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1. Introduction. 1

Chapitre 1

Introduction.

Les progrés récents du traitement du signal dans divers domaines d’application sont dus
4 une meilleure prise en compte des informations a priori dont on dispose concernant
les phénomenes étudiés. Bien souvent, ces a priori étaient depuis longtemps connus des
spécialistes des domaines concernés, mais leur intégration aux méthodes de traitement du
signal n’avait pas toujours été envisagée.

Une raison essentielle de cette attitude est bien entendu liée aux limitations de I'outil
informatique qui ont, pendant longtemps, imposé de restreindre les traitements a 'em-
ploi de méthodes simples. Les ambitions que 1'on pouvait fonder sur le traitement des
signaux s’en trouvaient naturellement réduites. Ceci conduisait alors a privilégier le déve-
loppement des capacités de I’expertise humaine par rapport au raffinement des techniques
d’acquisition des données et a I’automatisation de leur traitement.

L’augmentation des capacités de traitement informatique ont permis d’enrichir I’éventail
des techniques de traitement du signal. Cet enrichissement a été d’autant plus rapide que
depuis une trentaine d’années de nombreux outils sont devenus familiers des spécialistes
du traitement de signal. On peut citer en particulier les statistiques d’ordres supérieurs,
les techniques temps-fréquence, les méthodes bayésiennes et de Monte-Carlo ou encore
la théorie des systémes. L’introduction de ces outils a souvent permis des progres remar-
quables qui ont largement contribué & faire du traitement du signal une discipline a part
entiere.

Malgre cela, des techniques trés anciennes telles que les méthodes de moindres carrés, tres
robustes vis-a-vis des erreurs de modélisation, restent d’un grand intérét en traitement du
signal. C’est 13 un des aspects marquants et aussi un des charmes de cette discipline ou
les tentatives de modélisation peuvent rapidement conduire & des problemes relativemnent
complexes. Toutefois il est souvent possible d’obtenir des résultats d’un grand intérét
pratique par ’emploi de méthodes qui n’integrent que partiellement les connaissances a
priori sur les signaux étudiés. La méthode la plus simple n’est pas toujours la moins
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bonne, tant pour ce qui concerne la robustesse aux erreurs de modélisation, que pour la
stabilité numérique ou le coiit de calcul, qui reste souvent un probléme particuliérement
sensible pour les applications en temps réel.

Cependant, I’expérience montre que ’on a souvent intérét a affiner autant que possible
la modélisation des problémes étudiés. Cela permet d’acquérir une compréhension plus
précise des phénomenes, ce qui permet souvent de mettre en évidence des critéres sta-
tistiques pertinents en vue de estimation de paramétres d’intérét. Si on est amené &
effectuer certaines hypothéses simplificatrices dans le cadre du traitement des données,
on le fait alors en connaissance de cause.

La démarche suivie dans les travaux présentés dans ce document s’inspire des remarques
précédentes. On s’attache & y apporter un nouvel éclairage sur quelques domaines du
traitement du signal, grace & une prise en compte affinée de la nature des signaux étudiés.
Les signaux et les problémes envisagés concernent plus particuliérement :

— les signaux a bande limitée et leur modélisation spectrale,

— les signaux acoustiques sous-marins et le probléme de ’estimation des parametres
d’un canal & trajets multiples,

les signaux multicapteurs et les techniques de décomposition adaptative en valeurs
propres d’une matrice de covariance,

les signaux de télétrafic et leur modélisation markovienne,

les signaux audio stéréophoniques et leur codage,
— les signaux de communications et la réception de signaux & spectre étalé.

Parmi ces sujets, les trois premiers ont fait I’objet d’une étude relativement approfondie,
tandis que la contribution aux trois derniers concerne des aspects plus ponctuels ou plus
récents de mes recherches.

La premiére partie du rapport est consacrée au curriculum vitae qui présente des infor-
mations générales et la liste des travaux réalisés. La seconde partie présente une synthése
des themes de recherche les plus significatifs. Les détails n’y sont pas abordés permettant
ainsi de mieux mettre en évidence les idées d’ensemble et la démarche adoptée. La troi-
sieme partie rassemble des travaux dans lesquels certains résultats techniques sont plus
longuement développés. '
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Chapitre 1
Informations générales

Thierry CHONAVEL,

né le 30 janvier 1963 & Neuilly sur Seine,
vie maritale, deux enfants,

10, impasse Guynemer, 29290 Saint Renan,
tel. 02 98 00 13 74,

thierry.chonavel @enst-bretagne.fr.

1.1 Cursus et diplomes

1.1.1 Cursus

— 1981 3 1984 : Mathématiques supérieures et mathématiques spéciales.

— 1984 : Concours commun Mines-Ponts, admission & 'ENST Bretagne.

— 1984 4 1987 : Eléve ingénieur a PENST Bretagne.

— 1987 a 1988 : Service national.

— 1988 & 1989 : Ingénieur & ALCATEL.

~ 1990 & 1992: These de doctorat a PENST.

— 1993 3 1995 : Maitre de Conférences & ’Ecole Franco-Polonaise de Poznan.

— Depuis juillet 1995: Maitre de Conférences au département Signal et Communica-
tions de I'ENST Bretagne. Spécialité: traitement du signal (section 61).

1.1.2 Diplomes

— Doctorat de 'ENST, mention Traitement du Signal et des Images (décembre 1992).
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- Dipléme d’ingénieur de 'ENST Bretagne (option micro-ondes, juin 1997).
— Baccalauréat série C (juin 1981).

1.2 Expérience professionnelle

1.2.1 Mars a juin 1987: stage de fin d’études

Stage d’ingénieur au laboratoire de recherche de la compagnie TELEFONICA (Madrid):
conception et réalisation d’oscillateurs hyperfréquences & 30GHz.

1.2.2 Aot 1987 a juillet 1988 : service national

— Service national en tant qu’assistant en mathématiques et traitement du signal a
PEcole Navale: cours de mathématiques, travaux dirigés de mathématiques et de
traitement du signal, travaux pratiques d’électronique.

— Vacations a 'UBO!: travaux dirigés de transmissions en maitrise EEA 2,

— Vacations a I’Ecole Supérieure de Commerce de Brest: travaux dirigés de mathé-

matiques en classes préparatoires aux Ecoles de commerce et en premiére année de
I’Ecole Supérieure de Commerce.

1.2.3 Octobre 1988 & décembre 1989 : ingénieur 3 ALCATEL

Ingénieur d’études & ATFH?, responsable de projet pour le développement d’un faisceau
hertzien & grande capacité (140Mbit/s) utilisant la modulation MAQ 16. Principaux tra-
vaux effectués:

— réalisation d’un logiciel de simulation de faisceaux hertziens (simulation de la mo-
dulation, des filtres analogiques et numériques, des non-linéarités d’amplification,

des trajets multiples, de I’égaliseur numérique adaptatif )y

— rédaction du cahier des charges du systeme,

- suivi de la réalisation et du test des maquettes et planification des activités entre
les différents laboratoires,

— coordination du projet avec la filiale allemande du groupe, Standard Electronic
Lorenz.

1. Université de Bretagne Occidentale
2. Electronique et Automatique
3. ALCATEL Transmissions par Faisceaux Hertziens
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1.2.4 Janvier 1990 A décembre 92: doctorat

These de doctorat & PENST.

|

Spécialité : Signal et Images.

Titre : Estimation Spectrale & Bande Limitée et Traitement d’Antennes.
Soutenance: le 14/12/92, a 'ENST.

Mention : trés honorable, avec les félicitations du jury.

Encadrant : Philippe LOUBATON.

Les principaux aboutissements de ce travail sont la résolution complete du probleme des
moments trigonométriques sur un intervalle, la mise en oeuvre de techniques performantes
d’estimation des coefficients de corrélation pour les signaux & bande limitée et leur appli-
cation au probléme de traitement d’antenne pour la localisation de sources.

1.2.5 Depuis juillet 1993 : enseignement et recherche

De juilet 1993 & juin 1995, Maitre de Conférences a PEFP* de Poznan (Pologne), avec
pour mission de mettre en place les activités d’enseignement et de recherche en traitement
du signal; depuis juillet 1995, Maitre de Conférences a 'ENST Bretagne.

Activités d’enseignement

— Responsabilité de modules d’enseignement :
_ traitement des images et de la parole (2 PEFP, 1993 & 1995),

définition du contenu des enseignements de traitement du signal (EFP, 1993 a
1995), '

probabilités (en premiére année, depuis 1997),

|

|

optimisation (en troisiéme année, depuis 1997),

|

projets d’ingénierie (en troisitme année, depuis 1998),

méthodes avancées en traitement de signal (en troisitme année, depuis 1999).
— Participation aux enseignements:
— cours de traitement de la parole (EFP, 1993 a 1995),

— travaux dirigés de traitement du signal analogique et numérique (en premiere

année, 1995 & 1998),

_ cours et travaux dirigés de probabilités (en premiere année et pour les éleves
admis sur titres, depuis 1995),

~ travaux dirigés de processus aléatoires (en deuxiéme année, 1999),

4. Ecole Franco-Polonaise des Nouvelles Technologies de 'Information et de la Communication
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cours d’analyse numérique matricielle (en deuxiéme année, depuis 1998),
cours de traitement du signal aléatoire (pour les éléves de mastére, depuis

1997),
cours et travaux dirigés d’optimisation (en troisiéme année, depuis 1998),
cours de traitement du signal (en troisiéme année, depuis 1994),
cours de formation continue en signal et en communications,
encadrement de projets d’éléves dans les trois années de la formation,

— programmation algorithmique (en premiere année),

— projets expérimentaux (en deuxiéme année, simulation de chaines de com-
munications) ,

— projets bibliographiques et de programmation, projets de recherche et d’in-
génierie (en troisiéme année),
participation aux soutenances de stages,
encadrement de stage IAESTE®,

— Interventions extérieures :

cours de communications numériques & ’Ecole Navale (1995 & 1998),

cours de traitement du signal aléatoire & ’ENSAI (depuis 1997),

travaux dirigés de communications en DEA d’électronique & 'UBO (1995 &
1998),

participation & des jurys de soutenance de stage de ’Ecole Navale, de PENSAI,
de ’ENSIETA et de 'UBO,

cours d’estimation spectrale en DEA d’électronique 4 "'UBO (2 partir de I’année
2000-2001),

cours de formation doctorale & I'université espagnole de Valence (en langue
espagnole, programme européen SOCRATES, année 2000-2001).

Activités de recherche

- Encadrement de jeunes chercheurs.
Encadrement annuel de deux & quatres étudiants de 'ENST Bretagne en stage de
fin d’études dans I’industrie. Encadrement des étudiants suivants en stage de fin
d’études a 1’école®

1.

Julien TCHERNIA, “Décomposition des matrices de Toeplitz en somme de
matrices de rang un”, stage de fin d’études de I’ENST Bretagne & I’EFP de
Poznan, avril-sept. 1994. '

Skander BENCHICOU “Estimation de temps d’arrivée de signaux tomogra-
phiques”, stage de fin d’études de I’ENST Bretagne, avril-aotit 1997.

Maite BOYERO EGIDO, “Application du traitement multi-capteurs & l’esti-
mation de temps d’arrivée”, stage de fin d’études de mastére de ’ENST Bre-
tagne, avril-sept. 1997.

5. International Association for the Exchange of Students for Technical Experience
6. par défaut, ’encadrement des stagiaires est de 100%
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10.

Christophe TOUPIN, “Egalisation multicapteurs en communications sous--
marines”, stage long, sept. 1997-sept. 1998. Encadrement : 50%.

Dominique BARRIA, “Détection d’émission simultanée de balises sous-marines”,
stage de fin d’études de ’ENST Bretagne, avril-sept. 1998. Encadrement : 50%.

. Cesareo PALOMINO LOPEZ, “Comparaison de méthodes d’estimation de

temps de retard”, stage de fin d’études du CINVESTAV' de Mexzico, sept.
1997 - février 1998.

Hector CRUZ OTERO “Comparaison de méthodes d’estimation de temps de
retard”, stage de fin d’études du CINVESTAV de Mezico, sept. 1998 - février
1999.

Sébastien-Yves FLATRESSE, “Détection multi-utilisateurs pour les systemes
de communication 3 spectre étalé”, stage du DEA STIR®, de I’Université de
Rennes I, mars-aott 2000.

. Florent AVERTY, “Systémes de communications & spectre étalé multicap-

teurs”, stage de fin d’études de 'ENST Bretagne, avril-juillet 2000. Encadre-
ment : 50%.

Ainhoa VALERIO VICENTE, “Stratégies de décision en suppression successive
d’interférences pour les systemes DS-CDMA®”, stage de fin d’études de [’école

de télécommunications de Gandia, Universidad Politecnica de Valencia, oct.
2000 - mars 2001.

— Encadrement de théses.

1.

2.

3.

These de Christian RIOU,

— titre: Estimation adaptative de sous-espaces et applications,

université: Université de Rennes I,

soutenance: 30 janvier 1997,
directeur : Alain HILLION,
encadrement : 100%.

These de Sandrine VATON,

— titre: Modélisation statistique de trafic sur réseau local: application au
controle dynamique de bande passante,

— université: ENST,
— soutenance: 11 décembre 1998,
— directeur: Eric MOULINES,

— encadrement: thése en co-encadrement avec 'ENST, réalisée a 70% 2
I’ENST Bretagne.

These de Fabienne POREE,

— titre: Estimation des paramétres des canauz d trajets multiples : application
¢ la tomographie acoustique sous-marine,

[

— université: Université de Rennes I,

7. Centro de INVestigacion y de ESTudios AVanzados
8. Signal, Télécommunications, Images et Radar
9. Direct Sequence - Code Division Multiple Access
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- soutenance: prévue pour la début 2001,
— directeur: Jean Marc BOUCHER,
~ encadrement : 100%.

4. Thése de Mahmoud AMMAR

- titre: Techniques de réception en communications ¢ spectre étalé pour la
norme UMTS°,

- université: UBO,
soutenance: prévue pour début 2002,
~ directeur: Alain GLAVIEUX,

— encadrement : 75%.

!

- Participation a des jurys de thése (hors théses encadrées)

1. These de Philippe PANGO (en tant que rapporteur): Algorithmes rapides de
suivi de sous-espaces basés sur la SVD et applications en traitement d’antenne
et d’images, INRS, Montréal, 18 février 2000.

2. These d’Olivier ROSEC : Déconvolution aveugle multicapteurs en sismique ré-
flezion marine & trés haute résolution, Brest, 26 avril 2000.
- Participation a des contrats de recherche (montant global: 3,2MF)

1. Bilan et perspectives en tomographie acoustique par petits fonds (responsabi-
lité du contrat), 1997.

2. Positionnement acoustique sous marin (participation au contrat), 1998.
3. Tomographie acoustique océanique par grands fonds (responsabilité du contrat),

1998.
4. Tomographie acoustique par petits fonds (responsabilité du contrat), 1999.

5. Contrat CNET sur les communications UMTS (participation au contrat), dé-
buté fin 1999.

6. Contrat incitatif GET '': détection multi-utilisateurs pour le systéme UMTS,
aspects mono et multi-capteurs (responsabilité du contrat), 2000.

7. Sismique réflexion océanique (participation au contrat), débuté fin 2000 .

8. Détection opérationnelle des surcourants océaniques (responsabilité du contrat),
débuté fin 2000.

9. Contrat incitatif GET: localisation du mobile dans un systeme cellulaire, cas
du systeme UMTS (responsabilité du contrat), débuté fin 2000.

— Participation & des comités de lecture de revues
— Signal Processing Journal (3 articles).
- IEEE Trans. on Signal Processing (4 articles).
— Designs Codes and Criptography (1 article).

- Animation

— Organisation des séminaires de recherche du département Signal et Communi-
cations de P’ENST Bretagne.

10. Universal Mobile Telecommunication System
11. Groupe des Ecoles de Télécommunications
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— Représentation du département Signal et Communications auprés du GDR-
PRC ISIS*2.

— Président de séance de la session tomographie acoustique, 5™ journées d’acous-
tique, Brest, déc. 2000.

12. Groupes De Recherches - Programme de Recherches Coordonnées en Information Signal, Image et
viSion
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Chapitre 2

Publications

2.1 Theése de doctorat

Th. CHONAVEL, Estimation Spectrale & Bande Limitée. Application au Trastement d’An-
tennes, These de Doctorat de PENST, Paris, déc. 1992.

2.2 Rapports de recherche et d’étude

[1) Th. CHONAVEL, ”Conception et réalisation d’oscillateurs hyperfréquences a 30GHz”,
Telefonica, Madrid, juin 1987. (150 p.)

[2] Th. CHONAVEL, ”16QAM-2G, 140 Mbit/s radio relay system in the 6.4-7.1 frequency
band. Technical report”, ALCATEL ATFH, Levallois-Perret, sept. 1989. (132 p.)

[3] Th. CHONAVEL, J. M. BOUCHER, ” Tomographie acoustique sous marine par petits
fonds : résultats et perspectives”, convention ENSTBr-IFREMER, déc. 1997. (21 p.)

[4] S. SAOUDI, Th. CHONAVEL, "Détection simultanée en positionnement acoustique”,
convention ENST Bretagne-IFREMER, Juil. 1998. (36 p.)

[5] Th. CHONAVEL, F. POREE, ”Estimation de temps de retard en tomographie acous-
tique océanique ”, rapport intermédiaire, convention ENST Bretagne-IFREMER, Juil.
1998. (30 p.)

[6] F. POREE, Th CHONAVEL, ”Estimation de temps de retard en tomographie acous-
tique océanique”, rapport final, convention ENST Bretagne-IFREMER, déc. 1998. (57p.)
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[7] F. POREE, Th. CHONAVEL, ”Estimation de temps de retard en tomographie acous-
tique sous marine: une approche bayesienne”, rapport intermédiaire, convention ENST

Bretagne-IFREMER, juil. 1999. (42 p.)

8] F. POREE, Th. CHONAVEL, *Méthodes bayesiennes pour I’estimation de temps de
retard en tomographie acoustique sous marine”, rapport final, convention ENST Bretagne-

IFREMER, déc. 1999. (39 p.)

2.3 Polycopiés de cours

[1] Th. CHONAVEL, Traitement d’Antennes et Statistiques d’Ordres Supérieurs, janv.
1995. (76 p.)

[2] Th. CHONAVEL, Traitement de la Parole, mai 1995. (25 p.)

[3] Th. CHONAVEL, Optimisation Continue, Méthodes de Simulation et Optimisation
Stochastique, déc. 1998. (86 p.)

[4] Th. CHONAVEL, Notes de cours de probabilités, mai 1999. (28 p.)

[5] Th. CHONAVEL, S. VATON, Ezercices de probabilités. STP de probabilités : simu-
lation de phénomenes aléatoires, avril 2000. (35 p.)

2.4 Contributions a des livres et document informa-
tique

[1] S. VATON, H. KOREZLIOGLU, Th. CHONAVEL, Is the Apparent Self-Similarity
of the Broadband Traffic due to Non Stationarity %, in Performance Analysis of ATM
Networks, D. Kouvatsos ed., Kluwer Academic Publishers, The Netherlands, pp. 48-76,
1999.

[2] Th. CHONAVEL, Traitement du Signal Aléatoire, Springer, collection Sciences et
Techniques des Télécommunications?, avril 2000°. (300 p., voir I'annexe 7 pour la table
des matieres et I'introduction).

1. Suivi de Travail Personnel

2. collection publiée sous I’égide du CNET (centre de recherche et développement de France Télécom)

3. une version augmentée et en anglais de ce livre, cosignée avec S. VATON, sera diffusée par Springer
début 2001
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[3] Th. CHONAVEL, Traitement du Signal Aléatoire : Ezemples de Simulations avec MAT-
LAB, CD-ROM d’accompagnement au livre [2], document HTML. (77 p.)

2.5 Articles de revue
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Chapitre 1

Modélisation spectrale a bande
limitée

Dans un certain nombre d’applications du traitement du signal, Pobservation est consti-
tuée par des signaux discrets stationnaires au second ordre dont le spectre est porté par
un sous intervalle de la bande de fréquences selectionnée par 1’échantillonnage, i.e de la
bande [—f./2, f./2] si f. désigne la fréquence d’échantillonnage. C’est en particulier ce qui
se produit en traitement d’antenne lorsqu’on considére une antenne linéaire de capteurs
équidistants et que 1'on étudie le spectre spatial de signaux de nature propagative dont
la fréquence reste inférieure & ¢/2d, ol c est la vitesse de propagation des ondes dans le
milieu et d ’espacement entre les capteurs. Par ailleurs, dans le contexte du traitement
d’antenne, on est souvent amené & étudier les propriétés spectrales des signaux a partir
de la connaissance d’un nombre restreint de coefficients de corrélations estimés du spectre
spatial. Ce genre de situation nous a conduit & envisager le probleme plus général de
estimation spectrale des processus & bande limitée.

Ce travail s’inscrit dans la continuité de mes travaux de theése, avec une approche de la
modélisation spectrale 3 bande limitée basée sur les propriétés des coefficients de réflexion.
Cette étude a été réalisée avec Serge DEGERINE, Professeur au Laboratoire de Modéli-
sation et Calcul (LMC) de 'Université de Grenoble. De plus, des travaux sur I’estimation
de la bande passante du spectre d’un processus ainsi que sur la construction d’estima-
teurs spectraux & bande limitée sont menés en collaboration avec Philippe LOUBATON,
Professeur & ’Université de Marne la Vallée.
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1.1 Les coefficients de réflexion des spectres & bande
limitée

L’étude des propriétés des coefficients de réflexion des spectres a bande limitée montre
qu’ils appartiennent nécessairement & certains sous ensembles du disque unité. Ceci per-
met de considérer le probleme de ’estimation spectrale & bande limitée de facon plus
appropriée qu’en utilisant des approches basées sur ’extension directe d’une séquence de
corrélations sous la contrainte de support du spectre. En particulier, on obtient une nou-
velle technique d’extension spectrale & bande limitée 3 partir de la connaissance des N +1
premiers coefficients de corrélation d’un processus & bande limitée. Cette extension peut
étre interprétée comme ’analogue & bande limitée du spectre du maximum d’entropie
associé a une séquence de covariances.

Plus précisément, rappelons qu’une approche possible pour estimer le spectre d’un proces-
sus stationnaire au second ordre & valeurs complexes X = (X, ),cz consiste & rechercher
un spectre dont les N 4 1 premiers coefficients de corrélation correspondent a ceux de
X, notés r, = E[Xp4x X}] (n = 0,N), ou d’estimées de ces grandeurs. Cela revient 3
caractériser une extension ry.i1,7N4e,... de la séquence (7, )p=o,n. Mais on sait que la
connaissance de (r,)n,=o0n est équivalente & celle de la séquence (B, )n=on des N + 1 pre-
miers coefficients de réflexion correspondants, avec la notation By = ro. Aussi, une fagon
équivalente d’envisager le probleme consiste & chercher 3 étendre la séquence (Byn)n=o0,N
par des coefficients By41, Bn42, -... En particulier, ’extension du maximum d’entropie est
obtenue pour Byix = 0, Yk > 1.

On rencontre souvent les coefficients de réflexion dans la littérature. Ils sont également
connus sous le nom de coefficients de Schur [6]. En particulier, il apparait que les coeffi-
cients de Schur paramétrent une famille de polynémes orthogonaux sur le cerle unité [10].
Le terme coeflicient de réflexion fait son apparition dans les années 1960 avec la redécou-
verte des coefficients de Schur par les géophysiciens dans le cadre de ’étude des interfaces
entre les différentes strates du sous-sol. En statistiques, ils sont encore connus sous le nom
de coefficients de corrélation partielle et sont largement utilisés. En traitement du signal,
ils apparaissent notament dans le cadre de I’algorithme de prédiction linéaire de Levinson
[13] et jouent un rdle essentiel en estimation spectrale [11] et dans des applications telles
que le traitement de la parole, en particulier pour les communications mobiles (systeéme
GSM'). IIs ont également été mis en oeuvre pour I’estimation des matrices de Toeplitz
[7][8]. Les travaux présentés ici se placent dans la continuité de ’étude du probléme des
moments trigonométriques sur un intervalle [2][3][4], et suivent I’approche initialement
développée dans [9].

Rappelons tout d’abord que la séquence (r,)n—on représente les premiers coeflicients
de corrélation d’un certain spectre porté par un sous intervalle [—(, Q] de [—m, 7 si et
seulement si les matrices de Toeplitz I'y et T'y_,, de tailles respectives N+1 et N définies

1. Groupe Spécial Mobile, Global System for Mobile communications
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par (Dn)i; = riej et (Dy_1)ij = Ti_;, avec:

rl = rpi1 + et — 2rn cos(Q2) (n=0,%1,...,£(N-1)) (1.1)
sont toutes deux positives [12].

[’ensemble des coefficients ry; tels que (7, )n=0,n+1 Posséde une extension a bande limitée
est alors facile & caractériser [1]. Par une technique itérative, on pourrait théoriquement
envisager de construire une extension a bande limitée de (7, )n=o,n. Malheureusement cela
ne peut pas étre fait en pratique & cause du mauvais conditionnement des matrices I'nyk
et Tyypt (kK= 1) associées aux séquences (7n)n=0,N+k[14]. De plus, la valeur de 7y 4k41 1€
peut pas étre choisie indépendament de (75 )n=0,N+k, C€ qui empéche d’utiliser un procédé
systématique d’extension de (7'n)n=o,N-

Une autre approche consiste & étudier les coefficients de réflexion Bn.4k (k > 0) tels
que les séquences (7 )n=0,n+k de coefficients de corrélation correspondantes possédent des
extensions & bande limitée. Afin d’y parvenir, on caractérise la condition de positivité
des matrices I'y et I'y_; en termes de séquences de coefficients de réflexion associées a
(7 )n=o,N €t & (1] )n=o,N—1, €t on met en évidence des relations simples entre ces séquences.
Il est alors facile de caractériser les coefficients By tels que la séquence (Tn)n=0,N+1
correspondante admette une extension a bande limitée. On montre en particulier que
P’ensemble des coefficients By41 admissibles coincide avec l'intersection du disque unité
avec un autre disque dont le rayon et le centre sont caractérisés de fagon explicite par
les parametres de lalgorithme de Levinson associé 3 la séquence (r},)n=o,n—1. Il est ainsi
possible d’étendre itérativement la séquence des coefficients de réflexion en satisfaisant a
la contrainte de support du spectre, tout en évitant les problemes numériques évoqués
dans le cas de I’extension directe d’une séquence de corrélations.

Rappelons maintenant que la caractérisation de ’ensemble des spectres de support [—£2, 1]
fixé dont les premiers coefficients de Fourier (Pn)n=o,ny sont connus a été présentée dans
[3]. Cependant, le probléme du choix d’une solution particuliere n’y avait pas été abordé.
Lorsqu’on travaille avec les coefficients de réflexion, on peut construire une suite de coef-
ficients (Bn4k)k>0 sans avoir & mettre en oeuvre d’algorithme itératif.

Ainsi, pour un choix particulier de By41, la séquence (Bn+k)k>1 définie par:
Brk = (—1)Fe'® cos(02/2) (1.2)

(¢ dépend de By41), géneére une extension positive & bande limitée. On peut alors cal-
culer V’expression analytique de la densité spectrale de puissance g(w) associée a cette
extension. En notant Qn41(2) le polynome de Szegt de degré N +1 associ¢ a la séquence
(Bn)n=o,n+1 fournie par l'algorithme de Levinson, 0341 la variance correspondante de
erreur de prédiction et u(w) = (cos(w/2))~* cos(§/2), il vient que:

k() - VeEP T
[ Grina(e) — et/ [u(w) — ul@)? ~ LQ@waa(e™) P

g9(w) (we [-9,9]), (1.3)
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ol Qn41(2) = 2V Qv (1/27)]".

Comme on a montré par ailleurs qu’aucune extension constante de (Bn)n=0,n n’est sus-
ceptible de représenter un spectre & bande limitée, il semble que ’approche proposée
représente la fagon la plus simple possible pour construire une extension & bande limitée
de (Br)n=0,n. De plus, pour @ = 7, g(w) coincide avec I'estimateur classique du maxi-
mum d’entropie (By4x = 0; k& > 1). Aussi, ’extension proposée peut étre vue comme
une généralisation possible de la notion d’estimateur du maximum d’entropie au cas de
spectres a bande limitée. Cette extension est d’autant plus intéressante que lestimateur
AR classique du maximum d’entropie ne converge pas pour les spectres a bande limitée
puisqu’ils ne correspondent pas & des processus réguliers.

On a aussi montré la possibilité d’étendre simplement I’approche proposée au cas de
spectres ayant des supports définis par une réunion finie d’intervalles quelconques.

Le probleme de I'estimation spectrale & partir d’un processus X observé conduit 3 tra-
vailler avec des coefficients de corrélation estimés. Ce probléme n’est pas traité dans cette
étude. Il a fait I’objet de [2] et [4], et de D’article en cours de préparation présenté en
annexe 2.

1.2 Travaux en cours

Outre le modele de spectre particulier envisagé au paragraphe précédent, les travaux réa-
lisés en fin de theése et ultérieurement ont conduit & la mise en évidence de solutions
particulieres du probléme des moments trigonométriques. Ces estimateurs ayant généra-
lement de fortes oscillations dans la bande passante, on a envisagé d’autres approches
telles que la généralisation de I’estimateur spectral de Capon au cas bande-limitée [1].

Par ailleurs, une idée simple pour effectuer la modélisation d’une densité spectrale a bande
limitée consiste & régulariser le probléme en ajoutant une constante strictement positive
a 9. On peut alors construire simplement un estimateur qui satisfait aux contraintes
de corrélations, vérifie avec une relativement bonne précision la contrainte de support et
converge asymptotiquement vers le vrai spectre lorsque N tend vers 'infini. Pour N fini,
il se peut cependant que le spectre obtenu ne soit pas positif en tout point. Des travaux en
cours visent a prendre en compte ce probléme. D’autres approches basées sur I’utilisation
des coefficients de réflexion conjointement avec la contrainte de support sont & I’étude.

Dans le contexte de 1’estimation spectrale & bande limitée le support du spectre du pro-
cessus étudié peut constituer un des paramétres inconnus du probleme. Partant du fait
que si le spectre est & bande limitée de support Q la matrice de Toeplitz I'y_, (w) de taille
N et de terme général :

(W) = Tng1 + raey — 21, cos(w) (n=0,%1,...,+£(N - 1)) (1.4)
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est positive pour w > ( et non positive pour w < ), on peut envisager d’effectuer
un test de positivité de la matrice Iy_;(w) pour diverses valeurs de w afin d’estimer le
support du spectre. Notons que sous certaines hypothéses on peut estimer la matrice de
covariance asymptotique de Iestimateur empirique de Iy_,(w) et obtenir un théoreme
central limite pour cet estimateur. Cela permet d’envisager la mise en oeuvre de tests
statistiques classiques pour tester la positivité des matrices I'y_; (w).
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Chapitre 2

Estimation de temps de retard

La caractérisation de canaux de propagation décrits par un modele a trajets multiples
constitue un probléme trés classique de traitement du signal. L’originalité du travail pro-
posé réside dans la prise en compte d’une information a priori pour décrire les amplitudes
des différents trajets et dans la mise en oeuvre de 'optimisation des critéres bayésiens
obtenus pour diverses structures de récepteurs.

Ce travail entre dans le cadre d’un programme régional qui s’est concrétisé a travers un
contrat GORA ! réalisé en collaboration avec 'IFREMER? et PEPSHOM?3. L’étude de l’es-
timation de temps de retard en tomographie acoustique océanique fait actuellement ’objet
de la these de Fabienne POREE. Compte tenu du fait que le probleme de I’estimation de
temps de retard dépasse largement le contexte de la tomographie acoustique océanique,
on va le présenter dans un cadre général. ’approche MCMC a plus particulierement été
développée avec Olivier ROSEC dans le cadre de ’application de ses travaux de these au
domaine de Pestimation de canaux multi-trajets au cours d'un travail post-doctoral.

2.1 Introduction

Le probléme de I'estimation de temps de retard est trés classique en traitement du signal.
En effet, de nombreux problémes peuvent étre modélisés comme la sortie d’un filtre de
réponse impulsionnelle s(t) excité par une séquence h(t) d’impulsions d’amplitudes et de
positions (temporelles ou spatiales) inconnues, méme si physiquement c’est plutdt le signal
s(t) qui est transmis & travers un filtre de réponse impulsionelle h(t). h(t) peut s’écrire

1. Groupe de Recherche Régional en Acoustique
9. Institut Francais de Recherche pour ’Exploitation de la MER
3. Etablissement Principal du service Hydrographique et Océanographique de la Marine
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sous la forme:

()= axd(t — ), (2.1)

ol les oy et les 7, représentent respectivement atténuation et le retard associés & la k¥™¢
impulsion. Le nombre p de composantes de h(t) est généralement également inconnu.

Suivant le domaine d’application, la fonction h(t) peut étre, par exemple, une séquence
de réflectivité que 'on cherche a estimer & partir de la connaissance d’une trace sismique
[12] ou la réponse impulsionnelle d’un canal 3 trajets multiples en communications hert-
ziennes [17] ou en communications sous-marines [22]. Dans le premier cas, la fonction s(t)
est généralement inconnue, tandis qu’en communications on est souvent en mesure d’uti-
liser une fonction s(¢) connue du récepteur. Dans ce cas, le probleme de I’estimation des
parametres (o, Tk )k=1,, €t éventuellement du nombre p de trajets peut étre envisagé avec
des techniques classiques. La méthode du corrélateur qui consiste & effectuer un filtrage
adapté & s(t) au niveau du récepteur n’est généralement intéressante que dans la mesure
ol s(t) possede une fonction d’autocorrélation étroite, ce qui permet une meilleure discri-
mination de pics de corrélation voisins. Un aspect souvent négligé du corrélateur est qu’il
introduit généralement une corrélation entre les échantillons du bruit en sortie du filtrage
adapté, méme lorsque le bruit d’entrée est blanc.

Les criteres de maximum de vraisemblance ont inconvénient de souvent présenter des
maxima locaux et imposent une connaissance a priori sur le nombre de trajets observés.
La complexité de I’optimisation de la vraisemblance peut étre réduite par ’emploi de
l'algorithme EM (Expectation-Maximisation, [4]). Lorsque le nombre de trajets n’est pas
connu, on peut envisager 'emploi d’approches pénalisées pour lesquelles le maximum
de la vraisemblance n’est plus une fonction croissante du nombre p de composantes de
h(t) [1][18]. Notons que les méthodes de Monte Carlo & sauts réversibles [7] permettent
également de traiter ce type de probléme.

Notons que pour le probléme de suivi de paramétres de retard, on peut envisager des
approches bayesiennes [13] qui conduisent 3 pénaliser la vraisemblance par un terme de
distance entre les valeurs des retards estimés sur les traces précédentes et les valeurs de ces
retards sur la trace courante. Cependant, cette méthode n’est performante que si le nombre
de trajets est connu, si ’estimation initiale des retards est assez précise et si 1’évolution
des parameétres du canal reste assez réguliére. Dans le cas de la tomographie acoustique
océanique, les paramétres du canal sont souvent estimés & des intervalles de temps de
plusieurs heures et le choix du facteur de pénalisation ne possede pas d’interprétation
physique simple. La valeur de cette pénalisation influence la dispersion des retards estimés.
Or, cette dispersion, qui est particulitrement informative pour les physiciens qui étudient
la tomographie acoustique océanique, ne doit pas étre lissée de facon arbitraire.



2. Estimation de temps de retard 31

2.2 Les méthodes pénalisées

Une technique possible pour prendre en compte le caractere parcimonieux de la réponse
h(t), c'est-a-dire le fait que h(t) est nulle pour la plupart des valeurs de t, consiste a
rajouter un terme de pénalisation portant sur la norme de h(t). Ainsi, dans la litérature,
certains auteurs ont proposé des critéres de la forme [21][14]

¢(h) =| r(t) — (hx $)(@) lla +A 1| A(E) [le, (2.2)

ott || . |la et || - ||o sont des normes choisies de fagon adéquate. Il est a noter que ce type
de critére est généralement réécrit sous forme vectorielle: apres discrétisation des signaux
observés et de I’échelle des temps ¢, on obtient un critére & optimiser de la forme

¢ =|ly—Sglle +X 1 &b (2.3)

ol S est la matrice de convolution par le signal s(), y le vecteur des observations échan-
tillonnées et g le vecteur des amplitudes des trajets. Les temps de retard correspondent
aux indices des composantes non nulles du vecteur g qui minimise le critere et les valeurs
de ces composantes fournissent les amplitudes des trajets correspondants.

2.3 Détection quadratique

Une technique classiquement employée en pratique pour estimer les parametres d’un ca-
nal de communications consiste & transmettre une séquence pseudo-aléatoire s(t), encore
appelée SBLM (Séquence Binaire de Longueur Maximale, voir par exemple [17]) avec une
modulation MDP2 (Modulation De Phase & deux états) et a utiliser un détecteur qua-
dratique constitué d’un démodulateur en phase et en quadrature suivi de filtres adaptés
de réponse impulsionnelle §(t) = s(—t) et d’une somme quadratique des signaux (cf fi-
gure 2.1). Cette procédure permet d’éliminer ’ambiguité concernant la phase des signaux
regus.

2cost

1) D—t> ¥(1)

-2 sint

Fia. 2.1 — Détecteur quadratique.

Lorsque cette phase évolue de fagon significative au cours de la transmission du signal,
il faudrait envisager un traitement approprié. En présence d’effet Doppler, une technique
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simple consisterait a utiliser une batterie de filtres adaptés aux signaux distordus pour
différentes valeurs de la fréquence Doppler et de retrouver des pics de corrélation dans le
plan temps-fréquence Doppler. Une approche pénalisée pour la résolution de ce type de
probleme [6] pourrait étre adaptée au contexte de notre étude.

En négligeant les termes d’interférence liés aux transformations non linéaires dans le
détecteur quadratique et en faisant une hypothese gaussienne sur I’amplitude du bruit,
ainsi que sur celles des trajets sur les voies en phase et en quadrature, on obtient en sortie
du détecteur quadratique des contributions relatives au bruit et aux amplitudes des trajets
retardés qui suivent des lois exponentielles. En négligeant les termes d’interférence entre
le signal et le bruit et les termes d’interférences entre pics proches, on est alors conduit
a un critere & optimiser de la forme (2.2) avec a = b = 1. Notons qu’ici le parametre de
pénalisation A s’interpréte comme l'inverse d’un rapport signal & bruit dont la valeur peut
souvent étre déterminée simplement. L’interférence entre le signal utile et le bruit peut
étre négligée lorsque le rapport signal  bruit est élevé, et les termes d’interférences entre
trajets distincts peuvent étre négligés lorsqu’on travaille avec des SBLM et que I’écart
minimum entre pics de corrélation reste de l’ordre de la durée symbole.

La premiere approximation est assez bien vérifiée en pratique par le fait que "autocorréla-
tion tres étroite de la SBLM conduit & un rapport signal & bruit élevé en sortie des filtres
adaptés. La deuxiéme hypothése peut ne pas é&tre vérifiée pour certains trajets. Dans ce
cas, la méthode proposée pourra conduire & des erreurs de détection et d’estimation des
temps de retard. Elle n’en fournit pas moins des résultats pratiques relativement cohé-
rents, a la différence des méthodes de maximum de vraisemblance pour lesquelles une
mauvaise initialisation peut facilement conduire & des résultats absurdes. Par contre, une
bonne initialisation des méthodes de maximum de vraisemblance fournira des estimateurs
performants en terme de biais et de variance. Aussi, la sortie du détecteur quadratique
pourra étre utilisée avec la méthode bayesienne proposée pour une initialisation rapide
et relativement précise (et méme trés précise pour des pics suffisamment espacés) d’une
méthode de type maximum de vraisemblance. Elle pourra également étre utilisée pour
initialiser une technique d’estimation au sens du maximum a posteriors telle que celle
décrite dans le paragraphe suivant.

2.4 Approches MCMC pour l’estimation de temps
de retard

Afin de s’affranchir des limitations liées & une estimation des paramétres de canal en
sortie du détecteur quadratique, et qui sont dues & I’approximation linéaire effectuée, on
peut chercher a estimer les paramétres en sortie des filtres adaptés, lorsque ces sorties
sont accessibles & ’observateur. On doit alors traiter une information & valeurs complexes
dont les parties réelle et imaginaire sont fournies par les sorties des voies en phase et
en quadrature respectivement. Ce traitement peut s’effectuer par des approches de type
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maximum de vraisemblance, mais comme on I’a déja indiqué cela pose des problemes du
fait de Pexistence d’optima locaux de la vraisemblance et de la nécessité de connaitre a
priori le nombre de trajets.

Un critére d’optimisation & notre avis plus souple et qui permet d’incorporer de ’infor-
mation a priori relativement aux dynamiques respectives des amplitudes des trajets du
canal et du bruit serait fourni par une approche bayesienne [19]. Mais il est bien connu
que les méthodes bayesiennes conduisent souvent & des criteres difficiles & optimiser, pour
les estimateurs de type MAP (Maximum A Posteriori), ou & des expressions intégrales
difficiles & évaluer, pour des estimateurs du type espérance a posteriori.

Dans ces situations les méthodes de simulation par Monte Carlo s’averent étre particulie-
rement bien adaptées 3 la résolution de problemes complexes d’optimisation ou d’intégra-
tion, grace & la simulation de variables aléatoires. Les potentialités de ce type de technique
en estimation bayesienne et en particulier pour certains problemes importants de traite-
ment du signal tels que le filtrage dans les modeles d’état ou Pestimation de fonctions de
transfert (voir par exemple la thése de A. Doucet [3]) se sont trouvées considérablement
renforcées avec Dutilisation des algorithmes de Hastings-Metropolis et de Gibbs, utilisa-
tion rendue possible par la diffusion d’outils informatiques puissants. Ces algorithmes de
type MCMC (Monte Carlo Markov Chain) [20] conduisent 4 la génération de variables
aléatoires suivant les lois d’intérét. Ces simulations ne pourraient que difficilement étre
envisagées avec les techniques de génération de variables aléatoires indépendantes telles
que la méthode d’acceptation-rejet.

2.4.1 TUne premiére approche

En faisant appel aux outils précédents, on peut envisager le probléme de I’estimation baye-
sienne des parametres du canal & partir de Pobservation des sorties des filtres adaptés et
avec un modéle gaussien pour les amplitudes des trajets en sortie de ces filtres. L’obser-
vation est alors modélisée suivant une approche classique en déconvolution aveugle (en
particulier en traitement des données sismiques) et qui conduit ici a voir I’observation
comme la sortie d’un filtre dont la réponse impulsionnelle est I’autocorrélation du signal
émis, excité par un bruit blanc dont la loi a chaque instant, de densité notée g, est un
mélange de deux lois gaussiennes centrées:

g ~ v N (0,0%) + (1 = )N (0,03). (2.4)

Le signal d’excitation modélise le fait qu’a chaque instant I’entrée correspond soit & 1’am-
plitude de la composante retardée du signal transmis arrivant & cet instant, soit a du
bruit. Dans ce modele, la puissance moyenne des amplitudes du signal utile (o?) et du
’ 1
bruit (o2) peuvent ou non étre connues a priori. Dans ce dernier cas, on se donne en
2 )
général une loi pour ces parametres de type inverse gamma. De méme, le parametre v qui
représente la fréquence d’apparition de trajets retardés sur la durée de Pobservation peut
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étre vu comme un paramétre aléatoire lorsqu’il est inconnu; on utilise alors en général
une loi béta pour le modéliser.

La modélisation précédente conduit & décrire le bruit d’excitation du modele comme
une chaine de Markov cachée & deux états dont 1’état 3 un instant donné indique si oui
ou non un trajet arrive & l'instant considéré. La suite des états de la chaine constitue
un parametre dont I’estimation représente une décision quant aux instants d’arrivée des
signaux retardés.

L’utilisation d’un algorithme de Gibbs est souvent indiquée pour les modeles en données
cachées. Une estimation des parametres réalisée avec 1'utilisation de cet algorithme a
mis en évidence la possibilité d’un traitement efficace en sortie des filtres adaptés et les
améliorations apportées par rapport & I’étude de la sortie du détecteur quadratique.

Notons que lorsque seule la sortie du détecteur quadratique est accessible & ’observateur,
on pourrait envisager de décrire I’observation au moyen d’un modele d’état non linéaire
excité par un bruit blanc dont la loi est un mélange de lois gaussiennes et chercher a
estimer les parametres du modéle au moyen d’une approche de type MCMC.

2.4.2 Travaux en cours: prise en compte de la corrélation du
bruit

Dans cette section, on présente rapidement les travaux actuels visant & enrichir le modéle
précédent. La plupart des techniques de déconvolution utilisant un filtrage adapté ne
prennent pas en compte le fait qu’un bruit blanc devient corrélé en sortie d’un filtre
adapté.

Notons § et g respectivement la réponse impulsionnelle du filtre adapté échantillonné
et son autocorrélation échantillonnée. Les signaux utiles et le bruit peuvent étre décrits
simplement au moyen de modéles d’états de la forme

0 00 0
1000 . ‘gn
Xs,n = Lo e e Xs,n—l +
4 0. 100 ; (2.5)
0 10
)/s,n :ZTXs,n
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pour le signal, ot V' = (V3)n=1,r est un processus Bernoulli-Gaussien, et

0

00 .0
1000 . m(;n
Xb,n = . Xs,n—1+
! 0 .100 ; (2.6)
0 10
L }/;,n = éT-)(b,n

pour le bruit, ot W est un bruit blanc gaussien. La taille des vecteurs d’état X et X est
égale respectivement & la longueur de ’autocorrélation de la SBLM échantillonnée et au
nombre d’échantillons par symbole. En concaténant ces deux modeles d’état, on obtient
un modele d’état global qui intégre & la fois les parametres du signal utile et ceux du
bruit. Ce modéle simple pourra ensuite étre estimé suivant une approche MCMC.

Notons que lorsque les signaux utilisés sont des SBLM, le bruit en sortie de filtre adapté
est décorrélé si on effectue un échantillonnage & la cadence symbole, notée T's. Lorsque les
signaux sont échantillonné avec une période T's /k, la longueur de corrélation est égale au
facteur de surréchantillonnage k. Comme l’autocorrélation d’une SBLM est une fonction
triangulaire de support égal & deux fois la durée symbole, il apparait que cette autocorré-
lation est aussi celle d’un signal constant de durée T's. Ceci permet de remplacer 87 dans
(2.6) par un vecteur de la forme [1,... ,1] et de longueur k, ce qui permet de réduire de
facon trés significative la taille du vecteur d’état Xp,n.

De plus, il apparait dans de nombreuses applications, et en particulier en tomographie,
que le filtrage adapté utilisé n’integre pas les distorsions linéaires supplémentaires in-
troduites par les transducteurs d’émission et de réception des dispositifs utilisés. On se
rapproche alors d’un probleme de déconvolution aveugle que ’on pourra encore résoudre
par une approche MCMC au prix d’une augmentation de complexité du traitement. 1l
faudra alors voir le signal utile s comme un signal inconnu dont les coefficients seront
modélisés dans I’approche bayesienne comme des grandeurs aléatoires qui interviendront
dans 1’équation d’observation du modele d’état. Lorsque les distorsions introduites restent
faibles, on pourra cependant espérer une convergence rapide des algorithmes en initialisant
les parametres du modele d’état par les valeurs qu’ils prennent en ’absence de distorsion.
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Chapitre 3

Décomposition adaptative en valeurs
propres

L estimation de la position de sources en traitement d’antenne et plus généralement les
techniques de traitement du signal qui font appel & la décomposition en valeurs propres de
matrices de covariance ont longtemps été limitées pour les applications en temps réel, du
fait des faibles performances en termes de coiit de calcul des algorithmes adaptatifs exis-
tants pour effectuer cette décomposition. Au cours des dix derniéres années de nombreux
travaux ont contribué 3 remédier & ce probléme, parmi lesquels s’inscrivent les résultats
développés dans ce chapitre. Une originalité de ce travail a certainement été d’envisager
I’estimation adaptative de la décomposition en valeurs propres des matrices de covariance
au moyen d’une optimisation stochastique du critére de maximum de vraisemblance.

Cette étude, en partie réalisée dans le cadre de la these de Christian RIOU, s’est poursuivie
en collaboration avec Benoit CHAMPAGNE, Professeur & I’Université de Mac Gill de
Montréal.

3.1 Introduction

Soit X = (X,,)nez un processus aléatoire gaussien complexe circulaire. On suppose que X,
€ 3%
est & valeurs dans CV. La décomposition en valeurs propres de la matrice de covariance
Rx ., = E[X,XH], ou du moins la recherche de certains de ses sous espaces propres est un
s n 1
probléme qui intervient de fagon classique dans de nombreuses applications de traitement
des signaux multivariés.

L’espace vectoriel engendré par les vecteurs propres associés aux plus grandes valeurs
propres et celui correspondant aux plus petites valeurs propres de la matrice Rx,, sont
connus sous le nom de sous espace signal et de sous espace bruit. La caractérisation de ces



40 Dossier HDR - Quelgques Problémes de Modélisation et d’Estimation

espaces a largement été envisagée dans le cadre d’applications telles que la localisation de
sources en traitement d’antenne (algorithme MUSIC, [5] [18]), la quantification vectorielle
[12], I'identification aveugle de réponses impulsionnelles de canaux de transmission [15]
ou encore le suivi de courbes dans des images (algorithmes SLIDE [1] et SALE [16]).

b

En pratique, les sous espaces propres d’intérét sont calculés par une décomposition en
valeurs propres d’un estimateur de la matrice de covariance des observations, ou au moyen
d’une décomposition en valeurs singuliéres appliquée & une matrice dans laquelle sont
stockés les vecteurs d’observation.

Lorsque le processus X est stationnaire au second ordre, la matrice de covariance Ry,
est constante (Rx, = Rx) et elle peut étre estimée facilement au moyen de n’im-
porte quelle technique classique telle que P’estimation empirique, qui fournit I’estimateur
Rx,n =L! Zk:l,L XpXF. La décomposition en valeurs propres peut alors étre obtenue
par ’emploi d’algorithmes standards tels que la méthode de I’itération orthogonale (e.g.

[13]).

Mais, dans de nombreuses applications telles que le suivi de sources mobiles ou 1'identi-
fication de canaux de propagation non stationnaires, la matrice de covariance Ry, varie
au cours du temps et les algorithmes évoqués précédemment ne peuvent plus étre utili-
sés. Dans ce cas, différentes approches ont été suggérées pour suivre la décomposition en
valeurs propres instantanée de Rx . A ce sujet, on pourra voir [8] pour une trés bonne
synthese des méthodes d’estimation adaptative de sous espaces antérieures 3 1990, et [10]
pour la description d’algorithmes plus récents.

Dans ce domaine, un premier type d’approche consiste 3 adapter des techniques classiques
au contexte non stationnaire [11]. En général, on se contente de réactualiser de fagon
adaptative la matrice de covariance des observations par

Bxm= (1 = )Ry p1 + pxax?, (3.1)

o 0 < g << 1 et ol x, représente le vecteur d’observation 3 D’instant n, puis on ef-
fectue une seule itération d’une technique classique de décomposition en valeurs propres.
Cette itération met souvent en oeuvre une décomposition QR, avec un coiit de calcul en
O(NK?) opérations, ott K est la dimension du sous espace recherché. Ce genre de tech-
nique a également été proposé pour la réalisation de décompositions en valeurs singulieres
adaptatives dans [14].

Une autre approche consiste & remplacer directement dans I’équation (3.1) I’estimée de
Rxn par sa décomposition en valeurs propres ([9],[6]). Les sous espaces recherchés sont
alors actualisés au moyen de techniques qui mettent en oeuvre des matrices de réflexion de
Householder [9] ou de rotations de Givens [6]. Avec de telles paramétrisations des termes
d’actualisation des matrices de vecteurs propres, on parvient généralement & assurer ’or-
thonormalité de la suite des bases de sous espaces estimées.

Notons que dans [9] les sous espace signal et bruit sont moyennés. On est alors conduit
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5 des bases des sous espaces signal et bruit, mais pas & la connaissance exacte de la
décomposition propre, tandis que dans [6] on peut accéder a la décomposition propre
compléte. Ces méthodes requierent environ O(N K) opérations.

Un troisieme type de méthodes est basé sur 'estimation adaptative d'un critere, éventue-
lement d'un critere contraint, au moyen d’un algorithme du type gradient stochastique.
A ce sujet, on pourra voir [17], ou [20] [3] pour des approches de type RLS. Le cofit de
calcul de ces méthodes varie en général de O(NK) 4 O(NK?), ou O(N?K).

3.2 L’algorithme MALASE

Certaines des méthodes précédentes fournissent une base de P'espace signal ou de I'espace
bruit tandis que d’autres fournissent une décomposition propre complete. De nombreuses
applications utilisent un projecteur sur ’espace signal ou sur I’espace bruit, et il importe
souvent qu'une orthonormalité parfaite de la base de vecteurs obtenue soit assurée. En
particulier, des déviations par rapport & l'orthonormalité conduisent a une dégradation
des performances de ’algorithme root-MUSIC en terme de capacité de détection et de
performance d’estimation [4].

Un autre intérét, & notre avis essentiel, a la prise en compte de la contrainte de Vortho-
normalité réside dans le fait que certains critéres ne peuvent pas conduire de fagon directe
5 des algorithmes stochastiques qui offrent des propriétés de convergence satisfaisante.
C’est en particulier le cas du critére de maximum de vraisemblance. On a pu montrer
que la prise en compte de la contrainte d’orthonormalité permet d’obtenir un algorithme
adaptatif pour la décomposition en valeurs propres d’une matrice de covariance basé sur
le critere du maximum de vraisemblance.

Cette approche conduit & une décomposition en valeurs propres compléte, et en particulier
3 la connaissance des valeurs propres. Ceci est intéressant en particulier lorsqu’on souhaite
suivre I’évolution du rang du sous espace signal ou du sous espace bruit par la mise en
oeuvre de criteres statistiques adaptés & la résolution de ce probleme (e.g. [1}, [19]).

Dans ’article présenté en annexe on montre que l’algorithme que nous proposons, et que
nous avons nomé MALASE (MAximum Likelihood Adaptive Subspace Estimation), pos-
séde un certain nombre de propriétés intéressantes. A la différence des travaux antérieurs,
’approche que ’on envisage est basée sur le critere statistique pertinent du maximum de
vraisemblance gaussien. Ce type de critére est en effet justifié dans un contexte d’estima-
tion statistique, méme si les propriétés de variance minimale des estimateurs du maximum
de vraisemblance sont des propriétés asymptotiques et que l’on est ici dans un contexte
d’estimation adaptative. Le critére proposé permet d’effectuer une décomposition propre
compléte avec un cofit de calcul en O(N?) & chaque itération pour une décomposition en
valeurs propres compléte. Si on se limite & la recherche d’un sous espace de taille K, on



42 Dossier HDR - Quelques Probléemes de Modélisation et d’Estimation

peut réduire ce colit de calcul & O(NK), en effectuant au besoin un lissage des valeurs
propres du sous espace supplémentaire de dimension N — K.

On a mis en évidence les liens trés étroits de ’algorithme MALASE avec la famille des
algorithmes PROTEUS qui sont basés sur ’utilisation de rotations de Givens pour réac-
tualiser les vecteurs propres. Enfin, on a montré que les seuls points stationnaires stables
de l'algorithme MALASE représentent les décompositions en valeurs propres de la ma-
trice de covariance des observations et on a pu montrer que la variance asymptotique des
différents parametres était identique, et égale & u/2.

La présentation générale de 'algorithme MALASE est donnée en annexe 3, et ses pro-
priétés de convergence sont plus particulierement détaillées en annexe 4.

3.3 Travaux en cours

La convergence des algorithmes PROTEUS a déja été envisagée dans [7]. Comme MA-
LASE peut étre réécrit sous une forme assez proche de celle utilisée pour ces algorithmes,

on cherchera a adapter 1’étude de la variance asymptotique de MALASE pour étudier
celle des algorithmes PROTEUS.

L’obtention de méthodes performantes en O(NK) a constitué une avancée significative
dans le domaine des techniques de décomposition adaptative en valeurs propres (ou en
valeurs singulieres) au cours de ces derniéres années. Cependant, dans ce domaine, il
demeure important de chercher & encore améliorer ces résultats.

La these récente de Philippe PANGO [16] fournit une premiére réponse a cette question.
Il montre que les rotations de Givens mises en oeuvre pour effectuer une décomposition
adaptative en valeurs singulieres par des méthodes de type QR-Jacobi n’ont pas toutes
la méme utilité pour la réactualisation des sous espaces propres d’intérét. Partant de ce
constat, il élabore des stratégies pour limiter le nombre de rotations de Givens & mettre
en oeuvre et parvient a réduire de facon trés significative leur nombre & chaque itération.

Outre les nombreuses perspectives qu’offrent ce travail, mes travaux actuels avec Benoit
CHAMPAGNE, Professeur & I'Université Mac Gill de Montréal, visent & exploiter la struc-
ture Toeplitz des matrices de covariances construites & partir de processus stationnaires
en vue d’une réduction significative du cofit de calcul, en exploitant en particulier le fait
que la base des vecteurs propres tend & correspondre & la base de Fourier lorsque la taille
de la matrice de covariance croit.
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Chapitre 4

Estimation de supports de lois de
probabilité dans le domaine de
Fourier

La modélisation du trafic dans les réseaux de communications est essentielle en vue de
permettre une allocation satisfaisante du débit disponible entre les différents utilisateurs.
Un des mérites du travail dans lequel s’inscrit I’étude présentée ci dessous est d’aboutir a
une modélisation réaliste et exploitable du trafic.

Plus précisément, ce travail entre dans le cadre d’une thése relative a la modélisation du
trafic dans les réseaux de communications & large bande. Cette modélisation des réseaux
a été menée par Sandrine VATON dans le cadre de sa these de doctorat, réalisée en co-
encadrement avec le département Signal de PENST. Ma contribution a ce travail concerne
essentiellement la participation a 1’étude du probleme statistique de V’estimation de para-
métres de support pour un mélange de lois, dans le cadre d’une modélisation markovienne
du trafic. Apres un bref rappel de la problématique générale de la thése, on présentera
plus particulierement ce probleme.

4.1 Introduction: les modéles markoviens en télétra-

fic

Une des évolutions marquantes de ces derniéres décennies est certainement le dévelop-
pement des possibilités d’échange d’informations entre les différents agents de la société
contemporaine. Ce flux croissant d’informations est supporté par un réseau de télécom-
munications qui, s’il est bien dimensionné, est quasiment invisible a ’utilisateur.
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La science du télétrafic a précisément pour objectif ’étude et le dimensionnement des
réseaux de télécommunications. Cette discipline a connu son premier développement au
début du siecle avec le déploiement du résean téléphonique. Erlang [1] a eu Pintuition de
la modélisation poissonnienne du trafic téléphonique et a établi les premiéres formules de
dimensionnement pour le réseau téléphonique.

Lors de I'apparition des réseaux informatiques le modéle de Poisson utilisé jusqu’alors s’est
avéré caduque, car il est apparu que le trafic informatique était beaucoup plus sporadique
que le trafic téléphonique.

Au début des années 1990 la science du télétrafic a connu une nouvelle évolution : deux
équipes ont montré (I'une des Bell Lawrence Laboratories [2] [4][5] et ’autre de 'université
de Berkeley [6]) que le trafic circulant sur les réseaux large-bande est & dépendance longue,
c’est a dire qu’il est corrélé sur des horizons de temps tres long.

4.2 Une nouvelle approche

La théorie des files d’attente a été tres largement développée dans le cadre des modeles
markoviens ; en revanche trés peu de résultats ont été établis en ce qui concerne le com-
portement des trafics & dépendance longue dans une file d’attente. Il est assez simple
d’envisager une politique d’allocation des ressources d’un réseau quand le trafic peut
étre décrit par un modéle markovien. De plus la littérature concernant I’estimation des
parametres de modeles markoviens est abondante. Partant de ces deux constats on peut
se demander s’il ne serait pas envisageable d’adapter les modeles markoviens au trafic
large-bande.

Les techniques de caractérisation de trafic développées dans [10] reposent sur une mo-
délisation par chaine de Markov cachée quasi-décomposable, c’est-a-dire dont le compor-
tement commute de fagon markovienne sur les échelles de temps longues entre différents
types de comportements markoviens cachés, valides sur des horizons de temps plus courts.

La structure quasi-décomposable du modéle proposé permet d’expliquer le comportement
particulier du trafic, qui réside dans une invariance des propriétés statistiques du signal
de trafic lors de changements de I’échelle & laquelle est effectuée ’observation. Notons que
cette propriété est connue sous le non d’autosimilarité; et les processus autosimilaires sont
a dépendance longue [3]. Les non stationnarités détectées dans le trafic sont une seconde
explication pour les phénomeénes observés par de nombreux auteurs sur les indices visuels
de dépendance longue.

Une analyse qualitative des données de trafic étudiées améne 3 proposer de nouveaux
modeles markoviens pour décrire la suite des temps entre arrivées de paquets. En particu-
lier, un nouveau modele, baptisé SEHMM (Shifted Exponential Hidden Markov Model)

)



4. Estimation de supports de lois 47

permet d’intégrer la présence de délais entre les arrivées des paquets d’information.

4.3 L’estimation d’un mélange de lois décalées

Dans le contexte précédent, Iintérét de I’estimation des parametres de décalage d’'un
mélange de lois est apparu avec la mise en évidence du modéle SEHMM. En fait ce type de
modele représente une amélioration par rapport aux modeles MMPP (Markov Modulated
Poisson Process) par I'incorporation de décalages dans la description des lois des inter-
arrivées des paquets d’information. Cela permet de considérer des lois a décroissance
exponentielle dont la moyenne est supérieure a Pécart type. En fait, les parameétres de
décalages permettent de modéliser des délais incompressibles entre instants d’arrivée des
paquets dus 3 la réémission des paquets lorsque I’émetteur ne recoit pas de message de
confirmation de réception aprés une certaine durée prédéterminée. La connaissance des
paramétres du modele est trés importante en télétrafic. Dans le cas des modeles SEHMM,
les supports des lois conditionnelles du modeéle Markovien doivent étre estimés. Comme
on va le voir, cette particularité conduit & certaines difficultés que ’on a étudiées et pour
lesquelles on a proposé des solutions [9].

L’algorithme EM constitue une approche essentielle pour I’estimation de parametres dans
le cadre de problémes en données incompletes. Cependant, ’algorithme EM souffre de
quelques limitations sérieuses telles que la convergence possible vers des optima locaux de
la fonction de vraisemblance. Afin d’éviter ce genre de probléme, des versions stochastiques
de ’algorithme EM ont été proposées.

1l nous est apparu que cet algorithme posséde une autre limitation, que ses versions sto-
chastiques ne peuvent pas non plus prendre en compte de fagon satisfaisante. Pour illustrer
ce probléme, considérons une chaine de Markov cachée dont les lois des observations condi-
tionnellement aux états sont des lois exponentielles décallées, et que ces parametres de
décalage sont inconnus. La surface de vraisemblance associée & un tel probléeme présente
une discontinuité en toute valeur de décalage égale & une des valeurs observées, ce qui rend
la surface de vraisemblance extréemement irréguliere. Mais le probléme principal réside ici
dans le fait que ni I'algorithme EM ni ses versions stochastiques (SEM, SAEM ou MCEM)
ne permettent de résoudre correctement ce probleme. En fait, le probléme provient ici du
fait qu’une observation qui n’appartient pas au support d’une composante donnée du mé-
lange & une itération de 1’algorithme ne pourra pas étre affectée 3 cette composante du
mélange dans la suite de lalgorithme. Ainsi, méme les versions stochastiques de l’algo-
rithme générent nécessairement des suites croissantes de valeurs de décalages estimées.
En fait, les résultats établis pour ces algorithmes concernent essentiellement les modeles
exponentiels ; mais ici, le modele n’est pas de type exponentiel vis & vis des parametres

de décalage.

Afin de s'affranchir de ces problémes, on propose une approche de Iestimation des para-
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metres de décalage dans le domaine transformé de Fourier. Plus précisemment, on utilise
une méthode de moments pour estimer les parametres 3 partir de I’estimation empirique
d’un certain nombre de moments de Fourier. Cette méthode consiste & minimiser une cer-
taine distance quadratique entre ces estimateurs empiriques et les grandeurs paramétrées
correspondantes. Un intérét de l'utilisation de moments de Fourier réside dans le fait que
les parametres de décalages sont convertis en paramétres de pulsation qui introduisent
une modulation d’amplitude des fonctions caractéristiques des composantes du mélange.

Le fait de travailler avec une méthode de moments permet d’énoncer certains résultats de
convergence concernant les estimateurs obtenus. En fait, ces résultats imposent de vérifier
une condition d’identifiabilité classique de la forme:

m(91) = m(02) =0 = 02, (41)

olt m(f) est le vecteur de moments paramétré par 6. Dans le probleme considéré ici,
certaines conditions d’identifiabilité que nous avons mises en évidence présentent des ana-
logies avec des conditions d’identifiabilité rencontrées en traitement d’antenne et portant
sur le nombre de sources identifiables.

Si on note (X;):«=1 7 les observations, et (Y3)e=1,r les vecteurs transformés,
Y, = [ XL er X T (4.2)

ot (w;)i=1,, sont les pulsations auxquelles on considére la transformation de Fourier (on
pourra choisir par exemple w; de la forme w; = l*w, ), il apparait que YT) = 71 Zt:LT Y:
est un vecteur asymptotiquement gaussien, ce qui permet d’envisager I’estimation des
parametres au sens du maximum de vraisemblance dans le domaine de Fourier.

De plus, YT) peut étre vu comme une somme de contributions de vecteurs gaussiens,
chacun des vecteurs étant généré a partir des observations qui correspondent & une des
composantes du mélange étudié. Dans ces conditions, il apparait que ’estimation des
parametres associés aux diverses composantes du modele peut étre découplée au moyen
d’un algorithme EM. Ce probléme est envisagé de fagon détaillée dans I’article présenté
au chapitre 5 de la troisiéme partie du document.
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Chapitre 5

Livre de traitement du signal
aléatoire

Il s’agit d’un livre! qui témoigne avant tout d’un souci de formalisation de certaines
notions de base en traitement du signal aléatoire. En effet, la justification de nombreux
résultats classiques est souvent dispersée & travers différents ouvrages et dans certains
cas ces résultats se trouvent dans des ouvrages & caractére plus mathématique. Ce livre
suit sur le fond un schéma assez classique pour la premiére partie: partant de la notion
de spectre et de représentation spectrale, on s’intéresse ensuite aux problémes du filtrage
et de l’estimation spectrale. Les derniers chapitres étendent les possibilités de traitement
en ne limitant plus ’étude & celle des processus stationnaires au second ordre ni a des
traitements basés sur les seules statistiques du second ordre, ce qui permet d’inscrire
Pouvrage dans le cadre des évolutions récentes en traitement du signal.

Ce livre contient les éléments nécessaires & la compréhension mathématique des résultats
énoncés, pour des étudiants ayant atteint un niveau de fin de cours de maitrise. Chaque
chapitre est illustré par des exemples de simulations fournis sur le CD-ROM d’accompa-
gnement. Il ne prétend pas fournir un large éventail de techniques existantes ni remplacer
des ouvrages qui développent plus particulierement certains domaines d’application. Ce
livre est plutdt destiné & ceux qui veulent accéder, a travers une présentation relativement
synthétique, & une compréhension précise des bases scientifiques du traitement du signal
aléatoire et acquérir suffisamment d’autonomie pour pouvoir adapter ou développer par
eux méme les outils algorithmiques dont ils pourraient avoir besoin.

I’intérét manifesté par I’éditeur SPRINGER pour cet ouvrage s’est trouvé confirmé par
une proposition de traduction de la version frangaise augmentée du livre en langue an-
glaise. Cette traduction sera fournie & 1’éditeur pour la fin 2000 et réalisée en collaboration
avec Sandrine VATON, enseignant-chercheur a 'ENST Bretagne.

1. Th. CHONAVEL, Traitement du Signal Aléatoire, Springer, collection Sciences et Techniques des
Télécommunications, avril 2000.
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On trouvera en annexe 7 la table des matiéres et le premier chapitre du livre.
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Coeflicients de réflexion des spectres
a bande limitée






Reflection Coefficients of Band-Limited Spectra,

and Band-Limited Spectrum Modeling.

Thierry CHONAVEL, Serge DEGERINE*
ENSTBr, Dpt SC, BP 832, 29285 Brest cedex, France,
* LMC-IMAG, BP 53, 38041, Grenoble, cedex 9, France,

(e.mail: thierry.chonavel@enst-bretagne.ir, serge.degerine@imag.fr)

Abstract

We study the properties of the reflection coefﬁcient§ of band-limited spectra. We show
that they must belong to simple subsets of the unit disk. Then, the problem of band-
limited spectrum modeling is addressed in a more appropriate way than with approaches
based on correlation coefficients. In particular, we derive a new band-limited spectrum
model for band-limited signals with first correlation coefficients matching the signal ones.

The practical behavior of the model is illustrated with an example.



1 Introduction

A possible approach to modeling the spectrum density of a stationary, complex-valued, discrete
signal X = (X,.)n=—co,c0 li€s in searching for a spectrum with first N -+ 1 correlation coefficients
matching those of X, given by r, = E(Xn1xXk) (n = 0,N). This problem is equivalent
to that of finding an infinite positive extension ry.1,7Nn42,... of the sequence (Pn)n=on. As
is well known, the sequence (ry)n—on is characterized equivalently by a set of coefficients,
called reflection coefficients, and denoted (8,)n=0,n, and the above-mentioned problem is also
equivalent to that of finding an extension Bny1, Bn4z, - of (Bn)n=on. In particular, the famous
maximum entropy extension is associated with the reflection coefficients Sy, = 0, Vk > 1.

Reflection coefficients are often met in the literature. They are also called Schur coefficients
[12]. In particular, these coeflicients are the parameters of a family of polynomials that are
orthogonal on the unit circle [13].
In statistics, reflection coeflicients are also used in many situations, and are often referred
to as partial autocorrelation coefficients. They are used for the Quenouille test (1949, [20]),
for the Levinson (1947 [17]) and the Durbin (1960 [11]) algorithms, and play an important
role in modern spectrum analysis ([14], [18]). More recently, they have made it possible to
derive new results about the maximum likelihood estimation of Toeplitz matrices ([7], [§]), and
autoregressive models ([9], [19]). Here, we consider the advantage of using this parametrization
to study the trigonometric moment problem on an interval ([4], [5], [6]), following the approach
of ([10]).

To be exact, we address the problem of band-limited positive extensions (r,)nsn, for which

the spectrum p defined by

1

= — "™ dp(w) (n=0,£1,£2,...) (1)
27 ]

Tn
—m,m)

is carried by a fixed sub-interval of ] — 7, 7], denoted [~Q,)]. This problem is of practical



interest when one knows a priori that the spectrum is carried by [, ], and is known as the
trigonometric moment problem on the interval [, Q2]. We intend to look for the characteri-
zation of such spectra through their reflection coefficients (Bn1x)k>1. The reason for choosing
this particular approach will be presented in what follows.

First, we recall a necessary and sufficient condition for a sequence (T )n=o,n to represent the

first correlation coefficients of some band-limited spectrum [15]. Let us denote
rl = rp1 F rao1 — 27, cos(Q) (n=0,£1,...,£(N-1)). (2)

This necessary and sufficient condition is expressed by the fact that both Toeplitz matrices ['y
and I'y_,, with respective size N +1 and N, and defined by (Tn);; = ri—j and (I'y_1)i; = i
must be positive.

Thus, it is possible to characterize the set of all the coefficients ry41 such that (5 )n=o,N+1
possesses band-limited positive extensions. Iterating this procedure, one could theoretically
obtain a positive band-limited extension of (rn)n=on. Unfortunately, this technique fails in
practice. This is due to numerical problems related to the ill-conditioning of the matrices ['nvyx
and Ty oy (B2 1) associated with the finite band-limited positive extensions (7 )n=o,n+% ([21],
[4]). Furthermore, a one step band-limited extension ry4r41 cannot be chosen independently
from the (ry)n=0,n+k, Which prevents us from being able to define a systematic way of extending
(T’n)n=0,N .

Another approach that we develop in this paper, consists of characterizing the reflection
coefficients By4x (k > 0) such that the corresponding sequences (Tn)n=o,N+k admit positive
band-limited extensions. In order to do this, we first express the positivity of the matrices I'n
and T'y_, in terms of the two corresponding sequences of reflection coefficients, and we point
out simple relations between these sequences. Thus, it is easy to characterize the coefficients

Bn41 that correspond to a coefficient ry41 such that the sequence (7, )n=o0,n+1 possesses band-



limited positive extensions. In particular, we prove that the set of all such coefficients BN+1
coincides with the intersection of the unit disk with another disk. Iterating this procedure,
an infinite extension (On4r)k>0 can be obtained that defines a band-limited spectrum. Just
as for correlation coefficients, extensions (Bn4)kso0 that define a band-limited spectrum will
be referred to as band-limited positive extensions. The approach that involves the reflection
coefficients overcomes the above-mentionned numerical problems that appear when operating
with correlation coefficients.

Furthermore, let us recall that the characterization of the set of all positive measures carried
by [~Q, Q] with first N 41 Fourier coeflicients matching the (r,)n=0 n, and denoted M (Q), was
derived in [5]. However, in that paper, we did not address the problem of selecting a particular
element in M(Q) that would be a suitable spectrum model (in a certain sense). Using the
reflection coefficient approach, we show that it is possible to find such a spectrum for which
no iterative algorithm is necessary to calculate the coefficients By,. Furthermore, we shall see
that it yields a particularly interesting band-limited spectrum model.

Let us briefly describe this particular extension. For an appropriate choice of By, the
sequence By defined by By4x = (—1)¥e'® cos(Q/2) (k > 1, and ¢ depends on BN+1), generates
a band-limited positive extension of the sequence (Bn)n=on-

We derived the analytic expression of the power spectrum density model associated with
this extension, that we denote fo(w). To express it, let Qny1(2) be the first order Szego
polynomial of degree N + 1 associated with the sequence (8,)n=0 N1 (in practical terms, it
can be obtained from the Levinson recursion), o 41 the corresponding error of prediction, and

u(w) = cos(%)[cos(2)]~*. Then, we get

fO(w) = 0]2V+1(1 "‘ [U(UJ) - 'u,(w)Z _ 1]2)
| Qi) — e/ 2e=%[u(w) — \/u(w)? — 1]Qn41(e) |2

(we[-92.9), 6

where P*(z) = z98(P)P(2~1) (- represents the complex conjugation of the coefficients, and



deg(P) the degree of the polynomial P(z)).

In the next section, we are going to recall some results about the trigonometric moment
problem, and introduce some notations. In section 3, we present the properties of the reflection
coefficients that define band-limited positive sequences. In particular, we express the condition
of the existence of positive band-limited extensions in terms of the corresponding reflection
coefficient sequences, and discuss how to build such extensions step by step. In section 4, we
derive the particular extension given by (3), and we discuss some of its properties. In section
5, we illustrate these results with an example.

To end this introduction, let us note that in order to address the practical problem of
band-limited spectrum estimation from a set of observed data, the estimation of the correlation
coefficients under the band-limited constraint must be investigated. Solutions to this problem
based on a maximum likelihood estimation scheme have been proposed in [4] and [6], and this

statistical issue will not be considered here.

2 Correlation coefficients of band-limited spectra

2.1 Characterization of positive band-limited correlation sequences

First, let us consider a sequence (74 )n=o,ny and the associated sequence (r},)n=o0,n-1 defined by

(2). Then, let us recall the folllowing result due to Krein [15] (see also [2] for a direct proof) :

Proposition 1 (r,)n=on represents the first correlation coefficients of a spectrum carried by
[—Q, Q] if and only if (iff) both Toeplitz matrices I'y and U'y_,, with respective size (N +1) x
(N +1) and N x N, and with general term (I'n)i; = ri=j and (Ty_y)i; = ri_;, are positive.

Furthermore, if In > 0 and T'y_; > 0, M(Q) contains infinitely many elements, while if at

least Ty or T'y_, is positive singular, M(SY) is reduced to a single measure, carried by at most



N + 1 points.

When I'v > 0 and I'y_, > 0, the positive sequence (r,;)n=0n Will be referred to as strictly
N-1 :

positive band-limited, and in what follows, we will only consider this kind of sequence. To

give a better understanding of this result, let us note that if 4 is a positive measure with first

Fourier coeflicients (7, )n=0n, the (v’ ),=0 n—1 are the first Fourier coefficients of the measure 1’
1 ? n i3 ,LL

defined by
dp' (w) = 2(cos w — cos N)du(w). (4)

Clearly, the positive measure y is carried by [—,Q] iff 4’ is positive, and in this case, the
matrix [y_, is positive.

In what follows, we denote by Qn(z), and P,(z) (n > 0) the first order and second order,
degree n, Szegé polynomials associated with the sequence (rk)k=o,n. o2 will represent the
corresponding errors of prediction at the n* step of the Levinson algorithm. The Levinson

recursion is given by

@Qnt1(2) = 2Qn(2) — Brt1@2(2)

Fria(2) = 2Pu(2) + But1 Pi(2),

(5)

with Py(2) = Qo(2) = 1. The all pass transfer functions 2Q,(2)[Q%(2)]~* that play an important
role in the study of the trigonometric moment problem on an interval ([3], [5]) will be denoted
B, (2). We will denote with the superscript ’ the analog of the elements introduced for the

coefficients r,, but related to the coefficients r/, (e.g. Q,(2), P.(z), ¢'%, ...).

n?

2.2 Step-by-step extension of band-limited correlation sequences

Now, let us explain why step-by-step extension of a strictly positive band-limited sequence

(7k)k=0,n is numerically difficult. Let ry4q,...,7, (n > N) be a finite extension of (ry)r=on,



such that (74)g=on is strictly positive band-limited. Then, the one-step strictly positive band-
limited extensions of (rk)k=0,» are the points rpiq that belong to the intersection of the open
disks, denoted E, and F,, and defined by E, = {41 g1 > 0}, and Fr = {ray1; I >0} It
is well known that the radius of E, is given by o2 (see e.g [15] p.155). Similarly, the radius of F,
is given by 0’2, since relation (2) yields F}, = 2r, cos @ —7n_1 + E!_,, where E!, = {r];;T7, > 0}.

Let us note that the boundary circles O, and dF, intersect at two points [5] (for a given
set A, OA will denote its boundary).

From what precedes, it does not seem to be possible to build extensions 7nik+1 indepen-
dently from the values (7 )n=0,N+k. We will see in the next section that extending the sequences
of reflection coefficients will allow us to overcome this problem and enable very simple strate-
gies of extension to be defined. In fact, this remark already stands without any band-limited
constraint : in this case, ry4r41 must belong to Enir, while Byik41 must simply be in the
open unit disk, denoted D, and thus can be chosen independently from the (8k)k=0.n-

Furthermore, let f(w) be a power spectrum density. It is well known (see e.g. [13] p.15)

that the prediction errors of f(w) satisfy the asymptotic property

lim o2 = exp B; /[_M] In[ f(w)]dw} | (6)

=+ 00

When f(w) is carried by [—,€], the integral in (6) does not converge, and in this case
lim, oo 02 = 0. Similarly a'i converges to 0 when n — oo since it represents the error of
prediction associated with the band-limited power spectrum density 2(cosw — cos ) f(w). This
shows that when n — oo, the radius of E, and F, tend to 0, and this explains why the nu-
merical approximations will yield E, N F,, = 0, and thus prevent building a long extension of

(rk)k=0,n step by step.



2.3 Solutions of the trigonometric moment problem on an interval

We now briefly recall the solution to the classical trigonometric moment problem, i.e. the
characterization of the set M of all the positive measures on ] — m, 7] with first correlation
coeflicients matching the (r,)n=0 5, and the solution to the trigonometric moment problem on
the interval [~Q2, Q] that yields the set, denoted M(Q), that contains the elements of M carried
by [-9,9Q)].

Let us assume that I'y > 0. The characterization of M is equivalent to a problem of
interpolation in the set of positive real functions (also called Caratheodory functions); i.e. the
functions F'(2) that are holomorphic in D, with Re[F(z)] > 0, Yz € D. This problem consists

in finding all positive real functions that can be written in the form
Fz)=ro+2r_1z4+ ...+ 2r_y2" + ... (7)

(r—x =7%). It can be shown that there exists a one-to-one correspondence between the positive
real functions F'(z) that satisfy (7), and the elements of M. In particular, if E:io_oo Irn] < oo,

the corresponding measure y is absolutely continuous (with respect to the Lebesgue measure),

and its density, denoted f(w), is given by

fwy= ) re™ = : (8)

(more generally, f(w) = lim, ;- Re[F(re™)]). The positive real functions that satisfy (7) are

given by

_ Py(2) + 2P (2)Sn(2) (9)
Qn(2) — 2Qn(2)Sn(2)’

F(z)

Here Sy(z) is any Schur function (i.e. a function holomorphic in D, with |Sn(z)] < 1 for
|z| < 1). Thus, it appears that the set of all Schur functions parametrizes the elements of

M. When the measure associated with a solution (9) has a continuous density f(w), it can be



shown that (8) and (9) yield

_ o 1sw(EP)
Q™) — =@ (@) Sn(e=)F

f(w) (10)

In [5], we derived the characterization of M(§2) by specifying the sub-class of Schur functions
that defines measures carried by [—Q,Q]. In order to recall its expression, let us introduce
the following notation : if & and f are two points of the unit circle, we denote by [a, 3] the

positively oriented arc of the unit circle with starting point o and end point 3. The set M(Q2)

is parametrized by the set S({, [Bn (&), Bn(e*)]) of all Schur functions that are continuous

on DU, =@, with S(Je?,e™™[) C [Bn(e™), Bn(e™*?)]. Then, we have (5] :

Theorem 1 A measure p belongs to M(Q) iff it is associated to a Schur function of

S(Q, [Bn(e), Bn(e™)]).

In the context of spectrum modeling, a particular power density function, denoted f(w), should

be chosen in accordance with (10), and with Sy € S(€, [Bn(e®?), Bn(e~)]). Unfortunately,

it seems difficult to determine a pertinent criterium that would be easy to optimize over

S(Q, [Bn(e®), Bn(e=)]), or some subclass of it, and thus to get a convenient band-limited
spectrum model. This remark, together with the restrictions mentioned in paragraph 2.2 justify

the search for an alternative approach.

3 Reflection coefficients of band-limited spectra

In the previous section, we studied band-limited spectrum modeling based on step-by-step
extension of the sequence of correlation coefficients. Also, we saw that selecting a suitable
solution of the trigonometric moment problem on [—(2, )] seems to be a difficult task.

As an alternative, we propose here to consider band-limited spectrum modeling through the

extension of the sequence defined by its first reflection coeficients, denoted (Bn)n=o,N, Where



we define 8y = rg, and the B, are known to have a modulus not greater than 1 for n > 0. With
a view to doing this, we first derive the relation between the (Bn)nzo and (B))n>0 associated
with band-limited spectra. Then, we will use it to build step-by-step positive band-limited
extensions of the initial sequence (8n)n=on. In particular, we will present strategies to build
step-by-step extensions that are simple and yield an explicit formula for the power density

function that they represent.

3.1 Relation between the j,, and the 3/

The relations between the (6,)n>0 and the (8})n>0 will be helpfull in describing the domain in
which the (8,).>0 must lie to represent the reflection coefficients of a band-limited spectrum.

In order to obtain these relations, we prove that we have the following relation between Qn(2)

and Q! (z) :

Proposition 2 Forn > 1,

[
o 2

0.'2
(2= Mz = e )Qn_1(2) = [+ -g—;—l]Qn(Z) = [Br+1 — B, ;’;l

n

j@n(z)  (n>1). (11)

Remark This result is a particular case of a more general one, related to the study of mul-
tivariate processes with band-limited spectra, and presented in [1]. The proof given here is a
direct one for the scalar case.

Proof : First, let us note that

Qnor(e¥)e™™dy! (w) = Qnoa(e9)e™™ ™ + & — 2 cos Qdp(w), (12)

]'_W’W] ]"7"7"]
and this expression is equal to 0 for k = 0,--- ,n — 2, and to 0';2_,1 for K = n—1. Let us denote

Kny1(z) the following degree n + 1 monic polynomial

Knp1(2) = (2 = e7D)(z = €9)Q;,_,(2), (13)



and < .,. > the scalar product defined by < 2™,2" >= f]_w ] eilm=m)wdy (). Since for z = €*,
(z — e @) (2 — ) = e[e™ + e~ — 2cos Q], it is clear that < Kpy1(2),25 >= 0 for k =
1,2,...,n — 1. Furthermore, < Knt1(2),2" >= o2, and < Knq1(2),1 >= BLo,2;. Thus, it is

easy to check that the degree n + 1 monic polynomial

- 0.;12—1 Jj 0—1,12—1 *
Lny1(2) = Knia(2) — j“'g—Qn(z) - /Bn_o_TQn(Z)) (14)
satisfies < Lpy1(2), 2% >=0, for k =0,--- ,n. Thus,
Lot1(2) = Qui1(2) = 2Qu(2) — Prsr1@Qr(2)- (15)

Considering the relations (13), (14), and (15), and putting all the pieces together yields the
result stated by the proposition.
Now, let us recall that @,(0) = —f, and @,,_;(0) = —0,_;. Then, the relation (11) yields

0.2

By, = Bn + (Bnt1 — 7'%1);52‘ (n > 2). (16)

n-1

With direct calculation for n = 0,1, we finally get :

Proposition 3 The sequences (Bn)n>o and (B'n)n>o are related through the relations

Bl = BolBi+ B —2cosQ]
Bi= P+ B+ 1)5(/?‘5 (17)
Bh= But (Burr— Bay)-2

n_.

Let us note that it is easy to check the positive band-limited conditions I'y 2 0,and I'y_; 2 0
by calculating the (8)nzon by means of the Levinson or the Schur algorithm (e.g. [12])
applied to the sequence (rn)n=on, and calculating (8;,)n=0,n-1 from (17) and the relations
o2 = o2 (1 —|Bal?) and 02| = 07 5(1 — |B;_;|*). This can be done by testing the conditions
Bo>0,and 8> 0,and || <land [§|<1(n=1,Nandli=1N~ 1). Furthermore, strict

positivity of the sequence (8,)n=o,n is guaranteed if f 1B,] <1 and |B]] < 1.



3.2 Step-by-step band-limited extension of (8,)n=on

First, let us introduce the following notations. We denote

Ri=% Ci=-1-fR,
(18)

Rn = 23 Cn = /8711—1 - ﬂan (TL > 1)
Let Bny41 be an element of D. Then, from (17), the corresponding By is given by By =

Bn + (Bn+1 — By_1)Ry'. Using notation (18), this relation can be rewritten in the form
Bnt1 = Cn + By Ry. (19)

Clearly, this shows that if (8,)n=0n is a strictly positive band-limited sequence of reflection
coeflicients, (B )n=0,n+1 is positive band-limited iff By, belongs to the intersection of D, and

of the open disk with center Cx and radius Ry, denoted Dy. Iterating this procedure yields :

Proposition 4 A strictly positive band-limited extension Bny1, Bnta, -+ can be obtained iter-
atively by choosing Bnikr1 (k> 0) in D N Dk, where Dyyy is the open disk with radius

_ 2 =2 —
By = ON4+k-10 N1k and center CNyk = 18],\/'+k—1 _ ﬁN+kRN+k-

Remarks The circles 9D and 9D, intersect at points ﬁfﬂ = B,(e**). To justify this
fact, let us first recall that Vw,|B,(e)| = 1. On the other hand, let us denote 8.% the values
of B that correspond with B, = ﬂfﬂ. If we consider the relation (11) at points z = e+,

together with (17) and (19), it results that

rE 7f+1 - Cn - —(+iQ)
ﬁn - '_R__"_ = —€ ﬁn—{—l) (20)

that also belongs to the unit circle. Thus, 8D NJD,, = {81,871} From (20), it also results

that

. Cn

S ey (21)



and that
|C| = (1 + 2R, cos Q + R2)Y/2. (22)

These relations will be useful to prove some of the results presented in what follows.
Now, in order to show that we can avoid the kind of numerical problems met in the step-

by-step extension of the correlation coefficient sequence (7'n)n=0,N, we study the behavior of the

radius R, of the disk D,. Clearly,

1— 8,1

Rpry = Rp————.
+1 1 —|Bpt1/?

(23)

Thus, for an appropriate choice of Sp11 (n > N), in DN Dy, it is possible to assign to R,41 any
value in the interval )0, +oo[. Indeed, from (23), it is clear that Rny1 — 0 when SBny1 — 0D,
and that R,4; — oo when fBnp1 — 0D,. Thus, the radius of D,, does not necessarily decrease
to 0. In particular, this condition is satisfied when we constrain Rn41 (n > N) not to depend
onn (i.e. Rop1R;t =1foralln > N). From (23), this condition can be written in the form
|Bas1|? = |BLI%, and it is easy to show that it is satisfied when fn11 belongs to the arc of the

circle defined by

Alz{u;u:—%_ﬁ,zb e]—Q,Q[}. (24)

More generally, the condition R4 R;* =k (k €]0,00[) is satisfied when Bny1 belongs to the

intersection of D N D, with a circle, the center and the radius of which are given respectively

by

C, nd [1+ 2kR, cos ) + kQRfL]l/Z
1 - R2k’ |R;t — kR, ’

when k # R72. When k = R;;%, we obtain the segment with end points By, and By,



3.3 Particular infinite extensions

We now look for simple methods to build extensions of the sequence (Bn)n=on. First, let us

note that we have the following result:

Proposition 5 Any constant extension Byyx = B (k > 0), |8] < 1 of a positive band-limited

sequence of reflection coefficients (Bp)n=on Yields a spectrum that is not carried by -8, Q].

Proof : see appendix.

However, it is possible to build very simple extensions (BN+k)k>o0 that yield band-limited
spectra. In particular, let us consider the following strategy : the relation (17) 8. = B, +
(Bnt1— B,_1) Bn suggests choosing Bnt1 = B._, for n > N. Then, B,, = By, and thus, |8/| < 1.
The so defined infinite extension has two alternate values : BNt2k—1 = PBn_y and Byior = Bn
(k > 0), and yields a band-limited spectrum. In fact, a similar property can be obtained with

some others simple extension strategies :

Proposition 6 The following three strategies

ﬁn+1 = 7,1—1
Brt1 = %[187:+1 + :87j+1] (n > N) (26)
Prt1 = B,

yield infinite extensions that have alternate values, given respectively by the pairs (By_q, Bn),

1+Bycos? _ 1+Rycosfd Cn ~C'n
( T Cn ), and (1+RN’ 1+RN)'

Proof': The proof of this proposition and some further properties are presented in the appendix.
The advantage of these strategies is that no calculation is necessary to get 8, for n > N +2.
The problem is then to characterize the power spectra associated with such alternate sequences.

To do this, let us note that if Sn(z) denotes the Schur function associated with the extension



(Bk)k>n, then, it is easy to check from (5) and (9) that

Sunale) = et (27

The spectra associated with alternate extensions are parametrized by the Schur functions S ~N(z)
associated with infinite sequences of reflection coefficients in the form a, b, a, b,--- . To get such

Schur functions, let us note that they obviously satisfy Sy(z) = S n42(2). From (27), we then

have
SN(z)——E _ E
SN+2(Z) _ z(l——aSNéi?()z)__d = SN(Z)> (28)
(1 = b testy)
that leads to the degree 2 polynomial equation
z(az+b)Sn(2)? +[1— 2"+ z(ab — @b)|Sn(2) — (@ + bz) = 0. (29)

The solution to this equation that remains in D for all z in D, represents 5 N(z).
We will not treat these solutions here. In the next paragraph, we shall present an alternate

extension that leads to a band-limited spectrum of particular interest.

4 A particular band-limited spectrum model

In this section, we are looking for a band-limited spectrum model that could be regarded as
a band-limited alternative to the classical AR maximum entropy spectrum model and to the
band-limited maximum entropy model (see paragraph 4.3.2), in the sense that it also represents
a very simple way to extend the reflection coeflicients under the correlations and positivity
constraints, but unlike the classical AR model it also matches the band-limiting constraint,
and unlike the band-limited maximum entropy model it can be calculated analytically.

To do this, we search for an extension of (Bn)n=o,n that depends as little as possible on

(Bn)n=o,n and that corresponds to the classical AR maximum entropy model when Q = ; i.e.



Br. =0 for k> N when Q = 7. To get such an extension, let us note that if we choose Sy
such that Ry, =1 (i.e. on the circle with center and radius defined by (25), with k = R1),
then, |Onyi| = [1 4 2Rn41 cos © + R%,,1 1Y% = 2cos(Q/2), and from the proposition (6), it is
clear that the sequence fyit = (—1)* cos(/2)e/®v+1 (k > 2), where ¢y 41 is the argument of
Cn+1, defines a positive band-limited extension.

We will discuss the choice of ¢y later. Now, let us simply write the extension (BN+k)E>2

in the form Sy, = (=1)*8, with |3] = cos(Q/2), and let us derive the expression of the power

density of the spectrum associated with this extension.

4.1 Spectrum associated with the extension

Paralleling the discussion in section 3, we have

Sni1(2)
Snia(z) = et + B
Sni1(z)
(1 + ﬁz(lNﬁéN-q-l( )))

= Sn+1(2), (30)

that yields the equation z,@S]i,_H — (14 2)Sn+41 + B = 0. The discriminant of this equation is

given by
A(z)=(1+2)" —4z|B]> = 2+ 2:(1 = 218|) + 1 = (2 — e M) (z — e7), (31)

As is well known, it is possible to determine a holomorphic function, denoted ®(z), defined in
the complex plane stripped of a curve with end points € and e~*! such that ®(2)? = A(2).
We consider such a curve, denoted ¢, that satisfies (ND =70 (D represents the closed unit
disk). Then, with the condition ®(0) = 1, ®(z) is uniquely determined on the complex plane

stripped of (. In particular, the expression of ® on 9D is given by

A 2e™/2[cos()? — cos(2)?]1/2 on [e™™, ¢
®(e™) = : 2 (32)

—2ie™/?[cos(2)? — cos(£)%)/?  on [, e



14+2+8(2)

Then, Sn41(2) is given by Syy1(2) = =53

and the constraint |Sy41(0)] < 1 yields

142 —®(2)
2203 '

In particular, for w € [—Q, 9], we have Syy1(e™) = eiw/2e=1218(f) [y (w) — 4/u(w)? — 1], where

Sny1(2) = (33)

u(w) = &SI%#Z Then, from (10), the power spectrum density associated with the extension
(—1)¥B (k > 1), denoted fo(w), is given by

Wy _ ol u(w)2 1))
fg(@ ) lQN 1(620.1) — ezw/2e—‘barg(ﬁ) ’U,(LQ)2 1 QN+1 ezw)‘2

(34)

4.2 Choice of By

From the study in paragraph 3.2, it is clear that the values Sy41 that yield Ry41 = 1 must be
chosen on an arc of a circle. More precisely, we have k = Ry Ry = Ry, and from (25), it

results that By41 must belong to the arc of the circle denoted A, and given by

Cn + 2Ry cos(§2/2 .
Ay = ¢ Bnpa(e) = Y w cos(@/2)e” a €]¢n — ao, ¢ + ol ¢, (35)
1 — Ry
where ap = arccos (:%_Jifﬂ?l), and the superscript ¢ denotes the complementary set in

| —m,ml.
For Bn41 = Bnyi(a), we get Cnyr = 2cos(Q/2)ei“, and the band-limited extension Byir =
(—=1)* cos(/2)e” (k > 1). Now, in order to make an appropriate choice for «, let us note that

the variance of the error of prediction satisfies

s = BO TL 0~ 18 = 80 [T (= 1BINQ oo )sin )0, (36)

I=1,N+k [=1,N

Since we are looking for an extension that could be interpreted as a band-limited alternative to
the maximum entropy spectrum model, it is natural to take for Sn41 the value Bn41(a) of Ag
that maximizes 0%, ;. Clearly, we must choose a = én+m. Then, in (34), we have arg(8) = ¢n
and for £ > 1, we get Onyr = (=1)kcos(2/2)e"~*7. Let us note that when & — m, this model

matches the classical AR maximum entropy spectrum model.



4.3 Remarks

4.3.1 Connection with Schur functions

Now, let us briefly give an interpretation of (34) in terms of the corresponding Schur functions

associated with the proposed band-limited extensions. From theorem 1, S ~(z) must be chosen

in S(§2, [Bn(e?), Bn(e=®)]). Let Bn41 = Bn41(e) be an element of A,. Then, from (21)

+i0) O = eiloEg) (37)

= :i: = =
B2 1 + Ryyre— ()

BN+1(€

Thus, from the theorem 1, Sy41(2) must be chosen in

i)

S(9, [0+F), e B)]) = ciog(, [=%, eiF)). (38)

It appears that, up to the phase factor e™*®, the set of all the Schur functions Sn+1(2z) that
Q

define band-limited spectra is S(Q, [e‘i?,ei%]). Thus this set does not depend on the data

(Bk) k=0~ , but only on the bandwidth €.

4.3.2 Maximum entropy as an optimization problem

Let us recall first that the spectrum density of the classical maximum entropy spectrum model
is hy(w) = o}|Q¥(e™)|7%, and it is the solution to the following constrained maximization

problem

max f[—mr] In[f(w)]dw

(39)
Py = % f[-—wnr] eik“’f(w)dw (k=0,N).
Similarly, a direct calculation shows that the band-limited constrained problem
max; [;_q o In[f(w)]dw
.0l (40)

Tk = ‘2;1? [-2,9] e f(w)dw (k=0,N),
yields a spectrum carried by [~(2, Q] that has spectrum density in the form A% (W) = Xpmon Apetke

for w € [0, Q]. However, it does not seem to be possible to calculate the coefficients (Ak) k=0



from any analytical formula, but only by means of numerical techniques [16]. Furthermore,
h$(w) is not equal to 0 at points &€ This makes it less meaningful than model (34) in appli-
cations where a band-limited spectrum with density continuous on [—,] is searched for (in

(34) we have fo(—0) = fo(Q) = 0).

4.3.3 A particular spectrum

We have seen that the extensions that alternate on = cos(2/2) (up to a phase factor ')
are of particular interest. This suggests studying the spectra defined by Bo = 1, and B, =
+(~1)" cos(2/2), (n > 0).

Clearly, the spectrum defined by B, = (—1)"cos(€/2) is not carried by [~9,Q] : from
proposition (17), we have 8 = 2f[Re(f1) — cos)]. Thus, if f; = — cos(2/2), we have §; < 0,
and the band-limiting constraint is not matched.

Now, let us study the spectrum defined by 8, = (1) cos(©2/2). From proposition (17),

it is clear that

By =2(1-p8)(1+20)
B, = (362 +28+1)/(2+48) (41)
B =18 (n>1),
with 8 = cos(/2). It is easy to check that the conditions 5 > 0 and |G;] < 1 (k > 0) are
satisfied. Thus, the spectrum considered here is carried by [-£2, Q).
Paralleling the study of paragraph 4.1, it results that the corresponding spectrum density

is given by
hw) = Y———— for we[-0,0] (42)

From the definition that we proposed for the band-limited alternative to the maximum entropy

spectrum model, it is clear that h(w) can be seen as a possible band-limited alternative to



the concept of white noise. Indeed, up to a phase factor, the approach proposed in section
4.1 consists in looking for an extension that has reflection coefficients matching those of A(w);
similarly, in the non band-limited case, the maximum entropy model has reflection coefficients
Bn+k (k> 0) equal to 0, thus matching those of the white noise. Furthermore, we check
that when  — 7, A(w) tends to a constant spectrum density, equal to one for all w. h(w) is

represented in figure 1 for @ = 1,2, 3’{-, and 7.

4.3.4 Extension to more general support constraints

It is easy to check that if a positive measure y is carried by a non-symmetric interval, denoted
[21,Q2], then any of the previous results apply to the positive measure p2 defined by dus(w) =
dp(w — &12191), that is carried by [, ], with Q = QJ—E—QL

Now, if it is carried by a set of intervals of [—, ), it is clear that this set can be rewritten

in the form
A= {¢1 eiqS € mk:lyp[einfa ezﬂé]} y (43)

where the {¢; e € Upoy [, % ]C} define the intervals outside the support of the spectrum.
Since p is carried by the intersection of the intervals [, ¢%%] (k= 1,p), the reflection coeffi-
cient B, of y must lie in the intersection of the unit disk with p other disks, and the parameters

of these disks are easily characterized.

5 Example.

In Figure 2, we consider the spectrum with power density constant and equal to 1 on -2, 7,
and to 0 outside this interval. This kind of spectrum can be met in some practical problems like

array processing, where it corresponds with the spectrum of what is called a spheric isotropic

noise (e.g. [4]). The classical maximum entropy AR model is represented for N = 5. It appears



not to be very satisfactory, while the band limited model applies much better. An ARMA(2,3)
model is represented too. It also shows good behavior, but of course it matches neither the
band-limiting nor the correlation constraints. This example shows that it is possible to build
models that fit an unknown band-limited spectrum quite well, and match both correlation and

bandwidth constraints.

6 Conclusion

In this paper, we have addressed the problem of band-limited spectrum modeling through a
reflection coefficient approach. We have shown that this is more appropriate than approaches
based on step-by-step extension of the initial correlation coefficients, or the direct search for a
suitable solution in the set of the solutions of the trigonometric moment problem on an interval.
We have characterized a simple necessary and sufficient condition for reflection coefficients to
be associated with band-limited spectra, and presented a simple procedure for performing a
particular infinite extension. This extension yields a power spectrum that can be calculated
easily and can be seen as a band-limited alternative to the classical maximum entropy spectrum

model.
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Appendix

A Proof of proposition 5

Let A be a measure with reflection coefficients 8y = 1, and Bn =B (>0, 8] <1). From
[13] p.134, X is not carried by [—Q,0)]. Let F ’\(2) be the Caratheodory function associated with
A

Now, let Sy(z) be the Schur function associated with the the extension Bnyr =B (k> 0).

From theorem 1, proposition 5 can be proved by showing that Sn(z) ¢ S(Q,[Bn(e?), By(e=19))).

Let us note that we have

1 —-25n(2)

F,\(Z) — m

(44)

Then, it is easy to check that if Sy (z) were in S(Q, [Bn(e), By(e-®)]), Fi(z) would be contin-

uous on DUJe*?, e[, with Re[F(e™] = 0 for any w on ]Q, m)U[—m, —Q[. Then, the support of A

would be inside [, Q]. Since this is false, Sy(z) does not belong to S(2, [Bn(et), By(e™®))).
Thus, a spectrum defined from a constant extension Bn+k = B (k > 0) cannot correspond to a

spectrum carried by [—, Q).

B Proof of proposition 6

We have already proved that the extension given by fBnyq1 = # (n > N) has two alternate

n—1

values, By _, and By, and is band-limited.
Let us now consider the extension given by f,.1 = B+ B2 +1)- Obviously, it can

be derived from simple geometric considerations that Brnt1 € DN D,. Thus, this strategy

defines band-limited positive extensions. From the results of section (3.2), it is clear that



Rn.41R;' = R7% ie. Ryyy = R, Furthermore,

C.

1 n
Cn+1 = ﬁ; - ﬂn+1Rn+1 = ""R’_[,Bn-%-l - IB;Rn] - —‘ﬁ'a (45)

and Chyo = _;5;311 = g% — = Cp. Thus, Dy = Data, and Bayz = Ba (0 > N).

A direct calculation shows that

1 Cn Cn 1 -+ RN COS Q
I — 4 _ —_ 4
B 2 (1 + Ryet 1+ RN6"19> Cn ’ ( 6)

and

14+ Ryyicos{l _(RN + cos )
Cns1 Cn

Btz = . (47)

Let us note that this strategy is equivalent to the strategy fn41 = B,_;, but here it is applied

n—1
from n = N + 1 instead of n = N.

The third strategy is obtained by considering the relation fp41 = Cr + B. R, : letting
B = —frpi1 yields Bry = ﬂqﬁ; that belongs to D,. Furthermore, the relation |Cr| = (1 +
2R, cos  + R2)Y/? makes it possible to check that Bn41 € D. Thus, the strategy B = =1

yields a positive band-limited extension. Furthermore,

118,12
Fn1 = Rm-vlsilm = ftn,

(48)
Cry1= PBn— Bryrfins = —Bns1(1 + R,) = —C,.

Cn_ and —-Ca

This proves that (3,)n>n has the two alternate values ; iy ey
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Figure 2: band-limited, AR, and ARMA models
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Abstract

In this paper, we address the problem of estimating the first correlation coefficients (Tn)n=0,n of &
band-limited discrete time stationary process with known bandwidth, in a way that accounts for
this property. For this purpose, we estimate the associated Toeplitz matrix (Tm—-n)(m,n)zo, w from
the data, under appropriate constraints. Two estimation schemes with asymptotical minimum
variance are presented. Finally, we use the proposed estimators in the context of the localization
of plane waves sources corrupted by spherical isotropic noise. The results illustrate the potential

of our proposal.

Résumé

Dans cet article, on envisage le probléme de I’estimation des premiers coefficients de corrélation
(rn)n=0,n d’un processus stationnaire & temps discret dont le spectre possede une bande limitée
connue, par des méthodes qui prennent en compte cette information. Pour réaliser cette opéra-
tion, nous estimons la matrice de Toeplitz définie par (Tm—n) (m,n)=0,N, & partir des observations
et de contraintes appropriées. On présente deux techniques d’estimation qui ont une variance
asymptotique minimale et on envisage leur mise en oeuvre dans le contexte de la localisation
de sources en présence d’un bruit additif sphérique isotrope. Les résultats obtenus montrent

I’intérét des techniques proposées.



1 Introduction

Let us consider a zero mean, discrete time, complex valued, stationary process (X3 )n=0,+1,£2,..-
An important problem consists in estimating its first N+1 correlation coefficients (7, )n=0,N,
defined by 7, = E[Xpn4xX;]. Denoting R the (N 4 1) x (N + 1) autocovariance matrix of
the vector Y = (X, vy Xn-n)T, it follows that the general term of R is [Rlmm = "m-n,
and that R is a Toeplitz matrix. If K samples of Y, denoted (yx)r=1,x are available, a
straightforward way to estimate R is to consider its empiric estimate denoted R :
B=t 3wl (1)
K k=1,K
R is positive but a.s. it is not compatible with the stationarity of X, ie. R is not a Toeplitz
matrix. This drawback can be overcome by projecting R on the set of hermitian Toeplitz
matrices, denoted T'. In practical terms, this consists of averaging the subdiagonals of R.
Unfortunately, this new estimate may no longer be positive, especially when R is close to

singularity.

In this case, one may use an alternate projection technique [5],[27], consisting in truncating
the eigenvalue decomposition of the averaged matrix to its positive part, to project the new
matrix on T and to iterate the procedure. However, the limit of the algorithm represents
a positive singular Toeplitz matrix, thus corresponding to the correlation sequence of
a purely harmonic signal with uniquely defined frequencies. Therefore, this estimation

scheme is irrelevant in many applications.

Often, and we will assume that this is the case here, the process X is supposed to be
Qaussian. This auxiliary information can be used to get an efficient estimate of R by

maximizing the log-likelihood functional, or equivalently minimizing
®(S, R) = Log|S| + Tr(S™'R), (2)

where T'r(.) and |.| represent the trace and the determinant operators respectively. Let us

assume that R is full rank, a condition which is fulfilled a.s. when K > N. Let T be the




set of all (N + 1) x (N 4+ 1) positive Toeplitz matrices, and denote by 8T, the boundary
Of T+.

It was proved [12] that (S, R) is lower bounded over T} and that limgar, ser, ®(S, R) =
+00, where 0Ty denotes the boundary of Ty. Thus, there exist matrices S that minimize
(S, ﬁ) on T, and such matrices belong to the interior of T, i.e. they are positive
definite. Consequently, it is possible to get a minimum of ®(.S, ﬁ) by means of a standard
gradient-like descent algorithm performed over 7. As is well known, the main drawback

of this method is the possible existence of local minima due to the non convexity of

®(S, R).

In some problems [10], the spectrum of X is band-limited, and it has a known bandwidsth,
denoted [, ], which is a subinterval of the total sampling bandwidth [—m,7] 0 < <
7). The purpose of this paper is to take this additional information into account in order

to estimate R, following the approach in [7].

First, we are going to recall some basic properties of the set of all Toeplitz covariance
matrices B = (rm_n)(mn)=o,n associated with processes whose spectrum are carried by
[, Q). This set will be denoted T3. In particular, we will point out the difficulties that
arise in the estimation of R over Tf. Then, we derive two approaches to estimate R.
The first one is based on the projection of R on a set approximating in some sense T7.
We derive the second one as a non trivial extension of a relaxation method developed to
minimize (S, R) and presented in [11] for non band-limited real valued processes. Both

methods use particular parametrizations of the elements of Tf in the form
S= " d(we)d(wr), (3)
k=1,M
where d(w) = [1,e™,...,e™]T A\, > 0, and wy € [-Q,0]. S € T3, since the mass point
spectrum Zkzl,M At0u, (0w, denotes the Dirac’s delta measure with mass at point wy) is

carried by [-§2, Q] and its first N + 1 correlation coefficients match the elements of S.



The last section of this paper is devoted to the application of these algorithms to the

sources localization problem of plane waves corrupted by a spherical isotropic noise.

2 Correlation matrices of band-limited processes

2.1 Structure of TEZ

It is easy to check that Tf is a closed convex set. In addition, the structure of Tf can be
derived from general results by Krein and Nudel’man [18] related to moment problems. A
direct characterization of T{ is presented in [3] and in [8]-[9] it is presented in the context

of band-limited spectrum estimation.

In view to describe T’ f, let us consider an element of T, that we will denote R, with

[Rlmn = Tm—n (Ris a (N +1) x (N + 1) matrix). Then, let us define the coefficients
= Tpp1 + Tne1 — 27, cos £, n=0N-1, (4)

and the N x N matrix R/, with [R|mn = 7h_, (r_x = 7). Then, we have the following

m

result [18] :
Proposition 1 R € TY if and only if R> 0, and R' > 0.

Furthermore, if R > 0 and R’ > 0, there exists an infinite number of spectra carried by
[—Q,Q], with first correlation coefficients matching the (rx)r=o,n. On the other hand, if
R or R’ is singular, the (rj)r=on are the first correlation coefficients of only one such
spectrum, and it is carried by at most N + 1 points of [-Q,Q]. In other words, X is the

sum of at most N + 1 sinusoids with frequencies in [-(, Q].



It is clear that the boundary of Tf, denoted BTf, is made of the elements R € Tf such that
Ror R is singular. From the study presented in [9], it appears that 0T = 8Tf’1 U@Tf 2
with

T = {R € T/R is positive and singular, B’ > 0}
+ g

T* ={Re T/R>0, R is positive and singular},

and the corresponding mass point measures, denoted y, are in the following form

if Re (?Tf’l: pw) =3y m Ay (w)  m<N

if ReoTd? u(w) = Dot N4t MO (W) =0 =w1 < .. <wyyr = Q.

2.2 Behaviour of ®(S, R) over T

)

It is clear that BTf e dT$. Consequently, since Ris full rank, limg HOT SeTD ®(S,R) =
S,R) is

B
+oo. This is no longer true on 5]}?’2 which lies in the interior of T, since ®( R

bounded on any compact set inside Tf.

A possible consequence of this fact is that the minimum of ®(9, R\) over Tf may not be
reached by means of a standard descent algorithm, in particular if it is located on 6Tf’2,
which occurs when V&(S, E) # 0 in Tf. Furthermore, as explained above the elements

of OTf’Z correspond to very particular spectra.

To avoid these problems, a possible approach consists in adding a penalty factor that
would prevent descent algorithms from reaching 8Tf’2. Then, the problem is to minimize

the functional

~

U(S, R) = ®(S, R) + Ag(9), (7)



where ¢(S) is a penalty function which tends toward +oco when S — aTE}ﬂ. For instance,
one can choose g(S) = |5/t (with [S']mn = Sm-nt1 + Sm-n-1 — 28m—n COS ), or g(5) =
—log|S]. A is a so-called penalty factor (A > 0). The problem of making a good choice
for ) in penalized problems is adressed in [25]. We would like to remark here that this
choice requires much computation, and that from a physical point of view the additional
function Ag(S) is not very meaningful. For these reasons, we will not emphasize the

penalized approaches.

2.3 Ill-conditioning of the elements of Tf}

As it is well known , the covariance matrices associated with band-limited processes are
ill-conditioned [24]. To explain this fact, let us consider the Capon spectrum model [6]
which is defined by the spectral density

N+1
) = TP R W) )

where d(w) = [1,¢",...,e’N¥]T. Some properties of this estimator can be found in [14].
Furthermore, adapting the proof of results given in [14] pp.40-42, it comes that when
N increases, S(w) tends to 0 outside [—$, €], while it has significant values inside the
spectrum bandwidth. This shows that for large enough N, the matrix R is ill-conditioned
and that the vectors {d(w)/w € [—m, —Q[U]Q, [} are close to the subspace spanned by
the eigenvectors associated with the smallest eigenvalues of R. Similar conclusions would
have been obtained considering the periodogram estimator (see for example [4]). However,

the Capon estimator has been considered here since it will be refered to later.

To illustrate the above discussion, let us consider the spectrum with density f(w) =
X[-a,0)(w), where x4 is the characteristic function of the interval A. Table 1 presents the
condition number of R, i.e. the ratio between its largest and its smallest eigenvalues, when
N and Q vary. As expected, it appears that ill-conditioning increases when N increases

and when () decreases.



The remarks here above also apply to the matrix R'. Indeed, if f (w) is a spectral density
carried by [—, 2], the first correlation coefficients of which are (rk)k=o,n, then (7 )x=o N—1

are the NV first correlation coefficients of the spectrum defined by the spectrum density

/() = 2x(-n(w)(cosw — cos Q) f(w) (9)

Thus, R' is the covariance matrix associated with a band-limited process.

To illustrate the practical consequence of the ill-conditioning of R, we study the positivity
of the projection, denoted R, of the empiric estimator R defined by (1) on the set of
Toeplitz matrices. In table 2, we represent the percentage of cases when fi, }Ni’, and both
Rand R are positive for §) = /2, obtained from 10* tests. We check that ill-conditioning
yields a large amount of estimates outside 7. In table 2, N + 1 represents the size of R,

and K the number of samples used to calculate R.

2.4 Minimization of &(S, R) over TS

In addition to the problems discussed in section 2.2, another difficulty occurs when min-
imizing ®(S, ) by means of a standard descent algorithm. Let us parametrize S by its

coeflicients so, ..., sy. Then, the gradient algorithm can be written as
Sks1 = Sk = pesa[VO(S, R)]s=s, (10)

We want all matrices S; to remain inside Tf. But, since the elements of Tf are ill-
conditioned, the steps p; will generally have to be very small for this condition to be
satisfied (otherwise, Sy or S} would not be positive). A consequence of this is a very slow

convergence of the algorithm.

Thus, parametrizing Sy directly throught its coefficients is certainly irrelevant. In section 3

and 4, we propose alternative approaches, which are much better adapted to our problem.



2.5 Local minima of (S, R)

To avoid working with a criterium that may show local minima, it was proposed in [13]

to replace ®(S, ﬁ) by the function

2

,(S, R) = H(s “RE, (11)

where ||.|| is the norm associated with the matrix scalar product defined by < A, B >=
Tr(ABH). @,(S, I/%) is a distance functional, and since it is a quadratic function of S,
it admits a minimum on any closed convex set, and in particular on Tf. Furthermore,
a main advantage of ®5(S, ]/:E) is that it has the same asymptotic properties as ®(S, ﬁ),
i.e. it yields an asymptotically efficient estimate of R. For this reason, we will use this

functional instead of ®(S, R) in the next section.

One might think that the presence of the term R~! advocates against the use of ®4(S, ]/%\)
since R is generally ill-conditioned in the context of this paper. However, a crux point of
the parametrization of the elements of 7% that we are going to present is that it renders

®,(S, R) very insensitive to the ill-conditioning of R.

3 Estimation of R over a convex approximation of 7' frz

The direct minimization of ®5(.5, f/i) over T seems to be a difficult task due to the rather
complex structure of this set. Thus, we try to simplify the problem of the estimation of
R by seeking a subset C' of T_? that is a good approximation of Tﬂ, and such that the

constrained minimization problem

min @o(5, R) (12)

can be solved easily.



i

In order to characterize such a set C, we introduce the following notations : let us consider
M (M > 2N) equispaced points in [, ], denoted w,, = —Q + 1) (m =1, M), and
the positive convex cone generated by the rank one matrices F (W) = d(wp,)d(wm)H, and

denoted Kff :
Kfz{S: Z am F(wr); am >0, mzl,M}. (13)
m=1,M

In view to show that Kfr’! is a good approximation of Tf, we are going to prove that for

M

any matrix S inside T}, we have S € KM for M large enough.

To do this, we consider the following isometric transformation

7T — R2N+L
(14)
R — [ro, Re(ry), Im(ry), ..., Re(rn), Im(ry)]

where Re(.) and Im(.) represent the real and the imaginary part. Furthermore, we denote
e(w) = T{d(w)d(w)7} = [1,cosw,sinw, ..., cos Nw,sin Nw]T. If (uy, .., usn) is a basis of an
hyperplane of R*¥*! denoted II, there exist two closed half spaces limited by II, and they
are in the form £ = {v;ufv <0,i=1,2N} and E' = {v;uTv >0, ¢ =1,2N}. Then, we

have the following lemma

Lemma 1 7(KM) is the cone defined by the intersections of half spaces limited by the

hyperplanes

Sp{e(wal )> e(wal+1)> e(wa2)7 e(wa2+1)) ey e(waN)) e(waN+1)}7

withl <a;<ay<..<an< M

and

Sp{e(wl)7 e(wa, ), e(war*'l)“'a e(waN—l)’ e(w‘lN—l“}‘l)? e(wnm)},

with 1 < ay <ay < ...<an-1 < M.



Sp{.} represents the vector space spanned by a set of vectors. This lemma yields the

proposition

Proposition 2 for any S € Int(T3), there exists Mo such that for any M > Mo then
Se KM

The proofs are given in Appendix A and in Appendix B. Thus, it appears that for suf-

ficiently large values of M, K i’f is a good approximation of Tf and that we can choose

M
C=K.

3.1 Estimation of ®(S, R) over KM

Letting C = K¥, the problem (12) can be reformulated as follows

2

o~

(> e @m F(wm) — R)R™!

an >0, m=1,M.

min,,

Note that the parametrization of the covariance matrix proposed here has close connec-
tions with that chosen by Miller and Snyder in [20]. However, the set on which the
optimization is performed, the criterium to be optimized and the way to optimize it are

very different.

In (15), we have to minimize a quadratic function of a = (a1, ...,an)?, with linear
constraints. Such a problem can be solved using Lagrange multipliers. Denoting p =

(pi1, .-, par)T the Lagrange multipliers, we look for the saddle point of the function
L(e,p) = o' Ha+ o’ (b—p), (16)

~ 2 ~
with [H]mn = |d(wn)f R1d(wn)| , and [b], = —2d(wm ¥ R d(wn,).



The minimum of (15) can be obtained by means of the Arrow-Hurwiczalgorithm [2]. In
this iterative algorithm, the current values of vectors & and ;1 are computed according the
following formulas

ol = of — pF(2HaF + b — u¥)

(17)

k41 k k41

pert = Tgae (uF — pha¥tt),
where HMJ(.) is the projection on the set RY of M-dimensional real vectors with positive

coefficients, i.e. the k** component of HR_‘J\:I(U) is max([u]k, 0).

0

The initial value o® can be any point of Rf . In order to have a® not to far from the

0

optimum (and thus fast convergence), we can take, for instance, a2,

equal to the value
of the Capon estimator at point wy,, normalised by the factor 1/M. In this case, o2, =

(N + 1)[M % d(wn)¥ B d(w,)]™ = =2(N + 1)/(M x [b]).

It is also possible to optimize the choice of p¥ at each step of the algorithm. To do this,
we look for the minimum of L(a* — p¥(2Ha* + b — p¥), u*). Thus

5 uTy

P1 :m, Wlthuonak+b~Mk (18)

On another hand, p can be chosen equal to 1/k||a*t1|].

Of course, the algorithm (17) can easily be generalized to estimate the covariance matrices

of signals that have more complicated spectrum support.

3.2 Influence of R ill-conditioning

From the discussion in section 2.3, it is clear that the vectors d(w,,) are approximately
orthogonal to the space spanned by the largest eigenvalues of R Therefore, the param-
eters [Hlmn = |d(wm ) R1d(w,) 2, and [B],, = —2d(wp )¥ Rd(wy, ) are little influenced
by the ill-conditioning of R. Thus, ®,(S, ﬁ) is not sensitive to the ill-conditioning of R

for values of S chosen inside Tf.



3.3 Rank of matrix H

The parameter M has to be large enough to ensure that K M is a good approximation of
Tf. In the algorithm, the computation of Ho requires M 2 multiplications. However, as is
shown in appendix C, the rank of H is equal to min(M,2N +1). Thus, for M > 2N +1,
the computational cost increases linearly with M. But in practice, the gain in terms of
bias and variance obtained when M increases is not so significant, and we can choose
M = 2N + 1. Furthermore, for M = 2N + 1 the minimum for o can be reached at each

iteration of the algorithm (17) since
argmin L(a, ) = H™H(b— p*), (19)
and the update of « in (17) can be replaced by

ot = H71(b — ub). (20)

3.4 Mixing of a band-limited and a non band-limited process

Let us assume that the band-limited process X is observed together with an additional
process which is not band-limited and is uncorrelated with X. Then, if the covariance
matrix of this non band-limited process, denoted R,, is definite and known up to a
constant, it is possible to estimate the covariance matrix R of X by slightly modifying

the previous algorithm : R can be estimated by solving

i 2
ming

D=1, m F(wm) + vR, — §]§—1

. om >0, m=1M (21)

v>0
The uniqueness of the solution (a,v) is discussed in Appendix D. In the last section, we

present an application of this method.



4 Minimization of ®(S, R) over T by means of a re-

laxation algorithm

In the previous approach, the estimate of R was constrained to be in a subset of Tff.
Here, we propose an alternative technique which permits to look for an estimate of R
over the whole set T'. It is based on works by Degerine [11], developped in the context
of non band-limited real valued processes. We have seen in section 2 that the direct
parametrization of the matrix S through its coefficients is not relevent in view to perform
the minimization of ®(S,R) on T2, For this reason, we consider here an alternative
parametrization of S in the form

S= > ld(wa)d(wa)?, (22)

n=1,N+1

where the A, are positive, and the w,, are in ] —m, 7] (n = 1, N +1). First, we are going to
recall some basic facts about these parametrizations when S belongs to Int(Ty) (Int(A)
represents the interior part of the set A). Then, we will present how they have been used
in [11] to minimize ®(S, R) when dealing with real valued processes, and we will show

how his approach can be adapted to the case of complex-valued, band-limited signals.

4.1 Parametrization of the elements of T,

The representations of the elements S of Int(T}) in the form (22) are given by the
following result that derives directly from [18] p. 79 :

Proposition 3 Let S be an element of Int(T,), defined by the correlation sequence
(8n)n=on. Then, for any fized point o in | — m, 7|, there exists a unique spectrum carried
by N + 1 points with mass at point o and the first N + 1 correlation coefficients of which

match the (Sp)n=o N -



Let a be a point of | — m, 7], and 3, _; y41 Anbu,, the corresponding spectrum defined as
in the proposition 3 (o € {wi,...,wn41}). Then, it is clear that sp = > _; yis Apethen

(k=0,N),and thus S =) _, vy And(wy)d(wn)E .

Let us recall how the value of the parameters (wp)n=1,nv+1 and (An)p=1,84+1 can be cal-
culated (see e.g. [18] p. 156). To do this, we denote by @Qn(z) the degree N first
order Szegd orthogonal polynomiall associated with the sequence (sn)n=on [15]. Fur-
thermore, let us denote By(z) = 2Qn(z)/Qn(z) where Qn(z) = 2N [Qn(1/2")]*. Now,
let @ € {wy,...,wns1}. Then, {wi,...,wN41} = {w; By(e™) = By(e"*)}. Furthermore,
By(e®) spans the unit circle (N + 1 times) when « spans | — m,m]. Together with the

proposition 3, this yields

Proposition 4 If S € Int(Ty), it admits representations in the form (22). To any such
representation corresponds a point € of the unit circle for which the (wn)n=1,N+41 are the

solutions of the equation By(e™) = €.

On another hand, the corresponding A, are given by A, = [d(wn)H S~1d(wy)]™t. It comes
from (8) that up to a factor N+1, A, represents the value of the Capon spectrum estimator

at point w,.

4.2 Optimization of ®(S, R) in the real case

When dealing with a real process, S is a symetric matrix with real coefficients (8n)p=o N

In this case, a restricted version of the propositions 3 and 4 is available:

Proposition 5 the coefficients (s,)n=o,n of a given real covariance matriz S of Int(T})

represent the first correlation coefficients of exactly two spectra of real valued processes

1Qn(z) = 2" Ap(2), where A(z) is the classical prediction error filter



carried by N + 1 points. These spectra are carried by the points that are the solutions of
the equations By(e) = —1, and By(e™) = 41 respectively.

We will denote p~ and pt respectively the spectra obtained for By(e) = —1, and
Bn(e™) = +1. They are in the form

poo= z A6, ,and pt = Z Ao (23)
n=1,N+1 n=1,N+1
Since s; = 30,y ypr €™ =0 1 v Arekd (k=0,N + 1), S can be written

S =Y e And(wy)d(wy)H = M~D-[M-H

n

(24)
and §' =32,y g Ad(wh)d(w])T = M*D¥[MHH,

n

where M* = (d(wli),...,d(wﬁﬂ)), and D* = diag(\f,...,\E). These decompositions
of S are well known in speech coding, and are named the Line Spectrum Pair (LSP)

decompositions [17].

These decompositions are used in [11] to minimize ®(S, R). The principle is the follow-
ing : first, let us consider a positive definite Toeplitz matrix, denoted Sy, and one of

its above defined decompositions, for instance that with superscript 4, that we denote

M D} [MF1H. Now, let us consider the matrix

Do = ang { pin o0 DM 7, B) | (25
where A is the set of all diagonal matrices. It is shown in [11] that Dy is the diagonal
part of [MF] 1R[M;]~¥, and thus Dy > 0. Then, we define Sy = M Do[Mi)H. Clearly,
S; > 0, and Q)(S’l,ﬁ) < @(SO,E). The representations of S; in the form (24) will be
denoted My Dy [M{ ¥ and M7 DF[M1H (M = M§, and D} = 130). Then it is possible
to define S, by minimizing ®(M; D[M; ¥, R) over D :

Sy = M; x arg {r,gggwM;D[M;]H, ﬁ)} < (M1, (26)



Iterating this procedure yields a sequence {Sy}x»o0 of positive definite Toeplitz matrices.
It is clear that {®(Sk, E)}kzo is a decreasing sequence. Furthermore, it was proved in [11]
that its accumulation points satisfy V®(S, fi) = 0. Also, limj—e0 ||Sk+1 — Sk|| = 0, which
ensures that either the sequence converges or it admits a continuous set of accumulation

points.

4.3 Parametrization of the elements of Tf

It is clear that the approach described here above does not apply to the band-limited case

since the sequence {Si}r>0 will generally not belong to Tf .

In order to parallel the above discussion, and optimize ®(S, f/%) over T, we are going
first to consider the decompositions of the elements of Int(T%) in the form (22). More
particularly, in order to be able to use these results to minimize ®(S5, ﬁ) over T% we will
restrict our interest to the decompositions for which the (wp)n=1,n41 are in [=0, Q]. To get
them, we use the following result which derives directly from [9]. Denotinge_ = B n (e,
e+ = Bn(e'?) and [e_, e, ] the positively oriented arc of the unit circle with initial point

¢- and end point €, we have

Proposition 6 If S € T}, it admits representations in the form (22) for which the
(Wn)ne1 41 lay inside [—Q, Q). To any such representation corresponds a value & €

[e_,e4], for which the (wy)n=1,n4+1 are the solutions of the equation By(e™) =e.

To explain the interest of the representations in the form (22) that are defined by N 41
points of [—Q, )], let S € Int(T%) and
S= Y Adwn)d(w.)” = MDMH (27)
n=1,N+1
such a decomposition , with D = diag(A1, ..., Aw41). Then, looking for minaea d(MAME, }/%)
yields the matrix Sy = MDyM¥, where Dy = diag(}i,..., A\jy;,) is the diagonal part of



M~*EM-H. Thus S, is positive definite. Consequently, S; € Int(T) since its coeffi-
cients are the first correlation coefficients of the band-limited spectrum

Furthermore we have ®(5, R) < ®(S, R).

1
n=1,N+1 /\71-5“’71 :

In the real case, two representations corresponding with fixed values of € (¢ = —1 and
£ = +1) were used to minimize ®(S, R). Here, we cannot specify two fixed values in
[e—,€4] since this arc depends on the matrix S under consideration, and thus will change

at each step of the algorithm.

In fact, the only simple way to get decompositions for which the (wy)n=1 n31 are always
in [~0,Q] is to select the decompositions for which ¢ = ¢_ and ¢ = e,. They will be

denoted respectively

S = Zn:l,N+1 A d(wr ) d(wy ) = MDD M-H

n

(28)
and § = 5,y s MOV d(wf ) = M+ D[V,

Let us remark that —0 € {w;%},=1n41, and that +Q € {wF®Y, =1 n41, because by

definition By(e**?) = ¢4, and the w*? are the solutions of the equation By(e™) = e..

4.4 Optimization of (S, R) over TS

Let us now present the relaxation technique for minimizing ®(S, E) over T. Starting
from a matrix Sp in Int(T$) and one of its decompositions in the form (28), for instance

that with superscript +Q (So = M7 DF?[MFH), we define
.ﬂzﬁﬂﬂxa@{E£®MQ&DwﬁﬂHjb}XMQWH. (29)

From the discussion in section 4.3, S; € Int(T§). Then, iteratively, we define the matrices

Skr1 = My x arg { min ®(M, D[M7 R) b x [M)H, 30
DeA



where M, Dy[Mi)? is the decomposition of Sy with superscript (—1)kQ.

The sequence {Sk}x»o belongs to Int(T§). This ensures the existence of the decomposi-
tions in the form (28) for all Si. Also, the sequence {®(Sk, E)}kzg is decreasing and lower
bounded, and thus converges. Consequently, {Sk}r>0 admits at least one accumulation
point. If this accumulation point belongs to Int(T}), then the gradient of ®(Sy, R) is
equal to zero at this point. This can be checked by paralleling the proof given by Degerine

for the real case on T [11].

However, the algorithm presented here can have an accumulation point on the boundary
8Tf’2. Furthermore, it comes from (6) that for any matrix S on BTim the decompo-
sitions MDY M+ and M~D~ UM~ are the same and correspond to a mass
point measure with mass at both points —(2, and +€. Let us denote M DM H this decom-
position, and let diag(A) be the diagonal matrix with same diagonal terms as A. Then,
it 1s clear that M x diag(M'lﬁd\/I‘H) x MH belongs to BTfrm and is a stationary point

of the algorithm, even if it is not a local minimum of 9.

Despite these theoretical restrictions, we have checked that the algorithm has a good
behaviour in practice. Furthermore, in order to avoid the problem of local minima, it is
possible to initialize the algorithm with a point located near the optimum. The projection
algorithm proposed in section 3 can be used to get such an initial point. Applying then
the relaxation technique should remove the bias of this initial estimate, that is due to the

approximation of Tf by the subset Kf .

4.5 Practical computation of the parameters

Now, let us explain how the parameters of the representations M D= M-H and

MDY M+ can be obtained. As we already mentionned it in proposition 6, the wit

n

are the solutions of the equation By(e™) = e4. Also we have already mentionned that



the coefficients AE? are given by Af? = [d(wE?)H S-1d(w=?)]~!, but there computation is

not necessary for the algorithm.

In order to avoid solving the equation By(e™) = ey at each step of the algorithm, Degerine
proposed a direct way to compute the optimum matrix S;y; = M; x dz'ag(MflﬁMl_H) X
M. Let us briefly recall his approach that can be extended directly to our algorithm.
Since R = K151 xyryll, it comes that

Si41 = % Y Mix diag(M; yyd M) x MY, (31)

k=1,K

It can be shown that the Toeplitz matrices P, = M; X diag(M;  yryf M77) x M¥ (k =
1, K) can be obtained without explicit calculation of the e®» nor inversion of M. Then,
Siy1 is simply given by the relation Sj41 = K™%, g Pr. The calculation of the P is
recalled in the Appendix E.

4.6 A relaxation algorithm applied to ®,(S, ﬁ)

Another way to account for the possible existence of local minima of ®(S, E), is to use
the relaxation approach to find minSeTf ®,(S, E), where ®4(5, E) is given by (11). In
this case, at the k™ step of the algorithm, we have to minimize ®,(M;D[M;)¥, }/2) with
D spanning the set of diagonal matrices. Denoting My = (d(w}), ..., d(w},,)), the opti-
mum value for D is the matrix D which diagonal terms are the coordinates of the vector
d = [H¥) 726k, with [H¥)pmp = |d(wh YA R-1d(wk) * and (0] = d(wk )2 R1d(wk ). Unfor-
tunately, some coordinates of d may be negative. In this case, the decompositions in the
form (28) would not exist for the matrix M D[M]¥, preventing thus from continuing the

algorithm.

To solve this problem, it is possible to project the optimum vector d on the set {u =
(uty o, unt1) s un > €,n =1, N + 1} (e > 0), i.e. to constrain to e the coordinates of

d that are smaller than e. This yields a vector d', and a matrix M, D'[M)H of Int(T9),



and then it is possible to continue the algorithm.

The convergence of this algorithm is not guaranteed. However, in practice, we obtained

good results on simulations.

5 Application

First, we evaluate by simulation the performance of the estimates described here above.
Then, we apply the preceding results to the problem of sources localization in the presence

of a spherical-isotropic noise.

5.1 Performance of the estimators

Let us consider the spectrum with density function f(w) = xqqw). On figure 1,
we represent the function F(R) = {E[”l%%—f—]}l/ 2 where R is an estimator of R. We
give the results when R represents respectively the projection of the empirical estimator
on the space of Toeplitz matrices, and the estimators obtained when accounting for the
band-limiting constraint with the projection and the relaxation approaches. The results
presented on Figure 1 are obtained for N +1 =8, Q = /2, and M = 2N + 1. 10* tests
have been performed to compute the empirical estimate of the mathematical expectation
of ||R — RJ||?/||R|[®>. Let us remark that changing { or M does not change much these

results. The projection technique yields worse results than the relaxation technique, partly

because the projection technique yields a biased estimate.



5.2 The spherical isotropic noise

We address the problem of estimating the directions of arrival of p uncorrelated plane
wave sources received by a linear array of N+ 1 equispaced sensors (p < N + 1) corrupted
by a spherical isotropic noise {1]. Classicaly a Fourier transform is performed behind
each sensor, and the sources can be located using the information obtained at a given
time frequency f. Of course, several techniques have been developped to account for the
information obtained at all the time frequencies f under study (see e.g. [13]-[19]-[26])
in the sources localization scheme. These techniques will not be considered here, and
we simply address the problem of sources localization from the observation at a given

frequency f.

The spherical isotropic noise [1] is generated by a superposition of propagative phenomena
with equal intensities in the set of all directions of the space. Let us precise the properties
of this noise. For this purpose, we denote n(f) = [n1(f), ..., ny41(f)]7 the random vector
whose components represent the contributions of the noise to the signals received on the
sensors of the array at the frequency f. Then, as usual, we assume that the distance
d between two contiguous sensors is given by d = ¢/2 fmax, where frax is the maximum
frequency of the received signal, and ¢ the velocity of propagation. For f < fmax, the

covariance matrix of the noise is given by

Bx(f) = Eln(f)n(f)"] = o*(f)Bu(f) (32)

where o%(f) is a positive scalar, and By (f) is the (N +1) x (N + 1) matrix whose general
term is

sin[(m — 7)1 f/ fnax]

(m—n)m

[BN]m,n -

. (33)

The k' correlation coefficient of the noise process is given by 7 (f) = o(f) sin(km f/ fumax) /KT,

which is equivalent to say that the spectral density of the noise at each frequency f is



given by

Sp(w) = 0*(f) Hfw € [=7f/ fraxs Tf [ frmax]
Sf(w):() lfw¢ ['—ﬂ-f/fmaxaﬂ-f/fmax])

(34)

where w is the spatial frequency. In particular, the spatial spectrum of the noise at each
frequency f is carried by [~ f/ fmax, T f/ fmax]- More generally, this last property holds
when the noise is originated by a superposition of propagative phenomena, i.e. when it
satisfies the wave equation. Such a kind of noise is often met in practical cases (e.g. in

underwater acoustics; see [1] for more details).

5.3 Sources localization

Let (0 )x=1, be the directions of arrival of the sources that are assumed to be uncorrelated.
Then, their contribution to the spatial spectrum at the frequency f < fmax, is a superpo-
sition of p complex sinusoids whose angular frequencies are @i(f) = 7f/ fmaxsin ;. Let

us remark that ¢ € [—7f/ fmax, 7 f/ fmax]-

When the sources are corrupted by a spherical isotropic noise, the spatial spectrum of the
observation is carried by the interval [—7 f/ fumax, T f/ fmax). We are going to account for
this a priori information to improve the performance of a standard MUSIC-like algorithm
for estimating the (wi(f))k=1, (see e.g.[23]). From now on, we fix the frequency f, with

f < fmax, and omit to mention that the spatial parameters depend on f. Also, we denote

Q = 7f/fmax-

Let {A\2}1=1, be the power of the sources. The covariance matrix of the observed signal
is
R= Y Mdpw)d(er)" +o* B, (35)
k=1,p

and R € Int(TP).



Now, let us recall how the (i)r=1, can be estimated. It is clear that the space spanned
by the vectors (d(¢x))i=1, is p-dimensional. This space is the orthogonal complement of
the eigenspace corresponding to the N + 1 — p smallest eigenvalues of the matrix pencil
(R, Bn). Let us denote {u}r=pt1,n+1 the corresponding eigenvectors. Then, the angular

frequencies of the sources are given by the p greatest maxima of the localization function

g(p) defined by

1

k=p+1,N+1 |“fd(‘P)I2 '

9(p) = 5 (36)

With true matrices R and By, the maxima of g(¢) are infinite. In practice however, R
is not known exactly but it has to be estimated by a certain matrix denoted R. In (36),
the u; are replaced by the eigenvectors associated with the N + 1 — p smallest eigenvalues
of the matrix pencil (é, By). Then, the p greatest maxima of g(¢) yield the estimates of

the angular frequencies of the sources.

To estimate vectors {uy }x=pt1,n+1, We use the generalized eigenvalue decomposition tech-
nique [16]-[22] which applies to matrix pencils of hermitian matrices. Furthermore, it is
robust when dealing with the ill-conditioned matrices R and By and it allows to compute

directly a basis of the space spanned by the smallest eigenvalues.

5.4 Comparison of different estimators of R

We are going to present some simulations obtained when using the estimators of R pre-

sented in this paper.

The values of the parameters have been chosen as follows : Q@ = /2, N4+1 =28, p = 3,
or € {-80%45%75°}, A2 = 1 (k = 1,3), and ¢? = 20. Thus, the signal to noise
ratio is —10dB per source. The empiric covariance matrix R is estimated from K =300

independant data vectors.



On Figure 2, g(i) is obtained when the estimate of R is the projection of R on the set of
Toeplitz matrices. 10 localization functions are plotted. It appears that close sources are

not distinguished and that the localization is not precise.

Figure 3 represents the results obtained when minimizing ®(.S, ﬁ) over K i’f , with M =
9N + 1. Here, we achieve very good localization. Furthermore, on Figure 4, we account
for an additional white noise with variance equal to 1. The sources are well located,
which shows the capability of algorithm (21) to distinguish the respective contributions

of band-limited and non band-limited signals.

Figure 5 is obtained with the relaxation approach. Results are about the same as those

obtained with the projection technique.

6 Conclusion

In this paper, we proposed two algorithms to estimate the correlation coefficients of a
band limited signal in a way that takes into account this property. By applying these
algorithms to the problem of sources localization in the presence of a band-limited noise,

we checked the improvement that they can bring, over other classical techniques.
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Appendix

A Proof of lemma 1

It is well known (e.g. [18], p. 16) that a convex set coincides with the intersection of
all the half spaces that contain this convex set. Furthermore, a theorem proved by Weil
(e.g. [21]) states that for a closed convex cone C in the form C' = {Z=1,xarus; ox 2 0}
where the u; are fixed vectors of RY, C coincides with the intersection of the half spaces
that contain C and that are limited by hyperplanes in the form Sp{uw;,,...,u;_,} where
t1,...,21—1 are distinct values in {1,2, ..., K'}. Here, Sp{.} represents the space spanned by

a set of vectors.

From what precedes, it comes that T(I{_]*\_/‘, ) is the intersection of a set of half spaces
that are bounded by hyperplanes in the form Sp{e(w;,),...,e(wi,y)}, where i1,...,798 €
{1,2,...,M} and i; < ... < ign. Let II be such an hyperplane and v = (v1, ..., v2n41)T @
vector of II+. Then, Vn = 1,2N, vTe(w;,) = 0. Setting for instance v; = 1, the relations

vTe(w;,) = 0 yield

cosw;, sinw., -+ cos Nw, sin Nw.
1 1 11 1

v = , with A =

coswi,y sinw, -+ cos Nw, — sin Nwiy

It is clear that II defines a half space that contains 7(K¥) if and only if all the scalar
products vTe(w;) (k = 1, M) have the same sign. Then, from the matrix inversion lemma
[16], we have

Ly

- ILlilL‘l _— L2L1_1L3|
Ly Ly



where |.|is the determinant operator. Let Ly = AT, L, = [1,...,1], L5 = [cos(wy), sin(wg), ..., cos( N

and Ly = 1. It comes that

oTe(n) = A1 [e(wi), o li, )y el

and the calculation of the vandermonde determinant

[e(wil )a ey 6(wi2N ) e(wk)] yields

vle(wr) = ]A|“14(2N+1)2 H2N21>m21 sin = —2wim HZNZle sin Wk——zw£m :

Let us remark that the sign of |A|~! does not depend on wy.

If k€ {i1,...,5an}, vTe(wr) = 0. Let us assume now that k ¢ {i1,...,7an}, and let m be
the number such that i, < k < 441, if 1 < k < M and m = 0 otherwise. Then, it is
clear that the sign of | AJvTe(wy) is the sign of (—1)™. This means that the sign of vTe(wy)
does not depend on k if and only if either 4,41 = 7, + 1 for all odd values of the index m,
or iy =1, 4oy = M and 4,41 = ¢, + 1 for all even values of the index m. The structure

of the boundary hyperplanes derives directly from this fact.

B Proof of proposition 2

Here, we consider the 2NV + 1-dimensional real space of size N + 1 hermitian Toeplitz
matrices. The scalar product is defined by (A,B) = Tr(AB¥) = Tr(AB). The as-
sociated norm will be denoted ||.||. Let us remark that (.,.) is a real scalar product
since if 37 _; iy Akurufl represents the eigenvalue decomposition of A, then (A, B) =

D ne1.N41 Mkug Bug, which is real.
To prove the proposition 2, we establish a few intermediate results

First, we are going to show that when M is large, it is possible to approach any element of

OKM by an element of OTP. In mathematical terms, this yields the following asumption



1) Ve > 0,3M;, VM > My,¥L € KM, 3L € 0T%,||L — L|| < e[| L.

From lemma 1, the condition L € 0K f can be written in the form

/\sz wak +/\2k+1F(wak+1)]
k=1,N

or in the form

L=MF)+ Y ParF(we,) + dart1 F(worrn)] + A F(wnr),
k=1,N-1

where the A, are positive, and w, = —Q+Q(2n—1)/M. Let us denote L the corresponding
matrix of 0T ff defined by

Z Aok + Aok+1] F(wa,) or Q)+ Z [A2k + Aok+1] F(ws,) + A F(Q)

k=1,N k=1,N-1

respectively. Now, since limg,, ||F'(0) — F/(w)|| = 0, it comes that
Va > 0,3M;,YM > My, Yk, ||F(wy) — Flwr)l] < o

Then, for M > My, ||L — L|| < (3, M)e < Cal|L||, where C is a constant. Letting
a=¢/C yields 1).

2) Let S € Int(T}), and denote a the distance from .5 to TS : a= mingearo 1S = Ull.
Then, the open ball with center S and radius a/2, denoted B(S,a/2), is in Int(T$). Let
us show that, for M large enough, B(S,a/2) C Int(K}¥) or B(S,a/2) C Int(T$9) — K

Let L be any element of K. From 1), for M large enough, L e T, ||L — L|| < a/2.
Then,

1S = Lj| > |IIS = Z|| = 1L = ZII| > a — a/2.

Thus, B(S, a/2) do not intersect with 9K}, and either B(S,a/2) C Int(K}) or B(S,a/2) C
Int(T{) — K¥



3)We now prove that for M large enough, B(S,a/2) C Int(K¥), which will complete
the proof of the proposition. From 2), it is sufficient to prove that B(S,a/2) is not in
Int(T$) — KM

From general results of [18] (p.16), it can be shown that since S € In#(T{), it can be

written in the form

S= Y, aF(p),

k=1,2N+1

with o > 0 and the ;. € [-Q, Q] (k = 1,2N +1). But, for a given ¢ > 0, and M large

enough, we have

Then, it comes that

15— > aF(wy)ll <e

k=12N+1

But, > iy ongq @ F(wi,) belongs to K. Thus, taking € < a/2, it comes that there are
elements of K in B(S,a/2), and consequently B(S,a/2) is not in Int(T$) — K, which

completes the proof.

C Rank of matrix H

As in the appendix B, we consider here the 2N + 1-dimensional real vector space of
hermitian Toeplitz matrices with the scalar product (A, B) = Tr(AB¥) = Tr(AB).
We denote Ep, = d(wn)d(wn)¥, B, = d'(wn)d (wm)¥, with d'(wn) = B~Y2d(wy,), and
[Hlpmn = |d(wm)H§,“1d(t.un)|2 = (E,,, E}). Also, we assume that the number of angles wy,
s M > 2N + 1.



Clearly {Ei,..., Eyny1} is a basis of the dimension N + 1 vector space of Toeplitz her-
mitian matrices and for any m in 1, M, E,, is in the form
Em = Z /\m,nEn-
n=1,2N+1

Of course, Apmn = Omn (here & represents the symbol of Kronecker) for m < 2N + 1.

Similarly, {E}, ... , Ejn1} is a basis of a subspace of hermitian matrices that also contains

! .
IN423 "+ ,EM .

EL= Y JanEL.

n=1,2N+1
Now, let us denote A the matrix of size M x (2N +1) with general terms [A];mn = Amn. The
9N +1 first lines of A form the 2N +1-dimensional identity matrix, and thus A is full rank.
Let A be the matrix of size (2N + 1) x (2N + 1) with general terms [A]m» = Tr(E,, E}).

For any vector u # 0 we have u¥ Au = || Zm=1,M[u]mE:nHZ # 0, which shows that A is
full rank.

Then, it is easy to check that

[Hln = Tr(EnEL) = Y AmpdngArg = MMy, (myn=1,M),
(k,)=1,2N+1

and H = AAA. Since A and A are full rank, the rank of H is 2N + 1.

D Uniqueness of the solution of (21)

As in appendices B and C, we consider here the 2N + 1-dimensional real vector space T

with the scalar product (.,.) defined by (A, B) = T'r(ABH).

Let us denote F,, = F(wy) (m = 1, M), and Fy41 = Rs. Then, let us consider the

closed convex cone K = {},._1 11 @mFm; am > 0 (m = 1,M +1)}. The problem



Mingex||(S—R)R=!|| admits a unique solution denoted & : R is the projection of Ron K,
in the set of hermitian matrices associated with the norm ||U||z-, = [Tr(UR-1UR-1)]/2,
Then, to know if the solution of (19) is unique, we must check wether the representation

R= Y m=1M+41 OmFm , where the coeflicients ,, (m = 1, M + 1) are positive, is unique.

First, let us remark that for any integers 4y, ..., % in {1, 2, ..., M}, withm < 2N, Sp{F,,, ..., F;,.}

is of dimension lower than the dimension of 7'. Thus, except for very particular cases, it
will not contain Fpry; = R,, and we will assume in the following that this condition is

always satisfied. In particular, for M < 2N the decomposition is unique.

For M > 2N, the uniqueness is no longer satisfied. However, Let us remark that when
R ¢ K, R belongs to the boundary of K, because it represents the projection of R on
K, for the norm ||.||z_;. In this case, we are going to show that the decomposition R =
Zm:I,MH Qm ' with ap, > 0 (m =1, M +1) is unique. To show this, let us remark first
that from the Theorem of Weil, recalled at the beginning of the Appendix A, when R is 0K
it admits a decomposition in the form >3, ,n AuFiy, with 11, ..., 50n € {1,2,...., M + 1}.
Now, let R = Zmzl,M amF (o > 0, m = 1, M + 1) be any decomposition of R and
Ry = Zme{il,...,iw} amF,, and Ry = Zm¢{ily---,i2N} mFy. Then, we are going to show
that R, = 0.

Let L # 0 be an element of the orthogonal of Sp{F;,..., F},,} in T. More precisely,
we have Sp{L} = [Sp{F,..., i, }]*. Then, <§,L> -0 = <E1,L> + <§2,L> -
0+ <1§2, L>. This yields
<PL2,L> = Y an(Fm,L).
mg{il,...,igN}

But form ¢ {4y, ...,%on}, (Fm, L) # 0, and since Sp{F;,, ..., F;,, } is a boundary hyperplane
of K, all the scalar products (F,, L) have the same sign. From this and the conditions
am 2 0 (m =1, M +1), it comes that the equality <E2, L> = 0 is satisfied if and only if
am = 0 for m ¢ {i1,...,9an}. Then, R= Ry, and the representation is unique since the

decomposition of any element of Sp{F;,,..., F;,,} is unique in the basis {F},, ..., F},,}.



E Calculation of P,

We are going to explain how the matrices P = M; X diag(M ' yry? M) x M can be
computed in a simple way. First, let us remark that the columns d(w,) of M; are defined

by the roots e of the polynomial

ZQn(Z) - 5@71(2) = Hm_—.l,N+1(z - eiw")
= Zn:O,N—}-l b2 ¥

where € = e_ or € = €. The coeflicients by can be obtained from the Levinson recur-
sion. Furthermore, let us denote yr = [yx(0), ..., yx(N)]¥, and let us extend the sequence

(yx(m))m=o,n with the relations

Z boyr(l—n) =0 JEZ
n=0,N+1

that yield the sequence (yx(m))m=cz. Then, a classical result of analysis indicates that the
terms of the serie (yx(n))nez are in the form yi(n) = Ym=1,N+1Ym€™™. The coefficients
Ym are given by the initial conditions on the serie yx(n) @ [y1, ..., yw4+1)" = M 'y Then,

one can easily check that

[k(n), ..., ye(n + N)T = [1, .o, YN41] X diag(e™, .., ety x MT.

From this, it comes that

[Pilinsr = y(0)y(n)"
=[1,..,1] x diag(]\ll_lyknyl”H) x [enen, ..., emenn)H
= Zm=1,N+1 Y|P m = [y e7m, --~a;)7N+1e_ian+l]Mz—1yk

- [yk(n)> "'ayk(n + N)](]VIIMIH)—lyk-



These relations for [Pyly1,. .. , [Ps)i,n+1 completely define the Toeplitz hermitian matrix

Py.

The vector [g(n),...,J,(n + N)] can be computed directly from the recursion
> bay(l—n) =0.
n=0,N+1
In order to compute (M;M{)~1, let us remark that
[MMTNap = pay = Z gile=bun,
n=1,N-+1

Since the e™r are the roots of the polynomial anO’N +1 bpzN 17" the coefficients p; are

calculated recursively from the relations

P1 = -~b1 and Pk = *kbk - z blpk-—l-

I=1,k-1

Indeed, letting z, = e™*,

Pe+1 = (Zi:l,N—i-l Zi)(Ei.—:1,N+1 sz) - Zi:l,N+1 zi(Zj;ﬁi Z;'C_l)
= —bip1 — Ei;ﬁj(zizj)zf—l

= —bipk — bopr1 + 2 (2i25) (X 20

= - ZL—.l,k—l blpk—‘l + (._1)10“'2 ch<"‘<ck-—l ZCI e zck—l (Z'm:;ﬁcl,“.,ck_l zm)

= = Di=1,b-1 D1kt — Kbg.

Finaly, from the knowledge of the Toeplitz matrix M; M, a Cholevski factorisation of its

inverse is computed by means of the Levinson recursion, which completes the calculation

of Pk.
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N Q|3r/4 | 7/2 T /4

4 4.8 87 1.0 107
8 59 6.2 10* | 3.5 10°
16 2.3 10% | 5.5 101

32 6.2 10°

Table 1 : ill-conditioning of R @ Anax/Amin

test %R >0 %R' >0 %R > Oand R' >0

N+1 K| 10 50 100 | 200 | 10 30 100 | 200 | 10 50 100 | 200

4 64.5 | 82.6 | 90.7 | 97 72.1 | 93.9 | 986 | 99.9 | 37.0 | 76.5 | 89.4 | 97.0

8 47.6 | 50.0 | 50.1 | 50.3 { 50.1 | 80.2 | 50.1 | 50.2 | O 0.2 0.2 0.5

16 406 | 4671465 ) 459 | 482 | 475 | 486 | 49.1 | O 0 0 0
Table 2 : positivity of R and R’
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Abstract In this paper, we address the problem of adaptive EigenValue Decomposition (EVD).
We propose a new approach, based on the optimization of the log-likelihood criterion. The
parameters of the log-likelihood to be estimated are the eigenvectors and the eigenvalues of the
data covariance matrix. They are actualized by means of a stochastic algorithm that requires
little computational cost. Furthermore, the particular structure of the algorithm, that we named

MALASE ensures the orhonormality of the estimated basis of eigenvectors at each step of the



algorithm. MALASE algorithm shows strong links with many Givens rotation based update
algorithms that we discuss. We consider convergence issues for MALASE algorithm and give
the expression of the asymptotic covariance matrix of the estimated parameters. The practical

interest of the proposed method is shown on examples.

Résumé Cet article envisage le probleme de la décomposition en valeurs propres d’une matrice
de covariance au moyen d’un algorithme adaptatif. Nous proposons une nouvelle approche, basée
sur l'optimisation du critére de maximum de vraisemblance. Les paramétres de la décomposition
en valeurs propres sont actualisés au moyen d’un algorithme stochastique qui ne nécessite qu’un
faible coiit de calcul. La structure particuliére de l’algorithme, que nous avons nommé MALASE,
assure 'orthonormalité de la base des vecteurs propres estimés a chaque itération. L’algorithme
MALASE présente des similitudes avec de nombreux algorithmes d’actualisation de sous espaces
propres basés sur ’emploi de rotations de Givens. On indique ici les propriétés de convergence
de I'algorithme et I’expression de la variance asymptotique des paramatres. L’intérét pratique

de Palgorithme est mis en évidence sur des simulations.

keywords maximum likelihood, eigenvalue decomposition, subspace tracking, unitary

matrix, matrix manifold, Givens rotation.



1 Introduction

Let X = (X,)nez denote a size-N, complex valued, process (X, € CV), with covariance
matrix Rx, = E{X,X}. Subspace methods are based on the EigenValue Decomposi-
tion (EVD) of Ry n, or at least on the estimation of the subspace spanned by the eigen-
vectors associated to the largest (resp. the smallest) eigenvalues, and named the signal
(resp. the noise) subspace. These methods are classically used within several multivariate

signal processing problems.

Applications such as sources localization (MUSIC algorithm, [5] {24]), vector quantization
[15], or more recently blind channel equalization impulse response identification [19], often

require estimation of such decompositions of the covariance matrices.

When X is a wide sense stationary process, the covariance matrix Rx,, is constant (Rxn =
Ry), and it can be estimated easily by means of any classical technique, such as the
empiric estimator (i.e. in the form £ 37, , | X3 X{7, where L is the data length). Then,
the corresponding eigenvalue decomposition can be obtained from standard algorithms

such as the orthogonal iteration method (e.g. [16]).

But, in many applications, such as moving source localization and tracking, or time
varying channel identification for mobile radio transmissions, the covariance matrix Rx »
is time varying and the above methods no longer apply directly. In this case, several
approaches have been proposed to track the instantaneous EVD of Rx, (see [10] for

an excellent survey of adaptive subspace estimation prior to 1990; some more recent



algorithms are reviewed in [12]).

A first kind of techniques consists in adapting some classical algorithm for adaptive pur-
poses [14]. They consist in a straightforward extension from the stationary case to the

non-stationary case. Generally, the covariance matrix estimate is given by
]%X,n = (1 - ,U')}%X,n—l + /anxf, (l)

where 0 < u << 1, and x, represents the data vector at time n. Then, the eigenvalue
decomposition of Rx,n is performed. In fact, at each instant n, only one iteration of a clas-
sical EVD algorithm is performed. This iteration generally involves an orthonormalization
procedure that requires a QR decomposition, at the expense of O( N K?) operations, where
K is the dimension of the subspace to be estimated. Similar approaches have also been
proposed to perform adaptive singular value decompositions. (see e.g. [18], or [25] for an

algorithm requiring O(NK') operations).

Another approach consists in directly replacing in equation (1) the estimate of Rx, by
the parameters of its EVD ([11],[9]). Then, the subspaces are updated by techniques that
involve Householder reflection matrices [11], or Givens rotation matrices [9]. With such
parametrizations of the eigenvectors update, the orthonormality of the estimated basis is

held at each iteration.

Let us remark that in [11] the signal and noise subspaces eigenvalues are averaged. Thus,
only the estimation of a basis of both subspaces can be obtained. On the contrary, in [9]

the complete EVD can be estimated. Both methods require O(NK) operations.



A third kind of algorithms is designed to estimate the EVD (or a basis of the subspace
of interest) by performing adaptive optimization of some possibly constrained criterion.
This is done by means of some stochastic gradient algorithm (e.g. [20]-[22]), or as in [27]

by means of an RLS approach. The computational cost of these methods ranges from

O(NK) to O(NK?), or O(N*K).

Some of the above methods simply intend to provide a basis of the signal or of the noise
subspace, while some others supply an estimate of the complete EVD. Many applications
make use of the projector onto the noiée or signal subspace, and as pointed out in [9]
perfect orthonormality is a desirable property for many subspace-based estimation tech-
niques. In particular, for sources localization, deviations from the orthonormality lead
to limited resolution capability and limited estimation performance of the root MUSIC
algorithm [3]. Here, our main interest for considering the orthonormality issue stems from
the fact that stochastic algorithms may sometimes become unstable if some constraints
upon the parameters are not satisfied. In particular, we will see that we must ensure an
orthonormality constraint upon the eigenbasis to derive a stable adaptive EVD based on

the log-likelihood criterion.

Besides, it is often interesting to get the complete eigenvalue decomposition, involving in
particular the estimation of the eigenvalues, to solve problems where the noise or signal
subspace dimension has to be estimated. Indeed, the knowledge of the eigenvalues allows

the use of statistical criteria to estimate their dimension (e.g. [2], [23]).

In this paper, we propose a new approach to adaptively estimate the eigenvalue decompo-



sition, that provides a number of nice features. First, unlike above mentionned techniques,
it is based on adaptive optimization of the log-likelihood functional. This is quite a natural
criterion for statistical estimation purposes, even if the minimum variance property of the
log-likelihood functional is actually an asymptotic property. With this criterion, we could
derive an algorithm that provides exact orthonormality of the estimated eigenvectors,

with computational complexity in O(N?) for the calculation of the complete EVD.

This algorithm is closely related to algorithms such as PROTEUS.I and PROTEUSII
[9). In particular, using the same preprocessing technique as in [9], it is possible to
reduce the computational burden : when only K < N eigenvalues of Ry, are distinct
(as in many subspace tracking problems), the update of the eigendecomposition can be
performed at the expense of O(NK) operations. Furthermore, we have shown that the
only stable stationary points of the algorithm represent the eigenvalue decomposition of
the data covariance matrix. Also, we calculated the asymptotic covariance matrix for the
parameters of the EVD. For the sake of conciseness, the calculations related to convergence

and asymptotic covariance are ommitted here, and will be published separetely.

The paper is organized as follows: section II deals with the derivation of the algorithm,
that we named MALASE (MAximum Likelihood Adaptive Subspace Estima-
tion). Reduction of the computational burden and links with algorithms based on up-
dates that involve Givens rotations are considered in section III, as well as the convergence
and asymptotic performance. Section IV is devoted to examples that show the satisfactory

behavior of the algorithm. Some concluding remarks are given in section V.



To end this section, let us introduce some notations. First, the superscript 7, *, and H
will respectively denote the transpose, conjugate, and tranpose-conjugate of a vector or a
matrix. The trace, determinant, and expectation operators will be denoted by T'r(.), |.,

and E{.} respectively.

In addition, v = diag(A) will denote the vector v that contains the diagonal terms of
the matrix A, while A = diag(v) will denote the diagonal matrix with diagonal terms
[Ali; = v; ([Ali; denotes the coefficient of A at the intersection of the i** line and j**

column). Ix will denote the size K identity matrix.

In general, the (estimated) EVD of Rx,, will be denoted U A,U,, where Uy, is the unitary
matrix that contains the eigenvectors, denoted (U;n)izin (Un = [Uip,...,Unal), and
A, = diag(A1n, .., AN ) is the diagonal matrix that contains the eigenvalues (Ain)i=1,n at
time n. When necessary, we will assume without loss of generality that the eigenvalues

are classified in decreasing order.

2 Derivation of MALASE Algorithm.

In this section, we derive the proposed algorithm. It is based on iterative optimization
of the log-likelihood functional, where the parameters to be estimated are those of the
EVD of Rx . In particular, we show how it is possible to account for an orthonormality

constraint upon U, at each step of the algorithm.



2.1 The maximum-likelihood criterion.

Let f denote the probability density function of the random, complex circular, and zero
mean gaussian vector, denoted X,, with X,, € CV. Under the hypothesis Rx, = R, we

have

1

_ _Hp-1
= R exp(—x, R7'X,). (2)

f(xa; R)
It is clear that up to an additive constant, the opposite of the log-likelihood is given by
U(xn; R) = log |R| + xR 'x,,. (3)

Letting UAU¥ represent the EVD of R, with A = diag(\y,...,\n), U(x,, R) can be
rewritten in the form
®(xn; U, A) = Y log A + xTUA U x,. (4)
k=1,N
It might seem natural to iteratively search a minimum of ® by means of a gradient

algorithm.

It is shown in Appendix A that a direct update of (U, A) by means of a stochastic gradient
approach would not lead to a converging algorithm. In what follows, we are going to show

that it is possible to overcome this problem by accounting for a unitary constraint upon

U.



2.2 The proposed updating scheme.

In [13] matrix based algorithms are studied from the viewpoint of continuous-time systems
theory and differential geometry. With a view to optimize ®(x,;U, A) let us recall the

following result :

Proposition 1 Let U(t) be a differentiable matriz function defined on the manifold of
unitary matrices. Then, the gradient vector of the function Tr[(UH,U")H,], where H,

and H, are hermitian matrices and Tr[.] represents the trace operator, is given by
grady Tr{(UHUP) Hy) = (Hy,(UH,UY) — (UH UM ) Hy)U, (5)

where grady f(U) represents the matriz with term (i,7) in the form 0f(U)/0U;;.

Proof: see [13] p.62-63.

Since ®(x,; U, A) can be written as ®(Xn; U, A) = >, ylog Ae + Tr(UA~UH) (x,xH)),

n

it comes from (5) that

grady®(x,; U,A) = (x.xF(UATUH) — (UATUH)x.xE)U

= U(yays A7l = AZLyays),
where y, = UX ,x,. Furthermore, recalling that the exponential of a square matrix A is
defined by exp(A4) = > rep ﬁ};’;, it is clear that grady®(xn; U, A) is tangent to the curve
defined by U(t) = U exp[t(y.yF AL, — A21yayl)] for ¢ = 0. The reader will note that

this curve lies in the manifold of unitary matrices. Indeed, a square matrix, say A, is a



skew-symetric matrix (i.e. A¥ = —A) if and only if exp(A) is a unitary matrix (see e.g.

[9], [26]), and matrix y,yZA;L, — AL vy is clearly skew-symmetric.

Moving on the curve U(t) from point ¢ = 0 in the direction of decreasing values of
®(x,; U, A) amounts to let ¢ decrease. Thus, a discretized version of the optimization of

®(xn; U, A) as a continuous function of U is given by the following update scheme :

Up = Un_yexp (:“ (A;-l-lynyg - Ynyg;{A;;il)) ) (7)

where 4 is the algorithm stepsize. Similarly A can be updated by means of a gradient

technique, yielding the following update algorithm for (U,,A,) :

Yn = Uf_lxn (8&)
Un = Un_1exp (N (A;-l—ﬂ’nyg - ynyfA;il)) (Sb)
A = A+ (A;Eldiag (diag (Yan)) - A‘T—Lil) . (8C)

We will call this algorithm as MALASE, for MAximum Likelihood Adaptive Subspace
Estimation. p and g in (8) are possibly different stepsizes. The reason for choosing
different stepsizes lies in the fact that the convergence rate may be different for U, and

A, when p =y,

For those readers who may not be familiar with derivation on matrix manifolds, an alter-

native direct derivation of MALASE is supplied in the appendix B.

2.3 Some properties of MALASE algorithm.

Let us briefly point out some nice features of MALASE algorithm.



2.3.1 Orthonormality.

As mentionned above the update factor exp(u(A;l,y.y¥ — y.yEA;L,)) is a unitary ma-
trix. This ensures that the orthonormality property is preserved by MALASE algorithm,
provided that the algorithm is initialised with a unitary matrix Us. However, it is not
necessary to have Uy unitary to ensure the convergence since MALASE algorithm steers

the matrix U towards the manifold of unitary matrices (see the simulation part).

2.3.2 Computational complexity.

MALASE algorithm may seem to involve high computational cost, due to the matrix
exponential that appears in relation (8b). However, since exp(u(A;2,yayH — vayEATL)
is the exponential of the sum of two rank one matrices, it is possible to show that the
calculation of this matrix requires only O(N?) operations. To check this, let us denote

Zy = A2 Va, and [z, ¥u] = Qn X R, the QR decomposition of the size-NV X 2 matrix

[zn ¥»). Then, letting ¢, = /]| ¥n [12]] 2n ||* —(¥2zn)? it can be shown (see Appendix C)

that

. ° _— cos e, — 1 —sin pe, .
exp(u(A, 21 ¥nYn — Yn¥n AZ))=1+Qn Qn - (9)
sin pcy, cos pcp, — 1
It is easy to check that the calculation of Up_; exp(u(A;2 ¥y — yayHAL,)) only re-
quires O(N?) operations. We will explain further how this computational burden can be

decreased when Ry, has less than N distinct eigenvalues. Finally, MALASE algorithm

can be implemented as follows



MALASE algorithm

initialize Uy unitary, Ao with distinct values (k = I,N), and 0 < p,p <
L,

for each time step do

input X,

—J7H
Ya - Un..lxn

Zkpn = /\};jl__lyk,n (k =1, N)

¢ = yn Pl Zn |2 —(yH2,)?
[ 2a za(Hyn)—yaljaal? 10
Q= lpy = (10)
cospc, —1  —sinpuc,
Un =Up1+{Up-1 X Qu} x { x QHY

sinpe,  cospuc, — 1
>\k,n = )‘k,n-—l + /'Ll()‘I:,i-QIYk,nP — /\I::—,'}L-——l) (k = ]., N)
The Aro can be chosen for instance regularly spaced in the interval [a, b], where a and b

are rough estimates of the smallest eigenvalue and of the largest eigenvalue.

Uo can be chosen equal to the identity matrix. Also, it is possible to perform an initial
EVD, SVD, QR or GS decomposition from the first data samples in order to get a better

initialization.



3 Reduction of the computational burden and con-

vergence properties.

3.1 Reduction of the computational burden.

Now, let us assume that we are only interested in searching for the subspace associated
to the p largest, or the p smallest, eigenvalues of Rx,. We are going to show that in
this case MALASE algorithm can be implemented in a way that requires updating only
p+1 = K vectors at each iteration, and that this can be done at the expense of O(NK)

operations. This O(NK) implementation will be refered to as MALASE(K).

We assume that the N — p eigenvalues associated with the eigenvectors that we do not
need are all equal. This situation arises in many applications. When this condition is not

matched, it is posible to average these N — p eigenvalues, as proposed in [11].

Let us assume for instance that we search for vectors Ui p,... ,Up, and that the N —p
smallest eigenvalues are all equal : App1 = ... = Ay. As in [9], we achieve computa-
tional complexity reduction by means of a convenient preprocessing of the vector x,, that

replaces the calculation of y, = Ufx,.

The preprocessing is based on an isometric transform applied to X,. X, is transformed
into a size p + 1 vector, denoted &,, with first p components representing the projection
of x, on the space spanned by Ui, .. ,Upn. Then, all but the first component of the

projection of x, on the space spanned by Upsin, ... ,Unn are set to zero by means of



a bloc-Householder transform, denoted H, (see eg [16] for more details). The non zero
component defines ,11,,. These operations amount to calculate H,y, = [¢F0T]T, but we
are going to see that this is done in a way that requires only O(NK) operations. The

following summary of the preprocessing shows this clearly.

Preprocessing :
for each time step do

input X%,

US = [Ul,n——l, [ aUp,n-—l]

:UHn
’ S% (11)
b =x,-Usa
€. = [a |IB))T

Let us remark that unlike in [9] no preprocessing in the form a — Da, where D =

diag(ai/lail,. .. ,as/|apl|) is required.
Now, let us denote v, = diag(A7,,,... , A }; . )én. Let us remark that H,z, = [v107]T
since Apy1n = ... = Any. It is clear that the terms c, and @, in MALASE algorithm can

be rewritten as

e =Vl [Pl vn 2 —(EFvn)?
2

Qn =HT (12)
0

(K)

vy, Vn(“f‘sn)"gn”l’n”z
[IIanl enllval| ]



Then, the update of U, can be rewritten as

cos ic, — 1  —sin pc,

$LK) Q%K)H 0
Up =Un-1 + Upy HY sinpe,  cospc, —1 H,,  (13)
0 0
i.e.
Q%K) cospic, —1 —sinpuc, ()H 0
Uan = Un—-le + Un—le sin pcp cos ey, — 1
0 0

(14)

Let us denote USS) the N x (p + 1) matrix that contains the first p + 1 vectors of U HY.
Tt is clear that the first p columns of U,, are left unchanged by the transform U — U HE,
(K)

The last column of U is Uppin = [|6]|7*b, where b is defined as in the preprocessing.

Thus, U = Uiy - » Ups 18] 28]

From these considerations, it appears that MALASE algorithm can be rewritten in a new

way that we will name MALASE(K).



MALASE(K) implementation of MALASE algorithm
initialize Up unitary, initialize Ayo with distinct values (k = 1,K), and
0<p,p' <1,

for each time step do

input X%,
Us =w& ..., U
a = Ulx,
b =x, — Usa
&n = [a” [[||]"
Usias = 17
Vem = Aen—1&kms (k=1,K) 15)
Cn = VIl & Pl va |12 — (i va)?
(%) - [HZZII Vn(fo:!)l;flrIzIIanP]
) _ Uffz N {U(I_{% y Q,(zK)} " cospc, —1  —sinpc, y Q,(lK)H}
sinpc, — cospc, — 1
Akn = Mn-1 + 1 Aon g lknl® = Apn) (k=1,K-1)
AKyn = A1+ 1 (AR EJ\IT(_&E' ~ M-

Since leK) Is a size K x 2 matrix, it is clear that MALASE(K) requires only O(NK)

operations.



3.2 EVD update and Givens rotations.

Several eigenvalue update techniques, such as MALASE or PROTEUS.1 algorithm [9],

rely on an update of U, in the form
U, = Un_1 exp(0,), (16)
where 0,, is a skew symmetric matrix, or in the form
Un = Un-1Ili<icj<nGi j(0in), (17)

where G, ;(;;,) is a Given’s rotation that operates on columns 7 and j (see e.g. [13] and
enclosed references). In general both approaches are equivalent up to a second order term
in O(u?), letting 6;;,, = [©,];;. In particular, MALASE yields

1 1

1,n—1 >\j,n-—1

eij,n = iu(/\ )Ei,n&f,n' (18)

In [9], PROTEUS I and PROTEUS.II algorithms involve rotations in the form

eij:n = /\j,n—l"‘t‘/\i,n——l é.i’n ;()n’
(19)

— B g g < g S
and 0, = —/\_i"n—_"i'fz,né'j,n, for ¢z < j, O5im = —0ijn,

vielding computational costs in O(NK?) and O(NK) operations per step respectively.

It is interesting to note that if Vi < j, A\i >> A;, then for MALASE 0;;, can be ap-
proximated by 0i;, = —(/Ajn-1)&inéln. Then |6;5,] is larger for MALASE than for
PROTEUS_I. This is in accordance with the faster convergence and higher asymptotic
variance often observed for MALASE compared to PROTEUS.II when p is fixed (see

exemples in section 5).



Note also that PROTEUS algorithms are derived from the following update of Ry, :
Ry = (1= p) By + pxaxll. (20)

From this, and above mentionned similarities between MALASE and PROTEUS algo-
rithms, we get an interpretation of the update factor  of MALASE algorithm : p can be

seen as the update factor of the stochastic gradient estimate of Ry ,,.

3.3 Convergence and asymptotic covariance matrix.

As usual, the study of the convergence is considered for a stationary random process X.
It has been possible to prove that stationary stable points of the algorithm correspond to
the desired solution and to calculate the asymptotic variance of the parameters. However,
the convergence analysis is rather involved and beyond the scope of this paper. For this
reason we hope to present it separately, and only the main results are collected in this

section.

3.3.1 Convergence of MALASE algorithm.

Let (Us, A.) represent a stationary point of MALASE algorithm. Then rewritting equa-

tions (8) in the form

Un+1 - Un + ,UHI (XTL7 A> U)
(21)
An+1 = An +[,6H2(Xn,A, U),

it can be shown that the stationary points correspond to unitary matrices U such that

U¥RxU is a block diagonal matrix (the sizes of the different blocks may be different),



where the terms along the diagonal of a given block are all equal. Thus it appears that the
eigenvalue decompositions are not the only stationary points of the algorithm. However,

the following result ensures the desired convergence property :

Proposition 2 The stationary stable points of MALASE algorithm correspond to the

EVD of Rx.

3.3.2 Asymptotic covariance matrix.

Using standard techniques involving linearization of the update of U, for small 4 and
results of the ordinary differential equation theory [4], we have been able to derive the

asymptotic covariance matrix for the parameters.

Let (Upny..,Unyn) and (Aig,... ,An,,) denote the estimated eigenvectors and the es-
timated eigenvalues, and let us denote V, = [UL,,..., Uk, A\n,--- ,Anna]T the size-
(N? 4+ N) vector that contains these parameters. For small values of the asymptotic
covariance matrix of V,, is equal to uP, where P is the only solution of a Lyapunov
equation; this solution is in the form

pP = -;-ulzvzw- (22)
This is a very interesting result since the asymptotic variance depends only on y, and not
on the parameters of the EVD of Ry, unlike other algorithms. Furthermore, any of the

N? 4+ N parameters are asymptotically uncorrelated, and have the same variance, equal

to u/2. For eigenvalues, this can be compared for instance to the usual update in the



form

)\k,n = )\k,n—l + ﬂ(lgk,n|2 - )‘k,n)) (23)

that yields theoretical asymptotic variance for Ay equal to (x/ 2)A2.

3.3.3 Convergence rate.

Paralleling the discussion in [7] where it is shown that PROTEUS.IT has similar conver-
gence rates for all the parameters, it can be shown that this property may not be satisfied
for MALASE, as already mentionned in the section 2.2. Using (23) for the update of the
eigenvalues in MALASE would permit to change this. But then, the asymptotic variance

of MALASE would no longer be similar for all the parameters.

4 Practical issues.

The above considerations upon the asymptotic covariance of the algorithm are derived
for small values of x. But in practice, reasonable values of u, i.e. values of u that
ensure convergence at a speed about equivalent to that of other existing techniques,
cannot be considered as small for MALASE algorithm. In particular, with X defined
as in the following, we calculated the average variance of the estimated eigenvectors
coefficients from 10* iterations of the algorithm. We obtained 6.107% for y = 1074,
0.0042 for p = 0.005, and 0.072 for g = 0.05. Thus, only for x = 10™* the variance of

the parameters is about 1/2. This shows that for large values of y, one should better



consider values of the asymptotic covariance calculated from Monte Carlo simulations.
However, the theoretical asymptotic variance is a useful index since to a certain extent

the simulation results confirm the theoretical results.

4.1 Convergence of MALASE algorithm.

Now, let us consider the following exemple proposed in [9]. We assume that

Xo= Semd(w) + Wa, (24)
k=1,p
where d(w) = [1,€, ..., e DT (Sy . )nez is a complex scalar, white gaussian source

signal, and (W, )nez a vector white gaussian noise with covariance matrix o Iy. The
noise and the sources are uncorrelated. All sources have the same power, and the SNR

(Signal to Noise Ratio) is defined as E{|Sxn|*} 0%

We study the convergence of MALASE algorithm, implemented in the form MALASE(K),
with K = p+ 1. To this end, we consider the performance index defined by || Ps —
UsnU gfn ||, where Ps is the true projector on the source subspace (i.e. on the subspace
spanned by the set {d(w1),...,d(wp)}), UsaU¥&, the estimated projector, and I A=
[Tr(AAH)]/2. In other words, Us, is a N X p matrix, and its columns are the eigenvectors

associated with the p largest eigenvalues of Rx, estimated at time n.

We take N = 16 and p = 4. The values of the (wg)i=1, are 0.0, 0.25, 1, and 1.25. We plot
the results obtained for MALASE, and for PROTEUS.I and PROTEUSI algorithms.

Also we plot the evolution of || Ps— U USH || for Karasalo’s method [17]. This method



shows high computational cost (in O(N K?)), but it supplies an almost exact E.V.D., and

thus is interesting as a reference.

Results for SNR=10dB and -5dB, and x = 0.005 and 0.02 are given on figure 1. The
eigenbasis is initialized with identity matrix and the eigenvalues are initialized from a
rough estimate of the largest eigenvalue : we choose them equal to (200/(p + 1)) x [p +
1, p, ..., 1] for SNR=10dB, and (10/(p+ 1)) x [p+ 1, p, ..., 1] for SNR=-5dB.
It clearly appears that MALASE algorithm ensures fast convergence. At low SNR, it
generally converges faster than PROTEUS_II algorithm but it shows higher asymptotic
error. In fact, choosing a smaller x for MALASE or a larger p for PROTEUS I would
permit to get about the same performance for both algorithms. For SNR = —5dB , we get
about the same convergence speed for MALASE and for PROTEUS II when ux = 0.003

and g = 0.005, or g = 0.001 and g = 0.002, respectively (see figure 1).

A popular way to check the robustness of a subspace tracking algorithm consists in chang-
ing the values (wg)g=1, by (—wk)k=1,» after convergence. It seems that this technique was
first proposed in [10]. At iteration 1000, we apply the change (Wr)k=1p = (—WE)k=1,p
(figure 2). It appears that Karasalo’s method converges at about the same speed as PRO-
TEUS.I after the abrupt rotation of the eigenspaces, and that MALASE performs better

than PROTEUSI (although the asymptotic errors are not perfectly matched).

In order to check the influence of a lack of orthonormality of the estimated eigenvectors,
a random perturbation is added to the matrix of the estimated eigenvectors after conver-

gence. The ratio between the perturbation matrix norm and the initial matrix norm is



0.3. It appears (see figure 3) that the error is corrected efficiently by all the algorithms.
In particular, this result shows that a lack of orthonormality is correctly suppressed by
the MALASE algorithm, despite the fact that it has been derived under an orthonor-
mality asumption upon the eigenvectors. This suggests that MALASE algorithm initial
convergence should be little sensitive the a lack of orthonormality of Us. We checked that
taking independant normal distributions for the coefficients of Us yields no change in the
convergence speed of MALASE or PROTEUS I algorithms. PROTEUSI appears to be
more sensitive to a lack of orthonormality : with U main diagonal entries set to one and
independant gaussian off diagonal terms with variance 0.1, PROTEUSI converges twice

more slowly.

In addition, in order to check the long term stability of the algorithm, we let the MALASE
algorithm run for 10° iterations. For small p (1 = 0.005) no problem is encountered, but
for large values of u (p = 0.02) it appears that after some 10% iterations the algorithm
sometimes diverges. A simple way to overcome this kind of problem consists in preventing
the angle uc, that appears in termé cos puc, and sin pe, of the update of the eigenbasis
to become larger than some fixed value. Replacing pc, by min{ucy, 0.1} in the update
of U, ensures long term stability when p = 0.02, without slowing down significantly the

convergence of the eigenvectors.



4.2 Asymptotic variance.

In order to compare the variance properties of the algorithms, we performed a Monte-
Carlo simulation from 10* data with the true parameters as initial parameters. Tables
1 and 2 summarize the results for SNR=-5dB and SNR=10dB, and x = 0.005. These
tables supply the mean value of the asymptotic variance for the eigenvectors and for
the eigenvalues. At low SNR, MALASE and PROTEUS_I appear to work better than
the two algorithms with higher computational complexity. At high SNR, PROTEUS_H
shows very little variance for U. All but MALASE have high variance for the eigenvalues.
It is easy to understand this since for these methods the eigenvalues are updated from
(23), and for small 4 the asymptotic variance for Ay is o}, = (1/2)M} for (23), while it
is ,u/2 for the MALASE update. Since for SNR=10dB ); = 205.5, it is rather natural
to obtain high variance from the update (23). Similarly, in accordance with theoretical
variance calculations, we check that the asymptotic variance of distinct parameters do
not differ too much for MALASE, especially for low SNR (i.e. when the eigenvalues are
little scattered). On the contrary, for algorithms that use update (23), the variance of the

estimated eigenvalues increases for increasing eigenvalues.

5 Conclusion.

We presented a new technique to perform adaptive eigenvalue decomposition of a time

varying covariance matrix, based on the statisticaly meaningful maximum likelihood cri-



terion. We have shown that accounting for the orthonormality constraint upon the eigen-
vectors yields a simple iterative algorithm with nice features : desirable convergence prop-
erties are ensured, as well as orthonormality of the estimated eigenvectors, at the expense
of small computational cost. We checked on examples the good practical behavior of the
MALASE algorithm. To end this conclusion, note that RLS approaches have proved to
be efficient for subspace tracking [1][28], in particular with respect to convergence rate
and low sensitivity to the SNR. Thus, in further investigations RLS implementations of

the maximum likelihood criterion for EVD tracking could be considered.

Acknowledgment The authors are grateful to the anonymous reviewer who supplied

them with reference [13] that presents time matrix algorithms.
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APPENDIX

A Gradient based update of the ML criterion

For the likelihood criterion ®(xn; U, A) = > _; ylog Ak + xHUA1UHx,, straightforward
calculations show that the actualization of the EVD by means of a gradient algorithm is
given by
Yo =Uilixg
Un =Up-1 — pxnyHALL (25)
An = Anoy — p(AGL; — A2, diag (diag (yayy))),
where p is the step of the algorithm. Unfortunately, this algorithm is not satisfactory.
Indeed, let X be a wide sense stationary process, and (U, A) denote a stationary point of

algorithm (25). Then, the update term of U, must satisfy
E{X,XHUA} = RxUA' =0, (26)

leading to UA~! = 0. This proves that (Un,A,) does not converge to the parameters of

the EVD of Rx.

B Direct derivation of the algorithm.

MALASE algorithm originates in the fact that the orthonormality of U, is accounted for

both in the computation of the gradient of the log-likelihood criterion and in the update



of U,. To see it more clearly, let us consider the differentiation of ®(x,; U, A) with respect
to U, with the unitary matrix constraint UUH = Iy that yields dU¥ = —UHJUUH, Up

to a second order term, we have
du® (XU, A) = ®(x%n; U + dU, A) — ®(x,,; U, A)
= xT(dUA'UH + UA- U )%, (27)
= —yH(AWUEQU — UHAUA Yy,

whith y, = U¥x,,. Then, it comes that under the unitary constraint over U, the matrix

8% with general term [-@g(xa—’}}U—’—A—)]“ = 5%;; is given by
09 _ -
57 = ~UATyayr —yayd AT, (28)

Then the stochastic gradient update of U yields

Un =Unt (I +p (A ynyH — yayHAY))
(29)
= Un-1exp(t(A™ynysl = yuyr A1) 4 O(p?).
Forgetting the O(u?) term we get the proposed updating scheme that preserves orthonor-

mality.

Let us remark that updating U, in a way that involves the exponential of a skew symetric
matrix is a property shared with some other stochastic algorithms intended to update
a unitary matrix (see e.g. [6][8]). This is quite natural since the tangent plane to the
unitary matrices manifold at point U is generated by matrices {UA; A = —AH } and, as
mentionned in section 2.2, UA is the tangent vector at point U for the matrix function

U(t) = U exp(tA) defined on the unitary matrices manifold [13].



C Calculation of exp(u(/\;llyyzyf —yuy¥ /\ﬁl))

Clearly,
Zf)’n
2 zn(elyn) =yallza P | B2 D T
Zn Ynj = [ ’ (30)
¥ = T Tl A,
[zl
with ¢, = \/(2824)(yHyn) — (y¥2n)?, and
exp(p(A 2t yayH — yayHAL)) = exp(p(zayE —yazl))
0 1
= exp(1[2zn ¥xl (Zn ya]7)
-1 0
) 0 1 (D)
=1+ Qn[Y je1 00 5 (B REYFQE
-1 0
cospe, —1 —sinpc,

sin pey, cos pc, — 1
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Figure 2: Influence of an abrupt rotation of the eigenvectors at iteration 1000. Perfor-
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average variance

mean var. U

mean var. A

Karasalo 0.009 0.06
PROTEUS.I 0.009 0.07
PROTEUS.II 0.002 0.06
MALASE 0.004 0.008

Table 1: Asymptotic mean variance of the estimated parameters for SNR=-

5dB, and g = 0.005.

average variance || mean var. U | mean var. A

Karasalo 0.002 36

PROTEUS_I 0.003 38

PROTEUS.II 3x 1074 36

MALASE 0.009 0.28
Table 2:

SNR=10dB, and x = 0.005.

Asymptotic mean variance of the estimated parameters for
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Abstract

In this paper, we study the convergence properties of MALASE algorithm. This
algorithm permits to solve the problem of adaptive eigenvalue decomposition and
is based on the optimization of the log-likelihood criterion. We prove the conver-
gence of MALASE algorithm and derive the expression of the asymptotic covariance

matrix of the estimated parameters.



1 Introduction

During the last ten years new algorithms have been proposed to perform adaptive eigen-
value decomposition of a data covariance matrix at the expense of a low computational
cost, with complexity ranging from O(N?K) or O(NK?) dowto O(NK), where N is the

size of the matrix of interest and K the dimension of the tracked eigenspaces.

Among recently developped techniques, MALASE algorithm offers some nice features :
it is based on an adaptive implementation of the maximum likelihood criterion by means
of a stochastic gradient approach that incorporates the differentiation of the eigenbasis
under the unitary constraint. Furthermore, this algorithm ensures the orthonormality
of the estimated eigenvectors, which is a desirable property for many applications. In
particular, for sources localization, deviations from the orthonormality lead to limited

resolution capability and limited estimation performance of the root MUSIC algorithm

1.

In [8] and [10], the convergence properties of MALASE as well as its theoretical asymp-
totic covariance matrix are given without proof. In this paper, we present these results
with detailled proofs, following the approach in [7]. This study is based on the Ordinary
Differential Equation (ODE) method [2]. Note that in [6] the performance analysis of an
LMS-type approximation algorithm proposed by Yang [11] has been presented using the
ODE method. Unlike the approach that we propose, the study in [6] is based on consid-
erations upon the projectors associated to the eigenspaces rather than on the eigenspaces

themselves. This difference is discussed in the paper.



We recall some basic facts about MALASE algorithm and about the ODE method in sec-
tions 2 and 3 respectively. The study of the asymptotic properties of MALASE algorithm

is presented in section 4.

2 MALASE algorithm

Let X = (X, )nez denote a size-N, complexed valued, process (X, € CV), with covariance
matrix Rx ., = E[X, X ]. Subspace methods are based on the EigenValue Decomposition
(EVD) of Rx s, or at least on the estimation of the subspace spanned by the eigenvectors
associated to the greatest (resp. the smallest) eigenvalues, and named the signal (resp.
the noise) subspace. These methods are classically used within several multivariate signal

processing problems.

While many adaptive updates of the EVD are derived from the expression of the update
of the empiric covaraince matrix, MALASE is based on a stochastic gradient technique
applied to the log-likelihood criterion. It is clear that if X is zero mean circular gaussian,

up to an additive constant the opposite of the log-likelihood is given by
U(x,; R) = log |Rxn| + XfR}fnxn, (1)

where x,, is the data vector observed at time n. Under the hypothesis Rx, = R, we let
UAU" represent the EVD of R and (U,,A,) the estimated parameters of the instanta-
neous eigenvalue decomposition of the data covariance matrix at time n. Then, accounting

for the orthonormality of U, in the calculation of dU¥ (dUH = —UHXdU,U¥) and in the



update of U, yields the following algorithm (see [10] for more details) :

Yo = Uil X, (2a)
Un = Up-rexp (p (A1, yaye —vayFATL)) (2b)
An = Apor + 4/ (A;L‘Eldia'g (Yan) - A;il) : (2¢)

Despite what it seems, it can be shown that this algorithm can be implemented with only

O(N?) operations per iteration.

Using the same preprocessing technique as in [3], it is possible to reduce the computational
burden : when only K < N eigenvalues of Ry, are distinct (as in many subspace tracking

problems), the update of the eigendecomposition can be performed at the expense of

O(NK) operations.

We assume that the N — p eigenvalues associated with the eigenvectors that we do not
need are all equal. This situation arises in many applications. When this condition is not

matched, it is posible to average these N — p eigenvalues, as proposed in [4].

Let us assume for instance that we search for vectors Uy, ... ,U,, and that the N —p
smallest eigenvalues are all equal : A\,41 = ... = Ay. The preprocessing is based on an
isometric transform applied to x,. Finally, the version of MALASE algorithm designed

to track a dimension p = K — 1 eigenspace, named MALASE(K), can be summerized as

MALASE(K) implementation of MALASE algorithm
initialize Up unitary, initialize Ao with distinct values (k = 1,K), and

O<pu<l,



for each time step do

input X%,
Us =, U]
a = Ufxn
b =x, — Usa
£n = [a” [lB]l)*

AR [

n

Vin = A;,;*lé-k,na (]C = ]-) I{)
(3)

Cn = VI & 1Pl v |12 = (€ vn)?

(K) = [ta Vn(vfﬁn)~€n|an|I2]

" [lvall en||vml|

. . . ; cospc, —1  —sinpuc, .
o U (0 < @) oy
Sin ficy, cos pcn, — 1
Ak = Mem—1 + 2(Ara_1[al® = ALn) (k=1,K—1)
.2 _

AK = Agn-1 + BA 1 lgzsf;l) — Akn)-

3 Convergence and asymptotic covariance matrix

As usual, the study of the convergence will be considered for a stationary random process
X. First, we are going to show that the parameters of the eigenvalue decompositions of

Ryx represent stationary points for MALASE algorithm.



3.1 Stationary points of MALASE algorithm.

Let (U, A.) represent a stationary point of MALASE algorithm, and let us rewrite equa-

tions (2) in the form

Uni1 = Up+ pH1(Xn; A, U) + O(p?) n
Apr = A+ pHy (X0 A U).
under the asumption of a small gain factor u the term in O(u?) is classicaly neglected

and a basic idea of the ODE method consists in seeing an update equation of a vector

parameter § in the form
Or41 = Ok + pH (01, Xy) (5)
as a stochastic and discretized version of the deterministic differential equation
0(t) = h(6(2), X), (6)

where = A(0(t), X) = E[H(0-1, Xs)]. The study of (6) is important to understand the
behaviour of (5). Indeed, if §* denotes the stationary stable point of (6) it can be shown
[2] (see also [6]) that in real stationary situations u~'/2(6; — 8*) converges to a zero mean
gaussian distribution as u tends to 0 and & tends to infinity. In this section we study the

stationary stable points of the ODE.

Letting hi(A,U) = E[H;(Xn; A, U)] (i = 1,2), it is clear that the condition for the point

(U, As) to be stationary is given by the relations (A, U,) = 0 and ho(AL,U) =0

hi(AU) = U, (AT'UF RxU. — UF RyU.AZY) = 0 -
7
ha(A.,U.) = A7 — A2diag (UH RxU,) = 0.



It is clear that if (U, A) represents the parameters of the EVD of Rx, then hi(A, U)=0

and hy(A,U) = 0.

Accounting for the fact that U, must be unitary, it comes that the constraint hi(As, Us) =
0 can be rewritten as AJ*UF Ry U, = UF RxU.A;'. Now, forgetting the particular cases
where || A, ||= +oo, constraints (7) yield

(Al kk =Mt = URRxUy, (k=1,N)

[A;’lUfRXU*]kl = [Uf{RXU*A:l]M, (k=1,N, l=1,N).

From (8), we have
(UERxU.)~ UERx Uy = UL RxU. (UFRxU.) ™ (9)

From this, it appears that the algorithm has other stable points than the parameters of the
EVD of Rx. Indeed, let U be unitary. In that case, it is easy to check that the stationary
points correspond to unitary matrices U such that U HR+U is a block diagonal matrix
(the sizes of the different blocks may be different), where the terms along the diagonal
of a given block are all equal. Then the corresponding A is given by [Algr = UF Rx U,
and conditions A (A,, U,) = 0 and hy(A,, Uy) = 0 are satisfied. Thus it appears that the

eigenvalue decompositions are not the only stationary points of the algorithm.

3.2 stationary stable points of MALASE algorithm.

First, let us recall that since Ry is positive definite, the functional g(R) = log|R| +
Tr(RxR™) is lower bounded over the set of positive definite hermitian matrices, and
g(R) tends to infinity when R tends to a positive singular matrix. This shows that g(R)
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admits a global minimum. Then, in order to show that only the EVD of Ry represents
a stable point of the algorithm, it is sufficient to show that any other stationary point is

not a stable point.

If (Us, As) is a stationary point, it comes from the conditions (8) that
[Adkr = Mg = U,.{,{kRXU*,k k=1,N. (10)

This shows that stationary points (A.,U.) are completely characterized by the corre-
sponding matrix U,. In particular, if U, represents a basis of eigenvectors, (U, A.) corre-
sponds to the eigenvalue decomposition of Rx. This suggests to consider the functional
K(U) = B[¥(X,; UAU™)], where Ay = UF RxUy (k = 1, N). Clearly, a necessary condi-
tion for (U,, A.) to be a stationary stable point, is that U/, must be a local minimum of

K(U). In appendix A, we prove the following result :

Lemma 1 If the columns of the unitary matriz U, are not eigenvectors, then U, is not a

local minimum of K(U).

Consequently, the only possible stationary stable points of the ODE correspond to the
EVD of Ry, and since g(R) = log |R| + Tr(RxR™!) admits a global minimum, it comes

that

Proposition 1 The stationary stable points of the ODE of MALASE algorithm corre-

spond to the EVD of Rx.



3.2.1 Remarks.

Let us assume first that the dimensions of the eigenspaces of Rx are equal to one. It
is clear that the eigenvectors represent stationary stable points only up to a modulus
one factor. Thus, we cannot rigorously say that the eigenvectors represent stable points.
However, there are two ways to justify the fact that we regard eigenvalue decompositions

of Ry as stationary points of MALASE algorithm.

A first way is to remark that if Uy, is multiplied by e (o, € R), then the se-
quence (Ugni)i>o supplied by MALASE algorithm will be replaced by the sequence
(Ut s = €4 Uk ny1)iz0. Since up to a modulus one factor the convergence properties are
not affected by this change, it appears that letting Uy , = e~@relUknh [J; | ensures the ex-
istence of a unique stationary stable point, denoted (Us, A,), for the sequence (Uy, An)nen,
provided that { is chosen such that [U)i # 0 (U = [Us, .., Uns]). Obviously, (Us,As)

represents the EVD of Rx.

Also, it is possible to replace the study of the convergence of the sequence (Ukn)nzo, by
that of (Ilsn)nyo where Il , denotes the projector associated to vector Uy at time n :

Ui = Uk,nUfn. To show this, let us rewrite the update of Uy as

Uk,n = Uk,n—-l + Ck,nUk,n—-la (11)



where C ,, is the k** column of the matrix C., defined by

Cn = Un-t [(227 + yy®)(cos e, — 1) + (yz — zy)sin pen| UR
= [(Un—lA;ilUf—l)XanH(Un—lA;ilUf—l) + annH] (cos pen — 1)
e AU ) = W pllonges
= [(XCizin AIT;HIW)XXH(lel,n /\zjnl,n) + %% (cos ey — 1)
+[xxH(Zl=1,71 Aalln) — (Ximim A;iHl,n)xnan] sin pe,

= :U'Cn[XXH(Elan ’\l_,;nlm) - (Zl:l,n )‘l—,;Hl,n)annH] + O(p?).

It is clear that II;, and Cy, are left unchanged if Uk, is multiplied by a modulus one

constant. Furthermore, the eigenspace update can be written in the form
Hk,n = Hk,n-l —+ [Ok,nHk,n—IC]fn + Ok,nHk,n——l + Hk,nalclfn] . (13)

Thus, it is clear that up to modulus one factors, there exists a one to one correspon-
dance between the sequence of projectors (Ilxn)ns0 (k = 1, N) obtained from (13), and
the sequence (Uyn)n3o obtained from (2b). Thus, from the study of the convergence of
MALASE algorithm, it appears that the sequence (Il;,)nen converges to the projector

associated with the k** eigenvector.

Also, let us remark that the convergence of Uk,n to an eigenvector denoted Uy, (or of Il ,, to
the corresponding projector) cannot be ensured if it belongs to an eigenspace of dimension
greater than one. In that case, if »Uk,n, «y Uk41-1,n represent the estimated eigenvectors
associated with a dimension / eigenspace, only the convergence of the estimated projector
on that subspace, i.e. of Zi:O,l—-l Uk+i’nUgi’n, can be checked. For the sake of simplicity,
in the derivation of the asymptotic covariance matrix of MALASE algorithm, we will

assume that all the eigenvalues are distinct.

10



3.3 Asymptotic covariance matrix.

Let us recall first a few basic facts about the derivation of the asymptotic covariance

matrix for a stochastic algorithm in the form
Ony1 = On + pH (0r, Xy), (14)

where 8, = [01.,,..,01.,]7 is the estimated parameter at time n. As explained previously
417%(8, — 0,) tends to a zero mean gaussian distribution when x4 to 0 and n tends to
infinity (see e.g. [2]), and the asymptotic covariance matrix of 0, is equal to P, where

P is the only solution of the Lyapunov equation

GP + PGT + K =0, (15)
with
P = E[6, —0.)(0. —0.)7) (16a)
@, = (552 (16)
K = nio E[(H (8., Xn) = h(0.))(H (0, Xn) = h(8.))7], (16¢)

with h(8) = E[H(9,X,)]. Let us remark that when the vectors (Xn)nez form an inde-
pendent sequence of vectors with the same distribution, then K is simply the covariance
matrix of H (6., X,). Since generaly little prior information is available upon X, and since
calculations are easier in this case, people often assume that vectors X, are uncorelated
when solving (15) (see e.g. [5] for studies in the correlated case). We will work with this

simplifying asumption.

11



Now, let us remark that the update of U in MALASE is not in the form of (14). In order
to be able to use formula (15), we will simply consider the first order development of the

update of U with respect to u :
Un = Un-1 4 pUny (AL ynyE — yayHAGL)

Thanks to this expression, we will be able to derive an approximate expression of the

asymptotic covariance matrix for MALASE algorithm.

Let (Ui, Unpn) and (An,...,An,) denote the estimated eigenvectors and the es-
timated eigenvalues, and let us denote V, = [UIT,n, . ,Uﬁm,)\lyn,... ,ANn]T the size-
(N? + N) vector that contains these parameters. It is clear that the update of V,, is in
the form (14). The calculation of the asymptotic covariance matrix of V,,, denoted yP, is

derived in the appendix B; it finally comes that

1

This is a very interesting result since the asymptotic variance depends only on y, and not
on the parameters of the EVD of Ry, unlike other algorithms (e.g. [9]). Furthermore, any
of the N? + N parameters are asymptotically uncorrelated, and have the same variance,
equal to p/2. For eigenvalues, this can be compared for instance to the classical update

in the form

M = Moot — p(Akne1 — |Vinl?), k=1, N. (18)

used by many algorithms that yields theoretical asymptotic variance for A, equal to
(1/2)A%-

12
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APPENDIX

A  Proof of lemma 1

Let us remark that
N
K(U) = ) log (UfRxU) + Tr[RxU(diag(UF RxUs,..,UE RxUn))" U] (19a)
N
= Y log (Uf RxUs) + N, (19b)
and let us consider a perturbation of U in the form
U+ dU =UGk; (0,¢) (20)

where Gy (0, ) is the Given’s rotation defined by

I T

Ipy

cos § /% sin 0
Gra(0, ) = Lk
—e™9%sind cos 6

Ino

The fact that Gy, (8,¢) may be close to the identity matrix (i.e. dU is close to 0) is
expressed by the fact that 6 is close to 0, but does not bring any constraint upon ¢j i.e.

@ can have any value.

Let us denote Ay = K (U +dU) — K (U). A necessary condition for U to represent a

15



stable point of K is expressed by the fact that Ay > 0 for dU # 0. We have

Ay = log ([Uk cos 8 + &7°U; sin Q]H Ry [Uk cos 0 + e’*U; sin 0})
+ log ([UI cos§ — eIl sin H]H Rx [Ul cos § — e~ I?U, sin 9])
—log (UER)(UO ——log (UIHR){Ul) . (21)
Letting U Rx U, = A, U RxU, = A, URRxU, = Aix and Re(.) denote the real part, it
comes that
[Uk cos 8 + €'V, sin G]H Rx [Uk cos 0 + €'l sin 9] =
cos? (6) A¢ + sin (26) Re(e’? Ay ;) + sin? (0) Ay, (22a)
[Ul cos § — 7%l sin H]H Rx [Ul cos § — e79°U, sin 9} =
cos® (0) A — sin (20) Re(e™“\;) + sin? (8) Ax. (22b)
Then, letting C' = Re(e?®A\g;) = Re(e™9%); 1) yields

expAp = (cos®(0) + sin (26) XC; + sin? (0) i\f) X (cos? (0) — sin (26) % + sin® (0) -’/\{Ii)

= cos* () + sin* (6) + cos? (6) sin® (6) (;\—: + j\\—‘l‘) +sin (26) C'x

cos2 (8 sin? (4 cos? (8 sin?(4 . C
<“ T /\l()—s1n(20)m>

= (cos?(0) + sin? (9))2 + (—(—Mn;e >2 (fz + % - 2) — sin? (26) Czl-f-

FYSY

sin (20) C (cos2 (6) — sin® (0)) Xlk. _

2=

. 3 2 sin
= 1+ sin®(20) {i (%+%—2> —f/\TJJr—gl——QC(Xl;-—%).
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Clearly, to ensure the stability condition, the coeflicient of sin? (0) must be strictly positive
and the coefficient of sin (46) must be equal to zero, for any ¢. These conditions can be

written in the form

Re(ewUﬁRXUk)(Ufngk-UIH,;)(U!) = 0, Vo

R ) - G > 0
The first condition of (23) yields :
Re(e U RxUy) =0, Vo, (24)
or
UERxU, = UPRxUL. (25)

Let us suppose first that (24) is satisfied, or equivalently that UFERxUy, = 0. Then, the

inequality in (23) becomes

UFRxU, = UHRxUs
UFRxUx ' UFRxU,

-2>0 (26)
The variations of the function f (z) =z 4+ 1 — 2 are given in the following table :

T 0 1 400

(27)
f(x):3:+%—2l+oo N0 S Hoo

Thus, strict inequality (26) is always satisfied provided that U RU} # UH RU, (equality

is achieved only if UZ RU,, = U RU)).

Now, if the condition UERXU;C = U RxU, were satisfied, the inequality in (23) would

17



become

(R,e(e_j‘pUlHRXUk))2
(U,fIRxUk)(UlHRxUl)

<0, (28)

which is impossible.

If the columns of U do not represent an eigenbasis, then U¥ RxU is not diagonal, and
UE RxU, # 0 for some (k,l). In that case, the stability conditions (23) are not satisfied.

This shows that if U is not a matrix of eigenvectors, it cannot be a stable point of K.

B Asymptotic covariance for MALASE algorithm.

Forgetting subscript index n, the update terms for the matrices U and A of the approxi-
mate MALASE algorithm obtained by accounting only for O(x) terms of the update are

respectively H; and H, with

Hy, = UAT'WHEXXHU - XXHUAT (29)
Hy, = —A7'+ A %diag (UFXXHUD) (30)
Then, let us define
hi = E[H]=UATU¥RxU — RxyUA™! (31a)
hy = E[H;]=—A""+ A *diag (U7 RxU) (31b)

Also, let us denote H; and H, (resp. Py and 52) the vectors obtained by stacking the

columns of H; and the diagonal terms of Hj repectively, and ’/;1 = lE[ET 1}, and hy = E[ﬁg]

18



The approximate asymptotic covariance matrix of the vector V = [UF, ., U5 M,y AN

is uP, where P is the solution of the following Lyapounov equation :
GP+ PG + K =0, (32)

and where the matrices G and K are given by :

o Aok _ Gu Gra
Oh Sh
2 Ok Gy G
sUu OA (U,A):(U.,A*) 21 22 (33)
E[H, H¥] E[H, HF] Ku Ki
I{ = frd
E[H, HY] E[H,Hf) Ky K

(UA)=(UxiAx)
ahl _ _ a[hl]z] 8hy
represents the matrix with term (i + N(j — 1),k + N(I — 1)) equal to 55, F& the

matrix with term (1 + N(j—1), k) equal to hl]" , 222 the matrix with term (¢,k+ N ({—1))

equal to —[—h—?—]—'— and 3h2 the matrix with term (z, k) equal to a[h2 . (U., A,) represents the

parameters of the stable point of the algorithm, i.e. the eigenvalue decomposition of Ry.

B.1 Derivation of G.

In order to get Gy, let us let us differentiate the matrix hy at point (Us, Ax) with respect

to U, under a unitary constraint upon U (i.e. dU¥ = —UHJUUH) .

dyhy = dUAYUHRxU — UN"YUHdUU¥ RxU + UA'U¥ RxdU — RxdUA™ (34)
34

= 2dU — UNTUHdUA — UNUHAUA™.
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Let us denote Ay, the matrix with all terms equal to 0, except term (k, ) that is equal to

1. The matrix —%:; is obtained by setting dU = Ay, which leads to :

Ohy

= 20y — UNTTUHAyA — UNUF ALAT? (35a)
OUu
= <2[ - U (/\zA—l + %) UH> Ay (35b)
I
Let us remark that a—g{}—:j’i is the term (1, 7), of the matrix 'a%,i‘,» and also the term (7 +
N(j—1),k+ N (I —1)) of the matrix %%. Then,
Ohalis - LAY e
—= = 260, — Ul MA — ,
i el ; SR (362)
-1, A H
= 251';95]'1 - [U </\1A + —)\-) U ] 5jz, (36b)
l ik
which leads to :
. o, A o, A H
G11 = W11 2[]\]2 — dlag )\1A + Ty e e ,/\NA + — VVH, (37)
A AN
where Wiy is the N? x N? bloc diagonal matrix : Wiy = diag(U, ... ,U).
To get GGa2, let us remark that
Ohy -2 -3 H
Sh = AT — 20 diag (U7 RxU) . (38)
ThUS, G22 = *—A_2.
In order to get G, let us differentiate h; with respect to A
dphy = —UAYAAU¥ RxU + RxUA~'dAA-! 59
39

= —UA~dA + UdAA™" = —U(A-'dA — dAA™Y),

Since A and dA are diagonal matrices, dyh; = 0. Thus, G = 0.
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In order to get Gy, let us calculate dyhs. Up to a second order term, and accounting for

the orthonormality constraint upon U, it comes that

doh, = A-diag ((U +dU) Ry (U + dU)) _ A~*diag (U¥ RxU)

(40)
= A~%diag (AUHdU — UHdUA) .
But the diagonal terms of AU#dU — UHJUA are equal to 0. Thus, G, = 0.
Finally, we get :
212 — diag MATE 4+ A 0
G=W ( A")k:l,...,N wH (41)
—di L 1
0 dlag(/\%,...,/\%J,

where W is a (N2 +N) x (N?+ N) unitary bloc-diagonal matrix : W = diag (U, ..., U, In)
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B.2 Derivation of K.

In order to get Kii, let us remark that K7; is a bloc matrix with blocs of size N x N. Let

[A] x denote the k™ column of the matrix A. Then, the bloc (1,7) of Ky, is given by

E[[HL]([H1],)"] = E[(UAT'UHXXHU — XXHUA) [(UATTUHA XH — XXHUAY) ;)7

= E[[(Ry'XX" — XXT R UUF X XH RS — R\ X XH]H]

= RYEXXFUUFXXT|RY + E[X XY Ry UUF Ry X XH]
~RY'EIXXPUUF R X X7 - BIX X" R3\U,UR X X7 Ry

= Ry'(RxU:UFRx + Rx(UF RxU;))R3"
+(Rx Ry U:U Ry Rx + Rx(UF Ry' Rx R3'Uy))
—Ry'(RxU:UP Ry Ry + Rx (U R¥' RxU;))
~(Rx Rx'UUF Rx + Rx(U¥ Rx R3'U;))R7:

= & (MBZ + B2) — 2UF T

= U (WA + EA- 21y) UP.

Finally, it comes that :

: 1, A _ A
[{11 = Wll [dl&g (A]_A 1 -+ E, e ,/\NA 1 + X]-\;) - 2[N2:| WII_{. (43)
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Let us calculate Kjpg :

[Kaalij = E[[HalulHa)s]

= E [(——% + __”?ﬁi‘”Ui) (__ ; m)J

(44)

Agﬁﬁ [(UFRXUi)(UfRXUj) + (UF BxU;)(Uf RxUs)]

Thus, Ko = A~2.

Let us remark that K, = Kﬁ. Ky, is a bloc vector, with blocs of size N x N. The gt
column of the i** block of K, is given by

Kialy = E[H]{H]) = E(R XX7U - XXHRFU) (=55 + M)]
= —LE[(Ry' XXHU, — XX7RPU)] + HE(Ry' XXTU)(UF X XTU;)]
—%_—]E[(XXHR;Ui)(UfI XXAU;)]
= 0+ (B RxU)(UF Bx Us) + (Rx' RxU;)(Uf Rx Us)]

—32(Bx Ry Un) (U] BxUy) + (RxUj)(U]" Rx By Us)]

= 0.
(45)
Consequently, K, = KZ = 0.
From what precedes, it comes that
—2Ty2 + diag (AA™! + -A—) 0
K=W < Ak k=1,..,N WH. (46)
0 dmg(%...,j\%)
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B.3 Solution of Lyapounov equation

Let us remark that G = G¥ = —K. Thus P is the solution of the Lyapounov equation

KP+ PK — K = 0. Straightforward calculation yields

1

P= Iy, (47)
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Abstract

This paper concerns the estimation of the supports of probability density func-
tions in a context of incomplete data (mixtures or Hidden Markov Models). These
supports cannot be estimated with the EM algorithm or any stochastic version of
the EM algorithm unlike more classical parameters (mean, variance...). Indeed the
complete data model is not regular exponential with respect to the supports. In
order to overcome this limitation of the EM algorithm and of its stochastic versions
we develop the following approach : we minimize a quadratic distance between the
Fourier transform of the data and its parameterized counterpart. Under very gen-
eral conditions the Fourier transform of the data is aproximately gaussian when the
sample is large and our approach reduces to a maximum likelihood estimation. Un-
like the problems encountered in the time domain, the asymptotic model is regular
exponential with respect to the supports in the Fourier domain. We discuss the
conditions under which the estimate is convergent and of minimum variance. Some

simulation results are presented.

*Extended version; short version in ICASSP 1999.



Keywords: incomplete data models, mixture of distributions, Fourier transform, Maxi-

mum Likelihood Estimation, EM algorithm.

1 Introduction

The EM algorithm is a valuable approach for estimating some parameters in the case
of incomplete data. The EM algorithm suffers yet from a number of serious limitations
among which possible convergence on some local but not global extremum of the like-
lihood. In order to overcome these well known drawbacks of the EM algorithm some

stochastic versions of this algorithm have been previously developed.

In this paper we bring to the fore an unknown limitation of the EM algorithm and of its
stochastic versions. We treat the estimation of some parameters of offset in the case of
incomplete data. To be more precise we consider hidden Markov chains, the distribution of
the observations conditionally to the unobserved regime as being exponential distributions
with unknown offsets’. We make known that neither the EM algorithm nor its stochastic
versions are valuable for this problem. Basically the problems come from the fact that the
model is not exponential with respect to the offsets. The result of this is that the estimates
of the offsets increase at each step of the EM algorithm or of any of the stochastic versions

considered.

In order to overcome the difficulties encountered in the time domain with maximum
likelihood techniques we transpose the estimation problem in the Fourier domain. The
offsets are transposed into the pulsations of some complex exponentials that modulate the
characteristic functions of the different components of the mixture. We minimize some
quadratic distance between the sampled empirical Fourier transform and its parametric

counterpart.

! Although it applies to more general situations than the case of exponential distributions, we will

show that it is of particular interest in this situation.



This approach can be formulated as a classical moment approach; this remark makes
it possible to establish some convergence results. We demonstrate that the estimate is
convergent under some conditions of identifiability of the sampled Fourier transform. We
state some sufficient conditions for ensuring the identifiability. For a particular choice of
the quadratic distance between Fourier transforms that we specify the estimate is what

is more of minimum variance asymptotically.

1.1 Hidden Markov Models

Loosely speaking a Hidden Markov model (HMM) is a probabilistic function of a Markov
chain : an unobserved sequence follows a Markov chain with finite state space and each

observation depends on the current value of the underlying Markov chain only.

Practical situations in which hidden Markov models arise are numerous. In the telecom-
munications area the major application of hidden Markov models is certainly automatic
speech recognition (Levinson, Rabiner and Sondhi, 1983 [21]; Juang and Rabiner, 1991
[19]). The theory of hidden Markov models has also found a major application in tele-
traffic science : Markov modulated processes have been proposed for modelling traffic on
telecommunication networks (Meier Hellstern, 1993 [15]) and standard estimation tech-
niques have been developped for these traffic models (Ryden, 1996 [30]). Another major
field of their application is genetics and biochemistry. Hidden Markov models have proved
useful for the analysis of DNA sequences with a special interest in the detection of ho-
mogeneous regions in DNA sequences (Churchill 1989 [8], 1992 [9] and 1995 [10]; Muri,
1997 [26]; Henderson, Salzberg and Fasman 1997 [18]). They have also been proposed
in neurology for the analysis of the conductivity of an ion channel with inference on the

state of the macromolecula (Ball and Rice, 1992 [14]; Fredkin and Rice, 1992 [16, 17]).



1.2 The Expectation Maximization algorithm

A problem of major interest when one deals with hidden Markov models is the estima-

tion of the parameters of the model. The Expectation Maximization algorithm (EM)
(Dempster, Laird and Rubin, 1977 [12]) is a popular and valuable approach for maximum
likelihood estimation in hidden Markov models. Basically, the EM algorithm consists in
iteratively maximizing a Q function defined as the expectation of the log-likelihood of
the complete model given the observations and the current estimate of the parameters.
Denote by Y17 the observed sequence and by X;.r the underlying and unobserved Markov
chain. § denotes the set of parameters of the model. Each iteration of the EM algorithm

can be decomposed into two steps :

Step E Compute Q(8,0x) = E(L(X,Y;0) | Y =y, 6;).

Step M Maximize Q(0, 6;) with respect to 8 : 6., = Argmax, Q(0,0).

where L(X,Y’;0) is the log-likelihood of the complete data Z = (X,Y).

The EM algorithm has a number of advantages. The log-likelihood of the complete data
Z = (X,Y) has a very simple expression whereas the number of operations involved for
the direct computation of the observed likelihood increases exponentially with the length
of the sequence and is therefore not feasible in practice for reasonably long sequences. The
EM algorithm has the basic property that it increases the likelihood of the observations
at each iteration and that it converges to the set of stationary points of the likelihood
of the observations (Wu, 1983 [39]; Redner and Walker, 1984 [28]). This basic property
of the EM is not shared by standard optimization techniques such as the gradient or the

Newton Raphson procedure.

But the EM algorithm suffers from a number of serious limitations. One of the best
documented limitation of the EM algorithm is the possible convergence of the algorithm on

some stationary but unstable points of the likelihood of the observations or some local but



not global extremum of the observed likelihood (Wu, 1983 [39]; Redner and Walker, 1984
[28]). Convergence thus depends crucially on the initialization point. Another problem is
its speed : the convergence rate is governed by the fraction of missing information so that
convergence can be slow (Dempster, Laird and Rubin, 1977 [12]). When the complete
model is a regular exponential model with a complete data sufficient statistic, the step E is
simply the computation of the expectation of the complete data sufficient statistics given
the observations. However when the model is non exponential, the integral involved in
the step E of the EM algorithm is not analytically tractable (eg. non censored mixtures
of Weibullian distributions, Chauveau 1992 [6] and 1995 [7]). In some situations the
maximization involved in the step M of the EM algorithm is not analytically tractable but
requires iterative maximizations (log-linear models, Little and Rubin, 1987 [22]; mixtures

of Weibullian distributions, Chauveau 1992 [6] and 1995 [7]).

1.3 Stochastic and non stochastic improvements of the EM al-

gorithm

In order to overcome the above mentioned limitations of the EM algorithm various stochas-
tic and non stochastic improvements of the EM algorithm have been proposed. The Gen-
eralized Expectation Maximization (GEM) algorithm (Dempster, Laird and Rubin, 1977
[12]) avoids iterative maximization by increasing the Q function rather than maximizing
it at each step M. Like the EM algorithm this algorithm has the property of increasing
the likelihood of the observations at each iteration but it does not share the convergence
properties of the EM algorithm under general conditions. The Expectation/Conditional
Maximization (ECM) algorithm (Meng and Rubin, 1993 [25]) is a particular case of a
GEM algorithm that shares the attractive convergence properties of the EM algorithm.

Basically, stochastic versions of the EM algorithm (SEM [2], SAEM [5], MCEM [36])
are random perturbations of the EM algorithm. The random perturbations involved
in the first iterations are likely to prevent these algorithms from remaining near saddle

points or local maxima of the likelihood of the observations. The Stochastic Expectation



Maximization algorithm (SEM) (Celeux and Diebolt, 1985 [2]) replaces the calculation
of the integral involved in the step E of the EM algorithm by random simulation of the
missing data given the observations and the current estimate of the parameters. Under
suitable conditions the sequence of estimates is a stationary and ergodic Markov chain
and converges in distribution; the stationary distribution of this Markov chain is likely
to favor the values of the parameters for which the proportion of missing data is low
but it does not necessarily concentrate around a global extremum of the likelihood of the

observations.

The Stochastic Annealing Expectation Maximization algorithm (SAEM) (Celeux and
Diebolt, 1992 [5]) is a modification of the SEM algorithm. The SAEM converges almost
surely instead of converging in distribution thus avoiding the possibly erratic behavior of
the SEM algorithm in the case of small samples. Unlike the EM algorithm the SAEM
avoids the stationary but unstable points of the likelihood of the observations; what is
more the random perturbations involved in the first iterations of the algorithm prevents

it from converging to the first local extremum encountered.

In the Gibbsian EM algorithm (Robert, Celeux and Diebolt, 1993 [29]) the simulation
of the missing data involved in the SE step of the SEM algorithm is replaced by one
step of a Gibbs sampler : non linear filtering is thus avoided and long sequences can be
handled with relatively low computational burden. The Data Augmentation algorithm
(Tanner and Wong, 1987 [32]) is nothing but a Bayesian version of the SEM algorithm :
the parameters of the model are treated as random variables and simulated randomly
given the observations. The Monte Carlo Expectation Maximization (MCEM) algorithm
(Wei and Tanner, 1991 [36]) replaces analytic computation of the integral involved in the

E step of the EM algorithm by Monte Carlo simulation.



1.4 Paper contents

In this paper we wish to draw the reader’s attention to another, not documented limitation

of the EM algorithm.

This paper concerns the estimation of some support parameters in the context of incom-
plete data. More specifically we explain how one can estimate the offsets 6; when one
observes an independent sequence distributed as a 7 weighted mixture of E(\;) expo-
nential distributions with offsets 6; : g(z) = Y. mX; exp(—Xi(z — 6;))Ir+(z — 0;). The
technique that we propose generalizes to dependent observations when one considers Hid-
den Markov Models. The EM algorithm and its stochastic counterparts are not suited
to estimating some support parameters. The specificity of this problem is discussed in

Section 2.

Section 3 is an overview of the estimators that are valuable for estimating a single offset
in a distribution. These techniques do not generalize to a mixture of distributions with

offsets.

To overcome these difficulties we propose in Section 4 to minimize different weighted
distances between the Fourier transform of the observed sequence and its empirical coun-
terpart. Unlike the problems encountered in the time domain the minimization of the

distance between Fourier transforms can be performed with an EM algorithm.

2 The SEHMM model and the offset parameters es-

timation problem

Our interest in estimating the parameters of a partially observed model with unknown

support has been prompted by the recent development of a new model for broadband

traffic, the Shifted Exponential Hidden Markov Model (SEHMM) (Vaton, 1997 [35] [31]



and 1999 [34]). The necessity of new traffic models proved to be imperative after the work
of Leland, Willinger, Taqqu et al. (Leland, Taqqu, Willinger and Wilson, 1994 [20] and
1995 [37]; Willinger, Taqqu, Sherman and Wilson, 1995 [38]) and of Paxson and Floyd
(Paxson and Floyd, 1994 [27]). These authors showed a number of serious drawbacks of
classical Poisson traffic models such as the Markov Modulated Poisson Process (MMPP)
(Meier Hellstern, 1984 [24] and 1993 [15]); the striking conclusion of their studies is that
classical traffic models greatly underestimate the resources necessary to guarantee Quality

of Service on future broadband networks.

The SEHMM is an improvement of the MMPP that includes offsets (0i)1<i<k In the
distribution of the interevent times given the unobserved regime. This makes it possible
to model distributions with exponential decrease but with a mean strictly superior to
standard deviation. The offsets §; model some incompressible delays between arrivals due
to the reemission of packets when no acknowledgement has been received by the emitter

after some predetermined period of time.

Knowing the parameters of the model of traffic is crucial for dimensioning. This problem
is peculiar in the case of the SEHMM because the support of the distribution of the
observations given the unobserved data has to be estimated. For simplicity we suppose
in what follows that all but the support parameters are known; our algorithm generalizes
easily to the joint estimation of all the parameters of the model. In the simulations we
will consider mixtures of shifted exponential distributions, a particular case of SEHMM
where the underlying Markov chain reduces to an independent and identically distributed

sequence.

Let (X:): denote the observed process and (V;), represent the underlying Markov chain.
Thus, the model is described by the following equations
P(Yt+1 =7 l Yty Yt—-1,Y1—2, " * ) = P(Ytﬂ =7 l yt)
T
,f($1,$2,"',xTIyl,yz,"’,yT):Hf(a;tlyt) (1)
t=1

f(@e |y =1) = Miexp(=Ai(z: — 0,)) 1Ly, 50,



2.1 Failure of the EM algorithm

Consider (z:)i<i<r T independent and identically distributed samples of a K component
mixture of shifted exponentials g(z) = 3. mi\; exp(—Ai(z — 0;))Ig+(z — ;). Any 0 such
that one of the 6; is equal to one of the z; is a point where f(z1.r;0) is discontinuous (see
Fig. 1). The likelihood f(zy.7;0) thus does not satisfy to the assumptions of regularity

under which the convergence properties of the EM algorithm have been established.

We are going to demonstrate that the sequence of estimates (Hz(n)neN produced by the EM
algorithm suffers from 9,("“) > 92(-“) so that a bad initialization cannot be recovered in the

following iterations.

The EM algorithm goes iteratively through the two steps :

e Step E : Compute Q(8,6™) = E(L(X,Y;0) | y, 80)).

e Step M : Maximize Q(8,0™) with respect to 6 : 9+ = Argmaxy Q(6,0™).

In the case of the mixture of shifted exponential distributions the step M reduces to
9§"+1) = min{zgp(y; = 1 | 2;60™) # 0}. And p(y: = 1 | :ct;9§")) # 0 if and only if z; >
491("). Tt results that if T'(e) denotes the operator associated with the EM algorithm and
g(»+1) = T (™)) then ot > ™. In what follows we demonstrate that this inequality
generalizes to the SEM, SAEM and MCEM algorithms.

2.2 Failure of the SEM, SAEM and MCEM algorithm

The SEM algorithm, the SAEM algorithm and the MCEM algorithm are random pertur-
bations of the EM algorithm. They all rely on a stochastic imputation principle. Basically
a random simulation of the unobserved regime given the observations and the current es-

timate of the parameters causes perturbation of the step E of the EM algorithm.



2.2.1 Failure of the SEM algorithm

The SEM algorithm was the first earliest stochastic version of the EM algorithm (Celeux
and Diebolt, 1985 [2], 1986 [3] and 1987 [4]). The SEM algorithm goes iteratively through
the following steps :

Step E: Compute the distribution of Y given the observations x and (™.

Step S: Simulate y™*?) given the observations x and 8. If card{t;y{"* = i} < (d+1)/N

then resume with one less component, else go to the step M.

Step M: Maximize L(z,y"+V); §) with respect to 8 : 0+ = Argmax, L(z,y™+1);9).

In the case of the mixture of shifted exponential distributions the step M reduces to :
0§n+1) = min{:ct;yfnﬂ) = 1} but the event (yt(nﬂ) = 1) has probability zero given the
observations and (" if (z, < Hl(n)). This results in the same inequality as in the case of

the EM algorithm : 41 > g™,

The SEM algorithm produces a homogeneous Markov chain. But this Markov chain is not
irreducible when the sample space over which the complete likelihood f(z;0) is strictly
positive depends on the parameter §. The ergodicity and stationarity of the Markov chain
produced by the SEM algorithm is consequently not verified in the case of the estimation

of a mixture of shifted exponentials.

2.2.2 Failure of the SAEM algorithm

The SAEM algorithm is a simulated annealing version of the EM algorithm that goes from
a pure SEM algorithm in the first iterations towards a pure EM algorithm at the end.
It thus avoids the erratic behavior of the SEM algorithm without converging to the first
local maximum of the likelihood of the observations it encounters as the EM algorithm

is likely to do. In most examples encountered, the SAEM converges pointwise to the set



of stationary stable points of the likelihood of the observations. This property does not

generalize to the estimation of the offsets in a mixture of shifted exponential distributions.

The SAEM algorithm is usually described under the assumption that the complete data
model is regular exponential with a complete data sufficient statistic t(z) : g(z0) =

a~1()b(z) exp(< t(2);0 >). The SAEM goes iteratively through the following steps :

Step E: Compute the distribution of Y given the observations x and 6.
Step S: Simulate z(**1) = (z,y("+V)) given the observations x and 6,
Step A: Stochastic averaging : t™+1) = ¢(™ 4 v, (t(20n 1)) — ¢,

Step M: Maximize — loga(f)+ < $(n+1): 9 > with respect to 0 :
p(+1) = Argmaxg —loga(8)+ < t1);6 >.

These steps are equivalent to a random perturbation of the operator T (e) associated with

the EM algorithm :

Bt = TP 4y (M (MDY — T(8M)) 2)

where M(z) is the maximizer of the complete data likelihood M(z) = Argmaxe g(z; 0).
Step v, is an equivalent of the temperature function in the classical simulated annealing
algorithm. +; should be equal to 1 and +, should decrease slowly in the first iterations in
order to avoid the local extrema of the likelihood. Pointwise convergence of the SAEM

algorithm is demonstrated under the condition that lim,_e ¥n = 0 and that the series

>, Yn diverges.

If v, = 1 the SAEM algorithm reduces to a pure SEM algorithm; if v, = 0 the SAEM
algorithm reduces to a pure EM algorithm. The SAEM algorithm thus realizes a balance
between the SEM algorithm and the EM algorithm. It results from Eq. (2) that the SAEM
algorithm suffers from the same limitation as the EM and SEM algorithms : oty > o™,



2.2.3 Failure of the MCEM algorithm

The MCEM algorithm replaces analytical computation of the integral involved in the

step E of the EM algorithm by Monte-Carlo integration. The MCEM algorithm goes
iteratively through the following steps :

Step E: Compute the distribution of Y given the observations x and 6.

Step MC: Simulate my realizations (2("+V4) ;¢ = (2, y"*) iy Of 2 given the ob-
servations x and 6™ and compute the average log-likelihood of the complete data

L)) = Hl; > L(z1):d; 9y,

Step M: Maximize the average L("*(6) with respect to 6 : 6+ = Argmax, L) (g),

The step M reduces to 6" = min(z;/y"* = 7). But (3" = {) has probability

zero if §; > x; and consequently 9§n+1) > o™,

7

2.3 Lack of Cramer-Rao Lower Bound

Maximum likelihood techniques are justified by the fact that the Maximum Likelihood
Estimator is asymptotically unbiased and that its variance converges to the Cramer-Rao
Lower Bound CRLB = I7'(9) where I(f) = —Eg(jfTﬁ log (X)) is Fischer’s information
matrix of the model. For the problem under study the log-likelihood of the observations
is not differentiable with respect to the offsets 0;, and the conditions under which the
Cramer-Rao Lower Bound is derived are not fulfilled. However, in the Fourier domain the
normalized sampled Fourier transform converges to a gaussian distribution which belongs

to the exponential family and the Maximum Likelihood Estimator is efficient in this case

(Van der Waart, 1998 [33]).



3 Estimation of a single shift parameter

In this section we recall some techniques for estimating a single parameter of shift when
the observations (2;)i<i<7 are independent and identically distributed with probability

density function fyo(z) = fo(z —8) and fo(z) =0 if z < 0.

3.1 Maximum Likelihood Estimation

The log-likelihood of z1.7 is L(z1.7;0) = Zt___l,T log fo(z; — 6) so that L(zy.7;0) = —o0
if z; < 0 for some t. When fo(e) is strictly decreasing over R* then a7, = Xomin Where
Xmin 2 min;—; 7 X; is the minimum value of all the observations. This is the case in

particular when fo(e) is the exponential distribution : fo(z) = exp(—Az)Ir, ().

3.2 Bayesian estimation techniques

The choice of a prior distribution is usually the controversial point in Bayesian estimation.
Denote by g(8) the prior distribution of 8. Then f(z1.7) = (fo* g)(z1.7) where * denotes

convolution. f(zy.r) is maximum for

_ folzur —90)
9(9) - ffO(xlzT . 0) d0 (3)

Such a choice of g(f) amounts to calculating f(z1.r) by applying a matched filter to
fo(z1.r). For this prior distribution the Maximum A Posteriori estimator is Orrap =
Argmaxg (0 | z1.7) = Xmin When fo(e) strictly decreases over R*. The minimum mean
square error estimate is I E(0 | X1.7) = Xumin — (2AT)~! in the case of the shifted

exponential distribution.



3.3 Pitman estimator

Consider the set of all equivariant estimators of § that is to say of all the estimators S
such that S(z1.7 + p) = u + S(z1.7). It is relevant to look for an estimator that satisfies
this equality when one is concerned with the estimation of a parameter of shift. The
equivariant estimator with minimum quadratic risk function is the Pitman estimator [13].

In the case of the shifted exponential distribution ép]T = Xmin — (AT)7L.

3.4 Barankin estimator

The Barankin bound [23] is the greatest lower bound among minimum variance bounds
for unbiased estimators. As a byproduct the calculation of this bound supplies a locally,
and possibly globally, minimum variance unbiased estimator. In particular, for a shifted

exponential distribution, we can get the minimum variance unbiased estimator éB(X ) =

KXomin — (AT [23).

Note that Xmyn is an exhaustive statistic when 6 is the only unknown parameter, so that

all the estimators mentioned above can be expressed as a function of X, = (z1.7)-

4 Estimation in the Fourier domain

There are numerous valuable approaches for estimating one single offset as listed in the
previous section; but these techniques do not generalize to incomplete data models. On the
other hand, the EM algorithm is a common technique for maximum likelihood estimation
in incomplete data models. But neither this algorithm nor its random counterparts are

valuable for estimating supports (see Section 2).

In order to overcome the above-mentioned limitations we propose to minimize a quadratic

distance between the sampled Fourier transform and its parametric counterpart. Some



previous studies have proved that minimum distance estimation based on characteris-
tic functions is valuable for estimating the mixing weights m; of a distribution g(z) =
S™mifi(z) (see Bryant and Paulson 1979 [1] and the references therein). This technique
is of particular interest for estimating supports in incomplete data models; unlike the

mixing weights, the supports can not be estimated with standard approaches.

4.1 The estimation of the offsets in the Fourier domain

Note f(z) = Yopey i Tefoen () = Dok Trfor, (z — 0x) a weighted mixture of proba-
bility density functions with shifts ;. ®(w) = [ € f(z)dz is the characteristic function
of f(z). This transformation is a bijection. Knowing ®(w) for any w is equivalent to

knowing f(z) for any x.

The shift operator T'(z) = x + 6 is transposed into a modulation of the characteristic
function by e’ : [ ¢“T@ f(z)dz = €“?®(w). In the above mixture model it results that
B(w) = 3 mpe Pk By, (w) where Do 5, (e) is the characteristic function of the unshifted
probability density function fo (). Basically our procedure minimizes a quadratic dis-

tance between a sampled version of ®(w) and a sampled version of its empirical counterpart

@(w) = %Zt:l,T eiwXe,

4.2 Central Limit Theorems

Note m(0) = (®(w), ®(ws), -+ , ®(wz))T the sampled characteristic function of f(e). Its

empirical counterpart is the sampled Fourier transform of the data Pr=T"1% A, with

At — (ez‘let, . ,eiwLXt)T.

In what follows we consider the real vectors whose components are the real part and the
imaginary part of these vectors: A; = [Re(A)T, Im(A)T)T, Fr = [Re(Er)T, Im(Fr)T)T
and m(0) = [Re(m(0))T, Im(m(0))"]".



4.2.1 The Independent Identically Distributed Case

Assumption 1 (X;)i=11 are T independent and identically distributed random variables

with probability distribution function g(z) = 3 m:\; exp(—\i(z — ) Ig+(z — 6;).

Theorem 1 If Assumption 1 is fulfilled then ~/T(Fp — m(0)) ~ AN(0,T'(8)) where
['(0) = Eo((As — m(8))(A: — m(6))7T) is the variance covariance matriz of (A

4.2.2 The Hidden Markov Model Case

Assumption 2 (Y}); is a finite state irreducible and aperiodic hidden Markov chain;
(X1): are independent given (Y;), and X, depends on Y, only with probability distribution
Junction p(y | X; = 1) = A exp(=Xi(y — 6;)) Mg+ (y — 6,).

Theorem 2 If Assumption 2 is fulfilled then T(Fr — m()) ~ AN(0,T(0)) where
P(0) = 20, cn Bo ((Avgr —m)(A: — m)T).

We assume in what follows that Assumption 1 or Assumption 2 is fulfilled. Furthermore
we assume that the sample is large so that the asymptotics is attained and that /T (Fr—
m(0)) is approximately A(0, '(6)).

4.3 Maximum Likelihood Estimation

A possible quadratic distance between the characteristic function and its empirical coun-
terpart is the opposite log-likelihood of Fr when the asymptotics is attained. The max-
imization of the asymptotic log-likelihood of the empirical Fourier transform Fr with

respect to 6 is equivalent to the minimization of the distance



J(0) =1log |T'2(0)] + (Fr — m(0)) 7" (0)(Fr — m(9)) (4)

where I'r(0) = T~'T'(9).

4.4 Maximization of the Likelihood

Classical optimization techniques such as the gradient algorithm, the conjugate gradient
algorithm or the Newton algorithm can be used to minimize J (0). These techniques are

iterative minimum search algorithms. One iteration of the gradient algorithm is

Oni1 = On — pins1V I (9) l(6=0,); (5)
one iteration of the Newton algorithm is
s = b — HH OV I(0) L=t - (6)

where VJ(6) is the gradient vector of the first order derivatives of J(f) and H (0) is the

Hessian matrix of the second order derivatives of J(0).

Note that the first order derivatives of log |['7(6)| and of I'r(8)™" are :

Peafr QL = Tr(T2(6) 7255

. (7)
ar-l(e _ "
el =TT OMT )

Then,
m T —_ — m
20 — (7 (0) THL) — BT (O)[F — m(6)] — [Fy — m(6)]TT7 (6) 22
(8)

—[F, — m(6)]TT7(6) ZEEATZ (0)[F; — m(6)].



The coefficient (3, ) of the Hessian matrix of J(6) is

HO) = G5 =Tr (=7 (0) 007 (052 + Tz (0) 5752

(9)

+5i5 + St = (Fr —m(8)) T3 (0) G752 D7 (0) (Fr — m(0)),

with
m T - m ™ T —
Sij = PagT7(0) %552 + 2T ()T (6)(F, — mo(9)]

+ 05T () 52T (O[F: — m(0)] - S52 TH (O)F. ~ m(9)]  (10)

+F: ~ m"T7 (0) ZEAT (0) 25 A7 (0)[ F, — m).

a6
4.5 Approximate likelihood criterion

In practice J(0) has a lot of local extrema so that classical optimization algorithms are
likely to converge to the set of local but not global extrema of J (). Denote I'7 an almost
surely convergent estimate of I'(). In practice I'r is the empirical variance covariance
matrix of (A;); when (A;)1<i<r are independent random variables and 'z is a smoothed
version of the periodogram of (A¢)1<i<T at frequency zero when (A¢)1<e<t follows a Hidden

Markov Model. The minimum of

K(0) = [Fr — m(@)|"P3 [Fr — m(0)], (11)

shares the same asymptotic properties as the minimum of J(6) but the criterion K (0) has

less local extrema than J(6) so that global minimization is easier to perform.

The gradient and Hessian of K'(6) are simply given by the expressions
- (T &
e O el PR

86;

(12)

2K (0) om(8)T fr-10m(9) | 8*m(8)T Ao
.00, :2< o L7 T+ 0 PTl[Ft‘“m])'



4.6 Convergence properties

Let us denote ||.||z the norm defined by ||ul|%, = u” Ru, where R is some symmetric positive
definite matrix. Now let us consider the following result (see eg [11} pp.92-95), which is
related to the convergence of estimators that contrast parameters, and which shows the

possible interest of criteria J(#) and K(9) :

Theorem 3 Let a — m(a) be a continuous function defined on a compact set 0, and

assume that
Va,a' € 0, m(a) =m(d)) = a=d. (13)
Then, if the statistic Ur(c) defined by Ur(a) = ||Fr — m(a)||r satisfies
Va,0 € ©, Ve > 0, Jim. Py(|Ur(e) = ||m(0) — m(a)||r| > €) =0, (14)

where Py represents the distribution of Fr for the value 6 of the parameter, then &ar =
arg ming Ur(e) is a consistent estimator of 6.

Furthermore, if R = I'(a)™! = TE,[(Fr — m(a))(Fr — m(a))T], or if Ur(a) = ||Fr —
m(a)Hf;l, where (7 )ren+ has asymptotic minimum variance among the estimators that

minimize criteria in the form Ur(a) = ||Fr — m(a)||r.

Now, we note that the convergence in distribution of Uz () toward ||[m(0) — m(a)l|r is
satisfied when the conditions of theorem 1 hold. On the other hand, it is generally possible

to determine a compact set @ in which the parameters are guaranteed to lie.

This shows that minimizing the criterion J(0) or K(0) yields a consistent estimator
of 6 with asymptotic minimum variance provided the identifiability condition m(a) =
m(a') = « = o is satisfied. But, checking wether this identifiability condition is fulfilled
may not be an easy task. Let us briefly discuss this problem : m(0) can be rewritten in

the form

m(0) = [u(A1,01), ..., u(Ax,0K)] x [m1,. .. )T, (15)



where u(Ag, k) = [Bor (w1)e, ... o, (wr)e® L], Then, it is easy to check that a

condition for ensuring the identifiability of ¢ is given by the following result

Proposition 1 A sufficient condition for ensuring the identifiability of 6 = (Ok)k=1x
from the knowledge of m(8) is given by

o V(0 k=141 € OFF {u(A1,61),... UMK, Ok), u(Ak41, 0k 1)} defines a linearly
independent family of vectors whence (X;,0;) # (X\;,8;) for i j

o |max—y,x Ok X minopw| < 7 (or < 27 if the 0, and the w; are assumed to be

positive).

In other words the first condition means that

u(a,b) € Span{u(A1,01),... ,u(Ax,0k)} = (a,b) € {(M1,01),. .., Ak, 0x)}, (16)

L.e. that m(6) is uniquely defined as a linear combination of p vectors in the form u(a, b).

The second condition ensures that 6 can be recovered without ambiguity from the knowl-

edge of u(Ag, 0x).

Now, let us consider the particular case where A\; = ... = \g. In this case, it is clear that

m(0) = diag(do, (w1),. .., dox (wr)) X [d(61),...,d(00)] x [m,...,7k]7T, (17)

where d(6;) = [e¥1,. .. ¢®wL]T  Then, if the pulsations (wi)i=1, are regularly spaced,
[d(01),... ,d(f1)] is a VanderMonde matrix, and the identifiability condition is fulfilled if
L > K since its rank is L whence the (6)=1,x are distinct. This identifiability condition

is often considered in sinusoid identification problems.

Let us note that the sufficient condition in Proposition 1 may not be necessary when the
parameters (A )r=1,p and (7 )r=1, & are known. When the (7k)k=1,p are known, this can be
due to the fact that m(6) cannot be any point of W ke 5 SPan{u(A1, 01), ... ,u(Ak, 0K)}.
In particular, we will show via examples that for a mixture of P = 4 exponential distri-

butions, the offsets can be recovered when the (¢, Ay )g=1.p are known, even for L = 1.



In fact, this is true even if the (7 )k=1,x are unknown since the (mk)k=1,K are assumed to

be positive and satisfy >, pme = 1.

Also, let us note that when the (Ag)g=1,p are known, the (0¢)r=1,p can be recovered from
u(By, \x) when choosing minj=y,w; < 27/ Xmax, where Xpax = maxi<i<r X;. In this case,

there exists a one to one mapping between (X;)i<i<r and (As)1<i<T

4.6.1 Problems related to sampling the Fourier transform

In this section we discuss the choice of the points (wy)z=1,x at which the Fourier transform
is sampled. For the sake of simplicity we suppose from now on that the sampling is regular :

wi, = kw; and that the offsets §; are restricted to be positive.
Contraction of the log-likelihood map

Note first that the transform (wy,...,wr) = a(wi,... ,wr) results in a contraction of
§ — K(0) when o > 1 and in a dilation of § — K(#) when o < 1 (see Figure 2 and
Figure 3).

It results from this contraction effect that the restriction of § — K(6) to a compact set ©
has more local extrema when w; is large. If the identifiability condition w;f < 27 is not
fulfilled for any 0 in the compact set © then K() is periodic over © (see Figure 3) and
the optimization algorithms will converge to the first extremum encountered. The result

of the optimization is consequently very sensitive to initialization.

For example take T = 1000, L = 1, K = 2,m =my = 0.5, A\ = Ag = 2,0, = 1,0, = 2. The

initialization of 6 is random with uniform distribution. It is clear that any ¢; is inferior to

2
Xmax

Xmax 5o that if wy; < and if one restricts the search within the range 0 < 0; < Xmax

for all the ;s the identifiability of 8 given m(6) is ensured. If not, K(f) is periodic and

the result of the optimization is very sensitive to initialization. For w; = ; 2T 52 ~ 1073

Ymax

and for wy; = 102~

Amax

0% ~ 1 where o2 denotes the sum of the variances of the estimate of



the offsets.

wr shovld consequently be chosen small enough for the condition of identifiability to be
satisfiec. But a contradictory effect is that the covariance matrix I' has a high condition

number ? when w; is very small; this makes the optimization very difficult.

Condition number of the covariance matrix

Note that if (X;);<;<7 are independent and identically distributed random variables the
variance covariance matrix I' has entry (4,7) I'(4, j) = E(exp(i(w; — w;)X;)) = ®(w; — w;).
Since wy = kw; I' tends to the rank one matrix ee’ wheree = [1,1,-- -, 1]7 when w; tends
to zero. The condition number of I is thus high for small w;. Table 1 gives the condition
number of I' for different values of w; = 027/ Xpax and a growing number L of sampling

points.

As one can see from Table 1 the condition number of T' grows very quickly with the

number L of frequencies at which the Fourier transform is sampled.

4.7 Practical estimation of the offset parameters

In order to overcome the problems relative to the condition number of the variance co-
variance matrix I' we propose to undertake a least mean square estimation, that is to say

to minimize
I1Fr — m(0)|| %=1 = [Fr — m(6)]" R [Fr — m(0)], (18)

where R is some positive Hermitian matrix. If R = 'z, then M) = K(0) and the
resulting estimate is of minimum variance among all the estimates of that type. But the

optimization is likely to be difficult to undertake in practice. On the other hand, if R

2The condition number of a hermitian matrix is the ratio of its largest eigenvalue over its smallest

eigenvalue.



is the identity matrix the optimization procedure is easy because R is well conditioned
but the resulting estimate has higher variance as in the previous case. An intermediate

approach would be to minimize || Fr — m(6)||%-, with R = ({+em) .

4.7.1 Expectation Maximization (E.M.) method

Note that the minimization of |Fr — m(8)|/%-, is the maximum likelihood estimation of

6 given the observed Fr following :

F = WA Wt o+ Wi
(Wolwerx  independent
Wi ~ N (mi(0k), ),

with m(6y) = [Re(mx(8x))", Im((0x)) 17,

p(0r) = mi[e“1% Qg y, (wr), -+, WL @, (wr)]? and g1 Lk = R.

Note that I’y are subject to >, Ty = R only. A convenient way of choosing I'x is the
following. Wj is the contribution of component k to Fr that is to say about T'my random
variables when T is sufficiently large. As the variance of a sequence decreases in proportion
to the sample size, I’y should be taken proportional to ;'R to satisfy considerations
concerning the generating process of the data; with the supplementary constraint that

-1

>" Tk = R it results that I'y = —X?—;:R
3

This maximum likelihood problem can be solved with an EM algorithm. Each iteration

of the EM algorithm is composed of the following two steps :

Step E Compute Q(6,0™) = E(L(W, F;0) | F = f,0") :

Q(0,0") = C = § Ty Ima(0h) = [ma(6) + DR (f = iy mi(@)IE-
(19)



Step M Maximize Q(6, ™) with respect to 8 :

O+ = Argming, [lmi(6¢) = [me(67) + DeR7(f = DI, my(@ )]l (20)

The derivation of the step E is given in the Appendix. Note that the EM algorithm
splits the maximization of ||f% — m(0)||%-, into easier one dimensional maximizations
with respect to 0 only. The optimization involved in the step M of the EMva,lgorithm

can be performed with a gradient algorithm or a Newton descent algorithm.

4.7.2 Simplified maximization step

In this section we consider the case when R is the identity matrix R = I,;. This means
that the criterion to minimize is |Fr — m(6)|>. Then under the Assumption that 6" is

reasonably close to its true value 6* the minimization (20) has a closed form solution.

Note af = my(0;) + [e I 1(f — Zle m;(07)). &g = (&, ..., a7, ] is the complex vector
with a real and imaginary part such that af = [Re(63)T, Im(&)T]T. If @ and 0™ are
close to the true value of the set of parameters 6* then &gy is broadly equal to g (0x) =

T @0, (i)™ % up to a correcting factor 9}, — w;f) on the phase of &gy

mu(lr) = mp®o, (wr)ed
(21)

~ ;. n
& = m®o,, (w)en

The step M of the EM algorithm in the previous section (Equation 20) reduces to mini-

mizing



172 (0r) — G211 = ImDo, (wr) (€447 — eVR)[F = 7} ) 1B, (wn)|P[e PR — 17
l

(22)
It results from the first order expansion e = 1 +1i¢ + O(¢?) that
17x(08) — GEI13 = 7% D> [®on, (wn) *($f — wife)? (23)
]
The minimum is obtained for
92'{‘1 — Zl:l,L l®01kk(wl)l2 wl,d)]?l (24)

S P (w)Pw?
4.8 Example

4.8.1 Example 1

We consider a mixture of K=2 exponential distributions with offsets; the true parameters

of the mixture are following : m, = mg = 0.5, 1 = Ay = 2,0, = 1,0, = 2.

The sample size is T = 1000. The choice of R that defines the quadratic distance to
minimize is B = L' + dyax] where dmax is the largest eignevalue of [. This criterion
is minimized with the help of an EM algorithm. In practice, the M step of the EM

algorithm is performed with ten iterations of a Newton Raphson descent algorithm z,41 =

zn — p(V2f(20)) @)V f(2n) with factor g = 0.1.

Influence of o



We first test the influence of a on the bias and on the variance of the estimates. In this first

2m

4Ymax+€

serles of tests the Fourier transform is considered at only L=1 pulsation w = o x
where o ranges from 107® to 1. « is always taken inferior to 1 in order to avoid the

problems of identifiability discussed in Section 4.6.1.

As we are mainly interested in the bias and variance of the estimates the EM algorithm
is initialized with the true values of the parameters. We evaluate the absolute bias and
variance of the estimates by 1000 Monte Carlo simulations. When « increases from 10~8
to 1, the absolute bias of the estimates increases from roughly 10~4 to roughly 1072 and

the variance of the estimates remains stable around 10~3.

This proves that o has not much influence on the bias and on the variance of the estimates.
But a good choice of « is nevertheless essential for avoiding some problems of identifiability
as mentioned in Section 4.6.1 (see Figure 2 and Figure 3). A good choice of o is also
important when R = [ to ensure that the condition number of T remains reasonable and

that the optimization is thus feasible (see Table 1).
Influence of L

We now test how the number L of pulsations at which the Fourier transform is sampled

influences the bias and variance of the estimates. The pulsations at which the Fourier

Xi’;x »k=1,..., L. The results of this series of tests are

transform is sampled are : wy = k

sumed up in Table 2 :

As one can see from Table 2 the variance of the estimates decreases when [ increases.

But for the choice R = I, L cannot be chosen arbitrarily large since ' is not full rank

when L > T.



4.8.2 Example 2

We consider a K=4 component mixture of exponential distributions with offsets; the

parameters of the mixture are :

K —_—4,7l'k = 0.25 (k = 1,4),91 = 1,(92 2‘—‘-2,93 =3,04 = 5,)\1 = 0.5,A2 = 0.6,/\3 = O.8,>\4 = 1.0

The sample size is T = 1000. A histogram of the sample obtained in these conditions is

displayed on Figure 4.

On this particular example we compare the results obtained when the optimization is
performed with the EM, the SEM and the SAEM algorithm. For these three algorithms
the quadratic distance minimized corresponds to the choice R = [ + 107 5dmax] where
dmax 1s the largest eigenvalue of . We also compare this choice to the choice R = I in

the case of the EM algorithm.

In any version of this series of tests the Fourier transform of the mixture is considered at
L = 10 pulsations : wg = 0.01 Xk x E{—’;—;; the offsets are initialized with respective values
0,5,10, and 15. 2000 iterations are performed in all the tests. The SAEM algorithm is
started by a burning period of 500 iterations of the SEM algorithm; then a forgetting
factor v; = 1/v/k — 500 is applied in iterations & = 501,... ,2000.

Figure 5 represents 500 iterations of the EM algorithm for the choice R = [ 4+ 10 5dpmax].
After 2000 iterations of the EM algorithm 8; = 1.05,8; = 1.94, 65 = 3.22, 8, = 4.99.

Table 3 is a summary of the mean and the standard deviation of the estimates for each of
the four algorithms considered. We also found it useful to calculate the average absolute

value of the bias ;\1— }:i:l’K E(éz) —0;

and the average value of the standard deviation

A

% 2im1k StA(0)-

As one can see on Table 3 Columns 1 and 2, the standard deviation of the estimators is



lower for the choice R = I than for the choice R = I* + 105 dmaxl. But in return the
bias of the estimators is higher when R = I. It has been demonstrated in Section 4.6
that the estimator that minimizes || Z7 — m(6)||p-, has asymptotically minimum variance
among the set of estimators that minimize criteria in the form ||Zr — m(6)||g-1. This
is In apparent contradiction with the simulations. A possible interpretation is that the
criterion||Zr — m()||p-: is rougher than ||Zr — m(8)]|;; the criterion is therefore more
difficult to minimize. This difficulty possibly results in many local extrema that are likely

to attract the EM algorithm and/or in slow convergence.

As one can expect, the standard deviation of the estimates is slightly higher when the
optimization is performed with the SEM or the SAEM algorithm than with the EM; the
estimates obtained with the SAEM algorithm have themselves lower variance than those

obtained with the SEM algorithm.

5 Conclusion

In this paper we have brought to the fore a limitation of the EM algorithm and of its
stochastic versions. These algorithms are generally valuable for maximum likelihood es-
timation in incomplete data models. But they do not enable to estimate support param-

eters. This limitation is generally not well-known.

We consider the particular case of a mixture of exponential distributions with offsets.
In order to overcome the above-mentioned limitation we undertake the estimation of the
offset parameters in the Fourier domain. The offsets in the time domain are transposed
into modulations in the Fourier domain. The pulsations of the modulations have to be

estimated.

We minimize a function that contrast a sampled version of the characteristic function of
the mixture and its empirical counterpart. We prove that the resulting estimate converges

in probability under some conditions. These conditions ensure the identifiability of the



sampled characteristic function. We state a very simple sufficient condition on the points
at which the Fourier transform is sampled for ensuring the identifiability. We specify the

choice of contrast function for which the estimate is of minimum variance.

The optimization of the contrast function can be performed with an EM algorithm or a
stochastic version of this algorithm. For a particular choice of the contrast function the
maximization step of the EM algorithm has a closed form solution. This result enables

estimation with very low computational burden. Some results of simulation are presented.
APPENDIX

In this Appendix we detail the integration involved in the step E of the EM algorithm of
Section 4.7.1.

The log-likelihood of the complete data (W, F') is
1
L(W, F;8)=C - > S (Wi = ma(0))05 (Wi — mi(0), (25)
k=1,K

provided that F =}, W) and —oo otherwise.

Let X and Y be two gaussian random vectors with mean my and my and with covariance
and intercovariance matrix 'y, I'y and Txy. It is easy to check that X is gaussian given Y

with mean E(X |Y) =mx+ I'xy[3! (Y —my) and covariance I'xjy = I'x — I‘Xyl‘{,lf‘:{,y.

Note W the vector W = [WT,... ,WE|T. Given F = f and for the estimate §” of W is

W F = f;6" ~ N(m(0") + TwrlE (f = > mi(07)), Tw — TwrR™'Tyyp),  (26)

k=1,K

where m(7) = [m(62),... ,m(0%)] and T'wr = [I'1, ... , k).



Integrating Equation 25 with respect to this distribution it holds that :

Q0,6,) = EL(W,F;0); F = f,0 = "]

= C'=§ Tomauc Ims(00) = bma(0p) + DB (f = SI, (@)
(27)
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L o« 0.001(001]01}| 1 |10} 100 | 1000

2 10 |10t j100] 1 | 1| 1 1
5 108 j 102 10510 | 1| 1 1
10 1018 | 10%7 [ 10° {100 |10 | 1 1

Table 1: Condition number of [' with T = 1000; K = 2;n(1) = 7(2) = 0.5; A1 = Az =

L 1 10 100
aver. ag 96 x107* | 1.5 x107% | 2.4 x107°

Table 2: Variance of 8 (average value). T = 1000; K = 2;m = mp = 0.5;A1 = Ay =
2:0; =10, = 2,00 = 27/ (Xmax + €)

EM algorithm | EM algorithm, R=I | SEM algorithm | SAEM algorithm
E(dy) std(fy) | B(x)  std(fs) | E(@G) std(B) | E(8)  std(0k)
01 1.034  0.379 | 0.728 0.122 0.987 0.338 | 0.984 0.304
6 2.042  0.291 | 2.047 0.056 2.020  0.458 | 2.027 0.432
05 3.111  0.542 | 3.455 0.090 3.226  0.554 | 3.260 0.530
04 4.812 0444 | 4.773 0.170 4.759  0.440 | 4.736 0.412
mean abs. bias || 0.094 0.253 0.125 0.142
mean std. 0.414 0.109 0.448 0.420

Table 3: Mean and standard deviation of the estimators.
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Abstract

In this paper we propose a bayesian approach for multipath channel time delay
estimation when the signal is received by a square-law detector. Two different meth-
ods are presented. The first one is applied when the signal is supplied at the output
of the detector. On certain approximations, the derivation of the MAP (Maximum
A Posteriori) estimator leads to optimize a /;-norm criterion. In the second method,
the signal is observed after demodulation and matched-filtering. We introduce a
Bernoulli-Gaussian model to account for the sparse properties of the channel impulse
response and solve the deconvolution problem using Monte-Carlo simulations. Com-
parisons between both algorithms are presented on simulations. They show that the
second method leads to more accurate estimators, while justifying the validity of the

approximations used in the first one.



1 Introduction

Many problems can be modeled as a linear system where the observed output signal r(¢) is
the convolution of the input signal e(t) with a sparse spike time series h(t). Depending on
the domain of application, the function A(t) can be for instance the reflectivity sequence
of a seismic trace [8], or a propagative channel multipath impulse response as in oceanic

acoustic tomography [9]. In such cases, h(t) can be written as

P
h(t) =) apd(t— 1), 1)

where o, and 7, are respectively the attenuation and the delay associated to the p** path,
and P is the number of paths. In applications such as ocean acoustic tomography [9], e(t)
is known by the receiver. Then the problem of estimating the (0tp, Tp)p=1,P, and possibly
the number P of paths, can be addressed via maximum likelihood estimation (see e.g. [2]
[10]). Unfortunately, the log-likelihood criterion shows local maxima, and it requires the
knowledge of the number of paths.

To overcome these limitations, we propose a bayesian approach [14] which allows to
include information upon the parameters by means of a priori distributions. Here we take
into account the fact that the paths amplitudes (ap),—, p and the noise have gaussian
distributions. In this work, we present two different deconvolution methods. The first one
addresses the case where the only available signal is obtained at the output of a square-
law detector. On certain approximations, the derivation of the MAP estimator leads to
a very simple /;-norm criterion. In the second method the signal is complex-valued, and
1s obtained after demodulation and matched-filtering. We introduce a Bernoulli-Gaussian
model to account for the sparse properties of A(t) and solve the deconvolution problem
using Monte-Carlo simulations.

The reason for considering both approaches stems from the fact that the first method
involves linear approximations of the non-linear transforms in the square-law detector. The
simulation results demonstrate the superiority of the Bernoulli-Gaussian model. However

we show that processing the signal at the output of the quadratic receiver is quite robust



to the above approximations, and thus can be used when only the output of the square-law
detector is available.
The problem is presented in section 2. In section 3 et 4, the two different bayesian

methods are developped. Results and comparison are discussed in section 4.

2 Formulation of the problem

Let s(t) denote the transmitted signal, r(t) the received signal, and v(t) an additive gaus-
sian white noise with variance o2, independent from h(t). At the transmitter side s(t) is

modulated by a carrier with pulsation w. Then, the received signal () is in the form:

r(t) = (hxe)(t) +v(t) = Y ape(t — 1) + v(1),

with e(t) = s(t) cos(wt — ¢).

(2)

At the receiver side, r(t) goes through the square-law detector according to the scheme of
the figure 1, where 3(¢) = s(—t) is the impulse response of the matched-filter.
Let z(t) denote the complex signal obtained at the outputs of the matched-filters. It

can also be written in the form:

z(t) = (g * R)(t) + b(t), (3)

where { h =) a,6(t— 1)

o, = ap cos(wrp + @) + 1 oy sin(wrp + B).
Fmaﬂy, the sampled observation in the observation interval, say [1, N}, x = (z(n)),=; n»

can be written

g(n —7p) + b(n), (4)

IIM"O

where b(n) is a complex circular gaussian random variable, with variance o = 402 (g 1s

normalized with ¢(0) = 1).



3 [y norm deconvolution at the output of the receiver

3.1 The received signal y(¢)

In this first approach we consider, as already in [12], the case where the only available
signal is obtained at the output of the quadratic receiver, and denoted y(t). With a
view to getting a simple expression of this signal, we consider two approximations. First,
the product terms between the signal of interest and the noise are neglected, which is
generally justified because of the high SNR, at the output of the matched filter. Moreover,
the product terms associated with two distinct paths are neglected, which is generally a
satisfactory approximation when the autocorrelation function of s(t) is sharp. Then, y(t)

can be written as:

y(t) = (hx2)(t)+€(t)

P

= Dzt — 1)+ e(t), (5)

p=1

with z(¢) = ¢?(t) and a, = ||

3.2 The [;-norm criterion
Assuming that the noise b(t) and the attenuations oy, [13] have gaussian distributions:
a ~ N(0,07), (6)
bt) ~ N(0,0), (7)
1t comes that a, and €(¢) have exponential distributions:

ap ~ &(1/20%), (8)
et) ~ E&(1/20%). (9)

Without prior information upon the time delays, we assume that they are uniformly dis-

tributed in the observation interval: 7 ~ Upn,n-



Then, the posterior likelihood minimization problem is:

“yu) - 5 apelt— ) ol
min = Ly L (10)

(apsp) 20} 202

In order to optimize the criterion, the time scale is discretized in the same way as In

[3] [6]. Finally, we get the problem in the form
mhin |y =S:hl;+Al ], (11)

In this criterion, A = 0} /0%, S, is the matrix of convolution with the sampled z(t), y is the
data vector, and h is the vector of the amplitudes of the paths on the sampled time scale.
Moreover let us remark that the spike train can be solved with higher resolution than the
received data sampling intervalle [3] [15].

Also, let us note that the criterion (11) as already been considered in the litterature. In
[15], the [y-norm term || y — S,h ||, is justified by the spike preservation properties, and the
penalty term A || h ||, by the fact that A(t) is sparse. Moreover, A appears as the weighting
factor selected to balance the conflicting priorities of data accountability and addresssing
the a priori assumption that h(t) is sparse [11]. But in such methods the choice of the
value of the parameter ) is often a problem. Here, the bayesian formulation of the problem
leads to a simple interpretation of A, as the inverse of a signal to noise ratio. Thus, it is
generally possible to estimate A in a simple way.

This criterion can be also rewritten in the form:

min || ¢ — Ah |y, (12)
with
S,
A= , and ¢ = Y. (13)
by 0

The minimization of the criterion (12) is implemented according to the algorithm pre-

sented in [1], that uses the simplex method applied to a linear programming formulation



of the problem. Also, with a view to adaptative tracking of time-varying channels param-
eters, the convex criterion || ¢ — Ah ||; can be minimized by means of a simple gradient

algorithm.

4 Bernoulli-Gaussian deconvolution

4.1 Model presentation

Instead of deconvolving the signal after quadratic detection, we consider here the complex
signal z at the output of the matched filters. In this case, we are faced to a deconvolution
problem in the presence of gaussian noise. The convolutional model (3) can be rewritten

as.

K

z(n) = ) g(k)h(n — k) +b(n). (14)

k=—K
When no prior is available upon h the deconvolution is equivalent to the maximization of

the likelihood function given by:

(x — S h)H(x —
p(zl'r,g) _ 12 < eXp (_ Sgh_)2 (... Sgh), (15)
(Waé) o}

where Sy denotes the convolution matrix deduced from g. The maximum likelihood es-
timate is not an appropriate solution, although it can be shown that it is the minimum
variance unbiased estimator.

A major drawback of maximum likelihood deconvolution is that it does not take into
acount the fact that h(n) is a sparse sequence of arrival time. A possible way to regularize
the problem is to introduce a Bernoulli variable ¢ to indicate the presence of a path. Then

h(n) can be modeled by a Bernoulli-Gaussian process defined by:
h(n) ~ nN(0,07) + (1 = n)N(0,03), (16)

where

n=Pg(n)=1) =1 - P(g(n) =0) (17)



is the prior probability of finding a path at each sample n. Stricly speaking a pure Bernoulli-
Gaussian is obtained when o2 = 0. However, as the likelihood of a Dirac distribution is not
defined we introduce a non-zero variance o2 < o?. In geophysics this model is commonly
used to characterize the reflectivity of the subsurface, and o2 describes small heterogeneity
in the sedimentary layers [4]. In nuclear science o} models some background disturbance

noise at the receiver.

4.2 The MCMC approach

In that framework, the problem is to study the posterior likelihood p(h, g|x). Using Bayes

rule and omitting the constant term p(z) this density can be written as:

p(h, qlx) « p(x|h)p(hlg)p(q). (18)

After some easy calculations the posterior log-likelihood becomes:

(x - Sgh)(x —Sgh) h"Dh

‘C(ha ql?g) = - o U%
h¥(1-D)h [1 - nal}
- —— tn(q) | ——| (19)
o n  0Oo

with D = diag(q). Let us notice that given a vector q, £ is a quadratic function of h and
so its maximum can be obtained in closed form. Unfortunately the study of £ for the 2%
possible q sequences is computationnally untractable as soon as N becomes large.

To overcome this difficulty it is possible to use simulation methods. For the application
we are interested in, suppose we are able to generate a sequence of independent samples
{(h(m),q(m)),m =1,---,M} according to p((h,q)|x). Then we can use these samples
to make inference on the missing variables such as calculating conditionnal expectations
E[qg|x] and Efh|x].

Therefore our problem comes down to the simulation of (h,q) according to their poste-
rior distribution. However generating high dimension variables remains a difficult task as
soon as the distributions are non-standard. Here the convolution introduces time depen-

dency of the missing variables conditionally on the observation, and no direct simulation



scheme is possible. One way of solving this problem is to use MCMC methods. The
basic principle is to generate a Markov Chain whose equilibrium distribution is the tar-
get distribution. The most popular MCMC algorithms as well as details concerning their

convergence properties can be found in [14].

4.3 The Gibbs sampler

One simulation scheme is to simulate the missing variables one sample at a time. Indeed it
can be shown (see [5]) that conditionally on {A(j), ¢(5), 7 # n}, (h(n),g(n)) can be written
as a mixture of gaussian distributions. This motivates the choice of a Gibbs sampler. The

algorithm proceeds as follows:
1. Initialization : random choice of (h(®,q(®) ;
2. At iteration m < M,forn=1,--- ,N :

¢ choose site i ;

e simulate (h(¢), ¢(z)) according to
p(h(3), q(d)lz: B(5), a(5), 5 # 9).

At each iteration, the sites are visited using a random permutation of {1,-++,N}. The
behavior of the algorithm can be divided into two periods: first a burning period of M,
iterations and then a steady state period where it can be assumed that the drawn sampled
are distributed according to their posterior distribution.

Then, we calculate for each sample 1 <n < N
1
= — E (m)

1
Then we use the following decision rule:

o if Q(n) > 0.5 set §(n) = 1 and h(n) = Q(n)H(n)



o else set G(n) = 0 and A(n) = 0.

5 Results

We now apply these two methods to numerical data. Let s(¢) be a M.L.S. (Maximum
Length Sequence) [13] of length n = 2° — 1 = 511 symbols with values +1/ v/n. The
autocorrelation of the M.L.S. is a triangular shape, carried by the interval [— K, K], where
K is the symbol duration. We assume that y(t) is sampled at a rate § = K/6.

We simulate two arrival times 7; and 7, with amplitudes 1, for a SNR equal to 30 dB,
ie 02 = 1073, The results are presented for 2 values of the difference | 71 — 7 |. Figure 2
shows an example of the signals obtained at different locations of the detector.

For each scenario, the performances are tested on 100 traces, corresponding to 100
independent realizations of the noise. Figure 3 represents the image of the results obtained
with each method.

The I;-norm method is implemented using standard Nag fortran routines [7]. The
parameter ) is chosen equal to 1/202. For the Bernoulli-Gaussian deconvolution algorithm,
the model parameters are respectively of = 4.107°, 67 = 1, 0 = 107°, and n = 0.04. We
run the Gibbs sampler for M = 500 iterations and discard the first 100.

We focus here only on the estimation of the delays. Indeed, an accurate estimation of
these parameters is of the greatest importance in oceanic acoustic tomography. For that
purpose, we define Pp, as the percentage of pulses detected not further than one sample
from their true location. Besides Pp, represents the percentage of exact estimation of time

delays when the two largest maxima are selected. The results are presented in table 1.

6 Conclusion

In this paper we have presented two methods for time delay estimation. We have seen that
at the output of the square-law detector a very simple approximate MAP criterion can

be considered, that yields good results in terms of path detection and delay estimation.



Moreover when the complex data at the output of the matched-filter are available, better

accuracy can be achieved via MCMC simulations of the parameters posterior distribution.
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A MCMC
lm—n||| K |K/2| K | K/2
Pp, 100 | 96 || 100 | 100
Pp, 91 | 88.5 | 98.5|97.5

Table 1: Detection results.
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1. Introduction

Chapitre 1

Introduction

1.1 Avertissement.

Ce document expose des notions de traitement du signal aléatoire. On y trouvera princi-
palement la modélisation et I’estimation spectrale des processus stationnaires au second
ordre, ainsi que leur filtrage. Quelques digressions autour de ce theme visent a mettre en
évidence Dexistence de techniques qui généralisent les méthodes développées au second
ordre. c’est & dire qui ne font appel qu’aux fonctions de moyenne et de covariance des pro-
cessus. L’emploi de tels outils est souvent nécessaire pour aborder les nouveaux champs
d’application du traitement aléatoire du signal.

Ce livre s’adresse en particulier 4 des étudiants de troisieme cycle. Il correspond a des cours
enseignés & 1’Ecole Nationale supérieure des Télécommunications de Bretagne (ENSTB)
ainsi qu’a L’Ecole Nationale de la Statistique et de I’Analyse de 'Information (ENSAI).
Il s’adresse également aux ingénieurs, enseignants et chercheurs intéressés par le traite-
ment des signaux aléatoires. Il s’agit d’un document introductif qui vise principalement a
présenter de facon synthétique les bases théoriques de cette discipline.

Les prérequis mathématiques nécessaires pour aborder ce cours sont essentiellement des
bases en probabilités et en statistiques, ainsi que quelques notions sur les processus aléa-
toires et la théorie de la mesure. On trouvera dans ce livre et dans le CD-ROM d’accom-
pagnement certains rappels concernant ces théories. On supposera de plus que le lecteur
posséde quelques notions de traitement des signaux déterministes.
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1.2 Motivation d’un livre de signal aléatoire.

Bien souvent, les résultats de la théorie du traitement des signaux déterministes n’est pas
suffisante pour aborder certains problemes. En effet, dans de nombreuses applications les
signaux considérés sont aléatoires, en ce sens que la reproduction de la procédure expéri-
mentale ne conduit pas a la méme observation du fait de la présence de perturbations que
lopérateur ne peut pas maitriser totalement. Ces perturbations peuvent étre de natures
variées : phénomenes de bruit additif ou de distorsion agissant sur des signaux transmis,
erreurs liées aux appareils de mesure, ... . L’observation comporte donc certains aléas.
La théorie des probabilités et des processus aléatoires offre un cadre satisfaisant pour
modéliser ces aléas. Dans la pratique du traitement du signal, on emploie d’ailleurs sou-
vent indifféremment le terme de signal pour désigner un processus aléatoire ou une de ses
réalisations.

On congoit alors qu’il faut généralement effectuer un traitement, par exemple une moyenne
sur plusieurs expériences successives, pour obtenir une estimation de la grandeur étudiée
qui soit acceptable pour I’opérateur.

La modélisation probabiliste des signaux trouve son intérét dans la possibilité que ’on a
pour effectuer cette estimation d’employer les résultats de la théorie des statistiques. Cette
théorie permet également d’envisager la pertinence de la méthode d’estimation retenue.
Ainsi, le moyennage évoqué ci-dessus a pour but d’approcher, en vertu de la loi des grands
nombres, 'espérance mathématique de la grandeur étudiée, cette grandeur étant décrite
par un modele aléatoire.

Dans certains cas, on ne peut disposer que d’une seule réalisation de Pexpérience, comme
par exemple quand on cherche & extraire des informations statistiques & partir du relevé de
la trace sismique obtenue lors d’un tremblement de terre. Dans un tel contexte, la propriété
ergodique, lorsqu’elle est vérifiée, est trés utile. Cette propriété permet en effet d’estimer de
fagon raisonnable des espérances mathématiques par des moyennes temporelles calculées
sur la base de la connaissance d’une unique trajectoire du processus observé.

L’étude des signaux déterministes met en évidence ’importance de la transformée de
Fourier. Ainsi, la transformée de Fourier permet t’elle d’évaluer la répartition de ’énergie
ou de la puissance de signaux déterministes en fonction de la fréquence. De plus, de
nombreuses transformations des signaux utilisées dans les dispositifs techniques et pour
la modélisation de phénomeénes naturels sont des opérations de filtrage. Ces filtrages, qui
sont des opérations de convolution des signaux, apparaissent comme de simples opérations
de multiplication dés lors qu’on travaille dans le domaine fréquentiel. On verra qu’une
classe importante et trés usitée de processus aléatoires, les processus stationnaires au sens
large, admet une représentation dans le domaine fréquentiel. Cette représentation permet
de traiter simplement le probleme du filtrage. Elle permet également d’évaluer, & travers
la notion de spectre d’un processus aléatoire, la fagon dont en moyenne la puissance d'un
processus se répartit en fonction de la fréquence.
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En pratique, pour pouvoir utiliser les résultats précédents lorsqu’on considére des proces-
sus non stationnaires, on admet souvent que la stationnarité est vérifiée si on se contente
de travailler sur des portions du signal qui correspondent & des durées d’observation
relativement courtes. Notons cependant que les développements récents des méthodes
temps-fréquence [40], et en particulier des méthodes par transformée en ondelette [39][41],
permettent d’aborder de fagon plus précise I’étude des processus non stationnaires, étude
qui sort du cadre de ce livre.

1.3 Quelques problémes classiques de traitement du
signal aléatoire.

Afin de mieux comprendre I'importance de I’étude du spectre des processus stationnaires
au second ordre et du filtrage de ces processus, présentons maintenant quelques problemes
tres classiques qui s’inscrivent dans ce contexte.

1) On considére un oscillateur électronique que ’on excite au moyen d’une diode a bruit,
et dont on cherche 4 étudier le comportement. Le signal observé en sortie de cet oscillateur
ne ressemble que grossiérement & une sinusoide et n’est pas tout & fait périodique. Dans le
domaine spectral on peut envisager la fagon dont en moyenne la puissance du signal fourni
par Poscillateur se répartit en fonction de la fréquence. Geci permet en particulier d’évaluer
la fréquence centrale de 'oscillateur et de déterminer des indices de performance tels que la
largeur de la bande de l'oscillateur. Cette répartition moyenne de la puissance en fonction
de la fréquence, appelée spectre (chapitre 4), et la facon dont on peut I'estimer (chapitres
12 et 13) ne sont pas complétement intuitives lorsque comme ici il est souhaitable de
modéliser le signal observé comme un processus aléatoire. On verra également que les
propriétés de convergence d’estimateurs spectraux classiques tels que le périodogramme
(chapitre 12) peuvent s’avérer décevantes et qu’il faut prendre quelques précautions pour
estimer correctement le spectre d’un processus.

2) L’utilisation d’un modele physique pour caractériser les interactions qui conduisent
3 la formation d’un signal et & celle de son spectre est souvent difficile. On peut alors
souvent utiliser des modéles spectraux paramétriques tels que les modeles de spectres
rationnels (chapitre 10) qui conduisent & des descriptions souvent plus simples & estimer
(chapitre 13) mais aussi plus compactes que des modélisations fondées sur P’analyse des
phénomenes physiques qui ont engendré le signal. En particulier, pour réaliser des systemes
de synthése vocale, on cherche & générer des sons qui possédent des propriétés spectrales
analogues & celles de la parole, au moyen de filtres de fonctions de transfert rationnelles.
En excitant de tels filtres au moyen de suites de variables aléatoires décorrélées ou de
séquences périodiques d’impulsions, suivant le type de sons que I'on cherche & générer, on
peut produire un message oral compréhensible.

3) Lors d’une émission de radio, un signal transmis sur le canal de propagation hertzien
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y subit laction d’un bruit additif avant de parvenir au récepteur. Si on considére que le
spectre du signal utile n’occupe qu’une bande de fréquences limitée et que I’observation
est perturbée par un bruit additif occupant une bande de fréquences beaucoup plus large,
on peut chercher a placer un filtre au niveau du récepteur afin de limiter la puissance de
bruit regue. Si le filtre laisse passer une bande de fréquences trop large, la puissance de
bruit regue risque d’étre importante. Au contraire, si le filtre ne retient qu’une bande de
fréquences trés étroite, le signal utile peut se trouver fortement distordu par ’action du
filtre. Le filtrage de Wiener (chapitre 9) réalise un compromis satisfaisant dans ce genre
de situations.

4) Pour coder ou transmettre numériquement un signal de parole, on procede classique-
ment a son échantillonnage puis & la quantification du signal échantillonné. Afin de réduire
la quantité d’informations & transmettre, on commence généralement par effectuer avant
la quantification un filtrage qui vise & le décorréler le signal (filtre d’erreur de prédiction -
chapitre 8). C’est le signal présent en sortie de ce filtre, appelé signal d’erreur de prédic-
tion, qui est alors quantifié et échantillonné. Ce signal ayant une variance plus faible que
celle du signal initial, il est alors possible, pour un niveau de dégradation introduit par
la quantification fixé, de diminuer le nombre de bits d’information requis pour effectuer
cette quantification. Le calcul du filtre d’erreur de prédiction peut s’effectuer au moyen
de P'algorithme rapide de Levinson (chapitre 11), pour des intervalles de temps sur les-
quels le signal de parole est supposé stationnaire. Par ailleurs, les coefficients du filtre
d’erreur de prédiction peuvent étre représentés par un jeux de parametres équivalents,
appelés coeflicients de réflexion, dont les valeurs sont dans I’intervalle [-1,1] (chapitre 11).
Cette propriété facilite la quantification des paramétres du filtre d’erreur de prédiction,
et permet de controler la stabilité du filtre de reconstruction du signal de parole & partir
de son erreur de prédiction.

5) Un canal de transmissions peut étre modélisé comme un filtre dont le module de la
réponse fréquentielle est fourni par la connaissance du spectre du signal recu. Malheureu-
sement, la phase de la réponse fréquentielle de ce filtre n’est pas accessible 3 partir de
cette seule information. Dans ce cas, les statistiques d’ordres supérieures (chapitre 14) ou
les méthodes bayesiennes (chapitre 15) permettent de lever "ambiguité sur la phase de la
réponse fréquentielle.

6) Dans le probléme précédent il peut se faire que le canal de transmission, et c’est typi-
quement le cas pour les communications radio-mobiles, soit caractérisé par une fonction
de transfert qui évolue au cours du temps. Des techniques de filtrage adaptatif du type
filtrage de Kalman (chapitre 9), ou des méthodes d’approximation stochastique (chapitre
16), doivent alors étre envisagées afin de suivre ces variations, et pour reconstituer le
message transmis.
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1.4 Pourquoi ce livre?

Le traitement du signal occupe une place dont les frontiéres avec des sciences fondamen-
tales telles que les mathématiques ou la physique, et les sciences de Pingénieur, et en
particulier I’électronique, 'informatique, 'automatique, ou les mathématiques appliquées
4 des domaines aussi divers que la finance ou la biologie, sont assez floues. Il en résulte
plusieurs approches possibles pour la présentation d’un livre de signal aléatoire, suivant
le point de vue de I’auteur. Cette différenciation des approches s’estompe cependant dans
la mesure ot le traitement du signal devient une discipline clairement identifiée.

Quelle est la spécificité de ce livre? Indiquons deés a présent qu’un objectif essentiel de ce
livre vise & formaliser certaines bases du signal aléatoire que I’on rencontre souvent dans
des ouvrages & caractére plus mathématique.

La démarche qui consiste & partir des processus stationnaires au second ordre et a exposer
la modélisation et I’estimation des spectres et des fonctions de filtrage est tres classique
pour introduire le traitement du signal aléatoire. Le probléme est de savoir si pour cela on
choisit de se concentrer essentiellement sur 1’étude des bases mathématiques sur lesquelles
se fondent les nombreuses techniques utilisables en pratique, ou si I’on cherche plutdt a
dresser un inventaire structuré et plus ou moins exhaustif de ces techniques.

Dans ce livre, on s’est attaché & fournir certaines bases théoriques du traitement du signal
aléatoire. En conséquence, on a été amené & limiter le nombre des techniques pratiques
particuliéres et des exemples présentés. Il semble en effet prioritaire que les bases d’une
discipline soient clairement posées dans le cadre d’un exposé introductif.

Aussi, on trouvera ici la démonstration de nombreux résultats énoncés, ou au moins
les références bibliographiques correspondantes. Certains themes tels que I'identification
spectrale ou I’estimation spectrale paramétrique ont été détaillés avec des approches un
peu différentes de ce que 'on trouve généralement dans la littérature en traitement du
signal aléatoire. Cela a permis d’introduire certains outils importants pour la pratique
d’une facon qui & notre avis est cohérente et naturelle.

Cependant, ce livre étant plus destiné & un public d’ingénieurs que de mathématiciens, on
se limiteici & I'utilisation de ce que I’on appelle communément les “mathématiques de l'in-
génieur”. Pour cette méme raison il apparait clairement que ’on ne saurait cependant se
limiter au seul exposé de principes généraux, et qu’il faut envisager les techniques les plus
usuelles de résolution des problemes pratiques qui s’y rattachent. La place sensiblement
identique faite aux aspects de modélisation et & ceux relatifs & I’estimation témoignent
de cette préoccupation. De plus, si la place allouée & la présentation d’outils pratiques
peut sembler réduite, cela est en partie lié au fait que Peffort préalable de modélisation
des signaux aléatoires permet souvent de présenter la solution des problémes pratiques
correspondants de facon concise. C’est notamment le cas des filtrages de Wiener et de
Kalman étudiés au chapitre 9, qui s’obtiennent directement & partir des résultats de la
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théorie de la prédiction linéaire. On pourra par exemple se référer aux rubriques algo-
rithme, filtre, ou méthode de I'index pour se faire une idée des outils de traitement du
signal qui sont présentés dans le livre. A défaut d’étre nombreux, nous espérons les avoir
choisis parmi les plus significatifs et avoir amené leur présentation de facon cohérente.

Dans les trois derniers chapitres, sur la base des connaissances acquises dans le cadre de
la modélisation et de 1’estimation des spectres et du filtrage des processus stationnaires
au second ordre, on change un peu de point de vue. Plus précisément, on cherche & élargir
les possibilités de traitement en envisageant les apports possibles des méthodes statis-
tiques d’ordres supérieurs, des méthodes bayesiennes et de Monte Carlo, et des méthodes
d’optimisation stochastique. A la différence des chapitres précédents, et d’ouvrages plus
particulierement consacrés & ces approches, on cherche surtout ici & donner un exposé
concis de leurs principes, avant d’en évoquer la mise en oeuvre pour l’estimation de fonc-
tions de transfert de filtres, qui constitue un probléme central en traitement du signal.

Plutdt que de multiplier les applications numériques, on a préféré proposer un ensemble
de programmes trés simples, écrits en langage MATLAB, qui devraient permettre au lec-
teur de visualiser certains des résultats présentés. Cette simplicité d’écriture doit faciliter
I'identification des divers paramétres des programmes et constituer une incitation & l'ex-
périmentation sur la base des codes fournis. Ces programmes sont fournis sur le CD-ROM
joint au livre. On trouvera également sur ce CD-ROM une version HTML du présent
livre, ainsi que des notes de cours de probabilités, un peu trop longues pour constituer
une simple annexe du livre.

1.5 Organisation du document.

Apres quelques brefs rappels concernant les processus stochastiques, on s’intéresse plus
particulierement aux processus stationnaires. On définit leur spectre de puissance, avant
d’envisager leur filtrage, dont 1’étude est aisée une fois acquise la notion de représentation
spectrale.

On envisage ensuite quelques types de processus qui présentent un intérét particulier en
traitement du signal. On rappelle notamment quelques propriétés des processus gaussiens,
souvent utilisés pour modéliser des phénomenes de bruit additif. On mentionne également
les processus de Poisson, utiles pour 1’étude de certains problemes de comptage. On pré-
sente ensuite la importante notion de bruit blanc, puis les processus cyclostationnaires et
les processus circulaires, que I’on rencontre en communications.

Les transformations que peut subir un signal ne se limitent bien sir pas a des transfor-
mations linéaires. Mais dans le cas ol les processus étudiés subissent des transformations
non linéaires, il n’existe pas de résultats généraux concernant les propriétés du second
ordre des processus transformés. Quelques transformations non linéaires particuliérement
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importantes en électronique et en transmission des signaux sont présentées pour illustrer
ce probleme.

Compte tenu de 1’évolution du traitement du signal vers les méthodes numériques, on se
contente souvent dans la suite de ’exposé de considérer des processus & temps discret. Il
faut cependant savoir que pour toutes les notions qui sont évoquées et les résultats qui
sont présentés des formulations équivalentes existent dans le cas des processus a temps
continu.

La prédiction linéaire des processus stationnaires au second ordre joue un réle important
en filtrage et en modélisation. On envisage en particulier dans quelles conditions un pro-
cessus peut &tre vu comme la sortie d’un filtre causal excité par un bruit blanc ainsi que
le probleme de la prédiction linéaire & horizon fini.

Les résultats de la théorie de la prédiction linéaire permettent alors d’étudier simplement
deux techniques de filtrage particulieres: le filtrage de Wiener et le filtrage de Kalman.
A partir de I’observation d’une trajectoire d'un processus Y, fonction d’un processus X,
ces techniques envisagent le probléme de ’évaluation de la trajectoire correspondante de
X par la minimisation d'un critére de variance d’erreur. On présente également la notion
de filtre adapté qui permet de détecter un signal déterministe bruité.

On s’intéresse ensuite aux processus dont le spectre est donné par une fonction ration-
nelle. Ces processus peuvent étre vus comme la sortie d’un filtre de fonction de transfert
rationnelle excité par un bruit blanc. Tout en restant relativement simple cette modélisa-
tion permet d’approximer de fagon satisfaisante un grand nombre de phénomenes, ce qui
justifie Pintérét particulier qui leur est porté ici.

En pratique, I’évaluation du spectre d’un processus s’effectue a partir de la connaissance,
ou de Pestimation, d’un jeu limité de ses coefficients de Fourier. Aussi, en vue d’appli-
cations possibles & Pestimation spectrale, on envisage le probleme de I’identification du
spectre d’un processus & partir de la connaissance de ses premiers coefficients de Fou-
rier. Pour les processus & spectre rationnel, ce probleme d’identification est relativement
simple. Pour un processus quelconque, la résolution du probleme ne conduit pas en géné-
ral & une solution unique, et on étudie le probléme de la caractérisation de ’ensemble des
spectres solutions.

Puis on envisage le probléme de Pestimation spectrale non paramétrique des processus
stationnaires. On commence par rappeler quelques notions d’estimation statistique non
paramétrique, avant de s’intéresser aux propriétés élémentaires des estimateurs classiques
des fonctions de moyenne et de covariance d'un processus stationnaire au second ordre.
On étudie ensuite estimateur spectral non paramétrique du périodogramme.

Aprés quelques rappels concernant ’estimation paramétrique, on indique comment ’es-
timation paramétrique des spectres rationnels par des méthodes de type moindres carrés
peut étre menée simplement. On consideére ensuite le cas des processus gaussiens dont la
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vraisemblance des observations admet une expression asymptotique qui s’exprime simple-
ment en fonction du spectre du processus. L’approximation asymptotique de la vraisem-
blance ainsi obtenue peut étre utilisée pour effectuer 'estimation des paramétres spectraux
au sens du maximum de vraisemblance.

Certaines propriétés des processus stationnaires au second ordre peuvent étre étendues
aux processus stationnaires & des ordres plus élevés. Pour de tels processus, on présente
la notion de multispectre qui généralise la notion de spectre définie au second ordre. On
indique également I'utilisation possible des statistiques d’ordres supérieurs dans le cadre
de l’estimation des spectres et des fonctions de transfert rationnelles.

Les méthodes paramétriques d’estimation bayesienne permettent de prendre en compte
certaines informations a priori concernant des parameétres & estimer. Malheureusement,
le calcul des estimateurs bayesiens se heurte souvent & des problemes d’intégration et
d’optimisation sans solution analytique. Les méthodes de Monte Carlo offrent des solu-
tions pratiques a ces problémes. La présentation de ces méthodes fournit l’occasion de
rappeler certaines propriétés importantes des processus markoviens. On étudie comment
les méthodes de Monte Carlo peuvent étre mises en oeuvre dans le cadre du filtrage des
modeles d’état, et pour ’estimation des fonctions de transfert rationnelles.

Pour estimer les parametres associés & des phénomeénes non stationnaires, on est souvent
amené a optimiser un critére qui évolue au cours du temps. Les algorithmes d’optimisation
stochastique sont utilisés dans ce genre de situation. On leur consacre un chapitre, en
s’'intéressant plus particulierement aux algorithmes LMS et RLS souvent rencontrés en
traitement du signal et en présentant rapidement la méthode de PODE qui constitue une
approche assez générale pour étudier le comportement des algorithmes adaptatifs.

1.6 Remerciements.

Pour terminer cette introduction, je tiens ici & saluer mes collegues enseignants, cher-
cheurs, techniciens et ingénieurs dont la richesse et la variété des compétences scientifiques
ont formé ma vision du traitement du signal aléatoire. Je tiens tout particuliérement & re-
mercier Philippe LOUBATON, Professeur & 1'Université de Marne la Vallée, dont le cours
de théorie de la prédiction linéaire & 'ENST de Paris a constitué une référence essentielle
pour ’élaboration de ce livre, ainsi qu’Alain HILLION, Directeur Scientifique de ’ENST
de Bretagne, dont les enseignements de mathématiques ont en particulier servi de base 3
la rédaction des rappels de probabilités présentés dans le CD-ROM.

Je tiens également & remercier Sandrine VATON, enseignant-chercheur 3 ’ENST de Bre-
tagne, et Christian GOURIEROUX, professeur & PENSAE, pour leur participation & la
relecture de ce document, ainsi que Jean Marc TETU, ingénieur informaticien 3 P'ENST
de Bretagne, et les étudiants de ’école pour leur aide en matiere d’informatique.



	page_de_garde_hdr_TC
	HDR_T_Chonavel



