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General introduction

The surface of animal cells is composed of a lipid bilayer associated with a cy-
toskeleton. The lipid bilayer constitutes a physical barrier between the intra and
extracellular media, thereby controlling selectively the molecular exchanges of the
cell with the outside world. The cytoskeleton lies under the lipid-bilayer and gives to
the cell its shape and mechanical strength. It is tightly, but dynamically, connected
with the lipid bilayer to hold it firm against the intracellular pressure. Despite
the connotations of the word skeleton, the cytoskeleton is not a fixed structure,
but rather a highly dynamic and adaptive network. It is principally composed of
polymeric filaments and regulatory proteins.

In this thesis we consider the lipid bilayer and associated cytoskeleton as a single
layer, that we call a membrane. In its very broad meaning, a membrane is a thin,
film-like structure. In mechanics, a membrane is defined systematically as an elastic
or viscous shell that can sustain tangential stress but not flexural moments: it has
vanishing bending modulus. In biophysics, on the contrary, the term membrane
describes generally the lipid bilayer, which is essentially characterized by a bending
modulus.

Membranes, in this thesis, are furthermore called active, in reference to the
steady consumption of free energy required to sustain their dynamical behavior.
One strong feature of cells is indeed the constant production and supply of ATP

molecules, that make them "living". ATP is the molecule that provides, through
its hydrolysis, the free energy required for the metabolism of cells. This molecular
unit of intracellular energy can be converted into mechanical work, for example by
molecular motors, or used to assemble and disassemble elements of the cytoskeleton.

The thesis is divided into two parts.

In the first part, we consider the actomyosin cortex, which exists in the vast
majority of animal cell types. The cortex is a thin layer of cross-linked filamentous
actin polymers steered by molecular motors. The local motors activity, driven by
ATP, results essentially in a contractile stress. Integrated over the thickness of the
thin cortical layer, this leads to a tension. The cortex provides therefore the surface
tension that shapes the cell: the local and time-dependent adjustment of this tension
allows the cell to deform and to move.

In this thesis, we study the role of the cortex in cell shape, during cytokinesis
and for a polarization process. We propose a viscous-active membrane theory of
the cortical layer, using either Eulerian or Lagrangian coordinates. A perturbation
approach of the Eulerian equations is used to describe a cell polarization process.
Then we implement numerically the Lagrangian formulation to study the large
deformations of a cell during cytokinesis. Cytokinesis is the last step of cell division,
and corresponds to the physical cleavage of one cell into two. Our model takes
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into account the mechanics of the whole cell surface, which allows us to study
quantitatively the conditions for cytokinesis success.

In the second part of the thesis, we consider the surface of red-blood cells. De-
prived of a cortical layer, their membrane is made of a lipid bilayer associated with
a hexagonal network of elastic polymers, called spectrin filaments. In this system,
the constant supply of ATP is thought to weaken the anchoring of the filaments
into the lipid bilayer. Our study is motivated by experimental data showing a vi-
olation of the fluctuation-dissipation relation in this system. We propose a theory
of active fluctuations of the composite red-blood cell membrane, that takes into ac-
count the intrinsic fluctuations of the chemical reaction of filament attachment and
detachment. We present preliminary arguments for the origin of the active noise,
which is a strong evidence of the living and dynamic nature of human red-blood cell
membranes.



Part I

The cell cortex as an active
membrane





Chapter 1

Introduction: cell shape and
cytoskeleton
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6 Chapter 1. Introduction: cell shape and cytoskeleton

1.1 The cell cytoskeleton

The cytoskeleton in eukaryotic cells carries three main functions

• It organizes spatially and transport cell components.

• It connects physically and biochemically the cell to the external environment.

• It controls cell shape and deformation.

Principally composed of interconnected filamentous proteins and regulatory proteins
(cross-linkers, motors, nucleators, deconstructors, etc...) it can create very diverse
and adaptive structures, which are highly dynamic. We detail below its main com-
ponents and focus our attention on the mechanical properties of the actomyosin
cortex in relation to cell shape control.

1.1.1 Principal components

Cytoskeletal building blocks
The proteins that make up the cytoskeleton have many similarities to 
LEGO, the popular children’s toy. Both consist of many copies of a few key 
pieces that fit together to form larger objects. Both can be assembled into 
a wide range of structures with diverse properties that depend on how the 
pieces are assembled. And both can be disassembled and reassembled into 
different shapes according to changing needs. But only the cytoskeleton 
fulfils all of these functions through self-assembly.

There are three main types of cytoskeletal polymer: actin filaments, 
microtubules and a group of polymers known collectively as intermediate 
filaments. Together, these polymers control the shape and mechanics of 
eukaryotic cells (Fig. 1). All three are organized into networks that resist 
deformation but can reorganize in response to externally applied forces, 

and they have important roles in arranging and maintaining the integrity 
of intracellular compartments. The polymerization and depolymerization 
of actin filaments and microtubules generate directed forces that drive 
changes in cell shape and, together with molecular motors that move 
along the actin filaments and microtubules, guide the organization of 
cellular components. The architecture of the networks that are formed 
by cytoskeletal polymers is controlled by several classes of regulatory pro-
tein: nucleation-promoting factors, which initiate filament formation; 
capping proteins, which terminate filament growth; polymerases, which 
promote faster or more sustained filament growth; depolymerizing factors 
and severing factors, which disassemble filaments; and crosslinkers and 
stabilizing proteins, which organize and reinforce higher-order network 
structures. Mechanical forces from inside or outside the cell can affect the 
activity of these regulatory factors and, in turn, the local organization of 
filaments in the networks. The most important differences between the 
three main cytoskeletal polymers — the differences that distinguish the 
architecture and function of the networks they form — are their mechani-
cal stiffness, the dynamics of their assembly, their polarity, and the type of 
molecular motors with which they associate.

Microtubules are the stiffest of the three polymers and have the most 
complex assembly and disassembly dynamics. The persistence length of 
microtubules, a measure of filament flexibility that increases with stiff-
ness, is so large (~5 mm) that single microtubules can form tracks that are 
almost linear and span the length of a typical animal cell, although micro-
tubules are known to buckle under the compressive loads in cells6. During 
interphase, the part of the cell cycle during which cells prepare for division, 
many cells take advantage of this stiffness by assembling radial arrays of 
microtubules that function as central hubs and ‘highways’ for intracellular 
traffic. During mitosis, the part of the cell cycle during which cells sepa-
rate chromosomes into two identical sets, the microtubule cytoskeleton 
rearranges itself into a high-fidelity DNA-segregating machine called 
the mitotic spindle. The ability of the mitotic spindle to find and align 
chromosomes depends, in part, on the complex assembly dynamics of 
individual microtubules7. A microtubule can switch between two states: 
stably growing and rapidly shrinking8. This ‘dynamic instability’ enables 
the microtubule cytoskeleton to reorganize rapidly and allows individual 
microtubules to search the cellular space quickly9, up to 1,000-fold faster 
than a polymer that is sensitive only to changes in the cellular concentra-
tion of its constituent subunits or to the actions of regulatory proteins.

Actin filaments are much less rigid than microtubules. But the presence 
of high concentrations of crosslinkers that bind to actin filaments pro-
motes the assembly of highly organized, stiff structures, including iso-
tropic networks, bundled networks and branched networks. Bundles of 
aligned filaments support filopodial protrusions, which are involved in 
chemotaxis (directed movement along a chemical gradient) and cell–cell 
communication. By contrast, networks of highly branched filaments sup-
port the leading edge of most motile cells and generate the forces involved 
in changes in cell shape such as those that occur during phagocytosis. 
Unlike microtubules, actin filaments do not switch between discrete states 
of polymerization and depolymerization; instead, they elongate stead-
ily in the presence of nucleotide-bound monomers. This steady elonga-
tion is well suited to producing the sustained forces that are required to 
advance the leading edge of a migrating cell10. Also unlike the microtu-
bule cytoskeleton, the architecture of which is often determined by one 
or two central organizing centres, the actin cytoskeleton is continually 
assembled and disassembled in response to the local activity of signalling 
systems. For example, protrusive, branched actin-filament networks, such 
as those in crawling leukocytes, are assembled at the leading edge of the 
cell in response to signals downstream of cell-surface receptors that guide 
chemotaxis11. Similarly, the assembly of contractile actin-filament bundles 
known as stress fibres, such as those in adherent fibroblasts, is triggered 
locally when cell-surface adhesion receptors called integrins engage their 
ligands12. And, in the final stages of endocytosis, one of the processes by 
which cells take up extracellular molecules, signals from the invaginating 
plasma membrane trigger actin filaments to assemble locally, helping this 
region of the membrane to become internalized as an endocytic vesicle. In 
addition to the network dynamics discussed here, more complex dynamics 

Figure 1 | Elements of the cytoskeleton. The cytoskeleton of eukaryotic 
cells provides structure and organization, resists and transmits stresses, and 
drives shape change and movement. a, Neurons are specialized eukaryotic 
cells that extend long processes to form connections in the nervous system. 
Like other eukaryotic cells, neurons have a cytoskeleton that consists 
of three main polymers: microtubules (green), intermediate filaments 
(purple) and actin filaments (red). b, A fluorescence micrograph of the 
neuronal growth cone, which migrates in response to chemical cues during 
the development of the nervous system, is shown. Microtubules (green) 
emanate from the axon, and actin-filament networks (red) form sheet-like 
structures and filopodial protrusions at the leading edge. Scale bar, 20 μm. 
(Image reproduced, with permission, from ref. 82.) c, The neuronal axon 
is a long membrane-bounded extension, in which neurofilaments (a class 
of intermediate filament in neurons) form a structural matrix that embeds 
microtubules, which transport materials from the cell body to the axon 
terminals at the synapse. d, The growth cone contains dendritic actin-
filament networks and parallel actin-filament filopodia. e, Microtubules 
consist of 13 protofilaments of tubulin dimers arranged in a hollow tube. 
f, Neurofilaments have flexible polymer arms that repel neighbouring 
neurofilaments and determine the radius of the axon. g, Actin filaments 
are arranged into networks. These networks can have many architectures, 
including the branched structures depicted here, which are formed by 
the Arp2/3 complex (blue). The diameters of microtubules, intermediate 
filaments and actin filaments are within a factor of three of each other; 
the diagrams in e, f and g are drawn approximately to scale. But the 
relative flexibilities of these polymers differ markedly, as indicated by their 
persistence lengths: from least to most flexible, microtubules (5,000 μm), 
actin filaments (13.5 μm) and intermediate filaments (0.5 μm).
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Figure 1.1: Main components of the cytoskelton. (a) Neurons are specialized eukaryotic cells of
the nervous system and typically consist of three main skeletal polymers: microtubules (green),
intermediate filaments (green) and actin filaments (red). (b) Fluorescence micrograph of the neu-
ronal growth cone where microtubules and actin filaments have been labeled respectively in green
and red. (c) The axon is made of intermediate neurofilaments (f) and microtubules (e), whereas
the growth cone (d) is a dendritic network of actin filaments. (Adapted from [Fletcher 2010])

Three main types of cytoskeletal polymer are traditionnaly distinguished: actin
filaments, microtubules and a family of polymers denoted collectively as intermediate
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filaments (see fig. 1.1). Despite various structures and mechanical properties at the
scale of single polymer filaments, all three cytoskeleton components share common
concepts in their organisation and structure. They first self-assemble and interact,
giving rise to long-range order. Second their architectural structure, more than
their composition, is the key parameter that controls the mechanical properties of
the cell. Finally, all three turn over permanently, but within very different time
scales, thereby mediating different cellular behaviours at short and long times. We
also mention other building blocks associated with cell shape maintainance (septins
and plasma membrane.)

1.1.1.1 Actin and myosin

Actin

Actin is a small protein (43 kDa) which spontaneously self-assemble into fila-
ments. Monomeric actin is therefore usually denoted by G-actin to differentiate
it from filamentous actin, denote F-actin. Very abundant (10% of the total mass
of cell proteins) and interacting with a high number of other proteins, G-actin is
a highly conserved protein among mammalians, presumably because any mutation
would affect many of its functions.

Figure 1.2: Structures of monomeric and polymeric actin. (A) A monomer or G-actin. (B) The
filamentous actin, or F-actin, is arranged in a double helix, with a twist of period 37nm, which
makes it a polar structure with a plus and a minus end. (C) Electron micrograph of negatively
stained actin filaments. (Adapted from [Alberts 2007])

Actin filaments can reach lengths of a few µm and are relatively flexible. Their
persistance length 1 is about 17µm. They have a double helix structure, composed
of two parallel protofilaments (see fig. 1.2 (B)), which makes them polar objects. The

1The persistance length is the characteristic length over which the angular correlations of the
polymer are lost.
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two ends of the filaments are usually denoted plus end (or barbed end) and minus
end (or pointed end) and are not equivalent in terms of filament growth dynamics.

Figure 1.3: Actin nucleation and polymerisation (A) Starting with monomers, growth of filaments
is kinetically limited by nucleation of oligomers. (B) Starting from preexisting nuclei suppresses
the nucleation lag phase. (Adapted from [Alberts 2007])

Actin polymerisation and depolymerisation The polymerisation of actin
in vitro is made of three phases: (1) nucleation of an oligomer, made of 3 or 4
monomers, (2) growth of a filament from this nucleation seed, (3) dynamic steady-
state with both polymerisation and depolymerisation. The nucleation process is
the limiting kinetic factor. This lag phase in filament growth cancels out if pre-
polymerized nuclei are added to the solution. The cell takes advantage of this
nucleation process to control precisely the localization and the dynamic of actin
growth via proteins catalysing actin nucleation, such as Arp2/3 or formins.

Actin filaments preferentially polymerises at it their barbed end. A steady-state
is reached for a critical concentration of monomers Cc at which depolymerisation at
the pointed end compensates exactly – on average – the polymerisation at barbed
end. This process is called treadmilling. ATP promotes the polymerisation at
barbed end by hydrolysing actin monomers. It leads to a broad range [Cc(T ), Cc(D)]

of monomer concentration where treadmilling can arise (see fig. 1.4 A).
In vivo the polymerization and depolymerization of actin filaments is not only

controled by nucleation proteins, but also by sequestering, capping and severing
proteins.

• Thymosin, which is very abundant in cells, prevent the actin filaments to
polymerize byy sequestering actin monomers. To polymerize actin, a second
sequestering protein called profilin is activated and competes with thymosin:
on the contrary to thymosin, it catalyses actin monomer hydrolysis by ATP,
thereby promoting the growth of the barbed end.

• Certain proteins cap specifically pointed ends (tropomodulin) or barbed ends
(Cap Z, gelsolin). Cap Z (or simply "capping protein") has a very high affinity
to barbed ends and can inhibits its polymerization.
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A B

C D

Figure 1.4: Actin treadmilling and actin binding proteins (A) Treadmilling occurs at intermediate
concentrations of free subunits, between the critical concentrations at the plus Cc(T ) and the minus
ends Cc(D). (B) Actin binding proteins can promote depolymerization by severing (ADF/cofilin
and gelsolin), or polymerization by sequestering (profilin). Drugs can also block polymerization
like cytochalasin (B and D) or promote depolymerization (Latrunculin). (C) Cross-linkers such as
α-actinin lead to actin bundles. (D) Filamin, on the contrary, arrange F-actin in a gel. (Adapted
from [Alberts 2007] and [Cingolani 2008])

• Severing proteins can sever filaments, as indicated by their names. The
most common is ADF-cofilin which can exert torsional stress to the filament,
thereby promoting its spontaneous breakage, otherwise very unlikely. Gel-
solin can simulatneously cap the barbed end and sever filaments, both effects
contributing to reduce the typical filament size.

Drugs can also influence the polymerization dynamics of actin. Cytochalasin B
and D are capping proteins for the barbed end, and block polymerization. Fila-
ments that are not stabilized (by tropomodulin for example) have no choice but to
depolymerize. Latranculin A sequesters on the contrary G-actin, thereby shifting
the equilibrium between F-actin and G-actin toward depolymerization.

Actin filaments organisation Actin filaments self-organize in cells under
the mediated action of cross-linkers and motors. Depending on the cross-linker, fila-
ments can organize into bundles, branched networks or randomly, forming a gel-like
structure. Resulting reticulated networks have viscoelastic properties that differs
strongly from pure actin gels. The cross-linkers are therefore generally classified
into three types, depending on the organisation of the resulting network

• Cross-linkers such as α-actinin, fimbrin, fascin or scruin lead to bundles of
actin (see fig. 1.4 C).

• Arp2/3 but also α-actinin at low concentration lead to branched actin net-
works, found for example in the lamellipodia.
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• Filamin and spectrin lead to gel-like organisation, where the branching angle
is random in the network (see fig. 1.4 D).

Note that the network structure does not depend only on the cross-linker type, but
also on its concentration [Lieleg 2010, Cyron 2013].

Furthermore, cross-linker attachment to actin is generally dynamic, with a broad
range of attachment times, depending on the cross-linker type [Lieleg 2008]. Some
cross-linkers (or motors) have catch-bond-like response to stress, such as α-actinin
4 [Yao 2013]. The various actin structures can therefore display very distinct vis-
coelastic [Tharmann 2007] and/or non-linear mechanical behaviors [Gardel 2004],
depending on the type, the concentration and the dynamics of cross-linkers that gen-
erate them. The filament organisation can furthermore lead to strong anisotropies
in the mechanical response.

Myosin

Muscle myosin, which is responsible for generating the force for muscle contrac-
tion, was the first motor protein identified. Called myosin II, it is the member of
a superfamily of actin binding molecular motors that has diversified during evolu-
tion to allow the proteins to interact with different cargoes. It comprises at least
18 subfamilies of molecules, numbered from I to XVIII, and composed of one- or
two-headed motors.

Myosin II structure and power-stroke Here we focus on the non-muscle
Myosin II motor family (Myosin II A and B), which is composed of two heavy chains,
each possessing an actin-binding domain (head) and a long α-helix (tail), and two
pairs of light chains. The heads contain the binding sites to ATP, that allow the
motor to walk on actin filaments by using the energy of ATP hydrolysis to create
a power stroke. One of the two pairs of light chains is the substrate of different
kinases that regulate the myosin II activity and are hence called regulatory light
chains (RLC). The interaction of actin and Myosin II goes through the following
cycle:

1. Attached configuration: the myosin head is tightly bound to the actin filament
when neither linked to ATP or ADP.

2. Released configuration: when an ATP molecule binds to the myosin head, it
detaches from actin by conformational change.

3. Cocked configuration: the myosin closes around the ATP molecule, which
causes the head to be displaced along the filament by a distance of about
5nm. Hydrolysis of ATP occurs but ADP and Pi stay tightly bound to the
protein.

4. Power stroke: the release of Pi allows the head to bind again tightly to actin.
The release of ADP corresponds to the conversion of hydrolysis energy into a
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movement: a conformation change triggers the power stroke that moves the
actin filament.

A

B

C 1.

2.

3.

4.

1.

Figure 1.5: Myosin II motor structure, self-assembly and power stroke mechanism (A) Myosin II
molecule is composed of two globular heads that can bind to actin and hydrolyse ATP, a regulatory
neck domain, forming the myosin light chains (MLC) and a tail of two coil-coiled α-helices, that
forms an extended rod in solution. (B) Micrograph and sketch of an isolated myosin II bipolar
thick filament: myosin II molecules aggregate by means of their tail ragions, while their heads are
exposed to the outside of the filament. (C) Cycle of changes by which a myosin II molecule walks
along an actin filament by a power stroke mechanism. (Adapted from [Alberts 2007])

Thus, the association of myosin motors with the actin filament is regulated by the
ATPase cycle. The different myosin motors vary in the time they spend in the tightly
bound state per ATPase cycle: this fraction is measure by the duty ratio. Myosin
II motors have a low duty ratio: myosin head spends little time in association with
actin, its motion is called non-processive. On the contrary, others myosin motors,
such as Myosin V, move processively for many steps before detaching [Howard 1997].

Myosin II proteins self-assemble into particles of two sizes, named mini-filaments
(or thin filaments) and thick filaments [Pollard 1982]. The mini-filament is composed
of about 16 motors, whereas thick filaments contain about 300 motors. In muscles,
the contractile unit containing myosin II thick filaments are called sarcomeres (see
fig. 1.5 B)

Non-muscle myosin II regulation Myosin II interaction with actin can cre-
ate contractile stress within a gel (see section 1.1.2.3). The activity of Myosin II
in non-muscle cells controls migration and deformation, and needs therefore to be
tightly regulated. In eukaryotic cells, this regulation is mediated essentially by the
phosphorylation of myosin light chains (MLC). When the light chains are not phos-
phorylated, Myosin molecules adopt an inactive folded conformation, which prevents
them to bind to actin or to interact to form bipolar thick filaments. We describe
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the effect of a few major kinases, responsible for the phosphoryation of these light
chains. The Myosin Light Chain Kinase (MLCK) phosphorylates the regulatory

Although there are many types of myosins, we will focus
mainly on non-muscle myosin-II (MyoII).

Biochemical control of MyoII distribution
Mechanical properties of actomyosin networks
Contractility emerges from the interaction between nu-
merous actin filaments, the molecular motor MyoII and
crosslinkers [1,2]. MyoII forms a hexamer: two heavy
chains (MHC), two essential light chains and two regula-
tory light chains (RLC) [5]. MyoII motor activity is
achieved by the N-terminal globular domain of the heavy
chain (generally termed the ‘head’ region), which contains
actin and ATP binding sites, whereas the C-terminal part
contains a-helical coiled-coil domains that are required
for the formation of homodimers (Figure 1a). Next to the
motor domain are two IQ motifs, which respectively bind
the essential and regulatory light chains. MyoII ATPase
activity is coupled to the cyclic attachment and detach-
ment to actin filament [6]. ATP hydrolysis and phosphate

release provide the energy for the conformational change
that induces actin movement (the ‘powerstroke’), whereas
ADP dissociation and replacement by ATP detach the
motor from actin. The fraction of time MyoII is attached
to actin in a force-generating state is termed the duty
ratio.

MyoII motor activity cannot produce contractile activity
alone. Indeed, single MyoII hexamers are unipolar and
poorly processive [7]. However, they can assemble into
bipolar minifilaments composed of several tail-to-tail as-
sociated MyoII hexamers [8,9] (Figure 1a). Minifilaments
are bipolar and highly processive. They generate contrac-
tility by pulling on actin filaments of opposite polarity
(antiparallel). MyoII minifilaments and actin form a con-
tractile network whose mechanical properties rely on mo-
tor activity [1,2], the organization of the actin network
(density of antiparallel filaments, branched versus un-
branched filaments; below) (Figure 1b) and on actin cross-
linkers [10], including filamin [2,11], a-actinin [1,12], or
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Figure 1. Biochemical pathways controlling MyoII activation and minifilament assembly. (a) MyoII conformational change upon phosphorylation of its RLC by multiple
kinases (top). RLC: regulatory light chain, ELC: essential light chain. Assembly into minifilaments (controlled by phosphorylation of the heavy chain) and MyoII association
with actin filaments (bottom). The red arrows represent sliding actin filaments. (b) Unbranched actin filaments (left) and dendritic actin network (right) and their respective
capacity to form the antiparallel arrays necessary to build up tension. Black arrows show the movement of MyoII motors on actin, the red arrows represent contractility at
the mesoscopic scale.
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Figure 1.6: Biochemical pathways controlling Myosin II activation and minifilament assembly.
Myosin conformation changes upon phosphorylation of its regulatory light chain (RLC) by multiple
kinases. The assembly into minifilaments is controlled by the phosphorylation of the heavy chain.
(Adapted from [Levayer 2012])

light chain (RLC). It induces a conformation change which unfolds the myosin tail,
thereby making binding sites accessible. Myosin II is active and can self-assemble
into thick filaments (see fig. 1.6). Note that MLCK phosphorylation is effective only
in the presence of Ca2+, but other kinases like the Rho-kinase or ROCK can phos-
phorylate the regulatory light chains independently of calcium. ROCK is the effector
of the small GTPase Rho2 (see section 1.2.2.1). ROCK furthermore inhibits myosin
phosphatases, which dephosphorylate the RLC [Kimura 1996], thereby contributing
in two different manners to myosin II activation.

The myosin II heavy chains (MHC) also have phosphorylation sites. The protein
kinase C (PKC) inhibits the formation of bipolar filaments of Myosin II B, whereas
the small GTPase Rac antagonize Rho by regulating phosphorylation of the myosin
II heavy chain [van Leeuwen 1999].

The myosin II activity can finally be affected by drugs. We mention two major
ones:

• Blebbistatin is a spectific inhibitor of non-muscle Myosin II [Straight 2003].
It blocks the Myosin II in its detached state (see fig. 1.5 C state 3.), thereby
preventing the powerstroke of the motor.

2Rho means "Ras-homologous": small Rho GTPases are members of the super-family of GT-
Pases Ras.
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• Y27632 is an inhibitor specific of the Rho-kinase (ROCK). Cells treated with
this drug have therefore a very low level of RLC phosphorylation, but the
action of the drug is not specific to myosin II.

1.1.1.2 Microtubules

A B C D
Figure 1.7: Microtubule structure. (A) Subunit formed from a pair of α- and β-tubulin. (B)
Protofilament composed by the association of several subunits. (C) 13 protofilament can assemble
in parrallel into a hollow cylindrical microtubule filament. (D) Electron micrograph of the cross-
section and a segment of microtubule. (Adapted from [Alberts 2007])

Microtubules are polymers formed from protofilaments of tubulin. Tubulin
protofilaments are made of heterodimers formed from α-tubulin and β-tubulin,
tightly bound together. 13 protofilaments can assemble in parallel into a hollow
cylindrical structure called a microtubule (MT). The nucleation of MTs is mediated
by the Microtubule Organizing Center (MTOC), which comprised in particular the
centrosomes. Microtubules are highly dynamic structures that display successive
periods of growth and shrinkage (called catastrophes). More rigid than actin fila-
ments, their persistence length is of the order of themm [Gittes 1993]. Microtubules
are polar structures and have also their specific molecular motors, composed of two
main families: the kinesins that walk toward the plus end of the filament, and the
dyneins that walk toward the minus end. Microtubules have various roles in cyto-
plasmic transport, signalling, polarisation and mitosis, but we focus only on their
role in cytokinesis, detailed in the next section (see section 1.2).
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1.1.1.3 Intermediate filaments

Intermediate filaments (IFs) have been less studied by physicists than the two previ-
ous cytoskeleton components, possibly because they do not have specific molecular
motors because of their apolar structure. However the family of genes that encode
functional intermediate filaments proteins in human cells, with 67 genes, is one of the
largest in the human genome [Chang 2004]. Intermediate filaments have been clas-
sified into five distinct types: keratins (types I and II), type III (vimentin, desmin),
type IV (neurofilaments) and the nuclear IFs forming the type V (lamins). The
assembly of IFs takes place in three steps: tetramers first associate to form unit-
length filaments; these unit-length filaments then anneal end-to-end to form loosely
packed filaments of a few of nm; finally these filaments compact to produce ma-
ture IFs (see fig. 1.8). Intermediate filaments have been shown to turn over in cells
on long time scales (several minutes to one hour), this property being furthemore
highly dependent on microtubules. Intermediate filaments have indeed been shown
to interact with microtubules very early, forming for example closely associated par-
allel arrays throughout the cytoplasm in fibroblasts [Goldman 1971], and are also
thought to interact with actin filaments: treatment of epithelial cells with cytocha-
lasin D has been shown to disrupt the organization of keratin intermediate-filaments
networks [Green 1987] and half of the total actin motor Myosin Va is associated to
IFs in neurons. Relatively little is however known on the contribution of interme-
diate filaments on the cell mechanics. Recent studies suggest that they participate
in the mechanical integrity of cells and in the cellular localization of organelles by
increasing the overall cell stiffness [Guo 2013].
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owing to excessively long pause intervals22. In the case of
PERIPHERIN, a type-III neural intermediate-filament pro-
tein that is expressed in developing and differentiated
neurons of the peripheral and enteric nervous systems,
particles and squiggles engage in rapid movements
>70% of the time.Of these rapidly moving structures,
20% travel distances that are equivalent to 50–133 mm a
day, which places them in the fast axonal transport cate-
gory12. Furthermore, the rates of movement of most of
the peripherin particles and squiggles depend on their
intra-neuronal location12. For example, the motility of
individual peripherin particles and squiggles that are
contained within cell bodies and growth cones is distin-
guished by frequent (~40–50% of the time) and rapid
reversals of direction. By contrast, reversals in direction
are very rare (~6–8% of the time) for the same structures
in neurites12. These observations indicate that peripherin
particles and squiggles contained within neurites can
travel longer distances in shorter time periods relative to
the distances travelled within either cell bodies or growth
cones. This is supported by immunofluorescence and
ultrastructural evidence showing that there is a close
association between these intermediate-filament struc-
tures and microtubules, which indicates that much of
this motility is microtubule dependent2,12. Furthermore,
in cell-free preparations of squid axoplasm, non-fila-
mentous neurofilament particles move rapidly along
microtubule tracks9. Short neurofilament squiggles
obtained from bovine spinal cord extracts have also been
observed to move along microtubules23.

Intermediate filaments and microtubule motors
All of the studies on microtubule-based intermediate-
filament motility show that intermediate-filament
movements are bidirectional, with most (~65–70%)
being directed anterograde (towards the cell-sur-
face)2,9,12,13,20,22. A probable candidate for these move-
ments is the plus-end-directed motor, CONVENTIONAL

KINESIN. Support for this is derived from the observa-
tion that both vimentin and peripherin networks are
reorganized into a juxtanuclear aggregate in fibroblasts
and PC12 (pheochromocytoma) cells after the
microinjection of anti-kinesin antibody2,9,12,24. Similar
results have been obtained in CV-1 cells (from monkey
kidney epithelia) expressing a dominant-negative con-
ventional kinesin heavy chain25. Furthermore,
immunofluorescence studies show that kinesin is asso-
ciated with intermediate-filament particles, squiggles
and long filaments9,13,26–28, and a considerable amount
of kinesin is present in intermediate-filament-enriched
cytoskeletal preparations9.Other biochemical analyses
indicate that the tail region of kinesin heavy chain and
a specific 62-kDa kinesin light chain are required for
interactions with intermediate filaments29,30. It is obvi-
ous from these studies that the different structural
forms of intermediate-filament proteins are significant
cargoes for kinesin. These data show that the associa-
tion of kinesin with intermediate filaments and inter-
mediate-filament precursors is required both for their
anterograde movements and their proper assembly
into the extensive intermediate-filament networks that

throughout the cytoplasm14.More recently it has been
shown that a specific subset of stable, detyrosinated
microtubules (Glu-MTs) are involved in these associa-
tions15,16.Other evidence came from studies using micro-
tubule inhibitors: when cells are treated with either
colchicine or nocodazole, or are injected with tubulin
antibody, vimentin intermediate filaments are reorga-
nized into perinuclear aggregates coincident with the
depolymerization of microtubules12,14.

Subunit exchange and turnover. It has also been shown
that intermediate-filament-subunit exchange and
turnover is dependent, to a great extent,on the presence
of microtubules10,17. For example, the rates of fluores-
cence recovery of GFP–vimentin intermediate filaments
decrease by ~60% in the absence of microtubules10. In
addition, nocodazole inhibits most vimentin particle,
squiggle and long intermediate-filament movements,
thereby preventing normal intermediate-filament net-
work formation9,10,18. Similarly, nocodazole treatment
slows down the movements of keratin squiggles and
increases the time required for fluorescence recovery
after photobleaching (FRAP)17–19.

Intermediate-filament motility. Direct observations of
living sympathetic neurons expressing type-IV interme-
diate filaments, which are composed of NF-L,NF-M and
NF-H,have shed new light on cytoskeletal protein trans-
port along axonal processes20–22. These studies used
GFP–NF-M and GFP–NF-H to show that neurofilament
squiggles move at rates of ~1.8 µm s–1 (REFS 20–22).
However, these structures move only 27% of the time

FRAP

(fluorescence recovery after
photobleaching). A live-cell
imaging technique used to study
the mobility of fluorescent
molecules. A pulse of high
intensity light is used to
irreversibly photobleach a
population of fluorophores in a
target region. Recovery of
fluorescence in the bleached
region represents movement of
fluorophores into that region.

PERIPHERIN

Type-III,homopolymer
intermediate filaments that are
expressed in peripheral and
enteric neurons, as well as in
PC12 cells.

CONVENTIONAL KINESIN

A microtubule motor that can
bind to and move towards the
plus ends of microtubules.

Figure 2 | Intermediate-filament assembly in vitro. Negative-stain electron-microscope
images of vimentin intermediate-filament assembly in vitro. a | Unit-length filaments (ULFs). 
b | Loosely packed, short, immature intermediate filaments. c | Longer ‘compacted’, mature
intermediate filaments. d | A model for intermediate-filament assembly: ULFs anneal end-to-end
to form loosely packed, short, immature intermediate filaments. Filaments undergo internal
compaction to produce a mature intermediate filament. Images courtesy of H. Herrmann
(German Cancer Research Center, Heidelberg, Germany) and U. Aebi (Maurice E. Müller Institute
for Structural Biology, Biozentrum Basel, Switzerland). Reproduced with permission from REF. 132
© Elsevier (1998).
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Figure 1.8: Intermediate filaments assembly in vitro. Unit-length filaments anneal end-to-end to
form immature intermediate filaments, that further compact to form mature filaments. (Adapted
from [Chang 2004])
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1.1.1.4 Septins

Figure 1.9: Septins assembly in vitro. Septin subunits interact via their GTP-binding domain
denoted G-domain and their amino and carboxy-terminal regions, denoted NC interface, to form
complexes. Joining end-to-end these complexes assemble into filaments. The different colours
depict different groups of septins. The resulting filaments are apolar and can further assemble inot
bundles or high-order structures such as rings. (Adapted from [Mostowy 2012])

Septin proteins form a highly conserve family in eukaryotes and have been re-
cently proposed to be a fourth component of the cell cytoskeleton [Mostowy 2012].
Septins are classified into four homology groups, denoted SEPT2, SEPT3, SEPT6
and SEPT7. All septins can form heteromeric complexes, which associate to form
high-order structures like filaments, bundles and rings. Septin-septin interactions
are regulated by GTP hydrolysis, which induces conformational changes in the phos-
phorylation site, called G-domain, and in the NC interface, for amino and carboxy-
terminal regions (see fig. 1.9). The different high-order structures of septin have
been reported to been involved in an expanding number of key cellular processes,
in particular in late cytokinesis [Joo 2007]. They have indeed been shown to inter-
act with actin [Kinoshita 2002], Myosin II [Joo 2007], microtubules [Bowen 2011],
as well as phospholipid membranes [Bertin 2010]. A recent study identified a role
of septins in the contractility of the actomyosin ring [Founounou 2013], but their
mechanical and biochemical functions remain still unclear.

1.1.2 The actomyosin cortex controls the cell shape

The cell cortex is a thin, crosslinked network of actin filaments lying immediately
beneath the plasma membrane in animal cells (see fig. 1.10). It is the key regulator
of the cell shape. We first detail its structure and dynamical properties, which are
the basis for understanding its mechanical properties, explained in a second step.
Finally we expose briefly the active-gel framework that has been recently proposed
to account for actomyosin rheology.
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1.1.2.1 Structure and dynamics

Structure and composition
The cell cortex is composed mainly of actin filament and non-muscle myosin II
motors as shown in fig. 1.10. It contains also cross-linkers, mainly α-actinin
[Mukhina 2007], and many regulatory proteins of actin and myosin activity (for a
more exhaustive list of the cell cortex molecular components see [Biro 2013]). Elec-

A B

Figure 1.10: Cell cortex. (A) Dividing L929 mouse fibroblast cell. F-actin and myosin II
are visualized by fluorescence using Lifeact-GFP and MRLC-tdRFP respectively (Adapted from
[Sedzinski 2011]). (B) Swiss 3T3 polarized fibroblast. Myosin II A is visualized by fluorescence
using eGFP-MyoIIA. (Courtesy of P. Bun)

tron microscopy studies have revealed a dense crosslinked network of actin filaments
where filaments are preferentially parallel to the plasma membrane [Medalia 2002]
and isotropically oriented in the membrane plane [Morone 2006] (see fig. 1.11 A).
Due to the uncertainty of sample preparation in electron microscopy, the precise 3-
dimensional organization and polarity of the filaments has however not been clearly
established. The network mesh size has been measure by electron microscopy to be
about a few tens of nanometers [Morone 2006] and the cortex thickness was evalu-
ated in the range of 200− 300nm in Dictyostelium discoideum cells [Medalia 2002]
(see fig. 1.11 B). Recently a new experimental technique based on simultaneous fluo-
rescence imaging of the plasma membrane and actin cortex was proposed to measure
the cortex thickness in living cells [Clark 2013]. The distance ∆ between the two
fluorescence peaks is shown to be essentially half of the cortex thickness h, and the
average cortex thickness in mitotic HeLa cells is evaluated to be about 200nm.

The attachment of the cortex to the plasma membrane is regulated by the family
of ERM proteins (Ezrin, Radixin, Moesin), but nucleators of actin like formins and
Arp2/3 may also associate actin to the membrane. The plasma membrane can
however detach locally from the underlying cortex in a bulge called a bleb. Blebbing
reveals that membrane-to-cortex attachment is essential to maintain the integrity of
the cortex: a few tens of seconds after membrane detachment, the remaining cortex
depolymerizes and repolymerizes on the detached membrane, as shown on fig. 1.12.
Blebbing reveal hence that the actomyosin cortex is a highly dynamic structure that
turns over permanently.
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Figure 1.11: Cell cortex structure and thickness. (A) Electron micrograph of the actin network be-
neath the plasma membrane of normal rat kidney fibroblast (NRK) (Adapted from [Morone 2006]).
(B) 3-dimensional reconstruction from a 500nm by 300nm micrograph of the cortical region
of a Dictyostelium cell, showing membrane-associated actin filaments (in red, the membrane in
blue)(Adapted from [Medalia 2002]). (C) Schematic representation of the cortex and its thickness
(Adapted from [Clark 2013]).

Figure 1.12: Localization and dynamics of actin during bleb expansion and retraction in con-
focal microscopy. The plasma membrane is marked in red and actin in green. (Adapted from
[Charras 2006]).

Turnover of actin and myosin
The molecular components of the cortex are highly dynamic and their turnover time
has been measured in various cell types by fluorescence recovery after photobleach-
ing technique (FRAP). The whole cortex is generally entirely renewed in about
1min. The dynamics of myosin and cortical cross-linking proteins (α-actinin, dyna-
cortin, and fimbrin) is the fastest, with typical recovery half-times of a few seconds
[Uehara 2010, Mukhina 2007, Reichl 2008].

The turnover of actin has been measured during mitosis in animal cells
[Guha 2005, Murthy 2005] (LLCPK1 and NK1 cells) and was shown to be of the
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order of a few tens of seconds, or even faster in the furrow region during telophase3.
Recent measurements in blebbing M2 melanoma cells by FRAP and fluorescence
loss after photoactivation (FLAP) have been compared to first-order reaction kinet-
ics and suggest the presence of two subpopulations of actin filaments with differ-
ent turnover rates [Fritzsche 2013]. A first population, the most abundant, has a
turnover half time of less than 1 s, whereas the second population turns over with
a half time of 25s. The turnover was also found to be in average four time faster in
fresh cortices that newly forms in blebs.

1.1.2.2 Mechanical properties

Viscoelasticity
The turnover results suggest that in response to any deformation applied on
time-scales longer than the minute, the cortex should behave like a fluid be-
cause elastic stresses are necessarily relaxed in the renewing process. The at-
tachment/detachment kinetics of a single cross-linker is enough to fluidize a poly-
mer network on time scales much longer than its turnover time [Heussinger 2012],
but it leads to a broad spectrum of macroscopic relaxation times due to the ab-
scence of correlations between unbinding events [Broedersz 2010]. Cross-linkers
have also been shown to influence actin turnover by hindering depolymerization
in vitro [Schmoller 2011]. Myosin motors activity on the contrary enhances actin
filament turnover in vitro by a severing process mediated by filaments buckling
[Murrell 2012, Vogel 2013], as suggested by in vivo studies [Guha 2005, Haviv 2008].
If most theoretical and experimental studies show that the cortex behaves like a fluid
at long time scales, the precise interplay between cross-linkers dynamics, actin dy-
namics and motor contractility that generate the complex viscoelastic rheology of
the cortex remains far from being understood [Wen 2011].

Actomyosin contractility
The ability of actomyosin gels to contract under the concerted action of myosin mo-
tors has been characterized experimentally for many years. The traditional picture
of contraction is the muscle sarcomere arrangment of antiparallel actin filaments
connected by myosin filaments, which leads intuitively to contraction when myosin
motors walk toward the plus end of actin filaments (see fig. 1.13 A). But in isotropic
disordered actomyosin gels (see fig. 1.13 B), the microscopic mechanism that gen-
erates contractility remains poorly understood. It has been recently argued that
1-dimensional structures like actin bundles, which do not have a sarcomere-like or-
ganisation of their filaments, require a non-linear elastic response of filaments to gen-
erate contractility [Lenz 2012a]. From a theoretical point of view, there is no reason
a priori that myosin activity would produce rather contraction than expansion of the
network. A possible mechanism to break this symmetry, and to lead effectively to
contraction in disordered network, has been proposed to emerge from the asymmet-
ric load response of actin filaments: if they can support large tension, they will easily

3See section 1.2 for a definition of the telophase.
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A B

Figure 1.13: Force generation in actin structures. (A) Sarcomeric organization of actin filaments
and myosin thick filaments: the motors walk toward the plus end of actin filaments, thereby con-
tractin the sarcomer (Adapted from [Alberts 2007]). (B) Sketch of the contraction of a disordered
actomyosin network (Adapted from [Levayer 2012]).

buckle under compression [Soares E Silva 2011]. This non-linear buckling response
of filaments has been recently characterized in vitro [Lenz 2012b, Murrell 2012].

Cortex tension and cell shape

R

A B

Figure 1.14: Cortex tension and cell shape. (A) The membrane is described by the thin black
line, the cortex by the green layer and the local motor contractility by red dots. (top) Cortical
tension gives rise to an hydrostatic pressure ∆P in the cytoplasm. (bottom left) Gradients of
contractility give rise to tangential cortical flow along the cortex on long time-scales. (bottom
right) On short time scales, local contraction can give rise to shape deformation with net cytoplasm
displacement (non-uniform cytoplasmic pressure) (Adapted from [Salbreux 2012]). (B) Sketch of
analogous cortical flow movements in cytokinesis and cell polarization/migration (Adapted from
[Bray 1988]).
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The internal stress within the actomyosin layer, when integrated over the thin
cortex layer thickness leads to an effective tension [Salbreux 2007]. Cortical tension
is the key determinant of the morphology of an isolated cell: a uniform tension T
gives rise to an hydrostatic pressure ∆P and to a spherical shape of radius R, accord-
ing to normal force balance given by Laplace’s law ∆P = 2T

R . The tension is mostly
regulated by contractility generated by myosin motors, and local imbalance of con-
tractility leads to cortical flows along the cortex at long time scales, as proposed
by Bray and White in their seminal review [Bray 1988]. Drastic cell deformations
like cytokinesis or amoeboid cell migration are proposed to be driven by the same
mechanism of cortical flows that pulls cortical components from regions of relaxation
toward regions of contraction. Cortical flows have also been shown experimentally
to be a key determinant for the segregation of polarity determinants during the fer-
tilization of C. Elegans zygote [Munro 2004, Goehring 2010]. The cortical tension
is however not simply the result of its contractility and the viscoelastic resistance
of the actomyosin gel upon elastic or viscous deformation, can also contribute, pos-
itively or negatively, to the total cortex tension [Salbreux 2009, Mayer 2010]. The

A B

Figure 1.15: Cortex tension measurement. (A) Micropipette aspiration technique. Microscope
image of a L929 cell aspirated into a micropipette (scale bar, 10 µm) and corresponding descrip-
tion. The tension T is given by the formula, as a function of the difference of pressure between
the micropipette Pi and the exterior Pe and of the pipette and cell curvature radii rp and rc
(Adapted from [Tinevez 2009]). (B) Schematic description of the atomic force microscopy inden-
tation technique. A bead replaces the AFM tip pushes on the cell, which responds by a force that
depends on the tension, elastic deformation of the cortex and on hydrostatic pressure (Adapted
from [Salbreux 2012]).

cortical tension has been evaluated by different techniques. The cortical tension can
be measured through the pressure required to aspirate a cell inside a micropipette
[Evans 1989, Tinevez 2009] (see fig. 1.15 A), or can be inferred from the force nec-
essary to compress a cell between two plates [Yoneda 1972] or with the tip of an
atomic force microscope (AFM)4 [Lomakina 2004] (see fig. 1.15 B). Cortical ten-
sion measurements can vary by two orders of magnitude between cell types, ranging
from a few tens of pNµm−1 to several thousands of pNµm−1. All these tension
measurement techniques are however strongly dependent on the underlying model
assumption, especially on the elastic or viscous feature of the cortex at the time scale
of experiment. An important parameter, sometimes neglected, is the contribution

4The AFM tip is often replaced by a bead in these experiments.
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of the hydrostatic and osmotic pressures to the cell response.

Volume and pressure regulation

Figure 1.16: Cell volume and pressure regulation. The cortical (and membrane) tension T + γ

create a normal force that balances the hydrostatic pressure ∆P = Pint−Pint. The osmotic pressure
∆Π = Πint−Πext comes from an imbalance of osmolytes (ions and small molecules) accross the cell.
Ions and water molecules can cross the plasma membrane via pores, mechano-sensitive channels
or active pumps.

When the cortex is curved, its tension results in a normal force that is balanced
by hydrostatic pressure. The osmotic pressure comes from the imbalance of ions and
small molecules between the cytosol and the external medium (see fig. 1.16) and is
typically of the order of ∼ 102 − 103 Pa in animal cells. The osmotic pressure is
therefore actively regulated by ion-pumps and mechano-sensitive channels that wrap
the plasma membrane and allow ions to respectively enter or escape the cytosol.
Mechano-sensitive channels are sensitive to the plasme membrane tension γ, that
we ignored up to now because it is generally one order of magnitude lower than
the cortical tension. The plasma membrane is furthemore partially permeable to
water molecules, a property enhanced by the presence of aquaporins [Karlsson 2013].
An imbalance between osmotic and hydrostatic pressure differences accross the cell
boundary (respectively ∆Π = Πint − Πext and ∆P = Pint − Pext) can therfore lead
to cell volume variations, according to a permeation dynamics of the form

dV

dt
= np Lp (∆Π−∆P ) . (1.1)

where np is the total number of water pores in the membrane and Lp is the per-
meability of a pore. The cell volume is thus the result of a complex interplay
between ion dynamics, plasma membrane tension and cortical mechanics and activ-
ity [Jiang 2013]. Experimentally, the cortex tension has only a small influence on
volume, because resulting hydrostatic pressure variations are weak. Shape changes
associated with cell swelling are therefore likely to be mainly directed by ion pump
dynamics. Depolymerizing the actin cortex in a round cell leads thus only to a 10%
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cell size increase; on the contrary, the metaphase cell rounding is thought to be
mainly driven by osmotic changes [Stewart 2011].

1.1.2.3 Coarse-grained modeling of the cell cortex

Microscopic modeling of cortical actomyosin gels requires to know in details the
molecular components and mechanisms at work. We have seen above (see sec-
tion 1.1.2.2) that the origin of contractility itself in polymer networks was not fully
understood. Stochastic molecular simulations may at some point reproduce accu-
rately the mechanical properties of the cortical layer, but coarse-grained approach
prove to be efficient to describe the mechanics of the cortex at the whole cell scale.
Coarse-grained approaches do not require detailed knowledge of the microscopic
interactions between filaments, motors and cross-linker, but rather describe the net-
work as a continuous viscoelastic gel, where a contribution to the internal stress
comes from active processes. Coarse-grained models however require the introduc-
tion of phenomenological coefficients, which need to be matched a posteriori to
experimental molecular properties.

The polar active gel theory
The terminology of gels is used here to describe the visco-elastic properties of the
actomyosion cortex, characterized by a typical Maxwell visco-elatic relaxation time
τMaxwell = η

E , where η is the viscosity of the gel and E its elastic Young modulus.
The word active refers to the permanent local consumption of energy, in the form of
ATP molecules, by myosin molecular motors. Finally the word polar refers to the
description of the filament polarity.

The one-component active-gel theory [Kruse 2005] has proven to describe suc-
cessfuly cortical flow anisotropies in the C. Elegans zygote [Mayer 2010], filament
orientation patterns during the formation of the contractile ring in cytokinesis
[Salbreux 2009], or cell migration in a 3-dimensional matrix [Hawkins 2011].

Active-gels are hydrodynamic theories. They consist in keeping only the phys-
ical slow variables, i.e. that relax slowly in time and on large length scales, the
other variables being supposed at thermodynamic equilibrium [Chaikin 2000]. Such
theories have been successful in describing liquid crystals, polymers, gels etc... The
active-gel theory is an extension of the hydrodynamic theory for liquid crystals to
active systems.

The derivation of the continuous dynamics equation for the hydrodynamic vari-
ables can be systematically carried out following the general scheme established in
[De Groot 1962] and [Martin 1972]. After identifying generalized fluxes and con-
jugate forces in the system, fluxes are written as a function of the forces at the
linear order of approximation, following Onsager relations [Onsager 1931] and the
symmetries of the system:

flux↔ force ‖ σαβ ↔ vαβ ‖ pα ↔ hα ‖ r ↔ ∆µ



1.1. The cell cytoskeleton 23

σαβ is the stress tensor in the active gel, vαβ is the strain rate tensor. pα is
the local filament polarity (or order parameter) and hα is called the molecular field
[de Gennes 1995]. r is the rate of ATP consumption and ∆µ is the chemical potential
difference between ATP and its hydrolysis products, ADP and inorganic phosphate,
specifically5 ∆µ = µADP + µPi − µATP ≥ 0.

The activity comes from the steady consumption of ATP, driven by a strictly
negative chemical potential ∆µ < 0. When ∆µ vanishes the chemical reaction is
therefore at equilibrium and there is no energy production.

We do not detail her the derivation for polar active gels, which can be found
in [Kruse 2005], but rather present below directly its results in the viscous limit
(t� τMaxwell)

2ηvαβ = σαβ −
(
ζ∆µpαpβ + ζ ′∆µpγpγδαβ + ζ̄∆µδαβ

)

− ν1

2

(
pαhβ + pβhα

)
− ν̄1pγhγδαβ , (1.2a)

Dpα
Dt

=

(
1

γ1
hα + λ1pα∆µ

)
−
(
ν1vαβpβ + ν̄1vββpα

)
, (1.2b)

r = −ζpαpβvαβ − ζ̄vαα − ζ ′pαpαvββ + Λ∆µ+ λ1pαhα . (1.2c)

The first equation (1.2a) generalizes the expression of the stress tensor σαβ for
Stokesian viscous fluids to active polar systems. The active terms are proportional to
∆µ. We remark that even in absence of external load σαβ = 0, internal active terms,
measured by the coefficients ζ, ζ ′ and ζ̄ can lead to flows (vαβ 6= 0). The terms ζ ′

and ζ̄ contributes isotropically to the stress tensor. The sign of these coefficients
is given by experiments, which show that such systems are contractile, rather than
expansile. To lead to contractility, they are chosen positive6, consistently with our
convention ∆µ > 0.

The second equation (1.2b) describes the dynamics of the polar order parameter
p. The active term, proportional to the coefficient λ1, tends to align filaments paral-
lel to each other. Other terms are traditional liquid crystals coupling terms between
the order parameter and the flow (ν1 and ν̄1) or dissipating term proportional to
the rotational viscosity γ1.

The third equation (1.2c) is specific to active gels and describes the rate of ATP

consumption r, essentialy driven by the coefficient Λ but also modulated by the
myosin activities (terms proportional to ζ, ζ ′ and ζ̄) and by the coupling between
the gel and the molecular field h

The molecular field is defined as the opposite of the functional derivative of the

5Note that the convention for ∆µ here is the same as in the original paper [Kruse 2005], but
inversed compared to the second part of the thesis, related to red-blood cell membrane fluctuations,
where we defined ∆µATP = µADP + µPi − µATP ≤ 0.

6Note that, in comparison to the original paper [Kruse 2005], we have chosen ζ, ζ′ and ζ̄ positive
and inversed their signs in the active-gel equations.
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free elastic energy with respect to the parameter order p [de Gennes 1995]

h = −δF
δp

, (1.3)

where F is the polar Frank-Oseen free energy [Frank 1958, de Gennes 1995]

F =

∫
d2r

[
K1

2
(∇.p)2 +

K2

2
(p.∇× p)2 +

K3

2
(p×∇× p)2 + k∇ · p

]
. (1.4)

K1, K2 and K3 are the bend, splay and twist elastic moduli of the gel. The three
Frank constants are sometimes considered of the same order of magnitude for small
molecules K1 ∼ K2 ∼ K3 ∼ K.

Note that generalizations of the previous 1-component equations have been
proposed to take into account permeation effects of the fluid within the network
[Joanny 2007, Callan-Jones 2011].

The interplay of actin turnover and active contractility was also recently studied
in the framework of the active-gel theory [Joanny 2013]. The cortical actomyosin
layer is described as an active wetting film, whereby actin condenses on the mem-
brane driven by myosin contractility.
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1.2 Cytokinesis in animal cells, a brief overview

1.2.1 The final step of cell division

Metaphase Anaphase Telophase

Figure 1.17: Overview of animal cell cytokinesis: schematic representation of the cell surface (in
black), microtubules (MTs) (in red) and chromatids (in grey) reorganization stages. Cytokinesis
begins at early anaphase: the MTs from the mitotic spindle (asters and/or central spindle) signal
to the cell cortex to induce the assembly of an actomyosin contractile ring at the cell division plane.
The constriction of the actomyosin ring leads to the invagination of the cell membrane and to the
ingression of this cleavage furrow until a narrow intercellular bridge remains, called the midbody.
The midbody is the organizing center for the recruitment of the abscission machinery (Adapted
from [Fededa 2012]).

Cytokinesis is the process of physical cleavage at the end of cell division that
partitions the content of a cell into two daughter cells. In animal cells the physical
separation occurs in two major stages: the formation and the ingression of a cleavage
furrow and the abcission, which corresponds to the final cut (see fig. 1.17). From the
point of view of the separation of chromosomes7, biologists traditionally distinguish
the anaphase from the telophase, two phases that do not necessarily overlap with the
two previous cell surface deformation stages (see fig. 1.17). Starting from a round
cell in metaphase, where chromosomes are aligned along the future plane of division,
the anaphase corresponds to the break of chromosomes into chromatids, which are
dragged by shortening of kinetochore microtubules to spindle poles. In telophase the
kinetochore microtubules disappear and chromatids decondense, before the nuclear
envelop begins to reform.

Central spindle assembly The assembly at the cell equator of the microtubules
spindle is the key event of cytokinesis initiation, as it contributes to specify the
the division plane and constitutes the template for future abscission. The spin-
dle midzone is built from two arrays of interdigitated microtubules, organized in
an antiparallel way, with their minus end facing the cell poles [Euteneuer 1980].
The microtubules are bundled with motor-associated proteins and kinesin motors
(MKLP1), which allow the sliding of these two groups of microtubules away from
one another: the overlap goes from ∼ 2.5µm in early anaphase to ∼ 0.5µm in late

7A chromosome is formed from a pair of chromatids, each containing the same genetic informa-
tion.
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anaphase in PtK1 cells [Mastronarde 1993]. This narrow region forms the central
spindle [Glotzer 2009], which regulates the cleavage furrow formation by recruiting
signalling molecules (see section 1.2.2.1).

A B

Figure 1.18: Constriction and abscission. (A) Schematic representation of the contractile ring
constriction and principal molecular components. The ring is composed of three types of filaments:
actin filaments nucleated by formins, myosin minifilaments and septin filaments. Annilin is thought
to be the scaffold that link these three filament types. The constriction is proposed to result
from the contraction of filaments by myosin motors. (B) Organization of the midbody: central
plane (top) and surface view (bottom) of the intracellular bridge, with the principal molecular
components. (Adapted from [Green 2012]).

Cleavage furrow assembly and ingression The spindle midzone promotes the
assembly of a – so-called – contractile ring (see sections 1.2.2.1 and 1.2.2.2). The
contractile ring is traditionally represented as broad band of filamentous actin and
Myosin II motors, organized on a ring along with additional structural (anillin,
septin) and regulatory proteins (formin, profilin, ADF-cofilin etc...) [Miller 2011].
The contractile ring is linked to the plasma membrane such that, when it constricts
by the means of Myosin II motors force generation, it creates a cleavage furrow. The
ingression of the cleavage furrow finally gather the interzonal spindle microtubules
into the midbody, which is the targeting platform for abscission.

Midbody formation and abscission The abscission is the final cut that splits
the mother cell into two topological distinct cells. When the actomyosin ring closes,
it compacts the spindle zone into a thin and dense cytoplasmic bridge of about 1
to 2 µm thick. A remodeling of the contractile ring and the spindle, called mid-
body formation and maturation, lasts for one to two hours before abcission occurs.
If the precise composition of the midbody remains partially unknown, its assem-
bly requires successful furrow ingression, as indicated by blebbistatin treatments
[Hu 2012]. The stables microtubules that overlap to form the midbody core (see
fig. 1.18 B) are thought to provide mechanical stability to the intercellular bridge
and to be both the platform and the tracks for recruiting the abcission machinery,
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composed of hundreds of different proteins [Guizetti 2010]. Notably, several contrac-
tile ring components are retained in the midbody ring, including anillin, septins and
RhoA, and are thought to anchor the midbody ring to the plasma membrane (see
fig. 1.18 A) [Echard 2004]. The main abscission machinery has been recently identi-
fied as the Endosomal Sorting Complex Required for Transport III complex, which
are known for their role in membrane scission during viral budding [Morita 2007].
ESCRT-III proteins polymerize to form a spiral polymer associated to the membrane
[Henne 2012] and are disassembled in an energy-consuming process. Although com-
putational models have been proposed to explain ESCRT-III mediated abcission
[Fabrikant 2009, Elia 2012], its precise mechanism remains unclear. It was thus
shown recently that a tension exerted on the intercellular bridge counter-intuitively
delays abscission, while its release induces abscission [Lafaurie-Janvore 2013].

1.2.2 Molecular regulation of cytokinesis

1.2.2.1 Division plane specification

Spindle and dynamic astral microtubules specify the division plane
In animal cells, the division plane is positioned through signalling between the spin-
dle and the cortex. Rappaport, in his seminal work on cytokinesis in marine eggs
[Rappaport 1996] showed that this molecular communication is highly dynamic: by
shifting the mitotic spindle by micromanipulation in a sand dollar egg he could in-
duce reversible furrow regression at the former division site and the appearance of
a new furrow at the new spindle position [Rappaport 1985]. Years later, two groups

A

B

Figure 1.19: The spindle and the dynamic astral microtubules specify the division plane by con-
fining RhoA at the cell equator. (A) Physical displacement of the cortex relative to the spindle
shifts the RhoA zone and the furrow in a green urchin embryo. (Times are in min and scale bar
is 25µm. Adapted from [Bement 2005]). (B) Dynamic astral microtubules confine active RhoA to
the cell equator (Adapted from [Green 2012], experiments originally performed on sea-urchin eggs
by [von Dassow 2009b]).
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clearly identified this division signal to be a spatially restricted RhoA activation
zone in the cortex [Bement 2005, Yüce 2005]. Importantly, RhoA accumulates be-
fore furrow ingression and this accumulation arises independently of actin or myosin
II (see fig. 1.18 A). Rappaport’s experiment was repeated by [Bement 2005] in an
urchin embryo blastomere expressing a fluorescent probe of active RhoA, showing
clearly the shift of the RhoA zone concomitantly with the spindle (see fig. 1.18 A).

Rappaport showed furthermore, in his toroidal cell experiment, that two ad-
jacent microtubules asters are sufficient to induce furrowing without the central
spindle [Rappaport 1996, Oegema 1997], thereby suggesting another pathway for
furrow induction. By separating the spindle from an aster with a laser, the authors
of [Bringmann 2005] show that the asters and the midzone indeed provide two su-
perimposed signals that position the furrow. However, instead of inducing a positive
signal, the asters rather prevent the accumulation of actomyosin in their vicinity,
leading therefore to a relative enrichment at the cell equator. This mechanism was
then confirmed in grasshopper spermatocytes [Chen 2008] and in sea uchin embryos,
where the elimination of astral microtubules by laser ablation leads to a broader zone
of active RhoA (and consequently of Myosin II). This is consistent with the idea
that astral microtubules refine the division plane specification by inhibition of a
positive signal outside the midzone [Foe 2008, von Dassow 2009b] (see fig. 1.19). It
is interesting to note that the total amount of active RhoA remains constant when
asters are ablated, suggesting that asters in fact cage a total fixed amount of active
RhoA, to prevent it from expanding outside the cell equator.

A

B C D

Initial cell diameter

Figure 1.20: Characteristics of the active RhoA zone. (A) Serie of active RhoA fluorescence images
in a purple urchin embryo. The RhoA accumulation (*) precedes furrowing (<). (Frames are 20s
apart). (B) Active RhoA signal intensity measured along the cortex during division in a green
urchin embryo. The different curves are 2min apart with time points ordered along the rainbow
from red to violet. (C) Curves obtained by fitting the previous signal intensities by the weighted
sum of a Gaussian and a quadratic polynomial. (D) Scatter plot of RhoA activity zone width versus
the initial cell diameter in various green and purple urchin embryos, showing their proportionality.
(Adapted from [Bement 2005]).
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Characteristics of the active RhoA zone
The RhoA zone was further characterized in [Bement 2005]: the authors measured
the intensity of the active RhoA signal along the cortex of sea urchin eggs, as
shown in fig. 1.18 A and B. Activity signals were recorded at different times in the
course of furrowing and could be nicely fitted by Gaussian functions (see fig. 1.18
C). The width of the Gaussians does not vary appreciably as the furrow ingresses,
whereas their amplitudes increase rapidly to reach a plateau. Measuring the width
of this RhoA zone as a function of the cell diameter, at various stages of embry-
onic development and for several organisms, they could further show a reproducible
proportionality between active RhoA zone width and initial cell size (fig. 1.20 D).

Filling the gap between microtubules and RhoA
The demonstration that active RhoA dynamically senses microtubule perturbations,
implies that the RhoA molecule is the key link between microtubules geometry
and stimulation of cytokinetic furrowing. Like most other small GTPases, RhoA
is regulated by guanine-nucleotide exchange factors (GEFs), which enhances its
activity, and a GTPase-Activating Protein (GAP), that has an opposite function (see
fig. 1.21). Activation of equatorial RhoA critically depends on the Rho GEF Ect2,
which associates with a complex of proteins called the centralspindlin [Kamijo 2006,
Nishimura 2006].

The centralspindlin is composed of two units of the kinesin MKLP1 and two
units of the Rho-family GAP MgcRacGAP and concentrates at the central spindle,
where it recruits directly the Rho-GEF Ect2 as sketched on fig. 1.21. The central-
spindlin has been observed on the tips of microtubules near the furrow region in
[Nishimura 2006], and it has recently been shown that the centralspindlin subunit
MgcRacGAP associates with the plasma membrane by interacting with polyanionic
phosphoinositide lipids [Lekomtsev 2012]. Yet, how exactly Ect-2 reaches the cell
cortex from the central spindle to induce local Rho activation remains unknown.
A simple diffusion process has been proposed [Salmon 1990, von Dassow 2009b],
yet in order to achieve dynamic and spatially confined Rho GTPase zones, cells
must restrict diffusion in a narrow zone. Alternatively MKLP1-mediated transport
along stable microtubules [Inoue 2004] could also lead to accumulation of the
centralspindlin and therefore Ect2 at equator, as it was confirmed recently by a
stochastic computational model [Atilgan 2012].

1.2.2.2 Contractile ring formation and ingression

Assembly of the actomyosin ring
The small GTPase RhoA is the key regulator of the contractile ring assembly. Upon
activation by its GEF Ect2, RhoA acts through two main effectors, as shown on
fig. 1.21:
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MgcRacGAP

Figure 1.21: Activation of RhoA is controled by the GEF ECT2, which depends on the central-
spindlin complex assembly. Active RhoA triggers myosin phosphorylation via its effector ROCK
and the polymerization of actin by formins. (Adapted from [Piekny 2005])

1. the Rho-kinase (ROCK), which phosphorylates the myosin-light chain of
Myosin II motors and therefore triggers contractile activity;

2. the formin Diaphanous, which nucleates unbranched actin filaments.

In addition to de novo assembly [Cao 1990b], it has been shown that about half
of the accumulation of actin in the contractile ring is due to the transport of fila-
ments from the cell cortex to the division plane by cortical flows [Cao 1990a]. The
fact that the contractile ring in dividing animal cells is formed primarily through the
reorganization of existing actin filaments may question the relevance of the classical
picture where the contractile ring is presented as isolated from the rest of the cortex.

Two steps are generally distinguished in the assembly of the contractile ring:
the accumulation of contractile ring proteins in a broad band, and the compaction
in a condensed structure characterized by the alignment of the filaments along the
perimeter [Fishkind 1993]. Again this distinction may simply be two limits of a
continuous process in time, where actomyosin flows driven by the gradients of con-
tractility between the furrow region and the poles, result in the alignment of actin
filaments, and therefore the compaction of the equatorial region, as suggested by
active-gel modeling [Salbreux 2009].
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Anchoring to the plasma membrane
Tight anchorage of the contractile ring into the plasma membrane is essential to
drive proper physical separation of the mother cell into two. PtdIns(4,5)P2 (or
PIP2) is a phosphoinositide8 which has been shown to play a determinant role in
cytokinesis [Echard 2012]. Sequestration of PIP2 in mouse fibroblasts leads to the
separation of the contractile ring from the plasma membrane [Field 2005] and cy-
tokinesis failure, suggesting that PIP2 is involved in the anchorage of the plasma
membrane to the cortex. PIP2 has indeed been shown to accumulate in the equa-
torial region [Emoto 2005] concomitantly with the contractile ring assembly. Ezrin-
Radixin-Moesin (ERM) proteins are good candidates for connecting the actomyosin
ring to the plasma membrane. Activated ERM proteins indeed link cortical F-actin
with PIP2 [Fehon 2010]. However depletion of moesin in Drosophila, where it is
the unique family member, only results in reduced penetrance cytokinesis defects
[Kunda 2008, Roubinet 2011]. This suggests that redundant mechanisms cooper-
ate with ERM for linking the actin cytoskeleton during furrow ingression, possibly
annilin and/or septins.

A

B C

Figure 1.22: Contractile ring closure during the first five divisions of the C. elegans embryo.
(A) Confocal images of embryos coexpressing non-muscle Myosin-II-GFP and mCherry plasma
membrane probe (scale bar 10µm. (B) Mean contractile perimeter versus time. (C) The contractile
ring constrics in two phases. During the first phase, the constriction rate is roughly constant; during
the second phase the perimeter decreases exponentially. (Adapted from [Carvalho 2009])

8Phosphoinositides are phospholipids of the plasma membrane
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Constriction and influence of the polar cortex
The ring constriction has been shown to occur at a roughly constant rate in several
organisms [Carvalho 2009, Calvert 2011, Ma 2012]. In C. Elegans embryos the
actomyosin ring constriction displays two phases, a first phase of mean constriction
rate roughly proportional to the initial perimeter of the ring, and a second phase
of exponential decrease of the ring perimeter (see fig. 1.22). The authors of
[Carvalho 2009] postulate the exponential decrease to happen when the ring starts
to contact the spindle and show that the proportionality between constriction rate
and initial cell size enables cells with different sizes to divide in the same amount
of time. They further show that main contractile ring components (actin, myosin
II, anillin and septins) are lost in proportion to the decrease in perimeter during
constriction, consistently with pioneering Schroeder’s work measuring the actin
network volume in electron micrographs [Schroeder 1972].

Figure 1.23: Influence of the polar cortex on cytokinesis. The polar tension (red arrows) can slow
down furrow ingression (green arrows), or destabilize the cell shape if left and right poles tensions
and/or volumes are not balanced precisely. (Adapted from [Green 2012])

As we mentioned earlier, the contractile ring may have specific filament arrang-
ment and composition, it still remains a region of the continuous actomyosin cortex.
The cortex at the cell poles, in particular, remains contractile, eventhough its "stiff-
ness", measured by AFM, was shown to be much lower than in the furrow region
[Matzke 2001]. The contractile tension at the poles has been proposed to slow down
constriction [Yoneda 1972] and leads theoretically to an intrinsically unstable cell
shape. If left and right contractile forces do not compensate precisely, an instabil-
ity may develop [Piekny 2008, Sedzinski 2011], in which on pole contracts at the
expense of the other, as illustrated in fig. 1.23.
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1.2.3 Modeling of constriction

Mechanical engineers and physicists tried early to address the drastic cell de-
formation occuring during cytokinesis. Continuous elastic or viscous models of
the entire cell surface have been proposed in the 1980-90’s [Greenspan 1977,
Akkas 1980, White 1983, Zinemanas 1987, Zinemanas 1990, He 1997] to account
for early experimental observations and force measurements performed on sea-
urchin eggs [Hiramoto 1958, Hiramoto 1971]. By contrast, most of the recent
theoretical work is focused on the contractile ring, based on coarse-grained de-
scriptions [Zhang 2005, Zumdieck 2005, Salbreux 2009] or microscopic models for
motor-filament interactions [Biron 2005, Zumdieck 2007, Mendes Pinto 2012]. We
also only mention a recent work [Koyama 2012], that attempts to model the cor-
tex deformation in C. Elegans cytokinesis with a pure elastic bending energy, of
Helfrich type9. Finally in [Prothero 1967, Yoneda 1972, Sedzinski 2011], the polar
cortices are approximated as two portions of sphere under tension, which resist to
ring constriction.
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Figure 1.24: Surface movement in sea-urchin eggs. (A) Three successive contours of a cleaving
sea-urchin egg illustrating the stationary surface rings S-S’. A is the original center of the asters
and the black circles represent carbon particles attached to the surface (From [Wolpert 1960], after
[Ishizaka 1957]). (B) Diagram indicating movement of the cell surface for successive cleavage stages
of Clypeaster egg. A quarter of the egg is shown. The stages are indicated in percentage of furrow
ingression. White particles from the poles to the furrow (Cf to Cp) represent carbon particles
attached to the surface (Adapted from [Hiramoto 1958]).

9Helfrich energy for lipid bilayer membranes is defined in section 3.2.2.1.
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1.2.3.1 Early experimental observations and geometrical arguments

A number of experimental investigations have been done in the 1940-50’s in sea-
urching eggs to determine if the cell poles are stretched, or if the furrow is the only
region of surface increase [Dan 1938, Dan 1940]. The method consists in tracking
the movement of carbon particles, randomly attached to the cell surface. The cell
surface increase is found to arise from the stretching of preexisting cell surface in a
wave of expansion from the poles toward the furrow region. Ishizaka and K. Dan
show, using the same method, that an annular surface region on each side of the
furrow neither changes in diameter, nor moves relative to the cell equator and they
name this region "stationary surface rings" [Ishizaka 1957] (see fig. 1.24 A). Refining
the method of K. Dan, Hiramoto constructs a map of cell-surface deformation (see
fig. 1.24 B) in sea-urchin eggs, indicating that the "stationary ring" of Ishizaka
demarcates two surfaces behaving relatively differently [Hiramoto 1958]. The cell
volume is shown to be almost perfectly constant during constriction, which implies
a cell surface increase of about 25%. The new surface comes mainly (80%) from
the expansion of the region comprised between the stationary rings and the poles
[Wolpert 1960]. The region between the rings and the equator, mostly contractile,
contributes to the 20% remaining surface increase. The furrow surface therefore
shrinks in circumference while it stretches in the direction from equator to pole.

A B

Figure 1.25: Spherical geometry hypothesis. (A) Dividing grasshopper spermatocyte successive
contours and movement of surface markers (open circles) (Reproduced from [Ishizaka 1966]). Solid
lines through the open circles represent trajectories calculated in [Prothero 1967]. (B) Balance of
forces in a dividing cell with spherical poles. T is the polar tension, γ the constricting force and
Rf the furrow radius. (Adapted from [Yoneda 1972]).

Ishizaka then applies the same marking technique to the cleaveage of grasshop-
per spermatocyte [Ishizaka 1966]. The surface is shown to expand approximately
uniformly during division, in contrary to sea-urchin eggs, and the successive cell con-
tours can be fitted with portion of spheres, which suggests an isotropic and uniform
tension along the cell surface. Prothero and Rockafeller have proposed a model to
account for Ishizaka’s observation: it postulates that the constraints governing the
cell cleavage are minimum surface area and cell volume conservation, as in bubbles,
[Prothero 1967], which leads naturally to the union of two spheres. Using simple
geometrical arguments, they fit nicely the movement of carbon markers recorded by
Ishizaka fig. 1.25. Yoneda and K. Dan have used the same spherical approximation
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as [Ishizaka 1966] for the division of sea-urching eggs [Yoneda 1972], although the
shape of their polar regions is not spherical (see fig. 1.24 A). Assuming the constancy
of the cell volume, and inserting the tension at poles T and the furrow radius Rf in
the course of division, they evaluate the minimum necessary force of constriction γ
from simple force balance

γ

Rf
=

2
√
r2 −R2

f

r
T . (1.5)

Their simple approach quantifies therefore for the first time the resisting influence
of the poles on constriction.

1.2.3.2 Continuous formulations

Several rigorous formulations of the cell surface mechanics have been proposed at
the end of the last century to model cell cleavage. These studies do not seem to
have been much examined by the biological community, presumably because of their
technical nature. A few computational models were later proposed and received
more attention. We attempt to give below a short and comprehensive overview of
these various investigations, in a relatively chronological order.

Mechanical models of the cell surface

A B

(1) (2) (3)

Figure 1.26: Fluid model of cleavage. (A) Schematic representation of the instability induced by the
movement of surface tension elements: (1) initial state of uniform surface tension; (2) a gradient
of distribution of the tension elements triggers a surface contraction toward the equator, which
tends to concentrate the elements; (3) surface elements flow induces a circulation of the cytoplasm.
(Adapted from [Greenspan 1977]). (B) A droplet of cod liver and olive oil suspended in water
distorts in response to an efflux of caustic solution from two opposite serynges. (Reproduced from
[Greenspan 1978]).

Greenspan proposes in 1977 a completely fluid model of the cleavage dynamics,
where the forces exerted within the cell surface layer are approximated by an
effective surface tension [Greenspan 1977]. The magnitude of the effective surface
tension is assumed to depend on the local concentration of tension elements10.
These tension elements can move along the cell surface and their position is

10The precise molecular origin of contractility in the cell cortex was not yet clearly established
at that time.
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randomized by a surface diffusion coefficient D. The cell surface movements are
supposed to be balanced mainly by the shear stress within the cytoplasm, as in
a droplet. The axisymmetric cell, initially spherical and under uniform tension,
is asymptotically perturbed11 by lowering the tension at the poles. The tension
gradient produces a surface flow from the poles toward the equator, reminiscent
of the Gibbs-Marangoni effect in fluid droplest. The surface flow causes an
accumulation of tension elements at the equator, given that the gradient exceeds
diffusion, thereby further increasing the tension there. The resulting instability
spontaneously develop into cleavage, and induces a circulation of the cytoplasm
(see fig. 1.27 A). Greenspan points out that this dynamical behavior depends only
on the relative difference in tension between equator and pole. In this regard the
two biological competing theories, polar relaxation and equatorial constriction,
are not mutually exclusive. This theoretical process was elegantly illustrated on a
neutrally buoyant oil drop in water where the surface tension is dropped symmetri-
cally at the poles by means of an active substance [Greenspan 1978] (see fig. 1.27 B).
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Figure 1.27: Elastic membrane model: comparison of numerical profiles of a deformed membrane
(STZC material) and experimental results of [Hiramoto 1963] at successives stages of ring constric-
tion (in percentage). (Reproduced from [Pujara 1979]).

Two mathematical models, treating the cell surface as a non-linear, elastic ma-
terial have been proposed almost simultaneously [Pujara 1979, Akkas 1980].

Pujara and Lardner examine the deformation pattern of an initially spherical
membrane12 for a prescribed displacement at the equator, subject to the constraint
of constant enclosed volume. The membrane is modeled as an elastic non-linear ma-
terial and two different materials are compared: a moonley-rivlin material, usually
used to model the deformation of rubber-like objects [Rivlin 1948], and a Skalak-
Tozeren-Zarda-Chien (STZC) material [Skalak 1973], that was proposed to describe
the mechanics of the red-blood cell membrane. The model is therefore passive, in
that it does not take into account the formation of a contractile ring, nor the active
driving mechanism. Yet numerical predictions for cell shapes are found to agree
satisfactorily with experimental data in [Hiramoto 1963].

11This approach is formally very similar to the one we adopt in section 2.1.2.2.
12Note that a membrane in mechanics (see chapter 2) is different from the plasma membrane,

generally described by an Helfrich energy (see section 3.2.2.1).
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The model proposed by Akkas is very similar, but the cell volume is allowed to
vary and the cell is supposed initially slightly inflated. The division process is again
considered as a large deformation, quasi-static problem and the problem is solved
numerically. Akkas comes to the conclusion that numerical predictions can indeed
agree with experimental results of Hiramoto, but only if the material stiffness is
not constant over time, but first increases and then decreases during the course of
constriction, thereby displaying a maximum. Akkas makes the interesting point that
this maximum delimitates a critical stage of cleavage, where the constricting force
has to increase to overcome the membrane elastic resistance, from a "deteriorating"
stage of cleavage, where the force does not need to increase further for division
to complete. Akkas therefore conjectures the possibility of cleavage failure, if the
critical stage is not passed, and suggests that a consistent description of the cell
membrane, that does not suppose material constant variations, would require a
new visco-elastic material description, that he named a "deteriorating material".

A numerical calculation for large deformations indicates that the hydrodynamic
model of Greenspan does not lead to complete cleavage [Sapir 1985]. Greenspan has
however conjectured that the contractile filaments should rotate and reoriente them-
selves parrallel to the cleavage plane during their motion toward equator, thereby
leading to anisotropic surface tension. Zinemanas and Nir propose therefore a new
fluid-mechanical approach ten years later that combines macroscopic equations of
motion with microscopic local balances for filament concentration and orientation
distribution [Zinemanas 1987]. The filament orientation dynamics is coupled to
the surface flow and to the rate of filament production, very similarly to the re-
cent active-gel theory [Kruse 2005]. Conversely, surface motions can be induced by
concentration gradients, as in [Greenspan 1977], but also by filament orientation
gradients. The problem is formulated as a boundary-integral equation, which con-
sists in formulating partial differential equations in a domain as an integral on its
boundary [Pozrikidis 1992], and solved numerically for large deformations. To be
tractable numerically, the model is however simplified by neglecting diffusion effects
and passive contributions to the tension, originating from surface deformations. A
biochemical stimulus furthermore controls the production of active filaments, and is
assumed to diffuse toward the surface from two point sources located at the asters
of the mitotic apparatus.

The authors find that the resulting concentration gradient induces a tangential
surface flow toward the equator represented in fig. 1.28 A. This profile exhibits a
region of negative velocity gradient around the equator and two zones of positive
gradient near the poles. This flow pattern orient the filaments parallel to the cleavage
plane near the equator, as shown on fig. 1.28 B. The filament reorientation leads to
an anisotropy of the surface tension in the equatorial region, that allows the furrow to
constrict further than in the isotropic case. However only the adding of a muscle-like
contractile activity of the filaments can drive the process to complete constriction
(see fig. 1.28 C). The authors suggest that the simultaneous concentration increase
and filaments reorientation at the equator provides a mechanism for the contractile
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Figure 1.28: Hydrodynamic model with filament orientation. (A) Typical pattern of the tangential
velocity along the meridional contour. (B) Orientation distribution for successive times (N=1
corresponds to an isotropic distribution). (C) Evolution of the furrow radus Rf and polar distance
l compared to experimental results of [Hiramoto 1958]. (D) Consecutive numerical surface shapes
of the dividing cell. (Reproduced from [Zinemanas 1987]).

ring formation. This idea was recently reformulated in the framework of active-gel
theory and led to very similar results at first order in perturbation [Salbreux 2009]
(see section 1.2.3.3).

Computational models of the cell surface

In 1983, White and Borisy present the first purely computational model of
cytokinesis [White 1983]. They distinguish the basal contractility of the cortex
that leads to a surface tension, from the modulation of this surface tension by the
mitotic apparatus to create a gradient with the highest value at the equator. The
surface deformations are supposed to be limited by viscosity and the hydrostatic
pressure resulting from cortical tension and volume conservation is supposed
uniform throughout the cytoplasm. The cortical elements are assumed to be free to
move in the cortex plane, and therefore accumulate as an equatorial belt as a result
of the tension gradient, thereby reproducing the formation of the contractile ring,
as proposed by [Greenspan 1977]. The tension elements are furthermore supposed
to have an orientational order, so that their contraction results in their partial
orientation. The model results in realistic shape profiles (see fig. 1.29), and is even
generalized satisfactorily to asymmetric divisions. However the numerical methods,
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Figure 1.29: Computational fluid model of cleavage. (a) and (b) initial redistributions of tension
elements for form a broad belt that pinches the equator into a cylindrical shape. (c) and (d) the
broad furrow rapidly sharpens as it progresses. (Reproduced from [White 1983]).

the typical numerical values and the couplings between parameters are not, or not
clearly specified in the paper (notably the coupling between filament orientation
and flow). It prevents the reader to repeat their computational prodecure, as
pointed out later in [Zinemanas 1987].

Previous fluid models, that suppose that the tension elements free to move
within the surface plane, result to a self-amplifying contraction mechanism that
only needs to be initiated to eventually lead to complete cleavage. In [Harris 1990],
the author proposes a computational fluid surface model of the cell cortex with
volume conservation, where, on the contrary, the anisotropic surface tension is
prescribed and does not reorganizes via mobile elements. He shows that cleavage
completion then requires the ratio of two tensions along and accross the furrow to
be at least 18 : 1, thereby implying a threshold for cytokinesis success.

The computational model proposed by He and Dembo is also hydrodynamic, but
somewhat different from the previous studies, since it considers the cytoplasm and
the cortex as two fluids that can interpenetrate [He 1997]. The two phases, called
"cytoskeletal" and "solvent" phases, can therefore be present at every location of
the cell. The cytoskeletal phase is furthermore supposed to be continuously recycled
from material in the solvent phase, on a fast time scale fast compared to the con-
striction time scale. This process mimicks therefore the fast turnover of cytoskeletal
components. The contractility is however approximated as isotropic, in contrast
to the latter models [White 1983, Zinemanas 1987]. Numerical results for the dy-
namics of constriction are in relatively good agreement with experimental data of
[Hiramoto 1963]. In particular they reproduce the slowdown of constriction at the
end of furrowing, that they attribute to an increase of density due to compaction
of the furrow region (see fig. 1.30 C). By considering a balance of mechanical power
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Figure 1.30: Computational two components fluid model of cleavage. (A) Network density and flow
at the start, at middle stage and at the end of cleavage. The color code represents the density of the
cytoskeletal phase, and arrows the direction and magnitude of the solvent flow. (B) Superimposed
outlines of the cell shape at successive stages of cleavage. (C) Time evolution of the pole-to-pole
distance (top) and furrow radius (bottom), compared to experimental data of [Hiramoto 1963]
(triangles for furrow radius, squares for pole-to-pole distance). The dashed line represents the time
course of the force exerted by the cleavage furrow. (Adapted from [He 1997])

supply and dissipation, the authors determine an upper bound for the rate of con-
striction. It shows that at high density, the internal ring viscosity grows faster than
the contractile stress with density. As a consequence, the inhibition of cytoskeletal
depolymerization increases the network density and leads to a decrease of the rate
of contraction13. The flow patterns of the solvent and network (see fig. 1.30 A) are
in very good qualitative agreements with experimental data [Hiramoto 1971]. The
agreement of shape profiles is less satisfactory, owing presumably to the omission of
contractile anisotropy, and the final pole-to-pole distance is notably over-estimated
(see fig. 1.30 B and C).

13We note that our one-component cortical model in chapter 2, does takes into account mate-
rial turnover but not density variations, which would require a two-component active gel theory
[Callan-Jones 2011]. Our results on the influence of depolymerization may therefore be in contra-
diction to high density predictions of [He 1997].
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1.2.3.3 Models of the contractile ring

Coarse-grained models of the contractile ring formation

A B

Figure 1.31: Contractile ring formation in cylindrical geometry. (A) Examples of stationary solu-
tions: chevrons (top) and multiple rings pattern (bottom) (Adapted from [Zumdieck 2005]). (B)
Axial velocity and nematic order parameter along the cylinder submitted to an excess of myosin
activity in a central band ζ∆µ1 > ζ∆µ. (Inset) Schematic representation of the equatorial belt
with filaments aligned along a ring. (Reproduced from [Salbreux 2009])

In [Zumdieck 2005], the authors propose a continuum description of a cylindrical
layer of cytoskeletal filaments and motor proteins. The layer of cortical filaments is
modeled as an active material with a nematic order and variable density. The density
of contractile filaments obeys a conservation law with turnover and the 2-dimensional
stress is coupled to the density and to the nematic order by symmetry arguments.
The layer is furthemore supposed to move on a fixed cylinder against a background
fluid that creates an effective friction. A linear stability analysis shows that a great
variety of instabilities can arise in the system depending on the relative value of
the parameters: stationnary patterns like chevrons and multiple rings (see fig. 1.31
A), and oscillating patterns of one or multiple rings. The paper, however, does
not consider mechanical deformation of the cylinder, and does not relate the many
phenomenological coefficients introduced to experimentally measurable parameters.

A B

Figure 1.32: Contractile ring formation in spherical geometry. (A) Stationary profile of filament
orientational order along an axisymmetric contour of the cortex; zero corresponds to an isotropic
distribution, negative values indicate an alignement along the equator. (B) Dimensionless tangen-
tial flow profiles along an axisymmetric contour of the cortex for different times.(Adapted from
[Salbreux 2008])
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A slightly more recent study [Salbreux 2009] considers a similar situation where
2-dimensional layer of active viscous filamentous fluid has a nematic order coupled to
its flow. In contrast to the former work, the density is assumed constant and turnover
is neglected, and the equations are derived from the active-gel theory [Kruse 2005]
(see section 1.1.2.3). A linear perturbation approach shows that increasing the
contractiliy in a central region of the cylinder triggers a flow from the less contractile
region toward the more contractile region, that reorients the filaments along a ring
in the central region, as shown on fig. 1.31 B. Contractile ring formation is calculated
with realistic values of the phenomenological parameters, taken from the literature.
The same process is extended to a spherical geometry where the surface is allowed
to deform against an uniform pressure [Salbreux 2008]. Upon small increase of
the contractile activity in an equatorial band, the filaments, initially isotropically
distributed, are shown to similarly realign along an equatorial belt, as a result of
the tangential flow profile reproduced in fig. 1.32. These results are qualitatively
similar to the former study of [Zinemanas 1987] in large deformations.

Models of the contractile ring ingression

A B

Figure 1.33: Contractile ring models in D. Discoideum. (A) The contractile stress σrr opposes
to viscous flow of the cytoplasm σzz and extension of the poles of tension Sc. (Adapted from
[Zhang 2005]). (B) Results from the simulation of the actomyosin contractile ring, schematically
represented with actin filaments moving along the ring perimeter. The dashed line represent the
dimensionless ring radius w(t)/w(0) as a function of time. The solid line is the time evolution of
the normalized power provided by the motors. (Adapted from [Biron 2005])

Two concomittant studies of cytokinesis inDictyostelium discoideum14 start from
similar basic hypotheses: the contractile ring is seen as a cylinder of constant width,
and the main process that limits constriction is considered as the dissipation as-
sociated to the flow of cytoplasm driven out the furrow region. The authors in
[Biron 2005] simulate the constriction of the ring resulting from filament sliding.

14Note that Dictyostelium discoideum is not an animal organism.
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To obtain a linear decrease of the ring in time, consistent with experiments, they
suppose that the motors provide more and more power as longs as the contractile
ring shrinks, because the cytoplasmic viscous dissipation scales as the inverse of the
ring perimeter (see fig. 1.33 B).

In [Zhang 2005], the furrow region is submitted to a constant radial stress σrr
mediated by myosin motors (see fig. 1.33 A). The cylindrical ring is furthermore
supposed to have a lower pressure than the spherical poles15, which can help the
furrow thinning process at late stages of constriction (see fig. 1.33 A). The dynamics
of constriction is first exponential, due to viscous dissipation, and then linear in
time, owing to the pressure difference process.
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Figure 1.34: Contractile ring ingression with turnover. (A) Schematic representation of the cylin-
drical elastic cell surface of initial radius R0 and in a contracted state R < R0. (B) Typical
profile of the elastic energy of cell deformation (black line) and the quadratic approximation used
(dashed red line). (C) Time evolution of the contractile ring radius for various values of the fil-
ament turnover and ratio of contractile force and elastic force: the ring fails to constrict fully if
the contractile force is too low (yellow line); decreasing the contractile force (blue line) or the
polymerization (green line) leads to a reduced constriction rate, compared to the red line; in the
absence of turnover, the constriction rate increases over time (black line). Stars are experimental
data from C. Elegans. (Adapted from [Zumdieck 2007])

In [Zumdieck 2007], the authors propose that the contractile stress in the ring
results not only from the action of motors, but also from treadmilling of the filaments
at the microscopic level, in the presence of end-tracking cross-linkers. The ring is
formed of several actin filament bundles and wrapped around a cylindrical surface
representing the cell surface of C. Elegans, which is assumed to be elastic16. The
elastic deformation opposes the contractile force, and is slowed down by an effective
friction. The contractile force is moreover taken proportional to the number of
filaments in a bundle and to the square density of filaments in a bundle. The density
obeys a mass balance with polymerization and depolymerization. Solving for the
coupled dynamics for contractile ring ingression and filament turnover, the authors
show that the ring constriction rate is mainly determined by the ratio of contractile

15The tension Sc is supposed the be same at poles and in the furrow region, the Law of Laplace
gives therefore a pressure in the cylinder P = Sc/a > 2Sc/R for a cylinder radius a < R/2, where
R is the pole radius.

16No assumption is however made on the cell volume, and this model is therefore essentially
local.
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force and elastic resistance. They also clarify the role of turnover: in the absence
of filament disassembly, the contraction rate increases because the rise of filaments
density leads to a higher contractile force; if, on the contrary, filament treadmilling
is fast enough, the density remains fairly constant throughout constriction.

1.2.3.4 Shape instabilities

A

B

Figure 1.35: Shape instability. (A) The small bubble empties itself into the big bubble because
of Laplace pressure instability. (Reproduced from [de Gennes 2004]). (B) Analogy between two
bubbles and a cell during cytokinesis. (Adapted from [Sedzinski 2011])

As I have suggested in my Master thesis, if the cortical mechanics can be modeled
by an effective surface tension, the cell shape during cytokinesis should be intrin-
sically unstable. An analogy can be drawn with bubbles: we consider two bubbles
of two initial different radii and connected via a valve. The pressures in the small
bubble, denoted 1, and the larger bubble, denoted 2, relative to the outer pressure
are given by the law of Laplace P1 = 2T1

R1
and P2 = 2T2

R2
. Assuming that the two

bubbles have the same surface tension T1 = T2, the pressure is higher in the small
than in the bigger bubble: R1 < R2 ⇐⇒ P1 > P2. The situation is intrinsically
unstable, and the small bubble empties itself in the big bubble as illustrated exper-
imentally in fig. 1.35 A. Approximating a dividing cell as two portions of spheres
under tension separated by a cylindrical contractile ring, leads to the exact same
unstable situation, owing to a slightly imperfect left-right symmetry, as I proposed
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in my Master thesis. Assuming a bulk elasticity of the cytoplasm may however
stabilize the dividing state, as sketched in fig. 1.35 B.

Figure 1.36: Cell shape oscillations in cytokinesis. High polar tension or pressure imbalance be-
tween the poles triggers shape oscillations. (Reproduced from [Sedzinski 2011])

This idea has been developed further in a recent combined experimental and the-
oretical study [Sedzinski 2011]. Blebbing HeLa and L929 cells are shown to display
a similar instability in certain drug conditions or upon destabilization by laser abla-
tion of the cortex, or asymmetric depolymerizing treatment by cytochalasin D. Blebs
are local bulges of plasma membrane, that form upon detachment from the cortex
and retract when a new cortex repolymerizes on the lipid-bilayer [Charras 2008]. A
bleb is suggested by the authors to relax locally the hydrostatic pressure.

Unexpectedly, all unstable cells display furthermore an oscillating behavior, at-
tributed by the authors to the asymmetric and contraction-synchronized blebbing
(see fig. 1.36). They ultimately fail to constrict. The mechanism is depicted schemat-
ically on fig. 1.36 and is the following: starting from a slightly asymmetric state of
the cell, the smaller pole decreases its volume at the expense of the other, until an
elastic process (presumably asymmetric blebbing, releasing the pressure locally, or
a non-identified bulk cytoplasmic elasticity) stops the contraction; the cytoplasmic
flow then reverses, presumably again by continuous local release of pressure in the
smaller cell. A theoretical model, approximating the dividing cell to a spherical ge-
ometry similar to [Yoneda 1972], can reproduce the experimental oscillations when
turnover is added and supposed slower than active contraction. A linear perturba-
tion approach shows the existence of a Hopf bifurcation, leading to oscillations, in
a well-defined range of cortical tension, elasticity and turnover parameters. Intrigu-
ingly, the model does not adress the possible role of the blebs in this process.
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In our approach, the cell surface is viewed as a fluid continuum, in the
spirit of earlier work [Greenspan 1977, Zinemanas 1987], but turnover of the cor-
tex components prevents the cortical layer to become unstable, as suggested in
[Zumdieck 2007]. The cortical actomyosin is furthermore treated using recent active-
gel rheologies [Kruse 2005]. The cortex is approximated as one single fluid phase,
distinct from the cytoplasm, and we neglect therefore possible local density varia-
tions, which may affect the cortex viscosity, as pointed out in [He 1997]. Identifying
the mechanical work and dissipated power in the system, we can interpret the nu-
merical results for cytokinesis by scaling arguments in the simplified geometry of
[Yoneda 1972] (see section 2.3.2).

2.1 Eulerian continuous formulation

As discussed in section 1.1.2, the actomyosin cortex is a contractile active gel, which
is essentially viscous at times longer than the Maxwellian relaxation time. We want
therefore to develop a viscous active theory of the cortex mechanics, based on the
active-gel theory [Kruse 2005] (see section 1.1.2.3).

The cortical layer remains generally thin compared to cell size, which prompts
to use the theory of thin shells to describe its mechanical equilibrium. Thin shell
theory is based on the integration of the stresses over the layer thickness, thereby
eliminating any explicit dependence of the relevant fields on the transverse direction
of the shell. This coarse-graining process leads to effective 2D equilibrium equations
of the shell, described in terms of tensions and moments acting tangentially to the
shell mid-surface. The mechanical equilibrium is thus given by the balance of forces
normal and tangential to the shell mid-surface, and the balances of torques acting
on this surface. There exists a very dense literature on thin shells mechanics since
the development of the theory of thin plates1 by Love in 1927 [Love 1927], using the
following kinematic assumptions proposed by Kirchhoff [Kirchhoff 1859]: straight
lines normal to the mid-surface remain straight and normal to the mid-surface after
deformation, and the thickness of the plate does not change during a deformation.

Most of the literature deals with elastic thin shells [Timoshenko 1959,
Goldenveizer 1961, Novozhilov 1964]. In these studies, the shell thickness is gen-
erally considered as constant, consistently with Kirchhoff’s hypothesis. The first
formal derivations of thin viscous sheets theory, with variable thickness, is much
more recent [Howell 1996, Ribe 2002].

As noticed by Rayleigh in his study of vibrations of shells in 1877 [Rayleigh 1976],
deformation [of a thin elastic shell of thickness e] includes in general, both stretching
and bending, and any expression for the [elastic] energy will be of the form:

Ae(extension)2 +B e3(bending)2 . (2.1)

In viscous sheets, the dissipation is similarly composed of an extensional term, asso-
ciated with tensions, proportional to the thickness and a bending term, associated

1A plate is flat at rest, whereas a shell mid-surface can be naturally curved.
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with moments, proportional to the thickness to the power 3. In the limit of vanishing
thickness, the dissipation associated with bending is therefore two orders of magni-
tude lower. This formal consideration is the starting point for deriving a mechanical
membrane theory. A membrane is a thin shell where the contribution of bending
moments and the transverse shear component are neglected compared to in-plane
tensions. By formally expanding the equilibrium equations for axisymmetric thin
shells, with the small shell thickness used as an expansion parameter, we derive in
the following the equations of motion of a visco-active membrane with cylindrical
symmetry in curvilinear coordinates.

2.1.1 Derivation of the axisymmetric visco-active membrane equa-
tions

To derive the Eulerian equations of motion for a visco-active membrane, we start
from the equilibrium equations for a thin shell (2.6) in axisymmetric curvilinear
geometry. We write the constitutive relations and volume conservation equation in
bulk for a viscous actomyosin gel and take advantage of the fact that the thickness
e of the actomyosin layer is much smaller than the longitudinal size L of the cell
to expand the expressions of the shell tensions and moments up to leading order
in e/L. We finally show that the resulting equilibrium membrane equations can be
integrated analytically along the curvilinear length s into a system of two coupled
equations in the membrane local radius r and thickness e.

2.1.1.1 Mechanical equilibrium of an axisymmetric thin shell

Geometrical relations
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Figure 2.1: Thin shell of revolution: definition of the geometrical parameters

We consider an axisymmetric thin shell. Its shape in 3 dimensions can therefore
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be reconstructed by revolving a base curve — that we call the mid-line — about
the z-axis, as shown on fig. 2.1. The azimuthal angle is called ϕ and we consider
therefore only a section plane (ez, er) perpendicular to the azimuthal direction eϕ
as shown on fig. 2.2. The cylindrical frame unit vectors depend on the azimuthal
angle φ: er(ϕ) = cosφ ex + sinφ ey and eϕ(ϕ) = der

dφ .
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Figure 2.2: Section plane (ez, er(ϕ)) of the shell of revolution

We define the local Frenet frame (t,n, eϕ) such that t is the unit vector tangent
to the mid-line, pointing in the direction s, n is the unit vector normal to the mid-
surface and eϕ the unit vector pointing in the azimuthal direction, cross product
of t and n. We define the intrinsic angle ψ = (̂ez,n). The Frenet frame is fully
determined by the intrinsic angle ψ and azimuthal angle φ

t = − cosψ cosϕ ex − cosψ sinϕ ey + sinψ ez , (2.2a)

n = sinψ cosϕ ex + sinψ sinϕ ey + cosψ ez , (2.2b)

eϕ = − sinϕ ex + cosϕ ey . (2.2c)

The unit vectors of the Frenet frame also verify the following classical Frenet-Serret
relations (no torsion because of axisymmetry)

∂t

∂s
=
∂ψ

∂s
[sinψ (cosφ ex + sinφ ey) + cosψ ez] =

∂ψ

∂s
n , (2.3a)

∂n

∂s
=
∂ψ

∂s
[cosψ (cosφ ex + sinφ ey)− sinψ ez] = −∂ψ

∂s
t , (2.3b)

where ∂ψ
∂s is the local radius of curvature of the mid-line contour in the section

plane (er, eϕ) and the following derivatives with respect to the azimuthal angle ϕ

∂t

∂ϕ
= − cosψ eϕ , (2.4a)

∂n

∂ϕ
= sinψ eϕ , (2.4b)

∂eϕ
∂ϕ

= −er . (2.4c)

The midline contour is described by its intrisic coordi-
nates (s, ψ), or alternately by the spatial coordinates (z, r).
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They are related by the following geometrical equations

∂r

∂s
= cosψ , (2.5a)

∂z

∂s
= sinψ . (2.5b)

Force and moment balance in an axisymmetric thin shell
We summarize below the effective 2-dimensional equilibrium equations for an ax-
isymmetric viscous thin shell, projected onto the local Frenet frame (t,n, eϕ). Our
thin shell representing the cortical layer, it is submitted to the pressure difference
across the cell −∆pn = Pint − Pext ≡ ∆P and we neglect the friction of the cortex
on the underlying cytosol and on the plasma membrane ∆pt = 0. The interested
reader can find the full derivation in section 2.A.
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Figure 2.3: Tensions and moments acting an element of an axisymmetric thin shell projected on
the local Frenet frame (t,n, eϕ).

0 =
∂Nt

∂s
+
Nt −Nϕ

r

∂r

∂s
+Nn

∂ψ

∂s
Tangential force balance

∆P = Nt
∂ψ

∂s
+Nϕ

sinψ

r
− 1

r

∂ rNn

∂s
Normal force balance

Nn = gϕ
∂r

∂s
+

1

r

∂ rgt
∂s

Moment balance

(2.132a)

(2.132b)

(2.135)
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where we defined (see section 2.A)

Nt =

∫ e/2

−e/2
σtt

(
1 + ξ

sinψ

r

)
dξ Axial tension (2.127)

Nn =

∫ e/2

−e/2
σnt

(
1 + ξ

sinψ

r

)
dξ Transverse shear force (2.128)

Nϕ =

∫ e/2

−e/2
σϕϕ

(
1 + ξ

∂ψ

∂s

)
dξ Azimuthal tension (2.129)

gt =

∫ e/2

−e/2
σtt ξ

(
1 + ξ

sinψ

r

)
dξ Axial moment (2.133)

gϕ =

∫ e/2

−e/2
σϕϕ ξ

(
1 + ξ

∂ψ

∂s

)
dξ Azimuthal moment (2.134)

2.1.1.2 Constitutive relation

To evaluate the tensions an moments in the thin shell, we specify below the form of
the bulk stress tensor in the cortex. It is the sum of a viscous and an active term
σαβ = σvαβ + σaαβ (Einstein notation convention).

Isotropic active stress
Here we start from the active-gel formulation, but we consider only the nematic
—and not the polar– order of the filaments, as in [Salbreux 2008, Salbreux 2009].

n"
t"

eφ"

χ"

p"

e"

Figure 2.4: Orientation of filaments in the plane of the membrane.

We suppose that the director p of the filaments is parallel to the midsurface
plane, as illustrated in fig. 2.4. It is decomposed as p

(
χ(s), s

)
= cos [χ(s)] t(s) +

sin [χ(s)] eϕ(s). The average orientation of a collection of filaments can be described
by a nematic tensor Q of vanishing trace in 3-dimensions. Qmn ≡

〈
pmpn − 1

3δmn
〉

is diagonal in the Frenet frame:

Q = Qs t⊗ t +Qϕ eϕ ⊗ eϕ +Qnn⊗ n , (2.8)

We define Q̃ =
〈
cos2 χ

〉
− 1

2 = 1
2 −

〈
sin2 χ

〉
. This scalar measures the deviation
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from an isotropic orientation of filaments
〈
cos2 χ

〉
iso

=
〈
sin2 χ

〉
iso

= 1
2 . The 3-

dimensional nematic tensor Qαβ can therefore be written

Qαβ =




1/6 + Q̃ 0 0

0 −1/3 0

0 0 1/6− Q̃


 (2.9)

Note that the off-diagonal term Qϕt = Qtϕ = 〈sinχ cosχ〉 vanishes for 2-
dimensional nematics, as required by axisymmetry. A polar theory of the cortex
could, on the contrary, break this symmetry.

From this point we could develop a nematic active membrane theory, but to
simplify the problem we suppose here that the filaments remain isotropic: Q̃ = 0.
No dynamics is therefore associated with filament orientation, and the active part
of the stress tensor reduces then to a single term

σaαβ(s) = ζ(s)∆µ




1/6 0 0

0 −1/3 0

0 0 1/6


 in the Frenet frame (t,n, eϕ). (2.10)

Stokean viscous stress
The cortex can be viewed as viscous on the time scale of this study (larger than a
minute) and inertial effects are completely negligible at the µm cellular scale. The
rheology corresponds therefore to a Stokean fluid, the constitutive relation of which
in 3 dimensions reads [Happel 1983]

σvαβ = 2η vαβ − pδαβ (2.11)

where p the bulk pressure in the fluid and vαβ the strain rate tensor, which is the
symmetric part of the velocity gradient that we need to evaluate.
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Figure 2.5: Small displacement dx of a point x within the layer, in a section plane (ez, er(ϕ)) of the
shell of revolution. The displacement is decomposed into tangential and transverse components,
respectively ds and dξ.
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A small displacement of a point x in the cortical layer is given by

dx = dr er + dz ez + rdφ eϕ

= (−ds cosψ + dξ sinψ) er + (ds sinψdξ cosψ) ez + rdφ eϕ

= ds t + dξ n + rdφ eϕ ,

where ξ is the coordinate in the transverse direction n as defined on fig. 2.5. Its
velocity v is therefore given by

v =
dx

dt
=
ds

dt
t +

dξ

dt
n + r

dϕ

dt
eϕ ≡ vt(s, ξ) t(s) + vn(s, ξ) n(s) . (2.12)

where vt and vϕ do not depend on ϕ because of the symmetry of revolution.

From the previous decomposition of the velocity (2.12) we deduce the formal
expression of its gradient in the Frenet frame (t,n, eϕ)

∇v = t ⊗
¬

(
∂v

∂s

)
+ n ⊗



(
∂v

∂ξ

)
+ eϕ ⊗

®

(
1

r

∂v

∂ϕ

)
.

We evaluate each term separately, using the geometrical relations (2.3)

¬ = t⊗ t

{
∂vt
∂s

+ vn
∂ψ

∂s

}
+ t⊗ n

{
∂vn
∂s
− vt

∂ψ

∂s

}
,

 = n⊗ n
∂vn
∂ξ

+ n⊗ t
∂vt
∂ξ

,

® = eϕ ⊗ eϕ

{
1

r
(−vt cosψ + vn sinψ)

}
.

The symmetric viscous stress tensor reads therefore

σvαβ = 2η
∇v> + ∇v

2
− p1 = 2η




vtt vtn 0

vnt vnn 0

0 0 vϕϕ


− p1 (2.14)

where

vtt = t · ∂v

∂s
=
∂vt
∂s

+ vn
∂ψ

∂s
, (2.15a)

vnn = n · ∂v

∂ξ
=
∂vn
∂ξ

, (2.15b)

vϕϕ = eϕ ·
1

r

∂v

∂ϕ
=

er · v
r

=
−vt cosψ + vn sinψ

r
, (2.15c)

vtn = vnt =
1

2

(
∂vt
∂ξ

+
∂vn
∂s
− vt

∂ψ

∂s

)
. (2.15d)

Note that the off-diagonal terms involving ϕ (vtϕ and vnϕ) are zero because of
axisymmetry, but the diagonal term vϕϕ, that corresponds to a cylindrical inflation
or compression, respects the symmetry of revolution.
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2.1.1.3 Volume conservation

Local mass conservation, reads in its most general form ∂ρ
∂t + ∇ · (ρv) = 0 where

ρ is the local gel density, that we suppose constant and uniform here, which leads
immediately to

0 = ∇ · v = Tr [∇v]

= vtt + vnn + vϕϕ

(
from (2.14)

)
, (2.16)

=
∂vt
∂s

+ vn
∂ψ

∂s
+
∂vn
∂ξ

+
−vt cosψ + vn sinψ

r

(
using (2.15)

)
. (2.17)

We find the same equation by the direct calculation (2.137), which confirms that
our formulation for the strain rate tensor is correct.

2.1.1.4 Expansion of the equations

We follow here a similar approach as [Howell 1994, Howell 1996], used to derive the
equations for viscous sheets, but we keep only the leading order to obtain membranes
equations. We suppose that typical lengths and velocities are L and U in the
longitudinal directions (t, eϕ), and εL and εU in the transverse direction n, where
the small parameter ε� 1 is defined as

ε ≡ e

L
. (2.18)

The velocity v of a particle in the shell is the sum of the mid-line velocity v(0)(s) =
Dr
Dt that depends only on s and a component within the layer v(1)(s, ξ) that depends
on s and on the transverse coordinate ξ.

v(s, ξ) = v(0)(s) + v(1)(s, ξ) . (2.19)

The time-scale associated with flows in the longitudinal direction is L/U , we
rescale therefore time as t = (L/U) t′. Other quantities are non-dimensionalized as
follows

r = Lr′ , e = εL e′ ,

v(0) = U v′
(0)
, v(1) = εU v′

(1)
,

s = Ls′ , ξ = εL ξ′ ,

σ = (ηU/L)σ′ ,

The pressure p and the active stress ζ∆µ are adimensionalized in the same way as
the stress σ.

The solutions are sought in the form of asymptotic expansions in powers of the
slenderness parameter ε, typically

f ∼ f (0) + ε f (1) + ε2 f (2) · · · . (2.20)
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We first evaluate the shear and normal components of the stress tensor up to
first-order in ε

σtn(s, ξ) =
ηU

L

[
σ
′(0)
tn (s′, ξ′) + ε σ

′(1)
tn (s′, ξ′) +O(ε2)

]

and σnn(s, ξ) =
ηU

L

[
σ′(0)
nn (s′, ξ′) + ε σ′(1)

nn (s′, ξ′) +O(ε2)
]

Their first derivatives relative to the transverse coordinate ξ read therefore

∂σtn
∂ξ
∼ ηU

L

[
1

ε

∂σ
′(0)
tn (s′, ξ′)

∂ξ′
+
∂σ
′(1)
tn (s′, ξ′)

∂ξ′

]
(2.22a)

∂σnn
∂ξ
∼ ηU

L

[
1

ε

∂σ
′(0)
nn (s′, ξ′)

∂ξ′
+
∂σ
′(1)
nn (s′, ξ′)

∂ξ′

]
(2.22b)

We insert the previous expanded expressions of ∂σtn
∂ξ and ∂σtn

∂ξ (2.22), in the
local force balance ∇ · σ = 0, calculated in section 2.C. Dropping primes, the local
tangential and normal force balance (2.140a) and (2.140b) lead respectively to

∂σ
(0)
tn

∂ξ
∼ −ε

[
∂σ

(1)
tn

∂ξ
+
∂σtt
∂s

+ cosψ
σϕϕ − σtt

r
+

sinψ

r
σtn

]
.

∂σ
(0)
nn

∂ξ
∼ −ε

[
∂σ

(1)
nn

∂ξ
+ (σtt − σnn)

∂ψ

∂s
+ sinψ

σnn − σϕϕ
r

+
∂σtn
∂s
− cosψ

r
σtn

]
.

∂σ
(0)
tn
∂ξ and ∂σ

(0)
nn
∂ξ are therefore of minimum order ε, which is impossible by definition.

They are therefore necessarily zero, and σ(0)
nn and σ(0)

tn are independent of ξ:

σtn(s, ξ) = σ
(0)
tn (s) + σ(1)

nn (s, ξ) ,

σnn(s, ξ) = σ(0)
nn (s) + σ(1)

nn (s, ξ) .

The boundary conditions on the upper and lower surfaces of the membrane read

σtn(s, e/2) = σtn(s,−e/2) = 0 (no tangential friction) ,

σnn(s, e/2)− σnn(s,−e/2) =

∫ e/2

−e/2

∂σnn
∂ξ

dξ = −∆P .

We deduce immediately that

σ
(0)
tn (s) = σ(0)

nn (s) = 0 (2.26)
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Let us evaluate now the leading-order components of the strain-rate tensor vαβ

v
(0)
tt =

∂v
(0)
t

∂s
+ v(0)

n

∂ψ

∂s
(2.27a)

v(0)
ϕϕ =

−v(0)
t cosψ + v

(0)
n sinψ

r
(2.27b)

v(0)
nn =

∂v
(1)
n

∂ξ
(2.27c)

v
(0)
tn =

1

2

(
∂v

(1)
t

∂ξ
+
∂v

(0)
n

∂ξ
− v(0)

t

∂ψ

∂s

)
(2.27d)

We deduce the leading-order components of the dimensionless bulk stress tensor
σαβ from the constitutive relations (2.10) and (2.14):

σ
(0)
tt =

ζ∆µ

6
+ 2

(
∂v

(0)
t

∂s
+ vn(0)

∂ψ

∂s

)
− p(0) , (2.28a)

σ(0)
nn = 0 = −ζ∆µ

3
+ 2v(0)

nn − p(0) , (2.28b)

σ
(0)
nt = 0 = v

(0)
tn , (2.28c)

σ(0)
ϕϕ =

ζ∆µ

6
+ 2v(0)

ϕϕ − p(0) . (2.28d)

In addition, equation (2.16) for volume conservation yields

0 = v
(0)
tt + v(0)

ϕϕ + v(0)
nn +O(ε) (2.29)

We use the condition of vanishing normal stress σ(0)
nn = 0 (2.26) to express the

dimensionless pressure at leading order

p(0) = −ζ∆µ

3
+ 2v(0)

nn

= −ζ∆µ

3
− 2

(
v

(0)
tt + v(0)

ϕϕ

)
,

where we eliminated v(0)
nn via the previous equation for volume conservation (2.29).

Replacing the pressure term from the expression above in the stress tensor and
integrating over the membrane thickness leads to the following expression for the
dimensionless tensions and moments evaluated from (2.7) at leading order

Nt ∼
ζ∆µ e

2
+ 2e

(
2v

(0)
tt + v(0)

ϕϕ

)
+O(ε)

Nϕ ∼
ζ∆µ e

2
+ 2e

(
2v(0)
ϕϕ + v

(0)
tt

)
+O(ε)

Nn ∼ O(ε2)

gt ∼ O(ε2)

gϕ ∼ O(ε2)
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In a membrane theory we keep only the leading order quantities. This leads us
to neglect the terms of moments, gt and gϕ, and the shear force Nn, which are of
minimum order ε. A more detailed analysis would show that they are in fact of
order O(ε2) and therefore largely negligible for ε→ 0 compared to the zeroth-order
tension terms.

The equilibrium of a membrane is finally described by the tangential and normal
force balance only

∆P = Nt
∂ψ

∂s
+Nϕ

sinψ

r
, (2.31a)

0 =
∂Nt

∂s
+
Nt −Nϕ

r

dr

ds
, (2.31b)

involving the following membrane tensions, that we redimensionalized

Nt =
ζ∆µ e

2
+ 2η e

(
2v

(0)
tt + v(0)

ϕϕ

)
, (2.32a)

Nϕ =
ζ∆µ e

2
+ 2η e

(
2v(0)
ϕϕ + v

(0)
tt

)
, (2.32b)

2.1.1.5 Actin turnover

The cortical actomyosin is under permanent turnover. The source term, due to
actin polymerization, is proportional to the membrane surface since polymeriza-
tion nucleators are located near the plasma membrane. We describe this effect via
a polymerization velocity vp from the shell upper surface ξ = e/2. By contrast
depolymerization acts in volume and leads to a depolymerization rate kd. We inte-
grate polymerization/depolymerization effects by defining a total transverse strain
rate uαα (at zeroth order in ε) in the membrane as the sum of the previous viscous
contribution vαα and an transverse uniform polymerization term.

unn = v(0)
nn − vp δ

(
ξ − e

2

)
, utt = v

(0)
tt , uϕϕ = v(0)

ϕϕ, (2.33)

where δ(x) is a Delta function of x.
The boundary form of the polymerization term is justified if we consider the

normal velocity within the layer with the effect of turnover

un =

∫ e/2

−e/2
unn dξ =

∫ e/2

−e/2
dξ
[
v(0)
nn + vp δ

(
ξ − e

2

)]
= v(0)

n − vp. (2.34)

Local volume conservation (2.136) becomes therefore

utt + unn + uϕϕ = −kd (2.35)

By averaging this local volume conservation equation across the membrane thick-
ness, we obtain an evolution equation for the thin shell thickness

1

e

De

Dt
+ utt + uϕϕ = −kd +

vp

e
, (2.36)
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where De
Dt ≡ v

(1)
n (s, e/2) − v(1)

n (s,−e/2) =
∫ e/2
−e/2 dξ

∂v
(1)
n
∂ξ is the Lagrangian rate of

membrane thickness change; the material time derivative operator reads D
Dt ≡ ∂

∂t +

v(0) ·∇.
Note that the sum of the tangential and azimuthal strain rates corresponds

to the Lagrangian rate of membrane local surface stretch utt + uϕϕ = 1
δa
Dδa
Dt . If

the membrane is not stretched the stationary solution of the equation for volume
conservation is

e = e0 ≡
vp

kd
, (2.37)

which allows us to rewrite the mean volume conservation equation as follows

δa
De

Dt
+ eδa (utt + uϕϕ) = δa

De

Dt
+ e

Dδa

Dt
=
D(eδa)

Dt
= −kdδa (e− e0) , (2.38)

2.1.1.6 Integration of the equations of motion

Here we show that, for zero tangential friction, the equations for membrane equi-
librium can be integrated in the curvilinear coordinate s, independently from the
constitutive relation. We use then this compact formulation to reduce our problem
to a system of only two coupled equations in membrane radius r and thickness e.

We start from the membrane equilibrium equations

∆P = Nt κt +Nϕκϕ , (2.31a)

0 =
∂Nt

∂s
+
Nt −Nϕ

r

∂r

∂s
, (2.31b)

where κt and κϕ are the principal curvature radii that we can express as a function
of r and s only

κt = −∂
2r

∂s2

1√
1−

(
∂r
∂s

)2 , (2.40a)
κϕ =

√
1−

(
∂r
∂s

)2

r
. (2.40b)

From the normal force balance equation (2.39) we extract the azimuthal tension
Nϕ = ∆P

κϕ
− Nt

κt
κϕ

, expression that we inject in the tangential force balance (2.39)
multiplied by r to obtain

∂rNt

∂s
= Nϕ

∂r

∂s

= −Nt
r ∂r∂s

∂2r
∂s2

1−
(
∂r
∂s

)2 +
∆P r ∂r∂s√
1−

(
∂r
∂s

)2

= −r Nt
∂

∂s
log

√
1−

(
∂r

∂s

)2

+
∆P r ∂r∂s√
1−

(
∂r
∂s

)2
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We therefore need to solve the following first order differential equation in the quan-
tity rNt

∂rNt

∂s
+ rNt

∂

∂s
log

√
1−

(
∂r

∂s

)2

=
∆P r ∂r∂s√
1−

(
∂r
∂s

)2 .

The homogeneous equation can be solved as rNt = A√
1−( ∂r∂s )

2
, where A is a constant.

We then apply the constant variation method to find the solution of the equation
with a second member. It yields dA

ds = ∆P r ∂r∂s , which can be integrated as A(s) =

B + ∆P r2/2 with B a constant (∆P is uniform). The general solution of the
differential equation reads finally

rNt =
B + ∆P r2/2√

1−
(
∂r
∂s

)2 . (2.41)

Here we consider a closed membrane surface, which implies the following bound-
ary conditions r(s) = r(L) = 0 and ∂r

∂s

∣∣
s=0

= −∂r
∂s

∣∣
s=L

= 1, where L is the membrane
contour total length. This yields necessarily B = 0 to avoid a singularity at s = 0

and s = L.
We end up with the following general formula for the membrane tensions, inde-

pendently from the constitutive equation of the material

Nt =
∆P

2

r√
1−

(
∂r
∂s

)2 =
∆P

2

1

κϕ
, (2.42a)

Nϕ =
∆P

2

1

κϕ

(
2− κt

κϕ

)
. (2.42b)

This formulation is very useful, since we can easily deduce that an isotropic tension
Nt = Nϕ leads necessarily to a spherical shape κt = κϕ.

Combining eq. (2.32) and eq. (2.36) and remarking that uϕϕ = v
(0)
ϕϕ(s) = er·v(0)

r =
1
r
Dr
Dt , we can obtain a system of two coupled equations for e and r :

De

Dt
= −kd (e− e0) +

ζ∆µ e

6η
− ∆P

12η

1

κϕ

[
3− κt

κϕ

]
,

Dr

Dt
= −ζ∆µ r

12η
+

∆P

12ηe

r

κϕ

[
3 +

2κt
κϕ

]
.

(2.43a)

(2.43b)

This formulation of the problem has the advantage to be very compact and to
show directly the main effects at work:

• We identify the typical time-scale of the problem that we denote Ta = 2η
ζ∆µ : it

measures the viscous flow time-scale of the gel in response to an active stress
ζ∆µ.
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• The local membrane thickness e (2.43a) emerges as a competition between
turnover effects (proportional to kd) and active flows (term proportional to
ζ∆µ/η), but also depends on the local membrane geometry and cell pressure
(term proportional to ∆P ).

• The local cell azimuthal radius r (2.43b) emerges as a competition between
active contraction (term proportional to ζ∆µ) and inner pressure resistance
(term proportional to ∆P and positive for κt ≥ −3

2κϕ, where κϕ = sinψ
r is

positive by construction)

If we assume conservation of the inner volume delimited by the closed membrane,
∆P becomes a non-local variable that depends on the whole membrane configuration(
r(s), e(s)

)
s∈[0,L]

. The system of coupled equations in the local variables e and r

(2.43) becomes then very hard to solve numerically. We can however perturb the
equilibrium from a reference state, and solve analytically the linearized equations.
This is the approach we adopt for the study of a cell polarization process in the next
subsection. In the next section we present a Lagrangian equivalent formulation that
can be more easily implemented numerically and allows for solving extensively the
non-linear problem.
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Summary of the Eulerian theory of visco-active axisymmetric membranes
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eφ ez

ψ

t
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Nt
Nφ
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Figure 2.6: Plane section (ez, er(ϕ)) of the axisymmetric membrane with tangential and azimuthal
tensions Nt and Nϕ and inner pressure P .

∆P = Nt κt +Nϕ κϕ Normal force balance

0 =
∂Nt

∂s
+
Nt −Nϕ

r

dr

ds
Tangential force balance

κt =
∂ψ

∂s

κϕ =
sinψ

r
Geometrical relations

dr

ds
= cosψ

Nt = Na +Nv
t =

e

2
ζ∆µ+ 2ηe (2utt + uϕϕ) Axial tension

Nϕ = Na +Nv
ϕ =

e

2
ζ∆µ+ 2ηe (utt + 2uϕϕ) Azimuthal tension

0 = utt + uϕϕ +
1

e

De

Dt
+ kd −

vp
e

Volume conservation

(2.31a)

(2.31b)

(2.40a)

(2.40b)

(2.5a)

(2.32a)

(2.32b)

(2.36)

Summary 2.1: Eulerian visco-active axisymmetric membrane theory. (2.31a): normal force balance
is a generalized version of the original law of Laplace ∆P = 2N

R
when the surface tension is

anisotropic, i.e. when the two tensions in the principal directions Nt and Nϕ are not the same.
(2.31b): tangential force balance relates the tension anisotropy Nt −Nϕ and the gradient of axial
tension ∂Nt

∂s
: an anisotropic membrane tension implies a non-zero gradient of axial tension, and

conversely, unless the membrane is purely cylindrical ∂r
∂s

= 0. Eqs. (2.40a), (2.40b) and (2.5a):
the three geometrical relations are measures of the membrane shape. Eqs. (2.32a) and (2.32b):
the membrane tensions Nt and Nϕ are the sum of an isotropic active term Na = e

2
ζ∆µ and

an anisotropic viscous term Nv
t, ϕ. The tension anisotropy is therefore due to an anisotropy of

membrane stretching Ntt − Nϕϕ = 2ηe (utt − uϕϕ), which reveals a tangential cortical flow along
the membrane. eq. (2.36): the variation of membrane thickness is due to membrane stretching and
flow but also to turnover terms.
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2.1.2 Study of a cell polarization mechanism by an analytical per-
turbation approach

2.1.2.1 Experimental observations

Introduction
Cell polarization is a fundamental biological process that has implications in many
stages of embryonic and tissue development. The cell polarity can be defined, in
a very general way, as a morphological asymmetry of cellular components along a
well-defined axis that drives a functional asymmetry in the cell [Drubin 1996]. Cell
migration on 2D surfaces is one long-studied typical example of cellular components
asymmetry (PIP2, Rac, Cdc42, Myosin II, actin etc...) that drives a functional sym-
metry breaking by triggering cell movement along the polarity axis [Ridley 2003].
Symmetry breaking can be spontaneous, like in cell motility [Yam 2007], but cell
polarization can also be triggered by a localized cue, like the sperm entry in C.
Elegans embryo [Munro 2004]. Notably, the interaction of the cell with the extra-
cellular matrix (ECM), via the complex integrin-fibronectin, drives spreading and
motility in 2 dimensions and is mechanosensitive (durotaxis [Lo 2000]). An experi-
mental setup was developed by P. Bun in the group of M. Coppey-Moisan to study
a polarization process in 3D of a suspended 3T3 fibroblast (unpublished work). As
shown schematically on fig. 2.7 the cell lies on a poly(L-lysine)-graft-poly(ethylen
glycol) (Pll-PEG) treated cover slip, that prevents the formation of adhesion sites
to the glass surface but maintains the center of mass of the cell at a fixed position.
A bead coated with fibronectin (Fn) is manipulated with an optical tweezer which
allows for measuring forces exerted on the bead by the cell. It also permits to exert
a counteraction force on the displaced bead that scales linearly with the trap stiff-
ness. A DIC microscope (differential interference contrast) images the cell in 3D.
Fluorescent labels allows furthermore to quantify the geometrical and molecular cell
response to the adhesion cue. Various bead coatings and trap stiffness are tested.

Figure 2.7: Sketch of the experimental setup used to study the response of a suspended cell to a
mechanochemical adhesion cue (Credits: P. Bun, unpublished work).
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Results

Figure 2.8: Cell shape polarization. Fluorescence images of single unadhered cells expressing
eGFP-myosin IIA at 0min and 30min, for five different conditions: (A) No bead, (B) Fn-coated
untrapped bead and Fn-coated trapped bead, (C) Pll-coated untrapped bead and Pll-coated untrapped
bead. The yellow arrow indicates the position of the bead. (Credits: P. Bun, unpublished work).

Five different conditions are compared:
(A) No bead : The unadhered fibroblast displays continuous shape oscillations at

a well-defined principal frequency of 0.013 ± 0.003Hz. This spontaneous oscillation
of fibroblasts upon de-adhesion has been already described in [Salbreux 2007] and
modeled using an visco-active thin shell theory with analogous ingredients, but with
a coupling to mechanosensitive calcium channels.

(B) Fn-coated untrapped bead and Fn-coated trapped bead : When a Fn-coated
bead adheres to the cell, shape oscillations stop and the cells adopt a nice spherical
shape a time t = 0. For the untrapped bead, the cell shape does not evolve further
as shown on fig. 2.8 (B), whereas the cell polarizes within a few tens of minutes
in response to the adhesion to a Fn-coated bead trapped by a non-zero tweezer
stiffness. The cell polarization is characterized by the formation of an actomyosin-
enriched pole opposite to the adhesive trapped bead and by the concomitant slow
deformation of the cell into a pear-like shape, along a well-defined polarization axis
crossing the bead center. The polarization process is actomyosin dependent, since
addition of blebbistatin, a drug that inhibits myosin II ATPase activity, prevents
systematically polarization. These results show that a single Fn adhesion cue with
non-zero trap stiffness can induce a actomyosin-dependent polarization of a cell in
3D along an axis crossing the center of the cue.
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(C) Pll-coated untrapped bead and Pll-coated untrapped bead : To show the chem-
ical specificity of the cell polarization to the complex fibronectin-integrin, the same
experiment is repeated with Pll-coated beads, trapped and untrapped. The adhe-
sion cue induces again a stop of cell oscillations, but no spontaneous polarization
appears in either of the two cases.

We summarize schematically these experimental results in fig. 2.9 below.

+BB

time

5’-10’

0

-2’

Figure 2.9: Illustration of the actomyosin-dependent polarization process upon adhesion of a Fn-
coated trapped bead (Credits: P. Bun, unpublished work).

2.1.2.2 A perturbation model to account for the polarization process

Model hypothesis
We use here the Eulerian membrane theory of the cell cortex, previously derived, to
describe the cell polarization process. We assume that the mechanical equilibrium
within the cytosol is very rapid compared to the slow deformation of the cortex
(about 20min). We therefore consider the internal hydrostatic cell pressure Pint as
uniform. This is justified experimentally by the absence of visible cytosolic flow
within the cell on the observation time-scale.

The model predicts the cell shape and the actomyosin distribution along the
cell surface, given the myosin motor activity and polymerization within the cortex.
These parameters are indeed actively and locally tightly regulated by the cell, and
are used as prescribed inputs in the model. We linearize the mechanical equations
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and only consider small perturbations of the different variables from a given ref-
erence state chosen as a spherical cell. The results remain hence limited to small
amplitudes, but they reveal the fundamental physical principles at work. We there-
fore do not intend to obtain quantitatively accurate results, but rather to bring out
and rationalize the essential mechanisms involved in the cortical redistribution and
cell shape change upon the adhesion-cue trigger.

Linearization of the membrane equations around the sphere

! 

Pint 

Pext 

er 
 

ez 
 

R0 

 r0 

 

s0 

! 

 

d0 

e" 
 

e0

Figure 2.10: Sketch of the initial spherical configuration of the membrane.

We perturb the variables in section 2.2.2.4 around a spherical reference state of
the membrane depicted in fig. 2.10, of radius R0 and thickness e0 =

vp

kd
and sub-

jected to a tension Na
0 = ζ0∆µ e0 that satisfies Laplace’s equilibrium: ∆P0 =

2Na
0

R0
.

We choose the polar angle θ ≡ s0
R0

as the main coordinate here

ψ(θ) = θ + δψ(θ) , R(θ) = R0 + δR(θ) ,

e(θ) = e0 + δe(θ) , r(θ) = r0(θ) + δr(θ) ,

vp(θ) = e0 kd + δvp(θ) , κt(θ) = 1
R0

+ δκt(θ) ,

ζ(θ) = ζ0 + δζ(θ) , κϕ(θ) = 1
R0

+ δκϕ(θ) ,

P = Pint0 + δPint .
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We rescale the variables as follows to makes them dimensionless

R̄ = R/R0 , t̄ = t ζ0∆µ
2η ,

κ̄t = R0 κt , v̄p =
vp
e0 kd

,

κ̄ϕ = R0 κϕ , k̄d = kd
2η

ζ0∆µ ,

ē = e/e0 , ūαα = uαα
2η

ζ0∆µ ,

ζ̄ = ζ/ζ0 , P̄ = P
ζ0∆µ

R0
e0
.

From curvilinear force balance and turnover dynamics (eqs. (2.31a) and (2.31b)
and eq. (2.36)) we get three coupled linearized and dimensionless equations describ-
ing the quasi-static mechanical equilibrium of the membrane shell. We omit the
upper-bar from here on for sake of readability.

δPint = δe+ δζ + 3 (utt + uϕϕ) +
1

2
(δκt + δκϕ) , (2.45a)

0 = ∂θ δe+ ∂θ δζ + 2 [∂θ (2utt + uϕϕ) + cot θ (vtt − vϕϕ)] , (2.45b)

0 = kd [δe− δvp] + utt + uϕϕ +
dδe

dt
. (2.45c)

The geometric variables are not independent from each others and one can easily
show that

δκt = −
{
∂2
θ + 1

}
δR , (2.46a) δκϕ = −{cot θ ∂θ − 1} δR . (2.46b)

We can also express the strain rates as a function of the velocities (vθ, vR) along
the radial and polar directions (eθ, eR) at first order in perturbation:

utt = ∂θvθ + vR , (2.47a) uϕϕ = cot θ vθ + vR . (2.47b)

Local perturbation of activity or/and turnover in the bead region
We look at the response of the cell to the combined effect of a prescribed decrease
of polymerization and myosin activity in the region of the bead (B). We suppose
that these perturbations are of Gaussian form:

δvp(θ) = −δvB
p e
−
(
θ
θB

)2

, (2.48a) δζ(θ) = −δζB e
−
(
θ
θB

)2

. (2.48b)

where θB ≡ arcsin
(
a
R0

)
. a is the size of the perturbation region, δvBp > 0 and

δζB are the amplitude of, respectively, the polymerization and activity decrease in
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the cue region.

We seek for a stationary equilibrium solution of eqs. (2.45) to (2.47), which
imposes vR ≡ 1

R
DR
dt = 0 and De

Dt = 0. We therefore infer

1

2

{
∂2
θ + cot θ ∂θ + 2

}
δR = 3 {∂θ + cot θ} vθ + δe+ δζ , (2.49a)

4

{
∂2
θ + cot θ ∂θ − cot2 θ − 1

2

}
vθ = −∂θ δe− ∂θ δζ , (2.49b)

−kd [δe− δvp] = {∂θ + cot θ} vθ. (2.49c)

We can check that we have three variables vθ, δe and δR and three coupled
differential equations. We therefore only need to precise the boundary conditions
at θ = 0 and θ = π to fully determine the solution of the problem subject to the
external perturbations δζ(θ) and δvp(θ) (2.48):

vθ(0) = vθ(π) = 0 , (2.50a)

∂θR(0) = ∂θR(π) = 0 , (2.50b)

∂θe(0) = ∂θe(π) = 0 . (2.50c)

We decompose the variables in series of Legendre or Gegenbauer polynomials
since these functions constitute a orthogonal basis which is well-adapted to problems
close to circular geometries:

vθ(θ) =
+∞∑

n=1

V (n) In+1(cos θ)

sin θ
,

δe(θ) =

+∞∑

n=0

E(n) Pn(cos θ) ,

δR(θ) =

+∞∑

n=0

R(n) Pn(cos θ) ,

δζ(θ) =
+∞∑

n=0

Z(n) Pn(cos θ) ,

δPint =

+∞∑

n=0

P
(n)
int Pn(cos θ) = P

(0)
int .

where Pn is the Legendre polynomial of order n and In+1 ≡ Pn−1−Pn+1

2n+1 is the
Gegenbauer polynomial of order n + 1. The choice to decompose a quantity into
Legendre or Gegenbauer polynomials depends on the order of the derivatives at
which the variable appears in the equation: the two polynomials are first derivative
functions of one another up to a factor sin θ (see section 2.D.2) and we want to end
up with equations of Legendre polynomials of the same order only.

We insert the previous decompositions into the stationary mechanical membrane
equations (2.49). Using classical properties of Legendre polynomials (eq. (2.153) in
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section 2.D.2) we get the following recursion relations the decomposition coefficients:
∀n ≥ 1

1

2
[2− n (n+ 1)] R(n) = 3V (n) + E(n) + Z(n), (2.52a)

2 [1− 2n (n+ 1)] V (n) = n (n+ 1)
[
E(n) + Z(n)

]
, (2.52b)

V (n) = −kd

[
E(n) − V (n)

p

]
. (2.52c)

Mode n = 0 The mode n = 0 corresponds to an isotropic expansion of the
cell, so V (0) = 0. Because we consider that the cell volume does not vary we impose
R(0) = 0. Therefore only internal pressure has to increase to compensate the
activity variation. Higher modes, on the contrary, conserve volume at first-order
and do not contribute to pressure variation.

R(0) = 0 , V (0) = 0 ,

E(0) = 0 , P
(0)
int = Z(0) .

Mode n = 1 The mode n = 1 is treated separately since eqs. (2.52a)
and (2.52b) become degenerate which leaves R(1) undefined. This mode corre-
sponds to a cell translation along the z axis and we impose here that the cell does
not move along the z-axis according to experiments, so R(1) = 0.

R(1) = 0 , V (1) =
kd V

(1)
p

1−3kd
, E(1) =

3kd V
(1)
p

3kd−1 ,

Modes n > 1 For modes n > 1 the determinant of the system of equations
(2.52) is non-zero and we can solve it:

R(n) =
2 kd

{
V

(n)
p + Z(n)

}

2 kd [1− 2n (n+ 1)] + n (n+ 1)
, (2.53a)

V (n) =
kd n (n+ 1)

{
V

(n)
p + Z(n)

}

2 kd [1− 2n (n+ 1)] + n (n+ 1)
, (2.53b)

E(n) =
2 kd [1− 2n (n+ 1)] V

(n)
p − n (n+ 1) Z(n)

2 kd [1− 2n (n+ 1)] + n (n+ 1)
. (2.53c)

We calculate numerically the coefficients Z(n) and V (n) from the expression of
motor activity and polymerization perturbation (2.48) up to a certain order n:

Z(n) =
2n+ 1

2

∫ π

0
dθ δζ(θ)Pn(θ) sin θ , (2.54a)

V (n)
p =

2n+ 1

2

∫ π

0
dθ δvp(θ)Pn(θ) sin θ . (2.54b)

We can then reconstruct numerically the functions δvθ(θ), δe(θ) and δR(θ),
solutions of the problem by means of the Eqs. (2.1.2.2), (2.1.2.2) and (2.53).
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Note that the effects of the two perturbations, motor activity and polymeriza-
tion, add up linearly (2.53), as expected for linearized equations.

Results of the model

Local decrease of active tension at the bead pole triggers cell cortex
and shape polarization We impose successively in the bead region:

1. a decrease of motor activity ζ plotted in fig. 2.11, while maintaining the poly-
merization vp uniform along the cortex;

2. a decrease of the polymerization plotted in fig. 2.12, while maintaining the
motor activity ζ uniform along the cortex;

3. a simultaneous decrease of polymerization and myosin activity, which would
correspond to a decrease of active RhoA, fig. 2.13 (C).
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Figure 2.11: Results of the perturbation approach for a local decrease of the myosin activity in the
region of the bead. (A) Form of the activity perturbation function ζ/ζ0 imposed along the cortex
as a function of the polar angle θ. (B) Distribution of the cortical thickness e(θ) along the cortex,
normalized by the initial thickness e0. (C) Amplitude of the cortical flow V (θ) generated by the
perturbation, normalized by a typical active velocity Va = R0

ζ0∆µ
2η

, along the cortex as a function
of θ. (D) Cortical tensions as function of θ: isotropic active tension Na

t,ϕ(θ) (red) and anisotropic
viscous tensions Nv

t (θ) 6= Nv
ϕ(θ) (green, blue), multiplied by a prefactor 10.

The three scenarios correspond to a decrease of the active tension — proportional
to ζ and e — (eqs. (2.32a) and (2.32b)) in the region of the bead and lead to the
same process of polarization. Th decrease of polymerization and myosin activity
lead however to distinct preeminent effects. Both perturbations result in a decrease
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of active tension that triggers a longitudinal active flow propagating along the cortex
away from the bead toward the opposite pole. The flow velocity V , normalized by
a typical active velocity Va ≡ R0

ζ0∆µ
2η , is zero at the two poles and has a maximum

around the region where the activity perturbation vanishes. This cortical flow tends
to deplete actomyosin from the region of the bead and to accumulate it to the
opposite pole, but this effect alone is pretty weak with a perturbation of the myosin
activity alone, as shown on fig. 2.11B. The competition of this flow with turnover
dynamics, which tends to maintain a uniform thickness e0 along the cortex, leads to a
stationary distribution of cortical thickness along the cortex. Therefore the decrease
of thickness is more prominent when the polymerization is decreased in the bead
region (see fig. 2.12B). The cortical flow leads in both cases to anisotropic viscous
tensions along the cortex: Nv

t (θ) 6= Nv
ϕ(θ). This anisotropy is responsible for the

stationary non-spherical shape of the cell, as we explain further. However the shape
deformation of the perturbed cell is pretty weak, unless we decrease simultaneously
the polymerization and the myosin activity in the bead region. We summarize these
results in fig. 2.13 with plots of the cell shape with thickness, where we outlined the
amplitude of the cortical flow via a color gradient. The cell tends to elongate along
the polarization axis to lead to a pear-like shape in fig. 2.13C, in good qualitative
agreement with experimental observations of the polarized state of cells.

Cortical flows are necessary to account for non-spherical cell shapes
As we already mentioned in eq. (2.42), a purely isotropic cortical tension Nt = Nϕ

leads necessarily to a spherical shape, which indeed minimizes optimally the surface
for a given volume. Note that this is true only for an isolated cell, which is not
submitted to any external force, apart from the inner and outer pressures. We
neglect here the axial force exerted by the optical tweezer on the cell, as well as
the frictional drag of the Pll-PEG layer. Since the active tension is isotropic by
definition here (see eqs. (2.32a) and (2.32b)), anisotropic contributions to the cortical
tensions have to be invoked to account mechanically for the non-spherical shapes of
the polarized cells. They can only emerge from a sustained cortical flow, which is
necessarily anisotropic on a closed surface and is triggered by a gradient of active
tension along the cortex. This simple mechanical analysis predicts therefore that
non-spherical stationary shape of the polarized cells is an evidence for persistent
and longitudinal cortical flows along their surface.

Further analysis of the plots of tensions within the cortical shell (figs. 2.11
and 2.12D) reveal common mechanical properties:

• The viscous tension along the azimuthal direction eϕ is systematically higher
than the viscous tension along the axial direction t: Nv

ϕ ≥ Nv
t . The cell is sub-

ject to a higher tension along its azimuthal direction and elongates therefore
along the revolution axis ez.

• The viscous tensions are equal at the poles: Nv
t (θ = 0) = Nv

ϕ(θ = π) ≡ Nv

making cortical tension locally isotropic. The two poles extrema, that we
denote 1 for θ = 0 and 2 for θ = π, are therefore the only physical points
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Figure 2.12: Results of the perturbation approach for a local decrease of the polymerization in the
region of the bead. (A) Form of the polymerization function vp/kde0 imposed along the cortex as
a function of the polar angle θ. (B) Distribution of the cortical thickness e(θ) along the cortex,
normalized by the initial thickness e0. (C) Amplitude of the cortical flow V (θ) generated by the
perturbation, normalized by a typical active velocity Va = R0

ζ0∆µ
2η

, along the cortex as a function
of θ. (D) Cortical tensions as function of θ: isotropic active tension Na

t,ϕ(θ) (red) and anisotropic
viscous tensions Nv

t (θ) 6= Nv
ϕ(θ) (green, blue), multiplied by a prefactor 10. (E) Cell shape, cortical

thickness and cortical flow amplitude after perturbation; the arrows indicate the direction of the
cortical flow and the color shading its local amplitude.

where the cell is purely spherical and where the original law of Laplace applies:

∆P =
2(Na

1,2+Nv
1,2)

R1,2
. Since the active contribution dominates largely over the

viscous contribution in the cortical tension here Na + Nv ≈ Na (note the
multiplying factor 10 for viscous tensions in the plots), we can make a rough
mechanical analysis of the curvature radius difference between these two points
in experiments: the actomyosin has been depleted from region 1 (bead θ = 0)
and enriched in region 2 (opposite pole θ = π), which leads to a stronger active
tension, and therefore cortical tension in the region 2. Since the pressure is
uniform within the cell at equilibrium, the law of Laplace reads R2

R1
≈ Na

2
Na

1
>

1. The radius of curvature in the region of the bead is indeed clearly lower
than the one at the opposite pole. Because of the adhesion surface of the
bead, one can remark nevertheless that the cell can not be perfectly spherical
experimentally at this point.

2.1.2.3 Discussion

We propose a physically consistent scenario for the cell shape and cortex polarization
by a local biomechanical trigger. The shape deformation and actomyosin redistribu-
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Figure 2.13: Cell shape, cortical thickness and cortical flow amplitude. (A) At spherical reference
state: the myosin activity ζ generates an active tension Na within the viscous cortex of initial
thickness e0 and radius R0 under permanent turnover. The cortical tension balances the pressure
difference across the cell according to Laplace’s law: Pint−Pext = 2Na/R0. (A,B,C) After pertur-
bation in the bead region of myosin activity only (B), polymerization only (D) and myosin activity
and polymerization (C). The arrows indicate the direction of the cortical flow and the color shading
its local amplitude.

tion obtained theoretically are in very good qualitative agreement with experimental
observations, even though they remain quite weak by their perturbative nature. We
will see in the next section how we can go beyond the perturbation approach and
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solve numerically the non-linear problem. From the shape deformation, we infer the
necessary presence of cortical flows along the cell cortex from the bead region to
the opposite pole. It would be interesting to try to measure these cortical flows, for
example by looking at the movement of very small beads adhering to the membrane
surface (non-coated to avoid biochemical specific interaction), as it has been done
in the context of cytokinesis [Hiramoto 1958]. The force exerted by the cell — that
we neglected here — was furthermore measured as a function of time for varying
trap stiffness. His results, shown on fig. 2.14, reveal two very interesting behaviors:

1. There exists a force threshold, above which the cell sustains its po-
larization process even if the bead gets untrapped. If the bead gets
untrapped before the cell has reached this force threshold, it relaxes toward
non-polarized spherical state. This behavior strongly suggests the existence of
a positive feedback mechanism to sustain a gradient of active tension. A pos-
sible mechanism would be the advection of positive regulators of the myosin
activity and/or actin polymerization by the cortical flow. Such a mecha-
nism has already been proposed to account for the spontaneous polarization
and migration of cells in 3D environments [Hawkins 2011] via advection of
myosin motors directly, but also to explain the polarization of PAR proteins
in C.Elegans upon sperm entry [Goehring 2011]. However in these two studies
the cell deformation was not taken into account. It would be therefore interest-
ing to add such a feedback mechanism to our cortical membrane framework to
study this polarization process in a more general way. Experimentally it would
require to measure and better characterize the signal induced by the cue, that
we suspect to be a decrease of RhoA-GTP, but also to elucidate the feedback
mechanism, that could involve proteins that act on the RhoA-pathway at a
more upstream level (PIP2, Ect2 etc...) (see section 1.1.1.1).

2. The force exerted by the cell on the bead increases with time, and
the loading rate increases with the trap stiffness. It suggests that
the cell response is mechanosensitive and that the biochemical signal trans-
mitted at the cell level by the integrin-fibronectin complex depends on the
force in a dose-dependent way. This system may have a self-amplifying feed-
back [Goehring 2013] that would explain the reinforcement of cell traction
over time at fixed trap stiffness. There is a massive literature on the sensitiv-
ity of integrin-mediated cell adhesion upon 2-dimensional matrix rigidity, but
little is known about the process in 3 dimensions. Notably, no formation of
focal adhesion could be detected during the course of actomyosin-dependent
cell polarization, in sharp contrast to cell adhesion on 2-dimensional matrices.
The capacity of the cell to feel the trap stiffness may be linked of its ability
to deform in 3 dimensions in order to exert a force. But the mechanosensi-
tivity of the integrin-fibronectin complex could also be purely local and may
not depend on cell deformation. To discriminate between these two scenar-
ios, one could perform experiments involving several Fn-coated beads trapped
at different locations on the cortex. To couple theoretically the trap force
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Figure 2.14: Cellular forces developed by the cell in response to the trap stiffness.
Typical plots represent the time evolution of the force exerted by a polarizing cell to the Fn-coated
bead trapped with different stiffness. Dashed lines indicate the maximum trapping force reached
before the bead escapes from the trap. (N denotes the number of analyzed cells) (Inset) Cell
loading rate as a function of the trap stiffness.

with the cell cortex response and test different modeling hypothesis we should
add a realistic axial trap force along eϕ in our membrane model. We detail
in section 2.E an extension of our membrane model to an unclosed surface
subject to an axial force. We show that adding an axial force at one pole
requires the exact opposite force on the cell to satisfy global force balance on
the cell. In Bun’s experiment this opposing force is mediated by a "solid"
friction on the Pll-PEG cushion that we can hardly control and model. Our
mechanical approach suggests to develop another setup to maintain the cell
at a fixed position by a tunable axial opposite force like the suction force of a
micropipette.
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2.2 Lagrangian continuous and discrete formulations

We have seen that the Eulerian formulation of our visco-active membrane theory can
be solved analytically in perturbation. Describing the furrow constriction dynamics
during cytokinesis requires however to solve the equations of motion in the fully
non-linear regime. We need therefore to use numerical tools, but as we mentioned
previously the cytoplasmic pressure appears as a non-local term in the Eulerian
partial diffential equations, making the problem difficult to solve by classical finite-
difference schemes. We reformulate here the visco-active membrane theory in terms
of Lagrangian variables. Although we do not insist on the formal equivalence be-
tween the Lagrangian and Eulerian formulations, the reader will easily appreciate
their adequation. Hence we won’t justify certain formula that result from exactly
similar arguments, but we will insist on the geometrical aspects that differ from the
Eulerian variables. The Lagrangian formulation provides a natural way to discretize
smooth variables in space and the weak formulation of mechanical equilibrium al-
lows to translate the equations of motion into a variational problem that can be
solved by classical linear algebra and therefore easily implemented numerically. The
Lagrangian approach and the solving method are direct extensions of the work of
Basile Audoly and co-workers [Audoly 2013] on the dynamics viscous threads. Fi-
nally we adapted successfully to axisymmetric visco-active membranes the numerical
code that they developed over the past years for simulating the dynamics viscous
threads [Bergou 2010].

2.2.1 Derivation of the Lagrangian visco-active membrane equa-
tions

2.2.1.1 Continous formulation

The Lagrangian approach consists in following the movement of individual material
points in the membrane. The current membrane configuration is therefore always
defined relative to a reference state, that needs to be fully determined. It is chosen
here to be spherical, corresponding to the metaphase cell shape, right before cytoki-
nesis onset. We call S the Lagrangian curvilinear coordinate in the reference state
of the membrane, to be distinguish from the Eulerian curvilinear or contour length
s used in the previous section and redefined.

Spatial and temporal derivatives of any function f(S, t) are defined by

f ′(S, t) =
∂f(S, t)

∂S
, (2.55a)

ḟ(S, t) =
∂f(S, t)

∂t
. (2.55b)

Since S is a Lagrangian variable, the time derivative is a material derivative —
often written ḟ(S, t) = Df(s,t)

Dt in an Eulerian formulation — and describes the rate
of change of f as one follows a given particle.
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Figure 2.15: Sketch of the continuous membrane shell: Piece of the membrane layer of
thickness e. The membrane mid-line is parametrized by (r(S), z(S)) in the plane (ez, er). In the
local Frenet frame {t(S),n(S), eϕ}, the membrane is subjected to a tension Nt in its tangential
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direction n.

Membrane kinematics
In actual configuration at time t, the position of the membrane reads

x(S, t) = z(S, t) ez + r(S, t) er(ϕ) . (2.56)

Its first and second time derivatives are the material velocity and acceleration:

u(S, t) = ẋ(S, t) =
(
ż(S, t), ṙ(S, t)

)
, (2.57a)

ẍ(S, t) = u̇(S, t) =
(
z̈(S, t), r̈(S, t)

)
. (2.57b)

The local Frenet frame (t,n, eϕ) is the same as in the Eulerian formulation. t

and n are the unit vectors tangent and normal to the midline

t(S, t) =
x′

|x′| =
x′(S, t)

`(S, t)
, (2.58a)

n(S, t) = eϕ × t(S, t) . (2.58b)

where `(S, t) = |x′(S, t)| measures the stretch of the mid-line curve, compared to
the reference configuration.

The Eulerian curvilinear or contour length s is defined here using the equator as
the origin: s(S, t) =

∫ S
Seq

dS′ `(S′, t), where Seq denotes the Lagrangian coordinate
of the equator in the reference configuration.
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The area of the membrane per unit dS and dϕ is given by

a =
∣∣x′ × x,ϕ

∣∣ = |` t× (−r eϕ)| = `(S, t) r(S, t) . (2.59)

where f,ϕ ≡ ∂f
∂ϕ

The rate of membrane stretching reads therefore

ȧ

a
=

˙̀

`
+
ṙ

r
, (2.60)

where ˙̀ =
∣∣∣ ∂2x
∂S∂t

∣∣∣ =
∣∣∂u
∂S

∣∣ = t · ∂u
∂S .

By identification we deduce the two components ds + dϕ = ȧ
a of the membrane

strain rate in the tangential direction t and in the azimuthal direction eϕ

ds(S, t) =
˙̀

`
= t ·

(
1

`

∂u

∂S

)
, (2.61a)

dϕ(S, t) =
ṙ

r
= er ·

u

r
. (2.61b)

The membrane’s strain rates in the tangential and azimuthal directions can be
identified with the strain rates at the mid-surface at dominant order, ds = utt and
dϕ = uϕϕ, similarly to the Eulerian formulation (2.33).

Membrane tensions
Exactly like in the Eulerian formulation (eqs. (2.32a) and (2.32b)), the membrane
tensions are the sum of an isotropic active term and an anisotropic viscous contri-
bution:

Nt = Na +Nv
t =

e

2
ζ∆µ+ 2 η e (2 ds + dϕ) , (2.62a)

Nϕ = Na +Nv
ϕ =

e

2
ζ∆µ+ 2 η e (ds + 2 dϕ) . (2.62b)

Turnover dynamics
Similarly to the Eulerian formulation (2.36), gel incompressibility with turnover
dynamics leads to

utt + unn + uϕϕ =
vp

e
− kd . (2.63)

We consider an element of membrane of volume a e = `(S, t) r(S, t) e(S, t) per
unit dS and dϕ, where the element of surface a is defined in eq. (2.59). We identify
the rate of surface stretching ds + dϕ = uss + uϕϕ = ȧ

a and the rate of thickness
variation unn = ė

e . We deduce the Lagrangian rate of variation of the element of
membrane volume ae under both effects of incompressibility and turnover

d (a e)

dt
= −kd ae+ vp a . (2.64)
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Cytoplasm

Viscous dissipation in the cytoplasm Flows of the cytoplasm in cytokinesis
are triggered by compression in the furrow region and by advection by cortical flows
along the internal surface. Cytoplasmic flows are therefore passively driven by an
active cortical flow of typical value va. The order of magnitude of the strain rate of
cytoplasmic flows is therefore va

R , where R is the mean curvature radius of the polar
regions. Note that this scaling law also gives the strain rate of cortical flows from
the poles toward the equator. Cytoplasmic flows operate on volumes of the order of
cell volume R3, whereas the typical cortical volume is R2e0, where e0 is the cortical
thickness. We evaluate therefore the two sources of dissipation as follows

Dcytoplasm ≈ ηcytoplasmR3
(va

R

)2
, (2.65a)

Dcortex ≈ ηactomyosinR
2e0

(va

R

)2
. (2.65b)

The ratio of the two sources of viscous dissipation, cytoplasmic and actomyosin
cortical flows, scales finally as

Dcytoplasm

Dcortex
≈ ηcytoplasm
ηactomyosin

R

e0
. (2.66)

which is identical to the formula derived by Yeung and Evans in a more detailed
analysis [Yeung 1989]. The viscosity of the cortex is of the order of 105-106 Pa.s

(see table 2.1), whereas the cytoplasmic viscosity is of the order of 10−2-101 Pa.s

[Daniels 2006, Charras 2009, Kalwarczyk 2011]. In spite of a high volume ratio
R/e0 ≈ 102 (see table 2.1), the viscous dissipation in the cytoplasm remains there-
fore largely negligible compared to the dissipation in the cortex during cytokine-
sis: Dcytoplasm � Dcortex. Our model is based on the hypothesis opposite to that
of [Zhang 2005], where authors assumed that cytoplasmic flows limit furrow con-
striction in Dictyostelium cells.

Cytoplasmic volume and pressure Measurements show that the cy-
toplasmic volume is nearly conserved throughout cytokinesis [Hiramoto 1958,
Sedzinski 2011]. The cytoplasm is implemented here as a weakly compressible fluid
with negligible viscosity. It applies therefore onto the membrane a uniform hydro-
static pressure P relative to the outer pressure given by

P = −K (V − V0) , (2.67)

where V0 ≡ 4
3πR

3
0 is the initial cell volume. Using a large value of the bulk modulus

K (see section 2.G) the cytoplasm becomes nearly incompressible and the volume
V is nearly conserved (see fig. 2.23 A).
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Force balance
Force balance of the 2-dimensional membrane reads in a very formal way

∇2D ·N + P n = 0 , (2.68)

where the 2-dimensional divergence operator∇2D depends non-linearly on the actual
configuration of the membrane. Its expression is made explicit further.

Alternatively to force balance we use the principle of virtual work for thin mem-
branes, as it provides a natural way to obtain the equations of motion for discrete
membranes. For any virtual motion of the membrane û(S, t) = ˆ̇x subject to the
constraint of incompressibility, the balance of forces in weak form2 reads (Einstein
notation) [Libai 1998]

−
∮
dANαβ d̂αβ −K (V − V0) ˆ̇V = 0 . (2.69)

where d̂αβ = ûαβ = 1
2 (∂αûβ + ∂βûα) is the virtual strain rate, ˆ̇V =

∮
dAnβûβ is the

virtual change of volume, and
∮

is the integral on the closed membrane surface.
The weak form allows us to calculate explicitely the divergence operator above.

Although we don’t use this explicit strong formulation of force balance, we prove
the equivalence between the two approaches and illustrate the power of the weak
formulation on this example. The divergence operator div (Nt, Nϕ) is defined by
the identity
∮
dAdiv (Nt, Nϕ) · û = −

∮
dA

(
Nsd̂s +Nϕd̂ϕ

)

which must hold for any virtual displacement û associated with the virtual strain
rates d̂s and d̂ϕ. Inserting the explicit expressions of the virtual strain rates, we find

∫
2πr` dS div (Nt, Nϕ) ·

(
ˆ̇zez + ˆ̇rer

)
= −

∫
2πr` dS

(
Nt

t

`
· ∂û

∂S
+Nϕ

ˆ̇r

r

)

=

∫
2πr` dS

{
ˆ̇z

[
− 1

r`

∂

∂S
(rtzNt)

]
+ ˆ̇r

[
Nϕ

r
− 1

r`

∂

∂S
(rtrNt)

]}
,

Identifying both sides, we find an explicit expression of the divergence operator:

div (Nt, Nϕ) = − 1

r`

∂

∂S
(rtzNt) ez +

(
Nϕ

r
− 1

r`

∂

∂S
(rtrNt)

)
· er. (2.70)

The principle of virtual work (2.69) yields therefore the force balance on a mem-
brane.

2The weak formulation can be formally obtained by multiplying the force balance (2.68) by the
virtual motion û and integrating by parts.
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2.2.1.2 Discrete formulation

We extend here the discretization approach proposed for viscous threads
[Audoly 2013] to the case of axisymmetric membranes, based on the previous con-
tinuous equations.
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Figure 2.16: Sketch of the discrete membrane shell: Discrete axisymmetric membrane mid-
surface reconstructed by revolving the discrete mid-line

{
xi = (zi, ri)

}
0≤i≤n+1

defined in the
section plane (er, eϕ).

Geometrical relations
The axisymmetric membrane shell is represented by a collection of n + 1 vertices
{xi(t) = (ri(t), zi(t))}0≤i≤n living in the half-plane r ≥ 0 as represented on fig. 2.16.
Neighboring vertices are connected by segments enumerated from 1 to n. The
vertices at the poles x0 and xn are subjected to the constraint r0 = rn = 0, closing
the membrane surface. The membrane motion is described by the vertex position,
whereas the mass, surface, volume, stresses and strains are naturally segment based.
Vertex based variables are numbered with a subscript as in vi, whereas segment
based variables are designated by a superscript as in si.

The volume enclosed by the membrane reads

V =
n∑

i=1

V i =
n∑

i=1

V (xi−1,xi) , (2.71)

where the contribution associated with a segment is the volume enclosed by a trun-
cated cone obtained by revolving the segment about the z-axis,

V (xi−1,xi) =
π

3
(ri−1

2 + ri−1 ri + ri
2) (zi − zi−1) . (2.72)

Let us call gi the gradient of the enclosed volume with respect to vertex positions.
It will be used to define a discrete pressure force:

gi = ∇xiV . (2.73)

It can be computed by summing contributions of the form

V,i(xi−1,xi) =
π

3

[
(ri−1 + 2 ri) (zi − zi−1) er + (ri−1

2 + ri−1 ri + ri
2) ez

]
, (2.74)
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and the symetric formula for V,i−1(xi−1,xi). Here, the comma in index denotes a
gradient with respect to a vertex xi: ∇xif = f,xi .

The area of the membrane reads

A =

n∑

i=1

Ai =

n∑

i=1

A(xi−1,xi) , (2.75)

where the contribution associated with a segment is the lateral area of a truncated
cone,

A(xi−1,xi) = 2π
ri−1 + ri

2
`i , (2.76)

with

`i =
√

(ri − ri−1)2 + (zi − zi−1)2 , (2.77)

denoting the segment length.

Membrane strain rates
From the continuous formulation (2.61), we deduce the discrete strain rates in the
tangential and azimuthal directions

dis =
˙̀i

`i
=

ti · (ui − ui−1)

`i
. (2.78a)

diϕ =
ṙi + ṙi−1

ri + ri−1
=

er · (ui−1 + ui)

ri−1 + ri
. (2.78b)

Membrane tensions
From the continuous formulation in (2.62) the discrete membrane tensions read

Nv i
t =

1

2
ei ζi∆µ+ 2 η ei (2dis + diϕ), Nv i

ϕ =
1

2
ei ζi∆µ+ 2 η ei (dis + 2diϕ) . (2.79)

Cytoplasmic pressure
From the continuous constitutive relation (2.67), we can express the uniform cyto-
plasmic pressure by summing discrete enclosed volume contributions in eq. (2.72)

P = −K
(

n∑

i=1

V (xi−1,xi)− V0

)
. (2.80)

Balance of forces
The membrane stress (or tension) is described by a tensor living on segments

Ni = N i
t ti ⊗ ti +N i

ϕ eϕ ⊗ eϕ , (2.81)

where ti is the unit tangent vector associated to the segment j.
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The principle of virtual work (2.69) provides a natural way for discretizing the
equations of motion: for any virtual motion of the vertices (ˆ̇xi)0≤i≤n+1,
∑

vert i

P gi · ˆ̇xi −
∑

seg j

(
N j
t d̂

j
s +N j

ϕ d̂
j
ϕ

)
Aj = 0 , (2.82)

where P is the cytoplasmic pressure relative to the external medium. It is defined
in (2.80) and its virtual work is derived from the continuous formulation (2.69):
P ˆ̇V = P ∇xiV · ˆ̇xi = P gi · ˆ̇xi.

The virtual strain rates, in analogy with eq. (2.78), read

d̂js =
tj · (ˆ̇xj − ˆ̇xj−1)

`j
(2.83a)

d̂jϕ =
er · (ˆ̇xj−1 + ˆ̇xj)

rj−1 + rj
(2.83b)

When the virtual velocities are eliminated, the discrete principle of virtual work
(2.82) yields a set of 2n equations for the 2n degrees of freedom of the system.
These equations depend on the velocities through the viscous constitutive law.

Membrane incompressibility with turnover dynamics
Each segment carries a volume wi(t), which evolves in analogy with the continuous
formulation (2.64):

ẇi = −kdwi + vpA
i , (2.84)

where Ai is the lateral areal defined in (2.76).
This volume is used to reconstruct the thickness of a segment, based on the

position of its end vertices:

ei =
wi

Ai
. (2.85)

2.2.2 Numerical implementation

This section is a simplified version of the numerical approach developed by Basile
Audoly and co-workers in [Audoly 2013] to solve the dynamics of viscous threads.
For visco-active membranes, the solving method is identically based on a viscous
time-step. We recapitulate its main ingredients to show the benefit of the discrete
Lagrangian formulation for numerical implementation. Since our membrane remains
axisymmetric, we only need to describe the discrete mid-line in a section plane
(ez, er). This property allowed us to re-use the C++ code DVR (Discrete Viscous
Rods) that Basile Audoly and co-workers developed to describe the dynamics of a
viscous discrete rod in 3 dimensions [Bergou 2010]. We restricted its movement to a
plane, we imposed to its two ends to stay attached to the z-axis ez and we modified
the geometrical framework to take into account the 2 dimensional axisymmetric
surface features of our problem, as detailed above (segment surface, volume and
strain rates).
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2.2.2.1 Time discretization

Representation of the strain rates
Let us define the generalized position X and generalized velocity U of dimensions
2n+ 2,

X = {r0, z0, r1, z1, . . . , rn, zn} , (2.86a)

U = {ṙ0, ż0, ṙ1, ż1, . . . , żn, żn} . (2.86b)

Then, the dependence of the strain rates on the velocities in eq. (2.78) is linear in
the generalized velocity U, and can be represented using sparse vectors, Lis and Liϕ:

dis ≡ Li
s(X) ·U , diϕ ≡ Li

ϕ(X) ·U . (2.87)

Definitions of Li
s and Li

ϕ are found directly by identification with eq. (2.78):

Li
s(X) =

1

li
{0, . . . ,− ti

i−1
, ti
i
, . . . , 0} , Li

ϕ(X) =
1

ri−1 + ri
{0, . . . , er

i−1
, er

i
, . . . , 0} .

(2.88)

Note that the generalized velocity can also be virtual Û = {ˆ̇r0, ˆ̇z0, ˆ̇r1, ˆ̇z1, . . . , ˆ̇zn, ˆ̇zn} ..

Rayleigh potential
Helmotz in 1868 formulated the minimum dissipation theorem, which states that
the unique flow solution of a Stokes problem is the velocity field that minimizes
the rate of viscous dissipation, subject to the constraint of incompressibility and
boundary conditions. Here we define a dissipation potential, or Rayleigh potential
D, function of the strain rate tensor d1 only, that we explicited in (2.87) for a
given configuration

{
X,U

}
=
{
{xi}, {ui}

}
. The viscous Rayleigh potential plays a

similar role to the potential elastic energy. It allows the equations of motion to be
put in a variational form and provides a natural discretization of these equations,
as noticed in [Batty 2008].

D(X, Û) =

∫

mbr
dS Nv(X, Û) : d̂(X, Û) (2.89)

The main property of the Rayleigh potential is that it yields the viscous force
by simple derivation with respect to the velocity:

Fv = −∂D
∂Û

∣∣∣∣∣
Û=U

= −D(X) ·U , (2.90)

1For the sake of clarity we will add in this section a double underline to tensors, to distinguish
them from vectors
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where Fv is the viscous generalized force defined as Fv =
(
fv0 , f

v
1 , . . . , f

v
i , . . . f

v
n+1

)
,

with xi the net viscous force acting on the vertex. It can also be directly calculated
as

Fv
i = − ∂D

∂ûi

∣∣∣∣∣
Û=U

(2.91)

Although inertia is negligible in our problem, a small inertia term has been
added in the DVR code to update easily the velocity. The segment mass mi is
set uniformly at reference state and fixed artificially constant, independently of the
membrane volume update. The mass value is chosen arbitrarily small, and we check
a posteriori the absence of detectable inertial effects in the system.

For the case of a purely viscous membrane, the discrete equations of motion for
the vertex xi read

m̃i u̇i(t) = fvi (X,U) + f ext
i (2.92)

where Fext
i is the external loading, and m̃i is the vertex-based mass, defined as the

sum of the adjacent segments masses m̃i =
∑

j=i1,i
mj

2 and at boundaries m̃0 = m0

and m̃n+1 = mn. We define the mass matrix as M = Diag
(
m̃01, ..., m̃i1, ...

)
and

the generalized external loading Fext =
(
f ext
0 , f ext

1 , . . . , f ext
i , . . . f ext

n+1

)
.

The equations of motion can be rewritten in a very compact form using the
generalized force

M · U̇(t) = Fv
(
X(t),U(t)

)
+ Fext(t) , (2.93a)

Fv
(
X(t),U(t)

)
= −∂D(X, Û)

∂Û

∣∣∣∣∣
Û=U

. (2.93b)

Using the discrete definition of the membrane stress (2.79) the dissipation po-
tential can be written as a quadratic form of the generalized velocity

D(X, Û) =
1

2
Û ·D(X) · Û . (2.94)

where the dissipation matrix is defined as

D(X) =

n∑

segi

2 η eiAi
[
2 (Li

s ⊗Li
s + Li

ϕ ⊗Li
ϕ) + (Li

s ⊗Li
ϕ + Li

ϕ ⊗Li
s)
]

(2.95)

according to the definition of sparse operators Li (2.87).
We represent schematically below the dissipation matrix to illustrate its sparse-

ness which eases its manipulation (inverse calculation)
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u0 u1

u0

u1

.
z0

.
r0

.
z0.
r0

Figure 2.17: Sparsity pattern for the viscous dissipation matrix D.

Viscous time step
The problem can now be expressed as follows: we start from a known membrane
configuration

{
Xt,Ut

}
at time t and we want to calculate the next membrane

configuration at time t+ ε where ε is the numerical time step. In the discrete case
this problem is described by the system

M · Ut+ε −Ut

ε
= Fv

(
Xt,Ut+ε

)
+ Fext(t) , (2.96a)

Fv
(
Xt,Ut+ε

)
= −∂D(Xt, Û)

∂Û

∣∣∣∣∣
Û=Ut+ε

= −D(Xt) ·Ut+ε , (2.96b)

Xt+1 = Xt + εUt , (2.96c)

where we added an explicit position update rule (2.96c). The solution U t+ε at step
t + ε is calculated implicitly from previous configuration t by simply inverting the
dissipation and mass matrices D and M.

To complete the problem we need to enforce boundary conditions, and specifi-
cally here r0 = rn = 0. We allow therefore for the possibility to constrain generally
some degrees of freedom. The generalized velocity Ut+ε at the end of a time step is
determined by

Ut+ε = B ·Wt+ε , (2.97)

where Wt+ε is the reduced generalized velocity, collecting independent degrees of
freedom; it is the principal unknown of the system (2.96). B is an orthogonal matrix(
B> = B−1

)
that projects the equations of motion on "live" degrees of freedom. It

is simply the identity matrix in the case of unconstrained membrane.
The equation of motion is therefore restricted to this sub-space of independent

degrees of freedom:

B> ·M · Ut+ε −Ut

ε
= B> ·

(
Fext
t −D(Xt) ·Ut+ε

)
(2.98)
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Explicit update of the segment volume
The volume wi of the segment i evolves according eq. (2.84). We implement the
volume update explicitly

wi(t+ ε) = wi(t) + ε
(
− kdw

i(t) + vpA
i(t)
)
. (2.99)

2.2.2.2 Forces contributions

Generalized implementation of forces in the code DVR
We have seen the principle of time-discretization, based on a natural viscous time-
step emerging from the Rayleigh potential quadratic structure. We need to add
to the equation of motion (2.98) the contribution of active membrane stress and
cytoplasmic pressure. Within the previous purely viscous framework we consider
the active stress as an external force Fext without loss of generality.

We use the final velocity Ut+ε = {ut+ε0 , · · · ,ut+εn } as the main unknown and
rewrite the dynamic update (2.98) as a sum on the forces f on the membrane:

0 = B> ·




∑

f

[
Ff

e (Xt,Ut, t) + Gf
X
· (Xt+ε −Xt) + Gf

U
· (Ut+ε −Ut)

]


 (2.100)

Combining this equation (2.100) with the position update (2.96c) we get the fol-
lowing very compact formulation as a function of the velocity time difference only

B> ·
(
e− g · (Ut+ε −Ut)

)
= 0, (2.101)

where e and g depend only on actual configuration {Xt,Ut}.

e = ε
∑

f

(
Ff

e + εGf
X
·Ut

)
, (2.102a)

g = −ε
∑

f

Gf
U
. (2.102b)

Implementation of a force2 f is therefore done by calculating the corresponding
contributions and Ff

e , Gf
X

and Gf
U
to the vector e and the matrix g.

Inertia term
The inertial term, associated with the addition of an non-physical small mass, is
implemented as

Fi
e = 0, Gi

X
= 0, Gi

U
= −1

ε
M. (2.103)

2We do not distinguish here the internal or external character of the force
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Viscous stress
Here, we only consider the viscous contributions to the membrane stress, which are
the terms proportional to 2 η in eq. (2.79).

Fv
e = Gv

U
·Ut (2.104a)

Gv
X

= 0 (2.104b)

Gv
U

= −
∑

segi

2 η eiAi
[
2 (Li

s ⊗Li
s + Li

ϕ ⊗Li
ϕ) + (Li

s ⊗Li
ϕ + Li

ϕ ⊗Li
s)
]

(2.104c)

Note that the dissipation matrix D defined in eq. (2.95) plays the role of (−Gv
U

).

Pressure term
The compression modulus K being large to conserve cytoplasmic volume, we want
to implement the pressure term in a (linear) implicit manner

p ≈ −K (Vt − V0)

≈ −K
(∑

i

gi · (xt+εi − xti)− V0

)
(2.105)

Let us collect the volume gradients gi into a generalized vector G, such that
∑

i

gi · ẋi = G ·U . (2.106)

Comparison of the discrete principle of virtual work (2.82) and (2.100), shows
that the pressure is captured by

Fp
e = −K (Vt − V0) G, Gp

X
= −KG⊗G, Gp

U
= 0 . (2.107)

This formula breaks unfortunately the sparseness of the linear system for a time step.
The numerical code has been developed to take advantage of this sparseness feature
of the viscous equations to solve the linear system with fast inversion algorithms.
To keep the core structure of the code, we finally implemented pressure coarsely as
an explicit force:

Fp
e = −K (Vt − V0) G, Gp

X
= 0, Gp

U
= 0 . (2.108)

A better alternative would be to use fast projection methods but it would require
a profound revision of the original code.

Active stress
Here Na i denotes the active term in the membrane stress in eq. (2.79).

Fa
e = −

∑

seg i

Ai (Na iLi
s +Na iLi

ϕ), Ga
X

= 0, Ga
U

= 0 . (2.109)
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2.2.2.3 Adaptive mesh refinement and coarsening

Gradients of active tension trigger membrane flows and rapid accumulation of La-
grangian points toward the equatorial region (see fig. 2.21), where the contractile
activity is maximum, and to the depletion from regions of lowest activity. Re-
finement is also needed due to the large curvature in the equatorial furrow. We
implemented both mesh adaptation and coarsening as follows.

Adaptive mesh refinement
The procedure used for axisymmetric membranes is very similar to the original mesh
refinement algorithm implemented in the DVR code [Audoly 2013]. Segments that
need refinement are first identified at the end of a viscous time-step. The criterion
is based on the comparison of the length of the segment to some prescribed maximal
length, which has been chosen as 1.5 `0 where `0 = 2πR0/n0 is the initial length
of segments (n0 is the initial the number of segments). This refinement criterion
has been adjusted manually to offer the best compromise between accuracy and
efficiency. A new vertex is inserted in between the two vertices of each segment that
have been marked, and two new segments are allocated to replace the former one.
The new vertex is inserted, two new segments are allocated and the former segment
is removed. The new vertex position and velocity are calculated by an interpolation
of order 2 of position and velocity of its neighboring vertices. The stretching forces
which depend on the derivatives of the positions and velocities to an order up to
two, remain hence smooth upon subdivision. The volume of the two new segments is
finally interpolated to globally conserve volume and to result in the same membrane
thickness.

Adaptive mesh coarsening
The mesh coarsening procedure has been developed specifically for the present ap-
plication. It follows the same lines as the previous conventional mesh refinement
algorithm. At the end of a viscous time-step, the smallest segment is sought. Coars-
ening is applied to it when its length is below a prescribed threshold, or when the
angle between its neighboring segments exceeds a threshold. This criterion triggers
coarsening in the presence of large stretch, or when the curvature is large. Coarsen-
ing is applied by removing this segment and its two adjacent vertices, and replacing
them by a single vertex. The position and velocity of this new vertex is interpolated
again up to order 2, and the volume of the two adjacent segments are updated to
conserve volume globally.
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Figure 2.18: Mesh refinement and coarsening process: Example of the evolution of the num-
ber of vertices under the action of both adaptive mesh refinement and coarsening, corresponding
to the simulation of furrow constriction in fig. 2.21

2.2.2.4 Time-stepping: summary

Require: ε (time step)

Require: η, K, vp, kd (Membrane constants)

Require:
{
mi, wi(t), ζi(t)

}
(current segments configuration)

Require:
{
xi(t), ui(t)

}
(current vertices configuration)

Require: B (kinematical constraints eq. (2.97))

1 : set li, Ai, ei, gi, m̃i (geometry section 2.2.1.2)

2 : assemble M (mass matrix)

3 : set Li
s, Li

ϕ (discrete strain rates eq. (2.88))

4 : set D (matrix dissipation eq. (2.95))

5 : assemble Xt andUt eq. (2.86)

6 : assemble Gv
U
, Gv

X
, Fv

e (viscous stress contributions eq. (2.104))

7 : assemble Gi
U

(inertia term contribution eq. (2.103))

8 : assemble Fa
e (active stress contribution eq. (2.109))

9 : assemble Fp
e (pressure term contribution eq. (2.108))

10 : set e andg (eq. (2.102a))

11 : solve for Ut+ε (eq. (2.101))

12 : update Xt+ε (eq. (2.96c))

13 : update wi(t+ ε) (eq. (2.99))

14 : refine and coarsen the mesh (section 2.2.2.3)
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2.2.2.5 Code validation: spherical contraction under uniform active ten-
sion

t ! 0.00 T a

0.5

t ! 5.03 T a

0.5

t ! 10.00 T a

0.5

t ! 20.00 T a

0.5

φ

R

θ

e

Figure 2.19: Code validation: spherical contraction under uniform active tension. The
cell constricts under the action of the active stress ζ0∆µ/2 = 100, because the cytoplasmic bulk
modulus K = 10 is low. On the contrary the cortex thickness e remains fairly constant (e ≈ e0 =

vp/kd = 0.1R0) because the turnover time-scale it high compared to the contraction time-scale:
kdTa = 10.

Analytical solution
We consider a spherical isotropic active membrane enclosing a compressible fluid. Its
initial radius is R0 and the membrane shell has an initial thickness e0 as illustrated
on section 2.2.2.5. At time t = 0 we apply an isotropic active tension Na

0 , and
consider the spherical contraction, prescribed in spherical coordinates as

R(θ0, ϕ0, t) = R(t), θ(θ0, ϕ0, t) = θ0, ϕ(θ0, ϕ0, t) = ϕ0.

Membrane volume dynamics with turnover (2.64) reads

2
Ṙ

R
+
ė

e
= −kd +

vp
e
.

The strain rate tensor is locally isotropic, d = Ṙ(t)
R(t) (es ⊗ es + eϕ ⊗ eϕ),

and so is the membrane tension tensor N = (Nv +Na) (es ⊗ es + eϕ ⊗ eϕ).

The viscous part is given by the constitutive law in (2.62) as Nv = 6 η e(t) Ṙ(t)
R(t)

and the active part is prescribed as a function Na(t).

The constitutive law for the inner compressible fluid reads
P = −K

(
4π
3 R3(t)− V0

)
. From the weak formulation of equilibrium (2.69),

balance of forces reads then simply P = 2
R(t) N

a
0

Combining the previous equations we get a system of two coupled ordinary
differential equations (o.d.e.) governing the time evolution of the radius and the
thickness

Nv +N0
a = 6 η e(t)

Ṙ(t)

R(t)
+Na

0 = −KR(t)

2

(
4π

3
R3(t)− V0

)
(2.110a)

2
Ṙ(t)

R(t)
+
ė(t)

e(t)
= −kd +

vp

e(t)
(2.110b)
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Validation procedure
We validate our implementation of the compressible cytoplasm and of turnover by
comparing a numerical solution to the ordinary differential equations in (2.110)
obtained using MathematicaR© 9.0.1., to the results of the simulation. We plot
a comparison of numerical and analytical results for various values of K at fixed
turnover in section 2.2.2.5 A and for various kd > 0 and vp > 0 at fixed K in
section 2.2.2.5 B.
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Figure 2.20: Code validation: validation of cytoplasmic compressibility and cortex
turnover. Lines are solutions of the analytical equations for the cell radius R and membrane
thickness e. Markers are solutions of the numerical model and error bars indicate maximum
deviations along the membrane from the mean value. (A) Validation of the compressible cyto-
plasm implementation for three low values of the bulk modulus K = 10, 15 and 20 (kd = 40 and
vp = e0 kd = 0.1). The cell radius contracts correctly under the effect of active tension and shows
little longitudinal error. The amplitude of the contraction decreases when K increases as expected.
The membrane thickness reaches rapidly its stationary value vp/kd. (B) Validation of the turnover
implementation for three values of the depolymerization rate kd and polymerization velocity vp,
so that the initial membrane thickness e0 = 0.1 is different from vp/kd. A high value of the bulk
modulus K = 250 maintains the cell radius R at its initial value R0 to conserve cytoplasmic vol-
ume. In each case, the membrane thickness e reaches its stationary value vp/kd according to the
analytical prediction and shows little error along the membrane.
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2.2.2.6 Numerical time-scales

A dimension analysis of the problem leads to three typical time-scales:

• An active time-scale Ta = e0η
Na

0
= 2η

ζ0∆µ that characterizes the typical time for
viscous deformation of the actomyosin gel submitted to a basal active stress
ζ0∆µ/2. For any activity ζ, one can define a corresponding active time scale
Ta(ζ) = η/ζ∆µ. Ta is therefore the longest active time-scale in our problem,
since from Eq. 2 of the main text ζ(S, t) ≥ ζ0.

• A cytoplasmic compressibility time-scale TK = η e0
R0V0K

that compares the cor-
tex deformation time scale to the cytoplasmic pressure response.

• A turnover time-scale 1
kd

that characterizes the typical time for the layer thick-
ness relaxation.

Active layer intrinsic instability
We first compare the turnover and active time-scales. An active viscous layer with
variable thickness is intrinsically unstable without turnover: any spatial difference in
thickness creates a tension gradient that triggers an active flow toward the regions
of higher thickness. The thickness increase enhances the gradient of tension and
therefore amplifies itself via the cortical flow. Turnover stabilizes this effect if thicker
regions depolymerize rapidly enough and thinner regions regrow rapidly enough.
The active layer remains therefore stable if Ta kd � 1.

Compressibility time-scale
We compare the compressibility time-scale TK to the active time-scale Ta. The ratio
TK
Ta

= e0
R0

ζ0∆µ
V0K

compares active tension of the layer and cytoplasmic pressure. To
avoid collapse of the membrane it has therefore to be lower than one.

Code general stability
The time-step has to be smaller than all other time-scales in the problem. Taking
into account the previous stability requirements we end up with the following global
requirement for code stability

dt� TK <
1

kd
� Ta . (2.111)
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2.3 Furrow constriction in animal cells cytokinesis

2.3.1 Numerical results

In the initial state of the simulation, the membrane is a sphere with radius R0

and uniform stationary thickness e0 = vp/kd. It is subject to a uniform contractile
activity ζ0. We note that the initial contractile stress (ζ0 ∆µ/2) defines an active
time-scale when balanced with the viscosity,

Ta ≡
2η

ζ0∆µ
. (2.112)

At cytokinesis onset, an Gaussian band of over-activity forms at the cell equator
and causes cortical actin redistribution and furrowing [Bement 2005]. We therefore
impose along the membrane a Gaussian distribution of contractility

ζ(s, t) = ζ0 + δζ∞ I(t) exp

(
−1

2

[ s
w

]2
)
, (2.113)

where s is the curvilinear length defined from the equator, w is the band width,
δζ∞ the amplitude of the over-activity. I(t) is a sigmoidal function of time varying
from 0 to 1, and plotted as inset of fig. 2.21, that reproduces the temporal increase
of active RhoA at the cell equator [Bement 2005].

Typical numerical values for these parameters are picked from experimental ref-
erences and summarized in the following table 2.1.

Notation Quantity Expmts Simu References

R0 Cell radius 10− 100 µm 1
[Bement 2005,
von Dassow 2009a]

e0 Cortical thickness 0.2− 2 µm 0.02
[Salbreux 2012,
Clark 2013]

w Ring width 1− 10 µm 0.1
[Bement 2005,
von Dassow 2009a]

1
2 ζ0∆µ

Basal cortical
active stress

103 Pa 1 [Tinevez 2009]

Ta
Typical active
time-scale

103 s 10
[Bement 2005,
von Dassow 2009a]

η = 1
2 ζ0∆µTa

Actomyosin
viscosity

106 Pa s 10 /

kd = log 2
τFRAP

Depolym. rate 0.04 s−1 4

[Guha 2005,
Murthy 2005,
Fritzsche 2013]

vp = e0 kd Polym. velocity 8− 80 nms−1 0.08 /

Table 2.1: Notations and typical experimental and numerical value(s) with reference(s). Numerical
values have been chosen so that R0 = 1 and Ta = 10 are the length and time-scales of reference.



96 Chapter 2. A visco-active membrane theory of the cell cortex

0.0

0.2

0.4

0.6

0.8

1.0

Ζ ! Ζmax t " 0.00 T a

0.5

0.5

t " 0.50 T a

0.5

t " 1.25 T a

0.5

t " 2.00 T a

0.5

ez

φ

P

R0
t

n

eφ

turnover

Ns

Nφ

e0

0

1

2

3

rf

Lp

Figure 2.21: (Left) Numerical cell shape and cortex thickness evolution: (t0) Initial spherical cortex
of radius R0 and main ingredients of the model. The membrane is axisymmetric around the axis ez
and is subjected to internal tensions Ns and Nϕ in its axial t and azimuthal eϕ principal directions,
and to the cytoplasmic pressure P along its normal n. The actomyosin layer of initial thickness
e0 undergoes permanent turnover. About hundred Lagrangian nodes are represented to follow the
tangential membrane deformation over time (not all simulations nodes are shown). (t1, t2 and t3)
Cell cortex snapshots at successive times of constriction, in response to the rescaled myosin activity
signal ζ/ζmax illustrated by the color shading. rf is the furrow radius and Lp is the half pole-to-
pole distance. Cortical flows along the membrane are represented by arrows of size proportional
to the local tangent velocity. (Right) DIC microscopy images of a sand-dollar zygote (dendraster)
deprived of its hyaline layer and jelly coat at four equivalent times of furrow constriction. The cell
is not flattened and scale bar is 20µm. (Credits: G. Von Dassow)
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2.3.1.1 Four phases of furrow constriction

An equatorial gaussian band of overactivity δζ∞ = 75 is progressively established
according to the time profile I(t) plotted in fig. 2.22 (Inset). The evolution of the
shape and thickness of the cell cortex is shown in fig. 2.21 (left): the four snapshots
illustrate four distinct phases of constriction.
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Figure 2.22: Furrow constriction dynamics: Time evolution of the furrow radius (rf/R0), and pole-
to-pole half distance (Lp/R0). Numerical results (line) are compared to experimental measurements
of a sand dollar zygote (points, data from the same DIC microscopy images of fig. 2.21). Vertical
dashed lines delimit the four phases of constriction described in the text and numbered from 0 to
3. (Inset) Equatorial signal I(t) applied as a function of time.

The time evolution of the furrow radius rf/R0 and pole-to-pole distance Lp/R0

(see definition in fig. 2.21) are qualitatively different during each of the four phases,
as shown in fig. 2.22 Numerical results are compared in fig. 2.21 to DIC microscopy
images of a sand-dollar zygote under cytokinesis and show very good agreement. The
experimental time is rescaled by an active time-scale Ta of value 468s ≈ 8min, to
match successfully experimental furrow radius and pole-to-pole distance evolutions
with numerical results in fig. 2.22. This time-scale is perfectly consistent with the
model, approximations, notably kdTa � 1.

Phase 0: No overactivity The initial spherical cell, shown at time t0 = 0 in
fig. 2.21, is a stable equilibrium and verifies Laplace’s law P = e0ζ0∆µ/R0.

Phase 1: Activity increase at the equator Following the increase of myosin
activity (Inset in fig. 2.22 and color shading in fig. 2.21), the equatorial region
becomes more contractile. It triggers a cortical flow toward the equator, as shown
by the arrows at time t1 = 0.50Ta in fig. 2.21. This actin accumulation forms an
annular bundle, thereby reproducing the observed formation of the contractile ring
[Cao 1990c]. This increase in thickness (see fig. 2.24 B) results from the competition
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between cortical flow and actin turnover. The contractile ring starts to pinch the
cell, increasing the cytoplasmic pressure (fig. 2.23 B) to conserve its volume (fig. 2.23
A). The pole-to-pole distance increases rapidly (fig. 2.21 up) and the cell adopts a
prolate like shape (fig. 2.21 at time t1 = 0.50Ta), consistent with the so-called
anaphase cell elongation [Hickson 2006].
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C DFigure 2.23: Cytoplasmic volume conservation and pressure evolution corresponding to
fig. 2.21: (A) Plot of the cytoplasmic volume variation (V − V0)/V0 over time. We added two
horizontal lines to show that the error is below 0.1%. (B) Cytoplasmic pressure P rescaled by
the initial Laplace pressure P0 = 2Na

0 /R0. The cytoplasmic pressure increases rapidly during the
transient phase and then decreases slowly toward a value roughly two times greater than the initial
pressure.

Phase 2: Plateau of activity at the equator The amplitude of overactivity
starts to saturate after a time interval of about 0.75Ta (fig. 2.22 Inset). The furrow
adopts a constriction regime that is almost linear in time (fig. 2.22 bottom). The
poles’s stretch is revealed by the increase in the gaps between the simulation nodes on
snapshot t2 = 1.25Ta in fig. 2.21. The two future daughter cells become increasingly
non-spherical, especially in the furrow region. There, both the deformation and the
tension are strongly anistropic (see fig. 2.25C and D), leading to widely different
radii of curvature in the axial and azimuthal directions.

Phase 3: Constriction slowing-down When the furrow radius approaches
zero, the pole-to-pole distance reaches a relative plateau (fig. 2.22 up). The
constriction starts slowing down exponentially (fig. 2.22 bottom), because viscous
dissipation due to the constriction of the furrow increases as its radius decreases
(see fig. 2.35 D and fig. 2.F.1 B in section 2.F). A significant cortical flow persists
from the poles toward the equator as long as the equatorial signal is maintained
(time t3 = 2.00Ta in fig. 2.21). As this flow is balanced by turnover, the shape and
surface of the polar regions no longer evolve significantly with time.

We represent in fig. 2.24 for the two representative times t1 = 0.5Ta and t2 =

1.25Ta the cortical flow V/Va along the cortex, that is triggered by the gradient of
activity signal ζ/ζ0, and that results in a thickness increase e/e0 at the equator. In
fig. 2.25 we compare, for the two times t1 = 0.5Ta and t2 = 1.25Ta, the active,
viscous and total membrane tensions in the tangential and azimuthal directions.
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Figure 2.24: Cortical flow, furrow region and thickness: (A) Cell cortex shape and thickness
at times t = 0.5Ta (left) and t = 1.25Ta (right). (B, C and D) Corresponding plots of, respectively,
activity signal ζ/ζ0, cortical flow velocity V/Va (Va = R0/Ta) and thickness e/e0 along the midline
contour length s/L. The cortical flow is oriented toward the furrow region and its amplitude
increases with the equatorial signal between t = 0.5Ta (left) and t = 1.25Ta (right). Its extrema
delimit the furrow region, demarcated by the two dot-dashed vertical lines in each figure. The
increase of the cortical flow triggers a greater accumulation of actomyosin in the furrow region,
leading to an expansion of its thickness.
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Figure 2.25: Cortical tensions: (A) Cell cortex shape and thickness at times t = 0.5Ta (left)
and t = 1.25Ta (right). (B, C and D) Corresponding plots of, respectively, the active tension Na,
the viscous tensions Nv

s , N
v
ϕ and the total tensions Ns, Nϕ in the membrane, rescaled by the basal

active tension Na
0 . The active tension is isotropic in the axial and azimuthal directions whereas

the viscous tensions are appreciably anisotropic near the furrow region, delimited by dot-dashed
vertical lines. It leads to total membrane tensions that are globally anisotropic: the azimuthal
tension is markedly greater than the axial tension in the furrow region leading to a furrow line
tension that constricts the cell, whereas the regions bordering the furrow are more stretched in
their axial direction leading to non-sperical shapes.
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2.3.1.2 A threshold for complete furrow constriction

We plot in fig. 2.26 B the furrow ingression as a function of time for six values of
the equatorial overactivity δζ∞/ζ0 between 10 and 100.
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Figure 2.26: Constriction completion and failure: (A) Bifurcation diagram representing the final
furrow radius r∞f /R0 as a function of the amplitude of equatorial over-activity δζ∞/ζ0. The
diagram displays a jump from constriction failure to completion for a critical amplitude δζ∞/ζ0 ≈
40. Final cell shape are plotted for the six activity signals ζ, of amplitudes δζ∞/ζ0 = 10 (Ê), 25

(Ë), 40 (Ì), 50 (Í), 75 (Î) and 100 (Ï) as represented in (Inset) as function of the contour length
from equator s/L along the membrane (of length L). Arrows illustrate an hysteresis loop: starting
from a divided state above the threshold (Í for example), we decrease the equatorial signal: the
cell remains divided, unless the signal is dropped down to zero, point where it goes back to the
spherical state. (B) Furrow radius evolution rf/R0 as a function of time t/Ta for the six signals ζ
represented in (Inset) of (A).



102 Chapter 2. A visco-active membrane theory of the cell cortex

For δζ∞/ζ0 > 40 the furrow fully constricts (Í, Î, Ï), but slows down when
the equatorial signal is decreased. For δζ∞/ζ0 ≤ 40 the furrow radius reaches
a plateau (Ê, Ë, Ì). Full constriction therefore requires that the over-activity at
the equator exceeds a threshold, and the rate of constriction is dose-dependent,
consistently with observations reported in [Loria 2012]. The final stationary furrow
radius r∞f is plotted as a function of the overactivity amplitude δζ∞/ζ0 in fig. 2.26
A. The diagram displays a saddle-node bifurcation near δζ∞ ≈ 40. The longer
delay required to complete ingression around threshold (fig. 2.26 B Í) is therefore
interpreted as a critical slowing down. Shape evolutions leading to constriction
failure and completion are compared in fig. 2.27.

δζ∞
 / ζ

0
 = 25 δζ∞

 / ζ
0
 = 75

Figure 2.27: Comparison of the cell shape and cortex thickness dynamics in a section plane (ez, er)

for the two equatorial signal amplitude δζ∞/ζ0 = 25 and δζ∞/ζ0 = 75, corresponding respectively
to the furrow radius evolution Ë and Î in fig. 2.26.
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2.3.1.3 Constriction success also depends on the signal timing

The bifurcation diagram in fig. 2.26 A reveals a noticeable hysteretic behavior,
represented by the arrows. If one reaches a fully constricted state at the end of
cytokinesis (rf ≈ 0 and δζ∞/ζ0 > 40) and decreases the equatorial over-activity
back under the threshold δζ∞/ζ0 < 40, the cell stays divided (unless the signal is
decreased down to zero). This behavior is illustrated on fig. 2.29 A.

A

B

Figure 2.28: Hysteresis behavior: (A) Dynamics of the cell shape and cortex in a section plane
(ez, er) during constriction and when the equatorial signal is decreased down to the value at poles
after constriction completion. The cell stays divided and daughter cells adopt a spherical shape.
(B) DIC microscopy images of Non-compressed S. purpuratus egg deprived of its hyaline layer and
cultured in calcium-free artificial sea-water to prevent cell-cell adhesion. The rounding up of the
daughter cells at the end of furrow constriction may be attributed to a decrease of the equatorial
signal according to the numerical results above. (Scale bar is 20µm, credits: G. Von Dassow)

We observe furthermore that the daughter cells adopt a spherical shape when
the equatorial signal is significantly decreased after cytokinesis completion, consis-
tent with a drop of the cortical tension anisotropy because of vanishing cortical
flows toward equator. This rounding up of daughter cells is classically observed
experimentally at the end of sea-urching eggs cytokinesis when cell-cell adhesion
is artificially lowered (fig. 2.29 B) and may be therefore attributed to a decrease
of the equatorial signal according to the numerical results. As long as some slight
equatorial tension is maintained, the divided state is therefore mechanically stable,
which may prevent the furrow to regress erroneously during the midbody formation
[Lekomtsev 2012]. On the contrary if the signal is decreased prematurely in the
course of ingression (for rf/R0 > 0.6), the furrow regresses and cytokinesis fails,
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as illustrated numerically on fig. 2.29 and presumably happens experimentally in
[Argiros 2012]. A tight synchronization between the signaling machinery and the
furrow constriction is therefore essential.

Figure 2.29: Hysteresis behavior: Dynamics of the cell shape and cortex in a section plane (ez, er)

during constriction and when the equatorial signal is prematurely decreased down to the value at
poles in the course of furrow constriction. The furrow, which has not reached the critical radius
rf ≈ 0.6 regresses, and cytokinesis fails.

2.3.1.4 Constriction dynamics depends on turnover

In fig. 2.30 and fig. 2.31 we compare the constriction dynamics for three different
turnover rates kdTa = 30 (À), kdTa = 40 (Á) and kdTa = 80 (Â) while keeping
e0 = vp/kd and δζ∞/ζ0 = 75 constant.
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Figure 2.30: Influence of turnover on constriction: Furrow radius rf/R0 as a function of normalized
time t/Ta for three turnover rates: kdTa = 30 (À), kdTa = 40 (Á) and kdTa = 80 (Â). (Inset)
Corresponding steady-state membrane thickness e∞/e0 along the rescaled contour length s/L from
equator (L is the total membrane mid-line length).

The stationary thickness e∞f in the furrow results from a competition between
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incoming cortical flows and turnover, and therefore decreases at higher turnover
rates (fig. 2.30 Inset). The active tension in the furrow is proportional to the local
thickness (2.62) and therefore decreases at high turnover rates, which lowers the rate
of furrow ingression as shown on fig. 2.30. We expect a large increase of turnover to
impair the completion of the furrow ingression if the equatorial signal is close to the
constriction threshold. Actin turnover is therefore a critical variable for cytokinesis
completion; it has to be tightly regulated by the cell directly via depolymerization
and polymerization and indirectly via active cortical flows.

kd Ta = 30 kd Ta = 40 kd Ta = 80

Figure 2.31: Influence of turnover: comparison of the cell shape and cortex thickness dynamics
in a section plane (ez, er) for the three turnover rates kdTa = 30, kdTa = 40 and kdTa = 80 at
fixed equatorial activity amplitude δζ∞/ζ0 = 75, corresponding respectively to the furrow time
evolutions À, Á and Â in fig. 2.30.
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2.3.1.5 Cytokinesis duration is independent of initial cell size
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Figure 2.32: Cytokinesis duration is independent of initial cell size: Furrow radius rf as a function
of time t/Ta for four initial cell radii R0 = 0.5, 1, 2 and 4. (Inset) Corresponding Gaussian activity
signals of width w proportional to R0, plotted as a function of the membrane mid-line contour
length s.

The duration of cytokinesis has been recently reported to be independent of cell ini-
tial size in C. Elegans embryos [Carvalho 2009]. This remarkable property ensures
the tight synchronization of daughter cells development during embryogenesis. We
performed numerical constrictions with various initial cell size radii R0 between 0.5

and 4. Measurements performed on embryos of several organisms [Bement 2005]
show the existence of a linear relationship between the initial cell size R0 and the
width w of the Gaussian RhoA-GTP zone (see fig. 1.20): we thus choose w pro-
portionally to R0, keeping all the other parameters constant. The evolution of the
furrow radius with time is plotted in fig. 2.32 for four different values of R0 and w.
We observe that the duration of furrow constriction is independent of R0 provided
that w ∝ R0. Our model reproduces this robust feature of cytokinesis.
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2.3.2 Scaling arguments

The numerical results can be interpreted in terms of scaling arguments based on a
minimal geometry sketched in fig. 2.33, that was proposed by M. Yoneda and K.
Dan in 1972 [Yoneda 1972].
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Figure 2.33: Scaling model: Sketch of the minimal geometry proposed by Yoneda and Dan [? ]:
Two portions of sphere of surface Ap and surface tension Na

0 are pinched by an equatorial ring of
radius rf , of width w and of line tension γ. The opening angle θ characterizes the constriction
state of the cell and the cytoplasmic volume enclosed V0 is conserved.

The cell poles are represented by two portions of sphere of radius R under con-
stant active tension Na

0 = e0ζ0∆µ/2 and are connected by a ring of radius rf and
width w. The contractile ring is submitted to an active line tension

γ ≈ w
(
Na
f −Na

0

)
, (2.114)

where Na
f is the mean contractile surface tension in the furrow. The competition

with cortical tension at cell poles is measured by the dimensionless parameter

κ =
γ

2R0Na
0

≈ w

2R0

(
Na
f −Na

0

)
/Na

0 . (2.115)

The opening angle θ defined in fig. 2.33 is a measure of the constriction state of the
cell: θ = π

2 corresponds to a spherical cell, θ = 0 corresponds to a divided cell.

2.3.2.1 Cytokinesis completion is controlled by the difference of con-
tractility between the contractile ring and the poles

The polar contractility tends to reduce the surface Ap = 2πR2 (1 + cos θ) of the cell
poles, whereas the line tension tends to reduce the contractile ring circumference
rf = R sin θ. These effects are captured by a simple mechanical energy

E = 2π rfγ + 2ApN
a
0 . (2.116)
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Cytoplasmic volume conservation can be written as R = R0 F (θ)1/3, where F (θ) is
a smooth function of θ:

R3
0 = R3

[
1 +

3

2
cos θ − 1

2
cos3 θ

]
≡ R3F (θ) . (2.117)

The mechanical energy, rescaled by the value E0 = 4πR2
0N

a
0 for a spherical cell,

depends only on κ and θ and reads

E
E0

=
κ sin θ

F (θ)1/3
+

1 + cos θ

F (θ)2/3
. (2.118)
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Figure 2.34: Static approach: (A) Mechanical energy profile E/E0 as a function of the constriction
state θ for four values of κ = γ/2R0N

a
0 . Local minima of the energy correspond to equilibrium

states and are illustrated by darker points, above which are plotted the corresponding cell shapes.
(B) Bifurcation diagram representing the final furrow radius r∞f /R0 as a function of the control
parameter κ. The upper branch and the branch rf = 0 are the stable branches whereas the
dot-dashed branch is unstable. The critical point is a saddle-node, and the bifurcation classically
exhibits an hysteresis illustrated by the arrows. Final cell shapes, starting from a spherical cell,
are plotted for the six following values of the control parameter κ = 0, 0.1, 0.25, 0.4, 0.5, and 0.75.
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We plot in fig. 2.34 A the mechanical energy E/E0 as a function of θ for various
values of κ. The minima of E/E0 are the local equilibrium states of the cell. Starting
from a spherical cell at θ = π

2 , the final shape is reached at the first local minimum
of energy. For κ = 0 (red curve), in absence of any contractile ring, the spherical cell
is the minimum of energy. As the control parameter κ increases, i.e. the contractile
ring line tension increases, the first local minimum of E shifts towards a more con-
stricted state (θ < π

2 ), but the constriction is still incomplete. For κ & 0.4 the local
minimum disappears at the benefit of a single global minimum, corresponding to
the fully constricted state θ = 0 (green curve): constriction succeeds. This simple
energetic approach of the constriction completion uncovers the fundamental mech-
anism of cytokinesis: cell volume conservation enforces a competition between the
line tension of the ring, that tends to minimize its circumference, and the contrac-
tility of the poles that resists the associated cell surface increase. This competition
drives a first-order transition from cytokinesis failure to constriction completion.

We plot alternately in fig. 2.34 B the bifurcation diagram of the final constric-
tion state r∞f (corresponding to the first minimum of energy in fig. 2.34 A) as a
function of the control parameter κ. Similarly to the numerical results (fig. 2.26
A), scaling arguments reveal a jump from partial to complete constriction above a
critical threshold of the difference of contractility between the furrow and the poles
κc. The critical point (κc, θc) is given by

0 =
∂E
∂θ

∣∣∣∣
θc

, 0 =
∂2E
∂θ2

∣∣∣∣
θc

. (2.119)

Using MathematicaR© 9.0.1 we solve this system of equations and get the following
numerical values for complete constriction threshold κc ≈ 0.4053, corresponding to
a constriction state θc ≈ 46.46◦ or equivalently rfc = 0.5884R0.

The energy plot in fig. 2.34A shows clearly that θ = 0 is a possible local en-
ergy minimum for κ > 0, and therefore that the divided state is mechanically sta-
ble, which clarifies the origin of the hysteresis behavior, illustrated by arrows on
fig. 2.34B.

2.3.2.2 The contractility difference between the contractile ring and
poles also controls the dynamics of constriction

In the continuum model the mechanical power of active effects (2.118) is exactly
dissipated by viscous cell deformations as shown in fig. 2.F.1 A. We apply here the
same principle that reads simply

dE
dt

+ Pd = 0 (2.120)

where Pd is the viscous dissipation, made of two contributions: the stretching of the
poles and the constriction of the ring, which we estimate in scaling. The volume of
actomyosin in the poles is Vp = 2Ap ep and in the ring Vf = 2πrf wef , where w and
ef are the width and thickness of the contractile ring. According to the numerical
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results (see fig. 2.30 Inset and fig. 2.25D), the thickness of the actin layer at the poles
does not vary appreciably ep ≈ e0 and the ring thickness ef reaches a steady-state
value that depends on turnover. This yields the viscous dissipated power

Pd =
1

2
η

[
Vp

(
1

R

drf
dt

)2

+ Vf

(
1

rf

drf
dt

)2
]

(2.121)

Inserting the values of rf , R, Vf and Vp as a function of θ the dissipated power
becomes

Pd = 4πe0 η

(
drf
dt

)2
[

(1 + cos θ) + λ
F (θ)1/3

sin θ

]
, (2.122)

where we defined the parameter

λ ≡ w

2R0

ef
e0

. (2.123)

We calculate the time variation of the mechanical energy dE
dt = −Pd rescaled by E0:

1

E0

dE
dt

=
∂E/E0

∂θ

∂θ

∂rf

drf
dt

= −Pd

E0

= − Ta
R2

0

(
drf
dt

)2
[

(1 + cos θ) + λ
F (θ)1/3

sin θ

]
,

with Ta = ηe0
Na

0
defined as in the continuum formulation. This leads to

Ta
R0

drf
dt

= −∂E/E0

∂θ

(
∂rf/R0

∂θ

)−1
[

(1 + cos θ) + λ
F (θ)1/3

sin θ

]−1

≡ −H(θ, κ, λ) . (2.124)

Since E/E0 depends only on θ and κ according to (2.118), the rate of constriction
drf
dt reduces to a simple function H of θ, κ and λ only:

Ta
drf
dt

= −R0H(θ, κ, λ) , with λ ≡ ef
e0

w

2R0
(2.125)

One can solve for the radius of the contractile ring as a function of time for given
values of κ and λ by inserting rf/R0 = sin θ F (θ)−1/3 in Eq. (2.124), then integrating
numerically the non-linear differential equation for θ(t) and finally recalculating
rf (θ(t)).

We solve numerically Eq. (2.124) with MathematicaR© 9.0.1., varying the activity
in the furrow ζf/ζ0 or its width w/R0 to mimick the RhoA-GTP signal and/or the
furrow thickness ef/e0 to mimick the effect of turnover. We plot the results in
fig. 2.35
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Figure 2.35: Constriction dynamics in scaling. Normalized furrow radius evolution rf/R0 with
time t/Ta: (A) For κ = 0.1, 0.25, 0.4, 0.5, 0.75 and 1, with constant λ = 0.1. For κ . 0.4, the
furrow radius reaches a plateau indicating constriction failure, whereas for κ & 0.4 constriction
is complete and its speed increases with κ. (B) For ef/e0 between 1 and 4, keeping ζf/ζ0 = 8

and w/R0 = 0.1 constant. Constriction slows down when ef/e0 decreases from 4 to 1.5, and can
even fail when it drops to 1. (C) For four initial cell radii R0 = 0.5, 1, 2 and 4, where the ring
width w is increased proportionally w = 0.05, 0.1, 0.2, and 0.4. ef/e0 = 2 and ζf/ζ0 = 8 are
maintained constant. The rate of constriction increases proportionally to the ring width leading
to the same constriction duration for the four cell sizes. (D) For a cell with dissipation due to the
ring constriction only and with dissipation due to poles stretching and ring constriction (ζf/ζ0 = 8,
ef/e0 = 2, w/R0 = 0.1). The dashed line corresponds to the constriction of an isolated ring (no
poles) fitted with the exponential function e−t/τ with τ = 2η/ζf∆µ.

From the dynamics results we can conclude that:

• The constriction time-scale is set by Ta = η e0
Na

0
, as defined in (2.112), which

measures the typical active time of viscous stretching of the poles.

• κ and λ control the rate of constriction. κ ≈ w
2R0

(
ζf ef
ζ0 e0
− 1
)

characterizes
the dependence of the constriction rate on the contractility difference between
the ring and the poles, and depends on the normalized furrow activity ζf/ζ0

and on turnover via the normalized thickness ef/e0. λ depends essentially on
turnover via ef . We plot in fig. 2.35 A the furrow radius rf evolution as a
function of time for various values of κ between 0.1 and 1, at fixed λ = 0.1

and recover qualitatively the same dynamics as in the numerical results. In
fig. 2.35 B we keep ζf/ζ0 constant and plot rf as a function of time t/Ta
for four values of ef/e0 between 1 and 4, thereby mimicking the competition
between cortical flows and actin turnover. Again we retrieve qualitatively the
same behavior as for the continuous model: decreasing the furrow thickness ef ,
thereby enhancing turnover, slows down the constriction and can even impede
its completion (see curve ef /e0 = 1 ).
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• If we assume that w scales linearly with R0 then κ and λ, which are both
proportional to w/R0, become independent of the initial cell radius and so
doesH: the constriction rate in (2.125) is proportional to the initial radius and
the cytokinesis duration becomes independent of initial cell size, as illustrated
in fig. 2.35 C, that reproduce the numerical results of fig. 2.32.

One should note however that κ and λ are not independent in the continuous
model. In particular λ ∝ ef

e0
should increase with κ ∝ Na

f − Na
0 at fixed turnover

because of increased cortical flows that we neglected here. Conversely, κ depends
on the ratio ef/e0 as we show using the continuous expressions for active tensions:

κ ≈ w

2R0

Na
f −Na

0

Na
0

≈ w

2R0

(
ζf
ζ0

ef
e0
− 1

)
, (2.126)

where ζf and ζ0 are the activities respectively in the furrow and at poles.

Finally we show that the dissipation associated to the poles stretching partici-
pates largely to the slowing down of furrow constriction, consistently with numerical
results (see fig. 2.F.1 B): the decrease of rf is indeed much more rapid in fig. 2.35D
for vanishing poles dissipation (Vp → 0 in eq. (2.121)). These results suggest that
not only the contractility but also the viscosity of the polar cortex is a critical
parameter to consider to account for the dynamics of furrow constriction.

In the limiting case of an isolated visco-active ring (no poles at all), scaling argu-
ments yield a purely exponential constriction dynamics (dashed line in fig. 2.35 D),
consistent with experimental contraction of isolated rings in-vitro [Reymann 2012].
We can retrieve this scaling by a simple balance of viscous forces ηw efrf

drf
dt with the

constricting force γ = wNa
f = w ef ζf∆µ in the ring, which leads immediately to

rf/R0 = e−t/τ , with τ = 2η/ζf∆µ the characteristic active time-scale of the prob-
lem. The constriction dynamics of an isolated visco-active ring depends therefore
strongly on the ratio of myosin activity ζf and actomyosin viscosity η (controlled
by cross-linking) but becomes independent of actin turnover, consistent with recent
experimental results [Mishra 2013].

2.3.3 Discussion

2.3.3.1 Summary of the results

Using both numerical and scaling analyses we rationalize the physical mechanisms
governing ring constriction in the cytokinesis of animal cells. Following the
seminal work of Bray, White and Borisy [White 1983, Bray 1988], we show that
a gradient of surface contractility from the poles to the equator is sufficient to
drive cytokinesis and to reproduce its main features: formation of the contractile
ring, cortical flow toward the equator and furrow constriction as illustrated in
fig. 1.14 B. Starting from a quite fundamental physical model of the cortex —
a thin viscous layer producing active contraction and subjected to a uniform
cytoplasmic pressure — we are able to reproduce realistic shapes of dividing
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embryos. We provide quantitative criteria for cytokinesis completion and propose
a general framework for interpreting and characterizing constriction failure. We
furthermore demonstrate the physical mechanism leading to the independence
of cytokinesis duration on the initial cell size in embryos [Carvalho 2009], and
we highlight the critical influence of actin turnover. A scaling model is then
proposed to interpret the numerical results. It explains and successfully reproduces
the properties of furrow constriction, despite its simplified geometry. It notably
demonstrates that the contractility difference between the poles and the furrow
is the key parameter for both cytokinesis completion and constriction dynamics.
This highlights a critical role of the polar cortex in cytokinesis success and dynamics.

We discuss below the different model approximations and the possible future
refinements and extensions of our model for cytokinesis:

2.3.3.2 Uniformity of the turnover

We reproduce accurately the experimental constriction dynamics and shape evolu-
tion of a sand dollar embryo. Precise spatio-temporal measurements of RhoA-GTP
along the cortex over the entire time of constriction would however be required to
make a detailed quantitative fit of our theory to experiments. Estimates for the cor-
tex turnover time are also required to account for the accumulation of actin in the
ring via cortical flows, which can play a major role in constriction dynamics. FRAP
measurements of the cortex provide reasonable values for the turnover time-scale
[Fritzsche 2013], but we have neglected here the possible non-uniformity of turnover
along the cortex for the sake of simplicity. RhoA-GTP is indeed known for also
promoting actin polymerization via the formin mDia1 [Dean 2005], and the ring
formation is then likely to be the result of both accumulation by cortical flows and
higher polymerization [Guha 2005, Murthy 2005]. On the contrary, myosin activity,
promoted by RhoA-GTP via its effector ROCK, has been shown to enhance actin fil-
ament disassembly both in-vitro and in-vivo [Guha 2005, Murrell 2012, Vogel 2013].
Altogether, the local activation of RhoA is likely to enhance non-uniformly turnover.
A more rigorous implementation of non-uniform turnover would require substantial
progress in the theoretical understanding and quantitative characterization of in-
vivo disassembly of actin by myosin motors, which is far beyond this study. We
argue nevertheless that the fundamental trends highlighted in our study will remain
valid.

2.3.3.3 Negligible friction and viscous bending losses

Based on quantitative studies in C. Elegans [Mayer 2010], our model assumed that
the frictional loss associated with cortex sliding along the plasma membrane was neg-
ligible compared to viscous dissipation associated with cortex deformation. However
the cortical flows in sea-urchin eggs are reported to be lower that in C. Elegans (G.
Von Dassow, personal communication). A tangential friction may limit their ex-
tension in this cell type. The friction loss may be attributed for example to the
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dense coverage of the sea-urchin cell surface by villis, impeding its movement. It
would therefore be interesting to evaluate the effect of friction on the constriction
dynamics in a further development of the model.

We used a membrane approximation of the cell cortex, and thereby we neglected
the bending moments relatively to the tensions of the thin shell. However we can
observe that the membrane does not remain tensile everywhere during the constric-
tion process: the azimuthal total tension Nϕ in fig. 2.25D becomes negative at time
t = 1.25Ta in a close cylindrical area surrounding the furrow region. There we ex-
pect therefore possible foldings of the membrane that can only been described by
reintroducing the small bending moments. These folds have indeed been observed
in the cleavage of eggs as illustrated in fig. 2.36 We also expect bending moments to
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Figure 2.36: Large surface folds along the azimuthal direction in the furrow region of Aequorea
eggs observed in phase contrast during asymmetric cleavage. Adapted from [Szollosi 1970].

become non-negligible in the highly curved furrow region at the end of cytokinesis,
where the typical tangential radius of curvature becomes of the same order as the
shell thickness. An exhaustive thin shell theory and not only a membrane approx-
imation of the cortex would therefore been required to describe more thoroughly
the late stages of constriction. The membrane approximation has however the ad-
vantage to clearly identify the main ingredients controlling the constriction process,
and adding the bending moments and shearing forces would complicate drastically
the numerical implementation.

2.3.3.4 Isotropy of the filament orientation

We neglected here the anisotropy in actin filament orientation. Their spatial orga-
nization in the plane of the membrane is however dynamically coupled to cortical
flows, as described by the active-gel theory [Kruse 2005, Salbreux 2009]. In cy-
tokinesis the cortical flows toward the equator are expected to lead to two effects,
illustrated schematically in fig. 2.37

1. A parallel alignment of filaments to the cortical flow in a region adjacent to
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the furrow.

2. An azimuthal alignment of filaments in the furrow region as a result of their
confinement.

Figure 2.37: Sketch of the expected filament orientation organisation on the cell surface as a result
of the cortical flows.

The nematic effects were calculated in perturbation on a sphere [Salbreux 2008] and
on a cylinder [Salbreux 2009] at leading order and agree qualitatively with exper-
imental results in [Fishkind 1993]. To solve the problem beyond the perturbation
theory, we would need to associate a new dynamical scalar variable Q̃, quantifying
the nematic orientation of the filaments, to the segments in the numerical implemen-
tation. We can however already conjecture that the alignments effects will increase
the azimuthal component of the active tension Na

ϕ in the furrow region, thereby con-
tributing to constriction and lowering the activity threshold for cytokinesis success.

2.3.3.5 Volume conservation

We also expect the threshold value to drop rapidly, or even to vanish, if the constraint
of cytoplasm incompressibility is partially relaxed.

We neglected so far the possible emergence of blebs at poles during furrow con-
striction of certain cell types in culture and in-vivo, as illustrated in fig. 2.38 If the
total cell volume is globally conserved some intracortical volume may be transferred
in blebs. We expect this effect to facilitate the furrow ingression. In collaboration
with Chantal Roubinet in the group of Clemens Cabernard at the Universität Basel
we started a quantitative experimental study on the influence of blebs in furrow
ingression.
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Figure 2.38: Bleb formation during cytokinesis in a dividing L929 mouse fibroblast. F-actin
and myosin are visualized using Lifeact-GFP and MRLC-tdRFP respectively. (Adapted from
[Sedzinski 2011])

Preliminary measurements performed in-vitro show that specific cell types in
culture may release the excess of hydrostatic pressure by expelling some cytoplasmic
volume during the furrow constriction (Matthieu Piel, personal communication).
Hence, the permeation of water through membrane pores (aquaporins) may also be
a way to avoid cytokinesis failure. We started to implement the effect of permeation
and ion fluxes dynamics in our numerical code to study this problem.

Different strategies for ensuring constriction success may therefore have been
developed among animal species, or even among differentiated cells in a same or-
ganism.
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2.A Force and moment balance in an axisymmetric thin
shell

To derive the balance of forces and moments acting on the shell, we consider a patch
of thickness e between s and s+ds, φ and φ+dφ. Its mid-surface is therefore rdφ ds.
We project the equilibrium on the local Frenet frame (t,n, eϕ).
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Figure 2.A.1: Force and moment balance on a thin shell: definition of the tensions and couples

2.A.1 Balance of forces

We first evaluate the force exerted on the three faces À, Á and Â defined on fig. 2.A.1:

F1(s, φ) =

∫ e/2

−e/2
dξ (r + ξ sinψ) dφ (σtt t + σnt n + σϕt eϕ)

= rdφ

∫ e/2

−e/2
dξ

(
1 + ξ

sinψ

r

)
(σtt t + σnt n)

= rdφ (Nt t +Nn n) ,

where we define Nt the tension in the tangential direction, and Nn the transverse
shear force by

Nt ≡
∫ e/2

−e/2
σtt

(
1 + ξ

sinψ

r

)
dξ (2.127)

Nn ≡
∫ e/2

−e/2
σnt

(
1 + ξ

sinψ

r

)
dξ . (2.128)
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F2(s, φ) =

∫ e/2

−e/2
dξ

(
1 + ξ

∂ψ

∂s

)
ds (σtϕ t + σnϕ n + σϕϕ eϕ)

= ds

∫ e/2

−e/2
dξ

(
1 + ξ

∂ψ

∂s

)
σϕϕ eϕ

= dsNϕ eϕ ,

where we define Nϕ the tension in the azimuthal direction

Nϕ ≡
∫ e/2

−e/2
σϕϕ

(
1 + ξ

∂ψ

∂s

)
dξ (2.129)

F3(s, φ, ξ) = ds rdφ

(
1 + ξ

sinψ

r

)
[σnn(s, ξ) n + σtn(s, ξ) t] ,

The balance of forces on the shell patch reads

0 = F3

(e
2

)
−F3

(e
2

)
+F1

(
s+

ds

2

)
−F1

(
s− ds

2

)
+F2

(
φ+

dφ

2

)
−F2

(
φ− dφ

2

)

We evaluate the sum term by term

F1

(
s+

ds

2

)
−F1

(
s− ds

2

)
= dφ ds

∂

∂s

{
rNt t + rNn n

}

= dφ ds

{[
∂rNt

∂s
− ∂ψ

∂s
rNn

]
t +

[
∂ψ

∂s
rNt + rNn

]
n

}

F2

(
φ+

dφ

2

)
−F2

(
φ− dφ

2

)
= ds dφ

∂

∂ϕ

{
Nϕ eϕ

}

= −dφ dsNϕ [cosψ t + sinψ n] (2.130)

F3

(e
2

)
−F3

(e
2

)
= ds rdφ

[(
1 + ξ

sinψ

r

)(
σnn(s, ξ) n + σnt(s, ξ) t

)]e/2

−e/2

= ds rdφ
[(
σnn(s, ξ) n + σnt(s, ξ) t

)]e/2
−e/2

+O(e3)

≡ ds rdφ
{

∆pn n + ∆pt t
}

(2.131)
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where ∆pn = σnn(s, e/2) − σnn(s,−e/2) and ∆pt = σnt(s, e/2) − σnt(s,−e/2) are
the difference of, respectively, normal and shear stress accross the shell, which are
imposed as boundary conditions of the problem.

We rewrite the force balance on the shell patch, divided by its surface rdφ ds
and projected on local the Frenet frame (t,n)

−∆pt =
∂Nt

∂s
+
Nt −Nϕ

r

∂r

∂s
+Nn

∂ψ

∂s
(2.132a)

−∆pn = Nt
∂ψ

∂s
+Nϕ

sinψ

r
− 1

r

∂ rNn

∂s
(2.132b)

2.A.2 Balance of moments

We also evaluate the two moments Mt and Mϕ acting on the shell, as defined on
fig. 2.A.1.

We consider the center O1 of the face À and a point M on the face À. The
moment on the face À at s+ ds/2 reads

Mt(s+ ds/2) =

∫
(X01 + 01M)×dF1

=

∫ e/2

−e/2

∫ φ+dφ/2

φ−dφ/2

[
ds

2
t + ξ n + (r + ξ sinψ)

(
φ′ − φ

)
eϕ

]

×
[
σtt t + σnt n

] (
1 + ξ

sinψ

r

)
dξ rdφ′

= rdφ eϕ

∫ e/2

−e/2

{
ds

2
σnt − ξσtt

}(
1 + ξ

sinψ

r

)
dξ +O

(
dφ2
)

≡ eϕ rdφ

{
ds

2
τn − gt

}
,

where we define gt the effective 2d moment acting along −eϕ

gt =

∫ e/2

−e/2
σtt ξ

(
1 + ξ

sinψ

r

)
dξ . (2.133)

We consider the center O2 of the face Á and a point M on the face Á. The
moment on the face Á at ϕ+ ϕ/2 reads

Mϕ =

∫
(X02 + 02M)×dF2

=

∫ e/2

−e/2

∫ s+ds/2

s−ds/2

[
s′ t + ξ n + (r + ξ sinψ)

dϕ

2
eϕ

]
×
[
σϕϕ

(
1 + ξ

∂ψ

∂s

)
dξ ds′ eϕ

]

= t ds

∫ e/2

−e/2
σϕϕξ

(
1 + ξ

∂ψ

∂s

)
dξ +O

(
ds2
)

≡ t ds gϕ
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where we define gϕ the effective 2d moment acting along t

gϕ =

∫ e/2

−e/2
σϕϕ ξ

(
1 + ξ

∂ψ

∂s

)
dξ (2.134)

The sum of moments acting on the shell patch reads

0 = Mt

(
s+

ds

2

)
−Mt

(
s− ds

2

)
+ Mϕ

(
ϕ+

dϕ

2

)
−Mϕ

(
ϕ− dϕ

2

)
.

Again we evaluate the sum term by term:

Mt

(
s+

ds

2

)
−Mt

(
s− ds

2

)
= eϕ dφ

{
r(s+ ds/2)

[
ds

2
Nn − gt(s+ ds/2)

]

−r(s− ds/2)

[−ds
2
Nn − gt(s− ds/2)

]}

= eϕ rdφ ds

{
Nn −

∂ rgt
∂s

}
+O(ds2)

Mϕ

(
ϕ+

dϕ

2

)
−Mϕ

(
ϕ− dϕ

2

)
= ds dϕ gϕ

∂t

∂ϕ

= ds dϕ gϕ (− cosψ eϕ)

= −ds dϕ gϕ
∂r

∂s
eϕ

We rewrite the moment balance on the shell patch, divided by its surface rdφ ds
and projected on the azimuthal direction eϕ

Nn = gϕ
∂r

∂s
+

1

r

∂ rgt
∂s

(2.135)
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2.B Local volume conservation: direct calculation

We write the conservation of the volume dV = 2π r dξ ds of a small piece of the thin
shell between t and t+ dt, as sketched on fig. 2.B.1.
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e
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r(s+ds)

ds
dξ

δs
δξ

r(s+Δs) r(s+Δs+δs)

v(s, ξ+dξ)

v(s, ξ)

v(s+ds, ξ)

Figure 2.B.1: Deformation of a piece of the thin shell: volume conservation

By vector summation we obtain

[v(s+ ds, ξ, t)− v(s, ξ, t)] = δs(s, ξ) t(s+ ∆s, t+ dt)− ds t(s, t) .

We project this equation on t(s, t) to get

δs(s, ξ) ≈ ds
(

1 + t.
∂v

∂s
(s, ξ, t) dt

)
.

We apply the same procedure to the transverse coordinate:

[v(s, ξ + dξ, t)− v(s, ξ, t)] = δξ(s, ξ) n(s+ ∆s, t+ dt)− dξ n(s, t) ,

equation that we project on n(s, t) to get

δξ(s, ξ) ≈ dξ
(

1 + n.
∂v

∂ξ
(s, ξ, t) dt

)
.

We calculate δr

δr(s, ξ) = r(s+ ∆s, ξ + ∆ξ, t+ dt)− r(s, ξ, t) = er.v(s, ξ, t) dt .

Volume conservation reads then 2πr dξ ds = 2π(r + δr) δξ δs, which yields at
first order in dt

0 = er.v + r

(
t.
∂v

∂s
+ n.

∂v

∂ξ

)
(2.136)

Using the decomposition of v(s, ξ) on the local Frenet basis (2.12) we can rewrite
the local volume conservation as

0 = −vt cosψ + vn sinψ + r

(
∂vt
∂s

+ vn
∂ψ

∂s
+
∂vn
∂ξ

)
(2.137)
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2.C Divergence of the axisymmetric stress tensor in a
curvilinear Frenet frame

We derive below the formula for the divergence of the stress tensor in the Frenet
frame (t,n, eϕ).

In axisymmetric geometry, the stress tensor, decomposed onto the Frenet frame,
reduces to

σ = σtt t⊗ t + σnn n⊗ n + σtn (t⊗ n + n⊗ t) + σϕϕ eϕ ⊗ eϕ . (2.138)

The divergence of the stress tensor σ reads formally

∇ · σ =

(
∂σ

∂s

)

¬

· t +

(
∂σ

∂ξ

)



· n +

(
1

r

∂σ

∂ϕ

)

®

· eϕ .

We evaluate the divergence term by term

¬ =
∂σtt
∂s

t + σtt
∂ψ

∂n
n− σnn

∂ψ

∂n
n +

∂σtn
∂s

n ,

® =
∂σnn
∂ξ

n +
∂σtn
∂ξ

t ,

 = −cosψ

r
σtt t + σϕϕ

(
cosψ

r
t− sinψ

r
n

)
+ σnn

sinψ

r
n + σtn

(
sinψ

r
t− cosψ

r
n

)
.

The projection of the local mechanical equilibrium ∇ · σ on the Frenet frame
reads finally

0 =
∂σtt
∂s

+ cosψ
σϕϕ − σtt

r
+

sinψ

r
σtn +

∂σtn
∂ξ

, (2.140a)

0 = (σtt − σnn)
∂ψ

∂s
+ sinψ

σnn − σϕϕ
r

+
∂σtn
∂s
− cosψ

r
σtn +

∂σnn
∂ξ

. (2.140b)
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2.D Spherical harmonics and Legendre polynomials

2.D.1 Spherical Harmonics

Spherical harmonics are the angular portion of the fundamental solutions to the
Laplace’s equation in spherical coordinate

∇2ψ(r, θ, ϕ) = 0 , (2.141)

where the Laplacian operator is spherical coordinates reads

∇2 =
1

r2

∂

∂r

(
r2 ∂

∂r

)
+

1

r2 sin2 θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

r2 sin2 θ

∂

∂ϕ2
. (2.142)

More specifically the general solution of Laplace’s equation is a sum of functions

ψlm(r, θ, ϕ) =
(
Almr

l +Blmr
−(l+1)

)
Ylm(θ, φ) ,

where l ≥ 0 and m are two integers verifying −l ≤ m ≤ l.

Problems close to the spherical geometry are therefore generally treated with
spherical harmonics Ylm(θ, φ). The normalized spherical harmonics Ylm of degree l
and order m is the product of a complex exponential and an associated Legendre
polynomials

Ylm(θ, φ) =

√
2l + 1

4π

(l −m)!

(l +m)!
Plm(cos θ) eimϕ .

We will not discuss in details the properties of spherical harmonics, but on the
contrary present without justification important results and relations.

Spherical harmonics form an orthogonal basis
∫ π

θ=0

∫ 2π

ϕ=0
YlmY∗l′m′ dΩ = δll′δmm′ . (2.143)

where δij is the Kronecker delta and dΩ = sin θdϕdθ a solid angle infinitesimal
element.

One can therefore expand any real square-integrable function f(θ, ϕ) in spherical
harmonics

f(θ, ϕ) =
∞∑

l=0

l∑

m=−l
flm Ylm(θ, ϕ) . (2.144)

Spherical harmonics as defined above are normalized
∫ ∣∣Ylm

∣∣2 dΩ = 1 , (2.145)
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and the coefficients flm of the expansion can therefore be calculated as

flm =

∫
f(θ, ϕ)Ylm(θ, ϕ) dΩ. (2.146)

Two important relations are the closure relation

∫
dΩ |u(Ω)|2 =

∑

l≥0

l∑

m=−l
|ulm|2 , (2.147)

and the eigenvalue equation

∇2
⊥Ylm = −l(l + 1)Ylm , (2.148)

where the operator ∇⊥ is the gradient in spherical coordinates, restricted to the
variables (θ, ϕ)

∇⊥ ≡ eθ
∂

∂θ
+

eϕ
sin θ

∂

∂ϕ
(2.149)

2.D.2 Legendre polynomials

We sum up here useful relations concerning Legendre polynomials, functions that
naturally emerge in problems with spherical geometry.

In spherical problems with symmetry of revolution, only the spherical harmonics
with m = 0 contribute. They are called cylindrical harmonics and do not depend
on the azimuthal angle ϕ. They reduce to simple Legendre polynomials of degree l
of cos θ: Yl(θ) =

√
2l+1
4π Pl(cos θ).

The polar representation r = r0 + r1 Yl(θ) of the four first cylindrical harmonics
Y1, Y2 and Y3 reveal their symmetry on fig. 2.D.1

1 0.5 0.5 1

1

0.5

0.5

1

1 0.5 0.5 1

1

0.5

0.5

1

1 0.5 0.5 1

1

0.5

0.5

1

1 0.5 0.5 1

1

0.5

0.5

1

mode l=0 mode l=1 mode l=2 mode l=3

φ

r 0

θ

φ φ φ

Figure 2.D.1: Polar representation r = r0 + r1 Yl(θ) (r1 = 0.1 r0) of the four first cylindrical
harmonics. The revolution axis is horizontal. Mode l=0 : isotropic expansion; Mode l=1 : axial
translation; Mode l=2 and 3 : deformations with symmetry of order 2 and 3.

The serie of Legendre polynomials Pl(x) is defined as the solution of the Legen-
dre’s differential equation

d

dx

[
(1− x2)

d

dx
Pl(x)

]
+ l (l + 1)Pl(x) = 0 for 0 ≤ l ≤ ∞ ,
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and forms an orthogonal basis
∫ 1

−1
Pl(x)Pk(x)dx =

2δkl
2l + 1

or equivalently
∫ π

0
Pl (cos θ)Pk (cos θ) sin θdθ =

2δkl
2l + 1

Any function f(θ) C∞ can therefore be decomposed as

f(θ) =

∞∑

l=0

Cl Pl (cos θ) , (2.150)

where the decomposition coefficients Cl are given by

Cl =
2l + 1

2

∫ π

0
f(θ)Pl (cos θ) sin θdθ . (2.151)

We use also the serie of Gegenbauer polynomials, which constitutes an orthogonal
basis as well and can be defined from Legendre polynomials as

Il+1 =
Pl−1 − Pl+1

2l + 1
. (2.152)

We sum up below the useful relations between these two families of polynomials.
We use them in section 2.1.2.2 to obtain the system of equations (2.52) relating
coefficients of Legendre and Gegenbauer series decomposition from the continuous
differential equations (2.49).

∂θ [Pl(cos θ)] = −l (l + 1)
Il+1(cos θ))

sin θ
, (2.153a)

{
∂2
θ + cot θ∂θ

}
[Pl(cos θ)] = −l(l + 1)Pl(cos θ) , (2.153b)

∂θ [Il+1(cos θ)] = sin θPl(cos θ) , (2.153c)

{
∂θ + cot θ

}[Il+1(cos θ)

sin θ

]
= Pl(cos θ) , (2.153d)

{
∂2
θ + cot θ∂θ − cot2 θ

}[Il+1(cos θ)

sin θ

]
= [1− l (l + 1)]

Il+1(cos θ)

sin θ
. (2.153e)
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2.E Visco-active membrane subjected to an axial force

An axial force f can be added in our membrane model by considering that its surface
is not a closed in the integrated formulation (2.42) of the equations of motion.
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Figure 2.E.1: Sketch of the polarized cell submitted to an axial force f = −kx ez from a bead
trapped in an optical tweezer of stiffness k. The cell cortex connects the bead of radius a with a
contact angle θc. The mechanical balance requires an opposite axial force −f on the cell, that is
exerted as a friction form the Pll-PEG cushion on which lies the cell.

If we assume that the membrane connects the bead of radius a with a contact
angle θc = π

2 + ψc, as shown on fig. 2.E.1. The equilibrium of the bead along
eϕ reads therefore 2πaNt sinψc = f + ∆Pπa2. Using the general solution (2.41)
for the tangential tension Nt, we get f + ∆Pπa2 = 2π

(
B + ∆P a2

e

)
, which leads

immediately to B = f
2π , and therefore

Nt =
∆P + f/πr2

2κϕ
, (2.154a)

Nϕ =
∆P + f/πr2

2κϕ

(
2− κt

κϕ

)
, (2.154b)

which is similar to the formula proposed in [Berk 1991] without calculation details.
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2.F Cytoplasmic pressure force does not work when vol-
ume is conserved

We start from the force balance on the membrane eq. (2.68)

∇ ·N + P n = 0 , (2.68)

We formally derive the equation of dynamics in weak form: for any virtual
motion ˆ̇x(S, t) of the membrane

∫
dA

{
∇ ·N + P n

}
· ˆ̇x = 0 (2.155a)

Simple algebra gives

∇ ·
(
N · ˆ̇x

)
= N : ∇ˆ̇x +

(
∇ ·N

)
· ˆ̇x (2.155b)

We can choose freely the virtual motion so that it vanishes on C :

∫
dA∇ ·

(
N · ˆ̇x

)
=

∮

C
d` ·

(
N · ˆ̇x

)
= 0 (2.155c)

We therefore deduce the equations of motion in weak form

−
∫
dAN : ∇ˆ̇x +

∫
dAPn · ˆ̇x = 0 (2.156)

We remark that by Green-Ostrogradski on a closed membrane

∮ (
P ˆ̇x
)
· dA =

∫∫∫
∇ ·

(
P ˆ̇x
)
dV =

∫∫∫ (
∇P · ˆ̇x + P∇ · ˆ̇x

)
dV (2.157)

Since P is uniform ∇P = 0. For the real motion ˆ̇x = u, the work of internal
pressure tends to 0 when the fluid becomes incompressible ∇ · u = 0 :

∮ (
P ˆ̇x
)
· dA = P

∫∫∫
∇ · u dV = 0 (2.158)

Numerically, we show on fig. 2.F.1 that for a bulk modulus K � 1, volume is
nearly conserved and the work of cytoplasmic pressure vanishes.



2.F. Cytoplasmic pressure force does not work when volume is
conserved 129

0 0.5 1 1.5 2 2.5
!150

!100

!50

0

50

100

Time t!Ta

Po
w
er

!
!" 0&

di
ss
ip

"
!" 0

0 0.5 1 1.5 2 2.5
0

25

50

75

Time t!Ta

D
is
si
pa
tio
ns

"
s,

"
Φ
!" 0A B

Pa

Pp

D Ds

Dφ

Figure 2.F.1: Active and dissipated power corresponding to fig. 2.22. (A) Plot of the time evolution
of the total dissipation D, of the work of active forces Pa in the membrane and of the work of
cytoplasmic pressure Pp, rescaled by D0 = 4πR2

0N
a
0 /e0η. We make the cytoplasm nearly incom-

pressible by assigning a high value of its bulk modulus K = 250. As a result it does not store any
elastic energy and its work vanishes. The work of active forces Pa in the membrane is therefore
fully dissipated by viscous effects D. The work of active forces increases in the transient regime and
then decreases almost linearly in time and finally relaxes exponentially towards a plateau above
0. We find again the successive phases of constriction described in fig. 2.22 and we confirm that
maintaining a signal at equator sustains a cortical flow after constriction completion that maintains
dissipation non-zero. (B) Plot of the time evolution of axial and azimuthal components Ds and
Dϕ of the viscous dissipation. The axial components reveals the dissipation due to cortical flows
whereas the azimuthal component is essentially due to the furrow constriction. We observe that
most of the dissipation comes from cortical flows occuring from the poles to the equator, except in
the last phase of constriction for t/Ta & 2.5 where the cortical flows decrease significantly.
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2.G Table of the numerical parameters used for cytoki-
nesis figures.

Fig(s).
Radius
R0

Signal
ampli-
tude δζ∞

Signal
width
w/R0

Depol.
rate kd Ta

Bulk
mod. K

figs. 2.21
and 2.22
figs. 2.23
to 2.25
fig. 2.27
(Right)
fig. 2.29

1 75 0.1 40 250

fig. 2.26 B
and A (in-
set)

1

Ê: 10

Ë: 25

Ì: 40

Í: 50

Î: 75

Ï: 100

0.1 40 250

fig. 2.26 B
(diagram)

1 0 to 81 by 1 0.1 40 250

figs. 2.30
and 2.31

1 75 0.1

À: 30

Á: 40

Â: 80

250

fig. 2.32

(a): 0.5

(b): 1

(c): 2

(d): 4

75

(a): 0.1

(b): 0.2

(c): 0.3

(d): 0.4

40 250

Table 2.G.1: Table of the numerical parameters used for generating the figures (except for code
validation, see sections 2.2.2.5 and 2.2.2.5). The value of following parameters remains unchanged:
e0/R0 = 0.02, vp = e0 kd, n0 = 501.
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3.1 The red blood cell, structure and functions

3.1.1 Structure

Figure 3.1: (Left) Scanning electron micrograph of human erythrocytes. (Right) Typical dimen-
sions of the human red blood cell. (Adapted from [Evans 1972])

Human red-blood cells (RBCs), or erythrocytes, have a distinguishable bicon-
cave disk shape (or discocyte) represented in fig. 3.1 (Left). Much thinner than
most other human cells, they have a diameter of 6-8 µm and a thickness of about
2µm (see fig. 3.1 (Right)). Anucleated, they do not synthesize proteins nor divide
and therefore need only a very reduced metabolism. This metabolism, anaerobic,
produces ATP in the absence of mitochondria. RBCs do not actively change shape
during their life cycle of about 100 days. However they have a fascinating ability
to deform in order to pass through small capillaries of µm size, recovering their ini-
tial shape afterwards. These noteworthy mechanical properties rely on their plasma
membrane and a simplified membrane skeleton, composed of spectrin filaments.
Their simplicity have made RBCs an interesting model system for biophysicists in
between passive vesicles and sophisticated nucleated cells. A large theoretical and
experimental literature has been produced over the last decades to explain the shape
and fluctuations of their surface. We try to give here a short – and necessarily partial
– overview of the major results in the field.

The RBC membrane is composed of a lipid bilayer, under which is anchored a
bidimensional network of spectrin filaments. Spectrin filaments constitute the only
cytoskeleton component in RBCs, as shown in fig. 3.3

3.1.1.1 Lipid bilayer and multiproteins complexes

The inner volume of the RBC is delimited by a lipid-bilayer composed of hundreds
of different lipid species, but mainly of phospholipids (62,7%). Phospholipids are
amphiphilic molecules: they are made of a polar hydrophilic head and a hydrophobic
apolar tail (see fig. 3.2 A). Depending on the relative sizes of the head relative
to the tail, amphiphilic molecules spontaneoulsy self-organize into lipid-bilayers or
micelles in aqueous solutions to minimize the exposure of their apolar tail to water
molecules (see fig. 3.2 B). The RBC lipid bilayer is about 5-6nm thick and is a
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A

B

Figure 3.2: A Schematic illustration of amphiphilic molecules and their possible arrangement into
bilayers. B Coarse-grained respresentation of different lipid geometries and their effect on the large
scale arrangement of lipids. (Adapted from [Phillips 2008])

bidimensional fluid, in which embedded proteins can diffuse1. Half of the RBC
membrane mass is occupied by a hundred of different proteins that can be classified
into two main types: the transmembrane proteins that cross through the lipid bilayer
and peripheral proteins that lie on the membrane surface and are linked to the inner
membrane via transmembrane proteins.

14 American Society of Hematology

Figure 1. The erythrocyte membrane. A model depicting the
major proteins of the erythrocyte membrane is shown: α and β
spectrin, ankyrin, band 3, 4.1 (protein 4.1), 4.2 (protein 4.2),
actin, and GP (glycophorin).
Reprinted with permission from Tse WT, Lux SE. Red blood cell
membrane disorders. Br J Haematol. 1999; 104:2-13.

Figure 2. Pathophysiology of hereditary spherocytosis.
The primary defect in hereditary spherocytosis is a deficiency
of membrane surface area. Decreased surface area may
produced by two different mechanisms: 1) Defects of spectrin,
ankyrin, or protein 4.2 lead to reduced density of the membrane
skeleton, destabilizing the overlying lipid bilayer and releasing
band 3-containing microvesicles. 2) Defects of band 3 lead to
band 3 deficiency and loss of its lipid-stabilizing effect. This
results in the loss of band 3-free microvesicles. Both pathways
result in membrane loss, decreased surface area, and
formation of spherocytes with decreased deformability. These
deformed erythrocytes become trapped in the hostile
environment of the spleen where splenic conditioning inflicts
further membrane damage, amplifying the cycle of membrane
injury.
Reprinted with permission from Gallagher PG, Jarolim P: Red
cell membrane disorders. In Hematology: Basic Principles and
Practice. Hoffman R, Benz EJ Jr, Shattil SJ, et al (eds). 4th ed,
WB Saunders, Philadelphia, 2005.

approximately two thirds of HS patients, inheritance is au-
tosomal dominant. In this group of “typical” HS patients,
ankyrin mutations are the most common cause of HS, fol-
lowed by mutations in band 3 and β spectrin. Over the past
few years, numerous point mutations, defects in mRNA pro-
cessing, and gene deletions have been described in these
genes. Except for a few rare exceptions, HS mutations are
private, i.e., each individual kindred has a unique mutation.

In the remaining patients, inheritance is nondominant.
Cases with autosomal recessive inheritance are due to de-
fects in either α-spectrin or protein 4.2. In other non-

dominant cases, genetic studies have revealed that an un-
expectedly large number of nondominant cases are due to
de novo mutations in the HS genes.4 A few cases of “double
dominant” HS due to defects in band 3 or spectrin that
result in fetal death or severe hemolytic anemia presenting
in the neonatal period have been reported.

Clinical manifestations
Clinical manifestations of the spherocytosis syndromes vary
widely. “Typical” HS is marked by evidence of hemolysis
with anemia, reticulocytosis, splenomegaly, jaundice, and
gallstones, evidence of spherocytosis with spherocytes on
peripheral smear and increased erythrocyte osmotic fragil-
ity, and a positive family history. The degree of hemolysis
varies widely, from asymptomatic patients who are diag-
nosed incidentally to severe, transfusion-dependent pa-
tients. Most HS patients have incompletely compensated
hemolysis and mild to moderate anemia. The anemia is
often asymptomatic except for pallor and/or fatigue. Jaun-
dice is seen at some time in about half of patients, usually
in association with viral infections. Splenomegaly is de-
tectable in most older children and adults. About a quarter
of HS patients have compensated hemolysis and little or
no anemia. Most of these patients are asymptomatic except
during times of increased erythroid stress, compensating
for their hemolysis with increased erythropoiesis. Finally,
a small group of HS patients have poorly compensated
hemolysis and severe anemia. These patients may develop
complications of severe uncompensated anemia including
growth retardation, delayed sexual maturation, and ex-
tramedullary “tumors,” skin ulcers, or thalassemic facies.
Many of these patients are transfusion dependent.

Complications of HS include cholelithiasis and asso-
ciated problems including biliary obstruction, cholecysti-
tis and cholangitis.5 As in other inherited hemolytic ane-
mias, recent studies have shown that co-inheritance of Gil-
bert syndrome increases the risk of neonatal jaundice and
cholelithiasis in HS patients.6 Hemolytic, aplastic, and mega-
loblastic crises may occur. Hemolytic crises are character-
ized by anemia, jaundice, increased splenomegaly, and
reticulocytosis. Common in children, they are typically
associated with viral illness and rarely require interven-
tion. Aplastic crises occur after virally induced bone mar-
row suppression, most commonly parvovirus B19. In pa-
tients with severe HS, aplastic crisis may lead to severe
anemia with serious complications including congestive
heart failure or even death. Aplastic crisis may also be the
event that brings an HS individual to medical attention,
particularly the asymptomatic one with normally compen-
sated hemolysis. Megaloblastic crisis occurs in patients
with increased folate demands, e.g., the pregnant patient,
growing children, or the elderly.

Initial assessment of a patient with suspected HS
should include a family history and questions about his-
tory of anemia, jaundice, gallstones and splenectomy. Physi-
cal examination should seek signs such as scleral icterus,

Figure 3.3: Schematic model of the red blood cell membrane, showing the major proteins involved
in the two anchor points structures of the spectrin membrane skeleton to the lipid bilayer. (Adapted
from [Gallagher 2005])

Band 3 is the most abundant transmembrane protein in the RBC membrane.
It transports negative ions Cl− and HCO −

3 across the membrane and is a compo-
nent of the multiprotein complex junction 4.1 R. The other principal transmem-
brane proteins are: glycophorins A and C (GPA, GPC) and p55. Recent work
[Mohandas 2008] has shown that these proteins are assembled into two multiprotein

1Out of plane deformations are however elastic-like and are described in section 3.2
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complexes. The first, called the 4.1 R complex, comprises the three principal com-
ponents of the skeletal network junctions (spectrin, actin and 4.1 R), together with
tropomyosin, tropomodulin and the transmembrane proteins GPC, band 3 and p55

as shown on figs. 3.3 and 3.3.
The second multiprotein complex is commonly called ankyrin R-based complex

and contains ankyrin R, band 3 and GPA, protein 4.2. Both ankyrin R- and 4.1 R-
based complexes participate in linking the membrane skeleton to the lipid-bilayer
as shown on fig. 3.3 and thereby contribute to the mechanical property of the RBC
membrane.

3.1.1.2 Spectrin cytoskeleton

The major skeletal proteins are spectrin filaments (25% of the protein mass). They
are linked to each other via the 4.1 R complex junctions and give the red cell mem-
brane its strength and integrity.

The spectrin protein is composed of two α- and β-helices forming a flexible fila-
ment. The two α- and β- chains form a dimer, of contour-length 100nm. Dimers self-
associate into tetramers, of double contour length 200nm. The spectrin tetramers
display elastic properties upon extension [Paramore 2006] and their resting length
is of the order of 70− 80nm.

Figure 3.4: Electron microscopy images of the RBC membrane skeleton, showing spectrin filaments
and anchor points to the bilayer (Band 3). Junction coordination can be imperfect (Left: Sp5 and
Sp7) and filaments can have a free end (Right). (Adapted from [Liu 1987])

Multiple tetramers interact at their tail ends with actin protofilaments stabilized
by tropomyosin, tropomodulin and adducin. Protein 4.1 R, which associates to the
transmembrane protein glycophorin C, interacts at the actin binding domain and
increases the affinity of the spectrin-actin binding. These junctions are connected
to an average of six tetramers, thereby forming a triangular meshwork of spectrin
filaments, as confirmed by high resolution electron microscopy of the skeleton (see
fig. 3.4). The meshwork can however be imperfect, with penta- and heptahedrally
coordinated junctions and free spectrin ends.
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The tetramers are also linked by ankyrin to the cytoplasmic domain of the
transmembrane protein band 3. Protein 4.2 binds to band 3 at the same position
and may enhance the ankyrin-band 3 interaction.

The phosporylation of these two anchor complexes has been shown to weaken the
junction of the cytoskeleton to the lipid-bilayer (see fig. 3.5), thereby decreasing the
mechanical strength of the RBC membrane [Eder 1986, Boivin 1988, Danilov 1990,
Subrahmanyam 1991, Manno 2005, Gauthier 2011].
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’DISCUSSION

Protein 4.1R is a multifarious protein with binding capacity for
a wide range of integral3,8,21,22 and skeletal proteins23,24 in the red
cell and other membrane constituents such as phospholipids.19,25

These interactions permit the formation of the large 4.1R-based
protein complexes in the membrane, which, as we have shown,
are dissociated, wholly or partly, upon phosphorylation of 4.1R
by PKC. The spectrin!actin!4.1R ternary complex, and thus
the skeletal network junctions, are concomitantly loosened, and
because the multiprotein 4.1R-linked complexes are necessarily
confined to the junctions, some reciprocal effects may prevail.

It was previously shown that residue serine 331 of 4.1R can be
phosphorylated by PKA in solution13 and that serine 312 is
phosphorylated by PKC in situ.15 We have now established that
both serines are phosphorylated by PKC both in solution and in the
cell. Moreover, our specific antibodies have now allowed us to
discriminate between effects at these two sites andhave revealed that
phosphorylation at either one is sufficient to eliminate or grossly
weaken the affinity of the protein for the known 4.1R-binding
transmembrane proteins. By contrast, phosphorylation of 4.1R has
no discernible effect on its interactions with the transmembrane
proteins, Rh and band 3, a population of which appears also to be
associated with the 4.1R-based complex in the membrane.

The weaker effect of phosphorylation of 4.1R on the stability
of the ternary junction complex is in qualitative agreement with
an earlier report.15 Functional characterization of the 4.1R
spectrin!actin-binding (SAB) domain identified two spectrin-
binding motifs: the N-terminal 21-amino acid cassette encoded
by exon 16 and the region encompassing residues 27!43 within
the 59 C-terminal residues of the SAB domain encoded by exon
17.26,27 An eight-amino acid actin-binding motif lies between the
two spectrin-binding motifs.28 Because the phosphorylation of
4.1R weakened its binding to spectrin by ∼30%, only one of the
two spectrin binding motifs may be affected by the phosphoryl
group in the neighboring 16 kDa domain.

Another noteworthy aspect of our observations is the fact that
introduction of a single phosphoryl group into the 16 kDa

domain of the protein engenders a large change in the affinities
of binding sites in another domain, far removed in the amino acid
sequence. The crystal structure of the protein, missing however
the C-terminal 16 kDa domain,5 comprises three globular
elements, or lobes. The N-terminal lobe A contains the binding
site(s) for band 3 and Rh, lobe B the site(s) for GPC, Kell, Duffy,
and XK, and lobe C the p55-binding site. Because there is no
disturbance by phosphorylation of the interaction with band 3,
Rh, and p55, it appears that the effects are confined to lobe B.
This could in principle involve a structural change, which masks
or otherwise inactivates the binding site(s), or a direct interaction
between the two parts of the protein (lobe B and the 16 kDa
domain). The nature of the conformational change transmitted
between the domains remains to be explored.

On the basis of the available data from this and previous work,
we propose the working model depicted in Figure 6 for the effect of
4.1R phosphorylation on themultiprotein complex. As shown in the
left panel, under normal conditions, transmembrane proteins GPC,
XK, Duffy, Rh, band 3, and protein p55, as well as skeletal proteins
spectrin and actin, all associate directly with 4.1R. Kell is also present
in the complex through its interaction with XK. Upon PKC
activation, residues serine 312 and serine 331 in the 16 kDa domain
are phosphorylated, resulting in conformational changes in SABD
and in lobe B of the 30 kDa domain. These weaken the interprotein
interactions, as indicated in the right panel.

The physiological significance of 4.1R phosphorylation in the
mature normal red cell is uncertain, because the protein is
normally unphosphorylated. On the other hand, extensive phos-
phorylation of 4.1R occurs in reticulocytes,16 in malaria-infected
red cells,29,30 and also in sickle cells.31 There may thus be a role
for 4.1R phosphorylation in early stage erythrocytes and in
pathological states.
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Figure 6. Working model for the effect of 4.1R phosphorylation on the
4.1R!multiprotein complex. In the left panel, the 4.1R-based complex
contains transmembrane proteins GPC, XK, Kell, Duffy, Rh, band 3, and
protein p55, as well as skeletal proteins spectrin and actin. While GPC,
XK, and Duffy bind to lobe B, Rh and band 3 bind to lobe A and p55 to
lobeC of theN-terminal membrane-binding region of 4.1R. SABD binds
to spectrin and actin. In the right panel, residues serine 312 and serine
331 in the 16 kDa domain are phosphorylated upon PKC activation (red
p). This results in conformational changes in SABD and lobe B in the
30 kDa domain as indicated and causes in turn a weakening of the
4.1R!spectrin association, and liberation of GPC, XK, Kell, and Duffy.

Figure 3.5: 4.1 R multiprotein complex composition and actual model for the effect of its phospho-
rylation by the protein kinase C (PKC). The phosphorylation of the 10 kDa spectrin-actin domain
suppresses the ability of 4.1 R to bind the transmembrane proteins GPC, Duffy, XK and Kell and
affects the stability of the ternary spectrin-actin-4.1 R complex, thereby weakening the affinity of
4.1 R for β-spectrin. (Adapted from [Gauthier 2011])

In the following we will adopt an idealized picture of the membrane skeleton
and its anchoring in the membrane, by considering it as a perfect triangular net-
work where filaments ends are able to disconnect from the junction 4.1 R by direct
phosphorylation by an ATP molecule as represented in fig. 3.6.

A B

Figure 3.6: Idealized spectrin network organization and junction to the lipid bilayer. (A) Illustra-
tion of the major proteins anchoring the spectrin cytoskeleton to the lipid bilayer. (B) Putative
model of 4.1 R junction weakening by phosphorylation. (Adapted from [Park 2010])
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3.1.2 Cytoplasmic composition, function and diseases

The erythrocyte is a differentiated cell in charge of the transport of oxygen from the
lungs to the body tissues via the blood flow through the circulatory system. This
transport is mediated by hemoglobin, that gives the blood its red color. Deprived
of organelles like mitochondria or Golgi apparatus, and lacking any cytoplasmic cy-
toskeleton, the erythrocyte cytoplasm is essentially a solution of hemoglobin, which
can be considered as a Newtonian fluid of viscosity η ≈ 6.10−3 Pa.s.

Several diseases are associated with defective spectrin or defective attachment
of the spectrin skeleton to the lipid bilayer, such as hereditary elliptocytosis
[Mohandas 1994], which leads generally lead to anemia.
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3.2 Mechanics of the membrane and spectrin skeleton

3.2.1 Shape of RBC: theoretical approaches

Shape transitions in the red cell are essentiall due to changes in the composition or
the structure of the lipid membrane or the underlying spectrin cytoskeleton.

Bidimensional elasticity
The composite membrane of the red blood cell is about 10 nanometers thick whereas
other dimensions are of the order of the micrometer. It can therefore be considered
as a bidimensional object. Any deformation of a bidimensional object is the super-
position of three elementary deformations: isotropic extension or compression, pure
bending and pure shearing as depicted on fig. 3.1.

µ K

K µ

κ
κG

κ kBT
κ

k
K µ

K = 2µ =

√
3

2
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K = 2µ

Figure 3.1: Skematical representation of the three independent modes of deformation: a) isotropic
extension, b) pure bending and c) pure shear. (Adapted from [Evans 1987])

A pure extension corresponds to an area dilation without shape deformation.
The corresponding variation of energy is characterized by an extension modulus Kc

of dimension energy
surface . One can write the surface density of extensional energy as

hextension =
1

2
Kc

(
∆A

A

)2

, (3.1)

where A is the surface considered and ∆A its the variation. The extension generates
a tension in the membrane that is generally denoted σ.

A pure shear deformation corresponds on the contrary to a shape deformation
without surface change. It is measured by a shear elastic modulus µ which has the
same dimension as Kc. The lipid-bilayer being fluid, shear elasticity can only come
from the underlying spectrin cytoskeleton elasticity. The surface density of energy
can be written

hshearing =
1

2
µ
(
λ2 + λ−2 − 2

)
, (3.2)

where the strain is measured by an the elongation ratio λ = (L0 + δL)/L0. Note
that for a perfect and uniform triangular network of springs, the extension and
shear modulus are both simply proportional to the spring stiffness k, as proved by
[Kantor 1987]

K = 2µ =

√
3

2
k . (3.3)
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Finally, pure bending deformation corresponds to a change in the curvature
tensor without any surface strain in any direction. The associated energy variation
is characterized by a bending modulus usually denoted κ and a Gaussian bending
modulus κG, both having the dimension of an energy. It can be written

hbending =
κ

2
(C − C0)2 + κGK , (3.4)

where C = 1/R1 + 1/R2 is the mean local curvature of the surface, K = 1/R1R2 is
the Gaussian curvature, given in terms of the two local principle radii of curvature
R1 and R2 as shown on fig. 3.2. C0 is the spontaneous curvature which describes
the natural curvature of the surface in the relaxed state.

FHelfrich =

ˆ

surface

h
2
(H �H0)

2 + GK
i
dA

H = 1/R1 + 1/R2 K =

1/R1R2 R1 R2

H0

 G

1R

2R

R1 R2Figure 3.2: Principal radii of curvature R1 and R2 associated with one local position on the surface.

3.2.2 The Canham-Helfrich model

The first theories on the elastic energy of a lipid bilayer membrane have benn pro-
posed independently by Canham [Canham 1970] and Helfrich [Helfrich 1973]

3.2.2.1 Bending energy for a closed lipid bilayer surface

Bending a lipid bilayer requires to push away polar heads of the external layer
and to squeeze the heads of the internal layer, or conversely to generate a negative
curvature. The bending energy κ associated to this deformation is generally of a
few tens of kBT . Helfrich made an analogy between the lipid-bilayer an a smectic A
liquid crystal of thickness twice that of the size of a lipid molecule [Helfrich 1973].
Based on the Frank-Oseen free energy density for uniaxial liquid crystals with the
normal of the membrane as the director of the liquid crystal, Helfrich deduced the
bending elasticity energy of the membrane as the sum of the bending density of
energy exposed above

Hκ =

∫

A
hbendingdA =

∫

A

[κ
2

(C − C0)2 + κGK
]
dA , (3.5)
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where A is the lipid-bilayer surface. In this analogy κ and κG are equivalent, re-
spectively, to the splay and saddle splay coefficients in the Frank-Oseen energy for
liquid crystals [Frank 1958].

In the following we consider only lipid-bilayers with zero spontaneous curvature
C0 = 0. The Gaussian curvature term reduces to a constant for a closed surface,
according to the Gauss-Bonnet theorem
∮

A
κGK dA = 4π (1− g) , (3.6)

where the genius g of the surface A is a constant and that depends only on the
topology. It vanishes for a spherical topology for example. For a periodical planar
topology, the Gaussian curvature term vanishes as well.

3.2.2.2 Surface tension

Stretching the lipids from one-another in a lipid-bilayer cost much energy and the
membrane surface A remains approximately constant. It can however vary slightly
under mechanical extensional force or with transverse fluctuations around its equi-
librium value A0. The energy required for extending the membrane surface reads

Hσ =

∫

A
dAhextension =

1

2
Kc

(
∆A

A

)2

A0 ,

which allows to define the membrane tension as

σ =
dHσ
dA

= Kc
A−A0

A0
. (3.7)

3.2.2.3 Canham-Helfrich Hamiltonian

The Canham-Helfrich Hamiltonian is generally written as the sum of the bending
and surface tension energies

H = Hκ +Hσ =

∫

A

{κ
2

(C − C0)2 + σ
}
dA (3.8)

3.2.3 Area Difference Elasticity (ADE) model

The area difference model, suggested by [Sheetz 1974], proposes that different lipid
composition between inner and outer leaflets of the plasma membrane induces a
difference of area between them. The elastic stretching energy associated with this
difference ∆A − ∆A0 was combined by [Miao 1994] to the Helfrich energy 3.8, to
lead to the so-called area-difference elasticity (ADE) model:

HADE =

∫

A

{κ
2

(C − C0)2 + σ
}
dA+

κ̄

2

π

Ad2
(∆A−∆A0)2 , (3.9)
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where d is the bilayer thickness, A is the membrane surface area, ∆A0 = Aout
0 −Ain

0

is the differential area of the two leaflets in the relaxed state and κ̄ the non-local
bending moduli of the membrane. The ADE model has four different length scales
RA and RV , defined as A ≡ 4πR2

A and V ≡ 4
3πR

3
V , C

−1
0 and ∆A0/d. One can

re-scale these variables by RA, thereby defining a reduced volume v = V
4
3
πR3

A

, a
reduced spontaneous curvature c0 = C0RA and a reduced equilibrium area difference
∆a0 = ∆A0

2dRA
. The effects of spontaneous curvature and area difference elasticity can

furthermore be combined into an effective differential area parameter

∆̄a0 = ∆a0 −
c0

2πξ
, (3.10)

where ξ = κ̄
κ .

Figure 3.3: Phase diagram of vesicles shapes predicted by the ADE model, with a fixed ratio of
bending moduli ξ. (Adapted from [Döbereiner 2000])

Using this model, it is possible to predict successfuly the morphology and vast
zoology of shape changes of vesicles as shown on fig. 3.3. In particular the ADE
model exhibits the stable discocyte shape of red blood cells, and can reproduce the
transition to stomatocytes when ∆̄a0 is decreased at fixed reduced volume. However
it fails in reproducing the transition to echinocytes.

3.2.4 The need for spectrin shear elasticity

Red blood cells have a discocyte shape in physiological conditions. However they
can exhibit different stable shapes if these conditions are changed: stomatocytes and
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echinocytes are two examples shown on fig. 3.4. ATP concentration has notably
shown to control RBC shape [Sheetz 1977]. To explain the observed echinocyte
shape of red blood cells, Lim et al. added the elastic effect of the spectrin skeleton.
The contribution of the membrane skeleton is added to the ADE model as

HRBC = HADE +Hskeleton , (3.11a)

Hskeleton =
Kα

2

∮

A
dA
(
α2 + a3α

3 + a4α
4
)

+ µ

∮

A
dA
(
β + b1αβ + b2β

2
)
, (3.11b)

where α = dA
dA0
− 1 = λ1λ2 − 1 and β = (λ1 − λ2)2/2λ1λ2 are the local area and

strain invariants, with λ1 and λ2 the local principle stretches. Kα and µ are the
linear elastic moduli for stretch and shear.

With this refined of version the RBC membrane mechanics, the sequence from
stomatocyte to echinocyte can be reproduced as shown on fig. 3.4.

whenever the membrane is not flat, a purely geometrical differ-
ence !A is induced between the areas of the inner and outer
leaflets. If !A is not identical to !A0, then elastic energy is

required to make them conform. The shape–free–energy func-
tional that incorporates these two effects is

FADE"S# !
"b

2 !
S

dA$2H # C0%
2 $

"!
2

%

AD2 $!A # !A0%
2, [1]

where D is the membrane thickness," A is the membrane area, "b
and "! are known bending elastic moduli, and the integral is over
the surface S of the closed vesicle. Eq. 1 defines the so-called
area–difference–elasticity (ADE) model (13). Mechanically sta-
ble shapes of fixed area and volume correspond to constrained
energy minima. For appropriately chosen parameters, the ADE
model does exhibit discocytic shapes, which become unstable
and transform to stomatocytic shapes when !A0 is decreased,
in accordance with the bilayer-couple hypothesis. However,

"More precisely, D is the separation between the neutral surfaces of the two bilayer leaflets
and is assumed independent of bending. The neutral surface of the leaflet is the plane
about which the net bending moment caused by the stress profile vanishes.

Fig. 1. Representative shapes from the main stomatocyte–discocyte–
echinocyte sequence, including (top to bottom) stomatocyte III, II, and I;
discocyte; and echinocyte I, II, and III. (Left) Laboratory images reproduced
with permission from refs. 31 (Copyright 1956, Grune & Stratton), 32 (Copy-
right 1980, Academic Press), 33 (Copyright 1975, Biophysical Society), and 2
(Copyright 1973, Springer). (Right) Minimum-energy shapes calculated from
our model with v0 & 0.950 and !a0 of (top to bottom in percentages) '0.858,
'0.358, 0.072, 0.143, 1.717, 1.788, and 2.003 with all other parameters re-
maining fixed.

Fig. 2. A sample of observed non-main-sequence shapes, including (top to
bottom) nonaxisymmetric discocyte, stomatocyte with triangular mouth, and
knizocyte. (Left) Laboratory images reproduced with permission from refs. 27
(Copyright 1981, Biophysical Society), 32 (Copyright 1980, Academic Press),
and 2 (Copyright 1973, Springer). (Right) Minimum-energy shapes calculated
from our model with values of v0 and !a0 of 0.989 and 0.215%, 0.950 and
'0.858%, and 1.000 and 1.144% (from top to bottom) with all other param-
eters remaining fixed.

Lim et al. PNAS # December 24, 2002 # vol. 99 # no. 26 # 16767
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Figure 3.4: Representative shapes from the stomatocyte-discocyte-echinocyte sequence, experimen-
tal (Left) or calculated as mimimum of energy shape (Right). (Adapted from [Lim H. W. 2002])
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3.3 Membrane fluctuations: theoretical and numerical
models

3.3.1 Theoretical models of membrane fluctuations

It has been known from 1890 that red blood cells are flickering, when observed
through an ordinary microscope. This flickering phenomenon is attributed to fluc-
tuations of the red cell membrane in a direction transverse to the focal plane of
the microscope. These fluctuations, of thermal and/or biochemical origin, have a
typical amplitude of a few nm, which is very low compared the erythrocyte µm
size. We can therefore assume that membrane elongations are in the linear regime
of elasticity. The role of the fluctuations remains elusive, but they may prevent the
red cell to adhere to blood vessels or other tissues by exerting a repulsive force of
entropic origin, and could also facilitate the diffusion and hence the uniformization
of transmembrane proteins within the membrane.

3.3.1.1 First quantitative study of RBC fluctuations

The first quantitative study of the RBC flickering effect has been achieved by
Brochard and Lennon in 1975 [Brochard 1975]. They used a phase contrast mi-
croscope to measure the power density spectrum (PSD) of the thickness variation of
the red cell

〈
δd2(ω)

〉
and its spatial correlations P (ω,R12) = 〈δd(r1, ω)δd(r2, ω)〉,

with R12 = r1 − r2.

The frequency spectrum, reproduced in a log-log plot on fig. 3.1, displays a
typical −4

3 slope behavior at high frequency:

〈
δd2(ω)

〉
∝ ω−4/3 for ω/2π > 1Hz (3.12)

A theoretical study is proposed to explain this behavior and considers the bending
Helfrich energy as a starting point and supposes that the membrane tension vanishes.
Using the fluctuation-dissipation theorem (see section 4.A) and considering the drag
of the surrounding viscous fluid (see section 4.B), they recover the −4/3 power
behavior of the dynamical fluctuation autocorrelation function. We detail in the
next paragraph a calculation of the static fluctuation spectrum of a lipid-bilayer
membrane in the same spirit. Experimentally, the fluctuations amplitude

√
〈δd2〉

is found to be of the order of 80nm, in good agreement with the linear response
theory framework.
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Figure 3.1: Power spectrum density of the thickness fluctuations of a human erythrocyte plotted
in log-log scales. (Adapted from [Brochard 1975])

3.3.1.2 Fluctuation spectrum of lipid bilayer membranes

A B

Figure 3.2: Monge representation: A A surface can be defined by a function h(x, y) of Cartesian
coordinates x, y. B Overhangs cannot be described in the the Monge representation. (Adapted
from [Boal 2012])

We consider an Canham-Helfrich membrane in the Monge representation: the po-
sition vector of the bilayer mid-plane is given by

(
x, y, h(x, y)

)
=
(
r, h(r)

)
as rep-

resented in fig. 3.2. In the limit of small deformations
∣∣∇h(r)

∣∣� 1, the membrane
curvature is given approximately by ∇2h = ∆h and the membrane surface element

by dA =
√

1 + (∇h)2dxdy ≈
(

1 + 1
2

(
∇h(r)

)2)
d2r. We can therefore rewrite the

Canham-Helfrich energy (3.8), ignoring the constant term, as

H =

∫

S
d2r

[κ
2

(
∇h2(r)

)2
+
σ

2

(
∇h(r)

)2] , (3.13)



146Chapter 3. Introduction: the RBC cell membrane and cytoskeleton

where S is the membrane area projected on the plane (x, y). The bending modulus
and surface tension define a characteristic length λσ =

√
κ
σ .

We consider a square piece of membrane with periodic boundary conditions and
projected area S = L2. It is more convenient to work in spatial Fourier space. The
Fourier component h̃q is defined as

h̃(qx, qy) = h̃q =
1√
L

∫ L

0
dx e−iqxx

1√
L

∫ L

0
dy e−iqyyh(x, y) =

1√
S

∫ S

0
d2r h(r) e−iq·r ,

(3.14a)

h(r) =
1√
S

∑

q

h̃q e
iq·r . (3.14b)

Inserting the previous equation (3.14b) in the Helfrich Hamiltonian (3.13) yields

H =
1

2

∑

q

(
σq2 + κq4

)
h̃qh̃−q . (3.15)

At thermal equilibrium, we can use the equipartition theorem that assigns an av-
erage energy kBT/2 energy for each Fourier mode and leads to the static fluctuation
spectrum
〈
|h̃q|2

〉
=

kBT

σq2 + κq4
, (3.16)

where 〈.〉 denotes a statistical average. Note that, depending on the definition used
for Fourier transforms, the projected surface S can appear in the eq. (3.16).

Two regimes can be identified, depending on the wavelength λ = |q|−1:

• If λ � λσ, the fluctuations are dominated by the q4 modes, and therefore
by the bending elasticity. We can evaluate the order of magnitude of the
maximum thermal fluctuation amplitude, by integrating the eq. (3.16) between
qmin = 2π

L and qmax = 2π
a , where L is the typical membrane size and a a

microscopic cut-off. One obtains

√
〈h2(L)〉 ∼

√
kBT

κ
L . (3.17)

For a lipid bilayer of size L ∼ 10µm and bending modulus κ ∼ 10 kBT with
zero tension, we have therefore

√
〈h2(L)〉 ≈ 3µm.

• If, on the contrary, λ� λσ, the tension term dominates, and one can similarly
calculate the maximum fluctuation amplitude

√
〈h2(L)〉 ∼

√
kBT

σ
log

L

a
, (3.18)

which leads to
√
〈h2(L)〉 ≈ 60nm for typical tension σ ∼ 10−5 J.m−2 and

cutoff a ∼ 0.5nm. The amplitude of the fluctuations is strongly reduced
when the membrane is tensed.
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3.3.1.3 Surface excess

In the Monge representation, the projected area S is inferior to the real membrane
area A, and one can defined a surface excess

α =
∆A

A
=
A− S
A

=
1

2

∫

S
d2r∇2h(r) . (3.19)

Using the Parseval-Plancherel theorem, we can evaluate this excess area α by inte-
grating the static fluctuation spectrum (3.16) over all the Fourier modes q, which
leads to the excess area due to membrane fluctuations [Helfrich 1984]:

α =
kBT

8πκ
log

π2/a2 + σ/κ

π2/L2 + σ/κ
, (3.20)

which leads to α = kBT
4πκ log L

a for zero tension. Using the same numerical values as
previously, we get a surface excess α ≈ 8% due to fluctuations in a membrane with
vanishing tension. For intermediate values of the tension κπ2/L2 � σ � κπ2/a2,
we have

α =
kBT

8πκ
log

κπ2

σa2
≈ 5% . (3.21)

One remarks therefore that the surface of a weakly tensed membrane can be ex-
tended non-negligibely by unfolding the thermal fluctuations.

As proposed by [Fournier 2001], the area excess between the microscopic total
membrane surface Ā and the macroscopic optically visible area A can be defined as
the sum of two contributions, sketched on fig. 3.3:

- A term which accounts for the surface stored in membrane folding due to
fluctuations, as described above (3.21).

- A term which accounts for the extent of lipid stretch under the action of the
tension (see (3.7)).

Ā−A
Ā

=
kBT

8πκ
log

κπ2

σa2
+

σ

Kc
. (3.22)

Figure 3.3: Membranes with a microscopic area Ā and optically visible area A, attached to solid
frame of surface S = L2. A floppy membrane has large fluctuations that are optically visible (a1).
By pulling sufficiently on the membrane (a2), one can hinder optically visible fluctuations, without
suppressing fluctuations of lower length scales. Similarly an initially "flat" membrane (b1) has a
small microscopic excess area and can be further extended (b2) by a small perturbation. (Adapted
from [Fournier 2001])
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This property was confirmed by tension and macroscopic area measurements on
vesicles [Evans 1990, Rawicz 2000] as illustrated on fig. 3.4

Figure 3.4: Variation of macroscopic surface and tension of a vesicle aspirated by a micropipette.
A Video micrograph of a vesicle area expansion, at low tension (a) and at high tension (b). The
change in projection length ∆L is proportional to the change in apparent surface area ∆A. B Semi-
log plot of tension as a function of apparent area expansion, fitted by the elastic compressibility
relation (3.22). (Adapted from [Rawicz 2000])

3.3.1.4 Confinement by the spectrin skeleton

The spectrin skeleton has been proposed to confine the lipid bilayer membrane
fluctuations by a harmonic potential at lowest order [Gov 2003]

V =
1

2

∫
d2r γh(r)2 . (3.23)

This term acts as a Lagrange multiplier that constrains the mean square amplitude
of fluctuations to be equal to d2 = 1

8kBT/
√
γκ. This is equivalent to consider that

the spectrin cytoskeleton acts as a rigid plan at h = 0 that maintains the membrane
at an average distance d by an harmonic potential. The static fluctuation spectrum
in Fourier can be easily generalized to

〈
|hq|2

〉
=

kBT

γ + σq2 + κq4
. (3.24)

The confinement parameter γ defines a new characteristic length λγ =
(
κ
γ

)1/4
. For

large wavelengths λ � λγ , the fluctuations are confined. Adding a confinement
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parameter γ ∼ 107 J.m−4 to the fluctuation spectrum allows for a better fit of the
experimental data in [Zilker 1987] (see fig. 3.6).

3.3.1.5 Coarse-grained model of the spectrin skeleton

Another model has been proposed to explain this tension jump in [Fournier 2004].
The RBC membrane energy is supposed to be the sum of the lipid bilayer energy
and an elastic energy of the spectrin skeleton:

H = Hbil +Hel , (3.25)

where the lipid bilayer energy is the Canham-Helfrich Hamiltonian including a con-
finement parameter

Hbil =
1

2

∑

q

(
γ + σq2 + κq4

)
|hq|2 . (3.26)

The spectrin skeleton is supposed to be a perfect network of N entropic springs of
length ξ in actual state, of resting length l0 and of stiffness k. The associated elastic
energy reads therefore

Hel =
1

2
N k (ξ − l0)2 . (3.27)

Figure 3.5: Sketch of a nearly planar membrane of microscopic area A, of coarse-grained area Aξ
and of projected area L2. The spectrin filaments are represented by springs of length ξ and are
anchored at fixed points in the membrane (plain line). (Adapted from [Dubus 2007])

The filaments are anchored to the lipid bilayer and therefore their instantaneous
extension depends on membrane fluctuations (see fig. 3.5). The coarse-grained area
Aξ that they define is lower than the microscopic lipid bilayer area A. If we suppose
that the network is periodic, the coarse-grained area is the sum of the areas delimited
by a spectrin lattice unit: Aξ = Nξ2/g, where g depends on the topology of the
network. For a triangular lattice g = 2

√
3, for a square lattice g = 2.

We consider a nearly planar membrane of height h(r) in the Monge representa-
tion, sketched in fig. 3.5. Its microscopic area is A, the network coarse-grained area
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Aξ and the projected area is L2. The coarse-grained area can be decomposed into
Fourier modes with wave-vectors smaller than ξ−1:

Aξ
[
hq

]
= L2 +

∑

q≤ξ−1

1

2
q2|hq|2 +O(h4

q) =
N

g
ξ2 . (3.28)

At zeroth order in hq, we can define an average filament extension length

ξ−1
0 =

N

gA
(3.29)

We inject in the energy (3.30) the expression of ξ deduced from eq. (3.28) :

Hel = H(0)
el + ∆σ

∑

q<ξ−1
0

1

2
q2|hq|2 +O(h4

q) , (3.30a)

with ∆σ =
1

2
g k

(
1− l0

ξ0

)
. (3.30b)

We can therefore rewrite the total membrane energy (3.25) as

H = Hbil +Hel =
1

2

∑

q<ξ−1
0

∆σ q2|hq|2 +
1

2

∑

q

(
γ + σq2 + κq4

)
|hq|2 (3.31)

Note that the contribution of the spectrin network to the energy is limited to wave-
vectors smaller than ξ−1

0 .
With the equipartition theorem we deduce the following static power spectrum

of the membrane height fluctuations at equilibrium

〈
|hq|2

〉
=

kBT

γ + (σ + ∆σ)q2 + κq4
for q . ξ−1

0 , (3.32a)

〈
|hq|2

〉
=

kBT

γ + σq2 + κq4
for q & ξ−1

0 . (3.32b)

The spectrin elastic energy leads therefore to a tension jump when the wavelength
goes beyond the mesh size of the network, as expected: for wavelengths much smaller
than the mesh size, the lipid-bilayer doesn’t feel the spectrin network; on the con-
trary, for wavevelengths greater than the mesh size, the fluctuations are damped
by the elastic network. This adds an extra tension term to the fluctuation spec-
trum. Note that the tension jump exists only for a prestressed network (ξ0 6= l0)
at this order of approximation (O(hq4)). For vanishing prestress, the calculation
should be carried up to 4th. order in hq to calculate the effective membrane ten-
sion, which requires the use of the renormalization group techniques. Note also that
the spectrin network should in fact renormalize also the effective membrane tension
at wavelengths smaller than ξ0 if we take into account the constraint of microscopic
area conservation: 1

2

∑
q q

2
〈
|hq|2

〉
= A− L2.
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Fournier et al. reinterpreted the data of [Zilker 1987] with this result (3.32a) by
plotting in fig. 3.6 the ratio κ/κq, where the effective bending modulus, depending
on q, is defined as

〈
|hq|2

〉
=
kBT

κ4
q

. (3.33)

The fit leads to a confinement parameter γ ∼ 5 × 106 J.m−4, a tension at small
wave-vectors σ< = σ + ∆σ ∼ 1.5× 10−6 J.m−2 and a tension at high wave-vectors
σ> = σ ∼ −0.8×10−7 J.m−2. The positive sign of ∆σ = σ<−σ> ∼ 1.6 10−6 J.m−2

suggests that the spectrin network is under tension, and gives an order of mag-
nitude of the spectrin filament stiffness k ∼ 10−6 J.m−2, in good agreement with
measurements made in [Lenormand 2001].

Figure 3.6: Fit (plain line) of the measured fluctuation spectrum of a human red blood cell from
the data (squares) of [Zilker 1987]. The dashed line extrapolates the large length-scale fit. The
discontinuity and the corresponding tension jump occurs at a length scale ≈ 125nm comparable
to the spectrin skeleton mesh. (Adapted from [Fournier 2004])

It is quite remarkable to find that σ> is close to zero, or even negative. The
spectrin cytoskeleton may lead to extra-folding of the membrane, thereby regulating
the membrane tension at length scales shorter than the cytoskeleton mesh size, via
the area constraint.

3.3.1.6 Refined static model of the spectrin skeleton

Starting with similar hypothesis as above, Dubus et Fournier proposed a refined
model of the effective membrane fluctuation spectrum in presence of an elastic tri-
angular spectrin network [Dubus 2006]. Their Hamiltonian in 2 dimensional curvi-
linear coordinates (x1, x2) is the sum of the classical Canham Helfrich energy and a
discrete elastic spectrin energy

H =

∫ L1

0

∫ L2

0

√
gdx1dx2

[κ
2

(
∂α∂

αh
)2

+
σ

2
(∂αh)(∂αh)

]
+

N∑

n=1

µn
2

[
h(Rn)−h(R̄n)

]2
,

(3.34)
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where µn is related to the spring stiffness by µn = k
(
1− l0/|Rn − R̄n|

)
. The vectors

Rn and R̄n are the projections of the n-th spring end points, as shown on fig. 3.7.

Figure 3.7: Network of N springs in a M ×M unit cell of a cytoskeleton with periodic boundary
conditions. The extremities of the n-th spring have projections Rn and R̄n onto the reference
plane. (Adapted from [Dubus 2006])

Using an Hubbard-Stratanovitch transformation to treat the discrete spectrin
energy in the previous Hamiltonian (3.34), they calculated the effective fluctuation
spectrum with equipartition theorem for a triangular network with no defect, in the
regime q � ξ−1

0 :

kBT

〈|hq|2〉
∼ σeff q

2 + κeff q
4 , (3.35)

with

σeff = σ +
3

2
√
g
µ = σ + k

√
3
(
1− l0/ξ0

)
, (3.36a)

κeff = κ− 3

32
√
g
µξ2

0 = κ−
√

3

16
kξ2

0

(
1− l0/ξ0

)
(3.36b)

They obtained therefore the same tension jump as [Fournier 2004], but calculated
also the small cytoskeleton renormalization of the membrane bending modulus.

3.3.2 Numerical models of membrane fluctuations

3.3.2.1 Percolation model

Saxton studied the RBC cytoskeleton elasticity by a percolation model
[Saxton 1990]. The system consists in a triangular network of springs from which
a fraction 1− b of spectrin filaments are removed randomly (see fig. 3.8). The per-
colation threshold is reached for b = 2 sin (π/18) ∼ 0.347, which corresponds to a
mean number of 2.08 links per node. The shear modulus is calculated as a function
of b and the spring stiffness k‖ and reaches zero for b ∼ 0.642, a fraction much
larger than the percolation threshold. A further stiffness k⊥, that opposes to angle
changes, has a significant effect, since for k⊥/k‖ & 0.2 the shear modulus reaches
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zero only at the percolation threshold. This model however doesn’t take into ac-
count transverse and parallel displacement of the nodes nor the composite structure
of the RBC membrane.

Figure 3.8: Percolation model of the spectrin cytoskeleton triangular network. Spectrin filaments
(links) are removed randomly with a fraction 1 − b. The percolation threshold is reached for
b ∼ 0.35. (Adapted from [Saxton 1990])

3.3.2.2 Langevin dynamics with filament breaking

In a recent numerical model [Zhang 2008], the authors started from an Helfrich
energy coupled via mobile anchor points to a quasi-planar network of springs, very
similarly to [Dubus 2006]. The membrane and cytoskeleton is represented in fig. 3.9
A. Adapting their notations, their Hamiltonian reads

H =

∫

S
d2r

κ

2

[
∇2h(r)

]2
+
∑

〈i,j〉

bij(t)

{
µ

2
(ri − rj)

2 +
µ

2

[
h(ri)−h(rj)

]2−EB

}
, (3.37)

with r = (x, y). EB > 0 is the bond free energy associated with disconnecting
an attached filament and µ is the shear modulus of the elastic spectrin triangular
network. The sum is made on each distinct pair of neighboring nodes 〈i, j〉. bij(t)
accounts for the random detachment of the network: it is 1 when the ij link is
connected and 0 otherwise.

The Hamiltonian (3.37) is very similar to the one of [Dubus 2006], but the lat-
eral positions of the nodes are mobile here, and the links can break and reform
dynamically. Note that the lipid-bilayer tension is supposed to vanish in this study.
An effective tension may therefore emerge only from the spectrin network elasticity.
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A B

Figure 3.9: A Snapshot of the quasi-planar RBC membrane in simulations. The lipid bilayer is
connected to spectrin by a network of laterally mobile anchoring nodes (white dots). These nodes
are interconnected by springs to model the cytoskeleton elasticity. Individual links are allowed to
break and reform randomly. The average mesh size is 100nm. B Comparison of simulation results
and theoretical prediction of [Dubus 2006] (see (3.35)) for the Fourier amplitude of fluctuations〈
|hk|2

〉
versus the wavelength k−1. The solid line is the theoretical prediction and fits correctly the

simulation results only for wavelengths larger than the mesh size. (Adapted from [Zhang 2008])

They deduce the following overdamped Langevin equations for the membrane
height h(r, t) and lateral position of nodes ri(t):

∂h(r, t)

∂t
=

∫ ∞

−∞
dr′ Λ(r− r′)

[
f(r′, t) + ζ(r′, t)

]
, (3.38a)

where f(r, t) is the force per unit area on the membrane,

f(r, t) = − δH
δh(r, t)

= −κ∇4(r, t)−
∑

j

µ bij(t) δ
2(r− ri)

[
h(r, t)− h(rj , t)

]
, (3.38b)

where δ2 is a delta function on the surface ,

∂ri(t)

∂t
=

D

kBT

[
fi(t) + ζit

]
, (3.38c)

where fi(t) is the force on the node ri(t)

fi(t) = −δH
δri

= −
∑

j

µ bij(t)

{
(
ri − rj

)
+
[
h(ri)− h(rj)

]∂h(ri)

∂ri

}
. (3.38d)

D is the lateral diffusion constant of the nodes in the membrane and Λ(r) is the
diagonal part of the Oseen tensor, that accounts for hydrodynamic flow in the sur-
rounding fluid of viscosity η, and is given by (see section 4.B)

Λ(r) =
1

8πη|r| . (3.39)

ζ(r, t) and ζi(t) are spatially local Gaussian white noise satisfying the fluctuation-
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dissipation theorem (see section 4.A)

〈ζ(r, t)〉 = 0 , (3.40a)〈
ζ(r, t)ζ(r′, t′)

〉
= 2kBTΛ−1(r− r′)δ(t− t′) , (3.40b)

〈ζi(t)〉 = 0 , (3.40c)

〈ζi(t)ζj(t)〉 = 4
(kBT )2

D
δijδ(t− t′) . (3.40d)

For the dynamics of the breaking and reforming of spectrin springs, they consider a
simple two-state model with a rate kc to reconnect a link and a rate kd to dissociate
a link. At steady-state the probability of a link to be connected reads simply

p =
kc

kc + kd
. (3.41)

However their model does not account for the change in on the kinetic due to the
energy of filament elongation, and therefore does not obey the detailed balance.

BA

Figure 3.10: A Simulation results of the {membrane+spectrin} correlation amplitude 〈| hk |2〉 as
a function of the wave-number k for an hexagonal 2-dimensional lattice. Circles are the data for
the case of immobile nodes placed on a perfect lattice, while triangles are the data for the case
of mobiles nodes. Mobility of the cytoskeleton attachment points does not significantly alter the
simulation results. B Normalized tension σ(p) versus spectrin link attachment probability p for a
hexagonal lattice. The circles, triangles and diamonds are simulation results for (kd + kc)

−1 � τm
(fast spectrin kinetics), (kd + kc)

−1 ∼ τm (intermediate regime) and (kd + kc)
−1 � τm (slow

spectrin kinetics). The dashed line is the prediction of eq. (3.42a); the solid line is the prediction
of eq. (3.42b) (Reproduced from [Zhang 2008])

The authors simulate the Langevin equations in spatial Fourier space with
Fourier Monte Carlo (FMC) [Gouliaev 1998] and Fourier space Brownian dynamics
(FSBD) [Lin 2004, Lin 2005]. For a hexagonal lattice (triangular mesh), and no
spring disconnection, the model of [Dubus 2006] fits correctly the fluctuation spec-
trum for wavelengths larger than the typical spectrin mesh size 125nm, as shown
on fig. 3.9 B.

In the limit of association and dissociation rates much faster than the mem-
brane relaxation time scale τm � (kd + kc)

−1, each cytoskeletal link behaves as
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an intact link with a reduced spring constant, leading to the effective membrane
tension (3.42a). On the contrary for (re)association rates much slower than the
membrane relaxation time scale τm, the membrane evolves under the influence of
quenched network disorder, with a behavior analogous to the 2 dimensional perco-
lation problem [Saxton 1990] briefly exposed above. Here the percolation threshold
is p = pc = 2/z = 1/3 for a bond valence z = 6 for the hexagonal lattice, and the
effective tension vanishes at this point (3.42b).

σeff =
√

3µ p (fast spectrin kinetics) , (3.42a)

σeff =
3
√

3

2
µ

(
p− 1

3

)
(slow spectrin kinetics) , (3.42b)

3.3.3 Active membranes fluctuations

Membranes can exchange lipids with their environment, and transmembrane or pe-
ripheral proteins can be involved in active processes such as pumping ions or bond
breaking. These processes are called active because they require an external input of
energy, generally mediated by the ATP molecules. These systems are therefore main-
tained out-of-equilibrium by a permanent influx of energy, and this non-equilibrium
behavior can be transduced into non-thermal membrane fluctuations. Active mem-
branes refer therefore here to the presence of fluctuations of non-thermal origin, i.e.
that can not be derived from the fluctuation-dissipation theorem. We review below
a few important hydrodynamic models of active membranes.

3.3.3.1 Ion pump shot noise

The first hydrodynamic model of active membranes was proposed by J. Prost and R.
Bruinsma in 1996 [Prost 1996]. The activity originates from ion channels embedded
in the membrane and mobile. Switching stochastically between open and closed
states, these channels can produce a collective noise called shot noise. This process
is described by a two-state variable Si(t) = 1 if the ion is active and 0 if not. The
noise is exponentially correlated in time g(t) = 〈Sk(t)Sk(0)〉 − 〈Sk〉2 = g(0) e−t/τ ,
with a typical correlation time τ . The ion pumping effect generates a pressure
variation of the form

δp(r, t) ∝ f
∑

i

Si(t) δ
(
r−Ri(t)

)
,

where f ∼ kBT/d is the typical force dipole exerted on the membrane of thickness
d. The membrane is supposed here to have a non-zero permeability denoted λp.
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Figure 3.11: Fluctuating nearly flat membrane with mobile ion channels. The membrane displace-
ment with respect to the plane z = 0 is denoted u(r⊥) with r⊥ the in-plane position. The ion
channels are located at Rk(t) and allow the passage of ions and water molecules. (Adapted from
[Prost 1996])

Around steady-state the authors show that the membrane fluctuations can be
described by the following Langevin equation for the height displacement uq(t)

∂uq(t)

∂t
+ τ(q)−1uq(t) = ζq(t) + Γ

∑

i

Si(t) e
iq·Ri(t) , (3.43)

where Γ = λp and τ(q)−1 is the sum of the traditional relaxation time for an
impermeable membrane in Fourier space and an additional permeation term.

τ(q)−1 =
κ

4η
q3 + κλpq

4 . (3.44)

The first term ζq(t) in the right-hand side of eq. (3.43) is the equilibrium thermal
noise, which obeys the fluctuation-dissipation theorem, whereas the second term is
a non-equilibrium noise due to the ion pumps activity. In the long wavelength limit,
this model is able to predict that active noise can dominate over thermal noise

〈
|uq|2

〉
∼q→0

kBT

κ

(
q−4 + ξ−1

ne q
−5
)
, (3.45)

where ξne = DE/16η
(
Γρ〈S〉

)2 is a length-scale that diverges close to equilibrium
Γ → 0 (D is the diffusion constant of the ion pumps and E an area compression
modulus)

3.3.3.2 Curvature coupling

The first experimental realization of active membranes was done by reconsti-
tuting the transmembrane protein bacteriorhodopsin in giant unilamellar vesicles
[Manneville 1999, Manneville 2001]. A new theoretical model coupling protein ac-
tivity to the membrane via curvature was conjointly proposed to explain the ex-
perimental results [Ramaswamy 2000]. The possible asymmetry of the ion pumps
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shape is the main new ingredient added to the seminal work of Prost and Bruinsma
[Prost 1996]. It introduces a preference of these proteins for positive or negative
membrane curvature regions, depending on the ratio of their head-to-tail size (see
fig. 3.12 A). This coupling between mobile force centers and curvature can lead to
traveling waves or instabilities. Proteins that prefer positive curvature can trigger
an instability, since the pumping region is more curved and therefore attracts more
pumps, as sketched on fig. 3.12 B.

A B

Figure 3.12: A Asymmetric proteins are drawn to regions with curvature adapted to their shape.
B An instability develops if the curvature produced by pumping attracts more pumps. (Adapted
from [Ramaswamy 2000])

This approach was followed by a subsequent interest in the field [Chen 2004,
Gov 2004, Lomholt 2006]. We note that in [Lacoste 2005, Chen 2010] the active
membrane models are constructed based on the idea of switching between several
internal states of the active proteins. The membrane fluctuations become therefore
non-equilibrium fluctuations because the transitions between the various internal
states of the proteins do not obey detailed balance.

3.3.3.3 Direct force

ΔR/R ~ 20%

A B

Figure 3.13: A Schematic side view of the RBC composite membrane with fully connected spectrin
filaments. B Sketch of the dissociation of a filament that drives supposedly a direct force event by
membrane unbuckling. (Adapted from [Gov 2005])

In [Gov 2004] the authors distinguish two possible types of active forces, direct
forces and curvature forces, depending on whether active proteins are coupled or
not to the membrane curvature. Direct forces are suggested to be triggered by the
detachment under ATP hydrolysis of one spectrin filament end in RBC membranes
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[Gov 2005, Gov 2007]. Balancing the tension developed by a stretched filament with
the energy needed to buckle the membrane, they predict a steady-state stretching of
spectrin of approximately 20% (see fig. 3.13). Assuming that detachment events are
correlated over the sum of the dissociation and re-association times, they calculate
the non-thermal fluctuation spectrum originating from such direct forces. They also
propose the transition from discocyte to echinocyte shapes to be mediated directly
by the loss of ATP that stiffens the network.

3.3.3.4 Non-equilibrium fluctuations and excess area

The previous models for active fluctuations neglect the interplay between tension
and excess area of the membrane (3.22), discussed above for passive membranes
in section 3.3.1.3. In [Loubet 2012] the authors show that this interplay can be
important in active membranes. The activity is described by various sources of non-
equilibrium noise taken from literature: direct force, curvature force or permeation
force. A direct force corresponds to an external medium pushing on the membrane,
a curvature force is a fluctuating spontaneous curvature and a permeation force
comes from the active transport of fluid through the membrane. Deriving the shape
fluctuations for a quasi-spherical membrane, the active tension is defined as the
passive case [Seifert 1995] as the Lagrange multiplier that maintains the total mem-
brane area constant, which leads to a self-consistent relation between the membrane
area excess and the membrane tension. Adding a correlated active noise of any of
the three types described above, they relate the active tension and the excess area
and show that the active correction to the tension is always positive. The effect
of activity is therefore twofold: it contributes directly to the fluctuation spectrum
by adding extra-fluctuations but it also indirectly renormalizes the tension through
the area constraint (these extra-fluctuations decreasing the projected area). For the
direct force model proposed in [Gov 2004] (see section 3.3.3.3), we expect therefore
a ATP concentration increase to raise the average level of fluctuations, in agreement
with experimental results of [Tuvia 1998], but conjointly to increase the membrane
tension, which is in contradiction to recent experimental data [Betz 2009].

3.3.3.5 The RBC cytoskeleton as an active network ?

We have reported in section 3.1.1.2 that ATP hydrolysis controls membrane-spectrin
attachment strength via the phosphorylation of the 4.1 R protein. In particular a
clear mechanical difference between healthy and ATP-depleted RBCs has been re-
ported for the membrane response to tether pulling assay [Borghi 2007], whereas no
significant difference is detectable for a pure fluid bilayer in the same two conditions.
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A B

Figure 3.14: A Effect of ATP on the amplitude distribution of membrane fluctuations in human
RBC and RBC ghosts. (a) Amplitude histogram for intact RBCs (open circle) and in ATP-depleted
RBCs (closed circle). (b) Amplitude histogram for RBC ghosts in the absence (closed circles) and
the presence of 1 mM MgATP (open circles). (Reproduced from [Tuvia 1998]). B Mean power
spectral density (PSD) of normal RBCs (black), ATP-depleted (green) and PKC-activated (red).
(Inset: Semilog plot of the same data for the high frequency range). (Reproduced from [Betz 2009])

The static fluctuation amplitude has been shown to decrease strongly under
ATP-depletion conditions in RBCs and ghosts2 [Tuvia 1998] (see fig. 3.14 A). More
recently, using an optical tweezer coupled to a quadrant photodiode, the dynamics
of an edge of the RBC membrane has been recorded with sub-nanometer resolu-
tion and over a frequency range of more than four orders of magnitute. The power
spectrum density has been compared for healthy and ATP-depleted RBCs and are
shown on fig. 3.14 B. The results are consistent with [Tuvia 1998], showing a clear
decrease of the fluctuations amplitude at low frequencies for ATP-depleted cells. Fit-
ting the data with a quasi-spherical Helfrich membrane theory, they could measure
precisely the apparent surface tension and bending rigidity in these two conditions.
The effective tension is shown to increase threefolds in ATP-depleted red cells com-
pared to healthy RBCs, whereas fluctuations are decreased concomitantly. Finally,
the activation of the protein kinase C (PKC), that leads to phosphorylation of the
4.1 R protein, results also in enhanced fluctuations as compared to normal cells,
confirming the presumable role of the spectrin cytoskeleton in the ATP-dependent
extra-fluctuations. These results are consistent with the study of [Park 2010] where
the authors record the transverse fluctuations over an entire face of the cell surface
with laser interferometry for healthy and ATP-depleted cells (see fig. 3.15 A and B).
They furthermore measure the deviation from Gaussian statistics of these fluctua-
tions via the 4th. cumulant, that compares the fourth and second moment of the

2A ghost is an RBC which has been treated with mild detergents; the detergents lysed the cells,
thereby washing out the hemoglobin and other cytoplasmic components. The spectrin network
remains however intact and functional.
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membrane height displacement.

C

Figure 3.15: A Topography of the surface fluctuations of a healthy RBC, and B an ATP-depleted
RBC. C Non-Gaussian parameter κ as a function of spatial wavelength Γ. The presence of ATP

leads to non-thermal fluctuations with peaks at the successive multiple of the neighboring junction
distance ∆, indicating that ATP-enhanced fluctuations are correlated with the network structure
of the underlying cytoskeleton. (Adapted from [Park 2010])

This parameter, which is expected to be equal to two for thermal fluctuations, is
shown to be higher in healthy RBCs (see fig. 3.15 C). All these results suggest that
RBC behave as active membrane, in the sense that they display non-equilibrium
fluctuations. However the comparison of healthy RBCs and ATP-depleted RBCs –
which relies on the assumption that ATP is the only possible source of energy in a
cell – cannot constitute a definitely conclusive physical proof of the non-equilibrium
feature of the RBC membrane. The correct way to determine if a system is out-of-
equilibrium is to show that it violates the fluctuation-dissipation theorem (FDT),
that relates the fluctuation spectrum and the response function of a system only
at equilibrium (see section 4.A). It was recently claimed, based on measurements
of fluctuations amplitudes by digital holographic microscopy, that RBC membrane
fluctuations are in agreement with thermal equilibrium theory, and that ATP con-
trols only its mechanical properties, but doesn’t inject extra-fluctuations in the
system [Boss 2012]. We present in the chapter 4 contradictory measurements of
Timo Betz that motivated our theoretical work and that show a clear violation of
the fluctuation-dissipation theorem.





Chapter 4

A theory of active RBC
membrane fluctuations

Contents
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

4.1.1 Theoretical approach . . . . . . . . . . . . . . . . . . . . . . . 164
4.1.2 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

4.2 Coupling the RBC membrane to the chemical reaction . . . 167
4.2.1 Coupling of the spectrin cytoskeleton and lipid bilayer . . . . 167

4.2.1.1 Nearly flat 1D membrane . . . . . . . . . . . . . . . 167
4.2.1.2 Nearly circular 1D membrane . . . . . . . . . . . . . 175

4.2.2 Fluctuations in a phosphorylation- dephosphorylation cycle . 183
4.2.2.1 Description of the phosphorylation-

dephosphorylation cycle at steady-state . . . . . . . 184
4.2.2.2 Fluctuations and response at equilibrium . . . . . . 186
4.2.2.3 Fluctuations and response in NESS . . . . . . . . . 188
4.2.2.4 Fluctuations and response for the spectrin attach-

ment fraction . . . . . . . . . . . . . . . . . . . . . . 189
4.3 A 2-dimensional model of active RBC fluctuations . . . . . 191

4.3.1 Quasi-spherical composite membrane . . . . . . . . . . . . . . 191
4.3.1.1 Spherical geometry . . . . . . . . . . . . . . . . . . 191
4.3.1.2 Spherical Harmonics expansion . . . . . . . . . . . . 192
4.3.1.3 Helfrich and spectrin energies . . . . . . . . . . . . . 194

4.3.2 Thermal and chemical fluctuations . . . . . . . . . . . . . . . 196
4.3.2.1 Langevin dynamics . . . . . . . . . . . . . . . . . . 196
4.3.2.2 Fluctuations and response of the coupled system . . 198
4.3.2.3 Fluctuations and response of the composite membrane 201

4.3.3 Numerical application . . . . . . . . . . . . . . . . . . . . . . 202
4.3.3.1 Composite membrane at equilibrium . . . . . . . . . 202
4.3.3.2 Violation of the fluctuation-dissipation theorem . . 207

4.4 Experimental violation of the fluctuation-dissipation rela-
tion in RBCs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

4.4.1 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . 208
4.4.2 Comparison to theoretical results . . . . . . . . . . . . . . . . 209
4.4.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210



164 Chapter 4. A theory of active RBC membrane fluctuations

4.1 Introduction

4.1.1 Theoretical approach

In this chapter we try to reconcile the different approaches presented in the previous
chapter and to propose a new theory that clarifies the origin and conditions for active
(non-equilibrium) fluctuations of the RBC membrane at steady-state. We mention
here that this work is still ongoing, the results remains therefore preliminary.

To simplify the calculations we start with a one-dimensional membrane model.
Similarly to [Fournier 2004] and [Dubus 2006] we include explicitly an elastic energy
contribution of the spectrin network to calculate the zeroth-order renormalization
of the membrane mechanics (tension and bending) for wavelengths larger than the
network mesh size. But, since we are interested in the fluctuations, we also allow
for random filament unbinding, which we consider a source of active noise in the
system, as suggested in [Gov 2005]. Our starting energy in section 4.2.1 is therefore
very similar to the Hamiltonian proposed in [Zhang 2008], eventhough we do not
allow for the junctions to move laterally within the membrane. Adding this further
degree of freedom had indeed only very weak effects in their numerical study (see
fig. 3.10 B). However, here we take into account explicitly, in the kinetic scheme
of attachment/detachment, the energetic contribution of the filament elongation.
This more complete description of the thermodynamics allows to clearly identify
the conditions for thermal equilibrium or non-equilibrium for the system.

In section 4.2.2 we show that an elementary binding/unbinding reaction is not
sufficient to lead to non-equilibrium fluctuations, since such a reaction is necessarily
at equilibrium at steady-state. To break thermal equilibrium, a cyclic kinetic scheme
called phosphorylation-dephosphorylation cycle (PdPc) has to be coupled to the
membrane mechanics. It is composed of at least two reversible binding/unbinding
reactions, the first one involving the consumption of ATP and the second one being
independent of ATP concentration. A constant supply of ATP forces the system to
browse the cycle preferentially in one way, thereby maintaining a non-equilibrium
steady-state.

In section 4.3 we generalize the results to 2-dimensional quasi-spherical mem-
branes using a decomposition in spherical harmonics. We calculate the mem-
brane fluctuation spectrum and the response function of the coupled system mem-
brane - phosphorylation-dephosphorylation cycle and we show that the fluctuation-
dissipation theorem can be violated when a constant flux of ATP is maintain. On
the contrary, if there is no constant supply of ATP, the system relaxes towards
equilibrium.

Finally, in section 4.4, we compare numerical results to experimental measure-
ments of fluctuations and response function in human RBCs.
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4.1.2 Notations

In order to model the mechanical coupling between a Helfrich membrane and the
underlying spectrin network, we describe the spectrin network as an assembly of
identical connected entropic springs embedded in the membrane ("phantom" net-
work) as illustrated in fig. 4.2 and similarly to [Fournier 2004, Dubus 2006]. To
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Fig. 1 – Sketch of the model red blood cell (RBC) membrane.

In this paper, we propose a simple Gaussian model describing the composite membrane of
RBC’s. It allows to calculate explicitly the whole fluctuation spectrum, even in the presence
of cytoskeletal defects, such as lacking bonds and seven-fold or five-fold defects. We model
the composite membrane (fig. 1) as a triangular network of harmonic springs attached at its
vertices to a fluid membrane described by a curvature Hamiltonian plus surface tension [19].
The only coupling between the two subsystems is the constraint that the cytoskeleton vertices
lie within the membrane surface. As in model polymers [20], the Gaussian character arises
from neglecting the excluded volume between the membrane and the cytoskeleton (thereby
treating the latter as “phantom” [21]). This simplifying assumption might be quite good,
however, because the (small wavelength) fluctuations of the membrane are only hindered at
the level of the bonds of the cytoskeletal meshwork, which are actually quite flexible. Depend-
ing on the experimental conditions, RBC fluctuations may be of thermal origin, or they may
be driven by ATP consumption [22,23]. Here, we consider only the thermal, equilibrium situ-
ation. We derive the height fluctuation spectrum 〈|hq|2〉 of our model system, and we discuss
the crossover between the different regimes and the non-monotonic features arising from the
membrane-cytoskeleton coupling. Since the cytoskeleton and its defects break the translational
symmetry, we study the extinction conditions for the non-diagonal spectrum, i.e., 〈hqhk〉 for
k #= −q. We demonstrate that the latter reveals, in “dark field”, the cytoskeletal defects. De-
tail studies should therefore allow to determine the nature and the density of the defects. Here,
we discuss preliminary results concerning the spectral signature of lacking spectrin bonds.

Because of the triangular symmetry of the cytoskeleton, we introduce a planar reference
frame with unitary basis vectors t1 and t2 making an angle of 2π/3 (fig. 2). We define
the dual basis (t1, t2) by tα · tβ = δβα, where δβα is the Kronecker symbol. The metric tensor
gαβ = tα·tβ has diagonal (respectively, off-diagonal) elements equal to 1 (respectively, − 1

2 ) and
determinant g = det(gαβ) =

3
4 . Vectors in the plane will be represented by their coordinates

according to x = xα tα = xα tα (Einstein summation assumed throughout), where xα = gαβxβ

with gαβ = g−1
αβ . We describe the membrane by its elevation h(x) ≡ h(xα) above a reference

plane parallel to (t1, t2) and we assume periodic boundary conditions such that h(x1, x2) =
h(x1 +L1, x

2) = h(x1, x2 +L2), ∀xα. Our model Hamiltonian (per unit cell) is the following:

H =

∫ L1

0

∫ L2

0

√
g dx1dx2

[κ
2
(∂α∂

αh)
2
+

σ

2
(∂αh)(∂αh)

]
+

N∑

n=1

µn

2

[
h(Rα

n)− h(R̄α
n)
]2

. (1)

Figure 4.1: Sketch of a 2D membrane and phantom spectrin network. Spectrin filaments are
modelled as entropic springs, the ends of which are embedded in the membrane. (Adapted from
[Dubus 2006])

simplify the calculations, we start deriving results for a 1-dimensional nearly flat
membrane and then a 1-dimensional nearly circular membrane. We generalize the
procedure to 2-dimensional nearly spherical membranes in section 4.3. General no-
tations are therefore introduced here directly in the more general 2 dimensions case.

The state of zero energy of the composite membrane is the following: the mem-
brane is flat, the network is fully relaxed and fully disconnected. We denote by the
subscript 0, the average state of the RBC membrane – called reference state in the
text – around which we study the fluctuations. In this average state: (1) the mem-
brane geometry is either flat, circular or spherical. (2) The network is prestressed
by imposing the average spectrin elongation ξ0 larger than its resting length l0. (3)
The spectrin network is connected to the membrane with an average density ρB

0

(defined in eq. (4.5)).
The internal energy of the system is defined as the sum U = Um + US of the

energy of the lipid bilayer membrane Um and the energy of the spectrin filaments
US . We study both the fluctuations of the lipid-bilayer and the fluctuations of the
network attachment.

The lipid-bilayer energy is given by the classical Helfrich equation, with by a
bending energy κm and a surface tension σm. We write the Helfrich energy below
in the Monge representation:

∆Um [h(r)] =

∫

A
dr

{
κm
2

[
∇2h(r)

]2
+ σm

(
1 +

1

2
[∇h(r)]2

)}
(4.1)



166 Chapter 4. A theory of active RBC membrane fluctuations

The second contribution corresponds to the spectrin network. We start with
a discrete definition of the energy stored in the network: we consider N elastic
filaments that can bind and unbind the complex junctions in the membrane

∆US
[
{li, bi}

]
=

N∑

i=1

bi

{
k

2
[li − l0]2 − EB

}
, (4.2)

where k is the spring stiffness, li is the current spring length and l0 its resting
length, EB is the typical binding energy and b0≤i≤N are N binary variables: bi = 1

when the filament is bound (B), bi = 0 when unbound (U).

On length scales much larger than the local mean elongation of springs, we define
a spring density ρ(r) to coarse-grain the problem

ρ(r, t) =
N∑

i=1

δ
(
r− (r̄i + ri)/2

)
, (4.3)

where r̄i+ri
2 is the mean coordinate of the center of the ith spring.

The definition of the density of bound and unbound springs is deduced as

ρB(r, t) =
N∑

i=1

bi(t) δ
(
r− (r̄i + ri)/2

)
, (4.4a)

ρU(r, t) =

N∑

i=1

(
1− bi(t)

)
δ
(
r− (r̄i + ri)/2

)
. (4.4b)

We assume in the following that the springs are uniformly distributed in the
membrane ρ(r, t) = ρ0. The average density of bound springs is therefore also
uniform in space

ρB0 = 〈ρB(r, t)〉 = ρ0 − ρU0 , (4.5)

The deviation from the average density of bound springs reads simply

δρB(r, t) = ρB(r, t)− ρB0 . (4.6)

On this length scale we can also define a coarse-grained spectrin elongation l(r)

and the continous spectrin energy contribution is reformulated as

∆US
[
l(r), ρB(r)

]
=

∫

A
dr ρB(r)

{
k

2
[l(r)− l0]2 − EB

}
. (4.7)

In the following we consider only the fluctuations at length scales much larger
than the mean spectrin filament length ξ0: qξ0 � 1. In the regime qξ0 > 1 the
fluctuation spectrum is dominated by the lipid bilayer mechanics alone.
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4.2 Coupling the RBC membrane to the chemical reac-
tion

4.2.1 Coupling of the spectrin cytoskeleton and lipid bilayer

The aim of this section is to express the local spectrin elongation l(r) as a function
of the membrane deflection h(r) and to deduce the fluctuation spectrum of the
composite membrane with unbinding events for

• a quasi-planar 1-dimensional membrane section 4.2.1.1

• a quasi-circular 1-dimensional membrane section 4.2.1.2

4.2.1.1 Nearly flat 1D membrane

We start with a nearly flat membrane in the Monge representation, and calculate
the elongation of a single spring as a function of the membrane undulations. This
elongation has a contribution to the energy of the RBC membrane that we evaluate
at a coarse-grained level. We show that the effective mechanical parameters of
the membrane (tension and bending) are renormalized by a prestressed spectrin
network. We then allow for the density of spectrin stiffness to vary locally to take
into account the possible local detachment or weakening induced by the presence
of ATP molecules.

Discrete and continuous spectrin elongation

l0

li

ex

h(x)
h(xi) h(xi)

ez

xi = xi+1 xi

Figure 4.1: Sketch of the 1-dimensional lipid-bilayer and phantom spectrin network. The membrane
shape is described in the Monge representation by the height h(x). The springs ends can reversibly
attach and detach to complex junctions represented by green dots. We assume that these junctions
do not slide within the membrane: their longitudinal position x̄i = xi+1 is kept fixed.

Each spring i is comprised between two anchoring nodes, lying in the membrane
at the positions r̄i and ri. Their coordinates in the Monge representation are x̄i, xi
and h(x̄i), h(xi) (see fig. 4.2). The density of bound spectrin filaments has units of
L−1 here and reads

ρB(x) =

N∑

i=1

bi δ

(
x− x̄i + xi

2

)
, (4.8)
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We first evaluate the vectorial position difference between the two ends of the
ith spring

r̄i − ri = [x̄i − xi] ex + [h(x̄i)− h(xi)] ez . (4.9)

We define the typical spectrin filament elongation for a perfectly flat membrane

ξ0 ≡ xi − x̄i ≥ 0 (4.10)

and evaluate the height difference up to order 2 in ξ0

h(x̄i)− h(xi) ≈
∂h

∂x
ξ0 +

1

2

∂2h

∂x2
ξ2

0 (4.11)

The elongation li of a filament can be calculated as

li =

√
(r̄i − ri)

2 ≈
√
ξ2

0 +

[
∂h

∂x
ξ0 +

1

2

∂2h

∂x2
ξ2

0

]2

≈ ξ0

√
1 +

(
∂h

∂x
+
ξ0

2

∂2h

∂x2

)2

≈ ξ0

[
1 +

1

2

(
∂h

∂x
+
ξ0

2

∂2h

∂x2

)2
]

(4.12)

Energy of the composite membrane

We deduce the elastic energy stored in one spring up to order 2 in h and its
derivatives

eflati =
k

2
{li − l0}2

≈ k

2

{
(ξ0 − l0)2 + 2 (ξ0 − l0)

ξ0

2

(
∂h

∂x
+
ξ0

2

∂2h

∂x2

)2

+
ξ2

0

4

(
∂h

∂x
+
ξ0

2

∂2h

∂x2

)4
}

≈ k

2

{
(ξ0 − l0)2 + ξ0 (ξ0 − l0)

(
∂h

∂x
+
ξ0

2

∂2h

∂x2

)2
}

(4.13)

The continuous spectrin energy for a 1-dimensional flat membrane reads finally
as a function of h(x)

∆UflatS

[
h(x), ρB(x)

]
=

∫

L
dx ρB(x)

{
k ξ2

0

2

[
χ2

0 + χ0

(
∂h

∂x
+
ξ0

2

∂2h

∂x2

)2
]
− EB

}
,

(4.14)

where we have defined a spectrin network prestress parameter

χ0 ≡ 1− l0
ξ0

. (4.15)

The sign of χ0 determines the nature of the prestress
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• χ0 = 0 corresponds to a fully relaxed network in average (ξ0 = l0).

• χ0 > 0 corresponds to a network under tension (ξ0 > l0).

• χ0 < 0 corresponds to a network under compression (ξ0 < l0).

Note that if the spectrin filament elongation ξ0 in the reference state is exactly l0
(χ0 = 0 fully relaxed network), the deflection of the membrane does not contribute
to increase the spectrin elastic energy at our order of approximation. A theory taking
into account the membrane deformation at higher order would probably require the
use of renormalization group techniques [Peterson 1992].

We therefore maintain a positive prestress χ0 > 0 in the composite membrane
by applying an longitudinal force f0 to both ends of the spectrin network r0 = r̄1

and rN
1, as represented on fig. 4.2.

f0

f0

Figure 4.2: Sketch of the 1-dimensional membrane and spectrin network prestressed by a longitu-
dinal force f0.

The work ∆Wflat exerted by the force f0 between the prestressed state and a
fully relaxed network reads

∆Wflat = −f0 ·∆r = −fex ·
[

(rN − r0)−N l0ex
]

= −f0

∫

L
dx (ξ0 − l0) (4.16)

The 1-dimensional lipid-bilayer energy in the Monge representation reads

∆Uflatm [h(x)] =

∫

L
dx

{
κ1Dm
2

[
∂2h

∂x2

]2

+
σ1Dm

2

[
∂h

∂x

]2
}

, (4.17)

where σ1D
m and κ1D

m are the lipid-bilayer 1-dimensional tension and 1-dimensional
bending modulus. Note their unusual dimensions, compared to classical 2-
dimensional membranes:

[
σ1D

]
= Energy

Length =
[
σ2D

]
× Length and

[
κ1D

]
= Energy ×

Length =
[
κ2D

]
× Length.

The variation of energy for the composite membrane, composed by the lipid-
bilayer and its underlying spectrin network, is the sum of the energy variations

1This force mimics the effect of a pressure for a curved and closed membrane.
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∆Uflatm (4.17), ∆UflatS (4.15) and the work ∆Wflat of the constant force f0 (4.16):

∆Uflat
(
h(x), ρB(x)

)
=

∫

L
dx

{
κ1Dm
2

[
∂2h

∂x2

]2

+
σ1Dm

2

[
∂h

∂x

]2

+ ρB(x)

(
k ξ2

0

2

[
χ2

0 + χ0

(
∂h

∂x
+
ξ0

2

∂2h

∂x2

)2
]
− EB

)

− f0 (ξ0 − l0)

}

For the reference state h(x) = 0 and ρB(x) = ρB
0 , the variation of the internal

energy reads simply ∆H1Dflat
0 = L0ρ

B
0

[
k(ξ0−l0)2

2 −−f0(ξ0 − l0)
]
. By deriving it

with respect to ξ0, we obtain the longitudinal force balance. We deduce that the
force f0 necessary to hold the system {membrane + spectrin} in a prestressed state
is simply

f0 = ρB
0 k (ξ0 − l0) (4.18)

Langevin equation for the membrane height

The dynamics of the membrane height is given by an overdamped Langevin
equation

∂h

∂t
(x, t) =

∫ +∞

−∞
dx′ Λ1D(x− x′)

{
− δ∆U

flat

δh(x′, t)
+ ζh(x′, t)

}
(4.19)

where Λ1D(x) is the diagonal part of the Oseen tensor in one dimension that quan-
tifies the viscous drag exerted by the surrounding fluid. Its expression is given in
section 4.B.

ζh(x, t) is a Gaussian white noise satisfying the fluctuation-dissipation relation:

〈
ζh(x, t)

〉
= 0 , (4.20a)

〈
ζh(x, t)ζh(x′, t′)

〉
= 2 kBT Λ1D−1(x− x′)δ(t− t′) (4.20b)

The force per unit length on the membrane is calculated in real space as a
functional derivative

f1D flat(x, t) ≡ −δ∆U
flat

δh(x, t)
= −κ1D

m

∂4h(x, t)

∂x4
+ σ1D

m

∂2h(x, t)

∂x2

+k ξ2
0χ0

{
∂

∂x

[
nB(x, t)

(
∂h(x, t)

∂x
+
ξ0

2

∂2h(x, t)

∂x2

)]
(4.21)

−ξ0

2

∂2

∂x2

[
nB(x, t)

(
∂h(x, t)

∂x
+
ξ0

2

∂2h(x, t)

∂x2

)]}
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Chemical Langevin equation for the bound spring density

We define the Helmotz free energy of the system {membrane+spectrin} as F =

U − TS, where S is the Boltzmann entropy of the system classically defined by
S = kB log Ω. Ω is the number of ways of arranging NB bound springs and NU

unbound springs on the 1D lattice2, where N = NB + NU is the total number of
springs or lattice sites.

The number of permutations of the N springs, taking into account the fact that
the NB bound springs and the NU unbound springs are indistinguishable is

Ω =
N !

NB!NU!
. (4.22)

We use the Stirling’s approximation log n! =
∑

k log k ≈
∫ n

1 dk log k = k log k−k
to evaluate the entropy difference from a fully disconnected network to the current
configuration

∆S = −kB

[
NB log

(
NB

N

)
+NU log

(
NU

N

)]
(4.23)

We recognize the classical mixing entropy for two ideal gases that we generalize
to continuous variables

∆Sflat
mix = −kB

∫

L
dx

[
ρB(x) log

(
ρB(x)

ρ0

)
+
(
ρ0 − ρB(x)

)
log

(
ρ0 − ρB(x)

ρ0

)]

The functional derivative of the free energy variation ∆Fflat = ∆Uflat−T∆Sflat
mix

with respect to ρB(x) leads to the chemical potential difference between the bound
and unbound species

∆µUB ≡ δ∆Fflat

δρB(x)

=
kξ2

0

2

[
χ2

0 + χ0

(
∂h

∂x
+
ξ0

2

∂2h

∂x2

)2
]

+ kBT log

(
ρB(x)

ρ0 − ρB(x)

)
− EB . (4.24)

At equilibrium ∆µUB = 0. This leads to the following local detailed balance

ρB(x)

ρ0 − ρB(x)
= exp



EB − kξ2

0
2

[
χ2

0 + χ0

(
∂h
∂x + ξ0

2
∂2h
∂x2

)2
]

kBT


 , (4.25)

Let us consider explicitly the attachment/detachment reaction

SpB kon−−⇀↽−−
koff

SpU , (4.26)

2The calculation would be exactly similar on a 2D lattice.
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where SpB and SpU are respectively the bound and unbound states of the spectrin
filament, and kon and koff the attachment and detachment reaction rates.

We can write a chemical Langevin equation for the bound density to describe
this reaction dynamics (see section 4.D and section 4.2.2)

∂ρB(x, t)

∂t
= kon(x, t)

(
ρ0 − ρB(x, t)

)
− koff(x, t) ρB(x, t) + ζB(x, t) (4.27)

where ζB(x, t) is a Gaussian chemical white noise satisfying the fluctuation-
dissipation theorem

〈
ζB(x, t)

〉
= 0 , (4.28a)

〈
ζB(x, t)ζB(x′, t′)

〉
= 2ρ0

konkoff

kon + koff
δ(x− x′)δ(t− t′) (4.28b)

The steady-state solution 〈ρB(x, t)〉 verifies

〈ρB(x, t)〉
ρ0 − 〈ρB(x, t)〉 =

kon

koff
. (4.29)

From the detailed balance (4.25) and eq. (4.29) we can deduce the following
expression for kon and koff

kon(x, t) = ko exp

(
− kξ2

0

2 kBT

[
χ2

0 + χ0

(
∂h

∂x
+
ξ0

2

∂2h

∂x2

)2
])

= ko exp

(
−k (l(x)− l0)

2 kBT

)
,

(4.30a)

koff = ko exp

(−EB

kBT

)
. (4.30b)

Note other choices of kon and koff are possible, as long as they verify the detailed
balance. The choice we make is guided by a Kramers approach to this problem (see
section 4.A).

The Langevin dynamics for the bound density deviation δρB(x) at first order in
δρB and h(x, t) follows as

∂δρB(x, t)

∂t
= − (kon0 + koff) δρB(x, t) + (ρ0 − ρB

0 )δkon(x, t) + ζB(x, t) . (4.31)

Fourier space

We assume a periodic membrane sample of size L and turn previous equations
into 1-dimensional spatial Fourier space.
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Fourier transform of a function g(x) is defined as g̃q =
∫
L dx g(x) e−iqx. The

quantity g̃q derives from a function periodic in x, as a consequence of the assumed
periodicity of the system.

The inverse transform reads therefore g(x) = 1
L

∑
q g̃q e

iqx

We rewrite the Langevin equation for the membrane height (4.19) in Fourier
space

dh̃q
dt

= Λ̃1D
q

[
f̃1D
q + ζ̃hq (t)

]
. (4.32)

The Fourier transform of the force on the membrane (4.21) reads

f̃1D
q (t) = −

[
κ1D
m q4 + σ1D

m q2
]
h̃q(t)

−kξ2
0χ0

1

L

∑

q′

ρ̃B
q−q′(t) h̃q′(t)

[
qq′ + i qq′(q′ − q)ξ0

2
+
ξ2

0

4
(qq′)2

]
, (4.33)

and the mechanical noise correlation becomes (4.20)
〈
ζ̃hq (t)ζ̃hq′(t

′)
〉

= 2 kBT LΛ̃−1
q δ(q + q′)δ(t− t′) . (4.34)

For the chemical Langevin equation of δρB
q , we obtain

dδρ̃Bq
dt

= − (kon0 + koff) δρ̃B
q (t) + (ρ0 − ρB

0 )δk̃on q(t) + ζB
q , (4.35)

with the chemical noise correlation in Fourier space at equilibrium (4.28b)
〈
ζ̃B
q (t)ζ̃B

q′(t
′)
〉

= 2ρ0
konkoff

kon + koff
δ(q + q′)δ(t− t′) . (4.36)

Mechanical and chemical Langevin equations at first-order

We consider that hq(t) and δρB
q are of same order (when normalized) and we

limit ourselves to the first-order approximation.
δkon q =

∂kon q

∂hq
hq is of second-order in hq and therefore neglected. The chemical

Langevin equation becomes independent of hq at first-order

∂δρBq
∂t

= − (kon0 + koff) δρB
q (t) + ζB

q . (4.37)

Similarly, the Langevin equation for the membrane height is independent of δρB
q

at first-order

dh̃q
dt

= Λ̃1D
q

[
f1D
q + ζ̃hq (t)

]
, (4.38a)

f1D
q = −

(
κ1D
m q4 + σ1D

m q2
)
h̃q(t) + ρB

0 kξ
2
0χ0

(
q2 +

ξ2
0

4
q4

)
h̃q(t) (4.38b)



174 Chapter 4. A theory of active RBC membrane fluctuations

Discussion

The first effect of the spectrin network is to renormalize the lipid bilayer mechan-
ics. The force on the membrane (4.38b) can indeed be rewritten as if we had only a
lipid bilayer with the following effective membrane tension and bending modulus

σ1D
eff = σ1D

m + ρB
0 k ξ

2
0χ0 , (4.39a)

κ1D
eff = κ1D

m + ρB
0 k

ξ4
0

4
χ0 . (4.39b)

The spectrin contribution to the tension and bending modulus are formally sim-
ilar to the ones calculated in [Fournier 2004] and later in [Dubus 2006] where they
considered a fully connected network (ρB

0 = ρ0) in 2 dimensions. The contribution
to the bending modulus is however found here of opposite sign than [Dubus 2006].
The sign of the bending modulus renormalization is generally tedious to predict, and
we propose that our opposite sign may come from the fact that we have neglected
the translational degree of freedom of the junctions within the membrane. This
effect is anyway expected to be small, as we discussed in fig. 3.10 A.

We see in eq. (4.37) and eq. (4.38) that for a flat membrane there is no first-
order coupling between the membrane mechanics and the chemical reaction. A
first-order coupling can be reintroduced remarking that the spectrin network is not
embedded in the lipid bilayer but lies at a finite distance d > 0. This would make
the membrane asymmetric, and we can recalculate the spectrin energy (4.15) taking
into account this finite distance d. It leads to a spontaneous curvature-like term of
the form δρB

q kξ
2
0χ0 d q

2 in the force on the membrane (4.38b). The thickness d of
the junction complexes being only a few nanometers long, the contribution of this
effect on the fluctuation spectrum is however negligible numerically.

Another alternative is to choose a naturally curved reference state of the com-
posite membrane as we propose in the next section.
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4.2.1.2 Nearly circular 1D membrane

We repeat here essentially the same calculations as in the previous section, but in a
circular geometry. We show in the following that imposing a naturally curved refer-
ence state to the system {membrane+spectrin} introduces a non-zero contribution
of local attachment variations to the membrane height fluctuation spectrum.

R
0

l
0

l
i

R(θ)

θ

Figure 4.3: Sketch of the circular 1D membrane and embedded spectrin network. The membrane
shape is described by the radius R(θ) = R0 + h(θ). The springs ends can reversibly attach and
detach to complex junctions represented by green dots. We assume that these junctions do not
slide within the membrane: their polar position θ̄i = θi+1 is kept fixed.

Discrete and continuous spectrin elongation
We limit ourselves here to first-order in |̄ri − ri| in the Taylor expansion of
h(r̄i) − h(ri). For the nearly flat membrane we have done the calculation up to
second order (see eq. (4.9)) in order to calculate the renormalization of the bending
modulus by the spectrin network. Here we consider only the renormalization of
the membrane tension. The spectrin effect on the bending modulus is indeed very
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weak, in comparison to the renormalization of the tension. For the wavelengths
of interest (q−1 � ξ0), the ratio of the two effects for the flat membrane (4.39) is

indeed ρB
0 k ξ

4
0/4χ0 q4

ρB
0 k ξ

2
0χ0 q2 =

(
qξ0
2

)2
� 1.

The 1-dimensional nearly circular membrane shape is described in polar coordi-
nates

(
θ,R(θ)

)
as illustrated on fig. 4.3.

We define the dimensionless membrane height deflection u(θ) as follows R(θ) =

R0 + h(θ) = R0

(
1 + u(θ)

)
. R0 is defined by the area conservation A = 4πR2

0. The
fluctuating shape is therefore not expanded around the corresponding stationary
shape but rather around a disk with the same total area.

We first evaluate the vectorial position difference between the two ends of the
ith spring

r̄i − ri = R(θi+1)er(θi+1)−R(θi)er(θi) ≈ R0∆θi

{
∂u

∂θ
er +

[
1 + u(θ)

]
eθ

}
. (4.40)

We evaluate the ith spectrin filament length up to order 2 in u(θ) and its first
derivative

li =

√
(r̄i+1 − ri)

2 ≈ R0∆θi

{
1 + u(θ) +

1

2

(
∂u

∂θ

)2
}

. (4.41)

From here on, we suppose that the junctions have a fixed polar coordinate θi
and are uniformly distributed along the membrane R0∆i ≡ ξ0.

Spectrin network energy

We calculate the elastic energy stored in one spring up to 2nd order in u and its
successive polar derivatives, denoted u′, u”, u(3) . . .

ecirci =
k

2
{li − l0}2 ≈

k

2
ξ2

0

{
χ2

0 + 2χ0 u+ u2 + χ0 u
′2} , (4.42)

where we have defined the prestress parameter χ0 = 1− l0/ξ0, as previously for the
nearly flat membrane.

The continuous spectrin energy for a 1D circular membrane is deduced from its
general definition (4.7) as a function of u(θ)

∆Ucircs

[
u(θ), ρB(θ)

]
= R0

∫
dθ ρB

{
kξ2

0

2

[
χ2

0 + 2χ0 u+ u2 + χ0 u
′2]− EB

}
. (4.43)

Membrane energy
The energy associated with the 1-dimensional circular membrane tension and cur-
vature reads formally

∆Ucircm =

∫
ds

{
σ1D
m +

κ1D
m

2
C(s)2

}
, (4.44)
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where s is the curvilinear length along the membrane and C(s) it the local curvature.
The small variation of curvilinear length ds is given by Pythagore’s theorem

ds ≈ R0dθ
[
1 + u(θ) + 1

2

(
∂u
∂θ

)2].
In polar coordinates, the curvature is given by

C(θ) =
R2 + 2R′2 −RR”

(R2 +R′2)3/2
=≈ 1

R0

(
1− u− u” + 2uu” + u2 +

1

2
u′2
)

. (4.45)

Up to order 2 in u and its derivatives, the membrane energy reads therefore

∆Ucircm

[
u(θ)

]
≈ R0

∫ 2π

0
dθ

{
σ1D
m

[
1 + u+

1

2
u′2
]

+
κ1D
m

2R2
0

[
1− u− 2u” + 4uu” + u2 +

3

2
u′2 + u”2

]}
. (4.46)

Decomposition in Fourier series

We note s0 = R0θ the curvilinear coordinate and L0 = 2πR0 the membrane
length, and decompose any function g(R0θ) ≡ g(s0) in a Fourier series as follows

g(s0) =
1

L0

∞∑

q=−∞
gq e

iqs0 =
1

L0


g0 +

∑

|q|≥1

gq e
iqs0


 , (4.47)

where the Fourier coefficients can be calculated as gq =
∫ L0

0 ds0 g(s0) e−iqs0 .
Note that the previous derivatives of order d with respect to θ can be translated

into derivatives in s0 according to the following rule

g(d) =
∂dg

∂θd
= Rd0

∂gd

∂sd0
=

∞∑

q=−∞
(qR0)d gq e

iqs0 . (4.48)

Area conservation The area A delimited by the membrane can be written

A =

∫ R(θ)

0
dr

∫ 2π

0
rdθ =

∫ 2π

0

R2(θ)

2
≈ πR2

0 +R2
0


u0 +

1

L0

∑

q≥0

u2
q

2


 . (4.49)

The area conservation equation A − πR2
0 = 0 leads therefore to the following

relation between the zeroth order component and the q ≥ 1 order components of
u(s0):

u0 = − 1

L0

∑

|q|≥1

u2
q

2
, (4.50)

where we truncated the expansion at second order in uq.
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Note that, instead of imposing area conservation via the previous condition
(4.50), we can alternatively use a (1-dimensional) pressure p0 as a Lagrange mul-
tiplier for the area. The work W = −p0A of the pressure has to be added in the
energy ∆Ucirc, and reads3

∆W ≈ −p0R
2
0

2

∫

L0

ds0

[
1 + 2u+ u2

]
, (4.51)

in real space up to second order in u.
The force on the membrane f0 = − δ∆Ucirc

δh

∣∣∣
h=0

in the reference state (h →
0, ρB → ρB

0 ) must then vanish by force balance (the pressure compensates exactly
the membrane tension and curvature). One can deduce the following pressure

p0 = ρB
0

kξ2
0χ0

R0
+
σ1D
m

R0
− κ1D

m

2R3
0

. (4.52)

This expression is re-inserted the pressure work ∆W to calculate the energy.
The resulting energy ∆Ucirc is exactly the same as the one that we obtain further

with the area conservation condition eq. (4.50).

Spectrin energy The density of bound filaments can be decomposed as

ρB(s0) = ρB
0 +

1

L0

∑

|q|≥1

δρB
q e

iqs0 . (4.53)

Note that the zeroth-order in δρB(s0) has been included in ρB
0 .

We suppose that δρB
q /ρ0 and uq are of same order. By injecting the Fourier

decomposition of u(s0) and ρB(s0) (4.53) we express the spectrin energy (4.43) in
Fourier space up to order two in uq

∆Ucircs

[
{uq, δρB

q }] = ρB
0

kξ2
0

2

{
L0χ

2
0 + 2χ0u0 +

1

L0

∑

|q|≥1

u2
q +

χ0

L0

∑

|q|≥1

(qR0)2u2
q

}

−ρB
0 L0EB + kξ2

0χ0
1

L0

∑

q≥1

δρB
q uq .

Note that u2
0 is of order 4 in uq (for q ≥ 1) from the area conservation equation

(4.50). It is therefore negligible.
Inserting the expression of u0 leads to the following expression of the spectrin

energy

∆Ucircs

[
{uq, δρB

q }|q|≥1

]
= ρB

0

kξ2
0

2

{
χ2

0L0 +
1

L0

∑

|q|≥1

[
(1− χ0) + χ0(qR0)2

]
u2
q

}

− ρB
0 L0EB + kξ2

0χ0
1

L0

∑

q≥1

δρB
q uq

3This is the method that we have adopted for the quasi-planar membrane by introducing the
work ∆W1D flat

0 of the force f0 to prestress the membrane.
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(4.54)

Lipid-bilayer energy Similarly we can express the lipid bilayer energy as a
function of {uq}|q|≥1 only:

∆Ucircm

[
{uq}|q|≥1

]
= σ1D

m



L0 +

1

L0

∑

|q|≥1

[
(qR0)2 − 1

] u2
q

2





+
κ1D
m

2R2
0



L0 +

1

L0

∑

|q|≥1

[
3

2
− 5

2
(qR0)2 + (qR0)4

]
u2
q



 . (4.55)

Composite membrane energy The energy of the composite membrane is
the sum of the lipid bilayer energy (4.55) and the spectrin network energy (4.54)

∆Ucirc = ∆Ucircm + ∆Ucircs . (4.56)

Langevin equations

We describe the dynamics of the membrane deflection h(s0) and bound density
variation δρB(s0) by overdamped Langevin equations in real space, as we have done
previously for the nearly flat membrane

∂h

∂t
(s0, t) =

∫

L0

ds′0 Λ1D(s0 − s′0)

{
− δ∆U

circ

δh(s′0, t)
+ ζh(s′0, t)

}
, (4.57a)

∂δρB(s0, t)

∂t
= − (kon0 + koff) δρB(s0, t) + (ρ0 − ρB

0 )δkon(s0, t) + ζB(s0, t) . (4.57b)

We deduce the Langevin equation for the Fourier component4 hq of h(s0, t) =

u(s0, t)R0 for |q| ≥ 1

dhq
dt

= Λ1D
q

{
f circ
q + ζhq (t)

}
, (4.58)

where we have defined

Λ1D
q =

∫

L0

ds0 Λ(s0) e−iqs0 , ζhq (t) =

∫

L0

ds0 ζ
h(s0, t) e

−iqs0 .

The mechanical thermal noise is white and has the following correlations in spatial
Fourier space, according to the fluctuation-dissipation theorem
〈
ζhq (t)ζhq′(t

′)
〉

= 2kBT L0Λ−1
q δ(q + q′)δ(t− t′) . (4.59)

4Note that the zeroth order h0 = 0.
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We calculate the force on the membrane in Fourier space

f circ
q = − 1

R0

δ∆U circ

δuq

= −σ
1D
m

R0

[
(qR0)2 − 1

]
uq −

κ1D
m

R3
0

[
3

2
− 5

2
(qR0)2 + (qR0)4

]
uq

−ρ
B
0 kξ

2
0

R0

[
1− χ0 + χ0(qR0)2

]
uq −

kξ2
0χ0

R0
δρB
q . (4.60)

The above expression for the force can be rewritten in a compact form

f circ
q = −Λ1D

q

(
γ1D

eff + σ1D
eff q2 + κ1D

m q4
)
hq − Λ1D

q

Ws

R0
δρB
q (4.61)

where we define an effective confinement parameter [Gov 2003] and an effective
membrane tension

γ1D
eff =

3

2

κ1D
m

R4
0

− σ1D
m

R2
0

+ ρB
0

kξ2
0

R2
0

(1− χ0) (4.62a)

σ1D
eff = σ1D

m −
5

2

κ1D
m

R2
0

+ ρB
0 kξ

2
0χ0 (4.62b)

We have also introduced a typical spectrin energy

Ws = kξ2
0χ0 , (4.63)

that is non-zero if, and only if the network is prestressed |Ws| > 0 ⇐⇒ |χ0| >
0 ⇐⇒ |ξ0| > 0. It is positive for a tensed spectrin network ξ0 > l0 in reference
state.

We now write the Langevin equation for the Fourier components |q| > 1 of the
bound density variation δρB(s0)

dδρB
q

dt
= −

(
kon + koff

)
0
δρB
q +

(
ρ0 − ρB

0

)
δkon q(t) + ζB

q (t) , (4.64)

where the Fourier components of the chemical white noise have the following corre-
lation at equilibrium

〈
ζB
q (t)ζB

q′(t
′)
〉

= 2ρ0ΓB
0 δ(q + q′)δ(t− t′) , (4.65a)

ΓB
0 =

kon 0 koff

kon 0 + koff
. (4.65b)

We justify the expression of ΓB
0 at equilibrium in the next section section 4.2.2.



4.2. Coupling the RBC membrane to the chemical reaction 181

We extrapolate the formal formula of kon derived in previous section (4.30a) to
circular membranes5

kon = ko exp


−

k
(
l(s0)− l0

)2

2kBT




≈ ko exp

[
− kξ2

0

2kBT

(
χ2

0 + 2χ0
h(s0)

R0
+
h(s0)

R0

2

+ χ0

(
∂h

∂s0

)2
)]

to calculate the variation δkon at first order in h/R0

δkon(s0, t) =
∂kon

∂h

∣∣∣∣
h=0

h(s0) = −kon 0
Ws

kBT

h(s0)

R0
,

where we have defined the zeroth-order on-rate kon 0 = ko exp
[
−kξ2

0χ
2
0

2kBT

]
= kon(h = 0)

We deduce immediately that in Fourier space, δkon q = −kon 0
Ws
kBT

hq
R0

The chemical Langevin equation for the bound density deviation Fourier com-
ponents δρB

q (q ≥ 1) becomes

dδρB
q

dt
= −

(
kon + koff

)
0
δρB
q −

(
ρ0 − ρB

0

)
kon 0

Ws

kBT

hq
R0

+ ζB
q (t) . (4.66)

Note that the zeroth-order ρB
0 at steady-state is given by

0 = kon 0

(
ρ0 − ρB

0

)
− koffρ

B
0 . (4.67)

We have therefore
(
ρ0 − ρB

0

)
kon 0 = ρ0

kon 0koff
kon 0+koff

= ρ0ΓB
0

5Note that we could equivalently derive the on-rate again from a Kramer’s approach as shown
in section 4.A
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We sum up below the two coupled linearized Langevin equations in spatial
Fourier space6, governing the dynamics of the composite membrane:

dhq
dt

= −ωeff
q hq − Λq

Ws

R0
δρB
q + Λqζ

h
q , Langevin eq. for hq(t)

dδρB
q

dt
= −ωB

0 δρ
B
q − ρ0ΓB

0

Ws

kBT

hq
R0

+ ζB
q , Langevin eq. for δρB

q (t)

ωeff
q = Λq

(
γeff + σeff q

2 + κm q
4
)
,Mechanical relaxation time

ωB
0 = kon 0 + koff , Chemical relaxation time

γeff =
3

2

κm
R4

0

− σm
R2

0

+ ρB
0

kξ0l0
R2

0

, Effective confinement param.

σeff = σm −
5

2

κm
R2

0

+ ρB
0Ws , Effective tension

Ws = kξ2
0χ0 ,

ΓB
0 =

kon 0 koff

kon 0 + koff
,

〈
ζhq (t)ζhq′(t

′)
〉

= 2kBTL0Λ−1
q δ(q + q′)δ(t− t′) ,Thermal noise

〈
ζB
q (t)ζB

q′(t
′)
〉

= 2ρ0ΓB
0 δ(q + q′)δ(t− t′) . Equil. chem. noise

(4.64)

(4.66)

(4.68a)

(4.68b)

(4.62a)

(4.62b)

(4.63)

(4.65b)

(4.59)

(4.65a)

Summary 4.1: Summary of the Langevin equations governing the dynamics of the system {mem-
brane+spectrin}. Imposing a nearly circular geometry to the membrane reintroduces a first-order
coupling between the membrane height deflection hq dynamics and the deviation of attachment
spectrin density δρB

q , providing that the spectrin network is prestressed (|χ0| > 0). Local fluc-
tuations in the attachment density are therefore transduced in the membrane as a direct force,
and local membrane shape fluctuations locally disturb the chemical steady-state. Similarly to the
1-dimensional nearly flat membrane, we see that the effective tension is renormalized by a pre-
stressed spectrin network at zeroth-order. Here we neglected its higher-order effect on the bending
modulus. The circular geometry leads furthermore to a contribution of the bending modulus to the
effective tension σeff and to an effective confinement parameter γeff depending on the membrane
bending, membrane tension and on the spectrin mechanics.

6Note that we dropped the 1D superscript for the sake of readability
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4.2.2 Fluctuations in a phosphorylation- dephosphorylation cycle

The process of attachment and detachment has been described so far by a two-state
mechanism involving simply an on-rate kon and an off-rate koff :

Sp
koff−−⇀↽−−
kon

Sp∗ . (4.69)

Sp represents a spectrin filament bound to the network, whereas Sp∗ is unbound.
If this reaction (4.69) is an elementary reaction, i.e. involves only a single reaction
step, its steady-state is equivalent to the detailed balance, or Wegsheider’s relation,
defining equilibrium [Wegscheider 1901] and characterized by zero flux in the system

[Sp]

[Sp∗]
=
kon

koff
⇐⇒ koff [Sp]

kon[Sp∗]
= 1 (4.70)

To sustain the system in a non-equilibrium steady-state (NESS), one needs at least
two different reaction paths for detaching and (re)attaching a spectrin filament. We
propose to describe the process of attachment/detachment of spectrin filaments to
the junction complex 4.1 R by two reversible chemical reactions: the first one involves
the consumption of one molecule of ATP (easily generalizable to n ATP molecules)
provided by a reservoir, whereas the second one does not need ATP molecule. These
two reactions form a phosphorylation-dephosphorylation cycle (PdPC) represented
in fig. 4.4. We neglect here the kinase and phosphatase intermediate enzymatic
reactions: those molecules are supposed in very large excess, and do not limit the
cycle kinetics. We calculate in the following the fluctuations and response of this
chemical cycle at steady-state, at equilibrium and in a non-equilibrium steady-state
(NESS).

ATP$ ADP$

Sp$ Sp*$

Pi$

k0#1%

k01%

k02%

k0#2%

Figure 4.4: Two-state phosphorylation-dephosphorylation cycle
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4.2.2.1 Description of the phosphorylation-dephosphorylation cycle at
steady-state

Chemical cycle

The two elementary reversible reactions of the cycle read

Sp +ATP
ko1−−⇀↽−−
ko−1

Sp∗ + ADP (4.71a)

Sp∗
ko2−−⇀↽−−
ko−2

Sp + Pi (4.71b)

We define the chemical potential of the chemical species classically as

µSp = µoSp + kBT log [Sp] (4.72a)

µSp∗ = µoSp∗ + kBT log [Sp∗] (4.72b)

µATP = µoATP + kBT log [ATP] (4.72c)

µADP = µoADP + kBT log [ADP] (4.72d)

µPi = µoPi + kBT log [Pi] (4.72e)

The chemical potential difference for reactions (4.71a) and (4.71b) read

∆µ1 ≡ µADP + µSp∗ − µATP − µSp = kBT log

(J −1
J +

1

)
(4.73a)

∆µ2 ≡ µPi + µSp − µSp∗ = kBT log

(J −2
J +

2

)
(4.73b)

where we defined the following fluxes

J −1 = ko−1 [Sp∗][ADP] , J +
1 = ko1 [Sp][ATP] , (4.74a)

J −2 = ko−2 [Sp][Pi] , J +
2 = ko2 [Sp∗] (4.74b)

We remark that the chemical potential difference for a full cycle corresponds
exactly to the chemical potential difference of one ATP hydrolysis:

∆µcATP = ∆µ1 + ∆µ2 = µADP + µPi − µATP = kBT log

(
ko−1k

o
−2

ko1k
o
2

[ADP][Pi]

[ATP]

)
(4.75)

We write the deterministic rate of change of bound spectrin concentration [Sp]

d[Sp]

dt
= −

(
J +

1 − J −1
)

+
(
J +

2 − J −2
)

=
d[ATP]

dt
+
d[Pi]

dt
= −

(
k1 + ko−2

)
[Sp] + (k−1 + k2) [Sp∗] (4.76)

where we define the following pseudo first-order rates as in [Qian 2006]

k1 ≡ ko1[ATP]ss , k−1 ≡ ko−1[ADP]ss , k−2 ≡ ko−2[Pi]
ss (4.77)
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The total number of spectrin filaments within the red-blood cell cytoskeleton
being conserved, we have furthermore [Sp]0 = [Sp∗] + [Sp]

We are looking for a steady-state, characterized by the superscript .ss, as in [Sp]ss

0 =
d[Sp]ss

dt
= −d[Sp∗]ss

dt
= −

(
J +

1 − J −1
)ss

+
(
J +

2 − J −2
)ss . (4.78)

It imposes
(
J +

1 − J −1
)ss

=
(
J +

2 − J −2
)ss ≡ J ss which defines a steady-state flux

J ss in the cycle. If J ss > 0 the system goes around the cycle in clock-wise direction,
and conversely. If J ss = 0 there is not net flux in the cycle.

We calculate the concentration of bound and unbound spectrin and the cycle
flux at steady-state

[Sp]ss = [Sp]0
k−1 + ko2
kss

, [Sp∗]ss = [Sp]0
k1 + k−2

kss
,

[Sp]ss

[Sp∗]ss
=
k−1 + ko2
k1 + k−2

,

(4.79a)

kss = k1 + ko2 + k−1 + k−2 , (4.79b)

J ss = [Sp]0
k1k

o
2 − k−1k−2

kss
= [Sp]0

k1k
o
2

kss

[
1− e

∆µcATP
kBT

]
. (4.79c)

Equilibrium chemical cycle The cycle at steady-state is at chemical equi-
librium if, and only if

{
∆µ1 = 0

∆µ2 = 0
⇔
{J +

1 = J −1
J +

2 = J −2
⇐⇒ J ss = 0⇐⇒ ∆µATP = 0⇐⇒ k−1k−2

k1ko2
= 1 (4.80)

The equilibrium is therefore characterized by a vanishing cycle flux J ss = 0. The
equation for J ss (4.79c) give us the two ways of reaching equilibrium: either there
is no ATP at all in the system, which leads to k1 = k−1 = 0 and we are left with
the single elementary reaction (4.71b); or the system does contain a certain amount
of ATP at initial state but is closed: it therefore relaxes toward the equilibrium
concentrations corresponding to ∆µATP = 0 at steady-state.

Cycle in a non-equilibrium steady-state Imposing a strictly negative
∆µATP < 0 drives a non-zero cycle flux J ss > 0, which is exactly the turnover
rate of ATP consumption in the system (see section 4.2.2.1). Imposing a constant
non-zero ∆µATP requires to maintain [ATP], [ADP] and [Pi] at constant values
different from their equilibrium values, by maintaining the system in contact with
reservoirs of molecules, called chemiostats. The cell has indeed an ATP regenerating
system that works like a chemiostat for ATP and ADP as sketched in fig. 4.5. We
assume here that this machinery buffers the concentration of ATP, ADP and Pi

that are thus maintained constant.
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Sp

Sp*

Figure 4.5: ATP hydrolysis and related ATP regenerating process. The entire cycle has a
−∆µATP > 0 amount of net free-energy input and the same amount of energy dissipated. (Adapted
from [Ge 2013])

Using the terminology introduced by Onsager [Onsager 1931] ∆µATP is the
chemical driving force for the flux J ss. One can prove that at steady-state, their
product

−∆µATP × J ss ≥ 0 (4.81)

corresponds to the amount of work per unit time necessary to constantly supply
ATP and remove ADP and Pi from the open system, thereby sustaining the system
in NESS [Heuett 2006]. It also corresponds to the dissipated power in the chemical
cycle [Qian 2006, Ge 2013].

4.2.2.2 Fluctuations and response at equilibrium

The deviation of bound spectrin concentration from steady-state δ[Sp] = [Sp]−[Sp]ss

has a stochastic evolution given by the chemical Langevin equation

dδ[Sp]

dt
= −

{
ko1 [ATP]ss + ko−1 [ADP]ss + ko2 + ko−2[Pi]

ss
}
δ[Sp] + ζSp(t)

= −kss δ[Sp] + ζSp(t) (4.82)

Response function

We first look at the response of the system to a small variation of the chemical
potential imposed externally

δµext ≡ δ
(
µSp∗ − µSp

)
= −kBT

δ[Sp]

[Sp]ss

(
1 +

[Sp]ss

[Sp∗]ss

)
= −kBT

δ[Sp]

[Sp]ss
kss

k1 + k−2
(4.83)

Adding the external driving chemical potential to the Langevin equation (4.82)
yields

dδ[Sp]

dt
= −kss δ[Sp] + [Sp]ss (k1 + k−2)

δµext

kBT
+ ζSp(t) . (4.84)
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In temporal Fourier Space we have therefore the following response function

χ̃(ω) ≡ δ̃[Sp]

δµ̃ext
=

1

kBT

[Sp]ss (k1 + k−2)

kss − iω , (4.85)

the dissipative part of which reads

χ̃′′(ω) ≡ Im [χ̃(ω)] =
ω

kBT

[Sp]ss (k1 + k−2)

ks 2 + ω2
(4.86)

Fluctuations

We now look at the fluctuations of δ[Sp] using the chemical Langevin equation
without any external driving

dδ[Sp]

dt
= −kss δ[Sp] + ζSp(t) . (4.87)

At equilibrium, the noise is white and its amplitude is given by the sum of
the elementary fluxes in the system [Keizer 1975, Keizer 1987, Gillespie 2000] (for
a minimal proof see section 4.D.2.1).

〈
ζSp(t)

〉
= 0 (4.88a)

〈
ζSp(t) ζSp(t′)

〉
=
(
J +

1 + J −1 + J +
2 + J −2

)ss
δ(t− t′)

= 2[Sp]ss (k1 + k−2) δ(t− t′) (4.88b)

where we have used the fact that J +
1 = J −1 and J +

2 = J −2 at equilibrium.

In temporal Fourier space we obtain the following fluctuation correlation function

〈
δ̃[Sp](ω) δ̃[Sp](ω′)

〉
= 2[Sp]ss

k1 + k−2

kss 2 + ω2
δ(ω + ω′) (4.89)

Fluctuation-dissipation theorem At equilibrium, the auto-correlation function
in temporal Fourier space reads

C̃eq
Sp(ω) =

〈
δ̃[Sp](ω)2

〉
= 2[Sp]ss

k1 + k−2

kss 2 + ω2
(4.90)

and verifies therefore the fluctuation-dissipation theorem

C̃eq
Sp(ω) =

2 kBT χ̃
′′(ω)

ω
(4.91)

The fluctuation-dissipation expressed in temporal Fourier space relates the dis-
sipative part of the response function χ̃′′(ω) to the correlations of the fluctuations〈
δ̃[Sp](ω)2

〉
at equilibrium (see section 4.A.3).

Measuring the fluctuations of a system at equilibrium is equivalent to measuring
its response to a perturbation. It is not the case out-of-equilibrium, where the
fluctuations spectrum and the response function do not coincide.
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4.2.2.3 Fluctuations and response in NESS

In non-equilibrium steady-state (NESS), there is a permanent cycle flux J ss > 0

driven by a strictly negative ATP chemical potential difference7 ∆µATP < 0.
We follow here the approach of Harada and Sasa for molecular motors

[Harada 2005], which relates the rate of energy dissipation
〈
Ṡ
〉

0
with the extent

of violation of the fluctuation-dissipation.
For a chemical cycle in a NESS, the amount of energy maintaining the sys-

tem out-of-equilibrium, or chemical motive force, −J ss∆µATP is exactly the rate of
energy dissipation and the entropy production rate [Qian 2006, Ge 2013]. We pro-
pose therefore that in our chemical cycle, the extent of violation of the fluctuation-
dissipation is directly related to the steady flux J ss > 0 that sustains the NESS.

Specifically we write that
∫ ∞

0

[
C̃ness

Sp (ω)− 2 kBT χ̃
′′(ω)

ω

]
dω

2π
=
J ss

kss
. (4.92)

Note that at equilibrium J ss = 0 and we recover the fluctuation-dissipation theorem.
We denote A the amplitude of the non-equilibrium contribution to the noise

correlations
〈
ζSp(t) ζSp(t′)

〉ness
=
[
A+

(
J +

1 + J −1 + J +
2 + J −2

)ss ]
δ(t− t′) . (4.93)

Using a calculation similar to that done at equilibrium, we deduce

C̃ness
Sp (ω)− 2 kBT χ̃

′′(ω)

ω
=

A

kss2 + ω2
. (4.94)

eq. (4.92) can therefore be integrated

J ss

kss
=

∫ ∞

0

A

kss2 + ω2

dω

2π
=

1

4

A

kss
. (4.95)

We deduce therefore A = 4J ss and the chemical noise correlation at NESS reads

〈
ζSp(t) ζSp(t′)

〉ness
= 2

[
J +

1 + J −2 + 2J ss
]
δ(t− t′) . (4.96)

We recalculate the autocorrelation function using this correlation of the chemical
noise in a NESS (4.96) and obtain

C̃ness
Sp (ω) =

〈
δ̃[Sp](ω)2

〉ness
=

2 kBT χ̃
′′(ω)

ω
+

4J ss

kss 2 + ω2
. (4.97)

The chemical cycle therefore violates the fluctuation-dissipation theorem, as ex-
pected for a non-equilibrium system.

7We could also suppose the ATP chemical potential difference positive, which would trigger a
negative flux J ss. ∆µATP is however always negative in physiological conditions.



4.2. Coupling the RBC membrane to the chemical reaction 189

4.2.2.4 Fluctuations and response for the spectrin attachment fraction

The previous results can directly be applied to the surface density of bound filaments
ρB = [Sp]. However in the next section we prefer working with fractions. We
therefore define the fraction of bound and unbound filaments nB and nU We define
the following fractions of attached and detached spectrin:

nB =
[Sp]

[Sp]0
, nU =

[Sp∗]

[Sp]0
= 1− nB . (4.98)

Their average values at steady-state are denoted with the subscript 0 and are
given by eq. (4.79)

nB
0 =

〈
nB
〉

=
k−1 + k2

kss
, nU

0 =
〈
nU
〉

=
k1 + k−2

kss
. (4.99)

The time evolution of nB
0 is given by the deterministic kinetic equation

dnB
0

dt
= −koff n

B
0 + kon

(
1− nB

0

)
, (4.100)

where we have defined the following effective on- and off-rates

kon ≡ k−1 + ko2 = ko−1 [ADP]ss + ko2 (4.101a)

koff ≡ k1 + k−2 = ko1 [ATP]ss + ko−2 [Pi]
ss (4.101b)

The steady-state value of the fractions of bound and detached spectrin filaments
can be rewritten as

nB
0 =

kon

kon + koff
, nU

0 =
koff

kon + koff
. (4.102)

The time evolution of the deviation δnB = nB − nB
0 of the fraction of attached

spectrin is given by the chemical Langevin equation

dδnB

dt
= − [koff + kon] δnB + ζB(t) (4.103)

which allows us to identify kss = koff +kon = ωB
0 the relaxation time associated with

a perturbation of the chemical cycle at steady-state.
The chemical noise is characterized as
〈
ζB(t)

〉
= 0 ,

〈
ζB(t) ζB(t′)

〉
= 2

(
ΓB

0 + Γa
)
δ(t− t′) (4.104)

with

ΓB
0 =

J +
1 + J −2
[Sp]0

=
konkoff

kon + koff
= ωB

0 n
B
0

(
1− nB

0

)
(4.105a)

Γa =
2J ss

[Sp]0
=

2k1k
o
2

kon + koff

[
1− e

∆µcATP
kBT

]
(4.105b)
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Expression of kon and koff at ∆µATP = cte

To determine the on- and off-rates, one need to know the four constant rates
ko1, k

o
−1, k

o
2, k

o
−2, and the average concentration of ATP, ADP and Pi. To simplify

the problem we first adimensionalize the pseudo first-order rates k1, k−1 and k−2

by ko2

θ ≡ ko1[ATP]/ko2 , λ ≡ ko−1[ATP]/ko2 , exp

(−EB

kBT

)
≡ ko−2[Pi]/ko2 . (4.106)

where we have defined the spectrin binding affinity EB.
The chemical potential of ATP hydrolysis can be expressed as a function of the

parameters θ, λ, and EB

exp

(
∆µATP

kBT

)
=
k−1k−2

k1ko2
=
λ

θ
exp

(−EB

kBT

)
. (4.107)

We suppose that the cell maintains a constant incoming flux of ATP and constant
outcoming fluxes of ADP and Pi so that the chemical potential for the hydrolysis of
ATP remains strictly negative and constant. The dimensionless ADP concentration
λ becomes therefore directly proportionnal to the dimensionless concentration θ of
ATP

λ = θ exp

(
∆µATP + EB

kBT

)
, (4.108)

Considering the binding affinity EB, the chemical potential ∆µATP and the typ-
ical reattachment rate ko2 known and constant, the on- and off-rates can finally be
written as a function on the dimensionless ATP concentration θ only

kon = ko2

{
1 + θ exp

(
EB + ∆µATP

kBT

)}
exp

(−E(l)

kBT

)
, (4.109a)

kcoff = ko2

{
θ + exp

(−EB

kBT

)}
. (4.109b)

Note that we have added an exponential dependence of the on-rate on E(l) ≡
1
2k
(
l − l20

)
to take into account the mechanical energy of a spectrin filament elonga-

tion l into the kinetic scheme. This relation can be simply recovered at equilibrium
by writing the detailed balance (see eq. (4.30))

kon(l)

koff
= exp

[
−k/2 (〈l〉 − l0)2 − EB

kBT

]
(4.110)

We can alternatively derive this exponential dependence on E(l) following a
Kramers approach (see section 4.C), which allows furthermore to evaluate the con-
stant ko2

ko2 =
8π3/2η Rg

ks

√
2kBT

k (〈l〉 − l0)2 (4.111)

where η is the viscosity of the surrounding fluid, and Rg the radius of gyration of a
spectrin filament (see eq. (4.202)).
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4.3 A 2-dimensional model of active RBC fluctuations

4.3.1 Quasi-spherical composite membrane

The instantaneous quasi-spherical shape is parametrized in spherical coordinates
(r, θ, φ) by

r(θ, φ) = R0

[
1 + u(θ, φ)

]
, (4.112)

as shown on fig. 4.1. R0 is the radius from which the small displacement u(θ, φ)� 1

is defined.

θ

φ

R0 (1+u)

eθ
er

eφ

Figure 4.1: Parametrization in spherical coordinates of a membrane (bold line) fluctuating around
a reference sphere (dashed line).

Similarly to the previous section we calculate the Helfrich energy and spectrin
energy, but for a 2-dimensional quasi-spherical membrane and as an expansion in
spherical harmonics.

4.3.1.1 Spherical geometry

Curvature
We first calculate the curvature, which is easily obtained by introducing the normal
n = (nr, nθ, nϕ) to the surface. The surface is defined implicitly by the equation

0 = F (r, θ, φ) = r −R0

[
1 + u(θ, φ)

]
, (4.113)
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which allows to calculate the normal pointing out the quasi-spherical shape as n =
∇F
‖∇F‖ . The gradient in spherical coordinates is given by ∇ ≡ er

∂
∂r + eθ

r
∂
∂θ +

eϕ
r sin θ

∂
∂ϕ ,

which leads to

∇F =

(
1, −1

r

∂u

∂θ
, − 1

r sin θ

∂u

∂ϕ

)
, ‖∇F ‖∼ 1 +

1

2
(∇⊥u)2 +O(u3). (4.114)

where we have truncated the expansion to the second order in u. The oper-
ator ∇⊥ is the gradient in spherical coordinates, restricted to the variables
(θ, ϕ): ∇⊥ ≡ eθ

∂
∂θ +

eϕ
sin θ

∂
∂ϕ . We deduce the radial component of the normal

nr ∼ 1− 1
2 (∇⊥u)2.

The total curvature C = 1/R1 + 1/R2 is given by the divergence of the surface
normal

C = ∇ · n =
2

R0

[
1− u− 1

2
∇2
⊥u+ u2 + u∇2

⊥u

]
+O(u3) . (4.115)

Membrane area element

The membrane area dA per solid angle dΩ = sin θ dϕ dθ is given by dA = r2

nr
dΩ,

where nr is the cosine of the angle the normal n makes with er.
Inserting the above formula of nr, we obtain the expression of dA up to 2nd

order in u

dA = R2
0dΩ

[
(1 + u)2 +

1

2
(∇⊥u)2

]
+O(u3) . (4.116)

4.3.1.2 Spherical Harmonics expansion

General properties

We expand the small displacement u(θ, φ) in spherical harmonics

u(θ, φ) =
∑

l≥0

l∑

m=−l
ulmYlm =

u00√
4π

+
∑

l≥2

l∑

m=−l
ulmYlm , (4.117)

where Ylm = almPml (cos θ) eimϕ is the spherical harmonic of degrees l and m, with
Pml an associated Legendre polynomial and alm a normalization factor (see sec-
tion 2.D.1). Note that u∗lm = ul,−m since u is real. The mode l = 1 can be ignored
as it corresponds to sphere translations without shape changes. In the following we
denote

∑
l,m =

∑
l≥1

∑m
m=−l to simplify the writing.

We recall three important properties of spherical harmonics, described in more
details in section 2.D.1

• Orthogonality
∫
dΩYlmY∗l′m′ = δmm′ δll′ .

• Closure relation
∫
dΩ |u(Ω)|2 =

∑
l≥0

∑l
m=−l |ulm|2.

• Eigenvalue equation ∇2
⊥Ylm = −l(l + 1)Ylm.
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Volume expansion

The volume V enclosed by the membrane is expanded up to order 2 in ulm

V =

∫
dΩ

∫
dr r2 =

∫
dΩ

r3(Ω)

3
=
R3

0

3

∫
dΩ
[
1 + u(Ω)

]3

= R3
0

{
4π

3

(
1 +

u00√
4π

)3

+

(
1 +

u00√
4π

)∑

l,m

|ulm|2 +O(u3
lm)

}
(4.118)

Volume conservation reads V − 4π
3 R

3
0 = 0 which leads to the following expression

for u00 up to 2nd order in ulm

u00 ∼ −
1√
4π

∑

l,m

|ulm|2 . (4.119)

u00 is therefore of second order and we can rewrite (4.118) as in [Milner 1987]

V ∼ R3
0





4π

3

(
1 +

u00√
4π

)3

+
∑

l,m

|ulm|2


 . (4.120)

Membrane area and area excess

Using eq. (4.116) we expand the total membrane surface up to second order in
ulm as in [Milner 1987]

A =

∫
dA = R2

0

∫
dΩ

[
(1 + u)2 +

1

2
(∇⊥u)2 + +O(u3)

]

= R2
0



4π

(
1 +

u00√
4π

)2

+
∑

l,m

[
1 +

l(l + 1)

2

]
|ulm|2 +O

(
u3
lm

)


 . (4.121)

Inserting the previous equation (4.119) for u00 originating from volume conser-
vation, we obtain

A ∼ R2
0



4π +

1

2

∑

l,m

(l − 1)(l + 2) |ulm|2


 . (4.122)

We can therefore express the adimensionalized excess area ∆ as

∆ ≡ A− 4πR2
0

R2
0

∼ 1

2

∑

l,m

(l − 1)(l + 2) |ulm|2 , (4.123)



194 Chapter 4. A theory of active RBC membrane fluctuations

4.3.1.3 Helfrich and spectrin energies

Helfrich energy
The Canham-Helfrich energy8 with 2-dimensional bending modulus κ and 2-
dimensional tension σ is classically defined as

∆Um =

∫
dA

{κ
2
C2 + σ

}
. (4.124)

σ acts as a Lagrange multiplier which ensures that the mean excess area of the
fluctuating membrane is equal to some prescribed value ∆ such as

A = (4π + ∆)R2
0 . (4.125)

Using eq. (4.116) we evaluate C2 dA in quadratic approximation

C2 dA ∼ 4

[
1−∇2

⊥u+
1

4

(
∇2
⊥u
)2

+ u∇2
⊥u+

1

2
(∇⊥u)2

]
. (4.126)

We insert the spherical harmonics decomposition of u(Ω) (4.117) and integrate
over the membrane surface, replacing u00 by its expression (4.119), which yields

κ

2

∫
dAC2 = κ



8π +

1

2

∑

l,m

(l + 2)(l + 1)l(l − 1) |ulm|2 +O(u3
lm)



 . (4.127)

The tension term is simply deduced from the area decomposition (4.122)

σ

∫
dA = σA ∼ σR2

0



4π +

1

2

∑

l,m

(l − 1)(l + 2) |ulm|2


 . (4.128)

We define a dimensionless reduced tension σ̄ =
R2

0σ
κ which allows us to rewrite

the lipid-bilayer energy (4.124) as

∆Um ∼
κ

2

∑

l,m

|ulm|2 (l + 2)(l − 1)
[
(l + 1)l + σ̄

]
, (4.129)

where we omitted the constant part of the energy κ [8π + 4πσ̄].

Spectrin energy

We now calculate the spectrin energy, following the same approach as for the
previous 1-dimensional case (see section 4.2.1.2).

We recall the definition of the spectrin energy

∆Us
[
{li, bi}

]
=

N∑

i=1

bi

{
k

2
[li − l0]2 − EB

}
. (4.2)

8We do not consider here a spontaneous curvature C0
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We consider the i-th filament, which makes an angle ψi with eθ in the membrane
plane. The spectrin vector li = ri+1 − ri can be projected on (eθ, eϕ) as

li = lθ i eθ(θi, ϕi) + lϕ i eϕ(θi, ϕi) . (4.130)

The membrane length being given by li =
√
l2i θ + l2i ϕ, we evaluate these two com-

ponents in the following.
Using Pythagore’s theorem, we can express li θ and li ϕ as a function of the

elongation ξ0 at reference state (u = 0), the membrane deviation u(θ, ϕ) and the
angle ψi

l2θ i = ξ2
0 cos2 ψi

[
(1 + u)2 +

(
∂u

∂θ

)2
]
, l2ϕ i = ξ2

0 sin2 ψi

[
(1 + u)2 +

(
1

sin θ

∂u

∂ϕ

)2
]
.

(4.131)

We deduce the expression of li up to second order in u and its derivatives

li ∼ ξ0

{
1 + u+

1

2

[
cos2 ψ

(
∂u

∂θ

)2

+ sin2 ψ

(
1

sin θ

∂u

∂ϕ

)2
]}

. (4.132)

Here, we ignore the underlying triangular topology of the spectrin network since
we are working at a length scale very large compared to the mesh size ξ0. We
therefore suppose that filaments have an isotropic orientation in average, which
leads to

〈
cos2 ψi

〉
=
〈
sin2 ψi

〉
= 1

2 . We deduce the local spectrin length

l(θ, ϕ) = 〈li〉 ∼ ξ0

{
1 + u+

1

4
(∇⊥u)2 +O(u3)

}
. (4.133)

We can evaluate the local spectrin energy up to 2nd order in u as

k

2
(l − l0)2 ∼ k

2
ξ2

0

{
χ2

0 + 2χ0

[
u+

1

4
(∇⊥u)2

]
+ u2 +O(u3)

}
, (4.134)

where we defined χ0 = 1− l0/ξ0 similarly as for 1-dimensional membranes.

We deduce the total spectrin energy

∆Us ∼ R2
0

∫
dΩ ρB(Ω)

{
k

2
ξ2

0

(
χ2

0 + 2χ0

[
u+

1

4
(∇⊥u)2

]
+ u2

)
− EB

}
(4.135)

where ρB(Ω) = ρB
0 + δρB(Ω) is the local surface density of bound filaments.

The underlying triangular network topology reappears via the parameter g ≡
2
√

3 in total spectrin surface density ρ0, that can be calculated as

ρ0 ≡
Nb[springs/triangle]

Area[triangle]
=

3/2

ξ2
0

√
3/4

=
2
√

3

ξ2
0

=
g

ξ2
0

. (4.136)
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We define the fraction of attachment nB(θ, ϕ) = ρB(θ,ϕ)
ρ0

= ρB(θ, ϕ)
ξ2
0
g , that we

expand in spherical harmonics as

nB(θ, ϕ) = nB
0


1 +

n00√
4π

+
∑

l,m

nlm Ylm


 = nB

0


1 +

∑

l,m

nlm Ylm


 , (4.137)

where the zeroth order n00 is included in nB
0 and therefore chosen to be zero.

By expanding the spectrin energy (4.135) up to 2nd order and omitting the
constant terms we find

∆Us ∼ g kR2
0

{∑

l,m

|ulm|2
2

nB
0

[
(1− χ0) +

χ0

2
(l − 1)(l + 2)

]
+ χ0

∑

l,m

|nlmulm|
}
.

(4.138)

RBC composite membrane energy

The dimensionless energy of the RBC composite membrane, composed by the
lipid-bilayer and the cytoskeleton, can be written up to second order in fluctuations
as

∆U
κ
∼ 1

2

∑

l,m

|ulm|2
{
γ̄eff + (l+ 2)(l− 1)

[
(l+ 1)l+ σ̄eff

]}
+ ēs

∑

l,m

|nlmulm| , (4.139)

where we defined the following dimensionless membrane effective parameters

σ̄eff = σ̄ +
gnB

0 kR
2
0χ0

2κ
=
R2

0

κ

[
σ +

1

2
gnB

0 kχ0

]
, (4.140a)

γ̄eff =
R2

0

κ
gnB

0 k(1− χ0) , (4.140b)

ēs =
ρ0R

2
0 kξ

2
0χ0

κ
=
g kR2

0 χ0

κ
. (4.140c)

From eq. (4.140a) we can define a tension jump at the spectrin network mesh
size ∆σ = 1

2gn
B
0 kχ0 as in [Fournier 2004]. When we take nB

0 → 1 (fully connected
network), we recover exactly the same results as [Fournier 2004, Dubus 2006] (see
eq. (3.32a) and eq. (3.36a)).

4.3.2 Thermal and chemical fluctuations

4.3.2.1 Langevin dynamics

Langevin equation for the membrane
The equation of motion for ulm(t) (l ≥ 2) is the normal force balance equation of
the membrane. One has to solve the hydrodynamics problem inside and outside the
quasi-spherical membrane and match the solutions at the sphere of radius R0 for
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small deformations. The derivation, detailed for example in [Seifert 1999], is tedious
and we only state the result here, presented in the same form as in [Abreu 2013]

∂ulm
∂t

= −µl
∂∆U
∂u∗lm

+ ζulm(t) , (4.141)

where

µl =
Γl
ηR3

0

, Γl =
l(l + 1)

4l3 + 6l2 − 1
=

l(l + 1)

(2l + 1)(2l2 + 2l − 1)
. (4.142)

and the thermal noise ζlm(t) is white and its correlations
〈
ζulm(t)ζul′m′(t

′)
〉

= 2µl kBT δl,l′δm,m′δ(t− t′) , (4.143)

are given by the fluctuation-dissipation theorem at equilibrium.
The normal "force" on the membrane is calculated as

−∂∆U
∂u∗lm

= −κ
{
Ēeff
l ulm − ēs nlm

}
, (4.144)

where the dimensionless composite membrane energy Ēeff
l for the mode l is given

by

Ēeff
l = γ̄eff + (l + 2)(l − 1)

[
l(l + 1) + σ̄eff

]
(4.145)

The Langevin equation for the mode ulm can finally be rewritten as

∂ulm
∂t

= −ωeff
l ulm − ωsl nlm + ζulm(t) (4.146)

where we defined a composite membrane relaxation frequency ωeff
l and spectrin-

associated frequency ωsl , both depending on the mode l

ωeff
l = µlκĒ

eff
l =

κ

ηR3
0

Ēeff
l Γl ωsl = µlκē

s = µl ρ0R
2
0 kξ

2
0χ0 . (4.147)

Langevin equation for the chemical reaction

The Langevin equation for the mode l ≥ 2, m of the fraction of attachment nlm
is calculated as for the 1-dimensional membrane and reads

∂nlm
∂t

= −ωB
0 nlm − ΓB

0 λ
s
0 ulm + ζB

lm(t) (4.148)

where we defined the following parameters

ωB
0 = kon0 + koff (4.149a)

λs0 =
gkR2

0χ0

kBT
=

κēs
kBT

(4.149b)

ΓB
0 = ωB

0 n
B
0 (1− nB

0 ) =
kon0 koff

kon0 + koff
(4.149c)
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with kon0 = ko exp
(
−kξ2

0χ
2
0

2kBT

)
as in 1-dimensional case.

Note the useful following relation ωsl = µl λ
s
0 kBT .

The chemical noise is white and its correlations are given by
〈
ζB
lm(t)ζB

l′m′(t
′)
〉

= 2
(
ΓB

0 + ΓB
a

)
δl,l′δm,m′δ(t− t′) (4.150)

where ΓB
a is the active (non-equilibrium) part of the chemical noise and N = 4πR2

0ρ0

is the total number of springs.

4.3.2.2 Fluctuations and response of the coupled system

The coupled system of Langevin equations for the mode l ≥ 2, −l ≤ m ≤ l reads

∂ulm
∂t

= −ωeff
l ulm − ωsl nlm + zulm(t)

∂nlm
∂t

= −ωB
0 nlm − ΓB

0 λ
s
0 ulm + zB

lm(t)

In Fourier space, i can be condensed in a matrix form

Mlm(ω) ·Xlm(ω) = Z lm(ω) , (4.152)

where we have defined

Mlm(ω) =

(−iω + ωeff
l ωsl

ΓB
0 λ

s
0 −iω + ωB

0

)
(4.153a)

Xlm(ω) =

(
ulm
nlm

)
(4.153b)

and the vector Zlm(ω) is chosen either as the noise or as an external driving, whether
the correlation function or the response function is calculated:

Znoise
lm (ω) =

(
ζu
lm

ζB
lm

)
, Zdriving

lm (ω) =

(
µl f

ext
lm

ΓB
0

∆µext
lm

kBT

)
. (4.154)

In temporal Fourier space, the correlation of the two noise sources are given by
〈
ζulm(ω)ζul′m′(ω

′)
〉

= 2µl kBT δl,l′δm,m′δ(ω + ω′) , (4.155a)〈
ζB
lm(ω)ζB

l′m′(ω
′)
〉

= 2
(
ΓB

0 + Γa
)
δl,l′δm,m′δ(ω + ω′) (4.155b)

The determinant of the matrix Mlm(ω) reads

det [Mlm(ω)] = ωB
0 ω

eff
l − ω2 − ωsl ΓB

0 λ
s
0 − iω

(
ωeff
l + ωB

0

)
. (4.156)

It vanishes if, and only if ω = 0 and ωB
0 ω

eff
l = ωsl Γ

B
0 λ

s
0.
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For ω > 0, we can therefore define the inverse matrix M−1
lm(ω)

We remark that the matrix Mlm(ω) does not depend on m, which implies that
its complex conjugate is obtained as M∗

lm(ω) = Mlm(−ω). To simplify, we omit in
the following the index m: Mlm(ω) = Ml(ω)

The square modulus of the determinant can be calculated as
∣∣ det [Ml(ω)]

∣∣2 = det [Ml(ω)] det [Ml(−ω)]

=
[
ω2 + (ωB

0 )2
] [
ω2 + (ωeff

l )2
]

+ ωsl Γ
B
0 λ

s
0

[
2
(
ω2 − ωB

0 ω
eff
l

)
+ ωsl Γ

B
0 λ

s
0

]
.

Response function

The response Xlm(ω) of the system to an external driving Zdriving
lm (ω) is given

by Xlm(ω) = M−1
l (ω) ·Zdriving

lm (ω).
The response function in Fourier Space χ̃lm(ω) and is defined as (see sec-

tion 4.A.1)

Xlm(ω) = χ̃lm(ω) ·
(

f̃ ext
lm

δ∆̃µ
ext
lm

)
(4.157)

It depends only on l and ω and we obtain

χ̃l(ω) =
det [Ml(−ω)]∣∣ det [Ml(ω)]

∣∣2
(
µl
(
−iω + ωB

0

)
−µlΓB

0 λ
s
0

−µlΓB
0 λ

s
0

(
−iω + ωeff

l

)
ΓB

0 /kBT

)
, (4.158)

using the relation ωsl = µl λ
s
0 kBT .

We now calculate the dissipative part of the response function. We multiply it
by 2kBT

ω to compare it directly to the fluctuations correlation function

2kBT

ω
χ̃′′l (ω) =

1∣∣det [Ml(ω)]
∣∣2
(
χ̃uu
l (ω) χ̃Bu

l (ω)

χ̃uB
l (ω) χ̃BB

l (ω)

)
(4.159)

with

χ̃uu
l (ω) = 2 kBT µl

[
(ωB

0 )2 + ω2
]

+ 2 ΓB
0 (ωsl )

2 (4.160a)

χ̃Bu
l (ω) = χ̃uB

l (ω) = −2ωsl ΓB
0

(
ωeff
l + ωB

0

)
(4.160b)

χ̃uu
l (ω) = 2 ΓB

0

[
(ωeff
l )2 + ω2

]
+ 2 (ΓB

0 )2 ωsl λ
s
0 (4.160c)
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Autocorrelation function

The autocorrelation function in Fourier Space is defined by

C̃lm(ω) =

〈
ulm(ω)ulm(−ω) ulm(ω)nlm(−ω)

nlm(ω)ulm(−ω) nlm(ω)nlm(−ω)

〉

≡ 1∣∣det [Ml(ω)]
∣∣2
(C̃uu

lm(ω) C̃Bu
lm (ω)

C̃uB
lm (ω) C̃BB

lm (ω)

)
, (4.161)

where
(
ulm
nlm

)
= Xlm(ω) = M−1

l (ω) ·Znoise
lm (ω) .

The thermal noise on the membrane and the chemical noise are uncorrelated,
therefore, the previous autocorrelation matrix can be decomposed into two contri-
butions

C̃lm(ω) =

〈∣∣ζulm(ω)
∣∣2
〉

∣∣det [Ml(ω)]
∣∣2 Lu(l, ω) +

〈∣∣ζBlm(ω)
∣∣2
〉

∣∣det [Ml(ω)]
∣∣2 LB(l, ω) , (4.162)

with Lu(l, ω) and Ln(l, ω) are hermitian matrices

Lu(l, ω) =

(
ω2 + (ωB

0 )2 −ΓB
0 λ

s
0

(
ωB

0 − iω
)

−ΓB
0 λ

s
0

(
ωB

0 + iω
) (

ΓB
0 λ

s
0

)2
)

(4.163a)

LB(l, ω) =

(
(ωs
l )

2 −ωs
l

(
ωeff
l + iω

)

−ωs
l

(
ωeff
l − iω

)
ω2 + (ωeff

l )2

)
(4.163b)

The correlations of the noise are deduced from eq. (4.164)
〈∣∣ζulm(ω)

∣∣2
〉

= 2µl kBT ,
〈∣∣ζB

lm(ω)
∣∣2
〉

= 2
(
ΓB

0 + Γa
)

(4.164)

And we can calculate the coefficients of the autocorrelation matrix (4.165)

Cuu
l (ω) = 2 kBT µl

[
(ωB

0 )2 + ω2
]

+ 2 (ωs
l )

2
(
ΓB

0 + Γa
)

(4.165a)

CuB
l (ω) = −2 ΓB

0 ω
s
l (ω

B
0 + ωsl )− 2 Γa ω

s
l

(
iω + ωeff

l

)
(4.165b)

CBu
l (ω) = −2 ΓB

0 ω
s
l (ω

B
0 + ωsl )− 2 Γa ω

s
l

(
−iω + ωeff

l

)
(4.165c)

CBB
l (ω) = 2

(
ΓB

0 + Γa
) [
ω2 + (ωeff

l )2
]
− 2 (ΓB

0 )2ωsl λ
s
0 (4.165d)

Fluctuation-dissipation theorem at equilibrium

Taking the difference between fluctuations and dissipation matrices we get

C̃l(ω)− 2kBT

ω
χ̃′′l (ω) =

2Γa∣∣ det (Ml(ω))
∣∣2
(

(ωsl )
2 −ωsl

(
iω + ωeff

l

)

−ωsl
(
−iω + ωeff

l

)
ω2 + (ωeff

l )2

)
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(4.166)

At chemical equilibrium, Γa = 0 (see eq. (4.105)) and the fluctuation-dissipation
theorem is verified

C̃l(ω) =
2kBT

ω
χ̃′′l (ω) (4.167)

4.3.2.3 Fluctuations and response of the composite membrane

Experimentally, a mechanical driving f ext can be applied with an optical tweezer
(active microrheology, see section 4.4) whereas the chemical driving ∆µext is hardly
possible to apply. Similarly one can measure the membrane fluctuations by careful
shape recording or passive microrheology (see section 4.4), whereas the chemical
fluctuations are difficult to access.

In the following we therefore restrict ourselves to the case where ∆µext = 0

and where we can only measure the response function χ(ω) ≡ ∑
l,m χlm(ω)

and the fluctuation spectrum on one single point of the membrane〈∣∣u(ω)
∣∣2
〉
≡∑l,m

〈∣∣ulm(ω)
∣∣2
〉
.

The membrane autocorrelation function for the mode l,m is given by eqs. (4.165)
and (4.165a)

〈∣∣ulm(ω)
∣∣2
〉

=
2 kBT µl

[
(ωB

0 )2 + ω2
]

+ 2
(
ΓB

0 + Γa
)

(ωs
l )

2

∣∣ det (Ml(ω))
∣∣2 (4.168)

Membrane at equilibrium

We recall that ΓB
0 = ωB

0 n
B
0

(
1− nB

0

)
(see eq. (4.149c)) and that at equilibrium

Γa = 0. We can study two limit cases: a spectrin network fully attached nB
0 → 1,

and no spectrin network nB
0 → 0. Both cases lead immediately to ΓB

0 → 0 and∣∣ det [Ml(ω)]
∣∣2 →

[
ω2 + (ωB

0 )2
] [
ω2 + (ωeff

l )2
]
(section 4.3.2.2), which leads to the

following membrane autocorrelation at equilibrium

〈∣∣ulm(ω)
∣∣2
〉eq

−→
nB

0→0, 1

2µl kBT

ω2 + (ωeff
l )2

, (4.169)

which is the classical form of the fluctuation spectrum for the mode l,m for a simple
quasi-spherical membrane, with effective mechanical parameters if nB

0 → 1 and pure
lipid-bilayer properties if nB

0 → 0.
Hence, if the depletion of ATP leads to a perfectly connected spectrin network

(nB
0 → 1), as we expect from the biochemical studies, the fluctuation spectrum
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should be of the form (4.169), with the following mechanical parameters9

σ̄eff = σ̄ +
g kR2

0χ0

2κ
=
R2

0

κ

[
σ +

1

2
g kχ0

]
, (4.170a)

γ̄eff =
R2

0

κ
g k(χ0 − 1) . (4.170b)

Membrane response function

In the general case (no ATP depletion), the dissipative part of the response
function χ̃′′l (ω) for the membrane only (∆µext = 0) is the same as in eq. (4.160)

2kBT

ω
χ̃′′l (ω) =

2 kBT µl
[
(ωB

0 )2 + ω2
]

+ 2 ΓB
0 (ωsl )

2

∣∣ det [Ml(ω)]
∣∣2 (4.171)

4.3.3 Numerical application

4.3.3.1 Composite membrane at equilibrium

We first consider a membrane depleted of ATP. We suppose therefore that ∆µATP =

0 and θ = 0, which implies the active part of the chemical noise correlation Γa = 0.

Reference state

We recall the expression of the on- and off-rates and of the attachment fraction
of at equilibrium and with θ = 0 from eq. (4.109)

kon = ko2 exp

(
−kξ

2
0χ

2
0

2kBT

)
, koff = ko2 exp

(
− EB

kBT

)
, nB

0 =
kon

kon + koff
.

According to biochemical studies,the binding affinity of the spectrin filament to
the complex 4.1 R is high EB

kBT
� 1. Taking typical values from the literature for

the spectrin mechanical parameters table 4.E.1. The spectrin filament elongation
energy 1

2kξ
2
0χ

2
0 for a prestress χ0 = 1 is of the order of kBT . Therefore, at equilibrium

koff � kon, which leads to nB
0 ∼ 1: there is no spontaneous detachment of spectrin

filaments. The fraction of attachment does not depend on the prestress as we check
on fig. 4.2.

9Note that we neglected here the renormalization of the bending modulus by the spectrin
network.
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Figure 4.2: Fraction of attachment nB
0 at equilibrium, as a function of the prestress χ0 for a realistic

value of the binding affinity EB ∼ 20 kBT .

On the contrary the spectrin contribution to the membrane tension ∆σ =
1
2gn

B
0 k χ0 is directly proportional the prestress as shown on fig. 4.3

0.2 0.4 0.6 0.8 1.0
Prestress Χ0
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1000

1200

Σspectrin at eq. HkBT.Μm-2
L

Figure 4.3: Spectrin tension σspectrin at equilibrium, as a function of the prestress χ0 at for a
realistic value of the binding affinity EB ∼ 20 kBT .

This behavior changes radically, if the binding energy is decreased to lower val-
ues, close to kBT : spontaneous spectrin filament detachment becomes possible for
non-zero prestress, thereby decreasing the fraction of attachment and lowering or
compensating the increase of spectrin tension as a function of the prestress, as shown
on fig. 4.4



204 Chapter 4. A theory of active RBC membrane fluctuations

0.2 0.4 0.6 0.8 1.0
Prestress Χ0

0.2

0.4

0.6

0.8

1.0

nB° at eq.

EB= 0 kBT

EB= 2 kBT

EB = 4 kBT

EB = 6 kBT

EB = 8 kBT

EB = 10 kBT

0.2 0.4 0.6 0.8 1.0
Prestress Χ0

200

400

600

800

1000

1200

Σspectrin at eq. HkBT.Μm-2L

EB= 0 kBT

EB= 2 kBT

EB = 4 kBT

EB = 6 kBT

EB = 8 kBT

EB = 10 kBT

A

B

Figure 4.4: Fraction of attachment nB
0 and spectrin tension σspectrin at equilibrium, as a function

of the prestress χ0 for various values of the binding affinity 0 ≤ EB ≤ 20.

Membrane fluctuations at equilibrium (high binding affinity)

We plot the fluctuation amplitude
〈
u2
lm

〉
=
∫∞

0
dω
2π

〈
u2
lm(ω)

〉
, as a function of the

mode l in fig. 4.5. The lower modes have the highest amplitude, which is expected
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Figure 4.5: Fluctuation autocorrelation function
〈
u2
lm

〉
as a function of the mode l (nB

0 = 1).



4.3. A 2-dimensional model of active RBC fluctuations 205

from the equilibrium expression of the fluctuation spectrum (4.169), that, in the
limit ω → 0, becomes
〈∣∣ulm(ω)

∣∣2
〉eq
−→
ω→0

2µl kBT

(ωeff
l )2

∼ 2kBT

κĒeff
l

, (4.172)

where Ēeff
l is a increasing function of l.

We plot in fig. 4.6 the fluctuation spectrum
〈
u2(ω)

〉
=
∑

lm

〈
u2
lm(ω)

〉
for a bind-

ing affinity EB/kBT � 1 and various spectrin network prestress values χ0 between
0 and 1. When the prestress increases, the spectrin contribution to the membrane
tension increases, thereby lowering the amplitude of low frequency fluctuations.
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.sL
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Χ0 = 0.8

Χ0 = 1

Figure 4.6: Fluctuation spectrum
〈
u2(ω)

〉
at equilibrium for high binding affinity EB/kBT � 1

and various prestress of spectrin filaments χ0.

We compare now in fig. 4.7 the fluctuation spectrum obtained from the general
formula that includes chemistry (eq. (4.168) at equilibrium (Γa = 0), and the fluctu-
ation spectrum obtained in the limit nB → 1 eq. (4.169) that neglects chemistry. We
show the curves for three binding affinities EB/kBT = 0, 10, 20 at fixed prestress
χ0 = 0.4. For EB/kBT = 0 and 10, there is a notable difference at low frequencies,
indicating that allowing for the attachment and detachment of spectrin, even at
equilibrium, not only renormalizes the membrane tension but can drastically affect
the fluctuation spectrum. Note that for a higher binding affinity EB/kBT = 20, the
two fluctuation spectra coincide, as expected in the strict limit nB −−−−−−→

EB�kBT
1.

Instability at ω = 0

At ω = 0 the determinant of the matrix Ml(ω) can cancel out if ωB
0 ω

eff
l = ωsl Γ

B
0 λ

s
0

(see eq. (4.156)). This condition can be rewritten as nB
0

(
1 − nB

0

)
λso

2 =
Eeff
l

kBT
, where

the membrane energy Eeff
l for the mode l never vanishes. Therefore, for nB

0 = 0 or
1 (no spectrin, or fully attached network), the membrane is stable for any mode of
deformation.
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EB = 0 kBT

EB = 10 kBT

EB = 20 kBT
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-1
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2
> HÐm

2
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Figure 4.7: Fluctuation spectrum
〈
u2(ω)

〉
at equilibrium for three binding affinities EB/kBT �

0, 10, 20 and fixed prestress χ0 = 0.4. Plain lines include chemical noise at equilibrium (ko2 =

1 s−1); dashed lines include only thermal fluctuations of the membrane.

For any value 0 < nB
0 < 1, we can solve numerically the previous condition

considering l as the unknown, using realistic numerical values of the membrane
parameters (see table 4.E.1). We find that there is generally an integer lc between
2 and 30 that approaches the real solution, depending on the exact value of the
attachment fraction nB

0 . As a consequence, the fluctuations are maximal for this
mode. The plot of the fluctuation amplitude as a function of the mode l displays a
sharp peak around the mode lc, as shown on fig. 4.8.

This instability can be understood as follows: fluctuations enhance locally the
filament elongation, thereby decreasing the attachment rate; the spectrin network
being less attached, the fluctuations are locally favored as a consequence. This
phenomenon may be partially buffered by imposing the value of the membrane
excess area, thereby imposing the strict conservation of total membrane surface. We
have not applied this constraint here. The fluctuation amplitude at fixed volume is
indeed naturally limited by excess area available to deform. Here, we sketch only
the procedure, that we plan to develop further in the future. We recall that the
membrane excess area can be expressed as a function of the square amplitude of the
fluctuations

∆ ∼ 1

2

∑

l,m

(l − 1)(l + 2) |ulm|2 . (4.123)
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Figure 4.8: Fluctuation autocorrelation function
〈
u2
lm

〉
at equilibrium, as a function of the mode

l for nB
0 ∼ 0.75, displaying a characteristic peak around a mode lc, where det [Ml(ω)] approaches

zero for ω = 0.

Following the method proposed in [Seifert 1995], and extended by [Loubet 2012]
to active membranes (see section 3.3.3.4), one can inject the expression for the
membrane |ulm|2 that depends on the lipid bilayer tension σ̄. This gives a self-
consistent equation for the lipid-bilayer tension as a function of the excess area. We
expect the resulting effective tension to buffer the amplitude of the fluctuations.

4.3.3.2 Violation of the fluctuation-dissipation theorem

We bypass in this part the complication arising from the instability, to study numer-
ically the effect of the non-equilibrium chemical noise on the membrane fluctuations.

In fig. 4.9 we compare the fluctuation amplitudes and the dissipative part of the
response function (multiplied by a factor 2kBT

ω ) as a function of the mode l in non-
equilibrium steady-state (Γa > 0). The mean square amplitude of the fluctuations
(red) is clearly higher than the response function for low modes l . 30, indicating
a violation of the fluctuation-dissipation theorem. We confirm the strong violation
of the fluctuation-dissipation theorem in a chemical NESS, by plotting in fig. 4.10
A the total fluctuations mean-square amplitude10

〈
u2
〉

=
∫∞

1
dω
2π

∑
l,m

〈
u2
lm(ω)

〉
as

a function of the dimensionless concentration θ of ATP. For θ = 0 (no ATP), the
fluctuations (red) and the dissipative part of the response (blue) coincide, but start
to strongly diverge for θ > 0. We observe that the mean-square fluctuation ampli-
tude first increases rapidly, before decreasing slowly, thereby displaying a maximum,
which reminds the experimental results of [Tuvia 1998] in RBC ghosts, that we plot
in fig. 4.10 B.

10Note that our integration in angular frequency ω starts at 1 and not 0 in order to bypass the
instability previously mentioned, that arises for angular frequencies lower than 1.
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Figure 4.9: Membrane autocorrelation function (red)
〈
u2
lm

〉
and dissipative part of the response

function (blue), as a function of the mode l in a NESS. (EB = 20 kBT , χ0 = 0.12, ko2 = 0.1 s−1,
∆µATP = −20 kBT , and θ = 0.1).
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Figure 4.10: (A) Mean-square amplitude
〈
u2

〉
of the fluctuations and the dissipative part of

the response function as a function of the concentration θ of ATP. (EB = 20 kBT , χ0 = 0.12,
ko2 = 0.1 s−1, ∆µATP = −20 kBT ). (B) Effect of the ATP concentration on the cell-membrane
fluctuations in RBC ghosts (open circle) and in Triton RBC shells (closed circle). (Reproduced
from [Tuvia 1998]).

4.4 Experimental violation of the fluctuation-dissipation
relation in RBCs

4.4.1 Experimental setup

T. Betz has performed experiments on human red-blood cells to measure the mem-
brane fluctuation spectrum and response function (unpublished work). An optical
trap coupled to quadrant photodiode detector allows to achieve passive or active
microrheology on a polystyrene bead attached to the red-cell membrane. Using a
very weak trap stiffness, passive microrheology consists in recording the free move-
ment of a bead, thereby measuring the temporal fluctuations of one point of the
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AODs

X Y laser

PD
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3D piezo
stage

lamp

camera

D
AQ

four quadrant diode
motion detector

(trap positioning)

Side View
A B

Figure 4.1: Experimental passive and active microrheology setup. (A) Sketch of the experimental
setup: a bead, adhering to one point of the red-blood cell membrane, is trapped in an optical
tweezer and its position is recorded by a four quadrant photodiode. (B) The free fluctuations of
the membrane are recorded via the bead displacement for a low trap stiffness (passive microrheol-
ogy). To measure the response of the membrane, a sinusoidal force is applied to the bead and its
displacement is recorded simultaneously (active microrheology). (Credits T. Betz).

membrane. Active microrheology consists on the contrary in applying a sinusoidal
force on the bead, and thus on the membrane, using a stronger trap stiffness, and
to concomitantly measure de bead displacement to infer the response function. A
schematic representation of the setup is shown on fig. 4.1.

The experimental approach, very similar to [Mizuno 2007], is therefore to mea-
sure in the same system both the fluctuation spectrum and Fourier transform of
the dissipative part of the response functions, and to compare them to test the
equilibrium or non-equilibrium nature of the system, as illustrated on fig. 4.3.

4.4.2 Comparison to theoretical results

We use typical numerical values for the red-blood cell lipid-bilayer and cytoskeleton
mechanics, taken from the literature (see table 4.E.1). The exact values of EB

and |∆µATP| have no influence on the dynamics, as long as they are very large
compared to kBT and that |∆µATP| ≥ EB. The typical chemical rate ko2 and typical
dimensionless ATP concentration θ are adjusted to fit the experimental data at best.
Note that the sum on the modes is calculated for l between 2 and lmax ∼ 2πR0

a ∼ 10,
where a is the typical size of the adhesion region of the bead on the membrane. The
larger modes are indeed strongly damped by the bead.

We plot in fig. 4.3 the response χ”(ω) and the fluctuations, as derived from
the fluctuation-dissipation theorem

〈
u2(ω)

〉
ω

2kBT
. The theoretical prediction fits

reasonnably well the fluctuations, but less satisfactorily the response function. We
attribute this discrepancy to the instability of our model at low frequency. The
dashed lines represent the contribution of the chemical noise only 2(ΓB

0 + Γa) (red)
or the thermal mechanical noise only (2kBT µl) (blue) to the fluctuations. We see
that the non-equilibrium chemical noise contributes mainly to the low frequency
fluctuations.
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Figure 4.2: Comparison of the dimensionless fluctuation spectrum (red) and the dissipative part
of the response function (blue), measured in living human red-blood cells. The fluctuations and
response differ significantly, starting from an angular frequency of 100 s−1 (Credits: T. Betz,
unpublished work).

4.4.3 Discussion

We propose a model to account for the active fluctuations of the red-blood cell
membrane. Experimental measurements of the fluctuation spectrum and the re-
sponse function show a clear violation of the fluctuation-dissipation theorem. This
non-equilibrium feature of living matter is generally associated to the steady con-
sumption of ATP, however the comparison between the fluctuations in ATP-depleted
cells (dead cells) and normal (living) cells [Betz 2009, Park 2010], cannot be con-
sidered as absolutely conclusive and they have been a source of controversy. The
experimental results of Betz close this debate, and imply necessarily a source of
non-thermal noise in the system.

The spectrin cytoskeleton and the lipid-bilayer do not associate to molecular
motors in red-blood cells, to the best of our knowledge. However some of its
components can be phosphorylated. We therefore conjecture that the active
noise could be of chemical nature directly. Therefore we prove that a direct
force on the membrane can emerge from the detachment kinetics of spectrin
filaments, as suggested by previous studies [Gov 2007]. But we show that this
direct force emerges for a curved membrane only, and if the spectrin cytoskeleton
is naturally under tension (or compression) in the red-cell. Then we state that
the detachment kinetics must involve at least two different reversible reaction
paths to display non-equilibrium features at steady-state. The detachment of
filaments is supposed to be driven mainly by ATP, whereas the re-attachment
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Figure 4.3: Comparison of experimental data and theoretical prediction for the response function
(blue) and the response as derived from the fluctuation spectrum (red), using the FDT. Experi-
mental data are dots, theoretical predictions are plane lines. Dashed lines represent the response
derived from the fluctuation spectrum, keeping only the thermal mechanical noise contribution
(blue) or only the chemical noise contribution (red).

step is supposed essentially spontaneous. In contact to a reservoir of ATP, the
filament cycles between the attached and detached states and displays active noise.
We finally couple this phoshorylation-dephosphorylation cycle to the membrane to
show that the chemical noise can be transduced mechanically. Therefore it breaks
the thermal equilibrium of the membrane, when the cell continuously produces ATP.

This work is still ongoing and results are preliminary. We have shown that the
system generally displays an instability, using realistic values for the red-blood cell
mechanical parameters. This unstable behavior does not seem compatible with ex-
perimental observations. We suggest that the limited excess area of lipid-bilayer
may limit the amplitude of the instability, but another more profound mechanism
may prevent the system to get unstable. Ankyrins may form more stable anchoring
points for spectrin in the membrane than the 4.1R complex. It may therefore stabi-
lize the network and prevent unstable modes from appearing. This is yet speculative
and this possibility should be looked into more closely. We should also point out here
that our model approximates the discocyte shape of the red-blood cell membrane
by a quasi-spherical membrane. This is a non-negligible approximation, which may
lead to quantitative differences. We expect however the fundamental behavior of
the membrane to remain qualitatively similar. The study of fluctuations around a
discocyte shape with spherical harmonics is out of the scope of this thesis, and may
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involve terms of higher order.
A second point deserves attention. To calculate the chemical active noise correla-

tion, we have made an analogy with the approach of Harada and Sasa for molecular
motors [Harada 2005]. This is a conjecture, but not a concluding proof, and we are
investigating the origin of noise in a chemical cycle in a NESS. This point is an
active subject of research, but it has not been studied closely within the framework
of Langevin equations. An analysis on a simpler system than the phosphorylation-
dephosphorylation cycle presented in this thesis tends to indicate that the active
noise comes from the explicit contact to the reservoirs. Although the reservoirs
are considered as perfect, the contact with the system implies necessarily fluxes of
molecules with the open-system, and these fluxes may fluctuate, exactly like the
fluxes within the cycle. We pursue therefore also this route, in relation to the main
subject of red-blood cell membrane fluctuations.
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4.A Fluctuation and response, fluctuation-dissipation
theorem

4.A.1 Correlation functions

We first introduce time-dependent correlation functions.
〈.〉 denotes an average with respect to an ensemble. In the canonical ensemble

we will write the average of an observable φ as

〈φ〉 =
1

Z

∫
φ e−H/kBTdrdp , (4.173)

where H(r,p) is the Hamiltonian of the system that depends on position r and
momentum p, Z ≡

∫
e−H/kBTdrdp is the partition function of the system.

The two correlation functions for the field φ(r, t) is defined as

Cφ(r, r′, t, t′) ≡
〈
φ(r, t)φ(r′, t′)

〉
, (4.174a)

Sφ(r, r′, t, t′) ≡
〈(
φ(r, t)− 〈φ(r, t)〉

)(
φ(r′, t′)−

〈
φ(r′, t′)

〉 )〉
(4.174b)

= Cφ(r, r′, t, t′)− 〈φ(r, t)〉
〈
φ(r′, t′)

〉
. (4.174c)

For Hamiltonian independent of time, all thermodynamic averages are invari-
ant under time translation, which implies 〈φ(r, t)〉 = 〈φ(r)〉 and C(r, r′, t, t′) =

Cφ(r, r′, t − t′). It is therefore more convenient to work in temporal Fourier space
defining the angular frequency ω = 2π/(t− t′):

φ̃(r, ω) =

∫ ∞

−∞
dteiωtφ(r, t) , (4.175a)

φ(r, t) =

∫ ∞

−∞

dω

2π
e−iωtφ̃(r, ω) . (4.175b)

The Fourier transform of Sφ(r, r′, t− t′ is called the power spectrum of φ(r, t).

4.A.2 Response functions

The response function χ(r, r′, t−t′) relates the changes δ 〈φ(r, t)〉 to time-dependent
changes δh(r, t) of an external field h acting on the system as

δ 〈φ(r, t)〉 =

∫
dr′dt′ χ(r, r′, t− t′) δh(r, t) . (4.176)

The causality principle implies that χ(r, r′, t− t′) = 0 for t < t′.
For simplicity we restrict ourselves to the study of one single point r: the per-

turbation and the response are applied on the same point. One can easily show that
the Fourier transform of χ verifies
〈
δφ̃
〉

= χ(ω)δh(ω) (4.177)
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4.A.3 Fluctuation-dissipation theorem

We propose in the following a classical demonstration of the fluctuation-dissipation
theorem (FDT). We denote H0 the unperturbed Hamiltonian and the associated
average 〈.〉0, defined as 〈φ〉 = 1

Z
∫
φ e−H0/kBTdrdp.

We start from an initial state out-of-equilibrium: for t < 0 the system is governed
by a perturbed Hamiltonian H0 +δH, where δH ∼ −δh φ(0) at first order. δh is the
constant perturbation that we suppose small. We use a different notation to denote
the mean value of φ with respect to this perturbed Hamiltonian for t < 0

φ̄(t < 0) = 〈φ〉0 + δφ̄ .

At t = 0 we shut off the perturbation h(t ≥ 0) = 0 and we look at the sys-
tem relaxation from its perturbed state, under the Hamiltonian H0 as sketched on
fig. 4.A.1

time

δh=0
δh

t=0

<φ>
0

φ(t<0)

Figure 4.A.1: Sketch of the relaxation of mean value of the field φ upon perturbation shut-off h = 0

at time t = 0.

The correlation function is defined as

Cφ(t, t′) =
〈
φ(t)φ(t′)

〉
0

=
1

Z0

∫
drdp e−H0/kBT φ(t, r,p)φ(t′, r,p) ,

We suppose H0 independent of time and therefore Cφ(t, t′) = Cφ(t− t′).
Let evaluate δφ̄:

δφ̄(t) = φ̄(t)− 〈φ〉0 =

∫
drdp e−(H0+δH)/kBT φ(t)∫
drdp e−(H0+δH)/kBT

−
∫
drdp e−H0/kBT φ(t)∫
drdp e−H0/kBT

. (4.178)

Since δh is small we develop the previous expression up to first order
∫
drdp e−(H0+δH)/kBT φ(t) ∼

∫
drdp e−H0/kBT φ(t)

[
1 + φ(0)

δh

kBT

]
,

(∫
drdp e−(H0+δH)/kBT

)−1

∼
(∫

drdp e−H0/kBT

)−1 [
1− δh

kBT

∫
drdp e−H0/kBT

]
.
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We can therefore rewrite eq. (4.178) as

δφ̄(t) ∼
[
〈φ(t)〉0 +

δh

kBT
〈φ(0)φ(t)〉0

] [
1− δh

kBT
〈φ(0)〉0

]

∼ δh

kBT

[
Cφ(t)− 〈φ(t)〉0 〈φ(0)〉0

]

∼ δh

kBT

[
Cφ(t)− 〈φ(0)〉20

]
, (4.180)

∼ δh

kBT
Sφ(t) , (4.181)

where 〈φ(t)〉0 = 〈φ(0)〉0 because H0 is independent on time.
In the frame of linear response theory, the response function χ to the perturba-

tion δh reads

δφ̄(t) ≡
∫ ∞

−∞
dt′χ(t− t′) δh(t′)

=

∫ 0

−∞
χ(t− t′) δh(t′) by causality

= δh

∫ ∞

t
χ(t′) dt′ , (4.182)

because δh = cte for t < 0.
From section 4.A.3 we can conclude that δh

kBT
Sφ(t) = δh

∫∞
t χ(t′) dt′ which im-

plies directly the temporal formulation of the fluctuation-dissipation theorem (FDT)

χ(t) = − 1

kBT

dSφ
dt

(4.183)

The Fourier transform of dSφdt can be written −iω S̃φ(ω), which leads to

iω S̃φ(ω) = −
∫ ∞

−∞
dt
dSφ
dt

eiωt

= −2i

∫ ∞

0
dt sinωt

dSφ
dt

= 2i

∫ ∞

0
dt sinωtχ(t)

= 2i kBT χ̃”(ω) , (4.184)

which gives immediatly the Fourier formulation of the fluctuation-dissipation theo-
rem

S̃φ(ω) =
2kBT χ̃”(ω)

ω
. (4.185)
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4.B Oseen tensor

We sketch below a derivation of the Oseen-tensor as proposed in [Doi 1988]. The
Oseen-tensor is an hydrodynamics Green’s function for the Stokes flow solution due
to a point-like force.

We consider a force F applied to a point particle r immersed in space filled with
viscous liquid. In the case of incompressible and low Reynolds flow, this problem
takes the form

−∇p(r) + η∇2v(r) = −Fδ(r) , (4.186a)

∇ · v = 0 , (4.186b)

where the flow fluid is supposed to vanish at infinity |v(r)| →
r→∞

0.
As the Stokes equations are linear in the pressure p and velocity v, the unique

fundamental solution to this problem, also known as stokeslet, can be formally writ-
ten as follows

p(r) = P(r) · F , (4.187a)

v(r) = �(r) · F . (4.187b)

The second-rank tensor �(r) is called the Oseen-tensor.
We first turn the previous motion equations (4.186) in spatial Fourier space

iq p+ ηq2v = F , (4.188a)

iq · v = 0 . (4.188b)

We multiply the first equation (4.188a) by −iq and insert the second equation
(4.188b) to obtain the pressure

p = − iq : F

q2
, (4.189)

where the symbol : designs the dyadic product (q : F)ij = qiFj .
Inserting this equation in (4.188a) we can solve for the velocity

v =
1

ηq2

(
1− q : q

q2

)
F . (4.190)

In real space this relation becomes

v(r) =

∫
�(r− r′)F(r′)d3r′ , (4.191)

where the Oseen-tensor in 3-dimensional real space is given by

�(r− r′) ≡ 1

η

∫
d3q

(2π)3

1

q2

(
1− q : q

q2

)
e−iq·(r−r′) . (4.192)
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The Oseen tensor depends only on ρ = r − r′ and by analogy to electrostatics,
it has the following form

�(ρ) = Aδij +B
ρiρj
ρ2

, (4.193)

where the scalars A and B are determined by the following two equations

3A+B =
∑

i

�ii =
1

(2π)3

∫
d3q

2

ηq2
e−iq·ρ =

1

2πηρ
(4.194a)

A+B = �ij
ρiρj
ρ2

=
1

(2π)3

∫
d3q

1

ηq2

(
1− (qρ)2

q2ρ2

)
e−iq·ρ =

1

4πηρ
(4.194b)

It leads immediately to

A = B =
1

8πηρ
. (4.195)

We deduce the form of the Oseen tensor in real space

�ij(r, r
′) =

1

8πη|r− r′|

[
δij +

(ri − r′i)(rj − r′j)
|r− r′|2

]
. (4.196)

Its diagonal part is simply

�ii(r, r
′) =

1

8πη|r− r′| , (4.197)

in real space, or

�ii(q) =
1

4η|q| , (4.198)

in Fourier space.
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4.C Kramers approach to calculate the on-and off-rates

We show below that the dependence of the on-rate on the local state of the network
can be calculated exactly by a Kramer’s approach, and therefore does not need to
be approximated by a Bell model. We assume a 1-dimensonal energy landscape
for the reattachment for the i-th spectrin filamentis as represented schematically in
fig. 4.C.1

l

E

Ei

EB

l 
2

l0 li

Figure 4.C.1: Schematical representation of the energy landscape for a spectrin filament as a
function of its length l. i is the current elongation of the i-th spring considered.

Following Kramer, the (re-)attachment rate kon is defined as the inverse of the
mean escape time from the point l = l0 to the point l = li in the energy landscape
(fig. 4.C.1).

The formula for escape time over a barrier by diffusion, originating from the
Smoluchowski equation in high friction regime (Formula (5.2.166), pp. 139–141 in
[Gardiner 2004]) reads

τon = D

∫ ξ0

−∞
dl exp

(
−E(l)

kBT

) ∫ ξ0

l0

dl′ exp

(
E(l)

kBT

)
(4.199)

with D the diffusion constant over the (re-)attachment energy barrier
Ei = 1

2 ks (li − l0)2.

The sharp cut-off in fig. 4.C.1 leads to a slightly different calculation than the
classical Kramer’s formula: Near l ∼ l0, E(l) ≈ E(l0) + 1

2 (l − l0)2 d2E
dl2

(l0) whereas
for l ∼ ξ0, E(l) ≈ E(ξ0) + (l − l0) dEdl (ξ0).

Furthermore d2E
dl2

(l0) = ks and dE
dl (ξ0) = ks (ξ0 − l0).

Consistently with the Formula 7.73 in the review [Hänggi 1990], the calculation
of the escape mean time leads to

τon = D
ω2
s

2π

√
π
Ei
kBT

exp

(
Ei
kBT

)
(4.200)

with here ωs =
√

ks
kBT

.
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We need finally to evaluate the diffusion coefficient D. We adopt a Zimm model
for the spectrin polymer chain, since it describes well the dynamics of unentangled
dilute polymer, and write the Einstein relation

D =
kBT

4πη Rg
(4.201)

with Rg the gyration radius of the spectrin filament.

We get finally the following formula for the rate of attachment

kon =
8π3/2η Rg

ks

√
2kBT

ks (li − l0)2 exp

(
−ks (ξi − l0)2

2kBT

)
(4.202)

The radius of gyration of a spectrin filament is easily accessible experimentally by
light scattering and gives values around a few tenths of nanometers [Elgsaeter 1978],
[Bø e 1979].
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4.D Equivalence between Langevin and master equation
approaches for an unimolecular reversible reaction

We consider an unimolecular reversible reaction of activation of a molecule A into
A∗.

A
k−−−⇀↽−−
k+

A∗ (4.203)

We consider a total number of molecules n0 and define n = nA and n∗ = nA∗ the
number of desactivated and activated molecules A and A∗. The system is supposed
closed (no molecule reservoir or chemiostats), which imposes n+ n∗ = n0.

4.D.1 Master equation approach

We first describe the problem with a master equation.

We define P(n, t) the probability of having n molecules A in the system at time
t. By definition of a probability,

∑n0
n=0 P(n, t) = 1. The time evolution for this

probability is given by the master equation

dP(n, t)

dt
= k−(n+ 1)P(n+ 1, t)− k−nP(n, t) (4.204)

+k+ [n0 − (n− 1)]P(n− 1, t)− k+(n0 − n)P(n, t) . (4.205)

We want to calculate the correlation function of the fluctuations in number of
molecules A around its mean

〈
∆n2

〉
≡
〈(
n− 〈n〉

)2〉
=
〈
n2
〉
− 〈n〉2.

We define a generating function

f(θ, t) ≡
n0∑

n=0

θnP(n, t) . (4.206)

The successive cumulants are given by

〈n(n− 1)...(n− k)〉 =
∂kf

∂θk

∣∣∣∣
θ=1

(4.207)

The first moment and second moment are therefore given by

〈n〉 =
∂f

∂θ

∣∣∣∣
θ=1

, (4.208a)

and

〈
n2
〉

=
〈
n(n− 1)

〉
+
〈
n
〉

=
∂2f

∂θ2

∣∣∣∣
θ=1

+
∂f

∂θ

∣∣∣∣
θ=1

. (4.208b)
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The equation of evolution for the mean number 〈n〉 ≡ ∑n0
n=0 nP(n, t) of

molecules A can also be simply calculated by multiplying (4.204) by n and summing
over n ∈ [0, n0]. It leads to the deterministic equation

d 〈n〉
dt

= −k− 〈n〉+ k+ 〈n0 − n〉 , (4.209)

which can be solved directly with the initial condition 〈n〉 (0) = n0:

〈n〉 (t) = n0
k+

k− + k+

[
1 +

k−
k+
e−(k++k−)t

]
(4.210)

We use the generating function to calculate the second moment. Inserting (4.206)
in the master equation leads to the following partial differential equation (p.d.e.)
for f(θ, t)

∂f

∂t
+ (θ − 1) (k− + k+θ)

∂f

∂θ
= n0k+ (θ − 1) f(θ) . (4.211)

We use the method of characteristics to solve this p.d.e.. The characteristic lines
in the space (t, θ, f) are defined by the following relations

dt

1
=

dθ

(θ − 1) (k− + k+θ)
=

df

n0k+ (θ − 1) f
(4.212)

We look for two functions Φ(t, θ, f) and Ψ(t, θ, f), such that dΦ = dΨ = 0

according to the previous relations. We define the rates sum and ratio

k = k− + k+ , α =
k−
k+

. (4.213)

By choosing

Φ(t, θ, f) = log

(
θ − 1

α+ θ

)
− kt , (4.214a)

and

Ψ(t, θ, f) =
f

(α+ θ)n0
(4.214b)

We find that dΦ = dΨ = 0 is equivalent to (4.212).
The general solution of the pde (4.211) reads F(Φ,Ψ) = 0. There exists therefore

a function H so that

f(θ, t)

(α+ θ)n0
= H

(
log

(
θ − 1

α+ θ

)
− kt

)
. (4.215)



4.D. Equivalence between Langevin and master equation approaches
for an unimolecular reversible reaction 223

The initial condition n(0) = n0 yields f(θ, 0) = P(n0, 0) θn0 = θn0 . We insert
this equation in (4.215) and find finally H(x) = 1

(α+1)n0 (1 + α ex)n0 .

The solution of the pde (4.211) with the initial condition n(0) = n0 follows

f(θ, t) =

(
α+ θ + α(θ − 1)e−kt

1 + α

)n0

. (4.216)

We deduce after some calculation the first and second moments from (4.208)

〈n〉 (t) = n0
1

1 + α

[
1 + α e−kt

]
, (4.217a)

equivalent to (4.210) and
〈
n2
〉

(t) =
n0

(1 + α)2

(
1 + α e−kt

)(
α+ n0 + α(n0 − 1)e−kt

)
. (4.217b)

They both have correct limit values: 〈n〉 −→
t→0

n0, 〈n〉 −→
t→∞

n0,
〈
n2
〉
−→
t→0

n2
0.

The autocorrelation function follows
〈
∆n2

〉
(t) =

αn0

(1 + α)2

(
1 + αe−kt

)(
1− e−kt

)
. (4.218)

Its steady-state value is
〈
∆n2

〉∞
= n0

k−k+

(k−+k+)2 .

4.D.2 Chemical Langevin equation approach

We propose the following chemical Langevin equation for the evolution of the in-
stantaneous number of molecules A

dn

dt
= k+ (n0 − n)− k−n+ ζ(t) , (4.219)

where ζ(t) is the chemical noise in the reaction.

4.D.2.1 Variance of the chemical noise

According to [Keizer 1975, Keizer 1987] or [Gillespie 2000], the noise ζ(t) in a
Langevin approach of chemical reactions is a Gaussian white noise (〈ζ(t)〉 = 0)
and its variance is the sum of the average elementary fluxes in the system
〈
ζ(t)ζ(t′)

〉
=
∑

i

〈ji〉 δ(t− t′) = [k− 〈n〉+ k+ (n0 − 〈n〉)] δ(t− t′) . (4.220)

We give below a pedestrian proof for this expression of the chemical noise vari-
ance. We consider the instantaneous fluxes in the system

j+ = k+ (n0 − n) (4.221a)

j− = k− n (4.221b)



224 Chapter 4. A theory of active RBC membrane fluctuations

Since n fluctuates, the two fluxes fluctuate as well.
We know define the number of molecules δn+ of molecules A∗ that become A

and δn− the number of molecules A that become A∗ during a time ∆t

A
δn−−−−⇀↽−−−
δn+

A∗ (4.222)

They can be simply expressed as a function of the instantaneous fluxes j+ and j−

δn+ = j+∆t , (4.223a)

δn− = j−∆t . (4.223b)

If we assume ∆t small enough and the number of reactants n and n0 − n high
enough, the two variables δn+ and δn− can be considered as statistically independent
Poisson random variables, following [Gillespie 2000]. It follows immediately that
〈
δn2

+

〉
= 〈δn+〉 , (4.224a)〈

δn2
−
〉

= 〈δn−〉 . (4.224b)

Using eq. (4.223), we deduce immmediately
〈
δn2

+

〉
= 〈j+〉∆t〈

δn2
−
〉

= 〈j−〉∆t
−−−−→
∆t→0

〈
δn2

+

〉
= 〈j+〉δ(t)〈

δn2
−
〉

= 〈j−〉δ(t)
(4.225)

The total variation of molecules A during ∆t is simply δn = δn+ − δn−, and
therefore
〈(
δn+ − δn−

)2〉
=
〈
δn2

+

〉
+
〈
δn2
−
〉
− 2 〈δn+δn−〉 =

〈
δn2

+

〉
+
〈
δn2
−
〉

(4.226)

because δn+ and δn− are independent random variables and therefore are uncorre-
lated.

We deduce

〈ζ(t)ζ(0)〉 ≡
〈
δn2
〉

=
(
〈j+〉+ 〈j−〉

)
δ(t) =

(
k+ (n0 − 〈n〉) + k−〈n〉

)
δ(t) (4.227)

4.D.2.2 Correlations of the fluctuations

Taking the average of the Langevin dynamics (4.219) leads to the same deterministic
evolution equation (4.209) for the mean number 〈n〉 of A molecules as in the master
equation approach. As pointed out in the previous section, we can integrate directly
(4.209) which leads to 〈n〉 (t) = n0

1+α

(
1 + α e−kt

)
.

We deduce the variance of the noise from eq. (4.227)

〈
ζ(t)ζ(t′)

〉
= n0

k−
1 + α

[
2 + e−kt (α− 1)

]
δ(t− t′) . (4.228)

Then, we calculate the correlation function
〈
∆n2

〉
=
〈

(n− n0)2
〉
. From the

Langevin dynamics (4.219) we deduce

d∆n

dt
= −k∆n+ ζ(t) . (4.229)
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and therefore

d∆n2

dt
= 2∆n

d∆n

dt
= −2k∆n2 + 2∆n ζ(t) . (4.230)

The homogeneous equation can be integrated into ∆n2 = A(t)e−2kt, and
we then apply the constant variation technique to determine A(t). We obtain√
A(t) =

∫ t
0 dt1 e

kt1ζ(t1) +B, and the initial condition ∆n2 0−−→
t→0

results in B = 0.

We can now calculate the autocorrelation function
〈
∆n2

〉
(t)

〈
∆n2

〉
(t) =

〈(√
A(t)

)2
e−2kt

〉

=

〈
e−2kt

∫ t

0
dt1 e

kt1ζ(t1)

∫ t

0
dt2 e

kt2ζ(t2)

〉

= e−2kt

∫ t

0
dt2

∫ t

0
dt1 e

k(t1+t2) 〈ζ(t1)ζ(t2)〉

= e−2kt

∫ t

0
dt2

∫ t

0
dt′ ek(2t2+T )δ(T )

n0k−
1 + α

[
2 + e−kt2(α− 1)

]

using (4.228) and inserting T = t1 − t2

= e−2kt n0k−
1 + α

∫ t

0
dt2 e

2kt2
[
2 + e−kt2(α− 1)

]

= e−2kt n0k−
1 + α

{
2

2k

(
e2kt − 1

)
+
α− 1

k

(
ekt − 1

)}

=
n0α

(1 + α)2

{
1− αe−2kt + αe−kt − e−kt

}

=
n0α

(1 + α)2

(
1 + αe−kt

)(
1− e−kt

)
(4.231)

which is equivalent to the formula (4.218) found in the master equation approach.

We have therefore proven that the chemical Langevin equation approach is equiv-
alent to the master equation approach up to the second moment of fluctuations for
a unimolecular reversible chemical reaction at equilibrium.
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4.E Numerical values for the red-blood cell membrane

Parameter Value Signification Reference(s)

N ∼ 27000
Number of spec-
trin filaments

[Fedosov 2010]

R0 ∼ 3.5µm
RBC typical ra-
dius

/

ρ0 = N
4πR2

0
∼ 146.9µm−2 Surface density of

filaments
/

ξ0 =
√
g/ρ0 ∼ 154nm

Filament exten-
sion

/

χ0 ∼ 0.12 Spectrin prestress /

l0 = ξ0(1− χ0) ∼ 135nm
Spectrin resting
length

/

k ∼ 698 kBT.µm
−2 Spectrin stiffness [Fedosov 2010]

1
2k (ξ0 − l0)2 ∼ 0.1 kBT

Spectrin elonga-
tion energy

/

η ∼ 19 kBT.µm
−3 Cytoplasm viscos-

ity
[Betz 2009]

σ ∼ −19 kBT.µm
−2 Compressed lipid

bilayer tension
[Fournier 2004]

κ ∼ 64.5 kBT
Lipid bilayer
bending modulus

[Betz 2009]

Table 4.E.1: Table of the numerical parameters used for the red-blood cell membrane.







General conclusion

In this thesis, we have proposed two theories of active cell membranes.

In the first part, we have derived equations for an active-viscous membrane
theory of the cell cortex. Motivated by experiments, we have shown that our
model can reproduce qualitatively and quantitatively many aspects of two essential
processes in biology: cell polarization and cytokinesis. Cortical flows are predicted
to be the basis for cell cortex polarization in a suspended fibroblast cell. In the
modelisation of cytokinesis, we reproduce the formation and ingression of a cleavage
furrow and predict constriction completion above a well-defined threshold of equa-
torial contractility. Our model gives a physical explanation of the independence of
cytokinesis duration on cell size in embryos, and predicts a critical role of turnover
on the rate of constriction. We propose simple scaling arguments to interpret
the numerical results. A key mechanism of cytokinesis is unveiled: cytoplasmic
incompressibility results in a competition between the furrow line tension and the
cell poles surface tension. Future work needs to adress the coupling of cortical flows
with filaments orientation, the regulation of volume on long time-scales and the
role of blebs in cytokinesis.

In the second part, we have considered the composite membrane of the red-blood
cell. Focusing on non-equilibrium fluctuations in this system, we formulate an ac-
tive fluctuations theory of the red-blood cell membrane. In agreement with former
studies, we show that the spectrin cytoskeleton renormalizes the membrane ten-
sion. Coupling the thermal fluctuations of the membrane with a phosphorylation-
dephosphorylation cycle, we show that maintaining the system in contact with a
reservoir of ATP sustains the membrane in non-equilibrium steady-state. We calcu-
late the response and the fluctuation spectrum of the coupled system and propose
that active chemical fluctuations, driven by ATP, break the fluctuation-dissipation
relation. The numerical results are compared to experimental measurements of the
violation of the fluctuation-dissipation relation in human red-blood cell membranes.
Our model, however, displays an intrinsic instability for realistic values of the pa-
rameters. It suggests that a – yet uncharacterized – mechanism should prevent the
red-blood cell membrane to destabilize. Future work needs to adress this point.
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Shaping the cell: 

Theories of active membranes 

 

 

Résumé 

La surface des cellules animales est composée d'une bicouche lipidique et d'un cytosquelette. Les 
cellules contrôlent leur forme en remodelant leur cytosquelette par des processus actifs. Nous 
considérons tout d'abord le cortex d'actomyosine et son rôle lors la cytocinèse, dernière étape de la 
division cellulaire. Nous formulons une théorie mécanique de membrane de la couche corticale active 
et visqueuse. La formulation Lagrangienne de la théorie  est implémentée numériquement pour étudier 
la cytocinèse en régime de larges déformations. Nous montrons qu'une bande d'hyperactivité de la 
myosine à l'équateur de la cellule suffit à reproduire la formation et la contraction du sillon de 
division. Nous prédisons le succès de la cytocinèse au delà d'un certain seuil de contractilité 
équatoriale et proposons une explication physique de l'indépendance de la durée de contraction avec la 
taille d'un embryon. Des arguments d'échelle permettent d'interpréter les résultats numériques et 
révèlent un mécanisme clé: l'incompressibilité du cytoplasme induit une compétition entre la tension 
de ligne du sillon et la tension de surface aux pôles. Nous étudions ensuite la membrane du globule 
rouge et proposons un modèle pour ses fluctuations actives. Nous considérons à la fois les fluctuations 
thermiques de la membrane et les fluctuations chimiques de l'ancrage des filaments de spectrine dans 
la membrane. Un apport constant d'ATP, en affaiblissant cet ancrage, est la source de fluctuations 
supplémentaires dans la membrane. Ces fluctuations hors-équilibre violent le théorème de fluctuation-
dissipation, en accord avec les résultats expérimentaux, signe que les globules rouges sont vivants. 
 
Mots clés : membrane active, forme cellulaire, cortex d'actomyosine, cytocinèse, globule rouge, fluctuation-
dissipation 
 

 
 
 

Abstract 

The surface of animal cells is a thin layer composed of a lipid bilayer and a cytoskeleton. Cells control 
their shape dynamically by remodeling their cytoskeleton via active processes. In a first part, we 
consider the actomyosin cortex and its role in cytokinesis, the last stage of cell division. We formulate 
a viscous-active membrane mechanical theory of the cortical layer. The Lagrangian formulation of the 
theory is implemented numerically to study large cortical deformations during cytokinesis. We show 
that an equatorial band of myosin overactivity is sufficient to reproduce the formation and ingression 
of a cleavage furrow. We predict cytokinesis above a well-defined threshold of equatorial contractility 
and propose a physical explanation of the independence of cytokinesis duration on cell size in 
embryos. Scaling arguments are proposed as a simple interpretation of the numerical results and unveil 
a key mechanism: cytoplasmic incompressibility results in a competition between the furrow line 
tension and the cell poles surface tension. In the second part, we study the red-blood cell membrane 
and propose a model for its active fluctuations. We consider both the thermal fluctuations of the lipid 
bilayer and the chemical fluctuations of the spectrin skeleton anchoring to the lipid bilayer. The 
constant supply of ATP, by weakening this anchoring, is proposed to give rise to extra-fluctuations of 
the membrane. These non-equilibrium fluctuations violate the fluctuation-dissipation theorem, in 
agreement with experimental measurements, thereby exhibiting the living nature of the red-blood cell. 

Keywords: active membrane, cell shape, actomyosin cortex, cytokinesis, red-blood cell, fluctuation-dissipation. 
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