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Introduction

Dans la présente these nous étudions différents aspects, variantes et cas particuliers
du probleme de Dirichlet-Neumann inverse et du probleme de diffusion inverse pour
I’équation de Helmholtz jauge-covariante motivés par des applications. La these est
basée sur sept articles qui peuvent étre divisés sur trois groupes selon la motivation
pratique.

Les articles du premier groupe sont motivés par le probleme de tomographie acous-
tique d’un fluide en écoulement. Dans les travaux I, II nous étudions les questions de
I'unicité et dans les travaux III, IV, V nous développons un algorithme de reconstruc-
tion :

I. Agaltsov A. D., A global uniqueness result for acoustic tomography of moving
fluid, Bulletin des Sciences Mathématiques 139 (8), 2015, 937-942

II. Agaltsov A. D., Novikov R. G., Uniqueness and non-uniqueness in acoustic
tomography of moving fluid, Journal of Inverse and Ill-Posed Problems 24 (3),
2016, 333-340

II1. Agaltsov A. D., Finding scattering data for a time-harmonic wave equation with

first order perturbation from the Dirichlet-to-Neumann map, Journal of Inverse
and Ill-Posed Problems 23 (6), 2015, 627-645

IV. Agaltsov A. D., Novikov R. G., Riemann-Hilbert problem approach for two-
dimensional flow inverse scattering, Journal of Mathematical Physics 55 (10),
2014, id103502

V. Agaltsov A. D., On the reconstruction of parameters of a moving fluid from the
Dirichlet-to-Neumann map, Eurasian Journal of Mathematical and Computer
Applications 4 (1), 2016, 4-11

Le deuxieme groupe a pour motivation la tomographie utilisant des particules

élémentaires. D’un point de vue mathématique il s’agit de la généralisation du probleme

de diffusion inverse classique au cas ou seulement le module de I'amplitude de diffusion
est connu (il n'y a pas d’information de phase) :

VI. Agaltsov A. D., Novikov R. G., Error estimates for phaseless inverse scatte-
ring in the Born approximation at high energies, a paraitre dans Journal of
Geometric Analysis, arxiv.org/abs/1604.06555
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Le troisieme groupe est motivé par la tomographie d’impédance électrique. D’un
point de vue mathématique, il s’agit du probleme de Dirichlet-Neumann inverse dans
le cas ou la géometrie est non-triviale (le probleme de Calderén) :

VII. Agaltsov A. D., Henkin G. M., Ezplicit Reconstruction of Riemann Surface with
Given Boundary in Complex Projective Space, Journal of Geometric Analysis
25 (4), 2015, 2450-2473

1 Problemes inverses pour I’équation de Helmholtz
jauge-covariante

1.1 L’opérateur de Helmholtz jauge-covariant

Plusieurs modeles de la physique mathématique sont formulés sous forme d’équation
aux dérivées partielles sur une certaine variété a bord. Les coefficients de cette équation
décrivent certaines caractéristiques d’'un phénomene naturel. Les problemes inverses
a valeurs au bord consistent en la détermination de ces coefficients (et, peut-étre, de
la variété qui est supposée inconnue) a partir des données au bord, qui correspondent
aux quantités mesurables.

Dans la présente these, nous nous intéressons aux problemes inverses pour ’'opérateur
de Helmholtz jauge-covariant. Dans le cas euclidien cet opérateur a deux formes
équivalentes :

d
Lay=—A— 212%1]-(3:)8% +V(z),
j=1

) (1)
EAjQ = — Z(% + ZA]([E))Q + Q([E),

j=1

ou z = (x1,...,24) € D, A est 'opérateur de Laplace euclidien, A = (Ay,..., Ay),
A;, V., Q sont des fonctions assez régulieres dans D a valeurs dans M,,(C), n > 1, et
D est un domaine ouvert dans R?, d > 2. Notons que

d d
Lav=>~Lag pourQ:V%—iZ%Aj—ZA?- (2)

J=1 Jj=1

L’opérateur L,y survient, en particulier, dans la mécanique des fluides :

1. L’équation L4y = 0 avec n = 1 modélise la pression acoustique harmonique
en temps p(x,t) = Re(y(z)e ") dans un fluide en écoulement. Dans ce cadre,

A=y i%2 V=9 4 0% (3)



ou ¢ = ¢(x) désigne la célérité du son, v = v(z) est la vitesse du fluide, p = p(x)
est la densité et a,, = oy, () décrit I'absorption a la fréquence w. Cette équation
dans sa forme générale a été récemment élaborée par A. S. Shurup et O. D.
Rumyantseva de l'université de Moscou (article soumis & Acoustical Physics).
Pour les cas particuliers, voir, e.g., [1T6], 118 [71, 24].

2. L’équation Layy = 0 avec n > 2, d = 2, survient, en particulier, dans
le cadre de tomographie acoustique océanique comme 1’équation d’onde en
représentation modale pour la pression acoustique dans un fluide en écoulement
dans un domaine cylindrique trois-dimensionnel, voir [15] et [I10, Séction 2].

De plus, I'opérateur L4 ¢ apparait souvent dans le cadre de la mécanique quantique :

1. Dans le cas ou A; et ) sont des fonctions scalaires réelles 'opérateur L4 ¢
survient comme le Hamiltonien d’une particule quantique non relativiste sans
spin de charge et masse unitaire dans un champ électromagnétique, voir [50,
chapitre 21-1]. Dans ce cadre, A est le potentiel magnétique et @ est le potentiel
électrique.

2. Sin=2,d= 3 et les matrices A, Ay, A3 sont des multiples scalaires réels des
matrices de Pauli et () est une matrice scalaire réelle, 'opérateur £ 4 ¢ apparait
dans ’équation de Pauli-Schrodinger pour un électron non relativiste dans un
champ électromagnétique. Cette équation remonte a [114].

3. De maniere plus générale, si A;, ..., Ay sont des matrices hermitiennes de
trace nulle et () est une matrice scalaire réelle, 'opérateur survient comme
le Hamiltonien d’une particule dans un champ de Yang-Mills externe, voir [122].

Notons également que l'équation Lyyu = 0 avec A = %Vln o, V. =0, décrit le
potentiel électrique u dans un domain conducteur de conductivité isotrope o = o(z) >
0. Des problemes inverses a valeurs au bord pour cet opérateur surviennent dans le
cadre de tomographie d’'impédance éléctrique et ont une longue histoire, voir, e.g.,
[133, 25, 103, 137, [13] 80]. De plus notons que la substitution de jauge 9 = o3 u mene
a 'équation —Ay) 4+ v =0, ot v = —o72 Ao,

En outre, l'opérateur L,y apparait dans un modele qui décrive le plasma en
équilibre thermique [34] et dans les autres modeles stationnaires de type advection-
diffusion dans un milieu mobile, voir, e.g. [I15].

1.2 Probléme de Dirichlet-Neumann inverse

Soit D € R%, d > 2, un domaine borné au bord 9D assez lisse. Nous considérons
le probleme de Dirichlet

{L avth = B dans D, @

w’aD = fa



ou f est une fonction donnée sur 0D, E € [0, +00) \ &4, et

&a,y désigne 'ensemble des E' > 0 tels que le probleme

admet une solution unique pour tout f assez régulier,

(5)

dans le sens approprié qui sera précisé ci-dessous. Il est connu, en particulier, que dans
le cas scalaire auto-adjoint I'ensemble €4y est discret, voir [54, Théoreme 8.37].
L’opérateur de Dirichlet-Neumann A4y est défini comme suit :

d
Aavf= Z uj(% -+ iAJ)wlaD’ ol ¢ est la solution de (), (6)
j=1
et v = (vy,...,1y) désigne le champ des vecteurs unitaires normaux (extérieurs) a dD.

Notons que l'opérateur A4y peut étre idéntifié avec son noyau intégral (au sens de
Schwartz) Aav(z,y, E), z, y € 0D :

(Aav D@ = [ MavlaB) ) dy. o€ oD, @
L’opérateur A4y est considéré comme une donnée mesurable a partir de laquelle il
faut déterminer les coefficients A, V' dans D.

Ce probleme n’a jamais de solution unique. Plus précisément, en conjuguant I'opérateur
Lay par une fonction g assez lisse dans D & valeurs dans GL,(C), on obtient un
opérateur Ly de méme forme :

gLavg™ = Lay,
A;:gAjg’l—l—z'g—fjg’l, j=1,...,d, (8)
Q =9Qg~', ouV, V' sont liés & Q, Q par (2).

Il s’avere que les opérateurs A4y et Ay v sont conjugés par les valeurs au bord de la
fonction g :

A v = glopAavg op.

En particulier, si glop = id,, on a Agy = Ax . En tenant compte de cette non-
unicité, nous considérons le probleme suivant :

Probleme 1. Trouver les coéfficients A, V' dans D (a une transformation de jauge
avec glap = id,, pres) a partir de lopérateur Aay correspondant a E fizé.

Notons qu’en accord avec , l'opérateur A4y peut étre considéré comme une
fonction a 2(d — 1) variables réelles, tandis que les coefficients A, V' sont des fonctions
de d variables réelles. Le probleme est donc forméllement non surdéterminé pour
d = 2 et surdéterminé pour d > 3.



Le probleme (1| peut étre consideré comme un probleme de Gelfand pour 'opérateur
de Helmholtz jauge-covariant a énergie fixée (voir [53]) ou comme une généralisation
du probleme de Calderén de tomographie d’impédance électrique (voir [25]).

Rappelons que l'opérateur L4y décrit, en particulier, la pression acoustique dans
un fluide en écoulement. Dans ce cadre, 'opérateur A4y correspond aux mesures des
ondes acoustiques diffusées associées aux ondes incidentes données. Donc, le probleme
s'interprete comme le probleme de détermination d’un diffuseur acoustique a partir
des mesures des ondes diffusées.

Afin d’étudier le probléme [T}, il est utile d’introduire les notations suivantes :

of = iA1d$1 + - +iAdd$Cd,
Qu=dod +d N (9)

= =iy (5 - 5 (A, — AgA)]day A da

En géométrie différentielle o et €24 apparaissent come une 1-forme de connexion
et la 2-forme de courbure pour cette connexion. Notons egalement que dans le cas
n =1, d= 3, la forme 2,4 est étroitement lié au rotationnel curl A du champ A. Plus
précisément, si i, j, k désignent la base canonique de R?, on a
(042 _ 94 0As _ 9A A1 9A
Q4= —z[(aTSQ — aTs)dxg A dzs + (an — aT;)dx3 Adzry + (6721 — an)dxl A dmg],
_ (D0Ay _ DAz\: 9As _ 0A1\: A1 0A
curl A = (532 — G )i+ (G2 — Gor )i+ (5o — 52k
On peut montrer que la transformation de jauge (8|) mene a la loi de transformation
suivante pour {24 :
QA’ = gQAg_l.

Notons également que dans le cas scalaire n = 1, la fonction @ et la 2-forme €24 sont
invariantes par rapport aux transformations .

Dans le cas ou l'opérateur £, g est le Hamiltonien d’une particule chargée dans
un champ électromagnétique, la forme €24 décrit le champ magnétique corréspondant
au potentiel magnétique A. Il découle de ce qui précede que les mesures au bord
ne distinguent pas les coefficients d’'une méme classe de jauge (c.a.d. liés par une
transformation ) D’un point de vue physique, cela reflete le principe de relati-
vité de H. Weyl formulé en 1919, selon lequel toutes les configurations du potentiel
électromagnétique de la méme classe de jauge décrivent la méme réalité physique,
voir [127, section 1.1]. Notons que la proposition réciproque, a savoir que des confi-
gurations de différentes classes de jauge sont physiquement distinguables, est connu
comme 'effet Aharonov-Bohm et remonte a [37, [6]. En particulier, méme si le champ
magnétique (24 s’anulle, dans le cas d'un domaine D non simplement connexe il est
possible que le potentiel magnétique A n’est pas jauge-équivalent a zéro et peut donc
influencer le comportement des particules chargées, voir par exemple [6l, 142 41].



1.3 Problémes direct et inverse de diffusion

Nous allons formuler un analogue du probleme|l|dans le cas ou D est ’espace entier
R?, d > 2. Nous supposons que les coefficients A, V sont assez réguliers et décroissent
assez rapidement (par exemple exponentiellement) a I'infini. Nous considérons le probleme

suivant pour ¢}, =" (z, k), z € RY, k € RY, k* = E, pour k fixé :

¢Av(x k/’)_elk‘rld + v (z, 1)7
(g — k) ¥k k) = o(lz|~), |2 — oo,

ou E € (0,+00) \ 1y, et

Sj_{y désigne ’ensemble des E > 0 tels que le probleme

admet une solution unique pour tout k € R, k? = E,

dans le sens approprié qui sera précisé ci-dessous. Nous appelons 5.:{,‘/ I’ensemble des
résonances réelles positives de 1'opérateur L4 y. Il est connu que si A et ) vérifiant
et sont des fonctions scalaires réelles décroissant exponentiellement & I'infini
avec leur dérivées partielles, alors Ej{y = &, voir [42].
On peut montrer que le terme asymptotique principal & l'infini de la fonction 7
s’écrit comme suit :
cilkllz|

:;(x7 k) = C(d |k‘)| | (d—1 /2fAV(k |k||$‘) +O(|I|_7)7 |J]| - +OO7

o(d, |k|) = —mi(=2mi) 7" || ="

(11)

La fonction f = fa v s’appele l'amplitude de diffusion. Elle est définie sur le produit
Mg de deux spheres :

Mp={(k,) eR": k> =1 =E} ~ 5" x 57"

Notons que le probleme de détermination de 14, et fay & partir de Ly est connu
comme le probleme de diffusion direct. Dans des applications pratiques ce probleme
peut étre résolu a ’aide d’une équation de type Lz’ppmann-SchwingerH

Uiyl k) = eid, + | G* (@ =y k) (Lay = Loo)¥ihy (v ) dy,
R
. (12)

zgzdf
k) = —(2 —d/ _erdg

1. les équations de ce type remontent & [88]
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ouz € RY keR?Y k? = E, et en utilisant la formule explicite

fav(k, 1) =(2m)™ / e " (Lay — Lop) vk (z, k) du, (13)

Rd

ou k, | € RY k? = [> = E. Notons que, pour k fixé et A # 0, on peut considerer
et ses versions dérivées par rapport a xy, ..., 4 comme une équation intégrale
vectorielle pour ¢ (-, k), a%le’v(-,k:), o Tﬁj,v(',k)- En outre, notons qu’'un
algorithme efficace de résolution de 1’équation a été proposé par Vainikko [13§].

Le probleme reciproque de détermination des coefficients A et V' a partir de f4 v est
connu comme le probleme de diffusion inverse. Cependant, il s’avere que I'amplitude de
diffusion est invariante par rapport aux transformations de jauge , ou g tends vers
id,, assez rapidement a l'infini. En tenant compte de cette non-unicité, on s’intéresse

au probléeme suivant :

Probleme 2. Etant donné fay sur Mg pour E fixé, trouver A, V dans R? ¢ une
transformation de jauge pres, ot g tends vers id,, assez rapidement a l'infini.

Notons que 'amplitude de diffusion est une fonction de 2(d — 1) variables réelles
tandis que les coefficients A et V' dépendent de d variables réelles. Donc, le probleme
est formellement non surdétérminé pour d = 2 et surdéterminé pour d > 3.

Rappelons que dans la mecanique quantique 'opérateur £, g de , survient
en particulier comme le Hamiltonien d’une particule quantique dans un champ ex-
terne. Dans ce cadre, | f(k,1)|?, k # [, est la densité de probabilité de diffusion d’une
aa%ﬁk’l), dénommée
déphasage, contribue a un retard de la particule diffusée, voir [30, p. 461-463]. Donc,
dans ce cadre, le probleme [ s’interprete comme le probleme de détermination du
champ extérne a partir des mesures des particules quantiques diffusées. Le probleme
similaire dans le cas des particules classiques a été aussi étudié, voir Jollivet [79] et les
réferences qui y sont contenues.

particule avec impulsion initiale k£ dans la diréction [, et la valeur

1.4 L’état de l’art
1.4.1 Probléme [

De tres nombreux ouvrages traitent le probleme (1| dans le cas ou A = 0, voir par
exemple [91], 1l 20] (unicité, d = 2, n = 1) ; Novikov-Santacesaria [I10, T11] (unicité
et reconstruction, d = 2, n > 1), Novikov [100], Burov et al. [24] (reconstruction et
aspects numériques, d = 2, n = 1), Hohage [72] (reconstruction numérique en utilisant
les méthodes de type Newton), [131], 62] (unicité, d > 3, n = 1).

La majorité des résultats connus sur le probleme [I|dans le cas ot A # 0 concernent
I'unicité dans le cas des coefficients scalaires (n = 1) en dimension d > 3. Dans ce cas,
Sun [130] et Panchenko [113] ont démontré que si Ay = Aays et curl A, curl A" sont
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petits, curl A = curl A’ et Q = @Q’. Le méme résultat sans la condition de petitesse a été
obtenu par Nakamura-Sun-Uhlmann pour des coefficients de classe C'*° [92], Tolmasky
(coefficients de classe C'') [134], Salo (coefficients continus dans le sens de Dini) [119]
et Krupchyk-Uhlmann (coefficients bornés) [85]. Comme corollaire, 'opérateur A4y
détermine A, V uniquement sous condition que les coefficients A, V' sont réels et que
D est simplement connexe, voir 'article I de la présente these.

Le probleme de reconstruction en dimension d > 3 a été considérée pour la premiere
fois par Salo [120] qui a proposé un algorithme basé sur les travaux de Novikov [07]
et Nachman [90]. La stabilité de reconstruction de type log log a été démontrée par
Tzou [136].

A notre connaissance, la question de 1'unicité en dimension d = 2 a été traitée dans
le cas scalaire (n = 1) avec A # 0 pour la premiere fois par Guillarmou-Tzou [61]. Ils
ont démontré que si A et A’ sont réels et Ayy = Aa v, les coeflicients A, Vet A", V'
sont liés par une transformation avec glap = 1.

Notons également le travail [I9] de Brown-Salo, dans lequel des formules pour
la détermination des valeurs tangentes au bord du champ vectoriel A a partir de
l'opérateur A4y ont été présentées en dimension d > 2 dans le cas scalaire (n = 1).

Le cas des coefficients matriciels (n > 2) est beaucoup moins étudié. La question
de l'unicité a été éxaminé par Eskin-Ralston [39, [45] en dimension d > 3, qui ont
démontré que sous la condition de convexité de D, I'égalité des opérateurs A,y et
Ay implique que les coefficients A, V et A’, V' sont liés par une transformation de
jauge avec glap = id,.

Notons également un cas particulier tres étudié du probléme [I} corréspondant a
l'opérateur L4y avec A = %%, o >0,V = 0. Comme noté ci-dessus, ['opérateur
L4y survient en tomographie d'impédance électrique. Pour des résultats connus sur
ce probleme dans le cas euclidien, voir par exemple [103], 137, 13, R0]. En outre, une
généralisation du probleme (1| pour le cas d’une géometrie non euclidienne et qui est
supposée inconnue a priori est étudié, en particulier, dans les articles [67], [69] [70]
(voir aussi les références qui y sont contenues). Nous étudions un probleme qui est
étroitement lié & une modification du probleme [I| pour le cas d’une géometrie inconnue
et A =0 dans l'article VII.

Il est aussi important de noter qu’il existe un grand nombre de travaux qui étudient
le probleme [4] dans le cas d’information partielle. Ces problemes sont tres importants
pour les applications, ou il est impossible de mesurer des données sur une partie du
bord (par exemple en tomographie medicale), voir par exemple [73] [84], 80)].

1.4.2 Probleme 2|

En ce qui concerne le probleme |2 notons que dans le cas des coefficients a support
compact, il est équivalent au probleme I} voir [97] (4 = 0), [43] (A # 0), [101] (A =0,
potentiel de fond non nul) et larticle III de la présente these (A # 0, coefficients
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matriciels, potentiel de fond non nul).

Notons également que le probleme [2| dans le cas scalaire avec A = 0 est beaucoup
étudié, voir par exemple [97, [63] [107] et les références qui y sont contenues. Le cas des
coefficients matriciels n > 2 avec A = 0 a été étudié dans [I11].

Dans le cas ou A # 0 en dimension d > 3, il est connu que si A; et () sont
des fonctions réelles scalaires décroissant exponentiellement a l'infini, 'amplitude de
diffusion f4 a énergie fixée détermine A et @) de a une transformation de jauge
pres, voir [109] (pour un petit curl A), [42] (A € C3, Q € C3), [112] (A €
eVl Vg el e 4 > 0). Ce résultat a été géneralisé au cas matriciel dans
les ouvrages [44] (pour A; € C%°, Q € C* assez petits, A3 = A;, Q* = Q), [39)]
(pour A; € C43 Q € L* fonctions a support compact). Notons que la condition de
décroissance exponentielle est naturelle car il existe un exemple de non unicité pour
des coefficients de la classe Schwartz, voir [60].

L’unicité pour le probleme [2| en dimension d = 2 dans le cas matriciel n > 1 a
été démontrée par Xiaosheng [141], en supposant que A;, @ sont petits et décroissent
exponentiellement a I'infini.

Le premier résultat concernant la question de reconstruction pour le probleme
dans le cas ou A = 0, est la formule, dénommée approzrimation de Born, qui remonte
a [46] et qui permet de trouver une approximation au coefficient V' a partir de fo a
énergie fixée :

V(p) = fov(k, )+ O(E™2), E — —+oo, p=k—1, (k1) € Mg,

~

V(p) = (2m)™ /Rd eV (z) du.

Notons que les formules de ce type ne permettent pas de trouver les coefficients plus
précisément quen O(E~2),

Dans le cas ou A # 0, des formules analogiques pour la détermination de curl A
a partir de la limite de hautes énergies des données de diffusion ont été obtenues,
en particulier, par Shiota [125] (coefficients a support compact), Henkin-Novikov [71]
(coefficients lisses a décroissance rapide a l'infini), Arians [I0] (le cas de curl A de
courte pourtée), Nicoleau [93] (les cas de curl A de courte et longue portée). Dans
I'article IV de la présente these nous établissons des formules analogiques pour la
détermination de A, ) a partir des données de diffusion a I’énergie fixée mais dans la
limite des petits coefficients.

En dimension d > 3 la question de reconstruction pour le probléeme [2] (& une énergie
E fixée) a été étudié par Weder-Yafaev [I39] (pour le comportement assez régulier de
A, @ a linfini) et par Salo [120] (pour des coefficients & support compact).

En dimension d = 2, R. Novikov [100] a proposé un algorithme qui permet de
trouver V' a partir de fyy avec la précision O(E’¥) au sens L pour V tel que

£

(1+|z|*)2 % € L', |a] < N, pour quelque € > 0 fixé. Cet algorithme est basé sur
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des idées des articles [89, 57, 96] [59]. Nous généralisons cet algorithme bidimensionnel
au cas ou A # 0 dans I'article IV de la présente these.

De plus, notons que des modifications du probleme [2] pour le cas des données
partielles, quand il est seulement possible de mesurer le module de 'amplitude de
diffusion, surviennent dans le cadre de la physique quantique, voir par exemple [26]
83, [105, [106] et I'article VI de la présente these (au moins, pour A = 0).

2 Tomographie acoustique d’un fluide en écoulement.
Résumé des articles I-V

2.1 Considérations préliminaires

Le premier groupe d’articles présentées dans le présent ouvrage sont consacrés a
la solution du probléeme de tomographie acoustique de fluide en écoulement. Nous
considérons un fluide dans un domaine borné D C R?, d > 2, avec la célérité du son
¢ = c(z), la densité p = p(z), la vitesse du fluide v = v(x) et le coefficient d’absorption
acoustique o = a(z,w),

oz, w) = w@ag(z) (14)

a la fréquence fixée w.
Sauf mention contraire, pour des raisons de simplicité, nous supposons que

v, ¢, p, ag, ¢ sont assez lisses dans D ; (15)

au voisinage de 9D, les parametres v, g s’annulent (16)

et les parametres ¢, p sont égaux aux valeurs de fond connues ¢, pg.

Décrivons en quelques mots ’expérience tomographique considéré ; pour plus d’in-
formations, voir Burov et autres [24]. Des transducteurs acoustiques de type ponctuel
sont, placés sur le bord dD. Ils peuvent émettre et enregistrer des ondes acoustiques a
une fréquence fixée w appartenant a I'ensemble des fréquences admissibles 2 C (0, 00),
2| < oco. Nous considérons I'expérience suivante : on fixe un transducteur qui émit
une onde acoustique, cette onde se propage dans le fluide, et on enregistre 'onde dif-
fusée en utilisant les autres transducteurs. Ensuite, on change le transducteur émettant
et, peut étre, la fréquence des ondes émises, et on répete 'expérience. Le but est de
déterminer les paramétres du fluide a partir des donées mesurées.

D’un point de vue mathématique, nous considérons le modele de propagation du
son dans un fluide, qui a été envisagé dans différents cas particuliers dans les articles
[116, 118, [7T], 24]. Dans le cas général, ce modele a été élaboré par O. D. Rumyantseva
et A. S. Shurup du département d’acoustique de I'université de Moscou (article soumis

2. plus précisément, la vitesse de propagation des ondes acoustiques
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a Acoustical Physics). Dans ce modele, la pression acoustique harmonique en temps
p(x,t) = Re(y(x)e ™), w > 0, satisfait a ’équation L, = F dans D, ol L, désigne
Iopérateur différentiel suivant :
L,=—-A, —2iA,(2)V, — Uy(x), x=(21,...,24) € D,
_ wu(@) | i Vap(z)
A""(:U) T 2(x) + 27 pz) (17)
U,(z) = 62‘"—(1) + 2iwa§(”$), oz, w) = w@ay(z),

et [ décrit des sources du son. Notons que pour des raisons physiques, on a

> Cmin >0, p> pmin >0, a9 >0, v =70, ( = dans D,

g (18)
pour des constantes Cpin, Pmin approprices.
Les définitions (1f) et (17) impliquent que L, = Ly, o0 A=A, V = -U,.
Notons par
0 = o(L,) 'ensemble des w € (0, +00) tels (19)

que 0 est une valeur propre de Dirichlet pour L, dans D.

Pour l'opérateur L, w & o, on définit la fonction de Green G, = G, (z,y) comme la
solution du probleme

L,G,(,y) =6, dansR? 20)
P . _d—1
(g — i) Gla,y) = o|z[ 7)), |z = oo,
pour y € R? fixé, ou 6,(x) = §(x — y), désignant la fonction § de Dirac. On considere
G (+,y) comme la pression acoustique a la fréquence w correspondant & une source du
son ponctuelle située en y.
Tres souvent le probleme de tomographie acoustique est formulé comme suit (voir,

e.g., [24]) :

Probleme 3. Etant donnés Gu(z,y) pour x, y € 0D, w € 2, Q C (0,00), |Q] < o0,
et co, po, trouver v, c, p, ag, ¢ dans D.

Le probleme |3| survient en tomographie océanique, ou on s’interesse a l’estima-
tion de la température de 'océan et des courrants effectuants le transfert de chaleur.
De plus, le probleme |3| est motivé par des applications en imagerie médicale, ou on
s’'interesse a la détemination simultanée du flux sanguin et des charactéristiques sca-
laires d’un corps humain (par exemple la densité, la célérité du son ou ’'absorption)
sans danger pour le patient.

Nous considérons également l'opérateur de Dirichlet-Neumann A, = Asv, A =
A, V = =U,, pour I'opérateur L, = L, v, w ¢ o, défini par les formules suivantes :

Au(lop) = g—f|aD7 L,y =1 dans D, (21)
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ou 0/0v désigne la dérivée normale extérieure. Dans le cadre de la tomographie acous-
tique le probleme de Dirichlet-Neumann inverse est formulé comme suit :

Probleme 4. Etant donnés A, pour w € Q, Q C (0,00), || < oo, et co, po, trouver
v, ¢, p, g, ¢ dans D.

Le probléme [4] est une modification du probleme [1}
On peut réduire le probléeme [3| au probleme |4 comme suit (voir [16] 97, 00]). Soient
AV et UY des coefficients définis comme dans ((17)) mais correspondant aux parametres
=0,a=0,¢c=cy, p = p de fond connus. Posons L’ = L,y, ot A = A
V = —U?. On suppose que w & o(LY). Alors, on peut définir la fonction de Green G°,
et I'opérateur de Dirichlet-Neumann A% = A4y en accord avec et (avec LY
en place de L,). Il s’avere que les opérateurs A,,, A2 et les fonctions G,,, G° sont liés
par I’équation intégrale suivante sur 9D, qui remonte & Nachman [90] (dans le cas ou

A=0,n=1):

Go(r,y) — G%(x,y) //GO 7, 2)(Ay — A2) (2, )G (w, y) dz dw, x,y € D, (22)

oD 0D

ott la fonction (A, — A%)(z,w) est le noyau intégral de I'opérateur A, — A? défini
de méme fagon que dans la formule @ L’équation découle des définitions des
opérateurs A, A? et des fonctions G,,, G? et de la seconde formule de Green, voir [24]
éq. 11]. L’équation permet de réduire le probleme |3| au probleme , que 'on va
étudier dans la présente these.

Dans la premiere partie du présent ouvrage nous étudions les questions d’unicité
(articles I, II) et de reconstruction (articles III, IV, V) pour le probleme {4} voir la
Fig. 1

Notons que le schéma de reconstruction présenté sur la Fig. [1| a été implementé
numériquement dans certains cas particuliers en dimension d = 2 par le groupe de
Burov du département acoustique de I'université de Moscou. En particulier, ce schéma
dans le cas A = 0 a été étudié numériquement dans [24].

Les résultats de la modélisation numérique pour le cas A = A ont été annoncés
dans 'exposé de Shurup-Rumyantseva [126] (article soumis a Acoustical Physics).
En particulier, ils présentent un exemple de reconstruction approchée A du champ
vectoriel A (qui figure dans l'opérateur La ) de la Fig. [2| dans le cas des données non
bruitées. Sur cette figure, ,&1 et ;&2\ désignent, respectivement, des parties rotationnele
(V- Ay = 0) et potentielle (curl A, = 0) de A. Notons que I'on utilise des données
de sources ponctuelles pour deux fréquences différentes pour la reconstruction de As,
voir les articles I et V de la présente these. On peut voir que dans le cas des données
non bruitées 'algorithme est tres précis. Selon la recherche conduite par Shurup-
Rumuantseva, 'algorithme est également suffisament stable par rapport au bruit pour
des applications pratiques.
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FI1GURE 1 — Le schéma de résolution du probleme de tomographie acoustique

2.2 Résumé de ’article 1

Dans 'article I nous considérons le cas d’un fluide sans absorption (« = 0) et d’une
densité constante (p = pg). Cela implique que les fonctions A, et U, de sont
réelles. Nous montrons que ces fonctions sont determinées uniquement par 'opérateur
A, & une fréquence w ¢ o(L,) fixée. On peut voir que cela détermine également la
vitesse du fluide v et la célérité du son c.

Plus précisement, nous considérons 'opérateur L,y de avec A=AetV=V.
Les résultats principaux de l'article I peuvent étre formulés comme suit :

Théoréeme 1. Soit D C RY, d > 3, un domaine borné simplement connexe de bord
dD € C' connexe par arcs. Soient Ay, Ay € Wh®(D,RY) et Vi, Vo € L®(D,R).
Supposons que 0 n’est pas une valeur propre de Dirichlet pour La, v, et La,y, dans
D, et soient Ay et Ay les opérateurs de Dirichlet-Neumann pour Ly, v, et La,v,,
respectivement. Alors, Ay = Ay et Vi = Vs lorsque Ay = As.

Théoréme 2. Soit D C R? un domaine borné simplement connexe de bord 0D € C.
Soient Ay, Ay € W?P(D,R?) et Vi, Vo € WHP(D,R), p > 2. Supposons que 0 n’est
pas une valeur propre de Dirichlet pour La, v, et La, v, dans D, et soient Ay et Ay les

opérateurs de Dirichlet-Neumann pour La, v, et La,v,, respectivement. Alors, A; =
A2 et‘/lz‘/g SZ'A1:A2.

Pour la démonstration des théoremes [If et [2| nous représentons l'opérateur L4y
comme Loy = Lag, ot Q =V +iV-A—A-A (cf (1), @) I est connu que

17



8)7/7»0 .............. 8y/Ng[ - - - - -~ N
....................... NP
L S 2 S A
...... L Ll AL AN
..... A R AN
O s O e
A S S NI S A
S LS N A
/R g A
AS AS oo
............. . SN N~ e e e
15 0 15 8x/A, 15 0 15 8x/%,
A,(r) 22_M)’I A(r) 60_1\/[)-1
Syl T T IIIN L S
15///111/////’/’ 15 """" A
SRR O s
I ////\\ ’/////
ll//////////l\ """ ’/////’
Oh v v /v s s/ 700 O " " sy S
NN Y Sy : '///////‘
N\ /////////// * /////// """
\::t‘[////////// . ////// ------
ASC L KT C T ASL S
,//f\\\.__,,,, .............
L A T Y N PP
15 0 15 8x/1, 15 0 15 8x/A,

FIGURE 2 — Les champs vectoriels A, Kl, 1&2, A= Kl + :&2 de [126]

I'opérateur de Dirichlet-Neumann A4y détermine uniquement curl A et () dans D,
voir [61] pour d = 2 et [85] pour d > 3. En general, les coefficients A et @ (ou, de
fagcon equivalente, A et V') sont déterminés a une transformation de jauge (8)) pres.
Cependant, nous montrons que la condition A = A, V =V, permet de se débarasser
de cette non-unicité et trouver A et V uniquement.

2.3 Résumé de article 11

Dans l'article II, d’une part, nous continuons notre étude sur la question d’unicité
pour le probleme [4] de la sous-section Nous montrons que les données mesurables
a deux fréquences fixées déterminent la vitesse du fluide, la célérité du son et la den-
sité du fluide si le fluide est supposé non absorbant. Nous montrons également que
les données mesurables a trois fréquences fixées déterminent toutes les parametres du
fluide si on suppose que ’absorption n’est pas constante en fonction de fréquence.
D’autre part, nous présentons des exemples des fluides qui ne sont pas distinguables
a partir des mesures au bord dans le cadre du modele considéré pour toutes les
fréquences. En vue des résultats d’unicité susmentionnés, I’absorption de ces fluides
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non distinguables ne depend pas de la fréquence (i.e. a(x,w) = ap(z)), ce qui montre
que la dépendance a la fréquence est suffisante et nécessaire pour l'identifiabilité du
fluide. Rappelons que « est défini dans la formule .

D’un point de vue mathématique, nous supposons que

ce Wh(D,R), p € C(D)UC*(D), ve Wh*(D,R%),

et - \ (23)
apg € C(D), (e C(D), (#0, oud >3,

ou bien que
ce W*'(D,R), p € W3(D,R), v € W*?(D,R%),

— 24
ap € WH(D,R), ¢ € C(D), (#0,oup>2 d=2. (24)

Notons que I’on ne requiert pas . Les résultats principaux de I’article II concernant
I'unicité peuvent etre formulés comme suit :

Théoréme 3. Soit D C R (d > 2) un domaine simplement connexe borné de bord
8D conneze par arcs, 022 8D € C°° (d =2) oudD € C' (d > 3). Soient LY et
AD les opémteurs de , cor’respondant auz coefficients c), pl), yU), a(()]),

C, satisfaisant a , ) pour d >3 ou a , 1 D pour d = 2 Supposons que

) =0,5=1, 2. Sozent wy, we € [0, + LS ), w1 # wsy. Alors, si
AS) = Ag), w € {wi,wa}, on a M = 2 ), p(l) = C’p , ) = 0(2), ot, C' = const > 0.
Théoréme 4. Soit D C R? (d > 2) un domaine simplement connexe borné de bord
aD connexe par arcs, od oD € C* (d =2)oudD € C' (d > 3). Soient LY et
AD les opérateurs de ), (1) correspondant auz coefficients e, pl) b)), ozéj),
¢, satisfaisant a q), . ) pour d > 3 ou a . . ) pour d = 2. Soient wy, ws,

L

w3 € [0, +00) \ (a(L") U O'(LSZ))) trois fréquences mutuellement différentes. Alors, si
AP = AD b e {wi,wa,ws}, on a W =@ pD) = Cp@, 1) = @ o) = o@) | oq
C = const > 0 et aV)(z,w) = wcm(x)oz((]j)(@.

Pour formuler le résultat concernant la non-unicité, nous avons besoin d’introduire

quelques notations. Soit

h une fonction réelle supportée dans D, h € C*(D), |[Vh|* < 1 dans D. (25)

Posons
) = const >0, p() = const > 0, (26)
v =0, aél) = const > —% mingep Ah(x),
et )
2 = C(l)(1 — |Vh|?)~2, p( ) = const > 0, (27)

v = (1= |VA)7IVA, ol = (1 — [VA2) "% (af + 1Ah)

Notons que les parametres v\, ¢9), pl0) g U) avec ¢ = 0 satisfont & . .
pour j =1, 2.
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FIGURE 3 — Le schéma de démonstration de 'unicité

Théoréme 5. Soit D C R¢ (d > 2) un domaine borné de bord OD lisse. Supposons
que h satisfait a 28)), h # 0, et que les paramétres D), pl) w0 o) 5 =1,2, sont
définis par , . Soient Lg), A les opérateurs correspondant au parameétres
@, p@, w0 oY) et ¢O) = 0. Alors, AY = AP pour tout w € [0,00) \ 7, 0t ¢ =
o(L&) = o(LY).

Le schéma de démonstration des théoremes [3| et [ est donné sur la Fig. [3] Pour ces
démonstrations nous considérons les opérateurs Ly, ..., Ly, et Ay, oo Apyy, N > 2,
de , correspondant aux parametres ¢, p, v, o fixé et tels que w; & o(L,s) pour

tout 7. Il est connu que les opérateurs A,,, ..., A,, déterminent uniquement F', @, ,
..o, Quy dans D, ou

F = curl 3z,
o 2 .  14+Ca
Qu=fi —w fot+iwfs — 2iw "0,
1 _1 v oW v v
fh=p20p2, fHh=5+%% f=V-(%)— %V, (29)

(28)

voir [61] (d = 2) et [85] (d > 3), en tenant compte de ce que L, = L4, _p,,, curl A, =
wkF, et des formules , , . Autrement dit, I'opérateur A,,, détermine la classe
de conjugaison de I'opérateur L, et les fonctions F', @, sont des invariants de cette
classe.

Si @, est connu pour plusieurs w, on peut considérer I’expression pour @),
comme un systéme déterminant fi, fo, f3, {, ap/c. Par exemple Re Q, = f1 — w?/fs,
et la connaissance de @), pour deux w différents est suffisante pour déterminer f; et
fo a partir du systeme linéaire.

Ayant trouvé F, fi, fa, f3, on peut déterminer p, ¢, v en utilisant les équations
et les valeurs tangentes au bord de 5 et Vp, qui sont également uniquement
déterminées par 'opérateur A, a une fréquence fixée (voir [19]).

D’autre part, on peut voir que si ¢ = 0, alors Im Q,, = w(f3 —222). Il est donc
impossible de trouver f3 et % eux-mémes de cette expression quand @, est connu
pour plusieurs w. Cette observation nous améne au théoréeme [5]
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2.4 Résumé de ’article II1

Dans D'article III nous abordons la question de reconstruction pour le probleme
[] de la sous-section [2.I} Nous établissons les formules qui permettent de réduire le
probleme [] au probleme [2] de la sous-section [I.3] Par souci de concision, nous allons
formuler ces résulats dans le cas des données classiques de diffusion.

Revenons au probleme [2|de la sous-section . Rapellons que la fonction wj’v(-, k)
satisfait a ’équation de type Lippmann-Schwinger . Cette equation et ses versions

dérivées par rapport a i, ..., x4 sont considérées pour k fixé comme une équation
vectorielle pour ¥} (-, k), 6%1@/);‘/(-, k), ... %@Z)X,v('a k) € L>(R4, M, (C)). Soit

£Xy l'ensemble des k € R\ 0 tels

que ’équation (12) n’admet pas de solution unique.

On désigne par C1# (0D, M,,(C)) I'éspace des fonctions de classe C! A valeurs dans
M, (C) sur 9D, dont les premieres dérivées partielles sont S-héldériennes. On munit
cet espace avec la norme

)

Orpij(r1) — Orpij(x
lllonsopy = Illor o) + maxmax sup 22l : ()
T L |I‘1 - l’2|

ou 7 est un vecteur unitaire tangent a 0D, ¢(z) = (¢;(x)) € M,,(C), Oy = 0/0x.

Théoréme 6. Soit D C R? un domaine borné au bord 0D € C?, et soient Ay, ..., Aq,
V' des fonctions héldériennes a valeurs dans M, (C) et supportées dans D. Supposons
que E n'est pas une valeur propre de Dirichlet pour les opérateurs Lay et —A dans
D, ou A= (Aq,..., Ay). Alors, la formule suivante est valable

Fav (k) = (2m) /a ) /8 e (N ay = Roo) . By (k) dydz, (30

ok, l € R\ (0UEL ), k* =12 = E, et la fonction {7, peut étre trouwvée a partir
de l’équation

Vhy(z, k) = e*id,, +/ At (z,y, k)L v (y, k) dy, x € 0D,
oD (31)
At (z,y, k) = / Gtz —2,k)(Aav — Noo)(2,y, E)dz, z,y € 0D,
oD
ou k € R4\ (OUEX,V), k? = E. De plus, I’équation pour k fixé est une équation de
Fredholm de seconde espéce qui admet la solution unique w;{y(-, k) e CY(0D, M, (C))
pour chaque B € (0,1) fizé.
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Nous considérons comme une équation pour trouver w;xr,v a partir de 'opérateur
A v —Agp. De plus, nous considérons comme une formule explicite pour trouver
fay & partir de ¢4 (x,-), € ID, et de Ay y — Agp.

Notons que du point de vue des applications, I’équation peut étre résolue d’une
manicre stable et efficace pour des AT suffisament petits. Cette situation correspond
au cas des petits A et V. Cependant, des applications (par exemple en tomographie
de I'océan) amenent au cas, oit A est petit et V est proche d'un coefficient connu V°
tel que :

soit V?(x) une matrice diagonale pour chaque z,

32
soit V0 = V%" ou V? € M,(C) et v° est une fonction scalaire. (32)

Il est possible de modifier le théoreme [6] et d’établir des équations stables pour
les cas . Pour formuler ces résultats, nous avons besoin d’introduire la fonction
R o(2,y, k) comme suit :

RJVO(SC, y, k) =Gz —y, k)id, + [ GT(z—2,k)V°(z )RO vol(z,u, k) dz, (33)
R4

ot 7, y € RY k € R?\ 0. Dans la physique quantique 1'équation ([33)) est connu
comme [’équation de Dyson qui relie les fonctions de Green pour les opérateurs L o et
Ly yo. Notons que les équations de ce type remontent & [36] dans le cas particulier de
'électrodynamique quantique et a [124] dans un cadre plus géneral. Nous considérons
pour y, k fixés comme une équation intégrale pour

Rgvo (z,y,k) = G"(x — y, k)id,, + eik(z*y)rafvo (z,y,k),

olt 74 yo(, Y, k) € L>*(R?, M,(C)). Notons que 1’équation admet une solution
unique pour chaque y € R? si et seulement si k & &F

R Notons également que
Rio(x,y, k) = G (x — y, k)id,.

Théoréme 7. Soit D C R? un domaine borné au bord 0D € C? et soient Ay, ..., Aq,
V, VY des fonctions holdériennes d valeurs dans M, (C), supportées dans D et telles
que VO satisfait a . Supposons que E n’est pas une valeur propre de Dirichlet pour
les opérateurs Lay et Loyo dans D, ot A= (A, ..., Aq). Alors, la formule suivante
est valable :

faw (k1) = fovo(k.1)
e / Uvol@, DAy = Moy (@, BNy (v, by dyde, B
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ol k, e RINO, k> =1 =FE, k€ E4, UE o, et la fonction ™ peut étre trouvée de
[’équation

wiﬁr,\/(‘r7 k) = ’l/)ér’vo(f,lf, k) _'_/ A(T’Vo(xay7k>wj4r,v<y7k) dy7 T e aDa
Aa:vo(xay7k):/ Rajvo(x7zvk)(AA,V_AO,VO)(Z7y7E)dZa %?JEC?D,
oD

ol k € R*\ (0UEL, U&ES ), k* = E. De plus, Iéquation pour k fizé est une

équation de Fredholm de seconde espéce qui admet la solution unique ¢X,v('7k> €
CHP(0D, M,(C)) pour chaque B € (0,1) fizé.

Les théoremes [6] [7] dans le cas A = 0, n = 1 remontent a [97, [101].

La dérivation des formules , et des équations , est basée sur les
identités de type Alessandrini, qui remontent a [8]. Plus précisément, nous établissons

I'idéntité suivante :
/ u’()(Lay — Lovo)u(z) do = / u’ () (Aay — Aoyo) (ulop) () da, (36)
D oD

pour des fonctions u’, u suffisament régulieres dans D & valeurs dans M, (C) telles

que Layu = Eu, Lyyou® = Eu’ et VO(z)u’(x) = u’(2)V°(z) dans D. L’identité
découle de la seconde formule de Green.

Les formules , et les équations , peuvent éetre dérivées de la
formule , de I’équation et de l'identité .

Pour démontrer que I’équation est I’équation de Fredholm de seconde espece
(pour la démonstration de (35)) on utilise la méme idée), nous la réécrivons dans une
forme opérationnelle :

Uhy =+ G (Aay — M)y,
Ay — Moo= NavSay.
Dans cette formule

G correspond au noyau intégral Gt (z — y, k) (au sens de Schwartz),

S,y envoie une fonction f sur 0D a la solution ¢ du probleme ({4)),

et I'opérateur N4y est défini comme suit :

or

(Nayw)@) = [ S-(e..B)(Lay — Loo)bly) . @€ 9D,

ou I' est la fonction de Green pour le probleme de Dirichlet pour l'opérateur A + E
dans D, et 0/0v, désigne la dérivée normale extérieure.
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On peut montrer que les applications suivantes sont linéaires et continues :
CA (D) 28 o1(D) ¥ ¢2(9D) < ¢4(9D) <5 P (9D), (39)

ou ¢ désigne l'inclusion, et on suppose que des fonctions sont a valeurs dans M, (C).
En tenant compte de la compacité de 'opérateur i, on voit que est une équation
de Fredholm de seconde espece dans C#(9D, M, (C)).

2.5 Résumé de article IV

Dans l'article IV nous continuons a étudier la question de reconstruction pour le
probleme [4] de la sous-section [1.2] & une énergie £ > 0 fixée. Nous établissons un
algorithme, qui permet de trouver une solution approchée du probleme [2] en dimen-
sion d = 2. Cet algorithme est basé sur le probleme de Riemann-Hilbert non local
(également connu comme le probleme Riemann-Hilbert-Manakov) et géneralise 1’algo-
rithme de I'ouvrage [100] au cas ou A # 0.

Notons qu’un algorithme en dimension d > 3 avec n = 1, A # 0, pour des co-
efficients a support compact a été proposé dans [120] comme une géneralisation de
I'algorithme de [97].

Nous considérons le cas scalaire n = 1 en dimension d = 2. Pour formuler les
résultats principaux, nous avons besoin d’introduire quelques notations. Soient (A, V')
un couple de coefficients donnés décroissants & l'infini et soient (A4, V4) le couple
de coefficients decroissants a 'infini, liés aux coefficients A, V' par une transformation
de jauge et satisfaisant a 'équation V - A% = 0. Un tel couple de coefficients
est déterminé uniquement. Dans le cadre de la physique quantique les couples (A, V)
et (A4 VdV) décrivent la méme réalité physique, mais la condition V - A4 = 0,
dénommé la jauge de Coulomb, permet de se débarasser des degrés de liberté redon-
dants. Notre algorithme permet de trouver (A4, V4) d’une maniére approchée mais
efficace a partir de 'amplitude f4 v a E fixé.

Soit £ > 0 un nombre fixé qui n’est pas une résonance réelle pour L, y. L’am-
plitude de diffusion f4y peut étre considérée comme une fonction sur le produit
T? =T x T de deux cercles unité¢ T'= {\ € C: |A\| = 1} comme suit :

€)= fav(k,D), 6,0 €0,2m),
k= E%(cosgb, sing), | = E%(COSQ,SiDQ).
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Nous introduisons les opérateurs suivants (voir [100]) :

)\ )\//
a5 - ) [0

Qi) =i [ n NN (5 - 5 ) utvilax

e\ N, 2) = exp(—iYE (A= N)z+ (A= N"1)2), 2=z +1y,

1 u(§)
(Cru)(N) = %/deﬁ

B(z) = C1.Q-(z) — C_Q+ (),

ot A\, N € T, x € R? |d\| = d\/(i\), x désigne la fonction de Heaviside, et les
fonctions ho (A, N), A\, X € T, sont déterminées par 1’équation suivante :

(Pe(Vu)(X) = —ni /

T

he\X) + (Pe(Nhe (X)) (XN) = FLX), (A N) e T (40)

Le résultat principal de ’article IV consiste en un algorithme qui permet de trouver
une approximation A‘;;)Vpr, V;gl‘)’r aux coefficients AV, VIV et qui peut étre formulé
comme suit :

Algorithme 1. Soit f = fa v Uamplitude de diffusion pour l'opérateur Ly a l’énergie
firée E > 0, qui n’est pas une résonance réelle. Alors, on peut trouver une approxi-

; div div ; div div 15 5 ; .
mation Agy., Voo auz coefficients A, V& en utilisant le schéma suivant ;

f—rhe — pt — py — ALY VI (41)

Les fonctions ho, ut et pus sont déterminées successivement en utulisant les équations

([40), et la formule explicite (43)) :

p (2, A) + (B@)pt(z,)(\) =1, zeR* XeT, (42)
pr (2, ) = p (2, \) + (Qe(z)ut (2,)(N), z€R*) NeT. (43)
Finalement, les coefficients A% V& “sont définis comme suit :
- 1
Al (o) = geut(1n [ pato0lact), (44)
Vi (a) = 21y (@) + Y2 [ 2=y
T 0z (45)
) dc
WEL( [1@0F [ [ weteona)

v 0 170 el 9 __ 1,0 - 0
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Théoréme 8. Soient E > 0 et x € R? fizés. Soit f € C®(T?) une fonction sa-
tisfaisant a || f| 22y < 1/(67). Alors l’équation admet une solution unique
hy € L*(T?) et léquation ([42) admet une solution unique u*(x,-) € L*(T). De plus,
le dénominateur dans la formule (45)) ne s’annule pas, les fonctions Aff?pr, V;%T sont
bornées, décroissent a linfini et satisfont a V - Ag?;r = 0. Finalement, ['opérateur

L gain Vv, admet f comme amplitude de diffusion a énergie fizée E.

appr?

Notons que les conditions requises sur la régularité et la petitesse de f sont
surévaluées. Notons également que le calcul des coefficients A4 et V;%gr aux points
différents peut étre efféctuée de facon parallele. De plus, les résultats annoncés dans
Péxposé [126] témoignent de la convergence rapide de AJy | V¥ vers A%, V4Y quand
E — +o00. Une étude théorique de la convergence sera menée dans un article ultérieur.

En outre, nous démontrons que la linéarisation de 1’algorithme [1| pour le cas des
petits coefficients A, V' amene aux formules de 'approximation de Born.

Indiquons les idées principales sur lesquelles est basé I’algorithme[I} Nous considérons

les solutions de diffusion géneralisées (-, k), k € K,
Kg={keC*\R*: k* = E},

du probleme [10| qui remontent & Faddeev [47]. Les fonctions ¢(x, k) = e**pu(x, k)
admettent le développement asymptotique suivant :

@, k(N) = g (@) + i (2)A +o(IAF), - IAFT =0,

| 46
k= (ki, k), k1= LE2(A+ 071, ky = LE3(AT < \). (46)

Notons que une fixation de jauge permet d’obtenir des relations supplémentaires pour
les coefficients ui. En particulier,

si Ay = 1Ay, alors py =1;
si Aj = —iA,, alors uf = 1.

Ensuite, en utilisant le développement dans la premiere équation de la for-
mule et en égalant les coefficients des mémes puissances de A, nous obtenons les
équations pour trouver A et V' & partir de ui et pi-. Cette relation remonte & [58]. 11
reste & trouver les coefficients u et ui en fonction de 'amplitude f.

Il est connu que la fonction p(z,k(N)) est uniformément bornée pour r € R2?
k € Ky, continue par rapport & A € C \ T, et satisfait & ’équation de O :

%W, k() = r(e, (e, k(=1/A), A€ C\(TUO), (47)

ou la fonction r est uniformément petite pour des grands FE. De plus, les sauts
pa(z,A) = p(z, k(X £ 0X)) sur le cercle T sont liés par I'équation ([43)), ol p* est
supposé inconnu, voir [57), [100].
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En imposant la condition de jauge A; = iAs et en posant r = 0 dans , on se
ramene au probleme de Riemann-Hilbert non local, pour trouver une approximation

Happr & [

Probleme 5. Etant donné Qx, trouwver une fonction Lappr(T, k(N)), x € R, X\ € C\T,
uniformément bornée, continue, poppr(z,k(N)) =14+ O(|A|71), A = oo, analytique en
A€ C\ (T'UO) pour tout x € R?, et satisfaisant d la condition de saut

Hi,appr(x, )‘) = :ugppr(ma )‘) + (Qi(x):ugppr(za ))()‘)7 T e RQ? A€ T: (48)
Pt appr(T, N) = pappr(x, KA EO0N)), A€ T,

ot i, est une fonction uniformément bornée continue inconnue.

L’étude des tels problemes remonte a [89, 52] [59], et la solution dans le cadre du
probléeme de diffusion consideré remonte a [96] (dans le cas “auto-adjoint”).

Ayant résolu le probleme , on détermine des approximations :u(:)t,appr et ufappr aux
coefficients 5 et pi~ corréspondant au choix de jauge A; = iAy & partir de fi4 appr, €0
tenant compte de et en utilisant la formule de Cauchy pour des fonctions analy-
tiques. Finalement, nous passons de ces coefficients aux coefficients correspondant a
la jauge V - A4V = ( en utilisant une transformation de jauge (8]).

Ce schema de reconstruction a été utilisé dans l'article [100], ou le cas A = 0 a été
considéré. De plus, dans I'article [100] il est démontré que la précision de reconstruction
est en O(E~"z" ) uniformément, si (14 |z|2)2 5!;'3
fixé.

€ L', |a| < N, pour quelque & > 0

2.6 Résumé de ’article V

Dans l'article V nous établissons des formules pour trouver des parametres du fluide
a partir des fonctions F et (), de connus pour plusieurs fréquences w. Notons
que pour déterminer les fonctions F', (), il suffit de reconstruire 'opérateur L,, & une
transformation de jauge pres, parce que F' et (), sont invariants par rapport a ces
transformations. L’opérateur L, a son tour, peut étre trouvé a une transformation de
jauge pres a partir de I'opérateur A, en utilisant des formules des articles III et TV.

Pour des raisons de simplicité, dans la présente section nous supposons que D =
B3, By = {z € R?: |[z| < R}, R > 0. Nous supposons également que les coefficients

¢, v, p, g, ¢ satisfont a et a

c e C*D), v e C?*(D,R?),

(
p€C?(D),B e (0.1, ¢eC(D), aeC(D). (49)
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On utilise les notations suivantes :

1 R|x —
G(z,y) = Py In <\y| |x|‘i %|R2|> (fonction de Green—Dirichlet),

B i RZ . |[E|2
27 R? — 2R|z| cos(f — ¢) + |z|?

Algorithme 2. Soit D = B%, R > 0. On considére l'opérateur L, de (17)) et on sup-

pose que les conditions (16]), (L8], sont satisfaites. Soient wy, wy, w3 € (0,4+00)\ o
trois fréquences mutuellement différentes, ou o est défini dans . Alors, les pa-
rametres c, v, p, ag, ¢ peuvent étre trouvés a partir des fonctions F, Qu,, Quys Qus

de comme suit :

1. Déterminer p_% comme la solution unique de classe C(D) de I’équation

(noyau de Poisson).

Pz, )

pH (@) = py? +/ G(z,y) fi(y)p~2(y)dy, = €D,

D
A ReQu, — wiRe Q. (50)

wj — wr

fi=

2. Trouwver Dy = {x €D: ap(x) = 0} de la formule explicite
Dy = {x €D:w;'ImQ,, = w;llmeQ},

et déterminer ((x) pour x € D\ Dy fixé comme la solution positive unique de
l’équation
_ _ wo ) ¢()
("')211me2($) _wlllmel(x) _ (w_?) -1

w:;l ImeS(I) —wfl ImQM(SL’) - (Z_?)C(z)_l- (51)

3. Définir n € C(D) comme la solution unique de l’équation

) = @)+ m@) + [ Gl hiwn)dy, = €D,
no(z) = /D Gz, y)p 2 (y) (faly) = W(y) - Vinp(y)) dy, (52)
1 27 ¢
mie) =Bt [ [ Pa.oW) - 0*0) oo,
o Jo
ot ¥(¢) = (cos ¢,sin @) et
wé WS
fs =wiImQ,, dans Dy, f3= o 110 sz “”C tm Qe dans D \ Dy,

| Wi Ty (53)

_ 1 [ (=—y =
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4. Trouver c et v dans D et ag dans D\ Dy en utilisant les formules

2 ReQu, — ReQu,

— (V(p%n) — W)2 dans D,

wi — wi
v=c (V(,a%n) — W) dans D, (54)
_1I o — _1I "
aOZE-WQ mQu, —w @, dans D\ Djy.
2 ¢ ¢
Wy — Wy

Notons que I'algorithme 2| permet de trouver tous les parametres du fluide a partir
des donées mesurables pour trois fréquences mutuellement différentes. Nous propo-
sons également un algorithme simplifié qui requiert des données pour deux fréquences
différentes pour le cas ou il est connu a priori que oy = 0. De plus, notons qu’il
est possible d’améliorer 'algorithme [2| en utilisant des donées pour des fréquences
supplementaires.

La dérivation de l'algorithme [2| suit le schéma présenté sur la Fig. 8] On considere
la deuxieme formule dans , dont le membre de gauche est connu pour w €
{wi,...,wn}, comme un systeme algébrique pour trouver fi, fo, f3, ap/c, (. En-
suite, on trouve ¢, p, v, agy des formules que l'on considere comme des équations
différentielles, dont le membre de gauche et les valeurs au bord sont connus. De plus,
I’existence et 1'unicité des solutions des équations et découlent de I'existence
et I'unicité des solutions des équations de Schrodinger équivalentes avec un potentiel
de type conductif.

3 Probleme de diffusion inverse sans phase. Résumé
de Particle VI

Nous étudions une version du probleme [2| de la sous-section motivée par des
applications en physique quantique. Nous considérons 1I'équation

Loy = =AY +v(z)p = By, z€RY d>2, E >0, (55)

ot v € L*®(R?) est une fonction & support compact. L’équation est ’équation de
Schrodinger pour une particule élementaire a I'énergie fixée E interagissant avec un
objet macroscopique décrit par le potentiel v.

Nous considérons 'amplitude de diffusion f pour I’équation qui est définie par
les formules (10), (11). En physique quantique | f(k, )|* décrit la densité de probabilité
de diffusion d’une particule a I'impulsion initiale & dans la direction |§—| #+ %, et

aa%ﬁk’l) décrit le retard d’une particule due a la présence du diffuseur v, voir [30} p.

461-463] et [49]. Notons que dans une expérience réelle, il est beaucoup plus facile de
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mesurer seulement |f|? (il suffit de compter le nombre des particules diffusées dans
des différentes directions).

Le probléme de détermination du diffuseur v & partir de | f|? (et ses modifications),
denommé le probleme de diffusion inverse sans phase, est beaucoup moins étudié que
le probleme [2| (dans le cas ou A =0, n = 1), voir par exemple [26] [83], [T05], T08] et les
références qui y sont contenues. Notons que ce probleme n’admet jamais de solution
unique. En particulier, si on désigne par f, I'amplitude de diffusion pour le potentiel
0y() = v(z — y) pour y € R fixé, |f,2 = | fI2

Cependant, R. Novikov [106] a proposé une modification du probléeme pluridimen-
sionnel de diffusion inverse sans phase qui permet de se débarasser de la non-unicité
et qui n’est pas restrictive d'un point de vue des applications. En suivant [106], nous
définissons 1’ensemble

S = {12 AP ),

ou f; désigne I'amplitude de diffusion pour le potentiel v; = v + w; et w; est un
potentiel de fond connu, 7 =1, ..., m. L’ensemble S est considéré comme une donnée
mesurable pour trouver v. Le probleme de diffusion inverse sans phase modifié se pose
comme suit :

Probléme 6. Etant donné lensemble S des modules d’amplitudes de diffusion a un
niveau d’énergie E fizé pour quelques potentiels de fond wy, ..., w, connus, déterminer
le potentiel v.

L’étude du probleme [ a été commencé dans l'article [L06] ol des formules de type
Born ont été presentées pour la solution approchée du probleme[6]en dimension d > 2.

Notons que dans le cas unidimensionnel, un probleme analogue avec m = 1 a été
posé et étudié par Aktosun-Sacks [7]. Notons également que dans l'article [7] il est
supposé que S est connu pour tout £ > 0.

Dans larticle VI nous continuons a étudier le probleme[6] Nous établissons des esti-
mations pour les reconstructions approchées de type Born pour le probleme|6] qui sont
requises pour le développement des méthodes de reconstruction précises. En particu-
lier, ces estimations sont nécessaires pour géneraliser au cas sans information de phase
I'algorihme itératif de [I07] pour le probléme inverse de diffusion avec information de
phase.

Notons que les estimations présentées dans ’article VI dépendent de la géometrie
de ’ensemble des zéros communs des transformations de Fourier des potentiels de fond
wy, ..., Wy,. Pour des raisons de brieveté, nous allons présenter ces résultats dans les
deux cas les plus simples.

Pour formuler des résultats principaux, nous avons besoin d’introduire un potentiel
de fond de réference comme une fonction w telle que

W € Ceomp(RYLR),  @(p) > (1 + [p))™#, B>d, peRY, (56)
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pour quelque constante ¢; > 0. Dans l'article VI nous proposons une approche pour
construire des fonctions w satisfaisant a (56)).
Nous avons également besoin d’introduire des notations suivantes :

Usyo, = ReUg, @, +11mUs, a,,

Re Ug, &, -
( ) (p)) =1iMZ'o (p)ba, e E), |p| < 2VE,

Im Ug, @, (p) w1,z

.\ _ (Rewi(p) Imw(p)
Mwl,w2 (p) - <Re {1}2(19) Im ’&J\z(p)) s

- _ ([ilp, E)P =1 f (0, E)P — |@a(p)]®
bw“w?(p’E)_(lfz(p, E)? = f(p, E) - \Az(p)|2)’

ou f(p, E) = f(ke(p),le(p), fj(p, E) = f;(ke(p),le(p), j =1, 2, et kg(p), lp(p) sont

des fonctions & valeurs vectorielles continues par morceaux telles que k% (p) = I%(p) =

E, kg(p) —le(p) =p, p € By
Le premier résultat principal de I'article VI est le théoreme suivant :

Théoréme 9. Soit v € W™L(R?), n > d, une fonction bornée a support compact.
Considérons wy = w(-—Ty), Ty € R*\ 0, wy = iwy, ot w est une fonction satisfaisant

a . Posons

u(x, E) = / e’ip”‘“U@h@Q(p, E)dp, =€ R?,
B (m)

o —d
Tl(E):QTE"i—ld, ) = "

2(n + )’
ot Ug, 5, est définie dans et 3 est le nombre de (56). Alors,

pour quelque T € (0,1] fixé

u(-,E) =v+O(E™) dans L®(R?), E — +oc0.

Le théoreme [J] permet de trouver une approximation u au potentiel inconnu v
avec la précision uniforme en O(E~*) a partir des données de diffusion sans phase a
Iénergie E fixée pour le potentiel v et pour les potentiels perturbés v + wy et v + wo,
ol wy et wy sont des potentiels de fond connus, w; est réel et wy = 1ws. Notons que
le potentiel de fond wy est purement imaginaire, ce qui permet de se débarasser des
quelques difficultés mathématiques.

Par contre, dans les applications en physique quantique il est souhaitable de n'utili-
ser que des potentiels de fond réels. Le résultat suivant permet de trouver une approxi-
mation au potentiel v a partir des données de diffusion sans phase pour le potentiel
v et pour les potentiels perturbés v + wy et v + wq, ol wy et wy = wy (- — y) sont des
potentiels de fond réels connus et y € R%\ 0 est fixé.
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Pour formuler ce deuxieme résultat principal, nous avons besoin d’introduire des
notations supplémentaires. On suppose que w; = w(- — T1), we = w(- —T3), y =
T, —T1 # 0, ou w satisfait a . Posons

Ui;l wQ( E) = %(le @, (0%, E) + Ug, wz(p+aE))>
Py =prL+7m2p)rtege, pr=p— (Y PEBypN 25 4,
Zg o ={p R py e (—¢,e)+ 7L}, €(0,1),

w1, Wo

(58)
z(p) € Z est le nombre unique tel que |py — 7z(p)| < e.

Théoréme 10. Soit v € W™L(R?), n > d, une fonction bornée a support compact.

Considérons wy = w(-—T1), we = w(-—T13), T1 # Ty, ot w est une fonction satisfaisant

a (b6). Posons

u(x,E):ul(x,E)—i-uQ(x,E), .Z‘E]Rd,

uy(r, E) = / e Up, 2, (p, E) dp,
Bry)\Z2 %)

u2(x,E): / prUj}lwz( E)dp,
BT2(E)nZw1(w)2

ro(E) = 27 B, ey(E) = B-F,
n—d
g = —— =4 our quelque T € 7€,
2 (n+ﬂ+"2d) pour quelg (0,1] fi

ot Ug, o, est définie dans Us, @, €st définie dans (58), et B est le nombre de

. Alors,

u(-,E) =v+O(E~*) dans L®(R?), E — +oc0.

Pour démontrer le théoreme |§|7 nous montrons que Ug, g, est une bonne approxi-
mation pour v dans B, (g), puis nous utilisons I'analyse de Fourier pour transferer
ce résultat dans I’éspace de configuration et etablir une estimation pour l'erreur
u(+, E) —v. L’idée est la méme pour le théoreme

Dans 'article VI nous considérons également le cas, ot m = d+1 et wy = w(-—T11),
wipr =wi(-—ej),j=1,...,d—1, 0ot ey, ..., eq désigne la base canonique pour R?.
Dans ce cas, l'estimation est meilleure que dans le cas de théoreme (10| mais du point
de vue des applications, le cadre du théoreme [10] est plus prometteur.
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4 Probleme de valeurs au bord pour une courbe
complexe. Résumé de ’article VII

Soit (X, ¢g) une variété riemannienne bidimensionnelle compacte au bord lisse 0.X.
Sur cette variété on considere le probleme de Dirichlet pour I'opérateur de Laplace-
Beltrami :

{Agu =0 sur X, (59)

U’ax = Ug-

Rappelons que dans des coordonées locales x1, x5 sur X dans lesquelles la métrique g
est représentée par une matrice (g;;) de déterminant |g| et d’inverse (¢%), on a

2

_1 a 1 Zaf
Agu=1g[2) op (912975 =)
i J

ij=1

L’opérateur de Dirichlet-Neumann A, pour l'opérateur de Laplace-Beltrami est
défini comme suit :

Agug = %|ax’ ol u est la solution de (59), (60)
et 0/0v désigne la dérivée normale éxterieure. On s’interesse a la détermination de
(X, g), en supposant que 0X et A, sont connus.

Il y a deux sources de non-unicité pour ce probleme :

1. Si F: (Y,h) — (X, g) est une isométrie des variétés riemanniennes, on a Ay o
F* = F*o Ay, ou I désigne I'image réciproque. Alors, l'opérateur A, est
invariant par rapport aux isométries fixant le bord.

2. Si f est une fonction positive lisse sur X, on a Ay, = f~'A, (notons que
cette propriété est spécifique pour le cas bidimensionnel). Cela implique que
les métriques g et h = fg, ou f > 0, flax = 1, ne sont pas distinguable par
l'opérateur A,.

En tenant compte de la non-unicité susmentionnée, on s’interesse a la détermination
de (X, g) a partir de I' = 90X et A, & une application conforme fixant le bord I" pres.
Rappelons qu’une application conforme est une application préservant les angles entre
les vecteurs tangents tandis qu’'une isométrie préserve le produit scalaire. Le probleme
inverse a valeurs au bord pour I'opérateur A, est posé comme suit :

Probleme 7. Soit (X, g) une variété riemannienne bidimensionnelle au bord lisse
I' = 0X et soit Ay l'opérateur de Dirichlet-Neumann défini dans . FEtant donnés
I' et Ay, déterminer (X, g) a une application conforme fizant le bord I" prés.

33



Le probleme [7] est 1ié au probleme de Calderén sur les surfaces, qui consiste en
détermination de la surface conductrice a partir des mesures au bord du courant
électrique induit par un potentiel imposé, voir par exemple [67), 69, [70].

Lassas et Uhlmann [87] ont démontré que le probleme (7)) admet la solution unique
(pour T de classe C*°). Henkin et Michel [67] ont considéré la question de cha-
ractérisation des données non surdéterminées et ont débuté 1’étude de la question
de reconstruction.

Il faut souligner que Henkin-Michel [67] réduisent le probleme [7| au probleme de
détermination d’une courbe complexe dans le plan projectif a partir de son bord
comme suit. Soient z, y les coordonnées locales isothermes sur X (voir [129]). Posons
z=xtiy, 5 =505 — i) & = 3(5 +ig), dz = dx +idy, dZ = dx —idy. On

2\ oz By’ oz
peut montrer queQSi u est la solution du systeme , alors Ou = %dz est une 1-forme
analytique (i.e. 8828“2 = 0) sur X qui satisfait a

Oulox = %(Aguo — iTuo) (v* 4 ir"),

ou T désigne la dérivée le long du bord 90X, et v*, 7% désignent les covecteurs conormal
et cotangent unitaires sur 0X, respectivement. Alors, si uq, us, us sont trois fonctions
harmoniques sur X telles que Ouy, Jus, Ouz ne s’annulent en méme temps, on peut
définir 'application

F: XUl = CP?

F(2) = (0uy(2): Ous(2): Ous(2)),

ot CP? désigne le plan projectif complexe muni des coordonnées homogenes (wp: wy : wy).
Rappelons que des coordonées homogénes sont déterminées a une multiplication par
un nombre complexe non nul pres. Cela justifie la définition de I'application F'. Henkin

et Michel montrent que si F|yx est un plongement[} alors Y = F(X) est une courbe
complexe de fermeture compacte de bord v = F(9X) et sans composantes fermées,ﬁ
avec un nombre fini de points singuliers, et F': X — Y est sa normalisation. Pour des
raisons de simplicité, on suppose que y C C2, out C* = {(wp: wi: wy) € CP?: wy # 0}
avec des coordonnées z; = wj/wy, z2 = wy/wy. Donc, on s’est ramené au probleme
suivant :

Probléme 8. Soit X C CP? une courbe compleze compacte au bord v = 0X C C? et
sans composantes fermées. Etant donnée vy, trouver X.

En utilisant le théoreme de structure de Harvey-Shiffman [66], on peut démontrer
qu'il existe au plus une courbe complexel] ¥ € CP? de bord donné v C C? et sans

3. Le plongement est une application injective dont la différentielle est aussi injective et qui de
plus est un homéomorphisme sur son image

4. Par définition, une composante fermée est une composante connexe compacte et sans bord.

5. Plus géneralement, il existe au plus une chaine holomorphe bordée par un courant rectifiable
réel donné.

34



composantes fermées, voir [32, Proposition 1.4.1]. Localement, cela correspond a 'uni-
cité d’une fonction analytique dans un disque avec des valeurs données sur le bord.

Notons que v est localement le graphe d’une fonction d’une variable réelle tandis
que X est localement le graphe d’une fonction analytique d’une variable complexe. En
tenant compte de la formule de Cauchy pour des fonctions analytiques, on peut voir
que le probleme [§] est formellement non surdéterminé.

Dans l'article VII nous proposons un algorithme de reconstruction d’une courbe
complexe compacte au bord donné dans le plan projectif. Cet algorithme peut étre
considéré comme une version constructive du célébre résultat de Harwey-Shiffman [66]
sur la détérmination unique d’une chaine holomorphe par son bord. Notre algorithme
développe 'algorithme de Henkin-Michel [67].

Plus précisément, nous proposons des équations explicites pour trouver des po-
lynomes P,, mentionnées dans le Théoreme 2 de [67] qui jouent le réle principal dans
la reconstruction. Ces équations dépendent au nombre N_ de points a l'infini de la
courbe complexe, et nous proposons des équations pour déterminer ce nombre dans
les cas N_ € {0,1,2}. Notons que malgré I"’encombrante description proposée, il n’y
a pas en principe d’obstacle pour la justification et 'implémentation numérique de
I’algorithme pour N_ > 3.

Notre algorithme est basée sur des formules de type Cauchy, qui remontent a
[31, B2], et sur le lemme de Darboux [29, p. 154]. Cet algorithme a été implémenté
dans Matlab et a été illustré sur plusieurs exemples, voir 'article VII.

Soit X C CP? une courbe complexe compacte au bord 0X C C? et sans compo-
sante fermée. Posons

C% = {(21722) € C*: &+ &z + 22 =0},
CPy, = {(0: wy: wy) € CP?},

et désignons par N, (&) et N_ le nombre de points d’intersection de X avec (C% et
CPL, respectivement :

Ni(§) =X NCY, N_=]XNCPL].

Il est utile de décrire des intersections de X avec C{ en utilisant les fonctions h; définies
comme suit :

X ﬂ(Cé - {(h](f), —50 —flh](f)) S CQ, j - 1,. . ’N+(£)}

On peut vérifier que dans un petit voisinage We- de presque tout £* € C? les fonc-
tions h; sont analytiques et satisfont a 1'équation de Riemann-Burgers (dénommée
également 1’équation de l’onde de choc), voir, e.g., [29] :

O (€) = hy(€) 2a(€), € € W

35



Posons également 7o(21, 25) = —22. Notons que C\ mo(0X) = UL O, olt Q>0 sont
des domaines ouverts connexes, ; N ); = @ pour i # j, o sont bornés et N, (&)
est constante sur chaque €; et N, (§) = N_ pour £ € Q.

Etant donné 9X, on peut définir les fonctions G(€), k > 0, € = (£&,&) € C2,
dénommées la transformation de Cauchy-Radon de X et qui remontent a Dolbeault-

Henkin [31] :
1 2d(& + &121 + 22)
= — > (.

Gilo) 2mi /ax o+&z+2 k20 (61)

La formule suivante de [32] joue un role principal dans la reconstruction de X & partir
de v :

Gr(&) = (&) + -+ My, () + (&), k>1, £eC (62)

olt P est analytique au voisinage de presque tout & = (£y,&;) € C? et polynomial en
&y de degré au plus k pour & fixé.
Nous définissons des moments de Wermer a;; comme suit (voir [140]) :

Le résultat suivant de I'article VII permet de trouver les polynomes P} necessaires
pour la reconstruction de X dans des cas, quand le nombre de points a l'infini N_ est
égala 0,1 ou?2:

Théoréme 11. Soit X C CP?\ (0 : 1 : 0) une courbe complexe sans composante
fermée de bord lisse v C C2. Soient P, les fonctions définies dans . Alors les
assertions sutvantes sont vraies :

1. Si N_ =0, on a P, =0 pour tout k > 1.

2. SiN_=1, on a P1(&,0) = c11 + c12&0, ot les constantes ¢y et c1o satisfont a
léquation suivante pour tout & = (&o,0), & € Qo -

011%—%(5) + 12 (fo%%(f) +Gi(6) = Gl(f)%—%(f) B %%(5)' (63)

8. Si N_ =2, on a Pi(&,0) = c11 + c1280, Pa(§,0) = ca1 + ca2o + 2385, ot les
constantes 11, C12, Ca1, Caa, Cog Satisfont a I'équation suivante pour tout (&, 0),
§o € Qo -

3910(0%2 + co3) = %—?f - 2%—(;11(G1 — c11 — c1260) + Gi(eaz + 2¢30)
oG
+_8fl ’ ((Gl — 11— 01250)2 — G + ca1 + 226 + 02353) (64)
0
+(GT = 2¢11Gy — 2¢12G1& — Ga) - (—c12).

En supposant que le nombre de points a l'infini N_ est égal a 0, 1 ou 2, on peut
proposer la méthode suivante pour trouver N_ :
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Théoréme 12. Soit X C CP%\ (0:1:0) une courbe complexe au bord lisse v C C?.
Choisissons un point & = (&;,0), & € Qq et un voisinage We= de £ dans C2. Alors
les assertions suivantes sont valables :

1. St Gy =0 dans We-, alors soit N_ =0, soit 0X' le bord d’une courbe complexe
compacte dans C%, ou 0X' désigne OX en orientation opposée.

2. S’il existe des constantes complexes c11, c1o telles que
851 (Gl ) (Gl ) (G1 1) dans Wf*’ (65)

ot P(&,&1) = Cifg;g”, alors N_ < 1 et les constantes ci1, ci2 sont les mémes
que dans le theoreme.

3. Sl existe des constantes complexes a1, as, by, ba, c1, ¢y telles que c1+co = a1,

5 ((G1 = P)* = Gy — Po)
=((G1—P1)>—Go — P2)a%)(G1 — Py)  dans We,

Py(&, &) = —foth _ aboth (66)
2
o a;&o+bj\ 2 2a;c;
Po6o, &) = — ) [(25)" + =],
j=1

alors N_ < 2 et ces constantes sont lices aux constantes du théoreme par
les relations

a; +ay = —cip, by +by=—cu,
CL% + CL% = —Co3, a1b1 + a2b2 = _%CQQ, (67)
b% + bg + 2a1¢1 + 2a9¢9 = —c91, €1 + c3 = &qp.

En se basant sur les théoremes [12] nous établissons P'algorithme suivant, qui
permet de trouver X a partir de 0.X :

Algorithme 3. Soit X C CP?*\ (0 : 1 :0) une courbe complexe sans composantes
fermées au bord lisse v C C? et telle que N_ € {0,1,2}. Alors, étant donné 0X, on
peut déterminer X de la maniére suivante :

1. Trouver N_ et N1 (&) = N_+ G1(§), en tenant compte que N (§) est constant
sur chaque > et en utilisant le théoréme .

2. (a) Si N_ =1, trouver le polynome Py(&,0) en utilisant le théoréme [11]
(b) si N_ = 2, trouver les polynomes P (&y,0), P(&,0) a l'aide du théoréme[11]

3. Soit R > 0 un nombre assez grand tel que mo(y) C {|z2| < R}. Posons vy =
X 0 {|z| = R}. Alors v = {(7(€0,0), =&): [&] = R,1 < j < N_}.
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(a) Si N_ =1, déterminer hy(&,0), |&o| = R, de la formule explicite :
h1 (0, 0) = G1(&,0) — P1(&,0), &l = R.

(b) Si N_ = 2, déterminer les polynomes symétriques élémentaires o1(&),
o9(&o) en hi(&o,0), ha(&o,0) pour chaque & € C, |&| = R, fizé en utili-
sant les formules explicites suivantes :

01 .= h1+h2:81, 09 = h/th:%(Si_SQ),
51(&o) := h1(&0,0) + h2(£0,0) = G1(&,0) — P1(&,0),
$2(&0) = h}(%,0) + h3(&,0) = G2(&,0) — Pa(&,0).

Trouver hq(&o,0) et ho(&o,0) (a lordre prées) pour tout § € C, |&| = R, fixé

comme les racines du polynome suivant en t :

t2 — O'l(é'o)t + O'Q(fo) = 0

4. Soit Xp = X N{|z| < R}. Alors 0Xr = vr, Yr = 7 U g et Xg n'a pas de
points a Uinfini. Définir py = N1 (&,0), & € y, par la formule

= G1(60,0) + N_, & € Q.

5. Trover les sommes des puissances si(&o) en hi>1(&,0) pour chaque & € €,
€| < R, fixé et pour tout l :

1 2kdz
_ B (6,0) = / 102
Sk (50) 1(507 O) + + [ (50’ O) 211 g 22 + 507

1<k <.

6. Trouver des polynomes symétriques élémentaires o (&) en hj>1(£o,0), S| < R,
&o € U, pour tout | en utilisant des idéntitées de Newton-Girard qui relient les
polynomes élémentaires symmetriques aux sommes des puisSsances :

or(€0) = Y hi(60,0) - hig(6,0), 1<k <y,

i1 < <ip,

g1 = Sy, 09 — %(O’% — O'2>, 03 — %(Si’ — 38152 + 253), e.t.c.

7. En tenant compte du théoréme de Viéte, trouver hy(&,0), ..., hy, (£,0) (a
Uordre pres), |&| < R, & € €, comme les racines du polynome suivant en t :

t = o1() " 4 - 4 (=1)M 0y, (&) = 0.
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Re(zw)

Re(zw)

Im(ZZ) RE(ZZ) Im(zz)

FIGURE 4 — La courbe complexe reconstruit a partir de son bord (la courbe réelle
rouge). La couleur désigne Im(zy).

Un exemple de reconstruction d’une courbe complexe est présenté sur la Fig. [d La
courbe complexe sur la Fig. [4] est la partie de la courbe

X = {(wo cwyp cwy) € CP?: w? = (wy — iwg) (wy + dwg) (wy — wo)}
bornée par la courbe réelle

v ={(z1(t), 2(t)): t € [0,27]},
2(t) = 1.9¢", 21(t) = /(22(t) — i) (22(t) + 1) (22(t) — 1), 2.(0) > 0.

Notons que dans cet exemple le nombre de points a l'infini est égal a N_ = 2 et les
. N . 2mi
points & Pinfini sont (0:1: 7).
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Article 1

A global uniqueness result for
acoustic tomography of moving

Auid

A. D. Agaltsov

We consider a model time-harmonic wave equation of acoustic tomography of moving
fluid in an open bounded domain in dimension d > 2. We give global uniqueness
theorems for related inverse boundary value problem at fixed frequency.

1 Introduction

Consider the operator
Loy =—-A—=2iA(x) -V +V(x), (L.1)

where A is the standard Laplacian, x € D, A € WH*(D,R%), V € L*(D,R), D is
an open bounded domain in R? (d > 2). In the present article we study an inverse
boundary value problem for the equation L4y =0 1in D.
As in [, [116], [I18] we consider the equation L4yt = 0 as a model equation for
a time-harmonic (e~™?) pressure ¢ in moving fluid. In this setting
2

—v(z), V(r)=—-—,
where v is the fluid velocity vector, ¢ is the sound speed, w is the frequency.

Suppose that 0 is not a Dirichlet eigenvalue for operator L,y in D. Then the
Dirichlet problem

Ax) =

{LAW —0 inD, 12

’l/}‘aD = f7
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is uniquely solvable for ¢ € H'(D) for any f € H'/?(0D). The Dirichlet-to-Neumann
map Aay sends f € HY2(OD) to Aayf € H™Y/2(0D) defined by the formula

AA,Vf = g_q,/j|aD + Z(A ) V)f’ (IB)
H~Y2(9D) can be defined, in

where v is the unit exterior normal to 9D and g—f ’ ap €
particular, by the following formula :

<g—f‘8[),u) = /D(V@/J(x)Vﬂ(x) — 2iu(x)A(z)Vip(x) + ﬂ(w)V(w)w(:p)) dr, (L4)

for u € HY2(0D) and arbitrary @ € H'(D) with i|sp = u. Note that since 1 satisfies
L4 vy = 0, the right hand side of the above formula doesn’t depend on the choice of
.

The inverse boundary value problem for equation L4 y%¢ = 0 in D consists in
finding A, V from A, y. In the case when coefficients A, V can be complex-valued
there is an obstruction to the unique solvability of this problem caused by the gauge
invariance of the map A4y with respect to the gauge transformations

A— A+ Vo,
V=V —ilAp+ (Vp)?+2AVp,

where ¢ € W2>(D,C), plap = 0, see, e.g., [85] (d > 3), [61] (d = 2).

However, in the case of real-valued coefficients A, V' there is no gauge non-uniqueness
as it was observed, for example, in [4].

In addition, in general case, under some regularity assumptions on 9D, A and V,
the Dirichlet-to-Neumann map A4y uniquely determines the two-form dA and the
function ¢ in D and the tangential component of A on 0D, where

oAt DAk
dA = Z (a—xk - a—xl>d$k N d.??l,

1<k<i<d

g=V+iV-A— A A,

(L5)

and A = (A, ... A%).

In particular, it was shown in [85] that in dimension d > 3 the map A4y uniquely
determines dA and ¢ in D if A € L>*(D,C?% and V € L*(D,C). And in dimension
d = 2 it was shown in [61] that if D is a smooth Riemann surface with boundary
(in particular, if D is a planar domain with 9D € C*°) then the map A,y uniquely
determines dA and ¢ provided that A € W*P(D,RY), V. € Wi?(D,C), p > 2.

In addition, concerning the identifiability of tangential components of A on the
boundary, it was proved in [19] that if 9D € C! (d > 3) or 9D € C'*, a € (0,1)
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(d=2)andif A € C(D,C%,V € L=(D,C) then Ay uniquely determines A—v(A-v)
on 0D, where v is the unit exterior normal field to 0D.

In the present article we combine the aforementioned results in order to obtain the
following global uniqueness results in the case when coefficients A, V' are real-valued.

Theorem 1.1. Let D be a bounded simply connected domain with path connected
boundary in RY (d > 3) with 0D € CL. Let Ay, Ay € WH(D,RY) and V;, Vy €
LOO(D,R) ]fAAth = AA27V2, then Al = Ag, ‘/1 = va

Theorem 1.2. Let D be a bounded simply connected domain in R? with 0D € C*.
Let Al, Ay € Wz’p(D,Rd) and Vi, Vb € Wl’p(D,R) with p > 2. If AA17V1 = AA27V2
then Ay = Ay and Vi = V5.

Theorems [[.I] and [[.2] are proved in Section 3. In Section 2 we present formulas and
equations for finding A, V from dA, q, A —v(A - v)|sp.

2 Formulas and equations for finding A, V

In this section we suppose that D is a bounded contractible domain with path
connected C? boundary in R¢ (d > 2). By contractibility we mean that there exists
F € C*(D x [0,1], D) such that Fy, = 7, F; = idp, where Fy(z) = F(z,t), T is
some fixed point in D and idp is the identity mapping on D. We also suppose that
A e W2(D,R%), V € L®(D,R). Given dA, g as in in D and A—v(A-v) on
0D, we can find A, V in the following way :

1. Define A = (A!,..., A?) € WL(D,R%) by the formula

= VIOFOF!  OF] OF!\ [0A DA
k _ t Y4 Y t B
AF = ;/ﬂ ( 5% B, 5 &Ek) (axi oIy o oFt> dt, (1.6)

J

where k =1, ..., d; A= (Al,... A?), F, = (F},...,F%) and o denotes the
' DA

composition of maps, i.e. % o Fy(y) = 5 (F(v)), y € D.

2. Fix 2° € 9D. Define p, € C*(9D) by the formula

d

aol0) =Y [ (4) - B, x € 0D, (17

k=1

where A, = A—v(A-v), A, = A—v(A-v), A, = (AL,... AY), A, =
(AL ..., AY), v is the unit exterior normal field to 9D and integration is over
an arbitrary C! curve on 9D linking 2 to z.
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3. Find the unique generalized solution ¢ € W2*°(D,R) to
A@:Imq—VwZ in D,
{s@laD = %0
4. Coeflicients A, V' are given by the following formulas :
{A:E+v%
V=q—iAp—iV-A+A-A+2A4-Vp+ (Vp)

This algorithm will be justified in Section 4.

3 Proofs of Theorems [[.1],

We will prove Theorems and simultaneously. Let D, Ay, Ay, Vi, V5 satisfy
the conditions of Theorem [I.1| (resp. Theorem and suppose that Aa, v, = Ag,v,.
Using Theorem 1.1 of [19] we obtain that

(A1 —v(A; - v))|op = (As — v(As - v)) o, (1.9)

where v is the unit exterior normal field to dD. Using Theorem 1.1 of [85] (resp.
Theorem 1.1 of [61]) we get

dAl = dAQ in D, (I]_O)
@1 =¢2 in D, (I.11)
where oA ouk
A — b At
dA; = ) <&% aﬁ)dmAdm,
1<k<l<d

g =V +1iV-A; = A; - A,
where A; = (A},..., AY), j =1, 2.
Since the domain D is simply connected it follows from ([.10)) that there exists
© € W2*(D,R) such that
In dimension d = 2 it follows from simple connectedness of D and from smoothness
of D that 0D is path connected. Formulas , (I1.30) and path connectedness of
0D imply that ¢ is constant on 9D.

Using (|[1.21]), (I1.30f) we obtain that
Vi — Vo= —ilAp — (V)? +2A4,Vp in D.

Taking the imaginary part of this equation we obtain the equation Ap = 0 in D.
Since ¢ is constant on 9D and ¢ € W2(D) it follows that ¢ is constant in D. Hence
Ay = Ay and Vi = V5. Theorems [[.1] and [[.2] are proved.
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4 Justification of the algorithm of Section 2

It follows from formula that dA = dA. More precisely, if we denote by F*dA
the pullback of the form dA by the map F' and by s, we denote the interior product
with the vector field 2 on {(z,t) € D x [0,1]}, then

d 1
> Abday, = / (1o, F*dA) dt,
k=1 0

and the equality dA = dA follows from the Cartan magic formula Ly, = dovy, + 1y, 0d,
where Ly, is the Lie derivative along 2, d is the exterior derivative on {(z,t) €
D x [0,1]} and o denotes the composition of maps.

Hence we can define ¢ € W2*(D,R) by the formula

z d " o
(p(l’) = [ Z(Ak — Ak)d$k, xr &€ D,

k=1

where & € D is some fixed point_and integration is over an arbitrary C! curve in D
linking & to . Then Vo = A — A in D and this implies that ¢|sp differs by constant
from g defined in (7). We also obtain from ([L.5)) the equation

V=qg—iAp—iV-A+A-A+24-Vyo+ (V)® inD.

Taking into account that V' is real-valued and separating the imaginary part in the
latter equation we obtain ([.8)). Since Im ¢ and V- A belong to L>(D,R), the problem
([L.8) is uniquely solvable for ¢ € W%*(D,R). Thus, the algorithm of Section 2 is
justified.
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Article 11

Uniqueness and non-uniqueness in

acoustic tomography of moving
fluid

A. D. Agaltsov, R. G. Novikou[]

We consider a model time-harmonic wave equation of acoustic tomography of moving
fluid in an open bounded domain in R¢, d > 2, with variable sound speed ¢, density
p, fluid velocity v and absorption coefficient o. We give global uniqueness results for
related inverse boundary value problem for the cases of boundary measurements given
for two and for three fixed frequencies. Besides, we also give a non-uniqueness result for
this inverse problem for the case of boundary measurements given for all frequencies.

1 Introduction

We consider a moving fluid in an open bounded domain D C R¢ with sound
speed ¢ = ¢(z), density p = p(x), fluid velocity vector v = v(x) and the sound wave
absorption coefficient o = «a(z,w) at fixed frequency w, where x € D = D U dD.
For this fluid we consider the following model equation for the time-harmonic (e~**)
acoustic pressure 1 :

Lo =0 in D,

II.1
L,=-A, —2iA,(x)V, —Uy(z), x=(x1,...,24) € D, (IL.1)

1. CMAP, Ecole polytechnique, CNRS, Université Paris-Saclay, 91128, Palaiseau, France; IEPT
RAS, 117997 Moscow, Russia ; and Moscow Institute of Physics and Technology, 141700 Dolgoprudny,
Russia ; email : novikov@cmap.polytechnique.fr
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where

0? 0? 0 0
_wo(z) | i Vp(x)
2
Ul (x) = W' 2@,wa(x,w) (I1.3)

—2(x) c(x) ’
oz, w) = w@ag(z).
In different particular cases this model was considered, for example, in [4, [15] 24] [71]
117, 116, [118].
In the present work we assume that the fluid parameters ¢, p, v, a are such that

A, and V,, are sufficiently reqular on D for any w > 0, (I1.4)
> Coin >0, p> pin >0, ag >0 in D
2 pP=p 0 (IL5)
for some constants Cpin, Pmin-
For simplicity we consider equation ([[I.1) assuming that
wéeo(L,), (IL.6)
where

o(L,) consists of all z € C such that

(I1.7)

0 is a Dirichlet eigenvalue for operator L, in D.

For equation (II.1)), under assumptions (I1.4]), (IL.6)), we consider the Dirichlet-to-
Neumann boundary map A, defined by the relation

Ao(Wlon) = Zlop + i(Ay - v)¥ap, (IL8)

fulfiled for all sufficiently regular solutions 1 of (IL1]) in D, where v is the unit exterior
normal to D.
We consider A, as all possible boundary measurements for the model described by

equation (II.1)) at fixed w.

In the present work we consider the following inverse boundary value problem for

equation ([L.1)) :

Problem II.1. Given boundary data A,, for some frequencies w, find fluid parameters
c, p, v, ainD.

Under the assumption that

A,=0 onadD, (I1.9)
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Problem is closely related with the inverse scattering problem for the equation
Lo =0 onR% (I1.10)

where )

A, =0, U, = w_2
€

where ¢y can be considered as the mean value of ¢ on 0D. By scattering data for
equation we mean, first of all, the scattering amplitude ; see, e.g., [4, 2] [7T], O7]
for definitions of the scattering amplitude.

Due to results going back to [97], it is known that the inverse boundary value
problems and the inverse scattering problems for operators like L,, are, actually, equi-
valent. For simplicity of exposition, in the present work we do not formulate the inverse
scattering version of Problem in detail.

Note also that Problem at fixed w is closely related with inverse boundary
value and inverse scattering problems for the Schrédinger equation in magnetic field
at fixed energy. The reason is that the operator L, at fixed w is closely related with
the magnetic Schrodinger operator at fixed energy.

In the present work we are mainly focused on Problem [[I.1]and its inverse scattering
version for the case when v #Z 0 in D, or, in other words, we are focused on the acoustic
tomography of moving fluid in the framework of the wave propagation model ,
(IL.3)).

As regards results given in the literature on this acoustic tomography of moving
fluid, see, e.g., [2 13, 4 [15], 116l 18] and references therein including the case when
v=0.

In particular, in [4] a Riemann—Hilbert problem approach to the inverse scattering
version of Problem[[T.T]at fixed frequency w was developed for the case when p = const,
a=0,d=2.

In addition, in [3] global uniqueness theorems for Problem at fixed frequency
w were proved for the case when p = const, « =0, d =2 or d > 3.

Note that in the present work we use, in particular, results developed in the litera-
ture for the case of the inverse boundary value problem for the Schrodinger equation
in magnetic field at fixed energy ; see [19] [61], 85] and references therein.

Note also that in the present work we use global uniqueness results on the Dirichlet
problem for some linear and non-linear perturbations of the Laplace equation in D;
see systems ([L.2§)), of Section 3| and related results of [54].

The main results of the present work can be summarized as follows :

(A1) We show that the boundary data A, given for two different frequencies w =
w1, wy uniquely determine the coefficients ¢, p, v under the assumptions that
wy, we & o(Ly,) and a = 0, see Theorems , of Section

(A2) We show that the boundary data A, given for three different frequencies
W = wi, W, ws uniquely determine ¢, p, v, @ under the assumptions that wy,

on R\ D,
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wa, w3 & o(L,) and ¢ doesn’t vanish anywhere, see Theorems [[1.3] of
Section 2

(B) We give examples of coefficients ¢, p(l), v, aél and different coefficients
@, p® @ ol such that o(LY) = ¢(LP) and ALY = AP for w € C\a(LY)
for the case when ¢ = 0, see Theorem [[I.5] of Section [2]

We recall that in the aforementioned results o(L,,) is defined by (IL7).

The uniqueness results (Al), (A2) can be considered as results on global identi-
fiability in acoustic tomography of moving fluid, whereas the non-uniqueness result
(B) can be considered as a result on principal non-identifiability in this tomographical
problem.

Note also that in these results the determination of p is considered modulo the
transformations p — Cp, where C' is a positive constant.

The main results of the present work are presented in detail in the next section.

2 Main results

Let W™P(D,C) denote the standard Sobolev space consisting of complex-valued
functions which are n times differentiable in L?(D), where n > 0, p > 1 (including
p=o00) and D is the domain of Section 1. We consider also W™?(D R), W™P(D,R%)
and W™P(D,C?) defined in the standard way.

We say that D is simply connected iff D is path connected and each continuous
loop in D is contractible. In addition, we say that a set S in R? is path connected
iff each pair of points in S can be joined by a continuous path in S. See, e.g., [35] in
connection with these definitions.

In the present work we assume mainly that

ce Wh*(D,R), ¢>0, pe C(D)UC*D), p>0,

v e W (D,RY), ag € C(D), (€ C(D), ¢+#0, (IL.11)
o, C are real-valued,  for d > 3,

ce W?*?(D,R), ¢>0, pec W*(D,R), p>0,
v e W (D,RY, ay € WP(D,R), ¢e€C(D), ¢#0, (I1.12)
g, ¢ are real-valued, where p > 2, d = 2.

Let L, o(L,) and A, be defined as in Section .
In the present work we obtain, in particular, the following global uniqueness resutls

for Problem [T.1]

Theorem I1.1. Let D be an open bounded szmply connected domain in R4, d > 3,
with path connected C' boundary OD. Let LY and AY correspond to coeﬁiczents
e, p) 0@ o) where 9, pl) w9 satisfy m, al) =0, j =1, 2. Let wy,
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wy € [0, +00)\ (U(LS)) Uo(Lg))), wy # wy. Then the coincidence of the boundary data
AD = AP for w € {wy,wy} implies that ¢V = @, pM) = Cp@ v = @ where
C = const > 0.

Theorem 11.2. Let D be an open bounded szmply connected domain in R* with path
connected O boundary OD. Let LY and A ) correspond to coefficients V), pld) (),
a9, where 9, p) v0) satisfy m, =0,j=1, 2. Letwy, wy 6 0, 4+00) \
(o (L(l))Uo(L(Q))) wy # wy. Then the coznczdence of the boundary data A = A for
w € {wi,ws} implies that ¢V = @, p) = Cp® vV =@ where C = const > 0.

Theorem I1.3. Let D be an open bounded szmpl% connected domain in R?, d > 3, with
path connected Ct boundary OD. Let LY and AY correspond to coeﬁ?czents cU ), o),
v\, J) , CY) satisfying (IL10), j = 1, 2. Let wy, wo, wj € (0, +oo)\(o(LS))Uo(LSJ2)))
be three pairwise different frequencies. Then the coincidence of the boundary data
AY = A? forw € {wi,wy,ws} implies that ¢V = 2 p) = Cp? ) = @),
a® = @ where C = const > 0 and o9 (z,w) = W@ (z).

Theorem 11.4. Let D be an open bounded szmply connected domain in R? with path
connected C> boundary OD. Let LY and AY) correspond to coefficients c@), p@, yU),

), ¢Y) satisfying [[L12), j =1, 2. Let wy, w, wy € (0,+00) \ (0 (L(l)) o(LY))
be three pazrwzse different frequenczes Then the coincidence of the boundary data
AY = AP for w € {wi,ws, w3} Zmplzes that ¢V = @ p1) = Cp@ 1) = @),
at) = a®  where C = const > 0 and oV (z,w) = <(j>(’3)a(()j)(x).

Theorems [[I.1], [[T.2] and [[T.3] [[T.4] are proved in Sections [3| and [4] respectively.
Let

h be a real-valued function supported in D,

I1.13
h € C*(D) and |[Vh|* < 1 in D, ( )
where D is an open bounded domain in R?.
We set
M =const >0, pY = const > 0,
I1.14
U =0, ozc(]l) = const > —1 min Ah(z), ( )
x€D
and
@ =M1 - |VAHY2 p® = const > 0,
@ = (1 — |Vh|2)‘1Vh (IL.15)

ol = (1= |Vh[}) (ol 1Ah>

Note that for these fluid parameters ¢\, pl@) o) ozo ) with ¢ = 0 the conditions
, are fulfiled for both cases 7 =1 and j = 2.

In the present work, in addition to global uniqueness results of Theorems [[T.1]
.3} we give also the following non-uniqueness result.
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Theorem I1.5. Let D be an open bounded domain in RY, d > 2, with smooth boun-

dary Let h satisfy , h % 0, and ¢, p0), ) al) j =1, 2, be defined by

(IL.14), (.15 Let and AY correspond to coefficients ¢@), p), v@ o) with
J) = 0. Then AY ( for allw € C\ o, where o = U(L(l)) = J(Lg)).

Theorem is proved in Section [f

3 Proofs of Theorems II.1] and I1.2

3.1 Proof of Theorem [I1.1]

Note that : . )
9=3 (G +49%) +a2, (11.16)
where
| O )
A = (ADL AWy = (i(”j))Q + %Vp@) ,
@' = _% v ((cg)?”m * %vp@(j)> - (cgy(v(”)Q (11.17)
R e

V- is the standard divergence, j = 1, 2.
By Theorem 1.1 of [19] we have that the tangential components of the fields A

and A on 9D are equal. And, as a corollary,

\V ) \V )

tangential components of % and % on 0D are equal, (I1.18)
p p
ey e

tangential components of on 0D are equal. (I.19)

(e Gy
Using (I1.18) and the path connectedness of 0D we obtain

Inp® —Inp® =InC on dD,

(I1.20)
pP|op = CpWlap  for some positive constant C > 0.
Using Theorem 1.1 of [85] and the simple connectedness of D we get :
¢? —¢V =0 inD (I1.21)
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and
AP AW = vy, in D,

w

where ¢, € W?*(D,C), w € {w,ws}.
Separating the real and the imaginary parts of ([1.21]) we get :

S SR i) S i)
< [ = o oy~
)

Vo2’ Vo2 - V2 - v
202 ) 200 ) T ¥ T\ 2p® TV 2V p(1)
where w € {wy,ws};

»(D) e) Vo o Y@ 4@
v (<c<l>>2 ) <c<2>>2) 0 ey e (e

Using ([1.23)) and the assumptions that wy, wy > 0, wy # wo, we obtain
Vo2 2 VoW 2 V2 v,
VAN (VNG (VRN Lol (W

1 1 (U(l))2 (U(2))2

(D (@R T (D) T (@)

+

=0.

Let ' .
u?) = %lnpm, j=12.

Due to (I1.20)), (I1.25) and (I1.27)), we have

Au® — (Vu@)? = Ay — (VuM)? in D,
u® =u®4+1InC ondD.

Since uM, u® € C(D) N C?(D), it follows from Theorem 10.1 of [54] that

u® =M 4 %lnC in D

and, consequently,
p® =cpV inD.
Further, taking the real part of ([1.22)) and using (I1.19) we obtain
e ey

(@)~ ()2

=Vp, inD

and
B, = const  on 0D,

o1

(I1.22)

(11.23)

(I1.24)

(11.25)

(I1.26)

(I1.27)

(I1.28)

(I1.29)

(I1.30)

(I1.31)



where

B = Repy,. (I1.32)
Taking into account ([1.29)) we define

B Vo) B A\

a:= PO (I1.33)
Formulas ([1.24)), (11.30)), (I1.31)) and (II.33) imply that
—A =0 inD
Pa+aVf, =0 in D, (I1.34)
B, = const on 0D.

Now it follows from Theorem 8.1 of [54] that (8, = const in D. This result and formula

(I1.30) imply that

ey @
COE = @) in D. (I1.35)
Finally, using (I1.26f), (II.35) we obtain
=W and v® =W in D. (I1.36)

This completes the proof of Theorem [II1.1]

3.2 Proof of Theorem I1.2

In a similar way with the proof of Theorem [II.1} we have formulas ([[I.16))—(IL.20))
for d = 2.

Let .
p) = —% In pW), (I1.37)
and . .

LD = e~ [W)eint? (I1.38)
where e e~ denote the multiplication operators by the functions e, e~
j=1,2

Using ([1.37]), (I1.38]) one can see that
o(LY) = o(LY)), j=1,2, (I1.39)
and B B
A = AP, (11.40)

where KS), Kff) are the Dirichlet-to-Neumann maps for operators ZS), ZEE) in D,
respectively, w € {wy,wa}.
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By direct computation we obtain that

2 2
. 10 ~ .
=3 (32 i)+ (1L41)
k=1
where _ _ _ w
A = (AP AD?) = o,
(c0))? (I1.42)

a(wj) — 49

( )Not(e )that the fields ES), A® do not contain the imaginary part in contrast with
AP, AY.
Now, using (I1.39)), (IL.40)), (LI.42)) and also Theorem 1.1 of [61] and simple connec-

tedness of D we get the equalities ([1.23)), (I1.24)) for d = 2, w € {wy,ws}, and also the
equality

A® — A = vz, in D, (11.43)

where @, € W2*(D,R), w € {w,ws}.
In a similar way with the proof of Theorem [II.1] proceeding from (I1.20f), (II.23])
for d = 2 we obtain ([I.29) for d = 2.

Now, using (I1.19)), ([1.42)) and (I1.43)) we obtain ([1.30]), (I1.31]) for d = 2, where
Bo = Pu- (I1.44)

Finally, using (I1.24)), (I1.29), (I11.30)), (1I.31) for d = 2 and (I1.44)) we complete the
proof of Theorem in a completely similar way to the corresponding part of the

proof of Theorem [[I.1]

4 Proofs of Theorems I1.3 and I1.4]

Note that under the assumptions of Theorems , we have that LY is given
by (I1.16)), where

Dy w i Vo)
@ ()2 T2 0

2 ; €) 2
G - Y Ava w gtV W ()\2
e oy Y ((C(j))QU 250 ) ") (I1.45)
1 iwv@V pl) )
— ()2 N2 _ oy 14+¢G) &o
+1 (7)) (V) Ty~ 2

where j =1, 2.
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4.1 Proof of Theorem 1.3l

In a similar way with the proof of Theorem |II.1} we have formulas ([I.18])—([1.22]),
where in ([1.21)), (I1.22) the functions qf,l), qff), Al , A® are defined as in (I1.45)) and

w € {wr,ws,ws} .

Now, separating the real and imaginary parts of (I[.21)) we obtain equality ([1.23])
and also the equality

1eY) 1e)) vp(l) e Vp(2) o)
{v ((C(”P - (c(2>)2) T 0 (@ T e (c@))z}

" a(()g) " a(()l) (I1.46)

where w € {wy, wa, w3 }.

Using and the assumption that wq, wo, w3 are positive and mutually different
frequencies we obtain, in particular, that holds.

In a similar way with the proof of Theorem m proceeding from f
we obtain .

Next, in order to show that a(()2) (x) = a(()l)(x) for fixed x € D we consider two
cases : (a) (W(z) # (P(x); (b) (W(z) = (P (a).

For the case (a) using and the assumption that w;, wy, w3 are positive and
mutually different frequencies, in addition to ([1.24]), we obtain also that

ol o
()2 =0 atpointx, j=1,2, (I1.47)
and, as a corollary,
a(()l)(x) = 04(()2) (x) = 0. (I1.48)

For the case (b) using (I1.46) and the assumption that w;, ws, w3 are positive and
mutually different frequencies, in addition to ([1.24]), we obtain also that

a(()2) 0481)
(@)~ [y =0 at point x. (I1.49)
Using (I1.36)) and ([1.49) we obtain

al?(z) = ol (). (I1.50)

Finally, the result that o® = o™ in D follows from ([1.48)) for the case (a) and

from (I1.50)) for the case (b).
This completes the proof of Theorem [[T.3]
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4.2 Proof of Theorem 1.4

In a similar way with the proofs of Theorems , @ and we have formulas @
(IL.45), (IL.18)—(I.21) for d = 2 and formulas ([L.37)—(IL.43) where in ([L.21]), (IL.40
11.43) w € {wy,ws, ws}.

Now, separating the real and imaginary parts of we obtain equality
and also equality for d = 2, where w € {wy,ws,ws}.

Using equality and the assumption that wy, we, ws are positive mutually
different frequencies we obtain, in particular, for d = 2.

As in the proof of Theorem [II.1} we use ([1.20), (I1.23)) to obtain (II.29)).
Using ([[1.19)), ([1.24]), (I1.29) for d = 2 and ([1.43) as in the proof of Theorem [[1.2

we obtain (I1.36) for d = 2.
Finally, using ([1.46)) we complete the proof of Theorem [[I.4]in a completely similar

way to the proof of Theorem [[1.3]

5 Proof of Theorem IL.5

Let o
One can check by direct computation that
e"mLMet = A —2i APV — U, (I1.52)
where
A2 — ivf%
co (IL.53)
w? 29w, :
Uy = W(l — |VA?) + E(ac() '+ 1An),

and e, e~ denote the multiplication operators by the functions e, e~ respectively.

Using ([1.52)) one can see that

L = eminpMein, (11.54)
Due to our assumptions, we have that
e — 1 is supported in D. (IL.55)
Using , one can see that
o(LW) = o (L), (I1.56)
and
AD = AD for allw e C\ o, (IL.57)

where o = U(Lgl)) = J(Lg)).
This completes the proof of Theorem [[T.5]
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Article 111

Finding scattering data for a
time-harmonic wave equation with
first order perturbation from the
Dirichlet-to-Neumann map

A. D. Agaltsov

We present formulas and equations for finding scattering data from the Dirichlet-to-
Neumann map for a time-harmonic wave equation with first order perturbation with
compactly supported coefficients. We assume that the coefficients are matrix-valued
in general. To our knowledge, these results are new even for the general scalar case.

1 Introduction

We consider the following equation :

d
Ly £ — A =20y Ay(2)0,00 + V() = B, we€DCRY (I11.1)
j=1
where © = (21,...,2q), Oy, = 0/0x;, A =02 +~~~+8§d, EeC,d=2,3,
D is a bounded open domain in R? with 9D € C?, (I11.2)

Ay, ..., Ay, V are sufficiently regular M, (C)-valued functions on D and M,,(C) is the
set of n X n complex matrices.
We also assume that

E is not a Dirichlet eigenvalue for operator L in D. (I11.3)
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Note that equation (III.1)) can be written in the form

d
> (=it + Aj(@)) 0+ v(@)y = B, (I11.4)
j=1
where
d d
v(a) =V(z) =Y Ax)+i Y 0 Aj(x). (I11.5)
j=1 j=1
For equation (IIL.1]) (or (III.4))) we consider the maps ®(F), A(E) such that
o
O(E)(Wlop) = &~ L

Y

oD

AEYwn) = (5 +¢iyjAj¢>

for all sufficiently regular solutions v of in D = DU D, for example for all
¢ € CY(D, M,(C)) N C*(D, M,(C)) satisfying ([IL1)), where v = (v1,...,vy) is the
unit exterior normal to dD. The map ®(F) is known as the Dirichlet-to-Neumann
map for equation in D.

In a similar way with [78], assumption can be dropped by considering an
appropriate Robin-to-Robin map instead of the Dirichlet-to-Neumann map.

Note that A(E) is invariant with respect to the gauge transformations

A; = gAjg +i(05,9)97", j=1.....d, (I11.6)
-1 ‘
v — guvg -,

where g is a sufficiently regular M,,(C)-valued function on D with det g(z) # 0, 2 € D
and g(x) = Id,, on 0D, where Id,, is the identity n X n matrix. Note also that ®(FE)
is invariant with respect to the gauge transformations under the additional
assumption that Z;l:l vj0y;9 = 0 on 9D. Furthermore, if %, v;A; = 0 on 9D (in
particular, if Ay, ..., Ay have compact supports in D), then A(E) = ®(FE). Besides,
if Ay, ..., Ay are known on 9D, one can easily compute A(E) given ®(F) and vice
versa.

For n = 1 equation can be considered as a Schrodinger equation at fixed
energy E with magnetic potential A = (A;,..., Ay) and electric potential v, see, e.g.,
[109, 42, 43].

Equation for n > 2 with Hermitian matrices Ay, ..., Ay and with scalar
matrix v can be considered as a Schrodinger equation for a particle in an external
Yang-Mills field, see [122] 123, 132 [44].
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Besides, equation (III.1)) for n = 1 is a model equation for the time-harmonic
(e~™') acoustic pressure ¢ in a moving fluid, see, e.g., [116, [118]. In this setting

Co Co Co
where j = 1, ..., d, ¢y is a reference sound speed, r is a scalar index of refraction,
u = (ug,...,uq) is a normalized fluid velocity vector.

In addition, for n > 2, d = 2, equation (IIL.1)) arises as a wave equation in the
mode representation for a time-harmonic acoustic pressure ¢ in a moving fluid in a
three-dimensional cylindrical domain of finite height and with base D, see [15].

We also consider equation ([II.1)) in the entire space :

d
L= —Av =20 Aj(x)0,, ¢+ V(z)) = B, zeRY (IIL.7)
j=1
where Ay, ..., Aq, V are sufficiently regular M,,(C)-valued functions with sufficient

decay at infinity.

There are scattering functions ¥", f and Faddeev-type generalized scattering func-
tions %, h and v, h, associated with equation ([IL.7]).

Functions ¥", f can be defined as follows :

(2, k) = *1d,, + /G+(x —y, k)%

(ITL.8)
( 2ZZA )0y, + Vo >)w+<y,k>dy
G (2, k) = —(27)" / o mdf (ITL.9)
where € RY k € R\ 0, k% = E;
f(k,l)_(Zw)‘d/ —M( 2ZiAJ 10, + V(a )>w+(x,k)dx, (T11.10)

Rd

where k € R¥\ 0,1 € R?\ 0, k? = [> = E. Actually, we consider ([IL.8)) and its
differentiated versions, where d,,, j =1, ..., d, are applied to both sides of (LII.g|), as
a system of coupled linear integral equations for ¢, 9, ¥*, j =1, ..., d.
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Functions ¢ and h are defined as follows :

U(z, k) = e*1d,, + /G(x —y, k) x

Rd

. (IIL.11)
<(-2 3 A0, + v<y>)w<y, k) dy,
j=1
G(ZL’, k) — eikmg(m,]{;), (J} k: 27T /52 l_é:;lif (11112)

where z € R4, k € C4\ R k* = E;

Bk, 1) = (27)~ / —M( QZZA 0, + V( ))¢(x,k)dx, (TIL.13)

Rd

where k, | € C*\ R, Imk = Iml, k? = [? = E. In a similar way with ([IL§], we

consider and its differentiated versions as a system of coupled linear integral

equations for 1, 0,4, or, more precisely, for u, 0,1, j =1, ..., d, where ¢ = etz
Finally, functions 1., and h., are defined as follows :

U2, k) = (2, k +i07),  hy(k, 1) = h(k + 0y, + i0), (I11.14)

where v € R% k, 1 € RI\0, k2 =1? = E, v € S4, and S9! is the unit sphere in R?.
Note that the history of functions ¢, h and v, h, goes back to [Fal], [Fa2].
Functions f(k,1) and h,(k,l), where k, | € R4\ 0, k* = > = E, v € S, and

h(k,l), where k, | € C¢\R? Imk = Iml, k? = [?> = E, are considered as the scattering

data Sg for equation at fixed E € (0, +00). Function h(k,l), k, [ € C?\ R,

Imk =1Iml, k* = [ = E, is considered as the scattering data Sy for equation ([I1.7)

at fixed £ € C)\ (0, +00).

In a similar way with the map A(FE), scattering data Sg is invariant with respect to
gauge transformations , where g is a sufficiently regular M, (C)-valued function
on R decaying fast enough at infinity with det g(z) # 0 for x € RY, see, e.g., [4] for
the case n = 1.

Let D be a fixed domain satisfying ([IL.2)). Let

Ay, ..., Ag, V€ C¥(D, M,(C)) for some 0 < a < 1, (IIL.15)

where C%%(D, M, (C)) denotes the space of M, (C)-valued component-wise Holder-
continuous functions with compact support in D. As it was noted above, in the case
of coefficients satisfying ([IL.15]) the maps ®(E) and A(E) are the same. For coefficients
Ay, ..., Ay, V satisfying @D we consider the Dirichlet-to-Neumann map ®(F) for
equation and the scattering data Sg for equation . In the latter case we
define coefficients Ay, ..., Ay, V outside of D by zero matrices.
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Problem III.1. Given ®(E) at fivzed E (or for E in some fized set) find Ay, ..., Aq,
V oof (II1.1) (modulo gauge transformations (I11.6) ).

More precisely, we develop the approach of [97] (where this approach was suggested
forn =1, Ay, ..., A; = 0) and reduce Problem [[11.1]to the following inverse scattering

problem for equation (II1.7)) :

Problem II1.2. Given Sg at fized E (or for E in some fived set) find Ay, ..., Ag, V
of (LIL7) (modulo gauge transformations (L11.6) ).

Concerning the results given in literature on Problem without the assumption
that Ay =0, ..., Ay = 0, see, e.g., [02, 113] B3], 84], [74], B5] for n = 1 and [39] for
n > 1. Besides, see [110, [111] for the case d = 2, A; =0, Ay =0, n > 1. Concerning
the results for the case n =1, A1 =0, ..., Ay = 0, see [101], 20} 103, 23], [77, 121] and
references therein.

Concerning the results given in literature on Problem [[TI.2] without the assumption
A =0, ..., Ay = 0, see, e.g., [125 [71 O8] 42, 43| 10, O3, 112, 4] for n = 1 and
[68, 144, [39], T41] for n > 1. The case A; =0, ..., A; =0, n > 1, was considered, e.g.,
in [111]. Concerning the results for the case n =1, A1 =0, ..., A3 =0, see [107] and
references therein.

The main results of the present work consist of Theorems and of Sec-
tion 2. In Theorem [[IT.T] we give, in particular, formulas and equations for finding Sg
from ®(E) — ®°(F), where Sg and ®(F) correspond to coefficients Ay, ..., A4, V and
®°(E) corresponds to zero coefficients A? =0, ..., AY =0, V® = 0. In Theorem
we give a result on the solvability of equations of Theorem [IL.1]

In fact, the formulas and equations of Theorem are also valid if either V°(x)
is a diagonal matrix for all z € D or V? is a product of a constant matrix by a scalar
function, see Theorems [[I1.1]| and [[I1.2]] of Section 2. In this case, the potential V? is
supposed to be known. This generalization to the case when V%(z) is diagonal for all
x € D is useful, in particular, in the framework of Problem for the case of mode
wave equation, see, e.g., [I5] and Subsection 3.1 of [I11].

Thus, due to the results of Theorems [[11.1] [[TT.2] [[IT.1]] [T1.2]] we reduced Problem
to Problem [[I1.2] As regards to methods of solving Problem [[II.2] we refer to
[, 00, 42, 43, 44, 39, 109, 71, 63, 03, 98, 07, [I11, 112, 125, T41] and references
therein.

For the case when n = 1, A; =0, ..., 4, =0, Al =0, ..., A9 =0, V° =0,
Theorems and were obtained for the first time in [97]. These theorems
were generalized to the case whenn =1, A; =0, ..., A4 =0, AA =0, ..., AY =0,
VO £ 0, in [I01]. In [I11] the authors give formulas and equations for the case when
d=2,n>1, A =0, A4, =0, A2=0, A =0, VY £ 0. In the present paper we
generalize these results to the case when n > 1, A} #0, ..., A3 #0, Al =0, ..,
AY =0, V° £ 0. To our knowledge, these results are new even for the general scalar
case when n =1 and V% = 0.
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The main results of the present work are presented in Section [2]

2 Main results

Consider equation ([II.7) under assumption ([II.15). We define the sets &, &,
v € 841 and £F, as follows :

& :{C € C\ R?: equation ([IL11)) at k = ¢ is not uniquely

. o (IIL.16)
solvable for ¢ = e, where p € WH(R?, M,(C))},

&, :{§ € R4\ 0: equation ([IL11) at k = ¢ +i0y is not (I11.17)
uniquely solvable for b € W (R?, M, (C))}, '

EY ={¢ e R\ 0: equation (ILY) at k = ¢ +140¢/[¢| is not (I1L.18)

uniquely solvable for 1 € Wh>(R?, Mn(C))}

The properties of sets &, £,, £ are similar to the properties of the analogs of sets &,
E,, €T in the case when n =1, A; =0, j =1, ..., d. For the properties of the latter
sets see, e.g., [I01] and references therein. Restrictions in space and time prevent us
from studying the properties of sets £, £,, £ in the present paper.

Theorem II1.1. Let D satisfy and E be fized. Suppose that E is not a Dirichlet
eigenvalue for operators L and —A in D. Let Ay, ..., Ag, V satisfy . Let ®(E)
correspond to coefficients Ay, ..., Aq, V and ®°(E) correspond to coefficients AY = 0,
..., A =0, V0= 0. Denote by (® — ®°)(x,y,E), x, y € 0D, the Schwartz kernel of
operator ®(E) — ®°(E). Then the following formulas and equations hold :

Bk, 1) = (27)~ /8 ) /8 @ = 8) (o, B, ) dyd, (TI1.19)

where k, | € C*\RY, Imk =Iml, k> =1>=FE, k¢ &;

wle.k) =1, + [ Aoy R)ols.R)dy, o 0D, (111.20)
oD
Az, y, k) = / Gz —2,k)(® — ®°)(2,y,E)dz, x,y € 0D, (IT1.21)
oD

where k € C1\ (RCUE), k? = E, and G is defined in formula ([T1.12)) ;

h.(k,1) = (27) " /8 . /(9 N e (® — &%) (z,y, E)Y, (y, k) dy dx, (111.22)
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where v € STk, 1 eRINO, K =1>=FE, k€&,

oleik) = Iyt [ Aoy k) (k) dy, € 0D, (111.23)
oD
A (z,y, k) = / G, (x — 2,k)(® — ®°)(2,y, E)dz, x,y € dD, (I11.24)
oD
G (2, k) 2L G2,k +1i07), zeR? (I11.25)

where v € S ke R\ (0UE,), k> =E;

fe) = @n) ¢ [ ] @ - 20y, B (u k) dyda, (111.26)
oD JoD
where k, | e RINO, k> =1 =E, kg ET,
vt o) =, 4 [ ANy ket R dy. o oD, (11.27)
oD
At (z,y, k) = / GHw — 2, k)(® - d (2,9, E)dz, =x,y€dD, (I11.28)
oD

where k € RT\ (OUET), k* = E, and G* is defined in formula (I11.9).

Actually, we consider ([11.20]), (II1.23]), (II11.27) as integral equations for finding 1,
Y., Y7, respectively, from ®(E) — ®(E).

In addition, we consider (I11.19)), (I1I.22]), (II11.26]) as explicit formulas for finding
h, b, f from ®(F) — ®°(E) and 1, 9., ¥, respectively.

For fixed 0 < 8 < 1 we denote by C#(dD, M,,(C)) the Banach space of functions
from C*(0D, M, (C)) with component-wise Holder-continuous derivatives.

Theorem II1.2. Let the assumptions of Theorem [II1.1] be fulfilled. Let 0 < 5 < 1 be
fized.

1. Fizk € C\RY, k? = E. Then equation (IL.20)) is a Fredholm integral equation
of second kind for ¢ € CYP(0D, M,,(C)) which is uniquely solvable if and only
ifk & &.

2. Firy € S41, ke RO, k* = E. Then equation ([I1.23)) is a Fredholm integral
equation of second kind for 1., € CY?(8D, M, (C)) which is uniquely solvable if
and only if k & E,.

3. Fiz k € R¥\ 0, k* = E. Then equation (IL27)) is a Fredholm integral equation
of second kind for v+ € CYP(0D, M,,(C)) which is uniquely solvable if and only
ifk & ET.
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In fact, Theorems [[TI.1] and [[T1.2] are particular cases of more general Theorems
[MIT.1]] and [[I1.2]] given below. To formulate these results we need to introduce some
notations.

Let coefficients A9, ..., A V° on R? satisfy

AY=0,...,45=0, (I11.29)

and either
VO(x) be a diagonal matriz for all x, (II1.30)

or
VO =V9%°, where V° € M,(C)

0 . . (II1.31)
and v° is a slalar function of x.

We also suppose that V? is zero outide of D and coefficients AY, ..., AY VO restricted

to D satisty ([IL.15).

Define Lyo, Eyo, Eyo., v € S9!, and &L by formulas ([ILI)), (TII.16), (TII.17),
(TTT1.18)), respectively, using coefficients A = 0, ..., AY = 0, VY in ([IL1)), (TIL.11)),
(IT1.8]) instead of Ay, ..., Ay, V.

Note that, in fact, in the definition of set Eyo (or sets Eyo , 5;}0) it is suf-

ficient to consider the solvability of corresponding equations for 1 = e*%y with
p € LR, M, (C)) (for ¢ € L=(R%, M, (C)), respectively).
We consider the functions R°, R), v € S9!, and R*° defined as follows :
ROz, k) = Gla — y, k)Td, + / Gz — 2 V()R (=,y k) dz,  (ITL32)
R4
where 7, y € R% k € C¢\ R? and G is defined in formula ([T1.12));
0 def 50 .
R’y(xayvk) — R (.T,y,k—i—ZO")/), (11133)
def

R+’O($7y,]{7) - R2/|k|(m7y7k>7 (11134)

where z, y € RY k€ R4\ 0, v € S9-1.
We consider ([11.32)) at fixed y, k as an integral equation for

R(z,y,k) = Gz — y, k)Id, + "0z, y, k), (I11.35)

where r°(-,y, k) € L>®(R?, M, (C)).
It follows from (TII.32)), (III.35)) that r° satisfies the following equation :

(. y, k) = /g(iﬂ — 2 k)VO(2)9(z -y, k) dz

Rd

—l—/g(x — 2, BV ()% (2,9, k) dy,

R4

(I11.36)
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where z, y € R? and ¢ is defined in formula .
Note that under assumption for coefficients A} = 0, ..., AY =0, V° the
following statements are true :
1. Fix k € C%\ R Then equation is uniquely solvable for r%(-,y, k) €
L>®(R?, M, (C)) for any y € R? if and only if k & Eyo.
2. Fix ¢ € R4\ 0, v € S, Then equation ([I1.36) with & = ¢ + 0~ is uniquely
solvable for (-, y, k) € L=(R%, M, (C)) for any y € R? if and only if { & Eyo .
3. Fix ¢ € R?\ 0. Then equation ([I1.36) with k = ¢ +1i0¢/|¢] is uniquely solvable
for r°(-,y, k) € L®(R%, M,(C)) for any y € R? if and only if { & &.
Besides, if equation ([11.36)) at fixed k is uniquely solvable for r°(-, y, k) € L>(R¢, M,,(C))
for any y € R, then function r° has the following properties :

(-, k) € C(RY x RY, M, (C)) N L>®(R? x R, M,,(C)) at fized k, (I11.37)
/g(x — 2, )V () (2, y, k) dz = /ro(:v, 2, k)V°(2)g(z — vy, k) dz, (IT1.38)
Rd Rd

where z, y € R%. B
We also consider the function 109{ defined as follows :

Blak ) =10, + [ Gy =g V@R R Dy, (11139)
Rd
where z € R?, k, [ € R? \0, k*=1% v ¢ S9=1. We consider ([I1.39)) at fixed k, [, v as
an integral equation for (-, k,1) € L*(R?, M, (C)).

Theorem [I11.1{. Let D satisfy (I11.2)) and E be fixed. Suppose that E is not a Dirichlet
eigenvalue for operators L, Lyo and —A in D. Consider two sets of coefficients Ay,

oo Ay, Voand AY, LAY, VO satisfying (TTL15). Let AY, ..., AY, VO satisfy (TIL.29))
and either (I1L.30) or (IIL.31). Let ®, v, h, ¢, hy, ", f, E, E,, ET correspond to Ay,

.., Aq, V (as defined above) and ®yo, 0, h°, 2, 7,02, hg, 0, fO RO, Rg, R0 Epo,
Evo .y, Efo correspond to AY, ..., AY, V° (as defined above with coefficients AY, ..., AY,
VO instead of Ay, ..., Aq, V). Denote by (® — ®yo)(z,y, E), ¥, y € 0D, the Schwartz

kernel of operator ®(E) — ®yo(E). Then the following formulas and equations hold :

h(k,1) = h°(k, 1) + (27r)—d/ Oz, =) (® — Oyo)(z,y, B)Y(y, k) dy dz, (111.40)

oD Jop
where k, | € C*\RY, Imk =Iml, k> =1 =FE, k € £U Eyo,
Y(w, k) = 0(x, k) +/ Alx,y, k)Y(y, k) dy, x€dD, (I11.41)
oD
Az,y,k) = | R%z,2,k)(® — Pyo)(z,y, E)dz, x,y € ID, (I11.42)
aD
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where k € CT\ (RCUEUEpo), k2 = E;

hy(k, 1) = RO (k, 1)

y ~ (111.43)

wem [ [0 k0@ = 0wy, By, ) dyda,

oD JoD
where v € STk, ILeRINO, K2 =12=FE, k€ & U&Epo,
Uy (2, k) = 95(x, k) + A (x,y, k), (y, k) dy, « € 0D, (I11.44)
oD
A (2, y, k) = / R)(x,2,k)(® — ®yo)(z,y,E)dz, z,y € 8D, (I11.45)
oD

where v € ST K€ RN (0UE, UEpo,), kK2 =E;

Sk 1) = 1Ok 1) + (2m) / 50, —1)(® — Byo) (2, 1, B (y, k) dy da

oD J oD
(I11.46)
where k, L e R\ 0, K =1*=FE, kg ETUES,
(2, k) =0z, k) +/ At (z,y, k)" (y, k) dy, =€ dD, (111.47)
oD
Aty k) = / ROz, 2 k)(® — ©yo)(2,y, E)dz, wy €D, (ILA48)
oD

where k e RY\ (0UETUES,), k* = E.

In a similar way with Theorem , we consider ([I1.41)), ([I1.44), (II1.47) as
integral equations for finding ¢, 1., ¥+ from ®(E) — ®yo(E) and ¢°, RY; 2, R?Y;
Y0 RTO, respectively.

We also consider ([11.40), (L11.43)), ([IL.46)) as explicit formulas for finding h, h., f
from ®(E) — ®yo(E) and A%, ¢°, ¢ hO, 40 b, s fO, 0, 4, respectively.

Theorem is proved in Section 3.

Theorem [I11.2[. Let the assumptions of Theorem |lI1.1[ be fulfilled. Let 0 < B < 1 be
fized.

1. Fiz k € C*\ (R?U&), k* = E. Then equation ([I1.41) is a Fredholm integral
equation of second kind for ¢ € CY#(9D, M, (C)) which is uniquely solvable if
and only if k & £.

2. Fizy e ST ke R\ (0U&v ), k* = E. Then equation ([IL.44)) is a Fredholm
integral equation of second kind for 1, € CY?(0D, M,(C)) which is uniquely
solvable if and only if k & &,.
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8. Fixk e R"\ (0UE&,), k* = E. Then equation (ILAT) is a Fredholm integral
equation of second kind for v+t € CYP (0D, M, (C)) which is uniquely solvable
if and only if k & ET.

Theorem [[11.2[| is proved in Section 4.

Remark 1. Note that the proofs of equations and formulas of Theorems [[11.1} [L1L.1}
remain valid without the assumption that coefficients A, ..., Aq, V, V°? have compact
supports in D. The assumption that the coefficients have compact supports in D was

introduced in order to simplify the choice of functional spaces for solving equations
(LI1.20), (LIL23)), (LIL.27), (LIL.41), (IIL.44), (LI1.47) and related proofs of Theorems

1.2} [T 2]}

It is important to note that equation (III.11)) and formula ([II.13]) give much more
stable way to find functions ¢°, h° from AY, ..., AY V? than equation (IIT.20]) and

formula (I11.19) if | Im k| is sufficiently large.

On the other hand, it is known that the solution to equation ([II.41)) will be
relatively stable if the norm of the integral operator involved in this equation is less
then 1. If at fixed k coefficients Aq, ..., Ay are sufficiently small whereas coefficient
V is not small but is sufficiently close to coefficient V°, then the integral operator in
equation will have much smaller norm than the integral operator in equation
(IT1.20) (e.g., as a norm of operator on C*?(9D, M,(C)), 0 < 8 < 1). In particular,
the norm will be less then 1 and we will be able to use the method of successive

approximations to solve ([11.41]). Hence equation ([11.41)) and formula (I11.40]) will give

much more stable way to find ¥ and A than equation ([II.20)) and formula ([II.19)),
respectively. For more details, see pp. 262-263 of [101] and Section 3.2 of [I11] for

related discussion.

3 Proof of Theorem [IIL.1"

3.1 Integral identity
Note that we have the identity

/uo(x)@(E) — Gvo(E))(ulop)(x) dx

oD

:/ ( 2ZZA )0y, + V() — Vo(x))u(:c)dx.

(I11.49)
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for any sufficiently regular M, (C)-valued functions u, u® on D (for example, for u,

u’ € C*(D, M, (C)) N CY(D, M,(C))) satisfying

—Au—QZZA 2)0y,u+V(x)u= Eu, x€D,

—Au +VO2)u = Eu®, =z €D,
where u° also satisfies

VO(@)u'(z) = u(2)V (x), we€D.

(111.50)

(I11.51)

(I11.52)

Identity (IT1.49) for the case when n =1, A; =0, ..., Ay = 0 first appeared in []].

It was generalized to the case when n > 2, A} =0, ..., A; =0 in [110].

Identity ([11.49) can be deduced from the second Green formula. More precisely,

formula ([11.49) follows from the following chain of equalities :

/D ( QZZA )0y, + V(x) — Vo(x)>u(x) dx
YA + E)u(z) — Vo(a:)uo(x)u(x)) dx
sy /D u’(z)Au(z) — Au’(z)u(z)) do
_ / (@) (@) ~ @y () (ulop) () da
o ( ()0 (E) (ulop) () — Bya(E) (u \aD><x>u<x>) r
_ /BD (@) ((E) — Dyo(E))(ulop)(x) dz
+ /D (uo(x)VO(x)ﬂ(x) - V%x)u%x)ﬁ(x))dx
/aD WO@)(D(E) = yo(E))(ulon) (z) da,

where u satisfies ([IL.51) and u|sp = ulsp.

3.2 Symmetries of the scattering functions

We denote by L2(R?) the set of compactly supported functions from L>(R¢).
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Lemma ITI.1. Let V° € L2(R?) satisfy either (IL.30) or (IIL.31]). Then the following
identities hold :

Vo) (x, k) = %z, k)VO(2), (II1.53)
VO2)R(z,y, k) = R(x,y, k)V°(x),, (II1.54)
R%(x,y,k) = R(y,z, —k), (I11.55)

where v, y € RY, x # y, k€ C4\ (RTU Eyo).

Démonstration. Let k € C?\ (RYUEyo0) be fixed. Then equation with 4; =0,
..., Ag =0, V = VY is uniquely solvable for ¥° = e?** 1% with u® € L>(R?, M, (C)).
Suppose, first, that holds. In this case it follows from formula that
Y0(x, k) is a diagonal matrix for all x € RY. Hence holds.
Suppose now that holds, so that V°(z) = V% %), x € RY. Let U be a
non-degenerated n x n matrix such that

N1 0 e 0
Al o 0 0 A 1 -+ 0
UVUT SR A= |, A= ]
0 - A, o 0 0 --- 1
0 0 - A

where A; € M, (C), j =1, ..., s. Define ¢/ = Uy°U~". Then ¢/ satisfies the equation

Y (z, k) = e™1d,, + / Gz —y, k)N (y) (y, k) dy. (IT1.56)

Rd
Since the solution to (I11.56|) is unique it follows that v’ has the block-diagonal form :
Yo 0

d/: . )
0 -

where o7 € M, (C), j =1, ..., s. Hence the following equations hold and have the
unique solutions :

(o) = €, + [ Glo = g AP0 (0. dy (I1L.57)

Rd

where j =1, ..., s.
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We write 1}, for the element in position (i, /) in matrix ¢}. Fix j and consider the

75l
last row of matrix equation ([I1.57)). We have the following equations :
Galek) = [ Gl =y 0@l Wy, i=ny, L<ny. (IL5S)
R4

We claim that equation ([IL.58] m ) has only the trivial solution. Suppose that, on the
contrary, there is a nontrivial solution ¢ to equation (I11.58]). Then we can construct
a solution w’ to ([IL.57) different from Y5, putting %,11 =%y + ¢ and 1;" g = Uy for
all other 17, l This is a contradiction since we showed that equation has the
unique solution. This shows that equation has only the trivial solution and
ta=0fori=mn;and l <n;.

Writing the equation (I1.57) componentwise for rows with numbers i = n; — 1,

, 2 we show by induction that ¢}, = 0 for i > [.

le i, I with 7 # (. Subtractlng equatlon ([IL57) for the element in position (I, 1)
from equation (IIL.57] m for the element in position (i,7) we get the equation

Vi, k) =y, k) = A / Gz —y, k)0 (y) ()4, k) — ) u(y, k) dy.

Since equation ([I1.58) has only the trivial solution, it follows that ¢}, = ¢ .
Now fix i, [ with ¢ # [, i > 1, [ > 1. Write equation (I[I1.57]) for the elements in
positions (i —1,4) and (I —1,1) and subtract one from another. ThlS leads to equation

Woa(o k) — (o) = A, / Gz -y, k)
Rd

xv°(y) (%’,z‘—l,i(ya k) — ¢;’,l—1,l(ya k‘)) dy + %’,n‘(% k) — @/);,zl(z» k).

But we showed that zp; i = w; , and that equation (I11.58) has only the trivial solution.

This implies that ¢}, ,; =¥}, 1.

Proceeding mductlvely, we obtain that ¢} has the following upper triangular form :

'w/ w/ / . / /
7,11 7,12 7,13 7,1,m—1 7,1n
0 / / . / 'QZ)/
7,11 7,12 7,1,n—2 7,1,n—1
r . . . . . .
vi=1 : P : :
/ /
0 0 0 - 7,11 3,12
7
o0 0 - 0 jan ]

It follows that ¢ (z, k) commutes with A; for all x € R% j=1, ..., s. Hence ¢'(x, k)

commutes with A and ¥ (x, k) commutes with V° for all z € R?. Property ([I1.53) is
proved.
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Formula ([I1.54) can be proved in a similar way.
The proof of (II1.55) for the case when n = 1 was given in [No3]. This proof also
works in the case when n > 2 if either ([11.30)) or (II1.31)) holds. O

Remark 2. In a similar way with Lemma [II1.1]it can be proved that if VO € L°(R?)
satisfies either ([I1.30) or (III.31)), then the following formulas hold :

VOx)yd(x, k) = ¢3(z, k)V°(x), (I11.59)
VO@)RY(z,y, k) = B(x,y, k)V°(x), (111.60)
Rg(x,y, k) = R(lv(y, x, —k), (IIL.61)
where y € 41 z,y e RY, z #y, k € R\ (0U Eypo,);
VO(@)gO(a, k) = 90z, k)VO(a), (111.62)
V()R (z,y, k) = R (2, y, k) VO (), (I1.63)
R—ho(l‘) Y, k) = R+70(y7 z, _k)7 (11164)

where z, y e RY, x £y, k e R4\ (0UEL,).

Lemma III.2. Let V° € L°(R?). Then :
1. if k1 € CI\RY, k* =12, Imk = Iml, k & Eyo, then | & Eyo and the following

formula holds :
R(z,y,k) = R(x,y,1), (I11.65)

where z, y € RY, x # y;
2. ifk, 1 e RINO, K2 =1 k ¢ 5;;0, then | & 5;.“0 and the following formula holds :
R™(z,y, k) = R™%(x,9,1), (I11.66)
where z, y € RY, x # y.
Démonstration. Part 1 follows from and from the following formula of [109] :
Gz, k) = G(x,1), ze€R\0, k, 1 C*\R?, k*=1? Imk =Iml.
Part 2 follows from formulas ([11.32)), (II1.34) and from identity

Gz, k) =G (z,]), ze€R'\O0, k,lcR\0, k¥ =%

which is a consequence of the following well-known explicit formulas :

1
G (k) = —Hy (kllal). d=2,

. cilkllal
G (.I,k):—m, d:3,

where H(()l) is the Hankel function of the first kind. O
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3.3 Reformulation of equations (II1.8]), (III.11)) and formulas
(I11.10)), (ITI.13)

Subtracting equation ([II.11]) written for 1) from equation (IL.11)) written for ¢°
we obtain formula

¢@wwﬂwmww—/Gm—%kwwwwww»ww@w»@

Rd

- [ (m}jA ()0, + V(y) - W@ﬁw%@@,

Rd

where v € R4, k € C?\ (RYU E U Eyo). Comparing this equation with ([T1.32), we

obtain
M%@zW@@+/W@M@x

R4

(I1L.67)
( ZZZA )0y, +V(y) — Vo(y))w(y,k)dya

where x € R?, k € C?\ (Rd UEUEp).
Similarly, we can obtain the following equations :

1mam:wmm+/mu%mX

Rd

(IIL68)
(- m}jA 10, + V) = V() )5 o)

where vy € STz e RY, ke RY\ (OUE, U&yoa,);

(2, k) = 0w, k) + /R*’O(a:,y, k) x

R4

(IIL.69)
(- m}jA 10, 4 V) = Vo) ) o)

where 2 € R, k e RY\ (OUETUES,).
From formula ([I1.67) with A; =0, ..., A4 =0,V =0 and from formulas ([II.54]),

(LIT1.55)), (II1.65)) we obtain

ei1ed, = (. —1) — / e VO (y) R (y, =, k) dy, (ITL.70)

Rd
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where v € RY, k, 1 € CI\ R k* =12, Imk =Iml, k & Eyo.
Further, we have the following chain of equalities :

(2 ) (k,al)m/ —zleO )@ZJ(?II,]{?)dw

e Z (200, + V() = V() )bl )

;/ eIV (2 )p(a, k) de + | 00(x, —1)x
R4

( 22214 )0y, + V(2) — Vo(x))w(x,k)d:cdy,

where k, [ € C?\R% k2 =12, Imk =Iml, k € £ U Eyeo.
From this formula and formula ([I1.67]) it follows that

h(k,1) = h°(k,1) + (27r)_d/@/10(93, —1)x

; (IIL.71)

X <—2¢ > Aj(@)0, + V(z) — vO(x))mm, k) dz,

j=1

where k, 1 € C*\R?, k2 =12, Imk =Iml, k &€ £ U Eyo.
In a similar way with formula (III.71)), using formulas (11.69), (I11.63)), (I11.64)),

(L11.66)) instead of (II1.67]), (L11.54)), (I11.55)), ([II.65]), we can obtain formula
1) = £ 1)+ 270 [ 6 ~1)x

R4

( 2@ZA )0y, + V(z) — O(I)>w+(x,k)dx

(I11.72)

where k, | ERI\ 0, K2 =12, k ¢ EY UES,
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3.4 The final part of the proof of Theorem [IIL.1J

It follows from formulas ([II1.53]), (I11.62) that we can apply identity (I11.49) to
(ITL1.71)) and (II1.72]). Applying (III1.49)) to (III.71]) and (III1.72]), we obtain ([11.40)) and

[11.46)), respectively.
We recall that function G(z, k) satisfies the following equation at fixed k € C¢\ R,

see, e.g., [47] :

A,G(z, k) + K G(z, k) = 6(x). (I11.73)

It follows from formulas ([11.32), ([T1.35), (IT1.38), (IT1.73) that R°(z,y, k) at fixed
ke C?\ (RTU Eyo), satisfies the equations :

(A, — VO(2) + ) R(z,y, k) = 6,(x)d,, at fixed y € R?,
(A, = V°(y) + E*)R(z,y, k) = 5.(y)Id,,, at fixed x € R™.

Taking this into account, using formula 7 applying identity (I11.49) to (II1.67)
with 2 € D and passing to the limit in the resulting formula as = tends to a point at
0D, we obtain formula . Formulas and can be obtained in a
similar way, if we use equations and instead of .

We will prove formula using the ideas of [101]. Note that formula

can be written in the form

(IT1.74)

e'*1d,, — 90 (x, k, 1) — /Gv(a; —y, k)VO(y) (e — 40(y, k, 1)) dy

e (I11.75)
- —/G(ﬂc —y, k)V(y)e™ dy.
R4

From formulas ([I1.25)), (II1.32), (TIL33) it follows that function RY(-,y,k) is well-
defined at fixed y € RY, k € R?\ (0U Eypo,) and satisfies

R)(x,y,k) = Gy(z —y, k) + /GV(I — 2, k)V°(2)R)(2,y, k) dz, (II1.76)
Rd
where z, y € R, v € S¥1 k€ R*\ (0U Eyo ).
Comparing ([II1.75) with (II1.76)), we obtain the following formula :
T, = 32 d) — [ RGO e dy, (1IL77)
Rd

where z € R% k € RY\ (0U&yo,), l€RY, K =12, v € S
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Replacing k, I, v by —k, —I, —v in formula ([I1.77)) and using formulas ([11.60)),
(I11.61)), we obtain the equality

—ilx ) —ilyt /0 0
ei1d,, = 39 (2, —k, ~1) - / e~V () ROy, 2, k) dy, (ITL.78)
Rd
where 2 € RY, k, | € RI\ 0, k2 = 2, k & Eyo., 7 € SO1.

Formula ([I1.78) is an analog of formula ([II.70). The remaining part of the proof
of ([[I1.43]) is similar to the proof of formula 1111.40: .

4 Proof of Theorem II1.2/

4.1 Auxilary results

Consider the following Dirichlet problem for function ) :

Ly = —Ay — 21 i Aj(2)0, 0+ V(x)Y = By, xe€D,
i=1
77Z}|8D =¥,

(I11.79)

where ¢ is some given function on dD.
Our goal in this subsection is to prove the following lemma.

Lemma II1.3. Let Ay, ..., Ag, V € C¥(D, M, (C)) for some 0 < a < 1. Suppose
that E is not a Dirichlet eigenvalue for operators L and —/A in D. Then :

1. for any ¢ € C*P(AD, M,(C)), 0 < < 1, there ewists the unique solution
v e C*D, M,(C))nCYD, M,(C)) to problem (IIL1.79) ;
2. 1 is the unique solution of class C'(D, M,(C)) to equation

Y(x) =0 () +/ z,y, k ( QZZA )0y, +V( ))w(y) dy,  (IIL.80)

where I'(x,y, k) is the Green function for Dirichlet problem for operator A+ E
in D, E =k, and y" € C*(D, M,,(C))NCY (D, M, (C)), is the unique solution
to Dirichlet problem

0 0 _ -
{ AY '+ EY® =0 in D, (TI1.81)

Y)ap = ¥;

3. the operator S: CY#(0D, M, (C)) — CY(D, M,(C)), S(p) = v, is a continuous
linear operator.
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We need two other lemmas to prove Lemma [[T[.3]

Lemma II1.4. Let Ay, ..., Ay, V € C>%(D, M, (C)) for some 0 < a < 1. Suppose
that E is not a Dirichlet eigenvalue for operator L in D. Then :
1. for any ¢° € C'(D, My, (C)) N C*(D, Mn(C)) satisfying (A + E)y° = 0 in D
there exists the unique solution ¢ € C*(D, M, (C)) to equation ([IL.80) ,
2. 1 belongs to C*(D, M,,(C)) and satisfies (IL.79) with o = °|sp ;

3. there ewists a constant C' > 0, not depending on ¥°, such that
[Yllerm) < C'||1/JOHC1(5). (IT1.82)

Proof of Lemmal[Ill.] 1. Reduction to a system of integral equations. We introduce
the following notations :

Yo(x) = (), Vj(x) = Oy;1h(), j=1,....d,
Po(x) = ¢°(2), O(z) = 8,,4°(2), j=1,....,d,
ao(z) =V (z), aj(zr) = —2iA;(z), j=1,...,d,
Lo(z,y, k) =Tz, y, k), Tj(x,y,k) =0, T(z,y,k), j=1,...,d

Differentiating equation (LIL.80) we obtain the following system of coupled linear in-
tegral equations for ¢, € C(D), j =0, ..., d:

d
0y() = 03@) + 3 [ Dol Wan)om(y) v, 5=0..d (IIL83)

m=0

System can be considered as a Fredholm equation of second kind in space
(C(D, My (€)1,

Suppose that functions ¢; € C(D,M,(C)), j = 0, ..., d, solve ([IL83)). Denote
1) = 1)y. The first equation of implies that ¢ € C'(D, M,,(C)). Differentiating
the first equation with respect to zy, ..., x4, we see that d,,1 = v;. Hence ¢ satisfies
(IT1.80)).

One can see that solutions ¢ of class C*(D, M, (C)) to ([I1.80) are in bijective
correspondence with solutions ¢; € C(D, M,,(C)), j =0, ..., d, to system ([IL83).

2. Smoothness of solution to . It follows from properties of fundamental
solution I' that any solution v € C*(D, M,,(C)) to belongs to CL7(D, M,,(C))
(the space of continuously differentiable M, (C)-valued functions on D with locally
Holder continuous derivatives) for any 0 < v < 1.

In a similar way with Lemma 4.2, p. 55 of [54] it can be shown then that ¢ €
C?*(D, M,(C)) and that 1 satisfies with ¢ = ¢°|sp.

3. Existence and uniqueness. As we noted in part 1 of the proof of this lemma,
system of equations can be considered as a Fredholm equation of second kind in
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Banach space (C(D, M, (C)))%*. To show that this equation has the unique solution
it is sufficient to show that the corresponding homogeneous equation has only the
trivial solution. But if follows from parts 1, 2 of the proof that any solution to the
homogeneous equation gives rise to a solution to with zero boundary condition.
Since FE is not a Dirichlet eigenvalue for L in D, it follows that the homogeneous
equation corresponding to can have only the trivial solution.
Hence, using part 1 of the proof, we obtain that system has the unique
solution and this solution gives rise to the unique solution ¢ € C*(D, M, (C)) to
[11.80)). By part 2 of the proof this function v belongs to C*(D, M,,(C)) and satisfies
([[IL.79) with ¢ = ¢°|ap.
Property 3 follows from Fredholm alternative for system ([I1.83)) which asserts the
existence of continuous inverse for Fredholm operator of . ]

Lemma III.5. Suppose that E is not a Dirichlet eigenvalue for operator —A in
D. Then for any ¢ € CY#(0D, M, (C)), 0 < 8 < 1, there emists the unique 1)° €
C?(D, M, (C)) N CH(D, M,(C)) solving Dirichlet problem ([IL8I)). Furthermore, there
exists such Cg > 0, not depending on ¢, that

WOHcl(b) < Csllellersop)- (I11.84)

Proof of Lemma[III.5. The solution is unique since F is not a Dirichlet eigenvalue for
—A. To show existence, we can reduce problem to a corresponding Fredholm
integral equation of second kind as in Lemma [[I1.4

Existence of such Cg > 0 that holds follows from Lemmas 2.16, 2.23 of
[28]. O

Proof of Lemma[III.3. One can see that solution to (III.79) is unique since E is not
a Dirichlet eigenvalue for L in D.
Now let 9° be the unique solution to ([II.81)) constructed in Lemma [II1.5| Then

Lemma [[I1.4] gives us the solution to ([I1.79) with desired properties.
Property 3 is a consequence of formulas ([11.82)), ([11.84]).

]

4.2 Compactness of operators in equations ([11.41)), (I11.44)),
(TIT.47)

In this subsection we show that the integral operator in equation (lI1.41)) is a
compact linear operator on C1#(dD, M, (C)) for any fixed 0 < 8 < 1. The case of
operators in equations ([II1.44)), ([I1.47)) can be considered in a similar way.

Throughout this subsection we assume that & € C¢\ (R? U Eyo) is fixed.

Rewrite equation in the following form :

¥ ="+ R°(k)(®(E) — ®yo(E)), (I11.85)
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where RY(k) is the integral operator with Schwartz kernel R%(z,y, k), =, y € dD.

We are going to show that R°(k) is a linear continuous operator on the space
CYP(OD, M, (C)). To show this we use the representation (TI1.35)).

It follows from Theorems 2.12, 2.17 of [28] that the integral operator on C1#(9D, M,,(C))
with Schwartz kernel G(z — y, k), x, y € 0D, is continuous.

To see that the integral operator with Schwartz kernel e?*(#==%)7-0 (x,y,k),z,y € OD,
is continuous on C*#(9D, M,,(C)), we will use formula ([IL.36]).

It follows from (TI1.36]), (TI1.37) (if we take into account that V° has a compact
support in D) that derivatives 0,,7°(2, y, k), 0p,05,7° (2, y, k), i, j = 1, ..., d, exist and
are continuous for x, y belonging to some neighborhood of set dD. Hence the operator
with Schwartz kernel e*@=%¢0(x 4. k), z, y € dD, is continuous on C*#(9D, M, (C)).
Hence R°(k) is also a linear continuous operator on C*# (9D, M, (C)).

If we show that ®(E)—®y0(E) is a compact operator on C1# (0D, M,,(C)), formula
(II1.85) will imply that integral operator in formula is compact.

Let S be the operator defined in part 3 of Lemma [[II.3] Define Syo by the same
formula using coefficients A} =0, ..., A9 =0, V° in (IIL.80).

It follows from Lemma part 3, that S, Syo are linear continuous operators
from C*#(0D, M,,(C)) to C*(D, M, (C)).

Taking into account equation ([I1.80]), we obtain the following formula :

O(E) — Oy (E) = NS — NyoSyo, (IT1.86)

where N, Nyo are the linear continuous operators acting from C'(D, M,(C)) to
C?*(0D, M, (C)) defined by the following formulas :

o) = [ o b~ 2zZA 13, + V) )(0) dy
(Nyors) () = g — (4, V()0 (9)

where I' is the Green function for Dirichlet problem for operator A + FE in D and v,
denotes the unit exterior normal to 0D at x € dD.

Taking into accout that inclusion C?(9D, M,,(C)) — C*?(dD, M, (C)) is compact,
we obtain that IV, Nyo are compact operators from C(D, M,,(C)) to C*#(0D, M, (C)).
It follows from continuity of S, Syo, from compactness of N, Nyo and from formula
that ®(E) — ®yo(FE) is a compact operator on C4#(9D, M,,(C)).

Now formula implies that the integral operator in equation is
compact on C*?(9D, M,,(C)).

In a similar way it can be shown that the integral operators in equations ,

(I11.47) are compact.
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4.3 Unique solvability of equations ([11.41)), (I111.44)), (I11.47))

In this subsection we will finish the proof of the part 1 of Theorem [I11.2[l The proof
of parts 2, 3 of Theorem [[I1.2[| can be finished in a similar way.

In fact, in this subsection we will prove the following lemma.

Lemma II1.6. Let k € C?\ (REUEpo), k2 = E, and 0 < B < 1 be fized. Suppose
that assumptions of Theorem are fulfilled. Then equation 1S uniquely
solvable for 1 € CY8(0D, M, (C)) if and only if equation is uniquely solvable
for (x, k) = e u(x, k) with up € WH°(R?, M, (C)).

Lemma implies the statement of part 1 of Theorem since equation
at fixed k € C4\ (R U &yo) is uniquely solvable for v (z, k) = e u(z, k) with
€ Whe(R4 M, (C)) if and only if k & €.

Before passing to the proof of Lemma note that function ¢°(z, k) of
is defined as the solution to ([IT.11)) with coefficients A} =0, ..., A =0, V°, such that
V(2 k) = ™l (z, k), p° € WHe(R? M, (C)). Note that function ¥°(x, k) belongs
to C?(R%, M,(C)) and satisfies the equation

— AP+ VO2)y? = By, zeR% (I11.87)

The proof of this fact is similar to the proof of parts 1, 2 of Lemma [[T1.4]

We will prove Lemma in two steps.

1. Extending a solution to equation to a solution to equation . Let
¢ € CY%(D, M,(C)), 0 < 8 < 1, be a solution to equation ([IL41]). We will show that
¢ gives rise to a solution (z, k) = e*u(x, k), p € WH*(R9, M,(C)) to equation
[L57).

Let ¢+ € C*(D, M,(C)) N CY(D, M, (C)) be the unique solution to given
by Lemma [[IL.3] Define ¢~ by formula

o (x) = (2, k) + /Ao(x,y, EYo(y)dy, z€R\D. (IIL.88)
oD

Using formulas ([11.41)), ([11.42)), (I11.49), we obtain the following formula :

[ R (-2 30 400, + V) -V ) ) dy
b i=1 (IIL.89)
= /A(:c, y, k)e(y) dy,

oD

78



where # € R?\ D. It follows from (TIL.35), ([I1.37) that formula (TI1.89) holds for
x € R?\ D. Using formulas (II1.88), (II1.89), we obtain formula

o @) =) + [ e )x
b (111.90)

. (—m 3" A W), + V() - v0<y>> o () dy,

where x € R?\ D. It follows from (IT1.35]), (IT1.36]), (TI1.37)), (TI1.90) that ¢~ € C1(R4\
D, M, (C)).
Note that the following formula holds :

[ B~ mZA FV) = VW) ) ) dy

= /5x(y)30+(y) dy+/(R°(x,y,k:)agyiy) - gf: (x,y,k)w(y))dy,

D oD

(I11.91)

where x € 0D.
Formula (I11.91)) follows from the following chain of equalities :

e (2@ZA 10, V) = V) ) )

R(z,y,k)(A+E - V°(y) et (y) dy

/ D) dy + / (R%,y, D5 0) = S )60) o

Oy, vy
oD

Using formulas (I11.90)), (I11.91)), we obtain formula

o0 =0+ (P56 - S e Jay, (e

oD
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where z € R?\ D.
It follows from formulas ([11.32)), (I11.35)), (I11.37) and from the corresponding
properties of single and double layer potentials that the following formulas are valid :

dp* Op™*
0 — O0(p _
B0y WG @y = [ B 0ny )5 )y
%DRO o 50 (111.93)
[ G+ 0 el dy = —pta) + [ S0 = 0 R (0) i,
vy Oy,
oD oD

where v, is the unit exterior normal to 9D at = € 9D, and the argument x 4 Ov, (or
x — Ov,) means that we evaluate function at x +¢v, (or z —ev,), € > 0, and then pass
e — +0.

Besides, the following equality follows from (II1.74]), ([IL.91]) and from definition of
function o™ :

(@ =V + B) ([ #n 05 wdy
oD
. (II1.94)
- g_fy(xa Y, k%O(y) dy) =0,

oD

where x € D.

Formulas (TI1.87), (TI1.94) imply that the function on the right hand side of equa-
tion is annihilated by operator A —V°+ E in D and formula together
with property ¢~ |sp = ¢ imply that this function has limit zero as = approaches 0D
from D. Since E is not a Dirichlet eigenvalue for operator Lyo = —A + VY in D the
following formula is valid :

Dot OR°
S+ [(Benb o) - G i) Jay=0. (19
vy Oy,
oD
where z € D.
Define —
v~ (z), ze€RI\D,
Y(x) =< (x), x€dD, (I11.96)
ot (z), z€D.

It follows from formulas (I11.91)), (I11.95]) together with formula (II11.90)) that i satisfies
(TT.67) in R”.

Using (11.32), (TIL35), (T1.37), (TIL67), we obtain that & € C(RY, M, (C)).
From formulas ([IL306), (IL37) it follows that functions r%(x,y, k), 0,,r°(z,y, k),

j =1, ..., d, are uniformly bounded for y € D, z ¢ D, dist(z,0D) > 1. This fact
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together with the property that °(z, k) = e**u°(x, k), u° € Wh=(R? M,(C)) and
with formula imply that ¢ (z, k) = e** u(x, k) with p € WH*(R? M, (C)).

Thus, we have shown that if equation has a solution ¢ € CY# (9D, M, (C)),
then equation has a solution 9 (z, k) = ™ u(x, k) with p € Wh°(R?, M, (C))
and ©¥|sp = ¢. It follows from the latter property that different solutions to ([11.41])
give rise to different solutions to ([IL.67). More precisely, if ¢/, ¢" are two solutions to
([I1.67), then ¥'|op = ¢"|op = . It follows that ¢, /" are two solutions to (IIL79)
and hence 9'|p = ¢”|p. Finally, it follows from that ¢ =",

2. Restricting a solution to equation to a solution to equation . Let
U(x, k) = e* (e, k), p € Whe(R?, M,(C)), be a solution to ([IL67). It follows from
inclusion W1H>(R% M, (C)) c C(R¢, M,,(C)) that ¢ = 9|sp is a continuous function
on OD. Repeating the proof of Theorem [[IL1]] we can see that ¢ is a solution to
([II.41). We are going to show that ¢ € C?(9D, M,(C)).

It follows from formula that ¢ € CYR? M,(C)). Since Ay, ..., Ag, V
have compact supports in D, formula together with formulas ([11.35)), (I11.37),
(TI1.36]) also imply that ¢ € C?(R?\ D, M, (C)). Hence ¢ belongs to C%(0D, M,,(C)).

Now if ¢' and 9" are two solutions to ([I1.67)) such that ¢'|ap # ¥"|sp, then it is
clear that they give rise to different solutions to ([IL.41). If, otherwise, ¢'|ap = " |ap
then ¢ = ¢ as was shown in the end of the preceding part of this subsection.

We have shown that solutions ¢ to ([IL41)) of class CY#(dD, M, (C)) are in bi-
jective correspondence with solutions ¢ to ([I1.67) such that v (z, k) = e*u(x, k),
p € Whee (R4, M,(C)). This finishes the proof of Lemma [[II.6]
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Article IV

Riemann-Hilbert problem approach
for two-dimensional flow inverse
scattering

A. D. Agaltsov, R. G. Novikou[]

We consider inverse scattering for the time-harmonic wave equation with first-order
perturbation in two dimensions. This problem arises in particular in the acoustic
tomography of moving fluid. We consider linearized and nonlinearized reconstruction
algorithms for this problem of inverse scattering. Our nonlinearized reconstruction
algorithm is based on the non-local Riemann—Hilbert problem approach. Comparisons
with preceding results are given.

1 Introduction
We consider the equation
— Ay — 2iA(2)VY + V(x)p = By, x = (21,79) € R E >0, (IV.1)

where A = 92 +02,, V = (0y,,04,), O, = 0/0xp, k=1,2, and A= (Ay,4Ap) and V

are vector and scalar potentials on R?, respectively. In addition we assume that

Ay, Ay and V are sufficiently regular functions on R? (v2)
with sufficient decay at infinity. :

1. CMAP, Ecole polytechnique, CNRS, Université Paris-Saclay, 91128, Palaiseau, France ; IEPT
RAS, 117997, Moscow, Russia; Moscow Institute of Physics and Technology, Dolgoprudny, Russia;
email : novikov@cmap.polytechnique.fr
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Equation can be considered as a model equation for the time-harmonic exp(—iwt)
acoustic pressure 1 in a two-dimensional moving fluid, see, e.g., [I16] [118]. In this set-
ting
w)? w w)?
E = <—) . Az) = =Zu(z), V(z)=(1-n’(2)) (—) , (IV.3)
Co Co Co
where ¢q is a reference sound speed, n(z) is a scalar index of refraction, u(z) is a
normalized fluid velocity vector.
Equation can be also considered as the two-dimensional Schrodinger equa-
tion at fixed energy E with magnetic potential A and electric potential v, where

V(z) = A*(z) — iV - A(z) + v(z)

— A(a) + A3(x) — (321);(1 ®) 4 ag”) o),

see, e.g., [109, 43].

For equation we consider the classical scattering solutions 1™ continuous and
bounded on R? with their first derivatives and specified by the following asymptotics
as || — oo :

cilkllz] 1
YT (z, k:)—e””—irC’(|k:|)| |1/2 (k; |/<;|| |) +0<| |1/2)’ (IV.4)
teR? keR? K2=E, C(k|) = —miv2me ™4k},

where a priori unknown function f = f(k,l), k, l € R*, k* = [*> = E, arising in (TV.4)
is the classical scattering amplitude for (IV.1)).
Given potentials A, V', to determine 1™ and f one can use the following Lippmann—

Schwinger integral equation (IV.5)) and formula (IV.6) ; see, e.g., [109] :
Y (x, k) = e 4 /GJF(JJ —y, k)X
(IV.5)
( ZZA( ) Yy ) ( )¢+(y> )) dy>

vy,
z&xd
G* (k) = ~(2m)° /52 o= (),

where € R?, k € R? k* = E, H} is the Hankel function of the first kind ;

1) = 2)* [ (-2AW) T @0 + VS k) dy (V0
R2
where k € R?, | € R?, k? = [2 = E. Actually, we consider and its differentiated

version, Where V is apphed to both sided of (| -, as a system of linear integral
equations for ¢ and VT,

83



One can see that the scattering amplitude f for equation (IV.1)) at fixed E is
defined on
Mg={keR1eR* K¥=0I’=E}, E>0. (IV.7)

Note that f on Mg is invariant with respect to the gauge transformations

A— A+ Vo,

IvV.8
V =V —ilAp + (V) + 24V, (1v.8)
where ¢ is a sufficiently regular function on R* with sufficient decay at infinity, see
e.g. [71, [43]. In addition, ¢ is transformed as

YT — e T (IV.9)

with respect to (IV.8)).
In this work we consider the following inverse scattering problem for equation

(IV.1) under assumptions (IV.2)) :

Problem IV.1. Given scattering amplitude f on Mg at fited E > 0, find potentials
A and V on R? (at least approzimately).

Problem for the case when A = 0 was studied, in particular, in [96] 57, O8]
60, (100, 18, 21] and in [97, 20].

Problem for the general case was considered, in particular, on page 457 of [9§]
and in [141].

Problem [[V.1]is also related with several other inverse problems for the Schrodinger
equation in magnetic field (and for the time-harmonic wave equation with first-order
perturbation) in dimension d > 2. Concerning these other inverse problems see [35]
125, [71], 95, 116, 118, 15, 42, 03| 139], 61], [74] and references therein.

Note that approximate finding A and V in Problem means, in particular,
finding modulo transformations (IV.§). However, for real-valued A and V' there is no
gauge nonuniqueness in Problem [[V.1]! In addition, A and V' of formulas
(of moving fluid acoustics) are real if n is real.

In this work we are mainly motivated by applications to the acoustic tomography
of moving fluid discribed in [95] [1T6) [118] [15]. Note that in their reconstruction results
the works [95], [116], 118, 15] proceed from the near-field scattering data (e.g., from
some near field information on ¥™) instead of the scattering amplitude f. But it is
also known that near-field scattering data can be transformed into values of f, see,
e.g., [16, [I5).

Results of the present work can be described as follows :

In Section [2] we give formulas for solving Problem in the Born approximation.
To our knowledge these formulas were not yet given explicitely in the literature for
the case when A # 0. These formulas are proved in Section
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In Section [3] we give a nonlinearized reconstruction algorithm for Problem
For the case when A = 0 this algorithm is reduced to the algorithm of [I00] and
was implemented numerically in [21]. For the general case this algorithm can be also
regarded as simplication and development of the algorithm mentioned on page 457
of [08] and based on the Riemann—Hilbert—-Manakov problem approach of [58, 06]. A
derivation of the reconstruction algorithm of Subsection [3.2]is given in Section [6]

In Section [4] we show that in the Born approximation the algorithm of Section
is reduced to formulas of Section 2l Related proofs are given in Section [7]

In a similar way with results of [I11] the reconstruction algorithm of Subsection
3.2| can be generalized to the multi-channel case. This generalization will be given in
a subsequent work.

In the present work we are focused on approximate reconstructions for Problem
[[V.1], admitting stable numerical implementation. Issues related with theorems of uni-
queness and examples of nonuniqueness for Problem will be considered in a
subsequent work.

2 Inverse scattering in the Born approximation

If A= (A}, As) and V satisfy (IV.2) and are sufficiently small, then proceeding
from (IV.5), (IV.6) we have the following Born approximation formulas for direct
scattering :

U (x, k) = e* Wyt (x, k) ~ ik,
F(k 1)~ [ (K, 1),
ik, D) Lt (2m) 2 / "D (2kA(z) + V() da, (IV.11)
R2

where z, k, | € R?, k* = [2 = E. In particular, formulas (IV.10)) can be specified as
(IV.21]).

Note that fi on My is invariant with respect to the gauge transformations

(IV.10)

A A+Ve, VoV —ilg, (IV.12)

where ¢ is a sufficiently regular function on R? with sufficient decay at infinity. This
invariance follows from ([V.11]), (TV.12)), integrating by parts and using that k*—[% = 0.

We consider ([V.12)) as a linearization of (IV.8|) for small A, V" and .

In this section we consider the following linearized inverse scattering problem for

equation (IV.1)) under assumptions (IV.2)) :

Problem IV.2. Given linearized scattering amplitude f%* on Mg at fized E > 0, find
potentials A and V on R? (at least approxvimately).
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Note that approximate finding A and V' in Problem means, in particular,
finding modulo transformations (IV.12)). However, in a similar way with Problemm7
there is no gauge nonuniqueness (@D in Problem for the case of real-valued
Aand V.

Problem [V.2] is a linearization of Problem V.1l

To study Problem it is convenient to introduce @V, Adv:0 1/div0 and oF
AT0 %0 guch that :

Agpdi"(m) = -V - A(z), godiv(x) — 0 as || — oo,

div.0 div div.0 o div (IV.13)
ATO(@) = Aw) + Ve (2), VI(2) = V(x) - iAg™(a)
where z € R?;
0.7 () = ~ 3 (Ai(x) ~ ids(x)), ¢ (x) = Oas|a] = oo, v
A(2) = Af2) + Vo~ (2), V-(a) = V(2) - iAg~ (),
0.5 (1) =~ (A(@) + idy(a)), 9% (&) = O s 2] = oo, )
AR (z) = A2) + Vet (@), V() = V(2) — iAg* (@),

where

1 1
0.= (0 —i0s), 0= (0 +i0), @ = (v1,22) € R
One can see that
VAW () =0, A7Ox) —idy%(x) =0, AF(z) +iAf%(x) = 0,

where z € R?, A*0 = (47°, A77°).
It is also convenient to transform formula ([V.11]) to the form

flfn(k,z) — ffn(—z, —k) =2(k + l)é(k ), (1v.16)
kD + i (=1, —k) = 2(k — ) A(k — z) +2V(k—1),
A(p) = (27) 2 / eV Az) dz,  V(p) eV (x (IV.17)

where (k,l) € Mg, p € R

Note that
k1) eMy — k—1l€eB, -
(h,8) € Mg 2vE (IV.18)
p€ B, 5 = p=Fk—1 for some (k,[) € Mg,
where
B, ={peR* |p|<r}, r>0. (IV.19)
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We define
CM(R?) = {u € CY(R?): ||lully, < +o0},
[ul| e = max sup (1+ |z[*)7?0"u(z)|, N e NU{0}, >0

In|<N zer2

(IV.20)

where C™ (R?) is the space of N-times continuously differentiable complex-valued func-
tions on R?2,

I"=0911072, n=(n,ne) € (NU {O})2, In| = ny + no.

Tr1 “x2)
Note that if A;, Ay, V € C*(R?) for some o > 2 and |[Ajlos < ¢, j = 1, 2,
Vo < g, then
V(2 k) =™+ 0(q), VT (z, k) = e™ik + O(g),

Fk, 1) = f ™k, 1)+ O(¢%) as ¢ — +0, (IV.21)

uniformly with repsect to z, k, [ € R?, k* = [> = E, at fixed £ > 0.

Theorem IV.1. Suppose that Ay, Ay, V are real-valued and Ay, Ay, V € CNV7(R?)
for some N > 3, o > 2. Then the following formulas for solving Problem are
valid :
Sk, = fin(l k) k=1 fk D) = (=1 k) K+
2 |k —1)? 2 |k +1]2’

flin(l’ k) + flm<_la _k)

2 )
where 21\, V are defined by (IV.17) and (k1) € Mg ;

A(x) = Agppr(, E) + Az, E), 2 €R?, E >0,

Ak —1) =

V(k—1)=

(IV.22)

Aapp?“(xv E) = /elpx;{(p) dp, Aem«(%, E) = /elpx;{\(p> dp, (IV23)
lp|<2VE Ip|>2vVE
V(I) - Vappr(.T; E) + Vem(l', E), T € R27 E > O’
Vappr(@, E) = / eV (p)dp,  Vi(x, E) = / e (p) dp, (TV.24)
Ipl<2vE p>2vE

where ﬁ(p) and ‘A/(p) for |p| < 2VE are given in terms of f on Mg according
to (IV.18), (IV.22)) and

N-2

[Aerrj(@, E)] < e1(N, 0)[|4)llv e E™ 2, (IV.25)

Ver(@, E)| < ci(N,0)|[[VnoE™ 7, (IV.26)

N ‘
M M
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where v € R?, j =1, 2, Aepy = (Aerr,1, Aerr2), E > 1 and
4
(N -2)(c—2)

Theorem IV.2. Suppose that Ay, Ay, V € C™(R?) for some N >4 and o > 2. Let
Ad0 a0 be defined according to (IV.13)). Then the following formulas for solving
Problem [V 4 are valid :

a(N,o) = (IV.27)

flm(k7 l) _ flm(_l> _k) k+1
2 |k + 12
flm(k‘, l) + flm(_l7 —k‘)
2 Y
where A%0 V40 qre the Fourier transforms of A%0, v/ div.0 (see (IV.17) ) and (k1) €
ME ;

‘A\div,()(k - l) —
(IV.28)

‘//\'div,O(k . l) —

div,0 div, 0 div, 0 2
A () = Agl(x, B) + Agy®(x, E), xeR* E >0, (IV.29)
div, 0 —ipx A div,0 div, 0 —ipz Adiv,0
Ald(e, B) = [ A0 dp, Al e, E) = [ A0 dp,
Ip|<2vVE lp|>2VE
div,0 div,0 div, 0 2
VAnO(g) = VInO(p BY 4 VI E), z€R? E >0, (IV.30)
div, 0 —ipx Y 7 div,0 div,0 —ipx{rdiv,0
Viilla, ) = [Ty . Via ) = [e T dp
lp|<2VE [p|>2vVE

where A40(p) and V40(p) for |p| < 2V/E are given in terms of ™ on Mg according
to (IV.18), (IV.28) and

AL (2, B)| < (1+ V2)er(N, 0)|| Al B~ 7, (IV.31)
VA, B)] < en(V, )(HVIIzva gt +¢§||A||N,0E—%‘3), (1v.32)
1Allwo = max([[Ai]|w, [ Asllx.0), (IV 33)

where v € R?, j =1,2, E > 1, A%0 = (Ad“’g A0 and ¢, (N, o) is defined by

err err,17 “*err,2

([Tv.27)). Furthermore 2fV A= O then A4w0 = A, V0 =V

Theorem IV.3. Suppose that Ay, Ay, V € CNo(R?) for some N >4 and o > 2. Let
AFY VEY be defined according to (IV.14)-(V.15)). Then the following formulas for
solving Problem[IV.3 are valid :

lf(k’ l) — f<_l’ _k)

2k + 1l +i(ke+ 1)’

(ll + Zl?)f(ka l) + (kl + ik?)f<_l’ _k)
ki + 1 +i(ky + 13) ’

AFOk = 1) = AT (K — 1),

ATk —1) =
(IV.34)

VEO(k — 1) =
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where AX0, VEO are the Fourier transforms of AT, VXY (see (IV.17)) and (k,1) €
ME ;

AR z) = A0 (2, E) + ALY (2, E), z€R’ E>0, (IV.35)
+.0 _ —ipz A+£,0 +,0 _ —ipz A=£,0
Aappr(x,E) —/e PrA= (p)dp, Az (x, E) —/e PEASP(p) dp,
lp|<2VE lp|>2VE
VO (z) =V o (2, E) + Vo' (2, E), z€R? E>0, (IV.36)
+,0 _ —ipz{;+,0 +,0 _ —ipz{;£,0
Vappr(x7E> —/6 P V (p) dp? Verr (%,E) —/6 P V (p) dp?
Ip|<2vE [p|>2VE

where AX0(p) and VEO(p) for |p| < 2VE are given in terms of f'" on Mg according
to (IV.18), (IV.34) and

N-2

|AZ0 (2, B)| < (14+V2)er(N, o) ||Al|vo B~ 7, (IV.37)

err,j

VE < (N, o) (Hqu,oENf ; ﬂHAHN,UENf), (1V.38)

wherex € R?, j = 1,2, A0 = (ATY, ATY)) || Al|n.o is defined by (2.23) and ¢, (N, o)

err err,17 “*err,2

is given by ([IV.27). Furthermore, if A1 + 1Ay =0 then A = A®0, V = V+0,
Theorems [[V.IHIV.3] are proved in Section [5

3 Nonlinearized inverse scattering

3.1 Some notations

To study Problem it is convenient to introduce @, A4V V4V and oF, A*
VE where o1V and p* are defined according to (TV.13)—(IV.15)) and

Adiv — A + VQOdiV, Vdiv =V - iAgOdiV + (V@div)g + QAVQOdiV,

V.39
AT = A+ VT, VE=V —iAp*T + (VT2 +24Ve™. ( )

In this section we give a nonlinearized algorithm for approximate finding A*, V* and
AV VAV on R? from f on Mp. This algorithm takes into account multiple scattering
effects and can be regarded as a nonlinear version of formulas for ALS | V5O - AdV0,
div,0
Vo of (IV.35), (LV.36)), (IV.29), (LV.30).
It is convenient to use the following notations :

z2=x1+ 1Ty, Z=1x1—i%s, (IV.40)
A= B2k 4 iky), N =EY2(y +ily), (IV.41)
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where © = (71, 22) € R?, k= (k1, ko) € X, 1 = (I1,1s) € X,
Sp={m=(m,my) € C*: mi+mj=E}, E>0. (IV.42)

In these notations

| .

ky = 5El/?(A +ATY, k= %EW(A‘1 — A, (1v.43)
X :

h=gBPN+NT), b= %E” TN, (IV.44)

exp(tkx) = exp(%El/Q()\z + )\_12)),

where A\, ' € C\ {0}, 2 € C* k, | € 3.
In addition, using formulas (IV.7)), (IV.41)—(IV.44]) one can see that
Yp = C\{0},
2l ~
SpNR> =S =T,
Mg =T x T,

where
Sy ={meR* |m|=r}, r>0,

T={xeC:|\N=1}.
In addition, the functions ¢*, f of (IV.4)—(IV.6) can be written as
¢+:¢+(Za)‘7E)7 f:f(/\a)‘,yE)a
where \, N €T, € C, E > 0.

3.2 Reconstruction algorithm

Our nonlinearized algorithm for approximate finding A*, V* and A4, V4V on R?
from f on Mg has the following scheme

+ + + div div
f ht H Ht Aappr’ Vappr Aappr7 Vappr

and consists of the following steps :

Step 1. Find functions he (A, X, E), A\, X € T, from the following linear integral equa-
tions :

"
ha(\ N, E) — m’/hi(/\, X', E)x (ii P - A—D x
J XA (IV.45)

<N X, E) |dN'] = F\ N, E),
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Step 2.

Step 3.

Step 4.

where

1 for s >0,
X(s) = { 0 for s <O. (IV.46)

Solve the following linear integral equation for u*(z,\,E), z € C, A € T,
E>0:

1 (20 E) +/B()\ N,z Bt (2, X, E) |aX] = 1, (1V.47)
where T
B\ N, 2, E) = %T/h(g, N,z E)y <—z’ {Aﬁ - %D %—
-3 [riexa (i[5 - 7)) e (VA9
it

haAW N, 2, B) 2L by (A X, E)x
i) (IV.49)
X exp (—zg(()\ - \)z4+ (A = A’_l)z)),

and \, N €T, 2e€C, E>0.
Define functions ps(z,\, E), z € C, A € T, E > 0, by formulas

pe(z, N\ E) = pt (2, \, E) +m’/hi()\, N, z, B)x
T (IV.50)

AN
XX (:i:Z {y — X:|> /.L+(Z, )\/, E) |d)\/’,

where functions ho (A, N, z, E') are given by (V.49 m and x is defined by (V.46 m

Functions A;tppr i@, E), appr( E), z € R? j =1,2 E > 0, are defined by
formulas
_ v _ I _
Aapprl(I7E) :Zaz (Z7E>’ Aappr2(x’E>:Za’z (Z,E),

a; (z, E) = 40: ln/ (z,¢ E)|dd), s

Vi (2, E) = f/azu CE)dC,

appr
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and

1 1
A:ppr,l(w7 E) = Za;(zﬁ E)’ Az_ppr,Q(I’ E) = _Za;(za E)7
af(z, E :—4ﬁzln/u z,C, B) |d(|,
(2, E) / +( ) ¢ (V.52)
. d¢ dg
Va;pr<z7E) :2@\/Eaz<//i+(2>C>E)? //M+(Z,C,E)?>,
T T
where z is given by (IV.40).
Step 5. Find Agg)r’j(a:,E), V;Ii)‘gr(x, E),z €R? j=1,2, F >0, from formulas
iv 4 —
Agppr,l(xv E) = g(az (’27 E) + a;r(z7 E))J
iv 1 —
Agppr,2($7E> = é(az (Z’ E) _a—;(sz))a (IV53)

iv 1 — 1 —
vaipr('I?E) = 5(%ppr(m7E) + ‘/aLJ;gpr<ZvE>) - gaz (Z,E)CL;—F(Z,E),

where z is defined by and functions a;, af, prpr are defined in (IV.51)),
V52).

A derivation of this reconstruction algorithm is based on the method of the Riemann—
Hilbert problem and on the d-method. This derivation is given in Section [6}

For the case when A = 0 this algorithm is reduced to the algorithm of [I00] for
approximatie finding V on R? from f on M. The algorithm of [I00] consists of the
same aforementioned steps 1, 2, 3 and the formula V,,,, = V., where V, is defined
in (IV.51)). This algorithm of [I00] was implemented numerically in [21].

For the general case this algorithm can be also regarded as simplication and de-
velopment of the algorithm mentioned (in few lines) on page 457 of [98]. Actually, in
[98] the part of the algorithm consisting in finding py from hy is realized in a more
complicated way. In addition, in [08] the algorithm is mentioned for the case when

Al :Zl, AQZZQ, —2’LVZ+V:V,

i.e. for the self-adjoint case, whereas this assumption is not necessary for the algorithm.

3.3 Properties of the algorithm

Let
1/2
ol = ( [lmE 1)
T

1/2
||u2||L2(T2) = (/ lug (N, X)|2 |d)| |dX|) ., T?’=TxT,

T2
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where u; and uy are test functions on 7" and T2, respectively.

Proposition IV.1. Let E > 0 be fized. Suppose that
1
fe (1%, |Iflleeae) < — (IV.54)

where f = f(A\ N, E). Then equation is uniquely solvable for hy € L*(T?)
and
| fll L2 (r2)
L—m| fllz2cre)’
27 || fllz2 e
L= 7| fllzz2e2)’

where B is defined by (IV.48), (IV.49) (at fized z, E). In addition, if

1
fllz2r) < 5 (IV.55)
then || B 22y < 1, equation (IV.47) at fized z, E is uniquely solvable for p* € L*(T)

and

HhiHLQ(TQ) <

HBHLQ(TQ) <

(2m)"2|| Bl 212
1 — || Bllz2(r2)
3 (2m)"2|| fl| 22y
1 = 37| fll 2 (r2)

where py are defined by (IV.50). In addition, at least, if

o1r 1/2
Iz < o)

TR =S T— -1 <
Bl 110

e — 1|2y <

1
Iz < & (IV.56)
then
/u+(z, N, E) AN #0  forall z € C, (IV.57)
T
+ v I 1
and Ay, ... A% j=1,2, as well as Vg . V5 are bounded on R?.

Proposition is based on solving the linear integral equations and
by the method of successive approximations in L?(7?) and L?(T'), respectively,
and on standard estimates of L?-analysis for B, hy, pg of (IV.48)-(TV.50) and for the
integral of .

Note that assumptions ([V.54)), (IV.55), (IV.56) of Proposition are only some
surplus sufficient conditions on f for unique solvability of integral equations ,

(IV.47), fulfilment of (IV.57) and for boundedness of A%y Vv
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Theorem IV.4. Let f € L*(T?) at fized E > 0. Suppose that f satisfies ([IV.56) and
is a smooth function on T? and A V4 are constructed from f via the algorithm

) apprs ¥ appr
of Subsection . Then Adv - Adv  ViAv are bounded functions on R?, decaying

appr,1> * *appr,2> ¥ appr
at infinity. In addition, f is the scattering amplitude for equation (IV.1)) with A =

Al (p E), V =V (z F).

appr appr
For simplicity one can assume that f € C*°(T?) in Theorem [[V.4] However, very
limited smoothness of f is already sufficient. As regards to smoothness of A%V

appr,1?
Ao, Vi3, of Theorem (which are complex-valued, in general), these functions
are real-analytic functions of x € R2. In addition, it is just for simplicity that we
assume [V.56] in Theorem [V.4

The proof of Theorem is similar to the proof of Theorem 9.2 of [98] for the
case when A = 0. Results of this type go back to [96]. In the present work restrictions
in time prevent us from proving Theorem [[V.4]in details.

Finally, suppose that f = f(A\ X, F) is the scattering amplitude for equation
under assumptions and that ASY = A (z, E), VIY = VI (2, E) are
constructed from f via the algorithm of Subsection [3.2]at fixed E. In the present work
restrictions on time prevent us from obtaining estimates for A% — AN (-, E) and

ydiv lé‘ggr(-, E) for sufficiently large E. For the linearized case such error estimates

are given by formulas (IV.31)), (IV.32)). For the nonlinearized case with A = 0 such
error estimates were given in [100].

4 Reduction of the nonlinearized reconstruction al-
gorithm to inversion formulas of the Born ap-
proximation

Suppose that we are given f on My =T x T = T? at fixed E, where
fe LT, |fllaae <e. (IV.58)

Proposition IV.2. Suppose that f satisfies (IV.58)) at fivred E > 0. Then, fore — +0,
the nonlinearized reconstruction algorithm of Subsection|3.2 is reduced to the following
formulas at fired £ > 0 :

A;‘:PPTJ(I’ E) - Ailtpp?",j(aj’ E) + O(EQ)a j = 17 27 (IV 59)
+ + 2 ’
Vapp'r<x7 E) = Vappr(xv E) + 0(5 )7
Al (z,E) = Ay (¢, E)+O0(%), j=1,2,
app'r(l’ dw) appr,](xdw ) (5 ) 2] (IV60)
Vapp'r<x7 E) = Vappr(xv E) + 0(5 )7
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where O(g?) is considered in the uniform sense with respect to x € R? and where
+ s div div S

functions Aappm, Vowors J = 1,2, and AGy ., Vo, 7 = 1, 2, are defined by the

following linear formulas with respect to f :

‘ 1A W o ,
Ars:B) = = VE s (5[5 = 5|) 0= X500 x, By aayav,
T2
Agplm",g(x’ E) = _Z’Agppr,](x7 E>7 (IV61)
Vi B) = § / = Wsen (7 |5 = 3] 7O B T av)
T2
NT — , ,
Ay B) = VE / s (1[5 - 3] ) R0z B )
AGPPT 2( ) Z‘A'appr Z(xa E)v (IV62)

1A N
Vi, B) = —i% / 1= Wsmn (1 |5 - 3] ) vz Bl o,

Adppr (@, E) = (A+ (@, B) + Ay (2, E)), j=1,2,

appr,j appr,j
v E L /A (IV.63)
vine B = [ |5 (5 - 5)|Fo o Blanjax,
T2
where
FOUN, 2, E) 2L (0, N, E)x
(IV.64)

X exp (—zﬁ(()\ Nz + (A )\’_1)2)),
AeT, NeT and z, Z are given by m

Proposition IV.3. Suppose that A, Ay, V. € C?*(R?) for some o > 2, where
CN7(R?) is deﬁned by ([IV.20). Let f be defined by [[V.11) and let A%0  ydiw.0

appr,j’ " appr

ADO VEO i — 1.2, be defined by ([IV.28), (IV.29), (IV.30), (TV.34), (IV.35),

appr,j» ¥ apprs ,
(LV.36)) in terms of . Suppose also that functions A%y . Vv Afppm, Vi =1,

2, are given by (IV.63), (IV.61), (IV.62) with f = f. Then the following equalities
are valid :

Al (a, B) = Al (2, ), v6s)
Vi@, E) = Vi (2, ),

Ay (2, B) = Ay, (2, ), v.66)
Vi@, B) = Vi, (@, E), |

where x €R?, j=1,2, E>0.
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Propositions [[V.2] and [[V.3| are proved in Section [7]

5 Proofs of Theorems V.1, IV.2, IV.3

Let us use the notations

u(p) = (2#)_2/eim’u(x) dr, Ue(z, F) :/e_ip””ﬂ(p) dp, (IV.67)

R p|>2VE
where p € R?, z € R?, E > 0.

Lemma IV.1. Let u € CV(R?), where N > 3, o > 2. Then the following formula
holds :

2

[tere(, B)| < (N, 0)[|ufl vo BT7 (IV.68)
where v € R?, E > 1/2 and ¢i(N, o) is defined by (IV.27).

Proof of Lemma[IV.1. We have that
0"u(p) = (=ipr)™ (—ip2)"u(p),

where 9" is defined in (2.13), p = (p1,p2) € R*, n = (n1,ne) € (NU{0})?, |n| < N.
Using this equality we obtain that

2N—1 ) N
~ < e " 1 -5
)] < s el (1 + o)
for each p € R?, |p| > 1. Using the latter inequality we obtain (TV.68)). ]

Proof of Theorem [I[V.1] Since potentials A and V" are real-valued it follows from (IV.16])
that the following formula holds :

k1) — k) = 2(k — DA(k — 1), (IV.69)

where (k,l) € Mp. We consider (IV.16), (IV.69) as a system of linear equations for
finding A(k—1) and V(k—1). In addition, we use that (k—{)(k+1) = 0 for (k,1) € Mg,
i.e. that vectors (k —[) and (k + [) are orthogonal. As a result we obtain formulas

([V.22]).
Formulas (IV.23)), (IV.24]) can be regarded as definitions of Auppr, Aeres Vapprs Verr-
Estimates ([V.25)), (IV.26]) follow from Lemma m O
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Lemma IV.2. Suppose that Ay, Ay € CV°(R?), where N > 4, 0 > 2. Let % be
the solution of ([IV.13)). Let V@, (V@) o, MA@, (Ap®™),,, be defined according
to (IV.67). Then the following estimates hold :

(0,05 ere(, E)| < V2 (N, 0) | Allno B~ 7,

B (IV.70)
|(Ap™ E)| <

2 C1 N, U)HAHNJE_T,

where v € R?, j =1, 2, E > 1/4, ||Al|no is defined by (IV.33)) and c¢i(N, o) is defined
by (TV27).

Proof of Lemma[IV.3. The solution ¢4 of (TV.13)) is given by :

o) = =i [ (pAE) bl dp, e R v

R2

Using (IV.67)), (IV.71]) we obtain that

-~

V'™ (p) = —p(pAM)) Pl Ap™(p) = ipA(p), (IV.72)
where p € R?\ {0}. Formulas (TV.72)) imply the following inequalities :

056" (p)] < VEmax| Aup)l,  [Ap™(p)] < V2 Iplmax|Aup),  (IV.73)

where p € R*\ {0}, j =1, 2.
We have that o R
0" A;(p) = (—ip1)™ (—ip2)" A;(p),
where p = (p1,p2) € R%, n = (n1,n2) € (NU{0})?, |n] < N. Using this equality we

obtain that
2N71

|A\](p)| < m

for p € R?, |p| > 1, j =1, 2. Formulas ([V.73)), (IV.74) imply the estimates

_N
14110 (1 + [pI*) "2 (IV.74)

iv N
0,0 (p)| < V2——st ( )||A||Na(1+|l?| )2
o (IV.75)
Ag™(p)| < V2 ||A||vo (1 + [p|2) T
e @M_J}w_%nuM<+mn ,
where p € R?, |p| > 1, j = 1, 2. Using ([V.75) we obtain (TV.70). O
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Proof of Theorem[IV_3, Taking into account invariance of f with respect to trans-
formations (IV.12)) and using (IV.13)), (IV.16) we obtain the following equalities :

(k — DA™k — 1) =0,
S 1) — (=1, —k) = 2k + DAk — 1), (IV.76)
k1) + (=1, —k) = 2V 0k — 1),

where (k,1) € Mg. Using (IV.76]) and orthogonality of vectors (k — 1) and (k + ) we

obtain (IV.28§]).
Formulas (IV.29)), (IV.30) can be regarded as definitions of Af0 Adv-0 1/div0,
Vdiv,O

err

From (IV.13]), (IV.29)), (IV.30]) we derive

AT (@, B) = (A)ere(@, B) + (0,0 )ere(2, E),  j=1,2,

err,j

VIO (2, B) = Vi, E) = i(Ap™ )ore(x, ),

err

(IV.77)

where x € R% E > 0, and (A err; (A2)errs Verrs (VO )err, (Ap®)er are defined
according to (IV.67)).

From (IV.77)) using inequalities (IV.68]) for (Aj)err, (A2)err, Verr and using inequa-
lities (IV.70) we obtain formulas (IV.31]), (IV.32). O

Lemma IV.3. Suppose that Ay, Ay € CN7(R?), where N >4, 0 > 2. Let o=, pT be
the solutions of ([V.14), (IV.15), respectively. Let V=, (V&) e, Ap™, (Ap™E) e be
defined according to ({IV.67)). Then the following estimates hold :

(0,65 err(, )| < V2 c1(N, 0)||Allno E-7

N-3

(IV.78)
(D) er(, B)| < V2 er(N,0)|Allno E™2

where v € R?, j=1,2, E > 1/4, ||A||lno is defined by (IV.33) and ¢1(N, o) is defined
by (TV27).

Proof of Lemma[IV.3. The solutions ¢* of (IV.14), (IV.15) are given by :

-~

o A1(p) £ iA,
0 (z) = —z’/e”” 1(p) Z 2(p>dp, r € R (IV.79)
1L ipe

RQ

Using (IV.67)), (IV.79) we obtain that

Ay (p) £ iAy(p)
p1 £ ipo

Ay (p) £ iAs(p)

/\:l: .
: p, Ap=(p) =1
J == 7 ()

Vet(p) = — )%, (IV.80)
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where p € R?\ {0}. Formulas (TV.80)) imply the following inequalities :

950" ()] < V2max | (o). [Ae ()] < V2 [p| max | Ak(p)], (IV.81)

where p € R*\ {0}, j =1, 2.

As in the proof of Lemma we have estimates ([V.74]). Formulas ([V.74),
(IV.81]) imply the following estimates :

— oN-— N
0,05 (p)| < V2—/—: p )IIAHNU(1+ pl*)~>
oN- (IV.82)
A (p)| < V2—%= p )HAHNU(l +p)
where p € R?, |p| > 1, j = 1, 2. Using (IV.82) we obtain (TV.78). O

Proof of Theorem[IV.3 Taking into account invariance of fi" with respect to transfor-

mations (IV.12)) and using (IV.14])), (IV.15]), (IV.16)) we obtain the following equalities :

A7k —1) = 2iAT (k= 1),

F (k1) — i (—l, k) = 2(ky 4 1 (ke + 1)) AT (k — 1), (IV.83)
FI (k1) 4 (=1, —k) = 2(ky — I (ks — 1)) AT (k — 1) + 2VE0(k — 1),
where (k,l) € Mg. Using and orthogonality of vectors (k — 1) and (k + 1) we

obtain (IV.34]).

Formulas (TV.35), (IV.36) can be regarded as definitions of ALY, AL, Vmo V0.
From (TV.14), (IV.15), (IV.35), (IV.36) we derive formulas

AL (@, B) = (A)en(@, B) + (Vo5 )en(2, E),  j=1,2,

err,j

VEYN 2, E) = Ven(2, E) — i(ApY) ene(, E),

err

(IV.84)

where x € R2, E > 0, and (A1)err, (A2)errs Verrs (Vo )err; (Ap™)enr are defined by
V57,

From (IV.84]) using inequalities @[} for (A1)err; (A2)err, Verr and using inequa-
lities (IV.78) we obtain formulas (IV.37)), (IV.38)). O

99



6 Derivation of the reconstruction algorithm of Sec-
tion [3

6.1 Faddeev functions

For equation ([V.1)), under assumptions (IV.2)), we consider the Faddeev functions
Y, h (see, e.g., [47, 48] and Subsection 5.1 of [109]) :

V(@ k) = e p(a, k),

(e, k) =1+ /g(ac —y, k)X (IV.85)
X(—QiA(y)Vyu(y,k) ( ’f+V( )) (y,k)) dy,
9(. k) / erone™

where z € R? k € ¥p \ R?;

h(k,l) = (2#)_2/ei(k_l)y><

RQ

X (=201 A Vyuly, k) + (2AY)Ek + V(y) uly, k) dy,

where k, [ € X \ R?, Imk = Im . Here and its differentiated version, where
V is applied to both sides of , are considered as a system of linear integral
equations for bounded p and Vi, ¥ is defined by .
We recall that 1) are “growing” solutions of , in the sense of [47], parametrized
by k € ¥ \R?, and G = e***g is the Faddeev’s Green function for the operator A+ k2.
Equation for p and formula (IV.86) for i are analogs in the complex domain

in k of equation (IV.5)) for ¢/ and formula (IV.6) for f.
Note that

(IV.86)

kleXp\R? Imk=Iml = I=korl=—k.
Therefore, the function h of (IV.86)) splits to the functions
a(k) = h(k, k), bk)=h(k,—k), kecXp\R%. (IV.87)

Note also that a and b are invariant with respect to transformations (IV.8)) and ¥, u
are transformed as ' '
Ve Y, u—e ¥ (IV.88)

with respect to (IV.§)).
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6.2 Analytic properties of

Using notations of Section |3| coefficients Ay, Ay, V' of equation ([V.1)), functions
Pt f of (IV.5)), (IV.6) and functions ¢, u, b of (IV.85), (IV.87) can be written as

Al = Al(Z), A2 = AQ(Z’), V = V(Z),
v =yt (z,\E), f=fLN,E), MNeT, (IV.89)
b= (2, N E), 5= pl(z A, E), b=b(\, E), A€ C\ (TU0),

where z € C, E > 0.
It is known that the function ¢ (or p) has the following properties at fixed z € C
and £ > 0 (see page 448 of [9]) :

1
%M(Zu )‘7E> :T(/\WZvE)/L(Za_iaE)a (Ivgo)
for A€ C\ (T"U0), where
B o
r(A, z, E) = exp —i—()\E—i- il + Az + i) X
2 A A
x%sgn(/\X— )b\, B);

w(z, A\ E) = pg (2) +0o(1) for X = oo,

w(z,\, E) = pud(2) +0o(1) for A =0, (1v-91)
where 1
0.1 () = - (Ai(2) + iAa(2)) i 2).
1
0oty (2) = 5 (Ai(2) = i4x(2)) i (2), (1v-92)
ps(z) =1 as z — oo;
: " AN
Vi(z, \,E) =4t (2, \, E) + mT/hi()\, X', E)x (i {V — 7} ) % V.93
x Yt (z, N, E) |d\"|
for A € T', where
Vi(z, \, E) =9z, \(1F0),E) = exp(i\/TE()\§+ ;)) X (IV.94)

Xpe(z, \,E), pe(z,\,E)=pu(z,A\(1+0),E), NeT,

Yt is the function of (IV.5)), (IV.89)), h. are the functions related with the scattering
amplitude f by equations ([V.45)), x is defined by ([V.46)).
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More precisely, equation ([V.90)) is fulfied if the system of linear equations for pu
and Vy related with (IV.85) is uniquely solvable for k = (ki(\, E), k2(A, E)) for fixed

A € C\ (T'U0), where ki, ky are given by ([V.43)), and relation is fulfiled if the
aforementioned system is uniquely solvable for k = (ki(A(1 F0), E), k2(A(1 F 0), E))
for fixed A € T'. In particular, all these conditions are fulfiled if coefficients Ay, Ay, V'
of are sufficiently small for fixed F.

6.3 Inverse scattering from f and b

Using the definitions of ¢*, A, V* of (IV.14)), (IV.15), (TV.39), the invariance of
f and b with respect to (IV.8]) and formulas (IV.9)), (IV.88) one can see that

for A, V transformed to A*, V* (respectively)
formulas (TV.90)(IV.94) are fulfiled with pg = 1 (respectively).

(IV.95)

Properties (IV.90)—({IV.95)) of 1, p yield the following approach to inverse scattering
for equation (IV.1) from f and b :
1. find v, p satisfying (IV.90)—(IV.91)), (IV.93)), (IV.94)) with a priori unknown
Yt in (IV.93), where puy = 1, p(z,-, E) € C(C\ T), hy are related with f by
(V45 ;
2. find A=, V'~ using that

A7 (2) —iA5(2) =0, A7 (2) +1i45(2) = 2i0: In ug (2), (IV.96)
V7 (2)Y(z,\,E) = (46285+

+2i(A7 (2) + 145 (2)) 0. + E)¢(2, \, E), (IV.97)

where z € C, A € C\ (T'U0).
Or alternatively :

1", find ¢, p satisfying (IV.90)—(TV.91)), (IV.93), (IV.94)) with a priori unknown ¢+
in (IV.93), where pg = 1, pu(z,-, E) € C((CUo0) \ T), hy are related with f
by (IV.45)) ;

2. find AT, V't using that

A (2) —iAS (2) = 2i0. In gy (2), Af(2) +iA5(2) =0, (IV.98)
VE(2)Y(z, A, E) = (40,0:+

+2i(Af (2) — 145 (2))0: + B)¢(2,\, E), (IV.99)

where z € C, A € C\ (T'U0).
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Note that (IV.96) arises from (IV.92)) with p, = 1, (IV.98) arises from (IV.92)

with ud =1, (TV.97) and (IV.99) arise from equation ([V.1]) for the Faddeev functions
¥ of Subsections [6.1] in the gauge setting related with A=, V= and AT, VT,

respectively. In addition, v, u, pg of steps 1, 2 and ¢ =o', p = i/, pgy of steps 17, 2’
are related by the formulas

V(2N E) = (g (2) (2, A B),
WA E) = (15 (2) (= N E), iy (2) = (g (2)

where z € C, A € C\ (T'U0).

As soon as A, V are recovered as A=, V™~ or AT, VT, then these coefficients can be
transformed from A=, V'~ or from A", VT to other possible gauge setting via (IV.8)
and, in particular, to A%, V4V of ([V.39).

Note that different ideas of the aforementioned approach to inverse scattering go
back to [89, 1, 52}, 58, 57, O8] 100]. In particular, finding v, u of the aforementioned
steps 1 or 17 for the case when b = 0 at fixed F is reduced to solving a non-local
Riemann—Hilbert problem for holomorphic functions, see Subsection Such non-

local Riemann—Hilbert problems go back to [89, 52] ; see also [143, 51, 58] (57, [98], [100].

(IV.100)

6.4 Inverse scattering with b0 =0 at fixed E

In the Born approximation at fixed £ we have that
F D)~ f2 k1) = 2kA(k — 1)+ V(k—1), (k1) € Mg, (IV.101)
b(k) = b'™ (k) = 2kA(2Re k) + V(2Rek), ke Xp\R? (IV.102)

where g, V are defined by (IV.17]). Here formula ([V.101)) is equivalent to the formulas

for f of ([V.10), (IV.11) and formula (IV.102) follows from (IV.85)), (IV.86), (IV.87)
in a similar way that ([V.101]) follows from (IV.5]), (IV.6)). Note also that

ke€Xp\R* = 2Rek € R®\ B, 5, E >0, (IV.103)

where B, is defined by .

Using (IV.18), (IV.101) and (IV.102)), (IV.103)) one can see that the expression for
S involves A, V on B, /5, only, and the expression for 6™ involves A,V on R*\ B, /5
only, at fixed E. Further, using also (IV.28))—(IV.30)), (IV.34)—(IV.36) one can see that
the expressions for AZ0 | VEO  AIVO VA0 involve f1, only, and are independent of
pin at fixed E.

In a similar way, in Section in order to construct nonlinear analogs of Aaip’gr, Vaﬁ)or,
AdD VIO we use inverse scattering of Subsection 6.3 without b or, in other words,
with b = 0 at fixed E.

In this case steps 1 and 1’ of Subsection [6.3] consist in solving the following non-

local Riemann—Hilbert problems for holomorphic functions :
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1. find ¢ = exp((i/2)VE(AZ + z/\))u(z,\, E), 2 € C, A € C\ (T'U0), satistying
(Tv.93), (TV.94) with a priori unknown ¥* in (IV.93), where

Sz B) =0, AEC\(TUO),

w(z, \, E) =1, as A — oo,
w(z, -, E)e C(C\T),

or, alternatively :

1. find ¥ = exp((i/2)\/E()\E+ 2/A))(z,\, E), z€ C, A € C\ (T'U0), satisfying
(Iv.93), (IV.94) with a propri unknown ¢* in (IV.93)), where

%u(z,A,E)ZO, AeC\(TUO),

w(z,\, E) =1, as A —0,
u(z, - E) e C((CUco)\T).

We recall that hy of ([V.45) are related with f by (IV.45)). Actually, it is also

assumed that u(z, -, ) admits continuous extension on 7' from its both sides.

Now due to considerations of Section 2 of [I00] we have that finding p of step 1 is
reduced to : (a) solving the linear integral equation for u*(z,-, E) on T, where
(RN exp((i/2)\/E()\E+ /M) (2, N\ E), z€ C, X €T, (b) finding p4(z,-,E) on T
by formulas (or, in other words, by formulas rewritten in terms of p4
and pt), (¢) finding u(z,+, E) on C'\ T by the Cauchy formulas :

w(z A E) = L/M% A<,

271 C— A
T
(IV.104)
1 [p-(2GE)
MNEYy=1—— | ———————=d Al >1
pehB) =1 - oo [EE N2 >
T

2e€C, AeC\T.
In addition, due to (IV.100]), (IV.104) finding ¢ = ¢/, u = 1’ of step 1’ is reduced
to finding ¢, p of step 1 and to the formulas

w/(zv A, E) = (Hé(z))_lw(% A, E)a //(Zv A, E) = (Mg(z))_lﬂ(% A, E)a
it () = QLM Mdg, (IV.105)

where z € C, A € C\ (T'U0).
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In addition, due to (IV.104) we have that
Wz M E) =1+ ()N +0(A7?) as A — oo,

IV.106
15 B) = 1 (2) + i (A + 002) a5 A0, (IV-106)
where z € C, A\ € C\ (T'UO0), ud (2) is given in (TV.105)),
1 /'L+<Z7C7E)
t(y) = — [ PE65)
Hy (Z) - 27TZ/ CQ dC’
. T (IV.107)
() = 5 [ -G B) G
T

Note that the non-local Riemann-Hilbert problems of steps 1 and 1’ are better
known in the literature (going back to [89]) for the case when relation (IV.93]) between
Y, and v_ on T with a priori unknown ¢ is given in the form

BN = - (N) + / P\ N)_(X)[dN], AeT, (IV.108)

T

see, e.g., [89, 68, 57, [O8]. Note also that in our case hy of (IV.45)) are related with p
of (IV.108) by the following formulas and equations :

hl(A,A',E):X(z[%/—iD SN, B)—

A/ )\//
p<)‘7)‘/7E)+7Ti/p()\7)\//7E> ( V_Y])X
T
X hy(N', N E) |dN"| = —wihy (AN, N, E),
) . N \
p()\,)\,E)+7m/X<z {V_Y])X
T
X ho(N", N, E) |dN"| = —mwiho( N\, N, E),
where A\, X € T', see [98].
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Futher, due to results of |58, O8] and of Proposition of the present work we
have that, at least under assumption (IV.55)), the non-local Riemann—Hilbert problems
for 1 and for ¢ = ¢’ of steps 1 and 1’ are uniquely solvable and

(—40.0: + a2 (2)0. + V™ (2))¢(2,\, E) = E¢(z,\, E), (IV.109)
a; (z )_48 Inud(2), V7 (2) = 2VEduy(2), (IV.110)
(—40.0: + a (2)0: + V*1(2))¢/(2,\, E) = EY/(2,\, E), (IV.111)
() =400 — . VH(2) = 20/ Fa ) (IV.112)

1 (2)’ 1o (2)’
where z € C, A € C\ (T'U0), ug, py, pi are the coefficients of (TV.106]). Here (TV.109)),
(IV.110)) correspond to (IV.96)), (IV.97) and (IV.111)), (IV.112) correspond to (IV.98]),
(TV.99).
Formulas (IV.51)), (IV.52)) follow from (I[V.109)-({[V.111)) and the integral expres-

sion for g, py, i of (TV.105), (IV.107).

Finally, formulas (IV.53)) arise from considerations of the gauge transformations
([IV.8)) between A=, V~ and A", V* and A4, VIV of (IV.39). In particular, in these
considerations we use that for equation (IV.1]) written as

(—4@82 + azaz + agag + V)w = Ew,
a, = —21(141 + iAQ), Az = —QZ(Al — iAg),

the gauge transformations (IV.8)), (IV.9) can be written as

a, = a, —4i0:p, az — az — 4i0,p,
V =V —4i0,0:p + 40,00:¢ + 1a,0,p + taz05p,
U — e Y,

and that the equations for oV, ¢~ T of (IV.13)-([V.15), (IV.39) can be written as

8i0,0:0 = 0.a, + 0:as, gpdi"(z) — 0 as |z| = oo,
4i0,0" =az, ¢ (2) >0 as|z| = oo,
4i0.0" =a,, ¢(z) =0 as |z| = oo.

7 Proofs of Propositions and

Proof of Proposition[IV.3. The method of successive approximations for solving (IV.45))
with repsect to he € L*(T?) and assumptions ([V.58) imply that

hy = f+O0(?), &— +0, (IV.113)
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where O(e?) is considered in the sense of || - || p2¢r2).
Consider the following operators acting in L?(T')

(Ceu)(N) = 2% / % ¢, NeT, (IV.114)

where u is a test function. We recall that

HCiuHLz(T) S HUHLQ(T) (IV115)

Using (IV.48)), (IV.49)), (IV.113)), (IV.115) and the equality

E
exp(—ig(()\ —Nz+ (A = )\/l)z)> ' =1,
MNeT, zeC, E>0,

(IV.116)

we obtain that

N d
woss= s (-[§-etic
1 / ¢ N d¢
S sexamn (i[5 - 5] e o
T

where \, N € T, z € C, f(¢, N, 2, E) is given by (IV.64)), O(g?) is considered in the
sense of || - || z2(r2) and is uniform with respect to z € C.
From (IV.47)) we derive the following equalities :

(IV.117)

o.put(z,\,E) + /B()\, N, 2, E)O.ut (2, N, E)|dN| =
T
- —/aZB(A, N,z Bt (2, N, E) [dV],
T
O:nt (2, N\, E) + /B()\, N, 2, B)o:p* (2, N, E) |dN| =
T

— —/&;B()\, Nz, E\u™ (2, N, E) |dN],
T

(IV.118)

where A\ e T, z € C, E > 0.
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The method of successive approximations for solving ([V.47)) and ([V.118]) with
respect to py € L2(T) and O.py, Ozpy € L*(T) and estimates (TV.58), (IV.117) imply
that :

/‘L+<Z7 A, E') =1+ O(€>a
out(z,\,E) = — /@B()\, N, z, E)|dN| + O(e?),

T

(IV.119)
Dottt (2, ), E) = /8BA)\’zE)|dX|+O( 2

where z € C, A € T, O(e), O(e?) are considered in the sense of || - ||,2¢r) and are

uniform with respect to z € C.
Using (IV.50), (IV.113), (IV.119)) we obtain that

p(z,\, E) =14 0O(e),
0,414 (2, ), E) /a BN, 2, E) |dN|+

+m/azf(A,X,z,E)x(i2 R - iD [4X]+ O(E), (IV.120)

Ospie (2, A, E) /a B\ N, 2, E) [dN |+

—l—m/azf()\,)\’,z,E)X(:I:z {% — i]) |dN| 4+ O(e?),
T

where A € T', f(A\, N, 2, E) is given by ([V.64) and O(g), O(e?) are considered in the
sense of || - ||z2(r) and are uniform with repsect to z € C.
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Using (IV.51)), (IV.52)), (IV.120]) we obtain that :

E
V- (:c,E):——V/@,B()\,X,z,E) AN AN |+
T
T2

4 z'\/E/azf(A, Nz E)y (—i R _ %D A |dN| + O(),
T2

appr

VE
VE (2, E) = Y= / 8:B(\, N, z, E) \"2d\ |dN|—
T
T2

/

_ Nﬁ/agf(m’, ., E)X(i [i _ iD A2dN|dN| + O(=2),
T2

N
N
(2, E) = 2 / 9B\, N, z, E) \"1d\ |dN|+ (IV.121)
7TT2
! . A N -1 / 2
+2 [ O:f(\N 2, E)x | i SR AT AN AN |+ O(e),
T2
9
al (2, E) = ——Z/aZB()\,X,z,E) AN |dN |~
T

T2

/
- 2/6zf()\, N,z E)x (z R - %D A NN |dN| + O(2),
T2

where z € R?, 2z is given by ([V.40]), and O(&?) is considered in the uniform sense with
respect to x € R2.
Note that the following formulas hold for each v € L*(T) :

u(N) &, /(CU)(A) ~ =0 (1V.122)

where C'y. are defined by ([V.114]).
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Formulas (IV.117)), (IV.121)), (IV.122) imply estimates

appr

Voo (x,E) :z'\/E/s(A, MO f(N N, 2, E) dX\ |dN| 4+ O(e?),
T2

appr

Vit (x,E) :z'\/E/s()\, MO f(\ N, 2, E) A72dN |dN | 4 O(£?),
T2

0 (2, E) = —2 / SOLN)O (A, N, 2, E) ALd\ |dV] + O(22), (IV.123)
T2
a; (z, F) = 2/8()\, MO f(N N, 2z, E) X HdX |dN| + O(e?),
T2

e IfaA XN
(A, X) = sgn (; {y - X]) ;

where z € R?, z is given by (TV.40]), and O(&?) is considered in the uniform sense with
respect to x € R2.
In addition, due to (IV.64) we have that

0. f 0N, 2 ) = —iYE (\1 Z ) s N, 2, ),
\/2_ (IV.124)
0O N, 2, B) — —z’TE(A CN)FOWN, 2, E),

foreach \, N €T, 2z € C, E > 0.
Formulas (IV.59), (IV.60), (IV.61)), (IV.62)), (IV.63)) follow immediately from (IV.51)),
[V.52), (IV.53), (IV.123), (IV.124).

Proposition is proved. O

Lemma IV.4. Let E > 0 be fired. Let u(A\, N, E), (\,X) € T?, be a complex valued
function such that u € L'(T?) and

uM N, E) =u(=N, -\, E), (\XN)eT? (IV.125)

Suppose that g(p, E), p = (p1,p2) € R?, |p| < 2V'E, is the function defined by the
formula

g(\/ERe(A —X),VEIm(A — ), E) = u(\ N, E), (IV.126)
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where (A, \') € T?. Then

o E 1 (A N
[ emma=% [unly (55|l

Ip|<2VE T2
(IV.127)

where x € R?, z is given by (TV.40)).

Actually, (IV.127)) arises from the following change of variables in the integration
with respect to p :

p = VERe(A = \) = VE(cos ¢ — cos ¢'),
= VEIm(\A — X) = VE(sin ¢ — sin ¢),
where A = €', N = ',

Proof of Proposition[IV.3. Let A € T, N € T be defined by (IV.41]). It follows from
(IV.43), (IV.44) that the following formulas are valid :

20k1 + 1) = VEA+ AT+ XN + N7,
2(ky + o) = —iVE(A = A1+ N = XY,
ky £ iky = VEN, 1 +ily = VENT (IV.129)
ki 41l £i(ke +1o) = \/E()\il + )\/il),
k+1> = EX+ N|?,

(IV.128)

where (k,l) € Mg.
Using Lemma [[V.4] and formulas (TV.129)) we derive from (IV.28)), (IV.29), (TV.30)),
(Tv.34), (IV.35), (IV.36)) the following formulas :
E L /A
Ad1v0< E) /AdlvO ()\ )\/ E)'—(———)‘ld)\‘ ‘d)\/|

appr,) 2 appr,j A

leVOx E _

appr appr 2

1
VAN N, 2 E)‘ (3 - —) ‘ |dA| |dN],
(IV.130)

1 /A
A (7 /Aaipgrl (A )\/,Z,E)‘Q—i (y - —> ’ |dA| [dX',

=+, 0
V;Lppr Z, E appr

1 /
VEON N, 2 E)‘2 (3—1)’ |dA| |dN],
1
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where j = 1, 2, x € R?, 2, z is given by ([V.40)) and where

~ lin / _ fling__y\ _
Ale,O ()\7 )\/,Z,E) — f (A7A7Z7E> f ( Ay A7Z)E)X
4E

appr,1
y 1 n 1
AN A4 N )

~1 lin / _ fling_ _
Adlv,o ()\, )\/,Z,E) — f (A7>\ 727E> f ( >\7 A7Z7E> %

wppr 4ivVE
x <A_1 i Ty i X>, (IV.131)
PAO(\ N, 2, B) = i N, 2, E) +§“n(—x, —A,z,E)’
AN,z B) = AR NEBT IR AR E),
O B R

where A\, N € T, z € C, fin(\, X, z, E) is defined according to (TV.64)).

Now using we represent each integral of as a sum of the integral
containing f1(\, X, 2z, F) and the integral containing fi(—X, -\, z, E) within the
integrands.

Making the change of variables (A, \) — (=X, —1\2 in each integral containing
fin(—=N =\, z, E) and taking into account for AF we obtain formulas (TV.65)),
(LV.66). O
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Article V

On the reconstruction of
parameters of a moving fluid from
the Dirichlet-to-Neumann map

A. D. Agaltsov

We consider an inverse boundary value problem for a model time-harmonic equation
of acoustic tomography of moving fluid with variable current velocity, sound speed,
density and absorption. In the present article it is assumed that at fixed frequency the
coefficients of this equation are already recovered modulo an appropriate gauge trans-
formation using some reconstruction method from boundary measurements presented
in the literature. Our main result consists in formulas and equations that allow to
get rid of this gauge non-uniqueness and recover the fluid parameters using boundary
measurements at several frequencies.

1 Introduction

We consider a model equation for a time-harmonic acoustic pressure ¢ = (z)
(time dependence e~**) in a moving fluid with sound speed ¢ = ¢(z), current velocity
v = v(z), density p = p(z) and absorption o = a(z,w) = W@ ag(z) at fixed frequency
w:

Loap=0 inD, (V.1)
L,=-A—-2iA,(z) -V =Uy(x), x=(x1,...,24), (V.2)
o o 82 62
v:(a_m""’a_xd)’ Aza_x%—i_—'_a_xi’
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where

D is an open bounded domain in RY,

V.3
d € {2,3}, with connected C* boundary 0D, (V-3)
(@) 2w aole)
A,(r) = In p2 U,(z) = 2w T : V.4
(@) = S+ iV hnph(a), Ufe) = o 2O (v

Note that the operator L, is a special case of the so-called magnetic Schroedinger
operator.

The model equation ([V.1]) was studied in different particular cases in [71], 116, 118|
117, 241, 3], 5].

In the present article we suppose that

ce C*D), c¢>0inD, (V.5a)
v € C*(D,RY), (V.5b)
peC*(D), B€(0,1], p>0inD, (V.5¢)
(€ C(D), ag € C(D), (>0, isreal in D, (V.5d)

where D = DUOD and C*#(D) denotes the space of k times continuously differentiable
functions in D whose k-th derivatives are $-Holder continuous. Let

c¢=clop, V=vlop, p=plop. (V.6)
In what follows we always assume that
0 is not a Dirichlet eigenvalue for operator Ly, in D. (V.7)

Note that the set of w’s for which does not hold is locally finite. Besides,
always holds for w = 0.

For equation under the assumption we consider the Dirichlet-to-Neumann
type operator A, which maps a sufficiently regular function f on 9D to the function

Auf = (2_15 +i(v- Aw)w>|aD’

where v is the solution of equation in D with Dirichlet boundary condition
Y|op = f and v is the unit exterior normal field to dD.

Note that it is possible to get rid of the assumption by considering a general
Robin-to-Robin map instead of the Dirichlet-to-Neumann map, see [78].

We consider the following problem :

Problem V.1. Find c, v, p and o in D from A, given for w in some fixed set ) and
from ¢, v and p.
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This problem was studied, in particular, in [3, [5]. In these works it was shown that
(a) if p = const, ap =0 and Q2 = {w;} then the Problem is uniquely solvable
(b) if ap =0, Q = {w1,ws}, w1 < wy, then the Problem is uniquely solvable ;

(c) if Q = {wy, w2, w3}, w1 < wy < w3, and ¢ # 0 in D then the Problem is
uniquely solvable.

Reconstruction results for Problem [V.1] at fixed w can be summarized as follows :

1. Uniqueness modulo gauge transformations in the most general case follows from
the results of [61] in dimension d = 2 and of [85] in dimension d = 3.

2. An approximate reconstruction algorithm modulo gauge transformations in di-
mension d = 2 was developed in [4] [2].

3. A possible reconstruction approach modulo gauge transformations in dimension
d = 3 was outlined in [71].

In the present article we assume that the coefficients A, and U,, of equation ([V.1))
are already recovered from A, up to a gauge transformation using some appropriate
method at fixed w. The goal of the present work is to show how to get rid of the gauge
non-uniqueness and recover ¢, v, p and « using boundary measurements at several
frequencies. In this respect, the present article can be considered as a development of
the article [3] where the particular case p = const, ag = 0, Q = {w;} was considered,
and of the article [5] where the corresponding uniqueness theorems for equation (V.1
with general operator of the form were obtained.

For a vector field V = (Vi,...,V,) and a function f in D we set by definition

0Vo — Vi, d=2,
curl V =
(02Vs — 05V, O5Vi — 01 V3, 01 Vo — 05V4),  d =3, (V.8)

curl f = (82f, —alf), d=2,
where 0; = 0/0,,.

In the present article it is assumed that the following functions are already reco-
vered from the operator A, at fixed w :

F=cwl(%) inD, (V.9)
G = fi — W fo+iwfs — 2iw' % in D, (V.10)

where ) 1
il h=he s H=Ve(3) -t (VY

For the corresponding identifiability results see [61] (for d = 2) and [85] (for d = 3);
for an approximate reconstruction algorithm see [4 2].
Thereby, in the present article we study the following problems.
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Problem V.2. Find ¢, v and p in D from q, given for w € Q = {wy,ws}, wi < wo,
and from F, ¢, v, p.

Problem V.3. Find ¢, v, p, ¢ and ag in D from q,, given for w € Q = {w;, ws, w3},
w1 < wy < ws, and from F, ¢, v, p.

2 Solution of Problem [V.2

We are going to derive the explicit formulas for solving the Problem [V.2] We
consider (V.10) with w € Q as a system of linear equations for fi, fo and f3. Solving
this system we obtain

2 2
_ w;yReq,, —wiReq,,

fl— 7f2

2 2
Wy — wy

_ Regq,, —Requ,

—1
w% _ w% ) f3 =W Im 4o - (V12)

Set g = p_%. It follows from formula (V.11]) that g satisfies the following equation

gm=%@+LGmwmmmm%afﬁ, (V.13)
mlo) = [ ZE D) ay (V.14

where G(z,y) is the (non-positive) Dirichlet Green’s function for operator A in D and
v, is the unit exterior normal to dD at point y. Note that g is just the the harmonic
extension of ,5’% to D. The existence of function G follows from assumption and
from [12, Theorem 4.17, p. 112].

Lemma V.1. Equation (V.13)) is uniquely solvable for g € C(D).

Démonstration. Suppose that gi, go € C(D) are two solutions of equation (V.13).
Then their difference h = g; — go satisfies

hmzﬁpmwmwww%xeﬁ (V.15)

Using formulas (V.5d) and (V.11)) we obtain that f; € C%#(D). Taking this into
account and using formula (V.15) and Lemma [54, Lemma 4.2], we obtain that h €
C?*(D)N C(D) and that

— Ah+ fi(x)h=0 in D, (V.16a)
hlap = 0. (V.16b)

116



Using formulas (V.12)) and (V.16a) we can rewrite equation (V.16a)) as
— A(p?h) +Vp-V(p2h) =0, in D. (V.17)

It follows from [54, Lemma 4.2 and Corollary 8.2] and from formulas (V.16b)) and

(V.17) that h = 0. Hence, p~2 is the unique solution of class C'(D) to equation (V.13).
[

For vectors a = (ay,...,aq) and b = (by,...,bs) in D we put by definition

A (V.18)
(a2b3 — azba, azby — aibz, a1by — a251)7 d=3.

Recall that the Helmholtz decomposition of the vector field 7 is given by the following
formula :

:—2 =V® —curlV inD, (V.19)
where

v(y Vy ) /17( )
ow) = [ Gola =), (3= [ Gola—nglay. (va0)

B . B N R o(y)
Vi(z) = /DGo( y)F(y) dy /aD Go( y)—zg(y) dy, (V.21)
Golr) = —% e, d—2, (V.22)

11

Go(z) = papt d=3, (V.23)

where v, is the unit exterior normal to dD at point y. Note that the vector field V' is
known since F', v and ¢ are given.

Using formula we can recover the function ®|5p modulo an additive constant
(which does not matter). Fix a point 2° € dD. Let z: [0,1] — 9D be a smooth curve
linking 2° to some given point € OD. Then

dx

== (V.24)

() — ®(2°) = /0 (% +curl V)| - 2(t) dt, @

It follows from formulas (V.11]) and (V.19) that ® satisfies the equation

—AP+Vinp - Vo =—f3+curlV-Vinp n D,
or —An+ fily)n=p 3 (—f; +cwlV-Vinp) in D,
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where n = p~2(® — ®(z°)). The function n can be found from the following integral
equation :

77(95)Zno($)+m(:v)+/DG(x,y)f1(y)77(y)dy, z €D, (V.25)
)= [ Gl ) (i) =l Vo) - V1 () iy
_ G (z,y) - -1 0
mi) = [ FEE 5 () - o)y

where G(z,y) is the (non-positive) Dirichlet Green’s function for A in D. Note that
m is just the harmonic extension of 5~2(®|yp — ®(2°)) to D. Also note that equation
has the same kernel as equation (V.13|). Therefore, it is uniquely solvable for
n € C(D).

After recovering ® — ®(z°) in D we can find % using formula (V.19). Finally, using

formulas (V.11)) and (V.19) we obtain
1
2= fo— (VO —curl V)2, v=c*(V® - curlV). (V.26)

The described algorithm for solving Problem is summarized in the following theo-
rem.

Theorem V.1. Suppose that D satisfies (V.3), Q = {wy,w2}, w1 # we and (V.7)
holds for all w € ), and suppose that ¢, v, p satisfy (V.ba)—(|V.bc|). Then Problem

can be solved as follows :

1. Define fi, fo, f3 and V wusing formulas m and m
2. Find g as the unique solution of class C(D) to equation (V.13] . Set p= g2
8. Fiz 2° € 0D and find ®|sp — ®(2°) using formula (V.24).
4. Findn as the unique solution of class C(D) to equation (V.25)). Set ®—®(2°) =
p%ﬁ.
5. Find ¢ and v using the explicit formulas (V.26]).
Remark 3. Suppose that d =2 and D = {z € R? | |z| < 1}. Then the function go

from formula (V.13)) and the function G(z,y) from formulas (V.13) and (V.25) can be
found explicitly :

11—zl dY zlly — x
go<x>=/p byt gy Ly Jelly —al

4 [0 — z|? 27 o |y|:p|2 —x|

where S' = dD. Furthermore, if || f1| o) < 4 then equations (V.13) and (V.25) can
be solved using the method of successive approximations in C'(D).
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3 Solution of Problem [V.3

Define the sets Dy and Dy by the formulas
DO _ {ZL’ eD | Im qu, (z) _ Ime2(x)}, D, = D\Do (V27)

w1 w2

It follows from formulas (V.5d]) and (V.10) that Dy = {z € D | ap(x) = 0} and that
the functions fi, f» and f3 defined in (V.10) can be found in Dy using formulas (V.12)).
Using formula (V.10)) for x € D; and w € Q we obtain that

_ _ w2\ ¢(@)
Wyt Im gy (2) —wy ' Img, () _ ()7~ 1 v.28)
w ' T Gy (7) — wi  Tm g (z) ()@ g

We consider ([V.28) as an equation for finding ((z) at fixed = € D;. This equation is
uniquely solvable for ((x) at fixed x € D; as the following lemma shows.

Lemma V.2. The right side of equation (V.28) at fired x € D, is a strictly decreasing
Junction of {(x) € (0, +00).

Démonstration. It is sufficient to show that for any p, ¢ such that 1 < p < ¢ and for
any t > 1 the equality

¢
pP-1_p-1
= ) 2
i (V.29)
can not hold. Assuming the equality (V.29)), we define
p—1 q—p
A =—, A=—. V.30
1 q— 1 ) 2 q— 1 ( )
Using formulas (V.29)) and (V.30 we obtain the formulas
AL+ Ay = 1, A > O, Ay > O, (V31a)
Mg+Xa=p, Mg+ =7p" (V.31b)
Since the function f(s) = s* is strictly convex, relations (V.31a)—(V.31b]) can not hold.
Therefore the initial assumption that (V.29) holds must be false. O

Next we find functions f1, f2, f3 and ag/c in the domain D;. It follows from formula
(V.10) that f; and fy in D; can be found using formulas (V.12)). It also follows from
V.10) that f3 and «p/c in D; can be found from the following formulas :

¢ ¢
“LIm g, — 22 Img, 1wy Tmq,, — wy'Tmg,
f o 2 " oy LG 2 MG, T MGe (V.32)

wi — wj c 2 wi — wj

Using the values of fi, fo and f3 in D we can find ¢, p and v in D using the steps 2-5
mentioned in Theorem |V.1, Finally, we find o using «/c and c¢. The algorithm for
solving Problem is summarized in the following proposition.
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Theorem V.2. Suppose that D satisfies (V.3), Q = {wy,wa, w3}, w1 < we < ws, and

(V.7) holds for all w € €. Suppose also that ¢, v, p, ¢ and g satisfy (V.5a)—(V.5d)).
Then Problem [V.3 can be solved as follows :

1. Define Dy and Dy using formula m Find f; and fy in D using formulas

. Find f3 using formula (]V__]L—Q[) i Dy and formula i Dy.

Find ((z) at fized x € Dy as the unique positive solution to equation .

Find ag/c in Dy using formula .

Find g as the unique solution of class C(D) to equation . Set p= g2

Fiz 2° € 0D and find ®|op — ©(2°) using formula (V.24)).

Find 1 as the unique solution of class C(D) to equation (V.25). Set ®—®(z°) =

pe1).

7. Find ¢ and v using the explicit formulas . Set o to zero in Dy and find
ag from ag/c and ¢ in Dy.

S A o

Remark 4. Note that the formulas and equations presented in Theorem (resp.
require the knowledge of the function g, at two (resp. three) frequencies w. These
formulas are exact but they can be not very stable with respect to the noise in the
initial data. However, if q,, is known for a bigger number of frequencies it is possible to
increase the stability of reconstruction by replacing formulas and with
their least squares analogues. A numerical study of reconstruction stability will be
carried out in a subsequent paper.
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Article VI

Error estimates for phaseless
inverse scattering in the Born
approximation at high energies

A. D. Agaltsov, R. G. Novikou[]

We study explicit formulas for phaseless inverse scattering in the Born approximation
at high energies for the Schrodinger equation with compactly supported potential in
dimension d > 2. We obtain error estimates for these formulas in the configuration
space.

1 Introduction
We consider the time-independent Schrédinger equation
— Ay Fo(x)p=Eyp, xR d>2 E>0, (VL1)

where
v € L®(RY), suppv C D, (VI.2)

where D is some fixed open bounded domain in R

In quantum mechanics equation describes an elementary particle interacting
with a macroscopic object contained in D at fixed energy F.

For equation (VI.1)) we consider the classical scattering solutions ™ = ¢ (z, k),
r € RY k € RY k> = E. These solutions 1™ can be specified by the following

1. CMAP, Ecole polytechnique, CNRS, Université Paris-Saclay, 91128, Palaiseau, France; IEPT
RAS, 117997 Moscow, Russia ; and Moscow Institute of Physics and Technology, 141700 Dolgoprudny,
Russia ; email : novikov@cmap.polytechnique.fr
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asymptotics as || — oo :

ilk ||
_ ke € x —(d+1)/2
O (oK) = € olds k) gy (B Rl + Ol 4D7%), (VL3)
zeRY keRY k2 =E, c(d, |k|) = —mi(—2mi) @ D/2||(d=3)/2,
for some a priori unknown f. The function f arising in (VI.3|) is defined on
Mg ={(k1) e R xR k* = 1> = E}, (V1.4)

and is known as the classical scattering amplitude for equation .

In quantum mechanics |f(k,[)|* describes the probability density of scattering of
particle with initial impulse k into direction /|l # k/|k|, and is known as differential
scattering cross section for equation ; see, e.g., [49, Chapter 1, Section 6].

The problem of finding 1" and f from v is known as the direct scattering problem
for equation . For solving this problem, one can use, in particular, the Lippmann-
Schwinger integral equation for )" and an explicit integral formula for f, see, e.g.,
[17, 48, [108].

In turn, the problem of finding v from f is known as the inverse scattering problem
(with phase information) and the problem of finding v from |f|* is known as the
phaseless inverse scattering problem for equation .

There is a vast literature on the former inverse scattering problem with phase
information ; see [0, (14, 21, 26, [0, 46, 56, 64, [75, [76, ©7, 09, 102, 104, 107] and
references therein. In particular, it is well known that the scattering amplitude f
uniquely determines v via the Born approximation formulas at high energies :

3k —1) = f(k,)) + O(E"2), E — +oo, (k1) € Mp, (VL5)
o(p) = (2m)™ /Rd e y(x)dr, peRY (VL6)

and the inverse Fourier transform ; see, e.g., [46, 107].

On the other hand, the literature for the phaseless case is much more limited ; see
[20, T08] and references therein for the case of the aforementioned phaseless inverse
problem and see [82] [83], T05], 106, 108] and references therein for the case of some
similar inverse problems without phase information. In addition, it is well known that
the phaseless scattering data |f|* does not determine v uniquely, even if |f|? is given
completely for all positive energies. In particular, it is known that

Folk, 1) = eFDV £ (R, D),

VI.7
6D = |f(E D kLR K = 2 >0, (V17)

where f is the scattering amplitude for v and f, is the scattering amplitude for v, =
v(- —y), where y € R?; see [108] and references therein.
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In the present work, in view of the aforementioned non-uniqueness for the problem
of finding v from |f|?, we consider the modified phaseless inverse scattering problem
formulated below as Problem [VL1l Let

S:{lf’27|f1’27-"a|fm’2}7 (VI8)
where f is the scattering amplitude for v and fi, ..., f,, are the scattering amplitudes
for vy, ..., v,,, where

vj=v+w;, j=1,...,m, (VL9)
where wy, ..., w,, are additional a priori known background scatterers such that

w; € L®(RY), suppw; C Q,
Q; is an open bounded domain in RY,  Q,;N D = @, (VI.10)
wj 7é 0, Wy, 7é Wiy if j1 7é J2 (iIl LOO(Rd))a

where j, 71, jo € {1,...,m}. Thus, S consists of the phaseless scattering data |f|?,
|f112, ..., | fm]* measured sequentially, first, for the unknown scatterer v and then for
v in the presence of known scatterer w; disjoint from v for j =1, ..., m.

Actually, in the present work we continue studies of [I08] on the following inverse

scattering problem for equation (VI.1)) :

Problem VI.1. Reconstruct potential v from the phaseless scattering data S for some
appropriate background scatterers wy, ..., Wy,.

Studies of Problem in dimension d > 2 were started in [I08]. In dimension
d =1 for m = 1 studies of Problem were started earlier in [7], where phaseless
scattering data was considered for all £ > 0.

Actually, the key result of [108] consists in a proper extension of formula
for the Fourier transform ¥ of v to the phaseless case of Problem [VL1]; see Section

In the present work we proceed from the aforementioned result of [108] and study
related approximate reconstruction of v in the configuration space. In this connection
our results consist in obtaining related error estimates in the configuration space at
high energies E'; see Section

In addition, results of the present work are necessary for extending the iterative
algorithm of [I07] to the phaseless case of Problem [VL.1] The latter extension will be
given in a subsequent work.

2 Extension of formula (VI1.5) to the phaseless case

Actually, the key result of [I0§] consists in the following formulas for solving Pro-
blem in dimension d > 2 for m = 2 at high energies E :
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o~ -~ ~N\ L 2 m2 e 2
pel) o2 (et i) (L) v
Imwv 2 \Rew, Imw, [U2]* — [U]° — |wy]

~ _1

B = 1k DF + O(E), B - +oo, L)
peRY (k,()eMg, k—Il=p j=0,1,2,

where :

— vy = v, v; is defined by (VL.9), j =1, 2, and fy = f, fi1, f2 are the scattering

amplitudes for vy, vy, ve, respectively ;
— 0 =70(p), v; = v;(p), W; = W;(p), p € R are the Fourier transforms of v, v;,

w; (defined as in (VL.6))) ;
— formula (VI.11)) is considered for all p € R? such that the determinant

de ~ ~ ~ ~
Gov.oa(p) <5 Re @1 (p) Im @(p) — Im @ (p) Re @a(p) # 0. (VL13)
The point is that using formulas (VI.12)) for d > 2 with

k=kp(p) =+ (E—2)" (),
L=lp(p) = -8+ (B —2)"y(p), (VL.14)
V) =1, ~(p)p=0,

where p € R?, |p| < 2v/E, one can reconstruct |0]%, [0y %, [05|? from S at high energies
for any p € R? And then using formula (VI.11)) one can reconstruct ¥ completely,
provided that condition (VI.13) is fulfilled for almost all p € R

Remark 5. Formulas (VI.12)) can be precised as formula (2.15) of [10§] :
~ 1
35 ()I* = 150k D] < e(D)NFE=,
P = k — l, (k,l) € ME‘, E% Z p(D];N])u ] = 07 1727

where [|vj|ep,) < Nj, 7 =0,1,2,and Dy = D, Dj = DUy, j = 1, 2, and formulas
for the constants ¢, p are given in [108].

(VL15)

In addition, from the experimental point of view it seems to be, in particular,
convenient to consider Problem with m = 2 for the case when wy is just a
translation of wy :

wy(z) = wi(z —y), xR yecRE (VI.16)

In this case
Wa(p) = e™W1(p), C(avan(p) = sin(py)|@(p)]®, pe R (VL17)

On the level of analysis, the principal complification of (VI.11)), (VI.12)) in compa-
rison with (VL.5)) consists in possible zeros of the determinant (g, 5, of (VI.13)). For
some simplest cases, we study these zeros in the next section.
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3 Zeros of the determinant

Let .
Zgva, = {p € R: (z,,a,(p) = 0},
4~ , (VI.18)
Zg; ={p e R @;(p) =0}, j=1,2
where ( is defined by (VI.13). From (VI.13)), (VI.18) it follows that
Z@l U ZQQ - Z@lﬂgg. (VIlQ)

In view of (VI.19), in order to construct examples of wy, wy such that the set Zz, o,
is as simple as possible, we use the following lemma :

Lemma VI.1. Let

w@) =leV Kl [ alo-yatw)ds, weRLv>0,  (VI20)
R
L'(:+v) (2)'/ > cos(st)dt
K (s) = —2 2 (2 / LS A oS, VI.21
) e s o (1412)=% ( )
e L*(RY), ¢ =7, 0 in L=(R%),
q ( ) 4 =7, q# 0 in L>( )d (V122)
q(x) =0 if [z| > r, ¢(z) = q(—2), v € R".
Then
we CRY, w=mw, wx)=0if |r| > 2r, v € R
(V1.23)

w(p) =w(p) > er(1+p)~", peR?,
for B = d + 2v and some positive constant ¢; = c1(q,v), where W is the Fourier
transform of w. In addition, if ¢ > 0, then w > 0.

We recall that K, defined by (VI.21)) is the modified Bessel function of the second

kind and order v. In addition, I' denotes the gamma function.

Lemma is proved in Subsection [5.4]
As a corollary of Lemma [VL.1] functions

wi(r) =w(x —1Ty), xecRY T;€RY (VI.24)

where w is constructed in Lemma give us examples of w; satisfying (VI.10) for
fixed D, €1; and for appropriate radius r of Lemma and translations 7} of (VI.24),
and such that

=2 (V1.25)
|@;(p)| = W(p) > er(1+Ip))™", peR, '
where ¢y, [ are the same as in (VI.23)). In addition,
. V12 d
’L/U\l ’1/172 = w - T - T 0 E R
C (p) sin(py)|[@(p)[*, y=To—T1 #0, p (V1.26)

{peRd. sin(py) _O} {peRd pyEwZ}
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for wy, wy of (VI.24)).
As another corollary of Lemma we have that
Corae(p) = [B(P)* = 1+ [p) 7>, peR?,
Zﬂ}hﬁjg =, (V127)
if wy is defined as in (VI.24)) and wy = 1w;.
Note that complex-valued v and w; naturally arise if we interpret equation (VI.1)

as a time-harmonic Helmholtz equation of acoustics or electrodynamics.
Finally, note that

= EZd, where
Ziy,sias :1’27@;; N Zsal,@g NN Zaywggss (VL.28)
if wy is defined as in , and
we(z) = wi(x — sey1), ..., was1(x) = wi(x — sey), (VI.29)
where (eq, ..., eq) is the standard basis of R? and s > 0.

Thus, in principle, for Problem with background scatterers wy, ..., wg,; as in
(VI.29), for each p € R\ ZZ¢ formulas (VL.11)), (VI.12)) can be used with appropriate

w; in place of wq, where j =2, ..., d + 1.

4 Error estimates in the configuration space

We recall that for inverse scattering with phase information the scattering am-
plitude f on Mg processed by (VI.5) and the inverse Fourier transform yield the
approximate reconstruction
n—d

2n
if v e W™(RY), n > d (in addition to the initial assumption (VI.2))), where W™!(R?)
denotes the standard Sobolev space of n-times differentiable functions in L!(R?) :

W RY) = {u € L'(RY): [Julj,1 < oo},

u(,B)=v+O0(E™) in L®(R?) as E — +o0, a= (V1.30)

ol VI.31
s = max || S— , neNuU{o}. (V131)
[J]<n Ox L1(R4)
More precisely, the approximation (-, F) in (VI.30) is defined by
ueB)= [ P (ko) lep) dp. w € R,
Bls, (VL32)

r(E) = 2rEwa for some fixed 7 € (0, 1],
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where

B, ={peR% [p| <r}, (VI.33)

a is defined in (VL.30)), and kg(p), lg(p) are defined as in (VI.14) with some piecewise
continuous vector-function v on R?; see, e.g., [107].

Analogs of u(-, ) for the phaseless case are given below in this section. In parti-
cular, related formulas depend on the zeros of determinant (z, 5, of (VL.13).

We consider

Uﬁl@z = Re U@h@z + i Im U@Mﬁza

(Tt ) = 430, (b 0. ), v

Mg, 0,(p) = @2%% E%Eﬁ;) (V1.35)

Mele®) = (Rea memiy ) (V1.36)
wnon-(HS B EG). o
F(0.B) = f(ke (). 1s0), 0, B) = fy(ke(p), @), =12, (VL39)

where Wy, Wa, f, f1, f2 are the same as in (VI.11)), (VI.12)), (s, s, is defined by (VI.13)),

kg(p), le(p) are the same as in (VI.14), (VL.32), and p € B, 5, d > 2.
For Problem for d > 2, m = 2, and for the case when (3, 4, has no zeros (the

case of (VI.27)) in Section |3|) we have the following result :

Theorem VI.1. Let v satisfy (V1.2)) and v € W™(R?) for some n > d. Let wy, wo
be the same as in (V1.27). Let

u(z, E) = / e_ipxU@I@Q(p, E)dp, =€ R,
5, e (VI.39)

ay —d
ri(FE)=2rE"d, o« = m, for some fized T € (0, 1],

where Ug, @, is defined by (V1.34)), B, is defined by (V1.33|), B is the number of (V1.23)),

(V1.27). Then
u(-,E) =v+O(E™) in L®(R?), E — 4o0. (V1.40)

Theorem is proved in Subsection [5.1]

Next, we set

Zg g, ={pER py € (—c,e)+7Z}, yeR'\0, 0<e<]l, (V1.41)
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where @, Wy and y are the same as in (VI1.24)-(VL.26]). One can see that Zg . is the

open -neighborhood of Zg, @, defined in (VI.26]). ’
Note that

for any p € Z5, 5, there exists
, (VL.42)
the unique z(p) € Z such that |py — mz(p)| < e.

In addition to Ug, g, of (VI.34), we define

U?ilwz( E):%(Umwz(p E)+Uw1w2(p+aE))

pi=pL+7mz(p)E e pr=p— (PR P EByysNZG, 5

(V1.43)

where z(p) is the integer number of (VI.42]).
For Problem for d > 2, m = 2, and for the case when (g3, 5, has zeros on
hyperplanes (the case of (VI.26) in Section [3)) we have the following result :

Theorem VI1.2. Let v satisfy (VL.2) and v € W™L(R?) for some n > d. Let wy, wy
be the same as in (V1.24)-(V1.26). Let

U([E,E)ZUI($7E)+U2(.T7E), {EERd,

U/l(xaE) - / eiipwalvﬂj\Q(p? E) dp?
B\ 22 %)
ws(z, E) — / e~ o (p, E) dp, (V1.44)
By 22 s

@2

T’Q(E):QTEH, 82(E):E_2 s

n—d
g = —F————v for some fized T € (0, 1],
2 (n 3 n2d) ( ]

where Ug, @, and Ug, 5, are defined by (V1.34), (VL.43), B, and Z5, 5, are defined by
(VL.33), (VI1.41)), and B is the number of (V1.23)). Then

u(-, E) =v+O(E™*2) in L®(R?), E — +oc. (V1.45)

Theorem is proved in Subsection [5.2]
Next, we set
Zg, ou =Bl + LY, 0<e<l,
=B, \ 0B, r>0,
where w1, ..., W44 are the same as in (VI.28), (VI.29), and B, is defined by (VI.33]).
One can see that Z5 Gasy 18 the open £-neighborhood of Zg, defined in (VI.28)).

(VI.46)

----- W41
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Note that ; .
orany p € Z; o  there exists
. i (VL47)
the unique z(p) € Z¢ such that |sp — 7z(p)| < e.

In addition, we consider i’ such that
' =i(ps), p=(p,....,pa) € R\ ZZI, >0,
i’ take values in {2,...,d + 1}, (V1.48)
|sin(spir—1)| > |sin(sp;—1)| foralli e {2,...,d+ 1}.

Let
Usn....ivgr (0, B) = Uy, (p, E), p € R\ 227, (VL.49)
U1%1 ..... ﬁ)\d+1 (p7 E) -
1 co L m . L.
W / Uﬁ;l ..... @d+1(§19 + ;Z(p), E) d19, pE Zﬁ}l 77777 By (V 50)
§d—1
St ={pe R |p| =1}, (VL51)

where [S*!| denotes the standard Euclidean volume of S, Ug, &, is defined in a
similar way with Ug, z, of (VL.34)), @y, ..., @Wa41 are the same as in (VI.2§), (VL.29),
and 7’ is the same as in (VI.48]).

For Problem for d > 2, m = d + 1, we also have the following result :

Theorem VI.3. Let v satisfy (V1.2)) and v € W™ (RY) for some n > d. Let wy, ...,
wqy1 be the same as in (V1.29). Let

U(IE,E):’U,I(.T,E>+U2<SL’,E), xERdu

U1 (I‘, E) = / e_imeﬁh ..... 1/1)\,14.1 (p7 E) dp7
BT3(E)\Z;31<,€.),1D(1+1
weB)= [ e, 0 E)dp (V1.52)

e3(E)
Br3(E)mZ7j,dl o~

r3(E) = 2rEn1, &y(E) = E a1,

as = —2=L__  for some fizred T € (0, 1],
3 2(n+6+%f) J Ji (0.1

where Ug, ,...a,,, and Ug, o are defined by (V1.49), (VL50), B, and Z5, 5 . are
defined by (V1.33)), (V1.46), and § is the number of (V1.23). Then
u(,E) =v+O(E~*) in L®(RY), E — 4o0. (VL.53)

Theorem [VI.3]is proved in Subsection [5.3]
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5 Proofs of the main results

5.1 Proof of Theorem [VI1.1]

Proposition VI.1. Let v satisfy (V1.2) and wy, wy be the same as in (V1.27)), d > 2.
Then :
[90) — Usy(p. B)| < c2l@(p)| B2 for p € By, E 2 pr,
¢y = 2¢(Do) N + 2¢(D;) N}, (VL54)
p1 = max p(D;, Ny),

where w is the function of (VL.23)), (V1.24), and ¢, p, N;, D;, j =0, 1, 2, are the
same as in estimates (VI.15)).

Proposition follows from formulas (VI.11)), (VI.14]), estimates (VI.15)), defini-
tions (VI.34)—(VI.38]), and the properties that

Qo =y, Dy =Dy, Ny = Njy. (VL.55)
In turn, properties (VI.55)) follow from :VI.9) for j =1, 2, (VI.10)) for j = 1, and from

the equality wy = tw; assumed in ((VI.27))
Next, we represent v as follows :

v(x) = vt (z,r) +v (z,7), = €RY r>0,

+ — —Ipr
v = [ ) dp _—
v (z,7) :/ e "5 (p) dp.
R4\ B,

Since v € W™(R?), n > d, we have

v (x,r)| < 03Hv|]n,17"d_”, zeRY r>0,

C3 = |Sd71|%7

(VIL.57)
where || - ||,..; is defined in (VL31)), and |S?"!| is the standard Euclidean volume of
St Indeed,

i pht(p)] < 27) Y ollns, P = (p1--.,p4) € RY,

(VI.58)
for any ky, ... kg e NU{0}, k1 + -+ kg < n,

assuming also that p? = 1. Taking an appropriate sum in (VI.58|) over all such k1, ...,
kg with ky + -+ kg =m < n, we get

pI™[0()] < (Ipa] + -+ + Ipal)"[B(0)] < (27)~*d" [[V]|ng,  p € RY. (VL.59)
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The definition of v~ of (VI.56) and inequalities (VI.59) for m = n imply (VI.57)).
In addition, using Proposition and the estimate on w of (VI.23)), we obtain :

o) = [ U, F) dp] <B4 [ @) dp

T BT‘
<floE / (1+ |pl)Pdp < s B30, oy = 41|20 g, (VIOD)
B,
reRY 1<r<2VE, E> p.
As a corollary of (VI.56), (VI.57), (VI.60), we have
v(z) — / e P Uz, a,(p, E) dp‘ < csl[v]|p1r F BT apdt (VL.61)

where z € R, 1 < r < 2VE, E > p;. In addition, if r = r,(E), where r1(E) is defined

in (VL.39)), then

rdn = (2r)i g
E-aptth = (27)PEe,

Formula (VI.40|) follows from formulas (VI.61]) and (VI.62).
Theorem is proved.

(V1.62)

5.2 Proof of Theorem V1.2

Proposition VI1.2. Let v satisfy (V1.2)) and wy, wy be the same as in (V1.24)-(V1.26),
d>2. Then :

9(p) — Us, QQ(p, E)| < ese ' (1 + |p))PE 3,
pEBZ\f\ Sy B> p2, 0<e <1,
2(2¢(Do)N§ + ¢(D1) N} 4 ¢(D2) N3y,
pr = max p(D;, Nj),

Jj=

(VL63)

in addition, if v € W™HR?), n > 0, then :
[0(p) — Uz, 0,(p, E)|

1,12
< Pese ' (14 |p)PE 7 + cee(1 + wlz@)+ )™ (V1.64)

pEBmfm By B > pa, O<8<min{1;%|y|}5

+1
2”(?+1));|Ly| max ||:rjv||n1,

,,,,,

where ¢, p, N;, D;, j =0, 1 2, are the same as in estimates (VI.15|), c¢1, 5 are the
same as in Lemmam 2(p), p1 are defined in (V1.42), (VI.43)), z;v = zjv(x), and

| |ln1 is defined in v1.31.
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Proof of Proposition[VI.2. It follows from formulas (VI.24)), (VI.26) and (VI.35), (VI.36)
that

Mo galp) = 00 (Gontph) S| pe v

) ] (VIL.65)
1 _
Mo (p) = ——— ( sin(Top) 31n(T1p)> , PERNZE &
1,W2 s]n(py)w(p) —COS(Tgp) COS(Tlp) 1wz’
Also note that
|sin(py)| > %, peR\Z5 4, 0<e<1. (V1.66)

The estimate (VI.63) follows from (VI.11)), (VI.15), (VI.23), (VI.34), (V1.37), (VI1.38)

and from (VI.65]), 0VI.66D.
It remains to prove (VI.64]). Using definition (VI.43)), one can write

Ugya, (0, E) —0(p) = 651(p, E) + 03(p),  p € By N Z5, 5,5
Y0 E) = 5(Us, 2,02, E) = 9(p2))
+3(Us, 2,0, E) — 0(p7)), pGBfﬂ P,
w3(p) = 3 (0(p°) +0(p3)) —0(p), pEZp 4,

Using estimate (VI.63)), formula (VI.67) and the definitions of p in (VI.43)), we get

- —1 £ £
65(p, E)| < gese PETE (L4 7))+ (1+ 7))
<ese (14 pl 4+ 25) B2 < 2% (1 + [p)) B3, (VL63)

for € as in (V1.64)), p € By,yzNZ; @1,

Next, using the definition of ¢ in (VI.67)) and the mean value theorem, we obtain

(0] < £ max{| LVEE)|: € € [P pil}, pEZ5 4 (VLEY)

(VL67)

where [p,p% ] denotes the segment joining p® to p% . Here, the mean value theorem
was used for v(§) on [p, p| and on [p,p7 |.
Note also that

VA < d max [22(€)], €= (€. C) € [ 1] (VLTO)
In addition, the following estimates hold :
ov (1+d)" :
—f‘g 2iV|ln1, §€pi,pi], J=1,...,d VI.71
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Indeed, taking the sum in (VI.59) over all m = 0, ..., n with the binomial coefficients,
we get
(L+[p)" @) < (L+[pr] + -+ [pal)"[0(p)]
< ©27) Y14+ d)"||v]|n1, p€RL
Estimates follow from (VI.72), where we replace v by x;v and use that v
belongs to W™1(R%) and is compactly supported.

Estimates (VI.69)—(VI.71) imply

03(p)] < 2 "cgemax{ (1 +[¢]) " £ € 7,15}, pEZ5 4, (VL73)

(VL72)

Using also that

s

§ =1 +py1, where |7 — Fz(p)| < 5 if £ € [pZ, 3], (VL.74)

|y|

and that ¢ < |y|, we obtain

()] < 2 "coe (14 A(Z ()] — & + o) "

s (VL75)
<co(l+gle)| +1pil) " peZG

1,W2"

Estimate (VI1.64]) follows from (VI.68) and (VI.75)).
Proposition is proved. O

The final part of the proof of Theorem is as follows. In a similar way with
(VL.56|), we represent v as follows :

v(z) = vof (z,7) + 03 (z,7) + v (z,r), ER’ r>0,

ﬁmw—/ e~ "5 (p) dp,
Bo\ZE

wq, Wy

) VI.76
@mw:/ e~ (p) dp, (VL.76)
B.NZE

w1 ,wW9

v (z, ) = / e_ipx@(p) dp.
R4\ B,

Since v € W™1(RY), estimate (VI.57) holds.

133



Using estimates (VI.63)), (VI.64)), we get :

Uf(l’, T’) - / _imeﬂh,ﬁb (pa E) dp
BT\Z@l o
(VL77)
+v (z,7) —/ e "Ug, 5,(p. E) dp‘ <L+ I,

BNZg, o,

I =2%cse ' E 2 / (1 + |p|)?dp, (VL.78)

h=ce [ (14 )] +lpa]) " dp (VL79)
BrNZE

w1 ,We

xERd,1§r§2\/E,EZp2,

where p, is the same as in Proposition [VI.2] In addition :

L < e B ™ o =[S e (VI.80)

I, = 0682 / 1 + = o || + |p¢]) "drdp,,
2€Z 72402 <r
{le<£}
[yl ==yl

where 7 € R, p;, € R4, p 1y =0,

I, < 206| | Z / + lel + €))7 dE < epese?
< eemi el (VI.81)

Ca = 3 ’Sd_2’ Z(1+L|Z|)d—n—1
P in—d+1& W '

In addition, if r = r(F), € = 3(F), where ro(E), e2(E) are defined in (VI.44)),
then

(27_)d n - az
8_1E_%rd+ﬁ _ (27_ d+ﬁE a2 (V182)
52 = F~ az

Formula (VI.45) follows from representation (VI.76)), estimates (VI.57)), (VI.77), (VI.80)),
(VL.81)) and formulas (VI.82)).
Theorem is proved.
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5.3 Proof of Theorem V1.3

Proposition VI1.3. Let v satisfy (VI.2) and wy, ..., wiy1 be the same as in (V1.24)),
(VL.29), d > 2. Then :

""" (V1.83)

Cog = #(QC(DO)NS + C(DI)NE + . gla§+1 C(Dj)N?)Cl’
]:

77777

in addition, if v € W™Y(R?), n > 0, then :

[0(p) = Ug, .00, (P, )]

< 2eqe (14 [p))P B2 + 2e6e (1 + 22 |2(p)[2) ", (V1.84)
peBy,ypNZs E > ps, 0 < e <min{l, is},

where ¢, p, Dj, Nj, 7 =0, ..., d+1, are defined as in (VI.13) ; c¢;, B are the same as
in Lemma ce is the same as in Proposition|[VI.9, z(p) is defined in (VLAT) and

|z(p)||2 is the standard Euclidean norm of z(p).
Proof of Proposition[VI.3. In a similar way with formulas (VI.65)), one can write

. 1 0 _
Mo 0) = T10) (g ) infape )+ 7€ BV EE
' ' (V1.85)
_ 1 sin(spy_1) O d
M (p) = _ i L peERINZE o
WLt Q sin(spir—1)w1(p) (— cos(spir—1) 1 p \ L,
where ¢/ = 4'(p, s) is defined in (VI1.48)). Also note that

[sin(spy1)| > 2=, peRINZ5 5., 0<e<l. (V1.86)

Estimate (VI.83)) follows from (VL11), (VL.15), (VI.23), (VL.34), (VL.37), (VL3§),
(VI.4g)), (VI.49) and from (VI.85)), (VI.S6).

It remains to prove ((VI.84]). Using definition (VI.50)), we represent

.....

5 1 Dl
(,Dl(p, E) = ‘Sd—*1| - (U{u\ ..... W1 (77: E) - ,U(n)) }nziﬂ—l—%z(p)dﬁ’ (V187)

o) = o [ (B0 + T2(p) — D(p)) o,
ST Jyos
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where z(p) is defined in (VI.47]).
Using formulas (VI.83)), (VI.87)), we obtain

65 (p, B)| < coe B2 (1+]20 + 22(p)|) v

ST s

11 )
<o Bt [ (bl 20 < et (V)
Sd—1

for € as in (VI.84).

Next, using the definition of ¢j in formula (VI.87) and the mean value theorem,
we get the following estimate :

[5(p)] < 25 max{|V3(E)|: € € RY, |€ — T2(p)| < £}, p € Z5, (VI.89)

Here, the mean value theorem was used for 9(¢) on [p, 9 + Zz(p)], ¥ € S*. One can

see that
estimates (VI.70) and (VI.71)) hold for all £ € R?

VI.90
SUCh that |§ - %Z(p)| S ia Where p € Z’L%l ( )

gy W1

It follows from (VI.89), (VI.90) and from the upper estimate on ¢ of (VI.84)), that

<27 (1+ Zz(p) |l — £) (VL.91)
< 2coe(1+ 25 [12(0)ll2) ", 0 € Z5, -
Estimate (VI.84]) follows from estimates (VI.88) and (VI.91]).
Proposition is proved. O

The final part of the proof of Theorem is as follows. In a similar way with
(VL.76]), we represent v as follows :

v(z) = vf (z,r) + 0 (2,r) +v (2,7), z€R’ >0,

of (z,7) = e """5(p) dp,
BT\Zw1 ~~~~~ W41
o V1.92
o () = / &7 (p) dp, (V1.92)
BTanfll ..... md+1

Since v belongs to W™1(RY), estimate (VL.57) is valid.

136



Using estimates (VI.83)), (VI.84) we obtain

.....

(V1.93)

Jy = 2666/ (1 + 2751||z(p)||2)7ndp,
BTQZ@l

r e R, 1§r§2\/§, E > ps,
where ps is the same as in Proposition In addition,

—1p—2% d+ _|Qd—1)24+8
Sy <coe BT g =[S |75 Co-

B <ene™,en= ()18 Y (14 22)) (VL94)

z€7Z4

where |B;| is the standard Euclidean volume of B;. Finally, if r = r3(E), ¢ = e3(F),
where r3(E), e3(F) are defined in (VI.52)), then

rd—n — (QT)d_”E_O‘3 ,

e\ BT3P = (2r)HPpes, (VL.95)
d+1 = [~

3

Formula (VI.53)) follows from representation (VI.92), estimates (V1.57)), (V1.93)), (V1.94)
and formulas (VI.95)).
Theorem is proved.

5.4 Proof of Lemma VL1
Note that
o) = [ [@OPD0- ¢ ds. peR, (VL96)
wy(x) = |:L’|%K,,(|£L’|), r € RY, (VL.97)

where ¢, W, are the Fourier transforms of ¢, w,. The Fourier transform @, can be
computed explicitely :

—~
N

@ ( . C12 __F +
P) =" Ci2=

)2V—1
(14 [p|) ™ '

(VI.98)

v I
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Indeed, formula (VI.98)) follows from the Fourier inversion theorem and the following

computations :
/ _emdp / / et dt de
ra (L4 [pf2)#+ rat (1482 4 [€[2) 7+
|Sd ) // z|w\t d— Zdth
(1+t2+ 7“2

r=VIFT S 2|/ ﬂl”'tdt /+°° 742 dr
(1422t Jo (1—!—7’2)%+”

= oy |2]" K, (|2]), © € RY.

Here, it was used that

/+°° 92 dr :lB(ﬂy—l—l):lF(%)F(y—i_%)
o (L7t 20027 22 T(dyy)
d—1
|d_2| 2
L(%5)

where B and I' denote the beta and gamma functions.
Using (VI.96)), (VI.98]), we obtain the estimates

~ 012|fl\(€)|2 Cl(Qa ’/) d
o) = /m 1+ p— @™ 2y ppae PERS

eila) = gy [ OF e

Properties (VI.23)) follow from (VI.20), (VI.22), (VI1.96) and (VI.99).
Lemma is proved.

(VI.99)
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Article VII

Explicit reconstruction of Riemann
surface with given boundary in
complex projective space

A. D. Agaltsov, G. M. Henkinl[l]

In this paper we propose a numerically realizable method for reconstruction of a
complex curve with known boundary and without compact components in complex
projective space.

1 Introduction

Let CP? be the complex projective plane with homogeneous coordinates (wg : wy :
wy). Let X C CP? be a complex curve with rectifiable boundary v = 9X. Without
loss of generality, we suppose that the following conditions of general position hold :

(0:1:0)¢ X, woly #0.
Put C* = {w € CP?: wy # 0} with coordinates z; = 1, zp = 2. For almost

wo

all & = (&,&1) € C? the points of intersection of X with complex line C; = {z €
C2: &+ flzl + 2o = 0} form a finite set of points

( (©) = (h (&), =& = &h;(€)), €= (&0,61), G =1,..., N (&).
By Darboux lemma [29, 52] functions {h;} satisfy the following equations
Oh;i(§) _ ) (&) . -
([;151 _h’](f)aj—gov 6_ (50751)7 J = 17"'7N+(£)7 (VIIl)

1. Université Pierre et Marie Curie, case 247, 4 place du Jussieu, 75252, Paris, France, email :
henkin@math.jussieu.fr
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which are often called the shock-wave equations, the inviscid Burgers equations or the
Riemann-Burgers equations. In this interpretation &; is the time variable and &q is the
space variable.

The following Cauchy-type formula from [32] plays the essential role in the recons-
truction of X from ~ :

aef 1[G+ &2+ 2) '
Gm(&) == 271 / &o+ &z + 2 B JZ_; hj (&) + Pu(e), m =21, (VIL2)

where Ny (§) = [X N C¢| and P,(&, &) is a polynomial of degree at most m with
respect to & at fixed &;. In addition, Py(&,&) = —N_, where N_ = |X N CPL|,
CPL = {w e CP?: wy = 0}, and

apéo + by

Pi(€0, &) == 5

R if hy(&o,0) ~ apéo + bp + O(&1) at co. (VIL3)
=1 — WEQ1

In particular, it follows from (VIL.2|) that :

1 d(&] + 5121 + 22)
G = — =N — N_. VIIl.4
(€)= 5 [T N (VILY)
Y
Let m9: C? — C be the projection onto the second coordinate : mo(21,29) = —22.

We have that C\ oy = UL €, where ;5 are connected and € is unbounded. From
the definition of Ny it follows that

N+(§0,0) = N_, fo € (. (VII5)

Assume that complex curve X does not contain compact components without
boundary, or equivalently, satisfies the following condition of minimality :

for any complex curve X C CP? such that 9X = 0X = v
and for almost all ¢ € C? we have | X N C§| > XN (Cé|

(%)

Condition of minimality is a condition of general position and is fulfilled for
X if, for example, every irreducible component of X is a transcendental complex
curve. Note that from theorems of Chow [27] and Harvey-Shiffman [66] it follows
that an arbitrary complex curve X c CP? satisfying 90X = OX admits the unique
representation X = X UV, where X is a curve satisfying , and V is a compact
algebraic curve, possibly, with multiple components.

The main result of [31] gives a solution to the important problem of J. King [81],
when a real curve v C CP? is the boundary of a complex curve X € CP2. Let v C C2.
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Then v = 0X for some open connected complex curve X in CP? if and only if in a
neighborhood We- of some point £* € C? one can find mutually distinct holomorphic
functions hy, ..., hy(e-) satisfying shock-wave equations (VII.1]) and also the equation

aaf (Gr(&0, 1) Zh (6,€)) =0, €= (€0,61) € We-.
0

In this work in development of [31], 32] we propose a numerically realizable algo-
rithm for reconstruction of a complex curve X C CP? from the known boundary and
satisfying the condition of minimality. This algorithm permits, in particular, to make
applicable the result of [67] about principal possibility to reconstruct the topology and
the conformal structure of a two-dimensional bordered surface X in R?® with constant
scalar conductivity from measurements on 90X of electric current densities, induced
by three potentials in general position.

Our algorithm depends on the number of points at infinity N_ of the complex curve
X. It was tested on many examples and admits a simple and complete justification
for N_ = 0, 1, 2. Despite a cumbersome description for N_ > 3, we show that, in
principle, there are no obstacles for the justification and numerical realization for any
N_ > 0. Moreover, in Theorem we propose a method for finding the parameter
N_ in terms of +. This makes the algorithm much more applicable.

2 Cauchy-type formulas and Riemann-Burgers equa-
tions

We begin by giving a new proof of the Cauchy type formulas (VII.2) from [32],
which allows to obtain explicit expressions for functions P,,.

Theorem VIL.1. Let X C CP?\ (0 : 1 : 0) be a complex curve with rectifiable
boundary v C C? and satisfying . Suppose that for almost all ¢ € C? all the points
of intersection of X with (C% have multiplicity at most one. Then the following formulas

hold for almost all € = (&y,&;) € C? :

Gu(©) = S () + Pule), m=1, (VIL6)

J=1

where P,,(§) is holomorphic in a neighborhood of almost all (&y,0), & € C\ma(y), and
is polynomial in & of degree at most m for any fived & . Furthermore, the following
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explicit formulas hold :

Pm(é-Oa 51) =

N m—1 dhw (g ‘ﬁ:ﬁl (5) g

Z Z Z - (m—Fk— 10)' dwy " In(§owo + &wi + ws)lg,

s=1 k=0 i1+-+im=Fk
Ho i ;
d“wl d“”wl
- E E dw'™ (QS) U im (QS)v
wy dwy

s=141++im=m

where X NCPL = {q1,...,qn_}. In particular, if N_ =0 then P, =0, m > 1.

Démonstration. Put g = o + & wy + we and g = = & + &121 + 22. Consider
differential forms
e d w w g dg — wi
wmgzﬂln—g:_inTO (i) —_m_g_ 7n1+1dw07 m:O’17
g Wy g Wo Wy g Wy

Then G,,(§) = ﬁ f7 wpm. Let us compute this integral explicitly. Denote by p;, j =1,

., N1(§) the points of intersection of X with CP;, and by ¢s, s = 1, ..., N_ the
points of intersection of X with infinity CPL. Denote by BS the intersection of X
with the ball of radius ¢ in CP? centered at p; and by D¢ the intersection of X with
the ball of radius € centered at g,. The restriction of form w,, on X is meromorphic
with poles at points p; and gs. Thus the following equality is valid :

. No©) N
Gm = 5 m — P m o m
(©) 2m/ Z 27TZ/ ZQm/
y =1 bB: = bDs
If N_ = 0, then the second group of terms is absent. The integral beE_ Wy, can be
J

calculated as a residue at the first order pole :

/wm—/zlr—/ S”Hd 0—/21§:2mhj(§).

bB; bB; bB; bB;

Let N_ > 0. Computation of integral fbDe wy will be done in two steps. Let us calculate

first fbDe wwm—iildwo. Consider the expansion of w;(wp) into power series in wy in the
s Wy

neighborhood of point ¢, :

dw1 d2w1

wi(wo) = wq(gs) + du 0<qs)w0 + — i’ (qs)wg 4.
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Note further that

m > dilwl dimwl
wi" (wo) = Z Z W(Qs) T dwf{" (Qs)wlg-

k=0 i1+ +im=Fk

The coefficient near w{* can be presented in the form

wi? . d"w, diwy
/wm+1dwo 2mi Z m(qs)“'w(qs)

Now we can calculate the integral fst w;%‘? Using relation dg = %dwo and

expansion of w(wy) into power series in wy we obtain :

w dg 1 dw, d?w, ) dg 1
WA L)+ —L(q, et Y0 . —d
bD: wg' g /bDE wg' (wl(q )+ dwo (@) + dwg (a5 + e

dilwl dimwl Eem, dg 1 .
Z/ Z At ——(qs) i (gs)wy W:dwo =

DS iy etim=k 0 0

dilwl dimwl ke dg 1
) T w2 gy =
Z / > Tt ot gy

DS it =k

2mi d'wy dimw, dmF1 /1 dg 1
m—k—1) 2. m(qs% o (gs) lim ——s =

(2
Do im=k dwy w00 duyg duwo g

3
L

b
Il

0

From here, taking into account the relation dd—gl = ‘Eﬁf ,

we obtain, finally

dl 1w1 ( dimwl

dw QS) ( ) dm— k
(m k — 1). dwo

w—lﬁ—sz Z

bD: k=0 i1+-+im=Fk

In(§owo + &1wy + wa)lg, -

It is a polynomial of degree at most m with respect to &. [

Remark 6. We excluded the case (0 : 1 : 0) € X because the point (0 : 1 :0) can
lead to a non-polynomial contribution in &y in functions F,.
Consider, for example, the projective curve X : w2 = wyw, and the meromorphic

1-form ¢, on it :

Qg = 282, & eC\0,
where z; = %7 Z9 = %3 The form €, is holomorphic on X except the points ¢; =

(0:0:1),ga=(0:1:0) and pg, = (=& : 1: &).
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One can see that the residues of )¢, at ¢1, g2 are equal to 0 and 1/&p, respectively.
It follows that the residue at pg, is equal to —1/&.

Now, consider the part X of X obtained by cutting off some small neighborhood
of the point ¢;. Let v denote the boundary of X. Choose any & = (&,0) such that
X NC; # 2. Then X NC; = {(—1/&, —&)} and, as far as the residue of Qg, at ¢ is
zero, we have that

1660~ [ =L+ Rie)

so that Py(&,0) = 1/&.

We will also use the following result of [67], which gives an effective characterization
of functions %;>; of Theorem [VILT]

Theorem VII.2 (Remark 4 to Theorem 3a of [67]). Let X € CP?\ (0:1:0) be a
complex curve with rectifiable boundary v C C* and satisfying . Fiz any & €
and let We= be a neighborhood of £ = (&;,0) in C*. Let Ggs1, hj>1 be defined as in

(VIL2)) and (VILG|). Suppose that there exist functions hy, ..., hy,, holomorphic in We-
and satisfying

S (Cr—Ty == hy) =0 in W, (VILT)
fg’g - hkahk inWe, k=1, ..., p. (VILS)

Then p > N_. Furthermore, if p= N_:= | X NCPL|, then hy, ..., hy_ coincide with
hi, ..., hy_ in We« (up to order).

3 Reconstruction algorithm

We now pass to the reconstruction algorithm for a complex curve X C CP? with
given boundary X and satisfying the condition of minimality . Let us consider
the cases N_ =0, 1, 2.

The reconstruction algorithm is based on formulas . The next theorem per-
mits to find the functions P,, of . We will use the notation

1
g = — [ 2125dz,  k,1>0. (VIL.9)
i

Theorem VIL.3. Let X C CP?, (0:1:0) € X, be a complex curve with rectifiable
boundary v C C* and satisfying . Let hj>1 and Py>1 be the functions defined in
Theorem [VIL1]. Then the following statements are valid :
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1. If N_ =0, then P,, =0 for all m > 1. Besides, G; = 0 in a neighborhood of
any € = (&,0) with & € .

2. If N_ =1, then P1(&),0) = c11 + 12, where constants c¢11 and c¢i9 satisfy the
following identity in & = (&,0) € Qo x 0 :

011%?(5)+012(§06G1(§)+G1(€))— (5) 10, 0) — 8G1(§). (VIL.10)

3. [f N_ = 2, then P1(£0,0> = C11 =+ 012&], Pg(&],O) = C21 -+ CQQ&) -+ ngfg, where

constants c11, €12, C21, Caa, Coz Satisfy the following identity in & = (&,0) €

QO x 0 :
ee1o(cly + C23) = % - 2%—%(G1 — e — c2do) + Gi(caz + 2e2360)
oG
f ((Gr = 11 = 12&0)” = G + car + canbo + 2367) (VIL.11)
0

+(G7 — 2e11G1 — 2012G1& — Ga) - (—c12),
where all the functions are evaluated at point & = (&, 0).

Démonstration. 1. By Theorem [VILT] if N_ = 0 then P,, = 0 for all m > 1. It also
follows from formula that G; = 0 in a neighborhood of any £* = (£;,0) with
& € Q.

2. It follows from Theorem that P;(&o,&1) = C11(&) + C12(&1)& in a neigh-
borhood of almost all £&* = (£5,0) € €, x 0, where C};, Ci2 are holomorphic in a
neighborhood of zero. We need to find constants ¢;; = C11(0) and ¢ = C12(0).

We differentiate the equation (VIL.6) with respect to & and restrict this equation
and its differentiated version to €); x 0 :

h1(&0,0) = G1(&,0) — c11 — c12éo,

oh 9G . :
e, (60:0) = 55(60,0) = Cu(0) = Cra(0)éo, (VIL12)
e .0 = 56,0 — e,

where & € Q. By (VILI)) there is the equality & ahl L(&,0) = hl(fo,O)g—g(ég,O). We
substitute h1_(§0, 0), ?9211 (éjg, 0), 2 o L(&p,0) in this equatlon by their expressions (VII.12)),
and we obtain the equation

T (60.0) = Cu(0)  Cial0)o =

_ (Gl(go, 0) — ey — clgfo) (a? (£0,0) — )

(VIL13)
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This equation is valid, in particular, for §, € 2. We divide it by &, and tend &, — oo.
As a result, we obtain the equality C}5(0) = —c2,. Taking into account this equality,

we can rewrite equation (VII.13)) in the form
oG .
——(&,0) — €01 (0) =

&
_ (Gl(fo, 0) —c1y — 01250) %(;01 (0,0) — (Gl(fo, 0) — 011)012.

Taking into account that & 2> 96, 1(&0,0) — 0 as § — oo and passing § — oo in ([VIL.14),
we obtain the equality C’ll( ) — —¢11¢19. Substituting ths explicit expression for Cq; (0)

into (VII.14)), we get (VII.10)).

3. By (VIL.1)) functions hy(€) and he(§) satisfy the Riemann-Burgers equation in a
neighborhood of any £* = (£,0) € €y x 0, so that the following equalities are valid :

(VIL14)

&(hyhs) Ohy , Ol A(hy + hy)
=h hy = hyhy————2 VIL15
¢, 96 T og, T ( )
A(h% + h2) Ohy Ohy  _9(hy + hs)
27 9p — 4+ 2h =2 . VII.16
o 196 g, %, (VIL16)

Note that hihy = 1(hy + h2)2 — 1(h} + h3). Therefore the system (VIL1E)—(VIL16)

is equivalent to the system

O(hy + hy)*  O(h3 + h3) ( 5 o ) d(hy + hs)
_ = ((hy+h)* = (R2+02) ) 2L vy
7, 96, 1+ ho) 3) 0, ( )
2 2
6<hag; h3) _, hla; ha) (VIL18)

We substitute the expressions of (VILE]) for h? + k3 and hy + hs into (VIL17), (VILIS),

using the notations P (&, &1) = C11(&1) + Cra(&1)&o, Pa(&o,&1) = Ca1(&1) + Coa(61)éo +
Co3(&1)€2. Then, equation (VIL.18) restricted to € x 0 takes the form

oG oG . .
2 (50, ) Coo — 2023&) = 2( ! (&), 0) — CH(O) — 012(0)&)) . (VIIlg)
9o &

We divide this equation by & and tend &, — oo. It leads to the equality 012(0) = C93.
Taking this equality into account and passing { — oo in (VIL19), we obtain the
equality C11(0) = %022.

Next, we substitute the expressions of (VIL6)) for h? +h3 and hy + hy into (VII.17))
and restrict the obtained formula to 2y x 0. It leads to the equality

8G1 aC7Y2

2(G1—c11—c12&0) (a_fl_cll( )— 012(0)50) _8_§1+021( ) +Co2(0)&0+Ca3(0)&5 =
0G,

= <(G1 —Ci1 — 01250)2 — Ga + co1 + Cobp + 02353) (y
0

- (;12) . (VIL.20)
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We divide this equation by &2 and tend & — oo. This leads to the equality

2012012( 0) + 023( )= (012 + 023)012

Taking this equality into account, dividing (VIL.20)) by & and passing & — oo, we
obtain the equality

2011012(0) + 2012011(0) + 022(0) = —(2011612 + 022)012.
Using the obtained equalities, one can rewrite ((VII.20)) in the form

oG : : oG
2(G1 —C11 — Clzfo)f —2G, (Cn( )+ 012(0)50) +2¢11C11(0) — ﬁ + 021( ) =
1 1
0G4
= ((G1—en — c1260)” — Gy + a1 + Canfy + s 3¢ -t
0

+ ((Gl - 611)2 — 2G1€12£0 — G2 -+ 021) (—Clg). (VII21)

We pass £ — oo and note that the following relations are valid

. 8G1 21 le 1
] — - dzy =0,
501—I>noo 50 851 Eo—>oo5 2 60 + 29 271'2 St
Y v
Z1 ng 1
l G, = 1 = — dzy =
i LG = lim 5027” otz 2m ) 1ORT T
Y Y
. (9G1 . 1 21 dZQ 1
im 252 = — lim &— | 22—~ | 21 dzy = —a0.
a0 0g T a0 | (ot T 2w ) IR T 0
Y Y

As a result, we obtain
—28610012(0) + 2011011(0) + 021(0) = - (C%Q + 023)8610 - (031 — 2cpp@e0 + 021)012.

Due to the obtained relations, we can express constants Cj;(0) as functions of ¢;; :

C.'11(0) = %sz

C12(0) = ca,

C3(0) = —cly — 3e1acas, (VIL.22)
C2(0) = =2(c11¢fy + Craca + C11023)

Co1(0) = ae1o(cfy + c23) — c12(cfy + c21) — crica

Substituting these constants to (VIL.21]), we obtain the third statement of Theo-
rem [VIL3l O]
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Complement 1. The statement of Theorem admits a development for the case
N_ > 3. In this case

Pi(&0,&1) = Cra (&) + Cra(&1)60 + -+ - + Ck,k+1<fl)£§> k=1,...,N_.

Denote Cy;(0) = %C;lj (0) and ¢;; = Cy(0) fori=1, ..., N_and j =1, ..., i+ 1.
Let us indicate the following general procedure for finding of constants c;;. Due
to the Riemann-Burgers equations (VII.1)) the following identities in &, € €2y hold for

k=1,...,N_—1:

oG . . .
agk (£0,0) + Cr1(0) + Cra(0)&o + - - - + Chip1(0)E5
1
k oG
= k +1 < g—H (507 ) + Ck+1,2 + 20k+1,3§0 + -+ (k + 1)Ck+1,k+2§§) .

Taking into account that aGk £ (&0,0) = 0 and 2 ’““ (&0,0) — 0 as & — 400 we obtain
the equalities

. km
Ok,m(o):k+1ck+1,m+17 l{?:l,...,,u()—]_, mzl,,k:—i—l
Due to the Riemann-Burgers equations ((VII.1)) the following identity in &, € 2y holds :
95 60, 0) = ey (60, 0) 2 60,0) (VIT.23)
851 0 - “YMo 0 aé-o 0 .

where functions e are given by the following formulas :

E

-1
kek@o’ 51) = (_1)”16/&4(507 51)1%(507 §1) + (_1)k+1pk(£07 51);
i=1

pk(fmfl) = Gk(foafl) - Ck1(f1) - Okz(fl)fo — Ck,k+1(fl)f§7

where k=1, ..., uo.

Equality (VII.23 m allows to represent constants {C,,, ;(0)} as functions of constants
{ci;}. Finally, substituting the obtained expressions for constants {Cy;(0)} via constants
{ci;} into equation we obtain the identity in & € €y for computation of
constants {c;;}.

For example, in the case N_ = 3 the identity in & € (Qy for finding of

constants ¢;; takes the form

(VIL.24)

. . . . oG
C31(0) 4+ C32(0)&o + Cs3(0)€8 + Ca4(0)E5 = 853
1
3, 9 Ipa Ops 1 op1
+Z(p1 2>8_§0 p1a—€0 5 — (P} — 3pip2 + 2]93) 9"
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where all functions are evaluated at point (o, 0), the functions py, are defined in formula
(VIL.24]) and the constants C31(0), C32(0), C33(0), C34(0) are given by formulas

. 1
031 (0) = 5%10 (30110%2 -+ 3012622 -+ 3011C23 + 2633)

1 31
— 5%11 (C?Q + 3612023 + 2034) - - Z1%2 le (C%Q + 023)

22 .
1 3 3 3
3 2
— 5C11C12 — 5C11C12C21 — C11C2 — —C21C22 — C12C31 — C11C32,
2 2 4 4
. 3 3
3 2 2 2
032(0) = &£10 (012 + 3012023 + 2034) - §C11012 - 5612021 - 3611012022
3, 3, 3
- ZCQQ - 5011023 - 5021623 — 2¢12C32 — 2¢q1C33,
. 3 9 9 9
3 2
033(0) = —5011012 - 1012022 - 5011012023 - 1022023 — 3c12€33 — 3C11C34
C34(0) = —=ct, — 3¢ _32 4
34 = 2012 C19C23 2623 C12C34,

where &9 and @7, are defined in formula (VII.9)).
The next theorem permits to find N_ = |X N CPL| from v = 0X.

Theorem VIIL.4. Let X C CP*\ (0 : 1 : 0) be a complex curve with rectifiable

boundary v C C* and satisfying . Let Gy,>1 be the functions defined in (VIL.2)) and
let N = |XNCPL|. Fiz any & € Qo and let We+ be a neighborhood of £ = (£5,0) in
C2. Then the following statements are valid :

1. If Gy = 0 in W, then either N_ = 0, or v bounds a complex curve in C?,
where v denotes v with the opposite orientation.

2. 1If there exist complex constants c11, c19 such that
96 (G1 = P1) = (G1 = P)gi(GL = Py)in W, (VIIL.25)

where P1(§07§1) = Cifg—Ig”, then N_ < 1. Furthermore, ci1, cia are the same
constants as in Theorem

3. If there exist complex constants ay, as, by, ba, c1, co such that cq + co = aeqg,
3 2
@—&((G1—P1) — Gy — P)

= ((Gl—Pl)Z—GQ—PQ)%(Gl—Pl) m Wé‘*,
Pl (fO,él) — _a1botbr _ azbotbr

Loty e, (VII.26)
2
Pa6o. &) = — D [(F550)" + 2]
j=1



then N_ < 2. Furthermore, these constants are related to the constants of
Theorem [VIL.3 by the equations :

ar+ag = —cia, bi+by= —011,
a% + CL; = —Co3, a1b1 + agbg 022, (VIIQ?)
b% + b% + 2@101 + 2@202 = —Co1, C1 + Cy = &qg.

Démonstration. 1. The equality G = 0 in W« implies that G; = 0 for all £ € Qp x C.
In turn, it implies, according to [32], the moment condition

/Zl 222 dZQ = 0 1{51,]{?2 Z 0.
v

Then, according to [140] and [65], for an appropriate choice of orientation, «y is the
boundary of a complex curve in C2.
2. Set h = Gy — P, in a neighborhood We- of £*. Then h satisfies

(Gl h) =0 in Wg*,

8h _ 7 Oh
e hago in We-.

It follows from Theorem |VII.2| that N_ < 1. Note also that equation (VII.10)) is the
restriction of (VII.25) to We. N (Qg x 0).
3. Consider the following quadratic equation in variable ¢ :

ag?

—(G1 = Pt + 3((G1 — P)? = Gy — P) = 0. (VIL.28)

Suppose that the discriminant is non-zero at &*. Then, without loss of generality, it
is non-zero in We« (we can always choose a smaller nelghborhood) We denote two

different roots of this equation as h1 = hl(g) hg = hg(f) Clearly, h1 and hg are
holomorphic in We-. Furthermore, by the Viete formulas we have

’Hl—FﬁQ:gl I:Gl— 1 inW§*,
%1%2 = ’52 = ((Gl ) G2 ) in Wg*.

Note that by definition g% = ;g? Note also that by Lemma 3.3.1 of [32] we have

%—?11 = %%—?j. It leads to the equation
2_2 - ;a‘zo( ~2%) in W, (VI1.29)
Furthermore, equation can be rewritten in the form
g—z = 522—2 in We-. (VIIL.30)
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Now denote by ﬁl, EQ the shock-wave extensions of El( 0) and El( O) to WE*
which exist and are unique by the Cauchy—Kowalevskl theorem. Set e, = h1 + hg,
€y = h1h2 Due to the shock-wave equations for h1 and h2, the functions e; and e»

satisfy . s
€1 =2 ox

06 208
862 362 .
351 _618&] in We-.

Thus, €1, e; and €7, é; are holomorphic solutions to the same system with the same
restrictions at {; = 0. By the Cauchy-Kowalevski theore/r\n, /é:l = ¢; and ey = ey. It
follows from the Viete formulas that hy, hy coincide with hy, he (up to order). Hence,
ﬁl, Do satisfy the shock-wave equations.

Applying Theorem [VIT.2] we obtain that N_ < 2.

It remains to consider the case when the determinant of equation (VII.28)) vanishes
in We-. Otherwise, it vanishes on (at most) a dimension one analytic set and in any
neighborhood of £* there are balls where it does not vanish.

The zero discriminant condition reads

(Gl —P1)2 IQ(GQ—Pl) in Wg*

We set h =
we get

%(Gl Py). Then by definition of P; and from the discriminant condition

s(Gh—20) =0 in We.,

Oh ah .
e h in We-.

By Theorem it implies N_ < 2. N ote also that if N_ = 2, then all intersections
of X with Cé, § € We«, are double.

Finally, note that equation (VIL.11]) is the restriction of (VIL.26]) to the set We- N
(QO X O) ]

Complement 2. The statement of Theorem can be generalized to the case
N_ > 3 in the spirit of cases N_ < 2. Such a generalization will be developed in a
separate paper together with a statement of Theorem for N_ > 3, indicated in
Complement [T}

We pass to the description of the algorithm of reconstruction of a complex curve
X C CP? satisfying the minimality condition () from the known boundary v = X C
C2.

Let {€8}N |, €k € C be an arbitrary grid in C, & # &, i # j, and & ¢ 7oy,
k =1, ..., N. The complex curve X intersects complex line {z, = —¢&§} at points
(hs(Ek,0),—€K), 1 < s < N, (&F,0). We are going to present the formulas for finding
these points.
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The algorithm takes as input the points {£5}2 | and the curve v (for example,
represented as a finite number of points belonging to 7). On the output of the algorithm
we obtain the set of points (h(&F,0), —&5), 1 <k < N; 1< s < N, (€5,0).

1. No points at infinity

1. Computation of N.. According to formula (VIL.4)), for every domain €2;>¢, the
number p; = N4 (&,0), & € €, is equal to the winding number of the curve
oy with respect to a point & € €); :

dzy 1 dz

1
=N = = [ — Q.
= N (6,0) 2m’/22—|—§0 omi | sog W€

ol 2y

2. Computation of power sums. If N_ = 0 then, according to Theorem
for every point && € Q59 we have that P, (¢F,0) = 0. Using formula
we obtain the following formulas for the power sums of the functions to be
determined :

1 27 dz
€)= P50 -+ 0) = o [ D <

Y

3. Computation of symmetric functions. For every point £ € O, the Newton
identities

k

kon(€6) = Y (=1 tori(€)si(€h), 1<k < N (&5,0).

=1

allow to reconstruct the elementary symmetric functions :

Ul(gg) = hl(fgao) T+t huz(f§>0),

O-Nl(gg) = h1<§§>0> X X h#l(gg’o)‘

4. Desymmetrisation. For every point & € €, using Viete formulas, one can
find the complex numbers hy(¢5,0), ..., h,,(£5,0) (up to order). The points
(hs(§§,0), —&8),1 < s < N, (&,0), 1 <k < N, are the required points of the
complex curve X.

2. One or two points at infinity

These cases can be reduced to the case N_ = 0 in the following way. Since moyy C C
is a compact real curve, there exists such R > 0, that the set B4,(0) = {z € C | |z]| >
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R} in contained in . Without loss of generality, one can suppose that |&5] < R for
allk=1,..., N.

Consider an auxiliary complex curve Xg = {(z1, 22) € X | |22] < R}. Its boundary
~r consists of two disjoint parts (possibly, multiconnected) : the first part is v and the
second part 7% is obtained by lifting the circle Sg = {z € C | |z| = R} to X via the
projection my: X — C.

The complex curve X does not intersect infinity. Moreover, points of the form
(a, —56‘“), k=1, ..., N belong to X if and only if they belong to Xx.

Therefore, in order to reconstruct X it is sufficient to reconstruct v, and then to
reconstruct X, using the algorithm for the case when N_ = 0. The algorithm can be
formulated as follows :

1. New boundary. Choose a sufficiently large R > 0, so that B C Qg and all &
belong to Bg. In the case of N_ = 1, by virtue of formulas (VII.6)), we have
that

. 1 21 dZQ .
o) = 5 [ 22— P00, 6l =R

Y

where P, can be found using Theorem [VIIL.3| This formula allows to recover 75
and, as a corollary, yg = v Uy = 0Xpg.
In the case of N_ = 2 we have two equalities :

1 d
l6.0) + (60, 0) = 5= [ 2 Pi6,0) 6l = R
v
1 2d
Bi(60 0) + 160, 0) = 5= [ 22— P60, Il = R
Y

where P; and P can be found using Theorem [VIL.3] Applying Newton identities
and Viete formulas, we find hy(&p,0) and ha(&p, 0). Thus, we have recovered v
and, as a corollary, ygp = v U~y = 0Xpg.

2. Reduction. In order to find the complex curve Xy with boundary 0Xr = g
we apply the algorithm of reconstruction for the case of N_ = 0.

4 Visualization

To our knowledge, there are two known algorithms for automatic visualisation of
complex curves. The first one was proposed by Trott [135] and requires the knowledge
of an analytic expression for the curve. The second algorithm was proposed by Nieser-
Poelke-Polthier [94] and requires the knowledge of the branching points and their
indices for some fixed projection to C. Our algorithm requires the knowledge of the
unordered set of points of intersections of the curve with complex lines Cé.
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Let us describe in few words the algorithm of visualisation of complex curves that
we use in our examples. Denote by 7 : C?> — C the projection into the first factor :
m1(21,2) = 2. Suppose that X is a complex curve in C? such that the covering
m1: X \ {ramification points} — C has multiplicity L. Consider, for simplicity, a
rectangular grid A in C :

A= {zij: Rezij = %, Imzij = %, 1,7 :0,...,N},
where N is a natural number. Suppose now that we are given the set Xy = 7, {(A)NX
and we need to visualize the part of X lying above the rectangle 0 < Rez; < 1,
0<Imz <1.

Let us introduce some terminology. We define a path in A asamapvy: {1,..., M} —
A such that |y(k+1) — (k)| = & for all admissable k, where M is some natural num-
ber.

Let v: {1,...,M} — A be a path in A and let i: {1,..., M} — [1, M] be the
inclusion map. Define the function i,v: [1, M] — C such that i,y(k) = (k) for integer
k and i*7|[k7k+1] is linear for all admissable k. It is clear that i, is a continuous function
and hence it can be lifted to X by the map 7.

We define a path in X as amap I': {1,..., M} — X, such that y =m0 is a
path in A and I" = ¢*L(i,7y), where ¢* is the pullback map with respect to i and L(.7)
is some lift of i,y to X by m, i. e. L(i.y) is a continuous map from [1, M| to X such
that m o L(i.y) = i.y. We also say that I" is obtained by lifting of ~.

We will call subsets of A and X, path-connected if every two points of these sets
can be connected by a path in A and X, respectively.

Let us describe the practical way to lift paths in A to paths in X,. Suppose that N
is sufficiently large. Let v: {1,..., M} — A beapathin A and let I'(1) € 71 (v(1))NX
be an arbitrary point. We select I'(k) € 7' (y(k)) N X in such a way that

(k) —T(k—=1)] =min{|z =Tk =1)]: zer (v(k)NX}, k=2,... M.

Then I' is a path in X, obtained by lifting of «. All possible lifts of v may be obtained
by varying I'(1). Note that if 7 is closed, i. e. y(1) = v(M), I' need not to be closed.

Finding of ramification points and making branch cuts. The first step in
visualization procedure consists in finding of ramification points of X with respect
to projection ;. Since we have only a finite number of points on X we can find
ramification points only approximately. More precisely, we will localize them in small
circles.

Without restriction of generality we suppose that all ramification points are pro-
jected by m; into interior points of A. Take any interior point z; € A and select a small
closed path v: {1,..., M} — A around z; so that there is at most one ramification
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point inside the polygon (1)...v(M). For example, one can take as v the following
path :
SIS e NI A ST ok NS
Ht——-u0t+——2nt+t——> o+t ——-—>n+—
YN TN Y TN TN

where ¢ is the imaginary unit.

Now consider different lifts of v to X,. If at least one lift is not closed, mark z; as
a possible ramification point (meaning that it is situated near the projection of some
ramification point of X). Now vary z; and mark all possible ramification points. The
resulting set will consist of several path-connected components each of which localizes
the position of one ramification point of X with respect to .

Next, we need to cut the grid A with branching points removed into simply connec-
ted domains. The natural choice is the shortest cut graph, which can be computed by
the algorithm proposed in [86], which, in turn, generalizes the algorithm for the closed
surfaces of [3§].

Denote the cut graph by A.. An important observation is that every closed path
in A\ A. always lifts to a closed path in X since it doesn’t contain 7-projections of
ramification points inside.

Visualization. Now denote A\ A, = US_ A, where A, are different path-connected
components. Take any 25 € A, and 25 € 7, () N X. Now take other z; € A, and
connect 2§ with z; by some path . Then ~ lifts to a path I" with I'(1) = (27, z5) and
['(2) = (21, 22) for some 2, € m;*(21) N X and 2, doesn’t depend on «. Varying z, we
thus obtain the map (2§, z5): Ay — X, which allows us to visualize the part of X.

Varying z5 € 7 '(25) N X (the latter is the finite set, namely, it consists of L
elements) we obtain the other maps (2§, z5) which allow us to visualize other parts
of X. Clearly, the set of obtained maps doesn’t depend on the choice of 2§ € A;. Hence
we can denote the obtained maps by XL, [ =1, ..., L. It is clear that UL 3L(A,) =
71 (A;) N X. Now vary s to visualize

Usszl Ulel EQ(AQ = 71'71<USS=1AS) NX =Xy \ 771(/\6)-

The part 771(A.) N X, consists of cuts and preimages of possible ramification points.
The cuts can be visualized as the already visualized part of the surface. The only
problem is the visualization of mi-preimages of possible ramification points. But the
latter take a little part of the surface when N is large and one can just forget about
their visualization. On the other hand, in our examples they were visualized using
low-level graphics approach.

Examples of application of this algorithm are given at Fig. and in Section
The visualization algorithm can be easily generalized to the case of general grids. For
instance, in our examples we have used a modification with periodic grid.
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real 2,

0

real z,

. 2 .
imag z, real z, imag z,

Ficure VII.1 — Rieman surfaces of functions f(z) = 4/sin(z), |z| < 2 (left) and
f(z) = vz +1, |z| < 2 (right) obtained by the visualization algorithm.

5 Examples
1. No points at infinity. We consider the complex curve given by the equation
Xi={(z1,2) €C?: 2o+ 1 = (2] — exp(%)f, 2] < 1.9}. (VIL.31)

The boundary v, = 0X; of this curve is the disjoint union of two real curves 7] and
~i, see Fig. We are going to recover X; from ;.

First, note that the real curve |z5| = 1.9 in C divides C into two parts Qo = {|22| >
1.9} and ©y = {]#2| < 1.9}. We check numerically that G; () is zero in a neighborhood
We- of some £ = (£,0), & € Qo, and thus N_ = 0 by Theorem [VIL.4]

Next, we compute the value

1 dz
et =55 [ S

7

for some & € € (it will be the same for any & € ). It turns out that pu; = 4
and thus m: X7 — € is a (ramified) covering with 4 sheets. Denote X; N Cg =

{<hj<§)v _£0> ?:1, 5 = (fo,O), |§0| < 1.9.

Next, we compute the values of the power sum functions sy, :

. k 1 ZldeQ
si(€o) = Y 15(60,0) = o— e lel<lo1<k<a
=1 Y1
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Re(zw]

FIGURE VIIL.2 - The given boundary 7; = ]~/ (red and green) and the reconstructed
complex curve X; C C?. The color indicates Im(z;).

Using Newton identities, we determine the values of symmetric functions oy, :

17,2
01 = S1, 0225(81_82)7
03 = 1

6(551)’ — 35189 + 2s3),

o4 = i(s‘f — 65259 + 353 + 85153 — 65y).

Finally, taking into account Viete formulas, we find hq (&g, 0), ..., ha(&p,0) as the roots
of the following polynomial in ¢ :

tN+(&0) _ o (£O>tN+(£0)_1 et (_1)N+(£0)UN+(£070) (&)) = 0.
Reconstructed surface is represented at Fig.

2. One point at infinity. Consider the the complex curve Xy which is the part of
the curve

)?2 = {(wo cwy s wy) € CP?: w? = w -I—wg},
bounded by the real curve

ve = {(21(t), 22(t)) € C%: t € [0,27]},
2(t) = 1.9¢", 2 (t) =+/22(t) +1, 2(0) >0,

intersecting infinity at (0 : 1 : 1). We suppose that the number of points at infinity is
from ~s.

apriori unknown. We are going to reconstruct Xo g = Xo N {22 < R}, where R = 3,
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Note that the curve moye = {|22| = 1.9} divides C into two connected components
Qo = {2z > 1.9} and Q; = {2, < 1.9}.

According to the algorithm, the first step is to determine the number of points
at infinity. We choose some £* = (&5,0) with & € Qg and check that in some small
neighborhood W« of £* we have GG # 0 and thus N_ > 1 by Theorem

Next, we fix two generic &}, £ € Qy and determine ¢y, ¢2 from the linear system

Cll%_gol(g(%?o) + 612(55%_%(5570) + Gl(g(l)vo)) = G1(£é70)%_§01(£(%70) - %_?11<£(2)70)7

e B (69,0) + 12 (6 5665, 0) + G1(&5,0)) = Gr(&5,0) G- (65, 0) — G (&5, 0).
(VIL.32)
This system is uniquely solvable and gives c;; &~ 1, ¢19 =~ 0.
Next, we check numerically that in the neighborhood W« of £* the following iden-
tity holds :
2 (Gy— P) = (Gi — P2 (G — Py),

&1
+
where Py (&, &) = cingg?

Theorem together with the estimate N_ > 1 imply that N_ = 1.

Next, according to the algorithm, in order to reduce the problem to the case of no
points at infinity, we need to recover the auxilary curve v, p = Xy N {22 = R}. Note
that 75 p = {(h1(£0,0), =&0): || = R}, where hy(&o,0) can be found from the explicit
formula

(VIL33)

hi(&0,0) = G1(&,0) — c11éo — 12,  [&o| = R.

Next, we set Yo r = 1275 g 80 that 0Xs g = Yo,r, XorN{[22] < R} = XoN{|2| < R}
and X5 p does not intersect CPL. Thus, it remains to recover X r from the known
boundary s r using the algorithm for the case of no points at infinity, see the previous
example. The reconstructed curve is depicted at Fig. [VII.3|

3. Two points at infinity. Consider the complex curve X3, which is the part of
the algebraic curve

X; = {(wo: wi: w3) € CP?: wi = (ws — iwp)(w2 + 1w ) (ws — wo) },
bounded by the real curve

73 = {(21(t), 22(t)): t € [0,27] },
2o(t) = 1.9¢", 2 (t) = ¥/ (2a(t) — i)(2(t) +i)(22(t) — 1), 21(0) > 0.

2mi 27

The curve X3 has two points at infinity, namely, ¢ = (0:1:e3 ), go=(0:1:e 73 ).
We suppose that the number of points at infinity is a priori unknown. We are going
to reconstruct X3 from ~s.
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Re(zw)

Re(zw)

Re(zz)

2 Re(z,)

FIGURE VII.3 — The real curve 7, (red) and the reconstructed complex curve X, with
one point at infinity. The color indicates Im(z;).

As in the previous examples, the real curve w7y, divides C into two parts y =
{|z2| > 1.3} and Q; = {|22] < 1.9}.

The first step is to determine the number of points at infinity. Choose a generic
& =(&,0), & € Qp, and some neighborhood We- of £*.

1. We check that G; # 0 in We- so that N_ > 1 by Theorem

2. We choose two generic &}, €2 € Qg and solve (VIL.32) for ¢y, cio. It turns out
that system ([VII.32)) is uniquely solvable. However, identity (VII.33|) does not
hold in We-. Using Theorem [VII.4] we obtain that N_ > 2.

3. We consider (VII.11) as an identity in a neighborhood of £j. We find numerically

that
e ~ 0.9974, c¢1o & —0.3335,

co1 = 1.0133, co9 = —0.6699, co3 ~ 0.5567.

We check that (VIL.26]) holds in a neighborhood of We- with constants ai, as,

by, ba, c1, co given by equations (VII.27). If follows from Theorem [VII.4| and
from the inequality N_ > 2 that N_ = 2.

Suppose that we want to recover X3 r = X3 N {|22] < R}, R = 3. According to
the algorithm, we need to find the auxilary boundary v3 = X3 N {|22| = R}. Denote
Y = 1(hj(60,0), —&): [&] = R,j = 1,2}. We compute the values of symmetric
functions 0'1(60) = hl(fo,O) + h2(€0,0), 0’2(50) = hl(fo,())hg(fo,()) using the explicit
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Re(zw)

Re(zw)

Im(zz)

Re(zz)

Im(zz)

FIGURE VII.4 — The real curve ~3 (red) and the reconstructed complex curve X3 with
two points at infinity. The color indicates Im(z).

formulas
01 =51, O9= %(s% — S3),
1 z1dz
81(50) = h1(§0;0) + h2(§0,0) = 2_7rz / 221+ go —C11 — 012507 |fo| =R,
v
) N 1 22dzy )
52(&0) := hi(&,0) + h3(&,0) = i) e co1 — €22€0 — 2385, |&o| = R.
v

Next, taking into account the Viete formulas, we find the values hq(&p,0), ha(&o,0),
|€o| = R, as the roots of the following polynomial in ¢ :

= o1(&)t + 02(&) = 0.

Then we put 3 r = 73 L 73  and recover X3 g from 73 z using the algorithm for the
case of no points at infinity. The result of reconstruction is depicted at Fig. [VII.4]
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Conclusion

The main results of the present work can be summarized as follows :

1. We obtain global uniqueness theorems for acoustic tomography of moving fluid
at one, two or three fixed frequences depending on a choosen model.

2. We present examples of moving fluids which are not distinguishable in the
setting of acoustic tomography even if the data is measured at all frequences.

3. We give formulas and equations which reduce the inverse Dirichlet-to-Neumann
problem for a gauge-covariant Helmholtz equation to an appropriate inverse
scattering problem.

4. We propose a functional-analytic reconstruction algorithm for the above-mentioned
inverse scattering problem, which allows to recover the gauge class of the ope-
rator from its scattering amplitude at fixed frequency.

5. We present equations which allow to get rid of the above gauge non-uniqueness
and uniquely recover the operator in the setting of acoustic tomography of
moving fluid, using measurements at several frequencies.

6. We obtain error estimates in the coordinate space for phaseless reconstructions
in the Bord approximation at high energies for the Schrodinger equation.

7. We give an explicit version of the Harwey-Shiffman result on the unique de-
termination of a complex curve by its boundary, developing the algorithm of
Henkin-Michel for the inverse boundary value problem for two-dimensional Rie-
mannian manifolds.

One can underline the following principal directions of possible development of the
subjects studied in the thesis :

1. Adapt the algorithm of Articles III-V for acoustic tomography of moving fluid
to the case of partial data. In particular, the case where only the imaginary
part of the Green function is known is of great importance for applications with
cross-correlation-type measurements, e.g., in passive ocean tomography [22], in
helioseismology [55] and in other settings, see, e.g., [128].

2. Study the stability and obtain the error estimates for the functional-analytic
reconstruction algorithm of Article IV. Note that the stability was studied
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numerically in many particular cases by O. D. Rumyantseva, A. S. Shurup and
D. I. Zotov (acoustic department of Moscow State University), see, e.g., [126].

. Generalize the functional-analytic reconstruction algorithm of Article IV to the
case of the two-dimensional gauge-covariant Helmholtz equation with matrix
coefficients. This generalization is motivated by applications in mode tomogra-
phy of moving ocean, see, e.g., [15].

. Find an efficient and noise stable algorithm for the phaseless inverse scatte-

ring problem for the Schrédinger equation at fixed frequency using the error
estimates of Article VI.

. Find compact formulas and equations for recovering the complex curve in the
complex projective plane from its boundary for the case of arbitrary number
of points at infinity. Specify easy verifiable conditions for the unique solvability
of these equations.
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