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Thesis outline

The thesis consists of three parts dealing with three independent problems. All of those problems have in common
that they are directly or indirectly related to inverse problems with partial data. Each of the parts has its own
introduction, so here we only briefly outline their content. Concluding remarks for all of the parts are given in

separate section at the end.

In Part 1, we consider partially overdetermined boundary-value problem for Laplace PDE in a planar simply
connected domain with Lipschitz boundary 0. Assuming Dirichlet and Neumann data available on I' C 9
to be real-valued functions in W1/22 (T') and L? (T') classes, respectively, we develop a non-iterative method for
solving this ill-posed Cauchy problem choosing the L? norm of the solution on 9Q\I' as a regularizing parameter.
The present complex-analytic approach also naturally allows imposing additional pointwise constraints on the
solution which, on the practical side, can help incorporating outlying boundary measurements without changing
the boundary into a less regular one. Success of this work is based on a technical observation about explicit
solvability of certain infinite-dimensional system of ODEs establishing a link between the approximation quality
and regularization constraint. Such a link makes the regularizing scheme, which was used in different contexts
before, into a non-iterative computational method. Part of the results of this work is to appear in the Journal of

Inverse and Ill-Posed Problems (accepted February 2016).

Part 2 is concerned with the spectral structure of truncated Poisson operator. An eigenvalue problem for integral
operator with Poisson kernel on a bounded domain is expected to produce an efficient basis for the representation
of specific functions. Indeed, the structure of these eigenfunctions encodes harmonicity and geometry related to
the problem whose solutions we seek to either interpolate from pointwise measurements or extrapolate beyond the
measurement area. We study the one-dimensional version of this equation which turns out to be a long-standing
problem. We establish interesting properties of solutions, discuss connections with other problems and develop
original methods for the construction of asymptotic solution for large and small values of the geometric parameter.
These asymptotic constructions stem from subtle analysis of structure of the problem yielding reductions to simpler

integral equations (on a half-line) and second-order ODEs. Interestingly enough, integral equations with the same
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kernel appear in many different fields of physics: from electrostatics and viscous fluid motion to statistics of
quantum gases and theory of stochastic processes. These particular instances of the equation have been subject
to intense investigation over the last 60 years.

In Part 3, we deal with a particular inverse problem arising in a real physical experiment performed with SQUID
microscope by our geophysics partners at the Paleomagnetism Lab in the Earth, Atmospheric and Planetary Sci-
ences Department of Massachusetts Institute of Technology. The practical aim is to recover certain magnetization
features (typically net moment, i.e. essentially an average magnetization) of a sample from partial measurements
of one component of magnetic field above it. We pursue this goal by developing two new methods of solving this
badly ill-posed problem. One of them is an adaptation, due to construction of Kelvin transformations, of tools
from spherical geometry setting to the planar case considered. Another one is based on asymptotic analysis in
Fourier domain where the matching is performed for the wave vectors of different magnitude. We advance in
two directions. First of all, we perform constructive investigation of possibilities to extract the net moment (as
well as other scalar quantities) from completely available data for either the scalar potential or for the normal
component of the magnetic field. Second, we obtain practical formulas for computing net moment in the case
of partially available data. In the first case, we provide a certain representation of the exact solution of the net
moment problem, whereas in the second case, we construct asymptotic estimates based on the original idea of
measurement extension. It is remarkable that recovery of tangential and normal components of the net moment

require separate treatment based on different ideas.



PART 1

Recovery of harmonic functions from partial boundary data respecting

internal pointwise values

1.1 Introduction

Many stationary physical problems are formulated in terms of reconstruction of a harmonic function in a planar
domain from partially available measurements on its boundary. As it is often the case, the values of both the
function and its normal derivative are available only on part of the boundary whereas the main interest is to
determine the values inside the domain or on the unaccessible part of the boundary, or sometimes even the
position of this complementary part of the boundary [3]. The planar formulation is a simplification that typically
arises from original three-dimensional settings whose symmetry properties allow reformulation of the model in
dimension two.

The Cauchy problem for Laplace’s equation is known to be ill-posed: the famous Hadamard’s example demon-
strates the lack of continuous dependence of the solution on boundary data. This reveals the necessary compatibility
between Dirichlet and Neumann data for the existence of a physically meaningful solution and advocates the use
of regularization techniques.

Partially overdetermined problems for the elliptic operators have been vastly considered in various frameworks
(see [25] and references therein) and different methods of their regularization and solution have been developed
and investigated.

In the present work, we revisit the very classical setting - Laplace’s PDE on a simply connected domain with
Lipschitz boundary. Namely, we consider the prototypical case where the domain is the unit disk 2 = D, which
is justified by the conformal invariance of the Laplace operator. We assume real-valuedness and appropriate

regularity of the boundary data on a strict subset I' C T := 0D required for the existence of a unique weak
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W2 (Q) solution:

Au=0 in Q,
(1.1)

u=1uy, Ot =wp on I' with wye WY22(T'), wy € L?(T).

We employ a complex-analytic approach which has proven to be rather efficient in dealing with this [5, 7, 11, 12]
and more general formulations of the problem: annular setting [27, 31|, conductivity PDE [20] and their mixture
[6].

Recall that if a function g = u + v is analytic (holomorphic), then v and v are real-valued harmonic functions
satisfying the Cauchy-Riemann equations 0,u = 0yv, Oyu = —0,v, where the partial derivatives are taken with
respect to polar coordinates. Applied to problem (1.1), the first of these equations suggests that knowing wy,
one can, up to an additive constant, recover v on I', and therefore both ug and wy define the trace on I' of the
function g analytic inside 2. However, the knowledge of an analytic function on a subset I' C T of positive measure
completely defines this function inside the whole domain (unit disk D) [24, 37]. Of course, available data ug, wg on
I" may not be compatible to yield the restriction of an analytic function onto I'. This fact illustrates ill-posedness of
the problem from the complex analysis point of view. At the same time, it leads to a natural regularization scheme
that consists of finding a compatible set of data which is the closest to the original one and whose continuation
behaves well on the unaccessible part of the boundary.

The described procedure can be formalized as a best norm-constrained approximation problem in Hardy space
for the disk casted in the works [5, 7]. Pursueing this approach, we extend previously obtained results as follows.

First of all, we generalize the method in order to allow internal pointwise constraints on the solution. We
rederive the solution formula and carry out analysis of the approximation quality for this case. One practical
aspect of this modification might be a possibility to effectively process measurements from sensors positioned off
the naturally smooth boundary by clustering these outlying measurements into a few points located inside the
domain. We note that here internal pointwise data do make sense due to the analytical structure of the present
framework - an advantage of working in Hardy rather than Lebesgue spaces. The possibility of imposing finite
or infinite number of internal pointwise constraints on analytic function in the disk is classical [40] and has been
studied from different viewpoints (e.g. [10]).

Second, we improve the previous solution algorithm which was an iterative procedure. As before, the solution
formula is implicit for it contains a parameter to be chosen to satisfy the regularization constraint. However, if
this adjustment previously had to be done by dichotomy, we now provide an expression allowing one to estimate
this parameter directly from the regularization bound and thus avoid repetitive solution of the problem.

Lastly, we prove stability of the regularized problem with respect to all input data - a technical issue that
appears not to have been raised before.

This Part is organized as follows. Section 1.2 provides an introduction to the theory of Hardy spaces which are
essential functional spaces in the present approach. In Section 1.3, we formulate the problem, prove existence of a

unique solution and give its useful characterization. Section 1.4 discusses the choice of interpolation function which
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is a technical tool to prescribe desired values inside the domain; we also provide an alternative form of the solution
that turns out to be useful later. In Section 1.5, we obtain specific balance relations governing approximation rate
on a given subset of the circle and discrepancy on its complement, which shed light on the quality of the solution
depending on a choice of some auxiliary parameters. Also, at this point we introduce a novel series expansion
method of evaluation of quantities governing solution quality. Section 1.6 introduces a closely related problem
whose solution might be computationally cheaper in certain cases. We further look into sensitivity of the solution
to perturbations of all input data in Section 1.7, addressing the stability issue and providing technical estimates.
We conclude with Section 1.8 by presenting numerical illustrations of certain properties of the solution, a short
discussion of the choice of technical parameters, and suggestion of a new efficient computational algorithm based

on the results in Section 1.5.

1.2 Background in the theory of Hardy spaces

Let D be the open unit disk in C with boundary T.

Hardy spaces HP (D) can be defined as classes of holomorphic functions on the disk with finite norms

1 2m , 1/p
Pl = s (3 [ PGP a0) L 1sp<,
0

0<r<1

1Fll g = sup [F (2)].

|z|<1
These are Banach spaces that enjoy plenty of interesting properties, and they have been studied in detail over
the years [18, 23, 26, 40]. In this section we give a brief introduction into the topic, yet trying to be as much
self-contained as possible, adapting general material to our particular needs.
The key property of functions in Hardy spaces is their behavior on the boundary T of the disk. More precisely,

boundary values of functions belonging to the Hardy space HP are well-defined in the L? sense
g [F(r) = F ()lppmy =0, 1<p<oo, (1.2)
as well as pointwise, for almost every 6 € [0, 27]:

lim F (re’) = F (). 1.3
li P (re”) = F () (13)
It is the content of Fatou’s theorem (see, for instance, [26]) that the latter limit exists almost everywhere not
only radially but also along any non-tangential path. Thanks to Parseval’s identity, the proof of (1.2) is especially

simple when p = 2 (see [32, Thm 1.1.10]), the case that we will work with presently.

Given a boundary function f € L? (T), 1 < p < oo whose Fourier coefficients of negative index vanish

1 2

fon = o ) f(e?)emdo =0, n=1,2,..., (1.4)
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(in this case, we say f € HP (T)), there exists F' € HP (D) such that F (rew) = f (ew) in LP asr /1, and it is

defined by the Poisson representation formula, for re? € D,

1

2
F(re’) = o /0 £ (e Py (0~ t)dt, (1.5)

where we employed the Poisson kernel for D

1—172

e — |k| ik6
T 1—2rcosf+r2 Z rifle™  0<r <1, 0¢€][0,27].

k=—o00

P.(0) :

Note that the vanishing condition for the Fourier coefficients of negative order is equivalent to the requirement of
the Poisson integral (1.5) to be analytic in D. Indeed, since f (e??) = > f,e™?, the right-hand side of (1.5)
n=—oo

reads

1 2T

3 1 — ik — o i(n— — n| in
o ), T PO o ;wr'k‘e“ > fn/ e Rig = N frllein?

n=—oo 0 n=—oo

= fo+ Z (fnzn Jrf—nzn)»

n=1
and hence, if we want this to define a holomorphic function through (1.5), we have to impose condition (1.4).

Because of the established isomorphism, we can identify the space HP = HP (D) with H? (T) c L?(T) for
p > 1 (the case p = 1 requires more sophisticated reasoning invoking F. & M. Riesz theorem [26]). It follows that
HP is a Banach space (as a closed subspace of LP (T) which is complete), and we have inclusions due to properties

of Lebesgue spaces on bounded domains

H>* CH°CHP, s>p>1. (1.6)

Summing up, we can abuse notation by employing only one letter f, and write

[ e = 11F 1l Lo ry (1.7)

whenever f € L? (T), p > 1, satisfies (1.4).

Moreover, in case p = 2, which we will focus on, Parseval’s identity provides an isometry between the Hardy
space H? = H? (D) and the space I (Ng) of square-summable sequences . Hence, H? is a Hilbert space with the
inner product

2

2w o0
<f, 9>L2(T) = L / f (eie) g (eia) df = Z fkgk (18)
0 k=0

We will also repeatedly make use of the fact that H> functions act as multipliers in H?, that is, H>°- H? C HP.

There is another useful property of Hardy classes to perform factorization: if f € H? and f(z;) =0, z; € D,

!Here and onwards, we stick to the convention: Ng := {0,1,2,...}, Ny :={1,2,3,... }.
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j=1,...,N, then f = bg with g € HP and the finite Blaschke product b € H> defined as

b(z) = ei%0 ﬂ (f_;) (1.9)

j=1

for some constant ¢y € [0,2n]. Possibility of such factorization comes from the observation that each factor of

b (z) is analytic in D and automorphic since

2 2 2 2 2 2 2 2
2 + |zl = 12 151 = 1o (1= 1l /2) + 125 (1= 12 /2) <1,

and thus
2=z |7 1-2Re(%2) + |2|* + |7 — 1 <1
1 =22 1—2Re(z2) + | |z1”
Additionally, this shows that
b|=1, 2€T, (1.10)

and hence ||b|| g = 1.

We let HZ denote the orthogonal complement of H? in L? (T), so that L? = H? @& HZ. Recalling the charac-
terization (1.4) of H? functions, we can view H2 as the space of functions whose expansions have non-vanishing
Fourier coefficients of only negative index, and hence it characterizes L? (T) functions which are holomorphic in
C\D and decay to zero at infinity.

Similarly, we can introduce the orthogonal complement to bH? in L?(T) with b as in (1.9) so that L?> =
bH? ® (bH2)J' which in its turn decomposes into a direct sum as (sz)L =H® (sz)J'H2 with (bH2)J'H2 C H?
denoting the orthogonal complement to bH? in H?; it is not empty if b # const, whence the proper inclusion

bH? C H? holds. Moreover, making use of the Cauchy integral formula, it can be shown that

_ Py_
(bH?) " = (bH?) T o HE = T &)
Hj:l (1—2;2)
where Py_1 (2) is the space of polynomials of degree at most N — 1 in z.

An operator A is called a Toeplitz operator on H? if its matrix in the Fourier basis has constant elements along

all diagonals: Ay, = (AzF, 2™) 2ty depends only on the difference |k —m/| for k,m =0,1,2,....

We will need a spectral result on Toeplitz operators known as Hartman-Wintner theorem. Its proof can be

found in [17, 35] and also, in a self-consistent manner, in Appendix.
Given J C T, let us introduce the Toeplitz operator ¢ with symbol x; (the indicator function of J), defined

by:

H? — H?

F o ¢(F) =P (wF), (L11)
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where we let P, denote the orthogonal projection from L? (T) onto H? (that might be realized by setting Fourier
coefficients of negative index to zero or convolving the function with the Cauchy kernel). Similarly, P_ := 1 — Py
defines the orthogonal projection onto HZ.

We also notice that the map L? (T) — bH? : F + bP, (EF ) is the orthogonal projection onto bH2. Indeed, taking

into account (1.10), for any u € L? (T), v € H?,

<u —bPy (Bu) ,bv>L2(T) = (u, bv)LQ(T) - <P+ (Bu) ,Bbv>L2(T) =0.

Any function in HP, p > 1, being analytic and sufficiently regular on T, admits integral representation in
terms of its boundary values and thus is uniquely determined by means of the Cauchy formula. However, it is
also possible to recover a function f holomorphic in D from its values on a subset of the boundary I C T using

so-called Carleman’s formulas [4, 24]. Write T = I U J with I and J being Lebesgue measurable sets.

Proposition 1.2.1. Assume |I| > 0 and let & € H*® be any function such that |®| > 1 in D and |®| =1 on J.

Then, f € HP, p > 1 can be represented from f|, as

fz)= %m aleréo/I gig)z {i Eiﬂa dg, (1.12)

where the convergence is uniform on compact subsets of D.

Proof. Since ® € H*® and f € HP C H', it is clear that f (2) [® (2)]* € H', and so the Cauchy formula applies to

F(2)[®(2)]" = f(2)exp|alog ® (2)] for any a > 0

e - [T,

- oz () e

Since the second integral vanishes in absolute value as « oo for any z € D (by the choice of ®), we have

(1.12). O

The integral representation (1.12) implies the following uniqueness result (see also e.g. [40, Thm 17.18], for a

different argument based on the factorization which shows that log |f| € L' (T) whenever f € HP).

Corollary 1.2.1. Functions in H' are uniquely determined by their boundary values on I C T provided that

|| > 0.

It follows that if two HP functions agree on a subset of T with non-zero Lebesgue measure, then they must
coincide everywhere in ID. This complements the identity theorem for holomorphic functions [1] claiming that zero
set of an analytic function cannot have an accumulation point inside the domain of analyticity which particularly
implies that two functions coinciding in a neighbourhood of a point of analyticity are necessarily equal in the whole

domain of analyticity.
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Remark 1.2.1. Using the isometry H? — HZ:
1 1
f(sz<>7 €D
z z

(which is clear from the Fourier expansion on the boundary), we check that Proposition 1.2.1 and Corollary 1.2.1

also apply to functions in HZ.

Remark 1.2.2. The auxiliary function ® termed as “quenching” function can be chosen as follows. Let u be
a Poisson integral of a positive function vanishing on J (for instance, the characteristic function x;) and v its
harmonic conjugate that can be recovered (up to an additive constant) at z = re'®, r < 1 by convolving v on T
(using normalized Lebesgue measure do = %d@) with the conjugate Poisson kernel Im <1t:zz>, t € (0,27,

see [20] for details. Then, clearly, ® = exp (u+ iv) is analytic in D and satisfies the required conditions. More

precisely, combining the recovered v with the Poisson representation formula for u, we conclude that convolution of

1+ re

boundary values of u with the Schwarz kernel T oit’
—re

t € [0,27] defines (up to an additive constant) the analytic
function u (z) +iv (2) for z =re? € D. An explicit quenching function constructed in such a way will be given in

Section 1.3 by (1.42).

Remark 1.2.3. A similar result was also obtained and discussed in [37], see also [/, 9, 28].
As a consequence of Remark 1.2.1, we derive a useful tool in form of

Proposition 1.2.2. The Toeplitz operator ¢ is an injection on H?2.

Proof. By the orthogonal decomposition L? = H?@®HZ, we have ;9 = Py (x79)+P- (xs9). Now, if Py (xs9) =0,

then ysg is a H? function vanishing on I and hence, by Remark 1.2.1, must be identically zero. O
The last result for Hardy spaces that we are going to employ is the density of traces |7, 9].

Proposition 1.2.3. Let J C T be a subset of non-full measure, that is |I| = |T\J| > 0. Then, the restriction

HP|, := (trHP)|; is dense in LP (J), 1 < p < oc.

Proof. In the particular case p = 2 (other values of p are treated in [7]), we prove the claim by contradiction.
Assume that there is non-zero f € L?(J) orthogonal to H2|J, then, extending it by zero on I, we denote the
extended function as f . We thus have < f , g>L2(T) =0 for all ¢ € H? which implies f € HZ and hence, by Remark
1.2.1, f=0.

O

Remark 1.2.4. From the proof and Remark 1.2.1, we see that the same density result holds if one replaces H?

with HZ.
There is a counterpart of Propositon 1.2.3 that also characterizes boundary traces of HP spaces.

Proposition 1.2.4. Assume |I| >0, f € LP (I), 1 < p < co. Let {gn},., be a sequence of H? functions such

that lim ||f — gnllzs(;) = 0. Then, |[gnll;»( ;) — 00 as n — oo unless f is the trace of a H” function.
n—oo
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Proof. Consider the case 1 < p < oo; for the cases p = 1 and p = oo we refer to [7] and [9], respectively. We
argue by contradiction: assume that f is not the trace on I of some HP function, but nl;rrgo ||gn||Lp(J) < 00. Then,
by hypothesis, the sequence {g,}, ; is bounded not only in L? (J) but also in H?. Since H? is reflexive (as any
L?(T) is for 1 < p < 00), it follows from the Banach-Alaoglu theorem (or see [30, Ch. 10 Thm 7]) that the closed
unit ball in H? is weakly compact, therefore, we can extract a subsequence {gy,, } that converges weakly in H?:

gn,, — g for some g € HP. However, since g, — f in L? (I), we must have f = g|;, a contradiction. O

Remark 1.2.5. When |.J| =0, the existence of a H? sequence {g,} -, approzimating f € L? (I) in L? (I) norm,

means that [ actually belongs to HP (which is a closed subspace of LP (T) = LP (I)).
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1.3 An extremal problem and its solution

We consider the problem of finding a H? function which takes prescribed values {w; }jvzl € C at interior points
{z; };\/:1 € D which best approximates a given L? (I) function on a subset of the boundary I C T while remaining
close enough to another L? (.J) function on the complementary part J C T.

We proceed with a technical formulation of this problem. Assuming given interpolation values at distinct

interior points {z; }jvzl €D, we let 1) € H? be some fixed function satisfying the interpolation conditions
’(/)(Zj):(.c)je(c, j=1,...,N. (113)

Then, any interpolating function in H? fulfiling these conditions can be written as § = 1 + bg for arbitrary g € H?
with b € H* the finite Blaschke product defined in (1.9).

As before, let T = I'UJ with both I and J being of non-zero Lebesgue measure. For the sake of simplicity, we
write f = f|; V f|; to mean a function defined on the whole T through its values given on I and J.

For h € L?(J), M > 0, let us introduce the following functional spaces

AP ={geH?*: g=y +bg, g€ H*}, (1.14)
Bifh = {9 € H? : |l +bg = Bl 2y < M}, (1.15)
Cﬂ%::{f€L2U):f:zﬂ,+bgh,g€8ﬁ%}. (1.16)

We then have inclusions C}@I’f’h C AVP| C H?| c L*(I) and C}f’/[’f’h = (1/1 + bB}(}’f’h) ‘1 # () since B}f}f’h # () for any
given h € L?(J) and M > 0 as follows from Proposition 1.2.3.
Now the framework is set to allow us to pose the problem in precise terms.

Given f € L? (I), our goal will be to find a solution to the following bounded extremal problem

min |1 +bg — fllp2(r) - (1.17)
QGB‘M’

M,h

As it was briefly mentioned at the beginning, the motivation for such a formulation is to look for

Go :=1 +bgo € A" such that gy = arg min ||1/) + bg — f||L2 (1.18)
geBYE N~—r

M,h

(1)’

=9

i.e. the best H?-approximant to f on I which fulfils interpolation conditions (1.13) and is not too far from the
reference h on J: [|go — hl[z2(;) < M. In view of Proposition 1.2.4, the L2-constraint on J is crucial whenever
fé¢ Aq/”b‘ I (which is always the case when known data are recovered from physical measurements necessarily

subject to noise). In other words, we assume that

glp #0(f =), (1.19)
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i.e. there is no j = ¢ + bg € H? whose trace on [ is exactly the given function f € L?(I), and at the same
time remains within the L2-distance M from h on .J. This motivates the choice (1.15) for the space of admissible
. b
solutions By, .
Existence and uniqueness of solution to (1.17) can be reduced to what has been proved in a general setting in

[7]. Here we present a slightly different proof.

Theorem 1.3.1. For any f € L*>(I), h € L*>(J), ¥ € H>, M > 0 and b € H* defined as (1.9), there ezists a

unique solution to the bounded extremal problem (1.17).

Proof. By the existence of a best approximation projection onto a non-empty closed convex subset of a Hilbert
space (see, for instance, [16, Thm 3.10.2]), it is required to show that the space of restrictions B}@’bh is a closed
M

convex subset of L? (I). Convexity is a direct consequence of the triangle inequality:
la(bgr + ¢ —h) + (L= a)(bgz + ¥ = M)l o) SaM+ (1 —a) M =M

for any g1, g» € B}{’/f’f)h and « € [0,1].

We will now show the closedness property. Let {gn}ff:1 be a sequence of B}/\}’f’h functions which converges in
L?(I) to some g: |g — 9nllp2(r) = 0 as n — co. We need to prove that g € B}f’/[’bh.

We note that g € H?|,, since otherwise, by Proposition 1.2.4, l9nll2(;y — o0 as n — oo, which would

I
contradict the fact that g, € B}(’fh starting with some n. Therefore, 1) + bg € H? and (v + bg, §>L2(11') = 0 for any

¢ € HZ, which implies that

(W +b9,8) 2y = (Y +b9) V0,8) oy = = (0V (¢ +bg) . &) p2py = — (¥ + b9, &) 2y -

From here, using the same identity for ¢ + bg,,, we obtain

(b+bg—h&reyy = —(W+09,8) 12— (M) 2y =~ nlglgo (0 +bgn, &) 21y = (h, §) 125

= lm (Y +b9n,8) p25) = (P &) p2(s) -
Since g, € B}i[’f’h for all n, the Cauchy-Schwarz inequality gives

|0+ by — 1) )| = T (0 + b = B, o )| < M UElL o)

for any ¢ € HZ| . The final result is now furnished by employing density of HZ|, in L? (J) (Proposition 1.2.3 and

- ¥

Remark 1.2.4) and the dual characterization of L? (.J) norm:

[ +0bg—hlpey= sup  |[(+bg—h e = sup ‘<w+bg_h7£>L2(J) <M.
£eL?(J) ¢eq;
€l L2y <t €l L2y <1



1.3. An extremal problem and its solution 13

A key property of the solution is that the constraint in (1.15) is necessarily saturated unless f € Aw*b| I
Lemma 1.3.1. If f ¢ A’l”bll and g € Bx[’f)h solves (1.17), then |[v +bg — k| 125y = M.

Proof. To show this, suppose the opposite, i.e. there is go € H? solving (1.17) for which we have
19+ bgo — hll 25y < M.

The last condition means that gg is in interior of B}(’fh, and hence we can define g* := go + €d, € Bﬁ?h for sufficiently
small € > 0 and 0, € H?, ||§4| ;= = 1 such that Re (bdy, v + bgo — f>L2(I) < 0, where the equality case is eliminated

by (1.19). By the smallness of €, the quadratic term is negligible, and thus we have

[ +bg* — Flagry = [+ bgo — Il + 26Re (8,9 +bgo — f)ary + € 1622

< ||¢ + bgO - inz([) s

which contradicts the minimality of go. O

As an immediate consequence of saturation of the constraint, we obtain

Corollary 1.3.1. The requirement f € L? (I)\Aw’b|1 implies that the formulation of the problem should be

restricted to the case M > 0.

Proof. If f € L?(I)\ Aw’b}l and M = 0, the Lemma entails that h € A’/”b|J. Then, h = 1) + bg for some g € H?
and its extension to the whole D (given, for instance, by Proposition 1.2.1) uniquely determines § = h without

resorting to solution of the bounded extremal problem (1.17), hence independently of f. O

Having established that equality holds in (1.15), we approach (1.17) as a constrained optimization problem
following a standard idea of Lagrange multipliers (e.g. [43]) and claim that for a solution g to (1.17) and for some

A € R, we must necessarily have

<5§7(g_f)\/)‘<§_h)>L2(’]I‘) =0 (1.20)

for any &5 € bH? (recall that § = ¢+ bg and 65 = bd, for 6, € H?) which is a condition of tangency of level lines of
the minimizing objective functional and the constraint functional. The condition (1.20) can be shown by the same
variational argument as in the proof of Lemma 1.3.1, it must hold true, otherwise we would be able to improve the

minimum while still remaining in the admissible set. This motivates us to search for g € H? such that, for A € R,
1
[(+bg — f) VA (¥ +bg — )] € (bH?) (1.21)

which is equivalent to

Py [b(+bg— f)VAb(¢+bg—h)] =0. (1.22)
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Theorem 1.3.2. If f ¢ Aw’b|1, the solution to the bounded extremal problem (1.17) is given by
go=(1+pud) P (b(f =)V (1+wb(h—1)), (1.23)
where the parameter p > —1 is uniquely chosen such that [|¢) 4+ bgo — hl|p2( ;) = M.

The proof of Theorem 1.3.2 goes in three steps.

1.3.1 Solution for the case h =0
For simplicity, we first assume h = 0. Then, the equation (1.22) can be elaborated as follows
P (b(¢+bg)) +(A—=1) Py (0Vb (¢ +bg)) = Py (bf V0),

g+ Pp (b)) + (A=1)Pp (0Vbp) + (A —1)pg = Py (bf V0),
(14 pp)g=—Pp (b = f)vV (1 +p)by), (1.24)

where we introduced the parameter p:= A —1 € R.
The Toeplitz operator ¢, defined as (1.11), is self-adjoint and, as it can be shown (see the Hartman-Wintner

theorem in Appendix), its spectrum is
o (¢) = [ess inf x;, ess sup x;] = [0,1], (1.25)
hence ||¢|| < 1 and the operator (1 + u¢) is invertible on H? for u > —1 allowing to claim that
g=—(L+pd)  Pr (b —f)Vv(L+pby). (1.26)

This generalizes the result of [5] to the case when solution needs to meet pointwise interpolation conditions.

1.3.2 Solution for the case h # 0, h € H?|,

Now, let h # 0, but assume it to be the restriction to J of some H? function.

We write f = o+ k|; for k € H? such that k|; = h. Then, the solution to (1.17) is

=arg min |[¢+ bg — = arg min ~—|—bg—g‘ ,
g0 gge X}’f)h ” g f||L2(I) ggé o w L2(I)
where 1E =1 — k and
B =49 H2:H~+bg’ <M ;.
M,0 { € 1/1 2() >
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It is easy to see that, due to x|, = h, we have By, = Bﬂf}h. Therefore, the already obtained results (1.24), (1.26)

apply to yield

(1+pd)go = —P+(B(z/3—g) (1+pu)b )
= P, (b(—r—0)V(A+pub—r)
= P(b(f=)V(+pbh—1)), (1.27)

from where (1.23) follows.

1.3.3 Solution for the case h # 0, h € L?(J)

Here we assume h ¢ H?| but only h € L?(J). The result follows from the previous step by density of H?

‘J |J in

L? (J) along the line of reasoning similar to [7].

More precisely, by density (Proposition 1.2.3), for a given h € L? (J), we have existence of a sequence {h, } -, C

H 2| J such that h,, _—>> h in L? (J). This generates a sequence of solutions
n o0
go=arg min [04bg— Sy, ne Ny, (1.25)
9EBM hy,
satisfying
(14 pn®) gn = Py (b(f =) V (1 + pn) b (hn — 1)) (1.29)

for pin, > —1 chosen such that [|¢) + bgn — hnl12(5) = M.
Since {g,,}°7 , is bounded in H? (by definition of the solution space BY; . h ), and due to the Hilbertian setting, up

to extraction of a subsequence, it converges weakly in L? (T) norm to some element in H?>

gn — Y€ H% (1.30)

n—oo

We will first show that p,, — © as n — oo. Then, since all (1 + u¢) and (1 + p,¢) are self-adjoint, we have, for

any ¢ € H?,
(U4 1n0) g ) 2y = {gns U+ 10 0) ) p2gry = (73 (L4 119) &) 2y = (14 16) 7,€) L2y »
and thus (1 4 p, @) gn ol (1 + p¢)~y. Combining this with the convergence
Pr(b(f =)V (L4 ) b(hn =) = Pr(b(f =)V (1+m)b(h—1))

in L? (T), equation (1.29) suggests that the weak limit « in (1.30) is a solution to (1.17). It will remain to check

that v € B h and is indeed a minimizer of the cost functional (1.17).

Claim 1.3.1. For p, in (1.29), we have
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lim py, =: p € (—1,00). (1.31)
n—oo
Proof. We prove this statement by contradiction. Because of the relation (1.22), for any £ € H?, we have

<B (f —1/1) _g”’§>L2(I) = (1 +,un) <gn - B(hn - 1/}) ’£>L2(J) . (132)

We note that the weak convergence (1.30) in H? implies the weak convergence g, — v in L? (J) as n — oo since

for a given n € L? (J), we can take £ = P, (0V ) € H? in the definition lim (9ns O 2y = (1, 21y
n—oo

Assume first that p, — o0. Then, since the left-hand side of (1.32) remains bounded as n — oo, we
n—oo

necessarily must have

lim <g7l _B(hn —IZ)) 7£>L2(J) =0.

n— oo

Since h,, — h in L? (J) strongly, this implies that v = b(h — ) € H?|, contrary to the initial assumption of the

¥

section that h ¢ H2|J.

Next, we consider another possibility, namely that the limit lim p,, does not exist. Then, there are at least two
n—oo

infinite sequences {ng, }, {nk, } such that

lim iy, =: pM £ 42 = lim P, -

k1 —o0 ko—00

Since the left-hand side of (1.32) is independent of p,, and both limits (", ;(?) exist and finite, we have

- b(hnkl _’(/}) 7£>L2(J) - k m <1 +'u"k2) <gnk2 o b(hmm _1/)> ’§>L2(J)

li
2 — 00

lim (1 + pn, ) (9o,

k}l—)OO

= (lu(l) _ H“(Q)) <')/ 7B(h - ZZJ) 7£>L2(J) =0.

As before, because of h ¢ H?

;» we derive a contradiction p = ),
Now that the limit in (1.31) exists, we have p > —1. To show p > —1, assume, by contradiction, that u = —1.

Since g, € Bar,,, for any £ € H?, the Cauchy-Schwarz inequality gives
Re W} + bgn — hnv§>L2(J) >-M ||€||L2(J) y
and hence it follows from (1.32) (taking real part and passing to the limit as n — co) that

(L4 p) M€l g2y < Re(f =¥ =07, &) r2(p)

=0

which results in a contradiction since the right-hand side may be made negative due to the assumption that
K Aw7b‘ ; and to the arbitrary choice of £, whereas the left-hand side vanishes by the assumption = —1. This
finishes the proof of (1.31). O
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Claim 1.3.2. v € B%f’h,

Proof. For g, € B}(’fhn, we have ||[¢) + bgn — hall 25y < M. But hyy = hin L2 (J), g — v in L? (J) (as discussed
in the proof of Claim 1) and so also ¢ + bg,, — h, — % + by — h in L? (J) as n — oo. The claim now is a direct

consequence of the general property of weak limits:
lg]l <liminf|g,|| whenever g, —=g as n — oo, (1.33)
n—oo

which follows from taking £ = g in li_>m (Gn, &) = (g,&) and the Cauchy-Schwarz inequality.
n—oo

O
Claim 1.3.3. 7 is a minimizer of (1.17).
Proof. Since v € Bﬂf’h and go is a minimizer of (1.17), we have
¥ +bg0 = fll L2y < 1+ 07 = fll 2 -
To deduce the equality, by contradiction, we assume the strict inequality, or equivalently
19 +bg0 = fllp2cry < M1+ by = fllpzy — € (1.34)

for some £ > 0. We want to show that this inequality would lead to a contradiction between optimality of solutions

go € B}\bfh and g, € B}\p/[’bhn for sufficiently large n.

First of all, there exists g € Bﬂbh and 7 > 0 such that

¥ +bgo = fllp2ry = 10 +b95 = fllpzny — 7 (1.35)

and v + bgg — Al 2 ;) < M. Indeed, take g5 = go + €0y With d, € H?, ||64|| ;= = 1 such that

Re (¢ 4 bgo — h,bdg) 125y < 0. (1.36)

Then, since ||t + bgo — hl|2(;) = M (according to Lemma 1.3.1), we have
19+ b — Zagsy = 16+ oo — AllZa(s, + 26Re {9+ bgo — b ) + € I3y = M2 — 0

with 79 := —2eRe (1) + bgo — h, bdg) > 5y — €2 Hég“iZ(J) > 0 for sufficiently small € > 0, that is

Mo

. > 0. (1.37)
Y+ bg5 — hll g2y + M

[ +bg5 = hllp2py=M—n, n:=
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Now we consider

|4 + bgg — f”iQ(I) = [[¢+bgo — f||2L2(I) + 2eRe (¢ + bgo — f, b59>L2(1) +é ||5g||iz([)

and note that the optimality condition (1.22) implies

<B(f - w) - 90769>L2(1) = (1 + ﬂ) <90 - B(h - ¢) 769>L2(J)
= Re(W +bgo — f, b59>L2(1) =—(14p)Re (b +bgo — h,b59>L2(J) >0,
where p > —1 is the Lagrange parameter for the solution gy. Therefore,
19 +bg5 — Fl2ry = 0+ bgo = FlZary + 70

with 79 := —2 (1 4 p) Re (¢ + bgo — h, b59>L2(J) + € H59||2LQ(I) > 0 for small enough €, and so (1.35) follows with

70

T = > 0. (138)
1+ bg5 = fllpzcry + 11+ bg0 = fll L2y

Now it is easy to see that for large enough n, we also have gj € B%jfhn. Since h,, — h in L?(J) as n — oo,

there exists N1 € Ny such that ||k — hy |2, <7 whenever n > Ni, so from (1.37), we deduce the bound
[ +b95 — hall 2y < W +095 = Rl 20y + b = Bnll g2y < M. (1.39)

On the other hand, by the property of weak limits (1.33), we have

liminf [ +bgn — fll 27y = [0+ by = Fllgary

that is, for any given p > 0,

[+ bgn = fllL2ry > 10 +bv = fllpzy —p (1.40)

holds when n is taken large enough. In particular, there is No € N such that (1.40) holds for n > Ny with p = 7.

Then, for any n > max { Ny, Nz}, (1.40) can be combined with (1.34) and (1.35) to give

106+ g — Fllagry > 100+ bg5 — fllary + € — 27

According to (1.38), 7 can be made arbitrarily small by the choice of J;, and e whereas £ is a fixed number.
Therefore, we have ||t +bgg — fll 2y < 1 +bgn — fllp2(y) and g5 € B}{’/I’f)hn (according to (1.39)). In other
words, g§ gives a better solution than g,, and hence, by uniqueness (Theorem 1.3.1), we get a contradiction to

the minimality of g,, in (1.28). O

Remark 1.3.1. As it is mentioned in the formulation of Theorem 1.3.2, for go to be a solution to (1.17), the
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Lagrange parameter p has yet to be chosen such that go given by (1.23) satisfies the constraint |1 + bgg — hHLQ(J) =
M, which makes the well-posedness (regularization) effective, see Proposition 1.2.4 and discussion in the beginning

of Section 1.5.

We note that the formal substitution pn = —1 in (1.27) leaves out the constraint on J and leads to the situation

gl; = b(f — ) that was ruled out initially by the requirement (1.19).

When f € A’/”b| ;» we face an extrapolation problem of holomorphic extension from [ inside the disk preserving

interior pointwise data. In such a case, b(f — 1) € H?| and Proposition 1.2.1 (or alternative scheme from [37]

R
mentioned in Remark 1.2.3) applies to construct the extension gg such that go|; = b (f — 1) which can be regarded
as the solution if we give up the control on J which means that for a given h the parameter M should be relaxed
(yet remaining finite) to avoid an overdetermined problem. Otherwise, keeping the original bound M, despite
fe Aw’b’ ;» we must accept non-zero minimum of the cost functional of the problem in which case the solution

go is still given by (1.23) which proof is valid since now go|, # b(f — ). The latter situation, from geometrical

point of view, is nothing but finding a projection of f € Aw’bll onto the convex subset C;()/[’f’h C Aw’b‘l.

However, returning back to the realistic case, when f € L? (I)\ A%?|,, the solution to (1.17) can still be
written in an integral form in spirit of the Carleman’s formula (1.12) as given by the following result (see also [7]

where it was stated for the case ¢ =0, b =1).

Proposition 1.3.1. For € (—1,0), the solution (1.23) can be represented as

gua—'lé(@“ﬁa@U—wnww—w»@ € Lep, (1.41)

- 2mi D (2) E—z
where
logp &+ zdE log (14 p)
P = —= = 1. 1.42
® “P{%i,g_zgv e (1.42)

Proof. First of all, we note that (1.42) is a quenching function satisfying |®| = pV 1 on T and |®| > 1 on D which
can be constructed following the recipe of Remark 1.2.2. The condition |®| > 1 on D and the minimum modulus
principle for analytic functions imply the requirement p > 1.

To show the equivalence, one can start from (1.41) and arrive at (1.23) for a suitable choice of the parameters.

Indeed, since ® € H>°, (1.41) implies
gy = Py [‘I’a (E(f - 7/’) VE(h - ¢))}

= P (19 g0) = P (8P [0 (B(f ) VB (A~ 1))

We can represent

Py [0 (b(f—v)Vb(h—))] =0 (b(f —¥) Vb(h—)) — P [@* (b(f — ) Vb(h—1))]
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with P_ being anti-analytic projection defined in Section 1.2. Since
<(i)aP— [(I)a (l_)(f—'l/))\/g(hfq/j))] 7U>L2(T) = <P— [(I)a (E(f*l[})\/l_)(h*w))] 7(I)QU>L2(T) =0

for any u € H?, it follows that Py (®*P_ [®* (b(f — )V b(h—1))]) =0 and so we deduce

Py (127 g0) = Pu [0 (b(F =) Vb (h = v)].

1
14 (this restricts the range p > —1 to p € (—1,0)). Then,
W

=1, and hence (1.23) is furnished since
J

Given p > 1, choose a > 0 such that p?®

1
|q)|2oz = |<I)|2a
I 1+p

P (ranvon) = P (1= (=) v —v)

= Pi(g0Vgo)+pPsr(0Vgo) =P (b(f—¢)V(L+pu)bh—1)).

Remark 1.3.2. We would also like to point put an alternative path leading to the same representation of the
solution which may be looked as a new way to derive a Carleman formula (1.12) using a combination of solutions
of bounded extremal problem and Riemann-Hilbert problem for a disk that we are going to formulate now. Rewrite

(1.23) as

(I+pxs(2)go(2) =L(2)+R(z), z€T,

where

L(2):=b(f =)V (L+pb(h—1),

and R € H? is an unknown function. Equivalently,
g0 (2) =G (2)R(2) + Lo (z), =z€T, (1.43)

where

M TvIE)

which can be viewed as a conjugation (Riemann-Hilbert) problem for holomorphic functions inside and outside the

disk D, namely, go and R (see [22]). To solve it, we need to factorize its coefficient as
G(2)=G4(2) /G- (), z€T,

where G4 and G_ are traces of functions analytic inside and outside D, respectively. In order to construct this

factorization, we use the fact that G is non-vanishing on T and observe that functions log G+ and log G_ have the
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same domains of analyticity as Gy and G_. Then, upon taking logarithms, we achieve the decomposition
log G =log G4 —log G_

employing classical Plemelj-Sokhotskii formulas which yield

logGs () = lim 7/ 086G (7)) _ Llos(tm) ) losl +u)][ dr
! J

|z|—»1—0% 271 T—2Z 2 211 T—2

and hence

G+ (2) = exp {:Fl()g(lmXJ (2) — log (14 p) ][ dr ] |
J

2 211 T—2z

Now, from (1.43), we have
90/Gy — R/G_ = Lo/G,

where in the left-hand side we have the difference between Hi and H? functions. Comparing them with boundary

values of the Cauchy integral
]. L() (’7’) dT

Y ) = omi TGy (T)T—2"

(1.44)
on T obtained again by Plemelj-Sokhotskii formulas

1 [ Lo(r) dr Lo(z) 1 [ Lo(r) dr
Y. =1 5= =+
+(2) \zHlEoi 21 Jp G4 (1) T — 2 2G4 (2) * 2mi Jp Gy (1) 7= 2

we arrive at

90 R
Py =y
R

The last equality means that both left- and right-hand sides are restrictions of a single entire function E. Since
R € H?, R vanishes at infinity as well as the Cauchy integral (1.44). Altogether this implies vanishing of the

entire function E, and Liowville theorem [1] then asserts that E =0 in C. Therefore, we deduce that

90(2) =G4+ () Y4 (), z€T,

and, for z € D,

% (Z)ZL/TLO (1)Gy (2) dr I/TL(T)G+ (z) dr ' (1.45)

2mi Gy(r) 71—z 2mi G_(r) 17—z

Employing the identities

femm- e sen femmofis ven

(1.45) can be rewritten as

1= (732000 o S22 [ £ ) o
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which coincides with (1.41) after the use of Plemelj-Sokhotskii formulas to compute boundary values from inside

D in (1.42) when z € T.

1.4 Choice of interpolation function and solution reduction

Before we proceed with computational aspects, it is worth discussing the choice of interpolant 1) which up to this
point was any H? function satisfying the interpolation conditions (1.13).

We will first consider a particular choice of the interpolant following [41] and then discuss the general case.

Proposition 1.4.1. The H? function defined for z € D by

N
U (2) = YK (zk,2) with K (z,2):= ! (1.46)
k=1

71—5162

interpolates the data (1.13) for an appropriate choice of the constants {wk}szl € C which exists regardless of a
priori prescribed values {wk},ivzl and choice of the points {Zk}szl (providing they are all different). Moreover, it

is the unique interpolant of minimal H? norm.

Proof. We note that the function K (-, -) is the reproducing kernel for H? meaning that, for any u € H?, zg € D,

point evaluation is given by the inner product u(zo) = (u, K (20,+))2(r), Which is a direct consequence of the
1

Cauchy integral formula because df = —dz in (1.8). The coeflicients {wk},ivzl € C in (1.46) are to be found from
iz

the requirement (1.13). We therefore have

N
Uk =Y Sijw;, where §:=[Sk]=[K(z,2)]"", kj=1,...,N. (1.47)
j=1
In order to see that the existence of the inverse matrix S is unconditional, we note that K (zx, 2;) = (K (2x,-) . K (25, °)) 2 ().
and hence it is the inverse of a Gram matrix which exists since z;, # z; whenever k # j providing that all functions

{K (zk, z)}ivzl are linearly independent. To check the latter, we verify the implication

N
ch/C(zk,z):() = =0, k=1,...,N.
k=1
Employing the identity T S o Zrz" that holds due to |zz| < 1, we see that
— ZkR
e} N N
Z =n n __ -n __
( ckzk>z =0, VzeD = chzk—O, n € Np.
n=0 \k=1 k=1
But, by induction on k, this necessarily implies that ¢, =0, k = 1,..., N and thus proves the linear independence.

To show that ¢ € H? is the unique interpolant of minimal norm, we let 1y € H? be another interpolant

satisfying (1.13). Then, ¢g := 9 — 19 € H? is such that ¢| =0,k=1,...,N, or equivalently,

2=z

<¢07’C(Zk7')>L2('[[*) :0, k:].,,N



1.4. Choice of interpolation function and solution reduction 23

meaning orthogonality of ¢g (z) to a linear span of {K (2, Z)}g:y But 9 exactly belongs to this span, and hence

ol = 1172 + ldolzzz > 19052 s (1.48)

which shows that 1) is the unique interpolating H? function of minimal norm. O

Remark 1.4.1. With this choice of 1, the solution (1.23) takes the form
90 =(1+pu) " [Py (b(f V) +pnPr (0VD(h—1v))] . (1.49)

Indeed, since (K (zy, z) 7bu}Lz(T) =0,k=1,...,N for any u € H?, we have P, (51/)) = 0 whenever ¢ is given by
(1.46).

Now it may look tempting to consider other choices of the interpolant to improve the L2-bounds in (1.15) or
(1.17) rather than being itself of minimal L? (T) norm. However, the choice of the interpolant does not affect the
combination gg = 1 4 bgg, a result that is not surprising at all from physical point of view since v is an auxiliary
tool which should not affect solution whose dependence must eventually boil down to given data (measurement

related quantities) only: {zk}]]jzl, {wk}kN:17 f and h. More precisely, we have
Lemma 1.4.1. Given arbitrary 11, 1o € H? satisfying (1.13), we have 11 + bgo (11) = 1o + bgo (12).

Proof. First of all, we note that the dependence go (1) is not only due to explicit appearance of ¥ in (1.23), but

also because the Lagrange parameter u, in general, has to be readjusted according to 1, that is u = p (¥) so that
1k +bgo (¥r) = hllza(y = M?, k=12, (1.50)

where we mean go () = go (¥, 1t (¢¥0)). Let us denote dy, := 1) — 11, §, 1= p (¥2) — p (Y1), dg := go (¥2) — go (¥1)-

Taking difference of both equations (1.50), we have

(0y 4 bdg, 11 + bgo (V1) — h) a5y + (P2 + bgo (Y2) — h, by + bdg) 2 ;) =0

= 2Re (bdy + 0y, b + go (2) = bh) 1 5y = |16 + b3 72 - (1.51)

On the other hand, the optimality condition (1.20) implies that, for any & € H?,

(btor + go (Vr) — 5f7§>L2(1) = — (14 p (¥r)) 0¥k + go (¥r) — Bha§>Lz(J) , k=1,2,

and therefore

<B(5¢ + 6Q7£>L2(1) = (1 +p (wl)) <65¢ + 69’£>L2(J) - 5# <BQZ)2 + 9o (w2) - Bh7£>L2(J) . (152)



24 PART 1. Recovery of harmonic functions from partial boundary data respecting internal pointwise values

Since 0y, € H?, due to (1.13), it is zero at each z;, j = 1,..., N, and hence factorizes as &, = bn for some n € H?.

This allows us to take & = bdy, + J, € H? in (1.52) to yield

lln+ 5g‘|iz(1) =—(1+p@n)ln+ 5g||i2(J) - 5;; <51/)2 + g0 (Y2) — Bhﬂ? + 5g>Lz(J) .

Note that the inner product term here is real-valued since the others are, and so employing (1.51), we arrive at

2 2 1 2
In + 5g||L2(1) + 1+ p (@) lIn+ 59HL2(J) = _55# [+ 5QHL2(J)

which, due to p > —1, entails that §, < 0. But, clearly, interchanging ; and v, we would get J,, > 0, and so

9, = 0 leading to [|dy + b5g||iQ(T) =|n+ 5g||iQ(I) + |ln + 59\@2(” = 0 which finishes the proof. O

Combining this lemma with Remark 1.4.1, we can formulate

Corollary 1.4.1. Independently of choice of 1 € H? fulfilling (1.13), the final solution o = 1 + bgg is given by

Go=0+b(1+up) " [Pr(b(fVh)+puPy (0VE(h—1))]. (1.53)

These results will be employed for analytical purposes in Section 1.7.
Even though it is not going to be used here, we also note that it is possible to construct an interpolant whose
norm does not exceed a priori given bound providing a certain quadratic form involving interpolation data and

value of the bound is positive semidefinite [19].

1.5 Computational issues and error estimate

We would like to stress again that the obtained formulas (1.23), (1.41) and (1.49) furnish solution only in an implicit
form with the Lagrange parameter p still to be chosen such that the solution satisfies the equality constraint in
(1.15). As it was mentioned in Remark 1.3.1, the constraint in B}(’/I’bh does not enter the solution characterisation
(1.27) when p = —1, so as . \, —1 we expect perfect approximation of the given f € L? (I)\ Ad”bfl at the expense

of uncontrolled growth of the quantity

My (M) = W‘Fbgo ()u’)_hHL2(J) (1.54)

according to Propositions 1.2.3 and 1.2.4. This is not surprising since the inclusion Bﬁf,h C Bﬁ;h whenever
M; < M, implies that the minimum of the cost functional of (1.17) sought over B}\b/f’f_h is bigger than that for
B}(}’f ,- For devising a solution feasible for applications, a suitable trade-off between value of 1 (governing quality

of approximation on I) and choice of the admissible bound M has to be found. To gain insight into this situation,
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we define the error of approximation as

2
e(p) =1V + bgo (1) = fll72(r) - (1.55)
and proceed with establishing connection between e and Mj.

1.5.1 Monotonicity and boundedness

Here we mainly follow the steps of [5, 7] where similar studies has been done without interpolation conditions.

Proposition 1.5.1. The following monotonicity results hold

de dM@
a0 o <O (1.56)
Moreover, we have
de M2
L+ L, (157)
Proof. From (1.23), using commutation of ¢ and (1 4 p¢)~", we compute
d _ _ _ _ _
di: =~ (1+p0) 2P (b(f — )V (1 +m)b(h =) + (1+p) " Py (0Vb(h—1))
d _ _
G = +n0) [og + PV - B)], (1.58)
and thus
dMg = 2Re <bd%,1/1 + bgo — h>
i dp 12(1)
= —2Re <(1 + pg) [6g0 + P (0V b (1) — h))],dg0 + P (0V b (¢ — h))>L2(T) <0, (1.59)

The inequality here is due to the spectral result (1.25) implying

Re((1+p0) ' 6€) =((1+pg)'6e) >0

L2(T) L3(T) —

for any ¢ € H? and p > —1 whereas the equality in (1.59) would be possible, according to Proposition 1.2.2, only

when go|; = b(h — ), that is My = 0, the case that was eliminated by Corollary 1.3.1.

Now, for any 8 € R, making use of (1.58) again, we compute

AN T

dp dp’ L2(1)
= e ((1+6) " [dgo + P (0VB( ~ )], B~ 1) +g0) VO)
= —5dng—2ReB7
dp

with B given by
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<(1+ﬂ¢)_1 [6go + Py (0V b (¢ — h))], Bogo + BPL [0V b (1) — k)| + (b (v — f) + g0) \/0>
= <(1+M¢)71 [¢90+P+ (0V5(¢_h))]’(5(¢—f)+90) Vﬁ[g(w—h)‘FgoDL
= (b(1+19) " [ég0 + Py (0Vb(6 — 1), (¢ +bgo = f) V B (¢ + bgo — h))

L2(T)

2(T)

L(ny’

where we suppressed the Py operator on the right part of the inner product in the second line due to the fact that
the left part of it belongs to H?.
The choice § =+ 1 = X entails ReB = 0 due to (1.20), and we thus obtain (1.57). Since g+ 1 > 0, (1.57)

combines with (1.59) to furnish the remaining inequality in (1.56). O

In particular, equation (1.57) encodes how the decay of the approximation error on I is accompanied by
Jo = ¥ + bgo departing further away from given h on J as p N\, —1. Even though more concrete asymptotic
estimates on the increase of My (1) near p = —1 will be discussed later on, we start providing merely a rough

square-integrability result which is contained in the following

Proposition 1.5.2. The deviation My of the solution gg from h on J has moderate growth as p \, —1 so that,
for any —1 < py < o0,
Ho
ME () dp < 0. (1.60)
-1

Proof. Integration of (1.57) by parts from p to ug yields

Ho

e (o) — e (p) = (p+ 1) Mg (1) — (po + 1) MG (po) + / Mg (7) dr. (1.61)

As it was already mentioned in the beginning of the section, Proposition 1.2.3 implies that the cost functional goes

to 0 when u decays to —1:
e(p) 0 as pN\, —1. (1.62)

We are now going to estimate the behavior of the product (u+ 1) M2 (). First of all, since the constraint is

saturated (Lemma 1.3.1), condition (1.22) implies that

(f =1 —bgo,bgo) r2¢ry = (14 p) (h =1 —bgo, —bgo) 12( )

(14 1) MG — (14 ) (b = = bgo, h = ) 12 5y » (1.63)

and therefore

e!/? (1) ||90||L2(1) > |(f = - bgo’b90>L2(1) > (14 p) Mo (MO o ¢||L2(J)) :

Now, since My 0o as 1\, —1 (because of (1.62) and Proposition 1.2.3), the first term is dominant, and thus the

right-hand side remains positive. Then, because of (1.62) and finiteness of ||go[|;2(;) (by the triangle inequality,
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g0/l 2(r) < €2 (1) + 1 = fll p2(p))s We conclude that
(W+1)MEN0 as p\, —1, (1.64)
which allows us to deduce (1.60) from (1.61). O

Remark 1.5.1. In the simplified case with no pointwise interpolation conditions (or those of zero-values) and no

information on J, the conclusion of the Proposition can be strengthened to

00 1/2
Mol 1= ([ M @) = Wl (1.65)

a result that was given in [5]. This mainly relies on the fact that, for ¢» =0 and h =0,
go—0 in L*(T) as p 7 oo, (1.66)

which holds by the following argument. Denoting f := P, (bf v 0), the solution formulas (1.23) and (1.27) become
g = (1 —&—u(b)_lf and ppgy = f — go, respectively. From these, as u / 0o, using the spectral theorem (see

Appendix), we obtain

sy [1+ 0+ 10 7] < 2 Wiy e

1) 1
== — < =
1690l g2 . Hf gon <4

and hence, by Proposition 1.2.2, conclude that ||go|| = \ 0. We also need to show that

(n+1)MEN\0 as u /oo, (1.67)

but this follows from the positivity (u+ 1) MZ > 0 and the observation that, for large enough u, we have

d(p+1) ME] dM?

= M? 1 0
i o+ (p+1) i <

(the inequality holds since, due to (1.59), the second term in the right-hand side is strictly negative whereas the

first one goes to zero as p increases). Finally, further elaboration of (1.63) into
€ (1) + (L 12) MZ (1) = (& +bgo — £, = ) gy + (L4 1) (8 + bgo — hyto = h) 12
yields, in the case v =0, h =0,
e(p) + (1+ p) Mg (1) = (f = bgo, f) 21y »

which, by (1.66)-(1.67), furnishes lim e (u) = ||f||2Lz(I), and hence (1.65) follows from (1.61) recalling again (1.62)
H—00
and (1.64).
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1.5.2 Sharper estimates

Precise asymptotic estimates near y = —1 were obtained in [8] using concrete spectral theory of Toeplitz operators
[38, 39]. Namely, under some specific regularity assumptions on the boundary data f (related to integrability of

the first derivative on I), we have
MEG) =0 (1 +m  og 2 (1+p), e =0(log (1+p)])  as p 1. (1.68)

Here we suggest a way of a priori estimation of approximation rate and error bounds without resorting to an
iterative solution procedure. This is based on a Neumann-like expansion of the inverse Toeplitz operator which
provides series representations for the quantities e (u) and M@ (1) for values of ;1 moderately greater than —1 and,
therefore, complements previously obtained estimates of the asymptotic behavior of these quantities in the vicinity
of u = —1. Moreover, using these series expansions, we further attempt to recover the estimates (1.68) without

having concrete spectral theory involved, yet still appealing to some general spectral theory results.

It is convenient to introduce the quantity

€ (1) = g0 (1) + P4 (0V B (4 — b)) (1.69)

that enters equation (1.58). The main results will be obtained in terms of
€0 :=£€(0) = ¢ (Pr (0(f ~¥) Vb(h—9))) = Pr (0Vb(h—9)). (1.70)

Proposition 1.5.3. For |u| < 1, we have

Mg (1) = Mg (0) — fj (=) p* 1 (k+2) F (k), (1.71)
k=0
e +§: V¥ uF [k +2) F (k) — kF (k — 1)], (1.72)
k=0

where F (k) := <¢k§0,§0>L2(T), keNy.

Proof. Consider, for k € N, > —1,

A () = (14 10) ™ 91 (1) 1€ ()

L2(T)
Since &' (p) = ¢@ = — (14 po) " ¢¢ (1) (according to (1.58)), it follows that
I _ —k—1 —k—1
Al = k{0 T )6 () ()T R ) e )

— (14 19) ™ 6" (), (14 1)~ ¢ ()

L2(1)’
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and we thus arrive at the infinite-dimensional linear dynamical system

AL (p) = —(k+2) Ag1 (p),
ke N, (1.73)

Ap(0) = (¢" 10, &), = F(k—1),

Introduce the matrix M whose powers are upper-diagonal with evident structure

0 -3 0 0 0 0 (=3)(—4) 0
0 0 —4 0 0 0 0 (—4) (=5)

M=| 0 0 0 -5 ... |, M=| 0 o 0 0 R
0 0 0 0 0 0 0 0

which makes the matrix exponential e easily computable. Then, due to such a structure, the system (1.73) is

readily solvable, but of particular interest is the first component of the solution vector

© k

> [eM“]l,k Flk—1)=)Y" (—1)k (k ; 2)! %F (k),
k=1 k=0

where the series converges for |u| < 1 since F (k) is bounded by H§0||i,2 = A, (0) = F'(0), as the Toeplitz operator

¢ is a contraction: F' (k) slowly decays to zero with k (see also plots and discussion at the end of Section 1.8).

2
On the other hand, observe that, due to (1.59), Ay () = 1 dC]lVIO and thus
"
M3 -
dduo = S0 (R 1) (k- 2) 4 (R). (1.74)
k=0

Finally, termwise integration of (1.74) and use of (1.57) followed by rearrangement of terms furnish the results

(1.71)-(1.72). O
Remark 1.5.2. Note that when set v = 0, h = 0, it is seen that (1.74) can be obtained directly from (1.23),
(1.59) which now reads

dM?
dp

— —2R8<(1 +u¢)_3 ¢2P+ (Bf \/O) ,P—',- (Bf v0)>L2(T) :

The result follows since a Neumann series (defining an analytic function for |u| < 1) is differentiable:

oo

A+pp) ' =3 (D) kb = A +pe) = 2D (D (B+1) (k+2) puFoh.

k=0 k=0

[\DM—‘

We can also get some insight in behavior of F' (k) which lies in the heart of the series expansions (1.71)-(1.72)

that will allow us to infer the bounds (1.68). First, we need the following
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Lemma 1.5.1. The sequence {F (k)},—, is Abel summable® and it holds true that

(oo}

Jim, (=" F (k) = e (0) < . (1.75)
k=0

Proof. Set R, (N) := 22;1 [F (k) — F (k—1)] k (—p)" and apply summation by parts formula

N
Ry (N) = F(N) (N +1) (=) 4 o (0) = 3 F (k) (=) (k4 1) = (=) &) .

k=1
Passing to the limit and rearranging the terms, we obtain
(o) oo
k+1
T R ()= (- )Y kR ),
k=0 k=1
and hence it follows from (1.72) that
e(w)=e(0)+ (u+2)Y ()" F)+ (n+ 1) () kF (k). (1.76)
k=0 k=1

Combining the local integrability of Mg (1), equivalent to (1.64), with the series expansion (1.71), we conclude

that:
/L—i—lz k) —0as pu\ —1.
k=1
Therefore, taking the limit p \, —1 in (1.76), the result (1.75) follows due to (1.62). O

Now, without getting into detail of concrete spectral theory of Toeplitz operators, we only employ existence of a
unitary transformation U : H? — L3 (o) onto the spectral space where the Toeplitz operator is diagonal, meaning
that its action simply becomes a multiplication by the spectral variable \. Existence of such an isometry along
with information on the spectrum of ¢ (Hartman-Wintner theorem, see Appendix), o = [0, 1], and an assumption

on the constant spectral density® py > 0 make the following representation possible
' 2
F k) = [ A |08) ) pod wm
0

with [y |(U€) (VI pod = [l -

All the essential information on asymptotics (1.68) is contained in behavior of (U&p) (\) near A = 1. Even
though (U&p) (A) can be computed since & is a fixed function defined by (1.70) and the concrete spectral theory
describes explicit action of the transformation U [8, 39], we avoid these details and proceed by deriving essential
estimates invoking only rather intuitive arguments on the behavior of the resulting function (U&p) (A).

Considering —1 < g < 0 in what follows, we, first of all, claim that the function (U&p) (A) must necessarily

2By such summability we mean that > 70 u*F (k) converges for all |u| < 1 and the limit 1i}11 S o wFF (k) exists and is finite.
n

3Such an assumption is reasonable since the operator symbol y s is the simplest in a sense that it does not differ from one point to
another in the region where it is non-zero and therefore the spectral mapping is anticipated to be uniform. Precise expression for the
constant pg can be found in [8, 38].
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decrease to zero as A ' 1. Indeed, even though L2?-behavior allows to have an integrable singularity at A = 1,
we note that even if regularity was assumed, that is )1\1ml |(U&) (N)]* = C for some C > 0, after summation of a
—

geometric series, we would have

1 & & “/1 A /1 1 Co < 14 p >
. —w)* F (k) > C —uN)¥d) = C d\= Zlog | ————
pOkZ:O( w)" F (k) > okZ:O ) O A Pl S

1

for some 0 < Cy < C and sufficiently small fixed § > 0. The right-hand side here grows arbitrary large as 1 comes
closer to —1 contradicting the boundedness prescribed by Lemma 1.5.1. Therefore, the decay to zero of (U&y) (M)

as A 1 is necessary.

Next, it is natural to proceed by checking if a very mild (meaning slower than any power) decay to zero can

be reconciled with the previously obtained results. Namely, we consider (U&p) (A) such that
(WUe) WP =0 (log (1 =X)1™") as A A1, (1.78)

for I > 1. This entails the following result generalizing (1.68), see also Remarks 1.5.3, 1.5.4.

Proposition 1.5.4. Under assumption (1.78) with | > 1, the solution blow-up and approximation rates near

w = —1, respectively, are as follows

1
1+p

M3 (1) = O (g 1+ ™) el =0 (Jow 1+l 7) (1.79)
Proof. Choose a constant 0 < A\g < 1 sufficiently close to 1 so that the asymptotic (1.78) is applicable. Therefore,

we can write

1 oo
%Z(_U)kF(k)zsl_Fsé"’SB

B Ao 1 ) 1-4¢ 1 1 .
._/0 s U8 () dA+<AO +/1_50> o (Clos(1- ) ax.

The first integral here is bounded regardless of the value of u:

1
1+ pXo

51 <

/0 (U) (V]2 dA =

;Hf I
(1+ pho) po 'O

1 _
To deal with S5, we perform the change of variable 8 = —log (1 — A) and bound the factor il < (—logdp) to

obtain

o0 1 -8 1 log 2
/ al - —5dB < 7 log (1 L ) = = 7
—togs, B 1+ 1 —pe (—p) (—log o) L+p) = (—p) log (14 p) — log (—p)|

1+up

) The quantity on the right is O <|log 1+ u)|7l) in the vicinity of u = —1.
—p

providing we choose §y <
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It remains to estimate Sz. The change of variable n = 1 — X leads to

1-Xo 1 1-Xo d
So = / N dn < / S/ — 7 sup <77 >
S0 L+ p— pnn(—logn) S0 n(—1logn)' ) neldo1-xo] \1 + 1 — pn

1 1 1 1— X
=1\ |log 50|l71 [log (1 — )\0)\171 L+ pio

Therefore, we conclude that the choice (1.78) with I > 1 does not contradict the finiteness imposed by Lemma

1.5.1 anymore and we move on to obtain the growth rate for Mg (i) near 4 = —1. Recalling (1.71) and that
1
S (—pN)F (k+1) = — | we now have
k=0 (1+ 0
1 o0
;Z k+1 F(k)=Ri+Ray+ Rs+ Ry
k=0

- ’\0¥ 1-6; 1-35 1 1 e
.7/0 (1+/M)2|(Ufo)( |dA+</A /1 /15> (HM)Q( log (1 — X))~ dA.

As before, we estimate

1 ey _ L e
o ) P = ol

IN

whereas the rest is now split into 3 parts and we start with the last term and decide on proper size of d, in

! 1 1
Ry =/ 5 TdA.
1-6, (14 pA)” |=log (1 — N)]

Again, under the change of variable § = —log (1 — \), this becomes

1 > —B 1
Ry = 72/ efz—zdﬂ
A+p) Jrogs, P (1_ T 6)
T+pu
o0 —(k+1)B
e
k+1)/ —F—dp,
1+}L2]€ZO<1+ > — log d2 ﬁl
1+p

where the series expansion is valid for ds < The integral on the right is the incomplete gamma function (see,

(=n)’

for instance, [2]) whose asymptotic expansion for large values of (—logds) can be easily obtained with integration

by parts. In particular, at the leading order we have

/oo (k+1)ﬁdﬁ o 1) o0 e—ﬁdﬁ
— +1)'” / ~
— log 92 Bl —(k+1) log 62 /Bl

= LA (— (k4 1)1 ~Ily v
(41057 (- (ot 10w 140 (s )|
and hence
5 = udy \” 5 1 1
Ry = 2 zZ(lu2> = - 2 1 13
(1+M) (—10g52 o \LTH (14 )" (—logds) 1 — 135
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11
Fixing d3 = fj, we arrive at

2 (—n)

1 1

fla= (=) (1 + 1) [—log (1 + p) + log (—p) + log 2]

To estimate Rs and Rg3, we use change of variable = 1 — \. Similarly to S, we have

1—Xo 1 1—Xo d
R [ " ldn<</ 77l> wp <772>
5o (14 p—pn)”n(—logn) s n(=logn)" ) neii-xo) \ [1+ p— pn]

however, now under the supremum sign, instead of a monotonic function, we have an expression that attains a

1 1
maximum value —— if §; < el which lacks the smallness we obtained in R4. Therefore, to remedy

4(—p) (1 +p) (—p)

the situation, we require d; > and obtain

1+p
(—n)

1 1 1 61 ( )
Ry < - =0 log (1 + v
: l—l(logw‘l |10g(1—)\0)|l_1>(1+,u—/u51)2 T35 oL+ m)l

1t+p
(=)

The last integral R3 is to bridge the gap between the two neighborhoods of A = 1:

near u = —1, if we fix 6; = (1+ [~1log (1 + w)]") for arbitrary v > 0.

R /51 1 L g1 < 1 B 1 >
P s (b p— )’ (“logn) T (—logd) \L+u—pdy Lt p— poy

and hence, using the fact that log (—log (1 + p)) = o(—log (1 + p)), we deduce that near y = —1

1 1
= — |1 1 .
R3 O(1+ﬂ|0g( + )] )

Now that all the integral terms are estimated, choice of the parameter v = [ in §; leads to the first estimate in

(1.79) whereas integration of (1.57) recovers the second one. O

Remark 1.5.3. The case | = 2 gives exactly the expressions in (1.68). The assumed behavior (1.78) of (U&y) (A)
is analogous (with direct correspondence in the case ¥ =0, h = 0) to the conclusion of [8, Prop. 4.1] which was
used to generate further estimates therein, and the case l = 3 is related to improved estimates given in [8, Cor. 4.6]
under assumption of even higher regularity of boundary data (roughly speaking, integrability of second derivatives).
It is moteworthy that the choice | = 1 yields non-integrable behavior of Mg (i) contradicting Proposition 1.5.2, and
therefore was eliminated in the formulation. This is not due to the fact that the method of estimation of the So
integral fails, but because of non-integrability near u = —1 of the overall bound. The R4 term has been computed

asymptotically sharply though it could be made even smaller by shrinking the neighborhood 6. Indeed, instead of
1

1+ [—log (1 + )]
which allowed o multiplier with arbitrary logarithmical smallness requlated by the parameter ~v. This, however,

1
the 3 factor in do, we could have put 3 for any B > 0 similarly to what was done in the Ry term

would not reduce the overall blow-up because of the stiff bridging term Rs. FEwven though the estimate for Rs is

rough, we do not expect improvement by an order of magnitude because the logarithmic factor of the integrand
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picks up (1 + p) as a magjor multiplier near n = 61 which makes any choice of v > 1 and 8 > 0 useless in attempt

to improve the smallness factor in the blow-up of Mg (11).

Remark 1.5.4. Generally, we note that the appearance of the log (1 + u) factors in the bounds is not accident,
but intrinsically encoded in the connection between e (u) and Mg (u) since (1.57) can be rewritten as e’ (p) =
dM@

——————— which also explains the choice of (1.78).
Ao (1 + 1) (17

We would like to point out again that even though our reasoning was meant to provide an intuitive explanation
of the estimates (1.68), more rigourous proofs can be found in [8] where an elegant connection of the bounds with
regularity of given boundary data is established by elaborating concrete spectral theory results [39] into formulation
of a certain integral transformation followed by application of L!-theory of Fourier transforms (Riemann-Lebesgue
lemma). Also, one can take an alternative viewpoint based on the results of [38]. In that case, the unitary
transformation U diagonalizing the Toeplitz operator ¢ acts on Fourier coefficients {n,} -, € 1* (Ny) of a given
& € H? as

oo

(U&) (N) =D mathn (A, (1.80)

n=0
where the orthonormal sequence of L? (0, 1) functions 1), (\) are explicitly defined in terms of the Meixner-Pollaczek
polynomials of order 1/2 [36]:

P (A) = e (14 6_2”[3)1/2 P2 (B, a), B = —2i log (/1\ — 1)
7r

providing I = (e’m, ei“), a € (0,7), an assumption that does not reduce the generality if the original sets I and

J are two disjoint arcs.

A recurrence formula for the Meixner-Pollaczek polynomials follows from that for the Pollaczek polynomials
[42]:
1 -1
P (8) = — (2fsina — (2n— 1) cosa) P (8) = =P (8), (1.81)

n—1
PY? gy =0, P () =1,

which allows to generate all the coefficients k" in pi/? B)=>" Q) 8™, for instance,

m=0

(2sina)” "
(n—1)! "~

2sina)” n
kM = ﬂ, kéjl = —ncosa
n!

(2sina)™ 2

2, =  [3n (n = 1) cos?a— (20 - sin?a] CR0
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Rearranging the terms in (1.80), we can write (suppressing the first two factors for the sake of compactness)

Ve () 3mSR =3 (Z WW) o
n=0

m=0 m=0 \n=m

= ) (nmkfn’"> gk 4 ~~) s (1.82)

3
3
I
o

It would be interesting to see, in such a representation, what decay assumptions on the Fourier coefficients 7,
are consistent with (1.78), and thus (1.79), with 1 < [ < 2 in which case there is no violation of integrability of
Mg (1) and less regularity assumptions (namely, milder than decay of n7,, to zero as n — o) are expected than

those related with integrability of the first derivative of boundary data.

Note that, because of the Taylor series of the exponential function, we have

Z (kafnm)) g < (sup |77m|> Z - (sma) log < — 1)‘
m=0 m&No m=0 m: & A
sina
1 T 1
Z 1 -
()7 eaasd
= Sup [7pn | sina
meENg

1 o 1
——1 - <A<,
(5-1) " 3=
and thus the very first term already adds to the singular behavior of (1.80) near A = 1 (unless additional assump-
tions on alternation of sign of 7, are made) instead of revealing any decay to zero. This suggests that terms in

the brackets of (1.82) should not be estimated separately: the other terms contribute equally to (U&p) (M) though

their expressions are much more cumbersome for straightforward analysis.

An alternative way might be to work in direction of obtaining estimates of (1.71)-(1.72) near y = —1 in terms

of 7, from

bl 2 ! 1 9
/0 1+H>\‘(U€0) (M]7dx  and /0 mKU&)) (N7 dA

directly without deducing behavior of (U&) (M) in vicinity of A = 1, but using explicit form of the unitary

transformation (1.80). To take advantage of it, one can potentially expand integrand factors in terms of

B and iteratively employ the recurrence formula (1.81) rewritten as

2 1
@DV pr2) (5,0) 1 P2 (5a)

2sina "~

+1 _1/2
p(1/2) _ T p/2)
/8 n (B’ a) QSiIla n+1 (/8’0’) +

followed by application of orthonormality. Note that such a strategy (but based on expansion of A in terms of 3)
along with the fact that U =14, (\) = 2™ might also be used to see how the Toeplitz operator ¢ acts on Fourier

coefficients of a function.
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1.6 Companion problem

At this moment, it is time to point out a link with another bounded extremal problem which relies on the

observation that formal substitution of ¢ = 0 in (1.53) implies that
Jo =0 +bPy (b(fVh)) (1.83)
is an explicit solution for the problem with the particular constraint
M = M, (0) = |[¢) + bPy (b(f V h)) — h||L2(J) .

Recalling that bP, b is a projector onto bH? (see Section 1.2), we note that, geometrically, the solution (1.83)
is simply a realization of projection of fV h € L% (T) onto C}f}f’h. Now, exploiting the arbitrariness of choice of
interpolant ¢ (Remark 1.4.1), we can change our viewpoint and look for 1 € H? meeting pointwise constraints
(1.13) such that ¥ + bPy (b(f V h)) — h is sufficiently close to the constant* M//|J| in L?(J) yet remaining
L%-bounded on I. In other words, given arbitrary 1y € H? satisfying the pointwise interpolation conditions
(1.13) (take, for instance, (1.46)), we represent 1) = 1)y + b¥ and thus search for an approximant ¥ € H? to
b (h — Yo + M/\/m) — Py (b(fVh)) € L?(J) such that [¥]|2(ry = K for arbitrary K € (0,00). We thus reduce
the original problem to an associated approximation problem on J for which all known data are now prescribed
on J alone. Since the constraint on I is especially simple (role of ¢ and h play identically zero functions), such a
companion problem has a computational advantage over the original one as, due to the form of solution (1.23), it

requires integration only over a subset of T (see (1.107)).

To be more precise, let ¥ be a solution to the companion problem such that
- 2
[0 + %0 + 0Py (b(fV h)) =l sy = M+ Saz,

where 0,72 measures accuracy of the solution of the companion problem. Then, solution to the original problem

should be sought as a series expansion near (1.83) with respect to 2 as a small parameter

) _ _ d d
Go = o —bPy (bo) + 6Py (b(FV ) +b =2 b gz + s (1.84)
=0 0 lMm2=M2
dp Mg\ !
and further the relations (1.58)-(1.59) followed by —— = () should be employed (here g
AMg | 2= dp =0

is as in (1.23)). Recalling Section 1.2, we note that the first two terms realize a projection of )y onto (bHQ)J'H2
which will be simply v if (1.46) was used as the arbitrary interpolant (see Remark 1.4.1).
If the companion problem was solved with good accuracy so that d,,2 is small, linear order approximation in

&2 may be sufficient to recover the solution of the original problem. However, this connection between solution of

4 Alternatively, one can take any L2 (J) function that has norm M.
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two problems is valid for arbitrary values of 0,2 if one considers infinite series in §,2. This can be formalized with

use of the Faa di Bruno formula which provides explicit form of the Taylor expansion for the function composition

d* d*
qgo (u (Mg)) in terms of the derivatives gok and 7,uk for any k € N,. Applying the product
(d/.l/) HZO (dMg) M§:M2
rule and expression (1.58) successively it can be shown that, after collection of terms at each differentiation, we
have
d* ks d* .
= (D R+ pe) e = S = (1) R,
(du) (dp)”|,_
where

=P (0V (go+b(ho—h)+ %)), & =0 (P (b(fVh)— Py (bthg) — Vo).

As far as computation of derivates of is concerned, complexity of the expressions grows and precise

m
Mg
pattern seem to be hard to find especially since implicit differentiation has to be repeated every time resulting

dp
dMg’
Mg
dp

series expansion of y in terms of M2 (for reversion of series coefficient formula, see [34]) or, alternatively, employ

in successive appearance of extra factor Even though in practice one may look at the truncated Taylor

expansion Mg (u) and, since derivatives are readily computable, use reversion of the series to obtain power
the Lagrange inversion theorem that yields the inverse function pu (MOQ) as an infinite series, in the latter case we
would have to decide at which term the both series should be truncated so that to preserve desired accuracy at
given order of d;s2. For small §,,2, only few terms are needed to give quite accurate connection between solution
of the original and companion problems. Those can be precomputed manually or using computer algebra systems

once and such calculations need not be repeated iteratively.

1.7 Stability results

The issue to be discussed here is linear stability of the solution (1.18) with respect to all physical components
that the expression (1.23) involves explicitly and implicitly. In practice, functions f, h are typically obtained
by interpolating discrete boundary data and hence may vary depending on interpolation method, measurement
positions {z; };\/21 are usually known with a small error and pointwise data {w; }jvzl are necessarily subject to a
certain noise. Therefore, we assume that boundary data f, h are slightly perturbed by d; € L? (I), &, € L*(J)
and internal data {wj}j.vzl with measurement positions {zj};.vzl by complex vectors d,,, 5, € CV, respectively.
Varying one of the quantities while the rest are kept fixed, we are going to estimate separately the linear effects

of such perturbations on the solution gy = ¥ + bgo to (1.18), denoting the induced deviations as 5.

Proposition 1.7.1. Foru > —1, f € L?(I)\ Aw’b|1, h € L?(J), and small enough data perturbations d; € L? (I),

on € L2(J), 8w, 6. € CN | the following estimates hold:

m1M2
(1) 0gll = <1 <1+ %”5”2112) 1651l 21y

(2) Nl <

mq M?
(1+my (14 p)) <1 + 1) - 11 0nll L2y

2
mo [[€][ 2
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mq M2 N 2 — 2
3 Ol e < (1 + || m 1+ —— max H H Oul1,
(3) Wyl < (04 I 1>< o §|22>j_17”')N 122 1ol
k#j

my M? 1 2
(4) |6g||H2s<1+2 )(cﬁ)wbnmo+c,8>||6w||H2),

mo (€]
where

£:=P, (0V(g0+b(¥—h))), mg:= min{(l —|—/~L)7171}, my = max{(l —|—,u)71,1}, (1.85)

1 2
8 i=ma (I V Bl ey + ll A = Wllgac ) s O i= 1+ lulmy,  and

Ol <2
06| e < [ nax

—1
(=27 ||, 18l

N
< . _
1602 <2 max |w3|j:r§{%§N“ Il (: 2|, %
m#j
—1
N . N 5
max Zi — 2 min i — 2 1
B ol e e e LS
k] k#j

Proof. When the quantities entering the solution (1.23) vary, the overall variation of the solution ¢, will consist of
parts entering the solution formula explicitly d 4, as well as those coming from the change of the norm of go on J
which leads to readjustment of the Lagrange parameter &, so that the quantity Mg (u) = ||¢ + bgo (1) — h||2L2(J)
be equal to the same given constraint M?2. For the sake of brevity, we are going to use the notations &, mg and
my introduced in (1.85) to denote certain quantities entering common estimates. The spectral bounds (1.25) for
© > —1 imply

o(l+p¢) >min{l +p,1}, o (14 pg) < max{l+p,1}

= H(1+u¢)*1Hgmax{(1+u)*1,1}, H(1+u¢>)*1Hzmin{(1+u)*171},

and so, in particular,

Re((1+p0) " &.€) | =mo ¢l

L>(T)

Then, the connection between 2 denoting the change of Mg (u) and d,, can be established based on the strict

monotonicity (1.59) of My (p) which allows the following estimate by inversion

|0nr2]

2mo ||€]1 32

5= ;=—
(M (1) 2Re (1 + )" £,

(1.86)

L2(T)

Note that the bound in the right-hand side is finite due to the fact that [|{||= > 0 which holds unless
My (i) = 0, the situation that was initially ruled out by Corollary 1.3.1. Discussion on a priori estimate of ||£|| ;-
will be given in Remark 1.7.1.

Following this strategy, we embark on consecutive proof of the results (1)-(4).

Result (1):
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This is the simplest case, the variation of Mg (1) is induced only by change of go. Namely,

51v12 = 2Re WJ + bgO (/u‘) - h7 b5g0 (:LL)>L2(J) ) (187)

where

8go = (14 pep) ™" Py (b6 v 0) . (1.88)
Application of the Cauchy-Schwarz inequality to (1.87) yields
el < 2My () || (1 10) ™[ 1P (B8 v 0) | ey < 2Mo (i) 65 sy -

and hence, by (1.86),

my Mo (1)
10ul < ——5= 1165l 21y -
T molle
Now since d5 = by, due to (1.58), we have
6{? = bégo - b(l + /’L¢)_l P+ (0 v (90 + b (w - h))) 6#? (189)

from where we deduce the inequality (7).
Result (2):

This is totally analogous to the previous result except for now we have

darz = 2Re (¢ + bgo (1) — h, bdg, (1) — 6h>L2(J) (1.90)

with

0go = (L4 1) Py (0V (14 1) b0y) . (1.91)
Therefore,

Mo (1) [L+ (1+ ) m]

2
mo ||5||H2

02| < 2Mo () [L+ (L+ p) mal (10wl L2y = 10ul < 10n 2 () -

Feeding this in the relation (1.89), which still holds in this case, gives

1+ (14 p)mq] M?
H(Sh”Lz(J)a

105l = < ma <1+M+ 5
mo [[€]| 572

that is exactly a rewording of estimate (2).
Result (3):

The estimates (8) and (4) explore sensitivity of solution to measurement noise which any experimental data

are prone to. In both cases proofs are similar to those of (1)-(2) with only few new ingredients.

In case of (3), a perturbed data vector ,, € CV affects the solution §o by means of the induced variation of 9
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that we will denote by &, € H? (D).

If 4 is given by (1.46), its perturbation can be estimated as
I8 < max K iVl 1S 180l (192

where [0l = Sn_y [(00)els 18], = max SN |Sk;| with S as defined in (1.47). However, to get more
j=1,y
explicit result with respect to data positions {z; };vzl (which will be more relevant in case (4)) avoiding reference

to (1.47), we employ polynomial interpolation in Lagrange form

¢*§: o 1.93
=2 el = (1.93)

=1 k=1
’ [
in which case we have
N
Z— Zk
Spll.e < ma H H ol 1.94
I6cll < o, [TT 2= 100l (199)
k#j

Nevertheless, we note that the choice of interpolant (1.93) is not good for practical usage (making way for the
barycentric interpolation formula, see [14]), but done only for the sake of analysis (again recall that, by Lemma
1.4.1, the final solution gy does not depend on a particular choice of the interpolant). In particular, we see that
closedness of interpolation points amplifies the bound in the right-hand side which corresponds to ill-conditioning

of the matrix (2, 2;) for the choice of interpolant (1.46).

From this point on, we follow the same steps as in case (2) with (1.90)-(1.91) replaced by

51\/12 = 2Re W + bgO (:U‘) - ha 6@0 (:U’)>L2(J) ) (195)
350 = 0y — (1 + pe) "' Py (0VBSy) (1.96)
where the latter variation is estimated from (1.53). Then, we have

Mo (1) (1 + |p| m1)

2
mo [[€][ 2

[0ar2] < 2Mo (1) (L + [l ma) [10pll oy = 10ul < 1660l 2y - (1.97)

Now
85 = 050 = b(1+ u) ™" P (0V (g0 +b (¥ — 1)) b, (1.98)
and the resulting estimate (3) follows using (1.96)-(1.97) and recalling (1.94).

Result (4):

For a perturbation vector of positions 8, € C, the respective deviation of the interpolant (1.93) is given by

N N N ) —(z— 2 )
6w:ij 2= 2m | B2 20) 0e) k)((sz)], (1.99)

I
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and can be bounded, for instance, as

N —1
max Zz;} |25 — 2]

N
=1,...
1) < 2wy max H Z—z H = 0 1.100
190l =1 ml_zll( e min TS |2 — 2l ozl 100
m#£j J=1,....N = Tk#j

where wg := max |w;|. However, more compact but even rougher bounds can be obtained in terms of d; N
j=1,.,N ' -

where dy := .knriin |z — 21|, which are undesirable for large number of points that are not uniformly spaced.
Jk=1,..,
Jj#k
This case is the most tedious one since now, in addition to v, the Blaschke products undergo the variation

N N _
z—zm | 2(2—25)(02), — (1 = Z2) (42)

5y = - J z (1.101)

2\ = (e

m#j
which can be estimated as
e < max (|ZEZ2L o -ga| Yl
i=L.N\ || (1= z;2) oo H>
—1

= 2j=111{§%N H(z —zj) HHOQ 1021, - (1.102)

The rest of the computations is most similar to those in case (8) but slightly more general. Namely, (1.95) and

(1.98) hold with

0g0 = Op+0(1+pd) " [Py (b(fVh)+pPr(0VD(h—1))]

+b (14 pe) " [Py (55 (F V B) + Py (0V 85 (h — )] — b (1 + pgp) " Py (0V bdy)

estimated from (1.53). Therefore,

m1M2
105l g2 < 11 (1 + 2> 1950l 72 »
mo [|€][5

100l 2 < (1 + |l ma) [|64 ]| g2 + <||f Vol o ery + el A = ¢||L2(J)) 1001l groc »

and the final estimate (4) follows. O

Remark 1.7.1. The quantity & introduced in (1.85) enters the results (1)-(4) and should be bounded away from
zero. This fact, however, follows from Proposition 1.2.2 and Corollary 1.3.1. Moreover, the norm of £& can be a
priori estimated as

léll = > ﬁ (M~ o= b4 6Py BV 1) o) (1.103)

by applying the triangle inequality for L* (J) norm of the quantity

V4+bgo—h=1v—h+bPy(b(fVh))+upbP. (0V (b(h—v)—go)),
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which is a consequence of (1.27). Of course, the estimate (1.103) is useful only under assumption
| —h+bPy (l_)(f\/h))||L2(J) <M, (1.104)

but we do not include it in formulation of the Proposition, since this inequality can be achieved without imposing
any restriction on given boundary data f and h or increasing the bound M : since, according to Lemma 1.4.1,
choice of 1 does not affect solution gy whose stability we are investigating, one can consider another instance of
bounded extremal problem, now formulated for ) € H? (D) meeting pointwise constraints (1.13) and approzrimating
h—bP, (b(fVh)) € L*(J) on J sufficiently closely (with precision M) with a finite bound on I without any
additional information (meaning that for such a problem ?I” = J, "h” =0). To be more precise, given arbitrary
Yo € H? (D) satisfying pointwise interpolation conditions (1.18) (for instance, one can use (1.46)), we represent
¥ = 1o + bW and thus search for approzimant ¥ € H*(D) to” f” =b(h —thg) — Py (b(f V h)) € L?(J) such that
19l 2y = M for arbitrary M € (0,00). We also note that in the case of reduction to the previously considered
problem with no pointwise data imposed ([5], [7]), i.e. when » =0, b =1, one does not have flexibility of varying
the interpolant. However, the stability estimates still persist in the region of interest (that is, for —1 < p < 0)

since the condition (1.104) is fulfilled as long as p < 0 due to (1.23) evaluated at p =0 and (1.56).

Remark 1.7.2. Results (3)-(4) technically show stability in terms of finite pointwise data sets {w; }j.vzl, {z; }jvzl
in Y norm, however, by the equivalence of norms in finite dimensions, the same results, but with different bounds,

also hold for IP norms, for any p € Ny and p = oco.

1.8 Numerical illustrations and algorithmic aspects

To illustrate the results of Sections 1.4-1.5 and estimate practical computational parameters, we perform the
following numerical simulations. First of all, without loss of generality, choose J = {ew 10 € [—bo, 90]} for some
fixed 6y € (0,7). In order to invert the Toeplitz operator in (1.23) in a computationally efficient way, we realize
projection of equation (1.27) onto finite dimensional (truncated) Fourier basis {zk—1}§:1 for large enough @ € N

and look for approximate solution in the form

Q
g(z) = ngzk_l. (1.105)
k=1
Introducing, for m, k € {1,...,Q},
sin(m—k)GO’ _—
A =4 T(m—k) A=Al s (1.106)
90/7T7 m = k7
= (B =0V A 4mbh—) @) s =i (1.107)
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the projection equation

(1416 g = Py (b(F =)V (1+ ) b(h =) ,2571) iy =0

becomes the vector equation (if we employ 1 to denote the identity @ x @ matrix)

(1+pA)g=s g:=gl%, (1.108)

with a real symmetric Toeplitz matrix which is computationally cheap to invert: depending on the algorithm,

asymptotic complexity of inversion may be as low as O (Q log? Q) (see [15] and references therein).

Now, in order to numerically demonstrate the monotonicity results (1.56) for e and My with respect to the
parameter p and to compare the behavior with that of series expansions (1.71)-(1.72), we run simulation for the

following set of data. We choose N =5, 6y = 7/3, and

€

0) := 0 2i0) +1 € AVt
exp (i0) — 0.4 — 0.33’ fo(0) :==exp (5i0) + exp (2i0) + 1 € A

f(0) = fo(0) +

(when the parameter € # 0, obviously, f € L? (I) does not extend inside the disk as a H? function). Further, fo
is the restriction of the function z° + 22 + 1 satisfying pointwise interpolation conditions (1.13) for points {z; }?:1

and values {w, }?:1 chosen as given in Table 1.1. We also take h € L?(J) as

1

h(6) = exp (i0) — 0.5i

Based on the points {z; }?:1, we construct the Blaschke product according to (1.9) with the choice of constant
¢o = 0 (obviously, final physical results should not depend on a choice of this auxiliary parameter which is also

clear from the solution formula (1.53)). The interpolant ¢ was chosen as (1.46). Series expansions (1.71)-(1.72)
are straightforward to evaluate numerically since F' (k) involves the quantity & given by (1.70). The projections
P, there are computed by performing non-negative-power expansions as (1.105) whereas ¢* is simply iterative
multiplication of the first ¢ Fourier coefficients of £y by the Toeplitz operator matrix (1.106). Such iterations are

extremely cheap to compute once the matrix A is diagonalized.

Figures 1.8.1-1.8.2 illustrate approximation errors on I and discrepancies on J versus the parameter p for
different values of ¢ when the dimension of the solution space is fixed to @ = 20. Number of terms in the series
expansions (1.71)-(1.72) was kept fixed at S = 10 (such that it is the maximal power of u in the series). It is
remarkable that even such a low number of terms gives bounds which are in very reasonable agreement with those
computed from solution up to relatively close neighborhood of 4 = —1. On Figure 1.8.3, we further investigate
change of deviation of the series expansion from the solution computed numerically (which is taken as a reference

in this case, see the discussion in the next paragraph) as more terms are taken into account in the expansions.

Figure 1.8.4 shows variation of the results with respect to truncation of the solution basis while the parameter

e = 0.5 is kept fixed. Errors are compared to results obtained for () = 50 which is taken as reference. We conclude
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that a choice of @) between 10 and 20 is already sufficiently good for practical purposes. In particular, we can
regard the numerical computation results obtained for ) = 20 as those corresponding to faithful solution so to
compare them with what follows from the series expansions (1.71)-(1.72). Clearly, a choice of @ < N = 5 does
not make sense since, according to Lemma 1.4.1, the interpolant 1) can be chosen as a polynomial which, under
such a restriction, will not even be able to meet all pointwise constraints.

Finally, on Figure 1.8.5, we plot auxiliary quantities F' (k) and kF (k) versus k which fundamentally enter the
series expansions (1.71)-(1.72). In such a computation of multiple iterative action of the Toeplitz operator ¢ on
a fixed H? function mentioned above, we used high value of ) = 50 to prevent possible accumulation of error
steming from the truncation to a finite dimensional basis. The first quantity F (k) demonstates the expected
decay to zero, while the second one shows that the decay is not fast enough to produce a summable series (that is,
F (k) # o(1/k) as k — oo) which illustrates the sharpness of Lemma 1.5.1 and, on the other hand, is consistent

with blow-up of Mg (1) near p = —1.

Suggested computational algorithm FEven though Figure 1.8.3 shows good accuracy of approximation e (1)
and M@ (1) from the series expansions (1.71)-(1.72), it is clear, by nature of such expansions, that the convergence
slows down as i gets closer to —1, and hence, for the genuine values, the number of terms in the series should be
increased dramatically. However, as it was mentioned, the quantities F' (k) are very cheap to compute. It remains
only to estimate S, that is the number of terms in series for the accurate approximation of e (u) and Mg (i), but
it suffices to perform such a calibration only once, namely, for the lowest value of i in the computational range.
This suggests the following computational strategy:

1. Decide on the lowest value of the Lagrange parameter pg by checking the approximation rate computed from
solving the system (1.108). The quantity e (uo) will then be the best approximation rate on I.

2. Determine the number of terms S by comparing the approximation rate with that evaluated from the expansion
(1.72) for po.

3. Fix S, precompute the values F (k), k = 1,...,S. Vary the parameter p and evaluate the approximation and

blow-up rates from the expansions (1.71)-(1.72) in order to find a suitable trade-off.
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z

w

0.5+ 0.44

0.9852 4 0.3752¢

—0.3+ 0.3

1.0097 — 0.1897:

0.2+0.6:

0.7811 4 0.2362¢

0.2 —0.5¢

0.8328 — 0.1852:

0.8 —0.1¢

1.9069 — 0.3584:

Table 1.1: Interior pointwise data

x 10"

35

0.086

0.0851

0.084 -
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x 10"
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0.8

Figure 1.8.1: Relative approximation error on I: € (u) / || f[| 127, from solution (solid) and series expansion (dash-
dot) for e=0 (top left), e = 0.1 (top right), e = 0.5 (bottom left), e = 2 (bottom right).
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Figure 1.8.2: Relative discrepancy on J: Mg (1) / 7]l z2( sy from solution (solid) and series expansion (dash-dot)
for e=0 (top left), e = 0.1 (top right), ¢ = 0.5 (bottom left), e = 2 (bottom right).
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Figure 1.8.3: Relative approximation error on I (left) and relative discrepancy error on J (right).
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Figure 1.8.5: Auxiliary quantities F' (k) and kF (k) computed with @ = 50.
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APPENDIX

Theorem. (Hartman-Wintner)
Let £ € L (T): T — R be a symbol defining the Toeplitz operator Tg : H> — H? : F — T (F) = Py (EF).

Then, the operator spectrum is o (T¢) = [ess inf &, ess sup ] C R.

Proof. We give a proof combining ideas from both [17, Thm 7.20] and [35, Thm 4.2.7] in a way such that it is
short and self-consistent.
First of all, since ¢ is a real-valued function, T is self-adjoint, and hence o (T¢) C R.

Now, to prove the result, we employ definition of o (T¢) as complement of resolvent set, namely, given p € R,
we aim to show that the existence and boundedness of (T — pl )"" on H? (i.e. when y is in the resolvent set)
necessarily imply that either £ — u > 0 or £ — u < 0 a.e., in other words, (£ — ) must be strictly uniform in sign
a.e. on D.

Assume p is fixed so that the inverse of (T — ul) exists and bounded on the whole H?, in particular, on constant

functions. This means that there is f € H? such that
Te—pf=Te—pl) f=
For any n € N, denoting fj the coefficients of Fourier expansion of f on T, let us evaluate
(Te—puf, z"f>L2(T) = (1, an>L2(T) = < LQ(T) Z fk/ etk g9 _ .
On the other hand, since 2" f € H?, we have

Te uf 2" pamy = (€= ) £ F) oy = / (€ — 1) |f]2 2 do

and thus

/T(g—u) |fI?2""do =0, neN,,

which implies that (£ — ) |f]* cannot be an analytic function on I unless it is constant.

However, since £ and p are real-valued, taking conjugation yields

/T(f—u)|f|2z”d(7:0, n € Ny,

which prohibits (¢ — p) | f|* being non-analytic on I either. Therefore, (¢ — ) |f|* = const, and hence (£ — p) has

constant sign a.e. on D that proves the result. O
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PART 2

On a spectral problem for the truncated Poisson operator

2.1 Introduction

2.1.1 The problem formulation and motivation

For h, a > 0, let us consider the following homogeneous Fredholm integral equation of the second kind [57]

R R x z € (—a,a
W/a(x—t)2—|—h2dt_>\f()’ € (-a,a), (2.1)

that is, a problem of finding eigenfunctions of the integral operator P,xa: L? (A) — L? (A), where

P [f](z) == (pnx f) (x) = %/_oo (m_f;)%dt, (2.2)
pn (2) = %ﬁ (2.3)

and x4 is the characteristic function of the interval A := (—a,a).

Our motivation for this study lies in the practical possibility of efficient interpolation and extrapolation of
data available on A from pointwise measurements, in a limited area, of harmonic fields obeying integral equations
with a Poisson type of kernels'. As it will be shown, solutions (eigenfunctions) to (2.1) consitute a complete
orthonormal set in L? (A) and hence can be used to expand the partially available data. Such an expansion is
expected to be rapidly convergent since ideal data satisfy integral equations with a similar kernel. Moreover, since
each eigenfunction is continous and naturally extends to the whole R, so are their finite sums. Therefore, the

expansion over such a basis furnishes natural continuation of the data while basis elements are adapted to the

IStrictly speaking, the real physical problem in the context of inverse magnetization [3], which we are concerned with, involves
three-dimensional kernels, while we consider here its two-dimensional analog.

53



54 PART 2. On a spectral problem for the truncated Poisson operator

geometry and physical structure of the problem.

Eigenfunctions of the P,xa operator naturally arise in Karhunen-Loéve expansion of a stationary stochastic
process with covariance function given by (2.3) (see, for instance, [9, Ch. 21]).

A non-homogeneous version of the equation (2.1) is encountered in numerous physical problems. In [42], Love
reduced an old problem of determining capacitance of a circular condenser to an integral equation that now bears
his name, and established existence and uniqueness of its solution. Love’s equation is, in fact, (2.1) with A = £1
and presence of a non-homogeneous term that is constant. The positive sign corresponds to the situation of
oppositely charged condenser plates while the negative one to that of discs of the same charge. A closely related
problem is that of motion of viscuous fluid between two coaxial slowly rotating discs. The underlying integral
equation differs only in the form of the right-hand term (it is now linear rather than constant) [8]. Different
signs here correspond to the direction of rotation (the same or opposite angular velocities). In both problems, h
is essentially the distance between the disks. The integral equation can be solved numerically by iteration (the
integral operator is contractive); however, when the separation parameter h is small, the convergence of Neumann
series slows down. In this case, the problem has been studied asymptotically [24, 25]. The ultimate goal of those
works was the computation of certain scalar quantities - capacitance (average of the solution of electrostatic Love’s
equation) or torque on the discs (first algebraic moment of the solution of hydrodynamic Love’s equation). Later
on, few-term asymptotic expansions were obtained without reduction to Love’s equation [38, 39, 62| and, over the
years, capacitance computations have been advanced to higher orders [7].

In parallel to that, it was discovered that an analog of Love equation, i.e. (2.1) with a constant term, appears in
one-dimensional models of quantum gases with point interaction. In this context, it is known either as Lieb, Lieb-
Liniger or Gaudin equation. The cases A = 1 (Lieb-Liniger equation) and A = —1 (Gaudin equation) correspond
to chains of repulsive Bose and attractive Fermi gases, respectively. The equation is formulated for the density
of quasi-momenta, and of particular interest are the zeroth- and second-order algebraic moments of the solution
determining density of particles and average energy, respectively [18, 40]. In a similar framework, the same
equation with A = —1 and Poisson kernel itself as inhomogeneous term occurs in modelling of antiferromagnetic
insulators [20]. Scalar quantities of interest here are solution average and solution integral against Poisson kernel.
Endeavours to obtain higher order asymptotic expansion for scalar quantities arising in such models continue
through the years still remaining a contemporary topic of research [26, 28, 65, 66, 72].

In the present work, we consider (2.1) which is a more general analog of all mentioned equations in a sense
that it is neither restricted to A = +1 nor to a particular form of the non-homogeneous term. In principle, once
all solutions (eigenfunctions) of the homogeneous equation are found, a resolvent kernel can be constructed which
allows solving any instance of the Love equation with arbitrary non-homogeneous term and any value of A in
R\ (0,1) and almost any A inside the interval (0,1). However, often the outline of a solution procedure can be
repeated for a non-homogeneous version of the equation yielding a more direct form of the solution.

While studying equation (2.1), we discover amusing properties of its solutions (see Section 2.1.1) and derive
asymptotic approximations in different range of parameters.

It is worth noting that apart from numerous applications mentioned above, (2.1) is an interesting integral
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equation problem on its own. Even though, from numerical point of view, this equation is elementary to solve
as it is on a finite interval and has a continuous kernel?, (2.1) is a rare example of an integral equation with an
extremely simple kernel whose solutions almost nothing is known about analytically. For example, to the best of
our knowledge, even basic multiplicity properties have not been studied for the P}, x 4 operator. The reason for this
neglect in the literature despite the interest in physical applications and harmonic analysis is perhaps the fact that
the equation (2.1) wickedly evades well-known techniques [57], including even those for constructing asymptotic
solutions, and hence very little conclusive results could be obtained relying on standard methods.

The work [36] considers a class of convolution integral equations on finite intervals with even kernels which
are essentially Laplace transforms of functions supported on a subset of the positive half-line. By introducing
a non-homogeneous term with an additional parameter, the equation was transformed into a system of singular
integral equations for the so-called Chandrasekhar’s X- and Y-functions, from which a form of the solution has
been deduced due to analyticity constraints. Remarkably, it turned out that odd eigenfunctions were essentially
sines, and even ones were cosines, but the frequencies and additional constant term have been found only in terms
of solutions of auxiliary integral equations whose closed-form solution was not known. The analysis has been
performed for the simplified case when the inverse Laplace transform of a kernel is a positive function with remark
that such an assumption is not crucial. However, each zero of the auxiliary function has to be treated separately
and, even though it is possible, computations quickly become much more cumbersome [37]. In the present case,
the auxiliary function related to the Poisson kernel has infinitely many zeros which hinder further analysis despite
the fact that equation (2.1) formally falls into the considered class. Interestingly enough, numerical computations
demonstrate that the set of eigenfunctions possesses a Sturm-Liouville property (k-th eigenfunction has k — 1
zeros), essentially resembling sines and cosines but, in fact, are neither of them due to a boundary-layer correction
term which becomes larger near the interval endpoints for eigenfunctions of higher indices. This entails that the
limitation of the method of [36] resulting in pure sine and cosine eigenfunctions is not only technical.

Oscillatory properties of eigenfunctions of integral operators are, in general, not uncommon. The class of such
integral kernels is known as oscillation kernels [57, Sect. 13.7-4]. These kernels are essentially Green functions
of some ODE boundary values problems. Finding an underlying differential equation problem is a lucrative way
of attacking an integral equation. However, for convolution equations, the class of kernels producing an integral
operator that commutes with some differential one (and hence reduces an integral equation to solving an ODE
problem) is rather small and can be roughly described as quotient of two sine/sinc/sinh/sinch kernels with different
scaling [21, 43, 76]. However, it is known, that some integral equations possess the Sturm-Liouville structure merely
asymptotically, meaning that spectral properties for only high-order eigensolutions behave as those corresponding
to a differential operator [53, 70].

The oscillatory property of eigenfunctions is also predicted in [31] by applying matched asymptotic expansion
technique to integral integral equations on a unit interval with a small parameter (equivalently, large interval size)
in the kernel corresponding to the ratio h/a being small in the present case. Even though this important work lacks

rigorous analysis, it is remarkable in that it establishes that integral equations with a wide range of kernels can

2Therefore, Love’s equation is often a benchmark for testing new numerical methods.
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be, for non-small eigenvalues, approximately reduced to a constant coefficient second order differential equation.
Nevertheless, in case of (2.1), such an approximation is inapplicable since the Poisson kernel fails to have finite
second algebraic moment on the whole real axis. Moreover, the authors consider exactly (2.1) transforming it to
an approximate singular integral equation® which “appears too difficult to solve explicitly”.

A different type of analysis, but again with connection to a Sturm-Liouville problem, has been performed in
[23] under more stringent assumptions on the kernel: apart from finiteness of second derivative at the origin of
its Fourier transform (equivalent to the assumption of non-vanishing second moment of the kernel), the kernel
was required to have an exponential decay at infinity, which is typical for application of the classical Wiener-Hopf
technique to solve integral equations [47]. Therefore, the general difficulty in case of (2.1) can be described as lack
of decay of the kernel and severe non-analyticity of its Fourier transform (symbol): rational or Gaussian type of
symbols would be much more tractable [14, 15, 34, 55].

We should also mention that a number of asymptotic results (again when h is small) have been obtained for
non-homogeneous equations by a method specific to the case A = 1. This relies on the fact that the Poisson kernel
forms an approximate identity and so, viewing the operator Pj as a perturbation of the identity, its expansion
cancels out the non-integral term f (x) in (2.1) yielding a Fredholm equation of the first kind. The inverse of
this new integral operator can be constructed giving an approximate solution for this version of the equation
[27, 69, 75].

A relevant work is that of Pollard [56], where he studied inversion of Poisson transforms of measures on the whole
real line. The obtained results are valid beyond absolutely continuous measures, namely, Pollard requires a measure
to be only of bounded variation on each finite interval which, in particular, makes his result applicable to truncated
Poisson integrals. The exact inversion is constructed as a limiting process applied to an integro-differential operator
of infinite order. Even though this provides a formal solution to the Fredholm integral equation of the first kind,
it does not seem to help in solving an eigenvalue problem as the inverse Poisson transform is too complicated to
give an insight into a problem arising after application of this transform to both sides of (2.1).

Another common approach for obtaining solutions of integral equations in a closed form is their reduction to a
Riemann-Hilbert problem of conjugation for analytic functions [1]. The difficulties related to these reformulations
associated with (2.1) will be mentioned at the end of Section 2.2.

The present work is mainly aimed at analytical construction of asymptotic representations of eigenfunctions
when the geometrical parameter h/a is either large or small. When h/a > 1, our idea is to approximate the
kernel of integral equation by the one that admits a commuting differential operator, and hence reduce the issue
to solving a boundary-value problem for ODE. The latter can be solved in terms of special functions: its solutions
are essentially spheroidal wave functions [51, 63]. The case h/a < 1 is more difficult and interesting. It requires
rather refined analysis to reduce a problem to a certain integro-differential equation on a half-line. This equation
can be solved by approximating it with a Wiener-Hopf type of integral equation for which the closed-form solution
can be constructed using reduction to a Riemann-Hilbert problem. The solution for the half-line problem can then

be explicitly continued back to the interval tracing the bounds for the approximation error. As far as the the case

3 At the end of Section 2.3, we rigorously obtain this hypersingular equation by other means.
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h/a > 1 is concerned, even though the range of validity of the approximation was not estimated, we expect it
to be good for large eigenfunctions as well since, according to [74], it can be said a priori that both the original
(2.1) and the approximate integral equation, which leads to an ODE, possess infinitely many eigenvalues having
essentially the same asymptotics for their large indices.

For h/a < 1, we additionally outline other possible computational strategies. Of particular interest is the
one based on the direct operator approximation. This leads to a hypersingular integral equation well-known in
fracture mechanics theory and air-flow modelling as Prandtl lifting line equation whose analytical solution has
been a long-standing problem [10]. We also point out another connection with the integral equation known as
Keldysh-Lavrentiev equation which arises in underwater wing motion [54].

Finally, we plot the obtained asymptotical solutions for the both cases h/a < 1 and h/a > 1 and compare

them with results of numerical solution of the integral equation.

2.1.2 Main properties

It can be easily checked that since the kernel pj, (x) is an even and real-valued function, the operator Pp,x 4 is self-
adjoint, and because of the regularity p, (z —t) € L? (A x A), the operator is also compact (as a Hilbert-Schmidt
operator), and hence we have the standard spectral result [44]

Theorem 2.1.1. There exists (A\n)re; € R, A\, = 0 as n — o0 and (fn)r, is a complete set in L* (A).

Now we refine the spectral properties. In order to do this, we denote the Fourier transform as

a

fotk)=Fxafl(k) = [ f(2)e* ™" da, (2.4)

—a

and prove the following

Lemma 2.1.1. Any solution of (2.1) satisfies the energy identity

[ o ]| de = 25 (i @ 417 -0l (2.5)

Proof. Let us differentiate (2.1), multiply by characteristic function y 4 and take the Fourier transform to arrive

at

- 27ri/RlCa (k, I~c> ef2ﬂh|’;|l~6f0 (l;:) dk = )\/Af’ (z) ¥ Ry, (2.6)

where K, (k, l;) = Xa (k — ]Ng) = % is a reproducing kernel for the Paley-Wiener space [60, Ch. 19]

PW* = {g € H(C)NL*R): |g (k)| < Ce*™ M for some C' > 0}, (2.7)

that is, for any g € PW*%, we have

/&@wgwﬁzmw,
R

and, certainly, IC, (z,), Ky (-,t) € PW® for z, t € R.
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Since f} (k) € PW*, integration of both sides of (2.6) against it yields

—2m'/ e~ 2RI 1 (K) fo (k) dk = )\/ f! (x)/ Fh (k)e?™ k2 dfed,
R A R

and hence

/00 =2k [ 7 (k) fo (k) — F) (—k) fo (—k)} dk = A/A:nf/ (z) f (z)dz.

0

Adding the complex conjugate equation, we obtain

/OOO e_%hkk% Ufo (k)(2 +|fo (—k)ﬂ i = )\/Am% I (2)[? da. (2.8)

Now note that integration of (2.1) against f (x), by Parseval’s identity, implies

/Remmm‘fo(k>‘2dk:A[4|f(x)\2dz = /Af(x)Ide:i/Om@%hk Ufo<k) "

‘ 2

Jo (—k)f] dk.

Performing integration by parts in both sides of (2.8) and employing the last identity, we arrive at the result

(2.5). O

Proposition 2.1.1. For A, f satisfying (2.1), the following statements hold true
(a) A€ (0,1), (b) fe 0= (4),

(c) All (A\,),2, are simple, (d) All f are either even or odd, and real-valued (up to a multiplicative constant).

Proof. (a) First, we deduce that A\ < 1 from

A ||fHLoo(A) = 51613 < ”fHLOO(A) ||thL1(]R) = Hf“Loo(A) : (2.9)

h t

L —
T Ja (x—1t)" + h?
To get the lower-bound (and hence show that P,y 4 is a positive operator), we apply Parseval’s identity, convolution

theorem for Fourier transform and positivity of the operator symbol pj

2 . o 727rh|~|/\ T
A ||fHL2(A) = <ph*XAf7 XAf>L2(]R) - <€ XAf’XAf>L2(R) > 0.

(b) follows by regularity of the kernel which admits differentiation under the integral sign in (2.1) arbitrary
many times.

To prove (c), we note that multiplicity of compact operator can only be a finite number [44], and, because
of convolution structure, eigensubspaces corresponding to the same eigenvalue must necessarily be closed with
respect to the integration operator A* [f] :== —i [ f (t)dt (see [61, Thm 2.2.3]). Differentiating sufficiently many
times we conclude that eigenfunctions must satisfy a homogeneous ODE with constant coefficients and hence be a
combination of exponentials which, on the other hand, is not possible since integration against Poisson kernel in
the left-hand side of (2.1) gives rise to exponential integrals which cannot cancel each other out while there are no

integral terms on the right at all. More formally, suppose that Zg:o cuf® (z) = 0 for some ¢, € C, k=0,...,N,
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ey # 0. Using convolution structure of the kernel implying 0,pp, (z — t) = —0pn (x — t), we can differentiate both

sides of (2.1) and then integrate by parts

a

M (z) = — j F@)Owpn (x —t)dt = —f (a)pn (x —a) + f(—a)pn (v +a) + F (&) pn (x —t) dt.

—a
Performing this procedure iteratively, we get, for k € {1,..., N},

k—

,_.

I @pf (@ @) = S () @+ a)] + P [xaf ] (@) = AP (@),

=0
Forming a combination chvzo e f*) (z), it then follows from the ODE that
k—

o |:f(k i— 1) (]) (l‘ _ a) _ f(k—j—l) ( ) €] ($ + ) 0.
) =0

._.

] =

k=1

<.

From here, the linear independence of pgb -1 (r —a) and péN_l) (z + a) entails that f (a) = f (—a) = 0. This
last conclusion contradicts the energy identity in Lemma 2.1.1 since then f (z) must be identically zero.
Proof of (d) is essentially application of the result (c¢) after observation that the integral operator Ppxa

commutes with sign inversion operator and real part evaluation. O

Remark 2.1.1. The upper bound for the eigenvalues can be improved to
2 a
A < —arctan —, 2.10
< —arctan (2.10)

which directly follows from (2.9) upon replacing th”Ll(]R) with a sharper estimate

h dt 1 a—x a+x
sup — ——5 - = — sup |arctan + arctan
ceAT Ja (x—t)"+h? Taea h

and observation that the maximum of the expression is attained at x = 0. We note that, in particular, (2.10)

2h h
implies that 1 — X\ > — for — < 1.
Ta a

It is also known that since the kernel pj () is a restriction of a function analytic in an open set (e.g. an ellipse)

around the interval A, the rate of decay of eigenvalues is geometric [41]. This can be quantified further as given

by [74]

x do
Proposition 2.1.2. Denote by K (z) := |, P —

0 the complete elliptic integral of the first kind. Then,

1—22sin®6
as n — 00, we have
K (sech (wa/h))

log A\, ~ —nwm. (2.11)

Now we discuss some scaling property and dependence on parameters that we are going to employ further in
order to construct approximate solutions.

Let us set ¢ (z) := f (ax) for z € (—=1,1) and ¢ (z) := f (zh) for x € (—a/h,a/h). Then, by change of variable,
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we rewrite (2.1) as

B 00 sy, e
ﬂ/l(xt)2+52dt>\¢()7 € (-1,1), (2.12)
LY o) i e
7T/1/5 @ pp it T @, we(Z1/B1/8), (2.13)

where 8 := h/a, and hence we conclude that ¢, ¢ and A depend only on one parameter - the ratio of h and a.
The latter fact allows us to show monotonicity of eigenvalues with respect to the parameters. This would be
the content of Proposition 2.1.3 which, in turn, hinges on Lemma 2.1.2.
Before embarking on proofs of both Lemma 2.1.2 and Proposition 2.1.3, let us make one remark.

Note that, since the spectrum is simple (Proposition 2.1.1), we can order eigenvalues as
0<--<Az3< A< A1 <1,

and denote f; the eigenfunction corresponding to Ax, k € Z;. In what follows, when no comparison between
different eigenvalues/eigenfunctions are made, we will continue writing simply f, A instead of fi, Ag.

We need the following general result.

Theorem 2.1.2. (Implicit mapping [33, Ch. XIV Thm 2.1])

Let E, F, G be Banach spaces and consider open subsets U C E, V C F and ® : U xV — G, a map of
class CP, p > 1. Let (xo,y0) € U X V and assume that the Fréchet derivative with respect to the second argument
Ds® (xg,y0) : F — G is a continuous linear map with continuous inverse. Let ® (xo,y0) = 0. Then there
exists a continuous map Uy — V defined on an open neighborhood Uy of xg such that g (xo) = yo and such that
f(x,g(x)) =0 forallx € Uy. Moreover, if Uy is taken to be a sufficiently small ball, then g is uniquely determined,

and is also of class CP.
Lemma 2.1.2. For a, h > 0, dependence of f and A on h and a is smooth *.

Proof. Fixing k € Z,, we consider an eigenfunction fj, corresponding to A, which we normalize as || fx|| 2 (a) =1
By means of application of implicit mapping theorem (Theorem 2.1.2), we are going to prove smoothness of the
mapping h — (fi (h), A (h)) in a neighborhood of some fixed h = hy > 0. We let U = R, V = L2 (A) x (0,1),
G = L?*(A) xR, (w0,90) = (ho, (fx (ho), Mk (ho))), and consider the map ® : U x V — G given by

® (b, (fe () M (1)) = (P Dxadid = s el 2ga) — 1) (2.14)

so that ® (o, (fx (ho) , e (ho))) = 0.

Fréchet derivative of (2.14) with respect to the second argument acting on (u, u) € L? (A) x (0,1) is

Dy® (ho, (fx (ho) s Ak (ho))) (u, 1) = (Pho [xau] = Ak (ho) u — pfi, 2 (fx (ho) 7U'>L2(A)> :

4The idea of this proof is due to L. Baratchart.
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We note that Dy® is obviously a bounded (and hence continuous) linear operator as Py, is for hg > 0 and, to
fulfill the assumptions of Theorem 2.1.2, we need to show that it is also bijective.

Let us show that Dy® is an injection, i.e. that Da® (ho, (fx (ho), Ak (ho))) (u, u) = (0,0) implies vanishing of
u and 4.

As follows from Theorem 2.1.1, {f, (ho)},—, is a complete orthonormal set in L? (A), so we can expand
u =301 cnfn(ho) € L? (A). Since Py, [xafn (ho)] = An (ho) fn (ho), we have, since A, # Ay, for k # n (recall

simplicity of the spectrum as proven in Proposition 2.1.1),

en [An (ho) — g (Ro)] =0, n #k, cn =0, n#k,
P, [xau] = Ak (ho) w — pfy (ho) =0 = N

:ufk (hO) :07 /L:Ov

<fk,,u>L2(A) =0 = ck:0,

and hence we deduce that p =0 and ¢, = 0 for all n € Z, implying fi (hg) = 0.

Establishing surjectivity is tantamount to showing that given (g,v) € L?(A) x Ry, we can find ug, po €
L2 (A) x (0,1) such that Da® (ho, (fi (ho), Ak (ho))) (uo, o) = (g,v). Expanding g = 300 anfy (ho), uo =
22021 by fr (ho), we obtain

Pry [xauo] = Ak (ho) uo — profi (ho) =9 = An (ho) = A (o)’

2<fk7u0>L2(A):V = bk:V/2

It remains to verify that formally found coefficients b,, indeed define an L? function. By orthonormality of the

b2 < oo which holds true due to the

n=1"n

basis {fn (ho)},-;, the last condition is equivalent to the summability >
square summability of {a,} -, entailed from g € L? (A) by Bessel’s inequality [60, Thm 4.17], and the fact that
An (ho) — Ak (ho) is bounded away from zero (since Ay > 0 and according to Theorem 2.1.1 the only accumulation
point in the spectrum is zero).

This proves surjectivity and makes Theorem 2.1.2 applicable. As a result, since ® is an infinitely differentiable
map, we get smooth dependence of fi, Ay on h. Similarly, choosing the parameter a instead of h, by another
application of implicit function theorem, we arrive at the same conclusion concerning the dependence of fi, Ay on
a. O

oA

A
Proposition 2.1.3. For a, h > 0, we have g— > 0, h <0, and A /1 as h \,0.
a

1
Proof. Denoting « := B = %, we observe that (2.13) states that ¢, which, by Proposition 2.1.1, we can take to be

real-valued and of certain parity, belongs to the kernel of the Fredholm operator (P1 X(—a,a) — )\) on L? (—a, ).

On the other hand, because of the smooth dependence stated in Lemma 2.1.2, we can take derivatives of both
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sides of (2.13) with respect to «, and thus obtain

—o(z 1 ¢ (~a) p () =:n(x T € (—a,a
(P1X(—a,a)7/\)[aa90](z)—‘p( )aa/\ 7T<(1:+oz)2+1+(17—01)2—|—1> _'77( )’ 6( , )7

which is a statement that 1 (z) belongs to the range of the same operator. By the Fredholm alternative [44] and

self-adjointness of the operator, we must have n € (Ker (PIX(,Q’Q) — )\))L, ie. f_aa n(x) ¢ (x)dz =0 giving

o072 (—a.0) Pad = A [0? (—0) + 9* ()] = 2Xp* () ,

a rather general result obtained in [58].

Now, since ¢ (o) = f (a), employing Lemma 2.1.1 and the scaling property A = A (%) discussed above, we
conclude that 9, A > 0, I\ < 0.

To show that A 1 as h N\, 0, we invoke general Courant-Fischer min-max principle (known also as Rayleigh-

Ritz characterization of eigenvalues) [35, Ch. 28 Thm 4] stating that

(Pn [xau], u>L2(A)

Ar = max min 5 , keZ,, (2.15)
Sk “;fg’ llull72a)

where Sy is a k-dimensional subspace of L? (4). By the approximate identity property of the Poisson operator

[16, Thm 3.1], we have

<Ph [XAU],U>L2(A) — ||UH§,2(A) as h\‘()

establishing the result. O

Let us also note that the limit A ~ 1 as h \, 0 is in agreement with the estimate (2.10) suggesting its
certain sharpness. Indeed, for the very first eigenvalue \; the bound from below can be easily obtained. This is a

consequence of the min-max characterization (2.15) which in this case, by choosing u = 1, implies

Py, [xaul,u 1 [e [o
AL = max Pl j >L2(A) > 2*/ / pp (z —t) dtdz
“657&(014): lullzz2(a) J-al-a
1 @ ; afx+ ; a+x d l/a ; aerd
= — arctan arctan = — arctan
ora |, h n )T ma), no o
and hence
2 2 h 4a®

A > p arctanf — %bg (1 + h2> . (2.16)

h
The obtained bounds (2.10) and (2.16) sandwich A; in an interval whose size is as small as O < log Z) for
a
h
- <1
a
Note that the quantified version of the behavior A » 1 as h N\, 0 can be obtained from (2.11) using the

1
asymptote of the complete elliptic integral K (1 —x) ~ filog (22), 0 < = < 1, which is derived from [50,
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(19.12.1)], and the evident fact K (0) = w/2. Namely, we deduce that
Thn
log A\, >~ —5g >1, h< L (2.17)

We conclude by listing few other more subtle solution properties and features of the problem.

Define, for x € R\ A,

f(z) = ;:T/q@_‘i)%dt (2.18)

so that the validity of the equation (2.1) persists on the whole R. Then, integrating it against a function g (-,t) €
H (111) boundedly analytic in the first variable in the upper II; or the lower II_ half-plane, with help of residue

calculus, we obtain

/ f(x)g(xiih,t)dx:)\/oo f(x)g(x,t)de, (2.19)
A —00

which suggests the existence of an efficient transformation of the problem by means of wisely chosen g (z,t).

In particular, simply taking g (z,t) = 1, this gives

/Af(x) dz = A/O;f(x) dz. (2.20)

Due to positivity of operator Pxa and variational characterization of eigenvalues due to Rayleigh quotient
maximization (recall min-max principle in the proof of Proposition 2.1.3), the eigenfunction corresponding to the
largest eigenvalue can be chosen to be positive on A. Then, its extension outside A must be positive as well, and

11121 ay

s0 (2.20) can be rewritten as A = . This spectral concentration property is slightly reminiscent to that

11l )
of prolate spheroidal functions [51].
Another interesting property is double orthogonality of Fourier transforms of eigenfunctions of certain parity: let

f1, fm be both odd or even eigenfunctions, then, by Parseval’s identity, the Fourier transforms f; (k) = Flxafi] (k),

fm (k) = F[xafm] (k) are orthogonal on the half-line with both constant and exponential weights

/we%MﬁwﬁMm%—o—AwﬁWﬁMMM7l#m (2:21)

0

Note that if exponential factor was replaced by a characteristic function, one would obtain a property of double
orthogonality with respect to the range of integration. This property is also typical to prolate spheroidal harmonics

[63] which suggests a connection that will be established in a further section.

2.2 Some reformulations of the problem

2.2.1 Integral equations in Fourier domain

Most natural way of studying convolution equations is by looking at their Fourier domain formulation. Let us

multiply (2.1) by xa and apply Fourier transform. We obtain an integral equation with regular kernel on the
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whole line

sin(27ra (k—fc)) N R
/ L2 fy (R) dk = Ao (k), K ER, (2.22)
Gl

where fo is as defined in (2.4).

Recalling (2.7), we have that fo, w € PW* for any k € R, and so, by analyticity, validity of (2.22)
extends to the whole complex plane C.

In particular, we are going to derive an integral equation analogous to (2.22) that will involve instances of fo
on the imaginary axis iR.

Let us recall the definition of Cauchy principal value integral. Let F'(¢) be a function defined on an interval

(a, ¢) such that it is singular at some point b € (a, ¢) where it does not have to be absolutely integrable. Then, the

principal value integral of F' is defined as the following limit

]{;F(t) dt = lim (/ab+/b+> F(t)dt.

Now we are in position to formulate

Proposition 2.2.1. Fquation (2.22) is equivalent to the following singular integral equation

1 in (27h o R
- ][ $in (2mht) —awat—risent £ (1) dt = [eos (2nh7) — M| fo (i7), T € R, (2.23)
R

™ t—1T
or, alternatively, for even (upper sign) and odd (lower sign) solutions

* sin (27ht) e~ 274t

oo —2mat ~
e2rar ][ sin (2mht) e7 77 fo (it) dt = 7 [cos (2mhr) — N fo (i7), T €R.
0

it) dt + —2mart
t—T fo (i) ¢ ]ﬁ t+ T

(2.24)

Proof. Let us evaluate the left-hand side of (2.22) at k = i7, rewriting it as

/stn (27ra (i7'~— /%)) 6*27Th|’5‘f0 (]}) i e_%f” /0 e2ﬂ(h—i1~1)15 fo (];> s e2mat /0 e27r(h+i¢~z)fg fo (]%) i

- (z'T - k) 2mi J_oo it — kK 2 ) o it —k
e—2mat /OO 6727r(h+ia)l:: e B e2mar 00 6727r(h7ia)1~€ e ~
+& y (k) P/ — / § (k) dk.
2t Jy iT—k Jo 21 Jo iT—k fo

Now using analyticity of fo and the fact that

2a 0
e2ﬂiakf0 (kﬁ) — / eQ‘rrixkf (l‘ _ a) dx and e—Qﬂiaka (k‘) — / eQﬂ'izkf (l‘ + a) dx
0

—2a

decay in the upper and the lower half-plane, respectively, we employ Cauchy theorem to deform an integration

contour in each integral closing it in such a quadrant in which the integrand decays at infinity®.

5Note that the decay of the integrand at infinity is exponential except on the imaginary axis where it is only algebraic, e.g.

. _ ,—4ma _
e*QWaka (—’Lk)) — f82a eQ‘rrzkf (x + a) dr — f(a) €2ﬂ—k f( a) _ ﬁ fEQa 627"ka’ (Z‘ + a) de = O (1/k)
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Elaborating the first term

0 _2w(h—ia)k _ , \ _ —ico 2m(h—ia)(k—e) - —ico 2m(h—ia)k ., \
% - 6i7'7—/;:f0(k>dk = —li\rr(l)%/o Z_7__(]{_€>f0( )dk:fll\r‘%%/ Z‘—T—l—efo(k>dk

1 0 e2m(h—ia)it 1 0 e2m(h—ia)it
= lim — —fo (¢it) dt = — lim — —fo (it) dt
0 /_Ooir—it—&—efo(l) e{r(lJQWi/_oot—T—l—iefO(Z) ’

and so, by Plemelj-Sokhotskii formula (in case of 7 < 0), we obtain

! 271'(&]1-‘,-(1)7- 1 0 eQW(ih-‘v‘a)t A
L7 e ) di 2°¢ fo (i) = o ootifo (it)dt, T <0,
% i ]’% fO (k) dk = ) . oo i e
[e’e} T — 0 .
“5mi [ = o dt, >0,
= sy - L T
4 ° ‘ 2t J_oo t—T 0 .
Similarly,
1 0 627r(h+ia)l~€ N s - 1 100 27T(h+za)(k 6) . - 1 ico 27r(h+za)k )
— —fo (k) dk = —lim 7/ 7% ( ) PR 7/ girtnrid < )
2mi J_o it —k N0 27 iT—(sz€> N0 2T Jo it — k4 e

1 o] 627r(h+1',a)if R 1 oo 627r(h+ia)it .
— lim — _— t)dt = lim — _ it) dt
el\%?w/ initJref o (it) el\I‘r(l)Qm/O t—TJriefO(Z)

1 2m(ih—a)T § 1 [ erlihmalt
= _Z (1 + SgnT) e fo ( ) + T’L ﬁf@ (lt) dt,

1 oo efgﬂ(hjqa)]} s B 1 —1i00 6727r(h+za)(k+e) e B 1 —ico ,—2n(h+ia)k -
— 7~f0<k>dk - lim—,/ —~f0(k+e)dk:hm—_/ ffo(k)dk
2mi J it —k eNO 27 it — (k: T 6) O 27 i —k—e¢

1 [0 g—2m(htia)it 1 [0 —2n(htia)it
= —lim—/ —f (zt)dt—hm—/ %fo(it)dt

eNO 2T J_ o 1T — it —¢€ eNO 2718 t— 7T — i€
1 ] . 1 0 —27(ih—a)t _
_ Z (1 . sgm’) e—27r(zh—a)7'f0 (ZT) + % _7[_00 %fg (Zt) dt,
1 [eS) —27T(h—1'a)l:: N N 1 100 —27r(h—ia)(1;+e) e N 1 100 —27r(h—1la,)l~f N s ~
— ;fo(k‘)dk _ 1imf/ e—~f0(kz+e)dk‘ / e,7~fo(k)dk
211 0 it —k eNO0 271 iT—(k—f—E) 6\0271'2 T —k —€

1 oo ,—2m(h—ia)it _ 1 oo ,—2n(h—ia)it _
- hm—/ i (it)dt = —1im—,/ R
0 0

eNO 27 T — it —€ N0 277 t—7T —ie
1 —2r(ih+a)T § (; 1 —2m(ihta)t
= _Z (1 + SgnT) (& fO ('LT) — % j ?fo ('Lt) dt

Collecting the terms, we obtain (2.23). To get to (2.24), it only rests to recall Proposition 2.1.1, that is f (x)

must necessarily be either odd or even, and so is fo (it). O
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Corollary 2.2.1. Solution of (2.23) satisfies an infinite number of discrete conditions

—27ma(t—"m) 6727ra(t+'rm)

fo (it) sin (2ht + dt = 2.2
][()fo(z)sm(w) P P 0, (2.25)

where the upper sign in this expression should be chosen for even solutions and the lower sign for odd solutions,

and
arccos A
2mwh

Tm =

m, méeEZ, (2.26)

S =

where signs are independent of the parity of fo.

Proof. This result is an immediate consequence of the obtained equation (2.23). We note that vanishing of the
factor in square brackets in the right-hand side on the set of points (2.26) (with arccos denoting the principal value
of inverse cosine function so that arccos A € (0,7/2) for A € (0,1)) imply vanishing of the left-hand side. This is
due to the fact that fo is an entire function, and hence, it cannot have poles.

Therefore, we conclude

t—Tm

][ sin (27Tht) e—27ra(t—rm)sgntf0 (Zt) dt =0,
R
and invoking parity assumptions, we can reformulate this into (2.25). O

Remark 2.2.1. The form of the expression (2.25) makes it tempting to factorize the integral operator by invoking
convolution theorem for cosine (case of the upper sign) and sine (case of the lower sign) [0/]. However, non-
distributional versions of such theorems do not apply due to both singularity of the kernel e=2™ /t and exponential

growth of the function fo (it)sin (2ht).

The result of Corollary 2.2.1 will be revisited at the end of Section 2.3 in the context of approximate solution.

2.2.2 Matrix Riemann-Hilbert problems

It is known that solving an integral equation on an interval can be reduced to factorization of matrix of the
associated Riemann-Hilbert problem [6], which is typically the only hope for constructing solution for integral
equations of the convolution type. We are going to show equivalence of (2.1) to two such problems.

Let us extend equation (2.1) from the interval to the whole line by means of adding an extra term

/R pu (@ — ) fo (£)dt = Mo () + ¥ (2), @ €R, (2.27)

where, as before, fo () = x4 (z) f (z) and

Y (7) == xr\4 (7) /A f @) pn(x—1t)dt.

Suppose further that f, and hence fy, is of certain parity (Proposition 2.1.1). Then, we can write

¥ (@) = o (& —a) ¢ (-2 —a)
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for some function 1y supported on R and the upper sign corresponding to the even parity of f and the lower one

to the odd parity.

Application of Fourier transform to (2.27) now yields
(725 = X) fo (k) = €250 () & €27 kea)y (), k€ R, (2.28)

Denoting Hy and H_ the spaces of functions holomorphic in the upper and, respectively, the lower half-plane,

we note that

ek fo (k) o (k) € Hy, e 2™*fo (k), do (—k) € H_,

as follows immediately from the functions support.

Multiplying both sides of equation (2.28) by e 27*¢ and taking into account the identity e27i*f (k) =

edmiak o —2miak f (k), we arrive at the conjugation problem for holomorphic vector functions

:Fe—47r'£ak e—27rh|k\ Y

Xt (k)= X~ (k), (2.29)

0 e47riak

where X+ (k) := (12)0 (k) , e2miak fy (k))T €cHy, X (k):= (12;0 (—k), e2miak f, (k))T cH_.

Another Riemann-Hilbert formulation is more specific to the structure of the equation (2.1). While (2.29) is
a conjugation problem for analytic functions on the real axis, we can also derive a conjugation condition on the
imaginary axis.

To this effect, let us observe that pj (k) = e~ 2kl extends analytically from R, to the right half-plane as
Py (k) = e~ 2™ and from from R_ to the left half-plane as p} (k) = e2™"*. In the same fashion, we denote the

limiting values of @EO on the imaginary axis from right and left as @/}6 and z/;(l), respectively. Now, since f is entire,

(2.28) implies
627Tiak1/)6 (k) + 672ﬂiakw6 (7]{) 7 eQﬂiakwé (k) + 6727riakw(l) (7143)

o = - ,  keiR,
By, (k) = X P, (k) = X
and, because of py (—k) = p!, (k), reversing the sign in this equation leads to
672772’(1]@1)/}6 (—k) + eQm‘akwg (k) _ ef2ﬂiakw(l) (—k) + e27riak,¢)6 (/C) —

PACED P, (k) — A ’

Moreover, because of 1 (k) € H,., we have o} (k) = ¢}, (k) for k € iR, and, equivalently, U (—k) = )}, (—k) for
keiR_.

This yields

pl — N . pl — ~
iy ) = B2 etk (PRS0 ) (k). ke
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which, being rewritten in the matrix form, furnishes a Riemann-Hilbert problem for the conjugation of two vector
R . T . R T

functions Y" (k) := (1/16 (k) , b (fk')) and Y (k) := (wé (k) , ¥ (fk)) analytic in the left and right half-planes,

respectively,

Y"(k)=Gk)Y'(k), keiR, (2.30)

with continuous (except at infinity) matrix coefficient

1 0

. , TERy,
2ie~4"T sin (2rhT) €27 — )\ *

+ 6—27r1'h7' _ )\ 6—27rih7' _ >\

G (i1) :=
e2mihT ) 2ie4™97 gin (2whT)
e—2miht _ ) e—2miht _ ) : reR_.
0 1

Solving a matrix Riemann-Hilbert problem hinges on the possibility of constructing a certain factorization of
its matrix coefficient (namely, factorization into the product of two non-singular matrices whose elements can be
analytically continued from the boundary line and have at most algebraic growth at infinity). Beyond matrices
with rational entries, there are only few classes for which the constructive factorization procedure is available [59].
Presence of exponential factors producing oscillations and discontinuity at infinity already makes inapplicable
general existential results about factorization such as [19, Thm 7.3]. In our case, the situation is additionally
exacerbated by the type of symbol of the kernel p; bringing in another entry of exponential type. Indeed, the
performed transformation of the conjugation problem on the real axis into the one on the imaginary axis turns the

2miak into decaying ones, which can sometimes be beneficial to great extent [52, 53], in our case

oscillatory factors e
produces another oscillatory behaviour in the diagonal terms due to the symbol of the kernel. See also [29, 71]
for reductions of a finite interval integral equation to a Riemann-Hilbert problem with specific matrix coefficients
convenient for theoretical analysis.

The presence of both oscillatory and non-analytic exponentials in the matrix reflects the difficulty of finding an
exact solution of the equation (2.1) and suggests that the best one can do is aiming at construction of asymptotic
approximations to the solutions. However, even known to us analytical approximation strategies are not directly
applicable due to lack of strip of analyticity of the symbol usually assumed in the Wiener-Hopf method [2] or

contamination of the exponential type of matrix entries, or presence of zero entries [45].

Therefore, more subtle approximation procedures specifically adapted to the present case have to be developed.

2.3 Approximate solutions

We are going to discuss different strategies for obtaining asymptotic solutions: when 3 > 1 using (2.12), when
B < 1 using (2.13). We leave out from the consideration approaches requiring h < 1 and a > 1 in (2.1) separately,

which could be constructed in much easier manner, but may break the scaling property (e.g. dependence of A on
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B only). Approximation in the opposite case, i.e. when only a < 1, is less interesting from both theoretical and
practical point of view: the kernel pj, is expanded in Taylor series [57] and thus obtained approximate integral
operator is only of a finite rank. Essentially the same procedure is proposed and carried out in [31] yielding
polynomial representation of eigenfunctions. Such appoximations are rather straighforward but lack the possibility
of generating at once® infinitely many solutions that the original problem possesses and therefore will also not be

discussed here.

2.3.1 Approximation for > 1

In this subsection we are going to show how to reduce, in an approximate way, the original integral equation to
a differential equation of second order which is, in general, much easier to deal with. Such a reduction itself is
known to be possible only for a very narrow class of integral equations kernels and is definitely worth pointing
out. We, however, do not aim here at rigorously estimation of quality of the approximation in question, leaving
this topic for future work.

We start by noting that, for z < 1,

1

SeCh (117) = m —+

@) (334) ,
and hence the formulation (2.12) is approximated by

/ sech ((Jc —1) \/i/ﬁ) ¢ (t)dt =7BAp(z), =€ (—1,1), (2.31)

-1

meaning that we expect solutions of both formulations to be close to each other for large values of 5.

Observe that on the left we again have a positive compact self-adjoint operator on L? (—1,1).

This seemingly more complicated integral operator has an advantage over the original one since it belongs
to a family of integral operators that admit a commuting differential operator [43, 74]: eigenfunctions of an

bsin cx
integral operator with the kernel” ————

overator L (1_h<b>> d )
P dz sinh? b
. . o)
=iv2/8, b= 22/, and denoting ———————
c Z\f/ﬁ \[/5 an enoting 251nh2 (2\/5/@

to solving a boundary value problem for ODE, for z € (—1,1),

442 442z , / 6 42 7
((cosh 5 cosh 3 > @ (z)) + (u 5 (cosh 5 1)) p(x)=0 (2.32)

with boundary conditions

(with constants b, ¢ € RUIR) are also eigenfunctions of the differential

5\ sinh? (bz)
¢ 2

csinh bz

—h with condition of finiteness at © = £1. Therefore, taking
sin

an eigenvalue of the differential operator, we reduce (2.31)

1+ 6/8% (1 — cosh (4v/2/))
4/2fsinh (4v2/8)

¢ (£1)=7F ¢ (£1). (2.33)

Alternatively, by change of variable, (2.31) can be brought to the simpler integral equation arising in context

6That is, without necessity to increase approximation order to obtain higher order eigenfunctions.
"Moreover, this is the only family of kernels sufficiently smooth at the origin which produce integral operators on a symmetric
interval admitting commutation with a differential operator of the second order [76].
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of singular-value analysis of the finite Laplace transform [5, 21]

IO
=TV (), s€(0.0), (2.34)

B - -
¢<10g em2V2/B _ 2V2/8) 5 4 ¢ 2‘/5/5>
where 9 (s) := 2v/2 [( ) }

v = 2e~2V2/B
1/2 LA )
[(672\/§/ﬂ _ ezﬁ/ﬁ) s+ e—zﬁ/ﬂ]

The operator in the left-hand side of (2.34) is the finite Stieltjes transform which again, by commutation with

a differential operator, can be reduced to solving an ODE, for s € (0,1),

(s(L=8)(y+8) (v +1+8)9 () = (25 (s +7) + p) 9 (s) =0 (2.35)

with boundary conditions

20yt D +p

/ _ H / —
Vo) v =i Gy

= o) ¥ (1) (2.36)

imposing regularity of the solution at the endpoints.

It is remarkable that if we get back to (2.32) and expand hyperbolic cosine functions, we obtain

2\ 4/ / 6 , _ _
(1 —2%) ¢ (z)) +<u—52m)¢(m)—0, x e (-1,1). (2.37)

This ODE coincides with the well-studied equation for prolate spheroidal harmonics [51, 63] whose solutions

are bounded on [—1, 1] only for special values of u, = xn (

V6

Son ?,x (Xn, Son are as defined in [63]). Equation (2.37) is equivalent (again by commutation of the
differential and integral operators and simplicity of their spectra) to the convolutional integral equation on (—1,1)

sin (Jc\/é/ﬁ)

) , n = Np and termed as spheroidal wave functions

B

with ——————= kernel, even though the fact of closedness of this equation to (2.12) is not evident directly.

We note that upon further neglection of the last term in (2.37), we get Legendre differential equation whose
only bounded solutions are Legendre polynomials P, (x), the corresponding eigenvalues of the differential operator
are p, = n(n+1). However, such a crude approximation is generally not expected to be good for lower order
eigenfunctions: a constant solution Py (x), clearly, does not satisfy (2.37) which is a direct consequence of the fact

6
that the neglected term ?1’2 in the equation could not be dropped when p = 0.

Finally, we notice that approximation of (2.1) with (2.31) is not analytically meaningless for, due to the powerful
result of Widom [74], both problems have very close asymptotic distribution of eigenvalues of higher order. It
is also worth noting that such an approximation corresponds to replacing a cut along the imaginary axis in the

Fourier domain (recall Riemann-Hilbert formulations in Section 2.2) with a densely spaced set of poles.
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2.3.2 Approximation for f < 1

Construction of this approximation is a delicate matter. In many works on (non-homogeneous) Love and Lieb-
Liniger equations mentioned in the Introduction, it was crucial for asymptotic analysis that A = 1, since near-
identity operator perturbation was used. This makes those methods inapplicable in the present case whereas
techniques viable for situations with A = —1 have more potential to be extended for the purpose of spectral
analysis. In particular, in [20], without giving any insight and much details, Griffiths used an interesting approach
of reduction of a finite interval convolution equation to a problem on half-line. This was achieved by applying to the
original equation the resolvent operator corresponding to the equation on the whole line. The resulting problem
on a half-line had two kernels depending on sum and difference of arguments, and neglecting the sum kernel,
this problem was then solved numerically. It turns out that, even though this approach also fails, its essence
can be transfered to treat a homogeneous version of the equation with A\ outside the resolvent set. Analysis
becomes much more complicated and requires other observations about problem extension off the interval to be
made to remedy the situation with poor behaviour at infinity. Eventually, the interval problem is transformed
into the formulation on two symmetric rays, that is, by the solution parity, on a single half-line. The half-line
problem, which becomes an integro-differential equation (rather than an integral half-line equation, as in [20]), is
approximately solved (neglecting the sum kernel) by use of a Wiener-Hopf type of method, and the solution is,
then, analytically continued back to the interval. A constraint requiring solution continuity through the boundary
points of the interval results in the characteristic equation for A.
Denote B := (—1/8,1//) and, similarly to (2.18), we define the analytic continuation off B x {0} to

C\ {z = x £ i,x € B} of the solution of (2.13) as

o(2) = - /w oW (2.38)

S “p (z—t) +1

Lemma 2.3.1. The analytic continuation of the solution of (2.13) given by (2.38) satisfies

/ Ro(z—t)p(Dydt= (), z=x+iy, |yl <1, (2.39)
R\B

with either

dk (2.40)

6727rik(z+iy) ][ e*ik(:chiy)
T ek

and so (2.39) holds true for any finite x, or, alternatively, for all x € R, with

Ro(z) == So(z)+T(2)+W(2), (2.41)
where
So (z) := —sgnzsin ((x + iy) log \) , (2.42)
sin ((z + iy) log \)

T (%) == —2sgnz

(2.43)

e2m sgnz(z+iy) _ 1’
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A oo —sgnz(z+iy)t o t
Wi(z) = _7/ € e (2.44)
T Jo (1—MAcost)” + A2sin“t
1 27 —sgnx(z+iy)t o
S - / ‘ st (2.45)
w1 —e-2msgnz(ztiy) [ 1 —2Xcost + A2
1 A"
= _— —n - 3" (2'46)
i n? 4 (x4 iy)
Proof. Denote
log A
ko= ——22 5 (2.47)
2

with log meaning the principal branch of the logarithmic function so that logA € R_ for A € (0,1), and let us

define, for some constant 0 < § < ko,
6727rika:
R = ——dk, 2.48
s@= [ (2.49)

Us .= (—k‘o -9, —ko—l—(S) U (k‘o — 0, ko +5) =:Us_ UU5+.

By symmetry of the integration region, Rs is even and real-valued, and so is its Fourier transform

1
A 77 k ¢ Ué?
Rs (k) = { 1— eIk (2.49)
0, k € Us.
Noting that, for k ¢ Us,
. R e—27r|k| . .
p1 (k) Rs (k) = T oezil — D (k) + ARs (k) ,

and thus, for £ € R,

p1 (k) Rs (k) = xr\vs (k) p1 (k) + ARs (k).

We take inverse Fourier transform of both sides to arrive at

/pl (x —t) Rs (t) dt = p1 () + ARs (x) — / e 2mizke=2mlkl g 1 e R. (2.50)
R Us

Now, extending ¢ as in (2.38), we convolve with Rs the equation (2.13) which is now valid on R, and use the
relation (2.50)
| [p@-tRs@-ydmp@it=2 [ @ Rs(w-y)dn, yer
BJR R

= /pl(y—t)cp(t)dt—// 6*2’”(?/*”’“@*2”|k‘dk<p(t)dt:A/ Rs (y —t) o (t) dt,
B B JUs R\B

1 .
= Rs(x—t)pt)dt=¢(x) — < / / e ik =2mlkl grp (£) dt, x € R, (2.51)
R\B AB Us

where the interchange of integration signs is justified by Fubini theorem due to regularity of Rs: from (2.49),
Ry e L* (R) N L? (R), and thus the isometry property of Fourier transform and Riemann-Lebesgue lemma imply
that Rs € C (R) N L? (R).

Now let us pass to the limit as § — 0 in (2.51) to obtain (2.39).
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First of all, it is immediate that

672ﬂi(x7t)keizwlkldkw (t)dt| < 46 H‘PHLl(B) )

Us

and it remains to show that, for finite z,

lim [Ro(x—t)— Rs(x—t)]p(t)dt =0, (2.52)
N0 R\B
where Ry is defined by (2.40).
By symmetry of the integration region, we have
cos (2mkx) — cos (2mkox) dk
RO (x) — R5 (IE) = 2/ 1_ >\6277k7 dk + 2COS (27Tk01') ][ m
U(5+ U6+
0
2 — 2
= 2/ cos (2m (ko +6) xz 7 cos (2mkoz) df + 26 cos (2mkox)
_5 ]. — e4T
since, due to direct evaluation,
dk 4 do 2me 27
][ 27k :f om0 lim / / Tt 0.
U5+1—)\€ _s1l—e 27re\0 oS o l1—e
Now, defining ¢ (x) := xr\B () ¢ (), we elaborate
5 .
[ (Bate =0~ Rs @~ 0oyt = 25 [ cos(amhalo =) go (Ot + [ [ (27050 (ko — ) = o (ko)
R R -5
_~_6727rikow (6 2wzl A (]C +0) N (k ))} do
0 Polko))] T 2x0
) 6 e2mizt ko —0) — &0 (—k
= 25/ cos (2mkq (z — t)) o (t) dt + 627”’“0””/ [P0 (= : i 6277?9 %o ( 0)]d9
R -5
4o 2mikos /6 e 279 (5o (ko 4+ 6) — $o (kO)]dG
-5 1 — 27t
ik 0 _2mixzh -1 ik 4 e—27ri.r0 -1
e O:n ~ —aT OT _
termikorg, (— ko)/_6 e (k:o)/_6 o,

Since ¢y € L' (R), Riemann-Lebesgue lemma ensures the continuity of @, i.e. |4o (ko + 6) — o (ko)| < C'16],
[0 (ko — 0) — @0 (—ko)| < C6], for some C > 0, and thus the first three integral terms are small uniformly in
x € R for small §. Therefore, we focus on the last two integral terms which can be combined together using that

o (—ko) = o (ko) (since ¢ is real-valued) and thus written as

s cos (2mxh)

v g —1 . (2m2f
2Re [e_QWzkoﬁSOO (kO)] f75 Wd@ + 2Im [ —27r1koz kO ] f5 M

_ e2m0

do

s sin (27z) sinh (276)
O 1 - cosh(270)

= 2Re [e72™0% 3 (k)] fo cos (2mz6) — 1] df + 2Im [e 2" k0% 3 (ko) do

_ —2mikox 5 sin (271—1:5) _ l —orikox A 278 M
- e [6 o (kO)] ( 2wx o)+ Tlm [e "o (ko)] Jo 1 —coshf 40

The first term here is uniformly small in « € R for small § while the integral in the second one requires further
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transformation. To proceed with this, let us introduce the sine integral function

1 .
/ Sl—ntdt / Lnt(ﬂ)dt.

Then, integration by parts gives

27 - . 278 . . . 218 .
sin (z0) sinh6 sin (zf) 6@sinh6 274 sinh (276) / ) sinh§ — 6
/0 1 —coshé d0 = /0 6 1- cosh@de Si (2méz) 1 — cosh (270) 0 i (@9) 1- cosh@de'

sinh 6 — 0

Now si i (26 for z, 6 Sl
ow since Si(z6) > 0 for z, 6 > 0 an (1—cosh9

) is a continuous function on [0, 27d], we can apply integral

mean value theorem in the last integral

2md 2md :
. sinh 6 — 0 sinh 6y — 6y . sinh 6y — 6y . 1
= Y0 =90 Vo 5Si (2mdx) — ~ (cos (2mx) — 1
/0 Si (x6) = coshede T~ coshifo / Si (x6) df T~ coshify w0Si (2wdx) . (cos (2mox) — 1)

for some 6y = 0y (z) € [0, 274].

Due to boundedness of the expression in square brackets (observe that |Si(27zd)| < 7/2),

2ms .
sinhd — 0
1 _— = 1
/0 Si (x6) 1—cosh9d9 0, Ik

uniformly in x € R.

Hence, we conclude that non-uniformity in z in the limit in (2.52) comes from the single term

1 27d sinh (279)

—I —2mikoz 5 (ko) Si (2mdz) ————

™ m [e o (ho)] S (2mdz) 1 — cosh (270)
which goes to zero with § only for finite values of x. Of course, for finite z, the statement of (2.52) could be shown
in much more easy fashion, but the delicate analysis that we performed demonstrates that this assumption on x

cannot be dropped in the current representation.

To deduce an alternative, more convenient, representation (2.41), we get back to (2.48) and deform the integra-
tion contour to indent singularities on the real axis before passing to the limit as § — 0. Namely, we introduce the
contours C5_ := {k€C: k=—ko+de? 0 (—m0)}, Cs, :={keC: k=ko+0de? e (—m0)} oriented
in the direction of the increase of the argument 6, and, assuming for the moment = > 0, we apply Cauchy integral

formula for each of two integrals to the left of the last equality in

e—2m’kxdk —27\'1]€$dk —100 —2mk:cdk, —2mkxdk
R5 (3?) = _ —27k + 1 _ \p2mk = 1 _ \o—2nk 1 _ \p27k’
R,\U(;_ 1 )\6 R+\U5 1 )\6 Cs_ 1 )\6 C§ —ico 1 )\6

where we closed the integration contours using decay at infinity of integrands in the lower quadrants of the complex
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plane and included residue contributions from infinite number of simple poles in the term

) o0 67271'1'16:6 ) —2mikx )
T(w) = —2miy [Res (w k-’““”) s (Hk’“"“”)]
n=1
. > —27Tnx Tikox —2mikox : 1 Zsin (27Tk0$)
= =iy e I (e2mikor _ om2mikor) — 9in (2mkoa) (1_6_27”,;—1)_62”_1'
n=1

Consider now

0 _—2midz exp(if) eie

—27i —27i 0 _—2mi xp (2 3
/ e 2 zkx;lk?k / € 2 zka;df _ 627771/{:03?2'6 € 2 163626 ;(“9)?;6 do + e—QWikoxi(S € — y do
e T=2e 2 Jo T T e ) 1= el
—  §sin (27k 0 —2midx exp(i0) 10 1 1 4o
- Sln( @ 031‘) o ¢ € 1 — e2mdexp(if) o 1 — e—2md exp(if)
5 cos k 0 —2midz exp(i0) ,i0 1 1 de
+10 cos (27T Ox) o € € 1 — e2mdexp(if) + 1 — e—2md exp(if) :

The integral in the last term can be explicitly calculated

1

0 0
—27idz exp(i0) 10 _ —2midz exp(i6) 10 — —2midxt
LW € € (1 _ eQ‘n’&exp(iG) + 1— 6—2775 exp(zﬂ)) do /77‘_ € evd ¢ /71 € dt

_sin (2mwx)
jo\ETO)
mox

)

while the first term can be elaborated as

0 2w exp(i0) _ ,—2md exp(i0)
. —2midz exp(if) i € €
0 sin (271-]{:01') / € € 92 — e2mdexp(if) _ o—2md exp(if)

—T

do

1 0 , .
= — = sin (27kox) / e~ 2midzexp(0) (1 4 15 (6)) df,

™ —T
where the r5(0) = O (52) term was obtained by expanding the exponential terms in powers of ¢ in both the

numerator and the denominator, it is independent of x and uniformly small with ¢ for any 6 € [—,0].
Using the change of variable ¢ = 6 + 7/2, we can see real-valuedness of the integral

0 /2
/ e 2midwexp(i0) g — o / e 2mOT 08P og (b sin @) dep.
0

—T

Therefore, denoting

g (x) - _/ ef2m'ka:dk B / 672m'k:vdk
J o Cs_ 1-— )\e_ZWk C§+ 1-— A€2ﬂ—k
in (276 2 /2 ,
= —cos (an—kox) M + Zsin (27Tk0$) / 6727r6a: cos ¢ cos (27.(-5:[ sin ¢) d(b
T ™ 0

1 0 . .
—|—; sin (2wkox) / 2ronlsind—icos0)y.c (6 dp, (2.53)

—T
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we arrive at
e~ 2™t gin (27t)

1 — Acos (2mt)]? + sin? (27t)

Ry (2) = T () + Ss (2) — 2\ /0 h [ dt, z>0. (2.54)

From (2.48), it is known that Rs is an even function, thus extension of the representation (2.54) to negative
values is furnished simply by replacing all occurrences of x with |z|. Alternatively, one can readily repeat the
computations of Rs (z) for z < 0 initially deforming the contours in quadrants of the upper rather than lower
complex half-plane. Since R; € L' (R) (recall (2.49)), Riemann-Lebesgue lemma ensures the continuity at = = 0.

Since sinf < 0 for 0 € [—m, 7] and cos¢ > 0 for ¢ € [—7/2,7/2], the real exponential factors in (2.53) cannot

sinx
exceed 1, and hence, because also

<1, we have, for any = € R,
IS5 (z)| <1426+ 0 (6%). (2.55)

This bound along with the absolute integrability of ¢ justifies the use of dominated convergence theorem to
pass to the limit in

lim Ss(x—1t)p(t)dt = So (x —1t) p(t)dt,
=0 Jr\B R\B

where Sy is a weak type of limit of Ss computed from (2.53) letting § — 0 for fixed z € R
So(x) = sin(2wkg |x|) = —sgnx sin (zlog A) . (2.56)

Scaling change of variable in the second integral in (2.54) proves (2.41) with W as in (2.44).

Note that despite the fact that one cannot pass to the limit as © — 0 under the integral sign in (2.44), the
value W (0) = Ry (0) —So (0) — T (0) = Rg (0) + 2kg is well-defined (by continuity of Ry implied by the exponential
decay of Ro) and should be understood as the limit of integrals as z — 0.

Now we are going to demonstrate equivalent representations (2.45)-(2.46), the latter has the advantage that it
gives the value at z = 0 by direct evaluation (namely, W (0) = —% > )\;n = %log (I=N).

By periodicity of trigonometric functions and summation of geometric series, integration range can be reduced

to the finite one

/Oo e 1zt gint P i /277(”+1) o i o—2laln /27r e—lzlt gin ¢ dt
o (1—=Xcost)® + A2sin®¢ —J2mn o o (1—Acost)® 4+ X2sin®t

1 2m —llt gin ¢
_ : / e 2bln — (2.57)
1—e27lzl J, (1 —Xcost)” + A2sin“ ¢t

which shows (2.45). Here again evaluation at x = 0 should be done with care since the pre-integral factor blows
up. However, this blow-up is compensated by vanishing of the integral, hence taking limit of the product yields a
well-defined value which will become evident after applying further transformations.

We start by noticing that the quantity

1 1
(1—Acost)” + A2sin®t 1 —2X\cost + A2
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is a generating function for Chebyshev polynomials of the second kind U,, [50, (18.12.10)], that is

_ t
1—2)\cost+)\2 Z/\ Un (cos

Since A < 1, convergence of the series is absolute and uniform in ¢ € [0,27], and hence it can be integrated

termwise.

Integrating by parts,

2 —lzlt o 0 27
e sint 1 d
— —dt = — A" —lzlt 2 (g tU, ) dt.
/0 1—2X\cost+ \2 || 7; /0 € dt (sin (cost))

1
Employing formula [50, (18.9.21)] U,, = ?T’ 41 establishing the connection with Chebyshev polynomials
n

n

of the first kind T;,, we simplify

d
dt (sint Uy (cost)) = — sin® ¢ U, (cost) + cost U, (cost)
= L (o 1) L leont) o BT (cos?)
ntl d (cos ) d (cos 1)

= (n+1)Tyq1 (cost),

where the last equality is due to a differential equation [50, Sect. 18.8] satisfied by T;,11.

Now, since Ty, (§) = cos (narccos§) [50, (18.5.1)],

2 —|x\t iy oo 27
e sint 1
— n 1 —lzlt oo 1
/0 1—2)\cost—|—)\2dt 7] E A" (n+ )/ e cos((n+1)t)dt
727r\:r| n n+1
= ( ) E /\ (nt 1) (2.58)

where the integral calculation became elementary

2m 2m
/ e~ 171t cog (n+1)t)dt = Re/ elint+1)—|z[lt 14
0 0

~ Re |: e—27r|m| -1 :| _ |(L’| (1 _ 6727r\z|)

i(n+1)— |z 22 4 (n+1)°
Plugging (2.58) into (2.57) yields (2.46).
Extension of these results off the real axis is straightforward - exactly the same steps can be repeated replacing

x with = + iy in both cases x > 0 and x < 0 as long as |y| < 1 so that the convergence of all integrals starting

from (2.48) is ensured. O

The kernel Ry (z) in the half-line reformulation given by the Lemma has a term Sp () which is rather unpleasant
for it does not decay at infinity, the fact that prevents us from performing approximation to construct asymptotic

solution to the problem.
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To remedy the situation, let us observe that, for real-valued arguments, we can rewrite

, (2.59)

So () + T (x) = —sin (|z|log \) <1 + 2 ) _ _sin (zlog \)

e2rlzl — 1 " tanh ()

which is seen to be a real-analytic function. Then, we differentiate equation (2.39) twice and add it to the equation

itself multiplied by log? \ leading to an integro-differential equation

K(z—1t)pt)dt =¢" () +log’ Ao (z), xR, (2.60)
R\B
where
o d? loo? \ sin(zlog)) 1= n\"
Kiw) = a2 " o8’ tanh (7x) Jr;Z:an—i—xz
o log A cos (xlog A) — 7 sin (z log A) coth (7x)
B sinh? (773:)
log” XA o= n\" n? — 322
- A™ 2.61
T nz::an_'_.rQ—’_ Z TL2+£L'2)3 ( )

Despite the complicated form of the kernel (2.61) the obtained equation (2.60) is perfectly suitable for con-
structing approximate solution for 8 < 1. Indeed, since K is even and ¢ is either an even or an odd function (recall

Proposition 2.1.1), the problem translates into one of the following integral equations on the positive half-line

- - 2 1 _ 1 2 1
/0 [IC(:C t)j:IC(x-i-t—kB)}go(t-i-ﬁ)dt © (x—i—ﬁ)—i—log )up(:c—kB), x>0, (2.62)

with the upper sign on the left corresponding to the even parity of .

This is an analog of Wiener-Hopf integral equation with two kernels (of Toeplitz and Hankel type) which is
known to be solvable in a closed form only in some very special cases [4], and hence, does not present a big hope
for arriving at an explicit solution. Nevertheless, this form is convenient for the construction of an approximation
since we can take advantage of the decay of the kernel at infinity (the oscillatory Sy term is now absent!), and
thus work only with the convolution part of the integral operator. For reasons that will become apparent in the
following computations on the Fourier transform side, it is also convenient to calibrate the solution which extends

by zero to the negative half-line as a C! function. Namely, we introduce

wo@) = e, @) (¢ (24 5 )~ [ar0p(5) +av (5)]) = @ (o (24 5) ~m@) . 2o

so that g (0) = ¢f (0) = 0 and hence ¢f (z) = xr, () <g0" (:E + ;) —m” (m))

Therefore, equation (2.62) rewrites as

/OOOIC(x —t) o () dt — ol (z) —log® Ao (z) = M () + R (x), x>0, (2.64)
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M (z) :=m" (z) +log* Am (z) — /OOO K (z —t)m(t)dt, (2.65)

R(x)::$/OOOIC(x+t+Z>g0(t+;>dt. (2.66)

It is the estimate for (2.66) that makes this formulation into an approximation strategy.
Indeed, since eigenfunctions are defined up to a multiplicative constant, we can choose normalization such that
l#llr1 5y = 1. Then, a priori bounds on the residue term R are due to straightforward estimates: for z, t € Ry

and some constant ¢y > 0 dependent on A\, we have

K (z+t+2/8)| < ! ! + e—2”<$+t+2/5)1 (2.67)

(z+t+2/8) N (x+t+2/8)"

leading to

/0 lC(a:—l—t—i—Z)go(t—F;)dt‘Sc)\

and hence we get, for 1 < p < oo,

1 1
7+ 1
(z+2/8)"  (z+2/p)

+ e2w(m+2/ﬁ)] H()OHLl(%,OO) ;

”RHLP ) < Con (52 1/p +ﬁ4 1/p +e—4ﬂ'/ﬂ) H(p||L1<ﬁ,oo>7 (268)

with some constant ¢, x > 0 depending on p and .
Even though the kernel K given by (2.61) has an unwieldy form, its Fourier transform which is crucial in what
follows can be expressed in terms of elementary functions.

The series part in (2.61) can be transformed termwise due to uniform convergence for 0 < A < 1:

F 1 d? 1 — nA" _a2(12 .2 o \n “omnlk| _ 4.2 (1.2 1.2 e~ 2 (Kl +ho)
(d S +log /\> Zn2+x2 (k) =47 (k* — k) Y _ A"e =4r? (K = k) Ty
" " (2.69)
where kg is as defined in (2.47).
. .8 o . sin (z log ) )
To compute the rest, it is convenient® first to calculate distributional Fourier transform of ——————. This

tanh (7x)
function does not decay at infinity and its Fourier transform will be non-integrable due to singularities at k = +kg.

d2
After application of the operator <d2 + log® /\), the oscillatory term will be eliminated, while, on the Fourier
x

transform side, the singularities will be suppresed by the factor (kg — kz). Bearing this in mind, we compute

8In the same fashion as presented here, we can perform direct computations of the Fourier transform of the first term in (2.61).
No distributional interpretation is needed, but calculations are more heavy in such a case. There is also an alternative approach still
appealing to distributions (distributional derivatives) which is justified more rigorously as far as the applicability of Cauchy theorem
is concerned. Namely,

f[_w} (k) = ( @ +1)}'[— sin (zlog A) )}(k)

tanh (7z) dk? (47222 + 1) tanh (mz

d2 1 e—|k+kol O o—2m|k+kolj
- (-2 4 ktko) | = —
( P ) sgn (k + ko) (2 Ltan (1/2) +]z::1 1= 4n2;2

1 e~ |k—kol X e—2m|k—kolJ
—sgn (k — ko) | = .
sgn (k = ko) <2 Ltan (1/2) > 1— 4n252

=1
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: log \ 1 27i(k+ko)x 2ni(k—ko)x
Fa) LG TN S / eidx—/ E——— (2.70)
tanh (7z) 2i 6=0 | Jr\u,(0) tanh (7z) R\Us(0) tanh (mx)

where Us (0) := {x € R: |z| < ¢}

Denote the contours
Cfi={2€C:z2=0""0€(0,m)}, C;j:={2€C:z=0e"""0¢(-m0)},

that will be traversed in a direction corresponding to the increase of the argument 6.

Suppose, for a moment, that k+ky > 0. Then, by Cauchy theorem, closing the contour in the upper half-plane?,

we have
2mi(k+ko)x 27mi(k+ko)z 0 2mi(k+ko)z
lim C— —dr = —lm | “———d:t2mi) Res (e, 2= ij)
3-0 Jr\u,(0) tanh (mz) -0 Jc+ tanh (m2) = tanh (7z)
o0 | ) | 4+ e-2n(k+ko)
_ . . —27T(k+k())_] s _ e
= Z+22;6 =1 (1_6_2W(k+k0) 1) _Zl—e—zﬂ(k+k0)
j:
_ )
~ tanh (7 (k+ ko))’

Similarly, for k 4+ kg < 0, we close the contour in the lower half-plane to obtain

627ri(k+ko)w e27ri(k+k:0)z e eQTri(k+lc0)z
lim ———dr = —lim ——dz — QWiZReS —— 2 =—ij
3=0 Jr\u,(0) tanh (rz) -0 /¢ tanh (72) = tanh (7z)
— i _ 9 2n(k+ko)y — (<4
= — 2226 0)j — z<162w(k+k0) 1)
j=1
_ )
~ tanh (7 (k + ko))’
Therefore, regardless of the sign of (k + ko), we have
i 627ri(k+k0)z J i
50 R\U;(0) tanh (mz) ¥~ Yanh (7 (k+ ko))’

and, repeating exactly the same computation for the term dependent on (k — kg) in (2.70), we arrive at

sin (x log \) B 1 1
[_ tanh (7z) } (k) = 2tanh (7 (k + ko))  2tanh (7 (k — ko))’

This result along with (2.69) leads to

| ! o—2m([K|-+ho)
|:2 tanh (7‘( (k + ko)) + 2 tanh (7T (k() - k)) 11— e—2n(|k|+ko) |’

K(k) = 4n° (k3 - k?)

which can also be rewritten simplifying the terms under assumption £ > 0 and then restoring the absolute value

9Note that the hyperbolic cotangent is a meromorphic function bounded in the whole complex plane except at poles on the imaginary
axis whose contribution for large arguments will be suppresed in the limit by the decay of the exponential multiplier on the imaginary
axis.
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sign in k due to even parity

K (k) = 21% (k3 — k) [1 + coth (7 (ko — |k[))] - (2.71)

In particular, this explicit form allows us to estimate precisely how K (z) decays at infinity and hence also the

residue term in our approximation strategy.

The necessity of this estimate is motivated as follows. According to Proposition 2.1.3, A 1 as 8\, 0, and

therefore there is a possible obstruction to convergence of a geometric series: evidently, one cannot pass to the limit
nA"

a2

given by (2.61). In other words, we have to quantify how exactly the constant ¢, » in (2.68) depends on A and thus

termwise in the series Y7 | which is the one responsible for the leading order behavior at infinity of IC (x)
B. In order to obtain such a bound, we take inverse Fourier transform of (2.71), splitting the integration range

into positive and negative semi-axes and employing repetitive integration by parts in both integrals to conclude

with1?

kg 1 —2mik 2 2 "
- _ wikx _ 1 h _
K (x) 22 sinh? (mho) + 972 /Re ((k§ — k) [1 + coth ( (ko — |K[))])
k3 < 1 )
= —9% 40—, > 1. 2.72
22 sinh? (ko) rt ! (2.72)

This furnishes an improved version of the bound (2.68)

log® \

IRl e,) S >52—1/P ey BT, (273)

Asinh? <2 log A
where ¢, > 0 is a constant which depends only on 1 < p < oo.

The “exterior” norm L' ( B’OO> can be easily expressed in terms of the L'-norm of the solution inside the

interval by means of the integral equation itself:

1
1l (1,00) S Nellnrryy < o3 €llLi(m)
(57 ) ( +) 2)\ (B)

however, due to natural normalization in Hilbertian setting, we prefer to obtain an analog of this in L? (B).

To get such an estimate, we split the integration range

p(8)]dt

(x—1)?+1

1
)

1ol (4,00) < 75 (/ﬁl /+1> /—é

and use Cauchy-Schwarz inequality: twice in the first integral and once in the second one. This yields

1/2 1/2

H‘PHB(B) pH o 5 dt
||<,0||L1(%’oo) / /1 ——dx +/1 /1 ﬁdw
E +1) st \/—% ((m—t) +1>

10Strictly speaking, the O term here depends on kg and hence on A. However, it can be seen (for example, by continueing integration
by parts), that in the both limiting cases of our interest A N\, 0 (e.g. when index of an eigenvalue increases) and A ' 1 (when the
index is fixed while we take 8 smaller) it does not blow up.
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2
Since ((x —t)* + 1) > (z —t)° + 1, in the first integral we bound

B

B dt o0 dt 1

N ﬁ < ﬁ = T
-3 ((x—t) +1) —oo (z—1)" +
In the second integral, since x is strictly outside B, we can estimate

g dt
/_WS/_

=

dt 1
< b
(z—t)" ~ 3(x—-1/8)

=

1
B

and the overall bound is then

Illz2(m) (2
lells(00) €~y (+ﬁ)~

&

Hence, assuming the normalization |[¢[| 2 5) = 1, we have

log® A

1
Asinh? (2 log A)

“R“LP(R+) =0 Pl Bl (2.74)

To facilitate formulation of further results, it is convenient to introduce projection operators on Hy, H_, the
spaces of functions holomorphic in the upper and the lower complex half-planes, respectively. Let F' be a Holder

continuous function decaying at infinity. Then, by Paley-Wiener theorem, the functions

Py [F] (k) := Fxu, F ' [F] (k) = ;ﬁ/ooo ei’m/Re—mF(t) dt d, (2.75)

0
P_[F) (k) := Fxg_F ' [F] (k) = % /_ etke /R e TR (t) dt d, (2.76)

realize projections on H; and H_, which also, by Plemelj-Sokhotskii formulas, can be rewritten as

PIFI () = 3F () + 5 | -, (2.77)
P_[F] (k) = %F(k) - 2% ]ﬁ %dt. (2.78)

Finally, let us also define few auxiliary quantities, for k € R,

G(k):= 2]zl<:2_fol) [1 + coth (7 (|k| — ko))], (2.79)
K= —2 <7r + /00 log G (k) dk:) , (2.80)

C(k):=

K m2k2 _ An2k2 . i)k
- +(1)—(12;'13)2 81 14— 57?@22 ot [M’C(O] (k) (2.81)
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log!/? A 1+ log* A
Cy = o8 : (1 +log® A + 7—&3% > ) (2.82)
Asinh? (2 log )\>
1+ log A\) log®/2 \
¢ . Qtlog)log (2.83)

1 .
A sinh? (2 log )\>

We are now ready for the following result which provides approximate inversion of the integral operator on the

half-line.

Proposition 2.3.1. For 8 < 1, the approzimate equation (2.64) has the unique W22 (Ry) solution given by

wol(x) = o (;) Ae_Qﬂikmmdk + & (x), (2.84)

¢’ <;> = Kk <;> + €. (2.85)

The error terms in this approzimation can be estimated as ||Eolly2.2r, ) = O (CxB3/2),e0 = O (C;O)ﬁ?’/g) pro-

and, moreover,

vided that ||| 125y = 1.

Proof. Standard solution procedure is to reduce the integral equation to a conjugation problem for analytic func-

tions in the Fourier domain [14, 47]. To this effect, let us extend the equation to the whole line as
/ K (z —1t) o (t)dt — of) (x) —log® Ao (x) = ¢ (x) + Mo (z) + Ro (z), = €R, (2.86)
R

where

Mo (‘T) = XRy (1‘) M (‘I) , Ro (SC) = XRy (I) R (I) )
v =xe (@) [ K@=t
0
Taking Fourier transform of (2.86), we obtain

G (k) Dy (k) — P (k) = Mo (k) + Ro (k), k€ER, (2.87)

where R
G k)= & (k);fg;ﬁl) ki) (2.88)
O (k) :==4n? (K> +1) ¢o (k), @_ (k)= (k), (2.89)

and G (k) more explicitly is given by (2.79).
By Paley-Wiener theorem, &1 € HL meaning that ¢ and ®_ are boundary values of functions holomorphic
in the upper and the lower half-planes of complex plane, accordingly.

We have thus obtained a scalar Riemann-Hilbert problem that consists in finding sectionally holomorphic



84 PART 2. On a spectral problem for the truncated Poisson operator

functions @, ®_ whose restrictions to the real axis R satisfy the conjugation condition (2.87) with the right-hand
side being a given function.

To proceed with solution of (2.87), one has to construct a factorization of the coefficient of the problem
G (k) = X4 (k) X_ (k), where X1 € H, are zero-free functions in respective half-planes. Unlike in the classical
Wiener-Hopf method, instead of a strip of analyticity, G (k) is defined only on the real line R. However, since G (k)
is a Holder continuous function that does not vanish on the whole real line, its factorization can still be constructed
in terms of Cauchy principal value integrals [13, 14, 30]. In the present case, G (k) is Lipschitz continuous as is
|k|, and evidently G (k) > 0 on R for any ko > 0 (i.e. any A € (0,1)).

The last inequality entails that log G (k) is well-defined and, because of real-valuedness of G (k) on R (that
implies it has zero index), it is also a single-valued function.

Since G (1) — 1 as 7 — +o00, we can define, for k ¢ R,

G (k) = 1 log G (1)

= — d
2m Jgp T —k T

which is an analytic function in C\R.
As mentioned, G (k) is Lipschitz continuous on R and so is log G (k), hence Plemelj-Sokhotski formulas apply

to yield boundary values of this Cauchy integral

1 1 log G ()
gi(k)—:lz2logG(k)+2m,]i — dr, keR,

and, in particular,

log G (k) = G (k) — G (k).
which furnishes the desired factorization

G (k) = exp Gy (K)exp (=G (k)) = X (k) X_ (k). (2.90)

where X and X_ are functions holomorphic and zero-free in respective half-planes given by

X+ (k) := exp (Px [log G] (k)) = G2 (k) exp [i ! ]ilogG(T)dT} , (2.91)

2i T—k
and the branch of the square root is taken so that it has positive values for positive arguments.

We have, therefore, arrived at
Xy () Dy () = @ (k) /X (k) = [Mo (k) + Ro (k)| /X (k). (2.92)
Since the last term on the right is Lipschitz continuous and tends to zero at infinity, we can write

Mo (k) + Ro (k)| /X (k) = Y (k) = Y- (k),
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with Y, , Y_ being boundary values of the Cauchy integral

o 1 [ Mo (7) +Ro () Xt -
=5 | — r kgR (2.99)

Rearranging the terms in (2.92), we have
(2.94)

X (k) @y (k) — Yo (K) = D (k) /X_ (k) - Y- (k).

It then follows that the left- and right-hand sides must be a restriction to R of one entire function. Note that

1 ,

Yo (k)=0 (k3> for large k, as can be seen from repetitive integration by parts of f e?mike o (1) dr taking into
1

account that ¢g (0) = ¢f (0) = 0 (recall (2.63)). Therefore, &4 (k) = O (k) and all the terms in (2.94) decay at

infinity implying that, by Liouville theorem [1], this entire function must be identically zero

This reasoning yields
Py (k) =Yy (k) /X4 (K), keR,

and hence, recalling (2.89), we obtain

. Yy (k
2o (k) = 1 1(1))X+ &) (2.95)

We observe that the denominator has a zero at k = ¢ whereas we know that g € H,, there must be an

additional condition imposed

Mo () +Ro ()] /X ()
Y (¢) = Y4 (i) = / rony dt =0, (2.96)
where the last implication is due to (2.93).
Note that writing
k2+1_(|k\—k0)2+2ko(\k|—ko)+k§+1_H_ k2 +1
k2 — kg (k[ = ko) ([K] + ko) (k] = ko) (|| + ko)’

1 1
= sinh ( ([k] — ko)) e~ "(H=R0) — (1 - e*%(“@l*’w) :

1+ coth (7 (|k| — ko))

and using the inequality
ko)) e~ (kl=ko)

sinh (7 (|k| —
7 (|k] = ko)

<1,
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we estimate!!

2 (k% +1) _2(k*41)
k2 — kg [1+ coth (m ([k] — ko))l [k* — K]

27 (kg +1) 1 1
1—e2mlkl=ko) L =30 " 7 g 1o kgt — )| =0 (logh+ — .
‘ TR R S T T R " Tog

G7H (k)| = sinh ( ([K] — ko)) e~ (¥ =k0)

IN

Therefore, using Cauchy-Schwarz inequality, isometry property of Fourier transform and the estimate (2.74),

we have

5 /2, 3/2
- Ro(t) /X_ (¢t _ - B logz)\—i—l log”= A
0 / %dt < 71X ey || Ro e HG UQHm(m) IRl 2@,y = O ( )1 B2
R A sinh? (2 log )\>
(2.97)
From (2.65), using definitions (2.75), we can express
Mo (k) = xmom” (k) + 4n2k3Xe,m — Fxe, F ' [K X m] (k)
1 1
= —JAK)+ ¢ () B(k),
¢(3)am+e(5)B0
where
L+4n%k 1 —4n?kE 1—mi -
A(k) = . 0 _op, | —— RO k), 2.98
®) (1-2mik)* 11— 2mik Tl —2mi)? O ® (298)
1+ 4m2k3 2 1 -
B(k) = — — — —K()| (k). 2.99
0= s~ T~ P | 0| (299)
Therefore, (2.96) results in (2.85) with!?
: 1+ log \) log®? A
€ 1= E.O —— =0 (Lt los )10g g2 (2.100)
Jo B (k) [(k—i) X_ (k)] dk ) sinh? < log A)
2
and x € R being a A-dependent constant defined as
L PUX]G) g AR (=) X (k)] dk
PrIB/X-1G) LB (k) [(k—i) X (k)" dk
We are going to show that this can be brought to an expression of a much simple form, namely, (2.80).
We start working out the denominator integral aiming to show that
/ B (k) [(k—i) X_ (k)] dk = —2mi. (2.101)
R

HTt is at this point when we first see, due to the appearance of kg in denominators, worsening of the asymptotic estimates for those
eigenvalues close to 1. To see that inequalities here cannot be qualitatively improved, observe that G~1 (0) = O (1/ko) for small ko.
12The denominator here is O (1), see (2.101) in further computations of .
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First of all, we employ residue calculus to compute

1 dk An? 1
. = __ 2.102
/Rk+2;(k—i)X(k) 1+2r X (=) ( )

/R (k +12;)2 (k— i;”;(_ k) —2mi [(k_@)lx_(k)} (‘%) , (2.103)

yielding

. o 2mi (14 4n2kY) 1 T\ 4w 1
/RB(’“)W“ DX (k)] dk = 472 {(k—i)X_(k)} ( 27r> 14+2m X_ (—5-)

_/p+
R

(2.104)

Next, we observe that since
1 1

F—DX_ () (k) Xz (R

in the P, term, the projection operator can be removed as the corresponding integral is an inner product taken

against an H, function.

It, therefore, remains to consider

/ K (k) dk _/ 1 kQ—kg—(k2+1)G(k)dk
® (1—2mik)® (k=) X_ (k) Jo (k+ L) (k—i)X_ (k) '

Recalling factorization (2.90), non-vanishing of X _ (k) and the fact that Xy (k) — 1 as |k| — oo, we reorganize
the terms in order to have an integrable decay of integrands at infinity and employ residue calculus for computation

of each integral

) i
i)

K (k) dk G L)) K2 (1/X_ (k)
/R(1—2m‘k)2(k—i)X_(k) - /R(ku;)z(k—z')dH/R(k+2;)2(k_

Lt
(| e m) (o)~ la—aww) (55)

n 1 1 n 2 )
(1+4)° (A+2m)® 1+27

Using this in (2.104), after cancellation of the X_ terms, we obtain (2.101).
Following the same pattern, we compute

L 1 _ o 14 4n2k2 1 VA 1 — 4n2k3 B
/RA(k)[(k ) X (k)] dk 2 ( 472 [(k—i)X_(k)} ( 277) (1+2m) X_ (—5%) J)’

T orm



where we indented contours in both integrals at k =
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where
2 2
7 o= / —k2 4+ K2 + (k: ,+1)X+(k)X_(k)dk

S () (k=0 X- (%

ko)) i) gt ()

m \dn (X (k) -1 dk+/ = s (1 )dk
- [ L G s [ =

E4+ 1) X, (k E+4i)1/X_

+/<+7T>2+<>d,€+k§/<+7r_>/ [ [roo |

kB (k+ o) (k—i) R(k+5)" (k- (k)

As before, all the terms can be computed using residue calculus while the last term deserves a special attention
We base its computation on the asymptotical behavior

w 1

W= / log G (s)ds
0

which is a consequence of the asymptotics of the Hilbert transform

where

(2.106)

(2.107)

The latter can be obtained taking into account that

1 1
log G (k) = =157 (k§+1)+0<k4),

and

l][ 1 dr k
T g2+l —k k241

Namely, writing

1 [1
f][MdT_
TJg T—k

1 B2 +1] dr  k(k3+1)
=4 |logG 9
W‘é[og (T)+7'2+1] —k+ k2+1

we are in position to apply Lemma 2.4.1 to get the asymptotics of the integral term

K3+1] dr 2 [ k2 +1 1
W]f@lilogG(T)—’—TQ—Fl]T—k__Trk ; log G (s)ds — A +0|( =],

leading to (2.107) and hence to (2.105).

Now we are ready to come back to evaluation

[ eew- ] o= £ e -1s S as f 1-

X_ (k) mk dk =

0 and used Cauchy theorem to deduce vanishing of the resulting
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integrals, whereas integration over the half-circle indention in each integral is responsible for the w contribution.

Finally,
2r(1+41) 1 IR
T 12 (X () e Lknx_(k)} ( 27r>

27T/€(2)

o lasrw) (%) formr Dt

and therefore we conclude

/RA(k:) [(k—i) X_ (k)] " dk = —4mi (7 + w),

and

/9:—2(7r+w):—27r—2/ log G (s)ds
0

Taking inverse Fourier transform of (2.95) and absorbing the factor 1/X; € Hy into P, operator, we obtain

the solution

/ —2mikx MO/X }( ) dk‘—FS(l ( ) \/6727”'](71 P+ {MO/G} (k) dk—l—é’él) (IIJ)
R
14

47r2 k2+1)X+( ) 4n2 (k2 4+ 1)
— (6) / *QM’W%D ;2[% ,i]r(l)) dk + & (z) (2.108)
with the error term
& (x) =&V (@) + &P (@), (2.109)
Py [Ro/G ()
(1) -— —4TIRT
& () .—/Re 2mik mdk, (2.110)
&P () = & /]R e_QWikwmdh (2.111)

and C (k) :== A(k) + xB (k) is as in (2.81).

The error term can be estimated using the same ingredients as for the bound (2.97) along with L2-boundedness
of the projection operator Py
1/2

dk

/ (4n2k2 + 1) Py [7%0 /G] (k)
R

4
H O llwzery) 4r2 (k2 +1)

IN

167 ey [P+ [R0] [ gy <167 ey IRl 22ge,

L2(R)

(1 + log® )\) log A 53/2

Asinh? <2 log )\>

)
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and similarly,

6620,y = 201G e 1By < 201G ey (1443 + K]

L%R)) ’

W22(R,)

where the K term can be estimated by means of

112 oo o (k — k0)2 )
’IC = 2/ K? (k)dk:167r3/ — (k + ko)? e 27 (k=ko) g
L2(R) 0 o sinh” (7 (k — ko))
> 2k 1 1+1log? A
< 16metmho / K262k ) — 427k (2k3 +20 2) —0 (+Og> (2.112)
0 ™ m A
due to the inequality
(k — ko)” oL
sinh? (7 (k — ko)) — 72
Therefore,
1+ log \)log®? A 1 1+ log A
HgéZ)me(R =0 ( )1 log A+ ) (1+10g? A — 37~ ) %2
* Asinh? <2 log >\> &

1+1logA) (14 log? A) log'/2 A 1+1log A

_ o Gl +1Og ) log <1+log2>\+J/r\172g >63/2

A sinh? (2 log A)
log!/2 A 1+ log* A

= 0 o8 1 <1+log5>\++>\1(;§ )53/2 )

A sinh? <2 log A)
and hence
log;l/2 A 1+ log* A
€22,y = O <1 +log® A + s+ log'? A (1+1og?A) | g*2 | =0 (OAB“D’/Q) .

1
Asinh? <2 log )\)

Remark 2.3.1. By Sobolev embedding (Morrey’s inequality [12, Sect. 5.6 Thm 4]), we have, for some constant
C > 0 independent of A and 3,

1ol ary » €00 ) < CI€0langa,, = © (Cr8%2). (2.113)

Ezactly by the same reasoning applied to the first term in (2.108), we deduce that the approxzimate solution
(o — Eo) belongs to W22 (Ry) and hence also to C* (Ry) making pointwise values of (o — o), (o — o) well-
defined.
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Remark 2.3.2. FEven though we have pointwise control of the approximation of the solution along with its deriva-
tive, evaluation of (po — &) (0), (w0 — &) (0) from the obtained expression (2.84) using that ¢o (0) = ¢f (0) = 0
does not bring any new information. Indeed, vanishing of the exponential factor at x = 0 allows us to perform
integration by employing residue calculus, and thus we can see that each of the equalities po (0) = 0 and ¢f (0) =0

is equivalent to the boundary condition (2.85) that has already been found.

Setting, for x > 1/,
1 1
E(x):=& (x — ﬁ) + goe /B (a: — 5) , (2.114)

the result of Proposition 2.3.1 can be rephrased as

Proposition 2.3.2. For § < 1, analytic continuation of the solution (2.38) normalized as HgoHLz(B) =1 is given,
forxz>1/8, by

p(z) = cp() [exﬂ/ﬁ 14+ 1 +r) (a:—l/ﬂ))—F/ReZ”k(xl/ﬁ)Mdk +&(z), (2.115)

where ||8HW2*2(1/,3,00) = O (Ckﬂg/Q).

Now it remains to recover the solution inside the interval B.

It is tempting to employ Lemma 2.3.1 providing a direct analytic continuation from R\ B, however, the oscil-
latory behaviour of the kernel Ry at infinity and lack of L' (1/3,00) estimates for the constructed approximant
prevents us from bounding the error term. Instead, we will resort to (2.60) and construct solution by inversion of

a simple differential operator.

To this effect, let us introduce

N* () := /OO [K(zx—t) £ K (x+1)]p(t)dt, (2.116)
1/8

where the upper sign on the left corresponds to even parity of ¢ and the lower one to odd ¢.

1
Due to (2.115), this quantity is known up to the constant ¢ <ﬁ)

Expression (2.116) is precisely the left-hand side of (2.60) with the sign chosen according to the parity of a

solution to be constructed.

Now, when = € B, instead of an integro-differential equation, (2.60) becomes an elementary ODE which can

be solved by the method of variation of parameters

sin (2wkox

) /* i cos (2mkox
Sy ; N7 (t) cos (2mkot) dt

¢ (x) = Cy cos (2mkox)+Ca sin (2mkox )+ oy ) / N* (t)sin (27kot) dt,
i 0 0
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Namely, even and odd solutions satisfy, respectively, for x € B,

1
271']{70

= Cjcos(2mkox) + ¢ (;) /093 N (t) sin (27ko (v — t)) dt + /Ow EY (t)sin (2mko (x — t)) df2.117)

Peven (ZC) = (4 cos (27T]€0x) +

/I N (t)sin (27kq (x — t)) dt,
0

©Yodd (x) = Caysin (2mkoz) + L /m N~ (t)sin (27ko (xz — t)) dt,

27Tk0 0
= Cysin (27kox) + ¢ (;) /Om N§ (t)sin (2mko (x — t)) dt + /03” E™ (t)sin (2wko (z — t)) di(2.118)

where

(1+ (1 +r)te")

Ni (z) = zﬂlko/ooo(K(m—t—é)iK(m—kt—f—;))

—omike P4 [C/G] (K)
+/Re k 47r2(k2+1)dk

£+ (2) = 27T1k0/0°° (K(m—t—;)iK<x+t+;)>E<t+;>dt.

We are now aiming to derive estimates for the £* error terms in (2.117)-(2.118) for € B. By parity reasons,

dt,

1
it suffices to do so only for z € [O, } . And, due to the full analogy between even and odd cases, we consider only

B
the estimates for (2.117).

1
We first focus on the terms involving IC <x +t+ 5), and using the asymptotic behavior (2.72), we estimate,

for T € (O, 1>,

B

- 1 1 k3 1
/0 K<T+t+5)5(t+ B) S NEN L (3.00) 572 (ko) T 1/B (2.119)

and hence, after integration in 7, using that ||5||L°°( )= O (CB%/?) (recall (2.113)), we get

1
F,OO

/; /OOO’C (T+t+ ;) £ (t—i— ;) dtsin (2ko (z — 7)) dr

1 1 1 1 1 11
To deal with the part involving K (x —t— >, we split the interval as [O, } = [O, - — } U [ - —, ] ,
B B BB g BB

1 1
for some o« > 0, and consider first the situation z € [O, — — —|. Using the gap between the ranges of the

g pe

integration variable ¢t and x, we can again take advantage of the asymptotic decay (2.72) to estimate as before

1
271']{30

Cylog A 3/9
=0 —57——=8"logh|.
(smh2 (% log )\)

1 T 1 1 . Cylog A 3/2
K(r—t—=)E(t+ =) dtsin2rko (z —7))dr| = O | —5—>——5%2al :
omko /0 /0 (T B) ( 5) sin (2mko (@ = 7)) dr (sinh2 Tlogn) 8P
1 1 . . . 1 1.
Now, for x € {5 — B—a, 5] , we split the integration range and rely on the above result for x € {0, B — ,30‘] in the

first integral and the smallness of the interval in the second one (we also employ isometry of the Fourier transform
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and the estimate (2.112)), namely,

1 BB [0 1 1 , CalogA 39
K —t—=]E&(t+=)dt 27k — dr| =0 | ———F—>—— 1 .
27kg /0 /0 (T 5) < 5) sin (2ko (v = 7)) dr (sinh2 (%log)\)ﬁ alog §
e g)e (1 g ) dsmento - mar| < ol g l€]
27T/€0 % Tla o T B 5 SIN (£4TTRo T — T T S 27‘(]6050‘ L2(R) Lz(%,oo)
- 1+10g>‘ 3/2—a
=0 <)\1/210g)\c)ﬁ ’
leading to
1 PR [T o 1 1
/ﬁ ’ _|_/ / K (T —t— ) £ (t—I— ) dtsin (2rkg (x — 7)) dr| = O (Cﬁl)ﬁw‘o‘ —|—C§\2)53/210g5> )
27kg 0 1) Jo B B

(1) 1+ log A 1+ log A
CA = A= 1
A3/21og!/? A sinh? (2 log )\)

14 log* A
<1+10g5)\++)\1(;§>, (2.120)

log \ log®/% A 1+ log* \
c? .= o8 o8 + log ) (2.121)

21 v
sinh® (3 log A) Asinh* (; log /\) "

1
Therefore, for z € {0, B] ,

/Om/o“’;c <T—t— ;) £ (t+ ;) dtsin (2rko (x — 7)) dr

and combining this with (2.119), we deduce the same error order estimate for the whole error term in (2.117), for
T € B,

1
27T]€0

-0 (C/(\l)ﬂB/Qfa + O§\2)63/2 10g5> 7

/ £F () sin (2rko ( — 1)) dt‘ ~0 (o§1>53/2—a + P32 10g ,6’) :
0

Similarly, for the derivative,

a / EY (t)sin (2mkg (x — 1)) dt’ 27k
dx 0

/l’ ET (t) cos (2mkq (x — t)) dt
0

= O (C’;l) log \33/2= 4 C’;Q) log \3%/? log ﬁ) .

We, therefore, have

Qeven (z) = Cycos (2rkox) + ¢ ( % ) /0 N (¢) sin (2rko (2 — 1)) dt (2.122)

+0 (C§1)53/2—a + C§\2)ﬁ3/2 log B) 7
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1 x
Orven (T) —2mkoCy sin (2mkox) + 2wkop (5) / N (t) cos (2mko (z — t)) dt (2.123)
0

+O (0§1> log AB¥2~ + 0 log A\3%/? log ﬁ) .

Evaluation of (2.122) at = = 1/ yields

- (m [1—/0é N (t)sin (mko (;-t))dt

and, using this and (2.85) in (2.123), we arrive at the approximate characteristic equation to be solved for kg =

+0(c\V g2 1 CP g2 10g8), (2124)

log A
— 02g and hence eigenvalues corresponding to even eigenfunctions
s
1 1
K - . 1 - 1
= —tan(2mko/p) |1 — Ny (t)sin | 2mko | = —¢ ] ) dt| + NG (t)cos | 2mko | = — 1) ) dt,
2mko 0 B 0 B

+0 ((1+10g2) (CVB272 + O 52 10g 8) + €V 672)

and, after simplification,

Q:ko cos (2wko/B) + sin (2mko/B) = /OE N (t) cos (2mkot) dt (2.125)

) ((1 T log )\) (C/(\l)ﬂi’»/?foc + C>(\2)53/2 logﬂ) + 05\0)53/2) )

Similarly, from boundary values of

Yodd () = Casin (2mkoz) + ¢ <;> /OI N§ (t)sin (2mko (x —t)) dt (2.126)

+0 (cV e 4 o5 1og )

O aa (@) = 2mkoCycos (2mkox) + 2k (;) /x Ny (t) cos (2mko (z — t)) dt (2.127)
0

+O (cﬁ” log A\B¥2 + C?) log AB%/2 log 6) . (2.128)
at x = 1/, we obtain

Cy = m [1 —/j Ny (¢)sin (27rk0 (; —t>> dt

and consequently, we derive a characteristic equation whose roots will give rise to odd eigenfunctions
K

S = cot(2rko/9) [1 - /O ¥ N (0)sin (zmo (; _ t)) dt| + /0 ¥ N (£ cos (27rk0 (; - t)) dt

+0 (1 +10g ) (€827 + P32 10 ) + ) 82)

+0(CVgre 1 CP g 10g8), (2129
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or, in a simplified form,

K

271‘]{50

sin (2ko /8) — cos (2mko/B) = /0 " Ny (t) sin (2rkot) dt (2.130)

+0 ((1+10g ) (CLV 8272 + CP 52 1og 8) + ) 5/2)

where o > 0 is a constant that can be chosen arbitrary small.

We have thus just proved the main result of the approximation procedure.

Theorem 2.3.1. For < 1, eigenvalues {A”}n:1,3,5,... corresponding to even eigenfunctions are the roots of the
approximate characteristic equation (2.125) while approximations to even eigenfunctions are given by (2.122) with
the constant Cy defined in (2.124). In the odd parity case, approximate characteristic equation for eigenvalues
{/\n}n=2,4,6,... is (2.130), corresponding eigenfunctions are approximately furnished by (2.126) and constant Cy

is given in (2.129). In both cases, the multiplicative factor ¢ (1/8) is found from the normalization condition

||90||L2(B) =1

Remark 2.3.3. As we see from the error term estimates, the asymptoticness breaks down in the limiting situations
AN 0 and X\ 7 1. Therefore, we expect asymptotical approzimation of the solutions to be really good in the middle

range of eigenvalues. Numerical results confirm this fact as we further show in Section 2.J.

Another problem on the half-line and connection to Keldysh-Lavrentiev equation
For the sake of completeness, we would like to point out another interesting link between the interval problem

and a formulation on the half-line.

Proposition 2.3.3. The analytic continuation of the solution of (2.13) given by (2.38) satisfies

P, [XR\B Lp] (r) =X (x)+ ¢ (x+i)+ ot (x—1) — %XB ()p(x), z€eR, (2.131)

where

— . . ._.+ — . ._.
¢ (x+i):=¢(x+i—1i0") l{r(l)go(x—l—z i€),
el 40t =i i
e (x—i) == (z—i+i0") egr(l)go(x i+ i€).

Proof. Let us rewrite (2.38) as

! ( ! ! )sou)dt:w(z),

omi Jp\t—z2—i t—z+i

and apply Plemelj-Sokhotski formulae for z = z + i +i0~ and 2 = 2 — i + 30" to obtain, respectively, for z € R,

%XB (@) o (2) + —— HB w(t)dt/B@(t)dt} = \p~ (z+1), (2.132)

2 t—=x t—x—2
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g @o - o [ L [ 20 a] s, (2.13)

o t—a t—x+2

Upon adding and subtracting both expressions, we arrive at

X8 ()¢ () + Py [xpe) (x) = Ao~ (x+1i) +¢F (x—i)], (2.134)
% ]{3 %dt +iQz2 [xpel (x) = A ¢~ (z+1) — ¢ (z — )], (2.135)

where

el )= [ 0E e hso

is the conjugate Poisson operator [16].

Now applying P; to (2.38), we make use of the semigroup property of the Poisson operator [16, Ch. 1]

Pilxsel () = Ap(x) = Palxsyl(z) = AP p](z), zeR.

Employing
Pr[xpel (x) = Pre](z) — P [(1 = xB) ¢] () = %Pz [xBel () = P [xe\p ¢] (2),

and eliminating Ps [xp¢] from (2.134), we arrive at (2.131). O

Denoting Hilbert transform operator [16]

@ =1 f La (2.136)

s x—t

we apply it to (2.134) and subtract (2.135). Since H [Pz [f]] = Q2 [f], we deduce that

1 [ o (t+1i)+ T (t—1)
-

- — dt:—i[go’(x—ki)—go*(x—i)]+§’H[XB<,0]($), r €R.

Now, expressing the integrand on the left by means of (2.131) and the first term in the right-hand side from

(2.135), we eventually arrive at

UL oW, L[ @=te (1 o
W‘ét—xdt—’—)\z‘/B(Q;—t)Q—Hldt_ (7‘[+ )\Ql) [X]R\BSO]( ), € B, (2137)

an equation whose particular instance is known as the limiting case of Keldysh-Lavrentiev equation [61] arising in
hydrodynamical modelling of underwater wing motion [54]. This equation falls into a family of integral equations
of the first kind on an interval (namely, convolution type with the Cauchy kernel plus an L? kernel) studied by
Novokshenov. In [49], the solution has been given in terms of auxiliary matrix factors whose existence is proven in
[19], yet constuctively unavailable in general. Asymptotical solution of (2.137) can be obtained following the work

[48] once the rescaling of the argument of ¢ by 1/3 is performed leading to the required appearance of a small
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parameter 432 in place of 4 in the denominator of the second integral term.

The described procedure provides an alternative possibility of constructing eigenfunctions from the solution of
the half-line problem. However, it appears much more cumbersome than what we have done in proving Theorem

2.3.1.

Revisiting the previous result on pointwise conditions
We now look back at the result of Corollary 2.2.1 which can be simplified in the present approximation set-up
B<1.

Indeed, let us rewrite (2.25) as

eQTraTm e—QTraTm
dt =0

t—Tm t+ Tm

][OO fo (it) sin (2mht) e~ 27 {
0

with 7,,, defined in (2.26), and further

oo 2TV, / B —27vm /B
]i o (it) sin (2rt) e~274/8 h Y et 0 } dt =0,
where g (k) = F [xpy] (k) € PW/? and
arccos A
U, i= Wy = :I:T +m, meZ. (2.138)
™

Now note that, for 3 < 1, one of the terms in the square brackets is exponentially smaller than the other'3,

and so

][ @o (it) e~ 2B sin (27t)
0

1 2
t—l/mdt =0 (exp <_T’5>) s VUm >0,

and

/0 950 (Zt) eith/ﬁ sin (27Tt) 7 —|—11/m dt =0 <€Xp (J%)) . Um <0,

which are approximate vanishing conditions on a set of equally spaced points of Hilbert and Stieltjes half-line

transforms of @ (it) e=2"/8 sin (27t) € H (C) N L? (R), respectively.

Asymptotic connection to a hypersingular integral equation
It is worth mentioning the existence of an asymptotic connection of (2.1) with another well-known integral

equation. This connection follows from an approximation of the Poisson operator.

Proposition 2.3.4. Let f € W32 (R). Then, for h < 1,

Pulfl(z) = f(2) = WH[f](z) +7(z), z€R, (2.139)

A 1 2 1
13The given bound is obtained from the estimate O (cxp (— arecos )) =0 (cxp (_E arccos (7 arctan E) )) using (2.10) and
T

2
is the worst possible - for m # 0 it would be O (exp (7%))
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with continuous decaying to zero at infinity function r(x) such that ||r||j gy = o(h), and Hilbert transform

operator H defined as in (2.156).

Proof. Using fR pp, (t) dt = 1, let us write

h t)dt h D — f(x
Pl =2 [ Oyt [ OSSO,
T Jr (x — )"+ h? T Jr (z —t)° + h?
and, choosing some small § > 0, perform a range decomposition followed by the change of variable 7 = ; x
— z+0 B
/ Mdt = / _|_/ Mdt
R (z —t)° + h2 s R\x_hﬂ (o= 1) 1 h?

= flz+07) — / fx467)+ f(x—01) —2f ()

= (S/ 627_2 + h2 d + 5 627_2 n h2 dT

= L(r)+1x(x).

To estimate I (x), we employ Taylor expansion with the residual term written in the integral form
5272
fla+67) = f (@) + 671 () + " (01()), (2.140)

2

with some 0 (z) € (z,z+ d7) in the Lagrange remainder term. Continuity of f” allowing this application of
Taylor theorem is due to Sobolev embedding W12 (R) C C (R) (Morrey’s inequality [12, Sect. 5.6 Thm 4]), and

" € WH2(R) follows from the assumption.

The linear term in the above Taylor expansion integrates to zero by symmetry of the interval, and therefore
we have

T2dr

I (z) = gf” (0 (2)) [1 a7 = o1 (0 (@) (1 _ %arctan 2) (2.141)
with some 6y () € [-1,1].

Computations for I are more subtle and will be performed in Fourier domain. Using Fubini theorem after

Fourier transform, we obtain

dr

j k :5Ak > 2mikéT 727rik6772 )
() =37 () [ (@ e ) s

Note that
e2mIROT 4 = 2mIROT _ 9 — 9 (cos (2mkdT) — 1) = —4sin? (7kdT) |

and making use of the expansion

1 1 1 _ (o h?
0272 4 K2 - 5272 1+ (h/67)2 - 5272 (1+91)2 5272
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with some 60, € [0, h2/52}, we get

- A > sin? (1ké h?

0o . 2 27,27.2
R 1 hk
—47r|k:\f(k)/ (Sm“) 1-— 27
rlkls \ U (1+6,)" u
. . .. sinu
Invoking Parseval’s theorem and inequality —— < 1, we compute
u
0o s 2 . 2
sinu du — ™ sin 27w du — E || H2 _T
0 U 4 fr U 4 IXCLDlize®) = 3
oo . 2 w|klS /s 2
N / <smu> duT _/ <smu> o
7|k|6 u 2 0 u

Estimating also

7|k|§ : 2 0 : 2 27272 h2
og/ (Sm“) du < 7|kl 6, og/ (Smu> T2 du< |k,
0 u |k|S u u g

we thus conclude

Ly (k) = =22 k| f (k) + 72 (R), (2.142)

N kS 7 ginu\ 2 2R2E2 [ inu\? 1
7s (k) = 4 k| f (k) M (Su“) du+(717+01)2/ﬂk|6<su“> uzdu] (2.143)

= 2¢12 | ¢ 1 h?
= |ia (k) < 476k ’f(k)’<1+(1+91)252>.

where

Note that since —2mikf (k) = F[f'] (k) and F [1/z] (k) = wisgnk, we have

Aoy

R .'L’*t

FH | =2n? k) f (B)] ()

Now it remains to estimate the residue term in (2.139).

Since |arctan z| < 7/2, we deduce that

h " wh 9 h? 9l
Pl < 2 31 ey (1 55 ) 420 (14 55 ) [ 027 o] a
where the first term in the square brackets comes from (2.141) while the second one is due to a crude estimate
of the inverse Fourier transform of 75 in (2.142) done in spirit of Riemann-Lebesgue lemma which also guarantees

continuity and decay to zero at infinity.
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Finally, choosing 6 = O (h%), o € (0,1) and employing

. 1 1 1 " 2 2 dk s
/szlf(k)’dk = SIFl HL1<R>SW(/R(H’€2) F I ) > (/RHk?>
Clf w2y

IN

we conclude that [|7([ ;e g) = O (h***) which finishes the proof. O

Remark 2.3.4. It is worth noting that the next-order approximation of Py turns out to be a local operator (second
derivative). Indeed, under stronger regularity assumption f € W52 (R), the approzimation result can be extended
to

Py [f] (2) = f(z) = WK [f'](z) — %hzf” () +7(z), z€R, (2.144)

with {7 oo gy = 0 (h?), as can be shown following the same line of proof.

The second-order differential operator in (2.144) comes from a higher-order Taylor expansion of f in the I

1) h h3
part of the decomposition using the approxrimation arctan 7= g -5 +0O (53> This expansion also produces the

hé
term — f" (x) which will be cancelled by its counterpart in I, once we use in there a more subtle estimate
v

/”'kw (sinu)zdu _ /”lkl(S [(sinu)2 4
0 u 0 u

. 2
combined with the inequality 1 — <bmu) <
u

du+mlk|d

u?.

w| =

Remark 2.3.5. The idea of construction of an approzimate operator (which, in fact, is an infinitesimal generator
of the Poisson semigroup) is not new, and an L*-version of the Proposition under weaker reqularity assumptions
on f was stated in [27]. This suggests a refinement which is going to be useful.

Let AC (R) denote the space of absolutely continuous functions on any interval of R.

Lemma 2.3.2. The conclusion of Proposition 2.3.4 still holds true under the assumptions f € W22 (R), f €
AC (R).

Proof. The proof follows essentially the same steps as the one of Proposition 2.3.4, though some estimates have
to be sharpened.
First of all, in the Taylor expansion (2.140), using absolute continuity assumption " € AC (R), we rewrite the

remainder term in the integral form

T+0T

f (& +67) :f(x)—i—éTf’(a:)—i—/ (4 67 — 1) f () dt.

x

Then,

T4+6T 6T
/x (x4 67 —1t) f"(t)dt /0 tf" (x4 61 —t)dt 2wy -

1
<753/27_3/2 "
< R g
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and hence

L2324y
|Il($)|—f||f I p2() 0 2/0 2le/(52_\[||10 2y 612 (2.145)

More subtle estimate can be obtained for the I part as well.

Denoting the first and the second terms in (2.143) as Fél) (k), F§2) (k), respectively, we start with the second

1
one and obtain a better bound by making a change of variable v = — in the integral
u

P 0= T ) [ S = T b [T 1)
-~ [elsgslio] = 17 ) 255l S 5O C1)

As far as the contribution of the first term in (2.143) is concerned, we do not require now its absolute integrability

but instead we estimate its Fourier transform directly using the convolution theorem

wlBlS /N 2
FHE @) = / ™2k g k| f (k) / ' <Slzu) dudk
R 0

. 1 kIS gin a2

. 2
1 sinu

We employ Parseval’s identity and square integrability of the function — f; (> du
T

u

/R<f [7T|1’€/o7r|k|6 (Si;w)QduDQ(t)dt - /R<7T|1k:|/0wk6 (Si2u>2du>2dk
(L ) ) o

and so, by Cauchy-Schwarz inequality, we arrive at the estimate

—1 [ ~(1) 1/2 4 g1
|77 (7], ) < O8 217 (2.147)
Finally, taking § = O (h*), a € (0, 1), and using estimates (2.145), (2.146), (2.147), we conclude that

o 17 e

HT”Loo(R)

INA
Q a3l
=
=
8
_|_
7

To make use of the obtained approximation result, we first rewrite (2.1) as

Pulxa(f =9l (x) = A(f (2) = g (2)) + Ag (z) — P [xagl (x), = €A,
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where g € W32 (A) is any function chosen such that ¢ (+a) = ") (a), n = 0, 1, where the derivatives of f at
the end points = +a are known to exist due to Proposition 2.1.1 with yet a priori unknown values.
Note that f := ya (f — g) € W2 (R) and, since f” exists almost everywhere, it is also true that f' € AC (R),

altogether making Lemma 2.3.2 applicable. This yields an approximate non-homogeneous integral equation

ho[ f(t)dt
T™J)A x—1

=1-Nf(@)+3gx), zedA, (2.148)

where g (z) := Ag (z) — Py [xag] ().
We thus obtained what is known as the Prandtl lifting line equation arising in the contexts of hydrodynamics

[10] and fracture mechanics [46]. It is sometimes rewritten, integrating by parts, in a hypersingular form in terms

f () dt
(z=1)"
Equation (2.148) has been studied for decades (see e.g. [11] with a link to Cauchy random processes). The

of Hadamard finite part integral f,

unique solution is known to exist, but, apparently, no closed form of it is known so far. Nevertheless, it can be
solved numerically by means of reduction to a homogeneous integral equation with a symmetric regular (so-called

Betz) kernel'* [27]

. T\ . t
a2 ot + \/(a2 — 1‘2) (a2 — t2) oo Sl (m arccos 5) Sin (m arccos a)

lo =4
N e I TR m

followed by efficient expansion of its solution in terms of Chebyshev polynomials [67, 68].

We also note that, although formal asymptotic solution for (2.148) is available for small values of h in [17, 73],
the present case is more subtle since the non-integral term in the right-hand side also tends to zero with h according
to (2.11).

Once the equation (2.148) is solved, the solution in terms of still unknown constants A, f(™) (£a), n = 0, 1 have
to be plugged into the original equation (2.1) to yield a homogeneous system of four (which, by parity, reduces to

two if the interpolating function g was chosen according to the parity of f) linear algebraic equations

h/a on 1
—= ) dt = Af™ (£a), n=0,1.
- _af()ﬁt"(a$t)2+h2 [ (£a)

Equating to zero determinant of this system produces a characteristic equation for A. Insertion of A and corre-
sponding set of values f(™) (£a), n = 0,1 back in approximate solution results in approximation of a respective

eigenfunction.

2.4 Numerical illustrations

In this section we compare the obtained asymptotical results for both cases 5 > 1 and # < 1 with direct numerical

solutions of the integral equation (2.1). It is convenient to obtain the latter, by working with the scaled version of

14This kernel arises after inversion of the Cauchy integral and further integration.
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the problem with the pg kernel (recall (2.3)) on the interval (—1,1). Reducing the problem to (2.12), we discretize

the integral operator using N = 100 points Gauss-Legendre quadrature rule

1 N
/1p6 (2= )6 (t)dt = 3 wms (1) &5,
j=1

where ¢; := ¢ (t;), the points {t; };Vzl are chosen to be the roots of the N-th Legendre polynomial Py, and the

quadrature weights are given by

2 (1—1t2)
wii= 9 i1 ... N.
TTONEPY ()
Evaluation of the discretized version of the problem
N
S wips (@ —t) ¢, = Ao (x), z€(-1,1), (2.149)
j=1
at each of the points {¢; }jvzl leads to a set of equations
N
D pplti—t))wid; =g, i=1,...,N, (2.150)
j=1

which we solve to find the eigenvalues {/\n}nN:1 and the values of the respective eigenfunctions qbgn] at the dis-

cretization points {t; };v:1 Using these values, we reconstruct the eigenfunctions from (2.149) as
N
ol (z) = A—ijqsg."]pﬁ (x—t;), n=1,...,N. (2.151)

Eigenfunctions and eigenvalues computed this way with normalization'® Hgb[”] H L2(o11) = 1 will be referenced

as numerical solution in all further comparisons.

Case 0> 1:
On Figures 2.4.1-2.4.6 we compare first few eigenfunctions with prolate spheroidal wave functions Sp,, F’ T

which satisfy ODE (2.37) asymptotically equivalent to the integral equation (2.12).

For computation of prolate spheroidal wave functions, we use the Fortran code provided in [77] which has been
converted into a MATLAB program with f2matlab'S.

6

We normalize solutions Sy, \B[,x such that [|Son[lp2(_y1) = 1.

Once solutions to (2.37) are found, they are plugged back into (2.12) to yield respective eigenvalues: A, =
<PB [SOn] 7SOn>L2(_171) .

Though better asymptotical approximation to eigenfunctions is furnished by solutions of (2.32) rather than

(2.37), we observe excellent agreement with numerical solution for first few eigenfunctions: curves are almost

indistinguishable so we also plot their difference.

151n case 8 < 1, eigenfunctions will be normalized after rescaling to the interval (—1/8,1/8), see further.
16See: https://www.mathworks.com/matlabcentral/fileexchange/6218-computation-of-special-functions/
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We would also like to note that calculations of eigenfunctions and eigenvalues of higher index are obstructed
by computational difficulties related to smallness of eigenvalues (for large values of 3, the operator Pg is very

contractive), e.g. for # = 10, the 6-th eigenvalue is already of order 10~!2,

Case < 1:
In this case, we compare normalized asymptotical solutions of (2.13) with numerical ones obtained by rescaling
(2.151) to the interval (—1/3,1/3) and normalizing them so that L? <—;, ;) norm is 1.

Contrary to the case § < 1, here our computational strategy requires first to determine eigenvalues, and only
after that for each eigenvalue the calculation of corresponding eigenfunction can be done. Recalling that even and
odd eigenvalues are the roots of the characteristic equations (2.125) and (2.130), respectively, we plot both left-
and right-hand sides of each of these equations in order to find intersection points and thus determine eigenvalues.

log A
Figures 2.4.7 and 2.4.8 contain plots representing this in terms of kg = — 02g
™

and spectral parameter \ for even
and odd cases, respectively. Plots with respect to kg, i.e. done in a logarithmic scale, are more illuminating due to
the geometric decay of eigenvalues (2.11). When compared with vertical lines corresponding to numerically found
eigenvalues, we see that matching worsens for higher index eigenvalues: starting from the 30th eigenfunction, the
difference between left/right-hand side crossing points and abscissas of vertical lines becomes clearly visible. It
is less obvious (though becomes visible after zooming in) that the matching is slightly worse for the very first
eigenvalue \; than for the next ones. This is not entirely surprising since it is in a qualitative accordance with the
error term estimates: as we noted after Theorem 2.3.1, the asymptotic approximation deteriorates when A is close
to 1 or 0. To illustrate this peculiarity of the asymptotic approximation, we plot on Figure 2.4.19 the quantity
le/ﬁ [on] — )\nganLQ(_%%) to demonstrate a posteriori verification of the solution.

Another tool to estimate quality of the obtained solutions is computation of a set of mutual inner products,
namely, Gram matrix. Due to orthogonality of eigenfunctions (recall Proposition 2.1.1) and the chosen normal-
ization, it must coincide with the identity matrix on true solutions. Left plot on Figure 2.4.20 shows gradual
deviation from the identity as indices of eigenfunctions increase while numerical results are still rather accurate.

Finally, by plotting even and odd eigenfunctions on Figures 2.4.9-2.4.13 and 2.4.14-2.4.18, respectively, we
observe that these solutions are very close to sine and cosine families with a deviation (given by integral terms on
the right in (2.122) and (2.126)) being non-negligible in magnitude yet localized near the interval endpoints only

for higher index eigenfunctions (see Figures 2.4.13 and 2.4.18).
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Figure 2.4.1: Comparison of asymptotical and numerical values for n = 1 eigenfunction, 5 = 10: eigenfunction values
(left) and difference between asymptotical and numerical solutions (right)
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B = 0.1: eigenfunction values (left) and difference between asymptotical and numerical solutions (right)

4, i
1 J)rf % HJ
r }p“ \ / Hﬂ ]
| do Vo ﬂf
I b ./ 1
M ﬁr \\ // {
——Numerical solution | 1E ! i

\ “W
I soluton iy \/ \
— Asymptotical solution \/ |
. . 0 v
0 5 10 -

Figure 2.4.14: Comparison of asymptotical and numerical values for n = 2 eigenfunction (1st odd eigenfunction)
B = 0.1: eigenfunction values (left) and difference between asymptotical and numerical solutions (right)

—— Numerical solution J !
— — Asymptotical solution

Figure 2.4.15:  Comparison of asymptotical and numerical values for n = 4 eigenfunction (2nd odd eigenfunction)
B = 0.1: eigenfunction values (left) and difference between asymptotical and numerical solutions (right)



110 PART 2. On a spectral problem for the truncated Pois

Figure 2.4.16: Comparison of asymptotical and numerical values for n = 6 eigenfunction (3rd odd eigenfunction),
B = 0.1: eigenfunction values (left) and difference between asymptotical and numerical solutions (right)
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Figure 2.4.17:  Comparison of asymptotical and numerical values for n = 14 eigenfunction (7th odd eigenfunction),
B = 0.1: eigenfunction values (left) and difference between asymptotical and numerical solutions (right)

Figure 2.4.18: Comparison of asymptotical and numerical values for n = 20 eigenfunction (10th odd eigenfunction),
B = 0.1: eigenfunction values (left) and difference between asymptotical and numerical solutions (right)
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APPENDIX

Lemma 2.4.1. Let f € L* (R) N L? (R) be an even function such that t*f (t) € L' (R) N L? (R). Then:

02 Praao(5).

T fgt—x 7wz Jo x3

Proof. Using convolution theorem for Fourier transforms, we can write

P[0,

s Rt—x

= F ' sgny F[f] ()] (z) = —4i /000 sin (2mzy) /000 cos (2myt) f (t) dtdy,

where we can also employed the even parity of f.
Now, upon double integration by parts (involving differentiation under integral sign which is possible during

absolute integrability), it follows that

1 [ 1 [ =
Rtf_(t;dt = —4n [m /0 f(tydt—— /O cos (27zy) /0 sin (2myt) ¢f (t) dtdy
_ _% i f(t)dt — ;%T/O sin (27rxy)/0 cos (2myt) t2f(t) dtdy.

It remains only to notice that since t2f (t) € L? (R), by isometry of Fourier transform,

/0 sin (2m2y) /O cos (2myt) 2 f (t) dtdy € L2 (R) = /0 sin (2mzy) /O cos (2myt) t* f (ﬂdtdyz@(i).
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PART 3

Recovery of magnetization features by means of Kelvin

transformations and Fourier analysis

3.1 Introduction

Some ancient rocks and meteorites possess remanent magnetization and thus might preserve valuable records
of the past magnetic field on Earth and other planets, asteroids, and satellites. Thanks to the advances in
magnetometry (e.g. SQUID microscopy technique) offering the possibility of measuring magnetic fields of very low
intensities with high spatial resolution, extraction of this relict magnetic information has become reality. Deducing
magnetization of a geosample hinges on processing the measurements of the weak magnetic field available in its
nearest neighborhood. An endeavor to develop a robust and efficient method for processing these data leads to a
number of challenging problems such as effective extension of the restricted measurement data and extraction of
certain features of the magnetization (typically, its mean value over the whole sample) without solving the entire

inverse problem. In particular, we are concerned with study of the following set-up.

Suppose there is a localized sample whose magnetization distribution is described by vector function
o T
M (Z) = My (21, 2, 23) , M2 (1, 22, 33) , M3 (21, 32, 23))

with compact support @ C R3.
Choosing the origin in the geometrical center of @, we define its “diameter” dg := sup |& — ¢] and height
z,5eQ
ho := 2max|zs|.
Q = 2max|zs|

The magnetic field B (Z) produced by the magnetized sample outside its support can be expressed as B () =

119
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—V® (£), where the scalar potential ® (Z) satisfies, in a distributional sense, the Poisson equation [3]
A®(F) =V -M (&), TeR?
and hence is given by [4, Sect. 2.4 Thm 1]

= 47r///\3;_ﬂ M (f) d*t.

Consequently, performing integration by parts and assuming vanishing of M (Z) on the boundary 9Q, we

obtain, for ¥ ¢ Q,

& (X,J?g) _ i // My (t,tg) (561 — tl) + Mo (t,tg) (l‘g - tz) + M3 (t,tg) (1‘3 — t3)d3t, (3.1)

3/2
(I = ¢ + (a5 — 12)*)

where we adopted bold symbols to denote R? vectors, e.g. x = (xl,xg)T, a notation that will be convenient
throughout the work.

Fixing x3 = h > hg/2 defining a horizontal plane that we will refer as the measurement plane, we now arrive
at one version of the problem that we are going to study: given ® (x,h) for x € T, where either T = R? or
T =Dy = {a':' €ER?: 22+ 23 < AQ}, we want to gain some knowledge on the magnetization of the sample!,

namely, algebraic moments of the magnetization distribution such as

<M xklxkz // M @) 2l al2 dBe, i, by, ke € {1,2,3}, i, jo € {0,1,2}. (3.2)

The most interesting quantity from a physical point of view, aside from the magnetization itself, is the net moment
of the sample, i.e. vector (3.2) with j; = jo = 0, that we also denote as m = (ml,mg,mg)T and refer to my, mso
as tangential and to mj3 as the normal component of the net moment.

In practice, however, instead of the potential data, the measurements are available for the vertical component

(normal) of the magnetic field on the horizontal plane z3 = h
B; (x,h) = —0,,P (x,h), (3.3)

that is, explicitly,

Bs (x,

/]/ —t3 (t7t3) (Il —t1) + Mo (t,t3) (CL‘Q —tg)} + M3 (t,t3) (2 (h—t3)2 — |X—t|2) P (34)
(Ix — t|> + (h — t5)%)*

This leads to another version of the problem: computing magnetization moments from knowledge of the left-hand
side on T (again, either T =R or T = Dy).

We would like to stress that despite the particular context of paleomagnetism, the formulation given above is

Tt is clear that reconstructing magnetization distribution M (Z) without additional assumptions on its form is impossible due to
the severe ill-posedness of the problem: for example, it is clear that one can add any divergence-free source to M (&) without changing
the potential @ (x, h).
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a rather general inverse source recovery problem where, based on partial measurements of a harmonic field, some

features of the source have to be reconstructed.

It is known [6] that the dipole moment of the source can be obtained from knowledge of potential or field on a
sphere surrounding the sources by means of integration of data against first spherical harmonics. As we shall see

immediately, this dipole moment is exactly the net moment of the sample.

Indeed, consider, for instance, a hypothetical situation when we have measurements of the potential on a sphere
Sr, encompassing the sample support (). In spherical coordinates £; = rsinf cos ¢, o = rsinfsin ¢, x3 = rcosb,

(3.1) is rewritten as

B (r,0,0) = 1 // M (t,t3) (rsinfcos ¢ —t1) + Mo (t,t3) (rsinfsin ¢ — to) + Ms (t,3) (rcosd — t3)d3t
o am g (r2 — 27 [(t1 cos ¢ + to sin @) sin9+t3cost9]+t%+t§+t§)3/2 ( . )
3.5
Since ® (r, 0, ¢) is harmonic for r > Ry, we can expand it over solid harmonics
> ! , , P/ (cosB) cos () i >0
1 l j ) .] - Y
O (r,0,0) =D 5 D ¢iaS] (0.9), S/ (0,0):= ; (3.6)
=0 g=-t P’ (cos ) sin (] ¢), Jj <0,

where Slj are spherical harmonics and Plj are associated Legendre polynomials [4].

It is easy to see that the potential (3.5) decays at infinity as O (1/r?). This implies that co,o = 0. On the other

2

hand, by orthogonality of spherical harmonics®, we observe that

T T
: -1 g0 ¢l T> (. r 1 1 _ (4 r ar
}%1_{1100 <<I>, (51 ,51731) . ( 3™M2; 3™Ms, — 3 3 -1 30 e |

which allows us to retrieve the net moment components:

ml:_3<¢)’511>L2(SRO)7 m2=—3<¢’751—1>L2( )’ m3:3<¢,S?>L2(SRO).

Sry

In this work, we demonstrate to which extent and how one can adapt such spherical geometry methods for the
situation when data are available on a plane. To this effect, we introduce specially designed Kelvin transformations
to perform data mapping to a sphere of large radius where it is easier to access moment information by means of
evaluation of certain asymptotic projections onto first spherical harmonics. This, in particular, produces formulas
for the tangential components of net moment in terms of potential or field data available on the whole plane,
whereas, interestingly enough, the same strategy is not applicable for the normal component. The latter, however,
still can be obtained by different approach based on Poisson representation formula for the ball. The obtained
expressions for the tangential and normal components of net moment are of different kind: tangential components
are given in terms of integrals of the field over the entire plane while the normal one is a limit of integrals of the

field over large circles.

2We recall explicit form of the spherical harmonics in question: S;l (6, ¢) = sin 6 cos ¢, S% (6, ¢) = sin @ sin ¢, S? (6, ¢) = cos®.
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We then treat a more practical case when the data are available only on a subset of the plane, namely the disk®
D4, and study also what can be achieved with Fourier analysis that takes advantage of convolution structure of
the integral operators. In the Fourier domain we devise a systematic way of extraction of moment information by
analysing wave vectors in different neighborhoods of the origin.

In passing, we demonstrate an idea that incomplete data can be effectively extended using the fact that asymp-
totical behavior of the field Bs (x,h) for large |x| is proportional to the algebraic moments of the magnetization,
exactly the quantities that have to be recovered. In particular, certain linear combinations of integrals result in
higher-order formulas for estimating the net moment components. We conclude by showing the effectiveness of
these formulas numerically.

Before we embark on the analysis which is going to be tedious, let us make one simplification that will help
us reducing the size of intermediate expressions, yet will not affect results for the net moment. Namely, in
what follows, we assume the magnetization sample to be planar, i.e. M (@) = M (x) x & (x3), where 0 is the
one-dimensional Dirac delta function.

Instead of (3.1), (3.4), we therefore consider, respectively,

_ 1 My (t) (561 —t1)+M2 (t) (xg—tg)-l-Mg (t)h
_1;/

3/2
Oxftf+hﬂ

1 3h [Ml (t) (ZL’l - tl) + MQ (t) (.’IQ - tg)] + M3 (t) (2h2 — |X
I,

5/2
4n <|x—t|2+h2)

dtdts, (3.7)

o)
(X h) dtldtg . (38)

The algebraic moments definition (3.2) is now reduced to the expression
< iiaig QZ7‘A4 Yallalt durdes, i€{1,2,3}, ki, ko€ {1,2}, Jji,j2€{0,1,2}  (3.9)

with 7 = (mq, mo, m3)T still denoting its particular instances for j; = jo = 0.

Obtained results can then be extended back to the three-dimensional case simply by replacing all occurrences
of h by h—t3 and integrating further in ¢3 variable. This produces more terms in the estimates but neither changes
in the analysis nor alternations in the final net moment formulas (3.79)-(3.80), (3.78), (3.90)-(3.91) constituting

the main results of the work from the practical point of view. These results are summarized in

Theorem 3.1.1. Suppose M is a distribution of compact support producing magnetic field whose vertical compo-

nent is given by (3.4). Then, for A> dg, we have

1
mi —2/];A$133(X h)dxulaa—&—(’)( ) —Q/LA (1—"_%) xlBg(X h)dl‘ldl‘g-i-(o (A2>
me = 2// 29 B3 (x,h) dridas + O ( ) = 2// (1 + ) 29 B3 (x,h) dridxs + O (22>
DA DA

3This assumption has only computational advantage in estimating the integrals and, in general, can be dropped.
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1
ms = 2A/ Bs (x,h) dx1dze + O (/12) .
Dy

The part is organized as follows. In Section 3.2, we introduce a suitable for our purposes version of Kelvin
transformation and give its basic properties that will further be needed. Section 3.3 consists in application of this
transform followed by asymptotical analysis yielding formulas for tangential net moment components in terms
of potential and field data under assumption of availability of complete measurements. Then, in Section 3.4, by
analysis of a different kind, we obtain an asymptotic formula for the normal net moment component in terms of
magnetic field. We further extend results to the situation when only partial data are available from measurements,
this constitutes the content of Section 3.5. We then show, in Section 3.6, that the same asymptotical formulas
can be obtained by different method based on analysis in Fourier domain, moreover, we also obtain improved
versions of the formulas estimating tangential net moments components up to higher asymptotical order. Finally,

in Section 3.7, we illustrate the obtained results numerically.

3.2 Kelvin transformation

z n Z sends the upper half-plane Im z > 0 onto the unit
z+1

Recall that in the complex plane C, the Moebius transform
disk |z| < 1 preserving harmonicity. Kelvin transformation is a generalization of this concept to higher dimensions.
As discussed in [2], transforms preserving harmonicity are those obtained by translations and reflections with

respect to auxiliary spheres or planes. In particular, we consider a transformation that is based on reflection with

respect to the auxiliary sphere of radius eg := /2Ro (Ro + h) centered at (0,0, —Ryg), Ro > 0:

€= (£1,60,6)" = REECR,

1@+ (EG+R) E+E+(G+R)E @&+ (&+ Ry

RE = ( cés egés n ed (&3 + Ro) )T ,

which maps the sphere Sg, of radius Ry onto the horizontal plane x3 = h while its south pole s := (0,0, —RO)T
is mapped to the infinitely far away point. Then, if f (x,z3) is a function harmonic in the half-space z3 > h, its

Kelvin transform

1

K1f1(§) = @f (RE) (3.10)

defines a harmonic function inside the open ball Bg, such that f (x,h) — K[f] (€)] cesy, 1 an isometry:

dzridx
L2 (R?) := L? | R? 1202 — L% (Sg,; R2sin0dfd¢) =: L* (Sr,),

s 9ra oy = KU KD oo ) 19 € L3 (B2),

1
which is, moreover, an involution, up to an absent factor eg in the definition of the transform, i.e. KK [f] = = f.
€o

Straightforward algebraic computations based on the chain rule allow us to establish the following identities
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valid for £ € Sg,:

Kmmﬂ@>—;¢Ro+@ﬂnwua+z%aﬁuuo» (3.11)

Equation (3.11) is analogous to the one formulated for another Kelvin transform sending interior of the sphere to
its exterior and which can be found in [1, 2]. We note the contrast to the two-dimensional situation when normal
derivatives are essentially mapped to normal derivatives of transform with no involvement of function itself. The
second equation (3.12), in fact, shows commutation of Kelvin transform with the azimuthal angle derivative and

consequently suggests the validity of the useful relation

2T 2m
K| [ s psinp o] @)= ([ ki) @), &R, (313)
0 0
where p = /2% + 23, ¢ = arctan E, ¢ = arctan 2—2, which indeed holds true, as can be easily checked.
1 1

We may also deduce that the transformation K has its counterpart build upon reflection with respect to the
sphere of radius éy := /2Ry (Ro — h) centered at (0,0, Ry), Rop > h. Its definition coincides with (3.10) after

formal inversion of sign in front of all instances of Ry:

RUNE = o f (Re). (3.14)

Re ( e Bt Ry 4 (&~ Fo) )T
E+E+ (& — Ro)? €+ + (& — Ro)”’ £2 4+ €24 (63 — Ro)’

Now K [f] (€) is a function harmonic outside of the ball Bg, for f (x,z3) harmonic in the half-space z3 > h,
dl‘1d$2

— L? (SRO).

bl

£€SR, 22 + 2%+ (Ro — h)*
The mentioned properties of K remain true also for K with the exception that (3.11) should be replaced with

and the map f (x,h) — K [f] (5)’ is an isometry L2 (R?) := L? (RQ'

R [0:,11(6) = % (Ro — &) (K [f1(6) + 2Ro0, K 1] (6)) . € €S, (315)

0

~ 1
However, it is remarkable that K and the composition transform Co/C with Ko [f] (€) = |§f|f (Rg&/ |£\2)

being reflection with respect to the sphere Sg, define functions harmonic outside B, which are different. This

observation will be constructively used later on.

For &€ € Sg,, definitions (3.10), (3.14) can be written more explicitly

B 1 (Ro+ h)sinfcos¢p (Ro+ h)sinfsing
KM@@-—RONHmM)( D) lome o+ Honl JQ, (3.16)
- _ 1 (Ro — h)sinfcos¢ (Ry— h)sinfsing
RUI0.0) = sy (gt oo lmiind ). (3.17)

while slightly abusing the notation by writing K [f] (6, ¢) in place of K [f] (Rosin 6 cos ¢, Ry sin 0 sin ¢, Ry cos ),
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and similarly for K.

We will also use isometry combined with involution property of both transforms eg/C and éoK in the form of

the following identities, for f; € L2 (R?), fo € L% (R?), g € L? (Sg,),

KA is(ery) =1 KDy (RUELg) o =Rl (3.18)

3.3 Application for the complete potential or field data

3.3.1 Recovery of tangential components of the net moment

Now let us evaluate (3.16) applied to the potential (3.7)

K[®](0,¢) =

(Ro+ h)sinf cos ¢
—t
1+ cosf

ARy m //Q [Ml (t)

+ My (t) ((RO +h)sinfsing _ tz) + Ms (t) h]

1+ cosf
dtdtq
X S S 573
(Ro + h)sind cos ¢ (Ro + h)sin@sin ¢
— 1 + — 9 + h2
1+ cosf 1+ cosf

We are going to integrate this expression against the following spherical harmonics
1 (0,6) =sinfcosg, Si(6,¢)=sinfsing, SY(H,p) = cosh,

S5t (0,¢) =sinfcosfcosg, Si(,¢) =sinfcosfsing, S5 (6,p) = cos?.
Denote pg := Ry + h and let us start with

_ 1—h/py [T [T sin20005¢5 sinfcosg  t
(K11 ST ) 1a(sn) = T -
(Sro) 47 po o Jo /2(1+cosb) 1+ cosf 00

sinfsing  to
+ M; (t) (1 T eosd p()) + M3 (t) po]

dtydtodedo
. 2 o 2 3/2°
sinfcos¢ t sinfsing  to h?
— =) -2 +
14+ cos@  po 1+cosf  pg 25

The key observation is as follows. In the construction of Kelvin transform (3.10) there was a free parameter

X (3.19)

Ry > 0, the radius of the sphere, where the data were mapped on. In particular, Ry, and hence pg, can be taken as
a large number. Utility of this lies in noticing the fact that in the limit pg — oo the denominator simplifies (note
that ¢, to range over a bounded set) and the overall expression reduces to the integration of magnetization over
@ while integration over ¢ eliminates contribution from My and M3 terms resulting in an expression proportional
only to the net moment component m;. Nevertheless, such speculation is a little bit naive since the discussed

approximation is not uniform in 6 due to vanishing of leading terms near § = 0. The neighborhood of § = 7
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does not break uniformity since vanishing of sin 6 is compensated by (1 + cosf) in the denominator. Therefore,
more careful analysis is required only near § = 0. We can immediately estimate that the critical neighborhood
0 = O (1/pg) generally contributes O (1/pg) to the value of integral which is the same as global contribution from
integration over its complementary range in the interval [0,7]. However, due to orthogonality of trigonometric
expressions in ¢ (the dominating term with M3 factor vanishes), the local contribution to the integral becomes of
order O (1 / pg). We are going to see this in detail as we go on to construct asymptotic expansion beyond the leading
order aiming to explore possibilities of recovering other algebraic moments of magnetization. We start by splitting

the integration range in 6 to separate the neighborhood that covers the critical boundary layer 8 = O (1/pp):

s

<IC[<I>],S;1>L2(SRO):/Oﬁ(...)d0+/ (...)d0 =: T, + J;.

~

9

We chose the neighborhood size O (1 / pé/ 2) and, solely for book-keeping purposes, we introduced an additional
arbitrary constant 0 < v = O (1). It is clear that the final result of matched asymptotic expansion should be

independent of these parameters.

We start with I; term and rescale by introducing 6 := % Which is a small variable in the range [0, 1 } We
Po

employ Taylor expansions

e @ s o (1,
2(1+COSQ)_ 2 24 ’ 1+cosh 2 12 ’

as well as expansion for the denominator of (3.19) due to smallness of w?3/p3

1

3/2
[oﬂ — 4w (ty cos ¢ + tasin®) + 4 (t3 +t3 + h?) + % (w—2(t1 cos ¢ + to singzﬁ))}

N 1 B w3 (w — 2 (t1 cos ¢ + tasin @)
w2 — 4w (tcos g+ tasing) + 4 (12 + 12 + h2)]Y? 4p2 [w2 — dw (1 cos ¢ + tysin @) + 4 (£ + 12 + h2)]*/?
to obtain
P 1 , h 27 ) 7VPo (crw + 02)w2 p 5 [YVPo (crw + 02)w4 p
te 27 pd _pio Po 5 3/2 w_ﬂ 9 372 W
0 @ J0 0 {(w —a)" + Co} 0 [(w —a)’ + CO}
1 [YVeo _ 5 1 Yv/Po 5
_ ,/ (cw +c2) (w O;);; dw + —/ av 372 dw | cos ¢pdpdtdts, (3.20)
A e N R
0 w—a) + ¢
where
a:=2(tycosp+tasing), c¢o:=4 ((t1 sin ¢ — ty cos ¢)° + h2) , (3.21)
c1 =M (t) cos ¢ + Mo (t) sing, co:=-2 (thl (t) + toMs (t) — hMs3 (t)) . (322)

We deal with the first term in the square brackets in (3.19) by explicit computation of the integral (see
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Appendix), whereas for other terms, due to the absence of large factor pZ, less precise two-term asymptotic

expansion is sufficient. This results in:

/o + 2 3 1
/ (ew +c2)w 3 5dw >~ c17+/po + (Bacy + o) logyy/po + cs + —— | =coc1 — (2acq + ¢2) af
0 {(w —a)+ Co} / YVPo [2

WP (w + c) wh 1 1
/ ( 1 2) 57 dw ~ §C173/)§/2 + 5 (30[01 + 62) 72007
0 [(w —a)’ + Co}
VPO (1w 4 ¢9) (W — a) Wb 1 1
( 1 2) ( ) dw ~ *0173p3/2 + — (40[01 + 02) 72p0>
; 5 5/2 3 2
[(w —a)" + Co}
Nl 1w’ 1 3
/ ! 372 dw ~ §C1V3P3/2 + 5040172,007
0 [(w —a)’ + Co}
where
) . N 1 ) on1/2
cs = (Bac;+c) | log ﬁ + arcsmhﬁ o (2ac1 + ¢2) {CO tata (CO ta ) }

)

1/2} 3¢ — cocr + 2acs

—C1 [a + (co + a2) +
co (co + 042)1/2

[co + a? + « (co + a2)1/2}

and we have used the expansion

1
arcsinhz ~log2z + —, x> 1.
422

From definitions (3.21)-(3.22) and orthogonality of trigonometric polynomials, we observe that

2w 27 27
/ acy cos pdp = / co cos pdo = 0, // / c1 cos pdodtidts = mmy, (3.23)
0 0 QJo
and hence
N 1 N AP
/ / (e + ) 3/2 dwCosd)dqﬁz/ / (w +e) (@ as?/o; dw cos ¢de
o Jo [(w—a)g ¥ co o Jo [(w—a)Q ¥ co
2m ryy/Po 5
~ / / ae 3/2dwcosq5d¢f: ng (t)73p8/2.
o Jo {(w —a)’ + co}
Therefore,

1 7?2 + 8h 3 2m , N
L ~ — 1— 4 Y L
1 2707 [wmﬂﬁ( S ) + 2 //Q/O (coc1 — 4a”cr — 2acy) cos pdedtydty + . al,

where

2
o 1 // / c3 cos pdpdt dts. (3.24)
s QJo
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Computation of the quantity

1 27
= —— // / (coc1 —402c) — 2a02) cos pdpdtdts
™ QJo

= 3<M1.’L’?> + <M1$U§> +2<M1{L‘1$C2> + 8h <M31‘1> —4h2m1 (325)

completes the estimate of Iy:

m
I ~ 17 a1

1 |: 2 2 glh
+ 25 - —— [2myy? (h + 3¢ —.
2p3/2 206 dypy? 8 2

sin 6
Starting with estimation of the J; part of (3.19), we factor out !

— from all the terms in both numerator
14 cosé
and denominator and expand the resulting denominator as

1
2(1 G 1 02 3/2
g 2L C0S0) () ot tysing) + SE O 2 a1 oy
po sin 6

pg sin? 0

3(1+ cosb)
po sin 6

15 (1 0)°
~ 1+ (t1008¢+t28111¢)+w

2 3(1+4cosh)?
t +t B
207 nZd (t1 cos ¢ + Lo sin @)

2+ 12+ h?).
2p2 sin? 0 (F+ 62 )

Taking into account (3.23) as well as following orthogonality relations

27 2 2
/ a? cos pdp = / acos® gpdp = / asin ¢ cos ¢do = 0,
0 0 0

(3.26)
we arrive at
1 h T 3 ¢! 6)"/
o~ <1 - ) lml/ (14 cos0)*/2 d + 8—2(]1/ %d@ .
4v/2pq Po = P = sin
Using half-angle substitution, the integrals in 6 variable can be easily computed
T 1 0 2 3
/ (1 + cos 9)3/2 do = 42 blIl — — —sin® = UV, (= T - , (3.27)
Jilie 2 3 2 v 3 21 /PO 16p3/2
VPO v 0
"1 0)"/? 6 1 ,0\| 1 4
/ % —4/2 +2snf—fsm37 ~8V2( =vpo—= |, (3.28)
2 sin“ 6 2 2 3 2 ¥ 3
75 75

leading to

2my may  2mah 1 2,2 7 qQ
J1f3 T ER T 52 + 573 2miy° | h +§ +3q1| — —=.
PO 2pg Po 4vyp,

In the final result, all y-dependent terms cancel as expected, giving

2m 1 1 1
-1 _ _ 1 _ _ -
(K[®],5; >L2(SRO) = L+Ji= 300 + 67 (391 — 4myh) o (2¢1 + 1h) + O (;;g) (3.29)
= Il e g — (2q1 + 3g1h — 4m h?) + O = (3.30)
T 3R, | 6RZ VMM 233 o ! 3 '
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In totally analogous fashion, we obtain

2m 1
<IC [@} 7511>L2(SRO) = 3p02 + — 6p0 (392 4m2h) — ﬁ (2QQ + ggh) + O (pé) (331)
2my 1 5 1
= 3gs — 8moh 2 3goh — 4moh O 3.32
3R, Rz (292~ Smazh) = 233("2+ g2h = dmzh”) + (Ré) (332
with
1 27
Q@ = —— // / (0001 —402c¢) — 2a02) sin ¢pdodtdt,
T QJo
= 3 <M2$§> + <M2$%> +2 <M2$1.Z‘2> + 8h <M3$2> — 4h2m2, (333)

1 27
= — // / c3 sin ¢dodt,dts. (3.34)
™ QJo

This result confirms the intuition that tangential components of the net moment is contained at the leading
order of projection of transformed potential onto the first spherical harmonic: with help of identities (3.18),

estimates (3.29)-(3.31) furnish

3 . 1
my = 5 R[l)linoo (RO + h) <]C [(I)] y Sl >L2(SRO)
_ 4 1
= 3 ilglooRo (@.K[ST']) 1 g2y =6 lim Ry //W(I)(x,h) [ o +h)2]5/2dz1dz2, (3.35)
T+ T3 0
— 4 T2
ms =3 (l)linoo Ry (®,K [Sl]>L$U(R2) = 6R(1)11>nooR //RZ (x,h) 573 dxidzs. (3.36)

xl + 23+ (Ro + h)ﬂ

We notice that asymptotic expansions (3.29)-(3.31) contain essentially meaningless information about magneti-
zation at the second order term in 1/py whereas the third order term includes a more valuable piece of information
(a combination of higher-order algebraic moments of magnetization). It is at this point where the second Kelvin
transform K comes in handy. As we shall now see, both transforms can be used in conjunction to give a degree of
suppressing “magnetic garbage” terms g1, g2 defined in (3.24), (3.34) with almost no extra computational effort.
We will demonstrate possibility of efficient elimination of “magnetic garbage” terms later on, for now we just give

analogs of formulas (3.29)-(3.31) for K.

Denoting py := Ry — h, we observe that the expression

- 4 _ 14h/po I sin29(;os¢ { <s1n9tzos¢_tl>
<K[‘I)]7Sl >L2(SR0) N 4 po //) V2 (1 —cosb) // 1—cos®  po

sinfsing i h
My(t)| ———— — = Ms (t) —
+2“(uww m)k“)ﬂ

dt1dtadpdl
3
sinfeoso  01\*, (snsing 1), #]”
1—cosf po 1—cosf po I

after the change of variable 8 — 7 — 0, differs from its counterpart (3.19) only by inverse sign in front of all

X

7 (3.37)
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instances of h except those in the combination Msh. This immediately entails

. _ om; 1 1 1
) ! = — dmih) — — (2q1 — g1h — .
(Ri#.57) = Gt oo o+ ama 2/33( a-ah)+0 () 339
om, 1 ) 1
= L4 _—_ (3¢, +8myh) — 2¢1 — 3g1h — 4mh?) + O [ — 3.39
and similarly
. oms 1 1 1
P|, St = — dmah) — — (2 h 4
(RO ) = T g o+ Amat 258( o +0 () (340
omy 1 ) 1
= == 3g2 + 8mah 2¢2 — 3g2h — 4mah?) + O 3.41
3R, gz (392 T 8mazh) = 2R3 (202 — 3goh — dmah®) + (R4) (341)

Now we are going to lift these results to those of more practical importance, that is to obtain a similar
formula involving only the normal component of field rather than potential. In view of presence of the &3 factor
in formulas (3.11), (3.15) and the fact that S;* (6, ¢)cos@ = Sy ' (0,¢), St (0,¢)cosd = S3 (0, ¢), we need to

evaluate projections of the transformed potential onto second order spherical harmonics

2m 1 1
~1 _ 2 _ il
(K[®],S5; >L2(SR0) = B0 +-— 1072 5 (5g1 — 4m1h) 1072 (14¢1 + 5g1h) + O (pé) , (3.42)
2m 1 1 1
1 _ 2 _
(K @] ,52>L2(SR0) = 5o + 10,7 (592 — 4mah) — 07 (14q2 + 5g2h) + O (po) (3.43)

We observe that the presence of cosf, due to non-vanishing at 8 = 0, does not shift the balance between local
and global terms in the asymptotic estimate of the integral. While intermediate v terms are affected with this
modification, these terms still vanish in the final result, and the difference in numerical coefficients of expressions

(3.42)-(3.43) compared to (3.29)-(3.31) comes only from constant (y-independent) terms in expansion of integrals

T 0 0 2 0
/ (1 + cos 9)3/2 cos 0df = 4v/2 <sin 5~ sin® 3 + = g S in® 2> = 2\/5 + [y terms], (3.44)
e =
(1 —i—cosb‘)7/2 6 5 . 50 224
————5——cosfdf = —4V/2 5 +dsin o — —sin” o + ~sin® = = \f—i— [y terms], (3.45)
= sin sin 5 2 3 2 5 o

In case of K, in addition to the formal replacement h — —h already discussed, there is an overall inversion of

sign due to an extra cosine factor which reverses the sign under change of variable § — 7w — 0

= _ 2m1 1 1 1
K[®],S;! = 5 4myh) + 14 51h) + O [ = 3.46
(Ko, >L2(SR0) S0 T07g 91 TAmh) gz (Lo = Bah) ¢ (pg)’ (3.46)

s 2 1 1
], 52 == _ dmsh) + 14gs — 5goh — . A4
(Kl },52>L2(SR0) - mﬂ (592 + 4mah) + 1= (1402 = 592 )+0(ﬁé) (3.47)

Remaining ingredient, namely, terms with radial derivatives of the transformed potential, can be obtained
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using expansions over solid harmonics of K [®] and K [®] in their regions of harmonicity

oo l
O (r,0,0)=>_ > Cour'S/"(0,¢), <R, (3.48)
=0 m=—1
oo l
(r0,0) = > Cuu z+151 (0,6), r=>Ro, (3.49)
=0 m=-1

where Cy, 1, C~'m7l eER, I €Zo,m=][-1,....,1].

Differentiation of these expansions with respect to r and orthogonality of spherical harmonics lead to the

following identities

(6,K [®] 751_1>L2(SR0) R (K [‘b]asf1>Lz(SR0) . (6,K[®] 752_1>L2(SR0) = —(K[®] 752_1>L2(SR0) )

Plugging this into (3.11), (3.15) and employing (3.29), (3.38), (3.42), (3.46) we obtain

1

-1 -1 -1
(K 025®] . 57) 125 " 29 (3(kial.s 1) 2(sn,) T3 (K[2],S; >L2<SRO>)
2m1 2 1 1
= _1%(2)_R‘S’(gl_gmlh)—’—Rg(5q1+891h_12m1h2)+0<R8> s
_ 1 _ _
s @], St = — P, 57t - I
(K [0.,9], 57 >L2(SRO) 7 (3 (K1@].5; >L2(SRO) 5 (K9], 5; >L2(SRO)>
2ma 2 1
- ——R% — R—g (g1 + 3myh) + R4 (5q1 8g1h — 12mqh ) +0 (R())
Similarly,
. 2my 2 1
<IC [(9»%@} ’Sl>L2(SR0) = —Rig — R—g (gg — 3777,2}7,) R4 (5(]2 + 8g2h — 12moh ) + 0O R5
~ 2meo 2 1
1 __&mg 2z _ 2
<’C [0z, D] ,51>L2(SR0) TR R (g2 + 3mah) + R4 (5q2 — 8g2h — 12myh?) + O (R())

In particular, this leads to the desired formulas for the tangential components of the net moment in terms of

field data

1

-1 1
mo= 5 })lglooRo (K[Bs], 81 >L2(SRO):R£ILHOORO (Bs, K [ST']) 15 (s2)
Z1
= 2R£1an Ry //]R2 Bs (x,h) 572 dxidzs, (3.50)

23 + a3+ (Ro + h)?]
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1
my = ilglooROQC[Bg],slez(SRO):RilglooR()(Bg,lc[Sﬂ)Li(W)
= 2 lim B} /R2 By (x, h) S (3.51)

[a;% + a3+ (Ro+ h)ﬂ

3.3.2 Recovery of other algebraic moments

It seems straightforward that considering integration against the spherical harmonic S will yield an estimate for
the normal component of net moment mg3 as it would be an exact result in case of available data on a sphere rather

than plane in physical space. However, we are going to see that the situation is slightly different.

As before, we consider

(K (0], ) | _ 1-h/po /”/27r sinf cos //[ (sm&cosqb t1>
L SRo 47 po o Jo 1/2(14—0089 1+ cosé Po

sinfsing  to
My(t)| ——— — — )| + M.
’ 2()(1+0039 Po) 3(),00]

dt dtydddd
. 2 . . 2 573/2°
smﬂcosd)_til n sm@smq&_tfz +£
14+cosf  po 1+cosf  pg 02

The main difference of the results of estimation comes from the fact that the absence of sin@ factor results

(3.52)

in that the local contribution to the integral from the neighborhood of 8 = 0 is now prevalent over the global
one which after integration in ¢ becomes of order O (1 / p%) as leading order terms proportional to M; and M,
vanish. We note that it is a global contribution that generally contains meaningful information which, in this case,
was expected to give an estimate of mg3, whereas a local contribution produces contamination that we labeled
as “magnetic garbage”. Unlike in previous computations, we perform here only two-term asymptotic expansion;

however, by little effort the expansion can be continued further.

Following precisely the same steps as before, we let

<IC[ ] SO L2 SRO /F CZ0~§—/Tr (...)dGZZIQ—FJ().

~

VPO

In addition to previously mentioned computational pieces, we employ the Taylor expansion

sinfcosd 0 (1_ 1392>
2(1+cosf) 2 24

and estimate

IO N ( >// /271’ E /'Y\//% (Clw+02) . 2d ]B/’Y\/ITO (Clw+62)w33 2dw
o | T e

(w—a)+c (w—a)” + ¢
R T P R P
4/, 5 5/2 12 5 3/2 16%62- :
{(w —a)’+ co} [(w —a) +c
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Again, due to the factor pZ dictating the necessity of higher-order expansion, we perform explicit integration
in the first integral (see Appendix) followed by asymptotical expansion whereas the other terms are estimated

asymptotically in direct manner:

co + 3acy

YV Po '

VPO clw 4+ co)w
/0 [ (e1 2) 3/2dw:cllog(2v\/,%)—cl+04—

(w—a) + co}

VP cw + co)w? 1
/0 [ (e 2) 3/2dw ~ 50172p0 + (Bacer + ¢2) vv/po,

(w—a)+ co}

WP (cqw + o) (w — a) wh 1
/ & 2 5)/2 dw ~ 5017200 + (dacy + c2) v4/po,
0 2
{(w —a) Jrco}

o crw?t 1
/ ! 372 dw ~ 5clfy2po + 3aci1v+/po,
"

(w—a)+ CQ]
where
1 — 2
1= —Lertlog e + clarcsinh& n a (a1 + ¢2) + a(—coc1 + a(acy + 02)1)/;- acy + 02.
2 o Co o (02 + ¢p)
Since
27
/ c1d¢ =0, (3.54)
0

we have vanishing of leading order terms in all the integrals above, at the same time the terms of order O (,0(1)/ 2)

will be already out of the scope of interest and their cancelation should not even be traced. We thus end up with

L~ d0 G goh
2p0 fypg/z 2p5

where

1 27
go ‘= — // / C4d¢dt1dt2, (355)
™ QJo

1 27
qo ‘= % [/ / (30561 + 62) d¢dt1dt2 = <M1.Z‘1> + <M21‘2> + 2hm3 (356)
QJO

Due to (3.54), computation of the Jy part essentially becomes

1
Jo o~ G0 L

4po /2

- df ~ —F +3sin - — —sin” -
/PO sin® ¢ Po Sing 2 3 2

/” 6059(1—1—0050)5/2 _2q0 1 6 2 . 40
.

v/v/Po
50, 4
)
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Finally,

5(]0 1
K], . = 902 o= 3.57
KIOT: 50) 1251, ) 20 308 <p8> (3:57)

go 1 1
— — —— (5 3q0h O —= ).
ok, 3R3 0T 0¥ (R%)

By the change of variable trick described before, we immediately obtain a counterpart of this formula

- 0 __ 9 1 _ 1
</c @] ,sl>L2 o)~ 2R+ 3 (5q0 — 3goh) + O ( R8> . (3.58)

It is at this point that we can appreciate a combination of two transforms. The difference of the two expressions

above neatly allows us to filter the meaningful quantity g from the contaminating term gy at the order O (1 / R(Q))
c go  10qgo 1
K- K) @], 5) =90 0L o).
<( (], 5 L2(sn,)  Ro  BRZ <Rg)

It only remains to suppress the presence of the leading order term. This can be done, for example, by combining
two instances of this expression evaluated at two different values of Ry which are large enough for validity of the
asymptotic expansions. For instance,

_ 3
%—5

4 <(IC_’€) [(I)]’SO>L2(SRO) B <<K_I€) [(I)]’SO>L2(SRO) +0 (i})

4(20+h) [(2@ +h)? - 92} 4(20—h) [(29 +h)? - 92}
5/2
7]

Ro=2¢ Ro=0

6. 4
5 Jim o / . Bs (x,h)

5/2
[z% + 22+ (20 + h)Q} [9:% +a2+ (20— h

et h) (0 +n) ~ 2] _le—h) (O dayda (3.59)

515/2 975/2
[m?—kx%—k(g—kh)] [x%+x§+(g—h)

In order to derive analogous expressions in terms of transformed field, we would need to compute integrals
against S9 (0,¢) = cos?f. While it can be done, we instead perform integration simply against the constant
So (8,¢) = 1 which is the zeroth spherical harmonic and also differs from what has been computed by cosine

factor, and hence suitable for the use of formulas (3.11), (3.15).

We note that

" 1+ cos )2 1+ sin

/ % —2V/2 — ~ —4v/2 + [y terms],
v/v/Po Sl sin —

v/\/Po

and this produces essentially the only change in the resulting formulas

_ % 1 1
(K[2] ,SO>L2(SRU) =Ry I (90 + 3g0h) + O (RS) ; (3.60)
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- _ 9o 1 1
<1c @] ,50>L2(SR0) = om0~ 390h) + O (R%) . (3.61)

As before, we observe that expansions K [®] and K [®] over solid harmonics (3.48)-(3.49) and orthogonality of

spherical harmonics imply that

1

(O[], 80) (5,0 ) = 00 (O [P],87) ag ) = e

<lC [q)] ’S?>L2(SRO) )

(0.K @) ,50>L2(SR0) - —Rio (K@) ,SO>L2(SRO) - (oK) ,S?>Lz(sRO) - _Rio (K[e] ,S?>L2(SRO) .

Finally, combined with these relations and expansions (3.57)-(3.61), the formulas (3.11), (3.15) give

90

3 1
(K [6%(13} 7SO>L2(SRO) = *ng + 378 (90 + goh) + O <R61) )

¢ 03 1
(K0n81.50) . ==+ a0 —ao)+ O ()

We sum the expressions aiming to isolate ¢o from the “magnetic garbage” g at order O (1 / Rg)

(e R) a5, — 0 350 ().

and eliminate the leading order term the same way as before to obtain

q:—gf3
0 3

1 (K +K) [0.,]. 50)

- <(/c n /c) [0,, 9] ,50>

Ro=2p L2 (SRO )

1o (1)
L2(SR0> Ro=o 0

8(20—h) N 8(20+ h)
3/2 3/2
[x% + 23 + (20 — h)Q} [x% + 23 + (20 + h)ﬂ

3 o—o0

= 2 lim g4/ Bs (x,h)
R2

o+h B o—h

3/2 d]}1dl‘2. (362)

[ +ag e e [+ o b

3.4 Normal component of the net moment

As we have seen, the described approach yields only the quantity ¢o defined in (3.56) which seems to be the
closest we can get to the recovery of mg from the field data, but only if we assume smallness of higher-order
algebraic moments (Msx1), (M3x). However, in the idealistic case of completely available data, we can do better
without additional assumptions if we adopt another technique based on the Poisson representation formula [2] and

asymptotic dominance of normal magnetization component in (3.8).

By construction, K [Bs] is a function harmonic inside the ball Bg,, and hence it admits representation by
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means of the Poisson integral formula

7 K [Bs]
i) = B KB e,
Rg -

/¢2 1 ¢2
where doe = R%sinfdfd¢, § = arctan %, ¢ = arctan% is a non-normalized Lebesgue measure on the
3 1

sphere Sg, .

This representation significantly simplifies when restricted to the vertical axis 11 =12 =0, —Rg < 113 < Ry:

 R3-n3 [T A* (&3)
K [Bs} (0, 0, 773) I — /_R0 ( e + 773)3/2 dés, (3.63)

where A* (&3) := 027r K [Bs] (&) d¢p. Moreover, employing (3.13), we can express

27T
A (&) = K [ [ By (peos . prinint) dw} (&) = KA (). (3.64)

where
27

A(p) = Bs (pcos g, psing, h) dp (3.65)
0

is essentially the angular average of the measured field.

On the other hand, since Kelvin transformation is a local operation, from (3.8) relaxing x3 = h, we have

mg (Ro + 13)°

ms3
B ~ B -
3 (0, z3) 2l asxg — oo = K[B3](0,0,n3) ~ 27 B3 (o + 2h — 773)3 as 13 \ —Ro,
and hence (3.63) implies
2ms (Ro + n: o A*
I Iy o Ryt - &) . (3.66)
Ry (Ro —13) (Ro + 2h — n3) ~Ro (R — 26313 +13)

It is remarkable that while vanishing of the left-hand side is immediate, it is not obvious at first glance that

Ry A*
lim (&)
ns——R$ J—R, ( — 23m3 + 773)

TP dés = 0. (3.67)

This last identity is worth discussing since its validity is subtle and hinges on the fact that A* is constructed
from B3 which is a vertical gradient of harmonic in upper-half plane function vanishing at infinity. In fact, it is a
consequence of Gauss theorem in disguise. Indeed, integrating div B = 0 above the plane x3 = h with integration

2

R,
ﬁdag, we have
0+¢&3

/ Bg X, h dmldmg =0 = // dO‘g =0. (368)
R? SRy RO + 53

Using (3.64), this last equality will imply (3.67) once we can perform the limit passage.

surface closed at infinity, and additionally taking into account that dzidze =
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To this effect, we first note that

A (&3) = (Ro + &3) Ag (€3) (3.69)

for some A} € C ([—1,1]) which is due to the asymptote B3 (x,h) = O (1/ \X|3) as |x| = coand R [\/x% + x%] (é’)‘ =

£€SR,
[Ro — &3
R h .
(Bo +1) Ry + &3

Now, for —Ry < &3 < 0, the inequality

RZ —2&ms+n3 = (g3 — &)? + R2 — € > (Ro + &) (Ro — &),

1

ive function at n3 = —Ry

allows bounding the integrand in (3.67) by a L

0
A5 ()]
< d ,
- /—Ro (Ro+&)"* (Ro — €)*? fre

‘ / A* (&) 5
~Ro (R3 —2&3m3 + 7732,)3/2

and thus makes dominated convergence theorem [8] applicable to justify the passage to the limit giving

lim dés =0

Ro A* (&) dés ! /RD A* (&)
mr RS Jro (R = 26ams +13)"" T (2R0)™* Sy (R +63)™

with the last equality provided by (3.68).

to the both sides of it yielding
n3=—Ro

d
Now we get back to (3.66) and apply i
13

Ro A* —
o 24 (o 1) T &) (& =m)
m—=—Ro )Ry (R3 — 2&3m3 +n3)

Taking into account that

1 _ Lt !
(R — 2&3m3 + 77%)5/2 31 d€s (RZ — 263m3 + U§)3/2

we perform integration by parts to get

flo —773/\* (53) + (A* (65))/ (53 — 775) &3=Ro

des — A* (&3) (§3 —m3)
e

(R3 — 2&3m3 + ﬂ§)3/2

ms = 8Ry(Ro+h)® lim /

ns——Ro —Ro (R% — 2€3m3 + 77% €5=—Ro

We note vanishing of the boundary term for &3 = —R( because of (3.69) whereas the integral term simplifies

due to (3.67). Therefore,

Ro * /
ms = —2Ro (Ro + h) A* (Ro) + 8R} (Ro + h)°  lim (A (&) (G =) 0

3. (3.70)
ns——Ro J_p, (R% — 28313 +7]§)3/2

The last term has a singularity that still does not admit passage to the limit and hence has to be integrated by
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parts again. Then, after passing to the limit, we can simplify the result by performing integration by parts back

R (A () (6 i e (A () (6 — )]
hmR / (2 (53)) (63 27)1;)/2 dfg — 7R7 [(A*)/ (RO) + (A*)I (*RO)] o hmR [( 2(53)) (53 nj)}/Zd 3
s fo J—Ro (R§ — 283m3 +13) 0 80 J—Re mg (RE — 263m3 +13)
Lo : 1 /RO [(A* (&))" (€5 + o))’
= —— |[(AY) (Ro) + (A") (—Ro)| + —— d
iy [ () + (8 (o) + e [ S S T
1 ’ ’ 1 i
= — (A (R A*) (=R ——— | (A*) (Rg) V2R
RO[( )(0)+( )( 0)]+R0\/m( )(0) 0
1 1 A (&)
oL ARyl / L )
N (Ro) 1) r @ 1 o) 3
_ 1 *N L *
= FO(A ) ( Ro)+4R(2)A (Ro),
where in the last equality we have used (3.67), (3.69).
Then, (3.70) simply becomes
my = —8RZ (Ro + h)® (A*)' (~Ro) = —8RZ (Ro + h)* A§ (—Ro),
and finally, recalling (3.64)-(3.65),
. 1 Ry — &
= —4V2RY*(Ro+h)® lim ———A((Ro+h) /= 3.71
ms3 0 ( 0 ) fg—g—nRU* (R0+§3)3/2 ( 0 ) Ro + & ( )
2
= -2 lim p* Bs (pcosp, psinp, h) dep, (3.72)
p—00 0

Ro—
where we have changed the limiting variable to p := (Rg + h) 4/ RO n 23.
0+&3

The obtained expression looks striking because it does not incorporate data on the whole measurement plane,
instead it involves only the integrals of Bs (x,h) over circles of infinitely large radii. Even though this solves the
problem in the ideal case of complete data, in practice those distant circles are exactly where we necessarilly lack

measurements.

3.5 The case of incomplete data

Now we move on to the more realistic case when the data are measured within an area of finite size rather than the
whole plane. We assume this measurement area is the disk D4 of radius A centered above the origin, and available
data are the field measurements there. If one sets Bs (x, h) = 0 outside of D4 and attempts to reconstruct the net
moment using formulas (3.50)-(3.51) for large values of Ry, the resulting estimates will look quite disappointing
unless A is an extremely large number which is typically impossible due to practical restrictions. Instead, we

extend the measurements by asymptotic expansion of the field at infinity that can be performed directly from
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(3.8) using the following Taylor expansions

1 1 x1ty + xaty | 15 + 13+ h? ~3/2
)3/2 o

3/2 2, 2 7, 2
(21— t1)° + (w2 — t2)* + x3 (z} + 23 T+ T3 T+ 5

12

1 1 31’1t1 +CC2t2 3?5% -I-t% +h2 ﬁ(xltl +.’E2t2)2
)3/2 )

(22 + 22 af+a3 2 af+a} 2 (22+4a2)°

and

1 N 1 (1 51‘1t1 —|—.Z‘2t2 _ ?t% —|—t% —|—h2>
5/2 5/2 2 2 2 2 ’
(x17t02+(x27tﬂ2+ﬁﬁ}/ (a3 +23)” I+ 23 2 ait+a

giving, for |x| > dg + h,

B; (x,h) =~

3h
5/2 mixq + Mmoo — <M1.Z'1> — <M2(IJ2> + mgh

A (2% + 23)

x? 1T x2
5 (<M1CL‘1> 2712 + ((Myza) + (Maxq)) 122 + (Mszo) 22>
1 3

Tt IQ 1 + IE%
. * z 3 (Mzx7) + (Msxs) + mah?
s M 3 (Msw1) s + 3 (M) 5 — 3 (M) <2 22>
47T(£C1 +x2) Ty + T35 22 + a3 2 22 1 22
x? 12 x3
2 ( (23 + x3) (22 + 23) (22 + 22)
i ' : Ty To 1
with the next-order terms being proportional to 73 T3 —
(22 + 23) (22 + 23) (22 + 22)

We decompose the integral in (3.50) into two parts

2
my _ hm // B5 X h R(]xl dxlde — //H . _|_ // e = Il + j17 (374)
Ro—oo [[p2 2\ 5/2 Da R2\D 4

(2 + a3+ (Ro+ 1)?)

and observe that the dominated convergence theorem can be applied to allow passing to the limit as Ry — oo
in the first term, while the second term can be computed using asymptotic expansion (3.73) which simplifies by

symmetry of the integration area R?\D 4. That is,

I, = 2/ Bs (x, h) x1dz1dz,,
Da

2
J =~ 3 (mih — (Msz)) lim R} // 7 573 dzidxs
2T Rp—o0 RQ\DA 2 %)5/2 (.’ﬂ% +.’£% + (RO + h)Q)
3 1 3
= i(mlh_ <M3$1>) (l)lglooR " N 5/2dr: ﬂ(mlh_ <M3£Z?1>),
r2< 24+ (Ro+h) )

where calculations for the last integral is performed in Appendix. The approximate equality sign here means that
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the next-order term in the expansion in powers of 1/A is neglected. Indeed,

15 x?
g (2h <M1I1> — <M3:E1 hglooR // 1 572 dxidzs
o AP (a4 03)"? (0 + a3+ (Ro + 1)°)

e dr 1
o lim Rg/ =5 =0 ()
00 /2 3 ?
Ro— A4 <T2 +(Ro + h)2) A

where the final estimate is due to explicit integral computation given in Appendix.

Therefore, from (3.74), we have the balance relation

3 1
mi = 2// B3 X h) z1dridre + — 24 (mlh <M3331>) + O (A3> (375)
Dy

which, in case |(M3z1)| < |ma]| h, allow solving for

1
my = 2A 3h //DA Bs (x h)xldxldmg—i-O(Ag) (3.76)

Similarly, assuming [(Msxso)| < |ma| h,

1
mo = 2A 3h //DA Bg X h) (EQd{EldeQ +O (A3> (377)

Smallness of higher algebraic moments is an assumption that can be justified if magnetization decays towards
edges of the sample whereas the resulting formulas in this case provide better estimate for the net moment
components in terms of available data.

Analogous assumptions could be made on (M3z1), (Msz2) to isolate mg in (3.56) in order to have the expression
for the normal component of the net moment in terms of complete data. However, it is remarkable that we still
can obtain an expression for the normal component of the net moment ms without such assumptions. What is
even more surprising is that it can be directly done by means of the same procedure of asymptotic field extension.

Indeed, recalling (3.68), we have

0= / Bs (X7 h) dridre = // B3 (X7 h) dridzrs + // Bs (X, h) dridrs.
R2 Da R2\D 4

We compute the second integral on the right the same way as before passing to polar coordinates. The leading

order term in (3.73) non-vanishing after the integration is the one proportional to ms. This immediately gives

1
ms = QA// B3 (X, h) dIldIEQ + O (142> y (378)
Da

where the estimate of the neglected term is elementary due to the integral

1  dr 27
7d$1d$2 = 27'('/ —_— = —.
//RQ\DA (.T + .’172)5/2 A 7"4 3A3



3.6. Fourier analysis 141

The formula (3.78) along with rewritten versions of (3.75)

1
my = 2// Bs (x,h) x1dz1das + O (A> , (3.79)
Dy

1
Mo = 2// Bs (x, h) xodz1das + O (A> , (3.80)
Dy

constitute the most general results of this section.

3.6 Fourier analysis

In this section we are going to see how the formulas for net moments and their generalizations systematically arise

from another method based on elementary Fourier analysis.

We rewrite (3.8) in a form

1 0 0 0 9 0\ ~3/2
B h)=—— h{ M (t) — My (t) — Ms (t) — : -t dt1dt
3 (x,h) 4%//53[ ( 1()81:1 + 2()8x2 >+ 3()(%3 ws] (|X | +$3) 1dta,
r3= a:g:h I3Zh
(3.81)
which is convenient for computation of Fourier transform?. This yields
Bs (k. h) = me 2™l [ik, Ny (k) + iks N (k) + || M3 (k)} . (3.82)

We note that magnetization distribution M (t) has a compact support and so, by Paley-Wiener theorem [8],
its Fourier transform is an entire function. In particular, performing expansion about k = 0, we can extract

information about the net moment and higher algebraic moments of magnetization®. For j € {1,2,3},

N N ~ 1 N N N
NG (&) = N (0) + O, M (0) iy + O, N (0) b + 5 (97, 11, (0) ki + 03, M (0) K3 ) + O, 0, M (0) ik + O (1KI°)

= my + 2mi (M) by + (M) k) — 20 ((Ma2) k2 + (Mja2) k2 + 2 (Myzy2) kaks) + O (\k|3) .
Expanding also the exponential factor,
e=2mhd — 1~ 2mh K| + 2122 k| + O (KI°)
we compute

Im Bs (k1,0,h) = mmyky + 272 ((Msx1) — myh) ky [ky| — 27° ((Mya3) + (Msz1) h — mih®) k4 O (ki) . (3.83)

4We use the following convention for the Fourier transform: f (k) = F[f] (k) = [fz2 e2milkiz1thae2) £ (x) doydas.

5The crucial observation M (0) = m openning the doors for the Fourier computations was due to Doug Hardin, Vanderbilt
University. This was futher discussed with Eduardo Lima, MIT.
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The left-hand side in this expression can be computed using the same idea as before: in the integration range
we complement the part known from measurements by another one in which we use the asymptotic development

of the field (3.73):

Im Bs (k1,0,h) // sin (2wki21) Bs (x, h) dzidze = // // s =:1U1 + &1, (3.84)
R2 R2\D4

with
4 3
Uy = 2ky // 1By (x, h) dz1das — %ki’ // 3By (x, h) dzydzy + O (K AT, KTAY, .., (3.85)
D4 Da
(2rk
&l (mlh M3J?1 // 7 SlIl l é/x;)d 1dzs + R, (386)
R2\D, (23 + 23)

where next-order terms in U/; are estimated by means of elementary integration in polar coordinates like

// I?Bg (X,h) dzlde
Da

while the residue term R, will be discussed shortly after.

21
ky < = IBsllepa) kAT,

We are now going to evaluate the leading order term in &£;. Using the integral representation for Bessel function

[7, (10.9.1)]

9 Ed
Jo 2mkyr) = ;/2 cos (2mky 1 cos @) do
0

and its even parity, we write

jus

27 > 1
/ cos ¢ sin (2wkyr cos @) dp = 4/ cos ¢ sin (2wkyr cos @) dp = —k—aTJo (2mkyr) = =2 J) (2mkyr) .
0 0 1

Now since J| () = —J1 (z) (see (3.109) in Appendix), we can transform
// 1 sin (QWkéZl)dxlde / /27r cos ¢ sin (27rk17' cos @) ddr = 2 / Ji (27;]@7") o
E2\Da (21 + 23) e "
= 87r3kfsgnk1 / J1 (f) dx,
27|k ]A L
and hence

~ (@) ( 1 >
dex+ O
orlk]A T3 At

Computing the last integral in terms of Bessel and Struve functions (see Appendix for the detailed computation)

51 = 67T2 (mlh - <M3I1>) kl |]€1|

and using their expansions for small argument [7, (10.2.2), (11.2.1)]

Jo(x):l—ixQJrO(o:‘l), Jl(x):%xfli(;x +0(2°), (3.87)
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2 2
Ho(r) = Z2+0(2), Hi() = s-0? +0(cY), (3.55)
we obtain
- Ji (z) 1 1 = 3 3
du = — 4o lk|A+ O (KA
/2w|k1|A @3 T k] A 3T glRlA+O kA%,
and thus

]411 1 s 2
& = 67 h — (M. — — ki |k —Aky |k O (K} A%) + Ry.
1 (M ( 3x1>)<47rA 31|1|-i-8 1|1>+ (1 )+ 1
We estimate the residue term R; by the contribution of the next-order term in asymptotic expansion (3.73)
which is, generally speaking, not rigorous but serves the purpose here. Rewritting the corresponding integral in

terms of Bessel function and performing iterative integration by parts followed by use of (3.87), we deduce the

proportionality

in (27k < J1 2nk
Re o [ EOTh g o [ ST,
R2\D 4 (,1' —|—x2) A r

- ™ kl
= 2A4J (27Tl€1A) 3A3

R A
== O(flg, Z,klA,... .

Finally, we plug (3.85)-(3.86) into (3.84) and equate the result to (3.83) at different powers of k1. We have, at

3 oo g1
——J1 27k A) + %k%/ Mdr

A 3

kll

1
2W/ £L'1B3 (X, h) dl’ldl'g + 31 (mlh - <M3(E1>) + @ (3> = TTmsi, (389)
D 24 A

which exactly coincides with the already obtained result (3.75).

Factoring out ki |k1|, we arrive at an identity which does not yield any information, while at order k3 we have
3 1 3 2 2
Bg X h d.’Eld.’£2 + 714 (mlh <M3£L’1>) + O Z = 27 (—mlh + <M1£L’1> + <M3(E1> h) .
Da

Combining this with (3.89), we can eliminate (mih — (M3x1)) term. This leads to

47 1
myp = 2//DA (1 + 3A2> x1 B3 (X ]’L) dridzy + O (Az) (390)

which is an improved version of (3.75) in terms of order of approximation without additional assumptions on

magnetization distribution.

Similarly,

_ 43 1
mo = 2//DA <1 + w) (EQBg (X, h) d$1d.’£2 + @ (142) . (391)

To derive more relations involving moments, we take real parts of both sides of (3.82). Analogously to (3.83),
we could have restricted ourselves by setting either k&1 = 0 or k3 = 0, but instead, wishing to extract more
information, we are going to show another approach of asymptotic estimation of integrals that does not involve

Bessel functions. We outline the procedure here without giving much details aiming merely at pointing out a
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possibility of systematic computations. We also note that the same method could certainly be applied when

working with (3.83).

Using polar coordinates in the Fourier domain k; = |k|cos 8, ks = |k|sin 6, we compute

Re Bs (k,h) = w|k|ms— 72 [k|* (2msh + (Msz1) + (Mszs)) — 7 |k|* sin 20 (M) 4+ (Maa1))
—n? |k|? cos 20 ((Mya1) — (Maas)) + 7° [k|* (2msh? + 20 [(Myxy) + (Maxs)] — (Ma?) — (Mza3))
—27% k| sin 20 ((Msz122) — h [(Myxs) + (Maxq)])

kI cos 20 (M) — (Mya3) — 2k [(Myay) — (Mawa)]) + O (KI*) . (3.92)

On the other hand, denoting

g (k,¢) := 2w |k|cos (60 — ¢), (3.93)
we write
Re Bs (k,h) = // cos (2 (k121 + koxo)) Bs (x, h) dx1dzy = // cos [rg (k, )] Bs (1 cos ¢, rsin ¢, h) rdrde
R2 R2

_ //DA...+//R2\DA...::L,O+50, (3.94)

Employing (3.73) in & and noticing that, by symmetry,

// x1 cos (27 (ka1 + k2x2))dm‘1dm2 _ // a9 cos (27 (ki1 + kzaﬁz))dxldxz -0
R2\D 5 (22 + 22)*/? R2\D 4 (23 +a3)" |

we get
ms 3(10 150,1 (1) 150,2 (2) 150,3 (12)
~ ——=T —1 v Z v .

€o 47 2+877 ¢t 8r 4 Jr87r 4 Jr47T 4 (3.95)
where

ag := —2h ((Myz1) + (Maxs)) + 3msh? + (Maa?) + (Mza3), (3.96)

a) = 2h <M11’1> — <M3I%> y ag = 2h <M2$2> - <M3£U%> 5 (397)

a3 = h, (<M1,’L‘2> + <M2fL'1>) - <M3$1.T2> 5 (398)

2w (k k 2w (k k
n- | cos@r e+ 1a22)) 4y gy, 24— A o Cr (huts % 1a22)) gy s, (3.99)
R2\D 4 (22 + 23) R2\D 4 (2 + 22)

2 cos (27 (kaay + k 2 cos (27 (kaay + b
7V :z// i cos (2 ( L 202) grydas, T ::// 73 cos (2 ( e 222)) 4oydis,  (3.100)
R2\D4 (21 +23) E2\D4 (21 +23)

2 (k k
0 | mmesCrlin phn)) g, g, (3.101)
R2\D 4 (2} + 23)

The key idea of asymptotic expansion here is based on a possibility to express (3.99)-(3.101) in terms of the
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2z sint

sine integral special function Si(z) := |, Tdt which admits the following series expansion [7, (6.6.5)]

0
s (_1)" l,2n+1

Si@) = nz:% Cn+ 1) 2n+1) (3.102)

Indeed, using the definition (3.93), we integrate by parts to arrive at

z= [T s = [ (L contig oo - b (ko9 + 90,0051 4906 )

We note that
27 27
| lotk)as=2m 1k [ feosoldo = sm ki,
0 0

2m 2m
/ cos?™ (6 — ¢) do = / cos>™ pdp = I (2n)2!’ n € No,
0 0 4™ (n!)

where the second integral is computed by multi-angle identities obtained from binomial formula and Euler trigono-

metric formula or using Chebyshev polynomials, while the remarkable independence of 6 is easy to see by vanishing

of the integral of the derivative.

Employing these integral computations, (3.102) and Taylor expansion for cosine, we obtain

I, = - \k|722 A2n k>
n= 1 )

_ %—4#2\k|+27r3A|k| +0(A3|k|4,A5|k|6,..-).

Similarly, we compute

[ cos 7’9 :9)] L (%7 (cos[Ag (k,¢)] 1 g(k,¢) [ cos[rg(k, ¢)]
7y = / / —""2drd¢p = /o (A3 — wsm [Ag (k,$)] — /A 5 dr) do,

3 2 r

where the last integral term can be treated as above by means of reduction to the sine integral function.

Performing Taylor expansions and taking into account that

2m 27
| teos o= do = [ jeosoao = 3.

0

we get
27 1674 L= (=D)"[2(n+ D)ix?+3 f2n+ 1 n - n
I, = 73143* |k| +—\k| +3z( )[(' )l — <2 1+ 1>A2 1|k|2( +1)
= 2n+D!(n+1)] n—-1 n+
2w o 5 167t 6
s e el il - (Ak A3 |k )
348 AII K[+ 0 (AK*, A% K%,
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To estimate Ii1)7 I£2)7 we also compute the quantity

70 /2” / 50 r(k N grds

= ——|k| c0529+ 4|k| cos 26

cos 26 (=" 7r2”+5 2(m+2))! 2@+DI) (2n+1 n an—1 1y 12(n+1)
I Z (2n+1)! ([(mz)zf [(n+1)!]2><2”—1+”+1>14 .

n=1

- ——|k|cs20+ 4|k| cos20+(9(A|k| A3|k|6,...).

It now follows that

o _ 1 (0) B B 4 o 31016
7! _2(14+z4 ) 3A3 | 2 \k| cos 20+ > ot I + ot e c0529+(’)(A\k| A3 k| )
@ _ 1 (0) T A o 31116
¥ =3 (z _ 1 ) o —|k| + \k| 60829+ K — Ik[? cos20+(9(A\k| A3 k| )

Finally, we calculate

27
IilZ) _ / / COS 4(k ¢)] d'f'd(b

T 2 ST 3
= 3A |k| sm29+ I5 \k| sin 26

sin20 o~ (=1)" 7" (2(n+2)]'  [2( MY (2n+1 n on—1 |, 12(n+1)
G Z @2n+1)! <[<n+2>!]2 [<n+1>12>(2n—1+n+1)’4 "

= —lg|k|2sm29+ﬁ\k|3sin29+o(A|k|4 A% |k[° )
34 15 ’ )
The computed quantities (3.99)-(3.101) furnish &. Combined with

Uy = // cos (27 |k| (21 cos 0 + x28in0)) Bs (x, h) dxidzy
Da

= // Bs (x, h) dzyday — 72 k| // (21 + 23) B; (x, h) dz1dzs — 7° |k|? cos 20 // (21 — 23) B; (x, h) dz1dxs
D4 Da Dy

_9x? k[ sin 29// £12By (x, ) disdes + O (K] A%, [K° 4%, )
Dy

we plug this in (3.94) and equate to (3.92) matching expressions at different powers of |k| and presence of 6-
dependent factors. Matching at neighbourhoods |k, |k|®, || cos26, |k|*sin26 yields identities whereas the

neighbourhoods |k|°, [k|?, [k|* cos 20, |k|? sin 20 produce the following, respectively

ms  2ag + 5 (a1 + ag) 1Yy
//DABg(x h) dzydzy 2A+ YE +0 Ve =0,

msm?A  372[2a0+ 5 (a1 +a 1
—n° //DA (23 + 3) Bs (x, h) dxydwy — 32 - 120 2A( )] +0 (A3> = —12qo,

_71'2 //DA (CU% - x%) BS (X, h) dl’]d.’L’Q — % (a1 — a2) + 0 <1413) — _71_2 (<M1:E1> _ <M2$2>> 7
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52 1
— 272 //DA 2129B3 (x, h) dvidxs — ﬂa?’ +0 <A3> — g2 (Myzs) + (M),

where g is as in (3.56).

The first of these expressions gives the same as in (3.78) that was obtained by other means while its combination
with the second one produces an estimate for the quantity go arisen also in the Kelvin transform method (see (3.62)).
These equations, along with others that can be obtained by this approach systematically (note that the algorithmic
computations of expansions demonstrated above persists when (3.73) is expanded further), produce more subtle
information involving quantities (3.96)-(3.98). Such information becomes especially valuable, for instance, when
one makes a smallness assumption on higher-order algebraic moments of magnetization (see discussion around

(3.76)-(3.77)) since this helps to improve accuracy by forming combinations eliminating higher-order terms in 1/A.

3.7 Numerical illustrations

First, we are going to illustrate net moment reconstruction using limiting formulas obtained for the case of
completely available data, namely those given by (3.35)-(3.36), (3.50)-(3.51), (3.59), (3.62) and (3.72).

We consider the synthethic example with N = 4 dipoles with the moments m(") = (0.9, 0.7, 0.2)T7 m®? =
(0.5, 0.9, 0.1)", m® = (—0.6, 0.4, 0.5)", m® = (0.2, 0.4, 0.3)" placed at the locations x*) = (0.7, 0.6)",
x® = (0.0, 0.0)", x® = (0.8, —=1.1)", x* = (0.8, 1.1)" in the plane x5 = 0. By superposition of dipolar fields,

this produces the following potential and field at height A = 5:
mgl) (331 (l)) + m() ( T2 — xél)) + mgl)h

=1 ") 0\, 2]
{(xl—xl) (1'2—1'2) —i—h}

v 3n [ml® (21— o) + ) (22— a)] 4 ml) <2h2 (o - x(l”)2 () )
E; {(ml —af) (- —xél))2+h2]5/2 |

Figures 3.7.1-3.7.3 show the estimation of net moment components m;, ms and the combination g, respectively,

)

from the expressions in terms of potential and field as functions of the limiting variable Ry. To mimic the knowledge
of both potential and field in the entire plane, we evaluate these expressions over a disk of radius A = 10000 centered
at the origin.

On Figure 3.7.4, the estimate of net moment component mg is plotted against the limiting variable ¢ which in
this case has a simple geometric meaning - the radius of the circle from which the field data are taken (see (3.72)).

We then go on to demonstrate formulas (3.78)-(3.80) giving the components of net moment in the case of partial
data. Obviously, quality of these formulae depends on the size of the measurement area: the bigger the area, the
better the accuracy. To illustrate this graphically, we let the disk radius A vary while keeping other parameters
fixed as before. This produces Figures 3.7.5-3.7.6. On Figure 3.7.5, we compare results with higher-order estimates

(3.90)-(3.91) furnished by Fourier analysis whereas the obtained earlier formula (3.78) appearing on Figure 3.7.6
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is already of second order of accuracy.
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3.7.

Numerical illustrations
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APPENDIX

Some integral computations

2 _ 1/2 2. _ 2
. / (lw +c2)w - dw = (3aci+c) aresinh Y —% te {(w B a)2 i Co} _ 3a’cr —cper + 3622
[(W —a)’ + Co] Veo [(w —a)’ + co}

w—«

— [(2acl + ¢2) (co + a2) — (3a201 —cpc1 + 2acz)]

12"
o | (w— a)2 + co}

Proof.

/[ e dw = /[ ey 1/2dw_/(co+a2_QQW) (Clw—’_CQ)dw

3/2 3/2
(w=a)’ + CO} (w—a)*+ Co} {(w —a)’ + co]
1/2 d 3a?c; — cper + 2ac
= [(w — a)2 + Co} + (3a01 + Cz)/ ~ /2 ( - — 1/22)
{(w —a)’ + co} [(w —a)’ + Co}
9 9 dw
_ [(2@01 + ¢2) (co + ) —a (3a c1 — cpcy + 20@)] . 573"
[(w —a)’ + Co}
O
In the same fashion, one can compute the next integral
(ciw+ ) w L w—a 2ac; + ca (0061 —o?c; — ozcz) (w—a)
° 372 dw = cjarcsinh e — 7z 73
{(w —a)’+ Co} 0 (w—a)+ co} o [(w —a)’ + Co]
o 1 8 3R} +4A%(3R%+ 2A%
. / L = (3% 3/2) A>0.
A r2(r2 + R2) 3Rg 3RSA (A2 + R2)
Proof. The key element of the calculations is the integral
d 9 1/2
/ 1 21” 3/2 <Oz+x> , (3.103)
(a+2)?(B+2)*? B-a\f+z
which can be readily computed by the change of variable ¢ = g _—:: i
Differentiating this result with respect to « yields
dx 2 z+a\"? x+ 0 1/2
S(a, p) = 3/2 32 2 + :
(a+2)° (B +a) B—a) |[\z+5 r+a
We carry on to evaluate
dx 208 2 4x (22 + ) — B2
/—3/2 =—55-08) =3 ( ) 7 (3.104)
252 (6 + ) 3 o 3 3332 (z + B)
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dx 4 928 21623 + 24,@932 + 6523: — 53
/ 5 ( ?IB) =3
x%/2 (

G122 90a0p 3 plad2(a B)°?

Now these integrals furnish the desired result by means of the decomposition

/°°dr_1/°°dx_33/°°dx
A g2 (r2+R3)5/2 2 Ja2 25/2 (:v+R8)3/2 2 Jaz p5/2 (x+R(2))5/2.

A 2+ R B3RS 3 R+ R

. /°° dr 16 116A% +24R3A* + 6R§A® — RS

Proof. As before, by the change of variable, we have

/°° dr _l/oo dz
A 7"4(r2+R%)5/2 2 Jaz 905/2(90—1—]%3)3/27

and the result follows by application of (3.105).

1<1+$2>0J0(0)+<1012)J1(0)

° [hy oL

+§ (Jo (C) Hy (C) — J1 (C) Ho (C))

, C>0.

A>0.

(3.105)

Proof. In order to evaluate this integral, we will repeatedly employ a few well-known properties of Bessel functions

[7, Sect. 10.6]. We recall Bessel differential equation [7, Sect. 10.2]

TL2

1
I (2)+ 2t (x) + (2* —n?) Ty (2) =0 < ;J,’L (r) = <$2 — 1) I (z) = J) (z),
and we will also heavily rely on the recurrence formulas
S (@) = o (Jno1 (2) + Jnsa ()

Tp (@) = 5 (Jn-1 (2) = Jny1 (2))

N |

implying, in particular, that
Jo () = = J1 (2),

8

Js (z) = <$2 - 1) Ji (2) %JO (2).

We start by using (3.107) with n = 1 to compute the indefinite integral

Ji(x) 1 [ Jo(x) 1 [ J2(x)
3 dx_i x2 dx—|—§ 2

dz.

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

(3.111)
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The first term on the right we integrate by parts and use the differential equation (3.108) for Jy () to obtain

/‘]0 (2) jp = _ D) +/7‘]6 @) g = — D@y /JO (z) dz. (3.112)

2 T x x

Application of the same strategy to the second term in the right-hand side of (3.111) is not immediately

beneficial due to the presence of an extra term in the equation (3.108) for n = 2, however, it still yields

EACOF M 1C) —J;(x)—/JQ(x)dx+4/JQ(x)dm

x2 T 2

N /JQT(;C)dz - % <‘]2x(‘"”) + 7 () +/J2 (@) dx) . (3.113)

We notice that [ Jo (z)dx expresses in terms of [ Jy (x)dz, another ingredient that we have. Indeed, from the

integral representation of Bessel functions
1 (/7 .
In () = = cos (nt — xsint) dt, (3.114)
T Jo

we directly get

/ I (@) ds = 1 /n sin (zsint — nt) gt — 1 /“ cos (nt) sin (z sin t) @b — 1 /’r sin (nt) cos (z sint) n
0 0 0

sint T sint T sint

and, in particular,

™ (1—2sin®t) sin (zsint m i
/Jz(x)dle/ (1~ 2sin” ) sin (2 sin )dt2/ wdt:/%(m)d:ﬂnh (). (3.115)
0 0

s sint T sint

Now getting back to (3.111), we plug (3.112)-(3.113) and use (3.107)-(3.108) with n = 2 and (3.109) to arrive

at
/%@dmz—%%@)—i—gh (x)—iJg(x)—%/Jo(m)dx—i—é/Jg(x)dx.

From here, making use of (3.110) and (3.115), we obtain

/Jlm(;:)dx _ _% (Jom(f'f) _ (1 - ;) T () +%/JO (@) dx) _ (3.116)

It remains to compute the last integral term on the right which can be done in terms of other special functions.

To this effect, we use [7, (10.22.2)] with v =0

/JO (x)dz = gx (Jo (z) H-q (x) — J_1 (z) Ho (2)) , (3.117)
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where Struve functions H,, can be written in terms of Euler gamma functions as 7, (11.2.1)]

1l & (-1)* N 2k
H () = (5) > 3 3 (5) ’
=T (k+2)0

2

and they also admit an integral representation |7, (11.5.1)]
w/2
H, (z) = — (22)" f/ cos®™ tsin (xsint)dt, n € Ny.
0

In particular, using also a recurrence formula [7, (11.4.23)], we have

/2
Hy (z) = 7/ sin (z sint) dt,
0

71— ™ 0

2 2 7\'/2
H i(z)=——-—H (x)=— 1—13/ cos? tsin (zsint)dt | .

(3.118)

(3.119)

(3.120)

Computing the definite integral require knowledge of the limiting behavior at infinity. To deduce it, we need

representation of Struve functions of first kind in terms of Neumann functions and Struve functions of second kind,

Y, (z) and K, (x), respectively, and their asymptotics as z — oo |7, (11.2.5), (11.6.1)]

H, (z) =K, (z)+Y,(x),

ontlinl

@) = )

mn—l + O (xn—3) ,

Recalling also asymptotics of Bessel functions of the first kind for large values of x

Jn(x):\/zcosov—n;—_j;)_'_()(;),

we can now evaluate

i [P D T i (U ) o () — T () Ho (2)
- T lim ac{Qcos2 (Jc—z>+isin2 (x—f
6 z—>+oo | T 4 T
B 1
= -3

Finally, employing (3.117) and (3.120), we conclude the result from (3.116).

s
4

)
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Concluding remarks

In Part 1, we have considered an ill-posed overdetermined problem for Laplace equation on the planar domain
(disk). We proposed a non-iterative regularization scheme based on a newly obtained method of estimation of
approximation quality. Another interesting feature of the method is in that it allows to prescribe localized values
at points in the interior of the domain. Since the formulated problem is rather general it would be desirable
to find a particular application where advantage of the method can be taken to the full extent. One of such
possibilities is to improve interpretation of boundary measurements, viewing some of the data points as internal
pointwise constraints rather than boundary values. With respect to that possibility, there are number of issues
one may further want to look into. For example, it would be interesting to see how the choice of measurement
positions, where pointwise data are given, affects the solution. How does an increase of number of points boost the
approximation rate and lower the discrepancy growth? With the same density, are the results better when points
are located closer to the boundary, when they are spread out evenly in the disk or clustered or put along a curve?
Physically, if positions of sensors do not lie along a regular line, does it worth singling out some far out points
to be excluded from interpolation of boundary data functions in order to be interpreted as internal constraints?
More numerical experiments with the already developed software are needed to gain some intuition for answering

such questions.

Part 2 was concerned with spectral structure of the truncated Poisson operator with main focus on developing
a method for asymptotic constructions of eigenfunctions for two regimes: when a geometric parameter § = h/a is
large and when it is small. In the former case, the integral equation was approximated by another one which is
reducible to a differential equation. Even though we provided some explanations regarding our expectations about
the approximation quality, the error term in this approximation has yet to be studied rigorously. In the case, when
[ is small, by a chain of transformations, we reduced the integral equation on an interval to the integro-differential
problem on a half-line which we were able to solve approximately and then construct continuation of the solution
back to the interval of interest. From the half-line problem, we also deduce an approximate relation between the

derivative and the value of the function at the endpoints. By the continuity through the endpoints, the same
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boundary condition can be imposed on the solution extended back to the interval. Consequently, imposing this
boundary condition (or, alternatively, matching interior and exterior solutions), we obtained, separately for the
cases of even and odd parity, approximations to eigenfunctions and approximate characteristic equations whose
solutions are precisely eigenvalues. Expressions for even and odd eigenfunctions have, respectively, cosine and
sine terms with frequencies that are logarithms of eigenvalues. We further show numerically that the faithful
(non-asymptotic) solutions are very well approximated by sines and cosines already for significant number of
eigenfunctions even when the asymptotic parameter is not very small. However, the deviation from sines and
cosines families becomes visible for eigenfunctions of higher index, and yet this deviation is localized near the
interval endpoints. The similar feauture is observed when comparing numerical results with asymptotic solutions
for another range of asymptotic parameter (8 < 1) obtained by different analysis allowing to deduce that solutions
are close to some standard set of special functions, namely, scaled versions of prolate spheroidal wave functions.
Important outcome of such an observation is that even in the asymptotical case (either 5 > 1 or § < 1), the
integral equation cannot be reduced to another one falling in a conventional solvable class whose solutions are
purely trigonometric (though with frequencies that cannot be explicitly found).

Another asymptotic strategy is to use the discussed operator approximation and then solve approximately the
Prandtl equation. Along a similar line of reasoning, the ongoing work is also dedicated to a delicate method based
on reduction to a differential Riemann problem.

Pointwise constraints that Fourier transform of the solution must satisfy have been formulated, however,
further advance is yet to be made in this direction. Perhaps some sampling properties of spaces might be used
or, alternatively, another functional equation can be constructed by combining infinite number of such discrete
relations.

A tempting aspect of the discussed Poisson operator approximation leading to a hypersingular Prandtl integral
equation (which has also been a subject of numerous physical works for over five decades) is to construct its
approximate solutions employing its connection with our Poisson integral equation that could be solved by other
means.

Part 3 of the thesis was different in that it is very closely related to a particular physical application, namely,
reconstruction of the net moment vector of magnetization of a finite size sample. Even though the developed
methods also apply for rather general problems, we formulated our results with focus on a specific set-up and using
the terminology of a concrete geophysical problem of paleomagnetism. The net moment problem was constructively
solved exactly by a limiting formula in case of fully available data and asymptotically, in case of partial data, using
two newly developed technics based on Fourier and Kelvin transformations and asymptotic continuation of the
data. We discovered that a certain set of scalar quantities (algebraic moments of magnetization) can be extracted
from the data using both methods. With the Kelvin transformation method, this set is generated by integration
against different spherical harmonics while in the Fourier domain - by means of asymptotic matching in different
neighborhoods of the origin depending also on a direction along which it is approached. The net moment formulas
were first obtained with help of Kelvin transformation whereas Fourier asymptotic matching method developed

after seems to be more illuminating and, in particular, it was successfully employed to generate second-order
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asymptotic formulas for the tangential components of the net moment. The natural question is that can we, in a
same resultative way, combine the other scalar quantities extractable from data? Their derivation is tedious yet
systematic and hence can be performed with help of computer algebraic systems. It has been discussed that this
goal can be easily achieved under additional assumptions on magnetization distribution (smallness of algebraic
moments of some higher order), but the general question still remains.

Regarding the obtained asymptotic net moment formulas, we would like to point out another observation
demonstrating the following qualitative result: if the measurements are available with perfect resolution even
though being incomplete (available only within the disk of a fixed radius), the asymptotic net moment formulas
can be improved to arbitrary high precision. This can be seen, first, by noticing that the asymptotic expansion
is given in terms of inverse powers of the disk radius, and hence, by repeated differentiation of the formulas with
respect to the radius, it is possible to form linear combinations consequently eliminating lower-order error terms.
The obtained higher-order formulas will, therefore, be given in terms of integrals and radial derivatives of the field
on the boundary of the disk that can be numerically approximated by “backward differences” in terms of values of
the field inside the disk.

Practical version of this would be combining few measurements for disks of different radii. Linear combination
of each two yields reduction of the error term by one order of magnitude. In this situation, a trade-off has to be
found between sacrificing data points when cropping the measurement area significantly (while still staying within
asymptotic regime) on one hand, and reliability of the data from a small area of thin ring on the other hand.

Finally, we want to stress that the choice of measurement area as a disk was not crucial. It is possible to obtain
similar formulas for net moments (which would differ only by numerical constants depending on geometry of the
area) for an area of any shape, though to obtain explicit integral estimates, one would, certainly, prefer the areas

of symmetric shapes such as disk or square.
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