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Résumé :

Les théories supersymétriques, telles que le Modele Standard Supersymétrique Minimal, con-
stituent des extensions trés populaires du Modele Standard de physique des particules, et sont
activement recherchées au Large Hadron Collider (LHC). Dans cette theése, nous nous concen-
trons sur deux aspects de la phénoménologie des théories supersymétriques aux collisionneurs
hadroniques de haute-énergie, a savoir les collisions polarisées, et les calculs de précision. Dans
un premier temps, nous réalisons une étude au Leading Order (LO), dans laquelle nous mon-
trons comment la présence de faisceaux polarisés (longitudinalement) pourrait nous aider a
différencier des modeles de Nouvelle Physique présentant la méme signature a ’état final. A
titre d’exemple, nous considérons le cas d’une classe particuliere de scénarios, menant a la pro-
duction de monotops, qui correspondent & la production d’un quark top en association avec de
I’énergie transverse manquante. Nous présentons nos résultats pour un LHC polarisé a 14 TeV,
et pour le récemment proposé Futur Collisionneur Circulaire (FCC), supposé opérer a 100 TeV.
Par la suite, nous nous concentrons sur la réalisation de prédictions de précisions pour la pro-
duction de paires squark-antisquark, de sgluons, et de gluinos au next-to-leading order (NLO)
en QCD supersymétrique, avec ou sans violation non-minimale de saveur, et avec ou sans Par-
ton Shower (PS). Plus particuliérement, nous fournissons les premiers résultats (préliminaires)
pour la production de squark-antisquark au NLO en SUSY-QCD avec violation non-minimale
de saveur, dans le cas d’'un calcul a ordre perturbatif fixe, et considérons dans le contexte de
modeles simplifiés la production par paires de particules colorées de type scalaire (stops et
sgluons), et Majorana (gluinos) au NLO avec PS via l'environnement de travail automatisé
MADGRAPH5 aMC@NLO.

Abstract :

Supersymmetric theories, such as the Minimal Supersymmetric Standard Model (MSSM), con-
stitute very popular extensions of the Standard Model of particle physics, and are extensively
searched for at the Large Hadron Collider (LHC). In this thesis, we focus on two specific aspects
of the phenomenology of supersymmetric theories at high-energy hadron colliders, namely po-
larized collisions and precision calculations. First, we perform a Leading Order (LO) study, in
which we show how the availability of (longitudinally) polarized proton beams could help us to
disentangle various Beyond the Standard Model (BSM) scenarios exhibiting the same final-state
signature. For the sake of illustration, we focus on the case of one particular class of scenarios
leading to monotop production, which corresponds to the production of a top quark in associ-
ation with missing transverse energy. We present our results for a polarized LHC at 14 TeV,
and for the recently proposed Future Circular Collider (FCC), supposed to operate at 100 TeV.
Then, we concentrate on predictions for squark-antisquark, sgluon, and gluino pair production
at next-to-leading order (NLO) in supersymmetric QCD, with or without Non-Minimal Flavour
Violations (NMFV), and with or without matching those predictions with Parton Showers (PS).
More specifically, we provide the first preliminary results for squark-antisquark hadroproduction
at NLO in SUSY-QCD with NMFV, in the context of a fixed order calculation, and consider,
in the context of simplified models, the pair production of coloured scalar (stops and sgluons)
and coloured Majorana (gluinos) particles at NLO matched with PS within the automated
MADGRAPHS aMCQ@QNLO framework.
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Chapter 1

Introduction

The Standard Model (SM) of particle physics [1] is a theory that describes fundamental inter-
actions between elementary particles. More precisely, it is a renormalizable local quantum field
theory (QFT) invariant under the non-abelian gauge group SU(3)¢ x SU(2)r, x U(1)y, which
provides a microscopic description of the electroweak and strong interactions between quarks
and leptons, and accounts for the dynamics of the gauge fields. This theory is made out of two
pieces. The first one, based on the gauge group SU(3)¢, is called Quantum ChromoDynamics
(QCD) [2-15], and describes the dynamics of the strong interactions (responsible e.g. for binding
protons and neutrons together into atomic nuclei). The second one, built on SU(2)r x U(1)y,
is called the electroweak Standard Model [16-18], and describes within a unified framework,
electromagnetic as well as weak interactions (responsible for nuclear S-decays).

For more than forty years, this refined theoretical edifice has withstood all attempts at
falsification. Tested with an ever increasing degree of precision, the Standard Model has revealed
itself fully compatible and consistent with a wide class of experiments. It has successfully
predicted the existence and the form of the electroweak interactions, the mass of the W and
Z boson [17,18], the existence of the charm quark as required by the Glashow-Illiopoulos-
Maiani (GIM) mechanism [19], and the top quark mass with a O(10) GeV accuracy [20], even
before it was discovered at Fermilab in 1995 [21,22]. However, the greatest achievement of
the Standard Model most certainly remains the Brout-Englert-Higgs-Guralnik-Hagen-Kibble
mechanism [23-28|, which describes the spontaneous breaking of the electroweak symmetry
thanks to which it is possible for all the elementary particles to acquire a mass. This mechanism,
theorized fifty years ago, was experimentally confirmed in 2012 by the ATLAS [29] and CMS [30]
collaborations at the Large Hadron Collider (LHC), after the observation of a particle whose
properties are consistent with a 125 GeV Standard Model-like Higgs boson [31-33].

In addition to all the aforementioned virtues, the Standard Model (supplemented with mas-
sive neutrinos) can also account for neutrino oscillations [34,35], a phenomenon for which we
now have strong experimental evidences [1], and therefore seems to provide a particularly con-
sistent and relevant description of Nature, so far in perfect agreement with (almost) all data
collected at collider-based experiments. Nevertheless, despite its really impressive phenomeno-
logical successes, the SM still exhibits conceptual and experimental shortcomings that leave
many fundamental questions unanswered.

1.1 Conceptual and sesthetical flaws of the Standard Model

From a theoretical point of view, the first, and certainly the most severe design flaw of the SM is
that it does not include gravity, which is described at the classical level by the theory of general
relativity (GR). The Standard Model of particle physics and general relativity are two pillars

1
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Figure 1.1: Physical contributions to the Higgs mass corrections at one-loop, in the Feynman
gauge, with loops containing in order, Dirac fermions, W bosons, Z bosons, Higgs bosons, a
quartic h/W coupling, a quartic h/Z coupling, and a Higgs quartic coupling.

of modern physics, yet those two pillars cannot be consistently merged into a unified picture
of interactions due to their vastly different nature!. One possibility to merge gravity with the
other forces at high energies would be to formulate a quantum theory of gravity. No satisfactory
answer to this problem has however been found so far. Building a quantum field theory of
gravity is indeed far from being trivial, especially because such a theory is perturbatively non-
renormalizable, i.e. loop corrections containing gravitons diverge faster and faster as the order
of the perturbative series expansion increases. At TeV colliders like the LHC, quantum effects
of gravity should stay out of reach?, seeing that at such energy scales the strength of the
gravitational interaction is much weaker than all the other ones. Yet, at energies of the order
of the Planck scale M, ~ 10" GeV, the strength of the gravitational force is expected to
become comparable to the other ones, and thus quantum effects of gravity should become non-
negligible. Due to its intrinsic inability to describe quantum effects of gravity, the Standard
Model is therefore expected to break down (at least) at energies of the order of the Planck scale.

There are however other reasons to think that the Standard Model could cease to be valid
even before the Planck scale. The first one is connected to the Higgs sector. In the SM,
mass parameters originate from a non-vanishing vacuum expectation value (vev) of the Higgs
field spontaneously breaking the electroweak symmetry SU(2); x U(1l)y down to the gauge
group of electromagnetism U(1)g. Experimentally, this vev is known to be approximately?
v = 246 GeV [37-39]. Understanding why this vev is so small compared to the Planck scale M), of
O(10?) GeV, is usually referred to as the naturalness/hierarchy problem in the literature [40-44].

Hierarchy problem

The hierarchy problem is widely believed to be one of the most severe conceptual issue of
the Standard Model, and essentially arises when assuming that the SM is not the final theory
of Nature, but rather a low-energy Effective Field Theory (EFT) of a more fundamental one
emerging in between the electroweak and the Planck scale. The reason why we have a hierarchy
problem in the Standard Model is deeply connected to the scalar nature of the Higgs boson.
More specifically, unlike fermions and gauge bosons whose masses are respectively protected
by means of chiral, and gauge symmetry, the Higgs mass is not protected from large radiative
corrections by any symmetry in the SM. This lack of symmetry affecting the mass of the Higgs
boson reflects itself in the fact that the latter receives radiative corrections which quadratically

The SM is a quantum field theory, while GR is a classical field theory.

2 Assuming that known laws of gravity are valid at all scales and that the space-time remains four-dimensional.
Otherwise effects of extra-dimensions could lower the scale at which quantum effects of gravity would kick in [36].

3 According to our normalization conventions for the vev.
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Figure 1.2: Unphysical contributions to the Higgs mass corrections at one-loop, in the Feyn-
man gauge, with loops containing in order, W /charged Goldstone bosons, Z/neutral Goldstone
bosons, charged Goldstone bosons, neutral Goldstone bosons, a quartic h/G coupling, a quartic
h/G° coupling, charged ghosts 1., and neutral ghosts uz.

depend on the cut-off/New Physics scale* A, and thus are naturally of O(A?). If we explicitly
calculate in the broken phase the full one-loop corrections to the Higgs mass in the SM (cf.
Fig. 1.1 and Fig. 1.2), we obtain the following expression for its quadratically divergent part®
3A2 dnf ]

2 2 2
7]_67]'21)2 2mW + myz + my — Z 7mf7l-

(1.1)
f?i 3

2
5mh =

where my, mz, my, my;, n{, v and A are respectively, the W boson mass, the Z boson mass,
the Higgs boson mass, the fermion masses, the number of colours, the vev of the Higgs field,
and the new physics scale/cut-off regulating loop-integrals in the Ultra-Violet (UV) limit. This
expression matches with results already available in the literature [46,47].

The problem with (1.1) is that if A is significantly higher than the electroweak scale, i.e. if the
SM remains valid up to very high scales, the O(A?) corrections of 5m,21 become particularly large,
and naturally drive the Higgs mass to the New Physics scale A. This is in clear contradiction
with 7) our expectations of a O(100) GeV Higgs boson which stems from both theoretical reasons
(such as unitarity of WW scattering), and precision measurements in the electroweak sector,
i1) the direct observation of a 125 GeV Standard Model-like Higgs boson at the LHC. There are
in principle several options at hand to stabilize the hierarchy between the electroweak and the
Planck scale, and to keep the physical mass of the Higgs boson at the electroweak scale.

The first one is to enforce the cancellation of the O(A?) corrections by performing a fine
adjustment between the bare Higgs mass and its quadratic one-loop corrections 5m% (at the
level of one part in 1032 if A = M,,), so that it is in fine possible to recover a physical Higgs
mass of O(100) GeV. The main problem with this first option is that there is probably too
much arbitrariness in adjusting very precisely the parameters of a theory so that its predictions
can match with observations. In other words, such a fortuitous and spectacular cancellation,
although not logically excluded, seems highly contrived [48]. This problem is closely connected
to the hierarchy problem, and usually referred to as the fine-tuning problem [49,50]. It should
be noted for completeness that accepting the enormous amount of fine-tuning in the Higgs sector

4If we use the momentum cut-off regularization technique.
5 Assuming a common cut-off A regulating both fermion and boson loops [45].
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still remains a possible option. This option has been studied especially in the context of the
multiverse framework (like the string theory landscape) where one assumes the existence of a
vast landscape of vacua, among which one is selected according to an anthropic principle.

The second option at hand consists in imposing a specific relationship between masses (or
dimensionless parameters) of the Standard Model in order to enforce the exact cancellation
of the quadratic divergences, whatever the value of the New Physics scale A is. This strictly
amounts to enforcing the following condition at the one-loop level in the broken phase:

Anf
semi; = 0. (1.2)

2m%v+m22+m%—z
f7i

The first problem with this so-called Veltman condition [43] is that it requires at the one-loop
level a ~ 315 GeV Higgs boson, which is in clear conflict with experimental data. The second
problem with the Veltman condition is that it is not an all-order result, and therefore even if the
Veltman condition were satisfied at the one-loop level, this would not automatically imply that
the Standard Model would be two-loop natural®. More precisely, at all orders, the quadratically
divergent Higgs mass loop corrections would take the following generic form

+oo
smi = A2Y eu(\) I (A/my) (1.3)

n=0

and would de facto require an infinite number of Veltman-like constraints of the type ¢, (A\;) =0
to ensure the absence of quadratic divergences at all orders in perturbation theory [51]. This set
of independent conditions would however vastly over constrain the value of the input parame-
ters \; seeing that there would be infinitely many independent constraint equations for only a
finite number of input parameters. The system of equations would hence have no solution [47],
thus making the exact cancellation of quadratic divergences impossible. For complementary
discussions on the Veltman condition, the reader is referred to [47,52].

The third (and next-to-last”) option to stabilize the hierarchy between the electroweak and
the Planck scale consists in assuming that a new symmetry would protect the Higgs mass from
receiving too large radiative corrections, order by order in perturbation theory [54,55]. Super-
symmetric theories, extra-dimensions, and Little Higgs models, are precisely implementations of
this very simple idea. For most of them, such theories invoke New Physics at a rather low-scale,
typically A ~ O(1) TeV, in order to achieve the cancellation of quadratic divergences between
the bare Higgs mass and the one-loop corrections with a "reasonable" amount of fine-tuning®.
In this thesis we will exclusively focus on supersymmetric extensions of the Standard Model.

Since its original formulation in the early eighties by Susskind [41], 't Hooft [42] and Veltman
[43], the naturalness/hierarchy problem has been one of the major guiding principles for physics
Beyond the Standard Model (BSM), and most certainly remains one of the strongest motivation
for New Physics at the TeV scale. It should however be kept in mind that this problem first and
foremost remains a problem of sesthetical nature, and whether the naturalness criterion should be
considered as a guiding principle for particle physics is stricto sensu a matter of taste. As such, it
is indeed perfectly acceptable to give-up on the hierarchy problem?, yet it should be emphasized
that choosing this option would directly imply (putting aside cosmological constraints coming

5Natural in the sense of Veltman, meaning that radiative corrections to a given physical observable are supposed
to be of the same order (or much smaller) than the actually observed values [43].

"A fourth solution called cosmological relaxation which involves a QCD axion, and an inflation sector has been
developed during the redaction of this manuscript, for more details see [53].

8 A reasonable amount of fine-tuning remains a highly subjective notion though.

9The hierarchy problem could even be solved at the Planck scale by the same (yet unknown) mechanism in
charge of solving the cosmological constant problem (which is also a fine-tuning problem).
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6(f)?unning of the gauge couplings in the SM obtained from PyR@TE
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Figure 1.3: Running of gauge coupling constants «; in the Standard Model at two-loops in
PyRQTE [56], with the energy @, and a; ' = (g?/47)~!. The normalization of g; is set to 1/5/3.

from dark matter relic density discussed later in this chapter) that we would have no clue on
what could be the scale where New Physics would take over. As a final remark, let us just
note that if the extreme sensitivity of the Higgs mass to high scales is made manifest by the
cut-off regularization technique (which breaks translational and gauge invariance by the way),
an equivalent result can be obtained using dimensional regularization. As a matter of fact, if we
assume the existence of new heavy particles of mass M coupling to the Higgs field, the Higgs
mass automatically receives from them one-loop corrections of O(M?1In (M?/u%)) even after
having subtracted the poles at the renormalization scale ugr. If M is then taken significantly
higher than the electroweak scale, the O(M? In (M?/u%)) corrections of §m37 become particularly
large, and once again naturally drive the Higgs mass to the typical scale of New Physics, namely
M. So, no matter what regularization scheme we choose, the hierarchy problem still remains.
Moreover, even if those new heavy particles were not directly coupling to the Higgs field, but
only to SM fermions, or gauge bosons, they would most likely re-introduce the same problem at
the two-loop level (and beyond).

Gauge group of the Standard Model and gauge couplings unification

Another series of reasons why the Standard Model could cease to be valid before the Planck
scale actually originate from the intricate structure of the SM gauge group. The SM gauge group
SU(3)c x SU(2), x U(1)y is a complicated and quite unnatural direct product of three different
gauge groups'’, where the gauge factors SU(3)c and SU(2), x U(1)y (respectively describing
the strong and the electroweak interactions) are completely decoupled one from another, and
quite inelegantly remain un-unified. Two comments are in order at this stage. First, if the
Standard Model seems to provide an accurate description of data collected at collider-based
experiments, it still does not tell us why the symmetry of the theory has to be the complicated
direct product SU(3)¢ x SU(2)r x U(1)y, and not something simpler.

Second, if we take the values of the SM gauge couplings at low-energy, i.e. O(100) GeV,
and evolve them to high energies by means of the Renormalization Group Equations (RGEs),
we notice that they nearly meet at scales of O(10'* — 10'6) GeV, as depicted in Fig. 1.3. The
running of the gauge couplings may hence suggest a possible unification at high energies of the
SM gauge groups into a larger symmetry group (with only one coupling constant). This apparent

¥Fach coming with its own energy-dependent gauge coupling.



6 Chapter 1: Introduction

mass & =2.3 MeV/c* =1.275 GeVic =173.07 GeV/c* 0 =126 GeVic*

charge - 2/3 u 23 C 23 t 0 0 I I
0

spin - 1/2 12 12
Higgs
boson

€

up charm top gluon

=4.8 MeVic* =95 MeV/c? =418 GeV/c* 0
113 d 113 S -113 b 0
112 12 112 1

down strange bottom photon

|

0.511 MeV/c? 105.7 MeVi/c? 1.777 GeVic* 91.2 GeVic?
- e Bl Bl T 0
172 172 I" I' 172 1

electron muon tau Z boson

©

<22eVic* <0.17 MeV/c <15.5 MeV/c 80.4 GeVic*

. De L Do
112 € 112 ])ll 12

1

=

electron muon tau
neutrino neutrino neutrino W boson

Figure 1.4: The particle content of the Standard Model re-organized in terms of the properties
of its fundamental building blocks.

convergence of the SM gauge couplings at high scales might still be purely accidental, but just
like the electromagnetic and weak interactions (partially) unify in the Standard Model, it is
tempting to think that all gauge interactions could unify into a larger symmetry group at high
energies. Such a framework is usually referred to as a Grand Unified Theory (GUT) [57-60].
Just like for the hierarchy problem, those issues related to the gauge group of the Standard
Model are of aesthetical nature, and whether unification of the gauge groups should be deemed
a guiding principle for New Physics is once again a matter of taste.

Flavour puzzle and mixing pattern

Besides unification and the hierarchy problem, there are also other sesthetical reasons to consider
the Standard Model unsatisfactory from a conceptual point of view, especially in the fermion
sector. First of all, almost all matter on Earth is made out of fermions of the first family (v,
e, u and d), yet laboratory experiments show that there are two additional heavier replicas of
the first chiral generation, namely (v,, p, ¢ and s) and (v, 7, t and b) [61]. The Standard
Model neither accounts for the number of fermion generations, nor for the role of the heavier
families. In addition, unlike gauge bosons masses which are entirely fixed by the value of the
gauge couplings and the vev of the Higgs field, there are no direct predictions for the fermion
masses in the Yukawa sector.

This sector actually introduces a substantial number of free parameters in the Standard
Model. More specifically, out of the 26 free parameters of the SM, 12 of them are Yukawa
couplings. Even worse, the SM cannot account for the large hierarchy between the Yukawa
couplings which intriguingly span over six orders of magnitude (the top Yukawa coupling y; is
of O(1)!, while the one of the electron, y., is of O(107%)). Naively, we would expect all the
Yukawas to be of O(1), experimentally this is not the case. Things are getting even worse when
the SM is supplemented with massive neutrinos, inasmuch as neutrino masses are found to be
extremely tiny. This peculiarity often referred to as the flavour puzzle might well stem from
some new flavour dynamics coming into play at high energy scales.

In addition to the previous points, the Standard Model gives no hint on the origin of the
observed mixing pattern in the Cabibbo-Kobayashi-Maskawa (CKM) [62,63], and Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrices [34,35]. The structure of those mixing matrices is not

171t is the only natural Yukawa coupling of the theory.
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baryon density Q.h?
10-2 f

100 10t
baryon—to—photon ratio 7,

Figure 1.5: The abundances of *He, D, *He, and "Li as predicted by the Standard Model
of Big-Bang nucleosynthesis. The bands show the 95% CL range. Yellow boxes indicate the
observed light element abundances. The narrow vertical band indicates the Cosmic Microwave
Background (CMB) measure of the cosmic baryon density (multiplied by 10'°), while the wider
band indicates the BBN concordance range (both at 95% CL). Taken from [1].

predicted by the SM, but has to be derived from experiments, and introduces as well a substantial
number of free parameters in the theory. As a matter of fact, out of the 26 free parameters of the
Standard Model, 8 of them are related to the CKM and PMNS mixing matrices, 2x (3 angles +
1 CP-violating phase'?). In summary, this means that out of the 26 parameters of the SM, 20 of
them are related to the fermion sector, while there are only 3 free parameters in the gauge sector,
namely the gauge couplings gs, g and ¢/, and 2 free parameters in the Higgs sector, namely the
vev v of the Higgs field, and the quartic coupling A of the Higgs potential. The Standard Model
does not explain at all why there is so much arbitrariness and so many free parameters in the
Yukawa sector, and this is particularly intriguing.

1.2 Observational problems with the Standard Model

If the Standard Model of particle physics exhibits so far no statistically significant deviation
from data collected at collider-based experiments, there are still facts at the astrophysical and
cosmological level that the SM cannot explain in its current form, like for instance the observed
imbalance between matter and anti-matter in the Universe, which is usually referred to as Baryon
Asymmetry in the Universe (BAU).

Baryon Asymmetry in the Universe

Experimentally, it is observed that we are living in a matter-antimatter asymmetric world. The
latest measurements performed by the Planck collaboration [64,65] are consistent with the ones
obtained from WMAP [66], and Big Bang Nucleosynthesis (BBN) (¢f. Fig.1.5), and confirm
the existence of a tiny excess of matter over antimatter. The most up-to-date value for the
baryon-to-photon ratio n obtained from [65] reads as follows

n o= BB (6.0965 + 0.0439) x 10710 (1.4)

Ty

120ne CP-violating phase if neutrinos are Dirac fermions, three if they are Majorana fermions.
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where ng, ng, and n, are the number densities of baryons, antibaryons, and CMB photons
respectively. It is thus widely accepted that at least the observable part of our Universe must have
developed an excess of particles over anti-particles at some point in the cosmological history [67].
One possible mechanism for generating this BAU is called ElectroWeak Baryogenesis (EWBG)
[68,69]. This mechanism aims at dynamically generating a net baryon asymmetry during the
Electroweak Phase Transition (EWPT), starting out from a baryon symmetric universe!?.

A successful baryogenesis requires three necessary ingredients often referred to as the Sakharov
conditions [70]. These conditions are i) baryon number violation (BNV) i) C and CP violation
i17) departure from thermal equilibrium. All three ingredients are (in principle) already present
in the Standard Model.

The first criterion is possibly fulfilled thanks to non-perturbative processes called sphalerons
[71-73]. Sphalerons are static saddle-points solutions to the classical SU(2)r, field equations,
sitting at the top of the configuration ridge between degenerate electroweak vacua. Those
processes allow for transition between topologically different SU(2)r, vacua [74], violate B + L,
and conserve B — L. More specifically, sphalerons violate baryon and lepton number by 3 units,

Q

Le
Ly—>— %
L’C

Q3

Figure 1.6: Sphaleron process. The quantum numbers of the initial state are L = 3 and B = 0.
The quantum numbers of the final state are L = 0, B = —3. Taken from [68].

and amount to converting three left-handed leptons (one from each generation), into nine left-
handed antiquarks (one from each generation, each of them coming in three different colours) as
depicted in Fig. 1.6. These processes have so far never been observed experimentally, because
at zero temperature their rates are expected to be exponentially suppressed. However at higher
temperatures, sphalerons could play a significant role [75], inasmuch as the thermal energy
available could potentially ease transitions between degenerate vacua by allowing the system to
overcome the associated energy barriers instead of just proceeding through quantum tunnelling
(see [76,77] and references therein).

The second criterion could be fulfilled thanks to the CP-violating phase of the CKM matrix,
which is usually considered as the only source of CP violation in the Standard Model (without
massive neutrinos). The amount of CP violation of a given theory is usually quantized in a
phase-convention-independent way by means of the following invariant

Jep = I - mga) I 2 - mgé) Im(V;;Vj;Vi5Vi)  withd # 5, (1.5)
quE{u,c,t}>q; qde{dvsvb}>qél

where Im(V;ZVMVZjVJ’;) is the Jarlskog invariant, also noted J [78], which is defined such that

J = 0120230%3812823513 Sin5KM with Im(V;ijlV[’,;Vﬁ) == JZeikmejln . (16)
m,n

Normalizing Jop over the typical critical temperature of the EWPT, namely T, = 100 GeV, one

13 Any pre-existing baryon asymmetry would be erased in a scenario including an inflationary epoch.
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Figure 1.7: Left: Rotation curve of NGC 3198. The line marked “disk” shows the expected
rotation curve if the only mass in the galaxy were that in the visible stars. The line marked
“halo” corresponds to the rotation curve of the extra dark matter halo only (the two curves are
not additive). Taken from [82]. Right: The Planck 2015 temperature power spectrum of the
CMB. Taken from [65].

obtains the following dimensionless quantity dop
dep = =5 ~10717 (1.7)

which gives a rough estimate of the amount of CP-violation induced by the CKM complex phase,
and has to be compared with the measured baryon-to-photon ratio n of (1.4). Comparing (1.4)
to (1.7), it appears that CP-violation in the Standard Model is too weak (by nine orders of
magnitude) to explain the measured baryon-to-photon ratio. New sources of CP-violation hence
seem to be required to correctly describe data.

The third and last criterion, namely departure from thermal equilibrium, is possibly provided
by a strongly first-order Electroweak Phase Transition. Lattice calculations however show that
a strongly first order phase transition requires a Higgs mass below 75 GeV [79-81], which is at
odds with present observations. For a 125 GeV Standard Model-like Higgs boson, only a cross-
over between the broken and the unbroken phase is possible. Consequently bubbles of broken
phase cannot nucleate within the symmetric phase, no loss of thermal equilibrium is possible,
and hence no net baryon asymmetry can ever be transmitted to the broken phase. So either
New Physics has to increase the value of the Higgs mass up to which a strongly first-order phase
transition is still allowed, or some alternative mechanism has to generate BAU.

Dark matter

More data supporting the idea that the Standard Model is not the ultimate theory of Nature
comes from astrophysics, with the so-called Dark Matter problem. The first experimental hint
pointing toward the existence of Dark Matter (DM) goes back to a study of Fritz Zwicky in
1933 related to dispersion velocities of galaxies within the Coma cluster [83]. In this study,
Zwicky pointed out the fact that the outer members of the Coma clusters were moving signifi-
cantly faster than expected from predictions of classical Newtonian dynamics, by showing that
the gravitational mass of the cluster!? was O(100) times larger than its luminous mass. One

17wicky assumed pure gravitational interactions described by Newton’s theory, and then employed the Virial
theorem to infer the gravitational mass of the Coma cluster from dispersion velocities of the various galaxies.
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interpretation of this "missing mass" (without which the cluster would be torn apart) made by
Zwicky was that there could exist some kind of non-luminous matter (hence its name Dark Mat-
ter), interacting only gravitationally, which would constitute the main component of the mass
of the cluster, and would ensure its integrity. More than forty years later, a similar behaviour
was also observed at galactic scales in a series of studies [82,84] conducted on rotation curves of
stars within isolated galaxies. In those studies, it was shown that stars residing in the outermost
regions of the galaxy were also experiencing strong deviations from predictions of Newtonian
gravity as can be seen in Fig.1.7 on the left-hand panel. The velocity of stars in those regions
indeed seemed to be almost constant, no matter how far they were from the galactic center,
which was (and is still) in clear contradiction with the luminous matter disk profile exhibiting
a 1/4/r suppression at large radius . Once again assuming that standard laws of gravity were
valid at galactic scales, Rubin et al. suggested in [84] that such a startling feature could be
explained by a missing mass taking the form of a dark matter halo. As depicted on Fig.1.7, it
indeed seems that adding an hypothetical DM halo component to luminous matter produces a
curve whose shape and normalization perfectly fits to experimental data.

At the astrophysical and cosmological scales, there are still several other experimental facts
supporting the existence of Dark Matter, such as large scale structure formation, current ob-
servations in the Bullet Cluster, as well as CMB fluctuations (see right-panel of Fig. 1.7). The
latest results obtained by the Planck collaboration [65], which originate from a combination of
various cosmological observations, give the following hypothetical cold dark matter relic density

Q.h* = 0.1188 £ 0.0010 , (1.8)

where h is the reduced Hubble constant. This energy density represents approximatively 25% of
the energy content of the Universe, and is five times bigger than the contribution of the ordinary
baryonic matter Q,h% = 0.02230 £ 0.00014. The main problem is that the Standard Model does
not provide any Dark Matter candidate with the desired properties, and therefore New Physics
seems to be required.

1.3 Organization of the thesis

If the previous arguments are the main motivations for Beyond the Standard Model (BSM)
physics, it should however be noted for completeness, that other reasons, such as the strong-CP
problem [85], also exist, yet for brevity they are not reviewed in the present manuscript. Among
all the possible BSM theories available in the literature, we consider in this thesis (almost)
exclusively supersymmetric extensions of the Standard Model, and more specifically concentrate
on the phenomenology of N = 1 supersymmetric theories!®, for which we provide theoretical
predictions at leading order (LO), and next-to-leading order (NLO) in perturbation theory, at
polarized and unpolarized hadron colliders. The manuscript is organized as follows:

In Chapter 2, we provide a short introduction to N/ = 1 supersymmetry (SUSY), in which we
first recall some basic facts about SUSY (history, motivations, superalgebra and properties of the
supermultiplets), before introducing the superspace formalism and detailing the various steps
inherent to the construction of supersymmetric Lagrangians. In the second part of this chapter,
we focus on one particular implementation of N' = 1 supersymmetry, namely the Minimal
Supersymmetric Standard Model (MSSM), which is repeatedly used in this manuscript, and fix
the notations and conventions used in the rest of the thesis.

15Supersymmetric extensions of the Standard Model with A” > 2 are not considered here, because in the
latter left- and right-handed fermions are part of the same supermultiplet. Left- and right-handed fermions have
consequently the same interactions, and therefore parity violation is not allowed in such theories.
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Chapter 3 is based on [86], in which we show how the availability of (longitudinally) polarized
beams at high-energy proton-proton colliders could help us to disentangle various BSM scenarios
with the same final-state signature. In this tree-level phenomenological study, we first discuss
in a model-independent way how this discriminating power arises from the differences between
polarized and unpolarized parton distribution functions. We then demonstrate how polarized
beams allow one not only to disentangle different production mechanisms giving the same final-
state signature, but also to obtain information on the parameters of the hypothetical new physics
sector of the theory. This is illustrated in the case of a particular class of scenarios leading to
monotop production, which corresponds to the production of a top quark in association with
missing transverse energy (J7). We consider three specific models that could produce a monotop
signature (one being the MSSM with R-parity violation) in unpolarized proton collisions, and
show how they could be distinguished by means of single- and double-spin asymmetries in
polarized collisions. Our results are presented for both the Large Hadron Collider operating
at a center-of-mass energy of 14 TeV and a recently proposed Future Circular Collider (FCC)
assumed to collide protons at a center-of-mass energy of 100 TeV.

Chapter 4 consists of a brief introduction to one-loop calculation techniques. In this chapter,
we first recall the various challenges of NLO calculations, before providing a constructive (and
mathematically consistent) definition of both Dimensional Regularization (DREG), and Dimen-
sional Reduction (DRED)!6. Then, we detail how to evaluate scalar integrals that are frequently
encountered in the context of one-loop calculations, and introduce the Passarino-Veltman reduc-
tion scheme designed to decompose vector and tensor loop integrals into linear combinations of
simpler scalar integrals multiplied by Lorentz invariants. The last part of chapter 4 is dedicated
to the procedure of renormalization, which primarily aims at absorbing UV divergences into the
redefinition of all the bare fields and parameters of the original tree-level Lagrangian.

In Chapter 5, we apply the concepts reviewed in the previous chapter to the case of squark-
antisquark pair production at next-to-leading order in SUSY-QCD with Non-Minimal Flavour
Violation (NMFV), which has never been investigated before. In the first part of this chapter,
we detail the field content of the model, give the analytical expression of the tree-level matrix
element, and define the set-up employed to renormalize the theory at the one-loop level. In
the second part of this chapter, we concentrate on the derivation of the self-energies and vertex
corrections, and provide the analytical expression of all the Renormalization Constants (RCs)
that are needed for the process of our interest. In the third part of this chapter, we briefly discuss
the box contributions, and provide a short report on the status of this on-going calculation [87].

In Chapter 6, which is based on [88] and [89], we present for the first time the full automation
of collider predictions matched with parton showers at the next-to-leading accuracy in QCD
within non-trivial extensions of the Standard Model. As an application, we explore scenarios
beyond the Standard Model, where new coloured scalar (stops and sgluons), and Majorana
particles (gluinos) can be pair produced in hadron collisions. Using simplified models to describe
the new field interactions with the Standard Model, we present precision predictions for the LHC
within the MADGRAPHS5 aMCQ@NLO framework.

Finally, in Chapter 7, we draw our conclusions and provide a short outlook. Note that some
technical details are relegated to the appendices.

16 A variant of DREG designed for supersymmetric theories
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Chapter 2

Supersymmetry

Supersymmetric theories were not originally designed to solve any of the problems mentioned in
the previous chapter. They were constructed out of theoretical and sesthetical considerations in
the early seventies [90-96], and initially constituted an attempt to merge external and internal
symmetries into a larger symmetry group. It was only found later on that SUSY could address
a certain number of the Standard Model shortcomings. More than forty years after the seminal
work of Wess and Zumino, supersymmetry is now one of the most studied extensions of the
Standard Model, and is extensively searched for at the LHC [97,98]. In this chapter, we provide
a short introduction to N’ = 1 supersymmetry, and focus more specifically on one of its most
popular implementations, namely the Minimal Supersymmetric Standard Model (MSSM).

2.1 Motivations

The starting point for supersymmetry goes back to 1967 with the formulation of the Coleman-
Mandula "no-go" theorem [99], which demonstrates the impossibility of combining external
(space-time) and internal (gauge) symmetries in any but a trivial way, i.e. symmetries of
the S-matriz must be isomorphic to a direct product of the Poincaré group ISO(1,3) with
any compact gauge group Gint. The story of supersymmetry would have stopped there if it
was not for the fact that the Coleman-Mandula theorem only holds for Lie algebras with the
commutator as a bilinear operation. Haag, Lopuzanski and Sohnius found a way to bypass the
previous restriction [96] by considering graded Lie algebras, which naturally include fermionic
(anticommuting) generators ) that can turn bosons into fermions and the other way around

@ |Boson) = |Fermion) , @ |Fermion) = |Boson) . (2.1)

The fact that supersymmetry is the only known non-trivial extension of the Poincaré group in
four dimensions is per se not a motivation, but still remains one of its major theoretical assets.
As we are going to see now however, there exist other reasons to study supersymmetry.

As mentioned in the previous chapter when reviewing the hierarchy problem, a theory with
fundamental scalars should at least include a symmetry which protects them from large radiative
corrections. One symmetry that can play such a role is supersymmetry. In supersymmetry, each
Standard Model Weyl fermion is paired with a complex scalar superpartner coupling to the
Higgs with a strength /\J»;. The hierarchy problem is solved in this context by exploiting the
fact that fermion and boson loop contributions have opposite signs. More specifically, if the
couplings of the fermions and the scalars are related by supersymmetry such that )\}v =|A f\Q,
the quadratic UV divergences of Fig. 2.1 then exactly cancel one against the other, leaving only
sub-leading logarithmic corrections. If the masses of the scalar superpartners are moreover not

13
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Figure 2.1: Representative Feynman diagrams contributing to 5m% at the one-loop level. The
loops contain in order Dirac fermions f, and their supersymmetric partners f.

too large, i.e. in the TeV range, the logarithmic corrections also remain small, and it is then
possible to keep the physical mass of the Higgs boson at the electroweak scale without too much
fine-tuning.

In the previous chapter we have seen that gauge couplings do not unify at high energies in
the SM. In the MSSM however this unification seems possible around 10'6 GeV (c¢f. Fig. 2.2),
and is completely natural, meaning here that the model is not tailored to possess this feature,
which is genuinely due to the fact that the SUSY particles modify the RGEs of the theory.
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Figure 2.2: Running of gauge coupling constants «a; in the Standard Model and in the MSSM,
at the one-loop level, and with a; ! = (g2/4m)~! [100].

At last, but not least, supersymmetric theories with conserved R-parity (which will be introduced
in detail in section 2.7 when discussing the MSSM) also provide a good candidate for Dark Matter
as the Lightest Supersymmetric Particle (LSP) appears in this case to be completely stable.

2.2 Supersymmetric algebra

An N = 1 supersymmetric algebra consists of a Zs-graded vector space g = go @ g1, which is
spanned by the generators of the Poincaré and the internal symmetry algebra for its bosonic
part go = is50(1,3) X gint, and by one Majorana spinor, g1 = {Qa,a = 1,2} @ {Qq4, ¢ = 1,2},
for its fermionic part. The supercharges Q. and Qg are left- and right-handed Weyl spinors,
and respectively lie in the (2,1) and (1, 2) representation of the Lorentz algebra. The N =1
supersymmetry algebra reads as follows

[MH MPP) = i (=P MY + 9l MYP 4+ P MM — 1 MHP)
[M" PP| = i(p?PPF—gtPPY); (PR PY] = 0
Qo MM = (0"),% Qs [Q%,M"™] = (5")% ; QF
[P*,Qa] = 0;  [P*Q%] =0 (2.2)

{Qou Qd} = 20de,u; {Qou Q,B} = 0; {Qda Qﬁ} =0
[T, 7% = if*°re  [T°PM]=0; [T M"] =0,
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where T M" and P* are the generators of the internal, and the Poincaré symmetry group.

Representations of the Poincaré superalgebra

In this section we recall some basic properties of the supermultiplets in N = 1 supersymmetry.

1. All the particles belonging to the same irreducible supermultiplet must have exactly the
same mass. This statement is a direct consequence of the fact that P, P* = m? is a Casimir
operator, i.e. it commutes with every single generator of the Poincaré superalgebra. Irre-
ducible representations of the Poincaré superalgebra are characterized by the eigenvalues
of the Casimir operators. Therefore, all the members of the same supermultiplet must
have the same mass.

2. Supermultiplets contain an equal number of bosonic and fermionic degrees of freedom.
From (2.2), we can see that irreducible representations in SUSY contain both fermionic
and bosonic degrees of freedom (dofs). Let us consider a finite dimensional representation
of the supersymmetry algebra, and introduce a fermion number operator such that the
latter takes eigenvalues +1 and —1 for bosons and fermions respectively

(-)¥[B) = |B),  (-DY|F) = - |F). (2.3)
From (2.3), we obtain
Qo (DY IF) = —IB)  Qa(-1)™[B)=F)
—(-D)YQalF) = —1B)  —(-1)"QalB) =|F),

and thus deduce that

If we now calculate
2.4)

_ (2. _ _

T ()" {QaQa}) "= Tr(=Qa (1Y Qs+ Qa (-1)V Qs) = 0

T ()" {Qa,Qa}) = 208,P T ((-1)Y) ,
we obtain the following equality

o:ﬁ((_nN):Z(B\ +Z (F|(~=1)N|F) = ng —np
np=0 np=0
which proves that
np = ng. (2.5)

Supermultiplets must therefore contain an equal number of fermionic and bosonic dofs.

3. A particle and its superpartner within a supermultiplet have different spins. The Pauli-
Lubanski operator W, is defined such that

15 PYMPT 2.6
9 uvpo

This operator commutes with all the generators of the Poincaré superalgebra but the
fermionic generators Q,, and Q% as can be seen from (2.2) with the non-zero commutators

[Qa, M™] = ("),% Qs, and [Q%, M"™] = (") ;5 Q" . (2.7)

The Pauli-Lubanski operator is therefore not a Casimir operator of the SUSY algebra, and
thus all the members of a given supermultiplet are not required to have the same spin.

W, =
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2.3 Superspace formalism and superfields

In the previous section, we have seen that supersymmetric transformations alter the spin of the
fields on which they act, and hence can turn bosons into fermions, and the other way around. For
practical purpose (compact notations and easier calculations), it seems particularly desirable to
embed all the fields belonging to the same supermultiplet into a single object which manifestly
preserves supersymmetry. Such an object is called a superfield. A superfield is a function which
lives in a non-trivial extension of the ordinary space-time not only comprising the usual space-
time coordinates but also a set of new anticommuting spinor coordinates, called Grassmann
variables. Those Grassmann variables transform as two-component Weyl spinors with opposite
chirality, and form a Majorana spinor labeled (6, 6). The standard Minkowski space augmented
with fermionic coordinates is called the superspace. A superfield is a function which explicitly
depends on the superspace coordinates, and can always be expanded as a Taylor series with
respect to 8 and 6. All terms of this series containing more than two powers of # and 6 vanish.
A generic scalar superfield ®, thus contains only a finite number of terms, and reads as follows

y(2,0,0) = d(z) + 0.4h(z) + 0.6(x) + 0.0f(x) + 0.0g(x) + 00"0v, () (2.8)
+ 0.00.C(x) + 0.00.£(x) + 6.00.0d(z) ,

where ¢, f, g and d are complex scalar fields, ¥, @, ¢ and ¢ are complex Weyl fermions, and Uy
is a complex vector field. The fields ¢, f, g, d, ¥, @, ¢, &, and v, form a supermultiplet and are
the so-called component fields of the superfield ®,. At this level, two comments are in order.
First, in (2.8) we have only considered the case where ®, is a scalar superfield. Superfields can
however carry a Lorentz, or a spinor index, as we will see later in this chapter. Second, the
generic scalar superfield ®, of (2.8) gives rise to a large number of degrees of freedom, 32 in
total (16 for its bosonic part and 16 for its fermionic part). This number is too large to match
with the one expected from an irreducible representation of a A/ = 1 supersymmetry algebra.
Not all the component fields of (2.8) are thus necessary to build an irreducible supermultiplet,
and therefore additional constraints are needed to reduce the number of component fields.

2.4 Supersymmetric transformations

Before constraining the superfield of (2.8), it is first necessary to define the action of the SUSY
generators in the superspace. The key idea motivating the use of the superspace formalism is to
represent supersymmetric transformations as generalized translations. Since P, is associated to
the usual space-time coordinates x,,, it seems reasonable to associate the supercharges (Qa, Qa)

to the Grassmanian coordinates (0%, 0s). Any point of the superspace is then parameterized by

G(r,0,0) = ¢i (2" Put0.0+Q0) (2.9)
Knowing that

[0.Q+Q.0,eQ+ Qe = [0.0:eQ]+[0.Q,Q.€ +[Q.0,e.Q] + Q80
= HO‘{QQ,QB}EB — eﬁ{Qg,Qd}éd = —Qi(eaué— 9ot€)o, ,
where € and €* are spinorial parameters, and then using the Campbell-Baker-Hausdorff identity,
the most general supersymmetric transformation acting on the right reads as follows
Gz, 9, 9—) G(0,e,8) = i@ Py + 0.Q + Q.9) pi(eQ + Q.9
G (@ P + (0+9.Q + Q.0 + ) + £[0.0+Q.0, €Q+Q.7])

ei(az“—i(ea“é—@aué))PM + i(0+€).Q + iQ.(6+¢)



Chapter 2: Supersymmetry 17

The infinitesimal supersymmetric transformations acting on the right are therefore given by
Sprt = —i(ea”d — Oat'e) | OpO* = €, Spod = & . (2.10)

In a very similar manner, one can compute the effects of a supersymmetric transformation acting
on the left. One eventually obtains

St = i(eatf — Gote) | 0% = €, 6104 = & . (2.11)

Until now, we have made a heavy use of the operator formalism, yet we still have to project the
supercharges ()1, ro and Q L,Ra (mass dimension 1/2) on a suitable basis, so that we can associate
to these operators a differential representation. In the previous section, we have seen that any
point in the superspace is parameterized by the coordinates X = (a#,0, 9_). A natural choice
thus consists in parameterizing the differential representation in terms of the supercoordinates

0 0
. = " g i, 2.12
QLR ar,rhOu +bL7R89a +cLr 0. ( )
QLra = arrE0.+br Ri— +5LR.ai . (2.13)
e e O

Note that for convenience, we will now use the abbreviations 0% and 9, for 8/ 8@ and 0/00%
respectively. Recalling moreover that 0, has mass-dimension 1, and that 9, and 04 have mass-
dimension 1/2, we conclude that by g, br R, ¢L,Raa and ¢ g% must be dimensionless, while
arg” and ar, g% must have dimension —1/2. The latter coefficients take the form

aLrh = arr(0"),.0%

ar,ry = ar,r0"(0"),, -

Using (2.10) to constrain the right-handed supercharges, we have

dpa" = i(e“QRra + QRdéd)x“ = iaReo‘agdéd + idRHO‘angd = fi(eaué —fOote) , (2.14)
0r0™ = i(breP + iy 05E0)0% = & (2.15)
OO = i(brDsE + ¥epys0°)0% =€, (2.16)

which gives

ap =—1, br = —i , Cps =0, (2.17)
ap=1, bp=1, afw.:o, (2.18)

and as a consequence of what we obtain
Qra = —i(0a —i0%:0°0,) ,  Qra = —i( — 0a +10%0%,0,) .
Analogously, one can compute the left-handed charges using the constraints (2.11). This gives
Qra = —i(0a +1i04,090,) ,  Qra =i(0s +1i0%0h,0,) .
Defining Q = Qr, Q = Qr, D = iQg, and D = —iQp, where D, and Dy are spinorial covariant
derivatives (also called superderivatives), one obtains
Qo = —i(0a +i0k,0%0,) , Qs =10 +i60%",0,) , (2.19)
Dy =0y —i0k,0°0, , D4 = 04 —i0%0h,0, , (2.20)
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for which we have
{Qa:Ds} = {Qa, Dy} = {Qa,Ds} = {Qa, Dyt = 0, (2.21)
{Qa,Qs} = {Da,Dg} = {Qa.Qs} = {Da, Dy} = 0, (2.22)
{Qa, Q) = 2055 P, , {Da, D3} = 72055 P, . (2.23)
Using (2.19), the infinitesimal supersymmetric transformation ¢ can finally be rewritten as

6 = i(eQ+eQ) = i( —ie*[0y +i0ch 090,] — i[04 + 0“0~ ,0,])

= €0y — €,0% +i(c"0h,0°0, — 0% €*)0), . (2.24)
Applying (2.24) to (2.8) gives the following transformation laws for the various component fields
8¢ = e +ep, o = 2¢f +oté(v, —i0,9) , d¢p = 29— ate(v, +i0,0) ,
Sv, = —%eaﬂw — i€0y,, 01 + %E@ugﬁ — €5y 0" P — €5 ,u€ — (Tye
0§ = —ioted,g + éef)“vu — %U“VGFMV + 2ed (2.25)

6 = e, f — 5E0Mv, + S5 e + 2 |
6f = % Lpate + e, 8g = —%ea“ﬁusﬁ + €&, dd = % pEote — %60“%5'

One important thing to note here is that the d-term of (2.8) transforms as a total derivative.
So, if the residual surface terms are omitted, the associated action is then invariant under
supersymmetric transformations. We will repeatedly make use of this property in the coming
sections when discussing and constructing supersymmetric Lagrangians.

2.5 Supersymmetric chiral Lagrangians

In section 2.3, we have seen that not all the component fields of ®, are necessary to build an
irreducible supermultiplet, and that additional constraints on (2.8) are in fine needed. The
goals of this section are ) to introduce a first type of constrained superfields ®(z, 0, é) called
chiral superfields which include a component for standard matter i) to construct a kinetic term
describing the dynamics of the chiral superfields i) to construct interaction terms between
different matter supermultiplets in the context of the Wess-Zumino model.

Chiral superfields
A chiral superfield ® (respectively anti-chiral superfield ®') satisfies by definition

Dy® =0, Dad =0, (2.26)

where Dy, and D, are the superderivatives of (2.20). The constraint (2.26) is a first order
differential equation which can be solved by an appropriate change of space-time coordinates

ot =yt =zt —ifoth (2.27)

where y# has the following properties

Doy = (0o — 1044099, (a# — i0ot0) = —2ig".0% | (2.28)
Day* = (04 — i0%0%40,)(z* —ifo*0) = 0, (2.29)
Doyt = (8 — 107,048, (z" + i6o"f) = 0 , (2.30)

Daytt = (5d—i9aagd8y)(x“+i90“§) = —2i0%" . . (2.31)
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With the new space-time coordinates y*, the solution to (2.26) takes the form of

Dy, 0) = d(y) + V209(y) — 0.0F(y) , (2.32)

which is equivalent in the x* set of coordinates to

®(x,0) = ¢(x)+ V209 (2) — 0.0F (x) — i05"00,,¢ ()

v ry _ 1 .01 2
+ﬂ9.08u1/1 (z) ot 49.90.9 o () . (2.33)
® describes the association of a complex scalar field ¢ with a Weyl fermion 4, and an auxiliary
complex scalar field F' allowing for the SUSY algebra to close off-shell, as can be seen from the
transformation laws of ¢, ¥ and F

5p = V2, e = —V2Fe, —iV20h,€40,0 , (2.34)
§F = —iv2 8,(Yore) ,

which are obtained by applying (2.24) to (2.33). Note for completeness that an on-shell SUSY
algebra contains a complex scalar field (two dofs), and a real two-components Weyl spinor (two
dofs), while an off-shell SUSY algebra includes a complex scalar field (two dofs), and a complex
Weyl spinor (four dofs). In order to restore equality between bosonic and fermionic dofs, an
additional auxiliary complex scalar field F' is thus required.

At this stage, two observations regarding (2.34) can be made. First, the variation of the field
¢ (resp. 1) under supersymmetric transformation is proportional to its fermionic counterpart
(resp. bosonic counterpart ¢). Second, the F-term of (2.32) transforms as a total derivative. Its
action is therefore completely invariant under supersymmetric transformations (up to residual
surface terms). Those F-terms, which are of O(#?) (resp. O(#?) for anti-chiral superfields) are
consequently the terms we need to build Lagrangians invariant under SUSY transformations.

Kinetic terms for chiral superfields

The goal of the present subsection is to construct a kinetic term describing the propagation
of the various component fields of a set of chiral superfields {®'}. The ®' are so far the only
building blocks of the theory, and therefore are an essential ingredient for the construction of the
kinetic Lagrangian, together with the requirement of invariance under SUSY transformations.
Using the fact that the product of two superfields is a superfield, and that d-terms transform
as total derivatives, we find that <I>I<I>i| ¢2g2 has all the properties required to be a good kinetic
term. After simplifications, the kinetic Lagrangian therefore reads as follows

A 1 . . R _ o 1 ,
O = — (6106 + O6le’) + FIF + 5 (/0" 0,di — o) + 50"l 0,0" .

Integrating by parts the first term of the previous expression, and omitting the residual surface
terms we obtain

¥ oo = 9600 + 5 (V'0"0hs — Dy oy ) + FI P (2.35)

The first term in (2.35) corresponds to the free Lagrangian of a massless complex scalar field.
The second one to the Lagrangian of a massless complex Weyl spinor. The fact that the last
term of (2.35) does not contain any space-time derivative ensures that the auxiliary fields do
not physically propagate. Their equations of motion give F* = 0, so they must vanish on-shell.
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Superpotential

In the Wess-Zumino model, non-gauge interactions are contained in W (®)|g2 (W*(®1)|52), which
is a (anti)holomorphic function of the (anti)chiral superfields. The notation W (®)|g2 here means
that in order to build the most general interaction Lagrangian invariant under SUSY transfor-
mations, we only consider terms of O(6?) in the superpotential (the same way of reasoning
applies to W*(®1)| 72)- The superpotential can then be re-expressed in terms of the content of
the superfield by performing a Taylor expansion with respect to 6, such that

W(®) = W(¢+V20—0.0F)

= W(¢)+ (V260.9' — 0.9Fi)8‘g/¢(2 9) (fe V) (V20.47) 8@@((2)
- i i W (9) iy jOPW(9)
= W(p)+ (V209" — 0.0F") 5o+ 0.40.4) S50

where ¢ and j are the chiral superfield indices. The previous expression can be rewritten as

W(®) = W (o) +¢§e.¢i8vav¢(f) Y (Fimg;ffb) N W " ;g?) .

Keeping only the 6.6 component of W (®) (resp. the 0.6 component of W*(®T)), we obtain

W (9) 0*W(¢)

W(®)lg2 = 900 —*W e 951060 (2.36)
OW*(¢h) 1. - PW*
W (@))g = —F] 8¢(T¢ . §¢i-¢ja¢fa¢1 ‘ (2.37)

Let us just note for completeness that the Wess-Zumino superpotential could in principle include
terms of order higher than three in ®. Yet, those terms would be non-renormalizable, and thus
would lead to severe complications at one-loop and beyond. In what follows, we thus consider
that the superpotential is at most a (holomorphic) cubic function of the chiral superfields.

Complete Wess-Zumino Lagrangian

After combining (2.35), (2.36), (2.37), and solving the equations of motion of the auxiliary fields
F', one obtains the following Wess-Zumino Lagrangian for a theory with chiral superfields only

_ o i L (i T i n) OW(e) OW*(eT)
£ = ool +5(w Al = Qubtorls) = 5 B
i W(¢) 1. - PWeh)

2.6 Supersymmetric gauge theories

So far, we have considered supersymmetric theories involving only matter supermultiplets. The
latter contain exclusively Weyl fermions and scalar bosons, yet we know that fundamental in-
teractions are mediated by spin-1 particles, the gauge fields. The goal of this section are i) to
introduce a new type of constrained superfields V'(x, 0, 8) called vector superfields which include
by definition a vector component i) to construct gauge invariant kinetic terms describing the
propagation of the vector superfields (and consequently of their respective component fields)
ii1) to construct gauge invariant interaction terms between chiral and vector supermultiplets.
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Vector superfield

Gauge bosons being real vector fields, a natural constraint for vector superfields is
V=vl. (2.39)

Under this reality condition, the most general vector superfield can be written as follows

Vo= C + by — ify + %G.G(MJM'N) - %é.é(M—iN) + 00", (2.40)

. ) . . .
+ i0.00.(\ — %aﬂaux) — i0.60.(\ — %U"@#X) + 50.60.9(D — S00)

where C, D, M and N are real scalar fields, (), \) and (x, ¥) are real Majorana spinors, v, is a
real vector field, and where the = dependence of all the aforementioned fields has been omitted
for brevity. In total, V' has 16 degrees of freedom (8 for both its bosonic and fermionic part).
This number is still too large to match with the one expected from a vector supermultiplet. A
suitable supergauge choice can however remove all the unnecessary degrees of freedom as we
are going to see now. If ® is a chiral superfield, then (® 4 ®T) has to be a real superfield. The
following transformation therefore inherently preserves the reality condition of V/

V = V4 (@+3). (2.41)

This gives in practice
Vi@t =0 + iby — ix + %G.G(M—H'N) . %é.é(M—iN) + Ootbu,

S - ' 1 - 1
+i0.00.0\ — %aﬂaux) — i0.00.(\ — %a#aux) + 306600 — S00)
K
V2

+ ot + V20 — 0.0FT + i00"00,00 — %

_ _ 1 -
+ 6+ V2.4 — 0.0F — i00"00,6 + —=0.09,00"0 — 6.00.000

_ 1
0.00010," — Ze.ea.emdﬂ,
and thus the following transformations laws

C - CH+o+e¢t, x = x -2y, X=X, D — D,
vy = vy —i(0up—0ue’),  M+iN — M+iN+2i F .

The transformation law of the vector field v, exactly corresponds to an (abelian) gauge trans-
formation, which is why the transformation V. — V + (® 4 ®') is usually considered as the
supersymmetric extension of an (abelian) gauge transformation. The fields C, M, N, x, and
X can then be removed by means of a suitable gauge choice, the so-called Wess-Zumino gauge,
which is defined such that

C = —(p+9¢"), x =iV, M+iN = -2 F. (2.42)

In the Wess-Zumino gauge, the vector superfield V' can then be rewritten as

V= %e.eé.éD 1+ i0.60.% — i0.60.\ + 00", | (2.43)

where V has the following properties

_ _ 1 _
V? = 00"0v,00"0v, = 50-00-00"v,, Vi=0. (2.44)
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In the Wess-Zumino gauge, the vector superfield includes (as expected) one real vector field
vy, , one Majorana fermion (A, 5\), and one non-propagating auxiliary scalar field D, necessary
to recover the equality between bosonic and fermionic dofs in the off-shell representation of the
SUSY algebra. Analogously to F-fields, D-fields are removed through their equations of motion,
and transform as a total derivative under supersymmetric transformations.

Spinor superfield: the abelian case

Now that the vector superfield has been introduced, we would like to construct a kinetic term
describing the propagation of its various component fields (including the spin-1 vector field). This
requires in practice the generalization of the concept of field strength tensor at the superspace
level. Such an object is called a superfield strength tensor. Superfield strength tensors are spinor
superfields which are defined as follows in a U(1) supersymmetric gauge theory,

1- - _ 1
Wo=-7D.DDaV ,  Wa=—_D.DD;V . (2.45)

Note for completeness that ¢ ) W, and W, are respectively chiral and anti-chiral by construction,
as DsD.D = 0 and D, D.D = 0 ii) the superfield strength tensor W, and Wy, are invariant under
supersymmetric gauge transformations, as can be seen below for W,

Wo(V 4407 = Wo(V) - %D.DDO@ - %D.DDaQ)T = Wu(V) — iD.DDacb

1. 1.
= Wo(V)+ ZDO‘DQDO@ =Wu(V)+ ZDO‘[—DaDd +{Dy, Ds}|®

= Wa(V)—k%Dd(—Qz’o—Zdau)(I) = Wo(V).

The goal is now to obtain the analytical expressions of the superfield strength tensors in terms
of their component fields. The first step is to re-express the action of the superderivatives D,
and Dg on the vector superfield (in the Wess-Zumino gauge), in the case where V depends on
the modified space-time coordinates y*. Using the fact that

_ ov .
= - 8 BH.
D,V (y,6,0) = Day“a i D705V + D70V,
_ _ _ 9 L _
DaV (y,0,0) = Ddy“a—yu + DbV + D385V,
and recalling (2.28) and (2.29), one obtains

l_)aV(y, 07 é) =
Do’zV(yv 07 0) =

0oV — 2ich 690,V
0V .
With the previous expressions, one finds that
D,V (z,0,0) = D,V (y+i606,0,0)
— (9 — 2i0",699),) @9.99.90 +i0.00.5 — i0.80.)+ 00", + i90"990”08pvl,> ,
which gives after simplifications

DoV (5,0,0) = 010, — L06(0"6"0)aFy, — 1000+ 210082 — 0.00.00150, % + 0a5.0D

As Dy = 0Og, after considering y instead of z, the spinor superfield W, can be written as

1- - _. P _ _ _ . _
W = ja.a[agde%u — 20.0(0"5"0) 0 Fyus — i0.07a + 200X — 0.00.00%,0,* + 0,0.9D) .

O |
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After applying twice the operator d on the previous expression, only the O(éz) terms remain,
such that

W, = —%(U%VH)QFW — g — 0.00" 0,2 +0,D . (2.46)
Using the fact that Wo = ¢*8 W, one can deduce the expression of W from (2.46), this gives
We = = %(00’“6”)“FW — A+ 0.0(0 A" + 09D
The kinetic term of the vector superfield is given by the product W*W,, so
WeW, = [—iA* + 0°D + 0.0(9,A6")" + %(90p6”)“Fpg}[—i)\a 40D +0.00" 9\ — %(aﬂzf”e))aFM] ,
which finally reduces to
_ 1 ;
WWo = =AA = 2i\0D + 0.6(D* + 2iAc" 9\ — ' F, - %5“””"}7#,,}7,)0) .

The spinor superfields Wy, and Wy being respectively chiral and anti-chiral superfields, only
their F-terms can be used to build supersymmetric Lagrangians. For W*W,, we obtain

-1 ;
W Walg: = D + 20A0*9A — JF* Fuy - %WPUFWFW . (2.47)

Note that a similar relationship holds for the hermitian conjugate Wy Wd\ég. Introducing finally
an ad hoc normalization factor of 1/4, the free Lagrangian for a vector superfield reads,

1 1 - - .
EV = ZWGWQ|02 + ZWO'[WOC‘G_Q 5
or equivalently in terms of the component fields

1 ] < < 1
Ly = §D2 + %(Aa“&u/\ = OuAdtA) = ZFWFW (2.48)

Abelian supersymmetric gauge theory

The last missing part of the theory consists of the interactions between matter and gauge
supermultiplets, the goal of the present subsection is precisely to find such a term. For simplicity
we first consider the particular case of the abelian gauge symmetry U(1)g, which describes
electromagnetic interactions between electrically charged particles. Needless to say however
that this discussion can be extended to any U(1) group. In section 2.5, we have seen that
<I>I<I>i| 922 is a good candidate for the kinetic term of a collection of chiral superfields, yet in the
context of a supersymmetric gauge theory this term is not appropriate as it explicitly breaks
gauge invariance. This statement can be deduced from the following gauge transformation laws

o — g, ol f QAT (2.49)

where () is the electric charge, e is the electromagnetic coupling constant, and where A is a
chiral superfield with A # A" by definition. Gauge invariance can however be restored in the
case where f1>j-<1)2| p242 1s replaced by @Ie‘QeQVQ)ﬂ 242> Since one can impose that

ple2:QVy (I)TeQieQATe—QeQV’e—QieQA(I, _ q)fe—2erq>’



24 Chapter 2: Supersymmetry

such that the vector superfield must transform as

_ _ / —92 T i
e 2eQV e 2eQV —¢ 2ieq A\ e 26QV62zeQA’ (250)

2ieQA 2ieQAT

where e~ and e~ are two unitary operators defined as

p2i€QA ,~2ieQA _ 1 41 €2ieQATe—2z’eQAT - 1. (2‘51)
Using the Campbell-Baker-Hausdorff formula, we obtain the following transformation law for V'
SV = —i(A—AT). (2.52)

Using the properties (2.44) of the Wess-Zumino gauge, it is possible to linearize the exponential
factor in CIJIe*QGQVqJﬂ 9242, by performing a series expansion with respect to V', such that

Dl 2Vl 0 = B0 50 — 20QPIV D ags + 262Q2 BTV 2D s

The first term on the right hand-side of the previous equation is known from (2.35), so only the
second and third terms need to be calculated. Using (2.43) and (2.44), we obtain

2eQP VD |pge = €Qpl D + eQuio" v, + ieQB bl ¢ — ieQu,plo'
— 1eQV2Pi MG +ieQV201YT N

2°Q°0[V? ¥ e = *Q0luuv "

which gives the following Lagrangian after solving the equation of motion for the auxiliary fields

1 ) - - )
L = — FuF"+ %(AU”BMA — AT N) + (Do)l (DHe)

+ i eQV2AY; ¢ — ieQV 21T A — %(D”$i6“¢i — 5" Dbt (2.53)
O*W _}&% *wr oW ow*
06067 27" oyl 96" o] |’

- ¥ SCQG010) +

with the covariant derivative D, = 8, — ieQu,. This Lagrangian describes a supersymmetric
extension of QED, where the ¢; and ¢ are respectively the charged fermions, and sfermions, and
where v, and A are respectively the photon and its supersymmetric partner, the photino.

Non-abelian supersymmetric gauge theory

The construction of non-abelian supersymmetric gauge theories is slightly more complicated
than in the abelian case. For simplicity, we set in what follows V = VT, with V% a collection
of vector superfields, and with T, the generators of the Lie algebra associated to the non-abelian
gauge group. The reality condition (2.39) can thus be generalized, such that

Vi ()t =Tivet =T,V =V . (2.54)
Generalizing the procedure detailed in the previous section for the abelian case, we find that

SV = —i(A" — A™T) — g eV P (AT 4 A°) . (2.55)
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Non-abelian spinor Superfield
The non-abelian version of the superfield strength tensor introduced in (2.45) is defined as
1.
Wa =~ D.De?V Dye 29V . (2.56)
Using (2.44), it is possible to linearize the exponential factors of the previous expression by
performing a series expansion with respect to V. This gives
€2V Doe 29V = [14 29V +2¢9°V2]Dy[1 — 2gV + 2¢*V7]
= —29DaV —2¢°[V, DaV] ,
such that
1_

Wo = =7D-D(=29D,V ~ 2¢°[V, D V1)) , (2.57)

where the first term is similar to the abelian case, and where the second one gives

1. - _ _
[V,D,V] = —59.9(0“0’/0)0{[%,%] +16.00.0(c" [v,, A])a - (2.58)

The complete non-abelian superfield strength tensor therefore reads

2

W, = gD.DDav + %D.D(w.aé.é(gu[% Na — =0.0(0"670) [0, v])

1
2
0.9(0" [V A)a) -

= gD.D(DaV + gé.é(a"a_l’ﬁ)a[vu, vy| —ig0.0

After having introduced the non-abelian field strength tensor Fj,, = 0,v, — O,vu — ig[vy, vy,
and the covariant derivative D, = 9, — igv,, the previous expression can be reduced to

Wa=  —2g(—ila— 2(0“0 0)aFy + 0aD — 0.0(c" D)) | (2.59)
We = —2g(—ix® + %(90”&”)0‘ ' + 09D + 0.0(DAGH)") . (2.60)

After some practical manipulations, one can derive the following gauge kinetic terms

_ 1 1
Tr(W*Walg2) = 4g°Tr(2iA0" DA + D* — SF™Fyy, — is“"p"FWFpg) . (2.61)

The generic Lagrangian for a renormalizable non-abelian supersymmetric gauge theories is thus

L= e VP[5 + Tr(W*Wap2) + Te(WaW|50) + W(®)|g2 + W*(D1)| 52

1
16g%7R 16921

where 75 = 1/2. In the component field formalism, this Lagrangian reads as follows

L = —EF;},/FW ()\“o“D X —D AaaﬂXa) + (D,$)T (D" )
+igV2A YT — igV/2¢ Ty N + D‘lD — gD T,¢ (2.62)
; _ - : oW O*W
+%(¢UuD;ﬂ/’ — Dypoty) + FiTFZ — (F" o + W g DGO +h.c.) .

When solving the equations of motion for the auxiliary fields, we find that
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Chiral superfield Scalars Fermions SU3)c, SU2)L, U(1)y
(s)quarks L=y dy) | oap = (ug dp) (3,2, %)

(x3 generations) U, ﬂg u's (3,1, —%)
Di; i di (3,1,3)

(s)leptons Ly || p=@pep) | = ep) (1,2,-3)

(x3 generations) EY ég ets (1,1,1)
Up-type Higgs(ino) | Hy || H, = (H} HY) | H, = (H} H?) (1,2,1)
Down-type Higgs(ino) | Hp || Hy = (Hg H) j:Id = (ﬁg f[g) (1,2, —%)

Table 2.1: Chiral superfield content of the MSSM. Scalar and fermion components are given
together with their representations under the gauge group SU(3). x SU(2)r, x U(1)y. The
superscripts ¢ and ¢ = 1,2, 3 respectively denote the charge conjugation operation, and the
fermion generation index. The name of the SUSY partner of the SM particle is given in brackets.

oc o ow LW
ori ~ Mg TV T T e
oL . oW - ow*
95 i —0 — F = ,
afg ¢! 0]
= Du— oMb = 0 Dy = g6

and therefore that

—gD* Tap = —g*(@'T¢)(¢'Ta9) |
oW ewr

1 1
3D Do = 5% (@'T0)(6'Tu9) ,
ElFi - Fi oW _ F ow
P! d¢!

which ultimately gives the following master Lagrangian

L= = QR + SO00" DA~ DA + (D,0) (D )
+igV2A\ PTeg — igV2¢I Tup. X" — %(Dmﬁa-“w — 5" Dyy)) (2.63)
1, S PW 1 - W 1o, e oW oW
— ¥ 'Wé?qbiad)j - 5%-%@ |39 (0'T¢)(¢'Tug) + 8(151'?@

2.7 The Minimal Supersymmetric Standard Model

The Minimal Supersymmetric Standard Model (MSSM) results from the direct supersymmetriza-
tion of the SM Lagrangian, and is minimal in the sense that it requires the smallest possible
number of superfields and new interactions to remain phenomenologically consistent. More
specifically, the supersymmetrization procedure of the SM Lagrangian consists in promoting
all Higgs and matter fields (Weyl fermions) to chiral superfields identically charged under
SU(B)exSU(2)r, xU(1)y (see Tab. 2.1), and all gauge fields to vector superfields with the same
quantum numbers (see Tab. 2.2). In practice, each gauge field is then paired with a Majorana
fermion (a gaugino), each chiral fermion with a scalar field (a sfermion), and each Higgs field
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with a Dirac fermion (a Higgsino). The naming scheme in SUSY works as follows, the name of
the fermionic partners of the Higgses and the SM gauge bosons is obtained with the addition of
the suffix "-ino", and the name of the scalar partners of the SM chiral fermions is obtained with
the addition of the prefix "s-". Although they are just scalar particles, the sfermions also keep
track of the chirality of their fermionic counterpart with the addition of the subscript r,p.

Note that the Higgs sector requires in the MSSM the introduction of a second Higgs doublet.
This addition is made necessary for two reasons. First of all, Yukawa interactions are derived
from the superpotential, which is a holomorphic function of the chiral superfields, i.e. it cannot
depend on a chiral superfield ®; and its complex conjugate ®; at the same time. Therefore, the
trick employed in the SM, which consists in taking the charge conjugate of the Higgs field in
order to give mass to both the upper and lower components of SU(2);, fermion doublets with
the same Higgs field, cannot be applied to the MSSM. Two Higgs doublets are hence needed to
give mass to both up-type and down-type fermions. The MSSM Higgs sector is, in this respect,
completely analogous to a Two-Higgs-Doublet Model (THDM) of type II. The second reason why
we need another Higgs supermultiplet in SUSY is that the fermionic superpartners of the Higgs
bosons, the Higgsinos, also contribute to chiral anomalies appearing in triangular diagrams with
axial current. A single Higgs(ino) doublet leads to non-vanishing gauge anomalies, and makes
the theory inconsistent at the quantum level. Adding a second Higgs(ino) doublet with opposite
hypercharge allows for the Higgsino contributions to chiral anomalies to cancel each other.

Once the chiral superfield content of the MSSM has been specified (see Tab. 2.1), one can
build the MSSM superpotential. Gauge invariance bounds the form of the possible renormal-
izable interaction terms of the MSSM superpotential. Following the conventions of [101], the
most general form of superpotential can be written as,

Wassm = (Ya)ij QL -HuU + (Ya)ijQt . Hp DY + (Yo)i; LY .HpEly — pHp . Hy + Wrpy ,(2.64)

where QY , Ulj%, Dg%, ¢, and Eg%, are chiral superfields, Hp and Hy are the Higgs superfields,
Y., Yy and Y, are the 3 x 3 Yukawa matrices generating the quark and lepton masses after
electroweak symmetry breaking, ¢ and j with ¢, = 1,2,3 are the generation indices, p is a
complex quantity of mass-dimension one called the Higgs/Higgsino mass parameter, and the
notation "." corresponds to the contraction of SU(2)r doublets. The last term of (2.64) is the
so-called R-Parity Violating (RPV) superpotential and reads as follows

1 S S 1 o .
Wepy = §AijkLZL.LJLE§ + N L .QLDE + ixggkU;%U}%Dg — kLt Hy,  (2.65)

where 1, j, k = 1,2, 3 are the generation indices, A\, X, \ are respectively 3 x 3 x 3 tensors in the
flavour space, and k is a vector in the flavour space. The RPV superpotential violates explicitly
lepton number (L) and baryon number (B). More specifically, the first, the second and the last
term of (2.65) violate lepton number, while only the third term violates baryon number. The
simultaneous violation of B and L has serious phenomenological implications, e.g. fast proton
decay, which is why RPV interactions are usually forbidden by the introduction of a discrete
Zo-symmetry dubbed R-parity, and defined at the particle level by

R = (—1)3B+L+25 (2.66)
where S conventionally denotes the spin. Standard Model particles have R = 41, while their
supersymmetric counterparts have R = —1. R being a multiplicative quantum number, super-
partners can only be pair produced (if R-parity is conserved). For the same reason, superpartners
can only decay into an odd-number of SUSY particles. The Lightest Supersymmetric Particle is
therefore completely stable in this case, and provides de facto a good candidate for Dark Matter.
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Vector superfield Gauge bosons Gauginos SU@3)c, SU2)L,U(1)y
B, bino 1% B B (1,1,0)
W, winos | Viy | W= W3 Wt | W~ W3 W+ (1,3,0)
gluons, gluinos | Vg g g (8,1,0)

Table 2.2: Vector superfields content in the MSSM. Gauge bosons and gauginos components are
given together with their representations under the SU(3). x SU(2), x U(1)y gauge group.

2.8 Supersymmetry breaking

At the beginning of this chapter we have seen that an exact supersymmetry dictates a mass de-
generacy between SM particles and their supersymmetric counterparts. Since no light superpart-
ners have been experimentally observed so far, supersymmetry has to be a broken symmetry. The
way supersymmetry is broken is currently not known, yet some possible candidate mechanisms
are, among others, Gauge-Mediated Supersymmetry Breaking (GMSB), Anomaly-Mediated Su-
persymmetry Breaking (AMSB), Gravity-Mediated Supersymmetry Breaking (SUGRA).

Most phenomenological analyses, however do not attempt to understand the genuine SUSY-
breaking mechanism, they rather parameterize its effects in the visible sector by explicitly adding
to the Lagrangian all the possible soft SUSY-breaking terms, 7.e. the terms that do not spoil
the solution to the hierarchy problem by reintroducing quadratic UV divergences in 5m,%. All
possible soft SUSY-breaking terms have been identified and classified in [102]. These are i) the
gaugino mass terms ) the scalar mass terms i) the trilinear scalar interactions iv) the Higgs
bilinear term. The soft SUSY-breaking Lagrangian is chosen accordingly to [103] and reads

1r =~ = o o~
Loopr = f[MlB.B + MWW + Mgg“.ga+h.c.] —m¥ HiH; —m% HH,
—(m2) gty — (m2)ydpdy — (m2)y€Re — (mDyd] @ — (mD)ulf 6, (2.67)
—[(Tu)ij Q- Hoit) — (Ta),; @ -Hadl] — (T2),; 0-Ha#} + BpH, Hd—i—hc] .

The first term between brackets corresponds to the gaugino masses, where My, Ms and Mz are
respectively the mass of the bino, winos and gluinos. The next seven terms are the scalar mass

terms, where m%d and m%{u are the Higgs masses, and where m%, mZ, m%, m2 and m% are the

3 X 3 hermitian sfermion mass matrices living in the flavour space W(fth 1,7 = 1,2,3. The first
three terms of the last line of (2.67) are the trilinear scalar interactions, where Ty, Ty, and T, are
the 3 x 3 hermitian coupling strength matrices also living in the flavour space. Those trilinear
couplings are usually parameterized as (T);; = (Yy)ij A, where the (Yy);; are the entries of the
Yukawa matrix for a field of type ¢, and where A, consists of its associated soft SUSY-breaking
parameter. The last term of (2.67) finally corresponds to the off-diagonal bilinear Higgs term,
where B is a parameter responsible for triggering the electroweak symmetry breaking.

At the price of model-independence, the soft SUSY-breaking parameterization introduces in
the MSSM a significant number of free parameters that cannot be rotated away by field redefi-
nitions. More specifically, assuming that R-parity is conserved and that the neutrino/sneutrino
sector and the C P-violating QCD sector are decoupled from the theory, the MSSM with soft
terms exhibits in total 124 free parameters, out of which, 18 correspond to the Standard Model
ones, one is the Higgs mass originating from the second Higgs doublet, and 105 are new masses,
phases and real mixing angles introduced in the squark, slepton, and gaugino/Higgsino sectors.
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2.9 Higgs sector

Analogously to what happens in the Standard Model, we ultimately want to break the elec-
troweak symmetry in order to give mass to both SM fermions and W and Z gauge bosons. As
we have seen before, two Higgs doublets are required in the MSSM to enforce the cancellation
of chiral anomalies, and to account for both up- and down-type fermion masses. Knowing that
the electric charge @), the hypercharge Y, and the third component of the weak isospin T3 are
linked by the Gell-Mann-Nishijima formula Q = T3+ Y, we obtain the following Higgs doublets

_ (Ha _(H

by requiring the hypercharge of H; and H,, to be respectively —1/2 and +1/2. Each doublet
contains four real degrees of freedom, and consists of one neutral and one charged component,
respectively Hg and H; for Hy, and H? and H; for H,. In total, the Higgs sector exhibits
eight degrees of freedom. Just like in the Standard Model, three of them, namely the Goldstone
bosons G*, and G, are "eaten" by the W+ and Z° gauge bosons, which thereby become massive,
and hence acquire a longitudinal polarization mode. The remaining five degrees of freedom mix
together after electroweak symmetry breaking and yield five physical Higgs bosons.

The Higgs potential receives contributions from the F-terms, the D-terms, and the soft-SUSY
breaking potential (through the Higgs bilinear and mass terms), and reads as follows

92 + g/2
8

_ _ 2
VHiggs {HgTHg + Hy"Hy — HYTHS — HJLTHH
0 — _
.7 (HyHY + HyVHy ) (HYTH) + HyH) 260
2|+ (b HE - 1y ) (HYHD - Hy HY)

+ (I +md, ) (HYTH + Hy ) + (102 +md,)
(HYHS + BITH) + (Bu(Hf Hy — HJHY) + hee.) .

After the two Higgs doublets have acquired a vev, we require the minimum of (2.69) to break the
electroweak symmetry SU(2)r, x U(1)y down to the gauge group of electromagnetism U(1)g. At
this minimum, we always have the possibility to rotate away the vev of the charged component
of one of the two Higgs doublets by means of a SU(2), gauge transformation. The minimization
condition associated to this charged component then directly imply that the vev of the charged
component of the second doublet also vanishes, which gives

o L Vd o i 0

such that the U(1)g symmetry is preserved!. Since the charged components of the Higgs doublets
do not acquire a vev, only the neutral part of (2.69) has to be minimized. The latter reads

2 12
g°+g 2
Vneutral = 87 |:H3TH3 - HSTHS} + (‘M‘Q + m%{d) HgTHC(l) (271)
+ (| +miy, ) HOHD — Bu(HOHS + HYTHYT) |

where Bp, which is the only factor sensitive to complex phases in (2.71), has been chosen
to be real and positive by means of an appropriate phase redefinition of H, and Hy. The

!Charged scalars cannot acquire a vev, otherwise electromagnetism is broken.
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Higgs potential is in this case CP-conserving at tree level. The generic minimization conditions
obtained from the previous equation are

OVhentral 9> +9"”
%?VW = 0 = T(vﬁ—vi) + |uf* + mlzqd — Bptanp (2.72)
OVheutral 9> +9”
ﬁvev = 0 = S (v2—v3) + |u/* + m}, — Bp cotanp (2.73)
with
tan 8 = fu , cotanff = vd , and 0<8< T, (2.74)
UVd Uy 2

In order to spontaneously break the electroweak symmetry, the Higgs potential must be bounded
from below, whatever the values of the vevs are. For largely different vevs vy and v, this is always
the case, as the quartic term prevails over all the others, and stabilize the Higgs potential. Yet, in
the case where the two vevs are equal, the so-called "D-flat directions", the potential is bounded
from below only if the following condition is satisfied

2lul*> + m¥, + mj, — 2By > 0. (2.75)

Moreover, in order to avoid the configuration where vy = v, = 0 is a minimum, one also imposes
that the determinant of the Hessian matrix M%I

2 2
+m —Bu
vz - [ 1ml , 7 2.76

a < —Bu |u? +m3 (2.76)

is negative such that

(Iaf? + i, ) (1l + iy, ) = (Bu)* < 0. (2.77)

Note that (2.75), and (2.77) cannot be simultaneously satisfied if mg, = mg,, which means in
other words that supersymmetry breaking is a necessary condition for electroweak symmetry
breaking to happen. Performing the following perturbative expansion around the ground-states

H) — \}i [vd + Re(HY) + Im(Hg)} :

1
HY — % (v + Re(HY) +i Im(HE)]

in the neutral part of the Higgs potential, we get

1 0 0 Bputan g By Im (HY
Vneutral - § (Im(Hd) Im<Hu)) ( BN B'u cotanﬂ Im(Hg (278)
1 o o M2 cos? 3+ Butan 3  —MZ cos Bsin3 — Bu Re(H)?
2 (Re(H3) Re(H,)) (—M% cos Bsin 8 — By M%sin? B + Bucotan3) \Re(H?) ) °
where we have used
1 1
M2 = 1(92 + ") (v +03) | M2, = 192(05 +23) , (2.79)
2 2
v v 2
28 = 4 v t t = , 2.80
cos 23 o2t 02 an /3 4 cotanf 25 (2.80)
Vd . (%N
cosff = —m— = ¢z, sinff = ——— = s (2.81)
v2 4 02 \/v3 + v2
g _ ., 9 _
cosby = ———— = cw , sinfy = ———— = sy . (2.82)

92 +g/2 /92 _|_g/2
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The first term in (2.78) corresponds to pseudo-scalar mass terms, and the second one represents
scalar mass terms. Both of them are expressed in terms of their gauge eigenstates, namely
(Im(HY), Im(H?)) and (Re(HY), Re(HY)) for the pseudo-scalar and scalar part respectively.
After electroweak symmetry breaking, gauge eigenstates with the same quantum numbers mix
one with another, it is thus necessary to diagonalize their respective mass matrix in order to
determine the true physical eigenstates and their associated mass eigenvalues.

CP-odd Higgs sector

The diagonalization of the pseudo-scalar 2 x 2 mass matrix gives

G = —cosBIm(HY) + sinB Im(HD) , (2.83)
AY = sinBIm(HY) + cosB Im(HY) , (2.84)
with
Mg = 0, (2.85)
2Bpu
2 2 2 2
Mio = Sn2p 2|pl” +miy, +my, - (2.86)

CP-even Higgs sector

Using (2.86), it is possible to rewrite the scalar 2 X 2 mass matrix as

e < M%cos® B+ M3 sin? 8 — (M% + M?%,) cos Bsin 5)

SR (M% + M%) cos Bsin8 MZsin? 8+ M3, cos® 8

The diagonalization leads to

H° = cosa Re(HY) + sina Re(HY) , (2.87)
' = —sina Re(HJ) + cosa Re(H)) , (2.88)
with
1
Mpo = 3 MZ + M3 + \/ (M2 — M2,)? + 4MEM?2, sin2 2,3} , (2.89)
1 2 .
M,%o = 5 M2 + Mio - \/(M% — Mio) + 4M%Mi0 sin? Qﬁ] ) (2.90)
M3, + M2
tan2a = tan28 —A——Z (2.91)
TR

which gives the following sum rule when adding (2.89) and (2.90)
MEo+ M = MZ+ M3 . (2.92)

The light Higgs mass in the decoupling limit

The decoupling limit is the limit for which M40 > M. It is called the decoupling limit because
in this particular case the mass of the lightest Higgs Mo, can be re-expressed independently of
the mass of the pseudo-scalar M 4o0. Starting from (2.90), it is possible to rewrite Mjo such that

MZ = o[ME+ M3 — /M + M — 2MZM3, +4AMZM3, (1 — cos? 25)]

1
2
- %[Mg + M3 — \/ (M2 + Mjo)2 — AMZ M3, cos? 28] .
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Factorizing Mio out of the previous equation gives

1 M2
Z\[Q 2 Z
2 5 A0 (1 + 7_7‘ r20>

(2.93)

. J | AMZM3, cos?28
Mo (1+ MZ/M3)*
After performing a series expansion in terms of M % /Mio, taking the limit M40 > My, and a
few practical manipulations, we obtain for the light CP-even Higgs mass
M2 =~ M%cos*23 . (2.94)
Thus, at tree level in the MSSM one always has
Mp < MZcos*23 . (2.95)

This theoretical upper bound on M 20, which openly conflicts with the recent observation of a
125 GeV Higgs boson at the LHC, and older LEP constraints [104,105], can still be evaded by
taking into account large one-loop corrections involving especially the stops (top superpartners).

Charged Higgs sector

Using a similar method, it is possible to derive the potential in the charged sector from (2.69).
Once again, we make use of (2.69), (2.79), (2.74), (2.80), (2.72), (2.73), and (2.86), and we yield
in the basis (Hd_TH;r ) the following mass matrix for the charged Higgs bosons

< (M3, + M?y)sin2 3 (Mg, + M?2,) cos Bsin B)
( :

M Mg, + M3o) cosBsin B (Mg, + M3,) cos® 8

The diagonalization gives

G~ = —cosBH; +sinBH,T, (2.96)
H~ = sinfH; +cos BH, T, (2.97)
Gt = —cosﬁHd_T—FsinﬁHJ, (2.98)
HY = sinBH;" + cos BH (2.99)
with
Mys = Mj + M3 = My +2|ul* +m¥y, +mj, (2.100)
Mg: = 0, (2.101)

where (2.100) is the equivalent of the sum rule (2.92) in the charged Higgs sector.

2.10 Gaugino and Higgsino sector

After the electroweak symmetry breaking, all the particles with the same quantum numbers mix
one with another. The electroweak gauginos, and the Higgsinos form a mixing system whose
mass eigenstates are collectively denoted as charginos and neutralinos. Charginos (S{Zi) are Dirac
fermions which consist of an admixture of the two charged winos (Wi) and Higgsinos (I;Tj ) ﬁd_),
while neutralinos (YV ) are Majorana fermions, and amount to a linear combination of the bino
(B), the neutral wino (W3) and the neutral Higgsinos (H2, HY), where in this notation the
chargino index i € {1,2}, and the neutralino index ¢ € {1, 2, 3, 4}.

The contributions to the gaugino and Higgsino mass terms originate from three distinct
sources, the Higgs-Higgsino-wino interactions, the Higgs/Higgsino bilinear term of the MSSM
superpotential, and the gaugino mass terms of the soft SUSY-breaking potential
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Higgs-Higgsino-wino interactions:

AL, = —%gvd (\/iﬁg.ﬁﬁ + fIQWg) + %g'vdﬁg.é
—%gvu (\@ﬁjﬁ/_ — ﬁ3W3> - %g'vuﬁg.é + h.c., (2.102)

Higgs/Higgsino bilinear term of the MSSM superpotential:

ALy = pHYH? — pH7H + he., (2.103)
Gaugino mass terms of the soft SUSY-breaking potential:
1.~ = 1. —a ~ ~ 1

ALy = MiB.B + 5M2W3.W3 + MoWH W™ + 3Msg"Ga + he.. (2104)

As a final remark, let us note that since the SU(3)¢ gauge group remains unbroken in the MSSM,
the gluino g (which is a color octet Majorana fermion) cannot mix with any other particle in
the theory, and thus is simultaneously a gauge and a physical mass eigenstate. The soft-SUSY
breaking gluino mass parameter Mz of (2.104) is in general complex and defined as

Mz = |M;s| €7 (with the gluino mass mg = [Ms]|) , (2.105)
where pg corresponds to the gluino phase.

Chargino sector

Extracting out of (2.102), (2.103), and (2.104), the charged winos and Higgsinos contributions,
one obtains the following tree level mass term for the charginos

i o ~ ~ o
Ly = —§gvd\@Hd_.W+ - igvu\@H;[.W_ —uH; Hf + MoWT W™ + he.
~ o~ — M, igvuﬁ W+
= —(W- H , 2 ~ + h.c..
( d> <§gvdﬂ I Hf

A factor of i can be absorbed into the redefinition of the charged winos [103] such that the tree
level chargino mass matrix only contains real entries. This gives

~ ) < My V2 My sinﬁ) (zW"“

Lo = — (W= Hy VMo 08 8 P ﬁ;) + heo,  (2.106)

which can be also re-expressed as

1 0 XxT +
L+ = -5 ((¢+)T (¢—)T) (X 0 ) (Z‘) + hec., (2.107)
with
M. 2 My si T4
* (\/iMWZCow v ‘;Vsm ﬁ) o and g = (WS H)T

Since X is not symmetric, it must be diagonalized by two unitary matrices U and V satisfying

UrxXv-t = diag(mgs, mz=) (2.108)
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where mzx < Mz are the masses of the charginos, and where the gauge eigenstates ¥* are
1 2

related to the physical mass eigenstates X;t by
Xi = Vi vy, x; = Ui vy,

with ¢,5 = 1,2. The mixing matrix V' can be obtained after diagonalization of the hermitian
matrix XTX. From (2.108), one thus has

vXixv-t = diag(m?ﬁ,m%), (2.109)

which gives the following charginos masses after diagonalization

2
m=+ ~+ =

i [MS + 2Miy + i £ \/(M22 +2ME, + 12)? — 4 (Map + ME, sin 25)2} .

DN | =

Neutralino sector

In a very similar manner, extracting out of (2.102), (2.103), and (2.104), the neutral bino, wino,
and Higgsinos contributions, one obtains the following tree level mass term for the neutralinos

P PO i, =0 o=
Lo = — §gvdH3.W3 + 5g’vng.B + §gqu3.Wg — 5g'uqu.B + pHYH?

1 ~~ 01—~
+ 5MIB.B + 5M2W3.W3 + h.c.

—M 0  —4dva 5w\ (B
1/~ —, ~ =~ 0 — M tgug —igu w3
- _= 3 0 0 . 4 2 277 ~ h.c. .
o (B we my ) A A T R
%g/vu _%gvu —H 0 Hg

Just like for the charginos, a factor of ¢ can be absorbed into the redefinition of the neutral
gauginos [103], so that the tree level neutralino mass matrix only contains real entries

Ml 0 —Mzswcg MZsWsﬁ EE
1/~ ~ ~ ~ 0 M> Mzeweg —Mzgewsg iw3

- 3 [0 770 W
L:XO ) (ZB W Hd Hu) —Mzsweg Mgzgeweg 0 — H[(i)
Mzswcg —Mzcwsﬁ — 0 f_jg

The neutralino mass matrix Mo is moreover completely symmetric, which means that it can be
diagonalized with the help of only one unitary mixing matrix IV, such that

N*Mp N~ = diag (mgo, mgg, mge, mso) (2.110)

where mgo < Mgy < Mgo < Myo are the neutralino masses, which are chosen real and positive
according to the Supersymmetry Les Houches Accord 2 (SLHA2) conventions, and where the

gauge eigenstates 10 are related to the physical mass eigenstates Y° by
Xi = Nijehy (2.111)

with 4,5 = 1,2, 3,4. Neutralinos are electrically-neutral and color-neutral, massive weakly inter-
acting particles. The lightest neutralino X! is usually assumed to be the Lightest Supersymmetric
Particle (LSP) and as a consequence provide a potentially viable candidate for Dark Matter, as
long as R-parity is preserved.
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2.11 Sfermion sector

After the electroweak symmetry breaking, the Higgsinos and the gauginos are not the only
states to form a mixing system, the right-handed and left-handed sfermions (with the same
quantum numbers) do mix as well. The squark and slepton mass eigenstates are obtained after
diagonalization of their respective mass matrix. In the most general case, i.e Non-Minimal
Flavour Violation (NMFV), this diagonalization requires the introduction of three 6 x 6 unitary
matrices, namely R%, R% and R?, respectively for the up-type squarks, down-type squarks, and
for the charged sleptons. In the super-CKM and super-PMNS basis, those mixing matrices,
which allow for rotations between gauge and physical mass eigenstates, are defined such that

of i d dr, & oL
Us L dy SL €2 AL
us | _pa|te ’ ds | _ pa|be ’ e | _pe| 7L 7

Ug UR dy dgr €4 €R

Us SR ds SR €5 LR

ug tr dg br €6 TR
(2.112)

R* M2 R™ = diag(iiy,....u) ,  RTMZRI = diag(dy,....dg)

Ré M% RéT = diag(gl, ceey gﬁ) y

where u;, dl, and ¢;, with ¢ = 1,...,6, denote sfermion mass eigenstates, and where the vectors

(ur, ¢, tr, Ur, Cr, tR), (dL, SL. br, dr, 3r, br), and (ér, fiL, 71, €r, fir, TR) respec-
tively contain up-type squarks, down-type squarks, and charged sleptons gauge eigenstates. By
convention, sfermion mass eigenstates are ordered from the lightest to the heaviest one,

mg, <...<WL’1I67 mgl <...<m(’i“6, mg, <...<m'ev6.

The generic 6 x 6 sfermion mixing matrices of (2.112) naturally induce inter-generational mixing.
This inter-generational mixing can in turn generate large Flavour Changing Neutral Currents
(FCNCs) which are tightly constrained from an experimental point of view. A possible solution
to avoid the appearance of large FCNCs consists in practice in imposing Minimal Flavour Vio-
lation (MFV), i.e. imposing that Yukawa couplings are the only source of flavour violation, and
neglecting inter-generational mixing. In this context, the three 6 x 6 sfermion mixing matrices,
reduce to a set of nine 2 x 2 unitary mixing matrices of the form,

fi -~ fL . 7 [ cosfy sinfy
B9 (B w oo (00 am

where S/ is the flavour diagonal sfermion mlxmg matrix, where 6 denotes the associated
sfermion mixing angle, and where fi, fo and f1, fr are respectively the sfermion mass and
gauge eigenstates. In the MSSM, the sfermion mass terms originate from the F-terms, the
D-terms, and the soft SUSY-breaking potential (through scalar mass terms and trilinear scalar
couplings), such that

F-terms

Vi = m3 Fufly+ m3 fufl — pomy(tan 8) 2% Fl fr— pomp(tan )5 1 ff,, (2114)



36 Chapter 2: Supersymmetry

D-terms
VD = M% COS 2,3 (T3f - Qf Sin2 Qw> fsz + QfM% COs 2,6 Sin2 wagf]{ s (2.115)
Soft SUSY-breaking potential
Viost = mifLfr+mkfpfr+mpApfifly+msArfifr (2.116)
Putting together (2.114), (2.115), and (2.116), we obtain the following tree level mass matrix
(ﬁ fT) m7 +m3 + M7 cos 203 (Tgf—QfsinQHW) my (Af—u(tanﬂ)’ﬂsf) JEL '
LR my (Af — p(tan 5)—2T3f) m% +m% + QM7 cos 26 sin” Oy fr

The off-diagonal terms of the 2 x 2 sfermion mass matrix are proportional to the fermion mass
my. The mixing between sfermions of the same type is therefore of particular significance for
the third generation in general, i.e. stops, sbottoms and staus, and even more important in the
case of the stops, as the top mass is much larger than any of the other SM fermion mass. If we
now introduce the compact notation

m??L = m?« + mQL + M% cos 23 (Tg - Qy sin® GW) ,
mng = m?” + m% + QfM% cos25sin2 Ow
£
ap = Ap—p(tanB)=?Ts

we can rewrite the previous sfermion mass matrix as

2
m= arm
M2 = < ot f) . (2.117)
af mf mfR

Using the sfermion mixing angle of (2.113) to diagonalize (2.117), we obtain the following results
for the sfermion mass eigenstates m Fo M, and the sfermion mixing angle

1 2
2= ~Im3 2 2 _m2 2.2
" { my, Ty F \/(me m ) +4dagmi |, (2.118)

2
cosfy = — a7y 0<6; <) (2.119)

2 22 2,2
\/(mﬁ—mﬂ) + ajmy

Summary:

In this chapter, we have provided a short introduction to A/ = 1 supersymmetry, which con-
stitutes the theoretical basis of this manuscript. More specifically, we have first recalled some
basic facts about SUSY (history, motivations, superalgebra and properties of the supermulti-
plets), before introducing the superspace formalism, and detailing the various steps inherent to
the construction of supersymmetric Lagrangians. In the second part of this chapter, we have
then focused on one particular implementation of A = 1 supersymmetry, namely the Minimal
Supersymmetric Standard Model, for which we have described the mechanism of electroweak
symmetry breaking, and detailed the various sectors of the theory at tree level. In the coming
chapters, we are going to apply the concepts, and the notations, we have just introduced to the
case of phenomenological studies at leading order, and next-to-leading in perturbation theory.



Chapter 3

Leading Order phenomenology at
polarized hadron colliders

In this chapter, we intend to show how polarized proton beams colliding at 14 TeV and 100 TeV
could help us to disentangle various new physics models exhibiting the same final-state signature.
For the sake of illustration, we focus on the recently proposed monotop signature [106,107], which
corresponds to the production of a single top in association with missing transverse energy.
Monotops naturally appear in several extensions of the Standard Model, like for example in
the MSSM (discussed in the previous chapter) with R-parity violation (RPV), where they are
issued from the decay of a singly-produced top squark [108-111]. Besides this RPV mode,
monotops can also be produced in various dark matter models [112-115], where the monotop
state originates either from the decay of a vector resonance, or from tree-level flavour-changing
neutral interactions, with a particle giving rise to missing transverse energy. In the following,
we discuss how the measurements of single-spin and double-spin asymmetries at a polarized
LHC, or at a polarized FCC, would allow us to get additional information on the nature of the
initial partons at the origin of the monotop signal, and show how this could be used in order to
constrain the underlying new physics scenario.

This chapter is organized as follows: in Section 3.1, we review the status of new physics
searches at the LHC, and motivate the use of polarized beams at LHC-14, and at an hypothetical
FCC operating at 100 TeV. In Section 3.2, we perform a detailed study of the PDFs and the
parton luminosities for polarized proton-proton collisions at 14 TeV and 100 TeV, showing the
ability of spin asymmetries to discriminate among different initial states. Then, we assume
the observation of a monotop excess in unpolarized proton-proton collisions, and illustrate in
Section 3.3 how spin asymmetries would possibly allow one to get information on the new physics
scenarios that have yielded the signal. Finally, we draw our conclusions in Section 3.4.

3.1 Motivations

After 3 years of data-taking, no experimental evidence of New Physics has been found at the
LHC, while both the ATLAS and CMS collaborations have probed quite extensively energies up
to the TeV scale. The mass exclusion limits of several BSM particles have been pushed higher
and higher in energy, and this together with the discovery of a 125 GeV Standard Model-like
Higgs boson has lead to the exclusion of large fractions of the parameter space of many simplified
models. With the current Run II of the Large Hadron Collider, and its proposed high-luminosity
upgrade, searches for new phenomena, particles, and interactions, promise to survey an even
wider portion of the parameter space of a huge variety of BSM scenarios. If New Physics has to
be discovered in the coming years, the main goal of the high energy physics program will be to
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fully characterize the newly discovered degrees of freedom, i.e. to determine the mass, spin and
couplings of the latter.

In most studies performed at unpolarized hadron colliders such as the LHC, experimental
(and phenomenological) analyses are motivated by theoretical arguments implying some key new
final-state signatures that should be looked for. Those signatures are however neither typical
of a given theory, nor of a given benchmark scenario of a specific model. One of the most
famous example illustrating this fact is the case of the MSSM [44,116] and Universal Extra
Dimensions (UED) [117], which both predict the pair production of Standard Model partners
followed by their cascade decay into a final state enriched in charged leptons and jets, and
containing in addition a large amount of missing transverse energy. Beyond discovery, the task
of disentangling BSM theories (and even different scenarios within a specific theory) that share
a common final-state signature is therefore known to be far from trivial.

In addition to the LHC, there is another high-energy hadron collider that has been providing
an impressive wealth of results. The RHIC collider at the Brookhaven National Laboratory
(BNL) has successfully operated in its polarized proton-proton mode at 200 GeV and 500 GeV,
collecting data with an integrated luminosity of more than 1 fb=!. Although these polarized
collisions are mainly dedicated to spin physics, pioneering BSM studies have shown the non-
negligible impact of beam polarization to get a handle on (some of) the model parameters of
specific theories [118-124]. In addition to the existing RHIC polarized proton collider, most
of the aforementioned studies have also considered possible polarization upgrades of both the
Tevatron [125] and the LHC. However, although those upgrades have been already discussed in
the past and are perfectly feasible [126,127], they are quite unlikely to be realized. In contrast,
first discussions on a Future Circular Collider (FCC) with a center-of-mass energy of 100 TeV are
now starting. Therefore, this is the right time to begin to present the physics cases motivating
different operating options of such a machine, including a possible polarized mode.

3.2 Spin asymmetries at polarized hadron colliders

As mentioned in the introduction, polarized beams at high-energy hadron colliders would provide
a unique opportunity to characterize any new physics signal that might have been previously
observed in unpolarized collisions. This appealing possibility relies on the fact that polarized
and unpolarized parton-parton luminosities show quite different behaviours for a given flavour
combination. Therefore, single- and double-spin asymmetries in polarized hadron collisions can
provide information on the initial partonic state of any given process, thus allowing one to
disentangle different BSM scenarios that lead to the same final state signatures.

In the next section, we will exploit these remarkable properties to distinguish between new
physics scenarios for monotop production at the LHC, characterized by different initial state
production mechanisms and thus by different single- and double-spin asymmetries in polarized
collisions. However, before discussing specific models, it is instructive to first evaluate a variety
of single- and double-spin asymmetries at the level of parton luminosities rather than at the full
hadronic cross section level. This approximation is useful since in many cases of interest the
polarized and unpolarized matrix elements are similar, and thus the spin asymmetries computed
from the partonic luminosities only already carry the bulk of the relevant physics which is
accessible experimentally via the hadron-level asymmetries.

First of all, we compare polarized and unpolarized PDFs. To fix the notation, we define
unpolarized and polarized parton distributions as usual,

Fip@, @) = [l (2,Q%) + f,(@Q%, (3.1)
Afip(@, @) = [l (2,Q%) = [, (,Q) (3.2)
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Figure 3.1: Comparison between unpolarized (left) and polarized (right) PDFs from the most
up-to-date sets of the NNPDF family, NNPDF3.0 and NNPDFpoll.1 respectively. PDFs have
been evaluated at a typical high-energy hadron collider scale of Q% = 10* GeV?2.

in terms of the two possible longitudinal polarization states of partons within the nucleon,

Fp@ @) = fipp(@. Q%) + Afipplw. Q%) (3.3)
@ Q%) = fipp(w, Q%) = Afyyp(,Q°) . (3.4)

In Figure 3.1, we present a comparison between the different PDFs of the most up-to-date
unpolarized and polarized sets from the NNPDF Collaboration!, NNPDF3.0 [128] and NNPDF-
poll.1 [129,130] respectively. The various PDFs have been evaluated at a typical hadron collider
scale of Q% = 10* GeV? using the LHAPDF interface [131]. As an example, the source code that
has been used to generate the graphs of Figure 3.1 can be found in Appendix C.

There are various interesting features to remark in Figure 3.1. The first one is that polarized
PDFs are always smaller (in absolute value) than their unpolarized counterparts. This is a
consequence of the positivity condition of polarized PDFs [132], which at Born level reads,

‘Afz/p(x7Q2)| < fi/p(x7Q2) : (35)

At next-to-leading order, similar relations hold but only for physical observables like polar-
ized structure functions. The second feature is that at small-x the growth of the polarized PDFs
A fip(2, Q?) is largely suppressed with respect to that of the unpolarized ones x f; (T, Q?) [133].
As will be shown below, these two features have the important implication that spin asymme-
tries will be sizable, and thus experimentally accessible, only for final states with large invariant
masses. This indeed probes the polarized PDFs at medium and large values of z, two regions
where their magnitude is comparable to the one of the unpolarized parton densities.

In addition, and this is of particular importance for the problem at hand, a specific flavour
leads to different qualitative behaviours for the polarized and unpolarized PDFs. For instance,
Au and Ad have the opposite sign, while u and d have both the same sign and the same
shape. This will translate into qualitatively different behaviours for the various spin asymmetries
depending on the underlying initial partonic state.

After comparing PDFs at the unpolarized and polarized level, we move to the study of
partonic luminosities [134] and the corresponding single- and double-spin asymmetries. We

The polarized and unpolarized sets of parton densities NNPDFpoll.1 and NNPDF3.0 are available from the
webpage https://nnpdf.hepforge.org.
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define the partonic luminosity for the scattering of two partons ¢ and j in unpolarized hadronic
collisions, leading to a final state of mass mx, as

where the ¢;; factor removes the double counting in the case of a same PDF combination i = j,
and the collider center-of-mass energy squared s = E2 enters through the variable 7 = §/s.
We can also define corresponding quantities involving polarized parton distributions and thus
relevant for polarized collisions. The partonic luminosity relevant for single-spin asymmetries is

L= . /Tl dfljd |:fz/p (z, mX)Af]/p< mX> + fip <T mX) Afip (, mX)] ;o (3.7)

while for double-spin asymmetries, we use

Ldx 1
S Jr xl—i—éij

. {Afz/p (2, mx) Af]/p( mx> N ( mX) Afyp (a, mx)] (3.8)
In our notation, the L and LL superscripts indicate that these luminosities enter the description
of single- and double-spin asymmetries in polarized collisions, respectively. We now define
unpolarized and polarized hadron-level cross sections by

1

0 = [(m + ot 4ot Uu] : (3.9)
1

oL o= 3 [UTT A, L O.u} : (3.10)
1

oL = g [O’TT + ot — ot — UH} . (3.11)

Here oy stands for the unpolarized cross sections and oy, and o, for singly and doubly-polarized
cross sections, respectively, where an up-arrow denotes a helicity h = 4+1 and a down-arrow a
helicity h = —1 of longitudinally polarized hadrons in the initial state. We recall that in the case
of singly-polarized cross sections, only one of the hadrons (the second one here) is polarized.
Experimentally, it is useful to consider ratios of these cross sections, or spin asymmetries, because
in this case systematic uncertainties are expected to cancel to a good degree. If a single beam
is polarized, the experimentally relevant quantity is the single-spin asymmetry, defined as
oL

Ap =L (3.12)

0o
whereas if both beams are polarized, the relevant quantity is the double-spin asymmetry

App =T (3.13)
0o
Egs. (3.9)—(3.11) define experimentally accessible observables since they are expressed in terms
of polarized hadrons. In order to compare data with theoretical predictions, in perturbative
QCD the factorization theorem allows one to write hadronic cross sections as convolutions of
parton distribution functions with parton level cross sections,

g0 = fl/p®fj/p®0-02] —EU®[§(A)' 1]], (314)
or = fip®@Afjp Q6L = ﬁ ® [8 6L44] (3.15)
oL, = Afi/p®Afj/p®(ATLL7Z] £ (9 [ 1 Lz]] (3.16)
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The polarized partonic cross sections are here defined in complete analogy to the polarized
hadron-level expressions of Egs. (3.9)—(3.11), namely

1
1

oL = g 67—t — ot 4+ 6H1] (3.18)
1

b1 = o™ ot — oM — ot (3.19)

where now the helicities are those of the incoming quarks and gluons in the partonic collision.
Furthermore, a sum over all relevant partonic subprocesses is implied (i.e., over i,j) and we
refer to Eqgs. (3.6)—(3.8) for the definition of the partonic luminosities.

For many cases of physical interest, the expressions in Egs. (3.14)—(3.16) and consequently the
asymmetries in Egs. (3.12) and (3.13) can be further simplified. Firstly, the dimensionless cross
sections 36;; are often either constant far above the production threshold (see, e.g., Figure 70
in Ref. [134]), or in the case of a narrow s-channel resonance, they are peaked at threshold,
that is, § ~ m§( In the latter case, we end up having simple expressions of the hadron-level
asymmetries in terms of (ratios of weighted sums of) parton luminosities. Secondly, the absolute
values of the polarized and unpolarized parton-level matrix elements are often the same or very
similar, leading to further simplifications. In cases where there is a single dominant particular
sub-channel, the hadronic asymmetries are just simple ratios of parton luminosities, as can be
deduced from the single-spin and double-spin asymmetries of Eqs. (3.14)—(3.16),

L LL
AY = L A = i (3.20)

In the rest of this section, we focus on results for single and double-spin asymmetries computed
from Eq. (3.20) for different initial state partonic sub-channels. We have calculated these asym-
metries for the LHC collider operating at a center-of-mass energy of 14 TeV (LHC 14 TeV),
assuming a possible future polarized upgrade, as well as for the polarized mode of an hypo-
thetical Future Circular Collider with a center-of-mass energy of 100 TeV (FCC 100 TeV). As
polarized PDFs we use the NNPDFpoll.1 [129,130] and DSSV08 [135] sets, together with the
corresponding unpolarized counterparts, NNPDF2.3 [136] and MRSTO01 [137]. Comparing the
predictions of NNPDFpoll.1 with those of DSSVO0S is useful in order to verify which features of
the spin asymmetries are generic irrespective of the specific details of the particular polarized
PDF set used.

It is clear from the definition of Egs. (3.6)—(3.8) that to first approximation, luminosities
are invariant if the center-of-mass energy is modified, v/'S” = kv/S, provided that the final state
mass is also modified in the same way, m'y = kmx, since in this case the variable 7 is invariant.
However, logarithmic corrections to the DGLAP evolution of the PDFs modify this picture,
though they should not change any qualitative conclusion. This property will be explicitly
verified below when comparing the spin asymmetries at LHC 14 TeV and at FCC 100 TeV.

First of all, we compare the single-spin asymmetries at LHC 14 TeV for the production of a
final state with invariant mass myx assuming different partonic initial states. We compare the
consistency of the asymmetries obtained with NNPDF with those obtained with DSSV/MRST.
In all cases, the uncertainty band on the asymmetries corresponds to that of the polarized
PDFs, since in this respect the unpolarized PDF uncertainties can be neglected. We show the
asymmetries for gg, uu and dd initial states in the upper row Figure 3.2 and for the ds, db and sb
initial states in the bottom row of the figure. The DSSV08 densities consist of a PDF set obtained
in the fixed-flavor-number scheme, and therefore the polarized bottom PDF Ab = Ab = 0. While
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Figure 3.2: The single-spin asymmetry A at the parton luminosity level at LHC 14 TeV, and
for various initial-state partonic combinations. We compare results obtained using NNPDF-
poll.1/NNPDF2.3 with those obtained using DSSV/MRST and present them as function of the
invariant mass of the final state mx. The bands correspond to the polarized PDF uncertainties.

differences between fixed-flavor-number and variable-flavor-number schemes lead to substantial
differences for unpolarized PDFs [138], this is considered less important for polarized PDFs in
the region with available experimental data where the contribution from heavy quarks is small.
However, this is no longer true when evolving upwards in @? to the region relevant for collider
physics, where heavy quark PDFs are not negligible even in the polarized case.

In general there is a reasonable qualitative agreement between the results from NNPDF-
poll.1 and those of DSSV, with some quantitative differences, for instance in asymmetries that
involve the polarized strange PDF. This is expected since NNPDFpoll.1 and DSSV08 generally
agree well for all PDFs but for As(z, Q?), where even the sign is opposite [138]. Larger PDF
uncertainties are obtained using NNPDFpoll.1, partially due to the more flexible functional
form of the input PDFs as compared to DSSV08. Results for the single spin asymmetries for a
100 TeV FCC are qualitatively similar once the value of the final state mass is properly rescaled
as discussed above, so that results are not shown explicitly.

Results for the single-spin asymmetries in the gg, uu, dd and ds partonic sub-channels for
LHC 14 TeV and FCC 100 TeV are summarized in Figure 3.3. It is apparent that the property
which we have discussed above, namely that if the final state mass range is suitably scaled, the
qualitative features of the spin asymmetries are the same at center-of-mass energies of 14 TeV
and 100 TeV. The most striking property is that different partonic sub-channels lead to very
different asymmetries. In this particular case, just a measurement of the sign of the asymmetry
would indicate which are the dominant partonic initial states, and measurements of Ay, with a
few percent experimental uncertainty would even distinguish between gg and ¢q initiated final
states.

Double-spin asymmetries are experimentally more challenging since their absolute values are
smaller. The reason for this is because they involve the convolution of two polarized PDFs in the
numerator, instead of just one as for single-spin asymmetries. The results for various partonic
channels are summarized in Figure 3.4. Again reasonable agreement between NNPDFpoll.1
and DSSVO0S8 is found. Asymmetries involving quarks are larger than those involving gluons,
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Figure 3.4: The double-spin asymmetry Ar; at the PDF level, Eq. (3.20), at LHC 14 TeV
for various initial-state partonic combinations, comparing the results obtained using NNPDF-
poll.1/NNPDF2.3 with those obtained using DSSV/MRST.

reflecting that the Ag densities are larger than the Ag one at large-x, as shown in Figure 3.1.
Moreover, large final state masses are required to yield spin asymmetries that are larger than a
few percent.

The final comparison is provided by double-spin asymmetry calculations for the gg, uu, dd
and ds partonic sub-channels for LHC 14 TeV and FCC 100 TeV and we collect the results in
Figure 3.5. The PDF uncertainties are found to be very large, since there is far less experimental
information in the determinations of the Af;/, densities than in the unpolarized case. However,
if the measurement of a vanishing double-spin asymmetry could be performed, this would be a
valuable piece of information since it would exclude that the final state is dominantly produced
from wu scattering. Moreover, double-spin asymmetry measurements could nevertheless be used
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Figure 3.5: Summary of the double-spin asymmetries Ap; for a variety of initial state par-
tonic combinations as a function of the invariant mass of the produced finale state mx at the
LHC 14 TeV (left panel) and at an FCC 100 TeV (right panel). The asymmetries have been
obtained using NNPDFpoll.1.

to verify the results obtained from single-spin asymmetries.

After this discussion at the PDF level only, in the next section we will present predictions
for hadron-level asymmetries in various scenarios for BSM monotop production. From now on
we will neglect for clarity the polarized PDF uncertainties. It has already been shown in this
section that they are large, however, the availability of a polarized hadron collider would also
provide a large set of polarized PDF-sensitive measurements that should substantially reduce
these uncertainties. In addition, in the short term, additional constraints from a variety of
polarized measurements from fixed target and collider experiments like HERMES, COMPASS
and RHIC will allow to further pin down the polarized PDFs. In the medium term, important
constraints on polarized PDFs could also be provided by a Electron-Ion Collider (EIC) [139-142],
currently under study.

3.3 Physics case: monotop production

In order to illustrate the power of spin asymmetries for the characterization of new physics,
we focus on one particular BSM signature, dubbed monotop, that has recently been pro-
posed [106,107]. The monotop signature is characterized by the production of a single top
quark in association with missing transverse energy and no other particle. The choice of such a
process is driven by several considerations.

First of all, the sector of the top quark is widely believed to be one of the key candidates
for coupling in an enhanced way to new physics particles, due to the vicinity of the top mass
to the electroweak scale. Second, monotop production is negligible in the Standard Model,
where the top quark is produced in association with a Z-boson and no extra jet. This process
is indeed loop-induced, GIM-suppressed and further reduced by the branching ratio of the Z-
boson to neutrinos. This ensures that the observation of a monotop system at the LHC (or at
an FCC) could be safely considered as a clear tell-tale sign of new physics. Third, there is a wide
variety of new physics theories that can lead to monotop production (see, e.g., Refs. [106-115]).
Monotops therefore offer a good way to illustrate how single-spin and double-spin asymmetries
could provide a unique handle to extract information on the (hypothetical) new physics sector.



Chapter 3: Leading Order phenomenology at polarized hadron colliders 45

dz t dz -< * > t dz t
|
- iy
t° |
_ _ -¢ - _
d; X1 4 Xi o d X4

Figure 3.6: Feynman diagrams for monotop production in the R-parity violating MSSM with
Minimal Flavour Violation (MFV), where i, j are flavour indices, and s is the squark index.

3.3.1 Monotop production in the RPV MSSM

We begin by considering the MSSM after supplementing its R-parity conserving superpoten-
tial by one single RPV operator, the so-called UDD term. As it will be shown below, this
simple setup includes three distinct monotop production mechanisms hardly distinguishable in
unpolarized proton-proton collisions, apart from the differences in total rates that are however
dependent on unknown couplings. This contrasts with the situation where additional polarized
observables are available since in this case, discriminating between the different initial states be-
comes possible. We model the supersymmetric interactions among the matter sector by adding
to the R-parity conserving MSSM superpotential Wyissy the RPV U DD operator,

1w
W = Whssm + §Aiij}gD}%D§ , (3.21)

where Ugr and Dpg are the chiral superfields associated with the up-type and down-type right-
handed (s)quark supermultiplets, the color indices are implicit for clarity and the flavour indices
being explicitly indicated. Monotop production is induced by non-vanishing )\gjk couplings
together with enforcing the lightest neutralino to be long-lived, a setup almost unconstrained
by experimental data [143]. If at least one of these A" couplings is non-vanishing, top squarks
of mass m; can be resonantly produced from the scattering of two down-type antiquarks of
different flavors and further decay into a top quark and a lightest neutralino which, if lighter
than the top quark, is long-lived enough to escape detection and gives rise to missing transverse
energy in a detector [144]. The same final state could also be produced through t/u-channel
down-type squark exchanges as depicted in Figure 3.6. We however neglect, in the following,
these non-resonant contributions with respect to the resonant s-channel diagram, that we have
explicitly verified to be largely dominant.

In the RPV supersymmetric framework described above, the fully polarized partonic cross-
section for monotop production from a ¢q’ initial-state is given by

(1= hy)(1 = ho)m| 37k sin@;}z
6

~h1h _ _ ~
G (qiar — tX) =

BR(f—tx}) 6(s—m3),  (3.22)
where § denotes the partonic center-of-mass energy and h; and hg the helicities of the initial
antiquarks. Results for the charge-conjugate process can be obtained by replacing h; — —h;.
Moreover, we have assumed that only one of the two stop mass-eigenstates is light enough to
significantly contribute to the cross-section and kept the associated dependence on the stop
mixing angle 0; explicit. Finally, we have adopted the narrow-width approximation to model
the resonant behavior of the squared matrix element by a Breit-Wigner lineshape. Although
non-general, such an approximation holds when the width of the resonance is small with respect
to its mass, which allows one to neglect off-shell effects, when the resonance decays into much
lighter particles and when its mass is much smaller than the center-of-mass energy, which avoids
important distortions of the Breit-Wigner lineshape [145].
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Scenario H 00 oL OLL

ds+ds | dAs+sAd+dAS+35Ad | AdAs+ AdAs
MSSM RPV || db+db | dAb+bAd+dAb+bAd | AdAb+ AdAb
sb+5b | sAb+bAs+5Ab+bAS | AsAb+ ASAD

dd+dd dAd+ dAd AdAd + AdAd
Hylogenesis || ss+ 55 sAs+ sAs AsAs+ A5As
bb+bb bAb+bAD AbAb+ AbAb

gu+gu | gAu+uAg+gAu+ulg | AgAu+ AgAu
gct+ge | gAc+cAg+gAc+cAg | AgAc+ AgAc

X-model

Table 3.1: Parton luminosities that contribute to the unpolarized cross-section, the single- and the
double-spin asymmetries in the three different scenarios for monotop production that are discussed in
this paper. For each model, the first row corresponds to the dominant production channel. In singly-
polarized collisions, the second hadron is the one that is chosen to be polarized.

RPV monotop, LHC 14 TeV, NNPDF2.3 RPV monotop, FCC 100 TeV, NNPDF2.3
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Figure 3.7: RPV monotop production total cross sections at the LHC 14 TeV (left panel) and at an FCC
100 TeV (right panel) as a function of the invariant mass of the final state. We fix the stop mixing angle
to m/4, consider the branching ratio BR(f — tY) = 1 and address three distinct benchmark scenarios
where one single RPV coupling is non-vanishing at a time: A, (green), Az (blue) and Ay, (red).
Cross-sections have been obtained using the NNPDF2.3 unpolarized parton set.

Because of the symmetry properties of the RPV superpotential of Eq. (3.21), the couplings of
quarks or antiquarks of the same flavor to the stop ¢ vanish so that only three different flavour
combinations can yield a non-zero cross-section, namely the ds + ds, db+ db and sb+ 5b
initial states. Here we are implicitly summing over both monotop and anti-monotop production,
while later in the section, we will explore the potential of tagging the charge of the final-state
monotop. The parton luminosities that contribute to the unpolarized cross-section, the single-
and the double-spin asymmetries in the various different scenarios for monotop production that
are discussed in this paper are summarized in Table 3.1.

In Figure 3.7, we present total cross-sections for RPV monotop production at the LHC 14 TeV
(left panel) and at an FCC 100 TeV (right panel) as a function of the mass of the lightest top
squark. We compute our results by making use of Eq. (3.14) with the NNPDF2.3 set of parton
densities, and for the sake of the example, we consider maximal stop mixing (6; = 7/4), the
branching ratio of the stop resonance into a monotop state equal to unity (BR(f — tx}) = 1)
and all the three possible different initial states. We however assume that only one of the three
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RPV monotop, LHC 14 TeV, NNPDF2.3 + NNPDFpoll.1 RPV monotop, FCC 100 TeV, NNPDF2.3 + NNPDFpoll.1
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Figure 3.8: Single-spin (upper panel) and double-spin (lower panel) asymmetries for RPV monotop
production at the LHC 14 TeV (left panel) and at an FCC 100 TeV (right panel) as function of the stop
(or monotop) mass. We fix the stop mixing angle to /4, consider the branching ratio BR(# — tx}) = 1
and address three distinct benchmark scenarios where one single RPV coupling is non-vanishing at a
time: Azjo (green), Az 5 (blue) and Azpy (red). Asymmetries have been obtained using NNPDFpoll.1 and
NNPDF2.3.

RPV couplings is non-zero at a time and that its value is fixed to A" = 0.2. With a quadratic
dependence on the \’-parameters, RPV monotop production could in principle be expected
both at the LHC and at an FCC. However, characterizing which partonic initial state would
be (dominantly) responsible for the possible observation of an excess is far more complicated
than measuring a total cross-section. The standard approach would then be to probe differential
distributions sensible, e.g., to the presence of valence or sea quarks in the initial state. However,
in the rest of this section we focus on a complementary approach to characterize the initial state
of monotop production by means of spin asymmetry measurements in polarized pp collisions.

In the RPV context, there is only one single combination of quark helicities that gives rise
to a monotop final state, as indicated in Eq. (3.22). Consequently, partonic spin asymmetries
turn out to be equal to +1 and hadronic asymmetries reduce to ratios of partonic luminosities.
Therefore, in the approximation in which there is a single dominant coupling \”, hadron-level
spin-asymmetries can be expressed in terms of a ratio of linear combinations of polarized and
unpolarized PDFs and the results of Section 3.2 hold. For instance, for the case of monotop
production in the dominant channel d §+d s we have

LL LL

and  Adtds — Lt by (3.23)

L L
AJ§+ds _ LG — £J§
L Lgs + ﬁgg ’

n Lgs + ‘Cdg

and likewise for other initial states. We collect the results for the relevant channels in Fig-
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ure 3.8 for both the LHC 14 TeV (left panel) and the FCC 100 TeV (right panel), after summing
over both monotop and anti-monotop production modes, and show single-spin (upper row) and
double-spin (lower row) asymmetries.

It is clear from Figure 3.8 that polarized asymmetries can be sizable, and moreover depend
strongly on the partonic initial state. For instance, at the LHC 14 TeV and mx = 3 TeV, A
varies from 20% for the sb initial state to —30% for the ds combination. The different behaviors
of Apr, and Ay, for the same partonic initial state has also discrimination power. Therefore, it
can be seen that the availability of polarized beams at high energy hadron colliders allows to
disentangle the different possible scenarios leading to monotop production, especially for large
final-state masses, where the polarized asymmetries are larger.

3.3.2 Other scenarios for monotop production

In addition to the RPV MSSM scenario, several other models predict monotop production at
hadron colliders. Therefore, in the event of observation of the monotop signature, determining
which is the correct underlying model will be a difficult task. In particular, even disentangling
a resonant monotop production from a non-resonant one might be non-trivial due to detector
effects distorting typical resonant shapes expected, for instance, in the missing energy spec-
trum [107]. In Section 3.3.1, we have investigated monotop production in the context of RPV
supersymmetry and have shown how spin asymmetries could help characterizing the type of
RPYV interactions relevant for the production of a monotop state. We now investigate two addi-
tional scenarios predicting the production of a top quark in association with missing energy, and
illustrate the strengths of measuring spin asymmetries in polarized collisions in order to obtain
information on the underlying model.

We first focus on the so-called Hylogenesis models for dark matter where a monotop state
can be produced from the decay of a heavy vector resonance V), of mass my that couples to
down-type quarks [112,113]. The leading order Feynman diagram for monotop production in
this scenario is shown in Figure 3.9. The heavy vector resonance V), decays into an associated
pair comprised of a top quark and a spin-1/2 dark matter particle, carrying missing energy,
that we generically denote by x. We further describe the couplings of down-type quarks to the
colored resonance V), with charge +2/3 by the Lagrangian?

1 _
['hylo = 5/‘61‘3‘ df'y“djVu + h.c. , (324)

where again a sum over color indices is understood, i and j are flavor indices and x;; denotes the
3 x 3 (symmetric) matrix of interaction strengths in flavour space. As in Eq. (3.22) for the RPV
case, we will rewrite any dependence on the interactions of the dark matter state y in terms
of the branching ratio of V,, to a monotop final state, so that the corresponding Lagrangian
contributions are unnecessary and have been omitted. The constraints on the parameters of this
scenario from collider and flavour physics have been studied in Ref. [146], which shows that they
are model dependent and can be easily avoided, specially in the case of third generation quarks.
In the rest of this section, we restrict ourselves to the dominant dd+dd production channel,
again summing over monotop and anti-monotop production. As stated above, a discussion on
the information that can be obtained by tagging the charge of the final-state top quark, and thus
disentangling monotop and anti-monotop production, will be carried out later in this section.
The third model for monotop production that we consider in this work will be denoted by the
name ‘X-Model’. It is motivated by models of dark matter where the top quark couples to a new
neutral vector boson X, strongly interacting with invisible particles of a hidden sector [114,115].

2The Lagrangian choice is not unique and we focus on one particular example among others that induces large
differences compared to the RPV case.
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Figure 3.9: Feynman diagram associated with Hylogenesis monotop production.

X

8

Figure 3.10: Feynman diagrams associated with monotop production from flavor-changing interactions
associated with an extra vector boson X in the X-model.

The Feynman diagrams for monotop production in this scenario are shown in Figure 3.10. In
this case, the associated production of the new X-boson, which typically decays into particles
of the hidden sector and thus escapes detection, with a top quark leads to a monotop signa-
ture. Adopting a simplified approach, we fix the part of the Lagrangian relevant for monotop
production to

Lx = guy"PrtX, +h.c., (3.25)

where Pr denotes the right-handed chirality projector and gx the associated vector of coupling
constants in generation space. In the following, we focus on the dominant production channel
where the X-boson couples to an up quark and a top quark (see Table 3.1). The experimental
constraints on the new physics mass scale in this scenario have been studied in Ref. [114]. Their
findings indicate that the mass of the X field can be as low as 100 GeV without conflicting with
current bounds, such as By, — Bd,S mixing or rare top decays.

The two Lagrangians of Eqgs. (3.24) and (3.25) allow us to calculate the corresponding fully
polarized partonic cross-sections. We obtain, using the narrow width approximation for the
Hylogenesis case and providing the differential cross-section with respect to the Mandelstam
t-variable for the X-model,

2(1 — hth)ﬂ"ij’Q

3 x BR(V —tx) x 6(5§—m}),

~hiho (= —

Uhy1102(CIij — tx) =

g 1
(i )

(3.26)

929%
= = 14 h)|CL+ CaA| .
16732 12§m§((t—m%)2( |61+ e
In the Hylogenesis model, hi,hy are the helicities of the initial partons and the results for
the charge-conjugate processes are obtained by replacing h; — —h;. It is clear from the fully
polarized partonic cross-section of Eq. (3.26) that in this case, the single-spin asymmetries vanish
exactly. In contrast, for the double-polarized asymmetries, we have a similar situation as for
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RPV monotop production and the hadron-level asymmetries can be written in terms of ratios of
the partonic luminosities discussed in Section 3.2. To be explicit, for the dominant production
channel d d+dd we have

- LL | pLL
pddrad _ Fad + L

AJJ—{-dd — 0’ ,
L LL Laq + Egg

(3.27)

and likewise for other initial states.
In the X-model calculation, we have kept the dependence on the gluon and initial quark
polarizations A and h explicit and have introduced the kinematical factors

C1(8,1) = md —mb [2§+f} +mt4[(§+752 —2m% (t + m?)()}

+m? [4m — 2mt + 2m3 (8% — 5f + 22) — #(3 + 1)?]
(3.28)
—2mid(2m + 8%+ 8 — 2k (5 + D),

Co(3,1) = {mf+m?(2m§(—§—ﬂ+2m§((§—@} [mf+f(2m§(—§—ﬂ—mf(2m§(+§)} .

The main feature of this class of models with respect to the RPV case lies in the various helicity
combinations contributing to the polarized cross-section. Important differences are consequently
expected in spin asymmetries when comparing RPV monotop production to Hylogenesis or dark
matter X-model predictions.

This is illustrated in Figure 3.11 where we compare, for illustrative purposes, single-spin and
double-spin asymmetries as predicted in RPV scenarios where the monotop system originates
from a ds + ds initial state, in Hylogenesis models where it is produced from dd + dd scattering
and in dark matter X-models where the X-boson arises from the g (u + u) initial state. We
present our results as functions of the monotop system mass being defined as the resonance
mass for both the RPV and the Hylogenesis scenarios, and as the sum of the X-boson and top
quark masses for the X-model case3.

Figure 3.11 is the main result of this work. It tells us that, assuming polarized PDF uncer-
tainties are improved by a series of dedicated measurements, a measurement of the single-spin
asymmetry with 5% precision would allow one to discriminate between the three production
mechanisms for states with sufficiently large invariant mass, approximately above 2 TeV at
the LHC and above 10 TeV at the FCC. Even a measurement of the sign of the single spin
asymmetries would be very valuable to discriminate between different scenarios. Double-spin
asymmetries would provide a complementary cross-check of the single-spin results, though their
measurement is rather more challenging both because of the reduced rates and because of the
smaller values of the asymmetries. The qualitative behavior of A7, and Ay is also found to be
rather different in some scenarios. In RPV monotop production, for instance, Ay, is large and
negative, while Ay is small and positive. It is thus clear that a simultaneous measurement of
Ar, and App would provide stringent constraints on the underlying production dynamics.

3.3.3 Impact of monotop charge tagging

In the final part of this section, we study what we can learn if the charge of the final-state top
quark is tagged, that is, if we are able to disentangle the monotop signature (a top quarks of
charge +2/3 and missing transverse energy) from the anti-monotop signature (same with a top
antiquark). This charge tagging could be potentially relevant because in these two cases, the

3The numerical values of all other model parameters are irrelevant as canceling in the ratios of polarized and
unpolarized cross-sections.
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Figure 3.11: Single-spin (upper panel) and double-spin (lower panel) asymmetries for monotop produc-
tion at the LHC 14 TeV (left panel) and at an FCC 100 TeV (right panel) as function of the monotop
system mass for the various new physics scenarios described in the text. Asymmetries have been obtained
using NNPDFpoll.l and NNPDF2.3. Sum over monotop and anti-monotop production is implicit.

polarized PDFs that are relevant according to the nature of the initial state can show quite
different behaviors. Tagging the charge of the top quark can thus provide another handle on
the underlying BSM scenario that has induced monotop production?.

We show in Figure 3.12 the single-spin asymmetries for LHC 14 TeV and FCC 100 TeV,
this time separating monotop from anti-monotop production, for the three models under con-
sideration. The relevant initial states for monotop production are d s, dd and w g in the RPV,
Hylogenesis and X-model scenarios respectively, and the corresponding charge-conjugate ones
for anti-monotop production. It is clear from the differences between the left and right columns
of Figure 3.12 that tagging the top quark charge provides important information about the
underlying production model, with the differences particularly striking in the case of the RPV
scenario, where at large masses a different sign of the asymmetry is predicted in the two cases.

We recall that the results of Figure 3.11 cannot be retrieved by a trivial average of the
asymmetries of Figure 3.12 over monotop and anti-monotop production, as the full singly-
polarized and unpolarized cross sections need to be averaged first, before evaluating the ratios.

3.3.4 Summary

In this section, we have shown how, using polarized collisions, it is possible to discriminate among
different models that lead to the same final-state signature, in this case monotop production.

4Charge asymmetries are also interesting observables in the context of unpolarized collisions.
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Figure 3.12: Single-spin asymmetries for monotop (left panel) and anti-monotop (right panel) produc-
tion at the LHC 14 TeV (upper row) and at an FCC 100 TeV (lower row) as function of the invariant
mass of the final state for the different new physics scenarios discussed in this work.

While we have considered this specific benchmark scenario, it is clear that our results/our
considerations apply to a wide variety of other BSM models where the availability of polarized
beams would provide a unique handle for their characterization.

3.4 Conclusions

In this chapter, we have shown how the availability of polarized beams at high-energy hadron
colliders provides a unique handle on the discrimination between different beyond the Standard
Model scenarios that lead to the same final-state signatures in unpolarized collisions. First of
all, we have discussed in a model-independent way why single and double-spin asymmetries in
polarized collisions allow us for the separation between different initial-state production mech-
anisms. Then we have considered different benchmark scenarios for monotop production and
shown how the measurement of spin asymmetries in polarized collisions could help to discrimi-
nate between different models. Therefore, while polarized beams are certainly not required for
BSM discoveries, they can provide very useful information on the properties of the hypothetical
BSM sector, in particular in the determination of its couplings to Standard Model particles.
While technically feasible, the likelihood of a future polarized mode at the LHC is very
small, requiring a complete modification of the full injector chain. The situation might however
be different for the recently proposed Future Circular Collider (FCC) at a center-of-mass energy
of 100 TeV: if there is a strong physics case, the polarized option should be considered seriously.
In any case this is the right time to begin to think of the feasibility of such an option, now
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that various studies for the planning of this machine have just started. In particular, if new
physics is discovered at the LHC during the proton-proton runs at center-of-mass energies of
13 TeV, 14 TeV, or at the future high-luminosity upgrade of the LHC, there will be a very
strong motivation for a polarized mode of the FCC in order to characterize and understand the
properties of this new sector.

Future studies, along similar directions as the ones explored in this thesis, should be per-
formed in two different and complementary directions. First, other BSM scenarios should be
studied. These studies should focus on the production of high-mass particles, since it is the only
region where single- and double-spin asymmetries are relatively large, and thus experimentally
accessible. Second, one should also perform more detailed feasibility studies for the measure-
ment of single- and double-spin asymmetries, trying to estimate the luminosities in the polarized
mode that a 100 TeV FCC could deliver and how the rates would be affected by the finite po-
larization of the beams. Quantifying the statistical uncertainties of the spin asymmetries at the
FCC would also allow one to better understand what is the reach of BSM characterization of
the polarized collision mode.

As an intriguing final remark, it should be noted that at a 100 TeV FCC it might be possible
to access polarized collisions without the need of using polarized beams. Indeed, at the scale of
10-20 TeV, the electroweak W- and Z-bosons are effectively massless and should be included in
the DGLAP evolution, which leads at this point to an intrinsic polarization of the quarks and
gluons via mixing. This is an interesting possibility to study further, since in any case PDFs
with electroweak corrections are mandatory for the physics of a 100 TeV hadron collider.
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Chapter 4

Regularization and Renormalization

Tree-level calculations discussed in the previous chapter might be sufficient (in some specific
situations) to discover New Physics at the LHC. However, if one aims at checking the internal
consistency of a given model, and desires to probe the total rates with a higher level of accuracy,
it is necessary to amend leading order calculations by higher order corrections. Next-to-Leading
Order (NLO) predictions reduce theoretical uncertainties due to unphysical scales dependence,
describe more precisely the shape of the differential distributions (by taking into account for
instance new partonic channels opening-up at NLO), allow to assess the convergence of the
perturbative series expansion, and provide a better estimate of the various background sources
contaminating the different signal regions. These accurate predictions are particularly needed
for searches of signal events in large background samples.

In a general manner, NLO corrections are of two types, real and virtual. Real contributions
involve the emission of one extra parton compared to the Born process, and are obtained by
interfering the corresponding graphs (channel by channel), before summing over all possible
channels. Virtual contributions, on the other hand, are characterized by the internal exchange
of particles inside closed loops, and are obtained by interfering the one-loop diagrams with
the tree-level graphs (channel by channel), before summing over all possible channels. Virtual
corrections (for a given channel) can be further decomposed into various sub-categories, that are
defined according to the number of external legs contained in the corresponding topologies. The
topologies that are most frequently encountered at one-loop for a 2 — 2 process are depicted
in Fig. 4.1. The first type of diagram corresponds to one-point graphs, while the second type
is usually referred to as bubble graphs (due to its shape). The third, and fourth topologies are
finally known as vertex corrections, and box diagrams respectively.

Two major complications are essentially encountered at next-to-leading order ¢) the number
of Feynman diagrams involved i) the appearance of divergent integrals at the intermediate
stages of the calculation. If the first difficulty can be tackled by means of a suitable computer
program generating automatically the relevant Feynman diagrams, such as FEYNARTS [147] or
QGRAF [148], the second problem however requires more care. The divergences encountered
at the intermediate stages of the one-loop calculations can be of the following types: UV,
soft, collinear, and soft-collinear. UV divergences originate from virtual contributions!, and
constitute the main concern of this chapter. Soft divergences come from the emission of a
parton of small momentum between two on-shell particles, and can be understood as resulting
from the fact that particles with almost vanishing transverse momenta cannot be detected.

'Because particles entering into the loops are virtual, and because the loop momentum g, over which we
integrate loop integrals is left unconstrained by momentum conservation, it is possible for ¢ to get arbitrarily
large values. If the power of ¢ in the denominator of the loop integral (assuming no power of ¢ in the numerator)
is lower or equal to the number of space-time dimensions, UV-divergences can appear.

95
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Lo > I

Figure 4.1: Main one-loop topologies encountered at next-to-leading order. Straight lines can
denote any field.

Collinear divergences appear when a massless particles splits into two other massless particles,
and reflect the fact that particles emitted collinearly one to another cannot be resolved. Finally,
soft-collinear divergences arise from kinematical regions where there is an overlap between soft
and collinear singularities. Soft, collinear, and soft-collinear divergences are here collectively
denoted as infrared (IR) divergences.

The predictive power of a renormalizable theory should not be spoilt by higher order correc-
tions, therefore UV and IR divergences appearing at the intermediate stages of the calculation
should ultimately cancel?, leaving only finite corrections. In this chapter, we provide a short
introduction to one-loop calculations, and detail the procedure of renormalization, which essen-
tially aims at treating UV-divergences. For completeness, note that in order to obtain a result
which is also infrared-finite, one still has ) to make sure that, according to the Kinoshita-Lee—
Nauenberg (KLN) theorem?, all the IR divergences, but the pure collinear poles of the initial
state, cancel between the real and the virtual contributions i) to absorb the remaining collinear
singularities into the redefinition of the PDFs by means of the mass factorization procedure [151].

This chapter is organized as follows: in Sections 4.1 and 4.2 we provide a consistent defini-
tion of Dimensional Regularization (DREG), and Dimensional Reduction (DRED) respectively.
DREG and DRED are the two regularization schemes used in this thesis to make singularities
manifest. In Section 4.3, we review some one-loop techniques that are used to evaluate frequently
encountered scalar integrals, and to isolate divergences from finite terms. In Section. 4.4, we
present the Passarino-Veltman decomposition which is used to simplify tensor loop integrals.
Finally, in Section 4.5, we explain how UV-divergences can be absorbed into the redefinition of
all the bare fields and parameters by means of the procedure of multiplicative renormalization.

4.1 Regularization scheme

The regularization procedure aims at providing a consistent way of adding, subtracting and
multiplying potentially divergent quantities, and requires in practice the introduction of an
object called the regulator. The purpose of this regulator is to make singularities manifest, so
that it becomes possible to practically manipulate them, and to keep track of them all along the
calculation. At the end of the calculation, the goal is to have all the divergent terms (related to
the regulator) separated out from the finite ones, and eventually, taking the physical limit will
confine the divergences to the aforementioned terms. There exists several implementations of the
regularization procedure in QFT, all having their own virtues and shortcomings. In a generic
manner, the more the symmetries of the theory are preserved by the regularization scheme,
the easier the calculations are expected to be. In what follows, we focus more specifically on
one particular technique called Dimensional Regularization, which is nowadays one of the most
popular and convenient technique to perform loop calculations in perturbation theory.

2For sufficiently inclusive physical observables.
3In a non-Abelian gauge theory with massless fields, transition rates are free of infrared divergences, if the
summation over the initial and final degenerate states is carried out [149,150].
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Dimensional regularization:

Dimensional regularization (DREG) is a method originally introduced in 1972 by 't Hooft and
Veltman [152], Bollini and Gambiagi [153], Cicuta and Montaldi [154], and Ashmore [155] to
regularize divergent integrals. Among many virtues, DREG has the appealing properties of
preserving gauge symmetries as well as Poincaré invariance, and allows for a simultaneous reg-
ularization of both UV and IR soft/collinear divergences. The basic idea of DREG consists
in analytically continuing the loop momenta from 4 to D = 4 — 2¢* dimensions, so that the
divergences appear as poles in 1/¢ and 1/&? at the intermediate stages of the calculations. From
a formal point of view, the analytic continuation of the loop integrals requires the construc-
tion of an infinite dimensional vector space Qp on which all the D-dimensional integrals are
well-defined. This vector space Qp has to include the usual Minkowski space Q4 as a vector
subspace, and can be decomposed as a direct sum of )4 and a residual infinite-dimensional
vector subspace Qp_4

Qp=Q1®Qp-4, (4.1)

where QQp_4 and @4 are orthogonal to one another. This constructivist formulation of DREG
originally developed by Wilson [156] and Collins [157] actually ensures the algebraic consistency
of the regularization procedure inasmuch as all the objects, like the metric tensors or the Dirac
matrices, are being given an explicit representation in the Qp space. Analogously to the four-
dimensional case, D-dimensional integrals defined over @) p satisfy the following properties [158]

Linearity: for any complex number a and b, and any function f and g of the momentum ¢
[ dPala 1@)+b 9@ = a [ dPaf(a)+b [ dPagla) +2)
Translational invariance: for any momentum p, and any function f(q)
[data+p) = [dParta). (13)
Scaling law: for any complex number \, and any function f(q)
[ dPar0a) =37 [ dPasta) (4.4)
Lorentz invariance: for any element A of the Lorentz group, and any function f(q)
[dPasag) = [dPasia) (45)

A proof of uniqueness and existence of such a definition of DREG, as well as a detailed study
of all its properties is far beyond the scope of this manuscript, the reader is therefore referred
to [157] and references therein for more details on the constructive approach of DREG.

Conventions, subtleties and prescriptions in DREG

Although particularly convenient, the technique of dimensional regularization is not entirely free
of ambiguities and requires additional prescriptions to be made unequivocal. The goals of this
subsection are ) to review the nature and the origin of those ambiguities/subtleties i) to fix the
conventions used in the rest of this thesis so that there is no ambiguity left in the calculations.

4The regulator € can be a non-integer or even a complex number.
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Conventions

In DREG, the normalization of the D-dimensional integrals can be equivalently chosen to be
1/(2m)P or 1/(27)4, since what ultimately matters is that the D-dimensional integration measure
allows us to recover the four-dimensional one when taking the limit D — 4. In this thesis, we
choose (by convention) the normalization of the D-dimensional integrals to be 1/(27)%.
Similarly, in DREG, the normalization of the trace of v matrices can be equivalently chosen
to be 2P/2 or 4. More specifically, since the representation of v matrices in D dimensions
corresponds to a set of 2P/2 x 2P/2 matrices, we would expect the trace of the unit matrix to be

Tr(1) = 2072 (4.6)

This solution is however unnecessarily complicated for two reasons ) Clifford algebras behave
differently in even and odd-dimensions, so there is no natural continuation of the algebra in
arbitrary D dimensions i) no algebraic manipulation depends on the value of the trace, thus
any value of the trace ensuring a smooth transition around D = 4 can provide a satisfactory
answer [159]. In this manuscript, we choose to define the trace of the unit matrix in complete
analogy to the four-dimensional case by taking

Tr(1) =4 . (4.7)

Subtleties

In DREG, the first subtlety is related to the necessity of shifting the dimensionality of all the
fields and couplings when performing the analytic continuation from the standard Minkowski
space into the infinite D-dimensional vector space Qp. The action, which is the integral of
the classical Lagrangian density, is by definition a dimensionless quantity in four-dimensions,
and has to remain dimensionless in arbitrary D-dimensions. In order to preserve the renormal-
izability of the theory, the associated Lagrangian density thus has to become D-dimensional.
The dimensionality of the fields and the couplings is therefore expected to be affected by the
procedure of analytic continuation. For a generic Standard Model-like Lagrangian, we obtain

D-2 D-2 4-D

A= —F—=1-e, [Pl=—7F—=1-¢, [g= =e,

2
W=2"2=0 . W=4-D=2, y]="=c
where A, ¢, ¥, g, A and Y generically denote gauge fields, scalar fields, Dirac fermions, gauge
coupling constants, quartic coupling constants for scalar fields, and Yukawa couplings. The
notation [x] here refers to the mass-dimension of the argument x. At this point it is important to
note that all the couplings that were originally dimensionless for D = 4 have become dimensionful
in arbitrary D dimensions. For all the couplings of the theory to retain the mass-dimension they
had in D = 4, it is found necessary to modify the integration measure of loop integrals such that

d"q 2 [ d7q
N 4.8
/ (2m)D Hr / (2m)D (48)
where ¢ is the loop momentum, and where pg is the renormalization scale.
The second subtlety in DREG is linked to the simultaneous regularization of UV and IR
divergences. As highlighted before in this section, the concept of dimensional regularization
is based on the fundamental property that divergent integrals in four dimensions can become

convergent in D dimensions. More specifically, UV divergences encountered in loops are better
behaved for € > 0, while their IR counterpart tend to favour € < 0. Seeing that it is not possible
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to have Re(D) > 4 and Re(D) < 4 at the same time, what is done in practice is i) assume that
there are no IR divergences (or at least that the latter are regulated in some other way) i) take
e > 0, so that loop integrals become convergent in the UV 4i) use analytic continuation to the
complex D-plane to make the integrals infrared-convergent. Eventually the IR divergences will
appear as 1/e and 1/¢2 poles at one-loop.

Prescriptions

The first prescription needed concerns the analytic continuation of v° in DREG. 7 is by def-
inition a four-dimensional object, and as such can only be well-defined on (4. Extending its
definition to @ p is intrinsically bound to generate mathematical inconsistencies (for more details
see Appendix E). Several prescriptions have been designed to handle % in DREG, in this thesis
we adopt the Naive Dimensional Regularization (NDR) scheme.

The second prescription required is related to the analytic continuation of the external four-
momenta and spin degrees of freedom. More specifically, the convergence of the loop integrals
only requires the loop momenta to be D-dimensional, but does not tell us anything about the
way the analytic continuation of the external momenta and spin degrees of freedom has to be
performed. This additional ambiguity has led to the emergence of different schemes, which are
all based on the original formulation of 't Hooft and Veltman. In the following, we review the
basic properties of each of the four schemes that are commonly employed in modern calculations.

The ’t Hooft-Veltman (HV) scheme:

The 't Hooft-Veltman scheme [152] is historically the first scheme that has been worked-out.
In this scheme, external fields have their momenta and spin degrees of freedom kept four-
dimensional, while virtual particles entering in the loops have their momenta and spin degrees
of freedom continued into D-dimensions. In the HV scheme, on-shell fermions have two degrees
of freedom, and massless (resp. massive ) internal gauge bosons have D—2 (resp. D—1) degrees
of freedom. It has been proven that the HV scheme preserves unitarity of the S-matrix [152].

The Conventional Dimensional Regularization (CDR) scheme:

Conventional Dimensional Regularization [157] is a slight variation of the HV scheme and differs
only from the latter by the fact that external momenta and external fields are also considered
D-dimensional. In CDR, everything is D-dimensional. The CDR scheme is the natural scheme
for quantities computed using the optical theorem, and thus preserves unitarity.

The Dimensional Reduction (DRED) scheme:

Another variation of the HV scheme is called Dimensional Reduction, and was originally intro-
duced by Siegel [160] at the end of the seventies as a manifestly SUSY-preserving regularization
scheme. In a nutshell, DRED consists in lowering the dimensionality of the loop momenta from
4 to D = 4 — 2¢, while keeping all the fields and all external momenta four dimensional. For
more details, see next section.

The Four-Dimensional Helicity (FDH) scheme:

The Four-Dimensional Helicity [161,162] scheme was originally developed to construct one-loop
amplitudes from unitarity cuts, and is frequently used in the context of massless NLO QCD
calculations, where it can drastically simplify calculations. The FDH scheme, like DRED,
continues loop-momenta to D-dimensions while keeping the fields four-dimensional. In this
scheme, gauge invariance of the full theory is broken by the restriction of the loop momenta to
have a smaller dimensionality than the spin degrees of freedom, Ward identities are therefore
not satisfied for the additional spin degrees of freedom and the FDH scheme starts to become
inconsistent beyond NLO for non-supersymmetric theories [163]. The ills of FDH at higher
orders can however be cured by means of Dimensional reconstruction [164].
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4.2 Dimensional Reduction

Although DREG (i.e the HV or the CDR scheme) has been successfully applied to a huge variety
of QCD and electroweak processes at next-to-leading order and beyond, this technique is however
not suited for supersymmetric extensions of the Standard Model. Dimensional regularization
indeed introduces a mismatch between bosonic and fermionic degrees of freedom within vector
supermultiplets®, resulting into a manifest breaking of supersymmetry. As mentioned in the
previous section, a good regularization scheme, is a scheme that preserves as many symmetries
as possible at the quantum level. Resorting to DREG in the context of supersymmetric theories,
although still possible, is certainly not the optimal choice as it would require an additional
prescription to restore the fundamental Ward-Takahashi and Slavnov-Taylor identities in the
final step of the renormalization procedure. In the case of our interest, this would for instance
entail the introduction of SUSY restoring counter-terms® that do not stem from the original
Lagrangian by multiplicative renormalization [165,166]. The determination of the structure of
those counter-terms and their subsequent evaluation would hence be the source of additional
complications that would make the use of DREG particularly inconvenient.

In order to avoid the aforementioned troubles, a manifestly SUSY-preserving regularization
scheme called Dimensional Reduction (DRED) has been proposed by Siegel in [160]. The original
idea of DRED [167] is to start from a standard four-dimensional space-time and to compactify
it to a smaller vector space of dimension D = 4 — 2¢ < 4, where only loop momenta take values
so that UV singularities can still be dimensionally regularized. However, in contrast to DREG,
spin degrees of freedom of both external and internal fields are kept four-dimensional”. From
a formal point of view, the original version of DRED consists in decomposing the standard
Minkowski space Q4 as direct sum of orthogonal vector subspaces such that

Qi=Qp®Qsp, (4.9)

where ()p is the infinite dimensional vector space of DREG, and where QQ4_p is its infinite
dimensional complement. As outlined by Siegel himself in the early 80’s [168], this formulation
of DRED however suffers from mathematical inconsistencies, which arise when considering the
following product of antisymmetric tensors

D) _(4-D) aBvs (D 4-D
E;(w;)m c(4=D) aBys (D) pvpo 5&676) ’

(4.10)
where 55}32,0 is a Levi-Civita tensor living in the D-dimensional space, and 6&45;?)
ated rank-four antisymmetric tensor of the complementary vector space Q4_p. If we contract
antisymmetric tensors living in the same vector space, we obtain

is the associ-

eD)  e4=D) afrd (D) pwpo 5;45;? = D(D-1)(D—-2)(D-3)(4—D)(3—D)(2-D)(1- D)

which can be rewritten as

eD), W=Dyt (D) pwpo D) — D(D-1)*(D-2)*(D-3)*(D—4). (411

In contrast, if we contract antisymmetric tensors living in two different (orthogonal) vector
spaces, then the product (4.10) has to be zero, which gives

0 = D(D-1)*D-2*D-3)*D-4). (4.12)

®An on-shell gluino has two fermionic degrees of freedom, while an on-shell gluon in D dimensions has D — 2
degrees of freedom.

5The existence of such counter-terms is guaranteed by renormalizability of supersymmetric theories [165].

"All Dirac algebra can thus be treated as four-dimensional.



Chapter 4: Regularization and Renormalization 61

The previous equation becomes inconsistent if i) D is a complex number i) D is a real non-inte-
ger number i) D is a strictly positive integer with D > 4. A generalization of this mathematical
inconsistency can be formulated in terms of the determinant of the metric tensor of each vector
space without using Levi-Civita tensors [169]. The authors of the aforementioned study have
moreover correlated this inconsistency with the impossibility of decomposing the standard (fi-
nite) Minkowski space @4 into a direct sum of two infinite dimensional vector subspaces, Qp
and Q4_p. To get a rid of the inconsistencies of the original definition of DRED, the same
authors have also introduced the concept of quasi-four dimensional vector space Q45 [169,170],
whose existence has been formally demonstrated by construction in [171].

The peculiarity of this quasi-four dimensional vector space resides in the fact that it retains
most of the four-dimensional properties of the Minkowski space®, while being infinite dimensional
at the same time. It is shown in [171] that Qg can be decomposed as the direct sum of the
D-dimensional space Qp, and a residual QQ45_p vector space such that

Qus = Qp © Qus—p , (4.13)
where Qp and QQ45_p are completely orthogonal one to another, and where
Qp=Q1®Qp-1 . (4.14)

One can respectively define over Qu45, @p, Qis_p, @4 and Qp_4, the associated metric tensors
AR gt and Y, which satisfy the following properties

n#l/ — TA]‘“V + ﬁ/w , TI“VTIW =4 , ﬁuyﬁuu =D , ﬁ#zxﬁlw = 2
iy £ =0k, i, £ =nkr, i, P =0, =g+, (4.15)
ﬁuuﬁw =4, fluufhw =D—4=—-2, A, P = iphe ﬁ“”ﬁy P — ﬁup ,
i =

In the previous set of equations it is important to realize that, except for the case of the standard
Minkowski space @4, index counting is no longer possible. As a matter of fact, in infinite-
dimensional vector spaces Lorentz indices can take infinitely many different values, whereas
they are formally limited to 0, 1, 2 and 3 in the usual Minkowski space (4. Using dimensional
splitting, it is possible to define any four-vector p* living in QQ4¢ such that

pr=p"+p", P =10"py, P =1"p,, (4.16)

where p* and p* are respectively the D and 4S5 — D component of p#. Imposing the Dirac
algebra in Qg

=291 (4.17)
gives the following relations for the Q4s_p and Qp components
{47 =29"1 {¥, 4} =231, {#.9"t=0. (4.18)

Since the introduction of the infinite-dimensional vector spaces @45, @p and Q45— p requires
the spinor indices to range over an infinite number of values, one must work with infinite-
dimensional y-matrices to realize the Dirac algebra. However, this means that the genuinely
four-dimensional Fierz identities, which are supposed to ensure the invariance of the Lagrangian
under SUSY transformations, cannot be satisfied anymore. The lack of Fierz identities in Q49
in principle entails a loss of supersymmetry even at the one-loop level. Fortunately it was shown
in [169] that such effects only arise at higher orders, where traces of at least ten y-matrices are
encountered. The consistent formulation of DRED thus breaks supersymmetry just like DREG,
but only starting from higher orders. DRED is therefore perfectly legitimate in the context of
supersymmetric one-loop calculations, and can be safely applied to the cases of our interest.

8But the Fierz identities that are genuinely four-dimensional.
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Im(qo)

X Re(qo)

Figure 4.2: Integration contour in the gy complex plane. The crosses correspond to the location
of the poles displaced from the real axis by means of the Feynman prescription.

4.3 Evaluation of scalar one-loop integrals

Now that we have a consistent definition of DREG (and DRED), we would like to evaluate some
scalar integrals that are commonly encountered in the context of one-loop calculations. In this
section, we first derive the analytical form of the one-point function, before doing the same for
the two-point function. The case of the three-point and four-point function is not detailed in
the present manuscript, here we simply provide a general expression for each of those integrals,
their complete analytical expression can however be found in [172-174].

Scalar one-point function Ag(m?)

The scalar one-point function Ag(m?) is defined as

D
Ao(m?) = /Cfﬂf@mm) M, (4.19)

where ¢, m, ug, and ie are respectively the loop momentum, the mass of the particle entering in
the loop, the renormalization scale, and the Feynman prescription in charge of ensuring causality
of the propagator. More specifically, the integral (4.19) contains an integration over the ¢° real
axis running from —oo to +0o which exhibits the following poles

+ Sl +m? —ie = = \Jla?+m? F W + O(e) . (4.20)

The Feynman prescription ie previously introduced aims at shifting the poles above and below
the real axis (see Fig. 4.2) such that it is possible to define a closed integration contour in the
q° complex plane that do not enclose the poles. Thanks to the Cauchy theorem?, the integral
over this closed contour has to be zero. For D < 2, the originally divergent integral (4.19)
becomes convergent, and the integrand vanishes fast enough so that the contribution of the arcs
drops-out for |¢°| — oco. Consequently, it is then possible to replace the ¢" integration over the
real axis by a ¢” integration over the imaginary axis. This procedure is called Wick rotation and
from a conceptual point of view strictly amounts to transforming the Minkowski space into an
Euclidean space. In practice, Wick rotation is achieved by performing the following substitution

. = = 2 N 2 N
¢ = gy, 7= qb, @ = (") -qd%= ()" —d® = —qp .  (4.21)

9The integral of an holomorphic function over a closed contour that do not enclosed any pole vanishes.
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The genuine virtue of this technique resides in the fact that it is always possible in the Euclidean
space to use rotational invariance to decompose the integrand into a radial and an angular part
by introducing the following spherical coordinates

dPq = (idg%)dP gy = idPqp = iqh 'dgpdQp (4.22)

thus making the evaluation of loop integrals simpler than in the case of the regular Minkowski
space, where one has to use the residue theorem instead. Recalling that D = 4 — 2¢, we obtain

Ao(m?) =  (drPug)° /°° iqp 'dgpdQp (a1 (dmpg)° /°° o (gp)P*!
0 N im? 0 [g% +m? — i€ '(D/2) Elgz +m2 — i€

If we perform the following change of variable

(m? — ie) , -
T = Bt mioig qp = (m*—ie)(1-T)T"", (4.23)
E
2 2
T — — (m ’lé) qu N dq% _ —(m2—ie)T_2dT, (4'24)

(g% + (m? — i€))?
the scalar one-point function reduces to
Ag(m?) = 477,“3 / dT (1 — T)P/2-1 PU=D/A=1 (12 _ jyD/2-1 (4.25)
I'(D/2)
Using the definition (D.8) of the Euler-Beta function, the previous expression simplifies to
9 9 m? —ie\ °
Using the property (D.3) of the Euler-Gamma function, the previous equation gives
I'e+1) . (m? —ie\ °©
Ag(m?) = —————Z(m? - () . 4.26
o(m?) = gyt o) (T (126)

The regularization procedure aims at identifying and isolating singularities so that it becomes
possible to practically manipulate them. Eq.(4.26) is in this respect not very useful as the pole
structure of the scalar one-point function is not made explicit. The pole structure can only be
made manifest by performing a Laurent series expansion around € = 0. At one-loop we obtain

2 2
Ap(m?) = — ﬁ[_ 1—e+ 0(52)} [1 —evp + 0(52)} [1 —¢ln ( m 5 ) + 0(62)] ,
€ dmpg
which thus gives
5 5 [1 m?
Ag(m*) = m” |=+1-In(— | +0(e)|, (4.27)
€ U
with
1—14-111(4)— (4.28)
z = - ™ YE - .

At this level, two comments are in order i) the choice of including or not the universal constant
In(47) — v into the definition of the pole is purely conventional, and is related to the choice of
the renormalization scheme, in this thesis we choose to include those terms, this the so-called
MS/DR scheme ii) according to (4.27), a massless scalar one-point function is exactly zero.
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Scalar two-point function By(p?, m3, m3)

The scalar two-point function Bo(p?, m?, m3) is defined as

i L (2mpn)* : (4.29)
TUR ) .
ir? [qQ—m%—i-ie][(p—i-q)Q—m%%-ie]

BO(p27 m%a m%) = /

where p is the external momentum, ¢ is the internal loop momentum, and m; and ms are the

masses of the virtual particles. Note in addition that By(p?, m?,m3) is symmetric under the

permutation of m; and mg such that By(p?, m?, m3) = Bo(p?, m%, m?). Using the Feynman trick

dx
AB o [Az + (1 — z)B]

S (4.30)

it is possible to rewrite (4.29) as follows

qu

a4
By(p®,mi,m3) = (2/ / 5
40 p+q):z:+(1—:z:)q —(1—x2)m 1—xm2+ze]

If we i) use translational invariance to perform the momentum transformation ¢ — ¢ = ¢+ ap
i) introduce the variable M? = z%p? — z(p? + m? — m3) + m?} — ie iii) perform a Wick rotation
iv) use (D.11) to simplify the angular part of the loop integral, we obtain the following expression

(4m?p3, +oo 2)D/2-1
Bo(p?,mi,m3) = —— D/2 / d:c/ d? +M2] . (4.31)

With the following change of variable

M? (1-X)
M? dg? M?
dX L dg} = - dX 4.33
the scalar two-point function can be rewritten as
Bo(p?,mi.m3) = () /2 / da / dX (1—X)P/2~1 X1=P2 (a2)P22 | (4.34)

Using the definition (D.8) of the Euler-beta function, and the property (D.3) of the Euler-Gamma
function the previous expression reduces to

D(l4¢e) ([ M? \°°
By(p*, m3, m3) / dx 6 (47W2> . (4.35)
R

To make the pole structure of the two-point function Bg(p?, m?, m3) explicit, we finally perform

a Laurent series expansion around € = 0, and obtain at one-loop

Bo(p,m2, m2) — /Oldxi [ — ey + O(Y)] [1_5111 (;‘f;) + O )} (4.36)

which finally simplifies to

Bo(p?*,mt, m3) =

115

M| =

1 2.2 (2 2 2 2
[ (72 2t mi = m3) +m) )+ 0.
0
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The argument of the logarithm in (4.37) can be rewritten in terms of the roots of the polynomial
equation 22p? — z(p* + m3 — m3) + m? — ie = 0. Those roots are

2 .
p2+m%—m%i\/(p2+m%—m%) — 4p2(m? — ie)
vy = o | (139)

such that

(z —x1)(z — z2)
I

Bo(p?,m?,m3) = = — da: ln( ) + O(e) . (4.39)

After integrating by part the previous expression, one obtains

2

Bo(p*,m?,m3) = %_ + 2 —In (pi) — Z[ln(l—xi) + xiln( o 1)] + O(e) ,

KR i=1 Ti —

which eventually reduces to

Bo(p2, m%? m%) =

™| =

+2 - ln< ) Zm,ln( T ) + O(e) . (4.40)

From the generic expression (4.37), one can also deduce the following special cases

1 1
Bo(0,0,0) = g - %a
9 1 p? —ie
Bo(p,0,0) = E + 2 — ln( 2 ) O(e) ,
R
9 1 m?
BO(O,m ,O) = g _|_ 1 — hl </112) + 0(6) 5
R
9 9 1 m?
Bo(0,m*,m*) = e In{— ] + O,
R
9 9 1 m?
By(m*,m*,0) = E + 2 - 1n<2) + O(e) ,
HR
2 2 1 1 2 % 2 %
BO(O,ml,mQ) = g + 1 — m%—m% ml ln MT — mQ ln H2 + O(E) s
R R
1 2 2_ .2 2_ .2 _
Bop,m?0) = < + 2~ In (/ﬂ) n mp2p In (m 752 “) + 0,
R
1 2
Bo(m27m2’m2) = E + 2 In (;Z;) % + O(E) s
R
1 2 -1 4(m? —i
Bo(p27m27m2) — E =+ 2 — In (172) + ,3111 <g—|—1) + O(E) R B = 1—(1)26)
R

Analogously, the derivative of the scalar two-point function B)(p?, m?,m3) is defined such that

0Bo(p*, mi, m3)

Op?

By(p*,mi, m3) =

(4.41)

Its analytical form can be obtained by applying the previous definition to (4.37), which gives

z(1l —x)
B d Ofe) . 4.42
ot mtomd) = [ e e e 06,
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Note that (4.42) is UV-finite, but can potentially contain infrared singularities as shown below

B(’)(O? 07 O) = 0 9y

B6<p27070) = _ﬁ + O(E),
1
Bmm%):gﬁ+0@,
1
Bé(O,mZ,mQ) = W + 0(5),
1 1 2
Bimtm0) = g5 o2 (G )|+ 0.
1 m3 +m? mam? m2
o) = Gl T e )] T 00
1 2 2_ .2
By(p?,m?,0) = —pQ[H’;m(W)] L0,
1 127
B6(m2’m2’m2) = W[ﬁ_l} + O(E),
1 T T 1
B’222:[ _11(1)_ —II(QH—(’).
o(p”, mi,m3) P2 (z1 — 22) w1 (21 — 1) In -1 z2(z2 — 1) In — p2+ (¢)

Scalar three-point function Cy(p?, p3, m?, m3, m3)

The scalar three-point function Cy(p?, p3, m3, m3, m3) is defined as

1

2 2 . 2 2 . 2 2 . ’(443)
(g2 —m3 +ie|[(p1 +q)" — m3 +ie] [(p1 + p2 +q)” — m3 + ie]

where p1, p2, and p3 are the external momenta, ¢ is the internal loop momentum, my, ms, and
mg are the masses of the virtual particles, and where the arguments of Cy on the left-hand
side of (4.43) have been omitted for brevity. Note in addition that (4.43) is UV-finite, but can
potentially contain infrared divergences. The exact analytical expression of (4.43), where the
pole structure is made explicit, and where the finite terms are detailed, is given in [172-174].

Scalar four-point function Dy(p?, p3, p2, m3, m3, m3,m?)

The scalar four-point function Dg(p?,p3, p3, m2, m3, m%, m?) is defined as

D 2e
o= [ . ;- rn) ; — (4.44)
% (g2 —mi +ie] [(p1 + q)” — m3 +ie] [(p1 + p2 + q)” — m3 + ie]
1

[(p1 + p2 +p3+q)2 —mi—l—ie]

X

)

where p1, p2, p3, and pys are the external momenta, ¢ is the internal loop momentum, my, mo,
mg, and my4 are the masses of the virtual particles, and where the arguments of Dy on the left-
hand side of (4.44) have been omitted for brevity. Analogously to (4.43), (4.44) is UV-finite but
can contain infrared divergences. Similarly, the analytical expression of (4.44), where the pole
structure is made manifest, and where the finite terms are detailed, can be found in [172-174].
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4.4 Passarino-Veltman reduction

The Passarino-Veltman (PV) reduction scheme was originally introduced in 1978 [175], and is
historically the first systematic procedure that has been developed to decompose tensor and
vector integrals over a basis of scalar integrals. More specifically, the main reason why the PV
decomposition allows us to reduce any tensor/vector integral to a linear combination of scalar
integrals is Lorentz invariance. According to Lorentz invariance, the tensor structure of the loop
integrals can be expressed in terms of Lorentz-invariant quantities, 7.e. the external momenta
p!!, and the metric tensor n*”. At one-loop, we can perform the following form-factor expansion

BY = p'By,
B" = plp"Bar + "B,

(OL— p‘Lan + p5012,
C* = pip{Con + phpbCor + {p1p2}Cos + 1" Cos,
crr = phipipi{Csi + phpsphCsa + {pipip2}PCss + {pipap2}'PCsa
+ {pn}*PCss + {pan}*Css ,

(4.45)
Dt = piDy + phDia + psDis,
DM = pipiDar + phpyDaa + phpiDas + {p1p2}Das + {p1p3}"” Dos
+ {p2p3} Do + 1" Doy,
where By, Ba1, B, C11, C12, ..., Do7 are some scalar integrals, the so-called form factors, whose

arguments have been omitted for brevity, and where the notation {- - - }**# corresponds to a sum
over all possible permutations of Lorentz indices. The PV reduction is here performed up to
DM because, in the context of squark-antisquark pair production, and gluino pair production,
this is the highest rank four-point function that is needed (at one-loop).

Vector integral B, (p*, m?, m3)

The vector integral B, (p?, m?,m3) is defined as

dPq q
B, (p?,m3,m3) = /— 2muR)* K . 4.46
M( 1m2) im? ( ) [qz—m%+ie][(p+q)2—m§+ie] ( )

Using the Feynman trick (4.30), and translational invariance, we obtain
)2 du — TPu
B,(p*, mi,m3) / dm/ (2muR) o M2}2 , (4.47)

with M? = 22p? — 2(p? + m? — m3) + m? — ie. Note that the first term of (4.47) has to be zero
because 7) the function is odd in ¢ 7)) the domain of integration of this function is symmetric, so

x
By(p*,mi, m3) —Pu{ /dw/ (2mpr)? [QMQH = puB1(p®,mi,m3) . (4.48)
q —

Following the procedure detailed in the case of By(p, m2, m3), we obtain for By (p, m?,m3),

2 2 2 2 _
B (p*,m3,m3) = ~% + / x dx 111( Rt m/jz my) & my ZE) + O(¢) . (4.49)
R
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If we contract (4.48) with the external momentum p#, we obtain

P"Bu(p?, mi,m3) = /da:/ P (2mpR)* P-4 5 - (4.50)
in [¢2 —m?+ie][(p+q)” —m3 + i€

In addition to Lorentz invariance, the PV reduction scheme also relies on the assumption that it
is always possible to decompose (at one-loop) any scalar product of loop momenta with external
momenta as a linear combination of inverse propagator (plus an invariant). For p.q we have

p.q = %[ [(p+q)2—m§+ie] — [¢* —mi +ie] + (m%—p2—m%)} ; (4.51)

where the third term of (4.51) is the so-called invariant. Injecting (4.51) into (4.50) then gives

P B md) = 5[ Aomd) — Ao(md) + filp,md,md) Bo,mdmd)] (452
with
A mim3) = (m3—p* —mi) . (4.53)
Therefore, according to (4.48), the scalar integral B (p?,m?%,m3) can be rewritten as
Bu(p* i) = 5 [Aa(md) — Ao(md) + %, md) B, md,m)] . (450

Note that i) the previous definition of Bj is only useful as long as p? # 0, if in some specific
cases p? = 0, one has to go back to the generic definition of (4.49) to derive the analytical form
of the Bj function 4) in contrast to Bo(p?, m?,m3), Bi(p?, m?, m3) is not symmetric under the
permutation of m; and ms. The permutation of the second and third argument indeed gives

Bl(p2,m%,m%) = = Bl(p2’ m%,m%) - Bo(pz,m%,m%) : (4.55)
Similarly to Bj(p?, m3, m3), the derivative of Bi(p?, m?,m3) is defined as

Bi(p*,mi,m3) =

OB (v, 13, m3)

5 (4.56)

The analytical form of B} (p?, m?,m3) is obtained after applying (4.56) to (4.49), this gives

Bl (0%, m2, m2 /"dx 7@ —1) + 0%) (4.57)
P —a(p? +mf — m3) + mf i | |

Tensor integral B, (p?, m}, m3)

The tensor integral By, (p?,m3,m3) is defined as

dPq quq
B v 27 27 2 = / 2 L ’ 4.58
il mitmd) = [ S e P =g 9

Using the Feynman trick (4.30), and translational invariance, we obtain

/ d.’L‘/ 25 qudv — JU(quV + quu) + fEQpMPu

R . (4.59)

BW(P mla m2
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with M? = 22p% — z(p? +m? — m3) +m? —ie. Note that the second term of (4.59) has to be zero
because i) the function is odd in ¢ ) the domain of integration of this function is symmetric, so

2 1 2
I/+7 v
B, (p?,m3,m3) /dw/ 2 l’pf]; 42?27” . (4.60)
- M

If we define the following integrals

2
x
Bgl(pQ,m%,mg) = /dx/ 27r,u,R 7[2 M2]2’ (4.61)
g2 —

dD
By (p*,mi,m3) = 1 / d:c/ (2muR) [q —MQ] ) (4.62)

and inject them into (4.60), we recover the expected Lorentz decomposition

B (p®,mi,m3) = pupyBai(p®,mi,m3) + nuBaa(p®,mi,m3) . (4.63)

Following the same procedure as detailed before, Bs; and Bey can be re-expressed as

1 1 202 _ 2(p2 4 m2 —m2) +m? —i
Boi(p?,m2,m3) = = /0 dz z* In (xp *(p m/; m) +mi ze) + O(e) , (4.64)
R
2,2 2 1rp? 2 2 I 2 M?
Boo(p?,m2,m2) = —E{g—ml—mz] +q ) de 1=z (5 )+ 06 (465)
R

If we now contract the tensor two-point function with all the possible Lorentz invariants, i.e.
we apply the metric tensor 7" and the external momentum p# to (4.63) and (4.58), we obtain

B, = D By + p? By = Ao(mg) + m% Bo(p2,mf,m§) , (4.66)
1
p”B/u/ = |:B22 + PQBZJ by = 5 I:AO(mg) + fl(PZam?m%) Bl(anm%m%)} Pv (467)
which simplifies to the the following system of equations
D By, + p* B = Ag(m3) + miBo(p®, mi,m3) , (4.68)

1
By + 9" Bn = 3|A(md) + A@'mimd) Bi(pmimd)] . (4.69)

Subtracting (4.69) from (4.68) ultimately gives

1 1 1
B22(p2,m%,m§) = ﬁ[m%BO(p27m%7mg) - §f1(p2,m%7m§) Bﬂp{m?,m%) + §A0(m%)} )

which can in turn be injected into (4.69) to deduce Ba;

171 1
B21(p25m%’m§) = p[§A0(m§) + §f1(p2,m§,m§) BO(pQ,m%,mg) - ng(pz,m%,mg)} .

Note that the previous definitions of Bo; and Bay are only useful as long as p® # 0, if p?> = 0
one has to go back to (4.64) and (4.65) to derive the analytical form of Ba; and Bas.
Vector integral C*(p?, p3, m?, m3, m3)

The vector three-point function C*(p?, p3, m?, m3, m3) is defined as

dD q/L
WWﬁﬁm%ﬂ=/ 9 (2rpe)e . (470)
v in? [ —m?] [(p1 + )" —m3] [(p1 +p2+q)° —m3]
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where the Feynman prescription ie has been omitted for brevity. Lorentz invariance allows for
the following Passarino-Veltman decomposition of the vector three-point function C*

CH = piCu + phCia . (4.71)
If we respectively apply the external momenta p; , and p, on (4.71), we obtain

piC" = pi Cu + prpz Ciz (4.72)
p2uC* = p1p2 Cu1 + p% Cia . (4.73)

If we now apply the external momenta p; , and ps,, on (4.70), we obtain on the other hand

arP .

it = [ S e Gy (4
ar .

it = [ G (79

where we have introduced the following handy notation

[ -mi] = [, [(m+a’-m] = (2, [(+p2ta)—mi] = [3]. (4.76)
Since
pa = 5[ +0’—md] - [@—md] + filprmdmd)] (.77
prq = %[ ((p1+p2+0)" = m3] — [(p1+)" = mi] + folpr,po,m3,m)| . (4.78)
with
Apt,mi m3) = (m3—mi—pp) (4.79)
fo(pd p3om3im3) = |mi—m3— (p+p2)” 0l (4.80)

then the equations (4.74) and (4.75) can be rewritten as

1 [dPq 01 1 1

puC" = 5/“72(2@%)2 [[1][3]— [2“3}} + §f1 Co , (4.81)
1 1dPq 01 1 1

p2uC* = 5/7;772(2”#1%)2 {[1”2]_[1”3]] + §f2 Co (4.82)

where the arguments of the functions f1, f2, Cp and C), have been omitted for brevity. Equating
the previous expressions with (4.72) and (4.73) respectively, gives eventually

1
Ry = p}Cu + pupe Ciz = 5[Bo(1,3) = Bo(2,3) + f1 Co] . (4.83)
1
Ry = pip2Cu + p3 Ciz = 5{30(172)—30(1,3)4-,702 Co} ; (4.84)
where the notation By(i,j) corresponds to
dP 1
Boid) = [ S5 Cmun)* =, withij=1.2.3 andi ] . (4.85)
in [1]17]



Chapter 4: Regularization and Renormalization 71

Note that because By(1,3) — Bo(2,3), Bo(1,2) — By(1,3), and Cy are UV-finite, the integrals
C11 and Ch2 must also be UV-finite. The equations (4.83) and (4.84) can then be rewritten as

Ry p? pip2) (Cn
_ , 4.86
<R2> <p1 P2 D3 Ci2 (4.86)
—_—

X

where the 2 x 2 matrix X is the so-called Gram matrix. If the Gram matrix is invertible, it is
possible to decompose the form factors C1; and C1o over a basis of scalar integrals. The inverse
of the Gram matrix then takes the following analytical form

1 A
X1—< P2 pgm) . (4.87)

p%p% — (pl_p2)2 —Pp1-p2 b1

In the case where the Gram matrix is not invertible, the system cannot be solved, and therefore
the PV reduction becomes inefficient. We finally obtain the solution

Cn 1 (B
(@) - xe (1) .

Tensor integral C*(p?, p3, m?, m3, m3)

The tensor three-point function C*(p}, p3, m3, m3, m3) is defined as

d"q i
Cr it . md) = [ 5 (omun) s . (489)
i [ = m3] [(p1r + )" —m3] [(p1 + P2+ )* — m3]

where the Feynman prescription has been omitted for simplicity. Lorentz invariance allows for
the following decomposition of the tensor integral C'*¥

CH = pipy Ca1 + php5Ca + (P + phpY) Cos + 0 Coy . (4.90)

If we apply the external momenta py , and ps ,, and the metric tensor 7, on (4.90), we obtain
P, C* = [p?Czl + p1.p2 Caz + 024}]95 + {Pl-p2 Cs + pi C23}P5, (4.91)

P2, CH = [Pl-pQ Cy + P} 023}1)'1/ + [Pg C22 + p1.p2 Coz + 024]105 ;o (4.92)

nuwC" = D Cay + pi Co1 + pj O + 2p1.p2 Cos . (4.93)

If we now apply pi1,, p2,u, and 1, on (4.89),and use (4.77) and (4.78), this gives

nwy o d® 25 1 _ 5 3 1 1 f1

puC —/J%M]”qiﬁqumemﬁmmﬂ’
wo dP 2 2 _[dP v 1 1 fa

pauC —/ﬁmwzfqiﬁﬁmRMmﬁwﬁmwﬂ’

wo @WR L:MWR 1 mi
mC = [ e /m@“>lmm+mmm

With the help of the notation introduced in (4.85), this system of equations can be rewritten as

v 1 v v & 2e ql/_plf
e = 2B+ a0t - [l BT _mg]} (4.94)
PoCH = % [B"(1,2) — B"(1,3) + fC"], (4.95)

nuwC" = By(2,3) + mi C , (4.96)
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where we have performed the momentum transformation ¢ — ¢ — p; in (4.94), and where

By(172) = B"(p%,m%,m%) = plf Bl(p%,m%,mg) = plll Bl(172)7
B'(1,3) = B"((p1+p2)*,mi,m3) = (p1+p2)” Bi(1,3),
B0(273) = Bo(pgam%7m§) .

Using the previous definitions and Lorentz invariance we obtain

1 v v v v v

Pl = 5 {(m +p2) Bi(1,3) + fi {plc’u +p2012} — pyBi(p3,m3,m3) + p{Bo(2,3)| ,
1 v v v

P2, CM = 5 [PlfBl(lﬂ) — (p1+p2) Bi(1,3) + f2[p1c11 +P2012H ;

NuwCH = DBy(2,3) + m% Cy .

Combining (4.91), and the first line of the previous system of equations gives
1
piCa1 + p1.p2Cas + Coy = 5{31(1,3) + Bo(2,3) + fi 011] = Rz, (497)
1
p1-p2Ca + piCos = 5[31(1,3) — Bi(ps,m3,m3) + fi 012] = Rs. (4.98)

Similarly combining (4.92), and the second line of the same system of equations gives

1
p1.p2Co1 + p%CQ:), = 5{31(1,2) —Bl(l,?)) + fo CH} = Ry, (4.99)
1
p3022 + p1.p2Ca3 + Coy = 5[—31(1,3) + fo 012} = Rg. (4.100)

Combining (4.97) with (4.99), and (4.98) with (4.100), and solving the two systems by inverting
the 2 x 2 Gram matrix gives the following results for the form factors Cs1, Cag, and Cas

Ca1 1 (R —Cx Cas 1 Rs
=X , =X . 4.101
<C23> Ry Ca Rg — Cq ( )
The last step of the reduction procedure of the tensor integral C*¥ consists in finding an analyt-

ical solution for the remaining form factor Cy4. This can be done by equating (4.93) and (4.96),
and assembling the resulting equation with (4.97) and (4.99) such that we have

DCos + piCa + p3Cos + 2p1.p2Cas = miCy + By(2,3) , (4.102)
1

p%Cm 4+ p1.p2Cos + Coy = 5{31(1,3)4-30(2,3)%-]01011} , (4.103)
1

p5Ca2 + p1.paCas + Coy = 5{—31(1,3)—1-]02012} : (4.104)

Subtracting (4.103) and (4.104) from (4.102) then directly gives

Coy = |:m%00 — %[flCll + f2C’12 — Bo(?,S)H . (4.105)

1
(D-2)
As a final remark let us note that because Cy, Cq11 and Cio are UV-finite, Cy4 has to be UV-
divergent. Coy is moreover the only UV-divergent form factor of C*¥, this result can be deduced
after plugging (4.105) into (4.101). The UV-divergent piece of Ca4 more specifically reads

1
UV[Ca] = = (4.106)
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Tensor integral C**(p?, p3, m?, m3, m3)

The tensor three-point function C*(p?, p3, m3, m3, m3) is defined as
dD WAV P
CHP (p2, p3, m2, m3, m3) :/,—f@mm)?f — S —— (4.107)
o [¢2 = m3] [(p1 +a)” = m3] [(p1 +p2+q)” —mj]

where the Feynman prescription has been omitted for simplicity. Lorentz invariance allows for
the following decomposition of the tensor integral C***

crr = phipipy Csi + phpsph Csa + {pipip2}*? Cs3 + {pipap2}** Cay
+ Apin}"? Css + {pan}"” Cse (4.108)
with
{p1p1p2}? = P piph + pipivh + oy . {pin}? = pin”? + pin?* + pin™”, (4.109)
{p1pap2}? = pl'psph + pYphph + pivhps . {pen}? = phn”P + pynPt 4+ phnt” . (4.110)

Apart from the increasing complexity of the calculations, the reduction procedure of C**P re-
mains the same as for C*. The procedure is summarized as follows ¢) contract (4.108) with
the external momenta p; , and ps , i) construct a set of linear equations by first selecting in
both p; ,C*"? and ps ,C*"? the scalar coefficient appearing in front of a given tensor component
and assume that each of those coefficients is equal to a scalar function R; #4) the analytic form
of each R; (expressed in terms of scalar integrals) is obtained after contraction of (4.107) with
the external momenta p;, and ps , and the extraction of the relevant tensor component iv) as
soon as all the R; are known, each system of equations is then solved by inverting the Gram
matrix. The scalar products p; ,C*"* and ps ,C**P have four possible tensor components in
total, namely n*¥, p'pY, phph, and (p'ps + piph). Following the procedure detailed above gives

Css —1 [ Rio
= X
() = (ae)

for the n*” component, with the scalar functions R1g and Ry1 defined such that

1
RlO = §{f1024 + 322(1,3) - B22(p%7m%’m§)} )
1

and

Ca1) _ y-! Rz —2C35
C33 Ri3 ’

for the p’f pY component, with the scalar functions R;s and R;3 defined such that

1
Ry = [f1021 + B1(1,3) — By(2, 3)} ,

Riz =

N =N

[f2021 + B21(1,2) — B (1, 3)] ,

Cas) _ y-! Ry
C32 Ri5 —2C36 ) 7

and
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for the php4 component, with the scalar functions R4 and Rj5 defined such that
1
R = 5 {f1022 + Ba(1,3) — B21(pg,mg»m§)} ;

Ry = %{f2022—321(1>3)]7

Cs3) _ -1 Rig — Css
Csy Ri7 —Cs5) 7

for the (pi'py + pYph) component, with the scalar functions Ris and R;7 defined such that

and

1
Rig = §[f1023+B21(173)+Bl(pg7m%am§)} >

R17 = %{f2023_321(173)]'

Four-point vector integral D*(p?, p3, p3, m?, m3, m3, m?)
The four-point vector integral D* is defined as
DI _ /qu (2mpn)™ ¢ (4.111)
- : 2 2 2 ) :
i (g2 = mi] [(pr+ )" —m3] [(p1 +p2+ )" — m3] [(pr +p2+ps+a)” —mi]

where the arguments of D#, and the Feynman prescription ie have been omitted for brevity.
Lorentz covariance allows us to decompose the four-point function D* such that

DF = piDu + phDiz + pyDis . (4.112)
If we respectively contract (4.112) with the external momenta pq ,, p2 ., and p3, we obtain
piuD" = piD1 + prpeDiz + pipsDis = R, (4.113)
pouD" = prpaDui + p3Diz + pepsDiz = Ror, (4.114)
psu D" = pipsDu + pepsDiz + p3Diz = Roo . (4.115)
This system of equations can be rewritten in terms of the 3 x 3 Gram matrix X such that
pi  pip2 pips\ (Du Rao
pip2 P53 peps||Di2| = |Ra| , (4.116)
p1p3 DP2-p3 D3 Da3 R
X
and therefore,
D1y Rao
Do | =X"1| Ry | . (4.117)
Da3 Ry
Similarly, if we now contract (4.111) with the external momenta py ,, p2 ,, and p3 ,, this gives
dPq P1.q 1 [ dPq 1 1 1
Dt = [ =22 26727/—2 25[ — }+ Dq ,(4.118
b= [ S Cr Gty = 2 ) e |~ R 2t
dPq P2.q 1 [ dPq 9 1 1 1
pay DM = / L ompu)e 2 — 2 / 4 ampr) [ - } + L 12Dy (4.119)
: in? [1[2](3][4] 2/ in? (2] [1][3][4]) 2

P i . 1 [dP I 1 1 1
pBMDM :/?3(27”“3)2 [L = 7/-75(27”1’1{)2 |:[1][ - :| + §f3D0 (4120)

P2[8][4) 2/ in 2][3]  [][2][4]
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where we have introduced the convenient notations

1] = [@-mi], [2] = [(m+a)?—mi],
B8] = [(m+p2+a)’—md], [4] =[(p+p2+ps+q)’—mi],

and where f; and fo have already been defined in (4.79) and (4.80), and f3 is given by
f3(p%>p%7pi2‘)?m%amgvmi) = [mézl_m?’)_ (pl + p2 +p3)2+ (pl +p2)2} . (4121)

Equating (4.113), (4.114), and (4.115) with (4.118), (4.119), and (4.120) respectively leads to

1

Ro = 5[fi Do+ Col1,3,4) - Co(2,3,4)] (4.122)
1

R = 5[f2 Do+Co(1,2,4) = Co(1,3,4)] , (4.123)
1

Ry = §[f3DO+CO(1>2,3)_00(172a4)]a (4.124)

and

D11 Rao
Dy | =X"'| Ry
D13 Ras

Four-point tensor integral D" (p?, p3, p3, m?, m3, m2, m3?)
The four-point tensor integral D*” is defined as

D = / g (2mpr)* ¢"q”
i (g2 —m3] [(pr +q)° — m3] [(pr + p2+ )" — m3] [(p1 +p2 +ps +4)" —m3]

. (4.125)

where the arguments of D*¥, and the Feynman prescription ie have been omitted for brevity.
Lorentz covariance allows us to decompose the four-point function D*” such that

D" = pi'p{Da1 + phpyDaa + phpyDos + {p1p2} Doy + {p1ps}* Das
+ A{p2ps}Dag + 0" Doz . (4.126)

The procedure to derive the analytical expression of the form factors Do1, Doo, Dag, Doy, Dos,
Dog, and Do7 has already been detailed when reviewing the C#*? function, we do not repeat it
here. The only difference comes from the fact that the exact form of Dy; can be obtained by
contracting (4.125) and (4.126) with the metric tensor, equating the two resulting equations,
and then subtracting from the latter Rsp, R34, and Rsg. Following this procedure, we obtain

Doy R3g — Doy
Dy | = X! R3y ;
Dos R3s

for the p4 component, with the scalar functions Rsg, R31, and Rg2 defined such that

1

R3y = §|:f1D11 + 00(2,3,4) + Cll((pl +p2)27p§7m%7m§7m421):| ’
1

R31 = §[f2D11 + Cu(pi, (p2 + ps3)*,mi, m3,m3) — Cui((p1 +p2)2,p§,m§,m§,mi)] ’
1

Ryy = 5 [fsD+ Cu(oh v, mi,m3, m3) — O (o, (b2 + ps)?, mi, m, m3)]
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and
Doy Rs3
Dy | = X '|Rss— Doy |,
Dog Rss5
for the p5 component, with the scalar functions R33, R34 and Rss defined such that
1
R33 - §|:le12 + Cll((pl +p2)2)p§am%7m§7mi) - Cll(pgup§7m%7m§)m421)] )
1
R34 = §|:f2D12+012(p%7(p2 +p3)27m%7m%)m421) 7011((1)1 +p2)27p§7m%;m§ami):| )
1
R35 = 5 {f3D12 + 012 (p%apga m%) m%? mg) - 012 (p%’ (p2 + p3)2a m%v mga mi)} )
and
Dos R
Do | = X! R37 ;
Dos R3g — Doy
for the p§ component, with the scalar functions R3¢, R37 and Rag defined such that
1
Rz = 5 [f1D13 + Cia((p1 +p2)?, p3, mi, m3, mj) — 012(p§,p§,m§>m§7mi)] :
1
Rs7 = 9 {f2D13 + Ch2 (p% (p2 +p3)27m%7m%ami) — C2((m +p2)2,p§7m%, m%, mi)} ;
1
R3s = §{f3D13 — C12(pi, (p2 +p3)2,m%,m%,mi)} ;
where Ds7 is defined as
1 1
Dy; = ———|m2Dy — = |fiD D Dy3z — Cp(2,3,4)|]| . 4.127
27 (D—B)[ml 0 2{f1 11+ faDi2 + f3D1z — Co(2, 3, )H ( )

Limitations of the Passarino-Veltman reduction method

The Passarino-Veltman (PV) decomposition is an efficient reduction technique employed in many
modern loop calculations. Yet, this procedure still exhibits some intrinsic limitations that make
its use highly unadvisable, if not impossible, in certain cases. In the following, we detail some
pathological cases for which an alternative to the PV reduction has to be found to carry out the
reduction program.

The validity of the PV algorithm first depends on the assumption that the Gram matrix is
invertible, i.e the Gram determinant is non-zero. However, there exists some specific kinematical
configurations, called exceptional phase-space points, for which the Gram determinant exactly
vanishes, this is the case for instance when two external momenta are collinear one to another. In
such configurations, the PV algorithm is bounded to fail. Besides, even if the Gram determinant
is not exactly zero, but close to zero, the brute-force application of the PV algorithm can generate
numerical instabilities'. Second, the Passarino-Veltman algorithm relies on the idea that the
scalar product of a loop momentum with an external momentum can always be expressed as a
linear combination of inverse propagators. This statement is true at one-loop, but not necessarily
at higher orders. The PV reduction scheme is therefore not the optimal choice for calculations
beyond one-loop. Third, the iterative nature of the PV algorithm directly implies a rapid
growth in the number of terms when evaluating high-rank tensor integrals. The PV reduction is
therefore not the best choice when dealing with loop integrals exhibiting many Lorentz indices.

10The numerical instabilities are due to a loss of significance which occurs when subtracting two nearly equal
number, such as pip3 — (p1.p2)? for instance when py, and ps are (almost) collinear.
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4.5 Renormalization

Now that the poles have been isolated from the finite terms, the last step of the procedure consists
in absorbing UV divergences into the redefinition of all the fields and parameters of the original
tree-level Lagrangian, the so-called bare fields and bare parameters, by means of a technique
called multiplicative renormalization. This technique is called multiplicative renormalization

because it amounts to re-expressing each bare quantity, usually denoted by the subscript "¢", as
a product between its renormalized counterpart and a multiplicative factor Z; such that

¢ = 2,0, g0 = Zyg, (4.128)

where ¢, and g respectively correspond to generic renormalized fields, and coupling constants,
and where the Z; are the renormalization constants (RCs). In perturbation theory, it is possible
to perform a series expansion around unity for each RC. At one-loop, this gives in our notations
1
Z)? =1+ 5026 Zy = 1467, (4.129)
With the help of (4.129), it is possible to split the original tree-level Lagrangian £(¢g, go) into
a renormalized part £(¢, g), and a part containing the counter-terms (CT),

L(¢o,90) = L(¢,9) + Let(D,9,024,62Z) . (4.130)

The first term on the right-hand side of (4.130) is similar to the original tree-level Lagrangian,
except that all the bare fields and parameters have been replaced by their renormalized counter-
part. The second term on the other hand introduces new interactions (and hence new Feynman
diagrams), whose aim is to cancel UV-divergences originating from the renormalized Lagrangian
L(¢,g) (through loop calculations). If the divergent part of each counter-term is fixed by the
requirement that it should cancel against the UV poles of the loops, the finite part depends on
the other hand on the choice of the renormalization scheme. There are several renormalization
schemes available on the market, in this thesis, we employ the on-shell (OS) scheme, and the
modified minimal subtraction scheme MS (resp. DR!! for SUSY loop calculations).

The on-shell scheme consists in fixing the counter-terms such that the renormalized param-
eters are set equal to their physical value at all orders in perturbation theory. Renormalization
constants being fixed at physical scales, physical observables and parameters are consequently
scale independent in this scheme, i.e. they do not run with the energy. The OS scheme is a
scheme that is frequently encountered in the literature, however its use, in the context of per-
turbative QCD, for the renormalization of the gluon wave-function (WF), the strong coupling
constant, and the light-quark masses and WFs is made ambiguous by the fact at low-energies
quarks and gluons are screened inside hadrons. More specifically, this ambiguity can be traced
back to the fact that UV-divergences are subtracted from the aforementioned quantities at scales
where perturbation theory is no longer reliable, while we assume perturbativity in the first place.
In this case, a more suitable choice is the MS scheme (resp. DR scheme for supersymmetric loop
calculations'?) where the only requirement is that the counter-terms should cancel the UV-part
of the loop contributions.

In this section, we will apply the procedure of multiplicative renormalization detailed above
to the case of the free Lagrangian describing the dynamics of a set of generic massive complex
scalar fields, massive fermions, and massive gauge fields with mixing. The goal of this section is
to determine the analytical expressions of all the RCs needed to obtain a UV-finite result.

UDR is defined as the combined use of DRED and modified minimal subtraction.
12A7t one-loop, the MS and DR scheme only differ by finite terms, consequently counter-terms calculated in the
the MS or in the DR scheme are completely equivalent.
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Figure 4.3: One-particle irreducible two-point function for generic scalar fields f; with mixing.
I' denotes the matrix of inverse propagators, II;; (pz) is the renormalized self-energy, and p is
the momentum of the external particles. The momentum p flows from the left to the right.

Renormalization of generic scalar fields with mixing

At tree-level, the free Lagrangian for a set of massive complex scalar fields f; reads

L= Oufs; 0fo; — m} foifos) b - (4.131)
Knowing that, at one-loop, the scalar fields foﬂ' and their masses m%,o are renormalized as
- 1 . - ~ 1
Joq = [onm+50Z0)ulfe. T = Tilsu+ 5029,
m%’o = m% +6m?~i ,

we obtain the following expression for the renormalized self-energy ﬁij (p2)

() = T2 + 5 (0~ m2)(52)), + 5 (0~ m2) (523, — 0y om . (413)
In the previous expression, 11;; (pz) denotes to the unrenormalized self-energy, which originates
from the calculation of loop diagrams, and p is the momentum of the external particles. The
renormalized self-energy ﬁij (pz) is linked to the matrix of inverse propagators I by the relation
given in Fig. 4.3. The next step of the procedure then consists in fixing the counter-terms by
means of the renormalization conditions. In the on-shell scheme, those conditions read

ReTy(p?)|, , = 0, (4.133)
p *mf*j
1 .
lim ——— Relyu(p?) = 1, 4.134
p2_)m% 2 — m% i(p7) ( )

which means that we simultaneously require the real part of the pole of the propagator to be
the renormalized mass, i.e. the physical mass, and the residue of the pole to be one. The mass
counter-term dm2 can be obtained from (4.133), in the case where i = j. The expression of the
off-diagonal Wave-Function Renormalization Constants (WFRCs) §Z;; can also be derived from
(4.133), but for ¢ # j. Finally, the diagonal WFRCs §Z;; can be determined from (4.134), after
having injected the definition of §m?% into the previous equation. Eventually, the counter-terms
for a set of complex scalar fields take the following form

o, = Re [Da(m)]
2 R 2 ] . .
(5Zf)z‘j = Re [Hij(mfj)} with i # g,
fi 1
Re |I ' : oML (p*
Gz = - Refitud)] v ) = S

fi
The WFRCs and the mass counter-terms are consequently expressed in terms of the unrenor-
malized self-energy, which is calculable order by order in perturbation theory.
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Figure 4.4: The one-particle irreducible two-point function for generic fermions f; with mixing.
I' denotes the matrix of inverse propagators, X;; (p2) is the renormalized self-energy, and p is
the momentum of the external particles. The momentum p flows from the left to the right.

>

Renormalization of generic fermion fields with mixing

At tree-level, the free Lagrangian for a set of massive four-components fermions f; reads
L = foi(in"u —my,0)fo dij - (4.135)

At one-loop, the Dirac spinors fo;, and their mass my, o are reparameterized as follows

1 1
Joj = [5jk: t3 (5Z,fL)jkPL T3 (6Zﬁ)jkPR} Ji s
_ — 1 R 1 L
Joi = fi {5&‘ + 5 (5Zf T)11;PL + ) (5ZfT)liPR} ’
mfi,o - mfz + 6mfz )

where Py, and Pgr are the chiral projectors defined in Appendix A, and 6ZJ’? and 5Zf are the
left-handed, and right-handed WFRCs of the fermions. Injecting the previous equations into the
tree-level Lagrangian, leads to the following expression for the renormalized self-energy ¥;;(p)

Sii(p) = S5Mp) pP + SU) pPr + S5 (0) PL + S5 () PR, (4.136)
with
&V,L/R V,L/R 1 L/R L/R
2,5 / (») = 2,5 / (p) + 5[(5Zf/ )ij+(5Zf/ T)ij:| 5
&S,L/R S,L/R 1 L/R R/L
Eij / (p) = Eij / (p) - §[mf7i(5zf/ )Z'j—i_((st/ T)ijmfvj} _5mf,i 525?

where E};’L and E;;’R respectively denote the left-, and right-handed vector part of the unrenor-

malized self-energy, ij’L and Efj’R respectively correspond to the left-, and right-handed scalar
V,L/R
ij
are the so-called vector, and scalar parts of the unrenormalized self-energy X;;(p)

part of the unrenormalized self-energy, and p is the momentum of the external particles. 3
and L/

) v
because they are respectively proportional to p, and my. The renormalized self-energy 3;; (p) is

linked to the matrix of inverse propagators r by the relation given in Fig. 4.4. Then, we fix the
counter-terms with the help of the on-shell renormalization conditions, which are in this case

—~ A

Re I';; (p) u;(p) ez 0, (4.137)
lim 1 Re f‘“(p) ui(p) = wi(p) . (4.138)

2 2 —_
p _>mfz‘ p mfz

The mass counter-term émy, is obtained from (4.137), by taking i = j. The derivation works
as follows ¢) rewrite the condition (4.137) as a system of two equations (one for each chiral
component) i) add those two equations to cancel the WFRCs dependence iii) re-express dmy,
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Vlil ‘MQM VVb M = —i 6”(p) f‘Z?f E*V(p) R
szv = —(p2 _m%/a)(sab Ny — Hu,,(p)

Figure 4.5: The one-particle irreducible two-point function for vector fields V' with mixing. r
denotes the matrix of inverse propagators, 3;; (p2) is the renormalized self-energy, and p is the
momentum of the external particles. The momentum p flows from the left to the right.

in terms of the various components of the unrenormalized self-energy, and the mass my,. The
off-diagonal Wave-Function Renormalization Constants (WFRCs) §Z;; are also derived from
(4.137), but for ¢ # j. Finally, the diagonal WFRCs §Z;; are determined by injecting the
definition of dmy, into (4.138). Eventually, the counter-terms take the following form

1 ~ V,L V,R S,L S,R
omy = 5 Re [mz(En (my,) + 55 (mf)) + 55 (my,) + 35 (mf)} ;
L/R 2 VL R V,R/L
(0Z; / )ij = 7m% —m% X Re{ / (myg,) + mim;%,; / (my;)
i J

S,L/R S,R/L
+ omXy / (mfj) + my / (mfj)},

5 ) 5 S, S,
(5Zf/R)ii = — Re [ZVL/R(mfi)} + 2—Re [Z~L/R(mfi) —2..R/L(mfi)}

(22 mf 0 2

V.L/R V,R/L S,L/R S,R/L
— my, Re [my, (35 (mp) + 5577 (my)) + S5 my) + 55 (my)]

[

Renormalization of generic vector bosons with mixing

At tree-level, the free Lagrangian for a set of massive vector fields V' reads
1 14 12 v
L= - §(apvolfa Vo M — apvolfa Vo UVp)‘Sab + m%/a,ovoljavo,b Oab M - (4.139)
At one-loop, the fields and mass parameters can be renormalized as

Valja = [6ac+ (5ZV) }Vﬂ’ ‘/()V’b = [5bd+ (5ZV) }de’ (4140)
Miay = Mira + M - (4.141)

The renormalized self-energy ﬁ,“, (p2) can be split into a transverse and a longitudinal part

= pup PuPv

HZZ(P) = (nuu - ; V) H ( ) + ;21/ HaLb(p) ) (4.142)
respectively denoted as I1%0 (p) and IIgb (p). Gauge invariance of the renormalized self-energy
I, (p) directly fixes the longitudinal component to be zero, i.e. H%b (p) = 0. In the following,
we therefore suppress all subscripts 7, as it is understood that we are systematically referring to

the transverse part of the renormalized self-energy anyway. Injecting (4.140), and (4.141) into
(4.139) leads to the following expression for 11%°(p)

. 1 1
%(p) = Mgu(p) + 5(p2 —mia)(62v),, + = 5 (P* —mis)(02v),, — 6ab SMia . (4.143)

In the previous expression, II,,(p) denotes to the unrenormalized self-energy, which originates
from the calculation of loop diagrams, and p is the momentum of the external particles. The
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renormalized self-energy ﬁff; (p) is linked to the matrix of inverse propagators f,w by the relation
given in Fig. 4.5. The counter-terms are then fixed by applying the on-shell renormalization
conditions, which read as follows for a set of generic vector fields

Re I (p)e” (p)

= 0, (4.144)

2
vb

. 1 ~
Glm, e Re TR0 M) = —alp) (4.145)

p*=m

The mass counter-term §m?., can be obtained from (4.144), by taking a = b. The off-diagonal
WFRCs (§Zy)qp can also be derived from (4.144), but for a # b. Finally, the diagonal WFRCs
(6Zy)aa are fixed by (4.145), after having injected the definition of dm?. into the previous
equation. Eventually, the counter-terms take the following form

sm¥. = Re {Haa(m%/a)} ,
(6Zg)ar = M Re [M(m3)] .
(5ZV)aa = - ﬁ/ﬁ [ﬂaa(m%/a)} :

In practice, only the last counter-term will be needed in the calculations reported in Chapters
5 and 6. This is due to the fact that the gauge symmetry SU(3)c forbids mass corrections to
the gluon, and to the fact that even if the gauge group of QCD were broken, gluons could not
mix with any other vector field whatsoever'2. So, neither the off-diagonal WFRCs, nor the mass
counter-terms are needed for the gluon in QCD or SUSY-QCD.

Renormalization of the strong coupling constant

The renormalization of the strong coupling constant gs proceeds exactly as detailed before for
the two-point functions. We start from the tree-level Lagrangian of SUSY-QCD, and renormalize
the gluon field, the quark, gluino, and squark fields and masses, and the coupling constant g
such that g;0 = gs+0dg,. In the case of the quark-quark-gluon interaction, this gives for instance
the following counter-term Lagrangian at one-loop

—Cm, Q 9s
Lo = q; 9p7#|:5985ij + E([((Szf)ij—i_(&Z;T)ij}PL + [(52(?)1']'

+ (628, Pr + 62, 5ij)]Tngn -

Then, we impose that the sum of this counter-term and the vertex corrections V4, associated to
triangle graphs involving two external quarks and one external gluon is UV-finite. Seeing that the
WPFRCs have been defined in the previous step of the renormalization procedure, the expression
of the counter-term dg, directly ensue from the previous requirement. The same procedure has
to be carried out for each term of the interaction Lagrangian, so that UV-finiteness is ensured
at one-loop in every sector of the theory. We will give more details on that step when discussing
the squark-antisquark pair production in SUSY-QCD with NMFV in the next chapter.

Renormalization of the squark mixing angles

In the case of our interest, supersymmetric QCD, the only scalars that can mix are the squarks.
More specifically, from (2.112), we know that squark gauge eigenstates cj& ; and mass eigenstates

13Because gluons are the only spin-1 coloured particles of the theory.
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o,k are related by the following equation at tree-level
@5 = B ko » (4.146)

where the superscript 9 denotes gauge eigenstates, and R? corresponds to the squark mixing
matrix. At one-loop, the mass eigenstates and the elements of R? are reparameterized as follows

~ 1 ~ q* q* q*
Gox = [5“—1—5(52@)1@}%’ Ry, = R + OR[, (4.147)
which gives for the gauge eigenstates

7

~ q* q* 1 ~ q* ~ q* ~ 1 q* ~
@, = |RE + ORE][on + 5(525),“]% = REa + ORGG + 5 RE(6Z3),,0:
The squarks WFRCs can then be split into an hermitian, and anti-hermitian part such that

~ q* ~ g% ~ 1 q* * ~ 1 g * * ~
@, = REa + oRGaG + RE|(02Z5),, + (023) )@ + 1 RE|(0%3),; — (623) ] @

which is equivalent to
~ q* 1 q* * ~ q* 1 q* * ~
@, = [RZ]‘ + 1 RE((0Zg),,, + (5Zq~)/m‘HQk + [5jo + 1 RG1(6Z3),, — (5Zq)ikﬂ(h‘-

In the previous equation, the mixing angle counter-term 5jo can be chosen so that it cancels
the anti-hermitian part of the squark WFRCs [176]. The motivation behind this choice is that
it is highly desirable to preserve the form of the rotation (4.146) at one-loop. This leads to

6

ORL = % > 6023),, — (025),)| Y - (4.148)
k=1

Additional prescriptions:

Because of the SU(2); symmetry, the soft-SUSY breaking mass parameters of the left-handed
squarks of the same isodoublet must be identical at tree-level. This feature is preserved at
one-loop in the DR scheme. This is however not the case in the on-shell scheme, where the
finite terms differ. By convention, an additional (finite) shift must therefore be performed on
the OS soft-SUSY mass parameter of the left-handed down-type squarks, so that the equality
mentioned above is restored. If this prescription has been discussed in the case of MFV [177-179],
its generalization to NMFV is currently under study. The renormalization of the off-diagonal
elements of the squark mass matrix in the gauge eigenstate basis is also currently under study.

Summary:

In this chapter, we have provided a short introduction to one-loop calculation techniques. More
specifically, we have first recalled the various challenges of NLO calculations, before giving a
constructive (and mathematically consistent) definition of both Dimensional Regularization,
and Dimensional Reduction. Then, we have detailed how to evaluate scalar integrals that are
frequently encountered in the context of one-loop calculations, and introduce the Passarino-
Veltman reduction scheme designed to decompose each vector and tensor loop integral into a
linear combination of simpler scalar integrals multiplied by Lorentz invariants. The last part
of this chapter has been dedicated to the procedure of multiplicative renormalization, which
aims at absorbing UV divergences into the redefinition of all the bare fields and parameters of
the original tree-level Lagrangian. In this last section, we have derived all the renormalization
constants that are necessary to ensure the UV-finiteness of the theory at one-loop (for generic
scalar, fermions, and vector fields with mixing), and provided our results in the on-shell scheme.



Chapter 5

Squark-antisquark production at
NLO with NMFV

In the previous chapter, we have detailed the procedure of renormalization for a set of generic
scalar, fermion, and vector fields (with mixing) and derived the expression of all the counter-
terms that are necessary to ensure the UV-finiteness of the final result. In this chapter, we are
going to apply this procedure, for the first time, to the case of squark-antisquark production at
next-to-leading order in supersymmetric QCD with Non-Minimal Flavour Violation.

Accurate theoretical predictions for squark-antisquark hadroproduction are essential for the
derivation of the squark masses exclusion limits at the LHC, can possibly help to refine the
experimental search strategies in some specific regions of the parameter space, and in case of
discovery, can be used to characterize the properties of the observed particles [180-182]. The
inclusive cross section for squark-antisquark hadroproduction at leading order in SUSY-QCD, in
the limit of mass degenerate squarks, has been known for more than thirty years [183-185]. The
next-to-leading order SUSY-QCD corrections have been obtained ten years later [186-188], also
in the limit where all the squarks, but the stops, are mass degenerate. Those corrections have
been found to be positive, and large, more than 30% of the tree-level contribution (depending on
the detail of the considered SUSY scenario), and their inclusion has been shown to significantly
reduce the factorization and renormalization scale dependence of the total cross section. The
previous results have been subsequently implemented in the publicly available FORTRAN code
PROSPINO [189], which allows for the computation of inclusive and differential cross section of
squark and gluino hadroproduction, at leading order, and next-to-leading order in SUSY-QCD.

A significant part of the large NLO SUSY-QCD corrections originates from the energy region
near the (partonic) production threshold [187]. In this region, the NLO corrections are essentially
dominated by the contributions coming from soft gluon emission in the initial and final state, and
by Coulomb corrections due to the exchange of (long-range) gluons between massive particles in
the final state. The soft-gluon corrections can be taken into account to all orders in perturbation
theory by means of threshold resummation techniques [190,191]. Recently, a substantial amount
of work has been dedicated to the inclusion of threshold effects at the next-to-leading logarithmic
(NLL) [192-199], and next-to-next-to-leading logarithmic (NNLL) accuracy [200-203]. These
corrections typically result into a small increase of the total cross section, 5 to 15 % depending
on the SUSY scenario, and lead to a further reduction of the renormalization and factorization
scale dependence.

In addition to the large SUSY-QCD corrections, the leading order electroweak (EW) contri-
butions have also been considered [204,205], and the NLO-EW corrections to squark-antisquark
hadroproduction have been studied in [206-209]. The latter have been shown to be sizeable,
depending on the model, and on the flavour and chirality of the produced squarks in the final
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state. The squark-antisquark production and decay matched with parton showers at NLO has
been investigated in [210,211], and recently, a lot of efforts have been devoted to the automation
of precisions calculations for squark-antisquark hadroproduction [88,212,213].

In all the aforementioned studies, Minimal Flavour Violation has been systematically as-
sumed, and in most cases, the 2 x 2 squark mixing matrices have been considered to be diag-
onal, except for the top squarks. The inclusion of Non-Minimal Flavour Violating effects for
squark-antisquark hadroproduction at NLO in SUSY-QCD has however never been investigated
in the literature so far. In this chapter, we provide the first preliminary (analytical) results
for the virtual contributions, i.e. the loop amplitudes and the renormalization constants, and
report on the status of this on-going calculation. The analytical results obtained and summa-
rized in the present manuscript have been cross-checked with the help of the MATHEMATICA
packages FEYNARTS-3.9 and FORMCALC-8.4. More specifically, the Feynman diagrams and
their associated amplitudes have been generated via the FEYNARTS package by means of the
tree-level model file FVMSSM.mod, which is an implementation of the MSSM Lagrangian includ-
ing Non-Minimal Flavour Violating effects. The Feynman rules implemented in the FEYNARTS
model file FVMSSM.mod, do not contain the SUSY-QCD counter-terms that are needed to ensure
the UV-finiteness of the virtual contribution. Those counter-terms have been implemented into
a new model file. The generated amplitudes have been then be calculated with the help of
ForMCALc.

This chapter is organized as follows: in Section 5.1, we fix our conventions, define our model,
and provide the expression of the MSSM SUSY-QCD Lagrangian, where Non-Minimal Flavour
Violating effects have been included. In Section 5.2, we provide the first necessary ingredient
of the next-to-leading order cross-section, namely the leading order matrix element for squark-
antisquark hadroproduction. In Section 5.3, we detail the renormalization program, and specify
all the renormalization constants that need to be calculated to yield a UV-finite result. In
Section 5.4, we calculate the self-energies of all the fields appearing in the tree-level diagrams,
i.e. quarks, gluons, squarks, and gluinos, and provide their respective renormalization constants
in the On-Shell (OS) scheme, and/or in the MS/DR scheme. In Section 5.5, we consider the
case of the vertex corrections, and calculate the renormalization constant of the strong coupling
constant. In Section 5.6, we focus on the box contributions, and provide all the Feynman
diagrams contributing to this last piece of the one-loop calculation.

5.1 Theoretical set-up

In the most general version of the Minimal Supersymmetric Standard Model (MSSM), soft su-
persymmetry breaking induces the mixing of all left- and right-handed squark gauge eigenstates
(with the same quantum numbers). Because the squark mass eigenstates, that are obtained
after the diagonalization of the two squark mass matrices by means of the 6 x 6 unitary ma-
trices R® and R? respectively (see Section 2.11 for more details), are an admixture of left- and
right-handed squark gauge eigenstates of all generations, flavour violations can arise even in the
SUSY-QCD sector of the usual MSSM Lagrangian. In the squark mass-eigenstate basis, the
Lagrangian of our interest (in the four-component spinor formalism) reads

1 1 2 _ = 1 - _ _ .
L=~ 19wg" — 5(%9“) — g0y D ug + 59199 — 5Mg9g + D,g D"§; — m2.4lq;
2

. — gs ~ q a G\* -~ ~ q a g\ * ~ 2
+iqiPg; — me,digi — % (BT (R — G (BT T (BT 405 (5:1)
i(pg

- o PG
+ V205 |(arPre™ 2 G T (R g )i — G ()i T (2 4" Pray) + hic.]
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All color indices have been understood, except when attached to the matrices of the fundamen-
tal representation of SU(3)¢, that we denote by T“. The first line of the previous Lagrangian
includes kinetic and gauge interaction terms for the gluon (g), the gluino (g), and the squarks
(q), as well as the soft SUSY-breaking gluino and squark mass terms, where mgz and mg, re-
spectively correspond to the gluino and squarks masses. Note that we have also added to the
Lagrangian the necessary ghost (ug4), and gauge-fixing terms related to our choice of working
in the Feynman gauge. The second line of the Lagrangian includes kinetic, mass, and gauge
interaction terms for the quarks (¢;), and describes the quartic interactions of the squarks. Fi-
nally, the last line corresponds to trilinear quark-squark-gluino interactions. For completeness,
we have kept explicit the dependence of the squark-quark-gluino vertices on the gluino phase ¢;
(see Section 2.10).

In order to write Eq. (5.1) under a compact form, we have employed SU(3)c covariant
derivatives D, and the gluon field strength tensor g,,. These objects are defined such that

gzu = Mgg - al/gz, + gs fabc gz gzc/ and Du = au - igsTagZ ) (5'2)

where we denote the strong coupling constant by gs, and the antisymmetric structure constants
of SU(3)c by fape- The matrices T are taken in the appropriate representation of SU(3)., i.e.,
the fundamental one for (s)quarks and the adjoint for gluinos and ghosts. The Feynman rules
relevant for the calculations performed in this work have been extracted from the Lagrangian
(5.1), and are summarized in Appendix F.

The momenta associated to the initial-state particles of the original 2 — 2 process are labelled
p1, and po, those of the final-state particles are called ps and ps. The Mandelstam variable 3, £,
and 4 are defined such that

§ = (p1+p2)? = (ps+pa)?, t = (p1—p3)* = (p2—pa)?, (5.3)
@ = (p1—pa)® = (p2—p3)*, (5.4)

and the reduced Mandelstam variables tx and 4y correspond to
tx =t-m%, dax = a—-m%. (5.5)

Note finally, that the matrix elements detailed below are evaluated in the approximation of
massless quarks in the initial state, and that the final-state squarks are assumed to be produced
on-shell, i.e. § > (mg, +myg;,).

5.2 Tree-level matrix element

Before starting to compute loops, it is first necessary to derive the full matrix element for the
2 — 2 process at tree-level. The diagrams contributing to squark-antisquark pair production
at leading order in SUSY-QCD are represented on Fig. 5.1. The first two diagrams correspond
to the quark-antiquark channel, and are interfered coherently to produce the correct matrix
element, which reads as follows

’Mq]?slz = (ng-1) 28 4(“t - mﬁ m%’)éqq";wfsmn )
ME]P = 2 - %{<|R3mR3n| | Ry B gy ) (0=, )
+ m33(|R], R](n+3| +|Rg(m+3)R?;L|2):| , (5.6)
2 Re{MEME*} = e *1295( f—m3 m3 )Re{RY, RL + Rl o R o Yoar8igdmn

Ne stg
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Figure 5.1: Feynman diagrams for squark-antisquark pair production at leading order in SUSY-
QCD. The quark-antiquark channel (top), the gluon-gluon channel (bottom), and the ghost
channel (middle), mandatory for calculations performed in Feynman gauge, are depicted here.

In the previous expressions, ¢ and ¢’ denote the squark-type indices, m and n correspond to
quark flavour indices, ¢ and j are the squark flavour indices, and n. is the number of colours.
Analogously, the various contributions associated to the gluon-gluon sub-process are given by

‘Mfs 2 =

|M£tf2 =

‘Mfu ? =

MP[ =

ﬂmﬂmﬁMﬁﬂ =

2RdeJ@iﬂ =

Qm{MﬂMﬁﬂ =

2RdMﬁMﬁﬂ =

QRQMﬁMiQ =

ﬂmmgzMﬁﬂ =

4
(n3—1y%£;Pmn@i—3@2+a%-—mﬁ@5%@w, (5.7)
(n2 =1 g3 -
Cn 1?2.5 (t + mg};)26qq’5ij s (58)
¢ di
(n2 - 1)2 94 N 242
CT ﬂ% (u + mqi) 5qq’5ij , (5.9)
2 _1)(n?-2
2) (nc )(nc )ggéqq’(sij 7
Ne
9s A
(0% = Dne [4(2 + md) + 5% = 8m2 (5 +1)| 440y, (5.10)
qi
g4
_4n§_1y%4Af F@ﬁ+ﬂn;)+g2_gnﬁxg+aﬂ5wam,(51U
Sug;
0, (5.12)
n2 -1 —g4 " 2
cnc 2£~'5~' (8 — 4mg,) " 0gq'dij | (5.13)
qi 7'qi
(n2=1)(nZ=2) g5 1. 5, 2
S 41?; (8= (i +m2)| 640035 , (5.14)
(N2 =112 =2) g5 1. in . 2
T gy A G (515
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from which we have to subtract the two squared ghost contributions,

gs n
|M! | n? — ne=22(f — )25%@9. (5.16)

| ’LLg, | C 8§2

Summing-up all the contributions, the squared matrix element we obtain agrees with [214-216].
The gluon channel is numerically the dominant channel at the LHC, due to the large PDF of
the gluon, and is completely independent of the flavour structure of the theory, i.e. of the
squark mixing angle. In this channel, the produced squarks are bounded to exhibit the same
fermion type and sfermion index. Similar considerations also hold for the s-channel diagram of
the gg-channel. As a matter of fact, only the ¢t-channel of the quark-antiquark channel exhibit
a dependence on the squark mixing angles, due to presence of gluino-squark-quark vertices, and
can lead to the production of squarks of different types, and with different sfermion index.

The matrix elements detailed above have also been checked against the results obtained
with FEYNARTS/FORMCALC, for each contribution separately in the case of the gg-channel,
and at the level of the total matrix element for the gg-channel (out of which the ghost contri-
butions must be subtracted). This fact more specifically originates from the fact that in FEY-
NARTS/FORMCALC only the (physical) transverse polarization modes of the gluon are taken
into account, i.e. gluons are expressed in the axial gauge.

5.3 Renormalization set-up

As explained in Section 4.5, the original tree-level Lagrangian (5.1) must be renormalized to
absorb UV-divergences appearing when evaluating loop integrals. In this study, we renormal-
ize multiplicatively all the bare fields and parameters, before expanding each renormalization
constant perturbatively. Since, we focus in this chapter on next-to-leading order calculations in
SUSY-QCD, this expansion can be restricted to the first order in as. This gives the following
replacement rules for all the bare fields (denoted by the subscript "o") appearing in (5.1)

- 7, g“ = (1+ %52) "
Q0 = (v7Zq),50) = [5m+ (625), PL+ (0ZF),Pra;

. . 1 .
g():\/Zgg = [1+§6Z5LPL+§ZBPR}Q, (517)

doi = (V7D), = [+ 50%), )

where the generation indices for quarks (resp. squarks) are ranging from one to three (resp. from
one to six). The previous expressions include a dependence on the renormalization constants 02
that are extracted by requiring the ultraviolet-finiteness of the renormalized self-energies of the
various fields (see Section 5.4 below). The remaining ultraviolet divergences, that may still arise
after field renormalization, are absorbed by renormalizing all the parameters of the Lagrangian
(5.1). For the quark, squark, and gluino masses we have

Mg;0 = Mg; + 5mqi ) mgo = Mg+ (Smg ) (518)
m2 o = m2 +om2 . (5.19)
Similarly, for the squark mixing angles we obtain

(RY)ij = (R7)i5 + (6R)45 . (5.20)
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Figure 5.2: Virtual QCD (top) and SUSY-QCD (bottom) corrections to the gluon self-energy.
The momentum p flows from the left to the right, and the indices ¢ and d correspond to the
colour indices of the external gluons. The vanishing tadpole diagrams are not depicted here.

Finally, the strong coupling constant is reparameterized as follows at one-loop

9s,0 = Js + 595 . (521)

Applying (5.17), (5.19), Eq. (5.20) and Eq. (5.21) to the original tree-level Lagragian (5.1) allows
us to derive the counter-term Lagrangian, whose Feynman rules are summarized in Section 5.4,
and Appendix F. All counter-terms, such as the one induced by the quartic squark interaction
term, that are irrelevant for squark-antisquark pair production at the LHC have been omitted.

5.4 Self-energies

In this section, we are going to i) calculate the one-loop corrections to the propagator of the
gluon, quarks, gluino and squarks i) derive the counter-term associated to each propagator
i17) determine the various renormalization constants associated to each field appearing in the
diagrams of the tree-level process. All the self energies, and RCs, have been cross-checked with
the help of FEYNARTS [147] and FORMCALC [217,218] via the FVMSSM.mod model file.

Gluon self-energy

At next-to-leading order in SUSY-QCD, the gluon propagator receives contributions from gluon,
ghost, and quark loops (first row of Fig. 5.2), and from gluino, and squark loops (second row of
Fig. 5.2). There also exists another possible diagram, a one-point graph with a gluon running
into the loop, however its contribution can be omitted, inasmuch as a massless Ay function is
identically zero. The amplitudes corresponding to the gluon and ghost diagrams are

1 qu 2e

iy 9 (p) = 3 / mypHi 9s Fabe [(219 + )70 + (g — p)'n"7 — (2q +p)“n"”}

—1 —1
X s fdcb [(q —)p0" 6 — (2¢ +p)"Npo + (2p + Q)a‘syp} bra? ¢
Z.ggémd

=~ nc[(mD)pﬂp” —5p*n" ) Bo(p*,0,0) + (3 — 2D) (¢ B* (%, 0,0)

(5.22)
B, 0.0)) - 25, BG,0,0) - (4D - 6B 7,0.0)]

ZHZ;’ (“g) (p)

qu 2e i s v i
/ WMR (_1) [ - gsfabc(_p —q )] [ - gsfdbc(_q )] qig (p + q)g
- 2
= 0 [aB(,0,0) + 2B (6,0,0)]
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where n. denotes for the number of colours, g is the renormalization scale, and where the factor

of 1/2 appearing in front of the gluon amplitude is a symmetry factor needed to account for the

fact that identical particles are running into the loop. In order to stay as generic as possible,
the previous results are expressed in terms of D = 4 — 2re, with the r-parameter defined as
1 for HV and CDR ,

"= { 0 for DRED and FDH . (5.23)

The fermion loops, can be divided into three categories, ny = 5 massless quark loops, a massive
top quark loop, and a massive gluino loop. The corresponding amplitudes read

T @ () — / DMR( 1)Tr{[z'gs:r,g; MP%TMK?@’Q}

5
- mggTsad[QBW(I’Q’0’0)+pVB“(P2>Oa0)+p“B”(p2,0,0)—77””pp3”(p2,0,0)} ,
D . .
. t d . i(d +my) r. i(p+ g +mu) 24
i 0 = [ oo S e 1 O
ng(sad

= 872 [QBW(p mtamt)+pVBu<P mt,mt)—i—p“B”(p mtvm?)

—77W (ppo<p27 m?? m%>+A0(m?))} )

e (@ L[ d% i(g +mg) i(p+ f +my)
iy 9 (p) = 5/ (%)DMR( T {[gsfabc’y }qg_né{gsfdcb'y }W}

. incgséad
872

—n (p, B?(p?, mg, mg) +A0(m§))} .

5.25
(2B (g2 w2 m2) 4 B (P )+ B (P mZm3) 5%

Note that the top and gluino contributions are similar, up to a symmetry factor (due to identical
particle in the loop), and to the general color structure of the loop diagrams. The remaining
contributions, i.e. the squark bubble and the one-point graph presented in the lower panel of
Fig. 5.2, read, after summing over all squark species,

D .
. v (G,t) _ d !

_ ng ad MVZAO 7

1672
iy o) = 1 f F;lD)DuR [?SWWW e (5:26)

(3 2
¢* —mg (q+p)2—m§~}

— z?g);;; Z {4B‘“’(p mq, ms ) + 2p*BY (p?, m 2) + 2p” BH(p?, m?j,mg-)

+ p'p”Bo(p?, mﬁmﬁ)} :
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Figure 5.3: Feynman rule associated to the gluon kinetic counter-term. The indices i, v and a,
d respectively correspond to Lorentz and colour indices.

As explained in Section 4.4, Lorentz covariance allows us to decompose each vector and tensor
integral in (5.22), (5.24), (5.25), and (5.26) as a linear combination of scalar integrals such that,

Bﬂ(p27m%7mg) = puBl(pQ,m%,m%) 5

(5.27)
By (p*,mi, m3) = pupyBoi(p?, m3, m3) + nBaa(p*, mi, m3)

where the scalar integrals By and Bsp, and By can be further reduced to Ay and By functions.
Eventually, we obtain for the total unrenormalized self-energy

ity (p) = idap(p*n*™ — p!'p”)(p) , (5.28)
with TI(p)
2 2
9s 2 2 Ao(mi)
Mp) = —85  1(104-2(r—4)e )n.Bo(p2, 0,0) + 4(c—1)n; Bo(p2, 0, 1—
(p) 32(3—2¢)m? {( 0+2(r )g)n 0(p”,0,0) +4(e—1)nyBo(p”, 0,0) + 8(1—¢) P2
2 2
my 2.2 2 mg 9 9 9
+ 4(6—1—2P)Bo(p LMy, my) —|—4nc(5—1—2p—2g>Bo(p ,mg,mg) (5.29)
Ao(m3) Ag(m3)  oAmg 2 92 2
+8(1—¢)ne 2 + Zq: {4(8—1) pe + ( e 1)Bo(p ,mq,mq)}] ,

As detailed in Section 4.5, the gluon counter-term is obtained after applying the procedure of
multiplicative renormalization to the bare kinetic Lagrangian
a, v

1

4 gg,uu(s(ld ) (530)

where we recall that the bare quantities are denoted by the subscript "¢". From the gluon kinetic
CT Lagrangian, one can deduce the associated Feynman rule, which is given in Fig. 5.3. After
factorizing out the color structure, the counter-term contribution to the gluon self-energy reads,

i) (p) = ~idaq 02, (0*0™ — p'p") | (5.31)

where 07, is the gluon WFRC. In order to determine 6Z,, we still need to fix the renormal-
ization conditions. As mentioned in the previous chapter, renormalizing the gluon on-shell is
not an optimal choice, because i) it amounts to subtracting UV-divergences at scales where
QCD is no longer perturbative ) parton distributions (including the one of the gluon) are
usually provided in the MS scheme, not in the OS scheme!. Seeing that, when convoluting
the NLO partonic cross section with the PDFs in the very last step of the calculation, every
single quantity needs to be expressed in the same scheme (for consistency of the final result), it
is therefore tempting renormalize the gluon WFRC in the MS/DR scheme. However, because

it is a mass-independent renormalization scheme, the MS/DR scheme explicitly violates the

Note however that it is still possible to use translation rules to go from one scheme to another.
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Figure 5.4: Virtual QCD (left) and SUSY-QCD (right) corrections to the quark self-energy. The
momentum p flows from the left to the right, and the indices ¢; and ¢; correspond to the colour
indices of the external quarks. The vanishing tadpole diagrams are not depicted here.

Appelquist-Carazzonne decoupling theorem [219], which stipulates that heavy fields should ulti-
mately decouple from low-energy physics. So, instead of just the MS/DR scheme, we are going to
apply the Collins-Wilczek-Zee (CWZ) prescription [220] to derive the gluon WFRC. The CWZ
prescription consists in using i) the MS/DR scheme for the light flavours 4i) a zero-momentum
subtraction for heavy particle graphs, and gives in practice

2 2 2 2
gs [1 1. my n. mz 1 mq]
02, = — = |—(ns+l-n.) —zln— ——In—"——>» In—*|, 5.32
g 377 |22 ?) =3 p% 3 12; 12, (5:32)
and
1 g3
62y = Z1ger(ne— (s +1) | (5.33)
in the MS/DR scheme, with
1 1
- = §+ID4W—7E- (5.34)

Finally, let us note that keeping only the QCD diagrams, we recover the well-known expression

1 2
QCD _ 9s
5Zg =Z75. 9 <5nc — 2nf) . (535)

Quark self-energy

As illustrated in Fig. 5.4, the quark self-energy i3 gets contributions, at next-to-leading order in
SUSY-QCD, from gluon (left) and gluino (right) loop-diagrams The amplitudes related to the
gluon and gluino bubbles read

—1

. dP [ a (—qd+m o
Zzggz (p) - / d :u’%% {ZQSTC,Ck’Yﬂdjk} W[ZQSTckci’yu(sik}

(2m)P ’ q? —m2, (¢ +p)?
- 9
i95Crc;c, 2 9 2 9
= 16771'2]6” {(2 - D)'Y“Bu(p 7mqi)0) — DBy(p y Mg, s 0)} )
6 D
v (p) = Z / d~q 2 [z\@g T ((R‘j)* e—z‘«pg/2PL_(Rci)* 6i<p§/2PR)}
cjci = (2m)D IR stejey k(j+3) kj (5.36)
i(—g+mg) . a i ipg/2 7\ —ipg/2 i
2 —m2 (V205TG o, (R sy €72 P (RT) e~ 02 P )| (p+q)>—m2
k
- 9 6
ngCF(SC'Ci
= e > { — " Bu(p*, mg, mZ )Py pij — mgBo(p®, m, m?jk)PZkij} ;

k=1
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Figure 5.5: Feynman rule for the counter-term associated to the quark propagator. The indices
i, j, and ¢; and c; respectively correspond to flavour and colour indices of the external quarks.

where ¢; and ¢; are the external fundamental color indices, where we recall that the SU(3).

group invariant Cr = (n2 — 1)/(2n.), and where the quantities P1kij and Po ;s are defined as

Prrij = (Rq)ki(Rq)ZjPL + (Rq)k(i+3)(Rq)Z(j+3)PR’ (5.37)
Porij = (R‘?)M(R‘?);(j L3¢ PP+ (Rq)k(i+3)(R‘j)Zjei9”§PR. (5.38)

The total unrenormalized amplitude can in a general manner be rewritten as
CjCi V,L VR S,L S,R
iS55 (0) = i0eser |25 (PP + 33, ()PP + 35 (0 P+ 25 00 Pe| . (5.39)

where XV:L/E g its left-handed (resp. right-handed) vector component, and X% is its left-
handed (resp. right-handed) scalar component. The vector integrals appearing in (5.36) can
be reduced to a basis of scalar integrals by means of (5.27). The various components of the
unrenormalized amplitude hence read as follows

2 6
) 9:Cr [
S = 5 [0 00+ 3 ]
=1
6
ZV,R()_ _9§CF'(1_ )B(2 2 0)5,,+Z(Rfi>* (Rq) . B(2 2 2)
71 p)= 87T2 | re 1P ’qu’ ij k(543) k(43) D1 D ’mﬁ’mdk ,
2 ! (5.40)
s, 9:Cr T . .
i) = - sz |27 Bo(p*,mg 0)5”+ng{ ki) 4 € cprO(anm?ﬂmgk)}}?
k=1
6
ES,R()— _gZCF—(Q_ ) B(2 2 0)d;,;+ Z (R‘j) . (Rq)* wﬁB(z 2 2)
Ji p)= 872 | re)Meg, HLo(p ’mqi’ ij TMg k(#43) kje o(p ,m§7mqk )

k=1

The free massive quark counter-term is obtained, as explained in Section 4.5, after applying the
procedure of multiplicative renormalization to the bare Lagrangian

L = (30 i@ a0 — Mg 0 75,09i,0)0%; (5.41)

where we recall that the subscript "g" denotes bare quantities. From the corresponding CT
Lagrangian, it i possible to deduce the Feynman rule given in Fig. 5.5. Since only light quarks
can contribute to the quark-antiquark channel at the LHC, the quark WFRCs can be expressed
directly in the MS/DR scheme. Using unitarity of the mixing matrices R?, and retaining only
the UV-divergent part, we obtain

9:CF

L/R
(0ZER),; = — 50 (5.42)

Similarly, we obtain for the light quark mass corrections

(5.43)
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Figure 5.6: Virtual one-loop contributions to the gluino self-energy. The momentum p flows from
the left to the right, and the indices a and d correspond to the colour indices of the external
gluinos. The vanishing tadpole diagrams are not depicted here.

Gluino self-energy

At the one-level, the gluino propagator receives contributions from two quark/squark loop dia-
grams and one gluon/gluino loop diagram, as shown in Fig. 5.6,

) = [ e ]W[ )

_ igine
1672

i\ (p) = / D'U’R Z {{fgs Cm((Rq) 9)° Wﬁ/QPR*(Rq)ji€7i¢§/2PL>}

aab[@—DWBu(p%m;,m DB(p*,m3,0)] .

i(—d+mq,) a 7\ * —ipy/2 a\* ipg )2 i
2 —m2, [\[ ch(( Vi 7 P (BT PR)]M (>4

[fge QCJ((R’J) (43 fiwg/QPL (Rq) eival2p )}m

2_ 02
q in

oo N oo i
{‘[gs (< D) 43y ¢ " Pr= (BY) e/ PL)} (p+q)*—mg
19264 .
— s 0ab 'y”Bu(p2, mi,m%_)cﬁ — 2mquO(p27m3i,m2~j) {SﬁPL + SjiPR} } ,

T 1672

q;
qi,d;
where a and b are the color indices associated to the external gluinos, and where the coefficients
Cji, and Sj; are defined such that
? i 1)ji(RT

Cii = [(RDi|” + |(RD);4m)|” ,  Sji = (R1);i(RY)} e %7, (5.45)

The total unrenormalized amplitude can in a general manner be rewritten as
IS (p) = 0[SV E ()PP + 2V (p?)pPr + SV (0 Py + SV () Py (5.46)

The vector integrals By, in (5.44) can be reduced to a basis of scalar integrals by means of (5.27),
such that the various components of the unrenormalized amplitude read as follows

2
sVE(p) = — 1(3;;2 [2(1—7“5)71031 (p2,m§,0) + Z {CjiBl(pQ,mgi,m%)H ,
qi,G;
2
9s
Z;/Z,R(p) = - 1671'2 _2(1_r€)nCB1(p27m§70) + Z {C]ZBl(p2am(2117m2'J)}:| )
, o (5.47)
9s [
E]S;L(p) =~ 162 2(2—r€)ncm§Bo(p2,m§,O) +2 Z {mqiSjiBo(pam(Qh,m?jj)H ,
i qi,d;
2
S,R Ys
DIy (p)= — T6n2 _2(2 re)n.mgBo(p?, mq,O —|—22 {quS Bo(pQ,mgi,mgj)H .

qi,q;
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Figure 5.7: Feynman rule for the counter-term associated to the gluino propagator. The indices
a and b correspond to the colour indices of the external gluinos.

The free massive gluino counter-term is obtained, as explained in Section 4.5, after applying the
procedure of multiplicative renormalization to the bare Lagrangian

i:b ~ 1 =b~
L= (590398 — 539 3°)a » (5.48)
where we recall that the subscript "g" denotes bare quantities. From the corresponding CT

Lagrangian, it i possible to deduce the Feynman rule given in Fig. 5.7. The diagonal WFRCs
of the gluino can be written in the OS scheme as

2
L/Ry _ Y 2 2
((5Z§ )ij_167r2[2(1 rs)nCBl(m m ,0) +§ {ngBlm mqamq)}
q“(I]

+ 2m? {an(l T&)Bl(m m ,0) + 2n.(2— Te)BO(m m ,0) (5.49)

+ ) {CﬂBl m2,m2 ,m? )+ 27:1‘{1' Re(S;i) By(mg, m;, ,mg )}H :
qf Gi 9

The WFRCs can alternatively be expressed in the MS/DR scheme by retaining only the UV-
divergent part of the By, and B; functions. In this case, the WFRCs take the following form

2
7L = —169;2&?(nc+nf+1) . (5.50)

The gluino mass is renormalized on-shell so that it corresponds to the gluino physical mass,

2
gsMyg
dmg = — 16775 {an{(l T€)B1(m m ,0) + (2— rs)Bo(m m O)}
5.51
2 2 Mai 5 2,2 (5.51)
+) {CﬂBl m , Mg, mg) + 2m~ Re(S]z)Bg(m Mg, Mg, )} .
af.di g

Squark self-energy

The one-loop contributions to the squark self-energy in SUSY-QCD, noted i1I¥ where the indices
1 and j specify the outgoing and incoming squark mass-eigenstates, consist in the three diagrams
depicted in Fig. 5.8. The corresponding amplitudes read, using the Feynman rules of Appendix F,

7

qi(ﬁp) [gsTckcj (P —q )]5

dD
ngggj( ) /(2 )DMR [ZgSTc ck(pﬂ qN)

ig CF(SCiC‘ 2 2 2
= Wéij [4p“BH(p ,mz.,0) — Ao(mqi)} ,

(5.52)
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Figure 5.8: Virtual one-loop contributions to the squark self-energy. The momentum p flows
from the left to the right, and the indices ¢;, ¢; and 7, j respectively correspond to colour and
flavour indices of the external squarks. The vanishing tadpole diagrams are not depicted here.

. dPq : . a q ips §\ _—ips
L, () = _/WN?ZTY{[“@%TCM((Rq)i<z+3>e #o/2Pp—(R7) e %/QPL)]

e gijqz {\fgs clc,<( ~)*(z+3)e_w‘i/ZPL_(Rq);lew"i/QPR)}i(_g_pjwng)}

¢ = (g+p)*—m;
CF(ch >
= TZJZ {4mgmql82 ”lBO(p mql,m ) 487, UZ[AO( )
=1
2 Bo(p,mi m3) + " Bu(p? m m2)] | (5.53)
6 .
0, ) = [ iy S { o i) [RlGE R a0+ R R )]
! (2m) i V4T Ty,
. 9 6 3
ngcFécicJ- 5\ * 5 5\ * 5
= e S S [ ; (8) (R (),
k=11=1

where ¢; and ¢; are the color indices associated to the external squarks, where the coefficients
R(g5,qy") are given in Appendix F, and where for simplicity we have defined

SLz‘jl = (Rq)il(Rq);l + (Rq)i(lJrg)(Rq);(Hg)a (5-54)

Soiji = (RY) (RY): e ™ + (RI) (RY)" e (5.55)

il j(1+3)¢ i(1+3) jl

The B,, integrals of (5.53) can be reduced to a basis of scalar integrals by means of (5.27). After
factorizing out the colour structure, the total unrenormalized self-energy reads

(2 gsCF

—<Rﬁ>z(,+3)<Rq>~<l+3J [(RT)%,(RT)— (RY) 5 (RT) W,] o(m2)}

—1—22{81131[@ —m? —m)Bo(p mql,m) Ap(m ) Ao(m?]l)}
=1

6 3
{AO( )_2(p2+m§i)B0(p2’m§i’0)} ij ZZ{[ k:l Rq)l
Ap(

(5.56)

+ 2mgmg,Sa 451 Bo (p2, mﬁl ) m?,)} .

The free massive squark counter-term is obtained, as explained in Section 4.5, after applying
the procedure of multiplicative renormalization to the bare Lagrangian

£ o= (048 00"Gi0 — 2, 0830) s » (5.57)
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~Cj

Gj' (p) —-#= K== G'(0) s, [% (624 +02})p* - 1(mgazq +82fm2) — om]

2 ij

Figure 5.9: Feynman rule for the counter-term associated to the gluino propagator. The indices
1, §, and ci and cj respectively correspond to flavour and colour indices of the external squarks.

where we recall that the subscript ¢ denotes bare quantities. From the corresponding CT La-
grangian, it is possible to deduce the Feynman rule given in Fig. 5.9. In the OS scheme, the
squark mass renormalization constants 5m§i takes the following form

2 6 3
2 9sCr 2 g
omz, = 162 [{Ao(m(i) 4m Bg(m m ,0) } le:{ ([ Rq)il
—(R7) (l+3)(Rq)z‘(l+3)} [(Rq) (R7),,— (RT); (1+3) (R )k(l+3 DAO(mq‘k)} (5.58)
‘1‘22{1%(51,&0 [(mi —mg —m2)Bo(mZ mg,mZ) — Ag(m2) — Ao(mﬁl)]
+ 2mgmque(82 ul)Bo(m mgl, mg)} .
Similarly, the diagonal squark WFRCs can be written, in the OS scheme, as
57— — 9CF — 4m? B, ,0)—2B ,0) 25" (Ro (1
(0Za)i = =6 oG mg,, 0) = 2Bo(mg, mg,, 0) + ;{ e(Suin) |
5.99
(mgZ - mg — mg)BO(mg ,mgl,m )+ Bo(m mgl, mz)} (5.59)
+ 2mgmque<Sg m) Bo(m mgl,mg)} ,
and, in the MS/DR scheme, as
(6Z:)i = 0. (5.60)
The off-diagonal squark WFRCs, out of which we construct the (§R9);;, are given by
2
9;Cr 1 - i
(5251‘)1'1‘ = ]2 m~, L;; {[ *<Rq)k(l+3) (Rq)i(l+3)]
e s . 2y (5.61)
[(Rq)jl (BY),,— (Rq)j(l+3) (R )k(l+3)} } +2 Z {Sl ”l[ M)
Bo(mg mgl,m) Ap(m ) Ap(m )] —|—2mgmqngwlBo(m m?]l,mz)}.

5.5 Vertex corrections

In this section, our goals are i) to calculate the one-loop corrections to each vertex appearing
in the Feynman diagrams of the leading-order process (see Section 5.2) i) to derive the form
of the counter-term associated to each vertex i) to determine the renormalization constant dgs
by imposing that the sum of the vertex corrections and the counter-term is UV-finite (for each
vertex). Note that the last point require the RCs of Section 5.4 as a necessary input.
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Figure 5.10: One-loop contributions to the gluon-quark-antiquark vertex, where p denotes the
Lorentz index of the external gluon, and a, b, ¢, ¢;, ¢j, ¢k, and ¢ correspond to colour indices.
The four-momenta of the gluon (p;) and the fermions (p2, p3) are taken incoming to the loop.

The gluon-quark-antiquark vertex

The gluon-quark-antiquark interactions are derived from the Lagrangian

Lggq = 950 Q7" Tese, 96,140 - (5.62)
At the one-loop level in supersymmetric QCD, the corresponding vertex, Vg(gq) receives correc-
tions from the four diagrams depicted in Fig. 5.10. For future convenience, we introduce the
notation Vg(;qyz) to label the various amplitudes contributing to the corrections of the gluon-
quark-antiquark vertex. The letters x, y and z here correspond to the particles entering in the
loops. With the help of the Feynman rules of Appendix F, the pure QCD corrections, with only
quarks and gluons running into the loops, are given by
Py PP

. o .
v (aa9) — / d”q M%‘E [igsTb_ 1) 'l’yy} ’LL [igsTQ 5lk7“] t Z
944 (2m)P G I (g 4 pg)2 L7 e (a+p1+p2)?

[i9:T8 ] 5

i6;:0°
T 3575697:2 Teyei0i [((4 — D)p"p, — 2P 7P, + (2= D)pyp, ) Co + ((2 = D)p,

- 2;5251)7“7505 - v”‘v“((4 - D)p, +(2— D)pz) Co+ (2 - D)Vavuvﬁcaﬂ} 7

and

d”q oy Ay —i —i
Vs = / D H {ww”Tfjcﬁﬂ}lﬁ[zgsv’JTc‘jCﬁu] ( X gs fabe

(2m) q+p2)?(q¢+p1+p2)?
X [(p1 = p2 = 000" = (q+ 2p1 + P2)u0" + (24 + 202 + P1)"nyy|
Z.(;ijncg? a

= WTC]'CZ' {QBO(p% 0, 0)'7“ - (7M7a(pl — pZ) — (Qpl + ¢2)7a7u

+ (2= D)2+ p1)"1?)Co + (2D — 477 CP
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Note that for clarity, we have omitted the arguments of all the three-point functions appearing
in the previous expressions. Those arguments can however be recovered by performing the
following substitutions

Vg(ngqq) : C{O,,u,,uz/} A C{O,,u,;w} (pgvp%a 0,0, 0) )

Vg(qg(?q) : C{O,,u,,uz/} A C{O,,u,;w} (p%,p%, 0,0, 0) :

The supersymmetric contributions, with squarks and gluinos running into the loops, can be
obtained in a similar manner, and take the following form

(5.63)

4ag v : G * ; K + myg
Vg(ggg) :/ q MQE {{iﬂgsTfjck ((Rq) e—wa/QpL _ (Rq)kjewngRﬂ < i q g
1

(2m)D R P k(j+3) ¢ —m2
[z\/ggschcl((Rq) i e“ag/QPR - (Rq) Z_e—'“PEI/QPL :| X —_— %
: k(i+3) k ) (¢ +p2)* —mg,
7
X | —igs T2 . (2p2 +p1 +2 u]}
(¢ +p2+p1)?—mZ { 9sTeye,(2p2 + p1 + 20)
i e N~ o
~ T 16 e Z {7 P ki {QCQ“ + (2p2 +p1)#0a] — mgPa kij {20“ + (2p2 +p1)“00} } ,
NeT P
D 6 .
vigen — [ 0 oS iBg 1t (BT g 0/2 Py — (RT)Le#9/2P) | x o
9499 (27T)D KR Js cjcy k(+3) L kj R q2 2
k=1 qi
Y Pyt my [ H} =P, Py, Ty [
i——T12 X |gsfabe X i % liv2g.TC .
(¢ +p2)? —m2 goJavey (q+p1+p2)? —m? s < epes
1 i /2 q\ ,—ipg/2
((Rq)k(i+3)e #0/2Pp = (RT) 70! PLH
_ Z.ncgg}j-,a 6 m 2 1 C e ap C’
T 16g2 e Z [(}’}27 (P, +9,) +mgy ) 0+ (pzv Y+ (py +¢2)] N

k=1
+ ’YQ’YMWBCaﬁ} P1kij + mg {(PQ’Y“ +9"(p, + %2)) Co + QC“} P2,kij} ;

where the arguments of the three-point functions can recovered by performing the replacements

qqg) . 2 2 2 2 2
%(ggg) ' C{OMNV} AR C{U:IMMV} (p27 pl’ mg, m(jk ) mqk) ) (5 64)
gaq) . 2 2 2 2 2 ’
‘/;l(ggq) L Cpo et < Cropugwy (P2, p1, mg, , mg, m3)

Note for completeness that in the present case, we have considered all quarks massless, inasmuch
as top quark loops would imply that we would have a top quark initiated process at leading
order?. We moreover recall that

dPq 1, qu, 4uq
C{O,u,uu}(pgvpf?mim%’m%):/i?(%/m)% 5 { . 3 )

[? —m3][(q+p2)? — m3] [(q + p1 + p2)? — m3]
and that the quantities Py j;; and Py y;; are defined as
Prwi = (Rq)ki (Rq)szL + (Rq)k(i+3) (Rq):(j-‘rf)’)PR ’
Paiy = (Rq)ki (Rq)z(j+3)e_i% Pr + (Rq)k(i-‘r?)) (Rq)ZjewgPR .

As detailed in Section 4.4, Lorentz covariance allows us to decompose each vector and tensor
integral as linear combination of scalar integrals such that

2 2 2 92 9 2 2 2 2 9 2 2 2 2 9
C#(p27p1)mlam2am3) = pgcll(p%plvmlvm%mii) +pf012(p2,p1,m1,m2,m3) )
C* (p5, pi, mi, m3, m3) = phpsCa1(p3, pT, mi, m3, m3) + plpY Caa(p3, pi, m3, m3, m3) (5.65)

+ (pgplll + pfp5)023(p%,p%, m%, m%, m%) + ?7“”024(20%’?%7 m%, m%> m%) )

2The parton distribution of the top quark is irrelevant at energy scales of a few TeV.
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where the Cj; can be further reduced to a basis of scalar integrals, namely the Ag, By, and Cy
functions. The resulting expressions after complete reduction being rather lengthy, we will only
rewrite the amplitudes at the level of the C;;. We obtain for the amplitudes of our interest

1054
Vy(ggg) - 327,Zg7r 0ij Tee, {(2—D)2024’7M + (2=D)(Cr2+Ca2)p,¥"'p, + (2—D)(2Cna

+C21+Co)p, Y py+ ((2—D)(C12+023) +(4-D)(Cn1 +CO))¢27“J¢1

+((2-D)(Cra+ Cos) ~2(Cur + co))plfw;%} ,

105G 1 a
V(999 — - 29 TS, [(2Bo(p1;0,0)+2(D—2)024+p$012+2pgcll)w+(D—2)(012

+2C2)p, Py +(D—2)(Cr1 + 2C23)p,ph +2(D—2)(C12 + Ca3)p, Py

+2(D—2)(C11 + 021)1252]9/21_1_0127/1},/)1?2_;_0117#];52];)1+2C’11p1p2’y“+0122252p17u} ’ (5.66)
6 :

- iq>
Vg<§§9) - _ 16557r2ngci > { [20247“4—(011+2023)p2p’1‘+(C11+C21)p2pl2‘+(012
¢ k=1

+2C22)p, Py +2(Ci2 +C23)}7)1P§} P kij —mg [(2012 +Co)ph'+2(Ci1 +CO)PS} P2 kij } ;
6

3

Py Mels ra

V9D = — 162 Lejer kz { [((Q*D)Cz4+mgco)7#+(2011 +C214+Co)p, 1" py+(Cr2
-1

+C23)p, 7Py + (Cra+Co2)p VP, +(Cri+Cra+ Cog +CO)P27“PJ P ki

+mg| Conp, +2C1apf +2(Cra+Co)ph | 7’2,1%‘]} :

The four one-loop diagrams presented above are all ultraviolet-divergent, their UV-part being

T, - (5.67)

2g3 2n2 —1
999 999 999 949 }

uv [V(qqg) + V(999 4 v (Gad) 4 1/(599) T T
Cc

As explained in Section 4.5, the renormalizability of a theory requires that UV-divergences
originating from loops cancel against those coming from the counter-terms. In the case of our
interest, the counter-term we need is obtained from the tree-level Lagrangian (5.62) by means
of multiplicative renormalization, and according to Fig. 5.11 reads as follows

Ve = {595% + 2([620),,+ 02} ;| Po + [02),, + 02]) | P + 02, 52-]-)]Tgc
3
= i|g. + 2 [~ 40k +ne —np — 1] ]I, (5.68)

where we recall that in our definitions of the WFRCs, we have factorized out the color structure.
Collecting all the contributions to the vertex corrections at order O(a;) and imposing the result
to be UV-finite, we derive the strong coupling constant renormalization constant,

3
327‘(’

5gs = [Bnc ny — 1} = _ 2 By, (5.69)
where we have introduced the first coefficient of the SUSY-QCD S-function, 5y. Accounting for

five active light flavours, as well as for gluons in the running of the strong coupling constant, we
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Figure 5.11: Feynman rule of the gluon-quark-antiquark vertex counter-term V;,(;q) . The indices
i, 7, and ci and c¢j respectively correspond to flavour and colour indices of the external quarks

obtain for the strong coupling renormalization constant [2207223],

3 2
s /80 e mg 1
5gs = 0 ey Ta 2 Ny
BT T6n2| 2 3 8.2 12;0

log , (5.70)

)

where g5 is now evaluated at the renormalization scale ur and obeys the evolution equation

dgi(ug) _ gs(uR){ll 2 ] (5.71)

dlog u% 1672 L3 fle ™ gn

The gluon-squark-antisquark vertex
The gluon-squark-antisquark interactions are described by the tree-level Lagrangian

L = ig[ql g8, T"0" i — 0udlogh T G0] - (5.72)
At the one-loop level, in SUSY-QCD, the associated vertex V};(gq)' receives corrections from six

diagrams, which are depicted in Fig. 5.12. With the help of the Feynman rules of Appendix F,
we first evaluate the diagrams involving quarks and gluinos in the loops. We obtain

Tr{ [i\@gswak ((Rq)i(m)e%/?pr (RY), e i3/ pL>:|
M [igsyu a } _(Z(pl TPyt — M)

(q+p2)* —mg, 4l (q+prtp2)? —mg,

(q99) _
ngq

[\fgs e (( ~)*(kJrg)eis%MPL(Ré);fkeiso_s,/2pﬁ,/)}i(%”;g)}

2 _m?2
g=—mj;
3

- 3

95 a

= % WQTQCQ H(pﬁpz)‘Bo(pl, m?  m. )+B*(pt,m?  mi )+ (ph(p1+2p2)" +pips)C,
¢ k=1

—&-(mé—i—mgk —p3—m ']92)0”-&-7713(2?1 +2p2)“00} S1,ijk — MM, S2.ijk {20“4-(171 +2p2)“COH ,

q i (g +m
it Tr{[ \fgs Ci c;c(( ) i(k43)€ %/QPR_(RQ)M@—W@/QPLHM

G\ * —i0g/2 . (DE\* ips/2 i(g+p1+p2+m§) ¢ )
[fgé %(( Ditrme T PL (R et PR>}(q+p1+pz)2—m§ [gsf“b”#} (g+p2)? —m?

. 3 3
gon 1
= o Le 2 “(zpﬁpz)“Bo(P?’mgam§)+m3k(2p2+m>”00+(m§+m3k—prpz—p%)c“
k=1

+ (p'Ph+ (2p2+p1)"ph) Cu} S1,ijk — Mg, M5S2 55k {20“+(p1 +2p2)“00} } ,
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Figure 5.12: Virtual one-loop contributions to the gluon-squark-antisquark vertex. The external
Lorentz (p) and color (a, ¢;, ¢j) indices are indicated, and the four-momenta of the gluon (p1)
and the fermions (p2, p3) are taken incoming to the loop.

where the arguments of the three-point functions can be recovered by means of the substitutions

(g0 .
Vodg"  Crogupmy < Crogupmy (03,91, mg, mg,,mg, )

2 2 9
va(nggq) F Clopwy < C{O%W}(I’Z’pl’mqk?mg’mg) :

(5.73)

Analogously, one can evaluate the two flavour-diagonal triangle diagrams, i.e the ones with
gluons and squarks running into the loops. This gives

2 [ i9sTe, ¢, (2q+2p2 +p1)“]

D
(dd9) d”q o v
V-2 = T —_—
9dq /(27T)D‘u { ig CzCk( 2p2+q) }(qﬂn) m?

1

—1
—igsT?, (q+2p1+2p2)y | —
(Q+p2+p1)2_m%[ ng Clcj(q pl pz)l/:| q2

- 3
1950
16n w2 “%

{2(p§+p1'pz)(p1+2p2)“00+4(p%+p1-p2)0“+(p1+2p2)”
(pl+2102)“Cu+2(291+2p2)”0“u} ,

V990 — / DuR gsfabc[(pl—pz—q)pé“u—(qﬁpl +pz)ué“p+(2q+2pz+p1)“nup}

i ;
72'Tb, —VW | — g . T¢  (g—p1—1o)°
ot q)? [ 9sTe;c, (P2—4) }(pﬁpﬁq)z[gs eve; (@—P1—D2) }qz—m?;,.
3
192Nc045
- §TC2WTScj [2(]91%-2]02)“30(29%,0,0)—(pl'pzp‘f—p%pz —2m2 (p1+2p2)" )Co

(pf4p1'p24p§)0“((2p2p1)“pﬁ+(2p1+4pz)“p5)0u(2p1+4p2)”0“y} :
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where the replacement rules

(@d9) . 2 .2 2 2
Vgc?;g Clouuwt < Cpoumy (P2, 01,0, mg,,mg,) (5.74)

Vg(ggq) FClopwy C{O,M,W}(p%vp%mgwao) )

have to be applied to recover the arguments of the three-point functions. The last two diagrams,
the bubble diagrams, are calculated in a similar way, and their sum V;;‘;b is given by

i —i
(g+p3)2—mZ. ¢

ybub _ / qu ’u25 [7;92 (TaTb—l—TbTa) }[zg (qg+2ps)* b }
9dq (2m)D R s i Ch s 3) tewe;

- 2 (arb bra s prb i ;Z
+ {ng (T T°+T°T )Cij:| [ ng(CI+2p2) Tclck:| (q+p2)2_m(2?i q2:|
3002
ng(nc_2)6i' a
= TT(-QJTWCJ' B“(pg,o,mg ) B'u(p3,0 mq1)+2p Bo(pz,() m ) 2p§Bo(p§,0,m(2L) .
The vector and tensor integrals appearing in the expressions above can be reduced to scalar
integrals using (5.27), and (5.65). For loops containing massive quarks and gluinos, we get

. 3 3

G ig 1

Veaa? = g5 Tle, 2 H(Qpl +pb ) Bo(p}, mi, . m3, ) + Com(p1+2p2)" + Cu1 (p3p}
¢ k=1

+(mi+mp, +p§)p§) + Cm((m +mg —p3)p! +(pi+2p1- p2>P2)}Sl,ijk

— Mg, 824k {Co(Pl +2po)H + 2C11p5 + 2012]9/fH ) (5.75)

v _ 9 (G005 ) Bop3, m2, m2) + ComZ, (p1+2p2)" + Cna (3
944 {2 ¢S 2p1 b2 0\P15 g> g 0Mbqy, Y41 D2 11\ P2P1
+(p§+m§k +m§)p5) + Cr2 ((m§+m§k —p3)p +(pi+2p1 'p2)p5)]51,z‘jk

— Mgy, 82,k [Co(pl +2pa)H + 2C11p5 + 201210?]} :

Finally, we deduce the contributions of the last two triangles and the bubble diagrams

6o ig30;
(29 _ 950 _pa [200(102-1-])1 p2)(p 1+2p2)“+Cu((2p§+p1-pz)p¥+(8p§+6p1-pz)p‘z‘)

944 16n.7 2 Cz Cj

+ 012((1)1 +4p3+6p1-p2)p} + (2p7 +4p1 - pz)p2> + Co (42?%-1-22?1 'p2>p§ + Ca (217%

+4py -pz)p’f + Chs ((4p§+2p1~pz)p’f+(2pf+4p1 ~p2)p’2‘) + Cos(2p1 +4p2)”} :

. 3
@ _ 1ginedij g
Vo = el [(2p‘f+4pé‘>Bo(p?,070)Co((prpz?mi) ~ (2 +4m2, ot

+Cut ((pl -p2—2p3)p} — (pT—2p1 '102)]95) + Cr2 ((4P2+2P1 p2)p} — (2pT+4p1- P2)P2> (5.76)

- 021(4p§+2p1-p2)p2 Cao (2191 +4p; p2) - 023((4p§+2p1-p2)p§‘

+(2p%+4p1-p2)p§> - 024(2P1+4P2)“} ,
m?

3(0n2 2

u ng(nc_Z)al

ng;qb 64n, .12 LT, c (3+ ) SBO(pgaO’mg”) ( 2 )prO(pgvova”,;)
c P3

"

—Ao<m§i>(p§—p§)} -
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Figure 5.13: Feynman rule of the gluon-squark-antisquark vertex counter-term Vg(;q) . The indices
i, j, and ¢; and ¢; correspond to flavour and colour indices of the external squarks.

The one-loop amplitudes presented above are all separately UV-divergent, and their sum gives

;3
(a09) | 1,(@39) | 1/(dd9) | 1r(993) | yrbub] _ _ 19sTcOi; Hea
UViVoas +Veaa T Veaa tVoaq + Vada } = T 16n2e (P2 — p3) Teic, - (5.77)

As explained in Section 4.5, the renormalizability of a theory requires that UV-divergences
originating from loops cancel against those coming from the counter-terms. In the case of our
interest, the counter-term we need is obtained from the tree-level Lagrangian (5.1) by means of
multiplicative renormalization, and according to Fig. 5.13 reads as follows

X . 1 "
R {595 + igséZg} e,

2 2 2
ig; 52] Ne  Ne mg 1 ms 1 m;
— I | =+ —log < + — E 1 + = log — .
1672 (p2 ps)” iy { g 3 og 12 ,u%z 3 o8 M%%} - (578)

where we have introduced the results of Eqs. (5.33) and (5.70). As expected, the renormalized
gluon-squark-antisquark vertex is then ultraviolet-finite.

The gluino-squark-quark vertex

The gluino-quark-squark interactions are described by the tree-level Lagrangian
A ~a a G\ * ~ ~ q a _ v a
L=12g,0 {(@j,OPLe_TgO)T (R9)i(j+3),08.0 — qio(RS)ij,oT G h~C~} . (5.79)

In what follows, we only detail the calculations related to the gluino-squark-antiquark vertex,
inasmuch as corrections to the gluino-antisquark-quark vertex can be deduced by hermitian
conjugation. At one-loop in SUSY-QCD, the gluino-squark-antiquark vertex receives corrections
from the four diagrams that are depicted in Fig. 5.14. If we compute their respective amplitudes,
%(ggg ) Vg((lgjq), Vg(ggg ) and V;](g(fQ) with the help of the Feynman rules of Appendix F, and with

the help of the following replacement rules for the arguments of the three-point functions,

Vé(gjg) P Clopwy € C{o,u,w}(pg,pl,m mﬁk, mﬁ )

Vg(nggQ) Ctopwy C{o,p,w}(pg,pl,m m2,0) (5.80)
Vg(qqgg) s Clopwy € C{O,M,W}(pg,pl,o m mg ), ’
Vg(nggq) Crouuvy C{O,,u,,ul/}(pgvplam 0, mz ) ,
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Figure 5.14: Virtual one-loop contributions to the gluino-squark-antiquark vertex. The external
color indices (a, ¢;, ¢;) are indicated, and the four-momenta p; ps, and ps are all taken incoming
to the loop.

the amplitudes read
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(99@) _ d"q g+p, +p,—mg ipg/2
ngq - / (277)[):“1% [gsfbcaV }( )(q+p1+p2) |: \/iq? CrCj (( )i(j+3)6 Py

—(RY) e~i¥a/2p )} d —t [—z‘ s(P2— ) T7, }
( )U L q2_m3~1 (p2_|_q)2 g ( 2 )N iCk
z\[ncgs

— 3972 chj [Bo(PiO,mf;)-&-(WV(pQ-i-pl—mg)_pﬂV)CV—&-(mi _Pg(ﬁl‘f‘%—mg))co}smj ,

where we have introduced the quantities

and

= (B) 1) (B s 5 (BY) e~ 9972 P — (RT),, (R,

ol (5.83)
= (R ) (R ) (R ) wngL N (Rq);k(ms) (Rq)i(ms) (Rq)l(j+3)ei%/2PR ’ (5:84)

= (BDjap () k<R~) 40y PR = (R (R s (BT PPy (5.85)
Py = (R N (5.86)

3wg/2pR _ (Rci)*

1(k+3) (Rq)z’k (Rq)zj'e_gwngL

( ~)z(k+3( ) 1(j+3)

The vector and tensor integrals appearing in the expressions above can be reduced to scalar
integrals by means of (5.27), and (5.65). Eventually, one obtains

(2q9) _ V297 . m2 2 2
gdq - 16nc7r2Tc"C-7' ;{[BO(PU a0 Mg)+m5Co+p3C1 +¢2¢1012}P1+mg{ o (Co+C11)

+ ]Zflclz] Py +my, [2152011 erlclz] Ps + mqkmgCOP4} ;

g Z\[ncgs a
s — - 2l { | DBo(p?, m3, 0)+ (Dpi+(2—D)mgp, ) Cri+ (4py-pat(2—D)mgp,
+(D=4)p,p, ) Cra+m2 DCo| S1.45 + my, [ (my+(2=D)p, ) Co+ 2= D) (p,Cr1+p, Cr2) | S2.5 }
(d99) _ V295 ra
Vida " = 32nor? ccy{{BO(pl’ 2.7)+2(p1+}'j2)p26'0+<3p§+p1p2)Cll

+ (P1 +2p1-p2 Jr}'jl]i)z)Cu} S1,ij — My, [2p200+p2011 +,¢1C12] SZ,ij} ;

V;g(fq) Z\g;nczgs T, [Bo(pl,o m) <m§i—p2(p1+p27mg))co+(p2plfmgp2>011

+ (p%—mgpl 9P, _7)2?1)012] S1,j -

The previous amplitudes are all UV-divergent, and the sum of their UV-divergent part is

(939) (G99) (da9) (999)] _ z\/§g§’ a 5”3—1
UV{VEQQ +ngq +V§dq +V§61q ]__32W25Tcicj e St - (5.87)

Starting from the Lagrangian of (5.79), one can obtain the counter-term Feynman rules sum-
marized in Appendix F by replacing all the bare fields and parameters by their renormalized

counter-parts. A specificity of the gluino-squark-quark interactions is that they also involve the
squark mixing angles, which must also be renormalized as follows,

(R3)ij = (RT)sj + (ORT)y; (5.88)
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The renormalization constants (§R7);; are defined such that

26: (624)y, — (023),)| RL, - (5.89)

| =

Even if there is no canonical definition for the squark mixing matrices renormalization con-
stants, the choice of (5.89) is inspired by the on-shell scheme, where the one-loop corrections
to the sfermion mixing angles are imposed to vanish on-shell. In the MS-scheme, the squark
renormalization constants being anti-hermitian, the counterterm contribution to the gluino-
squark-antiquark vertex simplifies to

P z'\/iggTa 5n§—1+2nc m2 Z
Gi

) L2
999~ 3972 Tei% | p.g 3 %2 logu Siij (5.90)

where the last equality is deduced from the results of (5.33), (5.42), (5.50) and (5.70). Comparing
with Eq. (5.87), the renormalized gluino-squark-antiquark vertex is thus finite in the UV.

The triple gluon vertex
The triple gluon interactions are described by the following tree-level Lagrangian

L= —gs0fave 096, 9., 9 - (5.91)
At one-loop, the associated triple gluon vertex receives (non-vanishing) corrections from the

diagrams that are depicted in Fig. 5.15. With the help of the Feynman rules of Appendix F, we
obtain for the massive quark loop contributions

a? , —f—p,tm 4Py Pt
(999) _ q b 2 My 2 P vre
Voug / (2m)P MRTF{{ZQS7 Do) (q+p2)*— [gw T (q+p2+p1)?—m? [i9:" T3]

—gtmyg —d— Pyt mg, “HPy Pt e e fﬁ“”tl}
zi + 14 T — s ) T lt———
> —mg {gﬂ mn} (g+p2)*— [957 Om} (q+p2+p1)?— [957 } q*—m;
3
g n
= - 3527Téfabc[ {7 Y ytyPyPy }|:Ca[30+ (p2+p1),80a0+p2acﬁa+p2a(p2+p1)ﬂca}

+Am2 [CPPY 4 CV*? + CHP + [ —p{n + (p1+2p2) 0] CoH ,

where m, n, and o correspond to colour indices of the quarks running into the loops, and k is
the flavour index of the quarks. The contribution of the ns light quarks is directly obtained
from the previous expression by taking the massless limit. The arguments of the three-point
functions appearing above can be recovered by performing the following substitution

2 2 9
Vg(ggq) Croupvwpy < Clop, ;wuvp}(p%pl’m Mg, g ) - (5.92)

The triangle integrals with three Lorentz indices can be reduced to a linear combination of scalar
integrals such that

CMP = poupaupapCs1 + P1up1vp1,Ca2 + (D5 PPt +15phpT +psphpt) Cas + (P vy ps+ pivs
+PTPTP§L)C34 + (p2,u"7up+p21/77,up+p2p77,u1/>035 + (plunup+p1u77up+plp77,uu)036 .
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Figure 5.15: Non-vanishing virtual one-loop contributions to the triple gluon vertex. The ex-
ternal color indices (a, b, ¢) are indicated and the four-momenta p; ps, and ps are all taken
incoming.

where all arguments are understood. The reduction involving large analytical expressions, we

do not detail it here. The sum of all diagrams containing a squark loop, Vg(qqq) is given by

dP . y . .
Va0 — / (%)qD I3 {H— igs Ty, (2q+p2) } [— zgsT%o(2q+2pz+p1)“} [— igs Ty, (2q+p1 +p2)”}
g

+ {_ igsTf;m(2Q+P2)V} [— igsTor (2q+2po -H?l)”} {— 19510 (2q+p1 +p2)pH q—m2
q

i i
X
(q+p2)2—m2~ (q+p1+p2)?—m2
q q

T pate > {80“”” +4 [(pl +p2) C* +(p1 +2p2)”0””+p50’”’} +2 [(pl +2p2)" (p1
q

- 327r2

+p2)?C” + py (p1+p2)’ CH +p5 (p1 +2p2)" CP | 4 (p1+2p2)!'py (P2 +P2)pco} ;
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where the arguments of the three-point functions read now as

i 2.2 2
%(gzng) Clopuvuvpy < Clop, Wuvp}(p27pl’m mg, mg) . (5.93)

The gluon and ghost loops form a gauge invariant subset and read

qu £ a o « « {on o
Vysd? = /(277)]3#?3951’ o [(plfprq) N —(q+2p1 + p2) "7 +(2q+2pa+p1)*n }

x gs fbe [ — (2p2+9)?8" 0+ (2q+p2)" 6" o + (2 —q)anﬁ”} gsfree [(p1 +p2429) N0p
- —i ",

—(g+2p1 + 2p2) 36”5+ (P2+p1—q)s0° ]7
g P1® (q+p2)? (q+p1+p2)?

3
— g;:; fabc |:<8D—14)C“Vp +2[nupcuaa_i_nupcuaa_i_nuucpaa} + [(3])1 _p2)pnuu

—(4p1+p2)'n* + 3(p1+2p2)“77p”] C%+(4D—T) [(m +2ps)" ' CYP 4 pyCHP

+(pr1+p2)"C “”} +2 {n”“(pl +2p2)a O + 12 C* + 0" (p1 +p2)a00"’] + {3pr’5
+(2D—1)pfps ~ 13pYph+ (2D~ 14)p5p} + 1 [123+12p1-p—p3]| C* + | (2D—14)p} ]
+ (4D —20)pfph + (2D —1)p}' s + (4D —4)ph ply + 1"? [10p7 +10py -pa — p%]} ¥ + [319‘{%
+16pyph + (2D —3)pl' Py + (4D —4)phps =" [pi+12p1 -po +p2HC” + [p‘f [3(p1
+p2)P " —4(2p1+p2) 0"’ +(Bp1+2p2) 0] + pS [(Tpr —p2) 0" — (8p1+p2) 0" +2(p1
+2p2)“77””]} Cao + [319?19{’295 +(D—=T)pyPips + (2D —11)p; psph +3pY ph s+ (D —4)py s ph
+(2D—8)ph psph+n"" [5pps —2pTph —8p1-paph —p3ph) +1"* | — 4p1-papt —6p3pY

+5piph +6p1-paph —paps | +n"" [3p1-p2p! +4p3pY +pIph +8p1-poph +8p2p2]]00] ,

V(ugugug) _ qu 25(7) { 7 fafd( + )u} [7 fbde u} {7 fcef( Fpo+ )p:|
999 - (27T)D H’R s p2 q s q gs p1 p2 q
1 i
% (q+p2)? (g+p1+p2)?

= ?g)é e fabe {20‘“”) + [(pl +2p2)HCVP + ps CHP + (1 +p2)pcw}

+ {gsfadf(p1+P2+Q)“} [gsfbed(erQ)V} [gsfcfe } '

+ [(p§p5+p§p§)0”+p5(p1+p2)“0”H ;
where d, e and f are internal adjoint color indices and the replacement rule for the arguments
of the three-point functions is

UgUgUyg) . 2 2
V;](ggg/ gtigtg) . C{O,p,uu,/u/p} Ans 0{07u7ul/,ul/p}(p27plv07070) . (594)

The last triangle diagram, i.e. the one with gluinos, finally gives the following expression

L dPq _q+m q+p, +p,+mg q+p,+mg
(999) — _ bde . v 9 cef 1 2 afd 2
Voag® /(2 )DuRTr{ [gsf ¥ }qu g[gsf p} Ry — [gsf ¥ ] i )i—m? 5}

an v L
= - §27r2fabc{Tf{’Y YEyP Pyt 75} [Caﬂé + (p1+p2)3Cas + p25Cap + (p1+p2)ﬂp250a}

mg [TT{W’UV’)V”VO‘} [Coz +pzaCo] + Tr{v”vaav“} [Ca+(p1+pz)a00} + Tr{’YV'Ya’Vp'VM}Ca:| } ;
where the arguments of the loop-integrals read

Vq(ggggg) Cloppvuvpy < Cloupur, Wp}(p%pl’mQ mﬁ»mﬁ) : (5.95)
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Figure 5.16: Feynman rule of the triple gluon vertex counter-term. All four-momenta are taken
incoming to the vertex, and are denoted by p1, p2 and p3. The indices a1, a2 and a3 are adjoint
color indices.

We now turn to the calculation of the bubble diagrams included in Fig. 5.15, using the Feynman
rules of Appendix F. The amplitude associated to the first diagram (third line of Fig. 5.15) reads

. g -5 —1
V(ggl):,/ 2, ebd|:_ 9 By (o v af Y w}ii -
999 2 (QW)DMRgé.f (2p2+q)* N +(2q+p2)'n*" +(p2—q)"n > i)’ X ig
[(5“&(5[)5 [facffedf+faeffcdf] + TIWTIQB [fadffecf_faeffcdf] + 6“651)04 [—f“dffecf_fﬂcffedf]}
97159? abe v y
= Game " [p‘g”” —Pan) ”}Bo(pg,O,O),

while those associated to the second and third diagrams (last line of Fig. 5.15) are obtained by
symmetry,

Ineg>
Vi = s I [t = p§n™| Bo(#3,0,0) ,

IM.g>
Vagd®) = o 1 e = pin™ | Bo(p}.0,0) .

Summing up all the contribution, the ultraviolet-divergent piece of the one-loop corrections to
the triple gluon vertex is given by

UV|Vyyo) = UV [v;;;q> VD 4 Vg0 — Vigatata) 4 VD) 4 VI 4 v v e

(5.96)

= I e (om0 (o2 s [y 2]
s e

As explained in Section 4.5, the renormalizability of a theory requires that UV-divergences

originating from loops cancel against those coming from the counter-terms. In the case of our

interest, the counter-term we need is obtained from the tree-level Lagrangian (5.91) by means

of multiplicative renormalization, and according to Fig. 5.16 reads as follows,

X aoc 174 v 1% 3
Voo = 1 [(m—pz)pn“ +(ps—p1) 0™+ (pa—ps)'n'”* | | g, + 595529}

2ns+42
= T 39x 2fabc[( —p2)’n" +(p3—p1)"n™ +(p2—p3)*n ] X [ L (5.97)
2 2 2
Ne mg 1 mg, 1 my
+ —log—5+—=)> log—-+-log—|,
3 wah 12%; ph o3 /ﬁ%]

(x)

where we have used the results of (5.33) and (5.70) to derive the analytical expression of Vyyg.

Comparing UV [Vggg}, and Vg(;g), we conclude that the renormalized vertex is UV-finite, .
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Figure 5.17: The ten box diagrams contributing to the quark-antiquark channel. The flavour
indices of the external quarks and squarks are respectively denoted by m, n, and i, j, while k,
and [ correspond to the flavour indices of the virtual particles.

Comments

In the calculations we have presented so far, we have neither mentioned the ghosts WFRC, nor
the corrections to the gluon-ghost-ghost vertex. This omission is due to the fact that, in practice,
we have used the FEYNARTS/FORMCALC framework to perform all the one-loop calculations
detailed above. More specifically, if in FEYNARTS/FORMCALC internal gluons are chosen to be
in the Feynman gauge (which requires the presence of ghosts to cancel unphysical polarization
modes of the gluons), external gluons are on the other hand treated in the axial gauge. In
FEYNARTS/FORMCALC, ghosts can therefore appear inside loops, but can never be on external
legs, which is why they do not need to be renormalized.

In addition, note that in the present section, we have also voluntarily omitted the corrections
to the gluon-gluon-squark-antisquark vertex, because those are conventionally included into the
box diagram contributions in FEYNARTS/FORMCALC which are discussed just below.

5.6 Box contributions

The last remaining one-loop diagrams that we need to include into our calculations are the
four-point diagrams, also referred to as box diagrams. There are 42 of them in total, out of
which 10 contribute to the quark-antiquark channel (see Fig. 5.17), and 32 contribute to the
gluon channel (see Figs. 5.18 and 5.19 ). The calculation of the box contributions involves
rather large expressions, which is why they are not detailed in the present manuscript. A few
qualitative remarks can however be made concerning those box diagrams. First of all, box
diagrams contain infrared divergences, just like the self-energies and the vertex corrections, and
according to the KLN theorem, those divergences, but the simple collinear poles of the initial
state, are expected to cancel against the IR divergences originating from the real contributions.
Second, the ten box diagrams of the quark-antiquark channel are in principle UV-finite, because
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Figure 5.18: First set of box diagrams contributing to the gluon-gluon channel. The flavour
indices of the external squarks are denoted by 4, j, while while k, and [ correspond to the flavour
indices of the virtual particles.

there is no quark-antiquark-squark-antisquark vertex at tree-level from which we can derive a
counter-term supposed to cancel the hypothetical UV-divergent piece of those boxes. Third, the
box diagrams contributing to the gluon channel, are expected to exhibit a UV-divergent part,
which will eventually cancel against the UV-part of the counter-term associated to the tree-level
Lagrangian describing gluon-gluon-squark-antisquark interactions in (5.1).

5.7 Status report on the calculation

With the help of FEYNARTS/FORMCALC, we have first explicitly cross-checked the analytical
expression of the tree-level matrix elements derived in Section 5.2, contribution by contribution
in the case of the quark-antiquark channel, and for the total matrix element (from which we
have subtracted the ghost contributions) in the case of the gluon channel. We have then derived
the self-energies, the Wave-Functions Renormalization Constants, and the mass RCs of all the
particles appearing in the process at tree-level. All of them have been checked with the help of
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Figure 5.19: Second set of box diagrams contributing to the gluon-gluon channel. The flavour

indices of the external squarks are denoted by 4, j, while while k, and [ correspond to the flavour
indices of the virtual particles.

two independent FEYNARTS tree-level model files. The first one being the FYMSSM model file,
directly provided by FEYNARTS, while the second was generated by means of FEYNRULES. The
analytical results obtain with both model files perfectly agree.

After the implementation of a model file containing the vertices of the counter-term La-
grangian, and the definition of the renormalization constants, we have explicitly checked the
UV-finiteness of the virtual contribution. At present, we are at the level of checking the in-
frared finiteness of the NLO corrections, and have implemented for the process of our interest
the procedure of mass factorization, in a MATHEMETICA notebook, in order to subtract the
remaining collinear poles of the initial state that can be absorbed into the redefinition of the
parton distributions at next-to-leading order.



Chapter 6

Matching NLO predictions with
parton showers

Fixed-order calculations, such as the one discussed in the previous chapter, involve, in most cases,
due to the complexity of the calculations, only a limited number of particles in the final-state, in
contrast to what we observe experimentally, and are only valid when partons are hard and well-
separated. In order to account for a more realistic final-state, and to resum large logarithms
arising from soft/collinear regions of the phase-space, one usually adopts the Parton Shower
(PS) approach, which consists in using the collinear factorization approximation to decompose
the amplitude of a process with n 4+ 1 particles in the final-state, into a n partons final-state
multiplied by the Altarelli-Parisi splitting kernels'. In the PS approach, the successive emission
of two partons is completely decorrelated, and can be interpreted as a Markovian process®. More
details on Parton Shower algorithms, and their implementation into Shower Monte-Carlo (SMC)
programs can be found in [224], and references therein.

Fixed-order calculations, and parton showers are complementary approaches, and combining
them is the purpose of the so-called matching procedure. At next-to-leading order, this matching
procedure exhibits a double-counting problem?, which can fortunately be evaded by means of
the MC@QNLO [225], and POWHEG [226] methods. In this chapter, we choose to use the first
method, implemented in the context of the MADGRAPHS5__aMC@NLO framework, and present
for the first time the full automation of collider predictions matched to parton showers at the
next-to-leading accuracy in QCD within non-trivial extensions of the standard model. As an
application, we explore scenarios beyond the standard model where new coloured scalar and
Majorana particles are pair-produced. This work is not related to the previous chapter.

This chapter is organized as follows: in Section 6.1 we present our results for stop and
sgluon pair production at next-to-leading order in SUSY-QCD, matched with parton shower. In
Section 6.2 we present our results obtained for gluino pair-production at NLO in SUSY-QCD
matched with PS, in a scenario where all the squarks, but the stops, are mass degenerate, and
where the latter are decoupled so that no on-shell subtraction is required for the real contribution.

6.1 Coloured scalar pair production

Motivated by the conceptual issues accompanying the Standard Model, many new physics the-
ories have been developed over the last decades. Most of them exhibit an extended coloured

! Assuming that only two of the n 4 1 partons are collinear one to another

2The probability of not emitting a parton between two given scales corresponds to the so-called Sudakov form
factor.

3Parton showers include approximate real corrections in the soft/collinear limit.
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sector, and related new phenomena are expected to be observable at high-energy hadron collid-
ers such as the LHC. In particular, effects induced by hypothetical coloured scalar particles have
received special attention from both the ATLAS and CMS collaborations. Many LHC analyses
are indeed seeking for the scalar partners of the Standard Model quarks (the squarks) and gluons
(the sgluons) that are predicted, for instance, in minimal [44,116] and non-minimal [227,228]
supersymmetric or in vector-like confining theories [229].

In this context, it is clear that an approach to precision predictions that is fully general in
any considered theory is highly desirable, and the MADGRAPH5__aMC@QNLO framework [230]
is in a prime position to provide it. Its structure for tackling leading-order (LO) computations
has indeed already proved to be very efficient at satisfying the needs of both the theoretical
and experimental high energy physics communities. Generalizing this flexibility to the next-to-
leading order (NLO) case is however not straightforward, essentially because of the necessity of
specifying model-dependent counter-terms, including those arising from the renormalization of
the Lagrangian. Recent developments [231] in the FEYNRULES package [232] have allowed to
overcome this main obstacle and paved the way to the full automation of NLO QCD predictions
matched to parton showers for generic theories.

We describe the details of this implementation by working through two specific cases and
revisit some LHC phenomenology associated with stops and sgluons in the context of simplified
models of new physics [233,234]. Employing state-of-the-art simulation techniques, we match
NLO-QCD matrix elements to parton showers and present precision predictions for several kine-
matical observables after considering both the production and the decay of the new particles.
In more detail, we make use of FEYNRULES to implement all possible couplings of the new fields
to quarks and gluons and employ the NLOCT program [231] to generate a UFO module [235]
containing, in addition to tree-level model information, the ultraviolet and Ry counter-terms
necessary whenever the loop integral numerators are computed in four dimensions, as in MAD-
Loop [236] that uses the Ossola-Papadopoulos-Pittau (OPP) reduction formalism [237]. This
UFO library is then linked to the MADGRAPH5 aMCQ@NLO framework which is used, for the
first time, for predictions in the context of new physics models featuring an extended coloured
sector. We focus in this chapter on the pair production of those new heavy states at NLO in
QCD. Their decay is then taken into account separately, at the leading order and with the spin
information retained, by means of the MADSPIN [238] and MADWIDTH [239] programs.

In the rest of this section, we define the simplified models describing stop/sgluon dynamics,
and detail the renormalization of the effective Lagrangians, and the validation of the UFO models
generated by NLOCT. Our results follow, and consist of total rates and differential distributions
illustrating some kinematical properties of the produced new states and their decay products.

Benchmark scenarios for stop hadroproduction

Following a simplified model approach, we extend the Standard Model by a complex scalar
field o3 (a stop) of mass ms. This field lies in the fundamental representation of SU(3)., so
that its strong interactions are standard and embedded into SU(3).-covariant derivatives. We
enable the stop to decay via a coupling to a single top quark and a gauge-singlet Majorana
fermion x of mass m, that can be identified with a bino in complete supersymmetric models.
Finally, despite of being allowed by gauge invariance, the single stop couplings to down-type
quarks, as predicted in R-parity violating supersymmetry, are ignored for simplicity. We model
all considered interactions by the Lagrangian

7 1 _ — -
L3 = DMO’;T))D“U?, - m%UgT,Uz + §X(3X — M F [O'St(gLPL + grPr)x + h-C-} ; (6.1)
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where we denote the strengths of the stop couplings to the fermion x by g, and where P, g are
the usual left- and right-handed projectors.

Aiming to precision predictions at the NLO accuracy, a renormalization procedure is required
in order to absorb all ultraviolet divergences yielded by virtual loop-diagrams. This is achieved
through counter-terms that are derived from the tree-level Lagrangian by replacing all bare fields
(generically denoted by W) and parameters (generically denoted by A) by

1
U 2P0~ 1+ 50Z]¥ and A~ A+0Z4, (6.2)

where the renormalization constants §Z are restricted in our case to QCD contributions at the
first order in the strong coupling «. Like in usual supersymmetric setups, the § couplings are of
a non-QCD nature so that our simplified model does not feature new strong interactions involv-
ing quarks. The wave-function renormalization constant of the latter is therefore unchanged with
respect to the Standard Model, contrary to the one of the gluon that must appropriately com-
pensate stop-induced contributions. Adopting the on-shell renormalization scheme, the gluon
and stop wave-function (§Z, and §Z,,) and mass (§m3) renormalization constants read

2 2
_ s g5 [1 m3 _
(SZg = (SZg — W;_Q |:€_ — log /JL%{:| s (Sng =0 y (63)
2, 2 2
9 gsmz(3 _ mg
omz = 192 {5’ +7—3log M%J , (6.4)
where 5Z§SM) collects the Standard Model components of §Z,. Moreover, we denote the renor-

malization scale by ur and following standard conventions, the ultraviolet divergent parts of the
renormalization constants are written in terms of the quantity 1/ = 1/ — yg + log 4w where
~g is the Euler-Mascheroni constant, and € is the regulator of DREG

The renormalization of the strong coupling is achieved by subtracting, at zero-momentum
transfer, all heavy particle contributions from the gluon self-energy. This ensures that the
running of ay solely originates from ny = 5 flavors of light quarks and gluons, and any effect
induced by the massive top and stop fields is decoupled and absorbed into the renormalization
constant of oy,

Saug s [nf 11} s [1 m%} s [1 m%}
= L+ 2= —log— = —log—| . 6.5
Qs 2re | 3 2 +67T 5 ©8 ,u%% + € ©8 ,u%% (65)

All loop-calculations achieved in this work rely on the OPP formalism. It is based on the
decomposition of any loop amplitude in both cut-constructible and rational elements, the latter
being related to the e-pieces of the loop-integral denominators (R;) and numerators (Rg). For
any renormalizable theory, there is a finite number of Ry terms, and they all involve interactions
with at most four external legs that can be seen as counter-terms derived from the tree-level
Lagrangian [240]. Considering corrections at the first order in QCD, the o3-field induces three
additional Ry counter-terms with respect to the Standard Model case,

O’TG' ng QUT‘T 53193
B, = gt [37”% _pz} R = T ) (6.6)
to igt
990303 s 1 [ ajaz __ a a
R N 115271-277 ' 2[35 e 187{T nT 2}]0304 ’

where ¢;, p;, and p; indicate the color index, Lorentz index, and the four-momentum of the it
particle incoming to the R5* vertex, respectively. Moreover, the matrices T denote fundamental
representation matrices of SU(3).
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m3 [GeV] L0 [pb] BTV 5NLO [pb]
100 389.3%55 5% 55481525 o
250 4.118*594% 550311515 5 T
500 (6.594 x 1072)1525% | (7.764 x 10~ 2) L2120
750 (3.504 x 107%) L5655 | (3.699 x 1072) 13565 T 5%
1000 || (2.875 x 1074)F515% | (2.775 x 1074) 258120

Table 6.1: Total cross sections for stop pair production at the LHC, running at /s = 8 TeV. Results are
presented together with the associated scale and PDF (not shown for the LO case) uncertainties. Monte
Carlo errors are of about 0.2-0.3% and omitted.

13 TeV

ms [GGV] O’LO [pb] O_NLO [pb]
100 106637 5% 149741515435
250 15.53+35:2% 21.56715 3% 5%
500 0.3890+326% 0.5062"15 2% 74 3%
750 (3306 x 107%)7575% | (4.001 x 1072) TiS55*61%
1000 (4.614 x 1073)*435% | (5.219 x 1073) F1957%+7-9%

Table 6.2: Same as Tab. 6.1 but for /s = 13 TeV.

Contrary to complete supersymmetric scenarios, the § operators present a non-trivial one-
loop ultraviolet behaviour that is not compensated by effects of other fields such as gluinos.
Since we focus on QCD NLO corrections to the strong production of a pair of o3 fields followed
by their LO decays, the related counter-terms are therefore omitted from this document.

Our stop simplified model has been implemented in FEYNRULES, and we have employed the
NLOCT package to automatically generate all QCD ultraviolet and Ry counter-terms (including
the Standard Model ones). The output has been validated against our analytical calculations,
which constitutes a validation of the handling of new massive colored states by NLOCT. Finally,
the analytical results have been exported to a UFO module that we have imported into MAD-
GraPH5 aMC@NLO. For our numerical analysis, we consider scenarios where mg and m, are
kept free. The g r parameters are fixed to typical values for supersymmetric models featuring
a bino-like neutralino and a maximally-mixing top squark,

G, =025 and  §r=0.06. (6.7)

Benchmark scenarios for sgluon hadroproduction

We construct a simplified model describing sgluon dynamics by supplementing the Standard
Model with a real scalar field og (a sgluon) of mass mg lying in the adjoint representation of
the QCD gauge group. Its strong interactions are described by gauge-covariant kinetic terms
and we enable single sgluon couplings to quarks and gluons, like in complete models where such
interactions are loop-induced. The corresponding effective Lagrangian reads

1 1 g A A
Lg = 5DMUgD“ag — §m§agag + gKgUgGWGW + Z [agq(quPL + ngR)q + h.c.] , (6.8)

q=u,d

where G*¥ refers to the gluon field strength tensor and the single sgluon interaction strengths
are denoted by §. Although the § operators induce single sgluon production, we ignore it in this
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8 TeV
s GV g0y O [
100 38547311 5573 et o
250 38.80741 7% 54,30 14:3% +3.9%
500 0.5878f§3‘g§§° 0,743132;3%32%
750 (2.977 x 1072)*5055 | (3.353 x 1072) 5730317

1000 || (2.328 x 1073)*539% | (2.398 x 1073) H1g.0% +191%

—33.4% —18.4%—19.1%

Table 6.3: Total cross sections for sgluon pair production at the LHC, running at /s = 8 TeV. Results
are presented together with the associated scale and PDF (not shown for the LO case) uncertainties.
Monte Carlo errors are of about 0.2-0.3% and omitted.

13 TeV
mg [GeV] ULO [pb] UNLO [pb]
100 10560157 5% 1470071367 +1-2%
250 150.4755 7% 914.5+129%+25%
500 3.619"320% 4.97THE 4TS
750 0.2951 %535 0.3817+110% +o.0%
1000 || (3.983 x 1072)1555% | (4.822 x 1072) 11355 055

Table 6.4: Same as Tab. 6.3 but for /s = 13 TeV.

work since the presence of a complete basis of dimension-five operators at tree-level is required to
guarantee the cancellation, after renormalization, of all loop-induced ultraviolet divergences. We
postpone the associated study to a future work. The g couplings being technically of higher-order
in QCD (as in complete theories), the quark fields are renormalized like in the Standard Model.
In contrast, the sgluon QCD interactions induce a modification of the on-shell gluon wave-
function renormalization constant 07, and yield non-vanishing on-shell sgluon wave-function
(6Z44) and mass (dm2) renormalization constants,

2 2
_sosm) g5 [1 mg _
024 =027y — 32;2 L — log NZIJ , 025 =0,
3g2m2 3 m2
2 298| ¥ . 8
dmg = 162 [8_ +7—3log —M%] . (6.9)

Sgluon effects are also subtracted, at zero-momentum transfer, from the gluon self-energy and
absorbed in the renormalization of the strong coupling,

2 2
They finally induce new Ry counter-terms,
RS = ﬁéa a {3m§ —pﬂ , R§78%8 = 77g§fa asas (P2 — p3)""" (6.11)
322 % G2
RIS _ ?);ff;nm [72(day0seanane + dorasedarase) — 14ldmanedgare (6.12)
92030500301 + 50010300305 + Oarasbazas )] - (6.13)

in the same notations as in the previous section.



118 Chapter 6: Matching NLO predictions with parton showers

We have implemented the sgluon simplified model in FEYNRULES and generated a UFO
model that we have linked to MADGRAPH5__aMC@NLO by means of the NLOCT package. The
generated model has then been validated analytically against the above results. Our numerical
study relies on benchmark scenarios inspired by an R-symmetric supersymmetric setup with
non-minimal flavor violation in the squark sector [241], in which the only non-vanishing coupling
parameters are fixed to

9 R
99 —15.1076 Gev!
A ¢ (6.14)

(G2R)5; = (9FR)is =3-1073 Vi=1,2,3.

LHC phenomenology

In Tabs. 6.1, 6.2, 6.3, and 6.4, we provide stop and sgluon pair production cross sections for
LHC collisions at center-of-mass energies of /s = 8 and 13 TeV and for different mass choices.
The results are evaluated both at the LO and NLO accuracy, and presented together with the
associated theoretical uncertainties. For the central values, we have fixed the renormalization and
factorization scales to the stop/sgluon mass and used the NNPDF 2.3 parton distributions [136].
Scale uncertainties have been derived by varying both scales by a factor of two up and down, and
the parton distribution uncertainties have been extracted from the cross section values spanned
by the NNPDF density replica.

The results of Tabs. 6.1, 6.2, 6.3, and 6.4 have been confronted to predictions obtained with
the public packages PROSPINO [188] (stop pair production) and MADGOLEM [242] (sgluon pair
production). Stop-pair total production rates have been found to agree at the level of the numer-
ical integration error, while virtual and real contributions to sgluon-pair production are agreeing
separately at the amplitude level. We have additionally performed independent calculations of
the loop contributions based on FEYNARTS [147], that we have found to agree with our predic-
tions. Realistic descriptions of LHC collisions require to match hard scattering matrix elements
to a modeling of QCD environment. To this aim, we make use of the MC@QNLO method [243] as
implemented in MADGRAPHS _ aMCQ@NLO. We match in this way the hard scattering process
to the PYTHIA 8 parton showering and hadronization [244], after employing the MADSPIN and
MADWIDTH programs to handle stop and sgluon decays. Jet reconstruction is then performed
by means of the anti-kr algorithm with a radius parameter set to 0.4 [245], as included in the
FASTJET program [246], and events are finally analyzed with the MADANALYSIS 5 package [247].
Normalizing the results to an integrated luminosity of 100 fb—!, we present, in Fig. 6.1, the distri-
bution of a key observable for stop searches, namely the missing transverse energy. We show LO
and NLO predictions for 13 TeV collisions as calculated by MADGRAPH5__aMCQ@NLO in the
context of three benchmark scenarios for which (ms, m,) = (500,50) GeV (red), (1000, 50) GeV
(green) and (500,200) GeV (blue). Similarly, we describe the hadronic activity Hr associated
with the production of a sgluon pair in Fig. 6.2 in the case of a sgluon mass of 500 GeV (red)
and 1000 GeV (green)?.

Summary

In this section, we have demonstrated that a joint use of the FEYNRULES, NLOCT and MAD-
GrarHb__aMCQNLO programs enables the full automation of the Monte Carlo simulations of
high-energy physics collisions at the next-to-leading order accuracy in QCD and for non-trivial

4With the current level of precision of the experimental searches, the current limits on the stop and sgluon
masses, that are extracted on the basis of NLO total rates but LO simulations for the distributions, can be
assumed to hold. Evaluating the NLO effects on the shapes and how this translates in terms of a modification of
the limits goes beyond the scope of this work.
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Figure 6.1: Missing transverse energy spectrum for a stop pair production and decay signal.
We consider several mass setups and show results at the NLO and LO accuracy (upper panel),
together with their bin-by-bin ratio (lower panel).
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Figure 6.2: Same as Fig. 6.1 for the Hy spectrum of sgluon signals.

extensions of the Standard Model. This has been illustrated with simplified models such as those
used for supersymmetry searches at the LHC. In this context, we have adopted setups that ex-
hibit extra coloured particles and non-usual interaction structures and presented the analysis of
two exemplary signals with the automated tool MADANALYSIS 5.

In the aim of an embedding within experimental software, we have designed a webpage
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Figure 6.3: Tree-level Feynman diagrams for the production of a pair of gluinos in quark-
antiquark (top) and gluon-gluon collisions (bottom). Ghost contributions, mandatory for calcu-
lations performed in Feynman gauge, are also shown (middle).

http://feynrules.irmp.ucl.ac.be/wiki/NLOModels, where hundreds of differential distribu-
tions are available for validation purposes, together with the associated FEYNRULES and UFO
models.

6.2 Gluino pair production

In this last section, we match for the first time NLO QCD matrix-element-based predictions
to parton showers for gluino pair-production. Virtual contributions are evaluated following the
Ossola-Papadopoulos-Pittau (OPP) formalism as implemented in MADLOOP [236,237], and com-
bined with real emission contributions by means of the FKS subtraction method as embedded in
MADFKS [248,249]; these two modules being fully incorporated in MADGRAPH5__aMC@NLO.
The matching to parton showers is then achieved by employing the MC@QNLO method [243].
After accounting for (LO) gluino decays, we study the impact of both the NLO contributions
and the parton showers in the context of LHC physics.

Theoretical framework

Our study of gluino pair-production and decay is based on an MSSM-inspired simplified model.
We complement the Standard Model with three generations of non-mixing left-handed and right-
handed squark fields ¢z, g of mass mg, , and with a Majorana fermionic gluino field g of mass
mg. The dynamics of the new fields is described by the following Lagrangian,

~ ~ ~ ~ /l:: ~ ~ ~ ~ ~ 1 ~ ~
Lsqep = Dyl DGy, + D,udy D g + 59Pg — m2, G —m2, dnir — 5Ma97 615

2
+ V20, = L T(GPLa) + (@P29)Tan +he| — £ [dTan — a} Tas | [dhTan — a}7a) |
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mg [GeV] | 0O [pb] o™ Ipb)
200 210471 30-3%+14.0% 318341160 1w
500 15.46 3477 +19.5% 24.90% 3500 T
1.206+339%+235% 20091133 2%
1000 1.608 - 1071 F36:3%4264% 9 743 101 T 144N+
1500 6.264 - 107330202000 1 056 1028 Lo tL8%
2000 4.217 1074588 +298% 6 397 . 10~ HITTAHITSR

Table 6.5: LO and NLO QCD inclusive cross sections for gluino pair-production at the LHC, running

at a center-of-mass energy of /s = 13 TeV. The results are shown together with the associated scale and
PDF relative uncertainties.

that contains all interactions allowed by QCD gauge invariance and supersymmetry, as well
as squark and gluino kinetic and mass terms. In our notation, T stands for the fundamental
representation matrices of SU(3), P (Pgr) for the left-handed (right-handed) chirality projector
and g; is the strong coupling constant. Flavour and colour indices are left understood for brevity.

In addition, we enable the (possibly three-body) decays of the coloured superpartners by

including (s)quark couplings to a gauge-singlet Majorana fermion x of mass m, that is identified
with a bino,

7 _ 1 _ 5 _ _ -
ﬁdecay - §XaX - imXXX + \/ﬁgl [ - QEYq(XPLq) + (qPLX)quR + hC:| : (616)

In this Lagrangian, Y, denotes the hypercharge quantum number of the (s)quarks and ¢’ the
hypercharge coupling.

At NLO in QCD, gluino pair-production receives contributions from real emission diagrams
as well as from the interferences of tree-level diagrams with virtual one-loop diagrams that
exhibit ultraviolet divergences. These must be absorbed through a suitable renormalization of
the parameters and of the fields appearing in Lsqcp. To this aim, we replace all (non-)fermionic
bare fields ¥ (®) and bare parameters y by the corresponding renormalized quantities,

® — [1+ é(sz@]@ , U 1+ %5Z\IL,PL + %5Z§PR]\II :

(6.17)
y—y+oy,

where the renormalization constants 7 and Jdy are truncated at the first order in the strong
coupling as. The wave-function renormalization constants of the massless quarks ((5ZqL’R), of

the top quark (6ZtL Y of the gluon (0Z4) and the top mass renormalization constant (0m;) are
given, when adopting the on-shell renormalization scheme, by

2
1
02y = — 5 [_ =+ Bo(0,m7,mf) + 2mi By(0, mi, my) —

c 2 2
DY 3 =+ ncBO(O)mg7m~)

3 g

+2ncm§BO(O m m —f—Z{ + Bo 0, m%,mg)

7 —m%Bé(O,mg,mg)H , (6.18)

2
LR _ 9 Cr 2
5Zq = 7§772 By (0, m quR) ,



122 Chapter 6: Matching NLO predictions with parton showers

2c
6ZtL’R:g186 5 L+ 2B1(mf, m3,m, )+ 2B1(m{, m{,0) + 8mi By(mi, mf, 0)
T
+4mtB,(mt,mt, +2mt Z B, mt? ):| ’ (619)
i=L,R
2C
Smy = —gsl6i2mt[—1+4Bo(mt,mt,0)+231(mt,mt2,0)+ > Bi(mi,mimi)|

i=L,R

where the By (and Ap, for further references) functions and their derivatives stand for the
standard two-point (one-point) Passarino-Veltman loop-integrals [175]. Moreover, n. = 3 and
Cr = (n? — 1)/(2n.) denote respectively the number of colors and the quadratic Casimir invari-
ant associated with the fundamental representation of SU(3). The gluino wave-function and
mass renormalization constants §Z gL T and 0mg are given by

2
5Z§:127872 ["c+2nc31(m mg, 0) + 8nemg Bo(mg, mg, 0) + dnemg By (mg, mg, 0)
+ > { m m2 ms )—|—2m B (mﬁ,mﬁ,mﬁ)}}, (6.20)
q=4r,9R
5 gsmg — 4n.B 2n.B B
mg =62 neBo(mj, mg, 0) — 2neBy(mj,m3,0) — Y Bi(m3,mg,m3)|

G=qrdr
while the squark wave-function (§Z;) and mass (§m?) renormalization constants read,

g2Cp

625 =95

{ Bo(m m m)Jng(m m O)+(mg m+m )Bo(m mg,mz)

+2m2BO(m m 0)}

6.21
207 (6.21)

872

m2) Bo(m2,m2,m2) — Ag(m >],

2
5mq

q g

[AO( 2) _ Ag(m2) — 2m2Bo(m2, m2,0) + (m? — m?

with (=)' = 1 and () = —1, and with m, # 0 for top squarks only. As a result of the structure
of the gluino-squark-quark interactions, squark mixing effects proportional to the corresponding
quark masses are generated at the one-loop level and must be accounted for in the renormaliza-
tion procedure. In our simplified setup, we consider ny = 5 flavors of massless quarks so that
these effects are only relevant for the sector of the top squarks. In this case, matrix renormal-

ization is in order,
. . = ; e .22
<tR> — <tR> + 2 <5Zt~,RL 5ZfR tr] ’ (6 )

and we impose that the stop sector is renormalized so that left-handed and right-handed stops
are still defined as non-mixed states at the one-loop level. In the MSSM, this is made possible
by stop couplings to the Higgs sector that generate an off-diagonal mass counter-term,

OLo = —0miyp (E iR +THiL) . (6.23)

These Higgs couplings being absent in our simplified model, we therefore introduce 6 Log explic-

itly. The off-diagonal stop wave-function (6Z;1r = 0Z; ;) and mass (dm?, ) renormalization

t LR)
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constants are then found to be

2
- gsCrmgmy i 2 2 9
5Zt,LR - 47T2(m% _m% ) _z: (_)ZBO(mgi,mt,mg) )
mo LA (6.24)
9 .
2 g5 Crmgmy 2 2 2
i=L,R

where 6Z; 1 g has been symmetrized. In this way, it incorporates the renormalization of the stop
mixing angle (taken vanishing in our model) which does not need to be explicitly introduced [250].

In order to ensure that the running of a; solely originates from gluons and ny active flavors
of light quarks, we renormalize the strong coupling by subtracting at zero-momentum transfer,
in the gluon self-energy, all massive particle contributions. This gives

das  a {nf 11nc] as{l m%}
as  2mEL 3 6

(6.25)

2 2
asne [1 mg g 1 mq]
2 log -2 S =-1 .
T on L o8 %}4“24% - [5 83

The ultraviolet-divergent parts of dag /cvg are written in terms of the quantity % = % — g + logdrm
where v is the Euler-Mascheroni constant and ¢ is connected to the number of space-time di-
mensions D =4 — 2¢.

Finally, the artificial breaking of supersymmetry by the mismatch of the two gluino and
the (D — 2) transverse gluon degrees of freedom must be compensated by finite counter-terms.
Imposing that the definition of the strong coupling g, is identical to the Standard Model one,
only quark-squark-gluino vertices and four-scalar interactions have to be shifted [166],

(0] " = _ - -
Lsct = \/5953*; [ - QETa(gaPLQ) + (qPLg")Togr + h-C-}

95 Qs [t o e vt (T T
+Eﬂ[q3{ as Ty Yar + qp{Ta, b}QL}

x [T, T ar + G (T, T"} i
gs as

- [Q}%Taq}% - QTLTaCYL] [QLTQQR - ‘IETQC]L] ’

(6.26)

where we have introduced adjoint color indices for clarity.

In our phenomenological study, loop-calculations are performed numerically in four dimen-
sions by means of the MADLOOP package and therefore require the extraction of rational parts
that are related to the e-pieces of the loop-integral denominators (R;, which are automatically
reconstructed within the OPP reduction procedure) and numerators (Rz). For any renormal-
izable theory, the number of Ry terms is finite and they can be seen as counter-terms derived
from the bare Lagrangian [240]. In the context of the Lsqcp Lagrangian, all necessary Ro
counter-terms can be found in Ref. [251].

The setup described above has been implemented in the FEYNRULES package and we have
made use of the NLOCT program to automatically calculate all the ultraviolet and Ro counter-
terms of the model. The specificity of the renormalization of the stop sector has been imple-
mented via a new option of NLOCT, SupersymmetryScheme->"0S", that allows to treat all scalar
fields that mix at the loop-level as described above. We have validated the output against our
analytical calculations, and these results represent the first validation of NLOCT in the con-
text of computations involving massive Majorana colored particles. We have finally generated
a UFO version of the model that can be loaded into MADGRAPH5 aMC@NLQO and which
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we have made publicly available on http://feynrules.irmp.ucl.ac.be/wiki/NLOModels. We
have further validated the model, together with the numerical treatment of the loop-diagrams
by MADLooOP, by comparing MADGRAPH5_aMCQ@NLO predictions to those of the code
PROSPINO [188], using a fully degenerate mass spectrum due to the limitations of the latter.

LHC phenomenology

In Table 6.5, we compute gluino pair-production total cross sections for proton-proton collisions
at a center-of-mass energy of /s =13 TeV and for different gluino masses. Squarks are de-
coupled (m;, = 16 TeV, mg, =17 TeV and mg, = mg, =15 TeV) so that any resonant squark
contribution appearing in the real-emission topologies is off-shell and therefore suppressed. The
latter production modes can be seen as the associated production of a gluino and a squark that
subsequently decays into a gluino and a quark. Including these contributions as parts of the
NLO QCD corrections for gluino pair-production would hence result in a double-counting when
considering together all superpartner production processes inclusively. Moreover, these resonant
channels require a special treatment in the fully-automated MADGRAPHS  aMCQNLO frame-
work, that is left to future work [252]. Our choice for the squark spectrum corresponds to the
one made by ATLAS and CMS collaborations in their respective gluino searches [253-256].

Our results are evaluated both at the LO and NLO accuracy in QCD and presented together
with scale and parton distribution (PDF) uncertainties. For the central values, we set the
renormalization and factorization scales to half the sum of the transverse mass of all final state
particles and use the NNPDF 3.0 set of parton distributions [128] accessed via the LHAPDF 6
library [257]. Scale uncertainties are derived by varying both scales independently by factors 1/2,
1 and 2, and the PDF uncertainties have been extracted from the cross section values spanned
by all NNPDF distribution replicas following the NNPDF recommendations [258]. We observe
a significant enhancement of the cross section of about 50% due to genuine NLO contributions,
as well as a sizable reduction of the uncertainties. In particular, the apparent drastic reduction
of the PDF uncertainties is related to the poor quality of the LO NNPDF fit when compared to
the NLO fit [128].

In order to achieve realistic simulations of LHC collisions, we first handle gluino decays by us-
ing tree-level decay matrix-elements as calculated by the MADSPIN [238] and MADWIDTH [239]
programs. Due to the three-body nature of the gluino decays, spin correlations are here omit-
ted as MADSPIN can only handle them for two-body decays. We then interface the partonic
events obtained in this way to a parton showering and hadronization description as provided
by the PyTHIA 8 package [259], and use the anti-k7 jet reconstruction algorithm [245] with
a radius parameter set to 0.4, as implemented in FASTJET [246], to reconstruct all final state
parton-level and hadron-level jets for fixed-order and parton-shower-matched calculations re-
spectively. Finally, the phenomenological analysis of the generated events is performed with
MADANALYSIS 5 [247].

Key differential distributions particularly sensitive to both NLO and shower effects are pre-
sented in Fig. 6.4. We show the transverse-momentum (pr) spectra of the first five leading
jets (first five subfigures) for two benchmark scenarios featuring either a light (mg =1 TeV)
or a heavy (mg =2 TeV) gluino, as well as a rather light bino (m, =50 GeV). We compare
fixed-order predictions (dashed) to results matched to parton showers (solid) and consider both
LO (blue) and NLO (red) accuracy in QCD. We observe that the differential K-factors (i.e.,
the bin-by-bin ratios of the NLO result to the LO one) both with and without parton-shower
matching strongly depend on the jet pr. The NLO effects therefore not only increase the overall
normalization of the distributions, but also distort their shapes. The K-factor is indeed greater
at low pr than at high pr, so that the traditional procedure of using LO predictions scaled by
inclusive K-factors cannot be used for an accurate gluino signal description.
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Figure 6.4: First five leading jet and gluino-pair transverse-momentum spectra for the production of a
pair of gluinos decaying each into two jets and a neutralino. We consider two mass configurations and
show results at the NLO (red) and LO (blue) accuracy in QCD, at the fixed-order (dashed, fLO and
fNLO) and after matching to the PYTHIA 8 parton shower description (solid). Theoretical uncertainties
related to the fixed order calculations are shown as blue (LO) and gray (NLO) bands.



126 Chapter 6: Matching NLO predictions with parton showers

Fig. 6.4 also underlines the effects of matching LO and NLO matrix elements to parton
showers. Since most parton-level jets originate from the decay of very massive gluinos, the fixed-
order pr distributions peak at large pp values. In addition, the low-pp region of these spectra
is depleted. As a result of the matching to parton showers, the fixed-order NLO distributions
are distorted and softened. While the change is milder in the large-pr tails whose shapes are
controlled by the hard matrix element, the low-pr regions are mostly sensitive to resummation
and become populated. The parton shower emissions from hard partons are indeed often not
reclustered back with the jet they are issued from, hence distorting the jet pp spectra. For this
reason, resummation effects become significant below the peak of the various pr distributions.
This effect is also illustrated on the last subfigure of Fig. 6.4, where we show the pr spectrum
of the gluino pair in the small pr range. We have verified that the matched results agree with
the fixed-order ones for very large pr values of the order of the gluino mass.

Conclusions

We have performed the first calculation of NLO supersymmetric QCD corrections to gluino
pair- production matched to parton showers and have studied the impact of both the NLO
contributions and of the parton showers. We have shown that observable effects could be induced
on the exclusion limits and that more accurate calculations are crucial for extracting model
parameters in case of a discovery. Our calculation has been performed fully automatically
and we have applied it to the case of a simplified model similar to one of those used by the
ATLAS and CMS collaborations for their respective gluino searches. In addition, we have
publicly released the UFO model associated with our computation, that is sufficiently general
to be readily used to explore the phenomenology associated with any supersymmetric QCD
process. Finally, our results also shows that all technical obstacles for automating the matching
of fixed-order calculations for inclusive supersymmetric particle production at the NLO in QCD
to parton showers have been cleared, up to the ambiguity issue of the double counting arising
in real emission resonant contributions [252].



Chapter 7

Conclusions and outlook

Supersymmetry is one of the leading candidate for Beyond the Standard Model physics, and is
extensively searched for at LHC. In this thesis we have focused on the phenomenology of N =1
supersymmetric theories, for which we have provided theoretical predictions at leading order
(LO), and next-to-leading order (NLO) in perturbation theory, at polarized and unpolarized
hadron colliders. In Chapter 1, we have reviewed the successes and limitations of the Standard
Model of particle physics, and have motivated the necessity to study theories that go Beyond
the Standard Model. Then, we have chosen to restrict to one particular type of extension of the
SM, namely N = 1 supersymmetry.

In Chapter 2, we have provided a short introduction to A/ = 1 supersymmetry, where we
have first recalled some basic facts about SUSY (history, motivations, superalgebra and prop-
erties of the supermultiplets), before introducing the superspace formalism, and detailing the
various steps inherent to the construction of supersymmetric Lagrangians. In the second part
of this chapter, we have then focused on one particular implementation of A/ = 1 supersym-
metry, namely the Minimal Supersymmetric Standard Model, for which we have described the
mechanism of electroweak symmetry breaking, and detailed the various sectors of the theory at
tree-level.

In Chapter 3, we have shown how the availability of polarized beams at high-energy hadron
colliders can provide a unique handle on the discrimination between different beyond the Stan-
dard Model scenarios that lead to the same final-state signatures in unpolarized collisions. First
of all, we have discussed in a model-independent way why single and double-spin asymmetries in
polarized collisions allow us for the separation between different initial-state production mecha-
nisms. Then we have considered different benchmark scenarios for monotop production and have
shown how the measurement of spin asymmetries in polarized collisions could help to discrimi-
nate between different models. Therefore, while polarized beams are certainly not required for
BSM discoveries, they can provide very useful information on the properties of the hypothetical
BSM sector, in particular in the determination of its couplings to Standard Model particles.

In Chapter 4, we have provided a short introduction to one-loop calculation techniques.
More specifically, we have first recalled the various challenges of NLO calculations, before giving
a constructive (and mathematically consistent) definition of both Dimensional Regularization,
and Dimensional Reduction. Then, in the second part of this chapter, we have detailed how to
evaluate scalar integrals that are frequently encountered in the context of one-loop calculations,
and have introduced the Passarino-Veltman reduction scheme designed to decompose each vector
and tensor loop integral into a linear combination of simpler scalar integrals. Finally, the last
part of this chapter has been dedicated to the procedure of multiplicative renormalization, which
aims at absorbing UV divergences into the redefinition of all the bare fields and parameters of
the original tree-level Lagrangian. In this last section, we have derived all the renormalization
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constants that are necessary to ensure the UV-finiteness of the theory at one-loop (for generic
scalar, fermions, and vector fields with mixing).

In Chapter 5, we have applied the concepts reviewed in the previous chapter for the first time
to the case of squark-antisquark hadroproduction at next-to-leading order in SUSY-QCD with
Non-Minimal Flavour Violation (NMFV). In the first part of this chapter, we have detailed the
field content of the model, have given the analytical expression of the tree-level matrix element,
and have defined the set-up employed to renormalize the theory at the one-loop level. In the
second part of this chapter, we have then focused on the derivation of the self-energies and vertex
corrections, and provided the analytical expression of all the Renormalization Constants (RCs)
needed for the process of our interest. In the third part of chapter we have finally discussed the
box contributions, and provided a short status report on this on-going calculation.

In Chapter 6, we have presented for the first time the full automation of collider predictions
matched with parton showers at the next-to-leading accuracy in QCD within non-trivial exten-
sions of the Standard Model. As an application, we have explored scenarios beyond the Standard
Model where new coloured scalar (stops and sgluons), and Majorana particles (gluinos) can be
pair produced in hadron collisions. Using simplified models to describe the new field interac-
tions with the Standard Model, we have presented precision predictions for the LHC within the
MADGRAPH5 aMC@NLO framework.

On the short term, our goals are to extend the work presented in this thesis in two directions.
The first one concerns squark-antisquark hadroproduction at NLO in SUSY-QCD with NMFV,
and consists in including all the real corrections in our code in order to finalize the calculation,
produce numerical results, and ultimately publish them (in the coming months). The second
one would be to generalize the results obtained for gluino pair production matched with parton
shower at NLO in SUSY-QCD to the case where intermediate resonances are kinematically
allowed to be on-shell, i.e. to automatically perform the on-shell subtraction in a gauge invariant
way. A publication is there again expected in the coming months.



Appendix A

Conventions

In this appendix, we specify the conventions that are used in all the calculations performed
in this thesis, and recall some basic facts about the tensor formalism, Dirac algebra and Weyl
fermions. The Greek indices of the middle of the alphabet denote Lorentz indices and range
from zero to three, while Latin indices correspond to space indices and range from one to three.
For the Minkowski metric n* and its inverse 7, we employ the particle physics conventions
n* = diag(1,—1, -1, —1) and 7, = diag(1, —1, -1, —1). The contravariant four-vector position
and momentum are defined as

= (LR), = (BB, (A1)
and the space-time derivative is given by
9, = (9/0t, V) . (A.2)
The Lorentz indices can be raised or lowered by means of the metric tensor such that
at = g, | and Ty = N’ . (A.3)
In this manuscript, we systematically use the natural units
h =c¢c=1. (A.4)

The Dirac algebra in four-dimensions reads

(At =2, 9 =i, {99 = 0,
2 2
() = a0 (O =1, () =L, () =5,

where the gamma matrices take the following form in the chiral representation

5_—10 0_01 H_OO"U‘ #V_O'HVO
7‘(01’ Y= o) Y=lee o) =l o0 w) AD

and where we have introduced in the previous equation the Pauli matrices
ot = (1g,5), ot = (1,—07), (A.6)

defined such that
10 0 1 0 —¢ 1 0
0_ 1 _ 2 _ 3 _
_ 10 _ 0o -1 _ 0 =1 . -1 0
0_ 1 _ 2 _ 3 _



130 Appendix A: Conventions

‘We moreover recall that

1
ol = 1(0“61/_0”6#) , (A.7)

1
ot = Z(&“a”—a”a”), (A.8)

and that the chiral projectors are defined as

1—7° 14+4°
P = Sy Pr = ha ) (A.9)
2 2
and satisfy the following properties

P+ Pr = 14, PL,Pp = PrP; = 0, P} = pp, Pi = Pp. (A.10)

In supersymmetry, we prefer to employ Weyl spinors rather than Dirac or Majorana spinors.
The latter can be decomposed in terms of two-component Weyl spinors such that

Yp = (;g> . VM = (;3) , (A.11)

where A\, and A%, Y% are respectively left-handed, and right-handed Weyl spinors, and where
the indices a and & range from 1 to 2. Undotted indices are used for left-handed spinors, while
dotted indices are used for right-handed spinors. Note in addition that the hermitian conjugate
of a left-handed Weyl spinor is a right-handed Weyl spinor and the other way around

Xa = Xbs (X&) = Xa- (A.12)

For the contraction of repeated spinor indices, we follow the Van Der Waerden conventions
defined such that

Ny = A1, and  xaA¥ = Y-\, (A.13)
where the antisymmetric Levi-Civita tensor is used to raise and lower spinor indices

Y = 5&6)\5’ /\a = 5065)\6, S\d = EdBS\B, S\QZEO-CBS\B,

and where we recall that

In our conventions, we set

o123 = +1, and M = —1. (A.14)
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Basic facts on su(N)

A Lie algebra consists of a vector space g and an antisymmetric bilinear map
[ ~]:gxg — g, (B.1)
called a Lie bracket, which satisfies the Jacobi identity
X[V, Z)) + [V, [Z,X]) + [Z,[X,Y]| =0 ¥ X,Y,Zcg. (B.2)

Lie algebras considered in particle physics are real, in other words, g is a real vector space and
its structure constants are thus real. This means, in particular, that in a unitary representation,
they are realized as hermitian traceless matrices. Fixing a basis {T*} for a real g, the Lie bracket
is specified by the structure constants fup. = — fpae such that

[Ta’ Tb] — ifabcTc ’ (B.3)
allowing us to rewrite Jacobi identity as
[T, [T, T°)] + [T°,[T¢, T + [T, [T, T"] = 0 . (B.4)

In what follows, we focus exclusively on su(/V), since this algebra is the one we need for the
calculation of the QCD color factors. su(NV) is the Lie Algebra associated to the special unitary
group SU(N) comprising all unitary N x N matrices of determinant 1.

Fundamental representation of su(N)

The {T“} are the generators of the fundamental representation of the su(N) algebra. They
correspond to a set of NV x N hermitian traceless matrices with the following algebraic properties

1

Tr(T%) = 0, Tr(TeT%) = 55‘117 : (B.5)
1
{Te, T} = N(Sab 4 dobere | (B.6)
where d®¢ are the symmetric structure constants, and N is the dimension of the representation.

Adjoint representation of su(N)

The adjoint representation of su(NV) algebra is spanned by the antisymmetric structure constants
f% which define a basis of (N? — 1) x (N2 — 1) matrices such that

(Fa)bc — _Z-fabc7 (B7)
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where the (F?)" are the generators of the adjoint representation of su(N). In the adjoint
representation, the Jacobi identity reads

fadefbcd + fbdefcad + fcdefabd =0 , (BS)
or equivalently

[Fe,FY = ifibepe (B.9)

Projection Operator

The generators of the fundamental representation and the identity matrix constitute a basis on
which it is possible to decompose any N x N hermitian matrix M such that M = moly+m 1%
Using the properties of (B.5) we obtain

1 1
Te(T°M) = my, Te(T°T?) = 37 Sab = 3 Ma = Ma = 2 Tr(T°M)

and thus
1
M = N Tr(M) 1y + 2 Te(TM)T* . (B.10)
Let us now consider one entry of the hermitian matrix M, we have
1
M;: = NMkk(SU + QT&MMEC; ,
1
Mi0udjr = NMlkéijfskl + 2T My, T35
After simplification of the M, we obtain the following expression for the projection operator
1 1
E%T]?l = 5 (5il5jk — N(Sijékl> (B.ll)

Casimir Operator

T°T? is a Casimir operator of the fundamental representation whose entries are given by

1 1 1 1 N2 -1
(T°T%)ij = Tik Ty = 5 (5ij5kk - N5ik5jk> =3 (N%‘ - N(S’”) =5 Y-
or equivalently in a more compact way
I , N2 -1
(T T )ij = Cp 51’]’ with Cr = N (B.l?)

The off-diagonal entries of the Casimir operator T*T* are identically zero, and the diagonal
ones are equal to C'r. This operator is therefore proportional to the unit matrix and thus must
commute with all the generators of the fundamental representation. Analogously, The Casimir
operator in the adjoint representation of su(N) is defined as

(FCFC)ab — (FC)ad(FC)db _ _fcadfcdb — facdfbcd — N(sab (B13)
or equivalently
(FCF)® = Cx6%  with Cyq = N. (B.14)

F€F¢ is proportional to 152_; and thus must commute with all the generators of the adjoint.



Appendix B: Basic facts on su(V) 133

Useful identities

Using (B.5), (B.6) and (B.11), we obtain the following expressions

febe = 2 Te(T[T, T°) (B.15)
de = 2Tr(T{T®, T°Y}) (B.16)
1/1
aTb — = —_sab abe - pabc Tc) B.1
T 2<N5 - (d™ 4 i) (B.17)
1
Te(T°T°T¢) = Z(dabc—kif“bc) (B.18)
1
arpbrparc be
= —— B.1
Tre(TT°TT°) N (B.19)
2 _
Te(TOT°T°T?) = N1 b (B.20)
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Appendix C

Parton distributions C++ interface

Source file : header.h

#include <iostream>
#include <iomanip>
#include <fstream>
#include <cmath>

#include <string>

#include <sstream>
#include "LHAPDF/LHAPDF.h"
using namespace std;

// Define the scale you want to probe:
const double scale = 1e2;

const double Q = scale;

const double Q2 = Q * Q;

// Define the PDF set you want to use:
const string pdfset = "NNPDFpoll11_100";

// Extrapolation flag
const bool EXTRAPOLATION_FLAG = true;

// Number of sampled points in the x-range
const int NxPoints = (const int) 1e4;

// Define the x-range you want to probe:

const double xmin = log(le-3);

const double xmax = log(1.0);

const double delta = (xmax - xmin) / double(NxPoints);

// Function protypes
double Compute_Std_Dev (int n, double *, double);
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Source file :

utils.cpp

{

{

3

double sum
for (int k = 0;

#include”header.h”

double Compute_Std_Dev (int n, double *y, double Avg)

sum += (y[k]

sum /= double (n - 1);
return sqrt(sum);

1
()
S

k < n; k++)

- Avg) x (y[k]l - Avg);

#include
int main
{

string
string

{
b

string

string

double
double

}
Source file : PDF.cpp

"header.h"

(void)

pdfext = ".
pdfname = (string) pdfset + pdfext;

//Initialization of the PDF set
LHAPDF : : setVerbosity (0);

LHAPDF ::initPDFSet (pdfname);
int Nbrep = LHAPDF::numberPDF ();
if (EXTRAPOLATION_FLAG == true)

LHAPDF : : extrapolate(true);

// Creating directory for data files

n_n

sep = "-";

string folder = "data”;

stringstream energy; energy << Q2;

string units = "GeV2";

dir = pdfset + sep + folder + sep + energy.str() + sep + units;

// Creating directory for data
mkdir (dir.c_str (),

// Enter directory recently created
chdir(dir.c_str());

// Initialization for result + error

avg = 0.0;
err = 0.0;

LHgrid";

S_IRWXU);




Appendix C: Parton distributions C++ interface 137

Source file : PDF.cpp

// String for data files extensions
string ext = ".dat"”;

// Declare output file stream
ofstream output;

// Loop over the various types of partons
for (int j = -5; j < 6; j++)
{

// Creates data file for each parton distribution
stringstream ss; ss << j + 5;
string filename = dir + sep + ss.str() + ext;
const charx stringl = filename.c_str();
output.open (stringl);

// Creates a 1D array of fixed size for the probed x values
double *x = new double[NxPoints];

// Loop over various values of x
for (int i = 0; i < NxPoints; i++)
{
// X values probed
x[il= exp (xmin + double(i) * delta);

// Central value (average) for a PDF j at a scale Q and at x[il]
LHAPDF : : initPDF (0);
avg = LHAPDF::xfx(x[il, Q, j);

double *pdf = new double[Nbrepl;

// Loop over the number of replicas for a given x
for(int nrep = 1; nrep <= Nbrep; nrep++)
{
LHAPDF :: initPDF (nrep);
pdf[nrep-1] = LHAPDF::xfx(x[il, Q, j);
3

// 1-sigma error band for one pdf at a given x
err = Compute_Std_Dev (Nbrep, pdf, avg);

// Writing results in data files + 1-sigma error band

output << setprecision (6) << scientific;

output << x[i] << "____._ " << avg << "L " << err \
<< " " << avg + err << " " \

<< avg - err << endl;

delete[] pdf;

3
delete[] x;
output.close ();

3

return 0;

3
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Source file : Makefile

CXX = g++

-Wunsafe-loop-optimizations

EXEC= PDF_interface
SRC= $(wildcard =*.cpp)
OBJ= $(SRC: .cpp=.0)
HEAD = header.h

$(EXEC):$(0BJ)
$(CXX) $* -o $@ $(I

%.0: %.cpp $(HEAD)
$(CXX) $(CXXFlags)

.PHONY: clean

clean:
rm $(EXEC)

CXXFlags = -Wall -Wextra -pedantic -02 -g -Weffc++ -Wcast-qual
-Wcast-align -Wconversion -Wdouble-promotion -Wunused

LIB= -L$(shell lhapdf-config libdir) -1LHAPDF
INC= -I%$(shell lhapdf-config incdir)

-Wuninitialized

NC) $(LIB)

-0 $@ -c $*
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Euler-Gamma and Beta functions

The Euler-Gamma function

The Euler-Gamma function I'(z) with z € C appears frequently in loop calculations when using
dimensional regularization, and corresponds to an extension of the factorial function

I'n) = (n—1)! with n € N* such that 'n+1) = nT(n), (D.1)

to complex and real arguments. The Euler-Gamma function is defined for all complex and real
numbers, except for negative integers where the function exhibits simple poles. Vz € C with
R(z) > 0, I'(2) is defined via the following convergent improper integral

I'(z) = /;OO t*te tdt . (D.2)

Exploiting the property of (D.1), the previous definition of I'(z) can be extended by means of
analytic continuation to regions in the complex plane where Re(z) < 0 such that

I(z+1) = z2T(2) with z € C. (D.3)

The Euler-Gamma function has the following basic properties
P =1, T@ =1, T1/2)=va, Q)= -, (D.4)

where vg is the Euler-Mascheroni constant defined such that
vE = 0.577216 . (D.5)

Another useful relation is the so-called Legendre duplication formula, which is given by

r(2) F(z + ;) _ 912 /7 T(22) (D.6)

The Beta function

The Beta function B(«, 8) with «, 8 € C is defined in this thesis such that
1
B(a, ) = / #2711 — 1%L dt,  Re(a)> 0, Re(8) >0, (D.7)
0

where B(a, ) is symmetric under permutation of «, and 3. The beta function can related to
the Euler-Gamma function by means of the following equation

() T'(B)

I'a+ p) (D-8)

B(aaﬁ) -
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Proof:

According to (D.2), the product of two Euler I" functions can be written as
+oo +oo
o) T'(B) = / azaflefzdaz/ yP e Vdy .
0 0
Performing the change of variables z = v?, doz = 2v dv, and y = u?, dy = 2u du, gives
+o00 +o0o
I'(a) T'(B) = 4/ ’U2°‘_16_”2dv/ w2 lem dy |
0 0

The previous expression can be further simplified by means of the following change of variables
v = pcosf and u = psin b, such that

400 _ +m/2 — —
[(a) T(B) = 4/0 (pQ)aJrﬁ 1e_p2dp2/0 (0089)2 ! (sinﬁ)w L ag

+7/2 _ B
(D-2) 2 F(OH—B)/ (0059)2a ! (sin@)w L ae
0

1
= TI(a+p) / (cos?6)* ' (1 — cos® 9)571dcos2 6.
0

Setting ¢t = cos? § and dividing each member of the equation by I'(a + 3) then gives back (D.8)

() T'(B)

1
B(a,B) = /O 1 -0 ar = Tath -

Angular part of loop integrals

As detailed in Section 4.3, it is always possible to decompose the integrand of a scalar loop
integral into a radial and an angular part (after having performed a Wick rotation and having
introduced the spherical coordinates). The goal of this section is to provide an analytical ex-
pression for the angular part Qp of the D-dimensional scalar integrals. As we are going to see
now, {2p can be explicitly written in terms of Euler-Gamma functions. The starting point of
the proof is the definition of the Gaussian integral

+o00 9
NZ / de e | (D.9)

such that we de facto have

+oo +o00o +o0
(ﬁ)D = / dPre= 2% = / dPre~ " = /dQD/ :EDilefxzda?,
0

—00 —00
where we have used in the last step the spherical coordinates to split the radial and the angular
part of the integrand. The integral can then be rewritten as

1 +oo 1 +00
(vm” = 3 / dp / ()Pt = / 2 / tP/2=1e=tqr . (D.10)
0 0
Using the definition of the Euler-Gamma function (D.2), the previous equation simplifies to

, o)

Qp = [dQp = D.11
b= [aon =25 (D.11)
which is, according to (D.4), equivalent to
r(1/2)”
Qp = dQp = 2 D.12
P / P [(D/2) (D-12)



Appendix E

~° in D-dimensions

Dimensional regularization has been applied with great success to gauge theories like QCD
or QED!. In contrast, gauge theories involving chiral fermions like the electroweak Standard
Model, or calculations sensitive to polarization effects have been notoriously known to exhibit
mathematical inconsistencies related to the analytic continuation of % in D # 4 dimensions
[260]. In this appendix, we first point out that a naive extension of the definition of 4 from 4
to D dimensions is the source of the aforementioned inconsistencies. Then we review the virtues
and drawbacks of the various prescriptions that have been designed to handle 4° in DREG, with
a special emphasis put on the 't Hooft-Veltman-Breitenlohner-Maison (HVBM) scheme, and on
the Naive Dimensional Regularization (NDR) scheme. In four-dimensions ° is defined as

5 /l:

4'€,uupcr'7u7y'7p'70 . (El)

v

This definition implies that

(v°)? =1, {v,7°} =0,
Tr(7°) =0, Tr(y#+°) = 0, Tr(yH~*y) = 0, Tr(yHyY~yPy5) = 0, (E.2)
Tr(yH9"yPy7°) = 4i eh7P7 .
Naively, we would expect the properties of (E.2) to hold for any value of D, this is however not
true. If we assume, cyclicity of the trace and an anticommuting 7° such that

{(#4°}=0 V¥V pu=0,..D-1 (¥)’=1, (E.3)
we obtain the following properties of v° in D dimensions

2D Tr(v%) =0
Tr(v#9°) =0,  2(2—D) Tr(v#9"7°) =0,  Tr(y"9"7"y°) =0 (E4)
2(D — 4) Tr(y#4vP7°4°) =0 .

It is clear from the last line of (E.4) that only the particular case D = 4 allows us to recover
the usual non-zero trace of 7° given in (E.2). The analytic continuation into D dimensions
requires by definition the trace operation to be meromorphic, i.e. there should exist a smooth
transition when taking the limit D — 4. The problem is that the trace of v° and four Dirac
matrices given in (E.4) has to be zero for D # 4. The meromorphicity of the trace operation
thus enforces a vanishing trace of Dirac matrices in (E.4) for any value of D, even for D = 4.

'For calculations of unpolarized quantities only.
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Consequently, we cannot recover the original four-dimensional result of (E.2), and that is why
the naive anticommuting scheme is said to be mathematically inconsistent. More intuitively, the
mathematical inconsistency of the NDR scheme can be understood as resulting from the fact
that ~° is an ill-defined object for D # 4, and hence that all its usual algebraic properties in
four dimensions cannot be simultaneously maintained in D dimensions.

Several schemes have been proposed to solve this issue. The most commonly accepted is the
so-called ’t Hooft-Veltman-Breitenlohner-Maison scheme, which was originally proposed by ’t
Hooft and Veltman in [152], and Akyeampong and Delbourgo [261], before being generalized by
Breitenlohner and Maison [262], Thompson and Yu [263], and Collins [157]. The HVBM scheme
consists in defining v° as a generic four-dimensional object given by (E.1), which anticommutes
with the four-dimensional part of the other y-matrices, and commutes with remaining part

{(v*,7°} = 0 if p=0,1,2,3, (E.5)
[v*,7°] = 0 otherwise. (E.6)

An alternative way to formulate the HVBM scheme can be summarized as follows. Knowing
that in DREG we can decompose the D-dimensional vector space @p into a direct sum of the
usual four-dimensional space @4 and a residual infinite dimensional space Qp_4 such that

Qp=Q1®Qp-4, (E.7)

and that +° is ill-defined in D dimensions, it is safer to assume that 7° lives only in Q4 (which
is orthogonal to @p-_4). Objects living in orthogonal vector spaces commutes by definition,
therefore the anticommutation relation is preserved for the four-dimensional component of ~*,
and 7° commutes with v* otherwise. Introducing the four-dimensional component 7* of 4* and
its D — 4 counterpart 4* it is possible to rewrite (E.5) and (E.6) in a more compact way as

_ ~ E.5 ~ E.6 ~
(72} = (3,75} + (50 B (G 4oy B 9p55m (E.8)

In a very general manner, the HVBM scheme allows for a systematic and mathematically con-
sistent treatment of v° at all orders in perturbation theory, and gives the correct result for
the (physical) axial anomalies in the limit where D = 4, which is not possible with a chirally-
symmetric scheme like the NDR [264]. This procedure however leads to more involved calcu-
lations, first because of (E.8), and second because of the fact that a non-anticommuting ~°
generates spurious anomalies that violates chiral symmetry, and thus gauge invariance.

These spurious anomalies are artefacts originating from the choice of the 7° prescription,
and have to be removed through an appropriate choice of counterterms in the Lagrangian®. The
real complication of the HVBM scheme hence resides in the fact that in order to get a rid of
the anomalies that would spoil renormalizability of the theory?, Ward-Takahashi (WT) as well
as Slavnov-Taylor (ST) identities have to be restored by hand, order by order in perturbation
theory, through (finite) renormalization. This procedure of finite renormalization inherent to
the use of the HVBM scheme adds another layer of complexity to the renormalization procedure,
and seeing that Naive Dimensional Regularization and the HVBM scheme are expected to give
the same results (at the exception of some pathological cases like the AVV triangles with a
fermion-loop) we can understand why, despite being formally inconsistent, the NDR scheme is
still used in a significant number of modern calculations.

2Note however that those counterterms are not chirally-symmetric.
3Renormalizability of abelian as well as non-abelian gauge theories heavily relies on the assumption that there
exists a gauge invariant regularization.
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NMFV SUSY-QCD Feynman rules

90(p2)
95(p1) G Fabe | (D =PE)1" + (D5 DY )™ + (05 =) | |
95(p3)
) (p2)
. (.
9:(P1) \QQQQOA. —9s fabels
».
ug(p3)
;' (p2)
95 (p1) 957" T, 05
g5’ (p3)
9 (p2) 95(ps)
Zgg {nuanup [facefbde + fabefcde] + nupnua [fadefbce _
fabefcde] + nuunpa[ _ fadefbce o facefbde]} )
95(p1) 9%(pa)

Table F.1: Feynman rules for the QCD sector. The four-momenta p1, p2, p3 and p4, are all taken
incoming to the vertices. The generators of the su(3)c algebra in the fundamental (resp. adjoint)
representation are noted T¢! ¢ (resp. fabc). The indices ¢;, ¢j and a, b, ¢, d are respectively the
colour indices of the fundamental and the adjoint representation. The indices u, v, p, o are
Lorentz indices, and 4, j are flavour indices with 7,5 = 1,2, 3.
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ay (p2)
i (p1) -- - —iv/2gs {(Rq)ffei%/QPR— (Rci);f(f )€ stg/QPL} o
3*(ps)
47 (p2)
G (p1) --—=-- —iv/2gs [(Rq)z'f‘f%/zPL - (Rq)z’(f+3)€%/2PR} Tee, »
9“(ps)
éb(pz)
!]Z(pl) s fabe V"
G°(p3)
q; " (p2)
7
a / a
g:(P1) \QQQQOAN, igs (s — %) Terc, 0ij »
A3
\
q;’ (ps)
9;,(p1) g (p3)
/( .92 b b
. 1G5 (TaT +T Ta>ci0j5ij 77;“/ ,
‘\
95 (p2) d;’ (pa)
g (p1) a, " (p3)
\\\ /( .9 ~Ich, ~ Icq ~C ’CZ Cj A~lcg
X —ig2[R(@, dR(QT, QF°) + R, QL IRQT 4] -
AN
Q5 (p2) 27 (pa)

Table F.2: Feynman rules for the SUSY-QCD sector. The four-momenta p1, ps, p3 and py4, are
all taken incoming to the vertices. The indices ¢;, ¢j, ¢k, ¢, and a, b, c are all colour indices, p
and v are Lorentz indices, and 4, j, k, £ are flavour indices with ¢, j, k,£ = 1,2, 3. The notation
g allows one to uniquely define the fermion flow associated with vertices involving (Majorana)
gluino fields. Note in addition that R(g;", QC’) = 5qQTg]C? [(RD)5(RT)j, — (RI); fi+3) (RT)43))
where the flavour index [ is implicitly summed—over in the previous expression.
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9v(p2)
3
95 (p1) fabc[(Pl—p2)p"7w+(173—p1)Vﬁp’ﬂ‘(m—p:&)“nyﬁ} [595—1—5935%
95(p3)
(ffi(m)
(o) b0 + 5 (1020 + OZE,)Pe + 1(67); +
M 1
(6Z¢§%T)Z’j]PPL -+ 5Zg (5,‘]‘)]120], ,
g5’ (p3)
—Cj 593 * *
a7 (p2) —iV/2g,T, c]cl[(g(le)if + (0Rg)iy + (5ZR(R Dif t
~c-( ) (Rq);kf/(dzq );'f + (R )jf 5Z )J1>)e SOg/QPR -
qil pl -=-b = 6g8 N 1 .
(E(Ré)ww) + OR)irys + 5075 (Ra)ipea) +

(P3)  (Re)iprys) 0213y + (Ra)j(45)(62a)s) Je 907 Py

ci 593 1 *
a7 (p2) —iv/2g,T, c7cj|:(g(Rq~)if + (6Rg)if + *(525 (Rg)if +

s

4 () (R)ip (5Z5) s+ (R)y(0Zg)5) e #1°P —
g (p1) --<- 5gs 1
(?(R‘j)i(fﬁ) + (0Rg)i(r+s + 5 (52 “(Rg)i(f+3) +

s

') (Rg)i(yran)(OZ) g5 + (R)j(r43)(0Z5)5:) ) €*#/* Pr

q; " (p2)
7/
o v 1 t
g:(11) QQQQAX i(ph — ph) {595% +595((62q +623)ij + 5Zg5z‘j)]Tricj ;
\\
d;’ (ps)
95:(p1) q;“(p3)
. 1
v i(TT + TT%) 1" 295095635 + 597 (624 + 0205 +
AR 2074835)] |
N
95 (p2) d;’ (pa)

Table F.3: Feynman rules for the counter-terms of the QCD, and SUSY-QCD sectors that are
needed for squark-antisquark pair production at NLO with NMFV. The four-momenta p1, p2, p3
and p4, are all taken incoming to the vertices. The indices ¢;, ¢, ¢, ¢, and a, b, c are all colour
indices, p and v are Lorentz indices, and i, j, k, £ are flavour indices with 4,5, k., ¢ = 1,2, 3.
The notation § allows one to uniquely define the fermion flow associated with vertices involving
(Majorana) gluino fields.
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