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Chapitre 1

Introduction

1.1 Des espaces aux complexes de chaines

1.1.1 Une courte introduction a la topologie algébrique

Parmi les nombreuses disciplines mathématiques, la topologie est ’étude de la forme des espaces,
de I'agencement des points des espaces : la forme d’une sphére, celle d’'un bouquet de cercles, celle
d’un tore, celle de la bouteille de Klein, ... Ainsi, la topologie ne se préoccupe pas des exemples
d’espaces topologiques exotiques comme les ensembles de Cantor, ni de la différence entre connexité
et connexité par arcs, ni encore des subtilités des espaces vectoriels topologiques si chéres aux
analystes. Elle n’est pas & proprement parler ’étude des espaces topologiques mais plutot 'étude des
formes. Le topologue restreint souvent son étude a une classe particuliére d’espaces topologiques,
les CW complexes, qui sont fabriqués en recollant successivement des boules D™ de dimension

neN:
D {m:(xo,... Tn_1) €R"| megl} ,

le long de leur frontiére, la sphére S"~! de dimension n — 1 :

51t i={o = (ag, - aan) €RY Ya? =1}

Plus précisément, un espace topologique X est un CW complexe s’il existe une filtration de sous
espaces Xg C X1 C --- C X de X, vérifiant les propriétés suivantes :
> l'espace X est un ensemble de points, c’est a dire un espace topologique discret.
> ’espace X, 11 est obtenu a partir de X, par recollement de cellules de dimension n + 1.
Autrement dit il existe un ensemble A,, de n-sphéres S™ de X, tel que le carré suivant est
un poussé-en-avant :

HaeAn S X"

| |

oea, D" —— X1 -
> l'espace X est I'union de tous les X, :
X = colim (Xo‘—)Xl ‘—)Xz‘—)) .

La topologie algébrique est I’étude de la forme des espaces par des moyens algébriques. Cela
consiste & associer des espaces vectoriels, des groupes, ou d’autres objets algébriques a tout espace
topologique X afin d’en étudier la forme. Le passage du monde souple et malléable des espaces
au monde rigide de I’algébre se traduit par une identification dans le monde de I'algébre de deux
structures topologiques reliés par une déformation continue, c’est-a-dire deux structures homotopes.

Définition (Homotopie entre fonctions). Soit f: X — Y et g: X — Y deux fonctions continues
entre espaces topologiques. On dit que f et g sont homotopes s’il existe une fonction H : X x[0, 1] —



Y telle que H(—,0) = f et H(—,1) = g. Une équivalence forte d’homotopie est un morphisme
f: X — Y qui posséde un inverse homotopique, c’est-a-dire qu’il existe un morphisme g : ¥ — X
tel que fg est homotope a l'identité de Y et gf est homotope & l'identité de X.

Tous nos invariants algébriques vont donc envoyer une équivalence forte d’homotopie sur un
isomorphisme de structures algébriques. A ce titre, le théoréme de Whitehead nous montre que les
groupes d’homotopie sont les invariants algébriques des CW complexes les plus fins que ’on puisse
obtenir.

Définition (Groupes d’homotopie, équivalence faible d’homotopie). Soit X un espace topologique.
On note mp(X) 'ensemble des composantes connexes par arcs de X, c’est-a-dire le quotient de
I’ensemble des fonctions du point vers X par la relation d’homotopie. Soit  un point de X.
Pour tout entier n > 1, on définit le ni®™ groupe d’homotopie de X relativement & z, noté
(X, ), comme le quotient par la relation d’homotopie de ’ensemble des applications de la sphére
S™ C R"*! de dimension n vers X qui envoient le point (1,0,...,0) vers 2. Une application entre
espaces topologiques f : X — Y qui induit des isomorphismes entre les groupes d’homotopie de X
et ceux de Y est appelée une équivalence faible d’homotopie.

Théoréme (Whitehead). Une fonction entre CW complexes est une équivalence faible d’homotopie
st et seulement elle est une équivalence forte d’homotopie.

La catégorie des CW complexes est une sous-catégorie pleine des espaces topologiques. Cepen-
dant, lorsque ’on manipule les CW complexes, il peut arriver que l'on sorte de cette sous-catégorie :
par exemple, certaines colimites de CW complexes ne sont pas des CW complexes. De plus, ’espace
topologique des fonctions entre deux CW complexes est rarement un CW complexe. Le théoréme
suivant, dit «théoreme d’approximation CW», nous montre que ’on peut alors toujours se ramener
a4 un CW complexe.

Théoréme. Pour tout espace topologique X , il existe un CW complexe X' et une équivalence faible
d’homotopie de X' vers X.

La topologie algébrique étudie les CW complexes & équivalences faibles d’homotopie prés. Ce-
pendant, ces groupes d’homotopie sont trés difficiles a calculer ; ainsi, ceux des sphéres sont loin
d’étre connus. Il convient donc de se pencher sur des invariants moins puissants mais plus facilement
manipulables et calculables. Dans la suite, nous allons décrire de tels invariants : les groupes d’ho-
mologie. Avant cela, nous allons d’abord faire un détour par un modéle combinatoire des espaces :
les ensembles simpliciaux.

1.1.2 Les ensembles simpliciaux

Les ensembles simpliciaux sont des modéles combinatoires des espaces. Un ensemble simplicial
est la donnée d’une suite d’ensembles X, X1, Xa, ... et d’applications entre ces ensembles que nous
allons décrire. On interpréte ’ensemble X comme un ensemble de points, X; comme une ensemble
de segments, X5 comme un ensemble de triangles, X3 comme un ensemble de tétraédres, etc. Un
segment posséde deux extrémités; nous avons ainsi deux applications de X; vers Xy. De méme,
un triangle a trois faces, ce qui nous donne trois applications de X3 vers X;. Par ailleurs, un point
peut é&tre considéré comme un segment contracté; cela se traduit par une application de X, vers
X;. Nous avons de la méme facon de nombreuses applications entre X,, et X, 11 qui obéissent a la
méme heuristique pour des entiers n plus grands. Voici la définition précise.

Définition. La catégorie A est la catégorie dont les objets sont les entiers n € N et dont les
morphismes homa (n, m) sont les fonctions croissantes de {0, ...,n} vers {0,...,m}. Les ensembles
simpliciaux sont les foncteurs contravariants de la catégorie A vers la catégorie des ensembles.

Plus simplement, un ensemble simplicial X est une suite d’ensembles (X,,),en munis d’appli-
cations «faces» (d; : X, = X,—1), et d’applications «dégénérescences» (s; : X, — Xni1)l



vérifiant les relations suivantes

didj =dj_1d; sii<j,

disj =sj_1disii <j,
disj=Idsii=jousii=75+1,
disj = s;di_1sii>j+1,

S$iS5 = 554154 sii 2] .

Nous avons introduit les ensembles simpliciaux comme des structures combinatoires d’espaces qui
seraient fagonnés a partir de points, de triangles, de tétraédres, etc. Quels sont donc les ensembles
simpliciaux qui représentent ces briques élémentaires (les «tétraédres» de dimension n)? Ce sont
les ensembles simpliciaux représentables suivants :

A[n] := homa(—,n) .

Tout ensemble simplicial est la colimite d’un diagramme ne contenant que les ensembles simpli-
claux du type Aln].

On peut parler d’une maniére plus générale d’objet simplicial dans une catégorie de telle sorte
que les ensembles simpliciaux sont les objets simpliciaux de la catégorie des ensembles. On peut
alors parler d’espaces topologiques simpliciaux, d’espaces vectoriels simpliciaux, d’anneaux simpli-
ciaux, etc.

Définition (Objet simplicial). Soit C une catégorie. Un objet simplicial de C est un foncteur
contravariant de la catégorie A vers C.

Les ensembles simpliciaux sont liés aux espaces topologiques de la maniére suivante. Considérons
Iespace |A[n]| défini pour tout entier n € N par :

|A[n]] := {x = (z0,...,7,) C R"H| Z:m = 1} .
=0

La suite (JA[n]|)nen @ une structure naturelle d’espace cosimplicial, c’est a-dire qu’il existe un
foncteur covariant de la catégorie A vers la catégorie des espaces topologiques dont l'image de
Ientier n est |A[n]|. A un espace topologique X on peut alors associer I’ensemble simplicial suivant
appelé ensemble simplicial singulier de X :

S(X)n ={f:|A[n]| = X continue} .

D’autre part, a tout ensemble simplicial X, on peut associer le CW complexe | X|, appelé réalisation
géométrique de X, défini de la maniére suivante

1= T X x |AR]l/ ~

neN

oll, pour tout morphisme ¢ : n — m de la catégorie A, pour tout élément x € X, et tout élément
y € |A[n]| la relation ~ identifie (¢*(z),y) et (z,]¢|(y)). Ces deux constructions sont fonctorielles
et | — | est adjoint a gauche de S.
=
sSet ? Top

On peut se demander si les constructions algébriques que l'on a faites sur les espaces topologiques
peuvent aussi étre calculées sur les ensembles simpliciaux. C’est le cas si ’on se restreint a une
classe particuliére d’ensembles simpliciaux, les complexes de Kan, qui contient en particulier les
ensembles simpliciaux singuliers S(X) des espaces topologiques. On peut ainsi définir de maniére
combinatoire les groupes d’homotopie des complexes de Kan, de sorte que les groupes d’homotopie
d’un espace topologique X sont exactement ceux de S(X) et que ceux d’un complexe de Kan Y
sont exactement ceux de Iespace |Y|. On définit les groupes d’homotopie d’un ensemble simplicial
qui n’est pas forcément un complexe de Kan de la fagon suivante.



Définition (Groupes d’homotopie et équivalences faibles). Les groupes d’homotopie d’un ensemble
simplicial X sont les groupes d’homotopie de 'espace |X|. Une équivalence faible d’ensembles
simpliciaux est un morphisme f : X — Y qui induit des isomorphismes entre groupes d’homotopie,
c’est-a-dire tel que la fonction continue |f] : |X| — |Y] est une équivalence faible d’homotopie.

Il existe de plus une notion d’homotopie entre deux morphismes d’ensembles simpliciaux f :
X —=>Yetg: X —Y dés que Y est un complexe de Kan. Nous savons que
> Tout espace topologique X est faiblement équivalent & la réalisation géométrique |Y| d’un
ensemble simplicial Y.
> Tout ensemble simplicial Y est faiblement équivalent & ’ensemble simplicial singulier S(X)
d’un CW complexe X.
> Si Y est un complexe de Kan, toute fonction continue f : |X| — |Y] est homotope a la
réalisation géométrique |g| d’'un morphisme d’ensembles simpliciaux g : X — Y.
> Si X est un CW complexe, tout morphisme f : S(X) — S(Y) est homotope a I'image par
le foncteur S d’une fonction continue g : X — Y.
Il semble donc qu’étudier les espaces a équivalences faibles d’homotopie prés revienne a étudier
les ensembles simpliciaux & équivalences faibles prés. Nous donnerons une véritable substance a
cette assertion lorsque nous aborderons les catégories de modéles.

1.1.3 Les complexes de chaines

Soit K un anneau commutatif unitaire.

Nous avons vu plus haut que les groupes d’homotopie sont les meilleurs invariants algébriques
des espaces que 'on connaisse. Malheureusement, ils sont trés difficiles a calculer. D’autres inva-
riants, plus simples en pratique, existent : ce sont les groupes d’homologie. Ceux-ci sont en fait
issus de la linéarisation des espaces. Soit X un CW complexe et soit Y un ensemble simplicial qui
représente X, c’est-a~dire que |Y| est faiblement équivalent a X ; par exemple, on peut choisir de
prendre Y = S(X). On considére alors, K - Y la K-linéarisation de Y, c’est-a-dire le K-module
simplicial tel que pour tout entier n, (K-Y), est le K-module librement engendré par I’ensemble
Y,,. Les groupes d’homologie de X sont les groupes d’homotopie du K-module simplicial K- Y. La
structure linéaire de K- Y rend le calcul de ces groupes bien plus simple que ceux de Y. Cela tient
au fait que les K-modules simpliciaux sont liés aux complexes de chaines.

Définition (Complexes de chaines). Un complexe de chaines V = ((V,,)nez, d) est la donnée d’une
suite de K-modules (V,,)nez ainsi que d’applications d : V,, — V,,_1 telles que la composition
d d
Vn+1 — Vn — Vn—l
est nulle. Pour tout complexe de chaines V, le ni*™¢ groupe d’homologie de V' est le quotient du
noyau de ’application d : V,, — V,,_1 par 'image de d : V41 — Vp, :

H,(V):=ker(d:V, = Vyp_1)/Im(d : Vpi1 = Vy) .

Un morphisme de complexes de chaines f : V — W est un quasi-isomorphisme s’il induit des
isomorphismes entre les groupes d’homologie de V et ceux de W.

Théoréme (Correspondance de Dold-Kan). Il existe une équivalence de catégories entre la caté-
gorie des complexes de chaines en degrés positifs et la catégorie des K-modules simpliciauz :
r
Complezes de chainess, ——— K-modules simpliciauz. .
=N
De plus, les groupes d’homotopie d’un K-module simplicial sont les groupes d’homologie du complexe
de chaines correspondant.

Pour étudier les espaces topologiques, nous leur associons donc des complexes de chaines dont
nous calculons ensuite les groupes d’homologie. Ce sont des invariants moins fins que les groupes
d’homotopie des espaces mais plus faciles & calculer.



FEzxemple. Les groupes d’homotopie des sphéres sont loin d’étre connus. Par contre, leurs groupes
d’homologie sont trés simples :

H(5") = {Ks.i ke {0,n}
0 sinon.

La topologie algébrique est, comme on I’a vu, ’étude algébrique des espaces topologiques a équi-
valences faibles d’homotopie prés. Une version simplifiée de cette discipline est ’étude des espaces
«linéarisés» a équivalences faibles d’homotopie preés, c¢’est-a-dire I’étude des complexes de chaines
A quasi-isomorphismes prés.

Nous ne nous restreignons pas aux complexes de chaines en degrés positifs qui sont des modéles
algébriques des espaces, mais manipulons les complexes de chaines en tous degrés pour plusieurs
raisons :

> Cela nous permet d’une part de travailler avec des duaux de complexes de chaines. Ainsi, si
V est un complexe de chaines, on peut définir son complexe de chaines dual V* par

V;: = homK(V,n,K) .

> D’autre part, I'endofoncteur de suspension qui envoie le complexe de chaines V sur le com-

plexe sV défini par
SVn = Vn-1,
deyz = (=1)1#ldya |

est un automorphisme de la catégorie des complexes de chaines en tous degrés.

1.2 Un peu d’algébre homotopique

Dans la section précédente, nous avons motivé 1’étude des espaces topologiques & équivalences
faibles d’homotopie prés, des ensembles simpliciaux a équivalences prés et des complexes de chaines
a quasi-isomorphismes prés. Dans toutes ces situations, nous avons une catégorie (espaces topolo-
giques, ensembles simpliciaux, complexes de chaines) et une notion d’équivalence (équivalence faible
d’homotopie, équivalence faible, quasi-isomorphisme). Dans cette section, en évoquant des travaux
de Grothendieck, Quillen, Dwyer et Kan, nous décrivons un formalisme qui permet d’étudier de
telles situations.

1.2.1 Catégorie homotopique

Soit C une catégorie. Soit W une sous catégorie de C qui contient tous les objets et tous
les isomorphismes et que nous appelons sous-catégorie des équivalences. Nous avons vu plusieurs
exemples de telles situations :

> La catégorie des espaces topologiques et la sous-catégorie des équivalences faibles.
> La catégorie des espaces topologiques et la sous-catégorie des équivalences fortes.
> La catégorie des ensembles simpliciaux et la sous-catégorie des équivalences faibles.
> La catégorie des complexes de chaines et la sous-catégorie des quasi-isomorphismes.

Définition. La catégorie homotopique de C relativement aux équivalences W est la donnée d’une
catégorie Ho(C) est d’un foncteur 7 : C — Ho(C) qui envoie toute fleche de W sur un isomorphisme
et qui est universel pour cette propriété : pour tout foncteur F' de C vers une catégorie D qui envoie
les équivalences sur des isomorphismes, il existe un unique foncteur /W de Ho(C) vers D, tel que
le diagramme suivant commute.

C E D

Ho(C)



Supposons que C soit une petite catégorie, c’est-a-dire une catégorie dont les objets forment
un ensemble. La catégorie homotopique de C a la forme suivante. D’une part, ses objets sont les
objets de C. D’autre part, ensemble des morphismes dans Ho(C) de X vers Y est le quotient de
I’ensemble des chaines

X = X, X, X, . X, =Y,

ou les fléches pointant vers la gauche appartiennent & la sous-catégorie W, par les relations sui-
vantes :

1. La chaine

X = X X X5 e X, =—-X;
est équivalente & la chaine

X =X, X X, X0 s xi X, =Y.

2. Deux chaines faisant partie d’'un hamac comme suit, ou les fléches verticales appartiennent
a la sous catégorie W, sont équivalentes.

X =Xo,1 X1 Xo1 e Xp1=Y
X =Xo2 X2 Xa2 e Xn2=Y.

)

Les morphismes de la catégorie homotopique sont donc obtenus comme quotient d’une structure
plus large. En réalité, ce sont les composantes connexes par arcs d’'un espace de morphismes.
Ainsi, on peut considérer la catégorie simpliciale dont les objets sont ceux de C et dont I’ensemble
simplicial de morphismes de X vers Y a pour n-simplexes les hamacs de largeur n comme suit, ot
les fleches verticales et les fleches pointant vers la gauche appartiennent a la sous catégorie W.

X = XO,Q Xl,() X2,0 e Xk’() =Y
X = X071 X171 X2,1 e Xk71 =Y
X=Xon Xin Xon .. Xgm =Y

C’est la localisation de Dwyer—Kan de la catégorie C relativement aux équivalences W introduite
dans Darticle [DK80a]. Alors la catégorie homotopique Ho(C) est la catégorie dont les morphismes
sont obtenus comme composantes connexes par arcs des espaces de morphismes de la localisation
de Dwyer—Kan.

La donnée d’équivalences W au sein d’une catégorie C donne donc lieu & une catégorie sim-
pliciale, autrement dit & une infini-catégorie. Deux problémes se posent cependant. D’une part,
la construction que I’on a faite ne permet d’obtenir des ensembles simpliciaux petits (c’est-a-dire
dont les simplexes sont des ensembles et non des classes) que si la catégorie est petite, ce qui n’est
pas le cas des catégories qui nous intéressent. D’autre part, en faisant abstraction des problémes
de taille d’ensembles, il est trés difficile d’étudier la «forme» de ces hamacs : en effet, ce sont des
ensembles simpliciaux trés gros, qui ne sont pas en général des complexes de Kan. Les structures
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de modeéles vont permettre de remédier & ces deux problémes.

D’autre part, si on se penche sur la catégorie des espaces topologiques et sur les équivalences
fortes d’homotopie, la catégorie homotopique a une présentation beaucoup plus simple :
> Ses objets sont les espaces topologiques.
> Ses morphismes sont les classes d’homotopie de morphismes.
Les structures de modeéles vont permettre d’obtenir une localisation de maniére presque aussi
simple.

1.2.2 Les structures de modéles

De nombreux problémes de topologie se traduisent par des problémes de relévement. Par
exemple si p : E — B est une fibration de Hurewicz, on peut se demander si un diagramme
de la forme suivante

E

|

)(HJ(_B7

posséde un relévement, c’est-a-dire s’il existe un morphisme g : X — FE tel que pg = f. En théorie
de l'obstruction, on rencontre la situation analogue ot p n’est qu’une fibration de Serre mais ou X
est un CW complexe. Il arrive également de rencontrer le probléme de relévement dual suivant

A——=Y

7

. Ve

% /o
P

B

)

ou i : A — B est une cofibration de Hurewicz. Sachant que pour tout espace topologique X, le
morphisme () — X est une cofibration de Hurewicz et le morphisme X — * est une fibration de
Hurewicz, ces problémes sont les facettes d’'un méme probléme de relévement de la forme suivante

A——=X

4
. s/
% o p
P ?

B——Y

ou i est une cofibration et ou p est une fibration. Ce probléme a une solution dés que l'une des
deux fonctions ¢ ou p est une équivalence d’homotopie.

Par ailleurs, lorsque la fonction p : X — Y n’est pas une fibration, on peut la «remplacer»
par une fibration, au sens ou il existe une fonction 5 : X — X’ qui est a la fois une cofibration et
une équivalence d’homotopie et telle que f se factorise par j suivie d’une fibration. De la méme
fagon, toute application peut étre remplacée par une cofibration au sens dual ou elle peut étre
factorisée par une cofibration suivie d’une fonction qui est & la fois une fibration et une équivalence
d’homotopie. Ceux sont 1& tous les ingrédients des structures de modéles.

Définition (Catégorie de modéles). Soit C une catégorie. Une structure de modéles sur C est la
donnée de trois classes de morphismes, les cofibrations, les fibrations et les équivalences faibles,
contenant tous les isomorphismes et qui sont stables par composition. On appelle respectivement
cofibrations acycliques et fibrations acycliques les morphismes qui sont a la fois des équivalences
faibles et des cofibrations et les morphismes qui sont a la fois des équivalences faibles et des
fibrations. Les trois classes de morphismes doivent vérifier les axiomes suivants.

1. Un rétract d’un morphisme d’une de ces classes est encore dans cette classe. Autrement dit,
dans le diagramme suivant, si f est une cofibration (resp. fibration, resp. équivalence faible),
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alors g est une cofibration (resp. fibration, resp. équivalence faible).

2. Soit f: X =Y et g:Y — Z deux fleches de la catégorie C. Si deux des trois fleches f, g
et gf sont des équivalences faibles, alors la troisiéme est également une équivalence faible.

3. Considérons le carré commutatif suivant.

>

f
—_—

S

s
-~
=

@
~!

—_—
g

Supposons de plus que 4 soit une cofibration et que p soit une fibration. Dés lors, ce carré
posséde un relévement, c’est-a-dire qu’il existe une fleche de C h : B — X telle que hi = f
et ph = g, si une des deux fléches verticales, ¢ ou p est également une équivalence faible.

4. Toute fleche f de C se factorise sous la forme d’une cofibration suivie d’une fibration. De
plus, une telle factorisation peut étre choisie de sorte que la cofibration (resp. la fibration)
soit également une équivalence faible.

Une catégorie de modéles est une catégorie qui posséde toutes les limites et toutes les colimites
et qui est munie d’une structure de modeéles. Par ailleurs, on appelle objet cofibrant (resp. objet
fibrant) tout objet X tel que le morphisme ) — X de I'objet initial vers X est une cofibration
(resp. le morphisme X — *x de X vers 'objet final est une fibration).

Voici quelques exemples fondamentaux de structures de modéles :

> La catégorie des espaces topologiques peut étre munie de deux structures de modéles : la
structure de Quillen et la structure de Hurewicz-Strom. Au sein de la premieére, les équi-
valences faibles sont les équivalences faibles d’homotopie et les fibrations sont les fibrations
de Serre. Les objets cofibrants sont les CW complexes. Au sein de la seconde, les équiva-
lences faibles sont les équivalences fortes d’homotopie et les fibrations sont les fibrations de
Hurewicz.

> On connait également deux structures de modéles sur la catégorie des ensembles simpli-
ciaux : la structure de Kan-Quillen et la structure de Joyal-Tierney. Au sein de la premiére
les équivalences faibles sont les équivalences faibles d’homotopie et les cofibrations sont les
injections. Les objets fibrants sont les complexes de Kan. Au sein de la seconde les cofibra-
tions sont les injections et les objets fibrants sont les quasi-catégories étudiées en détail par
Lurie dans le livre [Lur(9].

> La catégorie des complexes de chaines posséde une structure de modéles, dite structure
projective, dont les équivalences faibles sont les quasi-isomorphismes et dont les fibrations
sont les surjections. Les objets cofibrants sont alors les complexes de chaines V tels que le
K-module V,, est projectif pour tout entier n. Il existe sur cette catégorie une autre structure
de modéles, dite structure injective, duale de la structure projective. Elle posséde les mémes
équivalences faibles et ses cofibrations sont les injections. Les objets fibrants sont alors les
complexes de chaines V tels que le K-module V,, est injectif pour tout entier n.

> La catégorie des complexes de chaines en degrés positifs posséde également un structure de
modeles projective (resp. injective) dont les équivalences faibles sont les quasi-isomorphismes
et dont les fibrations (resp. les cofibrations) sont les surjections (resp. injections) en degrés
strictement positifs.
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Considérons une catégorie de modéles C. Pour tout objet fibrant X de C, un objet en chemin
de X est la donnée de la factorisation du morphisme canonique X — X x X par une cofibration
acyclique suivie d’une fibration.

X s PX —s X x X

Dans ce cadre, on dit que deux morphismes f et g d’un objet cofibrant A vers un objet fibrant X
sont homotopes s’il existe un morphisme h : A — PX tel que le diagramme suivant commute.

fxg

A4}>PX4>X><X
1

C’est une relation d’équivalence. On peut alors construire la catégorie homotopique de C de la
fagon suivante. D’une part, les objets de Ho(C) sont ceux de C. D’autre part, pour tout objet X
de C, on choisit un objet fibrant et cofibrant LRX muni d’une équivalence faible le reliant a X.
Alors, on peut utiliser la définition suivante

homgoc)(X,Y) := homc(LRX,LRY)/ ~ ,
ou ~ est la relation d’homotopie définie plus haut.

Par ailleurs, de la méme fagon qu’il existe un objet en chemin de X, il existe un objet triangle,
un objet tétraédre, etc. Bref, il existe un objet simplicial (X,,),en de C vérifiant certaines relations
décrites en détail dans [DK80b| et qui sont les généralisations aux niveaux de dimensions supé-
rieures de la définition d’un objet en chemin. On peut alors définir I’espace des morphismes d’un
objet cofibrant A vers un objet fibrant X comme ’ensemble simplicial (homc (A, X,)),,cn-

Souvent, les catégories de modéles que 'on considére sont enrichies par la catégorie des en-
sembles simpliciaux, de sorte que pour tout objet cofibrant X et tout objet fibrant Y, ’ensemble
simplicial des morphismes de X vers Y est faiblement équivalent a ’ensemble simplicial que 1'on
aurait obtenu par la procédure précédente. Par exemple, la catégorie des ensembles simpliciaux est
enrichie par elle méme de la fagon suivante

Map(X,Y),, := homgset (X x Aln,Y) ,

de telle sorte que si Y est un complexe de Kan, Map(X,Y) est équivalent a I'espace des morphismes
attendu par la structure de modéles de Kan—Quillen. Par ailleurs, Dwyer et Kan ont montré que
les hamacs de morphismes décrits dans la sous-section précédente sont de bons modéles des espaces
de morphismes.

Théoréme ([DK80b]). Soit C une catégorie de modéles. Pour tout objets X et Y, l’espace des
morphismes de X wvers Y défini par la structure de modéles est équivalent a l’ensemble simplicial
des hamacs de morphismes décrit au paragraphe précédent.

La topologie algébrique consistant a relier deux mondes (le monde des espaces et celui de
Palgébre) donc a relier des catégories, elle s’exprime au moyen d’adjonctions et d’équivalences de
catégories. Il existe des notions d’adjonctions et d’équivalences pour les catégories de modéles.

Définition (Adjonction et équivalence de Quillen). Une adjonction de Quillen est une adjonction
entre deux catégories munies de structures de modéles telle que le foncteur adjoint a gauche préserve
les cofibrations et les cofibrations acycliques ; ou de maniére équivalente, le foncteur adjoint a droite
préserve les fibrations et les fibrations acycliques. Une équivalence de Quillen est une adjonction
de Quillen L - R entre deux catégories de modéles C et D telle que pour tout objet cofibrant X
de C et tout objet fibrant Y de D, un morphisme LX — Y est une équivalence si et seulement si
son adjoint X — RY est une équivalence.

Citons quelques exemples fondamentaux d’adjonctions de Quillen et d’équivalences de Quillen.
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Ezxemple. > L’adjonction décrite plus haut entre la catégorie des ensembles simpliciaux et la
catégorie des espaces topologiques induit une équivalence de Quillen lorsque les ensembles
simpliciaux sont munis de la structure de modeéles de Kan—Quillen et lorsque les espaces sont
munis de la structure de Quillen dont les équivalences faibles sont les équivalences faibles
d’homotopie. Ces deux catégories de modéles décrivent donc la méme «infini-catégorie» que
I'on appelle «infini-catégorie des types d’homotopiey.

> L’adjonction entre les ensembles simpliciaux et les complexes de chaines en degrés positifs
induite par la linéarisation et la correspondance de Dold—Kan est une adjonction de Quillen
dés que la catégorie des ensembles simpliciaux est munie de la structure de Kan—Quillen et
celle des complexes de chaines de la structure projective ou de la structure injective.

Remarque. Les notions de fibrations et de cofibrations ne sont pas a priori des notions fonda-
mentales de la théorie de 'homotopie mais plutdt des artefacts facilitant les manipulations et les
calculs. Il est étonnant qu’elles soient devenues les piliers des structures de modéles qui ont un roéle
important en théorie de ’homotopie. Cela vient sans doute du fait que I’on rencontre des catégories
de modeéles dans de nombreuses situations et qu’elles sont un support efficace pour de nombreux
calculs ; par exemple le calcul des limites ou des colimites homotopiques. Cette situation déplait a
de nombreux mathématiciens et beaucoup aimeraient «faire sansy. Citons par exemple Grothen-
dieck dans une lettre & Thomason datée du 2 avril 1991 et que nous rapporte Maltsiniotis : «Les
constructions homotopiques essentielles sont indépendantes de toutes structures supplémentaires,
tel un ensemble C de cofibrations ou un ensemble F de fibrations ou les deux a la fois. De telles
structures supplémentaires sont utiles, dans la mesure ou elles permettent d’expliciter les construc-
tions essentielles, et d’en établir I'existence. Mais elles ne sont pas plus essentielles pour le sens
intrinséque des opérations (qu’elles auraient tendance plutot a obscurcir, jusqu’a présent) que le
choix d’une base plus ou moins arbitraire d’'un module, en algébre linéaire.»

1.2.3 L’hypothése homotopique

Nous avons décrit plus haut deux notions d’équivalences d’espaces. D’une part, les équivalences
faibles d’homotopie et, d’autre part, les équivalences fortes d’homotopies. Etant donné que ces
deux notions coincident lorsque I'on se restreint aux CW complexes et que tout espace topologique
est lié par une équivalence faible & un CW complexe, on peut considérer que la premiére notion
concerne ’étude des CW complexes a homotopie prés et la seconde notion I’étude de tous les es-
paces topologiques & homotopie prés. Dans tout ce qui précéde, nous avons clairement privilégié la
premiére notion d’équivalence. Pourquoi ?

L’homotopie est 1’étude des relations entre des objets, des relations entre ces relations, des
relations entre ces relations de relations, etc. De plus, ces relations doivent pouvoir étre composées
et posséder des inverses, les notions de composition et d’inverse étant comprises dans un sens
suffisamment large. La donnée combinatoire d’objets, de relations entre ces objets, de relations
entre ces relations, etc, est appelée un type d’homotopie. D’une maniére générale, la complexité
de toute cette combinatoire rend impossible de donner une définition algébrique précise de ce
qu’est un type d’homotopie. Il s’agit donc de trouver des modéles de ces types d’homotopie dans
le bestiaire mathématique. L’hypothése homotopique que I'on doit & Grothendieck affirme que les
CW complexes & homotopie prés sont de bons modéles des types d’homotopie.

Remarque. Certains auteurs considérent que les complexes de Kan sont une bonne définition des
types d’homotopie. L’hypothése homotopique devient alors un théoréme : la catégorie de modéles de
Quillen des espaces topologiques est Quillen-équivalente & la catégorie de modéles de Kan—Quillen
des ensembles simpliciaux.
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1.3 Théorie homotopique des algébres sur une opérade

1.3.1 Structures algébriques sur les complexes de chaines

Le produit scalaire des K-modules peut étre étendu aux complexes de chaines de la maniére
suivante :

VW) =D,y jmn Vi@W; ,
dz®y)=droy+ (-)*lzady .

Ce produit scalaire est symétrique au moyen de la transformation suivante connue sous le nom de
«régle de Koszuly :

VOW=WaeV
reye () My o,

ou |z| et |y| sont respectivement le degré de x et celui de y. Dés lors, nous pouvons considérer
des complexes de chaines munis de structures d’algébres associatives, d’algébres commutatives,
d’algébres de Lie, etc. Ainsi, une structure d’algébre associative sur un complexe de chaines A est
la donnée d’un morphisme v : A ® A — A tel que le diagramme suivant commute

A Ao A2 4w A
.
ADA———> A

Nous pouvons de la méme fagon considérer des structures «coalgébriques» sur les complexes de
chaines. Par exemple, une structure de cogébre coassociative sur un complexe de chaines C est la
donnée d’un morphisme A : C — C ® C tel que le diagramme suivant commute

c— 2 .coc

N |

Plusieurs exemples de telles structures algébriques ont un réle important en Mathématiques.

> Le complexe de De Rham des formes différentielles d’une variété posséde une structure
d’algébre commutative.

> Tout probléme de déformation est codé par une algeébre de Lie différentielle graduée.

> Une théorie de champs en Physique se traduit par un complexe de chaines muni d’une
structure d’algeébre de Batalin-Vilkoviski; c’est le formalisme BV.

> Pour tout ensemble simplicial X, 'application diagonale de X dans le produit X x X qui a
tout élément x associe le couple (z, ) induit une structure d’E-cogébre sur la construction

de Dold-Kan de X.

1.3.2 Opérades et coopérades

Une représentation de I'algébre K[X]/ (X% —1) est la donnée d'un K-module V et d’un mor-
phisme d’algébres associatives unitaires de K[X]/ (X2 — 1) vers End(V) := [V, V] ; c’est exactement
la donnée de V et d’'une involution de V. En ce sens, I’algébre unitaire K[X]/ (X% —1) code les
involutions. De la méme fagon, l’algébre K[X]/ (X 2) code les endomorphismes de carré nul. On
peut donc voir les algébres associatives unitaires comme une maniére de coder des types d’endo-
morphismes, c’est-a-dire des types d’opérations & une entrée et une sortie. Les opérades sont des
objets mathématiques qui permettent de coder des types d’opérations a plusieurs entrées et une
sortie.
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Définition (Opérade). Une opérade & est une suite P(0), P(1), P(2), ..., P(n), ...d’espaces
vectoriels (ou plus généralement de complexes de chaines), représentant des opérations a n entrées
et une sortie, munie pour tout n € N d’une action a droite du groupe de permutations S,, sur P(n)
représentant les permutations des entrées, et munie d’un produit de composition

0; : P(n) ® P(m) = P(n+m—1)

pour tout entier n € N et pour tout ¢ € {1,...,n}, représentant la composition des opérations et
vérifiant des relations décrites dans le livre [LV12] §5.3.7]. Il existe également un élément 1 € P(1)
qui est une unité pour ce produit.

A partir de tout complexe de chaines V, on peut construire une opérade Endy qui généralise
lalgébre End(V) :
Endy(n) = [V¥")))] .

Définition (Algébre sur une opérade). Pour toute opérade &2, une structure de &-algébre sur un
complexe de chaines V est la donnée d’un morphisme d’opérades de &2 vers End,, .

Ezemple. > Soit o/ss 'opérade définie par

K[S,]sin >0,
ﬂss(n):{o[si’r]tzo

Alors, les algebres de 'opérade <7 ss sont exactement les algébres associatives non unitaires.
> Soit ¥om 'opérade définie par

Ksin>0,
0sin=0.

Com(n) = {

Les algébres de 'opérade ¥ om sont exactement les algébres associatives commutatives non
unitaires.

Les algébres d’une opérade & forment une catégorie : par exemple, la catégorie des algebres
associatives, la catégorie des algébres commutatives, la catégorie des algébres de Lie, etc. De plus
un morphisme d’opérades f : & — 2 induit un foncteur f* de la catégorie des 2-algébres vers
la catégorie des Z-algébres qui envoie une 2-algébre, c’est-a-dire un complexe de chaines ¥V muni
d’un morphisme d’opérades g : & — Endy, vers le morphisme

2L 9% Endy,

Ce foncteur a un adjoint & gauche fi. Un morphisme d’opérades f : & — £ induit donc une
adjonction entre les 2-algébres et les H2-algébres.

fi
P —alg —— 2 —alg
I

Exemple. 11 existe une opérade Zie dont les algébres sont les algébres de Lie; on en trouvera une
présentation par générateurs et relations dans le livre [LVI2, Chapter 13]. L’injection canonique de
lopérade Zie dans l'opérade 7'ss induit une adjonction entre les algébres de Lie et les algébres
associatives qui n’est autre que celle donnée par le foncteur d’oubli des algébres associatives vers
les algébres de Lie et le foncteur adjoint «algébre enveloppantes.

Les opérades sont des objets mathématiques qui généralisent les algébres associatives unitaires
(une opérade concentrée en arité 1 est une algébre associative unitaire). De la méme fagon, les
coopérades généralisent les cogébres coassociatives counitaires.

Définition (Coopérade). Une coopérade € est une suite C(0), C(1), C(2), ...de complexes de
chaines munie pour tout n € N d’une action a droite du groupe de permutations S,, sur C(n) et
munie d’un coproduit de décomposition

Acim)—» S Ck)@s, (C(i1)®--~®C(ik)®gilx...§ikK[Sn]>
i1etig=n

pour tout entier n, vérifiant des relations décrites dans le livre [LV12] §5.8]. 1l existe également une
application € : C(1) — K se comportant comme une counité pour ce coproduit.
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Nous avons décrit la notion d’algébre sur une opérade. Il existe de méme une notion de cogébre
sur une coopérade.

Définition (Cogebre sur une coopérade). Pour toute coopérade ¢, une structure de €-cogebre
conilpotente sur un complexe de chaines V est la donnée d’un morphisme

V= k) ®s, VO,
k

vérifiant des relations décrites dans le livre [LV12] §5.8].

Remarque. 1l existe également une notion de cogébre sur une opérade qui inclut les F.,-cogébres
dont nous avons parlé plus haut. Les cogébres conilpotentes sur une coopérade vont en fait nous
servir & décrire, cela peut paraitre étonnant a premiére vue, des algébres sur une opérade.

1.3.3 Opérades colorées

Une opérade est donnée par une structure algébrique, non pas sur un complexe de chaines, mais
sur plusieurs complexes. Existe-t-il des objets qui codent des structures algébriques de ce type, de
la méme fagon que les opérades codent des types d’algébres?

Les opérades colorées codent ce type de structures. Une opérade colorée & est la donnée d’un
ensemble de couleurs C' ainsi que de complexes de chaines P(cy, ..., ;) pour tout (n + 1)-uplet
d’élément de C', représentant des opérations a n entrées colorées par cq, ..., ¢, et dont la sortie est
colorée par c. Ces opérations peuvent étre composées de la méme maniére que dans une opérade,
tout en respectant les couleurs. Les opérades colorées s’inscrivent ainsi dans le diagramme de
généralisations suivant.

plusieurs entrées

Algébres associatives unitaires ¢ opérades
plusieurs Couleurs\[ l\
dg catégories © opérades colorées.

FEzxemple. 1l existe une opérade colorée, dont ’ensemble des couleurs est N et dont les algébres sont
les opérades. Voir [DV15].

1.3.4 Structures de modéles

Lorsque nous travaillons sur un corps de caractéristique zéro, la théorie de I’homotopie des
algeébres sur une opérade & est décrite par une structure de modéles projective, c’est-a-dire une
structure dont les équivalences faibles et les fibrations sont les morphismes qui sont respectivement
des équivalences faibles et des fibrations pour la structure de modéles projective de la catégorie des
complexes de chaines.

Théoréme (Hinich). Soit & une opérade. Lorsque 'anneau de base K est un corps de caractéris-
tique z€ro, la catégorie des P-algébres admet une structure de modeéles dont les équivalences faibles
sont les quasi-isomorphismes et dont les fibrations sont les surjections.

De plus, pour tout morphisme d’opérades f : & — 2, 'adjonction induite
fi
P —alg —= 2 —alg,
Iz

est une adjonction de Quillen. C’est méme une équivalence de Quillen si et seulement si le mor-
phisme f : & — 2 est un quasi-isomorphisme entre les complexes de chaines sous-jacents. Les
quasi-isomorphismes sont donc une bonne notion d’équivalences d’opérades.
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Théoréme (Hinich). Lorsque K est un corps de caractéristique zéro, la catégorie des opérades
posséde une structure de modéles dont les équivalences faibles sont les quasi-isomorphismes et dont
les fibrations sont les surjections.

Dans le cas ou K est un corps de caractéristique non nulle, il existe des structures de modéles
sur certaines sous-catégories de la catégorie des opérades.

Théoréme ([BMO03]). Lorsque K est un corps de caractéristique non nulle, la catégorie des opérades
P = (P,v,u) telles que P(0) = K, possede une structure de modéles dont les équivalences faibles
sont les quasi-isomorphismes et dont les fibrations sont les surjections.

Toujours en caractéristique non nulle, il est possible de munir la catégorie des algébres sur une
opérade cofibrante d’une structure de modéles projective.

Théoréme. [BMO03, 4.2] Lorsque K est un corps de caractéristiqgue non nulle, la catégorie des
algebres sur une opérade cofibrante (pour la structure de modéles précédente) posséde une structure
de modéles dont les équivalences faibles sont les quasi-isomorphismes et dont les fibrations sont
les surjections. De plus une équivalence faible entre opérades cofibrantes f : & — 2 induit une
équivalence de Quillen entre la catégorie de modéles des &2 -algébres et la catégorie de modéles des
2-algeébres.

Dans chacune de ces structures de modéles, les équivalences faibles sont les quasi-isomorphismes
et les surjections sont les fibrations. En particulier, tout objet est fibrant. Dés lors, pour décrire
I’homotopie des opérades et de leurs algébres, il s’agit avant tout de construire des remplacements
cofibrants. D’une part, on I’a vu, pour décrire la théorie de I’homotopie des algébres sur une opérade
& en caractéristique non nulle, il convient de construire un remplacement cofibrant de & ; de fait, la
catégorie des algébres sur ce remplacement cofibrant posséde une structure de modéles projective.
D’autre part, en caractéristique zéro, méme si toute catégorie d’algébres sur une opérade peut
étre munie d’une structure de modéles, il est tout de méme utile de travailler avec des opérades
cofibrantes. Par exemple, dans ce cas, on a un «théoréme de transfert homotopique».

Théoréme ([BM03]). Soit & une opérade cofibrante et soit p : A — V une fibration acyclique de
complexes de chaines. Supposons que A soit muni d’une structure de Z-algébre. Alors, il existe une
structure de & -algebre sur A homotope a la premiére (au sens d’une homotopie entre morphismes
d’opérades de & vers End 4) et une structure de &-algébre sur V faisant de p un morphisme de
P -algebres.

1.3.5 Adjonction bar-cobar : des algébres associatives aux cogébres co-
associatives

Dans toute la suite, K est un corps de caractéristique zéro.

Intéressons nous au cas précis des algébres associatives non unitaires. Nous savons que cette
catégorie peut étre munie d’une structure de modéles dont les équivalences faibles sont les quasi-
isomorphismes et dont les fibrations sont les surjections. Dés lors, un des principaux problémes que
I’on rencontre en manipulant ces algébres est de calculer des remplacements cofibrants. L’adjonction
bar-cobar reliant ces algébres aux cogébres coassociatives conilpotentes offre un cadre trés solide
pour calculer de telles résolutions.

Cogébres coassociatives conilpotentes 7——— Algébres associatives
g p «— T Alg
B

Cette adjonction est liée a la notion de morphisme tordant. Un morphisme tordant entre une
cogébre coassociative conilpotente € et une algébre associative o est la donnée d’une application
a de degré —1 de € vers &7, vérifiant une équation de courbure, dite équation de Maurer-Cartan

Jda+v(a®@a)A=0,
ou 7 est le produit de o/, A est le coproduit de %, a est le commutateur de « avec les différen-

tielles en présence. Ainsi, la donnée d’un morphisme tordant « entre & et <7 est équivalente a la
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donnée d’un morphisme d’algébres de Q% vers & et équivalente & la donnée d’un morphisme de
cogebres conilpotentes de € vers B/

Pour toute algébre o, le morphisme canonique 2B« — &/ est une résolution cofibrante. De
plus, cette résolution est fonctorielle. Sachant que toute algébre est fibrante, nous sommes tentés,
plutét que d’étudier les morphismes entre deux algébres &7 et &/’, de nous pencher sur I'espace
des morphismes de QB.«/ vers &' qui ne sont autres que les morphismes de cogébres de B« vers
B/ ; nous sommes donc tentés de nous placer dans le monde des cogebres. Le théoréme suivant
nous permet de le faire sans perdre d’information homotopique.

Théoréme ([LHO3|). Il existe une structure de modéles sur la catégorie des cogébres coassociatives
conilpotentes dont les cofibrations et les équivalences faibles sont respectivement les morphismes f
tels que Q(f) est une cofibration et les morphismes g tels que Q(g) est une équivalence faible,
c’est-a-dire un quasi-isomorphisme.

Intéressons nous aux objets fibrants de cette structure de modéles sur la catégorie des cogebres
coassociatives conilpotentes. Ce sont les cogébres colibres, c’est-a-dire les cogébres € de la forme

€ =TV =VaVaVeVeaVaVe - eV g...

La donnée de la différentielle de la cogébre % correspond exactement & une structure de A..-
algebre, c’est-a-dire une structure d’algeébre sur P'opérade A, qui est un remplacement cofibrant
de lopérade «7ss, sur la désuspension s~V de V. Bref, les objets fibrants de la catégorie des
cogebres coassociatives conilpotentes correspondent exactement aux A..-algébres.

Par ailleurs, ces constructions bar et cobar se généralisent au niveau opéradique. En d’autres
termes, il existe une adjonction mettant en relation la catégorie des opérades non unitaires et la
catégorie des coopérades conilpotentes, qui étend ’adjonction 2 4 B précédente et que 'on note
de la méme facon.

. Q ) .
Coopérades conilpotentes 7—— Opérades non unitaires
B

De la méme maniére, pour toute opérade non unitaire &2, la construction bar-cobar QB2 est
un remplacement cofibrant de .

1.3.6 Adjonction bar-cobar générale

La situation décrite au paragraphe précédent fait partie d’un cadre plus large. Considérons une
opérade & et un remplacement cofibrant de & de la forme 2% ou € est une coopérade conilpo-
tente. Par exemple, nous pouvons prendre & = &7'ss et ¥ = o/ ssi qui est une coopérade décrite
en détail dans [LV12, Chapitre 9] telle que opérade Qo7 ssi est I'opérade A qui un remplacement
cofibrant de 'opérade «7ss.

Le morphisme d’opérades Q€ — & correspond & un morphisme morphisme tordant « : € —
. Ce dernier induit une adjonction entre la catégorie des &-algébres et la catégorie des €-cogebres
(conilpotentes) que l'on note Q, - B,.

Qo
@ — cogébres T & — algébres
Ba

Dans le cas ot & = &fss et € = &/ssi, on retrouve a un changement d’indice prés 1’adjonction
entre les algébres associatives et les cogébres coassociatives conilpotentes du paragraphe précédent
(voir le chapitre 11 du livre [LV12]). On peut alors transférer la structure de modeéles projective
des P-algébres vers les €-cogébres.

Théoréme ([Valld]). Sia: € — & est un morphisme tordant tel que le morphisme d’opérades
induit Q€ — &2 est un remplacement cofibrant de l'opérade &2, alors il existe une structure de
modeéles sur la catégorie des € -cogébres telle que les cofibrations et les équivalences faibles sont
respectivement les morphismes f tels que Q. (f) est une cofibration et les morphismes g tels que
Qa(g) est une équivalence faible. De plus, ladjonction Q, 4 By, est une équivalence de Quillen.
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Les objets fibrants de la catégorie des %-cogébres correspondent alors exactement aux 2%-
algébres. On retrouve ainsi la situation du paragraphe précédent ou les cogébres coassociatives
conilpotentes fibrantes correspondaient aux A..-algébres. On peut alors voir la catégorie de modéles
des €-cogébres comme un nouveau contexte homotopique plus large pour étudier les Q% -algébres.
Qu’a-t-on gagné en immergeant la catégorie des 2% -algébres dans celle des %-cogébres? D’une
part, tous les objets que I'on manipule sont désormais cofibrants. D’autre part, les morphismes
entre cogébres fibrantes peuvent étre construits par des méthodes d’obstruction.

1.3.7 Probléme de ’'unité

Nous avons vu que nous pouvions décrire la théorie de I’homotopie des algébres sur une opérade
grace a celle des cogébres sur une coopérade. Malheureusement, cette assertion souffre une excep-
tion. Le formalisme que I'on a décrit ne s’applique qu’aux opérades non-unitaires, ou, de maniére
équivalente, aux opérades unitaires augmentées.

Définition (Opérade augmentée). Une opérade augmentée (£, ¢) est la donnée d’une opérade
unitaire & et d’'un morphisme d’opérades ¢ : & — K. Alors & est la somme directe d’une opérade
non unitaire (qui est le noyau de €) et de 'unité de 2.

De nombreuses opérades sont augmentées : o7'ss, €om et ZLie le sont par exemple. Cependant,
les opérades qui codent des types d’algébres avec unités ne sont pas augmentées : par exemple,
lopérade u.o/ss dont les algébres sont les algébres associatives unitaires ou encore u€om dont les
algébres sont les algébres commutatives unitaires. On aimerait étendre le formalisme décrit plus
haut a ces types d’algébres.

Polishchuk et Positselski, dans leur livre [PP05], proposent une généralisation aux algébres as-
sociatives unitaires de la construction bar des algeébres associatives (non unitaires ou augmentées) :
pour toute algébre associative unitaire <7, on choisit un K-module gradué supplémentaire de 'unité
o/ qui n’est pas une algébre associative mais qui posséde un produit (obtenu en projetant celui
de &) et une différentielle (obtenue en projetant celle de &) ; on peut alors faire le calcul de la
construction bar classique sur o7 ; on obtient une cogébre conilpotente courbée, cette courbure
apparaissant du fait que ./ n’est pas une algébre associative.

Définition (Cogébre conilptente courbée). Une cogébre conilpotente courbée € est la donnée d’un
espace vectoriel gradué C = (Cp,)neny muni d’une structure de cogébre coassociative conilpotente
A:C — C®C, dapplications d : C,, — C,,—1 de degré —1 et d’une application 8 : C — K de degré
—2 appelée la courbure. Les applications d forment une codérivation de la cogébre; en d’autres
termes

Ad=({deId+Id®d)A .

De plus, d? = (0 @ Id)A.

La construction bar Bpp de Polishchuk et Positselski n’est malheureusement pas fonctorielle.
Cependant, il existe une construction cobar fonctorielle €2, des cogébres conilpotentes courbées
vers les algébres associatives unitaires telle que, pour toute algébre associative unitaire 7, la
construction Q, BppaZ (qui dépend d’'un choix de K-module gradué supplémentaire de I'unité) est
un remplacement cofibrant de 7.

Hirsh et Millés ont généralisé ces constructions au niveau des opérades dans l'article [HM12].
Plus concrétement, il ont produit une construction bar Bgjs des opérades munies d’un choix
de scindage de 'unité a valeurs dans les coopérades conilpotentes courbées et un foncteur cobar
Q, dans le sens inverse. De la méme fagon qu’au niveau des algébres, pour tout opérade £, la
construction Q,Byy &2 est un remplacement cofibrant de &2. En utilisant une méthode appelée
«dualité de Koszuly, Hirsh et Millés ont calculé un remplacement cofibrant de 'opérade u./ss.
D’autre part, ils ont montré que tout morphisme d’opérades de la forme 2,4 — & satisfaisant
une condition dite de semi-augmentation induit une adjonction entre la catégorie des Z?-algébres
et la catégorie des cogébres sur la coopérade courbée %', prolongeant ainsi certains résultats du
chapitre 11 du livre [LV12].

% — cogébres T & — algébres
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Remarque. Nous avons dit plus haut que la construction bar de Positselski (et par conséquent
celle de Hirsh-Milles) n’était pas fonctorielle. Cela mérite d’étre un peu nuancé. En effet, elle est
fonctorielle de la catégorie des algébres (resp. des opérades) semi-augmentées (c’est-a-dire munies
d’un scindage de I'unité) vers les cogébres courbées (resp. les coopérades courbées). Dans cette
theése, nous introduisons une nouvelle construction bar, fonctorielle cette fois-ci depuis la catégorie
des algébres sans restriction.

1.4 Reésumé de la thése

Nous présentons enfin les trois chapitres qui forment le corps de cette thése ainsi que les appen-
dices. Ils ont été congus comme des articles indépendants et peuvent donc étre lus dans le désordre,
a cela prés que le chapitre 3 est la suite et reprend des constructions du chapitre 2.

1.4.1 Chapitre 2

Ce chapitre s’applique & décrire la théorie homotopique des types d’algébres qui comportent
une unité : par exemple les algébres associatives unitaires ou encore les algébres commutatives uni-
taires. Pour cela, on introduit des constructions nouvelles, aprés [PP05| et [HM12], qui permettent
d’obtenir le bon cadre catégoriel.

Considérons 'opérade uo?ss dont les algébres sont les algébres associatives unitaires. Dans le
cadre du formalisme développé par Hirsh et Millés, il existe une coopérade conilpotente courbée
notée ua’ ssi et appelée duale de Koszul de 'opérade u.e/ss, ainsi qu'un morphisme d’opérades de
Quud sst vers ua/ ss qui est un remplacement cofibrant de u.2'ss. Ce morphisme induit une adjonc-
tion entre les u.of ss-algébres, c’est-a-dire les algébres associatives unitaires, et les u.o/ ssi-cogébres.
En remarquant que, & un changement d’indices prés, les u.o/ ssi-cogébres sont exactement les co-
gébres conilpotentes courbées, on obtient une adjonction entre les algébres associatives unitaires et
les cogébres conilpotentes courbées 2, 4 B.. Le foncteur 2, est exactement le foncteur introduit
par Polishchuk et Positselski et le foncteur B, est une modification de leur construction bar.

Quy
Cogebres conilpotentes courbées 7—— algébres associatives unitaires
B

c

De la méme maniére que les adjonctions bar-cobar précédentes, celle-ci est liée & une notion de
morphisme tordant. Un morphisme tordant entre une cogébre conilpotente courbée % et une algébre
&/ est une application o de degré —1 entre € et .o/ satisfaisant I’équation suivante, dite équation
de Maurer-Cartan

Jda+y(a®@a)A=60(-)lz

ol 7 est le produit de &7, A est le coproduit de €, O« est le commutateur de « avec les différen-
tielles en présence et 0 est la courbure de . Ainsi, la donnée d’un morphisme tordant « entre €
et &/ est équivalente a la donnée d’un morphisme d’algébres de Q,% vers o/ et équivalente a la
donnée d’un morphisme de cogébres conilpotentes courbées de & vers B,/ .

Cette adjonction s’étend au niveau opéradique, entre les opérades et les coopérades conilpotentes
courbées. De maniére similaire au cas des opérades non unitaires développé dans le livre [LV12],
tout morphisme tordant o : ¥ — & entre une coopérade conilpotente courbée € et une opérade
& induit une nouvelle adjonction entre les €-cogébres et les ZZ-algébres que 1'on note 2, 4 B,,.

Théoréme. Soit o : € — & un morphisme tordant entre une coopérade conilpotente courbée et
une opérade ; soit alors Q. 1 B, ladjonction induite entre la catégorie des &2-algébres et celle des
% -cogébres. Il existe une structure de modéles sur la catégorie des € -cogébres dont les cofibrations
et les équivalences faibles sont respectivement les morphismes f tels que Quf est une cofibration
et les morphismes g tels que Qog est une équivalence faible. L’adjonction Q, - B, est alors une
adjonction de Quillen.
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Ce théoréme généralise des résultats de Lefevre-Hasegawa et Vallette cités plus haut. Pour le
démontrer, nous n’utilisons pas la méthode initiée par Hinich & laquelle ils ont fait appel. En effet,
la présence de courbure rend cette méthode plus difficile & mettre en oeuvre. Nous nous servons
d’un résultat récent sur les catégories de modeles démontré dans article [BHK™ 15| et qui repose
sur la présentabilité des catégories en présence. On sait déja depuis [DCHI6| que la catégorie des
algébres sur un opérade est présentable. Par contre, nous avons un besoin crucial du résultat dual
que nous démontrons.

Théoréme. La catégorie des cogébres conilpotentes sur une coopérade conilpotente courbée est
présentable.

Pour tout morphisme d’opérades f : & — 2 et tout morphisme tordant a : € — &2, appli-
cation fa : € — 2 est encore un morphisme tordant. Si f est un quasi-isomorphisme, la structure
de modéles induite sur la catégorie ¥ par ’adjonction €2, 4 B, coincide avec la structure induite
par l'adjonction Qo 4 Byo. On peut alors s’intéresser a la structure induite par le morphisme
tordant universel ¢ : € — Q,% . L’adjonction 2, 4 B, est alors une équivalence de Quillen. De plus,
les objets fibrants sont exactement les images par le foncteur bar B, des algébres sur 'opérade 2, €.

De la méme fagon qu’a la section [1.3.6, en immergeant la catégorie des 2, €-algébres dans celle
des ¥-cogébres, on a gagné, d’'une part, le fait que les objets que ’on manipule sont désormais co-
fibrants, d’autre part le fait que les morphismes entre %-cogébres fibrantes peuvent étre construits
par des méthodes d’obstruction. De plus, pour montrer que deux §2,%-algébres sont équivalentes,
il suffit désormais de construire un morphisme entre les ¢-cogébres correspondantes.

Dans ce chapitre, nous montrons également que la catégorie des algébres sur une opérade, ainsi
que la catégorie des cogébres sur une coopérade sont enrichies sur la catégorie des cogébres cocom-
mutatives. Nous savons par ailleurs grace a Hinich ([Hin01]) que toute cogébre cocommutative qui
posséde la propriété de conilpotence représente un probléme de déformation. Nous montrons que
I’enrichissement en cogébres cocommutatives que nous avons obtenu est une maniére de décrire la
déformation des morphismes entre algébres sur une opérade. De plus, si nous travaillons dans le
monde non symétrique (c’est-a-dire avec des opérades et des coopérades qui ne sont pas munies
d’actions des groupes symétriques), l'enrichissement peut se faire sur les cogébres coassociatives.
Ces derniéres décrivent d’une maniére condensée, a la fois la théorie de déformation des morphismes
et le type d’homotopie des espaces de morphismes.

Nous terminons ce chapitre par deux exemples d’applications de ce formalisme. D’une part,
nous revenons sur l'adjonction €, - B, entre les algébres associatives unitaires et les cogébres
conilpotentes courbées. Nous montrons que la structure de modéles obtenue par transfert sur la
catégorie des cogébres conilpotentes courbées fait de cette adjonction une équivalence de Quillen.
On peut donc étudier les algébres associatives unitaires sous la forme de cogébres conilpotentes
courbées tout comme on pouvait étudier les algébres associatives non unitaires sous la forme de
cogebres conilpotentes différentielles graduées ([LHO3]). D’autre part, en utilisant la dualité de
Koszul de Hirsh-Millés, nous introduisons une adjonction bar-cobar entre les algébres commutatives
unitaires et les cogébres de Lie conilpotentes courbées. Nous montrons également que la structure
de modéles obtenue par transfert sur la catégorie des cogébres de Lie conilpotentes courbées fait
de cette adjonction une équivalence de Quillen.

1.4.2 Chapitre 3

Ce chapitre s’attache a décrire la théorie de I'homotopie des opérades (unitaires non nécessaire-
ment augmentées). Pour cela, on utilise adjonction 2, - B, entre les opérades et les coopérades
conilpotentes courbées introduite au chapitre précédent. On suppose que le corps de base K est de
caractéristique zéro. Dés lors, pour toute opérade &2, la construction 2, B. & est un remplacement
cofibrant de &?. Comme précédemment, on peut alors se demander s’il est possible de décrire la
théorie de I’homotopie des opérades sous la forme de coopérades courbées.
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Théoréme. [l existe une structure de modéles sur la catégorie des coopérades conilpotentes courbées
induite a gauche par l'adjonction Q, 4 B, c’est-a-dire telle que les cofibrations et les équivalences
faibles sont respectivement les morphismes f tels que ., f est une cofibration et les morphismes
g tels que Q,g est une équivalence faible. De plus, ’adjonction £, 4 B. est une équivalence de
Quillen.

Ce théoréme est héritier de résultats dus a Hinich, Lefevre-Hasegawa et Vallette, notamment
les théorémes des sous-sections[1.3.6] et Contrairement au chapitre précédent, nous reprenons
leur stratégie de démonstration. Néanmoins, dans sa mise en oeuvre, de nouvelles difficultés appa-
raissent du fait des actions des groupes symétriques et de la combinatoire des arbres.

Les coopérades conilpotentes courbées qui sont fibrantes correspondent & une bonne notion
d’opérade relachée a homotopie prés que nous appelons opérade a homotopie prés («homotopy ope-
rad» en anglais). Une opérade est constituée d’une collection de complexes chaines munis d’actions
des groupes symétriques, d’un produit de composition et d’une unité pour ce produit. La notion
d’opérade & homotopie prés correspond au relachement a homotopie prés du produit opéradique et
de I'unité. Remarquons que Van Der Laan avait déja introduit dans [VdL02] une notion d’opérade
non unitaire & homotopie prés. Les opérades & homotopie prés ont des propriétés homotopiques
similaires a celles des algébres sur une opérade cofibrante :

> Il existe un théoréme de transfert homotopique pour les opérades a homotopie prés.
> On peut calculer des objets en chemin d’opérades dans le monde des opérades & homotopie
prés, ce qui permet de décrire de maniére plus simple les homotopies entre les morphismes
d’opérades.
Parmi, ces opérades & homotopie prés, il en existe dont 1'unité a encore un comportement strict. Ce
sont les opérades & homotopie prés strictement unitaires. Nous montrons qu’elles vérifient certaines
propriétés de stabilité. Notamment, un transfert homotopique d’une opérade a homotopie prés
strictement unitaire est encore une opérade & homotopie prés strictement unitaire.

Théoréme. Soitp: P — Q une fibration acyclique de S-modules. Supposons que P soit muni d’une
structure d’opérade a homotopie prés strictement unitaire. Alors, il existe une structure d’opérade
a homotopie prés strictement unitaire sur P, isotope a la premiére, et une structure d’opérade a
homotopie prées strictement unitaire sur Q, faisant de p un morphisme d’opérades & homotopie prés
strictement unitaires.

Remarque. Les opérades sont elles-mémes des algébres sur une opérade colorée. On pourrait alors
penser que ce chapitre est une conséquence directe du chapitre précédent, quitte & adapter aux
opérades colorées le formalisme développé. Ce n’est pas le cas. En effet, les coopérades ne sont pas
des cogebres sur une coopérade colorée. Cela est dii aux actions des groupes symétriques.

1.4.3 Chapitre 4

Nous avons envisagé plus haut les ensembles simpliciaux comme des modéles combinatoires des
espaces. Ils peuvent également étre interprétés comme des modeéles de catégories dont la composi-
tion est relachée & homotopie prés. Soit X un ensemble simplicial. On peut ainsi voir X, comme un
ensemble d’objets, X; comme un ensemble de fleches entre ces objets. Les deux applications faces
sont alors interprétées comme donnant la source et le but d’une fléche. Les éléments de Xo défi-
nissent alors une composition & homotopie prés et les ensembles X,, pour les entiers n plus grands
définissent des cohérences supérieures. De la méme fagon que les complexes de Kan sont les objets
fibrants de la structure de modéles de Kan—Quillen sur les ensembles simpliciaux et sont ainsi les
bons représentants des types d’homotopie, les objets fibrants de la structure de Joyal-Tierney sont
les bons représentants des infini-catégories : on les appelle les quasi-catégories. Elles sont étudiées
en détail dans le livre de Lurie [Lur(09).

On a vu plus haut que les opérades algébriques colorées sont aux dg catégories ce que les
opérades algébriques sont aux algébres associatives unitaires. De la méme maniére, les opérades
colorées ensemblistes (c’est-a-dire fagonnées a partir d’ensembles au lieu des complexes de chaines)
généralisent a la fois les opérades ensemblistes et les catégories. Suivant le point de vue précédent,
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Moerdijk et Weiss ont introduit une catégorie généralisant les ensembles simpliciaux qui nous donne
des modéles «d’infini-opéradesy : il s’agit de la catégorie des ensembles dendroidaux. Plus concréte-
ment, les ensembles dendroidaux sont des foncteurs contravariants d’une catégorie {2 dont les objets
sont des arbres et dont les morphismes sont construits a partir de faces et de dégénérescences a la
maniére de la catégorie A, vers la catégorie des ensembles. Parmi les ensembles dendroidaux, les
infini-opérades sont ceux qui satisfont une propriété de relévement similaire & celle définissant les
quasi-catégories.

Quasi-catégories “—— ensembles simpliciaux

| |

infini-opérades &——— ensembles dendroidaux.

Le but de ce chapitre est de comparer ce modéle d’infini-opérade avec les notions d’opérades
algébriques relachées vues aux chapitre précédent. La premiére étape est de décrire une version
a plusieurs couleurs (ou plusieurs objets) de la notion d’opérade a homotopie prés strictement
unitaire. En d’autre termes, nous remplissons le cube de généralisations qui suit.

opérations multi-linéaires

algébres opérades
plusieurs cojley /
dg catégories l opérades colorées
4 homotopie prés Aso-algebres L}rades a homotopie prés
/ opérades colorées a ho-
Aso-catégories motopie prés stricte-

ment unitaires

Nous montrons que le foncteur d’inclusion des opérades colorées dans la catégorie des opérades
colorées a homotopie prés strictement unitaires posséde un adjoint a gauche Wy qui généralise la
construction de Boardman—Vogt des opérades introduite dans [BMOG].

Wy
érades rées a hom ie pres strictement unitair ér ré
Opérades colorées & homotopie prés strictement unitaires =— opérades colorées
K3

Pour comparer les opérades colorées 4 homotopie prés strictement unitaires avec les ensembles
dendroidaux, nous construisons un foncteur N appelé nerf dendroidal allant des premiéres vers
les seconds.

Théoréme. Le nerf dendroidal d’une opérade a homotopie prés strictement unitaire est une infini-
opérade.

Ce nerf dendroidal généralise selon deux directions différentes des foncteurs présents dans la
littérature mathématique : d’une part, le nerf homotopiquement cohérent des opérades colorées
de Moerdijk—Weiss hcN ; d’autre part, le nerf simplicial des A.-catégories de Faonte-Lurie. Nous
montrons quelques propriétés homotopiques du nerf dendroidal, dont le théoréme suivant est une
conséquence directe.

Théoréme. Le nerf homotopiquement cohérent hcN est un foncteur de Quillen & droite.

Enfin, nous comparons ce nerf dendroidal avec une autre construction appelée «big nerve», notée

Ngigg et inspirée du travail de Lurie ([Lurl2l §1.3.1]). Nous montrons que le nerf homotopiquement

cohérent hcN est équivalent & ce nerf Ng;f.

Théoréme. I existe une transformation naturelle o* du nerf Ngigg vers le nerf homotopiquement

cohérent heN telle que, pour toute opérade colorée P, le morphisme o* () : Ngigg(@) — heN(Z22)
est une équivalence faible d’ensembles dendroidaux.
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1.4.4 Appendices
Appendice A

Dans ce premier appendice, nous démontrons un résultat qui est une conséquence directe d’un
théoréme de [CLM]. Ce résultat concerne les cogébres cocommutatives, c’est-a-dire les complexes
de chaines C munis d’un morphisme A : C — C ® C coassociatif, possédant une counité e, et tel que
le diagramme suivant commute

c—2Ccec—T-CaC,

A
ou 7 est le morphisme de symétrie
T:2QyeC®Cw— (-1)ly g .

Théoréme. Si K est un corps de caractéristique zéro algébriquement clos, toute cogébre cocom-
mutative est la somme directe de cogébres cocommutatives conilpotentes.

Comme nous savons depuis [Hin0I] que les cogébres cocommutatives conilpotentes codent les
problémes de déformation, nous pouvons dés lors envisager les cogébres cocommutatives sur un
corps de caractéristique zéro algébriquement clos comme des collections de problémes de défor-
mation. Nous avons utilisé ce résultat au cours du chapitre 2; en effet, nous avons montré que la
catégorie des algébres sur un opérade était enrichie sur les cogébres cocommutatives et que ces
derniéres décrivaient la déformation des morphismes d’algebres sur cette opérade.

Appendice B

Soit D une infini-opérade, c’est-a-dire un ensemble dendroidal vérifiant une certaine propriété
de relévement et soit cq,...,c,,c des couleurs de D. On souhaite décrire ’espace des opérations
de D a n entrées colorées par cq,...,c, et dont la sortie est colorée par c. En effet, connaitre cet
espace est essentiel pour montrer qu’un morphisme d’ensembles dendroidaux entre infini-opérades
est une équivalence faible. Deux constructions sont apparues dans la littérature. Nous montrons
dans cet appendice que ces constructions sont équivalentes.

Appendice C

L’adjonction £, 4 B, que l'on a introduite, établit un pont entre les algébres associatives
unitaires et les cogébres conilpotentes courbées. Elle peut s’étendre a un cadre a plusieurs couleurs.
Ainsi, il existe une adjonction reliant les dg catégories aux cocatégories conilpotentes courbées qui
généralise 0, 4 B, et que 'on note de la méme facon.

Q’lb
Cocatégories conilpotentes courbées T dg catégories
B.

Par ailleurs, nous savons grice au travail de Tabuada ([Tab05]) que la catégorie des dg catégories
posséde une structure de modéles qui étend celle des algébres associatives unitaires. On peut alors
se demander si la méthode que l'on a utilisée au cours des chapitres 2 et 3 s’applique au cadre
des dg catégories. Autrement dit, on peut se demander s’il existe une structure de modéles sur la
catégorie des cocatégories conilpotentes courbées transférée depuis celle des dg catégories le long
de l'adjonction 2, 4 B.. Le théoréme suivant donne une réponse négative.

Théoréme. [l n’existe pas de structure de modéles sur la catégorie des cocatégories conilpotentes
courbées telle que le foncteur Q,, préserve les cofibrations et les équivalences faibles.
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Conventions et notations

> Soit K un corps. Dans de nombreux cas, nous supposerons que K est de caractéristique zéro.

> La catégorie des K-modules gradués est notée gMod, tandis que celle des complexes de
chaines est notée dgMod. Ces deux catégories sont munies de leur structure monoidale
symétrique fermée usuelle dont le hom interne est noté [ , ]. La catégorie des complexes
de chaines est également munie de la structure de modéles projective dont les équivalences
faibles (resp. les fibrations) sont les quasi-isomorphismes (resp. les surjections). Le degré
d’un élément homogeéne z d’un K-module gradué ou d’un complexe de chaines est noté |z|.

> Pour tout entier n > 0, soit D™ le complexe de chaines engendré par un élément de degré n
et son bord de degré n — 1. Soit S™ le complexe de chaines engendré par un cycle de degré
n.

> Soit gl\/loddeg la catégorie dont les objets sont les K-modules gradués et dont les morphismes
sont les morphismes gradués.

> On note dgMod20 la sous-catégorie de dgMod des complexes de chaines nuls en degrés
strictement négatifs.

> On désignera par [n] ensemble ordonné 0 < 1 < --- < n et par n 'ensemble {1,...,n}.

> On note Set la catégorie des ensembles, A la catégorie dont les objets sont les ensembles
ordonnés [n], pour tout entier n > 0, et dont les morphismes sont les fonctions croissantes,
et sSet la catégorie des ensembles simpliciaux. Cette derniére est munie de la structure de
modéles de Kan—Quillen ; voir [GJ99] 1.11.3].

> Tout diagramme de la forme suivante dénote une adjonction ot R est adjoint & droite.

Ce—=D

R

> Soit ¥V un K-module gradué muni d’une filtration (F,V),ecn. Le complexe gradué associé a
cette filtration est noté GV. Autrement dit,

GV=PaG.v,

ou G,V =F,V/F,_1V.
> Soit V un complexe de chaines. La suspension de V est le complexe de chaines sV défini par
(V)n :=Vp_1 et dsp(sv) := —sdy(v).
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Chapitre 2

Homotopy theory of unital algebras

Introduction

Among the various types of algebras, some of them include units like the ubiquitous unital
associative algebras and unital commutative algebras or the unital Batalin—Vilkovisky algebras
which arose in Mathematical Physics. When working with a chain complex carrying such an al-
gebraic structure, like the de Rham algebra of differential manifolds for instance, one would like
to understand the homotopical properties that this algebraic data satisfies with the underlying
differential map. The purpose of the present chapter is develop a framework which allows one to
prove the homotopical properties carried by types of algebras with units; that is, their property
up to quasi-isomorphisms.

In order to work with types of algebras in a general way, one needs a precise notion which
encodes types of algebras. This is achieved by the concept of an operad. Operads are generaliza-
tions of associative algebras which encode some types of algebras (associative, commutative, Lie,
Batalin-Vilkovisky, ... ) in a way that a representation of an operad & is a chain complex together
with a structure of algebra of the type encoded by Z.

Besides, one of the most common and powerful tool to study homotopical algebra, that is
to study categories with a notion of equivalences, are the model category structures introduced
by Daniel Quillen which make the manipulation of weak equivalences easier by means of other
maps called respectively cofibrations and fibrations. Hinich proved in the article [Hin97], that the
category of algebras over an operad carries a model structure whose weak equivalences are quasi-
isomorphisms and whose fibrations are surjections. In a purely theoretical perspective, this model
structure describes all the homotopical data of this category. However, the cofibrant objects are not
easy to handle ; they are the retracts of free algebras whose generators carries a particular filtration.

Hinich ([Hin01]) embedded the category of differential graded Lie algebras into the category
of dg cocommutative coalgebras. From the model structure of the category of dg Lie algebras
he obtained a model structure on the category of dg cocommutative coalgebras which is Quillen
equivalent to the first one. In this new model category, any object is cofibrant. Moreover, this
context allows one to build structures and morphisms using obstruction methods. So this new
context of dg cocommutative coalgebras is more suitable to study the homotopy theory of dg Lie
algebras than the category of dg Lie algebras itself. In a similar perspective, Lefevre-Hasegawa
embedded the category of nonunital dg associative algebras into the category dg coassociative
coalgebras shown to be Quillen equivalent to the first one; see [LHO3|. Vallette generalized these
results to all types of algebras encoded by any operad satisfying a technical condition : it is an
augmented operad. Augmented operads are related to the dual notion of conilpotent cooperads by
an adjunction called the operadic bar-cobar adjunction 2 - B. Vallette embedded the category
of algebras over an augmented operad & into category of coalgebras over a cooperad £ called
the Koszul dual of &2. He transferred the model structure on the category of &?-algebras to the
category of Pi-coalgebras and got again a Quillen equivalence between these two model categories.
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However the operads describing types algebras with units do not satisfy the technical condition
to be augmented. To extend the result of Vallette to categories of algebras over any operad, one
first needs to modify the operadic bar-cobar adjunction. Inspired by the work of Hirsh and Millés
in [HM12], we introduce an adjunction a la bar-cobar relating dg operads to curved conilpotent
cooperads.

Qy
Curved conilpotent cooperads T—— dg Operads
B,

Moreover, any morphism of dg operads f from a cobar construction 2,% of a curved conilpotent
cooperad % to an operad & comes equipped with an adjunction €2y 4 By relating &?-algebras to
€-coalgebras.

Q
% — coalgebras B:’ & — algebras
§

The model structure of &-algebras can be transferred to the category of %-coalgebras along this
adjunction.

Theorem. Let a: € — & be a twisting morphism of operad and let Q, 4 B, be the bar-cobar
adjunction between 22-algebras and € -coalgebras induced by «. There exists a model structure on
the category of €-coalgebras whose cofibrations (resp. weak equivalences) are morphisms whose
image under Q,, is a cofibration (resp. weak equivalence). With this model category structure, the
adjunction Q. = B, is a Quillen adjunction.

To prove this theorem, we use new techniques coming from category theory. Specifically, we
utilize a Theorem of [BHK™15| involving presentable categories.

We study in details the particular case where the morphism of operads f from Q,% to &2 is a
quasi-isomorphism ; for instance if f is the identity ¢ of Q,%. In this case, the Quillen adjunction
Q, 1 B, is a Quillen equivalence. We show that the fibrant %&-coalgebras are the images of the
Q% -algebras under the functor B,. So, switching from the category of 2% -algebras to the category
of ¥-coalgebras by the functor B, amounts to introduce new morphisms between 2% -algebras.
These new morphisms can be built using obstruction methods. Moreover, any 2%-algebra becomes
cofibrant in this new context.

This chapter also deals with enrichments of the category of Z-algebras for any differential
graded operad &, and of the category of ©-coalgebras for any curved cooperad %. These two cate-
gories are enriched in simplicial sets in a way that recovers the mapping spaces. Moreover, they are
tensored, cotensored and enriched in cocommutative coalgebras. These cocommutative coalgebras
encode the deformations of morphisms of algebras over an operad. In the context of nonsymmetric
operads and nonsymmetric cooperads, this enrichment can be extended to all coassociative coal-
gebras. These coassociative coalgebras encode in single objects both the mapping spaces and the
deformation of morphisms.

Finally, we apply the framework developed here to concrete operads like the operad ue’s of
unital associative algebras and the operad u%om of unital commutative algebras. For these two
operads, the process of curved Koszul duality developed in [HMI2| relates the curved cooperads
ug/ st and u%oml to respectively the operads ue’s and u%om.

Layout

The chapter is organized as follows. In the first part, we recall several notions about category
theory, and homological algebra. In the second part, we recall the notions of operads, cooperads,
algebras over an operad and coalgebras over a cooperad. We also prove some results, as the presen-
tability of the category of coalgebras over a curved cooperad, that we will need in the sequel. The
third part deals with enrichments of the categories of algebras over an operad and coalgebras over
a curved cooperad ; specifically, we study enrichments over simplicial sets, cocommutative coalge-
bras and coassociative coalgebras. In the fourth part, we introduce an adjunction a la bar-cobar
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between operads and curved cooperads related to a notion of twisting morphism. We use it to de-
fine the adjunction between S-algebras and %-coalgebras for a twisting morphism from a curved
cooperad € to an operad £. In the fifth section, we recall the projective model structure on the
category of algebras over an operad. We describe models for the mapping spaces and we show that
the enrichment over cocommutative coalgebras encodes deformation of morphisms. The sixth part
transfers the projective model structure on $?-algebras along the previous adjunction to obtain
a model structure on %-coalgebras and a Quillen adjunction. The seventh part deals with these
model structures in the case where the operad &2 is the cobar construction ,% of €. In parti-
cular, the adjunction induced is a Quillen equivalence. Finally, in the eighth part, we applied the
formalism developed in the previous sections to study the examples of unital associative algebras
and unital commutative algebras.

2.1 Preliminaries

In this first section, we recall some categorical concepts like the presentability and the notions
of enrichment, tensoring and cotensoring. Moreover, we describe several notions of coalgebras like
coassociative coalgebras and cocommutative coalgebras that have been extensively studied respec-
tively in [GG99| and in [HinOI]. More specifically the category of coassociative coalgebras admits
a model structure related by a Quillen adjunction to the category of simplicial sets; the cate-
gory of conilpotent cocommutative coalgebras admits a model structure Quillen equivalent to the
projective model structure on Lie algebras. Finally, we describe the Sullivan polynomial algebras.

2.1.1 Presentable categories

Definition 1 (Presentable category). Let C be a cocomplete category. An object X of C is called
compact if for any filtered diagram F' : I — C the map colim homc (X, F) — homc (X, colimF) is
an isomorphism. The category C is said to be presentable if there exists a set of compact objects
such that any object of C is the colimit of a filtered diagram involving only these compact objects.

The following proposition is a classical result of category theory.

Proposition 1. [AR9J] A functor L : C — D between presentable categories is a left adjoint if
and only if it preserves colimits.

2.1.2 Tensoring, cotensoring and enrichment

In this section, we recall the definition of tensored-cotensored-enriched category over a monoidal
category. See [Bor94| for the original reference.

Definition 2 (Action, coaction). Let (E,®,Z) be a monoidal category and let C be a category.
> An enrichment of C over E is a bifunctor [—, —] : C°? x C — E together with functorial
morphisms
xvz: Y, Zle[X,Y] = [X,Z],
vx T = [X, X]
for any objects X, Y and Z of C and which are composition and unit in terms of the following
commutative diagrams.

v, 2o [X.Y] & V. X[ (X, 21 0 (V. X)
1d®’yv,x,y®1di i’yv,x,z
¥.2)® [V.Y] —— [V.7]
Id®uvx vy ®Id

[XvY] ® [XvX] -~ [XvY] - [YaY] ® [X7Y]

T

(X, Y]
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> A right action of E on C is a functor
- ®—:CxE—=C
together with functorial isomorphisms

XUARB)~ (XA RB,
X®I~X,

for any X € C, any A, B € E; these functors are compatible with the monoidal structure of
E in terms of the following commutative diagrams.

(X0A)@B)9C— (X (AB)®C—X® (A2 B)® ()

| |

(X®A)®BxC) X® (Ao (BC0)

XeI)eA X®(IZ®A

~

XA

> A left coaction of E on C is a functor :
(=, —):E?xC—>C
together with functorial isomorphisms

(A® B, X) ~ (A(B, X)) |,
(I,X)~X .

which satisfy the commutative duals of the diagrams above.

Definition 3 (Category tensored-cotensored-enriched over a monoidal category). Let E be a mo-
noidal category and let C be a category. We say that C is tensored-cotensored-enriched over E if
there exists three functors :

{—,—}:C?xC—E

—<a4—:CxE—=C

(=, —):E?xC—C
together with functorial isomorphisms

home(X <A, Y) >~ homg (A, {X,Y}) >~ homc(X, (A,Y)) ,

for any X,Y € C, any A, B € E and where Z is the monoidal unit of E, such that — < — defines a
right action of E on C.

The axioms and terminology of these notions are justified by the following proposition.

Proposition 2. If the category C is tensored-cotensored-enriched over E, then, it is enriched in
the usual sense and the functor (—,—) is a left coaction in the sense of Definition .

Proof. Suppose that the category C is tensored-cotensored-enriched over E. On the one hand, let
us define the composition relative to the enrichment {—, —}. For any object X,Y of C, the identity
morphism of {X,Y} defines a morphism X <{X,Y} — Y. So for any objects X, Y, Z, we have a
map

Xa({X,V}o{V,Z}) ~ (X <{X, YH{Y,Z} > Y a{Y, Z} = Z

and hence amap {X,Y}®{Y, Z} — {X, Z}. So is defined the composition. The coherence diagrams
of Definition [2] ensure us that the composition is associative and gives us a unit. On the other hand,
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let us show that the functor (—, —) is a left coaction. For any X,Y € C and any A, B € E, we have
functorial isomorphisms :

homc (X, (A® B,Y)) ~homc(X <«(A® B),Y) ~ homc((X <A)<B,Y)
~ homc(X <A, (B,Y)) ~ homc (X, (A(B,Y))) .

By the Yoneda lemma, this gives us a functorial isomorphism (A® B,Y) ~ (A(B,Y)). This functo-
rial isomorphism satisfy the coherence conditions of Definition 2] because the functorial isomorphism
X a(A® B) ~ (X «.A) < B satisfy the coherence conditions of the same definition.

O

Proposition 3. Let E be a presentable monoidal category and let C be a presentable category.
> Suppose that there exists a right action — < — of E on C and that for any A € E and for
any X € C, the functors X <— : E — C and — <9 A : C — C preserve colimits. Then, C is
tensored-cotensored-enriched over E.
> Suppose that there exists a left coaction (—,—) of E on C and that there exists a functor

—<4—:CxE—=C
together with a functorial isomorphism
homc(X < A,Y) ~ homc(X, (A4,Y)) .

Suppose moreover that the functor (—Y) : E°? — C sends colimits in E to limits. Then, C
is tensored-cotensored-enriched over E.

Proof. The first point is a direct consequence of Proposition[I] Let us prove the second point. Since,
E is left coacts on C, by the same arguments as in the proof of Proposition [2| we can show that
the bifunctor — < — is a right action of E on E. Moreover, since the functors (—,Y) preserve limits,
then any functor of the form X < — preserves colimits. The result is then a direct consequence of
the first point. ]

Definition 4 (Homotopical enrichment). Let M be a model category and let E be a model category
with a monoidal structure. We say that M is homotopically enriched over E if it enriched over E
and if for any cofibration f : X — X’ in M and any fibration g : ¥ — Y’ in M, the morphism in
E:

{)(/7 Y} — {)(/7 Y} X{X,Y’} {)(7 Y}

is a fibration. Moreover, we require this morphism to be a weak equivalence whenever f or g is a
weak equivalence.

2.1.3 Coalgebras

Definition 5 (Coalgebras). A coassociative coalgebra € = (C, A, €) is a chain complex C equipped
with a coassociative coproduct AC — C ® C and a counit € : C — K such that Ide = (Ide ® €)A =
(e®Idc)A. The kernel of the map € is denoted C. The coalgebra ¢ is said cocommutative if A = 7A
where

rzoy) = (-1 Myoq.

A conilpotent coalgebra € = (C, A, €, 1) is the data of a coassociative coalgebra (C, A, €) together
with a graded atom, that is a nonzero element 1 € C such that Al =1® 1. In this context, let us
define the map A : C — C ® C as follows :

Az:=Ar—-1®r—-2R1€CxC.
We also require, that for any 2 € C, there exists an integer n such that

—n _

Az :=IdZ" ' @A) (Ide ® A)A(x) =0 .
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A conilpotent cocommutative coalgebra % is said to be a Hinich coalgebra if 1 is a dg atom, that
is d1 = 0. We denote by uCog be the category of coassociative coalgebras and by uCocom the
category of cocommutative coalgebras. Let uNilCocom (resp. Hinich — cog)be the full subcategory
of uCocom made up of conilpotent cocommutative coalgebras (resp. Hinich coalgebras).

Any conilpotent coalgebra % has a canonical filtration called the coradical filtration :

Frodg .=K-1@{zeC A"z =0},

which is not necessarily stable under the codifferential d.

Proposition 4. Let f be a morphism of coalgebras between two conilpotent coalgebras € =
(C,Ae,1) and 9 = (D, A, ¢',1"). Then, f(1)=1".

Proof. Let 2 € D such that f(1) = 1’ + z. Since Af(1) = (f ® f)A(1), then Az = x @ z. Since
there exits an integer n such that A" (z) =2 ® --- ® z = 0, then & = 0. O

Proposition 5. The categories uCog, uCocom and uNilCocom and Hinich — cog are presentable.
The forgetful functor from uCog to the category of chain complexes has a right adjoint called the
cofree counital coalgebra functor. The same statement holds for the category uCocom. The functor
€ — C from the category Hinich — cog to the category of chain complexes has a right adjoint. The
tensor product of the category of chain complexes induces closed symmetric monoidal structures on
the categories uCog and uCocom.

Proof. The results are proven in [AJ13, 2.1, 2.2,2.5] for the category uCog. The methods used apply
mutatis mutandis for the other categories. O

Theorem 1 ([GG99]). The full sub category uCog=° of uCog made up of by nonnegatively graded
coalgebras admits a model structure whose cofibrations are the monomorphisms and whose weak
equivalences are the quasi-isomorphisms.

The category Hinich — cog is related to the category of Lie-algebras by an adjunction described
in [Qui69] :

c
Hinich — cog ? Lie — alg .

Theorem 2. [Hin01l] There exists a model structure on the category Hinich — cog whose cofibra-
tions are monomorphisms and whose weak equivalences are morphisms whose image under the
functor L is a quasi-isomorphism. The class of weak equivalences is contained in the class of quasi-
isomorphisms. Moreover, the adjunction £ 4 C is a Qullen equivalence when the category of Lie
algebras is equipped with its projective model structure whose fibrations (resp. weak equivalences)
are surjections (resp. quasi-isomorphisms) (see [Hin97]).

Definition 6 (Deformation problems). Let Artin—alg be the category of nonpositively graded local
finite dimensional dg commutative algebra. A deformation problem is a functor from the category
Artin — alg to the category of simplicial sets.

Lurie showed in [Lurll] that a suitable infinity-category of deformation problems (called formal
moduli problems), is equivalent to the infinity-category of Lie algebras if the characteristic of the
base field K is zero. Therefore, it is equivalent to the infinity-category of Hinich coalgebras. In that
perspective, any Hinich coalgebra % induces a deformation problem as follows. :

R € Artin — alg — Mapypich—cog(R*, %) -

REMARK 1. We use the definition of Hinich of a deformation problem given in [Hin01]. We do not
describe here the homotopy theory of such deformation problems nor a precise link with the work
of Lurie who uses the framework of quasi categories (see [Lurll]). In the sequel, we will only use
the fact that for any morphism of deformation problem f: X — Y if f(R) is a weak equivalence
of simplicial sets for any algebra R € Artin —alg, then f is an equivalence of deformation problems.
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2.1.4 Coalgebras and simplicial sets

In this subsection, we describe a Quillen adjunction between the category of simplicial sets and
the category of coassociative coalgebras. This adjunction is part of the Dold-Kan correspondence.
From a simplicial set X, one can produce a chain complex DK(X) called the normalized Moore
complex. In degree n, DK (X),, is the sub-vector space of K - X,, which is the intersection of the
kernels of the faces dy, ..., d,—1. The differential is (—1)"d,. Moreover, the Alexander-Whitney
map makes the functor DK comonoidal. Then, the diagonal map X — X x X gives to DK (X) a
structure of coalgebras. Thus, we have a functor DK® from simplicial sets to the category uCog of
coassociative coalgebras. This functor DK¢ admits a right adjoint given by

N(C), := homycog(DK¢(A[n]),C)
Actually, we have the following sequence of adjunctions,

DK*® in
sSet —— uCog=" —— uCog
N tr

where in is the embedding of uCog=" into uCog and where ¢r is the truncation.
Proposition 6. The above adjunction between uCog=" and sSet is a Quillen adjunction.

Proof. The functor DK€ carries monomorphisms to monomorphisms and homotopy weak equiva-
lences to quasi-isomorphisms ; see [GJ99, II1.2]. O

2.1.5 The Sullivan algebra of polynomial forms on standard simplicies

Definition 7 (Sullivan polynomial algebras). [Sul77] For any integer n € N, the n'"* algebra of
polynomial forms is the following differential graded unital commutative algebra, :

Qn = K[to, ce ,tn, dto, N ,dtn}/(Ztl = 1)
where the degree of ¢; is zero and where dq (t;) = dt;. In particular, > dt; = 0.

Any map of finite ordinals ¢ : [n] — [m] defines a morphism of differential graded unital
commutative algebra :

Q@) : Uy, — Qyp

t; — th.

#(j)=i

Therefore, the collection {€,},cn defines a simplicial differential graded commutative algebra.
Moreover, one can extend this construction to a contravariant functor 2, from simplicial sets to
differential graded unital commutative algebras such that Qa[,) = {2,. This functor is part of an
adjunction.

Qe
sSet T—/—— u%om — alg®”

Proposition 7. [BG76, 8] When the characteristic of the field K is zero, then the category u€ om—
alg of differential graded unital commutative algebras admits a projective model structure where
fibrations (resp. weak equivalences) are degrecwise surjections (resp. quasi-isomorphisms). In that
context, the adjunction between simplicial sets and u€om — alg is a Quillen adjunction.

2.2 Operads, cooperads, algebras and coalgebras

The purpose of this section is to recall the definitions of operads, cooperads, algebras over
an operad and coalgebras over a cooperad that we will use in the sequel; we refer the reader to
the book [LV12]. Moreover, we prove that the category of coalgebras over a curved cooperad is
presentable.
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2.2.1 Operads and cooperads

We recall here the definitions of operads and cooperads. We refer to the book [LVI2] and the
article [HM12].

Definition 8 (Symmetric modules). Let S be the groupoid whose objects are integers n € N and
whose morphisms are :

homg(n,m) =0 if n £#m
homg(n,n) =S,, otherwise .
A graded S-module (resp. dg S-module) is a presheaf on S valued in the category of graded K-

modules (resp. chain complexes). The name S-module will refer both to graded S-modules and dg
S-modules. We say that a S-module V is reduced if V(0) = {0}.

The category of S-modules has a monoidal structure which is as follows : for any S-modules V
and W, and for any n > 1 :

(VoW)(n) = b V(k) ®s, (W(#X1) @ - @ W(#X}))

k>1
XU UXp={1,...,n}

where #X; is the cardinal of the set X;. For n =0,
(VoW)(0) := V() & (@@ Vk) 25, (W(0) @+ 2 W(0))) .
E>1
The monoidal unit is given by the S-module Z which is K in arity 1 and {0} in other arities.

NOTATIONS.

> For any dg S-module V, we will denote by V97%? the underlying graded S-module.

> Let f: V=V and g: W — W and h: W — W' be three morphisms of S-modules. Then,
we denote by f o (g;h) the map from VoW to V' o W’ defined as follows :

folgih):= > f&s, (¢® @hwg®).
i+j=n—1
In the case where g is the identity, we use the notation f o’ h.
fo'hi=fo(ldih).

> For any two graded S-modules (resp. dg S-modules) V and W, we denote by [V, W] the
graded K-modules (resp. chain complex) :

VW = [ ] homgs,)(V(k)1, W(k)i1n) -

k>0
leN

In that context morphisms of chain complex from X to [V, W] are in one-to-one correspon-

dence with morphism of S-modules from X ® V to W.

Proposition 8. [LVIZ, 6] If the characteristic of the field K is zero, then the operadic Kunneth
holds
HYoW)~HWV)o HW) ,

for any dg S-modules V and W,where H denotes the homology.

Definition 9. (Operads) A graded operad & = (P,~,1) (resp. dg operad) is a monoid in the
category of graded S-modules (resp. dg S-modules). We denote by dg — Operad the category of dg
operads.

EXAMPLE 1. For any graded K-module (resp. chain complex) V, Endy is the graded operad (resp.
dg operad) defined by :
Endy (n) := hom(V®" V) .

The composition in the operad Endy, is given by the composition of morphisms of graded K-modules
(resp. chain complexes).
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A degree k derivation d on a graded operad &2 = (P,v,1) is the data of degree k maps
d : P(n) — P(n) which commute with the action of S,, and such that

dy=~ (dold+Ido"d) .

Proposition 9. [LV12, 5] The forgetful functor from operads to S-modules has a left adjoint called
the free operad functor and denoted T. For any S-module V, TV s the S-module made up of trees
whose vertices are filled with elements of V with coherent arity. The composition is given by the
grafting of trees.

REMARK 2. We will define T in the next chapter.

There is a one-to-one correspondence between the degree k£ derivation on the graded free operad
TV and the degree k maps from V to TV. Indeed, from such a map u one can produce the derivation
D, such that for any tree T labeled by elements of V :

Dy(T) =Y Id@- - @u(v)® - ®Id.

where the sum is taken over the vertices of the tree T'.

Definition 10 (Cooperads). A cooperad & = (C, A, €) is a comonoid in the category of S-modules.
We denote by € the kernel of the morphism € : € — Z. A cooperad € is said to be coaugmented
if it is equipped with a morphism of cooperads Z — % . In this case, we denote by 1 the image
of the unit of K into C(1). A coaugmented cooperad € is said to be conilpotent if the process of
successive decomposition stabilizes in finite time for any element. A precise definition is given in

[LV12, 5.8.6].

The forgetful functor from conilpotent cooperads to S-modules which sends € to € has a right
adjoint sending V to the tree module T(V) with the decomposition given by the degrafting of

trees. We denote it by T¢(V). We also denote by § : € — T¢(C) the counit of the adjunction. Any
conilpotent cooperad is equipped with a filtration called the coradical filtration

Fpic(m) = {p € C(m)|3(p) € T="(C)(m)}
where the symbol T<" denotes the trees with at most n vertices. In particular, FjC = T.
NoOTATIONS. Let C be coaugmented cooperad and m be an integer. We denote by A,,, and the map

A

A, C CoC T(C) T™(C) .

A degree k coderivation on a cooperad € = (C, A, ¢) is a degree k map d of S-modules from C
to C such that
Ad=(dold+ Ido d)A .
If the cooperad is coaugmented, we also require that d(1) = 0. Let T¢(V) be a cofree conilpotent
cooperad. There is a one-to-one correspondence between degree k coderivation on T¢(V) and degree
k maps from T(V)to V. Indeed, such a map u is uniquely extended by the following coderivation
D,, defined on any tree T labeled by elements of V' as follows :

Dy(T):= > Id®--@uT)®---oId,
T'CT
where the sum is taken on the subtrees T” of T.

Definition 11 (Curved cooperads). A curved cooperad ¥ = (C,A,¢,1,d,0) is a coaugmented
graded cooperad equipped with a degree —2 map 6 : C(1) — K and a degree —1 coderivation d
such that

d>=0xId—1d®0)A, ,

0d=0.
A morphism curved conilpotent cooperads is a morphism of conilpotent cooperads ¢ : € — 2 which

commutes with the coderivations and such that 64 = 65¢. We denote by cCoop the category of
curved conilpotent cooperads.
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The coradical filtration of a conilpotent cooperad has the following property with respect to
the decomposition map.

Lemma 1. Let € = (C,A,¢,1) be a conilpotent cooperad. Then

A(Fpiey Y (Fprie) (k) s, (FpriC e - @ Fptic) .

po+-+pr<n

Proof. 1t suffices to prove the result for cofree cooperads. Indeed, any conilpotent cooperad ¢ is
equipped with a map & : C — T¢(C) such that F/*C = §~1(FredTe(C)). O

Lemma 2. Let € = T¢(V) be a cofree conilpotent graded cooperad equipped with a degree —2 map
6:T(V)(1) - V(1) = K. Let ¢ : TV — V be a degree —1 map and let Dy be the corresponding
coderivation on €. Then, the triple (TV, Dy, 0) is a curved cooperad if and only if ¢ satisfies the
following equation :

¢Dy = (0 @y — Ty @ 6)A,
where my is the projection T(V) — V.

Proof. It (TV, Dy, 0) is a curved cooperad, then ¢Dy = 7TD§s = (0 ® Ty — my ® 0)A,. Conversely,
suppose that ¢Dy = (6 ® Ty — mp ® ) Ag. For any tree T labeled by elements of V, one can prove
that
DI(T)= > 1d® (¢Dy(1") @ Id .
T'CT

Actually, it is the sum over every arity one vertex v of

> +0(v)(T — v) if v is the bottom vertex or a top vertex.

> +(0(v)(T —v) — 0(v)(T —v)) = 0 otherwise.
Hence (TV, Dy, 0) is a curved cooperad. O

There exists notions of N-modules, nonsymmetric operads, nonsymmetric cooperads and their
morphisms defined for instance in [LVI12] 5.9]. We will speak about the nonsymmetric context to
refer to these ones. Notice that the operadic Kunneth formula holds in the nonsymmetric context
without the assumption that the characteristic of the field K is zero.

2.2.2 Algebras over an operad

Definition 12 (Algebras over an operad). Let & = (P,~,1) be an operad. A &-module o =
(A, ver) is a left module in the category of S-module, that is a S-module A equipped with a map
Yoz : P oA — A such that the following diagrams commute.

PoPo Al pog TodL popt o 4
%{omi i%{ W
Pod A
x4

A morphism of Z-modules from &7 to # = (B,~v%) is a morphism of S-modules f : A — B such
that yg(Ido f) = fyw. A P-algebra is a £-module A concentrated in arity 0. We denote &2 — alg
the category of Z?-algebras.

The forgetful functor from the category of &-modules to the category of S-modules has a left
adjoint given by
V= PoV

The images of this left adjoint functor are called the free &?-modules.

Definition 13 (Ideal). An ideal of a P-algebra & is a sub-chain complex B C A such that for
any p € P(n) and (z;)";, € A(n>1):

Ve (P ®s, (21 ® - ®@,)) €B

whenever one of the x; is in B (for n > 1). Then the quotient .4/B has an induced structure of
P-algebra.
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Definition 14 (Derivation). Let & be a graded operad and let &/ be an #-module. Suppose that
the graded operad &2 is equipped with a degree k derivation dg. Then, a derivation of & is a
degree k map dg from A to A such that

det Yoz = Ver (dp 0 Idg +1d o dyy) .

Let & be a graded operad equipped with a degree k derivation dg. There is a one-to-one
correspondence between the derivations on a free &#-module & = & oV and the degree k maps
YV — P o V. Indeed, any such map v : ¥V — P oV is uniquely extended by the derivation D, =
do old+ D' on &/ where :

D= Poy I popoy L poy

2.2.3 Coalgebras over a cooperad

Definition 15 (Comodules and coalgebras over a cooperad). Let ¥ = (C, A, €) be a cooperad. A
@-comodule 9 = (D,Ag) is a left €-comodule in the category of S-modules, that is a S-module
D together with a morphism Ag : D — C o D such that the following diagrams commute.

D22 _¢CoD D_22cop

A@l l’d"% w

CoD——=CoCoD
Agold

eold D

A ¥-coalgebra is a €-comodule concentrated in arity 0.

REMARK 3. Our notion of #-coalgebra recovers actually a notion called sometimes in the literature
conilpotent ¢-coalgebra ; see [LV12] 5.4.8].

Let € be a coaugmented cooperad. Then, the forgetful functor from the category of €-comodules
to the category of S-modules has a right adjoint which sends V to € o). The images of the right
adjoint are called the cofree €-comodules.

Definition 16 (Coderivation). Let € be a graded cooperad and let Z = (D, Ag) be a ¢-comodule.
Suppose that € is equipped with a degree k coderivation d¢. A coderivation on & is a degree k
map dg from D to D such that

Agdy = (dcg old+Ido d@)A@ .

Let € be a cooperad equipped with a degree k coderivation and let V be a graded K-module.
Then, there is a one-to-one correspondence between the coderivations on the %-coalgebra € oV
and the degree k maps % o)V — V. Indeed, any such map u induces the coderivation

D, = (dgoldy)+ (Ido (mu))(Ag o Idy) ,
where m =€eold: € oV — V.

Definition 17 (Coalgebra over a curved cooperad). Let @ be a curved cooperad. A €-coalgebra
is a graded €9"%4-coalgebra 9 = (D, Ag) together with a coderivation dp such that

d2 = (B¢ o Id) Ay

Proposition 10. Let € = (C,A,¢,1,d,60) be a conilpotent curved cooperad and let V be a graded
K-module. There is a one-to-one correspondence between the degree —1 maps ¢ : CoV — V such
that

@Dy = ¢(Id o (m;0))(Ag o Idy) + ¢(dc o Idy) = 6 o Idy

and the structures of € -coalgebra (where € is considered as a curved cooperad) on the graded cofree
coalgebra €97 o V.
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Proof. A structure of €-coalgebra on €9"*?0) amounts to the data of a degree —1 coderivation D,
such that Dé = (Hofdcg OIdv)(Acg Oldv). If Dé = (eofdg o Idv)(Acg Oldy), then ¢D¢ = Holdv.
Conversely, suppose that ¢ Dy = 6 o Id. We have :

D} = (d% o Ide) + (Ido (m;6)) (A o Id)(de o Ide) + (d o (75 6)) (A o Id)
+ (Ido (m;¢)) (Ao Id)(Ido (m;¢))(AoId) .
On the one hand,
(Ido (m;¢))(AoId)(Ido (m;¢))(AolId)+ (Ido(m;¢))(AoId)(de o Ide) + (de o (m;¢)) (A o Id)
= (Ido (m;6))(Id ' Dg)(A o Id) = (Ido (m;¢Dy)) (A o Id) = ((Ido (6;9))A) old.

On the other hand,
(@ o 1d) = (9o Id)A) o Td+ (Y Id s (¢ @00 ))A) o Id

Hence Di = ((0 o Id)A) o Idy. O

Definition 18. Any %-coalgebra ¥ = (D, Agy) over a conilpotent cooperad ¢ admits a filtration
called the coradical filtration and defined as follows.

1D = {z € D|Ag(z) € (F,"’C) o D} .
Proposition 11. Let € be a conilpotent cooperad and let & be a € -coalgebra. For any integer n :
Ay (FriD) > (Fy*iC) (k) @s, (F"D®--- @ F["D) .
toti1+-Fik=n

Lemma 3. LetV and W be two graded K-modules equipped with filtrations (F,V)nen and (FuWW)nen,
and let ¢ : V — W be an injection such that F,V = ¢~ Y(F,W) for any integer n. Then, there
exists a map ¥ : W — V such that ¢ = Id and Y(F,W) = F,V for any n € N.

Proof. For an integer n > —1, suppose that we have built a sub graded K-module U,, of F,JV such
that F,, W = ¢(F, V) @ (U N Ey W) for any m < n. Let U, be a sub-graded K-module of F,, 11 W
algebraic complement to ¢(F,+1V) ® U,,. Then, let U, 11 := U,, ® U),. Finally, let U := colim U,,.

We define 9 by
b= ¢~ on ¢(V)
~loonu.
O

Proof of Proposition[I1] : The map Ag : D — C o D is actually a morphism of ¢-coalgebras such
that A' (FredCoD) = F/%ID. By Lemma there exists a map of graded K-modules V : CoD — D
such that VAg = Idp and V(F,,C o D) = F,,D. Then, the following diagram is commutative.

D & .CoD

J e

CoD——=CoCoD——-CoD
IdoA IdoV

~_ -

Id

By Lemma [T} we know that :

(Ao Id)A(F;™D)c > FC(k) ®s, (F*CoD®--- @ F[*CoD),
G+ +ip=n
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Moreover, we know that :
(Ido V) (F[*C(k) s, (F{*CoD® - ® F/"CoD)) C FI*C(k) ®s, (F/"'D®---® F/"'D) .
So, we have :

A(FTD) = (Id o V)(A o Id)A(FD) ¢ Z Z Fric(k) ®s, (FI“D® - @ FI"“D) .
k do+-tin=n

O

2.2.4 Presentability

This subsection deals with the presentability of the category of algebras over an operad and
the presentability of the category of coalgebras over a conilpotent curved cooperad.

Theorem 3. [DCHI6, 5.2] Let & be a dg-operad. Then the category &2 — alg of P-algebras is
presentable.

The essence of the last theorem is that any £-algebra is the colimit of a filtered diagram of
finitely presented &?-algebras.

Theorem 4. Let € be a conilpotent curved cooperad. The category € — cog of €-coalgebras is
presentable.

The essence of this theorem is that any %-coalgebra is the colimit of a filtered diagram of finite
dimensional %-coalgebras. Since the category of %-coalgebras does not seem to be comonadic over
a known presentable category, we cannot use the same kind of arguments as in the proof of [DCH16,
5.2].

Lemma 4. The category € — cog is cocomplete.

Proof. The colimit of a diagram of @ -coalgebras is its colimit in the category of graded K-modules,
together with the obvious decomposition map and coderivation map. O

Lemma 5. For any €-coalgebra 2 = (D, Ag) and finite dimensional sub-graded K-module V € C,
there exists a finite dimensional sub-%-coalgebra & of @ which contains V.

Proof. Let us prove the result by induction on the coradical filtration of &. Suppose first that V C
FoD. Then, V 4+ dV is a sub ¥-coalgebra of 2. Then, suppose that, for any finite dimensional sub-
graded K-module W € F%D, there exists a finite dimensional sub ¢-coalgebra & of F'%¢% which
contains W. Consider now a finite dimensional sub-graded K-module V C F,11D. By Proposition
for any element € F99D, Ag(z) — 1@z € Co F;*D. Since we are working with conilpotent
%-coalgebras, there exists a finite dimensional sub graded K-module V() of F'%D such that
Ag(z) —1®x € CoV(x). Let (e;)¥; be a linearly free family of elements of V such that V =
VNFEr4pg @le K.e;. By the induction hypothesis, let £ be a finite dimensional sub ¢-coalgebra
of 2 which contains
VAE D@ V() + V(dpe;) .

Then, the sum
£+ (Ke; @ Kdpe)

7

is a finite dimensional sub %-coalgebra of 2 which contains V. O
Finally, we show that a finite dimensional €-coalgebras is a compact object.
Proposition 12. A finite dimensional € -coalgebra is a compact object.

We will need the following technical lemma.
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Lemma 6. Let D : I — % — cog be a filtered diagram. Let x € D(i) for an object i of I. If the
image of x in colimD is zero, then, there exists an object i' of I and a map ¢ : i — i’ such that

D(¢)(z) = 0.
Proof. The colimit of the diagram D is the cokernel of the map

g: @ DG~ P D)

fi—3’ i€Ob(I)

such that for any morphism f : j — j'of I, the morphism g sends z € D(j) to x — D(f)(x). Let
z € D(i) whose image in colimD is zero. Then, there exists an element y = > yr of @, ,;, D(j)
such that g(y) = . Let ¢’ be a cocone in I of the finite diagram made up of the morphisms f such
that y¢ # 0. Then, the image in D(¢') of >y is the same as the image in D(i’) of Y~ D(f)(yy).
Hence, the image of z in D(¢') is zero. O

Proof of Proposition[14 Let D : I — € — cog be a filtered diagram and let 2 = (D,Ag) be a
finite dimensional %’-coalgebra. We have to show that the canonical map

colim (home _cog(Z, D)) — home _cog(Z, colimD)

is bijective.

> Let us first show that it is surjective. Let f : 2 — colimD be a map of %-coalgebra and
let D’ be the image of f inside colimD which is also a sub-%-coalgebra of colimD. Let
{es}"_; be a basis of the graded K-module D’. Since the diagram D is filtered, there exists
an object ¢ of I and elements z, € D(i) whose image in colimD is e,. Let & be the smallest
sub €-coalgebra of D(i) which contains all the z, and let &’ be the image of & in colimD.
Notice that &’ contains D’ and that the map & — &” is surjective. By Lemma [f] and since
& is finite dimensional, there exists an object ¢ and a map ¢ : ¢ — i’ such that, the map
8" .= D(¢)(&) — &' is an isomorphism of €-coalgebras. So, let 2" be the sub €-coalgebra
of & which is the image of D’ through the inverse isomorphism &’ — &”. Hence, the map
9 — 2’ — colimD factors through the map 2 — 2’ ~ & — D(i') and so the canonical
map colim( homeg _cog (2, D)) — homg _cog (2, colimD) is surjective.

> Let us show that it is injective. Let f € home_cog(Z, D(i)) and g € home_cog(Z, D(j)) be
two maps whose images in home _cog(Z, colimD) are the same; it is denoted h. Since the
category I is filtered, there exists an object k together with maps ¢ : 1 — k and ¥ : j — k.
Then D(¢)f(2) + D(1))g(2) is a finite dimensional sub €-coalgebra of D(k) whose image
in colimD is h(2). As in the previous point (by Lemma@, the exists amap : k — k' in I
such that the map u : D(¢)(D(¢)f(2) + D(¥)g(C)) — h(2) is an isomorphism. Since the
dimension (as a graded K-module) of D({)D(¢)f(Z) and the dimension of D({)D(¢)g(2)
are both greater than the dimension of h(2), then we must have :

D(O)(D(¢)f(2) + D(4)g(2)) = D(C)D(9)£(2) = D()D(¥)g(2) -

In this context, we have

D(Q)D(¢)f =u""h = D(()D(¥)g -

Hence, f and g represent the same element of colim( home _cog (2, D))
O

Proof of Theorem [} The isomorphisms classes of finite dimensional ¢-coalgebras form a set. By
Proposition any finite dimensional %-coalgebra is a compact object of the category ¥ — cog.
Moreover, any % -coalgebra is the colimit of the diagram of its finite dimensional sub %-coalgebras
(with inclusions between them); this is a filtered diagram (and even a directed set). Hence, the
category ¢ — cog is presentable. O
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2.3 Enrichment

This section deals with several enrichment of the category of algebras of an operad and of
the category of coalgebras of a curved conilpotent cooperad. Specifically, we prove that both the
category of algebras over an operad and the category of coalgebras over a curved conilpotent
cooperad are tensored, cotensored and enriched over cocommutative coalgebras and enriched over
simplicial sets. In the nonsymmetric context, algebras over an operad and coalgebras over a curved
conilpotent cooperad are tensored, cotensored and enriched over coassociative coalgebras ; this leads
to another enrichment in simplicial sets.

2.3.1 Enrichment over coassociative coalgebras and cocommutative coal-
gebras

We will show in this subsection that the category of algebras over an operad and the category of
coalgebras over a curved conilpotent cooperad are tensored-cotensored-enriched (see Definition
over the category uCocom of counital cocommutative coalgebras. Moreover, in the nonsymmetric
context, they are tensored-cotensored-enriched over the category uCog of coassociative coalgebras.
We will use these enrichments in the sequel to describe respectively deformation of morphisms and
mapping spaces

Enrichment of #-algebras over coalgebras

Let & = (P,~,1) be a dg operad. For any counital cocommutative coalgebra @ = (C, A¢,¢€)
and any P-algebra o/ = (A,~.), then the chain complex [C, A] has a canonical structure of
P-algebra as follows.

> For any p € P(n) (n > 1), and for any f1, ..., fn € [C, A] and any = = C, then

Ve (P ®s, (fi @@ f)) (@) = 1w (p® ) (fr @ ® f) A (@)

> For any p € P(0) :
Vie,A1(P) = Y (D)ec
The chain complex [C, A] together with its structure of &?-algebra is denoted [€, #/].

Lemma 7. The assignment €, o — [€, o] defines a left coaction (see Deﬁnition@ of the category
uCocom of counital cocommutative coalgebras on the category & — alg of &-algebras .

Proof. The construction is functorial covariantly with respect to &-algebras and contravariantly
with respect to counital cocommutative coalgebras. Moreover, for any counital cocommutative
coalgebras € and 2, and any Z-algebra o/ there is an isomorphism of chain complexes

pe.2,.0  [CRD, A —[C,[D, Al]

such that p¢ 9. (f)(x)(y) = f(z @ y). This is a morphism of F-algebra which is functorial in %,
2 and o7, and it satisfies the coherence conditions of Definition O

One can define a left adjoint to the functor [€, —] as follows. Let &/ <% be the following the
quotient of the free H-algebra P o (A ® C) by the ideal I generated by the relations

Yeor (P @5, (1 @ - @ yn)) @ ~ S (-1 Zi<i Folilp @5 (g1 @ 2(1) @ -+ @ (Y @ 2(ny))
Yer (p) ® x ~ €(x)p for any p € P(0) ,
with Anil(l‘) = Zl‘(l) Q@ T(p)-

Theorem 5. The category of &-algebras is tensored-cotensored-enriched over the category uCocom
of counital cocommutative coalgebras. The right action is given by the functor —<—, the left coaction

is given by the functor [—,—|. We denote the enrichment by {—, —}.
Proof. Since the functor [—, —] defines a coaction of the category of counital cocommutative coal-
gebras on the category of S?-algebras, since the functor [—, A] sends colimits to limits and since

the functor [, —] is left adjoint to the functor — <@, then we can conclude by Proposition O
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Let us describe {7, o7’} for two P-algebras &/ and «/’. This is the biggest sub-coalgebra of
the cofree cocommutative coalgebra F'([A, A']) such that the following diagram commutes

{o, o'} [A A

(e,[d,A,...)l l

ITso (s "} /S0 — TLsol A A1P% /Sy ——= [P o AP o A] — = [Po A, A
where the map [[,,5o[A, A1%" /S, — [PoA, PoA]sends f1®: & fn to Idp(ny ®s,, (f1 @@ fn).

Enrichment of %-coalgebras over coalgebras

Let € = (C,A,¢,1,d,0) be a curved conilpotent cooperad.

For any %-coalgebra 2 = (D, Ag) and any counital cocommutative coalgebra & = (£, Ag, €),
the tensor product D ® £ has a structure of ¢-coalgebra given by

n A7L®A”71
Dowe D2y () @s, D) © €5 — = @ Cln) @5, (D@ E)°" .

Theorem 6. The category € — cog of € -coalgebras is tensored-cotensored-enriched over the ca-
tegory of cocommutative counital coalgebras. The right action is given by the construction — ® —.
We denote the left coaction by (—, —) and the enrichment by {—, —}.

Proof. The assignment 2,& — 2 ® & defines a right action of the category of counital cocommu-
tative coalgebras on the category of %-coalgebras. Moreover, the functor 2 ® — and the functor
— ® & preserve colimits. We conclude by Proposition O

If 2 and 2’ are two €-coalgebras, then the cocommutative counital hom coalgebra {Z, 2’}
is the terminal sub-coalgebra of the cofree counital cocommutative coalgebra F([D,D’]) over the
chain complex [D, D’] such that the following diagram commutes.

{2,2'} (D, D]

(e,Id,A,...)l l

ano{@7 9'en s, —— ano['D,D/]@"/Sn —>[CoD,CoD]——=[D,CoD]

Morphisms are atoms

Definition 19. Let & = (€, A, €) be a cocommutative coalgebra. A graded atom of & is a nonzero
element a € & such that Aa = a ® a. A dg atom is a graded atom a such that dga = 0.

Proposition 13. For any two &2-algebras o/ and /', the dg atoms of the cocommutative coalgebra
{o, o'} are the morphisms of P-algebras from of to &/’. Similarly, for any two € -coalgebras 9
and 2', the dg atoms of the cocommutative coalgebra {2, D'} are the morphisms of € -coalgebras

from 2 to 9'.
Proof. We have

homycocom (K, {7, #'}) ~ homg_4(7 <K, &) ~ homg (o, o) .

Nonsymmetric context
In the nonsymmetric context, we can get rid of the cocommutativity condition.

Proposition 14.
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> If & is a nonsymmetric operad, then the category of &-algebras is tensored-cotensored-
enriched over the category uCog of counital coassociative coalgebras.
> If € is a nonsymmetric conilpotent curved cooperad, then the category of €-coalgebras is
tensored-cotensored-enriched over the category uCog of counital coassociative coalgebras.
We denote by {—, —}"™° these two enrichments over counital coassociative coalgebras.

Proof. The proof is similar to the proofs of Theorem [5] and of Theorem [6] O

The inclusion functor uCocom < uCog is a left adjoint (since it preserves colimits). Let R
be its right adjoint. It sends any counital coassociative coalgebra to its biggest cocommutative
subcoalgebra.

Proposition 15. For any &-algebras o/ and o', the cocommutative coalgebra, {of, o'} is the
biggest cocommutative subcoalgebra R({</, o'}™*) of {<f, o' }"*. Similarly, for any €-coalgebras 9
and ', the cocommutative coalgebra, {D, D'} is the biggest cocommutative subcoalgebra R({2, 2'}"*)
of {2,2'}".

Proof. For any cocommutative coalgebra &, we have :
homycocom (&, {7, '}) ~ hom g _a1g(F<E, ") ~ homycog (&, { ', ' }"*) ~ homycocom (&, R{ A, ' }%)) .

Since these isomorphisms are functorial, R({<7, «'}"*) is isomorphic to {<7, o/'}. O

2.3.2 Simplicial enrichment

In this section, we recall the fact that the Sullivan polynomials forms algebras allows one to
enrich the category of algebras over an operad. See for instance [Hin0O1].

General case

Let A be a unital commutative K-algebra. The functor A ® — : dgMod — dgMod 4, is strong
symmetric monoidal and comonoidal. Hence it induces several functors :
> from operads to operads enriched in A-modules,
> from cooperads to cooperads enriched in A-modules,
> from P-algebras (in the category of K-modules) to A ® H-algebras (in the category of
A-modules),
> from %-coalgebras (in the category of K-modules) to A ® €-coalgebras (in the category of
A-modules).
Applying this to the case of the Sullivan algebras of polynomial forms on standard simplicies leads
us to the following proposition.

Proposition 16. Let &2 be a dg operad and let € be a curved conilpotent cooperad. The category
of P-algebras and the category of €-coalgebras are enriched in simplicial sets as follows :

HOM(o7, "), := hom g _a1g(H, Q2 @ ") ~ homq, @ 2—alg(n @ ,Q,, @ ') |

HOM(Z, 2'),, := homq, g% —cog(n @ 2,2, @ Z') .

Proof. The only point that needs to be cleared up is the simplicial structure on HOM(Z, 2').
Let ¢ : [m] — [n] be a map between finite ordinals . We want to define ¢* : HOM(2, 2'),, —
HOM(Z2, ') An element of HOM(Z, 2’),, is a morphism of graded K-modules f from D to
0, ® D’ such that fdp = (dq, ® Idp + Idg, ®dp/) and such that the following diagrams commute

D f Q, @D p—La ep

A l]d@A BD\L \LIdA®0DI

COD;]dszO(Qn(@D)HQn@(COD’), K——Q,,
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where the map C o (2, ® D) = Q, ® (CoD’) in the first diagram is the following map
T®s, ((a1®x1)®~ . '®(ak®$k)) — (_1)Ir|(z |ai|)(_1)zi>j Iaille|(a1 Ceag)® ($®Sk (r1®-- '®$k)) .
Then, ¢*(f) = (] ® Id) f where Q[¢] : Q,, — Qy, is the structural map induced by ¢. O

Proposition 17. For any simplicial set X which is the colimit of a finite diagram of simplicies
Aln] and for any &P-algebras o/ and <f', we have :

homgset (X, HOM(o, 7)) ~ hom g _g(,Qx ® ') .

Proof. Tt suffices to notice that the functor from commutative algebras to R ® Z-algebras R —
R ® &/’ preserves finite limits. O

REMARK 4. The enrichment of the category of &?-algebras and of the category of €-coalgebras
over simplicial sets that we described above is a part of a more general enrichment over functors
from the category of unital commutative algebras to simplicial sets :

R~ (h0m9_3|g(427, 2, QR® '@))neN
R (h0m9n®R®%’—cog(Qn QR®2,02, 3 R® @l) -)nEN .

Nonsymmetric context

In the nonsymmetric context, we can use some associative algebras instead of the commutative
Sullivan algebras to define a simplicial enrichment. Let A, be the linear dual of the Dold-Kan
coalgebra over the standard simplex :

A, = DK°(A[n])* .
This defines a simplicial unital associative algebra.

Besides, let & be a nonsymmetric dg operad. For any P-algebra &/ = (A, 7. ), and for any
associative algebra A, A ® A has a canonical structure of Z-algebra.

Definition 20 (Nonsymmetric simplicial enrichment of algebras over an operad). For any two
P-algebras o and B, let HOM™* (o7, B) be the following simplicial set :

HOM"™ (7, %)y, = homgp_ig(/, Ay, @ B) .
This defines a simplicial enrichment of the category of &?-algebras over simplicial sets.

Let € be a nonsymmetric curved conilpotent cooperad. For any associative algebra A and for
any two ¢-coalgebras 2 = (D,Ag) and & = (£,Ag), we denote by homy (2, &) the set of
morphisms f of from D to A ® £ which commute with the coderivations such that the following
diagrams commute.

f

D ARE D——AQRE
Al i]d/.\@Ag QD\L J(IdA®9£
K A

ConsD*)Cons(A®(€)*>A®(Cons(€)

Definition 21 (Nonsymmetric simplicial enrichment of coalgebras over a curved cooperad). For
any two €-coalgebras 2 and 2’, let HOM™* (2, 2'),, be the following simplicial set :

HOM"™(2,9"),, :=homy, «(2,9') .
This defines a simplicial enrichment of the category of ¥-coalgebras over simplicial sets.

These simplicial enrichments are related to the enrichments over coassociative coalgebras that
we described above.
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Proposition 18. For any two 2-algebras o/ and % and for any two € -coalgebras 2 and ', we
have functorial isomorphisms

HOM™ (o, B) ~ N({o/, B}") ,
HOM™(2,9') ~ N({2,2'}™) .

Proof. The proof for P-algebras is straightforward. Let us prove the result for the ¢-coalgebras.
A morphism of graded K-modules f from D to A, ® D’ is equivalent to a morphism from D ®
DK¢(A[n]) to D’. In that context, f belongs to homy, (2, 2’) if and only if the corresponding
morphism from D ® DK¢(A[n]) to D’ is a morphism of @-coalgebras. So

HOM™ (&7, B),, :=homp, (P, 2') ~ homey_cog(2 @ DK°(A[n]), 2")
~ homycog(DK(A[n]), {2, 2'}"™*) ~ homeset(A[n], N({2,2'}"?)) .

2.4 Bar-cobar adjunctions

The usual bar-cobar adjunction relates nonunital algebras to non-counital conilpotent coalge-
bras, see [LV12] Chapter 2|. It can be extended to nonunital operads and conilpotent cooperads,
see [GJ94]. Besides, as a direct consequence of the work of Hirsh and Milles, [HM12], there exists an
adjunction a la bar-cobar relating unital algebras with curved conilpotent coalgebras. We extend
it to operads and curved conilpotent cooperads.

The bar-cobar adjunction Q,  B. is a tool to compute resolutions of operads. But it has
other aspects : any morphism of operad from the cobar construction §2,% of a curved conilpotent
cooperad % to an operad & gives rise to a new adjunction & la bar cobar between %-coalgebras
and P-algebras.

2.4.1 Operadic bar-cobar construction

The usual operadic bar-cobar adjunction (see [LVI2, Chapter 6]) relates augmented operads
to differential graded conilpotent cooperads. The bar construction BZ2 of an operad &2 does use
the augmentation of & as it is the graded cofree cooperad on the suspension of 2. If & is not
augmented, one can try to add an element to & whose boundary is the unit of & and try the
same computation. This is the new bar-construction ; its output is no more a differential graded
cooperad but a curved cooperad.

The new curved bar functor B, has also a left adjoint €2, whose formula looks like the usual
operadic cobar functor. Again, as in [LVI12l Chapter 6], this adjunction is related to a notion of
twisting morphism.

Definition 22 (Operadic bar construction). The operadic bar construction of a dg operad & =
(P,y%,1) is a curved conilpotent cooperad B.% = (T¢(sP @ v), D, ) where sP is the suspension
of the S-module P and v is an arity 1, degree 2 element. It is equipped with the coderivation D
which extends the following map from T(sP @ K- v) to sP® K v :
T(sP @ v) = TS%(sP @ v) — sP @ v
sx — —sdpx
st @ sy — (—1)*lsyz(z @ y)
v sl

It has the following curvature map :

0:T(sPov) »sZPK-v—-K-v =K
vi—= 1.
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Proposition 19. The map 0 is actually a curvature for the coderivation, that is D* = (0 @ Id —
Id® 0)A,.

Proof. Let 7 be the projection from B, to sP. By Proposition [2] it suffices to prove that mD? =
(0 @ ™ — 7 ®0)As. This is a straightforward calculation. O

Definition 23 (Operadic cobar construction). The operadic cobar construction of a curved conil-
potent cooperad € = (C,A,¢,1,0) is the dg operad Q,% = (Ts~1C, D) where D is the following
degree —1 derivation

s7lr s 0(x)l — s o — Z(—l)ml)ls*lx(l) ® s @) .

where Ag(z) = > 21 ® x9.
Proposition 20. The derivation D squares to zero.

Proof. Tt suffices to prove the result for any element of the form s~ 'z, which is a straightforward
calculation. O

Definition 24 (Operadic twisting morphism). Let € = (C,A,¢,1,d,60) be a curved conilpotent
cooperad and let & = (P,v#,14,d) be a dg operad. An operadic twisting morphism from € to
2 is a degree —1 map of S-modules (or N-modules in the nonsymmetric case) :

a:C—=7P
such that
d(a) +v(a®@ o)Ay =0
where ©(x) = 0(z)lp for any x € €. We denote by Tw(%€, ) the set of operadic twisting

morphisms from € to Z.

Proposition 21. We have the following functorial isomorphisms :
homgg—operad (2,6, P) ~ Tw(€, P) ~ homccoop(€, B P) .

Proof. Proving the existence of the functorial isomorphism homgg_operad(£24,€, &) ~ Tw(€, P)
is similar to the proof of [HMI2, 3.4.1]. Let us show that we have a functorial isomorphism
Tw(€,P) ~ homccoop(€,B:2). Let o : € — & be an operadic twisting morphism. We ob-
tain a degree zero map from C to sP @ K - v as follows :

C—sPaK-v
¢ safz) + 0% () .

This induces a morphism of graded cooperads f, : € — B.4? = T°(sP @ K - v) such that ¢ =
0p,2 fo. Since O(a) + yo(a ® a)Ay = O, then f, commutes with the coderivations and so is a
morphism of curved cooperads. Conversely, from any morphism of curved cooperads f from € to
B.Z, on obtains a twisting morphism as follows :

f

¢ B.7 sP Z .

The two constructions that we described are inverse to another. O

Hence, the functors €2, and B, realize an adjunction between the category of dg operads and
the category of curved conilpotent cooperads.

Q’(t
cCoop —— dg — Operad
B.
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2.4.2 Twisted products
Let a: 4 — 2 be an operadic twisting morphism.

Definition 25 (Twisted #-module). For any ¢-comodule 2, let 0, 2 be the free 297%-module
P o D equipped with the unique derivation which extends the map

D—-PoD
x = dp(x) — (ao Id)A(x) .

Definition 26 (Twisted ¢-comodule). For any &-module </, let € o, </ be the cofree €97
comodule C o A equipped with a unique coderivation which extends the map

CoA— A
x> (daleg o Id) + vy (a0 Id))(z) .

Proposition 22. The derivation of & o, P squares to zero. Hence, & o, P is a dg &-module.
Similarly, the coderivation of € o, < squares to (0 o Id)A. Hence, € o, &7 is a €-comodule.

Proof. To prove the first point, it suffices to show that 7D? = 0, which is a straightforward calcu-
lation. To prove the second point, it suffices to show that 7D? = (o Id), which is a straightforward
calculation. O

Definition 27 (Twisting morphism relative to an operadic twisting morphism). For any %-
comodule 7 = (D,Ay) and any Z-module & = (A,7) an a-twisting morphism from 2 to
o/ is a degree 0 map ¢ : D — A such that

0(8) + 1Al 0 ) Ac = 0.
We denote by Tw,(Z, <) the set of a-twisting morphism from 2 to <.
Proposition 23. There are functorial isomorphisms
hom g med(ZP 00 Z, ) >~ Twe (D, ) ~ home —comod (Z, € 00 )
for any €-comodule 2 and any & -module < .
Proof. The proof is similar to [LV12] 11.3.2]. O

2.4.3 Bar-cobar adjunction for algebras over an operad and coalgebras
over a cooperad

Following [LV12, Chapter 11|, we call the previous functors respectively the bar construction
for P-algebras and the cobar construction for €-coalgebras.

Definition 28 (Bar construction and cobar construction relative to an operadic twisting mor-
phism). Let o : € — & be an operadic twisting morphism. The a-bar construction is the functor
from H-algebras to €-coalgebras defined by :

Byt =6 on o .
The a-cobar construction is the functor from %-coalgebras to Z-algebras defined by :
NG =P o, 9D .

We already know, by Proposition 23] that €, is left adjoint to B,. Moreover, this adjunction is
enriched over cocommutative coalgebras and simplicial sets.

Proposition 24. The functors Q. and B, induces functorial isomorphisms of counital cocommu-
tative coalgebras and of simplicial sets :

(00, 4} ~{C,Boct} , HOM(Qu2, o) ~ HOM(Z, Boof)

for any € -coalgebra 2 and any F-algebra o ;

47



Lemma 8. We have a functorial isomorphism :
Two (2 E,d) ~Twy(D,[8,H]) .
for any €-coalgebra 2, any P-algebra of and any counital cocommutative coalgebra & .

Proof. The set of morphisms of graded K-modules from D ® £ to A is in bijection with the set of
morphisms of graded K-modules from C to [D, AJ. This bijection and its inverse preserve a-twisting
morphisms. O

Proof of Proposition[2f} On the one hand, for any cocommutative coalgebra &, we have :

homycocom (&, {QaZ, o }) ~ homzp_a15(Q0 2, (&, <))
~Twe (2,8, ) ~Twa(2Q &, )
~ homy_cog(Z @ &, Bo o)
~ homycocom (&, {Z, Bo}) .

On the other hand, there is a functorial isomorphism HOM(Q, 2, &) ~ HOM(2, B, /) because
the bar-cobar adjunction still works when we work with €2,, as base ring instead of K.
O

2.5 Homotopy theory of algebras over an operad

In this section, we recall the result of Hinich stating that for any dg operad &2, the category of
P-algebras admits a projective model structure whose weak equivalences are quasi-isomorphisms
(see [Hin97] and [BMO03|). Moreover, we show that the simplicial enrichment of the category of
P-algebras that we described above gives models for the mapping spaces. Finally, we show that
the enrichment over cocommutative coalgebras introduced in Section [2.3| encodes deformation of
morphisms of &-algebras.

2.5.1 Model structure on algebras over an operad

We recall here results about model structures on the categories of algebras over an operad.
Definition 29 (Right induced model structures). Consider the following adjunction.

L
C ? D
Suppose that C admits a cofibrantly generated model structure. We say that D admits a model
structure right induced by the adjunction L - R if it admits a model structure whose weak equiva-
lences (resp. fibrations) are the morphisms f such that R(f) is a weak equivalence (resp. a fibration)
and whose generating cofibrations (resp. generating acyclic cofibrations) are the images through L

of the generating cofibrations (resp. generating acyclic cofibrations) of C.

Definition 30 (Admissible operad). An operad & is said to be admissible if the category of
P-algebras admits a projective model structure, that is a model structure right induced by the
adjunction

Po—
dgMod —/—— & — alg
whose right adjoint is the forgetful functor.

Theorem 7. [Hin97| Any nonsymmetric operad is admissible. When the characteristic of the field
K is zero, then any operad is admissible.
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2.5.2 Mapping spaces

The simplicial enrichments of the category of £2-algebras described above give us models for
the mapping spaces.

Proposition 25. Suppose that the characteristic of the field K is zero. Let &2 be a dg operad. The
assignment 7 , o' — HOM(&, /") (resp. o , &/’ — HOM(Z, /') in the nonsymmetric context)
defines an homotopy enrichment of the category of &?-algebras over the category of simplicial
sets. Moreover, for any cofibrant &?-algebra &/ and any fibrant P-algebra «/', the simplicial set
HOM(«, o") (resp. HOM(<f, o/")™* in the nonsymmetric context) is a model of the mapping space
Map(t, o).

REMARK 5. The characteristic zero assumption is not necessary in the nonsymmetric context.

Proof. Let f : o/, — & and g : B — P’ be respectively a cofibration and a fibration of 42-
algebras. Let h : X — Y be a monomorphism of simplicial sets. We suppose that X and Y are
colimits of finite diagrams made up of simplicies A[n]. Consider a square as follows.

X HOM (=", B)

| |

Y —— HOM(%/7 %/) XHOM(,Q{,%/) HOM(JZ{, %)
By Proposition [I7} it induces the following square

A Qy B

| |

A ——=Qy @ B Xayew Ox A,

which has a lifting whenever f, g or h is a weak equivalence ; indeed, by Propostion [7] the map
Qy — Qx is a fibration and it is an acyclic fibration whenever h is an acyclic cofibration. Besides,
to prove that HOM(«/, &7”) is a model of the mapping space Map(<7, o/"), it suffices to notice that
{Q, ® &' }nen is a Reedy fibrant resolution of the constant simplicial 92-algebra 27’. The result
in the nonsymmetric context can be proved in a similar way. 0

2.5.3 Deformation theory of morphism of algebras over an operad

We know that the category of 2-algebras is enriched over the category uCocom of cocommuta-
tive coalgebras. In this subsection, we show that for any &?-algebras &/ and %, the cocommutative
coalgebra {of, B} encodes the deformation theory of morphisms from &7 to 8. We suppose in this
subsection that the field K is algebraically closed.

Any morphism of -algebras f : of — % defines a defomation problem Def(f).

Artin — alg — sSet
R~ Map(e/, B ® R) X{ap(er.c2) L} -

The following theorem is a direct consequence of a result by Chuang, Lazarev and Mannan
([CLM, Theorem 2.9]). It is proved in Appendix.

Theorem 8. Suppose that the base field K is algebraically closed and that its characteristic is zero.
Let € = (C,A¢€) be a cocommutative coalgebra and let A be the set of graded atoms of €. There
exists a unique decomposition € ~ @, €, where €, = (Ca, A, €q) s a sub-coalgebra of € which
contains the atom a and which belongs to the category uNilCocom. Moreover, a morphism f of
cocommutative coalgebras from € = @, c 4 Ca to D = @y Dy consists in an element ¢(a) € B
and a morphism fo : €4 — Dy(a) for anya € A
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We know from Proposition [13| that a morphism f of &?-algebras from & to £ is a dg atom
of the cocommutative coalgebra {</, }. Applying Theorem [§] to the cocommutative coalgebra
{o/, A}, we obtain the conilpotent cocommutative coalgebra {<f, %};. This is in particular an
Hinich coalgebra which encodes a deformation problem R +— Map(R*,{<7, %} ;). We show in the
next proposition that this deformation problem is Def(f).

Theorem 9. Suppose that < is a cofibrant &-algebra. Then, the deformation problem induced by
the conilpotent cocommutative coalgebra {of, B}y is Def(f).

Lemma 9. If & is a cofibrant &-algebra, the simplicial Hinich coalgebra
is a Reedy fibrant replacement of the constant simplicial Hinich coalgebra {7, B} ;.

Proof. Let g : X — Y be a monomorphism of simplicial sets which are finite colimits of standard
simplicies A[n]. Let h : ¥ — %> be a monomorphism of Hinich coalgebras. Consider the following
square :

61 H{%,Qy@@}f
l \L{ﬂfvﬂ[g]@%’}
CKQH{VQ{,Q)((@%}JC .

Any morphism of cocommutative coalgebra from a conilpotent cocommutative coalgebra € to
{7, A} such that the atom of € targets the atom f of {7, #} is a morphism from & to {</, B} .
So, lifting the previous square amounts to lift the following square of £-algebra.

0 (62, Qy © A

| |

o — [Cgl,Qy & %] X[%MQX@@] [%Q,QY ® f@]

This is possible whenever, g or h is a weak equivalence, since any weak equivalence of Hinich
coalgebras is in particular a quasi-isomorphism. So, in particular, for any face map {&/,Q,11 ®
Bt — {A,Q, ® B} is an acyclic fibration of Hinich coalgebra and for any integer n € N, the
morphism {.o7,Q, @ B} — {7, Q) @ A} is a fibration. O

Proof of Theorem[9 By Lemma [0] the deformation problem induced by the Hinich coalgebra
{a/, P} s is equivalent to the following deformation problem :

R € Artin — alg — (homHinich_cog(R*, {%, Q,® g}f)neN .
We have :

homHinich—cog(R*a {0, ® f@}f) ~ homycocom (R*, {7, 2, ® %}) X homycocom (K, {7,y ®BY}) {f}
=~ homg _aig(F A R*, QL ® B) Xhomp_ (o, 2mez) 1.}
= homl@falg(ﬂa R®Q,® '%) Xhomga,ﬂg(d,ﬂ,,,@(@) {f} .

Since the simplicial sets (homg_ag(27, R ® Q) @ B)neny and (homp_,i(27, Qy, @ B))nen are Kan
complexes and models of respectively Map(«/, R® %) and Map(«7, #) and since the map between
them is a fibration, then the simplicial set

(homg aig(, R® Qy ® B) Xhom sy, 2me®) 1/} )nen

is a model of the homotopy pullback Map(«/, R ® %) x’ﬁhp(md@) {f}. O
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2.6 Model structures on coalgebras over a cooperad

In this section, we show, that for any operadic twisting morphism « : 4 — &, the projective
model structure on the category of &-algebras can be transferred through the cobar construction
functor €, to the category of ¥-coalgebras. This result is in the vein of similar results by Hinich
[Hin01], Lefevre-Hasegawa [LHO3|, Vallette [Vall4] and Positselski [Posl1]. However, we use a new
method for the proof that uses the presentability of the category of algebras over an operad and
of the category of coalgebras over a curved conilpotent cooperad ; specifically, we use a theorem
proved by Bayeh, Hess, Karpova, Kedziorek, Riehl and Shipley in [BHK 15| and [HKRST5].

2.6.1 Model structure induced by a twisting morphism

Definition 31 (Left induced model structures). Consider the following adjunction.

L
C—D
R
Suppose that D admits a model structure. We say that C admits a model structure left induced by
the adjunction L - R if it admits a model structure whose weak equivalences (resp. cofibrations)

are the morphisms f such that L(f) is a weak equivalence (resp. a cofibration).
Here is the main theorem of the present chapter.

Theorem 10. Let & be a dg operad, let € be a curved conilpotent cooperad and let o be an
operadic twisting morphism between them. Suppose that the field K is of characteristic zero. We
know that the category of &P-algebras admits a projective model structure. Then, the category of
% -coalgebras admits a model structure left induced by the adjunction Q, 4 By. We call it the a-
model structure. In the nonsymmetric context, we can drop the assumption that the characteristic

of the field K is zero.
To prove this theorem, we will use the following result.
Theorem 11. [BHK' 15/[HKRS15] Consider an adjunction

L

C %> M
between presentable categories. Suppose that M is endowed with a cofibrantly generated model struc-
ture. Then, there exists a left induced model structure on C if the morphisms which have the right
lifting property with respect to left induced cofibrations are left induced weak equivalences. In parti-
cular, this is true if the category C has a cofibrant replacement functor, and if any cofibrant object

has a cylinder.

From now on, a weak equivalence (resp. cofibration) of €-coalgebras is a morphism whose image
under Q, is a weak equivalence (resp. cofibration). An acyclic cofibration is a morphism which is
both a cofibration and a weak equivalence. A fibration is a morphism which has the right lifting
property with respect to all acyclic cofibration and an acyclic fibration is a morphism which is both
a fibration and a weak equivalence. Here is the proof.

Proof of Theorem[I0. Proposition[26|ensures us that the cofibrations of the category of ¢-coalgebras
are the monomorphisms. Hence, any object is cofibrant. Then, Propostion [28| provides us with a
cylinder for any object if the characteristic of K is zero. In the nonsymmetric context, Proposition
[29] provides us with a cylinder. We conclude by Theorem [T1] O

2.6.2 Cofibrations

Proposition 26. The class of cofibrations of € -coalgebras is the class of monomorphisms.

Lemma 10. Let f : Z — & be a monomorphism of € -coalgebras such that A(E) C C oD. Then,
f is a cofibration.
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Proof. We can decompose the graded K-module £ as £ = D & F. The coderivation dg corresponds
then to the following matrix.

dp ¢

0 dr

Consider the following diagram of &?-algebras :
Po(s'F)——=Q,D

[7’(@

Po(sT1FaF)

where the horizontal map sends s™'z to ¢(x)+ (o Id)A(x). Then, the vertical map is a cofibration
and f is the pushout of this vertical map along the horizontal map. Hence, f is a cofibration. [

Proof of Proposition[26 Let f: 2 — & be a cofibration. Then Q,(f) it is a monomorphism. Since
the following square is commutative, then f is a monomorphism.

Q09 — Q.8
9 &

Conversely, if f is a monomorphism, then, it can be decomposed into the transfinite composition
of the maps f, = 2+ F,_1& — 2 + F,,&. Since the maps f,, satisfy the conditions of Lemma
they are cofibrations. So f is a cofibration. O

2.6.3 Filtered quasi-isomorphism

Definition 32 (Filtered quasi-isomorphism). Let 2 and & be two %-coalgebras. A morphism of
®-coalgebras f from 2 to & is said to be a filtered quasi-isomorphism if the induced morphisms
between the graded complexes relative to the coradical filtrations are quasi-isomorphisms, that is,
if for any integer n, the morphism from GT%¢% to G7%& is a a quasi-isomorphism.

Proposition 27. If the characteristic of K is zero, a filtered quasi-isomorphism is a weak equi-
valence of € -coalgebras. The characteristic zero assumption is not necessary in the nonsymmetric
context.

We will use the following classical result.

Theorem 12. [ML95, XI1.3.4] Let f : A — B be a map of filtered chain complexes. Suppose that
the filtrations are bounded below and exhaustive. If for any integer n, the map G,A — G, B is a
quasi-isomorphism, then f is a quasi-isomorphism.

Proof of Proposition[27 Consider the following filtration on Q4,2 (resp. 2,&)
FQ02=P0)e Y Pk s (Do 0 FMD).

k>1
p1+--+pp=n

It is clear that Q,(f) sends F,,Q, 2 to F,Q,& for any integer n. Then,
G2%?= > Pl as, (GDe-- @ GD)

Pk
k>1
p1+-+pp=n

Then, by the operadic Kunneth formula, G,,(Q4(f)) : GnQ20a2 — G,Q,& is a quasi-isomorphism
for any n € N. Hence, by Theorem Q.(f) is a quasi-isomorphism. O

REMARK 6. The coradical filtration is not the only filtration whose notion of filtered quasi-
isomorphism gives us weak equivalences. An exhaustive filtration (F,,D),en is called admissible
if :

A(E,D) © Zpo+p1+-~+pk:n

d(F,D) C F,D,

d*(F,D) C F,_1D.

F(;-adc ®s, (FmD R-® Fka) )
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2.6.4 Cylinder object

Proposition 28. Let 9 = (D,Ag) be a €-coalgebra. Let o7 = (A, 7o) be a cylinder of Q,(2)
such that the structural map p : o — Qo (D) is an acyclic fibration. The following diagram

BaQu( P @ D) — Bo() 222 B0 (D)

| ]

2D & 9

where & := Bo () X, (0.2) Z, provides us with a cylinder & = (€, Ag) for the €-coalgebra 9.

Lemma 11. The pullback & is the biggest sub-graded €97 -coalgebra of Bn.a/ whose image in
B.Q0D is in the image of the morphism 9 — B,Qo 2.

Proof. Let .# = (F,Ag) be the biggest sub-graded €9"*-coalgebra of B,/ whose image in
B.Q,2 is in the image of the morphism 2 — B,Q,2. Proving that .% is the underlying €97%4-
coalgebra of & amounts to prove that F is stable under the coderivation D of B,.2/. We will prove
it by induction on the coradical filtration of F. First, by the maximality property of .#, FyedF
is stable under D. Then suppose that F % F is stable under D for an integer n > 0. Let = be an
element of F;%4 F. On the one hand B, (p)D(z) = D(Ba(p)(z)). Since B, (p)(z) is in the image of
2 and since this image is stable under the coderivation of B,{, %, then B, (p)D(z) is the image
of . On the other hand, we have

A(D(x)) = (de o Id + Id o' D)A(x)

So, since A(z) — 1l¢ @ @ € C o (FI%F), and since F7*F is stable under D by the inductivity
assumption, then

A(D(x)) —1¢ ® D(z) € € o (FI"F) .
By these two points, F + K - D(z) is a sub- graded €9"%-coalgebra of B, (%) whose image in

B,Q.2 is in the image of . By the maximality property of .%, then D(x) € F. So, Fg‘ﬁ}' is
stable under D. Hence, by induction F is stable under D. O

To prove Proposition we will show that the pullback map & — 2 is a filtered quasi-
isomorphism. Since 2, % is a cofibrant Z-algebra, there exists a right inverse ¢ : Q2,2 — & to the
acyclic fibration p : & — Q2,92. Then, let us decompose A as A = Q,%2 @& K. The chain complex
K is acyclic. So, let h: K — K be a degree 1 map such that 9(h) = Idk. It can be extended to a
map

By » A—- K — A
x> h(zx) .

The zero map is a coderivation on the graded cooperad €97?¢. Then, let Dj be the degree 1
coderivation of (B, )97 relative to the zero coderivation on 4'97%¢ and whose projection on A
is h. In other words, D;, = Idy o' h.

Lemma 12. The sub-% -coalgebra & of B, is stable under Dy,.

Proof. By Lemma it suffices to prove that the biggest sub-graded €97*?-coalgebra of B, .o/
whose image in B,Q,2 lies inside 2, is stable under Dj. To that purpose, we use the same
arguments as in the proof of Lemma [11] and the fact that B, (p)Dp = 0. O

Proof of Proposition[28 Since the map 2 & 2 — & is a monomorphism and so a cofibration, it
suffices to show that the map & — & is a weak equivalence. We will show that it is a filtered
quasi-isomorphism. Let n € N; let us show that the map G,,£ — G, D is a quasi-isomorphism. To
that purpose, consider the following filtration on By« :

F{Bod/ =Y C®s (K¥ @ (Qa2)%)

i<k
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This filtration is stable under the coderivations d and Dy, and it induces a filtration on GT2¢€. Tt is
clear that the morphism G)Gr%4E — GT49D is an isomorphism. Moreover, for any integer k > 1,
O(Dy) = k.Id on G} Gr4E. Since the characteristic of K is zero, G} Gr%4¢ is acyclic. By Theorem
22 the map G,& — G, D is a quasi-isomorphism. O

Proposition 29. In the nonsymmetric context, 2 @ DK°(A[l]) provides us with a cylinder for
the € -coalgebra 2.

Proof. Since GI*(D ® DK°(A[1])) = Gr*Y(D) ® DK°(A[1]) and since the map DK¢(A[1]) — K
is a quasi-isomorphism, then D ® DK¢(A[1]) — D is a filtered quasi-isomorphism. O

2.6.5 Simplicial enrichment in the nonsymmetric context

Proposition 30. In the nonsymmetric context, the assignment 2,92’ — HOM"™ (2, 9') defines
an homotopy enrichment of the category of € -coalgebras together its a-model structure over the
category of simplicial sets. Moreover, if 2’ is fibrant HOM"™*(2,9') provides a model for the
mapping space Map(2, 2.

Proof. Let f : 2 — 2’ be a cofibration of %-coalgebras, let g : & — &' be a fibration of &-
coalgebras and let h : X — Y be a cofibration (i.e. a monomorphism) of simplicial sets. Consider
the following square.

>

HOM™ (2, &)

|

Y —— HOMHS(@/, gl) XHOM’”(@,&”’) HOMnS(.@, ég)
It induces a square

9' @ DK*(X) [ pgpiex) Z @ DES(Y) —= &

| |

9’ @ DK°(Y) &

The left vertical map is a monomorphism and so a cofibration.
> If the morphism ¢ : & — &” is an acyclic fibration, then the square has a lifting.
> Suppose that the morphism A : X — Y is an acyclic cofibration. Then the morphism Z ®
DK*(X) - 2®DK(Y) is a filtered quasi-isomorphism and a cofibration, so it is an acyclic
cofibration. Hence, its pushout 7' ® DK(X) = 2'® DK(X) [lggpe(x) 2@ DK(Y) is
also an acyclic cofibration. Moreover, the map 2’ ® DK¢(X) - 2’ @ DK¢(Y) is a filtered
quasi-isomorphism and so a weak equivalence. So, by the 2-out-of-3 rule, the morphism
2' ® DK°(X) Hggprex)Z ® DK(Y) — 2" ® DK(Y) is a weak equivalence. Since, it
is a cofibration, it is an acyclic cofibration and the square has a lifting.
> Suppose that the morphism f : 2 — %’ is an acyclic cofibration. Then, the morphism
PRDK(X) - 2" DK(X) is an acyclic cofibration. This is a consequence of the fact that,
Q. (2@ DK¢(X)) = (Qu2)<DK¢(X), and that for any fibration of &-algebras & — &/,
the morphism [DK€¢(X), o] — [DK¢(X), <] is also a fibration. Then, the same argu-
ments as in the previous point show us that the morphism 2’ ® DK*(X) [{pgprex)Z ®
DK«(Y) = 2" @ DK¢(Y) is an acyclic cofibration and so the square has a lifting.
In particular, we have proved that any coface map 2Q DK¢(A[n]) - 2@ DK(A[n+1]) is an acy-
clic cofibration. Moreover, for any integer n, the morphism 2 @ DK°(0A[n]) = 2 @ DK°(A[n])
is a cofibration. So, the cosimplicial %-coalgebra (2 ® DK°(A[n]))nen is a Reedy cofibrant re-
placement of the constant cosimplicial %-coalgebra 2. So, if 2’ is fibrant the simplicial set
(home_cog(Z @ DK(A[n]), 2')),,cny Which is isomorphic to HOM"™ (2, 2’) is a model for the
mapping space Map(Z2, 2'). O
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2.6.6 Changing of operads and cooperads

In this subsection, we explore how the left induced model structure on coalgebras over a curved
conilpotent cooperad is modified when we change the underlying operadic twisting morphism. This
is inspired by [DCH16] where a similar study is done in the context augmented dg operads and dg
conilpotent cooperads.

Recall first that a morphism of dg operads f : & — 2 induces an adjunction between their
categories of algebras

fi
P —alg —— 2 —alg
I

whose right adjoint f* sends a Z-algebra 7 to the same underlying chain complex. This adjunction
is a Quillen adjunction with respect to the projective model structures ; see [BM03]. Similar things
happen for coalgebras over curved conilpotent cooperads.

Proposition 31. Let f : € — 2 be a morphism of curved conilpotent cooperads. It induces an
adjunction between their categories of coalgebras

S
€ — cog T—— P — cog
!

whose left adjoint f, sends a € -coalgebra & to the same underlying graded K-module.

Proof. Let & = (£,A,d) be a €-coalgebra. It has a structure of Z-coalgebra defined by the
composite map

el woe M gt

This defines the functor f,. Since it preserves colimits and since the category of €-coalgebras and
the category of Z-coalgebras are presentable, then f, has a right adjoint by Proposition O

Besides, let us fix a dg operad &. The canonical operadic twisting morphism 7 : B, — & is
universal in the sense that any operadic twisting morphism « from a curved conilpotent cooperad
% to & is equivalent to a morphism of curved cooperad f from % to B, ; then, a = 7 f. In that
context, the cobar functor €2, can be decomposed as Q, = Q. f« , and the a-model structure on
the category of @-coalgebra is the model structure left induced by the m-model structure on the
category of B.Z-coalgebras.

On the other hand, let fix a curved conilpotent cooperad . The canonical operadic twisting
morphism ¢ : € — 2, % is universal in the sense that any operadic twisting morphism « : ¢ — &
is equivalent to the data of a morphism of operads f from Q,% to & ; then o = fi. A direct
consequence of the following proposition is that the model structure on ¢-coalgebras induced by
the universal operadic twisting morphism ¢ : € — 2,% is universal in the sense that any a-model
structure is a left Bousfield localization of this :-model structure.

Proposition 32. Let a : € — & be an operadic twisting morphism and let f : &P — 2 be
a morphism of dg operads. The (fa)-model structure on the category of € -coalgebras is the left
Bousfield localization of the a-model structure with respect to (fa)-weak equivalences. Moreover,
if the Quillen adjunction fi 4 f* is a Quillen equivalence, the (fa)-model structure coincides with
the a-model structure.

Proof. The cofibrations of the a-model structure and the cofibrations of the ( fa)-model structure
are both the monomorphisms. Moreover, the functor f; is a left Quillen adjoint functor. So, for any
a-weak equivalence g, since {2,(g) is a weak equivalence between cofibrant objects, then Q¢,(g) =
£1Q24(g) is a weak equivalence. So the a-weak equivalences are in particular (f«a)-weak equivalences.
So is proven that the (fa)-model structure is a left Bousfield localization of the a-model structure.
Suppose now that the adjunction f; 4 f* is a Quillen equivalence. Then for any %-coalgebra &,
the morphism
Qo8 — f*f!Qag = f*QCag)
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is a quasi-isomorphism. Since the functor f* is the identity on the underlying chain complexes, the
following commutative square ensures us that a morphism g : & — &’ of ¢-coalgebras is a a-weak
equivalence if and only if it is an fa-weak equivalence.

. F*Qray(9)
FQpayd ——""= [ % Q(pa)&”

! T

0,8 0,8 .

2.7 The universal model structure

In the previous section, we studied model structures on categories of coalgebras over a curved
conilpotent cooperad which are induced by an operadic twisting morphism «. In this section, we
will investigate the particular case where the operadic twisting morphism is the universal twisting
morphism ¢ : ¥ — Q,% for any curved conilpotent cooperad %. This model structure is universal
in the sense that, for any operadic twisting morphism « : ¥ — &, the a-model structure on the
category of ¢-coalgebras is obtained from the (-model structure by Bousfield localization. We will
show that the adjunction Q, 4 B, is a Quillen equivalence, that the fibrant %-coalgebras in the
t-model structure are the images of the 2, %-algebras under the functor B,, and we will describe
the cofibrations, the weak equivalences and the fibrations between them. Moreover, we will prove
that enrichment of %’-coalgebras over simplicial sets computes the mapping spaces expected by the
model structure.

We suppose here that the characteristic of the field K is zero. This assumption is not necessary
in the nonsymmetric context.

2.7.1 Quillen equivalence

Theorem 13. The adjunction Q, 4 B, relating € -coalgebras to 2,6 -algebras is a Quillen equiva-
lence.

Proof. Let us show that for any Q,%-algebra o7 = (A, 7. ), the map Q,B, & = Q,€0, €0, o — o
is a quasi isomorphism. The coradical filtration of ¢ induces a filtration on ,% :

F()Qucg =K.1

FQ% =Kla Y  s'FCe. s FC forn>1.

i1+ tig=n
k>1

It induces a filtration on ©,% o, ¥ and on Q,% o, € o, & :
Fn(QuCg O cg) = FnQuCg(O) ® Z Fio (Qu(f)(k}) sy (Firladc @ ® Firkadc) )
i0+-;€-;—ik:n
F,(Q, 0, €0, ) :=F,(2,€0,€)oA.

Then G(Q,% o, €) = Q,(GE€) og, GE. By [LV12, Lemma 6.5.14], the map Q,(G%¥) oq, G€ — T
is a quasi-isomorphism. So, the map

G(Qy€ o0, €0, A) - GA

is a quasi-isomorphism (here GA is the graded complex corresponding to the constant filtration
F, A = A). Hence, by Theorem the map Q,% o, € o, & — <&/ is a quasi-isomorphism. Besides,
for any ¢-coalgebra 2, the morphism ¥ — B,), 2 is a weak equivalence by the 2-out-of-3 and by
the fact that the map Q,B,Q,2 — Q,2 is a quasi-isomorphism. Hence, the adjunction 2, 4 B, is
a Quillen equivalence. O
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2.7.2 Fibrant objects
The purpose of this subsection is to describe the fibrant objects of the (-model structure.

Definition 33 (Quasi-cofree ¥-coalgebras). A %-coalgebra is said to be quasi-cofree if its un-
derlying €97%%-coalgebra is cofree, that is of the form %97%¢ o V. A morphism of quasi-cofree
% -coalgebras F': € oV — % o W is said to be strict if there exists a map f : V — W such that
F=1Idof.

Proposition 33. The quasi-cofree €-coalgebras and the strict morphisms are the images of the
functor B,.

Proof. The images of the functor B, are in particular quasi-cofree %-coalgebras and strict mor-
phisms. Conversely, let 2 := € o A be a quasi-cofree €-coalgebra. Its coderivation extends the
degree —1 map d4 ®v: A®©CoA — A. The map v gives us a degree —1 map from C to the operad
End 4. Since, the coderivation which extends d4 @ v squares to (6 o Id)A, then « is a twisting
morphism and so induces a morphism of operads from ,% to End 4, which is an Q,%-algebra
structure on A. Then, 2 = B, A. Besides, let F' = Ido f be a strict morphism from B, to B, 4.
Since F' commutes with the coderivations, then f is a morphism of §2,%-algebras. O

Theorem 14. The fibrant € -coalgebras in the 1-model structure are the objects isomorphic to the
quasi-cofree €-coalgebras, that is the objects isomorphic to the image under the functor B, of a
Q% -algebra

Proof. Let 2 be a fibrant object. Since the morphism ¥ — B,Q, % is an acyclic cofibration, the
following square has a lifting .

g1 .9
B.,Q0aD —— % .

Hence, Z is a retract of a quasi-cofree ©-coalgebra. Hence, by Lemma it is isomorphic to a
quasi-cofree €-coalgebra. Conversely, a quasi-cofree @-coalgebra is fibrant since it is the image
under B, of a Q,%-algebra which is fibrant. O

Lemma 13. Let f : V — W be a morphism of graded K-modules. Suppose that V and W are
endowed with exhaustive filtrations (Fy,V)nen and (ExW)nen such that f maps F,V into F,W for
any integer n. If the morphism Gf : GY — GW s an isomorphism, then f is an isomorphism.

Proof. Suppose that Gf is an isomorphism. Then, the map Fy(f) : FoV — FoWW which is the
restriction of f on Fy)V is an isomorphism. Suppose now that F,(f) is an isomorphism for an
integer n. Let us show that F,,11(f) is surjective and injective. Let y € F,, 11 W} it represents the
element [y] € G, 41 W. Since G, 41 is surjective, there exists an element [z] € Gj,41V such that
Gri1(f)([z]) = [y]- Then, f(x) —y € F,W. So let «/ € F,V such that f(z) —y = f(2'). Hence,
y = f(x —2’) is in the image of F,,+1(f) and so F,41(f) is surjective. Let " € F}, 11V such that
f(z”) = 0. Then, since G,,11(f) is injective, then [z”] =0 € Gp41V. So 2" € F,,V and since F,(f)
is injective, " = 0. So F,,41(f) is injective. Moreover, since the two filtrations are exhaustive, then
f is both injective and surjective and so it is an isomorphism. O

Lemma 14. A retract of a graded cofree €97**-coalgebra is isomorphic to a graded cofree €97-

coalgebra.

Proof. Let 9 = (D, Ag) be a graded €97*-coalgebra which is a retract of ¥'o). On the one hand,
the following diagram is a retract, that is the compositions of the horizontal maps give the identity
on the bottom and on the top

G4D Gred(CoV) G'D

| | |

(Ga9C) o F§™D —— (G*C) 0 F§*(C 0 V) — (G};2C) o F§™D .
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Since the middle vertical map is an isomorphism, then all the vertical maps are isomorphisms. On
the other hand, the map eo Id: CoV — V = F}%C oV gives us a map D — FyD and hence a
morphism of graded @-coalgebras f : 2 — € o FyD. Let us show that f is an isomorphism. It is
clear that the map FoD — Fy(C o FyD) is an isomorphism. For any integer n > 1, the following
diagram is commutative

G,(D) Gn(Co FyD)

N |2

(GTLC) o F()D ScG"C) o FO(C o F()D) = (GnC) o F()D .

Ido

Since, the vertical maps are isomorphisms and since the bottom horizontal map is an isomorphism,
then the top horizontal map is also an isomorphism. Hence, the map Gf : GD — G(C o FyD) is an
isomorphism. By Lemma[I3] f is an isomorphism. O

2.7.3 Cofibration, fibrations and weak equivalences between fibrant ob-
jects

We show here that cofibrations, weak equivalences and fibrations between quasi-cofree %-
coalgebras are easily characterized.

Proposition 34. Let o = (A,vy) and B = (B,v2) be two Q, %€ -algebras and let F : B,o/ —
B,% be a morphism between their bar constructions. We denote by f : B,of — B its projection
f=mF on B.

> The morphism F' is a cofibration if and only if the restriction f| 4 is a monomorphism.

> The morphism F' is a weak equivalence if and only f 4 is a quasi-isomorphism.

> The morphism F' is a fibration if and only if f|.4 is an epimorphism.

Lemma 15. The morphism of chain compleres A — Q, B, o/ which is the restriction to A of the
canonical morphism B,o/ — B,Q), B, is a quasi-isomorphism.

Proof. Tt is a right inverse of the morphism canonical morphism of 2, %-algebras Q,B,.&/ — «/. [

Proof of Proposition[34. Note first that fj4 = Fj4.
> Suppose that F' is a cofibration, i.e. a monomorphism. Then, its restriction F]4 is also a
monomorphism. Conversely, suppose that the map f is a monomorphism. Then, using the
same arguments as in Lemma [I3] we can prove by induction that for any integer n, the map
F:FrB, o/ — Fr*“B,% is a monomorphism.
> By Lemma the maps A — Q,B,« and B — Q,B,% are quasi-isomorphisms. Consider
the following diagram.

O,B,o 25 0,B,%
A B

It ensures us that f is a quasi-isomorphism if and only if 2, F' is a quasi-isomorphism, that
is if and only if F is a weak equivalence.

> Suppose that F' is a fibration. Since any chain complex can be considered as a %-coalgebra,
then any square of ¢-coalgebras has follows has a lifting

00— B«

.

D" ——~ B,A .

This ensures us that the map f is an epimorphism. Conversely, suppose that f is an epi-
morphism. By Lemma [16] there exists an isomorphism G : 4 oV — B, such that FG is
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in the image of the functor B,. If we denote by g the map from V to A which underlies G,
then g is an isomorphism. So fg is surjective and so F'G = B,(fg) is a fibration. Since G is
an isomorphism, then F is a fibration.

O

Lemma 16. Let F' : B,/ — B,% be a morphism of €-coalgebras such that the underlying
morphism f : A — B is surjective. Then, there exists an Q,%€-algebra <7’ and and isomorphism of
quasi-cofree € -coalgebra G : B,«?/' — B,/ such that FG is a strict morphism, that is the image
under the functor B, of a morphism of 0, % -algebras o/’ — 2.

Proof. We build an isomorphism of graded €97*%-coalgebras G : € o A — € o A such that F'G
is a strict morphism, that is of the from Id¢ o h. To that purpose we define inductively maps
gn : Fr99¢ 0 A — A such that g, is the restriction of g,, on F'?4% o A and such that we have the
following equality between maps from F'%% o A to A :

fgn+f(Idog7L—1)(ZoId):fﬂ-.A ’ (21)

where w4 = € o Id is the projection of ¥ o A on A. First let us choose gy = Id4. Then, suppose
that we have built g,, satisfying Equation The map f : A — B and the injection of F/%% o A
into F194¢ o A give us the following square

homgmod (F199% o A, A) —— homgmod (F144¢ o A, B)

| l

homgmod (F1%% o A, A) — homgmod (F1%% o A, B) .
The following map is surjective :
homgMod (ngdlcg o .A, A) — hOmgMod (Fﬁadcf o Aa -A) XhomgMod(Fgad‘io”oA,B) homgMOd (inﬁ(g © Aa B) .

So there exists an element of homgmoed(F794% o A, A) whose image under this map is the pair
(Gn» fTA — frna1(Ido g,)(A o Id)). We can choose this element to be g,,1. Thus, let g be the map
from % o A to A whose restriction to F'%% o A is g, for any n. Let G be the map of graded
€97%_coalgebras which extend g. By Lemma the map G is an isomorphism. Let us transfer
the coderivation of B,/ to % o A along the isomorphism G. This gives us a new (2, %-algebra
structure on the chain complex A that we denote .&’. Finally, the morphism FG is the image
under the functor B, of the morphism of 2, %-algebras fgo: A — B. O

Lemma 17. Let F :C =% 0V — D =% oW be a morphism of quasi-cofree € -coalgebras. Then,
F' is an isomorphism if and only if its underlying map f:V — W is an isomorphism.

Proof. Suppose first that F' is an isomorphism with inverse G. Let us denote g : W — V the map
underlying G. Then the map g is inverse to f and so f is an isomorphism. Conversely, suppose that
f is an isomorphism. A straightforward induction shows that F' is both injective and surjective. [
2.7.4 Mapping spaces and deformation theory

Proposition 35. For any cofibrant € -coalgebra 2 and any fibrant € -coalgebra &, the simplicial
set HOM(2,E) is a Kan complex and is a model for the mapping space Map(C, D).

Proof. Any fibrant €-coalgebra & is isomorphic to the image under B, of a ,%-algebra <. So,
we have :

HOM(2, &) ~HOM(2, B,«/) ~ HOM(Q,9, o) ~ Map(Q,2, /) ~ Map(2, B, ) .
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Corollary 1. Let a : € — & be an operadic twisting morphism. Let us endow the category
of € -coalgebras with the a-model structure. For any cofibrant € -coalgebra 2 and any fibrant € -
coalgebra &, the simplicial set HOM(2, &) is a Kan complex and is a model for the mapping space
Map(2,&).

Proof. Tt suffices to notice that fibrations and acyclic fibrations in the a-model structure are in
particular fibrations and acyclic fibrations in the ¢-model structure. Then, we can conclude by
Proposition O

Let f : 2 — B, be a morphism of ¢-coalgebras. We know from Proposition [I3| that it is a dg
atom of the cocommutative coalgebra {Z, B,o/ }. Consider the Hinich coalgebra {Z, B,</} ; that
appears from the decomposition described in Theorem

Proposition 36. The deformation problem induced by {2, B,/ }; is equivalent to the deformation
problem

R € Artin — alg = (hompggo, @¢—cog(R® U ® €, R®@ Q) @ B,.)), o -

Proof. This is a direct consequence of Proposition 24] and Theorem [9] O

2.7.5 Algebras of the operad 2,%

We have shown above that the adjunction 2, 4 B, is a Quillen equivalence. Moreover, in Pro-
position we have shown that fibrant %@-coalgebras are 2, %-algebras. So switching from the
model category of €, @-algebras to the model category of ¢-coalgebras amounts to add new mor-
phisms between any two €2, %-algebras. The weak equivalences and the fibrations of €, %-algebras
remain respectively weak equivalences and fibrations under this embedding but, in the category of
€-coalgebras, any monomorphism is a cofibration. In particular, any object is cofibrant. Besides,
the following proposition provides a tool to decide whether two 2, %-algebras are equivalent.

Proposition 37. Let & and % be two Q, € -algebras. There exists a chain of weak equivalences
of Q,% -algebras between </ and B

A =y N~y | <~y = R

if and only if there exists an weak equivalence of € -coalgebras between B,<f and B, 4.

Proof. Suppose that there exists a chain of weak equivalences from o7 to . Then, there exists a
chain of weak equivalences between B,.«/ and B,Z%. Moreover, the object of this chain are fibrant
and cofibrant. So any morphism of this chain has an homotopical inverse. So there exists a weak
equivalence from B,<7 to B,%. Conversely, consider a weak equivalence F' from B,/ to B, 2.
Then, the following chain of weak equivalences of €2, %-algebras links &7 to 4.

~ Q.(f) ~
o <— OB, of —— QBB — A .

2.7.6 Koszul morphism

In this subsection, we study the operadic twisting morphisms « : € — &2 such that the a-model
structure on the category of %-coalgebras coincides with the universal (-model structure that we
described above. Let o : € — & be an operadic twisting morphism. We denote by ¢ : Q,(¢) — &
the morphism of operads induced by «.

Theorem 15. The following assertions are equivalent.

1. The adjunction

1
0, (€)—alg —— & —alg
pE

is a Quillen equivalence.
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2. The morphism of operads Q,(€) — & is a quasi-isomorphism.

3. The a-model structure coincides with the t-model structure and Q, - B, is a Quillen equi-
valence.

4. For any &-algebra <7, the map P o, € oo A — & is a quasi-isomorphism, and for any
€ -coalgebra 2, the morphism 2 — € oy P 04 D is a t-equivalence (it is the case if, for
instance, it is a filtered quasi-isomorphism,).

5. The morphisms of S-modules Q,(€) 0, € 0,2, (€) = P 04,C 00 P and P 0, C 00 P — P
are quasi-isomorphisms.

Lemma 18. Let f : V — V' be a morphism of S-modules. Suppose that, for any chain complex
W (that is a S-modules concentrated in arity zero), the morphism VoW — V' oW is a quasi-
isomorphism. Then, f is a quasi-isomorphism.

Proof. By the operadic Kunneth formula, for any graded K-module W, the map H(V) o W —
H(V'")oW is an isomorphism. So, for any integer n, the map f,, : H(V)(n)®s, K™ = H(V')(n)®s, K™
is an isomorphism. Let (e;)7; be a basis of K”. The map

pEHW)(n) = p@ (1@ Qen) = fu(p) @ (1@ ®en) = fulp) € HV')(n)
is an isomorphism. So, the morphism H (V) — H (V') is an isomorphism. O

Proof of Theorem [15]
> Let us first prove the equivalence between (1) and (2). Suppose (2). Let &/ be a cofibrant
0,%-algebra and let & be a fibrant Z-algebra. Consider a map f : ¢ (o) — £ and its
adjoint map g : & — ¢*(#). The following diagram of €, %-algebras is commutative.

QLBL% I ¢*¢!QLBLd
o oot~ g8

g

The left vertical map is a quasi-isomorphism. Since a left Quillen functor preserves weak
equivalences between cofibrant objects and since ¢* preserves quasi-isomorphisms, then the
right vertical map is a quasi-isomorphism. Besides ¢, B, <7 is actually Q,B,<7. Since the
morphism ¢ is a quasi-isomorphism, we can prove that the map Q,B,o&/ — ¢*Q, B, is
a filtered quasi-isomorphism for a well chosen filtration, and so is a quasi-isomorphism.
So, by the 2-out-of-3 rule, the map &/ — ¢*¢$«7 is a quasi-isomorphism. Hence, f is a
quasi-isomorphism if and only if ¢*(f) is a quasi-isomorphism, if and only if g is a quasi-
isomorphism. So the assertion (1) is true. Conversely, suppose (1). Then, for any chain
complex (considered as a €-coalgebra) V, the map Q,V — Q,V is a quasi-isomorphism. So,
by Lemma[I8] (2) is true.

> Suppose (1) and let us show (3). By Proposition the a-model structure coincides with
the -model structure. Moreover, since the adjunctions ¢, 4 ¢* and 2, 4 B, are both Quillen
equivalence, then the adjunction ¢2, 4 B,¢* which is Q, - B, is a Quillen equivalence.

> Suppose (3) and let us show (4). Since 2, - B, is a Quillen equivalence, then Q, B, — &
is a quasi-isomorphism for any -algebra o and 2 — B,Q,2 is an a-weak equivalence
for any %-coalgebra Z. Since the a-model structure coincides with the -model structure,
then 2 — B,Q, 7 is a t-weak equivalence. So (4) is true.

> Suppose (4) and let us show (5). For any P-algebra 7, the morphism Q,B, — & is
a quasi-isomorphism. Applying this to free &?-algebras and using Lemma we conclude
that the map & o, € o, & — £ is a quasi-isomorphism. Moreover, for any -algebra 7,
the following diagram commutes

(€)oo, Co, o —> P 0,C 00 A

\l

o .

61



Since the composite map and the vertical map are quasi-isomorphisms (because 2, 4 B,
and Q, - B, are Quillen equivalences), then, by the 2-out-of-3 rule, the horizontal map is
a quasi-isomorphism. Applying this to free -algebras and using Lemma we conclude
that the map Q,(€) o, € 0q P — P o, € 0o & is a quasi-isomorphism. Besides, for any
®-coalgebra 2 the following diagram commutes.

D —>C0,0(€)0, 2

l

G oo Pog D

By the 2-out-of-3 rule, the vertical map is a t-weak equivalence. So the map ,(%) o,
€ o0, 0, (€)o, D — Qu(€) o, € on & o, P is a quasi-isomorphism. Applying this for &-
coalgebras which are just chain complexes and using Lemma [I8 we obtain that the map
Qu (%) 0, Q. (F) = Qu(F) 0, € 0o & is a quasi-isomorphism.

> Suppose (5) and let us show (2). The following square of S-modules is commutative.

Qu(€) 0, € 0, Qu(€) —— Qu(¥)

l l

P oy, € oy P P

Since the left vertical map and the horizontal maps are quasi-isomorphisms, then the right
vertical map is also a quasi-isomorphism.
O

Definition 34 (Koszul morphisms). An operadic twisting morphism « : ¥ — & satistying the
properties of Theorem [T is called a Koszul morphism.

In the next section, we will see that the Koszul duality is a method to produce Koszul morphisms
from a presentation of an operad.

2.8 Examples

The purpose of this section is to apply the general framework described in the previous sections
to the case of common nonaugmented operads like the operads u.e/s and u€om whose algebras
are respectively the unital associative algebras and the unital commutative algebras. So, for any
of these operads &, one looks after a curved conilpotent cooperad € together with an operadic
twisting morphism « from % to & such that the induced morphism of operads from 2,% to & is a
quasi-isomorphism ; that is, a is a Koszul morphism. One can use the universal twisting morphism
B.Z — &. However, the bar construction is always very big. Instead, one usually tries to produce
a sub-cooperad of B.4? whose cobar construction will be a resolution of 2. The Koszul duality
theory is a way to produce such a sub-cooperad when the operad & has a quadratic presentation or
a quadratic-linear presentation. This construction has been extended to quadratic-linear-constant
presentations by Hirsh and Millés in [HM12], generalizing to operads the curved Koszul duality of
algebras developed by Polishchuk and Positselski in [PP05].

2.8.1 Koszul duality

Koszul duality is a way to build a cooperad & together with a canonical operadic twisting
morphism from 2 to &, when £ has a "nice enough" presentation & = T(V)/(R). Here, we
present a particular case of the construction of Hirsh and Millés in [HM12], but in a slightly dif-
ferent way due to the fact that our operadic bar construction is different.

Let & be a dg operad equipped with a presentation & = T(V)/(R), where V is a dg S-module

and where (R) is the operadic ideal generated by a sub-dg-S-module R of Z & T?(V) C T<2(V)
such that RNZ = {0} (otherwise, & would be zero).
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Definition 35 (Cooperad Koszul dual of an operad). The Koszul dual cooperad &2 of &, as-
sociated to the presentation & = T(V)/(R), is the final graded sub-cooperad of T¢(sV @ K - v)
(where v is an element of arity 1 and degree 2 such that dv = 0) such that the composition

PS5 TsVOK-v) = (sVRsVBK-v)/s°R
is zero. It is equipped with a degree —2 map :

0: 2" sVeKov—Kov—K
v 1.
Proposition 38. The cooperad 1 is stable under the coderivation of T¢(sV&K-v) induced by the

differential of V. When equipped with this coderivation and the map 0 : v — 1, the cooperad P! is a
curved conilpotent cooperad. Moreover, there is a monomorphism of curved cooperads Pt — B . P.

Proof. By the similar arguments as in the proof of Lemma D1 is stable under the coderivation

of T°(sV @ K- v). Consider the map sV @ K.v — s& @ K.v. It induces a monomorphism of graded

cooperads j : P21 — T¢(sV & Kw) = B.Z. Let us show that j commutes with the coderivations.

Since B, is a quasi-cofree cooperad, by Proposition [LV12l 10.5.5] it suffices to show that
mdp,2j = m1] dopi

where 7 is the projection of B.&? on F1B.Z?. Since j is a monomorphism and because of the

shape of the coderivation of B.Z?, we have :

mdp,»] = mdB,»jT<2 ,
mj dgpi =T1j dgpim .
Since F34 21 = K.1® sV @ s®R, we can check by a direct computation that
mdp,»2jT<2 = MdB, 2jmT1 .
It is straightforward to check that
mdp,»jm = mT] dgimi .
Hence, j commutes with the coderivations. Since 8 5 = 0p_2j, then &1 is a sub curved cooperad

of B, 2. O

Definition 36 (Koszul operad). The operad & (or more accurately the presentation & =
T(V)/R) is said to be Koszul if the twisting morphism x : &7 — & is Koszul, that is if the
map Q. X1 — 2 is a quasi-isomorphism.

The following theorem is a powerful tool to show that an operad is Koszul ;

Theorem 16. [HMI12, Theorem 4.3.1] Let ¢ be the dg operad q2? := T(V)/qR where qR is
the projection of R C K -v @ T2V onto T?V. Notice that ¢! is a dg cooperad. Suppose that the

canonical morphism
qP o, qP — 1T

s a quasi-isomorphism. Then & is Koszul.

2.8.2 Coalgebras over a Koszul dual

In this subsection, we describe the category of &i-coalgebras, where &1 is the Koszul dual of
the "quadratic homogeneous operad" & as defined above. We will need the following definition.

Definition 37 (Pre-coradical filtration). Let #  be a graded S-module and C be a graded K-
module equipped with a map A® : C — WoC. Let (FPredC), ey be the following (non-necessarily
exhaustive) filtration on C called the pre-coradical filtration.

FY(C) i= ker(AW)
Fred(C) i= (AM) T W(0) & Zissvripmn—r W(K) @5, (FFr*ice - @ FI™C)) .

11
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Theorem 17. Suppose that the characteristic of the field K is zero (this assumption is not necessary
in the nonsymmetric context). The Pi-coalgebras are the graded-K-modules C equipped with a map
AWM - 5 (sV@K-v)oC and a degree —1 map de : C — C such that the pre-coradical filtration
(FPredC), cn is erhaustive, such that

d% = (0oId)AM)
A(l)dc = (d o Id + Zd O/ dc)A(l)

and such that the composite map :

M4 (Tdo! AYAD
A rdra A TSQ(SV@KW)OC‘»(TQ(SV)EBK-U)OC‘»((TQ(SV)EBK-U)/SQR)OC

1S zero.

Lemma 19. Let € = T°(W) be graded cofree conilpotent cooperad. Coalgebras over € are graded-
K-modules C equipped with a map A : C — WoC such that the pre-coradical filtration (FP™*C),en
is exhaustive.

Proof. Let C be a graded-K-module with a map A®M : C — W o C such that the pre-coradical
filtration (FPT%9C),cy is exhaustive. Then, let us define A¢ : C — T(W) o C by induction as
follows.

Ac(z):=1®uzif x € FF™C

Ac(z) :=1®@x+ (Ido Ac)AW if 2 € FPradC .

This defines a structure of €-coalgebra on C. Moreover, if the map A() arises from a structure of
% -coalgebra on C, then the construction we just described recovers this €-coalgebra structure. [

Proof of Theorem[I7 Let C be a graded-K-modules C equipped with a map AWM ;¢ — (sVoK-v)oC
and a degree —1 map d¢ : C — C satisfying the conditions of Theorem By Lemma C is
a graded T¢(sV @ K - v)-coalgebra. Besides, for any = € C, let C(x) be a finite dimensional sub-
T¢(sV @ K- v) of C which contains z. By Lemma the map Ac(yy : C(x) = T(sVDK-v) oC(x)
factorizes through a map C(x) — Zi(x) o C(z). Hence, C has a structure of graded (Z21)Ired-
coalgebra. Moreover, the condition of Theorem [17] ensures us that C is a Zi-coalgebra O

Lemma 20. Let C(z) be the graded T°(sV @& K - v)-coalgebra defined in the proof of Theorem [17
Then, C(x) is a Pi-coalgebra.

Proof. Remember that C(x) is a finite dimensional sub-graded-T¢(sV @ K - v)-coalgebra of C. Let
(e;)™; be a basis of C(z). Then, for any i € {1,...,m}, , let p;g € T(sV & K- v)(0), and for
any integer k£ > 1 for any nondecreasing function s from {1,...,k} to {1,...,m}, let p; s €
T(sV @ K- v)(k) such that

Ale;) =1®e; +pio+ Z Zpi,k,s ®s,, (€s(1) ® @ es(x))
k=0 s

For any non decreasing function s from {1,...,k} to {1,...,m} and for any o € S, let €(s, o) be the
element of Z /27 such the structural action of o on C®* sends es(1)®+ - Peyp) to (71)6(5’0)68071(1) ®
@ ego-1(k)- Besides, let Inv(s) be the subgroup of Sy of permutation o such that s = so L.
Then, we can choose p; i s such that pf, . = (=1)<G9)p; 1. ¢ for any o € Inuv(s). Indeed, if it is not
the case, we can replace p; i s by

1 €(s,0 o
#Tv(s) Z (—1) (e, )pz’,k,s .

o€lnv(s)

Let 2 be the sub-graded S-module of T(sV @ K - v) generated by 1 and the elements p; i s. Since
(Ao Id)A(e;) = (Ido A)A(e;) for any i, then there exists an element of ¢; 1 s € (2 o Z)(k) such
that

Apik,s) Bs, (€5(1) @ -+ @ €s(k)) = Qik,s By, (€5(1) @ -+ @ €5(y) -
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It implies that

1
Apins) = D (=1)g7,
(p .k, ) #IRU(S) el )( ) qz,k:,s

So, A(piks) € Z o P. Hence 7 is a sub-graded cooperad of T¢(sV @ K - v). Moreover, for any
i, (m o Id)A(e;) = 0 where 7 is the projection of T(sV @ K - v) onto (K- v & T?(sV)) /s?R. So,
7(pik,s) = 0 for any 3-tuple (4, k, s) and so 7y = 0. Hence 2 C 1. O

2.8.3 Unital associative algebras up to homotopy
A presentation of the operad u.</s

Let u47 s be the nonsymmetric operad defined by the presentation ue/s := T(K-pdK-v)/(R)
where 1 is an arity two element and v is an arity zero element. The nonsymmetric module R C
I T?*(K-pu®K-v) is made up of the following relations

U®ps (V1) =1,
)u’®n9(1®v)_la
B Qns (/L®1)7,u'®ns (1®:u)

Coalgebras over u.esi

The Koszul dual curved cooperad u.e?si of the operad ugf's is described in [HMI2].

Proposition 39. The endofunctor of the category of chain complexes V — sV induces an equiva-
lence between uf si-coalgebras and non-counital curved conilpotent coassociative coalgebras.

Proof. This is a consequence of Theorem [I7} O

Bar-Cobar adjunction

On the one hand, there exists an adjunction relating u.e7 s-algebras to u.e/ si-coalgebras, induced
by the operadic twisting morphism « : ue?/si — us/s. On the other hand the category of u.s si-
coalgebras is equivalent to the category of curved conilpotent coalgebras. Thus, we obtain a bar-
cobar adjunction between unital associative algebras and curved conilpotent coalgebras which is
the restriction to arity one of the operadic bar-cobar adjunction described in Section (with the
exception that we can consider noncounital coalgebras instead of coaugmented counital coalgebras).
For this reason, we will denote this adjunction with the same symbols as in the operadic context,
that is 2, 4 B.. So we have :

0,6 :=T(s'¥)

Bed/ = T(seo/ ®K-v)
for any curved conilpotent coalgebra 4 and for any unital algebra 7. The derivation of €, (%)
and the coderivation of B.(«) are defined as in Section
The Koszul property
Proposition 40. [HMI2, 6.1.8] The operad us/s is Koszul.

REMARK 7. The model structure on curved conilpotent coalgebras that we get by transfer along
the adjunction Q, - B, is the model structure that Positselski described in [Pos11].
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2.8.4 The operad uCom
The operad u%om

The operad u%om is the quotient of the free operad generated by an element of arity two p,
invariant under the action of So and an element of arity zero element v, by the operadic ideal
generated by the relations

B®s, (W®1) = p®s, (1@p),

2,3
p@s, (n®1) — (nes, (ne 1)V
M Ds, (U®1)_1 :

Coalgebras over u%omi

We will show that the category of u@omi-coalgebras is equivalent to the category of curved
conilpotent Lie coalgebra.

Definition 38 (Curved Lie coalgebra). A curved Lie coalgebra € = (C,4,d,0) is a graded K-
module C equipped with a skewsymmetric map § : C — C ® C such that

(6@ Id)s = (I1d®8)5+ (Id® 7)(8 © Id)s

where the exchange map is 7(z®y) = (—1)‘””“. It is also equipped with a degree —1 map d : C — C
which is a coderivation, that is
0d=(d®Id+ Id®d)J ,

and with a degree —2 map 60 : C — K which is a curvature, that is
d?=(0®Id)s .

A curved Lie coalgebra C is said to be conilpotent if for any x € C, there exists an integer n such
that any composite element of the form

(Id® - @8®---®Id)--§(x)

is zero whenever § appears n times.

Proposition 41. The endofunctor of the category of chain complexes V +— sV induces an equiva-
lence between u% omli-coalgebras and curved conilpotent Lie coalgebras.

Proof. This is a consequence of Theorem [I7} O

The bar-cobar adjunction

If we compose the bar-cobar adjunction between u%om-algebras and u%omi-coalgebras with
the equivalence between u%omi-coalgebras and curved conilpotent Lie coalgebras, then we obtain
an adjunction Q¢ - By, between unital commutative algebras and curved conilpotent Lie coalge-
bras which is as follows.

Let & = (A,7u,1) be a unital commutative algebra. Let Br (/) be the quasi-cofree curved
conilpotent Lie coalgebras
Br(A) := Lie“ o (sA® Kv)

where Lie® denotes the Lie cooperad which is the linear dual of the Lie operad. The coderivation
extends the map

Lie°(sA ® Kv) - sAANSAB sADKv — sA
ST A Sy > (fl)lmlsyA(:r ®y)
v sl

sx +— —sdx .
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The curvature is the map

Lie‘(sAdK-v) »K-v =K
v 1.

Let € = (C,6,dc,0) be a curved Lie coalgebra. Let Q¢ (%) be the free unital commutative algebra

QcC:=S(s71C) := @(871@@"/8” ,

neN
whose coderivation extends the map
s7Ic — S(s7C)
-1 1 _ 1yl —1 -1
sz 0(x)l — s dex Z( HFs™ ) ®g, s a0,

where 0(z) = > @1 A x2. A twisting morphism from a curved conilpotent Lie coalgebra % to a
unital commutative algebra <7 is a degree —1 map « : C — A such that

o + Y (0 ® )y = 0(—) 1 .

The Koszul property
Theorem 18. The operad u€om is Koszul.

Proof. We use Theorem [16] We have :

qu€omo, qu€om' ~K-v @ @ “om o, Comi(n) .

We already know that the the canonical morphism ¢ om o,, €omi! — I is a quasi-isomorphism. So
for any n > 1, the morphism qu@om o, qu€omi(n) — Z(n) is a quasi-isomorphism. Moreover, in
arity zero, quéom o, qu€omi(0) — 0 is a quasi-isomorphism since the d(1 ® sv) = v. O
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Chapitre 3

Algebraic operads up to homotopy

Introduction

In representation theory, algebras encode some types of endomorphisms on vector spaces, that
is linear operations satisfying some relations. More generally, the notion of operads is a tool which
governs multilinear operations. More specifically, an operad encodes a type of algebras like asso-
ciative, commutative, Lie or Batalin—Vilkovisky algebras, in a way that a representation of this
operad amounts to the data of a vector space together with a structure of algebra of that type.
For instance, the representations of the operad called the Lie operad, see [LVI12l 13.2], are vector
spaces together with a Lie-algebra structure. The correspondence between operads and their types
of algebras is functorial. Indeed, any morphism of operads f : & — 2 induces an adjunction
between the category of 2-algebras and the category of &-algebras.

This chapter deals with the homotopy theory of differential graded operads over a field of
characteristic zero. For any dg operad &2, the category of &-algebras admits a projective model
structure whose weak equivalences are quasi-isomorphisms and whose fibrations are surjections.
Moreover, for any morphism of operads f from & to 2, the resulting adjunction between the
category of P-algebras and the category of 2-algebras is a Quillen equivalence if and only if f
is a quasi-isomorphism on the underlying chain complexes of & and 2. So, quasi-isomorphisms
provide a suitable notion of equivalence of dg operads. We know that the category of dg operads
carries a model structure whose weak equivalences are quasi-isomorphisms and whose fibrations
are surjections, see [Hin97|, [SpiOI] and [BMO03].

Several issues appear when describing the homotopy theory of dg operads with this model
structure. For instance, one can ask whether a two dg operads are weakly equivalent ; for example,
whether a dg operad is formal, that is weakly equivalent to its homology. Moreover, how to describe
in a concrete manner homotopies between morphism ? This last issue is related to the computation
of cofibrant resolutions of dg operads. A general tool to produce such cofibrant resolutions is
provided by the operadic bar-cobar adjunction introduced first by Getzler and Jones [GJ94] which
relates augmented dg operads to dg cooperads. This is generalized in the previous chapter to any
kind of dg operads. The absence of augmentation of a dg operad is encoded into a curvature at the
level of cooperads. Thus, we have an adjunction relating the category of dg operads to the category
curved conilpotent cooperads.

QU/
Curved conilpotent cooperads 7—— dg Operads
B.

The importance of this adjunction with respect to the computation of cofibrant operads lies in the
fact that for any operad &2, the counit map Q,B.% — & is a cofibrant resolution of &. So, to
describe homotopy between morphisms of dg operads from &2 to 2, it is convenient to take place
in the larger framework of morphisms from Q,B.Z to 2, which are equivalent to morphisms of
curved conilpotent cooperads from B.Z to B.2 ; so it is convenient to encode the homotopy theory
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of dg operads not in the category of dg operads itself but in the category of curved conilpotent
cooperads. This leads us to the following result.

Theorem. There exists a model structure on the category of curved conilpotent cooperads whose
cofibrations and weak equivalences are created by the cobar construction functor Q.. Moreover, the
adjunction Q, 4 B is a Quillen equivalence.

This theorem generalizes results of Lefevre-Hasegawa ([LHO3|) and Positselski ([PosI1]) res-
pectively about the homotopy theory of nonunital associative algebras and about the homotopy
theory of unital associative algebras. The proof relies on the same kind of method initiated by Hi-
nich. New difficulties appear with the combinatorics of trees and the interplay of symmetric groups.

Why switching from dg operads to curved conilpotent cooperads ? First, all the objects of the
model category of curved conilpotent cooperads are cofibrant. Then, the sub-category of fibrant
curved conilpotent cooperads is equivalent to a category whose objects and morphisms are an
homotopy loosening of respectively the notion of dg operads and the notion of morphisms of dg
operads, that we call homotopy operads and oo-morphisms. These new structures can be built on
objects using obstruction methods. Moreover, it is a convenient framework to study formality of
dg operads. Indeed, a dg operad & is formal if and only if there exists an co-morphism from &
to its homology and whose first level map is a quasi-isomorphism. Finally, there exists a transfer
theorem for homotopy operads as follows.

Theorem. Let f: P2 — 2 be a morphism of dg-S-modules which is both a surjection and a quasi-
isomorphism. Suppose that &2 has a structure of homotopy operad. Then, there exists a structure
of homotopy operad on 2 and an extension of f into an co-morphism of homotopy operads.

One could think that dg operads are themselves algebras over a colored operad and apply the
results of the previous chapter to get the present theorems. Actually, the actions of the symmetric
groups underlying curved conilpotent cooperads seem to prevent them to be coalgebras over a
colored cooperad.

Layout

The chapter is organized as follows. The first section recalls the notions of operads, cooperads
and the operadic bar-cobar adjunction. The second one recalls the Hinich model structure on dg
operads and describes their cofibrations and a simplicial enrichment computing mapping spaces.
The core of the chapter is the third part which establishes the model structure on curved conilpotent
cooperads. The fourth section studies in details the fibrant objects of this model category which
are a notion of operads up to homotopy that we call homotopy operads.

Preliminaries

We suppose the characteristic of the base field to be zero. The following theorem will be of
major use.

Theorem 19 (Maschke). When the characteristic of the field K is zero, any module over the ring
K[S,] is projective and injective.

3.1 Complement on operads and cooperads

In this first section, we recall the notions of operads and cooperads that are not already stated
in the previous chapter. First, we recall the construction of the tree module and we introduce the
alternated tree module. Then, we show that the category of operads is presentable and we prove
that it is also the case of rthe category of of curved conilpotent cooperads. Finally, we recall the
refined bar construction of Hirsh-Millés adjunction introduced in [HMI12].
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3.1.1 The tree module

Definition 39 (Tree module). Let V be an S-module (graded or differential graded) and let T be
a nonplanar tree with p vertices and ¢ leaves. Let &, V be the following graded K-module (resp.
chain complex)

XRV=( Q VFHu)©- 2 V(#Hv)),

V1,---,Vp

where the multi-tensor product is taken over the bijections from the set {1,---,p} to the set of
vertices of T'. Moreover, for any vertex v;, #v; denotes the number of inputs of v;. Besides, let
T(V) be the S-module such that T'(V)(k) = 0 for ¢ # k and

V(@)= P KV,

li,.0ly T

where the sum is taken over the bijections from the set {1,--- , ¢} to the set of leaves of T'. Finally,
let TV be the following S-module
™V :=P1V),

(7]

where the sum is taken over the isomorphism class of trees.

NOTATIONS.

> For any S-module V, we denote by 7y, the canonical projection of TV onto V.

> We denote by T<"V (resp. T"V) the sub-S-module of TV made up of trees with n or less
than n vertices (resp. made up of n vertices).

> Let T be a tree. We denote by {T'=T; U ... U Ty} the partition of T by k subtrees.

> Let f: TV — W be a morphism of S-modules. We denote by f(T") the restriction of f on
T (V) C TV. Moreover, if the tree T' decomposes into a partition of subtrees T' = T1 U- - -UT},
then we denote by

f(T) @@ f(Tk)

the map from T'(V) to T/T1,...,Tx(W) which consists in applying f(7};) on any subtree T;
of T

Proposition 42. [LVI2, §5.5] For any S-module V, the tree module TV has a structure of operad
given by the grafting of trees. Moreover, the functor T from the category of S-modules to the category
of operads which is left adjoint to the forgetful functor.

There is a one-to-one correspondence between the degree k derivation on the graded free operad
TV and the degree k maps from V to TV. Indeed, from such a map u one can produce the derivation
D,, such that

Du(p1 @ @pp) = Z(_l)k(lpl|+~~+\pi71|)pl R ® U(Pz) QR Qpn .

Definition 40 (Alternated tree module). Let V and W be two S-modules and let T' be a tree. The
alternated tree module T(V, W) is the sub S-module of T'(V & W) made up of labelings of the tree
T such that, if a vertex is labelled by an element of V (resp. W), then its neighbors are labelled by
W (resp. V). Moreover, T(V, W) is the sum over the isomorphism classes of trees T of T(V, W).

Proposition 43. Let f :V — V' and g : W — W' be two quasi-isomorphisms of dg-S-modules and
let T' be a tree. Then, the map T(f) : T(V) — T(V') and the map T(f,g) : T(V,W) = T(V', W)
are quasi-isomorphisms.

Proof. 1t follows from the definition of the tree module and the Kunneth formula. O
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3.1.2 Presentability

In this section, we prove that both the category of differential graded operads and the category
of curved conilpotent cooperads are presentable.

Proposition 44. The category dg — Operad of differential graded operads is presentable.

Proof. The tree module endofunctor T of the category of S-modules is a monad and the category
of operads is monadic over this monad. Moreover the functor T preserves filtered colimits and so
is accessible. We conclude by [AR94] Theorem 2.78|. O

We will now prove that the category of curved conilpotent cooperads is presentable. The essence
of this result is that any cooperad is the colimit of the filtered diagram of its finite dimensional
sub-cooperads.

Proposition 45. The category of curved conilpotent cooperads is presentable.

Lemma 21. The category of curved conilpotent cooperads is cocomplete. The forgetful functor
from the category of curved conilpotent cooperads to the category of graded conilpotent cooperads
preserves and reflects colimits

Proof. Straightforward. O

Definition 41. We say that a S-module V is a finite dimensional if the K-module ,, . V(n) is
finite dimensional. We say that V is aritywise finite dimensional if V(n) is of finite dimension for
any integer n € N.

Proposition 46. [AC03, 2.2.5] For any graded cooperad € = (C, A, €) and any element x € C(k),
there exists a finite dimensional sub-cooperad of € which contains x.

Corollary 2. For any curved cooperad € = (C,A,€,0) and any element x € C(k), there exists a
finite dimensional sub-cooperad of € which contains x.

Proof. Let 2 = (D,Ag,¢€) be a finite dimensional sub-graded cooperad of € which contains x.
Then D + dD is a finite dimensional sub-curved cooperad of ¥ which contains x. O

Lemma 22. Any finite dimensional curved conilpotent cooperad is a compact object in the category
cCoop.

Proof. The arguments of the proof of Proposition [I2] apply mutatis mutandis. O

Proof of Proposition[{5 By Corollary 2] and Lemma [2I], any curved conilpotent cooperad is the
colimit of the filtered colimit of its finite dimensional sub-curved conilpotent cooperads which are
compact objects by Lemma Moreover, the subcategory of cCoop of finite dimensional objects
is equivalent to a small category. O

3.1.3 Product of two coaugmented cooperads

We use a result by Aubry and Chataur ([ACO03]) relating cooperads to operads in order to
describe the product of coaugmented cooperads.

Definition 42 (Profinite operads). Let prof —gOperad be the pro-category of the category of finite
dimensional graded operads. Its objects are complete graded operads, that is graded operads &
such that

lim#P/] ~ &

where the limit is taken over the finite codimensional ideals of the operad &?. The morphisms are
the morphisms of operads f : & — 2 such that for any finite codimensional ideal I of 2, f~1(I)
contains a finite codimensional ideal of &2. The inclusion functor from the category of operads to
the category of profinite graded operads has a left adjoint & — 2 called the profinite completion.
The profinite completion P is the following limit

lim 2/1

over the finite codimensional ideals of A2.
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Proposition 47. [AC03, 2.2.8] The linear dual of a graded cooperad has a structure of operad.
This induces an antiequivalence between the category of graded cooperads gCoop and the category
of profinite operads prof — gOperad.

Proposition 48. Let € = (C,A,¢,1) and 2 = (D, A’, €', 1) be two coaugmented cooperads (graded
or differential graded). Then, the product € x 9 in the category of cooperads is the S-module T(C, D)
equipped with the decomposition T(C,D) — T(C,D) o T(C,D) given by the degrafting of trees and
the decomposition inside the cooperads € and 2.

REMARK 8. Actually, if 4" and & are conilpotent, T(C,D) with its structure of cooperad is a
sub-cooperad of T¢(C @ D). The inclusion is the following map.

T(C,D) 22, T(T C,T D) » T(C & D) .

Lemma 23. Let F': I — gCoop and G : J — gCoop be two filtered diagrams of graded cooperads
whose images are finite dimensional and whose colimits are respectively € and 2. Then € X D is
the colimit of the diagram

FxG:IxJ— gCoop

F x G(i, j) = F(i) x G(j)
Proof. Let & be a cooperad and let uxv : & — € X 2 be a morphism of cooperads. By Proposition
& is the colimit of the filtered diagram H : K — gCoop of its finite dimensional sub-cooperads.
For any such sub-cooperad & the morphism u and v factorize respectively through cooperads F'(7)
and G(j). So u x v factorizes through F(i) x G(j). Thus, we obtain a morphism from & to the

colimit of the diagram F' x G. We even obtain a morphism from & to colimF’ x G. Conversely, any
morphism from & to colimF x G induces a morphism from & to € x 2. O

Proof of Proposition[{8 Suppose first that ¢ and 2 are finite dimensional. Let & be a graded
cooperad. Since % is finite dimensional, then

homprofngperad (%*7 (g)*) = horngOperad (%*7 g*) .
The same statement holds for 2*. So, we have

homprof—gOperad (cg*’ é()*) X homprof—gOperad(-@*v é‘)*) = horngOperad (cg*’ 5*) X homgOperad (((Dﬂ*a @@*)
~ homgoperad (T(€ , 7 ), &%)
=~ homprof—gOperad (T(?*7§*), (g’*) .

Since, the profinite graded operad T(?*,g*) is the linear dual of the cooperad T(%, Z), then this
last cooperad is the product & x 2. The general case is a consequence of Lemma O

3.1.4 Truncated bar construction

In this section, we recall the operadic bar construction of Hirsh-Millés that we call the truncated
bar construction ; see [HM12] for the original reference. Let & := (P,~,1) be a dg operad. Suppose
that & is equipped with semi-augmentation, that is a morphism of graded S-modules ¢ : P — T
such that €(1) = Id. We denote by P the kernel of € and we denote by 7mp the projection of P onto
P along the unit 1. The truncated bar construction of & relatively to the semi-augmentation e is
the cofree conilpotent cooperad B, & := T¢sP. It is equipped with the coderivation which extends
the map

T(sP) = T (sP) — sP
sz @ sy (—1)1lsmy(z @ y)

st — —smdr
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The curvature 6 is the following map

T(sP) — T (sP) — K
ST Q Sy (—1)|I|+16fy(m ®Y)
sz +— e(dx)

A truncated twisting morphism from a curved conilpotent cooperad ¢’ to a semi-augmented operad
& is a twisting morphism « : C — P such that e« = 0. We denote by trTw(%, &) the set of twisting
morphism from a curved conilpotent cooperad to a semi-augmented dg operad Z.

Proposition 49 ([HM12]). For any semi-augmented operad & and any curved conilpotent coope-
rad €, we have functorial isomorphisms :

homsa,dg,operad (Qucg, f@) >~ trTw(%, f@) ~ homccoop((f, Brgz) y
where sa — dg — Operad is the category of semi-augmented dg operads.

For any semi-augmented dg operad, the universal truncated twisting morphism

Br@:Tsfﬁsfif%P

is in particular a twisting morphism. So it induces a morphism of curved conilpotent cooperad
from B, % to B, 2.

3.2 Model structure on operads

This section deals with the homotopy theory of dg operads. We recall the result proved by
Hinich in [Hin97| that there exists a model structure on the category of dg operads whose weak
equivalences are quasi-isomorphisms and whose fibrations are surjections. Then, we describe the
cofibrations in a convenient way to be able to use it in the sequel.

NOTATIONS. We denote by S¥ (resp. D¥) the dg-S-module which is the chain complex S* (resp.
D¥) is arity n and zero in other arities.

3.2.1 Model structure on S-modules

For any integer n € N, there exists a cofibrantly generated model structure on the category
of chain complexes of K[S,]-modules whose fibrations (resp. weak equivalences) are epimorphisms
(resp. quasi-isomorphisms) (see [Hovey, 2.3]). Moreover, the cofibrations are exactly the monomor-
phisms whose cokernel is degreewise a projective K|S, ]-module. Notice that any monomorphism of
K[S,]-modules with projective cokernel is split. Since the characteristic of K is zero, by Maschke’s
Theorem, any monomorphism of chain complex of K[S,,]-modules is a cofibration.

Subsequently, there exists a cofibrantly generated model structure on the category of dg S-
modules whose cofibrations (resp. fibrations, resp. weak equivalences) are exactly monomorphims
(resp. epimorphisms, resp. quasi-isomorphisms). Moreover, a set of generating cofibration is made
up of the maps 0 — S? and S¥ — DX+1: a set of generating acyclic cofibrations is made up of the
maps 0 — DE.

3.2.2 Model structure on operads

Consider the adjunction
T
dg S — mod <;T> dg — Operad |,

where U is the forgetful functor. Transferring this model structure along this adjunction gives the
following Theorem.
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Theorem 20 ([Hin97|). The category of dg operads admits a cofibrantly generated model structure
where the weak equivalence (resp. fibrations) are the componentwise quasi-isomorphisms (resp. epi-
morphisms). The generating cofibrations are the map T — T(SY) and the maps T(S¥) — T(DE+1).
The generating acyclic cofibrations are the maps T — T(DF).

3.2.3 Cofibrations of operads

We prove the following proposition in the vein of [MV09, Appendix 1].

Proposition 50. Cofibrations of operads are exactly retracts of morphisms &2 — &2V TS where
S is a S-module endowed with an exhaustive filtration

{0} =5 CS C..C COlimB<aSa R
indexed by an ordinal o and such that
d(Si+1) CSim1eZV T(Si) .

Proof. Given the generating cofibrations of the category of operads given in Theorem [20] and by
(Hovey), any cofibration of operads is a retract of a morphism & — £ Vv TS as in Proposition
|'5_U| with the additional conditions that the cokernel of the inclusions S; — S;11 are free S-modules
(that is the cokernel is a free K[S,]-module in arity n) and that

d(Si+]_> cLPv T(Sl) .

Conversely, consider a morphism of operads f: & — & V TS such that d(S) C S @ £. It fill the
following pushout diagram

T(s~1S9) T
T(S® s 1S) —= P VTS

where S ® s~ 'S is endowed with the differential z + s~y + dx + s~ 'z — s~ 'dy. Since the map
s71S — S@ s 1S is a cofibration of dg S-modules (since it is a monomorphism), then T(s~1S) —
T(S @ s~1S) is a cofibration of operads and so f is a cofibration. Any morphism & — 2V TS as
in Proposition [50]is a transfinite composite of morphisms as f and so is a cofibration. O

3.2.4 Enrichment in simplicial sets

Let & = (P,y,1%) be an operad and let & := (A, vy, 1) be a unital commutative algebra.
Let P ® A be the S-module defined by

(P A)(m):=P(m)x A .

It has an obvious structure of operad. This construction is functorial.

Besides for any integer n € N, let €,, be the unital commutative algebra
Qn = K[to, N ,tn, dto, ey dtn]/(Etl = 1, Edtl = 0) .

The construction n — §2,, defines a simplicial unital commutative algebra. This provides an en-
richment of the category of dg operads over simplicial sets as follows :

HOM(:@, Q)n = hOmdg_operad(@, Q X Qn) = homdg—Operad/Qn (:@ X Qn, Q X Qn) .

Proposition 51. For any dg operads & and 2 with & cofibrant, the simplicial set HOM (&, 2)
is a model for the mapping space Map(Z, 2).

Proof. Tt suffices to notice that the simplicial operad (2 ® Q)nen is a Reedy fibrant replacement
of the constant simplicial operad 2. O
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3.3 Model structure on curved conilpotent cooperads

In this section, we show that the model structure on the category of dg operads can be transfer-
red through the cobar construction functor to the category of curved conilpotent cooperads. This
result is in the vein of earlier results by Hinich [HinOI], Lefevre-Hasegawa [LHO3|, Vallette [Vall4]
and Positselski [Posll]. Our proof relies on the same kind of method; however new difficulties
appear with the combinatorics of trees and actions of symmetric groups.

3.3.1 Statement of the result

Here is the main result of this chapter. The remaining of this section will be made up of its
proof.

Theorem 21. There exists a model structure on the category of curved conilpotent cooperads whose
cofibrations (resp. weak equivalences) are the morphisms whose image under the cobar construction
functor Q. is a cofibration (resp. a weak equivalence). Moreover, the adjunction Q, - B. is a
Quillen equivalence.

From now on, we call cofibration (resp. weak equivalence) of curved conilpotent cooperads the
morphisms whose image under the cobar functor €, is a cofibration (resp. weak equivalence).
Moreover, we call acyclic cofibrations the morphisms which are both cofibrations and weak equi-
valences and we call fibrations the morphisms which have the right lifting property with respect
to acyclic cofibrations. Finally, we call acyclic fibrations the morphisms which are both fibrations
and weak equivalences.

3.3.2 Cofibrations

We describe the cofibrations of curved conilpotent cooperads.
Proposition 52. The cofibrations of curved conilpotent cooperads are the monomorphisms.

Proof. Let f: % — 2 be a monomorphism of curved conilpotent cooperads. It is the transfinite
composite of the morphisms

It Din) = Dins) »

where Z;,) = € +Frvi9 C 9. Then, Q,(f,) is a morphism of operads of the form & — 2V T(9)
as in Proposition So, Q,(fn) is a cofibration. Since cofibration of operads are stable under
transfinite composition, then the transfinite composition of the morphism €, (f,,) is a cofibration ;
this morphism is Q,,(f). So f is a cofibration. Conversely, if f : € — Z is a cofibration, then Q. (f)
is a cofibration and in particular a monomorphism. So the composite map s~ 'C — Q,% — Q,2
is a monomorphism. Hence, the map C — D is a monomorphism and so f is a monomorphism. [

3.3.3 Weak equivalences and filtered quasi-isomorphisms

Weak equivalences of curved conilpotent cooperads are morphisms whose image under the
functor cobar 2, is a quasi-isomorphism. Giving their explicit description is not an easy task. A
sufficient condition for a morphism to be a weak equivalence is to be a filtered quasi-isomorphism.

Definition 43 (Admissible filtrations and filtered quasi-isomorphisms). Let € := (C, A, ¢, 1,0) be
a curved conilpotent cooperad. An admissible filtration (F,,C),en of € is an exhaustive filtration
of the S-module C satisfying the following conditions.

d(F,C) C F,C ,

A(FT,,C)(m) - Zx u{’gt’}‘{*j&?? - (Fpoc)(k) Osy, (ch(#Xl) Q@ Fpkc(#Xk)) s
Foc =17
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Let ¥ and Z be two curved conilpotent cooperads both equipped with an admissible filtration. A
filtered quasi-isomorphism from % to Z relative to these two filtrations is a morphism f : ¢ — 2,
such that the induced morphism

Gf:G¢ - G2

is a quasi-isomorphism.

EXAMPLE 2. We know from the previous chapter that the coradical fitration of a curved conilpotent
cooperad is admissible.

Proposition 53. A filtered quasi-isomorphism is a weak equivalence.
We will use the following Theorem to prove this proposition.

Theorem 22. [ML95, XI1.5.4] Let f : V — W be a map of filtered chain complexes. Suppose that
the filtrations are bounded below and exhaustive. If for any integer n, the map G,V — G, W is a
quasi-isomorphism, then f is a quasi-isomorphism.

Proof of Proposition[53 Let f: ¢ — 2 be a filtered quasi-isomorphism. Consider the following
filtration on ,% :

F0.% =K- 10 Y s'FCe---0s'FC
k i1+-+ix=n

for n varying from 0 to oo. Let us endow 2,2 with a filtration built in the same fashion. Then,
for any integer n, let us endow G, €2, % with the following filtration

FlGu¢ =@ > Gle---s'GyC

—p<kii+--+ip=n

for k varying from —p to 0. Again, we endow G, 2,2 with a filtration built in the same fashion.
Then, the map
G'Gnf : GG 07 — GG Q€

is a quasi-isomorphism. We conclude by Theorem 22 O

Proposition 54. Let & be an operad together with a semi-augmentation € : P — Z. Then the
canonical morphism B,2? — B.Z is a filtered quasi-isomorphism with respect to the coradical
filtrations.

Proof. Tt suffices to notice that the morphism of chain complex

sP—sPaK-v
sT — sz + 0(sx)v

is a quasi-isomorphism. O

3.3.4 Bar-cobar and cobar-bar resolutions

Let V be a dg S-module. The tree module T(silTV)ihas both a structure of operad and
cooperad. Let D be the derivation which makes of T(s~1TV) the cobar construction of the dg
conilpotent cooperad TV, that is :

s1A = —s71dA - Z(—1)|A1|s_1A1 ®s 1Ay

for any A € Tlﬁ where AyA = Y A; ® As. Besides, let h be the degree 1 coderivation of the
cooperad T(s~!TV) which extends the following map

T(s~'TV) - T?(s~'TV) — TV
s AL ®@s 1Ay — s_l(Al ® As)
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Lemma 24. Let T be a tree with k vertices ordered from 1 to k and let Ty, ..., Ty be non trivial
trees. Consider the sub S-module of T(s~TV) made up of the tree T whose i*" vertex is labelled
by T;(V). On this submodule, we have :

Dh+ hD = qld
where q is the sum of the numbers of inner edges of T and of the trees Tj;.

Proof. Let a be an inner edge of the tree T'. It links two vertices which are labelled respectively
by the tree modules s~'7;(V) and the tree module s~7;(V). The derivation h consists in grafting
the tree T; with the tree T} for any inner edge a. We can write :

h(T) = Z graft(a) ,
acinner(T)

where inner(T) is the set of inner edges of T. Moreover, let « be a vertex of the tree T. It is
labelled by the tree module sT;(V). The derivation D consists in cutting the tree module s~17;(V)
into two trees s71T —i,1(V) ® s~ T} 2(V) along any inner edge of T}, plus apply the differential d
of V; and that is done for any vertex x of the tree T. So, we can write

D(T) = Z cut(a) Z diff(z) ,

a€inner(Ty,...,Ty) vevert(Th,...,Tk)
where inner(Th,...,T)) is the set of inner edges of the trees T1, ..., T} and vert(Th,...,Ty) is the
set of vertices of the trees Ty, ..., T;. So, we have :
hD = > graft(b)cut(a) + > graft(a)cut(a) + > graft(a)diff(z) .
a€inner(Ty,...,T}) a€inner(Ty,...,Tk) vevert(Ty,...,Ty)
beinner(T) acinner(T)

On the other hand,

Dh = Z cut(a)graft(a) + Z cut(a)graft(b) + Z diff(x)graft(a) .
aeinner(T) acinner(Ty,..., Ty) vevert(Ty,..., Ty)

beinner(T) acinner(T)

For any inner edge a of the trees 71, ..., Ty and for any inner edge b of the tree T, cut(a)graft(b) +
graft(b)cut(a). Moreover, for any inner edge a of the tree T and for any vertex x of the trees Ti,
ooy Ty, diff(x)graft(a) + diff(z)graft(a) = 0. Finally, for any inner edge a of the trees T1, ..., Tk
and T, cut(a)graft(a) + graft(a)cut(a) = Id. O

Similarly, the S-module T(sTV) has a structure of operad and a structure of cooperad. Let D be
the coderivation which makes of T(s(TV) @ K- v) the truncated bar construction of the dg operad
TV, that is : derivation

sA; @ sAgy — (—1)1ls(4; @ Ap)
sA— —sdA

for any A € TV. Moreover, let h be the degree 1 derivation which extends the following map.
sTVY — T(sTV)
sAr > (=1)MlsA; @ sAy
where Ay A =57 A; ® A for any A € TV.

Lemma 25. Let T be a tree with k vertices ordered from 1 to k and let Ty, ..., Ty be non trivial
trees. Consider the sub S-module of T(sTV) made up of the tree T whose i*" vertex is labelled by
T;(V). On this submodule, we have :

Dh+hD = ¢Id ,

where q is the sum of the numbers of inner edges of T and of all the trees T;.
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Proof. The proof relies on the same techniques as Lemma O

Proposition 55. Let &2 be a dg operad. Then the canonical morphism p : Qy,B.2? — & is a weak
equivalence.

Proof. Consider the following filtration on ,B.% :

F,QB.2 =T > s 'F“B.P®---@s 'F"B.?,n>1.
k>1414+ig=n

Consider also the constant filtration (F,%),>1 on &?. We show that the morphisms G,.p :
GnyB.P — G, P are quasi-isomorphisms. On the one hand, Gip: K- 1¢K-s lv@s 1sZ — &
is a quasi-isomorphism. On the other hand, for any n > 1, G, = 0 and G,Q2, B. < is contractible
by Lemma 24 We conclude by Theorem O

A straightforward consequence of the above Proposition [55]is that for any curved conilpotent
cooperad ¥, the map ¢ — B,,% is a weak equivalence. Indeed, since the morphism Q, B,Q,% —
Q. B, € is a quasi-isomorphism, then Q, B,.Q, %€ — Q,% is a quasi-isomorphism and so its right
inverse 2,% — Q,B,Q,% is also a quasi-isomorphism. The following proposition is a more precise
statement.

Proposition 56. Let € be a curved conilpotent cooperad. Let us endow € with its coradical filtra-
tion and let us endow B,.,% with the following filtration :

F,B,¢ :=T® Y sF,Q%¢0 - ®sF,%%, n>0,
i14-+ip=n
k>1

where - _ 7
FQ.¢ = > s 'F*Ce---®s 'Fj*C i>1.

J1+-t+ip=i
k>1

These two filtration are admissible and the canonical morphism € — B.Q,% is a filtered quasi-
isomorphism.

Proof. Let n > 1. Let us show that the morphism G,%4 — G,B,.Q,% is a quasi-isomorphism.
Consider the filtration (F,anBrQu%),;:lf on G, B, % where F|G,B.Q,% is made up of the
trees whose vertices are labeled by trees whose total number of vertices is at least —k. Consider
also the filtration (F{G7%9%); ., of Gr%% such that F{G7%?%€ =0 for k < —1 and F' G4 =
G7%%. The map G’ ,G"¢ — G’ G, B.Q,% is a quasi-isomorphism ; that is the identity of
Gr24g . Moreover, GG, B,Q,% for k # —1 is contractible by Lemma O

3.3.5 Key lemma

Lemma 26 (Key Lemma). Let € be a curved conilpotent cooperad and let p : & — Q,% be a
fibration of operads (that is a surjection). Consider the following square :

B2 2% B Q¢

| ]

9 €

where 9 is the pullback B, 2 xp.q,¢ €. Then, the morphism 9 — B, 2 is a weak equivalence.

Lemma 27. The curved conilpotent cooperad 2 is the biggest sub-graded-cooperad of B, whose
image under B (p) lies inside € .

Proof. Let & be the biggest sub-graded-cooperad of B, whose image under B,.(p) lies inside €.
It suffices to prove that & is stable under the coderivation of B, <. O
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Proof of Lemma[26, By Maschke’s Theorem, there exists a map of graded S-modules i:Q,6 —P
such that pi = I da, . The restriction of i to s7'C extends to a morphism of graded operads
i Q,E — . We again have pi = Id. Subsequenty, let K be the kernel of p. We have the
following isomorphism of graded cooperads :

9 ~ € x T°(sK) = T(€¢,T(sK))
Let us endow B, & with the following filtration

F,B,? :=T&® Z sFi, PR ®sF, P, n>0,
i1t tip=n
E>1
where o - -
FP=Ko Y s'FICe-os 'FIC, i>1

J1teAig=i
k>1

This induces a filtration on 2. These two filtrations are admissible. Let us show that the morphism
1:9 — B, is a filtered quasi-isomorphism. The dg S-modules G, 2 and G, B,&? are made up
of trees whose vertices are labelled alternatively by sK and € (resp. B,Q,%). If we denote by
F/G,% the sub dg S-module made up of trees such that at least —k vertices are labelled by sK,
we obtained a bounded below filtration on G,% ; moreover, we define the filtration F’'G,,B,Q,%
in the same fashion. The map

G'G,¢ — G'G,B.Q,%¢
is a quasi-isomorphism by Proposition [56l We conclude by Theorem [22] and Proposition [53} O

REMARK 9. The curved conilpotent cooperad Z of the key lemma is also the pullback B.# x g q, %
b

3.3.6 Proof of Theorem [21]

We gather the results proven above to prove Theorem We use the same steps as the proof
of Theorem 3.1 in [HinO1].

Proof of Theorem 21}

> The category of curved conilpotent is presentable. So, it is complete and cocomplete.

> Let f and g be two composable morphisms of curved conilpotent cooperads. It is clear that
f, and g and fg are all weak equivalences if two of them are weak equivalences since it is
the case for Q. f, Q.9 and Q, fg.

> Cofibrations and weak equivalences are stable under retracts because it is the case for
cofibrations and weak equivalences of operads. Since they are the morphisms which satisfy
the right lifting property with respect to acyclic cofibrations, the fibrations are also stable
under retracts.

> Let f : ¥ — 2 be a morphism of curved conilpotent cooperads. Let us factorize the
morphism of operads Q,(f) by a cofibration followed by an acyclic fibration Q2,¢ — &£ —
0,2 (resp. an acyclic cofibration followed by a fibration). By Lemma the following
diagram provides us with a factorization of f by a cofibration followed by an acyclic fibration
(resp. an acyclic cofibration followed by a fibration).

BALE B, BT

| | |

¢ ch XB.QWD 9 9

> Consider the following square of curved conilpotent cooperads,
C——&
ok

D —F
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where f is a cofibration and g is an acyclic fibration. By Lemma g can be factorized as
follows

gi>BC<@ XBCQM:Q‘}\L;?
where ¢y is an acyclic cofibration and where g is the pullback of a map B.% — B.Q,.%
which is the image under the functor B, of an acyclic fibration of operads & — Q,.%.

Since, f has the left lifting property with respect to this map & — Q,.%, then it has the
left lifting property with respect to go Moreover, the following square has a lifting.

E—= S &

B.? xp.a.7 F,—F

The composition of these two liftings gives us a lifting of the first square.
> At this point, we have proved the existence of the model structure on the category of curved
conilpotent cooperads. Obviously, the adjunction €, 4 B, is a Quillen adjunction. It is a
Quillen equivalence by Proposition 55
O

3.3.7 Fibrations

Proposition 57. The fibrations are the retract of pullback of maps of the form B.(f) : B.& —
B.2 where f: P — 2 is a surjection of operads.

Lemma 28. A fibration of curved conilpotent cooperads is surjective.
Proof. Let g : € — 2 be a fibration of curved conilpotent cooperads. Let &'be the curved conil-
potent cooperad & : =T ® P ® s~ 2. The decomposition A is defined as follows.

Az :=Agz, fr ey Cé,

As7lz = (s7told+Ido s~ H)Ax .

Moreover, the coderivation sends x to s™'z and s~z to 0. Consider the following square.
IT——9%
b
E——=9

Since the morphism Z — & is a filtered quasi-isomorphism and a monomorphism, then it is an
acyclic fibration. So, the square has a lifting. Subsequently the morphism ¥ — 2 is surjective. O

Proof of Proposition[57 It is clear a retract of a pullback of a map B.(f) where f is a surjection
is a fibration. Conversely, let g : € — 2 be a fibration of curved conilpotent cooperads. Consider
the following diagram

B € B9
€ & 9

where & is the pullback B.Q, € xp.0,9 Z. By Lemma g is a surjection and so {2,(g) is also a
surjection. So, B.£,(g) is a fibration. By the key lemma (Theorem [26)), the morphism & — B.,¢
is a weak equivalence. Since the map € — B.Q,% is an acyclic fibration, then the map € — & is
also a weak equivalence and a monomorphism ; that is an acyclic cofibration. Hence, the following
diagram has a lifting.

C ——C
L
E——9
So g is a retract of the morphism & — 2. O



3.4 Curved conilpotent cooperads as models for homotopy
operads

In Section [3-3] we have transferred the model structure of the category of dg operads to the
category of curved conilpotent cooperads along the cobar construction functor in order to obtain
a Quillen equivalence. So curved conilpotent cooperads encode as well the homotopy theory of dg
operads. In this section, we make this statement more concrete ; indeed, we show that the cofibrant-
fibrant objects of the category of curved conilpotent cooperads correspond to a notion of operads
up to homotopy.

3.4.1 Homotopy operads

Definition 44 (Homotopy unital operad). A homotopy operad & is a dg-S-module P with a
distinguished element 15 € P(1)p together with the data of a curved conilpotent cooperad on
Te(sP @ K - v) whose derivation restricts to sdp on sP and such that dv = slg and whose
curvature 6 is the following map.

T(sPeK-v) »sPdK-v»>K.-v =K
v 1

The curved conilpotent cooperad T¢(sP @ K - v) is called the bar construction of the homotopy
operad & and is denoted B.Z. An co-morphism of homotopy operads from £ to 2 is a morphism
of curved conilpotent cooperads from B.& to B.2.

NOTATIONS. For any homotopy operad & = (P,v%,1%), we denote by B="Z the sub curved
conilpotent cooperad of B.% whose underlying S-module is T<"(sP © K - v).

ExAMPLE 3. The functor bar B, from the category of operads to the category of curved conilpotent
cooperads factorises through an inclusion functor from the category of operads to the category of
homotopy operads.

Proposition 58. Let (Z,v»,15) and (2,79,19) be two homotopy operads. There is a one-to-
one correspondence between the co-morphisms of curved cooperads from & to 2 and the degree 0
maps f:T(sPOK-v) —» sQ@® K- v such that on any tree T :

S /T TOT) @@ f(T) = Y JT/TYIdS - 0y2(T) @ - Id)

T=Ty1---UT} T'CcT
and such that 0o f = 0.
Proof. The proof relies on the same techniques as the proof of [LV12] 10.5.5]. O

Definition 45 (Infinity-quasi-isomorphisms). Let &2 and 2 be two homotopy operads. Letet
f:T(sP®K-v) — sQ be an co-morphism from & to 2. We say that f is an co-isomorphism (resp.
oo-monomorphism, oo-epimorphism, oo-quasi-isomorphism, oo-isotopy) if fis2 is an isomorphism
(resp. monomorphism, epimorphism, quasi-isomorphism, the identity of the S-module sP). An oo-
morphism f : T(sP @ K- v) — sQ is said to be strict if f(T) is zero on trees with two vertices or
more.

EXAMPLE 4. Morphisms of operads are examples of strict morphisms.

Proposition 59. An co-morphism is a monomorphism (resp. isomorphism) if and only if it is an
oo-monomorphism (resp. co-isomorphism)

Proof. The fact that co-morphism is a monomorphism, if and only if it is an co-monomorphism
follows from a straightforward induction. A similar induction shows that an co-monomorphism is
an isomorphism if and only if it an co-isomorphism. So oco-isomorphisms are isomorphisms. O
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Proposition 60. Let € = (C,A, e, 1,0) be a curved conilpotent cooperad whose underlying graded
cooperad is cofree cogenerated by a graded S-module V ; that is € ~ TV in the category of graded
cooperads. Suppose that there exists v € V(1)y such that 6(v) = 1. Then, € is isomorphic to the
bar construction of a homotopy operad.

Proof. Let sP C V be the kernel of the restriction of the curvature € to V. We have an isomorphism
of dg S-modules f; : V ~ sP @ K - v. Consider, the following morphism

f:TV = sPaKv
reV—fi (IIJ)
T1Q Q&= (1@ @xpy)v .
It induces an isomorphism of graded conilpotent coalgebras between % and T(sP @ v). Let us
endow T(sP @ v) with the structure of curved cooperad obtained by transfer of the coderivation of

% and the curvature of ¢ along this isomorphism. Then, T(sP @ v) becomes the bar construction
of a homotopy operad. O

Proposition 61. Let f be an oo-epimorphism (resp. oo-monomorphism) from & to 2. There
exists an co-isotopy g such that fg (resp. gf) is a strict morphism.

Proof. The proof relies on the same arguments as [LH03, 1.3.3.3]. O

3.4.2 Obstruction theory of homotopy operads and co-morphisms

Proposition 62. Let & = (P,vw,1%) and 2 = (Q,v92,19) be two homotopy operads. Let 1 be
a map from BS""1P to sQ @ K - v which can be extended to a morphism of curved conilpotent
cooperads from BE""1 % to BE""19. Let m be the degree —1 map from T"(sP ®K-v) to sQK-v
defined on any tree T with n vertices by

m = Z (Id® - @v2(T) @@ Id) — Z Y2 (U(Th) @ - @ U(T})) -
T'CT T=TqU---UTy
#T!>2 k>2

Then, m is a cycle of the chain complex [T"(sP @ K - v), sOK - v] whose differential is induced by
the differential of sP & K - v and the differential of sQK - v.

Proof. Let L be the morphism of cooperads from B="~'% to B="~! induced by the map [; that
is

LT):= Y UWT)®-- aU(T) .

Moreover, let M be the map from T"(sP ® K- v) to B.2 defined as follows on any tree T with n
vertices :

M:= Y Ld®--@y(T)e - -oId)+ > (UT))®- - -®UT))d—D((T))®- - -@l(Ty))
T'CT;#T'>2 T=T1U---UT);k>2

where D denotes the coderivation of either B.4?’ and B.2 and where d is the differential of
T(sQ @& K- v) induced by the differential of sQ @ K - v. Then

DM+Md= > DLId®---@yx(T)e--ald—- Y DT - aU(T)

T'CT T=T1U---UTy
#vert(T!)>2 k>2

+ > LId®-@vx(T) - Id)d

T/CT
#vert(T!)>2

=LD*~ Y D)@ ®UTk)

T=T71U--UTy,
k>2

—(0OL-L@0)A— (0L —L®0)Ay=0.
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Moreover, let m~1M be the projection of M on T>1(s2 & K - v). We have :

maMi= Y D (M@ @UT)D---@U(Tp) - Y. 71 DU(T) @ @1U(Tx))
T:leé-é-uTk 7 T:lel_zl-é-uTk
Since

Y DT © - © (1))
T=T:}c\_>l-2~-\_lTk

Z Z (Id® - @52(T)® - @ Id)(I(T1) & - - - @ 1(T}))
T:T%‘QMT& T'CT/ T, Tk

> > UT) @ ®@veL(T) @ - @ U(T})) |

T'CT T=T1u---UT'U...UTy
k>2

then 71 M = 0. So M =m and so dm = DM + Md = 0. O

Proposition 63. Let P be a graded S-module together with a degree —1 map v : TS" " (sP@K-v) —
sP such that on any tree T with n — 1 or less vertices :

Z YT/TYId® - @y(T)®@---@1d) =0T —7®0)As
T'CT

where 6 and m are defined in the obvious way. In particular, v extends a differential d on sP. Let
k be the degree —2 map from T"(sP @ K- v) to sP defined on any tree T with n vertices by

k= Y ATT)Ide - @y(T) @ @1d) - (@7 —720)A; .

T/CT
#vert(T!)>2

Then k is a cycle of the chain complex [T"(sP & K- v), sP].
Proof. Ifn =2, then k = —(0@m—7®0)Azisacycle.If n > 3, thenlet k = > wcr  A(T/T)(1d®

Hvert(T!)>2
- @y(T") ®--- ® Id). We use the same technique as in the proof of Propositio to prove that
it is a cycle. O

The following proposition is a consequence of Proposition and will allows us to show that
bar constructions of homotopy operads are fibrant curved conilpotent cooperads.

Proposition 64. Consider the following square of homotopy operads with co-morphisms.

P59

"
P 9

where f is both an co-quasi-isomorphism and an co-monomorphism and g is an co-epimorphism.
Then, this square has a lifting.

Proof. By Proposition we can suppose that f and g are strict morphisms. We will build by
induction maps
Ly :T"(sP'®K-v) > sQdK-v,n>1,

such that
) =my

giln = v,

n(fi®-® f1) =un .
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where

M= Y legd® - @yp @ @Id)— Y y(n @ @)
T/CT T=T1U---UT}
#vert(T')>2 k>2
Suppose that we have constructed [y, ..., l,,_1. Since by Proposition my 18 a cycle in the chain

complex [T"(sP’ & v),sQ & K - v] (whose differential is induced by the differential of sP’ & K - v
and the differential of sQ & K - v), constructing ,, amounts to lift the following square.

Mn

S—l

[T™(sP' @ v),sQ @ v]

|

D° [T (5P © 0), sQ B 0] X (o (sPau),sren) [T (5P @ 0), 5Q 0]
Since g; is a fibration and since f; is an acyclic cofibration of dg S-modules, then the right vertical
map is an acyclic fibration of chain complexes. So the square has a lifting. Thus, we obtain [,,.
Then, let L : B,#' — B,£2 the morphism of graded cooperads induced by the maps (Ix)32 ;. It is a
morphism of curved conilpotent cooperads since 0p, 9 = 0p, 9 B.v = 0p, 9/ (B.g)L = 0p,oL. O

3.4.3 Fibrant curved conilpotent cooperads

Proposition 65. The fibrant curved conilpotent cooperads are the curved conilpotent cooperads
isomorphic to the bar construction B.Z? of a homotopy operad 2.

The proof of the theorem consists in showing that a cofree curved conilpotent cooperad ¢ =
T(sZ & K-v) is a retract of BgQsC which is fibrant. For that purpose, we will build by induction
a left inverse p to the map ¢ : C — BgQgC.

Lemma 29. A retract of a cofree graded cooperad TV is cofree.

Proof. Let € be a retract of the cofree curved conilpotent cooperad T¢(V @ K - v). On the one
hand, the map € — TV @ K-v) - VO K v — E}%¢ gives a map of graded cooperads
€ — T¢(Fj%).blabla O

Proof of Proposition[63, Let € be a fibrant curved conilpotent cooperad. Since the map € —
B:,% is an acyclic cofibration, it has a right inverse p and so, € is a retract of B.Q,%. So, by
Lemma % is cofree : € := T(V). Moreover, p(v) is an element of V such that 6(p(v)) = 1. So,
by Proposition % is isomorphic to the bar construction of a homotopy operad. Conversely let
Z be a homotopy operad. The canonical morphism B, — B.Q,B.< is an co-monomorphism.
So, by Proposition it has a left inverse; so B, is a retract of B.Q,B.%. Since B., B. 2 is
fibrant, then B, is fibrant. O

Proposition 66. An oco-morphism of homotopy operads is a cofibration (resp. a fibration, a weak
equivalence) if and only if it is a co-monomorphism (resp. co-epimorphism, co-quasi-isomorphism,).

Proof. We have already proven (Proposition that an oo-morphism is a monomorphism (that
is a cofibration) if an only if it is an co-monomorphism. Let f : & — 2 be a oco-morphism of
homotopy operads. Consider the following square of S-modules.

0, ¢ 20,9

|

P —s 2
0

where fy is the restriction of f to &?. The two vertical maps are quasi-isomorphisms. So the
lower horizontal map is a quasi-isomorphism if and only if the upper horizontal map is a quasi-
isomorphism ; that is f is a weak equivalence if and only if f; is a quasi-isomorphism. Finally,
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suppose that f is an oo-epimorphism. Since it is surjective, then Q,(f) is surjective and so B.{,,(f)
is a fibration. Let us show that f is a retract of B.Q,f. We already know (Proposition that
B.2 is a retract of B.Q,B.2. Consider the following diagram.

B.#? —— B.,B.P - - >B.ZP
fi chQu,f lf
B.2 — B.Q,B.2 —— B.2

Finding a morphism B.Q, B.% — B.% making the diagram commute amounts to lift the following
square, which is possible by Proposition [64]

B, ——>B.%
| g
B.Q,B.» —— B.2

Conversely, suppose that f is a fibration. It is an oo-epimorphism because the following diagram
of curved conilpotent cooperads,

B.2

| I

T (sQdK-v)®s (sQdK-v) —= B.2,

where Z @ (sQ @K - v) @ s 1(sQ ® K - v) is a dg S-module considered as a curved conilpotent
cooperad with trivial decomposition A. O

Proposition 67. Let & and 2 be two dg operads. They are linked by a zig-zag of quasi-isomorphisms
of dg operads if and only if they are linked by an co-quasi-isomorphism.

Proof. Suppose that & and 2 are linked by an co-quasi-isomorphism f. Then, they are linked by
a zig-zag of quasi-isomorphisms of operads as follows.

P~ QB2 0,B2 2

Conversely, suppose that & and 2 are linked by a zig-zag of quasi-isomorphisms of operads. Any
quasi-isomorphism of operads has an homotopy inverse which is an co-quasi-isomorphism. So there
exists a co-quasi-isomorphism from & to 2. O

3.4.4 Homotopy transfer theorem
Consider an acyclic fibration of dg S-modules p: P — Q.

Theorem 23. Suppose that P has a structure of homotopy operad denoted by &?. Then, there
exists an oco-isotopy f : P — P’ of homotopy operads and a structure of homotopy operad on Q
such that the map p: P’ — Q is a morphism of homotopy operads.

Proof. We build by induction this co-isotopy and this structure of homotopy operad on Q; that is
we build by induction maps

{*yn:'ﬂ‘”(sQ@Km) ﬂ>sQ7

fo T (sPBK-v) = sP,
for n > 2 such that on any tree T" with n vertices :

O ==, mer Y<nIld®@ - @y<n(T)®---®1d),

#Hvert(T!')>2

’an®"+p8(fn)zz T/CT pf<n(ld®®79”(Tl)®®Id)

#vert(T!)>2

- ZT:Tii<7$Tk ’Y<n(pf<n(T1) @ ®pf<n(Tk)) .
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Suppose that we have built 72, f2, ..., Yn—1, fn_1. Consider the chain complex
[T"(sQ @ v),sQ] ® [T"(sP @ v),sP] @ s~ [T"(sP ®v), sP)]

where [T"(sQ & v), sQ] is endowed with the differential induced by the differential of sQ & v and
the differential of sQ. Moreover, the differential on the other summands is the adding of s~! to
any element of [T"(sP @ v), sP]. The following morphisms of chain complexes

[T"(sP @ v),sP] ® s T (sP @ v), sP] ELLN [T"(sP & v), sP] 2, [T"(sP & v), sQ]
[T"(sQ @), sQ9)] TN [T"(sP @ v), sQ]

are respectively a fibration and a weak equivalence. Then, the morphism
[T"(sQ & v), Q] & [T"(sP & v), 5P| & s~ [T"(sP & v), sP] = [I"(sP & v), sQ)]

is an acyclic fibration. Moreover, by Proposition the element

Rn = — Z ’V<n(Id®®’y<n(T/)®®Id)

T'CT
H#Hvert(T!)>2

is a cycle of the chain complex [T"(sQ & v), sQ]. This gives us the following square of chain
complexes.
0,0)

g-2 00 [T"(sQ & v),sQ] & [T"(sP & v),sP] & s HIT"(sP & v), sP]

|

D1 [T™(sP @ v),sQ]

Xn

where X, is the following element of [T"(sP & v), sQ] :

Xn = Z pf<n(1d®"'®'79”(T/)®"'®Id)_ Z ’7<n(pf<n(T1)®"'®pf<n(Tk)) .
T/CT T=T1U...UuTy
#vert(T!)>2 1<k<n
This square has a lifting which gives us =, and f,. O

This homotopy transfer theorem may for instance be applied to the homology of a homotopy
operad. Indeed, a dg S-module is linked to its homology by an acyclic fibration.

Proposition 68. Let V be a dg S-module and let H(V) be its homology. There exists an acyclic
fibration of dg S-modules from V to H(V).

Proof. Let Z(V) be the S-module of cycles of V. Consider the following diagram of S-modules.
V<~—-2Z(V)——=HY)

Since any graded K[S,] module is projective, the surjective morphism Z(V) — H(V) has a right
inverse. Thus, we obtain an inclusion H(V) — V which is a quasi-isomorphism. It has a right
inverse which is an acyclic fibration. 0

REMARK 10. Let & = (P,~,1) be a dg operad and let p be an acyclic fibration of S-modules from
P to its homology H(P). The homotopy transfer theorem applied to p defines to operadic Massey
products of &2. We refer to [Liv15] for a computation of operadic Massey products of the Swiss
cheese operad.
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3.4.5 Path object

For any integer n € N let ®[n] be the linear dual of the normalized Moore complex of the
simplicial set A,,. For instance ®[1] is as follows :

[1]
P[]y :=K-(01),
Pl =0, n¢g{-1,0},
d(0) = —(01) ,
d(1) = (01)

Proposition 69. Let & = (P,v%) be an homotopy operad. The, dg S-module P @ ®[1] has a
structure of homotopy operad that we denote 2 & ®[1] and which is a path object of the homotopy
operad Z.

Proof. For convenience, we will denote T™ (sP ® ®[1] ® K - v) by BI*P; and T"(sP @ @K - v) by
B*P. We build by induction maps

. BP, L sp o o]

such that on any tree T" with m or less than m vertices

oy (T) + Z YWT/TYId@ - @y(T)® @) =01 —7®0)A

T'CT
#Hvert(T!)>2

where 7 is the projection of B.P; onto sP ® ®[1] and 6 is the map B.P; — K- v — K. Moreover,
we require the following equality between maps from BJ'P; to sP (resp. BI'P to sP @ ®[1]) :

WW(Ids”P ® 6 © Idv)®m = (Ids’P ® 51)7711

Ym(Idsp @ 0 @ 1d,)®™ = (Idsp ® o)y

for the two face maps d; : ®[1] — K and for any degeneracy map o : K — ®[1]. Suppose that we
have built ¥2, ..., ¥m—1. Using the same techniques as in the proof of Proposition [64} building ~,,
amounts to find a lifting to the following square :

S—1 [BI'P1,sP & ®[1]]

| |

D™! —— [B"P, sP @ ®[1]] X(pnp spasp) [BLP1, sP ® sP) .

Since the map B*P — BI"P; induced by the degeneracy map o : K — ®[1] is an acyclic cofibration
and since the morphism sP®®[1] — sP @ sP induced by the two face maps ®[1] — K is a fibration,

then the right vertical map of the diagram is an acyclic fibration. So the square has a lifting.
O

3.4.6 Strict unital homotopy operads

Definition 46 (Strict unital homotopy operads). A strict unital homotopy operad is a homotopy
operad (£,v4,1) such that :

Yo (v) =dv=slgp,

Vo (slp @ sx) = sz

Yo (sz @ slp) = (—1)1*lsz

Y2 (st @v) =72 (V@ sz) =0

Yo(s2@  ®slep®--®sy) =0, on T3 (sZ K- v) ,
(

V(2@ RVvR---®@sy) =0, on TZ3(sZ2 DK -v) .
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Let & and 2 be two strict unital homotopy operads. A strict unital co-morphism from & to 2
is an co-morphism f: T(sZ? @ K- v) — s2 such that

fv)=0,
fs2®@ - @u®---®@sy) =0, on T22(sZ DK - v) ,
fsz® - ®slp®@---@sy) =0, on T22(sZ B K-v) .

In particular fT(v) = v and f(slz) = slg.

Definition 47 (Truncated bar construction of a strict unital homotopy operad). A semi-augmentation
of a strict unital homotopy operad (#,v%,1%) is a morphism of graded S-modules € : & — T
such that €l 5 = 1. We denote by & the kernel of € and by 7 the projection of &2 on & parallel
to 1. Let (£, v4) be a strict unital operad equipped with a semi augmentation e. The truncated
bar construction of & is the conilpotent cooperad B, 2 := T(sZ) equipped with the coderivation
which extends the map

vy gfsﬁ —sP
defined by 7 4 := 7y%. It is also equipped with the degree —2 map 0 := e(s7 1)y 5.

Proposition 70. Let (Z,v%,1,€) be a semi-augmented strict unital operad. The truncated bar
construction B, is a curved conilpotent cooperad with curvature 6. Moreover, the map

BP P POK- v

induces a morphism of curved conilpotent cooperad from B, to B.Z. This morphism is universal,
in the semse that for any strict unital operad 2, and for any morphism of curved conilpotent
cooperad f : B2 — B.2, there exists a unique strict unital co-morphism which extends f.

B2 —'spB2

7
7
7
e
e

B
Proof. Tt follows from straightforward calculations. O

Proposition 71. Any co-morphism between strict unital homotopy morphism is homotopic to a
strict unital co-morphism.

Proof. Let & and 2 be strict unital homotopy operads and let f : B.4 — B.2 be a morphism
of curved conilpotent cooperads. First choose a semi-augmentation of &?. Then, denote by ¢ the

composite morphism B,& — B.& EN B.2. Let h : B, — B.2 be the unique morphism of
strict unital homotopy operads which extends the morphism g. Consider the following square

B, —— path(B.2)

| |

BC@ ﬁBCQ X Bce@,

where the horizontal upper arrow is the composite morphism B, 2 % B.2 — path(B.2). Since
the inclusion B, & — B.2 is an acyclic cofibration and since the map path(B.2) — B.2 x B.2
is a fibration (by definition of a path object), then this square has a lifting. O

Proposition 72. Let p: P — Q be an acyclic fibration of dg S-modules together with a structure
of strict unital homotopy on P. Then, there exists a structure of strict unital homotopy operad on
Q and a strict unital co-isotopy f : P — P’ such that pf is a strict unital oco-morphism.

Proof. We can impose the strict unital conditions at every steps of the proof of Theorem O
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Chapitre 4

From homotopy operads to
infinity-operads

Introduction

In Algebra, the structure relations hold strictly. This is for instance the case for sets, groups,
rings, vector spaces, etc. So all of these examples are well encoded by categories. In this context,
two objects are considered to represent equivalent notions if they are related by an isomorphism.
However, in some areas of Mathematics, this equivalence relation is too strong and one would like
to consider only weakly equivalent objects. For example, two categories are considered to be essen-
tially the same if they are equivalent, two chain complexes give rise to the same homology groups
when they are quasi-isomorphic, and two topological spaces have the same homotopy type if they
are related by weak homotopy equivalences. In these examples, one can consider the Dwyer-Kan
localization with respect to the class of weak equivalences. This provides us with a higher category
structure made up of 2-morphisms, which are morphisms between morphisms, and, in general,
n-morphisms, which are morphisms between (n — 1)-morphisms, for integers n. These n-morphisms
are invertible for n > 2 and they encode coherent higher homotopies. In this way, one can per-
form higher algebra in these (oo, 1)-categories, which can actually be either categories enriched in
simplicial sets, like the Dwyer—Kan localization, or Joyal’s quasi-categories, called co-categories by
Jacob Lurie [Lur09]. Recall that a quasi-category is a simplicial set satisfying a lifting condition,
which defines the composition of morphisms up to homotopy.

Categories enriched in chain complexes, called dg categories, are a kind of linear version of
oo-categories. In his book [Lurl2], Jacob Lurie presents several ways to interpret dg categories as
oo-categories. Relaxing the associativity relation of the composition rule in a dg category leads
to the definition of an A..-category, notion which now plays a key role in symplectic geometry
[FOOO009]. In [Faol3|, Giovanni Faonte extends one of Lurie’s constructions to the case of Ax-
categories and so builds a simplicial nerve of A, -categories. Let [n] be the poset 0 <1 < --- <n
canonically enriched into a dg category; the simplicial nerve of an A..-category C is defined by
the following simplicial set :

NAOO (C)n = Hoono—cat([n]a C) ’

for any integer n. Faonte’s main result asserts that this actually forms a quasi-category.

Representations of associative algebras are made up of linear operators. To encode multi-linear
operators, which are operators with many inputs but one output, one can use representations of
operads. Furthermore, to encode multi-linear operators on a many components object, one can use
reprensentations of colored operads. A colored operad & is the data of a set of colors and sets of
multi-linear operations, with inputs and output labeled by the colors. One can only compose ope-
rations with matching colors. Moreover, the action of the symmetric groups allows one to permute
the inputs. Note that any category may be viewed as a colored operad, where the objects are the
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colors and where the maps are operations of arity one.

On the one hand, the notion of quasi-category has an analogue in the world of operads which is
called an oco-operad ; this notion has been developed by Ieke Moerijk and Ittay Weiss in [MWQT].
First one needs an operadic generalization of the notion of a simplicial set : it is defined as a contra-
variant functor from trees to sets and called a dendroidal set. In the same way as a quasi-category
is a simplicial set satisfying a lifting property, an co-operad is a dendroidal set satisfying a similar
lifting property. On the other hand, the differential graded notion of an A,,-algebra has also been
extended by Pepijn Van der Laan [VAL03] to a notion called homotopy operad. A homotopy ope-
rad is the data of operations, with zero or many inputs but one output, structured in a family of
differential graded K-modules. The group actions and composition maps are well defined but the
latter ones are “associative” only up to a family of higher homotopies. Actually, a homotopy operad
whose operations only have one input is an A..-algebra.

The present chapter has the following two main goals. The first one is to define a suitable
notion of homotopy colored operads, with a homotopy control of the unit, and which completes
the following commutative diagram.

multi—linear operations

algebras operads
may;/ /
dg categories l colored operads
up to homotopy Ao-algebras homotopy operads

/

strict unital homotopy
colored operads

Ao-categories

The second goal is to extend the nerve of Faonte—Lurie to the operadic level, study this extension
and compare it with other constructions which appear in the literature. More precisely, we build a
nerve functor N from the category of strict unital homotopy colored operads to dendroidal sets,
such that for any A..-category A, the simplicial set induced by the dendroidal set N*(A4) is equal
to Ng_ (4).

N
Aso-categories — simplicial sets
a T
strict unital homotopy colored operads N . dendroidal sets

This dendroidal nerve is defined as follows. For any tree T', let us denote by KQ(T') the canonical
algebraic colored operad induced by T and consider it as a strict unital homotopy colored operad.
The dendroidal nerve N (£2) of a strict unital homotopy colored operad & is defined by

N®(2)7 := Homgsuop_ (KUT), 2) ,

where suOp_, is the category of strict unital homotopy colored operads, with their morphisms, so-
metimes called co-morphisms. The following theorem gives the first comparison statement between
the two worlds of homotopy operads and oco-operads.

Theorem. The dendroidal nerve of a strict unital homotopy colored operad is an co-operad.

Moreover, we extend the Boardman—Vogt construction of dg colored operads to the category of
strict unital homotopy colored operads. This later one is shown to provide us with a rectification
functor, that is it is left adjoint to the inclusion functor from the category of dg colored operads to
the category of strict unital homotopy colored operads. As a direct corollary, the dendroidal nerve
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N® generalises the homotopy coherent nerve heN of colored operads on chain complexes built by
Ieke Moerdijk and Ittay Weiss in [MWQT] : there is a canonical isomorphism

heN(2) ~ N¥(2) |
which is natural in dg colored operads .

We prove that the dendroidal nerve functor satisfies some nice homotopy properties. For ins-
tance, if we endow the category of dendroidal sets with the Cisinski-Moerdijk model structure
introduced in [CMII], we can characterize the morphisms of strict unital homotopy colored ope-
rads whose image under the nerve N are weak equivalences (resp. fibrations). As a consequence,
if we consider the category of colored operads on chain complexes over a field of characteristic zero
with the model structure introduced in [Cavi4], then we can show that the homotopy coherent
nerve hcN is a right Quillen functor.

Theorem. There is a Quillen adjunction

wie
dSet —— dg-Op .
hcN

Finally, from a category enriched in chain complexes, one can truncate the mapping spaces and
apply to them the Dold—Kan construction to obtain a simplicial category. Then, one can apply the
simplicial nerve of simplicial categories and get a quasi-category. This procedure, called the big
nerve, is introduced by Lurie in [Lurl2l Section 1.3.1]. He shows that this nerve is equivalent to the
simplicial nerve N 4 . The big nerve and the latter result can be extended to the operadic level.

Theorem. There exists a transformation of functors o from the big nerve of dg operads to the ho-
motopy coherent nerve such that, for any dg colored operad &, the morphism o* () : Ng?(ﬁz) —
heN () is a weak equivalence of dendroidal sets.

On the one hand, in topology, algebraic structures like products and compositions are often
only defined up to homotopy. With no surprise, the same phenomenon appears on the operadic
level. For instance, the space of configurations of discs inside the unit disc is canonically endowed
with an operad structure, known and widely used as the little discs operad. However, the homotopy
equivalent spaces made up of configurations of points on the plane, which are as ubiquitous as the
latter ones, can only be endowed with an operad structure up to homotopy, see [VAL02]. For this
reason, one needs a notion of topological or simplicial operad up to homotopy. A first model is
provided by the above-mentioned notion of an oco-operad. Other models exist as the Lurie’s model
extensively studied in [Lurl2| or as the dendroidal Segal spaces. Moreover these notions of operads
up to homotopy allows one to describes algebras in the context of co-categories. For instance, the
notion of algebras of an oco-operad in the oo-category of spaces has been studied by Gijs Heuts
in [Heull]. On the other hand, the notion of strict unital homotopy operad lies in the algebraic
framework of chain complexes. It appears in many situation. For instance a deformation retract of
an algebraic operad inherits a structure of a homotopy operad. This chapter fits in the perspective
of algebraic topology by showing that the usual functor sending a simplicial operad to an operad
in chain complexes is part of a larger picture.

Layout In the first section of this chapter, we recall the definitions of colored operads, dendroi-
dal sets, and oco-operads; we provide the reader with more details on the relations between trees
and operads. In the second section, we define colored generalizations of the notions of cooperads,
homotopy operads and strict unital homotopy operads. Moreover, we extend the Boardman—Vogt
construction to strict unital homotopy colored operads. The third section is the main part of this
chapter. There, we introduce the dendroidal nerve which goes from the category of strict unital
colored homotopy operads to the category of dendroidal sets. We prove that its image actually
lands in the category of oo-operads and we show that its restriction to dg operads is equal to
the homotopy coherent nerve of Moerdijk—Weiss. Then we investigate its homotopical behavior
and show that the homotopy coherent nerve is a right Quillen functor. In the fourth section, we
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introduce the big nerve of dg colored operads which extends the big nerve of dg categories of Lurie.
Finally, we show that it is pointwise equivalent to the homotopy coherent nerve. In the appendix,
we prove a equivalence between two notions of operations spaces of co-operads.

4.1 Recollections on colored operads and dendroidal sets

In this section, we recall the notions of colored operads, dendroidal sets and oco-operads. These
concepts are intimately related to the properties of trees. First, we make more precise the appendix
of [BM07] defining colored operads as monoids. This clear presentation will allow us to introduce the
relevant new operadic notions in the next section. Then, we give a short survey on dendroidal sets
and oo-operads together with their homotopical properties after the original references [MWQ7],
[CM11] and [CM13].

4.1.1 Colored operads as monoids

We give a monoidal definition of colored operads over a symmetric monoidal category (E, ®, 1g)
with colimits preserved by the monoidal product. This notion can be found in the appendix of the
paper [BMO07]| by Berger—-Moerdijk. We start working over a fixed set of colors C.

Definition 48 (The groupoid Bij~). Let Bij~ be the category whose objects are pairs (x : X —
C';¢), where ¢ is a color in C' and x is a function from a finite set X to the set C. A morphism
from (¢;x : X — C) to (' : Y — C;¢) consists of a a bijection 5 : X — Y such that the following
diagram commutes

B

4

There are no morphisms between objects (x;c¢) and (x';¢’) when ¢ # ¢'.

X Y

Definition 49 ((C,S)-module). A (C,S)-module is an E-presheaf on Bije, i.e. a functor from the
category Bij&¥ to E. The category of (C,S)-modules is the category of E-presheaves on Bij,. We
denote it by (C,S)-Mod.

NoTaTION Let V be a (C,S)-module, let ¢, ¢1, ..., ¢, be elements of C' and let ¢ the function
from n to C' which sends i to ¢;. We will sometimes write V(cy, ..., ¢m;c) to denote V(¢;c).

One can interpret a (C, S)-module as a collection of operations with one output and zero or many
inputs labeled by colors. For example, let V be a (C,S)-module, let x : X — C be a function and let
¢ be an element of C. Then V(x; c¢) represents the operations whose inputs are the elements x € X
colored by x(z) and whose output is colored by ¢. To compose operations of two (C,S)-modules
with respect to the colors, we introduce the following composite product.

Definition 50 (Composite product). Let V and W be two (C,S)-modules. Their composite product
is the (C,S)-module V o W which sends every object (x : X — C;¢) of the category Bij~ to the
following colimit : Vo W(x : X — C;c¢) :=

H H H V(h5¢) @ W(Xja-1(1); ¥(1) @ - @ W(X|a—1(k); Y(K)) ;
k>1 \Y:k—C a: X—k Sk
where the second coproduct is taken over all functions ¢ : Kk — C' and where the third coproduct
is taken over all functions o : X — k. This colimit is a coset under the following actions of the
symmetric groups S, for integers k& > 1.
> A permutation o in S, induces an isomorphism (¢o~%;¢) — (3; ¢) in the groupoid Bij and
so an isomorphism V(o) : V(¢;¢) = V(o1 ¢) in E.
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> This permutation also induces an 1somorphlsm o* from W(¢|a ()3 Y(1)@- - @W(Pja—1(); V(K))

to W(dja-1(0-1(1)); e ()@ ® W(Pa—1(oc-1(k)); ¥(0 L(k))) through the symmetric
monoidal structure of E.
The global action of Sy, is given by the isomorphisms V(o) ® o*, for every permutation o € Sy.

Let I be the (C,S)-module defined by Ic(c;¢) := Io(x — ¢;¢) = 1, for any ¢ € C, and by
Ic(x : X — C;c¢) = 0 (the initial object in the category E) if the cardinal of X is not 1 or if the
image of x is different from the color {c} of the output.

Proposition 73. The category of (C,S)-modules together with the composite product o and the
unit object Ic forms a monoidal category.

Proof. The proof is similar to the classical case of non-colored operads, see [LV12, Section 5.1]. [

Definition 51 (C-colored operad). A C-colored operad is a monoid (P,v,n) in the monoidal
category of (C,S)-modules : the composition map v : P o P — P is associative and the map
n:Ic — P is a unit.

4.1.2 Morphisms of colored operads

We provide here a detailed definition of the suitable notion of morphism between two operads
colored over possibly different sets of colors. From now on, we consider the set of colors to be part
of the data and we work over varying sets of colors.

Definition 52 (Colored S-module). A colored S-module (C,V) is made up of a set C' of colors and
a (C,S)-module V.

We will define morphisms of (C,S)-modules in an analogous way as morphisms of presheaves
on topological spaces are defined. Let us recall that an E-presheaf on a topological space X is
a E-presheaf over the category Openy of open subsets of X with inclusions. Let X and Y be
topological spaces and let F and G be presheaves respectively on X and Y. Any continuous function
f: X — Y induces a functor F from Openy to Openy. The presheaf f~!G on X is defined by
f7G(U) = limpycy G(V) and the presheaf f,.F on'Y by f. F(U) := F(f~H(U)) = F(F(U)).
Furthermore, a morphism of presheaves on topological spaces from (X, F) to (Y, G) is the data of
a continuous function f from X to Y, and hence a functor F' from Openy- to Openx, together with
a morphism of presheaves over Openy from G to f.JF, or equivalently, a morphism of presheaves
over Open y from f~1G to F.

Definition 53 (Pullback and pushforward of colored S-module). Let ¢ : C — D be a function
between two sets of colors and let V and W be a (C,S)-module and a (D, S)-module respectively.
We define ¢*W to be the following (C, S)-module

PWI(x; €) := W(ox; d(c))
and we define ¢V to be the following (D, S)-module
d) = ] Vixio
bz

for any p: X — D and d € D. The coproduct is taken over the colors ¢ in C such that ¢(c) =
and the functions x : X — C such that p = ¢x.

These two constructions are functorial.

Lemma 30. For any function ¢ : C — D, the functor ¢* is right adjoint to the functor ¢ ;
equivalently there exist natural bijections

Hom (p s)-Mod(¢1V, W) = Hom ¢ 5)-Mod (V, " W)

Proof. The proof is straightforward and left to the reader. O

93



These functors behave well with respect to the composition of functions : for any functions

¢: B Cand:C — D, ($¢)* = ¢** and (¥o); = Pr.

Definition 54 (Morphism of colored S-modules). A morphism of colored S-modules from (C,V)
to (D, W) amounts to the data of a function ¢ from C to D and a morphism f* of (C,S)-modules
from V to ¢*W, or equivalently, a morphism f of (D, S)-modules from ¢,V to W. Such a morphism,
defined either by the couple (¢, f*) or by the couple (¢, f), will be denoted simply by f.

A morphism f : (C,V) — (D, W) of colored S-modules is therefore the data of a function
¢ : C — D and morphisms f*(x;c¢) : V(x;¢) = W(ox; ¢(c)) for any object (x : X — C;¢) of Bijo
such that, for any bijection 5 :Y — X, the following diagram commutes.

V(e x) ——2L o Wign 6(e))

V(B)J/ lW(ﬁ)

V(xB;c) N W(pxB; d(c)) -

Proposition 74. Colored S-modules and their morphisms form a category, denoted by S-Mod.

Proof. One defines the composite of two morphisms f = (¢, f*) and g = (¢, g*) by

gf = W, 0" (g") ") -
O

REMARK 11. For any set C, there is an inclusion of categories (C,S)-Mod < S-Mod which sends a
(C,S)-module V to the S-module (C,V). A morphism f = (¢, f*) is in the image of this inclusion
if and only if ¢ is the identity of the set C.

Lemma 31. For any function ¢ : C — D, the functor ¢* is lax monoidal, i.e. there are morphisms
Pyw P VoW — o (Vo W), natural in V and W and ¢5 : Ic — ¢*Ip, satisfying associativity
and unitality conditions, see [ML98] for more details.

Proof. For any (D,S)-modules V and WV, the morphism @3, ,,, is built from the following equality :

" V)(¥;0) @ 9" W) (Xja—1(1); (1) @ -+ @ ¢" W) (Xja—1 () ¥ (F)) =
V(o5 6(c)) @ W(dxja—1(1); @4 (1)) @ - - @ W(BX|a-1(1); 2(¥(K))) -

REMARK 12. The monoidal functor ¢* is strong if and only if the map ¢ is bijective.

Proposition 75. Let ¢ : C — D be a function, and let (P,~,n) be a D-colored operad. The
(C,S)-module ¢*P has a canonical structure of C-operad (¢*P,v?,n?) induced by the structure of
D-operad on P.

Proof. This is a corollary of the previous lemma since the image of a monoid under a lax monoidal
functor is again a monoid. O

Definition 55 (The category of colored operads).
> A colored operad & = (C,P,v,n) is the data of a set of colors C' and a C-colored operad

(P, v,m)-
> A morphism of colored operads from & = (C,P,~,n) to £ = (D, Q,v,6) is a morphism of

colored S-modules f = (¢, f*) such that f* is a morphism of C-operads from (P,~v,n) to
(¢*Q,v?,0%), i.e. a morphism of monoids in the monoidal category of (C,S)-modules.

Proposition 76. Colored operads together with their morphisms form a category denoted Op.
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Proof. We first prove that the composite of two morphisms of colored operads is a morphism of
colored operads. Let & = (C,P,v,n), 2 = (D,Q,v,0) and Z = (E, R, p,v) be three colored
operads, and let f = (¢, f*) : & - 2 and g = (¢¥,g9%) : 2 — Z be two morphisms of colored
operads. Their composite is equal to gf := (¥, ¢*(¢*)f*). Since the functor ¢* is a lax monoidal
functor, it preserves morphisms of monoids. So the composite ¢*(¢*)f* is a morphism of (C,S)-
operads. The unit morphisms for the composite of morphisms of colored operads are the unit
morphisms of the category of colored S-modules. O

Definition 56 (Restriction of colored operads to categories). Let C' be a set of colors and let
J : Bijo(1) < Bije be the embedding of the full sub-category of Bij made up of objects (x : X —
C'; ¢) where X has one elements. It induces a restriction functor j* from the category of C-colored
operads to the category of categories enriched over E and whose set of objects is C. It extends
canonically to a functor j* : Op — Catg from colored operads enriched over E to small categories
enriched over E.

CONVENTION  Since we will only work with colored operads throughout the text, we will often use
the simpler terminology of S-modules and operads, i.e. dropping the understood adjective “colored”.

4.1.3 The category of trees

The theory of operads is intrinsically related to the combinatorics of trees. So we begin this
section with a precise definition of the notion of tree used here. The formalism of trees will be
used in the next section to introduce the concept of dendroidal set [MWO07], which is an operadic
generalization of the concept of simplicial set. Finally, we will recall the definition of an co-operad,
which is to dendroidal sets what oo-categories are to simplicial sets, that is a weak Kan object.

Definition 57 (Graph). A graph is a quadruple G = (V, F, v, p) where V is a finite set of elements
called the wvertices, F' is a finite set of elements called the flags or half-edges, v is a function from
the set F' of flags to the set V' of vertices and p is an involution of the set F'. The orbits of this
involution are called edges. An edge is inner if it contains two flags and outer otherwise.

ExAMPLE 5. For instance, two vertices linked by an edge is just a set of vertices with two objects
{v1,v2}, a set of flags with two objects { f1, f2}, a function v such that v(f;) = v; and an involution

p such that p(f1) = fa.

Definition 58 (Tree). A (rooted) tree T = (V, F,v,p,r) is a connected graph (V, F, v, p) with no
cycles and a distinguished outer edge r called the root. The remaining outer edges are called leaves.
In this context, each vertex has one output edge and possibly many input edges (there can be no
input edge). The number of inputs of a vertex is called its arity.

FIGURE 4.1 — Example of a tree.

FIGURE 4.2 — The trivial tree with no vertex but one edge.
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Definition 59 (Sub-tree). Let T = (V, F,v,p,r) be a tree. A non trivial sub-tree T’ of T is a
non-empty subset V' of V' which is connected, i.e. for any two vertices v; and vy of V', there exists
a path between them in the tree T which only visits vertices in V’. This subset determines a new
tree also denoted T which is the 5-tuple (V', F’ o', p/,r") where F’ is the set of flags f of F' such
that v(f) is in V’, the function v’ is the restriction of v to the set F’ and for any flag f in F”, then
o' (f) = p(f) if p(f) € F' and p(f) = f otherwise. The root r’ is the edge of T’ which is the flag
closest to the root r of T'.

Definition 60 (Partition of a tree). Let T = (V, F,u, p,r) be a tree. A partition of T with no
trivial component is the data of non-trivial sub-trees 17, ..., T} with no common vertices such that
their union contains every vertex of T'. Moreover, we denote by T/T; - - - T;, the tree obtained from
T by contracting into one vertex each sub-tree T;.

T=T1UT,UTs T/TyT5T5

FIGURE 4.3 — An example of a partitioned tree and its associated contraction.

Following Moerdijk—Weiss [MWQT|, we can consider the following set theoretical colored operad
Q(T) generated by any tree T.

Definition 61 (The operad Q(T)). For any tree T, Q(T') is the operad colored by the set of
edges of T, freely generated by the set of vertices of T. In details, Q(T)(¢c;x : X — C) = {«}
if there is a (possibly trivial) sub-tree of T with output ¢ and inputs x(x1),..., x(z,). Otherwise
QT)(¢;x : X = C) := (. The composite map is given by the grafting of sub-trees inside 7.

Definition 62 (The category of trees). The category of trees, written Tree is made up of trees, as
defined above ; the morphisms from a tree T to a tree 7" are the morphisms of operads from Q(7")
to Q(T7), i.e.

Homree (T, T") := Homo, (T), QT)) .

Here are three families of simple morphisms of trees. An outer coface J, adds a new external
vertex v, i.e. a vertex attached to at most one other vertex. An inner coface . introduces an inner
edge e. A codegeneracy o erase an arity 1 vertex. The inner and outer cofaces, the codegeneracies
and the isomorphisms generate all the morphisms of trees. More details can be found in the paper
[MWO07].

4.1.4 Dendroidal sets

We introduce here the concept of dendroidal set due to Moerdijk—Weiss [MWO07], which is an
operadic generalization of the concept of simplicial set.

Definition 63 (Dendroidal set). A dendroidal set is presheaf on the category Tree, i.e. it is a
functor from the category Tree®” to the category Set of sets. We denote the category of dendroidal
sets by dSet. By analogy with simplices of simplicial sets, we call dendrices of a dendroidal set D
the elements of the image sets Dr, for any tree T.

Let D be a dendroidal set. Any outer coface 6, : T'— {v} — T, any inner coface d. : T/e —» T
and any codegeneracy o : T — T" give respectively an outer face d,, : Dy — Drp_(,}, an inner face
de : Dy — Drj. and a degeneracy s : Dy — Dr.

96



FIGURE 4.4 — Examples of an outer coface, an inner coface and a codegeneracy

We can consider the poset [n] :==0 < 1 < --- < n as the linear tree (ladder) with n vertices and
n + 1 edges labeled by the set {0,...,n} from bottom to top. Then we can consider the category
A made up of sets {0,...,n} and non-decreasing functions as a full sub-category of the category

Tree. Let us denote i : A — Tree this embedding. It induces a restriction functor i* : dSet — sSet
which sends a dendroidal set D : Tree®” — Set to the following simplicial set :

DA o Tree®? P Set.

Moreover, the restriction functor ¢* has a left adjoint ) sending a simplicial set .S to the dendroidal
i)S such that (i1.5),) = Sy for any linear tree [n] and such that (i1.5)r = () for any tree T' which is
not in the image of i : A — Tree.

Dendroidal sets are thus a generalization of simplicial sets. Moreover, the simplicial sets A[n],
OA[n] and A¥[n] have dendroidal analogues which we define below.

Definition 64 (The dendroidal sets Q[T], 9Q[T], A¢[T] and 9°**Q[T]). For any tree T', let Q[T
be the dendroidal set given by the Yoneda embedding of trees into dendroidal sets, that is

Q[T] := Homyee(—, T) .

It has several canonical sub-objects that we will use.
> Let 0Q[T] be the sub-dendroidal set of Q[T] generated by all the faces (inner and outer).

VT = {f € Homree(T',T) | 39, 36, f =g},

where ¢ is a morphism of trees and § is a coface targeting T'.
> For any inner edge e of T, let A°[T] be the sub-dendroidal set of Q[T] generated by all the
faces (inner and outer) except the one corresponding to e, that is

AS[T]T’ = {f € HOHlTree(T/,T) | Hga 35 7é 665 f = 59} )

where g is a morphism of trees and § is a coface targeting T which is different from the
inner coface related to the edge e.
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> Finally let 9°**Q[T] be the the sub-dendroidal set of Q[T] generated by all the outer faces,
that is
O QT = {f € HomTyee(T",T) | 39, 36, f =g},

where g is a morphism of trees and ¢ is an outer coface targeting 7'

The category of set-theoretical colored operads is canonically embedded in the category of
dendroidal sets through the nerve functor Ny : Op — dSet defined as follows :

Ny(2)r := Homop(UT), ) .

This functor has a left adjoint 74 such that 74(Q[T]) = Q(T).

CONVENTION  For any dendroidal set D, the elements of the set D, where | is the trivial tree,
will be called the colors of the dendroidal set D. Moreover, if we denote the corolla with m inputs
by C.,, then the elements of D¢, will be called the arity m operations of D. For such a corolla
and any leaf [ of it, there is a face map Dy — D), which gives the color of the input corresponding
to I. The face map D — D) corresponding to the root gives the color of the output. Indeed, for
any set-theoretical colored operad &, the set Ngq(£?)| is the set of colors of & and Ny4(#)¢,, are
the operations of & of arity m.

4.1.5 Infinity-operads

We give here the definition of an oo-operad, which is to dendroidal sets what oo-categories
are to simplicial sets. Recall that an oo-category (or quasi-category or weak Kan complex) is a
simplicial set X such that for all n > 2 and 1 <k < n — 1 and every morphism A¥[n] — X, there
is a morphism A[n] — X which lifts the horn inclusion A*[n] — Aln].

AF[n] —— X
P4
e
Aln]

Quasi-categories are models of (0o, 1)-categories where the objects are the 0-vertices, the 1-morphi-
sms are the 1-vertices and where the higher vertices encode higher homotopical data. Indeed, the
above lifting property for n = 2 and £ = 1 means that any two 1-morphisms such that the target
of the first one is the source of the second one can be composed up to homotopy. More details can
be found in [Lur09]. The following notion of co-operad is an operadic generalization of this notion
of oo-category.

Definition 65 (oco-operad). An co-operad, or infinity-operad in plain words, is a dendroidal set
D such that for every tree T and any inner edge e of T', every morphism from A¢[T] to D can be
lifted to a morphism from Q[T] to D :

The “horn“ condition of the definition for two-vertex trees means that two operations with
compatible colors can be composed up to homotopy. Indeed, let T' be a tree with two vertices : it
is made up of two sub-trees T} and T, joined by an edge e. Let v; (resp. vy) be the unique vertex
of the tree T} (resp. Tv).
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Let T’ be the corolla obtained from T by contracting the edge e. The morphisms 6,, : Ty — T,
8y, : To = T and . : T — T are the three coface maps targeting the tree T. Let z € Drp
and y € Dr, such that d.(z) = dc(y) € D). Through the two outer face maps, they determine a
morphism A¢[T] — D, which induces a morphism Q[T] — D, i.e. a element z of Dr. The inner
face d.(z) can be thought of as the composition of x with y along the edge e. Moreover, the fact
that the morphism from Q[T] to D extending  and y is not necessarily unique means that their
composite is not necessarily strictly unique.

4.1.6 The homotopy theory of dendroidal sets

In their paper [CM11], Denis-Charles Cisinski and Ieke Moerdijk endow the category of den-
droidal sets with a model structure in order to provide a homotopical interpretation for the notion
of oco-operad.

Definition 66 (Categorical fibration). A categorical fibration (or isofibration) is a functor f : C —
C’ such that, given any isomorphism ¢ : ¢, — ¢} in C’, and any object ¢; in C such that f(¢;) = ¢},
there exists an isomorphism v : ¢ — ¢1 in C, such that f(¢) = ¢.

Theorem 24. [CM11, Theorem 2.4, Proposition 2.6] The category of dendroidal sets is endowed
with a model structure such that :
> the fibrant objects are co-operads.
> the cofibrations are the normal monomorphisms, i.e. the monomorphisms A — B such that
for every tree T' the action of the automorphism group Aut(T) on By — Ar is free.
> the fibrations between fibrant objects, i.e. co-operads, are the morphisms f such that i*74(f)
is a categorical fibration and such that f satisfies the right lifting property with respect to
the inner horn inclusions, i.e. the morphisms A[T| — Q[T] where T is a tree and e is an
inner edge of T'.
Furthermore, this model structure is left proper and combinatorial.

REMARK 13. The restriction of this model structure to the category of simplicial sets, which is the
slice category dSet/A[0], is exactly the Joyal model structure. See [Lur09), 2.2.5]. Furthermore, in
[Joyl, Proposition E.1.10] André Joyal shows that a model structure on a category is determined
by its class of cofibrations and its class of fibrant objects.

We will need to have a precise description of the weak equivalences between oo-operads.

Definition 67 (Essentially surjective morphisms). A morphism of dendroidal sets A — B is
essentially surjective if the induced functor i*74A — i*74B is essentially surjective, i.e. any object
of i*7yB is isomorphic to the image of an object of i*7;A.

For any integers m > 0 and n > 0, let C}, , be the tree made up of a corolla having m inputs
and the linear tree with n vertices [n] under it ; see Figure There is a canonical morphism of
trees from [n] to Cy, . The data of such morphisms [n] — Cy, , gives us a cosimplicial object in
the category of trees for any m > 0.

Let us number the leaves of C,, from 1 to m. Let A be a dendroidal set and let ¢, ¢1, ..., ¢
be colors of A, i.e. the elements of the set A|. Let AL(cy, ..., cm;c) be the sub-simplicial set of
Homygset (Q2[Chn,—], A) whose n simplices are the morphisms of Homgset (Q2[Ciy,,n], A) such that their
restriction to the leave ¢ is the color ¢; and their restriction to [n] is the degeneracy of the color c.
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FIGURE 4.5 — Example : the tree Cs 5.

Definition 68 (Fully faithful morphisms). A morphism of co-operads f : P — @ is fully faithful
if for any integer m > 0 and for any colors ¢, c1, ..., ¢, of P, the morphism

PH(er,. . emic) = QF(f(er), ., flem); £(0)

is a weak homotopy equivalence of simplicial set, i.e. a weak equivalence in the Quillen model
structure on simplicial sets.

Proposition 77. [Heulll Proposition 4.17] A morphism of co-operads f : P — Q is a weak
equivalence if and only it is essentially surjective and fully faithful.

REMARK 14. In the paper [CM13|, Cisinski-Moerdijk give an other definition of fully faithful
morphisms : a morphism of co-operads f : P — @ is “fully faithful“ if for any integer m > 0 and
for any colors ¢, ¢1, ..., ¢, of P, the morphism

Pler, ..y emse) = Q(f(cr), ..., flem); f(€)

is a weak homotopy equivalence of simplicial set, where P(cy, ..., cnp;c) is a simplicial set defined
by the following collection of pullbacks

P(C]7 <oy Cmys C)n —— HOIrldSet(gl[c’,’n]7 P(A[n]))

| |

Homgser (][I, A[0], PAID)Y

(esctyeeny cm)

where (PA")), .y is a Reedy fibrant replacement of P which is defined in [CMI13, 3.1]. In
the appendix we give a direct proof of the fact that P(cy,...,cmn;c) is homotopy equivalent to
PL(cy,...,cm;c). This implies that the two definitions of the fully-faithful morphisms of co-operads
are equivalent.

4.1.7 The Dold Kan correspondance

We recall here the Dold—Kan correspondance between simplicial K-modules and nonnegatively
graded chain complex of K-modules. See [GJ99, 3.2] and [ML95l Section 8.8] for more details on
this subject.

Let X be a simplicial K-module and let V' be chain complex of K-modules.
> Let C(X) be the Moore complex of X, that is the nonnegatively graded chain complex such
that C'(X),, := X,, for any integer n > 1, and whose differential d : C(X),, = C(X),—1 is
given by the formula d := Y"1 (—1)’d; where d; is the i'" face.

> Let N(X) be the normalized Moore complex of X, that is the sub-chain complex of C(X)
defined by N(X) := N'_y ker(d;).

> Let D(X) be the sub-chain complex of C(X) generated by the images of the degene-
racies D(X) := Z?:_Ol im(s;). Besides, let 7w(X) the functorial projection of C(X) on
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C/D(X) := C(X)/D(X). Then, the composite map N(X) — C(X) - C/D(X) is a

functorial isomorphism.

> Let I'(V) be the simplicial K-module such that for any integer n, I'(V)n = @,y Voo
where the sum is a taken over the maps of ordered sets [n] — [p] which are surjections.
The faces and degeneracies are defined as follows. Let 7 : [n] — [p] be a surjection and
v eV, CT(V), an element in the n-summand of I'(V),,.
> For any codegeneracy o; : [n 4+ 1] — [n], the corresponding degeneracy s;(v) of v is the
element v € V,, CT'(V),,41 in the no;-summand of T'(V'),,41.
> Let §; : [n — 1] < [n] be a coface. If nd; is still a surjection, then the corresponding face
d;(v) of v is the element v € V,, CT'(V),,—1 in the nd;-summand of I'(V'),,_1. Otherwise,
nd; can be uniquely factorized as the composition [n — 1] = [p — 1] < [p] of an ordered
surjection 7’ followed by a coface §;. If j = p, then d;(v) := (=1)?d(v) € V,_; in the
n’-summand of T'(V'),,—;. Otherwise, d;(v) := 0.

The functor T from the category dg-Mod=" of nonnegatively graded chain complexes to the cate-
gory of simplicial K-modules is both right adjoint and left adjoint to the functor C/D. Furthermore,
these two functors give us an equivalence of categories. This is the Dold—Kan correspondence in
the context of K-modules.

The functor C/D from the category of simplicial K-modules to the category of nonnegatively
graded chain complexes is lax symmetric monoidal through the Eilenberg—Zilber map. Furthermore,
it is lax comonoidal through the Alexander—-Whitney map ; see [ML95] Section 8.8| for a description
of these maps. Hence, its adjoint I' is lax monoidal. However, I is not symmetric monoidal.

4.2 Strict unital homotopy colored operads

In this section we introduce the new notion of homotopy colored operads with strict unit,
which is the operadic generalization of the notion of A -category [FOOO09|. For that purpose, we
introduce the notions of colored cooperads, conilpotent cofree colored cooperads and coderivations,
which are generalizations from the non-colored case in the framework developed in the previous
section. The propositions are often proved in the same way as in the non-colored case, but we recall
the key properties that will be used later on.

4.2.1 Colored cooperads
We first consider the category of colored cooperads.

Definition 69 (Colored cooperads).
> For any set C, a C-cooperad is a comonoid (C, A, ¢) in the category of (C,S)-modules.
> More generally, a colored cooperad is a quadruple (C,C, A, ¢), where C' is a set and where
(C,A¢) is a C-cooperad.

Lemma 32. For any function ¢ : C — D, the functor ¢ : (C,S)-Mod — (D,S)-Mod is a lax
comonoidal functor, i.e. there is a natural morphism ¢ (V o W) — &V o W and a morphism
¢olc — Ip satisfying coherence conditions.

Proof. For any (C,S)-modules V and W and any object (¢/;x’ : X — D) of Bijp, we have :
aWow)(ie) = [T TT V@ie) ® Wikjaraiv(1) @+ @ Wixja- i v(k))
k>1  c,x,a,v k

where the second coproduct is taken over the colors ¢ in C' such that ¢(c) = ¢/, the functions
x : X — C such that ¢x = ¥/, the functions @ — k and the functions v : k — C. Furthermore we
have,

(Vo pW)(X'5c) = H ( H V(v;¢) @ W(X|a-1(1); €1) ®"'®W(X|a*1(k)§ck)>g ;

k>1 X, v k
= [CRER ck)
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where the second coproduct is taken over the colors ¢ in C' such that ¢(c) = ¢/, the functions
X : X — C such that ¢x = x/, the functions « — k, the functions v : k — C, and the k-tuples of
colors (eq, ..., cg) such that ¢(c;) = ¢(v(i)). The map

{vik—>Ct—={(w:k—C(c1,...,c) | dlci) = dp(v(i)), Vi}
U (v, (v(1),..., U(k:)))

induces a monomorphism ¢(V o W)(x';¢/) — (Vo ¢ W)(x';¢’) which satisfies the required
properties. O

Proposition 78. Let ¢ : C — D be a function, and let (C, A, €) be a C-cooperad. The (D, S)-module
¢C has a canonical structure of D-cooperad ($:1C, Ay, e4) induced by the structure of C-cooperad
of C.

Proof. This is a corollary of the previous lemma since comonoids induce comonoids through lax
comonoidal functors. O

Definition 70 (Morphisms of colored cooperads). A morphism of colored cooperads from € =
(C,C,Ae) to 2 = (D,D,A’,&') is a morphism of S-modules f = (&, f1) such that f is a morphism
of D-cooperads from (¢iC, Ay, e4) to (D, A €’).

Proposition 79. Colored cooperads with their morphisms form a category denoted by Coop.

Proof. This proof is similar to the proof of Proposition [76] for colored operads. O

4.2.2 Coaugmented colored cooperads
Throughout this section, E is an abelian monoidal category.

Definition 71 (Coaugmented colored cooperad). A coaugmented colored cooperad € = (C,C, A,
g,u) is the data of a colored cooperad (C,C,A,¢e) together with a morphism of C-cooperads w :
Ic — C.

Since E is an abelian category, any coaugmented colored cooperad ¢ has the form C = Ic @ C
where C is the kernel of the counit map € : C — Io. Furthermore, the restriction A|5 of the

coproduct A to C is equal to o
AlngcoId-l-Idofc-l-A ,

where the map A is made up of the image of A living in the summand of C o (I @ C) where C
appears more than once on the right-hand side of the composite product o. Moreover the restriction
of the coproduct A to I¢ is the canonical morphism Ic — I o I

Definition 72 (Morphisms of coaugmented colored cooperads). A morphism of coaugmented
colored cooperads from (C,C, A, e,u) to (D,D,A’,&’,u') is a morphism of colored cooperads f =
(¢, f1), whose restriction to I¢ is equal to the identity :

Io(c;c) = 1g M fe= Ip(¢(c); o(c)) -

This defines the category of coaugmented colored cooperads.

4.2.3 The tree module and the free colored operad

The tree module is the underlying construction of the free colored operad and the cofree colored
cooperad on an arbitrary colored S-module.

Definition 73 (Colored trees). Let C be a set. A C-colored tree t = (T, ) is the data of a tree
T = (V,F,u,p,r) and a coloring function « from the set of edges of T to the set of colors C. A
morphism of C-colored trees from ¢ to t’ is a morphism of trees such that the induced function on
edges commutes with the coloring functions.
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NoTATIONS. Note that trees are denoted by capital letters, whereas colored trees are denoted by
small letters. Let ¢t = (T, k) be a C-colored tree and V be a (C,S)-module. For any vertex v of ¢,
we denote by in(v) and out(v) respectively the set of inputs and the one-point-set of the output of
v. Then we will denote the object V(k(out(v)); Kjin(v)) simply by V(v).

For any (C,S)-module V and any C-colored tree t = ((V, F,u, p,r), k), we denote by ¢(V) the
following colimit in the category E

:( IT v V(¢(n))> , (4.1)

pn—V Sn

which is made up of all the possible ways of labeling the vertices of the tree ¢ with elements of V.
This colimit is taken over the set of bijections from the set n to the set V' of vertices of ¢, n being
the number of vertices of ¢, modulo the action of S,,.

For any object (x : X — C;¢) in the category Bij, we consider the category Treec(x;¢) where
the objects are pairs (¢, «), with ¢ a C-colored tree whose root is colored by ¢ and « a bijection
from X to the leaves of ¢ such that the following diagram commutes

X —— 2 leaves(t)
N A

The morphisms in Treec(x;c¢) from (¢, ) to (¢,a’) are the isomorphisms of C-colored trees S :
t — ¢’ such that o/ = Sa on the leaves. For any (C,S)-module, Formula (4.1)) induces a functor
from the category Treec(x;¢) to the category E, i.e. a diagram in E.

Definition 74 (Tree module). For any (C,S)-module V, the tree module TV is defined, for any
object (x;c) of the category of Bijs, by the following colimit :

TV(x; ) : oli tV) .
(X ) (t, a)ETregcl(Xc) ( )

This construction is functorial in (y;c) and thus defines a (C, S)-module.

For any C-colored tree ¢, we can consider the object ¢(V) of E as a (C,S)-module by taking the
above colimit only over the pairs (¢, &) such that ¢’ is isomorphic, as a C-colored tree, to t, that is

tW(xe) =, colim (V).
t/~t

Note that the coproduct []}; t(V) over the isomorphism classes [t] of C-colored trees is isomorphic
to the tree module of V,
TV =[] t(V)

1l

Finally, the tree module TV is functorial in V and thus defines an endofunctor T of the category
(C,S)-Mod. It canonically extends to an endofunctor T of the whole category of colored S-modules.
In the sequel, we will also work with the augmented tree module TV made up of non trivial trees.

V= []tV)
(1]

REMARK 15. Let t = ¢t1U. ..Ut be a partition of the C-colored tree ¢ into sub-trees. Let ¢ : C — D
be a function and let f(¢ ) be a morphism of colored S-modules over ¢ from ¢;(V) to (D, W), for
any 4. Then, it induces a morphism of colored S-modules over ¢ from ¢(V) to (D,W), that we
denote by f(t1) ® --- ® f(tx).
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Proposition 80. The colored S-module TV has a canonical structure of a colored operad given by
the grafting of trees. We denote this colored operad by T°V. It gives rise to a functor T¢ : S-Mod —
Op from the category of S-modules to the category Op of colored operads, which is left adjoint to
the forgetful functor Op — S-Mod .

Proof. The proof is similar to the non-colored case, see [LV12, Section 5.8]. The extension of
morphisms from V to T°V is given by the construction mentioned in the above remark. O

In plain words, the colored operad T°V is the free colored operad on the colored S-module V.

NotaTiONs. If f is a morphism of S-modules from (C, TV) to (D, W), then we denote by f(t) the
restriction of f to ¢(V), for any C-colored tree t.

Definition 75. Suppose that E is a concrete category, that is made up of sets with additional
structures. Let & = (C,P,~,n) be a colored operad. An ideal J of &2 is a sub-(C,S)-module of
P which is stable under the composition with any element of P. In other word, for any elements
g, x1,...,ZLy of P which are composable, the composite 'y(;vo Q1@ ® xn)) belongs to J
whenever of the x; is in J. If R is a sub-graded-(C, S)-module of P, we denote by (R) the smallest
ideal of & which contains R.

Proposition 81. With the notation of Deﬁnition the S-module P/(R) has a canonical structure
of C-colored operad induced by the structure on P. We denote this operad & /(R) = (C,P/(R),v,n).

Proof. Tt suffices to notice that the composite morphism
PoP L P —P/(R)
factors uniquely through the map P oP — P/(R) o P/(R). O

4.2.4 Conilpotent colored cooperads

We suppose again that E is an abelian category.

Definition 76 (Conilpotent colored cooperads). A conilpotent colored cooperad € = (C,C, A, e, u)
is a coaugmented colored cooperad such that the images of any element under the right-hand side
iterations of the decomposition map A + Id o I stabilize at some point.(We refer the reader to
[LV12l Section 5.8] for more details in the non-colored case.) The full subcategory of the category
of coaugmented colored cooperads made up of the conilpotent colored cooperads is denoted by
ConilCoop.

Proposition 82. For any (C,S)-module V, the tree module TV has a canonical structure of conil-
potent C-cooperad given by the degrafting of trees. We denote this colored cooperad by T¢V. This
defines a functor T¢ : S-Mod — ConilCoop from the category of colored S-modules to the category
of conilpotent colored cooperads, which is right adjoint to the forgetful functor € ~ C.

Proof. The proof works in the same way as in the non-colored case, see [LV12, Section 5.8]. For any
conilpotent cooperad € = (C,C, A, e, u), there is a canonical morphism of conilpotent C-cooperads
0:% — T°C |[LV12, Proof of Theorem 5.8.9]. The natural isomorphism

HomS—Mod ((07 6)7 (D7 V)) = HomConilCoop(Cga (Da TCV)) )

for any conilpotent colored cooperad ¢’ and any S-module (D, V) is given as follows. Any morphism
of S-modules f : (C,C) — (D, V) extends to a morphism of conilpotent colored cooperads Rf from
% to TV using the following formula :

Rf = (T°f)5 .
]

In plain words, the colored cooperad T€¢V is the cofree conilpotent colored cooperad on the
colored S-module V. In the case where € is a cofree conilpotent colored cooperad € = (C, T*W),
the adjoint morphism Rf : TW — T¢V is given by the more simple formula

Rf()= > f(t)®flta) @@ f(ts) , (4.2)

t=tUtaU...Utg

where the sum is taken over the partitions with no trivial component of the C-colored tree ¢.
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4.2.5 Derivations and coderivations

In this paragraph, the monoidal category E is, most of the time, the category gMod of graded
K-modules with degree zero linear maps. It is a subcategory of the category gModdeg of graded K-
modules with graded morphisms. We will just allow ourselves to use morphisms of degree different
from zero to build codifferentials.

Let ¥V and W be two (C, S)-modules. By definition, V, W and V o W are gMod-presheaves over
Bijo. Let f : V — Vand g : W — W be two endomorphisms of gMod®&-presheaves over Bijc.
For any homogeneous elements x € V(¢;c) and x; € W(¢;; ¢(3)), for 1 < i < k, we consider the
following map :

@1 @ Qg > f(2) @ @@+ »_(—Dllletnit el @@ g(n) @ @
i=1

The collection of these maps can be lifted to a morphism
foIdw+Ide/g:V0W—>VOW
of gMod“®8-presheaves over Bij, which is a linearization of the morphism f o g.

Definition 77 (Derivations, differentials, coderivations, and codifferentials).
> A derivation of a colored operad & = (C,P,~,n) is a morphism d : P — P of gMod“°-
presheaves over Bijs such that

v (doldp +1dp o' d)=d~ .

A differential is a degree —1 square-zero derivation.
> A coderivation of a colored cooperad ¢ = (C,C, A, ¢€) is a morphism d : C — C of gMod e-
presheaves over Bij- such that

(dolde +1d¢o’d) A=Ad.
A codifferential is a degree —1 square-zero coderivation.

A dg colored operad is an operad equipped with a differential. Morphisms of dg colored operads
are morphisms of graded colored operads commuting with the differentials. We denote this category
by dg-Op. The same phenomenon holds for dg colored cooperads, i.e. colored cooperads equipped
with a codifferential. For any coaugmented colored cooperad @ = (C,C, A, €, u), we require moreo-
ver that coderivations satisfy ¢ d =0 and d u = 0.

A derivation of a free operad is determined by its value on the generators.

Proposition 83. Let u : V — TV be a graded morphism of graded (C,S)-modules. There is a
unique derivation of the graded colored operad TV whch extends this morphism.

Proof. The proof relies on the same arguments as the proof of [LV12] 6.3.6]. The derivation d,,
which extends w is the following.

du(21 @ @ xy) := Z(—l)ml""”ﬂ“*llxl Q- Qdr; @ Q Iy .
i=1

O
Proposition 84. Let & = (C,P,~,n,d) be a colored operad equipped with a derivation d. Let R
be a sub-(C,S)-module of P such that d(R) is contained in the smallest ideal (R) which contains
R. Then, d induces a derivation on the C-colored operad & /(R).
Proof. Since d is a derivation of £, the sub(C,S)-module d=!((R)) C P is an ideal of Z. Since,

it contains R, then it contains (R). So the graded map P Lpp /(R) factors uniquely through
the projection P — P/(R). Thus we get a map dp /gy which a derivation of the colored operad
Z/(R). O
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Coderivations on cofree colored cooperads are completely characterized by their projections
onto their generators.

Proposition 85. Let v : TV — V be a graded morphism. There is a unique coderivation d, on the
cofree colored cooperad TV which extends vy ; it is given by the following formula :

=Y de--@ys)@--1d,

sCt
where the sum is taken over the mon-trivial sub-trees s of a colored tree t. In this context, the
coderivation d squares to zero if and only if yod, = 0.

Proof. The proof is similar to the non-colored case, see [LV12, Chapter 6]. O

NotaTIONS. For a coderivation d., on a cofree colored cooperad TV, we denote by + its projection
onto V.

As we have already seen through Equation , a morphism of conilpotent cofree colored
cooperads from (C,T¢V) to (D, T“W) is equivalent to the data of a morphism of S-modules f
from (C, TV) to (D, W). If the cofree colored cooperads are equipped with codifferentials, then the
following proposition gives the condition on f under which Rf is a morphism of dg cooperads.

Proposition 86. Let (C,V) and (D, W) be S-modules, let d., and d, be two codifferentials on TV
and TW respectively, and let f : (C,TV) — (D, W) be a morphism of S-modules. Then Rf is a

morphism of coaugmented dg cooperads, i.e. it commutes with the codifferentials, if and only if
vRf = fd, . (4.3)

Proof. The proof is similar to the proof of Proposition 10.5.3 of [LV12]. On the one hand, if
dyRf = Rfd,, then v Rf = f d, as v (resp. f) is the projection onto W of d,, (resp. Rf). On the
other hand, since Rf is given by Formula (4.2) and since d, is given by Proposition we have

(Rfdy)(t) = > ft) @@ (fdy)(s) @+ @ f(tn)

sCt t=t1U...Usl...Utg

for any C-colored tree t. We also have :

(RAOG =D D>, ft)@--@WR)(s)@- @ f(t) -

sCt t=t1L...UsL...Utg

So, if vRf = fdy, then d, Rf = Rfd,. O

CONVENTION In the case where the category E is the category dgMod of chain complexes, a
codifferential on the cofree cooperad TV has the from d;+d>2, where d; is the internal codifferential
induced by the differential of V through the formula

n

dl(xl R-Q xm) — Z(_l)\ﬂc1\+~~+|w¢71|($l R-® dv(%) R ® (En) ;
i=1

and where d>o is an additional codifferential, which is nonzero only on T=2V, the summand made
up of trees with at least two vertices. We refer the reader to [LV12, Chapter 6] for more details.

4.2.6 The categories of homotopy colored operads

The concept of homotopy operads in the differential graded context was introduced by Pepijn
Van der Laan in the non-colored case in the paper [VAL03|. In order to compare this notion to
oo-operads, we need to extend it by including colors and adding a homotopy coherent unit. In this
section, the category E is the category dgMod of chain complexes.

Definition 78 (Strict unital homotopy colored operads).
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> A nonunital homotopy colored operad & = (C, P, ) is the data of a colored S-module (C, P)
and a codifferential d., on the cofree colored cooperad T¢(sP) on the suspension sP of P.
A strict unital homotopy colored operad & = (C,P,~,n) is the data of a nonunital homotopy
operad (C,P,7) together with a morphism 1 : I — P of S-modules called the unit. For
each color ¢ in C, we denote by id. the image of the unit 1k of the ground field K under the
map 7(c; ¢) from K = Ic(c¢; ¢) to P(c; ¢). Furthermore we require that the unit satisfies the
following homotopy coherences :

sid) =

gl

~(t)(sid. ® sp) = sp, for colored trees ¢t with 2 vertices;
~v(t)(sp ® sid ) (—=1)lPlsp, for colored trees ¢t with 2 vertices;
Y@E)(sp1 ® - @ sid. ® -+ - @ spp,—1) = 0, for colored trees ¢ with at least 3 vertices.

In the second (resp. the third) equation sid. (resp. sp) labels the vertex attached to the root
of t.

> A morphism of nonunital homotopy colored operads P = (C,P,vy) ~ Q = (D,Q,v) is a
morphism of coaugmented dg cooperads Rf : (T¢(sP),dy) = (T(sQ),d.).
A morphism of strict unital homotopy colored operads from &£ = (C,P,v,n) to 2 =
(D, Q,v,0) is a morphism Rf of nonunital homotopy colored operads such that its composite
with the projection onto the generators f : T(sP) — sQ satisfies :

f(SIdp) = Sid¢(0)
fsp @ - ®side @ ®8pp_1) =0

The category of strict unital homotopy colored operads is denoted by suOp,.

INTERPRETATION Let us unfold this definition a little bit. A nonunital homotopy colored operad
& = (C,P,~) can actually be viewed as a colored S-module endowed with a partial composition
“associative up to higher homotopies”. To be precise, it is necessary to give an orientation to the
trees. This orientation will allow us to deal with the signs inherent to the underlying symmetric
monoidal structure of the category dgMod and which come from the suspension. For example, let
t = ({vo,v1,v2}, Fyu, p,r, k) be a C-colored tree with three vertices represented in the following
picture.

U1 V2
Vo

C

FIGURE 4.6 — The tree t¢.

The set of leaves is denoted by [ and the color of the root is ¢ € C. The sub-tree containing vg
and vy (respectively vy and vp) is denoted by t; (resp. t2) and its leaves by Iy (resp. l2). Let x be
an element of the K-module ¢(P). It is equal to a sum of elements ag ® a1 ® ag where a; € P(v;).
The choice of such a representation of x is related to the way we travel along the tree : in, this case,
the path is (vg, v1,v2). This defines an orientation of the colored tree ¢. This orientation induces a
morphism P(vg) ® P(v1) @ P(ve) = sP(vg) ® sP(v1) ® sP(v2) through the mapping

ap ® ay ® ag — (=1)1%(sag) ® (sa1) ® (sas) .
Then, applying v and the desuspension map sP — P gives a morphism
Y3 : Pvo) ® P(v1) @ P(vz) — P(I)

of degree 1. Furthermore, the orientation that we have chosen for ¢ induces orientations on t1,
to, t/t1 and t/ts. Applying the same procedure produces degree 0 morphisms respectively from
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P(vo) @ P(v1) to P(ly), from P(vg) @ P(v2) to P(l2), from P(l1) ® P(va) to P(I) and from P(l3) ®
P(v1) to P(l). We denote all of them by 7, since they amount to composing 2 vertices labeled by
P. Let T be the canonical isomorphism P(vg) ® P(v1) ® P(v2) =~ P(vo) ® P(v2) ® P(v1). The fact
that d., squares to zero implies :

Y2(12 ®1d) — 2 (72 ® Id)T = 9(v3)

where 0(y3) = dp 3 + 3 dpes. We interpret 7, as a partial composition ; so the above equation
shows that the parallel composition is not strictly associative but “associative up to homotopy*;
and this homotopy is precisely ~3. In the same way, 3 applied to trees with 3 vertices one above
another provides us with a homotopy for the sequential composite of v5. The other maps 7(¢), for
bigger trees t, are higher homotopies. Indeed, given an orientation on a colored tree ¢, we have the
following equation :

o(y(1) =D _#y(t/s)(d@- - @(s) @ ®1d)

sCt

where the sum is taken over all the sub-trees s of ¢, with at least 2 vertices. In strict unital homo-
topy colored operads, the composition is relaxed up to homotopy but the unit remains strict.

INTERPRETATION A morphism of nonunital homotopy colored operads from & = (C,P,~) to
2 = (D,Q,v) is a morphism of colored S-modules f : TC(S’P) — sQ such that vRf = fd,,
according to Proposition Again, a choice of orientation of a colored tree ¢t with n vertices
V0, - -+ ,Up—1 gives a morphism of graded K-modules f, : P(vy) ® -+ @ P(vy—1) — Q(I) and
morphisms v, : P(vg) @ -+ @ P(vp—1) = P(l) and v, : Q(vg) ® - -+ ® Q(vp—1) — Q(I). In the case
where the tree t has two vertices, the fact that f is a morphism of dg cooperads implies :

va(f1 @ f1) = five = 0(f2) »

where 9(f2) = dg f2 + f2 dpez. Since 2 and v, are interpreted as composite maps, fi; commutes
with these compositions up to homotopy ; and this homotopy is precisely f2. The other maps f(t)
for bigger trees t are the data of a higher homotopical control. A morphism of strict unital homotopy
colored operads commutes with the composite maps up to higher homotopies but strictly with the
units.

Proposition 87.

> Nonunital homotopy colored operad concentrated in arity one is the same notion as nonunital
Aso-category. Strict unital homotopy colored operad concentrated in arity one is the same
notion as Ao -category.

> The forgetful functor from strict unital colored operads to nonunital colored operads has a
left adjoint which is an embedding of category of nonunital homotopy colored operads into
the category of strict unital homotopy colored operads.

> The category dg-Op of differential graded colored operads embeds canonically into the cate-
gory suOp_, of strict unital homotopy colored operads.

Proof. The proof of the first point is straightforward with the various definitions from [FOOOQ9].
For the second point, any nonunital colored operad (C,P,~) is sent to (C, P @ I¢,). For the third
point, any dg colored operad & = (C,P,~,n) can be seen as the strict unital homotopy colored
operad (C,P,7,n) as follows. The structure map 7 is defined by 7(t) := 0 for colored trees ¢ with
more than 3 vertices, by

F(t)(sap ® say) = (—l)laﬂlsv(ao ®a)

for colored trees ¢ with 2 vertices, and by (t) := dsp = —dp for colored trees ¢ with 1 vertex. [

In this context, a morphism of dg colored operads & — 2 is a morphism of strict unital
homotopy colored operads Rf such that the corresponding morphism of colored S-modules f :
T(sP) — sQ vanishes on the trees with two vertices or more.
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dg-cat ——— dg-Op

I

Aoo-cat —— suOp_,

4.2.7 The Boardman—Vogt construction of strict unital homotopy ope-
rads

We recall here the Boardman—Vogt construction Wy for dg colored operads and we extend this
construction to strict unital homotopy colored operads, that we still denote by Wy . We show that
this new functor from the category of strict unital homotopy colored operads to the category of dg
colored operads is left adjoint to the inclusion functor from the category of dg colored operads to
the category of strict unital homotopy colored operads. For more details about the Boardman—Vogt
construction Wy for dg colored operads, we refer the reader to the papers [BM07, [BMO6l [Wei07].

Definition 79 (An interval in the category of chain complexes). Let H be the chain complex
made up of two generators hy and h; in degree 0 and one generator h in degree 1 such that the
differential d(h) is equal to hy — hg. It is equipped with a symmetric product V : H ® H — H such
that hg is a unit, by is idempotent, h is nilpotent, and such that AV h; = 0; it is also equipped
with a map e : H — K such that e(h;) = 1g and e(h) = 0.

Definition 80 (The Boardman—Vogt construction). For any dg colored operad & = (C,P,~,n),
the Boardman—Vogt construction Wy (2?) of & is the dg C-colored operad made up of C-colored
trees whose vertices are labeled by elements of P and whose inner edges are labeled by elements
of the interval H. This is subject to the following two identifications.
> If a vertex v with one input is labeled by an identity, then the tree is identified with the
same tree with the vertex v removed and the two adjacent edges glued together. If the
resulting edge is inner, then it is labeled by the element of H given by the product of the
two elements labeling the former adjacent edges. And if the resulting edge is outer, then the
tree is multiplied by the image under € of the former inner adjacent edge.
> If an inner edge e is labeled by hg, then the tree is identified with its contraction along this
edge. The resulting vertex is labeled by the composition in the operad & of the labelings
of the two former adjacent vertices.
The operadic composition is given by the grafting of trees where the new inner edge is labeled by
hy.

Since the labeling of the inner edges by hg leads to a contraction of the edge in the construction
of the operad Wg (<), then we can consider that the underlying graded operad of Wy (£) is
made up of C-colored trees whose vertices are labeled by elements of P and whose inner edges are
labeled either by h or hq ; this is subject to some relations. Since an inner edge labeled by hy is the
result of an operadic composition, then the underlying graded operad of Wy (Z?) is generated by
the C-colored trees whose vertices are labeled by elements of P and whose inner edges are labeled
by h. This graded S-module of generators is isomorphic to the graded S-module s~1T(sP). So the
underlying graded operad of Wy (£?) is isomorphic to a quotient of the free graded colored operad
T (s’l'JI‘(sP))‘ Inspired by this presentation, we define the extended Boardman—Vogt construction
which applies to strict unital homotopy colored operads. In Proposition we show that the
extended Boardman—Vogt construction is actually an extension of the Boardman—Vogt construction
in the sense that the two constructions coincide on dg colored operads.

Definition 81 (Extended Boardman—Vogt construction Wy ). For any strict unital homotopy
colored operad & = (C, P,~,n), the extended Boardman—Vogt construction Wy P = (Vg (P),dw)
is the data of a graded C-colored operad Vi (P) together with a degree —1 derivation dy . On the
one hand, Vg (P) is the quotient of the free graded C-colored operad T (S*IT(SP)) by the operadic
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ideal generated by the relations

s7tsid, = 1, ,
sHsr1 @ ®sid. @ ®sx,) =0, forn > 1,

where 1. is the unit of the C-colored operad T (s~'T(sP)) for the color ¢. On the other hand,
for any tree T whose vertices are labeled by elements sxq,..., sz, of sP, the value of dy on
s~ (sr1 ® -+ ® sxy,) is the following

dW (571(51’1@"'@51‘”)) :7571d7(51;1®"'®51:n)7 Z Cuta (571(51®...®Szn)) ,
a€inner(T)

where the sum is taken over the inner edges of T" and where cut, is the operation which cuts the
tree T into two parts along the edge a as follows :

cutg (8_1(8.1‘1 R ® smn)) = (_1)\11\+"'+|-Tp|+PS—1(Sx1 ® - @51, ® 5_1(5$p+1 R ® 8Ty,
with sz, and sx,41 the two labelings of the vertices which border the edge a.

REMARK 16. Since the formula that we give for dy sends an element of the form s™1(sz; ® -+ ®
sid. ® - - - ® s, to the operadic ideal generated by the elements of the same form s~ !(sy; ® -+ ®
sid. ® - - - ® sy ), then Proposition [84] ensures us that the derivation dy is well defined.

Proposition 88. The derivation dyw squares to zero.

Proof. On the desuspension of any colored tree T' whose vertices are labeled by elements of sP, we
have :

diyy =Idy @ d2
+ Y —cutg(lde ®@1d® - @y(T) ® - ® Id)

T'CT
a>T'

+ Y —cuty(Idy @ Id® - @y(T") @+ ® Id)

T'CT
a<T’

+ > —lde @Ide - @y(T) @ @ Id)cut,

acinner(T)
T'>a

+ > —lde 9Ide-@y(T) @ @ Id)cut, ,
acinner(T)
T'<a
where the sums are taken over the subtrees 77 of T and the inner edges a of T such that a is not
an inner edge of T” but is over T (a > T") or under 77 (a < T"). The sum of the second line (resp.
third line) with the fourth line (resp. fifth line) is zero. Since d2 = 0, then df;, = 0. O

Proposition 89. The Boardman—Vogt construction coincides with the extended Boardman—Vogt
construction on dg colored operads.

Proof. Let & = (C,P,~,n) be adg colored operad. We know that the Boardman—Vogt construction
is generated by colored trees whose vertices are labeled by elements of P and whose inner edges are
labeled by h € H. The composition is the grafting of trees where the new inner edges are labeled by
hy € H. These trees are subjects to some relations involving the units id. of the operad £ which
are described in the following picture. The second row represents the value in the Boardman—Vogt
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construction of the elements in the first row.

hi hi h h hi h
id,. id, id, id,. id, id, id, id, id,
h1 h1 h hq h h

These relations are summed up by the following two points.
> The colored tree with one vertex labeled by id. is the unit for the color c.
> Any generating tree (that is a tree whose inner edges are labeled by h) with at least two
vertices and with one of them labeled by a unit id.. is zero.
Since the S-module of generating trees of isomorphic to s~1T(sP), then the underlying graded
colored operad of the Boardman—Vogt construction of & is the quotient of T (s'T(sP)) by the
relations

s~ tsid, = 1,
s st @ ®5id. @ @ s:,) =0, forn>1.

So, the underlying graded colored operad of the Boardman—Vogt construction of & is canonically
isomorphic to Vg (P). Moreover, on any colored tree whose vertices are labeled elements of Pand
whose inner edges are labeled by h, the derivation of the Boardman—Vogt construction consists in
the following three operations.

> For any vertex, apply the differential d of P to the labeling of this vertex.

> For any edge labeled by h, replace h by hg, that is remove h and contract the edge. The

labeling of the two adjacent vertices are merged using the composition in the operad &.

> For any edge labeled by h, replace h by hq.
The two first points correspond to the coderivation d. of the cofree conilpotent colored cooperad
T(sP) and the third point correspond to the operation cut,. 0

Theorem 25. The extended Boardman-Vogt construction is a functor left adjoint to the inclusion
functor from the category of dg colored operads to the category of strict unital homotopy colored
operads.

w
suOp_, ;ﬂ dg-Op

Proof. Let & = (C,P,v,n) be a strict unital homotopy colored operad and let 2 = (C’, Q,~',7)
be a colored dg operad (seen as a strict unital homotopy colored operad). A morphism of strict
unital homotopy colored operads from & to 2 is the data of a morphism of graded colored S-
modules :

f:T(sP) — sQ

such that v'Rf = fd, and such that f(sid.) = sidg(), where ¢ is the underlying function on
colors, and f(sz1 ® - ® sid. ® - - - ® sz,) = 0. Since Q has a structure of graded colored operad,
it is also the data of a morphism of graded colored operads g from T(s~'T(sP)) to Q such that
g(s™tside) = idg(e), g(s (521 ® - @ side ® - -+ @ 5w )) = 0 and gdw = dog. So it is equivalent to
the data of a morphism of dg colored operads from Wy &2 to 2 O

REMARK 17. The counit of this adjunction recovers the Boardman—Vogt resolution Wy & — &
of any dg colored operad . The unit of the adjunction provides a rectification & — Wy for
any strict unital homotopy colored operad &2.

REMARK 18. This adjunction may be understood as a strict unital operadic bar-cobar adjunction
Q - Bj see [LV12, Chapter 6]. Indeed, as proved by Berger an Moerdijk in [BM06], the Boardman—
Vogt construction coincides with the functor cobar-bar Q2B on augmented dg operads.
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4.3 The dendroidal nerve of strict unital homotopy colored
operads

In this section, we introduce the dendroidal nerve of strict unital homotopy colored operads ; we
then show that its image actually produces an infinity-operad. So it provides us with a new functor
which relates these two notions. To compare this dendroidal nerve with the existing constructions,
we prove that it extends both Faonte-Lurie’s simplicial nerve of strict unital A..-categories and
Moerdijk—Weiss’ homotopy coherent nerve of dg operads. Then, we characterize the morphisms of
strict unital homotopy colored operads whose images under the dendroidal nerve are respectively
weak equivalences and fibrations for the Cisinski-Moerdijk model structure. Finally, we endow the
category of dg colored operads with a model structure introduced in [Cav14] and show that the
homotopy coherent nerve is a right Quillen functor.

From now on, the word “colored” will often be understood. For instance, we call “strict unital
homotopy colored operads” simply by “su homotopy operads”.

4.3.1 'Trees as operads

Let Lin be the functor which associates to any set the free K-module on it

Lin : X € Set — @ K.z € Mod C gMod C dgMod .
reX

This K-module can be considered as a differential graded K-module concentrated in degree zero
with trivial differential. Therefore, we view the functor Lin as mapping into the category dgMod.
This functor is a strong symmetric monoidal functor. So it can be extended to a functor from the
category of colored operads on sets to the category of differential graded operads.

We denote by KQ(T') := Lin(2(T)) the image under this functor of the set-theoretical operad
Q(T) (Definition[61)). The colors of KQ(T)) are the edges of T' and KQ(T')(a; x : X — edges(T)) = K
when x is injective and when there is a sub-tree (possibly trivial) of T" with root a and leaves x(X).
Since KQ(T) is a dg operad, it can be consider as a su homotopy operad. Furthermore, the map
T € Tree — Q(T) € Op defines a codendroidal object in the category of set-theoretical operads.
Therefore, the map T — KQ(T') is a codendroidal object in the category dg-Op of dg operads and
so in the category suOp,, of su homotopy operads.

4.3.2 The dendroidal nerve

The usual nerve of a category is a functor which associates, to any small category C, the
simplicial set
N(C),, := Homcat([n], C)

where Cat is the category of small categories and where [n] is the poset 0 < --- < n viewed
as a category. More generally, the nerve of an object X in a category A associated to a functor
F : A — A is the simplicial set N(X),, := Homa(F([n]), X). In the same way, a dendroidal nerve
of an object X associated to a functor F': Tree — A is the dendroidal set

N%(X)7 := Homa(F(T), X) .
We apply this construction to the functor T € Tree — KQ(T') € suOp,,.

Definition 82 (Dendroidal nerve). The dendroidal nerve of su homotopy operads N is the functor
from the category suOp_, to the category dSet of dendroidal sets defined by the following formula :

NY(P)p = Homg,op_ (KUT), 2) ,

for any tree 7' and any su homotopy operad &.
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Let us describe the dendrices of the dendroidal nerve of a su homotopy operad & = (C, P, v, n).
We denote by d,, the structural codifferential on T¢(sK(T)), which comes from the operad struc-
ture on KQ(T).

Lemma 33. A T-dendrex KQ(T) ~ & is equivalent to the following data :
> an underlying function ¢ from the set of edges of T' to the set of colors C,
> maps of graded S-modules f(t) : t(sKQ(T')) — sP over the function ¢ for any tree t =
T' /Ty - - - Ty, which is the contraction of a sub-tree T' of T along a partition T' = ThU...UTy
and which is canonically colored by the set of edges of T,
satisfying the following equations, for the same class of trees t,

> v(t/tlmtz)(f(tl) ®"'®f(tl)) = fd,(t), (4.4)

t=ti1U...Ut;

where the sum runs over the partitions with no trivial component of the colored tree t.

REMARK 19. As the trees t = T /T - - - T} are canonically colored by the set of edges of T, the set
of such colored trees is canonically bijective with the set of partitioned sub-trees of 7' under the
inverse of the mapping 7" =Ty U ... UTy — T' /Ty - - - Tk.

Proof. On the one hand, a T-dendrex is a morphism of su homotopy operads KQ(T) ~» &, which
can be described as a morphism of S-modules f : T(sKQ(T)) — sP satisfying Relation (4.3). In
particular, it gives us an underlying function ¢ from the set of edges of T to the set of colors C' of
& and morphisms f(t) for any colored tree t = T" /T - - - T}, satisfying Relation . On the other
hand, let us consider a function ¢ and morphisms {f(t)};—r/7,...1, satisfying Relation (4.4). Let
us fix :

> for any colored tree ¢ with one vertex v and two edges having the same color e € edges(T),

f(t) : t(sKQT)) — sP
sv — sidg(e) ;

> for any other tree ¢, colored by the edges of T', and which is different from a contraction of

a sub-tree of T', f(t) := 0.
The data of the function ¢ and the maps {f(¢)}; amounts to a morphism f : T(sKQ(T)) — sP.
Furthermore, since the morphisms {f(t)};—7/7,...7, satisfy Relation , then the morphism f
satisfy Relation and so is a T-dendrex of &. O

The definition of morphisms of su homotopy operads induces the following description of the
images of dendrices under the face and degeneracy maps of the dendroidal nerve N®(%). Let
z = (¢;{f(t)}+=1'/7,...7,,) be a T-dendrex of the dendroidal nerve N*(%). For any outer vertex v
of T, the outer face 0, (x) of x is given by the restriction of ¢ to the set edges(T) \ in(v) and by
the restriction of the family {f(¢)};=7//r,...1;, to the contractions of the sub-trees 7" of T'— {v}.
For any inner edge e of T', the corresponding inner face d.(x) of z is given by the restriction of ¢
to the set edges(T) \ {e} and by the restriction of the family {f(t)};—7/7,...7, to the partitioned
sub-trees T” of T such that the edge e is inside one of the trees T;. Finally, let e be an edge of T
and let T, be the tree obtained from T replacing e by two edges e; and es separated by a vertex
v. There is a codegeneracy s : T, — T sending T, to T'.

T, — T
€2
v — e
€1

The corresponding degeneracy o(x) of x is a T,-dendrex (¢y;{f,(t)}:) of N}(2) described as
follows. On the one hand, we have ¢,(e1) = ¢, (e2) = ¢(e) and ¢, (a) = ¢(a) for the other edges a
of T,, which can be considered as edges of T'. On the other hand, let t = T’ /T - - - T}, be a contracted
sub-tree of Tj.
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> If £ > 2 and if one of the T; is the one-vertex tree made up of the vertex v and the edges e;
and eq, then f,(t) = 0.

> If ¢ is the one-vertex tree made up of the vertex v and the edges e; and es, then f,(t) is
equal to :

fo()(e1se2) : t(sKQUT,)) (e e2) ~ sK — sP(¢(e); p(e))
sv = sidg(e) -

> Otherwise, f,(t) = f(t) since t(sKQ(T,)) ~ t(sKQ(T)).

4.3.3 The dendroidal nerve is an infinity-operad

Lemma 34. ([MTI10, Corollary 3.2.7]) A morphism of dendroidal sets A°[T] — D is the data of
dendrices x, € Dp\, for any external verter v and v, € D/, for any inner edge a different from
e, which agree on common faces.

This lemma applied to the case of the dendroidal nerve of a su homotopy operads gives the
following description.

Corollary 3. For any tree T and any inner edge e, a morphism of dendroidal sets A°[T] — N ()
18 equivalent to the data of :
> a function ¢ from the set of edges of T to the set C' and
> morphisms of S-modules f(t) : t(sKQ(T)) — sP over ¢, for every contracted colored sub-
tree t =T /Ty - Ty along a partition T' =Ty U ... U Ty, except for the full tree T with no
contraction and the tree T /e where only the two-vertices sub-tree spanned by the edge e is
contracted,

satisfying Equation for each of these trees.

Proof. The result is a direct corollary of Lemmal[34]and the description of faces given in the previous
section. =

Theorem 26. The dendroidal nerve of a strict unital homotopy colored operad is an co-operad.

Proof. Consider a morphism of dendroidal sets f from A¢[T] to N}(#) given by a function ¢ from
the edges of T to C' and morphisms of S-modules f(t) : ¢(sKQ(T)) — sP over ¢ for the trees ¢
described in Corollary [3| Recall that a morphism from Q[T] = Homtee(—,T) to N(P) amounts
to the data of a T-dendrex. So to extend f to a morphism from Q[T] to N}(P), we have to build
f(T) and f(T/e) so that Equation is fulfilled for these two trees. Let us recall that d, denotes
the structural codifferential on T¢(sKQ(T')). We fix f(T') := 0. Then, because of Equation for
the tree T, the map f(T/e) must satisfy the following formula :

jrje)(de - eve) - 2ld) == 3 [(T/a)(de- @) e- o)
ate
Y ATneT(A@) e e f(T)

T=TU...UT

where the first sum runs over the inner edges of the tree T' different from e and where the second
runs over all the partitions of the tree T' with no trivial component. Since [d® ---®@v(e) ®---®Id
is an isomorphism of S-modules, we have built f(7"/e). We know that Equation is satisfied
for every tree t = T'/T --- T}, which is the contraction of a sub-tree T' of T along a partition
T' =T, U...UTy except for t = T'/e. As in the proof of Proposition we have :

(Rfd,)(T) = > fT) @@ (fd,)(S) @@ f(Tk)

ScT
T=T1U...uSU...UTy

and

(dyRF)(T) = > f(T) @@ (YRI(S) @+ ® f(T) -
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Therefore, we have
(dyRf)T) = (Rfdy)(T) ,
and so

(fdvdo)(T) = 0 = (vdy Rf)(T) = (yRfdy)(T) .

The above equation rewrites
Z(fdy)(:r/a)(xd ® @) 8 Id) =S (VRf)(T/a) (Id Q- @ua)® - ® Id) :

where the two sums run over the inner edges of the tree T. We already know that (fd,)(T/a) =
YRf(T/a) for all the inner edges a different from e and that Id ® --- @ v(e) ® --- ® Id is an
isomorphism. Therefore, we get

fd,(T/e) =vRf(T/e) .

So fd, = yRf and the morphism f induces a T-dendrex of N®(4), which extends the initial
morphism A¢[T] — N®(2). O

So, the image of N*(—) lies in the category of co-operads. Therefore, we can consider it as a
functor from the category of su homotopy operads to the category of oo-operads :

N . suOp,, — c0-Op .

Recall from Proposition [87 that strict unital A..-categories are the su homotopy operads
concentrated in arity one. G. Faonte already defined in [Faol3] a simplicial nerve N 4_ for strict
unital A, -categories, generalizing a first construction of J. Lurie [Lurl2]. The present dendroidal
nerve is actually a generalization of Faonte’s simplicial nerve.

Proposition 90. The simplicial part of the restriction to strict unital Ao -categories of the den-
droidal nerve is equal to Faonte’s simplicial nerve :

™ (NQ\Am—cat) = N.Aoo s
where w be the restriction of dendroidal sets onto simplicial sets.

Finally, we show that the dendroidal nerve forgets the information contained in nonnegative
degrees.

Definition 83. Let tr be the truncation endofunctor of the category dg-Mod which sends a chain
complex of K-module V to the bounded below chain complex of K-module ¢r(V') defined as follows :
> for any negative integer n < 0, ¢tr(V),, := {0}
> for any negative integer n < 0, tr(V), =V,
> at degree 0, tr(V)o := ker(d : Vj — V_1) is the kernel of the differential.

This functor extends to an endofunctor also denoted by ¢r of the category of su homotopy
operads sending & = (C,P,v,n) to (C,tr(P),trv,n).

Proposition 91. The dendroidal nerve is equal to its pre-composition with the truncation functor.
N%r = N©
Proof. The proof is a straightforward consequence of the description of the nerve in Section [£:3.2]
O
4.3.4 The dendroidal nerve for operads is the homotopy coherent nerve
NoTaTIONS. For any tree T, we denote the operad Wy (KQ(T)) by Wy (T).

Definition 84 (The homotopy coherent nerve). The homotopy coherent nerve of a dg operad &
is defined by the following dendroidal set

heN(2)r := Homggop(Ww(T), 2) .
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For dg operads, this construction is equal to the dendroidal nerve.

Proposition 92. There is a canonical isomorphism
heN(2) ~ N¥(2) |
which is natural in dg colored operads & .

Proof. This is a direct consequence of the fact that the functor Wy is left adjoint to the inclusion
functor from the category of dg colored operads to the category of strict unital homotopy colored
operads. O

4.3.5 Homotopical properties of the dendroidal nerve

In this section, we explore the homotopical properties of the dendroidal nerve N*2. More preci-
sely, we give a description of morphisms of su homotopy colored whose image under N are weak
equivalences (resp. fibrations) in the Cisinski-Moerdijk model structure. Then we relate these re-
sults to the model structure on nonunital A-algebras existing in [LHO3, Theorem 1.3.3.1]. More
precisely, we show that the simplicial nerve of A.-categories N 4__ sends weak equivalences (resp.
fibrations) of A -algebras to weak equivalences (resp. fibrations) of the Joyal model structure on
simplicial sets.

Lemma 35. The zero-homology-group functor Hy : dg-Mod — Mod induces a functor also denoted
Hy from the category suOp_, to the category Op of colored operads enriched in K-modules. Forgetting
the many-inputs-elements, we get a functor j*Hy from su homotopy operads to categories enriched
i K-modules.

Proof. Straightforward. O
Theorem 27. Let f : &2 = (C,P,v) = 2 = (C, Q,w) be a morphism of su homotopy operads.
The following assertions are equivalent.

1. The morphism of co-operads N*(f) is a weak equivalence.

2. The functor j*Ho(f) is an equivalence of categories and for any colors ¢, ..., ¢y and ¢, the
first level morphism of chain complex of K-modules f : sP(c1,...,¢m;c) = sQ(o(cr),. ..,
d(em); d(c)) induces isomorphisms of homology groups of positive degrees.

The proof of Theorem [27] requires the following lemmata.

Lemma 36. Let &2 be a su homotopy operad. For any colors ¢, ¢1, ..., ¢m, the simplicial set
NP2 ey, ..., cm;c) is a simplicial K-module and its normalized chain complex (see [GJ99, 3.2])
is isomorphic the chain complex tr(P(c1,...,Cm;C)).

Proof of Lemma[36, Let us unfold what is the simplicial set X := N(2)E(cy,...,cm;c). An n-
simplex of X is the data of a morphism of su homotopy operads over (ci, ..., ¢m, ¢) from KQ(C,, )
to & and whose restriction to A[n] is the degeneracy of the color c. It is then the data of maps
of graded S-modules t(sKQ(C,y,.,)) — sP over (c1,...,cm,c) for any colored tree ¢t obtained from
Cyn,n by contracting a subtree. As the restriction of the morphism of su homotopy operads to [n] is
given by ¢, we can restrict our attention to such colored trees ¢ which contain the corolla C,. Let
us number the edges of [n] C Cy, , from bottom to top and by 0 to n. Then, there is a bijection
between the set of such contracted trees t and the set of sequences of integers 0 < ig < -+ <ip < n
given by the numbers of the edges of [n] C Cy,,, which still appear in ¢. A map t(sKQ(Cy, ) — sP
corresponds to an element p;,<...<;, € P(c1,...,Cm;c) whose degree is the number of vertices of ¢
minus 1, that is k. Relation applied to these elements give the following equation :

k
dp(pi0<“'<’ik) = Z(_l)apio<-»-<z§<---<ik
a=0
where ig < --- < zAa < -+ < i is obtained from the sequence iy < --- < i, by retrieving the

integer i,. A face d; corresponding to a coface d; sends the collection {p;,<...<i, fo<ig<--<iz<n tO
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the collection {ps, (jo)<...<6; (jx) J0<jo<--<jr<n—1. A degeneracy s; corresponding to a codegeneracy
o; sends the collection {pj,<...<i, }o<io<--<i,<n to the collection (p} .. _; Jo<jo<--<j,<n+1 Where
Plig<ocijn = Poi(Go)<-<o,(jr) if we have indeed o(jo)i < -+ < 0i(jx) and p’(j0<”_<jk) = 0 otherwise.
Then, it is clear that X = N?(2)L(cy,...,cm;c) is a simplicial K-module. Its normalized chain
complex is the chain complex N(X) concentrated in non-negative degrees such that N(X), =
N7-y ker(d;) and the differential d : N(X),, — N(X),_1 is (—1)"d, where d, is the n'* face map.
This shows finally that tr(P(c1, ..., cm;c)) is isomorphic to N(X). O

Lemma 37. The functor 74N from su homotopy operads to set-theoretical colored operads is
isomorphic to the functor Hy.

Proof of Lemma[37. We know from Theorem [26|that for any su homotopy operad &2, N(Z?) is an
oc-operad. Thus Section 3.5 of [Wei(7] gives us a concrete description of the operad 7;N}(22) : it

has the same colors as & and for any such colors ci, ..., ¢, and ¢, the set qN*(2)(cy,...,cm;c)
is the 7 of the simplicial set N?(2)(c1,. .., cm;c). A straightforward computation shows that the
operads 7;N(Z) and Hy(Z) are canonically isomorphic. O

Proof of Theorem[27. The theorem is a straightforward consequence of Lemma [36] and Lemma
O

Theorem 28. Let f : & = (C,P,v) = 2 = (C,Q,w) be a morphism of su homotopy operads.
The following assertions are equivalent.

1. The morphism of co-operads N*(f) is a fibration.

2. The functor j*Hy(f) is a categorical fibration (also called isofibraton) and for any colors ¢;,
...y Cm and ¢, the first level morphism of chain complex of K-modules f : sP(c1,...,¢m;c) =
sQ(d(cr), ..., d(cm); d(c)) is a degreewise epimorphism for degrees n > 2.

Proof. As usual, we denote by ¢ the underlying function of f.
(2) = (1) By Lemmawe know that i*7,N(f) is a categorical fibration. Now, suppose that
we have the following commutative diagram

A°[T] —= N%(2)
N(f)

QT —— N%(2)

where T is a tree with a root r and leaves [y, ..., l. This diagram corresponds to morphisms
of graded S-modules :
> on the one hand, h(t) : t(sKQ(T)) — sQ for any tree ¢ colored by the edges of T' and
obtained by contracting a sub-tree of T.
> on the other hand, g(¢) : t(sKQ(T)) — sP for the same colored trees ¢ except for t = T
and t = T'/e.
The underlying function from the set of edges of T to C (resp. C’) of the graded morphisms
g(t) (resp. h(t)) is denoted ¢, (resp. ¢). We have ¢p, = ¢p,. Let h(T) : T(sKUT)) — sQ
be the following composition of graded morphisms :

MT)=hT) = 3 FO/T 1) (9(T) @ - @ g(Th)) -

T=TyU...UTy,
k>2

Let  be a generator of T'(sKQ(T))(l1, ..., lk; 7). Its degree is the number of vertices of T' and
so is equal or higher than 2. The surjectivity condition for f ensures us that iNL(T)(x) has an
antecedent  through the first level map f : sP(og(l1), ..., 0g(lk); dg(r))
= 5Q(dn(l1), ..., dn(lk); dr(r)). This antecedent corresponds to a map of graded S-modules
g(T) : T(sKQ(T)) — sP over ¢,. Furthermore, we have h(T) = fg(T) and therefore, we
have h(T) = fRy(T).
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As in the proof of Theorem [26] let us define g(T'/e) by

g(T/e)(Id®---®u(e)®-~-®Id) :—Zg(T/a)<Id®-~-®V(a)®---®Id)
ate

Y AT (g @ @ g(T)

T=T1U...UT}

where the first sum runs over the inner edges of the tree T different from e and where the
second sum runs over all the partitions of the tree 7" with no trivial component. The same
method as in the proof of Theorem [26 shows that the data of the maps g(t) defines a T-
dendrex p of N®*(2). Let us prove that N(f)(p) = ¢ where g is the T-dendrex of N*(2)
corresponding to h. This amounts to prove that h(t) = fRg(t) for any colored tree obtained
by contracting a subtree of T. We already know that this is true for every such ¢ except
t = T'/e. In the spirit of Proposition 86, we prove that Rf Rg(T) = Rh(T) for any such tree
except t = T'/e. We consider the following commutative diagram :

RA(T)
T(sKT)) o T(sP) B T(s0)

d~ d, w
T(sKQT)) 5= T(sP) —— Q

where d, is the structural coderivation of the cooperad T°(sKQ(T)). As wRh = hd,, we
have hd(T) = wRh(T) = wRfRg(T) = fd,Rg(T) = fRgd,(T). Then, applying the same
procedure as in the proof of Theorem we get that h(T/e) = fRg(T/e). This proves
that h = fRg and so that the square above has a lifting. So, by the characterization of the
fibrations between fibrant dendroidal sets given in Theorem N®(f) is a fibration.

(1) = (2) By Lemma we know that j*Ho(f) is a categorical fibration. Furthermore, let
n > 1 be an integer and let ¢ € Q(p(c1), ..., d(cm); d(c))n be an element of degree n of 2.
We know that the tree C),, is made up of a corolla with m leaves above a linear tree of
length n. Let e be the lowest inner edge of C,, ,,. For any tree ¢ colored by the edges of C\, »,
and which is a contraction of a subtree of C,, ,, let sg; be the element of sQ as follows.

> If ¢ is the whole tree Cy, , then sq; := sq € sQ(¢(c1), ..., d(cm); d(C))n+1 -
> If ¢ is the contracted tree Cy, /e, then sq = —sdq € sQ(P(c1), - .., p(em); d(€))n
> If ¢ has only one vertex and does not contain the corolla C,, then sq; = sidg) €
$Q(o(c); d(c)) -
> Otherwise, sq; = 0 € sQ(¢(c1),...,d(cm); ¢(c)) if t contains the corolla and sq; = 0 €
5Q(6(0); 6(c)) if ot
According to Section these elements sq; define a C,, ,,-dendrex of the dendroidal set
N®(2), i.e. a morphism Q[C,, ,,] — N%(2). For any tree t colored by the edges of Cy, ,, and
which is a contraction of a subtree of C,, ,,, except for t = C, ,, and t = Cy, /e, let sp, be
the element of sP as follows.
> If ¢ has only one vertex and does not contain the corolla C,,, then sp; = sid. € sP(c;¢)1 .
> Otherwise, sp; = 0 € sP(c1,...,cm;c) if ¢ contains the corolla and sp; = 0 € sP(¢;¢) if
not.
According to Corollary [3] these elements p; define a morphism of dendroidal sets from
A¢[Cyp.n] to N(Z2). The two morphisms of dendroidal sets that we have built fit in the
following commutative square of dendroidal sets.

AC[T] —= N¥(2)

lNQ(f)

Q[T] —> N2(2)
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As N¥(f) is a fibration, the square has a lifting. This provides an element sp € sP(cy, . .., Cm;C)
such that f(sp) = sq.
0

Recall from [LHO3| Theorem 1.3.3.1] that, if K is a field, the category of nonunital A..-algebras
admits a model structure without limits where
> the weak equivalences are the morphisms f : & = (4,7) — &/’ = (A’,7') such that the
first level map f1 : sA — sA’ is a quasi-isomorphism.
> the fibrations are the morphisms f : & = (A,v) — &' = (A’,4) such that the first level
map fi : sA — sA’ is a degreewise epimorphism.
> the cofibrations are the morphisms f : & = (A,v) — &’ = (A’,7) such that the first level
map f1 : sA — sA’ is a degreewise monomorphism.
We know from Section[4.2.6|that the category of nonunital A-algebras is embedded in the category
of strict unital A..-categories. Then, Theorem [27]and Theorem 28| have the following consequence.

Corollary 4. The simplicial nerve N 4_ sends weak equivalences (resp. fibrations) of nonunital
Aoo-algebras to weak equivalences (resp. fibrations) of simplicial sets for the Joyal model structure.

Proof. This result is a straightforward consequence of Theorem [27] and Theorem O

To extend such a result to the operadic level, one would need a homotopy theory of homotopy
operads. This will be the subject of another paper.

4.3.6 The homotopy coherent nerve is a right Quillen functor

There is a pair of adjoint functors

w9
dSet %’ dg-Op , (4.5)

where the functor I/V!dg , left adjoint to the homotopy coherent nerve, is constructed as follows. For
any tree T', we set VV!dg (Q[T)) := Wg(T) and then, since a dendroidal set is a colimit of a diagram
made up of trees, the image of a dendroidal set is the corresponding colimit of the diagram made
up of the images of the trees. By definition, this functor preserves colimits. In this section, we will
show that this adjunction is a Quillen adjunction with respect to the model category structure on
dg operads introduced in [Cav14], when the characteristic of the field K is 0.

Proposition 93 ([Cavl4] Theorem 4.22 and Proposition 5.3). Assume that K is a characteristic
0 field. The category dg-Op admits a Tight proper cofibrantly generated model structure where
> the weak equivalences are the morphisms f : P — 2 such that j*Ho(f) is an essentially

surjective functor and such that the morphism of chain complexes [ : P(c1,...,Cm;c) —
Q(d(c1)y .-, d(em); d(c)) is a quasi-isomorphism, for any integer m > 0 and for any colors
c1, ..., ¢m and c, where ¢ is the function underlying f.

> the fibrations are the morphisms f : & — 2 such that the functor j7* Ho(f) is an isofibration
and the morphism of chain complexes f : P(ci,...,cm;c) = Q(d(cr), ..., d(cm); d(c)) is a
degreewise epimorphism, for any colors ¢y, ..., ¢y and c.

REMARK 20. The model structure given here may seem different from the definition given by
Caviglia. It is not the case. In fact :
> The two notions of weak equivalences coincide by [Cavldl, Proposition 5.3].
> Let f: & — 2 of be a morphism of dg operads such that the morphism of chain complexes
fiPlery. . yemse) = Q(d(er), ..., Plem); P(c)) is a degreewise epimorphism, for any colors
€1, .-+, ¢m and c. Then, f is a fibration in the sense of [Cavld] if and only the functor
J*f 5P — j*2is afibration for the canonical model structure on dg categories introduced
in [BM13], Definition 1.6]. Besides, this canonical model structure coincides with the model
structure introduced by Tabuada in [Tab05]; then f is a fibration if and only if j*f is a
fibration in the sense of Tabuada, so if and only if it is a fibration in the sense of Proposition
9ol
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Theorem 29. When the characteristic of the field K is 0, the adjunction is a Quillen ad-
Junction.

Proof. This is a straightforward consequence of Theorem [27| and Theorem O

REMARK 21. If K is not a characteristic 0 field, a model structure as in Proposition [93] exists on
the category of reduced dg operads, i.e. dg operads with no elements of arity 0. Moreover, we have
a similar Quillen adjunction between reduced dg operads and reduced dendroidal sets.

4.4 The big nerve of dg categories and dg colored operads

In [Lurl2l 1.3.1], Lurie introduces another functor from dg categories to quasi-categories called
the big nerve NS;g and he proves that it is point-wise equivalent to the homotopy coherent nerve
hceN. In this section, we extend Lurie’s big nerve functor to dg colored operads and show that it
is point-wise equivalent to the homotopy coherent nerve of dg operads hcN. To do so, we have
to reformulate Lurie’s arguments since the Alexander—Whitney map is not symmetric, that is his
formula cannot be applied mutatis mutandis on the operadic level.

4.4.1 The Boardman—Vogt construction for simplicial operads

We recall here the Boardman—Vogt construction for the simplicial operad (T for any tree T,
see [BMO6] for more details.

NoTATION For any integer n > 0, the set A[1],, has n+2 elements that we denote g, = (00---0),
€1,n = (OOo.~01)7 sy Cngln = (11...1).

For any tree T', let Wap1)(T') be the simplicial operad whose colors are the edges of 7" and such
that
> Wap(T)(e1, ..., em;e) := Hm(T') A[1] if there is a subtree T of T whose leaves are eq, .. .,
em and whose root is e, where in(T”) is the set of inner edges of T".
> Wap)(T)(e1, ..., em;e) := 0, the initial simplicial set, otherwise.
The operadic composition is given by the grafting of trees where the new inner edge is labeled by
the degeneracies of 1 € A[1]o.

As in Definition the simplicial set A[1] has a structure of interval given by the following
morphisms.
> the morphism A[l] — AJ0]
> the morphism max : A[1]xA[1] — A[l] which sends the couple (e; », €;,,) to max(e; n, €;n) :=

emaz(i,j),n'
This interval structure induces a cosimplicial structure on the mapping 7' — Wa[y (7).

4.4.2 The big nerve of dg operads

Originally, Lurie defined the big nerve as follows. From any dg category %, one can truncate
the mapping spaces and then apply the Dold-Kan functor I' defined in Section [£.1.7] Since this
last one is monoidal, one gets a simplicial category. One can then can apply the nerve of simplicial
categories to obtain a quasi-category. In other words, the big nerve Ng‘gg(‘f) of a dg category ¥ is
the following simplicial set

Nglgg (Cg)n := Homggetcat (WA[l] ([77,]), F(f’/‘(%))) s

where sSet-cat is category of simplicial categories. However, notice that the functor ' from non-
negatively graded chain complexes to simplicial K-modules is not symmetric monoidal. Therefore,
the big nerve cannot be directly extended to dg operads using Lurie’s formula. We first have to
reformulate its definition.
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Let K-sSet-cat be the category of categories enriched in simplicial K-modules, and let dg-cat=°
be the category of categories enriched over the monoidal category dg-Mod=° of nonnegatively
graded chain complexes. The functors ', C'//D and N are lax monoidal and so extend respectively to
a functor from the category dg-cat=" (resp. K-sSet-cat) to the category K-sSet-cat (resp. dg-cat=?).

Lemma 38. The functor C/D : K-sSet-cat — dg-cat=? is left adjoint to the functor T : dg-cat=? —
K-sSet-cat

Proof. On the one hand, the endofunctor NT' of the category dg-catZ® is exactly the identity
functor. On the other hand, the functor N : K-sSet-cat — dg-cat= is fully faithful. So for any
category € enriched in simplicial K-modules and for any category & enriched over dg—ModZO, we
have :

Hompg_ sset-cat (‘5, F.@) =~ Homyg_cye>0 (N%”, NF@)
=~ Homyg_cye>0 (N(g7 @) .

Since the functor C'/D : K-sSet-cat — dg-cat=° is isomorphic the functor N, it is also left adjoint
to I O

Subsequently, the big nerve Ng;g(‘g) can be rewritten as

No(€)n = Homgg cat (C/D(KWapy ([n])), €)

where KWapi1([n]) is the category enriched in simplicial K-modules freely obtained from the simpli-
cial category Wap1([n]). Since the functor C//D from simplicial K-modules to nonnegatively graded
chain complexes is symmetric monoidal, then this last formula can be extended to the operadic
level.

Definition 85 (The big nerve of dg operads). Let & be a dg operad. The big nerve Ngigg(ﬁz) of
& is the following dendroidal set.

Nzgg(ﬁ)T = Homgg.0p (C/D(KWap)(T)), ) -

The big nerve is a functor from the category of dg colored operads to the category of dendroidal
sets.

As the homotopy coherent nerve, the big nerve admits a left adjoint.

Proposition 94. Let VV!A be the colimit preserving functor from the category of dendroidal sets
to the category of simplicial operads such that W (QT]) := Wap)(T) for any tree T. Then the
functor C/D(KW{) is left adjoint to the big nerve.

Proof. Tt follows from the fact that the functor C/D preserves colimits. O
Proposition 95. The big nerve of a dg colored operad is an oco-operad.

Proof. Let us consider a tree T together with and inner edge e and a morphism f of dendroidal
sets from A¢[T] to the big nerve Ngigg(ﬂ) of a dg colored operad &2. We denote by Iy, ..., l,, the
leaves of the tree T' and by 7 its root. The images of I; (resp. r) under the morphism f are denoted
¢; (resp. ¢). The morphism f and the adjunction C/D KVV!A o Nz;g give a map of chain complexes
from C/D(KW(AS[T]))(1,- -, lm;7) to P(ct, ..., cm;c). Through the adjunction C/D F T, it

corresponds to a map f’ of simplicial sets from W/ (AS[T)) (I, ..., ly;7) to TP(c1, . .., cm;c). Since
the map WA (AC[T)) (L1, ... L) = WAQT) (1, . .., lm;7) is anodyne (see [MWO09, Section 7])
and since I'P(cq, ..., ¢ ) is a Kan complex, there is a lifting f” of the map f’ :

’

WENT) syl ) AN I'Plci, ... cm;c)

1%
WAQUTN Ly -y s 7)
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As the map ¢ € {1,...,m} — [; is an injection, for any permutation o € S,, the structu-
ral isomorphisms W2 (QT))(I1, ..., ln;7) = W QT (lo1)s - - -, lo(my; ) and TP(c1, ..., cmic) =
I'P(Co(1); - - Co(m); €) give us a morphism

VV'A(Q[TD(ZU(I)v ce la(m); T) - FP(CU(I)v <5 Co(m)s C) .

Moreover, for any other inputs ey, ..., ¢; and output e, the simplicial set W/ (Q[T])(e1, ..., e eo)
is exactly W2 (A°[T])(e1,...,e5€0). So we have maps from W2 (QT])(e1,...,e;5e0) to TP. All
these maps induce a morphism of dg colored operads from C/D(KWA(Q[T])) to & and so a
morphism of dendroidal sets from Q[T to Ngigg(ﬂ) which extends the morphism f. O

4.4.3 From the big nerve to the homotopy coherent nerve

In this section, we construct a morphism of functors «* from ngg to heN.

The mappings h — e11, ho — ego and h; — e induce an isomorphism from the chain
complex H defined in Section to the chain complex C'/D(KA[1]) := C(KA[1])/D(KA[1]).
The functor C/D is symmetric monoidal through the Eilenberg—Zilber map ; see [Faol3l 3.1]. So,
we get morphisms ay, from H®* to C/D(KA[1]¥) for any integer k > 1. Let us describe them. On
the one hand, we have :

ap(h® - ®@h) = Z sign(o)eq (k) p @ - @ €q(1),k -

oESE

On the other hand, let A € H®* and B € H®" be homogeneous elements whose cumulate degree
is n and such that a4 (A® B) =>,.; A; ® B; where A; € C/D(KA[1]*) and B; € C/D(KA[1]").
Then we have

a1 (A® hy @ B) = ZAz' ® eon @ By,
i€l

Olk+l+1(A ®h® B) = ZAZ D entin @ B; .
i€l

Note also that the morphism ay; from C/D(KA[1]*) ® C/D(KA[1}') to C/D(KA[1]¥*!) given by
the Eilenberg—Zilber map satisfy the equation ay (o ® ;) = ag4;. This follows from the fact that
the Eilenberg-Zilber map is the structural map making C/D into a symmetric monoidal functor.

Proposition 96. These maps ay, induce a morphism of dg operads cap : Wy (T') — C /DKW (T),
for any tree T. Moreover, these morphisms are functorial in T. Subsequently, they induce
> a morphism of functors o from VV!dg to C’/DKVV!A ,

> and a morphism of functors a* : Ngfgg — heN .

Proof. The maps oy, induce morphisms of dg S-modules ar : Wy (T') — C/DKWx)(T) for any
tree T. We have to show that the morphisms ag are morphisms of dg operads and that they are
functorial with respect to the trees T
> The former property follows from the fact that for any integers &, > 0, the following square
is commutative.

H® @ H& 229 0/D(KA[L]*) @ C/DKA[L])
\Loék,,l
C/D(KA[1]*)
b

HOkH C/DRAH)

Ak4141

where the left vertical map sends A ® B € H®* @ H® to A ® hy ® B and where the
bottom-right vertical map is the functorial image under C/DK(—) of the morphism from
A[1]* x A[1]" to A[1]*+1+! which sends (A, B) to (A, eni1.n, B).
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> Let us show that the morphisms a7 are functorial with respect to the trees 7. It is straight-
forward to show that for any coface § : T — T", we have C/DKWap(6)ar = apWg(9).
To prove that the same equation holds for a codegeneracy, it suffices to note that the map

hoAe HOF -5 5" de;, @ Ay —> 3, £4; € C/D(KA[1]F1)

is 0.

The goal of the end of this Section is to prove the following theorem.

Theorem 30. For any dg colored operad &, the morphism of dendroidal sets o*(2?) : Ngigg(gz) —
heN(2) is a weak equivalence.

We already know that the colors of Nsigg (£2) and the colors heN(Z2) are both the colors of &2
and that o*(&?) is the identity on these. Hence, the morphism o*(&?) is essentially surjective. So,

as both Ngigg(gz) and heN(Z) are co-operads, we only have to prove that a*(?) is fully faithful
to prove the theorem ; that is, we have to show that for any integer m and for any colors ¢y, ...,
¢m and ¢ of &2, the map :

a*(P)(e1, ... em;c) Ngigg(gz)L(cl, oyCmi€) = heN(2)E ey, ... em;c)

is a weak equivalence of simplicial sets for the Kan—Quillen model structure.

4.4.4 The cosimplicial simplicial set Q

We introduce here a cosimplicial simplicial set denoted () which will allow us to deal with the
operations space Nglgg(gz)L(cl, ..., Cm; ¢) of the big nerve. Lurie introduced in [Lur09} 2.2.2] a very
similar cosimplicial simplicial set Q° in a slightly different context and with different conventions.
The purpose of this subsection is to recall some results of [Lur09, Section 2.2.2] about Q*® which
extend directly to Q.

For any integer n > 0, let D,, ,, be the following colimit of dendroidal sets.

Dm,n = Cm,n H A[O}
Aln]

The colors of of D,, , are the leaves Iy, ..., [, and the root r of the tree C,, . Since A[—] is a
cosimplicial simplicial set, D,, _ is a cosimplicial dendroidal set.

Definition 86 (The cosimplicial simplicial set Q). Let @ be the cosimplicial simplicial set defined
by
Q[n] := WIA(Dmyn)(ll, ces b )

for any integer n > 0.

Proposition 97. There is an isomorphism of simplicial sets :
Ng;g(ﬁ)L(cl, <.y Cm; €) =~ Homgg Mod (C’/DKQ[*], Plcry .-y Cm; c)) .

Proof. A n-vertex of Ngigg(gz)L(cl,...7cm;c) is a morphism of dendroidal sets from D,,, to
Ngigg(@) which sends the colors [; to ¢; and r to ¢. So it is a morphism of dg operads from

C/DKWA (D, ) to & which sends the colors I; to ¢; and 7 to ¢ and so it is a morphism of chain
complexes from C/DK(Q[n]) to P(ci,...,cm;c). O

The simplicial set Q[n] admits the following description.
Qn] ~ A[1]"/ ~

where (A, ext1k,B) ~ (A, exy1.k, B). We now describe the cosimplicial structure of Q[—]. Let
(q1,---,qn) € Q[n]; be a l-vertex of Q[n] represented by a l-vertex of A[1]™ and let §; : [n] — [n+1]
(resp. 0; : [n] = [n — 1]) be a coface (resp. a codegeneracy).
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>Ifi>1:
Q(él)(qlv s aqn) = (qla e qi—1,€0,05 9y - - - aqn) )
Q(Ui)(qla .. '7QTL) = (Qh s amax(qia(h-‘rl)a .. 'aQTL) .
> Ifi=0:
QUi (a1, - an) = (141,01, 415+ -+, Gn)
Q(Gi)(qh' <. 7%,) = (QQv cee 7QTL) .

Definition 87 (A morphism from @ to A, [Lur09] Remark 2.2.2.6). Let 8 be the morphism of
cosimplicial simplicial sets 8 : Q[—] — A[—] which sends the element e;, 1 ® --- Q €;, 1 € Q[n]x to

max{jli; = k+ 1} < max{jli; > k} < --- < max; {li; > 1)] € Alnl

with the convention max(()) = 0. We denote by b the morphism of cosimplicial chain complexes

b:=C/DKp: C/DKQ[-] — C/DKA[-].
Lemma 39. The morphism of functors induced by the morphism b
b* : Homdg-Mod (C/DKA[*], 7) — Homdg_Mod (O/DKQ[*], 7)

is a point-wise equivalence, that is the morphism of simplicial sets b*(V') is a weak equivalence of
simplicial sets for the Kan—Quillen model structure, for any chain complex V.

Proof. Tt is a consequence of [Lur09, Proposition 2.2.2.7] and [Lur09, Proposition 2.2.2.9]. O

4.4.5 The big nerve is equivalent to the homotopy coherent nerve

We now prove Theorem For that purpose, we use the method of the proof of [Lurli2l
Proposition 1.3.1.17].

Proposition 98. There is an isomorphism of simplicial sets :
heN(2)E ey, ... ., emi ) ~ Homgg mod (C/DKA[], P(ct, .- ., cmic)) -
Proof. We know that
heN(2)E ey, .. ems€) =~ Homgg-Mod (VV!dg(Dmy,)(ll, codm; ), Pler, .oy em; c)) )

The chain complex WI”lg(Dmm)(ll7 <.y lm;7) can be described as H®"/ ~, where A® hy ® B ~ 0,
if the degree of A is different from 0 and AQ hy ® B ~ h1 ® --- ® hy ® B otherwise. Let A be an
homogeneous element of H®". It has the form A = h?i" ® A’ where h occupies the places (counted
from 1 to n) 43 < --- < i and A’ does not contain hy. Then, the mapping which sends A to the
element [ig < i3 < --- < 4] gives us an isomorphism of cosimplicial chain complexes :

W (D Y11, - - ;) = C/DKA[-] .
0

Definition 88 (From A to (). We have introduced a morphism of functors « from W!dg to
C/DKWA. If we apply it to the dendroidal sets (Dy, . )nen, we get

> a morphism of cosimplicial chain complexes a from C'/DKA[-] to C/DKQ[-],

> and a morphism of functors

a* Homdg_Mod (C/DKQ[—], —) — Homdg_Mod (C/DKA[—L —) .
Lemma 40. The endomorphism ba of the cosimplicial chain complezes C/D(KA[—]) is the iden-
tity.
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Proof. Tt follows from the description of the morphisms a and b given above, and a straightforward
computation. O

Proof of Theorem[30. By Propositionand Proposition the map of simplicial sets a*(P(cy, .. .,
¢mic)) from Homdgmod(C/DKQ[],P(c1, . .., cmic)) to Homggmoed(C/DKA[-], P(et, . .., cmic))
can be considered as a map from Nglgg(,@)L(cl, ceoyCm;c) to heN(2)E(ey, ..., e c). By construc-
tion, it is exactly

a*(P)(cry ... yemsc) Nsigg(@)’:(cl,...7cm;c) — heN(2) ey, ... emsc) .

Since its composition with the map b*(P(cy, ..., cm;c)) is the identity and since the map b*(P
(c1,...,¢m;c)) is a weak equivalence, then a*(P(cy, ..., cm;c)) is a weak equivalence. So, for any
dg colored operad Z2, the morphism of co-operads o*(4?) from Ng;g(gz) to heN () is fully faithful.
Since it is essentially surjective, then it is an equivalence. O

Corollary 5. When the characteristic of the field K is zero, the adjunction C’/DKVV!A - Ngigg s a
Quillen adjunction, with respect to the model structure on the category dg-Op of dg operads given
in Proposition[93

Proof. Tt suffices to prove that the functor NZE preserves weak equivalences and fibrations. Since it
is equivalent to the homotopy coherent nerve which preserves weak equivalences, then it preserves
weak equivalences. Let f: & — 2 be a fibration of dg operads and let ¢ its underlying function
between colors. On the one hand, since the functors from dg operads to set-theoretical operads
Tled);;g and Hj are isomorphic, then the functor i*TdNS;g( f) is an isofibration. On the other hand,
let T be a tree with m > 0 leaves [y, ..., I, a root denoted by r and an inner edge e. Consider
the following commutative square of dendroidal sets

A°T] —— NG5 (2)
NYE(f)
big
QT —— Nig (2) .
It induces a commutative square of chain complexes.

C/DKWAAT(ly, .. lm; 1) —————=P(c1, ..., Cm;C)

i lf(cl,...,cm;c)

C/DKWAQIT|(I1, - -y lm;7) ——= Q(d(c1), - - - dlem); d(c))

Since the morphism f(ci,...,¢m;c) is a fibration of chain complexes and since the left vertical
map is a trivial cofibration, then this square has a lifting. Since the function i € {1,...,m} — [; is
injective, we get, for any permutation o € S,,, a lifting of the same square but where (I1,...,1)
(resp. (c1,...,¢m)) is replaced by (I5(1y,- - lo(m)) (tesp. (Co(1)s -+, Co(m))). This gives us a lifting
of the first square. By the characterization of the fibrations between fibrant dendroidal sets given
in Theorem [24] then Nzgg( f) is a fibration. O
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Appendices

Appendix A

The purpose of this appendix is to describe the category of cocommutative coalgebras over an
algebraically closed field of characteristic zero in the vein of the article [CLM]J.

Definition 89 (Pseudo-compact algebras). The category of pseudo compact algebras is the cate-
gory antiequivalent to the category of cocommutative coalgebras and made up of inverse limits of
diagrams of finite dimensional commutative algebras. The morphisms are the morphisms of alge-
bras which are continuous with respect to the induced topology. A pseudo compact algebra « is
called local if it its underlying graded algebra is local.

The antiequivalence between pseudo compact algebras and cocommutative coalgebras is realized
as follows : the linear dual of a cocommutative coalgebra is a pseudo compact algebra ; conversely,
the topological linear dual of a pseudo compact algebra is a cocommutative coalgebra. Moreover,
for any cocommutative coalgebra %, the sub-coalgebras of € are in correspondence with the ideals

of €*.

Definition 90 (Orthogonal ideals and sub-coalgebras). Let 2 = (D, A, €) be a sub-coalgebra of
% . The orthogonal of Z is the sub-chain complex 2+ := {f € €*| Vz € D, f(z) =0} C €* which
is an ideal of ¥*. Let I be an ideal of the commutative algebra €. The orthogonal of I is the
sub-chain complex I+ := {z € €| Vf € I, f(z) =0} C € which is a sub-coalgebra of €.

One of the consequences of this relation between ideals of ¥ and sub-coalgebras of % is the
following proposition.

Proposition 99. [GG99] Let € be a cocommutative coalgebra and let x be an element of €. There
exists a finite dimensional sub-coalgebra of € which contains x.

Chuang, Lazarev and Mannan showed that any pseudo compact algebra can be decomposed
into a product of local pseudo compact algebras.

Theorem 31. [CLM, 2.9] Any pseudo compact algebra <f is isomorphic to the product of local
pseudo compact algebras </ ~ [],c; <. Moreover, a morphism of product of local pseudo compact
algebras f: [],c; o — HjeJ*@j is the data of an element ¢(j) € I and a morphism f; : oy —
B for any j € J.

We show that local pseudo compact algebras are linear duals of conilpotent cocommutative
coalgebras.

Definition 91. A nonzero graded cocommutative coalgebra is said to be irreducible if any two
nonzero sub-coalgebras have nonzero intersection.

Proposition 100. A graded cocommutative coalgebra is irreducible if and only if dual algebra is
local.

Proof. Let € = (C,A,¢) be a graded cocommutative coalgebra. We first suppose that it is irredu-
cible. Let M7 and M5 be two maximal ideals of the commutative algebra €*. Since, % is irreducible,
then the sub-coalgebras Mi- and M3~ have nonzero intersection. So My + My C (Mj- N M3-)* is
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a proper ideal. Since M; and M, are maximal ideals, then M| = M; + My = M;. So €* is
local. Conversely, suppose that € is local. We denote by M its maximal ideal. By Lemma
M is the kernel of an augmentation €* — K. By the antiequivalence between pseudo compact
algebra and cocommutative coalgebras, we obtain a morphism of coalgebras K — %, that is an
atom a of €. For any nonzero sub-coalgebra 2 of ¢, the orthogonal 2+ is contained in M. Thus
K-a=M* c (2+)r = 2. So any nonzero sub-coalgebra of %’ contains a. Subsequently, % is
irreducible. O

Lemma 41. Let o/ be a graded local pseudo compact algebra. Then, the mazimal ideal M of <f is
the kernel of an augmentation o — K.

Proof. Since &7 = (A,7u,1) is the inverse limit of finite dimensional algebras and since M is
maximal, then M is the kernel of a surjection .«# — % where & = (B,v5,1) is a finite dimensional
commutative algebras. Since M is maximal, then any nonzero element of B is invertible. Since,
the elements in nonzero degrees are nilpotent, then B is concentrated in degree zero. So B is a
finite dimensional field extension of K. Finally, B ~ K because K is an algebraically closed field of
characteristic zero. O

Proposition 101. Let € = (C,Aie)ibe an irreducible cocommutative coalgebra. Then, the non-
counital cocommutative coalgebra (C,A) is conilpotent.

Proof. Let = an element of C and be 2 = (D, A, ¢) be a finite dimensional sub-coalgebra of &
which contains . The commutative algebra * is local ; its maximal ideal is M := D". Then, 7
is also local with maximal ideal My. By Nakayama’s lemma, Mj is nilpotent. So, M is nilpotent
and so D is a conilpotent noncounital cocommutative coalgebra. O

Corollary 6. The antiequivalence between the category of pseudo compact algebras and the category
uCocom of cocommutative coalgebras restricts to an antiequivalence between the category of local
pseudo compact algebras and the category uNilCocom of conilpotent cocommutative coalgebras.

Proof. Tt is a direct consequence of Proposition [I00] and Proposition [T01} O

Theorem 32. Let € = (C, A, ¢€) be a dg cocommutative coalgebra over an algebraically closed field
of characteristic zero and let A be its set of graded atoms. There exists a unique decomposition
C ~ P, ca Ca where G, is a sub-coalgebra of € which contains a and which belongs to the category
uNilCocom. Moreover, a morphism of dg cocommutative coalgebras f : @@ ,c 4 Co — Pyep Db is the
the data of an element ¢p(a) € B and a morphism f, : €o — PDy(ay for any a € A.

Proof. The only point that needs to be cleared up is that the decomposition ¢ = @, ; %; is
indexed by the set graded atoms of . A graded atom of ¢ is a morphism of graded cocommutative
coalgebras from K to ¢, that is a morphism of graded pseudo compact algebras from [[;.; €;* to
K. So it is the choice of an element of I. O

Appendix B

In the literature, there are two ways to define the fully faithful morphisms of oo-operads

f:P—=>Q:

> for any integer m and any colors ¢y, ..., ¢y, cof P, the map P(cy,...,cm;c) = Q(f(er), ...,
flem); f(e)) is a weak homotopy equivalence of simplicial sets.
> for any integer m and any colors ci, ..., ¢y, ¢ of P, the map P%(ci,...,cm;c) —

QL (f(c1),..., f(em); f(c)) is a weak homotopy equivalence of simplicial sets.
The goal of this appendix is to prove that these two definitions are equivalent that is to prove the
following theorem.

Theorem 33. For any oco-operad P, for any integer m and any colors ¢, ¢, ..., ¢m of P, the
simplicial set P(cy, ..., cm;c) is homotopy equivalent to the simplicial set PL(cy, ..., ¢m;c). In other
words, there is a chain of weak homotopy equivalences between P(cy,. .., cm;c) and P (cy,. .. cmic).

Furthermore, this construction is functorial with respect to P.
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Let P(Al4) be the functorial Reedy fibrant resolution of P defined in [CMI13, 3.2]. The two
following squares are pullbacks :

P(ciy ... Cm; €)g —— Homyser (Q[C,,], PALD)

| |

A[0] ———— Homgser (A[0] U T}, Al0], PAlaD) |

(csC15eeesCm

PE(c1,. .., em;¢)p ———— Homgse: (QCm ], P)

| |

A[0] Homgser (A[p] U2, A[0], P)

(e,c1yemsm

The left vertical maps of these two diagrams are induced by cofaces maps targeting the trees C,
and Cy, . Let {M] }}, qen be the pullback of the following diagrams :

MP ———— Homgset(Q[Cip ), PAD)

A[0] Homase: (A[p] U T}, Af0], PAID)

(¢,c14esCm)

The collection {M: ) p.q has a canonical structure of a bisimplicial set. The simplicial set M(f _
(resp. MP ) is equal to P(ci,...,cm;c) (vesp. PX(cy,. .., ¢m;c)). From now on, we will denote
P&l simply by P,.

Lemma 42. For any face map d; : Py — Py_1, the induced morphism of simplicial sets Mfyq —
Mf,q_l is a trivial fibration.

Proof of Lemma[{Z8 Let k be an integer and suppose that we have the following diagram :

OAK] ——= MP

—q

o

Alk] —— Mf’qfl )
It corresponds to elements bg, ..., bx in M, 5_17 q and a in M, ,5 -1 having coherent face relations.
The color ¢ of P induces a morphism ¢ : A[k] — P,. Then, c, by, ...and by together give a map
0Q[C, 1] — P, which fits into the following diagram :

OQ[Cy ] L0 p

C

Q[Cn i) P,y

As the face d; : P; = P,_1 is a trivial fibration, then the former square has a lifting ; therefore, the
first diagram has a lifting. As this is true for any integer k and for any such diagram, this proves
the lemma. 0

Lemma 43. let §, be the unique external coface Cy, p—1 — Cpyp which omits the lower vertex of

Crp- The face induced le_ — ME_L_ is a trivial fibration.
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Proof of Lemma[{3 Let k > 1 be an integer. On the one hand, let lim(d., P)—_1 be the projective
limit of the diagram of dendroidal sets made up of :
> for any integer 0 < i < n a copy of Px_; denoted by (d;, Px—1)-
> if k > 2, for any pair of integers (4, j) such that 0 < i < j <n, a copy (d;d;, Px—2) of Px_o
and maps
dj_1

d;
(di, Pr) — (did;j, Pr.) <—— (d;, Px) .
Then, the canonical map P, — lim(d,, P)x—1 is a fibration; see [DK80b| 4.3] for more details.
Suppose that we have the following diagram for an integer k > 0 :

OA[k) — MP_

|

Alk] ——= ML
If k£ = 0 this diagram corresponds to the data of an element of x € M;il,@ The degeneracy s,—1x
of = gives a lifting of the diagram. Suppose now that k& > 1. The diagram induces an element
b€ (lim(ds, P)k-1)c,,, and an element a € (Py)c They fit in the following square :

m,p—1"°

(a,c)

9"t Q[Crn.p) by

| |

Q[Cr p] — lim(dy, P)g—1 -

The right vertical map is a fibration and the left verical map is a trivial cofibration ; see [MW09,
Lemma 5.1]. Then the square has a lifting which induces a lifting of the first square. O

Proof of Theorem[33 By the two former lemmata, it is straightforward to prove that all the face
maps sz_ — M;—L— and Mf,q — Mf,q_l and degeneracies Mg_ — MzﬁL— and Mf,q —
MF 4+1 are weak homotopy equivalences of simplicial sets. Then by [Hir03, Corollary 15.11.12], we

have a chain of weak homotopy equivalences :
P(ci, ... cm;c) —diag(M*) <—— Pl (zy,... 2 7) ,

where diag(M?) is the diagonal of the bisimplicial set M. Furthermore, as the Reedy fibrant
resolution P(A[=D of P is functorial in P, a morphism f : P — Q of oo-operads induces the
following diagram :

P(ci,...,cm;¢) ————diag(M?) <——— PE(cy, ..., cm;0)

| l |

Q(f(er),- -, flem)i () ——= diag(M®) <—— Q" (f(c1),- .., f(em); f(c)) ,

where the horizontal maps are weak homotopy equivalences and the vertical ones are canonically
induced by f. O

Corollary 7. The two definitions of the fully-faithful morphisms of co-operads are equivalent.

Proof. Consider the former diagram. As the horizontal maps are weak homotopy equivalences,
then the left vertical map is a weak equivalence if and only if the central vertical map is a weak
equivalence if and only if the right vertical map is a weak equivalence. O
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Appendix C

Consider the adjunction €2, 4 B, described in Section [2.8.3] and relating curved conilpotent
coalgebras to unital algebras. We have shown that the projective model structure of the category
of unital algebras may be transferred to the category of curved conilpotent coalgebras along this
adjunction. In other words, there exists a model structure on the category of curved conilpotent
cooperads whose cofibrations (resp. weak equivalences) are the morphisms whose image under €, is
a cofibration (resp. weak equivalence). This have been extended to the operadic level in the chapter
In this appendix, we show that this method cannot be extended to the multi-colors framework,
that is to dg categories and curved conilpotent cocategories. As an immediate consequence, it
cannot be extended to colored operads.

Definition 92. A curved conilpotent cocategory € = (C,C, A, d,0) is the data of a graded co-
nilpotent cocategory (that is a graded conilpotent colored cooperad concentrated in arity one)
(C,C, A, €) together with a degree —1 coderivation d and a degree —2 map of (C, S)-modules

0:C— 1o,
where I is the (C,S)-module defined in section Moreover, we require that
d?> = (0@ Id)A .

Curved conilpotent cocategories are related to dg categories (that is dg colored operads concen-
trated in arity one) by an adjunction a la bar cobar that we denote 2, 4 B, since it extends the
adjunction between unital algebras and curved conilpotent coalgebras that we described in Section
and that was already denoted €, 4 B.. On the one hand, let & := (C, A,~v, (1.)cec) be dg
category. Its bar construction is the curved conilpotent cocategory B.o/ := T¢(sA @ s2I¢c). It is
equipped with the coderivation which extends the following map.

T(sA® s?I¢) — ng(s.A ® s21c) = sAD s o
sz @ sy > (1) lsy,(z @ y)
ST ® 821, 0
$?1, > sl,

sx — —sdx .
Its curvature is the degree —2 map.

T(sA® s*I¢) — s*Ic — I

21, 1, .

On the other hand, let € := (C,C, A, d, #) be a curved conilpotent cooperad. Its cobar construc-
tion is made up of the graded category

0, % :=T(s'C),
together with the following derivation,
str e 0(x)l — s tde — Z(fl)m‘s*lzl ®@s gy,
where Agz = " 21 ® 7.
Proposition 102. The bar construction and the cobar construction are both functors. Moreover,

the functor Q,, is left adjoint to the functor B..

Proof. The proof relies on the same arguments as the proof of Proposition 23} O
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Tabuada proved in [Tab05] that the category of dg categories may be equipped with a model
structure that is the restriction to dg categories of the more recent model structure of colored
operads of Caviglia that we described in the chapter 4] (Proposition [93).

Theorem 34. There does not exists a model structure on the category of curved conilpotent co-
categories such that the functor Q, preserves cofibrations and weak equivalences (and so is a left
Quillen functor).

Proof. Let I be the curved conilpotent cocategory with one object 0 and such that I(0;0) := K.
Then, Q,(I) is the dg category Iy. Let J be the dg category with two objects 0 and 1 and such
that

J(i,7) =K ,V¥i,j € {0,1} ,

with obvious units and composition. It is clear that the functor J — I given by the identity of K
is an acyclic fibration of dg categories. If such a model structure exists on the category of curved
conilpotent cocategories, then the morphism

BCJ XBC]OI—)I

is an acyclic fibration and the morphism Q. (B.J Xp.1, ) = QI = I is a weak equivalence of
dg categories. By Lemma Qu(Bed xB.1, I) = If0,13- Since the morphism I3 — Io is a not a
weak equivalence, then such a model structure does not exist. O

Lemma 44. The pullback B.J x .1, 1 of the proof of Theorem@ is the cocategory with two objects
0 and 1 and such that

Kifi=j,

0 otherwise.

BCJ ><BCIO I(Zaj) = {

Proof. It is clear that B.J xp,1, I is the biggest sub cocategory of B.J whose image in B.lj is
in the image of I. Then, FJ%B.J x g, I lies inside F{*‘B.J and its image in B.lj is zero. So, a
straightforward checking shows that F{ adB J x B.I, I is zero and hence B.J X p_p, I is as described
in the lemma. O
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Théories homotopiques des algébres unitaires et des opérades

Résumé Dans cette thése, nous nous intéressons aux propriétés homotopiques des algébres sur
une opérade, des opérades elles-mémes et des opérades colorées, dans le monde des complexes
de chaines. Nous introduisons une nouvelle adjonction bar-cobar entre les opérades unitaires et les
coopérades conilpotentes courbées. Ceci nous permet de munir ces derniéres d’une structure de mo-
déles induite par la structure projective des opérades le long de cette adjonction, qui devient alors
une équivalence de Quillen. Ce résultat permet de passer, sans perte d’information homotopique,
dans le monde des coopérades qui est plus puissant : on peut y décrire, par exemple, les objets
fibrants-cofibrants en termes d’opérades & homotopie prés. Nous appliquons ensuite la méme stra-
tégie aux algébres sur une opérade. Pour cela, on munit la catégorie des cogébres sur la coopérade
duale de Koszul d’une structure de modéles induite par celle de la catégorie des algébres d’origine
le long de leur adjonction bar-cobar, qui devient une équivalence de Quillen. Cela nous permet de
décrire explicitement pour la premiére fois des propriétés homotopique des algébres sur une opérade
non nécessairement augmentée. Dans une derniére partie, nous introduisons la notion d’opérade
colorée & homotopie prés que nous arrivons & comparer aux infinies-opérades de Moerdijk—Weiss
au moyen d’un foncteur : le nerf dendroidal. Nous montrons qu’il étend des constructions dues a
Lurie et & Faonte et nous étudions ses propriétés homotopiques. En particulier, sa restriction aux
opérades colorées est un foncteur de Quillen & droite. Tout ceci permet de relier explicitement deux
mondes des opérades supérieures.

Mots clés : Opérades, algébre homotopique, algébre homologique, dualité de Koszul, construc-
tions bar et cobar, ensembles dendroidaux.

Homotopy theories of unital algebras and operads

Abstract This thesis deals with the homotopical properties of algebras over an operad, of operads
themselves and of colored operads, in the framework of chain complexes. We introduce a new bar-
cobar adjunction between unital operads and curved conilpotent cooperads. This allows us to
endow the latter with a model structure induced by the projective model structure on operads
along this adjunction, which then becomes a Quillen-equivalence. This result allows us to study
the homotopy theory of operads in the world of cooperads which is more powerful : for instance,
fibrant-cofibrant objects can be described in terms of operads up to homotopy. We then apply the
same strategy to algebras over an operad. More specifically, we endow the category of coalgebras
over the Koszul dual cooperad with a model structure induced by that of the category of algebras
along their bar-cobar adjunction, which becomes a Quillen-equivalence. This allows us to describe
explicitly for the first time some homotopy properties of algebras over a not necessarily augmented
operad. In the last part, we introduce the notion of homotopy colored operad that we compare to
Moerdijk—Weiss’ infinity-operads by means of a functor : the dendroidal nerve. We show that it
extends existing constructions due to Lurie and Faonte and we study its homotopical properties.
In particular, we show that its restriction to colored operads is a right Quillen functor. All this
allows us to connect explicitly two different worlds of higher operads.

Keywords : Operads, homotopical algebra, homological algebra, Koszul duality, bar and cobar
constructions, dendroidal sets.
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