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Modeles cinetiques de particules en interaction avec leur
environnement

Résumé :Dans cette these, nous étudions la généralisation a une infinité de particules
d’un modele hamiltonien décrivant les interactions entre une particule et son environement.
Le milieu est considéré comme une superposition continue de membranes vibrantes. Au
bout d’un certain temps, tout se passe comme si la particule était soumise a une force de
frottement linéaire. Les équations obtenus pour un grand nombre de particules sont proches
des équations de Vlasov. Dans un premier chapitre, on montre d’abord l'existence et I'unicité
des solutions puis on s’intéresse a certains régimes asymptotiques ; en faisant tendre la vitesse
des ondes dans le milieu vers 'infini et en redimensionnant les échelles, on obtient a la limite
une équation de Vlasov, on montre que si 'on modifie en plus une fonction parametrisant le
systeme, on obtient I’équation de Vlasov-Poisson attractive. Dans un deuxieme chapitre, on
ajoute un terme de diffusion a I’équation. Cela correspond a prendre en compte une agitation
brownienne et un frottement linéaire sur les particules. Le principal résultat de ce chapitre
est la convergence de la distribution de particules vers une unique distribution stationnaire.
On montre la limite de diffusion pour ce nouveau systeme en faisant tendre simultanément
la vitesse de propagation vers I'infini. On obtient une équation plus simple pour la densité
spatiale. Dans le chapitre 3, nous montrons la validité des équations déja étudiées par une
limite de champ moyen. Dans le dernier chapitre, on étudie I'asymptotique en temps long de
I’équation décrivant I’évolution de la densité spatiale obtenue dans le chapitre 2, des résultats
faibles de convergence sont obtenus.

Kinetics models of particles interacting with their environment

Abstract :The goal of this PhD is to study a generalisation of a model describing the
interaction between a single particle and its environment. We consider an infinite number
of particles represented by their distribution function. The environment is modelled by a
vibrating scalar field which exchanges energy with the particles. In the single particle case,
after a large time, the particle behaves as if it were subjected to a linear friction force driven
by the environment. The equations that we obtain for a large number of particles are close
to the Vlasov equation. In the first chapter, we prove that our new system has a unique
solution. We then care about some asymptotic issues; if the wave velocity in the medium
goes to infinity, adapting the scaling of the interaction, we connect our system with the
Vlasov equation. Changing also continuously a function that parametrizes the model, we also
connect our model with the attractive Vlasov-Poisson equation. In the second chapter, we add
a diffusive term in our equation. It means that we consider that the particles are subjected to
a friction force and a Brownian motion. Our main result states that the distribution function
converges to the unique equilibrium distribution of the system. We also establish the diffusive
limit making the wave velocity go to infinity at the same time. We find a simpler equation



satisfied by the spatial density. In chapter 3, we prove the validity of both equations studied
in the two first chapters by a mean field limit. The last chapter is devoted to studying the
large time asymptotic properties of the equation that we obtained on the spatial density in
chapter 2. We prove some weak convergence results.
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Chapitre 1

Introduction

L’objectif de cette these est d’étudier la généralisation a un grand nombre de particules d’un
modele initialement proposé par Stephan de Bievre et Laurent Bruneau pour décrire les
interactions entre une particule et le milieu dans lequel elle se déplace.

1.1 Le modele de Laurent Bruneau et Stephan de
Bievre pour une particule

Dans ce premier modele étudié dans [17], le milieu est modélisé par une succession de mem-
branes situées en tous points de 'espace. Ces membranes vibrent dans une direction trans-
verse a l'espace dans lequelle évolue la particule. Cette direction transverse peut représenter
les différentes variables locales libres décrivant le systéme. En notant ¢, le temps, z € R? la
variable d’espace et y € R" la variable transverse, I’état du milieu au temps t et a la position
(x,y) est représenté par une quantité W(¢, z,y) € R tandis que la position de la particule au
temps t est repérée par ¢(t) € RY. L’évolution de ces deux quantités du systéme est couplée
selon les équations d’évolution suivantes

mg(t) = =VV(q(t)) - /Rden o1(q(t) — 2) 02(y) Vo ¥(t, 2, y) dydz, 1)

OpU(t,x,y) — AAU(t,z,y) = —oa(y)or(x —q(t), xeRY yeR™

ott les fonctions de forme o, € C®(R?) et 0o € C®°(R") sont deux fonctions positives
radiales qui déterminent le couplage entre la trajectoire de la particule et les vibrations du
milieu. V' désigne un potentiel extérieur auquel est soumise la particule et c est la vitesse de
déplacement des ondes dans le milieu. Le systeme est complété par les données initiales

q(0) =g,  4(0)=po,  V(0,z,y) = Vo(z,y),  QV(0,2,y) = Vi(z,ys exprimantapartir).
(1.2)
On peux vérifier que la quantité suivante

1 2 C2
10,9 (¢, z,y)|” dedy+—

S L 19w ) eyt i) a(0) + 2(o(r)

E

2 JrRixRn
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est conservée au cours du temps. De gauche a droite, E/ s’interprete comme la somme d’une
énergie de déplacement et d'une énergie élastique pour le milieu et d’une énergie cinétique
et d’une énergie potentielle pour la particule (le terme ®(g) se lisant comme une énergie
potentielle élastique d’intéraction entre la particule et le milieu) . L'intérét majeur de ce
modele réside dans les résultats asymptotiques suivants (valables pour n = 3 lorsque ¢
satisfait une condition de grandeur dépendant d’un parametre n > 0) que nous donnons sans
détailler davantage les hypotheses de validité (voir [17, Th. 2-4]).

On se donne 71 €]0, 1], il existe une constante v ne dépendant que des fonctions de forme
o1 et o9 tel que

e Lorsque la particule est soumise & une force constante pas trop grande F' (V (z) = F-z),
on peut montrer qu’il existe g, € R? et une vitesse limite v(F) tels que

o + t0(F) = q(t)] < Kelt7,
F

On a de plus v(F) ~

c—00 fy ’
e Lorsque V = 0, on peut montrer qu’il existe ¢, € R? tel que

|q(t) _ qoo| < Ke(l=mt

e Lorsque V' est un potentiel de confinement, alors ¢(¢) tend vers 0 tandis que ¢(t)
converge vers un point critique de V. Lorsque ce point critique ¢* est un minimum non
dégénéré de V', on a en plus

(1) — ¢*| < Kell=mt/2

On rappelle qu'un potentiel de confinement est un potentiel V' tel que

V(g) —— +o0.
lg| =400
En d’autres termes, lorsque la vitesse de déplacement des ondes dans le milieu est suffisam-
ment grande, au bout d’un certain temps tout se passe comme si le milieu exercait sur la
particule une force de frottement linéaire non conservative F' = —v¢(t). Le comportement
de g est le méme que celui des solutions de

G=—vq+VV(q). (1.3)

Cette équation apparait dans de nombreux systemes physiques, c¢’est I’équation du mouve-
ment d’une petite particule dans un milieu visqueux, c¢’est également celle d'un electron dans
un matériau conducteur selon le modele de Drude destiné a expliquer la lois d’Ohm. Phy-
siquement, (1.3) décrit le mouvement d’une particule considérée comme un systéme ouvert
dans le sens qu’elle perd une énergie au profit d’un milieu dont 1’état n’est pas modifié de
maniére apparente pour la particule par son passage. Le modele (1.1) que nous venons de
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présenter s’integre dans une grande famille de modeles hamiltoniens destinés a "fermer" le
systeme en redistribuant 1’énergie perdue par la particule dans certaines variables internes
du milieu. Les premiers modeles de ce genre avaient pour objectif de justifier I’équation de
Langevin qui est légerement différente

1

mi(t) + [ At = s)i(s)ds = —=VV(q(t)) + Fi(0)

o0

Tous ces modele présentent les similitudes suivantes :

e Le milieu est considéré comme un "bain d’oscillateurs" : les variables internes du milieu
sont modélisées par des oscillateurs. Ces derniers peuvent étre localisés en certains
points de ’espace ou non, en nombre finis ou infinis, vibrant a des fréquences imposées
(oscillateurs harmoniques) ou libres comme ici.

e Au cours de son mouvement, la particule échange de I’énergie avec les différents oscil-
lateurs avec lesquelles elle interagit.

e Le milieu a une énergie interne dont I’expression ne fait pas intervenir la particule. En
plus de I'énergie potentielle due au potentiel extérieur V' et de I’énergie cinétique, la
particule a également une "énergie élastique" d’interaction avec le milieu. La somme de
toutes ces énergies est conservée au cours du temps.

Globalement, I'influence du milieu sur la particule sera double : d'un coté il absorbe son
énergie lorsqu’elle se déplace suffisamment vite, de ’autre il empéche son repos complet par
ses oscillations interne. Ce dernier point sera négligeable ici. En notant (A, p), un espace
mesurable I’hamiltonien se mettra sous la forme générale suivante

2 2
Ha(p,q,m,¢) = Ipl” + V(g +/ ['W @)l +

1 2
o glonf| aute)

2
n /A To(q) o dpu(e) + /A Wa(q) du(e)

En prenant A = RY x R¢, du = dzdg, en notant f (x,&), la transformée de Fourier partielle
de f par rapport a la variable transverse y pour tout f tel que f(z,-) € LQ(RZ), on retrouve
bien notre modele pour o,(q) = o1(x — q)02(&), Wae = cl§], ma = m =1 et W = 0.
Le couple (7, ¢) va représenter (9,0, ¥). La méthode de résolution de ces modeles est en
générale la suivante : comme les équations décrivant le milieu sont linéaires, il est possible
de les résoudre explicitement en fonction de la trajectoire de la particule et des données
initiales. On obtient ensuite une équation de mouvement pour la particule. Le milieu exerce
d’un coté une force de fluctuation due a son état initial (il n'y a jamais d’amortissement
dans les oscillateurs puisque I'objectif est de décrire une évolution conservant 1’énergie) et
de I'autre une force dépendant de toutes les positions occupées par la particule aux temps
passés lorsqu’elle a excité le milieu.

A titre d’exemple, on pourra trouver dans [59, 27, 26], la description du cas ou la particule
intéragit avec des oscillateurs harmoniques localisés en plusieurs points de I’espace. On verra
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dans [28] le cas d’une particule intéragissant avec un seul oscillateur. Les occillateurs peuvent
étre couplés comme dans [39] se combiner en chaine comme c’est le cas dans [29]. On peut
également considérer que la particule reste reliée a un grand nombre d’occillateurs tout au
long de son mouvement comme dans [40], ect...

Au sein de cette grande famille, le modele (1.1) étudié dans [17] présente la double
particularité d’étre spatialement homogene (on entend par la que le milieu est invariant par
translation dans espace R?) et de s’approcher du modele de friction (1.3). On n’a pas encore
trouvé d’autres modeles ayants ces deux propriétés d’ou son intérét particulier.

Avant de finir la description de cette famille de modele, il est 1égitime de se demander
pourquoi 'on fait se propager les ondes selon une direction transverse et non dans I’espace
dans lesquelles se déplacent les particules. En fait, si on ne change que cela a (1.1), on obtient
le systéme suivant.

(t) = ~vvia(t) - [

R
O2U(t,x) — AV (t,x) = —o1(z — q(t)), r € R

) o1(q(t) — z) V,U(t, z)dz,

Le comportement asymptotique étudié dans [56, 57, 55| est en fait tres différent ; lorsque
V = 0, la vitesse de la particule converge bien mais plus nécéssairement vers 0. La force
de réaction F(v) du milieu & une certaine vitesse v (qui est de 'ordre de —yv dans (1.1))
est identiquement nulle pour toute vitesse |v| < ¢. Dans le cas ou V' est un potentiel de
confinement, ¢(t) converge bien vers un point critique du potentiel et a vitesse exponentielle
lorsque ce point est un minimum non dégénéré mais contrairement a ce qu’on observe pour
(1.1), la vitesse de convergence dépend a priori du potentiel ce qui n’est pas le cas pour des
modeles de type (1.3).

On peu également rapprocher ce type de modele des gaz de Lorenz ou au cours de son
mouvement, la particule rencontre des obstacles placés de maniere déterministe ou aléatoire,
on peut regarder [10, 18, 42, 44, 67, 1] pour avoir une idée des travaux contemporains dans ce
domaine. Les obstacles peuvent étre considérés comme mous (dans ce cas, ils sont représentés
par un potentiel a support compact agissant sur la particule) ou durs (dans ce cas, la particule
obéit a des conditions de réflexion lorsqu’elle rencontre les obstacles).

1.2 (énéralisation a plusieurs particules

Nous allons maintenant généraliser (1.1) & une densité continue de particules, on peut voir
cette généralisation de deux manieres différentes, 'une probabiliste et I'autre déterministe.
Nous allons d’abord considérer cette derniere qui nous semble plus naturelle. En premier lieu,
nous allons maintenant montrer comment on peut établir de maniére intuitive les nouvelles
équations d’évolution. On présentera ensuite les liens rigoureux qui relient directement ces
équations au modele (1.1).
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Formalisme cinétique
Introduction des équations
Equation d’évolution pour les particules

Etant donné un grand nombre de particules se promenant dans I’espace, nous notons f, leur
fonction de distribution en espace et en vitesses; c¢’est a dire qu’étant donnés €2y et 25, deux
ensembles mesurables de R?,

/9le2 f(t,z,v)dedo (1.4)

est la masse des particules positionnées dans 2; dont les vitesses sont dans 2,. En supposant
que les particules interagissent chacune avec le milieu suivant (1.1), leur trajectoires (p, q)
sont régies par 1’équation différentielle suivante

q(t) = p(t),
{ p(t) = =VV(q(t)) — VO(t,q(t)) (1.5)

ol ® est donné par
O(t.x)= [ Wtz y)orle — 2)oaly) dzdy. (1.6)
R4 xR™

Sous réserve que les solutions de (1.5) n’explosent pas en temps fini, en notant ¢©?(qgo,po)
I'unique solution de (1.5) au temps 8 pour la donnée initiale (¢(«),p()) = (qo,po), la
distribution f doit satisfaire

f(t,:L’,?}) = f(O’ 90?(1‘,’0)). (17)

En différenciant cette équation par rapport au temps pour une donnée initiale f, suffisament
réguliere, on déduit que f est solution de I’équation de transport suivante

{ Of +v.NVof = Vo f.V,(V+ @) =0, (1.8)

f(O,QZ,U) = fD('I’U)'

Cette équation appartenant a la famille des équations cinétiques non collisionnelles présente
déja de remarquables proprités. En supposant ® et V' connus, suffisament réguliers et mino-
rés, il n’est pas difficile de montrer que toutes les solutions de (1.8) s’écrivent sous la forme
(1.7) lorsque ¢ est le flot associé a (1.5). En regardant (1.5) comme 1'équation différentielle
sur R4 associée au champ de vecteurs X (q,p) = (p, —V(V + ®(¢))(q)), on peut d’abord
remarquer que la divergence de X est nulle puis en déduire que toutes les applications 2
préservent le volume dans R? x R?. Pour toute fonction suffisament réguliére w s’annulant
en 0, on déduit par changement de variable une grande famille de quantités conservées :

dwRd

[ eltamarar= [ w(folee o) dedo = [ w(fole,0) dede

e Avec w(u) = max(—u,0), on déduit la préservation de la positivité.
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e Avec w(u) = u, on déduit la conservation de la masse totale du systéeme.

o Avec w(u) = |ulP, on déduit la conservation des normes LP lorsqu’elles sont définies
pour fy pour tout p € [1, +o0].

e La conservation de la norme infinie lorsqu’elle est définie pour fj, découle elle aussi de
(1.7) et de la préservation du volume par le flot.

On revient maintenant a la généralisation de (1.1).

Equation d’évolution pour le milieu

A ce stade, le probleme n’est pas fermé, les équations (1.6) et (1.8) ne permettent pas de
dire comment évolue W. Dans (1.1), 'excitation du milieu par la particule ne dépend pas de
sa vitesse, ici elle ne va donc dépendre que de la densité spatiale de particules

p(t,z) = /Rd f(t,z,v)dz do. (1.9)

Pour établir I’équation satisfaite par ¥, on somme les contributions de chaque particule en
supposant que leurs actions sur le milieu se combinent de maniére linéaire. On trouve

(81%\11 — csz\IJ) (t,z,y) = —032(y) /

) oi(r —2)p(t,2)dz, t>0, x €RY yeR™ (1.10)
R

En supposant p connue, cette équation est elle aussi fermée si on ajoute les données initiales

\I[(vaay) = \1[0(1:7y)7 6t\11(0,x,y) = \Ijl(xvy>' (111)

Le systeme complet

Avec (1.6) et (1.8)-(1.11), le systeme est bien fermé. Plus précisément, en supposant que le
potentiel V' vérifie :
V(z) > ~C(1+[z]?)

pour une certaine constante C' > 0, on montrera dans le prochain chapitre qu’il existe un
pOld pt<l',1]) Z 1 dépendant de V, ||0-1||W3’2(Rd)7 ||0-2||L2(R")7 ||‘1}0’|L2(RdXR")7 ||‘1J1||L2(Rd><R")7 C
et Ry > 0 tel que :

Théoreme 1.2.1 Probléeme de Cauchy

1. Si ||follprmixrey < Ro et fo € LYRY x R pr(x,v) do dv), alors il existe une unique
solution faible f au probléme dans C([0,T], L*(R? x R%)). Cette solution est continue
par rapport a fq.

2. Si on a seulement fy € L*(R? x R?), alors il existe une solution faible au probléme
dans C(R., LY(R¢ x RY)) (on n’a plus forcément unicité).

14



On peut par ailleurs vérifier (d’abord formellement) que 1’énergie totale du systeme
1

2 JRixRn

2
\8t\11(t,x,y)]2 dx dy + 5/}1@%}@ \Vy\If(t,x,y)]2 dz dy

+/Rded f(t,z,v) (‘U; + V(z) + O(¢, g;)) dx dv

est conservée, on verra que c’est vrai en toute généralité sur les solutions dont l'existence
est assurée par ce dernier théoreme. Si on ne s’interesse qu’a 1’évolution de f, en résolvant
les équations (1.10)(1.11), on verra que l'interaction des particules entre elles via le milieu
peut-étre décrite directement par 1’équation suivante,

Of +0.NVof — Vol .V, (v By (t) + /Otp(t — 5% p(s) ds) — 0,

f(O,J?,U) = fO(SC,U).

ot ¥ = oy x 0y, P9 € CHR,, L®(RY)) et p € CH(R,,R) seront explicités plus tard. On
reconnait la une équation de Vlasov avec un potentiel d’interaction régulier dans laquelle on
a rajouté une demi convolution en temps. Cette demi convolution rajoute de la régularité au
systeme, elle nous sera utile pour optimiser les conditions d’unicité.

(1.12)

Justification par limite de champ moyen

La maniere dont nous venons d’établir le systeme d’équation présente ’avantage d’étre simple
et intuitive mais ne décrit pas clairement comment on passe de 1’échelle ou quelques par-
ticules interagissent chacune de maniere significative avec le milieu suivant le modele de
Stephan de Biévre et Laurent Bruneau, et le systeme (1.6),(1.8)-(1.11) ou les particules se
trouvent cachées derriere leur densité f. Ce lien peut-étre établi de maniere plus rigoureuse
en faisant une limite de champ moyen. On se réfere a [43] ou [79]. Tout ce qui suit sera établi
rigoureusement dans le chapitre 4 de cette these.

Le modeéle pour un nombre fini de particules

On adapte d’abord (1.1) & un nombre N de particules repérées encore dans R? par leurs
positions respectives (g;)1<j<n. On suppose d’abord que le milieu agit sur chacune d’entre
elles selon (1.1) et qu’en retour, leurs actions sur le milieu se somment de maniere linéaire.
En définissant encore ® par (1.6), on trouve

mg;(t) = =VV(q;(t)) — VO(t,q;(1)),

N (1.13)
QR (t,x,y) — AAU(t,z,y) = —0a(y) Z (x — qr(t

Le systéme est encore complété par les données initiales (1.11) pour le milieu et
(¢j(0),4;(0)) = (g0,5:p0;) 1<j <N, (1.14)
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pour les particules. L’idée est ensuite de faire tendre N vers l'infini. Afin de garder une
masse totale finie, on suppose que chaque particule est de masse proportionnelle a % Pour
que le terme source de I’équation des ondes satisfaite par ¥ n’explose pas, on le renormalise
en supposant que l’action de chaque particule sur le milieu est proportionnelle a sa masse.
Cela revient a multiplier ce terme source par % Cette hypothese peut également se voir
comme une simple continuité ; lorsque deux particules se rapprochent au point d’occuper des
positions semblables, tout se passe comme si on n’avait plus quune particule de masse double,
on ne s’attend pas a voir 'action des deux particules sur le milieu étre subitement divisée
par deux lorsque leur positions coincident. Par symétrie d’action, on multiplie également
® par % dans I’équation vérifiée par les ¢;. On est alors obligé de faire de méme avec le
potentiel exterieur V', cela se comprend tres bien lorsque le potentiel est gravitationnel, on
peut trouver d’autres interprétations dans d’autres cas. Au final, on récupere les équations

suivantes ] )
m ..
qu(t) = —NVV(%‘(U) - qu)<t7Qj(t))a
N (1.15)
OpW(t, x,y) — ANV (L z,y) = —0a(y Z (x — qr(t

On peut vérifier que (1.14)-(1.15) admet bien une unique solution. On définit rigoureusement
la densité empirique i qui n’est rien d’autre que la "fonction de distribution" (en I'occurence
c’est une mesure) du systéme

N
~N m

e = 57 2 000450

j=1
On peut vérifier que les équations (1.6),(1.8)-(1.11) se généralisent bien au cadre des mesures
et que le couple (i, ®) en est I'unique solution.

Le passage a la limite

Etant donnée n’importe quelle mesure positive finie p, il n’est pas difficile de trouver une

famille de données initiales (qjvo, pj-vo) n>1 telle que filf converge étroitement vers fig
1SN

d d
]}@OONZX 0, o) = /RdedX(%v) dpo  Vx € Gp(R* x RY).

En particulier toute mesure ayant une fonction de densité f, € L'(R? x R?) par rapport
a la mesure de Lebesgue peut étre approximée ainsi. La validité de (1.6),(1.8)-(1.11) pour
des densités continues de particules peut étre donc déduite de la stabilité de ces équations.
En supposant que fi) converge étroitement vers une mesure fo, cette stabilité pourra étre
exprimée de maniere plus ou moins forte par I'une des assertions suivantes.

e /¥ converge pour tout ¢ vers I'unique solution de (1.8)-(1.11) de donnée initiale .

e On peut extraire une sous suite ky telle que ﬁfN converge pour tout ¢ vers une solution
de (1.8)-(1.11) de donnée initiale 1.
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Nous verrons que la deuxieéme assertion est presque toujours vérifiée sous des hypotheses tres
générales sur V', la premiere demandera en plus une hypothese d’intégrabilité uniforme sur la
famille (7)) n. Une autre maniere de justifier (et donc d’interpréter) le systeme (1.6),(1.8)-
(1.11) consiste a considérer les particules comme des variables aléatoires.

Interprétation probabiliste

Une fois établies les équations (1.15) pour décrire les intéractions entre les N particules et le
milieu, étant donnée une condition initiale f; de masse totale 1 définissant ainsi une mesure

de probabilité, on peut considérer les données initiales (qjvo, p%) ~N>1 comme des variables
TOUI<GEN
aléatoires indépendantes identiquement distribuées selon la loi fy. En d’autres termes, on a

P[(qﬁ),p%) € Ax B| = /AXBfO(JJ,v) dx dv 1<j<N <o (1.16)

Les données initiales étant choisies aléatoirement, les solutions (¢}, p))i<j<n évoluent de

maniére déterministe au cours du temps selon (1.15). Comme toutes les particules évoluent
-\ o . : qerse s (LN)

de maniere symétrique, elles vont partager la méme loi de probabilitité au cours du

temps
P[(g) (1), 0} (1)) € Ax Bl =P[(¢{' (t),p)' (t)) € Ax B] = /AXB A 1<ij <N < oo

Lorsque V' est lipschitzien, on montrera (voir la section 5 du chapitre 4 en supposant que
v = 0) que quand N tend vers l'infini, u") converge faiblement vers la solution de
(1.6),(1.8)-(1.11) (unique sous ces hypotheses). Selon cette idée, f(t) s’interprete comme
la loi de probabilité de distribution d’une particule typique du systeme. Le lien entre ce
point de vue et le précédent (portant sur la densité empirique) peut se comprendre tres
simplement par un argument de type loi des grands nombres.

Lien entre les deux interprétations

Un petit calcul nous permet de relier facilement 7)) et u(l’ ). On se donne d’abord X €

Cy(R? x R?), une fonction test. N étant fixé, les (¢, p})1<j<n forment une famille de va-

riables aléatoires indépendantes indentiquement distribuées, il en va de méme pour (X(qjNO, p%)) e
’ S/

La lois des grands nombres nous donne immeédiatement

] < \/1N (E[X(Q{YOaP]lYo)Z] - E[X(Q%:Pﬂo)ﬁ)m-

| ZX q] Oapjo E[X(Q{Yoapi\,fo)]

Le terme de gauche se réécrit trés simplement en fonction de il et de ,u(()l’N). En majorant

grossierement le terme de droite, on déduit une premiere estimation de 1’écart entre ces deux

mesures Il
T, v dAN—/ z,v)d (1’N)H < IXlize
/Rded x(, v) djig x(w,v) dpg =

E
RdxRd VN
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. e , N LN
En faisant tendre N vers U'infini, ce résultat assure la convergence en loi de i} vers u(() ),

Apres n’importe quel temps t > 0, les particules ont toutes interagi entre elles via le milieu,
Iindépendance de la famille de variables aléatoires (g} (t),p} (t))1<j<n nécéssaire au calcul
précédent a toutes les raisons d’étre perdue. Sachant que le couplage entre le milieu et
chaque particule décroit en %, on s’attend a ce que l'action d’une particule sur une autre
via le milieu décroisse en N2 Lorsque N tend vers l'infini on peut donc espérer que les
trajectoires des particules redeviennent décorrélées. Cette propriété appelée propagation du
chaos sera présentée plus en détails dans le chapitre 4. On verra notamment qu’elle est bien
satisfaite dans notre cas et que les deux mesures "V et ) tendent & coincider (en loi)
quand N tend vers I'infini. La notion de propagation du chaos a été d’abord introduite par
Mac Kean [70], elle a été largement développée depuis, il semble assez hasardeux d’envisager

de montrer la convergence des mesures importantes du systeme lorsqu’elle n’est pas vérifiée.

Quelques résultats asymptotiques

Nous présentons dans cette derniere sous partie quelques résultats asymptotiques démontrés
sur le systeme (1.6),(1.8)-(1.11). L’idée est ici de "faire tendre ce systéme vers d’autres" pour
mieux le situer dans sa famille d’équations. Le sens que 1'on donne a cette notion est la
suivante : On fait varier continument les parameétres (ici oy, 03, V et ¢) en fonction d’une
variable réelle €. On fait en sorte que lorsque € tend vers 0, on se dirige vers un certain cadre
limite. On obtient ainsi une famille (fe, U)o constituée des solutions de (1.6),(1.8)-(1.11)
pour chaque valeur de €. Lorsque € tends vers 0, on montre qu’on peut extraire une sous-suite
e, telle que la suite (fe, )n>0 converge vers la solution d’une nouvelle équation que 'on définit
ensuite comme le systeme limite.

Vers Vlasov

Il nous a d’abord semblé intéressant de regarder ce qui se passait pour de tres grandes vitesses
de propagation c¢. Si on se contente de faire tendre ¢ vers I'infini, on perd le couplage entre
les particules et le milieu. Ce fait s’interpréte comme une conséquence des effets de moyenne
qui se traduisent pour toute fonction réelle y suffisamment réguliere par la convergence

+oo .
lim x(x)e'* dz = 0.

c—=+0 ) _o
Une tres grande vitesse de propagation induit des vibrations beaucoup trop rapides dans le
milieu qui tendent a annuler entre elles leurs effets sur les particules beaucoup plus lentes.
Pour garder un couplage intéressant, on augmente I’amplitude du terme d’intéraction. Plus
précisément, lorsque n > 3, on se donne une famille (f.). solution de

8tfe+v'v fe_vx(v+(1)e>'vvfe :07

O (t,x,y) = /R - U (t, z,y)o2(y)or(x — 2) dz dy,

(08~ 28, ) 0ult.2) = —Lonly) [ on(e = 2)f(t. 2 0) dod,

xRd
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Si || fo.ell Lt (mixray, || fo.ellLoeixray et Pénergie globale du systeme sont uniformément bornés
par rapport a € au temps initial alors quitte & extraire une sous-suite (€,)n>0, fe converge
faiblement vers une solution de I’équation de Vlasov :

{ Of +0.Vof = Vof-Vo (V — kX % p))
f(O,ZL’,U) - f()(I,U)

avec

o mer
©= fo pviep

Vers Vlasov Poisson

On peut aussi faire varier plusieurs parametres en méme temps, pour obtenir des modeles
limites plus physiques. On suppose ici N > 3 et d = 3. En faisant également varier soigneu-
sement o7 en fonction de ¢, on peut obtenir I’équation de Vlasov-Poisson attractif :

Of +v.Vof =V, fV, (V+0),
AD = kp,
f(0,z,v) = fo(z,v).

Cette équation intervient notamment pour décrire I’évolution en temps des galaxies. L’exis-
tence des solutions est montrée pour la premiere fois dans [7], les méthodes que nous utilisons
pour faire converger les solutions sont en grande partie similaires.

Dans ces deux cas limites, les données initiales ¥y et ¥; du milieu n’influent finalement
plus a la limite. Ce fait est lié aux propriétés dispersives de l’équation des ondes qui se
traduisent ici par des inégalités de Strichartz [69].

Le probleme de ’asymptotique en temps

Le comportement en temps long est encore a déterminer, la premiere intuition pourait-étre
de supposer que toutes les particules vont se comporter comme la particule unique dans [17],
on peut montrer que cette intuition est généralement fausse.

Si par exemple V' est un potentiel de confinement, n’admettant (pour simplifier) quun
point singulier ¢* (c’est a dire un seul ¢* tel que VV(¢*) = 0) alors par conservation de la
masse et de la positivité, la convergence hypothétique de toutes les particules vers ¢* et de
leur vitesse vers 0, signifie exactement la convergence de f vers la mesure de Dirac (4 ).
Une telle convergence est impossible dés que fy se trouve dans un espace L” pour p > 1 par
conservation des normes L? le long des solutions.

Le cas ou V = 0 ne semble pas mieux acquis. La méme intuition voudrait que la tra-
jectoire ¢(t) de chaque particule soit convergente tandis que sa dérivée ¢(t) tend vers 0.
Mathématiquement, cela se traduit par I'existence d’une certaine densité limite p., telle que
f(t) converge vers p,, ®dy. Une telle convergence est encore impossible dés que fy est bornée.

Il en va de méme pour le cas ou V(x) = F.x : cette fois ci, on attendrait 'existence
d’une autre densité limite po telle que f(t) — poo( —tv(F')) ® 0,(r) tende vers 0, c’est encore
impossible sous la méme hypothese sur fy.
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Pour sortir de cette apparente impasse, nous avons ajouté un nouveau terme a notre
systeme.

1.3 En ajoutant un opérateur de Fokker-Planck
On rajoute maintenant un terme de Fokker-Planck a I’équation d’évolution de f :

{ atf +v- v:cf - vm(v + (I)(t)) . va - 7vv . (Uf + vvf)

(0, z,v) = fo(z,v) (1.17)

Les équations (1.9)-(1.11) et (1.6) qui décrivent le couplage entre le milieu et les particules
restent inchangées. Nous avertissons le lecteur que le coefficient v n’a pas de rapport avec
celui déja apparu dans (1.3) (méme si les deux représentent un coefficient de frottement).
Ce nouveau systeme s’aborde différemment du précédent. Si la masse et la positivité sont
toujours conservées, il n’en va plus de méme des normes L”. La conservation de 1’énergie est
remplacée par la décroissance de sa somme avec l’entropie :

A\l +3 P 5 Lo (Elow + 9.
dt{/Rdedf(n(f)+2+(V+ ))dvdx+2RdXRn(e\8t 2+ V.0 ) dzdz
1

—— QVU\/E+U\/E

€2 JrRixRrd
L’existence de solutions a équation sera démontrée dans le cadre restreint ou V' est lipschitzien
dans le chapitre 4.

2
dv dx.

Interprétation du terme supplémentaire

Pour comprendre (1.17), on revient aux limites de champ moyen. On considére a nouveau un
nombre N de particules repérées encore dans R? par leurs positions respectives (gj)1<j<n-
En plus de I'interaction déja connue entre le milieu et les particules, on suppose deux autres
choses.

e Le milieu exerce sur les particules une force de frottement proportionnelle a leur vitesse.

e Les particules sont égalements soumises a 1’action d’un mouvent brownien aléatoire sur
les particules. Ce dernier peut étre vu comme la conséquence de chocs entre elles ou
avec des objets extérieurs.

L’action de ce mouvement brownien change beaucoup les choses. D’abord, 1’absence presque
sure de régularité des mouvements browniens ne nous permet plus de supposer les positions
des particules (g;j)1<j<n deux fois dérivables, on regardera donc les variations infinitésimales
dp; des moments (p; = ¢;) plutdét que leurs dérivées en temps. Par ailleurs, il n’y a plus
d’interprétation non probabiliste possible ; puisque les mouvement browniens sont aléatoires,
les trajectoires des particules sont également des variables aléatoires.
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En insérant ces deux nouveaux phénomenes dans (1.15), on récupere le systeme d’équa-
tion suivant

dg¥ (t) = p (1)

(2

dpN (t) = =V, (V + &) (N (1)) dt — vpfv(]tv) dt 4 /2y dB;(t), (1.18)

RVt x,9) ~ PN w,9) = ~0a(y) 1 3 or(x — (D).

=1

Le systeme est encore complété par les équations (1.6) (1.11) (1.14) et (1.16). Il existe
bien une unique solution au sens ou si 'on fixe les mouvement browniens (B;)1<i<y et les
données initiales (g, po;), le systeme (1.6) (1.11) (1.14) (1.18) admet une unique solution.
Les (g;(t),p;(t)) ont bien un sens en tant que variables aléatoires.

Les particules évoluent encore de maniere symétrique, en notant MEI’N), leur loi de proba-
bilité, Lorsque V est lipschitzien, ) converge étroitement vers I'unique solution de (1.11)
(1.14) (1.16) (1.18). Le chaos se propage encore; lorsque N tend vers l'infini, la mesure

empirique /i tend & coincider avec ). On poura se referer & [11, 80] pour cette limite.

Asymptotique en temps

Le principal résultat établi sur (1.17) concerne 'asymptotique en temps long lorsque V' est
un potentiel de confinement. Dans ce cas, on montre qu’au dela d’une certaine valeur c¢g, le
systéme admet un unique état d’équilibre (Aeq, Ve,) - Sous des hypotheses techniques qui
se résument a dire que V est trés confinant et que les données initiales ¥y, ¥ ne perturbent

dz dv ,
——— | En d’autre
Meq(x,0)

terme, on peut trouver M dépendant des données initiales et k > 0 tels que

_ 2
/ |f(t,$7v) %eq<x7v)| d'Ud.f S Meflit'
R x R4 Mg (2,0)

pas trop ¥.,, on montre le retour a I'équilibre dans L? <Rd x RY:

Le résultat est établi grace a des méthodes d’hypocoercitivité que I'on peut trouver dévelop-
pées dans [34] et notamment appliquées a 1’équation de Vlasov-Fokker-Planck trés proche
du systeme que nous étudions. L’idée originelle de ces méthodes est de modifier la norme

dx dv
Meq(z,0)

naturelle dans I'espace L? (]Rd x RY; > en une autre norme équivalente | - || pour

laquelle on puisse établir I'inégalité

d K
EHf(t,ZL’,U) - %eq(xvv)H%{ < —§Hf(t,l’,1)) - '/ZGQ("E?U)H%T'

Cette derniere implique naturellement la convergence recherchée par le lemme de Gronwall.
Dans notre cas, I’équation des ondes induit des termes de retard qui sont gérés un peu plus
finement.
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Limite de diffusion

Sur des systemes tels que (1.17), lorsque € tend vers 0, le régime asymptotique suivant est
appelé régime de diffusion

8th + 1('0 * V:}c - vm(v + (I)e> : Vv)fe = ;divv(vfe + vvfe)‘ (119>

Il est maintenant bien connu (cf [30] ) que pour de tels régimes, lorsque € tend vers 0, la
solution tend & prendre la forme suivante

e—lv?/2
fe(t, z,v) 0 p(t, x) (2m)d/2

Si ® ne dépend pas de ¢, on s’attend a ce que p soit solution de I’équation
Owp = div(Vp + pV(V + @)).

Dans notre cadre, lorsque € tend vers 0, nous faisons également tendre la vitesse de propa-
gation des ondes ¢ vers I'infini tout en augmentant comme précédemment le couplage entre
les particules et le milieu pour éviter que leurs interactions disparaissent.

1 1
815215\116 - 7Az\lle(t7 z, Z) = _70-2(Z>/ O-l(x - y)Fe(t7 Y, U) dv dyu
€2 €2 RY xRd

Oc(t, 2) = Jraxmy Ve(l, 2, y)or (2 — 2)02(y)dy

(1.20)

A T'aide d’estimations fines sur la fonctionnelle d’entropie-énergie et sa dérivée temporelle,

—|v|2/2 ;s -
en notant M (v) = Gmarz» Dous obtenons le théoréme suivant

Théoréme 1.3.1 On suppose que e *V € LYRY) pour 0 < v < 1/2. On se donne une
famille (fe, ¥,)eso solution de (1.19)(1.20) et telle que la quantité suivante est bornée :

2
Ho = sup {/Rded fE(O,a:,v)(l + [In(f)(0,z,v)| + V(z) + 2) dvdz

62

1
+ |8t\lfe(0,x,z)\2dzdx+—/ |Vzﬁf€(0,x,z)\2dzdx}
R 2 JRExR®

2 JRaxRn

Alors on peut extraire une suite faiblement convergente dans L*((0,T) x R x R?) vers po M
ot p est solution de :

Oip = Va - (Vap + pVa(V — AX % p))) = 0. (1.21)
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1.4 Asymptotique en temps long sur une équation de
Fokker-Planck homogene

On s’est enfin intéressé & comprendre I'asymptotique en temps long de I’équation (1.21) que
I’on réécrit sous une forme simplifiée

{ Oip = Vo (Vap + pVa(V +W % p))) = 0,
p(0) = po.

Cette équation admet encore une fonctionnelle d’entropie

&(p) = /Rd p(In(p) + ;W*HV) dz,

on montre que les états d’équilibre d’entropie finie sont les points fixes de 'application T
définie par

(1.22)

Z(p)

Sous des propriété de convexité portant sur V et W, il est maintenant bien connu
21, 66, 22| qu'il existe un unique état d’équilibre et que la solution converge vers lui a
vitesse exponentielle. Le principal résultat du dernier chapitre a pour but de décrire ce qui
se passe sans cette hypothese sur W. La stratégie a été d’utiliser & comme une fonctionnelle
de Liapounov, on s’est donc limité a considérer des données initiales py d’entropie finie. Afin
de maximiser les informations données par sa décroissance (et sa convergence), nous avons

TipeXs——e VW0 Z(p) = /d V@ -Wep) g0
R

supposé V' tel la mesure ( Jpa eV @) da:)il e"(®) satisfasse une inégalité de Sobolev logarith-
mique. D’abord introduites par Gross dans [49], ces inégalités sont maintenant couramment
utilisés en analyse et en probabilité tant pour déduire des propriétés asymptotiques que pour
obtenir des bornes intéressantes de la décroissance de l'entropie. On se référera a [4] pour
une large revue de ces inégalités et de leurs applications. Nous avons Lorsque W est pair,
borné et lipschitz alors pour peu que V' soit convexe a un fonction L> pres, on a

Théoreme 1.4.1 Asymptotique en temps long

1. Pour toute solution réquliére p a (1.22), lentropie &(p) converge vers une certaine
valeur limite & quand t tend vers linfini. L’ensemble

Eq(m,&7) = {Peq eX ‘ Peq = T (peg); /Rd Peg =M  E(peq) = @m}

est non vide et p s’en rapproche de plus en plus :

Io(t) = T(o() sy — 0 et _inf

t —
e e (1) = pegllr 52 0

2. Lorsque a = mdy > —1/2, alors on peut trouver un unique état d’équilibre p,. Avec

b= 11:25, toute solution p to (1.22), tend vers cet état d’équilibre a vitesse exponentielle

2m
1+«

1/2
I0(8) = pealliseny < (1) (Elpo) = €712
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oll K est une constante dépendant de V' et ||W|| oo (ra), o est donné par

w = b aw(h), aw(h) = [ B bz > W | Al

Le deuxiéme point n’est qu'une amélioration d’un autre déja montré dans [5]. Si le premier
point ne permet pas de conclure si p(t) converge ou non, il permet néanmoins d’établir des
criteres pour cela, on verra notamment que la convergence au sens des distributions et la
convergence L' sont ici équivalentes. Dans le cas ott 'ensemble des équilibres est totalement
discontinu, on peut conclure directement la convergence également. Rien n’assure cependant
que cet ensemble ne contienne pas des parties homéomorphes a un cercle autour de laquelle
la solution pourrait continuer de tourner de plus en plus lentement sans jamais s’arréter.
Pour répondre a ces question, nous avons entrepris (toujours a l'aide de &) de caractériser
localement la nature de ces états d’équilibres.

1.5 Perspectives

Le modele initial développé dans [17] tire en grande partie son intérét de son comportement
en temps long. On a vu que I’évolution donnée par le systeme (1.6),(1.8)-(1.11) conservait
trop de quantités pour que les résultats valables pour une particule puissent se généraliser a
une densité continue de particules. L’équation limite intuitive dans [17]

G="V(q) —vq

ne peut étre celle de toutes les particules. Il serait tres intéressant de comprendre ce que
fait le systeme, s’il tend a se concentrer autour des "solutions intuitives" autant qu’il lui est
possible de le faire sans violer ses lois de conservation, ou s’il fait tout simplement autre
chose. Certains indices tendraient a valider la premiere hypothese. Ainsi, lorsque V' = 0 et
n > 3, en supposant que le couple (f, V) est stationnaire, alors on peut montrer que pour
une certaine valeur x > 0, on a

supp(f) C {<x,v> erixr < Ks *pxx)} .

Lorsque c est grand, cela implique bien que les vitesses des particules sont petites. Tout cela
n’assure pas que ces équilibres existent sans méme évoquer leur possible stabilité. Dans le
cas ol V est un potentiel de confinement, on peut montrer 'existence d’une tres grande
famille d’états d’équilibre admissibles. Le choix entre chacun d’entre eux semble assez ardu
en premier lieu. Dans le cas radial, la stabilité de certains états d’équilibre a été démontré
pour les équations de Vlasov-Poisson dans [60, 61]. Nous avons montré que les équation de
Vlasov-Poisson pouvaient étre obtenues comme une limite de notre systéme, on peut donc
espérer pouvoir adapter les méthodes qui marchent pour ces équations a notre cadre. Il
serait également tentant de chercher a généraliser les résultats du dernier chapitre a des
potentiels d’interaction plus physiques, ou d’aller d’abord plus loin dans la description des
états d’équilibre pour ensuite comprendre ce que fait la solution a leur voisinage.
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Chapitre 2

Un premier modele cinétique : le
systeme Vlasov-Ondes

Dans cet article écrit en collaboration avec Stephan de Bievre et Thierry Gou-
don, nous étudions la généralisation du modele d’interaction entre une particule
et son milieu issu de [17] & une densité continue de particules. Nous reformu-
lons le systéeme naturel obtenu afin simplifier les calculs qui suivent, le systeme
simplifié est proche des équations de type Vlasov. Nous prouvons I’existence de
solutions sous des hypotheses tres générales et donnons une bonne condition
d’unicité de ces solutions a 'aide de méthodes déja présentes dans [33]. Nous
étudions ensuite deux régimes asymptotiques. Dans le premier régime, nous ob-
tenons une équation de Vlasov avec un potentiel régulier. Dans le second, nous
obtenons ’équation de Vlasov-Poisson attractif par des méthodes issues de [7].

2.1 Introduction

In [17], L. Bruneau and S. De Biévre introduced a mathematical model intended to describe
the interaction of a classical particle with its environment. The environment is modeled
by a vibrating scalar field, and the dynamics is governed by energy exchanges between the
particle and the field, embodied into a Hamiltonian structure. To be more specific on the
model in [17], let us denote by ¢(t) € R? the position occupied by the particle at time ¢.
The environment is represented by a field (t,z,y) € R x R x R™ — U(t,z,y) € R: it can
be thought of as an infinite set of n-dimensional membranes, one for each x € R? The
displacement of the membrane positioned at x € R? is given by y € R" ~ (¢, z,y) € R.
The coupling is realized by means of form factor functions z +— o(z) and y — o3(y),
which are supposed to be non-negative, infinitely smooth, radially symmetric and compactly
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supported. Therefore, the dynamic is described by the following set of differential equations

G(t) = =VV(q(t)) - /Rdxw o1(q(t) — 2) 02(y) Vo ¥(t, 2, y) dydz, 21)

OpU(t,x,y) — AAU(t,z,y) = —oa(y)or(x —q(t)), xeRY yeR™

In (2.1), ¢ > 0 stands for the wave speed in the transverse direction, while ¢ € R? — V(q) € R
is a time-independent external potential the particle is subjected to. In [17], the well-
posedness theory for (2.1) is investigated, but the main issue addressed there is the large
time behavior of the system. It is shown that the system exhibits dissipative features: under
certain circumstances (roughly speaking, n = 3 and ¢ large enough) and for a large class of
finite energy initial conditions the particle energy is evacuated in the membranes, and the
environment acts with a friction force on the particle. Accordingly, the asymptotic behavior
of the particle for large times can be characterized depending on the external force: if V = 0,
the particle stops exponentially fast, when V' is a confining potential with a minimizor g,
then the particle stops at the location qg, and for V(q) = —F - ¢, a limiting velocity Vi can
be identified.

Since then, a series of works has been devoted to further investigation of the asymp-
totic properties of a family of related models. We refer the reader to [1, 26, 27, 28, 59] for
thorough numerical experiments and analytical studies, that use random walks arguments
in particular. The model can be seen as a variation on the Lorentz gas model where one is
interested in the free motion of a single point particle in a system of obstacles distributed on
a certain lattice. We refer the reader to [10, 18, 42, 44, 67] for results and recent overviews
on the Lorentz gas problem. Instead of dealing with periodically or randomly distributed
hard scatterers as in the Lorentz gas model, here the particle interacts with a vibrational
environment, that create the “soft” potential ®. The asymptotic analysis of the behavior of
a particle subjected to an oscillating potential is a further related problem that is also worth
mentioning [41, 48, 54, 75].

We wish to revisit the model of [17], in the framework of kinetic equations. Instead of
considering a single particle described by its position t — ¢(t), we work with the particle
distribution function in phase space f(t,z,v) > 0, with 2 € R%, v € R?, the position and
velocity variables respectively. This quantity obeys the following Vlasov equation

Of +v-Vof =V (V+®)-V,f=0, t>0, zeR? veR (2.2)

In (2.2), V stands for the external potential, while ® is the self-constistent potential describ-
ing the interaction with the environment. It is defined by the convolution formula

O(t,x) = /Rde" U(t, z,y)o1(x — z)oa(y) dy dz, t>0, z€R? (2.3)
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where the vibrating field ¥ is driven by the following wave equation
(20 — A, W) (t,2,y) = —0a(y) /d o1(z — 2)p(t,z)dz, t >0, z € R?, y € R",
R

p(t,z) = /d f(t,z,v)do.
R
(2.4)
The system is completed by initial data

f(0,z,v) = fo(x,v), U(0,z,y) = Yo(z,y), (0, z,y) = Uy (z,y). (2.5)

A possible interpretation of the kinetic equation (2.2) consists in considering the model (2.1)
for a set of N > 1 particles. The definition of the self-consistent potential has to be adapted
since all the particles interact with the environment, namely we have, for j € {1,..., N}

i) =-VV(G0) = [ oia(t) = 2) oaly) VaU(tzy) dyde,

D2U(t,z,y) — AV (t, x,y) = —02(y) 1(z — qe(t

||M2

Note that such a many-particle system is not considered in [17]. It is very likely that its
asymptotic behavior is much more complicated than with a single particle because, even
if the particles do not interact directly, they do so indirectly via their interaction with the
membranes. If we now adopt the mean—field rescaling in which ® — & ®, then (2.2) can be
obtained as the limit as N goes to co for the empirical measure fy(t,z,v) = + 33 §(z =
qr(t),v = Gr(t)) of the N—particle system, assuming the convergence of the initial state
fn(0,2,v) = fo(x,v) in some suitable sense. Such a statement can be rephrased in terms
of the convergence of the joint distribution of the N-particle system. This issue will be
discussed in the chapter 5 and we refer the reader to the lecture notes [43] and to [45] for
further information on the mean—field regimes in statistical physics.

In this paper we wish to analyse several aspects of the Vlasov-Wave system (2.2)—(2.5).
We warn the reader that, despite the similarities in terminology, the model considered here is
very different, both mathematically and physically, from the one dealt with in [15], which is a
simplified version of the Vlasov-Maxwell system. It is indeed crucial to understand that the
wave equation in this paper is set with variables transverse to the physical space: the waves
do not propagate at all in the space where the particles move. This leads to very different
physical effects; we refer to [17] and references therein for more details on this matter. We
add that this paper is far less ambitious than [17], since we do not discuss here the large time
behavior of the solutions, only their global existence. As mentioned above, since we dealing
with many particles, it is very likely that the question cannot be handled in the same terms
as in [17], and that the kinetic model inherits the same technical and conceptual difficulties
already mentioned for N > 1 particles. We only mention that a particular stationary solu-
tion (with f integrable) has been exhibited in [3], and this solution is shown to be linearly
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stable.

The paper is organized as follows. Section 2.2 contains a preliminary and largely informal
discussion to set up notation and to establish some estimates on the interaction potential
needed in the bulk of the paper. Section 2.3 establishes the well-posedness of the problem
(2.2)—(2.5) (Theorem 2.3.3). We consider a large class of initial data and external potentials
with functional arguments which are reminiscient of Dobrushin’s analysis of the Vlasov
equation [33]. Section 2.4 is devoted to asymptotic issues which allow us to connect (2.2)—
(2.5) to Vlasov equations with an attractive self-consistent potential. In particular, up to
a suitable rescaling of the form function oy, we can derive this way the attractive Vlasov—
Poisson system. This is quite surprising and unexpected in view of the very different physical
motivation of the models.

2.2 Preliminary discussion

Throughout the paper, we make the following assumptions on the model parameters and on
the initial conditions. First, on the coupling functions oy, 05, we impose:

o1 € Cgo(Rd)R)’ 09 € CEO(RTL,R),
o1(z) >0, oy(y) > 0 for any x € R?, y € R, (H1)
01,09 are radially symmetric.

We require that the external potential fulfills

ocC

Ve W (RY), (H2)
and there exists C' > 0 such that V(z) > —C(1 + |z|?) for any x € R%

This is a rather standard and natural assumption. Note that it ensures global existence when
01 = 0 = 0y it then implies that the external potential cannot drive the particle to infinity
in finite time. For the initial condition of the vibrating environment, we shall assume

Uy, ¥, € L*(R? x R™). (H3)
For the initial particle distribution function, we naturally assume
Jo =0, foe LR x RY). (H4)
For energy consideration, it is also relevant to suppose
Y, € LR x R")  and ((m) o (V@) + 0f?) fo(x,v)) € 'R x RY).  (H5)
This means that the initial state has finite mass, potential and kinetic energy.

Our goal in this section is to rewrite the equations of the coupled system (2.2)-(2.5)
in an equivalent manner, more suitable for our subsequent analysis. The discussion will be
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informal, with all computations done for sufficiently smooth solutions. The proper functional
framework will be provided in the next section. First, we note that it is clear that (2.2)
preserves the total mass of the particles

d

U St f(t,z,v)dvdx = 0.

In fact, since the field (v, V.V + V,®) is divergence—free (with respect to the phase vari-
ables (x,v)), any LP norm of the density f is conserved, 1 < p < oo. Furthermore, the
PDEs system (2.2)—(2.4) inherits from the Hamiltonian nature of the original equations of
motion (2.1) the following easily checked energy conservation property:

d (1 ) 2 ,
TR WUt dxd — U (t dz d
dt{Q A 0¥ (t,2,y)|” dzdy + 5 Jot g |V, ¥(t, z,y)|” dedy
2
R4 xRd 2

As a matter of fact the energy remains finite when the full set of assumptions (H1)-(H5)
holds.

For the Vlasov—Poisson equation, it is well known that the potential can be expressed by
means of a convolution formula. Similarly here, the interaction potential ® can be computed
explicitly as the image of a certain linear operator acting on the macroscopic density p(t, x) =
Jga f(t, z,v) dv; this follows from the fact that the linear wave equation (2.4) can be solved
explicitly as the sum of the solution of the homogeneous wave equation with the correct
initial conditions plus the retarded solution of the inhomogeneous wave equation. To see
how this works, we introduce

o plt) = gy [ T IO de

and

1
(2m)"

sin(cl¢]t)
cIe|

where the symbol = stands for the Fourier transform with respect to the variable y € R™.
Note that & is the solution of the homogeneous wave equation with the given initial con-
ditions for W. Finally, we define the operator £ which associates to a distribution function
f:(0,00) x R x RY — R the quantity

0lt,) = gorss [ one =) (ot eon(cle) + Bl ™ ) ) a

L)t x) = /Otp(t ) (/R S(z — 2)p(s, 2) dz) ds, (2.6)

where

p(t,x):/df(t,x,v)dv, Y =0y x0.
R

x
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We can then check that the pair (f, V) is a solution of (2.2)-(2.4) iff f satisfies

f(0,2,0) = fo(z,v)

and U is the unique solution of (2.4).

(2.7)

We sketch the computation, which is instructive. Let (f, ¥) be a solution of (2.2)—(2.4).

Applying the Fourier transform with respect to the variable y we find

{ (07 + EP) U (t, 2. €) = —(p(t, ) x ) () T (6),

V(0,7,8) = Uo(x,8)  0W(0,2,€) = Wy (,8).
The solution reads

sin(cs|é|)
cl¢]

+Wo(z, ) cos(cl€]t) + Ty (x, €)

B(t0.6) = = (ot =5, o)) G3(&) o ds

clél

To compute ® in (2.3), we use Plancherel’s equality:

O(ta) = [ Witz p)ou(a — 2)oaly) dydz
1

= o o W02 00— (e de

- ((01 cog) s /t <,o(t ) /Rn sini(’?;\f’) |25§)),J2 df) ds) @)

+(2 (m ( ) cos(clé|t) + Uy (-, g)sm(c’fm ®(§)d£> (z)

clé
= —L(f)(t, x) + Dot

sin(c|£]t).

(2.8)

Inserting this relation into (2.2), we arrive at (2.7). Conversely, let f be a solution of (2.7)
and let U be the unique solution of (2.4). The same computation then shows that ® in (2.3)

is given by ® = &5 — L(f). Therefore f satisfies (2.2).

The operator £ in (2.6) plays a crucial role in our further analysis. Its precise definition on
an appropriate functional space and its basic continuity properties are given in the following

Lemma.

Lemma 2.2.1 (Estimates on the interaction potential) For any 0 < T < oo, the fol-

lowing properties hold:
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i) L belongs to the space Ar of continuous operators on C’([O, Ty, (Wl’“(Rd X Rd)>/) with
values in C([O,T]; WQ’OO(]Rd)). Its norm is evaluated as follows:

T2
1£0 47 < llonlFyse@alloalZemny =
2

it) L belongs to the space Br of continuous operators on C([O, T} (Wl’oo(]Rd X Rd)>,) with
values in Cl<[0, T}, LOO(Rd)). Its norm is evaluated as follows:

T2
1l < llor s ol (T+ )

i1) g satisfies
[o(t, ) w2y < o1 llw22@elloallL2@n) (||‘I’0||L2(R") + 75||‘1’1|!L2(Rn)) :
for any 0 <t <T, and, moreover

H(I)OHC’l([O,T};LOO(Rd)) S HO'1||L2(]Rd)||0'2HW1,2(R7L) (QH\IIOHL?(R”) + (1 + T)H\IJIHLQ(]R")) .

Proof. The last statement is a direct consequence of Hélder and Young inequalities; let us
!/
detail the proof of items i) and ii). We associate to f € (Wl’oo(Rd X Rd)) , the macroscopic

density p € (Wl’oo(Rd)>/ by the formula:
(1 X ey wiceuay = (X @ o)y wi(marmay, Vx € WH(RY).
)' < ||f||<
For any y € C>°(R?), and i € {0,1,2} , we can check the following estimates
e 59501 = Lo (D)0 <, 1l 75) %l

< £ (110 ) (IVE o @ty + IV ooty ) X 22 Rt

Clearly, we have ||Pf||(

.
Wl,(x:(Rd Wl,00 Rd Rd))

Since the dual space of L' is L®°, for i = 0, we deduce that

s Bl < Wl o) (12l ey + 1V S )

S ||O-1||%/[/1’2(Rd)||f||(Wl,OO(Rded)>/'

Reasoning similarly for ¢ = 1 and ¢ = 2, we obtain

I Elhwesge < ool 1)
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We now estimate p. Plancherel’s inequality yields

1
0 = |y L, coIEDIGHOR Y] < ol

Since p(0) = 0, it follows that [p(t)| < ||oa[|72(gnyt. Hence, for all 0 <t <T < oo, we have

t
H‘C(f)(t)HWZvOO(RdXRd) < X * pHLOO(O,T;WZ»OO(Rd))/O Ip(t — s)|ds
T2
< o ||? T
< ||f||c([0’T];(Wlm(Rded)> )|| sz eallozllzagny
This proves the estimate in i). That L£(f)(¢) is continuous as a function of ¢ follows easily

from the previous argument. As a further by-product note that

1)@ = < 11 -

2 2
(i (s Y 1 2@ 02 e
holds. Since p(0) = 0, we have

t

AL = [ (L= )55 pls) ds

0
which gives:

10LOS)(E)|| oo mixray < || f]]

2 2
/ wy 1.
C([O,T};(Wl,oo(Rded)) ) lo [l 1’2(Rd)||02||L2(R )

This ends the proof of ii). ]

2.3 Existence of solutions

The proof of existence of solutions to (2.7) relies on estimates satisfied by the characteristics
curves defined by the following ODE system:

X(t) = &(t),
{ E(t) = =VV(X(t) — VO(t, X (1)). (2.9)

From now on, we adopt the following notation. The potential ® being given, we denote by
02t (20, v9) € RY x R the solution of (2.9) which starts from (zg,vp) at time ¢ = «a: the
initial data is p2(z9,v9) = (w0,v9). We use the shorthand notation t — (X(t),£(t)) for
t — @5 (0, vo), the solution of (2.9) with X (0) = z0 and £(0) = vy. Owing to the regularity
of V, L and &, see Lemma 2.2.1, the solution of the differential system (2.9) is indeed well
defined for prescribed initial data; it also allows us to establish the following estimates, where
characteristics are evaluated both forward and backward.

Lemma 2.3.1 (Estimates on the characteristic curves) LetV satisfy (H2) and let ® €
C2([0, 00); W*>(R?)) N C([0, 00); L*(R)).
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a) There exists a function (AN t,z,v) € [0,00) x [0,00) x R x R? — R(A,t,z,v) €
[0,00), non decreasing with respect to the first two variables, such that the solution
t— (X(1),£(t)) of (2.9) with initial data X (0) = zo, £(0) = vy, satisfies the following
estimate, for any t € R,

(X(1),6(t)) € B (0, R (1®]| e o,z (zeyy» [t 70, v0) ) € R x R

b) Taking two different additional potential ®1 and o, the following two estimates hold
for anyt > 0:

(0™ — 00" (o, vo)|
t t
< [ 1@ = ®)(3) ey exp ([ 192@1(7) + V)l sy d7 )
(9™ = ) (z,v)]

t S
< /0 [(®1 = P2)(5) w00 ety exp (/0 IV(@1(7) + V)l oo (B, - (20 dT) ds,

where we set B,(x,v) = B (O,R (maxi:m ||(I)Z'Hcl([0ﬂ_];Loo(Rd)),T,]J,U)) in the first in-

equality and B, = B(0, R (max;_1 - ||®; Cl(lrtl: Lo, L — T, 2,0 ) ) in the second one.
; : ([r,t]Loe (RY))

The proof of the lemma is postponed the end of this section. Given 0 < Ry < oo, and
Uy, ¥y satisfying (H3) (they enter into the definition of @), we set

r(t,z,v) = R([|Pollcr (o200 ray) + I1£]ls, Ro, t, 2, v). (2.10)

Where we remind the reader that

I L], = sup I£CH) e oz ey
"f40 Hf”C(O,T;(Wl,oo(Rded))/)

is estimated in the lemma 2.2.1. Proving uniqueness statements for the wide class of external
potentials considered in(H2) requires to strengthen the hypothesis on the initial data.

Definition 2.3.2 Let 0 < T, Ry < oco. We say that an integrable function fy belongs to the
set Eryr if fo > 0 satisfies || fol| o1 rixrey < Ro and, furthermore,

T
Hror(fo) = / fo(z,v)exp (/ ||V2V||Lm(3(0,r(t7z7v))) dt) dvdx < .
R4 xR4 0

Theorem 2.3.3 Assume (H1)-(H3). Let 0 < Ry, T < oo. Let fo € Eg,r. Then, there
exists a unique f € C([0,T]; LY(R? x RY)) weak solution of (2.7). The solution is continuous
with respect to the parameters L, ®q and fy, respectively in Ar N By, C1([0, 00); W2 (R4))
and Er, 7. If fo € LY(R?x R?) only, see (H4), then there exists f € C([0,00); L*(R? x RY)),
weak solution of (2.7).
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The statement can be rephrased for the original problem (2.2)-(2.5). We also establish the
conservation of energy.

Corollary 2.3.4 Assume (H1)-(H3). Let 0 < Ry, T < oo. Let fy € Eg,r. Then, there
exists a unique weak solution (f, W) to the system (2.2)—(2.5) with f € C([0, T]; L*(R¢ x R%))
and U € C([0,T]; L*(R? x R™)). The solution is continuous with respect to the param-
eters o1, 03, Wo, ¥y and fo in the sets W3*(R?), L?(R"), L*(R? x R"), L*(R? x R")
and Eg, 7, respectively. If fo satisfies (H4) only, then there exists a weak solution with
f e C(0,00); LY(R? x RY)) and ¥ € C([0,T]; L*(R? x R™)). Furthermore, when the initial
data satisfies (H5) the total energy

1

2 JrRixRn

2
2 ¢ 2
oty dedy+ S [ (9,0(tay) dedy

+ f(t,z,v) <|U2|2 + V(z)+ @(t,x)) dvdz

R4 xRd
18 conserved.

Remark 2.3.5 Definition 2.3.2 restricts the set of initial data depending on the growth of
the Hessian of the external potential. Of course, any integrable data fo with compact support
fulfils the criterion in Definition 2.3.2, and when the potential has at most quadratic growth,
any data satisfying (H4) is admissible. As it will be clear within the proof, the continuity
with respect to the initial data does not involve the L' norm only, but the more intricate
quantity K, v also arises in the analysis.

Remark 2.3.6 The present approach does not need a restriction on the transverse dimension
(n >3 in [17]). The proof can be slightly modified to treat the case of measure—valued initial
data fo, thus including the results in [17] for a single particle (fo(x,v) = d(z=zq,v=v0)); and we
can consider a set of N > 1 particles as well. The measure-valued solution is then continuous
with respect to the initial data in C([0,T]; (WH=(R? x R%))). This viewpoint will be further
detailed with the discussion of mean—field asymptotics in the chapter 5.

The proof of Theorem 2.3.3 relies on a fixed point strategy, the difficulty being to set
up the appropriate functional framework. It turns out that it will be convenient to work
with the C’([O,T]; (Whe (R x ]Rd))’> norm. We remind the reader that the dual norm on

(WLee(R? x R%)) is equivalent to the Kantorowich-Rubinstein distance

Wilhg) =sup{ [ 16~ ¢lan(c. )]

2d
where the supremum is taken over measures 7 having f and g as marginals, see e. g. [82,
Remark 6.5]. This distance appears naturally in the analysis of Vlasov-like systems, as
pointed out in [33]. In order to define the fixed point procedure, we introduce the following
mapping. For a non negative integrable function fj, we denote by Ay, the application which
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associates to @ in C([0, 00); W2>(R?)) N C([0, 00); L>°(R?)) the unique solution f of the
Liouville equation

atf+vvxf_vvax(v+(b)zoa

with initial data f;. We shall make use of the following statement, which provides useful
estimates.

Lemma 2.3.7 For any fo € LY(R? x R?), the application Ay, is continuous on the set
C ([0, 00); W2 (R4)) N C*([0, 00); L= (RY)) with values in C([0,00); L*(R? x R%)). Further-
more, we have

[A g (P) — Ago (P[] oo (0,0052 RaxraY) = | fo — goll L1 (maxra),
for any ® € C([0, 00); W>>(R?)) N C*([0, 00); L=(R?)).

Proof. Let 0 < T < oo be fixed once for all. We begin by assuming that fy is C! and
compactly supported. For any 0 <t < T, we have

A (@)(1) = foo i,

where we remind the reader that gpf ’0(:1:, v) stands for the evaluation at time 0 of the solution
of (2.9) which starts at time ¢ from the state (x,v). Accordingly any LP norm is preserved:
A (D) ()| Lo (raxray = || follLr(rixray holds for any £ > 0 and any 1 < p < oco. By linearity,
this immediately proves the continuity estimate with respect to the initial data.

To establish the continuity properties with respect to ®, we first observe, denoting Ay, (®) =
f, that (z,v) € supp(f(t,-)) iff ¢F*(z,v) € supp(fo), that is (z,v) € g (supp(fo)). There-
fore, by Lemma 2.3.1, we can find a compact set K7 C R% x R? such that supp(f(t,-)) C Kr
for any 0 < t < T. We are dealing with potentials ®; and ®, in C([0, 00); W2>(R%)) N
C1([0,00); L*(R%)). We can again find a compact set, still denoted by Ky C R? x RY,
such that the support of the associated solutions Ag (®;) and Ag (P2) for any 0 < ¢t < T is
contained in Kr. We infer that

A (@1)(0) = A (@)(O)llsiganin = [ 1foo ol = foo ol duda
T

< || follwro@axrey meas(Kr)  sup | (z,v) — op
(z,w)EKT

z, )]

holds. As 7 ranges over [0,¢] C [0,7] and (z,v) lies in K7, the backward characteristics
go,? “T(z,v) still belong to a compact set. We introduce the following quantities

R = sup R(Z._%(H(I%HCI([O,T];LOO(Rd)yT,5U,U>

(z,w)EKT

and

T
mp = exp ( /0 V205 (u) | Lo gt du> .
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For 0 <t < T and any (z,v) € Ky, Lemma 2.3.1-b) yields:

|901(‘/I>170(:L‘7v) - 901(‘/1)270(1‘7@”

t s
S mT/U ||((I)1 — (I)Q)(S)le,oo(Rd) €xXp </0 ||V2V||L°°(B(0,R)) dT) dS.

We conclude with

sup |901(‘/I>170(:L‘7v) _901(‘/1)270(1‘77}” 0.
(z,w)EKT ||‘I>1*¢’2||L00(07T;W2,00<Rd))*>0

[|P1 <M

e jo,7y; 200 @y 122l 01 ([0, 7); .00 (R

(It is important to keep both the C*([0, T]; L= (R%)) and L*°(0,T; W%>(R%)) norms of the
potentials bounded since these quantities appear in the definition of R and my.) It proves
the asserted continuity of the solution with respect to the potential. By uniform continuity
of the flow on the compact set [0,7] x Kz, we obtain the time continuity. Hence the result
is proved when the initial data fy lies in C}.

We finally extend the result for initial data fy in L'. Those can be approximated by a
sequence ( fé“)keN of functions in C}(R? x R?). We have

[Asy (@) () = Aps(P) ()] 1 maxmay = [|A (- g2y (R) ()| L1 (R xray = || fo — Fo N 1 maxra)-
Therefore, Ay, is the uniform limit of maps which are continuous with respect to ® and the
time variable. This remark ends the proof. [ |

Proof of Theorem 2.3.3.
Existence—uniqueness for initial data in Eg, 1.

We turn to the fixed point reasoning. For f given in C’([O, T]; (W (RY x ]Rd))’), we set
T (f) = Ago(Po — L(f))-

It is clear that a fixed point of Ty, is a solution to (2.7). Note also that, as a consequence of
Lemma 2.2.1 and Lemma 2.3.7, T;,(f)(t) € L'(R? x R?). More precisely, we know that f —
T (f) is continuous with values in the space C([0,T]; L}(R¢ x R%)) C C’([O,T]; (Whee (R x
RY)) ) We shall prove that 7 admits an iteration which is a contraction on the ball with
centre 0 and radius Ry.

Let f; and f, be two elements of this ball. We denote 2! the flow of (2.9) with ®; =
Dy — L(f;): p2it(xg,v0) satisfies (2.9) with (zg,vg) as data at time ¢t = . Let x be a trial
function in WH>(R? x R?). We have

. d(T(f1)(t,a:,v) — T(f2)(t,x,v))x(x,v)dvdz
o |
= / (foOSDZDI’O —foo§0?2’0) (z,v)x(z,v) dvdx’

RdxRd
= Pyt . Dot
= /Rded fO(SC7U) (XOSO() X © ¥ ) (1-71)) dvdx
: Jo(, 0)[Vxlleo ’@gh,t — 90" (z,v)dvdz.
R4 xRd
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It follows that
IO = TEO 1y < [, Folwo) [l = op*
By using Lemma 2.3.1-b), we obtain
03" = 057 (z,v)
<m / IL(f1 = f2)ll oo (0,5:w2.00 (ReY)

X eXp </ Hv VHLOOB 0 R(”¢'0+£(fz)“cl([0 ul; LOO(Rd>) ,U,Z0, ’UO) du) d 7

(r,v)dvdzr.  (2.11)

where we have used

exp ( IV @olu) — £07) ) ey du)

<0 ([ (I700l0lmqen + 1L Ul o) ) = o
Plugging this estimate into (2.11) yields
T ~ T ey
<mr / ol v) /t IL(f1 = f2)ll oo (0,520 ()
X exp </s V2V || Lo (B0 (u,,0))) du) ds dv dz.
It recasts as

TR0 = T Ollasy < i Har [ = . (o

Wl’w(Rded))/) ds

with
7 =mr X sup [|L]4,-
0<s<T

3

By induction, we deduce that

IT O = T O (1w gy <

holds for any ¢ € N and 0 < ¢ <T'. Finally, we are led to

Loo(o,T;(WLoo(Rded))') - Al

(tmT‘%/Ro T)

Hfl fQHLOO 0.7:(W1loo(Rd xR '
T5(Whee (RIXR) )

IT*(f) = T*(£2)ll Hf1 Ll

Loo (O,T;(Wlm(Rd de))’) '

It shows that an iteration of T is a contraction. Therefore, there exists a unique fixed point
f in C([0,T0; (Wh=(R? x R?))'). Furthermore, f = T(f) € C([0,T]; L'(R? x R%)), and the
solution is continuous with respect to the parameters of the system. Note that the continuity
estimate involves the quantity in Definition 2.3.2 which restricts the growth assumption of
the initial data.

Step 2: FExistence for an integrable data
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We proceed by approximation. Let fo be in L}(RY x RY), with || fo|/z: < Ry. Then,

(:13, U) = f(gg(xv U) = f()(l‘, v)lmgk
lies in Eg,r (with a constant #g, r which can blow up as k — o00). The previous step
defines f*, solution of (2.7) with this initial data. Of course we wish to conclude by passing
to the limit £ — oo. However, the necessary compactness arguments are not direct and the
proof splits into several steps.

We start by showing that the sequence ( fk)keN is compact in C([0, T]; M (R4 x R?) —weak —
x). Pick x € C%(R? x R?). For any 0 <t < T, we have, on the one hand,

~/Rd><]Rd fk (t’ Z, U)X(I, U) dvdx

< A e @asray X o raxre)

< ||f0k||L1(Rd><]Rd)||X||L00(Rd><]Rd) (212)
<

HfoHLl(Rded)HXHLOO(Rded)a
and, on the other hand,

d
dt JraxRrd

/Rded fk(t, z,v) (v Vax — Vo (V+ P — L(f)1)) - VuX> (z,v) dvdz
< I follz: (||U - VaX = VV - Vx| oo maxray)

+ (1ELarll follzs + 120l s ey ) IVl )

ot z,v)x(x,v) dvda

Lemma 2.2.1 then ensures that the set
t / k t? ) ) ) k }
{ — i f ( T U)X(SU ’U) dvdzx €N

is equibounded and equicontinuous; hence, by virtue of Arzela—Ascoli’s theorem it is rela-
tively compact in C'([0,77]). Going back to (2.12), a simple approximation argument allows
us to extend the conclusion to any trial function y in Cy(R? x R?), the space of continuous
functions that vanish at infinity.

This space is separable; consequently, by a diagonal argument, we can extract a subsequence
and find a measure valued function ¢t — df(t) € MY (R? x RY) such that

lim frt, v x(z,v) dvdae :/ x(x,v)df(t)

k—o00 JRIx R4 Rd x R4

holds uniformly on [0, T, for any y € Co(R? x R?). As a matter of fact, we note that df is
non negative and for any 0 < ¢ < T it satisfies

‘/RdX]Rd df<t) S ||f0||L1(Rd><Rd).

Next, we establish the tightness of the sequence of approximate solutions. Let € > 0 be fixed
once for all. We can find M, > 0 such that

/r2+v22MZ folz,v)dvdr <e.
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Let us set

Ac = sup{r(T,z,v), (x,v) € B(0, M)}

where we remind the reader that (T, z,v) has been defined in (2.10): 0 < A, < oo is well
defined by Lemma 2.2.1. Let % stand for the flow associated to the characteristics of the
equation satisfied by f*. For any 0 < t < T, setting CU the complement of U in R? x R?, we
have ¢*(B(0, M.)) C B(0, A.) so that L (¢{°(B(0, A.)) = ¢;°(CB(0, A)) C CB(0, M,).
It follows that

kt ’ dvd — / k¢ k0 dvd
/UB(O,Ae)f (t,z,v)dvdx B0 fo (i (z,v)) dvde

k
r,v)dvdx
/Esof“(B(o,AE)) Jolz,0)

fo(z,v)dvdr <e.

CB(0,M.)

IN

By a standard approximation, we check that the same estimate is satisfied by the limit f:

df(t) <e.
/CB(O,AE) f< ) =€

Finally, we justify that f* converges to f in C([0, T]; (W1°°(R?x R%))). Pick y in W1(R4x
R?), with [|x|ly1.ecaxre) < 1. We introduce a cut-off function 6z as follows:

Or(z,v) =0(z/R,v/R), 0 € C>(RY x RY),
O(z,v) =1 for Va2 +v2 <1, 0(z) =0 for 2% +v* > 4, (2.13)

0 <6(x) <1 for any x € RY.

Then, we split

/ frt, z,v)x(z,v) dvda —/ x(x,v)df(t)
R xR4 R xRd

= [, e ) dvd— [ (w0 df (D)

FH 2 o)X (1 = Op) (@ o) dvdz = [ (1= )z, v) df (D)

Rd xRd RIxR
Choosing R > A, yields
k
L, ox(1 = On)(@,v)dvdz — [ 1= 0p) (z,v) df (t
Lo e X =on) @ o) dode = [ x(1=0r)(z,v)df () ..
< 2€HX“L°°(Rded)-

By virtue of the Arzela-Ascoli theorem, W1*>(B(0,2R)) embeds compactly in C'(B(0,2R)).
Thus, we can find a family {x1, ..., xm.} of functions in W1>(R¢ x R?) such that, for any
X € WHe(R? x RY), || x|l gaxre) < 1, there exists an index i € {1,...,m.} with ||fgx —
XillL=(B(0.2r)) < € (since xOg lies in a bounded ball of W'*°(B(0,2R))). Therefore, let us
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write

/Rded fE(t, z,0)x0r(z,v) dvde — /Rdx]Rd XOr(x,v)df(t)

. fEt, 2, v)x(z,v) dvde — /]Rded Xi(x,v)df(t)x
o P ) (R = ) (@) dvde = [ (3B = x) (@, 0) AF (D)
R xR RIxR:

where the last two terms can both be dominated by || fo|| 11 (rixraye. We thus arrive at

/ fk(t,m,v)x(x,v) dvdx—/ x(z,v) df(t)‘
Ré xR4 Rd xR
< 26(|| x| oo maxray + [ foll L1 maxray)
Kt J(z,v)dvd —/ @- d t‘
[, ) ) dode = [ i) df)

R4 x
< 2e([Ix (| oo maxray + || foll L1 @axray)
+  sup ‘/ fk(t,:v,v) Xi(x,v) dvda:—/ Xi(x,v) df(t)
R4 xR4

je{l,...me} R xRd

Y

for any x € WH*(R? x RY), with ||x||[y1.0cgaxre) < 1. The last term can be made smaller
than e by choosing £ > N, large enough. In other words, we can find N, € N such that

Kt dvdz - | d t’
Lo itz dods - [ x(z0)dr)
< 26(2 + || foll L (mexra))
holds for any 0 < ¢ < T, and k > N f* converges to f in C([O,T]; (Whe(R? x Rd))’>_

According to Lemma 2.3.7, together with Lemma 2.2.1, it implies that T, (f*) converges to
Tro(f) in C([0, T]; L' (R? x RY)).

By definition 7}§(fk) = f* so that

sup

d d
”Xllwl,oogl xR

1% = Tro (H)lleoryLr maxray)
< T (FF) = T (Pl eornser @axrayy + 1T (F¥) = T (Fll oozt maxray

< |1f5 = foll Lrmaxmey + 1 T30 (F*) = Tio (F)ll oy mexray)
holds, where we have used Lemma 2.3.7 again. Letting k¥ go to oo, we realize that f*
also converges to T, (f) in C([0,T]; L'(R? x R?)). It implies both f = T;(f) and f €
C([0,T); LY(R* x R?)). By definition of Ty,, f satisfies (2.7), and it also justifies that f is
absolutely continuous with respect to the Lebesgue measure, which ends the proof. [ |

Proof of Lemma 2.3.1. Let (X&) be the solution of (2.9) with (X (0),£(0)) = (zo, vo).
We have




The right hand side is dominated by [|0;®||¢((0,4;z0(ray)- With ¢ > 0, integrating this relation
yields

£
2
Owing to (H2) we deduce that

E@)* < a(t) + 201X (1))

!UOP
2

< (V@) + ©(0,20) + 2= ) = (VX(1) + Ot X(0) + UIO@looaaoecea

holds with

’ 2

(Y
alt) = 2‘1/(950) T B(0,20) + S|+ 2t00® oo 0 ey + 21 8(E ) ray + 2C.

Next, we simply write
djX()]*
dt
so that the estimate just obtained on ¢ yields

() =2X(t) - £(t) < X (1) +&(1)*

X ()] < |zo| + (1 +20) /Ot\X(s)|2ds—|—/0ta(s) ds.
By using the Gronwall lemma we conclude that
X(O)? < Jaof2el 7200 4 [ 0200005 d

holds. Going back to the velocity, we obtain

E)]? <20 <|x0|2e(1+20)t + /Ot U209 4 (5) ds) + a(t).
In order to simplify, we set o = 1 + 2C', we get the estimates

XOP + [EDP < a <|x0|26at + [ " ot=3)g o) ds) +alt).
For all 0 < s <t, in order to estimate the right hand side, we use the obvious control

10:@ | (0,510 Ry s 1R (S, ) oo may < 0@l (0,510 may) =2 A

After some simplification, we finally obtain the result for

o 0ol A Y e
R(N t,20,v0) = V2 5\:60] + |V (x0)| + 5 +E+2/+C e,

It concludes the proof of Lemma 2.3.1-a).

Next, let (X7, &) and (X3, &) be two solutions of (2.9) with the same initial data (zg, vo), but
different potentials ®1, ®5. We already know that the two characteristic curves (X;(s),&(s)),
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for i € {1,2}, belong to Bs(x,v). We have
d
11 X1s) = Xals) < [€u(s) — &a(s)],

S 1ea(s) — &(5)] < IV (@1(s,) ~ Bals, ) [l
+HX1(s) = Xo ()| VAV + @15, ) | e (Ba()
The Gronwall lemma yields the estimate
(G060 - (GE.6O)
< [ 1@ = @) lwrosoy exp ([ (IV30 + @1(0)) (s ey du) s
Finally, we wish to evaluate the backward characteristics, looking at the state at time 0,

given the position/velocity pair at time ¢. Namely we consider cp? *(x,v) for s < t, bearing
in mind 7" (z,v) = (x,v). We set

(F)e=(5 et e

We check that (Y, () satisfies

d d
Y (5)=C(s), -C(s) = =VV(Y(s)) = VO(t = 5, Y(s)),
Y (0) = =, ¢(0) =w.
Changing ® for ®(¢ — -), this allows us to obtain the same estimates on (Y, () for all s > 0.
We conclude by taking s = t. [ |

Proof of Corollary 2.3.4. Theorem 2.3.3 constructs solutions to (2.7) in C°([0, 00); L' (R x

R%)). We have now the functional framework necessary to justify the manipulations made in

Section 2.2. For Wy, ¥, verifying (H3), formula (2.8) defines a solution ¥ € C([0, 00); L*(R™ x

R%)) of the wave equation, and finally ( f, ¥) satisfies (2.2)-(2.5). Conversely, if f € C°([0, 0); L' (R?x
R?)) and ¥ € C([0,0); L?(R™ x R?)) is a solution of the system (2.2)—(2.5), then we can

rewrite ® = &y — L(f) and f verifies (2.7). This equivalence justifies the first part of the
statement in Corollary 2.3.4.

It only remains to justify the energy conservation. We consider an initial data with finite
energy:

c? 1
Eo=— IV, Wo(z,y)|* dydz + Wy (2, y)* dydz

2 JrRixRrn 2 JRIxRn

ggib
2
—i—/ fo(z,v) <|U| +V(z)+ CI>(0,x)> dvdz € (—o0, +00).
Rd xRd 2

Spart

0
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For the solutions constructed in Theorem 2.3.3, we have seen that the self-consistent po-
tential remains smooth enough so that the characteristic curves t — (X (¢),£(¢)) are well-
defined. Therefore, we can write
2
/ f(t,z,v) <||+V( )+ (¢, x)) dvdx
Rax R4 2
_ 1@ ( )2
= fo(z,v) + V(X () +@(t, X(t)) | dvdz.
R4 xRd
For any (¢, x,v) we have the following equality

4
dt

€)1
2

lV(X(t)) + ®(t, X(t)) + ] = (0, @) (t, X (1)).

Therefore, we get
Jvl?

/RdXRd f(t,z,v) (2 +V(z) + 2t x)) dvdz
5+ fo(z,v) /t(at‘b)(S,X(S)) dsdvdz

R4 xR4

part
+/ /Rded s, 2,0)(0:P) (s, z) dvdrds

__ epart
=& —i—/o /de(s,x)(@t@))(s,a:)dxds.

Next, let ¥ be the unique solution of (2.4) associated to f. We first assume that the initial
data Uy et Wy are smooth, say in L?(R? H?(R")). Therefore, going back to (2.8), we can
check that W lies in C'([0, 00); L2(R9, H?(R"))). Integrations by parts lead to

d |1 ) c? 2
3 Lo 0P Ayt S [ 9 sy

dt
= A (03\11 - C2Ay‘lf) t,z,y)dydz

R2xR™

=— U (t,z,y) p(t,-) x o1(x) oa(y) dy dx

R2xR™

=— /Rd pOy®@(t, x) dx

02
o0ty dedy+5 [V, ¥ty dedy

Hence, we obtain

1
2 JRixRn

=& /Ot /]Rd p(s,2)(0,®) (s, z) dz ds.

It proves the energy conservation for such smooth data.

We go back to general data with finite energy: ¥, € L*(RY, H'(R")) and ¥, € L?(R% x R™).
We approximate the data by W& and U lying in L?(R?, H2(R")). Using (2.8), one sees the
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associated sequence (U¥);cy of solutions to (2.4) converges to ¥ in C'([0, 0o); L*(R4, H'(R™)))
and C1([0, 00); L?(R? x R™)). This implies one can pass to the limit in the energy conserva-
tion. [ |

Remark 2.3.8 We point out that, whereas energy conservation is an important physical
property, it was not used here in the existence proof. In particular, one should notice that it
does not provide directly useful a priori estimates on the kinetic energy, since the potential
enerqy associated to the external potential V' can be negative and unbounded under our as-
sumptions. In order to deduce a useful estimate the assumptions on the initial data need to
be strengthened: in addition to (H5) we suppose

M, = , fo(z,v)|z[*dvdr < co.

RIxR

We set V_(z) = max(—=V(z),0) > 0. Then (H2) implies

/]Rd i flt,z,v)V_(x)dvdx < f(t,z,v)O(1 + |z|*) dvda

RaxR4

< Ol foll ot maxrey + C/ fo(z, )| X(#)]* dv dz,
Rd x R4

where X (t) stand for the first (space) component of ©5(x,v). Reproducing the estimates of
the proof of Lemma 2.3.1, we get

1 [of* V2w
\/5<V(:U)+ . +<I>(0,x)) (V70 _ 1) 4 b(t)

X (1)) < JafeY?? +
where
¢ 1/2 .
o(t) = \/5/0 (C (5, ) Lo gy + Suatq)HC([O,s];LOO(Rd))) eV2C(=9) 4.

It follows that

X (8)] < 9|z|2e®V2C" + g <v<x> +

[of*

5+ 20, @) (Y2 — 1)? 4 9b(t)2.

FEventually, we find
/R o [0V (@) dvde < Ce>V2C M, + 9(e¥? — 1)28, + C(96(t)* + V)| foll 1t et

Therefore the potential energy associated to the external potential cannot be too negative and
all terms in the energy balance remain bounded on any finite time interval.
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2.4 Large wave speed asymptotics

This section is devoted to the asymptotics of large wave speeds. Namely, we consider the
following rescaled version of the system:

atfe +v- vacfe - vx(v + CDE) : vvfe = 07

(I)e(tv Z, y) = /IR"X]Rd \Ile<t7 2 y)0'2(y>0'1($ - Z) dz dy7 (215)
1 1

(08 = -8, )ultay) = —-only) [ onla =)tz 0)dvd
€ € Rd xRd

completed with suitable initial conditions. We are interested in the behavior of the solutions
as € — 0. We shall discuss below the physical meaning of this regime. But, let us first
explain on formal grounds what can be expected. As ¢ — 0 the wave equation degenerates
to

_Ay\Ij<t7 €, y) = _UZ(y) 01 : p(tv SL’), p(tv .T) = /Rd f<t7 Z, U) dv.
We obtain readily the solution by uncoupling the variables:
\Ij(tv Z, y) = V(y) 01 ’; p<t7 .73)

where « satisfies the mere Poisson equation A,y = 0y. At leading order the potential then
becomes

O(t,x) = —r X *p(t, x), Y =0y %0y, I{:—/ o9y dy.
x R"
Therefore, we guess that the limiting behavior is described by the following Vlasov equation
Ohf+v-Vuf =V . (V+&)-V,f=0.

As far as the integration by parts makes sense (we shall see that difficulties in the analysis
precisely arise when n < 2), we observe that

K= / IV, 7° dy > 0.
R

It is then tempting to make the form function o; depend on € too, so that 3 resembles the
kernel of (—A;). We would arrive at the Vlasov—Poisson system, in the case of attractive
forces. We wish to justify these asymptotic behaviors.

Dimension analysis

In (2.2), f is the density of particles in phase space: it gives a number of particles per unit
volume of phase space. Let T, L, ) be units for time, space and velocity respectively, and set

t'=t/T, o=x/L, Vv =0v/V
which define dimensionless quantities. Then, we set

f/(t/, :C/,UI) Lfd Vfd — f(t,x, U)
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(or maybe more conveniently f'(¢',2',v")dv'da’ = f(t,z,v) dvdz). The external and inter-
action potential, V' and ®, have both the dimension of a velocity squared. We set

V(z) = V2

ext

V'(z"), O(t,x) = W &' (', 2)),

where Vet and W thus have the dimension of a velocity. We switch to the dimensionless
equation

/ VT/ / T 2 / W2 / I
8t/f +TU Va;/f WV v$/<v +(V) @)Vl;lf =0.

The definition of the interaction potential ® is driven by the product oy(z)oy(z)dx. We
scale it as follows
o9(2)oy (z) do = X, L) (2) o) () da'.

It might help the intuition to think z as a length variable, and thus ¢ has a velocity, but
there is not reason to assume such privileged units. Thus, we keep a general approach. For
the vibrating field, we set

Y(t,x,z) =W, 't 2,2, 2 =z/L,
still with the convention that primed quantities are dimensionless. Accordingly, we obtain
W? =3, L, "
and the consistent expression of the dimensionless potential
¥(t,0) = [ ol ~ )y, ) a2 dy

The wave equation becomes

T?c? T°%, L%
0E — B A = — v L™ aé(z')/ai(x' — )ty 0)dv' dy'
_*,_/
2%,
v,
Note that e - -
L= L0, ——— =W :
v, wrrae "V g

Let us consider the energy balance where the following quantities, all having the homo-
geneity of a velocity squared, appear:

e the kinetic energy of the particles [ v?f dvdz; it scales like V2,
e the external potential energy [V f dvdz; it scales like V?

ext»

e the coupling energy [ ®f dvdx; it scales like W2,
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e the wave energy which splits into:

a) [|0:)2 dz da, which scales like W2L2L"

* T2 >
b) ¢ [|V.,0u|? dz dz, which scales like ¢* U2 Lan.
02

Note that the kinetic energy in a) is times the elastic energy in b).

c2T?

To recap, we have at hand 5 parameters imposed by the model L, ¢, c, W, ¥, and two param-
eters governed by the initial conditions V and W,. They define the five energies described
above.

We turn to the scaling assumptions. It is convenient to think of them by comparing the
different time scales involved in the equations. We set

/ 2

If 7 is a length, say the size of the support of the source oy, then this regime means that the
time a typical particle needs to cross L (the support of o) is much longer than the time the
wave needs to cross ¢ (the support of 03). Next we suppose that the kinetic energy of the
particle, the energy of the particle associated to the external potential, the elastic energy of
the wave as well as the interaction energy, all have the same strength, which can expressed

by setting .
7= V = Vet = W = /2U2Ldn=2,

As a consequence, it imposes the following scaling of the coupling constant

It also means that the kinetic energy of the wave is small with respect to its elastic energy.

Statements of the results

Throughout this Section, we assume (H1), and we shall strengthen the assumptions (H2)-
(H5) as follows (note that since we are dealing with sequences of initial data, it is important
to make the estimates uniform with respect to the scaling parameter):

2,00

the external potential V € W>°(R?) is non negative, (H7)

foe € LY(RY x RY), with a uniformly bounded norm,

and Wy, ¥, . € L*(R? x R") are such that the rescaled initial energy
2

v
= fouas (5 V10 oo 1 (H8)
€
¢ U, 2 dyd f/ U, 2 dyd
+2 R"de‘ 1” y $+27R”><]Rd‘vy 0’| yer

is uniformly bounded: 0 < sup,., & = & < 00.
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fo.c is bounded in L®(R? x R%). (H9)

Theorem 2.4.1 Suppose n > 3. Let (H1) and (H7)-(H9) be satisfied. Let (f.,¥.) be
the associated solution to (2.15). Then, there exists a subsequence such that f. converges in
C([0,T]; LP((RY x RY) — weak)) for any 1 < p < oo to f solution of the following Viasov
equation

{atf+v-vzf—vx(v+<i>)'vvf=0’ (2.16)

f(O,x,v) = fO(I,U),
where

_ 2
O = —rd *p, Z:alﬂ;al, m:/ <|02>( |>2|2d£,

and fo is the weak limit in LP(RY x R?) of fo..
In order to derive the Vlasov—Poisson system from (2.15), the form function o; need to
be appropriately defined and scaled with respect to €. Let # and d be two radially symmetric

functions in C>°(RY) verifying:

0<6,0<1 O(x) =1 for |z| <1, 0(z) = 0 for |z| > 2, /dé(x)dle.
R

We set 0.(z) = 0(\/ex) et d.(z) = Edl/zé(:v/\/g) and

0.

df[,‘ -1/2
: _ d—1
= Cibes s with Gy = (]S |/Rd e —a:|d—1> . (2.17)

Theorem 2.4.2 Let d = 3 and n > 3. Assume (H1) and (H7)-(H9). Let (f.,¥.) be
the associated solution to (2.15) with o1 = o1, depending on € according to (2.17). Then,
there exists a subsequence such that f. converges in C([0,T]; LP(R? x R3) — weak) for any
1 < p<ootof solution of the attractive Viasov—Poisson equation

AD = kp, (2.18)
f(O,ZL“,U) = fO(I’U>

where fy is the weak limit in LP(R® x R®) of fo..

Remark 2.4.3 In Theorem 2.4.1, if, furthermore, we assume that (foﬁ) L, converge (in
the appropriate weak sense) to fo, by uniqueness of the solution of the limit equation, the
entire sequence (fe) L Converges to f. For Theorem 2.4.1 and Theorem 2.4.2, if the ini-

tial data converges strongly to fo in LP(RY x RY), 1 < p < oo, then f. converges to f in
C([0,T]; LP(R? x RY)).
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Convergence to the Vlasov equation with a smooth convolution
kernel

Taking into account the rescaling, the analog of (2.7) for (2.15) reads
1
Of. +v-Vof, — vx(v + By, — E,Ce(fe)) V. f. =0, (2.19)

with

ooltir)= [ Wltzy)orle - 2)oaly) dydz.

where U, stands for the unique solution of the free linear wave equation (in R™) with wave
speed 1/e and initial data ¥y, and ¥ ., and

Lf(e) = i/RdE(x—z) (/Ot,og(t—s,z)
X (/ sin(l€ls/ve) |5 eye 48 ) ds> dz  (2.20)

G 2y’
= (2 [ nte- e w0 @

where we have set

00 = e [, e IAOP de

(it is nothing but p(t) as introduced in Section 2.2 evaluated with ¢ = 1; of course when
¢=1and e = 1, the operators XL, in (2.20) and £ in (2.6) coincide.)

Lemma 2.4.4 Let n > 3. Then q is integrable over [0, +oo[ with

S R
/0 q(t)dt_(%)n/n op o dE=k>0

Proof. By virtue of the dominated convergence theorem, ¢ +— ¢(t) is continuous on [0, c0).
Bearing in mind that o, is radially symmetric, integrations by parts yield

q(t) ‘Sn |

/ sin(tr)r"2|a3(rey)|? dr

|S” 1| % cos(tr) d

[r"‘2|<’7\2(r61) |2} dr

emr ot dr
|S" W opeosin(tr) d® ¢, o
= G e T iEe] ar
Hence, we can estimate as follows
K ) Snfl d2 P
lq(t)| < ) with K = |(27r)”| ; ‘duZ [r zlaz(rel)ﬂ‘ dr < oo
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which proves g € L([0, 00)).
Next, we compute the integral of q. For M > 0 we get:

Mo L (D L
[Mama = i [ ([T 0] o pas

1 1 —cos(ME]),_—, 1o
= d
= K— S cos(Mr)r"3|a3(re,)|* dr
(2m)™ Jo
s"]
M (2m)"
We conclude by letting M tend to oco.
2
Note that  is infinite for n = 2 since ‘UTg(fQH ~Es0 H<72||2L1(R2)ﬁ does not belong to L'(B(0, a))
for any a > 0. |

o d [y
/0 sin(Mr)— [ |53 (ren) ] dr.

We turn to the proof of Theorem 2.4.1. Of course we have
Sgg | fe(t, ‘)HLl(Rded) = Sgg HfO,eHLl(RdXRd) = My < o0,

and the LP norms
| fe(2, ')HLP(Rded) = HfO,eHLP(RdXRd)
are also bounded, for any 1 < p < oo by virtue of (H9). Furthermore, the energy conserva-
tion yields
2

v
E.(1) = /RW (2 LV <I>€>f6 dv dz

€ 1 _
€ 8,02 dyd f/ VU2 dyde < &,
+2/R”><]Rd| t | y ZE+2 R"XRdl Y | yar = <o

Let us set .
- €
gyib — € U, 2 dyd f/ V., U, |? dy da.
0,e 2 R"XRd| 17’ Y x+2 R"XRd| Yy 07| yazr

As a consequence of (H1) and (HS8), & is bounded uniformly with respect to e. Ow-
ing to the standard energy conservation for the free linear wave equation, we observe that
IV Wl oo (0,002 (RAxRAY) < (2E52)1/2. Then Sobolev’s embedding (mind the condition n > 3)

allows us to deduce the following key estimate on 0,

~ vi 1/2 —\1/2
||\Ije||LOO(R+;L2(]Rd;L2n/(n—2)(Rn))) S O<50’6b> S O(g()) (221)

Applying Holder inequalities, we are thus led to:

1/2
|o.c(t,2)| < Clloall 2nsonra oy |01 [l 2zey (&) (2.22)
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and similarly

_\1/2
[Va®o(t, )| < C||U2||L2n/<n+2>(Rn)||Vx‘71||L2(Rd) (50>

Concerning the asymptotic behavior, we shall use the following claim. It is not a direct
consequence of these estimates and it will be justified later on.

(2.23)

Lemma 2.4.5 Let x € C%°([0,00) x R? x R%). Then, we have

lim /oo/ Vi@ x(t, z,v) dvde dt = 0.
0 JRixRd

e—0

The cornerstone of the proof of Theorem 2.4.1 is the estimate of the self-consistent
potential. By virtue of (2.20), for any 1 < p < 0o we get

*EE(fe)(tv )

€

IA

ey S WP larllodli o iy [ la(s)] ds

< 12| o@ey Mo ||| 21 ([0,4-00))

as well as

1
|Vt < IVl Mollalor oo
€ Lp(RY)

Let x € C°(RY x R%). We have

\/]Rded fE(t’ Z, U)X(xv U) dvdzx

< MOHXHLOO(]RdXRd)

and

d

T /Rded fe(t,z,v)x(z,v)dvdx < Myljv - Vx = VV - Vx| oo (et sty

_\1/2
+<||Q||L1([o,+oo))||Vx2||L°o(Rd)M§ + C Mo ||oa]| p20/0v2 gy | Voo || 2 ey (50) >
X HVUXHL‘X’(]RUZXRd)'

Reproducing arguments detailed in the previous Section, we deduce that we can assume,
possibly at the price of extracting a subsequence, that

ll_r)% . fet,z,v)x(x,v)dvde = /Rdx[Rd ft,z,v)x(z,v)dvde
holds for any x € L (R? x R?) uniformly on [0,7], 0 < T < oo, with f € C([0,T]; LP(R? x
R?) — weak), 1 <p <oo, 1/p+1/p =1.

Next, we establish the tightness of ( fe) » with respect to the velocity variable, which
will be necessary to show that the macroscopic density p. passes to the limit. Since &g,

o1



and %,CE( fe) are uniformly bounded and V' > 0, we infer from the energy conservation the
estimate

Kl
/]Rded o (t,z,v)dvdz

_ ) 1/2
< & + gl 110, +00)) 12l oo ey Mg + C Mol| 02| p2n/ a2 gy |01 ]| 2 ey (50) :

Hence, we can check that p.(t,z) = [ga fe(t,2,v) dv dz satisfies

lim [ pe(t,x)x(z)dz = /Rd p(t,z)x(z)dx (2.24)

e—0 JRd

for any y € Co(R?), with p(t,z) = [ga f(t,7,v)dv. As a matter of fact, we note that (H1)
and (2.24) imply

lir% Vol # pe(t,z) = Vo X * p(t,z) for any (t,z) € [0,T] x R?. (2.25)
€E—r
Furthermore, we have

| D3 (2% pe) (8, 2)| < Mo [|Z][w2oe (ray,

and, by using mass conservation and the Cauchy-Schwarz inquality,

092w p) (k)| = | [, D22 =) ([, vht . v) o)

1/2 , 1/2
< | e gy (/RR £ dv dx) (/Rdxwv L dvdx)

< 1S lwaoeisny V2T (€0 + lallonsoonlISlooecun M3

+O Mool sy 1 20y (E5) ) .

Therefore convergence (2.25) holds uniformly on any compact set of [0, 00) x R
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We turn to examine the convergence of %Vxﬁg( fe) to KV, X % p. We have

tvxce( L)t 2) — £V.5 % plt, 2)

t/ Ve
VX pe(t — sve, x)q(s)ds — KV, X * p(t, x)

0

< |/Ot/\/E (VxE * pe(t — sv/e, ) — V.2 * p(t, x)) q(s)ds

—l—/oo s)ds
t/ﬁq()

Va2 * pl| oo ((0,00) xr?)

t/ /e
< [T pe= VS p)(t = sV, )] Ja(s)] ds
0
t/ Ve
—I—/ V.2 p(t — sve,x) — VX % p(t, )| |q(s)|ds
0

+/OO ds ||V22 * pl| Lo ((0.00 .
lt/\ﬁ|q(3)| s | ollL ((0,00) xR%)

Let us denote by I (¢, x), II.(¢, x), I1I.(¢), the three terms of the right hand side. Firstly, for
any ¢t > 0, IIL.(Z) tends to 0 as € — 0, and it is dominated by & || X[y ga)Mo. Secondly, for
any 0 < T < oo and any compact set K C RY, when (¢, z) lies in [0, 7] x K, we can estimate

|IE(t> $)‘ < HvxZ * e — V2o % PHL"O([O,T}XK)||QHL1([0,OO)
which also goes to 0 as € — 0. Eventually, still considering (¢,x) € [0,T] x K, we write
1/ Ve
T (t, z)| < / sup |V,.3 * p(t — sv/e, z) — V.2 = p(t, 2)| |q(s)| ds.
0 z€K

By using the Lebesgue theorem, we justify that it tends to 0 as e — 0 since (t,z) —
V.2 % p(t, z) is uniformly continuous over any compact set, the integrand is dominated by
2(|3 || w0 ey Mo|q(s)], and ¢ € L'([0,00)). Therefore, for any 0 < t < T < oo and any
compact set K C R¢,

1
sup ‘vaﬁg(fe) — kV,2 * p'(t,$) m 0,

zeK

and this quantity is bounded uniformly with respect to 0 <t < T < oo and € > 0.
We go back to the weak formulation of (2.15). Let x € C°([0,00) x R? x R%). We
suppose that supp(y) C [0,7] x B(0, M) x B(0, M). We have

- f07€X(0,fL’,U) dvdz — /OO/ feathUdZEdt
R x R4 0 JRIxRd
— [Tt Vaxdvdedt+ [T [V VoV @) dodadt
0 JRIxRE 0 JRIxRE
o0 1
= / / fe Vo=L(f) - Vyxdvdzdt.
0 JrRixRrd €
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Obviously, there is no difficulty with the linear terms of the left hand side. For the non linear
term we proceed as follows:

/Oo/ 1. Vxlﬁg(fe)-vvxdvdxdt—/w/ FRV.Y % p- Vox doded
0 JRIxRE € 0 JRIxRd
0 R4 x R4 €

+/OO/ (fe—f) KV Z % p- V,xdvdxdt.
0 R4 xRd

The last term directly passes to the limit. The first integral in the right hand side is domi-
nated by

T 1
MOHVUXHLOO([O,OO)XRdXRd) A %?OPM) ‘vxeﬁe(fe) — KV % p (tv y) dt.
ye b

We conclude by a mere application of the Lebesgue Theorem.
If the initial data fy . converge strongly to fo in LP(R?xR?), the nature of the convergence
of f. to f can be improved by applying general stability results for transport equations, see

31, Th. 11.4 & Th. IL5], or [16, Th. VL.1.9].

Proof of Lemma 2.4.5 As a matter of fact, the variable z € R? just appears as a parameter
for the wave equation, and Y (¢, z,y) = (o1 * W.(t,-,y))(x) solves the linear wave equation

€2, — AT =0,
with the data
Te(oa 3?,?/) =01 * \IIO,G(xyy)a 8tT€(O,:c, y) =01 % \Ijl,e(xa y)

The parameter x being fixed, we appeal to the Strichartz estimate, see [69, Corollary 1.3] or
[76, Theorem 4.2, for the case n = 3,

1/p

1 o p/q _
el/(?p)(/o (/Rn!Te(t,x,y)lqdy> dt) < C\/EP ()

where we set
EP@) =c [ Jovs Ve y)Pdy+ [ lore VyWole,y)dy.

(That ﬁ appears in the inequality can be checked by changing variables and observing
that Y. (t\/€, x, y) satisfies the wave equation with speed equals to 1 and data (o1 %Wy, /€0y *
U, .).) This inequality holds for admissible exponents:

1

n n
ZSPSQSOO, 7+7:7 )
P q 2 D q 2




Observe that -
L&) de < ol &2 < o1l &

It follows that

2/p

o° p/q ~
J (/ (Lt miay) dt) Az < |0 s ey Goe'” — 0.
Re 0 " e—0

A similar reasoning applies to V, T with V,0; replacing ;. Let x € C2°([0, 00) x R? x R?).
We suppose that supp(x) C {0 <t < M, |z| < M, |v| < M} for some 0 < M < co. We are
left with the task of estimating

/ /d dfev Do x(t, z,v) dvdr dt = / / (1, 2)V . Pg o (t, ) da dt
RExR

where we have set

R (t,x) = /]Rd fex(t,z,v)dv

With the standard notation 1/p+ 1/p’ = 1, using Holder’s inequality twice, we get

[V @oex(t, z,v)dvde dt‘

R xRd

0

oo , 2/p 1/2 00 2/p 1/2
< P »
_</R(/O Rt ) de) da:) (/R(/O V.o (t,2)]” dt d:p) ,

We readily obtain

1/2

oo , 2/p’
(/d(/ Rt ) de) dx) S T P ———
R 0
< MRV fo |l poo maxrey XN oo ((0,00) xR xRE)

which is thus bounded uniformly with respect to € > 0. Furthermore, with 1/¢+ 1/¢ =1,
we have

00 2/p 2/p
/d </ |V ®o (L, )P dt) dr = ( ‘/ ooy (t,x,y)dy dt) dx
R’ \Jo
/p
<ol [, (7] [, 190 dt) s
which tends to 0 like €'/7. n

Convergence to the Vlasov—Poisson system

The existence theory for the Vlasov—Poisson system dates back to [7]; an overview of the
features of both the repulsive or attractive cases can be found in the lecture notes [14]. The
following statements are classical tools of this analysis, that will be useful for our purposes
as well.
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Lemma 2.4.6 (Interpolation estimates) Let f € L'NL>®(RY x R?) be such that |v|™f €
LY(RY x RY). Then p = [ga f dv lies in LU"TD/4(R) with

m ) (RE . d/(d+m)
I lscasonragasy < Clm, DIIFL™E ([ofnsdvaz)

where C(m,d) = 2|B(0, 1)|™/(m+d),

Lemma 2.4.7 (Hardy-Littlewood-Sobolev inequality) Let 1 < p,r < o0 and 0 < A <
d. Assume 1/p+1/r =2—M\/d. There exists a constant C' > 0 such that for any f € LP(R?)
and g € L"(RY) we have

f(@)gly
[, D99 4y gl < ool

ixrd |z —y|*

We refer the reader to [14, Lemma 3.4] and [62, Th. 4.3], respectively, for further details.
Next, we check the convergence of the approximate kernel defined by o .

Lemma 2.4.8 Let d > 3. For any d/(d —1) < g < 0o, we have:

C,0. C40. T
Hv<w@4*wﬂ4>“*”d‘”SWWﬂd el

La(Rd) e—0

Proof. We remind the reader that the convolution by |z|'~¢ is associated to the Fourier
transform of the operator with symbol 1/|¢], see [62, Th. 5.9]. The convolution of radially
symmetric functions is radially symmetric too. For d > 3, we compute as follows

1 1 dy
<MW1*MW1>W)‘.@wm1m—mdl

_ / || dy B 1
re 2[4 ey — y|t |4 y[d=t S| OF fafd=2

v<| Cd “ Cd >(l’): d—2 =«

P T ) Y TS el

Differentiating yields

Hence, we can write

- Cibe  Cab, (d—2)z
a@)*‘V<MWA*LWA>“)|W4mw

_ @v(&+1*&_v¢m

HiEnE

= 2 +(1—=d).—1)

6. +1 (v&
|

| . ‘d—l * . |d—1
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Let p > 1. On the one hand, we have

vo. |I” Vo, ()
B = /Rd |yx|p<gi—)1|) de
LP(R4) q
xr
SV N B =

dx
d(p—1) p _
S (VITPIVOILe ma) /1<|a:<2 jr[pte=1)”
On the other hand, we get

/Rd ((95(:E)——1)x pdx < /\@LEZI |xd|£§d _ (\/E)d(pfl) </|$21 |xd|fd> .

E
Accordingly, the following estimate holds:
V. 0. —1)-

|,‘d71 ’_‘d+1

+(1—d) < Cele=/Cp), (2.26)

Lp

where C' > 0 depends on p and d only. Finally we remark that 0 < Oc(z)+1 < lwlg,l. By

|$|d71

coming back to Lemma 2.4.7, we deduce that there exists a constant C' > 0 such that

‘/Rd O.(x)g(x) dz| < C||g|| prgay (Ve) P1/P

holds for any g € L"(R?), with 1/r = (d+1)/d —1/p > 1/d, r > 1. Therefore, by duality, it
means that &, converges to 0 in L4(R%) for any d/(d — 1) < q < oo. n

Proof of Theorem 2.4.2. From now on, we restrict to the case of space dimension
d = 3. Compared to the previous Section, additional difficulties come from the dependence
of the form function oy with respect to € so that deducing uniform estimates from the energy
conservation is not direct.

Step 1. FEstablishing uniform estimates.
We start by observing that f. is bounded in L>(0, co; LP(R? x R?)) for any 1 < p < oo, since
| fe(t, )l rmsxrsy = || fo,ell Lrms xr3)-

Next, the energy conservation becomes

1
E(t) = ‘ 0, W (t, z,y)|° dydz + f/ IV, U (t,z,y))* dydz
R" 2 JR3xRn

5 R3 x
v]®

+ fe(t,x,v) ( +V(z)+ @E(t,x)> dv dx
R3 xR3 2

= 5;(0) E;é%.
Let us study the coupling term:

/RP,XRS fe(t, z,0)@(t, z) dvda = /R3 pe(t, )P (t, x) dz = S (t) + Tc(t)
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where we have set
S.(1) = —1/ peLo(f)(t, ) da
= [ (oreroren [ alo)anlt — svE ) ds )@t ) s
= [ (e [ a0t — 571 d5) (@) 00 % it )

and
0= [ pboclta)de, B ta) = (orx [ eltip)nal)dy) (@)

Like in the previous Section, U, stands for the solution of the free linear wave equation with
wave speed 1/e and initial data Wy and U, .. Firstly, we establish a bound for

1Sc®)] < llallzroconlore * pell oo o r2es))-

However, Lemma 2.4.7 yields

% Oc * Pe

0.
o1, * P6HL2(R3 Cd < CHpﬁuLG/5(R3)'
I-] L2(®9)

Let us set

ety = [ lolflt,z,0)dvda
R3xR

for the particle kinetic energy. Lemma 2.4.6 leads to

2/5 in\3/5
1pell sy < C(2,B)1Fell 7 s s (€57 (2.27)
The Holder inequality allows us to estimate || pel| fe/srs) < HpeHz/llé{g HpeHi/sl/i (gs)- Combining
these inequalities, we arrive at
in 1/4
love # pell sy < C(E5) (2.28)

for a certain constant C' > 0, which does not depend on €. Therefore, we obtain
in||1/2
Sc(®)] < C?llallz ooon 1EE" 172 0.

Secondly, we estimate the term involving @ :

Te(t) = /RdeN(pe x01e) (8 ) Ve(t, 2, y)oa(y) dy
is dominated by

|16 * Pell Lo (0,602 ®3)) | Well oo (v s12(RE L20/ -2 Ry | T2 || L2042 (Y
Using (2.21) and (2.28), we get

IT.(t)] < C/(gfin(t)>1/4 (5&123) 1/2

where the constant C' > 0 does not depend on €. It remains to discuss how (H7)-(HS8)
implies a uniform estimate on the initial state. Note that S.(0) = 0. Hence, by using (HS8),
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we are led to
vib 1 kin o / kin 1/4 vib 1/2
Eor + 5E(0) < E0) +|T(0)] < & + C'(€50(0) (&%)
It allows us to infer

sup Sfm(O) = Eé‘m < 00, sup Ea"eb Sglb < 0.
0<e<1 0<e<1

Coming back to the energy conservation, with(H7)—(H8) together with the estimates on T\
and S, we deduce that

1 in in in 1/4 ovi 1/2
€ (1) < &0+ C¥lallr oo IEE™ 12 oy + O (E8° D) T (&52)

holds, which, in turn, establishes the bound

sup  EM(t) = £ < 0.
0<e<1, £>0

Going back to the interpolation inequalities, it follows that p, is bounded in L>(0,00; L' N
L5/3(R?)).

Step 2. Passing to the limit.

The kinetic equation can be rewritten

1
atfe +v- va:fe - Vm<v + (I)O,e - 6£E(f6)) ' V’Ufe = 0.

We start by establishing that V, f. - V, &g =V, - (feV,Po,) converges to 0 at least in the
sense of distributions.

Lemma 2.4.9 Let x € C%°([0,00) x R? x R%). Then, we have

lim /oo/ V@ x(t, z,v) dvde dt = 0.
R4 xR4

e—0Jo

Proof. It is convenient to split

0, N
Qo (t,z) = /n ()Cg| |2*56*\Il€(t,x,y)dy

— B (t) + (4 2)
with

n

CIJ{)“?m(t x) :/ oa(y *(5 « U (t,z,y)dy,

OET (L, ) / 0 (y)Cs—~———= % 6. % U (¢, z,y) dy,



and we remind the reader that \Ile(t,x, y) is the solution of the free wave equation (ed? —
Ay)¥,. = 0 with initial data (Ug., Uy ). Accordingly, we are going to study the integral

/o /Rded feVa®o x(t, ,v) dvdzdt

_ /0 - /R Rt 2) (V@52 + V,05m) (¢, 2) do dt
with
R (t,x) = /Rd fex(t,z,v) dv
where y is a given trial function, supported in {0 <t < M, |z| < M, |v| < M} for some

0< M < 0.
We observe that

1 .
Thus, by using (2.26) with d = 3 and p = 2, we are led to

rem 3/4 ST . /
vt <0 ( [ ] (50 [ atnBtnan) @)

However, by (2.21) we have
e * /Rn U.oy(y) dy

) 1/2
dx’) )

L22([0,00); L2 (R?))

~ 1/2
< ||5e||L1(R3)||02||L2n/<n+2>(Rn) Stgg </Rd [W(t, , ')||%2n/<n—2>(nen) dl’)

— . \1/2
< Clloall yonsoyranny (E5°)

It implies that V,®{ (¢, 2) converges uniformly on (0, 00) x R? to 0. Since R. is clearly
bounded in L'((0,00) x R? x RY), we conclude that

/ / RV, dz dt — 0.
0 Rd ’ e—0

We need a more refined estimate to deal with the leading term @gfin. We begin with

JAY AR dt‘
0 R ’

00 , 2/p 1/2 00 . 2/p 1/2
e e
R \JO R4 \JO ’

main

We realize that the components of V,®g#" are given by the solutions T;. of the wave
equation

(e@f - Ay>TJ}6 =0
with data
Cg CS
Tj,e<07 I7y) = a g ¥ 66 * \110,6(177y)7 atTj,e((),xa y) = 8 T ¥ 65 * \Ijl,e(x7y)7

Rk o P
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and the space variable € R? has only the role of a parameter. It satisfies the following
Strichartz estimate

1 o p/q 1/p .
/()(/ ([ 17t ay) dt) < C\JET

where

GP@) =c [ 10702y dy+ [ [9,T(0,2.5) dy

(for admissible exponents as detailed above). The Fourier transform of x — V, & |$\2 is |§| see
2 9
(62, Th. 5.9], which implies that the convolution operator g — V ‘ % g, is an isometry from
L*(R?) to (L*(R?))*. Furthermore, we have |0  g||r2®s) < [|0c]| rre 9]l r2@s) = [l9]l 22 (r3)-
It follows that
IVyYe(0)|| L2rs xrry < [|VyWoell 2R3 xrr) 10:c(0) || L2 ra xrry < || W1 el 2R3 xmr)-
Y Y Y Y
Strichartz’ estimate then leads to

o0 ) 2/p 1/2 - —
</ ([ 1v.opzmy ar) dx) < Cel/), g5 < el [y
Since f. is bounded in L>(0, co; LP(R? x RY)) for all 1 < p < oo, and y is bounded and
compactly supported we conclude that
/ h / RV, @5 drdt — 0,

(Note that the same argument can be applied to show that V., @5 vanishes faster than what
has been obtained with the mere energy estimate.) [ |

Next, we study the non linear acceleration term. Let us set

t/\/e
Pe(t, ) = ¢ * O, * / pe(t — sv/e,x) q(s)ds
0

It is clear, with Lemma 2.4.4, that ﬁe inherits from p, the uniform estimate L>(0,00; L' N
L?3(R?)). We also denote E(z) = 7= o7 the elementary solution of the operator —A, in R®.
Note that Vo E(z) = — 555, Bearmg in mind Lemma 2.4.8, the self-consistent field can be
split as follows

1vmce( £)(t ) = h”(%% \ |03|92> V.| 5t )+ VB plte). (229)

H} LT (R3)’
hence, owing to Lemma Lemma 2.4.8 it tends to 0 as € — 0 in L*°(0, 00; L"(R?)) for any
3/2 <r < oo. Next, Lemma 2.4.7 tells us that

V. E * p. is bounded in L>(0, oco; L15/4(R3))-

In the right hand side, the L" norm of the first term is dominated by || pe|| Lo (0,001 (R3))

Therefore, adapting the reasoning made in the previous sections, we deduce that we can
extract a subsequence, such that, for any trial function y € LP(R? x R%), 1/p' +1/p = 1,
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1 <p<oo,

lim fe(t,z,v)x(z,v)dvde :/ ft,z,v)x(z,v)dvde

e—0 JR3xR3 R3xR3
holds uniformly on [0, 7], for any 0 < T' < oco. Since the uniform estimate on the kinetic
energy imply the tightness of f. with respect to the velocity variable, we also have

lim pe(t z,v)((z)dr = /R3 p(t,x)¢(x) dx, p(t,x) = /}R3 f(t,z,v)do,

e—0

uniformly on [O,T], for any 0 < T < oo and any ¢ € LY(R?), ¢ > 5/2 or ¢ € Cy(R?). Clearly,
for any ¢ € C®(R3), d. * 0. * ¢ converges to ¢ in LI(R?), 5/2 < ¢ < oo, and in Cy(R?).
Therefore

L Gex o p)t )@ da = [ peltia) 0 bx Qa)de —2 i [ plta) (o) da

e—0

uniformly in [0,7]. Then, we look at the difference

At a)c@)de =k [ pltx)(x) do
</t/\[/ Oc * Oc % pe)(t — Ves, )¢ (x )da:—/R3p(t—\/Es,x)C(x)dx
4 [T ot = Ves, o)) e~ [t 0)c(e) da

+ [ lalds | [ o)) dal.

Let us denote by I.(¢), II.(¢) and III.(¢) the three integrals in the right hand side. By using
Lemma 2.4.4 and the available estimates, we obtain, for any 0 <t < 7T < o0

/}R3 (56 k O * Pe — P) (u, z)((x) dx’ — 0,

while a direct application of the Lebesgue theorem shows that, for any 0 <t < T < o0
11_{1% II(t) =0 = lg% I (t).

lq(s)| ds

lq(s)[ ds

()] < llallz oy sup

Therefore, for any ¢ € LY(R?), 5/2 < ¢ < oo and any ¢ € Cy(R?),
lim [ At @) de = r [ p(t,2)c(x) do
R

e—0

holds for a. e. t € (0,7, with the domination

‘/petx z)dx

for any 1 < p <5/3.

In oder to justify that the limit f is a solution of the Vlasov—Poisson equation, the only
difficulty relies on the treatment of the non linear acceleration term:

:/OO/ LV L) - Vo dvdz dt
0 R3 xR3 €

< lCllzr sy _ sup _llpe(ts e,
e>0 0<t<
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where x is a trial function in y € C([0,00) x R? x R?). Bearing in mind (2.29), it is
convenient to rewrite

NLE(X):/OOO/RS (/R fEVdev> VLExpdrdt+ B, lm % =0,

Lemma 2.4.7 implies that V,E « p. is bounded in L>(0,T; L***(R%)). For p > 0, we
introduce the cut-off function 6,(x) = 6(z/p). Then we split

~ ~ r—v - ~ r—v -
Vo pe(t, =/9 —y)——— Pt y)d / 1—0,(x—y))————5.
#pe(t,x) = | Oulz y)4ﬂ|m_y|3p( y)dy + Ra( u(z y))4w|x_y|gp

The first term in the right hand side can be made arbitrarily small in L” norm, 1 < p < 5/3,
uniformly with respect to €, since it can be dominated by

r—1y - _
= LY R P P |

z—y|<2u 47T|J} - LP(R3) |

(t,y)dy.

dy

—y|<2u 47T‘x - y|2

<C pu.

In the second term, for fixed x € R3 and pu, y (1—@(1:—3/)) %hw—y\m is a continuous
function which vanishes as |y| — oo, so that, for any ¢t > 0,

; ] Tty _ O (g — )Y

lim - (1 — Oz — y)>4ﬂ_|x_y|3pe(tay> dy = /R3 (1 Ou(x y))47r|x — y|3p(t,y) dy.

By standard arguments of integration theory (see for instance [47, Th. 7.61]), we deduce that
(a suitable subsequence of) V. E * p. converges to V,FE % p a. e. and strongly in L} ((0,T") x
R3), for any 1 < p < 15/4. On the other hand, [zs f.V,x dv is compactly supported and
converges to [ps fcV,x dv weakly in any L?((0,T) x R3). (In fact this convergence, as well
as p. — p can be shown to hold strongly, by applying average lemma techniques, see [32,
Th. 5].) We conclude that

lim NL.(x) = / / ( fVux dv> -V, E * pdx dt.
e—0 0 R3 R3
It ends the proof of Theorem 2.4.2. [ |
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Chapitre 3

Le deuxieme modele obtenu en
ajoutant un terme de Fokker-Planck

Dans cet article écrit en collaboration avec Ricardo Alonzo et Thierry Goudon,
nous ajoutons un terme de Fokker-Planck a 1’équation d’évolution de la fonction
de distribution des particules et nous placons dans le cas ou V' est un potentiel
de confinement. Nous étudions d’abord le régime asymptotique de diffusion
pour ce nouveau modele en le combinant avec le premier régime asymptotique
étudié dans le premier chapitre. Lorsque la vitesse de propagation des ondes est
suffisament grande, nous montrons qu’il existe un unique état d’équilibre au
systeme. A 'aide de méthodes d’hypocoercivité que I'on adapte de [34], nous
montrons que les solutions de I'équation convergent toutes vers cet équilibre.

3.1 Introduction
This work is concerned with the long—time behavior of the solution of the Vlasov equation
OF +v -V F =V (V+®)-V,F =7V, - WF+V,F), t>0 zcR? veR? (3.1)

where ® is self-consistently defined by the relations

O(t,z) = /Rdx]Rn o1(z —y)oa(2)¥(t,y, z) dydz, t>0, zeRY

(8%\11 — CQAZ\II)(t,x, z) = —09(2) /d oz —y)p(t,y)dy, t>0, v € RY 2 € R,
R

with p(t,x) = /]Rd F(t,z,v)dv.
(3.2)
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The system is complemented with the initial data
F(0,z,v) = Fy(z,v), U(0,z,z2) = Yo(z, 2), OV (0,z,2) = Uy(x, 2). (3.3)
The parameters of the problem are set as follows

o c> (),

e 0, :R? — [0,00) and oy : R™ — [0, 00) are radially symmetric C* compactly supported
functions,

e V:R? = R is an external confining potential:

Ve C'n Wi (RY), lim V(x) = oo.

|| =00

We will make the technical assumptions precise later on. A crucial role in the analysis will
be played by the following entropy dissipation property

2 1
d{/ (F“ +F(V 4+ ®) +F1n(F)) dvdz + f/ (10,0 +c2|vz\1/|2)dzdx}
dt R4 x R4 2 2 JRAxR™

— —7/ 2V VF + oVF|*dvde < 0.
R4 xRd
(3.4)

The investigation of this problem is motivated by the work of S. De Biévre and L. Bruneau
[17] where a related model was introduced to describe the evolution of a single particle
interacting with its environment. In [17] the particle is classically described by the pair
position/velocity (q(t),(t)), and the dynamics is governed by

G(t) = =VV(q(t)) = /Rden o1(q(t) —y) 0a(2) Vo U(t,y,2) dydz, (35)

DEU(t,x,2) — AU (t, x,2) = —09(2)01 (x — q(t)), reRY z e R

Such single particle description can be retrieved by setting F'(¢,z,v) = d(z = ¢(t)) ® 6(v =
¢(t)) in (3.1), with v = 0. The dynamics can be thought of as if membranes continuously
distributed transversely to the direction of the particle’s motion — z € R™ being transerse to
r € R? — were activated by the passage of the particle, see Fig. 1 in [17]. The evolution of
the system is, therefore, driven by energy exchanges between the particle and the membranes.
We remark that the coupling between the particle and the membranes is embodied into the
product o1(x)o2(z), which appears symmetrically in the two equations of (3.5). This is cru-
cial to establish Hamiltonian properties of (3.5) and its counterpart for the kinetic model,
namely relation (3.4). The system is presented as a “dynamical Lorentz gas” and one is inter-
ested in asymptotic properties of the dynamics. This question has been further investigated
in a series of papers by S. De Bievre and his collaborators [1, 26, 27, 28, 59], that contains
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both theoretical results and convincing numerical experiments. On the one hand, the system
has certain dissipative features: under certain circumstances (roughly speaking, n = 3 and ¢
large enough) the particle energy can be dissipated in the membranes, and the environment
behaves like a friction force on the particle. In particular, when V' is a confining potential
with a (non—degenerate) minimum at g, then the particle stops at the location ¢q as time
goes to 0o, see [17, Section 5, Theorem 4]. On the other hand, in [1, 27] an approximated
model is proposed, together with an interpretation of the dynamics in terms of random walk.
This simplified framework permits to justify the approach to thermal equilibrium: the par-
ticle’s momentum distribution is driven to a Maxwell-Boltzmann distribution.

We wish to revisit these questions in the framework of kinetic equations, where the de-
scription by the position/velocity pair is replaced by (3.1) when considering a distribution of
particles in phase space F(t,x,v) > 0. More precisely, in the case v =0, [, F(¢t,z,v) dvdz
can be interpreted as the probability P((q(t), q(t)) € A) when the initial state of the particle
is distributed according to Fy. The analysis of existence and uniqueness of weak solutions
for the non linearly coupled problem (3.1)—(3.2), with v = 0, was established in [?], where it
was also shown that a certain physical regime drives the solutions of (3.1)—(3.2) to solutions
of the attractive Vlasov—Poisson system. It is likely that this approach can be combined
to the analysis of the smoothing effect of the Fokker—Planck operator in [12, 13] in order
to investigate the well-posedness of the problem when v > 0. We will not elaborate more
on this issue in this paper and, instead, focus on the long—time behavior of the solutions
of (3.1)—(3.2). We treat the question by adding a dissipative structure through the Fokker-
Planck term vV, - (vF 4+ V,F'), with v > 0, in the right hand side of (3.1). It corresponds to
consider a large set of particles governed by (3.5) where, in addition, we add a friction term
—v¢(t) and a Brownian motion term which can be attributed to the positive temperature
of the medium [17, 26]. We refer the reader to [80] for the analysis of the mean field regime
that drives from the particles description to the Fokker-Planck equation. Although this term
drastically simplifies the objectives of [17], since the model with v = 0 is supposed to contain
by itself friction/dissipation mechanisms, the dissipative model already leads to non trivial
issues due to non-linear coupling of the interactions, and this first attempt on the PDE
system (3.1)—(3.2) confirms the intuition that comes from the analysis of (3.5). Moreover,
as a by-product, we are able to identify a family of stationary solutions of the system when
~v = 0, which is less obvious than for the case of a single particle, and we establish that these
solutions are linearly stable for the dissipationless model.

The paper is organized as follows. In Section 3.2, we will exhibit stationary solutions of
(3.1)-(3.2). Having introduced the necessary notation, we give the statement of our main
result, namely the convergence to equilibrium at exponential rate. As a preliminary step to
understand the long—time behavior, it is convenient to discuss the so-called “diffusive scaling”
for the problem (3.1)-(3.2). This is the object of Section 3.3. In Section 3.4, we investigate
the large time behavior of the solutions. Our analysis relies on the assumption that the
wave speed is sufficiently large. In this regime (3.1) appears, in some sense, as a perturba-
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tion of the linear Fokker-Planck equation with external potential V. In this context, the
method recently presented in [34] based on hypocoercivity arguments becomes quite useful.
We will follow such an approach where, roughly speaking, the goal is to define a suitable
Lyapounov functional which combines the natural entropy of the problem and an additional
inner product that allows us to control the hydrodynamic part of the solution. Furthermore,
the solutions exhibited in Section 3.2 are also stationary solutions of the dissipationless model
(v = 0); we investigate their linearized stability in the Appendix.

3.2 Equilibrium states
We rewrite the Fokker-Planck operator, hereafter denoted by L, as follows
F —d/2 _—v?/2
LF=V, - WF+V,F)=V,. <MVUM), M(v) = (2m) 262,
This form indicates the dissipative effect of this operator; in particular we have
a F
o= [ i (5)
R4 M v Rd v M
which already shows that Ker(L) = Span(M). We search for equilibrium solutions of
(3.1)—(3.2), which means solutions independent of the time variable ¢, that make both

the “transport part” and the “collisional part” of the equation vanish, namely we seek
Mo REx RT — R, such that

2
dw,

(a) Ltlog =0, (b) (v Ve = VoV + Qo) - V) Meq = 0.

Condition (b) is reached by any function depending on the total energy v?/2+ (V + @) (),
while, as said above, the kernel of L imposes a precise dependence with respect to the velocity
variable. Combining (a) and (b), therefore, leads to

Mo (X,0) = Zoq €Xp ( B V(z) — q)eq(x))

In this formula, Z,, is a normalizing factor. Indeed, (3.1) is mass preserving in the sense
that

/ F(t,x,v)dvdx:/ F(0,z,v)dvdz def m,

R4 x R4

R4 xRd

and therefore Z, is such that .#., has also mass m, which yields

-1 -1
_ —02/2-V (@)~ Peq(z) __m / —V (@)~ Peq @)
Log =Mm (/Rdx]Rd e dv dx) (2P < o e dx) .

However, we should take into account the non linearity of the problem by revisiting the
definition of the self-consistent potential in (3.2). Considering stationary solutions, (3.2)
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becomes
—PA Voo (,2) = —02(2) 01 * peg(T),

Peq( / Meq(z,v) dv,

oy (1) = (gl . /R 02(2)Weq -, 2) dz) (2).

For further purposes, it is convenient to keep in mind the following notation
Meq(¥,0) = peq(X)M(v),  peg() = (2m)Y? Zeqe (Pt V)@,

For the stationary problem, the space variable z and the transverse variable z decouple. Let
T : R" — R be the solution of
—AZT = 09

(defined by the convolution of o5 by the fundamental solution of (—A) in R™). We obtain

1
Uoy(z,2) = —;T(z) 01 * Peq ().

It follows that the equilibrium potential satisfies

A
(I)eq(x) = _672 2* peQ<x)
where

A= | o03(2)T(2)dz, Y =01 %0;.

Rn
As far as n > 3, we justify the integration by parts that leads to

A= /R IV.T(2)2dz € (0, 00).

Eventually, by combining the information, we are led to define the equilibrium potential as
the solution of the nonlinear equation

@ d/2A
Doy (2) = 7T / (z — V) =Pea() qy. (3.6)

This discussion motivates the introduction of the following mapping

V(- m V(s -1
T 0 —AZ[D] /RdZ(x—y)e YOy, 200 = </Rde V@) dx) ,

and to define equilibrium states as fixed point of 6%9 . Before stating our first result, let us
collect here the confining assumptions on the external potential:

eV € LY(RY). (A1)

liminf (|V,V(2)[ —24,V(2)) > 0, (A2)

|z| =00
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There exists ¢y, > 0, and 0 < ¢35 < 1 such that

Sl v <e(i+|vav]).

For the existence of equilibrium states, only (A1) will be useful; the other assumptions will
be used for the analysis of the large time behavior.

Theorem 3.2.1 Let n > 3. Assume (Al). There exists ¢ > 0 such that for any ¢ > co,
the mapping C%f admits a unique fived point ® € C°N L®(RY). If 0 < ¢ < cy, 6%9 admits

at least one fixed point.

Proof. Let p be a non negative function such that [zps pdx = m. We also suppose that

the product pe¥ belongs to L>. Then, d:x @(x) = —(2”)0#2 * p(x) is continuous and
satisfies
. (2m)4/2 A\ def K
0> d(x) > _THEHLW(Rd)m =3

It follows that, on the one hand
O S e*V S e*‘i:‘fv S eH/C2 er

and, on the other hand

(%n;dﬂ e (/R v dx)l < 78] < (%“;M (/R eV dw) o (3.7)

By applying this reasoning to p = (2m)%2Z[®]e""~®, we conclude that 5.7 leaves invariant
the set
¢ ={®ec C'RY), —k/c <P <0}

Furthermore, for ¢, " € ¥, we obtain (with obvious notation)
| 7(@)(x) = T(®)(2)| = | = AZ * (p = 0)(@)] < Az lo = o122
with
(@) = p(x)] = (@m)¥2e V@

< (27T)d/2€—v(m) (€—<I>(:v)

Z[®le= @) — Z[@']e*'®)

Z[®] — Z[¥']| + Z[']|e~®@) — =¥ (@)

Since the elements of € are bounded, we find

‘e_q’(x) — e Y@] < D) — (D/(.CE)‘ < D — @ || oo

Similarly, by using (3.7), we obtain

m
< el O — || oo
= e v 10t
Gathering these estimates we conclude that

7(@)(2) — T(@)(@)| < 28 Em /@ — @] 1.

|2[®] - 2[®]
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Therefore 6%47 is Lipschitz, with a constant that tends to 0 as ¢ — oo; we conclude by a direct
application of the Banach Fixed Point Theorem, provided c is large enough. Furthermore, we
can also remark that V,.7 (®) is bounded uniformly for any ® € €. By virtue of the Ascoli
Theorem, the mapping 0%9 is therefore compact on ¥. The Schauder Theorem proves that
0%9 admits at least one fixed point in %’; however, uniqueness of the normalized equilibrium
state is not guaranteed unless c is sufficiently large. [ |

Note that the regularity of @y, and that of pe, = (27)¥2Z[®c]e™P«atV) is determined
by the regularity of V' and oy. Additionally observe that

Remark 3.2.2 We can interpret the equilibrium states and the role of the smallness as-
sumption on ¢ in terms of the minimization of the following energy functional

A
&lp] = /Rd (pln(p) - 262,02*/)+Vp> dz

over integrable non negative functions with total mass m. Indeed, with the associated Euler-
Lagrange equations we recover the definition of peq and ®oy. However, we observe that
p — &|p| is strictly convex for c large enough, but due to the minus sign in front of the
quadratic term, convexity might be lost for small c’s.

Let us finish this section stating the main result of the paper which establishes the exponential
trend to equilibrium, see Section 3.4.

Theorem 3.2.3 Suppose n = 3, and let &, m > 0 be fixred. We assume that the external
potential satisfies (A1), (A2), (A3). Then, there exists ¢y > ¢ > 0 and k > 0 such that,
for any ¢ > ¢1, and any datum in (3.3) that fulfils the conditions

[, Fodvde=m, (A4)

R4 xR4
2 2
/]RdXRS (’vZ(leO - \Ijeq)| + ‘\Ijly )dZ de S éaO, (A5)
dvdzx

Fy— My, € 12 <Rd R > A6

0 %q 6 X ) %eq(flj”l]) Y ( )

supp(\IJO o \Ijeq’ \Ijl) C Rd X B(O’ Rl)u (A7)

we can find M > 0 such that the solution of (3.1)—(3.3) satisfies

B 2
/ |F'(t, 2,v) — Moq(7, )] dvdz < Me ",
R xRY Meq(2,0)
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We point out the fact that all the constants ¢y, k, M can be explicitly computed by means
of the data oy, 09, Fy, ¥y, ¥1. In particular, M is proportional to

/ Mdvdm+ (IV-(Wo = Weg) > + W) dz da
Re xRd Mg Rd xR3 20 e ’

which are the norms involved in (A5) and (A6).

Remark 3.2.4 It is clear that the result can be extended to the full variety of collision
operators considered in [34]; in particular it applies to, maybe less physical in this context,
linear Boltzmann operators. Furthermore, as it will be clear within the proof, the reqularity
assumption on oy and oo can be relaxed and it is likely that the radial symmetry is not
essential, but these assumptions stick to the framework introduced in [17].

3.3 Diffusion asymptotics

As it is recalled in [34, Section 1.2], the intuition on the large time asymptotics can be
motivated by investigating first a certain regime, where the PDEs system is rescaled by
means of a relevant parameter 0 < ¢ < 1. Roughly speaking, we rescale the problem so
that the Fokker—Planck term becomes stiff. It makes the relaxation effects strong. Since
the flux of the equilibrium functions in Ker(L) vanishes, time and space scales should be
appropriately rescaled in order to obtain a non trivial problem in the limit ¢ — 0. It can
formally be understood through the change of variables t — €?t, x — ex. Such regimes
are usually referred to as “diffusive regimes” in kinetic theory since one is led to a diffusion
equation for the limiting macroscopic density. We shall start by introducing more precisely
the scaling of the equations, by means of the physical parameters of the model. We will
also explain how to rescale the coupling term in the wave equation. Next, we can guess the
asymptotic behavior by expanding formally the solution as a power series of the parameter
e. Finally, we state and prove the convergence of the solutions as € tends to 0. Entropy
dissipation is a crucial ingredient of the proof.

Scaling of the equations

We follow the dimension analysis proposed in [25]. Let T, L be time and space units, respec-
tively. In dimensional form the right hand side of the kinetic equation should be written

1
~V, - (vF + ¥*V,F),
-

where the coefficient % has the homogeneity of the inverse of time and ¥ has the homogeneity
of a velocity. We use ¥ as a typical size for the velocity fluctuation (the thermal velocity
in other contexts). The dimension of the particle distribution function is L=¢% ¢, so that
[ F dvdx is dimensionless. Considering the energy balance, |0,¥|? dy dz and ¢*|V,¥|*dy dx
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have the same dimension as v>F dv dz, that is the square of a velocity. With these remarks,
we define dimensionless quantities, denoted by -/, as follows

t="Tt, x = La/, v="Y,
Liy e F(t,z,v) = F'(t',2',0).

The external potential scales as V(x) = UV’(2’), where U has the homogeneity of the square
of the velocity. For the vibrating field, we set
y =Ly, VLA U (t 2, 2) = LU (¢, 2, ).
Finally, the form functions are rescaled as follows
o1(z) = qoi(a), 02(2) = 203(2"),
with the suitable units for ¢; and <. In particular, we assume that the external poten-
tial and the self-consistent potential have the same order of magnitude, which leads to
U = g L'/2+4/2 (note that the individual units of o; and oy does not really matter, the
important quantity being their product). We can rewrite the PDE system in dimensionless
form
VT UT T
OF+—v -V, FF— —V,(V+®) -V, F=—LF,
R T AR T
cT\? UT?
v — (T) AW(te2) = — o) [, orle—p)F(ty ) dudz,

where we get rid of the - for simplicity of notation. The self-consistent potential is given by

t.a)= [ oy)o(e— )it 2, y)dzdy.
R” xRd
We are interested in the regime where

T 1 UT*  ¥T 1 (T

T e L2 L e L’
with 0 < € < 1. Note that both the particles and the waves are “fast” compared to the
velocity of observation, with speeds of the same order of magnitude. We arrive at

1 1
atFe + 7(1} : Vx - vaz(v + CI)E) . Vv)Fe = ?LFE;

“ 1 ‘ (3.8)
az?tqle - *QAz\I/E<t7 T, Z) = ——20'2<Z) / Ul(m - y)Fe(ta Y, U) dv dy»

€ € RixRd

with & (t,z) = (0'1 * [gn 02(2)Wc(t, -, 2) dz) (x). The entropy dissipation (3.4) becomes

d v?
a <~/]R{d><]Rd <2 + V + (I)e +1D(FE>)F€ dvdzx

2

|
+5 10,0, ? dz di + f/ V.0, % dz de
2 2 JRnxRA

R” x R4
S 2V, JF.+o\/F[ dvda.

€2 JrdxRrd
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Formal asymptotic by Hilbert expansion

In order to guess the asymptotic behavior of the system for small €’s, we expand the solution
as follows
F.=FO9 W4 2@ 4

and we plug this expansion into (3.8). We identify terms arising with the same exponent of
€

a) €2 terms: we get LF® = 0 which yields FO (¢, z,v) = p(t, 2) M (v),

b) €' terms: the relation LF() = (v-V,—V (V4 ®)-V,)FO = oM (V,p+pV.(V +P))
yields FO (¢, z,v) = —vM (v)(Vaup(t,x) + pV.(V + ®)(t, ) + pW (t, 2) M (v),

¢) € terms: we obtain LF® = 9,F© + (v-V, — V,(V + ®)-V,)FU. Integrating with
respect to the velocity variable and taking into account the expression for F") obtained

in Step b) lead to
Oip— V- (Vep+pV(V +@)) =0. (3.9)

(Note that the term p) (¢, z) M (v) € Ker(L) does not contribute to the equation.)

The self consistent potential is determined by considering the leading terms in the wave
equation. We arrive at the relation

O(t,z) =N | X(z—y)p(t,y)dy. (3.10)

R4

Therefore, as € — 0, we expect that F.(t,z,v) converges to p(t,z)M (v), with p solution of
the system (3.9)-(3.10).

Theorem 3.3.1 We assume n > 3. We slightly strengthen the confining assumption (A1),
by assuming e "V € L*(R?) for some v € (0,1/2). Let us denote

2

Ao =sp {/ Fe(0,2,v) (1 + | I(F)(0,2,0)] + V(x) + “) dv dz
>0 Rd xR4 9
¢ 1 2 (3.11)
2
TS i 0¥ (0,2, 2)|"dzdz + i/Rde" V.V (0,2, 2)| dzd:c}

which is assumed to be finite. Then, up to a subsequence, the solutions F.(t,z,v) of (3.8)
converge as € — 0 to p(t, )M (v), with p solution of (3.9)—(3.10), complemented with the ini-
tial data p(0,z) = lim o fga F.(0,z,v) dv (in the sense of the weak convergence in L'(RY)).
The convergence holds strongly in L*((0,T) x R x RY), while p. = [ga F. dv converges to p
strongly in LY((0,T) x RY) and in C([0,T]; L' (R?)-weak).

Remark 3.3.2 Since it can be shown that the problem (3.9)—(3.10), admits a unique solution
p for a given initial data py € L*(R?), the entire sequence F, converges to pM if, in addition

to (3.11), we have [ga F.(0,z,v)dv — py weakly in L'(RY).
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Stationary solutions of (3.9) satisfy
Vmpeq + peqvm(v + (I)eq> = 0, (I)eq = —AY % Peq-

Of course, due to the scaling the parameter ¢ has disappeared but this problem has exactly
the same form as the one discussed in Section 3.2. As a matter of fact Theorem 3.2.1 can
be rephrased by saying that there exists a unique stationary solution satisfying [ peq dz =m
provided A[|X|| e gaym is small enough. It can be interpreted as a condition on the coefficients
01,09 for instance. It is therefore a natural question to wonder whether the solutions of (3.9)
with a given mass converge to the corresponding stationary state.

Corollary 3.3.3 Let n > 3. We suppose that V is uniformly convex: there exists o > 0
such that for any x € R, and any & € R?, we have ¢, 0% . V(2)&;& > alé|?. We can find

1,7=1 Yx;x;

Ao, k& > 0 such that if A||X||wre@aym < Ao, any solution p of (3.9) with initial data py > 0

such that )
/ podxr = m, / M dxr < oo
Rd Rd Peq

satisfies

/ Ip(t, x) _Peq(x)|2 de < e—nt/ |/00_peq|2 de.
Rd Peq () N Rd Peq

The convexity assumption on V clearly implies (A1). Furthermore, in the case where the
diffusion coefficient in (3.9) is a mere constant this condition implies the Sobolev inequality

e_V(y)

9(x) = f, 90— —dy

T < v 2 ¢y 3.12
< |, 1Vegl 74 (3.12)

C

Rd
with ji = [gae”V dx. This is indeed the simplest case where the diffusion operator

V.- (Vap + pVaV) = V, - (a%(ef’v))

satisfies the so—called Bakry—Emery condition. Consequently, the solutions to the linear
equation 0yp = V, - (Vyp + pV,V) can be shown to converge exponentially fast to the
equilibrium m e~V /fi. We refer the reader to [6] for an overview of these techniques. The
remarkable fact is that the smallness condition on the parameters of the non linear problem
ensures that the latter inherits the dissipative structure of the linear equation.

Proof of Theorem 3.3.1

In what follows, the initial data (z,v) — F.(0,z,v) is denoted as F.o. We start by estab-
lishing uniform estimates by first recalling mass conservation

d

— F.dvdx = 0.
dt JraxRd
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Additionally, we have identified a entropy-energy functional which is dissipated by the system

d 1}2 1 2 2 2
n {/]Rdx]Rd Fe(ln(Fe) + > +(V+ <I>E)> dvdx + 5 /]Rde” (6 10,0 | + |V, V| ) dzdzr

_ 1 2V7,\/E—i-v\/E6

€2 JrdxRrd

2
dvdzx.

The contributions of the terms containing F,In(F,) and F.®. are not signed, we fix this
now. We observe that the self-consistent potential energy can be dominated, using Sobolev’s
inequality [62, Th. 8.3], as follows

[, ®F dvda| < [ F(t )@t )
R xR4

< Peallus s 2ge

Rd

2 1/2
/ 09(2)V(t, x, 2) dz da:)
R?’L
(n—2)/n 1/2
(/ |\I/€(t,x,z)|2”/(”_2)dz) dx)
R’VL

< [|Feollztllonlloa loall pznsomen @y [ V2 et )| 2 mascrn)

< IF-ollz s lzaguy ol gansosn oy (|

R4

1
< ||Fe,0||%1HUIH%?(Rd)||J2||%2n/<n+2)(11§n) + ZHvz\Pe(tv ')“%Q(Rden)'

Also, for a given nonnegative map (z,v) — w(x,v) the particles entropy may be estimated
as

/ F|In(F,)|dvdx = / F.In(F,)dvdz
R4 xR R4 x R4

-9 A F, ln(Fe)<1{e*w§Fe§1} + 1{F€<37w}) dvdz
< [ RIn(R)dvds
RIxR4

4
+2 Fwdvdz + - e /2 dudx.
R4 xRd € JRAxRA

In particular, for w(x,v) = v(V(x) +v?*/2), with 0 < v < 1/2, it follows that

4 )
/ Fl(E)|dvde < Fn(F)dvde + = e~V @)/ 2 gy
R4 xRd R4 xRd e JRIxRA
2

+21// (V(x) + U)Fe dvdz.
Rdx R4 2
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Gathering the previous estimates we arrive at

2
0< F|In(F)| dvde + (1 — 2y)/ (V(x) + Z)F dv de

R xR4 Rd xR
2

1
‘ 19,0, |? dz dz + f/ V.0, dz de
R 4 JRIxRn

_i_i
2 JRixRn
1 t
[ ool ol
2

< F.In(F,)dvdz + / (V(x) + CIDE) F.dvdx
R?xR4 2

~ JRIxRd

2 1
+i/ |8t\116|2dzdx+—/ V.02 dzde
2 JrixRrn 2 JRixRn

1 t
+:2/0 /Rdmd oV, \/F. + v\/F.
4

_ — 2
+E /]Rded e VDR duda + “FQOH%l||01||%2(]Rd)||0-2||i2n/(n+2)(R”)

2
dvdxds

2
dvdxds

4 _ _
< Ao+ e vV @)/ 2= qy dg 4 IEcoll 2 llon 72 ay o2l Z2n s gy -

These manipulations prove the following statement.

Proposition 3.3.4 Let the assumptions of Theorem 3.3.1 be fulfilled. Then, the following
assertions hold uniformly with respect to € > 0

i) Fe(] In(Fo)| + V() + v2> is bounded in L>([0, oo]; L}Y(R? x R%)),
i) €V, and V.,V are bounded in L*>°(]0, cc]; L*(RY x R™)),
iii) ®. and VP, are bounded in L>((0,00) x R?),
) D, %< L2V F. +vV/F,) is bounded in L*((0,00) x R? x R?).

Let 0 < T < oo. By virtue of the Dunford—Pettis theorem, see [47, Section 7.3.2], it follows
that
F, — F weakly in L'((0,T) x R? x RY) .

Furthermore, the control of the particles kinetic energy allows us to additionally justify that
Pe = /d F.dv—p= /d F dv weakly in L*((0,T) x R%).
R R

Let us integrate the kinetic equation in (3.8) with respect to the velocity variable. We get,

on the one hand
('3tp€ + Vx : JE == O, (313)

and, on the other hand, after multiplying the same equation by v

E0i e+ Vi P+ p Vo (V + @) = —J.. (3.14)
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In these equations we have denoted the momentum and the kinetic pressure as

1
Jezf/ vF, dv, Pez/ v v F, dv.
R4 Rd

€

Lemma 3.3.5 The sequence (Je) o s bounded in L*(0,T; L*(RY)). Furthermore, one can
write P. = pJ + R., where R, — 0 as € — 0 strongly in L*(0,T; L'(R?)) .

Proof. Note that the momentum can be written as

Jo= | DofFeav

Thus, it can be estimated by a direct application of the Cauchy-Schwarz inequality and
Proposition 3.3.4. Similarly, for the kinetic pressure we write

P. = /Rdv\/E(}@(v\/ﬁ—l—vi\/ﬁ)dv—/RdU@Vvngv
= ¢/ wEeD.aw+1 | Fa

def.

— Re

where we have used integration by parts in the last integral. The Cauchy-Schwarz inequality
allows us to estimate

T 2 T
/ (/ IR| d:p) dt <e <sup v?F, dv d:L‘) (/ / |D.|* dv dx dt) :
0 \JRrd t JRIxRA 0 JRixRI
from which one concludes using the bounds of Proposition 3.3.4. [ |

Owing to Lemma 3.3.5, we can assume assume that J admits a limit J, say in .21 ((0,T") x
R?). We also note that p.V,®, is bounded in L'((0,7) x RY) by virtue of Proposition 3.3.4.
Thus, letting € decrease towards 0 in (3.13) and (3.14) yields

@,0 + Vx -J = 0,
—(J 4+ Vep+pV, V)= lig(l] AV

Thus, it only remains the task of identifying the limit of the nonlinear term in the last
equation. By using the estimates in Proposition 3.3.4 and Sobolev’s embedding theorem, we
can also assume that ¥, admits a weak limit, say in L?((0,T) x R% L2/ (=2 (R")). In the

limit € — 0 the wave equation in (3.8) becomes

~A(ta,2) = —aa(2) [ (e —y)p(t.y) dy.

Therefore, it follows that V(t,z,2) = =Y (z) J[rao1(z —y)p(t,y)dy, and as a consequence,
the self-consistent potential converges to

o(t,x) = A [ e —y)p(ty)dy.
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say, weakly-x in L°((0,T) x R%). A similar conclusion applies to V,®(¢,z). Furthermore,
owing to the regularity of oy (o1 € W2°°(R%)), we have the following property

sup |V, @ (t,z + h) — VP (t,2)] —— 0.
e>0 |h|—0

Using equation (3.13) and Lemma 3.3.5 it follows that d;p, is bounded in L ([0, T]; W~11(R9)).
Combining these properties it is possible to apply directly the compactness statement given
in [63, Lemma 5.1, p. 12] which ensures that p.V,®. — pV,® weakly in L'((0,T) x R?).
Thus, we conclude that

—(J+Vup+pViV) =pV, @, & =-A /Rd X(x—y)p(t,y)dy.

Note also that the bound on 9;p, also implies that p. is compact in C([0,T]; L*(R%)-weak),
that is to say the family { Jra pe(t, z)x(x) dz, € > 0} is relatively compact in C'([0, ) for any

fixed y € L>®(R?). In particular, the initial data also makes sense for the limiting equation.
With these arguments, we have justified the convergence of p, to p, solution of (3.9)—(3.10).

In fact, by using techniques elaborated in [36, 69] it is possible to improve the nature
of the convergence and to show that p. converges strongly to p in L'((0,7) x R?) and F.
converges strongly to pM in L*((0,T) x R? x R%). The reasoning combines renormalization
and average lemma techniques. One of the main difficulties relies on the fact that a suitable
version of the average lemma is not available for a sequence of particle distribution functions
weakly compact in L! solving a kinetic equation with velocity derivatives in the right hand
side. Let us sketch the arguments. We start by setting [5(s) = On the one hand, by

Thes:
virtue of the equi-integrability of (FE) o Ve have
lim sup/ / |Bs(F.) — F.|dvdxzdt = 0. (3.15)
0—0 ¢>0 R4 x R4

Indeed, observe that

T
/O/RdXRdW(;(FG)—FJdvdxdt _ / /RdedHaF dv dz dt

dvdxdt F.dvdxdt
/F€<y1+5F var + Fe>p var
(5
sup [ F.dvdxdt + sup F.dvdxdt.
5,u e>0 e>0 JFe>p

The last term can be made arbitrarily small choosing p sufficiently large, and then, we let §
decrease towards zero. On the other hand, we shall use the renormalized equation

(Eat +v- vx)ﬁcs(Fe) = h(s,e + VU *Gs,e
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where

G = YV )H(E) + EIMY, ()
= Vo (V+d)8s (F)+55( FOVF. D,

M>

= 2F (F) VoV,

In these equations we have used the fact

1 FN 1
MV, <M> = ~(V.F. +vF) = VF. De.

hﬁ,e - _1 ,/

For any § > 0 fixed, the sequence (65(Fe)) o8 bounded in L*NL>®((0,T) x R x RY). Since

s+ B(s) is bounded, the sequence (9576) o i bounded in L((0,T) x R¢ x R?). Moreover,
using integration by parts one notices that

2
/(07T)XRd xRd |V”\/E€| dvdzdt

2 1
_— D2 dvdz dt — f/ V2F. dv dz dt
4 (0,T)xRdx R4 4 (0,T) xRax R4
- JE. - Vo /F. dvdzdt
(O,T)dedeU ver
2 d
<< D2 dvdzdt + = F.dvdzdt.
4 J0,7) xR xRd 2 J(0,7) xR xRd

Therefore V,v/F. is bounded in L?((0,T) x R? x R%), and, since s — s37(s) is bounded,
(with a bound depending on 0), the sequence (h(;&) . is bounded in L}((0,7) x R? x R?).
The average lemma then leads to the following compactness property

sup

x(t,z)dxdt —— 0,
>0 J(0,T)x R4

|h|—0

65( )tz + h,v)C dfu—/ Bs(Fo)(t, z,v)¢(v) dv

which holds for any 0 < T < oo, ¢ € C*(R?) and nonnegative xy € C>°((0,00) x R?). We
refer the reader to [32, Th. 3, Th. 6], [74, Th. 2] and [69, Appendix B]. Since the transport
operator has an € in front of the time derivative, the average lemma provides a gain with
respect to the space variable only. Using the fact that (V(z) + v?)F, is bounded in L', with
V(z) — oo as |x| — oo, we can extend previous compactness property on the whole space

and for any bounded test function, non necessarily compactly supported. Hence, by using
(3.15), it holds that

dxdt —— 0.

sup
|h|—0

D J pe(t,z + h) — pe(t, x)

We conclude to the strong convergence of sequence (p.)e~o by combining this information
and the fact that (9;pc)e=o is bounded in Ll([O,T];W_Ll(Rd)), see Appendix 3.5. The
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convergence of (F,).so towards pM is proved by using the estimate on D, the logarithmic
Sobolev inequality and the Cziszar-Kullback inequality. Indeed, it is now clear that p.M
tends to pM strongly in L}((0,7) x R? x R?). Therefore it remains to show that

lim |Fe(t,z,v) — pe(t,x) M (v)| dvde dt = 0.

=0 J(0,T)xRd xR

The Csiszar-Kullback-Pinsker inequality [24], [58], implies that

2 1 F,
(/ |F5—p6M|dvdx) < 7/ Fgln( >dvdx.
RdxRd 2 JRIxRd peM

By using the logarithmic Sobolev inequality, see e.g. [62, Theorem 8.14], the integrand of
the right hand side is itself dominated as follows

F, F, F, F,
0< 61( 6)— i 1}€Md -/ Fel( €>d
- Rd{pEM " peM p€M+ P v R4 x R4 " peM v

F.?
Vy i

< 9
R4 xR4

62

< = |D. | dv.
2 JRixRA

M dv

Integrating with respect to space and time variable we conclude that

VT
/(O,T)XRdx]Rd |Fe - peM’ dU de‘ dt S T”DeHLQ((O,T)XRdXRd)~

Since || Del|r2((0,r)xrdxre) is bounded uniformly with respect to e, it ends the proof. [

Proof of Corollary 3.3.3
We start by rewriting (3.9) as follows

atp - vx : (peqvm (pp)> - Vx : (pvz(q) - (I)eq)) =0.
eq
Furthermore, we observe that

2 2 2
/ = /)eq| / L da:—2/ pdx—l—/ pequ:/ Pdr—m
Rd RY Peq Rd Rd RY Peq

Therefore, it follows that

1d — Peql?
7“) Pedl de = 1d/ ,0 dz
2 dt Peq 2 dt Jrd peq

7o)
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The last integral can be cast as

A/ PV X % (p — peq) - Va (p) dz
R Peq

ZA/dequzZ*(p—peq)-Vz(p )dx+A/ P = Peq) Va2 % (0 — peq) - Vx<p>dx7

eq p eq

where we denote by I and J the two terms of this splitting, respectively. We have, on the

one hand,
1/2 1/2
p
1< A9 s 0 gl ([, ode) ([, [¥o(L2)[ o)
1/2
P
< A||vx2||Lm<Rd)||p—peqnmd)ﬁ( L) pequ)
eq
/2 1/2
|p_peQ‘2 ' 14
< AVS [ /V()ed ,
< AVLEL (Rd)m< b ey » e )| Pea
and, on the other hand,
o 1/2 9 1/2
‘J| S 2A||vx2HL°°(]Rd)m (/ |ppeQ|dx> (/ V ( P > pequ> ’
R4 Peq Rd Peq

since [V, # (p — peq)ll ezt | < VSl soe e | (1ol ey + Dpeall o ey). Thus, we arrive at
the inequality

’p peq’2 2
et [ 19 (0)
2dt Peq Peq

o 2 1/2
< BA||V, 2 o ey m (/ I = peal” dx> (/
Rd peq Rd

The final step relies on the following statement.

Peq Az

5 1/2
Peq dx) .

V(i)
peq

Lemma 3.3.6 There exists a constant 2 > 0 such that

g(z) — /Rd 9(y) peiiy) dy‘2 pe‘:ﬁx) dz < /Rd V.g(2)[? peigx) dz

Q

Rd

holds.

Indeed, owing to Lemma 3.3.6, we get

_ 2 2
0 M dr < Peq A

R4 Peq — JRd

v(;0)
Peq
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Let us denote &/ = 6A||V, X @aym. By using Cauchy-Schwarz and Young inequalities,
for any 0 < v < 2, we obtain

i ’p B peq’2 dr
dt Jre  peq

2 %2 o 2
< (—2+V)/ ‘Vm ('0) Peq dz + 7/ |,0 peq| dr
Rd Peq dv Jrd Peq
2

o — Pea?
< ((—2 + )0+ ) / lo=peal” g,
4y Rd Peq

o . . o . _ i
Optimizing with respect to v yields v = Vool and

d - Pe 2 A\ — Pe 2
d [ 1p = pel de(_H \/_)/ P = peal®
dt Jre Peq 2 R Peq

/{zQQ——”‘?{;/ﬁ

Therefore, we conclude p converges to pe, with exponential rate provided the
smallness condition &7 < 4v/Q is fulfilled. It finishes the proof of Corollary 3.3.3, up to the
justification of Lemma 3.3.6. |

Proof of Lemma 3.3.6. Lemma 3.3.6 is an extension of (3.12) for the state peq, which
is seen as a perturbation of %e‘v. Since AY * peq > 0, we can write

1
JouIVasPpade = o= [ VaglPe 250 da
eq
1
> 2 -V
- Zeq /Rd|varg| € dJT
c e~V 2
= - dyl eV @ dz.
= Zeg Jra 9(z) /Rdg(y) oy e ©

by using (3.12). Next, AY * poq < Al[X * peq|| oo may < A|X]| oo raym implies

e_V(y) 2

C
2 . —V(2)+AZ*peq ()
/Rd|vxg| Peqda > P BT P /R o(@) /R L9) Ty e " da
e_v(y) 2
> 0 [ o)~ [ o) dy| pel) s

with @ = Ce *™IPleoa) However, peqT(x) dx is a probability measure and we can check
that, for any probability measure du, the function X +— [pa|g(x) — X|*dp(z) reaches its
minimum for X = [p. g(x) du(z). We conclude that

/Rd Vag[*peq dz > Q/Rd ‘9(1‘) - /Rd 9(y)peq(y) dy 2peq(m) dz

holds.

We point out the fact that Q depends on A, Y and m, and the condition &/ < 4v/Q met
above still can be interpreted as a smallness condition for the product A[[X ||y 1,0 (maym, since
X — XeX tends to 0 as X — 0. [
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3.4 Asymptotic trend to equilibrium

We restrict the discussion to the case where, given the total mass m, the equilibrium .# is
uniquely defined. We rewrite the problem by considering fluctuation

F=logtf, O=0ytod, U=yt
where we remind the reader that pe,(7) = (27)Y2Z[®y]e”V @ ~P«a(®) and
1
Veq(z,2) = =5 (2)01 * peq (), with —*AT = 0y,
c

We define the operator
Teq =0V =V ( Doy +V)-V,.
We obtain the coupled system for the fluctuations
(O +Teq—L)f =Vt Vydlog + N0 - Vo f,
(0F, — AL p(t, w,2) = —09(2) /]Rd o1(z —y)o(t,y)dy, (3.16)

ot.a) = [ oie—y)oa(2)(ty.2) dzdy
R” xRd
where o(t, z) = / , f(t,z,v)dv. The problem is complemented with initial conditions
R

f

Note that from the definition we have
l|lo(t, ‘)HLI(Rd) < |If(¢, -)HLl(Rded) <2m, / f(t,z,v)dvdx = 0.
R4 x R4

A crucial role is played by the entropy dissipation, which casts as follows

::ﬁ)::Pb__V%%qa (dﬁékw)

t=0

= (%7 2ﬂl)

t=0

1 d f2 f 2
- dvdr = — AV —| dvd
2 dt Jrixrd Meq ver 7 Rded//lqv Meq ver
/
_ RdXRdvf-qubdvdx—/RdXRd Vaof - Vo—gdoda.

Let us now introduce the following useful notation and observations:

o Tor f € LN(RY), let (f) X fou f do,

e and Pf(v) o (f) M(v) stands for the projection onto Ker(L).

e Entropy dissipation makes L? (]Rd x RY. —dvda

;e //eq(x,v)) a suitable functional space, and we

denote (-|-) its inner product.

e Since we work with fluctuation we consider the closed subspace

H= {f € LQ(]Rd X Rd;/%)’/ﬂgdxwfdvdx: (flAeq) = 0}

endowed with the norm || f||g = /(f|f)-
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e We also remark that
T: =-T,, P*=P,  PT,P=0. (3.17)
The last equality in (3.17) comes from the fact that (vM) = 0 after noticing that

TeaPf(2,0) = vM (W) - (Val £)(@) + (/) (@) Vo (Peq + V) ().

The idea of the proof of Theorem 3.2.3 consists in constructing a new functional 7 such
that 7 ~ || f||3, and identifying some number § > 0 with &7 < —0.7. Such an inequality
can be obtained in the linear framework, see [34]; in our case, however, the inequality will
contain remainder terms that can be controlled by assuming c sufficiently large. The new
functional is constructed by involving a certain operator A that combines appropriately the
projection P and the transport operator T¢.

Lemma 3.4.1 ([34]) Define the operator A < (1 + (Toq P)*(ToqP)) " H(TeqP)*. Then, we
have

e Ran(A) C Ran(P) C Ker(L), so that LA =0 and PA = A.
o [Aflla < 511 = P)flla and [T Aflln < (1= P)f|ln.

Proof. For the sake of completeness we collect the arguments from [34]. Owing to (3.17),
we can rewrite

A= —(I = PT2P)"'PTy,

Let us denote Af = g, thus,
g— PT2Pg=—PT..f (3.18)

q

which can be cast as g = P(quPg — Toof). It proves g € Ran(P), and thus LA = 0.
Furthermore, by using (3.17), we get

1
19117 + 1Tea PallFr = (9 — PT2,Pglg) = —(PTeqfl9)
= (f|Teng> - ((1 - P>f|Teng) + (Pf’Teng)
= (L= P)f[TeqPg) + 0 < |(1 = P)fllullTeq Pyl u
1 a?
< ngu(l —P)fl% + ?HTengH%{'
It yields (by successively taking o = v/2 and a = 1)
1
1Af e = llgllz < S = P)flla,
[TeqAfllt = | TeaPAS 5 = [ TeaPylla < |(1 = P) flla-
|

In contrast to [34], here we are dealing with a nonlinear problem. In order to handle the
nonlinear terms involving fluctuations, additional estimates on the adjoint operator A* will
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be needed. In what follows, we will frequently use the following simple fact: let z — U(x)
be a field depending only on the space variable, then

Awwhmﬂwwﬂmﬁjzxio :L@«AwmmmﬂwmoU@yU@%jé)

U@P
/Rd ,Oeq(I) dz.

Lemma 3.4.2 The following estimates hold for the adjoint operator

. d+ . d+
VoA fllm < £ 1w, and - [lvA" fllr < 11l

Proof. We have A* = T, P(I — PT2 P)~'. Let g = (I — PT; P)~"f, so that A*f = T, P
We already know that

1 1
Sl + 1 TaPoli% < 151

holds since taking the inner product of (I — PTy P)g = f with g yields [|g||3 + [ Teq Pyll7r =
(flg) < 5(1£1% + llgll%). Next, we compute
ToqPg(w,0) = Tog (M (v){g)(x)) = vM (v) - U(x),
with U(z) = V(9)(x) + Vu(Peq + V) (9)(2).
On the one hand, we observe that

(3.19)

L < ([, ) (o)
< Lo v = ol < 115

On the other hand, since [gsv ® vM (v) dv =1, it follows that
Meq(x,0)

|4f1% = |TaPolly = [, M) UE)P?
dx

= [ (fre o) ve v

U(z)[? 1 2
Jou ooy 4 = 511

Now, we turn to the velocity derivative
V,A*f(z,0) = V, (Teng)(x,v Teq(V Pg)(x v) + V. Pg(x,v)

) =

= Ty = vM(©){9)(x)) + Va(M(0){g) ()
)
)

dvdzx

- (H_U@w) (0)(V249) (@) + Tl @eq + V)0) ()
= (]I—v@v)M(v U(zx).
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We are thus led to evaluate

dvdx
fras = V@M@ - U= 0 @ OMOI @) s
9 dz
-/ (/Rd(ﬂ v ®v)*M(v) dv) Ua) UGw) s

=(d+1)I
—(@+1) [ U@

We conclude that

dx
Peq () .

. d+1
VoA fl7 = (d+ DI TeaPylli < ——IIf i

Finally, we also note that

2 dvd
loAfI3 = o TPyl = [, [oM@)(v-U()) //u)
2 dvdz

= fu @M@
= [ (Leewruea)ve - ve

=(d+2)I

Ux)|? d
= @+ [0 0~ @ mypmpoly < 200,

Let 0 < n < 1 a suitable parameter to be determined in the sequel and define

of 1
A E SN i+ (AL,

By using Lemma 3.4.1, we note that
1 1 1
S =mf 3 < = S +n(Af1) < S0+ m) 3 (320)
Furthermore, recall that (Af|Lf) = (LAf|f) = 0and (Af|Teqf) = (TeqAf|f) since ToyMeq =
0. Thus, using the equation for the fluctuation (3.16) and the fact that time derivative com-
mutes with the operator A we can compute

SN = (AT + (ALFI) + (TAfLF)
+(AIVet - Vol Mg+ FIF) + (AfIV2t - Vo(Mq + f)).

Thus, we are lead to estimate the four terms in the right hand side of the relation

jt,%” — I+ 11+ 141V (3.21)
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with

I = (LIf) = (AT PfIf) = (LfIf) = n(ATeq PFIP[),
I = —n(ATq(1 = P)fIf) + n(ALFIf) + n(TeqASS),

M = (A6 Vo fIlf) +0(AfIVad- Vof),

B f
v o= - RdXRdvf-Vm¢dvdx—/RdXRde¢f-VU//[eqdvdm

(Aot - Voutleg)|f) +1(AfIV o Vo).

In the right hand side of (3.21), the terms I and IT already appear in the linear analysis of
[34]. They are handled using the same arguments as those given in this reference.

The cornerstone of the proof consists in observing that (Lf|f) —n(ATe P f|Pf) is the dissi-
pative contribution, owing to Poincaré’s inequalities. Indeed, on the one hand, there exists

= > 0 such that
2

= [ ) = (HM@)P f(v)
H/Rd M (v) dv < /Rd VU(M(U)) M{(v) do,
see e.g. [6, Cor. 2.18]. We deduce that
EIf = PflE < —(LSIF). (3.22)

On the other hand, by assumption on the external potential V', there exists Z' > 0 such that
the following Poincaré’s inequality holds

2 2
E'/ [Pfav)l dvdx < [TeaPf (@, 0)F dv dz. (3.23)
RixRE Meq(T,0) RixRE  Meq(T, V)

To see this, note that the left hand side in inequality (3.23) recasts as
M2 2 2
= [ MO,z D0F,,
RixRe M (V) peq () Ré Peq ()
For the right hand side in (3.23), we observe that

TP o) -2 = [ M () - (Valf)(@) + (V@)
R M(v) Jr M(v)

= [0 @0 ME)dv (V@) + ()o@ +V)@) - (V@) + ) Vel Beq + V()
= [Valf)(@) + () Vo Deq + v)(x)f.
Then, the Poincaré inequality (3.23) writes as

2 [ D@, Valf)(@) + (HVe(@eq + V)]
TRt peg() - JRd Peaq(T)
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We set u(z) = (f)(x)e(PatV)@)/2 and (3.23) reduces to the more standard expression

1 1
=/ 2 2 2 _ 2 -
= [ e < [ 1Vl + [P (VB + V)P = 580 +V)) ) do

where we recognize a spectral property of the Schrodinger operator associated to the potential
Ve (Peq + V)|? = 38,(Peq + V). The Poincaré inequality (3.23) is therefore a consequence
of (A2), see [73]. The next step appeals to the following elementary statement.

Lemma 3.4.3 Let S be a self-adjoint operator on a Hilbert space H. Assume there exists
A > 0 such that (SE|€) > M||€]|? holds for any € € H. Then, we have that 1+ S is invertible

and ((1+ 5)715¢|€) > Hi,\”ébHQ

Proof. Clearly we have ((1+ S)£[€) > (14 N)||€]]2. In particular ||(1+ S)E]| > (14 N)||€]]
holds for any & € H, which already proves that (1 4+ .S) is injective. Next, supposing that
lim,, o (14 S)x, =y € H, the sequence (z,)nen is a Cauchy sequence and thus it converges
to some x € H. We get, for any £ € H,

(1 +5)zal8) = (2n](1 + 5)8) =2 (l&) = (z[(1 + 5)§) = ((1 + 5)z[£).

Hence y = (1 + S)z and Ran(1 + S) is closed. Finally, let £ € Ran(1 + S)l = Ran(1 + S)*:
for any x € H, we have ((1+ S)z|§) = 0. Using this relation with z = £, together with the
coercivity estimate, proves that £ = 0.

Using the coercivity estimate with £ = (1 4+ S)~!(, we proves easily that its inverse satisfies
1(1+5)7"] < 135 Now, for any & € H, we compute

(1+5)715¢[¢) = (1 +8)7 (1 + 8 = 1)Ele) = [I€]* — (1 + 8)7'¢[€).
The Cauchy—Schwarz inequality leads to

((1+5)7s6le) 2 161P ~ el (1 + 8)7l 2 (1= 1 el = 2 Nl

We now take S = (Teq P)*T P in the Hilbert space H = Ran(P), using (3.19),(3.17) and
setting U(x) = Va(g) () + Va(Peq + V) (9)(2), we get
Sg = —PTeq(U U( )M(v))

-/, = &@ (v) dv® M

_ (/Rd\m M(0)do) V.U & M
= V. (Valg) + Vi(Peq + V) (9)) @ M
—Vv,- (peqvx@) ® M.

eq

Taking g; and g in H, we have (g1, 92) = ({g1) ® M, (g2) ® M) and we check

(Sg1]g2) = /Rd v, - (pqux <91>)<92> dx'

eq peq

(3.24)
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The Fokker-Planck operator S =V, - (peqv Tq> defined on the domain

Tp

D(S) = {p e LR, s/ ‘ /v

Rd

2@\2,0%1 de < oo, S(p) e L*(RY, dw/peq)}
eq

is clearly self-adjoint in L*(R?, dz/peq), so is S by (3.24). Consequently, using Lemma 3.4.3
it follows with (3.23) that

=/
=

(ATPfIP]) 2~ P (3.25)

We keep in mind previous observations for they will be used to estimate the term I. Pro-
ceeding as in [34], we obtain

- 2
< VEnlIPSlull(t = P)flla < I = PYfI + ECI Pl (3.26)

for a certain constant C' > 0. Indeed, Cauchy-Schwarz inequality and Lemma 3.4.1 already
prove that (T Af|f)] < [[(1 = P)fllu[f]l#- Next, we remark that

PTeqf(x,v) = M(v){(Teqf)(x) = M(0) Vo - (vf) ().
Therefore, using integration by parts we obtain
PTeqLf(x,v) = M(0)V, - (vLf)(z) = =M (0)V, - (vf)(x) = —PTeq f (2, 0).
Thus, it follows that AL = —A. Using again Lemma 3.4.1 we deduce that

1
(ALAA| = [AF1H] < 31 = PYFllll
It remains to justify that there exists C; > 0 such that
(ATo(1 = P)fIS)| < Cull(L = P) Il £l

which is the most delicate part of the proof of (3.26). The boundedness of AT.,(1 — P) can
be rephrased in terms of regularity analysis for the solution u of the elliptic problem

Peqtt = Vi + (peq Vaut) = p, Peq = Peq(T)-

We need to justify the regularization

e

That (A3) allows us to establish this inequality is the object of [34, Section 2, see in partic-
ular Prop. 5 and the comments with assumption (H4.1)]. The constant C' in (3.26) can be
estimated as C' = (3/2 + C})2.

Peq Diu

2 2
dz < C’/ |p|” dx.
R4

We are left with the task of estimating the coupling terms III and IV. The following observa-
tion is crucial for the analysis; in particular, it will allow us to make the contribution of the
nonlinear terms small. Owing to the linearity of the wave equation, we can write ¢ = 1r+1)g
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with ¢; the solution of the free wave equation with (¢g,;) as initial data, namely

(atQt - C2Az)¢1 =0,
(3.27)
¢I = ¢0, atwl 0 = wla

=0
and s the solution of the wave equation with 0 as initial data and —oy(z)oy * o(t, ) as
source

t=

(02 — A g = —09(2)0y * o(t, ),

(3.28)
¢S = 07 8t¢1 =0.
t=0 t=0
Accordingly, the self-consistent potential ¢ splits into two parts

¢ = ¢1 + ¢s (3.29)
with

st = [ orte =) ([ oa(2nlt,2)dz ) dy (330
and

ost.a) = [ oo =) ([ o22)s(ty2)dz) dy. (3.31)
The latter can be rewritten as

sstt) = = [ [ plt—5)5( = yots, o) dy ds,

1 sin(sc|€|) 5 5
PO = Gy fo e PO

where ~ stands for the Fourier transform (see e. .g. [77, Chap. I, formula (1.14)]). We can
start with the following rough estimate, which appeals to assumptions (A5).

(3.32)

Lemma 3.4.4 The potential can be estimated by using the following properties:

i) Let ¢ be defined by (3.30) with vy and ¢ of finite energy:

2, 2 ) B
/Rden (Wl(ﬂc,z)| + 7| Vatho(z, 2))| )dzdx = & < .

Then, we have
616, 2) < 7 ol a2l vy Vi
Vabr(t,2)] < ¢ Voo lagas ool oo eny
ii) Let o € L>®(0,00; L*(RY)) and let ¢ be defined by (3.32). Then, we have
|ps(t, )| < 1;120HZHL‘”HQHLOO(O,t;Ll(Rd))> [Vaos(t, z)| < 1;[20HvxEHLOOHQHL‘”(O,t;Ll(Rd))v
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where

/n Sin(’ |) ‘A ‘ng‘dte 0 OO)

1 e
Mo = Gy €

Proof. The solution of (3.27) satisfies the energy conservation
/Rd (\Gtwl(t z,2)|? + |V hi(t, @, 2)| )dzdx = 4.

Next, we use Holder inequality together with the Sobolev inequality to estimate

(n+2)/2n
ot < ([ o)
RTL
></ ai(z —y) (/ [t y, 2) P02
R4 R™
) ) (n+2)/2n ) 1/2
< ([t o= ) ([ 192t 2)R)  dy
R7 Rd R7

1/2
< Noallawmengen ol ([, IVatnlt.y, 2)Pdzdy)
1

<~ lloallizmron ol 2o/
We proceed similarly to estimate V,¢r.
The estimate on ¢g is immediate once it is known that ¢ — p(t) € L'((0,00)), with norm
proportional to 1/c*. The claim is the object of [25, Lemma 4.4]. For the sake of completeness
we sketch the proof in Appendix 3.5. [ |

(n—2)/2n
)

Let us proceed to control the nonlinear terms in the entropy estimate starting with term III.

e Owing to Lemma 3.4.1, we have Af(z,v) = PAf(z,v) = (Af)(x)M(v). Hence the
product (A fIVeo -V, f ) vanishes since it can be cast as

R x R4 //eq(x v)

_/ (Af)(2)Vao(z (/fou)dv)peqdf):o.

e Next, duality implies that

Thus, invoking Lemma 3.4.2, it is concluded that

(rvoman)i < (V5 L2 e

Coming back to the estimates in Lemma 3.4.4, we conclude

HVQ;O'1||L2(R¢1)H0'2||L2n/(n+2)(Rn)\/gI 2mH0||VxE||Loo d—|— 1 d+2
S — 11

mgn<

C C
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We continue now with the control of the term IV. Observe that PA = A and P(v #eq) =0
imply (Af|V$q5 v ///eq) = (PAf|V$¢ . U///eq) = 0. Thus, the last term in IV vanishes

(Af‘vxgb ) vv'ﬂeq) = _(Af|vw¢ Y% %eq) = O
Additionally, we can use Lemma 3.4.2 to obtain

(AV.6 - Vool )| = |(Me Vo0V A" f +0A )]

d+1 d+2
< ol (| 2+ )0

d+1 d+2
< 1ol (| 2+ )0

< ([ 19ttt laamas)” (54 2

(3.33)
Let us postpone for a moment the estimation of this last quantity and instead consider the
integrals

I
/Rded vf-Vepdvdr /RdX]Rd V.o f Vv///eq dvdz. (3.34)

Note that they are associated to the energy exchanges, since their sum (3.34) can be shown
to be equal to

d 1d
— dvde + - — 24 %) dz daz.
T e Jodvdet s [ (00 + V) dzde

The Cauchy-Schwarz inequality permits us to evaluate

/]RdeRd vf - Vepdvde /Rdx]Rd V¢ v\/,///76q \//f/Te dv dx’
([ weotaf ([, v*M0)d0) o) dx)1/2 Iflly (3:35)
< (L [¥e0tt 0 pteraz) sl

The second contribution in (3.34) can be estimated using the entropy dissipation. Indeed,

note that
wrin == [, . 1v()

R xR4

IN

2dvdx
Meq

2
Meqdvdr = —/

R xR4

Vof +uf

93



Therefore, using the Cauchy-Schwarz inequality and Lemma 3.4.4 we are led to

f f Vuf+uf
o 701 0= ¥ T
< IVadlleoe | fllory/ =(LSIF)

< (||Vz01||L2(Rd)||02||L2n/("+2)(Rn)\/gI N 2mlly ||V, 2| o

c c2

dv dx‘

Y1/ =(LA1)

< —;(Lf|f) n ;(||vx01||L2(]Rd)H02|’L2n/(n+2)([[§n)\/gl . 2mH0HVQIZHLw>2||f||§{.

c
In (3.33) and (3.35), we need to estimate [ #q|V.¢|* dvdz. Lemma 3.4.4 tells us that this
quantity is uniformly bounded, but we need a more refined estimate that takes into account
the finite speed of wave propagation. To this end, from now on, we restrict to the specific
case n = 3.

Lemma 3.4.5 We assume n = 3 and supp(oa) C B(0, Ry).

i) We suppose that (A7) is fulfilled. Let ¢y be defined by (3.32). Then, there ezists
[', Sy > 0, that depends on the assumptions on (1, 11) (but that do not depend on
¢ > ¢y) such that

[Vegi(t, )| < T 1er<soy(t).

ii) Let o € L>®(0,00; L*(RY)) and let ¢ be defined by (3.32). For 0 <t < T < oo, we set
7(t) = max{0,t — 2Ry /c}.
Then, we have

A
Vas(t, )| < gHVIEHLoo\I@HLoo(r(t),t;Ll(Rd))-

Proof. We use Kirchhoff’s formula, see e. g. [38, Eq. (22), Chapter 2.4, p. 73|, for the
solution of (3.27)
1
vt 2) = o [ (B ) v )+ V(e 2) - (2~ 2)) 4S(2)
with dS the Lebesgue measure on the sphere. We use the support assumption (A7) as
follows. Observe that v1(t, z, 2), as a function of z € R?, is supported in the annulus
{z ER? ct— R < 2| < ct—l—RI}.
Accordingly, the product ¢r(t, z, z)o9(2) vanishes for
ot > Ri+ Ry © S € (0,00).

Then, by using the Cauchy-Schwarz inequality, we get

1/2
2
‘VMI(@@")‘ < HV:cUlHH(Rd)||02||L2(R3)(/Rd /R3 Ui(t, y, Z)‘ dZdy) Lict<so)-
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Next, for estimating the L?-norm of v, we use the Cauchy—Schwarz inequality again

itte 2 < (am) [, d4SG)
T — \dnc2t?) Jjy|=ct

X /|z’|ct (twl(a:,z — 2+ oz, 2 — ')+ Vobo(z, 2 — 2') - z’)QdS(z’)
3(1+ (1+c)t)? /

A2c2t2 |

We integrate over x, z and we obtain

/]Rd /R3 |[1(t, 2, 2)]? dz da
s @00 [ (L (0l + P+ 190 ) o2 - ) dsde) )

< 3(1 + (1 + C)t>2<Hw1H%2(RdXR3) + HwOH%Q(RdXH@) + Hvsz‘EQ(RdXR:‘))'

Furthermore, since z +— y(x, z) is compactly supported in the ball B(0, R;y), we can apply
the Poincaré estimate [|{o(2, )| 72@sy < C(R1)[[V40(2, -)||72(rs) and finally we conclude that

‘le(@fﬂ)‘ < B+ C(R))E (1+ (1+ )| Vaoll o o]l 2es) Lgerssoy

(W1|2 + [1ho] + |Vz¢0’2> (z,z—2")dS(Z).

2'|=ct

1
S \/3(1 + O(RI))gO (]. + S() (CO + 1)) ||vzal|’L2(Rd)||o-2||L2(R3) 1{CtSSO}

def
=r

holds since ¢ > ¢y (we remind the reader that & is the bound on the initial data ¥y, ¥4
supposed in (A5)) .

Similarly, the solution of (3.28) is given by (see [38, Eq. (44), Chapter 2.4, p. 82])
1 oo(2) oy xo(t — |z — 2| /e, )
tx,2) = / .
ws( o Z) 4mc? |z—2|<ct ‘Z - le ’
The product o9(2)o2(2’) does not vanish as long as max{|z|, |2'|} < Rs, which implies |z —
2'| < 2Ry. As a consequence, when the product oy(z)1s(t, z, 2z) does not vanish only the

values of the density o(s,-) for 7(t) < s < t are relevant. More precisely, coming back to
(3.31), we get

‘Vm¢8(t7 l’)‘ -

1 /
/ Mvmﬂ*g(t— |z — 2| /e,x)d2 dz

672 |z—2'|<ct 47T|Z—Z/|

V2| e !
Wl g fo(o, s [, 2222 4a

- c? H(t)<s<t R3xR3 47|z — 2/|

A
< C§|’Vx2||Lw(Rd) SUP<tHQ(S>')\|L1(Rd),

T(t)<s

where we used for the last integral that (—A,)YT = o9, so that
/
/ 02(2)0a(2) 1 g, - / 7T dz = / (“A)TTdz = / VTP dz = A
R R3 R3 R3

sxrs 4m|z — 2|
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Finally, with Lemma 3.4.5, we are able to estimate (3.33) and (3.35). Indeed, we shall use
the obvious inequality

/Rd|9|d:c§/Rded \/ﬁ\/fqdvdx<f||f||[{

We arrive at (mind the condition ¢ > ¢)
1 Q -
VI < =5LAN + 35 sup_ £ W+ Tl Nl L er<soy

where we have set

: a1 [d+2
Q (1+n(\/ . +¢ ) ) Al Ve

1 2mHOHVxEHLoo R4 2
5 (V2 loal roguay 61 + =)

el ),

Gathering the information all together it is concluded that

o < SN -nAT.PrPy) + SN0 - P)f+

and

dt - ) o
"7 —
+=CIPFIP+ = sup [[f(s )7+ TlLFll L qer<sor
= C r(t)<s<t
holds with
- 1 2mll d+1 d+ 2
Q= CT)Q +77<||Vx01||L2(1Rd)||U2||L6/5(R3) &1+ 0||V B e Rd)> <\/ 5 +\/ 5 )

Poincaré inequalities, see (3.22) and (3.25), allow us to obtain

=/

d = = C(1+ =) ,
el < = B Sl
g = —5la- P)fllE — T <1 N—== )HPfHH

—

Q _
+= sup |[f (s, )5 + Tl eessny-

C r(t)<s<t

Choosing n sufficiently small (0 < 7 < min{l, C(%/E,)}), we can use (3.20) to define 6 =
6(n) > 0 such that

d 0 ]
72O < 2007+ sw (L (s )l + Tl asso)
C r(t)<s<t _
< 9 Q 2 9 2 F2
< =200 f()E +— sup ||f(37')||H+ L1V + g Lerssoy
C r(t)<s B
20 O 2
< ——(t)+— su s, )| 1y,
< 2+ L sy 1560+ s
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This last inequality is equivalent to

d/ g Q 0, I
% > v t - 2 - etlc ,
G AO) ST sw 56l + e s

where we have set 6§ = %. We integrate over 0 < ¢ < 7 and we make use of (3.20) again to
obtain

1—n , ; I
Lo )y < oot (r) < 2 (0) 4 (e -1+ D [T s ) s
2 499 7(s)<o<s

Setting
def s
M(t) = S 1 £ (s, )

we are led to

1 — 77 f2 as Q t o
) < S (efSole _q f/ 26R2/c ) (s) ds.
5 ()_%(0)—1—400(6 )—i—c e (s)ds
Gronwall lemma readily implies that the estimate
2 f‘2 — _ QQGQ_RQ/C
t,- 2<<<%ﬂ0 + — 950/0—1)e (—(9—)1&)
(2 < = (0 + 5" = 1)) exp =T
holds. This completes the proof of Theorem 3.2.3. [ |

Remark 3.4.6 The main argument in Lemma 3.4.5 relies on the evaluation of the support
of the solution of the wave equation by means of Huygens’ principle. The analysis can be
extended to odd space dimensions n > 3, at the price of more intricate formulae for iy and
s, see [38, Eq. (31), Chapter 2.4, p. 77]. Details are left to the reader. Arguments that
make the case n = 3 particularly relevant on physical grounds are presented in [17].

3.5 Appendix

Linearized stability for the dissipationless model

By construction .#,(x,v) is still a solution of the Vlasov—-Wave equation (3.1)-(3.2) in the
case where v = 0. Let us consider the linearized problem

(8t + Teq)f = V$¢ : Vv'%eq = _Uﬁeq : vm¢7
o(t.2) = v ([ oa(2)ult )z ) (), (3.36)

(02 — A NY(t, x,2) = —09(2) /Rded o1(z —y) f(t,y,v)dvdy.

The linear stability can be established by adapting the reasoning in [8] for the gravitational
Vlasov—Poisson system.
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Theorem 3.5.1 We suppose n > 3.

There exists ¢ > co > 0 such that the following

assertion holds true for any ¢ > c1: for any € > 0, there exists n > 0 such that if the initial

data for (3.36) satisfies
10, )l + [|912p(0

Proof. We check that
d

5
dt RixRYE Meoq(T,0)

72 Joa

s ) L2 @n xrey +¢|| V21 (0
then, for the solution of (3.36) we have || f(t

|/ (t, 2, v)|”

s ) L2@nxray <7,
e L e

dvdz + o(t,z) f(t,z,v)dvde

R xR4

(|8t¢|2 + 62|VZ@/)|2)(25, x,z)dz dx} =0.
xR™

By using the Sobolev embedding, see [62, Th. 8.3] we can estimate the contribution of the

potential energy as follows

) ')HL"O(Rd)

1 (& ol o loall p2n o oy

(n—2)/n 1/2
x(/ (/ l(t, x, )2/ (=2 dz) dx)
Re \ JR"

[ oravaal < 5l lot
<
< I
<

s e llonllLe@ellozll oo @y [V 290 (8

1 2
e+

Ml z2@axmn)

o1 HL?(Rd) HU2HL2n/(n+2>(R")

2
) IVt g

C

Coming back to the energy conservation, we are led to the inequalities

1 |f(t,z,0)
4 Jrixrd Meq(x,v)

1
dvdx + 7/
2 JRIxR

i |0p(t, 2, 2)|* dz da

1
+(3-
L )P
= 2 Jrixpd 1///eq(x v
72 Jo
1 |£(0, z, 0)[?
= 2 Jraxrd Meq(x,0)

T3 Jp
_3 7 )P
= A4 Jrixrd Moy (z,0)

dvdzx +

2
O‘ U n/(n n
<|| 1 2@ 2||L2 /(n+2) (R )) )62/ V. (t,z, 2) > dz da
R4 xR”™

dd+/

N (|8t¢|2 + AV )(t,x, z)dzda

f(t,z,v)dvdx

#(0,2) f(0,z,v)dvdx

RaxR4

i (I0w)” + | V0*) (0, 2, 2) dz da

1
dvdz + —/
2 JRIxR

[fegt ||L2(]Rd) ||U2||L2n/<n+2>(Rn)

: 10,20(0, 2, v)|* dz dz

+(5+(

2

This estimate allows us to conclude by choosing ¢; =

2
> )02/ V.4 (0,7, 2) dz dx.
RIxR™

V2l[o1llzage) 2]l 2wz ny.

C
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A compactness lemma

In Section 3.3, we made use of the following claim.

Lemma 3.5.2 Let (un) . be a sequence defined on (0,T) x RY such that

i) We can find a non decreasing function w : (0,00) — (0,00) such that
T
sup/ / ln(t, 2 + ) — wp(t, )| dzdt < w(|h]) — 0,
n JO JRN |h|—0

i) O, =Y. 099\, with sup Hg,(f‘)HLl((QT)XRm =M < oc.
o<k e

Then, (un) o 18 relatively compact in LL _((0,T) x RY).

Proof. Let <C§>5>o be a sequence of mollifiers:

0@ <1, [C@)de =1, supp(c?) € B(0,).
We set vl (t, ) = [ ((x — y)u.(t,y) dy = [ (y)un(t,z — y) dy. Owing to i), we get

[ [t olaas [ S ([ [ e - ol a < o)

In other words ul converges in L'((0,7) x RY) as § — 0, uniformly with respect to n.
We are going to conclude by showing the compactness in Llloc((O,T) x RY) of the family
{ud, n € N}, for § > 0 fixed. It is clear that

T

su Wt x+h) —dl(t ) dedt —s 0
p N|TL(7 n )

n 0 R

|h|—0

holds. Next, we observe that (possibly extending the functions by 0 out of (0,7"))

/OT/RN |l (t +7,2) —ul(t,z)|dedt = /T/N ’/C‘;(:L’—y) ( tHT Opun(s,y) d3> dy‘ dr dt
= [ [ [T @) -y s 9 dsdy

la|<k

< K[| O] wreioo / / 199 (s, 9)|ds dy dt < CT.
The conclusion follows by virtue of the Kolmogorov-Riesz-Fréchet criterion [47, Th. 7.56].m

dx dt

Proof of Lemma 3.4.4

Let us set

00 = oy [ g IO de
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The Lebesgue theorem tells us that ¢ — ¢(t) is continuous on [0,00). Since oy is radially
symmetric, we have
[S"H e

q(t) = @) Jo sin(tr)r" 2o (rey ) |* dr

IS peecos(tr) d oo, g
@ b e ]

n—1 0o o 2
_ |(S27r)n‘ 0 ﬂngﬂ ;7«2 =233 dr.

Therefore, ¢ is integrable as a consequence of the following estimate
k.
(2m)m Jo | du?

K
lg(t)] < ) with K = {7“”2]65(7"61)]2]‘ dr < oo.

Note added to the proof.

Since the completion of this work, we learnt that a similar analysis has been performed
for the Vlasov-Poisson—Fokker—Planck system by F. Hérau and L. Thomann. The result
of [51] has the same flavor, namely the existence—uniqueness of a normalized equilibrium
state, obtained as a solution of a nonlinear integro-differential equation (Poisson—Emden
equation), and the asymptotic trend to equilibrium, with an exponential rate. The approach
is also perturbative, in the sense that the results hold provided the coupling parameter in
the Poisson equation is small enough.
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Chapitre 4

Les limites de champ moyen

Dans cet article écrit en collaboration avec Thierry Goudon, nous mon-
trons la validité des équations étudiées dans les deux derniers chapitres, en
faisant tendre un systeme fini de particules vers une densité continue de
particules suivant les méthodes présentées dans [43]. Les deux équations
sont traitées indépendamment. Pour la premiere, on démontre les résultats
de convergence sous des hypothéses tres générales sur V' en se placant d’un
point de vue déterministe avec encore des méthodes analogues a [33]. Pour
la seconde équation on adopte un point de vue probabiliste (imposé par
le mouvement brownien) et on se limite au cas ou le potentiel V' est de
gradient lipschitz. On en profite pour montrer que cette seconde équation
admet bien des solutions. On montre au passage que le chaos se propage
bien en tous temps. Les arguments sont en grande partie adaptés de [80, 11].

4.1 Introduction

In [17], L. Bruneau and S. De Bievre introduced a mathematical model describing the motion
of a classical particle through a homogeneous dissipative medium. The particle, which can
also be subjected to the effect of an external potential V', exchanges momentum and energy
with the medium, which is thought of as a vibrating field. Denoting by m the mass of the
particle and by t — ¢(t) the position of the particle at time ¢, the equations of motion read

mi(t) = =VV(a(®) - [ Vaoula(t) = 2) oaly) Wtz y) dy dz, )

OpU(t,x,y) — AAU(t,z,y) = —oa(y)or(x —q(t)), xeRY yeR™
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Here, U represents the state of the environment of the particle. It creates the potential

O(t,x) = /RdeR" o1(z — 2) oa(y) V(t, z,y)dydz (4.2)

which, in turn, influences the trajectory of the particle. The coupling is embodied in the form
factor functions o; and o9, which are both non negative, infinitely smooth and compactly
supported functions. In this approach the environment can be thought of as a continuous
set of membranes that vibrate with wave speed ¢ > 0 in directions (y € R"™) perpendicular
to the particles motion (¢(t) € R?). The model (4.1) has a Hamiltonian structure and the
following energy conservation holds

(;it {?’jtq(t) + V(q(t 2//11§de (]815 (t,z,9)]> + 2|V, ¥ (t,z,y)| >dyda:

+ //RdXR" oo(y)o1(q(t) — )V (t,z,y) dy dx} —0.

In [17], the existence—uniqueness of solutions of (4.1) is established, together with a deep
discussion on the asymptotic behavior of the system: roughly speaking, the interaction
with the vibrating field acts as a friction force on the particle. We refer the reader to
[1, 26, 27, 28, 78, 59] for thorough investigation of the asymptotic properties of the model,
based either on analytical treatments or on numerical evidence. The question is reminiscent
of the analysis of the Lorentz gas [10, 18, 42, 44, 67]; here, hard scatterers are replaced by
the soft interacting potential created by the vibrating environment.

2

The modeling can be readily adapted in order to consider a set of N particles, all of them
interacting with the vibrating medium. We are thus led to the following system of differential
equations, for j € {1,..., N}

md;(t) = =VV(g;(t)) — VO(t, q;(t)),
N (4.3)
RV (t, x,y) — AAU(t,2,y) = —0oa(y Zalx—qk
=1
where the self-consistent potential ® is still defined by (4.2). The system is completed by

the initial data

(¢j(0),¢;(0)) = (q04,p05) for j€{l,...,N}, (V,0,9) —o = (Vo, ¥y). (4.4)
Note that the large time behavior for a system of N > 1 particles is likely to be much
more intricate than for a single particle as analyzed in [17]. For further purposes, it is
worth observing that energy conservation still holds for the N-particles system; it takes the
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following form

5

5(1)

E g:lv(qj(t))
5//Rde (\@‘If(t z,y)|? +02]Vy\11(t,x,y)|2> dy dz (4.5)

* Z //Rdx]Rn y)o1(g;(t) — ) (t, z,y) dy dx} = 0.

In [25], we have revisited the model in the framework of kinetic equations. Instead of consid-
ering a particle or a set of particles described by the position—velocity pair t — (q(t), Q(t)>,

we work with the particle distribution function in phase space f(t,z,v) > 0, with z € R,
v € R?, the position and velocity variables respectively. We are thus led to the following
PDE system

Of+v-Vof =V, (V+®)-V,f=0,
(20 — A, 0)(t,2,y) = —0s(y) / o1(z — 2)p(t, z) dz, (4.6)

p(t,x) = /Rd f(t,z,v)dv

with (4.2) defining the interaction potential again. The system (4.6) is completed by initial
data

I = (4.7)

t=0

and

(W, 00) = (W, 1), (4.8)

t=0

We refer to this system as the Viasov—Wave system, and we warn the reader that the wave
equation for W holds in a direction transverse to the space variable (in contrast to models
inspired from the Vlasov—-Maxwell system, as in [15]). Finally, it can be relevant to incorpo-
rate some dissipation effects in the Vlasov equation, as in [2], namely the kinetic equation
for the particle distribution function becomes

atf+v'vxf_vz<v+q))'vvf:’)/vv'(vf‘i‘vvf)a v >0, (4'9)

which involves the Fokker—Planck operator V, - (vf + V,f). We refer to this model as
the Vlasov—Wave-Fokker—Planck system. The Fokker—Planck operator induces relaxation
effects: equilibrium states can be identified (which, by the way, are also stationary solutions
of the Vlasov—Wave system, see [2, Appendix A]) and the asymptotic trend to equilibrium
can be established.

In this paper we wish to provide a rigorous derivation of the Vlasov—Wave system (4.6) from
the equations of motion of N particles, as in (4.3), when the number of particles becomes
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large. We also propose a similar discussion to obtain (4.9): to this end, we need to modify the
deterministic model (4.3) by introducing a drag force and particles’ Brownian motion, which
gives a stochastic nature to the particle model. In order to deal with the asymptotic regime
of a large number of particles, the self-consistent potential has to be appropriately rescaled
(“weak coupling scaling”). In Section 4.2 we briefly discuss the scaling issues and we present
the interpretation of the asymptotic problem. In particular, it is relevant to consider both
the empirical measure associated to the particle system and the joint probability measure
of the system of N particles in the N—body phase space [11, 43]. In Section 4.3, we set
up a few technical tools that will be necessary for the asymptotic analysis. In Section 4.4
we investigate the mean field limit N — oo and the derivation of the Vlasov—Wave system
(4.6). In Section 4.5 we obtain the Vlasov—Wave-Fokker—Planck model (4.9). In both cases
the analysis relies on fine estimates on the particle trajectories. For the former case, it
allows us to establish directly the convergence of the empirical measure associated to the
N —particle system to a solution of the kinetic equation, in the spirit of Dobrushin’s work
[33]. For the latter case, the analysis is more intricate due to the randomness induced by
the Brownian motion. Thus, we study the behavior of the marginal of the N —particle
distribution, following the arguments introduced by Sznitmann [80]. The difficulty common
to both situation is the result of the fact that the definition of the self-consistent potential
(4.2) does not involve a smooth convolution with respect to the space variable only, but it
is also non—local with respect to time.

4.2 Mean Field Regime and Weak Coupling Scaling

The derivation of the Vlasov—Wave system (4.6) from the model (4.3) for a set of N > 1
particles requires a certain rescaling of the interaction potential. In order to clarify the
motivation of the rescaling, we start by rewriting the equations in dimensionless form. To

this end, let us denote by U the typical value of the external potential. The dimension of U

length
time

)2. With L and T the length and time units respectively, we thus set
Vig) =U V'(q/L),

where V' is a dimensionless quantity. Accordingly, we also set

w0 = L/m, w0 = 5 (524) @),

We shall use the notation pj(r) = <I¢j(7), so that §;(t) = %(d%p})(t/T). The self—

consistent potential ® scales like \U: U defines the units, while the strength of the coupling
is embodied into the dimensionless parameter A > 0. To be more specific, we denote by /¢
the unit of the variable y € R™ (which is not necessarily a length) and we set

U(t,z,y) =4 (t/T,z/L,y/l).
The coupling is defined by the product

o1(z)oa(y) = 0 ay(x/L)oy(y/l)
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where we encapsulate the unit in the single parameter ¢ > 0. Hence, taking into account
the integration over R% x R™ that defines ®, we have

XU = G L.

_ 22
We find the dimension of ¥ by comparing the terms in the energy balance: mq2—j scales like

mi, V' (g;) scales like U, and the quantities that involve the vibrating field, |0,¥|? dz dy and
?|V,¥|? dz dy, should have the same dimension. Hence, we can set

_, LA
RU = 0

with k£ > 0 dimensionless.

In order to investigate the mean field regime, we assume that the total mass is fived:

N
> m=Nm=m ¢ (0,0)

=1

does not depend on N. In other words, we have

m =m/N.
Now, we compare the weights of the contributions to the energy balance (4.5):
L2 L2
particles’” kinetic energy mN T2 = mﬁ,

particles’ potential energy NU,

self consistent energy ANU,
1 22
vibrational energy —KkU (1 + ¢ )
2 2
Imposing all terms to be of order 1 with respect to £ = m% leads to the following relations
1 T2
M:Nxé', A=1, k=N, Iz =1.

Having disposed of these observations, we can rewrite (4.3) in the following dimensionless
form, where, for the sake of clarity, we ditch the prime symbol,

q;(t) = p;(1),

p; = —VV(g;(t)) — VO(t,q;(t))

o(t.0) =+ [, orle = 2oa) Wt p) dyd,

a)?zf\i[(t7 ;U,y) - Ay\i/(t,l’, y) = _AU2(y) Z 0-1(3j - Qk(t>>7
k=1
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where the coefficient A > 0 is given by

T2
_ — N X )\71/{
2L KU

In fact, we rescale the field (in dimensionless variables) as follows

= 1.

A:Nsz%Nxa;z)Ldénx

1 -
N \Ij(t,l’,y) = \Ij<t7$7y)'

Beyond the notational convenience, this actually contains the assumption that the rescaled
initial data (Wq, W) for the field are of order €'(1). With this notation we arrive at the
following system

q;(t) = p;(t),
p; =—VV(g(t) — VO(t,q;(1))
(I)(tv'r) = /Rden (71(17 - Z)Ug(y)\lfﬁ, z, y) dy dzx, (410)

b lh,,9) =~ () = ~ooly) 3 2 (o — i)

We warn the reader not to be confused by the fact that we are actually using the same
notation for both (4.3) and the rescaled problem (4.10), bearing un mind that the asymptotic
limit N — oo will be considered for (4.10).

For obtaining the model with the Fokker-Planck operator, we add to the model (4.10) a
friction force, namely a force proportional to the particles velocity, and a Brownian motion.
We will thus deal with the following analog to (4.10), for j € {1,..., N}

de = p]’ dt,
dp;(t) = =VV(g;(t))dt — dt o1(qj(t) — 2) o2(y) V. ¥(t,2,y)dydz

—p;(t) dt + /2y dB;(t), (4.11)

1 N
aft\lj(tv x, y) - A’A/\Ij(t7 x, y) = _OQ(y) N Z O-l(x - Qk(t)),
with B; a Brownian motion on R,

We wish to investigate the regime N — oo from (4.10) and (4.11), completed by the initial
condition

(¢5(0),p5(0)) = (0,45 Po5) (4.12)

and

(T,0,0)] = (Tp, T,). (4.13)

t=0
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We shall establish this way a connection with the kinetic models (4.6) and (4.9), respectively.
From the rescaled systems (4.10) and (4.11), we can define two relevant quantities.

e The empirical measure of the N—particle system is simply defined by

N 1 Y
A1) = 5 22 Sanmee)- (4.14)
k=1

A direct computation shows that f = " (t) actually satisfies (?7?), see Lemma ?7.
Assuming the convergence of the initial state i)’ — fo(x,v) in some suitable sense,
the question we address is thus nothing but a stability property of the system (4.6) for
measure valued solutions.

e Considering the initial data (ql(O),pl(O), s qN(O),pN(O)> as independent random vari-

ables distributed according to the same probability measure f; on R? x R¢, we can also
deal with the joint probability measure p, which is a probability measure on the
N—body phase space (R% x R4V,

For investigating the connection between the N-particle system (4.10) and the Vlasov—Wave
system, it is enough to deal with the empirical measure. However, for (4.11) the trajectory
of a particle is by nature a random variable, due to the Brownian motion. Thus, even if
the initial data is purely deterministic, the (¢;,p;)’s are random variables and the empirical
measure /i”¥ becomes a random variable too. For this problem, the analysis is performed by
dealing with the N—particle measure V' instead, or more precisely with its first marginal.
Further comments and statements on these notions can be found in the surveys [11, 43].

4.3 Technical preliminaries

Main assumptions

Let us collect here the assumptions on the parameters of the model (coupling form functions,
external potential), and on the initial data. Throughout the paper, we impose

o1 € Cgo(Rd’R)’ 09 € Cgo(Rn,R),

o1(z) >0, oy(y) > 0 for any x € R?, y € R, (H1)
01,09 are radially symmetric.

o, ¥y € L*(RY x R™). (H2)

fo>0,  foe M'R?xRY. (H3)

C

Ve Wik (RY),
and there exists C' > 0 such that V(z) > —C(1 + |z|?) for any z € R%.

(H4)
We shall need another technical assumption on the external potential, that will be detailed

in Section 4.3. In [25], the existence-uniqueness of solutions to (4.6)—(4.8) is established
under this set of assumptions, with (H3) strengthened into fy € L'(R? x R?). The extension
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to the framework of measure—valued solutions that we present here unifies the N-particles
viewpoint and the PDE viewpoint.

An overview on the Kantorowich—Rubinstein distance

The use of the dual space (WLOO(]Rd X Rd))/ appeared naturally in the analysis of [25]; this
functional framework turns out to be well-adapted to establish a well-posedness theory for
the model (4.6). This is strongly related to the Kantorowich-Rubinstein distance, which can
be used to make the space of the probability measures a metric space. We refer the reader
to [33, 82] for a detailed introduction to this notion.

Definition 4.3.1 (Kantorowich—Rubinstein distance) Let (S,d) be a separable metric
space. Let u, v two probability measures on S. The Kantorowich—Rubinstein distance between
woand v is defined by

Wilw) =int{ [ dw.y)dm(e,9)} = inf ELA(X, 1))

where the infimum is taken in the first equality over measures ™ having u and v as marginals
and in the second equality over all the random wvariables X and Y having the probability p
and v, respectively.

The definition of W is meaningful on the whole space of probability measures on S, when
the distance d is bounded on S x S. When S = R4 x R?, we can take d(z,y) = |v —y| A 1,
where a Ab = min(a, b). It is well known (see [33] or [82, Chapter 6]) that, when d is bounded
on S x S, W; metrizes the tight convergence in M!(S) (the weak convergence of measures
seen as linear forms on the space of the continuous and bounded real valued functions on S).
This result will be used to prove the compactness of the sequence of the empirical measures
(i) yen in the forthcoming Sections.

Another interpretation of W is given by the following Kantorowich—Rubinstein duality for-
mula, which makes the connection with the dual of W' appear [82, Theorem 5.10, Chap-

ter 5]
[/ (x) — f(y)l
Wi(p,v) = sup , fllLip = sup ——————.
1) [Ifllip<1 ” HLp z,y€S d(z,y)

In the specific case S = R? x R? and d(z,y) = |r — y| A 1, the Kantorowich-Rubinstein

formula becomes
d(u —
Awwf(u v)

inf{/ x—y| A1 dw(x,y}: sup
" (RdXRd)Q(’ A1) ) 2)|flloos[IV flloo <1

(the infimum in the left hand side is taken over measures 7 having p and v as marginals).
/
As a matter of fact, W; and the (WLOO(]Rd X Rd)) norm are equivalent

Afdﬂ—w

(4.15)

1
— — v < W , V <2 -V
2“# H( 1,%(Rded)> < Wi, v) < 2]|p H(

.
W00 (Rd de))
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As mentioned above, the distance W; and relation (4.15) will play a crucial role in the
analysis; in order to simplify the computations, from now on, we slightly modify the definition
of the norm on W1*°(R? x R%) and we set

[fllip = 201 Flloe ATV flloo-

In what follows we will deal with measures parametrized by the time variable y : ¢t €
0, 7] — puy € MYR? x RY). We will say that p lies in C([0, T]; M*(R? x R?) — tight),
when, for any continuous and bounded function y : R? x R? — R, we have

(t — /X(x,v) d,ut(x,v)) e C([0,T7).

The natural distance induced by W; between two measures valued functions p, v € C([0, T]; M'(R
RY) — tight) is then given by

dx

le(% V)||L<>o(o,T) = Ssup WI(Ntayt)-
0<t<T

This distance makes C([0,T]; M'(R? x RY) — tight) a Banach space and we shall use the
shorthand notation Cyy, ([0, T]; M(R?xR%)). For instance, saying that a sequence (,u N)

converges to p in Cyy, ([0, T]; MY (R? x R?)) means

tim (sup Walan(8), (1)) =0,

N—oo 0<t<T

NeN

and, equivalently, for any y € L> N C(RY x R?)

lim [ x(z,v)dun(t,z,v) = /X(x,v) du(t, z,v)

N—oo

holds uniformly over ¢ € [0, T].

Expression of the self-consistent potential

As already remarked in [25], it is convenient to rewrite the interaction potential ® as an
integral operator acting on the macroscopic density p(t,x) = [ga f(t,z,v)dv. To this end,
let us set

b 0(0) = i [ e RO de

where ~ stands for the Fourier transform with respect to the variable y € R™. We also set

(2m)" /Rn /Rd o (x (qfo(z &) cos(clét) + 0, 1(z QW) 53(€) dz d¢

which is clearly associated to the solution of the homogeneous wave equation with initial
conditions (V¥g, ¥y). Finally, we define the operator £ which associates to a measure valued

Do (t, )
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function f : (0,00) = M (R? x R?) the quantity

L) = [ ple—s) ([, 5= 2)pls,2)dz) s

p(t,z) = /df(t,a:,v) dv, Y =0 *0q.
R

T

(4.16)

Note that the regularity of the form functions oy, oy imply that £(f) is a well defined smooth
function, while f(¢,-) is only measure valued. We refer the reader to [25, Section 2| for
detailed proofs of the following statements. In fact [25] assumes that f(¢,-) is an integrable
function, but the results clearly apply to the measure framework as well.

Lemma 4.3.2 Assume (H1)-(H2). Let f in Cy, <R+;M1(Rd X Rd)>. Then, the self con-
sistent potential ® defined by (4.2) with VU solution of the wave equation

DAV — AU = —O'g(y)/ o1(x — 2)f(t,z,v)dvdz

RIxR4
can be recast as & = Oy — L(f).

Lemma 4.3.3 (Estimates on the self-consistent potential) Let 0 < T < co. The fol-
lowing properties hold:
i) L belongs to the space Ar of the continuous operators on C’([O, T}, (WL"O(Rd X Rd)>,>
with values in C([O,T]; W2’°°(]Rd)>. Its norm is evaluated as follows
T2
I£0lar < llor e lo2lze@ny =5
it) L belongs to the space Br of the continuous operators on C([O,T]; (Wl"”(Rd X Rd)>,>
with values in Cl([O, T}, L”(Rd)). Its norm is evaluated as follows

T2
H|‘CH’BT S Ho—ll‘%/[/l,Z(Rd)HO’Q”%Q(R,I) <T_|_ 2>’
iii) P satisfies
||CI)O(t, -)||W2,00(]Rd) S ||O-1||W2,2(]Rd)||O-2||L2(]Rn) (H\PO“LQ(R”) =+ t”\:[llHLQ(Rn)) ,

for any 0 <t <T, and, moreover

1Pollcr o712 ey < Nloall 2y l|oallwraeny (21Woll 2y + (1 + T)[W1l| e ) -

Estimates on the characteristic curves

For an external potential V' that satisfies (H4) and for a given function ® in C°([0, c0); W2°°(R%))N
C*([0,00); L®(R%)), we can define the characteristic curves, solutions of the ODE system

X(t)=¢€t),  &(t)=-VV(X(t) - Vet X(1)),
(4.17)
X(a) = o, &(a) = .
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We denote by @28 (xg,v0) the solution ¢ ~— (X(¢),£(t)) of (4.17) at time 3; it can be
interpreted as the position—velocity pair at time [ of a particle subjected to the force
field—=V(V + @), with state (zg,vo) at time a. The analysis relies crucially on the prop-
erties of the solutions of the differential system (4.17).

Lemma 4.3.4 Let V satisfy (H4) and let ® € C°(]0, 00); W2 (R%)) N C*([0, 00); L=(RY)).
a) There exists a function
R: (AN t,x,v) €[0,00) x [0,00) x R x R — R(N,t,2,v) € [0,00),

non decreasing with respect to the first two variables, such that the solution t
(X(t),&(t)) of (4.17) satisfies the following estimate, for any t € R,

(X(1),£(1)) € Bi(wo, v0),
By(z0,v0) = B (07 R (HqDHCl([O,t};Lw(Rd))a ’t‘v'rOaUO)) C R? x R%
b) Moreover, we have

t
IV wipo (2, 0)| < exp </O (L4 [[VAV + ()| oo (Ba (w0)) dS) :

c) Taking two additional potential ®1 and o, the following estimate holds for any t > 0

(90" = w0™") (o, wo)|

t t
< /0 ”(q)l o (I>2)(S)||Wl’°°(Rd) exXp (/S ||V2((I>1(7—) + V)”L‘X’(B’r(:r:o,vo)) dT> ds,

where we have set
BT(.Q?, U) =B <0, R ({g?)z( ||¢i”ol([077};Loc(Rd)), T, T, U)) .

Proof of Lemma 4.3.4. We refer the reader to [25, Section 3] for items a) and ¢); we
prove b) here. Let (X1,&;) and (X5, &) stand for the solutions (4.17) with initial data (1, v;)
and (xs,v9), respectively, at & = 0. We have

d

X - X)) = @ - @),

i(& —&)(1) = =VV(Xi(1)) + VV(X5(1) = VO, Xy (t)) + VO(E, Xa(1)).

Let us set
K=\ B (0>R (H(I)HCl([O,t];LW(Rd))a |t|7$iavi)>

i=1,2

Using a), we obtain (at least in the sense of distributions)

d

E’Xl — Xo| <& — &,

d

a’& — &| < [[VA(V + ®(1)) | oo () | X1 (8) — Xa(2)]-
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The Gronwall Lemma yields
t
(X61,6) = (X2, &)] < [(@1,00) = (w2 w2 050 ([ VAV + B(0)) (1) ds).

By definition, we have (X, &) = o (x;,v;) for i = 1,2. Letting (22, v,) converge to (1, v1),

we get
t
Vi@ ol < exp ([ (L1920 + 2Dl e o) ds)

by using the continuity of R. |

We can now introduce an additional technical requirement on the external potential. Given
U, and U, satisfying (H2), we set
r(t,x,v) = R([|Pollcr(po gL may) + I1£]l5., ¢, 2, v), (4.18)

where R is the function defined in Lemma 4.3.4-a) and the quantity ||®o||c1 o410 (re)) 15 Well
defined by virtue of Lemma 4.3.3. Then, we assume that

T
— 2
(o) = /Rded exp (/0 IV | oo B0 2.0 dt) dpg < o0, (H5)

We refer the reader to [25] for further comments on this assumption.

Assumptions (H1)—-(H5) are supposed to be fulfilled throughout the paper.

4.4 Mean field Limit for the Vlasov—Wave system

Particle viewpoint vs. kinetic viewpoint

According to Lemma 4.3.2, it is equivalent to consider a solution (f, ¥) to the system (4.6)-
(4.8) and a solution f of
atf+vvxfzvx(v+<p0_£(f)) 'vvf7
f(07 T, U) = fO({Ea U)a
with £ defined by (4.16). It allows us to establish that the empirical measure i associated
to (4.10) satisfies (4.6), with ¢ = 1 (since (4.10) is set in dimensionless form).

(4.19)

Lemma 4.4.1 The following properties are satisfied:

(4.19) with initial data fo = 55N S0 os)-

it) Moreover, if pu is a solution of (4.19) with initial data fo = + Z;V:l O(qo.;.p0.5)» then for
allt > 0, we can find V and (q;,p;)jeq1,...ny solution of (4.10) with (4.12)—(4.13), such
that w is given by (4.14).

.....
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Proof. We split the proof into two steps.
Step 1: Proof of i)

-----

solution the emplrlcal measure i given by (4 4). Let x € C' N Le(R? x RY). We have

(i) = N Zl x(g; (), p;(t))

As a matter of fact, we observe that, on the one hand,

1 N
~N = o
(i Ix) = szlx(q(mpoj%

and, on the other hand, the self—consistent potential can be cast as

o(t,2) = [ o1 = 2)oaly) Wtz y) dydz,

RV — A = —0a(y) (A |o1(x) @ 1(v)).
Now, let ¢ € C°(]0, 00) x R? x R?) and compute the distribution bracket

((o+v Vo= Vo(V+ D) vv)ww»

— ()| - }V.g /0 " (@)t 05(0). (1)
(

t=0 1

+p;(t) - Vab (L, ¢;(1), p;(1)) = V(V + @)(L, ¢;(1)) - Vb (2, Qj(t>»pj(t))) dt

R CLCRIIE vy A (CETRAORATS
F0) V00,0550 + 50) - Tttt (01,15 (4))
S CATICRI I ) A COICRA D) I
= — (AN le(t, ) 7t ]1[ g:llb(o,%,japo,j)
= - (A1) | +<ﬁi]w<t,->>\t:0=0-

It follows that iV is a weak solution of (4.6).

Step 2: Proof of ii)
Let U and p be a solution of (4.6) (with ¢ = 1) with initial data (Vo, ¥;) and po =
% Zé-v:l (qo.;.p0.;)» Tespectively. Equivalently, u satisfies (4.19). Then, given xq in C=(R? x
R%), and T > 0, we define y : [0, T] x R? x R? as to be the solution of the following Liouville
equation

atX+vaX_vx(V+q)) 'vazoa

X(T7 xz, U) = Xo-
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Here, the potential ® is given by ® = &, — L(u). By virtue of Lemma 4.3.3, it is a smooth
function and the solution y can be obtained by integrating along characteristics, see (4.17).
Namely, for any (z,v) € R x R, ¢ — (¢, oo (x, v)) does not depend on the time variable
t € [0,T] and we have

X(taxav> = Xo©° SOZD,T('I7’U)‘

Next, we observe that
()
=0.

Integrating this relation over [0, 7], we obtain

(u(T), xo0) = (1o, x(0, ZXO g)’ (90,5,10,5))-

Therefore, since the final time 7" > 0 and the trlal functlon Xo are arbitrary, we conclude
that p(t) is given by

1 X .
= 5 2 d@opm), Wit (a50).24(8)) = 25" (a0 Po.y)-
7=1
By definition of ¢®, and since & = &y — L), we check that (gj, pj)jeqr,..ny satisfy (4.10).

It is therefore equivalent to prove the existence-uniqueness of a solution of (4.6)-(4.8),
and to prove the existence—uniqueness of a solution of (4.19) with the initial data 1)’ =
% Z;-Vzl O(go.;.p0.5)- We shall adopt the PDE viewpoint, so that we can conclude by adapting
the reasoning in [25].

Existence theory for the Vlasov—Wave system

This Section is devoted to the proof of the following statement, which extends to the frame-
work of measure—valued solutions the analysis of [25]. In particular it justifies the existence
of solutions for (4.10).

Theorem 4.4.2 Assume (H1)-(H5). Let 0 < T < oo. Then, there exists a unique pu €
Cw, ([0, T]); MY (RY x R?)) solution of (4.19) on [0,T)] such that pu(0) = fo.

It is clear that, given (qo,l;po,lv ceny qO,N7pO,N) S (Rd X Rd)N and (\I;(), \Ijl) S L2<Rd X Rn>7 the

condition (H5) is fulfilled by i) = % X7 0(g., o,,)- As a consequence of Lemma 4.3.2 and
Lemma 4.4.1, we also obtain the following claim.

Corollary 4.4.3 For all N € N\ {0}, for all (g0, p0;)jeq1,.ny in (RY x RN and for all
o, Uy in L2(R? x R™), there exists a unique solution (V,qy,p1,...qn,pn) of (4.10)(4.13).

114



The proof of Theorem 4.4.2 relies on a fixed point strategy. To this end, we introduce the
following mapping. For a non negative finite measure p, we denote by A (or A, if necessary)
the mapping which associates to ® in C([0, co); W2 (R%)) N C([0, 00); L>(RY)) the unique
weak solution p of the Liouville equation

O +v -V =V, (V4+P)-Vyu=0,
with initial data pg. Owing to the regularity of V and ®, the characteristic curves ¢4 (g, vo)
solution ¢ — (X(¢),£(t)) of (4.17), are well-defined. Thus, the solution p = A, (P) €
C([0,00); MY (R? x RY) — weak-%) is defined as the pushforward of p by the flow; namely,
it is given by the following duality formula: for any y € C' N L>®(R? x R?), we have
B @O0 = (ol o ey = [ (6" (w,v)) duo(w, v). (4.20)

R2xRd

Lemma 4.4.4 The mapping (po, ®) — A, (P) is continuous from the functional space
MR x RY) x (C([0,00); W22(R%)) N CH([0, 00); L*(RY))) to Ciw, ([0, 00); M (R? x RY)).

Proof. Let 0 < T < oco. We consider two pairs (g1, P1) and (p02, P2) and we wish to
estimate the Kantorovich-Rubinstein distance between A, (®1)(t) and A, ,(P2)(t) for all
0 <t<T. Owing to (4.15) we have

Wi (A (P1)(), A2 (2)(1)) = sup

HX”LipSl

oy, @,
/Rdx]Rd (Xo%ltdﬂo,l —Xo%gtdﬂoa?)

Pyt Do
XO%o —XO°%o

)t

< sup dyio,1

xllLip<1 /RExR4

+ sup ‘ / X © @E?Q’t d(po1 — po2)
R4 xR4

IxllLip<1
(4.21)
In order to bound those two terms, we introduce the cut off function
Or(z) = 0(z/R), 0 € C>(R4 x RY),
IVO(2)] <1 for any 2 € RIx R4, (z) =0 for |z] > 2, (4.22)

0<6(2) <1forany z€ RExRY 0(z) =1 for |2] < 1.
Let € > 0. We can find R > 0 depending on 4, and €, such that

€
/]R (1= ) duoy < 5 (4.23)

For y in Wh*(R? x RY), we split the first term arising in the right hand side of (4.21) into
two parts

Dyt

- D2t oyt Bt
/RdXRd |X0900 XOSOO ’d,UJO,l S /]RdXRd QR(Z)HVXHL‘X’(RdXRd)

Yo — %o

(2) dﬂo,l(z)
€
+§||XHL°°(Rded)'

Lemma 4.3.4 allows us to control |gog>1’t — @§2’t|. We set

T
M@0 = [, e e ([ 1T + V)l 07 (o)
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and we get
Bt ®s,
/Rdx]Rd |X09001 _XOSOOQtld/JJO,l

t
< A(®y, o1, €)||VX||Loo(Rded)/0 [(@1 — Do) () [lw1.00 ey ds + %HX”L“’(RdXRd)'
(4.24)
We turn to estimate the second term of the right hand side of (4.21). Owing to (4.23) and
(4.15), we have

€
1—0gr)d < -4+ W )
/Rded( r) dpio2 < 1 + Wi(po,1, fo,2)
It allows us to split the integral as we did above, and we obtain
Dt Pyt
“d(pos —poa) < [, 0 ) d(po — 4.25
/Rded x© @0 d(no — poz) < R xR rR(x©®o™") d(to1 — po2) (4.25)

€
X || oo (R xRA) (2 + Wl(Mo,h,uo,Q))
By using (4.15) we get

Dot o
/Rded Or(x © o) d(ro1 — Hop2) .
t
< (2HX||L°°(Rded) AV (O (x 0 po™ )”LOO(]RdXRd)) Wi(po,1, tho,2) (4.26)
t
< (1 + B(p0,1, 6)6f° HV%Q(S)”LMM)ds) Wi (0,1, po,2) |1 X llLip

where we have used Lemma 4.3.4, again, to estimate Vgpg) >t and we have set

T
B(o,,€) = sup exp (/0 (1+ HV2VHLW<BS<z>))dS>-

|2|<2R
Coming back to (4.21), and combining the intermediate estimates (4.24), (4.25) and (4.26),
we conclude that, for all € > 0, we can find A(®Py, p1,¢) and B(us,€) such that, for all
0 <t<T, we have

¢ 2 S S
Wl (Auo,l((pl)(t)v AM0,2<(I)2)(t>) < <2 + B(“O,la E)efo Ve )”Loo(Rd)d > Wl(/LO,anOQ)
t €
+A(<I>1,u0,1,e)/0 (@1 — D) () [y ey s + <

2
(Note that A(®y, 11, €) and B(p,€) depend on 0 < T' < 00.) Letting both W1 (02, f10,1) and

(@1 — ®2)(5)| o 07071 ety 80 to 0, we conclude that Wy (Ayy, (1)(1), Ay, (@2)(1)) tends

) F 0,2
to 0, uniformly for ¢ € [0, 7]. (Note that we should assume that ®; and ®5 remain bounded
in C([0, T]; W2°°(R%)) and in C1([0, T]; Wh>=(R%)).) ]

We are now ready to justify the existence and uniqueness of solution of (4.6)—(4.8), or
equivalently of (4.19).
Proof of Theorem 4.4.2. We turn to the fixed point reasoning. For u given in
Cw, ([0, T]; M} (R x R?)), we set

po= Tuo (1) = Ay (Do — L(1))-
It is clear that a fixed point of 7, is a solution to (4.19). Note also that, as a consequence
of Lemma 4.3.3 and Lemma 4.4.4, T, (u)(t) € M'(R? x R?). More precisely, we know that
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p— T (1) is continuous with values in the space Cyy, ([0, T]; M'(R? x R?)). We shall prove
that 7, admits an iteration which is a contraction on Cyy, ([0, T]; M*(R? x R?)). Let py and
po be two elements of this set. We denote 2! the flow of (4.17) with ®; = ®&; — L(u;). By
using (4.21), we get

Wi (T ) (0, T (1)) = sup [ (xol™ = x o) duo (4.27)
IxllLip<t /REXRE
< sup [ [Vl [l -
IxllLip<1 /REXRE
Dyt Dot
Yo — %o

(1:7 U) d/'LO

<
R4 xR

(x,v) dpo.
By using Lemma 4.3.4-b), we obtain
|03 - sOBI’Q’tJ (2, v)
< e [ 1600 = )l smvnes ey
X exp < / V2Vl oo B0, RAIB0+ L0101 01100 gty s0110) dU> ds,

where we have also used

oxw ([ I92(0(0) = L))

T
<oxp [ (I980(0) e + 121 o) =,
thanks to the simplification
lralle o uwreyy = ltllo@u=yy < lluoll@ey < 1.
Going back to (4.27) yields

t
Wi (Tao (1)), Toa(22)(0) < iz [ [ 1001 = 1) [ s ey
RdxRd JO .
X exp (/ V2V || L (B0, (u20))) dU> ds dpg(z,v).

Using Lemma 4.3.3 and (4.15), it recasts as

¢
WA (Tl 0 ) 0) < o [ 0 Wiparom)) as - (02)
with o
myp =mr X sup [|L] 4,
0<s<T
By induction, we deduce that
(tmy 7 )"

W (T ) (0). T () (1)) < 55T sup W o)

holds for any ¢/ € N and 0 <t < T'. Finally, we are led to
¢ ¢ (T Hr)"
sup Wi (T (a (1)), Ty (1a(1))) < === W (pua (1), 1)) | <o,

0<t<T
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It shows that an iteration of 7, is a contraction in Cyy, ([0, T]; M (R? x R?)). Therefore,
there exists a unique fixed point u in Cyy, ([0, T]; M (R? x R?)). Furthermore, the solution
is continuous with respect to the parameters of the system. [ |

Asymptotic analysis

We now wish to investigate the limit N — oo in (4.10)—(4.13) and to justify that it allows
us to derive (4.6)—(4.8). Since any finite measure f, can be obtained as the tight-limit of
sums of Dirac masses, see [64, Chap. 2, Th. 6.9], by using Lemma 4.4.1, Theorem 4.4.2
and Corollary 4.4.3, we reduce the question we address to a stability issue. We suppose
that Wy and ¥; do not depend on N and we consider a sequence of initial data (uév )NeN

We associate to these data the corresponding solutions u™ of (4.6)—(4.8). We are going to
distinguish two situations. Either we suppose that

(ud") yen converges tightly to a finite measure py and

He6
A = sup {/RdedeXp </ NG Voo (B0r(t,2,0)) dt) d,uév} < 0. (H6)

NeN
where r is defined by (4.18) (which does not depend upon N), or

the sequence (1)) )yen is tight. (H6b)

Clearly (H6) is stronger than (H6b), and it allows us to obtain sharper results. The analysis
of the situation with (H6b) only relies on a compactness analysis.

Theorem 4.4.5 (Stability for the Vlasov—Wave system) a) Assume (H6). Then
there exists a measure—valued function p solution of (4.19) with initial data po such
that uN converges to p in Cy, ([0, T]; M (R? x R9)).

b) Assume (H6b). Then, we can extract a subsequence (“NE)ZGN such that p™Nt converges

to a measure—valued function u, solution of (4.19) with initial data py = limy_,« uéV‘
(tightly), in Ch, ([0, 00); M (R x RY)).

Proof.
Step 1: Proof of a). We remind the reader that the solutions of (4.19) in Theorem 4.4.2
have been obtained as fixed points of the application 7; namely, we have

WY = T (1) = Ay (@0 — L)), g1 = Ty (1) = Ay (@ — £(12).
Based on this, we write
Wl(,“t nut < Wi (
Bearing in mind (4.28), (H6

W (T (0)0), Ty ()0) < mipt [

0

(M) (O, Ty (1) () + Wi (T () (1), T (1)(1)) - (4.29)

) leads to the following estimate

< sup Wl(,u]TV,,uT)> ds.

0<7<s
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Let us set

a(t) = sup Wi(ul, pr),
0<r<t

BN(t) = sup Wi (T (1) (1), T (1) (7)) -

0<r<t
The previous inequality implies
t
N (1) < BN () + il / o (s) ds. (4.30)
0
It can be cast as d .
— (e_m/T%Tt/ o™ (1) d7'> < BN (t)e Mt
dt 0
Integration over [0, s] yields

/s ozN(T) dr < /s 5N(T)€WT%T(S_T) dr < 5N(S) (em,T‘%/TS — 1)
0 —Jo — mh '

Going back to (4.30) leads to )

With ® = &, — L(u), by definition of 3~ and T, this can be rewritten
oM (t) < T sup Wy (A (@), A (D))

0<s<T e
We conclude by coming back to Lemma 4.4.4.

Step 2: Proof of b). We start by showing that the sequence (MN )Nen IS compact in
Cw, ([0, T]; MY (R? x R?)). By hypothesis, we note that
m = sup H/vbéVHMl(Rded) < 0.
NeN
Pick y € C*(R? x RY). For any 0 <t < T, we have, on the one hand,

/Rded x(x,v) dpl (z,v) |\uiVHM1(Rded) x| oo (xR

<
S ||IU/6VHMI(R‘1><R‘1)HXHLOO(RdXRd) (431>
<

mHXHLOO(Rded)a
by mass conservation, and, on the other hand,

d N
= | @) ()

[ (0 Vax = ValV @ — £05¥) 1)) - T2) . 0) s (a0
R4 x R4
< m(uv VY = YV - Vx| o (it
+ (Wl + 1 oll e oryon ey ) Il )
Lemma 4.3.3 then ensures that the set

¢ / ,dN,,NeN}
{tmr [ x@ o) dud @)

is equibounded and equicontinuous; hence, by virtue of Arzela—Ascoli’s theorem it is rela-
tively compact in C([0,7]). Going back to (4.31), a simple approximation argument allows
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us to extend the conclusion to any trial function y in Cp(R¢ x R?), the space of continuous
functions that vanish at infinity. This space is separable; consequently, by a diagonal ar-
gument, we can extract a subsequence, still labelled by N € N, and find a measure valued
function p € C([O, 00); MR x RY) — Weak—*) such that

. N .
A}l_r}noo . X(x,v)dy, (z,v) = /]Rded x(x,v) dp(z,v)

holds uniformly on [0, 7], for any x € C5(R? x R?) and 0 < T < oo. As a matter of fact, we
note that, for any 0 <t < T,

/Rded dp(z,v) < m.

Next, we establish the tightness of the sequence of solutions. Let ¢ > 0 be fixed once for all.
Owing to (H6b), we can find M, > 0 such that for all N > 0,

N
/x2+v22M€2 dug (z,v) <e.

A = sup{r(T,z,v), (x,v) € B(0, M)}

Let us set

where we remind the reader that (T, x,v) has been defined in (4.18): 0 < A, < oo is well
defined by Lemma 4.3.3. Let ¢ stand for the flow associated to the characteristics of the
equation satisfied by V. For any 0 < t < T, we have ¢ (B(0,M.)) C B(0, A.) so that
C(¢F°(B(0,Al)) = ¢"*(CB(0, A.)) € CB(0, M.). It follows that

d N T,V = / d N T,V
/CB(O,AE) e (@) Ceop (B(0,A0)) Ho (,0)

< dpd (z,v) < e
= Jesoan) to ( ) <

By a standard approximation, we check that the same estimate is satisfied by the limit p.
Finally, since the tight convergence is equivalent to the convergence with respect to the
Kantorovich-Rubinstein distance W; (see [82, Chapter 6] or the more detailed proof of the-
orem 2.3.3), we conclude that

lim ( sup Wl(uiv,ut)> =0

N—oo 0<t<T
According to Lemma 4.3.3 and Lemma 4.4.4, the following mapping

MRE x RY) x Ci, ([0, T, MY R? x RY))  — Cw, ([0, 7], ML(R? x RY))

(#10, 11) — T (1)
is continuous. Then, we get
Cw, ([0, T M (R xR))
=Ty () ———— Too ().
It implies that p = T, (1) and u € Cyy, ([O, T], M (R? x Rd) satisfies (4.19), which ends the
proof. [ |
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4.5 Mean Field Limit for the
Vlasov—Wave—Fokker-Planck system

Preliminary observations

In this section, we consider the case where the Fokker-Planck operator is added in the kinetic
equation: namely the equation for the particle distribution in (4.6) is replaced by (4.9). We
shall establish that this system can be obtained as the limit N — oo from the system of
stochastic differential equations (4.11). We remark that the right hand side of the wave
equation in (4.11) is nothing but

—0a(y)o1 * py (x)

with pp () = fga dpd (z,v) and i = % 321 8¢q,(0),, ) is the empirical measure associated
to (4.11). We then use Lemma 4.3.2 again to recast (4.11) as follows

dpi¥ (t) = =V (V + @o — L(AY))(¢, ¢ (1)) dt — vp;" (t) dt + /27 dB;(t), '
for any ¢ € {1, ..., N}, where from now on we emphasize the dependence with respect to N.
We also remind the reader that the (B;(t)):>0’s are independent Brownian motions. In this

.....

variables depending on the Brownian motions and on the initial data which can be random
(independently distributed) too. Indeed, the initial positions and velocities in (4.12) are
supposed to be distributed according to

Pl(¢;,p);) € Al = /A dpo forany j € {1,...,N}. (4.33)

In contrast to what happened for (4.3), here the empirical distribution 7" is no longer a
solution of (4.9). There are several arguments to convince ourselves of this fact [11]:

e due to the diffusion operator (with respect to velocity) in (4.9), we cannot expect that
the solution of the kinetic equation remains a sum of Dirac masses for positive times,

e by nature iV is a random variable (due to the Brownian motions) while the solution
of (4.9) is a deterministic quantity (at least when we work with deterministic initial
data).

Actually, it is possible to compute the equation satisfied by fi". Let us use the shorthand
notation z)\ (t) = (¢} (t),p} (t)) to specify the solution of (4.11). Applying Itd’s formula to

J

integrate (4.11), we get
P2 (1) ~o( () = [ Vagpl (5)) - p () ds
— [ Ve ) - (TalV + @o(s) — £EN) (5)) + 9 () s
[ Buple() ds + 3T [ Vup(N(s)) - dB (s
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for any trial function ¢ € C(R? x R?) and any j € {1,...,N}. Let us average over j €
{1,..., N}. We obtain the following weak relation satisfied by 'Y

/Rded e(z) daM(z )—/Rd ¥ 2) dfig' (2 / /Rd L Vaelz ) -vdp? (2) ds (4.34)
_/ /Rd R Vup(z (Vw(V+‘I’0(S)—/l(ﬁN)(S))(xH’w) dil (2) ds
by [ Al i () ds + T,

where Zy is defined by
vy Z/ Voo ) dB;(s). (4.35)

In general Zy # 0 cannot be expressed by means of [i", and the equation is not closed.
However, we shall see that E[|Zy]] is of order & (\/I—NL accordingly iV tends to be a solution

of (4.9). Moreover, the martingale theory ensures that
E[Zy] = 0.

Indeed, since the Brownian motion is a martingale, Zy is a martingale too (see [53, Definition
2.9 Chapter 3]), and its expectation value does not depend on ¢ and we conclude immediately
since at t = 0 we have Zy = 0. This observation motivates to introduce the measure p(HV)

defined by the following identity
Lo @V ([ o), (4.36)
R4 xR R xR
This measure can be related to the particle distribution in the N—body phase space: u,ﬁN)
lies in M!((R? x R%)Y) and it is defined by
N
pi () = P( (1), ... 2N (1) € )

for any & C (R? x RY)N. Since (4.11) and (4.33) do not change if we permute the particles
{zN, .., 2Y}, all the random variables z;(t) share the same probability """, which is nothing

but the first marginal of 4\ for any A C R? x R, we have

R R TR R P
Ax(RIxRI)N -1

We go back to (4.36) by the following simple computation: for any A C R? x R?, we have
. 1 & _
u N (A) = Bl (4)] = TPl () € ZP 2 ( = "M (A).
i=1

We can thus identify the two measures ugl’N) = [Ltl’N € MR x RY).
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In (4.34), bearing in mind (4.16), we can write

/ /RR op(2) - VR L(EY)(s)(x) i (2) ds

= [ [ ps=7) X VuplF () VSla (5) — 4} () drds
1<i,5<N
We take the expectation value in (4.34). We are led to the following weak equation satisfied
by pH)
Lo e@ad™Ve) = [ @l e) = [ Vel wdul (e ds (437)
R4 xR4 R4 xR4
—/ Lo Topl2) (vm<v+q>o<s>>< >+w) A (2) ds
R4 xRd

Y

7_”(271\[) +

1/(2’N)> (21, 22)dr ds

XV2($1 - xQ) ’ VUSO(Zl) d ( N s,T N T

+7// Ayp(z) dpM () ds + 0,
Re xR
where

o u%M) is the joint probability measure of two different particles at different times s and

7: for B C (R? x R?%)?, we have
pG (B) = P((]'(5), 20/ (7)) € B), (4.38)

e 12 is the joint probability measure of one particle at two different times s and 7: for

v
BC (R? x R?)2, we have
(2 N)(B) = P((z{v(s), (1)) € B). (4.39)

Equation (4.37) is still not closed, due to the joint probability measures ") and v{%N).
Besides, we can write similarly the equations satisfied by p?") or v which imply the
third order probability measures and so on... This BBGKY hierarchy is non standard because
of the coupling with the wave equation which induces a half-convolution in time. Here, we
focus on the behavior of (4.37) as N — oco. Since >N is a probability measure, it is clear
that the corresponding term in (4.37) is of order &(1/N), and thus it goes to 0 as N — co.
The difficulties relies on the terms with ™). Initially, the N particles are independent;
this property is not conserved for positive times, but we expect that particles tend to be
less and less correlated as N becomes large, which amounts to say that ,us2 N) Jooks like the
product ") @ pN) We shall make this intuition rigorous, which eventually justifies that
p BN tends to a solution of (4.9). As said above, new difficulties are related to the unusual
half-convolution with respect to the time variable in the interaction operator. To handle
this, we shall introduce a suitable notion of “multi-times propagation of chaos”, which is
inspired from the following Definition [80], see also [43, 70, 71]
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Definition 4.5.1  a) Let E be a separable metric space and let (1) yen jo be a sequence
of symmetric probability measures on EV. Let i be a probability measure on E. We
say that (u™) vew joy @8 p-chaotic if for any k € N\ {0} and any ¢, .., px in CNL>®(E)
the following identity holds

N—o0

lim N p1(z1)r(zr) dp® (21, 0, 28) = I:II/E%(Z) du(z). (4.40)

b) We say that a Markov process leading the evolution of a family {,uN :t € [0,T] —

N e MYEYN), N e N\ {0}} of probability measures on EN propagates the chaos if,

given a sequence (f1) ) nenfoy of p-chaotic initial data, the sequence (p1y )nen is also
w—chaotic for allt > 0.

Applying Definition 4.5.1-a) with k = 1 in (4.40), we see that p is the weak limit in M'(E)
of the first marginal p™) of ™ as N — co. In (4.33), we made a strong, but natural,
assumption on the initial data, namely it factorizes: u) = p&N. However, due to the
interactions with the medium, this property has no reason to be preserved for positive times.
The assumption for the initial data based on (4.40) is far weaker, and it is well-adapted to
our purposes since it is preserved by the dynamics, as we shall see below in Corollary 4.5.7-
ii) . Finally, to any sequence (1) nem foy of probability measures on EV, we associate the
family (11")nen oy of random measures on E defined by

AN_igza
8 _Ni:1 B

where the random variable (zy, .., zy) is distributed in BV according to u¥. The following
result due to [80] makes the connection between the empirical distribution and the first
marginal.

Proposition 4.5.2 A sequence (u) yen is p-chaotic iff (4.40) is satisfied for k = 2. Equiv-
alently, i converges in law to p, the weak limit in MY (E) of the first marginal p), as
N — o0.

We explain now how we will proceed, following the arguments discussed in [80]. Assume
that we have at hand a measure-valued solution u € Cyy, ([0, 00); M(R? x R?)) of (4.9). We
introduce the following system of stochastic differential equations

dg = pyY (t)dt,
dpy = =V (V + ®g — L(w))(t, " (1)) dt —~p; (t) At + /2y dBi(t),

for i € {1,..., N}, where the Brownian motion (B;(t));>o are the same as in (4.11). The
initial data for (4.41)

(4.41)

(ZN(O) = Q(J)\,fia ﬁfv(o) = pé\,[i (4-42)
are also shared with (4.11). We suppose that (4.33) is fulfilled. The dynamics of these
“fictitious” particles is driven by the measure . We are going to prove the following result,
which shows that this dynamics is close to those of the original system.
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Theorem 4.5.3 Let (zZ-N)je{l 77777 N} = (qZN,p,fV)je{l ,,,,, ~} be a solution of (4.11), with initial
data given by (4.33). Let (2{V)je{1 ,,,,, N} = (c]fv,ﬁfv)je{l ,,,,, ~} be a solution of (4.41) with the
same initial data. Let 0 < T < oco. We can find a constant Cp such that

E | sup [N — zZV|(t) <&.

0<t<T ‘ v N
We will deduce several consequences from this statement:

e it implies the convergence of the first marginal u("™) to i for a certain Kantorowich—
Rubinstein distance, see Corollary 4.5.7-1),

e the convergence in law of the empirical measure /i’¥ to the same limit then follows from
Proposition 4.5.2,

e it allows us to establish the propagation of chaos for the solution of (4.11), see Corol-
lary 4.5.7-ii),

e and, coming back to (4.34), (4.35) and (4.37), it allows us to prove that E[|Zy|] goes
to 0 as N — oo (see lemma 4.5.8) while

/ / /Rdx]Rd (s =7)Vo(z1 — x2) - Vyp(21) duf;N)(zl, zp) dr ds
behaves like

t
L L V(o) - V() (5,2) dp ) (2) ds
0 JRAxR

as expected since both converge to
t
[ L Fupl2) - VL) (s,) dyay(2) ds.
0 JRIxRA

These results justify (4.9) as the equation satisfied by the limit of the first marginal (V)
and the empirical distribution i associated to (4.11) (which tend to coincide for a large
number of particles) when N goes to infinity. This Section is organized as follows. Firstly,
we prove the existence and uniqueness of the solution x of (4.9) and of the random variables

..........

Analysis of the stochastic equations and the PDE system
N—particles system

We first prove that the system (4.11) is well posed for data that verify (4.33).

Theorem 4.5.4 The system (4.11) with (4.33) has a unique strong solution in the sense
of the stochastic differential equation. It means that, fizing a family of Brownian motions

.....
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The proof is just an adaptation of the Cauchy-Lipschitz theorem. In order to simplify the
forthcoming computations, let us set, for pu € Cyy, ([0, T]; R? x R9),

F(p)(t,q) = =Vao(V + &g — L(1))(t, q).

The following estimate on F' will be useful for the analysis.

Lemma 4.5.5 Let 1, 12 be to probability measures on Cyy, ([0, T]; R xR?). Let 2y = (q1,p1)
and zo = (qa, p2). We set

t2
a(t) = IV*Vllze + V2ol lloallz (1Wollz2 + 1 122) + lloalz:l1Vorllze 5
Then, we have:

|F(pa)(t, q1) — F(u2)(t, @2)| < er(t)|z1 — 2| + [VL(u1 — p2)(t, 1)

Proof. Lemma 4.3.3 allows us to obtain the following estimate
[(=Va(V + g —L(1))(t,q1)) = (=Va(V + Po — L(112))(t, ¢2)|

< (HVQVQLOO(Rd) + | V2@ ()| oo ray) a1 — g2+
HI VL 1) ()| oo mey |1 — qa| + | VL(pt1 — p2) () || oo (ra)

<ct)a — q| + VL (1 — p2)(t, q1)]-

Proof of Theorem 4.5.4. Let us introduce a few shorthand notations. We define
N e (Rd X ]Rd)N by

ZN = (q1,p1. - qv, PN

Next we introduce the force field
p1
F(aN)(t, q1) — vpr
FN(a™)(t, 2") = :
PN
F(a™)(t, qN) - ’YPN
We define the diffusion matrix I'V, which lies in M, ~a(R
0

mIde
Y=

A / Ide

Finally, since the family of Brownian motions (B;(t))i>o in C([0,00); R? x RY) can be de-
scribed by the a single Brownian motion (BY (t))tzo in C([0,0); (R? x RY)Y), the system
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(4.11) can be recast as
{ dzN = FN(pda)(t, ZY)dt + TV dBY

ZN<O) — ZN (443)

with
~N 1 I

Azve = 37 22 0zx_,w.2350)"

i=1

We now fix the Brownian motion (BY(#));>¢ and the initial data Z verifying (4.33), and
we are going to prove that (4.43) has a unique solution.

For any continuous function Z in C([0, 00); (R? x R)N), we set
t
T(2)() = Zo+ || FY (@) (s, Z(s) ds + T B}
Let Z' and Z?2 be in C([0,00); (R x Rd)N) By using Lemma 4.3.3 we obtain

VL - ) < [P ’ZWE 1(8) - VS - ()| s (4.44)

1
<I9S 3 [ ot = 5)lgH(s) = gt (s)] s
i=1

= ||V01H%z(Rd)HUﬂlimn)/ (t—3)|Z'(s) — Z%(s)| ds
< ||V01||%2(Rd)||02||%2<w S1Z2" = Z%|| < 0)-

Let us set ¢, = 5 ||V01||L2 RA) ||02||%2(Rn). We now make use of Lemma 4.5.5 in order to obtain
the estimate

T(2Y) = T(2)|(t) = Ot (F@3)(s, 2(s) = F(@3)(s, 2(s))) ds
</ (L7 +ci(s)]Z(s) = Z2(s)| + | VL(aZ — f2)(5)]| =) ds
/(1+7+c1( )+ 282|121 = 2| e 0.0) d.
Let Cr =1+ + ¢ (T) + cT?. We get, forall 0 <t < T < oo,
IT(Z) = T(Z) 100 < Cr [ 12} = 22y s
By induction, we deduce that
ITHZY) = TUZ*) e 00) <

holds for any / € N and any 0 < ¢t < T. It shows that for ¢ such that ('5(’;7?)2 <1, Ttis
a contraction. Therefore, there exists a unique fixed point in C([0, T]; (R¢ x R)Y) for any
T > 0, which ends the proof. [ |

(tCT)

1Z" — Z%|| L= (0,1
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Vlasov—Wave—Fokker—Planck system

We now turn to prove the existence of solution for (4.9). To this end, we adopt a particle
viewpoint by introducing the following system of stochastic differential equations

dz = v(t) dt,

dv = =V, (V + Qo(t) — L(p)(1)) (x) dt — yv(t) dt + v/27 dB(2), (4.45)
uzgz;l) = Pl(x(t), v(t)) € A, .

H = Mo,

which is now non linear, in contrast to (4.41), since the trajectories depends on pu, their
probability measure. In fact, this is nothing but a different viewpoint on (4.9). Indeed, if
z = (z,v) is a solution of (4.45), It&’s formula yields

P0) = 9:(0) = [ (Tuples)) - 0(5) = Vapla()) - ()5 2(5)) ds
VB [ V() dB(s) + [ Auela(s)) ds,

and by taking the expectation value, we get
Lo 9@ am() = [ o) duo(2)
R xR4 . R4 x R4
:/ / ,Vap(2) v = Vop(2) - Fp)(s, 2)) dps(2) ds
R ><R
—7/ / 0(2) + Ap) dps(2) ds.
R x Rd

It corresponds to the weak formulation of (4.9) (which is the analog of Lemma 4.4.1 in the
stochastic framework). Based on this, we shall prove the following statement.

Theorem 4.5.6 i) For any initial data po in M (R?xR?), there exists a unique solution
w of (4.9) in Cw, ([0, +00); M} (R? x R?)),

it) the process (x,v) solution of (4.45) is well defined.

For analyzing (4.45), we need to go back to the definition of the Kantorowitch—Rubinstein
distance in Section 4.3. It is convenient to change the framework and to work with measures
defined on the space S = C([0,T];R? x R?) endowed with the distance d(f,g) = |f —
|l o0,y A 1. We specify the corresponding Kantorowich-Rubinstein distance as Dy, namely
Dr(u, :'f{/ oy A1)d } 4.46

r(p,v) =in I )2(Hf 9llz=qomy A1) dn(f, 9) (4.46)

™

The interpretation in terms of tight convergence or strong convergence in the dual of Lipschitz
functions remains true in that case but it is far more difficult to see concretely. Measurable
sets of S = C([0, T]; R? x R?) are the elements of the c—algebra generated by the sets of the
form

By = {¢(t> €A for ¢ € C([0,T]: R? x ]Rd)},
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where ¢ spans [0, T'] and A spans the set of Borel-sets in RY x R?. Given a measure ;1 on S, we
can define a measure-valued function, that we still denote i : t € [0, 7] — p; € M'(R?xRY)
by the relation

pu(A) = p(Bya).

Looking at a process Z with probability u in M(S), Z is almost surely continuous by
definition of y. Them, the dominated convergence theorem allows us to deduce

Wil i) = EEIX = ¥ A1) < ipf B Z(01) = Z(12)] A1) 7= 0

t1—to

where the second infimum is taken over all the processes Z with probability u. Accordingly,
ML(S) embeds in Cy, ([0, T]; MY(R? x R?)). We can easily check that the distance Dy is
stronger than the one we used previously on that set owing to the inequality

sup Wi(pe, 1) < Dr(p,v).
0<t<T

Reminding of (4.15), the following estimate

/Rded fd(ps = vs)| < Ml flluip D, v), (4.47)

holds for any f € WL°(R4 x R?) and 0 < s < ¢.

Proof of Theorem 4.5.6. The proof is based on a fixed point argument, again. Let
0 < T < oo and set S = C([0,T];R? x R?). We shall use the Kantorowich—Rubinstein
distance Dp defined by (4.46). Let u be a finite measure on S. We consider the following
system

dz = v(t) dt,

dv = =V, (V + & — L(p)(t, ) dt —yv(t)dt + /2y dB(t), (4.48)

P[(z0, ) € A] = polA).

Since the field (¢, z,v) — (v, V4 (V + &g — L(1)(¢, z) is continuous with respect to time and
Lipschitz with respect to the phase space variable (z,v), the solution of (4.48) is a well
defined continuous process (see [53, Chapter 5, Theorem 2.9]) . We introduce the mapping

ACRY xR — P{(l‘(t), v(t)) € A where (z,v) satisfies (4.48) },

which, in turn, defines a new probability measure on S that we denote .7 (). Pick py and
o in M1(S). We denote z; = (x1,v1) and 25 = (x9,v9) the processes associated to .7 (juy)
and 7 (us), respectively. We bear in mind that both the Brownian motion B and the initial
data zy are fixed. Integrating (4.48) we get

(1= 2)(®) = [ (0 = a)(s) ds.
(v —v2)(t) = /Ot(F(Ml)(&Zl(S)) — Fpa, (s, 22(s)) = y(v1 — v2)(s)) ds.

We deduce that both xy — z9 and v; — vy are derivable. Using Lemma 4.5.5, we get

d

2@ = Aty +at)la = 2|) + [1Va L — p2) ()] o ra).
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Applying the Gronwall lemma, we get
t t
21— 2l(t) < [ el DT L = ) (9) 1wy ds

t
< Cr [ IVoL(ps = 112) () s,
for all 0 <t < T, where

Cr :=exp (/OT(l + 5+ ci(s)) ds) :

Notice that the right hand side is a deterministic monotically increasing function of ¢. Hence,
we deduce that

t
Di(T (), 7 (n2)) = inf E [||Zl — 22|z (o) A 1} < OT/O IVaL(p1 = p2)(8) | oo ray ds
(4.49)
holds. We now turn to dominate the right hand side by D;(p1, o). Let x € R4and 0 < s < t;
owing to (4.47) and Lemma 4.3.3, we have

VoL (=)o)l = | [ pls =) [ S =y dns = )y o) dr
< [ tpts = DI (205 ~ Mgy + 19 — Hlomqun) Drpa z)
< |lo2lizallollz2 (2l 22 + HfolHLz)/O (s = 7) D7 (p1, i) dr.
Setting c3 = [|o2[|72[lo1 ]| L2 (2l|o ]l L2 + [[Vo|12), we obtain
IV, L0081 = p2)($)| ey < s [ Dy, o) .
Finally, inserting this estimate into (4.49), we arrive at
t s
Dl (). 7 (12)) < esTCr [ [ ey, paz) dr s
We deduce by induction that

dr

DT (1), T (1) < W%(wﬁ

holds for any ¢ € N and any 0 < ¢ < T'. It shows that for ¢ such that % <1, T%sa
contraction for the distance Dy. Therefore, .7 has a unique fixed point in M*(S), and thus

w € Cw, ([0, T]; MY (R x R?)), for any T > 0. It ends the proof. |

Asymptotic analysis

This Section is devoted to the proof of Theorem 4.5.3. The analysis relies on many es-

-----

.....

(zﬁ))ie{l 77777 ~} and involve the same family of Brownian motions (B;(t))icq1,.. ny- In fact, for
any fixed i € {1,..., N}, t = (G (t),pN(t)) = zZN(t) is the solution of (4.48) for the initial
data qéY i pé\; distributed according to the common measure fi, see (4.33). In particular, we
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shall use the fact that
p:(dz) is the common law of the (g (t),pr (t))’s.

We estimate the difference

S = a0 = 6 N

jt(pﬁv =97 )(t) = (F([@")(t, " () + F(p)(t, G (1) —(p; — i )(1).

Using Lemma 4.5.5, we get (at least in the sense of distributions)
d

T % =2 <A+ +am)] =20 + VL@ — p)(t,q" (t))].
Since the initial data coincide, we thus have
N =02 [0+t e ds+ [ VLG - p)(s,a (5)]ds.

In order to deal with the last term, we introduce the empirical density i’V associated to the
family (2{V)i€{1 ,,,,, ~} solution of (4.41)

i = 5 Xt (450)
Then, using (4.44), we split
IVLEN = 1)(s,3Y ()] < IVLEY = 1Y)(s,@ ()| + IVLEY = p)(s, G (s))]
< o [ ST = 20) do + [VLGEY - 15,8 ()]

We are thus led to

~N
2 T

() < /t<1+v+c1<s>>\z?v—~N|<s>ds

+/ / Co
+ [ I9LG — (.8 (5)) ds.

We shall take the expectation value in this inequality. As (4.11), with (4.33) and (4.41)-
(4.42) do not change if we permute the indices i € {1,.., N} of the particles, all the random
variables |z — zZV|(t) share the same probability and the same expectation value. Therefore,
we remark that, for any i,j € {1,..., N} and s > 0, we have

0<7<t

Z|z —z o)dods

N =N

E sup

1
N_N‘T_
0<7<s

“j

(1) =E sup

0<7<s
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It allows us to obtain
2

t
E sup ‘(ZZN—ZZN)(T)’ < /0 (1+7—|—cl(s)—l—0282>E sup |zZN—2Z-N|(s)ds

0<r<t 0<0<s
+ [[BIVEGEY = (s, 3 ()] ds,

Hence, by using the Gronwall lemma, we deduce that, for any 0 < T < oo we can find
C7 > 0 such that

=N

(1) = Cr [ VLGN — )5, ()] ds (4.51)

0<r<t

holds for any 0 < ¢t < T. We are going to estimate the right hand side as a consequence
of the law of the large numbers. For any iid square integrable family of random variables
(Y:)1<i<ny we indeed remind the reader that

(Var(Y7))'/2

IEH;M—E[YJ T

holds. We now show that E “Vﬁ(ﬁN — 1) (s, cj{v(s))” can be written in a form similar to the

left hand side of (4.52). By definition of i as the empirical measure of the Z¥, see (4.50),
we have

E (VLY = p)(s, @ (s))]] = E [NZW (s, q1<>>—vc<u><s,q¥<s>>|]. (4.53)

In order to simplify the computations, we set X}(s) = VL(S:v)(s, G N(t)) fori € {1,...,N}.
Assuming that we know Zj, the family (X3, X1, ..., X is made of iid random variables with
the common expectation value

gl]

E VL0 6.0 6)]a| =E| [ (s - ) V2@ () ~ @'(0)) do
= [ pls = E[VE@(5) — @5 (7)) ]21] do
= ["pts=o) [, VE@ () = y) dualy.v) do
= VL) (5.1 (5).

This observation allows us to split (4.53) as follows

E (VLG — (s 7Y ()] < B [1X1(s) — ELX3(5)] 1]

< (4.52)
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Since (X3, X3, ..., X)) are iid, we estimate the second term of the right hand side with (4.52)
1 B 1 1 ) )
HZX X |Zl]‘| - /]RdXRd H ZX X ‘Zl} Zl] dM(Zl)
12 1. (=
= /Rded \/ﬁ(var(XﬂZl)) dp(z).

From the estimates on £, we also have |X}(s)| < ||o1]|p2]|Voilrzllo2]|2:T =: 4T for any
0 < s <T < oo. Coming back to (4.54), we get

264T C4T

E[IVLE s, a¥ )] < S+

Eventually, we insert this in (4.51) and we conclude that

3¢,TC
E| sup [N —z|t)| < 25T
0<t<T v N

holds. It finishes the proof of Theorem 4.5.3.

Let us detail a few relevant consequences of Theorem 4.5.3.

Corollary 4.5.7 Let u be the solution of (4.9) We have

i) With Dy the Kantorowich-Rubinstein distance on M (C([0,T];R? x RY)), defined by
(4.46), we have

C
Dp(pN 1) < —.
T(M :u) = \/N
it) Multi-time propagation of chaos holds: it means that, taking 0 < 7 < s and @1, ps in

C N L>*(R? x RY), we have

lim p1(z1)p2(z2) du (21, 22)

N—00 J(RIxR)?2 _ (/RdXRd o1(2) dﬂs('Z)) (/]RdXRd p2(2) duT(z)> .

In particular i converges in law to .

We remind the reader that the joint probability measure of two different particles at two
times (%) is defined by (4.38). This statement allows us to interpret (4.9) as the equation

satlsﬁed by the limit as N — oo of both the first marginal u(l ) and the empirical distribu-

,,,,,
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Proof of Corollary 4.5.7. Item i) is a direct consequence of the definition of D7 and the
estimate in Theorem 4.5.3. Let us discuss item ii). From the definition of W7, we have

Wi (1), s ® pir) = — (), 8 (1) A1] (4.55)
) =21 ( |/\1}+E{|Zz()_22()’/\1]

| /\

Since the Kantorovich- Rubmstem distance metrizes the tight convergence, we get for all ¢
in Cy((R? x RY)?)

lim 21, 22) AN (21, = :/ 21, 29) ds(21) pr (22).

et (Rded)Zsﬂ( 15 22) dpg 7 (21, 22) (RAXRA)? (21, 22) dpis(21) pr (22)
With ¢ = @1 ® @9, we get the announced result. For s = 7, we obtain (4.40) for k = 2.
According to Proposition 4.5.2, i¥ converges in law to p. [ |

Actually, the convergence of (fi")y can be more precise, with an explicit rate. Let y be a
bounded Lipschitz function on R% x R¢. We have

E {/RdedxdﬁiV—/Rdedxdut} ZEllix(zi(t) —/ XduH

< E[x(z1(t) — x(2:(¢)

< IVxllze—=

< ||VX||L°<>

< ClIVxllze + lIxl[=
— \/N )
where we have just applied Theorem 4.5.3 to estimate the first term and the law of large

numbers to the family (x(Z(t))ic(1,..,n}, Which Setting by construction is iid, to deal with
the second term.

.....

We now come back to the discussion of (4.34), and prove the following result

Lemma 4.5.8 The additional term

\/_Z/v )+ dBj(s),

which appear in the equation (4.34) satisfied by the empirical measure i goes to 0 when N
goes to infinity in the following sense

1/2
E[lZn]] < 2\/ (IIVvs0||Loo raxa) + O Voplty)
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Proof. We have
2

Bz =

DR FCOLEID

=1

‘ N

N 2

t
<4E U [} 3 STl (5) — Tl () dBi)
\ [+ Z Vopl22¥(5)) dBi(s)
We can get rid of the Brownian motion in the estimates of those two terms owing to
t 2 t
E [/ X(s)dB, ] — / E [|X(s)"] ds,
0 0

which is a consequence of Ito’s formula (see [53, Chapter 3.2.A]. On the one hand, we just
have to use convexity inequality and apply Theorem 4.5.3 and we obtain

B[ 2 =S (Va2 (5)) = Vipl2(5)) dBy ()

2
+4NE

2

ds

I
o\“
=

t

IN

(& [\w X)) = Va3 (5[] as
[[Vop(1 () — V7J<;9(5{V(=5’))H)2 ds
v@HLlp( [[21(s) — Z1(s)| A 1])* ds

UQOHLlp

N

On the other hand, the family of the N random variables [ V,p(2V (s)) dB;(s) are iid and
as such it is a martingale. We thus get

[/vao”v dB()} 0.

Applying the law of large numbers, we get
2
|/ ZVUSO (2N (s)) dB;(s H —E ‘/ V(21 (s)) dB(s) ]
2
N/ V(2 >>|]ds

HVUSOHLOO (RExRE)*

(:

IN

IA
Q\\ 2\

Finally, from Jensen inequality we get for all 0 < t <T,
4yt
E[Zxl)? < E[Z}] < 57 (IVopllin @ + O Vo) -
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To end, we go back to (4.37), the equation satisfied by u). We use (4.55) and (4.15) with
x (21, 20) = VX(21 — 29)Vo(21). Hence, for all ¢ in WH° (R4 x RY), we obtain

t rs
| - - (2
1\}1—{1})0/0 /0 /(]%ded)Qp(s T)Vo(xz1 — 22).Vop(z1) dul?)(z1, 22) A7 ds
= /0 /0 /(Rded)Q p<3 — T)VO'(fﬂl - x2).vv(,0(21) d/*LS(Zl) d,uT(ZQ) drds
t
- /0 /(Rdx[Rd) VUSO(Z)VI,C(M)(S’ l’) dMg(Z) dS,
).

with a rate of convergence at least &(

&
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Chapitre 5

Asymptotique en temps long pour
Fokker-Planck homogene avec un
potentiel d’interraction régulier

Dans ce dernier article, nous nous intéressons a ’asymptotique en temps long
d’une équation d’évolution portant sur la densité spatiale p rencontrée dans
le chapitre 3. L’idée principale est d’utiliser I’entropie du systeme comme une
fonctionnelle de Lyapunov. On montre d’abord qu’il y a bien des équilibres
sous des hypotheses tres générales. En restreignant notre cadre d’étude, nous
montrons que la distance des solutions a I’ensemble de ces états d’équilibres
tend vers 0. Nous donnons ensuite quelques criteres de convergences issus de
ce résultat. Afin de mieux comprendre ce que fait la solution au voisinage
des états d’équilibres, nous entreprenons d’en étudier l’ensemble. Nous
revisitons également quelques résultats de convergence bien connus depuis [5].

5.1 Introduction

The goal of this paper is to study the large time asymptotic property of the solution of the
following equation:

{ Op = div(Vp + pV(V + W xp)) R, x R? (5.1)

p(0) = po R?
where p(t, ) denotes a density of particle at # € R? and time t. The particles are submitted
to an even interaction potential W and an external potential V. (5.1) obviously preserves
the mass of the system.
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This equation appears as a simplified model in many fields of physics and biology. It is
used to describe Poisson coupling for an electron gas. In this case the important parameters
are W = 1/|z|%2, d > 3 and V is a confining potential, see [68] and [5]. It is also used
to describe the evolution of spatially homogeneous granular media. In this case V = 0,
W(z) = 23, d =1, see [9] or [50]. The potential TV can also be attractive. In the Keller-
Segel system the parameters are V' = 0, W(x) = |z| when d = 1 or W(z) = In(]z|) when
d = 2. In this situation, it is well known that there exists a critical mass m,. such that
all solutions with initial mass m > m, concentrate in a Dirac mass in finite time, see [19].
More generally this equation can be obtained as a diffusive limit of the Vlasov-Fokker-Planck
equation, see [46] or [37] for example of the Vlasov-Poisson-Fokker-Planck equation.

In many cases the trend to equilibrium has been proven in the framework of measures using
the Wasserstein distance, see [21, 66, 22] . Most of these results need more or less weak
convexity assertion on V' or W; the hypothesis is made on their second derivative, then
those results need some regularity on the potential. In order to introduce our approach, we
define now the following functional that can be seen as an entropy or an energy

E(p) = /]Rd p(In(p) + ;W xp+V)de. (5.2)

As we will see, its critical point are exactly the equilibrium states of (5.1) and moreover,
under the following assumption

eV e L'(RY), W >0, po >0, /d po(z)dz =m, &(po) < 00, (5.3)
R

the time function ¢ — &(p(t)) is decreasing and convergent. Those simple results naturally
lead us to wonder if the large time convergence of p(t) toward an equilibrium state could
be proven by using & as a Lyapunov functional. Although the assumption (5.3) is not far
to be enough to prove the existence of equilibrium states, it seems far less possible to prove
the convergence of the solution of (5.1) with only such assumption. In order to increase the
information that we can get from the large time convergence of &(p(t)), it seems first natural
to ask the measure y defined by

pla) =
/e*V(‘”) dz

to satisfy a logarithmic Sobolev inequality. It means that we can find a constant C' > 0 such
that the following inequality holds

: o (S
LV @PduzC [P () an

whenever the left hand side is finite. First studied by Gross in [49], those inequalities have
since been largely used in analysis and probability (see [4] for a large review of the subject).
It is well known (see [4, Cor 5.5.2]) that it is satisfied when V is such that

V =U+ B, U is strictly convex, B € L>™(RY). (5.5)

dx (5.4)

Requiring also W to be bounded, the best simple inequality we found to control the conver-
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gence of p(t) to an equilibrium p,, with the convergence of &(p(t)) is the following one

1
E(p(t) = E(peq) Z 51+ mbw)lp = peallLs ey (5.6)
with
ow = inf_qw(h), aw(h)i= [ AW shde = WAl (5.7)
1Pl <1 R4

Under the condition mdy > —1, we will see that it ensures the convergence to a unique
equilibrium state when W is also Lipschitz. When mdy, > —% we will see that the conver-
gence is exponential. An analogous condition for the exponential convergence can already
be found in [5]. The originality of ours is that the condition only focuses on W, while in
[5] it does on W and V' at the same time. Since the simpler condition to ensure the strict
convexity of & is mdy > —1, our condition seems closer to be the optimal one.

We then tried to know what can happen without that smallness condition. The question is
harder since without such a bound on W, (5.1) has no reason to have a single equilibrium
state. Still using & as a Lyapunov function, setting Fq, the set of all the equilibrium states
and requiring W to be also Lipschitz we prove (far less directly) the weaker result

lim inf ||p(t) = peqllp1@ay = 0. (5.8)

t—00 peq€Eq
It is (to my knowledge) the first result of this nature on this equation.

The paper is organized as follows: in the next section, we establish some general properties
of (5.1) mainly concerning its equilibrium states. We see that there exists equilibrium states
under very weak conditions close to (5.3), we establish their link with & and an operator T
that will be very useful later. The third section is devoted to establishing the convergence
results that we have just given in this introduction. The goal of the fourth one is to give some
criteria that ensure that p(t) converges under (5.8). In the last section, we tried to study
the set ¢ and give conditions to ensure the nature of its elements (attractive or repulsive,
isolated or not).

5.2 Preliminaries

We now make the framework of our study precise and we present some simple properties of
the solution of (5.1). For all mass m > 0 the following set is preserved by the evolution:

X = {peLl(Rd) ’ p>0, /dp(x)dx:m} :
R
We will first assume V' and W to satisfy the general assumption
(O { VelCRY, V() ——o00, eV ecL(RY) ce(0,1),

|x|—o00

W(z)=W(-z), W >0, W eCR{0})NLL,RD).

loc
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Reminding that & is defined by (5.2), for all smooth enough solution p of (5.1), a simple
computation gives:

dz. (5.9)

d B Vo + pV(V + W xp)?
S ==/ .

Defining 7 on X by the following expression

m W
T Xy — V"W 7 ;_/ —V(z)=Wxp(z) 4
pE o) e , (p) iy e z,

the time derivative (5.9) of &(p) can be recast as

d P 1/2
55(0) = —4/Rd \ (7-([))>

To clarify the connexion between the application 7, the entropy functional and the equilib-
rium state of (5.1), we prove the following claim:

T(p)dx. (5.10)

Proposition 5.2.1 The following assertion holds
i) The equilibrium states of (5.1) on X with finite entropy are the fized points of T .
it) These equilibria are also the critical points of the functional & on X.

iii) We remind that ow is defined by (5.7). Taking W = Wy + Wy, if m||Wi|peomay < 1
and oy, > 0, then & is strictly conver on X and it contains at most one equilibrium
state.

w) IfV and W satisfies (HO), then for any mass m > 0 there exists at least one equilibrium
state.

Remark 5.2.2 Taking W, bounded and even such that m||Wi||p~ < 1, we choose six con-
stants a,b,c >0, v € (0,d—2) , 0 >0, p € N and define W:

b
W) = Wile) + 077 4 claf,

Then, applying the Fourier transform in the expression of qw_w,(h), we get dw_w, > 0.

Under (HO), there is exactly one equilibrium state of mass m > 0.

In order to prove proposition 5.2.1—iv), we will prove in the appendix, the following lemma:

Lemma 5.2.3 Compactness
Assume (HO), then for all r > 0, the set:

Emyi={peX[&(p) <r}
is weakly compact in L*(R?).
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Proof of Proposition 5.2.1. Item i) is clear.
For proving ii), we compute the first derivative of &

DEP)(h) = /Rd(ln(p) +1+V +Wsp)hde

For all h such that [pa hdxz = 0, we can recast this expression as:

DE(p)(h) = | (1n(p) = In(T(p))h .

Then D& (p) = 0 if and only if In(p/T (p)) is constant on R%. As p and T (p) have the same
mass, it can only happen when p = T (p).
For proving #ii), we next compute the second derivative of &

h2
D*&(p)(h, h) = /R = +hW*h> da (5.11)
2
> h— + hW7 h) dz
p

= Jea
By Young and Holder inequalities, we get
L VW% bl e < WA e ] ey

We now control the norm of A

h = 17 12de < th v d 1/2< 12| p
| HLl(Rd)—/Rd Wﬂ T = /de x (/de 95) < m Al et aap)-

Putting these estimates together, we get:
D*E(p)(h,h) = (1 = m| Wil o)) | 1ll72 ety aayp) = (1 = O)IRIIZ s a0y
As the functional & is strictly convex, it cannot have more than one critical point.

We end proving iv). Owning to (HO), b = [gae" dz is well defined. We decompose the
entropy as follow:

p 1
E(p) = /deln (mb—le—v> dz + §/deW x pdz —mIn(b/m)
As the first two terms are non-negative, we deduce that &(p) is bounded from below on X:
&(p) > —mlIn(b/m) (5.12)
We take a sequence (py,)n, such that
lim &(pn) = Inf £(p).

n—oo

By lemma 5.2.3, we can extract a weakly convergent subsequence (p,, ), and we set p* as its
limit. Also by lemma 5.2.3, the set {p € X | &(p) < &(pn, )} is closed for all k, then

&(p") < liminf &(py, ) = Inf &(p).

Finally, p* minimizes the entropy, then it is an equilibrium state. [ |

We now restrict the assumption we will make on the parameters and the initial data through
nearly all the paper. We restrict our analysis to the L! initial data with finite entropy:

(HI) e L'®), >0, [ pola)de=m, &(p) < oo.
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In the proofs, we will get rid of the constant m thanks to the following property
Remark 5.2.4 If p is a solution of (5.1), then for all m >0, X = £ satisfies:
O\ = div(VAX+ AV(V + (mW) % \)) Ry x R?
A0) = 2 R?
m
Therefore without any loss of generality, we can always assume that [ga po(z)dr = 1.

A interaction potential W will be supposed bounded, Lipschitz and even:
(H2) W € Wh=2(RY), W(z) =W (-z) VrecR%

The stronger assumption is made on the external potential V:

(H3) VeCRY), eV elL'(RY, themeasure u defined by (5.4) satisfies
a log-Sobolev inequality of constant C' > 0.

Let us explain how we will use that last assumption. By the Young inequality, for all p in X
we get ||W o pl| pooray < m||W||pooray. A perturbative result (see [4, Thm 3.4.3] ) shows that
the measure m™'T (p)(z) do satisfies also a log-Sobolev inequality with an explicit constant

1/2
k. Applying this result to f = (%) / , we get the following lemma:

Lemma 5.2.5 Assume (H3) and suppose that W is essentially bounded. For all p € X, as
soon as its left hand side is well defined, the following inequality holds:

Vo +pV(V + W xp)[? p
dz > In (=) d
/Rd p w_ﬁ/den Tw) "

where k = Ce MWl

The right hand side is relative to the distance between p and T (p). It gives another way
to express the difference between those two functions by means of the Czizard-Kullback
inequality, see [58] or [24]:

P 1 2
/deln (T(p)) dz > %HP— T ()1 (ray- (5.13)
To finish this section, we define another functional, that we will work with:

R(p) ::;Ade*p+m]n<M>

m

All the results of the following section will involve some property satisfied by this functional.
The important role played by R is mostly due to the following identity:

Ent(p|T (p)) = /Rd pln (T'E)p)) da (5.14)

_ /Rd p(In(p) + V + W = p+1n(Z(p)))

= &(p) + R(p)
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The first term is the relative entropy of p with respect to T (p). Since any equilibrium is
a fixed point of 7, we will see that the value of Ent(p|T (p)) gives a way to estimate the
distance between p and the set of equilibrium states. As the expression of Ent(p|7 (p)) is
not to far from &’s one, we can deduce good property on Ent(p|7(p)) from the decay and
the convergence of &(p). That is why that last quantity appears naturally in our analysis
and R with it. For all equilibrium state pe,, (5.14) already ensures that &(peq) + R(peq) = 0.

5.3 Main results

We now present our main theorem.

Theorem 5.3.1 Large time asymptotic
Assume (H1)-(H3).

1. For all solutions p to (5.1), the quantity &(p) converges to a certain constant &* when
t goes to infinity. The set

Eq(m,&") = {peq eX

Peq = T(peq)a /Rd Peq = M, ‘g)(peq) = @(0*}

is non empty. Furthermore, p satisfies:

o) =T 53 0 and B 1P = Peallir 2220
2. If a« = mow > —1/2, then there exists a unique equilibrium state pe,. Let § = 11125‘,

for any solution p to (5.1), we have the exponential decay to equilibrium:

2m \'/? /2,2
I0(8) = pallisesy < (7o) (Elpo) = €712

where K is the constant of the log-Sobolev given by lemma 5.2.5.

Remark 5.3.2 There are two other conditions which allow us to deduce the convergence
towards an equilibrium state. Firstly, if « = mdow > —1, then proposition 5.2.1-iii) en-
sures that there is a unique equilibrium state. It is clear that Theorem 5.3.1—1) implies
that p(t) converges to this state. Secondly, the convergence can also be established if v =
WHVWHLOOUW) <1 (see remark 5.4.3). When those two conditions are satisfied, we will
see in the same remark that the convergence rate is explicit:

1/2
(@(()(Po) . 5*)) 672/{(177)15'

2m

19(8) = peallirey < (s

According to remark 5.2.4, without any loss of generality, we will now assume that m = 1.
The first item in Theorem 5.3.1 is a direct consequence of the following statement.

Lemma 5.3.3 (Time derivative spaces) Assume (H1)-(H3), then:
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i) The function t — &(p(t)) is non increasing and it converges to a certain constant &*
as t goes to infinity,

ZZ) 8tp * W € LQ(R-H LOO(Rd))f
iii) S&(p) < —4k(&(p) + R(p)),
) R(p) converges to —&*.

Proof.

Proof of i):

According to (5.9), L& (p) < 0, then &(p) is non increasing. Thanks to (5.12), &(p) is also
bounded from below. Then ¢ — &(p(t)) converges, we set:

£ = lim &(p(t)).
As t— &(p(t)) is a non increasing convergent function, we deduce on its derivative:
ig(p) € L'(0, +00). (5.15)
Proof of ii)
Let x € WH°(RY) be a test function. According to (5.14), we have:

/Rd Opxdr = /Rd div(Vp+ pV(V + W % p))x dz
== [ (Tp+pV(V + W p)) - Vxda

=/,
Vp+pV(V + W xp)

= - -/pVxd

Rd NG VPV de

Therefore, using the Cauchy-Schwartz inequality, we have:

Vp+pV(V+Wxp))>  \Y* 1/2
o) < (f, TRV EIE )T ( [ ponias)
R p R

d 1/2
< (— E@@(P)) VX oo (e)-

Then, for x(z) = W(y — z), we find:

Proof of iit)

d
100 5 W (| oe ety < _E@@(IO)HVW”LOC(HW) € L(0, +00). (5.16)
According to (5.9) we have:

—&(p

1/2
v(_ "
dt T(p)
We then apply the logarithmic Sobolev inequality for the measure T (p) dz. We get:

jtéa(/)) < —4K /deln <7’€p)) dz.

We conclude by using (5.14).
Proof of iv)

der = —4
p R

d ( ):_/Rd Vp+ pV(V + W xp)? T(p)da
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We compute the time derivative of R(p)

d hZ(p)
B = / <pW * Oyp + 70 dz
1
= /pW x Oypdr — m /Rd e VW % 0,p da
= / )W Opp dex.
Then we have:
d
| RO < 1= Tl 2@y 100 % Wl g

Using (5.13) and (5.14), we control the first term in the product:

1/2 1/2
Hp—T(p)I|L1<Rd>§<2 [, oo (%) das) =ﬂ<@@+R>Ws( L jﬁ(p))

Finally, using (5.16), we find for iR( ) the following estimate:

\th(p)\ <@ )1/2 iﬁ( ) € L0, +00)

Consequently, R(p(t)) converges when ¢ goes to infinity. As &(p(t)) goes to &* and &(p) +
R(p) belongs to LY(R,), R(p(t)) goes to —&* when t goes to infinity. More precisely, we
have:

VW oo (ray

|R(p) + &7 <

(2/@1)1/2 IVW |z gty (€(p) = €7) (5.17)

Proof of Theorem 5.3.1.
First statement:
The first part of the theorem is almost already proven: according with Lemma 5.3.3, &(p) +

R(p) goes to 0 when t goes to infinity. Using (5.14) and the Czizard-Kullback inequality, we
find:

lp(t) = T(p(O)ll11@a) < V2(E(p) + R(p)"? = 0 (5.18)

As the equilibrium are precisely the fixed points of 7T, using the compactness property, we
prove that p tends to be closer and closer to the set of equilibrium states.
Compactness:
We show the relative compactness of the set

K={T(®) | Iolues<1}. (5.19)
For all sequences (7 (pn))n of elements of K, the sequence (W x p,),, is uniformly bounded
in W1°(R%). Then, using the Arzela-Ascoli theorem, it is compact in C(B(0, R)) for all

0 < R < oo. A diagonal argument allows us to extract a subsequence (ny), such that W p,,,

converges in L>*(B(0, R)) for all R > 0. For all k£ we have:
effoWHLoo(Rd) S e*V*W*pnk S 67V+HWHL°°(R‘1)
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As eV belongs to L'(R%), according to the dominated convergence theorem, the sequence
e~V =Wroni converges in L'(RY). Then, T (p,,) = <fRd e~V Wrbny dx)i1 eV =W=Pny also con-
verges in L!(R?).

Uniform continuity:

Let B be the unit ball of L*(R%), we establish Lipschitz estimates on R and 7 on B. For all

p1, p2 in B, we have:

T(p1) ~Wi(p1—p2) W(p1—p2)
= Hermpe e d 5.20
T(p2) e Rde T(pl) T ( )
Then,
T (p1) = T(p2)| < T(p2)||1 — e "lrr2) /Rd eV P (p1)|| oo ety
< T(p2) (Hl — e*W*(prpz)HLoo(Rd) + 11— eW*(prpz)HLOO(Rd)e?HW|\Loo<Rd))
< T(p2) (1 + AWty ) 2 e ) | W | e | o1 = pallr ey
(5.21)
which ensures that 7 is uniformly continuous on B. For R | we have:
1
R(p1) — R(p2) =In (/Rd eV P2=P) T () dx) + 3 /Rd(Pl + p2)W  (p1 — po) da
We deduce that:
[R(p1) — B(p2)| < 2[[W ||z @allpr — poll e

As R and T are uniformly continuous on B, (5.18) and iv) in lemma 5.3.3 gives:

IT 0 T() - Tl — 0 IRT@)+E1—0  (5.22)
Proof of 1):
Let us introduce the non negative continuous functional ¢ on L!(R?) defined by:

©(p) = llp = T(p)ll L1 (ray + [R(p) + & (5.23)

According to (5.22) ¢(T (p)) converges to 0 when t goes to infinity. For any ¢ > 0, 7 (p())

belongs to the compact set K of L'(R?), we deduce

inf ¢(h) = 0.

hek
As ¢ is continuous on K, we deduce that ¢ '({0}) is non empty. As any equilibrium of
(5.1) is a fixed point of T, (5.14) implies that all equilibrium states p., € Eq(1, &*) satisfy
R(peq) + & (peg) = 0. Then we have exactly o' ({0}) = Fq(1,&™*).
Moreover, since ¢ is continuous on the compact set K, for all € > 0, we can find § > 0 such
that for all h in K:

if inf — > h > 24
i peqeé&mﬁ*) |h— pegllzr > € then @(h) >6 (5.24)
(8 is the minimum of ¢ over the compact set {h € K | inf |l — pegllzr > €}). Since

PquEq(m,g*)
©(T(p)) converges to 0 when ¢ goes to infinity, the contrapositive of (5.24) allows us to
deduce
inf
peq€Eq(m,&*)

[T (p(t) = peqllr == 0.
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By (5.18), we conclude:

inf
peq€EG(m,E*)

p(t) = pegllr =2 0.

Proof of 2)
We ensure that under the smallness condition on W, R — &* is sufficiently small compared

with & —&™* and it will be possible to apply Gronwall’s lemma. For &, since &™* + R(pe,) = 0,
we find

1 1
Ep) — & = /]Rd p(In(p) — §W *p+ V) dz +In(Z(peq)) + 2 /]Rd PegWV * peq A (5.25)
_ p 1
= Jou P (/@) dz + 3 /Rd(ﬂ = Peg)W 5 (p = peg) da
1
> 5 (14 0w)llp = peallZs-

Similarly, we find for R
1 1
E*+ R(p) = /Rd Peq(In(peg) — §W % peg + V) do +1In(Z(p)) + 3 /Rd pW x pdx (5.26)

- Pegq 1 _ _
_/deeqln (T(P)) dl’—l— QAd(p peq)W*(p p€Q) dz

> Sowllp - Peqllin

ow
> Ep) — &
where we have used [pa peqIn ( Lo ) dz > 0 and applied (5.25). Going back to Lemma

T(p)
5.3.3—iii), we get

V

(i%mﬂ—ﬁﬂé—AnQ+djﬁW)@Wﬁ—£W

Let g = 11125%", Assuming oy > —1/2, § is positive and the Gronwall lemma leads to:
E(p(t) — & < (E(p(0)) — &*)e
Finally with (5.25), we get

2
1+ ow

o= puallr < (

Remark 5.3.4 The condition méw > —1/2 in Theorem 5.53.1 is quite similar to the condi-
tion needed to prove that the entropy is strictly convex in Proposition 5.2.1. One could think
that the difference is only due to the simple bounds established in (5.26). A more precise
study shows that we can not do better. We define the functional

J(p) = /R peg I (,;’g;) da.
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Using the fact that peq = T (peq) and (5.20), it can be recast as

J(p) = — /Rd PegW * (peg — p) dz +In (/Rd Peqe_w*(p_peq) d:l:) .

We compute the first two differentials of J acting on L*(R?). On the one hand we have

—1
DJ(p).h = /Rd pegW * hdx — (/Rd peqe_W*(p_p""I) dx) /Rd peqe_W*(p_p""J)W x hdx
= [ (peg = T(p))W # e
For p = peq, we already notice that DJ(p) = 0. On the other hand, we have

-1
DZJ(p).<h, h) = (/Rd pqu*W*(P*Peq) dx> /Rd peqefW*(p*peq)<W * h)2 dl‘

—2
- (/d peqe_W*(p_peq) dil?) (/d peqe—W*(p—peq)W * hd.il?)
R R
2

= [V s mpTp)da = ([ (W )T (p)da)
= Vary(,) [W * h).

Then, J(p) can also be written:

1 rs
o) = [ Varria o eon[W s (p = pug)] dr ds. (5.27)

Using (5.20), we establish the following inequality:

2

—27||W(p—peq)|l f oo (rd 27(|W(p—peg)|l 1,00 (rd
e Loo(R >Varpeq < Val“T((l_T)peq+7-p) <e Lo (R )Varpeq.

Going back to (5.27) and using Theorem 5.3.1—1), we deduce that

1
J(p(t)) e §Va'rpeq [W s (p(t) = peg))-
For all h in LY(R?) such that [ h =0, we know that
if Var, [Wh] =0 then / hW  hdz = 0.
R

Nevertheless, this is not enough to control [ga hWW x hdx by Var,, [W * h].

5.4 Criteria of convergence

The conclusion of Theorem 5.3.1—1) does not establish whether or not p(¢) converges when
t goes to infinity. We give now some conditions which complement this result and establish
the convergence.

Global Criteria

Theorem 5.4.1 (Criteria of convergence)
Assume (H1)-(H3). If one of these following three conditions is satisfied
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1. Eq(m,&*) is totally disconnected in L*(RY),
2. p(t) converges weakly in D'(RY),
3. |lp =T (p)llLrray belongs to L*(Ry.) for some p in [1,+0c],
then we can find pe, in Eq(m, &*) such that p(t) goes to pe, in L*(RY) when t goes to infinity.

Remark 5.4.2 Unlike Theorem 5.8.1—2), this theorem makes us able to prove the strong
convergence of p even if the equilibrium state is not unique.

Remark 5.4.3 Theorem 5.4.1—3) gives another condition on the parameters to ensure the
convergence of p(t). Indeed, assume that v = WHVWHLW(W) < 1, then, from (5.17) and

lemma 5.3.8—3), we have:
d
dt

The Gronwall lemma ensures that

E(p(t)) — & < (E(pg) — &) "I (5.28)

(&(p) = ") < —4r(1 =) (&(p) — &7)

Then, we also have

E(p(t)) — R(p(t)) < (1 +7)(E(py) — E)e 40,
With Czizard-Kullback inequality, we get

16(t) = T () l2qaey < 21 +7)(E(po) — E7))M2 7201,

Finally, p — T (p) belongs to L*(R,, L*(R?)) and we apply Theorem 5.4.3—3).

To complement this remark, we just point out that under the additional condition o = mdy >
—1, the convergence to the unique equilibrium state of the system is explicit. Indeed, using
(5.25), we deduce from (5.28), the following estimate:

2m

1/2
lp(#) = peqll L@y < (H(g(po) — g*)) e~ 2kt

In order to prove Theorem 5.4.1-3), we will need the following lemma.

Lemma 5.4.4 Let X be a separated topological space and let'Y be a compact set of X. Let
v be a continuous function from Ry to X. We suppose that for all open neighbourhoods U of
Y, we can find n > 0 such that {7(t) | t > n} is contained in U. Then the set of limit points

Adh(y):= N {y(@®) |t > n}

n>0

is a non empty connected subset of Y. All its open neighbourhoods U also contain a set
{v(t) |t >n} for somen > 0.

Proof of theorem 5.4.1.
Proof of 1)
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We first check that the hypothesis of Lemma 5.4.4 are satisfied. If ¢, K are respectively
defined by (5.23),(5.19), then we have

Eqim, &) ={p €K | ¢(p)=0}.
As K is a compact set of L'(R?) and ¢ a continuous function on L'(R?), it ensures that
Eq(m, &) is also a compact set of L'(R?). According to Theorem 5.3.1, the distance between
p(t) and Eq(m,&™*) goes to 0 when ¢ goes to infinity. Then, according to Lemma 5.4.4, the
distance between p(t) and a connected component of Eq(m, &™) goes to 0. As Eq(m, &™) is
totally disconnected, we can find p., in Eq(m,&*) such that p(t) goes to p., when ¢ goes to
infinity.
Proof of 2)
Suppose that p(t) converges to some distribution p* in D'(R?). Picking x in Cy(R?) (the
space of continuous function which goes to 0 at infinity) and n > 0, we can find x,, in
D(R?) such that ||x — Xallpe®ay < 1/n. As ||p(t)||z1ray = |lpollz1(ray, for all ¢ > 0, we get
| < p(t),x > = < p(t),xn > | < |lpollzr(rey/n. Since the time function t —< p(t), x > is
a uniform limit of convergent function, it also converges when t goes to infinity. we deduce
that p(t) converges weakly in Co(R?)'. As T(p(t)) belongs to K which is a compact set of
LY (RY) (see proof of Theorem 5.3.1—1), we can find a subsequence (,),>0 such that T (p(t,))
converges in L'(R?). By (5.18), it also converges to p*. Then we have

/ pf(x)dr = lim/ T (p(tn))(z)dx = m.
R4 t—oo JRd
This allows us to deduce that p(t) converges weakly in Cy(R?)" where Cy(R?) is the space of
continuous bounded functions on R? (see [65, Thm I1.6.8]). Owning to (H1), W € Cy(R?)
then for all x we have:

Jim T p(t,x) =W % p*(x)

—V+Wp(t)

According with the dominated convergence theorem e converges to eV TW**" then

T (p(t)) goes to T(p*) in L*(RY). Finally, by (5.18), we have
: : . 1md
Jim () = lim T(pl0) = in L ().
As T is continuous on L'(RY), p* is an equilibrium state. As R is continuous on L!'(RY),
because of Lemma 5.3.3—4), R(p*) = —&™, then p* belongs to Eq(m,&™).
Proof of 3)
Take x in D(R?). We make the following computation:

<Op x> —— /d(vp+ PV(V + W ). Vy de
== [ (Vlp=T(p)+(p=T()VV +Wxp)).Vxdz+0

Rd

= [ (0= T()(Ax = V(V + W +p).¥x) do.

R4
Then, the following estimate holds:
| <O, x > | < llp = T(P)leo@a)(1AX = VVVX 1o ey + mI VW | [V X o )

Finally, & < p, x > belongs to L'(R.). It proves that p(t) converges weakly in D'(R%). By
2) we conclude that 3) is also true. ]
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Proof of Lemma 5.4.4.
We first prove the compactness of L defined by:

L:=Y U{y(t)|t>0}.
Take Unea Ua, an open covering of L. It is an open covering of Y and so we can find
aq, .., a, such that U, U,, contains Y. As the set U, U,, is an open neighbourhood of
Y, we can find > 0 such that it also contains {(t) | ¢ > n}. Since 7 is continuous, the
set {y(t) | 0 <t < n} is also a compact set covered by Uyea Ua, then we can also find
Qipt1, .-, Qy such that it is contained by Ui, U,,. Finally, we have:

Lc U,
i=1
We can already deduce that Adh(y) is non empty (and compact) as any non increasing
intersection of sub compact sets of L.

Take x ¢ Y. As X is separated, we can find two open sets U and O such that Y Cc U, x € O
and U N O = (). We then can find n > 0 such that U contains {y(¢) | t > n}. For such 7, we
have {7(t) |t > n} N O =0, then = ¢ Adh(~). It ensures that Adh(y) C Y.
We now suppose that we can find Oy, Os, two non empty disjoint open subsets of Adh(y)
such that Adh(y) = O1UO,. The two sets O; and Oy have an open complement in Adh(7),
then they are both closed and then compact. As X is separated, we can find U; and Uy, two
disjoint open sets of X such that O; C U; for i = 1,2. As U; and U, are disjoint and open,
Uy NUy = ). Take now (y1,72) € O x Oy. The definition of Adh(vy) allows us to construct
an increasing sequence (t,),>0 going to infinity such that
tont1 Eul, to, EUs mn €N.
For all n > 0 we split [top, ton+1] in three disjoint sets:
[ton, tonga] = {s [ () € Uh} U {s | v(s) € B} U {s | v(s) € dlh}.
The first two ones are open and non empty by choice of o, and to,1. As [ton,toni1] iS
connected, the third one is also non empty. It allows us to construct a sequence (S,)n>0
such that t9, < s, < ton,41 and v(s,) € OU,; for all n. As s, goes to infinity and (s,)n>0 €
(L N oUy)N, we have
0 (N {y(se) [k =n} C (N {v(t) [t = n} = Adh(y).
n>0 n>0
It proves that Adh(y) N ol # 0. Take x in Adh(y) N OU;. Tt cannot be in U; because it is
open, it can neither be in Uy because U; NU, = (), therefore we cannot have Adh(y) C Uy Uls.
As we have supposed Adh(y) = O1 U Oy and O; C U; for i = 1,2; we have a contradiction.
We conclude that Adh(7) is connected.
Take an open set U such that for any n > 0, {v(¢) | t > n} ¢ U, then we can find a sequence
(t,)n going to infinity such that v(t,) € U. As a sequence of points of the compact set LNCU,
it has an accumulation point. This point allows us to deduce that Adh(y)NCU # 0. Finally,
there is no such open set containing Adh(y). We conclude that all open neighbourhoods of
Adh(7) contain the whole set {y(t) | t > n} for some 7 > 0. n
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Local criteria

When there is more than one equilibrium state, some of them can be unstable while some
others can be stable. It would be interesting to know how to determine each case. Besides,
the first point of the last theorem, involves knowing whether or not an equilibrium is isolated
in Eq(m,&™*). In order to give a (partial) answer to these questions, choosing an equilibrium
state pe,, we restrict the study on the square integrable function for the measure da/pe,.
Our conditions will concern the spectrum of the following operator:

L(h) = pegW * h — peq/ W s hpey de.
R4
One can check that it is self-adjoint on the Hilbert space

fur=o}

and thanks to (H2), it is also compact. The reasons that make this operator interesting are
the following.

= {he R du/p.,)

Proposition 5.4.5 Assume (H2)-(H3), the following assertions hold:

i) L(h) is compact and self adjoin on H, its spectrum o(L) is a sequence of eigenvalues
A decreasing to 0 in absolute value.

it) DT (peq)(h) = —L(h)
iii) D& (peg)(h, h) = (h, (Id + L)(h)),,

Id)(h
w) The linearised equation of (5.1) around pe, is Osh = div (V <(£+p)<)> p€q>
eq

The following theorem is a direct consequence of the last proposition:

Theorem 5.4.6 Assume (H2)-(H3), the nature of pe, is characterised by L as follow:
1. If min(o(L))
2. If min(o(L))

> —1, then pe, is attractive.
< —1, then p., is unstable.

3. If =1 ¢ o(L) then pe, is an isolated equilibrium state of (5.1) in L'(RY).

We first prove the theorem 5.4.6:

Proof. Proof of 1) —2):

Since by proposition 5.2.1-7), the equilibrium states are the critical points of &, if we have
min(o (L)) > —1, then by proposition 5.4.5-ii7), D?&(pe,) is a strictly positive quadratic
form. We deduce that p,, is a strict local minimum of &. As &(p(t)) decreases in time for
all solutions p of (5.1), p., is attractive.
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On the other way, if min(o(£)) < —1, then we can find an eigenvalue w < —1 and an
eigenvector h,, such that £(h,) = wh,. By proposition 5.2.1-i) and by proposition 5.4.5-iii),
setting ¢(s) = & (peq + Shw), we have
q(0) =0, g"(0) = (hu, (Id + L£)(he))z, = (W + D1ho |72 (84. da/poy) < O-
It means that g has a local maximum in 0. As &(p(t)) decreases in time for all solution p of
(5.1), peq is unstable.
Proof of 3):
We define F', acting on H as
F<h) = T(peq + h) — Peqg — h.
As pe, is an equilibrium state, it is clear that we have
F(0) =0, DF(0)=—-L—Id.
Then, if —1 ¢ o(L), DF(0) is invertible on H. By the local inverse function theorem, it is
a bijection from an open neighbourhood U of p., to an open neighbourhood of 0. It follows

that I never vanishes on U \ {0}, then p., is an isolated equilibrium states for the norm of
L*(R% dx/pey). One could check that

T : L'RY) — LA(RY dz/pey)
is continuous. Since it is the identity on the set of equilibrium states, then, p,, is also isolated
for the norm of L'(RY). n

We now turn to prove the proposition 5.4.5:
Proof of Proposition 5.4.5. Item i) is clear. Taking p = ps and h = p; — po in (5.20),
we first find

Tlp+h) = T) (~Wsh+ [ WhT(p)dz +o(h))
h—0 R4
For all equilibrium state p,, we deduce ii):

DT (peq)(h) = —pegW * h + peg /Rd W s hpegdz = —L(h).
By (5.11), we have for all h in H,

dz
2 _
D28 (pey)(h, 1) _/Rdh(h+peqw*h)p + (/Rdhdx> (/Rd,oqu*hdx>

eq

_ h(h—i—pqu*h—peq/pqu*hdy)
Rd

= (h,(Id+ L)(h))4 -

iv) is also the consequence of a simple computation: if p = p., + h is a solution to (5.1),
then we have

Oth = div(Vh + hV(V + W * pey) + peg VW * h + hNW x h) (5.29)

dx

Peq

=div |V Rt pegW 5l peq> + div(hVW % h)
Peq
I

—div(V MJFPCW) peq> + div(hVW x h).
eq
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The question to determine what can happen in the case where min(o(£)) = —1 is not solved
yet. It is the most interesting case in the sense that it is what we expect from p,, if it belongs
to a non trivial attractive connected component of the set of the equilibrium states. In that
case, for all h in ker(L + Id) taking initial data py = pe, + h in (5.1), we have by (5.29) and
the definition of L:

2

c(lit VRd(’) R eq)Qpej(q;c)Lo N C(iit VRd pej(x) = ml =0

2p0,p dz

Rd Peq
_ 9 Peq +

RE Peg
:2/ VW % h|?h dz.
R4

div(hVW * h) dx

Changing h in —h if necessary, it will be non negative on the whole set {pe, + Ah | A > 0}.
If it is not equal to zero, we could expect p., to not be attractive, which doesn’t mean that
its connected component is not.

5.5 Appendix

The Compactness lemma

The proof of lemma 5.2.3 is classical, we put it here for sake of completeness.
Proof of lemma 5.2.3. According to (HO), V' is bounded from below. Without loss of
generality, we suppose that it is non negative.

First step: uniform bounds
Owing to (HO), it makes sense to introduce a = g e~179)V dz. Take p in E,, ,, we decom-
pose its entropy as follows:

(5"(p):/deln<ap(15> dx—l—&/ pVdr+ = /pW*pdx—mln()

The first three terms are non negative; therefore, we have:

p 1
/deln< —pg— ) / pV dz, i/deW*pdeT—i—mln(a) (5.30)
Splitting differently the entropy, we have more simply:
/Rd pln(p)de <r (5.31)

Second step: relative compactness
Take R > 0, for all p in F), , we have:

-1
1
/ pdzr < (mln V(z ) / pV dz < (min V(x)) r+Infa) >0
|z|>R |z|>R |z|>R £ R—o0

It is clear that under (HO), (1+V)e~(*Y) belongs to L'(R?). Take A, a measurable subset
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of R? with finite measure and R > 1. For all p in E,, , we have:

1
dz < In(p) dz + d
/Ap * = (R) Jangpzn n(p)dx angom<ry”

/ plnpdz —/ pln(p) dx) + R|A|
Rd {p(z)<1}

<
~ In(R)
1 T
Inpd / Inpde) + —— + R|A
In(R) </{osfa<z>s«:—<1+ww»}p PP Je-avencpmen PP m) TR 4

1 r
< L+ V)e et [ 0 ) R4
_lnR) (/( SV [ (4 V) de) s+ RIA

+ R|A|

= I(R)
where we have set up B = 7+ [pa(1+V)e V) dz +m+ (r +1n(a)) /e, and used (5.31) and
-1
(5.30). If |A| < 1 taking R = ( ]A\) we ﬁnally find for all p in E,,

fpde< - |A\) Al 0

Finally by the Dunford-Pettis Theorem Emm is weakly relatively compact in L!(R?).

Closedness

Let (px)r be a sequence of elements of E,,,. such that pj goes to p weakly on L*(R?). Take
b = [gaeVdz. In order to prove that p belongs to E,,,, we decompose the entropy as
follows:

E(pr) / pr In <mb e >dx—|— / peW % pr.dx — mIn(b/m)

We prove that each term is lower semi-continuous for the weak topology. Let 6 € C(R?) be
such that:

O(z) =1for |x| <1, O(z)=0for [2| >2, 0<6(x) <1 for any z € R?
For all € > 0, we set:
We(z) = (1 —0(x/e))W(x)0(ex).
For all z € R, since W, belongs to L™, we have:
lim pg x We(x) = p*x We(x)
k—o00
Moreover, for € > 0 fixed, W, is uniformly continuous on R%. Then we have:
Wk pu(w) = Wer pula)] < [ IWela =) = Wela' = p)lpuly) dy
<m  sup |We(z1) — We(zo)] |—’> 0

1| <la—a'| a—a/|0

Then py, * W, goes to p * W, uniformly on all compact set of R%. It ensures:

hm / pr(2)0(x/e)We x p(x) doe = /Rd p(x)0(x/e)W,  p(x) du.

As pr and W are non negative, we deduce that:

11m1nf/ pe(2)W * pp(z) dz >/ )0(x/ )W, % p(z)dz  holds.
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When € goes to 0, we finally obtain by the monotone convergence theorem:
lim inf/ ()W * pp(z) dz > / p(x)W * p(z) dz.
k—oo JRA Rd

For the first term, a general proof (see [35, p.10-13]) allows us to ensure directly:
L Pk P
s > 7
hlgggjlf ra = (mb—le_v> do = R pln (mb—le_v) dr
Finally, we have proved:
liminf &(p) > & (p)
—00

Then E,,, is closed.

A weaker version of the Lemma 5.4.4

When the set Eq(m, &™) is finite, the convergence in Theorem 5.4.1—1) is easy to obtain
(also using Theorem 5.3.1—1)). We point out that it is possible to generalise that idea asking
the set Eq(m, &™) to be countable. For a compact set, being countable is far more restrictive
than being totally disconnected but the proof of that weaker result use a very different point
of view from the one of the lemma 5.4.4, we put it here by sake of completeness.

Lemma 5.5.1 Let X be a metric space and Y be a countable compact set of X. Let v be a
continuous function from Ry to X. Then the following assertion are equivalent:

1. The distance between y(t) and Y goes to 0 when t goes to infinity.

2. 4(t) converges to some point of Y when t goes to infinity.

Proof of lemma 5.5.1.
For all ordinal numbers § > 0, we define the S-th derivative set of Y by transfinite induction
(see [52, section 1.2] for basic notions on ordinal numbers and transfinite induction):

Yo=Y

You1 := Ac(Y,) for all successor ordinal av + 1

Y5 :=Na<p Yo for all limit ordinal
where for all subsets Z of X, Ac(Z) is the set of accumulation points of X:

Ac(Z):={z e X | Ve>0, ZnN(B(x,e)\{z})#0}.

This sequence has been first defined by Cantor in [20] when he worked on trigonometric
series (see also [23] or [72]).
If we suppose that d(v(¢),Y’) goes to 0, and that ~(t) does not converge when ¢ goes to
infinity, then we prove by transfinite induction that for all ordinal numbers 3, d(v(t), Y3)
also goes to 0 when ¢ goes to infinity (in the end, we will prove that we can find A such that
Y, is empty which will give the contradiction).
For 8 =0, it is obviously satisfied.
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Fix an ordinal number  and suppose that it is true for all a < 5. For all 0 < a < 3, we
define D, =Y, \ Y,11. For all x € D,, we set:

5o = 2, Yo\ )

which is always positive because x is not an accumulation point of Y,,. Whenever f is a limit

or a successor ordinal, we have:
Y =YzU U D,
0<a<p

Then, for all € > 0, we define the following covering of Y:

(UBym) (u U s )

yeYs 0<a<fB x€Dy
Using Borel-Lebesgue’s characterisation of compactness, we can find n and m, {y1,..,yn} C
Vs, a1,y am < B and (21, .., 2m) € [1j2; Do, such that:

C <L:J B(yi,e/2)> U (G B(xj,éxj)) . (5.32)

j=1
In order to simplify the notation, we set ; = d,,. For all 6 > 0, we define Y? with:
={rxeX | dVY,) <d}.
According with the hypothesis of induction, we can find > 0 such that I,, = {(¢) | t >
n} C Yo?fj for all j € {1,..,m}. Suppose that for some j in {1,..,m}, I, N B(z;,2d;) # 0.
d; has been chosen such that d(B(z;,20;), Yo, \{7;}) > 3;, then we have the decomposition:
ij. = B(xj,25j) U {l’ eX | d(ZE,Yaj \{l‘]}) < 2(5J}
Those two sets are open and disjoint. As I, is a connected subset of Yo?fj , we have I, C
B(x;,26;). As d(v(t),Ys,;) goes to 0, ¥(t) goes to x; when ¢ goes to infinity which is in
contradiction with the hypothesis. For all j € {1,..,m}, and for all ¢ > 7, we have proven
that d(vy(t),z;) > 26;. Taking § = lgli<n d;, for all £ > 1, we have:
>jsm

d (V(t)’ 6 B(%‘ﬁj)) > 4.

j=1
Then, using (5.32), we have:

o )

It allows us to find 7’ such that for all t > n', d(~v(t),{y1,..,yn}) < €. It ends the induction
and for all ordinal numbers 3, we have:

A1 (), Y5) = 0.

It is well known that all complete spaces Z # () such that Z = Ac¢(Z) are not countable.
Therefore, as Y is countable, if Y, = Y, .1, then Y, = (). Suppose now that for all ordinal
numbers «, Y, # (). Then, for all a, we can find 2, in Y, \ Y,.1. The ordinal number theory
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ensures that we can find an ordinal number w; such that the set {a < w;} is not countable.
The mapping « — z, from the set {ov < wy} to Y is injective. Then, Y can not be countable
which is in contradiction with the hypothesis. We set A, the first ordinal number such that
Y)\ = (Z)

We have proven that as soon as y(t) does not converge, if the distance between 7(t) and Y
goes to 0 when ¢ goes to infinity, so does the distance between ~(t) and Y, for all a. Taking
a = A\, we find:

which is wrong.
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