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Résumé

Dans nos travaux, nous avons considéré un processus de Lévy X avec une composante
brownienne non nulle et dont la partie a sauts est un processus de Poisson composé.
Nous avons supposé que la valeur d’'une entreprise est modélisée par un processus
stochastique de la forme V' = Vjexp —X et que cette entreprise est mise a défaut
des lors que sa valeur passe sous un certain seuil b déterminé de fagon exogene et qui
donc, est une donnée du probleme. L’instant de défaut 7 est alors de la forme 7, pour
z=1In(Vy) —In((b) o x >0, 7, =inf{t >0:X; >z}

Dans un premier temps, nous supposons que des agents observant la valeur V' des ac-
tifs de la firme souhaitent connaitre le comportement de 'instant de défaut. Dans ce
modele, au chapitre 2, nous avons étudié d'une part la régularité de la densité de la
loi de l'instant de défaut. D’autre part, nous avons étudié la loi conjointe de I'instant
de défaut, de l'overshoot et de 'undershoot. Au chapitre 3, nous avons obtenu une
équation a valeurs mesures dont le quadriplet formé par la variable aléatoire X, le su-
premum du processus X a l'instant ¢, le supremum du processus X au dernier instant
de saut avant l'instant ¢ et le dernier instant de saut a l'instant ¢ est solution au sens
faible, puis une équation dont ce quadriplet est une solution forte. Dans un second
temps, au chapitre 4, nous avons supposé que des investisseurs souhaitant détenir une
part de cette entreprise ne disposent pas de I'information compleéte. Ils n’observent pas
la valeur des actifs de la firme V, mais sa valeur bruitée. Leur information est modélisée
par la filtration G = (G;,t > 0) engendrée par cette observation. Dans ce modele, nous
avons montré que la loi conditionnelle de I'instant de défaut sachant la tribu G; admet
une densité par rapport a la mesure de Lebesgue et obtenu une équation de Volttera
dont cette densité est solution. Cette connaissance permet aux investisseurs de prévoir
au vu de leur information, quand est-ce que l'instant de défaut va intervenir apres
I'instant ¢. Nous avons complété ce travail par des simulations numériques.

Mots clés : Processus de Lévy, Instant de défaut, Equations aux dérivées partielles,
Théorie du filtrage, Observation compléte, Observation incompleéte.



Abstract

In this Ph.D thesis, we consider a jump-diffusion process which the diffusion part is
a drifted Brownian motion and the jump part is a compound Poisson process. We
assume that a firm value is modelling by a stochastic process V' = Vjexp —X. This
firm goes to default whenever its value is below a specified threshold b which is exo-
genously determined. For z = In(V5) — In(b) > 0, the default time is of the form
7, =inf{t > 0: X; > z}.

First, we suppose that agents observe perfectly the firm value. In this model, we sho-
wed in chapter 2 that the density of the default time is continuous, then study the
joint law of the default time, overshoot an undershoot. We obtained in chapter 3 a
valued measure differential equation which the solution is the quadruplet formed by
the random variable X, the running supremum X; of X at time ¢, the supremum of
X at the last jump time before ¢ and the last jump time before ¢.

Secondly, we assume that investors wishing detain a part of the firm can not observe
the firm value. They observe a noisy value of the firm and their information is model-
ling by the filtration G = (G;,t > 0) generated by their observation. In this model, we
have shown that the conditional density of 7, with respect to G has a density which is
solution of one stochastic integral-differential equation The knowledge of this density

allows investors to predict the default time after time ¢. This second part is the chapter
4.

Keywords : Lévy processes, default time, Partial differential equation, Filtering theory,
Complete observation, incomplete observation.
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Chapitre 1

Introduction générale

Si on s’intéresse a la réalisation d’un certain phénomene : par exemple un tremble-
ment de terre avec une intensité supérieure a certain niveau ou un nombre de clients
dépassant la sécurité exigée par un établissement ou encore un scénario défavorable
conduisant & ne pas respecter ses engagements...etc, on est obligé d’accorder une atten-
tion particuliere a l'instant aléatoire 7 ou le phénomene se manifeste pour la premiere
fois. Sur un marché financier, un tel phénomene est la faillite d’entreprise et des agents
disposant d’informations différentes essaient de prévoir I'instant ou il se produit, appelé
instant de défaut. Dans ce chapitre introductif, nous faisons une description générale
de I'instant de défaut, présentons I’état de I’art, ensuite les contributions de cette these.

1.1 Présentation générale

L’instant de défaut est le theme principal de cette these. Il est alors tout a fait naturel
d’en faire une description générale. Il s’agit ici d’'un moment ou survient un scénario
défavorable conduisant une entreprise a I'impossibilité de faire face a ses engagements.
Les modeles utilisés dans ce type d’étude se classifient selon deux approches.
L’approche réduite : le mécanisme liant le défaut a la valeur de la firme n’est pas
explicite. On modélise directement le processus de défaut en se basant sur certains
facteurs économiques; Dans cette approche, qui n’est pas 1'objet de notre étude, le
temps de défaut est défini de maniere exogene.

L’approche structurelle : on modélise le temps de défaut pour une firme donnée par une
fonction de sa valeur. Par exemple, le défaut survient si la valeur de la firme atteint un
certain seuil. L” approche structurelle dont le fondateur est Merton en 1974, [Mer74]
a l'avantage de relier le défaut aux fondements économiques qui régissent la firme. Le
modele de Merton est le pionnier des modeles de I’approche structurelle, point de départ
de nombreux développements et il est utilisé en pratique dans les sociétés d’assurance.
Cependant, il manque de réalisme a plusieurs niveaux. L'une de ses faiblesses est que le



défaut ne peut survenir qu’a I’échéance de la dette. Les modeles de type barriere visent
a corriger ce probleme. L’idée est de modéliser le temps de défaut comme l'instant du
premier passage du processus valeur de la firme sous une certaine barriere. On note
dans ce type de modele une certaine flexibilité : pour un méme processus modélisant la
valeur de la firme, le fait de varier le choix de la barriere conduit a différents modeles.
Les éléments décrivant ce modele étant aléatoires, une étude mathématique s’impose.
Précisément, il est tres utile d’étudier la distribution du premier temps de passage d’un
processus sous un seuil. Malheureusement, mis a part le cas du mouvement brownien,
qui peut-étre est une exception, il est tres difficile, voir presque impossible d’obtenir
des résultats analytiques.

Du c6té des mathématiques financieres, ce type d’étude a été initié par Pye [Pye74]
et Litterman-Iben [LI91], ensuite formalisé indépendamment par Jarrow et Turnbull
[JT95], Lando [Lan94|, Madan et Unal [MU98]. Puis elle a été développée par Hull et
White [HW95] et Lotz [ [Lot99], [LT98]].

Les outils mathématiques qui sont a la base de telles études ont été introduits par
Dellachérie [Del70], Chou et Meyer [CMT75], Dellacherie et Meyer [DM80], Jeulin et
Yor [JY78] et plus tard développés par Jeanblanc et Rutskowski [JR0O0], Bielecki et
Rutskowski [BR02].

Dans la littérature, 'etude du temps d’atteinte des processus a passionné beaucoup
d’auteurs. Dans le cas d'une diffusion, on peut citer, entre autres, Borodin et Salmi-
nen [BS02], Delong [DL81], Kent [Ken78| , Pitman et Yor [PY81] ou encore Jacod et
Shiryaev [JS13].

Les dirigeants de I'entreprise, les actionnaires ou les investisseurs essaient de “prévoir”
la faillite de la firme en fonction de I'information dont ils disposent. Ces agents peuvent
observer de fagon parfaite ou imparfaite, de maniere continue ou a des instants discrets
la valeur des actifs de la firme. Selon le cas, on parle d’observation compléte a temps
continu ou a des instants discrets, ou bien d’observation incompléte a temps continu
ou a des instants discrets.

Dans ce manuscrit, nous avons considéré le cas d’information complete et le cas d’in-
formation incomplete a temps continu, le cas discret restant un probleme ouvert.

1.1.1 Définitions et notations

Dans ce chapitre, on se place sur un espace de probabilité filtré (Q, F, (F;,t > 0),P)
satisfaisant les conditions habituelles. Nous donnons la définition d’'un processus de
Lévy conformémemnt a [CT04].

Définition 1.1.1 Un processus stochastique X continu & gauche, limité a droite (cad-
lag) a valeurs dans R? tel que Xy = 0 est un processus de Lévy s’il vérifie les propriétés
sutvantes :



1. L’indépendance des accroissements : pour toute suite croissante de temps (to,- - ,t,),
les variables aléatoires Xy, Xy, — Xyy, - -+, Xy, — X4, , sont indépendantes.

2. La stationnarité des accroissements : pour tout t et h positifs, la loi de X;p— X,
ne dépend pas de t.

3. La continuité stochastique : pour tout € > 0, limp_,o P(|X1n — X¢| > €) = 0.

D’apres le théoreme de “Représentation de Lévy-Khinchine” (cf. Theorem 3.1, [CT04]),
la fonction caractéristique de la loi de X; est donnée par

E(e*t) = @) 2 e R.

Dans le cas d'un processus de Lévy a valeurs réelles, la fonction W (caractéristique
exponentielle de Lévy) est de la forme :

1 oo .
U(z) = —5022 +1imz+ [m (e =1 —izaly<iy)v(d).

La mesure v est dite mesure de Lévy du processus X. Nous supposons dans tout ce
document que A = v(R) < +o0 et dans ce cas, le processus admet une décomposition
de la forme :

N¢
Xp=mt+oW,+> Y, V t>0. (1.1.2)

i=1

Le processus (W;,t > 0) est un mouvement brownien standard, m € R, o >0, N;
est un processus de Poisson d’intensité constante positive A et (Y, € N*) une suite
de variables aléatoires indépendantes et identiquement distribuées dont la loi v(R) v
admet la fonction de répartition Fy. Sans perte de généralité, nous supposons que
o=1et que (W, t>0), (Nyt>0),et (Y;,i€ N*) sont indépendants. Sauf mention
contraire, X modélise la valeur des actifs d’une firme et 'instant de défaut est modélisé
par le temps d’arrét

T, =inf{t > 0: X; >z} (1.1.3)
ou x > 0 est la barriere. Le mouvement brownien avec dérive (mt + W;, t > 0) sera

noté X, et instant de défaut associé 7,.

1.1.2 Observation Compleéete

Il s’agit ici des modeles purement structurels correspondant au cas ou l'information
est complete. Les agents qui veulent “prévoir” la faillite observent parfaitement la



valeur X de la firme. I'information de 'agent au temps t est modélisée par la tribu
Fi = 0(Xs,0 < s <t}. Dans ce cas, les agents peuvent directement savoir si le défaut
a eu lieu ou non a partir de leur observation sur le marché. En d’autres termes l'instant
de défaut est un (F;)— temps d’arrét et on obtient

]P)(T > t|Ft) = 1{T>t}7 Y t>0.

Pour un agent qui observe parfaitement le processus valeur X de la firme étudier le
comportement de l'instant de défaut revient a étudier le comportement du supremum
X* de X et de sa valeur terminale grace a la relation :

P(X;>a, X >b) =P(X; >a,7 <t)

pour tous les nombres réels a et b tels b > a et b > 0. On trouve beaucoup de résultats
dans la littérature suivant le processus utilisé.

Le cas du mouvement brownien

Si W est le mouvement brownien standard et 7, = inf{t > 0 : W, = x} pour x > 0
fixé, on trouve dans [KS12] la densité de 7, définie pour tout ¢ > 0, par

T _2?
fo(t7$) = \/%e 2t |

Si W* est son supremum, la densité de la loi du couple (W* W) est donnée par
Proposition 1.1.4 Pour tout t > 0, la densité de la loi du couple (W}, W,) est

2(2b — a) (2b — a)?
0
p’(b,a,t) = = exp 5 1psavo-

En appliquant la formule de Girsanov, on obtient les résultats analogues suivants pour
le mouvement brownien avec dérive X.

Proposition 1.1.5 Pour tout t > 0, la loi du couple (Xt*,f(t) admet une densité par
rapport a la densité de Lebesque donnée par

_ ~ 2(2b—a) (2b — a)? m?
p(b7 a, t) = W eXp(—T + ma — 7t)1b>a\/0- (116)

De plus, la loi de 7, admet la densité

flu, z)du +P(7, = 00)doo(du)

= |z | 1

flu,z) = Wexp[—%(x — mu)?|1jo oo (1) et P(F, = 00) = 1 — ™= Imel(1.1.7)




Lorsque la barriere x est une fonction continue du temps, un autre résultat a été
récemment obtenu par Herrmann et Tanré dans [HT16] sous les hypotheses :
s t
— x(O) >0 et hmt_w'_ooﬁ <1
— x est non décroissante et de classe C!

— W (MWVI+T <1, Vt>0.

[ls donnent un nouvel algorithme permettant d’approcher 7.

Le cas du processus d’Ornstein-Uhlenbeck

Dans [Pat04], Patie P. a donné différentes représentations et illustrations numériques de
la densité de la loi du premier temps de passage d’un processus d’Ornstein-Uhlenbeck
au niveau d'une barriere x € R%. Soit W un mouvement brownien standard. Nous
rappelons que le processus d’Ornstein-Uhlenbeck est 1'unique solution de 1’équation

dXt - th - BXtdt7 X(), ,8 € ]R

Si pg’?g_,x() est la densité de la loi de 7% = inf{t > 0; X; = z}, alors, on a le théoréme
suivant qui donne sa représentation intégrale.

Théoreme 1.1.8 Soient Xy < z fixés, alors la densité de 72" est données par

Pt = [ costaBt) B o(~(e — Xo)/B)da

N B H,o(z)H,o0(Xo) + Hio(Xo)Hia(2)
Halz, Xo) = H2, () + H2,(2)

et

+oo 2

H,o(z) = e cos glog(l—I—(E)z) du
/ <2 u >

Hi(2) = e sin (2 log(1 + (3)2) du.
/ (2 u )

0

+oo

Le cas des processus de Bessel

Le processus de Bessel de dimension ¢ issu de xzq est la solution de

o—1 ft 1
7dS+Bt, tZO

X, = —_
tx0+2 0o X,

Si la dimension ¢ est entiere la transformée de Laplace est donnée par

25" I (20V2N)

Bl =) = v




A > 0, I, est la fonction de Bessel modifié et v = ‘5%1. Dans le cas des dimensions
non entieres, Hamana et Matsumoto [HM13] donnent l’expression de la fonction de
répartition de 7, en fonction des zéros des fonctions de Bessel.

Pour compléter ce paragraphe, Deaconu et Herrmann [DH13] et [DH14] proposent
des algorithmes de simulation du temps d’atteinte.

Le cas des martingales

Rogers caractérise dans [Rog93| toutes les lois jointes d’une martingale (martingale
locale continue issue de zéro) et de son supremum. Il introduit la notation M., =
sup,so M; pour une martingale M et définit pour toute mesure de probabilité v sur
R2, Ta fonction

5,00[ xRy p([s,00[xR)
sinon

(z—y)v(dr,dy)
o(s) = { Ji si v([s, 00[xRy) >0
s

Il obtient dans le cas des martingales uniformément intégrables le résultat suivant :

Théoréme 1.1.9 Pour qu’une mesure de probabilité v définie sur Ry x Ry soit la loi
du couple (My,, My — My) pour toute martingale M uniformément intégrable il faut
et il suffit que

// |x — y|v(dx, dy) < oo,

¢(.) soit croissante ,

c(s) > s pour tout s.

Nous rappelons I'ordre entre deux mesures sur R : Deux mesure p et p vérifient v < pu si
et seulement si pour tout ¢ > 0, v([t,+oo]) < p([t, +00[). Dans le cas des martingales
continues, il utilise cet ordre et obtient

Théoréme 1.1.10 La mesure de probabilité v sur Ry x Ry est la loi jointe du couple
(Myo, Moo — M) pour toute martingale locale continue M presque strement conver-
gente telle que My = 0 si et seulement si

(// v(ds, dy)) dt > yv(dt, dy).
Jt,00[ xR 10,00]

Si de plus M est uniformément intégrable, on obtient une éqgalité.

Il énonce et démontre & nouveau le résultat suivant dit & Vallois dans [Val94].
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Théoréme 1.1.11 Soit F' une mesure de probabilité sur R, telle que F(dt) = p(t)dt+
a(dt) ot « est singuliére par rapport a la mesure de Lebesque. Alors F est la loi du
maximum d’une martingale continue uniformément intégrable si et seulement si

p(t) > 0 pour tout t < a := sup{u: F(u) < 1},

tlgrnootF(t) =0ou F(t)=1— F(t),

/0+°° ta(dt) + /0+°° ltp(t) — F(t)|dt < +oo.

Définition 1.1.12 Soit X une sous martingale positive de décomposition
Xi =N+ A V t>0. (1.1.13)

On dit que X est de classe () si
1. N est une martingale locale issue de 0.
2. A est un processus continu croissant issu de 0.
3. La mesure dA est prise sur l’ensemble {t : X; = 0}.

Si de plus X vérifie {X,, T < oo, T un temps d’arrét } est uniformément intégrable,
on dit que X est de classe (XD).

Le résultat suivant est une caractérisation “martingale” des processus de classe (X).

Théoreme 1.1.14 Il y a équivalence entre
1. La sous martingale X est de classe (X).

2. 1l existe un processus (Cy) croissant, adapté et continu tel pour toute fonction
f borélienne bornée et pour F définie par F(z) := [ f(2)dz, le processus

F(Cy) — [(C) X,
est une martingale locale. De plus, Cy = A;.

Pour une sous martingale admettant la décomposition (1.1.13), nous caractérisons le
premier temps de passage a un niveau u du processus A.

Théoréme 1.1.15 Soit X une sous martingale locale de classe (X), de décomposition
(1.1.13) et a sauts uniquement négatifs telle que A, = 0o. Considérons le premier
temps de passage de X a un niveau u

T, = inf{t : X; > u}



Soit p : Ry — R, une fonction borélienne. Alors

P(3 t20,X, > p(A))=1—exp (_/Ooodrr>

o(z)
et
P(3 t<1,X, > p(A) =1—exp <—/0”S:g)> .

Les deux théoremes précédents permettent de résoudre le probléeme d’arrét de Skoro-
khod pour une mesure de probabilité sur R, non atomique. La littérature étant vaste
sur ce sujet, nous donnons ici une méthode générale permettant de traiter une grande
variété de processus stochastiques. Plus précisément, nous considérons d’abord une me-
sure de probabilité sans atome ¥ sur Ry et une sous martingale locale X de classe (3)
n’ayant que des sauts négatifs et de décomposition (1.1.13) tel que lim;_, o, A; = +o0.
Le résultat suivant permet de trouver un temps d’arrét Ty tel que Xp, suit la loi de 9.
Pour cela, on introduit la queue de distribution 9 de ¥ :  9(z) := ¥([z, +00[) et

ag = sup{z > 0:9(z) = 1}
by = inf{zx >: 19(:1:) =0}, —o0o<ay<by <+

respectivement le supremum et U'infimum du support de ¢. Nous introduisons ensuite
la fonction duale de Hardy-Littlewood Wy : R, +— R, en posant

Uy(x) = /OaC 19<Zz)di9(z), siay < x < by,

Uy(x) =0s10 <z < ay,

Uy(x) =00 six < by.

La fonction Wy étant continue et strictement croissante, nous définissons son inverse
(continu & droite ) par

wy(z) =inf{x > 0: Wy(z) > z}.
Cette fonction aussi est strictement croissante.

Théoréme 1.1.16 Soit X une sous martingale locale de classe (X) et de décomposition
(1.1.13) avec uniquement des sauts négatifs telle que Ay, = co. Le temps d’arrét

T, =inf{x > 0: X, > ¢s(A;)}

est presque surement fini et il est solution du probléeme de Skorokhod pour le processus
X X, suit la loi de 9.

On peut voir en détail les théorémes 1.1.14, 1.1.15 et 1.1.16 dans [Nik06].
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Le cas d’un processus de diffusion

Dans le cas d’une diffusion, Jeanblanc et al. [JYC09] ont donné dans la sous-section
5.4.3 une méthode d’étude basée sur ’équation de Fokker-Planck par la proposition
sulvante.

Proposition 1.1.17 Soit
dX; = b(t, Xy)dt + o(t, X;)dB;.
Supposons h une fonction déterministe telle que Xo > h(0) et définissons
T:=inf{t > 0: Xy <h(t)} et g(t,z)dx :=P(X; € de N7 >1t).
La fonction g(t,x) satisfait a l’équation de Fokker-Planck

dg(t,x) bt x)g(t,x))  10*(0*(t,x)g(t,x))
o B *y o ;@ > h(t)

avec les conditions aux limites

lim g(t, x)dx = 6(x — Xo)

t—0

9(t, @) p=n@r) = 0.

Le cas du processus de Lévy

Pour un processus diffusion-saut dont les sauts suivent une loi double exponentielle,
Kou et Wang ont obtenu dans [KWO03] des expressions explicites pour la transformée
de Laplace de 7, et celle du couple (X*, X).

Lorsque X est un processus de Lévy quelconque de mesure de Lévy v, Volpi et al.
considerent dans [RVV08] l'instant de défaut 7., le déficit aussitot apres la ruine
K, := X,, —x , appelé ‘overshoot’ou ‘sévérité de la ruine’ et la fortune immédiatement
avant la ruine L, := x — X _-. Dans un second temps, les auteurs montrent que la
transformée de Laplace du vecteur (7, K, L,) est solution d’une certaine équation
intégro-différentielle. Dans un second temps, supposant que v admet des moments fi-
nis, ils montrent que le triplet (7., K, L,), ou 7, est une normalisation convenable de
Tz, converge en distribution lorsque x tend vers 4o0.

Doney et Kyprianou ont donné dans [DKO06] la loi du vecteur
Gy =Gy Xy, —mr— X, _,x— X )ouGy=sup{s <t: X=X}

en utilisant la fonction d’échelle associée a X.

Cependant, dans la pratique, il est souvent difficile pour les investisseurs d’observer
la valeur des actifs de la firme. En d’autres termes, I'information disponible de leur



point de vue est véritablement incomplete. Ainsi notre objectif est de tenir compte de
cet état de fait en trouvant un moyen de modéliser I'information disponible pour les
investisseurs. Ceci permettra a ces derniers, au vu de I'information dont ils disposent,
de décrire le comportement de I'instant de défaut. C’est 'objet du paragraphe suivant.

1.1.3 Observation Incomplete

Les modeles utilisés pour ce type d’étude sont des modeles hybrides (mélange de
modeles structurel et réduit). Nous définissons explicitement le mécanisme qui pro-
voque le défaut (structurel) mais nous supposons que les agents n’ont pas une connais-
sance parfaite de ce mécanisme. Plusieurs modeéles sont candidats pour ce type d’étude.
Pour ce paragraphe, nous notons Z l'information sur la firme, D l'information sur
le temps de défaut et G = Z V D l'information disponible pour les agents. Duf-
fie et Lando [DLO1]| étudient le cas ou les investisseurs regoivent a certaines dates
prédéterminées des rapports imparfaits sur la valeur des actifs de la firme. Dans leur
modele, X est un mouvement brownien géométrique :

X, = e” on Zy=Jo+mt+ocW,, V t>0

avec W un mouvement brownien standard, o > 0 un parametre de volatilité et m €
. 2 1

R un parametre tel que %log(%) = m + % . IIs notent @ le processus modélisant

I'information des investisseurs, ils supposent que Q); = Z; + B; ou B est un mouvement

brownien indépendant de Z. Ils considérent un nombre arbitraire de dates (¢;) vérifiant

ty <ty <, ,<t, <t. lls définissent la filtration (Z;,¢ > 0) comme suit :

It = O-(Qtu Qt27 e 7Qtn)7

I'information globale dont disposent les investisseurs a l'instant ¢ étant
gt - It \ Dt'

ou Dy = 0(1,<ss<t). Leur objectif étant d’étudier la loi conditionnelle de X sachant G,
ils commencent par le cas le plus simple, c’est-a-dire ¢t = t; > 0. Ceci leur permet de
déterminer explicitement les probabilités conditionnelles de survie a la date du rapport
et apres cette date. Apres avoir donné des exemples numériques et quelques applica-
tions en finance, ils discutent d’une technique de type itératif qui permet de traiter le
cas ou plus d’un rapport est dévoilé au cours du temps.

A la différence de ce qui précede, Robert A. Jarrow et al. [GJZ09] donnent une autre
définition de la filtration modélisant I'information dont disposent les investisseurs.
Supposant que les agents observent la firme de maniére continue, ils donnent la définition
suivante :
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Définition 1.1.18 Soit (H;,t > t) une filtration continue a droite et contenant les
ensembles P-négligeables. Soit (a)i>0 un processus croissant, continu d droite tel que
ag = 0 et ay est un H-temps d’arrét pour tout t > 0 et pour tout w, au(w) < t. La
filtration T est définie par

T, = Ha, pour tout t > 0.

Supposant que les agents observent la firme a des instants de temps discrets, ils donnent
la définition suivante :

Définition 1.1.19 Soit (H:,t > t) une filtration continue a droite et contenant les
ensembles P-négligeables. Soit K suites strictement croissantes de H-temps d’arrét
(TF)ps01<k<rc- Soit (A ... i )iy, iven une famille de sous-tribus de Hoo = VisoHy telle
que
1) ‘Ailw',ik C Ajl,"',jk St < g1 <, 0k < Jk
. e i

3) tout Tff est A;, ... i, mesurable dés que n < i.

k
La filtration modélisant l’information est définie par
Ito = Uila“'7ik (’Ai17“‘7ik A {Tz]z <t< T;]Z-H’ 1<k< K})
et
T = Uiy (Aiyiy VON) N{TE <t <TF 1<k <K})

ot N est l'ensemble des P-négligeables.

Les auteurs appellent ces filtrations “filtrations retardées” et illustrent a travers un
exemple 'importance de ces définitions. Ils utilisent les mémes techniques de calcul
que dans Duffie et Lando [DL01] pour calculer le processus intensité dont la définition
est la suivante :

Définition 1.1.20 Le processus intensité (A, t > 0) de l'instant de défaut T, associé a

une certaine filtration (Gy, t > 0), lorsqu’il existe, est une fonction mesurable, positive,
non identiquement nulle telle que le processus

t
t— Dt = 1{7’<t} — / bfl{T>u}AudU
- 0
est une (Gy, t > 0)— martingale.
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Dans la deuxieme partie de sa these [Dor07], D. Dorobantu a modélisé la valeur de la
firme par un processus stochastique diffusion-saut

Ny
Vi =axe” ou Z, =mt+ oW, + >,

i=1
et I'instant de défaut par un temps d’arrét

7 =inf{t > 0:V, < b} avec b une constante.

Au temps d’arrét 7, elle associe le processus croissant H7 : t — 1< et la filtration
cad FH" engendrée par ce processus . Elle montre que

Proposition 1.1.21 Soit S un temps d’arrét tel que P(tr = 0) = 0 et pour tout
t>0, P(r>t)>0. Le temps d’arrét 7 admet une F1 — intensité si et seulement
si la loi de T admet une densité par rapport a la mesure de Lebesque, notée f. Dans ce
cas, la F1"— intensité est unique et elle est égale d

f(t)
At) = —————, t>0 avec F.(t) =P(7 <t).
0= g 12 {0 =P(r <1)
Elle introduit une décomposition de 7 : 7 = 7, V 79, ot 7y est un F" — temps d’arrét
prévisible et 7, un F¥ — temps d’arrét totalement inaccessible. En remarquant que 7
coincide avec un instant de saut 7, du processus de Poisson ou n € N* est tel que
T="T, et Y, #0, elle prouve :

Proposition 1.1.22 La FV — projection duale prévisible du processus (H] = li<pn,t >
0) est égale a

t Inb
1{7'1§t} +/0 ]-{Tz>u})\FY(7>du7 t>0

ou A est le paramétre du processus de Poisson et Fy est la fonction de répartition de
la loi de'Y.
De plus, T n’admet pas de F¥ — intensité.

L’information apporté par la connaissance de l'intensité A(t) est faible. En effet, pour
un intervalle de temps assez petit Ah, la probabilité conditionnelle a 'instant ¢, que
le défaut se produise entre t et t + Ah  (P(t < t + Ah|T > t)) est de l'ordre de
A(t)Ah. Ainsi, en 2010, M. Jeanblanc, N. Elkaroui et Ying Jiao [EKJJ10] utilisent
un modele réduit pour mettre en évidence les limites du processus intensité et pour
montrer que le processus densité caractérise entierement les liens entre l'instant de
défaut et la filtration de référence. En 2014, N. Elkaroui et al. [EKJJZ14] ont construit
un des modeles explicites de densité conditionnelle d'un (ou de plusieurs) instants de
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défaut sachant une filtration de référence. Pour ce faire, les auteurs ont eu recours
aux méthodes de changement de temps, de changement de mesure de probabilité et
de filtrations et des méthodes de copules dynamiques. Plus récemment, en 2015, dans
[KJJ15], elles appliquent cette approche a I’étude d’une famille 7 = (7q,--- ,7,) de
temps d’arréts représentant les instants de défaut de n firmes. Elles concluent dans
ce papier que 'approche de la densité offre un choix flexible par rapport a celle de
I'intensité. Nous utilisons dans cette these un modele structurel comme dans [DLO1],

un processus diffusion-saut comme dans [Dor(07] et une approche densité comme dans
[KJJ15].

1.2 Contribution de la these

1.2.1 Observation complete

Dans le chapitre 2, nous avons dans un premier temps montré la régularité de la densité
(de T'instant de défaut 7,) obtenue par Coutin et Dorobantu dans [CD*11]. Dans un
second temps, nous avons obtenu une expression explicite qui caractérise la loi du tri-
plet (instant de défaut, overshoot, undershoot) pour un processus mixte diffusion-saut.
Ce chapitre a fait I'objet d’un article soumis au journal ESAIM : Probabability and
Statistics, [CN16].

Afin d’obtenir la régularité en fonction du seuil, le chapitre 3 est motivé par I’existence
d’une équation au sens faible dont est solution le quadruplet formé par la variable
aléatoire X, le supremum du processus X a l'instant ¢, le supremum au dernier instant
de saut avant t et le dernier instant de saut avant l'instant ¢.

Chapitre 2 : Loi jointe de I’instant de défaut, de ’overshoot et de 'under-
shoot d’un processus de Lévy

Nous nous inspirons ici de [Vol03] : une compagnie d’assurance, ayant un capital initial
x > 0 a l'instant 0 peut modéliser son capital a I'instant ¢ par un processus stochas-
tique :

7' =1 — X, (1.2.1)

ou
Nt
Xy =mt+W;+> Y. (1.2.2)
=1

Ici, (Wi, t > 0) représente les "petites fluctuations” régulieres de la fortune et c’est un
mouvement brownien standard ; m est un réel, mt représente les rentrées non aléatoires
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et va:tl Y; est un processus de Poisson composé représentant les fluctuations disconti-
nues. Tous ces éléments sont supposés indépendants.

L’instant de défaut, encore appelé instant de faillite, est le premier temps de passage
au niveau 0 du processus (Z7,¢ > t). Il est noté 7, et il est défini par :

T, = inf{t > 0: Z7 <0}. (1.2.3)

Il s’agit d’'un temps d’arrét qui, de maniere équivalente, est le premier temps de
dépassement du niveau x par le processus de Lévy (X, t > 0) :

T, =inf{t >0: X, > x}. (1.2.4)

Nous utiliserons la notation (1.2.4) dans toute la suite.

Coutin et Dorobantu ont montré dans [CD11] que la loi de 7, admet une densité f
par rapport a la mesure de Lebesgue définie par

by = [ AE(ese(l = Fy) (@ = X)) + E(Lr oy, ft =Ty, z—Xr,)), V>0
TG0 =130 CFye) - Fy(es)) + 2 (Fy (@) — Fy(e.)) if =0
(1.2.5)

et P(7, = 00) = 0 si et seulement si m + AE(Y1) > 0.
La fonction f est la densité de la loi du temps d’atteinte d’'un mouvement brownien
avec dérive m obtenue par I. Karatzas et S. E. Shreve dans [KS12] et définie par

fu,z)du + P(7, = 00)ds(du)

1
2] — (2 — mu) 1o 4 oof(u) et P(F, = 00) = 1 — ™™=l (1.2.6)
u

avec f est la densité de la loi de 7, = inf{t >0: X, = x}; X, =mt + W,.

En guise de contribution, nous avons obtenu tout d’abord un résultat de régularité de
la densité f. Nous avons dans un premier temps montré un résultat de continuité en
temps et en espace dont 1’énoncé est le suivant

Proposition 1.2.7 L’application définie sur ]0,400[x]0, +o0[ par
(t,2) — fr(t,2) = AE (1ron (1 = Fy)(x = X)) + E (Lromy, f(t = T, @ = X1,))

est continue. De plus, Si x > 0 fixé, nous avons

i B (L1~ Fyl(o = X)) = 3 (2~ Fy(e) = Fi(a-)

et

] >

limE (1{7'z>TNt}-];(t - TN” T — XTNt)) =

t—0

(Fy(z) — Fy(z-)).

14



Remarque 1.2.8 Pour t = 0, on ne peut rien dire sur la continuité en x de x
fr.(0,) car Fy n'est pas forcément continue.

Si K, := X, —x designe le déficit aussitot apres la ruine, appelé ‘overshoot’ ou ’sévérité
de la ruine’, et si L, := x — X - désigne la fortune immédiatement avant la ruine,
Kyprianou a étudié [Kyp14] la loi conjointe de (K, L,) lorsque le processus X est un
subordinateur (processus de Lévy dont les trajectoires sont non décroissantes). A. Volpi
et al. [RVV08] se sont intéressés a I’étude asymptotique quand x tend vers +o0, dans
le cas du processus (1.1.2), de la loi conjointe du triplet (7, K., L,). Ils établissent que
la transformée de Laplace de ce triplet est 'unique solution d’une certaine équation
intégro-différentielle. Puis ils montrent apres une renormalisation convenable de 7, que
sous une certaine hypothese sur la mesure de Lévy, ce triplet converge en distribution
lorsque x tend vers +o0o. A ce sujet, notre contribution consiste a donner la premiere
expression explicite caractérisant la loi du triplet (7., K, L,) par le théoréme suivant.

Théoréme 1.2.9 (Théoréme 4.3.4) La loi jointe du triplet (1., K., L), sachant que

{1 < o0}, est donnée sur Ry x Ry x Ry par p(.,.,.,x) telle que :
A
p(O, dk), dl, I) = Z[FY (LU) - Fy(l’_)](;{(),o’o}(dt, dk’, dl) + )\E(dk)é{()’x} (dt, dl)
A

—|— §AFy<$)5{0707x} (dt, dk’, dl)
et pour tout t > 0,

p(dt, dk,dl, x) = B[l >y f(E = T, © = X1y, )|0g0,0y (dk, dl)dt
+ AR [1ks0150y Lir, 513 fo(@ — Xay, — )] Fi(dk)dldt
= AE [1550050y Lir, 513 fo( Xy, — 2 = D) exp(2m(z — X1,,,))| Fi(dk)dldt

ou 0 est la masse de Dirac et fo est la densité de la loi normale d’espérance p =
m(t — Th,) et de variance 0®> =t —Ty,, [ est définie par (1.1.7), Fy(dk) est l'image
de Fy(dk) par Uapplication y — y — 1 et AFy(z) = Fy(x) — Fy(z7).

Remarque 1.2.10 Se référant a [RVV0S], pour tout x > 0, le premier instant de
passage T, est fini presque stirement si et seulement si m + E(Y;) > 0.

La loi du triplet (7, K., L) en observation incompléte reste aussi un probléme ouvert.
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Chapitre 3 : Equation a valeur mesure pour la loi du couple formé par un
processus de Lévy et son supremum

En observation complete, la liste de travaux donnée dans le paragraphe 1.1.2 est loin
d’étre exhaustive, mais nous y joignons notre contribution. Dans le chapitre 3, nous
avons obtenu une équation aux dérivées partielles permettant de caractériser au sens
faible le quadruplet

U, = (X}, X, X7, . Tw,) (1.2.11)

ou Xy =mit+W,+ Zf\ﬁl Y;. Nous introduisons les notations respectives du mouvement
brownien avec dérive m et de son supremum :

Xt =mt+ Wt
X; =sup X,,.
u<t

Pour tout ¢ > 0, on introduit aussi la densité de la loi du couple (X}, X;) :

2(2b — a) (20 — a)? m?

Théoréme 1.2.13 Soit ¢ : R* — R une fonction C3— bornée.
Pour tout t > 0,

ﬁ<b7 a? t) =

E ((U0)) = 9(0,0,0,0) + [ E [mdho(U) + 50B0(U1)] ds

R s
“a[E([ 1 — AU dny (1)) ds.
ou
Us(y) = (max (X}, X5 +v), Xs + y,mazx(X], Xs + y),s), s>0. (1.2.14)

Nous donnons les grandes lignes de la preuve de ce théoreme. Il s’agit de calculer
1 N
lim - A(¢, h) ot A(t, h) := E [p(Ursn) — ¢(UL)]

puis montrer que cette limite est bornée. Cela suffit a écrire :

E(o(U,)) = /Ot a(s)ds + (0,0,0,0).
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L’idée consiste a décomposer A(t, h) suivant les valeurs prises par Ny, — N :

= i:Ai(t, h) (1.2.15)
Ai(t7 h) =K ([@(Ut-&-h) - gp(Ut)] 1{Nt+h—Nt:i}) , 1=0,1
Aa(t,h) = E ([p(Ursn) = (U))] 1w -nis2y ) - (1.2.16)

Ces trois termes sont traités chacun par une proposition ou par un lemme.
Pour As(t, h), nous avons

Lemme 1.2.17 Pour toute fonction ¢ : R* — R de classee C3, bornée,
lim h™tAy(t,h) = 0. (1.2.18)
Pour le terme A (¢, h), nous prouvons :
Proposition 1.2.19 Pour toute fonction ¢ : R* — R de classee C3, bornée,
lim h™ A (1, h) = XE [ [p(Ui(y)) — (U] Fy (dy).
ou Uy est défini par (1.2.11) et Uy(y) par (1.2.14).

Etudions maintenat le terme h~'Ay(t, h) quand h tend vers 0. Sur 'évément {N;, ) —
Ny =0}, Ty, = Th,,,, ainsi X;:Nt-&-h = X}Nt and XTNt+;L = X1y,

Xopn = Xi + Xy 00,
X7, = max(X;, X; + X 00,).
La propriétde Markov en ¢ et le fait N soit indépendant de X, entrainent que

Ag(t,h) = e N'E (E (p(max(z*, z + X)),z + Xp, y,u) — (2, 2, y,u))‘r*:X;’z:Xﬁy:X; ’TNtu) :
Introduisons
ag(h, 2", x,y,u) :=E (gp(max(w*, z4+X7), x4+ Xn,y,u) — p(z*, x,y, u)) )

Pour étudier le terme ag(h, x*,z,y,u), nous faisons un développement de Taylor au
voisinage de (z*, x) (y,u sont vus comme des constantes)

ag(h, x*, z,y,u) : = O1p(z*, x,y,u)E ([max(x t+ X)) -z D
+ 8%290(91;*, z,y,u)E ([max(x x4+ X;) *] Xh)
+ 811<,p(x x, Y, U )E([max(x 4+ X}) x} )

+ Oop(x™, x,y, u)mh + §8§2g0(m*, x,Yy,u) [m2h2 + h] + Ro(t, h,x*, z,y,u),
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ol, pour tout y et tout wu,

[Ro(h,a" 2,9, 0] < 4]V [E (|max(a’,z + X7) = a* X,

e

)

Ce qui permet d’écrire :

Ao(t, h) = iAO,,(t,h) (1.2.20)

o— * N
avec Ao,(t,h) :=E <a07,~(h, ,T* o, y,u)\x*zxg,z:){t,y:x;]v ,TNt:u> ou
t

api(h, 2,z y,u) . = Op(x*, x,y, u)mh + ;8§2<p(:c*, x,y,u)[m*h* + h)
aga(h, 2, z,y,u) 1 = 0fy2g0(x*, z,y,u)E ([max(:v*, 4+ X)) — :B*} Xh)
b Bapletswy wE ([maxat, o+ X5) —2]") 4 Rofh,a®, .y, 0),
aps(h, a2, z,y,u) . = Oz, z,y,u)E ([max(w*, r+ X)) — x*D )
Proposition 1.2.21 Sous les hypothéses du théoreme 1.2.13,

1
lim A~ (Ao + Ag2) (. h) = E (82g0(Ut)m 4 28§2¢(Ut)> . (1.2.22)

Proposition 1.2.23 Pour tout t > 0, la loi du vecteur (X[, X;) admet une densité
par rapport a la mesure de Lebesque. Cette densité est donnée par

Nt

p(bu a, t) =E <Zﬁ (b - XTky a — XTk - Y}C+11k<Nt - (Xt - XTk+1/\t)a t A Tk+1 - Tk) 1A;€’t (ba CL))
k=0

ol

A;c,t = {(b, a),| b > max (X}k, [a+ sup (X, — Xt)]l{Tk+1<t}>} (1.2.24)

UE[Th41 AL, H]

et p est introduit par (1.2.12).

Proposition 1.2.25 Sous les hypothéses du théoréme 1.2.13,

. 1 * ¥ *
}17,11{(1) EE (al(p(Ut)E (maX(.fE y L + Xh) - )z*:Xf,x:Xt> -
ﬁ(Xfik - X’;Nt7X£k - X’;Nt7t - TNt)

ﬁ*(XI;k - X%Ntvt - TNz)

1 *oyE yk
+ E]E 1X;‘>X§‘«Nt algp(Xt ) Xt ) XTNt ) TNt)

(1.2.26)
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De maniere équivalente,

BXT — Xi, X7 — X5, 1~ Ty,)

}llll}(l) AO,3(t7 h) = 1/2]E 1{X;>X}N5}a§0(Xt 7Xt JXTNtJTNt) ﬁ*<X£k . X;:Nt ,t . TNt)

Ce chapitre ouvre des perspectives que I'on présente dans le paragraphe suivant.

Perspectives

Parmi les problemes restant ouverts et sur lesquels débouchent les travaux précédents
nous pouvons citer
— la régularité de la probabilité de survie (x,t) — G(t,z) := P(7, > t), c’est a
dire (z,t) — G(t,x) est C}.
— La représentation intégrale de 1, -; sous la forme

t t
Lot = B(r > ) + [ HaW, + [ [ H'(s,2)aM(s,2)
0 0 JR

ou H' et H'(.,.) sont des processu prévisibles et M est la mesure aléatoire
compensée associée au processus t — SN Y],
— La caractérisation de la loi de (X, X}, X7 ,T,) via une équation différentielle
. ,
a valeur mesure au sens faible.

1.2.2 Observation incompléte

L’information apportée par la connaissance de 'intensité est faible. Dans un premier
temps, le chapitre 4 montre dans le modele étudié par D. Dorobantu que la loi condi-
tionnelle de I'instant de défaut sachant la tribu G; admet une densité par rapport a la
mesure de Lebesgue et obtient une équation de Volterra dont est solution cette den-
sité. Cette connaissance permet aux investisseurs de prévoir I'instant de défaut apres
Iinstant ¢, au vu de leur information. Ce travail est complété par des simulations
numériques et a fait l'objet d’un article publié dans le journal Journal of Mathematical
Finance, voir [Ngol5].

Chapitre 4 : Loi conditionnelle de l'instant de défaut d’un processus de
Lévy en observation incomplete

L’objectif du chapitre 4 est dans un premier temps de prouver l’existence de la den-
sité conditionnelle de la loi de l'instant de défaut sachant une information bruitée,
puis d’établir une équation intégro-différentielle dont cette densité est solution, ensuite
d’assurer 1'unicité de cette solution et enfin de donner quelques schémas numériques.
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Nous nous situons sur un espace de probabilité (Q, F, (F;, ¢ > 0),PY) filtré satisfaisant
les conditions habituelles sur lequel sont définis :

N
Xi=mt+ W, + Z Y; modélise la valeur de la firme au temps t,
i=1

7, = inf{t > 0: X; > x} représente 'instant de défaut,

t
Q: = / h(X)ds+ B;, t € Ry, estle processus d’observation.
0

Les processus @, ,W, N et Y sont supposés indépendants, le couple (W, Q) est un
(P° (Fi,t > 0))— mouvement brownien et la fonction A est borélienne bornée. Nous
avons utilisé la théorie du filtrage dont le cadre est le suivant.

Définition 1.2.27 Le processus X est appelé le signal et le processus Q l'observation.

T
La condition de Novikov : VI' > 0 IE° <eé Jo h2(X5)ds> < 00, est satisfaite et nous
définissons la (F;)—martingale

1

L, = exp (/Ot HX)dQ, — 5 /Ot h2(XS)ds) . teR,.

Pour une maturité 7" > 0 fixée, ceci, a 'aide de la formule de Girsanov, permet de
définir une nouvelle mesure de probabilité PP sur toute tribu F;, t < T.

Définition 1.2.28 Pour toutt > 0, nous définissons une mesure de probabilité P telle
que
o 0
Pi7, == LiP],

En plus de l'observation, les investisseurs obtiennent une information sur le défaut
donnée par
Dt = U(]_ngu,u S t)

Nous notons F€ la filtration modélisant I'information obtenue par I’observation, alors
I'information globale des investisseurs est

G=(G=F2VD, t>0).
Notre résultat d’existence est le suivant :

Proposition 1.2.29 (Proposition 4.3.1 ) Pour tout t > 0, sur ’événement {1, > t},
la loi conditionnelle de T, sachant la filtration (G;) admet une densité qui est de la
forme

f(r,t,z)dr + P(1, = 00|Gt)doo(dr)
et P(7, = 00|Gy) = 1,5 E(G(00, 2 — X3)|Gy), (1.2.30)
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f(r,t,a:) =E[f(r—t,x — X})|Gi].
et o
G(t,z) = P(r, > t) = P(r, > t) = /t Flu, z)du.

Remarque 1.2.31 Se reférant a [RVV0S], pour tout x > 0, le premier temps de
passage T, est fini presque stirement si et seulement si m + E(Y;) > 0.

A ce résultat est associé le théoreme suivant :

Théoréme 1.2.32 (Théoréme 4.5.4 ) Soit t > 0 un nombre réel. Pour tout r > t,
sur 'événement {1, > t}, la densité conditionnelle de T, sachant G; satisfait I’équation
intégrodifférentielle :

f(T;t7!E):IP{7E;r;Et+/ 1 (h) (r, £, u)dQ,
f(ryu x)
/ E(1, .G )|gu) II(h)(t, u)dQ, (1.2.33)

f(r, u x) 9
s oGy e
. /0 Hl(h)(r,t,u)mh)(t,u)du.

ol

E(17,>u®(XW)f(r —u, v — X,,)|G,)
]E(]_TI>UG<Z€ —Uu,r — Xu)|gu) ’

E(lrz>uq)(Xu)G(t —u, T — X“>|g“)
E(1,,-.G({t —u,z — X,)|G.)

et G est définie dans la proposition 1.2.29.

(@) (r, t,u) =

T(®) (¢, u) =

L’équation décrite dans ce théoreme est 'analogue en théorie de filtrage stochastique
de I’équation du filtre normalisé dite équation de Kushner-Stratonovich. Comme en
théorie du filtrage, la preuve de ce théoreme repose sur la proposition 1.2.37 via les
résultats suivants : la proposition 1.2.34, cf. [JR00], permet de passer de la filtration G
a la filtration F<.

Proposition 1.2.34 Pour toute variable aléatoire G—mesurable Y et pour tout t €
Ry, ona
E(L,,Y | FY)

E(1,.,Y[G) =1, .
>t t >t E(1T1>t|ftQ)
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La proposition 1.2.35, cf. [Par91], permet de passer de la probabilité P a la probabilité
PO,

Proposition 1.2.35 Pour toutt > 0 et pour toutY € L*(Q, F,,P), L)Y € L'(Q, F;,PY)
et

E°(L,Y|FR)

Qy __
BV = "B m)

(1.2.36)

En filtrage, la formule (1.2.36) est souvent appelée “formule de Kallianpur-Striebel”.

Proposition 1.2.37 (Proposition 4.3.15) Pour tout (t,a,b) tel qued <t < a < b, sur
lévénement {1, >t} :

E'(Lylocr, | F°)  Pla <7, <b)
E'(Lr s Lol FP)  POm > 1)
N /f E%(1,, - L h(X,)[G(a —u,x — X)) — G(b—u, v — X,)]|F2)
EO(Lr, 5 Lo | Fi?)
B /t EO(Lylacr, | FOE (1, w0 L (X)) G(t — u, 7 — X,)| FY)
[EO( Tx>tLU|"r§)]2

dQu

AQu
(1.2.38)
0 [EO(1,, <, L,| F2)]?
t
— [ B su Luh(X)[Gla =, = X,) = G(b = w2 = X,)]|F2)
0
E'(L,,, Lh(X,)G(t — u,z — X,)|F2)
X o du.
[EO(Lr, >t Lul )]

du

Remarque 1.2.39 L’équation (1.2.38) de la proposition 1.2.37 peut étre écrite a nou-
veau comme Suit :

- Plla<t, <b) t
I T /0 oL (h)(t, u)dQu

_/’*pug B () dQu+/OtFu[a(h)(t,u)]2du
- / (h)(t, u)du.
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o
EO(Lb1a<Tx<b|‘FtQ)
E°(1,, - Li|FP)
E°(1, <L, h(X,)|G(a —u,z — X,) — G(b—u,xz — X, ]-"uQ
ol(h)(t,u) — 1{7—x>t} ( x> ( )[ ( ) 5 ( )” )
Eo(lfz>tLu‘FU )
E%(1,, 5, L h(X,)G(t — v,z — X,)|FY)
EO(]-Tz>tLu’F1?)

=

?

Y

o(h)(t,u) = 1,50 .
Cette équation est l’analogue en théorie du filtrage stochastique de [’équation du filtre
non normalisé (Equation de Zakai). 1l s’agit de l’équation (3.43) qu’on retrouve dans

[BC0Y].
Le résultat d’unicité est le suivant.

Proposition 1.2.40 (Proposition 4.53.6 ) Si l’équation (1.2.33) admet une solution,
cette derniere est unique.

Simulations

Pour compléter les contributions apportées par ce chapitre 4, nous donnons un schéma
de résolution numérique de 1’équation (1.2.33). Le logiciel utilisé est ‘scilab’, la tech-
nique de résolution est la méthode particulaire. Il s’agit d’une des méthodes les plus uti-
lisées pour la résolution de problemes de filtrage. Nous nous sommes référés a [BC09] :
chapitre 8 (qui introduit des méthodes numériques pour la résolution de problémes
de filtrage) et chapitre 9 (qui traite en profondeur la méthode particulaire en temps
continu). Nous commengons par simuler (1.2.5) dont nous rappelons 1’expression ici :

f(t,z) = { AE(Lr,5i(1 = Fy) (2 — X)) + E(Lpsry, f(t — Ty, 2 — X1y ), VE>0
’ 32— Fy(2) — Fy(a-)) + §(Fy () — Fy(2-)) if t =0

Nous choisissons z > 0; la continuité de f garantit que simuler (1.2.5) revient a simuler

AE(1r,5i(1 = Fy ) (7 — X)) + E(Lr, sy, f(t = Ty, v — X1y ). (1.2.41)
Nous choisissons comme loi des sauts la loi double exponentielle de densité donnée par

fr(y) = pem™ 1y + (1 = p)e™Lyco, p>, m >0, 72> 0, (1.2.42)
alors (1.2.41) devient :

A . .
]:71[-3 (Lxgcae ™) 4 B(Lyy <of(t— T, 2 — Xn,). (1.2.43)
1 t

Ainsi I'algorithme permettant d’obtenir f est
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Algorithme 1 (pour la densité f )

— Simuler le processus de Lévy X sur lintervalle [0 t] :
Choisir le pas de la subdivision,
— Simuler le mouvement sur [0 t],
— Simuler le nombre de sauts du processus de Lévy,
Simuler les instants de saut,

— Simuler la loi des sauts,
— Simuler le processus de Lévy X sur Uintervalle [0 Tl,].

— Utiliser la définition de f, puis faire une approximation Monte Carlo basée sur
5000 trajectoires.

On obtient les figures suivantes :
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Pour A = 3, la figure 4.1 est réalisée avec un temps C'PU = 438.03805.

f(.,x):Densité avec dérive m=-1.5 f(.,x):Densité avec dérive m=1.5
18 - 24
16 21
20 +
14 o
18 +
12 4 16
10 - ¥
— w 12
8
10
6 8 -
6
4
4
2
2 4
0 T T T T 1 0 T T T T 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
FI1GURE 1.1 — A gauche, la courbe de la densité obtenue avec une dérive m = —1.5 et

a droite celle obtenue avec une dérive m = 1.5.

Pour A = 0.1, la figure 4.2 est réalisée avec un temps C'PU = 376.6704.

f(..x):Densité avec dérive m=-1.5 f(.,x):Densité avec dérive m=1.5
30 4 35 -
25 ] 30
25 +
20
20 +
w 15 —
15 +
10
10 +
5
5 4
0 T T T T 1 0 T T T T 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
FIGURE 1.2 — A gauche la courbe de la densité obtenue avec une dérive m = —1.5 et

a droite celle obtenue avec une dérive m = 1.5.
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Ce qui suit est un schéma de résolution numérique de ’équation (1.2.33). En utilisant
la proposition 1.2.29, I'ojectif est de visualiser

frtz) =E(f(r—t,z - X,)|G).
— Premiere étape : utiliser la formule

E (Lo f(r = tx — X,)|F2)

E — - X =1
(f(?" t,ZL’ t)|gt) Ta >t E(17—1>t’~/—:tQ)

(1.2.44)

— Deuxieme étape : utiliser la formule de Kallianpur-Strieblel qui permet de passer
de la probabilité de référence a la probabilité d’observation :

B (Lilysif (r =t — X0)|FP)
E°(L,| FAgtQ)

E(Lsef(r—t,x — X,)|FP) = (1.2.45)

EO(Lil,, | F2)
EO(Lt|ngtQ)

E(1y,| F?) =

— Simuler tour a tour E° (Lt17m>tf(r —t,x— Xt)|.7-'fz) et E9(Li1,, | F?). Pour
ce faire, puisque sous P, @ est un mouvement brownien indépendant de X,
on simule alors E° (L1, <, f(r — t,z — X;)) et E°(L,1,,~;) en utilisant une ap-
proximation de Monte Carlo. La définition de f conduit a :

flr—t,a = X;) = AE (1fr,_y o[l = Fl(z = Xi — X,y))
+E (1{waxt>TNrft}f~(r —t— TN,«_“ T — Xt — XTNrft)) .

Nous donnons ici 'algorithme permettant d’obtenir E® (L;1,,~,f(r — t,x — X;)), celui
qui donne E°(L;1, ;) étant analogue. Nous choisissons pour la fonction h permettant
de définir (), la fonction sinus, pour la loi des sauts, la loi double exponentielle définie
en (1.2.42).

Algorithme 2 (Simuler L;1, ~;)
— Simuler le processus de Lévy X sur les intervalles respectifs [0 t] en utilisant
l’algorithme 1,

— Simuler le mouvement brownien @ sur l'intervalle [0 t],
— Simuler les intégrales [y sin(X,)dQ, et [y sin?(X,)ds.
Algorithme 3 ( Simuler f(r —t,x — X;))

— Simuler le processus de Lévy X sur lintervalle [0 r — t] comme dans [’algo-
rithme 1,
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— Simuler le processus de Lévy X sur lintervalle [0 (r —t) — Ty, _,],

— Utiliser la définition de f puis une approrimation Monte Carlo basée sur 122
trajectoires.

Les figures suivantes sont celles de la densité conditionnelle f (., t,z) , pour t = 0.1 fixé
et la variable r est dans U'intervalle ]0.1, 0.6].

Perspectives

L’équation obtenue dans le théoreme 1.2.32 n’est pas fermée. Cependant, les résultats
obtenus dans le chapitre 2 devraient permettre d’obtenir tous les outils nécessaires
permettant de résoudre le probleme de filtrage, c’est a dire d’obtenir 1'analogue de
I’équation de Kushner-Stratonovitch décrivant 1’évolution de

t = E (o(X)1r,5:]Gr) -

Comme Duffie et Lando [DL01] pour un modele structurel avec un processus diffusion-
saut, le cas ot les investisseurs recoivent a certaines dates prédéterminés tq, ¢, t3, --- , t,
des rapports bruités sur la valeur des actifs de la firme reste a étudier.

1.3 Conclusion

Cette these apporte une contribution a I’étude de I'instant de défaut d’un processus
de Lévy aussi bien en observation complete qu’en observation incomplete. Le chapitre
1 donne une présentation générale du theme, présente un état de I’art et un panorama
des résultats apportés. Dans le chapitre 2, nous avons montré que la densité de I'instant
de défaut est continue en temps et en espace sur R, x R% . Nous avons aussi obtenu la
premiére expression explicite de la loi du triplet (7., K, L,). Dans le chapitre 3, nous
avons obtenu une équation aux dérivées partielles dont la loi du quadruplet formé par la
variable aléatoire X, le supremum du processus X a l'instant ¢, le supremum au dernier
instant de saut avant ¢ et le dernier instant de saut avant I'instant ¢ est solution au sens
faible. La régularité de la densité de l'instant de défaut en est aussi déduite. Ce chapitre
généralise en partie les résultats de [KWO03]. Ces deux premiers chapitres se placent en
observation complete tandis que le dernier traite de I’'observation incomplete. Dans ce
dernier chapitre, nous avons obtenu une équation intégro-différentielle dont la densité
de la loi conditionnelle de l'instant de défaut est solution. Ceci généralise le travail
initié par D. Dorobantu dans la deuxiéme partie de sa thése [Dor07]. Cependant cette
équation n’est pas fermée, mais les chapitres 2 et 3 fournissent tous les outils nécessaires
pour le probleme de filtrage correspondant.
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Pour la figure 1.3, le parametre A est égal a 1.5 et le temps CPU est 358.11432.

f(.,t,x):Densité conditionnelle avec dérive m=-1 f(.,t,x): Densité conditionnelle avec dérive m=1
39 7 1
6 -
2.5
5+
2+
4 4
w 1.5+ —
34
14
2
0.5 -
14
o T T T T 1 o T T T T 1
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
r-t r-t

F1GURE 1.3 — A gauche la courbe de la densité conditionnelle obtenue avec une dérive
m = —1 et a droite celle obtenue avec une dérive m = 1.
Pour la figure 1.4, le parametre A est égal a 0.1 et le temps CPU est 353.00736.

f(.,t.x):Densité conditionnelle avec dérive m=-1 f(.,t,x): Densité conditionnelle avec dérive m=1
8.5 9 A

8 -
7.5 A
7 4
6.5 - 6 4
6 -
5.5 o
54 4 1
4.5
4

3.5

3 T T T T 1

FIGURE 1.4 — A gauche la courbe de la densité conditionnelle obtenue avec une dérive
m = —1 et a droite celle obtenue avec une dérive m = 1.
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Chapitre 2

Joint law of the hitting time,
overshoot and undershoot for a
Lévy process

This chapter is an article which was submitted for publication at the journal
ESAIM : Probability and Statistics.
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Abstract

Let (X;,t > 0) be a Lévy process which is the sum of a Brownian motion with drift
and a compound Poisson process. We consider the first passage time 7, at a fixed level
x > 0 by (Xy,t > 0), and K, := X, — z the overshoot and L, := x — X _
undershoot. We first study the continuity of the density of 7,. Secondly, we calculate

the joint law of (7., K, L.).
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2.1 Introduction

In the theory of risk in continuous time the surplus of an insurance company is model-
led by a stochastic process (X, ¢ > 0). The positive real number = denotes the initial
surplus and 7, := inf{t > 0 : X; > x} may be interpreted as the default time. This
paper deals with 7, when X is a Lévy process, sum of a drifted Brownian motion and
a compound Poisson process. Our main results lead to the regularity of the density of
the hitting time and to an explicit expression characterizing the joint distribution of
the triplet (first hitting time, overshoot, undershoot).

J. Bertoin [Ber98]| gives a quick and concise treatment of the core theory on Lévy pro-
cesses with the minimum of technical requirements. He gives some details on subordi-
nators, fluctuation theory, Lévy processes with no positive jumps and stable processes.
P. Tankov and R. Cont [CT04] provide a self-contained overview of theoretical, nume-
rical and empirical research on the use of Lévy processes in financial modeling.

When the process X has jumps, the first results are obtained by Zolotarev [Zol64]
and Borovkov [Bor65] for X a spectrally negative Lévy process. Moreover, if X; the
probability density with respect to the Lebesgue measure p(z,t) then the law of 7, has
the density with respect to the Lebesgue measure f(¢,x) such that zf(t, x) = tp(z,t).
R. A. Doney [Don91] deals with hitting probabilities, hitting time distributions and
associated quantities for Lévy processes which have only positive jumps. He gives an
explicit formula for the joint Laplace transform of the hitting time 7, and the overshoot
X, —x.

When X is a stable Lévy process, Peskir [Pes08] obtains an explicit formula for the
passage time density. Moreover, if X has no negative jumps and if S; = supy<,<; X
is its running supremum, Bernyk et al. [BDP08] show that the density function f; of
S; can be characterized as the unique solution to a weakly singular Voltera integral
equation of the first kind.

In the case where X is a jump-diffusion process, with jump size following a double ex-
ponential law, Kou and Wang [KWO03] give the law of 7,. They obtain explicit solutions
of the Laplace transform of the distribution of the first passage time. Laplace transform
of the joint distribution of jump-diffusion and its running maximum, S; = sup,., X,
is also obtained. Finally, they give numerical examples. -

For a general Lévy process, Doney and Kyprianou [DK06] and Kyprianou [Kypl4]
give the law of the quintuplet (G, , 7, — érz,7er -z, — X, _r— XTI—) where
X, = sup,; X, and G, = sup{s < t, Xy = X;}.

For a stable Lévy process X of index o € (1,2) the Lévy measure of which has the
density s(z) = cx™ !, z > 0, R. A. Doney in [Don08| considers the supremum
S; = sup,«; X, of X. He shows that S; behaves as s(x) ~ cz™® ! as x — +00.
Recently, Pogany, Tibor K and Nadarajah in [PN15] give a shorter and more general
proof of R. A. Doney’s previous result [Don08]. They derive the first known closed
form expression for s(x) and the corresponding cumulative function, then they obtain
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the order of the remainder in the asymptotic expansion of s(x). With the same model,
Alexey et al. [ KKPW14] find the Mellin transform of the first hitting time of the origin
and give an expression for its density.

Here, we show that the cumulative function of the first hitting time for one Lévy pro-
cess belongs to C(R%. x R ) and for any z € R* , to C(R) and then we derive the first
known closed form expression which characterizes the law of (7., K, L,).

The paper is organized as follows : Section 2.2 presents the model and the aim of the
paper, Section 2.3 studies the regularity of the law of 7., Section 2.4 provides the joint
law of (7, Ky, Ly).

2.2 Model and Problem to solve

On a probability space (2, F,P), let X be a Lévy process, right continuous with left
limit (RCLL) starting at 0. It is defined as

Ny
Xy=mt+ W+ > Y, (2.2.1)
=1

where m € R, W is a standard Brownian motion, N a Poisson process with constant
positive intensity A and (Y;,7 € N*) is a sequence of independent identically distributed
random variables with a distribution function Fy. We suppose that the following o-
fields o(N;, t > 0),0(Y;,i € N*) and o(W,;,t > 0) are independent. We are interested
in the first hitting time at a level x > 0,

7, = inf{t > 0, X; > x}. (2.2.2)
We also consider the overshoot and the undershoot respectively defined by
K, =X, —u=, (2.2.3)

Ly=2—X, . (2.2.4)

For X, := mt+W, and 7, := inf{t > 0; )~(~t > x}, I. Karatzas and S. E. Shreve in [KS12]
shown that the law of 7, is of the form f(u,z)du + P(7, = 00)0s(du) where

< x 1 -
flu,x) = |27”|ﬁ exp[—%(x — mu)?|1jo +oof(u) and P(7, = c0) =1 —e

mx—|mx|

(2.2.5)

L. Coutin and D. Dorobantu [CD*11] prove the existence of the density f, (¢, z) of 7,
and show that :
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AE(Ly,50(1 = Fy)(z — X)) + E(Lrsqy, f(t — Ty, o — X)), VE>0
22— Fy(z) — Fy(z_)) + 3(Fy(z) — Fy(z_)) if t =0
(2.2.6)

it =

and P(7, = oo) = 0 if and only if m + AE(Y;) > 0.

For a more general jump-diffusion process, Roynette et al. [RVV08] show that the
Laplace transform of (7, K, L,) is solution of some kind of random integral equation.
The problem addressed in this paper is studying the regularity of the density of 7, on
10, +00[%]0, +00[, then at ¢ = 0 for a strictly positive level x fixed and compute an
expression for the joint distribution of the triplet (7, K, L,).

2.3 Regularity of f,

This section deals with the regularity. The first subsection 2.3.1 treats the continuity
on |0, 0o[x]0, oo as well as the last one 2.3.2 studies the regularity with respect to time
at 0.

2.3.1 Regularity of the density f, on |0, 00[x]0, 0]

Here, our goal is to prove Proposition 2.3.1 which asserts the regularity of 7, density
law on ]0, +00[x]0, +o00] .

Proposition 2.3.1 The application defined on ]0, +00[x]0, +00[ by
(t,2) — fr(t,2) = AE (1ron (1 = Fy)(x = X)) + E (Lromy, f(t = T, 2 — X1,))

1S continuous.

Proof. Let be (to, z0) € RY x R%.. We denote

' = {w € Q such that Ty, (@) #to, Tap(w) # to, 70— Xiy(w) ¢ D, |

where Dp, is the set of the points of discontinuity of the distribution function Fy .
We assert that P(€') =1 : Indeed, we have

1-— P(Q,) S P(Tx == 0) + P(Xto = .To) + P(TNtO = to) + P(J}o — Xto S DFy)

Since 7, TM0 and X;, have a densities with respect to the Lebesgue measure and
Dp, is almost countable, it follows

P(r, = 0) = P(Xy, = 20) = P(Thy,, = to) = P(xo — X4, € Dp,) = 0.
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Note that ]‘{Tz>TNt} = 1{)(;]\] <z} Where X = sup, o, Xy.
. <

The random variable X7, is reached by the process X either before Ty, -either at
to

T, -

Let w be fixed in (V.

e On the event {7, > T, } = {X}Nt0 < Zo}, X7, e w(W) = XTNt (@) (W) # o

Thus, if X7, w) (w) is reached at T, () (w), either it is less than xo or more than
to (@

Zo-

If X;N e )(w)(w) = XTNtO(w)("J) (w) < o, since T, w)(w) < to < T, @w)+1(w), there

exists 60( ) > 0 and dp(w) > 0 such that for any ¢ satisfying |t — to| < dp(w) we have

xo — 0(wW) < X7y ()W) < 2o + Eo(w)-

Ny (w)\W

That means for (¢, x) such that [t —to| < dp(w) and |z — x| < go(w), we have

Lir @)> Ty @)} = Hrag @)> T, (@)} = 1-

If XTN e )(w)( w) = XTNtO(w)(w) (w) > 20, since T, )(w) < to < T, w)+1(w), there

exists 51( ) > 0 and d;(w) > 0 such that for any ¢ satisfying |t — to| < 01(w) we have
Ty — 60(0.]) < X%Nt < xg + 80(0)).
That means for |t —tg| < §;(w) and |z — z¢| < £1(w),

L @)> Ty @0} = Lrag (@0)>Tw, @)} = 0-

In the two above cases, we conclude that for any w € €, there exists d(w) > 0 and
£(w) > 0 such that :

|t —to] < 0(w) and |z — zo| < e(w) imply that Lir(0)> Ty, (o) (@)} = 1{TZO(W)>TNtO(W)(w)}

(2.3.2)
o If X7 (W) is reached at v < T, () (w), either it is less than xy or more than
to w
Zo-
If X7 @) ( ) = Xy(w) < g, since TNtO(w)(w) < ty < TNtO(w)H(w), there exists
t w

g4(w) > 0 and d4(w) > 0 such that for any ¢ satisfying |t — to] < d4(w) we have
xo — e4(w) < Xy )(w) <z + 4(w).

That means for (¢,x) such that |t — tg| < 04(w) and |z — xo| < g4(w), we have
1gromy,y = 1{TIO>TNtO} = 1.

If Xz
Ny ()@
e5(w) > 0 and d5(w) > 0 such that for any ¢ satisfying |t — ¢;] < J5(w) we have

xo —e5(w) < X7y, < %o+ e5(w). That means for |t — tg| < d5(w) and |z — o] < e5(w),

@ (W) = Xy(w) >z, since T, w)(w) < to < T, w+1(w), there exists

1omy,y = 1{TZO>TNtO} =
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EXT o (w) = X,(w) = 20, we consider a function which is equal to f on |0, +00[x]0, +-00]
to (W

and 0 on |0, +o0o[xR_. We denote it f again. This function is everywhere continuous.
Since T, (w)(w) < to < Ty )+1(w), and (¢, 2) — f(T — Tvyw) (W), & — X1y, () () (W)
is continuous at (o, o), there exists e¢(w) > 0 and dg(w) > 0 such that for any (¢, z)
satisfying |t — to| < d¢(w) and |z — | < g6(w), we have

im Lo w@<al (= T @), 2 = Xry, ) ) (W) (2.3.3)

(t@‘)—)(to 7930)

- 1{X;Nt (W)(u))<x0}f(t0 o TNtO(W)(w)’ Lo — XTNto(“’)(w) (UJ)) =0.
0

Using uniform integrability of the family <1TZ>TNt ft =Ty, ,z — Xry,), t>0, x> O) :
obtained from Lemma 2.6.2, the continuity of

(t,2) — B (Lomy, f(t = T, w — X7y,))
at (tg, zo) follows.
Since the family ((1{m>t}(1 —Fy)(z—Xy),t>0, x> O) is bounded by 1, it is uni-
formly integrable and we proceed analogously to the previous to obtain the continuity

at (to,l’o) of
(t,2) — B (L (1= Fy)(z - Xp)).

We now study the regularity with respect to time at 0.

2.3.2 Regularity of f. with respect to time at 0

The next two propositions show that for any fixed x > 0, the f, density law is
continuous with respect to time at 0.

Proposition 2.3.4 Let be x > 0 fized, we have

I E (L[l ~ B~ X)) = 5 (2~ Fy(x) — Fe(e_)

Proof. We have
E(1.,51 = Fy](z — X3)) = E(L{n,=0y 17,541 — Fy|(z — X4)) + E(Ln, 501 Lrse[1 — Fy](z — X3)).
But
(1) 0 <HmE(1in 01751 = Fy](z — X3))
<HmP(N; >1)=liml—e =0
t—0

— t—0

(1) E (1{Nt:0}17'z>t[1 — Fy](x — Xt)) =e¢ "E (1{X;<x}[1 — Fyl(x — Xt))
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We first remark that
}P’({X} <z < X't*}) =
B (1ig: eyl = )@ = X)) =B (L5, [1 = Fr)(@ = X)) | < [E(Ligscay = Lig,eay))

The density function of (X}, X;) given by Corollary 3.2.1.2 p. 147 [JYC09] yields

2(2b — 2 — a)? 2
ik < in= [T [ e [0 )

This integral is bounded (with respect to a multiplicative constant C') by

—a —a)?
P{X; <z < X;}) <C’/ db/ da \/ﬁ)exp[—(%%)].

(2b—a)?
2t
Lebesgue’s monotonous convergence theorem proves that

(2b—a)

Notice that the application t — . exXp [— } is decreasing to 0 when ¢ | 0. So

lim P({X; <z < X}) =0. (2.3.5)
Secondly,
E (1{xt<x}[1 — Fy)(z — Xt)) =E (1{)250}[1 — Fy)(z — Xt)) +E (1{0§Xt<x}[1 — Fy)(z — Xt)) .

Since Fy is bounded and RCLL and X continuous, Lebesgue’s dominated convergence theo-
rem yields

lim E (1mmy Lrasal = BY)(@ = X0)) = (2 — Fy(z) — Fy(z_)).

2AU

Proposition 2.3.6 Let be x > 0 fized, we have

(Fy (z) — Fy(z-)).

rMy

mE (14,51, /(¢ = T = Xny,)) =
Proof. (i) We first deal with

lim (1{Nt:0,m>TNt}f(t — Ty, x — XTNt)) = limioE(1gn,—oy) f(£,2))

= limy_o(1 — e ) f(t, 2)
=0

using Definition (2.2.5).

35



(ii) Then we deal with

E (1{Nt22,TI>TNt}f(t - TNt7 xr — XT]\Q)) :

We use Lemma A.1 of [CD"11] for p = 1, law of G being the Gaussian law N (0, 1),
then

_ (;1.—mu)2

B (P 06 usnc) = | (064 [t w0 |
.

C V2ru(o? +u o2+ u

2
p—mu

Using (') = sup \/ge*%, Y=

; 1 1 5
E (f(u, p+ 0G) Liusoc0y) < Nirs l\/ﬂ(ﬂ o (]E]aG! +VuCl g + [m|yJu(o? + u))} .

For u =1t —Ty,, 0> = Ty, and u + 0 = t, we obtain using the independence between
the Poisson process and the Brownian motion

E (Livo2ylinory f(t = Ty, o — X1,,)) <E (1““22%\/1% [M +Chyy + |m|\/¥D .
So, using P({N; > 2}) = 0(¢?) and Lemma 2.6.1,
lim E (1{Nt22}1{71>TNt}f(t —T'ng, o — XTNt)) =0.
(iii) Finally we deal with
A =E (1{Nt:1,rgc>TNt}f(t — Ty, x — XTNt)) =K (1{Nt:1,nc>T1}f~(t =Ty, x— XTl)) :
Since the event {N; = 1,7, > T1} ={T1 <t < Tg,f(}l < m,XTI + Y1 < x} we have

Ay =E (1{T1§t<T2,X;1 <x,XT1+Y1<z}f(t —T,r— XTI - Yl)) :

Using the law of T, — 17 and its independence from 77, X}l,f(ﬁ , Y1, it follows that

A, =E <€a(tTI)1{T1St7X}1 <m,XT1+Y1<m}f(t T, x— XTl — Yi))

Using the law of T} and the independence between T and ()~( ,Y), yields

¢ .
A, = ae—at/o dulE (1{X;<x,)2u+y1<x}f(t —u,x — X, — Y1)> .
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Since X, and Y] are independent, conditioning by (X, Y;) and using Lemma 2.6.5 for
c=ux,

t 222—2.1‘ _u ~
At = ae_atA dulk (1{)~(u<min(ac,a:—Y1)} |:]' —e “ . ] f(t — U, T — Xu - Yi)) :

The change of variable u = ts leads to

212—215(,55

1 ~
At = ae—at/o tdskE <1{Xst<min(x,mY1)} [1 —e b ] f(t<1 - 8)7 T — Xst - }/l)> :

_ (gf”mts)2

2=~ and f defined in (2.2.5) yield

The density of X, - \/ﬁe

1
A = ae_“t/ tds
0

min(x,z—Y] 22 _ox — — z—g—Y] —mt(1—s))> —mts
. / (w.0=Y1) {1 g g} r—Y —g e s 1 - g mi
—o0 omt3(1 — s)3 V2rts

Let be z =2 =Y, —mt(l —s), y = mts, u=t(1 — s) and v = ts, with

vz+uy  tslzr — Yy —mt(l —s)] +t(1 - s)mts
utv t
z—y=z—-Y,—mt(l—3s)—mts=xz—Y; —mt.

By Lemma 2.6.4,

- S(l’ - }/1)7

1
A = ae_“t/ tds
0

min(:v,foi) 22 _op _ _ _(g—s(z—Yl))Z_(z—Yl—'mt)2
E (/ {1 — 672 t52 g} \/ r—Y 9 e 2ts(1—s) 2t2s(1—s) dg .

—0o0

A new change of variable ¢’ = %/%Yl)) meaning g = +/ts(1 — s)¢’ + s(z — Y1), and

=Y —g=(r—Y1)(1 —s)—/ts(1 — s)g" implies

1
A, = qe—t / ds / dg/\/Bs(1 —5)
0

{1 sz_gm/W_S)gqs(m_yl))} (x— Y1) —s) — /ts(1 — 5)g' _ > <x—v1—mt>2>
—e ts e
) .

2t2s(1—s)
(2m)2t4(1 — s)3s

E l{g,< min(z,z—Yy)—s(x—Y])
Vts(1—s)

This would mean

1
A = ae‘“t/ ds/dg'
0

o

2 2t25(1—s) —_
2/t 2my/1 — s

_2332—Qm(\/ts(l—s)gl-&-s(m—yl)) _ (g/)2 _ (zfylfmt)Q (:L‘ — }/i) g,\/g
, _min(z,z—Y7)—s(z—Y7) 1 — € ts e
{g < \/ts(l—s) }
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On the set {¢' < ¢}, 222 — 2z¢ > 0. This would mean {g < 2REL @)\ where

\/ts(l—s)
z—Y1—s(z—Y1) _2$2_2x(\/ ts(1—s)g'+s(z—Y1)) < O7 and

CcC =
\/ts(l—s) ts
_2z2721(\/ts(lfs)g/+s(szl))
1 — € t {g,<min(:r,.r—Y1)—s(z—Y1)} ].
\/ts(lfs)
with
. _21‘2721(\/ts(lfs)g/+s(z7Y1))
llm 1 — e t ] min(z,x—Y7)—s(xz—Y7) 1
0 {g'< Jis(1=s) 4
Morever,
— (z—Y7— mt)2 _ _ (szlf'mt)2
o — V1| -Giemen |mt| + |o — Vi —mi]| _Goemes
Vit B NG
imit| + Cj24/t2s(1 — s)
< o _ Vi (|m\ + Cuay/s(1— 5))
Thus
r—Y)| _=yi-mv?
lim 7| 1|e 22s(1-s) = (),
t—0 \/l_f
Finally,
(H?_ (w=yi-m1)? ! 12 !
e_ 2 2t25(1—s) M S e (92) M
2my/1—s 2my/1—s
and
_@)2_(e-vi-mt)? g'\/s _W?  g\s
llml ,_ min(z,z—Y7)—s(z—Y7) € 2 22s(1-s) 2 ¥ — e 2 71{Y1:0}1{g/<0}
t—=0 { < \/ts(lfs) } 27T V ]. — S 27T vV ]. — S

By Lebesgue’s dominated convergence theorem |,

1 W2 gs
lim A, = —aP(Y; = /d/ die— IV
A= —aPM =) frds | d9e S =

and limy 0 Ay = aP(Yy = ) [} -p—ds = 0= Indeed, 3(3/2,1/2) = 37(1/2)?
and v(1/2) = 7. u
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2.4 The joint law

If the default time coincides with a jump time of the process X, it is also important to
have information on the deficit, namely overshoot, right after the default and on the
surplus, namely undershoot of the firm, immediately before the default time. Therefore,
A. Volpi et al. [RVV08] deal with the asymptotic behavior of the triplet (7., K, L,)
by showing after a renormalization of 7, that it converges in distribution as x goes to
oo. To characterize the joint law of (7., K, L;) on R, x R, x R, for any x > 0, this
section’s main result is the next theorem. From now on, we consider two continuous
bounded functions ® and W. The methodology used for the proof is inspired from
Coutin-Dorobantu [CD*11] who study the law of 7, which is here the first marginal
distribution. It consists in splitting E(1;«r, <t+n®(K,)V(L,)) following the values of
Nyyp — Ny for t = 0 then for t > 0.

Theorem 2.4.1 The joint law of the triplet (1., K., L), conditionally on {7, < oo},
is given on Ry x Ry x Ry by p(.,.,.,x) such that :

A
pl0,dk.dl) = T[Fy (¢) = Fy (2-)|610,00)(dt, dk, d) + NE(dk) 10,0y (dt, )

—f— ;\AFy(ZL‘)(B‘{Qjo’x} (dt, dk, dl)

and for every t > 0,
p(dt, dk,dl) = B[y, 1y, 3 f(t = Ty, & — X1y, )1600.0y (dke, dl)dt

+ AR [1k20050y Lir, 573 fo(@ — Xay, — )] Fi(dk)dldt
—\E [l{kZO,ZZO}1{Tx>TNt}fO(XTNt —x — 1) exp(2m(x — XTNt>>:| Fy(dk)dldt

where fo is the density function of a Gaussian random variable with mean p = m(t —
Tn,) and variance o* =t —Tl,, f is defined by (2.2.5), Fi(dk) is the image of Fy (dk)
by the map y — y — 1l and AFy(z) = Fy(x) — Fy(z_).

Remark 2.4.2 Referring to [RVV0S], for all x > 0, the first passage time T, is finite
almost surely if and only if m + E(Y;) > 0.

To prove the theorem, we use Propositions 2.4.3 and 2.4.5. Indeed, Proposition 2.4.3
gives the law at time ¢ = 0 and Proposition 2.4.5 deals with time ¢ > 0. The proof of
Proposition 2.4.5 is broken in three parts : Step 1, Step 2 and Proposition 2.4.8.
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Proposition 2.4.3

i L0, 200, 0(L) — @(0>@(0)2[Fy<x> — Fy(a_)] + AE[@(Y: — 2) ¥ ()1 {yi50)]
n ;E@(O)\P(Yl)l{mw}]-

Proof. We split E(1,,<,®(K,)V¥(L,)) according to the values of N, :

E(lfzShCD(Kx)‘I/<Lx)) = E(1Tz§h1{Nh:0}©<Kx)\I](Lx)) + E(lfzﬁhl{Nhﬂ}(I)(Kz)qj(Lz)
+ E(lTxﬁhl{Nh22}q)(Kaf)\Ij(Lm)-

By hypothesis, ® and ¥ are bounded and on the event { NN}, = 0}, the law of 7, is the
one of 7, so has the continuous density f(.,x) defined in (2.2.5). Since

E(1r,<nln,=0y ®(K.) V(L)) = ®(0)¥(0)P(7, < h)
and
E(L, cn o0 R U(L)] < (1] o] [P, > 2),

it follows that

o1
lim 1 B <nl (v, 20y @ (K2 ¥ (L)) = 0 (2.4.4)

and

1
It remains to study E(1,,<plin,=13P(K;)V(L,). For this purpose, we split it as in
Coutin and Dorobantu [CD*11] according to the relative positions of 7, and 7} the
first jump time of the process N.

sy
h
>

E(1r, <nl{n,=1y®(K2)¥(Lz)) = E(1r,<nl{n, =1} 1z, <1} P(KZ)
E(1r,<hlqn,=1}1r =} @(K2) ¥ (L2))
E(lr, <nlqn,=1} 1 >7 } P(K) Y (Le))
A1(h) + Az(h) + As(h).

+ o+

On the set {7, < h, 7, # T1, N}, = 1}, the process X is continuous at 7,. and K, = L, =0
. Therefore, Step 1 and Step 3 of Subsection 2.1 in [CD*11] imply that :

o1
pim 5, Au(h) =0
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and

o1 A
lim B (1, <hliny=1)Lr>my) = 4 [Fy () = Fy(z-)).

To study Ay (h), we observe that :

T, = 17 if and only if X}l <zand X7, +Y1 >z
and on this set K, = XTl +Y -z, L, =2 — )N(Tl and Y7 > 0.

Therefore ,
AQ(h‘) =E <1{T1§h<T2}1{)~(3:1 <a:,)~(T1 +Y>:v}(I>(XT1 +Y — :L‘)\I/(.%' - XT1)> :
The independence of (S;,i > 1) and (Y3, X,7,) leads after integrating with respect to Sa,

then Sy to

)\e—)\h h B

Ao(h) == [ E (153w a1y @K+ Y1 = 2)¥(2 - X)) du

1
h

B (15 c0e g @ Xu+ Y1 = )0 = X)) = E (L1z, cpe g, 4m ) @(Xu + Y1 = 2)0(z - X)) |

is less than ||®|]oo||¥|]ocP (X'u <x< X{';) which, by (2.3.5), goes to zero when u goes to zero.
Hence, we obtain

)\€_>‘h

lim lAg(h) = }llim

h nd ~
h—0 h /0 D (1{Xu<x<Xu+Y1}(I)(Xu +Y —2)¥(z — Xu)> du.

But, we have the equality of the sets
Xy <z< X+ 71} = {{Zu <o< X+ Vi) n Vi £} U{{Ru <2< X+ Vidn {11 =2} ).

It follows that
by e—>\h

h - -
| B (U tecocsuimingien @+ Yi = 2)¥(a = ) du

h . ~
/0 E (11, coe turjnpime) @K + Y1 = 2)0(z — X,)) du.

1
lim —A =1
Jim, - Az (h) = lim
—\h
+ lim
h—0

Since ® and ¥ are Borel and continuous bounded functions and X continuous, Lebesgue’s
dominated convergence theorem yields

Jim + A () = XE[B(Y: — )¥(r)1y;509] + SEIR(O)T ()5, )]
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Proposition 2.4.5 The joint law of the triplet (1., K, L,.), conditionally on {1, < oo},
is defined on R x Ry x Ry as following

p(dt, dk,dl) = B(L.,>7,, f(t — Tw,,x — Xr,))610.0}(dk, dl)dt

(:c—l—XTNt —m(t—TNt))2
)\6(7 2(t—Tn,)
+ 10200 E [ Lir,>1y,3 Fy(dk)dldt
27T(t—TNt)

(=X +l+m(t=Ty,))?
)xe(_ S Tw,) +2m(z=Xry,))
— L0201 E | 1ir, 57y, Fy(dk)dldt
27T(t - TNt)

where Fy(dk) is the image of Fy(dk) by the map y — y — [.
Proof. We calculate .
lim

Jin B (L, <o ®(K ) U(L)) (2.4.6)

for t > 0 fixed. For this purpose, we split E(1;«r, <t+n®(K,)¥(L,)) according to the
values of Ny, — N, as following :

E(Li<r,<t+n®(K:)¥(Ly)) = E(Licr,<e4n®(Ke) W (L) In,,, - Ni=0)
+ E(Lcr,<trn®(HKo) V(L) 1N, —Ne=1)
T E(Licr,<ern®(K2) ¥ (La) 1, - ni>2)- (2.4.7)

So we deal the proof with three steps, the third one being Proposition 2.4.8
(i) The third term of the right hand side of (2.4.7) is upper bounded as following :

E(Licr,<t4n®(Ko) U (Lo) 1w,y —Niz2) < (1= e — ahe™)[[@]loo [ ¥|c.
Therefore ]
i s Bl <on®(Ka) U(La ), -vi22) = 0.
(ii) Let us study the first term on the right hand side of (2.4.7). On the set
{w, Ngp(w) — Ny(w) = 0}, we have L, = 0= K,.
Then
E(Licr, <t+n®(K2)¥(Lo) 1y, —ni=0) = P(O)W(0)E(Licr, <t+nln pn—Ni=0)-
Refer to Equation (4) et seq at Section (2.2) in [CD*11], we have

lim

1
h—0 mE(1t<Tx§t+thﬁ-h—N¢:0) = E(Lr,>1y, f(t = T, — X1y,))).-
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So, we deduce that

. 1
i mE(1t<m§t+h@(Kx)‘1’(Lx)1Nt+h—Nt:0) = Q(0)V(0)E(Ly, >y, f(t—TnN,, 2—X1y,))-

The third step is Proposition 2.4.8 which deals with the middle term in (2.4.7).
Proposition 2.4.8 When h goes to 0,
1
h EE 1t<Tz§t+hq)(Kx)\Ij(Lx)1Nt+h—Nt:1:|

converges to

(@—1-Xrp, —m(t-Ty, )
/\6(_ 2(t-Tn,)

oo 400
O(k)U()E |14, Fy(dk)dl
/0 /0 {ra>Tiv ) 27 (t—Tn,)

~ (z—xTNt +l+m(t—TNt))2
)\6 2(t—TNt)

27T(t — TNt>

+2m(x—XTNt )

Fy(dk)d!

+oo 400
=[] e e OE |12y,

where Fi(dk) is the image of Fy(dk) by the map y — y — 1.

Proof.  We split the middle term of (2.4.7) according to the values of N;. Since
{N; = n}={T, <t < Ty41}s0

E(1t<Tl§t+h¢(KZ‘>\I}<LZ‘)1Nt+h—Nt:1> — E(1t<Tw§t+h¢(KZ‘>\I}(LZ‘)]-TNtSt<TNt+1§t+h<TNt+2)
= Z E(]‘t<7x§t+h®(K$)\p(L$)]‘TnSt<Tn+1§t+h<Tn+2)’

n>0

(2.4.9)

We split again the right term of (2.4.9) according to the relative positions between 7,
and T),,1. It follows

E(Licr,<t4+n®(Ko) Y (Lo) Iy, p—Ne=1) = O E(P(K) W (Ly) 17, <twr, <Tpyi <t+h<Tnis)

n>0

+ Z E(é(Kx)\Il(LIJ ]‘Tn§t<Ta::Tn+1 §t+h<Tn+2)

n>0

+ Z E(@(Kz)\I’(Lz) 1Tn§t<Tn+1 <Te<t+h<Thi2 ) .

n>0

(2.4.10)
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We recall
Ti=5, Th=5+S5, -, T,=>5
i=1

where (.5;),cn- 18 a sequence of independent random variables following an exponential
law with parameter \.

Let be
A}L = goE<(I)<Kw>\:[l([/x)1TnSt<Tz<Tn+1St+h<Tn+2)
A = ZO E(@(Ku)U(Ly) L1y <tcr 1y <tenetsa)
43 = Z B(®(K )W (L) L1y <1<ty cruteheTisa):

STEP 1 : Here, we refer to the analysis of 1 B;(h), Equation (4) et seq. in [CD"11].
On the sets {T,, <t < 7, < Th1} and {Th41 < 7 < t+h < T,42}, we have
K,=0=1L,. So

A,ll = P(0)v(0) Z E(17, <t<ry<Tpir<t+h<Tpsis)

n>0

= ®(O>\Ij(0) Z E(lTn§t<Tz<Tn+Sn+l§t+h<Tn+Sn+1+Sn+2)'
n>0

Strong Markov property at 7T;, yields

All’b = Q(O)\D(O) Z E (1{Tn§t}1{Tz>Tn}ETn(1{t7Tn<7:x—XTn <Sn+1<t+h*Tn<Sn+l+Sn+2})>

n>0

where E™*(.) = E(.|Fp,). Since S,y is independent from S,i1, To—x,, and T,, we
obtain

A}L = @(0)@(0) Z E <1{Tn§t}1{Tz>Tn}ETn (G_A(H_h_Tn_SnH)l{thn<‘T'x_xTn <Sn+1<t+h*Tn})>

n>0

<eMP(0)¥(0) Y E (1{TI>TH}ETH(6ASW1{t,Tn<fx_XTn<sn+1<t+h7m)) :
n>0
The random variables 7,_x,. and Sn41 are independent and their laws admit a density.
Therefore

T \S t—Tn+h _ t—Tn+h
E " (e n 1{t_Tn<7~—z7XTn <Sn+l <t+h—Tn}) = /t f(u7 T — XT’I’L) / )\deu
- u

Ty
t—Th+h ~
:/ Mt =T, +h—u|f(u,x — X7, )du.
t—T,
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The change of variable v = u — (¢t — T},) implies

h ~
ET" (eAsn+11{t7Tn<7~'x—XTn <Sn+1<t+h*Tn}) = /0 )\[h - U]f(t - Tn + U? T — XTn)dU

Thus,
AL < A Ma(0)u(0) T / (Lroomplh = 01 f(t = T+ 0,2 — X)) do
n>0
< Ae M(0)W(0) /0 E (1,570 [h — 0] (t = T, +v,2 — Xz,,)) dv.

Similarly to the computation of A}, we have

h ~
A <200 ¥(0) [ E (L sy g0t = T +v,2 = X)) dv.
So,

1 h ~
E[Afll + A%] S Ae—Ah(I)(O)\I/(O)/O E (1{TZ>TNt}f<t — TNt + UV, T — XTNt)) dv.
Using the fact that the application

v~ E (1{TI>TNt}J?(t — TN, +v,0 — XTNt)) is continuous.

yields
hm h[Al + A3] = 0.

STEP 2 : We now deal with A%. On the set {7, = T},,1}, we have :

K,=X;, —2=Xgp,,, —0v=Xp, + mS1 +Wg, +Y1]olp, —2
and

Ly=v—-X_-=2-Xr, - [mSy + Wg,] 007,

where @ is the shift operator. Since Xg, = [mS; + W,], then

K,=Xrp, +[Xs, 4+ Y1060y, —xand L, =2 — Xp, — Xg, 00, .
So A? can be written as following :

A2 = Z E (1Tx:Tn+Sn+1>Tn@(XTn + XSnJrl + Yn+1 - x)\Il('fU - XTn - XSnJrl)
n>0

1Tn §t<Tn +Sn+1 §t+h<Tn+Sn+l +Sn+2 ) °
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Strong Markov property applied at T, leads to
Aj = Z E <1Tx>Tn1Tn§tETn (®(Xr, + X5n+1+ Yo —2)¥(z — X7, _XSnJrl)l‘T'z—XTn:SnJrl
n>0
1t*Tn<Sn+1St+h7Tn<Sn+1+Sn+2)) .
integrating with respect to S, 12 , we have
ML =S E (1Tz>Tn Ly, <ie MR (50010 (X, + X, 4+ Yop1 — D)W (2= X1, = X5, r xy =501
n>0
LT, <Sup1<t4+h-T,)) -
We observe that on the set {7,_x;, = Snt1},Yn4y1 >0, K, >0, Ly > 0and K, + Ly = V1.

More over :

{(Foexz, = Sni1} = { sup X, <z—Xr,Xs, ., +Ynt1 >2— Xr, }.
SSOn41

Integrating with respect to (Sy,41, Yn41) implies that

ET (X1 @( X, + X5,y + Vo1 — 2)U(2 — X1, — X, )L {Fomxa, = Sns1} Loy <81 <trh—1,) =

+oo t+h—Tp _ - - ~
/ / AET [@( X1, + X +y — 2)¥(z — X7, = Xu)lgsup Xy <2 — X, Xy +y > v — X1, }]Fy (dy)du.

s<u

According to Corollary 3.2.1.2 page 147 of [JYC09], (sup,<, X,, X,) admits a density

(b t)72(2b—a)e 7(2b—a)2+ 7m72t 1
pY,a,t) = \/ﬁ Xp 2 ma 9 b>max{0,a}"

So, A? is equal to

+o0 pt+h—Ty,
_/\hZE[ R P —A(t— Tn// / A(X7, +a+y—2)V(z—Xr, —a)lb<z—Xr,,a+y>x—X1, }p(b,a u)]
n>0

Fy (dy)dudbda.

A(t=Tn)

Since e~ = ET”(lTn+1>t)7 and on the event {Ny =n}, Tn,4+1 >t a.s, we have A}QL =

_)\h —+o00 t—‘rh TN B

e ’TL>TNt/R2/ / - ®(X1y, +a+y—2)¥(z—Xr, _a)l{b@—XTNt e yp(b, a, u)
t

Fy (dy)dudbda.

We compute the integral with respect to db and it follows

A% T XTN, +oo pt+h— TNf )\6_%
= E sz>TNt/ / / O(Xry, +a+y—2)¥(r - Xy, — a) ——=———Fy(dy)duda

—y—Xry, Tn, 21

w—XTN +oco pt+h— TNt )\6(_ 20 'Qm(x_XTNt))
E [1nom, [ ] e, ot e, )

—y—Xry, Tn, 21
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Change of variables v =u — (t — T,) and | = = — Xy, — a yields

(x—1— XTN —m(t— TN,+U))2

) \h y prtoo ph )\6 Z(t TN, +0)
A; =e ME / /lT Dy —Nw(l dvFy (dy)dl
: L) o = DU e o (@)
(z—X +l4+m(t—T +'u))
Ah v[ree N )\e TN?(t TNerU)Nf +2m(m_XTNt))d ol
—e "E 1c- Oy — 1)U v F
N TR T ¥ (dy)
Let F; be the image of Fy by the map y — y — [. Hence,
<m—t—XTNt—m<t—TNt>>2
A 400 +oo )\6(7 2(t=TN,)
lim — —/ / DE |14, Fy(dk)dl
h—0h {ra>Tn} 27r(t7TNt) l( )
(2=Xry, Flpm(t—Tn, +)?
+oo ptoo )\6(7 2(t—Tn,) +2m(I*XTNt))
— SK)U(DE (14, Fi(dk)dl
[ ewwoeE |1, S (k)
since
(z—1— XTN —m(t— TNt+U))2
s mw rel T dk)dl
v (k)T ()E |1y, F
J A e e T L0
(e=Xry, —lHl+m (=T, +v)?
+oo p+oo )\e(_ 2Ty, T0) +2m(z—Xry,))
— Q(E)Y(DE |14, Fi(dk)dl
|| e |1, T (k)
is continuous. ]
This proposition concludes the proof of Proposition 2.4.5 . ]

2.5 Conclusion

Our study relies on the default time of a Lévy process. We have first shown that the
distribution function of the default time 7, belongs to C(R* xR ) and for any x € R,
to C(R, ). This will be very useful in our future works on default time of a Lévy process
where we will use the filtering theory. Secondly, we have obtained an explicit expression
to characterize the joint law of the hitting time, overshoot and undershoot of one Lévy
process. In this expression, the Gaussian density is of great importance. This law gives
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a lot of information on the deficit and surplus at default time. In a following paper in
progress, we will give a partial differential equation for a Lévy process and its running
maximum.

2.6 Appendix

Lemme 2.6.1 Let > —1, then for 0 <t <1,

E (1{Nt22}(t - TNt>B) < <i (nkiei)!

n=1

B(n,p + 1)) 26

where B(n, 8+ 1) = [ (1 — u)’u" " du.
Proof. According to the values of the process IV;, we have

E (1{Nt22} (t— TMW) =) E ((t - Tn)ﬁlTn§t<Tn+Sn+1)

n>2

=Y E (e -T,)%).

n>2

Since T;, follows a Gamma law of parameters n and A, hence

%) )\ne—)\t
E(1 t—Tn,)") = t"’B 1).
(12 (t = Tw)?) ;::2 =1 (n,8+1)
[ |
Lemme 2.6.2 For any 0 < t; < ts,
sup E (17'ac>TNt ft =Ty, x— XTNt)p) < +o0. (2.6.3)

t1 <t<to

and for instance, as a consequence, the family

(1Tz>TNt fN(t — TNt,LL' — XTNt), te [tl, tg], T > O)
s uniformly integrable.

Proof. Refer to Lemma 3.1 in [CD"11], if G is a Gaussian random variable (0, 1), u > 0,
u>0,0€ R" and p > 1, then

E[(F(u 1 + 0G))" Ly om0] =

Loy Pmmu)?

1 u =z e 2074w u P
——E [(O’G + P u(u — mu) + my/u(po? + u)) }

2m)p (po® +u) = +
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Using the inequality (a+b+c)? < 3771 (a? + b + ) where a, b, ¢ are positive numbers,
it follows that

E[f(u7 % + UG)p1u+oG>0] S

2
1—2p — p(p—mu)

B uTr e 20y P P u £ P P 2 L
o (B G P+ ) e ma e ulpe + ) )
v 2

Therefore
]E[f(uv 1% + UG)p1u+aG>O] S

3p—1 uzr u'z u'z
Nors (( o E(IGIP) + ﬁcﬁ |m [P ————

po? +u)'T (po? + u)* (po? + u)*

gp—1 u =z ¢ Im|P
< p+1 o’E(|G[") + 1 T T T pl N
\/ (po? +u) 2 u T (po?+u) 2 AUu"=z (po? + u)?z
Using the independence between the Brownian motion and the Poisson process, we can
apply this inequality to 0 = \/Ty,,u =t —Ty,,po’+u= (p— )TN, +t >t > t;:

‘ E<1Tz>TNtf~(t - TNt,.T - XNt)p> |S

3! o _TRE(G ) & L mp
Var A\ (= Tw) T (- Tw) Tt VA Tw)"T

We use the following for @ = 0 or p/2, and ﬁ =2p—1)/20r (p—1)/2:

E((t—T]%Vt) ;E . ) 1Tn<t<Tn+1]
= tfﬁ + 7;/0 0 ﬁau)ﬁ (zu_)”l)l' Ae™ M /::O e M dvdu
- tlﬁ et 7; (n A—n1)! /ot (ltbnjau)lﬁ du
= i+ 0T OB =B
where B(n, 8+ 1) = [1(1 — u)’u"'du. Since ty >t >t; > 0, we conclude. n

Lemme 2.6.4 For any numbers u, v, y, z and a, the equality

2

2
9 v+u[a_vz+uy (z—y)

1 , 1
5(61_2) —|—;(a—y) w v—l—u} U+ v

holds.
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Proof. We develop both squared

1 9 1 9 1 1, oy z Y
—(a — —(a — =(—4+-)a*—2a(—+ %)+ — + =—.
u(a z) +U(a Y) (u—l—v)a a(u—l—v)—l— ” + ”

We have the first square

U u v u vv+tu u vvt+u
22 2 22 z 21w
+2 44 —l2+2y yzl
U U uv V4l u+ v
We order
1 o 1 s 1 1.0, z oy, uv [z Y, uv ]2
Ty — e — e —2a(Z + 2 d
u<a Z)+v(a y) (u+v>[a a(u+v)v+u+ (u+v)v+u
1 v 1 U Z uv
+22 - ——] 41— prAd
U uU—+v ) U-+v UV U + v
which concludes the proof. [ ]

Lemme 2.6.5 Let be (X,,u > 0) be a Brownian motion with drift m € R. So, we
have

E (1{X;<c}’Xu> =
22 2c -
]_{Xu<c} [1 - eXp l_ + Xu]]
for all real number u > 0.

Proof. Refer to Corollary 3.2.1.2 page 147 of [JYCO09], (X}, X;) admits a density

N 2(2b—a 2b — a)? m?
p(b, a, f}) = (27_“53) ex [—(%) + ma — 24 1b>max{0,a}

So, the conditional law of X given X, = a has the density

2(2b — a 2b —a)? — a?
fX*\X:a(b|a) = ! eXp [_(2)] 1b>max{0,a}-
u
Thus
. c 2(2b — a) (20 — a)? — a?
E (1{X;<c}|Xu = a) ={1,.4 /max{a,o} &P [_2“ 1y~ max{0,aydb

2¢2  2c
= ]-{a<c} ll — eXp [—u -+ u&]] .
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Chapitre 3

Joint distribution of a Lévy process
and its running maxima

This chapter is in progress.
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Abstract

Let be X a jump-diffusion process and X* its running maximum. In this paper, we
show that for any ¢ > 0, the quadruplet formed by the random variable X;, the running
supremum X; of X at time ¢, the supremum of X at the last jump time before ¢t and
the last jump time before ¢t can be characterized as a solution of a weakly partial
differential equation (PDE). This allows us to characterize the law of the pair (X*, X)
then the one of X*. Finally, one recovers a strong equation for the law of (X, X}).

3.1 Introduction

Consider a Lévy process (X;,t > 0), starting from zero, which is right continuous
left limited. If moreover X is the sum of a drifted Brownian motion and a compound
Poisson process, it is called a mixed diffusive-jump process. As any Lévy process, X has
stationary and independent increments and is characterized by its Laplace transform.
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The mixed diffusive-jump processes and the notion of first passage time (behavior of
certain processes at first passage time) are very useful and widely studied.

The probability P(X; > a, X; > b) = P(X; > a, 7, < t) for some fixed real numbers
(a,b), a < b and b > 0, is of great importance, for example, in pricing barrier op-
tions while the logarithm of the underlying asset price is modeled by a jump-diffusion
process. In this idea, Kou and Wang [KWO03] give the explicit expression of the La-
place transform of the joint distribution of the double exponential mixed diffusive-jump
process and its running maximum.

In [JYCO09], Jeanblanc et al. consider the first passage time by a diffusion at a deter-
ministic function h that depends on time and define a function of 7, and X which
satisfies the Fokker-Planck Equation.

In [App09], it is well noted (Theorem 2.2.9 and Exercise 2.2.10) that the %—Stable
subordinator is the first passage time of a standard Brownian motion and the inverse

Gaussian subordinator is the first passage time of standard Brownian motion with a
drift.

Mark Veillette and Murad S. Taqqu study in [VT10] the first passage time of a subor-
dinator. Since it is in general non-Markovian with non-stationary and non-independent
increments, they derive a partial differential equation for the Laplace transform of the
n— time tail distribution P(r;, > s1,---,7, > s,) where 1, = inf{s : Dy > t;}
for a subordinator (Ds,s > 0). With this result, they give a recursive formula for
multiple-time moments of the local time of a Markov process in terms of its transition
density.

The authors of [CC11] use a Partial Differential Equation (PDE) approach to show
that the calibration of an implied volatility surface and the pricing of contingent claims
can be as simple in mixed diffusive-jump framework as it is in a diffusion framework.
Our goal is to fully characterize the first passage time 7, of a mixed diffusive-jump
process as well on the filtration generated by X than on others.

This work characterizes the law of the quadruplet formed by the random variable X,
the running supremum X; of X at time ¢, the supremum of X at the last jump time
before ¢ and the last jump time before ¢ with a partial differential equation (PDE) and
give an explicit expression for the density function of the pair formed by the random
variable X, its running supremum X;. Then the regularity of this density with respect
to the space parameter is derived.

The paper is organized as follows : Section 3.2 deals the partial differential equation
for the joint law. Section 3.3 is devoted to the proofs. Section 3.4 contains a lemma for
the proofs in Section 3.3.
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3.2 Valued measure differential equation for the
joint law

We introduce some preliminary concepts for the diffusion part : for a standard Brownian
motion W and a real number m, let be

X, = mt + W, (3.2.1)
X; = sup X,.
s<t

In [JYCO09] page 147, Jeanblanc et al. show that the pair (X, X;) has a density with
respect to Lebesgue measure on R? noted j(., .;t) where

N 2(2b — a 2b — a)? t

p(b,a;t) = (27rt3) exp —(%) + ma — m2§ 1max(0,0)<b} - (3.2.2)
In all the following, ®; means the standard normal Gaussian distribution and one
often uses the following :

2
1 — Bg(z) = bo(—z) < exp ——, Yz > 0. (3.2.3)
27 2

In order to have a Lévy process with non zero jump part, let us introduce

Ny
Xt :mt‘i‘Wt‘i_ZK,
=1

Xt* = sup Xta

s<t

where N is a Poisson process with constant positive intensity A and (Y;,i € N*) is
a sequence of independent and identically distributed random variables with a same
distribution function Fy. Let (Uy; t > 0) be the R*—value process defined by

Ut - (X:,Xt, X;:Nt’TNt)’ t Z O (324)
and 0 be the shift operator. Our aim is to prove the theorem :
Theorem 3.2.5 Let be ¢ : R* = R a C3— bounded function.
For any t > 0,
¢ 1
E (p(U)) = 9(0,0,0,0) + [ E [mdyp(U) + 508,p(U)] ds

XS — Xgy XS = Xy o8 — TNS)] s
PH(Xs— X7y, s —T,)

+ /Ot ;E [1{X;>X;N5}31¢(Us)
A [ E( [ 1oUu) - o) dEv (1) ) s
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where
Us(y) = (max (X7, X, +y), Xs +y, mazx (X, Xs +y),s), s>0. (3.2.6)

To prove the theorem, these preliminary results (namely Lemmas 3.2.7, 3.2.10 and
3.2.12) will be useful.

Lemme 3.2.7 For anyt > 0, the law of Xt* has the density with respect to Lebesgue
measure on R,
—b—mt

)| o). 29

. me%m@g(

- . 1
p*(b,t) :=2 [\/%

Proof. We integrate the joint density of the pair (X}, X;) given by (3.2.2) over the
(2b—a)?

5 18 the function a —

variable a on R. The derivative of the function a +— exp —

(2b—a) (2b—a)? . .
— exp —-—,—~. Integration by parts yields to
p*(b;t) = 2150 4ol (b exp |——— +ma—m-"=
p ( ) 10,+ [( ) [ﬁ p[ 24 9 .

b1 2b — a)? t
— 21jp 4 00[(D)m /_OO NorT] exp [_(%a) + ma — m22] da.

We factorize
(20 — a)? — 2mta + m*t* = [a — (2b + mt)]* — 4bmt,

and it follows

. 1 b — mt)? - b+ mt
p (ba t) = 21]0,+oo[(b>\/2—7rtexp [_(%)] — 21}07+oo[(b)m62b @G(— \/z_f )

Remark 3.2.9 This result is consistent with the fact that when m = 0, X't* and |X’t\
have the same law (cf. Proposition 3.7, Revuz-Yor [RY13]).

Below, Lemma 3.2.10 shows that TNTNS is integrable, cf. (A6) in [CD*11] with v = 0.

Xx_Xx
"~ N gnd (s — Ty, )™, Vo €

s—=Tn,

Lemme 3.2.10 For any s > 0, the random variables
10, 1] are integrable and satisfy

E((S—TNS)_Q> :e—)\s ( 1 _}_Zr/\nsna) ,

s* = (n —a)

S—TN

S

X — X5, \
E| ———= | <|m|+ CE|[(s — Tn,) 2]
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Proof. We split the expectation according the events { Ny = n} and it follows

—As [e's} n+l_—A(s1+...+Sn+1)

e A'Tre

E((s—Tx.) %) = + / dsy....ds,
(( NS) ) s« ngl (815ee-y8n)€[0,8]",8n <S<Sp+1 (S — 81— ... — Sn)a !

1 A"
= ( +/ dsl....dan) .
S (81,---,5n)€[0,s]™ (S — 81— ... — Sn)o‘

The change of variables u; = sy, ....u, = s1 + ... + s,, yields

E ((s - TNS)_O‘> =e N (1 + )\ndul....dun>

S U <...<un<s (S — Un)a

1 A” s
_ = As [ = n—1 o e
=e <s+(n—1)!/o u" (s —u) du).

We do again a change of variable u = sv,
1 A" 1
—a\ _ ,—As [ © n—ao n=1/1 _ \—«
E((s—Tn,) ") =e (8—1—(”_1)!8 /Ov (1—0) dv)

1 A"
_ = As [ & n—a _
=e <s+(n—1)!8 B(n,1 oz))

where B(a,b) := Fr(ﬂgibl)) The series Y, %’EZZS
+00.

The process X satisfies 0 < X, < |m|h+ W By Burkholder-Davis Gundy’s inequality
there exists a constant C' such that E[W;] < Cv/h, hence for h < 1,

is convergent, thus E ((s — Ty,)™*) <

E(X;) < Ch'2, (3.2.11)

Therefore
|X: - X;NJ - (XTNS + X:—TNS © QTNS - X;“Ns)—i_ < X:—TNS © QTNS

Hence, we deduce

X — Xzx % X* — Xx
E (TN> — ZE (1{N3:n}sTT">
S_

S — TNS n—=0 o
oo X* o QT
< E 1 —n S—Tn n

< 3B (L Il + = | ) = Il + OB (s = 7o) 22).
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Lemme 3.2.12 For any t > 0, denoting by p(.,.,t) the joint density of (X7, X,) and
by p*(.,t) the density of X}, we obtain

b>0.

p(b,b,t) < b+ max(m, 0)t
pe(b,t) | — t ’
Proof. Using (3.2.8) in Lemma 3.2.7 when m < 0, it follows

3 2 (b —mt)?
“(b,t) > —
Y ST
When m > 0, we use (3.2.3) which yields
_ 1 (b —mt)? my/te?m (b+mt)?
*(b,t) > 2 exp — — exp ————
Pt 22| pg Xy, b+mt)yer T 2
b t (b — mt)* t
> 2 — = p(b, b, t).
SR Ry A S AR

In the next section, details of the proof of Theorem 3.2.5 are given.

3.3 Proof of Theorem 3.2.5

To prove the theorem, we proceed as follows : we compute limy_ o h tA(t, h) = a(t)
where

A(t, h) = E[p(Usrn) — o(Ut)] (3.3.1)

then we make sure that this limit is bounded. This means that
t
E (o(U) = [ a(s)ds+(0,0,0,0)

The idea is to split A(¢,h) in three parts according to the values of Ny, — N :

A(t,h) = i:Ai(t, h) (3.3.2)
where
Ai(t’ h) =E ([@(Ut-&-h) - @(Ut)] 1{Nt+h—Nt:i}) , 1=0,1
As(t,h) = E ([@(Ussn) = (U))) Lnen-ni2) - (3.3.3)
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Lemme 3.3.4 Under the hypothesis of Theorem 3.2.5,
. -1 o
}ILILI(I)h Ay(t,h) = 0. (3.3.5)
Proof. By hypothesis ¢ is bounded and we get
[Az(t, h)| < 2[lpllccP(Neyn — Ni > 2)
< 2] plloo (1 — €™ — Ahe™").
Thus, limy,_0h~1Ay(t, h) = 0. [ ]

This lemma added to the three next propositions prove Theorem 3.2.5 : this lemma
treats the term As(¢, h) while Proposition 3.3.6 treats the term A (¢, h). Propositions
3.3.24 and 3.3.28 treat the term Ay(t, h).

Proposition 3.3.6 Under the hypothesis of Theorem 3.2.5,
lim A Ay (1, 1) = XE [ [(U(y)) — (U] Py (dy)
—0 R
where Uy is defined by (3.2.4) and Ui(y) by (3.2.6).
Proof. Introducing the term p(Uy(Yy,,,)), let be Ay (¢, h) := Ay 1(t, h)+ Ay 2(t, h) where
Al,l(t7 h) =E ({ (Ut(YNt+h - } l{Nt+h Nt+1}>
Al,Q(ta h) =K ({W(Uﬁh) Ut YNHh }

Since ¢ is C! class with bounded derivative, Lemma 3.4.1 (cf. Appendix) implies that on
the event { Niyn—N; = 1} we have |p(Us)— UiV )| < [V6loo(3 50Po e | s
X¢| + h). Thus

1{Nt+h Nt+1}>

B Ava(t 1) < A [ Vell(3 sup K — Kol +h) = 0
0<u<h

when h — 0 using (3.2.11) : E()N(;) < Cvh.
To complete the proof, let us deal with A; (¢, h) to show
lim b1 Ay (F h) = )\IE/ (U(y)) — o(U)]dFy (y). (3.3.7)

On the event {Nt = n, Neyn = n+ 1}, the equality Ut(YNHh) = Uy(Yy41) holds. The
independence properties arising from the structure of the process X, the use of the
laws of Y;, T,, and T,,,1 = T,, + S, 11, conditioning to F;, give the result :

Ava(th) = S E [Lguciar, <trhetay (P(U(Yar)) — 0(U)] =

>E [uw [ s [ elt) - w0 Fyuy»e—mh—ﬂ .
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By hypothesis, the function ¢ is bounded and when h goes to 0, Lebesgue’s Dominated
Convergence Theorem yields

tim b Ay (1) = S B 210y [ (U)oU) AR ()] (338)

A(t=Tn)

Since e~ 1yr, <ty = E[1yr,<t<m,, 3/ F), it follows

lim h™ v (60) = S [Ngr,cecrny [ (pU0) = #(U) dFy (9)] =

E |\ [ (¢(Uly) — o(U) dFy (v)|. (339)

[
We note that
X = max{( sup Xyt =0,...,Ny), X; }

’LLE[T 1nf( i+1; t)[

and use the joint density of (X7, X;) given by (3.2.2) to show that the pair (X}, X;)
law’s has a density. This one is given in Proposition 3.3.10 below.

Proposition 3.3.10 For all t > 0, the law of the random vector (X[, X:) admits a
density with respect to the Lebesque measure given by

(b a, t <Zp (b XTk7 XTk - }/}ﬂ+11{Tk+1§t} - (Xt - XTk+1/\t)7 A Tk—f—l - Tk) 1A§C’t (b’ a))
k=0

where

A;C’t = {(b, a),| b > max (X}k, [a+ sup (X, — Xt)]l{Tk+1<t}>} (3.3.11)

WE[Ty 41 AE]
and p is given by (3.2.2).
The proof relies on the following lemma :

Lemme 3.3.12 Almost surely,

X] = max <XTk + sup ()N(u — Xr ) , k=0,.., Nt> ) (3.3.13)

k
uE[Tk,Tk+1 At]

Moreover, almost surely, for all t, there exists a unique k denoted as N; such that

X, =Xp, + sup (Xu — X7 ) . (3.3.14)

k
ue [Tk Tyt /\t]
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Proof. (i) Note that

X/ = max {max <XTk + sup  (Xu—Xp), £k=0,.., Nt> ,Xt} . (3.3.15)

ue [Tk ,Tk+1 /\t[

For k € N, for all u € [T}, Tj1], Xu — X1, = X, — XTk where X is the continuous
process defined in (3.2.1), thus for k£ < Ny,

sup (Xy—Xrp)=  sup X, — XTk) . (3.3.16)

ue[Tk ,Tk+1/\t[ uE[Tk,Tk+1/\t]

and

UE[TNt,TNt+1/\t[ ’LLE[TNt 7TNt+1/\t]

max (XTNt + sup (Xu — XTNt) ,Xt) = XTNtJr sup (Xu — )N(TNt) )
(3.3.17)
Plugging identities (3.3.16) and (3.3.17) in equality (3.3.15) yields (3.3.13).

(ii) Let two integers ¢ < j then,
X1, + sup (Xu— X1,) = X1, + (X713, — X7y) +Yigr + (X7, — Xy) + sup (X — Xy

w€ [Ty, Tj1At] u€[T;,Tj 11/t
and
XT]- + sup (Xu — XTJ-) — XT-L- — sup (Xu — XTz) =
uG[Tj,Tj+1At] ue[Ti7Ti+1/\t]
{Y;-i-l + (XT7 - XT@'-H) + sup (Xu - XTj)} + {(XTi-H - XT1> - sSup (Xu - XT'
UE[Tj,Tj+1] UE[Ti,Ti+1/\t]

The two following random vectors are independent :

( sup (Xu — XTz) ;XTi+1 — Xﬂ) s

UE[TZ‘,TZ‘+1 /\t]

Y;—i—l + (XT]- — XT_L.Jrl) + sup (Xu — XTj?)

ue [Tj 41 At]

and the law of the vector (supue[Tini+ Al (Xu — XTZ) X, o XT;) admits a density
with respect to the Lebesgue measure, hence the law of random variable

— Xr,

k3

sup (X'u — X’Ti) + Xr

1+1
ue [Tz 7Ti+1 /\t]

has a density with respect to the Lebesgue measure and is independent of

Yip + (XTj — XT¢+1) +  sup (Xu — XTj) .

u€[T;,Tj+1Nt]
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Therefore, Xz, + sup,er, 1,1 a1 (Xu — XTJ) — X1, = SUDyer 1y, 1 A1) (f(u — XTZ) is the
sum of two independent random variables, each having a density, then also has a
density. So almost surely,

X7, +  sup (f(u — XTJ) # X1, +  sup X, — XT)

uec [Tj ,Tj+1 /\t] ue [Tz T4 /\t]

whenever ¢ # j .

(iii) We can exchange the almost sure and V¢ > 0 since the processes (X, t > 0),

((max (XTk + SUDye [Ty, 7, 1 A1) (f(u — Xn)) , k=0,.., Nt) , t> 0) and (N}, t > 0)
are right continuous. [ ]

Proof. of Proposition 3.3.10 : According to Lemma 3.3.12, let /N;" denoting the index
k where the maximum below is reached,

X = max (XTk +  sup (X'u — XTk) , k=0,.., Nt> .

WE[Th, Th 1]

The fact N, = k is equivalent to : the supremum is reached on the interval [T}, Ty1 At],
actually meaning

sup Xy, > X7V osup X,
[Tk, Ti1 /) [Th41/,8]

Remark that on the interval [Ty, Tpi1 A t], Xy = Xp, + X, — XTk Thus these two
inequalities are equivalent to N =k :

(1) Xp + sup (X'u — XTk) > X7,

[Tk ,Tk+ 1 /\t]

and

(i) Xp+ sup (X'U—XTk)z sup Xy, = (Xqy,,+ sup (Xu—Xr, )1 <)+ X 1ir, >0 -

[Tk ,Tk+1/\t} [Tk+1/\t,t] [Tk+1,t]
Using Xr,,, = X1, + X1, — X1, + Yiep1 (ii) is equivalent to

sup (XU—XTI@) > (XTk+1_XTk+Yk+1+ sup (XU_XTk+1))]‘{Tk+1<t})+(Xt_XTk)1{Tk+12t}'
[Tk,Tk+1/\t] [Tk+1:t]

As a conclusion we get {N;" =k} =

{ sup (Xy—Xp) > X5 —-XpIn{ sup (Xu=Xn) > Xear X0+ Ve + sup (Xu—Xn,, ) 1(z,<0)}-

[Tk,T;H,l/\t] [Tk,Tk+1At] [Tk+1,t]
Thus
e =k} = {< Sub (Xu o XTk)7XtATk+1 N XTk) © Ak?t}

’U,E[Tk ,Tk+1/\t}
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where

AV {(b, a),| b > max (Xi — X, a+ Y1+ sup (X, — XTkJrl)]]‘{TkJrlSt}) } )

u€[Thy1,1]
(3.3.18)
Moreover on {k < N;} so on {N; =k} C {k < N;}
Xy = Xp, + (Xinn, — X)) + Ve Loty + (X0 — Xoag,,)- (3.3.19)

Let ® be a bounded Borel function, hence

Ny
E[@(X;, X)] =E ) ®X;, X)lin=py | =
k=0

Ny
E Z Linr=iy@ | X1, + sup  (Xu — X1.), X1, + (Xeats, — X)) + Yaer g,y + (Xe — Xearo) | |-
k=0 ) ue[Tk,Tk+1/\t]

The following random vectors are independent

(XTk ) X;:k)’
Yiq1,
(Xt - XtATk+1> sup (Xu - XTkH/\t)) )
w€[ T 1 ALE]

( sup Xu - XTk7 XtATk+1 - XTk>

ue [Tk ,Tk+1 /\t]

and conditionally to o (]—"Tk, Yie1, (Xu — X7y u > Ty A ), T, Tk+1) , the law of
the random vector

( [ sup Xu - XTky Xt/\Tk+1 - XTk)
ue

Tk,Tk+1/\t]
has a density with respect to the Lebesgue measure given by

ﬁ(b, a, Tk+1 ANt — Tk)

where p is defined by (3.2.2). We obtain
E(®(X7, X)) =

Ny
/E [Z (I)(XTk + b, XTk +a—+ Yk+11{tZTk+1} + (Xt - XTk+1At>>ﬁ(b7 a, Tk+1 Nt — Tk>1Ak,t (b, (l) dadb.
k=0

We conclude with the change of variable formula v = b+ X, and v = Xq, 4+ a +
Y;C"rll{tZTkJrl} + (Xt - XTk+1/\t)' u
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As a corollary the law of X; is deduced :

Corollary 3.3.20 For any t > 0, the random variable X; has a density p*(.,t) given

by
(b—By 1)?
N AT T b_ B
" m(b— € + tk
p*(b,t) = 2E e?mb=Xr;) —mPg(— M s xs
I;O \/27T(t/\Tk+1 —T5) VENT 1 — T, >X7, )
where
Bt,k = m(t VAN Tk+1 - Tk) — min (O, _XTk — Yk+11{k<Nt} — sup (Xu — Xt/\T;ﬁLl)) .
UE[Tk+1/\t,t]

Proof. Let be ¢ the function such that such that p(b, a,.) = G(b, a,.)1p=avo
We have

92 2bm 2h — _ r —(2 2 —(2 2
G(b.a.t) = e b—a—mt exp a—(2b+ mt)] Cmexp [a—(2b+mt)] '
v 27t t i 2t 2t
Then

H 1 [ (20 + mt — min(H, b))? bANH —2b—mt
2bm _ 2 _
[wp(b, a,t)da = 2e <\/2_7rt exp _ 57 m®Pq( 7 )| -
(3.3.21)

Let be k fixed and P} (b,t) be given by
P;(b, t) = /Rﬁ (b — XTk, a — XTk — }/;C+11/€<Nt — (Xt — XTIc-H/\t)’ t A Tk+1 — Tk) 1A;c,t(b’ a)da
then

Ny

p(bt) = E (Z By (b, t)) :

k=0
With the change of variables v = a — X7, — Yy 11pen, — (X — Xiar,,, ), it follows
Pr(bt) = /R (b~ Xnu,t AT — Te) Lag (b, u+ X, + Yo T, + (Xe — Xiazy,,))du.
According to the definition of A} ; given in (3.3.11)

]-A;C,t (b, u+ XTk + Y;c+11k<Nt + (Xt - Xt/\Tk+1>) = 1{b>X’;‘k}1]_Oovb+Ct,k[(u)

where

Cip = —X1, = YVilpeny —  sup (Xu — Xiazy,,)-

uE[Tr4 1AL,
Applying (3.3.21) to H = b+ Cy, and t A Tj41 — T instead of ¢ and since
2b + m(t AN Tk+1 - Tk) - min(C’tyk + b, b) =b + m(t AN Tk+1 - Tk) - Bt,k

we achieve the proof. [ ]
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We now turn to the sudy of h=' Ay(t, h) when h goes to 0. Indeed, on the event { Ny, —
Ny =0}, Ty, = T, ., hence X}NHh = X7, and Xp, = Xp .

Xepn = Xi + Xy 00,
X7y, = max(X;, X; + Xj 00,).

Using Markov property at ¢ and the fact that N is independent from X,
Ao(t,h) = e ME <E (p(max(z*, 2 + X}), 2 + Xp, g, u) — p(z*, 7,y,u)) e XF X=X 7TNt_'U«) ,
Let us introduce

ag(h,z*, z,y,u) :=E (gp(max(a:*, z4+ X7), x4+ Xp,y,u) — p(z*, x,y, u)) :

To study the term ag(h, z*, z,y,u), we make a Taylor expansion at a neighborhood of
(z*,z) (y,u are seeing as constant)

ag(h, z*, x,y,u) : = p(z*, x,y,u)E ([max(m c+ X)) —x D
+ 8f’2g0(x*, z,y,u)E ([max(x T+ Xh x*] Xh>

1
+ iailgo(x*, z,y,u)E ([max(aj x4+ X;) *} )

+ Ooip(2*, x, y, u)mh + §8§2g0(:r*, T, Y, u) [m2h2 + h] + Ro(t, h,x*, z,y,u),

3) +E (\th’ﬂ .

where, using V* the tensor of order i, for all y and w :

[Ro(hy a2,y )] < 4]|V%0]|c [E (\max(x*,x LX) -

This allows us to write :

3
=Y Ayt h), (3.3.22)
Agi(t,h) =E (&o,i(h, NN u)|m*:Xt*,x:Xt,y:XiiN ,TNt:u) (3.3.23)
where
1
ap1(h, x* 2, y,u) 0 = Owp(a™, x,y,u)mh + 5852@(35*,35, y, u)[m?*h? + h)
apa(h,x*, x,y,u) : = 8%290@*, z,y,u)E ([max(x*, 4+ X)) — x*} Xh)
N 2
430800 2, B [max(e®, o+ X7) = 7] ) + Rolh, .0, w),
aps(h, 2, z,y,u) . = Oz, z,y,u)E ({max(x*,x + X7) — x*D )
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Proposition 3.3.24 Under the hypotheses of Theorem 3.2.5,

1
}g% h_l(Ao,l + A0,2)(t7 h) =E <a290(Ut)m + 283290([]0) (3‘3-25)

Proof.
(i) Since X is a drifted Brownian motion and ¢ a three times differentiable function

with bounded differential, it follows
1
lim ' Ay, (1,1) = E (aQ@(Ut)m + 2(9;2@(@)) . (3.3.26)
—
(ii) The second term satisfies : Under hypothesis of Theorem 3.2.5,

. —1 .
}ILILI(th A()’Q(t, h) =0.

Indeed, we first note that max(z*, z + X;) — 2* = (X — (z* —2))* < ~,f1{)~(;>w*_$}.
Using (3.2.11)

E ({max(x*,x + X7) — :v*T) < C’hi/z\/}P)(f(;L" > — ).

The function ¢ is three times differentiable with bounded differential, we deduce from
the expression of ag 2,

3 3
Aoalt ) < [ 9%l € 0728 (VK > 2= 0y,
=2 =2

The law of the pair (X, X;) has a density with respect to Lebesgue measure on R?,
(cf. Proposition 3.3.10) almost surely X; > X, it follows with Lebesgue dominated
convergence Theorem

. —1 o
}ILILI(l]h Aoyg(t, h) = 0.

[ |
The following is needed to prove Proposition 3.3.28.
Lemme 3.3.27 Let be h > 0 and G(z) := ée‘é —2Ps(—x) :
1 * ok * > m -
§IE ({max(m r+ X)) —x D = —mh/o e \/EQDG(—b — mvVR)(b— (\/E>)+db

(x* —x — mh)

+ VhG( 7 ).
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Proof. By construction,
E ([max(x*, 4+ X}) — x*D =E ({X; —(z* — x)} 1{X;>x*—z}) :

Lemma 3.2.7 gives the density of X » and the change of variable b — Vhb yields

;E ({max(x*, r+ X)) — x*D =

[ -0 [

This can be written again as

/)2
Sl he%m\/ﬁ(bg(—b—m\/ﬁ)] db

1 (x* —x) —mh _
i]E([maX(x z+ X}) —x / Vh[b — mvVh — \/)ﬁ ]\/ﬁ

—mh/ e2mVh(p, xﬁ )@G(—b—m\/ﬁ)db

The lemma is proved using the integration by parts formula and the definition of G. m

Proposition 3.3.28 Under hypothesis of Theorem 3.2.5,

1 * ok *
}llm(l)Q— (algo(Ut) (maX(x o+ Xp) —w )x*:Xt*,CEZXt) -

1 ﬁ(Xt*_X;N 7X:_X§|:N ’t_TNt)
B 1xoxs O10(X0 X X0 T, : t 3929
+ 4 X;>Xiy (X7 X Ty ) (X — X%Nt t—Tn,) ( )

meaning

ﬁ(X: - X’;Nt7X£k - X’;Nt7t - TNt)
ﬁ*(XI;k - X%Ntvt - TNt)

. ]' * * *
lim Ag3(t, h) = §E Lixssxs, 100(X{, X¢, Xpy T,

Proof. According to Lemma 3.3.27 , we have

;E <al¢(Ut)E (max(a”, 2 + ;) — 2°) ) = VhE (alsowt)G((X;‘ — X, — mh))>

Vh

—mhE (8130(Ut) /0 T VR (—b — myR) (b — Wﬁdb) .

x* :Xt* =Xy
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(i) Firstly, we show that

X;— X,
Vh

The term Ay (Uy) f;7 e2™Vid o (—b — ma/h) (b — X{/%Xt )+ is uniformly bounded with

respect to h then use the Lebesgue dominated convergence theorem to obtain the limit.
Indeed, b > 0 and let 0 < h < 1.

+o00
h—0 0

X;— X,

Vh

The function (h,b) — e2™VEd,(—b — ma/h)b is continuous on the compact interval
[0 1] x [0 2|m]], then it is bounded on this interval.

Now, consider b > 2|m|. Therefore b-+mv'h > |m| >0, b—mvh > 2 and —2— < 2.

e2mb\/ﬁq)G(_b . m\/ﬁ)a) i )+ S 62mb\/E(IDG(_b — m\/E)b

(b+mvh) —
We use the inequality (3.2.3 ) which we recall here
|~ Bg(x) = Bo(—a) < — Z =0
— dg(z) = —1) < ——=exp——, Vx
G G = o b=
to obtain for b > 2|m|, h € [0, 1]
ombvh b 2mbvh (b+m V) 2 b2
™V (—b — mvVh)b < emMVeT T < e s

~ (b+mVh)V2r = Vor

This implies that the term 9y (Uy) JiF™ e2mVAd o (—b — m/h) (b — X{/_EXt)erb is uni-
formly bounded by a constant. The result follows by Lebesgue dominated convergence
Theorem : Indeed, almost surely X; — X; > 0 and on this set, the integrand goes

almost surely to 0. .

(ii) Secondly our goal is to compute the limit when h goes to 0 of the term

1 X — X, —mh e
Bi(t,h) = E[o1p(U,) —=G(Ft——4 =N "B’ (t,h
1(t,h) = E[01p( t)\/ﬁ ( Th )] nZ::o 1a(t,h)
where
1 X — X, —mh
B, (t,h):=E <81%0(Ut)\/EG( : \/% )1{Nt:n}>-

We now develop the proof along five steps.
Step 1 : For any n, we express By, (¢, h) according to the density of the law of the pair
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(Xt*v Xt)
On the event {N; = n},

Uy = (max (X5, , Xr, + X, g, 00,); X1, + X1, 004, X5, Th0),
hence

By, (t,h) ZE[lTnth_A(t_T")8180(771&95()(:’?"7 Xr, + X:—Tn o 0r,), X1, + Xy, 0 01, X7, Th)

LG(max(X;n, X, + )N(t*_Tn 00p) — X, — Xy_q, 00p, — mh)]
Vh Vh '

The strong Markov property at 7T, and the density of the pair (X * X ) at time ¢t — T,
yield for any n,

Br(t,h) = E[lp, <o =T / Brp(maz(Xs , Xr, +b), Xn, +a, X5 , To) ¥
b — b n n

>0,b>a

1 G<maa7(Xr}",XTn +b) — Xp, —a—mh
vh vh

As a change of variable, let ¢ : D +— Ay, be the diffeomorphism such that

)p(b, a,t — T,,)]dbda.

b— b—
wtad) = (o= "ty = Zp i)

h — t—1T,
D:{(b,a):b>a\/0}andAh:{(y,a:):x>0,y>x\/_ JSTT(T )}
Note that
Ay CA={(y,x):2>0y> _ym\ﬁ}_ (3.3.30)

We write again Bf (¢, h) as

B; (t,h) = E [Ir,ce By (1 h, X )|

N

where B} (t,h, X1,) :=

s

/8130(max{X;n,XTn +y\/t — Ty + |m|(t — Tp,) — avVhY, X1, + y\/t — T,y + |m|(t — Ty,) — 22V'h, X1, , T})

< G (max{X}n,XTn +yVE =T, + |m|(t — T,,) — avVh} — Xp, —yv/t — T, — |m|(t — T},) + 22vh — mh 31)
ﬂ \U. .

xp(y\/t — T, + |m|(t — Tp) — avVh,y\/t — T + |m|(t — T},) — 22Vh, t — T)\/t — Tla, (y, z)dydz.
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Step 2 : We study the almost sure limit of the integrand in (3.3.31) with respect to
db ® dPP when h goes to 0 :
On the event { X} < Xp, +yvt =T, + |m|(t —T,)} :

max{X7. , X7, +yvt—T, + m|(t - T, )—x\f} Xr, —yt— T — |m|(t — Ty) + 22vh —

7 i
and on the event {X7. > Xp, +yv/t =T, + |m|(t — T5,)} :
max{X7. , X7, +yvt— T, + |m|(t —T,) —avhy — X, —yVt— T, — |m|(t = T},) + 22vh — %OO

Vh

Since G and p are continuous and lim, ., G(z) = 0, and using the definition of A
given in (3.3.30), the limit of the integrand of (3.3.31) is

(X, +y\/t — Ty + |m|(t — Ty, X7, +y\/t —Tn + |m|(t —Ty), X1, Th)
xG(z )I{X;n§XTn+y\/t—Tn+\m|(t—Tn)}

x5 (/T =T+ Iml(t = T)sy/T = T [ (t = Tt = T)v/E= T ) 1a(p, ).

Step 3 : We bound the integrand of B (¢, h) uniformly with respect to h .
Note that for 0 < h < 1:
max{X7. , X7, +yvt—T, + |m|(t —T,) —avhY — Xp, —yVt — T, — |m|(t = T},) + 22vh —
Vh
max{ X7, , X1, +yvVt =T +|ml|(t - T,)) —avh} — Xr, —yv/T =T — |m(t = T, )+ff\f i
T +z—-—mvVh

>x—|m].
Since (G is decreasing, then

G(max{XT X1, +yVE=To + |ml(t = T) — 2V} = Xp, =yt =T — |m|(t = T,)) + 20vVh — ><G(m—|m|).

vh
(3.3.32)

Furthermore, since x > 0, according to the definition of p given in (3.2.2)

p(y\/t—T + |m|(t = T,)) — aVh,y\Jt — Ty, + |m|(t — T},) — 2avV'h,t — T )\t — T,

|m| o~ ST IOT0)® | 5T (4 T) 2 R)— B (1T
\/27r (t— V2
2ly\ !m\ o~ ST U=T N oy =TT+ (6= T~ 23 (4 T)
\/271' (t — V2
2 2
|y‘ |m| e~ (3.3.33)

1/27?1?— \/_
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With estimations (3.3.32) and (3.3.33) one controls the absolute value of the integrand
of (3.3.31) by

2 2
|y| |m| exp— L1,

Step 4 : We show that (3.3.34) is the term of an integrable and summable series with
respect to dP ® dy ® dux.

Lemma 3.2.10 (V « €] — 1,0] (t — Ty,)* € L') ensures that for any n (3.3.34) is
integrable with respect to dP ® db ® dx on 2x]0, +oo[? and its integral is bounded up

by
|Ovo||E (1{Nt n}\/_ *i/G x — |ml) dx/|y|e T dy)

Houel (Lo el f 6o = s [ %ay).

Lebesgue dominated convergence theorem yields

1010l oo L1, <ce XTI G (@ — [m])( (3.3.34)

lim By, (t, h) = E[lg,<.e "B (¢, X1,)]
h—0 ’ -

where
B** (t XTn> =

/3190 (Xr, +yy/t = T+ |ml(t = o), Xr, + 9/t = T + [l (¢ = 1), X, )

X G(2) L xy <Xy, +ysiToHml(t—To))

X p(y\/t — T, + |m|(t = T,.), y\/t — T, + |m|(t — T,,),t — T,))\/t — T, 1a(y, x)dydz.

Thus as a conclusion
hrn Bi(t, h) th By, (t,h).

Step 5 : We study the P— almost sure limit of left hand side in (3.3.29) when h goes
to 0.
Using the change of variable

b=yt =T, + |m|(t —T,)

we obtain
B** " (t, Xr1,) =
/31<P(XTn + b, Xg, + b, X1, To) X G(2) 1y <xq, 403 X D(b, 0,1 — T5,)Liosop>0pdbda.
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Let be p*(b,t—T;,) the density of the law of X; ;. ofy, . Noting that Xr, +X; 5 of, =
X/ on the event {N; = n} N {X; < Xp, + X; p o6} and letting U(t,T,,) =
(X7, X[, X7, ), it follows

lim B, (1, h) =

Xy — X7, X — X7t —T,)

- dz| .
Xy = X7, t=1T,)

E [1Tn§t6_’\(t_T”) /z>0 Lx: <x;010(U(L, T5,))G ()

Markov property (and [,.,G(x)dz = 1/4) implies that for any n

PO — X5, X = X, - T),
P(Xf — X5 t—Ty)

Lim By, (t,h) = 1/4E[1N,—nlx; <x;019(U(t, T7))]
We take the sum from n = 1 to infinity

1
h

Xt*—Xt—mh
Vh

ﬁ(Xt* _XEFNt7Xt* _Xf:;th’t_TNt)
Xy = Xq,,,t = Tn,)

Ny

G(- ) -

!
}llli% §E[3190<Ut)

1/4E Lx; <x; Op( Xy, X7, Xy T,)

This last step concludes the proof of the proposition. [ ]

3.4 Appendix
Lemme 3.4.1 On the event { Ny, = Ny + 1},

U(Y) = U] <3 sup [ Xppo — X + h.

0<u<h

Proof. : (i) On the event {N;1p, — Ny = 1} = Uy {N; = n, Nyyp — Ny = 1}, we compute
U(Yn,,,) = (max(X;, X; + Yy, ); Xe + Yy, smax(X;, X; + Yy,,,):t) and

Uppn = (Xz;k+h7 Xittn X;Nu-h ) TNt+h)'

(ii) On the event {N; = n, Nyip =n+ 1},

Ut(YNt+h) = (max(X;, X¢ + Yoi1); Xi + Yo max (X5 Xy + Vi) t)
Uipn = (Xt:-ha Xith, X;:n_‘_l ) Tn-i-l)'

(iii) We bound up |U(Yn,,,) — Usn| component by component :
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e On the event {N; = n, Ny, — Ny = 1} the fourth component of |Uy(Yx,,, ) — Upgn| is
|t — T,+1| and we have

|t - Tn+1‘1{Nt:n,Nt+h:n+1} S h (342)
e For the second component, note that on the event {N; = n, Ny, = n + 1}, we have
Xevn =Xe + Yo + (Xewn — Xi — Yona).

Since there is one only jump at time 7;,,; for the process X between t and ¢+ h, hence
Xevn — Xy = Yo = X — Xy and

|Xt+h - X — Yn+1|1{Nt=n,Nt+h=n+1} < Oiulgh |Xt+u - Xt|1{Nt=n,Nt+h=n+1}- (3-4-3)

e The third component is X7, . — max(X;, X; + Y1) which we bound up by intro-
ducing X7, :

[ X7y = max (X7, X+ Vo) < XG4y, — max(Xy, Xy + Yo + | X, — X7

Tn+1 ’

Recall that {N; =n, Nyop =n+ 1} ={T, <t < T,41 <t+h < T,42}. Since

* _ * % \
Xt+h - maX(XTn_H ) XTn+1 + sup (XU - XTn+1>>7
Tn+1gu§t+h

we get

0< :+h_X*

Tn+1

=0V (XTn+1 + sup (Xu - XTn+1> - X;:

1 )
Trh+1<u<lt+h "

But using the inequality Xr,,,, < X7, which is always true, the following holds on
the event {t < T,,;1 <t+h}

XTn+1 + sup (Xu - XTn+1) - X;“ < sup (Xu - XTn+1) < sup |Xt+u - Xt|

n+1

Tps1<u<t+h Tps1 <u<t+h 0<u<h
Therefore
* * % <7
| t+h — XTn+1| < oiugh | X — Xl (3.4.4)
<u<

e The first component is
Xipn — max(X{, Xy + Vi)
with

Xt:—h = maX(X:a *Xt+ sup (Xu—Xt)7 AXFF(XVTnH_)215)+Yn-i-1+ sup (XU_XTnJrl))

t<u<Tni1 Thny1<u<t+h
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(7) On the event {X; > X; + Y, 11},

Xi, —max(X], Xy + Y1) =
0V (Xy+ sup (Xu - Xt) - X))V(Xi+Y+ osup (X, —Xy) — X))

t<u<Tn41 Trh+1<uslt+h

Since X; < X[ :

Xi+ sup (Xy—Xp) - X< sup (Xy— X)) < sup (Xy — Xy)

t<u<Tn41 t<u<Tn41 t<u<t+h

and on the event {X; > X; + Y, 11}

Xi+ Yo + sup  (Xy—X3) — X[ < sup (X, — X3) < sup (X, — Xy).

Trh+1<u<lt+h Trn+1<u<t+h t<u<t+h

On this event, globally

0 S X:+h - maX(X:, Xt + Yn+1) S sup |Xt+u — Xt|
0<u<h

(77) On the event {X; < X; + Y,,41}, the first component is equal to

(X=X, —Y)V( sup (Xy— X)) = Yop)V( sup (X, —Xr,,)). (34.5)

t<u<Tpn4+1 Th+1<u<t+h

On this event, the first element in (3.4.5) (X; — X; — ¥,41) < 0 and the third one
being non negative, thus the first component is (sup;<,<r,,,(Xu — Xi) — Y1) V

(SUPTanuth(Xu — XTnH))- Now look at SuptSuSTn+1(XU — Xy) — Y41 using X[ <
Xt + Yn+1 SO —Yn+1 S _Xt* + Xt S 0:

sup (X'u — Xt) —Y,11 < sup ()N(u — Xt) < sup ()N(u — Xt).

t<u<Tpi1 t<u<Tp41 t<u<t+h

As a conclusion, globally :

|X£k+h —max(X;, Xy + Yn+1)|1{Nt:n,Nt+h:n+1} < sup [X, — th (3.4.6)

t<u<t+h
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Chapitre 4

Conditional law of the hitting time
for a Lévy process in incomplete
information

This chapter has been published in Journal of Mathematical Finance (JMF).
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Abstract

We study the default risk in incomplete information. That means we model the value
of a firm by a Lévy process which is the sum of a Brownian motion with drift and
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a compound Poisson process. This Lévy process can not be completely observed :
another process represents the available information on the firm. We obtain a stochastic
Volterra equation satisfied by the conditional density of the default time given the
available information. The uniqueness of solution of this equation is proved. Numerical
examples of (conditional) density are also given.

4.1 Introduction

Here we consider a jump-diffusion process X which models the value of a firm. This is
a Lévy process. Details on this class of processes can be found in [Ber98] and [Sat99].
Their use in financial modeling is well developed in [CT04]. We study the first passage
time of process X at level x > 0 modeling the default time. We investigate the beha-
vior of the default time under incomplete observation of assets. In the literature, there
exists some papers in relation to this topic. Duffie and Lando [DLO01] suppose that
bond investors cannot observe the issuer’s assets directly : instead, they only receive
periodic and imperfect reports. For a setting in which the assets of the firm are geo-
metric Brownian motion until informed equity holders optimally liquidate, they derive
the conditional distribution of the assets, given the available information. In a similar
model, but with complete information, Kou and Wang [KW03] study the first passage
time of a jump-diffusion process whose jump sizes follow a double exponential distri-
bution. They obtain explicit solutions of the Laplace transform of the distribution of
the first passage time. Laplace transform of the joint distribution of jump-diffusion and
its running maximum, S; = sup,-; Xs, is too obtained. To finish, they give numerical
examples. Bernyk et al. [BDPOS]_, for their part, consider stable Lévy process X of
index « €]1, 2] with non negative jumps and its running maximum. They characterize
the density function of S; as the unique solution of a weakly singular Volterra integral
equation of the first kind. This leads to an explicit representation of the density of
the first passage time. To unify the noisy information in Duffie and Lando [DLO01], X.
Guo, R. A. Jarrow and Y. Zang [GJZ09] define a filtration which models incomplete
information. By simple examples, they give the importance of this notion. Similarly
to Kou and Wang, without specifying the jumps size law, Dorobantu [Dor07] provides
the intensity function of the default time. That is very important for investors, but
the information brought by this intensity is low. Furthermore, Roynette et al. [RVV0S]
prove that the Laplace transform of the random triplet (first passage time, overshoot,
undershoot) satisfies an integral equation. After normalization of the first passage time,
they show under some convenient assumptions that the random triplet converges in
distribution as level x goes to oo. Gapeev and Jeanblanc [GJ10] study a model of a
financial market in which the dividend rates of two risky asset’s initial values change
when certain unobservable external events occur. The asset price dynamics are descri-
bed by a geometric Brownian motion, with random drift rates switching at independent
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exponential random times. These random times are independent of the constantly cor-
related driving Brownian motion. They obtain closed expressions for rational values
of European contingent claims given the available information. Moreover, estimates
of the switching times and their conditional probability density are provided. Coutin
and Dorobantu [CD*11] prove that the default time law has a density (defective when
E(X;) < 0) with respect to the Lebesgue measure in case of a stationary independent
increment process built on a pair (compound Poisson process, Brownian motion).

We extend this approach studying the conditional law of the first passage time of Lévy
process at level z given a partial information. We solve this problem using filtering
theory inspired by Zakai [Zak69], Pardoux [Par91], Coutin [Cou96], Bain and Crisan
[BC09], based on the so called “reference probability measure” method. The paper
is organized as follows : Section 2 sets the model; Section 3 gives the results on the
existence of the conditional density given the observed filtration and on the integro-
differential equation satisfied by this conditional density ; Section 4 gives the proofs of
the results. To finish, we conclude and give some auxiliary results in Appendix.

4.2 Model and motivations

This section defines the basic space in which we work and announces what we will do.
Subsection 4.2.1 gives the model of the firm value and defines the default time. Subsec-
tion 4.2.2 recalls some important results in the complete information case. Subsection
4.2.3 defines the signal and observation process and the model for available informa-
tion. Basically, it introduces the notion of filtering theory. Subsection 4.2.4 gives our
motivation.

4.2.1 Construction of the model

Let (9, F,(F;,t > 0),P% be a filtered probability space satisfying the usual condi-
tions on which we define a standard Brownian motion W, a sequence of independent
and identically distributed random variables (Y;);en+ with distribution function Fy, a
Poisson process N with intensity A > 0 and a stochastic process ). We assume that
all these elements are independent, (W, ()) is a Brownian motion and (Y, V) is a com-
pound Poisson process with P? intensity v(dt, A) = X [, Fy(dy)dt for a Borel set A.
On this probability space, we define a process X as follows :

Ny

X models a firm value and the default is modeled by the first passage time of X at a
level > 0. Hence the default time is defined as

T, =inf{t > 0: X, >z} (4.2.2)
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We suppose that X is not perfectly observable and that observation is modeled by
process Q).

4.2.2 Some results when X is perfectly observed

Let (X;,t > 0) be a Brownian motion with drift m € R (X; = mt + W,). For z > 0,
we let 7, = inf{t > 0, X; > z}. By (5.12) page 197 of [KS91], 7. has the following law
on R+ .

f(u, 2)du + P°(7, = 00)ds(du) (4.2.3)
where
~ z 1 ~ mz—|mz
flu,z) = ’27TL3 exp[—@(z — mu)?| 1) 4 oof(u) and P*(7, = c0) = 1 — ™=~ M=l

The function f(., z) is C> on [0, 4-00[, and all its derivatives admit 0 as right limit at
0 and therefore belongs to C*([0, +o0o[). For ¢ > 0, Roynette et al. [RVV08] consider
as a firm value the process X; = mt + oW, + ZfitlY; and as a default time the
random variable 7, = inf{t > 0 : X; > z}. They let K, := X,, — x namely overshoot
and L, := x — X - namely undershoot. They prove that the Laplace transform of
(Te, Ky, L) satisfies an integral equation. After a suitable renormalization of 7, that
we can note here 7., they show that (7., K, L,) converges in distribution as = goes
to co. Overall they have obtained an asymptotic behavior of the defaut time, the
overshoot and the undershoot.

For a general Lévy process, Doney and Kiprianou [DKO06] give the law of the quintuplet
(GroyTo— G - X, — 1,0 — X —,x— )_(T;) where X, = sup,, X, and G, = sup{s < ¢ :
X, =X}

Coutin and Dorobantu [CD*11] consider (4.2.1) and (4.2.2) and show that 7, admits a
density with respect to the Lebesgue measure. They give the following closed expression
of this density

Ty ?

ft,z)= { AE(Lr, (1 — Fy)(z — X3)) + E(lTx>TNtf(t —In, o — XTNt)) ift>0
= 22— Fy(z) — Fy(22)) + 3(Fy (x) — Fy(z_)) if ¢ —(40,2 Y

where (7,7 € N*) is the sequence of the jump times of the process N.

4.2.3 The incomplete information

Our work is inspired and is in the same spirit as D. Dorobantu [Dor07]. In her thesis,
Dorobantu assumes that investors wishing to detain a part of the firm do not have
complete information. They don’t observe perfectly the process value X of the firm
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but a noisy value. She defined a process ) independent of W, N, Y and satisfying the
following evolution equation

t
Qr = / h(Xs)ds+ B, teRy
0
with h a Borel and bounded function and B a standard Brownian motion.

Definition 4.2.5 The process X is called the signal. The process Q) is called the ob-
servation and is perfectly observed by investors.

This leads us to a filtering model and we introduce the filtering framework inspired of
Zakai [Zak69], Coutin [Cou96] or Pardoux [Par91].

T
Since the function h is bounded, the Novikov condition, V1" > 0, E° ez Jo W(Xa)ds)

00, is satisfied and we define the following exponential martingale for the filtration
(Ft)e=0 by

t 1 rt
L, = exp (/0 h(X.)dQ, — 5/O hZ(Xs)ds) , teR,.

For a fixed maturity 7' > 0, the process (Lir,t € Ry) is a uniformly integrable
(PO, (Ft)e>0)—martingale.

Definition 4.2.6 For fized t > 0, let us define a probability measure P on F; by
]P)‘ft = Lt]P)EFt

We also note that the law of X, so the one of 7,, under P° are the same as under P.
Note that investors have additional information on the firm which is modeled at time
t by

Dy =o0(1,,<u,u <t).

Then all the available information is represented by the filtration
G:=(G=FVD, t>0)

where the o-algebra ]-'tQ is generated by the observation of the process () up to time t.

4.2.4 Motivations

Dorobantu [Dor(07] obtains the G-intensity of the default, namely the G-predictable
process (A¢)i>0, such that

t
Mt = ]‘Tz>t —/ )\st, t Z 0
0
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is a G-martingale. With this result, using their available information, the investors can
predict the default time. More precisely, given that default did not occur at time ¢,
the probability that it occurs at time ¢ + dt is approximated by \;dt. But the informa-
tion brought by the knowledge of (A);>o is low. This motivates us to show that the
conditional law of default time 7, given G admits a density with respect to Lebesgue
measure and to give its dynamic evolution.

4.3 The results

4.3.1 Existence of the conditional density

We recall that 7, = inf{t > 0 : X; > x} is the default time of a firm and G; is
the available information of investors at time ¢. In this subsection, we prove that
conditionally on the o-algebra G;, 7, admits a density with respect to the Lebesgue
measure.

Proposition 4.3.1 For allt > 0, on the set {1, > t}, the G; conditional law of T, has
the following form

f(r,t,x)dr +P(1, = 00|G;)doo(dr)
and P(1, = o0|Gy) = 1., E(G(00, x — X¢)|Gr), (4.3.2)

where

f(rt,z) =E[f(r —t,x — X;)|Gl.

and

Gt z) = P(ry > t) = P°(r, > 1) = /t ~ f(u,7)du.

Remark 4.3.3 Referring to [RVV0S], for all x > 0, the passage time T, is finite
almost surely if and only if m + E(Y;) > 0.

4.3.2 Mixed filtering-Integro-differential equation for condi-
tional density

In this subsection, we give our main results. Indeed, we first show that the conditional
law of the hitting time 7, given the filtration (G;);>o satisfies a stochastic integro-
differential equation. Afterwards, we give a uniqueness result. This type of equation
is the same as the one studied in [Pro85] with the only difference that here, we have
more general Voltera random coefficients.
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Theorem 4.3.4 Let t > 0 be a real number. For any r > t, on the set {r, > t}, the
conditional density of T, given G; satisfies the stochastic integro-differential equation :

flrt,x) = Tx>t +/ H h)(r, t,u)dQ,

f(r,u J:)
/E 1, -.G X.)IG) II(R)(t, u)dQu (4.3.5)

TU$) 9
e X)jg.) )l

—/ I (h)(r, t, u) (h)(t,u)du.

where

E(1T1>UCI)(Xu)f(7’ —UuU,r — Xu)|gu)
E(1, .Gt —u,x — X,)|Gn)

E(1,-.®(X,)G(t —u,z — X,)|Gu)
E(17, .Gt —u,z — X,)|Gu)

(@) (r,t,u) =

I(®)(t,u) =
and G is defined in Proposition 4.3.1.

Proposition 4.3.6 If Equation (4.3.5) admits a solution, this one is unique.

4.3.3 Some technical results

Here, we give some technical and auxiliary results which are useful to prove Theorem
4.3.4 and Proposition 4.3.6.

Proposition 4.3.7 For any bounded function ¢ such that o(7,) is Fi -measurable,
vVt <T

E*(p(72)Lro L1l ) = E'lp()1rss] + | B [Luh(Xu)E Ly, 51072 VFul I F2] Q.
(4.3.8)

By this proposition, we establish two corollaries which give a representation more
accessible of the processes t — E9(Lyl,., | F2) and t — EO(1, opLy|F2) : we
apply Proposition 4.3.7 respectively to the functions ¢ : y — 1gapyy)y and ¢ 1y —
1{7,00)(3)}» the second expressions being consequence of the fact that on the event {7, >
t} C{rm >u}, 7o = u+ 1,_x, 00, (0 is the shift operator) and E°[1,, <114cr, <p|Fu] =
]-Tw>uE0[1a—u<TI,Xu<b—u|‘Fu]-
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Corollary 4.3.9 For allt < a < b, we have P° — a.s

t
(Z> EO(Lb1a<Tz<b"EQ) = Po(a < Ty < b) "‘/0 EO(LUh(XU)EO|:1Tz>t1a<7'z<b‘fu]|‘FuQ)dQu'
(4.3.10)

and equivalently

(i1) E°(Lplyer, | F°) =P(a < 7, < b)+ (4.3.11)
t
/ EO(Luh(Xo)1rouGla — u, 7 — Xa) — Gb — w2 — X)]|F2)dQ.
0

Corollary 4.3.12 Fort < T,

t
(i) E%(Lyl, or|F2) =P°(r, > T) + /0 EX(Luh(X)E'[L,. Lo, 0| Ful F2)dQu.
(4.3.13)

and equivalently

G(T —u,z — X,)| F2)dQ,.
(4.3.14)

Te>u

t
(i) B Loy Lol F2) = P(r > T) + [ EALA(X,)1
0

Proposition 4.3.15 For any 0 <t < a < b, we have on the set {1, > t},

E0<Lb1a<m<b‘}_tQ> _ POla <7 <)
Eo(lrz>tLt|]:tQ) B PO(7, > 1)
n /t E° (17,50 Luh(X)[Gla — w2 — X,) = G(b — u,x — X,)||F2)
0 E0<1Tm>tLU|f7?)
tE(Lylaer, <o) FOE (1,50 Luh(XW)G(t — u, 2 — X,)| F2)
- [EO(Lr, Lo FE))2

dQu

Q.
(4.3.16)
N / B (Lula<r, <ol F2) B (L, o Luh(X0)G( = v, 2 = X,)|F2)P?
: B (Lo L P2
[ B L (X)[Ga = e = X0) = G =, = X)) F)
B (Lo Lh(X)G(E — w2 — X,)|FE)
[EO(1r, 5 Lu| Fi2)]2

du

du.
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Remark 4.3.17 Equation (4.3.16) of Proposition 4.53.15 can be rewriten as :

_ Pla<T, <D
T, = . / ), u)dQuy
! PO(7, > t) + u)dq

- / Lo (h)(t, 1))dQy + /O To[o(h)(¢, ) du
- / o(h)(t, u)du.
where

EO(Lb1a<m<b|fﬁ)
EO(1,, 5 Lo| FY)
o () (1) = 1,5y el X)[Gla — 2 = Xo) — Gb — w2 = XIFY)
E0(17'1>tLu‘F’U4 )

EO(1r, 50 Luh(X,)G(t — u, 7 — X,)|FQ)
Eo(lrptLu!}—z?) '

t = )

Y

o(h)(t,u) = i A

This equation is similar to the non normalized conditional distribution equation (3.43)
in A. Bain and D. Crisan [BC09], called Zakai equation.

In the same way, Equation (4.3.5) which is derived from (4.3.16) is similar to the
normalized conditional distribution equation (3.57) in A. Bain and D. Crisan [BC09)],
called Kushner-Stratonovich equation.

4.3.4 Numerical examples

We simulate the density of the first passage time respectively in complete information
and in incomplete information. We suppose that the jump size follows a double expo-
nential distribution, i.e, the common density of Y is given by fy(y) = p.nl.e "¥1,50+
q.n2.e’723”1y<0 where p,q > 0 are constants, p +¢ = 1 and nl, n2 > 0. Here, nl =

1 - 1and z = 0.1. The difference between the figures is on one hand

002 % = do3» P =3

due to the mformatlon and on another hand to the values taken by the parameters m
and .

These four first figures (Figued4.1l and Figure4.2) represent the densities of the first
passage time for a jump diffusion process (case of complete information). The variable
t € [0,1] and Monte Carlo results are based on 5000 simulation runs.

The following figures are those of the conditional density f(r,t, ) (case of incomplete
information), for fixed ¢ = 0.1 and the variable r is such that r €]0.1,0.6]. Part II of
A. Bain and D. Crisan [BC09], namely Numerical Algorithms, where the authors give
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A | CPU time A | CPU time
438.03805 0.1 | 376.6704

w

f(.x): complete information with m=-1.5 (.): complete information with m=1.5 (.): complete information with m=-15 (.): complete information with m=1.5
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FIGURE 4.1 — Densities for A = 3. FIGURE 4.2 — Densities for A = 0.1.

some tools to solve the filtering problem is really useful. The class of the numerical
method used is the particle method for continuous time framework.Here, the Monte
Carlo results are based on 120 simulation runs.

A | CPU time A | CPU time
358.11432 0.1 | 353.00736

[\]

f(.t.x):Incomplete information whith negative drift m=-1.5  f(.tx): Incomplete information whith positive drift m=1.5 f(.tx):Incomplete information whith negative drift m=-15  f(..t,x): Incomplete information whith positive drift m=1.5

FIGURE 4.3 — Conditional densities for FIGURE 4.4 — Conditional densities for A =
A= 2. 0.1.

We observe that in the two cases, the maximum reached is greater if the drift m is
positive, meaning the positive level x is more probably reached in a shorter time.

In incomplete information, the distance between the curve and axis is greater than in
complete information case, this would mean that in case of incomplete information,
the level z is more difficult to be reached in a short time.

The choice of the small value of A\ serves to compare the results with the limiting
Brownian motion case (A = 0). In complete information case, the formulae for the first
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passage times of Brownian motion can be found in [KS91].
A large value of X implies a lot of jumps, a large computing time and less regular curve.

A CPU time A CPU time
0.01 | 373.16157 0.01 | 358.96784

f(..x): complete information with m=-1.5 (.): complete information with m=1.5 f(.tx)Incomplete information whith negative drift m=-1.5  f(..tx): Incomplete information whith positive drift m=1.5

45 35
30
40 ]
25
354
- - 203
304
15
2
10
204 s ]
15 T T T T 1 o T T T T il
o 02 04 06 08 1 0 02 04 06 08 1
t t

FIGURE 4.5 — Densities for A = 0.01. FIGURE 4.6 — Conditional densities for A =
0.01.

In these last two figures, the maximum reached is greater if the drift m is negative,
meaning the positive level x is more probably reached in a shorter time. This is due to
the very small value of .

4.4 Proofs

Proposition 4.3.1
Proof. First note that, since X is a (F,P)- Markov process and G; C F;, we have
E(lfz:oo|gt) =E (E(sz:ml‘E”gt)

= E[1,E (1, —0)|G!]
=1, E(G(co,x — X;)|G;), where E'(.) = E(.|F).

The fact that 7, is a (G,P)— stopping time justifies the last equality.

Secondly, for any b > a > t the (P, F) Markov property of the process X and the fact
that on the set {7, >t} , 7, =t + 7,_x, 0 6, ensure

E(Lo<r,<b|Gt) = E (E(Lazr, <b|F2)|Gt)
=K (1Tz>tEt(1a—t§Tz_Xt<b—t)|gt) .
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The F;- conditional law of 7,_y, has the density (possibly defective) f(. —t,x — X;),
thus

b
E(1a§71<bfgt) =K l171>t/ f(?" — t,.ﬁlf — Xt)dr\gt] .

By hypothesis, we have r —t > a — t > 0. It follows from Lemma 4.6.3 of Appendix
that

b
E [1Tz>t/ f(r—t,x— X3)dr| < cc.

Then, we have for any b > a > t,
b b
E [Lpt/ f(r—t,x— Xt)dr\gt] = / El, ~f(r—tx— X,)|G]dr a.s.

Now, we show the equality almost surely for all b > a > t. Let M; and M, be the
processes defined by

b b
M, b—E [1%»/ flr—t,z— Xt)drlgt] and M,y 1 b —s / E[l,-if(r —t,2 — X3)|G/] dr.

These processes are increasing, then they are sub-martingales with respect to the filtra-
tion G, = G, Vb > t. Note that b — E(M; (b)) and b — E(M,(b)) are too continuous.
Using Revuz-Yor Theorem 2.9 p. 61 [RY99], they have same cad-lag modification for
all b, meaning that

b b
E [1Tz>t/ flr—tx— Xt)dr|gt] = / E[1, ~f(r—t,x— X;)|G]dr a.s. Vb.

We conclude that, almost surely, for all b > a > t,

b
1Tm>t]E(1a<TISb’gt> - 17—m>t/ K I:]'Tm>tf<r - t? Tr— Xt)lgt] dr.

a

Taking a =t + %, letting n going to infinity and using monotone Lebesgue Theorem
yield that, P —a.s V b>t,

b
E(Lier, <5|G)) = /t E[L. . f(r —t, — X,)|G] dr.

Proposition 4.3.6
Proof. : Let f and g be two solutions of Equation (4.3.5) and 6 = f — g. It follows that

S(rit,x) = — /Ot S(ryu, ) K (t, u, 2)dQ, + /Ot S(ryu, ) K (t,u, 2)II(A) (¢, u)du  (4.4.1)
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where
II(R)(t, u)
E(1,,-.G(t — u,z — X,)|Gu)

K(t,u,z) = (4.4.2)

We recall the expression

and remark that |TI(h) (¢, u)| < ||h||oc. Then

() (t, u) =

[17]] o0
E(1,,-.G(t —u,z — X,)|Gu)

[K(tu, )| < 1rsu

Markov property implies

Il
]E(]-Tz>t|gu>

We use Lemma 4.6.5 with t =u Y =1, -, and b =t and it follows that
E°(1r, 50 LulFY)
EO(1,,5:Li| FQ)

and Lemma 4.6.10 (4.6.11) with the pair (t,u) gets

E°(1r, >0 Ll FY)
EO(1,,,L,|FQ)

(K (t,u,2)] < 1r s

(Kt u, )| < [lA]|oolr, >0

(Kt u, )| < [lh]loclr,>u

All computations are done on the set {7, >t} . We observe too v — ——1——is
]Eo(sz>tLt|]:u )

a positive submartingale. Then for all 7' > t > u, we obtain by Lemma 4.6.10 (4.6.11)
with the pair (¢,7"), Doob’s inequality and {7, > T} C {7, > t},

2 2 2
E° lsup 1 0 ] < 4E° [ ! 0 ] < 4E° [ 1 3 ]
usT BO(17, 50 Ly | o) EO(1,, 5L Fr) E0(1,,>rLr|Fr)

Thanks to Jensen inequality and Lemma 4.6.14 with o = 2 and ¢t = T, it follows that

E° | su L
p 0 < Q.
u<T E0(17I>tLu|‘FU )

Concerning the numerator, E°(1, -, L,|F¥¢) < E°(L,|FY). Since Novikov condition
T
B (e2Jo X))« oo is satisfied then E°(L,|FQ) is a locally square integrable

(P°, F@)-martingale. Once again Doob’s inequality gets

E° (supEO(sz>uLu]F§)> < 0.

u<T
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So finally
E”(Lr,o0 Ll FE)
sup )
u<T E0(171>tLt’fu )

< oo P—a.s. (4.4.3)

_ B> LulFD) _ B> Ll FS)
Let T, (w) = inf{t >0 B L P > n}, and €, = {w B LD <ng¢. On

the set Q,, |K(t,u,z)| < nl|lh||so, Tn(w) > t. Moreover (4.4.3) proves that T,, — oo so
Unn = Q
It follows using (4.4.1) that

d(r,t,z)lg, = 1q, [ /Otg(r,u,x)[((t,u,x)d@u + /Oté_(r,u,x)K(t,u,x)H(h)(t,u)du

i AT, _ ATy, _
__A (xnugmkxau¢wdQu+1A Mr&@xﬂ(@n@xﬂﬂhﬂtuﬁh]

- ¢ _ t N
=1q, —/ lung(S(r,u,x)K(t,u,x)dQu+/ ly<r, 0(r,u, x)K(t,u, x)H(h)(t,u)du].
L Jo 0
Taking A, (r,t,x) = 6(r,t,2)1q,, we obtain

Ay(rt,z) = — /Ot Ay (ru, 2)K(tu, £)dQ, + /Ot Ay (ryu, ) K (t,u, 2)TI(A) (¢, u)du.
(4.4.4)
Then

HMW%@HSmﬂf&M%mMme%ﬂ+EDK&M%@MMMMWWMM2
< 2n[|A)1Z, (1 + [[R]1%) /OtEHAn(Ta u, ) |*]du

By Gronwall’s lemma, we deduce that A,,(r,¢,z) = 0 is the unique solution of (4.4.4)
on the set €, so Vn §(r,t,z)1q, = 0. Uniqueness of solution of (4.3.5) is a consequence

of @ =U,Q,. [ |
Proposition 4.3.7

Proof. Let be a process S € § where the set of processes § is defined in Lemma 4.6.7
and a time ¢. Lemma 4.6.10 applied to Y = ¢(7,)1,, -, which belongs to L>(Q, PY, F¥)
implies

B () L LrSe) = Bl o] + B ([ 0(m) L LuSupa( X))
Conditioning by F¢ under the time integral, it follows that
E°(p(72)Lrss L7 St) =E°[p(70) 1,0, ]+
B ([ SupuB? (Luh(X) L mip(r) | F)du )
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Conversely compute the expectation of the product of Sy = 1 + fg Supud@, by right
hand of (4.3.8) :

RO {St <]E0[90(Tx)1m>t] + /Ot ]EO(Luh(Xu)1Tz>t90(7z)|~7:7?)dQu>} =

t
B () Lr) + B ([ SupuB(Luh(X) L o) F2)

Since S is dense in L?(Q, F9,PP),
o t
EO(SO(Tx)ITz>tLT|~Ft )= EO[@(Tw)lth] +/0 EO[Luh<XU)1Tz>t‘p(Tx)|]:1?]dQu'

Finally we could replace 1,,_,¢(7,) by its F, conditional expectation since F¢ C F,. m
Proposition 4.3.15

Proof. Applying Lemma 4.6.5, it follows that

EO (Lb]-a<'rz<b |"T_;EQ)
E0<1Tz>tLt “EQ>

E(Locr,<b|Gt) = 1,5 (4.4.5)

But, since the condition fj E°(f2(t —u,r — X,)))du < oo is not necessarily satisfied,
we are not able to prove that EO(1,,-,L;|F?) is a semi martingale (e.g. see Protter’s
Theorem 65 Chapter 4 [Prol3]). This leads us to consider for ¢ < 7" < t + 1, the
expression EO(1,, 7 Ly|F?) instead of EO(1,,,L,|F) at denominator of (4.4.5). But
Lemma 4.6.10 of Appendix ensures that

EO(Lb1a<Tz<b‘JT_;€Q) _ E0<Lt1a<7'z<b|ftQ)
EO(1,,rLr|F?)  EO(1,-rLiFR2)

]EO(Lbla<Tx<b |]:tQ)

]EO(]'TZ>TLt|EQ)
two processes satisfying the stochastic equations respectively (4.3.11) and (4.3.14) :

We apply Ito formula to the ratio of processes . For this end, we let

e
X =E"(Lilyer, | F2), Vi = E°(Lor Ly F2) and f(z,y) = ;
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The It6’s formula applied to f(X,Y) from 0 to t gives us

EY(Lylyer, < FP?)  Pla<T, <b)
E°(1,,~7Lr|FP) P(r, > T)

N / E'(Lrou Luh(X)[Gla — ux = Xo) — G —wz = XJIF)
IE30(1790>TL bary
_/tE (Lulocr, <ol F )E (L7, >0 L (X)) G(T — u, 2 — )IfQ)dQu
[E(1 TI>TL |F)]?
+ /t E0<Lu1a<fz<b’F§)[E0( Tz>uLuh(Xu)G(T —u, T — Xu)|]:§)]2du
0 [BO(1, 57 Lo Fif)?

-/ (Lo Lh(X)[Gla — w2 — X,) — G(b -,z — X,)]|F9)

y EO(1,, 5L h(X)G(T — u, v — X,)|FY)
[]EO(IT;,;>TLM|]'§)]2

du.

To achieve the proof, we can 1" = ¢ using monotonous Lebesgue theorem since 1, -1
increases to 1, ~; when T" — t. [

Theorem 4.3.4

Proof.
Let us now find a mixed filtering-integro-differential equation satisfied by the condi-
tional probability density process defined from the representation

b
E(1locr,<b|Gt) = / f(r,t,x)dr for some a > t. (4.4.6)

a

We fix a and t such that a > t. Let be u < t, recalling the (P°, F)— Markov property
of X at point u and the fact that F9 C F justify

EO (Lu1a<rz<b|f1?) = ]EO [Lul‘rz>uE0<1a7u<‘r¢_xu<be|gu)|f§} :

By definition of G , we have
b
E0<1a7u<‘rm_xu<b7u/gu) =Gla—uz—X,) —Gb—uxz—X,) = / flr—u,x— X,)dr.

a

Then

b
EY (Lu1a<m<b“’t§> =E° (Luln«>u/ f(?“ — U — X@d?”‘f‘f) :
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By Tonelli Theorem,

E® (L locr, b FQ) = /b E* (Lulysuf(r — uo — X,)|FS) dr

Similarly
B 1y, LulFE) = B (LylpouGt — v,z — X,)|FT)

In Equation (4.3.16) of Proposition 4.3.15,
E° (Lulocr, ol F2) and E'(1,, 50 Luh(X,)[Gla — u, 2 — X,) = G(b— u,z — X,)]| FQ)

are respectively replaced by
b b
/ E° (Lulmwf(r —u, T — Xu)|]:§> dr and / E (1, 0 Lu (X)) f(r — u, 2 — X)) | F9)dr.

By hypothesis, we have r —u > a —u > 0.
For T'=t, Lemma 4.6.14 of Appendix ensures that

t du
0
E</0 EO(1, oL G(t — u,x — X,)| F& 2><OO'
[ (Tm>u u ( 'LL,.’ﬂ ul u)]

The numerators being bounded by ||A||oo L., We can apply stochastic Fubini’s theorem
to Equation (4.3.16) Proposition 4.3.15, which can be written again as

) /b flryx)dr

HDO

z >
//EO n>uL WX (r =@ = X)) 4 o
‘r >tL |"r )

x

Lu]-TT>Uf —u, 2 — X )[FQ)E (Lr, > u LX) G (t — u, — Xu) | FE)
/ / [Eo(lrm>tLu“FUQ)P
+/ / EY(Ly1r,suf(r —u,z — Xo)|F)E(1r, 5o Luh( X)) G(t — u,z — X)) | FL))?
[EO(1, ¢ Lu| F2))?

IE(]-a<‘rgg<b|gt) =

dQ.dr

dudr

E%(1,, o Luh(X,)G(t—u, v—X,)|F2)

) dudr.
[EO(1r, ¢ Lo | Fu)]?

b rt
- / / EO(Lr, 50 Luh(Xa) f (r—t, 2-X,)| F2)
aJO

To express this result with P conditional expectation instead of P? conditional expec-

tation, each fraction under the integral is multiplied and divided by the same term
E%(1,,+,L,|F?). To manage the indicator function, we use the filtration (G, ¢ > 0)
since 7, is a G—stopping time.
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Therefore, using (4.6.6) in Lemma 4.6.5, on the set {7, > t}, we obtain

b _— —
/a f(r t,z)dr = P> 1) / flr,z)dr +/ / Tr>;:>u f(ru muLqufgngU)dQ“dr

Tl>uh< DGt — ux— X,)[G.)
/ / ) " Gt —uo- Xggp

Tl>uh(Xu)G(t —u,z — X,)|Gu)]
/ / f n ‘rT>uG(t - U, T = X“)|g“)]d dudr

/ / Tz>lb f(T — U, T — u)|gu)E(1T,>uh(Xu)G(t —Uu,r — Xu)|gu) dudr
[E(lr,>uG(t = u,z — Xu)|Gu)]?

which finishes the proof. [ ]

4.5 Conclusion

This paper extends the study of the first passage time for a Lévy process in [KWO03]
from complete to incomplete information and D. Dorobantu’s work in [Dor07] from
intensity to conditional density. Here, we are proving the existence of the density of 7,
law given an information set, giving a stochastic differential integral equation satisfied
by it and some numerical examples. All this gives us a behavior of the default time.
In future works, we will be interested by the same studies in discrete time, in another
kind of information set or under another process modeling the firm value.

4.6 Appendix

Lemma 4.6.1 Let be p and o real numbers and G a Gaussian random variable with
mean zero and variance one, then

2
E( _(M+<7G)2) \/§e‘2<2ﬂ+a2>
e 4 = ——
V2 + o2

Proof. Indeed using the law of G, we have

(uto@)?  (utoy)? 2
E(e u+G ) \/% u+4y e*%dy.

. s \2
Since (1 + oy)? + 2y* = (y\/2 +o02+ \/2“+02> + 2+02, then

2
(ptoG)? _ 1 (y 2+ +\/ 2402 )

E(e‘ z )ze 2<2+”2>/ dy

R \/27r




By change of variable x = yv/2 + 02, it follows that

2 2
E < _(/L+ZG)2) \/56_ 2(21"2) 1 _ ($+\/€+02) d
(& == e i
V2+ 02 JrAr

2
NoPaere)
V2102

Lemma 4.6.2 [f (T;,i € N*) is the sequence of jump time of the process N, then

1 1
E|——=| < — +2\Vt.
(\/t_TNt> \/% \/—
Proof. We have

1
E(—— | =Y E(———1
( /—t — TNt> ’r;) ( /—t — Tn Tn<t<Tn+1>
1
+> E ( o— 1Tn<t<Tn+51>

where S is an exponential random variable with parameter A and independent of T,
which follows a Gamma law with parameters n and \. Therefore

E ! = Z/ L (Qw e M /+oo e Mdvdu
Vi=Tvn, ] o Vi—u(n—1)! t—u

n—1 t
L ey Y du WA

<
WVt S =1 Vt—u \/_
[ |
Lemma 4.6.3 There exists some constants C and C' such that ¥t >0, z > 0,
¢ Iml, A
flt.o) <+—+ 7 + O+ 2\|m|Vt. (4.6.4)

Proof. The function f defined in (4.2.4) satisfies
f(t, ZE) <A+ E(sz>TNt ]F(t — TNt, T — XTNt)),Vt > 0.
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Using the fact that if 7, > T, then z > XTNt, we have
]E(sz>TNt f(t — TN, v — XTNt)) <E (1{1'_XTNt >0}f(t — TN, @ — XTNt)) :

Replacing f by its expression, we obtain

|l‘ - XTNt |

— — _ 2
J(t,2) S AHE (Looxp, >0 (z = Xay, —mlt m»D

exp |—
27T<t — jj]\[t)3 l Q(t - TNt)

[:C - XTNt]JF ((E - XTNt - m(t - TNt>>2
SATE 21 (t — Ty, )3 o [_ 2(t —Th,) D
|:L‘_XTN,5 _m(t_TNt)| ox _(:L‘_XTNt _m(t_TNt))Q
SATE Qﬂ(t—TNt)?) p[ 2(t_TNt) ])
+ |m|E (1) .
27T(t — TNt)

j I*XTN *m(t*TNt)

Let Cy = sup,cg |yle™ ‘T. We apply this bound to y =

1 C (2=Xy —m(t-Ty,))?
f(t, x) < A+ ]m|E - | +E —067 1(-Ty,) .
2n(t — Tn,) (t =Ty, )v/2r

Remark that conditionally to process N and the Y;, the law of the random variable

— X1y, —m(t=Tn,) . . . —mt—S"Nt y; . T
N, t — — @ — N,
‘ z is a Gaussian law with mean eomt—d iy Vi and variance o2 t
\/t—TNt A /t—TNt t_TNt

Applying Lemma 4.6.1 we get the conditional expectation

2
E(e TN N, Y, i=1, N | = Y
V2 + o2

Using the fact that 0% = t*T%tvt = 2+0% = 2::;;&, we obtain since 2 + o2 > ﬁ
Co 1
ft,z) < A+ (Im|+ —=)E .
tm (t - TNt)
The proof is completed with Lemma 4.6.2 . |

The next lemma is inspired of Jeanblanc and Rutkovski [JR00] and Dorobantu [Dor07].
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Lemma 4.6.5 Forallt € Ry, for alla and b such thatt < a < b, for allY € L'(F,,P)

EO(LyY 1, | F2)

E(1r FP) >0, E(Ylier,|G) = 1., '
(15| F) (Ylr,|Ge) >t EO(1,,~¢ Le| F7)

(4.6.6)

For instance with Y = 1,<., <, we get
EO(Lbla<Tz<b|J—_;€Q)
E0<1Tz>tLt“EQ>
Proof. Assume that there exists t such that P(7, > ty) = 0. Then for all ¢ > t,,

P(r, < tg) = 1. It follows that the density function of 7, f, defined in (4.2.4), is the
zero function on [ty, +00[. This means that V¢ € [to, 00|,

]E(la<7'x<b|gt) = 1Tx>t

f(t, .Z') = )\E(lfz>t(1 — Fy)(l’ — Xt)) + E(sz>TNtf(t — TN“ r — XTNt)) =0 P-—a.s.

Then, P(7, <t) =1 implies that E(1,, (1 — Fy)(z — X;)) = 0.

Thus E(171>TNt]F(7f —Tn,,® — X7y, )) = 0. But we have t — Ty, >0 P —a.s and on
the set {7, > Tn,}, = — Xry, > 0. Therefore, f(t —Tn,,x — XTNt) > 0 for all ¢ > .
Hence, we obtain 1;,-7,, = 0,Vt > t; what is not possible. Indeed,

Loty =046= > 127,150 =0
n>0

That means for all n € N,P(T,, <t < Ty, 11,7 > T,,) = 0. In particular, for n =0,
P(Ty > t,7, > 0) = P(7, > 0)P(T} > t) = ™ #£0.
Thus for any ¢, P(r, > t) > 0 and E(1,,-|F?) > 0.

On the set {7, > t}, any G,— measurable random variable coincides with some Fy*—
measurable random variable (cf. Jeanblanc and Rutkovski [JR00] p. 18). Then for all
Y € LY(F,,P), there exists a }'tQ — measurable random variable Z such that

E(1,,-Y|G) = 1,217
Taking the conditional expectation with respect to ftQ , we get
E(1,,-.Y|F2) = ZE(r, > t|F2).

This implies that

E(Y L, | F)

E(Ly,5:|F?)

Using Kallianpur-Striebel formula (see Pardoux [Par91]) and EO(L,|F2) = L, we ob-
tain

E(lm>tY’gt> =1: 5

EO(Lyl,, Y | F2)
EO(1,, 5 L] i)

E(Yl‘rz>t ’gt) =1,
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The following is in [Cou96].

Lemma 4.6.7 The family of F¢ adapted processes
. 1 /t
S = {S, = exp </ PsdQs — 5/ pids) ,pE L2([0,T],R)}
0 0

is total in the set of processes taking their values in L?*(€, ]:tQ, PY).

Let us denote by FW, (resp. F¥ and F¥) the completed, right continuous filtration
generated by W, (resp. N or X)

Lemma 4.6.8 Let {U;,t > 0} be an FV @ FN—progressively measurable process such
that for all t > 0, we have

t
E [/ des} < +o00.
0

Then .
E° [/ U,dQ.|FY @ ]-“tN] — 0. (4.6.9)
0

Proof. As in Lemma 4.6.7, the family of processes
R={r=¢| [aw.s [ [ (@@ - )Fasin)| € 20.7LR). 5 € 1207 < AR}
0 0o JA

is total in the set of processes taking their values in L?(Q, FV @ FN,P°), where N is
the compensated Poisson random measure on R x R and A~C R is a Borel set.
Therefore, since 1y = 1 + [i roy,dWs + [ [4rs_(eP~@ — 1)N(dsdz), by 1td’s formula,
we have

t
o <rtIE0 { /0 U,dQ,|FV @ END

t
EO {rt/ UsdQs}
0
t
Eﬂ/m4w¢<mQ>4
0

t ~
+E [/ US/ATS_(%@ —Dd<N,Q >S] 0.
0

The equality is obtained from the fact that under P°, < Q,W >=< Q,N >= 0 by
independence. L]

Lemma 4.6.10 Let be a process S € S such that for anyt S; = exp (f(f PsdQs — %fot pids) ,
p€ L*([0,t],R). Let Y € L>=(Q, P, FX) and T > t, then

E°(Y LyS,) = E°(Y) + E° ( /0 t EO(Y/]:U)SupuLuh(Xu)du)
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and
E(Y Lp|F2) = EOY L FR) ; ENY Lp|F,) = EX(Y L) F)). (4.6.11)

For instance

E°(1,,57Lr|Fy) = E'(1,, 0 Li| ).
Proof. Let be S = [; SupudQ, € S, t < T and let us define the process K

K =1 +/' S pudQy.
0

The integration by parts It6 formula applied to the product L K between 0 and T
yields

T T T
LKy —1+ / LuSupudQ, + / Lyt Ky Luah(X,)dQ, + / Luct Sy Lupuh(Xy)du
0 0 0

and remark that Ly Ky = Lp.S;.
Since X and @ are independent under P°, we use Lemma 4.6.8 and it follows

E(Y LrS;) = E°(Y) + E° ( /0 " EO(Y/]-"U)SupuLuh(Xu)du>
— EO(Y) + E° ( / t YSupuLuh(Xu)du> . (4.6.12)

Similarly, using first E°[Y'L,S;] = E°[E°(Y/F,)L,S;], 1t0’s formula on product of pro-
cesses E°(Y/F)L.S and the independence between X and @ under P° yields

E°(Y L,S;) = E(Y) + E° ( /O t YSupuLuh(Xu)du) (4.6.13)

Equations (4.6.12) and (4.6.13) imply that

E°(Y Ly|F2) = EO(Y Ly| F2).

Now let be f;(X) € L>*(92,PY, FX) and apply the above equality to Y f;(X) :
E°(Y fi(X)Lr|F?) = EX(Y fi(X)Lo| F)

E°(Y fi(X)LpSy) = E°(Y fi(X)L4Sy)

which concludes the proof. [ ]
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Lemma 4.6.14 For all T > t, Va > 0, E0(1{71>T}LT\.7-}Q) > 0 almost surely and

(a

EO([EO(l i 79 >§P°<TI>T>%“ Y
{re>TY T | S ) |

Proof. The process (EO(I{TPT}LT]EQ), t <T) is a positive F¢ (upper ) martingale,
which converges to the non null random variable E0(1{71>T}LT|]:7€2 ) (see Lemma 4.6.5)
then it never vanishes.

From Corollary 4.3.12 (i), the process M = (E(1¢,, oy Ly|Ff?), t <T)is a (P, F9)
martingale with decomposition

t
E (14,1 Lel FR) = P(r, > T) + /0 E® (Lro1y Luh(X,)| FE) dQu.

Let R, = inf{t > 0, E° (1{TZ>T}LT|]-}Q> < 1}, using It6’s formula for z — 2~ between
0 and ¢t A R,, and taking the expectation we derive

—« 1 tAR, EO 1 . Luh Xu ]:Q 2
0 [E0 (1omy 1l ) ] = > e 4 20 D | [ E (e o)1)
0 EO (1{7—1.>T}Lu|]:7?)

—a  ala+1 ¢ —a
<P > 1 SO, 6 |60 (1o 178, )
0
Using Gronwall’s Lemma

1
Lot a2,

1
E0< - o a) <P7, >T) “
E (1{Tm>T}LT|ft/\Rn)

The proof of Lemma 4.6.14 is achieved by letting n going to infinity. ]
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Annexe

Schémas numériques

1) Code source pour la densité f

clear ;clc;
dt=0.01;t=1;p=0.5;etal1=1/0.02;eta2=1/0.03;1lambda=0.1;
ml=—1.5;nb=5000;x=0.1;m2=1.5;

// mouvement brownien

dWw=grand (t/dt ,nb, 'nor ' ,0,sqrt (dt));

W=[zeros (1,nb);cumsum(dW, 'r")];

//plot2d ((0:dt:t) 'sxones(1,nb) W);

//processus de comptage et les temps de sauts
Nt=grand (1,nb, 'poi',tx*lambda);

N=max (Nt ) ;

tt=rand (N,nb) ;

for j=l:nb, T(:,j)= gsort(t*xtt(:,3),'g",'i');
end

T=floor ((1/dt)=T);

for j=1:nb, for i=Nt(j)+1:N, T(i,j)=0;

end

end

stacksize ("max”)

R1=T;

for j=1l:nb, for i=Nt(j)+1:N, R1(i,j)=max(T(:,j));
end

end

stacksize ("max”)
R=zeros(t/dt+1,nb);
for j=1:nb, for i=1:N,for k=1:t/dt+1, if k>R1(i,j) then...
R(K,3)=dt+R1(1,]);
end
end
end
end
S=zeros (t/dt+1,nb);
for j=l:nb, S(:,j)=[0:dt:t]";
end
// Les sauts
e=grand (N,nb, 'bin',1,p);
U=grand (N,nb, 'exp',1/etal);
V=grand (N,nb, 'exp',1/eta2);
Y=e.xU+(1l—e).xV;
for j=1:nb, for i=Nt(j)+1:N, Y(i,j)=0;
end
end
Z=zeros (t/dt ,nb);
for j=l:nb, for i=1:N, if T(i,j) =0 then Z(T(i,j),3j)=Y(i,j);
end
end
end
//plot2d2 (S,Y);
Z=[zeros (1,nb);cumsum(Z, 'r')];
// Le drift
mit=(mlxdt).*ones(t/dt,nb);
mit=[zeros (1,nb);cumsum(mit, 'r"')];
X1t=mit4WiZ;
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//plot2d ((0:dt:t) 'sxones(1,nb) ,X1t);

// le processus en TNt

for j=1:nb, for i=1:t/dt, WINt(i,j)=grand (1,1, 'nor',0,sqrt(R(i+1,j)—R(i,j)));
end

end

WINt=[zeros (1,nb);cumsum(WINt, 'r')];

for i=1:t/dt, for j=1:nb, mi1TNt(i,j)=mi*(R(i+1,j)-R(i,j));
end

end

m1TNt=[zeros (1,nb);cumsum(miTNt, 'r')];

X1TNt=m1TNt+WTNt+Z;

//plot2d ((0:dt:t) 'xones(1,nb) ,X1TNt) ;

//

gl=exp(—(x—X1t)./etal);

for i=1:nb,11t (:,i)=max(X1t (:,1i));

end

for i=1:nb,G1(:,1i)=(11t (:,i)<x).*xgl(:,1i);

end

stacksize ("max”)

Gi=(lambda\p).*mean(Gl, 'c');

//plot2d ((0:dt:t)',G1);

//

for i=1:nb,L1t (:,i)=max(X1TNt (:,1i));

end

for i=1:t/dt+1, for j=1l:nb, Hd(i,j)=(2x%pi)*(S(i,j)-R(i,j)) " 3;
end

end
Hd=sqrt (Hd);

//
Hin=abs (x—X1TNt);
for j=1l:nb,for i=1:t/dt+1,
if S(i,j) =R(i,j) then Ha(i,j)=Hin(i,j)/Hd(i,j); else H11(i,j)=0;
end
end
end
//
Hed=2x(S—R);
for i=1:nb,Hlen(:,i)=x—X1TNt (:,i)-mlxHed(:,1i);
end
Hien=(Hlen."2)./2;
for j=1l:nb, for i=1:t/dt-+1,
if S(i,j) =R(i,j) then Hae(i,j)=Hlen(i,j)/Hed(i,j);
else H12(i,j)=0;

end

end
end
Hi=Ha.*xexp(—Hae);
for i=1:nb,H1(:,i)=(L1t (:,i)<x).*H1(:,1i);
end
Hi=mean(H1, 'c');
£1=G1+H1;
//

//
// Le drift

m2t=(m2xdt).*ones(t/dt,nb);
m2t=[zeros (1,nb) ;cumsum(m2t, 'r')];
X2t=m2t4W+Z;

//

for j=l:nb, for i=1:t/dt, m2TNt(i,j)=m2*(R(i+1,j)—R(i,j));
end

end

m2TNt=[zeros (1,nb) ;cumsum (m2TNt, 'r ') |;
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X2TNt=m2TNt+WINt+Z;
//
g2=exp(—(x—X2t)./etal);
for i=1:nb,12t (:,i)=max(X2t (:,1i));
end
for i=1:nb,G2(:,i)=(12t(:,1)<x).*xg2(:,i);
end
stacksize ("max”)
G2=(lambda\p).*mean(G2, 'c');
//
for i=1:nb,L2t (:,i)=max(X2TNt (:,1i));
end
//
H2n=abs (x—X2TNt ) ;
for j=1l:nb,for i=1:t/dt+1,

if s(i,j) =R(i,j) then Hb(i,j)=H2n(i,j)/Hd(i,j); else Hb(i,j)=0;

end
end
end
//
for i=1:nb,H2en(:,i)=x—X2TNt (:,i)-m2+Hed (:,1i);
end

H2en=(H2en."2) ./2;

for j=1l:nb, for i=1:t/dt-+1,
if S(i,j) =R(i,j) then Hbe(i,j)=H2en(i,j)/Hed(i,j); else Hbe(i,j)=O0;
end

end

end

H2=HDb .* exp(—Hbe) ;

for i=1:nb,H2(:,i)=(L1t (:,1i)<x).*xH2(:,i);

end

H2=mean (H2, 'c');

//plot2d ((0:dt:t) ', H2);

£2=G2+H2;

subplot (121) ;

plot2d ((0:dt:t) ,f1);

xtitle ("f(.,x):Densit\'e avec dAlrive m=—1.57, "t” 7 f”)

subplot (122) ;

plot2d ((0:dt:t) ,£2);

xtitle ('f(.,x):Densit\'e avec dAlrive m=1.5','t','f")

timer ()

2) Code source pour la densité f

clear ;clc;stacksize ("max”)
//Nos donn\'ees et param) etres
h=0.01;s=0.6;t=0.1;p=0.5;etal=1/0.02;eta2=1/0.03;1lambda=0.1;
ml=1;nb=122;x=0.1;m2=—1;
//processus de comptage
Nst=grand (1,nb, 'poi',(s—t)*lambda); // d\'etermine les nombres de sauts
//les instants de sauts
N=max (Nst ) ;
sstt=rand (N,nb) ;
for j=l:nb, ST(:,j)= gsort((s—t)*sstt(:,j),'g','i');
end
ST=floor ((1/h)*ST);
for j=1:nb, for i=(Nst(j)+1):N, ST(i,j)=0;
end
end
stacksize ("max”)
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R1=ST;
for j=1:nb, for i=Nst(j)-+1:N, R1(i,j)=max(ST(:,j));

end
end
stacksize ("max”
R=zeros ((s—t)/h+1,nb);
for j=1:nb, for i=1:N,for k=1:(s—t)/h+1, if k>R1(i,j) then...

R(k,3)=h+R1(1,3);
end
end

end

end

//Subdivision dde 1'intervalle d'\'evolution du processus
S=zeros ((s—t)/h+1,nb);

for j=limb, §(:,3)=[0:n:(s—5)]"s //

end

// Les sauts

e=grand (N,nb, 'bin',1,p);

U=grand (N,nb, 'exp',1/etal);

V=grand (N,nb, 'exp',1/eta2);

Y=e.xU+(l—e).xV;

for j=1:nb, for i=Nst(j)+1:N, Y(i,j)=0;
end

end

//Le processus de Poisson compos)'e
Z=zeros ((s—t)/h,nb);
for j=l:nb, for i=1:N, if ST(i,j) =0 then Z(ST(i,j),j)=Y(i,]);
end
end
end
Z=[zeros (1,nb);cumsum(Z, 'r"')];

// Mouvement brownien
dWst=grand ((s—t)/h,nb, 'nor',0,sqrt(h));
Wst=[zeros (1,nb);cumsum(dWst, 'r')];

// Le premier drift
dmist=(m1xh).*xones((s—t)/h,nb);
mist=[zeros (1,nb);cumsum(dmist, 'r"')];

//Le premier processus de L\'evy
X1st=mlst+Wst+Z;

// Deuxi\ eme drift
dm2st=(m2xh) .*xones ((s—t)/h,nb);
m2st=[zeros (1,nb);cumsum(dm2st, 'r ') ];

//Deuxieme processus de L\'evy
X2st=m2st+Wst+Z;

//plot2d ((0:h:s—t) 'xones (1,nb) ,X1st)
//
//

//Processus de comptage entre 0 et t
Nt=grand (1,nb, 'poi',tx*lambda); // d\'etermine le nombre de sauts entre 0 et t

//Les instants de sauts entre 0 et t
Ni=max (Nt ) ;
tt=rand (N1,nb);
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for j=l:nb, T(:,j)= gsort(t*xtt(:,3),'gs',"'i');
end
T=floor ((1/h)*T);
for j=l:nb, if i>Nt(j) then T(i,j)=0;
end
end
// Les sauts de processus de Poisson entre 0 et t
el=grand (N1 ,nb, 'bin' 1 ,p);
Ul=grand (N1 ,nb, 'exp',1/etal);
Vi=grand (N1 ,nb, 'exp',1/eta2);
Yi=el .%Ul+4(1—el) .*V1;
for j=1:nb, for i=Nt(j)+1:N1, Y1(i,j)=0;
end
end

//Le processus de Poisson composAl entre 0 et t
stacksize ("max”
Zi=zeros (t/h,nb);
for j=1:nb, for i=1:N1, if T(i,j) =0 then Z1(T(i,j),j)=Y1(i,]);
end
end
end
Zi=[zeros (1,nb);cumsum(Z1l, 'r"')];

dWt=grand (t/h,nb, 'nor',0,sqr

// Mouvement brownien jusqu 'A
t
Wt=[zeros (1,nb);cumsum(dwt, 'r

it
(h));
91

// premier drift entre 0 et t
dmit=(ml*h).*ones(t/h,nb);
mit=[zeros (1,nb);cumsum(dmit, 'r')];

// deuxieme drift entre 0 et t
dm2t=(m2*h) .*ones(t/h,nb);
m2t=[zeros (1,nb) ;cumsum(dm2t, 'r ") |;

//Les deux processus de Poisson entre 0 et t
X1t=mlt+Wt+Z1;

X2t=m2t+Wt+Z1;

//plot2d ((0:h:t) 'sones(1,nb) ,X1t);

/1
/!

stacksize ("max”
W=ones ((s—t)/h+1,nb); //matrice unitaire
for j=1:nb,11st (:,j)=max(X1st (:,j)).*W(:,]);

end

for i=1:t/h+1, for j=1l:nb, List (:,:,i,j)=l1ist;
end

end

stacksize ("max”

for i=1:t/h+1, for j=1l:nb, IH1st (:,:,i,j)=List(:,:,i,]j)<(x—X1t(i,j)).*W;
end

end

for i=1:t/h+1, for j=1l:nb, al(:,:,i,j)=x—X1t(i,j)—X1lst;

end

end

glst=(p/lambda).*exp(—al./etal);

Glast=glst.x IHlst;

for i=1:t/h+1, for j=1:nb,Glst(:,:,i,j)=mean(Glast (:,:,i,j),'c');
end

end

//
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//

stacksize ("max”)
for j=1:nb,12st (:,j)=max(X2st (:,j)).*xW(:,j);end

for i=1:t/h+1, for j=1:nb, L2st (:,:,i,j)=12st;end

end

for i=1:t/h+1, for j=1:nb, IH2st (:,:,i,j)=L2st (:,:,i,j)<(x—X2t(i,j)).*W;
end

end

for i=1:t/h+1, for j=1l:nb, a2(:,:,i,j)=x—X2t(i,j)—X2st;end

end

g2st=(p/lambda).xexp(—a2./etal);

G2ast=g2st.x IH2st;

for i=1:t/h+1, for j=1:nb,G2st (:,:,i,j)=mean(G2ast (:,:,i,j),'c');end
end

//
//

stacksize ("max”)
for j=l:nb, for i=1:(s—t)/h, dWINst(i,j)=grand (1,1, 'nor',0,sqrt(R(i+1,j)—R(1i,3)));
end
end
WTNst=[zeros (1,nb) ;cumsum(dWTNst, 'r ') |;
for i=1:(s—t)/h, for j=1l:nb, dmi1TNst(i,j)=mi*(R(i+1,j)-R(i,j));
end
end
miTNst=[zeros (1,nb) ;cumsum(dmiTNst, 'r')];
X1TNst=m1TNst4+WTNst+Z;
for i=1:(s—t)/h, for j=1:nb, dm2TNst(i,j)=m2+(R(i+1,j)—R(i,j));
end
end
m2TNst=[zeros (1,nb) ;cumsum(dm2TNst , 'r ') |;
X2TNst=m2TNst4+WTNst+Z;
//
//

stacksize ("max”)
for j=1:nb,11Nst (:,j)=max(X1TNst (:,3)) . .*W(:,]j);

end

for i=1:t/h+1, for j=1:nb, LiNst (:,:,i,j)=11Nst;end

end

for i=1:t/h+1, for j=1l:nb, IH1INst (:,:,i,j)=LiNst (:,:,i,]j)<(x—X1t(i,j)).xW;
end

end

//

stacksize ("max”)

for j=1:nb,12Nst (:,j)=max(X2TNst (:,3)).*W(:,]);

end

for i=1:t/h+1, for j=1l:nb, L2Nst (:,:,i,j)=12Nst;end

end

for i=1:t/h+1, for j=1:nb, IH2Nst (:,:,i,j)=L2Nst (:,:,1i,]j)<(x—X2t(i,j)).xW;
end

end

//
//
Dale=2.%(S—-R);
for i=1:(s—t)/h+1,for j=1l:nb, if Dale(i,j)==0 then Dile(i,j)=0;
else Die(i,j)=1/Dale(i,j);
end
end
end
for i=1:t/h+1,for j=1:nb,De(:,:,i,j)=Dle;
end

end
Dal=sqrt ((2x%pi).*(S—R)."3);
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for i=1:(s—t)/h+1,for j=1l:nb, if Dal(i,j)==0 then D1(i,j)=0;
else D1(i,j)=1/Dal(i,j);

end
end

end

for i=1:t/h+1,for j=1:nb,D(:,:,i,j)=D1;
end

end

stacksize ("max”)

for i=1:t/h+1, for j=1l:nb, N1TNst (:,:,i,j)=abs(x—X1t(i,j)—X1TNst);
end

end

for i=1:t/h+1,for j=1l:nb, N1leTNst (:,:,i,j)=(x—X1t(i,j)—X1TNst-ml1.*(S—R))."2;

end

end

//

stacksize ("max”

f1st=N1TNst .*D;

stacksize ("max”)

Filst=exp(—N1eTNst.*De);

//

stacksize (7max”)

ftildlst=flst.*xFlst;

stacksize ("max”)

zetalast=IHINst.xftildlst;

stacksize ("max”)

for i=1:t/h+1, for j=1l:nb,zetalst (:,:,i,j)=mean(zetalast (:,:,i,j),'c');
end

end

gammalst=Glstt+zetalst;

//

for i=1:t/h+1,for j=1:nb, N2TNst (:,:,i,j)=abs(x—X2t(i,j)—X2TNst);
end

end
for i=1:t/h+1,for j=1:nb,N2eTNst (:,:,i,j)=(x—X2t(i,j)—X2TNst-m2.%(S—R))."2;
end ,

stacksize ("max”)
f2st=N2TNst .*D;
stacksize ("max”)
F2est=N2eTNst .*De;
F2st=exp(—F2est);
//
//

ftild2st=f2st.*xF2st;
stacksize ("max”
zeta2ast=IH2Nst.xftild2st;
stacksize ("max”)

for i=1:t/h+1, for j=1l:nb,zeta2st (:,:,i,j)=mean(zeta2ast (:,:,i,j),'c');
end

end

//

//

stacksize (“max”)
gamma2st=G2st+zetalst;

dQ=grand (t/h,nb, 'nor',0,sqrt (h
Q=[zeros (1,nb);cumsum(dQ, 'r') ]

?);
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for j=1:nb, SinQ1(1,j)=0; end
for j=1l:nb, for i=1:t/h, SinQ1(i+1,j)=SinQ1(i,j)+sin (X1t (i,j)).*x(Q(i+1,7)—-Q(i,]j));
end

for j=1:nb, SinQ2(1,j)=0; end
for j=1:nb, for i=1:t/h, SinQ2(i+1,j)=SinQ2(i,j)+sin (X2t (i,j)).*x(Q(i+1,j)—-Q(i,]));
end

stacksize ("max”);

for j=1:nb, S8inQ21(1,j)=0; end

for j=1:nb, for i=1:t/h, SinQ21(i+1,j)=SinQ21(i,j)+h.x(sin(X1t(i,j))) " "2;
end

end

for j=1:nb, SinQ22(1,j)=0; end

for j=1l:nb, for i=1:t/h, SinQ22(i+1,j)=SinQ22(i,j)+h.x(sin(X2t(i,j))) " 2;
end

end

//

Lit=exp(SinQ1 —(1/2).%SinQ21);

L2t=exp (SinQ2 —(1/2).%xSinQ22);

//

//

for j=1l:nb, iH1(:,j)=max(X1t (:,j))<x;end

for j=1:nb, iH2(:,j)=max(X2t (:,j))<x;end

for j=l:nb,pil(:,j)=iH1(:,j).*xL1t(:,j);end

for j=1l:nb,pi2(:,j)=iH2(:,j).*xL2t (:,j);end

for i=t/h+1,for j=1:nb,iHL1t (:,:,i,j)=pil(i,j).*W(:,j); end
end
for i=t/h+1,for j=1:nb,iHL2t (:,:,i,j)=pi2(i,j).*W(:,j); end
end

Pil=mean(pil, 'c');
Pi2=mean (pi2, 'c');

stacksize ("max”)
for i=t/h+1, for j=1:nb Gammalst (:,:,i,j)=pil(i,j).*gammalst (:,:,i,j);
end
end
for i=t/h+1, for j=1:nb Gamma2st (:,:,i,j)=pi2(i,j).*gamma2st (:,:,i,]);
end

end

for i=t/h+1, for j=1:nb, Gammal (:,:,i,j)=Gammalst (:,:,i,j)./Pi1(i,1);
end

end

for i=t/h+1, for j=1:nb, Gamma2 (:,:,i,j)=Gamma2st (:,:,i,j)./Pi2(i,1);
end

end

//

stacksize ("max”)

Vi=matrix (Gammal ,((s—t)/h+1)*(t/h+1),nb);

barVi=mean(V1l, 'c');

V2=matrix (Gamma2 ,((s—t)/h+1)*(t/h+1),nb);

barV2=mean(V2, 'c');

barfi=sum(matrix (barV1l,(s—t)/h+1,t/h+1),'c');

barf2=sum(matrix (barV2,(s—t)/h+1,t/h+1),'c');

/1

subplot (121)

plot2d ((0:h:s—t) ,barf2)
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xtitle ('f(.,t,x):Densit\'e conditionnelle avec d\'erive m=1','r—t','f")
subplot (122)

plot2d ((0:h:s—t) ,barfl)
xtitle('f(.,t,x): Densit\'e conditionnelle avec d\'erive m=1','r—t','f")

timer ()
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Abstract

In this Ph.D thesis, we consider a jump-diffusion process which the diffusion part is
a drifted Brownian motion and the jump part is a compound Poisson process. We
assume that a firm value is modelling by a stochastic process V' = Vjexp —X. This
firm goes to default whenever its value is below a specified threshold b which is exo-
genously determined. For z = In(V5) — In(b) > 0, the default time is of the form
7, =inf{t > 0: X; > z}.

First, we suppose that agents observe perfectly the firm value. In this model, we sho-
wed in chapter 2 that the density of the default time is continuous, then study the
joint law of the default time, overshoot an undershoot. We obtained in chapter 3 a
valued measure differential equation which the solution is the quadruplet formed by
the random variable X, the running supremum X; of X at time ¢, the supremum of
X at the last jump time before ¢ and the last jump time before ¢.

Secondly, we assume that investors wishing detain a part of the firm can not observe
the firm value. They observe a noisy value of the firm and their information is model-
ling by the filtration G = (G;,t > 0) generated by their observation. In this model, we
have shown that the conditional density of 7, with respect to G has a density which is
solution of one stochastic integral-differential equation The knowledge of this density

allows investors to predict the default time after time ¢. This second part is the chapter
4.

Keywords : Lévy processes, default time, Partial differential equation, Filtering theory,
Complete observation, incomplete observation.
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Résumé

Dans nos travaux, nous avons considéré un processus de Lévy X avec une composante
brownienne non nulle et dont la partie a sauts est un processus de Poisson composé.
Nous avons supposé que la valeur d’'une entreprise est modélisée par un processus
stochastique de la forme V' = Vjexp —X et que cette entreprise est mise a défaut
des lors que sa valeur passe sous un certain seuil b déterminé de fagon exogene et qui
donc, est une donnée du probleme. L’instant de défaut 7 est alors de la forme 7, pour
z=1In(Vy) —In((b) o x >0, 7, =inf{t >0:X; >z}

Dans un premier temps, nous supposons que des agents observant la valeur V' des ac-
tifs de la firme souhaitent connaitre le comportement de 'instant de défaut. Dans ce
modele, au chapitre 2, nous avons étudié d'une part la régularité de la densité de la
loi de l'instant de défaut. D’autre part, nous avons étudié la loi conjointe de I'instant
de défaut, de l'overshoot et de 'undershoot. Au chapitre 3, nous avons obtenu une
équation a valeurs mesures dont le quadriplet formé par la variable aléatoire X, le su-
premum du processus X a l'instant ¢, le supremum du processus X au dernier instant
de saut avant l'instant ¢ et le dernier instant de saut a l'instant ¢ est solution au sens
faible, puis une équation dont ce quadriplet est une solution forte. Dans un second
temps, au chapitre 4, nous avons supposé que des investisseurs souhaitant détenir une
part de cette entreprise ne disposent pas de I'information compleéte. Ils n’observent pas
la valeur des actifs de la firme V, mais sa valeur bruitée. Leur information est modélisée
par la filtration G = (G;,t > 0) engendrée par cette observation. Dans ce modele, nous
avons montré que la loi conditionnelle de I'instant de défaut sachant la tribu G; admet
une densité par rapport a la mesure de Lebesgue et obtenu une équation de Volttera
dont cette densité est solution. Cette connaissance permet aux investisseurs de prévoir
au vu de leur information, quand est-ce que l'instant de défaut va intervenir apres
I'instant ¢. Nous avons complété ce travail par des simulations numériques.

Mots clés : Processus de Lévy, Instant de défaut, Equations aux dérivées partielles,
Théorie du filtrage, Observation compléte, Observation incompleéte.
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