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Abstract

The main topic of this thesis is the study of the asymptotic behaviour of solutions to
certain nonlinear diffusion equations, whose most important models are the porous medium
equation and the fast diffusion equation. In the first chapter we analyse in detail the connec-
tions between L” smoothing and decay properties of weighted versions of the porous medium
equation and the validity of suitable functional inequalities involving the weights. In the sec-
ond chapter we investigate the asymptotics of the solutions to the fractional porous medium
equation with power-type weights: this is strictly linked with a similar fractional parabolic
problem having as initial datum a positive finite measure, which we study separately. The
third chapter is mostly devoted to the characterization of the optimal functions for a family
of Caffarelli-Kohn-Nirenberg interpolation inequalities: it turns out that if the power of the
weight that appears in the L? norms is small enough, then such optimal functions are radial.
As a consequence, solutions to the Euclidean fast diffusion equation with the same power
weight converge towards special solutions of Barenblatt type with an optimal rate, at least
for m larger than a suitable critical value. In the fourth and last chapter we consider the fast
diffusion equation on hyperbolic space: the most important result we obtain, for m close to
one, is the convergence of radial solutions, as ¢ tends to the extinction time, to a separable
solution in the uniform norm of the relative error.






Summary

This thesis deals with a class of nonlinear diffusion equations whose prototype is
up = A(lu[" ), (1)

which is known as porous medium equation (PME) in the range m > 1 and as fast diffusion
equation (FDE) in the range m < 1. One may see (1) as a particular nonlinear version of
the heat equation whose diffusion coefficient is a power of the solution w itself. We point
out that such coefficient becomes degenerate or singular at u = 0 depending on whether one
considers the PME or the FDE, respectively.

Evolution equations of porous medium type have a long history, both as concerns the
applications which originally motivate their consideration (in this regard, see the Introduction
to Chapter 1) and from the mathematical point of view. We refer in particular to the
monograph [173] by J. L. Vazquez, where a very detailed and comprehensive survey of the
state of the art is given.

Here we are concerned with a number of (weighted) variants and extensions of (1), for
which we address several fundamental issues such as existence and uniqueness of solutions
and their asymptotic behaviour. Our analysis aims at linking as far as possible the properties
of the solutions with suitable functional inequalities associated with the underlying functional
spaces, thus giving a certain amount of generality to the discussion. Below we outline the
main topics we investigate in our work, which is divided into four chapters. A more detailed
introduction to each single topic, as well as full bibliographic references, is provided at the
beginning of the corresponding chapter.

Weighted porous medium equations. The first variant we deal with is the weighted
PME, namely

po(@)u = div [p, (@) V (Ju["" )] (2)
where p, and p, are suitable positive functions, to which we refer as weights from here on.
A priori we only assume that p, and p, are locally bounded and locally bounded away from
zero. The weight p, corresponds to an inhomogeneous mass distribution in the medium
where diffusion takes place, whereas p, describes a diffusion coefficient that depends on the
spatial variable as well. It is therefore natural to introduce the measure dv := p,(x)dzx for the
problem at hand, whose associated Lebesgue spaces we denote as LP(v) for p > 1. Our first
concern consists in considering smoothing and decay properties of solutions to (2), namely

bounds of the type of
lu®llr) < K Juolfay, >0, 3)
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for any given solution u(t) corresponding to an initial datum ug € L9(v), where 1 < ¢ <
p < oo and «, 3, K are suitable positive constants independent of uy. This is a classical
problem in linear semigroup theory which has widely been studied in the nonlinear setting
as well, see for instance the general reference [172]. The strategy followed here aims at
connecting smoothing and decay estimates of the type of (3) with functional inequalities
that may hold in weighted Sobolev spaces which involve the weights p, and p,. In fact, we
prove full equivalence between suitable versions of (3) and appropriate Poincaré-, Sobolev- or
Gagliardo-Nirenberg-type inequalities (the latter are introduced to deal with low dimensions).
It is worth mentioning that (3) may not be satisfied up to p = oo unless Sobolev- or Gagliardo-
Nirenberg-type inequalities hold true (i.e. the validity of a Poincaré-type inequality is not
enough). The details of the stated equivalence depend on the particular problem at hand: we
consider Euclidean domains with both homogeneous Dirichlet and homogeneous Neumann
boundary conditions. In the case of finite-v-measure domains, estimate (3) can be improved
for large times, still by means of a purely functional analytic approach. This is particularly
relevant for the Neumann problem, where convergence of solutions to their r-mean value
(which is preserved in time) is proved with sharp rates.

The above short- and long-time asymptotics of solutions, together with a detailed well-
posedness analysis, is addressed in Chapter 1 and gathers the results of the papers [P1-P3].
In the same chapter we also consider an inhomogeneous filtration equation in the whole
Euclidean space R?, which has been studied in [P4], namely an equation of the type of (2)
where p, = 1 and the nonlinearity |u|™ u is replaced by a more general function G(u). It
is known that, in the weighted case, nonuniqueness phenomena can occur even for bounded
data and solutions. Uniqueness can then be restored by adding a suitable nonhomogeneous
condition at infinity, usually formulated in an integral sense. Here we show that existence
and uniqueness results can be proved, under suitable assumptions on the nonlinearity and
on the weight, provided certain pointwise conditions at infinity are prescribed. This seems
to be the first result of this kind for such a problem.

The content of Chapter 1 is based on the following papers:

[P1] G. Grillo, M. Muratori and M. M. Porzio, Porous media equations with two weights:
smoothing and decay properties of energy solutions via Poincaré inequalities, Discrete
Contin. Dyn. Syst. 33 (2013), 3599-3640.

[P2] G. Grillo and M. Muratori, Sharp short and long time L bounds for solutions to porous
media equations with homogeneous Neumann boundary conditions, J. Differential Equa-
tions 254 (2013), 2261-2288.

[P3] G. Grillo and M. Muratori, Sharp asymptotics for the porous media equation in low
dimensions via Gagliardo-Nirenberg inequalities, Riv. Mat. Univ. Parma 5 (2014), 15—
38; proceedings of the workshop “New Trends in Nonlinear Parabolic Equations”, Parma
(Italy), November 12-16, 2012.

[P4] G. Grillo, M. Muratori and F. Punzo, Conditions at infinity for the inhomogeneous
filtration equation, Ann. Inst. H. Poincaré Anal. Non Linéaire 31 (2014), 413-428.

Fractional porous medium equations. Chapter 2 is devoted to the study of nonnegative
solutions to the following fractional porous medium equation:

ur = —(—A) (™), (4)

where m > 1 and for s € (0,1) we denote as (—A)® the fractional Laplacian operator on
R?, which can be defined either spectrally or by means of the extension method of Caffarelli
and Silvestre [42]. The investigation of such a class of equations has been started in the

v



works [60,61] by J. L. Vazquez et al., where in particular well-posedness of the evolution is
proved for general L! data. Recently, existence and uniqueness of Barenblatt-type solutions,
namely solutions having a Dirac delta as initial datum, has been proved again by Vazquez
in [174]. Motivated by these results, we have tackled the delicate problem of (existence
and) uniqueness of weak solutions to (4) when the initial datum is a general positive finite
Radon measure. This is performed by adapting a clever method first introduced by M. Pierre
in [148] a long ago, whose applicability is however far from obvious in the present context and
requires several new arguments. Existence and uniqueness of an initial trace for solutions to
(4) without a prescribed initial condition is also shown. In fact our method, based on Riesz
potential techniques, also works in the case of the following weighted fractional PME:

plr)uy = —(=4A)*(u™), ()

provided some power-type conditions on the weight (or density) p are required both at the
origin, where it can be singular, and at infinity. The mentioned well-posedness analysis is
carried out in the first part of Chapter 2 and relies on the results of [P5]. Being able to
prove existence and uniqueness of Barenblatt-type solutions in the weighted case as well,
and in particular in the case of a singular-power density p, we can study the asymptotic
behaviour of general solutions to (5) in terms of Barenblatt-type solutions, at least when
the decay at infinity of p is sufficiently slow. It is worth noticing that, as it happens in
the local case (s = 1), the convergence result takes advantage of scaling properties of the
Barenblatt-type solution associated with a singular-power density even when the equation
at hand involves a regular density. This gives motivation to the analysis of (5) in the case
where p is singular at the origin. The asymptotic behaviour of solutions to (5) with rapidly
decaying densities is quite different. In fact, still inspired by the local case, we prove that the
latter is actually determined by a separable solution which involves the solution of a suitable
fractional sublinear elliptic equation. This requires techniques completely different from the
ones we use in the slowly decaying case. The present asymptotic analysis, both for slowly
decaying and for rapidly decaying densities, collects the results of [P6].

Finally, we mention that a crucial technical result in proving uniqueness of solutions to (5)
with measure data, based on [P7], is the self-adjointness, in suitably weighted L? spaces, of
the linear operator formally given by A := p~!(—A)* (and defined on its maximal domain),
together with the Markov property for the associated semigroup. These topics also have an
independent interest and are therefore discussed separately in an appendix at the end of the
chapter.

The content of Chapter 2 is based on the following papers:

[P5] G. Grillo, M. Muratori and F. Punzo, Weighted fractional porous media equations: exis-
tence and uniqueness of weak solutions with measure data, submitted, preprint (2014),
http://arxiv.org/abs/1312.6076v2.

[P6] G. Grillo, M. Muratori and F. Punzo, On the asymptotic behaviour of solutions to the
fractional porous medium equation with variable density, accepted for publication in
Discrete Contin. Dyn. Syst., preprint (2014), http://arxiv.org/abs/1403.5293v2.

[P7] M. Muratori, On the self-adjointness of the fractional Laplacian in some weighted L2
spaces, in preparation.

Caffarelli-Kohn-Nirenberg inequalities and weighted fast diffusion. In Chapter 3 we
address the problem of finding the functions which optimize the following family of Caffarelli-
Kohn-Nirenberg inequalities:

[wllzpy < C Vw3 lwll,3Y, Yw € DR?), (6)
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where C' > 0,d>3,v€ (0,2),p € (1,(d—7)/(d —2)), ¥ is an explicit exponent depending
on d, v, pand [[wl|f, = [ga |w(x)|?|z|77dz for all ¢ > 1. Such inequalities (which can be
extended by density to the space of functions for which the right-hand side of (6) is finite),
in a more general form, were first introduced in [41]. We remark however that the particular
family (6) can readily be deduced by interpolation from Hardy’s inequality and the Sobolev
inequality. Finding optimal functions for (6) means finding those functions which attain the
best constant C' in (6). Such problem has completely been solved by M. Del Pino and J.
Dolbeault in [62] in the non-weighted case, i.e. for v = 0. In particular, it is shown there
that optimal functions coincide with the Aubin-Talenti-type functions

bo(x) = (1+[af2) 7.

up to a multiplication by a constant and a scaling. Our aim here is to generalize this result
to (6), namely to prove that the corresponding optimal functions are of the type of

b,(z) := (1 + |917|2_”’>_’”%1 . (7)

Establishing that (7) optimizes (6) among radial functions is not particularly difficult, since
one can bring back the problem to the non-weighted case. Hence, our analysis amounts to
proving that optimal functions are radial, which is far from trivial even though the weight
|z|~7 is radial (in general, symmetry breaking phenomena are known in the literature). By
means of a perturbation argument which involves concentration-compactness techniques, we
prove that the result holds true provided + > 0 is sufficiently small. This has very interesting
consequences for the asymptotics of nonnegative solutions to the power-weighted Euclidean
fast diffusion equation

[ = Alu™) (8)
in the supercritical range (2d — v — 2)/[2(d — v)] < m < 1. In fact, the optimality of (7)
for (6) is equivalent to the validity of a suitable sharp free energy-Fisher information (or
entropy-entropy production) inequality, which is in turn equivalent to a sharp ezponential
decay estimate for the free energy functional. The latter is actually a measure of the distance
between a general solution to (8) and (7), after a suitable time-space scaling which makes (7) a
stationary solution of a Fokker-Planck version of (8). Such estimates provide key ingredients
to start the well-established entropy method (after [23]) in the power-weighted case as well,
as it will be discussed in detail in [25].

Chapter 3 is based on the following paper:

[P8] J. Dolbeault, M. Muratori and B. Nazaret, Symmetry in weighted interpolation inequal-
ities, submitted.

Fast diffusion on hyperbolic space. As a final topic of the thesis, in Chapter 4 we study
the fast diffusion equation on hyperbolic space HY (N > 2). The asymptotics of nonnegative
radial solutions (namely solutions depending on the spatial component only through the
geodesic distance r from a given pole) turns out to be, in the range m € (N —2)/(N +2),1),
driven by a separable solution of the type of

gy

where V' is the unique positive energy solution of the elliptic equation

1 1
— AV =—"-—">Vm =Y 1
(1—m)T on ’ (10)
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also known as Lame-Emden-Fowler equation. We point out that 7' > 0 (depending on the
initial datum) is the extinction time: in fact, as it happens for the fast diffusion equation
on bounded Euclidean domains with homogeneous Dirichlet boundary conditions, solutions
become identically zero in a finite time. Convergence to the separable solution is proved, in
the spirit of [31], in a very strong sense, namely in the uniform norm of the relative error
and at the level of all derivatives (although without explicit rates).

Notice that on general Riemannian manifolds, in local coordinates, the Laplace-Beltrami
operator can be written as A = |g|71/29;(|g|*/?¢g"9;), where the summation convention is
used and |g| denotes the determinant of the metric tensor g. In particular, at least in the
special case of spherically symmetric Riemannian manifolds known as model manifolds, we
basically fall in the class of equations described by (2). In fact, in this framework, the
radial component of the Riemannian Laplacian can always be written in the two-weight form
p~1(r) 0.(p(r) d,) in geodesic polar coordinates. As mentioned above, here we perform a
detailed analysis on hyperbolic space, as the topologically simplest example of noncompact,
negatively curved model manifold. We believe however that our results can be extended at
least to more general model manifolds with strictly negative curvature, following essentially
the same method of proof.

Chapter 4 is based on the following paper:

[P9] G. Grillo and M. Muratori, Radial fast diffusion on the hyperbolic space, Proc. Lond.
Math. Soc. 109 (2014), 283-317.
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Sintesi

Questa tesi tratta una classe di equazioni non-lineari di diffusione il cui prototipo &
up = A(lu[" ) (1)

nota come equazione dei mezzi porosi (PME) nel range m > 1 ed equazione della diffusione
veloce (FDE) nel range m < 1. La (1) puo essere vista come una particolare versione non-
lineare dell’equazione del calore, il cui coefficiente di diffusione & una potenza della soluzione
stessa u. Si noti che tale coefficiente diventa degenere o singolare dove u = 0 a seconda che
si consideri la PME o la FDE, rispettivamente.

Lo studio di equazioni d’evoluzione di tipo mezzi porosi ha una lunga storia, sia a livel-
lo delle applicazioni dalle quali esse nascono (a questo proposito, si veda 'Introduzione al
Capitolo 1), sia da un punto di vista puramente matematico. Ci riferiamo in particolare
alla monografia [173] di J. L. Vazquez, nella quale & fornita una dettagliata e comprensiva
rassegna dello stato dell’arte.

Siamo qui interessati ad alcune varianti ed estensioni (pesate) della (1), per le quali affron-
teremo diverse questioni fondamentali quali esistenza e unicita delle soluzioni e loro compor-
tamento asintotico. La nostra analisi ha lo scopo di legare il piu possibile le proprieta delle
soluzioni ad opportune disuguaglianze funzionali associate ai naturali spazi funzionali sotto-
stanti, il che fornisce un certo grado di generalita alla trattazione. Nel seguito delineeremo
gli argomenti principali affrontati nel lavoro di tesi, il quale ¢ suddiviso in quattro capitoli.
Un’introduzione maggiormente dettagliata, assieme ad una vasta bibliografia, verra fornita
all’inizio dei relativi capitoli.

Equazione dei mezzi porosi pesata. La prima variante che affrontiamo e la PME pesata,
OVVero

po(@)uy = div | (@) V (ful™ )|, (2)

dove p, e p, sono opportune funzioni positive, che d’ora in poi chiameremo pesi. A priori
assumeremo solo che p, e p, siano funzioni localmente limitate e localmente lontane da
zero. Il peso p, corrisponde ad una distribuzione non-omogenea di massa nel mezzo in cui
ha luogo la diffusione, mentre il peso p, descrive un coefficiente di diffusione che dipende
possibilmente anche dalla variabile spaziale. Risulta percio naturale introdurre la misura
dv := p,(x)dz per il problema considerato, il cui spazio di Lebesgue associato verra per il
momento denotato come LP(v) per p > 1. Il nostro primo obiettivo consiste nel considerare
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proprieta regolarizzanti e asintotiche per le soluzioni della (2), ovvero stime del tipo
Ju@) o) < K0 uollfay V>0, ®

per ogni data soluzione u(t) corrispondente ad un dato iniziale uy € L(v), dove 1 < g < p <
oo e «, 3, K sono opportune costanti positive indipendenti da uy. Questo € un problema
classico nella teoria dei semigruppi lineari, il quale ¢ stato di recente largamente studiato
anche nel contesto non-lineare, si veda ad esempio la referenza generale [172]. La strategia
che seguiamo qui ha lo scopo di legare stime regolarizzanti e asintotiche come la (3) a di-
suguaglianze funzionali che possono valere in spazi di Sobolev pesati che coinvolgono i pesi
pv € p,. Di fatto dimostreremo una completa equivalenza tra opportune versioni della (3) e
determinate disuguaglianze di tipo Poincaré, Sobolev o Gagliardo-Nirenberg (queste ultime
vengono introdotte in particolare per gestire le dimensioni basse). Vale la pena notare che
la (3) potrebbe non essere soddisfatta fino a p = oo se non valgono disuguaglianze di tipo
Sobolev o Gagliardo-Nirenberg (in altre parole, la validita di una disuguaglianza di tipo Poin-
caré non ¢ di per se sufficiente). Nel dettaglio, lo specifico risultato di equivalenza dipendera
dal particolare problema: considereremo domini Euclidei sia con condizioni di Dirichlet che
con condizioni di Neumann omogenee. Nel caso di domini di v-misura finita, la stima (3)
puo essere migliorata, per tempi lunghi, sempre tramite un approccio puramente analitico-
funzionale. Cio e particolarmente rilevante per il problema di Neumann, in cui la convergenza
delle soluzioni alla loro v-media (la quale & conservata nel tempo) ¢ dimostrata con velocita
ottimals.

L’asintotica delle soluzioni appena discussa per tempi brevi e lunghi, assieme ad una
dettagliata analisi di buona posizione, e affrontata nel Capitolo 1 e riunisce i risultati dei
lavori [P1-P3]. Nello stesso capitolo considereremo anche un’equazione della filtrazione non-
omogenea nell’intero spazio euclideo R, la quale ¢ stata studiata in [P4], ovvero un’equazione
del tipo (2) in cui p, = 1 e la non-linearita |u|™ u & sostituita da una generica funzione
G(u). E noto che, nel caso pesato, fenomeni di non-unicitd possono verificarsi anche solo
per dati e soluzioni limitate. L’unicita puo allora essere recuperata a patto di aggiungere
opportune condizioni non-omogenee all'infinito, tipicamente formulate in un senso integrale.
Qui stabiliremo che esistenza e unicita possono essere dimostrate, richiedendo opportune
ipotesi sulla non-linearita e sul peso, anche prescrivendo determinate condizioni puntuali
all’infinito. Quest’ultimo sembra essere il primo risultato di questa tipologia per un tale
problema.

Il contenuto del Capitolo 1 & basato sui seguenti lavori:

[P1] G. Grillo, M. Muratori and M. M. Porzio, Porous media equations with two weights:
smoothing and decay properties of energy solutions via Poincaré inequalities, Discrete
Contin. Dyn. Syst. 33 (2013), 3599-3640.

[P2] G. Grillo and M. Muratori, Sharp short and long time L bounds for solutions to po-
rous media equations with homogeneous Neumann boundary conditions, J. Differential
Equations 254 (2013), 2261-2288.

[P3] G. Grillo and M. Muratori, Sharp asymptotics for the porous media equation in low
dimensions via Gagliardo-Nirenberg inequalities, Riv. Mat. Univ. Parma 5 (2014), 15—
38; proceedings del convegno “New Trends in Nonlinear Parabolic Equations”, Parma
(Italia), 12-16 Novembre 2012.

[P4] G. Grillo, M. Muratori and F. Punzo, Conditions at infinity for the inhomogeneous
filtration equation, Ann. Inst. H. Poincaré Anal. Non Linéaire 31 (2014), 413-428.
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Equazione dei mezzi porosi frazionaria. Il Capitolo 2 ¢ dedicato allo studio di soluzioni
non-negative della seguente equazione dei mezzi porosi frazionaria:

wr = —(=A) (™), (4)

dove m > 1 e per ogni s € (0,1) denotiamo con (—A)® l'operatore Laplaciano frazionario
su R?, il quale pud essere definito o a livello spettrale o per mezzo del metodo di estensione
dovuto a Caffarelli e Silvestre [42]. L’analisi di tale classe di equazioni ¢ stata avviata dai
lavori [60,61] di J. L. Vazquez e altri, dove in particolare la buona posizione dell’evoluzione
¢ dimostrata per generici dati L'. Recentemente, I'esistenza e I'unicita di soluzioni di tipo
Barenblatt, ovvero soluzioni aventi la delta di Dirac come dato iniziale, sono state dimostrate
sempre da Vazquez in [174]. Motivati da questi risultati, abbiamo quindi studiato il delicato
problema dell'unicita (e dell’esistenza) di soluzioni deboli della (4) quando il dato iniziale &
una generica misura di Radon positiva finita. Cid verra affrontato adattando un particolare
metodo introdotto inizialmente da M. Pierre in [148], la cui applicabilita nel contesto attuale
tuttavia non e ovvia e richiede molti argomenti nuovi. Sara inoltre mostrata l’esistenza e
I'unicita di una traccia iniziale per funzioni che siano soluzioni della (4) senza una particolare
condizione iniziale data.

Di fatto il nostro metodo di lavoro, basato su tecniche che coinvolgono potenziali di Riesz,
funziona anche nel caso della seguente PMFE frazionaria pesata:

px)uy = —(=A)*(u™), (5)
posto che alcune condizioni di tipo potenza siano assunte sul peso (o densitd) sia nell’origine,
dove puo essere singolare, che all’infinito. L’analisi di buona posizione appena menzionata
verra sviluppata nel corso del Capitolo 2 e si basa sui risultati di [P5]. Dimostrando esistenza
e unicita di soluzioni di tipo Barenblatt anche nel caso pesato, ed in particolare nel caso di una
densita p con potenza singolare, possiamo studiare il comportamento asintotico di soluzioni
generiche della (5) in termini delle suddette soluzioni di tipo Barenblatt, perlomeno quando
il decadimento di p all’infinito e sufficientemente lento. Vale la pena notare che, cosl come
accade nel caso locale (s = 1), la dimostrazione del risultato di convergenza sfrutta proprieta
di riscalamento della soluzione di tipo Barenblatt associata alla potenza singolare anche
quando nell’equazione considerata appare una densita regolare. Cio effettivamente motiva
I’analisi della (5) nel caso in cui p sia singolare nell’origine. Il comportamento asintotico
delle soluzioni della (5) con densita che decadono velocemente ¢ decisamente diverso. Infatti,
sempre ispirati dal caso locale, dimostreremo che quest’ultimo ¢ in realta determinato da
una soluzione a separazione di variabili che e legata alla soluzione di un’opportuna equazione
sublineare ellittica frazionaria. Questo studio richiede tecniche completamente differenti da
quelle usate nel caso di densita che decadono lentamente. L’analisi asintotica qui sviluppata,
sia per densita che decadono lentamente che per densita che decadono velocemente, si riferisce
ai risultati di [P6].

Infine, facciamo notare che un risultato tecnico cruciale nel dimostrare 'unicita di soluzio-
ni della (5) con dati misura, basato su [P7], ¢ 'auto-aggiuntezza, in opportuni spazi L? pesati,
dell’operatore lineare formalmente dato da A := p~'(—A)® (e definito sul suo dominio mas-
simale), assieme alla proprieta di Markov per il semigruppo associato. Tali argomenti hanno
anche un interesse indipendente e percio saranno discussi separatamente in un’appendice alla
fine del capitolo.

Il contenuto del Capitolo 2 ¢ basato sui seguenti lavori:

[P5] G. Grillo, M. Muratori and F. Punzo, Weighted fractional porous media equations: exi-
stence and uniqueness of weak solutions with measure data, sottomesso a una rivista
scientifica, preprint (2014), http://arxiv.org/abs/1312.6076v2.
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[P6] G. Grillo, M. Muratori and F. Punzo, On the asymptotic behaviour of solutions to the
fractional porous medium equation with variable density, accettato per la pubblicazione
su Discrete Contin. Dyn. Syst., preprint (2014), http://arxiv.org/abs/1403.5293v2.

[P7] M. Muratori, On the self-adjointness of the fractional Laplacian in some weighted 1>
spaces, in preparazione.

Disuguaglianze di Caffarelli-Kohn-Nirenberg e diffusione veloce pesata. Nel Capi-
tolo 3 affrontiamo il problema di trovare le funzioni che ottimizzino la seguente famiglia di
disuguaglianze di Caffarelli-Kohn-Nirenberg:

lwllzpy < C Vw3 llwll3Y, Yw € DR?), (6)

dove C' > 0,d > 3, v € (0,2), p € (1,(d—7)/(d —2)), ¥ & un esponente esplicito che
dipende da d, v, p e [[w|i, = Jpa|w(z)|?|z|77dr per ogni ¢ > 1. Tali disuguaglianze
(che possono essere estese per densita allo spazio di funzioni per le quali il membro destro
della (6) ¢ finito), in forma piu generale sono state introdotte in [41]. Facciamo comunque
notare che la particolare famiglia (6) puo essere facilmente ricavata per interpolazione dalle
disuguaglianze di Hardy e di Sobolev. Trovare le funzioni ottimali per la (6) significa trovare
quelle funzioni non-triviali per le quali la (6) vale come uguaglianza con constante ottimale
C'. Tale problema ¢ stato completamente risolto da M. Del Pino e J. Dolbeault in [62] nel
caso non pesato, ovvero per v = 0. In particolare, viene li dimostrato che le funzioni ottimali
coincidono con le funzioni di tipo Aubin-Talenti

bo(z) == (1 + |$|2>_ﬁ ,

a meno di moltiplicazioni per costanti e riscalamenti. Il nostro obiettivo qui ¢ generalizzare
questo risultato alla (6), cioe dimostrare che le corrispondenti funzioni ottimali sono del tipo

b, () 1= (1+Jaf*) 77 (1)

Stabilire che (7) ottimizza (6) tra le funzioni radiali non ¢ particolarmente difficile, dato
che in questo caso il problema puo essere facilmente ricondotto al caso non pesato. Di
conseguenza, la nostra analisi si riduce a dimostrare che le funzioni ottimali sono radiali, il
che ¢ tutt’altro che triviale persino quando il peso |z|~7 ¢ radiale (in generale, in letteratura,
sono noti fenomeni di symmetry breaking). Per mezzo di un argomento perturbativo che
coinvolge tecniche di concentrazione-compattezza, dimostreremo che il risultato vale posto
che v > 0 sia sufficientemente piccolo. Cio ha conseguenze molto interessanti per I’asintotica
di soluzioni non-negative dell’equazione della diffusione veloce Euclidea pesata con peso di

tipo potenza:
[ uy = A(u™) (8)

nel range supercritico (2d—vy—2)/[2(d—~)] < m < 1. Di fatto, I'ottimalita della (7) per la (6)
¢ equivalente alla validita di un’opportuna disuguaglianza di energia libera-informazione di
Fisher (o disuguaglianza di entropia-produzione di entropia) ottimale, la quale ¢ a sua volta
equivalente a una stima ottimale di decadimento esponenziale per il funzionale di energia
libera. Quest’ultimo rappresenta sostanzialmente una misura della distanza tra una soluzione
generica della (8) e la (7), a posteriori di un opportuno riscalamento temporale che rende
la (7) una soluzione stazionaria di una versione di tipo Fokker-Planck della (8). Tali stime
forniscono ingredienti chiave per avviare il ben consolidato metodo d’entropia (sviluppato
in [23]) anche nel caso pesato, come verra discusso in dettaglio in [25].

Il Capitolo 3 ¢ basato sul seguente lavoro:
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[P8] J. Dolbeault, M. Muratori and B. Nazaret, Symmetry in weighted interpolation inequa-
lities, sottomesso a una rivista scientifica.

Diffusione veloce sullo spazio iperbolico. Come argomento finale della tesi, nel Capitolo
4 studiamo la diffusione veloce sullo spazio iperbolico HY (N > 2). L’asintotica per soluzioni
non-negative radiali (ovvero soluzioni che dipendono solo dalla componente spaziale attraver-
so la distanza geodetica r da un fissato polo) risulta essere, nel range m € (N—2)/(N+2),1),
determinata da una soluzione a variabili separabili del tipo

gy

dove V' e I'unica soluzione positiva di energia dell’equazione ellittica

1 1 N

AV = (1—m)Tvm su H™ | (10)

nota anche come equazione di Lame-Emden-Fowler. Facciamo notare che T' > 0 (dipendente
dal dato iniziale) ¢ il tempo d’estinzione: infatti, cosi come accade per I'equazione della dif-
fusione veloce su domini Euclidei limitati con condizioni di Dirichlet omogenee, le soluzioni
diventano identicamente nulle in un tempo finito. La convergenza alla soluzione a variabi-
li separabili & dimostrata, sulle linee di [31], in un senso molto forte, ovvero nella norma
uniforme dell’errore relativo e a livello di tutte le derivate (sebbene senza velocita esplicite).
Si noti che su varieta Riemanniane generali, in coordinate locali, 'operatore di Laplace-
Beltrami puo essere scritto come A = |g|71/29;(|g|'/2¢"9;), dove gli indici sono sottintesi
sommati e |g| denota il determinante del tensore metrico g. In particolare, almeno nel caso
di speciali varieta Riemanniane a simmetria sferica note come wvarieta modello, fondamental-
mente ricadiamo nella classe di equazioni descritte dalla (2). Infatti, in questo contesto, la
componente radiale del Laplaciano Riemanniano puo sempre essere scritta nella forma pe-
sata p~1(r) 0,(p(r) 0,) in coordinate geodetiche polari. Come precedentemente menzionato,
qui svolgeremo una dettagliata analisi sullo spazio iperbolico, essendo quest’ultimo 1’esem-
pio topologicamente piu semplice di varieta modello non-compatta e a curvatura negativa.
Crediamo infine che i nostri risultati possano essere estesi almeno a varieta piu generali con
curvatura strettamente negativa, seguendo essenzialmente lo stesso metodo di dimostrazione.

Il Capitolo 4 si basa sul seguente lavoro:

[P9] G. Grillo and M. Muratori, Radial fast diffusion on the hyperbolic space, Proc. Lond.
Math. Soc. 109 (2014), 283-317.
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Synthese

Cette these s’occupe d'une classe d’équations non-linéaires de diffusion dont le prototype
est

up = A(Jul™ ), (1)

aussi connue sous le nom d’équation des milieur poreux (PME) dans le cas ot m > 1 et
équation de diffusion rapide (FDE) dans le cas ot m > 1. L’équation (1) peut étre vue
comme une version non-linéaire particuliere de ’équation de la chaleur, dont le coefficient de
diffusion est une puissance de la solution u elle méme. Il faut remarquer que ce coefficient
devient dégénéré ou singulier selon que 1’on considere respectivement la PME ou la FDE.

L’étude d’équations d’évolution de type milieux poreux a une longue histoire, tant au
niveau des applications physiques dans lesquelles elles apparaissent (& ce propos, voir 1'Intro-
duction au Chapitre 1) que du point de vue purement mathématique. On pourra se référer,
en particulier, & la monographie [173] de J. L. Vazquez, dans laquelle est fournie une analyse
détaillée et exhaustive de 1’état de l'art.

On s’intéresse ici a des variantes et des extensions (& poids) de (1), en abordant plusieurs
questions fondamentales comme I’existence, 'unicité et le comportement asymptotique des
solutions. Notre analyse a pour but de lier autant que possible les propriétés des solutions a
certaines inégalités fonctionnelles associées dans les espaces fonctionnels naturels sous-jacents,
ce qui fournit un certain degré de généralité a la dissertation. Dans la suite, on va exposer
brievement les arguments principaux traités dans ce travail de these, lequel est divisé en
quatre chapitres. Une introduction plus détaillée, avec une large bibliographie, sera donnée
au début des chapitres correspondants.

Equation des milieux poreux & poids. La premiére variante que l'on étudie est la PME
a poids, c’est a dire

pu(@)u, = div [p, (@) V (Ju" )] (2)

ou p, et p, sont des fonctions positives appropriées, que dorénavant on appellera poids.
A priori on supposera uniquement que p, et pu sont des fonctions localement bornées et
localement minorées par une constante strictement positive. Le poids p, correspond a une
distribution non-homogene de masse dans le milieu ou a lieu la diffusion, alors que le poids
pu décrit un coefficient de diffusion qui peut dépendre de la variable spatiale. Il est donc
assez naturel introduire la mesure dv := p,(z)dx pour le probleme considéré, dont I'espace
de Lebesgue associé sera pour l'instant noté LP(v) pour p > 1. Notre premier but consiste a
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considérer des propriétés de régularisation et asymptotiques pour les solutions de (2), c’est a
dire des estimations de type

lu(llrw) < Kt [luolltag, Ve >0, (3)

pour la solution u(t) correspondante a n’importe quelle donnée initiale uy € L(v), ou 1 <
g <p<ooeta,, K sont des constantes positives appropriées qui dépendent de ugy. C’est un
probléme classique dans la théorie des demi-groupes linéaires, lequel a été largement étudié
récemment également dans un contexte non-linéaire, voir par example la référence générale
[172]. La stratégie que I'on adopte a pour objectif de lier des estimations de régularisation
et asymptotiques de type (3) avec des inégalités fonctionnelles dans des espaces de Sobolev
a poids dans lesquels apparaissent les poids p, et p,. En fait on prouvera une complete
équivalence entre des versions appropriées de (3) et certaines inégalités de type Poincaré,
Sobolev ou Gagliardo-Nirenberg (ces derniéres étant introduites en particulier pour s’occuper
des dimensions basses). Il est important de remarquer que (3) pourrait ne pas étre satisfaite
jusqu’a p = oo dans le cas ou des inégalités de type Sobolev ou Gagliardo-Nirenberg ne
sont pas satisfaites (autrement dit, la seule validité d’'une inégalité de type Poincaré n’est
pas suffisante). Le résultat d’équivalence dépendra aussi du probléme étudié : on considérera
des domaines Fuclidiens soit avec conditions de Dirichlet soit avec conditions de Neumann
homogenes. Dans le cas de domaines avec v-mesure finie, 'estimation (3) peut étre améliorée,
lorsque le temps t est grand, toujours avec une approche purement analytique-fonctionnelle.
Cela est particulierement significatif pour le probleme de Neumann, ou la convergence des
solutions vers leur v-moyenne (laquelle est conservée le long du temps) est montrée avec un
taux optimal.

Le comportement asymptotique des solutions dont on vient de discuter pour des temps
brefs et longues, avec une analyse détaillée du caractére bien posé, sera traité dans le Cha-
pitre 1, et réunit les résultats des travaux [P1-P3]. Dans le méme chapitre on considérera
aussi une équation de filtration non-homogéne dans I'entier espace Euclidien R?, laquelle a été
étudiée dans [P4], c’est a dire une équation de type (2) ot p, =1 et la non-linéarité |u|™ u
est remplacée par une fonction générique G(u). Il est bien connu que, dans le cas & poids,
des phénomeénes de non-unicité peuvent apparaitre méme parmi les solutions bornées avec
données bornées. L’'unicité peut donc étre restaurée a condition que 'on ajoute des condi-
tions non-homogenes a l'infini, typiquement formulées au sens intégral. Ici on établira que
I'existence et 'unicité peuvent étre démontrées, sous certaines hypothéses sur la non-linéarité
et sur le poids, en posant des conditions appropriées de type ponctuel a l'infini. Ce dernier
résultat semble étre le premier de cette typologie pour un tel probleme.

Le contenu du Chapitre 1 est basé sur les travaux suivants :

[P1] G. Grillo, M. Muratori and M. M. Porzio, Porous media equations with two weights:
smoothing and decay properties of energy solutions via Poincaré inequalities, Discrete
Contin. Dyn. Syst. 33 (2013), 3599-3640.

[P2] G. Grillo and M. Muratori, Sharp short and long time L™ bounds for solutions to po-
rous media equations with homogeneous Neumann boundary conditions, J. Differential
Equations 254 (2013), 2261-2288.

[P3] G. Grillo and M. Muratori, Sharp asymptotics for the porous media equation in low
dimensions via Gagliardo-Nirenberg inequalities, Riv. Mat. Univ. Parma 5 (2014), 15—
38 ; comptes-rendus de la conférence “New Trends in Nonlinear Parabolic Equations”,
Parma (Italie), du 12 au 16 Novembre 2012.

[P4] G. Grillo, M. Muratori and F. Punzo, Conditions at infinity for the inhomogeneous
filtration equation, Ann. Inst. H. Poincaré Anal. Non Linéaire 31 (2014), 413-428.
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Equation des milieux poreux fractionnaire. Le Chapitre 2 est dédié a I'étude de solu-
tions positives de I'équation des milieux poreux fractionnaire suivante :

w = —(~A) ™), (4)

ou m > 1 et pour n’importe quel s € (0,1) on note par (—A)* 'opérateur Laplacien frac-
tionnaire sur R?, lequel peut étre défini soit au niveau spectral soit a travers la méthode
d’extension de Caffarelli et Silvestre [42]. L’analyse d’une telle classe d’équations a été initiée
par les travaux [60,61] de J. L. Vazquez et ses collaborateurs, ou en particulier le caractere
bien posé du probléme d’évolution est montré pour des données L'. Récemment, ’existence
et 'unicité de solutions de type Barenblatt, c’est a dire solutions ayant la masse de Dirac
pour donnée initiale, ont été montrées toujours par Vazquez dans [174]. Motivé par ces résul-
tats, on a donc étudié le délicat probleme de 'unicité (et de l'existence) de solutions faibles
de (4) lorsque la donnée initiale est une mesure de Radon positive finie générale. Pour cela,
on adapte une méthode introduite par M. Pierre dans [148], dont I'applicabilité dans notre
contexte n’est pas du tout évidente et réclame un certain nombre de nouveaux arguments.
On a montré de plus l'existence et I'unicité d’une trace initiale pour des fonctions qui sont
solutions de (4) sans une condition initiale particuliere donnée.

En fait notre méthode de travail, basée sur des techniques de potentiel de Riesz, peut aussi
s’appliquer dans le cas de la PMFE fractionnaire a poids suivante :

ple)u = —(=A)"(u™), (5)

pourvu que certaines conditions de type puissance soient satisfaites par le poids (ou densité),
a l'origine ou ce dernier peut étre singulier, et a l'infini. L’analyse du caractere bien posé
dont on vient de parler sera présentée dans le Chapitre 2 et se base sur les résultats de [P5].
Etant 14 encore capable de montrer 'existence et 1'unicité de solutions de type Barenblatt
dans le cas a poids aussi, et en particulier dans le cas d’une densité p avec une puissance
singuliére, on peut donc étudier le comportement asymptotique de solutions génériques de
(5) a travers des solutions Barenblatt ci-dessus, au moins lorsque la décroissance de p a
'infini est suffisamment lente. Notons que, comme dans le cas local (s = 1), la démonstration
du résultat de convergence exploite des propriétés de mise a 1’échelle de la solution de type
Barenblatt associée a la puissance singuliere méme lorsque dans I’équation considérée apparait
une densité réguliere. Cela motive 'analyse de (5) dans le cas ol p est singulier dans I'origine.
Le comportement asymptotique des solutions de (5) avec densités qui décroissent rapidement
est completement différent. En effet, toujours inspiré par le cas local, on démontrera que
ce dernier est en fait déterminé par une solution a variables séparées, laquelle est liée a la
solution d'une équation sous-linéaire elliptique fractionnaire appropriée. Cette étude nécessite
des techniques completement différentes par rapport a celles utilisées dans le cas de densités
qui décroissent lentement. L’analyse asymptotique ici développée, et pour des densités qui
décroissent lentement et pour des densités qui décroissent rapidement, se réfere aux résultats
de [P6].

Finalement, remarquons qu’un résultat technique crucial dans la démonstration de I'uni-
cité des solutions de (5) avec donnée initiale mesure, basé sur [P7], est le fait que, dans des
espaces L? & poids appropriés, 'opérateur linéaire formellement donné par A := p~}(—A)*
(et défini sur son domaine maximal) est autoadjoint. De plus, le demi-groupe associé a la
propriété de Markov. Telles arguments ont aussi un intérét indépendant et donc ils seront
abordés séparément dans une annexe a la fin du chapitre.

Le contenu du Chapitre 2 est basé sur les travaux suivants :
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[P5] G. Grillo, M. Muratori and F. Punzo, Weighted fractional porous media equations: ex-
istence and uniqueness of weak solutions with measure data, soumis pour publication,
prépublication (2014), http://arxiv.org/abs/1312.6076v2.

[P6] G. Grillo, M. Muratori and F. Punzo, On the asymptotic behaviour of solutions to the
fractional porous medium equation with variable density, a paraitre dans Discrete Contin.
Dyn. Syst., prépublication (2014), http://arxiv.org/abs/1403.5293v2.

[P7] M. Muratori, On the self-adjointness of the fractional Laplacian in some weighted 1>
spaces, en préparation.

Inégalités de Caffarelli-Kohn-Nirenberg et diffusion rapide a poids. Le Chapitre 3
est consacré au probléme de trouver les fonctions qui optimisent la famille d’inégalités de
Caffarelli-Kohn-Nirenberg suivante :

[wllap, < ClIVwl3 wlly3T, Yw € DR?), (6)

p+1ly

ouC'>0,d>3,v€(0,2),pe (1,(d—7)/(d—2)), 9 est un exposant explicit qui dépend de
d, v, pet [[w|l, = [ga|w(@)|?|z|77dz pour tout ¢ > 1. De telles inégalités (qui peuvent étre
prolongées par densité a I’espace de fonctions pour lesquelles le membre de droite dans (6) est
fini), ont été introduites sous une forme plus générale dans [41]. Remarquons que la famille
(6) peut étre facilement obtenue par interpolation a partir des inégalités de Hardy et de
Sobolev. Trouver les fonctions optimales pour (6) signifie trouver des fonctions non-triviales
pour lesquelles (6) devient une égalité, lorsque C' est la constante optimale. Ce probleme a
été complétement résolu par M. Del Pino et J. Dolbeault dans [62] dans le cas sans poids,
c’est a dire lorsque v = 0. En particulier, les auteurs démontrent que les fonctions optimales
coincident avec les fonctions de type Aubin-Talenti

bo(x) = (1+[af2) 7.

a multiplications, translations et changements d’échelle pres. Notre objectif ici est de généra-
liser ce résultat a (6), c’est a dire montrer que les fonctions optimales correspondantes sont
de type

b, (&) 1= (1+Jaf?) 77 (1)

Etablir que (7) optimise (6) parmi les fonctions radiales n’est pas particulierement difficile,
puisque dans ce cas le probleme peut étre facilement ramené au cas sans poids. Par consé-
quent, notre analyse se réduit a montrer que les fonctions optimales sont radiales, ce qui
n’est pas du tout trivial méme si le poids |z|~7 est radial (en général, dans la littérature, sont
connus des phénomenes de brisure de symétrie). Au moyen d’un argument de perturbation
qui nécessite des techniques de concentration-compacité, on montrera que le résultat est vrai
a condition que v > 0 soit suffisamment petit. Ceci a des conséquences tres intéressantes
pour le comportement asymptotique de solutions positives de I’équation de diffusion rapide
sur ’espace Euclidien avec poids puissance :

[Ty = A(u™) (8)

dans l'intervalle super-critique (2d —v —2)/[2(d — )] < m < 1. Il s’avére que 'optimalité de
(7) dans (6) est équivalente a la validité d’'une certaine inégalité d’énergie libre-information de
Fisher (ou inégalité d’entropie-production d’entropie) optimale, laquelle est a son tour équi-
valente a une estimation optimale de décroissance exponentiel pour la fonctionnelle d’énergie
libre. Cette derniére est en fait une mesure de la distance entre une solution générique de (8)
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et (7), apres un changement d’échelle qui fait apparaitre une version de type Fokker-Planck
de (8) dont (7) est une solution stationnaire. Ces estimations fournissent des ingrédients clés
pour entamer la méthode d’entropie (développée dans [23]) dans le cas a poids, ce qui sera
abordé en détail dans [25].

Le Chapitre 3 est basé sur le travail suivant :

[P8] J. Dolbeault, M. Muratori and B. Nazaret, Symmetry in weighted interpolation inequa-
lities, soumis pour publication.

Diffusion rapide sur l’espace hyperbolique. La derniere partie de la these, analysée
dans le Chapitre 4, est I'’équation de diffusion rapide sur I'espace hyperbolique HY (N > 2).
Il s’avere que le comportement asymptotique des solutions positives radiales (c’est a dire
solutions qui ne dépendent que de la composante spatiale a travers la distance géodésique
d’un pole fixé), dans U'intervalle m € ((N — 2)/(N + 2),1), est déterminé par une solution d

variables séparées de type
! )’” Vi 9
(1-7 , )

ou V est la seule solution positive d’énergie de 1’équation elliptique

1 1

— AV = AT Vo sur HY (10)
aussi connue sous le nom d’équation de Lame-Emden-Fowler. On remarque que T > 0 (lequel
dépend de la donnée initiale) est le temps d’extinction. En effet, comme pour I’équation de
diffusion rapide dans des domaines Euclidiens bornés avec conditions de Dirichlet homogenes,
les solutions deviennent identiquement nulles en temps fini. En s’inspirant de [31], la conver-
gence vers la solution a variables séparées est démontrée dans un sens tres fort, c’est a dire
dans la norme uniforme de I’erreur relative ainsi qu’au niveau de toutes les dérivées (par
contre sans taux explicites).

Il est important de remarquer que sur des variétés Riemanniennes générales, en cordon-
nées locales, I'opérateur de Laplace-Beltrami peut étre écrit A = |g|~1/29;(|g|*/%¢"9;), ot il
est entendu que les indices sont sommés et |g| désigne le déterminant du tenseur métrique g.
En particulier, au moins dans le cas de variétés Riemanniennes spéciales avec symétrie sphé-
rique aussi connues sous le nom de variétés modeles, on tombe essentiellement dans la classe
d’équations décrites par (2). En fait, dans ce contexte, la composante radiale du Laplacien
Riemannien peut toujours étre écrite sous la forme a poids p~!(r) 9,(p(r) 9,) en coordonnées
géodésiques polaires. Comme déja indiqué ci-dessus, ici on développera une analyse détaillée
sur 'espace hyperbolique, ce dernier étant I’exemple topologiquement le plus simple de va-
riété modele non-compacte et a courbure négative. Pour conclure, il est raisonnable de penser
que ces résultats peuvent étre étendus a des variétés plus générales avec courbure strictement
négative, en suivant essentiellement la méme méthode de démonstration.

Le Chapitre 4 est basé sur le travail suivant :

[P9] G. Grillo and M. Muratori, Radial fast diffusion on the hyperbolic space, Proc. Lond.
Math. Soc. 109 (2014), 283-317.
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Basic notations and conventions

a.e.
w.r.t.
Lh.s.

r.h.s.
aVb
alb

(a,b) or a-b

A:B
R+
Br(xo)
XQ

Qo@Ql
f+7f—

“almost every” or “almost everywhere”

“with respect to”

“left-hand side”

“right-hand side”

maximum between the numbers a and b

minimum between the numbers a and b

Euclidean scalar product between the vectors a and b
Frobenius scalar product between the matrices A and B

outer normal vector at the boundary of a regular domain

the set of positive real numbers; when needed, we shall be more
precise by using (0, +00) or [0, +00)

Euclidean (unless otherwise specified) ball of radius r centred at xg
characteristic function of the set €2, unless otherwise specified
the closure of the set )y is compact in 2y

positive and negative part of the function f, respectively,

in the sense that f = f,. — f_

the function f restricted to the set €2

when dealing with a space-time function u(z,t), it means the
whole function of = at fixed ¢

Dirac delta distribution centred at xg, unless otherwise specified
— 5

usual Sobolev space of functions whose weak derivatives up to
the k-th order are in LP(£2)

— Wk,2(Q)

space of V-valued (let V' be a Banach space) functions

u: |u(t)|lv € LP((0,T))

functions in LP((0,7); V) with u; € L?((0,T); V), where H' = W2
space of functions defined in the domain 2 belonging to a certain
space V() for all Qy € Q

subspace of compactly supported functions belonging to V'
depending on the context, it denotes either functions which are
C® in space and C” in time or functions with continuous

derivatives up to the order a whose a-th derivatives are C*?
=02 (Q)
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CHAPTER

Porous medium equations with general weights

1.1 Introduction

This chapter is devoted to the analysis of weighted porous medium equations. In particular,
given a domain  C R? and two weights p,, p,, > 0 independent of time and complying with
suitable assumptions that will be specified below, we shall mostly deal with the homogeneous
Dirichlet problem

pu(x)uy = div [p,(x)V(u™)] in Q x R,
u=0 on 9 x R* | (1.1.1)
u =g on 2 x {0}

and with the homogeneous Neumann problem

po(@)uy = div [pu(z)V(u™)] in QxRT,
pu() 2 = on 90 x RT (1.1.2)
u =y on 2 x {0},

where m > 1 is a fixed parameter. We stress that the initial datum ug (and so the correspond-
ing solution) is not required to have a sign: for any ¢ > 0 and y € R, we therefore use the
convention y? := |y|?sign(y) (French powers). Nevertheless, solutions with positive [negative]
initial data stay positive [negative|. This is a formal consequence of standard comparison
principles. A precise meaning to the notions of weak solution to (1.1.1) and (1.1.2) will be
given in Subsections 1.2.1 and 1.3.1, respectively. For such solutions a key (and classical)
estimate that one can prove is the so-called L' comparison principle (see Theorems 1.2.4 and
1.3.4 below), which includes an L' contraction inequality and a comparison principle. We
mention from the beginning that our techniques are general enough to permit us to handle
any Euclidean domain, which can also coincide with the whole space RY; in this regard, we
point out that the boundary conditions in (1.1.1) and (1.1.2) are just formal and have to be
interpreted in a suitable weak sense.



Chapter 1. Porous medium equations with general weights

Problems (1.1.1) and (1.1.2) are generalizations of the well-known porous medium equa-
tion: we refer the reader to the recent monograph [173] by J. L. Vazquez for a fully-detailed
analysis and a complete overview of the topic. The appearance of the weights p, and p,
is related to spatial inhomogeneity of the medium as concerns mass density and diffusion
coefficient, respectively: see Subsection 1.1.1 for a brief collection of possible physical frame-
works where the (weighted) porous medium equation has proved to be a good model for the
underlying phenomena.

There is a wide literature on porous medium equations with weights: with no claim of
generality we refer the reader e.g to [82,83,89,90,107,111,114-116,118,141,147,153,162-164]
and references therein. The one-weight case in R? (i.e. when p, = 1) is by far the most
studied one (also for more general nonlinearities compared with u™). In fact, the latter
was addressed in several papers (included in the above list), some of which deal with a
weight that decays as a negative power of |z| at infinity. Such property allows for a very
detailed analysis of the asymptotic behaviour of solutions in terms of suitably generalized
Barenblatt-type fundamental solutions (for the definition of the latter, see again Subsection
1.1.1) or of separable solutions, depending on the decay rate of the density, much in the
spirit of the non-weighted case (we refer in particular to [114,141,164]). On the other hand,
two-weight operators are of common use in linear analysis and are widely studied in several
different contexts: for example, every Riemannian Laplacian can be written, locally, as a
two-weight linear operator of second order. Still in the linear framework, the validity of
functional inequalities for the quadratic form of the generator of an evolution is well known
to be strictly connected with smoothing and asymptotic properties of the evolution itself:
we refer the reader to the monograph [59] and references quoted therein for a complete
discussion. In the nonlinear case, such connection is more subtle and much less investigated
(see e.g. [27-30,149]): as we shall explain in detail below, our main goal here is to give a
further contribution to such analysis.

Our first concern is to establish a well-posedness theory for problems (1.1.1) and (1.1.2),
which allows us to deal with sufficiently general weights. In fact, under the sole assumption

o P Py P € Lise(Q), (1.1.3)

we shall prove existence of solutions with initial data that belong to suitable LP(£2; v) spaces
(let p > m + 1), where the latter symbol denotes the usual L? Lebesgue space with respect
to the measure dv = p,(z)dx (see Subsection 1.1.2 for notations). Our method of proof
is based on a careful generalization of the strategy developed in [173, Chapter 5|, which
turns out to work both for the Dirichlet and, with minor modifications, for the Neumann
problem (see Subsections 1.2.2 and 1.3.2). The fundamental idea is to approximate the
degenerate (and possibly singular, depending on the behaviour of the weights at 0€2) problems
(1.1.1) and (1.1.2) with a sequence of similar non-degenerate quasilinear problems posed in
a corresponding sequence of regular bounded domains {Q,} € Q. Along with the mentioned
L! comparison principle, key energy estimates are shown to hold for the solutions to such
approximate problems, which permit us to pass to the limit as n — oo and finally obtain weak
solutions to (1.1.1) and (1.1.2). Note that (1.1.3) is required in order to ensure well-posedness
of the non-degenerate quasilinear problems. When the initial data have a worse integrability
(e.g. they only belong to L'(Q;v)), taking advantage of the L! comparison principle we
construct limit solutions, in agreement with [173, Chapter 6]. Uniqueness, in general, is a
delicate issue: as already noticed in [89], even in the one-weight case it need not hold in the
class of bounded solutions (in this regard, see also Section 1.4). Nevertheless, by means of
a routine argument originally introduced by O. A. Oleinik we can prove that it does hold in
the class of energy solutions, namely solutions belonging to suitable weighted Sobolev spaces

2
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(see Definitions 1.2.2 and 1.3.1 below).

Our main goal here is not a full investigation of qualitative properties of solutions for some
explicit classes of weights. We aim at considering weighted porous medium equations from
a more abstract point of view. In fact, we are rather interested in the comprehension of how
the validity of L®-1.¢ (let 1 < gy < 0) smoothing and asymptotic properties of solutions to
(1.1.1) and (1.1.2) is connected with the validity of functional inequalities that involve the
weights p, and p,. More precisely, as concerns the Dirichlet problem, we shall deal with
Poincaré-type inequalities of the form

[vll,, < CpIIVolly, Vo€ Hy(Qv,p), (1.1.4)
Sobolev-type inequalities of the form (let o > 1)
||v||20';u S OS ||vv||2;u \V/U € H&(Q, v, #)7 (115)

one-dimensional Gagliardo-Nirenberg-type inequalities of the form (let A > 2)

.S
l0loo < Co, V0I5 015 Vs >0, Vo€ HY(Qsv,p) N LH(Q; ) (1.1.6)

[v

and two-dimensional Gagliardo-Nirenberg-type inequalities of the form

[Vl < Cay [V0ll57 0]5  Vr>s>0, VYoe B (Qup)nLA(Qv),  (1.17)

for suitable positive constants Cp, Cs, Cg, and Cg,(r). By the symbol HJ(; v, 1) we denote
the weighted Sobolev space obtained as the closure of D(€2) with respect to the norm

16113 0y = (18113 + IV613,,)* Vo € D),

where dp = p,(x)dz and

= ([ 17@Pan) v €L@n). n=vor .

see Subsection 1.1.2 for details. Assuming the validity of (1.1.4), we shall prove that solutions
to (1.1.1) satisfy the bounds

0

[ut)]],,, < K730 |lugl £, VE>0 (1.1.8)

for some K > 0 independent of ¢ and wug, provided ug € L% (Q; v) with ¢o > 1 and o € (g, ).
On the other hand, the validity of any of the inequalities (1.1.5), (1.1.6) or (1.1.7) entails an
estimate of the form ,

ult)lo < K 7 fuolli? V>0, (119

where K > 0 is as above and uy € L®(Q;v) with ¢o > 1. The constant 6 € (0, 1) is explicit
and depends on ¢g, m and on the particular inequality which holds true through o or \. If
in addition v(£2) < oo then the above estimates can be improved for long times, yielding
a decay rate of order ¢t—1/(m=1) (absolute bound). Furthermore, we shall also prove converse
implications: that is, the validity of estimate (1.1.8) for solutions to (1.1.1) implies in turn
that the Poincaré-type inequality (1.1.4) holds true. The same applies to (1.1.9) as related to
(1.1.5), (1.1.6) or (1.1.7). We refer the reader to Subsection 1.2.1 for the precise statements
of the corresponding theorems.

As the reader might have noticed, the validity of a Poincaré-type inequality, in contrast
with Sobolev- and Gagliardo-Nirenberg-type inequalities, a priori does not allow us to obtain

3
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an L smoothing effect: o is arbitrarily large but has to be strictly smaller than oo (indeed
the constant K in (1.1.8) blows up as ¢ T 00). In agreement with that, we shall provide
explicit examples of couples of weights for which the Poincaré-type inequality holds true
and the L*° regularization fails for (some) solutions to the corresponding Dirichlet problem.
However, even the fact that a smoothing effect can be deduced from the validity of (1.1.4) is
somehow surprising. In this regard, let us introduce the differential operator formally given
by
L= —p, div(p.V),

which is formally self-adjoint and nonnegative in L?(Q;v). The Poincaré-type inequality
(1.1.4) has a clear spectral interpretation: it amounts to requiring that

minS(L,,,) 0,

> >

where S(L,,,,) denotes the L?(£2; v) spectrum of £, ,. It would therefore seem quite unlikely,
from the linear case, that such inequalities can be related to anything but a long-time bound
on the L?(2; v) norm of the solution. Nevertheless, in the particular nonlinear framework of
p-Laplacian-type operators, in [105] it has been shown that suitable Poincaré-type inequalities
imply smoothing effects of the type of (1.1.8) (and they are in fact equivalent to one another).
One of our contributions here consists in proving the same type of results for the porous
medium equation.

Sobolev- and Gagliardo-Nirenberg-type inequalities naturally arise from the non-weighted
context (i.e. when p, = p, = 1). In fact, as it is well known, if d > 3 the Sobolev inequality
(1.1.5) holds true in H}(Q) with ¢ = d/(d — 2); in dimension two the family of Gagliardo-
Nirenberg inequalities (1.1.7) holds true in H}(Q), while in dimension one the family of
Gagliardo-Nirenberg inequalities (1.1.6) holds true in H}(Q) with A = 2. In fact, all of these
inequalities are a consequence of the Nash inequality

18], < C(d) V|37 677 Vo € DR,

which is valid in any dimension: we refer the reader e.g. to the remarkable paper [13] for
a thorough discussion on the equivalence of families of functional inequalities of Poincaré,
Sobolev and Gagliardo-Nirenberg type (and not only). As we shall mention later on, the
smoothing effects (1.1.9) we obtain in the Sobolev and Gagliardo-Nirenberg case allow us to
recover the correct estimates in the non-weighted framework, namely (1.1.9) with

_dm—1)
20 +d(m—1)"

Such estimates had already been proved in the monograph [172] (where smoothing and decay
properties of solutions to large classes of nonlinear evolution equations are thoroughly anal-
ysed) with different techniques, and they are known to be sharp. However, our method of
proof is more general and only relies on the validity of the above functional inequalities. In
Subsection 1.2.3 we shall also provide explicit examples of nontrivial weights (of power-type)
for which our estimates are sharp.

Let us now consider the Neumann problem (1.1.2). In this case, we assume v({2) < oo and
investigate smoothing and asymptotic properties of solutions in connection with the validity
of Poincaré-type inequalities of the form

[0lly < W (1V0]lyy, + 0lhy,) Yo € H'(Q50,p0) (1.1.10)

4
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and
o=l < Mp [Volly, Vo€ H'(v,p), (1.1.11)
Sobolev-type inequalities of the form (let o > 1)
0llgy < Ws (1[0l + 10ll1,) Vo € H (@0, ) (1.1.12)
and
[0 = |y, < Ms [|[Volly, Vo€ H (v, p), (1.1.13)
one-dimensional Gagliardo-Nirenberg-type inequalities of the form (let A > 2)
A _s
||U||00 S WGI (”vaQ;,u + ||UH1;V) e ||U SSI’)\ VS > 0’ VU E HI(Q7 Vv M) (]‘]‘]‘4)
and
v = 7|00 < Mg, [|Vol|s: S“ |lv—v S“ Vs >0, Yoe H (v, u), (1.1.15)

two-dimensional Gaghardo—Nlrenberg—type mequalities of the form

0]l < W, (HWHM + HUHM) T llg, Vr>s>0, Yoe H' (Qv,u)  (1.1.16)
and

Jo = Tl < Ma, V0l o= 0ll  ¥r>s>0, Yoe B (Qupu),  (1117)

where Wp, Mp, Wg, Mg, We,, MGl, We,(r) and Mg, (r) are suitable positive constants,

7 ( ) dv 1
= Vel (Qv

f J(©) fel(®v)
and H'(Q; v, 1) is the Sobolev space of weakly differentiable functions v such that [|v||2,, +
|Vv|l2,, < 00 (see again Subsection 1.1.2). If one thinks about the non-weighted case, the
above inequalities are the analogues of (1.1.4)—(1.1.7) in regular bounded Euclidean domains,
for functions which do not necessarily vanish on 2. Inequalities (1.1.11), (1.1.13), (1.1.15)
and (1.1.17) are stronger than (1.1.10), (1.1.12), (1.1.14) and (1.1.16), respectively; however,
it is easy to show that the former are equivalent to the latter plus the the Poincaré-type
inequality (1.1.11). Assuming the validity of (1.1.10), we shall prove that solutions to (1.1.2)
satisfy the bounds

g0

__©9—q9 =
[0l < B (755 ol + ol ) VE >0 (1.L18)

for some K > 0 independent of ¢ and wug, provided ug € L% (Q; v) with ¢o > 1 and o € (g, ).
As in the Dirichlet case, by means of an explicit counterexample we show that in general,
if only the Poincaré-type inequality (1.1.10) (or (1.1.11)) holds true, L* regularization fails.
On the other hand, the validity of any of the inequalities (1.1.12)—(1.1.17) entails an estimate
of the form

u®)ll < K (57 ol + ol Ve >0, (1.1.19)

where K > 0 is as above and ug € L% (€;v) with ¢o > 1. The constant 6 € (0,1) is the
same appearing in the corresponding estimate (1.1.9) for the Dirichlet problem. Converse
implications, which yield equivalence results between our estimates and the above functional
inequalities, continue to hold in this context as well. We refer the reader to Subsection
1.3.1 for the precise statements. The bounds (1.1.18) and (1.1.19) can be improved for long

5
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times upon requiring the validity of (1.1.11), (1.1.13), (1.1.15) or (1.1.17). Here we need
to distinguish between initial data with zero-mean and with nonzero-mean (and solutions
accordingly, since the Neumann boundary condition forces the mean value to be preserved).
In particular, we shall prove that if @y = 0 then one can recover exactly the same estimates
as in the Dirichlet case, as well as a decay rate of order t~%/(™=1_ On the contrary, the most
important result we shall prove for solutions with nonzero mean is the uniform convergence
to their mean value with a precise exponential rate:

_m_ |§|m—1t

lu(t) — 7|, < Ge VP VE> 1, (1.1.20)

o0

where G > 0 is a suitable constant. We point out that (1.1.20) holds true as a sole con-
sequence of the validity of a Sobolev- or Gagliardo-Nirenberg-type inequality like (1.1.13),
(1.1.15) or (1.1.17): no result of this kind seems to have appeared in the related literature so
far, at least to the best of our knowledge. If we only assume the validity of the Poincaré-type
inequality (1.1.11), then we have a weaker result. That is, for initial data in L>°(£2) we shall
prove that the corresponding solutions still converge to their mean value with an exponential
rate; however, such rate is unknown and convergence takes place in L2(2; v) for all ¢ € [1, 00).
Actually, uniform convergence in general need not hold, as we can show through a counterex-
ample. Finally, for unbounded initial data we shall prove the same type of convergence to
the mean value, though with some negative-power rate which is not necessarily sharp.

The Neumann problem for the porous medium equation, even in the non-weighted case,
is much less studied in the literature with respect to the Dirichlet problem (or to the Cauchy
problem in the whole space RY). Some asymptotic estimates were first provided by the
pioneering work of N. D. Alikakos and R. Rostamian [3]. In particular, they proved that
if g = 0 then the solution to the homogeneous Neumann problem in regular Fuclidean
domains converges uniformly to zero with the sharp rate /(=1 On the other hand, if
g # 0 convergence to the mean value is exponential. However, such results were established
only for uy € L>*°(Q2), whereas a smoothing effect was proved later on in [27] (in the framework
of Riemannian manifolds). In Subsections 1.3.3 and 1.3.4 we shall explain in detail how our
results improve on the ones of [3] and [27]. In this regard, our contributions consist in having
proved estimates which, in the non-weighted case, are sharp both for short and long times, by
means of purely functional arguments. In the weighted case, as already mentioned, our short-
time estimates are in fact equivalent to the functional inequalities we start from; moreover,
we shall also provide explicit examples of power-law weights for which such estimates are
sharp, in the sense that there exist solutions whose short-time behaviour is exactly the one
given by (1.1.19). As concerns the exponential bound (1.1.20), we point out that, though we
can rigorously prove its sharpness only in the non-weighted case, the rate predicted by it is
precisely the one we obtain by linearising the solution u about its mean value w.

Besides the quoted papers [3,27], let us also mention [116], where the issue of convergence
to the mean value for solutions to the porous medium equation (and more general nonlinear,
degenerate diffusions) is addressed in dimension one and in the one-weight case (namely
pu = 1). The authors establish local uniform convergence, while global uniform convergence
is not dealt with; actually, this is in agreement with the fact that the Sobolev-type inequalities
in general may not hold under the assumptions they make on the density p = p,.

Other works related to the Neumann problem for equations of porous medium type can be
found for instance in [5,6]. However, we remark that the discussions there involve domains
of infinite volume, so that convergence to zero, rather than to the mean value, takes place,
thus giving rise to a kind of evolution which is to some extent closer to the Dirichlet case.

Notice in addition that in also in the papers [82,83,176] one can find asymptotic bounds

6
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for weighted porous medium equations in connection with functional inequalities, although
no smoothing effect is dealt with there.

As concerns methods of proof, most of our short-time estimates will be obtained by means
of techniques of Moser iteration type, named after J. Moser who introduced and developed
them in a series of papers (see e.g. [134-137]), mainly in connection with the study of uni-
formly elliptic operators in R?. The interesting point in such techniques is that, basically,
they only make use of functional inequalities like Sobolev’s. As concerns the porous medium
equation, similar kind of methods were used in the quoted paper [3] and also in [2], even
though the estimates proved there are not smoothing effects since they still depend in a
nontrivial way upon the L* norm of the initial datum. A Moser iteration very similar to the
ones we exploit here can be found in [61], see also Chapter 2, Subsection 2.2.2.

We point out that, although the estimates for the Neumann problem (1.1.18) and (1.1.19)
are equal to the corresponding estimates for the Dirichlet problem plus a constant times
||tol| 4o in the right-hand side, they are much harder to prove compared to the latter, since
additional terms to be dealt with appear in the Moser iterations.

On the other hand, long-time bounds will be proved by means of purely differential meth-
ods, which amount to find a good differential inequality for

d d _
Sllule, o L llu(t) —ll,

Especially in the case of solutions with nonzero mean, obtaining such differential inequalities
is not straightforward: in order to do it, we will have to prove new functional inequalities
from (1.1.11) and (1.1.13). Actually, suitable differential methods, much in the spirit of L.
Gross [106], are thoroughly used by the authors in [27] to prove their smoothing effects. This
yields very good estimates for Dirichlet-type problems (in fact (1.1.8) will be proved by a
differential argument and (1.1.9) is basically a consequence of the results in [27]), while for
Neumann-type problems our Moser iteration techniques give better results.

In Section 1.4 we shall focus on a particular one-weight problem in Euclidean space:

1.1.21
u = Uy on R? x {0}, ( )

{p(x)ut = A[G(u)] in RYx(0,7]=: Sr,
where d > 3, T > 0 and the weight p (which here is commonly referred to as density), the
nonlinearity G' and the initial datum wuy comply with the following conditions:

(i) peC(RY), with p>0;
(it) G e CYR), with G(0) =0and G’ > 0in R\ {0};
(17i) if G'(0) = 0 then G’ is decreasing in (—0,0) and increasing in (0,6) for some 6 > 0;
(iv)  wup € C(RY) NLO(RY).
(Ho)

A typical choice for the function G is of course the one corresponding to the porous medium
equation, namely G(u) = |u|™ u for some m > 1 (French power). In this case, the differential
equation in (1.1.21) is usually called inhomogeneous porous medium equation, which arises
in several contexts of physical interest (see Subsection 1.1.1). On the contrary, if one keeps
filtration equation.

When one gives up the class of energy solutions we informally introduced above and
only deals with (very weak) bounded solutions, well-posedness of problem (1.1.21) turns

7



Chapter 1. Porous medium equations with general weights

out to depend strongly on the behaviour of the density p(x) as |z| — oco. As it is well
known, if assumption (Hy) is satisfied, then there exists a bounded solution (see for instance
(90, 116]). Moreover, if d = 1,2 and p € L®(R?), such solution is unique [107]. In higher
dimensions d > 3, we can have uniqueness or nonuniqueness of bounded solutions depending
on asymptotic properties of p at infinity. More precisely, suppose that p does not decay too
fast, in the sense that there exist R; > 0 and p; € C([Ry1,00)) such that p(x) > pi(|z|) > 0
for all x € B and [z 7pi(r)dr = oo. Then problem (1.1.21) admits at most one bounded
solution (see [153,156] or [154] for similar issues on bounded domains). A natural choice for
p1is e.g. pr(r) =r=%, with r € [Ry, 00), for some o € (—o0, 2] and R; > 0.

On the other hand, if p decays fast enough at infinity, in the sense that I * p € L>°(R?),
where I' is the fundamental solution of the Laplace equation in RY, then nonuniqueness
prevails (see again [153,156] or even [113] for the linear case, namely G(u) = u). That is,
for any function A € Lip([0,7]) with A(0) = 0 there exists a solution u to problem (1.1.21)
which satisfies the additional condition

lim
R—00 ‘8 B R| OBR

U(0,t) — A(t)| do = 0 (1.1.22)

uniformly as ¢ € [0, 7], where
t

Uz, t) = /0 Glu(z, 7)) dr Y(z,1) € Sp.
Note that the hypothesis I'x p € L°(R?) can be replaced by the following stronger (but more
explicit) assumption: there exists Ry > 0 and py € C([Ry,00)) such that p(x) < po(|z|) for
all z € By, and [g rpo(r) dr < oo. Then we can in turn replace (1.1.22) with

‘1|iin \U(z,t) — A(t)| =0 (1.1.23)

uniformly as ¢ € [0,7], which trivially implies (1.1.22). Again, a natural choice for py is
e.g. po(r) = r=* with r € [Ry, 00), for some « € (2, 00] and Ry > 0.

We point out that (1.1.22) and (1.1.23) can also be considered as nonhomogeneous Dirichlet
conditions at infinity in a suitable integral sense. In this regard, it seems therefore natural
to ask whether imposing conditions at infinity in a pointwise sense, which resembles more
closely the usual Dirichlet boundary conditions on bounded domains, still restores existence
and uniqueness of solutions. In order to avoid confusion, we remark that here the term
“inhomogeneous” is referred to the presence of the density p in the differential equation,
while the term “nonhomogeneous” is referred to possible conditions at infinity with A # 0.

As concerns uniqueness subject to (1.1.22) or (1.1.23), so far it was only known that there
exists at most one solution u € L*(S7) to problem (1.1.21) satisfying the extra conditions
(1.1.22) or (1.1.23) either when G(u) = u (see the results obtained in [113]) or when ug > 0
and A = 0 (see [90]). However, the methods used to obtain such results did not work
for general G and A. Here we show that, to some extent, it is possible to deal both with
nonlinearities and nonhomogeneous pointwise conditions simultaneously.

In Subsection 1.4.2 we address existence. More precisely, first we prove that if p decays
fast enough at infinity, the diffusion is non-degenerate in a suitable sense, uy € C(R?) and
lim|, |00 () exists and is finite, then for any a € C([0,T]) with

a(0) = ‘1|im uo () (1.1.24)
T|—0o0
there exists a bounded solution u to problem (1.1.21) which satisfies
‘1|im w(x,t) = a(t) uniformly as ¢t € [0,7]. (1.1.25)
T|—0o0
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Furthermore, we can drop the assumption of non-degeneracy for suitable classes of initial
data uo and conditions at infinity a. Indeed, if a = ap := limjg|0 tuo(x) € R and (Hj) holds
true, then there exists a bounded solution u to problem (1.1.21) such that

‘ llim u(z,t) = ap uniformly as ¢t € [0,7],

Tr|—00
independently of the asymptotic behaviour of p. Finally, if (Hp) is fulfilled and p decays fast
enough at infinity, then for any a € C([0,7]) with @ > 0 in [0,7] there exists a bounded
solution u to problem (1.1.21) which satisfies (1.1.25), provided u, complies with (1.1.24).
For all the precise statements, we refer the reader to Subsection 1.4.1.

Let us comment that in [153], by means of generalizations of the arguments in [113],
conditions (1.1.22) and (1.1.23) for solutions to (1.1.21) are achieved by constructing barriers
at infinity, which are sub- or supersolutions to suitable linear elliptic problems. In the
present context, in order to impose Dirichlet conditions at infinity in a pointwise sense, we
will construct, in a neighbourhood of each ty > 0, delicate time-dependent barriers, which
are sub- or supersolutions to suitable nonlinear parabolic problems.

Uniqueness is dealt with in Subsection 1.4.3. In particular, we prove that it holds true
under the weaker condition

lim u(z,t) =a(t) fora.e. te(0,7),

|z|—o00

are modelled after [8] (p =1, d = 1) and [107] (d = 1,2), where uniqueness was established
in low dimensions without requiring extra conditions at infinity.

1.1.1 Some physical motivations

Given a regular bounded domain Q C R? and m > 1, let us consider the porous medium
equation in the non-weighted case:

uy = A(u™) in QxR (1.1.26)
with u > 0. Undoing the Laplacian as the divergence of the gradient, from (1.1.26) we obtain
w; = div (mum_l Vu) in Q x RY, (1.1.27)

whence one sees that the diffusivity coefficient appearing in the equation is in fact mu™*t. If
we think of u as the concentration of some fluid substance in €2, we find that the diffusion is
slower where the concentration is higher. From the mathematical point of view, this entails
the finite speed of propagation of solutions to (1.1.26), what mostly distinguishes them from
the corresponding solutions to the heat equation (m = 1). To fix ideas, let us examine the
situation in Euclidean space Q = R?%. As it is well known, the Gaussian function

|| 2
4t

uc(z,t) = (1.1.28)

(4rt)?
is the heat kernel or fundamental solution of the heat equation, from which, by convolution,
one obtains all solutions with integrable initial data. In fact, (1.1.28) solves the heat equation
with a Dirac delta § (centred at zero) as initial datum, which represents e.g. the distribution
of a substance that is ideally concentrated at a single point. Hence, the speed of propagation
of such solution is clearly infinite, as after an arbitrarily small time ¢ > 0 it becomes strictly

9



Chapter 1. Porous medium equations with general weights

positive in the whole of R?; the same holds true for any solution corresponding to a compactly
supported (nonnegative) datum. As concerns the porous medium equation, existence of
a particular family of solutions in R? which represents the nonlinear counterpart of the
fundamental solution of the heat equation (1.1.28), was proved in the fifties by three Russian
mathematicians: Zel’dovich, Kompaneets and Barenblatt. Their explicit form is the following
(see [173, Chapter 4]):

1

uzip(x,t) =1t (C = b |x|2t—2*”~)f : (1.1.29)

where
a:=dk, m::;, bI:L_lli
dim—1)+2 2m

and C' > 0 is a free parameter associated with the total mass M := [gpa u(x,t) dx, which is
preserved in time (the same degree of freedom is recovered in the heat equation by multiplying
the fundamental solution by any positive constant). The functions (1.1.29) are commonly
referred to as Barenblatt solutions, or Barenblatt functions. Actually, it is not difficult to
prove that the Barenblatt solution with unitary mass suitably converges, as m | 1, to the
fundamental solution of the heat equation. Nevertheless, there are at least three important
properties (related to each other), enjoyed by Barenblatt solutions, which entail significant
differences between (1.1.28) and (1.1.29):

e a finite speed of propagation;

e a natural free boundary which separates the region where u > 0 from the one where

u = 0, which is a time-space surface of the form

t =c(C,m,d) |72,

e a [limited regqularity (uc is C*° whereas uzip is only Holder).
It is then possible to prove that such properties, in fact, continue to hold for generic solutions
with compactly supported nonnegative initial data, see [173, Chapter 14]. From the physi-
cal point of view, finite speed of propagation is more realistic, making the porous medium
equation a reasonable model for some important physical phenomena, among which heat
propagation can surely be included (in this regard, infinite speed of propagation predicted
by its solutions is one of the main issues associated with the heat equation).

Consider now the weighted porous medium equation

po(x)uy = div [p,(2)V(W™)] in Q@ x RY, (1.1.30)

where p, and p, are positive regular functions in 2. A few recent papers, among which we
quote e.g. [114,163,164], thoroughly studied the Euclidean case @ = R? for p, = 1 and
assuming suitable power-decay conditions at infinity on p,. Basically, it is required that
p(x) ~ |x|~7 as |z| — oo, for some v > 0. As v increases, interesting phenomena arise. If
v € (0,2), Barenblatt-type solutions continue to exists and rule the asymptotics of a large
class of solutions (see also Paragraph 1.2.3.3 below or the Introduction to Chapter 2). If

v € (2,72), where
(m—1)(d—2)

72::2—’_ )
m

then solutions tend to behave more like separable solutions of the form
ug(x,t) == ¢ T S(z),

10
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S being the (minimal) solution to the elliptic problem
1
—A(S™) = —— S in RY .

Actually, for such values of the parameter, there are still Barenblatt-type solutions which
play a role in the asymptotics (though they become unbounded) in some space-time “outer
sets”; however, for v > 75 they definitively cease to exist. Hence, the thresholds v = 2 and
v = 7, separate classes of weights p, which, depending on their behaviour at infinity, make
Euclidean space look more like a bounded domain. In fact the value 7, is deeply linked with
speed of propagation: it is possible to prove that for v < 5 initial data with compact support
stay compactly supported along the evolution, while such property is lost in a finite time for
V> Ve

As we mentioned above, here we shall also analyse signed solutions to the weighted porous
medium equation, ¢.e. solutions corresponding to initial data which are possibly negative
somewhere. In this case u™ is meant as the French power |u|™ !sign(u). As far as we are
concerned, the interest for such kind of data is purely mathematical: below we shall see that
the main physical models which lead to the porous medium equation deal with the evolution
of intrinsically nonnegative quantities such as (for instance) densities, temperatures, lengths
or populations of species.

As for boundary conditions, we consider homogeneous Dirichlet conditions of the type of

u=0 on 0
or homogeneous Neumann conditions of the type of
a m
F(u) = (;n) =0 on 09,

where F' represents the outgoing flow on 0f2 of the substance that diffuses in €. In case of
equations with weights, the flow has to be multiplied by p,. Clearly, the Dirichlet condition
amounts to imposing that there is no substance on the boundary, whereas the Neumann
condition entails that there is no incoming or outgoing flow of the substance to or from
the domain. In agreement with that, if we think about the porous medium equation on
bounded domains (see also the results we state in Subsections 1.2.1 and 1.3.1), solutions to
the Dirichlet problem vanish as ¢t — oo, while solutions to the Neumann problem preserve
the mass and converge to their mean value.

Finally, we point out that the case m € (0,1) gives rise to the so-called fast diffusion
equation. From (1.1.27) it is natural to expect that the behaviour of solutions is substantially
different compared to “porous” case m > 1. In fact, now, the lower is the concentration of
the substance, the higher is the diffusivity. For a short overview of this kind of equation,
which we shall address in Chapters 3 and 4 in two different mathematical frameworks, we
refer the reader e.g. to [173, Section 5.10] and references quoted therein. Let us mention that
the most important phenomenon associated with fast diffusion is extinction in finite time,
namely the fact that, at least for the Dirichlet problem in bounded domains, the diffusion is
so rapid that after a finite time all the substance has gone out of the domain.

In the sequel we briefly describe some physical applications (taken from [173, Chapter 2])
where the porous medium equation has proved to be a good model for the related phenomena.

Let us first consider the distribution of the density o of a polytropic gas which diffuses in
a porous medium (the name porous medium equation was basically born from the description
of this particular phenomenon). The continuity equation (or mass balance) reads

eoy +div(eV) =0,

11



Chapter 1. Porous medium equations with general weights

where V is the velocity of the gas and € € (0, 1) is the porosity of the medium, that is the
fraction of its total volume which is indeed available for fluid circulation. A second equation
is Darcy’s law, namely an empirical relation which links the velocity V with the pressure p:

vV = =A\Vp,

where v is the viscosity of the gas and A is the permeability of the medium (a parameter
which is related to the ease with which a fluid under pressure can penetrate it). Finally we
have the state equation for perfect gases, connecting pressure with density:

pP=poo’;

here n > 1 is the so-called polytropic exponent and py is the reference pressure. After a few
computations, we end up with the following equation for the density:

nAPo
— A n+1
ot ev(n+1) (")

)

namely the porous medium equation with m = n+1 (up to a multiplicative constant of which
we can get rid by means of a straightforward time scaling). The final result gives rise to the
Leibenzon-Muskat model (in this regard, see the monograph [140]). It is apparent that if we
allow for a spatial inhomogeneity of the porosity, the role of the latter is equivalent to the
role of the outer weight p, in the weighted equation (1.1.30), while a possible inhomogeneity
of the permeability is associated with the presence of the inner weight p,,.

Another important application of the porous medium equation arises from heat propaga-
tion in plasmas (ionized gases) at very high temperatures. The corresponding physical model
is based on a modification of Fourier’s law (which leads to the heat equation), prescribing
the following relation between thermal conductivity and temperature:

coTy = div(e(T) VT), (1.1.31)

where c is the specific heat at constant pressure, ¢ is the density of the gas, T' is the distribu-
tion of temperature of the latter (the unknown) and ¢ is the thermal conductivity, which is
supposed to be a function of the temperature. The choice ¢(T') = a7, for a fixed constant
a > 0, yields the Zel’dovich-Raizer model, which corresponds to the porous medium equation
with m = 4. Again, we obtain weighed versions of (1.1.31) as soon as we allow the density
of the gas (which here is considered as a datum) or the thermal conductivity to depend on
the spatial variable as well.

A good model for the description of the phenomenon of groundwater infiltrations is Boussi-
nesq’s equation. Such a phenomenon consists in the penetration of some fluid (typically wa-
ter) through a porous layer of ground having a given height H, which in turn lies on a solid
impervious material. The aim is to establish the height h < H (depending on the planar
coordinates (x,y)) of the water infiltrated in the porous layer, assuming that the impervious
material is at height zero. The equations one uses are essentially the same described above
for the Leibenzon-Muskat model (continuity equation and Darcy’s law, which here also takes
into account gravity), even though in this case the unknown is not a density but part of
the domain itself, namely the height h of the infiltrated water. If one assumes that water
flows in the soil with a velocity which is mainly horizontal and that there are no significant
variations with respect to y, after some computations (see [173, Section 2.3]) we end up with
the following equation (in fact Boussinesq’s equation):
ogA

ht*

=5 (h%) ez , (1.1.32)
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where ¢ is gravity, € and A\ are the porosity and the permeability of the ground layer, re-
spectively, while o and v are the density and the viscosity of water, respectively. It is then
apparent that (1.1.32) is the porous medium equation with d = 1 and m = 2. The possi-
ble presence of the weights p, and p, is still associated with inhomogeneous features of the
medium.

Finally, from [108] we have a simple law which can be used, in principle, to describe the
evolution of a biological species, whose density in a suitable region we denote as u:

ue = div (¢(u) Vu) + f(u),

where ¢ is a given increasing function (representing the diffusivity of the species) and the
forcing term f(u) subsumes interactions with other species. A common choice is ¢(u) = au
(for a constant a > 0).

1.1.2 Preliminary tools: weighted Sobolev spaces

This subsection is devoted to a short overview of weighted Sobolev spaces, which serve
as basic tools for our analysis. We are mostly interested in the case p = 2 and in weights
that are locally bounded and locally bounded away from zero, but for completeness we give
a more general presentation.

In agreement with the above notations, we denote as € a general domain of R¢ (possibly
coinciding with the whole Euclidean space itself) and as v and p two positive measures
on €2 absolutely continuous with respect to the Lebesgue measure, p, and p, being the
corresponding weights (or densities), respectively. Throughout, we shall always assume

pu(x), pu(x) >0 forae x €,

so that also the Lebesgue measure is absolutely continuous with respect to v and p.
For all p € [1,00), we denote as LP(Q2; ) the Banach space of (equivalence classes of)
Lebesgue measurable functions f such that

1715, = [ 1F @ dv = [ 1£@)P pula)de < 0.

The same holds for LP(Q; u). If p € (0,1) we keep an analogous notation, even though in
this case LP(€2;v) is no longer a normed space. We also define the weighted Sobolev space
WP (Q; v, 1) (see e.g. [119]) as the set of all (equivalence classes of) functions v € W2 ()

such that

||/U||§;I/7p, = ||U||z;y + ||VU||;M < 00.

With some abuse of notation, sometimes we shall write L?(Q; p,) or W'?(Q; p,, p,) instead
(the same applies to the corresponding norms). In the special case p = 2 we set H (Q; v, u) :=
Wh2(Q; v, p). Actually, without further assumptions on p, and p,, in general Wh?(Q; v, 1)
is not complete.

Definition 1.1.1. Forallp € (1,00) we denote as BP(2) the class of all measurable functions
f such that f >0 a.e. and

77T € L ().

loc

One can prove [119, Theorem 2.1] that if p € (1,00) and p, € BP(Q) then WP(Q; v, u) is
complete. If p =1 the result is true providing that the condition p, € BP(Q2) is replaced by
-1 o)
P € Lis.(Q).

loc

13



Chapter 1. Porous medium equations with general weights

The fact that for any ¢ € C°(2) =: D(Q?) the quantity ||¢||p.,, is finite is equivalent
(see [119, Lemma 4.4]) to the local finiteness of v and u, that is

Pus P € Line(Q) . (1.1.33)

loc

Under the above hypothesis, we define the space Wy (Q; v, 1) as the closure of D(Q) with
respect to the norm || - ||, If p = 2, we set HL(Q; v, 1) = Wy P (Q; v, ).

When dealing with W'?(Q; v, 1) or Wy?(Q; v, 1) we shall assume, without further com-
ment, that p, € BP(Q) or that p, € BP(Q2) and (1.1.33) holds true, respectively.

Proposition 1.1.2. Let p € [1,00). Then Wh>(Q) € Wy P(Q; v, ).

Proof. Given v € Wh>=(Q), thanks e.g. to [1, Lemmas 2.18 and 3.15] we know that there exists
a sequence of functions {v,} C D(Q) (the mollification of v, see also Chapter 2, Appendix
2.A) such that, as n — oo,

Up, 28 v, Vu, e Vu, ||Un||oo < HUHOO’ HVU"HOO < HVUHOO

and supp(v,) C ' € Q for all n € N. Since v e p are locally finite measures, this implies
that [|v, — v||pw,, — 0 by dominated convergence, and the assertion follows by definition of
Wo P (v, ). 0

Proposition 1.1.3. Let p € [1,00). If py, pu, p;, ', 0" € Lis. (), then C=(Q)NW'P(Q; v, 1)
is dense in WIP(Q; v, ).

Proof. The assumptions imply that the weighted norms ||- ||, and ||- ||, are locally equivalent

to the non-weighted norm | - ||,. This is enough in order to reproduce the proof of [1,
Theorem 3.16]: the idea is to combine the result of Proposition 1.1.2 with a partition of
unity argument. O

Proposition 1.1.4. Let p € [1,00). Then L=(Q) N W'P(Q; v, ) is dense in WHP(Q; v, ).

Proof. One proceeds just as in the non-weighted case. That is, given any v € WP(Q; v, u),

consider the approximating sequence of functions v, := n A (—n V v). By construction,
{v,} C L=(Q) N WP (Q; v, 1) and |v,| < |v]; moreover, Vv, = X{—n<v<n} Vv. The assertion
is therefore a consequence of monotone convergence. H

We now introduce some other weighted Sobolev spaces, which we need throughout the
discussion below.

Definition 1.1.5. Letp € [1,00), py, pu € L. (Q) and p, € B2(2). We denote as Vi (Q; v, p)
the closure of D(2) with respect to the norm

H¢HVOP(Q;Z/,;L) = H¢|’p;y + ||v¢||2,# V(b € D(Q)

and as Vo(Q; ) the space of all functions v € Wi (Q) with Vv € [L2(Q; p)]¢ and for which
there ezists a sequence {¢,} C D(Q) such that

nh_)rgo HV/U - v¢n||2;p, = O .

Clearly, VI (Q; v, 1) is a (reflexive if in addition p > 1) Banach space.

In the special case Q = R? and p, = 1, we point out that V4(§2; u) is a Hilbert space
(endowed with the norm ||V (-)||2), usually referred to as H'(R?).
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Definition 1.1.6. Let p € [1,00) and p, € B*(Q). We denote as VP(Q;v, u) the space of all
functions v € W,5H(Q) such that

||’U||VP(Q;V,[L) = ||U||p;u + ||vv||2;u <00

It is apparent that VP(Q; v, p) is also a (reflexive if in addition p > 1) Banach space.

1.1.3 Outline of the chapter

The chapter is organized as follows.

In Section 1.2 we address the homogeneous Dirichlet problem for the weighted porous
medium equation. In Subsection 1.2.1 we state the corresponding main results. Subsection
1.2.2 is devoted to the proofs of existence and uniqueness of energy solutions (in Paragraph
1.2.2.1 we discuss comparisons with some previous well-posedness results). Subsection 1.2.3
deals with smoothing and decay properties of solutions in connection with functional in-
equalities of Poincaré, Sobolev and Gagliardo-Nirenberg type, and it is split into Paragraphs
1.2.3.1-1.2.3.4 accordingly (Paragraph 1.2.3.2 contains counterexamples in the Poincaré case).

In Section 1.3 we address the homogeneous Neumann problem. In Subsection 1.3.1 we
state the corresponding main results. Existence and uniqueness of energy solutions are proved
in Subsection 1.3.2. Subsection 1.3.3 deals with smoothing estimates in connection with
functional inequalities of Poincaré, Sobolev and Gagliardo-Nirenberg type, and it is split into
Paragraphs 1.3.3.1-1.3.3.5. In particular, Paragraph 1.3.3.2 contains a counterexample in the
Poincaré case, while Paragraph 1.3.3.5 is concerned with the explanation of how our results
improve on previous ones. Subsection 1.3.4 is devoted to the analysis of long-time behaviour,
and it is split similarly to Subsection 1.3.3 into Paragraphs 1.3.4.1-1.3.4.4.

Section 1.4 deals with the inhomogeneous filtration equation in Euclidean space. In Sub-
section 1.4.1 we state our main existence and uniqueness results. In Subsection 1.4.2 we
give proofs of existence of solutions with nonhomogeneous conditions at infinity, while in
Subsection 1.4.3 we establish uniqueness of such solutions.

Finally, in Appendix 1.A we collect some explicit examples of admissible weights (taken
from available literature) for which Poincaré-, Sobolev- and Gagliardo-Nirenberg-type in-
equalities hold true, so that the results of Sections 1.2 and 1.3 can be readily applied to
the corresponding weighted problems. We divide it into Subsections 1.A.1 (inequalities for
the Dirichlet problem) and 1.A.2 (inequalities for the Neumann problem), which are in turn
divided into Paragraphs 1.A.1.1-1.A.1.3 and 1.A.2.1-1.A.2.3, respectively, depending on the
particular type of inequality we discuss.

1.2 The homogeneous Dirichlet problem

This section is devoted to the analysis of well-posedness issues and smoothing and decay
estimates for solutions to the weighted Dirichlet problem (1.1.1), specially as concerns their
connections with the validity of Poincaré-, Sobolev- and Gagliardo-Nirenberg-type inequali-
ties for the weights involved.

1.2.1 Statements of the main results

We begin by providing our notion of weak solution to (1.1.1).

Definition 1.2.1. A function u such that:
w € LN(0,7); Lie (2 v)), w™(t) € Vo(Q ), V(u™) € LH(0,T); [L(2; )] %)
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for a.e. t >0 and every T > 0,

is a weak solution to (1.1.1) with initial datum vy € L (Q;v) if it satisfies

/()T/Qu(x,t)gpt(x,t) dvdt = —/Quo(a:)go(x,()) dl/+/0 /g)(V(um),V@ (,t)dpdt  (1.2.1)
for all p € C(Q x [0,T)) such that o(T) = 0.

The above definition is similar to the one given in [173, Definition 5.4] (non-weighted
porous medium equation on bounded domains). Differences are due to the fact that here we
have to deal with general domains and weights, on which no a priori regularity or boundedness
properties are required.

In agreement with a common terminology often used in [173], we also provide the impor-
tant notion of energy solution.

Definition 1.2.2. We say that u is a (weak) energy solution to (1.1.1) if it is a weak solution
(in the sense of Definition 1.2.1) such that

w™ e LY ((0,T); Ve T ™, 1) and V(™) € LA((0,T); [L2(: )] (1.2.2)
for all'T > 0.
Energy solutions enjoy a (relatively standard, see [173, Theorem 5.3]) uniqueness property.
Proposition 1.2.3. There exists at most one energy solution to (1.1.1).

As concerns existence, we shall prove the following fundamental result.

Theorem 1.2.4. Let py, pu,p, " p," € Lig.(Q). Toke up € L'(Qv) NLO(Q;v), with g9 >
m+ 1. Then there exists a weak solution u to (1.1.1), in the sense of Definition 1.2.1, which
satisfies (1.2.2) and the estimates

talg + 1y . .
(m+q/ /‘V 2 )(x t)’ dudt+/ |u(z, T)| dz/</ lup(z)|" dv  (1.2.3)

and

/ /Q ) |2¢(, 1))? dvdt < max (¢ m—|—1/ luo ()| dv (1.2.4)
t€]0,T]
for all ¢ € [0,q0 — 1] and T > 0, where z := u'™ /2 and ¢ is any nonnegative C*((0,T))
function. In particular, u is the unique energy solution.

Moreover, if v is the energy solution corresponding to another initial datum vy € LY(Q; )N
L™TY(Q; v), the following LY (Q;v) comparison principle holds true:

/Q [u(x,t) —v(x,t)], dv < /Q [uo(w) —vo(z)], dv ¥t >0. (1.2.5)

When dealing with initial data in L*(2; ) but with no further integrability property, we
cannot provide a weak solution of (1.1.1) in the sense of Definition 1.2.1. Nevertheless, in
view of (1.2.5), we infer that the map L'(Q;v) N L™ (Q;v) — L>®((0,00); L}(Q;v)) which
associates to an initial datum ug the corresponding energy solution u, is Lipschitz and densely
defined in L'(Q;v). Hence, it admits a unique Lipschitz extension to the whole of L'(€;v).
We shall refer to the corresponding images, according to a terminology used in [173, Section
6.1], as limit solutions.

We now state the main results which connect the validity of suitable functional inequalities
to smoothing and decay estimates for solutions to (1.1.1). In the sequel, by the term “the
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1.2. The homogeneous Dirichlet problem

solution”, we mean the weak energy solution provided by Theorem 1.2.4 if uy € L1(Q;v) N
L™(Q;v) or the limit solution if uy € L'(2;v). The assumptions on the weights are also
meant as in Theorem 1.2.4.

Theorem 1.2.5 (Poincaré case). Let qo € [1,00) and ug € L' (Q;v) NL®(Q;v). Suppose that
the Poincaré-type inequality

[ollyy, < CplIVUlly, Vv € Hy(Qv,p) (1.2.6)

holds true for some Cp > 0. Then the solution u to (1.1.1) with initial datum ug satisfies the

smoothing estimate
a0

(@), < K1t 2w ug| Vt >0 (1.2.7)

Qo
for all o € (g, 0), where K1 > 0 is a suitable constant depending only on o, m and Cp.
If moreover v(Q)) < oo, then the above estimate can be improved for large times:

2—qq

__ %
()], < Kot 200 (£ fJuolll ) ™% Ve >0, (1.2.8)
where Ky > 0 is a suitable constant depending only on o, qo, m, Cp and v(2). In particular,
the absolute bound

lu(t)ll,, < Kot™m1 V>0
holds true.

Theorem 1.2.6 (Poincaré case, converse implication). Suppose that there ezist a constant
Ky > 0 and two given numbers qo € [l,m + 1) and ¢ > m + 1 such that, for all uy €
LY(Q;v) NLe(Q;v), the solution u to (1.1.1) with initial datum ug satisfies estimate (1.2.7).
Then the Poincaré-type inequality (1.2.6) holds true. In particular, the validity of (1.2.7) for
two given gy € [I,m + 1) and 0 > m + 1 is equivalent to (1.2.6) and so to the validity of
(1.2.7) for any g € [1,00) and ¢ € (qo, 00).

Theorem 1.2.7 (Sobolev case). Let qo € [1,00) and ug € L (2;v) NL2(Q;v). Suppose that
the Sobolev-type inequality

[Wllasy < CslIVolly, Vo€ Hy(Qv, 1) (1.2.9)

H2cr;l/

holds true for some o > 1 and Cs > 0. Then the solution u to (1.1.1) with initial datum ug
satisfies the smoothing estimate

(e—1)qg

Ju(t)],, < K + GDatotn=—1 o | GDagta(n=D gy 0, (1.2.10)

qo;V

where K1 > 0 is a suitable constant depending only on m, Cg and o.
If moreover v(Q)) < oo, then the above estimate can be improved for large times:

o _ (e—1)ag
(O, < Kot TR (14 fugllyr) T gy,

qo;vV

where Ky > 0 is a suitable constant depending only on gy, m, Cs, o and v()). In particular,
the absolute bound

u(®)| . < Kyt 71 V>0 (1.2.11)
holds true.
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Chapter 1. Porous medium equations with general weights

Theorem 1.2.8 (Sobolev case, converse implication). Suppose that there exist a constant
K > 0 and two numbers qo € [1,m+1) and o > 1 such that, for all ug € L}(;v)NLL(Q;v),
the solution u to (1.1.1) with initial datum ug satisfies estimate (1.2.10). Then the Sobolev-
type inequality (1.2.9) holds true. In particular, the validity of (1.2.10) for a given ¢y €
[1,m + 1) is equivalent to (1.2.9) and so to the validity of (1.2.10) for any qo € [1,00).

Theorem 1.2.9 (One-dimensional case). Let d = 1 (that is, Q is an interval). Let qy €
[1,00) and ug € LY(Q;v) NLL(Q;v). Suppose that the family of one-dimensional Gagliardo-
Nirenberg-type inequalities

A
s+
20

0]l < Ca, |V FXVs >0, Yoe HY Q) N Q) (1.2.12)

lv

holds true for some A > 2 and Cg, > 0. Then the solution u to (1.1.1) with initial datum wug
satisfies the estimate

(A+2)gg

lu®)], < K ¢ DR D) [ SRR TS (1.2.13)

qo;V

where K1 > 0 is a suitable constant depending only on m, Cg, and .
If moreover v(Q)) < oo, then the above estimate can be improved for large times:

(A+2)qq

u(®)] < Ko £ O A=) (t + Huoul‘m)_(’"*W“”W(m*l” vt >0, (1.2.14)

qo;v

where Ky > 0 is a suitable constant depending only on qo, m, Cq,, X\ and v(Q). In particular,
the absolute bound (1.2.11) holds true.

Theorem 1.2.10 (One-dimensional case, converse implication). Suppose that there exist
a constant K1 > 0 and two numbers qo € [1,m + 1) and X > 2 such that, for all ug €
LY(Q;v)NL®(Q;v), the solution u to (1.1.1) with initial datum ug satisfies estimate (1.2.13).
Then the family of one-dimensional Gagliardo-Nirenberg-type inequalities (1.2.12) holds true.
In particular, the validity of (1.2.13) for a given gy € [1, m + 1) is equivalent to (1.2.12) and
so to the validity of (1.2.13) for any qo € [1, 00).

Theorem 1.2.11 (Two-dimensional case). Let d < 2. Let qy € [1,00) and uy € L'(Q;v) N
L©(Q;v). Suppose that the family of two-dimensional Gagliardo-Nirenberg-type inequalities

[ollew < Coy IV0llsy Iollfy ¥ >s>0, Woe HA Qv NLAQv)  (1.2.15)
holds true for some constant Cg, > 0 which depends on r,s only through a finite upper bound

on r. Then the solution u to (1.1.1) with initial datum ug satisfies the smoothing estimate

q0

lu()]l < K1t o0 [|ugl|®5™ " Yt >0, (1.2.16)

qo;v

where K1 > 0 is a suitable constant depending only on m and Cg,.
If moreover v(Q)) < oo, then the above estimate can be improved for large times:

— 90
u(t)] ., < Ko R (t + ||u0||1*m) (m=Dlaotm=b gt > (), (1.2.17)

qo;V

where Ko > 0 is a suitable constant depending only on qo, m, Cq, and v(2). In particular,
the absolute bound (1.2.11) holds true.
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1.2. The homogeneous Dirichlet problem

Theorem 1.2.12 (Two-dimensional case, converse implication). Suppose that there exist a
constant Ky > 0 and a number gy € [1,m + 1) such that, for all ug € L'(2;v) NLO(Q;v),
the solution u to (1.1.1) with initial datum wgy satisfies estimate (1.2.16). Then the family of
two-dimensional Gagliardo-Nirenberg-type inequalities (1.2.15) holds true with some constant
Cq, > 0 which depends on r,s only through a finite upper bound on r. In particular, the
validity of (1.2.16) for a given gy € [1,m + 1) is equivalent to (1.2.15) and so to the validity
of (1.2.16) for any qo € [1,00).

Proposition 1.2.3 and Theorem 1.2.4 will be proved in the next Subsection 1.2.2. Theorems
1.2.5 and 1.2.6 will be proved in Paragraph 1.2.3.1. In the subsequent Paragraph 1.2.3.2
we show some counterexample to the L regularization, which therefore does not occur
(in general) when only a Poincaré-type inequality holds true for the weights involved. In
Paragraph 1.2.3.3 we shall only give hints on the proofs of the Sobolev case: in fact, Theorem
1.2.7 is basically a consequence of the results in [27], whereas Theorem 1.2.8 follows by means
of the same techniques of proof of Theorem 1.2.6. Finally, Theorems 1.2.9-1.2.12 will be
proved in Paragraph 1.2.3.4.

Remark 1.2.13. When Q = R? and p, = p,, = 1, the results of Theorems 1.2.7 (with d > 3
and 0 = d/(d — 2)), 1.2.9 (with A = 2) and 1.2.11 (with d = 2) are in agreement with
the sharp results obtained in [172, Chapters 2, 3|, where the same smoothing estimates are
proved with different techniques. We point out that such techniques are not applicable in
our general framework; nevertheless, at least in the case gy = 1, they permit us to find the
best constant K, for which the estimates hold (attained by Barenblatt solutions).

As concerns bounded Euclidean domains, still in the non-weighted case p, = p, = 1,
in view of the asymptotic results of [171] (we refer the reader to [173, Chapter 20] as well)
we know that the absolute bound (1.2.11) is in sharp. Note that such an estimate fails
in Euclidean space, since the L* norm of Barenblatt solutions decays with a rate slower
than ¢+~%/(m=1) (see also Subsection 1.1.1 above). This is in agreement with the hypothesis
v(2) < oo we required in order to prove (1.2.11).

Remark 1.2.14. Even though we did not mention it explicitly, it is apparent that if d > 3
then the Sobolev-type inequality (1.2.9) can only hold for some ¢ < d/(d — 2): this is just a
consequence of the fact that our weights are locally equivalent to the unitary weight (recall
the hypotheses of Theorem 1.2.4 above). For the same reason, an inequality like (1.2.12) can
only hold in dimension one and for some A > 2. Similarly, (1.2.15) cannot hold if d > 3. In
this regard we refer the reader to Subsection 1.A.1 for some explicit examples.

Remark 1.2.15. Note that, formally, the smoothing estimates of Theorem 1.2.7 can be
obtained by letting A = —2¢ in the ones of Theorem 1.2.9. On the other hand, the smoothing
estimates of Theorem 1.2.11 are in fact the limit, as ¢ — oo or as A — oo, of the ones of
Theorem 1.2.7 or Theorem 1.2.9, respectively. This is not just a coincidence: as it is well
known, and as we shall see below, Sobolev- and Gagliardo-Nirenberg-type inequalities are
deeply connected with one another.

1.2.2 Well-posedness analysis

The uniqueness result of Proposition 1.2.3 follows by means of a quite standard argument,
whose main steps we outline for the reader’s convenience.

Proof of Proposition 1.2.3. Thanks to (1.2.2) and to a density argument, in fact it is possible
to choose in (1.2.1) any test function ¢ such that

p € WHEEm((0,T) Vg ™M Qv ), Ve € LA((0,7); [LA(Q: m)]), o(T) = 0. (1.2.18)
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Chapter 1. Porous medium equations with general weights

We can therefore exploit the method of proof of [173, Theorem 5.3|, which actually goes back
to the pioneering papers [143,144]. That is, we plug Oleinik’s test function

T
ol t) = [ [ (@, ) — uf(z, 9)] ds, (1.2.19)

t
which clearly complies with (1.2.18), in the weak formulation satisfied by the difference of

two energy solutions u; and ug having the same initial datum uy. After an integration by
parts in time, we end up with

EAT]g&unt)—zutut»(uTCut)—1@%x,ﬂ)dydt
w5,

T
/ V(ul" —uy')(x,s)ds| dp=0.
0
Since both terms in the L.h.s. are nonnegative, the assertion follows. O

In order to prove our existence Theorem 1.2.4, we first need an intermediate result.

Lemma 1.2.16. Let Q be a C** bounded domain of R?. Let p,,pu, p, ", p," € Lig.(Y) for

some domain Q' > Q. Take ug € C>*(Q). Then the conclusions of Theorem 1.2.4 hold true
(for all ¢ > 0).

Proof. To begin with, let us assume that p, € C**(Q) and p, € C**(Q), with p,,p, > 0.
Under these additional hypotheses, proceeding along the lines of the proof of [173, Lemma
5.8] we can get a first existence result. The basic idea is to approximate problem (1.1.1)
with suitable non-degenerate problems. More precisely, pick a sequence of smooth functions
®’ : R +— RT such that:

e & (y) — mly|™ ! locally uniformly as n — oo;

e & (y) >0 VyeR;

o O (y) = @ (—y), so that in particular ®,(0) = 0, where @, (y) := [} D] (r)dr.
Then consider the following non-degenerate quasilinear problem:

(un)e = p; " div[p, V(®,(un))] in Q x R
Up =0 on 992 x RT | (1.2.20)
Up = Up on 2 x {0}.

In view of the change of variable w = p,u,, it is convenient to write the latter in divergence
form:
wy = div [22 @) (£) Vw - % V(p,) ¥, (£)w] in QxRF,

w =10 on 90 x R* | (1.2.21)
w = pyuo on 2 x {0}.

With no loss of generality we shall suppose that ® (y) = ¢ for |y| > ||uollec + 1, where
¢ > 0 is a suitable constant, possibly depending on n. Under our assumptions, we can apply
Theorem V.6.1 of [120], which provides us with a solution w € C*1(Q2 x [0,T]) VT > 0 to
(1.2.21). From standard parabolic regularity results (see e.g. [120, Theorem IV.5.2]) we also
have, in particular, w; € CH%(Q x (0,7)). It is then apparent that u, is a solution to (1.2.20)
with the same regularity as w. Moreover, thanks to the parabolic maximum principle (see
e.g. [120, Theorem 1.2.9]), there holds

lun(2,1)] < luollee V(@ t) € Q x RT. (1.2.22)
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1.2. The homogeneous Dirichlet problem

Given a regular function ¢ as in the weak formulation (1.2.1), multiplying the differential
equation in (1.2.20) by p,¢ and integrating by parts in © x (0,7"), we obtain:

T
/ /un(x,t)got(ac,t) dvdt = —/ o(z)p(z,0 du—i-/ / V) (x,t)dudt.
0o Jo
(1.2.23)
In order to pass to the limit in (1.2.23) as n — oo, we first need suitable estimates on w,.

To this end, letting
y y
v, ::/CDn dr, T ::/ o (r)d
W)= [ @ar)dr, Thw) = [0 dr

by means of computations similar to the ones performed in [173, Lemma 5.8], we get:

/\If un (2, T)) dl/+/ /|V () (2, )P dpdt = /\I/ up(z)) dv, (1.2.24)

1/ Iun(x,T)|2du+/T/ VO ) )] dpct = 1/ Jug () v, (1.2.25)
[ [ co]eritue. | avar =2 [* [ )1V @ ) 0P dudt,  (1226)

where ( is any nonnegative CCI(O,T) function. Let us mention that (1.2.24), (1.2.25) and
(1.2.26) follow by multiplying the differential equation in (1.2.20) by the functions p,®,(u,),
Pty and p, P! (uy,)(uy), respectively, and integrating by parts in Q x (0,7).

From (1.2.22), (1.2.25), (1.2.26) and the fact that p,, p., p, ", p," € Lis.(€), we deduce
that the sequence {Y!(u,)} is bounded in H}_(Q x RT). Hence, up to a subsequence,

{TL(u,)} converges almost everywhere in 2 x RT. Thanks to the good properties of the
approximating sequence {®’ }, this easily entails the existence of a function u such that:

2 m+1
| B () = u™, TL(u,) — mu% (1.2.27)

1
n U, \Ijn n) —7
“ “ (1tn) m+ 1 m+1

a.e. in  x RT. Estimates (1.2.22), (1.2.24), (1.2.26) and the pointwise limits in (1.2.27)
ensure that (again, along subsequences)

u, — u in L2((0,7); L*(2)),

@, (u,) — u™ weakly in L2((0,T); HE(Q)) (and so in LYY™((0,T); Vi ™V/™ (v, 1)),
Tl (Un> 2\/_

m—l—l

We are therefore allowed to pass to the limit in (1.2.23) to conclude that u is a weak energy
solution to (1.1.1) with initial datum uy.

It remains to prove estimates (1.2.3)-(1.2.5). As concerns (1.2.3), the idea is just to
multiply the differential equation in (1.2.20) by p,u?, integrate in 2 x (0,7") to obtain the
analogue of (1.2.25) for Y4 (u,,), where

= ["Va@, )l dr,
0

and pass to the limit as n — oo. This works rigorously at least for ¢ > 1: if instead ¢ < 1
one can consider a smooth approximation fi(y) of the real function y?, deduce analogous es-
timates as above, first let n — oo and then & — oo. Estimate (1.2.4) is a direct consequence

"7 weakly in H'((7,T);L3(Q)) Vr € (0,7).

21



Chapter 1. Porous medium equations with general weights

of (1.2.24), (1.2.26) and the weak convergence of {Y%(u,)} to [2v/m/(m + 1)]u(™+D/2 in
H((7,T); L*(Q)). The L'(2; v) comparison principle (1.2.5) follows exactly as in [173, Propo-
sition 3.5]: formally, one picks the test function sign_ [®,,(u,,) — P, (v,)] in the problem solved
by the difference u,, — v,, obtains the bound for u,(t) — v,(t) and then lets n — oo.
Finally, let us remove the initial assumptions p, € C**(Q) and p, € C*>*(Q). In order to
do so, it is enough to notice that, in view of the hypotheses on the weights, the corresponding
mollifications (p,). and (p,). (see e.g. Chapter 2, Subsection 2.A.2) are C*(Q) functions,
uniformly bounded from above and below in Q by positive constants independent of ¢ > 0
and converging almost everywhere to p, and p,, respectively. Hence, as a consequence of the
first part of the proof, there exists an energy solution u. to (1.1.1) which satisfies (1.2.3) and
(1.2.4), with p, and p, replaced by (p,). and (p,).. Letting ¢ — 0, by means of arguments
similar to the ones used above, it is straightforward to check that {u.} converges to the energy
solution of (1.1.1), which still complies with (1.2.3) and (1.2.4). The validity of (1.2.5) follows
likewise. [

Taking advantage of Lemma 1.2.16, we are able to prove existence of weak energy solu-
tions to (1.1.1) when the initial datum ug and the domain  are less regular and possibly
unbounded.

Proof of Theorem 1.2./. First of all, notice that the results of Lemma 1.2.16 can be readily
extended to general L(€); v) NL>®(Q) data: in fact, it suffices to approximate uy € L}(Q; )N
L>(Q2) with a sequence {ug,} C C*>*(Q) and establish as above proper convergence of the
corresponding (sub)sequence of solutions {u,, }.

In order to handle general domains €2, one can proceed similarly to the end of proof
of [173, Theorem 5.7]: that is, given uy € L'(Q; ) NL>®(2), one picks an increasing sequence
of smooth bounded domains {€,} such that U, 2, = Q, 2, € Q and solves in each of
them the homogeneous Dirichlet problem with initial datum wg, = ug|q, , denoting as u,, the
corresponding solution, which is set to zero outside §2,,. Estimates (1.2.3) and (1.2.4) then

read as follows:
m+q
[5(:)ee
m + q

[ [col() o

Hence, with minor modifications w.r.t. to the proof of Lemma 1.2.16, no major difficulty
arises in showing that {u,}, up to subsequences, converges to the weak energy solution u of
problem (1.1.1) e.g. in the following way:

d,udt+/ [ (, T)| " dv < / lug(x)| T dv, (1.2.28)

m + 1 m+1
< 1.2.2
dydt tre%a%C (t) / |uo(z dv. ( 9)

u, — u weakly in L2((0,T); L*(Q;v)),

w™ = u™ weakly in L2((0,7); Vo /™ v, 1)),
m+q
un? —u' weakly in L2((0, T); VZ' ™ (Qs v, 1)) Vp > (m+q)/2, (1.2.30)
V() = V(™) weakly in T2((0, T); [L2(; )]%),
m+1 m41
un® —u"? weakly in H'((7,T); L*(Q;v)) V7€ (0,T),

so that estimates (1.2.3)—(1.2.5) are preserved at the limit (as for the latter, one just applies

simultaneously the same approximating scheme to another initial datum vy).
We finally need to remove the hypothesis uy € L*(Q;v) N L>(Q). To this end, one picks
a sequence of initial data {ug,} C L'(Q;v) NL>®(Q) converging to ug in L'(Q;v) NLL(Q;v)
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and considers the corresponding sequence {u,} of energy solutions to (1.1.1). Thanks to the
LY(Q;v) comparison principle (1.2.5), {u,} is Cauchy in L>((0,00); L}(Q;v)) and therefore
converges to a function u belonging to the same space. In order to prove that u is the energy
solution to (1.1.1) corresponding to uy and satisfying (1.2.3) and (1.2.4), one proceeds exactly
as above, recalling that gy > m+ 1 (the validity of (1.2.5) now is trivial). The only difference
is that (1.2.30) holds true for ¢ < go — 1 and p € ((m + q)/2, qo)- O

Remark 1.2.17. In the case of a nonnegative initial datum wuy € LY(Q;v) N L®(Q), the
above sequence of energy solutions {u,}, which solve the homogeneous Dirichlet problems
in the regular bounded domains €2, with initial data wy, = wug|q,, is in fact monotone in-
creasing. This is a consequence e.g. of a standard comparison principle for regular sub- and
supersolutions to the approximating problems constructed in Lemma 1.2.16: the solution to
(1.2.20) in Q,44 is clearly a supersolution to the same problem in 2, (it is nonnegative on
082,,), which implies that it lies above the corresponding solution in €2,. It is then apparent
that such property is preserved at the limit.

Notice that from estimate (1.2.4) we infer, for instance, that u(™+1/2 is an absolutely
continuous curve in C([r,00); L?(Q;v)) (for any 7 > 0), which in particular implies that
u € C((0,00); L™ (Q;v)). In view of this property, it is not difficult to prove the validity
of the so called semigroup property: for every 7 > 0, u|j; o is the (weak) energy solution of
(1.1.1) with initial datum u(7). Actually, if ug is smooth enough, we can ensure that u(™+1/2
is continuous down to ¢ = 0. In fact, we have the following result (see also [173, Section 5.6]).

Corollary 1.2.18. If, in addition to the hypotheses of Theorem 1.2.4, we assume that
g € Vg M (),

then the estimates

//’ =N xt‘dydt—l— +1 /|V )(z, T)) dp <(m+/|Vu0()|2dp

(1.2.31)
and

/Q\uo(x)\m“ dyg/Qm(x,t)\m“ dy+(m+1)t/QW(u81)(x)\2du (1.2.32)

hold true for all T,t > 0. In particular, u™tV/2 is an absolutely continuous curve in
C([0,00); L2(Q; v)).

Proof. Suppose first that vy € C>*(Q). In this case, (1.2.31) and (1.2.32) are direct conse-
quences of the estimates (1.2.24) and (1.2.26) obtained for the corresponding approximating
problems (in (1.2.26) one just lets ¢'(t) — do(t) — 0r(t)). In fact, throughout all the subse-
quent passages to the limit in the proofs of Lemma 1.2.16 and Theorem 1.2.4, such estimates
are stable. The only nontrivial point is to prove that we can pass to the limit safely in
the first term in the r.h.s. of (1.2.32) along the proof of Theorem 1.2.4. To this end, let us
denote as u, the energy solution to (1.1.1) in €,, with initial datum uy and as u,, and ;" the
energy solutions to the same problem but with initial data —(ug)— and (ug)4, respectively.
Since —(ug)_ < ug < (ug)y, thanks to the L'(£2,;v) comparison principle we deduce that
u, < u, <wubin Q, x RT. Recalling Remark 1.2.17 (which holds similarly for nonpositive
data), we have that {u, } and {u}} converge monotonically to v~ and u™, respectively, the
latter still being the corresponding energy solutions to (1.1.1), but in the whole of 2. In
particular, {u,(¢)} is dominated from above and below by two L™*(Q;v) functions. Since
{un(t)} converges pointwise to u, estimate (1.2.32) follows by dominated convergence.
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Chapter 1. Porous medium equations with general weights

Suppose now that
Uy’ € Vol’:l/m(Q; v,u) and wy € LY(Q;v).

Recalling the definition of VOIH/ "(Q;v, ), it is easy to see that there exists a sequence
{ugn} C C%*%(Q) such that supp(ug,) C Q € Q for some fixed domain Qy and {u7}
converges to ug" in Vol tY/ "(Q; v, u) (it is just a matter of approximating the real function
y'/™ with a sequence of smooth functions). Thanks to the hypotheses on the initial datum,
we can moreover assume that |ug,| < f for some fixed nonnegative f € L'(Q; v) L™ (Q; v).
In view of the L(£2; v) comparison principle, this is enough in order to exploit the first part
of the proof and pass to the limit in (1.2.31) and (1.2.32) (with u = u,, the energy solution
to (1.1.1) corresponding to ug,) as n — oo.
Finally, let

u e Vi ™ Qv ) and wg € LY w).

The existence of {ug,} C C>*() such that {u} converges to u™ in V5 /™ (v, 1) can be

established as above. It is straightforward to check that the sequence

gy, = [(w0) " A (uon) ] = [(u0)™ A (uon)™]
b 1+1/m /. m s 1+1/m /. ~
elongs to V. /" (v, 1) and converges to ug* in V (Q; v, ). Moreover, |tg,| < |ug| €
LY(Q;v) N L™H(Q; v). Still by comparison, the sequence of solutions {4,} to (1.1.1), with
initial data {7, }, is trapped between two L™1(Q; ) functions at every time and converges
pointwise to the energy solution with initial datum wy. This permits us to pass to the limit
in (1.2.31), (1.2.32) and conclude the proof. O

Below we discuss some standard properties of the limit solutions introduced in Subsection
1.2.1.

Proposition 1.2.19. Let u and v be two limit solutions of (1.1.1), corresponding to the
initial data ug € L (Q;v) and vy € LY(Q;v), respectively. Then:
o if in addition uy € L™ (Q;v), u is the energy solution;
o for a.e. T > 0, Ul is the limit solution corresponding to the initial datum u(r)
(semigroup property);
e the L1(Q;v) comparison principle (1.2.5) holds true for a.e. t > 0.

Proof. The first and the third claim are trivial consequences of the concept of limit solution
and of the L'(2;v) comparison principle for energy solutions. As concerns the semigroup
property, by definition of limit solution there exists a sequence {u,} of energy solutions such
that

[u(T) = un(T)|l;,, = 0 (1.2.33)
and

Unlfroe) = Ulreey 0 L¥((7,00); LM v)) (1.2.34)

for a.e. 7 > 0. Since un][mo) is the energy solution corresponding to the initial datum wu, (1),
thanks to (1.2.33) and (1.2.34) we infer that u|;;) is the limit solution in € x (7,00) with
initial datum (7). O

In Subsection 1.2.3 we shall see that the validity of some functional inequalities (of
Poincaré-, Sobolev- or Gagliardo-Nirenberg-type) for the weights p, and p, gives rise to
an L%(Q; v)-Le(§2; v) regularizing effect, at least for any ¢y € [1,00) and ¢ € (go, 00): this
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1.2. The homogeneous Dirichlet problem

fact, together with Proposition 1.2.19, ensures that limit solutions are actually weak energy
solutions after an arbitrarily small time 7 > 0.

Here we shall not analyse further the issue of L!(Q; v) continuity of solutions: for a related
discussion, though in a relatively different context, see for instance Chapter 2, Subsection
2.3.4. We only mention that, if #(€2) < oo, it is a direct consequence of Corollary 1.2.18 and
(1.2.5).

Remark 1.2.20. The statements and proofs of Lemma 1.2.16, Theorem 1.2.4 and Corollary
1.2.18 have been given for every T,t > 0 and not only for almost every T,t > 0. This is
a consequence of the just recalled C'((0,00); L™ (Q;v)) property of energy solutions. The
same applies to Theorems 1.2.5, 1.2.7, 1.2.9 and 1.2.11.

1.2.2.1 Comparison with some previous results

In the particular case where Q = R? (d > 3), p, = 1 and p, is a weight which satisfies
appropriate decay conditions as |z| — 0o, there are some works which provide existence and
uniqueness results for nonnegative solutions to the corresponding weighted porous medium
equation (also referred to as inhomogeneous porous medium equation, see e.g. [163] and
quoted references). Let us briefly compare such results to ours.

Given a nonnegative initial datum uy € L'(R% v), according to [163, Definition 1.1] any
nonnegative function u is a weak solution to (1.1.1) if it is continuous in R? x (0, 00) and:

e u e C([0,00); LY{R% v)) N LR x (1,00)) V71 > 0;

o V(u™) € [LA(R? x (1,00))]¢ V7 > 0;

e for any ¢ € C}(R? x (0,00)) there holds

/t@ ™Y V) (2, 8) — ulz, ), ) py(a)] dedt = 0 (1.2.35)

o lim; o u(t) = up in LY(Q;v).
The most important difference between our definition of weak solution and the one just given
lies in the space where one looks for the solution w. In fact, note that in [163, Definition
1.1] ™ is not related to the test function space chosen in (1.2.35): in other words, it is not
imposed that u™(t) belongs to the closure of C}(R?) (or D(R?)) with respect to a suitable
norm. Indeed, when p,(z) goes to zero sufficiently fast as || — oo, some non-uniqueness
issues arise (see the Introduction to Chapter 2).

The two main well-posedness results proved in [163] are the following:

o if p, € C'(RY) is bounded and strictly positive, then [163, Theorem 3.1] there exists a

weak solution according to the above definition;
e if in addition, p, satisfies

Ao(1+ |z))™ < py(x) Vo eR?

for a suitable constant Ay > 0, then such solution is also unique [163, Theorem 4.1].
The uniqueness result, to some extent, is not improvable: if p,(z) behaves like |z|~7 at
infinity, with v > d, the finiteness of v(R?) implies that if the initial datum is ug = 1 then
u =1 is a weak solution to (1.1.1) according to the above definition. On the other hand, it is
possible to prove (see [163, Section 8]) that in this case (actually for any v > 2) the solution
constructed in [163, Theorem 3.1] satisfies the decay condition

lim

R%mMAB/ (g t)dtdo =0 YT > 0; (1.2.36)

since (1.2.36) is trivially not fulfilled by nonzero constants, this means that we have at
least two solutions. When the initial datum belongs to L!'(R% ) N L>(R?) actually the
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Chapter 1. Porous medium equations with general weights

solution we get from [163, Theorem 3.1] satisfies the requirements of [163, Definition 1.1]
down to 7 = 0 and it is indeed an energy solution. It seems therefore natural to inquire how
such non-uniqueness problem is in agreement with uniqueness of energy solutions proved in
Proposition 1.2.3. The answer is that in this case nonzero constants do not belong to

Vi m R b)) (1.2.37)

where we denote as A the Lebesgue measure on R?. In fact it is direct to show that the
Euclidean Sobolev inequality always holds true in the space (1.2.37) (because it is valid in
H'(R%)), which prevents any nonzero constant from belonging to it. Roughly speaking, the
choice of test functions in the weak formulation (1.2.35) is typical of a Dirichlet problem;
however, no “boundary condition” is prescribed on u. When the weight p,(z) vanishes
sufficiently fast as |z| — oo, R? behaves like a bounded domain, so that one expects to have
to put boundary conditions at infinity to restore uniqueness. Indeed, condition (1.2.36) turns
out to be sufficient for uniqueness, see again [163, Section 8] and references quoted therein.

Despite these non-uniqueness issues (for a > d), it is not difficult to check that the weak
solution of (1.1.1) (according to [163, Definition 1.1]) constructed in [163, Theorem 3.1]
coincides with the weak energy solution of the same problem (according to Definition 1.2.1)
whose existence was proved in Theorem 1.2.4, at least for any ug € L*(R%; ) N L*°(RY) (and
so for any L'(Q;v) datum in view of (1.2.5)). As a consequence, in this context solutions
are in fact C([0,00); L*(R% v)) functions. Still from results in [163] we know that an L™
smoothing effect takes place: this is consistent with the validity of the Sobolev inequality in
H}(R% v, \) (see Paragraph 1.2.3.3 below).

1.2.3 Smoothing and decay estimates

In this subsection we shall prove Theorems 1.2.5-1.2.12, which show how the validity of
Poincaré-, Sobolev- or Gagliardo-Nirenberg-type inequalities in HJ (€; v, 1) is connected with
suitable smoothing effects for solutions to (1.1.1).

1.2.3.1 Poincaré-type inequalities

Proof of Theorem 1.2.5. We shall proceed by means of a Gross differential method. The
computations follow closely to the ones performed in the proof of [105, Theorem 1.3], so we
just point out the most significant differences. Upon defining the entropy functional

@l <|f(:c)|> )
T D= Jo e B\ )

the validity of the family of logarithmic Sobolev inequalities

(2 —r)lvl7

1 TV 2
(J(T, U) + ﬁ loge) T < ||VU||2§N (1238)

Vre[l,2), Ye>0, YoeL'(Qv)NH (v,

was established in [105, Theorem 1.3]. Given uy € L*(Q;v) NL®(Q), t > 0, qo € (1,00) and
0 € (qo, ), let u be the solution to (1.1.1) with initial datum wug. Introducing an increasing,
one-to-one and C*([0,¢]) function ¢ : [0,#] — [qo, 0], after explicit calculations we get:

d
= log ||U<S) Hq(s);l/

ds
T8 Jate) o) - <q(5> T 1> m(é)ﬁg_;l) v ()



1.2. The homogeneous Dirichlet problem

One applies (1.2.38) to v = u™™~D/2 in the above identity, sets ¢(s) := go + 2(0 — qo),
chooses r and e appropriately and solves the resulting differential inequality in the variable
y(s) := log||u(s)||q(s),, along the lines of the proof of [105, Theorem 1.3]. With respect to
the notations used therein, we point out that it is enough to replace ¢ — 1 with m(q — 1),
p—2 with m — 1, p with 2 and C with C%. This yields estimate (1.2.7) for ¢y > 1. The case
qo = 1 follows by taking limits, since the constant K; in (1.2.7) can be shown to be bounded

as qo 4 1.
In the case v(§2) < oo, for any fixed go > 1 we have:

< (s, = maolao — 1) Hv( 2 o)
ds qoiv Go+m—1 B (a0 %
mq qO m—1
<- (qo — 1) o= e,
m% qo — m—1
<~ (o) e

qo+m 1

= =D (|[u(s)]®,)

where D > 0 is a suitable constant depending only on ¢q, m, Cp and v(2). Solving the above
differential inequality in the variable y(s) := [ju(s)||Z., we end up with the estimate

1
()], < V>0, (1.2.39)

(Dt + Jluollg) ™

upon relabelling D. Hence, using (1.2.39) and (1.2.7) between ¢ and t/2 (notice that we are
also exploiting the semigroup property, see Proposition 1.2.19), we obtain:

qo;v

40

_ a0 q0
lu(®)l, < Ko (8/2)7 50 Jult/2) 0 < Kot 20 (E+ uolly ) ™77 e >0,

where K3 > 0 is another constant depending only on o, g9, m, Cp and v(Q).
It remains to prove the validity of (1.2.8) for go = 1. To this end, it is convenient to use
the smoothing effect (1.2.7) with, for instance, o replaced by (0 + 1)/2 and ¢y = 1:

Ju()||esr,, < Kyt~ @ ||u0|\9+1 Vit > 0. (1.2.40)
Exploiting (1.2.40) and (1.2.8) (with ¢o = (0 + 1)/2) between ¢ and ¢/2, we get:

__etl
20(m—1)

l(t)],, <K (6/2)7 0 (12 + ult/D] 7, )

#
2p0(m—1)

<K, ¢~ 28t <t+ ||u(t/2)||g+1 >

20-m)\ ~ ZoleeT)
SKZ Q(m 1) (tQJrl + HU()”l o1 )

_ _ 1
<Kyt 7 (14 uolliy")

for all ¢ > 0, where K5 > 0 is a constant as above, possibly changing from line to line.
Finally, in order to remove the hypothesis ug € L*(Q;v) N L>(Q), it is enough to take a
sequence {ug,} C LY(Q;v) N L®(Q) which converges to uy in L1 (Q;v) N Lo(Q; v), apply to
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Chapter 1. Porous medium equations with general weights

the corresponding solutions {u,} of (1.1.1) the just proved estimates and pass to the limit
as n — oo (also exploiting the L!(Q;v) comparison principle (1.2.5)). O

Notice that, a priori, our solutions are not regular enough (in time) in order to justify
rigorously the calculations we performed in the above proof. Nevertheless, one can overcome
this issue in several ways: for instance by performing analogous computations in the non-
degenerate problems solved in the proof of Lemma 1.2.16 and then passing to the limit or by
exploiting the general fact that solutions are actually strong. We shall not investigate further
the latter property: for a short overview in this regard, we refer the reader to Chapter 2,
Paragraph 2.2.2.1, where strong solutions are dealt with in a different context, but the same
arguments work here as well. Alternatively, Theorem 1.2.5, at least as concerns (1.2.7), can
be proved by means of a Moser iteration technique, which does not require time regularity.
We shall see several applications of this method in the proofs of Theorems 1.2.9, 1.2.11 and
in Subsection 1.3.3.

We now prove the converse implication of Theorem 1.2.5.

Proof of Theorem 1.2.6. As in the second part of the proof of [105, Theorem 1.3], we want
to take advantage of [13, Theorem 3.1]. In order to do that, let us consider any initial datum
ug € Wh°(Q). It is apparent that the hypotheses of Corollary 1.2.18 are fulfilled, so that
(1.2.32) holds true. Thanks to an interpolation argument and to the fact that the L%(£;v)
norm of the solution does not increase along the evolution (trivial consequence of (1.2.3)),
from the validity of (1.2.7) for some p > m+1 it is direct to deduce the validity of the latter
also for o = m + 1, possibly with a different constant K; which we do not relabel. Hence, by
combining such a smoothing estimate with (1.2.32), we obtain:

1
luollmir, <

+(m+1)t HV(ugl)Hg# vVt > 0.
Minimizing the exph(ntly the right-hand side w.r.t. ¢ > 0, we end up with

fIOV

_2(m+1—qg) __gg(m-1)

o]l 1 < BUIV (gl Mol ggi ™ (1.2.41)

where B = B(qy, m, K1) > 0 is a suitable constant. In order to rewrite (1.2.41) in a more
convenient way for our purposes, consider the following sequence {¢,} of real functions:

&) =2 (v = 50 ) Xy ) +2 (3 5 ) X1 210+ xay o) Yy € R.

By construction, the regularized approximations
o 1/m
= & (ug™)
of uy/™ still belong to W1 (Q). Moreover,
[oa ()] < [uo(@)|™, V) (@) =&, (ug ™ (@) [on(@)™ " |up(@)| " Vo ()

for a.e. z € Q. In view of the above estimates and from the properties of {¢,}, it is straight-
forward to check that

IV (vr)|(x) < 2|Vug(z)| forae xe€Q

and that {v,} and {V(v")} converge pointwise to ug™ and V(up), respectively. Applying

(1.2.41) to the sequence of initial data {v,} and passing to the limit as n — oo, by dominated
convergence we infer that

2m(m+1—qq) qp(m—1)

sty < B [Tl G5 ol 7 (12.42)

[|uo
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Setting

B 2m(m+ 1 — qo) T._m—l—l )

_(m+1)(2m—90)’ o m » 8 m’ q::2’ W(f> = vaHQ;p,?

where f is any nonnegative function belonging to W>(Q), inequality (1.2.42) reads

A [V _ 1 7,9 1 —'19 N m
1l < [BWOIAL . 5= 0+ —— B=B7. (1.2.43)

S

We are therefore in position to apply Theorem 3.1 of [13], which ensures the validity of
(1.2.43) for ¥ = 1 and r = 2 as well, that is

1£lla0 < BIV £y, (1.2.44)

up to a different positive constant B. Hence, we have proved the Poincaré inequality for
nonnegative functions in W*°(Q). The extension of (1.2.44) to signed functions in W1°(£2)
is easily achieved by writing f = f, — f_, while the extension to the whole of H}(;v, 1)
just follows by density (recall Proposition 1.1.2). O

1.2.3.2 Counterexamples to L™ regularization

As already mentioned, estimate (1.2.7) provides us with an L% (Q; v)-1¢(2; v) regulariza-
tion which fails at o = oo (by direct computations one checks that K; diverges as ¢ — o). In
this paragraph, by means of two explicit counterexamples, we show that in general one cannot
do better, that is the sole validity of a Poincaré-type inequality prevents L>° regularization.

Let Q = R*. With respect to the weights p,(x) = p,(x) = €77, it is known that the
Poincaré-type inequality (1.2.6) holds true (see Appendix 1.A, Paragraph 1.A.1.1). In this
framework, problem (1.1.1) reads

u = e (e " (u™),), in RT x R,
w=0 on {0} x R* (1.2.45)
U = U on Rt x {0}.

We aim at proving that the solution u corresponding to the initial datum wug(z) = log(x + 1)
is unbounded for all £ > 0. To this end, let us consider the following family of functions:

1 1
vp(x,t) == og(z +1) —, B>0.

(14 B-1(m—1)t)m

One can show that vg is a subsolution to (1.2.45) for a suitable choice of the constant B. In
fact, after some standard computations, one gets:

e (ol + ")), = — m B . Dl [logg . Blm_
log(z + 1)]™2
+m(m —1) (x+1)2

It is then apparent that there exists a constant B > 0 such that
log(x + 1) > —Be® (e ([log(z + 1)]")s)z
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so that

log(z + 1) - e”(e”"([log(z + 1)]™)a)a _ (e (u™),)
B(L+ B (m—11)7T = (14 B (m—1) )7 Bk

(UB)t = -

As a consequence, vp is a subsolution to (1.2.45) for ug(x) = log(xz 4+ 1). The comparison
principle for strong sub-supersolutions (see [173, Theorem 8.10]) entails vg < w; in particular,
u(t) is unbounded for all t > 0. Moreover, since uy € L% (R*;e™*) for all ¢y € [1,00), in this
case the L (R™; e~*)-L>°(R™") regularization does not take place for any ¢y € [1, 00).

Let Q@ = R? with d > 3. Take the weights p,(z) = |z|7 and p, = 1, so that (1.1.1) here
reads

1.2.46
u = on R? x {0} . ( )

{\x|_2 uy = A(u™)  in R x RY
Problem (1.2.46) is also known as inhomogeneous porous medium equation with critical den-
sity, and has been thoroughly studied in the recent paper [141] (see also [169] for connections
with the porous medium equation on hyperbolic space). It is straightforward to check that
the (Barenblatt-type) function

log<t“/|x|>]ml—l | 1

Uit = [mu—m ERNCERITEY

+
is in fact an energy solution to (1.2.46) after an arbitrarily small ¢ > 0, which belongs to
Le(RY; |z|~2) for all ¢ € [1,00) but is clearly unbounded in a neighbourhood of {x = 0}. On
the other hand, the validity of the classical Hardy inequality

/ v (z) |z)?dx < 012{/ \Vo(z)|*dz VYo e H(RY), Cy >0,
RY R4

is equivalent to the validity of the weighted Poincaré inequality in Hg(R%; |z|72,1).
In the latter case, actually, standard time-space scaling arguments imply that the only
possible smoothing effect of the type

()l a2 < K17 [fuollggyy-  VE >0

for some oy > 0 and By > 0 is (1.2.7). Moreover, estimate (1.2.7) is sharp on U, in the sense
that it captures the exact rate at which ||U(t)]|s-2 blows up as ¢ — 0 or vanishes as t — oo,
namely ¢~ (e=D/le(m=1]

As the reader might have noticed, strictly speaking, problem (1.2.46) does not fall within
the framework of those for which we established a well-posedness theory in Subsection 1.2.2,
since the weight |z|72 is singular at x = 0. Nevertheless, we can overcome this issue at least
in two ways. One consists in considering the same problem in R?\ {0} rather than in R¢: it is
easy to check that energy solutions to the two problems actually coincide. As an alternative,
one can prove well-posedness results for (1.2.46) by approximating |z|~2 with a sequence of
regular weights (see also Chapter 2, Subsection 2.2.2 for a similar procedure as related to a
fractional problem of the type of (1.2.46)).

1.2.3.3 Sobolev-type inequalities

We only provide a short proof of Theorem 1.2.8 and make some comments on Theorem
1.2.7.
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Proof of Theorem 1.2.8. Given an initial datum uy € W1*°(Q2) and denoting as u the corre-
sponding solution to (1.1.1), using the fact the L% (€; ) norm of u(t) does not increase, by
interpolation we get:

la(lmit, < @™ luollfy, ¥t > 0.

m—+1;v qo;V

Applying the smoothing effect (1.2.10) to the r.h.s. we obtain

q0(20m—m—1)

o(m+1—gqq) _d0\eTTr TR )
lu(®)|™ < Ot T TartnD Jug|| 7,00 vt > 0 (1.2.47)

m+1v qo;v

for a suitable C' = C(go, m, 0, K1) > 0. Thanks again to Corollary 1.2.18, (1.2.47) entails

qp(2o0m—m—1)

o(m+1—qq)
uol|™FL < €t Dwotatns uoll 5,777+ (m 4+ 1) ¢ [V (ug)l[5,  VE>0. (1.2.48)

m+1v qo;v

Minimizing the explicitly the right-hand side of (1.2.48) w.r.t. ¢ > 0 and proceeding exactly
as in the proof of Theorem 1.2.6, we end up with the following inequality:

1 9 1-9

R e o (1.2.49)

where f is any nonnegative function belonging to W>°(Q), C'is a positive constant as above

and now
20m(m + 1 — qo) m+ 1
r o= —

mrD)2om—a)’ T m

, Si=

3

, q:=20.

=

Hence, we are again in position to apply Theorem 3.1 of [13], from which we deduce the

validity of (1.2.49) for ¥ = 1 and r = 20 as well, that is
||f||20’;u S C ||vf||2,u (]‘250)

up to a different positive constant C. The extension of (1.2.50) to the whole of H}(2;v, 1)
just follows as in the end of proof of Theorem 1.2.6. [

Theorem 1.2.7, to some extent, was already proved in [27] (see Theorem 1.5 there), at least
as concerns (1.2.10). In fact, in such paper, the authors establish the same smoothing effect
for solutions to the porous medium equation on Riemannian manifolds of infinite volume
and without boundary, in dimension d > 3. They proceed by means of a Gross differential
method, and their approach is purely functional analytic, in the sense that they only exploit
the validity of the Sobolev inequality (1.2.9) with o = d/(d — 2). It is therefore immediate
to check that their proof works in our context as well.

Furthermore, there are at least another to ways to prove Theorem 1.2.7. They are very
similar to each other and they both rely on a Moser iteration technique. As for the first one,
we refer the reader to the proof of Theorem 1.3.8 in Paragraph 1.3.3.3 (smoothing estimates
for the homogeneous Neumann problem with the validity of a Sobolev-type inequality): it is
apparent that the same strategy also works for the Dirichlet problem (in which case it is even
much simpler). As for the second one, let us notice that, in view of the deep results in [13],
the Sobolev-type inequality (1.2.9) is in fact equivalent to the family of Gagliardo-Nirenberg-
type inequalities (1.2.49), where ¢ = 20 and r, s > 0, ¥ € (0, 1] are free parameters (linked by
the corresponding constraint in (1.2.49)). Hence, one can repeat the proof of Theorem 1.2.11
below with minor modifications. We point out that, still as a consequence of the results
in [13], the family (1.2.49) is equivalent to (1.2.12) for ¢ = —\, while for ¢ = oo it coincides
with (1.2.15).
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Let us consider problem (1.2.9) with the choices = R? (d > 3), p, = 1 and p,(z) = |z|™
for some v € (0, 2), that is

{|m|7ut =A(u™) in R?x RT, (12.51)

U = on R? x {0} .

In this case, the Hardy-Sobolev inequality (see also Chapter 3, Subsection 3.2.2)

d—2 1
( Jo(a) P |x|_7dx) T < O (/ |Vv(:v)|2dx) * Voe H'RY, Cus>0,
R R
holds true, namely (1.2.9) with 0 = (d —7)/(d — 2). The Barenblatt-type function (see [164]
or the the Introduction to Chapter 2)

1
dm—1)+2—my’

Uz, t) =t [1-@(#@\)?@?, a:=(d—yk, k=

where b is a fixed positive constant depending only on m, d and +, is an energy solution
to (1.2.51) after an arbitrarily small ¢ > 0. Notice that, in agreement with Theorem 1.2.7
and unlike the case v = 2 discussed in Paragraph 1.2.3.2, U(t) is a bounded function at any
t > 0. Moreover, a direct computation shows that the smoothing estimate (1.2.10) (with
o= (d—~)/(d—2)) is sharp on U.

As concerns the fact that the weight |z|~7 is singular at = 0, the same comments as in
the end of Paragraph 1.2.3.2 apply.

1.2.3.4 Gagliardo-Nirenberg-type inequalities
We first prove > bounds in the one-dimensional case.

Proof of Theorem 1.2.9. First notice that inequality (1.2.12) is equivalent to

2(s+X)
[l

Cllells,

< |va||2 Vs >0, Yo€ Hy(Qu,u) NLA(Qv): v#0, (1.2.52)

where we set C' 1= C2 s+’\ A Let qo > 1, t > 0 and take ug € L!(€; ) N L¥(Q). Estimate

(1.2.3) with ¢ = gp — 1 ‘and T =t tr1v1ally entails

7 (=)o

Applying (1.2.52) to the function v = u(®©+m=D/2(7) we obtain:

4610 @ —1)m
qo—l—m—l

d,udT < ugl|%©

qo;v *

2(s+A)
X

4qo(qo — 1)m / ‘ H :
< —dr < o 1.2.53
C(go+m—1)2 0+m 1 27& = HUO|QO7V ( )

q0+m 1

ENY

Since L?(Q2; v) norms are nonincreasing in time (direct consequence of (1.2.3)), from (1.2.53)
we infer (provided s(¢o +m —1)/2 > 1)
(s+N)(ggtm—1)
4go(qo — Dm_ Jlu(®)llo >

C + m — 1 2 s(gg+m—1)
(qo ) HUO 73(%&%1)‘”
2 9

< uol| (1.2.54)

qo;v *
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1.2. The homogeneous Dirichlet problem

Letting s = 2qo/(qo + m — 1), (1.2.54) reads

(A+2)gp+A(m—1)
A

4g0(qo — D)m lu(t)|l

< Juoll®
—1)2 249 qo;v
Claotm =17 | 5,
whence
A _ (A+2)gg
(), < Kyt T )| G52 (1.2.55)

for a suitable constant K; > 0 as in the statement which, a priori, also depends on ¢q since
it blows up as gy J 1 (but it is stable as gy T 00). In order to prove the validity of (1.2.55)
down to qo = 1, we use the same argument as in Corollary 8.1 of [61]. That is, by exploiting
the mterpolatlon inequality [[u(t/2)[|2., < lu(t/2)|9 " [u(t/2)|1, the fact that the LY(Q;v)
norm of the solution is not increasing (recall (1.2.3)) and (1.2.55) between ¢ and t/2, we get:

B A+ 2
S A2+ Am—1)°

2 % a(qo— «
lu@llee < K1 (5)" Tut/2)1E0 ol (1.2:56)

Iterating (1.2.56) k& — 1 times we end up with

K h—olo(ao— D g2 Soh s (e Dla(ao—1))"

||U/(t>||oo S Aa

o oYk ba(ao-1)"
125 S lalao- D) /2515290 a7 =0
A+2 h=0

(1.2.57)
Letting k& — oo in (1.2.57), it is just a matter of straightforward computations to verify
that the multiplicative constants above stay bounded, the powers to which ¢t~ and ||ug]|1.,
are elevated tend to A\/(Am + 2) and (A + 2)/(Am + 2), respectively, while the one to which
lu(t/2%) 0o < ||uollso is elevated tends to zero. This yields

—~ A2
lu(®)lloe < K t7707 ugl| 772 (1.2.58)

namely (1.2.13) for gy = 1, where K > 0 is a constant that depends only on m, Cg, and A
(fix e.g. go = 2 in the calculations above). We can assert that the multiplicative constant
K, appearing in (1.2.13) is finally independent of gy because it is locally bounded, it stays
bounded as ¢y — oo and for any ¢y € [1,2] (for instance) it is possible to repeat the same
argument we used to prove (1.2.58), which in particular ensures boundedness of such constant
as qo varies in [1,2].

For the proof of (1.2.14) in the case v(Q2) < 0o, we can proceed similarly to the end of proof
of Theorem 1.2.5. In fact, the validity of (1.2.39) for gy > 1 follows by means of an identical
argument (since v(Q2) < oo, it is apparent that (1.2.12) entails the Poincaré inequality for a
constant C'p that depends on Cg,, A and v(Q2)). Hence, using (1.2.39) and (1.2.13) between
t and t/2, we obtain:

(A+2)qg

10(8) layy, <HG (£/2)” 0BT u(t/2) [

qo;V
(A +2)qq

<Kst ~ CFDa =D (t + HUOHqO Y ) D000 3T gy s ()

where Ky > 0 is another constant depending only on gg, m, Cg,, A and v(2). It therefore
remains to prove the validity of (1.2.14) for gqo = 1. To this end, note that, thanks to the
inequality [|u(t)[|3,, < |Ju(t)lslltoll1 and to (1.2.13) (evaluated at go = 1), we get:

A(m+1)+4

lu()lly, < K7 €7 fluglly ™ Ve > 0. (1.2.50)

33



Chapter 1. Porous medium equations with general weights

Exploiting (1.2.59) and (1.2.14) (with ¢y = 2) between ¢ and ¢/2, we find

N Y- 1—m\ ~ DA F]
()]l <Kot~ 505 (¢ 4+ u(t/2)]5,")

_ 22+4
1_m))\(m+1)+4> (m—1)[A(m+1)+4]

A(m+1)+4

<Kyt v (t Bttt 1 ol

2Am+-4
v

. 1-m _(mflk)(+2m+2)
§K2t Am+2 (t+ Huo”l;y ) t> O7

where Ky > 0 is still a suitable constant depending only on m, Cg,, A and v(2), possibly
changing from line to line.

In order to conclude the proof, we need to get rid of the assumption ug € L*(Q; 1) NL>(1Q).
To this aim, given uy € L}(Q;v)NL®(Q; v), pick a sequence {ug,} C L'(Q;v)NL>®(Q) which
converges to ug in L'(Q; v)NL%Y(Q; v) and notice that the corresponding sequence of solutions
{u,} of (1.1.1) converges to u in L*=((0,00); L'(Q;v)) (recall (1.2.5)). Moreover, in view of
(1.2.13), {un(t)} converges to u(t) for a.e. ¢ > 0 in the weak* topology of L*°(2), which
is enough to pass to the limit in all the above estimates thanks to the weak* lower semi-
continuity of the L°° norm. O

Now let us prove the converse implication of Theorem 1.2.9.

Proof of Theorem 1.2.10. We can repeat the same proof as Theorem 1.2.8 to obtain the
following functional inequality:

_ 1 9 1-9
[ £l < ICNV ol 111"~ = i : (1.2.60)

S

where f is any nonnegative function belonging to W!>(Q), C' > 0 is a suitable constant
depending on qo, m, A, K; and
Am(m+1— qp) m+1
= s roi=——
(m+1)(Am + qo) m

, S:=

We are therefore in position to apply Theorem 3.2 of [13], which ensures the validity of
(1.2.60) for any s > 0, J = A\/(s + A) and r = oo, that is

S (1.2.61)

CHZ

1l £CIVS

%
2 IS

up to a possibly different constant C' > 0 independent of s. For a signed f € W1>(Q),
inequality (1.2.61) follows by applying the latter both to f, and f_. A standard mollification
argument then allows us to assert its validity for all f € Hj (Q;v, ) (recall that p, and
pu are locally equivalent to 1). We can finally deal with any f € Hj(Q;v, u) N L5 (Q;v) by
density: given {¢,} C D(Q) such that ¢, — f in Hg(;v, i), just notice that the sequence

fo = ANMdn) ] = [f- N (Pn)-] € H&C(Q; v, )

still converges to f in H}(Q; v, p) and it is such that [q, |fn(2)[*dv — [o |f(2)]* dv, which is
enough in order to pass to the limit in (1.2.61). O

We now pass to the two-dimensional case.
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1.2. The homogeneous Dirichlet problem

Proof of Theorem 1.2.11. Let gy > 1, t > 0 and take ug € L(Q; v)NL>(Q). In order to prove
the smoothing estimate (1.2.16), we shall proceed by means of a Moser iteration technique.
That is, given two increasing sequences of positive numbers {py} (with py = qo) and {¢x}, to
be defined later, estimate (1.2.3) with (0,7) replaced by (tx,tx+1) and ¢ = pr — 1 yields

( S > (x,7)

4pk( pr— )m  [te+

" dudr < [lult)| (1.2.62)

(pr +m —1)? v
Let us rewrite (1.2.15) as
Hﬁ”ﬂ’; <|Volly, Vr>s>0, Yoe Hy(Qv,p)NL(Qv): v#0, (1.2.63)
Clolls ’

where C':= C2/"™*) Applying (1.2.63) to the function v = u@+=1/2(7) in order to bound
the Lh.s. of (1 2. 62), we get:

2r
r—s

Ape(pr — 1)m e | v Pk
C(pp +m—1)2 / — = A7 < lu(t) 5y, - (1.2.64)
|

Now let tp := (1 — 27%)t, so that ty = 0, tpy1 — t = t/28" and limg_otp, = t. By
exploiting (1.2.64) and the fact that L”(€2; ) norms do not increase along the evolution (let
s(go +m —1)/2 > 1), we infer the inequality

T—5

pk—I—m 1)
Apr(pr — 1)m ||U(tk+1)|| = (prtm—1)w

FAC =1 a5,

< lu(te)[BE, . (1.2.65)

If we choose s = s = 2pi/(pr + m — 1), then (1.2.65) reads

= Sk = (Ptm—1)

_ i (petm—1)
Ly <280 ulty) :

Hpkv )

lultrsa) |l (1.2.66)

where we relabelled C. It is convenient to set r = r, = s + 2: in particular, we point out
that in this way both {s;} and {r;} are bounded sequences, so that the constant C' only
depends on ¢p, m and on Cg, through a fixed finite upper bound on r (note that r, < 4).

Assuming that {p;} satisfies the recurrence relation pyy1 = 2px, +m — 1, we can rewrite
(1.2.66) as follows:

2pL

_k 1 __1
(i) o < 2750 O Pt (lufte) [ - (1.2.67)

PV

Iterating (1.2.67) and using the fact that {pg.1} is explicit, namely
Per1= (@ +m—1)2""+1—m

we obtain:
1 Nk 2 g
[ (tiss) pesrw < 07T e 2 (=) (Ct‘l)”’““ 2 h=o?" ol 75
SK 2P k-n) k41 2kt1g,
S 2(q0+mh710)2k+1+1,m (C t*l) (q0+m31)2k’+11+1—m Hu0||(;g;0;m71>2k+1+17m (1268)

2k+1

k+1
. k+11 ag+m— 1)2’“+1+1 m
< Klt (gop+m—1)2 +1—m Hu Hq

Y
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Chapter 1. Porous medium equations with general weights

where K; > 0 is a suitable constant as in the statement, which a priori also depends on gp.
Recalling that py 1 0o and ¢, Tt as k — oo and exploiting once again the fact that LP(;v)
norms do not increase in time, from (1.2.68) we deduce that

90
qo+m—1

1
Hu(t)HOO = klggo ||u(t)||pk+1;V < h]ggg)lf ||u(tk+1)||l7k+1;l/ < Klt dotm—1 HuO“qo;V s

that is (1.2.16). In order to prove (1.2.17) in the case v(§2) < oo and to remove the hypotheses
qo > 1 and ug € L' (2; ) NL>®(Q) one can proceed exactly as in the end of proof of Theorem
1.2.9 above, so we omit details. O

We finally give a sketch of proof of the converse implication of Theorem 1.2.11.

Proof of Theorem 1.2.12. Proceeding again as in the proof of Theorem 1.2.8, we end up with
the following functional inequality:

. 1 9 1-9
£l < (CNVF " W15 =0+

S

where f is any nonnegative function belonging to W}!>(Q), C' > 0 is a suitable constant
depending on ¢, m, K; and
m+1— qo m+1 q0
V=— r=—, s§:=—, ¢:=00.
m+ 1 m m
Theorem 3.3 of [13] ensures the validity of (1.2.60) for all 7 > s > 0, 9 = 1 — s/r and a
constant C' > 0 which depends on r, s only through a finite upper bound on r. In order to
deduce the just proved inequality for the whole of H}(Q; v, u) NL#(Q; v), one can argue as in
the proof of Theorem 1.2.10 above. ]

Remark 1.2.21. Note that, thanks to the equivalence results of [13], the conclusions of
Theorem 1.2.11 (smoothing estimates, two-dimensional case) remain true if, instead of the
whole family of Gagliardo-Nirenberg-type inequalities (1.2.15), we require the validity of one
inequality of such family (for some r > s > 0). The same comment applies to Theorem 1.2.9
(one-dimensional case).

1.3 The homogeneous Neumann problem

The aim of this section is to establish the same kind of results we proved above for solutions
to the weighted Neumann problem (1.1.2). As we shall see, some of them will follow by means
of adaptations of the arguments we used in the Dirichlet case, but most of them (specially
as concerns asymptotics) need much more elaborated strategies.

1.3.1 Statements of the main results

Below we only give the notion of weak energy solution to (1.1.2). In fact, the natural
counterpart of Definition 1.2.1 here would be the one where one chooses e.g. test functions
in C*(Q x [0,T)), rather than only in C>(Q2 x [0,T)). However, since we assume no a priori
regularity property for € and p,, p, up to 9€2, these test functions may not be directly related
to the underlying weighted Sobolev spaces where it is natural to look for a weak solution
(see Subsection 1.1.2 above: in the generality of our discussion, the only available result as
concerns density of regular functions is Proposition 1.1.3). It is thus convenient to introduce
such spaces in the very definition of weak solution.
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1.3. The homogeneous Neumann problem

Definition 1.3.1. A function u such that:
we Lm0, T); L™ (Qw),  V(u™) € L2((0,7); [L*(2; 1))

for a.e. t >0 and every T >0,

is a weak energy solution to (1.1.2) with initial datum uy € L™ (Q;v) if it satisfies

/()T/Qu(x,t)got(x,t) dvdt = —/Quo(x)go(x,()) du+/0T/Q(V(um)7Vg0> (2, t)dpdt (1.3.1)

for all p € WHY™((0,T); LYY/™(Q; v)) with Vi € L2((0,T); [L2(9%; 1)]?) and o(T) = 0.
It is apparent that the above properties entail
u™ e LYYm(0,T7); VY™ Qv p)) YT > 0.

Notice that now it is by definition admissible to pick Oleinik’s test function (1.2.19) in (1.3.1).
Hence, repeating the proof of Proposition 1.2.3, we get the same result in the Neumann case.

Proposition 1.3.2. There exists at most one weak energy solution to (1.1.2).
When v is a finite measure, we denote as f the weighted mean value of a function f €
LY(Q;v), that is
? — fQ f(x) dv
(Y

In our short- and long-time analysis of the behaviour of solutions to (1.1.2), we shall focus
on the case v(2) < co. In this regard, a classical key property is the conservation of (signed)
mass or mean value.

Proposition 1.3.3. Let v(2) < oo. If u is a weak energy solution to (1.1.2) then
u(t)=upg=u forae t>0.

Proof. Thanks to the assumptions, for any fixed ¢ > 0 and h € (0,2¢) we can plug in (1.3.1)
the following test functions (independent of z):

t—s 1
©n(8) == Xjo,t—n/2)(8) + Xj—n/2,64n/2] () ( T 2) Vs € RT,

from which we get the identity
1 [t+h/2
s /Qu(x, s) duds:/Quo(x) dv.

In order to conclude the proof we let h — 0 and use Lebesgue’s differentiation Theorem. [

As for existence, we have the analogue of Theorem 1.2.4.

Theorem 1.3.4. Let p,, pu, p, ", 0, € L (). Take up € L' (Q;v) NLO(Qv), with g9 >
m + 1. Then there ezists the weak energy solution u to (1.1.2), in the sense of Definition
1.3.1, which satisfies the estimates

4q( 1)
alq + m/ /‘ u 2+ ast dudt+/]uxT\q+1dy</|u ()" dv  (1.3.2)
(m + q)?



Chapter 1. Porous medium equations with general weights

and
1
/ /( ) 2 (, 1)) dvdt < max(’ m+ / luo ()| d (1.3.3)
te[0,T
for all ¢ € [0,q0 — 1] and T > 0, where z := u'™ /2 and ¢ is any nonnegative C1((0,T))
function.

Moreover, if v is the weak energy solution corresponding to another initial datum vy €
LY(Q;v) NL™H(Q;v), the following LY (2 v) comparison principle holds true:

/Q [u(z,t) —v(x,t)], dv < /Q [uo(w) —vo(z)], dv Vit >0. (1.3.4)

Thanks to (1.3.4), for general L'(2;v) data we can define limit solutions exactly as in
Subsection 1.2.1.

Remark 1.3.5. In the case where
VI Qs p) = Ve Q)

it is plain that the two notions of energy solution provided by Definitions 1.2.2 and 1.3.1
coincide. Hence, in view of the above existence and uniqueness results, the energy solution
to the Dirichlet problem with initial datum wug € L*(Q;v) N L™T(Q;v) is also the energy
solution to the Neumann problem with the same initial datum, and vice versa. We can draw
an analogous conclusion if

HY Qv 1) = Hy(Q v, 1) - (1.3.5)

Actually, in such case, we cannot state that Definitions 1.2.2 and 1.3.1 are equivalent. Nev-
ertheless, thanks to estimate (1.3.2), we know that for any uy € LY(Q;v) N L®(Q) the cor-
responding energy solution to the Neumann problem is such that «™(¢) € V*Y/™(Q: v, u) N
L%(Q;v) for a.e. t > 0. Tt is direct to check that, in view of (1.3.5), this entails

' (t) € Vi T ™MQv )

Hence, the energy solution to the Neumann problem is also the energy solution to the Dirichlet
problem, so that such solutions coincide in this case as well. For a general ug € L'(Q;v), the
same results hold by taking limits (recall (1.3.4)).

If the above functional equivalences occur, we can claim that the Dirichlet and the Neu-
mann problems (1.1.1) and (1.1.2) are indistinguishable to one another. In this regard, a
classical example is the Euclidean space 2 = R? with the choices p, = 1 and p,(z) = |z|™?
for some v € [0, 2).

Below we state the results which connect the validity of suitable functional inequalities to
smoothing estimates for solutions to (1.1.2) in the case of finite measure, namely v(£2) < oco.
By the term “the solution”, we mean either the weak energy solution provided by Theorem
1.3.4 or the limit solution, depending on whether uy € L™ (Q;v) or not. The implicit
assumptions on the weights are local boundedness and boundedness away from zero, just as
in the statement of Theorem 1.3.4.

Theorem 1.3.6 (Poincaré case). Let v(Q) < oo and uy € LP(Q;v), with ¢o € [1,00).
Suppose that the Poincaré-type inequality

0]l < W (1V0llyy, +I0lh,) Vo€ H (@ v, p) (1.3.6)
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1.3. The homogeneous Neumann problem

holds true for some Wp > 0. Then the solution u to (1.1.2) with initial datum ug satisfies
the smoothing estimate

40

_ _0—qg )
Jut) < K (£F5 uollgy + ol ) >0 (137)

for all o € (qy,0), where K > 0 is a suitable constant depending only on o, m, Wp and
v(Q).

Theorem 1.3.7 (Poincaré case, converse implication). Let v(£2) < oo. Suppose that there
exist a constant K > 0 and a number o0 > m+1 such that, for all ug € L™(2;v), the solution
w to (1.1.2) with initial datum g satisfies estimate (1.3.7) for qo = m. Then the Poincaré-
type inequality (1.3.6) holds true. In particular, the validity of (1.3.7) for go = m and a given
0 > m+ 1 is equivalent to (1.3.6) and so to the validity of (1.3.7) for any ¢y € [1,00) and
0 € (qo, 00).

Theorem 1.3.8 (Sobolev case). Let v(Q2) < oo and ug € L9 (Q;v), with gy € [1,00). Suppose
that the Sobolev-type inequality

0ll20 < Ws (V01 + l0lly,) Vo € H' (D50, p2) (1.3.8)

holds true for some o > 1 and Wg > 0. Then the solution u to (1.1.2) with initial datum ug
satisfies the smoothing estimate

(e—1)gp

Hu(t)Hoo <K (t_(o—l)qu—d(m—l) HUOH(;(Z;/U‘ZO+J("HU + HUOHQO§V> V>0, (139)

where K > 0 is a suitable constant depending only on m, Wg, o and v(2).

Theorem 1.3.9 (Sobolev case, converse implication). Let v(§2) < oco. Suppose that there
exist a constant K > 0 and a number o > 1 such that, for all ug € L™(Q;v), the solution u
to (1.1.2) with initial datum ug satisfies estimate (1.3.9) for qo = m. Then the Sobolev-type
inequality (1.3.8) holds true. In particular, the validity of (1.3.9) for qo = m is equivalent to
(1.3.8) and so to the validity of (1.3.9) for any qo € [1,00).

Theorem 1.3.10 (One-dimensional case). Let d = 1 (that is, Q is an interval). Let
v(Q) < 0o and ug € LO(Q;v), with qo € [1,00). Suppose that the family of one-dimensional
Gagliardo-Nirenberg-type inequalities

s

DOVs> 0, Ve K@) (1310)

Y
ollee < Wey (IIV0llay, + 0]y, ) Il

holds true for some X > 2 and Wg, > 0. Then the solution u to (1.1.2) with initial datum ug
satisfies the estimate

(A+2)gg

||u(t)”oo <K (t()\wL?)‘IOi)\(ml) ||u0||<x+2)qo+x(m:1) + HUOqu;V) V>0, (1.3.11)

qo;v

where K > 0 is a suitable constant depending only on m, Wg,, X and v().

Theorem 1.3.11 (One-dimensional case, converse implication). Let v(£2) < oo. Suppose
that there exist a constant K > 0 and a number X > 2 such that, for all uy € L™(Q;v),
the solution u to (1.1.2) with initial datum uo satisfies estimate (1.3.11) for gqo = m. Then
the family of one-dimensional Gagliardo-Nirenberg-type inequalities (1.3.10) holds true. In
particular, the validity of (1.3.11) for gqo = m is equivalent to (1.3.10) and so to the validity
of (1.3.11) for any gy € [1, 00).
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Theorem 1.3.12 (Two-dimensional case). Let d < 2. Let v(Q2) < oo and ug € L%°(Q;v), with
Qo € [1,00). Suppose that the family of two-dimensional Gagliardo-Nirenberg-type inequalities

1—5

ollrsr < We, (IV0llay, + 0ll,) " lolli  Vr>s>0, Yoe H(Qvp)  (1.312)

holds true for some constant Wg, > 0 which depends on r,s only through a finite upper bound
on r. Then the solution u to (1.1.2) with initial datum ug satisfies the smoothing estimate

q0

1 poven
[u®)] < K (t aoFmT [y | 208" 4 ||u0||q0;y) Vi >0, (1.3.13)

where K > 0 is a suitable constant depending only on m, Wg, and v(S2).

Theorem 1.3.13 (Two-dimensional case, converse implication). Let v(€2) < oco. Suppose
that there exists a constant K > 0 such that, for all ug € L™(Q;v), the solution u to
(1.1.2) with initial datum ug satisfies estimate (1.3.13) for qo = m. Then the family of
two-dimensional Gagliardo-Nirenberg-type inequalities (1.3.12) holds true. In particular, the
validity of (1.3.13) for go = m is equivalent to (1.3.12) and so to the validity of (1.3.13) for
any g € [1,00).

If stronger functional inequalities hold true, then all the above estimates can be improved
for large times, in the sense that we can prove convergence of u(t) to the mean value @ with
rates, which are different depending on whether @ = 0 or @ # 0.

Theorem 1.3.14 (Poincaré case, @ = 0). Let v(2) < oo and ug € L®°(Q;v), with ¢y € [1,00).
Suppose that the Poincaré-type inequality

lo =Tl < Mpl|Voll, Vo€ H'(Qv,p) (1.3.14)

holds true for some Mp > 0. If in addition g = 0, then the smoothing estimate (1.3.7) can
be improved as follows:

20—gq ——4q0
()], < K500 (4 flug|llo) 0% Wt >0, (1.3.15)

qo;vV

where K > 0 is another constant depending on o, qo, m, €2, v and p. In particular, the
absolute bound X
||u(t)||w <Kt w1 Vt>0

holds true.

Theorem 1.3.15 (Sobolev case, © = 0). Let v(Q2) < 0o and ug € L®(Q;v), with gy € [1,00).
Suppose that the Sobolev-type inequality

||U _@HQO';V S MS ||Vv||2;u Vv < HI(Q) v, :u) (13]‘6)

holds true for some o > 1 and Mg > 0. If in addition g = 0, then the smoothing estimate
(1.3.9) can be improved as follows:

o _ (e=1)aqp
u(t)]],, < Kt @ Datetn=-1 (t + HuoHl_m) DT o@D g 5 () (1.3.17)

qo;v

where K > 0 is another suitable constant depending on qo, m, 2, v and u. In particular, the
absolute bound )
lut)||, < Kt 7=T1 Vt>0 (1.3.18)

holds true.
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1.3. The homogeneous Neumann problem

Theorem 1.3.16 (One-dimensional case, @ = 0). Let d =1, v(Q) < 0o and uy € L®(Q;v),
with qo € [1,00). Suppose that the family of one-dimensional Gagliardo-Nirenberg-type in-
equalities

s

Vs> 0, Yoe HNQwp) (1.3.19)

A
s+ H,U -7

HU _UHOO S MGI va 21

holds true for some Mg, > 0. If in addition Uy = 0, then the smoothing estimate (1.3.11)
can be improved as follows:

(A+2)qg

Hu(t)”oo < Kt_(/\+2)qoi>\(m71) (t + ||u0H1_m>7(mfl)[(k+2)qo+>\(m*1)] Vit > 0’ (1320)

qo;v

where K > 0 is another suitable constant depending on qo, m, ), v and p. In particular, the
absolute bound (1.3.18) holds true.

Theorem 1.3.17 (Two-dimensional case, @ = 0). Let d < 2, v(Q2) < oo and uy € LO(Q;v),
with qo € [1,00). Suppose that the family of two-dimensional Gagliardo-Nirenberg-type in-
equalities

[0 =Bl < May, [[V0llay” 0 =Dl ¥r>s>0, Yoe H(Qv,p) (1.3.21)

holds true for some constant Mg, > 0 which depends on r,s only through a finite upper bound
on r. If in addition wy = 0, then the smoothing estimate (1.3.13) can be improved as follows:

— 90
u®)|l,, < Kt et (t + ||u0||1"") (m=Dlaotm=b "yt > (), (1.3.22)

qo;v

where K > 0 is another suitable constant depending on qo, m, ), v and p. In particular, the
absolute bound (1.3.18) holds true.

Theorem 1.3.18 (Poincaré case, u # 0). Let v(Q) < oo and ug € LY (Q;v), with ug # 0.
Suppose that the Poincaré-type inequality (1.3.14) holds true. Then

lu(t) —ll,, < K1t VYoe[l,2], Vt>0 (1.3.23)

and

Ju(t) —all,, < Kot~ CEEAS Vo€ (2,00), Vee€ <O, Vi>1, (1.3.24)

2 )
o(m—1) )"
where K1 > 0 is a constant depending only on o, m, Mp, v(Q2), while K3 > 0 is a constant
depending on €, o, m, Mp, v(Q) and ||ugl|1.,-

If in addition ug € L>°(QQ), then u converges exponentially to its mean value. More
precisely:

lu(t) =7, < e " g —al|,,  Voe(l,00), V>0, (1.3.25)

where C' > 0 is a suitable constant (unknown) that depends on o, m, 2, v, u and on ug only
through a finite upper bound on ||uo—1||/[@|. Furthermore, in the case where Vp, € L (Q),
exponential convergence to the mean value is locally uniform. That is, for any Qg € €2 there

holds
u(t) =l e,y < Gre K0 Vi1, (1.3.26)

where Gk, Ck > 0 are suitable constants depending on m, 2, Qk, p,, pu, |@| and ||| s
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Chapter 1. Porous medium equations with general weights

If Sobolev- or Gagliardo-Nirenberg-type inequalities hold true, then the results of Theorem
1.3.18 can be considerably improved.

Theorem 1.3.19 (Sobolev or Gagliardo-Nirenberg case, @ # 0). Let v() < oo and uy €
LY(Q;v), with g # 0. Suppose that one between the Sobolev-type inequality (1.3.16), the one-
dimensional Gagliardo-Nirenberg-type inequality (1.3.19) and the two-dimensional Gagliardo-
Nirenberg-type inequality (1.3.21) holds true. Then

_ m2 |mm—1 t

lu(t) — | < Ge M7 V> 1, (1.3.27)

where G > 0 is a suitable constant depending on m, 2, v, u, [@| and ||uo||1., whereas Mp is
the best constant appearing in the Poincaré-type inequality (1.3.14).

In the particular framework of the Neumann problem in regular bounded domains (with,
for simplicity, p, = p, = 1), estimate (1.3.27) is sharp.

Proposition 1.3.20. Let Q be a C™ bounded domain of R:. Consider the first nonzero
eigenvalue \; = 1/M3% of (minus) the Laplacian with homogeneous Neumann boundary con-
ditions, and the corresponding set of eigenfunctions (possibly consisting of one single element)
normalized in 1L2(Q). Pick any of such eigenfunctions and denote it by 1. Given a constant
u # 0, let u be the solution to (1.1.2), with p, = p, = 1, corresponding to the initial datum
ug = U+ )1, with |c1| > 0 small enough. Then there exists a constant G > 0, which depends
on c1, m, £ and u, such that

m |7‘m—1 t

Ju(t) —al| > Ge M7 V>0, (1.3.28)

Theorem 1.3.4 will be proved in the next Subsection 1.3.2. In Subsection 1.3.3 we deal
with smoothing estimates. Theorems 1.3.6 and 1.3.7 will be proved in Paragraph 1.3.3.1.
In Paragraph 1.3.3.2 we provide a counterexample to the L*> regularization in the Poincaré
case. Theorems 1.3.8 and 1.3.9 will be proved in Paragraph 1.3.3.3, whereas Theorems
1.3.10-1.3.13 will be proved in Paragraph 1.3.3.4. In Paragraph 1.3.3.5 we discuss to what
extent our results improve on previous ones, and show some contexts where they are sharp.
In Subsection 1.3.4 we analyse the long-time behaviour of solutions. Theorems 1.3.14 and
1.3.18 will be proved in Paragraph 1.3.4.1. In Paragraph 1.3.4.2 we provide counterexamples,
in the Poincaré case, to the uniform convergence of solutions to their mean value. Theorems
1.3.15, 1.3.16, 1.3.17 and 1.3.19 will be proved in Paragraph 1.3.4.3. Finally, in Paragraph
1.3.4.4 we shall prove Proposition 1.3.20 and discuss improvements of our results, as concerns
asymptotics, with respect to previous ones.

Remark 1.3.21. The conclusions of Theorems 1.3.15, 1.3.16, 1.3.17 and 1.3.19 remain true
if, instead of (1.3.16), (1.3.19) or (1.3.21), we require the validity of the weaker inequalities
(1.3.8), (1.3.10) or (1.3.12) plus the (zero-mean) Poincaré-type inequality (1.3.14).

In fact, it is plain that the Sobolev-type inequality (1.3.8) plus the (zero-mean) Poincaré-
type inequality (1.3.14) is equivalent to the (zero-mean) Sobolev-type inequality (1.3.16).
Such equivalence also holds for Gagliardo-Nirenberg-type inequalities. Let us prove it in the
two-dimensional context (in dimension one the proof is even easier). If the family (1.3.21)
holds true, then by picking r = 2 and s = 1 we get:

1 1 1 1 1
lo = Bllaw < Mo, [Voll3, lo=7lF, < Mo, (@)% [Vol3, llo—2l3, Vv e H (Qv,p),

that is )
v =Bl < MZ, Q)3 [Volly, Vo€ H' (Qvp).
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1.3. The homogeneous Neumann problem

Moreover, still (1.3.21) with » = 2 and s = 1 entails

_1 3 1
[vlly,, < max {v2Mg,, ()2} (I[Vollyy, + [0ll1,) " IWlI7, Yo € H' (Q50,p),

from which we recover the whole family (1.3.12) thanks to [13, Theorem 3.3]. On the other
hand, the validity of (1.3.12) (applied to v —¥) plus the (zero-mean) Poincaré-type inequality
(1.3.14) yields

1-2 s
[0 =Bl <Wa, (IV0lly, + l0 = Flh,) 7 o =72
1-2 _s s
Wa, (1+ ()2 Mp) " |[Vulla, lo =705  Vr>s>0, YoeH (Qv,p).

Remark 1.3.22. As the reader may notice, the smoothing estimates (1.3.7), (1.3.9), (1.3.11)
and (1.3.13) coincide with the corresponding estimates for the Dirichlet problem plus a con-
stant times |[ugl/gq.- Let us mention that, at least when also a zero-mean Poincaré-type
inequality holds true (see the above remark), such an extra term is necessary: in fact, with-

out it, any solution would be forced to converge to zero, which is in contradiction with
Theorems 1.3.18 and 1.3.19 in the case u # 0.

Remark 1.3.23. The comments of Remarks 1.2.14 and 1.2.15 above also apply to the present
context. As already mentioned, our results are new and improve on previous ones (in partic-
ular, we refer to [3] and [27]), even in the non-weighted case.

1.3.2 Well-posedness analysis

The proof of existence of weak energy solutions follows an approximation procedure similar
to the one used in the proof of the analogous result for the Dirichlet problem (Theorem 1.2.4).

Proof of Theorem 1.3.4. Given a sequence of smooth functions {®/ (y)} which approximates
m|y|™ ! as in Lemma 1.2.16 and a fixed C*® bounded domain )y € (2, we solve the following
Neumann problems:

(un)e = p,t div [p, V(®,(u,))]  in Qp x RT,

A2alun) — on 99 x R* (1.3.29)

Uy = U on Qg x {0},

where, for the moment, we assume in addition p, € C.¥(Q), p, € CEY(Q) and uy € C>*(Qy)

loc oc
with 9% = 0 on 0€. Setting w = p,u,, let us rewrite (1.3.29) in divergence form:

wy = div 2 @) (£) Vw — % V(p,) ¥, (L) w] in Q x RF,

Pv pj

@, (2) [Vw - 2¥p,] -n=0 on 9 x R, (1.3.30)
w = pyug on 25 x {0} .

Quasilinear theory (see e.g. [125, Theorem 13.24]) ensures that problem (1.3.30) admits a
solution w € C%Y(Qy x [0,T]) with w; € C0(Qy x (0,T)) for all T > 0. Hence, u, is a
solution to (1.3.29) with the same regularity as w. Taking advantage of the upper bound

a2, 6)] < Juglloe V() € Q0 x RY

and performing exactly the same computations as in the Dirichlet case, we can pass to the
limit as n — oo to get a weak energy solution u to (1.1.2) (with Q = ), in the sense of
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Chapter 1. Porous medium equations with general weights

Definition 1.3.1, which satisfies estimates (1.3.2) and (1.3.3). The validity of the L!(Qq;v)
comparison principle (1.3.4) is ensured by repeating simultaneously the same approxima-
tion scheme for another initial datum v, (again, the formal idea is to use the test function
Sign+ [q)n(un> - (I)n(vn)])

Now notice that, proceeding as in the end of proof of Lemma 1.2.16 and as in the beginning
of proof of Theorem 1.2.4, there is no difficulty in extending the above result to weights p,, p,,
as in the statement and to data ug € L'(Q; ) NL>*(Qy). The crucial point is the possibility
to consider general domains. To this end, take an initial datum ug € L'(92;v) N L>(Q),
an increasing sequence of smooth bounded domains {€,} such that U,Q, = Q, Q, € Q
and solve in each of them the homogeneous Neumann problem (1.1.2) with initial datum
Uon = Uglq,,, denoting as {u, } the corresponding sequence of solutions. We point out that an
admissible test function ¢ for the Neumann problem in 2, is also an admissible test function
for the Neumann problem in € (recall Definiton 1.3.1). Hence, upon setting

fo i =tnXxa,, 8= V(u))Xa,

we infer that

T T
| [ttty dvdt = = [ uo@)iee, 00xa, (@) dv+ [ [ (g Vo) (2,) dpdt

(1.3.31)

for any 7' > 0 and ¢ as in Definition 1.3.1. Exploiting estimates (1.2.28) and (1.2.29) as in

the Dirichlet case (let Q = 2, there, since u,, has a gradient only inside €2,,), we can assert

that {f,} and {g,} converge pointwise and weakly in L™ ((0,T); L™ (2;v)) to a function

u and weakly in L2((0,7); [L?(€2; u)]%) to a vector valued function g (up to subsequences),

respectively. This is enough in order to pass to the limit in (1.3.31) as n — oo to get

/()T/Qu(x,t)got(x,t) dvdt = —/Quo(x)@(x,O) du+/0T/Q<g, Vo) (x,t)dudt .

It therefore remains to prove that g = V(u™). First of all note that, given any €, &
Q, we have g,|o, = V(ul'lg,) for all n large enough. Since u]'lq, — u™|q, weakly in
L2((0,T); H'()) (recall estimate (1.2.28) and that u,, — u pointwise) and at the same time
gnla, — gla, weakly in L2((0,T); [L%(€0)]%), there holds glo, = V(u™|q,). The inner domain
Qp being arbitrary, the assertion follows.

Finally, the validity of estimates (1.3.2) and (1.3.3) is a consequence of the above con-
vergence results, just as in the end of proof of Theorem 1.2.4. The validity of the L!(Q;v)
comparison principle can be established by performing simultaneously the same approxima-
tion procedure for another initial datum vy € L'(2; ) N L>®(£2). In order to handle general
data ug € L*(;v) N L®(Q;v), with gy > m + 1, one argues again as in the end of proof of
Theorem 1.2.4. O

For more regular initial data, we have the analogue of Corollary 1.2.18.

Corollary 1.3.24. [f, in addition to the hypotheses of Theorem 1.3.4, we assume that
ugt € VM Qv )
then the estimate
//’ &R xt‘dudt—k m+ /|V xT|d,u<(m+/|Vu0()]2du
(1.3.32)
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1.3. The homogeneous Neumann problem

holds true for all T > 0. In particular, u™+Y/2 s an absolutely continuous curve in
C([0,00); L2(Q;v)). If moreover v(Q) < oo, then also the estimate

/Q\uo(x)\m“ dyg/9|u<x,t)|m+l du—i—(m+1)t/Q\V(ug")(x)\2d,u (1.3.33)

holds true for allt > 0.

Proof. If Qy € Q is a C%“ bounded domain and uy € C**(Qg) with % = 0 on 09, estimates
(1.3.32) and (1.3.33) (with = Q) are readily inherited from analogous estimates that we can
obtain for the corresponding solutions to the approximate non-degenerate problems (1.3.29).
For an initial datum ug € L>(€) such that uf® € V'*/™(Q;v, i), by means of a similar
argument as in the proof of Corollary 1.2.18 we can pick a sequence {ug,} C C%%(Q), with
% = 0 on 0, such that wug, — ug in LP(Q; v) for all p € [1,00) and

ul = in VY™ Qo)

Denoting as {u,} the corresponding sequence of energy solutions to (1.1.2), no difficulty
arises in passing to the limit in (1.3.32) and (1.3.33) (with u = u,, and = Q) as n — oo to
recover the validity of such estimates for u as well, the latter being the energy solution in €2
with initial datum ug. Now we replace )y with an increasing sequence of domains {€2,} as in
the proof of Theorem 1.3.4: thanks to the latter, we know that the corresponding sequence
of energy solutions {u,} to (1.1.2) in Q, suitably converges to the energy solution u in €.
In particular, convergence takes place a.e. in  x RT and ||u,||o < ||#0]/oo, Which suffices in
order to pass to the limit in (1.3.32) and (1.3.33) (on the first term in the r.h.s. of (1.3.33) we
exploit the finiteness of the measure). Finally, the assumption uy € L°(€2) can be removed
by considering the sequence of initial data

uon = [(uo) 4 An] = [(ug)- A7
and proceeding as above (using in addition the L(€); v) comparison principle). O

We point out that, in view of estimate (1.3.3), weak energy solutions to the Neumann prob-
lem are again C((0,00); L™ (Q;v)) curves, with all related implications as in the Dirichlet
case. In particular, this is the reason why we are allowed to state our main results for every
T,t > 0 rather than only for almost every T,t > 0 (a posteriori, this remark applies to
Proposition 1.3.3 as well).

1.3.3 Smoothing estimates

In this subsection we shall prove Theorems 1.3.6-1.3.13, which connect the validity of
Poincaré-, Sobolev- or Gagliardo-Nirenberg-type inequalities in H'(Q; v, ) with suitable
smoothing effects for solutions to (1.1.2). Such results are primarily interesting for small
times.

1.3.3.1 Poincaré-type inequalities

Before proving Theorem 1.3.6, we provide an elementary numerical inequality that we
shall frequently exploit in this and subsequent paragraphs.

Lemma 1.3.25. Given o, € (0,1), with o > f3, there exists a constant ¢ = c(«a,3) > 0
such that
Y Py Py < (et +y) Va,y € RT. (1.3.34)
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Proof. We need to show that the function

R(x,y) := (1.3.35)

x—ozyl—a + Yy

is bounded in R™ x R™ by a constant which depends only on o and 3. In order to do
that, we can fix y > 0 and find the zeros z*(y) of R,(-,y) (in fact 0 < f < « implies
R(0",y) = R(4+00,y) = 0). Through an explicit calculation we get

$*<y>:(“gﬁ)“y—l.

Substituting the above value in (1.3.35) we obtain (1.3.34) with
B 1-8
c(oz,ﬁ)—l—l—(ﬁ) <1—B> <2.
a a

Proof of Theorem 1.3.6. Let gy € (1,00) N [m — 1,00), t > 0 and take uy € L>°(2). With no
loss of generality we shall also assume v(€2) = 1. First of all, note that we can rewrite the
Poincaré-type inequality (1.3.6) as follows:

]

1
22

loll5,, = Ioll7, < IVll3, Vo€ H' Qv p). (1.3.36)

By exploiting estimate (1.3.2) with ¢ = gy — 1 and (1.3.36) with v = w(@*™=D/2(7) we carry
out a single step of the Moser iteration:

4(q0 - 1)(]07’)1 t 1 qo+m—1 qo+m—1 q
(m + qo — 1)2 0 2W1% ||U(T)| qg+m—1;y - ||u(7—>| q(())+;n*1;y dr S ||U0| qg;l/ ' (1337>

Since g9 > m — 1 and v(Q) = 1, we have ||u(7)/(go+m-1)/20 < [|(7)|lgor- Hence, taking
advantage of the fact that LP(€;r) norms do not increase along the evolution (see again
(1.3.2)), from (1.3.37) we easily obtain

-— RS TY
Hu(t)”%—i—m—l;v <K <t aotm=t ”UOHS(?:/ 1 + HU’OHqO;y) ) (1338>

where K > 0 is a suitable constant that depends on g, gy, m and Wp, which in the sequel may
change from line to line (we do not relabel it). It is apparent that (1.3.38) only provides us
with the smoothing estimate (1.3.7) from L% (; v) to L™~ 1(Q; v). By means of a standard
interpolation inequality, we can readily extend it to any o € (g, qo + m — 1]:

(gg+m—1)(e—qq)

o(m=1) q0(ggt+m—1-0)

qo;vV ||u0||qo;l/g(m_1) )

90

1 m—
[l < K (t 0T g lggn ™ A+ lluol

whence "
_ 2790 =
)l < K (8755 ol + ol ) - (1.3.39)

In order to prove the validity of (1.3.39) for every g € (o, >0), we can proceed by induction.
In fact, we already know that it holds for ¢ € (qo, go+m —1]. Let us assume that it also holds
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1.3. The homogeneous Neumann problem

for all o € (qo, go +n(m —1)] for some n € N. Given ¢, € (go+n(m—1),q + (n+1)(m—1)],
still from (1.3.39) (pick go + n(m — 1) in place of gy and p; in place of p) we infer:

_e1—ap—n(m=1) qo+ng(1m i
Hu(t)HQl;,/ < K\t er(m=1) Huo”qo—l—n(m—l);u + ”U'Oqu—s—n(m—l);V : (1340)

Shifting the time origin to ¢/2 in (1.3.40) and using the inductive hypothesis on the term
”u(t/z)quJrn (m—1)? we find

o1 (m—1) a0 _e1—gqg—n(m—1) Q()+7L(m 1)
H’LL(t)H < K( 91<m 1) Hu quy +t 01 (m—1) HuOqu I

o1V —
_ nm=1 o Tn(m—1)
+ TR g T + ol )

which, thanks to Lemma 1.3.25, entails

o) < I (5 s+ ol )

namely estimate (1.3.39) for all o, € (¢go + n(m —1),q + (n + 1)(m — 1)].

We now get rid of the assumption ¢o € (1,00) N [m — 1,00). Given any gy > 1, estimate
(1.3.39) evaluated between ¢ and /2, with g replaced by 2mgqy and ¢o replaced by mgy (plus
a standard interpolation inequality), yields

—1 -2

Vg < K | (82775 ua(t/2) B 1357 + HU(t/2)Hzmqoy||uO||§5%1 - (1.3.41)

Consider first an initial datum with ||ug||2mge:r = 1, s0 that ||uglg,, < 1 (recall that v(2) = 1).
Since LP(£2; v) norms do not increase along the evolution, there follows ||u(s)]||2mgew < 1 for
all s > 0. In particular, (1.3.41) implies

1
00 o < K (8777 4 1) e/ g Nt 57 (1.3.42)

Iterating (1.3.42) (for more detailed computations in a similar context we refer the reader to
the proof of Theorem 1.3.8) we end up with the estimate

[0 g < B (€0 o125, + ol ) (1.3.43)

However, (1.3.43) only holds for initial data such that ||uo||2mg,:w = 1. By means of a standard
time-scaling argument (we refer again to the proof of Theorem 1.3.8), from (1.3.43) we infer

1) g < K (877 [fetpll ot + 12011900 120120 (1.3.44)

which holds true for any L*"°(Q; v) initial datum, where we set  := (2m — 1)/2m. Taking
advantage of (1.3.44) between ¢ and t/2 and performing n iterations, we obtain:

1-6° 1-6m
O < K (3305 Bl il el ). (1345

where the constant K here also depends on n. Now we need a suitable smoothing estimate
between L% (2; v) and L?™%(Q; v). To this end, consider first an initial datum with ||ug|| 4. =
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1. Performing another iteration and recalling once again that LP({2; ) norms do not increase,
it is direct to check that one can use (1.3.41) in the simplified form

Ju(t/2) oy < 27T K (675 4 1) u(t/2°) [,

up to the largest k € N for which [Ju(t/251)||amg < 1 and

2m—2
Jt/2 am < 2K (€54 1) /2 D, (1346

for larger k. It is apparent that the worst scenario occurs when we are forced to use at any
step (1.3.46), in which case we get, as k — oo,

(8 < K (#7555 1), (1.347)

We point out that (1.3.47) holds true provided ||ug||4.. = 1. Nevertheless, still by time-scaling
arguments, we can recover an estimate that is valid for all initial data in L% (€; v):

8 o < B (#7553 + ol ) - (1.3.48)
Finally, using (1.3.45) between ¢ and ¢/2, with n equal to the first integer such that
0"(2m —1)/2 <0,

and combining it with (1.3.48) (evaluated at t/2), we deduce:

,1”‘
@)l < K (Ztmuuouwwm 5 g1 +uuouq0;,,).

Hence, applying Lemma 1.3.25 n + 1 times, we obtain (1.3.7) for o = 2mgq, and any ¢y > 1.
Given a general p > qq, if 0 > 2mqy we can reason as follows:

2mgqq

_ g—2mq0
lu@®)l., <K ((t/2> S () + uu<t/2>uzmw)

a0 2mgqq
SK( T Jugllfy + ¢ D [lugllgyl + ¢ T 7 Juoll 2, + HUOHqO;u>u

whence (1.3.7) by exploiting again Lemma 1.3.25. If instead o € (qo, 2mqp), we just proceed
by interpolation:

2m(o—qq)

= ST ot e@m=1) o
I e e e LR U R

) 20
< K (5 ol + ol ) -
It is possible to remove the assumption v(£2) = 1 by spatial scaling. In fact, if u(x,t) is a
solution to (1.1.2) in the domain €2 of measure V' = v(Q2), with respect to the weights p, (),
pu(x) and with initial datum wug(z), then
e I R Ve 1/d =
u(z,t) ==V dm-Dqy (V x,t) (1.3.49)
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is also a solution to (1.1.2) in the domain Q := Q/V? of measure 1, with respect to the

weights
pu(T) == py (Vl/d f) ) ﬁu(f) = Pu (Vl/d f)

and with initial datum

One then applies estimate (1.3.7) to u and goes back to the original solution u through
(1.3.49) and the bounds

2 1 ~
Jiill = VT ], We(S) < max {V4 VY2 wp(0),

whence the validity of (1.3.7) for general domains, with a multiplicative constant K that
depends on v(Q2) and d as well. Nevertheless, as a consequence of the above computations,
it is straightforward to check that K can be in turn bounded from above by a constant that
is independent of ¢g and d.

In order to deal with data ug € L%(€2; ) which are not necessarily bounded, one argues
exactly as in the end of proof of Theorem 1.2.5. [

We now prove the converse implication of Theorem 1.3.6.

Proof of Theorem 1.3.7. We begin by considering a nonnegative initial datum uy € L*(2) N
HY(Q; v, 11). Proceeding along the lines of the proof of Theorem 1.2.6 (notice that we are
allowed to use Corollary 1.3.24), we end up with the following inequality:

ol < B (IVCEIET Tuollt + ol ). (1.3.50)

where B = B(p, m, K) > 0 is a suitable constant. Now take the sequence of real functions

1
nly) = o X[o,%](y) + yx(%’oo)(y) Vy € RT.
Letting
Uy =&y (ué/m) eL®(Q)NHY (Qv,p),

it is immediate to show that {v,} converges to uy/™ in L(2) and {V(v™)} converges to
Vug in [L2(2; )], Hence, replacing uy with v, in (1.3.50), passing to the limit as n — oo
and raising to the power of m, we obtain:

[uo| mes,, < B™ (||vu0”m+1 Hu0||m+1 4 ||uo||ly) : (1.3.51)
Upon defining
2 m+1
V=t r= e si= 1 =2, W)= [Vl + Il
(1.3.51) entails
. 9 1 9 1-9 4 "
£l < [BWO] £ et s B=BY, (1.3.52)

where f is any nonnegative function belonging to L>(Q) N HY(Q; v, u). We are therefore in
position to apply Theorem 3.1 of [13], from which we infer that (1.3.52) also holds for ¥ = 1
and r = 2 (up to a different positive constant B), that is

1F o < B (19l + 1£111,) -
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Chapter 1. Porous medium equations with general weights

We have then proved the Poincaré-type inequality (1.3.6) for nonnegative functions belonging
to L>®°(Q) N HY(Q; v, u). The validity of the latter for signed functions follows by writing
f = f+ — f-. Finally, Proposition 1.1.4 permits us to conclude the proof. O]

1.3.3.2 Counterexample to L*° regularization

In this paragraph, similarly to what we did in Paragraph 1.2.3.2, we show that in general
the validity of a Poincaré-type inequality like (1.3.6) is not enough in order to guarantee
L regularization. In fact, consider the case Q = R and p,(z) = p,(z) = eI, Actually,
for such weights, there holds the stronger (zero-mean) Poincaré-type inequality (1.3.14) (see
Appendix 1.A, Paragraph 1.A.2.1). Moreover, it is easy to prove that H'(R;e *l e=l2l) =
H}(R;e 1ol el#l) so that in this case the Neumann problem coincides with the Dirichlet
problem (recall Remark 1.3.5). In particular, in order to prove that a certain function is a
(sub- or super-) solution to (1.1.2), one can neglect its behaviour at infinity and just test it on
compactly supported functions in the corresponding weak formulation. Hence, by means of
computations analogous to the ones we performed in Paragraph 1.2.3.2 it is direct to check
that there exists a constant B > 0 such that the function

log(x? + 2)
(1+ B~1(m 1)t)m T
is a subsolution to (1.1.2), so that u(t) ¢ L*(R) for all ¢ > 0. We have therefore proved

that for the initial datum wug(x) = log(z? + 2), which clearly belongs to L% (R;e~#!) for all
Qo € [1,00), there is no L% (R; e~1#1)-L>°(R) regularization.

vp(x,t) =

1.3.3.3 Sobolev-type inequalities

In contrast with the Poincaré case, when a Sobolev-type inequality like (1.3.8) holds true
we can get regularization up to L>°(€2).

Proof of Theorem 1.3.8. We proceed along the lines of a classical Moser iteration technique,
with careful modifications in order to handle the additional term (w.r.t. (1.2.9)) in the r.h.s.
of (1.3.8). With no loss of generality, we can assume that v(2) = 1 and ug € L>°(Q) (see the
end of the proofs of Theorems 1.2.9 and 1.3.6). Given ¢t > 0 and ¢y € (1,00) N [m — 1, 00),
take the time sequence t;, := (1 — 27%)t. Also, let {px} be an increasing sequence of positive
numbers starting from ¢o, which will be explicitly defined below. Using estimate (1.3.2) with
(0,7T) replaced by (tx,tx+1) and g = pr, — 1, we obtain:

4(pr — Dpgm [ten ( pi+m=1 >
d dr < ||u(t . 1.3.53
e (e, dpudr < gt (1.3.53)
Notice that inequality (1.3.8) entails
1
ST 101150, = 0117, < IV, Vo€ H' (v, p). (1.3.54)

Applying (1.3.54) to the function u®+*™=V/2(7) in (1.3.53), we get:

2(]% — 1)pkm R prpt+m—1
Wa(py +m — 1)2 / ()t 1) AT

( 1)pkm tht _—
BB [ () I

Pk+m 1

<l + o 1 .
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1.3. The homogeneous Neumann problem

Since v(2) = 1, go > m — 1 and py, is increasing, [|u(7)||p+m-1)/20 < |w(T)||py;- Moreover,
tre1 — tr = t/287L. By combining these properties with the fact that LP(£2; ) norms do not
increase along the evolution, we deduce:

(p — D)pem —k Pkl 2(p — Dprm ., o 1
2 t t - T t Pk
W2(ps +m — 1)? Jultrs) s < lulte)lly, + ot 12 ult) |75
(1.3.55)

where we set pgi1 := o(pr + m — 1). Let us assume ||ug||c = 1. This hypothesis, together
with the monotonicity of the L?(£2; v) norms, implies

luCte)lpe " < llutt)I15;

Pk; Pr3V )
so that (1.3.55) reads
e Wilpe + m—1)% 2
[utesn)lplnw < or— Do 2 lut) e, +2Ws llue)lly, - (1.3.56)

It is apparent that there exists a suitable constant K > 0 depending on gy, m and Wy (which
may change from line to line below) such that (1.3.56) entails

Pk

K+l _a
u(tisi)llp,,, < K70 (E0+ 1) u(te) o™

Setting Uy, = ||u(ti)||p.w, it is a matter of tedious but elementary computations to prove
that the sequence {Uy} satisfies

k2 (kt2)otkt1 k2, okt

Uppt S K w07 (171 4 1) eaeD g o (1.3.57)

with
o

pr=(qp— A" +A, A:=-— (m—1).

o—1
Letting k — oo in (1.3.57), we infer:

(e—=1)qg
Jult) e = Jim [u(®)l,,, < lminf Uy < K (4 1) @m0 g | T 077

(1.3.58)
We point out that (1.3.58) is not an L smoothing estimate. In fact, in order to establish
it, we assumed that [|ug|/cc = 1. Through a simple time-scaling argument, we can deal with
general L>(Q2) data. That is, given a solution u to (1.1.2) corresponding to the initial datum
ug, it is straightforward to check that @(-,t) := A tu(-, \!=™¢) is the solution to the same
problem corresponding to the initial datum @, := A~ ug. Choosing A = |Jug||o and applying
(1.3.58) to u(t) we find

(e—1)ag

()l = lluollo allluollZe™ ) < K + uollze ) T 00505 g 47, ™7 . (1.3.59)

q0;V

It is then possible to improve on the dependence of estimate (1.3.59) on ||ug||. To this aim,
let us rewrite the latter as

e e S G iy G e o
||u(t)||oo S K (t (c—1)qg+o(m—1) ||U’0||qg;y qp+o(m || || o—1)qp+o(m— ||u0||qg;y qo+o(m > :
that is, setting
0. o(m—1)

(0 =1Dgo+o(m—1)"
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Chapter 1. Porous medium equations with general weights

lu(t)]l, < K (£ 7 utoll g+ ltoll% Nl ))- (1.3.60)

Shifting the time origin from 0 to ¢/2 in (1.3.60) (and using the fact that ||u(t/2)/4. <
|| ¢ol|g0:v) We obtain

lu(®)ll < K (£ Juoll g + Ilu(t/2) 1% o)
whence, applying (1.3.60) to ||u(t/2)] o,

1—62

62 1—62
)l < K (775 ol + ¢ ol + ol ol )

It is then clear that proceeding as above along n + 1 steps we end up with

DL ot 1—6¢ 1-om
a0l < 5 (30 ualls? + ol ol ) (1361)
i=1
where K now also depends on n. In order to get rid of the term ||ug||s, We need a suitable
smoothing estimate. To this end, we can reason in the following way. Suppose ||ug|4. = 1.
From (1.3.55), letting again Uy, := ||u(tx)|| .., We infer:

P41 < Wg(pk +m — 1)2

Ukt1™° (o — Dpern FETTURPE 4 2WE U (1.3.62)

Consider a solution to (1.3.62), namely a sequence {V}} such that V5 = Uy = 1 and

v W2(px +m — 1)
T (= D)pem

M VP 4 2WE Vet

it is easy to show (e.g. by induction) that Uy < V; and V}; > 1. Hence, the leading term in
the right-hand side is V;?**™~ 1 so that {V}.} also satisfies the following recurrence inequality:

k41

Vier < Koowt (71 4 1)t V| (1.3.63)

where K > 0 is a suitable constant as above. Iterating (1.3.63) and exploiting the fact that
Pr > qoo”, we get:

(k+2)(1—0')o'7k71—o'7k71+0' p———

Vir1 <K a0(s—1)? (t7 4 1)wD

from which, passing to the limit as k — oo,
lu(®)lle = lim Jfu(t)ll,,,, <liminf Uy <liminf Vi < K (£ + 1) (1.3.64)
ks k—o0 k—00

Due to scaling arguments, (1.3.64) entails

o(m—1)

,U 1- o—
lu(®) oo < K (87" + luollge,') ™7 luollggs ™™ .

which reads

lu@®lloe < K (8777 Juollys + 1ol ) (1.3.65)
upon setting
§ = U(m — 1)
‘ (0 —1)qo '
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1.3. The homogeneous Neumann problem

Shifting the time origin to ¢/2 in (1.3.61) and using (1.3.65) at time ¢/2, we obtain:

n ,
__6" 1—pt _so™ 1—56™
Ju()] < K (E R | [ A (LT AR ||uO||q0;y>-

=1

Now we choose n so large that 6™ < 6 and apply iteratively Lemma 1.3.25 with z = ¢'/(m=1),

y = |luollgows @ =6, 3 = 66™ in the first step and then § =67 as j = n...2. We finally get
the estimate

%
Jut) ., < K (t TR gl 5 HUOqu;u)- (1.3.66)

We conclude the proof by showing that we can drop the assumption ¢ € (1,00)N[m —1, c0).
We shall exploit an argument similar to the one performed in the proof of Theorem 1.2.9 (see
also the proof of Theorem 1.3.6 above). For notational simplicity, we shall consider only the
case gy = 1. Using estimate (1.3.66) between t and t/2 for gy = m, that is

(c—1)m
[u®)] < K <(t/2) T T (|u(t/2) ||+ ||u(t/2)||m;V> :

plus the inequality ||u(t/2)|[r., < |lu(t/2)||2 uol|15, We find:

—H(A—y)

A (m-1A-7) 1=y m=1 L
) < K (2757 /2 ol + /2 o). (1367)

where

o(m—1)
(c—1m+o(m—1)"
In order to deal with (1.3.67), we can argue as in the first part of this proof. That is, consider
an initial datum wug such that ||ug|l.c = 1. This, in particular, implies that ||u(t/2)]|e < 1
and ||uo||1,, < 1, so that (1.3.67) reads

=

(m=1)=)

(m=1)(1-y) 1=y
lu@®lloe < K (777 +1) ut/2)lle ™ lluollifs - (1.3.68)
Iterating (1.3.68) along k& — 1 steps we get
h=k—1 [(m—l)(l—'y)]h’ [K (t_%l 1

[w]’“ 2 yh= fg 1{%?

hmkot [ oD
u(t)]],, <271 20 0 )}ZM [ ==

m

x [lut/2%) s HuOHIV

Letting k — oo we end up with
17
||u(t)|| <K (t D=0 ||u ||11+‘(4m DERE ||u ||1+<m m>' (1.3.69)

Estimate (1.3.69) is analogous to (1.3.58). By reasoning likewise we obtain again (1.3.61)
with go = 1 and 6 = m~v/[1 + (m — 1)7]:

Ju(®)ll <K<Zf " 1HuoH1 S Lol ol m)- (1.3.70)
1=1

In order to remove the dependence of the r.h.s. on [|up||«, it is convenient to assume first

that ||ugll1,, = 1 and look for a suitable smoothing estimate. Arguing as in the end of proof
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Chapter 1. Porous medium equations with general weights

of Theorem 1.3.6, there is no loss of generality in supposing that ||u(s)||.c > 1 for all s < ¢,
in which case (1.3.67) entails

~ m—1 1
Ju(®)l < K (577 1) Jult/2)1F ol (13.11)
By means of another iteration, (1.3.71) yields
lul®lloe < K (777 Jfuolly,, + lluol,,)

which holds true provided ||ug|]1,, = 1. The usual time-scaling argument then ensures that
the estimate i
_my_ 1—m
lu(t)llo < K (#7777 lJuolli,™ + lluoll ) (1.3.72)

holds true for all ug € L'(Q;v). Choosing n in (1.3.70) so large that my6™ < 6 and combining
the latter with (1.3.72) (through a t/2-shift of the time origin), we obtain:

1—7y
[u(®)] < K (t =D [|u| {577 + HuO”w) )

which is exactly (1.3.66) with ¢y = 1. O
We close this paragraph with a short proof of the converse implication of Theorem 1.3.8.

Proof of Theorem 1.5.9. Given any nonnegative initial datum wug € L>®(Q) N H(Q; v, u), by
proceeding along the lines of the proofs of Theorems 1.2.8 and 1.3.7 we obtain the following
family of inequalities:

m(2om—m—1)
1 e om—m—o 1
luollmis, < C <t =7 ||ty + (m o+ 1) IV (), + ol )

for all ¢ > 0 and a suitable constant C' = C(m, o, K) > 0 (possibly varying from line to line).
Minimizing the r.h.s. with respect to ¢ > 0 we end up with

om—m—1

ol < & (IV GRS Nl + lloll ) (1373

m+1;v

Approximating the function ué/ "™ as in the proof of Theorem 1.3.7, we deduce that (1.3.73)
is in fact equivalent to

_ 1 9 1-9
11l < CWEO AL ==~ + , (1.3.74)
roq s
where
20 m+1
V= m+2o—-1" = Tm T 1, g:==20, W(f):= |V, + ISl

and f is any nonnegative function belonging to L>*(2) N H*(Q; v, ). Theorem 3.1 of [13]
then ensures that (1.3.74) also holds for J = 1 and r = 20, that is

1l < € (Il + 1 11) - (1.3.75)
The validity of (1.3.75) in the whole of H'(Q;v, 1) follows as in the end of proof of Theorem
1.3.7. 0
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1.3. The homogeneous Neumann problem

1.3.3.4 Gagliardo-Nirenberg-type inequalities

We begin by proving L.*® bounds in the one-dimensional case.

Proof of Theorem 1.3.10. As above, with no loss of generality, we can and shall assume that
v(Q) =1 and uy € L>°(92). First of all, let us rewrite inequality (1.3.10) in the following way:

2(s+X)
||v||oo

cl —lo[?, < IVol2, Vs>0, Yoe H\(Quu): v£0, (1.3.76)
v

where C' := QWG (=tN/2 " Given t > 0 and gy € (1,00) N [m
with ¢ = ¢o — 1 and (1 3 76) with

— 1, 00), using inequality (1.3.2)

v=u"E (),
we get:
got+m—1 2(s42)
4 ‘ u 2 (7')H B 9
Juoll > ¢ tolt ~ / e
; q+m— C’ qo+m1(7_)7 .
SV
(s+X)(gg+m—1)
dgolgo — Vim | Ju()llo > 1
= (QO+m—1)2/o S gy~ lu(T )H%%igly dr
C ) ams,

(s +A)(qo+m D)

[l

S 4qo(go — 1)m

t /Hu )|t dr

il +m— 1 2 s(gg+m—1)
(40 " O,
(s4+2)(ag+m—1)
4q90(qo — 1)m ||U(t>‘|ooq+ — J|uo] qo+m—1
+m— 1 2 s(gg+m—1) qo;v
(QO ) CHUO s(qgé\mfl);y

Picking s = 2qy/(qo +m — 1) in the above inequality we deduce that

<>\+2)qo+k(m )]
()]l I

e qosv )
C luoll g

490(qo — 1)m
(g +m —1)?

[uollgo. =

qov
or equivalently (upon relabelling C')

(A+2)gg+A(m—1)

[ o —

Ju(t)loo <C (¢ ol

(A 2)q0
(A +2)gg+A(m—1)
qo3vV

<C (t Tt |||

+mmmﬁ,

namely (1.3.11). The fact that C' can be taken to be independent of ¢q is just a consequence
of the above computations. The assumption ¢y € (1,00) N [m — 1,00) can be removed by
means of an argument completely analogous to the one performed in the end of the proof of
Theorem 1.3.8, which we therefore skip. m

We now prove the analogue of Theorem 1.3.10 in dimension d < 2.
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Chapter 1. Porous medium equations with general weights

Proof of Theorem 1.3.12. Again, with no loss of generality, we assume that v(2) = 1 and
up € L>°(Q). We can rewrite inequality (1.3.12) as follows:

— ||v||iy < ||Vv||§;u Vr>s5>0, Yoe HY(Qv,pu): v#0, (1.3.77)

where C' := 2W2r/ ") Given t > 0 and ¢y € (1,00) N [m —1,00), let ), := (1 — 27%)¢ and
{pr} be an increasing sequence of positive numbers starting from ¢y, which we shall define
below. Using estimate (1.3.2) with (0,7) replaced by (ty,tx:1) and ¢ = pr, — 1 and applying
(1.3.77) to the function

pptm—1
v=u 2z (1),

we obtain:
2r
M(T) r—s
U
dpp(pr — 1)m  [te+r ’ v pptm—1 2
et m 17 [ )| e < e,
P m— T—5 v
] T ,
that is
 (prtm—1)
Apr(pe — V)m e [ (D5 -
(pr +m —1)? k(Pk-&-m 7~ le@lnins, | dr < Jlut)llfy, - (1.3.78)

(P +m —1)% Ji, C llu()|I3

1w

Exploiting the fact that (pg+m — 1) /2 < pi and that LP(£2; v) norms do not increase in time,
from (1.3.78) we deduce

2pn(ps — 1)m uwmﬂnwﬁﬂﬁ i
ullk Pk+m 1)

Letting s = s, = 2pi/(pr + m — 1) and r = r, = s + 2, we get

—E—(pr+m—1) _ Prt—E— (pp+m—1) Pr+—Lt— (pp+m—1)+m—1
fultea) G T §<9(2kt1uu@knuh o bl ™ )

for another positive constant C' = C(qy, m, We,) (which we do not relabel below) independent
of k, or equivalently

), < C (27 fult) |27, + fu(t)|257). (13.79)
where we set pry1 := 2pr +m — 1. Estimate (1.3.79) is the analogue of (1.3.55) in the proof

of Theorem 1.3.8, so we can handle it by means of similar techniques. That is, for initial
data with ||ug|lcc = 1 one can readily show that (1.3.79) yields

(@)oo < € (87 + 1) 7 flug 257 (1.3.80)

qo;V

then, through a standard time-scaling argument, from (1.3.80) one infers

a0

1
lu()loo < C (£ + [luollZ™) ™7 flugllgon” (1.3.81)

qo;v

56



1.3. The homogeneous Neumann problem

which holds true for any uo € L>(€2). On the other hand, considering first initial data with
|luollgr = 1 and then general L% (€2;v) data by time scaling, still from (1.3.79) we can get
the following (non-sharp) smoothing estimate:

1 qo+tl—-m
a0l < © (5 unlaod® + ol ). (13.82)

Finally, the proper smoothing estimate (1.3.13) can be deduced from (1.3.81) and (1.3.82) by
reasoning exactly as in the proof of Theorem 1.3.8. The same holds for the arguments that
allow us to get rid of the assumption ¢y € (1,00) N [m — 1, 00). ]

We close the paragraph by giving a sketch of proof of the converse implications of Theorems
1.3.10 and 1.3.12.

Proof of Theorems 1.3.11 and 1.3.13. There is no significant difference with respect to the
proof of Theorem 1.3.9 above. Let us just mention that, by reasoning likewise, we end up
with the validity of the functional inequality (1.3.74), with the sole difference that

A

V= mi)orn d a=-A

in the one-dimensional case and

Y= b and ¢ = o0
m+1
in the two-dimensional case. Hence, Theorems 3.2 and 3.3 of [13] ensure the validity of the
families (1.3.10) and (1.3.12), respectively, at least for nonnegative functions in L>*(Q2) N
HY(Q;v,11). In order to extend the result to the whole of H'(Q;v, 1) we can again take
advantage of Proposition 1.1.4. O]

Finally, we point out that the same conclusions as in Remark 1.2.21 apply to Theorems
1.3.10 and 1.3.12 as well.
1.3.3.5 Improvements on previous results and comments on sharpness

In [27] the authors also consider the porous medium equation on smooth compact Rieman-
nian manifolds M (endowed with a suitable metric) without boundary, in dimension d > 3.
In this framework the Sobolev-type inequality

lv =7l 2 < Ms[|Volls Vo€ H'(M)

holds true, where L? norms are meant w.r.t. to the underlying Riemannian measure and
V denotes the corresponding Riemannian gradient. Even though we did not work on such
Riemannian manifolds, it is readily seen that result of Theorem 1.3.8 still applies (with
o = d/(d — 2)), since our proofs are only based on chain rule-type arguments and on the
validity of a Sobolev-type inequality. Moreover, it improves on the estimate

m—1
()|, < Kt 71 Jugh? ™ol v >0, (1.3.83)

where K and Ej are suitable positive constants that depend only on ¢, m, Mg, d, Vol(M)

and
0 :— [1_ (%)
qo+m—1

o7

ol

] , (1.3.84)
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which was proved in [27, Theorem 1.1] (by means of a Gross differential method). In fact, it
is plain that
d(m —1)
2q0 +d(m —1)

Furthermore, note that (1.3.83) holds for data in L% with gy > 1V (m — 1) and blows up as
t — 0o, whereas (1.3.9) holds for all gy > 1 and stays bounded as t — oc.

In the non-weighted Euclidean framework (i.e. 2 is a regular bounded domain and p, =
pu = 1), there is a simple argument that shows that our smoothing estimates are sharp, at
least for small times. To this end, we need to introduce a suitable notion. By a scaling-
invariant estimate for solutions to (1.1.2) (or to (1.1.1)), we mean a bound of the type

Ym>1, Vd>2, Vg>1.

lu@llao < S (8 l0llye,)  ¥£> 0, Yug € LT(20),
for some function Sy, : Rt x RT — R* such that

Sao (£ 1uoll g ) = 0]l g5 Sao (w0l 1) ¥E >0, Vg € LO(Q;07).

qo;V

In particular, S is completely determined by the one-variable function S, (-, 1). As it is well
known (see e.g. [142, pp. 125-126)), if Q is a regular bounded domain of R? then:
— for d > 3 the Sobolev-type inequality (1.3.8) holds true in H'(Q) with o = d/(d — 2);
— for d = 2 the family of Gagliardo-Nirenberg-type inequalities (1.3.12) holds true in
HY(Q);
— for d = 1 the family of Gagliardo-Nirenberg-type inequalities (1.3.10) holds true in
H'(Q) with \ = 2.
In this case, the bounds (1.3.9), (1.3.11) and (1.3.13) can therefore be subsumed in the
estimate

2q0

——d SqoFd(m—1)
Hu(t)HLoom)SIf(t a0 [|ug | 250 (0 ”+HuOHm<n>> vt >0, (1.3.85)

which is valid for all d > 1. It is apparent that (1.3.85) is scaling invariant (as well as
(1.3.83)), with

Sun(r, 1) =B (1) i= K (7 50050 1) v >0,

Consider now the classical Barenblatt functions (let b = b(m, d) > 0)

1

e . —2K 2 ﬁ — —
Ulx,t):=t (1 bt |x|)+ , a:=dk, K: dm—1 12

which in particular solve the Neumann problem for sufficiently small times (provided x =
0 € Q, otherwise one just shifts them). It is a matter of straightforward computations to
check that |U(t)|4 ~ t~*11/%) for all t > 0 and ¢ € [1,00]. Moreover, using (1.3.85) on U
between ¢ and t/2, we get:

o~ UDoe < S (472, 10/2)1,.) = 10/, S (1072 8/2,1) ~ 170,

for all ¢ small enough. This implies that estimate (1.3.85) is sharp on U, in the sense that

there cannot exist another scaling-invariant estimate S,,(7,1) with a better rate as 7 — 0.
We can also provide a weighted example in which the bound (1.3.9) is sharp. The setting

is one dimensional, in particular we choose @ = (0,1) with the weights p,(z) = 1 and
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1.3. The homogeneous Neumann problem

pu(z) = xP. The Sobolev-type inequality (1.3.8) associated to such weights is known to
hold with o = 1/(8 — 1) for 5 € (1,2) (see Appendix 1.A, Paragraph 1.A.2.2). An explicit
calculation shows that the Barenblatt-type functions
1 m—1
ki=———"—"—, b:=
m+1-3 m(2 = B)(m+1-p)

1
Us(x,t) :=t" {1 _ b(t*ﬁx)Qfﬁ}—r:fl ’

are (energy) solutions to the corresponding weighted Neumann problem (1.1.2) in Q x (¢/2,1),
provided t is so small that the support of Us(-, %) is bounded away from the point z = 1. By
performing similar computations as in the non-weighted case above, it is straightforward to
check that the smoothing estimate (1.3.9) (with o = 1/(5 — 1)) is sharp on Ug, so that there
cannot exist a better scaling-invariant estimate for small times.

1.3.4 Long-time behaviour

Estimates (1.3.7), (1.3.9), (1.3.11) and (1.3.13) do not provide us with significant infor-
mation on the behaviour of solutions as t — oco. In this subsection we shall see that actually,
under the validity of stronger inequalities like (1.3.14), (1.3.16), (1.3.19) or (1.3.21), any so-
lution u converges to its mean value @ (which is preserved in time, recall Proposition 1.3.3),
with suitable rates. In order to prove it, it will be crucial to deal with the quantity

To this end, we shall establish proper functional inequalities for zero-mean functions, which
are new in this framework.
1.3.4.1 Poincaré-type inequalities

The following preliminary result is key to our analysis.

Lemma 1.3.26. Suppose that the (zero-mean) Poincaré-type inequality (1.3.14) holds true.
Let @ : R +— R be a continuous and increasing function with the following properties:

) ) )
lim M =:lp, lim M =1 lim M
y—=0 y” y——oo " y—+oo Y

=1 (1.3.86)

-

for some r > 1/2 and ly,l_,ly € (0,+00). Then there exists a constant Mg > 0, which
depends on ®, Q, v and u, such that the inequality

12(E) Iy, < Mo [VO(E)]],,, (1.3.87)
holds true for every function & € LY(Q;v) with € =0 and ®(&) € HY (v, ).

Proof. We proceed by contradiction. Should the assertion be false, then there would exist a
sequence of functions

{&} c{eeli () €£0, =0, ©(§) € H'(%v,p)}

such that 1
IV@(Ea)llyy < 12(Ea)llo, Y €N

Let ay, :== || ®(&,)||2, and
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Clearly,
1

Applying the Poincaré-type inequality (1.3.14) to the sequence {V,(&,)} and exploiting the
second inequality in (1.3.88), we deduce that

M
< 2P
2v T n

VneN. (1.3.89)

The above inequality and the normalization condition in (1.3.88) imply that the sequence of
real numbers {¥,,(§,)} is bounded, so that up to subsequences it converges to some limit c.
This fact and again (1.3.89) allow us to assert that

||\I}n(§n) - COHQ;V — 07

that is, up to subsequences,
U, (&n(x)) = ¢o for ae. z € Q. (1.3.90)

The just mentioned normalization condition prevents ¢y from being zero. Now we need to
distinguish three cases according to the value of the quantity

0o = lim a
o0 nsoo 7

which exists upon picking another subsequence. If a, € (0,+00), then the continuity of &
(and so of ®~!) entails

En(1) = @ Y asey) #0 forae €.

If aso = 0 or as, = 400 instead, things are more delicate. Let us begin with the case ao, = 0.
Recalling the definition and the properties of ®, in view of (1.3.90) there follows

En(x) = 0 forae. x€Q;

whence, exploiting the first identity in (1.3.86) and again (1.3.90),

Z,.(z) = g;l}ii) = q[f&ix(i];) \I/n(fn(x))]y — <?§>T #0 forae ze€.

In the case a,, = 400 one can argue likewise. In fact, suppose ¢y > 0. From the properties
of ® and (1.3.90) we deduce that

&n(x) = 400 forae. z €9,

from which, thanks to the third identity in (1.3.86),

Z,(z) = iliff") = [ q[f&%)) \I/n(ﬁn(x))r - (Z) £0 forae z€Q.

Reasoning in the same way, when ¢y < 0 we get

Z,(x) — (lco>* #0 forae ze€.
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1.3. The homogeneous Neumann problem

Hence, in any of the above cases, the sequence {Z,} converges pointwise to a nonzero con-
stant. Since Z,, = 0 and the mean value operator is trivially continuous in L!(Q; ), we come
to a contradiction as soon as we prove that {Z,} also converges in L'(£2; v) to such constant.
To this end, in view of Egoroff’s Theorem, it is enough to show that the sequence

/|z )| dv

converges to zero uniformly as n — oo and v(E) — 0. First of all, notice that (1.3.86),
together with the continuity and the monotonicity of ®, entails the existence of a constant
D > 0 such that

D7 y[" < [@(y)| < DyI" VyeR.

As a consequence,

[zl = [ 5o <p? / Do)

SD%V (/ |V, (& (2 |2d1/> ,

[ 10a(Ea)I v

does vanish uniformly as n — oo and v(E) — 0 since

so that the sequence

L 1@ dv <2 ([ 190(6(@) = col dv+ v(E) )

We have therefore proved that {Z,} converges in L'(£2; ) to a nonzero constant with zero
mean, a contradiction. O

In the case of bounded Euclidean domains with p, = p,, = 1, the above result had already
been proved in [3, Lemma 3.2 for ®(y) = y™ (m > 1). However, the corresponding proof
exploited in an essential way the compactness of the embedding H(Q2) — L2(Q). On the
contrary, the proof of Lemma 1.3.26 does not require compactness (which, in the generality
of our analysis, may not hold). Note that it is crucial that the behaviour of ®(y) as y — 0
and as y — 400 is given by the same power of y: if, for instance, ®(y) ~ y" as y — 0 and
O(y) = y" as y — £oo with r1 # 1o, our proof does not work (we fail to bound [ |Z,(x)| dv).

We are now ready to prove our asymptotic result, in the Poincaré case, for zero-mean
solutions. When ®(y) = y", with a slight abuse of notation, we shall denote as M, the
constant Mg appearing in (1.3.87).

Proof of Theorem 1.3.14. Let qo € (1,00) and, with no loss of generality, take ug € L>®(Q),
with 7y = 0. Consider the (formal) identity

(i, = (2_1)2mqo<qo—1 )7 (%) )

got+m

2

(1.3.91)

2

Since u(7) has zero mean, we can apply Lemma 1.3.26 with the choice ®(y) = y(@0+m=1/2

which provides us with a positive constant Mg, 1m—1)/2 such that

v (u““> ()

i (1.3.92)

1
Ju(r) e 1, < MG i1y 2
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Chapter 1. Porous medium equations with general weights

In view of (1.3.91) and (1.3.92), we can proceed as in the proof of Theorem 1.2.5 to get the

following bound:

1
[w(®)] 4. < — Vt>0, (1.3.93)

(Dt + fJuolly )™

where D > 0 is a suitable constant depending on go, m, M(gg4m—1)/2 and v(€2). For any fixed
0 € (qo,00), using the smoothing estimate (1.3.7) between ¢t and ¢/2 and (1.3.93) evaluated
at t/2, we obtain:

_90 _ _ 1
ft)l < K (£ (4 o) 27+ (£ Juolli) ™| >0, (1399

qo;V

where K > 0 is a suitable constant as in the statement, which we do not relabel in the sequel.
It is immediate to see that (1.3.94) implies (1.3.15). Hence, it remains to prove the validity of
the latter down to go = 1. To this end, given ¢ € (1, 00), a trivial interpolation plus estimate
(1.3.15) with ¢o = (0 + 1)/2 yield

1 - 1
[l g2, < [lult MET luoll T < K (/2) 00 u(t/2)]13,,. HuoH"“ vt > 0.
’ ’ 2

(1.3.95)
A standard iteration allows us to infer from (1.3.95) the validity of

||u(t)||g+1 <Kt @D ||uo||9+1 Vi > 0. (1.3.96)

Thanks to (1.3.94) (with ¢y = (0 + 1)/2) and (1.3.96), in order to obtain estimate (1.3.15)
for qo = 1 one argues exactly as in the end of proof of Theorem 1.2.5. m

In order to handle solutions with non-zero mean, we partially rely on a result which, at
least in the case p, = p, and for nonnegative solutions, had already been proved in [82] (see
Theorem 4.5 there). For the sake of completeness, we repeat the main lines of the proof in
our framework.

Lemma 1.3.27. Let v(2) < oo and ug € LY(Q;v), with ug # 0. Suppose that the Poincaré-
type inequality (1.3.14) holds true. Then

lu(t) —al,, <Kt ™7 Vt>0, (1.3.97)

where K > 0 is a constant that depends only on m, Mp and v(12).

Proof. For any « € (0, 1], Proposition 2.2 of [82] (apply it to f} and f_) provides us with
the following inequality:

[v* = vy, < Mpa HVUH;W Yo e HY (Q v, 1), (1.3.98)
where one can choose e.g.
[} l—«
Mpo=2"20v(Q)2 Ms.
Now notice that, in view of the conservation of mass,

d _ d
E ||U(T) - u“g;u = E HU(T)“;V’

so that
d ) m+1 2 &m m+1
—u(r) =5, = ———— ||V T < - ulT) —u 5
o llu(r) —ll, (m+ H (@)@, < S (o 1 1)
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1.3. The homogeneous Neumann problem

where we used (1.3.98) with o = 2/(m+1) and v = u(™*+Y/2(7). Solving the above differential
inequality in the variable y(7) := |lu(7) — /|3, we end up with the same bound as (1.3.93),
with ¢ = 2 and u replaced by u — @, which entails (1.3.97). m

We are now in position to prove Theorem 1.3.18.
Proof of Theorem 1.3.18. Estimate (1.3.23) for ¢ € [1,2] is just a consequence of Lemma

(1.3.27) and the finiteness of the measure. In order to get (1.3.24) for ¢ € (2, 00), consider
first the following interpolation inequality:

- 2 g(m-1) _1=24e(m-1)
[u(t) —ull,, < llu(t) —allz, [u(t) — UHsziefzi).y :
eo(m—1)?’

Thanks to (1.3.97), the first factor in the right-hand side gives the same time rate as in
(1.3.24). Hence, we only need to bound the second factor. Applying the smoothing estimate
(1.3.7) with gy = 1 and p replaced by

2(0 —2)

p=ple,om) =2+ o =1’

we obtain:

[u®) =, < 2[[u@®)]

v — pv

<2K (Jluollly + uoll) ¥ 21,

which finally entails (1.3.24).

Consider now an initial datum ug € L*°(Q2) with w5 # 0, so that ||u(t)||ec < ||uolleo for all
t > 0. Let w:=u/u — 1. Given g € (1,00), by plugging the test function w?™! in the weak
formulation (1.3.1) (we can justify this rigorously), we find:

d m— m— —
I, = —olo = Dmia™ [ wlw,7) + 1" (e, 1) Vol 7)P du. (13.99)

If we let
Y o m—
o(y) = ["[5 7 o+ 1) a,

then (1.3.99) reads
;7 Jw(r)]2,, = —o(e — 1ym[a™" /Q IV(®(w))(z,7)]> dp. (1.3.100)

At this point we aim to exploit Lemma 1.3.26 to . Such a function is certainly continuous
and increasing, and by means of de I’'Hopital’s Theorem it is straightforward to check that

P 2 P 2
lim (£/> =—, lim H(le = .
y—0 Y2 0 y—Foo yiz 0 +m—1

Actually, since 9/2 # (0 +m — 1) /2, we cannot apply Lemma 1.3.26 to the function ® as it is.
However, we can circumvent this difficultly by taking advantage of the fact that uy € L>(Q)
and the quantity ||w(t)]|s does not increase in time (trivial consequence of (1.3.99)), so that

Uy — U
Hmmuswmwmz”OM”w:R V>0
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Chapter 1. Porous medium equations with general weights

In particular, the behaviour of ®(y) for |y| large does not affect ®(w(t)). Hence, we are
allowed to modify ® e.g. as follows:
®(y) ify e [-R—2R],
Op(y) = O(R) + [28"1 (R+1)"7 dz ify >R, (1.3.101)
O(—R—2)— [["2 ) (R+1)"T de ify<-—R-2.
It is plain that ®p fulfils all the hypotheses of Lemma 1.3.26 since

m—1
L @rly) L Paly) 2R+ 1)

Yy—+00 Y2 Y—r—00 Y2 0

Recalling that w = 0, we can therefore assert that there exists a positive constant Mg,
(depending on g, m, €2, v, ; and R) such that

[Pr(w)lly,, < Moy, [[VOR(w)],,, (1.3.102)
Moreover, ®(w) = ®g(w) by definition of ®g, so that (1.3.100) and (1.3.102) entail
d _ oo = Hmju["~! 2
7 1ol < M2, [P r(w (), -

In view of (1.3.101), it is apparent that there exists a suitable constant D = D(p,m) > 0
such that ,
D7'y|z < |@(y)| < |Pr(y)| VyeER,

whence

d ~olo— mjam! 2 e
3 (s, < T [0, = ~Cela" ™Il .
DR ’

where C' is a positive constant as in the statement. Solving the above differential inequality
in the variable y(7) := |lw(7)[|¢,, and going back to u — @ we deduce (1.3.25).

In the case where p, has better local regularity properties (Vp, € L2 (2) will do), from the
results of [72] and [151] we infer that the solution wu(t) is Hoélder continuous in any compact
set Qi € Q. More precisely, we can apply Theorem 1.1 of [151] to @ := p,u, which (in
particular) ensures that there exists a constant a = a(m, Q, Qxk, pu, ppu, [|wolls) € (0,1) such
that

sup 4()| cagay) =t Bm, Q,Quc, py, py, [[to]] ) < 00 (1.3.103)

Since p,, is locally Lipschitz and bounded away from zero, it is plain that (1.3.103) also holds
for u(t). We point out that in case p, is constant one may apply [72, Theorem 1.2 and
Remark 4.1] as well. Now let {2} be a suitable subdomain of Q with Qi € Q) € Q (for
instance, ) = Qg + B, where 0 < € < dist(Qg,00)). Take a regular cut-off function n
such that n = 1 in Qg and suppn € . Reasoning likewise, it is not difficult to deduce that

sup [(u(t) — )| go ey < 00 (1.3.104)

for another constant v as above. A classical interpolation result due to Gagliardo and Niren-
berg (see e.g. [142, p. 126], [30, Appendix A.3] or [100,101]) entails the validity of the following
inequality:

_d

17(u(t) = D)l gay < G ln(ut) = D|ERa In(ult) - )!lﬁ?“ﬁd , (1.3.105)
for a suitable G > 0 that depends on «, ¢ and d. Hence, estimate (1.3.26) follows from
(1.3.25), (1.3.104) and (1.3.105). O
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1.3. The homogeneous Neumann problem

Note that, in the above proof of (1.3.25) (and (1.3.26)), the assumption uy € L*(£2) is
crucial. In fact the way the constant Mg, in (1.3.102) depends on R, and so on ||ugl|«, is
completely unknown: Lemma 1.3.26 takes advantage of an argument by contradiction. For
the same reason, we can give no explicit bound over C' (and Ck).

1.3.4.2 Counterexamples to uniform convergence to the mean value

In Paragraph 1.3.3.2, by means of an explicit counterexample, we have seen that in general
validity of the Poincaré-type inequality (1.3.6) yields a smoothing effect for solutions to (1.1.2)
which works up to Lé(2;v), with o strictly smaller than infinity. However, in Theorem
1.3.18 we proved that, for bounded initial data with nonzero mean, as a consequence of
the (zero-mean) Poincaré-type inequality (1.3.14) solutions converge (with exponential rate)
locally uniformly to their mean value. It seems therefore natural to ask whether, at least
for bounded initial data, such convergence could be globally uniform. By means of another
counterexample, we shall now see that the answer is again negative (in general).

Let us consider problem (1.1.2) with the following choices:

Q=1(0,1), py(z)=2a""2, pu(ac):xﬁ, B>1, m>2.

In this context, the (zero-mean) Poincaré-type inequality (1.3.14) holds true (see Appendix
1.A, Paragraph 1.A.2.1). We are looking for a function r : Rt +— (0,1) which is regular,
decreasing, with lim;_,, . 7(¢) = 0 and such that

0 if £ €[0,r(t)/2],
W, t) =755 — 1 ifwe(r)/2,r)], (1.3.106)
1 if v € (r(t),1]

is a supersolution to (1.1.2). Because ,(z,t) vanishes in neighbourhoods of z = 0 and x = 1
for all t > 0, it is enough to check that @ is a supersolution in the distributional sense. This
amounts to requiring that

po(@)ie(2,t) = (p)a(@) (@™ )o(2,1) + pu(2) (@™ )aa(,t) 0 D'((0,1) x RT). (1.3.107)
After some straightforward computations, we get:

. 21" (t)x
(e ) = =5y Xewrw(@),

m—1
o 2m [ 2x
(2™) (2, t) = =Dl <T(t) - 1) X(r(t)/2:r ()] (T)
2m

(") g (z, t) = v(x,t) — =) Oo=rty(2, 1), (1.3.108)

where we set

oot) o Al = 1) < 21

m—2
—1 . . )
r2(t) r(t) ) X(r(t)/2,r(t)] €9

Since the contribution of the Dirac mass in (1.3.108) is negative, we can neglect it, so that
the validity of (1.3.107) is ensured provided

_ B2 2r' () _ 2mpaPt [ 22 _ m 4m(m — 1)2” [ 2z
2@ = (T(t) ) r2(t) <r(t)
Vi >0, Vre(r(t)/2r)).

_ 1>m2 (1.3.109)
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Dividing (1.3.109) by 2°~!, we obtain:

2r'(t) _ 2mpB [ 2x ml dm(m — )z [ 2z me2

— > -1 + -1 .
r2(t) — r() \r(t) r2(t) r(t)

It is then apparent that, for any given ¢ > 0, (1.3.110) holds true for all x € (r(t)/2,r(t)) if

and only if it holds true at # = r(¢) (recall that m > 2). Hence, letting = = r(¢) in the r.h.s.
of (1.3.110), we get:

(1.3.110)

< —m(B+2(m—1)) = —c(m,B) <0.

Integrating between 0 and ¢ we end up with
r(t) < r(0)e ™At (1.3.111)

If we pick 7(0) small enough, a function r(¢) as in the r.h.s. of (1.3.111) fulfils all the require-
ments we listed in the beginning of the construction. So we have proved that there exists
a supersolution to (1.1.2) of the type of (1.3.106). In particular, the solution to the same
problem associated to any nonnegative (and nontrivial) initial datum wuo(z) < @(x,0) will be
less than or equal to @(x,t) for all ¢ > 0: as a result, it cannot converge uniformly to its
mean value 7 > 0 since it is forced to be zero in the interval (0,r(¢)/2) for all ¢ > 0. Thanks
to a routine time-scaling argument it is easy to show that the same holds true for solutions
corresponding to any uniformly bounded initial datum which is less than or equal to zero in
a neighbourhood of z = 0 and has positive mean.

As the reader may guess, the assumption m > 2 in the above example cannot be relaxed,
since for m € (1,2) the right-hand side of (1.3.109) blows up as « — r(t)/2. However, by
performing some modifications, we are still able to construct a suitable supersolution. Indeed,

upon setting

i, 8) = {@) if 2 € [0,r(t).

1 ifxe(r(t),l]]

and proceeding as above, we get the condition

r'(t) _ mBx™t  m(m—1)z™?

G I R
which must be valid for all € (0,7(¢)). The maximum of the r.h.s. of (1.3.112) is clearly
attained at z = r(t), so that by substituting such value in the latter and solving the cor-
responding differential inequality we end up again with (1.3.111) (up to a different positive
constant ¢(m, 3)). Unlike @, the supersolution @ does not have a zero derivative at z = 0.
Luckily, it turns out that this does not matter. In fact, the space of absolutely continuous
functions in [0, 1] which vanish in a neighbourhood of z = 0 is dense in H'((0,1); 2, 2%),
provided o« € R and > 1 (see e.g. the proof of [95, Theorem 2.11]). This means that in
order to prove that @ is a supersolution to (1.1.2) it is enough to test it against functions
which vanish in a neighbourhood of x = 0. The fact that @ is zero at x = 0 for all £ > 0
makes sure that uniform convergence to the mean value @ > 0 does not occur for a class of
bounded data as above.

We point out that in the case d > 3 (let d € N) and 5 = d — 1, our analysis amounts to

considering radial solutions to the Neumann problem (1.1.2) in B; C R? with the singular
weight p,(z) = |z|~? and p, = 1. In [111] the authors studied the same problem in the

whole Euclidean space: our counterexamples, at least in a neighbourhood of the origin, are
in agreement with [111, Theorem 1.1].

(1.3.112)
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1.3.4.3 Sobolev- and Gagliardo-Nirenberg-type inequalities

If Sobolev- or Gagliardo-Nirenberg-type inequalities of the type of (1.3.16), (1.3.19) or
(1.3.21) hold true, then the results we proved in Paragraph 1.3.4.1 leave room for improve-
ment, as we shall now see. We begin with the case of zero-mean solutions.

Proof of Theorems 1.3.15, 1.3.16 and 1.3.17. Let qo € (1,00) and, with no loss of generality,
uy € L*(R), with wg = 0. First of all, notice that estimate (1.3.93) holds true. Indeed,
any of the inequalities (1.3.16), (1.3.19) or (1.3.21) implies the validity of the (zero-mean)
Poincaré-type inequality (1.3.14) (Remark 1.3.21), which is the only functional tool one needs
to prove (1.3.93) (recall the proof of Theorem 1.3.14). Hence, taking advantage of the latter
together with the smoothing estimates (1.3.9), (1.3.11) or (1.3.13) evaluated between ¢ and
t/2, we obtain (K denotes a positive constant as in the statements):

(e—1)ag 1

lu(t)ll < K |0 (¢4 uolly) T 4 (¢4 HuoH;;’:)”“] :
(1.3.113)
e 1-m _(m—l)[(;i;f)q-?-)\(m—l)] 1-m _ﬁ
()]l < K [t TF5m 50 (¢ + [[ug| . ") g + (¢ + lluolly )
(1.3.114)

or

qo;vV qo;V

_ 40 1
Ju(t)]o < K [t_‘m*i“ (t+ lluollyy) T 750 4 (¢ + Juol o) ’“} ., (1.3.115)

respectively, for all ¢ > 0, from which the corresponding estimates (1.3.17), (1.3.20) and
(1.3.22) follow. In order to prove the validity of such estimates down to gy = 1, we can
reason exactly as in the proof of Theorem 1.3.14. That is, by interpolation and iteration
arguments we infer the bounds

o(m+1)—2

||u(t)||27y S Kt_Q(U:z—l) ||u0||12(a7n71) \v/t > 0’

sV

A(m+1)+4

u(t)]ly, < K 507 ug |, 2" W >0

or
1

m+1
lu(t)lly, < Kt |lugll 2 VE > 0;

then we plug the latter in estimates (1.3.113)—(1.3.115), with ¢y = 2 and the time origin
shifted to ¢/2. O

As concerns solutions with nonzero mean, before proving Theorem 1.3.19 we need some
preliminary steps, one of which is a delicate refinement of Lemma 1.3.26.

Lemma 1.3.28. Givenr > 1/2, m > 1 and a fized number R > 1, let
y -
Dpmly) = [ 12 41" Az vy € [-RR].
0

Then there exist two positive constants Cy = C1(m) and Cy = Cay(m, R) such that
Cy

T1+1v[m7*1]

c
yI" < 1@rm()| < =2 yl” Vy € [-R.EB]. (1.3.116)

67



Chapter 1. Porous medium equations with general weights

Proof. One has to study the ratio |®,.,,(y)|/|y|". The bound from above is easily achievable,
since

m—1 1 M
D, (y)] < (R+1)"T ‘/y 2! dz‘ _ (R +7=) 5
0

In order to get a lower bound, we begin with the case m = 3. Recall that, for y # 0, we use

ly|" Vye|[-R,R].

the convention y" := |y|""'y. First of all notice that
Yy r— 1d 1
e (Y)Y > h# dz 1 Vy € (0, R]; (1.3.117)
y" r
moreover,
. Jwlr=t(1-2)d 1 [y 1
®3(y)/y" = ==- > Yy € [~1,0). (1.3.118)

ly|” roor+1 " r(r+1)

So we are left with studying the minimum of @, 3(y)/y" as y varies in [—R, —1). We have:

JWhr=112 — 1] dz ot —2)de + Stz — 1) dz
[yl N [yl

(2 [yl
_<(r+1)+r+1 r>/||

_ 1
i+ vy eor ),

fr(y) = @r3(y)/y" =

(7" +1) r+1
(1.3.119)
Since
d( 2 . s 1 2 a1
—[———s — - =———35
ds \r(r+1) r+1 r r+1 r+1’
whose zero is attained at s := 2/ *1 there holds
1,/
fly) == (270 —1) Wye[-R,-1). (1.3.120)
,
Finally, it is apparent that
1 log 2
e i ) (1.3.121)

r(r+1)

By collecting (1.3.117)—(1.3.121) we then get the lower bound in (1 3.116) for m = 3.
Now let us consider the case m > 3. Since the function s + |s|(™~1/2 is convex, in view
of Jensen’s inequality we have:

m—1

o)l _ 1P o= 117 e s (fo“"z“l\z—l\dz)2 Yye [R0).

lyl~ =14z lyl"

and we can bound the right-hand side from below just by applying to it the above estimates
for m = 3, so as to obtain

|q)r,m(y)| > C
lylm T e

for some positive constant C; = Cy(m). Hence, (1.3.117) and (1.3.122) provide us with the
claimed lower bound in (1.3.116).

Vy € [-R,0) (1.3.122)
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1.3. The homogeneous Neumann problem

We still have to deal with the case m € (1, 3), that is when the function s +— |s|™™~1/2 is no
more convex. Again, since (1.3.117) holds for all m > 1, we can limit ourselves to the analysis
of the ratio |®,,,(y)|/|y|" for y € [-R,0). Since (m — 1)/2 =: a € (0, 1), straightforward
computations show that

|z —1|* >z —=1| Vze€l0,R],

whence

m—

m— r1 | m=1
()] _ e -1 e R 1]d

[~ ly|” ly|”

Vy € [-R,0).  (1.3.123)

Thanks to (1.3.123), there is no difficulty in proceeding as in the case m = 3 in order to
prove that also the r.h.s. of (1.3.123) is bounded from below by a constant times 1/r?. [

Lemma 1.3.29. Suppose that there exists a constant Mps > 0 such that the Poincaré-
Sobolev-type inequality

[ = Tl < Mps [Volly,, Vo€ H(Qv,p) (1.3.124)

holds true for some o > 1. Then for any fited m > 1 and R > 1 there exists another constant
M, > 0, which depends on m, Q, v, u and R, such that the inequality

[Prm ()56 < Mo [V Prm ()],

holds true for all v > 1/2 and every function & € L>®(Q) with & = 0, ||¢|l., < R and
@, (€) € H' (v, ).

Proof. As in the proof of Lemma 1.3.26, we argue by contradiction. If the assertion were
false, then there would exist a sequence of numbers 7, > 1/2 and a corresponding sequence
of nontrivial functions {¢,} such that r, — oo, [|€,]l, < R, & =0, @, (&) € HY(Q; v, 1)
and

1
HV(I)Tn,m(gn)HQW < n ||®Tn7m(£n)||2o-;y Vn e N. (1.3.125)

The fact that {r,} cannot accumulate at some finite r and is therefore forced to go to infinity
is a direct consequence of the method of proof of Lemma 1.3.26. Let

Ay 1= chrn,m(gn) “20;V

and
q)rn ,m (gn)

an

v, =
From (1.3.125) we deduce that

1
||\I[n||20';l/ = ]‘7 ||v\1jn||2,# S ﬁ \V/n E N

Applying the Poincaré-Sobolev-type inequality (1.3.124) to ¥,, we find
— M
[ -], <=7

200 n

Vn eN. (1.3.126)

In particular, since ||¥,|l,,., = 1, the sequence of real numbers {V,} is bounded and thus
converges to some finite number ¢y (up to a subsequence which we do not relabel). In

view of (1.3.126), {U, } also converges in L*(;v) to such constant, so that ¢y # 0 since
[V l20 = 1.

69



Chapter 1. Porous medium equations with general weights

Consider now the sequence

Z,(2) = i’;(f) .

First of all, we aim to prove that {Z,} converges pointwise to a nonzero constant. Indeed,
still up to subsequences, we know that {¥,,} converges pointwise to the nonzero constant c.
Let us rewrite Z, in the following way:

e@" ]
Bl )

Thanks to Lemma 1.3.28 and to the fact that |&,(z)] < R, we have:

2.0 = |

Letting n — oo we then infer that {|Z,|} converges pointwise to 1, so that {Z,} converges
pointwise to 1 if ¢g > 0 or to —1 if ¢y < 0, in any case to a nonzero constant. We can
finally we prove that {Z,} also converges in L'(2;v) to such a nonzero constant. To this
end, thanks to Egoroff’s Theorem, it is enough to show that [ | Z,(x)| dv vanishes uniformly
as n — oo and v(E) — 0. We have:

11v][2=t) ] e
!£n( )| Tn 1
JAEAE S dvs | P | @l v
1 T1+1v[m—] T )
100 T e — Ul
<v(E) c INEA e

The assertion follows since {¥,} converges in L?*(Q;v) and in particular is bounded in
LY(Q; ). We have therefore proved that the sequence of zero-mean functions {Z,} converges
in L1(Q;v) to a nonzero constant, a contradiction. O

With respect to the family of functions ®, ,,, Lemma 1.3.29 improves Lemma 1.3.26 in
the sense that, basically, it ensures that the constant Mg, , appearing in (1.3.87) does not
depend on r: this turns out to be a crucial property that allows us to prove the next result,
namely uniform convergence of solutions with nonzero mean to their mean value.

Proposition 1.3.30. Let v(Q2) < oo and ug € L>®(R2), with ug # 0. Suppose that one
between the Sobolev-type inequality (1.3.16), the one-dimensional Gagliardo-Nirenberg-type
inequality (1.3.19) and the two-dimensional Gagliardo-Nirenberg-type inequality (1.3.21) holds
true. Then the solution u to (1.1.2) corresponding to the initial datum ug converges uniformly
to its mean value u.

Proof. We proceed by means of a Moser iteration. Indeed, for a given o > g9 > 1, let us
plug the test function w?™! in the weak formulation (1.3.1), where we set w := u/u — 1. We
obtain:

T 2
()2, +ele=Dmfal" " [~ [V@yzm(uw())], ar = lw()lg, ¥T>s>0. (13127)
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1.3. The homogeneous Neumann problem

Since || w(7)||e < ||w(0)]|oo + 1 =: R, we can apply to the Lh.s. of (1.3.127) Lemma 1.3.29
(with 7 = p/2), which entails
— Dmlu|™ 1 (7T 2
e, + LEE g [ a7 < ()2, VT > 520,

(1.3.128)

Notice that either of the Gagliardo-Nirenberg-type inequalities (1.3.19) or (1.3.21) implies

the validity of a Sobolev-type inequality, so we assumed with no loss of generality that the

latter holds true for some o > 1. Thanks to estimate (1.3.116) (again with r = p/2), (1.3.128)

yields

ole — Dmfa|™' (T Ct Ty
lw(T)]1%,, + 7 / T e’ )defg lw(s)]|2, YT >s>0,
(5)
that is
[w(T)ll;, + pox 1)/ [w(T))15,, AT < [[w(s)|l5, VYT >s =0, (1.3.129)

where K > 0 is a suitable constant that depends on qo, m, M., o and [@| (but is independent of
0), which we do not relabel below. Given any ¢ > 0, let us define the sequences t;, 1= (1—27%)¢

and pgyr1 = opg, where py := qo. Using (1.3.129) with s = t5, T = tx11, 0 = pr and taking

advantage of the fact that ||w(7)]|,, is non-increasing in 7 for all p € [1, 00|, we obtain:

pi (m—1) ok+1 1
||w<tk+1)”pk 1V S\ 7 b ”w(tk’)Hpk;u7
+ K

or equivalently
E+1 1
1)y < K00 f(t8)] (13.130)

Performing an iteration of (1.3.130), we end up with

KZh 0 h+q10 t Zh 0o

||w(tk+1)||pk+1 wo— ‘ZO ”w( >||qo;'/ :

Hence,
ol = Jim 0@l < ot el < KO 0], (13131
and the assertion follows by letting ¢t — oo. O]

We are now ready to prove the main asymptotic result of this subsection: as a consequence
of the validity of a Sobolev-type or Gagliardo-Nirenberg-type inequality, solutions to (1.1.2)
with nonzero mean converge uniformly to their mean value with a precise exponential rate.

Proof of Theorem 1.3.19. We first assume uy € L>®(Q2). In view of Proposition 1.3.30, in
particular there exists a suitable 79 = 19(m, M., o, [@], ||uo||oo) > 0 such that
. i
> — > 7. 0.
eisélgnf lu(z,t)| > 5 Yt > 1 (1.3.132)

By combining (1.3.127), (1.3.132) and recalling the definition of ®,,,, it is straightforward
to deduce the following inequality (let o > 1):

d , 40— Dym (fa\" e
&wme—umws—(gg)ﬁg) v [(w(r) — )]

71

Coovrzwm. (13133)
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Chapter 1. Porous medium equations with general weights

The choice ¢ = 2 in (1.3.133) immediately leads to

- -2 (3)" ) ~
||u(t) - u||2;1/ S € P ||'U/('7—0> - U’HQ;V Vt 2 70 (13134>

where in the r.h.s. we exploited the Poincaré-type inequality (1.3.14), which trivially holds
true as a consequence of (1.3.16), (1.3.19) or (1.3.21). Replacing ¢ with (t+79)/2 in (1.3.134)
and using estimate (1.3.131) with go = 2 and the time origin shifted to (¢t + 79)/2, we end up
with the bound

Ju(t) —ull, < Ge " lug —all,, VE=m+1, (1.3.135)

where G > 0 is a suitable constant that depends on m, Q, v, u, [@], ||uo]|e (Which may change
from line to line and we do not relabel) and

S ME2m™
Now let us pick 71 > 79 + 1 so large that
1
Sl < lal - Ge ug —ully, VE=m. (1.3.136)

Since

lu(x, 7)| > [@| — |u(x, 7) —a| > @] — Ge 7 ||uo —lly, Vr>m, forae ze€Q,

we have:

d

—lu(r) =l = —2m [ Ju(z, )" Ve, ) dp

T Q

_ _Cr _ m—1 2
<—2m(jul = Ge " |lug —ul,,)"  Vulr)l,
2 m—1

S—]\ZQD(|U|—G€_CT||U0—U||2;V) lu(r) —al3, vr>m.

(1.3.137)
Integrating (1.3.137) between 73 and t, we get (notice that here and above we exploit the
fact that ||u(7) — |2, is non-increasing in 7):

2m

t _ _ — m—1
—a [- (=G e CTlluo—mlly, )" dr
P

—12 —112
||U(t) - u||2;u S ||U0 - u||2;l/ € (13138>

Letting € := G =7 |lug — |2, in view of the elementary inequalities (recall (1.3.136))
([al —e)" " = [@™ " = (m = Da|" e ¥Ym > 2,
([al = &)™ = [a]™ " = (m = 1)(Ja — &)™ % > [a|" " = 2*7"(m — D[u|" e Vm € (1,2)

and of a straightforward computation of the integral appearing at the exponent, estimate
(1.3.138) yields

—L‘ﬂ|m71t
u(t) —all,, < Ge Vit > (1.3.139)
Taking advantage of (1.3.135) with the time origin shifted to t —7p—1 and (1.3.139) evaluated
at time ¢t — 79 — 1 (in place of t) we finally obtain

L|§|m—1 t

|u(t) — |, < Ge M7 V>, (1.3.140)

where we set T, := 79 + 71 + 1. The fact that in (1.3.27) we can pick e.g. » = 1 and any
up € LY v) with g # 0 (we also replace the dependence of G on ||ug||s with ||uol|1.
accordingly) is just a consequence of (1.3.140) and the smoothing effects (1.3.9), (1.3.11) or
(1.3.13). O
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1.3. The homogeneous Neumann problem

As the reader might have noticed, in the proofs of Theorems 1.3.14-1.3.19 at some point we
computed time derivatives of L?(2; v) norms of u (or u—u). This can be justified rigorously,
for instance, since solutions are strong, as we recalled in Paragraph 1.2.3.1 above (similar
remarks apply to the Neumann problem as well). Alternatively, one can prove all the key
energy estimates (like e.g. (1.3.127)) on the regular solutions to the approximate problems
we constructed in the the proof of Theorem 1.3.4 and then pass to the limit.

1.3.4.4 Improvements on previous results and comments on sharpness

As concerns zero-mean solutions, in [27, Corollary 1.3] the authors established the following
estimate (in the framework of compact Riemannian manifolds without boundary where the
Sobolev inequality holds true, see Paragraph 1.3.3.5):

()] < ¢ vt > 1 (1.3.141)

(B(t=1)+ llugll) ™

for suitable positive constants B and C, where 6§ € (0,1) is defined as in (1.3.84). It is
apparent that (1.3.141) is weaker than (1.3.17) since it provides a slower decay rate for
|u(t)]|oo as t — oo (t~1=9/(m=1) versus +~1/(m=1)  Actually, at least in the framework of
regular bounded Euclidean domains, a decay rate of order ¢t~%(™~1) was already known to
hold for bounded initial data due to the results of the pioneering work [3] (see in particular
Theorems 3.1 and 4.1), even though the estimate given there still depended in a nontrivial
way on the > norm of the initial datum and in particular could not be extended to general
L! data. We point out that such rate is in fact sharp: one can consider the separable solutions
constructed in [3, Section 2], whose L decay rate is precisely =1/ (m=1),

As we have seen throughout Subsection 1.3.4, solutions with nonzero mean converge uni-
formly to their mean value. In this regard, an immediate consequence of Proposition 1.3.30
is the following.

Corollary 1.3.31. Let v(2) < oo and let one between the (zero-mean) Sobolev-type inequality
(1.3.16) and the Gagliardo-Nirenberg-type inequalities (1.3.19) or (1.3.21) hold true. Then
the support of any solution u(t) of (1.1.2) corresponding to a compactly supported initial
datum ug with nonzero mean becomes the whole Q for t large enough.

The analysis of the properties of the support of solutions is a widely investigated topic in
the literature. Without any claim of completeness, we quote e.g. the papers [107,117,118,
147,155,157,168]. The interesting point in Corollary 1.3.31 lies in the fact that, at least for a
Neumann-type problem like (1.1.2), solutions starting from nonzero-mean data with compact
support lose this property in finite time as a sole consequence of the validity of a suitable
functional inequality. A result of this type seems to have no analogue in the literature. In [27]
uniform convergence to the mean value is also established, but in order to do so the authors
take advantage of the uniform spatial Holder continuity of solutions, which may not hold in
the general framework we deal with.

Let us now compare Theorem 1.3.19 to some previous results. In [116] a convergence
analysis is carried out in one-dimensional Fuclidean space: actually, more general nonlin-
earities and more general weights are considered there, but only local uniform convergence
to the mean value (without rates) for nonnegative solutions is proved. We have to remark,
however, that for such weights Sobolev-type or Gagliardo-Nirenberg-type inequalities may or
may not hold (depending on the behaviour of the weight at infinity), and therefore one cannot
expect uniform convergence in general. On the other hand, in [27] the authors provided a
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Chapter 1. Porous medium equations with general weights

convergence rate of order
__(A-6)m
M}% om—1

\ﬂ|m71t

(as recalled above, for nonzero-mean solutions on compact Riemannian manifolds without
boundary), which is clearly weaker than the one we obtained here. It is worth mentioning
that in fact an exponential rate of the type of

—e |g|m—1t

Mp Ve € (0,1)

could have also been proved by exploiting the uniform convergence to the mean value together
with Theorem 3.3 of [3]. Theorem 1.3.19 ensures that one can actually choose € = 1.

Let p, = p, = 1 and let Q be a regular bounded domain of R?, for simplicity. By writing
u(z,t) = u+ f(x,t) and linearizing (1.1.2) about the constant @ one formally gets the equation
fi = m[u|™ tAf, so that the rate given in Theorem 1.3.19 coincides with the one predicted
by linearization. This is not by chance: in the following, we shall prove that estimate (1.3.27)
is sharp by providing suitable data for which the latter is matched by a lower bound.

Proof of Proposition 1.3.20. We consider first the solution to (1.1.2) corresponding to a reg-
ular initial datum wug such that 7g = 1 and |lug — 1]joc < 6 < 1, where § > 0 will be chosen
afterwards. Since ||u(t) — 1||« is non-increasing in ¢, we have that |u(z,t)] > 1 —§ for all
x € Q and t > 0. Hence, by exploiting such bound in the first line of (1.3.137) and solving
similarly the associated differential inequality, we end up with the following estimate:

LF )l < [l folly ™= e >0, (1.3.142)

where we set f(x,t) := u(z,t) — 1 and fo(z) := ug(x) — 1. Because the equation is in fact
non-degenerate, from standard quasilinear theory (see the monograph [120]) we have that
f e C>(2x (0,00)). Moreover, straightforward computations show that

fi=mAf+F, (1.3.143)

with
Fi=m(m—1)1+ "2V +m[1+ )™ =1 Af.

Upon choosing fy = ¢11; as initial datum, under the condition

J
jc] < T (1.3.144)
(1.3.142) reads
1f D)y < Jer] e 2mA=0"7 g > 0, (1.3.145)
Let us define
|f|00(§) = || flloo

and, for any multi-index n := (ny,...,n4) (let |n| :=m + ...+ ny), the seminorms

Moy = max |0, k€N,

Again, since the equation at hand is uniformly parabolic, we infer the existence of a constant

C = C(d,k,m,Q) > 0 such that
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1.4. A nonhomogeneous Dirichlet problem in Euclidean space

We now recall the generalized interpolation inequalities

T
sy =@ (Il 190 -+, ). (13147

valid for all integers £ > 7 > 0, real numbers p > 1 and a suitable positive constant
Q= Qj,k,p,d, Q) (we refer the reader to [142, Theorem at p. 125 and comment n. 5 at p.
126] or, for a short review on the same topics, [30, Appendix A.3]). Combining (1.3.145),
(1.3.146) and (1.3.147) (with g = f(t)) we deduce that

FBlor < € (leal ™+ feal ) 7m0 for £=0,1,2, ¥ >0, Ve e (0,1),

where C" = C'(¢, 0, m, d, ) is another positive constant independent of ¢; subject to (1.3.144).
From the very definition of F' and from the fact that the L*° norm of f(¢) is non-increasing in
t we infer that, for suitable positive constants C” = C” (6, m,d) and C" = C" (¢, 0, m, d, ),

IE@) e < C" (1F®) 2@ + 1F Ol 1F Ol o) (13.148)
< o <|61|1—e + |C1|>2 6_2/\1771(1—6)’”*1(1—6)1t Vi > 0’ Ve € (O’ 1) . ..

We aim to study the asymptotic behaviour of o (¢) := (f(t),%1)12(q), that is the first Fourier
coefficient of f along the evolution. In order to do that, let us multiply equation (1.3.143)
by ¢ and integrate in 2, so as to obtain the following differential equation for o (t):

ar(t) = —Mmar(t) + (F(t), ¥1)12q) -

Duhamel principle entails that c;; must satisfy the nonlinear integral equation (recall that by
construction a;(0) = ¢)

t
an(t) = e [cl + /0 A (P(s), Y1)y ds} . (1.3.149)

If we choose § and e sufficiently small, namely such that 2(1 — 6)™"*(1 — ¢) > 1, thanks to
(1.3.148) we easily deduce that the integral in (1.3.149) can be bounded as follows:

t
/O M (F(5), 1) 12y s

where D is another suitable positive constant independent of ¢; subject to (1.3.144) and of
t > 0. Now pick |c;| so small that

<D (\cl|1_5 + \01])2 ,

e1] > D (Jer| ' + Jeal)

this being possible since 2(1 — €) > 1. Under such a constraint on |c;|, (1.3.149) entails that
the ezact decay rate of oy (t) is e=™™ in the sense that |ay(t)] ~ e ™™ as t — co. Hence,
(1.3.28) holds true since there exists a suitable constant G > 0 such that

_1 _1 “nm
lu() = Uloe = 1Ol > 1A 1F @)l > 19072 aa ()] = Ge™™ ¥t > 0.
The case of initial data with nonzero mean 7y # 1 can be brought back to the case g = 1

by means of a standard time-scaling argument. O

1.4 A nonhomogeneous Dirichlet problem in Euclidean space

After having analysed the homogeneous problems (1.1.1) and (1.1.2), in this section we
deal with existence and uniqueness issues for the special problem (1.1.21) in Euclidean space,
where nonhomogeneous Dirichlet conditions of the type of (1.1.25) are prescribed at infinity.
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Chapter 1. Porous medium equations with general weights

1.4.1 Statements of the main results

We first provide a suitable notion of solution to (1.1.21). For the moment, let us just
assume that p and G are continuous functions and that wug is a bounded initial datum.

Definition 1.4.1. Given T' > 0, a very weak solution to problem (1.1.21) is a function
u € C(Sr) NL>®(Sr) such that

/Ot/Q [p(x)u(z, T)ei(z, 7) + G(u(z, 7)) Ap(x, 7)] dedr
dp

= /Q p(z) [u(z, t)p(x,t) — up(z)p(x,0)] de + /Ot /m G(u(o, 1)) a—n(a, 7)dodr

for all smooth bounded domain Q C R%, t € (0,T] and any ¢ € C**(Q x [0,t]) with p =0
on 0 x [0, 1].

In agreement with the above definition, a (very weak) supersolution [subsolution] to
(1.1.21) is a function u € C(Sr) N L*(Sr) which satisfies (1.4.1) with “=" replaced by
“<” [“>7] and in addition ¢ > 0.

As already mentioned in the Introduction, in order to establish well-posedness results for
(1.1.21) we shall mostly deal with densities p, nonlinearities G' and initial data wuy which
comply with the following assumptions:

(i) peCRY), with p>0;

(it) G e C'R), with G(0) =0and G’ > 0in R\ {0};

(173) if G'(0) = 0 then G’ is decreasing in (—0,0) and increasing in (0,6) for some 6 > 0;
(iv)  wup € C(RY) NL>®(RY).

(1.4.1)

(Ho)
As concerns existence, we begin with the case of non-degenerate nonlinearities.
Theorem 1.4.2. Let d > 3. Suppose that p € C(RY) with p > 0, G € CHR) with
G(0) = 0, G' > «aqg for some ag > 0 and ug € C(R?) with lim|g| 00 to(x) existing and
being finite. Assume in addition that there exist Ry > 0 and a nonnegative py € C([Ry, 0))
with [z rpo(r) dr < oo such that

p(x) < po(lz]) Vo€ By, . (1.4.2)
Finally, take T'> 0 and any a € C([0,T]) satisfying
a(0) = ‘llim up(z) . (1.4.3)
T|—00

Then there ezists a solution u to problem (1.1.21), in the sense of Definiton 1.4.1, such that
lim u(z,t) =a(t) wuniformly ast € [0,T]. (1.4.4)

|z|—o00
For possibly degenerate nonlinearities of porous medium type, we shall prove the following
results.
Theorem 1.4.3. Let d > 3. Let assumption (Hy) be satisfied. Suppose in addition that

lim up(x) = aop (1.4.5)

|z|—o0

for some ay € R. Then there exists a solution u to problem (1.1.21), in the sense of Definiton
1.4.1, such that
lim wu(x,t) =ap wuniformly ast € (0,77,

|z|—o00

for all T > 0.
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1.4. A nonhomogeneous Dirichlet problem in Euclidean space

Theorem 1.4.4. Let d > 3. Let assumption (Hy) be satisfied, with limy—e uo(x) ez-
isting and being finite. Suppose in addition that there exist Ry > 0 and a nonnegative
po € C([Ro,00)) with [g rpo(r)dr < oo such that (1.4.2) holds true. Take T > 0 and
any a € C([0,T]) complying with (1.4.3) and with minpma(t) > 0. Then there exists a
solution u to problem (1.1.21), in the sense of Definiton 1.4.1, which satisfies (1.4.4).

Remark 1.4.5. Let us assume the same hypotheses of Theorem 1.4.3. Suppose moreover
that p is a density which does not decay too fast at infinity, in the sense that there exist
Ry > 0 and a nonnegative p; € C([Ry,00)) with [z"rpi(r)dr = oo such that

pla) 2 pr(le]) > 0 Va € By .

Then, in view of the uniqueness result recalled in the Introduction and as a consequence of
Theorem 1.4.3, we can assert that the unique solution to problem (1.1.21) (without prescribed
conditions at infinity) necessarily satisfies

lim wu(x,t) = lim wuo(z) uniformly ast € [0,7],

for all T > 0.

Remark 1.4.6. As we shall explain in the end of Subsection 1.4.2, with minor changes in
the corresponding proofs the above results admit some generalization. More precisely:

(i) In Theorem 1.4.2; if we drop assumption (1.4.3), the conclusion remains true upon
replacing (1.4.4) with the following property:
lim w(z,t) = a(t) uniformly as t € [to, T] (1.4.6)

|z|—o00

for all ¢ty € (0,7);

(ii) In Theorem 1.4.4, if we drop assumption (1.4.3), the conclusion remains true upon
replacing (1.4.4) with (1.4.6) and requiring in addition that there exist R*,e > 0 such
that

2G(I) > G(S), I:= inf wup(x), S:= sup a(t). (1.4.7)
z€B R, te(0,¢)
Clearly (1.4.7) is a technical assumption, but it is essential in order to make our proof work:
we do not know whether it can be removed. Notice that the latter certainly holds if I is large
enough compared to S, so that possible problems occur, to some extent, only if the initial
datum ug is too small at infinity with respect to the “boundary” datum a.

Remark 1.4.7. Note that the hypotheses of Theorem 1.4.4 allow us to take as initial data
functions 1y which may be nonpositive in some compact set K C R?: we only need them to
be strictly positive outside a ball. On the other hand, it is apparent that an analogous result
holds true for a < 0 and initial data which are strictly negative outside a ball (just exploit
Theorem 1.4.4 with uy replaced by —uy, a replaced by —a and G(u) replaced by —G(—u));
the same comment applies to Remark 1.4.6-(ii) as well.

Our uniqueness result reads as follows.

Theorem 1.4.8. Let d > 3. Let assumption (Hy) be satisfied and suppose in addition that
p € L®(R?) and a € L>=((0,T)) for some T > 0. Then there exists at most one solution u
to problem (1.1.21), in the sense of Definiton 1.4.1, such that

‘1|im u(z,t) =a(t) forae te(0,T).
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Chapter 1. Porous medium equations with general weights

Theorems 1.4.2-1.4.4 and 1.4.8 entail immediate corollaries.

Corollary 1.4.9. Let the assumptions of Theorem 1.4.2 be satisfied and suppose in addition
that p € L°(R?). Then there exists a unique solution u to problem (1.1.21), in the sense of
Definiton 1.4.1, such that

|l‘im u(z,t) =a(t) wuniformly ast € [0,T]. (1.4.8)
T|—0o0
Corollary 1.4.10. Let the assumptions of Theorem 1.4.3 be satisfied and suppose in addition

that p € L=°(RY). Then there exists a unique solution u to problem (1.1.21), in the sense of
Definiton 1.4.1, such that

lim w(z,t) =ap wuniformly ast € [0,T7],

|z|—o00
for all T > 0.

Corollary 1.4.11. Let the assumptions of Theorem 1.4.4 be satisfied and suppose in addition
that p € L°(R?). Then there exists a unique solution u to problem (1.1.21), in the sense of
Definiton 1.4.1, such that (1.4.8) holds true.

Remark 1.4.12. Notice that, when (H,) is satisfied, p belongs to L>°(R?) and does not decay
too fast at infinity, the discussion in Remark 1.4.5 is in agreement with Corollary 1.4.10.

Theorems 1.4.2-1.4.4 will be proved in Subsection 1.4.2, whereas Theorem 1.4.8 will be
proved in Subsection 1.4.3.

1.4.2 Existence

In view of the assumptions on the density p made in the hypotheses of Theorems 1.4.2 or
1.4.4, there exists a radial function V' € C*(Bg, ) such that

AV < —p in By, (1.4.9)

V(z) >0 Vxe By,
|z| — V' (z) is nonincreasing,

lim V(z)=0, (1.4.10)
|z| =00
where Ry > 0 can be assumed to be equal to the parameter that appears in the hypotheses
of the quoted theorems. Such a function, which can be constructed through standard Riesz
potential techniques (see e.g. Chapter 2, Subsection 2.3.2 for similar issues in the fractional
framework), will play a central role in the sequel.

Before proving our existence results, let us mention that below we shall often make use
of the function G~!, whose domain need not coincide with R. Nevertheless, as we deal with
bounded initial data ug (and, by comparison principles, with bounded solutions), this is
not a problem since one can modify the definition of G(u) for |u| large so that it becomes
a bijection from R to itself and it still complies with the corresponding assumptions (like
e.g. (Hp)), without changing the evolution of u.

Hereafter we shall denote as {(;} a given sequence of cut-off functions having the following
properties:

(G ECX(By), 0<¢G<1inRY (=1 inBjp.
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1.4. A nonhomogeneous Dirichlet problem in Euclidean space

Proof of Theorem 1.4.2. Since a € C([0,T]) and G € C*(R) is increasing, for any ¢, € [0, T
and o > 0 there exists 6 = §(c) > 0 such that

G (Glalty)) — o) < a(t) < G~V (Glalte)) + o)Vt € [t5, T, (1.4.11)

where we set t5 := max{ty — J,0} and #s := min{ty + 0,7'}. Moreover, in view of the
assumptions on wug, for any o > 0 there exists R = R(0) > Ry such that

G (G(a(0)) — o) < up(x) < G (G(a(0)) +0) Yz € BS. (1.4.12)

For any j € N, let u; € C'(B; x [0,T]) be the unique solution to the quasilinear problem (see
e.g. [120))
([G(u)] in B; x (0,7,
u=a(t on 0B; x (0,7), (1.4.13)
u-uoj on B; x {0},
where

ug; == Guo + (1 = ¢;)a(0) in Bj.

By standard comparison principles,
luj| < K :=max{||uo||ec, [|@]|c} in B;j x (0,7). (1.4.14)

It is then a matter of usual compactness arguments to show that there exists a subsequence
{u;,} € {u;} which converges, as k — oo, locally uniformly in R? x (0,T) to a solution u to
problem (1.1.21). We are therefore left with proving that

lim w(z,t) =a(t) uniformly ast € [0,T].

|z|—00

To this end, let ¢, € [0, 7] and
w(w,t) =G (~MV(2) — 0 + Gla(to)) — At —to)?) V(1) € Bf x (ts, %),

where M > 0 and A > 0 are suitable constants to be chosen later. Thanks to the assumptions
and to (1.4.9), there holds

2M(t —t 20 _
plae, — AG)] = —p(w) 2L L arav < pa) (222 wr) <0 i By, x (1, 8)
G'(w) ap 0
(1.4.15)
providing that
2
M2 (1.4.16)
Qo
For any 7 € N, with 7 > R, let us set
NRJ‘ = Bj \§R7 (1417)
where R is as in (1.4.12); we have
w(z,t) < —K Y(x,t) € 0Bg X (ts,15) (1.4.18)
as long as
—G(-K
ur > Gllall) — G(=K) (1.4.19)

V(R)
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Furthermore,
w(z,t) <G (Glalty)) — o) V(z,t) € IB; X (ts, 1) . (1.4.20)
If t5 = 0 there holds
w(z,t) <G (Gla(ty)) — o) V(x,t) € Ng, x {0}, (1.4.21)
otherwise
w(z,t) < G (Glalt)) — M0?) < =K V(x,t) € N x {ts} (1.4.22)
provided
A> Gllallee) ~ G(=K) (1.4.23)

52

Suppose now that conditions (1.4.16), (1.4.19) and (1.4.23) are fulfilled. From (1.4.15),
(1.4.18) and (1.4.20)—(1.4.22) we infer that w is a subsolution to the problem

pla)u = A[G(u)]

in Ng; x (t5,15),

u=—-K on 0Bg X (ts,1s), (1.4.24)
u=G 1 (Gla(ty)) — o) on IB; x (t5,1s), o
=-K on Np; X {ts}
in case ts > 0, whereas it is a subsolution to the problem
p(x)uy = A [G(u)] in Ng; x (0,t5),
u=—-K on 0Bg x (0,15), (1.4.25)

u=G 1 (Gla(ty)) — o) on dB; x (0,ts),

u=G 1 (Gla(ty)) — o) on Ng; x {0}
in case t; = 0. On the other hand, (1.4.11), (1.4.12) and (1.4.14) show that the data for the
solutions to (1.4.13), (1.4.24) and (1.4.25) are ordered on each side of the parabolic boundary

of Ng; X (t5,%5). In particular, we deduce that u; is a supersolution to problem (1.4.24) or
to problem (1.4.25) depending on whether t; > 0 or t; = 0. Hence, by comparison principles,

w<wu; in Ng; % (ts5,%s). (1.4.26)

We also aim to obtain an estimate from above for u;. To this end, let
w(x,t) =G (MV(2) + 0+ Glalte) + Mt —t0)?)  V(w,t) € By, x (ts, 1),

with

w7 208 G(K) — G(—|lall)
M >
= maX{ ag V(R)
and
G(K) — G(=llall)
02 '
Reasoning as above, we find that w is a supersolution to the problem

A >

p(x)u; = A[G(u)] in Ng; x (ts,ts)
u=K on dBg X (ts5,1s),

_ 1.4.27
uw=G 1 (G(a(ty)) +0) on IB; x (tsts), ( )
u=K on Np; x {ts}
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1.4. A nonhomogeneous Dirichlet problem in Euclidean space

in case t; > 0, whereas it is a supersolution to the problem

~—

up = A[G(u)] in Ng; % (0,%5) ,
K on dBgr x (0,%s) ,
G7'(Glal(to)) +0) on 0B; x (0,1;),
G (G(a(ty)) + o) on Ng; x {0}

plx

(1.4.28)

S
|

in case t; = 0. Collecting (1.4.11), (1.4.12) and (1.4.14) we then deduce that w; is a subso-
lution to problem (1.4.27) or to problem (1.4.28) depending on whether t; > 0 or t5 = 0, so
that comparison principles entail

Uj <w in NR,j X (Lg,%(;) . (1429)
Thanks to (1.4.26) and (1.4.29) with j = ji, letting k — oo we finally get
w<u<w in By X (ts,ts) - (1.4.30)

Hence, in view of (1.4.10) and (1.4.30), we infer that for |z| large enough, independently of
to € [0,T], there holds

G 1 (G(a(ty)) — 20) < u(x,ty) < G H(G(alty)) + 20).
In order to complete the proof one just lets o | 0. O

Proof of Theorem 1.4.3. As above, thanks to (1.4.5) we can assert that for any ¢ > 0 there
exists R = R(o) > 0 such that

G (G(ag) — o) < up(x) < G (G(ap) +0) Vz e B. (1.4.31)

In view of assumption (Hy), standard results (see e.g. [8]) ensure existence and uniqueness,
for all j € N, of the solution u; to the problem
pe)u, = AlG(u)] in B; x (0,T),
u = agp on 0B; x (0,7,
U = ug; on B; x {0},
where —
Upj = Cju() + (1 — Cj)a[) in Bj .

Note that, as a consequence of the regularity results in [71] (the presence of the density p
here is not an issue), u; € C(B; x [0,T]). Moreover, by comparison principles,

lu;| < K = max{||uo||c, |ao|} in Bj x (0,T).

Routine compactness arguments (one can use e.g. [70, Lemma 5.2] plus a diagonal procedure)
entail the existence of a subsequence {uj,} C {u;} which converges, as k& — oo, locally
uniformly in R? x (0,7 to a solution u of problem (1.1.21). Now let

[(z) = |z[*% Vaz e R\ {0}.

It is apparent that
Al =0 in R%\ {0},

I'>0 inR*\ {0},
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and
lim I'(z) =0. (1.4.32)

|z|—o00

Let us define the function
W(z):= G (MT(z) + 0+ G(ag)) VxeR\{0}

under the assumption

— o G(K) — G(ao)
M >
so that, thanks to the properties of G and I', there hold
A[GW)] =0 in R\ {0}, (1.4.33)
W(x) > K V€ 0Bg, (1.4.34)
W(z) >ay Vz € 0B; (1.4.35)
and o _
W(z) > G ' (G(ap) + o) Vz € Npj, (1.4.36)

where Ng ; is as in (1.4.17). From (1.4.33)-(1.4.36) we then deduce that T is a supersolution
to the problem

p(z)uy = A[G(u)] in Ng; x (0,7),
u=K on 0Br x (0,7T),
u = ag on 0B; x (0,7,
u=G "1 (G(ag)+0) on Ng; x{0}.

(1.4.37)

On the other hand, u; is a subsolution to (1.4.37) (recall also (1.4.31)); hence, by comparison,
w; <W in Ng; x (0,7). (1.4.38)
In order to get a similar estimate from below, let
W (x) =G (~=MT(z) — 0+ G(ag)) Va R\ {0},

where
G(ag) — G(=K)
I'(R)
By means of arguments similar to the ones we used above, we can infer that W and u; are a
subsolution and a supersolution, respectively, to the problem

M >

p(z)uy = A [G(u)] in Ng; x (0,7),
u=—-K on 0Bg x (0,7),
u=aop on 0B; x (0,7,
u=G 1 (Glag) — o) on Ng; x {0},

so that by comparison principles
W <w; in Ng; x(0,7T). (1.4.39)
By exploiting (1.4.38) and (1.4.39) with j = j; and letting k — oo, we finally obtain
W<u<W inBSx(0,T). (1.4.40)
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Taking the limit of (1.4.40) as |x| — oo, thanks to (1.4.32) we deduce that for |z| large
enough, independently of ¢ € [0, T, there holds

G (Glag) — 20) < u(z,t) <G (G(ag) +20).
The proof is then complete upon letting o | 0. O

Theorem 1.4.4 combines the cases of a possibly degenerate nonlinearity G with a condition
at infinity a(¢) which may depend on time. Before proving it, we need some intermediate
results.

Lemma 1.4.13. Letd > 3. For any o, R, M > 0 there exists a subsolution ug to the equation
~A[G(u)] =0 inR?
which is bounded, continuous, radial, nondecreasing as a function of |x|, satisfies

lim uy(z) = «
|z|—o00

and is equal to —M in Bpg.
Proof. First of all, let us define the function

Us(z) := G(a) — |§| Vo e B,
where 5
O<e<y:= Gla) = G(=M)

It is immediate to check that _
—AUO S 0 in Bg,

so that @y := G~1(U,) is a subsolution to —A[G(u)] = 0 in B. Now consider the function
Uo(z) := max{ug(z),-M} Vxe€ BS.

Thanks to Kato’s inequality, we deduce that @ is also a subsolution to —A[G(u)] = 0 in
R?\ B.. Upon noticing that iy = —M in B, \ B, it is readily seen that the function

@0 in Bg,
Uy = .
—M in B,

is a subsolution to —A[G(u)] = 0 in the whole of R?. The fact that u, is bounded, continuous,
radial, nondecreasing as a function of |x| and satisfies the claimed limit property at infinity
is clear by construction. The constant condition in Bpg is then achieved by picking § =

R(G(a) — G(—M)). O

Lemma 1.4.14. Suppose that, besides the assumptions of Theorem 1.4.4, there exists a
function ug having all the properties stated in Lemma 1.4.13 and such that, for a suitable
e > 0, there hold

uo(z) > up(x) Ve e R?,

lzlgnoogo(x) = i, a(t) —e >0 (1.4.41)
and
2G (tlg[lol’r%] a(t) — s) > G(]la]|oo) - (1.4.42)

Then there ezists a solution to problem (1.1.21), in the sense of Definition 1.4.1, which
satisfies (1.4.4).
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Proof. First we repeat the proof of Theorem 1.4.2 up to the construction of the sequence {u;},
keeping the same notations. Notice that, as in the proof of Theorem 1.4.3, when we allow for
a degenerate nonlinearity G, in view of the hypothesis (Hy) the well-posedness of problem
(1.4.13) is known (see e.g. [8]). Again, from the regularity results of [71], u; € C(B; x [0,T1).
Thanks to the properties of ug, (1.4.41), (1.4.42) and (H,), we can pick Ry > Ry and
B > 0 such that
B <uo(R)
and
2G (wp(R)) — G(B) — G(|lall) >0 (1.4.43)

for all R > R;. Moreover, by definition of u,, it is plain that the latter is a subsolution to
problem (1.4.13). Hence, by comparison,

up(z) < wj(x,t) < K V(z,t) € B; x (0,T),

where K is as in (1.4.14). Recalling that uy(z) is nonincreasing as a function of |z|, we then
infer

QO(R) < Uj(l’,f) < K \V/(ZE,t) S NRJ X (O,T) . (1444)

Now let
= in G'(u). 1.4.45
7= min (u) ( )

Given o > 0, in view of (1.4.10) we can fix R = R(o) > R; in (1.4.12) so large that in

(1.4.11) we are allowed to choose
2

J = S (R). (1.4.46)
Note that 3 and ~ are independent of R and §. Let ¢y € [0,7] and set
e G(a(to)) EQG(UO(R)) M= LM (1.4.47)
Y

By combining (1.4.43), (1.4.46) and (1.4.47) there follow

G(alto)) = Guo(R))

M="""m

(1.4.48)

and

— MV(R) — o + Gla(ty)) — A6* > G(B) (1.4.49)

provided o > 0 is small enough. Let us define the function
w(w,t) =G (~MV(2) — 0 + Gla(te)) — At —to)?)  V(x,t) € By x (t5,%).

Recalling that |z| — V(x) is nonincreasing, from (1.4.49) we deduce

w(z,t) > B V(wt) € Nuy x (ts,55) (1.4.50)
Moreover, (Hy)-(i7), (1.4.9), (1.4.45), (1.4.47) and (1.4.50) entail
ployi — A[6()] = =) 250 4 M AV < pto) (20 - a1) =0 in By ¢ 1),
(1.4.51)
In view of (1.4.48), we have that
w(z,t) < ug(R) V(w,t) € 0Bg x (t,Ts): (1.4.52)
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in addition,

w(r,t) <G (Glalty) — o) V(x,t) € OB, x (t5,15) - (1.4.53)
If t; = 0 there holds
w(z,t) < G (Gla(ty)) — o) V(z,t) € Ng, x {0}, (1.4.54)
otherwise
w(z,t) < G (Glalty)) — M%) = ug(R) V(x,t) € Ny x {ts}. (1.4.55)

Notice that in (1.4.55) we took advantage of (1.4.47). Thanks to (1.4.51)—(1.4.55) we then
infer that w is a subsolution to the problem

p(x)u, = A[G(u)] in Ng,; x (ts5, 1),
U = Q()(R) on aBR X (zéais) ) (1 4 56)
u=G 1 (G(a(ty)) — o) on dB; x (t5ts), o
u = uy(R) on Ng; x {ts}
in case t; > 0, whereas it is a subsolution to the problem
p(x)u, = A[G(u)] in Ng,; x (0,%5),
u = uy(R) on 0Bg x (0,1s), (1.457)

u=G 1 (G(a(ty)) —o) on dB; x (0,t;),
u= G (Gla(ty)) — o) on Ng; x {0}
in case t; = 0. On the other hand, from (1.4.11), (1.4.12) (which, recall, holds true as a

consequence of (1.4.3)) and (1.4.44) we easily deduce that u; is a supersolution to problem
(1.4.56) or to problem (1.4.57) depending on whether t; > 0 or t; = 0. Hence, by comparison,

w<wu; in Ng; % (t5,%s).
In order to get an analogous estimate from above, let
w(w,t) =G (MV(x) + 0+ Glalto)) + At — t)’)  V(x,t) € By, x (t5,%).
By construction,

W > mi t) in BY ts,ts) -
w2z min aft) in By, x (ts, 1)

Choose any

N 206 G(K) = G(—|lall~)
Mzm {minte[O,T] G'(a(t))’ V(R) }

and
G(K) = G(=lall)
92 '

Reasoning in a similar way as above, there is no difficulty in showing that w is a supersolution
to problem (1.4.27) or to problem (1.4.28) depending on whether ¢t > 0 or t; = 0. On
the other hand, by exploiting (1.4.11), (1.4.12) and (1.4.14) we easily deduce that u; is a
subsolution to problem (1.4.27) or to problem (1.4.28) depending on whether t; > 0 or
ts = 0. Hence, as in the proof of Theorem 1.4.3, by means of a compactness argument which
makes use e.g. of [70, Lemma 5.2] (again, the presence of the density p is not an issue) and a
diagonal procedure, we deduce that there exists a subsequence {u;, } C {u;} which converges,
as k — oo, locally uniformly in R? x (0,7") to a solution u to problem (1.1.21). We then
conclude by arguing as in the end of proof of Theorem 1.4.2. O

A>
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Proof of Theorem 1.4.4. Consider first a datum a(t) such that, for some € > 0,

min a(t) —e >0
te[0,7)

and (1.4.42) holds true. Then pick a function u, as in Lemma 1.4.13 with the choices

a = min a(t) —¢,
te[0,7
R so large that
> mi t) — BS
uo(x) > tg{l()lg}ct( )—e Ve Bj

and
M= {o, ~ inf } .
max inf up ()
Under these assumptions, it is plain that ug(z) > uy(z) for all z € R?. Hence, in this case,
we are in position to apply Lemma 1.4.14 and the assertion is proved.
If there exists no ¢ > 0 such that a(t) satisfies (1.4.42) in the time interval [0, 7], we can
always find €, 7 > 0 so small that

2G ( min  a(s) — 5) > G ( max a(s)) vt e [0,T).
SEL,(t+7)AT] sEL,(t+7)AT]

This is a straightforward consequence of the uniform continuity of G(a(t)) and of its strict
positivity in [0,7]. By exploiting again Lemma 1.4.14 we get existence in the time interval
[0, 7]. Repeating the same procedure starting from ¢t = 7 we get existence in [, 27 A T] with
initial datum u(7) and so, by Definition 1.4.1, existence in the whole of [0,27 A T]. A finite
number of iterations then yields the claim. O

As concerns Remark 1.4.6, note that point (i) follows by means of the same proof as
Theorem 1.4.2, provided one chooses § € (0,tg) in (1.4.11). As for point (ii), we just stress
that condition (1.4.7) permits us to repeat the proof of Theorem 1.4.4, upon picking R > R*
and 7 < e. In both cases, the assumption that lim,|— . ug (x) exists finite can be replaced by
Ug € L (Rd)

1.4.3 Uniqueness

Let uy and uy be any two solutions of problem (1.1.21). Define the function

Gui(z,t)—Gua(x,t)) -
q(z,t) := ur (z,t) —uz (z,t) if ui(z,t) # ug(w,t),
0 if ui (2, 1) = ua(z,1),

for all (z,t) € Sy. Notice that, in view of assumption (Hy)-(i7), we have ¢ > 0 in Sy and
q € L*>°(Sr). Given 7 € (0,T), one can show that there exists a sequence {g,} C C*(Sr)
such that, for every n € N, there hold

.
ndr1 <qn < ||Q||L°°(ST) + W m Qn;r = B, % (077_)

and

=0. (1.4.58)
L2(Qn r)

lim
n—oo

H (Qn B Q)

NG
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In fact, it is enough to choose (for instance) a regular approximation of

1
qVv <nd+1> :

Hereafter we shall assume, in addition, that the density p is regular. We shall then explain
in the end of the proof of Theorem 1.4.8 how it is possible to consider general p € C'(R?).

For any n € N, let v, be the unique regular solution to the backward parabolic (dual)
problem

p(x)(qu)n)t + QR(xa t) Al/}n =0 in Qn,r )
Y, =0 on 0B, x (0,7), (1.4.59)

Py =X on B, x {7},

where y € C*(R?) is any function such that 0 <y < 1 and supp x C By, for a fixed ng € N.
Such solutions enjoy some crucial properties.

Lemma 1.4.15. For all n > ngy, there hold
0<Y, <1 inQn- (1.4.60)

and

¢ <(Vt,n,) <0 ondB, x (0,7), (1.4.61)

nd—l -

where C' is a positive constant independent of n and n, = n,(c) is the outer normal at
o € 0B,.

Proof. The bounds (1.4.60) just follow by standard comparison principles (see e.g. [98]) be-

cause ¢ = 0 and ¢ 1 are a subsolution and a supersolution, respectively, to problem

(1.4.59). As for (1.4.61), first notice that (1.4.60) entails
(Vihn, 1) <0 on OB, x (0,7), (1.4.62)

since

v, =0 on dB, x (0,7).

Now let
E, =B, \ B,, -

From (1.4.60) and the fact that supp x C B,,, we infer that v, is a subsolution to the problem

p(x)y + qu(x, ) A =0 in E, x (0,7),

=1 0B, yT)
4 on 08y, x (0,7) (1.4.63)
=0 on 0B, x (0,7),
=0 on B, x {7}.
Consider the function
’1:‘2—(1 _ n2—d
z(z) == Cy [ ad Ve € E,,

where Cj is a suitable positive constant. It is readily seen that, for Cy = Cy(ng) large enough,
z is a supersolution to problem (1.4.63) (recall that d > 3). Furthermore,

Yp=2=0 ondB, x (0,7),
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whence
(d — 2) CO nt—d
(Vipo,n,) > (Vz,n,) = — e on 0B, x (0,7). (1.4.64)
Thanks to (1.4.62) and (1.4.64) there follows (1.4.61) with C := (d — 2)Cy/(1 — ng~%), and
the proof is complete. n

We are now in position to prove our uniqueness result.

Proof of Theorem 1.4.8. Let u; and us be two bounded solutions to problem (1.1.21) (with
the same ug), in the sense of Definiton 1.4.1, satisfying

lim wy(z,t) = lim wus(x,t) =a(t) forae. t e (0,7).

By dominated convergence, this implies that for any 7 € (0,7

Jim 1/ /aBR (ur(o,1)) — Glus(o, 1)) dodt = 0. (1.4.65)

It is apparent that w := u; — uy solves

/ p(x)w(x, 7)e(x, 7)dx
_/ / {px)w(z, )iz, ) + [Gui (2, 1)) — Glus(z, t))] Ap(z, 1)} dadt (1.4.66)
_ /0 /39 [G(uy(o,t)) — G(uz(o,t))] gi(a, t)dodt

for any Q and ¢ as in Definition 1.4.1 (just swap ¢ and 7 there). Now note that, by multiplying
the differential equation in (1.4.59) by A, /p and integrating by parts we obtain

/OT /B @n(, 1) [A, (x, )] dazdt < C (1.4.67)

for some constant C' > 0 independent of n (recall that p € L>°(R%)). Choosing {2 = B,, and
© =1y, in (1.4.66) we get

/np() w(z, dx—/ / (2,1) — gu(z, D]w(z, ) A (x, £) dadt

(1.4.68)
- /O /a . 400, 000(0,1) (V00 (0,) dordt

We shall prove that both integrals in the right-hand side of (1.4.68) vanish as n — oo. As
for the first one, (1.4.58) and (1.4.67) yield

(/ / (@, 1) = gn(, )0 (x7t)A¢n(x,t)dxdt)2
(g — )| ) . . (1.4.69)
SBH @ /0 /B Gn (@, t) [At, (2, 1)) dadt — 0 S 0,

where B := (||lu1]leo + ||t2]loc)?. On the other hand, from (1.4.61) and (1.4.65) we deduce
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1.4. A nonhomogeneous Dirichlet problem in Euclidean space

that

q(o,t)yw(o,t) (Vib,, n,)(o,t) dadt’
0B,

G (0,1)) — Glus(, £))] (Viby, 1) (0, ) dadt‘

9By,

(1.4.70)
< sup [V, n,)| / / G(ui(o,t)) — G(uz(o,t))| dodt
0Bn%x(0,7)
ndl/ / . G(ui(o,t)) — G(uz(o,t))|dodt -0 asn — oco.
Letting n — oo in (1.4.68), in view of (1.4.69) and (1.4.70) there follows
/d plx)x(x)w(x,7)dx =0, (1.4.71)
R

which in fact holds true for any 7 € (0,7) and any x € C>(RY) with 0 < y < 1. Now fix
any compact subset K € R? and let

1 ifre K and w(x,7) >0,
c<w>~:{ )

0 elsewhere.

Pick a sequence {x,} C C®(R?), with 0 < yx,, < 1, which converges pointwise to (. Identity
(1.4.71) gives

/Rd p(x)xn(z)w(z,7)dx =0,

so that by taking the limit as n — oo we get (e.g. by dominated convergence)

r)w(r,7)der =0.

/Kﬁ{w(7’)>0} p( ) ( )

As a result, w(z,7) < 0 for all z € K. Since the compact subset K € R? and 7 € (0,T) are
arbitrarily chosen, we then obtain

w<0 inR*x (0,7),

that is
up < ug in RdX (O,T)

Swapping the role of u; and u, we also find the opposite inequality, which completes the
proof.

Finally, we still have to get rid of the hypothesis that p is regular. The latter property
has been used in order to justify rigorously (1.4.61), (1.4.67) and (1.4.68), where we need
e.g. ¥, € C*(B, x [0,7]). The idea is just to replace, for any given n > ng, the density p
with its mollification p. in problem (1.4.59), whose solution we denote as 1, .. It is easy to
check that estimates (1.4.61) and (1.4.67) are independent of ¢ > 0. The only difference is
in the r.h.s. of (1.4.68), where the term

[ @) = et ot ) (o, 0 (14.72)

appears. However, it is plain that (1.4.72) vanishes as ¢ — 0. Hence, by letting first ¢ — 0
and then n — oo we recover (1.4.71). O
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Chapter 1. Porous medium equations with general weights

1.A Some examples of weighted inequalities

In this section we shall provide pairs of weights (p,, p,) for which Poincaré-, Sobolev-
and Gagliardo-Nirenberg-type inequalities hold true, so as to show some explicit frameworks
where the results of Sections 1.2 and 1.3 apply.

1.A.1 The Dirichlet case: functions in H}(Q;v, )

Here we shall consider inequalities of the type of (1.2.5), (1.2.7), (1.2.12) and (1.2.15). For
the weights involved, the smoothing and decay estimates of Section 1.2 concerning solutions
to the Dirichlet problem (1.1.1) hold true.

1.A.1.1 Poincaré-type inequalities

We begin with the one-dimensional case, where necessary and sufficient conditions are
available. Afterwards we shall consider domains of R? with d > 1.

Let 2 = (a,b), the cases a = —o0 and b = 400 being allowed. We look for weights p, and
p,. such that the Poincaré-type inequality (also referred to as Hardy-type inequality)

1ll5, < Cr 16|20 (1L.A.1)

holds true for some Cp > 0 and all ¢ belonging to a suitable functional space. We shall mainly
refer to the monograph [145]. According to the notations introduced therein, we denote as
AC¢(a,b) the space of all functions ¢ : (a,b) — R which are locally absolutely continuous
and such that lim,_,.+ ¢(x) = 0. The space ACx(a,b) is meant likewise, upon replacing a™
with b, while AC,r = AC, N ACr. Since C°(a,b) is included in AC,g(a,b) and it is
dense in H}((a,b);v, p) by definition, the validity of (1.A.1) in AC,g(a,b) implies in turn
the validity of the latter in H}((a,b);v, ). Theorem 1.14 of [145] ensures that (1.A.1) holds
true in AC,(a,b) if and only if the weights satisfy the following condition:

Be(a,b,v, ) :== sup (/:p,,(y) dy) (/: p#(y)*l dy) < 00.

z€(a,b)

On the other hand, (1.A.1) holds true in ACx(a,b) if and only if

Br(a,b,v, p) := sup (/jpu(y) dy) </:pu(y)‘1 dy) <00.

z€(a,b)

It is then possible to show [145, Theorem 8.8] that the existence of a constant ¢ € [a, b] such
that
Be(a,c,v, 1) + Br(c,b,v, 1u) < oo, (1.A.2)

where we conventionally set Bz (a, a, -, ) = Br(b,b,-,-) = 0, is necessary and sufficient for the
validity of (1.A.1) in ACrr(a,b). Actually, one can show that the same result is true if we
replace AC,r(a,b) with the space of absolutely continuous functions in (a,b) with compact
support. As a consequence, at least for weights that are locally bounded and bounded away
from zero, we can assert that condition (1.A.2) is necessary and sufficient for the validity of
(1.A.1) in H}((a,b);v, p). For a more general discussion about inequality (1.A.1), possibly
involving weights which are not absolutely continuous with respect to the Lebesgue measure,
see e.g. [131, Section 1.3] or also the pioneering works [138,139].

In dimension d > 1, it is well known (see e.g. [145, Chapter 15]) that the so-called Muck-
enhoupt classes of weights originally introduced in [139] have an important role in weighted
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functional inequalities. In fact, Muckenhoupt classes are defined by a sort of generalization
of condition (1.A.2) for d-dimensional domains. We shall not investigate further such theory:
we prefer to give some explicit examples instead.

Let © C R be a bounded Lipschitz domain. We denote as §(z) := dist(x, 9Q2) the distance
of € Q with respect to the boundary. Consider a parameter 5 < 1. From [145, Theorem
21.5] we have that the Poincaré-type inequality

[0]l,, < Cp[[Volly, (1.A.3)

holds true for all v € H(2;8% 6°) if and only if @« > B — 2. Moreover, Sobolev-type
inequalities hold if in addition either § <2 —dor f > 2 —d and a >  — 2 (see the next
Paragraph 1.A.1.2). Finally, if 8 > 1 it is possible to prove that H}(€2; 6%, 6%) = H(Q; 6%, 67)
[95, Theorem 2.11]: this is enough in order to assert that for any « € R and 8 > 1 inequality
(1.A.3) cannot be valid in H}(€; %, 67).

Consider now an exterior domain 2 C R? (namely the complement of any compact set)
such that inf,cq |z| > 0. Then the Poincaré-type inequality (1.A.3) holds true in

Hy (2], [217)

if and only if § # 2 — d and a < § — 2 [145, Example 21.10]. Under such assumptions,
Sobolev-type inequalities are valid either if > 2—d or if § < 2—d and a < §—2 (see again
Paragraph 1.A.1.2). The same results apply to the whole Euclidean space R? upon replacing
the weights |z|* and |z|? with (Jz| +1)® and (|z| 4+ 1)?, respectively, provided 3 > 2 — d (see
e.g. [22,24]). On the other hand, if 5 < 2 — d then the Poincaré-type inequality (1.A.3) does
not hold since, for instance, one can prove that constants belong to

Hy (R (o] + 1), (|2] +1)°)

provided o <  — 2 < —d. As concerns the limit case § = 2 — d and peculiar related
functional inequalities, we refer the reader to [24,30] for a thorough analysis. Still in the
framework of exterior domains, in [145, Example 21.12] exponential weights are also dealt
with. In particular, one can prove that the Poincaré-type inequality (1.A.3) holds true in

Hy (e ey 540,

provided a < 3. Sobolev-type inequalities also hold if in addition either 5 > 0 or § < 0 and
a < p.

In the special case = R4\ {0} (see again [145, Example 21.10]), the (Hardy) Poincaré-
type inequality (1.A.3) is also satisfied with respect to the weights p, (z) = |z|*~2 and p,(z) =
|z|?, under the only assumption 3 # 2 — d (and no Sobolev-type inequality holds).

In view of the above discussion, we can now list a collection of some explicit domains
Q) and pairs of weights (p,, p,) for which the Poincaré-type inequality (1.A.3) holds true
in HJ(Q; v, 1) but Sobolev-type embeddings fail. In the one-dimensional setting we exploit
condition (1.A.2) and condition (1.A.5) below.

e Intervals:

o (2772, 27) for B > 1in Q = (0,b), with b > 0;

o (2772, 2P) for B < 1in Q = (a, +00), with a > 0;
(2772, 2P) for B # 1 in Q = (0, +00);

(x| log x|P~2 x|log x|°) for B # 1 in Q = (0,1);
o (e, e*) for a # 0 in Q = R;

@)

o
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e Bounded Lipschitz domains (d > 2):
o (6772, 6F) for2—d < B < 1;

e Fzterior domains:
o (jal?2, |a]?) for B < 2 — d;
o (eolel e=alzl) for o > 0;

e Fuclidean space:

o (|z|f~2,|x|P) for B # 2 —d in R?\ {0}.

1.A.1.2 Sobolev-type inequalities

As in the Poincaré case, necessary and sufficient conditions are also known for the va-
lidity of Sobolev-type inequalities in the one-dimensional context. More precisely, given
a € [—00,+00) and b € (—oo, +00], with a < b, the Sobolev-type inequality

19lla0s < Cs 10 ll2;0 (1.A.4)

holds true for some o > 1, C's > 0 and all ¢ € AC,(a,b) if and only if

Ccla,b,v,p,0) := sup (/xbpu(y) dy>i </jpu(y)‘1dy> < o0.

z€(a,b)

On the other hand, (1.A.4) holds true in ACx(a,b) if and only if

Cofabivine) = s ([ nw)ay)” ( /:p,x.y)—ldy) < oo.

z€(a,b)

These results are still proved in [145, Theorem 1.14], whereas [145, Theorem 8.8] ensures that
the existence of a constant ¢ € [a, b] such that

Cela,c,v,pu,0) 4+ Cr(c,b,v, pu,0) < 0o (1.A.5)

is necessary and sufficient for the validity of (1.A.4) in ACx(a,b).

Hereafter, for simplicity, we shall mainly focus on domains and weights for which the
Poincaré-type inequality (1.A.1) also holds true: we point out that such property (i.e. the
validity of both Poincaré-type and Sobolev-type inequalities) need not be a feature of only
domains with finite measure. Moreover, in order to make sure that no Gagliardo-Nirenberg-
type inequality of the type of (1.2.12) or (1.2.15) holds, we shall only consider cases where o
has a finite upper bound.

As concerns bounded Lipschitz domains  C R? (we use the same notations as in Para-
graph 1.A.1.1), from [145, Theorem 21.5] we have that the Sobolev-type inequality

[0]l50,, < Cs [Vl (1.A.6)

holds true in HE(€;6%,6°) provided d > 3, 83 <1, 8<2—d, a>f—2and o € [1,1*] or
d>22—-d<p<1l,a>p—2and o € [l,1* A k], where we set

1":=d/(d—2) ifd>3, 1":=4oc0 otherwise (LLA.7)
and i
o+
= 1.A8
T 5014 (1.A.8)
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Given an exterior domain 2 C R? with inf,cq |z| > 0, Example 21.10 of [145] entails that the
Sobolev-type inequality (1.A.6) holds true in HZ (€ |z|®, |2|?) provided 8 <2 —d, a < B —2
and o € [1,1*Ak]lord >3, 8>2—d, a<f—2and o € [1,1%]. For the latter choice of the
parameters, as mentioned above, the same is true in

Hy (R (Jo| + 1), (|2] + 1)) .

In the case of exponential weights, from [145, Example 21.12] we deduce that (1.A.6) holds
true in

(0, o)
provided 8 < 0, a < fand o € [1,1*A(a/B)] ord > 3, >0, a« < S and o € [1,1*]. For the
latter choice of the parameters it is not difficult to show that the same result is valid with
QO =R%

Finally, let us consider the special case = R4\ {0}. Still from [145, Example 21.10],
we have that the Sobolev-type inequality (1.A.6) holds true in H}(;|z|®, |z|?) provided
f>2—d,a>p—2(with in addition « < f1*ifd >3)and o =rkor f<2—d, a < [ —2
(with in addition o > f1* if d > 3) and 0 = k.

We can now summarize the above examples by listing a collection of explicit domains
Q and pairs of weights (p,, p,) for which the Sobolev-type inequality (1.A.6) holds true in
H}(; v, 1) (but one- and two-dimensional Gagliardo-Nirenberg-type inequalities fail). In the
one-dimensional setting we exploit condition (1.A.5).

o [ntervals:

o (z%,27%) in Q = (0,b) (with b >0) for 3> 1, a>B—2and o € [1,(a+1)/(3 - 1)];

o (z%,2%)in Q = (a,+o0) (witha > 0) for < 1,a < B—2and o € [1,(a+1)/(3-1)];

o (z%,2%) in Q = (0,400) for B>1,a>pB—2and 0 = (a+1)/(B—1) or for B < 1,
a<f—-2ando=(a+1)/(B-1);

o (z7|logz|* z|logz|?) in Q = (0,1) for B> 1, a>pB—2and o = (a+1)/(3—1) or
forf<l,a<f—2and o= (a+1)/(8—1);

o (e ef*)in Q=R fora>pB>0and o =a/b;

e Bounded Lipschitz domains:

o (0%,6%) ford >3, 8B <1, 8<2—-d, a>pB-2and o € [1,1*] or for d > 2,
2—d<pf<l,a>p—-2and o € [1,1* A k|, where 1* and & are as in (1.A.7) and
(1.A.8), respectively;

o Exterior domains:
o (|z|*, |z|f) for B <2—d, a < B—2and o € [1,1" A K] or for d > 3, B > 2 —d,
a<f—2and o€ [1,1%;
o (el eflel) for B < 0, a < B and o € [1,1* A (a/B)] or for d >3, B >0, a < B and
o€ [1,17;
e Fuclidean space:
o [(Jlx] + 1D (Jz| + 1)) inRiford >3, 8>2—d, a <B—2and o € [1,1%];
o (el efl#ly in R? for d > 3, 3> 0, a < B and o € [1,1*];
o (|z]*, |z|?) in R4\ {0} for B >2—d, @ > 3 —2 (with a < 1% if d > 3) and 0 = k or
for f<2—d, a<f—2(witha>pl"ifd>3)and 0 = k.

1.A.1.3 Gagliardo-Nirenberg-type inequalities

Unlike Poincaré- and Sobolev-type inequalities, as far as we know no necessary and suffi-
cient conditions on the weights (in dimension one) are available for one- or two-dimensional
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Gagliardo-Nirenberg-type inequalities. Nevertheless, we can still construct explicit exam-
ples in our setting relying on the well-known Caffarelli-Kohn-Nirenberg inequalities (see the
original reference [41]). In particular, given § € (—1,1) and o > —f3, the inequalities

([ o@rielas)’ < co, ([ 10@Plea) ™ ([ ot atear) T voe com

(1.A.9)
hold true for all r > s > 0 and some Cg, = Cg, (r, s, , ) > 0, where
a+1
Ai=2 . 1.A.1
N (1A10)

This is in fact a special case of the main theorem in [41], at least for s > 1. In view
of [13, Theorem 3.2], we then infer that (1.A.9) is equivalent to

ol < Co, ([ 10 1ear) ™ ([ o o)™ voecxm), (1AL

for another positive constant Cg, independent of s > 0. We point out that the weights |z|*
and |z|? are not locally bounded and locally bounded away from zero in Q = R, a property
that we required in the theory above. However, notice that (1.A.11) trivially implies the
validity of the same inequality e.g. in C'2°((0,+00)), and therefore in the whole of

Hy((0,+00); |2, |2]”) N L*((0, +00); [[*)

by density.

As concerns two-dimensional Gagliardo-Nirenberg-type inequalities, for simplicity we still
provide examples in the real line. In order to avoid confusion, let us remark that the termi-
nology “two dimensional” only refers to the type of inequality and not to the setting. Given
a > —1, the inequalities

T 2r T
(Lo lade)” < o ([ 16'@P laldz) ™ ([ 0@ lefde)” v e CZ(®)
(1.A.12)
hold true for all » > s > 0 and some Cg, = Cg,(r,s,a) > 0, still as a consequence of the
results in [41] and of [13, Theorem 3.3]. Reasoning as above, we can then assert that (1.A.12)
is also valid, for instance, in the whole of

Hy ((0, +00); [2[*, J2]) N L*((0, +-00); |2[*)

for another Cg, > 0 that depends on r, s only through a finite upper bound on r. Moreover,
in this case, a standard scaling argument (replace ¢(z) with ¢(z/¢) and let € | 0) prevents
the possibility that a one-dimensional inequality of the type of (1.A.11) holds.

1.A.2 The Neumann case: functions in H'(;v, 1) with zero mean

We now consider inequalities of the type of (1.3.14), (1.3.16), (1.3.19) and (1.3.21). Ac-
cordingly, the smoothing and long-time estimates of Section 1.3 concerning solutions to the
Neumann problem (1.1.2) hold true for the weights involved.

1.A.2.1 Poincaré-type inequalities

As concerns Poincaré-type inequalities for zero-mean functions, in the one-dimensional
context necessary and sufficient (and easy-to-check) conditions are still available. More pre-
cisely, let €2 = (a,b) (the cases a = —oo and b = 400 being admissible) and take a pair of
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weights (p,, p,) defined in , with () < co. Consider the quantities

causen = g () [ ([ 00w,
Knla b= s ([ o)) ( / ’ ( / " pu(t) dt)2 pu(y)™! dy) .

Theorem 1.4 of [54] states that the Poincaré-type inequality

Jav(z) p,(x)d
f; pu(x) dz

holds true for some Mp > 0 and all v € H'((a,b); v, u) if and only if

[v =Dllan < Mp [[0']|2, 7=

Kﬁ(a7 bu v, M) + K:'R(a7b7 v, /J“) < 0. (]‘A]'S)

We refer the reader to the end of this paragraph for some explicit examples of one-dimensional
weights complying with (1.A.13).

Let Q C R? be a bounded star-shaped domain and let w : (0,+00) + (0,400) be any
increasing function such that w(sr) > sw(r) for all » > 0 and s € (0,1). Then, for any k € N,
there exists a constant Mp > 0 such that (recall that ¢ here denotes the distance function
w.r.t. the boundary)

/Q [6(2) — [ w(6())* dr < M3 /Q IV (2)* w(d(x))* do (1.A.14)
Yo € CHQ) N HY(Q; (wo ), (wod)).

This is the content of [39, Theorem 1]. In view of Proposition 1.1.3 the validity of (1.A.14) is
readily extended to the whole of H(€; (w o 6), (w o §)*). In the case where 2 is a ball, the
result remains true under the sole assumption that w is increasing, see e.g. [88] and references
therein. Nevertheless, here we are mainly interested in weights for which the Poincaré-type

inequality
 Jav@) pu(e)ds
fQ Pv (‘75) da

holds true and no Sobolev-type inequality does. For instance, from (1.A.14) we deduce that
(1.A.15) is satisfied in H(Q;0°,67) for all 3 > 0 (see also [110] for similar results in less
regular domains), but in the latter case also Sobolev-type inequalities are valid (we refer to
Paragraph 1.A.2.2).

If Q c R? is a bounded convex domain, then the Poincaré-type inequality (1.A.15) holds
true in H'(Q;0°72,6°) as a consequence of [55, Theorem 1.1], provided 8 > 2. Moreover, in
this case there is no Sobolev-type embedding (we refer again the reader to the next Paragraph
1.A.2.2). Actually, by exploiting the results of [87] (see Theorem 3.3 there), where the authors
establish some Muckenhoupt-type condition for rather general domains, we can assert that
the same holds true for g € (1,2) as well. Notice that, by means of an elementary change of
variable, we can relax the hypothesis that €2 is convex by requiring, for instance, that there
exists a bi-Lipschitz function which maps it to a convex domain.

We now consider the whole Euclidean space R? with power-law weights. In view of the
results of [22,24], we have that for d > 3 the Poincaré-type inequality (1.A.15) holds true in

lo = Bllzw < M [ Vol (LA.15)

HY (R (J2] +1)772, (Jo +1)7)

95



Chapter 1. Porous medium equations with general weights

provided 5 < 2 — d. Furthermore, in this case there is no Sobolev-type embedding (see
e.g. [145, Example 20.6]).

Finally, as for exponential weights, we limit ourselves to mentioning the well-know Poincaré
inequality with respect to the Gaussian measure, namely the fact that (1.A.15) holds true in

—alel2 —alel?
Hl(Rd;€ alz| e alz| )

for all @ > 0 (and Sobolev-type embeddings fail). Several references are available in the
literature on this classical topic: we refer the reader e.g. to [106], [59, Chapter 2 and Section
4.3] and [92]. In this regard, see also the paper [12] and references therein for similar results
concerning log-concave (and more general) measures.

For the reader’s convenience, we list the most significant examples we discussed above
where the Poincaré-type inequality (1.A.15) holds true in H*($; v, u) but Sobolev-type ones
do not. In the one-dimensional case we exploit condition (1.A.13) and condition (1.A.17)
below.

o Intervals:

o (2772 28) for B> 1in Q= (0,b), with b > 0;
o (2772, 2°) for B < 1 in Q = (a,+00), with a > 0;
o (x| logx|?~2 x|logx|?) for B < 1in Q = (0,¢), with ¢ € (0, 1);
o (el e=elzl) for @ > 0 in Q = R;
e Bounded convex domains:
o (0°72,6°) for B > 1;
e Fuclidean space:
o [(Jz] +1)%7% (Jz| + 1)P] for d > 3 and B < 2 — d in RY;

o (el e=ol#®) for o > 0 in R%.

1.A.2.2 Sobolev-type inequalities

In the one-dimensional context, Theorem 1.4 of [54] also deals with the Sobolev-type
inequality
[0 = Oll20s < Ms [0l - (1.A.16)

That is, given a € [—o00,+00) and b € (—o0, +0o0], with a < b, (1.A.16) holds true for some
o>1, Mg >0and all v e H'((a,b); v, p) if and only if

Qrla,b,v,u,0) + Qr(a,b,v,pu,0) < oo, (1.A.17)

Oclabrijua)i= s ( [ 0w dy); ( [ ([ ot dt)Qm,y)—ldy)
Or(a,b,v,p,0) = Sup (/m pu(y) dy); (/: (/ybpu(t) dt>2pu(y)1 dy) :

Again, in the end of the paragraph we shall list some explicit examples of one-dimensional
weights which comply with (1.A.17).

In general dimensions, once the embedding of H'(€; v, 1) in L2 (§); v) is continuous and the
one in L2(2;v) is compact, one can readily prove the validity of the Sobolev-type inequality

v — @H?U;V < Ms ||VU||2;M (1.A.18)

where

and
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by a means of a standard argument by contradiction (of course, provided v(€2) < c0). As a
consequence, below we shall only mention compactness properties, taking for granted that the
latter imply (1.A.18). We point out that this approach is in principle possible for the Poincaré-
type inequality (1.A.15) as well, except that in this case lack of Sobolev-type embeddings is
usually associated with lack of compactness.

Let © C R? be a bounded Lipschitz domain, with d > 2. If 3 > 1 and a > 3 — 2, then
Theorems 19.9 and 19.11 of [145] establish that the injection of H(£2;87,8°%) in L% (;6%)
is continuous for all o € [1,1* A k] (1* and & are as in (1.A.7) and (1.A.8), respectively) and
compact for all o € [1,1* Ak). Using compactness it is easy to show that in fact, in this case,
HY(€;6%,67) is continuously embedded in H'(£2;°,67), so that the just mentioned results
also hold upon replacing the latter with the former. We point out that for @« =  — 2 no
Sobolev-type embedding takes place (see e.g. [145, Example 18.15]). On the other hand, if
f <1and o > —1 (recall that we need 6*(x)dz to be a finite measure), still Theorems 19.9
and 19.11 of [145] assert that the embedding of H'(Q;d°,67) in L27(Q;?) is continuous for
all o0 € [1,1*] N [1,(a+ d)/(d — 1)) and compact for all ¢ € [1,1*) N [1,(a + d)/(d — 1)).
Actually, one can prove that the same holds in H'(€; %, 67). Indeed, if « > —1 then for
every 3y > 1 small enough we have oo > [y — 2. Hence, in view of first part of the discussion,
HY(Q; 6%, 6%) is continuously embedded in L% (Q; 6%) for all o € [1,1* A (a+d) /(8o — 2 +d)],
with compactness provided o € [1, 1*A(a+d)/(Bo—2+d)). Since By > 3, so that H'(Q; 6%, §°)
is in turn continuously embedded in H'(£2;§%,6%), the result follows by letting 3, | 1.

We finally consider the whole Euclidean space R, with power-law and exponential weights.
If 6 <2—dand a < 8 — 2, by means of elementary cut-off arguments it is not difficult to
show that

HY R (J2] + 1), (Jo] + 1)7) = Hy(RY (|2 + 1), (|| + 1)7) ;

In particular, we are allowed to take advantage of the results of [145, Examples 20.6 and
21.10], which ensure that the embedding

H'(RY (] + 1)%, (2] + 1)7) = L* (R (|| + 1)%)

is continuous for all o € [1,1* A k] and compact for all o € [1,1* A k). On the other hand, if
f >2—dand a < —d we can reason as follows (let d > 3). For every 5y < 2 — d such that
a < By — 2, in view of the just recalled results we know that the embedding

HY R (Jo| + 1), (2] + 1)) — L*(R% (2] + 1)*)

is continuous for all o € [1,1* A (a + d)/(Bo — 2 + d)] and compact for all o € [1,1* A (a +
d)/(Bo — 2+ d)). Since the embedding

HY R (Jo] +1)%, (lo] + 1)7) = H' (R (|2] + 1), (2] + 1))
is trivially continuous, by letting 3y 7 2 — d we then deduce that in this case the embedding
HYRY (|2 + 1)%, (|2 +1)7) <= L2 (R (|| + 1))

is continuous for all o € [1,1*] and compact for all o € [1,1*). When dealing with exponential
weights, one can also prove that

Hl(Rd; 604:5\’ eﬁ\xl) _ H&(Rd; ealw\jeﬂlml)

provided (for instance) av < 5 < 0. Hence, by exploiting [145, Examples 20.8 and 21.12], we
deduce that the embedding

Hl(Rd;ea|x|7€B|z\) N LQJ(Rd; eoe|x\)
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is continuous for all o € [1,1* A (o/f)] and compact for all o € [1,1* A (a/)). If a < 0 and
£ > 0, arguing as above we can then assert that the same embedding is continuous for all
€ [1,1*] and compact for all o € [1,1*) (let d > 3).
Let us now summarize the above examples by listing some explicit domains 2 and pairs
of weights (p,, p,) for which the Sobolev-type inequality (1.A.18) holds true in H*(Q;v, u).
In the one-dimensional setting we exploit condition (1.A.17).
e [ntervals:
o (z%,2%) in Q = (0,b) (with b >0) for 3> 1, a>pB—2and o € [1,(a+1)/(8 - 1)];
o (z%,2%)in Q = (a,+o0) (witha > 0)for < 1,a < f—2and o € [1,(a+1)/(8—1)];
o (x7logz|* z|logz|?) in Q = (0,¢) (with ¢ € (0,1)) for 8 < 1, a < 8 —2 and
o€l (a+1)/(8 -1
o (e=@el e=flzl) in Q =R for a > B >0 and o € [1,a/3];
e Bounded Lipschitz domains (d > 2):
o (6%, 6°) for B<1,a>—1and o € [1,1*]N[1, (a+d)/(d—1)) or for 3 > 1, a > -2
and o € [1,1* A k], where 1* and & are as in (1.A.7) and (1.A.8), respectively;

I

e Fuclidean space:
o [(Jx] + 1%, (Jz| + 1)?] in R for d > 3, 3 > 2 —d, « < —d and o € [1,1*] or for
f<2—d a<f—2and o€ [l, 1" AK];
o (el efll)y in Re for 3 <0, a < Band o € [1,1* A (a/B)] or for d >3, 3> 0, a <0
and o € [1,1*].

1.A.2.3 Gagliardo-Nirenberg-type inequalities

Recalling the one-dimensional example of Paragraph 1.A.1.3, for 5 € (—1,1), a > —f
and A > 2 as in (1.A.10) it is easy to show that the family of inequalities (1.A.11) also holds
upon replacing C2°(R) with the space X of functions belonging to C*°([0,2]) which vanish
at x = 2. By means of classical cut-off and mollification arguments, one can prove that X is
dense in the Hilbert space Y of functions belonging to H*((0,2);|x|%, |z|®) which vanish at
x = 2, so that (1.A.11) holds in Y as well. It is then apparent that there exists an extension
operator £ : HY((0,1); |x]%,|z|?) = Y which is linear and continuous. Picking for instance
s =2 in (1.A.11) we infer that

A 1
@) < We, ([ 180V @ de) ™™ ([ le@)@) alda) ™
Yo € HY((0, 1): ol )
whence
A 2
Jollae < W (1 agage + [0lage) ™ W03 Yo € HY(@, 1ilal" [al) (1AL

for a suitable W, > 0 that may change from line to line (we do not relabel it). It is possible
to prove, e.g. using compactness (see [145, Section 7.10, ii)]) or the necessary and sufficient
conditions provided by [54, Theorem 1.4], that the Poincaré-type inequality

0= Ollyje < Mp [lyggs Vo € H'((O, 12 Jol) (1.A.20)

holds true for some Mp > 0. Hence, taking advantage of (1.A.19), (1.A.20) and reasoning as
in Remark 1.3.21 we end up with the validity of the one-dimensional family

A
o ~Tle < Wo 0155350 o =23 ¥s >0, Vo e H(O1):fal" Jolf).  (1A2)
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As for two-dimensional inequalities we only mention that, given o > —1, starting from
(1.A.12) and arguing as above it is not difficult to deduce the validity of the family

1-2 2
10l gage < Weo (10 |y + [0llgage) " N0l3ge ¥r > 2, Yo € H'((0,1); |2 [2]).

for a suitable Wg, > 0. In fact, even though functions belonging to H*((0,1);|x|*, |x|) are
not necessarily bounded, standard truncation and mollification techniques entail the density
of restrictions of functions in C*°([0,2]) in H'((0,1);|z|*,|z|). Also the Poincaré inequality
continues to hold thanks to [54, Theorem 1.4]. We can therefore claim the validity of the
two-dimensional family
v =740 < Ma, ||v'||;;‘aj| v =2l Vr>s>0, Vve HY((0,1); 2|, |2|)

for a constant M¢, > 0 that depends on r, s only through a finite upper bound on r. Finally,
the same scaling argument as in Paragraph 1.A.1.3 ensures that no one-dimensional inequality
of the type of (1.A.21) can hold. Alternatively, one can exploit the already mentioned fact
that functions in H'((0,1);|z|* |z|) are not necessarily bounded (take for instance z
log | log x]).
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CHAPTER

Fractional porous medium equations with power-type
densities

2.1 Introduction

The main topic of this chapter is the analysis of the asymptotic behaviour of nonnegative
solutions to the following nonlocal, nonlinear and degenerate parabolic problem:

{p(x)ut L (=APW™) =0 in RY x R*,

2.1.1
u =y on R? x {0}, ( )

where m > 1, s € (0,1), d > 2s and the symbol (—A)® denotes the fractional Laplacian
operator on R?, that is

s o ¢(QZ’) B ¢(y) d oo d
Ca,s being a suitable positive constant depending only on d and s (if ¢ is less regular, its
fractional Laplacian is meant in the distributional sense), see e.g. [69, Sections 3, 4]. The
initial datum wg in (2.1.1) is assumed to be nonnegative and to belong to the weighted L!
space

L;(Rd) = {u measurable : |lul|;, = /d lu(z)] p(x)de < oo} :
R

The densities p we consider are nonnegative Lebesgue measurable functions, locally essentially
bounded away from zero (namely p~' € LS (R?)) and satisfying suitable power-law decay
conditions at infinity. More precisely, we say that p is a slowly decaying density if there exist

two positive constants ¢ < C' such that
cle]7° < p(x) < Clz|™ ae.in By and clz|”7 < p(z) < Clz|™7 ae. in B (2.1.3)

for some «y € (0,2s) and 7o € [0,7], where B, := B,.(0) and B¢ denotes its complement. Note
that possible singularities are allowed at x = 0. For this kind of densities, we shall also study
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Chapter 2. Fractional porous medium equations with power-type densities

the well-posedness of the more general problem

{p(x)ut +(=APW™) =0 inR?x RF,

p(x)u = p on R x {0}, (214)

where p1 is a positive finite Radon measure on R? (here we let v € [0,2s), since our results
are new even in the non-weighted case). In fact, as we shall explain below, the solution to
(2.1.4) corresponding to the choices p(z) = |z|~" and p = ¢ will be key to the asymptotics
of general solutions. Conversely, we say that p is a rapidly decaying density if p=! € L2 (R9)
and there exists a positive constant C' such that

plr) <C(1+z))™" ae. in R? (2.1.5)

for some v > 2s. In contrast with the slowly decaying case, for such densities an essential
role is played by a separable solution of the form ¢~1/(m=Yy!/m (), where w is the solution
of a suitable fractional sublinear elliptic equation.

The local version of (2.1.1), that is

{p(x)ut —Awm) =0 in R x R",

2.1.6
u = g on R? x {0}, ( )

known as inhomogeneous porous medium equation, has been largely studied in the literature.
As concerns well-posedness, we quote the papers [89,90,112,116,153,163]. In particular, for
d > 3 it is shown that (2.1.6) admits a unique very weak solution if p(x) decays slowly as
|z| — oo (e.g. like |z|™7 with v € (0,2)), while nonuniqueness prevails when p(x) decays
rapidly as |z| — oo (e.g. like ||~ with v > 2). In the latter case, uniqueness can be restored
by imposing proper extra conditions at infinity (see Chapter 1, Section 1.4) or by looking for
solutions in suitable energy spaces (weak energy solutions). In this regard, we refer the reader
to the results of Chapter 1, Subsection 1.2.2, which hold independently of the behaviour of
the weights at the boundary (i.e. the behaviour of p at infinity).

The long time behaviour of solutions to (2.1.6) has been analysed in detail in [114,162,164].
In [164] the authors prove that, if p > 0, p(z) ~ |z|™7 as |z| — oo for some v € (0,2) and
|uoll1,, =: M > 0, then

lim Ju(t) = Uni(®)ll,,, =0 and  Jim ¢ u(t) = Up(t)]., = 0.

The function Uy, above is the Barenblatt solution with mass ||[Up(t)|l1,, = M (it is preserved
in time), which has an explicit self-similar profile:

Un(z,t) ==t “F(t"|z|) V(z,t) € RT x RT,

where )

F(§) = (C—b& M Ve >0
for suitable positive constants C' and b depending on M, m, d and ~, while o and x are
defined by the formulas
1
dm—1)+2—my

a:=(d—7)k, K:=

Analogous results are proved in [162], buy only in the case d = 2. We stress that Uy, solves
the singular problem

lz|uy — A(w™) =0  in RYx RT
|z| 7w = Mo on R? x {0} .
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Let us point out that these convergence results are similar to the ones previously obtained in
the non-weighted case (see e.g. [99] and [170]), namely for p = 1 and so v = 0. For rapidly
decaying densities, the situation in quite different. In fact, in [114] the authors prove that if
p >0 and p(z) ~ |z|77 as |x| — oo for some v > 2, then the minimal solution to problem
(2.1.6) (namely the one obtained as monotone limit of solutions to homogeneous Dirichlet
problems in balls of increasing radii), which is unique in the class of solutions satisfying

1
Rd*l

for all ¢ > 0, converges to a separable solution:

t
/ / u™(o,7)drdoc - 0 as R — oo
9Br Jo

1

tﬁu(x,t) — (m—1)"mT W%(x) ast — o0,

uniformly w.r.t. € R% Here W is the minimal positive solution to the sublinear elliptic
equation
1
—AW =pWmn inR?,
and it satisfies
lim Wi(x)=0.

|z]—o00

Problem (2.1.1) with p = 1, known as fractional porous medium equation, which reads

{ut + (=AY (™) =0 inR?x RT, (2.1.7)

u =y on R? x {0},

has recently been addressed in the breakthrough papers [60,61] by J. L. Vazquez et al.:
existence, uniqueness and qualitative properties of weak energy solutions (with L' data) are
analysed there, also for m < 1. The asymptotic behaviour of such solutions as t — oo is then
investigated in [174]. As one may guess from the local case (s = 1), a key preliminary result
consists in proving that, for any M > 0, there exists a unique solution Uns to the problem

ug + (=A)*(u™) =0 in R x R
u= Mo on RY x {0} .
Such solution still has a self-similar profile:
Uz, t) =t f(t|z|) V(x,t) € R?x R,
where now 1
dim—1)+2s’
The function f : [0,00) + (0,00) is bounded, Hélder continuous, decreasing and satisfies

lime o f(§) = 0. Thanks to these properties, Uy is called again a Barenblatt solution.

However, in contrast with the local case, f, and so U M, 18 no more explicit. It is then proved
that Uy, actually plays the role of an attractor for any nonnegative solution to (2.1.7) with
mass ||ugll; = M:

a=dk, K=

lim |[u(t) — Un(8)]|, =0 and  lim ¢ |u(t) — Uy (t)

t—o00 t—o00

=0. (2.1.8)

Inspired by the above results, here we carry out the asymptotic analysis for nonnegative
solutions to (2.1.1), which is both a weighted and a fractional problem.
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In the case of slowly decaying densities (Section 2.2) we first perform a full well-posedness
analysis of problem (2.1.4), where any positive finite Radon measure pu is allowed as initial
datum. More precisely, under the additional assumption v < d — 2s, we prove existence and
uniqueness of weak solutions for any p complying with (2.1.3). We stress that our techniques
crucially exploit the validity of the fractional Hardy-Sobolev inequality

x — % 2 * d_’y
(/Rd\v(x)|27|$| de) <C a3, %=29—L, >0

and the Stroock-Varopoulos inequality (let ¢ > 1 and v > 0)

(—A)2 (v%)(x)‘Q dz .

4(q—1
[ @ sy e = T2 [
As it might be guessed, the hardest part to tackle is uniqueness. To this end, the first is-
sue we have to deal with is the essential self-adjointness, in suitably weighted L? spaces, of
the operator formally defined as p~'(—A)* on test functions, and the validity of the Markov
property for the associated linear evolution (Appendix 2.A). In fact, in order to prove unique-
ness, we need to adapt a delicate argument originally developed by M. Pierre in [148] for the
same problem, but in the local case and without weight (porous medium equation). Such an
argument crucially exploits the properties of solutions to a dual problem, which is a linear
modification of the original one; moreover, it strongly relies on Riesz potential techniques,
which means that one considers the equation solved by the Riesz potential of pu(t) and works
with the latter, rather than with the original one. Though this kind of techniques is proving
to be extremely powerful in the fractional framework (see e.g. [32,33]), the drawback in our
setting is that, in order to justify rigorously the equation solved by the Riesz potential, we
have to require the additional assumption v < d — 2s.
Existence and uniqueness of nonnegative bounded solutions to problem (2.1.1) for non-
negative initial data uy € L)(R?) N L°(R?) and bounded, strictly positive densities p have
been investigated in [159,160], where it is proved that if there exists C' > 0 such that

p(x) > Clz|™” a.e. in BY

for some v € [0,2s), then (2.1.1) admits a unique bounded solution. Here we shall exploit
such results in order to prove existence of solutions to (2.1.4), by means of an approximation
procedure.

The study of porous medium and fast diffusion equations with measure data can be tracked
back to the pioneering papers [9,37,56,148] (see also [173, Chapter 13] for details and addi-
tional references). The fast diffusion case, which will not be dealt with here, is investigated
in [48,49]: notice that for such evolutions a Dirac delta may not be smoothed into a reg-
ular solution, so that different techniques must be used; a general approach can be found
in [150]. Semilinear heat equations with measure data have a long history as well and have
recently been studied also in the fractional framework (we refer the reader e.g. to [50, 130]
and references quoted). Let us point out that the terminology “measure data” sometimes
refers to different contexts in which a measure appears as a source term in certain evolution
equations, see for instance [133].

Once existence and uniqueness of solutions to (2.1.4) is established, one can start the
asymptotic analysis. To this end, in agreement with the local case, it is crucial to assume
that, in addition to (2.1.3), p satisfies

lim p(x)]z]” =: coo >0, (2.1.9)

|z|—o0
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namely p(z) =~ |z|™7 as |x| — oo (up to a multiplicative constant). We are then able to prove
that the asymptotics is ruled by the solution wu,; to the following singular problem:

(2.1.10)

CoolZ| T + (=A)*(u™) =0 in R? x RT,
Cool| YU = M§ on R? x {0},

where |lugll1, = M > 0 is the (conserved) mass and ¢, is as in (2.1.9). More precisely, there
holds

lim ||u(t) — up(t)

t—o00

Llz|=7 — tlggo Htau(tn'ﬂ t) - uM('v 1)”1,\x|*7 =0, (2‘1‘11)
where
1

a=(d=7)nx, l{:d(m—l)+23—m7’

In the proof of (2.1.11) we partially follow the general strategy used in the literature to
establish similar convergence results, see [99, 163,170, 173, 174]. However, in the present
context, some technical difficulties arise, due to the simultaneous presence of the weight
p(x) and of the nonlocal operator (—A)®. An essential tool is the well-posedness of problem
(2.1.10), which falls in the framework of the more general problems (2.1.4) discussed above.
In particular, uniqueness ensures that the solution to (2.1.10) is self-similar (though not
explicit), a crucial fact in order to prove the asymptotic result. We remark, however, that
the lack of known Holder regularity properties for the solutions to the equation at hand,
which on the contrary hold true in the non-weighted case in view of the theory developed
in [10] (see also [175] for improved regularity), makes the final convergence step more difficult
with respect to [174] and prevents us from proving an L asymptotic result of the type of
(2.1.8).

In the case of rapidly decaying densities (Section 2.3), the well-posedness of problem (2.1.1)
was first studied in [159]. Here we shall improve on such results, establishing existence
of a minimal solution within a more general class of solutions, which satisfies a suitable
decay condition at infinity. Moreover, under the stronger assumptions d > 4s and v €
(2s,d — 2s] N (4s,00), we shall prove new uniqueness theorems dealing with integrability
properties of solutions. As in the local framework, let us notice that for generic densities
p € L2 (R?) such that p=t € L2 (R?) one can also prove uniqueness of weak energy solutions
in the same spirit as Chapter 1, Subsection 1.2.2, i.e. regardless of the behaviour of p at
infinity. Again, it is just a matter of energy spaces in which one looks for the solutions: the
more such spaces include themselves some “condition at infinity” (like H*(R?), for instance),
the less one expects to have to ask extra conditions to restore uniqueness. Also existence of a
minimal solution is ensured, provided a local comparison principle holds true for the classes
of solutions involved, independently of the behaviour of p at infinity: the latter only plays
a role in restricting or enlarging the class of functions where the minimal one is the unique
solution.

The long time behaviour of the minimal solution to (2.1.1) in the rapidly decaying case
is deeply linked with the minimal positive solution w to the following fractional sublinear
elliptic equation:

(=A)'w = pw* in R?, (2.1.12)

where ¢ := 1/m € (0,1). The local problem (s = 1) has been thoroughly studied in [38],
while the fractional problem with p = 1 has been recently addressed in [36] (on bounded
domains). Equation (2.1.12) is partially analysed in [158], where the authors deal with weak
energy solutions under the hypotheses that (2.1.5) holds true for v > d (with d > 4s) and
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p > 0 (with p # 0). Here we prove existence of nontrivial very weak solutions provided (2.1.5)
is valid for v > 2s (with d > 2s) and p is locally bounded away from zero. To our purposes,
a central role will be played by the solution to the linear equation

(=A)*V =p inR?.

Assuming that (2.1.5) holds true for d,v > 4s, we shall also prove uniqueness of very weak
solutions, which are required to be, in addition, local weak solutions and to comply with
proper integrability conditions.

Once the analysis of (2.1.12) has been performed, we are able to prove that, if u is the
minimal solution to (2.1.1) and w is the minimal solution to (2.1.12) for £ = 1/m, then

Jim tﬁu(x,t) =(m— 1)_ﬁw%(9§) (2.1.13)
e.g. in LY _(R?) for all p € [1,00). The just mentioned uniqueness results allow us to extend the

validity of (2.1.13) to a larger class of solutions. Let us remark that (2.1.13) is in agreement
with the content of the very recent paper [32], where the authors study problem (2.1.1) with
p = 1 and on bounded domains, obtaining (in particular) sharp convergence results with
rates.

In [114] it is proved that actually, for the weighted local problem (2.1.6), there is an
exponent vy, = Ya(m,d) € (2,d) such that, for v € (2,72), a family of Barenblatt solutions
continues to exist (though they become unbounded at the origin) and still plays a role for
the asymptotics in “outer sets” of the form {|z| > Kt*} (let K > 0). In fact, in such sets,
Barenblatt solutions provide more precise information with respect to the separable solution.
Here we do not address this issue: indeed, unlike the local problem, no explicit Barenblatt
profile is available, and the analysis of (2.1.10) with the techniques we used for v < 2s
completely fails when v > 2s.

Finally, let us mention the critical case v = 2s. In the local framework it corresponds
to v = 2 and has been investigated only recently, mainly in the papers [141] and [111].
Moreover, the analysis of the spectral properties of operators which are modelled on the
critical operator formally given by |x|?(—A) has been performed in [67]. The main results
of [141], for problem (2.1.6) with a regular density p(z) that behaves like |x|~ at infinity,
concern asymptotic estimates which are, to some extent, similar to the ones obtained in
the subcritical case v < 2. They rely on existence of explicit Barenblatt profiles, and the
fact that the latter have a logarithmic singularity at the origin complicates the analysis
(see also Chapter 1, Paragraph 1.2.3.2). In [111] the authors study problem (2.1.6) with
p(z) = |z|72. They mainly focus on radial solutions and on their different behaviour near the
origin, depending on whether the initial datum vanishes or not at the origin. Here an analysis
similar to the one developed in [141] is in principle possible. However, the study of problem
(2.1.10) when v = 2s is much more delicate than in the subcritical case (in particular, we
expect solutions to be unbounded).

As for applied context in which the fractional porous medium equation is used as a model,
we refer the reader to Appendix B of [35], where a brief overview of the topic is given, along
with several references.

2.1.1 Preliminary tools

In this subsection we recall some basic notions and properties concerning weighted Lebes-
gue spaces, positive finite Radon measures, fractional Laplacians, fractional Sobolev spaces
and Riesz potentials, which will be extremely useful throughout.
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2.1. Introduction

2.1.1.1 Weighted Lebesgue spaces

For a given measurable function p : R — RT (that is, a weight or density) and p € [1, 00),
we denote as L2(R?) the Banach space constituted by all (equivalence classes of) measurable

functions f : R? — R such that

1/p

150, 1= (1@ pla)dr) < oo

Occasionally, we shall also let p € (0,1): the definition is the same, but of course || - ||, , is
no longer a norm. In the special case p(x) = |z|* (let @ € R) we simplify notation, replacing
Lo(RY) with LE(R?) and || f]|p, with ||fllpe. If @ = 0 we keep the usual symbol L(R?),
denoting the corresponding norm as || f|l, or || f|lrsra)-

At some point we shall also deal with weighted L? spaces in domains 2 C R?. In such
cases, we shall use the more explicit notations L (€2) and | f{|Lz(q)-

2.1.1.2 Positive finite Radon measures on R¢

With a slight abuse of notation, we denote as M(R?) the cone of positive finite Radon
measures on R? (this is actually the usual symbol for the space of signed measures). To begin
with, consider a sequence {u,} C M(R?). Following the same notation as [148], we say that
{i,} converges to u € M(R?) in o(M(R?), C.(R?)) if there holds

. _ d
Tim quﬁdun_/w(pdu Vo € Cu(RY), (2.1.14)
where C.(R?) is the space of continuous, compactly supported functions in R%. This is usually
referred to as local weak™ convergence (see [4, Definition 1.58]). A classical theorem in measure
theory asserts that if

sup 1, (R?) < 00 (2.1.15)

then there exists u € M(R?) such that {y,} converges to i in o(M(R?), C.(R?)) up to subse-

quences [4, Theorem 1.59]. The same holds true if we replace C.(R?) with Cy(R?), the latter

being the closure of the former w.r.t. the L°° norm. A stronger notion of convergence is the

following. A sequence {u,} C M(R?) is said to converge to u € M(R?) in o(M(R?), Cy(R?))

if

lim [ ¢du, = / ddu Vo € Cy(RY), (2.1.16)
Ré R

n—oo

where C,(R?) is the space of continuous, bounded functions in RY. Clearly, (2.1.16) implies
(2.1.14). The opposite is true under a further hypothesis: that is, if {u,} converges to p in
o(M(R?), C.(R?)) and

: dy _ d
dim i, (RY) = p(RY)
then {u,} converges to p also in (M (R?), Cy(R?)) [4, Proposition 1.80]. Notice that if {s,}

converges to p in o(M(R?), C.(R?)) and (2.1.15) holds, a priori we only have a weak* lower
semi-continuity property:

p(R?) < lim inf g2, (R)
(see again [4, Theorem 1.59]).
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Chapter 2. Fractional porous medium equations with power-type densities

2.1.1.3 Fractional Laplacians and fractional Sobolev spaces

For all s € (0,1) and ¢ € D(R?) := C>°(R?) the fractional Laplacian (—A)*(¢) is defined
as in (2.1.2). However, in order to reformulate problem (2.1.1) in a suitable weak sense (see
Definition 2.2.1 below), it is necessary to introduce some fractional Sobolev spaces. Here we
shall mainly deal with H*(R?), that is the closure of D(RY) w.r.t. the norm

Cys —
ol = S [ [ O e yﬁi‘Z” dedy Vo € D(RY).

Notice that the space usually denoted as H*(RY) is just L2(R%) N H*(R%). For definitions
and properties of the general fractional Sobolev spaces W"P(R%) we refer the reader to the
survey paper [69]. '

The link between the fractional Laplacian and the space H*(R?) is made clear by the
identity

o = g [ [P PEEIZ) dagy [ (805 6)@) () H0)e) da

Rd

R4

(2.1.17)
valid for all ¢, € D(R?) (see [69, Section 3]). In particular,

1613 = [(~A)3 )|, voeD®RY. (21.18)

Notice that (2.1.17) can be shown to hold, by approximation, also when ¢ € D(R?) is replaced
by any v € H*(R?), where now (—A)i(v) is meant in the sense of distributions. A further
approximation entails

Cds/Rd /Rd |x _)(T;(:Q—w(y)) dxdy:/Rd(_A)%(”)(I)(_A)%(w)(x)d@“ (2.1.19)

for all v,w € H*(RY). Hence, if we set v = w in (2.1.19) we deduce that (2.1.18) holds true
in H*(R?) as well.

2.1.1.4 Riesz potentials

Another mathematical object deeply linked with the fractional Laplacian is its Riesz kernel,

namely the function
k:d s
Iy(z) = |42

where k, is again a positive constant depending only on d and s. For a given (possibly
signed) finite Radon measure v, one can show that the convolution

U" = Iy xv
yields an LL (R?) function referred to as the Riesz potential of v, which formally satisfies
(-A)(E) =

that is, still at a formal level, the convolution against I, coincides with the operator (—A)~*.
One of the most important and classical references for Riesz potentials is the monograph [121].
Throughout Subsections 2.2.2 and 2.2.3 we shall exploit some crucial properties of Riesz
potentials collected in [121], along with their connections with the fractional Laplacian.
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2.2. Slowly decaying densities

2.1.2 Outline of the chapter

The chapter is organized as follows.

Section 2.2 deals with the case of slowly decaying densities. In Subsection 2.2.1 we state
our main results. In Subsection 2.2.2 we prove existence of weak solutions with measure
data. Paragraphs 2.2.2.1 and 2.2.2.2 give hints of the proof of two standard properties of
such solutions. Subsection 2.2.3 is devoted to uniqueness: since the argument is long and
technical, we split it into Paragraphs 2.2.3.1-2.2.3.3. In Subsection 2.2.4 we finally study the
asymptotics of solutions.

Section 2.3 deals with the case of rapidly decaying densities. In Subsection 2.3.1 we provide
the statements of the main theorems. In Subsection 2.3.2 we analyse a fractional sublinear
elliptic equation deeply connected with the asymptotics: existence and uniqueness results
are proved in Paragraphs 2.3.2.1 and 2.3.2.2, respectively. Subsection 2.3.3 is devoted to the
asymptotic analysis. Finally, in Subsection 2.3.4 we collect some well-posedness results for
various kinds of solutions (Paragraphs 2.3.4.1-2.3.4.3) to the parabolic problem.

In Appendix 2.A we study the properties of a suitable weighted fractional Laplacian
operator, which are crucial for uniqueness in the slowly decaying case. Subsection 2.A.1
recalls some basic scaling properties of fractional Laplacians. In Subsection 2.A.2 we prove
that the standard mollification of a function converges to the latter not only in the usual
LP spaces but also in some power-weighted L” spaces. This is an important tool for the
analysis in Subsection 2.A.3, which is devoted to the proof of the self-adjointness property
and integration by parts formulas for the weighted fractional Laplacian operator mentioned
above.

2.2 Slowly decaying densities

In this section we mainly deal with existence and uniqueness of weak solutions to problem
(2.1.4) in the case of a slowly decaying density p, and related consequences for the asymp-
totics.

2.2.1 Statements of the main results

Here we provide a suitable notion of weak solution to (2.1.4), in the spirit of [61] (and [160]).

Definition 2.2.1. Given a positive finite Radon measure i, by a weak solution to problem
(2.1.4) we mean a nonnegative function u such that

u e L((0,00); Ly (R) NL®(R? x (7,00)) V7 >0, (2.2.1)

u™ e L2 ((0,00); H*(R%)), (2.2.2)

loc

(NI}

(™), t) (— A3 () (1) dardt = 0
(2.2.3)

_/OOO /Rd u(az,t)gpt(x,t)p(a:)dasdtJr/Ooo /Rd(—A)

Y € C(R? x (0,00))
and

lim pu(t) = in o(M(R?), Cy(R)). (2.2.4)

t—0

Our first main result concerns existence of such weak solutions.
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Chapter 2. Fractional porous medium equations with power-type densities

Theorem 2.2.2. Letd > 2s and assume that p satisfies (2.1.3) for some~y € [0,2s)N[0, d—2s]
and vy € [0,7]. Let u be a positive finite Radon measure. Then there exists a weak solution u
to (2.1.4), according to Definition 2.2.1, which conserves the mass in the sense that u(R?) =
Jra u(z,t) p(x)dx for allt > 0 and satisfies the smoothing estimate

Ju®)|, < Kt *puRY)? vt >0, (2.2.5)
where K is a suitable positive constant depending only on m, C, v, d, s and

e d_7 5._
a'_(m—l)(d—’y)—i—Qs—’y’ o

25 — v
(m—1)(d—=7)+2s—7

(2.2.6)

For given solutions to the differential equation in (2.1.4) (namely without a prescribed
initial datum), the following result on existence and uniqueness of their initial trace, in the
spirit of [35, Section 7] and [15], will also be proved.

Theorem 2.2.3. Let d > 2s and assume that p satisfies (2.1.3) for some v € [0,2s) N
[0,d — 2s] and vy € [0,7]. Consider a weak solution u to pu; + (—A)*(u™) = 0 in the
sense that u complies with (2.2.1), (2.2.2) and (2.2.3). Then there exists a unique positive
finite Radon measure p which is the initial trace of u in the sense of (2.2.4). In particular,
w(RY) = feau(z,t) p(x)dz for all t > 0. The same result holds true if the condition u €
L>®(R? x (1,00)) in (2.2.1) is replaced by the weaker condition [* u™(7)dr € LI(R?) for all
ta >t > 0.

As for uniqueness of weak solutions, we shall prove the next result.

Theorem 2.2.4. Letd > 2s and assume that p satisfies (2.1.3) for some ~y € [0,2s)N[0, d—2s]
and vy € [0,7]. Let uy and us be two weak solutions to (2.1.4), according to Definition 2.2.1.
Suppose that their initial datum, in the sense of (2.2.4), is the same positive finite Radon
measure (. Then uy = us.

We point out that, in order to prove Theorem 2.2.4, we shall crucially exploit the properties
of the operator A := p~!'(—A)*® provided by Theorems 2.A.12 and 2.A.13 in Appendix 2.A
below.

In the analysis of the long time behaviour of solutions, we shall assume in addition that
p satisfies (2.1.9). In agreement with the local case (s = 1), a major role is played by the
solution to the same problem in the particular case p(z) = coo|z|™ and pu = MJ (namely
the solution to (2.1.10)), where M is the mass of the initial datum. Our main result reads
as follows.

Theorem 2.2.5. Let d > 2s and assume that p satisfies (2.1.3) for some~y € [0,2s)N[0, d—2s]
and vo € [0,7]. Suppose in addition that

lim p(z)|z]” =:ceo > 0. (2.2.7)

|z|—o0

Let u be the unique weak solution to problem (2.1.4), according to Definition 2.2.1, corre-
sponding to p € M(R?), with u(R?) =: M > 0. Then,

Jim u(®) = un (0], _, = 0, (223

or equivalently

Jim [t%u(t",t) — up(-, 1) (2.2.9)

Hl,ffy7
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2.2. Slowly decaying densities

where uyy s the Barenblatt solution defined as the unique solution to problem (2.1.10),

- 1 2.2.10
K‘_(m—l)(d—7)+23—7 (22.10)

and « is as in (2.2.6).

Remark 2.2.6. Notice that, if d > 4s, then the above assumptions on v amount to v €
0,2s).

Theorems 2.2.2 and 2.2.3 will be proved in Subsection 2.2.2, Theorem 2.2.4 will be proved
in Subsection 2.2.3 and Theorem 2.2.5 will be proved in Subsection 2.2.4.

2.2.2 Existence of weak solutions

Before proceeding with the proof of Theorem 2.2.2 (and related lemmas), we shall show
a first, direct consequence of Definition 2.2.1, namely the conservation in time of the mass
Jra u(z,t) p(x)dz, that is the L) (R?) norm of u(t) since we are considering nonnegative solu-
tions.

Proposition 2.2.7. Let d > 2s and assume that p satisfies (2.1.3) for some v € [0,2s) and
Y € [0,7]. Let u be a weak solution to (2.1.4) according to Definition 2.2.1. Then

[u@®)ll;, = /Rd u(z,t) p(x)dz = p(R?)  for a.e. t >0, (2.2.11)

namely we have conservation of mass.

Proof. In order to prove (2.2.11) we first plug in (2.2.3) the following test function:

@R<x7 t) = 19@)53(&:) )

where &g is a standard family of cut-off functions (see Lemma 2.A.3 below) and ¥ is a suitable
family of positive, regular and compactly supported approximations of X, +,) (let to > t; > 0).
In view of (2.1.17), there holds

RN

Recalling Lemma 2.A.4 and the assumptions on p, we have:

[ [ i) (on) e,y e
<9l (”(_A) ()l . 2] ( %)

|w

(). ) (=) () (. t) dedt = |7 [ " (a8)(=2)"(on) ) dadt.

(2.2.12)

/tt /]Rd u(z,t) p(x)dzdt]

’ - S(S)Hoo>
R28 R2 —y

where t* > t, > 0 are chosen so that supp ¢ C [t,,t*] independently of §. The integral in the
r.h.s. of (2.2.12) is finite thanks to (2.2.1). Hence, letting R — oo in (2.2.3), we deduce that

/OOO /Rd u(x, t)d'(t) p(x)dzdt = 0. (2.2.13)

If we then let ¥ — xp, 4,) in (2.2.13) and use Lebesgue’s differentiation Theorem we find that
lu(ta)]l1,p = |lu(ti)]1,, for a.e. to > t; > 0. This property and (2.2.4) finally yield (2.2.11). O
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Chapter 2. Fractional porous medium equations with power-type densities

The proof of existence of weak solutions to (2.1.4) is based on an approximation procedure.
That is, one approximates the measure p with data ug € L)(R?) N L>(R?) and shows that
the corresponding solutions suitably converge to a solution of (2.1.4). This calls, first of all,
for an existence result for the following problem:

{p(fﬂ)m + (=AW =0 inRxR*, (2.2.14)

u = on R? x {0} .
To this aim, we need a preliminary lemma.

Lemma 2.2.8. Let d > 2s and assume that p satisfies (2.1.3) for some v € [0,d + 2s] and
Yo > 0. Consider a function v € L2 .((0,00); H*(R?)) such that, for all ty > t; > 0,

loc

to
/ o) pla)dedt < K (2.2.15)
t1 R
to s 2
/ / (=23 (0) ()| dadt < K (2.2.16)
t1 R
and
to 9
/t /R (s (, )2 pla)daedt < K | (2.2.17)

where K is a positive constant depending only on t1 and ty. Take any cut-off functions
& € CX(RY), & € C°((0,00)) and define v, : R — R as follows:

Uc(x7t) = él(x)§2(t)v(x7t) V(I',t) < Rd X R)
where we implicitly assume & and v to be zero fort < 0. Then
2 2 2
HUcHHs(Rd+1) = H’UcHLQ(RdH) + |’UC’|HS(Rd+1) < (2.2.18)
for a positive constant C' that depends only on &1, &, v, ¢, K, d and s.

Proof. The validity of
HUCHiQ(RdH) < (2.2.19)

is an immediate consequence of (2.2.15) and of the fact that p is bounded away from zero
on compact sets (from now on C’ will be a constant as in the statement that we shall not
relabel). Moreover, since

(Ve)s = &1&5v + &6t

by (2.2.15), (2.2.17) and again the fact that p is bounded away from zero on compact sets
we deduce that

[0l < € (2220)
Now we have to deal with the spatial regularity of v.. Straightforward computations show
that
Cd,s (U(I,t) _ U(yat))Z
o0l =2 00 [ 86 ([, 0y a

e [ o, S0 ),

+Ca 00 [, [, oty D= EE =00 4rg,,

(2.2.21)
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2.2. Slowly decaying densities

The Cauchy-Schwarz inequality allows us to bound the third integral in the r.h.s. of (2.2.21)
with the first two integrals. As concerns the first one, we have:

Ci,s ) —v(y, 1)’
w60 [ 6o ([, M ay) ar < vapes® 1l N6 T o

(2.2.22)
In order to bound the second integral, it is important to recall that the function I5(&;)(y) is
regular and decays at least like |y|=97% as |y| — oo (for the definition and properties of I,
see Lemmas 2.A.2-2.A.4 in Appendix 2.A). Hence, thanks to the assumptions on p and =,
we infer that

2 — 2
) [, 0 ([, S8 ar)ay < a0l [, oo sty
(2.2.23)
Integrating in time (2.2.21), using (2.2.22), (2.2.23), (2.2.15), (2.2.16) and identity (2.1.18)
evaluated at ¢ = v., we then get

|(=2)3 (v) ; <. (2.2.24)

L2 (Rd+1) —_—

By combining (2.2.19), (2.2.20) and (2.2.24) one can deduce (2.2.18) e.g. using Fourier trans-
form methods. In fact, upon denoting as F(f)(z',#') the Fourier transform in R¥*! of a
function f(z,t), estimate (2.2.20) entails

/ 12| F (00) (!, )2 da'dt’ = / (v)2(x, 1) dzdt < O, (2.2.25)
Ra+1 Rd+1
whereas (2.2.24) gives

/R [/ | F(ve) (2, )] da'adt’ = /

Rd+1

(A% (v)(z, 1)| dedt < €. (2.2.26)

Thus, in view of (2.2.19), (2.2.25) and (2.2.26) we finally get the estimate
112 n2\? VNP IESWE, !
/]R (14 1P+ 112) | F (v (@, )P da'dt <
which is equivalent to (2.2.18) (see e.g. [69, Section 3]). O

We are now able to prove existence of weak solutions to (2.2.14). Such solutions are
understood in the sense of Definition 2.2.1, just upon replacing u with pug. The idea is to
regularize the density p(x) in a neighbourhood of x = 0 (where it can be singular) and use
the results of [159].

Lemma 2.2.9. Let d > 2s and assume that p satisfies (2.1.3) for some v € [0,2s) and
Yo € [0,7]. Let ug € L)(RY) NL>*(RY), with ug > 0. Then there exists a weak solution u to
(2.2.14) which satisfies the following energy estimates:

to

s

)% (u™)(z, t)\ dxdt+7 (@) pla)da
® (2.2.27)

e u™ (2, ) p(x)dz

for allty >t; >0 and
t
/2 / 2(z, )2 p(a)daedt < K Vs >t > 0, (2.2.28)
t1
where z := w2 and K depends only on m, t1, ty and ug e.g. through ||u(t1/2)|lmi1.,-
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Chapter 2. Fractional porous medium equations with power-type densities

Proof. We introduce the following approximation of problem (2.2.14):

pal@) )i + (~AY () =0 in BRI x R*
{Un = Uy on R? x {0}, (2.2.29)

where {p,} C C(R?) is a family of strictly positive densities which behave like ||~ at infinity
and approximate p(x) monotonically from below. In particular, uy € L;n (RY) N Lo°(RY).
Existence (and uniqueness) of weak solutions to (2.2.29) for such densities and initial data
have been established in [159, Theorem 3.1]. Actually the solutions constructed there also
belong to C([0, c0); L},n (R%)) and satisfy the bound

HunHLoo(Rdeﬂ < HuOHLOO(Rd)'

Moreover, one can show that each u, satisfies a weak formulation which is slightly stronger
than the one of Definition 2.2.1:

//Rdunmtgptxtpn dxdt—i—/ /Rd

—/uo o(z,0) p,(x)dzx

l\)\tn

(z,t)(—=A)3 (@)(z, t) dadt

(2.2.30)
for all T > 0 and ¢ € C°(R? x [0,T)) such that o(T) = 0, where u* € L*((0, 00); H*(R?)).
The latter property follows from the validity of the key energy identity

/. ”/
W @, ) py(w)da

m—|—1 Rd !

S

)2 (ug')(x, t)‘ dzdt + 7/ i (z ty) py(z)da

(2.2.31)

for all 5 > t; > 0. Formally, (2.2.31) can be proved by plugging the test function ¢(x,t) =
J(t)u,'(z,t) in the weak formulation (2.2.30) and letting ¥ tend to X, 1, as in the proof of
Proposition 2.2.7. The problem is that, a priori, such a ¢ is not admissible as a test function.
In order to justify (2.2.31) rigorously one must then proceed as in [61, Section 8]. A crucial
point concerns the fact that our solutions are strong, which follows by means of techniques
analogous to the ones used in [61, Subsection 8.1]. We refer the reader to the Paragraphs
2.2.2.1 and 2.2.2.2 below for more details. Another fundamental estimate is

1)
/t [ il D py(a)dedt < KWt > 1> 0, (2.2.32)
1

where z, = u(mt1)/2 and K is a suitable positive constant that depends only on t;, t, and ug

through [lu,(t1/2)([,,,,, < llwoll,n41,,- The proof of (2.2.32) follows exactly as in [61, Lemma
8.1]. Since
m 2m = m+1l m+1
(Un )t Tl 2" (2), and ||zn||Loo(Rde+) = ||un||Lo2o(Rde+) < ||U0||L020(Rd)7

from (2.2.32) we deduce that

to

2 2m \? —
O pyla)dadt < <m+1> luo|™ P K Vit >t > 0.

Furthermore, the validity of

to
t1 R4

pn(x)dedt < C" Yty >t >0
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2.2. Slowly decaying densities

for another suitable positive constant C’ that depends only on t;, to and wug is ensured

by the conservation of mass (2.2.11) (with p = p,) and by the bound over [|uy||;w(gasp+)-
Applying Lemma 2.2.8 to v = ;" and using the fact that H*(R*"') is compactly embedded
in L2 (R%*1) [69, Theorem 7.1], one can pass to the limit in (2.2.30) as n — oo and get that

loc

the weak limit «™ of {u*} in L*((0,T); H*(R%) (for any T > 0) satisfies

_/OT/Rd u(z, )i (z,1) p(:zc)d:z:dt—i—/OT /Rd(—A)S(um)(x’t)(_A)%(@)(x’t) dzdt
:/Rd up(x)p(x,0) p(z)dz

for all T > 0 and ¢ € C(R4 x [0, 7)) such that ¢(T) = 0. The validity of (2.2.4) follows by
plugging in (2.2.33) the test function ¢(x,t) = ¥(t)€r(x), where {g is a cut-off function as in
Lemma 2.A.3 and 9 is a regular approximation of x(o¢,). One then lets t; — 0 and R — oo.

Finally, the energy estimates (2.2.27) and (2.2.28) can be obtained reasoning exactly as
we did in the proof of (2.2.31) and (2.2.32) (we exploit again the fact that solutions are
strong). O

(2.2.33)

Having at our disposal an existence result for problem (2.2.14), we can now let pug ap-
proximate p. In order to show that the corresponding solutions converge to a solution of
(2.1.4), we first need some technical lemmas. We begin with a modification of the classical
Stroock-Varopoulos inequality: it is proved here for a precise set of functions that we shall
deal with later on. A simple proof of such inequality (with different assumptions on the func-
tions involved), which exploits the extension in the upper plane, can be found in [61, Section
5]. See also [59, formula (2.2.7)] for a similar result involving general Dirichlet forms.

Proposition 2.2.10. Let d > 2s. For all nonnegative v € L®(R%) N H*(RY) such that
(—=A)*(v) € LY(RY) the function v¥/? belongs to H*(R?) and the inequality

/Rd V(@) (=AY (v) (2) da > 4(9_1)/R (~2)i () (@) da (2.2.34)

q2

holds true for any q > 1.

Proof. We shall assume, with no loss of generality, that v is a regular function. Indeed, by
standard mollification arguments, one can always pick a sequence {v,} C C®(RY)NL>®(RY) N
H?*(R%) such that {v,} converges pointwise to v, |[|t,]|ee < ||V]lee and {(—=A)*(v,)} converges
to (—A)*(v) in L*(R9). This is enough to pass to the limit as n — oo in the Lh.s. of (2.2.34),
while in the r.h.s. one exploits the weak lower semi-continuity of the L? norm.

Consider the following sequences of functions:

znl s :EV%
Un(x) = /0 yﬁ dy+(¢g—1) /; y?dy VreRT,

n

AL s x\/% q
v, (z) ::/0 nyﬁ dy+(q—1)%/l y2 'dy Vo eR'T.

It is plain that v, and W, are absolutely continuous, monotone increasing functions such
that ¢/, (z) = [¥/ (z)]” for all € R*. For any R > 0, take a cut-off function &5 as in Lemma
2.A.3. To the function £gv one can apply Lemma 5.2 of [61] with the choices ¢ = 1, and
VU = V,,, which yields

/Rd Yo (ER) (2)(—A)* (Egv)(x) da > /

Rd

2

(=25 (U, (Erv)) ()] da. (2.2.35)
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Chapter 2. Fractional porous medium equations with power-type densities

Computing the fractional Laplacian of the product of two functions, we get that the 1.h.s. of
(2.2.35) equals

/Rd Un(Erv)(@)ER(2)(—A)*(v)(2) do + /Rd Un(Erv)(2)(—A)°(€r) (2)v(2) do
o) — o2 — o (2.2.36)
+20d’s/Rd %@Rv)@)/ (Er(z) = Er(y)) (v(z) — v(y)) dyd.

R |z —y| e

By dominated convergence,

Jim [ (60) @)Ea() (~A) (0)(@)dr = [ a()(@)(=A) (v)(x) de.

Our aim is to show that the other two integrals in (2.2.36) vanish as R — oco. We have:

[ ) (@) (- A (€0) @oi) da

o, 5 (2.2.37)
<N €0l (T oy @+ nllollol | ao)
and
[ et [, =010,
<ol [, lon(eroro? [, 2= ayar) 2238)

ST

2
1 d—28 d+2s
< Ts ls 2 / QK d n e’} 2/ d )
<[l gs [1s(ER)IIZ, ([d—i-%] {vg1/n}v 2 (z) do 4 [Yn([[v]|oo)] o1/} x

where [, is defined in Lemma 2.A.2. In view of Lemma 2.A.4, limg oo ||(—A)*(ER)||cc =
limp o0 ||ls(€R)||co = 0. Moreover,

v € L% (RY) N L°(RY)

(see [69, Section 6] or Lemma 2.2.11 below). In particular, v also belongs to

d+2s

L¥e2 (R7)

Letting R — oo in (2.2.37) and (2.2.38), we therefore deduce that the last two integrals in
(2.2.36) actually go to zero, so that we can pass to the limit in the Lh.s. of (2.2.35). In
the r.h.s. we just use the fact that {(—A)2 (¥, ({zv))} converges to (—A)2 (¥, (v)) weakly in
L2(R%), i.e. {W,(Egv)} converges to ¥, (v) weakly in H*(R?). This proves the validity of

‘2

(—A)3 (¥ (v))(2)

L Un(0)(@)(=A)(v) () dz 2 dz . (2.2.39)

Rd

The final step is to let n — oo in (2.2.39). It is clear that the sequence {¢,(x)} converges
locally uniformly to the function 297!, while {W,(z)} converges locally uniformly to the
function 2(q — 1)22% /q. Hence, {t,,(v)} and {¥,(v)} converge in L=(R%) to v7~! and 2(q —
1)2v% /g, respectively, so that we can pass to the limit in (2.2.39) and obtain (2.2.34). O
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2.2. Slowly decaying densities

Lemma 2.2.11. Let d > 2s and assume that p satisfies (2.1.3) for some v € [0,2s) and
Yo € [0,7]. There exists a positive constant Coxn = Corn(C,7,d, s) such that the family of
fractional Caffarelli-Kohn-Nirenberg inequalities

Tellzsr Vo € Ly(RY) N HY(RY) (2.2.40)

Ivll,, < Coxn |[(—=A)3(v)

holds true for any a > 0, p > 0 and

_ 2(d—=9)(a+1)
T a—rrd—2s

For a = 0 we recover the fractional Sobolev inequality
19]ly0-5 , < Coxn (=) )||, woe B (®Y). (2.2.41)
Proof. The fractional Hardy-Sobolev inequality
lolyas o, < Cy[(=2)2 ()], Vo€ H(RY) (2.2.42)
can be proved by interpolation between the fractional Sobolev inequality
lol 2e < Cs|(=2)3 )|, Wve H (R?)
(see e.g. [69, Theorem 6.5]) and the fractional Hardy inequality
[0lly, sy < Cu||[(=2)3(0)|, Vo € H (RY)

(see e.g. [96] and references quoted therein). Hence, (2.2.41) follows from (2.2.42) in view
of the hypotheses on p: here it is crucial that v € [0,2s) and that vy < 7. Once we have
(2.2.41), another interpolation yields (2.2.40).

We point out that, for p(z) = |z|77, inequality (2.2.40) is just a particular case of [57,
Theorem 1.8]. O

Proposition 2.2.10 and Lemma 2.2.11 provide us with some functional inequalities which
are key to prove the following smoothing effect for solutions to (2.2.14).

Proposition 2.2.12. Let d > 2s and assume that p satisfies (2.1.3) for some v € [0,2s) and
Yo € [0,7]. There exists a constant K > 0 depending only on m, C, v, d and s such that,
for all nonnegative initial data ug € L;(Rd) NL>®(RY) and the corresponding weak solution u
to (2.2.14) constructed in Lemma 2.2.9, the following LL°~L.>° smoothing effect holds true for
any po € [1,00):

u(t)||, < Kt |Jug|® ¥t >0, (2.2.43)

Po,p
where

g = e - o= 25—

(m—=1)(d—7)+ (25 —7)po (m—1)(d—7)+ (25 —7)po

Proof. We proceed exactly as in the proof of [61, Theorem 8.2], i.e. through a standard
parabolic Moser iteration, so we just stress the main steps for the convenience of the reader.
In fact, the method of proof is the same as Theorem 1.2.11 in Chapter 1, Paragraph 1.2.3.4:
here the additional difficulty due to the presence of the fractional Laplacian is overcome by
means of the above Stroock-Varopoulos inequality.

(2.2.44)
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Chapter 2. Fractional porous medium equations with power-type densities

First of all, let us fix t > 0 and consider the time sequence t; := (1 — 27%)¢. Denote
as {pr} C (1,00) another increasing numerical sequence to be chosen later. Multiplying
the differential equation in (2.2.14) by uP*~(x,t), integrating over R? x [ty tx41], applying
Proposition 2.2.10 to the function v = u™ (with the choice ¢ = (px+m—1)/m) and exploiting
the fact that the L norms do not increase along the evolution (see Paragraph 2.2.2.2 below),

we get:
s pptm—1
~) (w5 )|

Ck tkt+1
etz = =t [
2O lute)ly,
where ¢, := 4mpg(pr — 1)/(pr. + m — 1)%. The above computations are justified rigorously
since, as we recall in Paragraph 2.2.2.1, our solutions are strong. In particular, both sides
of the differential equation in (2.2.14) belong to L!(R?). Exploiting (2.2.40) with the choices
p=2pr/(pr + m —1) and a = pi/(px + m — 1), we obtain:

El pptm—1 2 2pk+n? - m—
H(—A)z (u ; (T)) (DI > Copnt™ " u(m)2bm (2.2.46)
2 2d—~—2s P
Thanks to (2.2.46) and again to the fact that the LL norms of u(7) do not grow in time, we
deduce:

(Dl ,d (2.2.45)

te+1 s pk+m 1 2;::-7;” 11 (k1) oprtm—1
[ =a5 (u WL s, dr > Copd ™ 25 fultie g 2 e
tr 2d—~—2s )
(2.2.47)
Gathering (2.2.45) and (2.2.47) we find the recursive inequality
2k+1 OCQZZ):I?ZL 11 i+l o Pk
p
Ju(trse)ll,,,, , < ot [uCti)ll, ™
where 2d )
4 -7
=2 —1 = 07
Prat =5 (2Pt m—1), 2d — v — 25
Note that, since v € [0,2s), 0 > 1. Furthermore, upon taking py > 1, it is easy to check that
d—y)(m—1
pe=A(c" — 1) +po, A::po—i-( ) )>0,
25 — 7y
whence pr1 > pr and limy_,oo pr. = 0o0. Thus, letting Uy, := ||u(ty , we can find a constant
+ g PkspP
co = co(po,m,C,,d,s) >0 (in particular, independent of k) such that
k " Pl
Ups1 < ¢ttt 2o U, 4 (2.2.48)
applying (2.2.48) iteratively we get
LS h—j)o? 1ok g gkl
Uy < cir == ¢ 3 2= 7 ) E (2.2.49)
Passing to the limit in (2.2.49) as k — oo we end up with the estimate
d—y (25s—=v)pg
||“(t)||oo S C,t_(m—l)(d—WH(Qs—W)Po ||u0H}();n;l)(d—w)-&-@s—v)po (2‘2‘50)

for some positive constant C" = C’(pg, m, C,,d, s) > 0, namely (2.2.43). However, we recall
that (2.2.50) has been proved under the assumption py > 1. In order to establish its validity
down to pp = 1 one can proceed as in the proof of [61, Corollary 8.1] (see also the proof of
Theorem 1.2.9 in Chapter 1, Paragraph 1.2.3.4). O

118



2.2. Slowly decaying densities

Before proving Theorem 2.2.2, we still need a preliminary result concerning Riesz poten-
tials.

Lemma 2.2.13. Let d > 2s and ¢ : R? — R be a continuous function which belongs to
LY(R?) and decays at least like |z|~? as |z| — oco. Then the convolution I, x ¢ (namely the
Riesz potential of ¢) is also a continuous function, decaying at least like |x|~92* as |z| — oo.

Proof. The fact that Ios x ¢ is continuous easily follows from continuity and integrability
properties of both Irs and ¢. In order to prove the claimed decay behaviour as |z| — oo we
have to work a bit more. To begin with, let us split the convolution in this way:

(hovd) (@) = [, 2000 gy o [ Fundl) g [ Kasol)

* o =yl a0y |2 = y| 7% By [ =y

Fy(x) FQ(.’Z)
As concerns FQ, we have:

C’kdsd|Bl|

kds ¢( ) d—2 —2d
Fy(z)| = / e dy| <20 C / 25 qy 2.2.51
where we used the inequalities
¢ d |y|
W< WERT -yl > Vy€ By, (2.2.52)

valid for some C' > 0. On the other hand, F; can be estimated as follows:

kas ¢(y) ‘ kas o(y) | kas ¢(y)
Has PW) gl < / M O)_ g, +/ fds ) g0 |
/Bu |z — y|i2 Biaja(@) [T — y|47% By NBy, (@) [ — y[ 472

(2.2.53)

By ()] =

Since

d—2s—1
/ |x_y|—d+25dy‘ S 2 de,Sd|Bly
d—2s
Bz /2(2) s|z|

/ kq s ¢(y) d ‘< 2d0kd,s
5 oo <

|=|/2(2) |z — y|d=2s |z]4

and

kds ¢( ) 2d 2Skds
s Y| S 2.9.54
/BzccﬁB ) | — y|d—2s = ’ |d—2s fralipg ( )

fo/2(®
gathering (2.2.51)—(2.2.54) we finally deduce the claimed decay property of Ips * ¢. O

Proof of Theorem 2.2.2. Suppose first that p is a compactly supported measure. Consider
the family {u.} of weak solutions to (2.1.4) that take the regular initial data pu. := 1. * p
(let € > 0), where 9. (z) := e~ %9 (x/e) with ¢» € D(R?), v > 0 and ||¢||; = 1. The existence
of such a family is ensured by Lemma 2.2.9, upon letting ug = p~'pe € LL(R?) N L®(R?).
We shall prove that {u.} converges (up to subsequences), as ¢ — 0, to a function u which
satisfies (2.2.1), (2.2.2) and (2.2.3). Afterwards we shall deal with (2.2.4).

Combining the smoothing effect (2.2.43) (for py = 1) with the fact that |||, = u(R?)
and with the conservation of mass (2.2.11), we obtain:

[ @) pla)de < JulI el < K™ p®)7 ve>0. (2.255)
R
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Chapter 2. Fractional porous medium equations with power-type densities

Hence, using (2.2.27), (2.2.28) and (2.2.55), we get:

t s m
2 5 (ZE t)‘ dZL‘dt-‘r 7/ m+1 l‘ t2 ( )dZL‘ < o tl—ozmIu(Rd)l-i-ﬁm7
(2.2.56)
t
| LG 0 pla)dedt < K (2:2.57)

for all to > t; > 0, where z, := u(mH) and K’ is a positive constant that depends on t, t,
and pu(RY) (via (2.2.55) evaluated e. g. at t1/2) but is independent of . Thanks to (2.2.56),
(2.2.57), the conservation of mass and the smoothing effect (which in particular permits us
to bound {u.} in L=(R? x (7,00)) for all 7 > 0, independently of €), we can proceed exactly
as in the proof of Lemma 2.2.9. That is, we find that the pointwise limit v of {u.}, up to
subsequences, satisfies (2.2.1), (2.2.2) and (2.2.3).

In order to prove that the initial datum assumed by u (in the sense of (2.2.4)) is actually
i, we exploit some results in potential theory, following [148] or [174]. To begin with, let us
introduce the Riesz potential U,(t) of pu.(t), namely

Udc(z,t) := [Ios % puc(t)] (z) V(x,t) € R x RT.
The equation solved by u,. is
p(x)(u)(z,t) = — (A (u™)(2,t) V(z,t) € RY x RT. (2.2.58)

Applying to both sides of (2.2.58) the operator (—A)~*, i.e. the convolution against the Riesz
kernel I, (see Paragraph 2.1.1.4), we formally obtain

(L), (z,t) = —u(x,t) V(x,t) € RT x RT. (2.2.59)

We aim at proving (2.2.59) rigorously. To this end, let us plug in (2.2.3) (with © = w.) the test
function p(y,t) = 9(t)¢(y), where 9 is a smooth and compactly supported approximation of
X[t.to] and ¢ € D(R?). Integrating by parts (in space), letting ¢ tend to Xy, 1] and replacing
o(y) with ¢(y + z) (for any fixed x), we get:
[ el )0y + ) ply)dy — [ uely, )0y + ) ply)dy
i (2.2.60)
—— [ ([T wrw o) (Ar@+ o dy.

Integrating (2.2.60) against the Riesz kernel Io5(x) and exploiting Fubini’s Theorem we end
up with the identity (let z =y + x)

/Rd Us(z,t2)p(2) dz — /Rd Ud(z,t:)0(2) dz
— [ ([T ae) ([ 2700 + k@) dr) dy (2.2.61)

- [.( / u?'(y. 1) dt) 6(y) dy.

The application of Fubini’s Theorem here is justified by means of Lemma 2.2.13, Lemma
2.A.1, (2.2.1) and the assumptions on p. In fact, both the functions

y— [ 16l +2)| (o) da (2:2:62)
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2.2. Slowly decaying densities

and
Y —>/ (= A)*(6)(y + )| Lo () dz (2.2.63)

are continuous and decay at least like |y|~%"2* as |y| — oo. This implies that

/Rd /Rd lo(y)u:(y, t)p(y + x) o5 (x)| dydz < oo for ¢ € {t1,t2}

L L v a) Caye) + 2w

since (2.2.62) is bounded and (2.2.63) decays at least like p(y) at infinity (here the assumption
d — 2s > 7 is crucial). By Lemma 2.2.9 and Definition 2.2.1, we know that pu.(t) converges
to pe in o(M(R?), Cy(R?)) as t — 0. Hence, letting ¢; — 0 in (2.2.61), we find that

and

dydz < oo

/Rd sl t2)o(a) o — [ U ()g() do = — /R </Ot W (1) dt> o(r)dr  (2.2.64)

for all t, > 0 and ¢ € D(R?). In fact,

[ Utatno@yar = [ ([ Bule ) olype(y. ) ay) o)

_ /Rd (/Rd Ly(y — z) ¢(z) dx) p(y)ue(y, t1) dy,

U¢(y)

and in view of Lemma 2.2.13 we know that, in particular, U? € Cy(R?), which allows us to
pass to the limit in the integral as ¢; — 0. Thanks to the smoothing effect, the conservation
of mass and the hypotheses on p, we can provide the following bound for (2.2.64):

< Hp—lng KL (R A1) /t2 alm=1)q;
o0 0

(2.2.65)
Note that the time integral in the r.h.s. is finite since a(m — 1) < 1 (recall (2.2.44) for
po = 1). We proved above that {u.} converges pointwise a.e. (up to subsequences) to a
function u which satisfies (2.2.1), (2.2.2) and (2.2.3). If we exploit once again the smoothing
effect and the conservation of mass, we easily infer that such convergence also takes place in

o(M(R?), Cy(R?)):

’/ (z,t2)0(x) dx — y Ut (x)p(x) dx

lim puc(t) = pu(t) in o(M(R?), Co(R?)), for a.e. t>0. (2.2.66)

e—0

Using (2.2.66), the fact that . — pu in o(M(R?), Cy(RY)) and proceeding exactly as we did
in the proof of (2.2.64), we can let ¢ — 0 in (2.2.65) to get

t
< prlqu Kml M(Rd)lJrﬁ(mfl) / 2 tfa(mfl)dt
o0 0
(2.2.67)
for a.e. to > 0 and ¢ € D(R?), where we denote as U the potential of pu. Note that, passing

to the limit in (2.2.64) for any nonnegative ¢ € D(R?), we deduce in particular that U(x,t) is
nonincreasing in t. Moreover, (2.2.67) implies that U(t) converges to U* in L (RY), whence

[ U 06w de — [ U)o o

lim U(r,t) = U(z) for ae. v € R%. (2.2.68)
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Chapter 2. Fractional porous medium equations with power-type densities

Letting € — 0 in the conservation of mass (2.2.11) (applied to u = u. and pu = p.), by means
e.g. of Fatou’s Lemma we obtain

Ju(®)l;, < p(R?) for ae. t > 0. (2.2.69)

Due to the compactness results recalled in Paragraph 2.1.1.2, from (2.2.69) we infer that
(almost) every sequence ¢, — 0 admits a subsequence {t,, } such that {pu(t,,)} converges to
a certain positive finite Radon measure v in o(M(R?), C.(R?)). Thanks to (2.2.68) and [121,
Theorem 3.8] we have that U¥(z) = U*(x) almost everywhere. Alternatively, such identity
can be proved by passing to the limit in [ps U(x,t,, )¢(x)dz, recalling that U(t,,) — U*
in LL_(R?) as k — oo. Theorem 1.12 of [121] then ensures that two positive finite Radon
measures whose potentials are equal almost everywhere must coincide. Hence, v = p and the
limit measure does not depend on the particular subsequence, so that
lim pu(t) = 1 in o(M(RY), C,(RY)).
e
In order to show that convergence also takes place in o(M(R?), Cy(RY)), it is enough to
establish that
: _ d
tim Ju(®)],, = p(RY). (2.2.70)

Since pu(t) converges to u in o(M(R?), C.(R?)) as t — 0, we know that
d ..
p(RY) < lim inf [lu(®)]], , . (2.2.71)

see again Paragraph 2.1.1.2. But (2.2.71) and (2.2.69) entail (2.2.70).

Finally, the validity of the smoothing estimate (2.2.5) just follows by passing to the limit
in (2.2.43) (applied to u. and pg = 1) as € — 0, recalling that {u.} converges to u almost
everywhere.

At the beginning of the proof we assumed p to be compactly supported. Otherwise, take
a sequence of compactly supported measures {u,} converging to u in o(M(R?), Cy(R?))
and consider the corresponding sequence of solutions {u,} to (2.1.4). The energy estimates
(2.2.56) and (2.2.57) (as well as the conservation of mass and the smoothing effect) are clearly
stable as € — 0, so that they hold true with u. replaced by w,, and p. replaced by u,. Hence,
using the same techniques as above, one can prove that {u,} converges to a solution u of
(2.1.4) starting from p. O

Lemma 2.2.14. Let v be a signed finite measure, namely the difference between two positive
finite Radon measures, such that U” > 0 almost everywhere. Then I/(Rd) > 0.

Proof. From the assumptions on U” and thanks to Fubini’s Theorem, there holds

[oxe ) U@ dy = [ (xn) @) dv=kas [ ([ o=yl dy)dv =0

n

(2.2.72)
for all n € N. Performing the change of variable z = y/n, the last inequality in (2.2.72) reads
/ (/ |z /n — 2|42 dz) dv >0 VneN. (2.2.73)

Re \JB,

It is plain that for every € R? the sequence { [, |z/n—z|7%"2* dz} converges to the positive

constant [ |z|7%"?*dz and it is dominated by the latter. Passing to the limit as n — oo in
(2.2.73), we get the assertion by dominated convergence (recall that v is a finite measure). [

122



2.2. Slowly decaying densities

Proof of Theorem 2.2.3. Consider a function u satisfying (2.2.1), (2.2.2) and (2.2.3). Mono-
tonicity in time of the associated potential is a consequence of the analogue of (2.2.61), which
here can be proved exactly as above: for such an argument to work, the running assumptions
on 7y are necessary. Actually the same proof holds if, instead of u € L*°(R% x (7, 00)), u is only
supposed to satisfy [ u™(7)dr € L!(RY) for all t, > t; > 0. Existence of an initial trace s,
meant as convergence in (M (R?), C.(R?)) along subsequences of a given sequence of times
going to zero, follows by compactness, since we are assuming that u € L>((0, 00); L} (R?)).
Uniqueness of such a trace is established as we did after (2.2.68), i.e. using monotonicity of
potentials and [121, Theorems 1.12 and 3.8].

We are left with proving that convergence to i takes places also in o(M(R?), Cy(RY)),
namely that lim ¢ fpa u(z,t) p(x)dr = u(R?). By weak* lower semi-continuity, it is enough
to show that lim sup,_, fga u(,t) p(x)dz < p(R?). Let U(t) be the potential of pu(t). Again,
the monotonicity in time of U(t) and the first part of the proof ensure that U* — U(t) > 0
almost everywhere. Therefore, Lemma 2.2.14 applied to the signed finite measure dv = dp —
u(z,t)p(x)dz entails p(R?) > [pau(z,t) p(x)dz. Letting t — 0 we conclude the proof. O

2.2.2.1 Strong solutions

In order to justify rigorously some of the above computations, it is essential to show
that the weak solutions constructed in Lemma 2.2.9 are strong. By a “strong solution”,
following [61, Subsection 6.2], we mean a weak solution u (in the sense of Definition 2.2.1)
having the additional property

ur € L((, oo),Lll)(Rd)) V7 >0. (2.2.74)

Here we shall only give a sketch of how it is possible to prove that our solutions are indeed
strong, as techniques are completely analogous to the ones used in [61, Subsection 8.1]. The
first step consists in establishing that pu,(t) is a bounded Radon measure satisfying the
estimate

LotnOl e < 210l (2.2.75)
Put M(Rd)_(m—l)t s L.

where now, by M(R?), we mean the Banach space of signed measures on R, equipped with
the usual norm of the total variation. This can be proved proceeding exactly as in [173,
Lemma 8.5], that is by exploiting the validity of the L})(Rd) contraction principle

/]R ule,t) — (e, 0)], plo)de < /R uo) — ()], pla)dz Ve >0, (2.2.76)

where u and @ are the solutions to (2.2.14) constructed in Lemma 2.2.9 corresponding to the
initial data ug and g, respectively. Such principle does hold for the approximate solutions
u, and @, used in the proof of Lemma 2.2.9:

/]R g, t) = @y, 1), pya)de < /R [uo(x) — dp(@)], py(x)dz VE>0.  (22.77)

This is proved in [159, Proposition 3.3]. Hence, (2.2.76) is just a consequence of letting
n — oo in (2.2.77).

Afterwards one proves that z := u(™*1/2 is a function satisfying estimate (2.2.28), with a
constant K that depends on t;, t; and e.g. on

2to /
t1/2 R4

(—A)g(um)(x,t)rdxdt.
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Chapter 2. Fractional porous medium equations with power-type densities

In order to do that, one just repeats the proof of [61, Lemma 8.1] (the idea is to use Steklov
averages). In particular,

2z € L ((0,00); L2(RY)) . (2.2.78)
The dependence of K on the initial datum through ||u(t1/2)/mm+1,, is then a consequence of
the energy identity (2.2.27) (the proof of which requires however that solutions are strong, see
the next Paragraph 2.2.2.2). Having at our disposal (2.2.75) and (2.2.78), we can apply the
general result [17, Theorem 1.1], which ensures (in particular) that u, is actually a function

satisfying

uy € Lig.((0,00); LL(R)) . (2.2.79)
In view of (2.2.75) and (2.2.79) we then get the estimate
2||uolly
t < 2.2.80
||Ut( )Hl,p — (m _ ].)t ( )

In particular, (2.2.74) holds true and solutions are strong.

Remark 2.2.15. We have shown that the weak solutions to (2.2.14) constructed in Lemma
2.2.9 are strong. Since, for any 7 > 0, every weak solution u to (2.1.4) is a weak solution to
(2.2.14) corresponding to the initial datum u(7) € L)(R?) NL>(R?), one may claim that also
such u is a strong solution. This is actually true: however, in order to prove it rigorously, we
need the uniqueness Theorem 2.2.4.

Knowing that also the weak solutions provided by Theorem 2.2.2 are strong allows us,
a posteriori, to state some properties of such solutions for all ¢ > 0 rather than only for
a.e. t > 0.

2.2.2.2 Decrease of the norms

An important consequence of the fact that the solutions constructed in Lemma 2.2.9 are
strong is the decrease of their L? norms for any p € [1,00]. Indeed, thanks to (2.2.74), we are

allowed to multiply the differential equation in (2.2.14) by uP~! and integrate in R x [ty, t5].
Exploiting the Stroock-Varopoulos inequality (2.2.34) (let v = «™ and ¢ = (p+m — 1)/m
there), we obtain

t
/Rd uP(z,t9) p(x)de — /Rd uP(z,tq) p(x)de = —p ) Q/Rd uP N, 1) (—A)* (u™)(z,t) dodt < 0
1 (2.2.81)
for all ty > t; > 0. The validity of (2.2.81) down to ¢; = 0 cannot be proved just by letting
t; — 0, since a priori we have no information over the continuity of |ju(t)||,, at ¢ = 0.
However, reasoning as above, we have that also the approximate solutions u, of Lemma 2.2.9
are strong and therefore satisfy

/]Rd ub (z,t2) pp(w)dr < / up (z, 1) pp(r)de. (2.2.82)

Rd

Moreover, here we are indeed allowed to let t; — 0 in (2.2.82), which yields

/Rd ub (z,t) py(z)dr < /Rd ug(x) py(z)de  Vt > 0; (2.2.83)

in fact, v, € C([0,00); L, (RY))NL®(R? x (0,00)) (see [159, Definition 2.2 and Theorem 3.1]
and also Subsection 2.3.4). Hence, letting 7 — oo and using e.g. Fatou’s Lemma in the Lh.s.
of (2.2.83), we find that

/Rd uP(x,t2) p()de < /Rd wP(z, 1) pz)da
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2.2. Slowly decaying densities

for all t5 > t; > 0.

We point out that the above computations are rigorous provided p € (1, 00). However, we
know that ||u(t)||;,, is preserved, while the case p = oo can be dealt with by taking limits.
Notice that, for p = m + 1, (2.2.81) becomes exactly the energy identity (2.2.27).

2.2.3 Uniqueness of weak solutions

In this subsection we borrow some ideas from the pioneering paper [148], which need to be
carefully modified in order to deal with our fractional, weighted problem. In particular, the
Markov property for the linear semigroup associated to the operator A := p~!(—A)*, which
is addressed in Appendix 2.A, will play a crucial role.

Prior to the proof of Theorem 2.2.4, below we prove some basic lemmas and introduce our
strategy.

Lemma 2.2.16. Let d > 2s and assume that p satisfies (2.1.3) for some v > 0 and vy €
[0,25). Let v € L})(Rd) N L>(R?) and U, be the Riesz potential of pv. Then, U} belongs to
C(RY) NLP(RY) for all p such that

d

Proof. In order to prove that U? belongs to C(R?) NLP(R?) for all p satisfying (2.2.84), we
first split the convolution as follows:

Uy(x) = /Bl p(y) v(y) Los(z —y) dy + /Rd Xz () p(y) v(y) Las(z — y) dy -

Uy (@) Ui ()

Exploiting the fact that v € L>°(R%) and o < 2s (so that |y|=9t%p(y) € LL.(R9)), it is easily
seen that U?,(z) is a continuous function which decays at least like |z|~*2 as |2| — co. In
particular, it belongs to L?(R?) for all p satisfying (2.2.84). As concerns UY,(z), notice that,
since v € L)(R?) NL>*(R?), the function x pepv belongs to L'(RY) NL>*(R?). Hence U} ,(x) is
continuous as well. To prove that it belongs to LP(R?) for all p satisfying (2.2.84), we write:

Upa = (XB, I2s) * (XBg PU) + (XB; I2s) * (XB;‘ pv) : (2.2.85)

Because xp, Irs € L'(R?) and xpe pv € L'(R?) N L>*(R?), the first convolution in (2.2.85)
belongs to L'(R?) N L>*(R?). Using the fact that x e I, € LP(R?) for all p as in (2.2.84) and
xBs pv € L'(R?), we infer that the second convolution in (2.2.85) belongs to L?(R?) for all
such p. The latter property is then inherited by U/ ,. O

In the following, with the term “weak solution”, we shall always mean a solution to (2.1.4)
in the sense of Definition 2.2.1.

Lemma 2.2.17. Let d > 2s and assume that p satisfies (2.1.3) for some v € [0,d — 2s] and
Y > 0. Let u be a weak solution to (2.1.4), starting from the positive finite Radon measure
i whose potential is U*, and denote as U the potential of pu. Then,

lim U(,t) = U"(z) Vre R, (2.2.86)

Proof. Tt is actually a direct application of [121, Theorem 3.9], but for the reader’s convenience
we give some details.

125



Chapter 2. Fractional porous medium equations with power-type densities

Thanks to Theorem 3.8 of [121] and to the monotonicity in time of U(x,t) (see the proof
of Theorem 2.2.2 above, one only needs v < d — 2s to justify (2.2.61)), we have that the limit
in (2.2.86) is taken at least for a.e. z € R%. Nevertheless, Lemma 1.12 of [121] shows that, as
a consequence of monotonicity, there exists a positive measure v, whose potential is denoted
by U”, and a constant A > 0 such that

limU(z,t) = U"(z) + A Vo € R?.
t—0
Since we have just proved that (2.2.86) holds almost everywhere, in particular
Ut(x) =U"(z) + A forae xcR?. (2.2.87)

However, in view of the corollary at page 129 of [121], from (2.2.87) we deduce that A =
0. Hence, U¥ = U* almost everywhere, and by Theorem 1.12 of [121] we know that two
potentials coinciding a.e. in fact coincide everywhere, whence (2.2.86). O

Now let u; and us be two weak solutions to (2.1.4) which take the same positive finite
Radon measure y as initial datum. We denote as U; and Us the potentials of pu; and pus,
respectively. Fix once for all the parameters h, T > 0 and consider the function

g(x,t) == Us(w,t + h) — Uy(z,t) V(x,t) € R x (0,T]. (2.2.88)

Thanks to the hypothesis v < d — 2s, we can proceed again as in the proof of (2.2.61) to find

that g(t) is an absolutely continuous curve in L _(RY) which satisfies

p(@)gi(z,t) = p(x) (uf*(z,t) — uy'(z,t + b)) = —a(z, t)(=A)*(g)(z, 1) (2.2.89)
for a.e. (z,t) € R? x (0,T), where
(—=A)(g)(w,t) = p(x)ua(z,t + h) — p(x)u(z,1t)
and we define the function a as

um(a:,t)—um(ac,t-&-h) .
a(z,t) = ety (e, t) # gz, t+h),
0 if U1($,t>:u2(x7t+h)

(2.2.90)

Notice that, since m > 1 and uy,us € L®°(R? x (7,00)) for all 7 > 0, a is a nonnegative
function belonging to L>®(R? x (7, 00)) for all 7 > 0.

In the sequel, a key role will be played by a suitable family of positive finite Radon
measures {v(t)}, which is somehow related to equation (2.2.89). More precisely, v(t) is the
limit in o(M(R?), Cy(R?)), as e — 0, of {py-(t)}, while 1. is in turn the weak limit in
L2(R? x (7,T)) (for all 7 € (0,T)), as n — o0, of a suitable sequence {t,c}. The latter is
defined, for every n € N and € > 0, to be the solution (in a sense that will be clarified later)

of
{p(ﬂf) (ne)y = (=8) [(an +€) ¢ne] R (0,T), (2.2.91)

wn,s = ¢ on R? x {T} )

where 1 is an arbitrary nonnegative function of D(RY). The sequence {a,} is a suitable
approximation of the function a above. In particular we suppose that, for every n € N, a,,(z, t)
is a piecewise constant function of ¢ (regular in z) in the time intervals (T — (k + 1)T'/n, T —
kT /n], for any k € {0,...,n — 1}. Thanks to Theorem 2.A.13, we are then able to treat
problem (2.2.91) by means of standard semigroup theory; in [148, Theorem 1] this is not
needed since parabolic regularity holds true for the corresponding equation.
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2.2. Slowly decaying densities

2.2.3.1 Construction and properties of the family {¢, .}

We begin the proof of Theorem 2.2.4 by introducing more precisely the functions 1, . that
solve (2.2.91).

Lemma 2.2.18. Assume that p satisfies (2.1.3) for some v € [0,2s) and vy € [0,d). Let
{an} be a sequence of nonnegative functions such that:

e for anyn € N and t > 0, a,(x,t) is regular in x;

o for any n € N and v € R%, a,(z,t) is piecewise constant in t on the time intervals

(T—(k+1)T/n, T —kT/n], for any k € {0,...,n—1};

o {llan|lLeerax(r,00) } @5 uniformly bounded in n for any T > 0.
Then, for anye > 0 and any v € D(R?) withp > 0, there exists a nonnegative solution i, . to
problem (2.2.91), in the sense that ¢, c(t) is a continuous curve in LE(R?) (for all p € (1,00))
satisfying V¥, (1) =1 and it is absolutely continuous on (T — (k + 1)T'/n, T — kT /n) for all
k€ {0,...,n— 1}, so that the identity

Unelts) = bnclts) = [0 (=) [(an +€) v (7) dr (2292)

t1

k+1)T kT
Vi, ty € <T—(+),T—>, Vke{0,...,n—1}
n

n
holds true in LA(R?) for all p € (1,00). Moreover,
Yo € L0, T), IBRY) Vpe[loo] and [[gue®ll, < I6l,, Vee0,T]. (2299

Proof. Let us first define (; as the solution of

p(G), = (—A) [(an(T) +2) (] iR x (T - L.7), (2.2.94)
G =1 on R x {T}. o
To obtain such a (3, one can for instance exploit the change of variable
¢1<1’,t) = (Cln (qu) +5) Cl(xvt) (2295)
and see ¢ as the solution of
(61), = (an(T) + ) p~ (=A)(¢r) IR x (T~ T1.T), (2.2.96)
61 = (an(T) + ) ¥ on RY x {T}.

Problem (2.2.96) is indeed solvable by means of standard semigroup theory. In fact, letting

p1(x) = (an(e,T) + ) p(a),
we know that the operator p;'(—A)* with domain X, ,, = X, (see Definition 2.A.8 below)
is nonnegative, self-adjoint and generates a Markov semigroup on L2 (R?) (Theorem 2.A.13).
Our final datum (a,(T) +€) is clearly nonnegative and belongs to L? (R) for all p € [1, oc],
which is enough in order to have a nonnegative solution to (2.2.96) that is continuous up to
t = T and absolutely continuous on (7' — T'/n,T) in L& (R?) for all p € (1,00). This is a
consequence of the fact that the semigroup is actually analytic in L2 (R?) for p € (1,00) (we
refer again the reader to Theorem 2.A.13 below): by classical results, see for instance [146,
Theorem 5.2 at p. 61], such property ensures in particular that problem (2.2.96) is solved by

a differentiable curve ¢ (t).
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Chapter 2. Fractional porous medium equations with power-type densities

Going back to the original variable {; through (2.2.95), we deduce that the latter solves
(2.2.94) in the same sense in which ¢; solves (2.2.96). Having at our disposal such a (;, we
can then solve the problem

p(G)y = (=0 [(an (T= L) +e) @] mRIx (T-2Z,17-T),
G =(an (z,T)+2) " ¢ on R? x {T—%},

just by proceeding as above. That is, we perform the change of variable
P2(w,t) = (an(z, T = T/n) + £)G(z, 1)
and consider ¢y as the solution of

{(¢2)t = (an(T = L)+ &) p ' (=A)(¢2) InRIx (T—27T7-T)

¢2 = (an(T = L) )¢ = =Tt g on RY x {7 - I}

an(T)+e n

It is apparent how the procedure goes on and permits us to obtain a solution ¢, . to (2.2.91)
in the sense of the statement, just by defining it as

(k+1)T kT

Une(t) = G (t) V€ (T— ,T—n] , Vke{0,...,n—1}.

Finally, since pj};(—A)* generates a contraction semigroup on L2 (R?) for all p € [1, 00],

Pk+1
where
prr1 (1) := (an(z, T — kT /n) +¢) ' p(z), (2.2.97)
the inequalities
an, (T — kT /n) +¢
t < T — kT 2.2.
||¢k+1( )||P7Pk+1 = Gn(T _ (k? — 1)T/n) +e (bk( /n) . ( 98)

(k+1)T kT

Vte(T— ,T—n], Vp € [1, 00]

hold true for any k& € {0,...,n — 1} (in the r.h.s. of (2.2.98) for £k = 0 we conventionally
set ¢po = ¢ and a,(T + T/n) + e = 1). Going back to the variables (j41, from (2.2.97) and
(2.2.98) one deduces (2.2.93): in fact, for p = 1 it is easy to check that the factors containing
a,, cancel out and give the corresponding inequality, while for p > 1 such terms remain and

one obtains an inequality of the type ||y, - (¢)|lp, < C(n,€)||¢|p,,, where C(n,€) is a positive
constant depending on n and €. O]

Lemma 2.2.19. Let d > 2s and assume that p satisfies (2.1.3) for some~y € [0,25)N[0, d—2s]

and o € [0,7]. Let g be as in (2.2.88), a as in (2.2.90) and an, ¥ne, ¥ as in Lemma 2.2.18.
Then the identity

/Rd g(z, T)Y(x) p(x)dr — /Rd gz, t)hn (2, 1) pla)da

T (2.2.99)
“h /Rd (an(z,7) + € —alz, 7)) (=A)*(9)(%,T) Yne(x, 7) dedT

holds true for allt € (0,T].
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Proof. To begin with, set

kT

Recall that, by Lemma 2.2.18, t,.(t) is a continuous curve in LA(R?) on (0,7}, absolutely
continuous on any interval (t41,t;) for & € {0,...,n — 1} and satisfying the differential
equation in (2.2.91) on such intervals, for all p € (1,00). Moreover, g(t) is an absolutely
continuous curve in L2(R?) on (0, 7] for all p such that

d—
pe <d_278,o<>> . (2.2.100)

Since g(x,t) is a continuous function of x (recall Lemma 2.2.16) and the weight p(z) is locally
integrable, in order to prove that g(t) € LE(R?) for all p as in (2.2.100) it suffices to show

that g(t) € LE(Bf). To this end, still Lemma 2.2.16 ensures in particular that g(t) € L?(R)
for all p satisfying (2.2.84): the latter property and Hélder’s inequality readily imply that
g(t) € LA(BY) for all p as in (2.2.100). The fact that g(t) is also absolutely continuous in
Lg(Rd) on the time interval (0,77 is then a consequence of (2.2.89) and of the integrability
properties of u; and us. Hence, due to Lemma 2.2.18, we get that

t— /]Rd g(z, )y c(z,t) p(x)da (2.2.101)

is a continuous function on (0,77, absolutely continuous on each interval (¢x;1,%x), which
satisfies

(ilt /]Rd 9(x, )b (2, t) p(x)d

(2.2.102)

= /Rd {—alz, 1)(=A)(g)(x, 1) Yne(a,t) + g(x,1) (=A)*[(an + &) Yn ] (2, 1) } da
there. We have just shown that g(t) € LE(R?) for all p satisfying (2.2.100); moreover,
p~H(=A)*(g)(t) € LA(R?) for all p € [1,00]. As a consequence of Lemma 2.2.18, we have that
(an(t) +€)Une(t) € LA(RY) for all p € [1,00] and p~ ' (=A)*[(an(t) +€)tn(t)] € LE(R?) for all
p € (1,00). We are therefore in position to apply Theorem 2.A.12 to the r.h.s. of (2.2.102)
(note that the interval ((d —v)/(d — 2s),00) N [2,2(d — v)/(d — 2s)) is not empty), which
yields

0 0o ) o)z = [ (@l ) + 2 — ale, 0)(~ AV (6) . 1) (o, 1)
(2.2.103)
As the r.h.s. of (2.2.103) is in L'((7,T)) for any 7 € (0,7T), we deduce that (2.2.101) is
absolutely continuous on the whole of (0,7 and not only on (¢x41,t;). Hence, integrating
(2.2.103) between t and T', we end up with (2.2.99). O

Next we prove that v, . preserves the mass.

Lemma 2.2.20. Under the same assumptions as in Lemma 2.2.18, the L}) norm of ¥, - (t)
is preserved, that is

/ Ve (2, 1) plx)dz = / V(@) pla)dz Ve [0,T]. (2.2.104)
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Proof. Multiplying (2.2.92) by p¢ for any ¢ € D(R?) and integrating in R? we obtain the
identity

/Rd Une(x, t7)d(x) p(a)dr — /Rd Ue(z, 1) () p(x)da
— [ (~Ar(@)@) ( [ (a7 +) el ) dT) d

R4

(2.2.105)

for all ¢.,t* € (tg41,tx). Since the L) norm of 4, (t) is bounded by the L} norm of the final
datum v (recall (2.2.93)), from (2.2.105) we get:

[ ncln)6() pla)da = [ ol t)0() pladda] < K1 = bl ol [0 (<206

(2.2.106)
where K := ||a, + &[p00 ix (1, r+,1) 18 @ positive constant independent of n and €. Replacing
¢ with a usual cut-off function {g (see Lemma 2.A.3 below) and estimating the r.h.s. of
(2.2.106) as in the proof of Proposition 2.2.7, we end up with

‘/Rd Une(z,t°)Ep(2)p(z)dr — /]Rd Une (@, t)ER(2) p(2)da

(=2 ()l . 2[7(=A)() ]l (2.2.107)
RQS + }%25_7 )

SKwﬂ—umwmﬁcl(

for all R > 0 and t.,t* € (tg11,tx), the positive constant ¢ being as in (2.1.3). Recalling that

Une(t) is a continuous curve (for instance in L} .(R?)) on [0,T], we can extend the validity

of (2.2.107) (and (2.2.106)) to any t.,t* € [0,7T]. Picking t* = T and letting R — oo in
(2.2.107), we finally get (2.2.104). O

In the following lemma we introduce the Riesz potential of pi, ., which will play a crucial
role below.

Lemma 2.2.21. Let d > 2s and assume that p satisfies (2.1.3) for some~y € [0,2s)N[0, d—2s]
and vy € [0,7]. Let an, Yne, ¥ be as in Lemma 2.2.18, and denote as H, (t) the potential

of phns(t), that is
H, (z,t) = [Ls * pton(V)](x) V(z,t) € R x [0,T].
Then H,.(t) € H*(R?) and the identity

[ Tos % pt0|[57e = || Hpe(2)]

holds true for all t € [0,T.

Proof. First notice that p~'(=A)*(Hpc)(t) = ¥ne(t) € LE(R?) for all p € [1,00] (recall
(2.2.93)) and H,.(t) € LE(R?) for all p satisfying (2.2.100) (this can be proved by using
Lemma 2.2.16 exactly as in the proof of Lemma 2.2.19). Again, since the interval ((d —
7)/(d—2s),00)N[2,2(d —7)/(d—2s)) is never empty, applying Lemma 2.A.11 and Theorem
2.A.12 we get that H,(t) € H*(RY) and the identity

?;s + Q/tT /Rd (an(z,T) +€) 275(%7) p(x)dzdr (2.2.108)

[ Hne(t)]

o= [ e ) (<A (Hy )@, ) de = [ Hy (w0 (o,) pla)da (2:2.109)
R R
holds true. Thanks to the validity of the differential equation
(Hpne), (x,t) = (an(z,t) + €)n(x,t) for ae. (z,t) € RY x (0,7), (2.2.110)
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which can be justified as we did for (2.2.89), taking the time derivative of (2.2.109) in the
intervals (tg41,%), using (2.2.110), (2.2.91) and again Theorem 2.A.12; we obtain:

(;it ||Hn,e(t)||qu = Q/Rd (an(z,t) + €) 1/1276@, t) p(z)de . (2.2.111)

A priori, in view of (2.2.109), we have that ||H, (t)||% is continuous on [0, 7] and absolutely
continuous only on (t4,1,%:). Nevertheless, the r.h.s. of (2.2.111) is in L'((0,7)); hence,
(2.2.108) just follows by integrating (2.2.111) from ¢ to T. ]

2.2.3.2 Passing to the limit as n — o

The goal of the next lemma is to show that, if a, — a as n — oo, then sequence {1, .}
suitably converges (up to subsequences) to a limit function . having some crucial properties.

Lemma 2.2.22. Let d > 2s and assume that p satisfies (2.1.3) for some~y € [0,2s)N[0, d—2s]
and vy € [0,7]. Let uy and us be two weak solutions to problem (2.1.4), taking the same
positive finite Radon measure u as initial datum. Let g be as in (2.2.88), a as in (2.2.90) and
Yne, ¥ as in Lemma 2.2.18, where we suppose in addition that a, — a almost everywhere.
Then, up to subsequences, {{n .} converges weakly in L2(R* x (7,T)) (for all 7 € (0,T)) to
a suitable nonnegative function 1. and {p,(t)} converges to pip.(t) in o(M(R?), Cy(RY))
for a.e. t € (0, T). Moreover, 1. enjoys the following properties:

/ Ve(z,1) plz)de —/ () pa)da, (2.2.112)
/ dx_/ Ve (z, 1) o(z) p(z)d
i </T (a(z,7) + &) el 7) dT) dz, (22.113)
/ o )dx_/R vl p<$>dx’ (2.2.114)

<e(T - t) WHlp [uz (- + 1) = [l oo (R e,
for a.e. t € (0,T) and any ¢ € D(RY).

Proof. From (2.2.108) we deduce that, up to subsequences, {1, .} converges weakly in L%(Rd X
(1,T)), for all 7 € (0,7, to a suitable function .. Moreover, thanks to the uniform bound-
edness of {p,.(t)} in L'(RY) ensured by (2.2.93), for every ¢ € (0,T) there exists a subse-
quence (a priori depending on t) along which {pt, ()} converges in o(M(R?), C.(R?)) to
some positive finite Radon measure v(t) (recall Paragraph 2.1.1.2). We aim at identifying,
at least for a.e. t € (0,7), v(t) with pi.(t), so that a posteriori the subsequence does not
depend on ¢. In order to do that, let ¢ € (0,7") be a Lebesgue point of ¢.(t) (e.g. as a curve
in L'((7,T); L2(R%)). Given any ¢ € D(R?), using (2.2.106) we obtain:

/tt+5 [ Une(z, 7)o (2) p(:v)dxdf_/twa /Rd Une (2, 1) () p(a)dzdr

t+6
</
t R4

< [ K= 1, | Ay @) dr - 522K 1l o~ (~2) ()]

Y (@,7)9(2) pla)da = [ (@ 0(x) pla)da|dr (2.2.115)

(e e}
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for all 6 > 0 sufficiently small. The passage to the limit in (2.2.115) as n — oo (up to
subsequences) yields

52
2

t+4
[ [ vete o) ptaydedr — 6 [ o) dy(t)‘ <

2.2.116)
Dividing (2.2.116) by d and letting 6 — 0 we find the identity (recall that ¢ is a Lebesgue
point for . (1))

K [y, || (=2)(9)]
(

[ vl 0t pla)dz = [ @) antt),

which is valid for any ¢ € D(R?), whence 9. (z,t)p(x)dz = dv(t).

We finally prove the claimed properties of 1.. Letting n — oo in (2.2.107) (with t* = T and
t, = t) and using the just proved convergence of {pi,.(t)} to p-(t) in a(M(R?), C.(RY)),
we get:

[ 9 @) pla)dz — [ el () ple)dr

_A)S S (—A) (2.2.117)

fora.e.t € (0,7). Letting R — oo in (2.2.117) we then deduce (2.2.112). Thanks to (2.2.104)
and (2.2.112), in particular

nh—>nolo | Vn,e(t)]]1,p = [[Ve()]1,p

so that the convergence of {pi, .(t)} to pi.(t) takes place in o(M(R?), Cy(R?)) as well.
Recalling that g(t) belongs to Cy(RY) (Lemma 2.2.16), we can let n — oo in (2.2.99) to
obtain

/Rd g(z, T)(z) p(z)dx — /Rd g(z, )0z, 1) p(z)dz

= lim /tT /]Rd (an(z,7) 4+ —a(z, 7)) (=A)(9)(z,7) Yne(z,7) dzdT

n—oo

— lim /tT /R (an(z,7) + & — a(w, 7)) (ua(z, T + h) — ur (2, 7)) ez, 7) p(z)dadr

n—oo

(2.2.118)

=c /tT /Rd (ug(z, 7+ h) —uy(z, 7)) Ye(x, 7) p(x)dzdr for a.e. t € (0,7),

where in the last integral we are allowed to pass to the limit since {¢, .} converges to 1.
weakly in L2(R? x (£,T)), {an} converges to a pointwise and it is uniformly bounded in
L*(R? x (t,T)) and uy,up belong to LA(R? x (¢,T + h)) for all p € [1,00]. In particular,
(2.2.118) and (2.2.112) entail (2.2.114). In a similarly way, we can pass to the limit in
(2.2.105) (which actually holds for any t.,t* € (0,7)) to get (2.2.113). O

2.2.3.3 Passing to the limit as ¢ — 0 and proof of Theorem 2.2.4

We are now in position to prove Theorem 2.2.4, using the strategy of [148]: we give some
detail for the reader’s convenience.

Proof of Theorem 2.2.4. To begin with, we introduce the Riesz potential H. of pi., that is
H_(z,t) := [lysxp-(t)](x). Since we only know that pi.(t) € L!(R?), we have no information
over the integrability of H.(t) other than Li _(R?) (by classical results, see e.g. [121, p. 61]).

loc
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2.2. Slowly decaying densities

Nevertheless, exploiting (2.2.113) and proceeding once again as in the proof of (2.2.61), we
obtain the identity

Is x ptp — H.(t) = /T(a(T) + &)Y (r)dr >0 forae. t € (0,7),

t
whence, in particular,

0 < H.(z,t1) < Ho(x,ty) < Ho(x,T) = (Is5 * ptb) () (2.2.119)

for a.e. 0 < t; < ty < T and a.e. z € R% In view of the above inequality we deduce
that H_(t) belongs to LP(RY) at least for the same p for which H.(T) does, namely for any
p € (d/(d =2), 9.

Our next goal is to let ¢ — 0 (along a fixed sequence whose index for the moment we
omit, in order to simplify readability). Thanks to the boundedness of {pi.(t)} in L!(R9)
(trivial consequence of (2.2.112)), for a.e. t € (0,T) there exists a subsequence {¢,}, a
priori depending on ¢, such that {pi., (t)} converges to a positive finite Radon measure
v(t) in o(M(R?),C.(R?)). In order to overcome the possible dependence of {,} on t, it
is convenient to exploit the properties of {H.}. First of all, notice that (2.2.119) ensures
the uniform boundedness of {H.} in LP(R? x (0,T)) for any p € (d/(d — 2),00]. This
entails the existence of a decreasing subsequence {e,,} such that {H., } converges weakly in
LP(R? x (0,T)) to a suitable limit function H. By Mazur’s Lemma, there exists a sequence
{H,} of convex combinations of {H., } that converges strongly to H in LP(R¢ x (0,T)). By
definition, { Hy} is of the form

M, M,
Hy =Y MnsHer, D dpi =1
m=1

m=1

for some sequence {M;} C N and a suitable choice of the coefficients A, € [0,1]. With no
loss of generality we shall assume that

k—o0

My,
lim Z 6m/\m7k =0.
m=1

This can be readily justified by applying iteratively Mazur’s Lemma on suitable subsequences
of {H,,}, exploiting the fact that also the sequence {H. ,} converges to H weakly in
LP(R? x (0,T)) for all £ € N. Now notice that the function whose Riesz potential is Hj, is
just

My
fk(~777t) = Z )‘m,k P(x)%m(x»t)-

Multiplying (2.2.114) (with € = ¢,,) by A, and summing over k, one finds that fj, satisfies
the estimate

[ ot Tyt e — [ ot )fulr, 1)

S (2.2.120)
< (mZ mAm) (T = )1l a4 B) = 11 ey
for a.e. t € (0,T), whereas from (2.2.112) and (2.2.117) we infer that
[ @) s~ [ gt eale) ds
<K(T = 1) [¢ll,, ¢ ("(—Aézgf)!\m N H\:v!”(l—%ﬁ)i(f)!!oo> (2.2.121)
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and

/Rﬂ’(‘”)f’(“’)dff = /Rd fr(z, ) dz (2.2.122)

for a.e. t € (0,7). Letting k& — oo we find that, for almost every ¢t € (0,7, there exists
a subsequence of {f.(t)} (a priori depending on t) that converges in (M (R?), C.(R%)) to
a positive finite Radon measure v(t). Nonetheless, the fact that {Hy} converges strongly
in LP(R? x (0,7)) to H forces the potential of v(t) to coincide a.e. with H(t). This is a
consequence e.g. of [121, Theorem 3.8]. By [121, Theorem 1.12] we therefore deduce that the
limit () is uniquely determined by its potential H(¢). This identification allows us to assert
that the whole sequence { fx(t)} converges to v(t) in o(M(R?), C.(R?)), independently of .
Passing to the limit in (2.2.119) (after having set ¢ = ¢,,, multiplied by A, and summed
over k) we deduce that also the potentials H(t) of v(t) are ordered and bounded above by

Loy * p:
0< H(z,t) < H(z,ty) < (I * p0)(x) forae. 0 <t; <ty <T, forae xR’

(2.2.123)
Letting k — oo in (2.2.121) we obtain
[ @)n(e) o)z = [ en@)du(t)
. . (2.2.124)
A6 V(A6 -2
SK(T _ t) ||,¢)||17p C—l (H( %255”‘ + H‘l” (RZS)V(g)H >

for a.e. t € (0,7"), whence, letting R — oo,

/]Rd P(z) p(z)de = /]Rd dv(t) forae. te (0,7T). (2.2.125)

Gathering (2.2.122) and (2.2.125) we infer that { fx(¢)} converges to v(¢) also in the stronger
sense o (M(R?), Cy(R?)): this permits us to pass to the limit in (2.2.120) to get the identity

[ ot Tyo@) pae = |

g(x,t)dv(t) forae. te (0,T). (2.2.126)
R4

As a consequence of the monotonicity in time of H(z,t) and thanks to (2.2.124)—(2.2.126), the
curve v(t) can actually be extended to every t € (0,7 so that it still complies with (2.2.123)-
(2.2.126) (one uses again e.g. [121, Theorem 3.8]). Recalling that g(z,t) = Us(x,t + h) —
Ui(z,t) and that U;, Uy are continuous in space and do not increase in time, we have that
g(z,t) < Us(z,h) — Up(z,ty) for every x € R? and ¢y, > t. Because v(t) is a positive finite
measure, this fact and (2.2.126) imply that

/Rdg(x,T)@/)(x)p(x)dm < /R (Us(ar, h) — Uy (e, b)) du(t) Vo > t. (2.2.127)

The next step is to let ¢ tend to zero in (2.2.127). Since the mass of v() is constant (formula
(2.2.125)), up to subsequences v(t) converges to a suitable positive finite Radon measure v
in o(M(R?), C.(R?)). Moreover, by (2.2.123), we know that the potentials H(t) of v(t) are
nondecreasing in ¢ (for a.e. x): in particular, H(t) admits a pointwise limit almost everywhere
Hy as t | 0. Theorem 3.8 of [121] ensures that H, coincides almost everywhere with the
potential of the limit measure v (which therefore does not depend on the particular sequence
tr 4 0). We can then pass to the limit in the integral

/R (. to) du(t). (2.2.128)
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Indeed, by Fubini’s Theorem, (2.2.128) is equal to

/d uy(z,to)H (z,t) p(x)dz . (2.2.129)
R
Letting ¢ | 0 in (2.2.129) we get that

lim | wy(z,to)H(z,t) p(z)dr = /

110 Jra o (@ o) Ho(x) p(z)dz (2.2.130)

e.g. by dominated convergence, since H (t) is nonincreasing as ¢ | 0 and converges a.e. to Hy.
Recalling that Hy is the potential of v, and using again Fubini’s Theorem, (2.2.130) can be
rewritten as

lim [ U(a,to) dv(t) = /R U (x, to) dv .

One proceeds similarly for the integral
[, Ualr, ) ).
R4

Hence, passing to the limit as ¢ | 0 in (2.2.127), we find that

/R (@, T () pla)dz < /R (Us(a,h) — Us(ato)) vt > 0. (2.2.131)
Now we let to | 0 in (2.2.131). By monotone convergence (see Lemma 2.2.17) we obtain

/d g(z, T)(z) p(z)dr < /d (Ug(z,h) — UH(x))dv . (2.2.132)
R R

In this step it is crucial that the limit of U (z,ty) to U (z) is taken for every x € R?, because
we have no information over v besides the fact that it is a positive finite Radon measure. Still
monotonicity implies that Uy(z,h) < UH(x) for every z € R% Thus, from (2.2.132) there
follows

/ g(a, TYi(a) pla)de < 0. (2.2.133)
R

Since (2.2.133) holds true for any h,T > 0 and any nonnegative ¢» € D(R?), we infer that
Uy < U;. Swapping u; and uy we get that U; < Us, whence U; = Uy and uy = us. O

Remark 2.2.23. We point out that the proofs of Lemmas 2.2.19, 2.2.21, 2.2.22 and Theorem
2.2.4 actually work under the less restrictive assumption 7o € [0,2s). However, since in the
existence Theorem 2.2.2 we needed the stronger hypothesis vy € [0, 7], we preferred to leave
it unmodified in the statement of Theorem 2.2.4.

2.2.4 Asymptotic behaviour

Take a positive finite Radon measure p, with u(RY) =: M > 0, and denote as uy; the
solution to the singular problem (2.1.10), where ¢, is the positive constant appearing in
(2.2.7). Upon defining the positive parameters «, £ as in (2.2.6) and (2.2.10), it is immediate
to check that, for any given A > 0, the function

upa(x, ) == A up (N, At)

is still a solution to (2.1.10). Hence, as a consequence of our uniqueness Theorem 2.2.4, uyy »
and u,; must necessarily coincide, that is

up(x,t) = Nupy (N, M) Ve, A >0, forae x € RY. (2.2.134)
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Chapter 2. Fractional porous medium equations with power-type densities

Note that the validity of (2.2.134) for every ¢, A > 0 is a consequence of the fact that solutions

are strong, see Paragraph 2.2.2.1. As we shall see below, in view of this self-similarity identity

the special solution u,; will be key in the study of the asymptotic behaviour of any solution
0 (2.1.4).

Lemma 2.2.24. Let d > 2s. Assume that p satisfies (2.1.3) and (2.2.7) for some v €
[0,25) N[0, d —2s] and y € [0,7]. Let ug € LL(R) NL>(RY), with ug > 0 and ||ug|1,, = M.
Let u be the weak solution to (2.2.14) provided by Lemma 2.2.9. For any A > 0, set

up(x,t) == XNu(A "z, At) .

Then, given any sequence X\, — 0o, {uy, } converges to uy; almost everywhere in R% x (0, 00)
along subsequences.

Proof. For notational simplicity, and with no loss of generality, we shall only consider the
case o = 1. We shall not give a fully detailed proof, since the procedure follows closely the
one performed in the proof of Theorem 2.2.2.

To begin with, let us notice that wu) solves

pr(@)ug + (—A)* (u) =0 in RY x R*,
Uy = Ugx on Rd X {0},

where
pa(z) == Xp(N°x),  wor(x) := Aup(A ) .

Since a = (d — ¥)k, due to the conservation of mass (2.2.11) there holds

@)l 5, = lluoall ,, =M VE,A>0. (2.2.135)

Claim 1: There exists a subsequence {uy,, } C {uy,} that converges pointwise a.e. in R x RT
to some function u, which satisfies (2.2.1), (2.2.2) and (2.2.3) with p(z) = |z| 7.

First of all observe that, in view of (2.1.3),
c_ < (2) < C
7)< —
e ==

VA > 1. (2.2.136)

Combining the smoothing effect (2.2.43) with (2.2.135), we obtain:
Jua(t)]|oo < Kt™*MP Wt X >0, (2.2.137)

where K > 0 is a constant depending only on m, C, ~, d and s. In particular,
/ w2, t) pa(z)da < K™t MO WA > 0. (2.2.138)
R4

By (2.2.27) and (2.2.138), we infer that

2 s " —am m
A)z(ul (xt)‘ dxdt%—i/ Yz, ta) pa(z )dx§m+1t1 MPmH
(2.2.139)
for all A > 0 and all ¢5 > ¢; > 0. On the other hand, thanks to (2.2.28),
t
// (2)e(, D)7 pa(x)dadt < O Wty > 1 >0, YA >0, (2.2.140)
t1 R
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2.2. Slowly decaying densities

where z, := uE\mH)/Q and (" is another positive constant depending on m, v, d, s, t1, ta, K,

M but independent of A. In view of (2.2.135)—(2.2.140), by standard compactness arguments
(see the proofs of Lemma 2.2.9 and Theorem 2.2.2) the sequence {u,, } admits a subsequence
{uy,, } converging a.e. in RY x R* to some function u that complies with (2.2.1) and (2.2.2).
Moreover, recalling the assumptions on p, we have that (2.2.136) holds true and

Alim palz) = |z|77 for a.e. z € RY, (2.2.141)
—00

We are therefore allowed to pass to the limit in the weak formulation solved by wu,,, to find
that u also satisfies (2.2.3), and Claim 1 is proved. In order to deal with the initial trace of u, it
is convenient to introduce the Riesz potential Uy of pyuy, that is Uy(xz,t) := [Is % prua(t)](x).

Claim 2: For any A > 0, the function Uy satisfies
to
/]R Un(w.12)9(x) da - /R (e, 0)o(a) de = - /]R d ( / (1) dt> S(r)de  (2.2.142)

t1

for all ty > t; > 0 and ¢ € D(R?).
Note that the above identity is just (2.2.61), with u. replaced by w,.
Claim 3: For any A > 0, let Uyy := I % paugr. Then,

< e st e [ ety
’ (2.2.143)

‘/Rd Ux(z,t2)é(r) dz — /Rd Uox(2)6(z) dz

for all ty > 0 and ¢ € D(R?).

The validity of (2.2.143) is just a consequence of (2.2.135), (2.2.137), (2.2.142) and of the
definition of weak solution (see the proof of (2.2.65)).

Claim 4: The potential U of |x|™Vu, that is U(x,t) := [Ios x| - | Yu(-, t)|(z), satisfies

/Rd U(z,ta)o(x)dr — /Rd M, (z)¢p(z) dz

t2
<1+ laf gl KA [T ety

(2.2.144)

for a.e. ty >0 and ¢ € D(R?).

Our goal is to let A\ — oo in (2.2.143). In the r.h.s. we just exploit (2.2.136). Thanks to
Claim 1, (2.2.135), (2.2.136), (2.2.137) and (2.2.141) we infer that

i pr, e, (8) = || u(t) - in o (M(R), Co(R)

for a.e. t > 0. This is enough in order to pass to the limit in the first integral in the 1.h.s. of
(2.2.143) (for details, we refer the reader to the proof of (2.2.67)). The same holds true for the
second integral, provided we can prove that {pyugy} tends to M¢ e.g. in o(M(R?), C,(R?))
as A — oo. This is indeed the case: in fact, |[paugx||i = M and for any ¢ € C.(R%) one has

lim [ ¢(z)pr(z)uox(z) dz

A—o0 JRA
= lim A* /R L O@)p(Nw)ug(\*z) dar = lim. /R O/ A" )uo(y) ply)dy = M¢(0).

Claim 5: There holds
lim [z| u(t) = M3 in a(M(R?), Cy(RY)). (2.2.145)
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Passing to the limit in (2.2.135) as A = A\, — oo we get
Nz u(®)|y < M forae. t>0. (2.2.146)

Estimate (2.2.146) implies, in particular, that |z| 7u(t) converges, up to subsequences, to
some positive finite Radon measure v in o(M(R?), C.(RY)) as t — 0. In view of (2.2.144)
we know that U(t) converges to Moy = Iy * M§ e.g. in L _(RY) as t — 0, which entails
v = M (see the end of proof of Theorem 2.2.2). We have therefore proved (2.2.145) at least
in o(M(R?),C.(R%)). In order to recover convergence in o(M(R%), Cy(R?)), it suffices to
show that

o
lim || u(t) |, = M

but this is a consequence of (2.2.146) and weak* lower semi-continuity.
From Claims 1 and 5 we conclude that u solves (2.1.10) in the sense of Definition 2.2.1,
and therefore coincides with u,, in view of the uniqueness Theorem 2.2.4. n

We are now in position to prove Theorem 2.2.5.

Proof of Theorem 2.2.5. With no loss of generality, we shall suppose that u = puy with
up € L) (RT)NL>(RY): in fact, thanks to the smoothing effect (2.2.5), we know that solutions
become instantaneously L}) N L* functions.

Take any sequence \,, — oco. We first aim at proving that, along any of the subsequences
{A\m} € {An} given by Lemma 2.2.24, there holds

lim lun,, (z,t) — up(z,t)||2]"de =0 VR>0, Vt>0. (2.2.147)

m—o0 BR

Thanks to the smoothing estimates (2.2.5), (2.2.137) and to the fact that for almost every
t > 0 we know that {u,,, (t)} converges pointwise almost everywhere to u(t), by dominated
convergence

lim \uy,, (z,t) —up(x,t)|de =0 VR >0, forae t>0. (2.2.148)

m—o0 Br
Moreover, estimate (2.2.80) for u, reads

2M
[(un) (D, ,, £ 77— forae t>0. (2.2.149)

(m—1)t

Gathering (2.2.149) and (2.2.136), we can assert that for every R, 7 > 0 there exists a positive
constant C'(R, 7) (independent of \) such that

[(un) (D)1 5,y < C(R,7) forae t=7. (2.2.150)

Of course (2.2.150) also holds for wuys. It is then possible to infer that (2.2.148) is actually
valid for every t > 0:

lim luy,, (1) —up(z,t)|de =0 VR >0, Vi>0. (2.2.151)
Br

m—r0o0

In fact, for any fixed ¢y, ¢ > 0, there exists ¢ > ¢, such that (2.2.148) holds true and [t—ty| < e.
Exploiting (2.2.150), we get:

|l to) = unie, to) | dw < 2C(Roto) e+ [ Jun, () — uny(, )| d
BR BR

138



2.2. Slowly decaying densities

whence
lim sup \uy,, (z,t0) — ups(x,to)| de < 2C(R,ty) €. (2.2.152)

m—oo JBp

Letting now ¢ — 0 in (2.2.152) we deduce that (2.2.148) holds for ¢ = ¢, as well. The
validity of (2.2.147) is then just a consequence of (2.2.151), the local integrability of |z|~?
and the uniform bound over |Juy,, (t) — upr(t)]|oo ensured by the smoothing estimates (2.2.5)
and (2.2.137).

The consequence of Lemma 2.2.24 and what we proved above is that any sequence \,, — oo
satisfies (2.2.147) along subsequences. Hence,
lim i lux(z,t) — up(z,t)] |2]"de =0 VR>0, Vt>0. (2.2.153)

R

A—00

Letting ¢t = 1, relabelling A as t and recalling the definition of w,, we have that (2.2.153)
reads

lim [tu(t®x,t) —up(z,1)||2|7de =0 VR >0.
t—oo JBp
Performing the change of variable y = t"z and using the fact that o + k(v — d) = 0, we

obtain:

. _ -a —k v B v
Jim [ fuly. 1) = (7, )]y = Jim [ty £) = (. )] Jy] 7y = 0
(2.2.154)
for all R > 0, where we used (2.2.134) with A\ = ¢
From now on we shall denote as e any function of the spatial variable (possibly constant)
which is independent of ¢ and vanishes uniformly as R — oo. Going back to the original
variable x = t7"y, we find that

/ unt(y, ) Jy|~'dy = / wpi(2,1) |2 'de = e YR > 0. (2.2.155)
Bn Bg
Therefore, the conservation of mass for uys, (2.2.154) and (2.2.155) imply that

lim u(y,t) |yl "dy = Mc} —eg VR >0. (2.2.156)

t—o0 Bpx

Next we show that in fact

lim [ u(y,t)|y|"dy = Mc}. (2.2.157)

t—oo JRd

To this end first notice that, thanks to (2.2.7), there holds

7= % for a.e. y € B¢
|y’ Coo +€R(y) y R
whence
[y = [ uw i [ w20 ay @215)
Rd Br B Coo + €R(Y)

Due to (2.2.158) and the conservation of mass (2.2.11) for u, we get:

_ PLY
w0y [ ) A2y
Rd Rd c

S/ u(y,t) ly|"dy
Br

[ ety )11y = Me)
R4

p(y) lerll
+ u(y,t) —=dy + = u(y,t dy .
- (y,t) PSR e gy By /% (y,t) p(y)dy
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Letting t — oo, using the smoothing effect (2.2.5) (as a decay estimate) and the fact that
both p(y) and |y|~7 are locally integrable, we end up with

M |lerllo

Coo(Coo — ||5R||oo) ’

timsup| [ u(y. 1) |y "y - Mel| <
t—o0 Rd

which entails (2.2.157). It is apparent that

L ulyt) = w01l 7y < [ July,t) = war(y, )] 1yl dy
B (2.2.159)
+/ u(y,t) lyl” ”dy+/ Y1) [yl dy ..

Moreover, (2.2.156) and (2.2.157) yield

lim u(y,t) ly| "dy = eg. (2.2.160)

t—o00 c
BRt"”"

Collecting (2.2.154), (2.2.155), (2.2.159) and (2.2.160) we finally get

timsup [ fuly,t) = uarly, O] ol "y < 25

t—o00

whence (2.2.8). The validity of (2.2.9) is just a consequence of (2.2.8) and the change of
variable y = t"x (one exploits again the self-similar property (2.2.134) of uy). O

2.3 Rapidly decaying densities

This section is focussed on the asymptotic behaviour of nonnegative solutions to (2.1.1)
when p(z) decays sufficiently fast as || — oo. A related fractional sublinear elliptic problem
is also studied in detail.

2.3.1 Statements of the main results

We start by providing a suitable notion of weak solution to (2.1.1). In the following, we
shall always assume p € LS (RY) with p > 0 and p~! € L (RY).

loc loc
Definition 2.3.1. A nonnegative function w is a weak solution to problem (2.1.1) corre-
sponding to the nonnegative initial datum ug € L;(Rd) if:
—u € C([0,00); LI(R?)) N L¥(R? x (7,00)) for all 7 > 0;
—u™ e Lloc((07 OO); HS(Rd));
— for any p € C(R4 x (0,00)) there holds

/Ooo /Rd u(z, t)pi(x,t) p(x)daedt — / /]Rd

— limy o u(t) = ug in L) (RY).

l\J\rn

) (2, 1) (=A)3 (@) (2, t) dzdt = 0;

In agreement with the discussion in Paragraph 2.2.2.1, we say that u is a strong solution
if, in addition, u; € L*°((7, 00); LL(R?)) for every 7 > 0.

It is plain that for u = puy € L*(RY) a solution to (2.1.1) with respect to Definition 2.3.1 is
also a solution to (2.1.4) with respect to Definition 2.2.1. However, by means of the latter we
are able to handle more general initial data (positive finite Radon measures). In particular,
we cannot ask u € C([0,00), LL(R?)). Nevertheless, in view of the fundamental uniqueness

140



2.3. Rapidly decaying densities

Theorem 2.2.4 we proved above, when p = puy € L!(R?) such solutions do coincide, provided
P, Y, Yo, d and s meet the corresponding assumptions.

Existence and uniqueness of weak solutions to (2.1.1), which can be established by means
of relatively standard techniques (see e.g. [60,61,159] and Chapter 1, Subsection 1.2.2), are
discussed in Subsection 2.3.4. In this regard, we have the following result (for a sketch of
proof see in particular Paragraphs 2.3.4.1 and 2.3.4.2 below).

Proposition 2.3.2. Let d > 2s. Let p € L®(R%) be nonnegative and such that p~t €
L. (RY). Take ug € L)(RY), with ug > 0. Then there exists a unique weak solution u to

loc

problem (2.1.1), in the sense of Definition 2.5.1, which is also a strong solution.

When p is a rapidly decaying density, we shall often deal with solutions to (2.1.1) which
are meant in a more general sense with respect to Definition 2.3.1, namely what we call local
weak solutions and local strong solutions. The corresponding definitions are a bit technical,
and we leave them to Subsection 2.3.4 (Definition 2.3.21). The first result we present below
concerns existence and uniqueness of local strong solutions.

Theorem 2.3.3. Let d > 2s. Let p € L=°(R?) be nonnegative and such that p~* € L2 (RY).
Assume in addition that p(z) < C|z|™7 a.e. in B{ for some v > 2s and C' > 0. Take
up € L) (R?), with ug > 0. Then the weak solution to problem (2.1.1) provided by Proposition

2.8.2 is the minimal solution in the class of local strong solutions (according to Definition
2.8.21 below) and satisfies
U(z,to,t) >0 as|z| = oo, (2.3.1)
where for any fixed tg > 0 and t >ty we set
t
U(z, to,t) ::/ u™(x,7)dT.
to

More precisely, there holds
Uz, to,t) < K(Iy x p)(z)  for a.e. (z,t) € R x (ty, 00) (2.3.2)

and some K > 0, whence (2.3.1) follows by Lemma 2.3.12 below.
Furthermore, under the more restrictive assumption that d > 4s and v € (2s,d — 2s] U
(4s,00), the solution is unique in the class of local strong solutions satisfying

u™ € L%1+|x|)—d+25 (Rd X (to,T)) VT >ty >0.

If in addition ug € L°(RY), then u € L°(RY x R™) and all the above results hold true with
to = 0 as well.

Remark 2.3.4. Notice that, as concerns uniqueness, for d > 6s the assumptions on v amount
to v > 2s.

For the proof of Theorem 2.3.3 we refer the reader to Paragraph 2.3.4.3 in Subsection
2.3.4. As for asymptotics, in Subsection 2.3.3 we shall prove the following result.

Theorem 2.3.5. Let d > 2s. Let p € CP.(R?) (for some o € (0,1)) be strictly positive and
such that p(z) < Clz|™ in Bf for some v > 2s and C > 0. Take ug € Ly(RY), with ug > 0
and ug Z 0. Denote as u the minimal solution to problem (2.1.1) provided by Theorem 2.3.3
and as w the nontrivial solution to the fractional sublinear elliptic equation (2.1.12) (with
¢ =1/m) provided by Theorem 2.53.10 below, which is also minimal in the class of solutions
specified by the corresponding statement. Then,

Jim T u(z,t) = (m — 1)_ﬁ wi () (2.3.3)
monotonically and in LY (RY) for all p € [1,00).

loc
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Chapter 2. Fractional porous medium equations with power-type densities

Remark 2.3.6. Under the same assumptions as in Theorem 2.3.5, with in addition d > 4s
and v > 4s, thanks to the uniqueness results of Theorem 2.3.3 and Theorem 2.3.11 below,
we can read the above asymptotic result as follows: any nontrivial local strong solution u to
(2.1.1) satisfying

u™ e L(11+|x‘)7d+25 (Rd X (to, T)) VT >ty >0

converges, in the sense of (2.3.3), to the unique nontrivial local weak and very weak solution
w to (2.1.12) (with £ = 1/m) satisfying

w € L%l—HxD_d"'Qs (Rd) .

2.3.2 A fractional sublinear elliptic equation

Here we study the sublinear equation (2.1.12) when p(z) decays fast as |z| — oo. Such an
equation naturally arises from the asymptotic analysis, as we shall see in Subsection 2.3.3.

If ¢ is a smooth and compactly supported function defined in R?, we can consider its
s-harmonic extension E(y) to the upper half-space RE™ := {(z,y) : 2 € R% y > 0}, namely
the unique smooth and bounded solution to the problem

div (y'"VE(p)) =0 in R,
E(p) =¢ on ORI .= R4 x {y =0} .

It is well-known (see e.g. [40,42,61]) that
25 OE(p)
o li 1-2s — (—=A)® Rd
ps M,y 2 (z,y) = (=A)(p)(z) VoeR?,
where pg 1= 22;(*11_2()5)' It is therefore convenient to introduce the operators
L, = div(y'"*V) 0 _ —ps lim gyt
S - P ast . s y*>0+ 33/ .

Furthermore, we denote as X* the completion of C2*(R%™ U OR%!) w.r.t. the norm

[¥1xe = (us Lo v V) dxdy) VY € CF(RET U ORYT),
+

and as X;_ the space of all functions v such that 1v € X* for any ¢ € C®(R% U ORE™).

It is possible to prove that there exists a well defined notion of trace on (‘3Ri“ for functions
in X* (see e.g. [36, Section 2], [40, Subsection 3.1} or [61, Subsection 3.2]), and therefore in
X; . as well. Moreover, for every v € H*(R?) there exists a unique extension E(v) € X* such
that

E(v)(x,0) = v(z) for a.e. 2 € R?
and

po [ 0 (VE), V) ) dady = [ (=A)(0)(2)(—A)*(6) (z,0) do

for any ¢ € C®(RE™ UORL™) (that is, E(v) is the harmonic extension of v).
Having at our disposal the above tools, we can provide suitable weak formulations of
problem (2.1.12) which deal with the harmonic extension. In fact, at a formal level, looking
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for a solution w to (2.1.12) is the same as looking for a pair of functions (w, ) that solve
the problem

Lab =0 in REH

~ d+1

oo on IRy, (2.3.4)
oy pw’ on OR{,

where 0 < ¢ < 1.

Definition 2.3.7. A nonnegative function w € H*(R?) is a weak solution to problem (2.1.12)
if it satisfies

Nlo

[ @, 0) plade = [ (=8)3 w)()(~A)5 (), 0) da

=i [, ' (VE(w), V) (2, y) dady

+

(2.3.5)

for any ¢ € O (RET U ORE).

Definition 2.3.8. A local weak solution to problem (2.3.4) is a bounded nonnegative function
w such that, for some nonnegative w € Xi . N LE(RE U ORI (what we call a local

extension for w), there holds W|ypar1 = w and
+

[ @ 0) )z = s [0 (90, V0) () dady

for any ¢ € O (R U ORE).

Definition 2.3.9. A bounded, nonnegative function w is a very weak solution to problem
(2.1.12) if it satisfies

[ 0 @)@ pladdae = [ w(x)(~8)(8)(x) dr

Rd
for any ¢ € C=(R?).

Note that a bounded weak solution is also a solution both in the sense of Definition 2.3.8
and Definition 2.3.9. This section aims at studying existence and uniqueness of solutions to
(2.1.12) and (2.3.4), according to the above definitions. Our main results are the following.
Theorem 2.3.10 (existence). Let d > 2s and { € (0,1). Let p € CZ (R%) (for some
o € (0,1)) be strictly positive and such that p(x) < C|z|~7 in B for some vy > 2s and C > 0.
Then there exists a local weak solution w to problem (2.3.4), which is minimal in the class of

non-identically zero local weak solutions (in the sense of Definition 2.3.8). Moreover, w is a
very weak solution to (2.1.12) (in the sense of Definition 2.3.9) and satisfies the estimate

w(z) < KL+ p)(z) VreR? (2.3.6)

for some K > 0.
Finally, if v complies with the more restrictive condition

d— 2s

(42"
then w is also a weak solution to (2.1.12) (in the sense of Definition 2.3.7).

v > 2s+ (2.3.7)

143



Chapter 2. Fractional porous medium equations with power-type densities

Theorem 2.3.11 (uniqueness). Let d > 4s and ¢ € (0,1). Let p € CZ(RY) (for some
o € (0,1)) be strictly positive and such that p(z) < C|z|™7 in B{ for some v > 4s and
C' > 0. Then the minimal solution to problem (2.3.4) provided by Theorem 2.3.10 is unique
in the class of mnon-identically zero local weak solutions (in the sense of Definition 2.3.8)
which are also very weak solutions to (2.1.12) (according to Definition 2.3.9) and belong to

1 d
L1 4fafy o2 (RY).-
The next lemma, which provides us with elementary estimates from above for the Riesz
potential of p, is key to our analysis.

Lemma 2.3.12. Let d > 2s and p > 0 be a measurable function. Assume in addition that
p(x) < C(1+ |z|)~7 for some v > 2s and C' > 0. Then, I % p is a nonnegative continuous
function and there exists a constant K > 0 such that

(I # p)(w) < K (1+|z)™" Vo eR?,
where:
(a) if vy <d, k= —2s;
(b) ify=d, k=d—2s—¢ foralle >0 (with K = K(¢));
(c) if v >d, k=d—2s.
Proof. The proof goes exactly as the one of Lemma 2.2.13, hence we skip it. Let us just

mention that the critical term, namely the one that gives the above decay rates, is (2.2.54)
(with ¢ replaced by p). O

2.3.2.1 Existence

Below we shall prove all the properties of w claimed in Theorem 2.3.10 ezcept the fact
that w is a very weak solution to problem (2.1.12) in the sense of Definition 2.3.9. The latter
will actually be an interesting consequence of the asymptotic analysis in Subsection 2.3.3.

Consider first the following problem: find (wg, wg) such that

LSUN)R =0 in QR,

U~JR =0 on ER,

ZIJR = WR on FR, (238>
Olp

o = pwt, on g,

where Qg 1= {(2,y) € R |(z,y)] < R}, Sr:= 0QrN{y > 0} and I'g := 0Qr N {y = 0}.
We denote by X§(2r) the completion of C°(Q2p UT'g) w.r.t. the norm

0] xs020) = (u/ﬂ y' % \v¢(x,y)\2dxdy)2 Vi € C(QrUTR),

i.e. the closure of C*°(Qr UT'R) in X?|q,.

Definition 2.3.13. A weak solution to problem (2.3.8) is a pair of nonnegative functions
(wg, Wg) such that:

- w% S Ll(BR>, IDR S XS(QR);

~ Wg|r, = Wg;

— for any ¢ € C°(Qr UT'R) there holds

/. wh(@)(r.0) pla)de = p, i Vi, V) (.9) dady (2.3.9)
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2.3. Rapidly decaying densities

Existence results for (2.3.8) can be proved by standard variational methods, see e.g. [36].

Proposition 2.3.14. Let ¢ € (0,1). Let p € L2 (RY) be nonnegative and such that p~' €
L (R?). Then there exists a non-identically zero weak solution (wg,wg) to problem (2.3.8),

in the sense of Definition 2.3.13.

The following positivity result and comparison principle for problem (2.3.8) will be crucial
in the proof of Theorem 2.3.10, specially as concerns minimality.

Proposition 2.3.15. Let ¢ € (0,1). Let p € L2 (RY) be nonnegative and such that p~' €
Lo (RY).

loc

(i) Take a subsolution (fr, fr) and a supersolution (gg, jr) to problem (2.3.8) (in a weak
sense, in agreement with Definition 2.3.13). Assume that fr,gr > 0 a.e. in Qg, fr >0
a.e. in Br, gr > 0 a.e. in Br and fr|s, < gr|s, a.c. in Xg. Then fr < gr a.e. in By
and fr < gr a.e. in Qp.

(ii) Suppose in addition that p € CP.(R?) for some o € (0,1). Let (wg,wr) be a weak
solution to problem (2.3.8), in the sense of Definition 2.3.13, such that wg € L>°(Bg)

and wg € L>®(Qg). Then (in particular) wr € C(Q.) for all 0 < r < R and either
(wgr,wr) = (0,0) or wg >0 in Br and wg > 0 in Q.

Proof. Statement (i) follows by performing minor modifications to the proof of [36, Lemma
5.3]. Actually the strategy of proof goes back to the pioneering paper [38]: let us mention
that the strict positivity of the supersolution and the fact that the nonlinearity is sublinear
are essential.

Statement (ii) is due to the regularity results in [40]. In fact, since (wg, Wg) is bounded and
p(z) and f(w) := w* are Holder functions, Lemma 4.5 of [40] ensures that @wg and dwg/dy>*
are also Holder continuous in €, for all 0 < r < R. Corollary 4.12 of [40] then entails the
assertion (the same argument works upon replacing d(z)u(z) there with —p(z)u’(z)). O

We are now in position to prove the part of Theorem 2.3.10 which deals with existence
of a minimal local weak solution to (2.3.4). The fact that such solution is also a very weak
solution to (2.1.12) (according to Definition 2.3.9) will be deduced in the end of proof of
Theorem 2.3.5 below.

Proof of Theorem 2.3.10 (first part). For any R > 0, in view of Proposition 2.3.14 we know
that there exists a nontrivial solution (wg, Wg) to problem (2.3.8). Let (Fg, Fr) be the unique
regular solution to

LSpR:O inCR,
Fr=0 on dCr N{y > 0},

Fr=Fr onTjg, (2.3.10)
OFr
ay2s = on FR,

where Cp := Bgr x {y > 0}. By standard results (see e.g. [52]),

Fr(z,y) = /BR Gr((z,y),2) p(2)dz VY(z,y) € Cg, (2.3.11)

where Gr((z,y),2) (let (z,y) € Cr and z € Bg) is the Green function associated to problem
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(2.3.10), namely the solution of

LSGR(',Z) =0 in CR7
Gr(-,2)=0 on dCrN{y > 0},
8GR('> Z)
W = 52 on PR .

It is well known that Green functions are positive and ordered w.r.t. R, that is

GR1 >0 in CR1 U ({BRl} X {0}), GR1 < GR2 in le (2.3.12)

for all z € Bg, and Ry > R; > 0. Furthermore, they are all bounded from above by the
Green function G of the half-space:

Gr((z,v),2) < Gi((z,y),2) V(x,y) €Cr, Vz€ Bg, VR>0, (2.3.13)

where .
G+(($7y)72) = |(;13 _ 2872)“25

and kg is the same constant as in Paragraph 2.1.1.4. In fact, G solves

V(z,y) € RY vz e R

LG(,2)=0 in R,
oG ('72)
ﬁ =5, on OR%M

for all z € R? (see again [52] or [68]). From (2.3.11), (2.3.13) and Lemma 2.3.12 we deduce
that, for any R > 0 and (z,y) € Cg,

Fr(z,y) < /R G ((7,9),2) p(2)dz < /R Gil(w,0),2) plz)dz =(Los % p)(x) (23.14)
S ”[28 * p”oo = C

Now note that, by definition of (Fg, F), for any test function ¢ € C°(Qz UT') there holds

pe [ 0PV ER V) dady = g |y (Y F Vi (a.y) dady = [ (2,0 pla)de.
(2.3.15)

Upon picking Cy > C’ﬁ, the function (CyFg, CoFR) is a supersolution to problem (2.3.8).
In fact, thanks to (2.3.14) and (2.3.15),

e Jo y' " (V(CoFR), V) (z,y) dedy = /B _Cot(,0) plz)dz
= [CoFa(a)]* ¥(2,0) plr)da

for all nonnegative ¥ as above. In view of (2.3.11) and (2.3.12), we are then in position to
apply the comparison principle provided by Proposition 2.3.15-(i) with the choices (fr, fr) =
(wr, Wr) and (gr, Gr) = (CoFr, CoFR), to get:

wp < CoFp  ae. in Qp (2.3.16)

and
WR S C()FR a.e. in BR . (2317)
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In particular, from (2.3.14), (2.3.16) and (2.3.17) we infer that wgp € L*(Bg) and wg €
L>(2g). We can therefore exploit Proposition 2.3.15-(ii), which yields

Wr >0 in Qg (2.3.18)
and

wr >0 in Bg. (2319)
Let R, > Ry > 0. The strict positivity ensured by (2.3.18) and (2.3.19) permits us to

apply again Proposition 2.3.15-(i), this time with the choices (fg, fr) = (wg,,Wg,) and
(9r, Gr) = (Wg,, Wg,). We obtain:

’LZJRI < QDRz in QR, WRy < WR, in B VRy; > R; > 0. (2320)

We aim at passing to the limit on (wg, wg) as R — oo. Given any fived n € C=°(RETTUIRE™),
for every R > 0 large enough we can pick (after a standard approximation) ¢ = wxn? as a
test function in Definition 2.3.13. It is straightforward to check that

s /Q y' = |Viig(z, y)|* n* dady
R
<2wnl [ n(w,0) ple)de + ap il [y V(e )P dedy.
R R

From (2.3.14), (2.3.16), (2.3.17) and (2.3.21) we deduce that, for any Q, € RE™" U OR%™,
there holds

(2.3.21)

/Q Y12 |\ Vag(z, y)|* dedy < C" (2.3.22)
0

for a suitable positive constant C’ independent of R > 0. Moreover, (2.3.20) entails the
existence of the following (nontrivial) pointwise limits:

lim g = € L (R, Jim wp=w e L®(RY) . (2.3.23)
Thanks to (2.3.22), by standard compactness arguments we can pass to the limit in the weak
formulation (2.3.9) to find that w is a local weak solution to (2.3.4) in the sense of Definition
2.3.8 (with local extension w).

We are left with proving minimality. In order to avoid confusion, hereafter we shall
denote as w the solution constructed above and as w any other non-identically zero local
weak solution to (2.3.4) (according to Definition 2.3.8). Note that, for R large enough,
(w|py,W|a,) is a nontrivial solution to problem (2.3.8), in the sense of Definition 2.3.13,
except that @|q, is not necessarily zero on ¥p. That is, w has finite energy (the Lzl_zs
norm of the gradient) in Qx but does not belong to X;(£2g). Nevertheless, the regularity
results of [40] hold regardless of boundary conditions on ¥ g: namely, Proposition 2.3.15-(ii)
is applicable in this case as well, ensuring in particular that w > 0 in Bg. Because (wg, Wg)
is also a weak solution to (2.3.8) and, trivially, Wg|s, < W|s,, from Proposition 2.3.15-(i)
(with the choices (fgr, fr) = (wr, Wgr) and (gr, Gr) = (w|Bg, W|a,)) We deduce that

WR §w|BR in BR,

whence w < w in R? by letting R — co. We have therefore proved that w is indeed minimal.
The upper bound (2.3.6) is just a consequence of (2.3.14), (2.3.17) and (2.3.23).

From the above method of proof it is direct to check that, under the more restrictive
assumption (2.3.7), w is also a weak solution to (2.1.12) in the sense of Definition 2.3.7. In

fact, in this case, inequalities (2.3.14), (2.3.17) and Lemma 2.3.12 ensure that the L, norm of
wf{“l is uniformly bounded with respect to R. As a consequence, estimate (2.3.22) actually
holds with Qg = Ri“ (up to setting wr = 0 in Q%). Hence, passing to the limit as R — oo,

we deduce that @ € X*, w € H*(R?Y), @ = E(w) and that w satisfies (2.3.5). O
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2.3.2.2 Uniqueness

Our strategy of proof of Theorem 2.3.11 strongly relies on the uniqueness result for the
parabolic problem provided by Theorem 2.3.3.

Proof of Theorem 2.3.11. Throughout, we shall denote as w the minimal solution provided
by Theorem 2.3.10 and as w any other solution complying with the assumptions of the
statement.

To begin with, set m = 1/¢ and

Chn = (m — 1)7ﬁ )

For any k € N, let ¢, € C®(R?) with ¢, = 1 in B, (x = 01in B§, and 0 < ¢, < 1 in R%
Take R > 2k and denote as (vgy, Ur ) the unique strong solution to the following parabolic
problem (see Paragraph 2.3.4.2 in Subsection 2.3.4 below):

Ls(f)%k) =0 in QR X R+,
@R,k:O ODZRXRJr,
UF e = VR on I x R, (2.3.24)
8(@13”,19) _ VR k T R+
oy o MTEEE
VR k = C’mckw% on BR X {t = O} .

Let (wg,wg) be as in the proof of Theorem 2.3.10. Since by hypothesis w € L™ (R?), thanks
to (2.3.19) and to the fact that wr; € C(Bg) we can select a suitable 7z > 0 so that

1

YRS S % in By, (2.3.25)
!
Let
Coifyy ol
Urp = me+11 < = 1R+1 =:Upr in Qp X (0,00),
(t+7R)m1 tm—1

with Ug(-,t) := Ug(-,0,t) and Upg(-,t) := UOR(-,O,f) for all ¢ > 0. By definition of (Ug, Ug)
and in view of (2.3.25), it is apparent that (Ug,Ug) is a strong supersolution to (2.3.24).
Hence, applying the comparison principle provided by Proposition 2.3.20 below, we deduce
that

UR,k < UR < UOR a.e. in BR X (0,00) . (2326)

In addition to the above bounds, note that for any ks > k; and R > 2k there holds

Cpw
UR, k1, < UR, ko < % =:V a.e. in BR X (O, OO) . (2327)
(t + ]_)'mfl

Such inequalities still follow by Proposition 2.3.20: (V, V) is a strong supersolution to (2.3.24)
for all R > 0 and k € N, while (vg,, Urk,) is & strong supersolution to (2.3.24) for k = k;.

Since CpCrwin € LI(RY) N L>(RY), by standard arguments (see e.g. the proof of [159,
Theorem 3.1] or Paragraph 2.3.4.2) there exists the limit

Voo ks 1= ]%grgo vgk  a.e. in RY x RY
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which solves problem

P(Vooi)e + (—A) (2 ,) =0 in R? x RY,
Voo = O G on R? x {0}

both in the sense of Definition 2.3.1 (weak solution) and in the sense of Definition 2.3.23
(very weak solution). Moreover, as a consequence of (2.3.27), such limit satisfies the bounds

Vooshy < Voohy <V ace. in RY x RT (2.3.28)
for all ko > k;. Thanks to (2.3.28), by monotonicity we get existence of the pointwise limit

Voo 1= klim Voo <V ace. in R? x R*. (2.3.29)
—00

Passing to the limit as k — oo in the very weak formulation solved by v., j, we then infer
that vy is a very weak solution, in the sense of Definition 2.3.23, to the problem

(2.3.30)

1

plosc)i+ (“AP () =0 in RYx RY,
Voo = Chpwm on RY x {0} .

Now notice that V' is also a very weak solution to (2.3.30), because so is w with respect to
(2.1.12). By hypothesis we know that w € L%Hlx‘),dﬁs (R?), whence V™ € L%Hlm'),dﬂs (R x
(0,7)) for all T > 0; but then (2.3.29) implies that v belongs to L%1+|x\)fd+2s (R (0,7)) as
well. We are therefore in position to apply the uniqueness result of Theorem 2.3.3 (together
with Remark 2.3.24), which yields

Voo =V ae. in RTx R,

Letting R — 00, k — oo in (2.3.26) and using (2.3.23) (replace w with w there), we infer
that

1

Cwm i
Voo < —2=—  ae. in REx RY.
tmfl
Hence
| (t+ 1)7

1 m—1 1
wn < S ww

tm—l

a.e. in R x RT. (2.3.31)
Passing to the limit in (2.3.31) as ¢ — oo we end up with
w% < w% a.e. in Rd,

which implies w = w since w is nontrivial and w is minimal.
Finally, the fact that w € L%l N (R%) is just a consequence of estimate (2.3.6) and
Lemma 2.3.12 (recall the assumptions d,vy > 4s). ]

2.3.3 Asymptotic behaviour

Before proving Theorem 2.3.5 we need an intermediate result, which provides us with a
crucial bound from above for the minimal solution to problem (2.1.1).

Lemma 2.3.16. Under the same assumptions and with the same notations as in Theorem
2.3.5, there holds

1 1

w(z,t) < (m—1)"m71 ¢ mrwn(z) forae (z,t) € R x (0,00). (2.3.32)
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Proof. Suppose first that ug € L}(R?) N L>(R?). Let us define Cp,, (wg,wg) and (Ug, Ug)
(for a suitable 7z > 0 to be chosen later) as in the proofs of Theorems 2.3.10 and 2.3.11. For
any R > 0, let (ug, tg) be the unique strong solution to the following parabolic problem (see
Paragraph 2.3.4.2 below):

LS(QNLE)IO in QRXR+,

ur = on Xz x RT,

fﬂﬁ = ur}? on FR X ]RJF, (2333)
8’(1% 8uR

Dy =p—, on I'r x RT,

UR = Ug on B x {t =0}.

By standard arguments (we refer again the reader to the proof of [159, Theorem 3.1] or to
Paragraph 2.3.4.2), we have that

. . d . ~m ~m m 3 d
PHI;OUR =u a.. in R* x R", ngrgouR =a" =EW") ae in R xRT.  (2.3.34)

In view of the positivity properties of the solutions wg recalled above, for any R > 0 there
holds

minwg., > 0.
Br

Since ug € L} (R?) NL>(R?), we can therefore pick 7z > 0 so that

1

Crwp
% > wuy a.e.in Bg. (2.3.35)

Th!

Thanks to (2.3.35), (Ug, Ug) is a strong supersolution to problem (2.3.33). By comparison
(see Proposition 2.3.20 below),

up < UR a.e. in BR x RT. (2336)

It is then apparent that (2.3.36) entails the fundamental estimate

1
up < C,, zf_ﬁwj;};r1 a.e. in Bg x (0,00). (2.3.37)

Letting R — oo in (2.3.37) and exploiting (2.3.23), (2.3.34), we finally get (2.3.32).
Consider now a general datum ug € L} (R?). We have:

w= lim u, a.e. inRYxR",
n—oo

where for every n € N we denote as u,, the solution to problem (2.1.1) corresponding to the
initial datum wug, € L})(Rd) N L*(R%), and the sequence {ug,} is such that 0 < ug, < ug in
R? for all n € N and ug, — ug in L)(R?) as n — oo (see [159, Subsection 6.2] or Subsection
2.3.4, Paragraphs 2.3.4.1 and 2.3.4.2). In view of the first part of the proof, we know that
for every n € N there holds

Up < Cot 7w ace. in R x (0,00). (2.3.38)
The assertion then follows by passing to the limit as n — oo in (2.3.38). O
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Remark 2.3.17. As a consequence of the method of proof of Lemma 2.3.16 we also get the
estimate
E(u™) < Crt m1d ae. in RT x (0,00), (2.3.39)

where E(u™) is the extension of «™ and w is the local extension of w (in agreement with Def-
inition 2.3.8) provided along the first part of the proof of Theorem 2.3.10. In fact it is enough
to notice that, thanks to the standard comparison principle for sub- and supersolutions to
the elliptic problem L; = 0 in Qg, (2.3.37) implies

@ < C™tTmT gy ae. in Qg x (0,00,
whence (2.3.39) upon letting R — oc.

Proof of Theorem 2.3.5 and end of proof of Theorem 2.3.10. Let us denote as v(z, 7) the fol-
lowing rescaling of u(x,t):

1
t) = e P" t=:e" =
u(et) = e PoleT), b=, fi= o

It is immediate to check that v is a (weak, and in particular very weak) solution of
vy = —(—=A)(v™) + Bpv  in R x RT,
in the sense that
= [T o s, ) pladdadr + [T wme, ) (= A) (@) (w, 7) dedr
0 R4 0 Rd
=6 [~ [ ol )e(e,7) pla)dedr + [ ula,)p(,0) pla)de

for all ¢ € C>(R? x [0,00)). Moreover, E(v™) € L2((0,T); X*) and

(2.3.40)

[ v, 0,7) pla)dede o [ g (VEG™), V) (2,5, 7) dadyd
; Rdvx,T (2,0, 7) p(x)dedr ,uso Ri“y v, x,y, 7)dedydr

T
=8 [ [ v, 7)i(@,0,7) ple)dedr
o Jr
(2.3.41)
for all T > 0 and ¢ € CX((RE! U ORE) x (0,7)). In view of Lemma 2.3.16 (and Remark
2.3.17), we have:

v(x,7) < Cpwin () < Ch |Jw||z for ace. (z,7) € RY x (0, 00), (2.3.42)

E(™)(z,y,7) < Clb(z,y) < C7 i)l for ace. (z,y,7) € RET x (0,00). (2.3.43)

Furthermore, the following monotonicity properties hold true:

v(z, 1) > v(r,m) forae. z€R?, EW™)(z,y,m) > E@")(z,y,71) forae. (z,y) € R

(2.3.44)
and all 75 > 7 > 0. In fact, by proceeding exactly as in [173, p. 182] (see also the original
reference [16]), one can prove the fundamental Bénilan-Crandall inequality

pu

(m—1)t

puy > — a.e. in R? x (0,00),

which reads
vy >0 a.e. in R x (0,00). (2.3.45)
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Thanks to (2.3.45) we get the first inequality in (2.3.44), and therefore also the second one
because the extension operator is order preserving. Hence, from (2.3.42)-(2.3.44) we infer
that there exist finite the limits

h(z) = ]}Ego v(z, ) for ae. v € RY,  H(z,y) = kh_)rglo E(v™)(z,y,7) for a.e. (z,y) € R

(2.3.46)

where {71} is any time sequence tending to infinity. Note that, since ug #Z 0, (2.3.44)

implies that h # 0 and H # 0, while (2.3.42) and (2.3.43) ensure that h € L*(R?) and
H € Lo(REY). Let

g:=C."h", §g:=C "H. (2.3.47)

First we aim at proving that g (with the corresponding local extension §) is a solution to

problem (2.3.4) (for £ = 1/m) in the sense of Definition 2.3.8. To this end, for any fixed

0<m <mand 0 < e < (m+7)/2, let ((7) be a smooth approximation of the function
X[, (T) such that

0<C¢(r)<1 Vr>0, ((r)=0 Vr&[n,mnl, ((1)=1 Vre[n+em—e¢.
Moreover, we can and shall assume that
Cé<7—> — 57’1 - 57'2

as € — 0. Consider now a cut-off function 7 as in the first part of the proof of Theorem 2.3.10
and plug in the weak formulation (2.3.41) the test function ¢ = (n?E(v™) (after a standard
approximation). Letting e — 0, we get:

1
m—+ 1 Jrd

2 1-2s m 2 m
bt [ [l v TEW), VPEQ) 0, 7) ddyd
1

v (2, )0 (2, 0) p(x)d

= mtl 2 72 m+1 2
=T (z, )0 (z,0) p(x)dx +ﬁ/ﬂ /Rdv (z,7)n*(x,0) p(x)dzdr .

In view of (2.3.42) and (2.3.43), by setting 7 = 7, 7o = 7, + 1 and proceeding as in the
proof of (2.3.22), we obtain the estimate

s 1-2 2
[ ] e IVE@m @y, )P dadydr < C (23.48)
Tk 0

for all Qy € RE UORE™ and a suitable constant ¢’ > 0 independent of k. Given any
¢ € C(REMUIRE™), by plugging in (2.3.41) the test function (x,y,7) = ¢(x, y)((T) and
letting € — 0 we infer that

/Rd [v(z, 7, + 1) — v(x, )] ¢(2,0) p(z)de
+ps /;H /RM y P (VE@™)(2,y,7), Vo(z,y)) dedydr (2.3.49)
=p /T:Hl /Rd v(x, 7)¢(x,0) p(x)dadr .

We point out that, still as a consequence of the time monotonicity ensured by (2.3.44), in
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addition to (2.3.46) we also have
h(z) = ]}Lrgo v(z, 7+ A) forae. (z,)) € R x (0,1),
h(z) = kh_)rgo v(z, 7 +1) forae z€R?, (2.3.50)
H(x,y) = Jim E(™)(x,y, 7 +A) for a.e. ((z,y),\) € R x (0,1).

Gathering (2.3.42), (2.3.43), (2.3.46), (2.3.48) and (2.3.50), we can pass to the limit safely in
(2.3.49) to find that h and H satisfy

fis /Rd+1 y' T*(VH, Vo) (x,y) dedy = B/Rd h(z)¢(x,0) p(a)da,

with H(z,0) = h™(x). That is, the function g (with g as a local extension) defined in (2.3.47)
is a local weak solution to (2.3.4) (for £ = 1/m) in the sense of Definition 2.3.8. Furthermore,
g is also a very weak solution to (2.1.12) in the sense of Definition 2.3.9. In order to prove the
latter assertion, we can proceed as above: for any ¢ € C>°(R9) plug in the weak formulation
(2.3.40) the test function p(x,7) = ((7)¢(z) and let € — 0 to get

/Rd [v(x, 7+ 1) — v(x, 73)]o(x) p(x)dz
— :+1 /Rd [—v™(z,7)(—A)*(¢)(z) + Bo(z, T)d(x)p(x)] dadT .

Passing to the limit as k& — oo and using (2.3.42), (2.3.46), (2.3.50), we end up with
0=~ [ 9@(A)@)@)de+ [ g7 (@)p(x) pla)da (2:351)

and the estimate
g(x) <w(z) forae zecR?. (2.3.52)

Since g is a non-identically zero local weak solution to (2.3.4), the minimality of w and
(2.3.52) necessarily imply that ¢ = w. In particular, thanks to (2.3.51), we can conclude the
proof of Theorem 2.3.10 by inferring that the minimal solution provided by it is also a very
weak solution to (2.1.12) (for £ = 1/m) in the sense of Definition 2.3.9.

Finally, the convergence of {v(7;)} to Co,w®™ in LT (R?) for p € [1,00) is just a conse-

quence of (2.3.42) and (2.3.46). The above arguments being independent of the particular
sequence {74}, the proof is complete. O

2.3.4 Well-posedness of the parabolic problem

This subsection is primarily devoted to the proofs of Proposition 2.3.2, Theorem 2.3.3 and
connected additional results.

2.3.4.1 First construction of weak solutions

If p € Li5,(R?) is nonnegative and such that p=' € LiS.(R?), and uo € L} (R?) N L>(RY)
with ug > 0, then one can argue as in the proof of [61, Theorem 7.3 (first construction)] to
get existence of a weak solution to problem (2.1.1) in the sense of Definition 2.3.1, which is
moreover bounded in the whole of R? x R*. Let us just mention that such a construction
proceeds by means of a time discretization of the problem, which makes use of the funda-
mental Crandall-Liggett Theorem. Furthermore, the following L; comparison principle holds

true:
/R ua(t) — ua(z, 1)), pla)da < /R o — unel, p(a)da Vit >0, (2.3.53)
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Chapter 2. Fractional porous medium equations with power-type densities

where u; and uy are the solutions to (2.1.1), constructed as above, corresponding to the initial
data ug; € L)(R?) N L>®(R?) and ugy € L(R?) N L*(R?), respectively.
As for uniqueness, a standard result is the following.

Proposition 2.3.18. Let p € L2 (RY) be nonnegative and such that p=* € L (RY). Let u
and v be two nonnegative weak solutions to (2.1.1) corresponding to the same initial datum

ug € L(RY), in the sense that:
u,v € LT (R x RY), (2.3.54)

u™, o™ € L2 ([0, 00); H¥(RY)) (2.3.55)

loc

an

o
—~
IS
3
~—
—~
8
N
|
B
ol
>
w
N
(o
8
o
~

d

—/OOO /Rd u(z, t)pi(x,t) p(x)dxdt+/000 /Rd(_A)
S /OOO /Rd v(z, t)pi(x, t) p(r)dedt + /000 _/Rd(_A)
= [, uol@)e(z.0) pla)da

for any ¢ € C*(R? x [0,00)). Then, u = v.

N|w
N|w

(V™) (z,t)(=A)2(p)(z,t) dzdt (2.3.56)

Proof. In view of the hypotheses on u and v, using a standard approximation technique one
can show that the so-called Oleinik’s test function

o(x,t) = /tT [u™(z,7) —v™(z,7)]dr in R* x (0,T], ¢ =0 in R?x (T,00),

is in fact an admissible test function in the weak formulations (2.3.56) (for all 7 > 0). The
conclusion then follows by reasoning exactly as in [61, Theorem 6.1] (see also the subsequent
remark). An analogous argument, for s = 1 and more general weights, is performed in the
proof of Proposition 1.2.3 in Chapter 1, Subsection 1.2.2. O

Arguing as in the proof of Lemma 2.2.9 and as in Paragraphs 2.2.2.1, 2.2.2.2, it is not
difficult to deduce that the above solutions satisfy the energy estimates (2.2.27), (2.2.28),
that they are strong and that their L? norms do not increase in time (to this end, a key role
is played by the comparison estimate (2.3.53)).

Now suppose that, in addition, d > 2s and p € L>®(R?). As a consequence, the frac-
tional Sobolev inequality (2.2.41), and so the fractional Caffarelli-Kohn-Nirenberg inequali-
ties (2.2.40), hold true for v = 0. Hence, we can repeat the proof of Proposition 2.2.12 to
obtain the following LE°-L1.> smoothing effect for any py € [1,00):

[u(t)lloo < Kt e, V>0, (2.3.57)

where
d 2spo

o= d(m —1) + 2spg ’ bo = d(m — 1) + 2spg
and K = K(m,||p|lc,d,s) > 0. It is then possible to construct solutions to (2.1.1) cor-
responding to any nonnegative datum wuy € L},(Rd). To this aim, one picks a sequence of
nonnegative data g, € L})(R?) N L*(R?) such that ug, — uo in L)(R?) and passes to the
limit in the weak formulation of Definition 2.3.1 as n — oo by exploiting (2.3.53), the energy
estimate (2.2.27) and the smoothing estimate (2.3.57) for py = 1 (see also [159, Theorem
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6.5 and Remark 6.11]). Such solutions are still strong e.g. because the fundamental Lll) com-
parison principle (2.3.53) is preserved at the limit. We have therefore proved the existence
result contained in Proposition 2.3.2. As concerns uniqueness, one can reason as follows.
Proposition 2.3.18, in particular, ensures that if uo € L}(R?) N L>*(R?) then the solution to
(2.1.1) that we constructed above is unique in the class of weak solutions satisfying (2.3.54),
(2.3.55) and (2.3.56). Moreover, any weak solution u(z,t) to (2.1.1), in the sense of Defini-
tion 2.3.1, is such that u(x,t + €) is a weak solution to (2.1.1), corresponding to the initial
datum wug(z,e) € LL(R?) NL>(R?), satisfying (2.3.54), (2.3.55) and (2.3.56), for any & > 0.
Thanks to these properties, one can then proceed exactly as in the proof of [159, Theorem
6.7]: that is, given two solutions u; and wus corresponding to the same ug € L;(Rd), in view
of Proposition 2.3.18 and (2.3.53) they satisfy ||ui(t) — u2(t)||1, < ||u1(e) — ua(e)]1,, for all
t > e > 0. Letting ¢ — 0 we infer that u; = us.

2.3.4.2 Second construction of weak solutions

We describe here another method for constructing weak solutions to problem (2.1.1),
which, under suitable hypotheses, provides us with a minimal solution. Given again a non-
negative initial datum u, € L} (R?) N L*(R?), consider the following problem (for notations,
we refer to the discussion at the beginning of Subsection 2.3.2):

L5<fb7£) =0 in QRXR+,

up =0 on ¥y x Rt

= I'p x R*

oy e MTETT
UR = U on Br x {t =0}.

Definition 2.3.19. A weak solution to problem (2.3.58) is a pair of nonnegative functions
(ug, g) such that:

—ug € C([0,00); L)(Br)) NL®(Bg x (1,00)) for all 7> 0;

- i € L ((0,00); X5(Q2r));

B ag‘FRX(O,OO) = uR;

— for any ¥ € CX((Qr UTR) x (0,00)) there holds
— [T une, 00w, 0,0) playdadtbp, [ [y (@R), Ve e,y b) dedydt = 0;
0 BR 0 QR

- limt_m U,R(t) = U0|BR m Lll)(BR)

Weak sub- and supersolutions to (2.3.58) are meant in agreement with Definition 2.3.19.
We say in addition that (ug,@r) is a strong solution if (ugr), € L((1, 00); L) (Bg)) for every
7 > 0. By means of the same arguments used in the proof of [61, Theorem 6.2], it is direct
to deduce the next comparison principle:

Proposition 2.3.20. Let p € LS. (R?) be nonnegative and such that p=* € LS. (R?). Let
(fr, fr) and (gr, gr) be a strong subsolution and a strong supersolution, respectively, to prob-
lem (2.3.58). Suppose that fr < gr on Br x {t = 0} and fr < gr on Xg x (0,00). Then,

fr < gr in Br x (0,00) and fr < gr in Qg X (0,00).

Making use of standard tools (see again [61,159]), one can prove that for any R > 0
and nonnegative ug € L}(R?) N L>(R?) there exists a unique strong solution (ug,@r) to
problem (2.3.58), in the sense of Definition 2.3.19. Moreover, the family {ug} is monotone
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in R thanks to Proposition 2.3.20 and the limit function v := limg_,,, ur is bounded in
R? x R* and satisfies (2.3.54), (2.3.55), (2.3.56). Hence, in view of Proposition 2.3.18, u
necessarily coincides with the solution constructed in Paragraph 2.3.4.1: this in particular
ensures that u € C([0,00),L,(R?)). Again, for general data ug € L}(R?), we can select a
sequence {ug,} C LL(R?) NL>*(R?) such that 0 < ug, < ug and ug, — o in L)(R?) and pass
to the limit as n — oo in the weak formulation of Definition 2.3.1 to get a weak solution
to (2.1.1), which still coincides with the one obtained in Paragraph 2.3.4.1 thanks to the
uniqueness result of Proposition 2.3.2.

Finally, we point out that in [61] and [159] the approximate problems are slightly different
from (2.3.58). Namely, cylinders in the upper plane are used instead of half-balls. Neverthe-
less, this change does not affect the construction of the solution u. In fact the present idea
of using problem (2.3.58) is inspired by [60, Section 3], where the case s = 1/2 and p =1 is
studied.

2.3.4.3 Local weak solutions and very weak solutions

Now let us address the following problem, which is the analogue of (2.3.58) in the whole
upper plane:

Ly(@™) =0 in R x R,

am =um on ORI x R,

a(a™) Ju 4t (2.3.59)
o po; on ORI x RT |

U = ug on R? x {t =0} .

Definition 2.3.21. A nonnegative function w is a local weak solution to problem (2.3.59)
corresponding to the nonnegative initial datum ug € L})(Rd) if, for some nonnegative function
U such that

@™ € Ly ((0,00); X ) NL®(RY x (1,00)) V7 >0,

there hold:
—u € C([0,00); LY(RY)) NL™(R? x (7,00)) for all 7 > 0;

- a™m =u
|8Ri+1x(o,oo) ’

- for any ¢ € C (R UIRET) x (0,00)),

- /OOO /Rd w(z, )i (2, 0,t) p(z)dadt 4 puy /O N /R 1 y' "V (@™), V) (z,y,t) dedydt = 0

(2.3.60)
(in fact W™ is a local extension for u™);
— for any ¢ € C=(R? x (0, 00)),

_ /OOO /Rd u(z, t)pi(x, t) p(x)dadt + /OOO /Rd W (2, 8) (=AY () (, £) dadt = 0 (2.3.61)

- limyo u(t) = ug in L) (R?).
Moreover, we say that u is a local strong solution if, in addition, u; € L>((7,00); L1 1. (R?))
for every T > 0.

We stress that (2.3.61) is related to the so-called very weak formulation of problem (2.1.1),
see Definition 2.3.23 below. For local weak solutions, in general, u™ ¢ L2 ((0, 00); H*(R%)).
Hence, equivalence between (2.3.60) and (2.3.61) cannot be established.

It is apparent that the criterion of Proposition 2.3.18 is not applicable in order to prove

uniqueness of local weak solutions. However, one can restore the latter by imposing suitable
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extra integrability conditions, as stated in Theorem 2.3.3. Before proving it, we need some
preliminaries. Given a nonnegative f € C®(R?), let h := I, * f > 0, so that

(—A)(h) =/ inR"
It is straightforward to check that h € C*°(R?) and
h(z) + |Vh(z)| < K(1+ |z])~*** vz e R?

for some K > 0 (use e.g. Lemma 2.3.12). Now take a cut-off function £ € C2°(R?) such that
0<¢<1inRY E=1in By and £ =0 in Bf. For any R > 0, let

¢r(z) = &(z/R) Vo eR’. (2.3.62)
We have:
(=A)*(hér)(2) = h(z)(=A)*(€r)(2) + (=A)*(R)(x)ér(2) + B(h,&r)(x) Vo € RY,

where

dy VzeR?

B(61, ¢2)(x) := 2 Cys / (01(2) = 61())(a2(2) — ¢a(y))

Rd |z — |+

and Cy s is the positive constant appearing in (2.1.2) (see Subsection 2.A.3 for analogous
computations). Lemma 3.1 of [161] in our context reads as follows.

Lemma 2.3.22. Let f € C2(RY), with f >0, h:= Iy, * f and £g be as in (2.3.62). Then,
foranyT >0 and v € L%H‘xl),dﬂ,s (R x (0,T)), there holds

lim /OT /R lo(x, £) h(z) (—A)S(gR)(mdde/OT /R (o(z, £) B(h, £)(2)] dadt = 0.

R—o00

We are now in position to prove Theorem 2.3.3.

Proof of Theorem 2.3.5. Let u be the weak solution to problem (2.1.1) provided by Propo-
sition 2.3.2. Its minimality in the class of solutions described by Definition 2.3.21, namely
local strong solutions, is a consequence of the construction outlined in Paragraph 2.3.4.2 and
the comparison principle given in Proposition 2.3.20: the approximate solutions whose limit
is u, let them be ug or u,, are smaller than any local strong solution. As concerns estimate
(2.3.2), we only mention that it can be established by means of the same arguments as in the
proof of [159, Theorem 5.5], combined with the smoothing effect (2.3.57) (see also [159, Re-
mark 6.11]). We point out that the approximate solutions ug used there are those obtained
by solving (2.3.58) in cylinders Cg rather than in half-balls Q. Nevertheless, by compari-
son, the solution to the Dirichlet problem in 2y is below the one in Cg, and this is clearly
enough to get the upper bound (2.3.2). If uy € L>®°(R?%) no smoothing effect is needed, so
that the validity of (2.3.2) down to to = 0 is ensured by the fact that u € L>®°(R? x RT) (see
again [159, Theorem 5.5]).

In order to prove our uniqueness results, let us first assume that uy € L})(Rd) N L (RY).
In this case, we have just shown that

/OT u"(z,7)dr < K(Izs * p)(x)

for all T" > 0. In view of Lemma 2.3.12, it is straightforward to check that Is x p €
L%Hm),dﬁs (RY) provided d > 4s and v > 4s, whence u™ € L%H'x‘),dﬁs (Rix(0,7)) forall T >
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0 and such values of the parameters. Moreover, since u € LL(R?x (0,T))NL>(R*x (0, 7)) and
sou™ € Ly(R? x (0,7)), if v € (2s,d — 2s] we have again that u™ € L, |,y -as2. (R x (0, 7).
Now take another local strong solution u to (2.1.1) corresponding to the same ug € L},(Rd)ﬂ

L>°(R%), which for the moment we assume to be bounded as well in the whole of R? x R*.
Because both u and u belong to

C([0,00); Ly (R?)) NL*(R? x RT)
by exploiting (2.3.61) it is direct to see that for any ¢ € C°(R? x [0, 00)) there holds

= [ [ ut et paydedt + [T [ (e, )(=8) ()@, ) dadt
= —/OOO /Rd U(x,t)sot(m)p(w)dxdtJr/ooo /Rdgm(m,t)(—A)s(go)(x,t) dedt  (2.3.63)

— [ wol@)o(w,0) pla)da
Let n € C*(]0,+00)) be such that
n0)=1, n=0 in[l,+00), 0<n<1 in(0,1), n <0 in[0,+0c0).
For any T" > 0, set
nr(t) == n(t/T) vt=>0.
Take the test function
o(,1) = h@)er(@nr(t) ¥(,1) € RY x [0, +00).

where h and &g are defined above, and plug it in the weak formulation (2.3.63) solved by
u — u. We get:

/OT /}Rd f(l‘)gR(l‘)nT(t) [um(x7 t) — Qm(l‘7 t)] dxdt
- /oT /Rd h(@)€r()np(t) [ulz, ) — u(z, )] p(x)dedt (2.3.64)

- /OT /R [h(z)(=A)*(€R) () + B(h, £8)(@)] nr(t) [u™(z,t) — u™(z,t)] dadt .
Since u < u and 7% < 0, from (2.3.64) we find that

0< [" [ F@nt@im®) " (w,0)  um (e, 0)] ded

= /oT /Rd [P (2)(=A)*(€r) (x) + B(h, &r) ()| [w™ (z, 1) + u™ (2, 1)] dwdt .

Letting R — oo in (2.3.65) and applying Lemma 2.3.22 with v = u™ + 4™, we then infer that
u = u in the region supp f x (0,7"). Thanks to the arbitrariness of f and T, this means that
u = u in the whole of R? x R*.

We finally need to get rid of the assumption uy € L*®(R%). First notice that, for any
to > 0, u and u, restricted to R? x (tg,00), are bounded local strong solutions with initial
data u(to) € L)(R?)NL>(R?) and u(ty) € L) (R?) NL>*(R?), respectively. Moreover, u™, u™ €
L%l ) —d+2s (RY x (to,T)) for all T > t,. Hence, in view of the uniqueness result we proved
above, they both coincide with the corresponding minimal local strong solutions having the
same initial data. But minimal solutions are, in fact, the ones constructed in Paragraphs
2.3.4.1 and 2.3.4.2, for which, in particular, the L,lj comparison principle (2.3.53) holds true.
As a consequence, ||u(t) — u(t)|l1, < ||u(to) — u(to)|l1, for all ¢ > t, > 0. The conclusion
follows by letting to — 0 and recalling that u,u € C([0, c0); L1 (R?)). O

(2.3.65)
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2.A. Self-adjointness of a weighted fractional Laplacian operator

Consider the next definition of very weak solution to problem (2.1.1).

Definition 2.3.23. A nonnegative function u € L°(R% x RT) is a very weak solution to

problem (2.1.1) corresponding to the nonnegative initial datum vy € L®(R?) if, for any
o € C*(R? x [0,00)), there holds

[T [ ute e ) pla)nat + [ [ (e )(-A) () (w0 ded
:/]Rd uo(x)p(z,0) p(x)de.

It is plain that any bounded weak solution to (2.1.1) (according to Definition 2.3.1) is also
a very weak solution in the sense of Definition 2.3.23.

Remark 2.3.24. As a byproduct of the method of proof of the uniqueness result in Theorem
2.3.3, it turns out that if u; and wug are ordered very weak solutions to problem to (2.1.1)
(i.e. uy < up or ug < uy in R4 x RY) such that ul*, ul* € L%H@was(Rd x (0,7)) for all
T > 0, then u; = us.

2.A Self-adjointness of a weighted fractional Laplacian operator

This appendix is devoted to the analysis of the operator formally defined as p~'(—A)® in
R? (s € (0,1), d > 1), where p(z) is a weight which behaves approximately as a power of |z,
both as z — 0 and as |z| — oo.

2.A.1 Elementary scaling properties of fractional Laplacians

We omit the proofs of the first two lemmas, since they follow by exploiting the same
strategy as [35, Lemma 2.1].

Lemma 2.A.1. The fractional Laplacian (—A)*(¢)(z) of any ¢ € D(R?) is a regular function
which decays (together with its derivatives) at least like |x|~97% as |x| — oo.

Lemma 2.A.2. For any ¢ € D(RY), the function

ls((b)(l’> ::/ (¢(x) B gb(y))Z dy Vo € ]Rd

Re |z — gy

|7d72s

is reqular and decays (together with its derivatives) at least like |z as |x| — oo.

Lemma 2.A.3. For any R > 0, let £g be the cut-off function
Er(n) :=€&(z/R) Yo € RY,

where & is a positive, reqular function such that ||¢]lc = 1, € = 1 in By and £ = 0 in BS.
Then, (—A)*(&r) and I,(Er) enjoy the following scaling property:

(=AY (€r)(z) = R72 (=AY () (x/R), 1,(Er)(x) = R 1,(¢6)(xz/R) VxR, (2.A.1)

Proof. We only prove the result for I5(£r), since the proof for (—A)*({g) is analogous. Letting
y = y/R, one has:

@) =) e [ E@/R) =S s o
L) = [ S ey = R [ S e 4= R L)/ R).
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Chapter 2. Fractional porous medium equations with power-type densities

Lemma 2.A.4. Let £ and g be as in Lemma 2.A.3. Let q € [1,00) and v € [0,d + 2¢'s).
Then the norms

2" (=2 Ellg—y > 21l -y (2.A.2)
are finite. If in addition v € [0,d 4 2s|, then also the norms
2" (=A)" Ol ")l (2.A.3)

are finite. Moreover,

e -2y @,

lle" (=AY €, _, = o (2.A.4)

Y—A)
e (-2) (€, = D (245

" oL o)l
T|'ls _
et (€0, = o = 2.A6)
1,

ot €)oo = Il 2.A7)

Proof. The finiteness of (2.A.2) and (2.A.3) is ensured by the decay properties of (—A)*(£)(z)
and [5(&)(x) recalled in Lemmas 2.A.1 and 2.A.2. Similarly, identities (2.A.4)—(2.A.7) follow
from the scaling property (2.A.1). O

2.A.2 Density of mollifications in weighted Lebesgue spaces

Hereafter, we shall assume that p is a positive, measurable function such that
clz|* < p(z) < Olz* ae. in By and clz[* < p(x) < Clz|* ae. in BS (2.A.8)
for some positive constants ¢ < C' and exponents A\, A € R.

Theorem 2.A.5. Letp € (1,00). Assume that (2.A.8) holds true for some X € (—d, (p — 1)d)
and v € R. Let f € LE(R?) and consider the standard mollification

fola) = [ =y f)dy Vo e R, (2.A.9)

where

n.(z) == e 4n(x/e) VxeR? Ve>0,
n being a regular nonnegative function, supported in By and such that [gan(x)dz = 1. Then,
fe € C*(RY) NLE(RY) and

Proof. For simplicity, we shall give the full proof only in the simpler case p(z) = |z|*. Minor
modifications are required to deal with a more general weight as in the statement. In order
to give sense to (2.A.9) and to prove that f. € C®(R?), we first need to establish that
f € LL.(R9). To this end, by means of Holder’s inequality, for any R > 0 we get:

d(p—1)—X

[ swla< ([ ) ([ rmruia)’ < Sd(;p”lf); 171,

p—1

(2.A.11)
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2.A. Self-adjointness of a weighted fractional Laplacian operator

where S;_; is the unitary (d — 1)-dimensional sphere. The validity of (2.A.10) is in fact
implied by the validity of

1 fellyn < BNl VS € LE(RY) (2.A.12)

for a suitable positive constant K independent of . Indeed, once we have (2.A.12), we can
proceed as follows. First of all, we pick a sequence of functions {f,} which are compactly
supported in R?\ {0} and such that

lim [|f, — fIl, =0 (2.A.13)

n—oo

This is always possible: for any given n € N, one considers the truncated functions

fo(z) == {f(x) if - <lz|]<n,

0 elsewhere .

It is plain that each f,, is by definition compactly supported in R%\ {0} and belongs to L*(R?),
and that the sequence {f,} converges to f in LY(R?) as n — oo. By standard results (see
e.g. [1, Chapters 2, 3] or [91, Appendix C.4]) we know that, for any n € N, the mollification
(fn)e converges to f, in LP(R?). Since (f,). is eventually supported in By, N B¢ /on, and the

weight |z|* is equivalent to 1 in such region, we deduce that
ll_{% H(fn)g - anp,)\ =0. (2.A.14)

Using the triangular inequality, the linearity of the mollification operator and (2.A.12), we
get:
1fe = fllpp < (K + 1) |1 fo = flln + 110)e = fall, 0 - (2.A.15)

Thanks to (2.A.13), for any given > 0 we can pick ns so large that || fo, — fI|,, < ¢. Letting
e — 0 in (2.A.15) evaluated at n = ns and using (2.A.14), we obtain:

limsup [|fe = fl,y < (K +1)0.

The arbitrariness of 0 entails (2.A.10). We are then left with proving the validity of (2.A.12).
To this aim, let us first observe that

175 = [ 1@ ePde = [ (@) loPde + [

We shall estimate the two integrals in the r.h.s. of (2.A.16) separately. As for the first one,
we have:

fo(@)F |z|Mx. (2.A.16)

d\ 2e

R dA -+
/st |fo(2)| 2| e < |Sy_1] A ||fs||poo(B2E) , (2.A.17)

where, in view of (2.A.9) and (2.A.11) (the latter evaluated at R = 3¢),

d(p—
7] oo 377 ISd 1|7 ||77||oo
Felhimia < o [, IF)dy < PR g 2
e (d—ﬁ)

Combining (2.A.17) and (2.A.18) we obtain
2d+)\ Sdp 1)— |Sd 1|P
(d+ ) (d - p%l)
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Chapter 2. Fractional porous medium equations with power-type densities

Now we need to estimate the second integral in the r.h.s. of (2.A.16). We have:
plA TN
Lo 1E@Plalda= [ | [ = y)fw)dy] o
R\ By, R4\ By, | /R
< (o — ?dy) [z]d
_/Rd\BQE </Rdn(rc y) [ f )P dy ) |z|de (2.A.20)
= g ez — Mz | d
[ 17w (/R g, T = ) o)

where we exploited Holder’s inequality, at fixed x, w.r.t. the probability measure n.(z —y)dy.
Thanks to (2.A.20), we are only left with showing that there exists a positive constant K’,
independent of ¢, such that

Ly, mele =)l < Ky vy R, (2.4.21)

First of all observe that

S\ By, Xfla—yl<ey [2[*d2

i (2.A.22)

Loy, e =) e < il
2¢e

It is apparent that for |y| < e the integral in the r.h.s. of (2.A.22) is identically zero, while
for |y| > 2e, we have:

max {(Iyl + 5)/\7 (ly| — 5)/\}

[Sa-1] SRR S
< 7 max 2—/\|y| , 2—)\|y] (2.A.23)
_ [S¢]
d2*
Hence, it remains to estimate the r.h.s. of (2.A.22) as y varies in the set {e < |y| < 2¢}. To
this end, notice that in such region the following inequality holds true:
A
Jerpy Xtiz—ie (7147 oy 0moc 171747 (8040] (Jyl + ) — 24t
gd gd d+ A gd
We can finally show that there exists a positive constant M, independent of ¢, such that

<|y| + €)d+>\ _ 2d+>\€d+>\

ced

fRd\st X{|z—y|<e} |:1c|’\dx < st(y) |$|Adx < 1Sa—1]
gd - gd - d

max {3)‘, 1} ly*.

(2.A.24)

< My]* Vy € By B (2.A.25)
In fact, performing the change of variable z = |y|/e, we infer that the validity of (2.A.25) is
equivalent to the validity of

(Z 4 1>d+>\ _ 2d+>\
Z)‘

<M Vzell,2].
Therefore, upon setting
1 d+X __ 2d+)\
M = max (z+1)
z€[1,2] 20
and gathering (2.A.22)—(2.A.25), we deduce that (2.A.21) actually holds true for

max {BA, 1} M
K' = |S4.4| ||7)Hoomax{ o T
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2.A. Self-adjointness of a weighted fractional Laplacian operator

whence, recalling (2.A.19) and (2.A.20), there follows (2.A.12) with the choice

_ (20800, s max {31} M |°
¢= p—1 + ’Sd*1| HnHOOmaX A2 "d+ A .
(d+ ) (d—2)

=

If p is a general weight as in the statement, one can split f in the sum f = f; + fo, with
fi = fxp, and fy ;= fxpe. By linearity, f. = (f1)c + (f2)<; it is therefore enough to show
that (2.A.10) holds true for f; and f; separately. As concerns fj, since the latter and its
mollifications are (eventually) supported e.g. in Bj/,, one can modify p(z) so that it behaves
like |z|* also in B /2 and then apply the first part of the theorem. Similarly, because f» and
its mollifications are eventually supported in BY,, the validity of the analogue of (2.A.12)
(and so of (2.A.10)) is now implied by the Vahdlty of (2.A.21) in the region {|y| > 1/2}
which holds for all A = A € R in view of (2.A.23).

Remark 2.A.6. Notice that the above assumption A € (—d, (p — 1)d) is necessary. In fact,
consider first the following function:

XBi /2

7 Rrog el

It is apparent that g & LL _(R?). Moreover, its mollification g. is equal to —oo in a set of
positive measure, for all ¢ > 0. However, g belongs to L4 (R?) for all A > (p — 1)d.
As concerns the bound from below over A, consider the function

h(z) = xp 2|7 € LE(RY).

For all € > 0 small enough, the mollification h. is strictly positive in a neighbourhood of 0.
In particular, if A < —d then h. ¢ I(R?), so that (2.A.10) (for f = h) cannot hold.

2.A.3 Self-adjointness and integration by parts formulas

For a function f belonging to Lj,.(R?) LY, _,,(Bf), a property that any element of L2 (R?)
enjoys if p satisfies (2.A.8) with

A<(p—1)d and A > —d—2ps,

the action
o — [ J@)(-AY(@)2)de Vo e DRY (2.A.26)

Rd
is actually an element of D'(RY). This is an immediate consequence of the fact that the
notion of convergence of a sequence {¢,} C D(R?) to ¢ in D(R?) implies, in particular, the
pointwise convergence of {(—A)*(¢,)} to (=A)*(¢) and the validity of the bound

(A () ()| < CA+|2z))" "> VoeR? (2.A.27)

for a suitable positive constant C' independent of n (recall Lemma 2.A.1). The integrability
properties of f and (2.A.27) then permit us to pass to the limit in (2.A.26) (with ¢ = ¢,,) as
n — oo.

In the next lemma we show that, for regular functions having suitable integrability prop-
erties at infinity, the distributional fractional Laplacian and the classical one coincide.
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Chapter 2. Fractional porous medium equations with power-type densities

Lemma 2.A.7. Let v € C*°(RY) NLR(BY), with p € (1,00) and A > —d — ps. Then the
classical fractional Laplacian of v, defined as

(=A)*(v)(x) == Cys pv / |x WS )ay vz eR, (2.A.28)

is a continuous function which coincides with its distributional fractional Laplacian, in the
sense that

L @A) @@ de = [ (~A)@)(@)é(@)de Vo € DER). (2.4.2)

R4

Proof. To begin with, we prove that formula (2.A.28) provides us with a locally bounded
function of x. To this end, fix R > 0 and let x vary in Bg. It is direct to see that the integral

p.v/B Mdy Vx € Bp

R ’JI— ’d+2

is bounded in modulus by a constant (depending on R) times ||V?v||i(p,,). Moreover, still
for x varying in Bg, we have:

v v s —d—2s s —d—2s
[ iy < ol [y 2 [ o)l
2R

o - :
<2 ollyegy [, o dy
2R

‘l’ 2d+25 /
BC

2R

L
7

1
P 7p(d+25)+A P
|v<y>|p|y|Ady) (/Bc 7 dy) .

2R

Note that the r.h.s. does not depend on z € By and is finite since v € C*°(R?) N L} (BY)
with A > —d — ps > —d — 2ps. We have therefore proved that (—A)*(v) is locally bounded.
Continuity follows by similar arguments, which we omit.

Now we aim at proving that (—A)*(v) is in fact the distributional fractional Laplacian of
v, namely the validity of (2.A.29). Let us first consider the truncated function £gv € D(RY)
(&g is as in Lemma 2.A.3) and observe that, for the latter, the identity

o Er(z)v(x)(—=A) (@) (z)dx = /Rd(—A)s(va)(x)qﬁ(x) dz V¢ € D(RY) (2.A.30)

holds true (see e.g. [69, Section 3]). Using the product formula

(=A)* (Erv) (z) =Er(z)(—A )S(U)(CU) (— )*(€r)(z)v ()
120y / (v)) (Er(z) — fR(y))d (2.A.31)

|x | Y

and plugging it in (2.A.30), we get:
[ Ea()o(a) (~A)(6)(a) da

= [ 6@n(@)(=Ay 0)@)da + [ ola)u(@)(-A) (n)(@) da (2.4.32)
o(x) ~ v(y)) (€nlz) — &
r2c [, [ o OO O o) )

Letting R — oo, the Lh.s. and the first term in the r.h.s. of (2.A.32) make no problem since v
is locally regular and integrable at infinity with respect to the weight |#|~972% (recall again the
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2.A. Self-adjointness of a weighted fractional Laplacian operator

hypothesis on A), while (—A)*(v) is locally bounded. As concerns the second term, taking
advantage of (2.A.5) (with v = 0) we obtain:

[ lotenn-ayen@lar < IES0 [ saaar. am)

It is then apparent that (2.A.33) vanishes as R — co. In order to handle the last term in the
r.h.s. of (2.A.32), we have to work a bit more. First of all let us introduce, for any ¢ € (1, c0),
the following operator:

lhs(0)(@) = | [¢(z) — oI’

dy VzeR?
Rt |x — y|dtes y v

(note that lys = [l5). As in Lemmas 2.A.2-2.A.4, it is easy to show that [, (¢)(z) is a
continuous function which decays at least like |#|~97% as |x| — oo and satisfies the scaling
identities

los (€r) () = B™® 1y () (x/R), Nllgs (€r) oo = B [11g,5(&) | - (2.A.34)

Proceeding in similar way as above, we can prove that also [, s(v)(x) is a locally bounded
(actually continuous) function. In fact, for all R > 0 and = € Bp, the integral

PR

|z =yl

is bounded in modulus by a constant (depending on R) times ||Vv|[f(g,,). Moreover,

v(z) —v(y)| d—1 1 —d— d—1 1 lv(y)|”
e dy < 20U P / ly[ =477 dy + 247D dy,
/BSR |z — y|dtrs (Br) B, Be,, |y|dtes
and the r.h.s. is finite independently of © € By (here we exploit the assumption A > —d—ps).
y
Now observe that, by writing

(v(z) —v(Y)) (Er(z) — Er(Y) _ (v(x) —v(y)) Er(z) — Er(y)) R
|$—y|d+23 ‘x_y‘dw;ps ‘x_y‘d.;e/s ) : p— 1’

applying Holder’s inequality w.r.t. dy and using (2.A.34), we get:

[ ] [otap ) =00 onle) et

‘.Z‘ _y‘d+25

dody < [ 16(@)] lpo(0)(@)]? [l o(€r) (@)} da

BNy ©X [ 1660 o) @)

Letting R — oo, we then deduce that also the last term in the r.h.s. of (2.A.32) vanishes, so
that (2.A.29) is finally proved. O

In the following, we shall mainly focus on weights p complying with (2.A.8) for nonpositive
A and A, though some of the results below can be extended to suitable positive exponents.
Hence, for greater readability, we shall reformulate (2.A.8) as follows:

cle]7° < p(x) < Clz|™° ae. in By and clz|™7 < p(x) < Clz|™7 ae. in Bf (2.A.35)
for some positive constants ¢ < C' and nonnegative exponents vy, .
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Chapter 2. Fractional porous medium equations with power-type densities

Definition 2.A.8. Let p € (1,00) and p' := p/(p — 1) be its conjugate exponent. Suppose
that p satisfies (2.A.35) for some vy € [0,d) and vy € [0,d+ps]. We denote as X, 5, the space

of all functions v € LE(R?) such that (—A)*(v) (as a distribution) belongs to LIZ: (RY), where
o = p~ W=D In the special case p = 2, we use the simplified notation Xosp =1 X .
According to the above definition, a function v € Lg(Rd) belongs to X, , if and only if
there exists an element
" od
Ve LF(RY)
such that
AﬁmmpAfwx@dsz;vww@mm Vo € D(RY) . (2.A.36)

Notice that the assumptions vy € [0,d) and v € [0,d + ps| ensure that both the left and
the right-hand side of (2.A.36) are actually distributions (v € LL (R N L, , (Bf) and
V € L .(R?).

loc

Lemma 2.A.9. Letp, p, p' and X, , be as in Definition 2.A.8. Then the following properties
hold true:

(a) DR?) C Xps,p;
(b) X5, endowed with the norm

Iolly,..., = (I, + 1(=2)*()]3.,)
is a Banach space (Hilbert if p =2);
(¢) the subspace C®(RY) N X, , is dense in Xps ,;
(d) the map B : X, 5, X Xps,— R, defined as
B(v,w) ::/

R4

N

Yo e X

p’s?p ?

(=AY (v)(z)w(z)dr Yv,w e X,;,,

is a continuous bilinear form on X, ,.

Proof. In order to prove (a) it is enough to check that, for any ¢ € D(R?), we have ¢ € L5(R?)
and (—A)*(¢) € LI;: (R%). But this is straightforward: p is locally integrable since v, € [0, d)
and (—A)*(¢)(z) is a regular function decaying at least like |x|~972% as |z| — oo, which in
particular implies that it belongs to Lz: (RY) (recall that v € [0,d + ps]).

As for (b), take a Cauchy sequence {v,} C X,,,. By the definition of | - ||x,., and by

the completeness of L#(R?) and L’;: (RY), there exist v € LA(R?) and V € Lﬁ: (R4) such that

1
] 2 s 2 2
T (lfon = o2, + I(=A)" () = VI,,)* =0,

In order to infer that X, 5, is complete we need to show that V = (—A)*(v), which is true if
we can pass to the limit in the identity

Aﬁ%@M—Afwx@dx:/‘

R4

(=A)*(va)(x)p(x) dz Vo € D(RY).
This is indeed the case because (—A)*(¢) € Lf;i (R?) is equivalent to p~*(—A)%(¢) € Lg (RY),

and the same holds for (—A)*(v,). The fact that X,,, = X, , is Hilbert just follows upon
defining the scalar product

(v, W)y, , = (W w)gs + {(=A)(V), (=A) (W), Vo, € Xsp.
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2.A. Self-adjointness of a weighted fractional Laplacian operator

Now let us prove (c). We shall exploit the crucial result provided by Theorem 2.A.5. Thanks
to the latter, given any v € X,;,, its mollification v. belongs to C*°(R?) N Lﬁ(Rd) and
converges to v in Lg(Rd). We claim that the fractional Laplacian of v., which is well defined
both in the classical and in the distributional sense in view of Lemma 2.A.7, is in fact the
mollification of (—A)*(v), that is

(=4)°(ve) = [(=4)* ()], - (2.A.37)

This is straightforward to prove, since for any ¢ € D(R?) the following identities hold true:

/Rd<—A)S(¢)(x)v5<x)dx_/< A) (@) (x )(/ ne(z — y)u(y )dy) dz

- [ -srione o)
= (Rd¢z+y dy)dz
P

= [ @) [(=A) (). (@) do

The changes of order of integration above are justified since the integrals

L LA @)@ -y dedy and [ [ (ot - y)(~A) (o)) dudy

are finite, a consequence of the fact that |v|.,¢ € LE(R?) and (—A)*(¢),[(—A)*(v)|. €
Lgﬁ (R%). Having established (2.A.37) and recalling again Theorem 2.A.5, we therefore deduce
that v. € C*(R%) N X, 5, and

1
tim o — vlly, ., = im (o o2, + I[(-A) @) — (-2 WI3,)F =0,
which proves (c).

Finally, the only nontrivial point in (d) is the continuity of B, which follows by a direct
application of Holder’s inequality:

[Bv,w)| < [ [(=4)"(v)(z)w(z)| dz

< ([ Iar@@l o)’
= 1=AY @)l e,

<llv

=

(L o o)

Ix, .., Il
XP,S,p Xpasap

for all v,w € X, ,,. O

Lemma 2.A.10. Let p € [2,00). Suppose that p satisfies (2.A.35) for some vy € [0,d) and
v € [0,d+2s] if p=2, v € [0,d+ps) if p>2. Letls, & and {g be as in Lemmas 2.A.2,
2.A.3 and vi,v9 € C*°(RY) N X, ,. Then the integral

IR (Uz) = R 512%(;[) (/Rd (Uzyf)__yrjll(gs)) dy) dr 1= 1,2
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1s finite for all R > 0. Moreover, the following estimates hold true:

L, o1 @pea@)n(@) (=AY (€) (@)l do < K forl, ual,, (B2 4+ R2055552)

(2.A.38)
Jo '“1(”“2(”'% et ) dsc) Ay < Kl el (B2 4 B2,
(2.A.39)

[ Jentepon(a 2z = 2a)) Cala) = &) 4,
o ooy . (2.A.40)

<K ol (Ta(e)]? (R + RS2

Lo e e = et ext) - ent) ’ Loy

o Y (2.A.41)

1
(d=7)(P=2) \ 2
<K3 ||v1||pp[lR(v2)]% (R—2S | st e )2 |

where K = K(d, s,p,%,7,¢,&) is a suitable positive constant.

Proof. In order to prove that Ig(v;) is finite for any R > 0 note that, since {g is supported
in Byg, it is enough to show that the function

muyzéfﬁﬁ%;@>d

is bounded as x varies in Bog. We have:

2
(vi(x) —vi(y)) du < [IVv,]12 _ 209 g
Y <IVUillLoe (B4 |z —y y

Byr Bur

‘LE _y‘d+2s

2 — —s
<IVvillLoc(B,m) /B6R|Z| d+2(1-5) 4,

and

/ (vi(x) — Uz‘(?/))Q dy S2d+23/ (vi(x) — Ui(y))2 d

=y e

<20 (ol [, W dns [ A0 )

for all x € Byg. As concerns the last term in the r.h.s. of (2.A.42), if p =2 and v € (0, d+ 2s]
its finiteness is trivial; if instead p > 2, by means of Holder’s inequality we obtain

(2.A.42)

2 p—2
vi (y) vi(y)|” g _p(d42s)=2y P
/ d+2s dy < / & wl dy / Y| 2 dy )
Bir |y| iR |y| BSp

so that the same holds true provided v € [0,d + ps). We have therefore shown that h; is
locally bounded, whence the finiteness of Ig(v;).
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2.A. Self-adjointness of a weighted fractional Laplacian operator

Now let us deal with estimates (2.A.38)—(2.A.41). Recalling that ||{]| = 1, using (2.A.4)
with ¢ = p/(p — 2), (2.A.5) with v = 0 and exploiting Hélder’s (with three factors), we find:

L lor(@)va(@)e(@) (=A)"(r) (@)] da
= [ Ioa(@)oa(a) 1 (=A) (€) (@) o7 (@) pla)dn
+ [ I @)ea(a) | (-2) () @) o7 () pla)de

p—2

270 P
o1l 22l =AYl (S, 1275 ) ™ el el ol (<A ()]s,
= + (d=7)(p=2) ’
(2.A.43)
where for p = 2 it is understood that p/(p — 2) = oo. Clearly (2.A.43) implies (2.A.38).
Similarly (use (2.A.6) and (2.A.7)),

Ll ( [, OG0, g,

|z

2 2
cr R2s cp RQS_’Y_

p—2

270
I (Jou o177 do Mol el el €) e,

(d—7)(p—2) )
P

C%R% C%RQSf'yf
whence (2.A.39). As for (2.A.40), we can proceed as follows:

[, [ entonm ot = Gl =Sl g, |
< (/Rd vi(x) ls(Er) (2) d:z:)é (/Rd 5 €2 (z) (Uzl(xx)_—yr;i(i))g d:l:dy) ’

= < /B vi(@) ls(§r)(x) p~ () p()dz + /B v} (@) Ls(&R) () p_l(x)p(x)dx> [Tr(v2)]

NG

1
p=2 3
279 P
@l (S o d2) ™ WePh@ly s |
< — 2,
||Ul||p,p C%st + c%RZS*V* @ -2 r(v2)]
The proof of (2.A.41) is identical. O

Lemma 2.A.11. Suppose that p satisfies (2.A.35) for some vy € [0,d) and v € [0,2s). Let
p € [2,00) ifd < 2s and p € [2,2(d —)/(d — 2s)) if d > 25. Then X, , is continuously
embedded in H*(R?) and the following inequality holds true:

C’als
(0, 0) 70 /R/R |x—y|d+25 dxdy</ (—AP(v)(x)dz Vo€ X,

(2.A.44)

where Cy s is the same constant appearing in (2.A.28).

Proof. We shall first prove (2.A.44) for a sequence {v,} C C*(R%)N X, s, converging to v in

Xp.s,p (recall Lemma 2.A.9-(c)), and then we shall pass to the limit as n — oo. To this end,
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Chapter 2. Fractional porous medium equations with power-type densities

take a family of cut-off functions {£g} as in Lemma 2.A.3. Since £xv, belongs to C°(R?) for
all R > 0 and n € N, the identity

(€rvns Ervad g = [ Erl@)vn(@)(=A)" (Erva)(x) da (2.4.45)

holds true. Using the product formula (2.A.31) (with v = v,) and plugging it in the r.h.s. of
(2.A.45), we obtain:

~ Jpa Er(2)va(2)(—A)* (vy) (2) dz + /Rd Er(z)(—A)(€r) ()i (z) da (2.A.46)
+2C,, /Rd N Enlz)on(z) (vn(z) — UTx(y_));ﬁligf) —&r(Y)) dedy

As for the Lh.s. of (2.A.45), we have:

2 (ERUn, ERU) s =Cls /Rd /]Rd (ﬁR(x)vn‘(x) — fR(y)vn(y))z dzxdy

T — y‘d+28
~u. [, 0 ([, lale) ) ) a
[ it ([, LSO o, g
(2) = tn(®)) (€nls) — €nly)

|$ _y|d+2s

dxdy .

(2.A.47)
Exploiting inequality (2.A.40) from Lemma 2.A.10, with the choices v; = vy = v,, we can
estimate the third term in the r.h.s. of (2.A.46) in the following way:

v20u [ [ entoyunin'™

( n( — Un ) 5 )_€ (
2Cs /Rd /Rd Er(2)vn () %(@) U|$(y_)y(|di(2f r()) dxdy
<2 Cuy K [Junll, , [In()]® (R 4 R20H552 ) (2.4.48)

<6 Cly Tr(vn) + 07 Cay K [Jon2, (RQS + R_MWW)
for all 6 > 0. The same holds for the third term in the r.h.s. of (2.A.47) upon using (2.A.41):

2|, (2) = va)) (€r(@) — Ealy))

’x _ y’d+2s
-1 2 —2s _25+7+w
S(SC(LS IR(Un) +(5 CdﬁKHUNHp,p R +R P

Er(z)vn(y) (vn dxdy

(2.A.49)

for all § > 0. Thanks to inequalities (2.A.38) and (2.A.39) (still with the choices v; = vy =
v,), we can also estimate the second term in the r.h.s. of (2.A.46) and the second term in
the r.h.s. of (2.A.47):

o

r(@)(~ ) (ER)(@)2 (@) do < K o, (B2 + RS9 00 2Aas0)
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2.A. Self-adjointness of a weighted fractional Laplacian operator

2 (r(x) — Er())? S
Cd,s /]Rd Un(y) <Ad |l‘ — y|d+25 dz dy S Cd,sK ||’Un||p7 (R + R Y ) )

(2.A.51)
By combining (2.A.46), (2.A.48) and (2.A.50), we infer that
[ enl@)on()(-0) () (2) da — [ €h(a)en(a)(~AY (0) ()
e R 2.A.52)
1 2 —2s | p2sty+ @002 (2.A.
<3 C In(vn) + (67 Cus + 1) K [J0nl 2, (R +R ; )
for all 6 > 0. Similarly, gathering (2.A.47), (2.A.49) and (2.A.51), we get:
|2 <£Rvn7 £RUn>HS - Cd,s IR(UH)‘
(2.A.53)

<6 Cas Tn(on) + (574 1) Cas K ol (B2 4+ R+
for all & > 0. Hence, (2.A.45), (2.A.52) and (2.A.53) yield
Cas Ir(vn) SQ/Rd E2(2)vn(2) (= A)* (0n) () Az + |2 (Exvn, ErVn) gre — Cas Ir(02)]
2| [ enla)on(@)(~A) nen)(@) do = [ hlaun(@)(~A) (w)(x) do
<2 [ | E()0n(r) (~)"(00) () Ao+ 35 s Tnlu)

( v)(p )
(307 Cla + Clas +2) K [Joall?, (R T A )

that is
(1 —=30) Cays Ir(vn) <2 /Rd ER(2)va (1) (—A)* (v,) (2) dz+

(d—v)(p—2)
+ (3071 + Ca +2) K a2, (B2 4 R20 552
(2.A.54)
In view of the hypotheses on v and p, which in particular ensure that
d—7)p—2

p

for any (fixed) § € (0,1/3) we can pass to the limit in (2.A.54) as R — oo to get, by means
e.g. of Fatou’s Lemma and dominated convergence,

(1—30)Cy., / /]R d ”"lx_ |d’1;ﬁ))2 dady < 2 /R (@) (~AY (u) (@) dr. (2.A55)

Note that the r.h.s. of (2.A.55) is finite thanks to Lemma 2.A.9-(d). Letting § — 0 we end
up with

/Rd /Rd ol ’dZ;i))Q dedy < 2/Rd un(2)(=A)* (vn)(z) dz . (2.A.56)

The fact that v, actually belongs to H? (R%) is an immediate consequence of the boundedness
of the family {€gv, }r>1 in H*(R?). Indeed, it is direct to check that the above estimates and
(2.A.56) bound ({gvy, ERvy) gs uniformly w.r.t. R > 1. We can therefore rewrite the latter as

(Uns V) s < | () (=A)(vp) () dac. (2.A.57)

Rd
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Chapter 2. Fractional porous medium equations with power-type densities

Since the sequence {v,} converges to v in X, , and, by (2.A.57), it is bounded in H5(R%),
we deduce that v € H*(RY); hence, (2.A.44) just follows by letting n — oo in (2.A.57),
exploiting Fatou’s Lemma in the L.h.s. and the fact that the r.h.s. is a continuous bilinear
form on X, 5, (recall again Lemma 2.A.9-(d)). O

D)5,
We are now in position to prove our main “integration by parts” formula for functions
belonging to X, ,.

Theorem 2.A.12. Suppose that p satisfies (2.A.35) for some vy € [0,d) and v € [0,2s). Let
pE2,00)ifd<2s andp € [2 2(d—'y)/(d—23)) z'fd > 2s. Then,

(v, _ Cas /Rd /Rd ;T;(fzz dwdy / (w)(x)dx

- RJ AV (0)(@)w(z) do
(2.A.58)

forallv,w e X, ,.

Proof. We shall proceed as in Lemma 2.A.11, 7.e. we start from the validity of the formula
(ErRVn, ERWn) g / Er(x)v,(x)(—A)° (Erwy) () d (2.A.59)

where {v,},{w,} € C*(R%) N X,,, are sequences converging to v and w, respectively, in

X,.5,p- Following the same lines of proof of (2.A.46) and (2.A.47), we obtain the identities
[ Er(@un(e) (—A) (Erw,) (@) d
:/Rd Er()on()(=A)* (wn)(x) d$+/Rd Er()(=A)*(Er)(@)vn(z)wn(z) dz (2 A.60)
(wn () — wa(y)) (Er(x) — Er(Y))
+2Cqy, /Rd /Rd Er(T)vn () 7 = g|dres dady
and

2 (Enti, ) e =Cas [ E4(2) ( Rk vri;w_) ;TZZ(Q? — wn(y)) dy) Ny

e [ oyt [, CL ) 00 g
- Cd’s/ / Er(2)vn(y) (wn(x) — wn(y)) (Er(z) — Er(y)) dzdy

|z — y|dres
(0n (@) = vn(y)) (€r(2) = Er(Y))
—l—Cds/ / Er(x)wn(y 7 — gl dady .
(2.A.61)

Notice that the trivial inequality
Cd,s ]R(U) <2 <U, U>H5 Yv € Xp,s,p (2A62)

holds true, and in view of Lemma 2.A.11 we know that the r.h.s. is finite. Hence, arguing as
in the proof of (2.A.48)—(2.A.51) and exploiting (2.A.62), we get:

(wa(z) — wa(y)) (Er(x) — Ery)) | dady

2Cas Rd |z — |t

1 (2.A.63)
1 1 _9s (d=7)(p=2) \ 2
<2VRCH K ol ol e (R0 RS
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2.A. Self-adjointness of a weighted fractional Laplacian operator

(wn () — wn(y)) (Er(z) — Er(Y))
Ca,s Er(z)vn(y) 125 dxdy
/Rd /Rd [z =yl ) (2.A.64)
Sﬁcés K% ”Un”p,p HwnHHs <R28 + R—Qs—&-v—i-(d—vl)(p—m) 2 7
(vn(x) — vn(y)) (Er(2) — Er(y)) ‘
Ca,s Er(x)wn s dzdy
' /R /R o =yl (2.A.65)

1 1
S\/§C’Cis K§ ||wn||p7p

1
(d=7)(p—=2) \ 2
-2 —2s-py4 140222
Hs (R ° + R P > )

[ Jen(@) (=AY (€0 (@) on(@)un @) do < K ol , lenll,,, (R + R,

o [ It ( [, C S ) ay

<Coa K ol lnl, (R B2 52
Gathering (2.A.59)(2.A.61) and (2.A.63)—(2.A.67), we deduce that

o /Rd £(x) ( /Rd (va() — vn’;y)_) ;T;i(zx) — wn(y)) dy> s

=2 [ €h(a)on(a)(~A) () (@) da]

1
. S) (R—Qs + R—2S+’Y+<d’y¥p2)) 2

(d=7)(p—2)
+(Od,s+2)K||’Un||p7p||wn||py (R 25+R 25+7+’YP>.

1 1
<V2C3 K7 (5 vall,, llwnl

Hs + ||wn||p7p

Letting R — oo, we find the identity

(VUny W) e = /

R4

(@) (= A (w) () d (2.A.68)

Now we can let n — oo and pass to the limit in (2.A.68): in fact, thanks to Lemmas 2.A.9
and 2.A.11, both in the left and in the right-hand side we have continuous bilinear forms on
Xps,p- This entails

(0, w) o = /R (@) (~AY (W) (@) de Vo, w € Xy
The last equality in (2.A.58) just follows by swapping v and w. [

We finally focus on the case p = 2, showing that Theorem 2.A.12 implies the self-
adjointness of the operator p='(—A)* in L2(R?) (and related consequences).

Theorem 2.A.13. Suppose that p satisfies (2.A.35) for some vy € [0,d) and v € [0,2s). Let
us define the linear operator A : D(A) := X, , C L2(R?) = L2(RY) as follows:

A(f) = p(=A)(f) VfeD(4).

Then, A is a densely defined, nonnegative self-adjoint operator on Li(Rd), whose quadratic

form s
Cds
= /Rd /Rd ’d+28 da:dy,
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Chapter 2. Fractional porous medium equations with power-type densities

with domain D(Q) = L2(R?) N H*(RY). Moreover, Q is a Dirichlet form and A generates a
Markov semigroup Sa(t) on L2(R?). In particular, for all p € [1,00] there exists a contraction
semigroup Sp(t) on LE(R?), consistent with Sy(t) on L2(R?) N LA(R?), which is furthermore
analytic with a suitable angle 6, > 0 for all p € (1, 00).

Proof. It is direct to check that A actually acts from D(A) to L2(R?), since A(f) € LZ(R?)
is equivalent to (—A)*(f) € L2.(R?), which is true by definition of X,,. The fact that
A is densely defined follows from the inclusion D(RY) C X,, (Lemma 2.A.9-(a)). The
nonnegativity of A is a trivial consequence of Theorem 2.A.12 (take v = w = f in (2.A.58)).

In order to prove that A is a symmetric operator, we can again take advantage of (2.A.58):

for all f,g € D(A) there holds

[ #@) A ploe = |

Rd

J@)(=A) () de = [ (~A7(f)(@)g(e)da

R4

R4

so that D(A) C D(A*) and A = A* on D(A). Hence, proving that A is self-adjoint amounts
to establish the inclusion D(A*) C D(A). By definition of D(A*), we know that h € D(A*)
if and only if h € L2(R?) and there exists a positive constant M), such that

[ 1) Alg) () pla)de < My lgl,,, Yo € D(A). (2.A.69)

As recalled above, D(RY) C D(A), so that in particular (2.A.69) holds true for all g =
¢ € D(R?). Since D(R?) is dense in L2(R?), thanks to (2.A.69) and to Riesz representation

Theorem we infer the existence of a unique element £ € L2(R?) such that

| W@ A@)@) pla)dz = [ h(a)(=A)(6)(@)dx = [ E@)o(a) pla)dr Vo € DERY).
(2.A.70)
But the last equality in (2.A.70) does mean that p&€ = (—A)*(h) and therefore h € X, , =
D(A) (note that |[(=A)*(h)|l2p-1 = [|E]l2,, < 00). We have then established the inclusion
D(A*) € D(A) and so the self-adjointness of A.
Let us finally deal with the quadratic form () associated to A. Thanks to Theorem 2.A.12,

we have that C
d,s
/Rd /Rd |:L’— |d+25 d dy (2.A.71)

forall v € D(A). As it is well known (see e.g. [59]), the domain D(Q) of @ is just the closure
of D(A) w.r.t. the norm

2 2 2 2
[vllg = llvllz,- + Qv,v) = llvlly 1 + vl

It is straightforward to see that such closure is nothing but L2(R%) N H*(R%) and that the
quadratic form on D(Q) = L2(R?) N H*(RY) is still represented by (2.A.71).
By classical results (we refer again to [59]), proving that A generates a Markov semigroup
is equivalent to proving that if v belongs to D(Q) then both v V 0 and v A 1 belong to D(Q)
and satisfy
QvVv0,vV0) <Qu,v), QuALvAL <Qv,v); (2.A.72)
but (2.A.72) is an immediate consequence of the characterization of () given above. The last

assertion of the statement follows from the general theory of symmetric Markov semigroups
(see in particular [59, Theorems 1.4.1, 1.4.2]). O
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2.A. Self-adjointness of a weighted fractional Laplacian operator

Remark 2.A.14. A posteriori, for p and p complying with the hypotheses of Theorem
2.A.12, the subspace D(RY) is dense in X, ,. In fact, in view of Lemma 2.A.9-(c), it is
enough to show that for any ¢ € C*(R%) N X, , the cut-off family {{gp} converges to ¢ in
Xp.s,p a8 R — 0o. The only nontrivial point is the convergence of {(—A)*({ry)} to (—A)%(p)

in Lii (RY). We have:

L8y €r)@) - <—A>s<w><x>|p’p'<x>dx

=¢ URd r(x) — 11" (=AY () @)l /() + / (A ER) @) |o(@)” p(x)da
oL L |§;)_)(§|§§23 LW

/ /Rd ‘€R<$> - 1|p/‘(_A)5(90)( )‘ ( )dx—l— H@Hp p—1 (R 25+R_23+’Y+M(1’2>>

p
(d— v)<p 2)\ 2(p—1)
—2s 25+v+
(R LR ) ]

where C" = C'(d, s, p,Y0,7, ¢, &) is a positive constant, possibly changing from line to line.
Letting R — oo we get the claimed result.
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CHAPTER

Optimal functions for Caffarelli-Kohn-Nirenberg
inequalities and weighted fast diffusion

3.1 Introduction

This chapter is devoted to a special class of Caffarelli-Kohn-Nirenberg interpolation in-
equalities that were first introduced in [41] and can be written as

lwllyy, < ClIVwlly lwll,y, Vwe DERY, (3.1.1)

where by C, > 0 we denote the best constant in the inequality. The spatial dimension d and
the parameters p, v, 9 are assumed to satisfy
-1 (d—7)(p—1)

V= 2p(2;—p—1) Cp(d+2—-2y—p(d—2)°

(3.1.3)

The norms are defined by

full o= Nl with ol o= ([ )l az)’

When v = 0 the corresponding inequalities become a particular subfamily of the well-known
Gagliardo-Nirenberg inequalities introduced in [100, 142]. In that case, optimal functions
have completely been characterized in [62]. These inequalities have attracted lots of interest
in the recent years: see for instance [86] and references therein, or [14].

There are several reasons to consider the problem of finding functions which attain the
best constant in (3.1.1) (in this regard, see also the forthcoming Subsection 3.1.1). First of
all, optimality among radial functions is achieved by

b, (z) == (1+ |x|2_”)_’%1 (3.1.4)
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Chapter 3. Optimal functions for CKN inequalities and weighted fast diffusion

up to a multiplication by a constant and a scaling. In fact, in the case of radial functions, it is
not very difficult to reduce the problem with v > 0 to the case v = 0; see Proposition 3.3.14
below and [25] for more details. However, without such a radial symmetry, it is remark-
able that the function b, clearly departs from standard optimal functions that are usually
characterized using the conformal invariance properties of the sphere and the stereographic
projection, like for instance in [14, Section 6.10]. Even with a radial weight of the form |z|™7,
there is no simple symmetry result that would allow us to identify the optimal functions in
terms of b,. In other words, upon defining the quotient

¥ 1-9
_ IVl flwll

Q[w] — p+1ly
||w||2p,"/
it is not known whether equality holds in
inf = (C5)' = >(C,)'= inf 1.
ool Q)= (C) M= Qb2 (€)= nf Ol (315)

where we denote as D*(R?) the subset of D(IR?) which is spanned by radial smooth functions,
i.e. functions which depend only on |z|. The main result we shall prove here is a first step in
this direction.

Theorem 3.1.1. Let d > 3. For any p € (1,d/(d — 2)) there exists a positive v* such that
equality holds in (3.1.5) for all v € (0,~%).

We remark that optimal functions for @ (which can be assumed to be nonnegative) satisfy,

up to a multiplication by a constant a and scaling, the semilinear elliptic equation
P _ q2p—1
—Aw+ ST —0 inRY (3.1.6)
|z

this will be discussed in detail in Subsection 3.2.1. However, the standard Gidas-Ni-Nirenberg
result in [102] does not allow us to decide whether a positive solution of (3.1.6) is forced to
be radially symmetric. To the best of our knowledge, even for a minimizer of Q, it is not
known yet if the result can be deduced from a symmetrization method either. We shall then
say that symmetry breaking occurs if C2 < C,. Whether this occurs for some v € (0,2) and
p in the appropriate range, or not, is an open question: our result ensures that symmetry
breaking is ruled out in a right-hand neighbourhood of {v = 0}.

The proof of Theorem 3.1.1 is based on a perturbation method (sketched in Subsection
3.1.2) which relies on the fact that, thanks to the results established in [62] by J. Dolbeault
and M. Del Pino, the optimal functions in the case v = 0 are radial up to translations. Our
strategy is adapted from [79], except that we have no Emden-Fowler type transformation
that would allow us to get rid of the weights. This has the unpleasant consequence that
a fully developed analysis of the convergence of the optimal functions for (3.1.1) is needed,
based on a concentration-compactness technique, as v | 0. We prove that the limit is in fact
the radial solution to the limit problem, namely the only one centred at the origin, although
such problem is translation invariant. Then we are able to prove that the optimal functions
are themselves radially symmetric for v > 0 sufficiently small. As a consequence, C; = C,
for any such 7, and the optimal functions are all given by (3.1.4) up to a multiplication by
a constant and a scaling.

Symmetry issues in Caffarelli-Kohn-Nirenberg inequalities are well known to be a difficult
problem. While symmetry breaking is usually proved by means of a spherical harmonics
expansion as in [47,63,94], symmetry results are harder. The best established method is
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based on a perturbation argument that has been used in [79, 80,126, 165], although in some
cases symmetry has also been proved by direct estimates, see for instance [78,81]. We refer
the reader to [47,75] for results on the existence of optimal functions in the Hardy-Sobolev
case p = (d—7y)/(d—2), to [74] for an overview of symmetry breaking issues and to [76,77] for
some additional numerical investigations. It is worth pointing out that inequality (3.1.1) has
three endpoints where symmetry is known: the case of the Gagliardo-Nirenberg inequalities
corresponding to v = 0, the case of the Hardy-Sobolev inequalities with p = (d —v)/(d — 2)
and ¥ = 1, and finally the case of Hardy’s inequality with (p,~y) = (1,2) (see e.g. [79]). Note
that, if ¥ = 1, moving plane methods as in [53] or symmetrization techniques as in [81,109]
can indeed be applied to establish that the optimal functions are given by (3.1.4), still up to
a multiplication by a constant and a scaling.

In [14, Section 6.10] the problem of finding the best constant for (3.1.1), in the case v = 0,
has been reduced to the question of the optimality of the Aubin-Talenti functions (i.e. (3.1.4)
with v = 0 and p = d/(d — 2), named after [11,167]) for the Sobolev inequality, in higher
dimension, within a class of functions having some special symmetry properties. However,
such a method does not seem to apply to the case v > 0, at least directly, for the simple
reason that |x|>~” cannot be decomposed into a sum of terms involving only some of the
coordinates of x. It could well be that a more clever change of variables solves the issue, but
this remains an open question so far.

3.1.1 Connections with power-weighted Euclidean fast diffusion equations

The symmetry result of Theorem 3.1.1 has very interesting consequences. In this regard,
let us consider the following power-weighted fast diffusion equation:

u + 2|7 div [uV (um_l)} =0 inR?xRT, (3.1.7)
with initial condition u(-,0) = uy > 0 and m € (my, 1), where
2d —~v—2
mp = ————— .
C2d )

From the point of view of the well-posedness of the Cauchy problem and of the long-time
behaviour of solutions, such an equation, in the porous medium case (namely for m > 1),
has thoroughly been studied in [163,164]. As for the fast diffusion regime we consider here,
analogous issues will be addressed in detail in [25]. In particular, it can be shown that the
mass M = [ga u(x,t)|z|7dx is preserved along the evolution. In order to better understand
the asymptotics of (3.1.7), let us introduce the time-dependent rescaling

u(z,t) = R (t)v (x/R(t), (2— )" log R(1)) , (3.1.8)
with R = R(t) defined to be the solution of
d
d}: = (2— ) RU"™E=TL T R0) =1. (3.1.9)
Integrating (3.1.9), we find that such solution is explicit and given by
R(t) = [1+ (2 = 7)(d — 7)(m — m,) f] @07 (3.1.10)
where
m__d—7—2
S
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We point out that, even though (3.1.7) is a fast diffusion equation, one can show that there is
no extinction in the range m € (mg, 1), in contrast with the situation in bounded Euclidean
domains (see the Introduction to Chapter 4).

After changing variables in agreement with (3.1.8), we infer that the rescaled function v
solves the Fokker-Planck-type equation

vy + |z]7 div {UV (vm_l - |x|2_7>} =0 inRYxRT, (3.1.11)

with initial datum ov(-,0) = ug. Accordingly, the convergence of u towards a self-similar
solution of Barenblatt type as t — oo (see [23,62] in the non-weighted case) is replaced by
the convergence of v towards a stationary solution of (3.1.11) given by

B(z) = (C+ |2) T, (3.1.12)
where C' = C(M) > 0 is uniquely determined by the condition
/ B(z)|z|Vde =M.
Rd

It is straightforward to check that the free energy

1
1—m

Flo(t)] = /R o) = B (@) = mB (@) (v, ) — B())| o] de

is nonnegative and satisfies

d
€ Flut)] = ~Zlu()],
where the Fisher information is defined by
2
. m m—1 . o i
Tlv(t)] := - Rdv(x,t) ‘V (v ) (z,t) — (2 —7) P dz.

An elementary computation shows that, as a consequence of Theorem 3.1.1,
(2 —7)? Flv] < Z[v] (3.1.13)

provided v € (0,7*). More precisely, the above inequality is exactly equivalent to the fact
that 8™1/2 is an optimal function for (3.1.1), as it can be verified by setting w = v™~1/2,
p = 1/(2m — 1) and performing a well-chosen scaling. This is consistent with the fact that
B"1/2 is equal to b, up to a scaling and a multiplication by a constant.

In view of the above discussion, we can then generalize to v € (0,~7*) the results obtained
in [62] for equation (3.1.11) in the case v = 0.

Corollary 3.1.2. Let d > 3, m € (1 —1/d,1) and v € (0,v%), where v* is defined as
in Theorem 3.1.1 with p = 1/(2m — 1). If v is the solution to (3.1.11) corresponding to
a nonnegative initial datum wuy such that M = [gpauo(z) |z|77dz and [gauf(z) |z|7de +
Jra uo(z) |z|>~27dx are finite, then

Flo@)] < Flugle "t vi>0. (3.1.14)

Estimate (3.1.14) is sharp in the sense that it is actually equivalent to (3.1.13) and hence-
forth to (3.1.1) as it can be checked by computing & Flv(t)] at ¢ = 0. Asymptotic decay rates
can be obtained for v > ~v* as well: we refer to [25] for results in this direction. The free
energy F|v] is in fact a measure of the distance between v and the Barenblatt-type solutions
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(3.1.12). We can then undo the change of variables (3.1.8) and write an intermediate asymp-
totics estimate based on a Csiszar-Kullback inequality which was established in [86, Theorem
4]. Taking advantage of a time shift ¢ as in [84], which amounts to an adjustment of the
scaling at lower order or, equivalently, to the introduction of a time rescaling which ensures
that the solution u and the Barenblatt-type solution with the same mass also have the same
second moment (i.e. [gpa u(z,t)|z|>"?'dx), we can deduce the following result.

Corollary 3.1.3. Let R = R(t) be given by (3.1.10). Under the same assumptions as in
Corollary 3.1.2, if u is a solution to (3.1.7) corresponding to a nonnegative initial datum ug
such that M = [pauo(z) |z|77dz and [ ui(z) |z|7de + [ga uo(z) |z|>~27dx are finite, then
there exists a positive constant § such that

Ju(-,t+6) - R=(1) B (-/R(t))HH <KR 2 (t) Vt>0

)

for some K > 0 depending only on M, [gauf'(z) |z|77dz and [gauo(z) |z[*27dz.

3.1.2 Outline of the proof of the main result

In the following, we give a hint of the strategy we develop throughout Sections 3.2 and
3.3 to prove Theorem 3.1.1. Before going on, let us introduce some basic notations.

Given p,q > 1, we define the Banach spaces Lg(Rd) and H,(R?) as the space of all
measurable functions w such that ||w||,, is finite and the space of all measurable functions
w, with Vw measurable, such that ||w|s, = ||w|pt1,, + ||[Vw]2 is finite, respectively. If
Q C RY the spaces LE(2) and H,(Q) are understood likewise. In addition, we denote as
H;(Rd) the subspace of H.,(R?) spanned by radial functions. A simple density argument
shows, in particular, that D(R?) is dense in H.(R?) (see Proposition 3.2.3 below), so that
inequality (3.1.1) holds for true any function in H.,(R?) and, as a consequence, H.(R?) is
continuously embedded in L?f’(Rd). For the sake of greater readability, in almost all the
integrals that will appear below we shall drop the explicit dependence of functions on the
variable of integration and use the notations LI and #, in place of LI(R?) and H,(R?),
respectively.

In order to avoid possible ambiguity with previous chapters, we remark that here by |||,
we denote the L? norm with respect to the negative power |z|~7 (in contrast with Chapter
2, Paragraph 2.1.1.1). As for terminology, below we shall refer to functions of the type of
(3.1.4), for simplicity, as Barenblatt-type functions, though they are not compactly supported
(see the Introduction to Chapter 1). Note that, in the case v = 0, such functions are also
referred to in the literature as Aubin-Talenti-type functions.

We are now ready to outline the main steps of our approach.

1. In Subsection 3.2.2 we establish compactness of the embedding of H,(R?) in L2P(R?),
which implies existence of an optimal function for (3.1.1); the latter satisfies (3.1.6) up
to a multiplication by a constant and a scaling. Afterwards, in Subsection 3.2.3, we
prove some integrability and regularity estimates for solutions to (3.1.6). We point out
that CY® regularity can be expected only for v € (0, 1), as it can easily be guessed by
considering the function b., (see Remark 3.2.11).

2. We work with the non-scale-invariant form of inequality (3.1.1) which can be written as

1 1 |w|Ptt w  \"
£ ;:f/ 2q do — 1! / dz)] >0, (3.1.15
el =35 e Vel et s e o @ 5 e o 2) 2 (3.1.15)
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where [i denotes another optimal constant and 6, € (0,1) is a suitable exponent that
depends regularly on 7. A simple scaling argument, which we describe in Subsection
3.2.1, shows that (3.1.15) and (3.1.1) are equivalent and relates I} to C, explicitly.

3. If we denote as w, any optimal function corresponding to some v > 0, so that &, [w] >
E,Jw,] = 0, then we readily deduce that

57[107] — Eo[wv] S Sv[wo] — go[w()] . (3116)

The concentration-compactness analysis we perform in Subsection 3.3.1 shows that, up
to subsequences, lim, 0w, (- + y,) = wp, where {y,} is a suitable sequence of trans-
lations. Dividing (3.1.16) by 7 and passing to the limit one can prove, after several
simplifications, that

wp+1 w2p g . g
lim sup ——2 4+ 2|z | log x| dz < lim - [wo o[wo) '
ylo  JrE\ p+1 - 2p 710 ol

The fact that the right-hand side of (3.1.17) is explicit, and in particular finite, entails

that {y,} is bounded, whence lim, o w, = wy. This is proved rigorously in Subsection
3.3.2.

4. Let wp be the unique minimizer of &), with a suitable mass [a w?,p |z|~7Ydx, which is
radial about the origin. In fact wy coincides with by up to a multiplication by a constant
and a scaling (see formula (3.2.4) below), in view of the results in [62]. As mentioned
above, any other minimizer wy having the same mass can be written as wy(- — y) for
some y € R?. Inspired by selection principles in I'-convergence as in [7], and exploiting
the fact that in the r.h.s. of (3.1.17) we are actually allowed to pick any such wg, we
infer that lim, o w, = wp(- —y) for some ¥ € R? which minimizes the function

wP (z w?P(z
o [ ()
Rd p+1 2p

(3.1.17)

>log]a:—i-y|dx.

The minimum turns out to be attained exactly at y = 0, so that {w,} converges to wy.
The detailed analysis is carried out in Subsection 3.3.3.

5. Finally, in Subsection 3.3.4, we prove Theorem 3.1.1 (more precisely, its equivalent
formulation given by Theorem 3.2.1 below) arguing by contradiction. The idea is to use
a method similar to the one of [79,80] and consider angular derivatives of w., which are
nontrivial if w, is supposed not to be radial. In fact, differentiating the Euler-Lagrange
equation (3.1.6), one finds that the angular derivatives of w, belong to the kernel of the
linear operator associated with a suitable functional. Passing to the limit as v | 0 and
taking advantage of the previous convergence analysis, we get a contradiction with the
fact that the linear operator associated with the limit functional enjoys a spectral gap
property and its kernel is known to coincide with the directional derivatives of bg.

3.2 Existence and elementary properties of optimal functions

In this section we establish some basic properties of the space H, (RY) introduced above,
which will permit us to establish existence of optimal functions for (3.1.1) (Subsection 3.2.2).
Integrability and regularity properties of such functions are then discussed in Subsection
3.2.3. In order to do so, proceeding along the lines of [62, Section 2], it is convenient to work
with a non-scale-invariant minimization problem related to (3.1.1) (which we introduce in
the next subsection), so that finding the corresponding minimizers is equivalent to finding
optimal functions for (3.1.1).
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3.2. Existence and elementary properties of optimal functions

3.2.1 Reformulating the problem in a non-scale-invariant form

To begin with, let us consider the following functional:

1 1 p+1
g, [w] : / IVuw|* dz + [ dz Vw € H,(RY).

" 2 Jpa p+1Jre |z|7

By means of standard scaling arguments, it turns out that looking for nontrivial optimal func-
tions for (3.1.1) is equivalent to solving, for any fixed mass M > 0, the following constrained
minimization problem:

Find w., € H,(R?) such that

l, |2, =M and G,fw,] = inf - Gfu. (P)

v
2
wEH~ (R?): ||w||2§’7:M

In fact, multiplying any solution to (P) by an arbitrary constant o € R and letting M and
a vary, we obtain the whole family of optimal functions for (3.1.1). Hence, as a necessary
preliminary result, one needs to show that problem (P) admits solutions (Proposition 3.2.6).
Actually, with respect to the non-weighted case, this can be proved in an easier way: as long
as 7 is strictly positive the embedding of #,(R?) in L2’ (R?) is compact (Proposition 3.2.5).

Before proving their existence, let us discuss some important properties of solutions to
problem (P). First of all, since G, [w,] = G,[|w,|] and |w,| € H.(R?), to our purposes we can
and shall assume that w., is nonnegative. By classical variational arguments w., must satisfy,
in distributional (and pointwise) sense, the semilinear Euler-Lagrange equation

y w
—A'LU’Y + W = U W mn R

for some positive parameter p = p(M), namely the Lagrange multiplier. By scaling argu-
ments, if w, is a minimizer of G, under the constraint vangﬁ = M, then the function o,
defined as (let 5 > 0)

277/7
Wy () = Br=1 w,(Br) (3.2.1)
is also a minimizer of G, under the constraint

I, = 85T M.

2p,y

In particular, we can always fiz the mass M in order to make p equal to 1: from here on, by
w.y, we shall implicitly mean any solution to (P) satisfying

wy o

We point out that the Barenblatt-type function that solves (3.2.2), which also minimizes
G, in 12 (R?) (see Proposition 3.3.14), is the following;

1

W (2) 1= (M) , (3.2.3)
where ; -2 @ )
(9 _ — v —ple— _ ey —pla—
ay = (2—7) (p—1) , by 1)
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Recalling (3.1.4), observe that the identity wg (z) = ab.(8z) holds true with the choices

1

L -
Q= (a'y/b'y>p_1 , B=by

On the other hand, the Barenblatt-type function that solves (3.2.2) for v = 0, which mini-
mizes Gy in Ho(R?) thanks to the results in [62], is

wb()::< ¢ ) _odopd=2) o, (dopd=2))" (3.2.4)

p-12 " " pp—1)?

In fact, in this case, all minimizers of Gy whose mass is such that they solve (3.2.2) are of
the form wy (- — yo) for some yo € R? (see in particular [62, Theorem 4]).
According to the above notations, we can then reformulate our main result as follows.

b+ 7|2 B

Theorem 3.2.1 (Equivalent to Theorem 3.1.1). Let d > 3. For any p € (1,d/(d — 2)) there
exists v = v*(p,d) € (0,d — (d — 2)p) such that w, = wy ., for all v € (0,~%).

Remark 3.2.2. We shall prove Theorem 3.2.1 in Subsection 3.3.4, after several intermediate
results which are established below. As already mentioned, throughout we shall tacitly work
with nonnegative optimal functions. This is not restrictive: in fact Theorem 3.2.1 also holds
true for signed solutions to (P), since it holds true for their modulus.

The scaling properties of G, entail that any solution to (P) is actually a solution of an
explicit unconstrained minimization problem. In fact, consider the infimum

L fpa |Vw|® dz + g Jra (WP 2T da

]71 = in an 7 : (3.2.5)
weH(RH)\{0} (fRd ]wPP \x!*de) v
where, for all d, v and p complying with (3.1.2), we set
d+2—2v—p(ld—2
g, IH2=D=pd=2) gy (3.2.6)

d—v—pld+y—4)

Let us denote as Ifyw the value of the infimum appearing in problem (P). By exploiting the
rescaling (3.2.1), it is straightforward to check that the following identity holds true:

M 0, 71
=M1 VM > 0. (3.2.7)

From (3.2.7) we deduce that w € H,(R?) attains I if and only if it is a solution to problem
(P) for some M > 0. By the definition of I there holds

1 1 p+1 2p Oy
f/ V| dz + P e / ™ g,
2 Jrd p+1Jre |z|7 T \Ure |z|v

for all w € H.(R?), and the two sides are equal if and only if w = 0 or w is a minimizer of
(3.2.5). Recalling the functional &, introduced in (3.1.15), this means that

inf & Jw] =0,

weH~ (R?)

and such infimum is attained if and only if w = 0 or w is a minimizer of (3.2.5), that is a
solution to problem (P) for some M > 0. Note that, if one replaces I with I > I} in (3.1.15),
then the infimum of the corresponding functional becomes —oo (it suffices to pick a sequence
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of minimizers of (3.2.5) with increasing mass). Conversely, if I < I then the infimum is still
0, but it is attained only by w = 0.

The fact that, in particular, w, is also a minimizer of £, over H.,(R?) provides us with an
explicit relation between its mass M, := [pa w2? ||~7dz and I]. Indeed, differentiating &, [w]
in w = w, and recalling the Euler-Lagrange equation (3.2.2), we obtain the identity

2pL 0, M =1, (3.2.8)
which can equivalently be written as
1 1 wh 1w
0, (5 [, 17wl Lodr) = [ Sde 3.2.9
7(2 Rd| ] x+p+1 Re |z|Y v 2p Jre |z| v (8:2.9)
Note that, performing simple but tedious computations (one picks wy(z) = aw(z) and

optimizes the ratio in (3.2.5) w.r.t. a > 0), we can express I} in terms of C:

2p6y —2

_ -1 2p0., —2 \ Pl pti-2p0, 2p0y—2
=c P 1 Y 1) T 3.2.10
T pri—2p0, \p+1— 20, (p+1) (3.2.10)

3.2.2 Basic properties of ., and existence of minimizers

We now prove some elementary results concerning H.,(R?), which will be crucial in order
to establish existence of solutions to (P) (or minimizers of (3.2.5)).

Proposition 3.2.3. Let (3.1.2) hold true. Then C°(R?\ {0}) is dense in H.(R?).

Proof. We have to prove that, for any function w € H.,(R?), there exists a sequence {,} C
C>(R?\ {0}) such that

Jim o —nll,, . =

0, lim [[Vw—Ve,|,=0. (3.2.11)

If w is compactly supported in R?\ {0} such a sequence does exist by standard mollification
arguments (the weight |z|~7 is, locally in R%\ {0}, bounded and bounded away from zero). It
is therefore enough to prove that, for any w € H.(R?), one can pick a sequence of functions
{w,} € H,(R?) having compact support in R?\ {0} and such that (3.2.11) holds true with
Yn = w,. In view of another classical density argument, it is not restrictive to assume in
addition that w € L>°(R?). Consider then the following sequence (let n > 2):

W (@) = [X(ja<2) () (1 = € (n2)) + X(ap2(2) & (2/n)] v(2),
where £ is a smooth function such that
0<&)<1 VeeRY €x)=1 VoeeB, &x)=0 VoeBS.
By dominated convergence, it is apparent that

0.

= Wl =

As for the convergence of {Vw,} to Vw in [L*(R%)]?, first notice that the gradient of w,
reads

Vw,(z) = [—n X{%gmg%}(x) VE (nx) + 17" Xin<pa <any (x) VE (x/n)} w(x)

+ [X(lal<2 () (1 = € (n2)) + X (g2} () € (/n)] V() .

Gn(z)
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Since {G,} converges to Vw in [L2(R%)]? (e.g. again by dominated convergence), we only
need to prove that

lim [P, = 0. (3.2.12)
To this end, let M > 0 be any constant such that ||VE||oo < M and ||w|le < M. We have:
2 0 M?
[Fnlly < CM4n2/ ritdr + —2/ w?dz, (3.2.13)
% n n<|z|<2n

where C' := |S;_1|. Since d > 3, the first term in the r.h.s. of (3.2.13) vanishes as n — oc.
As for the second term, we have to work a bit more. Exploiting Holder’s inequality and the
fact that |z|™7 is decreasing in |z|, we get:
/ w? dz <25 1neH / w? \:c]_z% dz
n<|z|<2n - n<lz|<2n

b (3.2.14)

2
p—1 2y 2y P+l 2n p+1
SCIHLI 2p+inp+1 / |w’p+l ’x‘*’}/dm </ 7,,dfl d?‘) .
n<|z|<2n n

Since w € LA (R?), from (3.2.14) we deduce that the second term in the r.h.s. of (3.2.13)
goes to zero as n — oo provided

9 _
T gl oy
p+1 p+1
that is p < (d—27+2)/(d—2), which clearly holds true in view of (3.1.2). We have therefore
proved (3.2.12) and the result follows. O

Using a standard notation, from here on we shall denote by H'(R?) the closure of D(R?)
w.r.t. the norm ||V(:)||2 (see also Chapter 2, Paragraph 2.1.1.3 for the definition of the
analogous space in the fractional framework). It is well known that for all v € [0, 2] there
exists a suitable positive constant C, = C\ (7, d) such that the Hardy-Sobolev inequality

2y S CulVully, Vuw € H'(RY) (3.2.15)

[

holds true, where 27 is defined in (3.1.2) and we set 2* := 2;. Note that for v = 0 we recover
the standard Sobolev inequality

(Lol as)"™ < colvul, v e ey, 3.2.16
while for v = 2 we obtain Hardy’s inequality:
(/R w? |x]2dac)1/2 < Cy|Vul, Ywe H'(RY). (3.2.17)
On the other hand, (3.2.15) follows by interpolation between (3.2.17) and (3.2.16):

v(d—2) a(2—7) y(d—2)  d(2—7)

< lwllss™ wll™ < CF7 O3 IVwll,  Yw € HY(RY), (3.2.18)

HU) 25
although the best constant C, is not the one appearing in (3.2.18). For best constants in
Sobolev inequalities we refer the reader to the pioneering papers [11,167] and e.g. to [109].
Performing another interpolation and using (3.2.18), we actually recover the Caffarelli-Kohn-
Nirenberg inequality (3.1.1):

y(p—1)(d—2) d(p—1)(2—7)

Hme7 < Cép[z(d—w)—(pﬂ)(d—z)] O;p[Z(d—’v)—(p+1)(d—2)] va“g ||w||;13:19,7 (3‘2'19>
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for all w € H,(R?), where 9 is as in (3.1.3). Again, we do not claim that the constant
that appears in the r.h.s. of (3.2.19) is the best one for which the inequality holds true,
namely C,. However, it provides us with an explicit upper bound for the latter, which will
be fundamental for the concentration-compactness analysis of Subsection 3.3.1 to work.

Lemma 3.2.4. Let d > 3 and v € [0,2). Then H'(R?) is locally compactly embedded in
LI(RY) for all q € [1,22).

Proof. First of all we remark that it is enough to establish the result for all ¢ € (2,27). Since
27 <27, in view of the well-known local compactness of subcritical Sobolev embeddings (see
e.g. [103, Theorem 7.22]) and thanks to the local boundedness and boundedness away from
zero of the weight [z|™7, it is plain that H'(R?) is compactly embedded in L{(Bg \ B,) for
all R > r > 0. We are then left with proving an equi-integrability property. That is, we need
to show that
/ lw|? 2]~z — 0
Br

as r — 0, uniformly as w varies in a bounded subset of H 1(R?). But this readily follows by
interpolation, as a direct consequence of (3.2.15) and (3.2.17):

2* —q

) q=2
/ |wl|* |z 7da < (/ w? !x\_vdx) 5 (/ )% !x\‘”da:) 23
B B, B,
_aHe 223?1 * 92
<R vl

]

Thanks to the above results, we are in position to prove a key compact embedding for the
space H.(R?).

Proposition 3.2.5. Let (3.1.2) hold true. Then H(R?) is compactly embedded in L2P(R?).

Proof. Recalling the definitions of H*(R%) and H,(RY), from Proposition 3.2.3 we immedi-
ately deduce that H.(R?) is continuously embedded in H'(R?). Hence, using Lemma 3.2.4
and noticing that 2p < 27, we deduce that H.(R?) is locally compactly embedded in L?f’ (RY).
In order to prove global compactness, we have to establish an equi-integrability property at
infinity (as we did in the proof of Lemma 3.2.4). To this end, by means of Holder’s inequality
we get, for all w € H.(R?):

2p 1 2paq 1/q , 1/¢
/ ol o< 1 / W™ 4, / |21 4 (3.2.20)
B, || rYT sy zp By
VR>0, Vq,¢: 1/q+1/¢d=1,q>1, VYae(0,1).
Choosing
i el o= P+ 1)(2"—2p)
2 —2p 2p(2*—p—1) "~

inequality (3.2.20) becomes

2p 1 p+1 1/q . 1/q
/ Ll P / i [ofwaz) (3.2.21)
B, || R \Usg | B;

R
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Chapter 3. Optimal functions for CKN inequalities and weighted fast diffusion

Thanks to the standard Sobolev inequality (3.2.16) and to the definition of || - [|3;, (see
Subsection 3.1.2), from (3.2.21) we infer that

2% (g—1)

2p C q
/B vl de < =5 lwl3y, VR>0, YweH, (R, (3.2.22)

e |l.|'y — Rv(qt;l)

In particular, (3.2.22) shows the equi-integrability at infinity of |w(z)|?” |z|~7 as w varies in
a bounded subset of H.(R?), and permits us therefore to conclude that the embedding of
H,(R?) in L2*(R?) is compact. O

As an immediate consequence of Proposition 3.2.5 we have the claimed result about exis-
tence of solutions to (P).

Proposition 3.2.6. Let (3.1.2) hold true. Then for any M > 0 problem (P) admits (at
least) one solution.

Proof. Tt is direct to check that the functional G, is coercive and weakly lower semi-continuous
on H,(R%). The latter being a reflexive Banach space, the existence of a minimizer w, €

H.,(R?) for G, complying with the constraint vaHggﬁ = M follows by means of the compact

embedding ensured by Proposition 3.2.5. O]
Remark 3.2.7. Under assumptions (3.1.2), the inclusion
Ho(RY) C H,(RY) (3.2.23)

holds true. Indeed, using (3.2.15) and the fact that Ho(R?) is continuously embedded in
HY(R?), we get:

*
2y

/ w7 |2] e < (/ | \x|_7dx>2§ (/ |x|_7dx>2§ +/ wltde  (3.2.24)
R4 By By B¢

for all w € Ho(R?) and ¢ € [p+1,2%]. Picking ¢ = p+1 in (3.2.24), property (3.2.23) readily
follows.
3.2.3 A priori estimates for minimizers

The aim of this subsection is to provide some estimates over L¢ and Hélder norms of w,,
by exploiting the semilinear Euler-Lagrange equation (3.2.2) solved by it. Such estimates
will turn out to be fundamental in order to prove convergence results and justify passages to
the limit in Section 3.3.

Lemma 3.2.8. Letd > 3, p € (1,2*/2) and v € [0,d — (d — 2)p). Then
o, <C Vg e 2ol (3.2.25)

where C' = C(7, ||[Vwy||2,p,d) is a positive constant which depends continuously on ~ €
[0,d — (d —2)p) and ||[Vw,|2.

Proof. We can proceed by means of a standard Moser iterative method, in the spirit of the
pioneering works [134,137]. That is, let A > 0 and set

gy =25 —2p. (3.2.26)
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Multiplying the Euler-Lagrange equation (3.2.2) by the test function (w, A A)*¥° and inte-
grating by parts in R?, we get:

/]Rd<V(w7 A A Vaw,) dz + /Rd(ww A Al |z de = /Rd(w7 A A2tz de

that is
4(1 c
m (wy A A)H?O i A A)tteo w? [z]77dx
w0 (3.2.27)
= /Rd(wA, A A)tteo wip’l |z|Vdx .
Letting A — 400 in (3.2.27) we obtain the following identity:
4(1 0\ |2
) ool ®) e [ e = [ e 229

Applying the weighted Sobolev inequality (3.2.15) to the function w = w!™/2 in the Lh.s.
of (3.2.28) and using (3.2.26), we deduce that

[[ws 2% (1+£0/2),7

is bounded from above by
ol -

Now let us define the sequence {g,} through the recursive equation

*

2
Entl = E'yén +2,—2p VneN. (3.2.29)

Performing the same computations as above, with g replaced by ¢,, it is apparent that we
end up with a bound over the L2***+1 norm of w, in terms of the L2***» norm of w,. More
precisely, we obtain the following recursive inequality:

C2(2 + &) T oD Hlrten)
s lloprerno < |G res N s (3.2.30)

Note that from (3.2.26) and (3.2.29) we can derive an explicit expression for {&,}:
2 _ 9 2%\ "
I 2 (2] —2| vneN. 3.2.31
a5y 5 (5) o 230

By iterating (3.2.30) and exploiting (3.2.31) it is not difficult to deduce the validity of the
estimate

/ n+1 25
DHw’Y 5;’7 ) e )
for a suitable positive constant D = D(~, p,d) which depends continuously on
v €[0,d—(d—2)p)

and actually blows up as v 1+ d — (d — 2)p. Letting n — oo in (3.2.32) we thus get the 1>
bound

(3.2.32)

Hw’YHQpJ,—En+1 vy —

2)/(2 —2 )
lwyllo < D llw, " (3.2.33)
Finally, in order to prove (3.2.25), it suffices to use the standard interpolation inequality
2% _2r
lwyllg < llws[lo* [yl
together with (3.2.33) and the Sobolev inequalities (3.2.15), (3.2.16). O
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Chapter 3. Optimal functions for CKN inequalities and weighted fast diffusion

Lemma 3.2.9. Let d > 3, p € (1,2*/2) and q € [1,00). There exist ¥ = 7(q,p,d) €
(0,d — (d —2)p) and C = C(q,p,d) > 0 such that the estimate
HAw’YHLlZ(Q) <cC (Hw'yHiz(;pll + vaHqu(Q + Hw'yl‘igpqlg) + Hw'YHL2Pq ) (3.2.34)

holds true for all v € [0,%) and any Q C RY.

Proof. From the Euler-Lagrange equation (3.2.2), we obtain:

1 2p—1

sl ([ e )20 [ ) [ )
; NEg o
o ([ e ()

(3.2.35)

Let 7 € (0,d — (d — 2)p) be any number such that 7 < d/2pq. In view of (3.2.35) it is clear
that, under the assumption vy € [0,7), for a suitable positive constant C' = C(q,p,d) the
estimate

(2p—1)q (2p—1
12w, (1400 < C (s lIF8 gy + 1wy [Fha 0y + et + ey [P0 )
holds true, whence (3.2.34) upon relabelling C'. O

Lemma 3.2.10. Let d > 3, p € (1,2*/2) and q € (1,00). There exists a positive constant
C = C(q,d) such that w, € W*4(By(z0)) and the estimate

”wv”wz,q(Bl(xo)) <C (“wv“Lq(BQ(IO)) + ||Aw7HLq(BQ(x0))> (3.2.36)

holds true for any xo € RY and all vy € [0,7), where ¥ = ¥(q, p,d) is as in Lemma 3.2.9. In

particular, if ¢ € (d,00) then there exists another positive constant C = C(q, d) such that the
estimate

wallcl,m/q(gl(zo)) <C (vaHLq(Bz(xo)) + ||Aw7HLq(BQ(zO))) (3.2.37)
holds true for any xo € R? and all vy € [0,7).

Proof. Thanks to (3.2.25) and (3.2.34), we have that w, € LY(Bs(z¢)) and Aw,, € LI(Bs(x))
for all v € [0,7). On the other hand, by the Calderén-Zygmund theory, we know that
there exists a positive constant C' = C(q, d) such that, for any function w € W2%(By(z)) N
L9(By(xg)) with Aw € LI(Bs(xy)), the inequality

||wHW2¢I(B1(m0)) <C (HwHLQ(BZ(xO)) + HAwHLQ(BZ(xO))) (3.2.38)

holds true. This is the content (in a particular case) of [103, Theorem 9.11]. A priori we do
not know whether w, € W;2(Bsy(z)). However, one can consider the standard mollification
Wy e = wy * p; (let {p:} be a regular mollifier), apply (3.2.38) to w., . and then pass to the
limit as € — 0 to get (3.2.36), recalling that w, . — w, and Aw, . — Aw, in LY(By(xy)).
Finally, estimate (3.2.37) is just a consequence of (3.2.36) and standard Sobolev embed-
dings (see e.g. [103, Theorem 7.26]). O

Remark 3.2.11. Thanks to the L> bound provided by Lemma 3.2.8, the Euler-Lagrange
equation (3.2.2) implies that |z|7Aw, € L>®(R?), for all ¥ and p complying with (3.1.2).
Arguing as in the proof of Lemma 3.2.10, we then deduce that w., € W24(R?) for all ¢ €

1,d/7). In particular, if v € (0,1) then w., € C* for all & < 1 — ~, while if v € [1,2) then
Y
e C% forall o <2 —1.
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3.3. Convergence as v | 0 and radial symmetry of optimal functions

We point out that this is the “almost” optimal regularity for solutions to (3.2.2). In fact,
the Barenblatt-type function wy ~ defined in (3.2.3) is a solution to (3.2.2) whose regularity,
because of the presence of the singularity |x|™7, is precisely C'=7 for v € (0,1) and C%?~7
for v € [1,2).

3.3 Convergence as v | 0 and radial symmetry of optimal functions

Having at our disposal optimal functions for (3.1.1) (or, equivalently, minimizers of prob-
lem (P)) and associated a priori estimates, we are in position to analyse their asymptotic
behaviour as the parameter v tends to zero. Our strategy, which has been sketched in
Subsection 3.1.2, will finally allow us to prove Theorem 3.1.1 (i.e. Theorem 3.2.1), namely
radial symmetry of such optimal functions for any v lying in some (unknown) right-hand

neighbourhood of {0}.

3.3.1 Concentration-compactness analysis

In this subsection we shall make use of a suitable variant of the concentration-compactness
principle originally introduced in [127,128] to prove that the solutions w. to problem (P)
satisfying (3.2.2) approximate, as v | 0, the Barenblatt-type function wy (see (3.2.4)) up
to translations. Afterwards, taking advantage of the estimates of Subsection 3.2.3, we shall
refine a little bit this result.

Lemma 3.3.1. Let p € (1,2%/2) and {v,} C (0,d — (d — 2)p) be a decreasing sequence such
that lim,,_,o v, = 0. Let M, = [pa w%{j |z|~"dz. Then, up to subsequences:
- {M,,} tends to the mass of we:

. 2
lim M, = /Rd wy’ dx; (3.3.1)
— there exist J € RY and a sequence of translations {y,} C R? such that
v, — wy(- — ) strongly in H'(RY), (3.3.2)

where vy, 1= w., (- + yn). Moreover, either {y,} = {0} or |y,| — oo and

: Yn
dim |y, [ = 1. (3.3.3)
As a consequence,
S |
lyli% L =1, (3.3.4)

where E is the value of the infimum appearing in (3.2.5).

Proof. Let o,(z) := w3 (x) |z[~™. Our first aim is to prove that the sequence M, =
Jga 0n(x) dz converges (up to subsequences) to a positive number M. To this end, a cru-
cial step consists in establishing the boundedness and the boundedness away from zero of the

sequence {1} }. The former is straightforward. In fact, by the definition of I}, we have:
1 Vuwel?d 1 P11 =
2 Jra [Vwe|" dz + P Jrawy" |z X

II <
n — Oy,
! (Jia wi? | dar)

Y

which yields
limsup I < Ij. (3.3.5)

n—0o0
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Chapter 3. Optimal functions for CKN inequalities and weighted fast diffusion

In view of (3.2.10), the boundedness away from zero of {1} } is equivalent to the boundedness
of {C,,}, and the latter is a direct consequence, for instance, of (3.2.19). Summing up, we
have proved that

0 < liminf I! <limsupI! < oo,
n—oco  In n—00 T

that is, up to subsequences,
lim I! =:1¢€(0,00). (3.3.6)

n—soo In

Recalling (3.2.8), we finally obtain (again, up to subsequences)
lim M,, = lim | ends= lim (2p171n9%) 0 — (2pI0y) TR0 =: M | (3.3.7)
Thanks to (3.3.6), (3.3.7) and to the scaling identity (3.2.7), we have:

lim Gy, [w,,] = lim MO 1! =M"T (3.3.8)
Having established (3.3.7), we can apply the classical concentration-compactness criterion
[127, Lemma I.1] to the sequence {g,} C L*(R%). In fact, only three scenarios are admissible
for {o0,} (up to subsequences): vanishing, dichotomy or compactness. We shall rule out van-
ishing and dichotomy, and thus infer compactness. Afterwards we shall see how compactness
entails the convergence of {w,, } to w, up to translations.

No vanishing. Suppose, by contradiction, that there exists R > 0 such that

lim sup / ondxr=0. (3.3.9)
y+Br

n—00 yeRd

In
2

Let fu(x) := w.,, (x)|x|”2», so that (3.3.9) reads

lim sup f#dr=0. (3.3.10)

n—o0 yERd y+BR

For any given e; > ¢ > 0, consider the function f,(z) := ¢(z)f.(z), where ¢ is a fized
smooth cut-off function such that 0 < ¢ <1in R% ¢ =0in B, and ¢ =1 in Be,. 1t is easy
to check that one can choose €, (and €; accordingly) so small that

liminf [ f2Pdz>0. (3.3.11)
R

n—oo

Indeed, if this were not possible, then there would exist a subsequence { f,,, } and a sequence
€ — 0 such that

lim Jede = klim / On, dz = M ;
—00 Bek

k—o0 Be,

but this means that the sequence {o,,} concentrates about z = 0, which is impossible in
view of the locally compact embeddings provided by Lemma 3.2.4. Our aim is now to
apply [128, Lemma [.1] to the sequence {fn} First of all note that, if (3.3.10) holds, then
trivially
lim sup frde=0. (3.3.12)
n—oo yERd y+BR
Moreover, {fn} is bounded in L*(R?) (recall (3.3.7)). In order to use [128, Lemma I.1], we

need to show that o
limsup/d ’an’ dr < co.
R

n—oo
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3.3. Convergence as v | 0 and radial symmetry of optimal functions

By differentiating fn, we get:

n+2

o)

In
|| 2

V0 = T

x4+ Wy, (7).

The sequence
2 _In
/Rd Vo wgn |z| "7 da

is bounded since V¢ is bounded and supported in B, \ B, where the weight |ZL‘|7% is
regular, and we can bound [ Be,\Be, w?/ndx by ||w., |l2+, which is in turn bounded because so

is {G,,[w,,]} (recall (3.2.16) and (3.3.8)). The sequence

LIV, ¢ al ¥ ax

is also bounded because the same holds true for {||Vw,, |2} and ¢ is bounded and supported
in B¢ . As for the sequence

2 2,,,2
Tn / i dx
4]92 R4 ‘Qj| ’YTTUFQ ’

we can proceed in this way:
2

2 2w2 2 w
an ¢ ’Yn'YnQ dz < Tn 7 / ’7721 dx < / / |vw7n|2 dl’
4p? Jrd |Z‘|7 4p2€‘fn P JRd |g;| 4 2¢ ’Yn P Jpd

where in the last computation we used Hardy’s inequality (3.2.17). Hence,
{ﬁ} is bounded in L?”(R?)
and
{an} is bounded in [L2(R%)]¢;
this means that if (3.3.12) holds true, then by [128, Lemma I.1]
lim anHq =0 VYqe (2p2). (3.3.13)

n—o0

Let us show that (3.3.13) contradicts (3.3.11). By standard interpolation inequalities, we

have:
a(2p—r)

=) (3.3.14)

q

q7 ~
2p(g—r)

|72l < [
for all € (p+ 1,2p) and g € (2p,2*). It is possible to prove that, for a suitable choice of

r € (p+1,2p), the sequence { fn} is bounded in L". In fact, by means of Holder’s inequality,
we get:

*

27 —r r—p—1
/R wr fol R < ( /R P || vndx) B ( /]R w? d:c) T (33.15)
Moreover,
ral v I3 ﬂlr
|7 :/ Sw’ |z e < G 1)/dw;n || T (3.3.16)
T R Y
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which is true for all r close enough to 2p. Since {||w,,||p+1.+,} and {||w., ||2+} are bounded
(recall (3.3.8)), from (3.3.15) and (3.3.16) we deduce the boundedness of {fn} in " for any
r € (p+1,2p) complying with (3.3.17). But then (3.3.13) and (3.3.14) yield

lim f#dr =0,
n—oo JRrd

which is in contradiction with (3.3.11). Hence, (3.3.10) cannot hold and vanishing is ruled
out.

No dichotomy. By [127, Lemma [.1], if dichotomy occurs then there exists a number
A € (0, M) such that, for every € > 0, it is possible to choose Ry > 0 (arbitrarily large), a
monotone sequence R, 1 oo and a sequence {y,} C R? such that

[ wFle ez A - and wl? [ e < A+ (3.3.18)
yn+Br, Yn+Bar,

for all n large enough. Let £ and ¢ be two regular functions complying with the following
conditions:

0<&e<1 iR, €=1inBy, €=0inBS, op=0 inBy, ¢=1 in BS.
Using the same strategy as in [128, Theorem 1.2, we define the cut-off functions &, ¢, as

§n() = E((x —yn)/Ro),  on(@) =@ ((x = yn)/Rn)

and set
Wiy = Wy, , Wap = Qplsy, .
With no loss of generality, we can and shall suppose that n is large enough (i.e. such that

R, > 2Ry), so that in particular w,, and w,, have disjoint supports. From (3.3.18) and the
definitions of M.

vy W1, and wo, we deduce that
A—e< / Wz dr < A+ e (3.3.19)
R K

and
M, ~A—e< /Rd w? |z ~dz < M,, — A+e. (3.3.20)

Now we aim at comparing G, [w,,] with G, [w1,] + G,, [ws,]. By construction and by the
fact that w; , and w,,, have disjoint supports, we have:

wt |z mde > [ Wt e de 4 [ Wb e (3.3.21)
R4 Rd i Rd i

Tn

Comparing the L? norms of the gradients requires a little more care. First of all, the square
of the L? norm of Vwy, reads

V2 da + 2 /Rd w,, €n (Ve , VE,) dz.

(3.3.22)
We shall prove that the last two terms in the r.h.s. of (3.3.22) are smaller than e provided
one picks Ry large enough. We have:

2 1 2 2 2
/Rd \Vwy,|" de = /Rd & Vw,, | dx+/Rd w3,

V& (2)] < ORg! X{Rosla—ynl<2ro} (¥) Yz € RY, (3.3.23)
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3.3. Convergence as v | 0 and radial symmetry of optimal functions

where C' 1= ||V€||oo. Let us fix B > 0 so that the left-hand inequality in (3.3.18) holds true,
with Ry = R, for all n large enough. It is then possible to prove that

lyn|" < C ¥YneN (3.3.24)

for another positive constant C=0C (E’, A, €). This is actually a direct consequence of the
left-hand inequality in (3.3.18). In fact, with no loss of generality, we can suppose that
lyn| > 2R, so that

|+ ynl > |ynl/2 Vx € Bg.

Hence,

2% _2p
2p 2%

2%

Bg

w2 (z + yn 27 20
A—e< deﬁ / %( )dx<7||w%
B”‘ |‘T+yn|’yn |yn|7n ""B’\ |y |

which reads 2o
20 [|wy, |37 | Ba| *

A—e€ ’
namely (3.3.24) recalling once again the boundedness of {||w,,
(3.3.24), we obtain:

|y | <

o« }. Collecting (3.3.23) and

2
/ 2 |VE,|?do <C?R (/ wht ] 7”d:v) (/ o[ 7T "X Ro<|e—yn|<2Ro d9€> i
+1 T o1 +1 +1 %
SDRO” <|y |A’"P+1 +Ry " ) </ wh™ || 7"d:zc)

- 2
SDRE,I”“ <C’P+1 + R'V"pﬂ) </ wp+1 |x| '77de> P ’
(3.3.25)

for another suitable positive constant D depending on C, p and d. Since {||ws,||p+1., } 18

bounded, v, | 0 and

1
a2 "= _9 <9,
p+1

in view of (3.3.25) we can make the second term in the r.h.s. of (3.3.22) smaller than e
(for all n large enough) upon choosing Ry = RO(}A‘Z, A, €,p,d) sufficiently large. Due to the
boundedness of {||Vw,, ||z} and to Cauchy-Schwarz inequality, the same is true for the last
term in the r.h.s. of (3.3.22). Noticing that &, is supported in y,, + Bag, and 0 < &, < 1,
from (3.3.22) we then deduce that for Ry as above and all n large enough there holds

/ |V, | dz < / \Vaw,,|* dz 4 2e. (3.3.26)
R4 ' yn+B2RO

As concerns ws,, one can reason in a similar way: it suffices to replace &, with ¢, and R,
with R, in (3.3.25) to find that

/Rdwwz,nﬁdxg/w V., > dz + 2 (3.3.27)

for all n large enough. By adding up (3.3.21) (multiplied by 1/(p+ 1)), (3.3.26) and (3.3.27)
(multiplied by 1/2), we obtain:

Gy, ] = Gy [w10] + Gy, [wa ] — 26 (3.3.28)
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Let us set
ay, ::/ wf?n x| dx, B, ::/ wgf)n|a:|_%dx.
R R

Recalling the definitions of w.,, and I, from (3.3.28) we infer the following inequality:
Tn Y

D =G [wy,] > Gy [win] + Gy, [wan] — 26 > 100 + 10 — 2¢,
which, thanks to the scaling identity (3.2.7), becomes
MOnI > abm Il 4+ BonIl — 2.

Dividing by I! , passing to the limit as n — oo and using (3.3.6), (3.3.19) and (3.3.20), we
deduce that Y o

M”* >a% + 3" —2¢/I (3.3.29)
for some @ € [\ — e, A+ €| and B € [M — X —¢, M — X+ ¢|. Since we can establish (3.3.29)
for arbitrarily small € > 0, letting ¢ — 0 we get that

M 2N (31",
which is absurd since A € (0, M) and
d+2—p(d—2)
0y = 1.
" T dpd—4)

Compactness. Vanishing and dichotomy having been ruled out, only compactness can
occur. That is, there exists a sequence of translations {y,} C R? such that, for any € > 0,
one can choose Ry > 0 so that

/ onda = / w? [z]ndz < e (3.3.30)
yn"t‘B%O yn“rBf%O

There are two possibilities: either the sequence {y,} is bounded or it is unbounded. In the
first case, let Bg, be a fixed ball in which {y,} lies. If we set Ry := Ry + Ry, then from
(3.3.30) we get that

w2 |z|mdr <. (3.3.31)

BC
Ry

Since {G,,[w,,]} is bounded, we can assume that {w,,} converges, up to subsequences,
pointwise and weakly in H!(R?), to some limit w. By weak lower semi-continuity, Fatou’s
Lemma, (3.2.7), (3.3.5) and (3.3.7), we deduce that

1 1 _
5 ~/Rd |V@|2dflf + p7+ 1 ,/]Rd 7P da < hr?iloglf Q% [w%L] = hgglogf I%’Y'n < ]éw ) (3332>

Recalling that H'(R?) is locally compactly embedded in L2(R?) for any v € [0,2) (Lemma
3.2.4), we can pass to the limit in (3.3.31) to obtain

wP dx > w?*dr > M —e. (3.3.33)

R Br,

Furthermore, Fatou’s Lemma yields [za W% dz < M, whence, letting ¢ — 0 in (3.3.33),

Jude =M. (3.3.34)
R
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3.3. Convergence as v | 0 and radial symmetry of optimal functions

Gathering (3.3.32) and (3.3.34) we deduce that w is a solution to problem (P) for v = 0 and
M = M. This means that

.1 12 1 p+1 _ M
Golw] = 5/Rd|vu)| da;+p+1/mw do = I (3.3.35)
so that in particular
lim [ |V, [2de = / Voldr, lim [ Ot dr= [ wtide. (3.3.36)
n—0o0 JRd R4 n—oo Jrd |x”¥n Rd

Thanks to (3.3.36), the convergence of {w., } to @ is actually strong in H(R?), so that (3.3.2)
holds true with {y,} = {0}. In the end of the proof we shall see that in fact @ = wy(- —7) for
some ¥ € R%. Suppose now that {y,} is unbounded. Let v, := w., (- + y,), so that (3.3.30)
reads
/ V2P |+ Y| Tda < e
Bg,

or, equivalently,

M, —e< / v |z + y,| mdr < M, . (3.3.37)
B,
Up to a subsequence, we can assume that |y,| — oo and that there exists
dim Jy,[™ =: L € [1,00]. (3.3.38)
Using local compactness as above (note that ||Vu,||s = ||Vw,,||2), we can pass to the limit
in (3.3.37) to get
_ 1 _
M—e< — w?dr < M, (3.3.39)

Br,
where now w denotes the pointwise and weak limit of {v,} in H(R?). Since we can assume
that € < M and we know (e.g. by local embeddings) that g, w? dz < 00, (3.3.39) implies

L < oo. Moreover, as Ry is arbitrarily large and € is arbitrarily small, still (3.3.39) yields the

identity
1

L Jpe
Again, by weak lower semi-continuity, Fatou’s Lemma, (3.2.7), (3.3.5), (3.3.7) and (3.3.38),
we obtain:

w?Pde =M. (3.3.40)

1 2 1 i1 o M M
— _— < mo <
5 /Rd |Vw|” dx + TESAY W’ da < liminf 777 Iy . (3.3.41)

We shall prove that actually L = 1. To this end, let us set g := WLL% Using (3.3.40) and
(3.3.41), it is straightforward to check that g satisfies [pa g*” dx = M and

Ly 1 —
2/d|v‘g|2dl‘+<)p_1 dngde[(])V['
R 2p JR
p+ 1)L 2

Hence, the family of rescaled functions

d

go(1) :=0wg(ox), o€R"

satisfies
» gdr =M (3.3.42)
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and
L% O_d(p*1>
m/ |Vgg|2 de + ———= | gt™'da < IM (3.3.43)
20 » R (p+ 1)L et
If we choose 0 = o, := Lm, then (3.3.43) becomes
1 9 Lp2p T L) " o
3 /Rd V9o, | dz + / gettde < I (3.3.44)

Since p € (1,d/(d — 2)), we have that

p—1 d
1) >0,
2% <d—p(d—2) )>

As a consequence, if L > 1 then (3.3.44) would imply that

Go lg90,) < 13T,

which is in contradiction with (3.3.42) and the definition of I}, We therefore deduce that
L =1, so that (3.3.3) holds true and w is a solution to problem (P) for vy =0 and M = M.
Because (3.3.41) is in fact an identity, that is

1 1 —
Go[w] = 5 /Rd V| dz + 1 /Rd o dr = 1)7, (3.3.45)

reasoning exactly as in the case where {y,} is bounded we infer that {v,} converges strongly
in H'(R%) to w.
Finally, from (3.3.32) and (3.3.35) (or from (3.3.41) and (3.3.45)) we get that

lim [} = =1 (3.3.46)

n—o0

up to subsequences. Using (3.2.7), (3.3.7), (3.3.46) and the fact that we can repeat the same
argument along any sequence 7, | 0, we end up with (3.3.4).

It remains to prove (3.3.1) and (3.3.2). Due to the characterization of the minimizers of
Go provided in [62], the fact that W = wg (- — ¥) for some § € R? is equivalent to

oIl =1,

which follows by (3.3.7) and (3.3.46). O

Corollary 3.3.2. Assume the same hypotheses as Lemma 3.3.1 (and use notations accord-
ingly). Then, up to subsequences:

Jim v, —we(- =Y)[l, =0 Vg € 27, 00) (3.3.47)
and
lim [lo, — we(- = Y)[lcragey =0 Va €(0,1). (3.3.48)

n—oo

Proof. By interpolation, we have

2% 12*

[on = wo (- =), < l[on = we (- =) [l2* wo(- =Yl - (3.3.49)
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From Lemma 3.3.1 and the Sobolev inequality (3.2.16) we know that {v,} converges to
wp (- —7) in L¥ (R?). Moreover, Lemma 3.2.8 and again Lemma 3.3.1 ensure that the sequence
{llvnlles} is bounded, while w, € L>°(R?). These properties and (3.3.49) yield (3.3.47).

In order to prove (3.3.48), we shall make use of the following elementary inequalities:

[wllcragay <4 sup ([0l creE, @) » (3.3.50)
zo€ER
sup ||wH01aBl(x0)) 2(1+2%) sup Hchla(B (20)) (3.3.51)
roEBR r0€EBRt1 1/2

where R > 0 and w is any function such that the right-hand sides of (3.3.50) and (3.3.51) are
finite. Clearly there exists a suitable number Ny € N and a set of points {yx }x=1..n, C Brs1
such that, for every xq € Bgr,1,

Bi/s(w0) C Bi(yr)
for some k € {1,..., Ng} depending on z,. From (3.3.51) we thus get

(3.3.52)

sup |[|lw|[ o, a(Bi(ao)) = 2(1+2%) m‘%}]%R ||w||017a(§1(yk)) '

roEBR

Gathering (3.3.50) and (3.3.52) we deduce the validity of the following estimate:
HwHCI,Q(Rd) < 4max {2(1 + 20‘) kirlla)lsz HwHCl’o‘(El(yk)) ; xfggc HwHCLa(Bl(xO))} . (3353)
R

Given a € (0,1), let g, := d/(1 — ). In view of Lemmas 3.2.9 and 3.2.10 (see in particular
(3.2.34) and (3.2.37)), we have that for a suitable ¥ = F(«,p,d) > 0 and all n such that
Y < 7 there holds

[vallora By 2o

2p—1 2p—1
SO(HUW«HL[IO‘(BQ(Z'O))—F||U7’L||L}()2p*1)4a(32(330 +||Un||qua (Ba(z0) )+||Un||L€PQa (Ba(z0)) +||Un||€2pqa(32(x0)))

(3.3.54)
for all 7y € R? and a positive constant C' = C(a, p,d). Thanks to (3.3.47) and (3.3.54), for
every € > ( there exist Ry > 0 and ny € N such that

Sup HUNHCIa (B1(x0)) <eg Vn > Ny .
onBC

This is apparent if g, € [2*,00) N (d, 00). In case ¢, € (d,2*) (which can occur only if d = 3),
it is enough to control the norms appearing in the r.h.s. of (3.3.54) with [[v,||17(g,(4,)) for

some g € [2%,00) large enough, and then use (3.3.47) with ¢ = . Recalling the explicit profile
(3.2.4) we can assume that, still for Ry large enough,

su We(+ — o <e,
xoelio l|we (- y)“cl (B1 (o))

so that

sequ [vn = we (- =Dl cra@y @)y < 26 V= no. (3.3.55)
T

Now let Ng, € N and {y}r=1..n5, C Brot1 as above. Fix ap € (o, 1). Exploiting (3.3.54)

with o = ap, we infer that {v,} is (eventually) bounded in C1?0 (B (z¢)) for all zy € R?. As
a consequence,

dim [Jo, = wo(- =Yl cra@, ) =0 VE=1...Ng,. (3.3.56)
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Using (3.3.53) with w = v,, — wp(- — J) and R = Ry and recalling (3.3.55), we obtain:

| vn — w (- — y)”cl,a(]]{d) < 24 max {k:r{}%f(% [on — we (- — g)”CL‘I(EI(l}k)) ’ 5}

for all n > ng. Hence, in view of (3.3.56),

i sup o, — (-~ 9)ll oy < 20 (3.357)
n—oo
Since ¢ is arbitrarily small, from (3.3.57) we finally deduce (3.3.48). O

Thanks to Lemma 3.3.1 and Corollary 3.3.2 we can provide an upper bound for v,,, which
we shall often exploit below.

Lemma 3.3.3. Assume the same hypotheses as Lemma 3.3.1 (and use notations accordingly).
Then the estimate -
Vp() < C (14 |z))" 71 Ve eRY Vn>n, (3.3.58)

holds true for a suitable n € N and a positive constant C' independent of n.

Proof. First notice that, in view of (3.2.2), v, solves the following equation:

P 2p—-1
v, + U,

. d
|x+yn\% in R%.

—Av,, =

In view of (3.3.48), and recalling the explicit profile (3.2.4) of wy, we infer that there exist
Ry > 0 and ng € N (independent of n) such that

In particular,
vP
n

N 2|z + yn
One can prove that there exist Ry > 0 and ny; € N (independent of n) such that

— A, < in By, , Yn>mng. (3.3.59)

|z +yn|" < 2|z Vo e B, Yn>ng. (3.3.60)

If {y,} = {0} then (3.3.60) is trivial. On the other hand, if |y,| — oo then (3.3.60) follows
from (3.3.3) and the inequality

[ 4 ynl ™ <y [l /Iyn] + 11

Let Ry := Ry V Ry and ny := ng V n;. Combining (3.3.59) and (3.3.60) we infer that v,
satisfies ,
UTL : (&
— Av, < _4|x|"/" in B, , Vn>mns. (3.3.61)

It is readily seen that the function

2—n
-1

On(z) == Clz| ™7 (3.3.62)
is a supersolution to (3.3.61), namely it satisfies
_ oh .
— AD, > I in By, , Vn >na, (3.3.63)
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3.3. Convergence as v | 0 and radial symmetry of optimal functions

provided C' is large enough (independently of n), that is

2y (2=,
A 7( 5

i p_1+2—d>gép1. (3.3.64)

Still from (3.3.48) (or directly from (3.2.25)), we know that there exist ny € N and a positive
constant D such that

[vallcogay < D Vn > ns. (3.3.65)

Due to (3.3.65), if we choose C' so large that, in addition to (3.3.64), it also satisfies

~ 2-9n
C > DR |
then
Un(x) > v,(z) Vo€ dBg,, Yn>ns. (3.3.66)

Let n := ny V ng. Thanks to (3.3.61), (3.3.63) and (3.3.66) we can apply the comparison
principle for weak sub- and supersolutions to the equation

p

w e
—Aw = T in By, ,
which entails
vp(r) < Up(x) Vo€ By, Vn>n. (3.3.67)
Estimate (3.3.58) is then a consequence of (3.3.62), (3.3.65) and (3.3.67). O

3.3.2 Removing translations

Lemma 3.3.1 establishes the convergence of {w,, } to we(- —7) up to a sequence of trans-
lations {y,}. Proceeding in the spirit of [7], here we show that {y,} is necessarily bounded,
which entails convergence of {w,, } to wy(- — 7).

In the following, &, is the functional introduced in (3.1.15), whose minimizers, we recall,
are all solutions to problem (P) for some M > 0. By wga) we denote the unique minimizer
of &, with mass M, which is radial about the origin. In agreement with the discussion in
Subsection 3.2.1 (see in particular (3.2.1) for v = 0), we know that

wepny () = By we(Burw), Bar = (M fJul5,?) T (3.3.68)

Lemma 3.3.4. Assume the same hypotheses as Lemma 3.5.1 (and use notations accordingly).
Then the sequence of translations {y,} is bounded.

Proof. In view of the upper barrier (3.3.58) provided by Lemma 3.3.3, it is plain that w,, €
Ho(R?) for all n large enough. Furthermore, from Remark 3.2.7 we know that Ho(R?) C
H,,(R%). Hence, both w,, and wey belong to Ho(R?Y) N H,, (RY). Since w,, and we
minimize &, over H., (R?) and & over Ho(R?), respectively, we readily deduce the validity
of the following inequalities:

&y [weinn] — Eolwepnn] > &, [w,,] — Eolwepny] > &5, [w,,] — Elw,,],
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Chapter 3. Optimal functions for CKN inequalities and weighted fast diffusion

which can be written as
1 p+1 v 1 1 o
DT e Wy (|a:| )dx + (I -I, / wb[M dx
HWn
'Yn l(/ wb[M ) (/ wb[M |:E|_7"dl’> ‘|
]_ +1 " 1 1 2
Pl A Jwh (|x|7—1)dx+(1 -, (/ wpdx>

+ 1L K/ w2pdx) —(/Rdwﬁg\xr%dx)e%].

Since the rate at which {Ivln} converges to I} is a priori unknown, it is convenient to set

(3.3.69)

/ wb[M dw:M:/Rdw?yfdx::Mn,

so that the terms multiplied by I} — len cancel out in (3.3.69) and the latter reads

1

(7]
p+1 1 o 2p —Yn m
> 1 p+1 -m _1)d It 2 4 % 2 ||~ B
20T e wh” (|x| — ) v+ 1 o W dz | = s || x :

(3.3.70)
Performing some first-order developments in (3.3.70), we get:

- 90 - B 0,
( L Wol,) dx) - (/Rd Wi, |7] 7”d:z;)

=0y MO /Rd w?f[’Mn} (1 — ]az\‘%) dx (3.3.71)

5b,n
+ log (/]Rd wi;[)Mn] |(L‘|_’7ndx> </Rd wglan] |x|_7ndx> (00 . Q,Yn)

and

2 %o 2 b1n
p _ P ||~ Tn
( s W dx) (/Rd w3 |z dx)
. On
=0, Mgo—l /Rd w?{i (1 — |x|_7n) dx + log (/]Rd wiﬁ |1;|_'Ynd1‘> </]Rd wiﬁ |x|_'7ndx> (6o —6,,),

(3.3.72)
where M, lies between [qq wff[” ) |21 da and [ wi? M, 47 = M, while O lies between 6,
and 6,,. The same holds true for the corresponding quantities appearing in (3.3.72) (namely
M, and gn) upon replacing wepq,) With w,,.
It is now crucial to provide bounds, with respect to 7, over the difference 1—|x|~7 appearing
in the above integrals. Because for any fixed |z| # 0 the function A — |z|* is convex on R,
its graph lies above the tangent line at A = 0. Using this property at A = —y and A\ = v, we
deduce the validity of the following numerical inequalities:

1—|z|7" <~log|z| and 1—|z|7" > ~|z| " log|x]|. (3.3.73)
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3.3. Convergence as v | 0 and radial symmetry of optimal functions

Gathering (3.3.70)—(3.3.73) (with v = ,,) and dividing by ,, we obtain:

1 _ 00—
T o1 e wﬁfj\l/l |z log |z| dz + I, fp ML I/Rd wi’[’Mn] log |z| dx

fo.n 0y — 0
Il log (/ wb[M x|~ ndaj) (/ wb[M ]|x’7nd$) 207
Tn

u (3.3.74)
p+1 log |z| dx + I1 G MO~ /dwfg |z| 77 log |z| dx
R

2_7
p+1Jr

On gy — 6
1 2p —In 2p —Tn 0 Tn
+ I, log (/]Rd w? || dx) (/Rd w? || dx) o

Let {y, } be the sequence of translations given by Lemma 3.3.1, so that {v,} = {w,, (- +y.)}
converges in H'(R?) to wy(- —7) for some 7 € R%. The idea is that if |yn| — oo, then we get
a contradiction with (3.3.74). To this end, a key property to be explmted is the following:

n—o0 n—oo

lim M, = lim M., / w? y:c|*%dx:/ w? dz =: M . (3.3.75)
R " Rd

This is a direct consequence of the definition of M,, and of fact that, thanks to Lemmas
3.3.1 and 3.3.3, {v,} converges to wy(- — ¥) also in L?P(R?). In order to get the claimed
contradiction, we first prove that all the terms in the Lh.s. of (3.3.74) stay bounded as
n — oo. Taking advantage of the explicit formula (3.2.4) for wy, (3.3.68) and (3.3.75), it is
straightforward to check that also

2 T
{ R Weta, 7177 d$}

converges to M. In view of (3.2.6), it is apparent that 6, — 6 and that (6p—6.,.) /7, — —65.
In particular, 0, ,, — 6y. As a consequence, recalling that Iin — 13, the last term in the Lh.s.

of (3.3.74) stays bounded as n — oco. As for the first two terms, upon noticing that M, — M,
we only need to show that

/Rd wﬁmn] |z| " log|z|dx and /Rd wi’[’Mn] log |x| dz

stay bounded. Recalling (3.3.68) and (3.3.75), we have:

2(p+1)
/ wﬁwn] 2|7 log || da = B, Xftnd/ w ™ |y log (6/\/1”‘9’) (3.3.76)
and
/]Rd wﬁ’EMn] log |z|dz = By Bl /Rd wi? log (5/;11n|y|) dy. (3.3.77)

Since 7, — 0 and wy is a regular function behaving like |2|~%®~Y as |z| — oo, it is plain
that the integrals (3.3.76) and (3.3.77) stay bounded as n — oo, and so the Lh.s. of (3.3.74).
Let us then consider the r.h.s. of (3.3.74). To prove boundedness of the last term, one can
proceed exactly as above. Hence, we get a contradiction as soon as we prove that |y,| — oo
implies

1
— wPTL 1 g prbo—1 2D ||~ n
o wh™ log |z|dx + I 0o M, /]Rd w? |z log |z dz — +o00. (3.3.78)
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Recalling the definition of v,,, we can rewrite the Lh.s. of (3.3.78) as follows:

]_ —
log |y | [ ——— [ w4 IleM"O*l/ % q
og |y ’( Dr1 a1 T+ 15, 00y, e Un ¥

1
=g fa U (log |+ ga| — logyn|) da (3.3.79)
P R

+1 4 M,‘jo—l/Rd v (|2 + yal " log |z + yu| — log |yn]) da-

Tn

Lemmas 3.3.1 and 3.3.3 ensure that, in particular, {v,} converges to wy (- —¥) in LPTH(R4) N
L2P(RY). In particular, the factor between brackets in the first line of (3.3.79) converges to

e / WA+ 1 [ wZde, (3.3.80)
p
which, thanks to (3.2.8) at v = 0, is equal to
1 1
— m - wngl dz -+ % /Rd wzp dzx . (3381)

Exploiting (3.2.9) and the identity
2 _ _
/Rdvav\ dx+/Rdwg+1 2] de:/Rdwgﬂm\ e,

which can be obtained by multiplying the Euler-Lagrange equation (3.2.2) by w, and inte-
grating in R?, we get:

1 2(ph, —1) 1
—— [ wPt x|V = 7(29 2 )/ w? || ~7dz . (3.3.82)
p+1Jra 7 0,(p—1) 2p Jra 7
Due to (3.3.82) evaluated at v = 0, we have that (3.3.80) and (3.3.81) coincide with
1— 7@90 — |1 w? dx
90( ) 2p R4 b ’

a strictly positive term. Recalling (3.3.79), in order to come to a contradiction it is therefore

enough to prove that
1 n 1 n

/ U£+1<Og|x+y — >d$ |/ <|3:+ ]_V”Og’x—i_y’—l)dx

R log |yn| log |yn|
converges to zero as n — co. Since {v,} converges in L?™1(RY)NL*(R?) and by Lemma 3.3.1
we know that in case |y,| — oo then |y,|" — 1, it is clear that locally in R? such integrals
vanish. Hence, we are left with proving that for any € > 0 there exist R. > 0 and n. € N
such that

/ Up+1log|x+yn ‘ ‘/ W2 | + | log|x+yn|d
; log [yn| 1og [y

<2 (3.3.83)

for all n > n.. For simplicity we consider only the first integral in the L.h.s. of (3.3.83), but
note that the second one can be dealt with similarly. We have:

/ g log & + yn| dx|

/ UfLH Lg [ + bl dx‘ +
Bi(=yn) log [yn|

(3.3.84)
<

/ g Rl |
BS,_NBS(~yn) log |yn|
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3.3. Convergence as v | 0 and radial symmetry of optimal functions

As for the first integral in the r.h.s. of (3.3.84), there holds

/ gt 1081 Ul g
Bi(—yn) log [yn|

< Cp+1

/ log|y!dy‘
B

(3.3.85)
for all n > n, where C' and n are as in the statement of Lemma 3.3.3 (assuming in addition
that |y,| > 1 for alln > n). If |y,| — oo, then clearly (3.3.85) ensures the existence of n; > n

such that
/ g1 1081 4 Ol g
Bi(—ya) " log|y,|

for all n > ny. In order to handle the second integral in the r.h.s. of (3.3.84), first observe
that

10g Y|  log |ya

/ log |z + y,| dx’ ot
Bl(_yn)

< (3.3.86)

c
2

log [z + yn|| = log [yn| + log [2/yn] + yn/|ynl| < log |yn| + log (1 + |z]) (3.3.87)

for all x € B{(—y,) and n > n;. Using (3.3.87) and again estimate (3.3.58) we end up with
/ o1 10812+ bl g
Be nBs(~yn) " log|yn|

_@2=mwm)(p+1)
et [ g (L[] (L fal) T
Re 1\ In

(3.3.88)

for all n > n V ny, where ny is such that log|y,| > 1 for all n > ny. Since 7, — 0 and
2(p+1)/(p—1) > d, it is plain that the r.h.s. of (3.3.88) can be made smaller than £/2,
independently of n > ns, provided R. is taken large enough. Hence,

p+1 log |£U + y'n| dz

o s
Bg_NBS(~yn) log [y ]

9
— 3.3.89
. (33.89)

for all n > n VvV ng Vns. In view of (3.3.86) and (3.3.89), we can then assert that the first
integral in the Lh.s. of (3.3.83) is smaller than ¢ for all n > n. :=ny V ny V ng. O

Corollary 3.3.5. Assume the same hypotheses as Lemma 3.3.1 (and use notations accord-
ingly). Then,

. _ p—
Jim s, = wo- =), =0 Ve (P 00), (3.3.90)
Lim [wy, = wo(- =Yl pra@ey =0 Vo€ (0,1) (3.3.91)
and the estimate
w,, () <C(1+ |a:|)7%171 Ve eRY, Vn>n, (3.3.92)

holds true for a suitable n € N and a positive constant C' independent of n.

Proof. By Lemmas 3.3.1 and 3.3.4 we deduce that {y,} = {0}. As a consequence, (3.3.91)
and estimate (3.3.92) follow directly from (3.3.48) and (3.3.58), respectively. The validity of
(3.3.90) is then inherited from (3.3.47): in order to prove it for g € (d(p — 1)/2,2*) as well,
one just exploits the fact that the r.h.s. of (3.3.92) eventually belongs to L4(R?) for all such
q. O
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3.3.3 Identification of the limit minimizer

In this subsection we shall prove that in fact {w,, } converges to wg, or equivalently that
y = 0, according to the notations of the previous Subsections 3.3.1 and 3.3.2. This means
that, among all the solutions of problem (P) for v = 0, the sequence {w,, } selects the one
centred at zero. We shall proceed by means of a selection principle argument, inspired again
by some original ideas introduced in the paper [7].

Lemma 3.3.6. Assume the same hypotheses as Lemma 3.3.1 (and use notations accordingly).
Then,

_ . 1 1
ye al;ggéldm /Rd [_p g, wi ™ (x —y) + 5 wi (x — y)] log |z| dx . (3.3.93)

Proof. In order to prove the assertion we can proceed along the proof of Theorem 3.3.4, upon
noticing that in place of wyr4,) we can pick wea,)(-—y) for any fixed y € R? (recall that & is

translation invariant). Hence, for possibly different M,, and gb,n having the same properties
as in the mentioned proof, we obtain the analogue of (3.3.74):

1
_p+1 Rd ngn]( )|:E| Wlog|x|dx—|—ll MGO 1/ wb[M ( _y) log|m|dx

2p eb,n
w - w - Oy — 0
+I§ log / RIVRICEE) da / b[/\/ln]( ) A 0o— 0y,
n d ‘x|"/n Rd |aj|’7n Vn

/ w?*! log |z|dx + I HOJ\A/ng’l/ w2 |z log || da

p+1

2p 2p bvn 9 . 0
+ 1! log / D g / Do qz) "%
Tn Rd |x|7n Rd |];|’Yn Yn
(3.3.94)

Passing to the limit as n — oo in (3.3.94), which is feasible e.g. thanks to Lemma 3.3.1 and
Corollary 3.3.5, we deduce:

——500—1

1
— ——— [ W™z —y) log|z| dz + 130 M » w (z — y) log |z| d

1 2p 2p % /
—Iolog(/Rdwb (:U—y)dx) </Rdwb (z—y)dx) 9,

1
>— —— [ wz —7) log|z| dz + I L9, 31" dwip(x —7) log|z|dz
R

0
—I&log(/Rdwgp(x—y)dx) (/}Rdwgp(x—y)d:U) 096.

Recalling the identities [pa wgp dr =: M and I&@OMQW1 = 1/2p, the above inequality reads

1 p+1

1
— o1 W (x —y) log\x|dx—|—2p/Rdwbp(x—y) log |z| dx
1 " B 1 . - (3.3.95)
Z—m o W (x —y)log|x|dx+2p/wa (x —7) log |z|dz .
Since y is arbitrary, (3.3.95) is equivalent to (3.3.93). O
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3.3. Convergence as v | 0 and radial symmetry of optimal functions

By a change of variables, we have that the function to be minimized in (3.3.93) coincides
with

1 1
F(y) := /Rd [_p—i-l Wi (z) + — o w (x) | log |z + y|dz  Vy e RY.

Our aim is therefore to prove that F' has a unique minimum at y = 0. Since both w, and
log |z| are radial about the origin, it is straightforward to check that also F' enjoys such
property. This is a general fact: the convolution between two radial functions is still radial.
Hence, letting

1 1
Ki=———wl™ + —wp, (3.3.96)
we have that minimizing F’ w.r.t. y € R? is equivalent to minimizing
G(R) := / K(x)log|z + VRe)| dx (3.3.97)
R

w.r.t. R € Rt, where e, is e.g. the first versor of the canonical basis of R

Lemma 3.3.7. The function G defined in (3.3.97) can be rewritten as
=2 / 2)log { (R+1aP)” - 4R xﬂ dr VR eRY. (3.3.98)

Proof. By splitting the integral in the regions {z; > 0} and {z; < 0}, we obtain:

1
G(R) == K(x)log [(931 + \/_> R xﬁ} dz
2 JrRin{z, >0} (3.3.99)
1 , 3.
3 Jringorso) K(z)log ( 1+ \/_) i a:d] dz,
where in the region {z; < 0} we used the change of variables
(ml,l'g, c ,md) — (-.Tl,il,'g, R ,de)
and exploited the radiality of K. Since
(:I:xl—l—\/_) +a224+. . 4+2i=R+|z?+2VRu,
we deduce that (3.3.99) coincides with
1 2 2
3 Jaingeo) K(x)log [(R + |z|* + 2\/§$1) (R + |z|* — 2\/7%11)} dz
namely (3.3.98) because the integrand is symmetric w.r.t. {z; = 0}. O

In the sequel we shall prove that dG%R) is actually strictly positive, whence the fact that
G(R) has a unique minimum at R = 0. It is readily seen that G(R) is continuous. Moreover,
taking the derivative w.r.t. R in (3.3.98), we obtain:

dG(R) 1 (2) 2(R 4+ |z|?) — 422 4
dR 4 Jre (R + |z|2)?2 — 4R 23

VR e R . (3.3.100)

Note that, since d > 3 and K(x) is a regular function decaying fast enough as |z| — oo, we
are allowed to take derivatives under the integral sign in (3.3.98) and therefore get (3.3.100).
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Chapter 3. Optimal functions for CKN inequalities and weighted fast diffusion

Moreover, we have that also %&f) is continuous, so that G € C'(R"). To our purposes, it is

convenient to write the integral in (3.3.100) in spherical coordinates:

dG(R) +oo i1 [T 2(R+71%) —4r?cos*(0) . 4.,
o _c/o K(r)r /0(R+7“2)2—4R7’2(2082(0) sin®2(0)dodr  (3.3.101)

for all R € R", where C is a positive constant depending only on d and, with a slight abuse
of notation, we denote by K(r) the function K(x) evaluated at any point x such that |z| = 7.

Lemma 3.3.8. Let R > 0. Then the function

2(R + r?) — 4r? cos?(0)

— [ ind-2 R 3.102
Ca(r) /0 R iR () SO0 Ve (3.3.102)

is continuous, positive and decreasing.

Proof. Tt is straightforward to check that £z(r) = (2/R){ (r%/R) for all r € Rt where

R 3 201 4+s)—(1+s)? ] .,
l(s) = /0 [1 + (1(+ 3)2)— 4(5 0052()9) sin2(0)df Vs e RT. (3.3.103)
Proving our statement is therefore equivalent to proving that f(s) is continuous, positive and
decreasing. It is apparent that lim,_, . g(s) = 0, from which, if we establish that E(s) is
strictly decreasing, then it is necessarily positive. Since the denominator of the integrand in
(3.3.103) vanishes if and only if s = 1 and 6 = 0, it is immediate to see that ¢(s) is continuous
in [0,1) U (1, +00). In order to prove continuity at s = 1 as well, we must show that

o [F 20 s) = (49 g
1 =0.
slg%/o (14 s)% —4scos?(0) sin™(0) 6 =0

Recalling that d > 3 and 6 € [0, /2], we have:

‘ 2(14s) — (1+5) sin(6) (3.3.104)

- d—2 11— s
(14 s)? —4scos?(0) sin' (0)‘ =

~ 14 5s—2y/scos(f)

so that by calculating the exact integral of the r.h.s. of (3.3.104), we get:

3 21+s)—(1+s)? . 45 11— s] 1+s
I (1+5) — dscos?() ™ (QW‘S NE IOg[(l—\/E)Q]’

which actually vanishes as s — 1. We are left with proving that £(s) is strictly decreasing.
In order to do so, it is enough to show that

dl(s)
ds

<0 Vse(0,1)U(l,+00). (3.3.105)

Let

2048 - (149 4,
m(s) = [ L5 o7 dscost() O VseRS

and C := fog sin?=2(0) df. It is readily seen that
U(s)=C+m(s)=C—m (s_l) Vs > 0. (3.3.106)
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3.3. Convergence as v | 0 and radial symmetry of optimal functions

Thanks to (3.3.106), it is enough to establish (3.3.105) e.g. only for s > 1. To this end, we
shall first consider the case d = 3 and then infer from it the result for all d > 3. Let then
d = 3, so that we can compute /(s) explicitly:

N 1 1—s, <1+f>

o) =14 00009 [ (g =1 g s (g

In order to prove (3.3.105) for all s > 1, we can set s = t2,

2 2 -1 2
0t) = og (1— ——) w>1
(*) ot Og( t+ ) vt >

and show that & t) < 0 for all t > 1. Since

d?(t) (P4 1)log[l —2/(t+1)] + 2t
dt 212

Vt>1,

we need to prove that
>+ 1)log[l —2/(t+1)]+2t<0 Vt>1. (3.3.107)

To this end we can exploit the fact that log(1 — z), for every x € (0, 1), is smaller than its
Taylor expansion (at any order) centred at x = 0. In particular,

log[l—2/(t+1)] <=2t +1)" =2t +1)2 = (8/3)(t+1)* Vt>1.
Therefore, (3.3.107) is implied by
#*+1) [—2(75 + 1) =2+ 1)~ (8/3)(t + 1)—3] +2t<0 Vt>1. (3.3.108)

After straightforward computations, one finds that (3.3.108) is equivalent to —8t*—12t—20 <
0 for all £ > 1, which is trivially true. Hence, we have proved (3.3.105) in the case d = 3. Let
us show that the validity of (3.3.105) for d = 3 ensures the validity of the same inequality
for d > 3. As above, it is enough to prove it for s > 1 only. We have:

sin?2(9) d6 . (3.3.109)

dl(s) _ /’5 —2(1 + 8)? + 4(1 + s?) cos?()
ds 0 [(1+ )2 — 4scos2(0)]
f(s,9)

Note that taking derivatives under the integral sign is safe because for s > 1 the denominator
of the integrand is bounded away from zero as 6 € [0, 7/2]. It is readily seen that

F(5,0) >0 VOe[0,0(s)], f(s,0)<0 VOe (@(s),n/2, (3.3.110)

where, for s > 1, we set

9()—arccos[1+s/m] (0,7/2).

The validity of (3.3.105) in the case d = 3 entails that
/E F(5,0) sin(6)do < 0. (3.3.111)
0
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Chapter 3. Optimal functions for CKN inequalities and weighted fast diffusion

In view of (3.3.109)—(3.3.111), for any d > 3 we obtain:

dl(s)
ds

(s)
:/ f(s,0)sin(0) sin®~ d9+/ (s,0) sin(6) sin®3() df
0 (s)

VB

<sin? (4(s)) /0 " t(s,0) sin(6) A + sin®? (4(9)) /0 - F(5.6)sin(®) a6
=sin®? (0(s)) /O : f(s,0)sin(A)df < 0.

Hence, { (s) is strictly decreasing and the proof is completed. O
We are now in position to prove the following result.

Proposition 3.3.9. The function G(R) defined in (3.3.98) is strictly increasing. In partic-
ular, it attains its unique minimum at R = 0.

Proof. In order to prove the assertion it suffices to show that digf) > 0 for all R > 0, which,
due to (3.3.101) and (3.3.102), is equivalent to proving that

~+oo d
/ Kr)r*Yg(r)dr >0 VR >0.
0
Recalling the strict positivity of (3.3.81) and the definition (3.3.96) of K, we have:
+oo
/ K(r)r1dr > 0. (3.3.112)
0

Thanks to the explicit profile (3.2.4) of wy, it is immediate to check that there exists R>0
such that X R
K(r)>0 Vrel0,R], K(r)<0 Vr>R. (3.3.113)

Exploiting (3.3.112), (3.3.113) and Lemma 3.3.8, we obtain:

/;OO K(r)r*Yg(r)dr >(x(R) /OR]C(T) P dr 4 Ca(R) /;00 K(r) - dr

. [Hoo
—(n(R) / K(r)ritdr > 0.

0
[l

We can finally state the fundamental consequence of Lemma 3.3.6, Proposition 3.3.9 and
the relation between F' and G.

Corollary 3.3.10. Corollary 3.3.5 holds true with 5 = 0.

3.3.4 Optimal functions are radial for v small

This final subsection is devoted to the proof of Theorem 3.2.1. We shall exploit the
convergence results of the previous subsections and perform an argument by contradiction,
which involves angular derivatives of possibly non-radial optimal functions.

Given a nontrivial antisymmetric matrix A and a differentiable function f, we define the
angular derivative of f with respect to A as follows:

fa(z) = 2T AV f(z) Vo cR?,
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3.3. Convergence as v | 0 and radial symmetry of optimal functions

where 7 denotes transposition. Antisymmetric matrices are deeply linked with infinitesimal
rotations. In fact, take a curve of rotations about the origin {R(¢)} (let ¢ > 0) in the
Euclidean space, such that R(0) = I and R'(0) = AT. A straighforward computation shows
that f4 represents the first-order variation of f along {R(t)} at t = 0, that is

d|f(R(t)x
[f( ( ) )] :iL’T[R/(O)]TVf(.%’) VJZERd.
- A
Note that it is always possible to construct such a curve: this is a consequence of the well-
known fact that the tangent space to the rotation group at R = I coincides with the space
of antisymmetric matrices.
The term “angular derivative” is readily justified. To fix ideas, let d = 3. Here the usual
change of variables in spherical coordinates reads

xr=rsinfcos¢p, y=rsinfsing, z=rcosh,

where 7 € [0,00) is the radius, 6 € [0, 7] is the polar angle and ¢ € [0,27) is the azimuthal
angle. The derivative of a differentiable function f w.r.t. the azimuthal angle is f, = —yf, +
x fy, namely fy = fa, with the choice

0 1 0
Ag=|-1 0 0
0 0 0

Such property can easily be generalized to the case d > 3 by considering the last angle in
spherical coordinates (the only one ranging between 0 and 27). Note that this is false for the
polar angle #: df is not an infinitesimal rotation.

As a consequence of the above discussion, it is apparent that if f is a radial function
then necessarily f4 = 0 for any antisymmetric matrix A. It is not difficult to prove (e.g. by
contradiction) that also the vice versa holds true: if f4 = 0 for every antisymmetric matrix
A, then f is a radial function. Our aim is to prove that w, is radial, at least for v small.
Hence, if it is not, there must exist an antisymmetric matrix A, such that (w,)4, # 0. In
the following, we shall prove some crucial properties of the angular derivatives of w.,, which
are basically inherited from the Euler-Lagrange equation.

Lemma 3.3.11. Assume the same hypotheses as Lemma 3.3.1 (and use notations accord-
ingly). Given any antisymmetric matriz A, set wya) == (wy,)a. Then there exists n € N,
independent of A, such that wya) belongs to HY(RY) and satisfies

?{71 wg(pfl) ] d
— Awppa) +p |$|nn Wnia) = (2p — 1) |x”|% Wnra)  in R (3.3.114)

for all m > n. Moreover, the following identities hold true:

p wz(p_l)

wh
/‘an[A’ dm+p/ n[A | dx—(2p 1>/Rdw724/‘] = daz, (3.3.115)

|"I/‘ Tn

/]R ) w2 [ Tz = 0. (3.3.116)

Proof. The validity of (3.3.114) can be proved just by plugging ¢4 as a test function in the
weak formulation of (3.2.2), where ¢ € D(R?):

2p1

—/ w,, AgpAda:+/ z r7 oad —/ B —pade. (3.3.117)
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Chapter 3. Optimal functions for CKN inequalities and weighted fast diffusion

In fact, noticing that

Apy = (ATx) -V(Ap) + A (ATx> Vo +2AT . Vi = (Ap),

=0

and

/Rf@Adx:/R<fAT:c,V<p>dx:—/Rdiv(fATx)gpdx:—/Rwadx

for all f regular enough (recall the antisymmetry of A and the symmetry of VZy), from
(3.3.117) we infer

_/Rd(w%)A Agodxju/Rd (w§n|xﬁn>Agpdx = /Rd (w?yiflmfvn)A@dx,

namely (3.3.114) since (Jz|™™)a = 0. As a consequence of Lemma 3.2.10, we have that
w., € H*(B,) for any r > 0 and all n sufficiently large (it is enough that v, < ¥(2,p,d)). In
particular, w,;4) € H'(B,) and equation (3.3.114) also holds in the H' (local) weak sense. In
order to prove (3.3.115), let us then multiply (3.3.114) by the test function ¢ = {g wy,[4) and
integrate by parts, where g(x) := &(x/R) and & is a regular cut-off function (see e.g. after
formula (3.3.18)). We obtain:

2 1 2 , wh
/Rd fR‘VWn[A}‘ dz + §/Rd <V§R,V(Wn[A])>dx+p/Rd R W) |I7|% dx
e (3.3.118)
—(2p—1) [ Enwiiy 12— da.
(2p—1) Rdﬁan[A] i &

Since w,, € H'(R?), by the definition of w,(4 we have that w4 € L2(R?), namely
2 -2
/Rdw"[A] |z|7*dz < c0.
We can therefore estimate the second term in the Lh.s. of (3.3.118) as follows:
2 _ 2 1AL 2
Jou (V&R 9 (wf10) ) de] = ‘ [ Aer i dﬂf’ S /BQR\BR Wnia) A
2
w
<tladl|f | Sa
B

2r\BR |5L’|2

so that

lim
R—o0

/Rd <V§R ; V(WZ[A})> dx‘ =0 (3.3.119)

in view of the just recalled integrability properties of wy,(4). Now notice that

/Rd wi[A] wiff‘” lz|7""dr < 00 (3.3.120)
This is still a consequence of the fact that w4 € L3(R?) and of the uniform boundedness
of the function |z[>7w2~ which in turn follows by the estimate from above (3.3.92) of
Corollary 3.3.5 (here we need to assume n > n). Using (3.3.119) and (3.3.120) we can then
pass the limit in (3.3.118) to obtain

wb1 2(p—1)

2 2 ’Y’VL 2 ’YTL
/Rd ‘an[A]‘ dx+p/Rd WhA] b de < (2p—1) /Rd WAl P dz. (3.3.121)
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3.3. Convergence as v | 0 and radial symmetry of optimal functions

Since (3.3.121) implies that both terms in the Lh.s. are finite, passing to the limit once again
in (3.3.118) we deduce the validity of (3.3.115).

We still have to show that w4 € H'(R?), namely that there exists a sequence {pp} C
D(R?) such that

lim » ’an[A] — Vgp;fdac =0.

k—o00

By standard mollification arguments, it is enough to prove that the same holds true for the
sequence {& wn(a1}, and this is indeed the case:

wipa |2 2de,

/Rd ‘an[A] — V(Sk Wn[A])‘Qdm < Q/Rd(l —&)° ’an[A]‘de +8[IVE1%, /B

2%\ Br,

where the r.h.s. vanishes as k — oo since Vw,q) € [L*(RY)]? and wya € L3(RY). Let us
finally prove (3.3.116). This is equivalent to proving that

/Rd (w2 |2 dz=0. (3.3.122)

In order to establish (3.3.122), we can exploit once again a cut-off argument:

[ (v 1ol ), aa] = ‘ [ (€,

To complete the proof, just recall (3.3.120) and that w,, € L2 (R?), use the bound

1 1
w1 w2e—1) 2 w?p 2
/ wn[A]‘ ™ dr < / wiw Jn dz / ™ dg
Rd |x|7n Rd |$|'Yn Rd |x|’Yn

and let R — oo in (3.3.123). O

w2 2p
|

w
< leall [, Tz, (3.3.123)

2r\BR |ZL‘|7"

P
™ dg
Tn

Lemma 3.3.12. Assume the same hypotheses of Lemma 3.3.11 (and use notations accord-
ingly). If{w.,,} is eventually not radial (up to subsequences), then there exists a corresponding
sequence of antisymmetric matrices {A,} such that

/Rd W2y w20 [ Tz = 1 (3.3.124)

i

eventually. Moreover, {wya,)} converges weakly in HY(RY), up to subsequences, to a non-
trivial function w satisfying the inequality

/Rd V| dz + p/Rd P2 uwl ™ dr < (2p — 1) /R &2 w4 (3.3.125)

and the identities
/Rdcm?,p*1 dz =0, (3.3.126)
/Rd |;C|i2 (wf —w@ ) odr =0 Vi=1...d. (3.3.127)

Proof. As recalled in the beginning of this subsection, if w,,, is not radial then there exists
an antisymmetric matrix A, such that wy4,) #Z 0. In particular,

/Rd wipa WaPY g7z > 0. (3.3.128)
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Chapter 3. Optimal functions for CKN inequalities and weighted fast diffusion

In fact, thanks to the regularity of w,, ensured by Lemma 3.2.10, we know that w4, is
eventually continuous. Since w4, is by hypothesis nontrivial, there exist zy € R%andr >0
such that w?i, ; > 0 in B,(xo). Therefore, w,, cannot be identically zero in B,(xo): this
means that

2 2(7771) —Tn d
Whia W x x>0,
/Br(wo) [An] Tyn | |

which proves (3.3.128). Hence, in order to get (3.3.124), it is enough to replace the matrix
A,, with

1
2

A, = (/Rd wi[An] wifbp_l) |a:\_7"d:v> A, .

For notational simplicity, we shall keep denoting A4, as A,. In view of (3.3.124), the identity
(3.3.115) reads

2 p— —
/Rd ’an[An} dz —i—p/Rd wi[An] wh x| nde = 2p — 1. (3.3.129)
Thanks to (3.3.129), the sequence {wy(4,1} is then bounded in H'(R?); we can therefore

assume that, up to subsequences, it converges in H 1(R?) and pointwise to some function @.
First of all, let us show that

, _ _ o 2(p-1
1= lim y wi[An] wzflp V|7 mde = /Rd w? wb(p ) dz. (3.3.130)
Exploiting the just mentioned convergence properties of {wn(4,} and the Sobolev inequality,
we infer that {w?, |} converges weakly in L¥(=?)(R?) to @?, up to subsequences. In order
to establish (3.3.130), it is then enough to prove that the sequence

wzflp—l)|x|—v7l
converges strongly in L%?(R%) to w?,(p ~V. But this is a direct consequence of Corollaries 3.3.5
and 3.3.10. In fact, from (3.3.91) such convergence is trivially true in By. In B one can use
estimate (3.3.92), which in particular ensures that

WV () o[ < C(1+[a]) " Vo € B (3.3.131)

for all n large enough and a positive constant C' independent of n. Since 7, | 0, the r.h.s. of
(3.3.131) is eventually dominated by a function belonging to L%?(R¢). Hence, by dominated

convergence, we get that
2(p—-1) —Tn
W, ||

does converge to wi(pfl) strongly in L%¥2(R%), and so (3.3.130) holds true. At this point,
estimate (3.3.125) follows by passing to the limit in (3.3.129) as n — oo: in the Lh.s. we use
weak lower semi-continuity and in the r.h.s. we use (3.3.130).

We are left with proving the validity of (3.3.126) and (3.3.127). As for the first one, it is
enough to note that the sequences

wn[An}w$;1|x|_7"/2 and w£n|x]_7”/2

converge strongly in L2(R?) to @w};*l and wy, respectively. This allows us to pass to the
limit in (3.3.116) (with A = A,)) to get (3.3.126). Let us finally prove (3.3.127). To begin
with, for all ¢« = 1...d, we consider the equation solved by the directional derivatives of w,,,
namely v, = (w,,), . Proceeding as in the proof of (3.3.114), we get that v, € H'(RY)

Ty
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3.3. Convergence as v | 0 and radial symmetry of optimal functions

and it solves exactly the same equation as wy4,] except for a forcing term coming up from
the directional derivative of the weight |x|~7:

wpf]- w2(p71) €X:
n n ? 2p—1
— Avpp +p 7|;|% Vg = (2p — 1) |:YE|% Unfi] + Tn a2 (wgn WP~ ) (3.3.132)

in RY. Thanks to (3.3.114) (with A = A4,,) and (3.3.132) we deduce the identities

wp_l 2(]7—1)
/]R (Vena,), V) da +p /]R ntan o= (2p = 1) /]R ntan S e (33.139)
and
pfl
/ <V/Unz Vg dl' +p/ Un[z] g

2D (3.3.134)

— (9 , Yn Li p 2p 1
=(2p - 1) /Rd Unlil 9 || dz + 7 /Rd || m+2 (w% )gdx

for all f,g € H'(R?). Picking f = v, g = wn(a,) and subtracting (3.3.134) from (3.3.133),
we end up with the key identity

ZT; _
/]Rd |2 (w8, — w3 ) wnga, dz = 0. (3.3.135)

The validity of (3.3.127) is then just a matter of passing to the limit in (3.3.135) as n — oo.
This is feasible since, for instance, {wy4,]} converges to @ weakly in L3(R?) and the sequence

il (w2, — w2 )

converges to z; (wh — wi’~') strongly in L2(R%). O

The next proposition recalls a fundamental spectral gap property, which is a consequence
of the results in [24, 65, 66].

Proposition 3.3.13. Consider the functional
To(w) == / IVwl|® da —|—p/ wwl  dr — (2p — 1)/ w? wg(p_l) dz,
R4 R4 Rd
where w € H'(RY). Then, Jy(w) > 0 for all w € H'(RY) such that

wwy ' dr =0, (3.3.136)

R4
and equality is attained if and only if there exists a vector a € RY such that
w(r) = a’ Vwy(z) Vo e RY. (3.3.137)

Proof. As a particular case of [24, Theorem 2] (let « = —2p/(p — 1) < —d there), we have
that the Hardy-Poincaré inequality

4p 2 3p—1 2 2p

(let @ be as in (3.2.4)) holds true for all f belonging to the closure of D(R?) w.r.t. the norm
appearing in the r.h.s. of (3.3.138) and such that

/d Fude =0. (3.3.139)
R
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Moreover, nontrivial optimal functions for (3.3.138) subject to (3.3.139) are explicit: there
holds equality if and only if
f(z)=b'z VrecR? (3.3.140)

for some b € RY. We point out that these results had already been obtained by Denzler
and McCann in [65,66], but in a different functional setting. We refer the reader to [24, pp.
16462-16463] for the details.

At this point the proof of our lemma consists in plugging the function f = ww,” in
(3.3.138)—(3.3.140) and performing some integrations by parts. In order to justify this rig-
orously, we shall use compactly supported functions. That is, if w € D(R?) and satisfies
(3.3.136), then f = ww,” is an eligible function for (3.3.138), so that integrating by parts in
the r.h.s. we find that J,(w) > 0. Given any w € H'(R?), take a sequence {w,} C D(R?)
converging to w in Hl(Rd), having the property that [pa w, w?,p_l dr = 0 for all n € N.
Passing to the limit in the inequality Jy(w,) > 0 we deduce that Jy(w) > 0. We are left
with proving that J,(w) = 0 if and only if (3.3.137) holds true. Again, the idea is to take
a sequence {w,} as above. Since Jy(w,) — 0 (Jp is continuous in H(RY)), we infer that
fn = waw, " satisfies

4p 2 3p—1 o 2 2p
a(p_l)/Rd Jo Wy dﬂ«“—/RdIanl wy do + &y (3.3.141)

and [pa f wi? ' dz = 0, where €, — 0. To conclude that f = ww,” is an optimal function
for (3.3.138), we just need to pass to the limit in (3.3.141). The only nontrivial part is to
show that we can pass to the limit in the right-hand side. Noticing that

Vfn=w," Vuw, — pwnwb_p_l Vwe and Vf=w,"Vw-— pww;p_l Vwg ,

this amounts to proving that
W, — Vw| dr — an Wy, — W\~ Wy, wp| dxr — 0. 3.
v Vw[*dz =0 and [ 2wy [ Vuwe|? dz — 0 3.3.142
R R

But (3.3.142) is just a consequence of the convergence of {w,} to w in H'(R%). In fact, by
Hardy’s inequality, the latter implies convergence in L3(R%), and it is immediate to check
that
—1
wy(2) V(@) < C (14 2?) Vo eR?

for a suitable positive constant C. Passing to the limit in (3.3.141) we then infer that
f = ww,? optimizes (3.3.138) subject to (3.3.139). Hence, (3.3.140) implies that ww,” = b’z
for some b € RY, and (3.3.137) follows by noting that Vwy is proportional to zw?. O

Now we show that the optimal functions for (3.1.1), when restricting to the radial setting,
are Barenblatt-type profiles.

Proposition 3.3.14. Let (3.1.2) hold true. Then the solution to problem (P) restricted to
/H,*Y(]Rd) is unique and explicit. If the mass M s chosen so that it satisfies the Euler-Lagrange
equation (3.2.2), it coincides with wy~ as in (3.2.3).

Proof. Since every (suitably rescaled) solution to problem (P) restricted to #*(R?) is a so-
lution to (3.2.2), it is enough to establish uniqueness for nonnegative, nontrivial solutions to
(3.2.2) belonging to #2(R?) (hereafter we shall denote such solutions as w?). Actually, this
follows from the results of [152]. In fact, there it is proved uniqueness for the non-weighted

semilinear equation
— Aw 4 wP = w?' in R? (3.3.143)
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among radial solutions which are nontrivial, nonnegative, belong to C*(R¢) and vanish at
infinity. Nevertheless, for radial functions, one can always perform the change of variables

v(s) = w’ (c 82/(24)) Vs e RY, c:=[(2— V)/2]2/(2—7) ’

5
where, with a slight abuse of notation, it is understood that w(|z|) = wZ(z). Lengthy but
elementary computations show that v solves

v+ dvsl v P =0v?®t in RT, (3.3.144)

where d., := 2(d—7)/(2—). Now notice that (3.3.144) is just the same equation as (3.3.143)

but for radial functions and in the “real” dimension d,. One can then apply the uniqueness

results of [152] (see Theorem 2 in Section 2 there) to v and so recover uniqueness for w?.

However, such results hold true provided v € C*. But this is indeed the case. In fact, from

the L>* bound (3.2.25) and from the Calderén-Zygmund theory (see the proof of Lemma

3.2.10), we easily get that w} € L>°(RY) N C'(R?\ {0}). The latter property ensures that
v € C': this is carefully justified in [152, Section 6, Remark 3].

Finally, since wy,, as in (3.2.3) belongs to H*(R?) and solves (3.2.2), the last statement is

a trivial consequence of the just proved uniqueness result. O

Thanks to Lemma 3.3.12 and Propositions 3.3.13, 3.3.14, we are in position to prove our
main symmetry result.

Proof of Theorem 3.2.1. We argue by contradiction. By Proposition 3.3.14, if the assertion is
false then there exist a sequence {7, } C (0,d—(d—2)p) such that ~, | 0 and a corresponding
sequence of minimizers {w., } such that w,, is not radial for all n € N. In view of Lemma
3.3.12, this entails the existence of a nontrivial function @ € H'(R?) satisfying (3.3.125),
(3.3.126) and (3.3.127): but then Proposition 3.3.13 forces (3.3.125) to be an equality and
@ to have the explicit form & = a”Vw, for some a # 0. Combining this information with
(3.3.127), we infer that

d

: i p . 2p—1 o .
S [ (8 = o) ey dr =0 i1,
that is
Ed: / 1 pr1 L9 d 0 Viel. .d (3.3.145)
=1 IR |575|2 p+1° 2 )

J

Integrating by parts in (3.3.145), we obtain:

o Til; Lo 1o :
E e de=0 Vi=1...d 3.3.146
/]Rd <|$|2 |$|4> ( Pt 1 wy + - % Wy | AT [ ) ( )

where ¢§;; denotes Kronecker’s delta. Since wy is radial, it is apparent that for all j # i
the integrals appearing in the summation (3.3.146) are identically zero, so that the latter
amounts to

a/ L Lot Ly de—o vie1...d (3.3.147)
i — — w —w T = 1=1...d. 3.
R\ |z]> [zt p+1° 2p "
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The radiality of wy also implies that the integral in (3.3.147) is independent of :

/ 1 —2%2 — 1 wp+1+iw2p dz
R \ [2[? |z[* p+1° 2p °

d— 2 1 1 1
= — P ) de Vi=1...d.
d Rd\x12< p+1 e +2p“’b> v

Since a # 0, from (3.3.147) and (3.3.148) we deduce that

/1 —prﬂ—i-iw% de =0.
Refz2\ p+1 " 2p "

(3.3.148)

(3.3.149)

Actually (3.3.149) cannot hold. In fact, repeating exactly the same proof as Proposition
3.3.9, with (x(r) replaced by 1/r* we get that the integral in (3.3.149) is strictly positive.

The contradiction is then established, and the proof is complete.
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CHAPTER

Fast diffusion on hyperbolic space: sharp asymptotics
of radial solutions

4.1 Introduction and main results

In this chapter we study the asymptotic behaviour of nonnegative solutions to the following
fast diffusion equation on N-dimensional (let N > 2) hyperbolic space H”:

(4.1.1)

u; = A(u™) on HY x (0,7),
u = U on HY x {0},

where A is the Riemannian Laplacian, m € (ms, 1) and my is the critical exponent

N —2
Mg i = ——— .
N +2

The initial datum wug is assumed to be nonnegative and radial in the sense that it depends
only on the geodesic distance 7 from a given point 0 € HY (which we shall denote as d(z, 0)),
namely the pole, which has to be considered as fixed. Solutions to the fast diffusion equation
corresponding to radial data are of course themselves radial at any time. In (4.1.1) the
parameter T' = T'(ug) denotes, for an appropriate class of data, the eztinction time of the
solution u, namely the smallest positive time ¢ at which u(t) = 0. In fact, the results of [29]
show that, in a class of Cartan-Hadamard manifolds which includes HY, the extinction time
exists finite for initial data which belong to LI(HY), where ¢ > 1V N(1 —m)/2. We refer
to such paper also for the relevant existence and uniqueness results for solutions to (4.1.1)
provided there (see however an alternative approximation procedure sketched in Subsection
4.2.1).

It is well known that the fine asymptotics of solutions to the fast diffusion equation posed
in the whole Euclidean space RY is governed by (suitable rescalings of) Barenblatt, or pseudo-
Barenblatt, solutions. A huge literature on the topic has been produced in the last decade, so
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we limit ourselves to quote the monographs [172,173] and, without any claim of completeness,
the papers [23,24, 30, 43-46, 58, 62, 64, 66, 85, 122, 132] and references therein (see also the
Introduction to Chapter 3). We point out that in this context extinction in finite time takes
place, for suitable classes of data, only for m < (N —2)/N (provided e.g. N > 3).

The situation on negatively curved manifolds is different from the Euclidean one since
solutions vanish in finite time not only for m small enough, but for all m < 1. In fact, this
is somewhat similar to what happens in the case of the homogeneous Dirichlet problem in
bounded Euclidean domains €2, which was deeply investigated e.g. in [19,31,73,93,166]. In
such papers, at various levels of detail, it is shown that the asymptotics of suitable classes of
solutions can be described in terms of separable solutions of the form (1 —¢/T)"/(1=m) gl/m
where S is a positive solution to the elliptic problem —AS = ¢SY™ in Q, with S = 0 on
092, for a suitable constant ¢ > 0 (in principle depending on the initial datum). No positive
solution to the above elliptic problem exists in the whole Euclidean space RY. However, on
HY, the fact that the bottom of the L? spectrum of —A is strictly positive points towards
existence of such a solution. Indeed, this result was proved in [129]. More precisely, the
authors establish there that, given any ¢ > 0 and m € (ms, 1), the equation

~ AV =cVw onHY (4.1.2)

admits strictly positive solutions V' belonging to the Sobolev space H'(H") (what we call
energy solutions), which are necessarily radial with respect to some pole o € HY, the latter
thus being the only free parameter characterizing such family of solutions. Notice that
solutions to (4.1.2) corresponding to different values of ¢ are related by scaling, namely they
are all multiples of the solution with ¢ = 1. The asymptotics of V' = V(r) as r — oo was
studied as well in [129] and slightly improved in [26]: the main result is the existence of a
constant [ = (¢, m, N) > 0 such that, for all £ € NU {0},

dkv

i (N=1)r = "

A et

Actually, in [129] and [26], formula (4.1.3) is proved for £k = 0,1 only, but by exploiting

(4.1.2) it is straightforward to deduce its validity for all & € N. Infinitely many other positive

solutions to (4.1.2) exist, but none of them belongs to H*(HY) and their behaviour as r — oo
is of power type (see again [26]).

(r) = (=D)"(N = 1)*1. (4.1.3)

As concerns asmyptotics, here we shall prove that the behaviour of a given solution u
to (4.1.1) with a nonnegative radial initial datum wg is related to the energy solution V' of
(4.1.2) having the same pole 0 as ug and corresponding to a value of ¢ that depends on wg
itself via the extinction time 7' of u, namely the one that satisfies

1 \
AV =— " Vm HY . 4.1.4
Vv (1—m)TV on ( )

More precisely, our main result is the following.

Theorem 4.1.1 (Convergence in relative error and convergence of derivatives). Let u be the
solution to the fast diffusion equation (4.1.1) corresponding to a non-identically zero initial
datum vy > 0, which is supposed to be radial w.r.t. o € HY and to belong to LI(HY) for
some ¢ > N(1 —m)/2, with ¢ > 1. If T > 0 is the extinction time of u and V is the unique
positive energy solution, with pole o, to the elliptic problem (4.1.4), then

lim i s ~1] =o0. (4.1.5)

[e.o]
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Moreover, for all k € N there holds

lim : ~0, (4.1.6)
t—T (1 i %) i—m V%

where

ok
% o

for any regular radial function ¢. As a consequence, for all k € N there exists a smooth
function Fy(r), having the property

|¢|Ck(R+) =

lim Fi(r)=1,
such that
AFu(t)
lim Br= . ~F| =o0. (4.1.7)

t—T— —1\F T—m 1,1

i ST
Remark 4.1.2. Estimates (4.1.3) and (4.1.7) (together with identity (4.4.41) below) imply
that, given any k € N, for all € > 0 there exist ¢, € (0,7") and r. > 0 such that

k
1—€e< %(7‘, 2
- T dhy
(1 - %) drk (T)
Notice that (4.1.7) bears some similarity with some of the results established in [124] in the
Euclidean case and for m > 1 (porous medium equation). See also [123] for analogous results
for the Euclidean p-Laplacian driven evolution.

<l+e Vr>r., vVtelt,T).

The method proof of Theorem 4.1.1 and the known behaviour at infinity of V' and its
derivatives allow us to state a global Harnack principle and give upper and lower bounds on
derivatives of the solution.

Theorem 4.1.3 (Global Harnack principle and bounds for derivatives). Let the assump-
tions of Theorem 4.1.1 be satisfied. Then for all ¢ > 0 there exist positive constants ¢; =
¢1(ug, m, N,e) and ¢y = ca(ug, m, N, &) such that the bound

t\T-m — t —m -1
a1 (1—T>1 e <u(r,t) <co (1—T>1 e~ (4.1.8)
holds true for all™ >0 and t € [e,T). Moreover, for all k € N there hold
oAt t = _N-1,
W(r,t)’ <O, (1 - T) oMt (4.1.9)
OFu HFND(E-)r t\ T
T4 nl<c —mTQ—) , 4.1.10
Otk (T )|— 2,k (1_%)k € T ( )
Vr>0, Vtele,T)
for suitable positive constants Cix = Cyx(ug,m,N,e) and Coy = Cox(ug,m,N,e). In

addition, for any k € N there exist t € (0,T), r > 0 and a suitable positive constant
C}, = Cp(ug, m, N) such that

oFu
e

1

t\1T-m -1
r,t)' > C, (1—T)1 et Vr>r, Vtelt,T). (4.1.11)
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Notice that our global Harnack principle (as well as the corresponding bounds for deriva-
tives) is in the spirit of the one proved by E. DiBenedetto, Y. Kwong and V. Vespri in the
fundamental paper [73] for the fast diffusion equation in bounded domains of RY, and of sim-
ilar results proved by M. Bonforte and J. L. Vdzquez in [34] for the fast diffusion equation in
R¥: in the latter case solutions can in fact be bounded above and below by special solutions
of Barenblatt type. The concept of convergence in relative error was first introduced in [170],
still as concerns the fast diffusion equation in RY. Later on, M. Bonforte, G. Grillo and J.
L. Vazquez proved in [31] that convergence in relative error to a separable solution occurs in
the case of bounded domains, thus improving on the results of [73].

It is worth pointing out that the techniques of proof of Theorems 4.1.1 and 4.1.3 can be
used to capture the spatial behaviour of solutions, at any fized t > 0, to the fast diffusion
equation on HY in the subcritical range m € (0,m,] as well. Indeed, the following result
holds true.

Theorem 4.1.4 (Spatial bounds for subcritical m). Let N > 3 and the assumptions of
Theorem 4.1.1 be satisfied. Suppose that m lies in the subcritical range (0, mg]. Then for any
fized t € (0,T) there exist positive constants ¢; = ¢1(t, ug, m, N) and co = co(t, up, m, N) such
that the bound

N-1 N-1
e m " <u(rt) <cge m " (4.1.12)
holds true for all r > 0. Moreover, for all k € N the bounds
oFu _N-1,
E?ku _ 1 1)y _N-1,
o (1 1)] < Cop e D) =5t (4.1.14)

Vr >0, Vte (0,T)
hold true for suitable positive constants Cy = C1 x(t, up,m, N) and Coy = Co(t, ug,m, N).

Some words have to be said about the assumption of radiality that we require on the
initial data, which is related to several technical issues. First of all, we need some a priori
decay properties for the solution in order to exploit suitable barrier arguments. Such decay
properties are straightforward for radial functions in H'(HY) but need not be valid for
general solutions. In the second place, it is not obvious that the solution (suitably rescaled
in time) corresponding to a non-radial datum selects a unique asymptotic profile V' along
subsequences (recall the degree of freedom given by the pole o). This was proved in [93] in the
Euclidean case (bounded domains) but it is not known in the present context. Besides, in the
proof of the key Lemma 4.2.3 below, the compactness of the embedding (see the forthcoming
Subsection 4.1.1 for notations)

HL (HY) — LA™ @)

rad rad

is exploited in a crucial way, and such property fails in the non-radial framework. We remark
that it is not even clear how to consider data which are not radial but bounded above and
below by some radial data, since the extinction times of the corresponding solutions are
in principle different. The existence of ordered radial data whose solutions have the same
extinction time 7" > 0 is an open problem. Should such a construction be possible, our
methods of proof would readily give convergence in relative error to the separable solution
extinguishing at time 7" also for non-radial data in between.

Finally, let us mention the very recent paper [169]. In such work, the author studies the
asymptotic behaviour of solutions to the porous medium equation on HY, obtaining sharp
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results for radial solutions, which show that they approach a Barenblatt-type function whose
support grows in time with a logarithmic rate (in contrast with Euclidean power rate). Hence,
it is remarkable that for m > 1 equation (4.1.1), to some extent, is closer to the same equation
in Euclidean space rather than in bounded domains.

Remark 4.1.5. Keeping the fundamental hypothesis of radiality, our results hold in some-
what more general geometric frameworks, but we preferred to work in the explicit case of
H" to avoid bothering the reader with heavier notations and technicalities. In fact one could
consider Riemannian models (see [20,104] as general references and [18] for the analysis of
Lame-Emden-Fowler equations in such context) whose metric is defined, in spherical coor-
dinates about a pole o, by ds? = dr? + ¢?(r)d©?, where © € SV~! ¢ € C?([0,00)) with
P(0) = ¢"(0) = 0, ¥'(0) = 1, Y'(r) > 0 for every r > 0 and lim, ., ¢'(r)/¢(r) € (0,00).
Note that sectional curvatures at a point P tend, as the geodesic distance d(o, P) tends to
00, to a strictly positive constant. In such a kind of manifolds a radial energy solution having
the properties of the present solution V' was shown to exist in [18].

4.1.1 Notations and preliminaries

As for the initial datum ug = ug(r) in (4.1.1), in addition to its nonnegativity, in principle,

we should also assume that it is bounded and such that uj* € HL ;(HY), where

HL (HY) = {v radial: ||v||%::= /OO v?(s) (sinh s)N"'ds + /oo [v/(5)]? (sinh s)V ds < oo} :
0 0

Notice that HL (HY) is precisely the space of radial functions w.r.t. o which belong to
HY(HY). By energy solutions to (4.1.1) one should mean those corresponding to data ug
with u* € HL (HY) (up € HY(HY) if ug is not radial), but in fact the results of [29] show
that the solution u corresponding to an initial datum which complies with the integrability
conditions of Theorem 4.1.1 automatically satisfies u™(¢) € HL ;(HN)NL>®(HY) for all € > 0.
This is stated in [29] for N > 3, but it holds true for N = 2 as well because the methods
of proof exploited in [29] only rely on the validity of a suitable Sobolev inequality (to some
extent, in the same spirit as Chapter 1), which is a fortiori satisfied in H'(H?).

Now let us see what problem (4.1.1) looks like for radial solutions. Recall that the Rie-

mannian Laplacian on hyperbolic space, for a radial function v = v(r), reads

1

Av(r) = W

[(sinh r)N-t v’(r)}/ ="(r) + (N = 1)(cothr)o'(r), (4.1.15)

where the superscript ' means derivation with respect to r. From (4.1.15) we have that
studying energy solutions to (4.1.1) for radial initial data is equivalent to studying energy
solutions to the problem

uy = (u™)" 4+ (N — 1)(cothr) (u™)" in (0,00) x (0,7T),
(um™)' =0 on {0} x (0,7, (4.1.16)
u = ug on [0,00) x {0}.

The fact that there exists a finite extinction time 7" > 0 is a straightforward consequence of
the validity in HL ,(HY) (in fact also in H!(H")) of both a Poincaré and a Sobolev inequality
(see e.g. [173, Section 5.10] and [26, Section 3]), that is

ol < CpVll2, vl 2x. < Cs o] (4.1.17)
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for all v € HL ;(HY) and suitable positive constants Cp = Cp(N), Cs = Cs(N), where
vl = / lv(s)P (sinh s)V'ds, L (HY) := {v radial: |jv||, < oo} .
0

Moreover, one can prove [21, Theorem 3.1] that the embedding of HL ,(HY) in L2  (HY) is
compact for all p € (2,2N/(N — 2)). Notice that, since m € (my, 1), this means in particular
that

HL (HY) < LY@y (4.1.18)

rad rad
a crucial fact that we shall exploit in the next section. Recall however that such compact
embedding fails in H'(HY), another nontrivial issue that points out the advantage of working
in the radial framework.

In the sequel, for notational simplicity, we shall write L? instead of LP(HY) and do the
same with all the other functional spaces involved. Also, since we shall mostly deal with
radial functions, in the discussion below we shall often replace e.g. HY with [0, 00), B, with
[0,7) or o with 0, as long as there is no risk of ambiguity.

4.1.2 Outline of the chapter

The above results will be proved through several intermediate steps. Local uniform con-
vergence of u™/(1 — t/T)™/ =™ to the energy solution V of the elliptic problem (4.1.4) is
established in Section 4.2. In particular, in Subsection 4.2.1 we prove convergence on com-
pact subsets of HY \ {o}, while in Subsection 4.2.2 we extend such result to neighbourhoods
of {o}. Given the strict positivity of V, this ensures that (4.1.5) is satisfied at least locally.
Afterwards, in Section 4.3, we prove the global Harnack principle (4.1.8), by means of suitable
barriers at infinity which provide us with the correct upper and lower bounds (Subsections
4.3.1 and 4.3.2, respectively). In Section 4.4 we then deal with the proof of Theorem 4.1.1.
The convergence in relative error (4.1.5) is established in Subsections 4.4.1 (where we first
write the differential problem satisfied by the relative error and see it as a limit of suitable
approximate problems) and 4.4.2, in fact by taking advantage of the global Harnack prin-
ciple and exploiting a further delicate barrier argument. Finally, as concerns derivatives,
estimates (4.1.9)—(4.1.11) and the C* convergence results (4.1.6), (4.1.7) and are dealt with
in Subsection 4.4.3. As already mentioned, Theorem 4.1.4 is just a direct consequence of the
methods of proof of Theorems 4.1.1 and 4.1.3 (in this regard, see Remarks 4.3.8, 4.3.14 and
4.4.7 below).

4.2 Local uniform convergence to the separable solution

As previously mentioned, each solution to (4.1.1) extinguishes in a finite time 7" > 0.
Therefore the asymptotic behaviour of w is, from this point of view, trivial: the solution
goes to zero as t T T. In order to study finer properties of w it is very useful to look for
separable solutions to (4.1.1) (if any), so that their asymptotic behaviour might unveil at
least the expected order of convergence to zero of a generic solution. To this end, let us set
u(z,t) = g(t) VY™ (z). After some straightforward computations one gets that  is a solution
to (4.1.1) for some uy > 0 (not identically zero) if and only if

g(t) = (1 _ ;)"’ vt € [0, 7] (4.2.1)

and V is a positive solution to the elliptic problem (4.1.4) for some parameter 7' > 0 (the
extinction time). When m € (my, 1) existence, uniqueness and radiality of such a V' is guar-
anteed by compactness and by a moving plane method (in this regard, see the fundamental
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paper [129]). Local regularity and strict positivity of V' are then a consequence of standard
elliptic arguments. So the rate of convergence to zero as t T T for separable solutions is given
by (4.2.1). This suggests that, in order to analyse a nontrivial asymptotics, it is convenient to
study the behaviour of the rescaled solution u(r,t)/g(t). Notice that, if u(r,t) = g(t) V¥/™(r),
then such rescaled solution trivially coincides with V'*/™. For a generic u this is of course not
true: however, /™ seems to naturally maintain the role of an attractor for u/g.
Motivated by the above discussion, given the extinction time 7' > 0 associated with the
solution u of (4.1.1), let us consider the corresponding rescaled solution w defined as

T \Tom , . T
w(r,T) == (T — t) 1 u(r,t) = eT=mT g (7’, T — Teif) , 7:=Tlog (T—t)’ (4.2.2)

Vr € (0,00), Vte (0,7), Vre (0,00).

Straightforward computations show that w solves the following problem:

wy = A(w™) + m w in (0,00) x (0, 00),
(™) =0 on {0} x (0,00). (423
w = U on [0,00) x {0}.

The aim of this section is to prove that w™ (1) converges locally uniformly in {r € [0,00)} to
V as 7 — oo (since V is positive, this is clearly equivalent to claiming that w(7) converges
locally uniformly to V'/™). The basic estimates one needs to exploit in order to prove such
kind of result were obtained in a celebrated paper [19] by J. G. Berryman and C. J. Holland,
though for regular solutions to the fast diffusion equation in regular bounded domains of R¥.
Here, first we shall only point out how their techniques, with minor modifications, can be
applied to this framework as well. This will ensure local uniform convergence at least away
from {r = 0} (Subsection 4.2.1). Some further work will then be required to extend the
result to neighbourhoods of the pole o (Subsection 4.2.2).

4.2.1 Convergence away from the pole

To our purposes, it is convenient to see u as a monotone increasing limit of the sequence
of solutions {u,} (with extinction times {T,}) to the problems

(un), = A(u?) in (0,n) x (0,75,),

U, =0 on {n} x (0,7,),
(u™) =0 on {0} x (0,T},), (4.2.4)
Uy = Ugp, on [0,n] x {0},

where {ug,} is a sequence of regular data such that wug,(n) = 0, (ug) (0) = 0, up, < uo,
which suitably approximates wug, and 7, 1 7. We shall identify u,(-,t) as functions in the
whole of [0, 00) by setting them to zero outside [0,7n]. Notice that (4.2.4) corresponds to the
radial fast diffusion equation with homogeneous Dirichlet boundary conditions posed on the
ball of radius n of HY centred at z = o.

Lemma 4.2.1. There ezists a positive constant C' = C'(m, N) such that

1

1 t\1T-m
CT =) < s < (1-7) " Noolly VEEOT).  (425)
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Moreover, the ratio
m\/ t
o Ly, 26)
()11

is nonincreasing along the evolution.
Proof. The left inequality in (4.2.5) can be proved exactly as in [19, Lemma 1] using the
identity
d o0 )
= / W™ (s, 1) (sinh 8)V"1ds = —(m + 1) / (W™ (s,0)]? (sinh )V "1ds  (4.2.7)
0 0

and the Poincaré-Sobolev inequalities in (4.1.17). To justify the the other statements we
proceed as in [19, Lemma 2|, outlining the main steps only. At a formal level, we have:
Sl (s, O (sink ) s _ 5w~ (s,1) [A(uw)(s, ) (sinh £)¥ds
Joo umt(s,t) (sinh s)VN-tds — Joo[(wm™) (s,t)]2 (sinh s)V—1ds ’

(4.2.8)

Ao v 2 et N1 o U™ (s, ) [A(um)(s, )" (sinhs)Nds
a/o [(u™) (s,t)] (sinh s)™ ~'ds = —2m T () (s, ]2 (sinh 3) 1ds ,
(4.2.9)

where (4.2.8) follows from integration by parts and Cauchy-Schwarz inequality. From (4.2.7)—

(4.2.9) one easily shows, exactly as in [19, Lemma 2|, that the ratio in (4.2.6) is nonincreasing.

Thanks to this, the right inequality in (4.2.5) also follows as in [19, Lemma 2, formula (14)].
To justify such steps it is convenient to exploit the approximate solutions {u,}. Indeed

the proof of [19, Lemma 2] requires the finiteness of the quantity

/OOO u™ (s, ) [A(u™) (s, )]? (sinh s)Y ds

for all ¢ € (0,7), which a priori may not hold here. However, one obtains (4.2.5) and (4.2.6)
for w,, (we can assume that u!" is regular enough up to the boundary) and then passes to the
limit as n — oo. This is feasible since {u™(t)} converges weakly in H', to u™(t), and by

monotonicity {u,(t)} converges to u(t) in L' and {T},} converges to T O

The next result is key in order to establish the mentioned convergence of w™ to the
stationary profile V.

Lemma 4.2.2. The following inequality holds true for all T € (0,00):

il LT 2 m m+1 . N-1
/0 [2 [(w™)' (s, 7)]" — mw + (8,7)] (sinh s)™ ~"ds
+ m/OT /OOO w™ (s, 0) [w,(s,0)]” (sinh s)V " dsdo (4.2.10)

<[ B (L uwl(s)] (sinh s)Vds.

Proof. For the smooth rescaled solutions w,, inequality (4.2.10) is in fact an equality, since
by straightforward computations one verifies that

(fT /OOO [1 (W' (s, 7)]* — (1—7:12)Tn wi (s, 7)1 (sinh s)V~'ds

N (4.2.11)
T m/O w5, 7) [(wa) (5, 7)]" X(om) () (sinh s)V~"ds.
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4.2. Local uniform convergence to the separable solution

In order to get estimate (4.2.10) it suffices to integrate (4.2.11) from 0 to 7 and let n — oo:
to the first integral on the Lh.s. of (4.2.10) we can apply the weak convergence of {u(t)}
to u™(t) in H., and the strong convergence of {u,(t)} to u(t) in L4 while the second
integral is handled by means of Fatou’s Lemma (thanks to local regularity we can assume
that, up to subsequences, {(u,);} converges pointwise to u;) or by the fact that

m+1

un® —u"?  weakly in H'((0,7); L2, (HY)).

We can now prove the claimed local uniform convergence away from o.

Lemma 4.2.3. Let w be the rescaled solution (4.2.2) to (4.2.3) and V' be the radial, positive
energy solution to the elliptic problem (4.1.4). Then
lim [|w™(7) — V||Llc>o =0, (4.2.12)

T—00 ((0,00)) —

that is w™(T) converges uniformly to V in any compact set K € (0,00) as T — 0.

Proof. We adapt the proof of [19, Theorem 2]. First of all notice that, from (4.2.10), one
deduces the existence of a sequence {7,,} — 0o such that

/ w™ (s, 7,) [we(s, )] (sinh s)¥"tds — 0. (4.2.13)

To show this fact notice that, thanks to (4.2.5) and (4.2.2), ||w(7)||m+1 is bounded as a func-
tion of 7, hence the first integral on the Lh.s. of (4.2.10) is bounded from below. Moreover,
the r.h.s. does not depend on 7, therefore the integral

[ [ w4 (5,0) o (5,00 (sinh ) dsdo

must be finite. Still from (4.2.10) and (4.2.5) one gets the boundedness of ||w™(7,)|| g1; hence,
up to subsequences, {w™(7,)} converges weakly in H., to a certain function R. From the
compact embedding (4.1.18), such convergence is in fact strong in LL5/™. In particular, R
is a nonnegative non-identically zero function (indeed (4.2.5) prevents ||w™(7,)||141/m from
going to zero) belonging to H_ ;.

The next step is to show that R solves (4.1.4). To this end, take any test function
¢ :]0,00) — R with compact support in [0, c0), multiply by it the first equation in (4.2.3)
(evaluated at 7 = 7,,) and integrate by parts in [0, 00). This leads to the identity

[e.o]

/OOO wy(s,7,) ¢(s) (sinh s)Vtds = — /0 (w™)' (s, 7,) ¢'(s) (sinh s)¥ " 'ds

= (4.2.14)
b e el ) ) sl s) s,

The two integrals in the r.h.s. of (4.2.14) are stable under passage to the limit as n — oo:
indeed {w™(7,)} converges weakly in H., to R and {w(7,)} converges strongly in L™ to

rad
RY™ (and so also in L., locally). Fmally, the left-hand side goes to zero since its modulus
is bounded by

1

(/ w' ™ (s, 7,) $*(s) (sinh s)N 1ds) (/ W™ (s, 7)) [we(s, 7)) (sinhs)Nlds>2,
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which goes to zero thanks to (4.2.13) and to the boundedness of ||w(7,)||ms+1. From the
arbitrariness of ¢ and the uniqueness of energy solutions to (4.1.4) we infer that R must
coincide with V. Moreover, the convergence of {w™(7,)} to R =V in H., is also strong. To
prove that, just replace ¢ with w™(7,) in the computations above to get
lim [ [(w™ s,7,)]? (sinh s N_lds:/ooi
T [ [ (5, 7)) (sinhs) =

= /OOO[V'(S)]Q (sinh s)Nds.

1 m+1l

Vo (s) (sinh s)™~'ds

Hence, weak convergence plus convergence of the norms in H! , gives the claimed strong
convergence. Since H., is continuously embedded in L{2 (see e.g. Lemma 4.3.2 below), we
have proved (4.2.12) along the special sequence {7,,}. To prove that such convergence takes
place along any other subsequence, one can argue by contradiction. That is, suppose there
exists a sequence {7} such that {w™(7;)} does not converge strongly in H., to V. By

(4.2.10) we can assume that, up to subsequences, {w™(7;)} converges weakly in H. , to a
certain function (). Now note that, again from (4.2.5) and (4.2.10) (up to a shift of the time
origin), both

m+1

7= lw(m)ln

and
m m+1

P S I () = e Il

are nonincreasing functions of 7. In particular,

1@ = Jimn [fw(m)esy = Jimn () gy = 1V e (4.2.15)

and

H@@g@gﬁ@m>ww@iu_WWJMmm;Q=gngymw}wWM-
(4.2.16)

: : . o : . . 141
Since V is the unique minimizer of ||v’||3 among all functions v with prescribed L, /™ norm

(see [129]), (4.2.15) and (4.2.16) necessarily imply that @ = V. Strong convergence of
{w™(7)} to @ =V is then a consequence of (4.2.16), which leads to a contradiction. O

4.2.2 Convergence in a neighbourhood of the pole

We are left with proving that the local uniform convergence (4.2.12) takes place also down
tor = 0. In order to do that, we shall use Lemma 4.2.3 and the following two lemmas, which
show how positivity and boundedness of w can be extended to a neighbourhood of o.

Lemma 4.2.4. For any € > 0 there exist r. > 0 small enough and 1. > 0 large enough such
that
w(r,7) >V(0)—€ Y(r,7)€[0,r] X [1,00). (4.2.17)

Proof. We can adapt the techniques of proof of [73, Lemma 6.2]. First of all recall that,
thanks to the local uniform convergence to the stationary profile (4.2.12), we have uniform
boundedness away from zero in any compact set which does not contain o. In particular,
consider a point xy € HY such that r := d(x,0) € (0,1/2). For a given 15 > 0, set

k= inf w(d(z,0),T), (4.2.18)

(z,7): 7>70, TEB, /2(20)
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4.2. Local uniform convergence to the separable solution

where B, /2(x) is the hyperbolic ball of radius 74/2 centred at x,. Thanks to the observations
above, k > 0 provided 7 is sufficiently large. Let us consider equation (4.2.3) (more precisely,
its interpretation as a differential equation on HY) centred at z, in place of 0. To avoid
confusion, we shall call p the radial coordinate about such zy. Upon defining

N:=1+(N—-1) sup pcoth(p),
p€(0,1)

for any function f = f(p) such that f'(p) < 0 we have

Af(p) = 1) + (N = D coth(p) () = £(6) + = o) ¥pe 0,1, (4:219)

where the term in the r.h.s. of (4.2.19) is the Euclidean Laplacian of f associated with the

“artificial” dimension N. In order to seek a subsolution (p, T) to (4.2.3) centred at zg it is
therefore enough to require that (we keep denoting as ’ derivative w.r.t. p)

N -1

Y < (M) + T (™, >0, (@) <0, (4.2.20)
as long as p varies in (0,1). The proof of Lemma 6.2 of [73] ensures that the function
1—pf)m
wlp,r) =k UL
(14 ktom2e2)

satisfies (4.2.20) in the region

{(p,T) € (?,1) X (7’0,70+7f>}

upon choosing appropriately the positive parameters § = S(m,N), 6 = 0(m,N) and b =
b(m, N, k), k being as in (4.2.18). Let us check conditions on the parabolic boundary. For
T = 19 and for p = 1 we have, by construction, ¢» = 0 and so trivially ¢ < w. For p = r(/2
(actually for any p € (0,1)) there holds ¥ < k, from which ¢ < w by definition of k. Hence,
by comparison,

3

(1-57)
w (d(%o)ﬂ'o + 7’(2)/4) > Y(d(, 20), 7o +15/4) = ¥ (3ro/2, 10 + 15 /4) = k o
(1 + 9bk1-m) T

:ZC()>0

3
Ve e HY : %Sd(x,xo)gg.

In particular we obtain the existence of a radius r; > 0 and a time 7; > 0 such that
w(r,m) =2 Co >0 Y(r,7) €[0,r] x {n}. (4.2.21)

Indeed (4.2.21) holds for all T larger than 7y, rather than only for 7 = 71. This is a trivial
consequence of the fact that Cj is a subsolution to (4.2.3) (the comparison condition on the
lateral boundary {7y} x (71, 00) is satisfied provided Cj is small enough, again as a consequence
of the local uniform convergence (4.2.12)).
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Finally, we need to refine estimate (4.2.21). To this end, just observe that the function
g(1) :=Cy eT=mT

is a solution to the differential equation in (4.2.3) for any 7, > 0. Still from the local uniform
convergence (4.2.12) (and from the fact that V(-) is decreasing) we have that, for any € > 0,
we can choose ry = ry(€) < r; and 7 = To(€) > 7 such that w™(re,7) > V(0) — € for all
T > Ty. Therefore g(7), with the choice 7. = 7, is a subsolution to (4.2.3) in the region

{(r,7) € (0,73) X (12, 73)},
where 73 is the time at which g™(73) = V(0) — e. Since the constant (V(0) — €)™ is then a
subsolution in {(r,7) € (0,r2) X (73,00)}, estimate (4.2.17) follows. O

Now we prove the analogue of (4.2.17) from above.

Lemma 4.2.5. For any € > 0 there exist r. > 0 sufficiently small and 7. > 0 sufficiently
large such that
wh(r,7) <V(0)+e Y(r,7)€[0,r] X [1,00). (4.2.22)

Proof. Again, we shall proceed by constructing a proper supersolution to (4.2.3). To begin
with, let a and € two small positive parameters. Our aim is first to obtain a suitable estimate
for A(V (r/«)) in the region {r < ae}. We have:

1 N -1
- Vl/m
a?(1—m)T (rfe)+ a?

AV (r/a)) = (accoth(r) — coth(r/a)) V'(r/a). (4.2.23)

The function h(r) := r coth(r) is regular and satisfies

2
hr) =1+ R (0)r +q()r?,  h(r/a) =1+H(0)~ +q(r/a) (;) , (4.2.24)
where both |¢(r)| and |¢(r/a)| can be bounded by
h//(s)
=Y

provided « and ¢ are smaller than 1. In order to control the right term in the r.h.s. of (4.2.23),
we use (4.2.24):

a coth(r) — coth(r/«)

rcoth(r) — ~ coth(r/a)
ar

MO _ ),

r
« o o? 1%

for a suitable constant C' > 0 independent of o and €. Notice that, since V' is regular and
V’(0) = 0, there exists D > 0 (independent of «, €) such that |V'(r/a)| < De for all r < ce.
Hence,

N -1 (N —1)CDe
o (accoth(r) — coth(r/a)) V'(r/a)| < BT
Then recall that V(-) is decreasing and V' (0) > 0, so that from (4.2.23) and (4.2.25) we can
claim that there exists a constant £ > 0 such that for any ¢ > 0 sufficiently small (depending

only on V', m and N) there holds

(4.2.25)

AV (r/a)) < —OfT Vr € (0, az). (4.2.26)
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4.2. Local uniform convergence to the separable solution

From L7-L* smoothing effects (see [73, Lemma 6.1} or [29, Theorem 4.1], together with
(4.2.5)) we know that there exist A > 0 and 79 > 0 such that w(r,7) < A for all (r,7) €
(0,00) X (79,00). Let A} > Ay be two given positive constants and let € > 0 be so small that
(4.2.26) holds. For a fixed 7. > 79 + 1 set f(7) := (7 — 70) /(7" — 79). First we shall prove
that if a > 0 is small enough then the function

1

o(r,7) = [A1(1 = £(7)) + Ao f (7)]7 V(r/a)m
is a supersolution to (4.2.3) in the region
{(r,7) € (0,ae) X (70, T%)} - (4.2.27)

To this end, notice that

o(r,10) = APV (r/a) > AFVa(e) Vre (0,ae), plae,7) > ATV () Vr € (10,7),

(4.2.28)
while derivatives of ¢ entail
pr(r,7) = —— (D) (r/a) (A1 — Ay) [A(1 = f(7)) + Ao f (7))
T L (4.2.29)
> — (4 — A)AF V().
A(e™)(r,7) = [A1(1 — f(7)) + Ao f(T)] A(V(r/a)) < —ii?
and
o(r,7) < APV (0) . (4.2.30)

In view of (4.2.29) and (4.2.30), we get that for ¢ to be a supersolution in the region (4.2.27)
it is enough to require

1
IV%(O) > A2E Al Vm<0>

— 4.2.31
=TT T A —mr (4.231)

1 1
— — (A — A)Ap
m

which is achieved by choosing o = «(V, T, m, N, Ay, As) sufficiently close to zero.

Now fix € > 0 small enough. Set A; = A™/V(¢) and Ay = V(0)/V (¢), where we assume
without loss of generality that A™ > V(0) and pick o = «(V, T, m, N, A, e) complying with
(4.2.31). Thanks to (4.2.28) we have

o(r,m) > A Vr€[0,ae], ¢las,T)> Vi(()) VT € [10, 7] - (4.2.32)

From the fact that V(-) is decreasing and from the local uniform convergence (4.2.12), we
can take 7y so large that w™(ag,7) < V(0) for all 7 > 75 (notice that ¢ is a supersolution
independently of 7y, 7, provided 7. — 79 > 1). Since (4.2.32) holds we can conclude, by
comparison, that w < ¢ in the region (4.2.27). In particular,

V2(0)

w™(r, 1) < V)

Vr € [0, ag].

By the remarks above this last result is actually valid for all 7. > 79 + 1. Hence, since
V(e) = V(0) > 0 as ¢ — 0, we conclude that for any € > 0 there exist r. so small and 7, so
large that (4.2.22) holds true. O
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Lemmas 4.2.4 and 4.2.5 then allow us extend the result of Lemma 4.2.3 down to r» = 0.

Proposition 4.2.6. Let w be the rescaled solution (4.2.2) to (4.2.3) and V be the radial,
positive energy solution to the elliptic problem (4.1.4). Then

T—00

].lm ||wm(7—> - VHLﬁ)OC([OvOO)) - 0, (4233)

that is w™(T) converges uniformly to V in any compact set K € [0,00) as 7 — o0.

4.3 The global Harnack principle

The goal of this section is to bound the ratio w™(7)/V in L>*°((0,00)) (and not only in
Lo ([0, 00)) as we did in Section 4.2), namely to prove the global Harnack principle (4.1.8), a

loc
crucial ingredient in the proof of Theorem 4.1.1. Since V (r) behaves like e~ (V=1 at infinity

(see (4.1.3) or Lemma 4.3.3 below), it will be enough to give bounds over

w™(r,T)

ey (4.3.1)

4.3.1 Estimates from above
Our first aim is to obtain the correct estimate from above for w.

Proposition 4.3.1. Let w be the rescaled solution corresponding to a monnegative energy
solution u to (4.1.16), as in (4.2.2). Then, for any € > 0, there exists a positive constant
Q' = Q' (ug,m, N, ) such that

N—-1

wir, 7)< Qe ™" Y(r,7)€[0,00) X [g,00). (4.3.2)
In order to prove Proposition 4.3.1, we need some preliminary lemmas.

Lemma 4.3.2. Letv € H*

ad- For any ro > 0 there exists a positive constant C(rg, N) such
that

o(r) < C(ro, N) [ollsr 57 ¥ € [ro, 00).
Proof. Consider the function z(r) := (sinhr)N~!v?(r). We have:
Z'(r) = (N — 1)(coshr)(sinh 7)Y "2 2(r) + 2(sinh 7)Y "L o (r)o'(r) ;
integrating between r and ry we end up with

2(r) =(sinh 7o) N "% (rg) + (N — 1) /T v?(s) (cosh s)(sinh s)V "2 ds
, "0 (4.3.3)
+2 /70O v(s)v'(s) (sinh s)V ' ds.

Since 1o > 0 and the behaviour at infinity of sinhr and coshr is the same, we can control
the last two terms in the r.h.s. of (4.3.3) with a constant (depending on 79 and N) times
|v||3:. As for the first term, notice that H'((ro/2,3r0/2)) is continuously embedded in
L*>((ro/2,3r0/2)) and H}, is in turn continuously embedded in H'((ro/2,3r;/2)) (again,
through constants depending on ry and N). Hence, there exists C(rg, N) > 0 such that

z(r) < 02(7”0,N) HUH%{l Vr € [rg,o0),

which yields the claimed result since sinhr ~ e” /2 for r large. [
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Lemma 4.3.3. For any mg € (ms, 1) there exists a solution V' to
_AV(r) =V (r) Vr e (0,00) (4.3.4)

which is smooth, strictly positive, belongs to HL ; and satisfies

AleW=Dr <y () < Aem W=D yr € [0, 00) (4.3.5)
for some positive constant A = A(my).
Proof. As recalled in the Introduction, see e.g. [129] and [26]. O

Lemma 4.3.4. Let u be a bounded, nonnegative energy solution to (4.1.16). There ezists a
positive constant Cy = Cy(ug, m, N) such that

u(r,t) < Cy e T V(r,t) € [0,00) x (0,7T). (4.3.6)

Proof. 1t is a matter of straightforward computations to show that

- A (e’¥r> >0 Vre(0,00). (4.3.7)
Thanks to Lemma 4.3.2, to the fact that uj* € H} 4 and to the boundedness of u, one can
choose Cj so large that C e~5=" is above u on a parabolic boundary of the type [rg, 00) x

{0} U {ro} x (0,7), for a given ry € (0,00). The conclusion then follows from (4.3.7), the
comparison principle (which is standard here) and again the boundedness of w. O]

We are now ready to prove a better (spatial) estimate from above for nonnegative energy
solutions to (4.1.16).

Lemma 4.3.5. Let u be a nonnegative energy solution to (4.1.16). For any t. € (0,T') there
exists a positive constant QQ = Q(t., ug, m, N) such that

u(r,ty) < QG_%T Vr € [0,00). (4.3.8)

Proof. We shall construct a proper barrier. In particular, we shall prove that for a suitable
choice of the parameter £ > 0, the following function is a supersolution to (4.1.16) in the
parabolic domain (&, 00) x (0,t.):

N-1

a(r,t) == Co [Ae"T V() f(t) + e 7 (1= f(1)] ", (4.3.9)
where V' is the solution to (4.3.4) associated with a fixed my € (2m/(1+m),1) (A being
the corresponding constant that appears in (4.3.5)) and f(¢) : [0,t.] — [0,1] is a regular
increasing function such that f(0) = 0 and f(¢.) = 1, which we shall define later. The
constant Cy is the one that appears in (4.3.6): indeed, thanks to smoothing effects (recall
the brief discussion in Subsection 4.1.1), there is no loss of generality in assuming that ug is

bounded. Since .
u(r,0) =Cpoe 2mn " > uy(r) Vre0,00)

and

1

W(6,1) = Co [ACSTEV(Q J(0) + ¢ TE (U= f1)] " 2 Coe 2 a6 1) Vee[o,t,),

in order to prove that u(r,t) < u(r,t) for all (r,t) € [£,00) X [0,t,] we are left with showing
that, by suitably choosing &, there holds

w(r,t) > A(a™)(r,t) V(rt) € (§,00) x (0,t,) .
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We have:
aganC%f@wAe%%vmﬁ—e—E

~Co e T [42PT 0 () 4 e (1 ()]
Moreover, thanks to (4.3.4),
A(u™)(r,t) = =-CJ" lA ez V%O(r) ft) + (N4_1)2 e T (2cothr — 1) (1 — f(t))]
<—cp [amds e+ O e ).

In particular, there exist two positive constants By(m, mg) and By(mg, N) such that

W=DU=m)e _ (N=D)@=m)

— 1) < Co B /(1) [ TH e O Tf%1<t>+ew<1—f<t>>%—1],

_N-1

- ).

Hence it is enough to show that, if £ is properly chosen, the following inequality holds in
(57 OO) X (07 t*)
[ (N-DU-m) ¢ _ (N=1)(2=m)
2m [ 2m

A1) > OBy [T TS () +

B0 | PR S (- f0)F

<M T f() + e T (1 - (1),

where B, = B.(m,mg, N) is another suitable positive constant. Exploiting the change of
variable p = r — £ and using the fact that mo < 1 we infer that (4.3.10) is implied by

2R e (L= ()]
eI (E) + e T (1 f<t>>]

for all (p,t) € (0,00) x (0,t,). Since we choose mq to lie in the interval (2m/(1+m), 1) we
have that

(4.3.10)

N=-1D(@2=m) 2m)

G B f(t) e ¢ e

(N-1)(2— mo)g
<e 2mq

(4.3.11)

therefore (4.3.11) reads

_(N=D(2-m) 1)(2 m) _ N1 1
Pf () e (1 f(1)
e_7a7pf()-+€*‘f*p(1—-f(ﬂ)
(pst)
Our aim is now to show that for a suitable choice of f(t) the function [(p,t) stays bounded
n (0,00) x (0,t,). To this end, let us set y = e~ V=V and f(t) = h(t/t.), h being a
function to be defined which has the same properties as f but in the interval [0, 1] instead

of [0,t.]. The boundedness of [(p,t) is implied by the boundedness of the ratio (recall that
mo > 2m/(1+m))

Cl=m B, e=¢ f/(t) <1. (4.3.12)

:h,() a1

wDAG (1) 4y (1 ()Y yhe(r - (13.13)

)yt (L= h(r)"
h(t) +1—h(7)
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4.3. The global Harnack principle

1
a=—-—1,
m
for all (y,7) € (0,1) x (0,1). If @ > 1, which corresponds to m < 1/2, the numerator in
(4.3.13) is always smaller than or equal to the denominator. Therefore we are left with the

case o € (0,1), that is m € (1/2,1). Here it is convenient to pick h as
hr)=1-(1-1)=.

In this way, performing the change of variable 0 =1 — 7, (4.3.13) becomes

lgi—l yO;Jr(ll—ai)a—l—ng

o Yz (1—0‘%)4—0%

(4.3.14)

for (y,0) € (0,1) x (0,1). Now notice that, for o varying in [1/2,1), (4.3.14) is bounded by
a constant that depends only on « (recall that « € (0,1)). Otherwise, if o varies in (0,1/2),
the boundedness of (4.3.14) is equivalent to the boundedness of

—1 o
yroT +yz y“o
a+1 1 < a+1

< - +1. (4.3.15)
yzo a+1 yzo a+1

For any fixed y € (0,1), the maximum of the r.h.s. of (4.3.15) as 0 € (0, 00) can be computed
explicitly, and it is equal to

o

Y2191 —a) " +1.

Summing up, we have proved that for a suitable choice of f(t) (depending on whether m < 1/2
orm € (1/2,1)) the function I(p, t) in (4.3.12) is bounded by a positive constant K = K (., m)
as (p,t) varies in (0,00) x (0,t,). This means that if we set

1
> ~log (Cy " B, K
£=> c Og( 0 )
we ensure that u(r,t) as in (4.3.9) is a supersolution to (4.1.16) in the region (£, 00) x (0, t,).
By the comparison principle, in particular,
u(r,t,) < a(rt,) < Cy Awemntem™ Vre (€,00).
Since u(+, t,) is also bounded in (0, ¢], this gives (4.3.8). O

The result just proved is not enough in order to bound from above the ratio w™(r,7)/V (1)
because it only establishes such boundedness at any fized 7 € (0, 00): indeed, recall that u(-,t)
is bounded (so is w(+, 7)), V(r) is locally bounded away from zero and its behaviour at infinity
is the same as e”V =17 What estimate (4.3.8) lacks is a decay rate of order (T — t,)Y/ (=™
in the r.h.s., which we shall now provide.

Lemma 4.3.6. Let w be the rescaled solution corresponding to a bounded, nonnegative energy
solution u to (4.1.16). There exists a constant Cy = Cy(ug, m, N) such that

w(r,T) < Cy e T Y(r,7) € [0,00) x (0,00). (4.3.16)

Proof. The fact that
1
|lu(t)||, < D(T—t)=== Vte (0,T) (4.3.17)

for a suitable positive constant D = D(ug, m, N) can be proved exactly as in [73, Sections 5,
6] (see also the results in [29]). Then notice that Lemma 4.2.1 in particular yields

Hw™) (Pl < I(ug)'lly V7 € (0,00). (4.3.18)
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Chapter 4. Fast diffusion on hyperbolic space: sharp asymptotics of radial solutions

The Poincaré inequality in (4.1.17), Lemma 4.3.2 and (4.3.18) finally entail the following
bound: o

w™(r,7) < D'(ro, N) |(ug")lye™"= " V(r,7) € [ro,00) x (0,00),
which, together with (4.3.17), gives the claimed estimate (4.3.16). O

Notice that we proved (4.3.16) under the hypothesis that u is a bounded, nonnegative
energy solution. However, thanks to the aforementioned smoothing effects, it also holds for
any solution corresponding to data as in the hypothesis of Theorem 4.1.1, provided one starts
from 7 = ¢ > 0 rather than 7 = 0.

The bound (4.3.16) for w is the exactly the same as (4.3.6) for u, which was a key starting
point in order to prove the claim of Lemma 4.3.5. Indeed, as we shall see now, the barrier
exploited in the proof of such Lemma also works for the equation solved by w. This allows
us to obtain our estimate from above.

Proof of Proposition 4.3.1. As just remarked, we need only prove that for a suitable choice
of the parameter £ > 0 the barrier constructed in the proof of Lemma 4.3.5 still works. For
a given 7, € (g,00), consider again the function

W(r,7) = Cy [Ae"T V() f(r) + e T T (1= ()], (4.3.19)
where &, V, A, f are as in (4.3.9) (just replace ¢ with 7 and let f(¢) = 0) and C is the
constant appearing in (4.3.16). First of all, since f(-) is always included in [0,1], m < 1
and my € (2m/(1 +m), 1), we can bound the reaction term in (4.2.3) (what actually makes
(4.2.3) different from (4.1.1)) in the following way:

[y T+ 67) <GBy S [ (r) 4 B (1 £ ()7

< Gy By W | () e (1= £(7)].

where B, is a positive constant depending only on T', m, mg and we performed the usual
change of space variable p = r — £. The equivalent of (4.3.11) then reads

_(N-D(2=m)

€y Bo f/(r) ¢ e ST () 50 (1 - ()5

S (C{TLBl — Cl BQ 6765) |:6_1\;'1_01pf(7') + 67%p (1 - f(T))

V(p,7) € (0,00) X (g, 7Ts).

By elementary computations one gets that

"B
012 L S OI”Bl — Cl BQ 6765
provided
1 201" By
> 1 — . 4.3.2
> Log (972 (4.3.20)

Therefore, under assumption (4.3.20), we can repeat the same proof of Lemma 4.3.5 starting
from (4.3.12) (one replaces B, with 2By/B; and Cy with C}). Hence we deduce the existence
of a positive parameter £ = £(C1(ug, m, N,¢), T, €) such that

w(r,7) <w(r,7) V(r,7)€[{00) x [g,T]. (4.3.21)
The validity of (4.3.2) is then a consequence of (4.3.21), (4.3.19) (evaluated at 7 = 7,) and
(4.3.17). .
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4.3. The global Harnack principle

Remark 4.3.7. In the proofs of Lemmas 4.3.4, 4.3.5 and Proposition 4.3.1 we applied the
comparison principle in parabolic regions of the form (£, 00) x (0, t..), neglecting the {r = oo}
side of the parabolic boundary. However, this technical issue is easy solvable by approximat-
ing u with the solutions w,, to (4.2.4), applying comparison between u,, and « in (£, n) x (0, t,)
and passing to the limit as n — oo (using also the fact that T, T 7).

Remark 4.3.8. The estimate from above provided by Lemma 4.3.5 actually holds for all
m € (0,1), since its method of proof only requires the existence of a solution to (4.3.4)
satisfying (4.3.5) for a value of mgy which can be taken as close to 1 as necessary.

4.3.2 Estimates from below

We now aim to bound the ratio w™(7)/V from below. Again, thanks to (4.3.5), this is
equivalent to establishing a lower bound for (4.3.1). The result we shall prove is the following.

Proposition 4.3.9. Let u be a nonnegative nonzero energy solution to (4.1.16). For any
e € (0,T) there exists a positive constant P' = P'(ug,m, N, &) such that

1

wrt) > Ple (T —t)T7  Y(rt)€0,00) x [,T). (4.3.22)

To this end, we first need a preliminary step.

Lemma 4.3.10. Let u be a nonnegative nonzero energy solution to (4.1.16). For any given
a>N —1andt, € (0,T) there exists a positive constant P = P(t., «, ug, m, N) such that

u(r,t,) > Pe m" Vrel0,00). (4.3.23)

Proof. We shall prove that for a suitable choice of the positive parameters pg and & the
following function is a subsolution to (4.1.16) in the parabolic region (£, 00) X (t./2,t.):

ulr,t) = o | (1+e72079) f(t) - 1]_’: , (4.3.24)

where f : [t./2,t.] — [1/2,1] is an increasing function such that f(t./2) = 1/2 and f(t.) = 1,
to be defined later. We have:

w,(r,t) = po ;L 1) (1 + e—a(r—&)) {(1 + e—a(r—g)) F(t) — 1} w1
and
A")(r.t) = i f(H e 9 (a? = (¥~ D acothr)

in the region where (1 + e=*"=9)f(¢) — 1 is nonnegative (below, we shall work tacitly in
such region), while both u, and A(u™) are zero outside it. Let us check conditions on the
parabolic boundary. On [£,00) x {t./2} u satisfies

1

m

1
— - —a(r=§)\ _ —
u(r,t./2) = o {2 (1+e ) 1l =0

+
and on {{} x (t./2,t,) there holds

w(&,t) = po [2f(t) = 1] < po-
Therefore, in order to have u < uw on [£,00) X {t./2} U{&} X (t./2,t.), we need only require
po < inf U(f,t) = A(éa t*7u0) > 07

tE(ts/2,tx)
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Chapter 4. Fast diffusion on hyperbolic space: sharp asymptotics of radial solutions

the last inequality following from standard positivity results (if ¢, is close enough to T', one
can also exploit the results of Section 4.2). Now let us check the differential equation. By
means of the usual change of spatial variable p =r — &,

w(r, 1) < AW t) V(1) € (€,00) x (5t
reads

m ; 140 (1 + e“"P) [(1 + e‘“") flt) — 1} o

¢ (4.3.25)
<up (1) e (= (N = Dacoth(p+)) Vo) € (0,00) x (58]
Upon choosing £ = £(«, N) so large that, for instance,
1
a®— (N —1)acothé > 5 (a2 — (N — 1)04) =:Cy(a,N) >0, (4.3.26)

we get that (4.3.25) is implied by

1 1+ 7o) [(1+4 e=o¢) f(t) — 17 .
i S0 R T < v < 000 x (o1,
which is in turn implied by (recall that 1/2 < f(t) < 1)
o " m401 Fityer [(1+4e7) f(t) - 1}%_1 <1 V(p,t) € (0,00) x <t2t> . (43.27)

L(p,t)

If m < 1/2 the function L in (4.3.27) is bounded from above (take f regular enough) by a
constant that depends only on ¢, a, m and N. On the other hand, if m € (1/2,1) this is in
general false, unless one chooses f carefully. To this end, consider the function

m

-1 weeion

and set

£(b) :h<2;—1) Vi e Bt]

Elementary computations (one can find the exact maximum of L(p,t), in the region where
(14+e2)f(t) > 1, at any given t) show that

Lipt) < 5 W(p0) € (0,00 x (5.

for a suitable positive constant Cy = Cy(a, m, N) (which we assume to work for the case
m < 1/2 as well). Hence, we proved that u as in (4.3.24) is indeed a subsolution to (4.1.16)
providing that

t.\Tm
4o < min {A(é(a, N)oto) (&) } .
Co
In particular, at ¢ = t, there holds
u(r,t,) > u(r, t,) = po (e, @, ug, m, N) emt@N) e=mm r e (€ 00),
which yields the assertion together with the local positivity of u(-,t,) in (0,&). O
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4.3. The global Harnack principle

The result provided by Lemma 4.3.10 ensures that at any given ¢, € (0,7 (ug)) all non-
negative nonzero energy solutions to (4.1.16) go to infinity (as r — oo) slower than e~m", for
any a > N — 1. Exploiting such property, we are then able to prove Proposition 4.3.9.

Proof of Proposition 4.3.9. Once again we construct a lower barrier which has the desired
behaviour as in (4.3.22). Indeed, given ¢, € (2¢,7) (the final result will follow just by
replacing ¢ with £/2), consider the function

u(r,t) == po [((e‘ﬁ(r_g) + A_lV(r)e(N_l)ﬁ) f(t) — 6_5(’”_5)>+ + 6_0‘(7"_5)} " , (4.3.28)

where o« = a(m, N) and 8 = B(m, N) are fixed parameters such that

1_
a>N-1, f<N-1, a<f+(N-1)—", (4.3.29)
m

f :[e,ti] — [0,1] is a regular increasing function that satisfies f(¢) =0, f(t,) = 1 and V is
the solution to (4.3.4) corresponding to my = m (A being the related constant appearing in
(4.3.5)). We want to prove that, if one chooses the positive parameters £ and po properly,
then u is a subsolution to (4.1.16) in the parabolic region (§,00) x (e,t.). By (4.3.28), we
have

w(r to) = proemSe ™" Vr e [€,00)

and

(1) < o [ATV(eN T 1) < g2 VEE (e,8).
Therefore u and u are correctly ordered on the parabolic boundary [£, 00) x {e}U{{} % (e, t.)
provided (recall (4.3.23))

o < e mt Ple,a,ug,m, N) and po < 2~m inf )u(f,t) = A&, ts,up,m, N,g) >0,

te(e,ts

that is
fo < min {e_ﬁfP, )\} : (4.3.30)

Now let us compute derivatives of u(r,t):
1
w(r,t) =po — f'(t) (e‘ﬁ(’”_g) + A_lV(r)e(N_l)g) sign, q(r,t)
m

1
X + e_“(r_f)} o

((Q—B(T—S) + A‘lv(r)e(N‘l)f) 1) — 6—5(7‘—5))+

Au™)(r, )
=g [((F(6) = 1) (82 = (N = 1) Beothr) e 709 — A=V7 (r)e W18 £(1) ) sign,, q(rt)
+(a® — (N — 1) acothr) e_a(r_f)} ,
where for the sake of notational convenience we set
q(r,t) = (6_5(7’_5) + A_1V(r)e(N_1)§) f(t) — e Blr=8)

If we take £ = &(a, N) so large that (4.3.26) holds, set p = r — £ and use (4.3.5), we obtain:

1

m

uy(p+ €.) < uo; F(#) (€77 + e~ V=10) {((eﬁp e ) f(1) - efﬁp)+ n eap} ,
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Chapter 4. Fast diffusion on hyperbolic space: sharp asymptotics of radial solutions

—m 1) 1-m

AW™)(p+ 1) = i [~AT NI f(1) e 4 Cre)
Y(p.1) € (0,00) X (e t.)
Hence once we choose £ = £(a, m, N) such that, in addition to (4.3.26), it also satisfies
Ch

— 2 )
we deduce that in order to have u < w in (§,00) X (g, t,) it is enough to require (recall that

f(t) €1[0,1])

1 L1 C
= —Bp Lp —ap < m ~1 —ap 4.3.31
po — /(1) (77 4 em (TP [em e emer [T <y e (4.3.31)

V(p,t) € (0,00) x (&, L) -
Upon setting f(t) = h((t — )/ (t. )) : [0,1] = [0, 1] being a given regular, increasing
function such that h(0) = 0 and h( )= (4 3. 31) reads
e 2 ¥ ( t=¢ > (el 4 elamN+Dp) [o=N-p 4 e—ap]%_l <1 (4.3.32)
O mC(t. —e) t, — ¢ -
L(p;t)

V(p, t) S (07 OO) X (€,t*) :
Thanks to (4.3.29) and to the fact that ¢, € (2¢,7), the function L(p, ) in (4.3.32) is bounded
in (0, 00) X (e, t.) by a positive constant Cy = Co(T',m, N, ). Therefore u(r, t) is a subsolution
to (4.1.16) providing that (recall (4.3.30))

fto < min {e,‘iﬁp , Cy 27w inf u(ﬁ,t)},
te(e,ty)
which is implied by
po < C3 min {1, 1(n£ u(€, t)} (4.3.33)
te(e

for a suitable positive constant C3 = C3(§, ug, m, N,e). Taking advantage of Proposition
4.2.6 we can give a quantitative lower bound for the r.h.s. of (4.3.33). Indeed (4.2.33) yields
(in particular) the existence, for any given ¢ > 0, of a time # = £(£, ug) such that

Vi (€)

. (T—t)™= vtedT). (4.3.34)

u(é,t) >

From standard positivity results we also know that, in case ¢ < t, u(&,t) is still positive
between ¢ and ¢; this fact and (4.3.34) (together with the local positivity of V') ensure the
existence of a positive constant Cy = Cy(&, ug, m, N, &) such that

wét) > Oy (T — )T Ve (s,T),

which gives
inf w(&,t) > Cy (T —t,)Tm. (4.3.35)

te(e,ts)

Combining (4.3.35) and (4.3.33) we infer that (4.3.33) is implied by
1o < Cs (T — t,)Tm (4.3.36)
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for another positive constant Cs5 = C5(§, ug, m, N, €). The validity of (4.3.22) for r varying in
(&, 00) then follows by choosing o equal to the r.h.s. of (4.3.36) and evaluating the subsolution
u(r,t) at t = t,, recalling (4.3.5). On the other hand, the validity of (4.3.22) as r varies in
(0,£] is a direct consequence of (4.2.33) and the local positivity of u. O

It is apparent that Proposition 4.3.9 can be reformulated as follows.

Corollary 4.3.11. Let w be the rescaled solution corresponding to a positive energy solution
u to (4.1.16). For any 1o > 0 there exists a positive constant P" = (79, ug, m, N) such that

w(r,7) > P" e~ ST V(r,7) € [0,00) X [19,00) .

Thanks to Propositions 4.3.1 and 4.3.9 (or Corollary 4.3.11) we then deduce formula (4.1.8)
in Theorem 4.1.3, namely the global Harnack principle.

Remark 4.3.12. Both in the proofs of Lemma 4.3.10 and Proposition 4.3.9, when computing
the hyperbolic Laplacian of the barriers (4.3.24) and (4.3.28), we neglected Dirac terms
coming up from second derivatives of positive parts. However, this is not an issue since it is
easy to check that such terms are nonnegative.

Remark 4.3.13. When we applied the comparison principle to u and u, both in the proofs
of Lemma 4.3.10 and Proposition 4.3.9, we did not take into account {r = oo} as a side of
the parabolic boundary. In order to justify more rigorously those computations, it is enough
to consider the following family of modified barriers:

1
uo = [u" —€p <u, €>0,

—€

where u is either (4.3.24) or (4.3.28). Straightforward computations show that u, is a sub-
solution to (4.1.16) as long as w is. Moreover, for any fixed ¢ > 0, u.(-,t) is zero outside
a compact set of the form [£, R(e)] C [£,00). One then applies the comparison principle in
(&, R(€)) x (g,t.) (let € = t,/2 when u is as in (4.3.24)) to get u, < u and lets € — 0.

Remark 4.3.14. The estimate from below (4.3.22) holds true for all m € (0, 1), even though
one has to let the constant P’ in there, for m € (0,m;], depend on t* as well. Indeed, in
the proof of Proposition 4.3.9, for simplicity we exploited the existence of a solution V' to
(4.3.4) satisfying (4.3.5) for mg = m. However, if m € (0, m;], such a solution does not exist.
Nevertheless, it is easy to see that the choice of any mgy € (mg, 1) instead of m would have
sufficed (provided one requires in addition that a < (N — 1)/my).

This result and the one discussed in Remark 4.3.8 prove the bounds (4.1.12) of Theorem
4.1.4.

4.4 Convergence in relative error

In this section we shall prove the claimed uniform convergence in relative error, that is
(4.1.5), which can equivalently be rewritten in terms of the rescaled solution w as
me(T)

lim
T—>00

- 1|| =0. (4.4.1)

[e.e]

Since V is strictly positive in any compact subset of H”Y, as a direct consequence of Propo-
sition 4.2.6 (formula (4.2.33)) we already know that (4.4.1) holds true locally on HY. The
nontrivial point is to prove that (4.2.33) holds up to r = co, what we are concerned with in
the next two subsections. Finally, in Subsection 4.4.3 we shall deal with estimates for deriva-
tives and improved convergence in C* spaces, namely with the proofs of (4.1.9)—(4.1.11),

(4.1.6) and (4.1.7).
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Chapter 4. Fast diffusion on hyperbolic space: sharp asymptotics of radial solutions

4.4.1 The relative error and its equation

To begin with, let us write the equation solved by the relative error ¢ :== w™/V —1. Using
the fact that V satisfies (4.1.4), we get:

V/¢/

1
m

; (L+o)n g, =V mAp+2 5 + 1+¢)m — (14 8)], (4.4.2)

1
(1—m)T “

where, as remarked above, the superscript ’ stands for derivation w.r.t. 7. We need also to
consider the equation solved by minus the relative error ¢ := 1 — w™/V | that is

1 TE o [ -9 - - 9],

— (=), = VIR AY 42
— 1=y ¥+ v Y Aom
In order to prove (4.4.1) we shall construct suitable upper barriers both for ¢ and ), following
the approach of [31].

The next lemma shows a good approximation property enjoyed by V', which will turn out
to be very useful to overcome some technical difficulties related to the upper barrier for .

Lemma 4.4.1. There exists a sequence of positive, reqular radial solutions {V,,} to

V, = O on 0B, ,
where B,, is the hyperbolic ball of radius n centred at o, such that:
~ Vo(r) <V (r) for allr > 1 and V,, = V pointwise;
-1, =T
— for e > 0 arbitrarily small, one can choose n. and r. so large that the following inequality
holds true:
Vir)<(1—¢e)V'(r) Vre(ren), ¥Yn>n.. (4.4.4)
Proof. For any given n € N, let X,, be the set of all functions v € H} ; such that v(r) = 0
for all 7 > n and ||v||141/m = ||V||141/m- Consider the following minimization problem:
Find v, € X, + v, |l, = HGI%(II 1], - (4.4.5)

Thanks to standard arguments, the solution v, of (4.4.5) exists, is unique, strictly positive
on B, and solves (4.4.3) for some 7,, > 0. Since X,, C X,11, the sequence {||v]]|,} is
nonincreasing. This implies that {7, } is nondecreasing: indeed, multiplying (4.4.3) by v,
(upon replacing V,, by v,,) and integrating by parts we obtain

m1
||vn||’m+1 ||VHm+1

T A—m)vlE T A= m) vl

Let us denote as Tj the limit of {7},} as n — oco. Because {||v/,||,} is bounded, {v,} (along
subsequences) converges weakly in H! ; and therefore strongly in Lr;il/ " to a certain function

Vp. Passing to the limit in the (weak formulation of the) equation solved by v, we get:
1
(1 — m)Tg

First of all note that T, cannot be infinity: if it were, then from the Poincaré inequality in
(4.1.17) V, would be zero, while we know that

n

1
— AV, = V" on HY. (4.4.6)

[Vill s = lim [[ou]l e = [V s > 0.

n—oo
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So V; is a positive, energy solution to (4.4.6) for some T, < oo, having the same Li;;l/m

norm as V: by the uniqueness result recalled in the beginning of Section 4.2, it necessarily
coincides with V' (and then 7, T 7).

The next step is to prove that {v,} converges to V also in Lia/hg” . Since {v,} converges
1+1/m 1/m
rad rad
we only need to dominate {v,} outside a compact set with a function that belongs to ngz .
To this end note that, from Lemma 4.3.2 and from the fact that {|v}||,} is nonincreasing,

there exists a constant K > 0 such that

pointwise to V' (up to subsequences), and locally L is continuously embedded in L

v (1) < Ke =7 Vre [1,00), VneN. (4.4.7)

When m is greater than or equal to 1/2, the function in the r.h.s. of (4.4.7) does not belong
to L:B/L(T . We have therefore to improve on (4.4.7) using the equation solved by v,,: integrating

it between 0 and r we obtain the identity

1
i (s)

7 (sinh s)"~'ds. (4.4.8)
0 n

— (sinh )Vl (r) = /
Suppose now that (4.4.7) holds with a generic exponent —(N — 1)a (let @ > 0, a # m) in
place of —(N — 1)/2. Exploiting the corresponding analogues of (4.4.7) and (4.4.8), after
some straightforward computations we get:

/ m _(N-Dr ( (N-1)Z=2,
— <Q@Q—- m " —1) Vrell, ) 4.4.9
o) €@ e (o ) Vel (149)
where () > 0 is a suitable positive constant that does not depend on n (which may change
from line to line). Since v,(n) = 0, we have:

on(r) = / " _ul(s)ds VreLn). (4.4.10)

If a >m (4.4.9) gives —v/ (1) < Qe ™=Y in which case an integration of (4.4.10) entails
V(1) < Qe WU Wr e [1,00). (4.4.11)

On the other hand, if a < m then (4.4.9) entails —v/ (r) < Q e~ W=V’ integrating again
(4.4.10) one gets
Up(r) < Qe WTUm Wr e [1,00)

(the case a = m can be dealt with similarly). It is plain that starting from a = 1/2 and

proceeding in this way, after a finite number of steps we obtain (4.4.11). Since e~V=1r
1/m
rad >

takes place in Liaén . Such convergence is crucial because it ensures that (4.4.4) holds for the
sequence {v,}. Indeed, applying (4.4.8) to v, = V we deduce that

belongs to L we have our dominating function and the convergence of {v,} to V also

) VE(S) (Slnh S)Nflds = CV > 07 (4412)

lim —(sinh 7)Y "' V'(r) = /0

7—00

for a given € > 0, take r. so large that

o Vi(s) . _ €
/r T( ) (sinh s)V'ds < C’Vi.

€
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In view of the just proved convergence of {v,} to V in Lia/hgn and to the fact that T,, 1 T,
there exists n = n(r, €), large enough, such that

1 1

—(sinh )Vl (r) = "o () (sinh s)¥"'ds > revi (5) (sinh s)V~'ds
o T, o T,
Te V% S 3 _ €
> . T( ) (sinh )V 'ds — C’V§
> Cy (1 —¢)

for all r € (r.,n) and n > n(re, €). Hence, there holds
—u),(r)  —(sinhr)V 1) (r) - Cy(1—e¢)
~V'(r)  —(sinhr)N-1V'(r) =  Cy
that is (4.4.4) for the sequence {v,}.
In general it is not for granted that v,(r) < V(r) for all r € [1,00). Therefore, in order
to conclude our proof, it is necessary to modify {v,}. To this aim, consider the following
sequence:

>1—€ Vre(rgn), Yn>n(rge),

Vn:/\nvna

where, for any fixed n, A, is the largest number belonging to (0, 1] for which A, v,(r) < V(r)
for all » € [1,00). We can assume that A, < 1 eventually, otherwise there is nothing to
prove since along a subsequence {V,,} has all the properties claimed in the statement of the
Lemma. But if A, is strictly smaller than 1 then V,,(r) necessarily touches V(r) at some
point r = &, € [1,00) (see Figures 4.1 and 4.2 below), otherwise \,, would not be the largest
number in (0, 1) for which A, v,(r) < V(r) for all € [1, 00) (recall that each v, is compactly
supported, V' is strictly positive and both v, and V' are continuous). Now there are two
possibilities: either the sequence {&,} stays bounded or it is unbounded. In the first case,
{&.} converges along subsequences to a certain number & € [1,00). Since {v,} also converges
locally uniformly in [1,00) to V' (see Remark 4.4.2 below), then

O (6n) — V(£) > 0;

however, by definition of &,,

An Un(gn) = V(fn) - V(€)>

whence A\, — 1. In the case §, — oo (again, along subsequences), clearly each &, lies in
the interior of [1,n) eventually. Therefore, in addition to V,,(&,) = V(&,.), we also have
V(&) = V'(&), so that

—An (sinh &)V 710 (€,) = —(sinh &)V 1 V/(&,) = —(sinh &)V V/(€,) — Cy > 0

and

L 1

. N1,y i (s) Vi (s)
(sinh &) U, (€n) = o T, T

where we have used once again the fact that {v,} converges to V in Liﬁn and T}, 1 7T'. This
means that in this case as well {\,, } is forced to go to 1 and so {V},} is indeed a sequence which
has all the required properties (no subsequence is needed since the ongoing proof actually
holds along any subsequence). Just note that the parameter 7,, appearing in (4.4.3) here is
actually 7;, \/m~1. O

(sinh s)V"'ds — /OOO (sinh s)V'ds = Cy,

244



4.4. Convergence in relative error

r=1=§, r=n

Figure 4.1: V,, touches V at &, = 1.

Figure 4.2: V,, touches V at &, > 1.

Remark 4.4.2. As mentioned in the proof above, convergence of the sequence {v,} solving
(4.4.5) to V also occurs locally uniformly in [1,00). This fact can be proved in several ways.

One of them is the following: a priori {v,} converges weakly in H} , to V (and so strongly

in Li;l/ ™), but using the equation solved by each v, and the fact that T}, — T one gets
|v2]la = |[V'|l2. Therefore such convergence is actually strong. Since HL, is locally (in

(0,00)) continuously embedded in L, the assertion follows.

For reasons that will become clearer later (see the proof of Lemma 4.4.4 below), instead of
studying v it is convenient to work with its natural approximation 1, := 1 — w™/V,,, where
{V,} is the sequence constructed in Lemma 4.4.1. It is straightforward to check that ¢ > v,
and that the equation solved by ), is the following:

1 L . Vi 1 71 1 1
— (1 — b)) =V " A, + 20 — (L =) — = (1 =)™ |,
(4.4.13)

in the region {(r,7) € (0,n) x (0,00)}.

4.4.2 Barriers and global convergence in L>
We first provide a suitable family of supersolutions to (4.4.13), in the spirit of [31].
Lemma 4.4.3. Let 19 > 0. Consider the function
W) = C— D Atr—m). (4.4.14)

r
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If the positive parameters A, B, C, r comply with the condition
A 2
m

BK. (N-1)(1-e)(£-1)7 >
¢ S

(4.4.15)
where € > 0 is a fixzed number small enough (¢ = 1/5 will work) and K. is a positive constant
depending on €, then VU is a supersolution to (4.4.13) in the region

{(r,7): ¥(r,7) €[0,1)} N{(r,7) € (*,n) X (19,00)},

independently of n, provided
r>rVvrt, n>n",

r* and n* being positive numbers depending only on €, m and N.

Proof. Let us compute the derivatives of U:

B
U, =—A, V==

r2’
1 2 th
A\I/z—BA() _ (2 (vopeht))
r r3 r?
In order to ensure that U is a supersolution to (4.4.13) it is enough to require that
1 1 " 1
G R R V4 mA\IJ+2V”1 + (1-1),
m v (=m)T,
namely
A 1 B 2 coth(r) |74 1
—— (1=-U)m " > — Viol—=—-—(N—-1 -2z —(1-Y9),
m( ) - Vn% [ <7"3 ( ) r2 ) 72 +(1—m)Tn( )
R

(4.4.16)
where we have neglected the nonpositive term —(1—W¥)/™. Now we need to suitably estimate
from above the r.h.s. of (4.4.16). To this end, take € > 0 sufficiently small. Moreover, take
no and g so large that T,, > T/2 for all n > ng and coth(r) < 1+ € for all » > ro. Thanks
to (4.4.4) and to the fact that V,, <V in [1,00), we have:

B v, V! 2
B , 2

V(r,7) € (roVreV1,n) x (19,00), VYn>mnyVmn,.
Recall that V' satisfies (4.4.12): in particular, by (4.1.3), there exists r; so large that

VI(ir)<—=(N-1)(1-=¢)V(r) VYr>r.

Hence,

(1- 1) (4.4.17)
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V(r,7) € (roVriVr.V1n) x (r9,00), Vn>mngVne.

Since € is small (it is enough that —(1+¢€) +2(1 —€)? > 0) and V,, <V in [1,00), we can
replace V,, with V' in (4.4.17), which yields

ﬂdi](N-1m—a+@+2u—qﬂ+

2

e (= mT

(1- 1) (4.4.18)

Ke
V(r,7) € (roVriVreV1n) x (r9,00), Vn>mngVn,.

Collecting (4.4.16) and (4.4.18), we deduce that a necessary condition for ¥ to be a superso-
lution to (4.4.13) in the region

{(r,7): ¥(r,7) €0, )} N{(r,7) € (roVriVr.V1n)x (1,00)}

is

B A 1_q 2
2 K>S —wnte 1w, 4.4.19
R SR e 1) (44.19)
Still from (4.4.12) and (4.1.3) we infer that
Ke

for another positive constant K., provided r, is large enough. The final condition on 7 is
then

B N-Da-a(&-1)F 5 A 2
‘ -m

—_ 4.4.20
* (1—m)T ( )
Summing up, if one fixes the positive parameters € (we can take e.g. ¢ = 1/5), A, B, C, picks
r* =roVriVraVr.V1and 7 so large that (4.4.20) is satisfied, then the function ¥ as in

(4.4.14) is a supersolution to (4.4.13) in the region
{(r,m) = Wl m) € [0, 1)} N {(r,7) € (7,1) X (10,00)}
forall 7 > rVvr*and n > ngVn. =n". O

Note that (4.4.14) is a family of supersolutions in the sense that the initial time 79 > 0
is a free parameter. In fact, in the next lemma, proceeding along the lines of the proof
of [31, Theorem 2.1], we shall show how to use such barriers in order to prove that ¢ becomes
small as 7 — oo. To this aim it is crucial to recall the global Harnack principle (4.1.8), which
entails the existence of a time 7,, > 0 and two positive constants cy, ¢; such that

w™(r, T)

- V()
Lemma 4.4.4. Let ¢ :=1—w™/V. There holds

Co <e¢ Y(r,7) €[0,00) X [Ty, 00), cop<1<c. (4.4.21)

limsup sup (r,7) <0.

T—=00  rel0,00)

Proof. First of all consider the barrier ¥ as in (4.4.14), with the choices A = B = 1. Then
set C'=1— ¢o/2 and assume that 7 is greater than (2/¢o) V 7 V r*, where 7 is taken large
enough so as to satisfy

K. e(N—l)(l—e)(%—l)F >
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that is (4.4.15) with A = B = 1. By construction, such a ¥ is always lower than 1. Therefore,
from Lemma 4.4.3, it is a supersolution to (4.4.13) in the region (#,n) x (19, 00) (let 79 > 7,)
for all n > n* as long as it is greater than or equal to zero. Since we want to compare ¥ with
the solutions 1, let us check conditions on a parabolic boundary of the form

[7,n] x {70} U{7} x (70,71) U{n} x (70,71),

where 71 > 79 is a positive time to be chosen later. In view of the above choice of C' and
(4.4.21), on the bottom we have that

W(r,m) = C — i > 1= ¢y > b(r, ) > tn(r,m) ¥r € [7,m],

the last inequality following from the fact that V' > V,, for r > 1. On the inner lateral
boundary there holds

\If(f,T):C———(T—To)zl———l—(T—To) V71 € (10,71) -

Now let us fix a small € > 0 (e.g. with € < ¢/2). Assume that 7 is also larger than 2/e.
Exploiting the local uniform convergence of ¢ to zero (Proposition 4.2.6), we know that if
T0 > To(7, €) then

(P, 1) < % V1 > 19
Hence, once 7 satisfies
1
T<7n ::TO+1—@—7—EZTO+1—CO>TO,
2 7r 2
there holds -
\I/(fvT) Z \Il(fa'rl) = 5 Z @D(ff‘\vT) Z wn(’ﬁ77—) VT € (7_077_1) .

On the outer lateral boundary {n} X (7o, 71) it is plain that U(n,7) > ¥, (n,7) = —oc.
In fact this is the reason why we needed to suitably approximate V from below with the
sequence {V,,}, otherwise we would have not been able to compare ¥ with ¢ in an outer
lateral boundary. By comparison we then infer that ¥ > 4, in the region [, n] X [r9, 71]. In
particular,

Yp(r,m) <U(r,m) <e Vrelfn]. (4.4.22)
Passing to the limit in (4.4.22) as n — oo yields

Y(r,m) <U(r,m) <e Vrelrf,o00). (4.4.23)
Since 1y =19+ 1 —¢9/2 — 1/ — /2 and (4.4.23) holds true for all 7y > 79(7, €), we have:

Y(r,7) <e Y(r,T)€|[F,00) X [T,00), (4.4.24)

where 7 := 79(7,e) + 1 — ¢9/2 — 1/# — ¢/2. Thanks to (4.4.24) and to the local uniform
convergence of ¢ to zero, we end up with

limsup sup (r,7) <e.

T—=00  reg[0,00)
As ¢ > 0 is arbitrarily small, the proof is complete. O

The final step consists in proving an analogous result for ¢ := w™/V — 1. Since the
arguments follow closely the ones carried out in the proofs of Lemmas 4.4.3 and 4.4.4, we
shall be concise.
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Lemma 4.4.5. Let 7y > 0. Consider the function

O(r,7):=C — f —A(r— ). (4.4.25)

If the positive parameters A, B, C, r comply with the condition

A 2(1+C)]7

BK, e(N_l)(l*)(%_l)F > (1+ C)%_l l + W (4.4.26)
m —m

where € > 0 is a fived number small enough (e = 1/5 will work) and K, is a positive constant
depending on €, then ® is a supersolution to (4.4.2) in the region

{(r,7): ®(r,7) > =1} N {(r,7) € (#,00) X (79, 00)}
provided © > 7V 1y, where r, = ry(e,m, N) > 0.

Proof. Condition (4.4.26) follows by reasoning as in the proof of Lemma 4.4.3. In fact it is
even easier to deduce an inequality like (4.4.19) with (1—W)/™~1 replaced by (14+®)"/™~! and
(1—0) replaced by (1+®)Y™ since here we do not deal with the approximate sequence {V,,}.
Hence, in order to obtain (4.4.26), one just exploits the fact that ® < C' by construction. [

Thanks to the barriers (4.4.25), we can now prove the analogue of Lemma 4.4.4 for ¢.

Lemma 4.4.6. Let ¢ :== w™/V — 1. There holds

limsup sup ¢(r,7) <O0.

T—00  regl0,00)

Proof. Again, we proceed along the lines of the proof of Lemma 4.4.4. Set A = B = 1,
C =c1—1/2,e <1/2 and 7 so large that it satisfies 7 > 7V r, V 2/e, where 7 complies with
(4.4.26). These choices ensure that ® is a supersolution to (4.4.2) in the region (7, 00) x (19, 71),
with

1 1 ¢
T1 —7—0+Cl—§—;—§

Then, one takes 79 = 7(7,€) so that ¢(7,7) < /2 for all 7 > 79(#,¢); in this way ¢ and
¢ are correctly ordered on [, 00) X {19} U {7} X (79, 71). However, we have no clue about
their relation in an outer lateral boundary of the form {n} x (79, 7), for n > 7. In order to
overcome this difficulty it is enough to replace w with w, < w, the latter being the sequence
of rescaled solutions corresponding to the approximate solutions u, of (4.2.4), which vanish
on {n} X (19, 7). By construction, ¢, := w/V —1 < ¢ and the equation solved by ¢, is
basically the same as (4.4.2) (just replace (1+ ¢)Y/™/T with (1 + ¢,)/™/T,), so that for n
large enough (that is, T}, close to T') ® is a supersolution to such equation as well. From here
on one can proceed exactly as in the proof of Lemma 4.4.4. O

Thanks to Lemmas 4.4.4 and 4.4.6 we finally deduce (4.4.1). Going back to the original
variables ¢ and u(r,t), we obtain convergence of u™(r,t) to (1 —t/T)™ =™V (r) in relative
error, which is clearly equivalent to (4.1.5).

4.4.3 Bounds for derivatives and global convergence in C*

This subsection is devoted to proving the claimed results of Theorems 4.1.1 and 4.1.3
which deal with derivatives. To this end, we shall exploit a useful change of spatial variable
and rescaling techniques in the spirit of [73].
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Let - ]
S = S(T) = /7« W dO', (4427)
so that q q
T —(sinh )1 T

Notice that s | 0 as r T oo, while s 1 oo as » | 0. Hence, the hyperbolic Laplacian of a
regular function f = f(r) = f(r(s)) reads

2
Af = (sinh r)_Z(N_l) 35‘5 )

Let w be the solution to (4.2.3). Take 79 > 1, 7o > R with R large enough (to be chosen
later) and let sy = s(rg). Consider the rescaled function

N—-1

Wy, z) := (sinhrg) ™ w (7’ (80 + y (sinh ro)_(N_1)> , To + 2 (sinh ro)(Nl)(izl)> ,

(4.4.28)
where (y, z) varies in the square (—«, a)?, a > 0 being a fixed number that we shall pick
later. After straightforward computations one finds that W satisfies the following equation:

1
(sinhrg)?N-1 (sinh ro)_(N_l)(E_l)
W. = (sinh r)2(N-1) V™), + (1—m)T (4.4.29)
a(r,ro) b(ro)

From here on we shall fix o to be independent of ry and 75 and so small that s is forced not
to leave the interval (so/2,3s0/2) as y varies in the interval (—a, a). This is feasible. Indeed,
first note that from (4.4.27) one has

: s(r) _
Moreover, s varies in the interval

(so — a(sinh 7o)~ ™Y | sy + a(sinh TO)—(N—1)> .

Hence, if 79 > R (namely so < s(R)) with R = R(N) large enough, a proper choice of o =
a(N) (small enough) ensures that s does not leave the interval (sq/2,3s0/2) as y € (—a, «)
and that 7 > 1/2 as z € (—a, «). Still from (4.4.30) one deduces that

lsiJI,IOlT(S/Q) —r(s)=:C, lgiglr(3s/2) —r(s)=:C (4.4.31)

for suitable constants C' = C(N) > 0 and C = C(N) < 0. The above choice of « and (4.4.31)
imply that, for o = r(so) large enough (again, greater than or equal to a given number R
that depends only on N), there holds

1
oA sinhrg < sinhr < Cysinhry Vr € (r(so/2),7r(3s0/2)), (4.4.32)

1

C1 being another positive constant depending only on N. Gathering all this information, let
us go back to equation (4.4.29). First, from the global Harnack principle (4.1.8) and from
(4.4.32), one deduces that

W(y,2)| <M V(y,z2) € (—a,a)? (4.4.33)
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for a positive constant M = M (ug, m, N) that does not depend on ry and 75. Moreover,
recalling (4.4.28),
d (sinhr)V~1 d
dy  (sinhrg)N-1 dr’

where, with some abuse of notation, it is understood that

r(y) = r(s(y)) =7 (50 +y (sinhrg) " V=)

Hence, (4.4.29), (4.4.34) and the inequality

(4.4.34)

1
Fcoshro < coshr < Cjcoshry Vr e (r(so/2),7(3s0/2)),
1

which can be proved as (4.4.32) (for a possibly different C; = C}(N) > 0), yield

L _ [dafr(y).m)
dyF

5 < <P, [b(ro)|<Q V(y,2) € (~a,a)*, VEeNU{0}, (4.4.35)
2

again for positive constants P, = P,(N) and Q = Q(T'(ug), m, N) that do not depend on
and 79. The bounds (4.4.33) and (4.4.35) permit us to conclude, as in the proofs of Theorem
1.1 and Lemmas 3.1, 3.2 of [73] (one exploits e.g. the regularity results of [97] and [51] for
bounded solutions to nonlinear parabolic equations like (4.4.29)), that the following estimates
hold true: o o
w w
e —.+(0,0)
oyk 0zF
M, and My, being suitable positive constants depending only on M, «, T, m and N.
Going back to the original variables, we infer the existence of positive constants A;; =

A i (ug,m, N,e) and Ay, = Agi(uo, m, N, €) such that

< My, VkeEN, (4.4.36)

(07 0)‘ S Ml,k ’

O*w
a (TOa 7—0)

= < Ajpemr, (4.4.37)

*w

N-—1
ﬁ(ﬁ)ﬁo)

< Agy N0 o Bt (4.4.38)

Y

Vro >0, Vrig>e, VkeN.

In fact, in order to prove (4.4.37) and (4.4.38) in the region {ro > R, 7y > 1}, one can use
(4.4.28), (4.4.34), (4.4.36) and the identity

dr = (sinh ro)f(Nfl)(%fl)dy

recursively. To extend such bounds to ry € (0, R) it is enough to apply the aforementioned
regularity results of [51,97] to w directly, since in this region w is bounded away from zero.
Finally, they also hold for 7 > € upon letting the constants A;, and A, depend on ¢ as
well through « and M (as a consequence of the global Harnack principle (4.1.8)).

Recalling that the solution V(r) to (4.1.4) and any of its derivatives V¥ (r) behave like
e~(N=Dr at infinity (see (4.1.3) and formula (4.4.41) below), it is only a matter of tedious
computations to check that estimates (4.4.37) imply that

ak
%)

=lp(M|er@ry < Arp VT >e, VEEN (4.4.39)

o0
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up to possibly different constants that we keep denoting as A, i, where ¢ is the relative error
o(r,7) = w(r,7)/VY™(r) — 1 (note that it is slightly different from the relative error ¢
we introduced in Subsection 4.4.1). Taking advantage of the interpolation inequalities (let
o(—=r,7) = p(r,7) for all r > 0)

k/j 1-k/j . .
|80(7')|ck(11g) < Cjk |<P(T)|C/J'J(R) lo(T)ll /9 Vk,jeN: k<

(we refer again to [142, pp. 125-126], [30, Appendix A.3] or to [100, 101]), (4.4.1) and the
bounds (4.4.39), we deduce that in fact

lim [p(T)|orgsy =0 Vk EN. (4.4.40)
In view of (4.2.2), this is equivalent to (4.1.6) in Theorem 4.1.1. As for estimates (4.1.9) and
(4.1.10) in Theorem 4.1.3, just notice that they can be readily deduced from (4.4.37) and
(4.4.38).

Let us investigate what (4.4.40) means in terms of the spatial derivatives of w (or u). That
is, we are going to prove (4.1.7) in Theorem 4.1.1. First of all we can show, by induction,
that

e ()

Jim Ve(r)

— (—p(N=1)F Vp+£0, VkeN. (4.4.41)

Indeed, the existence of the limit in (4.4.41) is a consequence of the chain rule and (4.1.3).
Then, suppose that (4.4.41) holds for a given k. Consider the identities

drktiye drktiye dkflye
lim %&) =~ lim drk+ (T) V(T) — lim drk+ (T) ) (4442)
500 i (T) p r—00 Vp(r) V/(T) —p (N — 1) 500 Vp(r)

Since, in view of (4.1.3), the last limit in the r.h.s. of (4.4.42) exists, by de 'Hopital’s Theorem
it coincides with

4V (1)

. drk
—p(V—1) lim ve(r)

and this proves the inductive step. As (4.4.41) is trivially valid for £ = 0, we conclude that
it holds for all £ € N. Now note that, for the k-th spatial derivative of ¢, we can exploit the

binomial formula
Mo E(K\ 1\ (k=)
Yr _ ONE Ve
o = 2 (j)zuﬂ (voa)™ 7, (4.4.43)

where, for greater readability, we only use superscripts to denote derivatives w.r.t. r. We
shall establish that, for all & € N, the ratio w® (r, 7)/VY/™(r, 1) converges in L to a smooth
function Gy (r) such that
_ L (N —1\F
lim Gi(r) = (~1) (m) . (4.4.44)
This is clearly equivalent to proving (4.1.7). For k = 0 (4.4.44) is exactly (4.1.5), with the

choice Gy = 1. As for further derivatives, we proceed by induction. Indeed, suppose the
result is true for all j <k — 1. From (4.4.40) and (4.4.43) we get

w®(r) ’“z::l B (l;) w0 (r) (V- )<k—j)

v

lim
T—00

=0. (4.4.45)

o0
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4.4. Convergence in relative error

Thanks to the inductive hypothesis and (4.4.41), (4.4.45) implies

)
ST el O
J

,L
m

[e.9]

So we are left with proving that the function
(k=3)
Kl k:) (V=) "o
Gi(r) == — | Gi(r <
e
complies with (4.4.44). From (4.4.41) and the inductive hypothesis, this is indeed the case

provided o .
() B (e ()

Jj=0

an identity which is a direct consequence of Newton’s binomial formula.
Finally, we point out that the estimate from below (4.1.11) is an immediate corollary of

(4.1.7).

Remark 4.4.7. In order to obtain the bounds (4.1.13) and (4.1.14) of Theorem 4.1.4 (sub-
critical m), just note the constants ci(¢,-) and co(t,-) appearing in (4.1.12) can be taken
to be continuous functions of ¢t € (0,7), as a consequence of the method of proof of such
inequalities (see Section 4.3). This allows us to prove that there exists a constant M (here
depending on 7y as well) such that (4.4.33) holds true, which is enough in order to proceed
as above and get the claimed estimates.
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