It is easy to prove that if u is a solution of (2.1) on [0, T given by Theorem 2.6,
then for all t € [0, T it holds

d
L Juto)lz = ~2a f 2, 2.14)
dt
4 g _ A a2 2.15
7 Ew®) = —alllu>Vul, - p”u”L%ﬂer) (2.15)
and 4
EP(u(r)) = —2alm f WulPVu. (2.16)
where C p = 4+42f2+ dp d.

Now we are ready to prove part (3) of Theorem 2.1:
Suppose that there exist an initial data ug with ||ugl|l;2 < ||Qll;2 , such that the corresponding
solution u«(f) blows up with the following law

S IVudllzzwey S

1
(T — 1) (T —t)p+e’
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where 8; 0 <8 < B(p,d) = % and 0 < e < 322
Recall that ,
E(?) = E(ug) — a f Ku(t)dr, tel0,T], (2.17)
0

where K(u(9) = (lu® Vul2, - C,llu ||Z*2+P>

By Gagliardo-Nirenberg inequality and (2.14), we have:

+2+

E(u(t) < Euo) + f ull?? 5 1vuls < Ewo) + f wuls®

By the choice of €, we obtain that

f IIVM(T)IIL2 1
< im(T — £)2@Prd=€@+pd) — () (2.18)
t—>T ”Vu(t)“LZ(R(/) =T
bt IVOIl
2(Rrd
p@) = LR and v(t,x) = p%u(t,px) .

IVu)ll 2

Moreover, let (f;)r be a sequence such that ¢ — T and set p; = p(#) and vy = v(#,.). Clearly
pr — 0 as k — oo and the family (v¢); satisfies

Vil 2y < lloll2gay < 1Ql2rey  and  [IVVill2@ay = IVOI 2Ry -
®9) ®%) ®%)

Remark that . lim E(v) = 0, because:
—>+00

il? t
(flV ka|2 ) E(Vk):p]%E(uo)—ap,%f K(u(r))dr

2
< E(uo) + f IVu(oIl,
¢ ||Vu<rk)||§2 = e

which tends to zero with k according to (2.18). This ensures that

d+2 d

+2
IIkaI —=|Ivol L2(®d) - (2.19)

The family (v;); satisfies the hypotheses of Theorem 2.15 with

4 d +2
mi*? = —Z|VOI7, .. and M = VOl 2@,
L*(R%)

thus there exists a family (x;);y € R and a profile V € H'(R) with ||V|| 2®d) = |Ollz2ray, such that,

d
piulte,pi- +x) = V€ H'  weakly. (2.20)
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Using (2.20), YA > 0

lim inff p,dllu(tn,pnx + x,,)lzdx > f |V|2dx.
B(0,A) B(0,A)

But lim;,— 4 o pi = +o0. Hence, p,A < 1 for n large enough. This gives immediately:

lim inf sup f lu(ty, X)[*dx > lim inf f |, X)dx > f IV|2dx.
=400 yeR Jx—yl<l1 =400 Jix—x,|<p,A |x|<A

Since this is true for all A > 0 we finally obtain

lim inf sup f |y, X)|>dx > f 0% . (2.21)
lx—yl<1

n—+oo yeR

Noticing that (2.14) implies that ¢ — |[u(#)||;2 is decreasing as soon as u is not the null solution,
we get
. 2 2
lioll 2 > lim inf sup f u(tn, X)Pdx > QI
lx=yl<1

n—+oo yER

This completes the proof of assertion (3) of Theorem 2.1 .

2.4 Blow up solutions.

In this section, we will prove the existence of the explosive solutions in the case 1 < p < 4/d.

Theorem 2.17. Let 1 < p < 4/d. There exist a set of initial data Q in H', such that for any
0 < a < ag with ag = ay(p) small enough, the emanating solution u(t) to (2.1) blows up in finite
time in the log-log regime.

The set of initial data € is the set described in [MR02a] in order to initialize the log-log regime.
It is open in H'. Using the continuity with regard to the initial data and the parameters, we easily
obtain the following corollary:

Corollary 2.18. Let | < p < 4/d and uy € H' be an initial data such that the corresponding
solution u(t) of (2.2) blows up in the loglog regime. There exist Sy > 0 and ag > 0 such that if
vo = ug + ho, |lhollg1 < Bo and a < ag, the solution v(t) for (2.1) with the initial data vo blows up in
finite time.

Assertion (4) of Theorem 2.1 now follows directly from this corollary together with the results
of [MR02a] on the L?-critical NLS equation and a scaling argument in order to drop the smallness
condition on the damped coefficient a > 0.

To prove Theorem 2.17, we look for a solution of (2.1) such that for ¢ close enough to blowup
time, we shall have the following decomposition:

1 x—x(1)
Qv + 1, 0

u(t, x) = )e'r®, (2.22)

A5 (f)
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2.4. BLOW UP SOLUTIONS.

for some geometrical parameters (b(), A(¢), x(t), y(t)) € (0, 00) X (0, 00) X R? x R, here A(t) ~
m, and the profiles O are suitable deformations of Q related to some extra degeneracy of
L
the problem.

Note that we will abbreviated our proof because it is very very close to the case of linear
damping (p = 0 see Darwich[Dar12a]). Actually, as noticed in [PRO7], we only need to prove
that in the log-log regime the L? norm does not grow, and the growth of the energy( resp the
momentum) is below /1—12 (resp %) . In this chapter, we will prove that in the log-log regime, the
growth of the energy and the momentum are bounded by:

Eu(®) < logANAD)~%, Pu()) < log(A) @)~ .

Let us recall that a fonction u :[0, 7] — H! follows the log-log regime if the following uniform
controls on the decomposition (2.22) hold on [0, T']:

e Control of b(t)

b(®) > 0, b(r) < 10b(0). (2.23)
e Control of A:
At) < ee™ (2.24)
and the monotonicity of A:
3
A) < 5/1(;1),\7' 0<t <K <T. (2.25)

Let ko < k. be integers and T* € [0, T] such that

1 1 +

o <A0) < o1 ok AT < ST (2.26)
and for kg < k < k., let #; be a time such that
1

Alt) = % (2.27)

then we assume the control of the doubling time interval:
feet — tx < k(1) (2.28)

o control of the excess of mass:
1

[vewr+ [ewet <, 229)
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24.1 Control of the energy and the kinetic momentum in the log-log regime

We recall the Strichartz estimates. An ordered pair (g, r) is called admissible if % + % = %,
2 < g < oo. We define the Strichartz norm of functions u : [0, T] X R +— C by:
lllsoqorixrey = suplullzopr o, 71xm0) (2.30)
(g,r)admissible
and
||”||Sl([0,T]><Rd) = sup ||V”||L7L§([0,T]><Rd) (2.3D)

(g,r)admissible

We will sometimes abbreviate S’([0, 7] X R?) with S’ or S§°[0,T], i = 1,2. Let us denote the
Holder dual exponent of ¢ by ¢’ so that é + % = 1. The Strichartz estimates may be expressed as:

llullgo < lluoll2 +11(i0; + Aull (2.32)

’
q rr
L L}

where (g, r) is any admissible pair. Now we will derive an estimate on the energy, to check that it
remains small with respect to 172

Lemma 2.19. Assuming that (2.23)-(2.29) hold, then the energy and kinetic momentum of the so-
lution u to (2.1) are controlled on [0, T] by:

E@(®)] < Clog(At) A ), (2.33)

IP(u(t))] < Clog(ANAM' ™). (2.34)

To prove this lemma, we shall need the following one that follows from the classical well-
posednes theory (see for instance [Caz03].

Lemma 2.20. Let u be a solution of (2.1) emanating for ug in H'. Then u € C([0, AT1, H") where

ﬁ
AT = ||u0||L‘2’ ||u0||1_121, and we have the following control
lellsopss+ary < 2 Nuollzz , Nells iy svary < 2 luoll g ray -

Proof of Lemma 2.19: According to (1.51) each interval [#, fx+1], can be divided into k intervals,
[T]J(, T{rl] such that the estimates of the previous lemma are true. From (2.15) and the Gagliardo-
Nirenberg inequality, we obtain that:

d
2+ 5
12

4 rd
atP—7

d
7 E®) < llll, IVull

Using (2.14) this gives

Jj+l ”
pa
2+5

A wanai<c [
ff{ o (u(@®))dt < fT IVu@Il,, *

kJ
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2.4. BLOW UP SOLUTIONS.

then by Lemma 2.20, we obtain that:
T+l d _2_&1
f. —E(u(n))dt < C(rpm — 1) 2 (1)
o dt

Note that le:l - Ti ~ ﬂz(Ti) ~ A2(t), then

J+1

T d pd
f - —E@)dt < CA 7 (t)
o dt

Summing from j = 1 to J; < CK, we obtain that:
Ji T£+1 d pd
Z f S Eu()dr < CkA™ 2 (1)
A

Now taking 7* = T and summing from K, to K*, we obtain:

T d pd
f %E(u(r))dr < CK* ‘%(TJ') < Clog(A(TH)A™ = (T).
0

Note that log (/l(T))/l‘pTd(T) is small with respect to % because p < i—;.

Now we prove (2.34): From (2.16) we have :

1 P < f Vil

By Gagliardo-Nirenberg inequality we have:

2p+2 2p+2—-d d
e 575 < Maall, 5P 11Vl
then J .
2 Dyd 1+
o) < ([ WP ulz <
Hence,

pd

1+5
L2

T d . . 4
f,— ZPu(n) < ™ - 7)) ”Vu(Ti)
Tk

Summing successively into j and k£ we obtain that:

T+ ’
f & Pu(n) < logATH~F (1),
0 t

Remark that this quantity is small with to respect % because p < 3.
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Chapter 3

On the well-posedness for
Kadomtsev-Petviashvili-Burgers I
equation.

3.1 Introduction

In this chapter, we study the well- posedness of the initial value problem for the Kadomtsev-
Petviashvili-Burgers (KPBI) equations in R? :

{ (aﬂ/l + Mxxx - uxx + MMJC)X - ”yy = O’ (31)

u(0, x,y) = ¢(x, ).

where u is a real-valued function of (x, y, r) € R? x R*. Note that if we replace —u,, by +u,y, (3.1)
becomes the KPBII equation.

This equation, models in some regime the wave propagation in electromagnetic saturated zone(
cf.[Leb02]). More generally, be considered as a toys model for two-dimensional wave propaga-
tion taking into account the effect of viscosity. Note that since we are interested in an almost
unidirectional propagation, the dissipative term acts only in the main direction of the propagation
in KPB. This equation is a dissipative version of the Kadomtsev-Petviashvili-I equation (KPI) :

(Ot + Uy + unty) , — uyy = 0. 3.2)

which is a “universal” model for nearly one directional weakly nonlinear dispersive waves, with
weak transverse effects and strong surface tension effects. Bourgain had developed a new method,
clarified by Ginibre in [Gin95], for the study of Cauchy problem associated with non-linear dis-
persive equations. This method was successfully applied to the nonlinear Schrodinger, KdV as
well as KPII equations. It was shown by Molinet-Ribaud [MRO02b] that the Bourgain spaces can
be used to study the Cauchy problems associated to semi-linear equations with a linear part con-
taining both dispersive and dissipative terms (and consequently this applies to KPB equations).

By introducing a Bourgain space associated to the usual KPI equation (related only to the dis-
persive part of the linear symbol in the KPBI equation), Molinet-Ribaud [MR02b] had proved
local existence for the Cauchy problem associated to the KPBI equation when the initial value in
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H*2(R?), s; > 0 and s, > 0. These solutions can be globally extented in time whenever the
initial data have finite energy. Recall that the energy for the KP-I equation reads :

1 1 1
B0 =3 [0r+; [@ler-¢ 6

Kojok [Koj10] had proved the local and global existence for (3.1) for small initial data in L2(R?).
In this chapter, we improve the results obtained by Molinet-Ribaud and Kojok, by proving the
local and global existence for the KPBI equation , with initial value ¢ € H*'* when s; > —%. Note
that this proves, in particular, the global well-posedness for arbitrary data in L>(R?) and avoid to
impose some constraints on the low frequencies of the initial data to have finite energy.

The main new ingredient is a trilinear estimate for the KPI equation proved in [IKTOS8]. Following
[MRO2c], we introduce a Bourgain space associated to the KPBI equation. This space is in fact the
intersection of the space introduced in [Bou93c] and of a Sobolev space linked to the dissipative
effect. The advantage of this space is that it contains both the dissipative and dispersive parts of
the linear symbol of (3.1).

This paper is organized as follows. In Section 3.2, we introduce our notations and we give an
extension of the semi-group of the KPBI equation by a linear operator defined on the whole real
axis. In Section 3.3 we derive linear estimates and some smoothing properties for the operator L
defined by (3.17) in the Bourgain spaces . In Section 3.4 we state Strichartz type estimates for the
KP equation which yield bilinear estimates. In Section 3.5, using bilinear estimates, a standard
fixed point argument and some smoothing properties, we prove uniqueness and global existence
of the solution of KPBI equation in anisotropic sobolev space H*? with s > —%. Finally, in section
3.6, we ensures that our local existence result is optimal if one requires the smoothness of the
flow-map.

Acknowledgments. I would like to thank my advisor prof Luc Molinet for his help, suggestions
and for the rigorous attention to this paper.

3.2 Notations and main results

We will use C to denote various time independent constants, usually depending only upon s. In
case a constant depends upon other quantities, we will try to make it explicit. We use A < B to
denote an estimate of the form A < CB. similarly, we will write A ~ Btomean A < Band B < A.
We writre {-) := (1 +|-|»)!/> ~ 1 +|-|. The notation a* denotes a + € for an arbitrarily small
€. Similarly a— denotes a — €. For a function f = f(x) (resp f = f(¢)) the space Fourier (time
Fourier) transform is defined from S’(R) to S’(R) as:

ﬂ@=¢d%ﬁi£ﬂmﬂmw

<mwm=?mm=LJWMW)

For b € R, we denote respectively by H’(R) and H’(R) the nonhomogeneous and homogeneous
Sobolev spaces which are endowed with the following norms :

M@=L@%W%ﬁ|w;3£W%@Wr (3.3)
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3.2. NOTATIONS AND MAIN RESULTS

For a function f = f(t, x), we define the space-time Fourier transform from S’(R?) to S’ (R?) by :
f@ =Fne = [ Orwdn v e SE),
R

Moreover, we introduce the corresponding space (resp space-time) Sobolev spaces H*'**2 (resp
H"$1-52) which are defined by :

H2(R?) =: {u € S R); |lullggsi2 (R?) < +o0}, (3.4)
HPS92(R?) =2 {u € 8 (R?); lull oy o (RY) < 00} (3.5)
where,
s = [ @ @i (6
[ fR DX )N, v)Pdvr, (3.7)

and v = (&, 7). Let U(:) be the unitary group in H***2, s, s, € R, defining the free evolution of the
(KP-II) equation, which is given by

U(1) = exp(itP(Dy, Dy)), 3.8)

where P(D,, Dy) is the Fourier multiplier with symbol P(£,n) = & —n? /€. By the Fourier trans-
form, (23) can be written as :

F(UMNP) = explitPE M), Vo e SR, 1eR. (3.9)
Also, by the Fourier transform, the linear part of the equation (3.1) can be written as :
it =& =0’ /&) + & =it~ P, ) + £ (3.10)

We need to localize our solution, and the idea of Bourgain has been to consider this localisation,
by defining the space X equipped by the

ldllxnsrr = KT = P, €)) + € )2 u(r, &l 2r)- (3.11)

We will need to define the decomposition of Littlewood-Paley. Let n € Co(R) be such that
n>0,suppn C [-2,2], 7 =1on [-1, 1]. We define next ¢(£) = (&) — n(2¢).
Any summations over capitalized variables such as N, L are presumed to be dyadic, i.e. these
variables range over numbers of the form N = 2/, j € Zand L = 2!, 1 € N. We set py(£) = go(%)
and define the operator Py by F(Pyu) = onF (). We introduce ¢ (7, ) = ¢r(t — P({)) and for
any u € S(R?),

Fo(Pyu®)(&) = en(F )1, &), F(Qru)(t,&,m) = Yr(r,HF (u)(7,8); L > 1

and F(Qu)(t,&,n) = n(t — P(O)F (w)(t, ). Roughly speaking, the operator Py localizes in the
annulus {|£] ~ N} where as Q; localizes in the region {{r — P({)) ~ L}. We denote Pyu by uy, Qru
by uz and Py(Qru) by uy 1.

For T > 0, we consider the localized Bourgain spaces X212

T endowed with the norm

lull sy = inf {|IWlixpsysr, w(2) = u(@) on [0, TT}.
T Wexh,xl,sz
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We also use the space-time Lebesgue space L!! endowed with the norm

el g = [[lelzz | . -

and we will use the notation Li . for Ltzx2
We denote by W(:) the semigroup associated with the free evolution of the KPB equations,

FAWDOP) = expltPE m) — EPDd, Vg e S®Y, 120. (3.12)
Also, we can extend W to a linear operator defined on the whole real axis by setting,
F(W(D) = exp(itPE 1) ~ |E1Dd, Yo e SR, 1eR. (3.13)

By the Duhamel integral formulation, the equation (3.1) can be written as

u(t) = Wt)g - % fo W(t — )3, (' ))dt', > 0. (3.14)

To prove the local existence result, we will apply a fixed point argument to the extension of (3.14),
which is defined on whole the real axis by:

() = yOIW D ~ LOx@ru)(x, 1), (3.15)
where ¢ € R, ¢ indicates a time cutoff function :

yeCy®R), supy c[-2,2], ¢=1lon[-1,1], (3.16)

Yr() =y(/T), and

—|t|$2

L(f)(x,0) = W(1) f —ST(W( NI dédr. (3.17)

One easily sees that
Xr, (Y (OL(f)(x, 1) = xr, (OY(1) f(; Wt — 1) f(7)dr. (3.18)

Indeed, taking w = W(—) f, the right hand side of (3.18) can be rewritten as
o1
—gw(f 7)dédr )

In [MRO02c], the authors performed the iteration process in the space X** equipped with the norm:

lldllsre = IKiT = PO)) + E4E )™ d, Wl es)s

WO e, (000 f

which take advantage of the mixed dispersive-dissipative part of the equa- tion. We will rather
work in its Besov version X*?7 (with ¢ = 1) defined as the weak closure of the test functions that
are uniformly bounded by the norm

1

lulynson = (Z | 2L+ NP Quil 1)
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Remark 3.1. It is clear that if u solves (3.15) then u is a solution of (3.14) on [0,T), T < 1. Thus
it is sufficient to solve (3.15) for a small time (T < 1 is enough).

Definition 3.2. The Cauchy problem (3.1) is locally well-posed in the space X if for any ¢ € X
there exists T = T(||¢llx) > 0 and a map F from X to C([0, T]; X) such that u = F(¢) is the unique
solution for the equation (3.1) in some space Y — C([0,T]; X) and F is continuous in the sense
that

l1F(p1) = F(d)ll=qo,r1:x) < M1 — d2llx, R)

for some locally bounded function M from R* X R* to R* such that M(S, R) — O for fixed R when
S — 0 and for ¢1, ¢2 € X such that ||p1l|x + ll2llx < R.

Remark 3.3. We obtain the global existence if we can extend the solutions to all t € R*, by
iterating the result of local existence, in this case we say that the Cauchy problem is globally well
posed.

The global existence of the solution to our equation will be obtained thanks to the regularizing
effect of the dissipative term and the fact that the L* norm is not increasing for real-valued initial
data.

Let us now state our results:

Theorem 3.4. Let sy > —1/2 and ¢ € H*'O. Then there exists a time T = T(||¢||H’%+’O) >0anda
unique solution u of (3.1) in

Yr = X/> 00 (3.19)

The map ¢ — u is C* from the ball of H*'"* with radius R > 0 into Yrg).

Moreover, in the case of real-valued initial data, the solution is global in time and belongs to
C(Ry; HO) N C(R:; H*D), O

Remark 3.5. Proceeding as in [MROI1], it can be easily seen that Theorem 3.4 also holds when

replacing H*'"°, XIT/z’S]’O’] and H*? by respectively H"*? X]T/z’sl’sz’] and H®2, with s, > 0.

Theorem 3.6. Let s < —1/2. Then it does not exist a time T > 0 such that the equation (3.1)
admits a unique solution in C([0, T[, HS’O)for any initial data in some ball ost’O(Rz) centered at
the origin and such that the map

¢ +— u (3.20)

is C?-differentiable at the origin from H*° to C([0, T, H*?). i

The principle of the proof of local existence result holds in two steps:
Step 1: In order to apply a standard argument of fixed point, we want to estimate the two terms:
free term and the forcing term of equation (3.15). A first step is to show using Fourier analysis,
. I .

that the map ¢ — ¥(£)W(£)¢ is bounded from H*? to X2-%%! and the map L is also bounded from
X350, to x7:50:1

Step 2: We treat the bilinear term, by proving that the map (u,v) — 0,(uv) is bounded from
X3:50.1 5 3501 o x—2-50.1
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3.3 Linear Estimates

In this section, we mainly follow Molinet-Ribaud [MRO2c] ( see also [GW09] and [MV11] for the
. . . . I
Besov version) to estimate the linear term in the space X201, We start by the free term:

3.3.1 Estimate for the free term

Proposition 3.7. Let s € R, then V¢ € H 50 we have:
|I¢(I)W(l)¢llx%,s,m S 1 llggso-

Proof. This is equivalent to prove that

D UL+ NDUPNOLWOW D2 | < 1PNz, (3.21)

L

for each dyadic N. Using Plancherel, we obtain
1
D AL+ NN QLW OW D)2
.
2\ A —|tl€2 itP(v)
$ D (L4 N ey e F e ™ @2
L o
I _
S IPNll2 Y (L + N ey @PLW O o (3.22)
- :
Note that from Prop 4.1 in [MV11] we have:
1 _
DL+ N len@PLW e ez 5 1. (3:23)
L
Combining (3.23) and (3.22), we obtain the result. |

3.3.2 Estimates for the forcing term

s5,0,1

Now we shall study in X 3:5:0.1 the linear operator L :

Proposition 3.8. Let f € S(R?), There exists C > 0 such that:

WOLPN, 100 < CUFL 10
Proof. Let
irt _ ,—|1|&?
W) = Wenf@. Ko = [ S
R IT+E

Therefore, by the definition, it suffices to prove that

DAL+ N e @ OF(K)@z S ) (L + N 2 llen@emEn. Dl - (3:24)
L L o
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We can break up K in K = K9 + K1 0 + K20 + K20, Where

it _ itT
Kio=:y(t w ,T)dt, Kioo = Y(t - w(&, n, T)d,
10 = ¥(1) e 1D (&1, 7) Leo = Y(1) ey & n.7)
1 — 1€ o e
K>o = ul(t ——w(& n,ndr, Ky = U(t - w(é&, n, T)dT.
20 =00 | S En T Kaw =00 | S )

Contribution of K3 .
Clearly we have

DAL+ N ©0uKaolliz, 5 DL+ N sup low@0uu(e DDz,
L L €l '

llen (EWE, 1, T)||L§
X f 2 dr
()

< ;@ + N2 3o (@)L (t)WE, 1, Ollz,

where we use (3.23) in the last step.
Contribution of K3 .
We have for |£] > 1

DAL+ N e ©)0uKaoliz, 5 DL+ N supllgn(@PL(u(l = e
L L €k

IW(€, m, T)||L§
X f —dr
()

< ;@ + N 2llen @ @REn Dl

where we used (3.23) in the last step.
For |£] < 1, using Taylors expansion, we have

Z<L + N2 len@0uKaollz

2n
< 3 D4t M e f DUy

n 2
< Z”l lﬂ(t)” L €1 |¢N(§)W(‘fs 1,7l

Irl<1 lit + &2

< ;@ + N 2llen@eL@REn Dl

dr
|| L?,,,

where in the last inequality we used the fact

IIItI”t//(t)II <"y @l < C27.

2 1
Contribution of K c.

By the identity ¥ (# % v) = 10 and the triangle inequality (it + & < () + li(t = 11) + &2, Let
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g, n,7) = Ivlvi(;f;r;;>l)(|7|>l we see that

DL+ N lon@0uKi oz

L

S DL+ N gy @gnE OF 5o, 8Em Tl
L

< Z<L>% len@ernibni* s@nll,;

+Z||¢N(§>¢L(r)w(n>*( et 11))(|71|>1)||L2
£l -

lit +

Due to the convolution inequality ||u * V|| 2s [|uel| L [Ivl| 2> We obtain

DN @Koy, < HBOL v @) el
T &7 U
+Z ||‘//(t)||L;||‘PN(§)‘PL(T)%X (ri=nllzz
L

IA

c ZL:@ + N Plon@pn@ilz, -

Contribution of K p.
Using Taylors expansion, we obtain that:

Ko=v [ 3 U e man

<1 &4 nlGT + &%)

Thus, we get

Z<L + N2 en©0uKiol;z

<20

< ;@ + N2 llen@eL@En iz,

t”l//(t)

fl LIsak(f)W(f 1, Dldt

r<t it + €1

1

7
2

2 Lf,n

where we used |||¢|"¥(2)|| 1 < 1" (O)llz1 < C2" in the last step.
BZ,]
Therefore, we complete the proof of the proposition. O

3.4 Strichartz and bilinear estimates

The goal of this section is to etablish the main bilinear estimate.This type of bilinear estimate is
necessary to control the nonlinear term o (u?) in X250,

First following [GTV97] it is easy to check that for any u € X 300.1 supported in [-7, T] and any
6 € [0, 3] it holds:

lllgesor < T2 Nullyson. (3.25)
The following lemma is prepared by Molinet-Ribaud in [MRO2b].
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Lemma 3.9. Let2 <rand0<B<1/2. Then

1D~ vie

< Cllgll2 (3.26)

q.r —
Lt,x

where 8(r) = 1 — 2, and (g, r, B) fulfils the condition

r’

2 B
0< e (1 - §)6(r) <. 3.27)

Now we will prove the following one:

Lemma 3.10. Ler v € L*(R?) with suppv C{(t,x,y) : || < T}, 6(r) =1 -2/r and ¥y = @,V for
some dyadic integer N. Then for all (r, 3, 0) with

0
2<r<oo, 0<B<1/2, 0<6(r) < , 3.28
<r<e, 0=/ ()< =573 (3.28)
1y =20 2.
IF 7 (6172 (7 = POD 2 on (@ vIDller < Clvaliees) (3.29)
where q is defined by
2/qg=(1-8/3)o(r) + (1 —0). (3.30)
]
Proof. Using Lemma 3.26 together with Lemma 3.3 of [Gin95], we see that
_ B
” DI | ., < Cllunllyroo (3.31)
By the definition of X>*%! we have
lluwllz2, = llenlixoooz - (3.32)
Hence for 0 < 6 < 1, by interpolation,
_ 800
107 ]y = Cllanl g, (3.33)
where
L _6,1-0 1 _6 1-6
g1 q 2 'roor 2
Since 6(r1) = 66(r), (3.28) follows from (3.27)
1
- (1 - é)é(rl) +(1-0),
q1 3
which can be rewritten as
-1 _ 9B 9.
7 e )], <l ronta,
This clearly completes the proof. O
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Now, we will estimate the bilinear terms using the following Lemma (see [IKTO08]):

Lemma 3.11. Letk; , ko k3 € Z, j1, jo, j3 € Zy , and f; : R? — R* are L? functions supported
in Dy, j,,i=1,2,3. Then

J1tiotiz  —(kyt+ky+k3

f i f)fs < 2522 Al e Al Al (3.34)

Where Dy j = {(¢,11,7) : €] € [271, 2", p € R, It = P(£, )| < 27}

We are now in position to prove our main bilinear estimate:

Proposition 3.12. For all u, v € X'/>0L(R3), s > —% with compact support in time included in
the subset {(t, x,y) : t € [T, T1}, there exists u > 0 such that the following bilinear estimate holds

10, u)llx-1/2500 < CT*{lully1/250. [l 12001 (3.35)
O

Remark 3.13. We will mainly use the following version of (3.35), which is a direct consequence
of Proposition 3.12, together with the triangle inequality

1 '
VB el 3,01 Vs 2 p, (&) < (EPEN TP + (&P - )P,

10 (V)| x-1/2.501 SCTﬂ(ﬁ)(llullxl/Z,ﬁ,O,l”Vllxl/z,s,o,l
+ lullx1/2501 ||V||Xl/2,/i,0,l). (3.36)

with u(B) > 0.

Proof of Proposition 3.12.We proceed by duality. Let w € X!/2750° we will estimate the
following term

_1 R n R
/= Z Z (L+ N2> 2<N>SN' f(uNhLl * sz,Lz)WN,Ld'fd’]dﬂ
N,N{,N L,L;,L,

By symmetry we can assume that N| < N,, note that | £ [<| & | + | & | then N < N».
From Lemma 3.11, we have:

J O R N e | . . R
f(uNl,Ll * DNy )WN Ldédndt < LL;L2N, >N, * N 2”MN1,L1||L§‘w||VN2,L2||L§‘M”WN,L||L§‘W- (3.37)

Casel.. 1< N,N;>1,and N, > 1.
We have clearly:

f (N, 1, * VN, )WNLdédndT < Hlup, 1, ||L;*YX‘)?||VN2,L2||L;*’x‘y||WN,L||L12YX’y (3.38)
using Lemma 3.10 ( with § = %, r = 4) we obtain that there exists a € [, L2[ such that:

7° 13

a a a a
f(ﬁNl,Ll * Oy o)W Ldédndt < Ly Ny lliw, M2 Ly Ny ons ol Nz - (3.39)

68



3.4. STRICHARTZ AND BILINEAR ESTIMATES

By interpolating (3.37) with (3.39) we obtain that: there exist 8 = %’ + 5 € [%, %] and
g = =83+¢ <10, 1[ such that:

4+a

f (@, Ly * ONy, L)W LdédndT < NfonﬁN],L]”LéT
s7B) 15
X N2L2||VN2,L2||L§W’T
[ 0
XLQN_QHWN,LHLZ .
&t
Then

_1 ~ ~ ~ ~
(L + N2> 2(N)’N f(uNl,Ll * VN, L)W Ldédndt < NfL’?”MNI’LI ”L?‘r
X N3L5lIow, 1allr2,
X LIN™3(L + N2 2(NY Nl 2, -
LT
Now we have:
_1 A N N ) L_(l_gy A
(L+N*)"2N)'N f (@, 21 % O, )W dédnde < NN+ NDTE Pl 1l
Lo
X Ny(La + N2 ow, ,llz2,
_ 1
XLENTH(L+ NYZNYNN, el -
(3.40)

Note that:

_1 L
DULENTHL A NDYTHNYNN, linall s ) (<) NSy )2
et N et
L<N? L<N?

L
< —)2N||v
< Z(Nz) N ”WN,LHL?J”
L<N?

wherea':%+9(%“—%)<0.

By summing in Ly, Ny, Lp, N> and L < NZ, we get:

7
TSl a2 Tl g oIV g2

Whereu=%—ﬁ>0.

Now we have:

_1 L o
DULENTRL+ NDYTHNYNN “liwcllz s D (<5) T NESP 3y 2
’ &n.T N 2 ’ n.T
L>N? L>N?

N? 14 N
< E (=) 2 N7|WpLllp2
L &nt
L>N?
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3.4. STRICHARTZ AND BILINEAR ESTIMATES

where o = o(a, ) < 0. Thus by summing (3.40) in Ly, Ny, Ly, Ny and L > N?%, we get the desired
estimate.

Case2.: Ny<land N, ~N > 1.
By Cauchy-Schwarz we obtain:

_1 s A N ~
(L+N?% 2<N>‘Nf(MN1,L1 * DN, L, WK, Ldédndt
_1
<AL+ N2 HUNY Nl 1yl st VNl oo w2 -
1.,y 1,X,y B

But |£1] ~ N1 < 1 thus

%’U‘) . 0B
lun, il o ae S Ny 2 N1F s (60072 iy )l v ar
Lt,x,y 1 Lt,x,y

By applying Lemma 3.10 with r = 4%, 8 = % and 6 = 1 we obtain that:

0BS(r)

A € —1 _9Bs(r)
i)l S NI @6l

2 iy, o)l 194"

17 el
L

S Nile = PO) + 2w I
L

S NEND'IKLL+ NDZaw, gz,

where € = @.

Now taking r =47, = %, and 6 = % and using again Lemma 3.10 we obtain that:

B g, )
Vs, Lol jamam S Ny 2 NIF e (16272 v 1)l aman
Ly 2 ? Ly

1+
1 NN
S NS IKLa + N3Yoms g2

_ 1_s.
SNTIKL2 + N2 0wl
where 0 <6 < %, and y > 0 small. Thus:
_1 R A .
(L + N*"2(NY’N f(”Nl,Ll * DN, 1, W LdEdndT
L
S NEUNDXLy+ N2 i, 12, )

1618
X ((N2Y'(La + N3 I, nollgz )

X (L + N2>_%NN_7||WN,L”L§ .
ST
But (L + N?)~2 < L"SN~1*3  then :
25 -y YLTINTF2
; ;(L+ N?Y" 2NN ||WN’L||L§,,,,T < ;;NN L iN 2||WN’L”L§J7.T s ”w”L;Jz,r'

This yields:
J S ullxrzsoilvlixz-ssor Wiz < T6||u||X1/2,s,o,1||V||X1/2,s,0,1||w||L2.
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3.5. PROOF OF THEOREM 3.4

Case 3.: N|, N and N < 1.
From (3.39) we have :

a a o a
f (N, Ly % Ny )WN LdédndT < LN Ly NS i, 1, Iz, 1owarallzz IWovcllpz -
Thus :

(L+N)HNYN f (.1, * PP cdédndr < (NDNLy+ NDINS w2,z )
X (N2 (Lz + NDYENS o, ol )
X(L+N)INN il
By summing we obtain that:

Tl g ygonWlbsonlbollzz € TNl y o, IVlixrson lwl2,

where u = 5 — 5 > 0. This completes the proof. O

1
2

3.5 Proof of Theorem 3.4

3.5.1 Ecxistence result

Let ¢ € H*'"" with s; > —=1/2. For T < 1, if u is a solution of the integral equation (3.15), then u
solve KPB — I- equation on [0, T/2]. We first prove the statement for T = T'(||¢o]l ;75,.0).
Now we are going to solve (3.15) in a ball of the space X;/ 25101

By Proposition 3.7 and Proposition 3.8, it results that,
IL@)Ily125100 < Cligllgzsio + ClOK @)l y-17251.0.. (3.41)
T T
By the Proposition 3.12, we can deduce

L@l 125101 < Cl@llgsio + CT 20 (3.42)
T
Noticing that A (u?) — 0,(v?) = 0,[(u — v)(u + v)], in the same way we get
[|L(u) — L(v)||X1/2.s1,0,1 < CTH||lu - v||X1/2.s1,0,1 ||ue + V||X1/2,s1,0,1. (3.43)
T T T

Now take T = (4C2||¢|| H.gli,o)‘l/’“‘ we deduce from (3.42) and (3.43) that L is strictly contractive

1
on the ball of radius 2C(||¢||ys;0) In X;’Sl’o’l. This proves the existence of a unique solution u; to
(3.15) in X/ 01 with T = T(l|llgs10).

1
Note that our space X;’Sl’o’l is embedded in C([0, T], H*Y), thus u belongs C([0, T], H10),
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3.5. PROOF OF THEOREM 3.4

3.5.2 Uniqueness.

The above contraction argument gives the uniqueness of the solution to the truncated integral
equation (3.15). We give here the argument of [MRO02c] to deduce easily the uniqueness of the
solution to the integral equation (3.14).

Let uj, up € XIT/ 25101 b two solution of the integral equation (3.15) on the time interval [0, T']
and let ii; — iip be an extension of u; — up in X/251:0:1 guch that i1, — ity = u; — up on [0, v] and

ity — diallx1/2.5.00 < 2||uy — uzllxyl/z,xl,m

with 0 <y < T/2. It results by Proposition 3.7 and 3.8 that,
lloey — MZHX)II/Z,SI,O,I

IA

A LIO (W3 )i (1) = B ()1 () + ua ()12
ClO(Y3(D(@1 (1) = 2 (8)) (1 (2) + ua(®)) )l 172,00

C)/#/2||I7t1 — iiolly12.5 00|l + u2||X1/2,s1,0,1
T

IA

IA

for some u > 0. Hence
2
ey = tallypcyn < 20 (||l/t1||X1T/2,.;1,o,| + ||u2||X;/2,s,,o,1)||u1 — w101
. -u/2 . .
Taking y < (4C(Ilui (D)l 2100 + lua(®)ll 200)) * this forces uy = u on [0,y]. Tterating this
T T

argument, one extends the uniqueness result on the whole time interval [0,T]. |

Now proceeding exactly (with (3.36) in hand ) in the same way as above but in the space

8,0
HSDHH ||M||X1/2,x1,0,1 < +OO} ,

1/2,51,0
Z={ue X [ ullz = lull yp00 +
r lglgero X0

where $ is such that 8 €] — %,min(O, s1)[, we obtain that for 71 = T (||¢l|gs0), L is also strictly
contractive on a ball of Z. It follows that there exists a unique solution i to KPBI in X}/ 25101 g
we indicate by T, = T}, the maximum time of the existence in X'/2*1-0! then by uniqueness, we
have u = @i on [0, min(7', T,)[ and this gives that T, > T(||@||ys0)-

The continuity of map ¢ — u from H*? to X/%51:01 follows from classical argument, and in
particular the map is continuous from H*? to C([0, T1], H*'"*). The analyticity of the flow-map is

a direct consequence of the implicit function theorem. O

3.5.3 Global existence.

First we take ¢ in Hi?’lo — H'010 s 12(R?) with

H'™ = (¢ € S(R?)/ f QETTYHEX Y2 |p(E, m)Pdédn < oo} .

From the local well-posedness result (see also Remark 3.5) we know that there exists a unique

solution u € XITO’IO’IM’1 — C([0,T]; H'%1%), with T = T(||¢||H—%f(,), to (3.1). By the Duhamel

formula, u satisfies

u(t) = W)Yo — % fo W(t — )0, (u?("))dt’
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3.6. PROOF OF THEOREM 3.6

and thus )
O u=waro e - % f W(t — )¢ ))dr (3.44)
0

where 6;1¢ = %g} The first term in the right hand side of (3.44) clearly belongs to C([0, T], H 10,10y
and since

H fo "W - YR )dr

2
el ro. 7). m10R2))

A

C([0,T1H"(R?))

12\

2 2
“u||C([O,T],H10(R2)) s ||u||C([O,T],H10'10) s

it follows that 8;1u € C([0, T, H'°(R?)), where we denote by H S(R?) the usual isotropic Sobolev
space. We can thus take the L?-scalar product of (3.1) with ;'u to obtain

d _
d_[”u(t)“iz = fzu(_uxxx + Uy — Uldy + axll'tyy)

f 9,2) ~ 2 f - f O - f 0,07,
2 f (s <0,

This proves that ¢ — ||u(?)||;2 is non increasing and thus u can be extended for all positive times
and belongs to C(R,; H'®1). The result for ¢ € L?>(R?), and more generally for ¢ € H*? with
s > 0, then follows by the density of Hi(l)’lo in L?(R?) and the continuity with respect to initial data
in L2(R?).

Now, for ¢ € H*? with —% < s < 0, we will use the regularizing effect of the dissipative term.

Since u € X;"V*! s L2ZH0 with T = T(I¢ll 1+ and s+ 1 > 0, there exists to €0, 7]

such that u(fo) € L*(R?). Taking fy as initial data and proceeding as above we obtain that u can be
extend for all time ¢ > #o and u € C(R, H*®) N C([ty, +oo[, L?). Since #o can be chosen arbitrary
small, this ensures that u € C(R,, H**) N C(R*, L?).

Finally, for any ¢ € H*? with s > —%, iterating the regularizing effect, we obtain that actually
u € C(R:, H®), m

3.6 Proof of Theorem 3.6
Let u be a solution of (3.1), we have

01,723 = W) - 3 [ W= 000,680t . (3.45)
Suppose that the solution map is C2. Since u(0, 7, x, y) = 0, it is easy to check that

ui(t,x,y) = Z—Z(O, t,x,y)[h] = W(Hh

Su
Op?
= - fo t W(t — £)0(W(¢ hy*dt .

up(t, x,y) = (0,¢, x,y)[h, h]
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3.6. PROOF OF THEOREM 3.6

The assumption of C2-regularity of the solution map implies that
ey (2, > lpgso < Whllpgsos Mo (s llggso < Alo- (3.46)

Now let P(¢,7) = & + n? /€. A straightforward calculation reveals that

Froeyona(t, ) = (ig)ePEn f : ELDGE - E1.m—m)
R
y o 1E+EE)D) pitEErnm) _ p=E1
=2&1(& - &) + ix(€6,m.m)

where y(&,&1,n,1m1) = P(é1,m1) + P(€ — &1, — 1) — P(&,n). Note that, from the definition of
P(¢,m), we have that

dérdm (3.47)

_ oy & -mé?
X(&, &1,m,m) = 3E61(E - &) G-

Let will use the counter-example constructed in [Koj07]. We define the sequence of initial data
(én)v: N > 0 by A
SNEm) = NP7 0cay (8L Inl) + xay (€L 1nD) (3.48)

where Ay, By are defined by
An = [N/2,3N/4] x [-6N?,6N?], By = [N,2N]x [ V3N%, (V3 + 1)N?].

It is simple to see that [|¢n||gs0o ~ 1. We denote by uy v the sequence of the second iteration u,
associated with ¢y. Note that F ¢ ., (u2(?)) can be split into three parts:

F e yonU2(0) = (g(0) + f(1) + h(1))

where g and f correspond to the contribution to (3.47) when respectively (|¢], i) € A, i = 1,2,
and (|¢], |ni]) € By, i = 1,2,. Finally, h corresponds to the contribution to (3.47) of D(¢, ) Hence it
is readily seen that where

DEm = {Em):E—ELn—m) € Ax,(€,m) € By}
U{&1.m) « G1om) € Ay, (6 = €1,m—m1) € By}
= D'(&n)UD*En) (3.49)
It is not too hard to check that g and f cancel when ¢ €]3N/2,2N[. Therefore
3N ~(V3+5)N?
[IG) = f hP(1 + |£17) dédn.
3N/2 J(V3-5)N?

This leads to

3N ~(V3+6)N?
a0l > e [ [ ey
3N/2 J(

3-5)N?
f o TEHEED) pitxEErnm) _ p=E1 2
. d&ydn| dédn. (3.50)
pen —26(& - &) +ix(& &,n,m)

We need to find a lower bound for the right-hand side of (3.50). We will prove the following
lemma:
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3.6. PROOF OF THEOREM 3.6

Lemma 3.14. Let (£1,11) € DY(&,n) or (€1,m) € D*(&,7). For N >> 1 we have

(& éumm)| s N,

O
Proof of lemma 3.14. Let &, € R and (¢1,771) € D'(£,7) such that (¢ — &;) € [N/2, N]. Let

(€ — &N — V3EE)
&l '

AE EL,m) =m +

Thus
€ - &l

€11
We recall that n; € [V3NZ, ( V3 + 1)N?] and &) € [N, 2N]. Therefore, it follows that

V3¢l € [V3N%, 4 V3N

A &) —m] < Im = V3&l - V3&E - )|

and we have
'771 - ‘/§N2' < N2,

Since £ € [N,2N] and & - ¢, € [5, 2], it results that
A@.&.m) — 1| < 1/4(3 VN2 +2V3N?) < 62,

Now by the mean value theorem we can write

0
YEEL ) = x(E €L AEEL D) m) + (1 - A(f,fl,m»al;(f,fl,ﬁ,m)

where 7 € [, A&, &1, 11)]. Note that we choosed A such that y (¢, &1, A(€,&1,1m1),11) = 0. Hence

26, —mé) ‘

= _A
@ €rmm| = | = AL =g =S

Since [n — A& &.,m)| < [n—m| + |m = A& &Lm1)| < CN?, it follows that

lln - A &1l |2 ";flé-"éf =

(@7 —noél ImE =&l
N3
(|§§1<§—§1)| Tl —§1>|)
(V3 + N3 N3
N3( N3 * Cﬁ)

LY(g’ fl’ 1, 771)|

A

A

<
< N

In the other case where (£1,71) € D*(&,7) i.e. (£1,m1) € Ay and (£ —&1,11—11) € By, follows from
first case since we can write (£1,771) = (£ — (£ —&1),n— (n— 1)) € Ay and that

x(& En,m) = x (&€= EL,n,n—m).
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3.6. PROOF OF THEOREM 3.6

This completes the proof of the Lemma. O
We return to the proof of the theorem, note that for any & € [3N/2,2N]and € [(V3—-5)N2, (V3 +
6)N?], we have mes(D(&, 1)) > NTS

Now, for 0 < € << 1 fixed, we choose a sequence of times (¢y)y defined by
Ity = N_3_E.
For N >> 1 it can be easily seen that

eEN L NI S (3.51)

By Lemma 3.14 we have | —26(E-&D+ l')((f,§1,77,771)| < N? + N3 < CN>. Hence

(P26 E0mvindErnan) _ 1 1
e+ i@l N F O e 632
By combining the relations (3.51) and (3.52), we obtain
e—ér[e(—za(f—fl)mzx@,a a2m) _ 3
fD(g,,,) D8 E— ) @ e =N (3-33)

It results that

1%

2 4 N (‘/§+6)N2 2 2 2
oy 2 N7 f EP(1 + |y dédn x N7
3

N/2 J(V3-5)N?
N—l—26—2s

1%

and, hence
2 2 —1-2e-2
1~ lonllgeo = Nz n(tn)llo = N7777

This leads to a contradiction for N >> 1, since we have —1 —2e — 25 > 0 for s < —1/2 — €. This
completes the proof of Theorem 3.6. O
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Chapter 4

On the invariant measures for the
Ostrovsky equation.

4.1 Introduction

In this chapter, we construct an invariant measure for a dynamical system defined by the Ostrovsky

equation (Ost)

8tu—uxxx+6;1u+uux20, @1
u(0, x) = up(x).

The operator ;! in the equation denotes a certain antiderivative with respect to the variable x

defined for O-mean value periodic function the Fourier transform by (ﬂ )= fl(—?

Invariant measure play an important role in the theory of dynamical systems (DS). It is well
known that the whole ergodic theory is based on this concept. On the other hand, they are necessary
in various physical considerations.

Note that, one the well-known applications of invariant measures in the theory of dynamical is
the Poincaré recurrence theorem : every flow which preserves a finite measure has the returning
property modulo a set of measure zero.

Recently several papers([Zhi95],[Zhi94]) and [Bou96] have been published on invariant measures
for dynamical system generated by nonlinear partial differentiel equations.

In [Zhi01] an infinite series of invariant measure associated with a higher conservation laws are
constructed for the one-dimensional Korteweg de Vries (KdV) equation:

U + Uy + Uy = 0,

by Zhidkov. In particular, invariant measure associated to the conservation of the energy are con-
structed for this equation.

Equation 4.1 is a perturbation of the Korteweg de Vries (KdV) equation with a nonlocal term and
was deducted by Ostrovskii [Ost78] as a model for weakly nonlinear long waves, in a rotating
frame of reference, to describe the propagation of surface waves in the ocean.
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We will construct invariant measures associated with the Hamiltonian:

H(u(t) = % f (x)* + % f (aglu)z—é f 0.

The paper is organized as follows. In Section 4.2 the basic notation is introduced and the basic
results are formulated. In Section 4.3 the invariant measure which corresponds to the conservation
of the Hamiltonian is constructed.

In Section 4.4 we will prove the local well-posedness for our equation in H*, s > —1

j.

4.2 Notations and main results

We will use C to denote various time independent constants, usually depending only upon s. In
case a constant depends upon other quantities, we will try to make it explicit. We use A < B to
denote an estimate of the form A < CB. similarly, we will write A ~ Btomean A < Band B < A.

We writre {-) := (1 +|-[»)!/2 ~ 1 +]-|. The notation a* denotes a + € for an arbitrarily small €.
Similarly a— denotes a — €. Let

Ly= {ueLz;fudx:O}.
T

On the circle, for a function f = f(x) the space Fourier transform is defined as

fn) = 1 f f(x) exp(—inx)dx.
2 T

For a function u = u(x, t), we define the space-time Fourier transform by
1
u(t,n) ;= — ffu(t, x) exp(—inx) exp(—itT)dtdx
2 T

We introduce the zero mean-value Sobolev spaces H defined by :

Hy=:{ue S/(T); ||u||H5- < 400 and fudx = 0}, 4.2)
T
where, ]
lulley = o2 a2, 4.3)
and X*2 by
, 1
{ueS (TxR); ”uHx‘% = )T+ n® — —)%ﬁ(r, nmlp2 < 400}
’ n n*=t
Let
Y = {u e S (TXR): |lullys < +o0},

where

lellys = Nuell o3 + K T, Wl 1.

We will briefly remind the general construction of a Gaussian measure on a Hilbert space. Let
X be a Hilbert space, and {ex} be the orthonormal basis in X which consists of eigenvectors of

78



4.2. NOTATIONS AND MAIN RESULTS

some operator § = S* > (0 with corresponding eigenvalues 0 < 1} < A < A3.... < A < ... We call
aset M C X a cylindrical set iff:

M ={xe X;[(x,e1),(x,e2),..(x,e,)] € F}

for some Borel F c R’, and some integer r. We define the measure w as follows:
r r 1 _Llyr a2
w(M) = (2r)"2 1—[ A2 f e 2 Zim1 4 gy, (4.4)
1 J F
j:

One can easily verify that the class A of all cylindrical sets is an algebra on which the function
w is additive. The function w is called the centered Gaussian measure on X with the correlation
operator S 1.

Definition 4.1. The measure w is called a countably additive measure on an algebra A iflim,_, ;. (A,) =
Oforany A, € A(n=1,2,3...) for which Ay D A, D A3 D ..... DA, D..and () Ay =¢

Now we give the following Lemma:

Lemma 4.2. The measure w is countably additive on the algebra A iff S~ is an operator of trace
class, i.e iff 2,15 ﬂ;l < 400,

Now we present some definitions related to invariant measure :

Definition 4.3. Let M be a complete separable metric space and let a function h : R X M — M
for any fixed t be a homeomorphism of the space M into itself satisfying the properties:

1. h(0,x) = x for any x € M.

2. h(t,h(t,x)) = h(t + T, x) forany t, T € Rand x € M.

Then, we call the function h a dynamical system with the space M. If u is a Borel measure defined
on the phase space M and u(€2) = u(h(Q, t))for an arbitrary Borel set Q C M and for all t € R,
then it is called an invariant measure for the dynamical system h.

Let us now state our results:

Theorem 4.4. Let s > —1/2, and ¢ € H. Then there exists a time T = T(||¢||H8) > 0 and a unique
solution u of (4.1) in C([0, T1, Hy) N Y* and the map ¢ —> u is C* from Hj to Y*. m|

Theorem 4.5. The Problem 4.1 is globally well-posedness in L> and the Borel measure u on L?
defined for any Borel set Q C L? by the rule

Q) = f e ()
Q

where w is the centered Gaussian measure corresponding to the correlation operator S ™' = (=A +
AN and g(u) = % f uddx the nonlinear term of the Hamiltonian is an invariant measure for
(4.1).
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4.3 Invariance of Gibbs measure

In this section, we construct an invariant measure to Equation 4.1 with respect to the conservation
of the Hamiltonian. Let us first present result on invariant measures for systems of autonomous
ordinary differential equations. Consider the following system of ordinary differential equations:

% = b(x), (4.5)

where x(f) : R — R" is an unknown vector-function and b(x) : R" — R” is a continuously
differentiable map. Let A(¢, x) be the corresponding function (“ dynamical system”) from R x R”
into R" transforming any ¢ € R and xp € R” into the solution x(¢), taken at the moment of time ¢,
of the above system supplied with the initial data x(0) = xo.

Theorem 4.6. Let P(x) be a continuously differentiable function from R" into R. For the Borel
measure

v(Q) = f P(x)dx
Q

to be invariant for the function h(t, x) in the sense that v(h(t,Q)) = v(Q) for any bounded domain
Q and for any t, it is sufficient and necessary that

Xi

0
27 (PObi(x) =0,
i=1

forall x e R".

Proof See Zhidkov [Zhi95].

We shall construct an invariant measure for (4.1). Let A > 0, the space L*(0,A) be real
equipped with the scalar product:

A
(M, V)LZ(O,A) = f uvdx.
0

and J = %Q where the operator Q maps v* € L? into v € L? such that v*(g) = (v, 8) 12(0.4)- Finally,
let $ = —A+ A" Weset Hu) = 3([(u)? = [07'w)?) + 1 [u = 5(Su,u) + g(u). Note that
System (4.1) takes the form:

3 _ 70
{ W)= JEHu®),t€R 46)
u(to) = ¢,
Let exp_1(x) = \/i%sin(z”%‘), e = \%COS(Z’%C) where k = 1,2,3... Then (e;)x=12... is an orthonor-

mal basis of the space L(Z)(O, A) consisting of eigenfunctions of the operator A with the correspond-
ing eigenvalues 0 < ) = Ay < ... < Ay = Ao < ... Let Py, be the orthogonal projector in L%
onto the subspace L,, = span{ey, ..., e2,,} and P;. be the orthogonal projector in LS(O,A) onto the
orthogonal complement L;, to the subspace L,,. Let also v; = —4; + /li‘l, then v; are eigenvalues of
S.

Consider the following problem:

XXX

m __ ,m -1,,m m, my —
(9;1u ut o+ 0, U™+ Pp(umul) =0, @7
u™(0, x) = Pup(x).
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4.3. INVARIANCE OF GIBBS MEASURE

The solution u of (4.1) is global in time (see the last section) and the solution of (4.7) converges to
uin C([0, T], L?) for any fixed 7. More precisely we have the following lemma:

Lemma 4.7. 1. For any fixed T > 0, the solution u,, of (4.7) converges in C([0,T1, L?) to the
solution u of (4.1).

2. Forany e > 0, and T > O there exists 6 > 0 such that
Ma-xlé[t()—T,I0+T]||um(" t) - Vm(-, t)”LZ <eE,

for any two solutions u,, and vy, of the problem (4.7), satisfying the condition
lletm (., 10) = vin(., t0)lI[2< 6.

Proof: By the Duhamel formula, u — u™ satisfies

um—wm=fﬂm—m%%%l}“”WmM«»Jme%%wwﬁ

We can write that R() := 9, (2(t")) — Pu(@("™2())) = 01 — (Pau)?) + P,,,ax((P%u)2 - uz) +

P0(u? — (u)?). Now, using the linear and bilinear estimates proved in Section 4.4, we obtain
that

llu = umllys < lluo = Pmtollpzs + T7 Ml = wllysllue + wmllys + Il = Pyullysllu + Pppullys,  (4.8)

then u,, — uin Y*, but Y* — L;"’Lg, this gives the uniform convergence in L.
The proof of part (2) is similar to part (1).

By hy,(ug, f) we denote the function mapping any ug € L? and ¢ € R into u,,(.,f + fo) where
up(., 1) is the solution of the problem (4.7). It is clear that the function 4, is a dynamical sys-
tem with the phase space X" = span{ey,...e;,,}. In addition, a direct verification shows that
%Ilum(.,t)lli2 = 0 and fumdx = 0. . For each m = 1,2... let us consider in the space X" the

centered Gaussian measure w,, with the correlation operator S ~!'. Since S = §* in X", the mea-
sure wy, is well-defined in X™. Also, since g(u) = % f u’ is a continuous functional in X", the
following Borel measures

;Mm=ffwmmu
Q
(where Q is an arbitrary Borel set in L%(T)) are well defined.

Definition 4.8. A set I1 of measures defined on the Borel sets of a topologogical space is called
tight if, for each € > 0, there exist a compact set K such that

uK)y>1-¢€
For all u € TL

We will use the following theorem:
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4.3. INVARIANCE OF GIBBS MEASURE

Theorem 4.9. (Prokhorov) A tight set, 11, of measures on the Borel sets of a metric topological
space, X, is relatively compact in the sense that for each sequence,P, P, ...in 11 there exists a
subsequence that converges to a probability measure P , not necessarily in 11, in the sense that

fgdPnj — fgdP

for all bounded continuous integrands. Conversely, if the metric space is separable and complete,
then each relatively compact set is tight.

To prove Theorem 4.5, we will prove the following Lemma:

Lemma 4.10. w,, is an invariant measure for the dynamical system h,, with the phase space X".

k=2m
Proof: Let us rewrite the system (4.7) for the coefficients a;, where u™(¢) = Z ar(t)ey. Let
k=1
k=2m
h(a) = H( Z aker) and J is a skew-symmetric matrix, (Jp,)2k—1.2k = —% = —(Jmk2k-1(k=1,2,..
k=1
m) then the problem take the form
a'(t) = J,Vih(a(t)), (4.9)
ak(l‘()) = (ug,er), k=1,2,..2m )
Using Theorem 4.6, we can easily verify that the Borel measure:
2m+1 2m 1 1 y2m 2 2m
) = @y [ o] [ et BB g
1A
(withv; = -4; + /l;.l the eigenvalues of S) is invariant for the problem (4.9). Also, we introduce
the measures
2m+1 2m 1 _1ls2m ., 2
Wn(A) = o5 [ ] v f cHERg g,
j
=1 A
2m
Let Q, € X" and Q,, = {u € L*>,u = Zajej,a € A} where A ¢ R?" is a Borel set. We set
j=1

tm(Qp) = w0, (A). Since the measure y;, is invariant for (4.9), the measure (,, is invariant for the
problem (4.7).

Although the measure is defined on X", we can define it on the Borel sigma-algebra of L? by the
rule: 14,(Q) = p,,(Q N X™). Since the set Q N X™ is open as a set in X™ for any open set Q C L2,
this procedure is correct.

Lemma 4.11. (wy,),, weakly converges to w in L2

. : _ 1
Proof: S~! is an operator of trace since the trace Tr(S™!) = E v = E e <
U
k k  4n2i2 + A?

2
+00. Thus we can find a continuous positive function d(x) defined on (0, c0) Witff the property
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4.3. INVARIANCE OF GIBBS MEASURE

X—+00

lim d(x) = +oco such that Z vlzld(/lk) < +oo. We define the operator T = d(S), the operator
k

defined by T'(ex) = d(vi)ex and let B = S~'T. According to the definition of d(x), Tr(B) < +co.
1 1

LetR>0and Bg = {u € L?, T2u € L*and||T 2u|| < R}, it is clear that the closure of Bg is compact

for any R > 0. Combined the following inequality ( see [DF91] for the proof)

Tr(B)
R

—C
Wa(Br ) = wa({u; (Tu,u)p2 > R}) <
with the Prokhorov theorem, this ensure that (w,) is weakly compact on L?.
In view of the definition w, (M) — w(M) for any cylindrical set M c L?.(because w,(M) = w(M)
for all sufficiently large n). Hence, since the extension of a measure from an algebra to a minimal

sigma-algebra is unique, we have proved that the sequence w, converges to w weakly in L? and
Lemma 4.11 is proved.

Lemma 4.12. liminf,, 1,,(Q) > u(Q) for any open set Q C L2
lim sup,,, u(K) < u(K) for any closed bounded set K C L*.

Proof: Let Q c L2 be open and let B = {u € L2, ||u||% < R} for some R > 0.
Consider ¢(u) : 0 < ¢(u) < 1 with the support belonging to Qg = Q N Bg such that

f P(w)e 8 dw(u) > u(Qg) — €.
X
Then,

lim inf w1,,(Qg) = lim inff
m m

e_g(u)dwm(u) > lim inff¢(u)e_g(u)dwm(u)
Qr "

= f(j)(u)e_g(”)dw(u) > u(Qg) — €.
Therefore, due to the arbitrariness of € > 0 one has:

lim inf w4, (Q) > lim sup 1, (Qr) > p(Qg).
m m
Taking R — +oo in this inequality, we obtain the first statement the lemma.

Let K be a closed bounded set. Fix € > 0. We take a continuous function ¢ € [0, 1] such that
¢(u) = 1 for any u € K, p(u) = 0 if dist(u, K) > € and [ ¢p(u)e *“w(du) < u(K) + €. Then

lim sup s, (K) < lim sup f (w)e 8" dw,, (1)
m m

= f (e # W dw(u) < u(K) + €.

and due to the arbitrariness of € > 0, Lemma 4.12 is proved.

Lemma 4.13. Let Q C L? an open set and t € R. Then u(Q) = u(h(Q, 1)).
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4.4. WELL-POSEDNESS IN X2

Proof: Let Q; = h(Q, ). Fix an arbitrary ¢ € R, then Q; is open too. First, let us suppose that
H(Q) < oo
Fix an arbitrary € > 0, by Prokhorov Theorem there exists a compact set K C € such that
U(Q\K) < €, note that K; = h(K, t) is a compact set, too, and K; C Q.
For any A C L?, let dA be the boundary of the set A and let

8 = min{dist(K, 0Q); dist(K1, Q1))

(where dist(A, B) = infyea yep |lx — yll;2). Then, 8 > 0. According to Lemma 4.7, for any z € K,
there exists ¢ > 0 such that for any x,y € Bs(z) one has ||h,(x, ) — h,(y, D]}z < § Lets Q% = {q €
Qp;dist(g, 0Q1) > a} and Bs,(21), ...Bs,(z) be a finite covering of the compact set K by these balls
and let B = |J'_, Bs,(z).

Since h,(zi,t) — h(z;,t)(n — +o0) for any i we obtain that dist(k,(z,1), K1) < 'g, ¥z € B and
large n. Thus, h,(B, t) belongs to a closed bounded subset of Q% for all sufficiently large n.
Further, we get by the invariance of u, and Lemma 4.12

u(Q) < u(B) + € < liminf w,(B) + € < liminf u,(h,(B, 1)) + € < u(Qp) + €

(because Un(B) = uu(BN X,) = pp(hy (BN X, 1)), and h,(BN X, t) C hy(B, t)). Hence, due to the

arbitariness of € > 0, we have u(QQ) < u(€2). By analogy p(€2) > p(€21). Thus p(Q) = u(Qy).
Now if Q is open and u(€2) = +co, then we take the sequence

OF = Qn{ueL?lull2 + kw0l < k}

and set Q’l‘ = h(QK, 1). Then Q = UQK and u(QF) = M(Qll‘) < 0. Taking k — +o0, we obtain the
statement of the lemma.

4.4 Well-posedness in X $:3

In this section, we prove a global wellposedness result for the Ostrovsky equation by following the
idea of Kenig, Ponce, and Vega in [KPV96].

Our work space is Y*, the completion of functions that are Schwartz in time and C* in space
with norm:

llallys = llull, 3 + IKm)* 2, Dl 1

Y?’ is a slight modification of X* such that |Jul| LoHy S (]| ys.
We see that the nonlinear part of the Ostrovsky equation is ud,u, and by Fourier transform we
write it in frequency as

an u(ny, t)u(n —ny, v —11)dT7].
. JT1ER

n ez
The resonance function is given by:
1 n’
Rn,n) =7t+mn)—(r1 +mny)) — (t -1y +mn—ny) =3nmmn-n) - -(1 - ——
n nni(n—nyp)
where m(n) = n® — %
Now we have the following lower bound on the resonance function:
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4.4. WELL-POSEDNESS IN X*2

Lemma 4.14. If|n||ny|ln — ny| # 0, and ﬁ < 1, then:

|R(n, ny)| 2 |nllnylln — nl, (4.10)
and
Inf? < 2lnny(n —ny). (4.11)
Proof: (4.11) is obvious.
Now
2 2.2 2 2 1 n 2
R*(n,m) = 9n“ni(n—ny)” —6nm(m—n)+6n + (1 - —--—)
n? n(ni(n —ny))
1 3
= nzn%(n —m)*+ SnZn%(n —-nm)? —6ni(n-n)+6n*+—=(1- n—)z
n? n(ny(n - ny))

v

nzn%(n - nl)2 + SnZn%(n - nl)2 —6ni(n—np)

n’ni(n —m)*+ | ni(n —my) | 8n* | ni(n —ny) | —6)
Using (4.11) we obtain that:
R:(n,ny) 2 n*n’(n — ny)?

Following the same argument employed in [KPV96], we state the following elementary estimates
without proof.

Lemma 4.15. Foranye >0, a €e Rand 0 < p < 1, we have:

f dap < 1og(2 + |a])

r(I+B)1+la=8) " A+l

f dp _ 1 +log(1 + fal)
r(+BYA+la-p)"  A+lay

dp . 1

fR(l + B+l =AM T (1 + Jah!e

Lemma 4.16. There exists C > 0 such that for any p > % and any 7, T1 € R, the following is true :

log(2 + |t + m(ny) + m(n — ny)|)

<C.

= (1 +|t+mny) +mn—m)|)
ZIOg(Z + |t + m(ny) — m(n —ny)|) <C
(I + 1l +mn) —mn—ny)))) ~—

n#0

ZIOg(l + 71+ m(n) —m —n)D) _ c
o (L+ [t +m(ng) —mn—n)f

Proposition 4.17. Let s > —%, then for all f, g with compact support in time included in the subset
{(t,x),t € [-T,T]}, there exists 0 > 0 such that:

4
10,1 < TSI yllgl 1
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4.4. WELL-POSEDNESS IN X2

Remark 4.18. This proposition is false for s < —%. We can exhibit a counterexample to the

bilinear estimate in the Proposition 4.17 inspired by the similar argument in [KPV96].

We now use the lower bound of the resonance function to recover the derivative on the non-
linear term ud . u.

Lemma 4.19. Let
P —ny) 7

o (1, T1,h,01)

F

and

| n P2 ny(n—ny) 7%
Fs,r =

a20=1(1, 71, n,ny)

where o(1,71,n,n1) = maxf{| T+ m(n) |,| 71 + m(ny) |,| T — 71 + m(n —ny) |}. Then, for s > -1
O<r< %, we have
F, <5 1.

and
1
Fy, < m

Proof: This follows from Lemma 4.14.
According to [GTV97] we have the following Lemma:
Lemma 4.20. Forany u € X3 supported in [-T,T] and for any 0 < b < % it holds:

lllgsr < T oo < TED lullgsro. (4.12)
Proof of Proposition 4.17 : Let

Pi(n,7) = Inl’ < T+ m(n) >" |f(n, ),

then we have

s = fR (Phn, T)2dn)> = IPhn, Dl s

and

1_ 1
(m(n=n)" P} (m, 70)Pg(n = ni, 7 = 71)d7y

B(f, 9)(n,7) = n**! < 7+ m(n) >"2 Z f
R

1_ 1
ny#£0m £n <ti+mm) >2'<t—11 +mn—ny) >2
(4.13)
Denote

I n S nyn —my) |78

F(n,7,n;,71) = : : T
<t+mn)>2<t+mmn) >277’<t—11 +mn—np) >2
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4.4. WELL-POSEDNESS IN X*2

Letting E = {(n,7,n1,71) ;| =71 +m(n—ny) |<| 71 + m(ny) |}, then by symmetry, (4.13) is reduced
to estimate

(Zf(

n#0 ny#n,n;#0

f(lEF)(n T, N1, T])P2 (n n,T— T])P (I’l],T])dT]) dT)2. 4.14)

We separate the two cases.
Case I:| 71 + m(ny) || 7 + m(n) |
In this case, the set E is replaced by

Er={(n,7yn,t) T =711+ mn —ny) <] 71 + m(ny) |<| 7+ m(n) |},

then by Cauchy-Schwarz inequality (4.14) is controled by

H Z f(lE’F) (.7, nl,ﬁ)dﬂ)

ny#n,n;#0
2 752 % 2 %
(> (PR T Ty (m,7dr ) (4.15)
212
ny#n,n;#0 nlr
Remark that |
F*~ F, :
<t +mn) >"< -1 +mn-n) >
ith F, = PEZm@n) ™ e by L 4.19, for s > —1 E;, weh
wi s = W en by Lemma 4.19, for s > -3, (n,T,n1,71) € E7, we have
supi(l F) (n,7t,ny,71)dt <sup2f dri
nr 4= Jr Er e .- <t +m(n) >1"< 1t -1+ mn-ny) >
we can easily see that
415 <sup Y f an 1P2 7 0, Dl 1P (2, Dl
- g <1 +mn) > <t 1 +mn—ny) > L 0 TS L

nj

then by Lemma 4.15, 4.16( take @ = 7+ m(n) + m(n —n;) and 8 = 71 + m(n;)) and 4.20 we obtain
that there exist 8 > 0 such that:

@1 <A g- sl oy < THIIfIIX.Y,%IIgIIXS,%-
Case II:| 7 + m(n) |<| 71 + m(n;) | Here the set E becomes:
Eyp={(n,t,n, 7))l =71+ mn—ny) [<| 71 + m(ny) |, | 7+ m(n) [<| 71 + m(ny) [}.

Then we will estimate
1y 1
1Y, [ B rann 0P} 0= 1= e P, g (4.16)
By duality, (4.16) equals to

1 1
sup fW(n,T)(IE”F)(I’!,T,nl,Tl)P; y(n—nl,T—Tl)sz(nl,Tl)dTldT. 4.17)
R2 :

Mlli2 2 =1 0y
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4.4. WELL-POSEDNESS IN X2

By Fubini’s Theorem and Cauchy-Schwarz inequality, we could control (4.17) by

sup (ZL[Zjl;(lE,,F)z(n,T,nl,n)dT]x (4.18)

wll2,2=1
1
1_ 2
2p2 VN2, _ _
» fR WP =t = Tl ) gl
n
Similary to the previous case, we can show that:

supzL(IE,,F)Z(n,T,m,TI)dTS 1.

n,T S,

Finaly we obtain that
18) S 11y gl oy < TOAIL .yl s
Now we have the following proposition:
Proposition 4.21. Let s > —% then for all f, g with compact support in time included in the subset
{(t,x),t € [-T,T1]}, there exists 0 > 0 such that:
|nf*2mo)| Py
(Do 1mPe| [ 2SR e ) < 1A sl g (4.19)

- R < T+ m(n) >
nez

Proof: As in the proof of Proposition 4.17, we consider (4.19) in the same two cases. It could
be written as:

|

where

e (420)

1_ 1
[ 3 [[aemtnmmp; c=me = oo ednds| < Tl

I n S ny(n —my) |7

F(n,7,n;,71) = : : T
<t+mn)>2<t+mmny) >277'<t—11 +mn—np) >2

1)Case I: | 71 + m(ny) |<| T+ m(n) |. As before, the set E is replaced by
Er={lt—-11+mn—ny) <] 71 + m(ny) |<| T+ m(n) [}.

By duality , we suffer to estimate

1_ 1
sup ZLZ w(n)(1g, F)(n, 7,n1, TP} "(n = n1, T = TP (n1, T1)dr1dr.

Illa=1 A7

Now by Cauchy-Schwarz, we could control it by

sup (ZL[ZfR(IE,F)Z(n,T,nl,Tl)dT]X

nj

X2

1_ 1
» f wA(P2 Y (n = mi, 7 = T)drldn) gl Ly s
R
n
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1
2

D= SUPZLL(lE,F)Z(n,T,nl,Tl)deTl s 1.

then it is sufficient to show that, for s > —

ni

For some 0 < r < }l, D can be rewriten as:

1 2
D:supzn:jéjﬂ;m,(laF,) (n,7,ny, 71)dtdT]

ni

where
P —ny) 7 1

2
F 2(1-r) 12y~ + _ _ :
<1+ mn) > <711 +mn) > <t—-T1+mn-ny)>

r

Remark that |

2
F; = s, — )
<t1+mn) >"Y<t—11+mn-np) >

r

then by Lemma 4.19, D could be controlled by

1 dridr
DSS“PZ 2-4 1-2 1
m IR JIr [ n P <1+ m(ng) > <t -1+ m(n —ng) >

by Lemma 4.15 we have:

f dT] < 1
R <T1+m(m) > <t — 1+ mn—ny) ST (1+ | 7+ m(ng) + m(n — ny) )1 =20+

Hence
dr

= ).
D <su '
nIPZn: | n 774 Jr (14 | 7+ m(ny) + m(n — ny) N1=2r+r

Therefore, if r < 1, we have D < 3, W% < +00.
2)Case II, | T + m(n) |<| T1 + m(ny) |. Now we replace E with

Ep ={(n,tn, 1) |7 =11+ mn —ny) |<| 71 +m(ny) || 7+ mn) |<| 71+ m(ny) [}.

‘We write
4+ | t+m@) |= A+ |7+ mn) ) A+ | 7+ m@n) D',
where % <r< 1. Asincasel, F, denotes
|n " n(n—ny) |™* 1

- I I
<t+mm) >N ) >2Y< T =11+ m(n - ny) >

It suffices to estimate

1

! 1= 1 2,4
(Zn: (fR; 11; <TT(fl)>’(1E”F’)(n’ T,n, TP} "(n—n1,7 - T1)P§(n1,‘r1)dﬂdr) ) .
“4.21)
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4.4. WELL-POSEDNESS IN X2

Applying the Cauchy-Schwarz inequality in 7 we see that (4.21) is bounded by

><(fR(;II;(IEHFr)(n,T,n1,T1)P;2p_7(n—n1,T—Tl)Pé(nl,Tl)drl)zdr)] .

Since 2r > 1, then (4.21) is dominated by

[Zjﬂ;(zjﬂ;(lEuF,)(n,T,nl,TI)P]%_y(n—nl,T—Tl)Pé(nl,Tl)dTl)2dT)r,

then as the case II in the proof of Proposition 4.17, we obtain the estimate, and this end the proof.

Now we return to the proof of Theorem 4.4: Let L defined by

!
MW=¢®B@¢—£SU—0@W%HﬂMﬂ, (4.22)

where ¢t € R, ¢ indicates a time cutoff function :
yeCy[R), supy c[-2,2], ¢=1on[-1,1], (4.23)

Yr() =y¢(/T),

we will apply a fixed point argument to (4.22), using the following estimates:

Proposition 4.22. There exists a constant C = C(y) such that:
IL@)llys < Cligllzrs + CT |lully.

and
IL(ut) = LW)lys < CT7lu = vllysllue + vllys.

Proof: It follows from Propositions 4.17, 4.21 and classical linear estimates (see [CKS*03]).

Note that if we take 7 = (4C?||¢l|gs)""” we deduce from Proposition 4.22 that L is strictly
contractive in the ball B(0, %) in Y*. This proves the existence of a unique solution u to (4.22) in
Ys.

4.4.1 Global existence in L2(T)

Its easy to see that the L*-norm is conserved ( ||u(?)|| 12 = |luollz2). Hence, if we take an initial
data ug in L%(T), the solution u such that #(0) = ug can be extended for all positive times and the
existence is global in L% (T).
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Résumé. Dans cette these nous nous intéressons aux propriétés qualitatives des solutions de quelques
équations d’ondes en milieux dispersifs ou dispersifs-dissipatifs. Dans le premier chapitre, nous étudions
I’explosion de solutions dans le régime log-log et 1’existence globale pour le probleme de Cauchy de
I’équation de Schrodinger L?-critique amortie. Dans un second chapitre, nous considérons I’équation de
Schrédinger L?-critique avec un amortissement non linéaire. Selon la puissance du terme d’amortissement,
nous montrons I’existence globale ou I’explosion en régime log-log. Dans le troisieme chapitre, nous étu-
dions le probleme de Cauchy pour I’équation de Kadomtsev-Petviashvili-Burgers-1 (KPBI) en deux dimen-
sions, nous montrons que le probleme est localement bien posé dans H*(R?) pour tout s > —1, et que
I’existence est globale dans L?>(R?) sans aucune condition sur la donnée initiale. Dans le dernier chapitre,
nous considerons I’équation d’Ostrovsky sur le cercle, et nous construisons des mesures invariantes par le
flot selon les quantitées conservées par cette équation.

Mots clés. Equations dispersives et dissipatives, existence locale et globale, espaces de Bourgain, explosion,
mesures invariantes.

Abstract. This thesis deals with the qualitative properties of solutions to some wave equations in dispersive
or dispersive-dissipative media. In the first chapter, we study the blowup in the log-log regime and global
existence of solutions to the Cauchy problem for the L?-critical damped nonlinear Schrodinger equation.
In the second chapter, we consider the Cauchy problem for the L?-critical nonlinear Schrodinger equation
with a nonlinear damping. According to the power of the damping term, we prove the global existence or
the existence of finite time blowup dynamics with a log-log blow-up law. In the third chapter, we study the
Cauchy problem for the Kadomtsev-Petviashvili-Burgers-1 (KPBI) equations in two dimensions. We show
that the problem is locally and globally well posed in H*(R?) for any s > —%, and that the existence is global
in L?(R?) without any condition on the initial data. In the last chapter, we consider the Ostrovsky equation
on the circle. We construct invariant measures under the flow for the conserved quantities of the equation.

Keywords. Dispersive and dissipative equation, local and global existence, Bourgain’s spaces, invariants
measures.



