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Abstract

Cunha,  Americo Barbosa; Figueira da  Silva, Luis
Fernando. Reduction of Complexity in Combustion
Thermochemistry. Rio de Janeiro, 2010. [I34p. Dissertagao
de Mestrado — Departamento de Engenharia Mecanica, Pontificia
Universidade Catolica do Rio de Janeiro.
The development of computational models for the numerical simulation
of chemically reacting flows operating in the turbulent regime requires
the solution of partial differential equations that represent the balance
of mass, linear momentum, chemical species and energy. Moreover, the
chemical reactions of the model may require a detailed reaction mechanism
for the description of the physicochemical phenomena involved. One of
the biggest challenges is the stiffness of the numerical simulation of these
models and the nonlinear nature of species rate of reaction. This dissertation
presents an overview of the main techniques available in the literature for
the development of reduced models of chemical kinetics, particularly for
the combustion, as well as the techniques for efficient computation of the
chemically reacting flows models. After a presentation of the associated
mathematical formulation, the methodology dubbed @n situ adaptive
tabulation (ISAT) is implemented and its accuracy, efficiency and memory
usage are evaluated in the simulation of homogeneous stirred reactor
models. The combustion of carbon monoxide with oxygen and methane
with air mixtures is considered, which detailed reaction mechanisms involve
4 and 53 species, 3 and 325 reactions respectively. The results of these
simulations indicate that the development implementation of the ISAT
technique has a absolute global error of less than 1%. Moreover, the ISAT
technique provided gains, in terms of computational time, of up to 80% when
compared to the direct integration of the full chemical kinetics. However, in
terms of memory usage the present implementation of ISAT technique was

found to be excessively demanding.

Keywords

combustion modelling.  detailed thermochemistry.  reduced model.

adaptive tabulation.
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Resumo

Cunha, Americo Barbosa; Figueira da Silva, Luis Fernando.
Reducao de Complexidade da Cinética Quimica da
Combustao. Rio de Janeiro, 2010. [I34p. Dissertagao de Mestrado
— Departamento de Engenharia Mecanica, Pontificia Universidade
Catolica do Rio de Janeiro.
O desenvolvimento de modelos computacionais para simulacao de
escoamentos reativos operando em regime de turbuléncia requer a solugao
das equagoes diferenciais parciais que representam os balancos de massa,
quantidade de movimento linear, espécies quimicas e energia. Além disso,
as reacoes quimicas do modelo necessitam de um mecanismo cinético
detalhado para descricao dos fenomenos fisico-quimicos associados. Um
dos maiores desafios encontrados é a rigidez da simulagao numeérica desses
modelos e a natureza nao linear do termo de producao das espécies
quimicas. Esta dissertacao apresenta uma revisao das principais técnicas
disponiveis na literatura para o desenvolvimento de modelos reduzidos
de cinética quimica, em particular para a combustao, bem como de
técnicas para solucao eficiente dos modelos de escoamentos reativos. Apds
uma apresentacao da formulacao matematica associada, a metodologia
denominada tabulacao adaptativa in situ (ISAT) é implementada e avaliada
quanto a sua acurdcia, eficiéncia e uso de memdria na simulagao de alguns
modelos de reator homogéneo agitado. Avalia-se a combustao de misturas
de mondxido de carbono/oxigénio e metano/ar cujos mecanismos cinéticos
tem 4 e 53 espécies, 3 and 325 reacoes respectivamente. Os resultados destas
simulagoes indicam que a presente implementacao da técnica ISAT tem erro
relativo global inferior a 1%. Além disso, a técnica ISAT propiciou ganhos,
em termos de tempo computacional, de até 80% quando comparado a
simulagao direta da cinética detalhada. Entretanto, em termos de utilizagao
da memoria, a implementacao desenvolvida da técnica ISAT se mostrou

excessivamente exigente.

Palavras—chave

modelagem da combustao. cinética quimica detalhada. modelo

reduzido. tabulagao adaptativa.
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||*[lwrms ~ weighted root mean square norm
I[1]2 Euclidean norm

# (data) memory cost of data

o() big O notation

(") ensemble variance
Abbreviations

ANN artificial neural network

CSP computational singular perturbation
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D/R
DI
DRG
EOA
ICE-PIC
IEM
ILDM
ISAT
LES
LUT
ODE
PaSR
PDF
PMSR
POD
PRISM
PSR
QSSA
RANS
RCCE
RM
S/M
S/R
SA
SVD

dimension reduction

direct integration

directed relation graph

ellipsoid of accuracy

invariant constrained equilibrium edge pre-image curve
interaction by exchange with the mean
intrinsic low-dimensional manifold

in situ adaptive tabulation

large eddy simulation

look-up table

ordinary differential equation

partially stirred reactor

probability density function

pairwise mixing stirred reactor

proper orthogonal decomposition
piece-wise reusable implementation of solution mapping
perfect stirred reactor

quasi-steady state approximation
Reynolds averaged Navier-Stokes
rate-controlled constrained equilibrium
repro-modelling

skeletal mechanism

storage/retrieval

sensitive analysis

singular value decomposition

Chemical Species

CyH,
CyH,
CH>0O

acetylene
ethylene

formaldehyde
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CHs;
CH;0
CH,
cO
CO,

H,
H,0O
Hy0,
HCO
HO,

OH

methyl radical
methoxy radical
methane

carbon monoxide
carbon dyoxide
hydrogen atom
hydrogen

water

hydrogen peroxide
formyl radical
hydroperoxy radical
third body
nitrogen

nitrogen oxide
oxygen atom
oxygen

hydroxyl radical
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“In questions of science, the authority of a
thousand is not worth the humble reasoning
of a single individual.”

Galileo Galilei (1564 — 1642) , Third letter on sunspots to Mark Wesler .
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1
Introduction

This chapter presents a brief introduction of the applications of combustion
phenomena to industrial processes, followed by the objectives and outline of

this dissertation.

1.1
Historical and Economical Aspects

The combustion process is present in the history of mankind since the
beginning of the first civilizations. The ability to control fire allowed significant
changes in early humans lives. Mankind uses fire as a source of heat and light,
which made possible to cook food, to stay warmed during the nights and cold
weather, to keep the wild animals away, etc. Today, combustion plays a key
role on the evolution and development of the modern civilization. Around 92%
of all energy produced in the planet and 81% of the energy produced in Brazil
uses combustion phenomena based processes (EPE, 2009) [16].

Table shows the energy supply structure in Brazil in 2008 and in the
world in 2007. From these data it is possible to see that a predominance exists
of the processes that use combustion (biomass, coal, natural gas and oil and

oil by-products) for energy production.

Table 1.1: Energy supply structure by source for Brazil in 2008 and World in
2007 (EPE, 2009) [16].

Source Brazil World

(%) (%)
Biomass 28.6 9.8
Coal 5.8 26.5
Hydraulic and Eletric Energy 14.0 2.2
Natural Gas 10.3 20.9
Oil and Oil by-products 36.6 34.0
Other 3.4 0.7

Uranium 1.5 5.9
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1.2
Combustion Applied to Industrial Devices

Combustion has a unique role in industrial and household applications. Some
of the industrial and household devices that use combustion process on
their operation are industrial process furnaces, burners, boilers, gas turbines,

internal combustion engines, natural gas heaters, etc.

1.2.1
Industrial Process Furnaces

Industrial process furnaces are used, for example, as reactor and/or source
of heat for the chemical reactions present in the refining and petrochemical
industries. The design of these reactors should consider their function,
mechanism of warming, fuel type and the oxidizer injection mechanism. Several
industrial furnaces have major common characteristics, as represented in

Figure [I.T where a furnace and its process are shown.
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Figure 1.1: Schematic representation of an industrial process furnace. Adapted
from http://en.wikipedia.org/wiki/Furnace
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The fuel enters the burner and it is consumed along with the air supplied
by the blower. At certain types of furnaces it is possible to find more than
one burner, which can be arranged in cells, for instance. The burners may
also be mounted on the floor, on the wall or on the ceiling of the oven
(Baukal Jr. & Schwartz, 2001) [3].

In the radiant section, where combustion occurs, the flame heats the pipe,
transferring heat to the fluid in its interior mainly by a radiative exchange
mechanism (Baukal Jr. & Schwartz, 2001) [3]. The working fluid passing
through tubes is heated until the desired temperature is reached. Downstream
to the radiant section there usually exists a section where most of the heat is

recovered by convection before the gases are expelled.

1.2.2
Gas Turbines

Gas turbines are rotating machines that convert energy from combustion
process of an internal gas flow into electrical power, for instance. The gas
turbine is designed to operate according to a Brayton cycle in which, firstly,
the air is compressed isentropically, then, in a second stage, the pressurized
air receives heat via the combustion process that occurs at constant pressure,
next, the heated-pressurized air undergoes an isentropic expansion which takes
the air to its initial pressure and, finally, the heated air is cooled to its initial
temperature through a isobaric process.

The Figure presents a sketch of a reverse flow combustor gas turbine.
In the combustion chamber, fuel and air are mixed ignited. As a consequence,
both the temperature and the specific volume of the gas increase, resulting in

a flow velocity increment, which is directed to the expansion turbine blades.

,—~
\\“-,s“.:i:?\\ Vi

Figure 1.2: Sketch of reverse flow combustor gas turbine. Adapted from
http://en.wikipedia.org/wiki/Capstone_Turbine
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The energy resulting from this process may be extracted as axis work,
compressed air or thrust, being used to supply systems such as aircrafts, ships,

trains, electric generation plants, etc.

1.3
Fundamental Challenges

Most of the engineering problems related to combustion in industrial
applications, regarding design and optimization of devices such as those
described above, can be synthesized into two main aspects: energy efficiency
and environmental control. Energy efficiency is the aspect related to the
improvement of the thermodynamical performance of the process in which
apparatus of interest operates, and may be summarized as the production
of more outcome spending less energy. Environmental control is the aspect
related to the decreasing of pollution generated by the process of fuel burning,
in particular to the reduction of the emissions of chemicals harmful to human
health or responsible for the greenhouse effect, such as nitrogen oxides (NO,),
carbon dioxide (C'O3) and soot.

Thermodynamical optimization devoted to obtaining a cleaner burning
— with a lower level of pollutants emissions — is a multidisciplinary task that
requires basic knowledge of thermodynamics, fluid mechanics and heat transfer.
Besides the basic understanding of physical processes, to obtain solutions
with the required accuracy for certain applications, sophisticated numerical
techniques are increasingly used as predictive tools. The development of these
techniques and their viable implementation, so that the solutions are obtained
with the required precision in an acceptable time, is a challenging research
area.

In the modeling of chemically reactive flows, difficulties are encountered
due to the characteristics inherent to the complex nature of the combustion
phenomenon. Furthermore, nearly all chemically reactive flows with
practical applications operate in the turbulent regime. The modelling of
combustion/turbulence interactions is an open problem, even after four
decades of sustained research (Peters, 2009) [67].

In order to correctly predict the behavior of complex chemically reactive
flows, the use of the large eddy simulation (LES) technique, coupled with
a reaction mechanism that realistically describes the combustion process, is
perhaps the most promising development. In particular, such a development
requires two ingredients: a comprehensive detailed reaction mechanism and
methodologies to reduce the reaction mechanism cost of use and stiffness
(Lu & Law, 2009) [55].
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1.4
Objectives of this Dissertation

The computational models for chemically reactive flows are very expensive
in terms of time processing. These models demand the evaluation of the
rate of reaction of the chemical species, which is a difficult task, in terms
computer performance, due to numerical stiffness and its nonlinear nature.
This dissertation aims to develop a technique to reduce the time complexity
associated to the modelling of turbulent chemically reactive flows with detailed
thermochemistry.

Techniques for reduction of reaction mechanisms and for efficient
computation of the chemically reactive flows models with detailed
thermochemistry are presented in this work throughout a literature review.
The method dubbed in situ adaptive tabulation is implemented and tested in
the simulation of stirred reactor models in order to evaluate its potential as an
efficient strategy for the computation of realistic combustion thermochemistry

in LES calculations.

1.5
Outline of this Dissertation

This dissertation is composed of seven chapters and three appendices. The
second chapter presents a literature review of the existing techniques to reduce
the size of a reaction mechanism and efficiently solve a chemically reactive flow
model with detailed thermochemistry. The third chapter gives an overview of
the fundamental aspects of modelling of stirred reactors. The fourth chapter
presents a numerical procedure to integrate the governing equations of stirred
reactors models. The fifth chapter develops the theory of the in situ adaptive
tabulation. The sixth chapter describes the verification tests and the simulation
results for a partially stirred reactor subjected to different parameters and
reaction mechanisms. The seventh chapter summarizes the contributions of this
dissertation, its main conclusions and suggests some paths for future works.
The first appendix presents the procedure of construction of the dimensionless
parameters. In the second appendix is shown the analysis of efficiency for
i situ adaptive tabulation algorithm. Finally, the third appendix presents a

conference paper which summarizes the main results of this dissertation.
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2

Literature Review

In this chapter is presented a literature review concerning the existing
techniques to reduce the size of a reaction mechanism and efficiently solve
models for turbulent chemically reactive flows with detailed combustion
thermochemistry. This review follows a historical perspective on the

development of reduction techniques.

2.1
Introduction to the Reduction Approaches

According to Ren (2006) [76], among the existing methodologies to reduce
the complexity of turbulent chemically reactive flows models with detailed
combustion thermochemistry, three types of approaches have been shown to be
particularly fruitful: (i) the reduction to skeletal mechanisms; (ii) dimension
reduction; and (iii) storage and retrieval techniques. Combinations of these
techniques are also reported in the literature.

In order to illustrate the possible interplay between the different
techniques, Figure presents a diagram with three sets, each one
corresponding to reduction technique approach, namely: reduction to skeletal
mechanism (S/M); dimension reduction (D/R); and storage/retrieval (S/R).
The regions where there is an intersection between the sets correspond to the
hybrid approaches. In the sense of this diagram the ideal approach would be
the one which could combine the advantages of the three techniques without
the associated shortcomings. The following sections review these approaches

from this point of view.

2.2
Reduction to Skeleton Mechanisms

The reduction of a detailed reaction mechanism, through a process which
involves eliminating species and reactions that have a negligible influence on
the combustion process results in the so-called skeletal mechanism. Due to the
nature of the reduction process, such mechanisms are simpler than the original
mechanism (Law, 2006) [45].
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VaV

Figure 2.1: Illustration of the classification of the different approaches. S/M:
reduction to skeletal mechanism; D/R: dimension reduction; S/R: storage and
retrieval.

Skeletal mechanisms need to have quantified the resulting accuracy with
respect to the original one. Such a measure could be given by comparing the
calculated responses of system properties, such as mass fractions, temperature,
etc., obtained from the skeletal mechanism to those issued from the detailed

reaction mechanism.

2.2.1

Sensitivity Analysis

The procedure of sensitivity analysis (SA) is similar to that adopted in stability
analysis, which is used in the nonlinear dynamical systems theory to interpret
the bifurcation phenomena and to forecast the existence of oscillations. The
basic underlying principle of sensitivity analysis is to determine the local
behavior of the system subject to small disturbances in the phase space, i.e.,
to quantify how the system responds to variations on each of the controlling
rate constants at a given set of conditions. The sensitivity coefficient, defined
for a particular rate constant, is a measure of the importance for the system
behavior of a particular reaction. A small — or even null — sensitivity to a
perturbation is indicative that a specific reaction is redundant and could be
removed from the reaction mechanism without affecting the overall accuracy
(Griffiths, 1995) [25]. A complete overview on the sensitivity analysis technique
is provided by Rabitz et al. (1983) [74].
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This technique is a local approach — note that a global approach is also
possible — with a rigorous mathematical foundation that allows eliminating all
the reactions that exhibit low sensitivity to a given set of conditions. Although
considerable reductions of reaction mechanisms can be achieved, it is possible
that the reduced reaction mechanism generated in this way still has too many
chemical species, making an associated numerical solution expensive, from the
point of view of computational costs (Griffiths, 1995) [25].

Miiller et al. (1992) [61] use the sensitivity analysis technique to reduce
a detailed reaction mechanism for heptane with 1011 elementary reactions
and 171 species to 79 elementary reactions and 40 species, which represents
a reduction of approximately 77% of the number of species involved. As a
consequence, the number of balance equations required to be solved in order

to predict the system evolution is decreased accordingly.

2.2.2
Proper Orthogonal Decomposition

The technique of proper orthogonal decomposition (POD), also known as
Karhunen-Loeve decomposition or principal components analysis, involves a
mathematical procedure which allows the transformation of a number of
possibly correlated variables into a smaller number of uncorrelated variables,
called principal components. This technique is an important complement to
the sensitivity analysis in the context of skeleton mechanisms, since the last
one is known to yield vast amounts of data, from which it may be difficult to
determine the relative importance in complex systems (Jolliffe, 2002) [33].

The POD provides an absolute measure of how significant is part
of the reaction mechanism. Thus, this analysis may be used to provide
an objective criterion for selecting a reduced reaction mechanism. The
analysis is based on the spectral decomposition (eigenvalues and eigenvectors)
of the auto-correlation tensor, obtained from measurements, theoretical
considerations or computer simulations. In the context of reaction mechanisms
reduction, this tensor is represented, in an appropriate basis, by a data matrix
in which the columns are the sensitivity coefficients. Its eigenvectors represent
sets of reactions that are coupled and the relative magnitude of the vector
components give relative contributions of it. The eigenvector components also
contain information about the connections between the reactions. Thus, it
is possible to determine which groups of reactions could be eliminated by
establishing limits for the significant eigenvalue and eigenvector components
(Griffiths, 1995) [25].
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2.2.3
Directed Relation Graph

The technique called directed relation graph (DRG) proposed by
Lu & Law (2005) [52] is an automatic general procedure to generate skeletal
mechanisms from detailed thermochemistry. It consists on creating a relation
graph where each node corresponds to a chemical species from the detailed
reaction mechanism and the valued-orientated-edges express the dependence
of a specific species in the rate of production of other species. Given an initial
set of significant chemical species, the graph is recursively transversed until it
is obtained a set with the minimum number of species that correctly describe
the rate of production of the initial species. Then, the elementary reactions
of the detailed reaction mechanism which do not include any of the species of
the minimum set are eliminated. The skeletal mechanism is obtained by the
union of the species in the minium set and the remaining reactions.

The DRG method has two great advantages, when compared with
the sensitivity analysis: (i) easy implementation; (ii) it is more efficient
from the computational point of view, since the time of processing is
linearly proportional to the number of species in the reaction mechanism
(Lu & Law, 2005) [52].

Lu & Law (2005) [52] test the DRG technique to the reduction of a
detailed reaction mechanism for ethylene oxidation with 70 species and 463
elementary reactions. DRG allows to obtain a skeletal mechanism with 33
species and 205 elementary reactions. This skeletal mechanism shows good
agreement when compared to the detailed one for the calculations of a laminar
flame speed and nonpremixed counterflow ignition for a wide range of pressure,
temperature and equivalence ratio.

Lu & Law (2006a) [53] improved the capability of the DRG technique
applying a new algorithm for the graph generation which is linear in the
number of reactions. The new version of the DRG technique is applied to
a n-heptane detailed reaction mechanism with 561 species and an iso-octane
detailed reaction mechanism with 857 species, obtaining skeletal mechanisms
with 188 and 233 species, respectively.

Pepiot-Desjardins & Pitsch (2008) [66] propose a variant of the DRG
technique that uses a different strategy to quantify the interdependence of the
chemical species. This new strategy allows one to generate more accurately
the minimum sets of species. A test case is performed generating a skeletal

mechanism for iso-octane with 195 species from a detailed one with 850 species.
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2.3
Dimension Reduction

The dimension reduction approach is based on the assumption that a
high-dimensional dynamical system can be parametrized in a low-dimensional
subset of the original phase space. Some of the techniques that are part of
this category consist on mathematical oriented approaches, mostly based on
the theory of dynamical systems. Another possibility involves a large physical
insight, which explores the restrictions imposed, for instance, by the second
principle of thermodynamics in order to simplify the description of the system.
A description of the dimension reduction techniques found in the literature

that are relevant to the present study is given below.

2.3.1
Reaction Lumping

One early reduction technique involves the order reduction by lumping
of wvariables. This approach is based on the transformation of the
reaction vector to a lower dimensional vector of lumped-species
(Okino & Mavrovouniotis, 1998) [64].

The reactive systems which present a number of chemical species tending
to infinity and the decaying of the species following the same reaction order
allow one to treat the reacting mixture as a continuous distribution. The
technique of reaction lumping applied to these systems — known as continuum
lumping — combines all the reactants into a single lump and tracks its
disappearance. This method has the advantage of demanding only a small set
of experimental data to fit the parameters of the reduced reaction mechanism,
since specific reactions and components concentrations do not need to be
known. This last characteristic is also a weakness, when the technique is
applied to problems that require information about concentrations or reaction
types, since such information is not easily extracted from or inserted into the
continuum lumping (Okino & Mavrovouniotis, 1998) [64].

The application of the reaction lumping technique to reactive system for
what a reaction mechanism is known — called discrete lumping — creates
lumped models from the set of equations that govern the evolution of the
reactive system. This technique presents, as positive points, the reduction of the
chemical species number and the possibility of estimating the error introduced.
As drawback, the reduced reaction mechanism generated by the discrete
lumping may still contain multiple time scales and the technique limitates
the information that can be extracted about a specific chemical species within

a certain reaction structure (Okino & Mavrovouniotis, 1998) [64].
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The technique of reaction lumping is discussed in Chen (1987) [9]
where its application for hydrogen/air, methane/air and methyl radical/air
combustion is illustrated. In this work a computer program is developed to
construct reduced reaction mechanisms from detailed reaction mechanisms
containing a large number of chemical species and elementary reactions.
Reduced reaction mechanisms for methane/air and methyl radical/air
combustion are obtained, making use (or not) of the steady state assumption
for the hydrogen atom. A reduced reaction mechanism for lean air combustion,
without C5 chain reactions, is also obtained, leading to the conclusion that
these reactions do not change neither the number nor the stoichiometry of
the global reactions in the reduced reaction mechanism for methane, but
changes reaction rates for the Cy chain. Additionally, that study shows that
the assumption of steady state for hydrogen atom alters the reduced reaction
mechanism into a different form, i.e., the number and the stoichiometry of the

global reactions are changed as well as their reaction rates.

2.3.2
Quasi-Steady State Approximation

The technique of quasi-steady state approzimation (QSSA) is perhaps
the oldest one concerning the reduction of reaction mechanisms. This
technique was first developed by Bodenstein & Lind (1907) [6] and
Bodenstein & Liitkemeyer (1924) [7] in the framework of the process of
formation of hydrogen bromide.

The general formulation of the QSSA, independent of particular features
of the system considered, given a general treatment for the error introduced
by the QSSA is developed by Frank-Kamenetskii (1940) [19], see also
Turdnyi & Té6th (1992) [93] and Turdnyi et al. (1993) [92].

The main idea of the QSSA technique is described as follows. Some
chemical reactions present the formation of highly reactive intermediate
species. After an initial buildup in concentration, these intermediate
components are formed as rapidly as they are consumed, so that the rate
of formation and the rate of consumption equilibrate. Due to this equilibrium,
the rate of reaction of these species are negligible and, therefore, these
species can be assumed as being in steady state. The steady state hypothesis
allows the replacement of an ordinary differential equation (ODE) by an
algebraic equation in the system of equations that describes the dynamical
behavior of the chemical reaction. The use of the steady state assumption for
several species provides a considerable simplification on the system dynamics
(Turényi et al., 1993) [92].
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When the QSSA technique is employed, the species for which steady
state is assumed are called minor species, whereas the others are the major
species. Keck (1990) [34] questions whether entropy production is always
nonnegative — as required by the thermodynamics second principle — when
QSSA is employed. In his work, the thermodynamical system composed by
the major and the minor species is considered, and an expression is given
for the entropy production of the system composed by two terms, one for
the entropy production of the major species and another for minor species.
The term associated with the major species is always nonnegative (> 0)
and the term related to the minor species can be positive or negative. Thus,
it is not possible to ensure that entropy production is always nonnegative.
However, Ren & Pope (2004) [77] argument that QSSA is employed only
when information about the systems major species is of interest, thus selecting
only the major species as thermodynamical system is more appropriate
than considering the system composed by the major and minor species.
Ren & Pope (2004) [77] show that, for a system composed only by the major
species, the elements conservation and the nonnegative entropy production are
both satisfied.

Variants of the QSSA are developed, for example, by
Lu & Law (2006b) [54]. This work involves eliminating part of — or even all —
the nonlinearities of the set of algebraic equations obtained by employing the
QSSA, resulting in a near-linear — or even linear — system of equations. If
the resulting system is not linear, then it is linearized. Such a procedure is
justified on the physical argument that the quasi-steady state species generally
occur in low concentrations, such that the probability of collision between
two minor species is smaller than the probability of collision of the major
species. The linear system obtained is, in general, sparse and it is solved
using a technique based on graph theory, which takes advantage of the sparse
structure of the linear system to speed-up its solution. The technique allows
the generation of a 16 species reduced reaction mechanism for a ethylene/air
mixture, departing from a detailed reaction mechanism characterized by 70
species. Accurate and efficient results are demonstrated for the simulation
of auto-ignition (relative error less than 0.1%) and perfectly stirred reactors
(relative error less than 0.01%).

Hughes et al. (2009) [31] combine the use of the QSSA with local
sensitivity methods, via reaction lumping, and consider reaction mechanisms
for n-heptane and cyclohexane. A detailed reaction mechanism with 358 species
and 2411 reactions is used for the n-heptane; whereas the reaction mechanism

for the cyclohexane involves 499 species and 2323 reactions. The obtained
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reduced reaction mechanism for n-heptane has 81 species and 452 reactions and
yields an excellent reproduction of the temperatures evolution and prediction
of the ignition delay time as a function of temperature, for a stoichiometric
n-heptane/air mixtures at 13.5 bar. This reduced reaction mechanism leads to
a computational cost which is less than 5% of that of the detailed reaction
mechanism. The cyclohexane reduced reaction mechanism involves 26 species
and 133 reactions, allowing a final computational cost that is 0.2% of the
associated detailed reaction mechanism. The reduced reaction mechanisms
also represents accurately the prediction of ignition delays. Both cases also
exhibit an impressive speed-up of up to a factor of 500, when compared to the
detailed reaction mechanisms, which are found to be proportional to square of

the number of species.

2.33
Rate-Controlled Constrained Equilibrium

The rate-controlled constrained equilibrium (RRCE) technique proposed by
Keck & Gillespie (1971) [35] assumes that the evolution of a complex
system may be described, with an acceptable accuracy, by a relatively small
number of reactions that mainly control the system evolution, the so-called
rate-controlling reactions. These reactions establish constrains on the allowed
states of the system that are slowly changing. This technique also assumes
that the system relaxes to the associated constrained equilibrium state due
to the existence of fast reactions. This relaxation occurs in time scales
which are fast, when compared to that characteristic of the constraints
evolution. Considering the above hypothesis, a thermochemical system in
nonequilibrium state tends to relax to its final equilibrium state through
a sequence of rate-controlled constrained-equilibrium states, each of which
may be determined by maximizing the entropy of the system subject to the
instantaneous values of the constraints. An extensive review of the RCCE
technique is developed by Keck (1990) [34].

Some advantages that the RCCE technique offers are: (i) a small
number of equations is required in order to predict the state of a complex
system; (ii) the rate constants are necessary only to the calculation of the
faster, rate-controlling, reactions; (iii) the balance principles are automatically
satisfied, since they appear explicitly as constraints in the technique
formulation; (iv) nonnegative entropy is guaranteed, as is the correct stable
state of equilibrium; (v) the accuracy of the technique can be increased with
the addition of new constraints, until the exact solution is obtained when

the number of independent constraints equals the system’s number of degrees
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of freedom; (vi) the technique is extensible, i.e., different constraints may be
included stemming from steady state reactions, body forces, selection rules
and diffusion phenomena, for instance; and (vii) the technique is applicable to
complex systems and its accuracy increases with the system size. Two obvious
disadvantages are: (i) the need of a manual identification of the constraints;
and (ii) the requirement for efficient algorithms for integration of the rate of
reactions and to compute the conjugate Lagrange multipliers (Keck, 1990) [34].

This technique has been applied to high temperature reactions, for
example, the calculation of the nitric oxide and carbon monoxide formation in
internal combustion engines or industrial burners. Morr & Heywood (1974) [60]
perform a 14 species and 2 constrains RCCE calculation to predict carbon
monoxide concentration in a steady state cylindrical burner and compare
the results with measured values. The first constrain is the total moles of
gas, controlled by a set of four dissociation and recombination reactions.
The second one is the carbon monoxide number of moles, controlled by
five carbon monoxide oxidation reactions. The results obtained for carbon
monoxide concentration using both constraints are slightly lower than the
measured values, but lie within the combined uncertainty of the measurements
and of the rate constants used. Keck & Gillespie (1971) [35] perform a 14 species
and 2 constrains calculation to predict nitric oxide formation and removal in
an internal combustion engine. The first constrain is on the fixed nitrogen
controlled by a set of five chemical reactions. The second constrain considered
is the total number of moles in the system. The results obtained with the
14 species and 2 constrains RCCE calculation are compared to those results
obtained from a steady state solution. In the early engine cycle — when nitric
oxide is being removed — the nitric oxide concentration obtained from the
steady state solution is shown to be lower than nitric oxide concentration

obtained from RCCE. The opposite behavior is observed for other cycles.

2.3.4
Computational Singular Perturbation

The computational singular perturbation (CSP) technique proposed by
Lam (1985) [42] and discussed in detail in the works of Lam (1993) [43]
and Lam & Goussis (1994) [44], is a general procedure for analysis and
reduction of thermochemical systems. This method is a formal mathematical
approach that does not only simplify reaction mechanisms but also reduces
the set of governing equations of the system. The CSP technique allows one
to automatically decouple the system time scales in fast and slow modes. The

fast modes are those time scales which are less than a desired time resolution,


DBD
PUC-Rio - Certificação Digital Nº 0812195/CA


PUC-RIo - Certificacdo Digital N° 0812195/CA

Chapter 2. Literature Review 37

the others are called slow or active modes. It follows the elimination of the
exhausted and dormant modes. The exhausted modes are the time scales that
decay due to the competition between consumption and generation of species
and are not significant for the behavior of the system after certain period.
The dormant modes have no influence on the system dynamics, since they are
much slower than the active modes. The technique iteratively identifies a basis
of vectors that allows one to decouple the time scales in fast and slow modes.

The main advantages of the CSP technique are: (i) that important
reactions can be identified only using data from the reduced system, in
opposition to SA, which needs information from the full system; (ii) no a priori
knowledge about the system dynamics is required; (iii) the method is applicable
to problems with multiple time scales. A disadvantage associated to the CSP
technique is the impossibility of determining a prior: the size of the regions
which the technique is applicable (Okino & Mavrovouniotis, 1998) [64].

Goussis & Lam (1992) [23] develop a study of the homogeneous oxidation
of methanol/air at constant pressure using CSP. A numerical experiment is
performed using a fuel-lean (equivalence ratio = 0.6) mixture at a pressure
of 1 atm and temperature of 1027 K. A reaction mechanism with 30 species
and 173 reactions is used. The reduced system obtained includes 16 species
and produces results nearly identical to those of the full reaction mechanism
for the hydrogen atom and carbon monoxide mass fractions with error smaller
than 1%.

2.3.5
Intrinsic Low-Dimensional Manifold

Maas & Pope (1992a) [68] develop a general procedure for reducing
reaction mechanisms called intrinsic low-dimensional manifold (ILDM). This
geometrically-based technique is issued from the dynamical systems theory.
Based on a local spectral analysis (eigenvalues) of the linearized system of
governing equations, the fast time scales of the chemically reacting system are
identified. Then, assuming that these fast time scales, which are associated with
relaxation processes in chemical reaction, proceed infinitely fast, i.e., that these
processes are in local equilibrium, the space state may be globally simplified.
This simplification results on a reduced number of parameters, or progress
variables, which allows a considerable reduction in the number of differential
equations that have to be solved.

In contrast to other techniques, such as the QSSA, no assumption is
required about reactions in partial equilibrium or species in steady state. The

ILDM is formed upon specification of the desired reduced system dimension
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only. The simplification procedure is automatic, once it is given the state
properties as functions of the reduced parameters, i.e., the coordinates that
parametrize the system in the low dimensional manifold. This characteristic is
valuable when high dimensional systems are of interest. After the reduction
of the system dimension, the reduced system properties are stored in
a multi-dimensional table to be recovered a posteriori via multi-linear
interpolation (Griffiths, 1995) [25].

Maas & Pope (1992a) [68] apply the ILDM technique to the
reduction of a reaction mechanism with 13 species and 67 reactions to
describe the combustion of carbon monoxide-hydrogen/air in a spatially
homogeneous, closed, adiabatic, isobaric reactor. Both one-dimensional and a
two-dimensional manifolds have been generated which correctly represent the
major and the minor species in the nonequilibrium evolution of the chemical
system.

Maas & Pope (1992b) [57] develop a procedure to apply the ILDM
technique to reactive systems where molecular transport is present. The study
of a perfect stirred reactor model demonstrates that the reduced reaction
mechanisms obtained by this technique provide a good description of the
detailed evolution in situations where the time scale of the physical process
is reasonably slower when compared to the fast, decoupled, time scales. This
study also shows that when the time scales difference become too small, the
ILDM technique demands a higher dimensional manifold in order to correctly
predict the reactive system behavior.

The storage of the reduced information in a multi-dimensional table
requires a large amount of memory. In order to overcome this difficult
Niemann et al. (1997) [63] propose an ILDM approach which uses orthogonal
polynomials to interpolate the stored reduced information obtained from a
tabulation step which computes the system properties as function of the
progress variables in a corse grid among the system phase space. This procedure
allows the decreasing of the ILDM mesh resolution, and thus the storage
requirements. For instance, storage is reduced by a factor of 200 when a
stoichiometric hydrogen/oxygen system is considered.

Konig & Maas (2005) [40] introduce a mathematical approach to the
calculation of ILDMs sensitivities with respect to kinetic data. This method
is applied to a CO/Hs/Oy/ No-system, which consists of 13 species that react
in 67 elementary reactions. The temperature of the unburnt gases is 298 K,
and the syngas mixture is stoichiometric with a proportion (in volume) for
CO:Hy:Ny equal to 4:3:3. The validity of the technique is demonstrated by a

comparison between results obtained via ILDM calculations of a perturbed and
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an unperturbed reaction mechanism. The study also shows that the behavior of
reduced reaction mechanism obtained via this ILDM approach is qualitatively
comparable to the behavior of the corresponding detailed reaction mechanism.

Konig & Maas (2009) [41] develop an technique to generate on demand
ILDMs in generalized coordinates extensible to the domain of slow chemistry
using a hierarchical concept that progressively increases the original manifold
dimension. Also, in this version of the ILDM technique the tabulation of the
system properties as function of the reduced variables is made on demand,
i.e., only the actually accessed part of the phase space is tabulated allowing to
reduce the amount of memory and computational time spent during the ILDM
calculations. A syngas/air one-dimensional calculation for a free, adiabatic,
premixed, flame in a laminar flow field is used to validate the technique. A
reaction mechanism with 13 species and 67 reactions describes the chemical
kinetics of this system. The new technique presents an 82% of reduction in
memory storage and 22% of reduction in computational time when compared

to the classical ILDM approach.

2.3.6
Proper Orthogonal Decomposition

When used as a technique of dimension reduction, POD is used to determine
spatial structures that are time applicants called coherent structures. These
coherent structures allow the construction of a reduced model in which the
dynamical behavior is representative of the original system, since they preserve
most of the original system information (Holmes et al., 1998) [30]

The POD procedure can be summarized as follows. Consider a process
that varies in time and space and that, after an initial transient, approaches
a steady state. Sample discrete data from this process are obtained by
following the evolution in time of a set of initial conditions. Then an
auto-correlation tensor is computed, where its components are covariances
between these discrete data, considering the time average as the ensemble
average. The eigenvectors of this auto-correlation tensor are the coherent
structures described above and form the basis that maximizes the expectation
of information from the original system (Holmes et al., 1998) [30].

The reduced reaction mechanism is obtained by projecting the full
reaction mechanism into the subspace spanned by the eigenvectors that
correspond to the largest eigenvalues. The nonlinear behavior of the original
model is preserved, once the nonlinearity is invariant by projection into a linear
of affine space. Also, the method demands only standard matrix operations,

which is attractive from the computational point of view (Pinnau, 2008) [6§].
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Graham & Kevrekidis (1996) [24] propose an alternate approach for the
POD technique, in which the sample discrete data is obtained from the short
time integration of a large set of initial conditions. This approach is used
to study the dynamics of a reaction-diffusion system, using the short time
integration of 1000 initial conditions to construct the auto-correlation tensor.
The reduced model obtained from the new procedure is shown to contain
information about the global dynamics that is not contained in the reduced
model obtained from the standard POD approach.

Singer & Green (2009) [86] combine an adaptive strategy for the POD
method with an operator splitting technique to study the evolution of a
reaction-diffusion system. The technique is applied to an one-dimensional
laminar premixed methane/air flame using GRI mechanism version 3.0 [89),
with 53 species and 325 reactions. The results of the simulation show that
temperature and species mass fractions are predicted with an error smaller
than 0.25% when compared with the direct integration of the full reaction
mechanism. A speed-up factor of 3.5 is reported, which is related to the fewer
evaluations of the source term required to compute the Jacobian matrices.

Berkooz et al. (1993) [4] and Holems (1998) [30] provide a comprehensive
review of the POD technique, including the associated mathematical
properties. Rathinam & Petzold (2004) [75] discuss other theoretical
considerations related to POD technique such as: (i) errors involved in
solving a nonlinear ODE initial values problem with POD; (ii) the study of
small perturbations in the ensemble of data from which POD reduced model
is constructed; (iii) an analysis of computational complexity of solving ODE
initial value problem; and (iv) the study of savings obtained by the use of

POD technique.

2.3.7
Invariant Constrained Equilibrium Edge Pre-image Curve

The invariant constrained equilibrium edge pre-image curve (ICE-PIC) is an
automatic dimension reduction technique developed by Ren et al. (2006) [80].
The fundamental idea of ICE-PIC method is the identification of a
low-dimensional manifold which is invariant, continuous and piecewise smooth.
The reactive system is parametrized in this low-dimensional manifold and when
the full composition of the chemical species needs to be locally recovered from
the reduced composition in the low-dimensional manifold, the pre-image curve
technique proposed by Ren & Pope (2005) [78] is used. The term “locally
recovered” means that, for the ICE-PIC technique to reconstruct the species

properties from the reduced composition, it is not necessary to reconstruct the
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whole manifold. The ICE-PIC technique is tested in the simulation of a steady,
isobaric, adiabatic, one-dimensional premixed laminar flame of a stoichiometric
hydrogen/air mixture with an unburnt temperature of 300 K and pressure of
1 atm. The mixture thermochemistry is described by reaction mechanism of
Li et al. (2004) [48] (9 species and 21 reactions). The simulations show that
compared to the results obtained with PREMIX code by Kee et al. (1985) [36],
the ICE-PIC accurately reconstructs the species composition and system
temperature (normalized errors smaller than 1.5 x 1073). Compared to QSSA
and RRCE, ICE-PIC technique yields the smaller maximum error. Considering
the ILDM method, it is possible to obtain maximum error smaller than that
obtained with ICE-PIC, but ILDM is a technique in which the low-dimensional
manifold does not exist for all ranges of temperatures.

Ren et al. (2007) [81] use the ICE-PIC technique to study the autoignition
of a homogeneous, adiabatic, isobaric, stoichiometric methane/air mixture at
1500 K and 1 atm, described by GRI mechanism version 1.2 [89] (32 species
and 175 reactions). The results of ICE-PIC are shown to be at least 2 orders
of magnitude more accurate than QSSA and RCCE techniques. This work
also investigates the application of a variant of the ICE-PIC method for an
inhomogeneous system: a steady, one-dimensional, adiabatic, isobaric, laminar
flame of stoichiometric methane/air mixture also described by GRI 1.2 [89),
with an unburnt temperature of 298 K and pressure of 1 atm. The results show
that the inclusion of transport coupling in ICE-PIC formulation can reduce the
error associated to the reduction of dimension by a factor of a hundred.

The capability of the ICE-PIC technique to treat a combustion
system that exhibits a complex dynamics is tested and demonstrated
by Ren & Pope (2007a) [79]. In this work, the ICE-PIC technique is
applied to the oxidation of a carbon monoxide/hydrogen mixture in a
continuously stirred tank reactor at low pressure, the same system described by
Brad et al. (2007) [8]. A reaction mechanism with 11 species and 33 reactions
is used in the modelling of the reactive mixture. The simulation results show
that a reduced description using a low-dimensional manifold of dimension five is
able to quantitatively predict the complex dynamics of the continuously stirred
tank reactor. This study also shows that the ICE-PIC method is not sensitive
to changes in the coordinates (species) that parametrize the reduced system,
which is an advantage when compared with QSSA and RCCE methods.
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2.4
Storage/Retrieval

The storage/retrieval approach stores the simulation results for a posteriori
use (retrieval). This approach presents some variants for data storage, such
as multi-dimensional tables, binary search trees, etc., but the retrieval is done

basically via multi-dimensional interpolation or extrapolation.

24.1
Look-Up Table

A look-up table (LUT) is a data structure often used to replace an ODE
integration with an array indexing operation. The savings, in terms of
processing time, can be significant, since retrieving a value from memory is
often faster than solving a differential equation. This technique presents a
pre-processing step, where direct integration of the governing equations is
performed, and the results are tabulated. In the simplest approach, the region
of interest in the domain is covered with a regular mesh and the equations
are solved for each point of this mesh. Then, a posteriori calculations are
performed via multi-linear interpolation from tabulated values.

The major advantages of the LUT technique are: (i) the possibility of
controlling the interpolation error by refining the mesh; and (ii) the speed-up
in the time spent to solve the governing equations. However, the technique has
limitations, mainly due to the large amount of memory required to store the
table.

Chen et al. (1989 [1I] and 1995 [10]) present applications of the LUT
technique. The first work uses the LUT technique to efficiently solve the
equations corresponding to the probability density function (PDF) modelling
of a turbulent nonpremixed methane flame, whereas the second deals with the
simulation of a hydrogen flame and prediction of NO, emissions.

Ribert et al. (2006) [82] propose a technique, called self-similarity flame
tabulation, to tabulate turbulent combustion properties using a detailed
reaction mechanism. In this technique the species reaction rates and mass
fractions are tabulated as function of a limited set of coordinates, such
as progress variable, mixture fraction, enthalpy, etc., obtained from the
simulations of a one-dimensional laminar premixed flames. The species mass
fractions and reaction rates present a self-similar behavior with the progress
variable, which is explored in the tabulation technique in order to reduce
the size of the tabulation table. This technique has been applied, for a fixed
value of initial pressure and temperature, to several adiabatic one-dimensional

laminar premixed methane/air flames, for different values of equivalence ratio.


DBD
PUC-Rio - Certificação Digital Nº 0812195/CA


PUC-RIo - Certificacdo Digital N° 0812195/CA

Chapter 2. Literature Review 43

The simulations use the Qin et al. (2000) [73] reaction mechanism, with 34
species and 463 reactions, and the PREMIX code by Kee et al. (1985) [36].
The look-up table stores reduced values of species mass fraction and reaction
rates as function of the sum of the CO and CO, mass fractions and the
corresponding scaling relations, which are functions of the mixture equivalence
ratio. The simulations using the new technique are verified by comparisons with
numerical results obtained using a detailed reaction mechanism, and presented
good agreement with the values obtained from a detailed chemistry for several
simple hydrocarbon fuels (methane, propane and ethane) and various values
of equivalence ratio.

Fiorina et al. (2009) [17] proposed a tabulation strategy that also explores
the self-similar properties of tabulated species mean reaction rates in order to
decrease the demand for storage memory in the look-up table. A successful
application of this technique is reported to a Reynolds Averaged Navier-Stokes
(RANS) simulation of a nonpremixed turbulent methane/air flame, the Sandia
Flame D, experimentally addressed by Barlow & Frank (1998) [2]. A reduction
of three orders of magnitude in look-up tables storage memory is obtained with
excellent agreement between computations using detailed reaction mechanism

and reduced look-up table.

2.4.2
Repro-Modelling

Turdnyi (1994) [94] proposes the repro-modelling (RM) technique, which, for
a detailed reaction mechanism, extracts functional relationships between the
system properties (species concentration, temperature, etc.) and the species
reaction rates. The extracted information is stored in a multivariate polynomial
of high order and may be accumulated from a large number of simulations for
a specific range of conditions. This data is then used to evaluate the governing
equations, a procedure which is faster than to simulate using the detailed
reaction mechanism.

Turdnyi (1994) [94] applies this technique to simulate the ignition of
wet carbon monoxide in air. The repro-modelling obtained a speed-up of
24,000 and 11,700, respectively, using two or three variables in comparison
to the solution using detailed thermochemistry, given by the SENKIN code
(Lutz et al., 1987) [56].
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24.3
Piece-Wise Reusable Implementation of Solution Mapping

The piece-wise reusable implementation of solution mapping (PRISM)
technique proposed by Tonse et al. (1999) [91], consists in partitioning the
chemical phase space into adjacent hypercubes. As the reaction trajectory
evolves in composition space, polynomials are calculated for a given hypercube
when the trajectory first enters it. From a set of polynomials it is possible to
obtain the time evolution of any composition within the hypercube. Then,
the hypercube and polynomial information are stored in a particular data
structure, which is a combination of a binary tree and a double-linked list,
for being reused in future. As the calculations proceed, instead of solving
differential equations, only algebraic polynomials evaluations are necessary to
predict the system evolution.

The PRISM technique has been applied to three different hydrogen
combustion simulations (Tonse et al., 1999) [91], using a reaction mechanism
with 9 species and 26 reactions. The simulated cases are: (i) a zero-dimensional,
stoichiometric, premixed hydrogen/air mixture with an initial temperature
of 1200 K; (ii) a one-dimensional premixed laminar flame, in a 10 mm
tube closed in one end and open in the other at atmospheric pressure,
filled near the open end with burned gas, while the remaining is filled with
stoichiometric hydrogen/air mixture at room temperature; (iii) a nonpremixed
two-dimensional turbulent jet with coaxial hydrogen (21 m/s and 300 K)
and air (1 m/s and 300 K) inflows. All the simulated cases present an
excellent accuracy, the relative error is smaller than 0.2%, for temperature
and species mass fraction, and the computational efficiency, compared to the
direct integration of the governing equations is increased by a factor of 10.

Najm et al. (2005) [62] propose a novel implementation of the CSP
technique combined with the PRISM technique, involving an adaptive
tabulation of the basis vectors, which allows fast identification of the reduced
chemical model at any point of the phase space. In the new technique,
first, the CSP is used to reduce the dimension of the chemical phase space,
then, the PRISM technique is applied in order to efficiently compute the
system evolution. The key point is that first applying CSP allows the PRISM
tabulation procedure to construct low dimensional hypercubes, since the
dimension of the new chemical phase space is smaller than the original one.
This technique is applied to a four-dimensional system of stiff ODE in order
to assess its efficiency, showing a high level of accuracy, relative error less than

2%, and yielding a significant reduction in computational time.
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2.4.4
Artificial Neural Network

An artificial neural network (ANN) is a computational model inspired
by the structure of the brain, in order to provide features similar to
human behavior, such as learning, association, generalization and abstraction.
The ANN are composed of several processing elements (artificial neurons),
highly interconnected, that perform simple operations and send the results
to neighboring processors. Due to its structure, the neural networks
are very effective in learning patterns from data nonlinear, incomplete,
noisy and even composed of contradictory examples. Examples of typical
applications are: pattern recognition, time series forecasting and classification,
(Gurney, 1997) [26].

Christo et al. (1996) [12] introduce an integrated approach using ANN
and joint PDF transport equation for the simulation of turbulent flames. A
hydrogen/carbon dioxide turbulent jet diffusion flame is modelled using three
step reduced reaction mechanism. The results show good agreement of flame
and flow characteristics with those obtained by LUT or direct integration
procedures. For small reaction mechanisms, the ANN method does not show
significant gains in computational time and memory storage, when compared
to LUT and direct integration techniques.

Blasco et al. (1999) [5] introduce an ANN approach which partitionates
the computational domain and trains the neural network for each sub-domain.
This method allows the increasing of solution accuracy. The method is tested
in a methane/air system evolving according to a reduced reaction mechanism
with 7 species and 4 reactions. The ANN approach presents a speed-up factor of
2750 times, when compared to the direct integration procedure, and demands
1000 times less memory for storage than the LUT technique. The method also
presents an average error of 0.64%.

Thme et al. (2009) [32] use an optimized ANN approach in the
large eddy simulation of Dally et al. (1998) [15] bluff-body swirl-stabilized
methane-hydrogen/air flame. The chemically reactive flow field is modelled
using a flamelet /progress variable approach. The study shows that the accuracy
of the optimized ANN in LES simulations is comparable to the accuracy of
the refined structured tables, but with a smaller memory storage cost. Data
retrieval from an ANN is shown to be more expensive, when compared to
LUT techniques. The integrated approach LES/ANN presents good results
when compared to experimental data for the mean and variance of the velocity
components, mixture fraction, temperature, H,O and COy mass fractions.
Small discrepancies on C'Os profiles in the fuel-rich side of the flame are

observed, possible due to C'O, sensibility to changes in the progress variable.
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2.4.5
In Situ Adaptive Tabulation

The methodology dubbed in situ adaptive tabulation (ISAT), proposed by
Pope (1997) [70], consists in progressively creating (in situ) a binary search tree
which stores in its leaves an initial composition, its time integral value and the
corresponding jacobian matrix. A search is performed along this binary search
tree whenever the integration of the governing equations is required and a
tabulated solution is recovered. If the information recovered from the tree is
satisfactory, in the sense that an error tolerance is such that the recovered
solution lies inside an ellipsoid of accuracy, a linear extrapolation using the
tabulated values issued to provide an adequate approximate solution. This
approximate solution has a local error which is second order accurate in time,
thus ensuring that the global error is of first order.

The ISAT technique presents an advantage, when compared to LUT
techniques, in terms of memory savings. Since the tabulation is performed
in situ only the compositions that effectively occur in the flow are tabulated,
thus leading to large memory savings. This is a significative advantage when
dealing with complex reaction mechanisms. Furthermore, the error control
allows the usage of a conservative criterion for choosing an error tolerance.
However, when a large reaction mechanism is involved and the frequency
of additions in the binary search tree is high, the memory usage of the
ISAT technique is significant. The major advantage of the ISAT technique,
compared to the other storage/retrieval approaches, is the coupling flexibility,
which allows ISAT to be used in parallel with practically all of the other
methodologies presented herein.

Yang & Pope (1998b) [98] apply the ISAT technique for calculations
in the first few principal directions of the composition space — the mixture
properties at a given thermodynamical state that present more sensibility to
variation on this state — for a premixed pairwise mixing stirred reactor. Two
reaction mechanisms are used, a skeletal one (16 species and 40 reactions), for
methane/air mixture combustion and the GRI mechanism version 2.11 []9]
(49 species and 279 reactions), for natural gas combustion with air. The
results show very good accuracy for species mass fraction in both cases,
with tabulation error smaller than 4.0 x 10~* when compared to the direct
integration of the governing equations. This variant of ISAT only tabulates
the accessed region of the composition space, which allows the ISAT technique
to perform few additions and several recoveries in the binary search tree. Thus,
the method presents an impressive speed-up factor of 1,655 for methane/air

system, when compared to the direct integration of the skeletal mechanism.
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Saxena & Pope (1998) [83] model a piloted jet diffusion flame of
methane/air using an approach based on the joint PDF. This flame
corresponds to the Flame L that has been characterized experimentally by
Masri et al. (1988) [59]. The domain of calculation consists of a coflow burner,
with a central jet of methane (300 K and 41 m/s) with radius equal to 3.6 mm
and an outer annulus jet of air (300 K and 15 m/s) with radius equal to
9 mm. The ISAT technique is used to efficiently solve the governing equations
for the skeletal mechanism which contains 16 species and 41 reactions. The
obtained results of mixture fraction, temperature and species mass fraction
are compared to other numerical studies using simpler reaction mechanisms.
The results show a better qualitative agreement with the experimental data
than other works.

Saxena & Pope (1999) [84] investigate performance, issues such as
accuracy, efficiency and storage requirements, in the use of ISAT technique to
numerical solve the joint PDF of velocity-frequency-composition in a turbulent
chemically reactive flow. To examine the accuracy, the ISAT error control is
analyzed in the simulation of a pairwise mixing stirred reactor with a skeletal
methane/air mechanism (16 species and 41 reactions). It is shown that minor
species incur a larger global error than the major species. The ISAT technique
shows to be efficient to solve the joint PDF, with a speed-up of up to 60 over
the direct integration of the governing equations. This work also shows that,
for 100 stochastic particles, the storage requirements of ISAT for the finest
error tolerance (0.0008) is 50 Mbytes, a reasonable value.

Tang & Pope (2002) [90] develop a hybrid methodology for
thermochemistry reduction in turbulent reactive flows, combining the
dimension reduction of RCCE and tabulation of ISAT. Firstly, the RCCE
technique is used to reduce the reaction mechanism size, then, the in situ
tabulation is performed to efficiently solve the governing equations.
Nonpremixed methane/air combustion in a statistically homogeneous
turbulent reactor is addressed using GRI mechanism version 1.2 [89] (32
species and 175 reactions). A direct integration of the governing equations
with the full reaction mechanism is also performed and considered to be
the exact solution. The hybrid technique uses as constraints for RCCE, the
four chemical elements conservation, enthalpy conservation and the following
chemical species: HyO, CO,, Oy, CHy, CO, Hy, OH, O, CH3, C3H5, and
C5Hy. Thus, the resulting reduced reaction mechanism is 16-dimensional and
shows a good agreement with the exact solution, with an error smaller than 3%
for density, temperature and major species. The hybrid approach also obtains

a speed-up factor of about 500, when compared to the direct integration.
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Singer & Pope (2004) [87] use the ISAT technique together with a
splitting technique to solve a reaction-diffusion equation. The ISAT technique
is used to solve pure reaction substep, whereas an implicit Crank-Nicolson finite
difference technique is employed for the pure transport substep. The resulting
numerical scheme, which is second order accurate in time and space, is applied
to the simulation of a stoichiometric premixed hydrogen/air laminar flame
using a reaction mechanism with 9 species and 19 reactions. The simulations
results show that the numerical scheme is more sensitive to variations on ISAT
error tolerance than in the ODE solver absolute error tolerance. This study
also shows that ISAT allows to obtain a speed-up of 4.5 — 5, when compared
to the direct integration of the governing equations for the reaction-diffusion
model.

Liu & Pope (2005) [49] characterize the local and the global errors of
the ISAT technique when used in conjunction with transported PDF methods.
The object of study in this work is a nonpremixed turbulent methane/air flame
experimentally addressed by Barlow & Frank (1998) [2]. The computational
fluid dynamics package FLUENT is used to perform RANS simulations of the
governing equations, with & — e turbulence model and ISAT to efficiently
solve the thermochemistry described by skeletal mechanism with 16 species
and 41 reactions. Their work investigates the ISAT local error through the
implementation of three different adaptive strategies, i.e., growth of the
ellipsoids of accuracy. The analysis of the cumulative distribution function of
local error shows the local error well controlled, but a large error is shown to be
possible despite improbable. The global error is quantified and demonstrated
to be small, when compared to statistical error, for tolerances values smaller
than 10~%. The global error is also shown to vary linearly with the ISAT error
tolerance.

Singer et al. (2006) [88] perform the simulation of two-dimensional
unsteady laminar reacting flows using ISAT technique. This work presents
an operator splitting technique which used ISAT to solve the pure reaction
substep and stabilized Runge-Kutta technique for pure transport substep.
The numerical scheme is parallelized using a combination of OpenMP and MPI
libraries and applied to the interaction of a laminar premixed methane/air
flame with a counter-rotating vortex pair. The reaction mechanism used is
the GRI mechanism version 3.0 [89], which has 53 species and 325 reactions.
The simulations results show that an overall speed-up factor of approximately
2.5 — 3 times is achieved by the use of ISAT, when compared to the direct

integration of the governing equations.
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Lu et al. (2009) [50] develop parallelization strategies for ISAT technique.
In essence, these parallelization strategies are smart ways to distribute the
calculations tasks among various binary search trees. In a multi-processor
environment calculation using parallel ISAT, the computational domain is
decomposed into various sub-domains and each one of these are passed to
a processor. Each one of these processors has its own binary search tree.
Before or after a pure reaction fractional step, particles in one processor
may be passed to one or more processors by distribution strategies to be
solved there via serial ISAT. Three different distribution strategies have been
tested. In the first strategy, there is no message passing, the evolution of each
particle at a sub-domain is computed locally via serial ISAT. In the second
strategy, all the particles at a group of sub-domains are randomly uniform
distributed among the sub-domains of this group via message passing. Then
serial ISAT is used to compute their evolution. In the third strategy, the
particles of a group of sub-domains present a preference for some processors,
e.g., those processors that they have not visited previously. Combinations of
these strategies or adaptive strategies of the distribution are also possible.
Numerical experiments using different parallelization strategies are performed
in a methane/air partially stirred reactor, subject to different parametrical
configurations. The adaptive strategy shows good parallel scalability and it
is the only that yields a good performance for all parametric configurations
tested, achieving a speed-up factor of up to 30 compared to the strategy with
no message passing.

Lu & Pope (2009) [51] propose an improved version of the ISAT
technique, which includes four search strategies for a query composition: the
usual search in the ISAT tree; a list with the most recently used compositions;
a list with the most frequently used compositions and the search in a binary
search tree which has an ellipsoid associated to each node and leaf. Also,
this improved ISAT verifies if a query composition lies inside the ellipsoid
of accuracy by using the ellipsoid projection into an affine space. There is also
defined an ellipsoid of inaccuracy, which is an upper bound for the region of
accuracy. An error checking and correction criterion is introduced and allows
the efficiently reduction of ISAT local error. The performance of the improved
ISAT technique is compared to that of a previous version for two cases of
methane/air combustion in partially stirred reactor. The first case uses a
skeletal mechanism (16 species and 41 reactions), whereas the second uses the
GRI mechanism version 3.0 [89] (53 species and 325 reactions). The simulation
results show that the new algorithm demands less computational time and

memory storage than the older version by factors of 2 and 5, respectively.
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2.5
The State of the Art

The hybrid methodologies are those which combine two or more existing
approaches for reduction reaction mechanisms. These sophisticated techniques
envisage the best use of two or more well established techniques in order to
achieve performance gains.

Among the different methodologies presented in this review, the hybrid
approaches are surely the most promising, since they present excellent results,
in terms of accuracy and computational cost. These virtues are associated
to the combination of the advantages of well established techniques. The
hybrid class can be considered in general as the state of the art in reduction
of combustion chemical kinetics. The ICE-PIC technique combined with the
ISAT storage/retrieval seems to be the most attractive reduction methodology
available.

Pope & Ren (2009) [72] review the state of the art on efficient
implementation of combustion thermochemistry in turbulent chemically
reactive flows by the Turbulence and Combustion Group at Cornell.
This review address the ICE-PIC technique to obtain a reduced models
for chemically reactive flows; the coupling between thermochemistry and
macroscopic transport in these reduced models; the development of efficient
operator splitting schemes for chemically reactive flows; and the recent
improvements in ISAT technique.

The remainder of this work is devoted to the presentation and to the
study of an ISAT technique. Even if the chosen technique falls short to the

state of the art, it is a fist stepping stone in more advanced developments.
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3
Modelling of Stirred Reactors

In this chapter the fundamental aspects related to the modelling of stirred
reactors are presented. These aspects cover basic definitions about the gas
system, the principles of gas phase thermochemistry, the balance equations
from continuum mechanics, two models for a spatially homogeneous transient
reactor and a geometrical interpretation of the chemical reactors equations on
the basis of the theory of dynamical systems. The presentation of the chemical
transformation assumes that the continuum hypothesis is valid for the reactive

gas mixture when such a mixture flows through a control volume.

3.1
Fundamental Definitions

The molar fraction of the i-th chemical species is defined as

2
X’L = —, 3.1
- (3.1)

where n; is the number of moles of the i-th chemical species, n is the system

total number of moles, i.e,

n= nan, (3.2)
i=1

where n, is the number of chemical species. It follows from the definition that
X, satisfies

0<X;<1, and > X;=1 (3.3)
i=1
The mass fraction of the i-th chemical species is defined as
mA
Yi=—, 3.4
- (3.4)

where m; is the i-th chemical species mass and m is the system total mass,

ie.,

m = Zmi. (3.5)
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It follows straightforward from the definition, that Y; satisfies

0<Y;<1, and Y V=1 (3.6)
=1

The molar mass of the i-th chemical species, W;, is defined as the mass
of 1 mol of this species, i.e., N4 particles, where Ny = 6.023 x 10?3 is the
Awvogadro number. The sum of the molar masses of all the species that compose
a homogeneous gas mixture weighted by the molar fraction is the mean molar

mass of the mixture,

W = nzl X; Wi (3.7)

Mass fraction and molar fraction are two different concepts used to
describe the amount of a chemical species in a gas mixture, and may be related
with the help of W and W,

y, = iy, (3.8)
w
The molar concentration of the chemical species i is defined as
n<
Ci = —Z, 3.9
& (39

where V' is the volume of the system, whereas the mizture concentration is

defined as

Ng n
; 5 (3.10)
The partial density of the chemical species ¢ is defined as
m.
i =, 3.11
pi=; (3.11)
whereas the mizture density, or density, is defined as
Ns m
pEZpi:V. (3.12)
i=1

Density and concentration are intensive properties of a gas mixture, which

are related via

p=WC. (3.13)
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3.2
Gas Phase Thermochemistry

3.2.1
Equation of State for Perfect Gases

A perfect gas is a model to describe a gas that is composed by a set of point
particles moving randomly that interact only through elastic collisions. This
class of gases obeys an equation of state relating temperature, pressure and

density called ideal gas law, which is given by

pV =nRT, (3.14)
where p is the pressure, R is the wniversal gas constant and T is the
temperature.

A consequence of the perfect gas model is that all the intensive
thermodynamical properties are known function of the mixture temperature
only. Herein it will be assumed that all the gas mixtures are composed by gases

that behave as a perfect gas.

3.2.2
Stoichiometry

A gas mixture is said to be stoichiometric if the fuel and the oxidizer are in
a proportion that are completely consumed during the reaction. If there is
an excess of fuel, the mixture is called fuel-rich, and if there is an excess of
oxidizer, it is called fuel-lean (Warnatz et al., 1999) [95].

The equivalence ratio is defined as

XFu
XOm

(),
XO:): st

where X, is the fuel molar fraction, Xy, is the oxidizer molar fraction and the

)

(3.15)

subscript 4 notes stoichiometric conditions. By definition, ® is smaller than
one if the mixture is fuel-lean, greater than one if the mixture is fuel-rich and

unitary if the mixture is stoichiometric, i.e.,

o<1 fuel — lean mixture, (3.16)
d=1 stoichiometric mixture,

o >1 fuel — rich mixture.
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3.2.3
Reaction Mechanism

During a chemical transformation the molecular bonds holding atoms in a
given molecule are broken and new bonds are formed with other molecules,
leading to a conversion process between bond and kinetic energy. The number
of atoms does not change in this transformation (Zel’dovich et al., 1985) [99].

A reaction mechanism with n, elementary reactions and ng chemical

species can be represented in the general form

f:’/;jMi = i’/;;/\/lu jg=1--,n,, (3.17)
i=1 i=1

where M is the symbol of the i-th chemical species and the integers V;j and 1/;;
are, respectively, the forward and reverse stoichiometric coefficients of chemical
species ¢ in the j-th elementary reaction. The Table presents a chemical
kinetics mechanism, with 4 species (CO, O, CO and O;) and 3 reactions, for

the description of carbon monoxide oxidation (Gardiner, 2000) [21].

Table 3.1: Reaction mechanism for carbon monoxide (CO) oxidation. In this
table M represent a third body with a specific efficiency for each species

(fo, =04, fco =0.75 and feo, = 1.5).

: A; Bi E;
Reaction (cm, mol, s) (cal/mol)
1: O+ CO = CO,+0 1.260x 10 0.00 23682.94

N

CO+0+M = COy+ M 1540 x 10 0.00 1510.70
33 O+0+M = O0+M 5.400 x 10 0.00  —899.69

Further information about reaction mechanisms can be obtained in the
work of Orbegoso et al. (2009) [65], that presents a survey of recent chemical
kinetics mechanisms available to model the combustion of simple fuels, such

as hydrogen, natural gas, Syngas and liquefied petroleum gas.
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3.2.4
Rate of Reaction

The transition from the initial to the final state is characterized by the chemical
reaction rates for the various species of the reaction mechanism. The net
production rate w; of the i-th chemical species in a multistep mechanism is

given by

Wi = virj, (3.18)
j=1
where the overall stoichiometric coefficients are

1" !
Vij = Vi; — Vij,

(3.19)

and the overall reaction rate of the j-th elementary reaction, r;, is given by

rp=ri =y, (3.20)

where the forward reaction rate r;r and the reverse reaction rate r; are given
by

ri=kI[[CY,  and vy =k []C (3.21)
i=1 =1

with k;r and k; being the rate constants for the forward and reverse j-th
elementary reaction.
The forward rate constant for the j-th elementary reaction is assumed to

evolve according to an Arrhenius law (Williams, 1985) [96],

J RT
where A; is the pre-exponential factor, of the j-th elementary reaction, which

EA
ki = A;T% exp <——J> , (3.22)

is representative of the molecular collision frequency at the average thermal
velocity, 3; is temperature exponent of the j-th reaction and £} is the activation
energy of the j-th elementary reaction, which describes a barrier of energy that
has to be overcome during the reaction.

The reverse rate constant for the j-th elementary reaction is related to

the forward rate and its determination will be given in the following subsection.
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3.2.5
Thermochemical Equilibrium

When the forward and the reverse reaction rate of the j-th elementary
reaction approach each other, the concentration of the chemical species
ceases to change and the system reaches a state of dynamic equilibrium
(Zel’dovich et al., 1985) [99], which can be expressed as

o:/gjﬁcﬁ—k;ﬁcfﬁ, (3.23)
=1 i=1

which yields

N B
v,
ij

K, = k% == - = [Ic. (3.24)
J H O@f’z‘j i=1
=1

which defines the j-th elementary reaction equilibrium constant in
concentration units, K.. Note that it is also possible to define the j-th

elementary reaction equilibrium constants in terms of pressure units,

K, =[]»". (3.25)
=1

and it is easy to show that the two equilibrium constants are related by

0\ iy Vij
K. =K (p—) 1 (3.26)
Cj p] RT Y *

where p° is the pressure at the standard state.
From the definition of the Gibbs free energy (Warnatz et al., 1999) [95],
it is possible to show that

AS?  AH?
K, =exp ( L — J) , (3.27)

R RT
where the net change in entropy AS? and the net change in enthalpy AHY in

the j-th reaction are respectively given by

AS? = vy, (3.28)
i=1
and
AH? = vj;HY. (3.29)
i=1
For all chemical species, the enthalpy of formation H? and entropy in
standard state Sy are assumed to be known functions of temperature and can

be calculated, for example, using Chemkin-II package (Kee et al., 1989) [37].
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3.3
Equations of Balance

Classically, the fundamental principles of balances (mass, momentum, chemical
species and energy) are mathematically formulated in terms of partial
differential equations. These fundamental principles are presented here
without development, which may be found elsewhere Williams (1985) [96] or
Law (2006) [45].

The balance equations of the total mass, momentum, species mass and

energy read

= =T (3.30)
a(g:) =T, (3.31)
a%?) =Ty + Qi  i=1-,n,, (3.32)
d(ph)

APY _ .
(915 hs (3 33)

where t is the time; I', represents the mass convection; u is the velocity field;
I'y accounts for the momentum convection, external surface and body forces;
I'y, describes the convective and diffusive transport of the i-th chemical species;
Q); is the ¢-th chemical species source term; h is the specific enthalpy and I',
accounts for all mechanisms of energy transport, i.e., conduction, convection
and radiation. These equations are supplemented by the equation of state,
Eq.(3.14), appropriate boundary and initial conditions.

3.4
Partially Stirred Reactor with IEM Model

A partially stirred reactor (PaSR) is a spatially homogeneous, transient, reactor
model governed by the competition of chemical reactions, turbulent mixing and

the residence time within the reactor, defined as

V
T, = L, (3.34)

m
where m is the mass flow rate entering the reactor. In such a reactor, a

statistically steady state of “unmixedness” may be maintained. In this sense,
this reactor is a chemical equivalent of the nondecaying homogeneous turbulent
flow, in which energy is continuously supplied to the system in order to
maintain the turbulence (Correa, 1993) [13].

A particular solution to such a reactor considers Monte-Carlo techniques,
in which the reactive system consists of n, stochastic particles, evolving

adiabatically and at constant pressure. Under such hypothesis, I', = I'y, = 0,
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and the equation of state determines the density for a given temperature
and mixture composition. The terms of enthalpy transport I', and of the
chemical species I'y, describe the turbulent transport micromixing process
(Pope, 1985) [69]. Thus, under the hypothesis of linear relaxation of the
properties towards the mean value, the balance equations for the the j-th
stochastic particle (j =1, ---, n,) of this system read

dh ) hU) — (h

dh _ _hP = (b (3.35)

dt T,

dp(j)

— =0, 3.36

= (3.36)

dY; (4) Y(j) _ <Y> -
e _ L iy Y =1, n,, 3.37
dt Tm * p ' 7 o ( )

where the superscript ) denote the j-th stochastic particle, 7, is the mizing

time, (h) and (Y;) denote the ensemble average of h and Y; respectively, where

the ensemble average operator is defined as

W) =—> 9V, (3.38)

being v a generic property of the reactive system.
Another statistical quantity that is useful in the description of a system
with stochastic particles is the ensemble variance, whereas the ensemble

variance operator is defined as

(v"*) = ni iw — (W), (3.39)
and can be shown that "
(W?) = (W) — ()" (3.40)

Note that the micromixing process has been described in Eq. by
the interaction by exchange with the mean (IEM) model. More details about
mixing models can be found in Fox (2003) [18]. The second term on the
right hand side of Eq.(3.37) is the reaction rate of the i-th chemical species.
The modelling of this nonlinear term has been described in section and
introduces stiffness on the chemical system, since the associated range of time

scales spans over several orders of magnitude (Correa, 1993) [13].

3.5
Pairwise Mixing Stirred Reactor

According to Pope (1997) [70], for the purpose of testing a chemical kinetic

reduction technique, it is desirable to devise a mixing model that leads to a
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composition region accessed during the solution process which is “wider” than
that provided by the IEM model.

Therefore, Pope (1997) [70] proposed the pairwise mizing stirred reactor
(PMSR), which is designed to yield a much larger accessed region, and hence
should provide a stringent test to the ability of the reduction technique to yield
a reduction in computational time.

In the PMSR model the reactor consists of an even number n,, of particles.
Given a time step, At, the model describes three types of events, for each
discrete times kAt, where k is an integer, inflow, outflow and pairing.

Initially, the particles are arranged in pairs (j;, jo) such that the particles
(1,2), (3,4), ---, (n, — 1,n,) are partners. Given a specified residence time,
7., the inflow and outflow events consist of randomly selecting n;, pairs of
particles and exchanging their thermodynamical properties by the properties

of a prescribed inflow. The number of particles pairs to input the system is
defined as

Ny = ceil (%é—jn},) , (3.41)
where ceil () denotes the ceil function of a real number, i.e., the smallest integer
not less than a given real. Given a specified pairwise time, 7,, the pairing event
consists of randomly selecting a number of pairs of particles, different from the
inflow particles, equal to

Npair = ceil (%é—;n},) , (3.42)
for pairing. Then the chosen particles (inflow /outflow and paring) are randomly
shuffled. Between these discrete times, the pairs of particles (ji,72) evolve

according to the following mixing law

dh 1) L) — p52)

G e (3.43)
dh G2) Rl2) — pn)

= = _2T’ (3.44)
%U” _o, (3.45)
dp3)

d_zz _0, | | | (3.46)
%(il) _ _Yi(mT;Yi(n) . wz(]zWi’ i=1.-- o, (3.47)
dd? (j2) _ _Yiuz)T;Yi(m . wi(j;)VVi7 i=1-.m, (3.48)

and the equation of state, Eq.(3.14)).
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3.6
The Geometry of Reactive Systems

In this section it is developed a geometric language to interpret a stirred
reactor such as PaSR/IEM or PMSR. This approach is based on the theory of
dynamical systems and allows one to identify the thermodynamical state of a
reactive system as a vector and its evolution as a vector path on the systems

phase space.

3.6.1
Composition Space

Given a reactive mixture in a stirred reactor, such as PaSR /TEM or PMSR, its
thermodynamical state may be completely determined by the mass fraction Y;
(1 =1,---,ng) of the n, chemical species, the specific enthalpy h and pressure
p. The thermodynamic state of the reactive mixture can be represented in a

compact way by the composition vector defined as

¢ =(hp, Y1, Yo)", (3.49)
where the superscript T denotes the transposition operation. One should note
that, due to the invariance of the system number of atoms, which ensures the
total conservation of the mass, the components of vector ¢ are not linearly

independent.

Figure 3.1: Sketch of the composition space and its subsets.
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Defining ng = n,+2, the composition ¢ is a point in the n,-dimensional
Euclidean space the so called composition space (C), where the first direction
is associated with the enthalpy, the second with the pressure and the other
n, are related to the chemical species. The region of the composition space
defined by all physical realizable values of ¢ — those that respect elemental
conservation — is called realizable region (R). The locus in the realizable
region defined by all composition ¢ that occurs in a given flow calculation
is called accessed region (A). By definition, the accessed region is a subset of
the realizable region, which is a subset of the composition space. Figure [3.1

illustrates the structure of the composition space and it subsets.

3.6.2
Mixture Temperature

The composition vector ¢ completely defines the thermodynamical state of a
reactive mixture in a partially stirred reactor. Thus, it is possible to determine
the mixture temperature from the components of ¢. Indeed, the mixture

enthalpy is a function of the temperature given by

WT) =Y Yihi(T) (3.50)
i=1
where the specific enthalpy of the i-th chemical species is given by
T
hi(T) = h + / ¢y (T")dT" (3.51)
TO

where h{ and ¢, respectively are the specific enthalpy of formation and specific
heat of ¢-th chemical species and T is the temperature at the standard
state. In this work, h{ and ¢, are computed using the Chemkin-II package
by Kee et al. (1989) [37] and the system temperature is obtained from the
Eq. using the bisection method.

3.6.3
Reaction Mapping

Considering an ideal spatially homogeneous, transient, chemical reactor such
as PaSR/IEM or PMSR, the evolution of the composition of each particle in
the reactor can be written in a general framework according to the following
set of ordinary differential equations
do (9)
dt
where I')(¢) is the rate of change due to micromixing transport and S(¢U), )

=TO )+ S(epV) 1), (3.52)

is the rate of change associated to the chemical reactions.
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Integrating both sides of equation Eq.(3.52)) from an initial time #, to a

time t gives

) t ) t ]
o9 (t) = ¢ + / O () dt' + / S(¢pW, t)at', (3.53)
to to

and defining the reaction mapping

R(¢y,1) = Y1), (3.54)
as the solution of Eq.(3.52)) after a time ¢ starting from the initial composition
¢V (1) = ¢y

The reaction mapping corresponds to a trajectory in composition space,
which, for large values of ¢, tends to the equilibrium composition for the given
enthalpy and pressure on qbéj ), such as shown in Figure .

chemical equilibrium

¢(t) = R(¢o, )
¢(to) = o

Figure 3.2: Sketch of a trajectory in composition space departing from an initial
composition ¢g until the chemical equilibrium.

3.6.4
Reaction Vector

For each particle with composition ¢), the reaction vector S(¢\), t) has its
first and second components equal to zero and the next n, components given

by the mass rate of production of each species, i.e.,

. . T
L “gﬁ)Wns> (3.55)

SV 1) = (0,0, ,
p p
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3.6.5
Evolution Equations of PaSR/IEM

In the case of the IEM model the mixing vector can be written as

TO)(#) ____l_(hU)__Vw’O’yfﬁ__<ya>W..7}4D__<Y%J>T7 (3.56)

Ns
Tm

or, equivalently,

O (4) = _—d)(j) _ <¢>, (3.57)

Tm
where (¢) is the ensemble average composition vector is given by

(@) = ((h),0,(¥1), -+ (¥o))", (3.58)

such that the composition of the j-th stochastic particle evolves according to
the following system of ODEs
depl) o) — ()

_r N\ ()
e Rl CR)] (3.59)

3.6.6
Evolution Equations of PMSR

In the case of the PMSR the mixing vectors for the pair of particles (ji, ja2)

can be written as

. 1 . . . . . CN\T
I7i(t) = —— (h(]l) — hl2) 0, Yl(h) _ Yl(h)7 . ’Yn(?) _ Yngz)) ’ (3.60)
2 L (162 _ 0 oy _ yin) G2 _y)
T2 (t) = —— (W6 — 19,0, — ¥,y —y0) (361)
or, equivalently,
. (1) — pU2)
iy = 2 (3.62)
Tm
. (J2) _ 4U1)
T2 (t) = _u’ (363)
Tm

such that the compositions of a pair of particles (ji,j2) evolves according to

the following system of ODEs

dep 1) (J1) _ H(d2) .
d_gf = _¥ + S(¢(]l)’ t), (3.64)
d (42) (J2) _ pld1) .
d_(f — _¥ + S(¢(J2)’t). (3.65)
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4
Numerical Procedure

This chapter presents the numerical procedure used to solve Eq.(3.52), which
consists of an operator splitting technique employed together with a backward
differentiation formula method, used to integrate stiff systems of ordinary

differential equations.

4.1
Operator Splitting Technique

In the simulation of stirred reactors, such as those presented in the preceding
chapter, a system of equations similar to Eq.(3.52) must be solved for each
particle in the reactor in order to predict the composition evolution. This
system of equations has two terms, each of which associated to a different
physical phenomena, micro-mixing and chemical reaction. To solve Eq.
for each particle in a stirred reactor it is used an operator splitting technique,
also employed by Yang & Pope (1998a) [97] that allows the splitting of this

system of equations into two systems, a pure mixing system

do (4) ,
— = I‘(J)(t>7 (4.1)
and a pure chemical reaction system
de (4) )
— =S(".1). (4.2)

In the first fractional step, given an initial composition cbéj ) and a time
step At, the pure mixing system, Eq., is solved to determine ¢£sz$ (t+At).
In the next fractional step, the pure chemical reaction system, Eq., is
solved from an initial composition d)%zx (t + At) over a time step At to obtain
¢(j)(t+ At). The overall process of integration via operator splitting technique
can be represented as

oD (1) "B pU) (14 AL) " o) (¢ 4 AL). (4.3)

mix
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The advantage of an operator splitting technique lies in the fact that each
term in the evolution equation can be solved separately, using a specific efficient
numerical method to treat the particular features inherent to the physical
phenomenon modelled by the term (Fox, 2003) [18§].

4.2
Integration of Mixing Vector

4.2.1
IEM Mixing Model

For the IEM model, Eq.(4.1]), becomes
d(,b(j) oY) — ()

i@ a, (44)
which has an analytic solution, for an initial composition (,‘béj ), given by
Brta(t) = (@) + Ce/™, (4.5)
where the vector ¢ is given by
¢=(¢)— oy (4.6)

4.2.2
PMSR Mixing Model

For PMSR model, the pure mixing step is the following pair of equations

d¢(j1) B ¢(j1) _ ¢(j2)

4.7
dt T ’ (47)
de72) (42) _ pHU1)
@ _ o7 — o7 (4.8)
dt T
which has an analytical solution, for a pair of initial compositions qb(()j Y and
éjQ), given by
Braia(t) = Cu + G/, (4.9)
Pn(t) = G = G/, (4.10)
where the vectors ¢; and {, are given by
1 ) .
6= L (a1 o), ()
1 , .
CQ — 5 < (()Jl) _ é]2)> . (412>
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4.3
Integration of the Reaction Vector

For the PaSR/IEM model, Eq.(4.2)), becomes

dd’(j) B )
=51, (4.13)

which is numerically integrated from a composition d)o ) using the CVODE solver

that is part of the SUNDIALS suite by Hindmarsh et al. (2005) [28]. Similarly,

from a pair of initial compositions q,’)(j Y and ¢(j2) it is integrated the chemical

mix miz)

reaction system for PMSR model, which is given by the following system of

equations
dep ) )
@~ s(p0) 1), (1.14)
dt
d (J2) )
d—‘f = S(pU2) 1). (4.15)

The system of ordinary differential equations given by Eq. is
inherently nonlinear since its right hand side is proportional to the rate of
reaction of the chemical species present in the reaction mechanism used to
model the specified stirred reactor (Williams, 1985) [96].

If this system of equations is linearized around an equilibrium
composition, the resulting system presents eigenvalues with real part of
vastly different values, since the time scales associated with the elementary
reaction in the reaction mechanism span over several orders of magnitude
(Williams, 1985) [96]. Thus, the ratio between the eigenvalues maximum and
minimum real part is very large, which is characteristic of a system of equations
subject to a condition called stiffness (Shampine & Thompson, 2007) [85].

4.3.1
Backward Differentiation Formula

In order to numerically integrate a stiff system of ordinary differential
equations, the CVODE solver has a family of implicit methods called backward
differentiation formula (BDF). Assuming that the exact solution for the
system given by Eq. is known at the instants t,_q, tn—g+1, ", tn—1,1n,
where ¢ is the order of the method, this class of methods compute the
approximated value of the function derivative at t¢,,; using the values
O(tn—yq), @(tn—g+1), -+ @(tn—1), d(t,). Thus, the approximation precision
increases with the method order.
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The BDF method formula is given by

q—1
¢(tn+1> = Z aj+1¢(tn—j) + Atns [¢(tn+1)u tn-i-l] ) (4'16)
§=0
where «; are coefficients related to a particular method and the n-th time step

is defined as

At, =t, —t, 1. (4.17)
Since BDF methods are implicit, in order to find a value for ¢(t,41), it

is necessary to solve a nonlinear system of algebraic equations given by

N [¢(tn1)] = 0, (4.18)
where
N ($(tas)] = 3" aybltas) + A6S [Bltnra) o] . (419

In the CVODE solver the system defined by Eq.(4.18)) is solved iteratively

using the Newton-Rapson method which defines the following iteration

¢m+1 (thrl) = ¢m(tn+l) - ']_1 [¢m<tn+l)] N [¢m(tn+1)] ) (4'20)

where the superscript " denotes the m-th approximation of ¢(t,,1) and J is
the Jacobian matrix of IN, which is represented, in the canonical base, by the

components

ON;
T [Bltnia)) = 5ot (Bl (421)

&
Further details on this solution method may be found in
Hindmarsh & Serban (2006) [29]. The reader interested in numerical
analysis issues such as convergence, order and stability is referred to

Hairer et al. (1996) [27].

4.3.2

Truncation Error Control

The calculations described in the section are performed using a
floating point arithmetic, which has finite precision, and are subject to
truncation errors. The CVODE solver estimates the local truncation error in
the computation of i-th component of ¢(¢,), ¢;(t,), and store these values in

the i-th component of the vector

e=(e1, - en,) - (4.22)
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The control of the local truncation error is performed using two
positive scalar parameters, €,, and €4, which represent relative and absolute
tolerances, respectively. Roughly speaking, for each component of the vector
¢(t,), one can think .. as a value which defines the number of correct digits
in a single time step. Conversely, ., indicates a value which the number of
correct digits in each component of the solution vector need not be smaller.

The vector that stores the local truncation error must satisfy the

inequality

||€]wrms < 1, (4.23)

where the weighted root mean square norm, denoted by ||-||wrms, 1S given by

the expression

1 e € 2
wrms = —_ — ) 4.24
el > (2) (1.21)

where the i-th error weight is defined as

Wi = 5rel~|¢i(tn)‘ + Eabs- (425>
The inequality defined by Eq.(4.23) provides a test to control the
estimated local errors of truncation such that |¢;| must be less than or equal

w;, i.e.,

€] < ever-|diltn)| + Eabs- (4.26)
In order to |¢;]| satisfy the inequality given by Eq.(4.26)) it is sufficient
that

|€i| < Eabss or ﬂ < €rel- (427)

|0i(tn)] ~

The global truncation error results from the accumulation of the local
errors of truncation and can exceed the local tolerances. So it is recommended
to use conservative (small) values for €, and e4ps, i.¢., of the order of 107¢ and
1079, respectively (Liu & Pope, 2005) [49].
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5
In Situ Adaptive Tabulation

In this chapter is described the in situ adaptive tabulation (ISAT) technique
proposed by Pope (1997) [70] that is used to reduce the computational cost
associated to the solution of Eq.(4.2)).

5.1
Linearized Reaction Mapping

Consider a composition qﬁ[] and an initial composition ¢, so that the series

expansion of the reaction mapping of the composition around the initial one is

R(¢,t) = R(¢o, 1) + Ao, )30 + O(||08]3). (5.1)

where the composition displacement is given by

the mapping gradient matriz is the ngxn, matrix A(¢o, t) which is represented

in the canonical base by the components

OR;

Aij(@o,t) = (9(;501, (¢o. 1), (5.3)

and O(||d¢||3) denotes terms that have order ||d¢||3, where the Euclidean norm

of a vector 1, denoted by |||, is given by the expression

> vk (5.4)

1]z =

The linear approximation

R/(¢,t) = R(¢o, t) + A(eo, )5, (5.5)
is second order accurate at a connected region of composition space centered
at ¢y. The shape of this region is unknown before the calculations, but the
ISAT technique approximates this region by a hyper-ellipsoid, as will be shown
in section

U In this chapter the superscript /) is omitted for the sake of notation simplicity.


DBD
PUC-Rio - Certificação Digital Nº 0812195/CA


PUC-RIo - Certificacdo Digital N° 0812195/CA

Chapter 5. In Situ Adaptive Tabulation 70

The local error of the linear approximation is defined as the Euclidean
norm of the difference between the reaction mapping at ¢ and the linear

approximation for it around ¢q
e = [|[R(¢,1) — R'(,1)||2. (5.6)

5.2
Ellipsoid of Accuracy

The accuracy of the linear approximation at ¢q is controlled only if the local
error is smaller than a positive error tolerance £4,;, which is heuristically chosen.
The region of accuracy is defined as the connected region of composition space
centered at ¢y where local error is not greater than e,.

For instance, assume a constant approximation for the reaction mapping
at ¢, i.e., R°(¢,t) = R(¢po,t), instead of the linear approximation defined in
Eq.(5.5)). The local error to leading order is

e =[|AdP]l2, (5.7)

and thus the region of accuracy (¢ < g4y) is

SOTATASP < €. (5.8)
The singular value decomposition (SVD) states that the reaction gradient

matrix has a factorization in the form

A=UXVT, (5.9)
where U and V are real square orthogonal matrices and 3 is a real
square diagonal matrix with nonnegative elements on the diagonal
(Golub & Van Loan, 1996) [22]. A real square matrix V' is orthogonal if,

and only if, its transpose is equal to its inverse, i.e., VT = V1. Therefore,

Eq.(5.8)) reads

SO VETEVTip < &7, (5.10)

which is a hyper dimensional quadratic form centered at ¢y.
The matrix X' = X? is diagonal, so its eigenvalues are o?
(t=1,---,ns) where the o; are the singular values of A. Since all the

eigenvalues of 3? are nonnegative, i.e., 02 > 0, the quadratic form above
has the shape of a hyper-ellipsoid centered at ¢,, which is dubbed ellipsoid
of accuracy (EOA). A sketch of the region of accuracy for a constant

approximation is shown in Figure [5.1]
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€ = Etol
g < Etol

¢0 € > Etol

Figure 5.1: The region of accuracy for a constant approximation is a
hyper-ellipsoid in composition space.

Therefore, the EOA is characterized by the center, ¢y, the orthogonal
matrix V' the diagonal matrix 3 and the error tolerance e4,;. In fact,
the columns of the matrix V define the EOA principal directions and the
half-length of the EOA in each principal direction is given by

li = gtOl. (51]‘)

0
In cases when o; — 0% or g; — oo, the hyper-ellipsoid degenerates. To

avoid the situation where the region of accuracy is a degenerate hyper-ellipsoid,

a modified version of the reaction gradient matrix, Av, is considered
A=USV", (5.12)
where ¥ is a diagonal matrix with elements given by

0; = min (M,gl) ) (5.13)

KUy
where u, is the machine unit roundoﬁﬂ the lower bound &k is a positive real

number such that su, < 2¢,,; and

Gi= max (1/2,0;). (5.14)
This modification ensures that the modified half-length of EOA, E, is bounded

Kby SE < 2€401- (5.15)

Also, the restriction imposed by Eq.(5.15]) in EOA half-length defines

a band-pass ﬁltmﬁ for chemical time scales, since the ¢-th singular value of
reaction gradient matrix is related to ¢-th chemical species frequency through

the rate of reaction of this species.

2The machine unit roundoff, u,., is defined as the smallest floating point number such
that 1.0 4+ u,. > 1.0. Using double precision in a 32 bits digital computer, a typical value
for u, is 10716,

3 A band-pass filter allows the passage of frequencies within a certain range and attenuates
frequencies outside of this range.
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It is noteworthy that the modification to avoid small singular values,
Eq.(5.14), was proposed in the original work of Pope (1997) [70], whereas the
change to avoid large singular values, Eq., is a original contribution of
the present work.

The product of the modified reaction gradient matrix transposed by itself
is a symmetric positive defined matrix, and has a Cholesky decomposition of

the form

ATA = LL", (5.16)
where L is lower triangular matrix, (Golub & Van Loan, 1996) [22]. Thus,
another natural way of describing the EOA is

6¢"LL"0¢p < £}, (5.17)
Note that this decomposition is computed after performing the SVD given in
Eq. and recomposing A using Eq..

The cost of the EOA representation, in terms of computer memory,
involves storing three elements, the vector ¢ and the matrices V' and f], which
requirements, respectively, scale as ng, ni and n, (EN] is diagonal) floating point
numbers. So, the total memory cost is né + 2ng.

On the other hand, the Cholesky representation, Eq., stores only
two elements, the vector ¢y and the matrix L. Each one, respectively, needing

ng(ne+1
¢(2¢ )(

to store ny and L is lower triangular) floating point numbers. So, the

total memory cost is %ni + %n¢.

Both representations of the EOA are (9(7135)7 but using the Cholesky
1
2
positions. Thus the Cholesky representation is used in this work.

approach it is possible to save in memory storage ni + %nd, floating point

5.3
Hyper-ellipsoid Growth

In this section is discussed a geometric problem related to the adaptive step
of ISAT technique. Consider the original hyper-ellipsoid centered at ¢ and a
query composition, ¢,, outside it, Figure . The problem is to determine a
new hyper-ellipsoid of minimum hyper-volume, centered at ¢y, which encloses
both the original hyper-ellipsoid and the point ¢,. A strategy to allow the
growth of the hyper-ellipsoid proposed by Pope (2008) [71] is presented below.
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modiffied hyper-ellipsoid

streched unit hyper-sphere

unit hyper-sphere

Figure 5.2: Growth process of the original hyper-ellipsoid.

Consider the affine transformation that maps a composition ¢ in C into

a transformed composition

~ 1
b=
Etol

It is obvious that ¢ also is in C (see section ) and, for any ¢ in the original
hyper-ellipsoid, it is possible to see, with the help of Eq.(5.17)), that

L75¢. (5.18)

~ e 1
DIl = 9" = €T5¢TLLT5¢ <1, (5.19)
tol
which is equivalent to

5%+...+52¢ < 1. (5.20)
Therefore, it is possible to conclude that the transformation defined by
Eq. maps the original hyper-ellipsoid into the unit hyper-sphere in C,
as sketched in Figure [5.2] Likewise, applying this affine transformation to the
query composition outside the EOA, ¢,, the modified query composition is

obtained

~ 1
b, = — L5, (5.21)
Etol

Now consider the linear transformation that stretches the unit
hyper-sphere in C in the direction of the vector &1, as sketched in Figure .
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This transformation is performed by the rank-one modification defined as

G=1+ vaq(g;, (5.22)
where I is the identity matrix and the constant ~, which is determined by the
condition

PIGG P, =1, (5.23)
is given by

v = (5;1 - 1) b7, (5.24)

being ¢ = ||@qJ2-

To prove the last statement, suppose without loss of generality that the
vector q§q is aligned with the first vector of an orthonormal basis {€y,--- ,€,,}
inC, i.e., ng = gqa. Thus,

=G, (5.25)
reads as
b=+ <¢~5q‘1 - 1) $1é1, (5.26)
which implies
~ ~ -
¢1 = 5— and gb, = gbz 1= 2, oy N (527)
q

Thus, it is possible to see that

1Bl3 = &1+ +67, (5.28)
- Cb% 72 72
— 72_|_¢2_|_..._._¢n¢ (5.29)
q
< FB+GB++ R, (5.30)
< 1, (5.31)
or
%+<}52+~~+252 <1 (5.32)
~2 2 ng — Y :

q
which is a hyper-ellipsoid with semi-axis equal to the unit in all directions

except the first where it is equal to aq.


DBD
PUC-Rio - Certificação Digital Nº 0812195/CA


PUC-RIo - Certificacdo Digital N° 0812195/CA

Chapter 5. In Situ Adaptive Tabulation 75

Returning to the original coordinate system, the modified hyper-ellipsoid

equation, Figure 5.2 is given

S¢"LGG"L"6¢p < 2, (5.33)

and the new Cholesky matrix, L’, can be obtained from

L'L" = (LG)(LG)". (5.34)

5.4
Adaptive Tabulation Procedure

As illustraded in Figure [3.1] the accessed region in composition space is much
smaller than the realizable region, since it consists of the union of a finite
number of composition trajectories along the realizable region. Therefore, the
adaptive tabulation method needs to treat the accessed region only, whose
shape is unknown prior to the integration of the system of equations given by
Eq..

Initially the ISAT algorithm receives the time step At and the tolerance
£i01- Then, in every time step, the ISAT algorithm receives a query composition
¢, and returns an approximation for the corresponding reaction mapping
R(¢,,t). This approximation is obtained via numerical integration of Eq.
or by the linear approximation R!(¢,, ).

During the chemically reactive flow calculation, some of the computed
values are sequentially stored in a table for future use. This process is known
as in situ tabulation.

In fact, the ISAT table created by the tabulation process includes
the initial composition ¢y, the reaction mapping R(¢g,t) and the mapping
gradient matrix A(¢y,t). Using these elements it is possible to construct the
linear approximation, Eq..

As the calculation proceeds, new query composition, ¢,, are received by
ISAT, the table is transversed until finds a ¢, that is a composition “close”
to ¢,. Depending on the accuracy, the linear approximation around ¢y is
returned or the reaction mapping of ¢, is obtained by direct integration of
Eq..

The ISAT table is a binary search tree, Figure [5.3] since this data
structure allows searching for an information with a linear dependency on
the complexity in the tree height. So, if the binary search tree is balanced,
such as the one illustrated in Figure the search complexity is only
O(logy niap), Where nyqp is the total number entries in the tree. A sequential
search for the same information in a vector data structure costs O(n4,). Search

for an information in a binary search tree that is not balanced, such as the one
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shown in Figure |5.3(b), has the same cost as a sequential search in a vector. If
Neap > 1 than log, Ny <K Ny, justifying the option for the binary search tree

as the storing table. For a deeper insight in tree data structures and searching
algorithms see Knuth (1997) [38] and Knuth (1998) [39].

5.3(a): balanced tree 5.3(b): unbalanced tree

Figure 5.3: Sketch of the binary search trees created by ISAT algorithm (leaves
are black and nodes white).

The binary search tree is basically formed by two types of elements, nodes

and leaves. Each leaf of the tree stores the following data:

— ¢@y: initial composition;
— R(¢o,1): reaction mapping at ¢o;

A(¢o, t): mapping gradient matrix at ¢o;
— L: EOA Cholesky matrix.

Each node of the binary search tree has an associated cutting plane. This plane

is defined by a normal vector

V=, o, (5.35)
and a scalar

a=v" <@) , (5.36)

such that all composition ¢ with v7¢ > a is deemed to be on the right of the
cutting plane, all other compositions are on the left as sketched in Figure [5.4]
The cutting plane construction defines a search criterion in the binary search
tree.

If, during the calculation, a query point ¢, is encountered that is within
the region of accuracy, (i.e. € < g4), but outside the estimate of EOA, then
the EOA growth proceeds as detailed in section [5.3
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vI'p < a v vI'¢p > a

\ .

vd=a
Figure 5.4: Sketch of cutting plane in relation to EOA position.

The first three items stored in the binary search tree leaf
(o, R(¢po,t) and A(¢y,t)) are computed once, whereas L changes whenever
the EOA is grown.

Once a query composition ¢, is received by ISAT table, the binary search
tree is initialized as a single leaf (¢p9 = ¢,) and the exact value of the reaction
mapping is returned.

The following steps are:

1. Given a query composition the tree is transversed until a leaf (¢g) is

found.
2. Equation ([5.17)) is used to determinate if ¢, is inside EOA or not.

3. If ¢, is inside EOA, the reaction mapping is given by the linear
approximation, Fq.(5.5). This is the first of three outcomes, called

retrieve.

4. If ¢, is outside EOA, direct integration is used to compute the reaction
mapping, and the local error is measured by Eq.(5.6]).

5. If the local error is smaller than tolerance, &;,, the EOA is grown
according to the procedure presented in subsection [5.3| and the reaction

mapping is returned. This outcome is called growth.

6. If local error is greater than the tolerance £;, and the maximum number
of entries in the binary search tree is not reached, a new record is stored in
the binary search tree based on ¢, and the reaction mapping is returned.
The original leaf is replaced by a node with the left leaf representing
the old composition ¢y and the right leaf the new one ¢, as shown in

Figure 5.5 This outcome is an addition.
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O ® v, a

CbO ¢q

Figure 5.5: Binary search tree before and after the addition of a new node.

7. If the local error is greater than the tolerance &;,; and the maximum
number of entries in the binary search tree is reacted, the reaction

mapping is returned. This outcome is called direct evaluation.

A flowchart showing all steps of ISAT algorithm is presented in Figure[5.6]

receive:

check if
¢, is the first
query

transverse
the binary
search tree

perform direct
integration

check if
the query is
inside EOA

return
R(6,.1)

compute linear
extrapolation

return
R/(¢,,1)
(retreive)

perform direct
integration

update
tabulation

YES

modify EOA
(growth)

YES

insert new
node in tree
(addition)

Figure 5.6: A flowchart showing all step of ISAT algorithm.
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6
Results and Discussion

In this chapter are presented and discussed the results obtained in the
simulations of pairwise mixing stirred reactors (PMSR) using detailed reaction
mechanisms and in situ adaptive tabulation to solve the balance equations. All
the simulations reported in this chapter were performed using double precision,
in a workstation with an Intel Xeon processor with 8 cores of 2.53 GHz clock

rate, 6 GB of RAM and 8 MB of cache, running Linux 2.6.32 operating system.

6.1
Code Verification

The PMSR model, the ISAT algorithm and the numerical procedures were
implemented in an in house code written in ANSI C and Fortran 77 languages.
This code uses the thermochemistry routines of Chemkin-II package by
Kee et al. (1989) [37], the ODE integration routines of CVODE solver by
Hindmarsh & Serban (2006) [29], the numerical linear algebra routines of the
GSL package by Galassi et al. (2008) [20] and the random number generation
algorithm by L’Ecuyer (1996) [47]. In order to ensure the reliability of the
developed code, this section presents verification tests that were conducted.
All verification tests reported in this section use time step of At = 0.1 ms;
solver relative tolerance of £,, = 107% and solver absolute tolerance of

Eaps = 1072, Also, these tests are run for K = 500 time steps.

6.1.1
Numerical Integration Verification Test

The first verification test aims to evaluate the correct implementation of
the numerical integration routines. For this purpose, the results of the
developed code are compared with those obtained with the CONP code by
Kee et al. (1989) [37] in the simulation of an adiabatic constant pressure system.

In this test the reaction of a stoichiometric (¢ = 1) mixture of C'Hy/Air
at Ty = 1200 K and py = 1 atm is considered. The skeletal reaction mechanism
shown in Table[6.1], (Yang & Pope, 1998a) [97], with 16 species and 40 reactions,
is used to describe the C H, combustion with air chemical kinetics. This is the

same reaction mechanism used by Pope (1997) [70].
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Table 6.1: Skeletal reaction mechanism for methane/air combustion.

0 W W W W WWWWWNNoNNDNDNDNDDNDDNDDN = = =

. A; B E;
Reaction (cm, mol, s) (cal/mol)
H+ 0O, OH + O 1.59 x 10'7 —0.927 16874.0
O+ H, OH+H 3.87 x 104 2.700 6262.0
OH + Hy HO+ H 2.16 x 108 1.510 3430.0
OH +OH O+ H,O 2.10 x 108 1.400 —397.0
H+H+ M Hy+ M 6.40 x 10'"  —1.000 0.0
H+OH+ M HO+ M 8.40 x 10%! —2.000 0.0
H+0,+M HO; + M 7.00 x 107 —0.800 0.0
HO, + H OH +OH 1.50 x 10 0.000 1004.0
HO; + H Hy + O, 2.50 x 10'3 0.000 693.0
HO;+ O O, +0OH 2.00 x 10%3 0.000 0.0
HO;+OH H>O + Oy 6.02 x 103 0.000 0.0
HyOy + M OH +OH+ M 1.00 x 10'7 0.000 45411.0
CO+ OH CO,+H 1.51 x 107 1.300 —758.0
CO+0+M COy+ M 3.01 x 10 0.000 3011.0
HCO+ H Hy+ CO 7.23 x 1013 0.000 0.0
HCO+0O OH +CO 3.00 x 10*3 0.000 0.0
HCO+ OH HO+ CO 1.00 x 10 0.000 0.0
HCO + O, HO,+ CO 4.20 x 102 0.000 0.0
HCO+ M H+CO+M 1.86 x 10'7 —1.000 16993.0
CHO+ H HCO + Hy 1.26 x 108 1.620 2175.0
CH>O + O HCO+ OH 3.50 x 10*3 0.000 3513.0
CH,O+ OH HCO + H,O 7.23 x 10° 2.460 —970.0
CH>0 + Oy HCO+ HO, 1.00 x 10 0.000 39914.0
CH>0O + CH; HCO +CH, 8.91 x 1013 7.400 —956.0
CHO+ M HCO+ H+ M 5.00 x 10 0.000 76482.0
CHs + O CH,O+ H 8.43 x 1013 0.000 0.0
CHs;+ OH CH>0 + H, 8.00 x 10'2 0.000 0.0
CHs+ O, CH30 + O 4.30 x 103 0.000 30808.0
CHs+ O, CH,O+ OH 5.20 x 10'3 0.000 34895.0
CHs+ HO, CH3;0 + OH 2.28 x 1013 0.000 0.0
CHs+ HCO CHy+CO 3.20 x 101! 0.500 0.0
CHy+ H CH; + H, 7.80 x 108 2.110 7744.0
CH,+ O CHs;+OH 1.90 x 10? 1.440 8676.0
CHy+ Oy CHs; + HO, 5.60 x 10'2 0.000 55999.0
CH,+OH CHs+ Hy,O 1.50 x 108 2.130 2438.0
CH4 + HOQ OHg + HQOQ 4.60 x 1012 0.000 17997.0
CH;0+ H CH>O + H, 2.00 x 10%3 0.000 0.0
CH30 +OH CH>0 + H>O 5.00 x 10'2 0.000 0.0
CH30 + Oy CH;O + HO, 4.28 x 10713 7.600 —3528.0
CH;0+ M CH,O +H + M 1.00x 10* 0.000 25096.0
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The evolution of the system temperature/OH mass fraction are shown
in Figure [6.1) where it is possible to verify the excellent agreement of the
results of the developed code with those obtained with the CONP code by
Kee et al. (1989) [37]. These results allow to conclude that the numerical
integration routines of the developed code are capable of reproducing the
baseline results. The results for the other chemical species, not shown here

for the sake of brevity, exhibit a similar agreement.

3000 :

L L
— CONP —CONP
---Dev. Code ---Dev. Code

2500 ( rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr T 0.0TB -
T S — - % L s -
= J >~

L T E o 0.005 ' rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr -

1000 T

T T T 0 L T T T
0 10 20 30 40 50 0 10 20 30 40 50
t(ms) t(ms)
6.1(a): Evolution of T'. 6.1(b): Evolution of Yop.

Figure 6.1: Evolution of T" and Yyg for the first verification test.

6.1.2
Error Control Verification Test

The second verification test evaluates the capacity of the ISAT routines to
control the errors. For this purpose, the test analyzes how the error incurred
by the ISAT behaves as the value of the ISAT error tolerance is changed.

In this test the PMSR reported in the work of Pope (1997) [70] is
considered. This PMSR has its parameters are shown in Table and, initially,
all of its stochastic particles have their composition set to the adiabatic
constant pressure equilibrium of a stoichiometric (® = 1) mixture of C Hy/Air
(T, = 2376 K) at Tp =300 K and py =1 atm. At every time step, three
inflow streams at atmospheric pressure and with mass flow rates in the ratio
0.85 : 0.05 : 0.1 enter the reactor. The first stream is air (79% N, and 21%
Oy) at T;, = 300 K, the second one is C'Hy at T;, = 300 K, whereas the third
stream composition is the same as the particles which initially are within the
PMSR. The thermochemistry of these mixtures is also described by the skeletal
reaction mechanism of Table 6.2, (Yang & Pope, 1998a) [97].
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Table 6.2: PMSR parameters used in the code verification tests.

number of particles N 100
residence time (ms) 7, 10
mixing time (ms) Tm 1
pairwise time (ms) 7, 1

Note that Pope (1997) [70] does not provide details on the actual
composition of each particle entering the reactor. Indeed, this three stream
problem may be treated in several ways, for instance, each incoming particle
may have the same composition, or each incoming particle may be prescribed
with the composition of a given stream. Here the first, simpler, possibility is
used.

In the simulation of the PMSR described above an ISAT binary search
tree with a maximum of 1,000 entries is used as well as an ISAT lower bound
of k =1.

The error metric used by Pope (1997) [70] to measure the error incurred
by ISAT technique is the global error over K = 500 time steps, which is
defined as

K Ny

1 ) )
=N ZZHQb(])(kAt)ISAT—¢(])(kAt)DIH2a (6.1)
P k=1 j=1
where the subscripts p;r and jsar denote DI and ISAT calculations,

respectively. This is the error metric used in this verification test to evaluate the
capacity of the ISAT routines control de errors incurred by the algorithm. In
order to seek the two time series used to compute €4 exhibit a small statistical
dispersion, at least in the beginning of the computation, the same seed values
are used for the random process describing mixing and outflow.

The behavior of the ISAT global error as function of the error tolerance
for the developed code and for the reference PMSR of Pope (1997) [70]
(described above) is shown in Figure [6.2] The results show that the linear
trend of eg with g, obtained by Pope (1997) [70] is not recovered, but,
instead, a nearly constant value of eg, of the order of 107!, occurs when
€401 18 decreased. Such a behavior could be explained by the uncertainty of
the particle composition adopted Pope (1997) [70] at the inflow. Another
possible explanation for the observed discrepancy is the use of a scaling matrix
(Pope, 1997) [70] to construct the ellipsoid of accuracy, Eq.. This scaling
matrix could be responsible for the decrease of the error measure of the

enthalpy. As will be show in the next section, the expected error behavior is
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recovered under more controlled situations. Note also that the monotonically
decreasing behavior of €5 exhibit by Pope (1997) [70] seems rather surprising
for such a small number of stochastic particles, which is expected to lead to

large bias errors.

10
107 -
U
w
107 -
o Pope (1997)
_6 o Dev. Code
10 I I
107 107 107 10°
€tol

Figure 6.2: Behavior of the ISAT global error as function of the error tolerance
for the second verification test.

6.2
Analysis of ISAT Accuracy

In order to assess the accuracy of the ISAT technique implementation, this
section defines the error metrics used to estimate the uncertainties in ISAT
calculations. Also, this section presents a study which aims to compare the
calculation results obtained by the ISAT technique with those issued from
the direct integration (DI), which uses CVODE solver to perform the numerical

integration of the evolution equation in a PMSR.

6.2.1
Error Metrics

The absolute global error of the ISAT calculation over a time interval At is
defined as

t+AT
w=x- [ IBLO) WOo— (@) Orsarlladt.  (62)

where B is a scaling matrix. In this work B is a identity matrix except by
the first entry, which is chosen equal to inverse of the equilibrium enthalpy of
the mixture that feeds the reactor. This metric is a global measure of error
imposed by the ISAT technique on the solution of the system of ODE’s that

governs the problem under study.
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A metric that represents a local measure of the error incurred by ISAT

technique is the relative local error of a property 1, which is defined as

R Upi(t) — Yisar(t)
" Vi (1)
Two other metrics, which are used to measure the global error are the

(6.3)

mean relative error of 1) over an interval A7, defined as

1 t+AT
= — t"dt’ 6.4
Col=g ) cwlt)ir, (6.4
and the maximum relative error of 1) over an interval A7, defined as
<6r7'¢>oo = Sup {8r7¢(t/>} (65)
t' €[t t+A7]

Those metrics were chosen in order to provide measures that are, in a
sense, more global than that of Eq.(6.1)) and, thus, could be easily applied to

more complicated problems, such as those involving transport.

6.2.2

PMSR with a CO/O, Mixture

Consider a PMSR initially filled with a fuel-lean (® = 0.7) mixture of CO/O,
at Tp = 2948.5 K and py = 1 atm. At every time step, a fuel-lean (& = 0.7)
mixture of CO/O; enters the reactor at T;, = 300 K and p;, = 1 atm. The
constant pressure and enthalpy equilibrium state associated to the inflow
mixture is reached at T,, = 2948.5 K. The reaction of CO with O, which
chemical kinetics is described by the reaction mechanism given in Table |3.1}

involves 4 species and 3 reactions.

Influence of the time scale ratio

Two configurations of time scales are studied for this PMSR, which are
presented in Table[6.3] For the first configuration of time scales, which defines
the first test case, 7, /7 = 1/2 and 7,/7. = 1/2, so that the pairwise/mixing
time scales are of the same order of magnitude as the residence time, thus
allowing to obtain partially stirred reactor (PaSR) conditions. For the second
test case, which is defined by the second configuration of time scales presented
in the Table [6.3] 7,,/7 = 1/10 and 7,/7, = 1/10, so that the pairwise/mixing
time scales are small when compared with the residence time. Thus, the reactor
should behave almost like a perfect stirred reactor (PSR), where the processes
of mixing and pairing occur instantaneously. Note that the same seed is used
to the pairwise mixing and outflow statistical processes in the DI and ISAT

calculations.
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Table 6.3: Parameters used in the simulation of a CO/O, mixture in a PMSR.

Case 1l Case 2

number of particles N 1024 1024
residence time (us) 7. 200 1000
mixing time (us) Tm 100 100
pairwise time (us) 7, 100 100

This study uses a binary search tree with a maximum of 50,000 entries;
time step of At = 10 us; solver relative tolerance of €, = 107%; solver absolute
tolerance of 4,5 = 107%; ISAT error tolerance of £,,; = 1073; and ISAT lower
bound of k = 1.

Figures and show the comparison between DI and ISAT
computational results for the temporal evolution of the first two statistical
moments of the reduced temperature (defined in appendix [A]) in both cases.

The dimensionless time, 7%, shown in these figures is also defined in appendix[A]

1.2 . 1.2 .

T T T T T T T
0 100 200 300 400 500 0 50 100 150 200 250
T* T*

6.3(a): Evolution of (T)" for case 1. 6.3(b): Evolution of (T)" for case 2.

Figure 6.3: Comparison between DI and ISAT results of ensemble average of
reduced temperature for cases 1 and 2.

For case 1 results, which span over a range of 500 residence times, one can
observe an excellent qualitative agreement for the ensemble average/variance
of the reduced temperature. The ensemble average value rapidly drops from the
initial value to reach the statistically steady state regime around (T)" = 0.3.
The ensemble variance rapidly grows, then decreases until it reaches the
statistically steady state value around (7"?)" = 0.13. The analysis of the two
figures shows that the statistically steady state regime is reached after 7* = 10

residence times.
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0.2 . 0.2 .

R — R

T T T T 0 T T T T
0 100 200 300 400 500 0 50 100 150 200 250
T* T*

6.4(a): Evolution of <T’2>* for case 1. 6.4(b): Evolution of <T’2>* for case 2.

Figure 6.4: Comparison between DI and ISAT results of ensemble variance of
reduced temperature for cases 1 and 2.

In case 2, where a range of 250 residence times is computed, one can also
observe an excellent qualitative agreement for the ensemble average/variance
of reduced temperature. Again, the overall history of the PMSR is the same
for DI and ISAT. Similar results, not shown here, were obtained for the other
thermochemical properties of the reactors.

Aiming to quantify the discrepancies between the values obtained via
DI and ISAT, Figures and present the evolution of the relative local
errors of the statistical moments of 7™ and Y, Eq.. Concerning the
errors associated to the mean physical quantities in case 1, one can observe a
large statistical variation due to stochastic nature of the PMSR model, with
amplitudes reaching 13%. In case 2, relative errors of the order of 1% can be

observed.

Table 6.4: Mean and maximum relative errors for cases 1 and 2, using a binary
search tree with 50k entries.

Case 1 Case 2

(0 (s e Erwdar (Evi)o

T 10% 134% 00% 01%
Yo) 12% 191% 01% 1.0%
T 10% 122% 05% 20%
Y2 09% 130% 05% 32%

In Table are presented error metrics associated to the statistical
moments of 7% and Yy. One can observe that the mean error of the average
properties is smaller than 1.2% in case 1, and of 0.1% in case 2 only. The mean
error of 7™ and Yy ensemble variances is rather large in case 1. Concerning the

maximum error, the extrema are 19.1% and 3.2% for cases 1 and 2, respectively.


DBD
PUC-Rio - Certificação Digital Nº 0812195/CA


PUC-RIo - Certificacdo Digital N° 0812195/CA

Chapter 6. Results and Discussion 87

Such high values for the maximum errors could be explained by the existence,
in ISAT table, of compositions which are tabulated during the transient regime.
An approximation for a reaction mapping, which is in statistically steady state

regime, computed around one of these compositions incurs in large errors.

0.2 0.2
o N T -
R S s -
< <
w w
N | 1 S X -
0 T T T T 7 O T T T T
0 100 200 300 400 500 0 50 100 150 200 250
* *
T T
6.5(a): Evolution of € _ (py~ for case 1 6.5(b): Evolution of & _(p)- for case 2
0.2 02
R | I R T -
S S S -
uj\ \LFT
0.05 -+ e 1 [ — X -
0, " h NIf W vy _i NAANI .iilA AT, ll O o - - n - -
0 100 200 300 400 500 0 50 100 150 200 250
* *
T T
6.5(c): Evolution of ¢y, for case 1 6.5(d): Evolution of ¢y, for case 2

Figure 6.5: Evolution of relative local error for ensemble average of the reduced
temperature and of the O mass fraction for cases 1 and 2.

The difference among cases is due to the behavior of each reactor at the
statistically steady state regime. Indeed, the behavior of the reactor of case 2
is governed by a competition between the chemical and residence times mostly,
therefore the thermodynamical properties steady state probability density
function is spread over a smaller range than in case 1, where the mixing and
pairing time scales are large. This behavior is illustrated in Figures and [6.8]
which present the comparison between DI and ISAT computations of the
mean histograms, averaged over the last 50 residence times, of the reduced
temperature and the O mass fraction for cases 1 and 2. These figures underscore
the influence of the controlling parameters of the PMSR, i.e., the time scales

ratios, on the thermochemical conditions prevailing within each reactor.
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6.6(a): Evolution of € _ (2y+ for case 1~ 6.6(b): Evolution of € (s« for case 2
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Figure 6.6: Evolution of relative local error for ensemble variance of the reduced
temperature and of the O mass fraction for cases 1 and 2.
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6.7(a): PDF of T™* for case 1. 6.7(b): PDF of T* for case 2.

Figure 6.7: Comparison between DI and ISAT computations of the mean
histograms (over the last 50 residence times) of the reduced temperature for
cases 1 and 2.

Indeed, the temperature within the reactor of case 2 is such that almost
only burned gases are found. On the other hand, case 1 reactor is characterized
by a bimodal temperature distribution with a large probability of finding
T* = 0.04 and a broader temperature distribution leaning toward the burned
gases. Such a distribution, as it could be expected, is reflected on the Yy one,

which also exhibits a bimodal distribution.
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Figure 6.8: Comparison between DI and ISAT computations of the mean
histograms (over the last 50 residence times) of the O mass fraction for
cases 1 and 2.

O T T T T O T T T T
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6.9(a): Evolution of (T)" for case 1. 6.9(b): Evolution of (T")* for case 2.
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6.9(c): Evolution of ¢_ (p)- for case 1

6.9(d): Evolution of ¢ _ (p)- for case 2

Figure 6.9: Comparison between DI and ISAT results (using different seeds)
of reduced temperature ensemble average and the corresponding relative local
errors for cases 1 and 2.
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Influence of the statistical process seed

All the results for cases 1 and 2 shown above use the same seed value for the
random number generator in DI and ISAT calculations. However, since the
mixing model is statistical in nature, it could be expected that the seed value
may influence the ISAT behavior. Therefore, if DI calculation seed is kept fixed
and ISAT seed is changed, the results for (T')" and €,y are modified. This
can be seen in Figure [6.9] where one can observe an increase in the relative
local error of (T')* for both cases.

The analysis of graphs in Figure [6.9 indicates that 1024 particles are
not sufficient to guarantee the statistical independence of the results. This
hypothesis is also confirmed if one observe the Figure[6.10] where it is possible

to see discrepancies in DI and ISAT mean histograms of 7™ for both cases.
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6.10(a): PDF of T™* for case 1. 6.10(b): PDF of T* for case 2.

Figure 6.10: Comparison between DI and ISAT computations (using different
seeds) of the mean histograms (over the last 50 residence times) of the reduced
temperature for cases 1 and 2 .

On the other hand, these histograms qualitatively are not much different
from those shown in Figure [6.7] Thus, one can conclude that although the
results have not guaranteed their statistical independence with a sample of
1024 particles, they do not vary much with a sample of this size. Possibly a

sample of 4096|I| particles is sufficient to ensure the independence of the results.

Influence of the ISAT error tolerance

In the early development of the ISAT technique (Pope, 1997) [70] it was noted
that the choice of the tolerance could affect the accuracy of the problem
solution. In order to investigate the effect of the tolerance on the present

results, Figure [6.11] presents the absolute global error, defined in section [6.2.1],

Powers of 4, such as 1024 = 4° and 4096 = 45, are commonly used in statistics since
they are always perfect squares, which facilitates the construction of histograms.
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as a function of the ISAT error tolerance for cases 1 and 2. When the same
statistical seed is used, for both cases, ¢, decreases monotonically as e is
reduced. However, if different statistical seeds are used, one can note a limit
where e, does not decrease if £, is reduced. This saturation in e, value
indicates that decrease e, value bellow 1072 is not effective in cases where

the statistical seeds are different.

10 10
> 13 o o o 8 >
107 ) - 107 e e e -
> -4 —4
S107 - S5107 r
107 P10 . i
o dif. sccdi ° o dif. sccdi
1078 : : ‘same seed 1078 : : same seed
10°° 10°° 107 107 10° 10°° 10°° 107 )
€tol €tol
6.11(a): €4 Vs €40 for case 1. 6.11(b): €4 vs g4 for case 2.

Figure 6.11: Absolute global errors for cases 1 and 2 as function of the error
tolerance, using a binary search tree with 50k entries.

From the analysis of the global and local error metrics it is possible to
characterize an ISAT table with 50k entries as one with an excellent qualitative
reproduction of the results, in which the local errors are less than 20% and the

global errors are smaller than 1%.

Influence of the ISAT lower bound

Tests were also made to characterize the influence of the ISAT lower bound,
k, on the accuracy of the algorithm. Again equal statistical seed are used for
DI and ISAT calculations. Table [6.5 shows the values of absolute global error
as function of ¢, and k for a test case similar to case 1, but simulated only
for 100 residence times. The analysis of this data reveals that, in general, for
a fixed value of k, the error decreases monotonically as €;, is reduced.
Moreover, one can note that, for a fixed value of €;,, the error remains
approximately of the same order of magnitude, except for the pair £, = 1076
and x = 10°. In this case, the lengths of the half-axes of the EOA are limited
within a range that varies only two orders of magnitude, Eq., which leads

to a bad initial estimate for the region of accuracy of the ISAT.
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Table 6.5: Absolute global error as function of ¢, and k.

Etol

K 102 1073 10~4 107° 106

10 33x 1073 24x107% 50x107° 41x10% 34x10°7
103 33x103 24x10% 50x107° 41x10% 34x10°7
10° 33x 103 24x10% 50x107° 41x10% 33x10°7
106 33x107% 24x10% 50x10° 41x10% 29x 1077
107 33x103 24x10% 50x107° 3.5x10% 4.0x 1077
108 33x103 24x107% 3.7x107° 12x10% 54x10°7
109 3.3x 103 24x107% 3.7x107° 32x107° 2.4 x 1072
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From these results it may be concluded that the filter of chemical time
scales, characterized by s and originally proposed in this work, does not offer
any significative advantage in terms of accuracy of the overall ISAT technique.
The effect of this parameter on the side of the binary search tree or the speed-up
of the computation are not investigated, although should deserve attention in

future works.

6.2.3
PMSR with a CH,/Air Mixture

The third studied case consists of a PMSR initially filled with the combustion
products of a stoichiometric (® = 1) mixture of C'Hy/Air at To = 2100 K
and po =1 atm. At every time step, a stoichiometric (® = 1) mixture of
CH,/Air enters the reactor at T;, = 300 K and p;;, = 1 atm. The constant
pressure and enthalpy equilibrium state associated to this mixture is reached
at T,, =2225.5 K. The reaction of C'Hy with air chemical kinetics is
described by GRI mechanism version 3.0 [89], with 53 species and 325
reactions. A discussion of the accuracy of such a mechanism is developed by
Orbegoso et al. (2009) [65].

The time scales associated to this PMSR are presented in the Table [6.6]
For this choice of time scales, where the ratio between the time of
pairwise/mixing and the residence time are the order of one quarter, the reactor
is expected to behave like a partially stirred reactor.

This simulation uses a binary search tree with a maximum of 60,000
entries; time step of At = 0.1 ms; solver relative tolerance of e, = 1075;
solver absolute tolerance of €4 = 107%; ISAT error tolerance of g,,; = 1073;
and ISAT lower bound of k = 1. Different seed are used for the DI and ISAT

calculations, it can thus be expected that rather large errors result.
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Table 6.6: Parameters for a PMSR of C'H,/Air that behaves like a partially
stirred reactor.

number of particles N 1024
residence time (ms) 7. 4
mixing time (ms) Tm 1
pairwise time (ms) 7, 1

The comparison between DI and ISAT computational results for the first
two statistical moments of the reduced temperature and O H mass fraction for
case 3 are presented in Figures [6.12] and [6.13] One can note reasonable and
good agreements for reduced temperature and OH mass fraction statistics,
respectively. The results of case 3 show large discrepancy for the reduced
temperature than that obtained in case 1. The kinetic mechanism of methane
is much more complex than the mechanism used to model the carbon monoxide
system in case 1, which would in principle lead to a PMSR with methane to
assume a wider range of possible thermodynamic states. Thus, it could be
expected that the present binary search tree with 60k entries (almost similar

to that used in case 1) would yield comparatively lower accuracy.

{02 R —DI |-
---ISAT

T T
0 50 100 150 0 50 100 150
* *

T T
6.12(a): Evolution of (T')". 6.12(b): Evolution of (Yog).

Figure 6.12: Comparison between DI and ISAT results of the ensemble average
of the reduced temperature and OH mass fraction for case 3.

It is noteworthy that a binary search tree with 60k entries uses almost
all available memory of the workstation used in this work. Thus, for practical
purposes, it is the largest tree that can be used to simulate a PMSR with this
methane combustion mechanism and 1024 particles.

In Figure one can observe the evolution of the relative local error of
the statistical moments of T and Yy for case 3. Compared with the results
of case 1, the errors of case 3 present more oscillations. The other error metrics

for this case are presented in Table [6.7] where it can be noted that the higher
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T T
0 50 100 150 0 50 100 150
T* T*

6.13(a): Evolution of (T"2)". 6.13(b): Evolution of (V).

Figure 6.13: Comparison between DI and ISAT results of the ensemble variance
of the reduced temperature and OH mass fraction for case 3.

values for average and maximum relative errors in case 3 are 5% and 21%,
respectively. Also, the absolute global error for this case is 2.4 x 1073, an
order of magnitude larger than the values obtained is cases 1 and 2 also using

Etol — 1073.
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6.14(a): Evolution of € 7y~. 6.14(b): Evolution of & (v ,,)-

0.4 0.4

6.14(c): Evolution of & (7r2y+. 6.14(d): Evolution of & (vez,)-

Figure 6.14: Evolution of relative local error of the first two statistical moments
of the reduced temperature and OH mass fraction for case 3.
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Table 6.7: Mean and maximum relative errors for case 3, using a binary search
tree with 60k entries.

Y s Eri)oo
(T 3% 10 %
(You) 5% 16 %
(1" 5% 21 %
Y2) 4%  20%

Finally, Figure [6.15] presents the comparison between DI and ISAT
computations of the mean histograms, averaged over the last 50 residence
times, of the reduced temperature and the HC'O mass fraction for case 3.

The temperature PDF presents a bimodal distribution with large
probability of finding 7% = 1 and a broader temperature distribution leaning
to the fresh gases. On the other hand, the PDF of Yyco shows a distribution
essentially concentrated in the fresh gases region, and nearly homogeneous
elsewhere. This behavior illustrates the fact that HCO, an intermediate

species, appears in low concentration at the burned gases.
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Figure 6.15: Comparison between DI and ISAT computations of the mean
histograms (over the last 50 residence times) of the reduced temperature and
HCO mass fraction for case 3.

6.3

Analysis of ISAT Performance

In order to assess the performance of the ISAT technique implementation,
this section presents the evolution of the ISAT algorithm outputs (number
of additions, growths, retrieves and direct evaluations), the evolution of the

height of the ISAT binary search tree and the corresponding rates of change.
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6.3.1

ISAT Performance for CO/0O, Mixtures

The comparison of evolution of the ISAT algorithm outputs and of the height
of the ISAT binary search tree as well as the corresponding rates of change,

for cases 1 and 2, which parameters are given in Table [6.3, are presented in

Figures and
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Figure 6.16: Evolution of the ISAT algorithm outputs and of the height of
ISAT binary search tree for cases 1 and 2.

First one can observe that the number of additions, in both cases, reaches
the maximum allowed value in the binary search tree, 50k. Therefore, the
additions curve reaches a steady state after 7* = 5.1 and 7* = 1.3 residence
times in cases 1 and 2, respectively. Note that these residence times correspond
to 101 and 126 PMSR events (see section [3.5]), which indicates that the ISAT

table is saturated earlier when the mixing is slow.
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Figures [6.16] and also show the evolution of the height of the binary
tree, which reaches steady state after 35 PMSR events (7" = 1.8 residence

time) in the first case and 81 PMSR events (7* = 0.8 residence time) in the

second case.
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Figure 6.17: Evolution of the rates of change of each ISAT algorithm outputs
and of the height of the ISAT binary search tree for cases 1 and 2.

It is also noteworthy that in both cases the tree height is one or two
orders of magnitude smaller than the total number of entries in the tree
(~ 7k in case 1 and ~ 17k in case 2). This difference between height and total
entries in the tree ensures the efficiency of the process of searching for a
new query, which may be performed up to seven and three times faster in
cases 1 and 2 than a vector search (see section for details).
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In case 1, Figures and [6.17)show that the number of growths presents
a sharp rate of change around, 7" = 2 residence times, whereas, in case 2, this
occurs around 7* = 6 times of residence. In both cases, growth steady state
occurs after 7 = 10 residence times. For case 1, the number of growths is
always smaller than the process of additions. This indicates that an increase of
the ellipsoids of accuracy, to form a better estimate for the region of accuracy,
is not observed. However, this behavior might be circumstantial to the reaction
mechanism of the carbon monoxide. This point will not be examined further
here.

Figures shows that, after tree saturation occurs, the number of
retrieves and direct evaluations exceed the number of additions in both cases. In
case 1 there is a higher occurrence of the retrieve event, whereas in case 2 direct
evaluation prevails. The number of retrieves exhibits a linear limit behavior in
both cases. The ISAT behavior for the second case reflects the fact that the
binary tree of this case is poor, i.e., contains too few compositions in the region
eventually accessed by the calculation. As a consequence, the number of direct
evaluations vastly outnumbers the ISAT operations.

As discussed in the appendix [B], a necessary condition for a calculation
using the ISAT technique to be faster than the same calculation using DI is
that the number of retrieves exceed the number of additions by a certain factor,
which depends on the specific time of each output. Accordingly the metrics
presented in Table , this factor is 9 for CO/O; mixtures. From Figure m
it is possible to see that, in case 1, the number of recoveries approximately
exceeds the number of additions by a factor of 130, while in case 2 this factor
is only 6. Therefore, as case 2 factor is less than 9, ISAT calculations are not
expected to be faster than DI procedure.

As can be seen in Table where a comparison of computational time
is shown, cases 1 and 2 are computed using DI in 4.0 ks and 2.0 ks respectively,
whereas with the use of the ISAT, for ;,; = 1073, the same cases spent 2.3 ks
and 2.1 ks, respectively. Speed-up factors of 1.7 (case 1) and 1.0 (case 2)
are obtained, where the speed-up factor is defined as the ratio between the
computational time spent by DI and the computational time spent by ISAT.

Table also allows to compare the computational time spent by DI and
ISAT for different values of error tolerance. An increase in processing time is
obtained as ISAT error tolerance is reduced, which is to be expected, given the
fact that lower values of 4, correspond to a smaller region of accuracy. Indeed,
as €4, 1s decreased, it is less likely that ISAT returns a retrieve, which is the
ISAT output with lower computational cost. In case 1, for all values of &, the

ISAT technique offers an advantage in terms of processing time when compared
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Table 6.8: Comparison between the computational time spent by DI and ISAT
in cases 1 and 2 and the corresponding speed-up factors.

Case 1 Case 2

€t time spent (ks) speed-up time spent (ks) speed-up

DI ~ 4.0 ~ 2.0

1072 ~ 1.9 ~ 2.1 ~ 2.1 ~ 1.0
1073 ~ 2.3 ~ 1.7 ~ 2.1 ~ 1.0
1074 ~ 24 ~ 1.7 ~ 2.2 ~ 0.9
1075 ~ 2.5 ~ 1.6 ~ 2.2 ~ 0.9
1076 ~ 2.6 ~ 1.5 ~ 2.2 ~ 0.9

to the process of direct integration, reducing on average the processing time
in 42%. On the other hand, in case 2, no reduction in processing time is seen.
As discussed above, this behavior is natural, once the necessary condition for
efficiency of the algorithm is not reached.

Aiming to analyze the asymptotic behavior of the ISAT speed-up, case 1
is also simulated for 50,000 time steps. This computation with ISAT spends
204.7 ks, while if DI was used the same calculation would spend ~ 1024.0 ks
(speed-up factor of 5.0). Therefore, in this asymptotic case, ISAT spends
approximately 80% less time than DI. The pioneer work of Pope (1997) [70]
reports an asymptotic speed-up factor of 1000, but this significant factor is not

observed in the study developed here.

6.3.2
ISAT Performance for C'H,/Air Mixtures

The evolution of the ISAT algorithm outputs, height of the ISAT binary search
tree and the corresponding rates of change, for case 3, with the parameters
shown in Table [6.6] are presented in Figures and [6.19 As in cases 1 and 2
the number of additions reaches the maximum allowed value in the binary
search tree, 60k for this case. The additions curve reaches a steady state after
160 PMSR events, which corresponds to 7* = 3.2 residence times.

The maximum height of the binary search tree for case 3 is ~ Tk as
in case 2. Here the steady state of the tree height is observed at 7 = 1.28
residence time, or 64 PMSR events, as can be seen in Figures and

The behavior of the number of growths is quite similar to that of case 1,
where the greater rate of change occurs near 7" = 2 residence times but, now,
the steady state it reached before 7* = 10 residence times. For case 3, however,

the number of growths is not always smaller than the number of additions.
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Figure 6.19: Evolution of the rates of change of each ISAT algorithm outputs
and of the height of the ISAT binary search tree for case 3.

Initially the growths exceed additions by nearly an order of magnitude. After
7% = 0.2 residence time the additions exceeded the number of growths, to be
overcome again once steady state is reached. This behavior is an indicative
that the ellipsoids of accuracy show a considerable period of adaptation, which
allows to access with precision a larger portion of the realizable region. This
may explain the small discrepancy between the calculations obtained via ISAT
and DI presented in section [6.3.1

As in the previous cases, after the tree saturation, the number of retrieves
and direct evaluations exceed the number of additions. The number of direct
evaluations overcomes the total number of retrieves in approximately 60%,

which is not negligible, but it is far from the large difference that occurs in
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case 2. This indicates that the binary search tree covers a significant portion
of the realizable region in the composition space.

From Figure[6.18 one can estimate as 49 the factor by which the number
of additions must exceed at least the number of additions if the ISAT technique
is to be more efficient than direct integration.

For case 3, the computational time spent by DI and ISAT is 689.3 ks and
454.5 ks, respectively. Therefore, a speed-up of 1.5 is observed. For this case,
other values of the ISAT error tolerance were not tested, since each simulation
using the ISAT requires a few days of processing time.

During the simulation of case 3, the evolution of the PMSR was computed
during 7" = 150 residence times, which corresponds to 7500 PMSR. events.
Considering that the reactor has 1024 particles, it is possible to note that the
system of governing equations defined by Eq. is solved 7,680,000 times. In
this case ISAT technique allows to save 34% in terms of computational time.

For problems that require solving Eq.(#.2) several times, one should
speculate that the ISAT technique would provide an even better performance
improvement, since more retrieves are expected and the time per operation of

the former is small, when compared to direct integration specific time.

6.4
Analysis of ISAT Memory Usage

In order to assess the memory usage of the ISAT technique implementation,
this section presents an analysis of the memory demanded by the ISAT
technique. The amount of memory effectively used in the test cases defined

in the section [6.2 is discussed.

6.4.1
ISAT Memory Complexity

In the simulations that use the ISAT technique, almost all of the memory used
is intended for storage of the binary search tree. Therefore, it is desirable to
know how to express the memory cost of a binary search tree, such as the one
used in ISAT), in terms of the size of the problem under study. In the case of
PMSR, the size of the problem is given by ng, which is the dimension of the
vector of unknowns.

The operator # (data) receives as input a data type data and returns its
memory cost in bytes. The memory cost is generally machine dependent. For
instance, in the workstation used in this work, an integer and a double data

types respectively have # (integer) = 4 bytes and # (double) = 8 bytes.
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The standard vector and standard matrix of the ANSI C language have

their memory cost given by

# (vector) = ny X # (double), (6.6)

and

# (matrix) = nj X # (double), (6.7)
respectively, whereas the GSL package (Galassi et al., 2008) [20] uses its own

data structure for vectors and matrices with memory cost given by

# (vector) = 5 X # (integer) 4+ n, X # (double), (6.8)

and

# (matrix) = 6 X # (integer) + n}, x # (double). (6.9)

Although GSL has a high memory cost for basic data structures, such as
vectors and matrices, it offers a variety of numerical routines that are robust,
stable and well implemented, which justified the choice of this package in the
present work.

As seen in section [5.4] each node of the binary search tree stores two
elements (v and a) and each leaf stores four elements (¢o, R(¢o,t), A(¢o, 1)
and L).

From the development presented in section [5.2] it is possible to see that
matrix L is lower triangular and requires only M floating point positions.
But the GSL package does not offer any option of compact matrix storage,
which implies that the ISAT implementation presented in this work also uses
ni floating point positions to store the components of the matrix L.

It follows that the cost of memory of a node and a leaf are respectively

given by

# (node) = # (vector) + # (double), (6.10)

and

# (leaf) = 2 X # (vector) + 2 X # (matrix). (6.11)
Therefore, the memory cost of the ISAT binary search tree (bst) reads

# (bst) = ny x # (leaf) + ny X # (node), (6.12)
where ny, and ny are respectively equal to the number of leaves and nodes in
the tree.
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6.4.2
ISAT Memory Cost for CO/O, Mixtures

Cases 1 and 2 previously studied are both modeled by a reaction mechanism
with 4 species and use a binary search tree with 50,000 entries for ISAT
simulations. Hence, n, = 6, ny = 50,000 and n;, = 50, 001.

In Table is presented a comparison between the memory cost of some
of the data types previously presented for cases 1 and 2. The second column
presents the amount of memory spent by the ISAT implementation reported
in this work (which uses GSL structures) and the third column shows the same
information for a hypothetical ISAT implementation (which uses standard
ANSI C structures and compact matrix storage strategy). From the data in
the table, one can see that for the real implementation # (bst) = 40 Mbytes,
whereas for the hypothetical one holds # (bst) = 22 Mbytes. These values lead
to the conclusion that the hypothetical implementation would be about 45%

more efficient in terms of memory cost than the real approach for cases 1 and 2.

Table 6.9: Comparison between the memory cost of some data types in
cases 1 and 2 using two different implementations of the ISAT technique.

GSL ANSI C difference
(bytes) (bytes)

# (vector) 68 48 ~ 29 %
# (matrix) 312 288 ~ 8%
# (node) 76 5%  ~26%
#(leaf) 760 405  ~47%

6.4.3
ISAT Memory Cost for C'H,/Air Mixtures

Case 3 is modeled by a reaction mechanism with 53 species and uses a
binary search tree with 60,000 entries for ISAT simulations. Thus, ns = 55,
ny = 60,000 and ny = 60, 001.

The Table presents a comparison analogous to that of Table [6.9]
but now for case 3. The data of this allows one to see that for the
real implementation holds # (bst) = 3.3 Gbytes, and for the hypothetical
implementation # (bst) = 1.8 Gbytes. The analysis of these values leads one
to conclude that, for case 3, the hypothetical implementation would spend

about 47% less memory than the real implementation.
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Table 6.10: Comparison between the memory cost of some data types in case 3
using two different implementations of the ISAT technique.

GSL ANSI C difference
(bytes) (bytes)

# (vector) 460 440 ~ 4%
# (matrix) 24224 24200 ~ 0%
# (
7 (

node) 468 48  ~ 4%
leaf) 49368 26620 ~ 46 %

Furthermore, it is noteworthy that the values of memory usage reported
in case 3 are not negligible, when compared to the total memory available on
the workstation. This underscores what is perhaps the greatest weakness of

the ISAT technique, its huge expense of memory.
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7
Conclusions and Suggestions

This chapter summarizes and highlights the main conclusions and

contributions of this dissertation and suggest some paths for future works.

7.1
Contributions of this Dissertation

This dissertation presented and discussed some of the challenges that are
encountered in the development of models for the numerical simulation of
turbulent chemically reactive flows in industrial problems.

A literature review concerning the available techniques to reduce the size
of a reaction mechanism and efficiently solve models for turbulent chemically
reactive flows with detailed combustion thermochemistry is provided.

The chosen and implemented technique dubbed in situ adaptive
tabulation (ISAT) is described in detail. Also, the ISAT technique was
assessed for its accuracy, performance and memory usage in the numerical
simulation of chemically reactive flows in homogeneous reactors using detailed
thermochemistry mechanisms.

An in house modular code written in ANSI C and Fortran 77 languages
which implements the ISAT algorithm and the PMSR reactor model was
developed in this work and has undergone series of verification tests. The
results of the verification tests allowed to characterize the code in terms of
computational performance and from the numerical analysis and computer
programing point of view. The code is available under request on the email
americo.cunhajr@gmail.com.

The ISAT technique shows good accuracy from a global point of view,
with the absolute global error smaller than 1% for the reactor configurations
studied. The analysis of ISAT accuracy also allows to identify the effect of
the statistical seed on the control of the absolute global error, which decreases
monotonically as ISAT error tolerance is reduced, when the simulations use the
same statistical seed for ISAT and DI calculations. On the other hand, when

different seeds are used, a limit value for ISAT error tolerance is observed.
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Concerning the local error, ISAT technique achieves maximum error
values of the instantaneous properties of the reactor of up to 20%, which could
be unacceptable, depending on the application envisaged.

A strategy to avoid that the ellipsoid of accuracy degenerates as a single
point is proposed. This modification in the half-lengths of ISAT ellipsoids
constitutes a filter for chemical times scales. However, the performed tests
shown that this modification does not offer any advantage in terms of ISAT
technique accuracy.

In terms of performance, the ISAT technique allows to reduce the
computational time of the simulations in all cases tested. For the test cases
with the carbon monoxide/oxygen thermochemistry speed-up factors of 5.0
(case 1) and 1.0 (case 2) were achieved, whereas for case 3, which considers a
system with a methane/air mixture, the algorithm allows to save 34% in terms
of computational time. Moreover, the ISAT technique presented, in the cases
studied the desired feature of speed-up factor increases with the complexity of
the system analyzed.

Regarding the memory usage, ISAT technique is, as it could be expected,
very demanding. In the simulation of the methane/air mixture using a binary
search tree with 60,000 entries, the algorithm demanded 3.3 Gbytes of storage.
This work confirms that memory expense is the major drawback of the ISAT
technique.

Part of the results of this work were published in conference paper
(Cunha and Figueira da Silva, 2010) [I4], adjoined to this dissertation in
appendix [C|

The main results of this dissertation are being summarized in a paper,
(Cunha and Figueira da Silva, in preparation), and will be submitted
for publication in Journal of Brazilian Society of Mechanical Sciences and

Engineering.

7.2
Suggestions for Further Works

A natural extension of this work is the characterization of the ISAT technique
in the simulation of chemically reacting mixtures different from those used in
this work. For example, it could be interesting to evaluate the ISAT behavior
for a mixture of hydrogen with oxygen, which may be described by the reaction
mechanism of Li et al. (2004) [48]; or a mixture of natural gas with air, which
could be modeled by the mechanism of Le Cong & Dagaut (2008) [46].
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Another natural extension of this work would be to incorporate the
improvements of ISAT technique proposed by Lu & Pope (2009) [51]
in the code developed. Also, performance gains would be possible if a
parallelization strategy is implemented, such as those strategies proposed by
Lu et al. (2009) [50].

A more sophisticated application would be the coupling of a detailed
reaction mechanism, using the ISAT technique, with the hybrid LES/PDF
model by Andrade (2009) [I] for description of turbulent combustion. This
model currently uses a hybrid approach that combines large eddy simulation
(LES), for description of fluid dynamics, and the transport of the PDF with a
single step global kinetic for modeling the combustion. The incorporation of a
detailed reaction mechanism would allow a better description of combustion,
at the expense of a significant increase in computation time, which is not
negligible in the case of a LES models. In this context, ISAT could be a viable
option that may be able to decrease, to an acceptable level, the simulation
time. It is also worth considering that LES calculations also spend a lot of
memory, so that the coupling of LES with a detailed reaction mechanism with
dozens of species, such as the GRI version 3.0 [89], is not yet feasible.

Finally, it is worth stressing that this study conducted verification tests
of ISAT algorithm and PMSR reactor model only. No validation attempt
was developed due to the difficulty of obtaining experimental data for such
a homogeneous reactor configuration. This validation could be performed if
carefully designed direct numerical simulations were available, or in more

challenging flow problems, for instance.
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A
Dimensionless Parameters

The procedure of construction of the dimensionless parameters associated with

a chemically reactive flow in a stirred reactor is presented in this appendix.

A.l
Dimensionless Time

Among all the characteristic time scales associated with a stirred reactor, the
residence time 7,., defined by Eq.(3.34)), is the most important, since it indicates

the age of the fluid particles. The dimensionless time is defined as

*

T

t

Ty

(A1)

A.2
Reduced Temperature

Consider the temperature T of a reactive mixture in a partially stirred reactor,
an inflow value 7}, and the equilibrium value 7,, associated with the inflow

state. The reduced temperature is defined as

T-T,
"= —n A2
T.-T, (A.2)

A3
Ensemble Average of Reduced Temperature

The ensemble average of reduced temperature is defined as

(1) = (1), (A.3)

which reads as

A ] (A4)
eq 7
where the ensemble average operator is defined by Eq.([3.38).


DBD
PUC-Rio - Certificação Digital Nº 0812195/CA


PUC-RIo - Certificacdo Digital N° 0812195/CA

Appendix A. Dimensionless Parameters 120

Recalling that the ensemble average operator commutes with the arithmetic
operations on quantities and the ensemble average of a constant is the constant
itself, the previous equation is equivalent to

T = .
< > Teq_irin

(A.5)

A4
Ensemble Variance of Reduced Temperature

From the definition of ensemble average, Eq.(3.38)), and ensemble variance,
Eq.(3.39)), it follows that

(T%) = n—p;[TU)—<Tﬂ2
- nipn {[TU)] —2T()<T)+<T)2}
- L morom L]y _Z]
= (T 2j>:1—2<T>2+<T>2, B . (A.6)
which is equivalent to
(T?) =(T%) — (T)*. (A7)

Thus, with the help of Eq.(A.7)), it is natural to define the ensemble variance

of reduced temperature as

* * *12
(T =(T*)" = [(T)]". (A.8)
The first term on the right hand side of Eq.(A.8) can be developed as

()" = ([1"T)

(=20
<T

2 2TTm + T2 >

(T?) — Tm + T2
( Tm>2
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whereas the second one expands as

e - (£22)
(T)* = 2(T) T, + T2,

(Teq - Tz )2
which yields
ey = T =@
Teq - En)Q

Y

121

(A.10)

(A.11)
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B
Analysis of ISAT Efficiency

In this appendix is presented an analysis of the ISAT technique efficiency
compared to the procedure of direct integration (DI) using a classical numerical

technique.

B.1

Necessary Condition for Efficiency

If the ISAT technique is to be more efficient than the DI procedure, the
computational time spent by the ISAT must be smaller than computational
time spent by DI. The computational time spent by ISAT is the sum of
the computational time spent at each of its possible outputs. Therefore, the

efficiency condition can be stated as

NATA +NGgTg + NRTR T NpETpE < NDITDI, (B.1)
or
TA e TR TDE
nNpa— +ng— +np— +npg— < npy, (BQ)
TDI TDrI TDI TDI

where n,4 is the number of additions; ng is the number of growths; ng is
the number of retrieves; npg is the number of direct evaluations; np; is the
number of direct integrations; 74 is the average time spent at each addition;
Tq is the average time spent at each growth; 7z is the average time spent at
each retrieve; Tpg is the average time spent at each direct evaluation; 7p; is

the average time spent at each direct integration.

B.2
Empirical Metrics

TableB.I]presents some empirical metrics for average time spent at each output
of ISAT technique and DI in the simulation of a PMSR filled with a carbon
monoxide mixture such as the one studied in section [6.2.21 These metrics are
obtained from the ratio between the total time spent at each ISAT output
and the number of records of the corresponding output along a simulation.
One can observe that the computational cost of growth and direct evaluation

have the same order of magnitude as direct integration. The retrieve is the
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output that has a computational cost two orders of magnitude smaller than
the direct integration. Also, one can note that addition is the most expensive
output, where the computational cost is an order of magnitude larger than the

computational cost of direct evaluation/integration.

Table B.1: Empirical metrics for the computational time spent at each output
of ISAT algorithm and DI.

Output Metrics (us)
additon ~ 10
growth ~ 103
retrieve ~ 10°

direct evaluation ~ 103
direct integration ~ 10?

B.3
Addition/Retrieve Relation

Based on the observations of the last section, it is reasonable to assume that

~ 1, DE 1, and TR 1. (B.3)
TDI TDI TDI

Therefore, it is possible to simplify Eq. (B.2) so that

el

-
nA—A+nG+nDE < npjy. (B4)

DI
Since the number of direct integration is equal to the sum of ISAT outputs,

ie.,

Npr =nas +ng +Ng+ NpE, (B.5)

Eq. (B.4) reads

-
nAT—A+nG+nDE<nA—|—nG+nR+nDE, (BG)
DI

which can be simplified to

n T
R A (B.7)
na TDI
Respecting the assumptions made on its deduction, Eq. (B.7) provides a
necessary, but not sufficient, condition for ISAT efficiency. This means that if
the number of retrieves does not exceed the number of additions by 74 /7p;—1,
then the ISAT technique is not efficient. Based on Table the right hand

side of Eq. (B.7)) should be larger than 9 for carbon monoxide mixtures.
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C
Conference Paper

In this appendix is shown the paper by Cunha and Figueira da Silva (2010) [14],
presented in the 13th Brazilian Congress of Thermal Sciences and Engineering,

which summarizes part of the results of this dissertation.
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CHARACTERIZATION OF AN ADAPTIVE TECHNIQUE TO
REDUCE COMBUSTION THERMOCHEMISTRY

Americo Barbosa da Cunha Junior
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Abstract.

The study of combustion requires the description of the thermochemistry of elementary reactions. Modern
detailed chemical kinetic description of hydrocarbon miztures combustion with air involves tens of species and
hundreds of elementary reactions. Since each of these elementary reactions evolve at timescales which may
span over several orders of magnitudes, the resulting model is inherently stiff. These characteristics imply that
the numerical integration of the detailed thermochemical evolution equations is the most expensive task when a
detailed description of combustion chemistry is sought, for instance, in computational fluid dynamics models.
This work presents a technique, dubbed in situ adaptive tabulation (ISAT), which has been implemented in order
to reduce the integration time of the system of equations governing the thermochemical evolution of reactive
mixtures. The technique is tested in a modification of the classical Partially Premized Reactor (PaSR) called
Pairwise Mixing Stirred Reactor (PMSR) and the results obtained characterize the efficiency of the algorithm,
demonstrating a reduction of up to 46% in computational time when compared to the direct integration of the
governing equations.

Keywords: combustion modelling, thermochemistry reduction, adaptive tabulation
1. INTRODUCTION

Computational models to predict the behavior of an industrial device that uses combustion on its operation
may require the solution of partial differential equations that represent the balance of mass, momentum,
chemical species and energy. These models may include a detailed kinetic mechanism for the description of
the physicochemical phenomena involved. Typically, such reaction mechanisms for mixtures of hydrocarbons
with air involve tenths of species, hundreds of elementary reactions and timescales that vary up to nine orders
of magnitude Williams (1985).

The challenge numerical simulation of these models, is related to the reaction rate of chemical species, which
is difficult to model and imposes stiffness to system, since it has a nonlinear nature and presents a strong
dependence with the size of the reaction mechanism. Therefore, the numerical solution of a detailed reaction
mechanism is computationally demanding, which justifies the development of techniques that allow for the
reduction of the computational cost associated.

This work presents a technique, dubbed in situ adaptive tabulation (ISAT), Pope (1997), which has been
implemented in order to reduce the integration time of the system of equations governing the evolution of
reactive mixtures. The methodology consists in progressively creating a table which stores solutions and initial
conditions for the system of governing equations. A search is performed along this table whenever the integration
of these equations is required and a tabulated solution is recovered. If the information recovered from the table is
satisfactory, in a sense implicit to the technique, a linear extrapolation gives an adequate approximate solution.
This approximate solution has a local error which is second order accurate in time, thus ensuring that the
global error is of first order. A characterization of this technique is presented which details benefits and the
shortcomings of this technique when applied to simple and complex reactive systems.

2. MATHEMATICAL FORMULATION

In this section the mathematical formulation of the problem is briefly described, further details may be found
in Pope (1997) or Cunha Jr (2010).

2.1 The Geometry of Reactive Systems

To study a reduction technique for combustion thermochemistry is desirable to consider a physical system in
which the behavior depends primarily on the processes of transport and reaction of the chemical species. Thus,
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consider a transient spatially homogeneous reactive mixture evolving adiabatically and at constant pressure in
a continuous flow reactor. The thermodynamical state of a fluid particle in the reactor may be completely
determined by the mass fraction Y; (i = 1,--- ,n,) of the ng chemical species, the specific enthalpy h and
pressure p, which can be lumped in the composition vector defined as

d)E(havala"' 7Yns)Ta (1)

where the superscript T denotes the transposition operation. One should note that, due to the invariance of the
system number of atoms, which ensures the total conservation of the mass, the components of vector ¢ are not
linearly independent.

In the framework of the transported probability density function (PDF) models Pope (1985), a reactive
system may be described by an ensemble (j) of stochastic particles, which mimic the behavior of the fluid
system.

The evolution of the composition of each particle in a reactor can be written in a general framework according
to the following set of ordinary differential equations

do (49)

yr — —I‘(j)(t) + S(qb(j),t), 2)

where T'Y)(¢) is the rate of change due to mixing and S(¢/),t) is the rate of change associated to the chemical
reactions. One may integrate Eq.(2) from an initial time ¢y to a time ¢

t t
890 =) - [ 0w+ [ S, )

to to

and define the reaction mapping

R(#5).1) = ¢V (1), (4)

as the solution of Eq.(2) after a time ¢ starting from the initial composition ¢¥)(ty) = d)éj ). The reaction
mapping corresponds to a trajectory in composition space, which, for large values of ¢, tends to the equilibrium
composition for the given enthalpy and pressure on (,b(()j ). The composition space is the (ns + 2)—dimensional
Euclidean space where where the first direction is associated with the enthalpy, the second with the pressure
and the other ng are related to the chemical species.

2.2 Pairwise Mixing Stirred Reactor

The classical Partially Stirred Reactor (PaSR), used by Correa (1993), describes I'(¢) by the interaction by
exchange with the mean (IEM) micromixing model but, for the purpose of testing a thermochemistry reduction
technique, it is desirable to employ a mixing model that leads to a composition region accessed during the
solution process which is “wider” than that provided by the IEM model. A modified version of PaSR model
called Pairwise Mizing Stirred Reactor (PMSR), Pope (1997), is designed to yield a much larger accessed region,
and, hence, should provide a stringent test to the ability of ISAT technique to yield a reduction in computational
time.

In the PMSR model the reactor consists of an even number n,, of particles, initially arranged in pairs (j1, j2)
such that the particles (1,2), (3,4), -+, (n, —1,n,) are partners. Given a time step, At, for each discrete times
kAt, where k is an integer, the model is characterized by three types of events: inflow, outflow and pairing.
The inflow and outflow events consist of randomly selecting n;, = ceil (0.5At/7,n,) pairs of particles, being 7,
the residence time within the reactor, and exchanging the thermodynamical properties by the properties of a
prescribed inflow. The pairing event consists of randomly selecting for pairing a number of pairs of particles,
different from the inflow particles, equal to npqir = ceil (0.5At/7,n,), being 7, the pairwise time. Then the
chosen particles (inflow/outflow and paring) are randomly shuffled. Between these discrete times, the pairs of
particles (j1,j2) evolve according to the following mixing law

@(il) _ _¢(j1) _ ¢(j2) LS

i - (¢7),1), (5)
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@(iz) _ _(;S(j?) _ ¢(j1) .S

i — (¢1),1). (6)

2.3 Numerical Integration

An operator splitting technique Yang and Pope (1998) is employed to solve Eq.(2). The overall process of
integration via operator splitting technique can be represented as

(1) BT W) (1 + At) " ¢ (¢ 4 A, (7)

where given an initial composition ¢8j) and a time step At, the first fractional step integrates the pure mixing
system,

(@)
W7 _ xo), ®

to obtain qb(j ) (t + At). Then, the pure chemical reaction system,

mix

@(i)

a0 (¢),8). )

is solved from an initial composition d)(j ) (t + At) over a time step At and gives ¢\ (t 4+ At).

mix
The operator splitting technique allows to solve each term in the evolution equation, Eq.(2), separately,
using specific efficient numerical methods to treat the particular features inherent to the physical phenomenon
modeled by each term Fox (2003).

2.4 Linearized Reaction Mapping

Consider a composition ¢! and an initial composition ¢q, so that the series expansion of the reaction mapping
of the composition around the initial one is

R(,t) = R(o,t) + A(¢o, 1)d¢ + O(|68]|%), (10)

where d¢ = ¢ — ¢, the mapping gradient matriz is the ny X ny matrix A(¢o,t) with components given by

OR;
Aii(do,t) = —= (oo, 1), 11
J(¢0 ) a¢0j (¢0 ) ( )
the O(||0¢||?) denotes terms that have order ||§¢||> and ||-|| denotes the Euclidean norm of a vector.

The linear approzimation R!'(¢,t) is obtained by neglecting the high order terms of Eq.(10) and is second
order accurate at a connected region of composition space centered at ¢g. The shape of this region is unknown
before the calculations, but the ISAT algorithm approximates this region by a hyper-ellipsoid, as will be shown
in section 2.5 The local error of this linear approximation is defined as the Euclidean norm of the difference
between the reaction mapping at ¢ and the linear approximation for it around ¢y,

e =|[|R(¢,t) -~ R'(,1)]]. (12)
2.5 Ellipsoid of Accuracy

The accuracy of the linear approximation at ¢ is controlled only if the local error is smaller than a positive
error tolerance 4,1, which is heuristically chosen. The region of accuracy is defined as the connected region of
the composition space centered at ¢po where local error is not greater than e4,;. As shown in Pope (1997), this

1 From now on the superscript () is omitted for the sake of notation simplicity.
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region is approximated by a hyper-ellipsoid centered at ¢pg which is dubbed ellipsoid of accuracy (EOA), and is
mathematically represented by the following equation

S¢"LL ¢ < e7,, (13)

where the EOA Cholesky matrix L is lower triangular, Golub and Van Loan (1996).

The adaptive step of ISAT algorithm involves the solution of the following geometric problem: given a
hyper-ellipsoid centered at ¢o and a query composition, ¢4, outside it, determine a new hyper-ellipsoid of
minimum hyper-volume, centered at ¢, which encloses both the original hyper-ellipsoid and the point ¢4. The
solution of this problem is presented by Pope (2008) and is not shown here for sake of brevity.

2.6 In Situ Adaptive Tabulation

Initially the ISAT algorithm receives the time step At and the tolerance €;,;. Then, in every time step,
the ISAT algorithm receives a query composition ¢, and returns an approximation for the corresponding
reaction mapping R(¢gq,t). This approximation is obtained via numerical integration of Eq.(9) or by the
linear approximation R!(¢g,t).

During the reactive flow calculation, the computed values are sequentially stored in a table for future use.
This process is known as in situ tabulation. The ISAT table, which is created by the tabulation process, includes
the initial composition ¢, the reaction mapping R(¢o,t) and the mapping gradient matrix A(¢o,t). Using
these elements it is possible to construct the linear approximation. As the calculation proceeds, a new query
composition, ¢, is received by ISAT, the table is transversed until a ¢y is found that is close to ¢,. Depending
on the accuracy, the linear approximation around ¢, is returned or the reaction mapping of ¢, is obtained by
direct integration of Eq.(9).

The ISAT table is a binary search tree, since this data structure allows for searching an information in
O(logy niap) operations, where nyqp is the total number entries in the tree, if the tree is balanced Knuth (1998).
The binary search tree is basically formed by two types of elements, nodes and leaves. Each leaf of the tree
stores the following data:

e (¢¢: initial composition;

e R(¢y,t): reaction mapping at ¢o;

o A(¢o,t): mapping gradient matrix at ¢y;
e L: EOA Cholesky matrix.

Each node of the binary search tree has an associated cutting plane. This plane is defined by a normal vector

v = (bq - ¢07 (14)
and a scalar
a=v" (W) ) (15)

such that all composition ¢ with v7¢ > a are located to the right of the cutting plane, all other compositions
are on the left, as sketched in Figure 1. The cutting plane construction defines a search criterion in the binary
search tree.

If, during the calculation, a query point ¢, is encountered that is within the region of accuracy, i.e. € < €44,
but outside the estimate of EOA, then the EOA growth proceeds as detailed in Pope (2008). The first three
items stored in the binary search tree leaf [¢pg, R(¢ho,t) and A(¢o,t)] are computed once, whereas L changes
whenever the EOA is grown.

Once a query composition ¢, is received by the ISAT table, the binary search tree is initialized as a single
leaf (¢pg = ¢,) and the exact value of the reaction mapping is returned.

The subsequent steps are:

1. Given a query composition the tree is transversed until a leaf (¢) is found.

2. Equation (13) is used to determine if ¢, is inside EOA or not.


DBD
PUC-Rio - Certificação Digital Nº 0812195/CA


PUC-RIo - Certificacdo Digital N° 0812195/CA

Proceedings of ENCIT 2010 13th Brazilian Congress of Thermal Sciences and Engineering
Copyright (© 2010 by ABCM December 05-10, 2010, Uberlandia, MG, Brazil

3. If ¢, is inside EOA, the reaction mapping is given by the linear approximation. This is the first of four
outcomes, called retrieve.

4. If ¢4 is outside EOA, direct integration is used to compute the reaction mapping, and the local error is
measured by Eq.(12).

5. If the local error is smaller than tolerance, €4, the EOA is grown according to the procedure presented
in Pope (2008) and the reaction mapping is returned. This outcome is called growth.

6. If local error is greater than the tolerance €4, and the maximum number of entries in the binary search
tree is not reached, a new record is stored in the binary search tree based on ¢, and the reaction mapping
is returned. The original leaf is replaced by a node with the left leaf representing the old composition ¢q
and the right leaf the new one ¢, as shown in Figure 2. This outcome is an addition.

7. If the local error is greater than the tolerance e, and the maximum number of entries in the binary search
tree is reacted, the reaction mapping is returned. This outcome is called direct evaluation.

1T <a v vTé >a
2

vTd=a

Figure 1. Cutting plane in relation to EOA position.

¢0 ¢q

Figure 2. Binary search tree before and after the addition of a new node.

3. RESULTS AND DISCUSSION

In order to assess the accuracy and the performance of the ISAT technique implementation, this section
presents benchmark tests which compare the calculation results obtained by the ISAT technique with those
issued from the direct integration (DI) of the evolution equations in a PMSR.

3.1 Analysis of the ISAT Accuracy

The considered PMSR is initially filled with a fuel-lean (equivalence ratio = 0.7) mixture of CO/O2 at
2948.5 K and 1 atm. The reaction of CO with Oy involves 4 species and 3 reactions, Gardiner (2000). At
every time step, a fuel-lean (equivalence ratio = 0.7) mixture of CO/O4 enters the reactor at 300 K and 1 atm.
The constant pressure and enthalpy equilibrium state associated to the inflow mixture is reached at 2948.5 K.
Two time scales situations are studied for this PMSR, which are presented in Table 1. For the first one, which
defines the first test case, 7., /7, = 7,/7, = 1/2, so that the pairwise/mixing time scales are of the same order
of magnitude as the residence time, thus allowing to obtain partially stirred reactor (PaSR) conditions. For
the second test case, which is defined by the second configuration of time scales presented in the Table 1,
Tm/Tr = Tp/Tr = 1/10, so that the pairwise/mixing time scales are small when compared to the residence time.
Thus, the reactor should behave almost as a perfect stirred reactor (PSR), where the processes of mixing and
pairing occur instantaneously. This study uses a binary search tree with a maximum of 50,000 entries; time
step of At = 10 us; solver relative tolerance of €,..; = 1075; solver absolute tolerance of 445 = 10~ and ISAT
error tolerance of g, = 1073,
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Table 1. Parameters used in the simulation of a CO/Oy mixture in a PMSR.

Case 1 Case 2

number of particles N 1024 1024
residence time (us) 7. 200 1000
mixing time (us) Tm 100 100
pairwise time (us) 7, 100 100

Figure 3 shows the comparison between DI and ISAT computational results for the ensemble average of the
reduced temperature (T')* in both cases, where the ensemble average operator is defined as

()= = o1, (16)

being 1 a generic property of the reactive system. For the result of case 1, which spans over a range of 500
residence times, one can observe good qualitative agreement. The ensemble average value rapidly increases from
the initial value, then decreases to reach the statistically steady state regime around (T')" = 0.35. The analysis
of this figure shows that the statistically steady state regime is reached after 10 residence times. In case 2, where
a range of 250 residence times is computed, one can also observe a good qualitative agreement for the ensemble
average of reduced temperature. Again, the overall history of the PMSR is the same for DI and ISAT. Similar
results, not shown here, were obtained for the other thermochemical properties of the reactors.

1.2 L 1.2 I
m— — bl
| —ISAT|} ’ —ISAT|
0.8
.
o6
~
0.4
0.2
0 T T T T 0 T T T T
0 100 200 300 400 500 0 50 100 150 200 250
T T
(a) Evolution of (T)* for case 1. (b) Evolution of (T')* for case 2.

Figure 3. Comparison between DI and ISAT results of ensemble average reduced temperature.

Aiming to quantify the discrepancies between the values obtained via DI and ISAT, Figure 4 presents the
evolution of the relative local error of the ensemble average reduced temperature, denoted by e _(ry=. The
relative local error is defined as the absolute value of the difference between DI and ISAT results over DI results.
Concerning the errors in case 1 one can observe a large statistical variation due to stochastic nature of the
PMSR model, with amplitudes reaching 40%. In case 2, relative errors of the order of 1% only can be observed.

The difference among cases is due to the behavior of each reactor at the statistically steady state regime.
Indeed, the behavior of the reactor of case 2 is governed by a competition between the chemical and residence
times only, therefore the thermodynamical properties steady state probability density function is spread over a
smaller range than in case 1, where the mixing and pairing time scales are large. This behavior is illustrated in
Figure 5, which presents the comparison between DI and ISAT computations of the mean PDF, averaged over
the last 50 residence times, of the reduced temperature for cases 1 and 2. This figure underscores the influence of
the controlling parameters of the PMSR, i.e., the time scales ratios, on the thermochemical conditions prevailing
within each reactor. Indeed, the temperature within the reactor of case 2 is such that almost only burned gases
are found. On the other hand, case 1 reactor is characterized by a bimodal temperature distribution with a
large probability of finding T* = 0.1 and a broader temperature distribution leaning to the burned gases.

In the early development of the ISAT technique Pope (1997) it was noted that the choice of the tolerance
could affect the accuracy of the problem solution. In order to investigate the effect of the tolerance on the
present results, Figure 6 presents the relative global error €4, as a function of the ISAT error tolerance for test
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Figure 4. Evolution of relative local error of ensemble average reduced temperature.
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Figure 5. Comparison between DI and ISAT computations of the mean histograms of the reduced temperature.

cases 1 and 2. The relative global error is over a time interval A7 is defined as

LT @) ()bt — () (sl
=35 ), e @orl a7

where (¢) denotes the ensemble average vector and the subscripts p; and ;g7 denote DI and ISAT calculations,
respectively.

In both cases it is observed that the relative global error varies as the ISAT error tolerance is changed,
reaching maximum and minimum values at g4; = 1072 and g4, = 1072 for case 1, and, ;5 = 1072 and
€101 = 1072 for case 2, respectively. From the analysis of the error metrics it is possible to characterize an ISAT
table with 50k entries as one with a good qualitative reproduction of the results, accurate from a global point
of view, but with low accuracy if the local properties are analyzed.

10 | 35 K10.

5.5

. A\

T T T 1 T T T
150" 107 10° 107 10
tol Etol

(a) eg Vs €40 for case 1. (b) eg vs et for case 2.

Figure 6. Relative global errors as function of the error tolerance, using a binary search tree with 50k entries.


DBD
PUC-Rio - Certificação Digital Nº 0812195/CA


PUC-RIo - Certificacdo Digital N° 0812195/CA

Proceedings of ENCIT 2010 13th Brazilian Congress of Thermal Sciences and Engineering
Copyright (© 2010 by ABCM December 05-10, 2010, Uberlandia, MG, Brazil

3.2 Analysis of the ISAT Performance

The comparison of evolution of the ISAT algorithm outputs and of the height of ISAT binary search tree as
well as the corresponding rates of change, for cases 1 and 2, which parameters are given in Table 1, is presented
in Figures 7 and 8. A first important observation is that the number of additions in both cases reaches the
maximum allowed value in the binary search tree of 50k. As a consequence of the saturation of binary search
tree, the additions curve reaches a steady state after 5.4 and 1.2 residence times in the first and second cases
respectively. Note that these residence times correspond to 108 and 123 PMSR events (see section 2.2), which
indicates that the ISAT table was saturated earlier when mixing is slow.

Figures 7 and 8 also show the evolution of the height of binary tree, which reaches steady state after 36
PMSR events (1.8 time of residence) in the first case and 76 PMSR events (0.4 time of residence) in the second
case. It is also noteworthy that, in both cases, the tree height is an order of magnitude smaller than the total
number of entries in the tree (~ 17k in case 1 and ~ 7k in case 2). This difference between height and total
entries in the tree ensures the efficiency of the process of searching for a new query, which may be performed
up to three and seven times faster in cases 1 and 2, respectively, than a vector search.

In the first case, Figures 7 and 8 show that the number of growths presents a sharp rate of change around 1
residence time whereas, in the second case, this occurs around 5 residence times. In both cases, growth steady
state occurs after 10 residence times. During both simulations the number of growths is always smaller than
the process of additions. This indicates that the desirable massive increase of the ellipsoids of accuracy to form
a better estimate for the region of accuracy is not observed. This behavior might circumstantial to the reaction
mechanism of the carbon monoxide, since due to its simplicity (only 3 reactions) a small part of the realizable
region should be assessed by the calculation.

Figures 7 shows that, after tree saturation occurs, the number of retrieves and direct evaluations exceed
the number of additions in both cases. In case 1 there is a higher occurrence of the retrieve event, whereas in
case 2 direct evaluation prevails. The number of retrieves exhibits a linear limit behavior in both cases. The
ISAT behavior for the second case reflects the fact that the binary tree of this case is poor, i.e., contains too
few compositions in the region accessed by the calculation. As a consequence, the number of direct evaluations
vastly outnumbers the ISAT operations.

A sufficient condition for a calculation using the ISAT algorithm to be faster than the same calculation using
DI is that the number of recoveries exceed the number of additions by a certain factor, which depends on the
specific time of each output. From Figure 7 it is possible estimate these factors as greater than or equal to 100
and 5 for cases 1 and 2, respectively. Further details may be found at Cunha Jr (2010).

—— Addition —— Addition
----- Growth «+=- Growth
s ||==Retrieve s ||==Retrieve e
1077 . .D.Eval. i 107 -D.Eval. - I

i< Height i< Height ’
=] =1
2 10 210 F
-— -
=] =1
o o

(a) Case 1. (b) Case 2.
Figure 7. Evolution of ISAT algorithm outputs and of the height of ISAT binary search tree.

As can be seen in Table 2, where a comparison of computational time is shown, cases 1 and 2, for £,y = 1073
are computed using DI in 4.330 ks and 3.051 ks respectively whereas, with the use of ISAT, the same cases spent
2.348 ks and 2.113 ks, respectively. Speed-up factors of 2.3 (case 1) and 1.4 (case 2) are obtained, where the
speed-up factor is defined as the ratio between the computational time spent by DI and the computational time
spent by ISAT. This table also allows to compare the computational time spent by DI and ISAT for different
values of error tolerance. An increase in processing time is obtained as ISAT error tolerance is reduced, which is
to be expected, given the fact that lower values of 4, correspond to a smaller region of accuracy. Indeed, as &,
is decreased, it is less likely that ISAT returns a retrieve, which is the ISAT output with lower computational
cost. Clearly, in all cases the ISAT algorithm offers an advantage in terms of processing time, when compared
to the process of direct integration, reducing on average the processing time in 46% for case 1 and in 31% for
case 2.
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Figure 8. Evolution of the rates of change of each ISAT algorithm outputs and of the height of ISAT binary
search tree.

Table 2. Comparison between the computational time spent by DI and ISAT in cases 1 and 2 and the
corresponding speed-up factors.

Case 1 Case 2

Etol time spent (ks) speed-up time spent (ks) speed-up
DI 4.3 3.1

1072 1.9 2.3 2.1 1.5
1073 2.3 1.9 2.1 1.5
1074 2.4 1.8 2.1 1.5
107° 2.5 1.7 2.2 1.4
106 2.6 1.7 2.2 1.4

3.3 Analysis of ISAT Memory Usage

Cases 1 and 2 previously studied are both modeled by a reaction mechanism with 4 species and use a binary
search tree with 50,000 entries for ISAT simulations. These parameters lead to a memory consumption by the
ISAT algorithm of approximately 40 Mbytes, which is very small when compared to the available in the used
computers. However, if the number of species in reaction mechanism increases, say 52 as in typical methane/air
mechanisms, the memory storage cost growths, as shown in Cunha Jr (2010). Indeed, a simulation of PMSR filled
with a methane/air mixture and using a binary search tree with 60,000 entries uses approximately 3.2 Gbytes.
This huge expense of memory is perhaps the greatest weakness of the ISAT algorithm. Note that no attempt
was made to optimize the code performance.

4. FINAL REMARKS

This work presented ISAT technique as an option to evaluate the system of governing equations in a
computational model with detailed combustion thermochemistry. The technique is assessed for its accuracy,
performance, and memory usage in the numerical simulation of PMSR filled with carbon monoxide/oxygen
mixture.

The ISAT technique shows good accuracy from a global point of view, with the relative global error smaller
than 0.35% for all the reactor configurations tested. Concerning the error from a local point of view, ISAT
technique was characterized by values of the maximum error of the mean properties within the reactor of up to
41%, which could be unacceptable depending on the application.

In terms of performance, the ISAT algorithm allows to reduce the computational time of the simulations in
all cases tested, achieving speed-up factors of 2.3 (case 1) and 1.4 (case 2).

Regarding the memory usage, the ISAT technique is very demanding. In the simulation of the methane/air
mixture using a binary search tree with 60,000 entries, not shown here, the algorithm required 3.2 Gbytes. Thus,
based on this test case, this work underscores the memory usage as the major drawback of the ISAT algorithm.

An extension of this work would be the coupling of a detailed thermochemistry mechanism, using the ISAT
technique, with the hybrid LES/PDF model by Andrade (2009) and Andrade et al. (2009) for description of
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turbulent combustion. This model currently uses a hybrid approach that combines large eddy simulation, for
description of fluid dynamics, and the transport of the PDF with a single step global kinetic for modeling the
combustion. The incorporation of a detailed thermochemistry mechanism would allow a better description of
combustion, at the expense of a significant increase in computation time, which is not negligible in the case of
a LES models. In this context, ISAT could be a viable option that may be able to decrease to an acceptable
level the simulation time.

Finally, it is worth stressing that this study conducted verification tests of ISAT algorithm and PMSR reactor
model only. No validation attempt was developed due to the difficulty of obtaining experimental data for such
a homogeneous reactor configuration. This validation could be performed if carefully designed direct numerical
simulations were available, or in more challenging flow problems, for instance.
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