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Réesumeé

Les suspensions de nanoparticules - en particulier naeefitrnanotubes - sont de
plus en plus utilisées dans le cadre du développement deiauatdonctionnels. Afin
d’optimiser l'utilisation de ces matériaux et leurs proggdie fabrication, une connais-
sance fine de la microstructure et de son évolution lors daanilément est primordiale.
Pour cela, I'étude des suspensions se divise en deux axeslikrche : le régime dilué
ou la concentration est faible et chaque particule peut dédmite seule, et le régime
concentré ou I'on ne peut plus négliger I'interaction eméeparticules, ni la formation
d’agrégats. Le premier type de suspensions est bien coerserbnd reste encore prob-
|ématique.

Pour une description plus précise de la physique fine quidakgchelle microscopique,
des modéles basés sur la Simulation Numérique Directe (db)Bbint développés. Une
DNS est basée sur le calcul dans un volume représentatif odwement d’'une centaine
de fibres (particules) et de leurs interactions, a I'échelleroscopique lorsqu’un écoule-
ment de cisaillement simple est appliqué. Ainsi les suspaasont considérées avec des
interactions entre les fibres et I'évolution statistiquar@ population de fibres (forces
d’interaction et le nombre de contacts entre les fibres)ésgite. Durant la thése un code
de calcul intensif 3D basé sur la DNS a été développé. Ce caldale la cinématique
associée aux suspensions de fibres concentrées (contemsesrdvolume élémentaire)
et prend en compte les forces d’interactions présentescuehzas de temps.

Il existe une autre approche plus simplifiée a I'’échelle raésspique pour traiter le
régime concentré: la théorie cinétique. Cela est possifleega une fonction de densité
de probabilité qui représente la probabilité de trouverpartéicule avec une orientation a
un temps donné, dans I'espace. Lorsque la concentratiopstiénse devient tres élevée,
on considéere un agrégat de fibre (au lieu de considérer ure fibrsuit I'évolution d’'un
agrégat composé de fibres enchevétrées).

Mots clés Simulation Numérique Directe, Théorie Cinétique, Rh§aoModélisation
Numérique, Mécanique des Fluides






Abstract

Suspensions involving nanoparticles such as nanofibensaratubes are widely used
today in the development of functional materials. In ordeoptimize the usage of these
materials and their manufacturing processes, a fine kngeled the microstructure’s
evolution in a flow is required. Thus, the study of such susms is divided into two
main categories: the dilute regime where the concentraidow enough to describe
each particle independently from its neighbors and theeanated regime where the in-
teraction between particles can no longer be neglectedthediormation of aggregates
(or clusters). The first type of suspensions is well known medtable; the second one
remains difficult to study. For a more precise and fine desoripof the physics at the
microscopic scale, a solution consists in performing a @ireumerical simulation (or
DNS). DNS is based on the computation, in a representatiitena of the motion of
several hundreds of fibers and their interactions. It is p Btestep process which de-
rives kinematics as well as macroscopic properties, whkeng into account the forces
applied on each fiber at the microscopic scale. Thus the sa&pes are considered along
with interaction forces acting on each fiber and a statistleacription is built (humber
of interactions, magnitude of forces, elastic energyyring the thesis an extensive 3D
simulation code based on DNS has been developed. It tal®@adobunt the kinematics
of the concentrated fiber suspensions as well as the intandotces involved.

Another more simple way to simulate concentrated fiber suEpas in a given flow is to
use kinetic theory approaches. The kinetic theory inc@asra statistical orientation dis-
tribution function, which represents the probability o¥/hrey a particle in a given physical
space, having a certain orientation, at a given time. Thelgiity of this theory is that it
ignores the individuality of the entities (particles, fisenanotubes, ...), by introducing a
probability function that acts on the mesoscopic scale.sTkdnen the concentration of
the fibers is high enough, a cluster of fibers can be considgerédhe rheological proper-
ties can then be calculated.

Key words: Direct Numerical Simulation, Kinetic Theory, Rheologyiiderical Model-
ing, Fluid Mechanics






Résumé développeé

Aujourd’hui, les matériaux polymeres composites renferpér des fibres sont des
matériaux importants dans un large éventail d’applicatigrice a leurs propriétés mé-
caniques, électriques, et thermo-physiques intéressab@ns les processus industriels
qui font intervenir I'’écoulement, des fibres sont normaleh@ésentes en suspensions
dans une matrice polymere et constituent le renfort praicif,a problématique prin-
cipale est la compréhension du comportement mécaniquesdsuspensions associé a
leur microstructure, afin d’aboutir a une bonne descripdieta rhéologie et optimiser le
procédé pour obtenir la meilleure microstructure.

Cependant il est souvent difficile de prédire expérimentale ce comportement. C’est
pourquoi, il s’avere nécessaire de faire des simulationgmigues pour prédire I'évolution
de la cinématique des suspensions. En général la condentiairientation des fibres et
le rapport de forme sont les paramétres clés, affectantagtie finale et les propriétés
des piéces produites. Les parametres principaux régiksanmportement rhéologique
complexe des suspensions de fibres, outre la concentratiénaution de I'orientation,
sont la distribution spatiale, les propriétés mécaniqesdithres/de la matrice, et les mé-
canismes d’interactions de type fibre-fibre et fibre-fluide(gement).

Si la concentration du systéme est assez faible, on peubsapgue le champ de vitesse
de I'écoulement n’est pas perturbé par la présence des.fibhessfibres sont suffisam-
ment éloignées les unes des autres, de maniere qu’elldera@issent pas entre elles.
L'augmentation de la concentration des fibres - méne a deatttons hydrodynamiques
- parce que la densité élevée des fibres dans le volume esastdfipour perturber
I’écoulement. Ici les fibres interagissent ensemble patdiimédiaire de contacts directs.
La distance moyenne entre les fibres devient du méme ordreaddeapr que le diameétre
des fibres et les fibres agissent I'une sur l'autre par detsdff@lrodynamiques.

Dans cette thése I'objectif est d’étudier les suspensionsaentrées de fibres, puisqu’elles
représentent le cas le plus réaliste dans les processistriethi Dans le premier chapitre,

une étude bibliographique sur les suspensions de fibreaitst f.eurs divers modéles

théoriques dans la littérature, les différentes écheliis@es pour I'étude de tels suspen-
sions et les trois régimes de concentration principaux g@gentés et expliqueés.

Dans les deuxiéme, troisieme et quatriéme chapitres, aepté un modéle a I'échelle
microscopique qui décrit au mieux les interactions comgaede type fibre-fibre et per-
met d’adresser la physique fine impliquée dans de tellesaictiens riches et intenses.
Ici on décrit la simulation numérique directe (DNS): la DN& basée sur le calcul dans

11
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un volume représentatif, du mouvement d’une centaine desfier de leurs interactions,
a I'échelle microscopique. La DNS, dans ces chapitres, maicuée pour des fibres
de longueurs différentes qui suivent une loi de distributiermale (avec une longueur
moyenne et un écart type). Le fluide est newtonien et on ceéresidn écoulement de
cisaillement simple. Au sein de cet écoulement, la cinéqoatides fibres et les propriétés
macroscopiques ont été obtenues. Loriginalité ici, estrbduction de I'élasticité et la
flexion des fibres. On note que les fibres sont supposéesgigidequ’on ne s’intéresse
pas a I'énergie élastique qu’elles peuvent stocker. Si lFsdisont infiniment rigides,
donc aucune énergie élastique sera stockée. Les fibresipmutsees subir des petites dé-
formations, sous I'action des moments fléchissants issufodees d’interactions, quand
elles deviennent plus flexible. Pour cette raison, leurrnatéue sera la méme que celle
des fibres rigides. A partir dela, on a tiré beaucoup de rm@suéit conclusions. Tout
d’abord on est arrivé a distinguer deux régimes dans I'éaiude la cimématique: une
phase transitoire ou I'orientation évolue d’un état ispé&ra un état ou la plupart des fibres
sont alignées, ce qui constitue le régime stationnairer RRsuifférences de contraintes
normalesV;" et N,, on a lié leur comportement dans la zone transitoire avehdege-
ment brusque des orientations des fibres, d( a la naturealliesizent. Ce comportement
était en accord avec des mesures expérimentales vues dété&rddure. Les signes de
N; et N, ont été discutés et c’était prouvé qi¥g ne peut pas étre considérée néglige-
able devantV;" dans le cas de suspensions concentrées avec la préserieeadtions
entre les fibres. Ensuite, les évolutions statistiquest@nétiidiées: I'énergie élastique et
le nombre des interactions. Lorsque I'écoulement a étésiyée nombre d’interactions
a diminué et par conséquent les fibres ont perdu leur tende@ire alignées, et cela a été
démontré par I'évolution de la viscosité dans le sens imvdPsur I'énergie élastique, des
pics apparaissent au début de la simulation lorsque les fimmebrusquement changé leur
orientation ou I'élasticité des suspensions est activéesdue les fibres étaient presque
alignées, I'élasticité diminuait et les suspensions st une relaxation avec des in-
teractions relativement faibles. On a comparé le nombeg thinteractions/N; avec le
nombre moyen théorique d’interactions par fil¥g. Il a été constaté que la différence
entreN; et No dépend de la distance critique autorisée entre deux fitaeislance cri-
tique permise entre deux fibres est la distance limite agalessde laquelle on considere
une interaction entre elles). La méme allure de courbe powue pourN¢ a été obtenue
mais avec un décalage déV. (n étant le nombre total des fibres). Puis en variant cet
espacement, le nombre d’interactions prédit par la sinmnadtait proche de celui donné
par la théorie. Finalement les effets du changement desuéang des fibres, leur di-
ameétre et le taux de cisaillement sur I'évolution de I'éiegastique ont été également
analysés et interprétés. Lorsque la longueur moyenne des fibaugmenté, les fibres
ont devenues beaucoup plus susceptibles de se fléchir, Allesi emmagasinent au plus
de I'énergie élastique. Inversement si le diametre dessfibm@inue, les fibres devien-
nent plus épaisses et vont donc perdre leur flexibilité tastien une énergie élastique
beaucoup plus basse. En augmentant la valeur du cisailefirgehsité des interactions
devient plus importante. C’est a dire que les forces d'attons plus intenses ménent
les fibres a étre encore plus élastiques et stocker d’awadtagergie.

Le cinquieme chapitre discute des modéles basés a I'éahéliescopique, une échelle
intermédiaire entre I'échelle microscopique et I'échell@croscopique. Ici tous les mod-
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eles ont été définis dans le cadre de la théorie cinétique hdarie cinétique est une
approche micro-macro qui permet de considérer le systeféetielle mésoscopique tout
en conservant la physique fine nécessaire a la descriptitmrderostructure et de son
évolution. Cela est possible grace a l'introduction d'untaie nombre de coordonées
de conformation. L'approche proposée pour construire ledates peut étre résumée en
trois points : (i) la microstructure est définie a I'écheller, via I'introduction de dif-
férents parametres de conformation, et son évolution éshab a partir de I'écriture de
I’équilibre ; (ii) une fonction de distribution est introde a I'échelle méso, représentant
la fraction de particules présentant une certaine confooma un certain temps et en
un certain point de I'espace. Cette fonction contient péindidn toute les informations
sur la microstructure ; (iii) les propriétés macroscopgjde la suspension sont ensuite
calculées a partir des différents moments de la distributigres avoir montrée que cette
approche permet de retrouver I'équation de Jeffery pousuepensions diluées, elle est
appliguée aux suspensions concentrées présentant deatagié fibres, agrégats dans
un premier temps rigides puis déformables. Ensuite, afireddre compte de toutes les
physiques mises en jeu dans le cas de ces suspensions céesglélasticité des agré-
gats ainsi que les effets aléatoires dus aux interactiodeodynamiques entre agrégats
sont introduits dans le modele. Des différents modeles @npposeés dans la littéra-
ture. Des effets d’élasticité et de mémoire évanescentétérintroduits dans le modele
des agrégats déformables de fibres. C’était une premiegestign et approche pour es-
sayer d’expliguer I'étirement subit par un agrégat de fibteservé expérimentalement.
Le modéle le plus réaliste (agrégats déformables) assagi&ffets de mémoire (élas-
ticité avec la diffusion Brownienne), a montré que I'élesé était inactive dans le cas
d’'un écoulement de cisaillement simple. Dans ce type dlécoent, I'état stationnaire
est atteint et donc la configuration de référence coincalat la configuration actuelle.
Toutefois, dans ces travaux on a supposé des physiquesutiargs, associées a des hy-
pothéses bien phénoménologiques (rigidité des agrégetanaabilité des agrégats, dif-
fusion Brownienne, élasticité et effets mémoires). Et oasage de décrire et justifier les
observations expérimentales des agrégats de fibres paypethéses. Et a cause de ces
considérations hypothétiques, il s’avére important deleakous ces modeéles d’agrégats.
La DNS est un candidat qui permet la validation de ces modBiass des travaux futurs,
des agrégats de fibres peuvent étre créés a I'échelle migigse. Apres les simulations
numeériques dans le cadre de la DNS seront comparées aveotkdes de la théorie
cinétique afin de conclure sur la validité, et la crédibitigs hypothéses faites dans ces
modeles.

Finalement dans le dernier chapitre on conclut sur la \éliei la crédibilité des mod-
eles utilisés. On présente également les perspectives fettlgs travaux a venir.
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Today, fiber reinforced polymer composites are importarntenls in a wide range
of applications because of their interesting mechanidattecal, thermo-physical prop-
erties and their cost efficient processirig. [ The study of the rheology of suspensions
is considered to be a challenge in modern industrial appdica. The fluid-particle or
particle-particle interactions, the motion and rotatiéparticles strongly modify the be-
havior of the suspending fluid and are difficult physical pimaena to observe, measure
and model. In this thesis, the rheology of fiber suspensmonmwideled, and analyzed from
the point of view of these physical phenomena.

Fiber suspensions are used in industrial processes thalvénflow. As examples of
these processes one can mention the Sheet Molding Comp8M@))@and the Glass Mat
Thermoplastics (GMT) processes. These are widely useckiadkomotive or electrical
industries to produce semi-structural and lightweightgparhe key problem nowadays
is understanding the coupling between the mechanical @ha@ithese suspensions and
their microstructure in order to possess a good descripfitime rheology of such materi-
als and optimize composites manufacturing. However ittisroflifficult to predict these
behaviors and descriptions. That is why, the main emphagisodern fiber suspension
science is to model and simulate real industrial procesksegeneral, the fiber content
(i.e. concentration), the evolution of fiber orientatiorridg the forming process and the
aspect ratio strongly affect the final geometry and the ptogseof the produced parts
[2, 3].

The main structural parameters governing the complex dggedl behavior of fiber sus-
pensions are the fiber concentration, orientation andamdistribution, the mechanical
properties of the fibers and the matrix, and the matrix-filndiber-fiber interaction mech-

anisms. The deformation mode of the suspension depends oaritentration regime.
If the concentration is low enough then it is assumed thatp#gréurbation of the flow

field in the matrix near a fiber is not affected by the preseridbeothers because the
fibers are sufficiently far apart from each other. Increasirgconcentration, leads to
fibers with hydrodynamic interactions because of the flowd figdrturbations surround-
ing the fibers. When the system gets too concentrated withsfiltlee average distance
between the fibers is of the order of the fiber's diameter softhers interact through

hydrodynamic and also direct contact effects. Fiber susipan involved in SMC and

GMT belong to this last category. The high concentration tiwedfiiber orientation make
fibers strongly entangled, bent and experience multipléaats with their neighbors.

In this thesis the objective is to study concentrated fibepsasions, since they represent
the most realistic scenario in industrial processes. Irfiteechapter, a detailed biblio-
graphic study on the different scales for simulating fibespgisions and the three main
regimes that exist are presented. Then in the second, thartbarth chapter, a simulation
model is proposed to better describe complex fiber-fiberaotens where the simula-
tions allow to address the fine physics involved in rich andrise interactions. The fifth
chapter will discuss another model based on a theory thatheasapability of address-
ing macroscopic systems, through the use of a distributiootfon where the necessary
physical variables are incorporated. Finally, the corolusand perspectives of this work
are discussed from the point of view of the credibility ankhiglity of the used models,
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and the challenging future works to come.
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1.1 Introduction

Fiber suspensions can be described at different scalesititescopic scale, related
to individual fibers, the mesoscopic scale which considgrgplation of fibers within a
local representative volume, and the macroscopic scaltecketo the forming process and
the final part itself.

Theoretical models not only depend on the chosen scale ofigisn, but also on the
concentration regime considered. In the dilute regime,rfilber interactions are ne-
glected altogether. These interactions are usually takenaccount in the form of a
phenomenological randomizing mechanism when the suspersisemi-dilute. In the
concentrated regimes, such a phenomenological approachl@ger appropriate. In-
deed, when the concentration and fiber length become lamgegén richer microstruc-
tures can be observed: entangled systems exhibiting husarad intense interactions,
and dense (either rigid or deformable) clusters of fiberséms®d in the suspending fluid,
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with specific kinematics and often complex aggregatioafgligegation kinetics.

It is well known that the process-induced microstructureedrines the mechanical or
functional properties of the final part. Thus, the developta accurate models and
efficient computational solvers is crucial. Industrial bggtions usually involve semi-
concentrated or concentrated short fiber suspensionse Hpgdications are thus charac-
terized by a high fiber content, strong interactions, confieiet and fiber bending mech-
anisms. They call for theoretical models that go much beybadlilute regime.

Most currently available process simulation tools implabas hocmodifications of the
classical Jeffery model developed for the dilute regime.

1.2 The three main description scales

Suspensions of particles can be described at the micrassoglie by tracking the mo-
tion of each individual particle in the system. In order tacaimvent the difficulties (more
computational than conceptual) related to simulatione@nicroscopic scale where too
many particles are present, coarser models were introddged

Mesoscopic kinetic theory models result from the coarsgafimicroscopic descriptions.
In kinetic theory models, the individuality of the partisles lost in favor of a statistical
description that substitutes the entities by a series diocoration coordinatesy] 6]. For
example, when considering a suspension of rods, the mgsostescription consists in
giving the fraction of rods that at a random position and tareoriented along a certain
direction. This information is contained in the probalildistribution function (PDF)
whose conservation balance results in the so-called FaRlegrck equation.

The Fokker-Planck equation governs the flow-induced eimiuif conformation. Being
highly-dimensional, it cannot be solved by means of stathda@sh-based discretization
techniques. Solution procedures based on the use of garétthe mesoscopic scale have
been extensively developed by many auth@s8[ 9, 10, 11, 12, 13, 14]. On the other
hand, there are few works on the solution of the Fokker-Rlaaguation with standard
discretization technique4}, 16].

At the macroscopic scale, the PDF is substituted by some ofidtments]7, 18]. Here,
the level of detail and the involved physics are sacrificewour of computational effi-
ciency. The equations governing the time evolution of theeenents usually involve the
usage of approximation4 9] whose impact on the results can be import2a p1].

1.3 The three main suspension regimes

1.3.1 Dilute and semi-dilute suspensions

Models concerning dilute and semi-dilute suspensions haea addressed in numer-
ous theoretical and numerical studies. The theories desgrthese type of suspensions
are now well established for suspensions of rigid fibers imtfdaian fluids.
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Most of the models existing today are based on the fundarewniks of Jeffery and
Batchelor. JefferyZ2] studied the motion of a rigid small ellipsoidal particlean infi-
nite incompressible Newtonian solvent, with no externatés or torques or Brownian
motion, and determined the stress state near the partittier. tAe proposed model by Jef-
fery, different new models for suspensions of ellipsoidhadilute or semi-dilute regime
appearedd3, 24, 25. The works in R6, 27] gave a general framework for mechanical
models for suspensions. Then the slender body theoriesdegstoped to determine the
force applied on a particle and particle flow interacti@g]] Finally in these works, the
modeling of the behavior of semi-dilute suspensions of@djfibers was don@$]. Fol-
lowing these works, Dinh and Armstron8(] generalized this last problem to arbitrary
orientation distribution.

Shageh, Koch, and co-worker31] 32, 33] further developed the semi-dilute theory and
validated it either with experimental studie] or numerical simulation35s, 36]. It is
important to notice that these works lead to a common exjme$sr the macroscopic
stress tensor of the suspensions. Moreover, they condidiées orientation by using
mesoscopic descriptors called orientation tens8v$ \vhich are compact, and give an
efficient macroscopic measurement of fiber orientation. ditrentation of the fibers in
a given system, has an influence on the behavior of the suspsnsrhis influence is
accounted for the coupling constitutive expressions obthess tensor with a set of equa-
tions modeling the change of the orientation tensors duhedlow [23, 37, 38, 39]. In
most cases, this system of equations is based on an exterfisiafundamental problem
of the orientation evolution of a slender particle suspéndean infinite incompressible
Newtonian fluid for the dilute or semi-dilute regime22[ 31, 40, 41, 42, 43, 44]. To
simplify the calculations, higher order orientation terss¢such as the fourth order ori-
entation tensor) were usually expressed in terms of thenskeoaler orientation tensor.
These approximations are known as closure approximatiof 87, 38, 45, 46, 47]. The
issues raised by closure approximations have attractetid &itention during the past
two decades. These issues remain challenging to this dayexample, some closure
approximations could cause kinematic or thermodynamicreaties B9, 48], whereas
others are more or less relevant depending on the local floviteencurrent orientation of
fibers.

To summarize, in the case of dilute or semi-dilute suspessid short fibers, the three
main scales have been extensively considered, and withejot dhifficulties or challenges
to model the associated systems. Note that, all of the appesdhat have been mentioned
here are devoted to Newtonian suspending fluids.

1.3.2 Concentrated suspensions

As soon as the concentration in the system increases, ttifgiegin to appear. In
the semi-dilute regime, fiber-fiber interactions occur,ibgfeneral they can be accurately
modeled by introducing a randomizing diffusion term in deffs model f19]. There is
a wide literature concerning dilute and semi-dilute suspeTrs, addressing modeling,
[26, 38, 47, 50, 51] flows [18, 52, 53, 54], and rheology $5, 56]. These models describe
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quite well the experimental observations. In fact, seriutdimodels have been applied
to describe the rheology of concentrated fiber suspenstoes,though the description of
local mechanisms of interactions between fibers remairpireggriate for such materials.

Hence, it was shown in previous work39 that the predicted viscosities of the theo-
ries and simulations based on hydrodynamic fiber-fiber awteyns were not compatible

with experimental measurements. This incompatibilityug do the leading role of me-

chanical contacts between fibers in the concentrated redgiraehave been neglected in
semi-dilute models.

The origin and nature of these mechanical contacts or ictierss, were further inves-
tigated with Newtonian fiber suspensio§] and non-Newtonian fiber or fiber bundle
suspensions3] 58]. The results of these studies emerged the following prbloér-fiber
contact efforts are ruled by friction and lubrication megisans; the last one is linked to
the deformation of a thin amount of entrapped matrix in thetact zones. Following
these studies, several numerical studies have been cauied understand the behavior
of concentrated suspensions and model their macroscaogdody [36, 41, 59, 60, 61].

When the concentration increases even further, the fiber4fitteractions become so in-
tense that they must be taken into account appropriatelforasxample in the model
proposed in§2]. Recent experiments suggest that short fibers in condedtsauspen-
sions align more slowly as a function of strain than the meti@lsed on Jeffery’s equa-
tion predict B3]. In order to address this issue, Wang et &3][proposed the use of a
strain reduction factor, but this approach violates thagiple of objectivity. Later, the
same authors proposed an objective model by decouplingnigeetvolution of both the
eigenvalues and the eigenvectors of the second-ordertatimmtensor ¢4]. In [65], an
anisotropic rotary diffusion is proposed that accountsher fiber-fiber interactions; the
model parameters were selected by matching the experihstesaly-state orientation in
simple shear flow and by requiring stable steady states aysiqatly realizable solutions.

The most complex scenario is that of the concentrated flomegnvolving entangled
suspensions or dense clusters immersed into the suspefhdgithgexhibiting specific
kinematics and complex aggregation/disaggregation nmesimas B6]. The first natural
question is how to describe such systems. At the macrosesople, one could try to fit
some power-law constitutive equation, however, this dpgon does not hold for the mi-
crostructure. At the microscopic scale, numerical simoitest describing complex fiber-
fiber interactions can be carried out in small enough reptatige volumes§7, 68, 69,
70]. These methods are known as direct numerical simulations.

A first attempt to describe dilute suspensions composedjaf and deformable clusters
from a micromechanical point of view was proposedlifi][ Later, kinematic predictions
for rigid and deformable clusters were compared with dinecherical simulation inq1].
An enriched description of the kinematics of rigid clusterthin a multi-scale framework
was addressed i"f).

Finally, entangled systems involving moderately long fibare generally described by
using somead hocadaptations of the Folgar-Tucker modé®]. This model, however,
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has its origins in the Jeffery equation whose validity is bystruction restricted to the
dilute regime. For this reason, the validity of these modalst be confirmed from both
the theoretical and experimental viewpoints. Moreoverewthe fiber length and the
number of interactions per fiber increase, bending mechen@e activated. Some at-
tempts at modeling rod bending exist, and most of them cengite rod composed of
rigid segments connected by springs activated by bendiddLfl, 73, 74]

1.4 Characteristics of fiber suspensions

A number of physical parameters have to be known in order éiergtand and predict
the flow behavior and the rheology of fiber suspensions.

1.4.1 Aspect ratio and fiber shape

Whatever the shape of a fiber, it is characterized by an aspgotwhich will be
denoted byr. To understand the meaning ofone must consider a specific shape for
the fibers. For example if a fiber is modeled by a cylinder or@dape spheroid (i.e. an
ellipsoid with two equal short axes), then the aspect raiust the ratio of the fiber
length to its diameter. The two limiting cases are: the Ieggeatly exceeds the diameter,
then fibers have an infinite aspect ratio and the diametetlgmeaceeds the length, then
the particles are no longer considered as fibers, but didkihe Ifiber has an arbitrary
shape, then other dimensions (then the length and dianteteg)to be defined to better
describe its aspect ratio. The aspect ratio is an importainpeter that is directly related
to the concentration of the system. In fact for a fixed cornegioin, a system becomes
more concentrated if the length (i.e. aspect ratio) of theriincreases relatively to the
diameter (Figurel.1). Conversely, if the diameter increases (i.e. aspect teases)
relatively to the length then a system is considered lessaztrated.

1.4.2 Concentration

Knowing the concentration of the fibers in the suspendinglfisia key element to
determine the average distance between fibers and thusrhertaation regime. From
an industrial point of view, it is usually the mass fractibiat defines this concentration.
In rheology, it is the volume fraction denoted bywhich sets the concentrations is
defined as the ratio of the average volume occupied by thesfiteethe total volume of
the systemo is also linked with the average aspect ratio of the fibersleThi illustrates
the three cases wheteis related withr and the concentration regime that results from
these relationships. Figufiel shows the limits of the three regimes as functiong ahd
r where one concludes that most commercial composite mistégavithin the concen-
trated regime.
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Relationship betweep andr | ¢ < <¢p< ¢ >
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Table 1.1: Criteria for the three concentration regimes

10
concentrated
composite materials
ASS
dilute

a semi-dilute
10 0 1 2

10 10 10

r

Figure 1.1: The limits of the three regimes
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1.5 Résumé du chapitre

Les suspensions fibres peuvent étre décrites a différentedles: 'échelle micro-
scopique liée a chaque fibre, I'échelle mésoscopique qusidére une population de
fibres dans un volume représentatif local, et I'échelle wsmrpique. Les modeles qui
existent dans la littérature dépendent de ces trois éshellesurtout de la concentration
volumique des fibres dans le systeme.

A I'échelle microscopique, chaque fibre dans le systemesevée en terme de cinéma-
tique; tandis qu’a I'échelle mésoscopique, la démarchsiesgilifiee en disant que toutes
les coordonnées nécessaires pour I'étude du systeme shusisa dans une seule fonction
de densité de probabilité. Cette fonction donne donc, lhairiité de trouver une fibre
avec ces coordonnées dans I'espace et a chaque instant dobié@helle macroscpique
on remplace cette fonction par des moments (tenseurs dtatiens), tout en disposant
des approximations de fermeture adéquates.

Il existe trois régimes de concentration pour les suspessie fibres:

— le régime dilué ou la concentration est tres faible, de grar traiter chaque fi-
bre indépendamment des autres; la I'orientation de chatpe ést donnée par
I'équation de Jeffery sans interaction;

— le régime semi-dilué (ou semi-concentré) ou quelquesaonti®ns sont présentes:
des interactions entre les fibres et le fluide dues aux borabeedts des molécules
du fluide et des interactions entre les fibres elles mémedddrasers types d’interactions
sont rares dans le cas semi-dilué et normalement la cingneatist donnée ici en
ajoutant un terme de diffusion additionnel dans le modelésfiery;

— le régime concentré ou des intenses interactions entfiies existent et ne peu-
vent pas étre négligées. Le cas le plus complexe est la famm@tine microstruc-
ture de fibres enchevétrées: des agrégats de fibres. Il eigteoup de modéles
dans la littérature pour la description des systémes comseque ce soit a I'échelle
microscopique (simulations numeériques directes), ou sEEgmgque/macroscopique.

Finalement, les caractéristiques intrinséques des ssigpende fibres sont discutés: le
rapport de forme des fibres et leur concenration. Le rappoifotme pour des fibres
cylindriques ou ellipsoidales, est simplement le rappottesla longueur et le diamétre
des fibres. Pour une longeur trés grande devant le diamétfibtes seront caractérisées
par un rapport de forme infini. Le cas contraire, résulte enmaticules sous formes
de disques. Si les fibres ont une forme quelconque, il faut deéfinir d’autres criteres
(autres que lalongueur et le diametre). La concentratioaédimie comme étant le rapport
entre le volume moyen occupé par les fibres et le volume tataydteme. Elle permet de
connaitre dans quel limite de régime de concentration l&Byesse trouve et ainsi savoir
quel modele le décrit au mieux.
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One way of studying the kinematics of fiber suspensions agid tlacroscopic prop-
erties is to conduct a direct numerical simulation (or DN&dbbreviation). A DNS is
based on the computation, in a representative volume, ahthteon of several hundreds
of fibers and their interactions. It is a step by step procdslwderives kinematics
as well as macroscopic properties, while taking into acttum forces applied on each
fiber at the microscopic scaléq]. DNS allows a precise description of the fine physics
involved at the microscopic scale. Few works used DNS inrabetter describe com-
plex fiber-fiber interactions7p, 76, 68, 69]. And in [76, 68, 69 DNS dealt with rigid
fibers considered free of any type of elasticity or bending.

In the following chapters, the micro-mechanical model dase DNS is developed in
the framework of microscopic descriptions. Concentratggpensions are considered.
Unlike previous works{7, 78, 79 where fibers had the same aspect ratio, fibers having a
distribution of lengths is described. In fact, the assuoptif fibers with a distribution of
lengths is closer to real industrial composit8§][ Then the kinematic of the fibers im-
mersed in a Newtonian fluid under simple shear flow is studiégicroscopic properties
(normal stress growth functions) are investigated. Theroaginality is the introduction
of elasticity due to the fibers bending: the interaction ésracting on each fiber are cal-
culated along with the number of interactions between fiaadsa statistical description
is built. The forces are assumed to induce a torque leadiagptoysical bending of the
fibers and an elastic energy is then calculated and recavéred energy is supposed
to be stored within the suspension during the evolution efftbers kinematics and the
intense interactions involved. Note that the fibers are sspgto be rigid, as long as elas-
ticity is not considered in the analysis. Hence, for infimitgd fibers, no elastic energy
is stored. The fibers are supposed to exhibit small defoomativhen they are more and
more flexible. For this reason, their kinematics will be taeg as the rigid fibers.

The numerical algorithms used to solve and integrate tlierdiiit equations in the model
are detailed.

Finally the main numerical results are discussed.
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The objective of this chapter is to present the necessanyeglts, describing the DNS
model at the microscopic scale. The micro-mechanical mpoedented here concerns
concentrated fiber suspensions and involves the interecbetween particles (for the
detailed calculations of the different governing equatipnesented in this chapter, the
reader can refer to Appendix).

2.1 Main assumptions

The main assumptions and hypothesis of this model are :

35
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Figure 2.1: Schematic representation of the fiber in thaamtstem of the laboratory

1. The suspending fluid is Newtonian, incompressible andoleis laminar;

2. The velocity field and its gradient are assumed to be honeages in the considered
volume, thus it is not affected by the particle’s presenakitmorientation;

3. The mass of the fibers is negligible, thus the inertia offithers are not considered
in this study;

4. Fibers are considered to have different lengths;

5. The long-range hydrodynamic interactions are consttlaleng with short-range
hydrodynamic interactions between fibers;

6. Initially and before the simulation is started, the fibare homogeneously dis-
tributed in the considered volume and they are not in any sthihteraction.

The position of the center of gravity for a fiber denoted by is atr(® (Figure2.1) with:

x, y andz represent respectively the three unit vectors relatedddhtee space coordi-
nates (in the three dimensionnal axis systemy}), y(*) andz(®) are the coordinates of
the center of gravity of fibetv. In the literature, the shape of the studied particles can be
restricted to either spheres, ellipsoids or cylindershismodel, each fiber is modeled by
an ellipsoid (i.e. prolate spheroid) having a lengthi(®f along the long revolution axis
and a diameted along the normal axes (Figuge?). All the fibers are considered to have
the same diametef. Thus the aspect ratio of the fibers can be definedbysuch as:

(@)

(@ -2 2.2
e = = 2.2)

Since the suspensions are considered concentrated, thewlthme concentration is
related with the aspect ratio as:

¢ > (2.3)

S|
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Figure 2.2: Fiber modeled by a prolate spheroid

wherer is the average aspect ratio. The mens important (i.e. long fibers), the more
the system is considered concentrated for a fixed value ¢ this model the fibers are
supposed to be sufficiently long (i.e> 1) and close to being cylindrical.

A fixed axis system{O, x,y, z) is defined relative to the reference of the laboratory and
a local axis systeni?, x', y’, ') is defined relative to the reference of each fiber (Figure
2.1). The shear field, is imposed by considering a simple sheanflith a shear rate .
The velocity field is:

V7(x) = (Wi, V3, Vi) = (4,0,0) (2.4)

(throughout the entire text,7™ denotes the transpose of any vector or matrix) and is
defined in each point of space.

In systems dealing with simple shear flow, axigs associated with the first direction of
the flow velocity field {; in equation 2.4)), axisy is associated with the velocity gradient
and axisz is associated with the vorticity (Figu&l). The velocity gradient is given by:

oV,

- ox,

\YA%

0 4 0
00 0 (2.5)
00 0

m=1, 2 and 3 defines the index for the three component¥ of), andn=1, 2 and 3
defines the index for the three space coordinates. When theityefield is uniform in
the considered volume, then the flow velocity field at positi®’ can be written as:

V(@) =vVv.r@ (2.6)
The rate of strain tensor is written as:
D :% (VV +(VV)T) (2.7)
and the vorticity tensor is given by:
W = % (VV - (VV)T) (2.8)

The direction or orientation of a fiber is defined by the unitteep(® such asp!® =

P% + My + pga)z. 2, pl, andp:(f) are the coordinates of the orientation vector.
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\%\

‘E\x

Figure 2.3: Representative elementary volume (REV)

The position ofG relative to the fluid is given by a vector that will be denotgdgy The
relative velocity ofG with respect to the fluid is thus given by:

G = #® — V(@) = ;&) _ 3ylx (2.9)

Q is the rotating velocity of the fluid in the flow field (r(®)) given by:

1 1 0

J
Where "x" is the cross product ang,,, is the Levi-Civita permutation tensor.

2.2 Representative elementary volume

One way of simulating the behavior of fiber suspensions, atniicroscopic scale
is to consider a representative elementary volume (or REMS is done here in a REV
containing the fibers and the fluid. The volume consideredisc reference cell (Figure
2.3) having a size:

L=L,=L,=L, (2.11)

L has to be chosen in a way to be smaller then the dimension afidiceoscopic system.
However, £ has to be larger than the dimensibf of each fiber in order to obtain a
homogeneous mechanical behavior inside the volume (itee ffibers are initially placed
outside the reference cell, the information on the evotutibthe kinematics, interaction
and associated macroscopic properties will be lost). #ihnot the case, then the behav-
ior of the suspensions (kinematics, interactions, etavil) strongly fluctuate from one
volume to anotherd1]. In the DNS performed here, hundreds of fibers are considere
the REV.

2.3 Fiber motion equations

When interactions between fibers are neglected (dilute dheefibers are subjected to
the effects of the hydrodynamic forces and torques from tineanding fluid. However,


REV.eps

2.3. FIBER MOTION EQUATIONS 39

once the system is considered concentrated, the right gdlydescription for defining
interaction forces have to be taken into account in ordeoisicler fiber-fiber interactions.

2.3.1 Fiber translation

The force exhibited by the fluid on the fiber (for ellipsoiddleiis B2]) depends on
the relative velocity of with respect to that of the fluid and a resistance tensor ssich a

F@ 4 ¢@ . g@ =g (2.12)

Where F(® is the resultant force acting on the fiber atd’ is the resistance tensor
relating the applied forcE(® and the relative velocitg® in the shear flow. According
to assumptiors, there are only short-range forces acting on the fibers. Ftisshould

be equal to the sum of the interactions forces when a fiber ¢®mact with its closest
neighbor.

For an ellipsoidal fiber, Kim and Karilla3p] derived the expression of the resistance
tensor¢® as follows:

C(a) = —3mnel @ [X,(f)p('a)p;(ca) + Yfga) <5jk - p§‘a)pl(<:a))} (2.13)

J J

Wherep, andp,, are the components gfand index; andk denote the direction of space
(j = 1,20r3andk = 1, 2 or 3). nq is the viscosity of the suspending fluiﬂ,ﬁf) and
Yfﬁ) are functions of the prolate spheroid aspect r&i):[the first coefficient is defined
for a flow parallel to the axis of revolution (axis) and the second coefficient is defined
for a flow perpendicular to the axis of revolution (ax3; ¢, is defined as the Kronecker

delta symbol, 83]:
Gp=0 (j#k) '

Theng® for fiber & can be written as:
4@ = —¢@ " Fl) (2.15)
When they are no short-range forces acting on the fiber (db@ar the hydrodynamic
force), it would move in the flow like a force-free single ip@@dent fiber. This case is
expressed by the following equation:
q4v =0 (2.16)
Neglecting the inertia forces, this leads to:

@) = V(rl®) (2.17)

Thus, in this case the center of gravity will move at the samleaity as the suspending
fluid.
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2.3.2 Fiber rotation
Neglecting fiber-fiber interactions

When fiber-fiber interactions are neglected, the rotatiomation of the fibers is sup-
posed to be only caused by the deformation of the fluid oncstbar rate is applied. The
deformation of the fluid due to the presence of the velocitid fieduces a torque given
by %@ : D. The relative motion of the fiber with respect to that of thédflproduces
a torque written as¢@ - w(®, Here¢™ andH@, are the rotating resistance tensors.
They represent the friction due to the rotation of the fibexsthe deformation of the fluid
respectively. They are written a87):

€49 = ol [ X pEa) p@ 4yl (5jk e ](fa)):| (2.18)
Hz(?) = —Wﬁol(a)gyéa) <5iklp§'a) + Ejknga)> pl(a) (2.19)

where X, v andY, are functions of the fiber's aspect ratio. Since inertiacéfe

are neglected, the balance of torques can be written as:
€. w@ L H@ . D=0 (2.20)
The relative rotational velocity is then expressed as:

B Y(a)
w® =~ (H(a) I D) = —%ﬁkszPlej (2.21)
YC
Where the inverse & is found to be 82]:

1 1 1 0 (e
— 05 + <—(a) _ M) pp )] (2.22)
YC XC YC

Then the evolution of the fiber’s orientation in time is giugnthe equation:

- 1
£

kT pgl@®

p@ = —p@ x (W - Q) (2.23)

It can be shown that, the time evolution of the orientatioggsal to the Jeffery’s equation

p= p(Ja) —W.- p(a) + 2\« [D . p(a) _ (D . p(a) ® p(a)) p(a)] (2.24)

wherep ™ is the Jeffery orientation time evolution(® is a function of the aspect ratio
of fiber a. @ ,
Yy @ 1
ao - B (2.25)
Yy T +

For an infinite aspect ratio, — 1 and equation4.24) becomes:
p= I')f;a) =W p@ 4 [D p@ — (D pY p(a)) p(a)} (2.26)

Figure 2.4, shows the evolution ok for various particle shapes. For fibers (the studied
case here)) > 0.
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Figure 2.4:)\ as a function of the aspect ratio

Fiber-fiber interactions

When the system becomes concentrated enough, fiber-fileeadtions occur. Thus,
short-range forces will appear on the fibers as they int¢ogether. Before detailing the
micro-mechanical model with interactions, the type of iatgions between fibers has to
be defined, as well as the geometry of interaction at the se@teraction point between
a couple of fibers.

There are two types of interactions considered via two tyfderces: a lubrication force
occurs when two fibers move close to each other. For spheractctles, the lubrication
forces are intense enough to prevent the spheres from pparta However, for fibers
the lubrication forces are not as strong as those betweesheres, thus fibers can touch
each other. As a result the contact force has to be considéred fibers are touching.
The shearing lubrication force is supposed to be much smalden the squeezing one.
The surface of the fibers is assumed smooth and the frictime femall when fibers get
into contact. This is why, only normal components of forae#hie fiber’s axis are taken
into account here.

The resulting interaction force on fiberwill be written as:

Fl@ — Z FleAp@s) 4 Z F*Mp (e (2.27)
B#a pFE

Equation 2.27) shows thaff(®) is divided into two sums: the first one groups all fibers
denoted by3 in contact with fiberx and here'" is the magnitude of the contact force;
the second one groups all fibers denoted:bg lubrication with fibera: and hereFl(bW)

is the magnitude of the lubrication force. It follows théf>?) andn(®* are the normal
vectors to the axis of fibers in contact with fiberand fibers in lubrication with fibedt
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F(@5)

/
fiber a/,/

/ g

,/
y 4

Figure 2.5: Contact or lubrication between two fiberand 5

respectively. The resulting forces will now induce anottoeque which is:

T@ — (@A) p@) y Fled) (2.28)
wherel®?) is the distance from the center of gravity of fiketo the point of interaction
with another fiber denoted by (Figure2.5), andF(*#) is the resultant force applied to
the couple of fibersd, 3). The balance of torques now writes:

T@ 4 5(0“) cw@ EH@ . D=0 (2.29)

Thus:
w® = g <T<a> L) . D) (2.30)

w® can now be expressed by using equat®29 and @.30):

1 N N Y(a)
W@ — ﬁp(a)x § l(a7ﬁ)Fc(a,B)n(a,ﬁ)+§ l(a"”FlS, )y (@sn) ——f(Ia) EikiPiP1Dr;
[(@?Y, Y,
o c Ba pta c

(2.31)
The torqueT'(® is obtained using equatio.Q9):

T = pl@) x (Z l(0‘7,8)Fc(aw3)n(a,6) + Z l(aw)Flg‘l#)n(a,u)) (2.32)
B#a pFo
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Then using equation2(98), (2.23, (2.31), and the fact that :

p x (p® x n*A) = —n(?#), the evolution of the fiber's orientation is obtained as
follows:
. (« 1 [e% [e% a o4 04
p( ) — 7[((1)3}/((1) (Zl( B) F( /3) B) + Zl M N) ( )) +pf]) (233)
o C o \B# pta

Using equations.15 and @.27) it can be shown that:

ZFW (@h) +ZFQ“ aﬂ) (2.34)

Finally the time evolution of the position of the center oagty of fiber« writes:

> FlePn() +ZFQ“ aﬂ) (2.35)

37”70[(0( Yfga ( pFa

The interactions between fibers take place according to efmsukconfiguration. The
next section will detail this configuration.

q(@) —

= Jy“x +

2.3.3 Distance between two fibers

The configuration of interaction is defined by the nearesadie or gap between the
fibers, when interactions happen. For two fiberand 3, the normal perpendicular to
their plane through the orientatiops” andp® is written as:

(o) 8)
plef) — L P XP7 (2.36)
[P xp®]|

where the sign in equatior2 36 is chosen such as the distance decreases whenSfiber
moves along the positive direction af*? [41]. The distance from the mass center of
fiber a to the interaction point with fibe is /(*#) and the distance from the mass center
with fiber 3 to the interaction point with fibex is [(%® (Figure2.5) such as:

1— (p@ - p®)?
(e — @) p® 4 [(x8) @) . p)] (p® . ple)
1 — (p@ - p®)?

[(@B)  —

(2.37)
[Be)  —

In the case of high aspect ratio prolate spheroids, the gayeka two fiber® (4 (Figure
2.5 is [84]:

d [@B)? g 1(B,0)?
(.B8) — (pla) _ n(B) . pn(@B) _ 2 g _Z /R
© = (r r'”)) - n 5 1—-4 Ty 5 1—4 TG (2.38)
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2.3.4 Interaction forces
Lubrication forces

When two fibers approach, a lubrication force occurs. In ipreyworks B8], the
authors proposed a power law behavior to describe theagkdtip between the force and
the deformation and was applied in a 2D model. However in tbdehpresented here,
the study is done in 3D. The lubrication forEélf"ﬁ) was thus calculated within a linear
approach given by Yamane et 84]:

FP) = _ Ko@f) @iy = pledp@s) (2.39)

with:
371'770d2

K= gen [p@ x p®)]

(2.40)

©@h) is the relative velocity between two nearest interactiomso projected on the
normaln(®?):

O@B) — [q( @) 4 Ay @x 4 ((@F) ( (@) _ Q) x p'» — g — 4y Px
— (Ba) ( B _ Q) > p( )] .n(@h) (2.41)
— (q(a) B) 4 [(@B)ple) _ j(Be) )) 0P 45 (y(a) _ y(ﬂ)) ne?)

wheren!™? is thez component of(®#). Using equations2(15), (2.33, (2.34 and
(2.39 in equation 2.41), the lubrication forces are determined as follows:

1 (e, ) (a, ,u (c,p) (a,8) (ev) (o) (a,8)
Koepn T 37”70[ el @Y (ZF + > Fi ‘n

pFo v#a
(Z PRGN 8 3 Eg)ﬁvx)n(ﬂ,x).n(a,ﬁ)>
37”705 v\ oy
() prlasp) (@sm) | (@h) (ap) plesr) (aw) | (a.B)
T (Zl K 3 e e )
o C JIEe" v£a
(Zl B0 FEORE0 . p@d) 3130 RN 560 .n(aﬁ))
7”705(6 c 048 X#B

_ <l<a,ﬂ>pf]a> _ 8 ,a>p§6>> (@) — 5 (y@) = yB)) o)
(2.42)

Before solving the system given by equati@4@), the contact forces (in case contact
forces exist) have to be determined.

Contact forces

Contact forces are assumed to occur if the gap between twe filers is equal to zero
and if £{*” # 0. In previous works, authors focused on introducing simpleditions to
impose the contact, because a complex description of ddotaes is diffcult to generate
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[36, 85]. The condition considered here uses equatib&d and takes the following form

[67]:
d

dt
with ©(*#) ~ 0. This condition is only valid if the fiber that is in contactsha null rela-
tive velocity along directiom(®#) . It physically means that two fibers in contact cannot
overlap or pass through each other. They maintain a steathndie between them at the
contact point, when the gap is almost equal to zero.
In general, to solve systerd.@2 the groups of fibers in interaction with the pair of fibers
« and S have to be found. The first group is all the fibers in interactiath fiber o and
is referred to indexeg andv in equation 2.42). The second group is all the fibers in
interaction with fibers and is referred to indexgsand y in equation 2.42). There is
one unknown force for each pair of fibers, because the for@sgeon the two fibers are
equal in magnitude but opposite in direction. All forcestlogse two groups are coupled
and should be solved together with all the interactions enstiispension.
If there are only fibers in contact (no lubrication), thenglgstem 2.42) have to be solved

()8

but without the termmﬂb ) with condition @.43 imposed in equatior2(41).

(6@ — @) . n@)] = &@d = g (2.43)

2.4 Macroscopic descriptors of the suspensions

2.4.1 Orientation tensor

Now that the orientation evolution has been well defined withinteraction forces,
the orientation state of the fibers can be described by atienttensors. These tensors
give a statistical average for the orientation of a fiber pajoon, according to a specific
direction [L7]. For a population of fibers, a distribution orientation étion v)(p) de-
scribes the state of the fibers orientation in the fluid. Initherature, the orientation state
of a population of fibers is given by the second and fourth ioodentation tensora, and
a4 respectively 17):

ay = / . @ @ p@(p@)dp© (2.44)
p «

e / (@ p @ p @ p® @ py(p'™)dp (2.45)
p «@

where '®" denotes the tensor product.

The interesting tensor from a kinematic point of viewajs because it is the most used in
the literature. Howevesa, is a crucial tensor when calculating the stress growth fanst
When dealing with a discrete population of hundreds of fibres integral in expression
(2.44) can be replaced by a discrete sum. Hence, for a total nunfifieecs this tensor
will be calculated, in the DNS framework as:

1 (e} (7
3= > py"'p” (2.46)

a=1

wherep; andp,, are two components gf; a;;, are the components of the second order
orientation tensor. Indexandk denote the direction of spacg(, 2 or 3 andk=1, 2 or
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Figure 2.6: Example of an isotropic orientation state
\ 00 0
by,=1({0 0 0
\ 000
y \ 100
dgy — 0 00
\

Figure 2.7: Example of an aligned orientation state

3). The orientation tensor, preserves a unit trace througé,tand is fully symmetric (i.e.
a1 +a+as3 = 1and g, = a;; respectively). Figure®.6and2.7detail some component
values ofa, for particular orientation states. For an isotropic sttte fibers are oriented
in all given directions along the primary space axes (Figu@ For an aligned state, the
fibers are all aligned along thedirection (Figure2.7).

In the DNS performed here, the initial state is generatedvaathat all the fibers in the
REV are in an almost isotropic state (the generation of thmalstate will be detailed in
the following chapter, describing the numerical implenagioh methods and used algo-
rithms).

2.4.2 Probability of interaction and interaction tensor

So far the interactions between fibers has been explaineddbhing has been said
about the probability of having interactions between thdimis section will discuss an-
other tensor, characterizing this probability: the intéian tensor.

When fibers interact together, they are crossed one overtliee and their orientations
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will form an angle. For a pair of fibers this could be expreszed
[ xpP| >0 (2.47)

Equation 2.47) simply means that if two fibers are perfectly parallel, thebability of
interaction is equal to zero since it is not possible to havengeraction according to
equation 2.36). If one considers a test fiber having an orientatié®, the interaction
probability is defined as the probability of finding a fiber imn@ume of fluid adjacent to
the test fiber §6, 87] (the fiber must not be parallel to the test fiber in order tosjiuyg
interact). For the sake of simplicity the test fiber is repr#ged by a segment of length
ds'® (Figure2.8). When another fiber having an orientatf?) and segment lengifs®)

is crossing the test fiber, it will be intersecting it in an mi@simal volumell” above or
below the test fiber. This volume will depend on the angle ftry the two fibers. From
Figure2.8the two cases are presented: whether the second fiber iagtiter with the
test fiber is in the above or below surface area of the test fibémwill be equal to the
fiber's diameter multiplied by the surface of the paralletog formed by the two fibers
intersecting that igp(®) x p?| [87]:

AV = 2d(ds'“ds?)|p® xpP| (2.48)

Finally the probability of interaction is obtained by mpliting equation 2.48 by the
number of fibers per unit volum& and by integrating along all possible fibers having
orientationp®:

P= 2Nd/ 1P x P |y dpP ds' ) d s (2.49)
p(8)

wff) being the statistical orientation distribution functiobhis probability could be re-
lated to a tensor that describes the interaction s&fflegnd is valid for fibers with high
aspect ratios (i.e: > 1). The interaction tensor denoted by gives a statistical average
for the probability and/or the number of interactions imea. This tensor is given by
[62]:

b2 = / " / P @I xp Py Ui dp @ dp? (2.50)
p'*Jp

Then since alarge number of fibers is considered in thiselisgarticle-based simulation,
b, can be evaluated with the following summati@a]

1 n n . N N
b =~ > I xp 7 p” (2.51)

a=1 p=1

where indexe$ andk have the same meaning as in equatd ). Note that unlike the
orientation tensor, the componentskgf distinguish a random and a biaxial orientation
state. Figure®.6and2.7 present some component valuesgffor come particular ori-
entation states. If fibers are almost perfectly aligned i@ dinection, say th& direction
(Figure 2.6) then they will be parallel to each other. Hence, no intéoacts possible
between them and the interaction tensor will have null comepts (a null probability).
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Figure 2.8: Two volumes (above or below) containing the sddateracting fiber with
the first test fiber

In previous works §2, 89, b, has been related to the average number of interactions
per fiberN¢ as follows:

N¢o = %r(bf +4¢(g+1) (2.52)

wheref = tracgb,) :/ / 1P x PP |01 Y0 A dp?)
p(O‘) p(ﬁ)

andg = /( )/(ﬁ) ”p(a) .p¥ pr(a)wp(ﬁ)dp(o‘)dp(ﬁ)
p'* Jp
For slender fibers (i.e: > 1), N reduces to:

No = ;m f (2.53)

2.5 Macroscopic properties

The hydrodynamic forces and torques applied by the fluid@t &baer, induce a stress
in the considered volume. Moreover, when concentratedesisspns are dealt with, the
contribution of the lubrication and contact forces to thes$ have to be considered. The
following section will detail the resulting normal stressogth functions, shear stress
growth coefficient and the elastic energy respectively.
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2.5.1 Normal stress growth functions and shear stress growtcoeffi-
cient

For suspensions free of interactions (diluted suspengieash fiber can be consid-
ered independently from the otheB2]. Thus to obtain the total stress in the suspensions
it suffices to define the stress induced by a single fiber. Theiboition of the suspensions
to stress depends on the geometrical shape of the fibers. dtiagla prolate spheroid,
the hydrodynamic (of! for abbreviation) stress tensef’ is defined by Kim and Karilla
as follows B2

Q

H(«a ) a)3 e 0 o 1 o 2

g = 67”70l( ) <X](\/[)Fz(j12:l + YT, + Z§\4)F§j1)cz> Dy
1 (2.54)

a)3 v (a «a o « «

+ iﬁﬁol( ) YIS) <5z‘klp§' ) +5jklpz(' ))pl( )W;(C )

The contribution of the non-hydrodynamic (8fH for abbreviation) interactions to the

effective stress is written as:

NH () a) - () -+ (a
NH(@) _ (@) g,(@) g (@)
BN o o w8) (o 2.55
3 R [(r) =) e e (50 )] (2.55)
B=1

where F(»f) denotes the magnitude of either a lubrication force or aamrforce PO
andm(® is the mass of the fiber (assumed negligible). The effectiess tensor takes
the following form:

ol = —Z (a'H(a) - O'NH(O“)) (2.56)
a=1

wherep is the total volume of the representative volume. The tdtaks in the suspen-
sions can be written a8¥):

o=—-Z1+2nD +ao’ (2.57)

whereZ= is the hydrodynamic pressure ahthe unit tensor (identity matrix; throughout
the text the identity matrix is denoted @y however its components are represented by
the Kronecker delta symbal,, previously defined in sectioR.3, equation 2.14). It is
then possible to define the suspensions apparent visepéiy the shear stress growth

coefficient) by:
012
= 2.58
U 5 (2.58)

Finally the first and second normal stress growth functioegespectively:
le = ‘7{1 - ‘752? N2f = 052 - 03{3 (2.59)
Ny = o1 —0%2; Ny = 09 —033
Note that all stress tensors defined in this section are syrur(ee. a[j = ajfi and
oi; = 0j;). And since the suspending fluid is Newtonian then it resuué = N; and
N{ = N,.



50 CHAPTER 2. DNS MICRO-MECHANICAL MODEL

2.5.2 Elastic Energy

The mechanism of bending associated with the flexibility alagticity of fibers, was
evidenced in recent experimental studies made on glassrébdorced concreted[].
It also appears in dry glass fiber projection (GFP) on a wallene the bending of the
fiber was analyzed when it rebounds off the wall. Thus hererdier to introduce a type
of elasticity in the suspensions, we can assume that fibexd tmeder the effect of their
interactions. A possible explanation of this effect is tthe components of the forces
can contribute to the bending of the fiber when it is subjettecbntact and lubrication
forces.
This would be similar to a simple beam theory problem of a figedm, since only one
interaction (i.e. one force) per fiber is enough to activdterfbending (because hydrody-
namic forces and their resulting torques also apply on tregifyQ)).
Before proceeding with the elastic analysis, it is essktatiexpress the necessary compo-
nents in the reference system of the fiber. To do so a tranatamof coordinates from
the reference system of the laborat¢fy, x, y, z) to the reference system of the fiber has
to be done. Since the orientatipns a unit vector, its time derivatiye is orthogonal to it.
It is possible to construct the reference system of the fibek’, y’, z'), where the three
unit vectors related to the three space coordinates (inhtiee tdimensional axis system
x’, y’, andz’) are respectivelyx’ = p,y’ = H%H andz’ = Hg i II;H'
S = S,x + S,y + S.z in the reference system of the laboratory can be written én th

reference system of the fiber by the following transfornratio

Then any vector

Su x-x x-x z-xX Sy
Sy =\l xy y'y zy Sy (2.60)
S, x-z y-7z z-7 S,

fiber laboratory

The components of the forces will be denotedHyyand £, in the reference system at-
tached to the fibe(G,x’,y’, z") (Figure2.9), and the force vector acting on fiberis
denoted byF where the indexed?", "c¢" and "(«, §)" have been omitted for the sake of
simplicity. The component’, is not considered inducing mainly buckling, here ignored.
Elastic analysis is carried out within the standard lin¢astéec beam theory: thé;, com-
ponent will induce a bending torqu¥e, and theF, component will induce a bending
torquelM/, (Figure2.9). Then knowing the distandgthat isl(*#) ) from each interaction
point to the center of the fiber, these resulting torques eaevialuated for each point on
the fiber; the torque being a function:ofthe coordinate related to the fiber’s axis (Figure
2.9). For example if a force is acting at a positidnon the fiber (Figure2.9), and the
fiber’s center of gravity is taken at positié#) then the torques acting in each position of
the segmeniG A| result:

M(z)=(l—-2)px F (2.61)

Continuing the analysis in the second segmétt], the torques result now (with < 0
in the segment regiofBG]):

M(z) = (I —2)p x F —ap x F? (2.62)

Note that the hydrodynamic forde” (where the superscript?™ refers to its hydrody-
namic nature) acts on the centéiof the fiber, hence leading to the hydrodynamic torque
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Figure 2.9: Fiber bending under the effect of contact anddakion forces

M" and its components contributing to the bendivigf and /. The bending torques
are assumed to be coupled with the fiber’s elasticity andas@imed that the physical
bending of the fibers lead to the storage of an elastic endtmally the elastic energy
stored in each fiber can be calculated as:

L

| e M)
u= ( BT B )dx (2.63)

—L

2

whereL is the total length of the fibetl, and/, are the relative quadratic torque of the
fiber’s section that for cylindrical fibers result:
md*
I,=1,= vy (2.64)
E being the Young modulus of the fiber (modulus of elasticity).
Again when dealing with discrete simulations, the integnaquation 2.63 is replaced
by a sum. Hence, the elastic energy resulting on one fiberiitewias:

_ M2 () | My(x)
u_Z( Ert Bl )Ax (2.65)

i

Then the total elastic energy for all the fibers which are e simply:

- [ (e )

2

(2.66)
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2.6 Reésumé du chapitre

Quand les suspensions de fibres deviennent concentréd® deies a I'échelle méso-
scopique ne permettent plus d’avoir une description peébisla physique fine qui agit a
I’échelle microscopique de la fibre. Ainsi, une facon d’étudh cinématique et la rhéolo-
gie de ces suspensions a I'échelle microscopique est deua@ simulation numérique
directe (ou SND). Une SND est basée sur le calcul dans un etaprésentatif, du mou-
vement d’une centaine de fibres et de leurs interactiongchdlle microscopique. Dans
les travaux antérieurs, I'élasticité associée a la flexies fibres n’a pas été considérée:
les fibres ont été considérées purement rigides et sans ééfdtexion lorsque des forces
d’interactions se manifestaient suite a un contact entue fieres. Dans le cadre de la
théorie des corps élancés, I'élasticité des suspensibimresluite en prenant compte que
les forces qui agissent sur chaque fibre ménent a la flexiofildes. Ainsi, cette flexion
donne lieu a un comportement élastique physique illusteintigativement par une én-
ergie élastigue emmagasinée a l'intérieur des suspensions

Dans ce chapitre, les éléments théoriques de la DNS sonltoggés dans le cadre de
la mécanique des fluides. Tout d’abord les principales hgs®s sont énoncées. En-
suite, le volume représentatif représentant le milieu jgluesdes fibres est décrit. Ensuite
les équations de mouvement des fibres en translation ebrotaint détaillées a I'échelle
microscopique (évolution temporelle de I'orientation éibses et de la position du centre
de gravité), avec les éléments nécessaires pour le calefibdms d’interactions. La dis-
tance entre deux fibres est définie, a partir de travaux peétedDe plus, on présente les
expressions des propriétés macroscopiques (tenseuemtation, tenseur d’interaction,
différence des contraintes normales, viscosité appdtdfitealement on définit I'énergie
élastique dans le cadre de la théorie des poutres.
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This chapter will detail the numerical implementation o thicro-mechanical model
and the algorithm used to perform the simulations. The nigalemethods used from
the generation of an initial state of concentrated fiber sasipns until the final time
evolution of the kinematics/interactions, are discussed.

3.1 Generating the initial state

The parameters that are initially entered and controlledutphout this process are:
the lengths of the fibers (with a standard mean deviatioregiifferent lengths are used

53
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with a distribution law) their diameter, the total numbefibersn, the number of fibers
in each direction of the REV, and the concentrationA MATLAB processing program
was developed in order to generate the initial configuratithe fibers.

3.1.1 Fiber position

Fibers are homogeneously distributed in the REV descrileéoré (Figure2.3), in a
way to respect the following condition for their positions:

> @ =0 (3.1)
a=1

and they are not touching each other (i.e initially no intécas are allowed). The axis
system(O, x,y, z) defined relative to the reference of the laboratory is supgpads be
in the center of the REV. The program starts by dividing thespace according to the
number of fibers in each direction; then the positions of&eot gravity of each fiber are
found by meshing the volume into three grids (Fig8r®.

The average volume of one prolate spheroid (i.e. one fibgiyen by:

At < 1 > d?
Vp:%

where< [ > is the average length of the fibers.
The lengths of the fibers follow a normal distribution law lwthe mean lengthc | >
and a standard deviatieanrespectively. Figur&.1 shows an example of the distribution
function for the aspect ratio where a mean length:df>= 20 mm, a standard deviation
of o = 3 mm and an arbitrary total number of fibers was used.

It is possible to define the number of fibers per direction (he number of fibers along

(3.2)

80

701

601

a
(@)

number of fibers
N
o

0
10 15 20 25 30
aspect ratio

Figure 3.1: Aspect ratio normal distribution function
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thex, y andz direction) as follows:
L=hng,., (3.3)

wheren, , . is the number of fibers along one direction, d@n the initial gap between
them (Figure3.2). In this illustrative exampley, , . = 5 and it is well visible in thex

N

“

——
L

— >

L

Figure 3.2: The REV dimensions as a functiorhof

direction thatZ = 5h . Thusb fibers are being distributed here on each direction and the
total number of fibers is, = n2 , .. The total volume of the REV can be expressed as:

z,y,z'
Vapy = L2 = (hn,,,.)° (3.4)

Using equations3.2) and @.4) it is possible to numerically definke for a given concen-
tration ¢ with respect to conditiorn(3) as follows:

1
nV, nV, ( nVy )3
¢ VREV (hnw,w)g ¢n2,y,z ( )

Thus, the gap between the fibers will depend on the enteradneders (lengths, diameter,
number of fibers per direction and concentration). For eash group of parameters
(<l >,0,d, n,,.. ¢), there will be a new initial state to generate.

3.1.2 Fiber orientation

The orientationp® of each fiber must vary within a unit sphere of radids= 1
(Figure 3.3) [92]. Thus, to chose the components of the orientation, a randestor
namedJ is generated whose components (ilg..J, and.J;) are such as:

0< L/ <R
0<.Jo<R (3.6)
0<J;<R
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then for each fibep(® will be considered equal to:

~ 70 (3.7)

p

whereO is such ag); = O, = O3 = 1. The numerator of equatio.(7), simply means
that the components @f® are inside the unit sphere depicted in FigBi@ Then2J —O
is divided by its norm to insure a unit orientation vector.

To generate a set of randomly oriented fibers distributed isotropically in thE\R the

Figure 3.3: Fiber in the sphere of radifis

random orientations are made with respect to conditso®).( Then each fiber is checked
for avoiding interaction with another one. Therefore, afiudistance defined byog]:

re=<I1>+40 (3.8)

is used to judge if a fiber is probable to interact with anothre. This cutoff distance
simply means that fibers lying outside the sphere of radiuk not influence the tested
fiber. Hence, if the distance between the centers of two dibses, say fibery and fiber
S is less thanr., then the fibers could be in lubrication or contact. This hsstrated
quantitatively in the following, and qualitatively in Figr3.4:

Hr(o‘) —r® | <re (3.9)

where a 2D representation has been used to simplify the poricehis example one can
notice that fibers lies in the cutoff sphere and thus could interact with fibeHowever,
fiber v cannot interact with fibett because it is located outside therange.

These fibers are supposed to be in interaction, once cond#ié) has been verified, the
distance at the interaction point is such tBat-?) is less a fraction of the fibers diameter
d [41] and if that point falls between the ends of both fibers. Tlsédandition is written
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Figure 3.4: The cutoff sphere and the probable interactiveydi

as:
‘l(a,ﬁ)} < @
2

(3.10)
1(8)

B i
15.2)] < 5
The program starts with one initial fiberrandomly oriented ap(*). Subsequently an-
other fibers is randomly oriented ap'®). They are then checked for overlap (i.e. for
interaction). If the pair of fibers: and 5 do not overlap then fibes is accepted as a new
fiber. If this is not the case, fibét has to be repositioned by randomly selecting a new
p®, while maintaining the same positiaf®). The selection of a new? is repeated
up to a maximum number of trials, until the overlap conditioneleased. In all the pro-
duction runs, the maximum number of tries for a new fiber to laequ within the REV
with no overlapping was fixed t@ = 10*. When the numbe®) is exceeded and the new
placed fiber overlaps with previously placed fibers, thengiagrams stops and resets
(the whole operation is restarted from the beginning).

3.1.3 Fibers located near the REV boundaries

Another thing that is considered while generating the filberthe original REV, is
that the fibers are allowed to extend outside the referenite This must be allowed,
because it is impractical to consider walls at the boundasiethe REV, because this
would produce nonrandom packing near the w&lg pP4]. In other terms, this is why,
the gap between the boundaries of the REV and the last/fiest filaced in the REV is

equal toﬁ: no fibers are placed on the boundaries. Instead, the refepatl is replicated
throughout spacedp, 96, 93]. With this consideration if the fibers in the original cell
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\
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Figure 3.5: Reference cell (in highlighted thick red linejreunded by neighboring cells

are named parent fibers, then the fibers sticking outsideeatéh can interact with other
fibers from the neighboring cells. Therefore, each new fiband its26 image fibers,
lying in the 26 neighboring cells have to be checked for overlapping witipedviously
placed parent fibers. This is shown in Figur8.5.

Note that the velocity gradier7V is the same in all the cells. Finally, the steps to
generate the initial state is resumed in the algorithm abfdftgure3.6.

3.2 Deriving the kinematics evolution with the interac-
tions

Having generated the initial state of the suspensions \wihdescription above, it is
now possible to numerically apply a simple shear flow, witbpect to equation2(4).
Before detailing the numerical integration of the govegnkinematic and interactions
equations (i.e. equation2.83, (2.34) and @.395), the numerical criteria for considering
the two type of interactions (i.e. lubrication and cont&&$ to be detailed.

Starting from the initial state tHdATLABprogram starts by calculating the Jeffery orien-
tation evolution for alln fibers with respect to equatio.@4). Then a function will find
the fibers which are interacting at an instanthe search for the interacting fibers is done
according to sectio8.1. The couple of fibers which are found to be in contact are dtore
at first independently from those which are in lubricationading to conditions3.12
and @.11). After that the corresponding normal vectors (equatih6)) are calculated.
Finally, the system given by2(42 have to be solved in order to derive all the existing
forces.
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f randomr(®);p(® vectors
are generated

~ The initial fibera
is placed in the REV

l

A second fibep
is selected
having orientatiorp(®)

(o) _ p(B) ?
Change orientation — [ e < -

p? @A) < fraction ofd? Add a new fiber
A A
‘l(aﬁ)‘ > 1(@)/2
No
1G] > 192
Overlap?
No YesO©(*#) < fraction ofd

Yes

Program
restarts

Figure 3.6: Algorithm chart for generating the initial gtat
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3.2.1 Numerical criteria for interactions
Lubrication criteria

Since the suspensions are concentrated, it is logical teidenthat if the distance
between two fibers is less then a fractiondfthen a lubrication force is assumed to
occur. In this study the lubrication condition that was used

d
(B) - 2
ol < = (3.11)

(05 s the distance between two fibers) whérés the parameter used. In the simula-
tions that have been performédwvas set tal 02.

Contact criteria

In section2.3.4the contact was defined according to equat®43. The distance
was considered to be approximately equal to zero at the coptant. However, it is
numerically difficult to simulate fibers that are not pasdimgpugh each other when con-
tact takes place between them. Ti®(§-?) can take a negative value numerically. And a
contact happen when the following condition apply :

O@A < (3.12)

3.2.2 Deriving the interaction forces

To further detail the numerical scheme used to solve sys&eda?)( the following
simple example is considered. A couple of fiberand 5 are found to be in interaction
such as: fiberv is in interaction with fiberg’ and another fiber (Figure3.7). And itis
assumed that fibers and 3 are in contact while fibera: andv are in lubrication. It is
clear from this example that there are are two unknowns (bieraction points thus two
forces): F, = F,*” andF, = F\™"). If the number of interactions is denoted b ,
it must be equal to the number of forces (i.e. in this c&gse= 2). The algorithm used
finds the common fiber existing in couples of interacting fbdn this simple example,
the common fiber isv existing in the couples :a(3) and ,v). Thus the first equation
to be solved corresponding to the couple of fiberg) is written (with respect to.42)
as:

L (Fn®® .n@ ¢ ppe gy - L (ppGe pes)
3ol @Y} 3ol DY
([ q@d) | e Rl pes)
el Y
1

- - l(ﬁ’a)Fln(B’a) .n(@h)
WUOZ(B)SYC(*E) ( )

_ <l<a,a>p§]a> _ l(@a)pgm) (@) — 5 (y@) =y B)) o)
(3.13)
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fiber 5

Interaction points

-

fiberv

Figure 3.7: Simple interaction example

and the second equation corresponding to the coupig {s written as:

1 1
7F2 + - F]_n(a’ﬁ) . n(avl’) + FQH(O‘J’) . n(a,lj)
K(©07) " ey ™ ( )
1

- an(yva) . n(a,lj)

371"/]0[(”))//&”) ( )
n 1 (19 Fyn(@) . o) 4 @) pypler) | plaw)) (3.14)

gy [(@Py ()

0 C

_ ;() (1690 Fyn () . ple)

Wnol(u)3YCV

— (l(a,y)pga) . l(y,ah-)f]l/)) . n(a,l/) . ’7 <y(a) . y(u)) n(a,y)

T

3 7’]0d2

; (o)) —
with K (©(»)) 6 p@ x po

Thus the system to be solved takes the following forn: F = B, where the assem-
bled matrix is:

All A12:| (3 15)

Al =4 4
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with:
1 1
Ap=—— (0@ . n@d) _ (n#) . n(e9)
37Tn0l(a)Yf§a) 37Tn0l(5)Y1§5 )
L1 (G IC ) — (10O . ped)
Tl @Y Tl @y P
A12 _ 1 — (n(aﬂ/) . n(a,ﬁ)) + ;() (l(a,u)n(mu) . n(a,ﬁ))
371'770l(0‘)YAa Wnol(a)i}/cva
1 1
Ay = @8 . plew) , [@B) p(@B) . e 3.16
3ol 4" ( ol @YY ( ) (3.10)
1 1
A22 — (n(a,y) . n(a,u))

+
K (&) 3mnol(@) Yfga)

1 1
_ 5 (0 n(e e (R E)
3mnel™Y, ol (@° Y,
L mepee)  pen)
Tl YY)
And the second member is:
B,
B(t) = 3.17
0=n] 347)

with:

By = — <l<aﬂ>pf]a> _ l(@a)pgﬁ)) (@B 5 (@) — @) pled)

T

" o (3.18)
By = — <l<0‘7”>pJ [re)p( ) (@) — 4 (@) — ) plew)
Therefore one obtains :
F(t) — {Fl} _A.B (3.19)
By

Note thatA, B, andF are time dependent because at each time step, a new configurat
of interacting fibers is found that could be different frone firevious configuration at an
earlier time step.

3.2.3 Deriving the kinematic governing equations

Now that the forces have been calculated at an ingtanhis possible to evaluate the
time evolution of the kinematics (i.e. orientation and piosi of center of gravity), using
equationsZ.33, (2.34 and @.35.

The numerical scheme used to perform the integration waxgalicie finite difference
method based on the Taylor series expansion. The purpobkesahethod is to approxi-
mately determine the function (¢) verifying:

W) =W (tw (1)) (3.20)

and varying in an intervalty, t,...]. The functionw (t) represents eithep® (¢) or
r(® (1). t,... represents the total evolution time of the function (i.ee ttumerical sim-
ulation time). Att = ¢y s, the initial known condition (given by the initial state) i
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wy = w (t = ty). To determine the discrete values, w,, ... wp, the intervalty, t,4.] iS
divided into P sub-intervals:

t,=to+ (At)p p=0,...,P (3.21)

where At is the time step used for the discretization of the intervithen, the Taylor
series expansion of the exact solutiofit, + At) = w (¢,41) around the point, writes:

W (tye1) = w (t,) + At (t,) (3.22)

This method is called a single-step method, where the res() relative to pointt,
suffices to calculate the new approximatiorit,. ;). In this case if the applied forces at
each fibery at timet are known thery® (¢) is updated as:

Ny
1
. (@) _
g9t =—— S F (¢t (3.23)
® 3wnol<a>Y,§“’; "

where the force®; are supposed to be both lubrication and contact. Tsieh(¢) and
r(® (t) are updated at time+ At for each fiber as:

P (+ A1) = p (1) + At <f>fﬁ“> () + Y 1 (O)F; <t>>

r@ (¢t + AL =1 (1) + At (5 (t) er + 4 (1))

(3.24)

where the distancd&*? andi(*#) are replaced by for the sake of simplicity.

The choice of the time step governs the accuracy of the addaiolution. The smallekt

is, the more accurate are the approximated derivativesd&tieatives are stable, as long
as the numerical errors do not increase in time.

3.2.4 Treating the fibers near the REV boundaries

Another important aspect to consider while updating thekiatics, are theé cells
surrounding the original one (FiguBe5). Since initially, then fibers in the simulation
lie within a cubic box of sidef7, with the origin at its center, then all the coordinates

. H H . . . .
lie in the range —5 5 ) As the simulation proceeds and the kinematics are updated

with respect to .23 and @.24), these fibers will move and probably exit the reference
cell. When a fiber leaves the REV by crossing one of the boueslat is usual to switch
attention to the image fiber entering the box, by simply addihto, or subtractingd
from the appropriate coordinate. One simple way to do thithéenframe of molecular
dynamics uses the following condition fof*) [93]:

it 2@ (¢ + At) > g thenal®) (1480 =) ¢+ ) <H
3.25
if () (¢ + At) < _g then (@ (£ + At) = (@ (¢ + At) + H
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Similar conditions are applied to theand > coordinates. Note that the positions and
orientations of the fibers are updated at each time step oiheioriginal cell that is then
replicated. Figur&.8 summaries the total algorithm used to derive the kinematics

Once the whole data on the suspensions time evolution isnalotait will be possible
to calculate the evolution of the orientation and intex@ttensors. Also the macroscopic
properties (i.e. equation2.64), (2.59,(2.56), (2.57), (2.58 and @.59) are then directly
computed.

Remark:

In the performed simulations (for deriving the kinematits numerical computations
were carried out on ax<4AMD Opteron 6204 3.3 GHz Quadcore using a Red Hat Enter-
prise Linux Server release 6.3 operating system with a 5 GBIRPhe time step used
wasAt = 0.01 s for an interval size of? = 2.10* (i.e. t, = 0 S andt, ., = 200 S). The
average time for each simulation was approximately 192sour

3.3 Computing the macroscopic descriptors and proper-
ties

3.3.1 Macroscopic descriptors

Once the kinetic simulation is finished and all the necess@cyoscopic properties
have been stored (orientations, positions and forceslighvaut the simulation time, then
itis possible to directly calculate the time evolution o tirientation tensor from equation
(2.46 and the time evolution of the interaction tensor from emuaf2.517).

3.3.2 Macroscopic properties

Similarly, the time evolution of the shear stress growthfiident, the normal stress
growth function, and the total elastic energy are computét vespect to equations

(2.59, (2.59 and .66
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Fibers at time: p@ (t), r(® (¢)

Calculatep™ (¢)

i

Search for interactions for all fibers

1

eles <,d/A ? Yes : Lubrication No
@ > ) <07 Yes: Contact
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{
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Figure 3.8: Algorithm chart performed at each time step tdaig fiber position and
orientation
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3.4 Reésumé du chapitre

Dans ce chapitre, 'implémentation numérique du modéleonicécanique (présenté
dans le chapitr@) a été détaillée. Ensuite on explique les algorithmessésliréesumés
sous forme d’organigrammes) pour lancer les simulations.génére I'état initial des
fibres dans un volume repésentatif cubique. Les fibres spmosées de longueurs dif-
férentes; les longueurs suivent une loi de distributiomrade avec un écart type et une
longueur moyenne spécifiques. Initialement les fibres suifdumément distribuées dans
le volume, orientées de maniere isotrope et sont, sans aucteraction. Une distance
de coupure est définie pour juger si une fibre est susceptitie @én interaction avec sa
voisine. Ainsi, sila distance entre les centres de gradiéédeux fibres voisines est moins
gue cette distance critique, donc c’est probable que lessfibntrent en interaction. Les
fibres s’interagissent, si la distance qui les sépare (éédizms le chapitr) est inférieure
a une fraction du diametre des fibres.

Le calcul détaillé de la cinématique des fibres est ensuiteélo Pour cela le systéme
contenant les forces d’interactions a été résolu par 'mésliaire d'un exemple simple il-

lustratif ou deux fibres seulement sont considérées eratttens. Une méthode explicite
issue du développement de Taylor au premier terme estagtifiour intégrer numérique-
ment les différentes équations cinématiques.

Le calcul des grandeurs macroscopiques se fait directesngautir des équationg (46),
(2.57), (2.59, (2.58 et (2.66) respectivement. Les spécifications du serveur de calcul
adpoté pour le lancement des simulations sont annexéeswedia ¢hapitre (type du cal-
culateur, mémoire utilisée, temps réel de calcul et le nendrpas de temps).
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The present chapter illustrates the results of the nunmesilwaulations that have been
performed with respect to the algorithms described in ardépfthroughout this chapter

the mean length of the fibers will be denoted(y).

4.1 Monodisperse dilute suspensions

Before studying the kinematic evolution of the polydisgarencentrated suspensions,
this section will discuss the case of monodisperse dilutsgeansions, where fibers have
the same length and each fiber can be traced independemtlyHeoother fibers (since no
interactions are involved). When the concentration is lowugh fiber-fiber interactions
do not occur, because the system is not dense enough to alidact or lubrication. Thus,
the orientation evolution will be given by the Jeffery otigtion evolution (equatio.24).

A simple shear flow, with a shear rate= 1s! was applied in the diluted suspensions

67
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having a concentration = 0.1% < — (wherer is the average aspect ratio of the fibers);

the fibers had a length @0 mm W|th n = 512 (n is the total number of fibers) and a

diameter ofd = 1 mm. Their initial isotropic state was verified by applyinguatjons
- . 1

(2.46 and @.51), thus initially it was foundi, ~ ;T andb; ~ 1”_21.

The orientation will change in a repeating cyclic orbit coomty called the Jeffery Orbit
[59. Thus, the orientation will exhibit a periodic rotationdaat each period the fiber
flips and is aligned with the first direction of the velocitylfi¢x axis). The period of this

rotation is given by:
2 1
D="" (7‘ + —) (4.1)
Y T
By selecting a random fiber, the evolution of the 3 componehis (i.e. p;, p» andps)

is depicted in Figuret.1 where the period was checked to be equal to equatal).
The evolution of the orientation tensor (i.e.; @&, and a; components), was found to

1.5
p1
1 1
|( \ - p2 '||r W
,,,,,,, 1
0.5p P3 1h
\ 1l
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Figure 4.1: Time evolution of thg,, p, andp; components

give the periodic behavior associated with the orientagweolution. Figure4.2 shows
this evolution, and this time the period is checked to be ktuhalf of the periodD.
The following section will discuss the effects of havingferent fiber lengths, in the
concentrated regime inducing fiber-fiber interactions.

4.2 Polydisperse concentrated suspensions

A volume fraction of fibers ofy = 11.5% was used to create the initial microstruc-
ture. Note that this concentration falls in the concenttatgime (assumptioa from
section2.1). A total number ofn = 512 prolate spheroids were placed into a cubic vol-
ume (Figure4.3). Using less thal00 fibers does not allow a representative description


p_jeffery_evolution.eps

4.2. POLYDISPERSE CONCENTRATED SUSPENSIONS 69

1
0.8¢
—3ay
™ I
_‘G.m oeq M a22
N
o == =85
-
< 04 l 1
i n ! i
. 0 ] n
P £y 3 p 1
0.21;\‘ Fa :: rt]‘
Y l'f \J I1-» / .
\\ _,"f " _"l:.: :\\- __'l K\
0 e L %, T CIT LY
0 50 100 150 200
time (s)

Figure 4.2: Time evolution of the g a, and g3 components

; '« AR NP b,
NY Ty
2017 X d
> L N 3
£ 0174 '
= EXT L
> I,
l'l \ ‘\'
_20"'"_: :. : P N
i.%..:, |:..;. ........ “‘“
= -
-20 0 20 i
| Gradient
Velocity

Figure 4.3: Initial state of the fibers (unit of length: mm)

of fiber population 71]. Their isotropic state was verified by applying equatio?<l§)

N . 1
and @.51), thus initially it was founda, ~ §I andby ~ 17T—21.

The mean length of the fibers was set(f{g = 20 mm with a standard deviation &f
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mm, and the diameter of each fiberds= 1 mm. These values are consistent with the
type of glass fibers used in GFP (with= 75 GPa).

4.2.1 Macroscopic descriptors evolution

The same simple shear flow, was applied in the suspensionstetin Figure4.3
with the parameters described in sectibf (i.e. concentration, length and diameter).
Figure4.4 shows the time evolution of thga a» and a; components with time. From
Figure4.4 it is possible to determine the transient phase and an alsteatly phase in
the region betweeh00 and200 seconds where thg@ &, and g; components no longer
change. For the;acomponent, the width of the first peak and the fluctuationsdbeur
in the steady state, are due to the amount of interactionmsgakace between fibers (con-
tact and lubrification forces). In the almost steady staggme most fibers align in the
first direction of the velocity field (Figuré.4i.e. a; ~ 0.9) but the interactions and the
finite aspect ratio produce quick sporadic rotations.

In order to study the interactions involved, the time eviolutof the b, by, and b
components with time, of the interaction tensor has beeictigpin Figure4.4. When
fibers almost align with the first direction of the velocitylfi€gmaximum value of a),
bi1, byy @and b3 reach a minimun in roughly the same time interval thanraaches a
maximum. This is due to fibers being close to being paralléh e first direction of the
velocity field (p'® xp®| — 0 in equation 2.51)). Figures4.4and4.5, confirm the fact
that the interactions become stable when fibers are almgaeal in this direction.

In the following paragraph the shear stress growth coefficiad the normal stress growth
functions deduced from the componentsagfare discussed and compared with experi-
mental results found in the litterature.

4.2.2 Macroscopic properties evolution
Shear stress growth coefficient and normal stress growth fustions

Using equationsA.54) to (2.58, the time evolution of the stress in the suspensions
has been calculated. The normalized shear stress growiticeo# is plotted versus time
in Figure4.6. The viscosity has a maximum value at the beginning, wheiiilbee ori-
entation is isotropic and then it reaches an almost steddyg Vawer than the intial one,
when fibers are almost aligned in the first direction of thee®y field for a timet > 100
s. This evolution is in agreement with experimental stuficesd in the litterature for
polydisperse suspensiorss/] 98, 99, 23].

. : N-
The evolutions of the normalized normal stress growth fienstN;” = —- and N, =
Ny

N- . . - _
77—27 (equation 2.59) have been depicted in Figu#e7. The componendV;" exhibits an
0
overshoot in the transient regime aNg produces an undershoot. Then they become sta-
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Figure 4.4: (A) Time evolution of the;a &>, and a; components (B) Time evolution of
the by, by, and k3 components

ble in the almost steady regime. The phenomena of stresstm@rfundershoot in fiber
suspensions in a Newtonian fluid is observed experiment@flyand it depends on the
length of the fibersq9]. The sudden change of fiber orientation in an incipient sfiea
gives rise to this overshoot/undershoot at the beginnirigesimulation §9].

In what concerns the relationship betwe®n and N, many researchers have assumed
that N, is negligible compared t&/;" from either experimental results or numerical sim-
ulations B4]. But these stress predictions ignored the interactiomsden fibers. How-
ever, when interactions are considered the qualitatiaiogiship of ;" ~ —2N; is
almost obtained. It is more accurate when the microstraateaches an almost steady
state. MoreovelN,” > 0 most of the time, which is consistent with previous works(.
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Figure 4.5: Microstructure at= 200 s (unit of length: mm)
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Figure 4.6: Normalized shear stress growth coefficient

This is due to the interactions being weak in the flow directigative to the interactions
in the gradient direction1[0( . But it is mostly the result of fibers being strongly aligned
in the first direction of the velocity field, because the nghiodynamic forces (i.e. con-
tact and lubrication forces) make a small contribution @ tibtal stress. In facty; can


etat_final_1.eps
viscosity.eps

4.2. POLYDISPERSE CONCENTRATED SUSPENSIONS 73

be rewritten as:
Ny = (U{Ll - U?lh) - (ng - ngh) = (Uﬁ - 032) + (ngh - Uﬁh) (4.2)

(the term (o3 — o7") is a weak contribution) where in the literaturk0[] the average
value of (ofy — ol) is :

(ot — 0by) = [(pip2) — (p1p3)] >0 (4.3)

since(pt) > (p3) > (p3) (i.e. &1 > a3 > an).
A similar interpretation is done faV;~ < 0; this time with:

Ny = (03, = 0%') — (033 — 035) = (032 — 053) + (055 — 03) (4.4)
(this time the tern{ o3} — o37') is a weak contribution) and :

<O—§2 - O—Z?3> ~ [<pzp2> - <p:cpyp§>} < O (45)

With the interactions having higher amplitude in the gradidirection relative to the
vorticity direction [LOQ, this will yield N,” < 0 most of the time.

1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
time (s)

Figure 4.7: Time evolution of the normalized normal stressygh functions

Elastic energy

The statistical evolution of the fiber suspensions with theameters described in sec-
tion 4.2 has been analyzed. FigudeB depicts the evolution of the elastic energy. Note
that the energy’s unit here is the mJ. At the beginning of theuation, the fibers sud-
denly change their orientation in the transient state, aeakp of energy are observed.
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This indicates, that as expected strong interactions dodine transient phase, the con-
tribution of the forces to the bending of the fibers becomeenamd more considerable
and the elasticity of the suspensions is activated. Theani@itude of the energy peaks
decreases when fibers remain almost aligned in the firsttadireof the velocity field.
In this configuration both the interactions frequency arairtimtensity decrease, and the
elastic energy relaxes. In the almost steady state peakseofjy are again observed.
They are due to the sporadic rotation of fibers produced byriegactions and to the
finite aspect ratio that prevents a full alignment.
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Figure 4.8: Time evolution of the elastic energy

The total number of interactions; in the system has been computed (Figtt® and it
evolves fromN; = 0 at the begining of the simulatiom & 0) to an average number of
247 and the maximun being/; = 350. This implies that there are less than one interac-
tion per fiber. In simple beam theory, the fiber would requirkeast three interactions to
bend and to store a significant elastic energy. Figut@depicts the time evolution of the
number of fibersV, having at least three interactions. However, the hydrodyaorce
and torque also apply at the fiber’'s center of gravity (Figu®. Thus, one interaction
per fiber would be enough to activate fiber bending.

Even if the number of interactions per fiber seems low, théesyss considered concen-
trated because the concentration exceeds the inverse afén@ge aspect ratio (equation
2.9.

4.3 Reversing the flow

Another interesting study is the response of the suspesigisnosity when the flow is
reversed, where the number of interactions can help in aMptathe results. Reversing
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Figure 4.9: Time evolution of the number of interactions
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Figure 4.10: Time evolution of the number of fibers havingeast three interactions

the flow impliesy, = —~; wherev, is the shear rate’s value for the reversed flow and
the value of the shear rate when the flow was initially impasetie x direction. Figure
4.11 shows the response of the system when the microstructurelgton in the flow
stops at = 100 s. Since the interactions are unilateral, the reversyagibroken. Fibers
that were in contact during a long period can detach insteatasly when reversing the
flow. When the flow is suddenly reversed, while the microgtitecis not in an almost
steady state, the number of interactions will diminish loeeafibers will tend to detach
(Figure4.12. Moreover, the loss in the number of interactions resultess entangled
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fibers. Thus fibers will tend to rotate, which explains theosecpeak of viscosity ob-
served after the viscosity increased. The increase in sigcg due to the fibers tendance
to make sporadic rotations and not being close to the firsctdion of the velocity field
characterized byj,.. In the region betwee60 s and100 s the viscosity is almost the same
as fory; = 1 s ! because the fibers just began to lose their interactions ambichave
enough time to detach considerably.

0 20 40 60 80 100
time (s)

Figure 4.11: Time evolution of the normalized shear stress/th coefficient when the
flow is reversed at = 100 s

To compareN; with the average number of interactions per fiB&r, the time evolu-
tion of n N has been plotted (Figuke 13 (n is again, the total number of fibers). The
numbersN; andnNq (N¢ has been calculated from equati@ny3) are plotted in loga-
rithmic scale, becauseN. exceedsV; and it is not possible to notice the same shapes of
the curves in a linear representation. There is a shift betwiee two evolutions because
the theory describingV considers that the gap allowed between two fibers before en-
tering into contact or lubrication is of the same order of magle ofd [89]. Since at the
beginning fibers are not interacting (i.&/; = 0), N; will increase in the first seconds.
However forN¢, the theoretical equation gives a maximum value at the p@ggrof the
simulation (i.e. fibers are oriented isotropically in theaflgielding the maximum of in-
teractions) and theW will decrease in the first seconds.

Another simulation was carried out, and this tichevas considered of the same order of
magnitude ofd (A ~ 2d). The same evolution is again observed but this time the pre-
dicted N; was close to the theoretical numhey (Figure4.14).

To report the effect of the fiber dimensions on the statisgévalution of the suspen-
sions, other simulations were carried out. First the meagtleof the fibers was changed
while maintaining the same diametel £ 1 mm) ; then the diameter of the fibers was
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Figure 4.12: Time evolution of the total number of interans when the flow is reversed
att =100s

changed while maintaining the same lengt{¥s)(= 20 mm). Finally another simulation
was carried out by changing the shear rate while maintaithegsame other parame-
ters (L) = 20 mm andd = 1 mm) to conclude on the effect of the shear flow on the
magnitude of the interactions involved, i.e. on the elastiergy. Note that in all these
simulations, the standard deviation for the distributiemgths was fixed t8 mm.
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Figure 4.13: Time evolution aV; andnN¢
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Figure 4.14: Time evolution aV; andn/Ng with A ~ 2d

4.4 Sensitivity to the dimension and the shear rate effects

4.4.1 Fiber length

Simulations were performed for different mean lengths aérb Table4.1 gives the
parameters for the simulations. Figurd5depicts the elastic energy for the three cases.

| Case | mean lengtHL) (mm) | diameterd (mm) | shear ratey (s ') |

Case 1 (Ly) =10 1 1
Case 2 (Lg) = 20 1 1
Case 3 (Ls) = 30 1 1

Table 4.1: Parameters for the simulations

From Table4.2it can be noticed that the energy increases when the lenfths fibers
increase. When fibers are longer the bending torques arertegial with them the elastic

| Cases| mean lengthL) (mm) | Average energy: U > (mJ) |

Case 1 (L) =10 < U, >=3.57107°
Case 2 (Ly) = 20 < Uy >=6.7610"7
Case 3 (L3) = 30 < U3 >=5.710"8

Table 4.2: Energy time average

energy. Another noticeable behavior, is the almost absehgeaks of energy in the
almost steady state regime for the highest mean lendtf) (= 30 mm). This is due
to fibers being the most close to the first direction of the eigjofield, with a greater
aspect ratio. Hence fibers tend to be more aligned (ipg) xp'®| — 0). Being the
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aspect ratio very high the alignement is more stable. Maethe sporadic rotation due
to fiber-fiber interactions is lower because the higher isghgth the more intense are the
entanglements that prevent fiber rotations. Even if the rerrobinteractions increases,
their intensity (when fibers are almost aligned) decreadds evolution ofN; has been

10°

< L3 >=30mm

U(mJ)

0 50 100 150 200

Figure 4.15: Time evolution of the elastic energy for thréietent lengths (average
lengths are given in mm)
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Figure 4.16: Time evolution of the total number of interans (average lengths are given
in mm)

also reported in Figuré.16 It is clear that in average, the numb¥€y increases when the
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aspect ratio increases.

4.4.2 Fiber diameter

Another set of simulations was carried out, by only varyinig time the diameter of
the fibers. Tablel.3 gives the parameters that were considered. Figut& compares

| Parameters mean length L) (mm) | diameterd (mm) | shear rate (s™) |
Case 1 (L) =20 dy =1 1
Case 2 (LY =20 dy=1.5 1

Table 4.3: Parameters for the simulations

the evolution of the elastic energy for two different fibeamtieters. Tabld.4 proves that
as expected the elastic energy decreases with the fiber iiarinecause the area torques
appear in the denominator of the elastic energy expressguation 2.65). The number

| Cases| diameterd (mm) | Average energy: U > (mJ) |
Case 1 d =1 < U, >=6.761077
Case 2 dy=1.5 < U, >=1510""

Table 4.4: Energy time average

10
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Figure 4.17: Time evolution of the elastic energy for diéfletr diameters

Ny is in average lower for case 2 because of the lower aspegt rati

4.4.3 Shear rate effect

To investigate the effect of the shear rate on the elastiggnsimulations were car-
ried out by varying the shear rate. Taldlé& shows the parameters involved. Figdré9
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Figure 4.18: Time evolution of the number of interactions

compares the energy for the different cases. Note that firesentations are now func-

| Cases| mean lengthL) (mm) | diameterd (mm) | shear raté/ (s™!) |

Casel 20 1 =1
Case 2 20 1 Yo = 10
Case 3 20 1 ~v3 = 20

Table 4.5: Parameters for the simulations

tions of the shear rate multiplied by the time (ri¢; Figures4.19and4.21). As expected

it can be noticed that the energy increases with the apphiedrsate. The interactions
intensity increases with the shear rate and consequerghgfiiaill experience much more
bending and store more elasticity. Tallé shows the increase of the average energy
according to time fronf to 200 s.

Figure4.20depicts the averaged energy versus the applied shear rate whinear evo-

| Cases| shear ratey (s!) | Average energy: U > (mJ) |

Case 1 y=1 < U, >=6.76107"
Case 2 vy = 10 < Uy >=1.7510"°
Case 2 v = 20 < U3 >=3.510"°

Table 4.6: Energy time average

lution can be noticed. This linear dependence:df > with 4 gives< U(y =0) >=0:
no elastic energy is stored when the flow stops. In fact, stggpe flow in the simulation
imposes thaty = 0 in equations Z.5), (2.7) and @.8) resulting in no interaction forces
at all. This means no bending will occur abd= 0. Moreover, the scaling of. U >
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Figure 4.19: Time evolution of the elastic energy for diffler applied shear rates

as a function ofy can be related to studies where the difference between tineatiaed
normal stress growth function§,” — NV, increased linearly with for fiber suspensions
in Newtonian fluids 101]. These studies also showed thét — N, can increase with
the flexibility of the fibers (i.e. when the bending torquesréase withy and the fibers
exhibit more bending).
In average, the number of interactions is independent ofltlear rate which is in agree-
-6
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Figure 4.20: Evolution of the average energy with the shatar r
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Figure 4.21: Time evolution of the total number of interans

ment with other studiesifl]. Although it may seem that higher shear rates induce more
frequent interactions but as fibers become more alignedntéeactions decrease. This is
why, here,N; was found insensible to the applied shear rate as depicteiduime4.21

The interactions between fibers depend on the distance éetthem: in concentrated
systems that distance is of the order of a fraction of thedideameter.

4.5 Conclusion

A DNS of concentrated fiber suspensions immersed in a Newoihiid was con-
ducted. The contribution of this work concerns the treatnuérthe suspensions elas-
ticity associated with the mechanism of fibers bending. édgmts came from a micro-
mechanical model describing the kinematic evolution ad a&hn accurate description
of the interactions involved in the systems.

For a given concentration volume with fixed diameter and nleagth, the evolution
of the kinematics associated with the interactions werdistl From the time evolution
of the orientation tensor two regimes were distinguishedamsient phase where the ori-
entation state evolves from an isotropic state to a stateenhest of the fibers are aligned
in the velocity field, that constitutes the almost steadtestagime.

For the macroscopic properties, the normal stress growittionsN,” and V" showed a
shoot in the transient phase then a stable value in the statyin agreement with pre-
vious experimental results. The normalized normal streswtfp functions, underwent
an overshoot and an undershoot respectively in the trar@@ase due to fibers suddenly
changing their orientation in the transient state. ThesafriV,” and NV~ were discussed
and it was found that assumiig negligible compared td/;" is inaccurate for the study
done here for concentrated suspensions with interactions.

Then the statistical evolutions were reported, includimgelastic energy and the number
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of interactions. When the flow was reversed, the number efaations decreased and
as a result fibers lost their tendency to be aligned, and thatskown by the evolution
of the viscosity in the reverse direction. For the energyasviound that peaks appear at
the beginning of the simulation when fibers suddenly charigent orientation and the
elasticity of the suspensions is activated. When fibers wi@se to being parallel to the
first direction of the velocity field, the elasticity dimimied and the suspensions relaxed
with relatively weak interactions.

Comparing the total number of interactions with the theoretical average number of
interactions per fibeN¢, it was found that it depends on the gap allowed between two
fibers when they are not interacting. The same curve shapebtamed but with a shift
betweem N (wheren is the total number of fibers) and;. Then by changing this gap,
the number of interactions predicted by the simulation wasecto the one given by the
theory.

The effects of the fiber length, diameter and the shear rateeoelastic energy were also
analyzed and interpreted from the number and intensity @irteractions. The higher
are the shear rate or the ratio length/diameter, greateeislastic energy.

The simulations were repeated many times in order to cordluat in average, the evo-
lution of the different computed physical variables araespntative in a statistical sense.
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4.6 Reésume du chapitre

Des simulations numériques directes de suspensions do@éesnle fibres immergées
dans un fluide newtonien ont été effectuées. La contribud®mce travail concerne le
traitement de I'élasticité des suspensions associée aaniséte de flexion des fibres. Les
ingrédients principaux provenaient d’'un modele microménpze décrivant I'évolution
cinématique avec une description précise des interactiopbquées dans le systéme.
Pour une concentration volumique donnée avec un diamegeifig longueur moyenne
des fibres, I'évolution de la cinématique associés auxaotams a été étudiée. D'aprés
I’évolution du tenseur d’orientation, deux régimes ontddsfingués: une phase transitoire
ou I'orientation évolue d’'un état isotrope a un état ou Igpphti des fibres sont alignées,
ce qui constitue le régime stationnaire.

En ce qui concerne les propriétés macroscopiques, lesaliffés de contraintes normales
N, et N présentaient un "overshoot/undershoot" dans la phassittaa avant de de-
venir stables a I'état stationnaire. Ce comportement étaiiccord avec des mesures
expérimentales. Les caracteres "overshoot" et "undetshespectivement poul;” et
N, sont dues au changement brusque de I'orientation des filares ld phase transi-
toire. Les signes déV,” et V,” ont été discutés et c'était trouvé q&" ne peut pas
étre considérée négligeable devafit dans le cas de suspensions concentrées avec la
présence d’interactions entre les fibres. Ensuite, lesuéwok statistiques ont été sig-
nalés: I'énergie élastique et le nombre des interactiomssdue I'écoulement a été in-
versé, le nombre d’interactions a diminué et par consédastiitores ont perdu leur ten-
dance a étre alignées, et cela a été démontré par I'évoldéda viscosité dans le sens
inverse. Pour I'énergie élastique, des pics apparaissetiélaut de la simulation lorsque
les fibres ont brusquement changé leur orientation ou tiélesdes suspensions est ac-
tivée. Lorsque les fibres étaient presque alignées, liéigstiminuait et les suspensions
subissaient une relaxation avec des interactions retanefaibles.

Il a été constaté que la différence eni¥e (nombre total d’'interactions) €Y~ (nombre
moyen théorique d’interactions par fibre) dépend de la Wégtaritique autorisée entre
deux fibres (la distance critique permise entre deux fibrida egstance limite au-dessous
de laquelle on considere une interaction entre elles). Laendlure de courbe pouy;
gue pourNq a été obtenue mais avec un décalage: e (n étant le nombre total des
fibres). Puis en variant cet espacement, le nombre d’irtterecprédit par la simulation
était proche de celui donné par la théorie.

Les effets du changement des longueurs des fibres, leur tieaetde taux de cisaillement
sur I'évolution de I'énergie élastique ont été égalemeatyses et interprétés.
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Throughout this part, microscopic based simulations haenldescribed at three
stages. In the first stage the micro-mechanical model basddNS was explained in
its theoretical background along with the main assumptitmghis model, concentrated
fiber suspensions were considered and the governing egsationotion were thus con-
structed in the presence of interactions between fibergr &fat, the macroscopic proper-
ties were defined and in particular the elasticity was intoadl. The forces were supposed
to cause the bending of the fibers, which exhibited smallrdedtions leading to the stor-
age of an elastic energy.

In the second stage the numerical implementation and tha aigorithms were dis-
cussed. In this section it was very important to demonstrate the initial state of the
fiber suspensions was created in the REV, because the timéiewoof all the different
physics depends on it. It was shown how the search for inierecbetween fibers was
carried out and later under which distance criteria was adation or contact considered
respectively. Then the process of deriving the interadooces was written by the means
of a simple example that assumed only two interaction poifisus the system to be
solved was written explicitly in order to illustrate how tfegces were obtained at each
time step. Finally the numerical method used to update therkatics at each time step
was detailed as well as the algorithm summarizing all thegss.

In the third and final stage, the main numerical results wieogva. A number of, = 512
fibers were considered in the REV. The effect of having d#ifédengths of the fibers on
the kinematics was evidenced. Then the time evolution offrtaeroscopic properties was
discussed from the point of view of the numerical model aredgtevious experimental
and numerical results found in the literature. Followingtthithe flow was reversed and
this left the conclusion of the non reversibility of the smstdue to unilateral interactions.
Changing the minimum gap allowed between two fibers (Lehad an effect on the the
time evolution of the number of interactiond’; became close to the theoretical number
nNq. After that the size and shear rate effects on the time eeolwf the number of
interactions and the elastic energy was proven. Finallyitiear evolution of the elastic
energy with the shear rate was indeed true and compatibeother studies.

The perspective of this part is to develop more sophistitatedels for a deeper physical
study of the interactions. Further studies will focus onagating an initial state consist-
ing of more and more entangled fibers (thousands insteadnafrads) in order to ensure
higher interactions where the formation of clusters of sbether than a population of
fibers is possible. This future study is important from arnustdal point of view, where
lots of flow based processes (such as compression of Sheding@ompounds (SMC))
involve the interactions of thousands of entangled fibehe dffect of increasing the in-
teractions on the evolution of the different physical viales (orientation, macroscopic
properties, energy, etc....) will be then investigated.
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Short fiber suspensions present different morphologiesraipg on their concentra-
tions. When the concentration is dilute enough one can tbestiie microstructure by
tracking a population of rods that move with the suspendinigl #ind orient depending
on the velocity gradient according to the Jeffery’s equafi?] that relates the orienta-
tion evolution with the flow velocity field. In that case the tiom and orientation of each
fiber is assumed decoupled from the others. The representatpulation can involve
too many fibers, and in that case the computational effotistdk the population is unaf-
fordable. Thus, the simple and well-defined physics mustbéfgced in order to derive
coarser descriptions. The main objective remains the nrgglahd simulation of very
concentrated suspensions, where the formation of clu@tersaggregates) of fibers is
possible (chaptet, sectionl.3.2. Kinetic theory descriptions are a reasonable compro-
mise between (fine) micro and (fast) macro descriptions.

Kinetic theory approaches$,[ 6, 1027 describe such systems at the mesoscopic scale.
Their main advantage is their capability to address maomscsystems, while keeping
the fine physics through a number of conformational cootdmatroduced for describ-
ing the microstructure and its time evolution. At this mesigsc scale, the microstructure

is defined from a distribution function that depends on thgspdal space, the time and a
number of conformational coordinates - the rods orienteitithe case of slender bodies
suspensions. The moments of this distribution constimtssarser description in general
used in macroscopic modelingq].

The main issue in kinetic theory approaches lies in the faat it must define the ap-
propriate conformational coordinates. Then, the mosteob@pproximations have to be
used to better determine the time evolution of these cordtional coordinates (time
evolution governing equations of the moments usually mealosure approximations).
After that, one has to consider and derive the interactiochraeisms.

In the following chapters, theoretical models are propodéidst a model detailing the
kinematics of a single fiber (dilute suspensions) is exgldihen, the proposed mechan-
ical model for describing the kinematics of rigid and defabite aggregates is discussed.
Following that, a general enough multi-scale kinetic tlyedescription is established,
taking into account interaction, diffusion and elastieefs.
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Figure 5.1: Hydrodynamic forces applied on a rod immersediewtonian fluid

5.1 Dilute suspensions of non-Brownian rods

5.1.1 Description of one rod in the suspensions

A suspending medium consisting of a Newtonian fluid of vi#gyos is considered,
in which there are suspended rigid and non-Brownian rods. dssumed that that their
presence and orientation do not affect the flow kinematiasithdefined by the velocity
field v (x,t). The conformation of each roR of length2L can be described from its
orientation given by the unit vectgr located at the rod center of gravify and aligned
along the rod axis. Inertial effects are neglected in theiskeq
The orientation evolution of an ellipsoidal particle is deised by Jeffery’s equatior2p];
this equation can be derived in a very simple way. In Figufethe fiber is modeled by
a rod and two beads located at both rod ends. The hydrodyrfarces (Stokes drag)
are presumed to apply at these ends. It is further postullasedorces that apply on each
beadF depend on the difference of velocities between the fluid badead, the first one
given byvy + Vv - pL and the second one by, + pL. Thus, the forcd" (pL) reads:

F(pL)=¢(vo+Vv-pL —vg—plL) (5.1)

where¢ is the friction coefficienty, the fluid velocity at the rod center of gravity, ang
the velocity of the center of gravity. F applies on the bead atL, then the force on the
opposite bead atpL reads:

F(-pL) =¢&(vo— Vv -pL—vg+pL) (5.2)
By adding equations(1) and 6.2), the force balance results in:
F(pL) +F(-pL) =2{(vo—vg) =0 (5.3)

which impliesvy, = v4. This simply means that the rod’s center of gravity is moving
with the fluid velocity. For the sake of simplicity the forcae rewritten asF (pL) = F
andF (—pL) = —F.
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Since inertia effects are neglected, then the resultirgusmust also vanish; there is only
one possibility for this: the force have to act algngThus it is possible to write:

Ap =EL (Vv p - p) (5.4)

Multiplying equation 6.4) by p and taking into account that- p = 1 andp - p = 0, the
following is obtained:

A=E¢L(Vv:(p®p)) (5.5)
Replacing equatiorb(5) in equation §.1) gives:
(L(Vv:(p®p))p=¢L(VV-p—DP) (5.6)
Finally this can be easily rearranged to :
p=Vv-p—(Vv:(p®p))p (5.7)

which is the Jeffery’s equation for fibers with infinite aspetios (equationZ.26)).

5.1.2 Description of a population of rods

There are two methods to describe a populatioVabds:
the first one consists in specifying each rod orientation daysaering the unit vector
aligned along its axis, that is, by consideripg : = 1, ..., N'. The main drawback of
this method lies in the necessity of tracking the evolutibeach "computational” rod
by solving the corresponding Jeffery equation, and eveariteptually there is no major
difficulty, the computing cost could be excessive in mostfcal applications4];
the second method uses a probability distribution fundiRDF) ¢ (x, ¢, p) that gives the
fraction of rods that at positior and timet are oriented along directiop. This PDF
satisfies the normalization condition:

[ vbtprdp =1, vx, v (5.8)
S

with S is the surface of the unit sphere, wheres defined.
Conservation of probability yields

0 : .
N V. (x4) + V() =0 (5.9
9, 0 N .
where,V, = g vV, = o and for inertialess rodsx = v (x,t), and the rod ro-

tary velocity is given by Jeffery’s equation (equatidn7j). The price to pay is an im-
pressive model dimensionality, as the orientation distidn ¢ (x, ¢, p) is defined in a
6-dimensional domain.

5.1.3 Macroscopic description

The PDF described in sectiédnl.2can be rarely solved, when models are defined in
such a high dimension domain. Thus, mesoscopic models &ne obarsened to derive
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macroscopic models. At the macroscopic scale, the orientdistribution function is
replaced by its moments for describing the microstructiifg [The macroscopic descrip-
tions usually use the first two main non-zero moments: thersmkand the fourth-order
moments (previously defined in sectigrt.], equationsZ.44) and @.49). For the sake
of notation simplicity, the second and fourth order momamnésnow denoted by and A
respectively.

5.1.4 Microstructural macroscopic evolution

At the microscopic scale the microstructure’s evolutiogiien by the time evolution
of the PDF moments. Farthis evolution is written as:

éZ/(p®p+p®p)¢dp
S

_ /S(v\,.p_ (Vv: (p@p))p) ©pidp (5.10)

+/Sp®(Vv-p—(Vv:(p®P))p)¢dP
:Vv-a+a-(VV)T—2A3VV

(Note thaty is assumed to be only a function pfhere, thus the time derivative of
vanishes). This equation involves the fourth-order momenThe time derivative oA\,
will involve the sixth order moment, and so on.

This is where closure approximations interfer®.can be expressed as a functionagf
using these approximations. There are different closuatioes in the literaturel9, 37,
103 104. A can be approximated with the quadratic closure relatioty(ealid when
all rods are locally aligned in the same direction) as fodow

A~a®a (5.11)
This gives :
ar~Vv-ata-(Vv)' —2(Vv:a)a (5.12)
and invoking again symmetry considerations,
ax~Vv-a+a-(Vv)' —2(D:a)a (5.13)

5.2 Dilute suspensions of Brownian rods

In the previous sections, dilute suspensions of rods wersidered free from Brow-
nian effects and hydrodynamic interactions. The Brownitf@ces are the result of the
fluid’s molecular bombardment acting on the beads. Thesetsfivere widely analyzed
in[11, 104, 104 when focusing on a microscopic description.

5.2.1 Microscopic description
Beads are now subjected to hydrodynamic forces given by:

F? = ¢(Vv-pL —pl) (5.14)
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where the superscript™ refers to the hydrodynamic nature.
The Brownian forces are assumed to be acting in the rod dreand perpendicular to
the rod axis. The components applying in the rod directienpesumed equilibrated.
The ones being perpendicular to the rod axis contributegodtation of the rod, and they
affect the rod rotary velocity. Again, the rod inertia is fesgjed thus the resultant torque
must vanish leading to:

FT. t+FB.t=0 (5.15)

whereF? denotes the Brownian force amds the unit vector tangent to the unit circle.
Introducing the expression & in (5.15 the following is obtained:

FB .t

t! . Vv-p—|p|=-— 5.16
Vvep - IBl =~ (5.16)
wherep = ||p|t was used. Equatiorb(16) can be rewritten as:
FB .t
p=(t"-Vv-p)t+ 7 t (5.17)

The vectorial equivalencg” - Vv - p)t = Vv-p — (p” - Vv - p) p and equationg.7)
allow writing:

B't
p:VV~p—(pT-VV-p)p+ t

&L

FZ — (FP.p)p (649

where the contribution of the Brownian effects to the timelation of the rotary velocity

IS .
.z FP—(FP.p)p
po = I (5.19)

5.2.2 Mesoscopic description

At the mesoscopic scale, Brownian effects try to randontieerbd orientation dis-
tribution. This mechanism can be modeled by assuming agiliffuterm in the Fokker-
Planck equation:

0 :

Ve (V) 4y (5) = V- (D,9,0) (5.20)
wherep is given by equationy.7), andD,. is the rotary diffusion.
To introduce the Brownian contributigs? in equation .20, the Fokker-Planck equation
can be rewritten in the form:

Wy, (Vi) + V- (pY) = V- (Dr V1))

ot
o

=5 T Ve (V) + Y, (BY)

(5.21)
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where the effective rotary velocity is given by:

ﬁ:VV-p_(pT-Vv-p)p—DTv£¢ (5.22)
which now contains the flow-induced Jeffery contributiod éime Brownian one, with:
p? =-D, V;f (5.23)

5.2.3 Macroscopic description

At the microscopic scale, the problem is simplified by coasith the moments of the
orientation distribution function. In what follows, the ®&vnian contribution to the time
evolution of the second-order moment is derived in a verypgerapproach. The process
starts by considering equatio.44), whose time derivative involves now the effective
rotational velocityp:

a:/(ﬁ®p+p®m¢@) (5.24)
S
which is easily developed to:
az/s(Vv-p—(VVi(p®p))p+p3)®p¢dp
[P (Vvp—(Tipep)p+p?) vdp
:/S(Vv-p—(VV:(p®p))p)®pwdp (5.25)
+/Sp®(VV-p—(VV¢(p®p))p)¢dp

+Loﬁ®p+p®pﬂ¢dp

=a’ +af

wherea’ is the flow-induced microstructure evolution given by eduaf5.10 anda® is
the Brownian contribution:

aB=LQﬁ®p+p®ﬁU¢@ (5.26)

Equation b.23 can be rewritten as:

o
pB = _Drv,‘zw = _Dr% (527)

wherep has been substituted by the angl@his angle gives the orientation of the rod),
sincep can be written as:
p=cos(@)x+sin(0)y (5.28)
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(x andy are the unit vectors along the two dimensions). Then usiagi#velopment:
ov _0vop _ 0y

Y apt and taking into account:

op

— =1t
gi (5.29)
290 =-Pp
p? becomes:
)
pZ = —Dr%t (5.30)

wherep was again replaced ¥/ (a change of variable took place). Therefore equation
(5.26) reduces to:
o

aB:—Dr/(t®p+p®t)—d9 (5.31)
S o0

Performing a simple part integration on equatiér8() yields:

al = —2DT/ (pOp—t®t)y(f) df (5.32)
S

where the following easy proved relationship was used:

pRp+tt=I

5.33
tot=I-p®p ( )
Equation 6.33 allows one to put equatiob (32 is the form:
af = —QDT/ 2p@p—1I) ¢ (0) dd = —2D, (2a — 1)
S (5.34)

I
— 4D, (a—=
(+=2)

In the absence of flona’ = 0; in this case this leads to an isotropic steady state, i.e.
1

a(t —o0)=-.

Finally the generalized macroscopic governing orientagieolution equation is:

a=Vv-a+a-(Vv)! =2 (A:D)—2d,D, (a—di) (5.35)

whered,, represents the space dimensidp & 2 in the 2D case and in the 3D case)

5.3 Semi-dilute suspensions

There are many approaches used to model semi-dilute (orc@mentrated) sus-
pensions. The most used one considers that rod-rod intamadend to randomize the
orientation distribution. An additional diffusion coefot is introduced for accounting
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for these interactions. In the absence of flow, the micrastine must not evolve artifi-
cially. This is why the added diffusion coefficient must scaiith the flow intensity (i.e.
with the shear rate intensity). The interaction-diffusion coefficierd; is assumed to be
of the form:

Dr=Cr- f (D), (5.36)

where D¢ is related to the second invariant of the rate of strain tense. D =
v2D : D. The simplest choice consists in considering the depemdgfo®?) = D
[49]. Thus, the so-called Folgar-Tucker model reads

a=Vv-a+a-(Vv)' =2 (A:D)—2d,D; (a—di>, (5.37)
with D; given by Eq. 5.36).
Itis clear that the previous approaches based on directaiimns (in chapterg, 3, and4)
are finer and more precise when considering rod-rod interacexplicitly [67, 76, 70].
In the works given by§2], interactions were explicitly described at the macroscspale
by means of so-called interaction tensors that can be aatdiom the moments of the
orientation distribution functiorgg].

5.4 Concentrated suspensions

The emphasis will now be turned to the most interesting case &n industrial point
of view: concentrated suspensions. When the concentratioigh enough, the configu-
ration of rods is much more complex. Clusters/aggregatesds (i.e. fibers) are formed
when having many entangled rods immersed in a flow. Theseeggtgs exhibit an al-
most rigid motion when a shear flow is applied. An example camignencountered in
the industry are carbon nanotube suspensions. These casesuificiently examined in
[55, 66, 106. Two types of clusters are defined and studied in the folhgwproposed
models: rigid and deformable clusters. Note that, the sudipg fluid is considered to
be always Newtonian and a simple shear flow is applied. Amo#reark is that, concen-
trated suspensions are considered to form a cluster whas fijle¢ entangled. However
dilute cluster suspensions are considered (i.e. in theviitig descriptions the governing
equations are valid for each cluster in the suspensiongrbyine cluster is studied).

5.4.1 Micro-mechanical description of the kinematics of myid clus-
ters

Each rod composing a cluster, is assumed to have the sameah#mt of one single
rod (rod with two beads as described befor&ih.J).
The representation of a cluster is depicted in Figbu2 again in the 2D case. This
configuration does not involve size effects, but it incogtes the orientation distribution;
it constitutes the most simple version of the model, whichldde later enriched with
more complex assumptions. This cluster is considered toobgposed ofN rods of
length2L oriented in the directionp;, : = 1,....., N, as shown in Figur&.3 (index
denotes the number of each rod). When Brownian effects ajlected, then only flow
induced hydrodynamic forces are considered (the rod-ralddynamic interactions are
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S~o -

Figure 5.2: Star representation of a cluster composed iof rogls

not considered in this work). For each bead, a fd@capply at position_p; (Figure5.3).
And the same analysis is made for the expression of the fergesectiorb.1.1 Thus is
it written as:

F;=¢ (Vv -piL —piL) (5.38)

where now the flow velocity is unperturbed by the presence of the cluster. From the
construction of Figuré&.3it is clear that the forces are self-equilibrated. The mamen
induced by forces applying on rads given by

Since inertia effects are neglected, then the resulting embior the cluster must vanish:
> M =0 (5.40)
then taking into account equatioris 38 and 6.39 results in:
i=N =N
Zpi X (Vv-p) = Zpi X P (5.41)
=1 =1

The cluster angular velocity can be defined such that:

wherew andp; are orthogonal in the 2D case, thgs:x p; = w, Vi, and then it results:

i=N =N
=1 1=1
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Figure 5.3: Hydrodynamic forces applying on a rigid clustemposed of rods

Hence, the kinematics of the rigid cluster can be defined from

=N
Zpi x (Vv - p;)
i=1

w = ~ (5.44)
where for each rod the evolution of the orientation is given by:
i=N
(Zpi x (Vv - pz’) X Pj
p;=wx p; = ~= (5.45)

N

When there are many rods composing the cluster, the orientdistributiony)(p) is de-
fined. Then all the sums in the previous expressions areisitbgtby the corresponding
integrals weighted withy. Then equationH.44) becomes:

w = /S (p x (Vv-p)) ¢(p) dp (5.46)

Thenp for any rod reads:

P=wxp= /S ((px (Vv-p)) xp) ¥(p)dp (5.47)
Cross products can be written in a more compact form by usethird order Levi-Civita
permutation tensar (see AppendiA).This allows equation5.46) to be written as:
w=e¢:(Vv-a) (5.48)

Note that, for the sake of notation simplicity the time degamce of the distribution
function is not shown explicitly.
The rotation tensoW is defined such that:

wxp=W:-p (5.49)


Hydrodynamic_forces_on_cluster.eps

5.4. CONCENTRATED SUSPENSIONS 105

that allows writing:
p=W:p (5.50)

It is easy to prove from equations.48-(5.50 [107] that:
W=Q+D-a—a-D (5.51)

whereD and(2 are respectively the symmetric and skew-symmetric compisra the
velocity gradientVv.

Thus, a rigid cluster rotates with a velocity that only deggeon the second moment of
its orientation distributiona. Any rigid cluster having the same orientation tensavill
have the same angular velocity. Finally an expression gitre time evolution ok, a
can be derived. The derivative afis:

a:/<p®p+p®p> $(p) dp (5.52)
S

(Note thaty is assumed to be only a function pfhere, thus the time derivative of
vanishes). Now, taking into account equatiérb() it results:

A= [(W-p)&p+pe (W p) vp)dp=W-ata- W (559

It is easy to prove the objectivity of expressidng3 that corresponds to the Jauman’s
convective derivative as well as its null trace, i.e. t(age= 0 [107].

5.4.2 Micro-mechanical description of the kinematics of dirmable
clusters

In this section the most complex and realistic case is censdd deformable clusters.
This time two types of forces are applying on each bead, opdalthe fluid-rod friction
once more modeled from equatidn38), and the otheF¢ due to the rods entanglements.
This last force is assumed scaling with the difference betwée rigid motion velocity
(the one that the bead would have if the cluster would be @i the real one:

F¢ =pu (W -p; L—p; L) (5.54)

Wheny is large enough forces¢ dominate the momentum balances enforcing the cluster
rotary velocityW to each rod composing it (rigid behavior). By adding botlhcés it
results:

Fi=F +F =L (W +EVV)-pi— (£ +p) Di) (5.55)

that can be rewritten as:

(5.56)

Fi=L({+p) (Mpl_l)

E+u

where¢ + 1 is the equivalent friction coefficient. Similarly, the egaiient traceless gra-
dientG is defined as:
 pW+EVV

G
§+p

(5.57)
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Thenp,; is just:

pi =G pi— (G:(p;®p:)) P (5.58)
Since bothW and2 are skew-symmetric it resultd3¥v : (p; ® p;) = 0 and the same in
the case of considering, implying G : (p; ® p;) = & D : (p; ® p;) and then:

§+p
pi=G.pi— = (D:(p:®p)) pi (5.59)
£+ p
that can be rewritten as:
. i § 3
pi=—W:pj+ —Vv-p,——— (D: (p;i®pi)) Pi
§+p §+p £+u( ( )
3 . J 1%
_ J 4 W - p; 5.60
§+up §+p P (5.60)
£ . K R
=—DP;, +—DP;
§+ 1 §+p

wherep; represents the hydrodynamic contribution in absence ofeddnteractions
(dilute regime described by the Jeffery’s equation) affdche one coming from the rods
entanglements that results in a rigid-like cluster kinaosat

The two limit cases are whef:>> 1 and here hydrodynamic effects are preponderant/the
rod kinematics is governed by the Jeffery’s equation,pe= p/; 1 > ¢ and here the
cluster is too rigid and the rods adopt the velocity dictdigdhe rigid cluster kinematics

pi ~ D’

Again if the orientation of the rods of a deformable clusgegiven by the orientation
distributions)(p), the time derivative of its second order momamesults in:

a= [Bop+poD) vp)dp (5.61)
S
By considering the expression of the microscopic velopity
: § . K R
p=——p +——0D 5.62
§+u £+ p (5.62)
it results: ¢
a=—al 4 1 4F 5.63
E+u §+p (5.63)

with a7 anda’® the resulting expressions when equatisi6) is introduced into equation
(5.61):
a’=Q.a—-a-Q+D-a+a-D—-2A:D
{aszﬁa+aer (5.64)
The objectivity of the resulting evolution equationafvas proved in107]. Usually the
fourth order momenA is expressed from the second order one by considering aimgof t

numerous closure relations proposed in the literatb®e37, 103 104].

Until now the deformation mechanisms neglected that a@iustn experience an elastic
deformation with a fading-memory. That is, the referencefiguiration is a combination
of the recent experienced deformations.
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5.4.3 Elasticity of the aggregates

So far, both rigid and deformable clusters was considerexthdit only translations
and rotations when a simple shear flow is applied; this mdagisthe models are still
purely viscous. Therefore, these models cannot accourth&elastic component evi-
denced during classical rheological experiments on sisspes involving clustersdg)].
To account for this elasticity, an elastic mechanism isohticed in the model at the ag-
gregates scale.

At the microscale, observations show that, during a simpéas flow, the deformable
aggregates rotate with the flow and stretch. When the flonssgigetching relaxes and a
reference configuration is recovered. This relaxation raeim depends on the stretch-
ing duration. Indeed, if the aggregate has undergone a-shwtdeformation, it will
come back to its initial conformation (i.e. to its initial me&nt descriptoa). However, if
the deformation state has been prolonged, the cluster xypkgence internal reconfigu-
rations and will not come back to its initial conformatiort bmone close to the deformed
state. To introduce this “aggregate” elasticity in the mpde additional term is added in
the evolution equation cf:

L 2y AR _ 3 (a—a’) (5.65)

a=-——a
1+& E+1

whereg€ is the elasticity coefficient anfl = One can notice that the last term in equa-

tion (5.69 is similar to the last term in equatiob.@7). The reference conformaticaf

is built by considering a fading memory function that tak&® iaccount the deformation
history experienced by the cluster. In the model, the ciusiaformation is described by
the tensom whose eigenvalues can be used to evaluate the clustehstiget@Assuming
a, known at timeg < ¢, the previous stretching states of the cluster can be esthioy:

a,=RI-A, R, (5.66)
whereR.. is the matrix containing the main eigenvectoraofl he equilibrium stretching
stateA;] that the cluster tries to recover at timesads:

t
A = / m(t—71)Adr (5.67)
0
wherem (t — 7) is a memory function08 which decreases d@s- 7 increases.

Finally, the equilibrium configuration at timea] is obtained by applying:

al =R’ -AT-R, (5.68)

5.4.4 Deformable clusters with Brownian motions

In all the previous descriptions, the clusters were suppdse from Brownian ef-
fects. However, in concentrated regimes clusters intdnadtodynamically and tend to
randomize the orientation distribution. To mimic this randzing effect, a fourth term
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is added in the right hand side of equati@n6d which is simply similar to the one in
equation §.37):

g L] 1 e T T I
s e e (ag)] Ee

whered,, = 2 in the 2D case an@” accounts for these randomizing effects. This time

. 1 4
a=——a
1+¢&

. . . . 1
the terms characterizing the elasticity and the Brownideces are weighted bm,

because they cannot apply on the rigid components of thatatien tensor: only the
deformable part related @’ can be assumed to recover a reference configuratianm
the isotropic state.

5.4.5 Numerical example

In this example a simple shear flow with a shear raté of 1, is applied to fiber
suspensions immersed in a Newtonian fluid. The velocity feetfiven by:

vl = [y, 0] (5.70)

The evolution of the kinematic of the cluster is now given quation £.69. The cluster
is initially in an isotropic state(atzo = 5). From Figure5.4, one can notice the evo-

lution of the a; component ok for £ = 5, ¢ = 10 and3” = 1. It is clear that, the
microstructure reaches a steady state at the end of theationul This is mostly due to
the last term in equatiorb(69, containing the diffusion effects. The first effect is telh

1 T - .
— Elastic Effects
- = = Without Elastic Effects
0.8}
06/ M rmmmmmmm— o=
- '/_//
—
o
0.4}
0.2}
0

0 10 20 30 40 50 60 70
time (s)

Figure 5.4: Time evolution of the;ain both cases: with elastic effects (in continuous
line) and without elastic effects (in dashed line)

to a reference memory configuration that the cluster trigstover when it is stretching.
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The second one is related to the Brownian diffusion, thestto randomize the configura-
tion and orient the fibers in the isotropic state. The eldagti@nishes in the steady shear
flow (Figure5.4), because at long time, the reference orientation coisaidt the actual
one (i.e. at the steady state= 0 anda (¢t — co) = a”). This implies the following con-
clusion: the elasticity is ineffective in steady shear flomsfact, plotting the evolution of
a1 without elastic effects (i.e. equatioB.69 without the terms© (a — a”)), shows that
at the steady state the two time evolution are superimpasedoother confirming again
the complete loss of memory elastic effects due to stregchin

5.5 Conclusion

The study of concentrated suspensions using the modelgidfamd deformable clus-
ters at the mesoscopic scale allows the following conctusithe most realistic model of
deformable clusters, associated with the elastic memdegtsfand the Brownian diffu-
sion showed that the elasticity was inactive in simple sHeass. This raises the question
of where this elasticity could play an active role in termshnegmory effects. In flows
that exhibit oscillations, like small amplitude oscillagdlows, the steady steady is never
reached and the cluster will be stretching continuouslysTlthis could be a case where
the elasticity mechanisms are well activated.
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5.6 Résumé du chapitre

L'objectif de ce chapitre était de présenter les élémentssedifférents modéles de
suspensions de fibres en utilisant des méthodes baséedtstwri@ cinétique. La théorie
cinétique est une approche micro-macro qui permet de céresite systeme a I'échelle
mésoscopique tout en conservant la physique fine nécesskirdescription de la mi-
crostructure et de son évolution. Cela est possible gradateotiuction d’'un certain
nombre de coordonées de conformation. L'approche propgoséeconstruire les mod-
eles peut étre résumé en trois points : (i) la microstruotstadéfinie a I'échelle micro,
via l'introduction de différents parameétres de conformatiet son évolution est obtenue a
partir de I'écriture de I'équilibre ; (ii) une fonction deddiibution est introduite a I'échelle
Méso, représentant la fraction de particules présentartenaine conformation a un cer-
tain temps et en un certain point de I'espace, cette fonctoient par définition toute
les informations sur la microstructure ; (iii) les propégtmacroscopiques de la suspen-
sion sont ensuite calculées a partir des difféerents monaenits distribution. Apres avoir
montrée que cette approche permet de retrouver I'équagideftiery pour les suspensions
diluées, elle est appliquée aux suspensions concentrésspant des agrégats de fibres,
agrégats dans un premier temps rigides puis déformablesitEnafin de rendre compte
de toutes les physiques mises en jeu dans le cas de ces saspepnscentrées, I'élasticité
des agrégats ainsi que les effets aléatoires dus aux itieradiydrodynamiques entre
agrégats sont introduits dans le modéle.

L'étude de suspensions concentrées de fibres en utilisantddéles des agrégats rigides
et déformables a I'échelle mésoscopique permet la comriumiivante. Le modéle le
plus réaliste (agrégats déformables) associé aux effeteedwoire (élasticité avec la dif-
fusion Brownienne), a montré que I'élasticité était imaetilans le cas d’'un écoulement
de cisaillement simple. Dans ce type d’écoulement, I'é&tiannaire est atteint et donc
la configuration de référeneé coincidait avec la configuration actuedle
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Throughout this part, an alternative suggestion for trggdind studying concentrated
fiber suspensions was presented: kinetic theory approadines, the models based on
the mesoscopic scale were detailed. A fiber was modeled bg with two beads at its
ends, and that was the description done at first for dilutpensions of fibers/rods. Then,
when the suspending fluid’s molecules came in interactidh thie rod, Brownian effects
were considered along with the resulting forces that wededdo the purely hydrody-
namic ones.

After that, semi-dilute/semi-concentrated suspensi@rewescribed by considering rod-
rod interactions illustrated by a diffusion term scalinghwihe intensity of the applied
shear shear rate.

Consequently concentrated suspensions were thorouglelstipated. The proposed mod-
els assumed the most complex configurations. Aggregatelsestfare formed when the
suspensions are very concentrated. When the cluster i$ypigel and the Brownian
effects are neglected, then it would rotate freely in the flowder the one effect of the
hydrodynamic forces. When it is deformable, an additionetd was taken into account.
This force is responsible for the rod-rod interaction antheglements. More real phe-
nomena were developed with the possibility of cluster shiely (memory and elastic
effects) with Brownian effects.

In what concerns the overall presented cluster models beth (igid and deformable), it
is true that they are a good compromise between accuracyamputational efficiency.
They seem to represent the physics quite well through thetikittheory approaches.
However, they rely mostly on very particular physics asatad with many phenomeno-
logical assumptions and considerations (rigidity and deébility of clusters, Brownian
diffusion, elasticity and memory effects). All of these yimis hypothesis have been
considered in an attempt to explain the experimental obsens of aggregates of fibers.
Due to these hypothesis, it is important to validate the rhoflaggregates. DNS could
be a natural candidate for this mission. In future works reggtes of fibers will be cre-
ated at the microscopic scale (DNS). Then the results of th8 Btudy will be compared
with the kinetic theory aggregate model, in order to conelod their validity and their
credibility.






General Conclusion and Perspectives

Throughout this thesis, the main objective was to study tleelogy of concentrated
fiber suspensions. The importance of such a study, lies ifatitehat concentrated fiber
suspensions are now raising interesting questions boghtdacally and technologically.
In the presented work here, concentrated fiber suspensieres aarefully addressed at
the three known scales: microscopic scale (direct numesicailations or DNS), meso-
scopic and macroscopic scale (kinetic theory approaches).

The DNS model allowed the precise and fine analysis of theiphylsat were involved
at the microscopic scale for hundreds of fibers: orientapmsition, and the interaction
forces. Then it was directly possible to evaluate macrasatygological properties, val-
idated with experimental measurements. The great effigieh©NS approaches is the
capacity to precisely model the detailed kinematic evolutef the microstructure. An-
other positive point for DNS is their capability to validadther models that exist on a
higher scale (i.e. mesoscopic and macroscopic). Howedwennain drawback of such
intensive calculations is the computational cost, wheeepitocessed calculation time is
sacrificed in favor of the precision of the final solution. Tgespectives of the DNS ap-
proach is to attempt the simulation of real industrial peses, in real time. In the SMC
(Sheet Molding Compounds) process, thousands of fiberoafaed in a mold. And the
DNS is a natural candidate to simulate such confinement inrgpaot enough volume,
since they mainly simulate fiber suspensions in volumes ti#eranteresting application
is considering flexible fibers that exhibit large deformasiqinstead of small deforma-
tions that were assumed in this work), and the ability to nhtfteedry glass projection on
a wall in real time. Such a project, could permit the precis&ysis of fiber bending and
choose which fibers are suitable to reinforce concretetstres and withstand the highest
mechanical impacts (for example).

The kinetic theory approaches are a significant simplifbcatf the complex physics in-

volved in rheology. The price to be paid in such approachéisedack of precision in
favor of the simulation time. This is clear, since all the e&sary information of the mi-
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crostructure are contained in one function. However, thgphcity of the methods here
is that they can grant one the simulation of endless pogsbkibf complex and real sce-
narios (deformable clusters, elasticity, Brownian efieetc,...) without any considerable
difficulties at the computational level. The presented ntotere could be extended to
more than the ones that have been presented. But withoufetied validation, their
physics will be considered doubtful. The future and mostartgnt works in the kinetic
theory frame, has to be both the numerical and experimeatdioation of these models.
Once again the natural candidate for a numerical recognafathese models is DNS.
DNS is a true testimony for proving once and for all that a coongpse between accuracy
and very in-depth analysis is possible. Moreover, the oootis search and development
of experimental work is crucial for a far more solid suppdrtie kinetic theory.
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6.1 Reésumé du chapitre

Dans cette these, I'objectif principal était I'étude deHéalogie de suspensions con-
centrées de fibres. L'importance d’une telle étude, résates de fait que les suspensions
concentrées de fibres soulévent aujourd’hui des questésessantes a la fois scien-
tifiguement et technologiquement. Dans le travail présintées suspensions de fibres
concentrées ont été traitées a trois échelles connues$elléamicroscopique (de simu-
lations numériques directes ou DNS), mésoscopique et mempajue (approches de la
théorie cinétique).

Le modele de la DNS a permis I'analyse précise et fine de laighgsmpliquée a
I’échelle microscopique pour des centaines de fibres:dfaation, la position et les forces
d’interaction. Ensuite, il était possible d’évaluer dieroent les propriétés rhéologiques
macroscopiques, validées avec des mesures expérimental€NS modélise précisé-
ment I'évolution de la cinématique détaillée de la misawdste. Un autre point posi-
tif pour la DNS, c’est qu’elle permet de valider d’autres rala$ existants sur une plus
grande échelle (c’est a dire les échelles mésoscopique @bstapique). Toutefois,
I'inconvénient principal de tels calculs intensifs estdéitde calcul, ou le temps de calcul
est sacrifié au profit de la précision de la solution finale.darspectives de I'approche de
DNS est d’essayer de simuler des procédés industriels gustatml. Dans le processus
SMC (Sheet Molding Compounds), des milliers de fibres sonfisées dans un moule.
Et la DNS est un candidat naturel pour simuler ce type de cemi@mt dans un volume
assez compact. Une autre application intéressante etageable par la DNS concerne
les fibres flexibles sous grandes déformations (au lieu deepeteformations qui ont été
considérées dans ce travail), et la possibilité de moddtsarojection de fibres de verre
sur un mur en temps réel. Un tel projet, pourrait permettnedlyse précise de la flexion
de chaque fibre et de choisir lesquelles des fibres sont dildesple renforcer les struc-
tures de béton et de résister aux impacts mécaniques (pap&e

Les approches de la théorie cinétique représentent undifsiamon significative de la
physique complexe impliquée dans la rhéologie. Le prix &pdpns ces approches est
le manque de précision en faveur du temps de simulation. €3tlelair, puisque toutes
les informations nécessaires a la description de la mitrctsire sont contenues dans
une fonction unique. Toutefois, la simplicité des méthadesst qu’elles peuvent per-
mettre de considérer des possibilités infinies de physiqapwmplexes et réels (agrégats
déformables, élasticité, effets Browniens, etc, ...) sarane difficulté considérable au
niveau de calcul. Malgré cela, une vraie validation des resderésentés dans ce chapitre
est nécessaire. Les travaux a venir et les perspectivest $aneerification numérique et
expérimentale de ces modeéles. Aussi, la DNS peut servir aooutil de validation de
ces modeles. Mais, I'optimal sera de faire concorder cesteadivec des études expéri-
mentales.
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A.1 Vector and Tensor notation

Throughout the previous chapters the following tensor petsl are considered ac-
cording to the Einstein notation conventiofi]:

e if C andB are first rank tensors, then the single contractidnréads(C - B) =

C;B,

o if C andB are first rank tensors, then the dyadic product feads(C ® B),, =

O]Bk,

¢ if C andB are respectively second and first rank tensors, then theesingtraction
""reads:(C - B); = Cj,By;

e if CandB are second rank tensors, then the single contractioadds:(C - B),, =
ijBmk ;
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The permutation tensor (Levi-Civita tensor) is definedas}. [

eijr = +1, if ijk =123, 231 0r312
ijp = —1, if ijk =321, 1320r213 (A.1)
gijk =0, if any two indices are alike

Note also that§3):
L, . :
eigp = 5 (1 =7) (7 = k) (k =) (A.2)
And:
3 3
Z€jkl€mzj = Z€klj€mij = OkmO1 — OkiOim (A-3)
J=1 j=1

which in the Einstein notation becomes
Eklj€mij = OkmO — OkiOim (A-4)

In this appendix, led, 4, andds will be the unit vectors in the direction of the y and
Z axes.

A.2 Vector product (or Cross product) of Two Vectors

The vector product of two vectokssandw is defined asg3]:

=> ) [8; x k] vjuwi (A.5)
3 3 3
= Z Zz&jkdz‘vjwk

= ¢;;rvjwi, - (In the Einstein notation)
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A.3 The double contraction of two tensors

Two second rank tensors (or higher order rank tensoes)dw may be multiplied to
the double dot operation as follows:

)

i=1 j=1 k=1 l=1

3 3 3 3
= Z ZZ Z (60, : 050;) v;jwiy

i=1 j=1k=1 I=1

3 3 3 3 (A6)
= ZZZ Z5iz5jkvijwkl
i=1 j=1k=1 I=1
3 3
=33
i=1 j=1
= v;;w;; (In the Einstein notation)
A.4 Detailed calculation
In this part the indexy is sometimes removed for the sake of simplicity.
A.4.1 Detailed calculation ofp(® = —p(® x (w@ — )
Using equationA.5):
1 1 0
3 3
1 0
91:2 SEk g Vi =0
j=1k=1
3 3
1 0
Qg = Z §€2jka—ijk =0 (A8)
j=1k=1
3 3
1 0 vy
=33 e~
Jj=1k=1
Hence: '
Qf = {0;0; —%} (A.9)
Thus:
P=pxQ—-—pxuw (A.10)
P X Q= ((5229@) X (6JQJ)
1 0
oup) x (igjkla—uvléj) (A.12)

= (
1 oV 5
= =Pi7—EikiEmijOm
2]9 0xk gkl J
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Using equationA.4):
1
= p X Q= pz gv (5km5lz 6k261m> 6m
1oV 1 9V
=02 T o,
1 3 3 1 3 3 oV,
-3 (EEmie) -3 (BEnde

1
o [VV (vV)'] -
With: &k =m, [ =1, In ,,0;; andk = ¢, l = m, in d;;0;,, and:

CoVy oVy OVh ]
Oor; Oxy Oxs

oVy OVy OV

VV =
81’1 81’2 81’3

oV oVs 0V
81’1 81’2 81’3

Then:

w@ = _g@", <T(°‘) IETION D)
= w! + Wl

where:

with :

(@) 1 1 1 1 (@) (@)
i ol | y ) T\ x@ oyl )5

-1 1 1 1Y o
5() :_71- [(@)? WI—F(W—W) p()®p()
Mo _YC Xo Y,

and:

T(@) _p (Zl(aﬁ F@B)p(@.h) +Zl(au (au (ap>

B#a pFE

wl® — _g(a)_l (@)

1 1 1 1 @@
= |velt | v@ s P OP
ol Yy X5 vy

T

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)
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(Zlaﬁ F(@B)py(a.h) +Zlau ))

B#a pFa
A.19
—p@ @p©@ . p@ x <Z l(a,,B)Fc(a,,B)n(a,B)> ( )
fa
+ p( a) %) p (Z l a N ))
el

Let:

Pan3 — P3N
p(a) x n@?) = p3ny —ping | = P’ (A.20)

Ping — P2y

(the same is applied f@s(®) x n(@#) j.e.p® x n(*#) = Pr)
Then:

= p(a) ® p(a) . T(a) _ p(a) ® p(a) [(Z l(a,ﬁ)Fc(a,ﬁ)P5>

BF#a
+ p(a) ® p(a) [(Z l(o"“)Fl%a’“)P“>
pFo

p% Pip2 P1ps Pang — P32
pY@p® -P’=| pips pi pops P3Ny — pins
| piPs pabs D3 Ping — P2y
[ p? (pans — psna) + pip2 (psn1 — ping) + pips (pina — pana)
= | pwp2 (p2ns — psna) + p3 (psny — pins) + paps (P1ne — pana)
| p1ps (p2ns — psna) + paps (p3n1 — pins) + p3 (p1ng — pany)

(A.21)

0
=10
| 0
(A.22)
the same is applied fg5(® @ p(® . P~
0
~ p@ @ p@ . T@ — | (A.23)
0
= W\ = LI OO (A.24)
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L@ e L
= T 1@ @ P
"o Y.

[p(a) X (Z l(awB)FC(av/B)n(avﬁ) + Z l(OI’M)F’lg)a’u)n(a’u))] (A_25)

B#a pFE
— z - (lepw (@8) 4 3 e >>
ol v \ o
with :
p@ x (p© x n@”) = —n@A(i.e. p x (p@ x n@M) = —n@)  (A.26)
Using equationA.6):

H D= [ 7”70l YH (gzklp]plen + 5]klpzpl mn)} [6 6 6k 5 6 ]
= [ 7”70l YH (gzklp]plen + EjkIDiP1 mn)} [6 §jn§km] (A27)
= —mnol’Yu (€stpjpiDij + €jkpiniDis) 8

with 6,60y : 6,,0,, = 6;0;,0km, = 0, (i.€. j = n andk = m)
W) =€ (3 D)

1 1 1 1
IR S I USROS U DR Y (A.28)
+7r770l3 |:Y05]k + (Xc Yc) pgpk] 0,0

- [0l Y (€irpipi Drj + €jrapivi Diy) &)
Let: C =H : D = —mnol*Yy (eupjpiDij + €jupimiDi;) 0; = a vector
C; = —mnol*Yy (ciripipiDrj + €jrpipiDyj)
Cr = —mnol’Yy (egapjpiDij + €jupkpiDij)

—@ . Cc= (0;61E5%) (0:4;)
= 0ri0; &k AR

D B S (R T
N ]71"/]0[3 YC ik XC YC p]pk

N[=m0l®Yu (erapipiDij + €jupkpiDij)]

(A.29)

eraPiPi1Dijo ik + €jilpkplDij§jk)}

1 1
Xe Yo

Yu
_s. | 1H
J |i YC (
+9; { ( ) (ekup;pipiPrDijojk + €juprpipipeDijd k)
(A.30)
with:

€]lel Zzzgjzlpl ij — =0

j=1k=11=1
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xili PPk DijOjk = el Dijoje = erupipeDix = 0

;upkPiDiPkDij0 = €5upipip; Dijdji = €jupip; Dijdr = (gjupiDij) pidjk = 0

Y, . Y; Y,
= wy = —7H€kizpjpzDij5jk(] =k) & wy = —7H€jﬂpkplDik S wy = —7H€ikzpjpszj
C C C
Letp,, = B,, and(wy), = C;.
Using equationA.5):
Y,
—P X Wy = YHgnngzklpmp]ple](s
C
Y,
YH 5nmz5kl1pmp]ple]5
C
Yu
= YCmejpszj (0nkOmi — Onidmi) On
Y, Y,
= ( PP DiOukbmt — PP Dijis ) 8
Yo Yo
mn=k;m=10 n=10;, m=k)
A.31)
YH YH (
= (Y—Cpmpjmenj - Y_Cpkpjankj) O
YH 2 YH
== D,; — —pipipnDi; | O,
(chmp] chkp]p k])
YH 2 YH
= D,; — —pipipnDi; | On
<Yopmp3 Yo DPxDP;D k])
Yu Yu
<Y P;iDnj %ijpkpjpn) 0y
=AD:-p—AD: (p®p)
. . . . . Yu
This is obtained by using equatioA.@), with A\ = v
C
Finally:
b= e (221 e e
7”7°l YC o usﬁa
+ 29D .p —AD: (p @ p@) + W . pl© (A.32)

1
Z (@.8) o aﬁ) n(@B) Z ayp) lenm) p (agp) - (@)
_7r77 [(@)? YC(O‘ < : ! Fi ) by

B#a nF#a
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A.4.2 Detailed calculation ofg(®

a=-¢'F

1 1 1 1
= I-F — - .F
37T7’]0lYA + 37T7’]0l (XA YA) p® P

Wlth F — Z Fc(avﬁ)n(avﬁ) + Z F’lg)avu)n(a,u)

B#a pFa
and: ) . ) )
o iy (- =) p@ 82
¢ %%JK4+(X4 n)p ®p}[]
But:

p% P1P2 DP1P3 ny
PRp-n= | pip2 D3 P23 Ny
| pips paps D3 n3

[ ping + pipans + pipsng |

= | pwpani + p3ns + popsng

| pipsna + papsng + pins |
p1 (p1na + pang + psns)

= | p2(p1n1 + pang + p3ng)

p3 (piny + pang + pang) |

Becausen | p. Thus:

s(a) a,B) (a B) «a H (o,
00t (e e
37T770l )Y, v

A5 Detailed expressions of |}, I}, and '),

These expressions are given by Kim and Kari#d] [as:

0 3 1 1
ng;)gz D) (pz'pj - 55@') (pkpl - g%l)

1

r Si)cz =3 (Pidjipr + PiOrpk + Pidjkpr + Pidikpr — 4pipiPEP1)
1

ngz =3 (5ik5jz + 004 — 040kt + PPk + 0ijPrDL — DidjiDk

— pj0upk — Pidjkpi — POk + pipjpk)

(A.33)

(A.34)

(A.35)

(A.36)
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A.6 Hydrodynamic coefficients

Let:
2 _
e Y=l (A.37)
r
and:
L:ln(1+€) (A.38)
1—e
then these coefficients are defined &3
Xp= 56 2o+ (14 ) 1] (A.39)
16 2 -1
Yy= e [2e + (3¢* — 1) L] (A.40)
Xe=3¢ (1-¢) e~ (1-) 1] (A41)
Yo = %e?’ 2-e)[(1+e*)L—2e] " (A.42)
Yir = %(35 [(1+e*)L—2¢] " (A.43)
X = 1%65 [(3—¢*) L —6¢] " (A.44)
Vi = %(35 [2¢ (1 —2¢*) — (1 —¢€?) L] (A.45)
=2 (1-@) [3(1- @)’ L -2 (3-57)] (A.46)
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B.1 Detailed calculation

B.1.1 Detailed calculation of(t” - Vv - p) t = Vv-p—(p’ - Vv p)p

In 2D, p is defined from equatiorb(28. Thus,p can be written as:

p’ = [cos (0), sin (0)] (B.1)
with:
t7 = aaL; = [—sin (0), cos (9)] (B.2)

The velocity gradient is (in a simple shear flow):

Vv {8 g} (B.3)
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Thus:

(t"-Vv-p)t
= (1sin @), cos @) | 0§ ] foos ). sin @) ) [=sin (). cos 0]
= (1=sin @), cos @1 | 5 | 1=sin o). cos0)

= sin® (0) { szS(?g) }

(B.4)

And:

Vv-p—(p"-Vv-p)p

) )

1 — cos? (0) }
(B.5)

= 4sin (0) { —sin (6) cos (0)

= Fsin (0) { _Siii(ng) (000)8 (©) }

= Ysin® (0) [ jiZs(?g) ]

Therefore:

(tT-Vv-p)t:VV-p—(pT-VV-p)p (B.6)

B.1.2 Detailed calculation ofw = / (px (Vv-p)) ¥(p)dp
S

Using equationA.5) from sectionA.2, one can write:

w:[9<px (Vv D)) ¢(p) dp
— /Seijkpj (Vo) b (p) (B.7)
=g <a . (VV)T)
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Then using equation’(6) from sectionA.3 it results (withK = a - (Vv)T)

e (K = HZZZ&M} : {Z 5 alammm}]

i=1 j=1 k=1 =1 m=1

3 3 3 3 3
= Z ZZ Z Z (626]% . 615m) 5z'ijlm

i=1 j=1k=1 [=1 m=1

3 3 3 3 3
- Z ZZ Z Z (0505mOk1) €ijiKim (B.8)

i=1 j=1k=1 I=1 m=1

3 3 3

:E E E 5i5iijkj
i=1 j=1k=1

= €k Ki;

= gk + i Kor + €21 K2 + €522 K0

Using equationsA.1) this is reduced to:

wi = €j12K21 + €01 K12 = Ky — Kpp (B.9)
But,
K=a-(D-9Q)
_ {3-11 a2 } ) [ D1t — Q11 D1z — Qo }
dig o Daoi — Q21 Dagg — Qg
| Q2 (D21 — Q91) &1 (D12 — Q42) }
B { a2 (D1 — Qo1) a2 (D1 — Q1) (B.10)
= &9 (D21 — Q21) — &1 (D12 — 12)
= (1 —a1) (Do — Q1) — &1 (D12 — 12)
= 2Dy — 2Dpay;
with: '
0o 2
D= .2 (B.11)
T
2
and: '
o
Q= .2 (B.12)
B
2
Then,
w3z = 2D — 2Dsayy (813)

Thus, in the 2D case whast' = [p;, ps, 0] andw” = [0, 0, ws]:

W = { _2}3 “63 } (B.14)
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It can be showntha®v = Q2+ D -a — a - D. In fact:

APPENDIX B. KINETIC THEORY APPENDIX

[ @2D12 @nDio |
D-a= B.15
e | a1D12 aeDio | ( )
and _ -
a2D12 a11D1o
.D= B.16
N | @2D12 apDio | ( )
Thus,
[ 0 (1 —ay1)Dig — @ Dig + o
Q+D-a—a-D=
a-a | a1Dip — (1 —ay1) Dio + Qo 0
_ [ 0 2D12 — 2D12a11
|~ (2D12 — 2D12a11) 0
o [ 0 W3
- L —Wws3 0
=W
(B.17)
B.1.3 Detailed calculation ofp; = G - p;, — (G : (p; ® P;)) Pi
Having:
c_PWHEVy (B.18)
£+ p
Then: Waevy
pW +¢ Vv
G:(p®p :(—):P (B.19)
( ) £+ p
Using equationA.6) from sectionA.3 it results (withP = p ® p):
with Wia = —Woy. Then:
Vv:P=(D+Q):P (B.21)
with
and, = —. Finally:
G:(pp)=D:(p®p) (B.23)
and: :
pi=G-pi——— (D:(p;®pi)) Pi (B.24)
e D (e p))
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Résumé

Les suspensions de nanoparticules - en particulier nanofibres et na-
notubes - sont de plus en plus utilisées dans le cadre du développe-
ment de matériaux fonctionnels. Afin d’optimiser I'utilisation de ces
matériaux et leurs procédés de fabrication, une connaissance fine de
la microstructure et de son évolution lors d’un écoulement est primor-
diale. Pour cela, I'étude des suspensions se divise en deux axes de
recherche : le régime dilué ou la concentration est faible et chaque
particule peut étre décrite seule, et le régime concentré ou I'on ne
peut plus négliger l'interaction entre les particules, ni la formation
d’agrégats. Le premier type de suspensions est bien connu; le se-
cond reste encore problématique. Pour une description plus précise
de la physique fine qui agit a I'échelle microscopique, des modeles
basés sur la Simulation Numérique Directe (ou DNS) sont dévelop-
pés. Une DNS est basée sur le calcul dans un volume représentatif,
du mouvement d'une centaine de fibres (particules) et de leurs inter-
actions, a I'’échelle microscopique lorsqu’un écoulement de cisaille-
ment simple est appliqué. Ainsi les suspensions sont considérées
avec des interactions entre les fibres et I'évolution statistique d’'une
population de fibres (forces d'interaction et le nombre de contacts
entre les fibres) est décrite. Un code de calcul intensif 3D basé sur
la DNS a été développé. Ce code calcule la cinématique associée
aux suspensions de fibres concentrées (contenues dans un volume
élémentaire) et prend en compte les forces d'interactions présentes
a chaque pas de temps. Il existe une autre approche plus simplifiée
a I'échelle mésoscospique pour traiter le régime concentré : la théo-
rie cinétique. Cela est possible grace a une fonction de densité de
probabilité qui représente la probabilité de trouver une particule avec
une orientation a un temps donné, dans I'espace. Lorsque la concen-
tration du systeme devient tres élevée, on considére un agrégat de
fibre (au lieu de considérer une fibre, on suit I'évolution d’un agrégat
composé de fibres enchevétrées).

Mots clés

Simulation Numérique Directe, Théorie Cinétique,
Rhéologie, Modélisation Numérique, Mécanique des
Fluides
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Abstract

Suspensions involving nanoparticles such as nanofibers and nan-
otubes are widely used today in the development of functional ma-
terials. In order to optimize the usage of these materials and their
manufacturing processes, a fine knowledge of the microstructure’s
evolution in a flow is required. Thus, the study of such suspen-
sions is divided into two main categories: the dilute regime where the
concentration is low enough to describe each particle independently
from its neighbors and the concentrated regime where the interac-
tion between particles can no longer be neglected, nor the forma-
tion of aggregates (or clusters). The first type of suspensions is well
known and treatable; the second one remains difficult to study. For
a more precise and fine description of the physics at the microscopic
scale, a solution consists in performing a Direct numerical simula-
tion (or DNS). DNS is based on the computation, in a representative
volume, of the motion of several hundreds of fibers and their interac-
tions. It is a step by step process which derives kinematics as well
as macroscopic properties, while taking into account the forces ap-
plied on each fiber at the microscopic scale. Thus the suspensions
are considered along with interaction forces acting on each fiber and
a statistical description is built (number of interactions, magnitude of
forces, elastic energy...). During the thesis an extensive 3D simula-
tion code based on DNS has been developed. It takes into account
the kinematics of the concentrated fiber suspensions as well as the
interaction forces involved. Another more simple way to simulate con-
centrated fiber suspensions in a given flow is to use kinetic theory
approaches. The kinetic theory incorporates a statistical orientation
distribution function, which represents the probability of having a par-
ticle in a given physical space, having a certain orientation, at a given
time. The simplicity of this theory is that it ignores the individuality of
the entities (particles, fibers, nanotubes, ...), by introducing a prob-
ability function that acts on the mesoscopic scale. Thus, when the
concentration of the fibers is high enough, a cluster of fibers can be
considered and the rheological properties can then be calculated.

Key Words
Direct Numerical Simulation, Kinetic Theory,
Rheology, Numerical Modeling, Fluid Mechanics
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