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Résumé

Cette these porte essentiellement sur 1’étude de la distribution spectrale limite de grandes matri-
ces aléatoires dont les entrées sont corrélées et traite également d’inégalités de déviation pour la plus
grande valeur propre d’une somme de matrices aléatoires auto-adjointes et géométriquement absolument

réguliers.

On s’intéresse au comportement asymptotique de grandes matrices de covariances et de matrices de
type Wigner dont les entrées sont des fonctionnelles d’une suite de variables aléatoires a valeurs réelles
indépendantes et de méme loi. On montre que dans ce contexte la distribution spectrale empirique des
matrices peut étre obtenue en analysant une matrice gaussienne ayant la méme structure de covariance.
Cette approche est valide que ce soit pour des processus a mémoire courte ou pour des processus
exhibant de la mémoire longue, et on montre ainsi un résultat d’universalité concernant le comportement

asymptotique du spectre de ces matrices.

Notre approche consiste en un mélange de la méthode de Lindeberg par blocs et d’une technique
d’interpolation Gaussienne. Une nouvelle inégalité de concentration pour la transformée de Stieltjes
pour des matrices symétriques ayant des lignes m-dépendantes est établie. Notre méthode permet
d’obtenir, sous de faibles conditions, ’équation intégrale satisfaite par la transformée de Stieltjes de la
distribution spectrale limite. Ce résultat s’applique & des matrices associées a des fonctions de processus

linéaires, a des modeles ARCH ainsi qu’a des modéles non-linéaires de type Volterra.

On traite également le cas des matrices de Gram dont les entrées sont des fonctionnelles d’un
processus absolument régulier (i.e. S-mélangeant). On établit une inégalité de concentration qui nous
permet de montrer, sous une condition de décroissance arithmétique des coefficients de S-mélange, que
la transformée de Stieltjes se concentre autour de sa moyenne. On réduit ensuite le probleme a 1’étude
d’une matrice gaussienne ayant une structure de covariance similaire via la méthode de Lindeberg par
blocs. Des applications a des chaines de Markov stationnaires et Harris récurrentes ainsi qu’a des

systemes dynamiques sont données.

Dans le dernier chapitre de cette these, on étudie des inégalités de déviation pour la plus grande
valeur propre d’'une somme de matrices aléatoires auto-adjointes. Plus précisément, on établit une
inégalité de type Bernstein pour la plus grande valeur propre de la somme de matrices auto-ajointes,
centrées et géométriquement B-mélangeantes dont la plus grande valeur propre est bornée. Ceci étend
d’une part le résultat de Merlevede et al. (2009) & un cadre matriciel et généralise d’autre part, a un

facteur logarithmique pres, les résultats de Tropp (2012) pour des sommes de matrices indépendantes.






Abstract

In this thesis, we investigate mainly the limiting spectral distribution of random matrices having
correlated entries and prove as well a Bernstein-type inequality for the largest eigenvalue of the sum of

self-adjoint random matrices that are geometrically absolutely regular.

We are interested in the asymptotic spectral behavior of sample covariance matrices and Wigner-
type matrices having correlated entries that are functions of independent random variables. We show
that the limiting spectral distribution can be obtained by analyzing a Gaussian matrix having the same
covariance structure. This approximation approach is valid for both short and long range dependent

stationary random processes just having moments of second order.

Our approach is based on a blend of a blocking procedure, Lindeberg’s method and the Gaussian
interpolation technique. We also develop new tools including a concentration inequality for the spectral
measure for matrices having K-dependent rows. This method permits to derive, under mild conditions,
an integral equation of the Stieltjes transform of the limiting spectral distribution. Applications to
matrices whose entries consist of functions of linear processes, ARCH processes or non-linear Volterra-

type processes are also given.

We also investigate the asymptotic behavior of Gram matrices having correlated entries that are
functions of an absolutely regular random process. We give a concentration inequality of the Stieltjes
transform and prove that, under an arithmetical decay condition on the absolute regular coefficients, it
is almost surely concentrated around its expectation. The study is then reduced to Gaussian matrices,
with a close covariance structure, proving then the universality of the limiting spectral distribution.

Applications to stationary Harris recurrent Markov chains and to dynamical systems are also given.

In the last chapter, we prove a Bernstein type inequality for the largest eigenvalue of the sum of self-
adjoint centered and geometrically absolutely regular random matrices with bounded largest eigenvalue.
This inequality is an extension to the matrix setting of the Bernstein-type inequality obtained by
Merlevede et al. (2009) and a generalization, up to a logarithmic term, of Tropp’s inequality (2012) by

relaxing the independence hypothesis.






Notations

Acronyms

a.s.
iid.
LSD

Linear Algebra

almost surely
independent and identically distributed

limiting spectral distribution

| P identity matrix of order d

AT transpose of a matrix A

Tr(A), Rank(A) trace and rank of a matrix A

1A, [|A]l2 spectral and Frobenius norms of a matrix A

0,4 zero matrix of dimension p X ¢

0, zero vector of dimension p

1X ] L? norm of a vector X

=, =, <, - matrix inequalities: A < B means that B — A is positive semi-

definite, whereas A < B means that B — A is positive definite

Probability Theory

(Q,7,P) probability space with o-algebra F and measure P
P probability
o(X) o-algebra generated by X
E(X), Var(X) expectation and variance of X
Cov(X,Y) covariance of X and Y’
1 X1, L? norm of X
X ="y X and Y have the same distribution
= weak convergence of measures
Ou the Dirac measure at point x
Analysis
Z,R,C set of integers, real and complex numbers
Re(z), Jm(3) real and imaginary parts of z
Cy {z€C: Im(z) >0}
14 indicator function of A
[x] integer part of x
[x] the smallest integer which is larger or equal to x
x Ay, xVy min{z,y} and max{z,y}

limsup,, oo Tn

limit superior of a sequence (zy,)n
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Chapter 1

Introduction

The major part of the thesis is devoted to the study of the asymptotic spectral behavior
of random matrices. Letting Xy,...,X,, be a sequence of N = N(n)-dimensional real-
valued random vectors, an object of investigation will be the N x NN associated sample

covariance matriz B, given by

1 1
B,=-) XX/ =-X,X}
n (2 n n

i=1
where X,, = (X;;);; is the N x n matrix having X, ..., X, as columns.

The interest in describing the spectral properties of B,, has emerged from multivariate
statistical inference since many test statistics can be expressed in terms of functionals
of their eigenvalues. This goes back to Wishart [77] in 1928, who considered sample
covariance matrices with independent Gaussian entries. However, it took several years for

a concrete mathematical theory of the spectrum of random matrices to begin emerging.

Letting (X, ;):; be an array of random variables, another object of investigation will

be the following n x n symmetric random matriz X,, defined by:

(1.1)

vn

X, = —
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Motivated by physical applications, that were mainly due to Wigner, Dyson and
Mehta in the 1950s, symmetric matrices started as well attracting attention in various
fields in physics. For instance, in nuclear physics, the spectrum of large size Hamiltonians
of big nuclei was regarded via that of a symmetric random matrix X,, with Gaussian
entries. Being applied as statistical models for heavy-nuclei atoms, such matrices, known

as Wigner matrices, were since widely studied.

Random matrix theory has then become a major tool in many fields, including num-
ber theory, combinatorics, quantum physics, signal processing, wireless communications,
multivariate statistical analysis, finance, ...etc. It has been used as an indirect method
for solving complicated problems arising from physical or mathematical systems. For

this reason, it is said that random matrix theory owes its existence to its applications.

Moreover, it connects several mathematical branches by using tools from different
domains including: classical analysis, graph theory, combinatorial analysis, orthogonal

polynomials, free probability theory, ... etc.

Consequently, random matrix theory has become a very active mathematical domain

and this lead to the appearance of several major monographs in this field [3, 5, 56, 68].

The major part of this thesis is devoted to the study of high-dimensional sample
covariance and Wigner-type matrices. We shall namely study the global asymptotic
behavior of their eigenvalues and focus on the identification and universality of the lim-
iting spectral distribution. We shall investigate as well deviation inequalities of Bernstein
type for the largest eigenvalue of the sum of self-adjoint matrices that are geometrically

absolutely regular.

1.1 Limiting spectral distribution

We start by giving the following motivation: Suppose that Xy, ..., X, arei.i.d. centered
random vectors with fixed dimension N and covariance matrix ¥ := E(X;X?) = ... =
E(X,XT). We have by the law of large numbers

lim B, =E(B,) =% almost surely.

n—-+4o0o
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A natural question is then to ask: how would B,, behave when both N and n tend to
infinity?
We shall see, in the sequel, that when the dimension N tends to infinity with n, the

spectrum of B,, will tend to something completely deterministic.

In order to describe the global distribution of the eigenvalues, it is convenient to

introduce the empirical spectral measure and the empirical spectral distribution function:

Definition 1.1. For a square matriz A of order N with real eigenvalues (Ag)1<k<n, the

empirical spectral measure and distribution function are respectively defined by

1 N
A NZ% and F*(x NZ Do} s

where d, denotes the Dirac measure at point x.

(4 is a normalized counting measure of the eigenvalues of A. It is simply a dis-
crete random probability measure that gives a global description of the behavior of the

spectrum of A.

A typical object of interest is the study of the limit of the empirical measure when
N and n tend to infinity at the same order. The first result on the limiting spectral
distribution for sample covariance matrices was due to Marcenko and Pastur [44] in
1967 who proved the convergence of the empirical spectral measure to the deterministic

Marcenko-Pastur law; named after them.

Theorem 1.2. (Marcenko-Pastur theorem, [{4]) Let (X, ;):; be an array of i.i.d. cen-
tered random wvariables with common variance 1. Provided that lim, .. N/n = ¢ €

(0,00), then, almost surely, ug, converges weakly to the Marcenko-Pastur law defined by

pyp(de) = (1 - 1)+50 +

c

1
2mex

Vbe = 2)(@ = a0) L, (2)der

where a. = (1 —+/¢)?, b. = (1 + v/¢)? and (x); = max(z,0).

The original Marcenko-Pastur theorem is stated for random variables having moment

of fourth order; we refer to Yin [81] for the proof under moments of second order only.
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The above theorem can be seen as an analogue of the law of large numbers in the
sense that, almost surely, a random average converges to a deterministic quantity. It also
reminds us of the central limit theorem in the sense that the limiting law is universal and
depends on the distribution of the matrix entries only through their common variance.

Another way to describe the limiting spectral distribution is by identifying its Stieltjes

transform.

Definition 1.3. The Stieltjes transform of a non-negative measure p on R with finite

total mass is defined for any z € Cy by

Su(2) = [ —— nlao),

x—z
where we denote by C, the set of complex numbers with positive imaginary part.

A very important property of the Stieltjes transform is that it characterizes the

measure y via the following inversion formula: if @ and b are two points of continuity of
p, ie. p({a}) = p({b}) = 0, then

o 1oh :
p(]a, b)) :?51{1%; ; mS,(z +iy) dx.

We also note that, for an N x N Hermitian matrix A, the Stieltjes transform of py4 is
given for each z = u +iv € C, by

1

r—z

Sa(2) = Sua(2) = [ palda) = LTx(A — D),

where I is the identity matrix. We shall refer to S4 as the Stieltjes transform of the

matrix A.

For a sequence of matrices A,,, the weak convergence of j14, to a probability measure
p is equivalent to the point-wise convergence in C of Su,(2) to S,(2):
n—oo

(MAn e u) & <Vz € Cy, Sa,(2) — Su(z)) .

For instance, Theorem 1.2 can be proved by showing that, for any z € C,, Sg, (2)

converges almost surely to the Stieltjes transform S,,,,. () of the Marcenko-Pastur law
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satisfying the following equation:

1
—z+1—c—czSu,,.(2)

SMMP(Z) =

The Stieltjes transform turns out to be a well-adapted tool for the asymptotic study
of empirical measures and its introduction to random matrix theory gave birth to the

well-known resolvent method, also called the Stieltjes transform method.

1.1.1 A brief literature review on covariance matrices with cor-

related entries

Since Marcenko-Pastur’s pioneering paper [44], there has been a large amount of work
aiming to relax the independence structure between the entries of X,,. The literature is
rich with results on this issue but we shall only mention certain ones that are somehow
related to this thesis.

We start by the model studied initially by Yin [81] and then by Silverstein [64], who
considered a linear transformation of independent random variables which leads to the

study of the empirical spectral distribution of random matrices of the form:

1
B, = —I¥*X,XTTY?. (1.2)
n

More precisely, in the latter paper, the following theorem is proved:
Theorem 1.4. (Theorem 1.1, [64]) Let B,, be the matriz defined in (1.2). Assume that:
e lim, oo N/n=ce€ (0,00),

e X, is an N X n matrix whose entries are i.i.d. centered random wvariables with

common variance 1,

e I'y is an N x N positive semi-definite Hermitian random matriz such that F'~
converges almost surely in distribution to a deterministic distribution H on [0, 00)

as N — oo,

e I'y and X,, are independent.
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Then, almost surely, up, converges weakly to a deterministic probability measure p whose

Stieltjes transform S = S(z) satisfies for any z € C, the equation

1
S—/—z—i—)\(l—c—czS)

dH()) .

The above equation is uniquely solvable in the class of analytic functions S in C satis-
fying: —% +cSeC,.

For further investigations on the model mentioned above, one can check Silverstein

and Bai [65] and Pan [54].

Another models of sample covariance matrices with correlated entries, in which the
vectors X1, ..., X,, are independent, have been later considered. For example, Hachem
et al [33] consider the case where the entries are modeled by a short memory linear

process of infinite range having independent Gaussian innovations.

Later, Bai and Zhou [6] derive the LSD of B,, by assuming a more general dependence

structure:

Theorem 1.5. (Theorem 1.1, [6]) Assume that the vectors Xy, ...,X,, are independent
and that

i. For all i, BE(Xy;Xe) = ke and for any deterministic matric N x N, R = (rg),

with bounded spectral norm

E|X] RX; - Tr(RI'y)

2
‘ = o(n?) where Ty = (Vi)

ii. lim, oo N/n=c € (0,00)

1. The spectral norm of I'y is uniformly bounded and pr, converges in law to puy.

Then, almost surely, up, converges in law to a non random probability measure whose

Stieltjes transform S = S(z) satisfies the equation : for all z € C*

1 t
Z——S+c/1+3tduH(t),

where S(z) := —(1 —¢)/z + ¢S(2).



1.1 Limiting spectral distribution

For the purpose of applications, Bai and Zhou prove, in Corollary 1.1 of [6], that

Assumption (i.) is verified as soon as

o nl maxy ]E(inXgi — %76)2 — 0 uniformly in i <n
o« n 2 Z (E(XMX&' — Vo) (X Xipr — ’)/klyg/)>2 — 0 uniformly in i <n
A
where
A= (kK ) 1<k 0K 0 < pW{(k LB ) k=K £ C=C or k=0 #K =1}

They also give possible applications of their result and establish the limiting spectral
distribution for Spearman’s rank correlation matrices, sample covariance matrices for

finite populations and sample covariance matrices generated by causal AR(1) models.

Another application of Bai and Zhou’s result is the following: let (ex)x be a sequence
of i.i.d. centered random variables with common variance 1 and let (X}); be the linear

process defined by
Xk = Z A;Ek—j ,
7=0

with (ag)r being a linear filter of real numbers. Let Xy, ..., X, be independent copies of
the N-dimensional vector (X1,..., Xy)? and consider the associated sample covariance
matrix B,,.

For this model, Yao [80] then shows that the hypotheses of Theorem 1.5 are satisfied
if:

o lim, ..o N/n=c € (0,0),
o the error process has a fourth moment: Eef < oo,
o the linear filter (ay)y is absolutely summable, 372 ax| < oo,

and proves that, almost surely, up, converges weakly to a non-random probability mea-

sure p whose Stieltjes transform S = S(z) satisfies for any z € C, the equation

1 c [2 1
Z:_§+%/o S+(27rf()\))1d)\, 3
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where S(2) := —(1 — ¢)/z 4+ ¢S(z) and f is the spectral density of the linear process
(X)) kez defined by

FO) = 21 " Cov (Xo, Xi) e for A € [0, 2],
T %

Still in the context of the linear model described above, Pfaffel and Schlemm [56]
relax the equidistribution assumption on the innovations and derive the limiting spectral
distribution of B,,. They use a different approach than the one considered in [6] and
[80] but they still assume the finiteness of the fourth moments of the innovations plus a

polynomial decay of the coefficients of the underlying linear process.
We also mention that Pan et al. [55] relax the moment conditions and derive the

limiting spectral distribution by just assuming the finiteness of moments of second order.

This result will be a consequence of our Theorem 2.2 and shall be given in Section 2.2.1.

We finally note that Assumption (i.) is also satisfied when considering Gaussian
vectors or isotropic vectors with log-concave distribution (see [53]); however, it is hard
to be verified for nonlinear time series, as ARCH models, without assuming conditions

on the rate of convergence of the mixing coefficients of the underlying process.

1.1.2 Sample covariance matrices associated with functions of

i.i.d. random variables
An object of investigation of this thesis will be the asymptotic spectral behavior of
sample covariance matrices B,, associated with functions of i.i.d. random variables.

Mainly, we shall suppose that the entries of X,, = (X ¢)xe consist of one of the following

forms of stationary processes:

Let (&5) i )cz2 be an array of i.i.d. real-valued random variables and let (Xj /) (k,0)cz2

be the stationary process defined by
Xio=9(&k—ie; 1 €Z), (1.4)

or by
X = 9(E—i—j ; (i,§) €Z7), (1.5)
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where g is real-valued measurable function such that
E(Xe) =0 and E(X;,) <oo.

This framework is very general and includes widely used linear and non-linear pro-
cesses. We mention, for instance, functions of linear processes, ARCH models and non-
linear Volterra models as possible examples of stationary processes of the above forms.

We also refer to the papers [78, 79] by Wu for more applications.

Following Priestley [61] and Wu [78], (X} ¢) (k0 ecz2 can be viewed as a physical system
with the & ;’s being the input, X}, the output and g the transform or data-generating

mechanism.

We are interested in studying the asymptotic behavior of B, when both n and N
tend to infinity and are such that lim,_,,, N/n = ¢ € (0,00). With this aim, we follow a
different approach consisting of approximating B,, with a sample covariance matrix G,,,
associated with a Gaussian process (Zkvg)(k’g)ez2 having the same covariance structure
as (Xk,e)(k,e)ezz , and then using the Gaussian structure of G,,, we establish the limiting

distribution.

This shall be done by comparing the Stieltjes transform of B,, by the expectation of
that of G,,. Indeed, if we prove that for any z € C, |

lim |Sg, (2) — E(Sg,(2))| =0 as.

n—o0

then the study is reduced to proving the convergence of E(Sg, (z)) to the Stieltjes trans-

form of a non-random probability measure, say .

We note that if the Xy ¢’s are defined as in (1.4) then the columns of X,, are indepen-
dent and it follows, in this case, by Guntuboyina and Leeb’s concentration inequality

[32] of the spectral measure that for any z € C,,

lim |Sg,(2) —E(SB,(2))] =0 as. (1.6)

n—oo

which reduces the study to proving that for any z € C,,

lim [E(Sg, () — E(Se, (2))] = 0. (L.7)
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However, in the case where the matrix entries consist of the stationary process defined
in (1.5), the independence structure between the rows or the columns of X,, is no longer
valid. Thus, the concentration inequality given by Guntuboyina and Leeb does not apply

anymore.

The convergence (1.6) can be however proved by approximating first X,, with an
my-dependent block matrix and then using a concentration inequality for the spectral

measure of matrices having m,-dependent columns (see Section 3.7).

As we shall see in Theorems 2.1 and 3.5, the convergence (1.7) always holds without
any conditions on the covariance structure of (X k’g)(k7g)622. This shows a universality
scheme for the limiting spectral distribution of B,,, as soon as the X}, ,’s have the depen-
dence structure (1.4) or (1.5), without demanding any rate of convergence to zero of the

correlation between the matrix entries.

The convergence (1.7) can be achieved via a Lindeberg method by blocks as described
in Sections 2.3.2.1 and 3.8. The Lindeberg method consists in writing the difference of
the expectation of the Stieltjes transforms of B,, and G, as a telescoping sum and using
Taylor expansions. This method can be used in the context of random matrices since
the Stieltjes transform admits partial derivatives of all orders as shown in Sections A.1
and A.2.

In the traditional Lindeberg method, the telescoping sums consist of replacing the
random variables involved in the partial sum, one at a time, by Gaussian random vari-
ables. While here, we shall replace blocks of entries, one at a time, by Gaussian blocks

having the same covariance structure.

The Lindeberg method is popular with these types of problems. It is known to be
an efficient tool to derive limit theorems and, up to our knowledge, it has been used for
the first time in the context of random matrices by Chatterjee [20] who treated random

matrices with exchangeable entries and established their limiting spectral distribution.

As a conclusion, Sg, converges almost surely to the Stiletjes transform S of a non-

random probability measure as soon as E(Sg, (z)) converges to S.

10



1.1 Limiting spectral distribution

1.1.3 Gram matrices associated with functions of f-mixing ran-

dom variables

Assuming that the X;,’s are independent copies of the vector X = (X,..., Xy)T can
be viewed as repeating independently an N-dimensional process n times to obtain the
X}’s. However, in practice it is not always possible to observe a high dimensional process
several times. In the case where only one observation of length Nn can be recorded, it
seems reasonable to partition it into n dependent observations of length /N, and to treat
them as n dependent observations. In other words, it seems reasonable to consider the
N x n matrix X,, defined by

X1 Xy o XN+t
Xo Xny2 0 X@ponny2
Xy Xony - XN

and study the asymptotic behavior of its associated Gram matrix B,, given by

1 1 &
B, = —X,X! = =Y X\ X]
n n n k4N

k=1
where for any k =1,...,n, X = (X(e—1)n415- - -, Xin)T

Up to our knowledge this was first done by Pfaffel and Schlemm [60] who showed
that this approach is valid and leads to the correct asymptotic eigenvalue distribution of
the sample covariance matrix if the components of the underlying process are modeled
as short memory linear filters of independent random variables. Assuming that the
innovations have finite fourth moments and that the coefficients of the linear filter decay
arithmetically, they prove that Stieltjes transform of the limiting spectral distribution of
B,, satisfies (1.3).

In chapter 4, we shall relax the dependence structure of this matrix by supposing
that its entries consist of functions of absolutely regular random variables. Before fully
introducing the model, let us recall the definition of the absolute regular or S-mixing

coeflicients:

11
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Definition 1.6. (Rozanov and Volkonskii [72]) The absolutely regular or the [-mizing
coefficient between two o-algebras A and B is defined by

1
54, B) = gsup { S 3 [P(A: N By) — P(AJR(B,)|}.
il jeJ
where the supremum is taken over all finite partitions (A;)ier and (B;)jes that are re-

spectively A and B measurable.
The coefficients (5,)n>0 of a sequence (g;);ez are defined by

Bo=1 and &ZSUPB(U(W,KS@,(@M%Zk’)) for n>1 (1.8)

kEZ

and (€;);ez is then said to be absolutely regular or S-mixing if 5, — 0 as n — oc.

We note that absolutely regular processes exist widely. For example, a strictly sta-
tionary Markov process is [-mixing if and only if it is an aperiodic recurrent Harris
chain. Moreover, many common time series models are S-mixing and the rates of decay
of the associated ) coefficients are known given the parameters of the process. Among
the processes for which such knowledge is available are ARMA models [49] and certain
dynamical systems and Markov processes. One can also check [25] for an overview of

such results.

We shall consider a more general framework than functions of i.i.d. random variables

and define the non-causal stationary process (Xi)rez as follows: for any k € Z let

Xi=9( - 6k-1,EkEt1,---) (1.9)

where (g;);cz is an absolutely regular stationary process and g a measurable function
from Z to R such that
E(X;) =0 and E(X?) < co.

The interest is again to study the limiting spectral distribution of the sample covari-
ance matrix B, associated with (Xj)rez when N and n tend to infinity and are such

that lim,, .o N/n = c € (0,0).

The first step consists of proving that, under the following arithmetical decay condi-

12



1.1 Limiting spectral distribution

tion on the S-mixing coefficients:

3(x
Zlog Bn < oo for some a0 > 1,
sl Ve
the Stieltjes transform is concentrated almost surely around its expectation as n tends
to infinity. This shall be achieved by proving, with the help of Berbee’s coupling lemma
[11] (see Lemma A.16), a concentration inequality of the empirical spectral measure .
The study is then reduced to proving that the expectation of the Stieltjes transform
converges to that of a non-random probability measure. This can be achieved by approx-
imating it with the expectation of the Stieltjes transform of a Gaussian matrix having a
close covariance structure. We shall namely prove for any z € C,

lim [E(Ss, (2)) — E(Sq, (2))] = 0, (1.10)

n—oo

with G,, being the sample covariance matrix given by
1 n
=— > Z,Z;
=1

and Z,, ... Z, being independent copies of the Gaussian vector Z = (Zy, ..., Zy)’ where
(Zy)r is a Gaussian process having the same covariance structure as (Xj ).

The above approximation is again proved via the Lindeberg method by blocks and
is done without requiring any rate of convergence to zero of the correlation between the

entries nor of the S-mixing coefficients.

Therefore, provided that the g-coefficients satisfy the above arithmetical decay con-
dition, we prove that B,,, being the sum of dependent rank-one matrices, has the same
asymptotic spectral behavior as a Gram matrix, being the sum of independent Gaussian

rank-one matrices.

Finally, provided that the spectral density of (Xj), exists, we prove that almost
surely, pup, converges weakly to the non-random limiting probability measure whose

Stieltjes transform satisfies equation (1.3).

The first chapters of this thesis are devoted to the study of the asymptotic global

behavior of eigenvalues of different models of matrices with correlated entries, while the

13
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last chapter is devoted to the study of deviation inequalities for the largest eigenvalue of

the sum of weakly dependent self-adjoint random matrices.

1.2 Bernstein type inequality for dependent random

matrices

As we have mentioned, the analysis of the spectrum of large matrices has known sig-
nificant development recently due to its important role in several domains. Another
important question is to study the fluctuations of a Hermitian matrix X from its ex-
pectation measured by its largest eigenvalue. Matrix concentration inequalities give
probabilistic bounds for such fluctuations and provide effective methods for studying

several models.

For a family (X;);>1 of d x d self-adjoint centered random matrices, it is quite inter-

esting to give, for any x > 0, upper bounds of the probability

n

ED(AmaX(ZXi) Z .17) ’
i=1
where \p.x denotes the maximum eigenvalue of > ; X;. In the scalar case, that is for
d = 1, this is the probability that the sum of random variables trespasses a certain

positive number x.

There are several kinds of inequalities providing exponential bounds for the proba-
bility of large deviations of a sum of random variables with bounded increments. For
instance, the Bernstein inequality permits to estimate such probability by a monotone

decreasing exponential function in terms of the variance of the sum’s increments.

The starting point to get such exponential bounds is the following Chernoff bound:

denoting by (X;); a sequence of real-valued random variables, we have for any x > 0

P(iXi > x) < gg{e_m -Eexp (tZX)} (1.11)

=1

The Laplace transform method, which is due to Bernstein in the scalar case, is

generalized to the sum of independent Hermitian random matrices by Ahlswede and

14



1.2 Bernstein type inequality for dependent random matrices

Winter. They prove in the Appendix of [2] that the usual Chernoff bound has the

following counterpart in the matrix setting:

n n

IP(/\maX(ZXi) > $> < gg{e—m.mrexp (tZXZ)}. (1.12)

i=1 =1

We note that the Laplace transform of the sum of random variables appearing in
(1.11) is replaced by the trace of the Laplace transform of the sum of random matrices
in (1.12). Obviously, the main problem now is to give a suitable bound for

n

L,(t) :=ETr exp(tZX,-) .

=1

As matrices do not commute, many tools, available in the scalar setting to get an
upper bound of L, (t), cannot be straightforward extended. We give in Section A.4 some
preliminary materials on some operator functions and some tools used in the matrix

setting.

In the independent case, Ahlswede and Winter [2] prove by applying the Golden-
Thompson inequality [29, 69], Lemma A.12, that for any ¢ > 0

Ln(t) < ETr (etxn DV Xi) ~Tr (E(etxn) E(ef i x))
< Amax(Ee™™) - ETr (et i Xi)

S d . H )\max (]EetXi) )

i=1
where we note that the equality in the first line follows by the independence of the X;’s.

Following an approach based on Lieb’s concavity theorem (Theorem 6, [42]), Tropp
improves, in [70], the above bound and gets for any ¢ > 0

L,(t) = ETrexp (t > Xi) < Trexp (zn: log Eetxi) : (1.13)

i=1 =1

This bound, combined with another one on Ee'®i, allows him to prove the following

Bernstein type inequality for independent self-adjoint matrices:

15
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Theorem 1.7. (Theorem 6.3, [70]) Consider a family {X;}; of independent self-adjoint

random matrices with dimension d. Assume that each matriz satisfies
EX,L =0 and /\maX(Xi) < M a.s.

Then for any x > 0,

]p(/\maX(zn:Xi) > x) < d-eXp(— (ﬂfx/?\/j/:a)

where o* ;= )\max( i1 E(X?))

Let us mention that extensions of the so-called Hoeffding-Azuma inequality for matrix
martingales and of the so-called McDiarmid bounded difference inequality for matrix-

valued functions of independent random variables are also given in [70].

Taking another direction, Mackey et al. [43] extend to the matrix setting Chatterjee’s
technique for developing scalar concentration inequalities via Stein’s method of exchange-
able pairs [19, 21|, and established Bernstein and Hoeffding inequalities as well as other
concentration inequalities. Following this approach, Paulin et al. [57] established a so-
called McDiarmid inequality for matrix-valued functions of dependent random variables

under conditions on the associated Dobrushin interdependence matrix.

1.2.1 Geometrically absolutely regular matrices

We shall extend the above Bernstein-type inequality for a class of dependent matrices.
We note that in this case, the first step of Ahlswede and Winter’s iterative procedure as
well as Tropp’s concave trace function method fail. Therefore additional transformations

on the Laplace transform have to be made.

Even in the scalar dependent case, obtaining sharp Bernstein-type inequalities is a
challenging problem and a dependence structure of the underlying process has obviously
to be precise. Consequently, obtaining such an inequality for the largest eigenvalue of
the sum of n self-adjoint dependent random matrices can be more challenging and tech-

nical due to the difficulties arising from both the dependence and the non-commutative

16



1.2 Bernstein type inequality for dependent random matrices

structure.

We obtain, in this thesis, a Bernstein-type inequality for the largest eigenvalue of
partial sums associated with self-adjoint geometrically absolutely reqular random ma-
trices. We note that this kind of dependence cannot be compared to the dependence

structure imposed in [43] or [57].

We say that a sequence (X;); of d x d matrices is geormetrically absolutely regular if

there exists a positive constant ¢ such that for any k£ > 1
B =supB(o(Xi, i< j),0(X;,i>j+k)) <e kD (1.14)
J

with 8 being the absolute regular mixing coefficient given in Definition 1.6.

We note that the absolute regular coefficients can be computed in many situations.
We refer to the work by Doob [24] for sufficient conditions on Markov chains to be geo-
metrically absolutely regular or by Mokkadem [50] for mild conditions ensuring ARMA

vector processes to be also geometrically S-mixing.

Clearly, the dependence between two ensembles of matrices depends on the gap sepa-
rating the o-algebras generated by these ensembles. For geometrically S-mixing matrices,

this dependence decreases exponentially with the gap separating them.

In Chapter 5, we prove that if (X;); is a sequence of d x d Hermitian matrices satisfying
(1.14) and such that
EX;)) =0 and M\ax(X;) <1 as.

then for any = > 0

n C.CE2
P )\max Xz Z S d -
( (Z ) x) P ( v®’n + ¢! + z(log n)2>

=1

where C'is a universal constant and v? is given by

o B
! _Kgs{lf,l.?.,n} CardK)\maX E(ZXZ) '

1€EK

The full announcement of the above inequality is given in Theorem 5.1.

17
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We note that for d = 1, we re-obtain the best Bernstein-type inequality so far, for

geometrically absolutely regular random variables, proved by Merlevede et al. [46].

Therefore, our inequality can be viewed as an extension to the matrix setting of the
Bernstein-type inequality obtained by Merlevede et al. and as a generalization, up to a
logarithmic term, of Theorem 1.7 by Tropp from independent to geometrically absolutely

regular matrices.

We note that an extra logarithmic factor appearing in our inequality, with respect
to the independent case, cannot be avoided even in the scalar case. Indeed, Adamczak
proves in Theorem 6 and Section 3.3 of [1] a Bernstein-type inequality for the partial sum
associated with bounded functions of a geometrically ergodic Harris recurrent Markov
chain. He shows that even in this context where it is possible to go back to the indepen-

dent setting by creating random i.i.d. cycles, a logarithmic factor cannot be avoided.

1.2.2 Strategy of the proof

The starting point is still, as for independent matrices, the matrix Chernoff bound
(1.12) which remains valid in the dependent case. However, the procedures used in [2]
and [70] fail for dependent matrices from the very first step and thus another approach
should be followed.

The first step will be creating gaps between the matrices considered with the aim of
decoupling them in order to break their dependence structure. As done by Merlevede et
al. [46, 47], we shall partition the n matrices in blocks indexed by a Cantor type set, say

K, plus a remainder:

Figure 1.1 — Construction of the Cantor-type set K,

18



1.2 Bernstein type inequality for dependent random matrices

The above figure gives an idea on how the Cantor-type set K, is constructed. The first
line of Figure 1.1 represents the set of indices {1,...,n}, whereas the last one represents
K,, which consists of the union of disjoint subsets of consecutive integers represented by
the blue dashes. This construction is done in an iterative way and will be explained in
details in Section 5.3.2 of the chapter 5.

The main step is then to control the log-Laplace transform of the partial sum on K.
By doing so, we are only considering blocks of random matrices separated by gaps of
certain width. The larger the gap between two blocks is, the less dependent the associated
matrices are. The remaining blocks of matrices, i.e. those indexed by i € {1,...,n}\ K,,
are re-indexed and a new Cantor type set is similarly constructed. We repeat the same

procedure until we cover all the matrices.

Having controlled the matrix log-Laplace transform of the partial sum on each Cantor-
type set, the log-Laplace transform of the total partial sum is then handled with the help

of the following Lemma:

Lemma 1.8. Let Uy, Uy, ... be a sequence of d x d self-adjoint random matrices. Assume
that there exist positive constants og, 01, ... and Ko, K1, ... such that, for any i > 0 and
any t in [0,1/K;],

log ETr(e' %) < Cy+ (0:t)?/(1 = ki),

where Cy is a positive constant depending only on d. Then, for any positive integer m
and any t in [0,1/(ko + K1+ -+ Km)],

log ETr exp (t > Uk) < Cy+ (at)?/(1 — Kt),
k=0

where c =09 +01+ - +0, and k = ko + K1+ + K.

This lemma, which is due to Merlevede et al. in the scalar case, provides bounds for
the log-Laplace transform of any sum of self-adjoint random matrices and thus allows
us to control the total sum after controlling the partial sum on each Cantor set sepa-
rately. So obviously, the main step is to obtain suitable upper bounds of the log-Laplace

transform of the partial sum on certain Cantor-type sets:

log ETr exp (t Z Xk)

keEK 4
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where K4 denotes a Cantor-like set constructed from {1,..., A}.

To benefit from some ideas developed in [2] or [70], we shall rather bound the matrix
log-Laplace transform by that of the sum of certain independent and self-adjoint random
matrices plus a small error term. Lemma 5.7 is in this direction and can be viewed as a

decoupling lemma for the Laplace transform in the matrix setting.

As we shall see, a well-adapted dependence structure allowing such a procedure is the
absolute regularity structure. This structure allows, by Berbee’s coupling lemma stated
in Lemma A.17 a "good coupling" in terms of the absolute regular coefficients even when
the variables take values in a high dimensional space. In fact, working with d x d random

matrices can be viewed as working with random vectors of dimension d?.

For such dependence structures, the approach followed by Merlevede et al. [46, 47]
is well-performing; however, its extension to the matrix setting is not straight forward
because several tools used in the scalar case are no longer valid in the non-commutative

case.

For instance, this dependence structure allows the following control in the scalar case:
consider any index sets () and @' of natural numbers separated by a gap of width at

least n; i.e., there exists p such that @ C [1,p] and Q' C [n+ p,00). Then for any ¢ > 0,

E(c' 2uicqNigt Liicer )

< B¢ (e T ) o D 115

Het EiEQ’ Xi
oo

o0

where £(n) is a sequence of positive real numbers depending on the dependence coeffi-
cients. The binary tree structure of the Cantor-type sets allows iterating the decorre-
lation procedure mentioned above to suitably handle the log-Laplace transform of the

partial sum of real-valued random variables on each of the Cantor-type sets.

Iterating a procedure as (1.15) in the matrix setting cannot lead to suitable exponen-
tial inequalities essentially due to the fact that the extension of the Golden-Thompson
inequality [29, 69], Lemma A.12, to three or more Hermitian matrices fails. This can
add more difficulty to the non-commutative case and can complicate the proof because

more coupling arguments and computations are required.

The decoupling lemma 5.7 associated with additional coupling arguments will then

20
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allow us to prove our key Proposition 5.6 giving a bound for the Laplace transform of

the partial sum, indexed by Cantor-type set, of self-adjoint random matrices.

1.3 Organisation of the thesis and references

This thesis is organized as follows: in Chapter 2 we consider sample covariance matrices
associated with functions of i.i.d. random variables and explain precisely the approach
followed for deriving the limiting spectral distribution. The main steps of this approach

were initiated in the following paper:

o M. Banna and F. Merlevede. Limiting spectral distribution of large sample covari-
ance matrices associated with a class of stationary processes. Journal of Theoretical
Probability, pages 1-39, 2013.

In Chapter 3, we study the asymptotic behavior of symmetric and Gram matrices
whose entries, being functions of i.i.d. random variables, are correlated across both rows
and columns. We investigate again, in Chapter 4, the limiting spectral distribution but
by considering this time Gram matrices associated with functions of f-mixing random
variables. The results of Chapters 3 and 4 are respectively contained in the following

papers:

o M. Banna, F. Merlevede, and M. Peligrad. On the limiting spectral distribution
for a large class of symmetric random matrices with correlated entries. Stochastic
Processes and their Applications, 125(7):2700-2726, 2015.

o M. Banna. Limiting spectral distribution of gram matrices associated with func-
tionals of S-mixing processes. Journal of Mathematical Analysis and Applications,
433(1):416 — 433, 2016.

In Chapter 5, we give a Bernstein-type inequality for the largest eigenvalue of the sum

of geometrically absolutely regular matrices. This is the result of the recently submitted

paper:

o M. Banna, F. Merlevede, and P. Youssef. Bernstein type inequality for a class of
dependent random matrices. arXiv preprint arXiv:1504.05834, 2015.
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Finally, we collect, in the Appendix, some technical and preliminary lemmas used
throughout the thesis.
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Chapter 2

Matrices associated with functions of 1.1.d.

variables

We consider, in this chapter, the following sample covariance matrix

1 n
B, ==Y X;X| (2.1)
=1
and suppose that X}’s are independent copies of the N-dimensional vector (X7, ..., Xy)

where (X)rez is a stationary process defined as follows: let (ex)rez be a sequence of
i.i.d. real-valued random variables and let g : R* — R be a measurable function such
that, for any k € 7Z,

Xk = g(fk) Wlth fk = ( ey Ek—1,Ek, €]€+1, .. ) (22)

is a proper random variable and

E(g(&k)) =0 and  [lg(&)ll2 < oo

We shall investigate the limiting spectral distribution of B,, via an approach based

on a blend of a blocking procedure, Lindeberg’s method and the Gaussian interpolation
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Chapter 2. Matrices associated with functions of i.i.d. variables

technique. The main idea in our approach is to approximate B,, with a Gaussian sample
covariance matrix G,, having the same covariance structure as B, and then use the
Gaussian structure of G,, to establish the limiting distribution.

We note that even though this model is a particular case of the models studied in
Chapters 3 and 4, we shall treat it separately with the aim of giving a clearer proof
enabling us to shed light on the main steps of the approximations and computations
involved in this approach. Moreover, some of this chapter’s contents will be useful

materials for Chapter 4.

2.1 Main result

Let us start by describing precisely our the model. For a positive integer n, we consider
n independent copies of the sequence (ej)rez which we denote by (6,(;)) rezfori=1,... n.
Setting
€0 = (ool e ) amd X0 = gl

it follows that (X,gl))k, ce (X,g"))k are n independent copies of the process (Xj)rez. Let

N = N(n) be a sequence of positive integers and define for any i = 1,...,n, the vector

Let G,, be the sample covariance matrix associated with a Gaussian process (Z)kez

having the same covariance structure as (Xj)rez. Namely, for any k, ¢ € Z,
COV(Zk, Zg) = COV(Xk, Xg) . (23)

For i = 1,...,n, we denote by (Z,gi))kez an independent copy of (Z;), that is also
independent of (Xj), and we define the N x N sample covariance matrix G,, by

1 1 &
G, =-2,2F ==Y 7,7}, (2.4)
n n =
where for any i = 1,...,n, Z; = (Zl(i), ce Z](\?))T and Z,, is the matrix with Z.,...,Z,

as columns.
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We state now our main result.

Theorem 2.1. Let B,, and G,, be the matrices defined in (2.1) and (2.4) respectively.
Provided that lim,,_,o. N/n = ¢ € (0,00) then for any z € C,

lim |Sg, (2) — E(Sg,(2))|=0 a.s.

n—oo

This approximation allows us to reduce the study of empirical spectral measure of
B,, to the expectation of that of a Gaussian sample covariance matrix with the same
covariance structure without requiring any rate of convergence to zero of the correlation

between the entries.

Theorem 2.2. Let B,, be the matriz defined in (2.1) and associated with (Xy)gez. Let
Yk = E(XoXy) and assume that

> | < oo (2.5)

k>0

Provided that lim,, oo N/n = ¢ € (0,00) then , almost surely, ug, converges weakly to a

probability measure p whose Stieltjes transform S = S(z) (z € CT) satisfies the equation

1 c [ 1
z2=——=+ — —d)\, (2.6)
S 27T/() S + (QWfO‘)) !
where S(z) == —(1 —c¢)/z+cS(z) and f(-) is the spectral density of (Xg)rez-

The proof of this Theorem will be postponed to Section 2.4.

Remark 2.3. The spectral density function [ of (Xy)rez is the discrete Fourier trans-
form of the autocovariance function. Under the condition (2.5), the spectral density f of
(X&)x exists, is continuous and bounded on [0,2m). Moreover, Yao proves in Proposition

1 of [80] that the limiting spectral distribution is in this case compactly supported.

Remark 2.4. Our Theorem 2.2 is stated for the case of short memory dependent se-
quences. We note that it remains valid for long memory dependent sequences adapted
to the natural filtration. We refer to Section 3.5 in [45] for the proof of the latter case.
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2.2 Applications

In this section, we consider some examples of stationary processes that can be repre-
sented as a function of i.i.d. random variables and give sufficient conditions under which
(2.5) is satisfied.

2.2.1 Linear processes

We shall start with an example of linear filters. Let (ex)r be a sequence of i.i.d.

centered random variables and let

X, = Zagek_g, (2.7)
tez

with (a,), being a linear filter or simply a sequence of real numbers. The so-called non-
causal linear process (Xj)gez is widely used in a variety of applied fields. It is properly
defined for any square summable sequence (ay)eez if and only if the stationary sequence
of innovations (gx), has a bounded spectral density. In general, the covariances of (Xj)x
might not be summable so that the linear process might exhibit long range dependence.
Obviously, X} can be written under the form (2.2) and Theorem 2.1 follows even for the

case of long range dependence.

We note now that for this linear process,

Y = lleoll3 D avar—e,
LET

and thus we infer that (2.5) is satisfied if

leoll < oo and > |ag| < 0.
0z

Our Theorem 2.2 then holds improving Theorem 2.5 of Bai and Zhou [6] and Theorem
1 of Yao [80], that require gy to be in IL* and gives the result of Theorem 1 of Pan et al.
[55].
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2.2.2 Functions of linear processes

We focus now on functions of real-valued linear processes. Define

X, = h( )3 a,gaﬂ) - E(h(Z aggkg>> , (2.8)

tez ez
where (a¢)sez is a sequence of real numbers in ¢! and (g;);ez is a sequence of i.i.d.
real-valued random variables in IL'. We shall give sufficient conditions, in terms of the

regularity of the function h, under which (2.5) is satisfied.

With aim we shall, we introduce the projection operator: for any k£ and j belonging
to Z, let
P(Xy) = E(Xk|F;) — E(Xk|F;-)

where &F; = o(e;,i < j) with the convention that F_o = Npez Fi and Fioo = Viez Fi-
As we shall see in the sequel, the quantity || Py(X})||2 can be computed in many situations
including non-linear models and for such cases we shall rather consider the following

condition:

kZ%HPO(Xk)Hz < 00. (2.9)

We note that this condition is known in the literature as the Hannan-Heyde condition and
is well adapted to the study of time series. Moreover, it implies the absolute summability
of the covariance; condition (2.5). To see this fact, we start by noting that since F_., =
Niez Fr is trivial then for any k € Z, E(Xi|F_») = E(Xx) = 0 a.s. Therefore, the

following decomposition is valid:

Xi = Pj(Xa).

JEZ

Since E(P;(Xo)Pj(Xk)) = 0 if ¢ # j, then, by stationarity, we get for any integer k > 0,

[E(XoXy)| =

S E(B (X P)| < IR LI P (Xl

JEZ JEZ.
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Chapter 2. Matrices associated with functions of i.i.d. variables

Taking the sum over k € Z, we get that

S IECX)] < (S IBE))

keZ kEZ

The Hannan-Heyde condition is known to be sufficient for the validity of the central
limit theorem for the partial sums (normalized by y/n) associated with an adapted regular
stationary process in 2. It is also essentially optimal for the absolute summability of
the covariances. Indeed, for a causal linear process with non-negative coefficients and
generated by a sequence of i.i.d. centered random variables in L%, both conditions (2.5)

and (2.9) are equivalent to the summability of the coefficients.

Remark 2.5. Let us mention that, by Remark 3.3 of [23] , the following conditions are
together sufficient for the validity of (2.9):

1 1

k>1 k>1

We specify two different classes of models for which our Theorem 2.2 applies and
we give sufficient conditions for (2.5) to be satisfied. Other classes of models, including

non-linear time series such as iterative Lipschitz models, can be found in Wu [79].

Denote by wp(-) the modulus of continuity of the function h on R, that is:

wn(t) = sup |h(z) —h(y)].

lz—y|<t

Corollary 2.6. Assume that

> llwn(laxeo]) 2 < oo, (2.11)
kEZ

or that
Z kll/szh(Z |a£||5k—€|)H2 < oo and Z k311/2Hwh< Z |6Lg||6_k_g|)H2 < o00. (2.12)
k>1 0>k k>1 <—k

Then, provided that c¢(n) = N/n — ¢ € (0,00), the conclusion of Theorem 2.2 holds
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for ug, where B, is the sample covariance matriz defined in (2.1) and associated with
(Xk)rez defined in (2.8).

Example 1. Assume that h is y-Holder with v €]0,1], that is: there is a positive
constant C' such that wy(t) < C|t|7. Assume that

S Jag|” < 0o and E(lgp|*V) < o0,
kel

then condition (2.11) is satisfied and the conclusion of Corollary 2.6 holds.

Example 2. Assume ||go|lcc < M where M is a finite positive constant, and that
lax| < Cp* where p € (0,1) and C is a finite positive constant, then the condition

(2.12) is satisfied and the conclusion of Corollary 2.6 holds as soon as

> ! <M(J o ><
—=W o m— .
k:Zl\/E " 1—P

Using the usual comparison between series and integrals, it follows that the latter con-
dition is equivalent to

/01 twh(t)dt < . (2.13)

v/ [ log |
For instance if wy,(t) < C|logt|~® with o > 1/2 near zero, then the above condition is
satisfied.

Proof of Corollary 2.6. To prove the corollary, it suffices to show that the condition (2.5)
is satisfied as soon as (2.11) or (2.12) holds.
Let (&})rez be an independent copy of (¢)gez. Denoting by E.(-) the conditional

expectation with respect to € = (€ )rez, we have that, for any k € Z,

IR0z = |

E€<h< > &gc‘fZ_g‘FZCMSk@) —h(Zage*,;_g—ir > agakg>>

¢<k—1 >k <k >k+1

< Hwh(|ak(€o - 53)|)H

2

2

Next, by the subadditivity of wp(),

wi(|ar(eo — €5)|) < wa(|argol) + wi(|ares]) -
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Whence, ||Py(Xk)|2 < 2||wn(|arsol)]]2- This proves that the condition (2.9) is satisfied
under (2.11).

We prove now that if (2.12) holds then so does condition (2.9). According to Remark
2.5, it suffices to prove that the conditions in (2.10) are satisfied. With the same notations

as before, we have that, for any k£ > 1,

E(X%|Fo) = Ee <h( Z ager_y + Zagak_g> — h<2agsz_ﬁ)> .

(<k—1 >k (€T,

Hence, for any non-negative integer k,

BT < un( S lactere—<i0l) | <2
1>k

wh(Z |@£||5k—e|)‘

1>k

)
2

where we have used the subadditivity of wy,(-) for the last inequality. Similarly, we prove
that
X1~ BOX|To)ls < 2

o 5 )

(<—k

These inequalities entail that the conditions in (2.10) hold as soon as those in (2.12) do.
This ends the proof of Corollary 2.6.

O

2.3 The proof of the universality result

We give in this section the main steps for proving Theorem 2.1 and we explain how the
dependence structure in each column is broken allowing us to approximate the matrix

with a Gaussian one via the Lindeberg method by blocks.

Since the columns of X,, are independent, it follows by Guntuboyina and Leeb’s
concentration inequality [32] of the spectral measure or by Step 1 of the proof of Theorem
1.1 in Bai and Zhou [6] that for any z € C*,

lim |Sp, (2) — E(3p,(2)| =0 as.

n—oo
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2.3 The proof of the universality result

Hence, our aim is to prove that for any z € C*,

lim |E(Sg, () — E(S,(2))| =0 as.

n—oo

The first step is to “break” the dependence structure of the coordinates of each column
X, of X,,. With this aim, we introduce a parameter m and construct mutually indepen-
dent columns Xl,m, . >Xn,m whose entries consist of 2m-dependent random variables
bounded by a positive number M and separated by blocks of zero entries of dimension
3m. The aim of replacing certain entries by zeros is to create gaps of length 3m between
some entries and benefit from their 2m-dependent structure. Xl,m, . >Xn,m will then
consist of relatively big blocks of non-zero entries separated by small blocks of zero entries
of dimension 3m. We note that the non-zero blocks of entries are mutually independent
since the gap between any two of them is at least 2m. We shall then approximate B,

with the sample covariance matrix

n
o < xT
B, = ZXi7mXi,m'
i=1

This approximation will be done in such a way that, for any z € C™,

lim lim sup limsup ‘]E(SBn(z)) - E(Sgn,m(z))‘ =0. (2.14)

m—00 o n—s00

We shall then construct a Gaussian sample covariance matrix
1 n
_ B .
Gn,m C E Z Zi,mZ@m
i=1

having the same block structure as Bn,m and associated with a sequence of Gaussian
random variables having the same covariance structure as the 2m-dependent sequence
constructed at the first step. Bn,m is then approximated with C_%nym via the Lindeberg
method which consists of replacing at each time a non-zero block by its corresponding

Gaussian block that has eventually the same covariance structure. This method allows
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us to prove for any z € C™,

lim lim sup lim sup
m—0o0 ar o oo n—00

E(Sp,,(2)) ~ B(Sa,,,(2)) = 0. (215)

In view of (2.14) and (2.15), Theorem 2.1 will then follow if we can prove that, for any
2 e Ct,
lim lim sup lim sup ‘E(S@n’m(z)) — E(S@n(z))‘ =0. (2.16)

m—00 ar .o n—00

This will be achieved via a well-adapted Gaussian interpolation technique as described
in Section 2.3.2

2.3.1 Breaking the dependence structure of the matrix

Assume that N > 2 and let m be a positive integer fixed for the moment and assumed

to be less than /N/2. Set

N
knm = | ——| | 2.17
o [m2+3m} ( )

where we recall that [-] denotes the integer part. We shall partition {1,..., N} by

writing it as the union of disjoint sets as follows:

kN,m+1
[1,NJNN= J LUJ,
=1
where, for £ € {1,..., knm},

Joi= (€= V)2 + 3m) + P+ 1, € +3m)| AN,
and, for ¢ = ky,, + 1,
Iy i1 = [k m(m?® +3m) + 1, N| NN,

and Jy, .41 = 0. Note that I, .1 =0 if knm(m? 4+3m) = N.
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2.3 The proof of the universality result

Truncation and construction of a 2m-dependent sequence

Let M be a fixed positive number that depends neither on N, n nor m. Let ¢, be the
function defined by ¢y (z) = (x A M)V (—=M). Now for any k € Z and i € {1,...,n},
let

X = Xt = E(oar(XG)Ne- )

and set
Xi = Xio, —E(X{,) - (2.19)

Notice that (X ,Sﬁn) ks (XY, are n independent copies of the centered and sta-

k,m

tionary sequence (Xj ), defined for any k € Z by

Xk,m = j\{k,m — ]E(j\(:k,m> where j\{k,m = E(@M(Xkﬂéfk,m, RN ;5k+m)- (220)

This implies in particular that for any i € {1,...,n} and any k € Z,
X oo = 11X kmlloc < 2M . (2.21)

Moreover, for any i € {1,...,n}, we note that (X ,SZ,Z) wez forms a 2m-dependent sequence
in the sense that X ,SZ,L and X ,S)m are independent if |k — £'| > 2m.

Construction of columns consisting of independent blocks

For any ¢ = 1,...,n , we let u;y be the row random vectors defined for any ¢ =
1;---7kN,m_1by
o= (X0 0 2.22
uz,Z ( k}m)kefp 3m ( . )
and for ¢ = ky,, by
Wiy, = (Xihdrer, . -0;) (2.23)

where 7 = 3m+ N — ky ,(m?+3m). We note that the vectors in (2.22) are of dimension
m? + 3m whereas that in (2.23) is of dimension N — (ky,, — 1)(m? + 3m). We also

note that forany : =1,...,nand { =1, ..., ky, the random vectors u;, are mutually
independent.
For any i € {1,...,n}, we define now the random vectors X;,, of dimension N by
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setting

Xi,m = (uivg s (= 17 ey ]{?N7m)T (224)

and we let 5Cn,m be the matrix whose columns consist of the )_(Lm’s. Finally, we define

the associated sample covariance matrix

zn: XimXi, - (2.25)

Approximation with the associated sample covariance matrix

In what follows, we shall prove the following proposition.

Proposition 2.7. Provided that lim,, ., N/n = c € (0,00), then for any z € C*,

lim lim sup lim sup ’E(SBn(z)> — E(SBn’m(z))’ =0.

M=00 M o0 n—00

Proof. By Proposition A.1 and Cauchy-Swharz’s inequality, it follows that

(S5, (2)) — E(S,.(2))

_ _ 1/2

‘—TrDC — L) (X = L) (2.26)

b

By the definition of B,, and the fact that for each i, (X ,gz)) kez is an independent copy

of the stationary sequence (X )gez, we infer that

1 n N ;
—E|Tr ~aN Z Z HXIE;) 9 I3 -
i=1 k=1
Now, setting
kN,m
Ivm = U Lo and Ry = {1,.... NP\Inm, (2.27)
=1

then by using the stationarity of the sequence (X ,Ezzn) rez and the fact that Card(Iy,,) =
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2.3 The proof of the universality result

m2kym < N, we get

1 _ 1 2 — a2 _
~ET(Bum) = <> 3 [|XEL] < 1 X013
N nN = kETN m H ’ ’2
Noting that,
[ Xomll2 < 2)| Xomll2 < 2llom(Xo)ll2 < 2[1 Xoll2, (2.28)

we infer that N~'E|Tr(B,,,.)| < 4| Xo||3. Now, by the definition of X,, and X, ,n,

1 _ _
—E|T xn_xnm xn_xnm T
(X — X)X — o)
L O _xo >, L v (0|2
I Sl LT TN W S o Pl
niN = kEIN m H ’ ‘2 nN 4 kERN m H ?
Using the stationarity, the fact that Card(Jy,,) < N and
3N
Card(Rym) = N — m?ky m < 3T m?, (2.29)
we get that

1 5 Y T

< [ Xo = Xoamll3 + (3(m +3)™ + m*N7H | X5

Starting from (2.26), considering the above upper bounds, we derive that there exists a

positive constant C' not depending on (m, M) such that

tim sup [B(S3, (2)) — E(S5,.,.(2))| < 5 (1X0 — Kol + 7).

n—oo
Therefore, Proposition 2.7 will follow if we prove that

lim limsup || Xo — Xgm|l2 = 0. (2.30)
M= Moo

For this aim, let us introduce now the sequence (X, )rez defined as follows: for any
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k e Z,
Xka = ]E(Xk|5k—m7 PN a5k+m) .

With the above notation, we write that
1 X0 — Xomll2 < 1 Xo — Xomll2 + | Xom — Xomll2- (2.31)

As X, is centered then so is Xj,, and thus recalling the definition (2.20) of Xo,m, we

write

1Xo0m = Xomlla = 1X0m — B(Xom) = Xomll2 = [ Xom — Xom = E(Xom — Xom)ll2-
Therefore, it follows that

| Xom — Xomll2 < 2/ Xom — Xomll2 < 211 X0 — 0ar(Xo)ll2 = 2/|(| X0l — M)4l2. (2.32)

Since Xy belongs to L2, limy; o || (| Xo| — M) ||z = 0. Therefore, to prove (2.30) and
thus Proposition 2.7, it suffices to prove that

Since (Xo,m)m>o0 is a martingale with respect to the increasing filtration (G, )m>o defined

by Sm = 0(e—m,-..,Em), and is such that

sup || Xomll2 < | Xoll2 < o0,
m>0

(2.33) follows by the martingale convergence theorem in IL? (see for instance Corollary
2.2 in Hall and Heyde [34]). This ends the proof of Proposition 2.7.
O

2.3.2 Approximation with Gaussian sample covariance matri-

ces via Lindeberg’s method

After having broken the dependence structure of the initial matrix B,, and reduced the

study to the matrix Bn,m consisting of independent blocks, it is time to prove the uni-
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versality of limiting distribution by the approximation with a sample covariance matrix
having the same block structure as Bmm and associated with a Gaussian process having

the same covariance structure as (X k,m)keZ-

Construction of the Gaussian matrices

We shall first consider a sequence (Zj, ,, )kez of centered Gaussian random variables such
that for any k, /¢ € Z,

Cov(Zm s Zom) = Cov(Xpm » Xom) - (2.34)

For i = 1,...,n, we then let (Z,S}n)k be an independent copy of (Zy)r and we define
the N x n matrix Z,,» = (Zpm)ki) = (Z,SZ,L) We finally define the associated sample
covariance matrix

Gum = ;zn,ngm. (2.35)

We define now for any ¢ = 1,. .., ky,, the random vectors v;, in the same way as the
u;,’s in (2.22) and (2.23) but by replacing each X,ngn by Z,SZ,L For any i € {1,...,n},

we then define the random vectors Zi,m of dimension NV, as follows:
Zivm = (Vi,fa (= 17 ceey kN,m)T . (236)

Let now

2o = (Zagnl 1) and Gy = izszm

We note now that the matrix Znﬁm is constructed from Z,,,, by replacing some of its
entries by zeros so that it has the same block structure as in,m. This common block and
covariance structure between 5Cn,m and 2n,m will allow us to prove, via the Lindeberg
method, the following convergence: for any z € Ct,

lim ’E(Sgnym(z)) - E(Scnym(z))) =0.

n—-+o0o

Having proved the above convergence, the study is reduced to approximating the
Gaussian matrices. As Z,,,, and an have the same entries up to a relatively small

number of zero-rows, the Rank theorem (Theorem A.44 in [5]) allows us to prove the
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following convergence: for any z € C™,

lim limsup ‘E(S@nym(z)) - E(Sgnﬂm(z))‘ = 0.

m—00  p_00

In order to complete the proof of Theorem 2.1, it remains to prove for any z € C*,

lim lim sup lim sup
m—00  ar o n—00

E(Sa,,.(2)) - E(an(z))‘ ~0.

We note that these two matrices are associated with Gaussian processes having different
covariance structures. The technique used for proving the above convergence is based on

the Gaussian interpolation technique followed by a suitable control of the covariance.

2.3.2.1 Lindeberg method by blocks

In this section, we shall approximate Bn’m with the Gaussian matrix Gn,m.

Proposition 2.8. Provided that lim, o, N/n = c € (0,00) then for any z € C*,

lim ]E(sgm(z)) - E(S@n’m(z)ﬂ =0.

The Stieltjes transform can be expressed as a function f of the matrix entries ad-
mitting partial derivatives of all orders. The above convergence shall be proved via the
Lindeberg method by blocks which consists of writing the above difference as a tele-
scoping sum and replacing at each time a non-zero block of entries by its corresponding

Gaussian one.

In order to develop this, we first give the following definition of the function f := f,
allowing us to write, for any z € C,, the Stieltjes transform of a sample covariance

matrix in terms of its entries.

Definition 2.9. Let x be a vector of R™ with coordinates

X = (xlT,...,Xg) where for any i € {1,...,n}, x; = (x,(f), ke {1,...,N})T.
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2.3 The proof of the universality result

Let z € Ct and f := f. be the function defined from R™ to C by

f(x) = ;TI‘(A(X) — zI>_1 where A(x) = igxkxg, (2.37)

and I is the identity matriz.

The function f, as defined above, admits partial derivatives of all orders. Indeed, let
u be one of the coordinates of the vector z and A, = A(x) the matrix-valued function
of the scalar u. Then, setting G, = (A4, — 2I)~! and differentiating both sides of the
equality G, (A, — zI) =1, it follows that

dG __dA

— = -G— 2.38
du du ( )

(see the equality (17) in Chatterjee [20]). Higher-order derivatives may be computed by
applying repeatedly the above formula. Upper bounds for the partial derivatives of f up
to the third order are given in Appendix A.1.

Proof. Using Definition 2.9 and the notations (2.24) and (2.36), we get that, for any
zeCT,

E(Sg,..(2)) —E(Sq,,.(2) =Ef(X],...... XL, ) ~Ef(Z],,,. ... Z,). (239)

To continue the development of the Lindeberg method, we introduce additional nota-
tions. For any ¢ € {1,...,n} and ¢ € {1,...,knm}, we define the random vectors U, ,

of dimension nN as follows:
U= (O(il)Na O(¢—1)(m2+3m) » Wit Orgao(ni)N> : (2.40)
where the u;,’s are defined in (2.22) and (2.23), and
re=N—{(m*+3m) for 0 € {1,... knm—1}, and 1y, =0. (2.41)
Note that the vectors (U;¢)1<i<n,1<¢<ky,, are mutually independent. Moreover, with the

IR Sl
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notations (2.24) and (2.40), the following relations hold: for any i € {1,...,n},

k'N,m _
Z U, = <0N(i—1) ; Xfm, O(n—i)N)
=)

and
n kN,m
v 7T v 7T
Z Z Ui,é = <X1,m7' ) Xn,m) )
i=1 (=1

where the X;’s are defined in (2.24). Now, for any i € {1,...,n}, we define the random

Vie= (O(i—l)]\h O(—1)(m2+3m) 5 Vi, Oy, O(n—i)N) ;

where 7, is precised in (2.41). With the above notations, the following relations hold:

for any ¢ € {1,...,n},

and

We define now, for any i € {1,...,n},

7 k'N,m n k'N,m
Si - Z Z Us,é and Tz - Z Z Vs,éa (242)
s=1 /=1 s=i (=1
and any s € {1,...,knm},
S kN,m
S@S = Z Ui’g and Ti,s = Z Vz’,[ . (243)
/=1 l=s

In all the notations above, we use the convention that >7;_, = 0 if r > s. Therefore,
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2.3 The proof of the universality result

starting from (2.39), considering the above relations and notations, we get

E(Ss,,.(2) —E(Se,,.(2))

Ef(Si + Tiv1) — Ef(Sio1 + T)))

I
-

s
Il
—
>

N,m

> (Ef (Sifl +Sis+ Tist1 + Ti+1) —-Ef (Sifl +Sis-1+ T+ Ti+1>> -

i=1 s=1

I
NE

Therefore, setting for any i € {1,...,n} and any s € {1,..., knm},

W,o=81+Sis+ T 501+ Tisq, (2.44)
and
Wi,s =Si1+Sie1 + T + T, (2.45)
we are lead to
n kN,m .
E(Sg,, (2) —E(Sq,,. () =3 3 (E(AL(N)) —EAiL(f).  (246)
i=1 s=1

where

Ai,s(f) - f(Wzs) - f(Wzs) and Azs(f) = f(Wi,s—l) - f(Wzs) .

In order to continue the multidimensional Lindeberg method, it is useful to introduce

the following notations:

Definition 2.10. Let d; and dy be two positive integers. Let A = (aq,...,aq,) and
B = (by,...,ba,) be two real valued row vectors of respective dimensions dy and dy. We
define A ® B as being the transpose of the Kronecker product of A by B. Therefore

(llBT
A® B = : € R4

aq, BT

For any positive integer k, the k-th transpose Kronecker power A%* is then defined in-

ductively by: A¥1 = AT and A% = AQ (A®(k—1)>T'
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Chapter 2. Matrices associated with functions of i.i.d. variables

Notice that, here, A ® B is not exactly the usual Kronecker product (or Tensor
product) of A by B that rather produces a row vector. However, for later notation

convenience, the above notation is useful.

Definition 2.11. Let d be a positive integer. If V denotes the differentiation operator
given by V = (8%1, ceey Bi:vd) acting on the differentiable functions h : R — R, we define,
for any positive integer k, V¥ in the same way as in Definition 2.10. If h : R — R is
k-times differentiable, for any v € RY, let D*h(x) = V=*h(x), and for any row vector
Y of RY, we define D¥h(2).Y®* as the usual scalar product in RY between D¥h(z) and

Y@k We write Dh for D'h.

Let z = u+iv € CT and let us control the right-hand side of (2.46). We have by

Taylor’s integral formula

Aio(f) = DF(Wi,.).UEL + ;92 F(Wi,).Ug2

1(1—1t)? ~
+ [ (=07 f(Wio +1U,,).USdt
0 2 ’

1(1—1¢)? —
+ [ U s (W + 0V,,) VES,
0 2 ’

Since for any i € {1,...,n}and any s € {1,...,knm}, U;sand V,; are two centered

random vectors independent of WLS, it follows that
E(Df(W,.).UL) = E(Df(W,.)). E(UE) =0

and

E(Df(W:.).VEL) = E(Df(W,.)).E(VE) = 0.
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2.3 The proof of the universality result

Since in addition, E(UZ?) = E(V{?), it also follows that
E(D?f(W;.). US2) = E(D*f(W,)). E(UZ?)

=E(D*f(W:,)). E(VE2) = E(D*f(W,,). VI #2) .

s

Therefore, considering the above Taylor expansions and taking the expectation, we get

E(0() - B () = E [ U0 (W, 4 10,) U8t ar

t —
S ps F(Wis+1Vio).VERdt.  (247)

Let us analyze the first term of the right-hand side of (2.47). Recalling the definition
(2.40) of the U, ’s, we get for any ¢ € [0,1],

E|D*f (Wi, +1U;, ). UE

>f & 0 50 70
<Y Y Bl (W + 1UL) XXX,
kel. icl. jel, 856;2)8:&)0@)( ) ’
<Y S |t (Was 00, | 1K, X000
kel, tel, jel, | 0x), Oy 837]'

where I is defined in (2.18). Therefore, using (2.21), the stationarity and (2.28), it
follows that, for any ¢ € [0, 1],

E|D*f (W, +tU,,).US?

< S8ME[Xoll2 30 3- >0

kels tels jels

9 f

M(\Tvi,s + tUi,s)

2

Notice that by (2.42) and (2.43),

Wi+ U = (XD, XD wi(0),20,,,, . 20,
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Chapter 2. Matrices associated with functions of i.i.d. variables

where w;(t) is the row vector of dimension N defined by

wl<t) = Si,s—l + tUi,s + Ti,s—l—l

= (ui,l ey Wis 1,056, Vigi, ... 7Vz‘,kN,m) .

Therefore, by Lemma A.2 of the Appendix, (2.21) and the fact that (Z,ifin)kez is dis-
tributed as the stationary sequence (Zj ,)rez, we infer that there exists a positive con-

stant C' not depending on (n, M, m) and such that, for any ¢ € [0, 1],

Now, since Zy,, is a Gaussian random variable, ||Z,||8 = 15||Zo.m|5. Moreover, by
(2.3), [ Zomll2 = | Xomll2 < 2||Xo|l2- Therefore, there exists a positive constant C' not
depending on (n, M, m) and such that, for any ¢ € [0, 1],

_f
8x§f)8x§i)8x§-i)

<o(M+ | Zomll2 | NY2(M? + || Zoml|})
9 — U3N1/2n2 + U4n3 :

(Wi,s + tUi,s)

< Cm®(1+ M?)

B[ (W 10,.). 053] < ST

We similarly analyze the “Gaussian part” in the right-hand side of (2.47) and we get

< CmS(1+ M?3)
~ v3(1 Av)N1/2p2°

E|D*f (Wi + Vi) VE?

By the above bounds and the fact that m2k:N7m < N, we derive that there exists a

positive constant C' not depending on on (n, M, m) such that

~ 1+ MP)N'2m?
B0 (0) - B(Bw(0)| < T

n knm
>
i=1 s=1

Starting from (2.46) and considering the fact that lim, ., N/n = ¢ € (0, 00), we get for
any z € Cy,
lim |E(Sg, ,,(2)) — E(Sq,,.(2)| = 0.

n—oo
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2.3 The proof of the universality result

2.3.2.2 Approximation of the Gaussian matrices

As mentioned before, we shall now approximate the intermediate Gaussian matrices by

proving the following convergence:

Proposition 2.12. Provided that lim,,_,,, N/n = ¢ € (0,00) then for any z € C*,

E(Sa, (=) - E(sgm(z))‘ 0.

lim lim sup
m—o0  poo

Proof. To prove this proposition, we start by noticing that, for any z = u +iv € Ct,

B(Sa, . (2)) — B(Se,,.(2)| < B| [ ———dro() - |

FGn,m _ Fén,m
< E‘/ (z) dx
(z — 2)?

1

r— =z

dF G (1)

T
(%

Hence, by Theorem A.44 by Bai and Silverstein [5],

’E(S(;n,m(z)) - ]E(S(—;n,m(z))‘ < T Rank (2 — Zun)

By definition of Z,, ,, and ,‘me, Rank(vam—me> < Card(Ry,m), where Ry ,, is defined
in (2.27). Therefore, using (2.29), we get that, for any z = u + iv € C*,

B(Sa,. () ~ BlSe,. ()] < (o +m?),

which converges to zero by letting n tend to infinity and then m. This ends the proof of
Proposition 2.12.
U

In order to end the proof, it remains to approximate the Gaussian sample covariance
matrices G,, and Gy, ,,,. We note that these matrices have different covariance structure

however they have the same block structure and do not contain zero entries.

We end the proof by proving the following convergence:
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Chapter 2. Matrices associated with functions of i.i.d. variables

Proposition 2.13. Provided that lim,,_,.. N/n = c € (0,00) then for any z € CT,

lim lim sup lim sup ’]E(S(;n(z)) - E(Sgn,m(z)ﬂ = 0.

M= A yo0  N—00

Proof. To prove this theorem, we shall rather consider the following symmetric matrices:

let n" = N +n and let G, and G, ,,, be the symmetric matrices of order n’ defined by

1 0,, 2T 1 0,, 2T
Gn/ - ) n and Gnl’m - ) n,m .
v\ Z, Oyn Vi \ Zom Onn

Now as the non-zero eigenvalues of G, are plus and minus the singular values of Z,,,

it easily follows that for any z € C,,
ZSG2,(22) = Sg,, (2)-

We note that the eigenvalues of G2, are the eigenvalues of n='21Z,, together with those
of n71'2,2. Since these two latter matrices have the same non-zero eigenvalues, the

following relation holds: for any z € C*

n—N
2Nz

(see, for instance, page 549 in Rashidi Far et al [62]). Similarly, the same relation also

Sa,(z) = 2_1/2£SGH, (21/2) +

holds for the matrices G, ,,, and G, ,, and

n—N
2Nz

n

SGpm(2) = Z71? ON

S(gn, m(Zl/Q) +
Since n//N — 1+ ¢, it is then equivalent to prove for any 2z € C*,

lim lim sup lim sup ’E(SGH, (z)) — E<S<Gn/,m(z)>’ =0.

m—00  nro. oo n—00

Noting that (G )pe = n 722 1ionlicy and (Gp)re = 220, 1ionlicy if 1 <

k—n,m

¢ < k < n' and keeping in mind the independence structure between the columns, we
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2.3 The proof of the universality result

apply Lemma A.5 of the Appendix and we get for any z € CT,

E(Sg,,(2)) — E(Sg,, ,,(2))

,m

n n+N 1 62]0
E(Zy-nZo—n) — EB(Zp—pnmZo—nm) Bl =——=——(g(t)) )dt
gzlu n+1/0 (B(Zi-nZt-n) = BZi-ninZe-nim) (axk,jaxe,j Bl )))
N+n no Nt 0*f
(ZxZy) — B(ZkmZom E( t )dt 2.48
T 3 | (BAZ) ~ B Zin) B (G (0) )t (249

where, for t € [0, 1],

g(t) = VN + n(VHGu e + VI = HGrrm ke

’ ) ’>1§Z§kz§n’

and f is the function that allows us to write the Stieltjes transform of a symmetric matrix
in terms of its entries. For a precise definition of f for the case of symmetric matrices,
see (A.17) in the Appendix.

Then, by using (2.3) and (2.34), we write the following decomposition

E(Z1Z0) — B(ZimZom) = B(X3 Xe) — E(Xpon Xem)
= B(Xe(Xo = Xom)) + E(Xem(Xi = Xiem)) (2.49)

We shall decompose the right-hand side of (2.48) into two sums according to the decom-
position (2.49) and treat them separately. Let us prove that there exists a constant C'

not depending on n and ¢ such that

i Z E Xém))]E( 62f

N
t < C——|1Xoll2]| X0 — Xomll|2 -
j=1 k=1 OZhsnj0Tein, (s( )))‘ < N—i—n” oll21]Xo omll2

To do this, we note first that without loss of generality g(¢) can be taken independent
of (Xx¢) and then

92 f

axk—&—n,j axé—l—n,j

9% f

axk—&—n,j axﬁ—i—n,j

E(Xk(Xé—)_(é,m))E< (g(t))) = E<Xk(X€_X£,m) (g(t))) :

On the other hand, Lemma A.4 by Merlevede and Peligrad [45] allow us to control the
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Chapter 2. Matrices associated with functions of i.i.d. variables

second order partial derivative of f in the following manner:

n N 82 1/2
axb Fla(t ’ ( b ) ,
le kz,ﬁzl * Zaxﬂw‘axun,j (&(t) 1; Z ‘

where (a)r and (bg)r are two sequences of real numbers and C' is a universal constant
depending only on the imaginary part of z. Applying the above inequality with a, = X},
and by = Xy — Xy, we get for any z € CT,

2 f

OT 4 jOTp4n

En: f; Xie(Xe = Xem) (

j=1kt=1

(5(1)|

Ni n ( > X i(Xé - X"m)2> "

k=1 (=1

<

Thus by Cauchy-Schwarz’s inequality and then by the stationarity of the variables, we
infer for any z € C, and any ¢ € [0, 1] that

iiE(mx Ken) E(5— L ()|
J=1 k=1 OTpin jaSUHn j
C 1/2
<Z]EXk ZIEXZ Kim) )
N _
= Xo— X, .
N + HQH 0 O,mHQ
We similarly prove that
n N _ _ 82f N _
E( X m(Xe—Xpkm) | E g(t ’SC’X Xo—Xomll2 -
3 30 E(Xim (X (= (6(0)] £ O Pl Ko Xo

Therefore, starting from (2.48), considering the decomposition (2.49) and the above

upper bounds, we infer that

N _
E(Se,, () ~ E(55,,,(2)] < C [ Xoll2 1 X0 — Koo
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2.4 The limiting Spectral distribution

Recalling that N/n — ¢ € (0,00) and taking the limit on n we get that
lim sup [E(Sg,, () — E(Sg,,.,. ()| < ClIXoll2 X0 — Xomll2-

We end the proof by noting that by relations (2.31), (2.32) and (2.33) we have

lim limsup || Xo — Xgm|l2 = 0.

2.4 The limiting Spectral distribution

In this section, we give a proof of Theorem 2.2 which according to Theorem 2.1 follows

if we prove that for any z € C,
lim ESg, (2) = 5(2) . (2.50)

with S satisfying Equation (2.6). This can be achieved by using Theorem 1.4 by Silver-
stein combined with arguments developed in the proof of Theorem 1 of Yao [80] (see also

[73]).

With this aim, we consider a sequence (y)rez of i.i.d. real valued random variables
with law N(0, 1), and then consider n independent copies of (yx)rez that we denote by

(y,(ql))kez, e (y,gn))kez. For any i € {1,...,n}, we define the row random vector

yom ().

and let Y, be the N x n matrix whose columns are the y!’s. Finally, we consider its

associated sample covariance matrix

1 1 &
Y, =-Y4Yr == v
—Indn n;:lyyz
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Chapter 2. Matrices associated with functions of i.i.d. variables

Set
Yo el Tt IN-1
I'y:= 7.1 70 . %\{72 )
IN-1 IN-2 Yo

where we recall that v, = Cov(Xy, Xj) and that, by (2.3), we have for any i € {1,...,n}

Y = Cov(Zy, Zx) = Cov(Zéi), ,Ef)) .

Note that I'y is bounded in spectral norm. Indeed, by the Gerschgorin theorem, the

largest eigenvalue of I'y is not larger than vy 4 23"~ || which is finite.

Note also that the vector (Z,...,Z,) has the same distribution as

(ylf}f, . ,ynf}f)

where F}f is the symmetric non-negative square root of I'y. Therefore, for any z € C™,

E(Sa.(2)) = E(Sa.(2)),

where A, = F%ZY,LF}\P. The proof of (2.50) is then reduced to prove that, for any
z e CT,
lim E(Sa,(2)) = S(2). (2.51)

n—o0

According to Theorem 1.4 by Silverstein [64], if one can show that
F' converges to a probability distribution H, (2.52)

then (2.51) holds with S = S(z) satisfying the equation:

1
S—/—z—i—)\(l—c—czS)

dH() .

Setting S(z) = —(1 — ¢)/z + ¢S(z), this equation becomes

1 A
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2.4 The limiting Spectral distribution

We note that S := S(z) is a Stieltjes transform and that Jm(S) > 0. One can check
Equations (1.1)-(1.4) in [64] for more details.

Due to the Toeplitz form of I'y and to the fact that Y>;~¢ x| < oo then the funda-
mental eigenvalue distribution theorem of Szegd for Toeplitz forms [31] allows to assert
that (2.52) holds and that the empirical spectral distribution of I'y converges weakly to
a non-random distribution H that is defined via the spectral density of (Xj)gez. More

precisely, for any continuous and bounded function ¢, we have

/go ) dH (A /2” @ f(\

To end the proof, it suffices to notice that the function

A
1+ AS

p(A) =
is continuous and bounded by 1/Jm(S) and then combine the above relations to get

(2.6).
O
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Chapter 3

Symmetric matrices with correlated entries

The limiting spectral distribution of symmetric matrices with correlated entries has
received as well a lot of attention in the last two decades. The starting point consists
of deep results for symmetric matrices with correlated Gaussian entries by Khorunzhy
and Pastur [40], Boutet de Monvel and Khorunzhy [14], Chakrabarty et al [18] among

others.

There is also a sustained effort for studying linear filters of independent random
variables as entries of symmetric matrices. For instance, Anderson and Zeitouni [3]
treat symmetric matrices with entries that are linear processes of finite range having
independent innovations. They find the limiting spectral distribution assuming that

distant above-diagonal entries are independent but nearby entries may be correlated.

In this chapter, we consider symmetric random matrices whose entries are functions
of i.i.d. real-valued random variables. Our main goal is to reduce the study of the
limiting spectral distribution to the same problem for a Gaussian matrix having the same
covariance structure as the underlying process. In this way we prove the universality and
we are able to formulate various limiting results for large classes of matrices. We also
treat large sample covariance matrices with correlated entries, known under the name of

Gram matrices.
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Chapter 3. Symmetric matrices with correlated entries

This chapter is organized in the following way. Sections 3.1 and 3.2 contain respec-
tively the main results for symmetric matrices and sample covariance matrices. As an
intermediate step, we also treat in Section 3.4, matrices associated with K-dependent
random fields, results that have interest in themselves. Applications to matrices whose
entries are either linear random fields or nonlinear random fields as Volterra-type pro-
cesses are given in Section 3.3. The main proofs are included in Sections 3.5 and 3.6,
however Section 3.8 is devoted for the Lindeberg method by blocks. In Section 3.7
we prove a concentration inequality of the spectral measure for row-wise K-dependent

random matrices.

3.1 Symmetric matrices with correlated entries

Let (X k7g)(k’g)622 be an array of real-valued random variables, and consider its associated

symmetric random matrix X,, of order n defined by

Xi; if1<j<i<n
X ={ 0 LS G.)
4, 1f1§z<]§n
Define then .
X, = —=X,. (3.2)

N4
We shall study the limiting spectral distribution of the symmetric matrix X,, when the

process (Xp.r),ezz has the following dependence structure: for any (k, () € Z?,
X = 9(Ei—j 3 (1,5) € Z%), (3.3)

where (&)@, )ez2 is an array of i.i.d. real-valued random variables given on a common

probability space (2, X,P), and ¢ is a measurable function from R% to R such that
E(XO,O) =0 and ||X0’0||2 < 0.

A representation as (3.3) includes linear as well as many widely used nonlinear random
fields models as special cases. Moreover, the entries on and below the diagonal are

dependent across both rows and columns.

54



3.1 Symmetric matrices with correlated entries

We shall prove a universality scheme for the random matrix X,, as soon as the entries
of the symmetric matrix y/nX,, have the dependence structure (3.3). It is noteworthy
to indicate that this result will not require rate of convergence to zero of the correlation

between the entries.

With this aim, we shall first let (G¢)x,eez2 be a real-valued centered Gaussian

random field, with covariance function given by

E(GreGij) = E(Xy,X; ;) for any (k,¢) and (i,7) in Z*. (3.4)

Let then G,, be the symmetric random matrix defined by

Gi; if1<j<i<n
(Gn)ij = GJ . .
i f1<i<ji<n

and define its normalized matrix
G,,. (3.5)

Theorem 3.1. Let X,, and G,, be the symmetric matrices defined in (3.2) and (3.5)
respectively. Then, for any z € CT,

lim ‘SXn (2) — E(S(Gn (z))‘ =0 almost surely.

n—oo

The importance of Theorem 3.1 is that it reduces the study of the limiting spectral
distribution function of a symmetric matrix whose entries are functions of i.i.d. random
variables to studying the same problem for a Gaussian matrix with the same covariance

structure.

We recall now that the Lévy distance between two distribution functions F' and G

defined by
LF,G)=infle >0 : Flr—¢)—e<G(zx) < F(z+¢e)+e}

and note that a sequence of distribution functions F,(x) converges to a distribution
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Chapter 3. Symmetric matrices with correlated entries

function F'(z) at all continuity points = of F'if and only if L(F,, F)) — 0.

We give the following corollary that is a direct consequence of our Theorem 3.1
together with Theorem B.9 in Bai and Silverstein [5]. One can also check the arguments

on page 38 in [5], based on Vitali’s convergence theorem.

Corollary 3.2. Assume that X,, and G,, are as in Theorem 3.1. Furthermore, assume

there exists a distribution function ' such that
E(FG” (t)) — F(t) for all continuity pointst € R of F'.

Then
P(L(F*®) F) - 0)=1. (3.6)

For instance, Corollary 3.2 above combined with the proof of Theorem 2 in Khorunzhy
and Pastur [40] concerning the asymptotic spectral behavior of certain ensembles with

correlated Gaussian entries (see also Theorem 17.2.1 in [56]), gives the following:

Theorem 3.3. Let X,, be the symmetric matriz defined in (3.2). For any (k,l) € 72,
let yeo = E(Xo0Xke). Assume that

> kel < 00, (3.7)

k,teZ

and that the following holds: for any (k, () € Z?,

Vel = Vek (3.8)

Then (3.6) holds, where F is a non-random distribution function whose Stieltjes trans-

form S(z) is uniquely defined by the relations:

S(z) = /01 h(z, z)dz, (3.9)

where h(z, z) is a solution to the equation

h(z,z) = (— z+ /01 f(z,y)h(y, z)dy)_1 with f(z,y) = > fyme’z”i(k‘”jy). (3.10)

k,jEZ
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3.2 Gram matrices with correlated entries

Equation (3.10) is uniquely solvable in the class F of functions h(x, z) with domain
(x,2) € [0,1] ® C\R, which are analytic with respect to z for each fixed x, continuous
with respect to x for each fixed z and satisfying the conditions: lim, o, v Im h(zx,iv) <1
and Im(z) Im h(z, z) > 0.

Remark 3.4. If condition (3.8) of Theorem 3.3 is replaced by: vor = V(€)V (k) where V
is an even function, then its conclusion can be given in the following alternative way: the
convergence (3.6) holds where F is a non-random distribution function whose Stieltjes

transform S(z) is given by the relation

_ [ __dvV)
S(z) = /o —z — Ah(2)

where v(t) = Mz € [0,1]; f(z) < t}, X is the Lebesque measure, for z € [0, 1],

f@) = S V(e

kEZ

and h(z) is solution to the equation

~  Adv(\)
h(z):/o o POk

This equation is uniquely solvable in the class of analytic functions in C\R satisfying the
conditions: lim,_,~, xh(ir) < co and Im (h(z)) Im(z) > 0 for z € C\R. (See Boutet de
Monvel and Khorunzhy [14]).

3.2 Gram matrices with correlated entries

Adapting the proof of Theorem 3.1, we can also obtain a universality scheme for large
sample covariance matrices associated with a process (Xj ) x,ez2 having the representa-
tion (3.3). So, all along this section (Xj ) e)ez2 is assumed to be a random field having
the representation (3.3). To define the Gram matrices associated with this random field,

we consider two positive integers NV and p and let Xy, be the N x p matrix defined by

Xnp = (3.11)

S0V, L) >
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Chapter 3. Symmetric matrices with correlated entries

Define now the symmetric matrix By of order N by

1 1 &
By = —XnpXh, ==~ > iy, (3.12)
p ’ y
where rp = (X4, ,XN,k)T is the k-th column of Xy ,. We note again that the entries

of Xy, are dependent across both rows and columns. The matrix By shall be referred

to as the sample covariance matrix or also the Gram matrix associated with the process

(Xkt) (k022

We shall approximate the Stieltjes transform of By by that of the Gram matrix
1 T
Hy = ESN,pSNm (3.13)

associated with a real-valued centered Gaussian random field (G )k ¢)ez2, with covari-

ance function given by (3.4).

Theorem 3.5. Let By be defined by (3.12) and Hy by (3.13) Then, provided that N,p —
oo such that N/p — ¢ € (0,00), for any z € CT,
lim ’SEN (z) — ]E(SHN(Z))’ =0 almost surely. (3.14)

n—oo

Therefore, if N,p — oo such that N/p — ¢ € (0,00) and if there exists a distribution
function F' such that

IE(FHN (t)) — F(t) for all continuity points t € R of F

then
P(L(FEV®) F) 5 0) =1, (3.15)

Proof. To prove this theorem, we shall rather consider the following symmetric matrix:

let n = N + p and consider the symmetric matrix X,, of order n defined by
X —_ i Op»p xj];f,p )
VP \ Xnp Oy
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3.2 Gram matrices with correlated entries

Let Y,, be defined as X,, but with Gy, replacing Xy ,. By the same arguments given in

Proposition 2.13, the following relations hold: for any z € C*

— N

S — 12 g 2y PV

IBN(Z) Z 2N Xn(z )_'_ 2NZ

and N
_ 12 1/2 p—

SHN (Z) z TNSYTL (Z ) + 72]\/'2

(see, for instance, page 549 in Rashidi Far et al [62] for arguments leading to the above
relations). Thus, we infer that since n/N — 1+ ¢! then it is equivalent to prove that
for any z € CT,

lim ’an(z) - E(Syn(z)>‘ =0 almost surely. (3.16)

n—oo

The proof of (3.16) shall be omitted because it is a simple adaptation of that of
Theorem 3.1. Indeed, following the lines of the proof of Theorem 3.1, we can infer that
its conclusion still holds even when the stationarity of entries of X,, and G,, is slightly

relaxed as above.
O

Theorem 3.5 together with Theorem 2.1 in Boutet de Monvel et al [15] allow then to
derive the limiting spectral distribution of large sample covariance matrices associated
with a process (Xj ¢),ecz2 having the representation (3.3) and satisfying a short range

dependence condition.

Theorem 3.6. Let (Xp¢)k0)cz2 be a real-valued stationary random field given by (3.3).
Assume that (3.7) holds. Then, provided that N,p — oo such that N/p — ¢ € (0,00),
P(L(FB~@) F) — 0) = 1 where F is a non-random distribution function whose Stieltjes

transform S(z), z € C* is uniquely defined by the relations:

S(z) = /01 h(zx, z)dx,

where h(z,z) is a solution to the equation

h(x,z):(_z_|_ : f(z,s)

o 1+4cf) fu,s)h(u,z)du S) ’ (3:17)
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Chapter 3. Symmetric matrices with correlated entries

with f(x,y) given in (3.10).
Equation (3.17) is uniquely solvable in the class F of functions h(x, z) as described
after the statement of Theorem (3.3).

We refer to the paper by Boutet de Monvel et al [15] regarding discussions on the
smoothness and boundedness of the limiting density of states. Note that condition
(3.7) is required in the statement of Theorem 3.6 only because all the estimates in
the proof of Theorem 2.1 in [15] require it. However using arguments as developed in
the paper by Chakrabarty et al [18], it can be proved that if the process (Xp.¢),e)cz2
admits a spectral density then there exists a non-random distribution function F' such
that P(L(F®v®) F) — 0) = 1 (if N/p — ¢ € (0,00)). Unfortunately the arguments
developed in [18] do not allow, in general, to exhibit the limiting equation (3.17) which

gives a lot of information on the limiting spectral distribution.

Notice however that if we add the assumption that the lines (resp. the columns) of
X, are non correlated (corresponding to the semantically (resp. spatially) "patterns'
studied in Section 3 of [15]), condition (3.7) is not needed to exhibit the limiting equation
of the Stieltjes transform. Indeed, in this situation, the lines (resp. the columns) of
Gn,p become then independent and the result of Merlevede and Peligrad [45] about the
limiting spectral distribution of Gram random matrices associated to independent copies
of a stationary process applies. Proving, however, Theorem 3.6 in its full generality and

without requiring condition (3.7) to hold, remains an open question.

Proof. In view of the convergence (3.14), it suffices to show that when N, p — oo such
that N/p — ¢ € (0,00), then for any z € C*, ]E(SHN (z)) converges to

where h(z, z) is a solution to the equation (3.17). This follows by applying Theorem 2.1
in Boutet de Monvel et al [15] . Indeed setting Hy = L Hy, this theorem asserts that if
(3.7) holds then, when N,p — oo such that N/p — ¢ € (0, 00), E(SHN(z)) converges to

m(z) = /01 v(z, z)dx,

60
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for any z € C*, where v(x, z) is a solution to the equation

L sy
/0 14 f3 f(u, s)v(u, 2)du ) ‘

v(z,z) = <—z+c_1

This implies that E(Su, (2)) converges to S(z) as defined in the theorem since the fol-
lowing relation holds: S(z) = ¢ 'm(z/c).
Ul

3.3 Examples

All along this section, (fk,@(k,é)eZ? will designate a double indexed sequence of i.i.d.

real-valued random variables defined on a common probability space, centered and in
L2

3.3.1 Linear processes

Let (an)kezz be a double indexed sequence of numbers such that

D age| < . (3.18)

k.Lez

Let then (X; ;)i j)ezz be the linear random field in L defined by: for any (i, j) € Z?,

(17]

Xij= Y apebprioss- (3.19)
k,leZ

Corollary 3.2 (resp. Theorem 3.5) then applies to the matrix X,, (resp. By) associated
with the linear random field (X ;) jez2 given in (3.2).

For the case of short dependence, based on our Theorem 3.6, we can describe the
limit of the empirical spectral distribution of the Gram matrix associated with a linear

random field.

Corollary 3.7. Assume that X, ; is defined by (3.19) and that condition (3.18) is sat-
isfied. Let N and p be positive integers, such that N,p — oo, N/p — ¢ € (0,00) and

61



Chapter 3. Symmetric matrices with correlated entries

let

Xnp = (Xig) and By = N"'Xyn, X% .
o W) 1<isNa<i<p N NopENp

Then the convergence (3.15) holds for F®~ , where F' is a non-random distribution func-

tion whose Stieltjes transform satisfies the relations given in Theorem 3.6 with

Vg = Hfo,oug Z Qo0 Ayt v+ -
u,VEZL

Concerning the Wigner-type matrix X,,, we obtain by Remark 3.4, the following

corollary, describing the limit in a particular case.

Corollary 3.8. Let (ay)nez be a sequence of numbers such that

Z|ak| < 00

keZ

and define

Xij= Y anaeesiot
kAleZ

for any (i, j) € Z*. Consider the symmetric matriz X, associated with (X; ;) jjezz and
defined by (3.2). Then (3.6) holds, where F is a non-random distribution function whose

Stieltjes transform satisfies the relation given in Remark 3./ with

9 Z Z ajaj+k627rikx )

kEZ jET

f(x) =00

3.3.2 Volterra-type processes

Other classes of stationary random fields having the representation (3.3) are Volterra-
type processes which play an important role in the nonlinear system theory. For any

k = (ky, ko) € Z?, define a second-order Volterra expansion as follows:

Xk = Z Aubk—u + Z buvEk—ulk—v ; (3.20)

ucz? u,vez?
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where a,, and b,y are real numbers satisfying

buyv =0ifu=v, Y al<oo and Y b, <oo. (3.21)

ucz? u,vez?

Under the above conditions, the random field Xj exists, is centered and in L2, and
Corollary 3.2 (resp. Theorem 3.5) applies to the matrix X,, (resp. By) associated with
the Volterra-type random field. Further generalization to arbitrary finite order Volterra

expansion is straightforward.

If we reinforced condition (3.21), we derive the following result concerning the limit of
the empirical spectral distribution of the Gram matrix associated with the Volterra-type

process:

Corollary 3.9. Assume that (Xy)keze @s defined by (3.20) and that the following addi-

tional condition is assumed:

> au| <o, Y ( > b1217v>1/2 <oo and Y ( > b?,’u)l/2 < 00. (3.22)

uez? veZ? “ueZ? veZ? “ueZ?

Let N and p be positive integers, such that N,p — 0o, N/p — ¢ € (0,00). Let

X :(X ) and By = N 1xn. XL .
va 2,7 1§Z§N,1§]§p N N7p N,p

Then (5.15) holds for FBN  where F is a non-random distribution function whose Stieltjes

transform satisfies the relations given in Theorem 3.6 with

Tk = Hg0,0H% Z auaw‘rk"i_||§0,0||‘21 Z bu,V(bU+k,V+k+bv+k,u+k) for any k € 7. (3‘23)

uez? u,vez?2

If we impose additional symmetric conditions to the coefficients a, and b, defining
the Volterra random field (3.20), we can derive the limiting spectral distribution of its
associated symmetric matrix X, defined by (3.2). Indeed if for any u = (u1,us) and
v = (v1,v9) in Z2,

Au = Ayq Qyyq bu,v - bul,vl bu2,v2 ) (324)
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where the a; and b, ; are real numbers satisfying

bi;=0ifi=7,) Ja;| <oc and >  |b | < oo, (3.25)

I€EZ (i,5)€z?

then (7x,) satisfies (3.7) and (3.8) . Hence, an application of Theorem 3.3 leads to the

following result.

Corollary 3.10. Assume that (Xx)xezz is defined by (3.20) and that conditions (3.24)
and (3.25) are satisfied. Define the symmetric matriz X,, by (3.2). Then (3.6) holds,
where F' is a nonrandom distribution function whose Stieltjes transform is uniquely de-

fined by the relations given in Theorem 3.3 with

Ysx = A(s)A(t) + Bu(s) Bu(t) + Ba(s) Ba(1)

where
A(t) = [€ooll2 D aiaire . Bi(t) = [l€oolls Y birbierss
i€Z (i,r)€Z2
and
B2(t) - ||50,0 % Z bi,rbr+t,i+t‘

(i,r)€Z?

3.4 Symmetric matrices with K-dependent entries

The proof of the main result, Theorem 3.1, shall be based on an approximation of
the underlying symmetric matrix by another symmetric matrix whose entries are 2m-
dependent. We shall first prove a universality scheme for symmetric matrices with K-

dependent entries and we note that this result has an interest in itself.

So the interest of this section will be proving a universality scheme for the limiting
spectral distribution of symmetric matrices X,, = [X |}, normalized by /n when
the entries are real-valued random variables defined on a common probability space and
satisfy a K-dependence condition (see Assumption Ag). As we shall see later, Theorem

3.11 below will be a key step to prove Theorem 3.1 .

Let us start by introducing some assumptions concerning the entries (Xzp, 1 < € <
k<mn).
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3.4 Symmetric matrices with K-dependent entries

A For all positive integers n, E(Xy,) =0 forall 1 </ <k <n, and

Mw

>

k=1¢

]E’ng’ <C<OO.

3‘
N
I

—

A, For any 7 > 0,

E(| X} Lix, |>ym) —nsoo 0.

HM@

FLLE

A3 There exists a positive integer K such that for all positive integers n, the following

holds: for all nonempty subsets
A BC{(k0)e{l,....n}*|1<{<k<n}

such that

min  min max(|i — k[,|j —¢|) > K
(i,j)€A (k,£)EB

the o-fields
a(X,,j, (i,7) € A) and a(XW, (k,0) € B)

are independent.

Condition Aj states that variables with index sets which are at a distance larger than

K are independent.

In Theorem 3.11 below, we then obtain a universality result for symmetric matrices
whose entries are K-dependent and satisfy A; and the traditional Lindeberg’s condition
A,. Note that A, is known to be a necessary and sufficient condition for the empirical
spectral distribution of n='/2X,, to converge almost surely to the semi-circle law when
the entries X, ; are independent, centered and with common variance not depending on
n (see Theorem 9.4.1 in Girko [28]).

Theorem 3.11. Let X,, = [Xk,ém,zﬂ be a symmetric matriz of order n whose entries

(Xge, 1 < €<k <n) are real-valued random variables satisfying conditions A1, Ay and
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Chapter 3. Symmetric matrices with correlated entries

As. Let G, = [Gij]};=, be a symmetric matriz of order n whose entries (Gye)i<t<k<n

are real-valued centered Gaussian random variables with covariance function given by
Then, for any z € CT,

lim ‘an (2) —E(Sg, (z))‘ =0 almost surely, (3.27)

n—oo

where X,, = n~?X,, and G,, = n"12G,,.

The proof of this result, which is based on a blend of blocking procedure and Linde-

berg’s method, will be given in the last section of this chapter.

As we mentioned at the beginning of the section, this theorem will be an intermediate
result allowing us to prove that, in the stationary and non triangular setting, the K-
dependence condition can be relaxed and more general models for the entries can be

considered.

However, the above theorem has also interest in itself. For instance, for the matrices
with real entries, this theorem makes it possible to weaken the conditions of Theorems
2.5 and 2.6 in Anderson and Zeitouni [3]. More precisely, due to our Theorem 3.11,
their assumption 2.2.1 (Ib) can be weakened from the boundedness of all moments to

the boundedness of moments of order 2 only plus As.

Furthermore their result can be strengthened by replacing the convergence in prob-
ability by the almost sure convergence. Indeed, our Theorem 3.11 shows that if their
assumption 2.2.1 (Ib) is replaced by A; plus Ay, then to study the limiting spectral dis-
tribution we can actually assume without loss of generality that the entries come from
a Gaussian random field with the same covariance structure as the initial entries. If
the X}, o are Gaussian random variables then the boundedness of all moments means the

boundedness of moments of order 2.
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3.5 Proof of the universality result, Theorem 3.1

The proof of this theorem shall be divided into three major steps. With the aim of
breaking the dependence structure of X,,, we shall first approximate its Stieltjes transform
by that of a symmetric matrix X" whose entries X ,E,ZL) form a 2m-dependent random
field with m being a sequence of integers tending to infinity after n. Then applying
Theorem 3.11, we approximate X("™ by a symmetric matrix G(™ associated with a 2m-
dependent Gaussian filed having the same covariance structure as (X ,E”g)) k0. Once this is
done it remains to approximate the Gaussian matrices G,, and G™. This approximation
is based on the Gaussian interpolation technique and a suitable control of the partial

derivatives of the Stieltjes transform.

Approximation by a matrix having 2m-dependent entries
For m a positive integer (fixed for the moment) and for any (u, v) in Z? define
X =E(X,,[F0) (3.28)
where ”J"%) =0 u—m<i<u+m, v—m<j<ov+m).
Let X;m) be the symmetric random matrix of order n associated with (X SLL))(W,)EW
and defined by

XM oif1<j<i<n
XM oif1<i<j<n.

(X5 = {

Let X(™) be the normalized symmetric matrix given by

X(m) = g 1/2(m) (3.29)

We first show that, for any z € C™,

lim limsup ‘an(z) - SX;m)(Z)‘ =0 a.s. (3.30)

m—o0 poco

67



Chapter 3. Symmetric matrices with correlated entries

We have by Lemma A.3 of the Appendix, proved by Goétze et al. [30], that

‘an(z) — nglm)(z)r S ! TI"((XTL — X(m)>2) ,

n2v4 "
where v = Im(z). Hence
2 2 2
(m)

1<U<k<n

Since the shift is ergodic with respect to the measure generated by a sequence of i.i.d.
random variables and the sets of summations are on regular sets, the ergodic theorem
entails that

lim — Y (X — X0 =B (Xoo - X)) as. andin L.

e
TN Cpi<n

Therefore

lim sup ‘SXn(z) -8 (z)‘2 <2074 Xopo — Xéfg)Hg a.s. (3.31)

(m)
n—00 Xn

Now, by the martingale convergence theorem
1X00 — X535 [l2 = 0 as m — o0, (3.32)

which combined with (3.31) proves (3.30).

Approximation by a matrix with 2m-dependent Gaussian entries

Let now (G,%))(M)ezz be a real-valued centered Gaussian random field, with covariance
function given by

E(GG) = E(XP XYY for any (k, () and (i, ) in Z2. (3.33)

Note that the process (Gm))(w)ezz is then in particular 2m-dependent. Let now G{™
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3.5 Proof of the universality result, Theorem 3.1

be the symmetric random matrix of order n defined by

(G(m)

n

) G oif1<j<i<n
" G(’” fl1<i<j<n,

and set G = G /,/n. We shall prove that, for any z € C*,

lim (m) (SG;m)(z))) =0, almost surely. (3.34)

n—o0

With this aim, we shall apply Theorem 3.11 after showing in what follows that (X ,SZ) , 1<

¢ < k < n) satisfies its assumptions.

Note that the sigma-algebras &"m) =0 u—m<i<u+m, v—-m<j<v+m)
and 3'“,%) are independent as soon as |[u—k| > 2m or [v—¢| > 2m. From this consideration,
we then infer that (X ,ﬁf;}), 1 < ¢ < k < n) satisfies the assumption Ajz of Section 3.4
with K = 2m.

)

On another hand, since X} is a centered random variable then so is X (m), Moreover,

||X Mo < 1 Xnella = 1 Xallo-

Hence (X ,%) , 1 <€ <k <n) satisfies the assumption A; of Section 3.4.

We prove now that the assumption A, of Section 3.4 holds. With this aim, we first

notice that, by Jensen’s inequality and stationarity, for any 7 > 0,

E((X3)%1 E(X?,1

|X(’">|>T\f) |X§j’f)\>7\/ﬁ) '

Notice now that if X is a real-valued random variable and JF is a sigma-algebra, then for
any £ > 0, we have by Lemma 6.3 of [22] that

E(X21|IE(X|§)|>25> < 2E<X21\X|>5> :

Therefore,
(X0 L s m) < 2B 1L, i)
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which proves that (X,ETZ) , 1 <€ <k < n) satisfies Ay because E(X7,) < oo.

Since (X,E?Z) , 1 < ¢ <k <n) satisfies the assumptions A, Ay and A3 of Section 3.4,
applying Theorem 3.11, (3.34) follows.

Approximation of the Gaussian matrices

According to (3.30) and (3.34), the theorem will follow if we prove the following conver-
gence: for any z € CT,

lim lim sup ‘E(S@,n(z)) - E(SG

m—r00 n—oo

o (2))][=0. (3.35)

n

With this aim, we apply Lemma A.5 from Section A.2 which gives

E(Sc,(2)) — E(Sgom(2))
:; DS / E(GreGij) — E(GUYGI))E(00y £ (8(2)))

1<l<k<n 1<j<i<n

where f is defined in (A.17) and , for ¢ € [0, 1],

g(t) = (ViGre+ V1— tGl(ﬂ))gegkgn :

We shall prove that, for any ¢ in [0, 1],

> > (E(Gk,EGi,j) - E(Gm)Gg?)))E(akeaijf(g(t)))‘

1<e<k<n 1<j<i<n

< C||X0(f8) — Xooll2l| Xooll2. (3.36)

where C'is a constant not depending on n and t. Integrating on [0, 1] and then taking
into account that || X — Xéfg)H% — 0 as m — o0, (3.35) follows by letting n and then

m tend to infinity.
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To prove (3.36), using (3.33) and (3.4), we write now the following decomposition:

E(Gy,G,,) — E(GLG) = B(X, X, ;) — (X X[7)
= E(Xpo(Xij — X7 = B(X{) - X ) X)) (3.37)

2]

We shall decompose the sum on the left-hand side of (3.36) in two sums according to

the decomposition (3.37) and analyze them separately as done in Proposition 2.13.

Next by Lemma A.4 from from Section A.2 applied with ag, = (X ,ﬁ”g) — Xke) and
bre = X,S;) gives: for any z = u +iv € CT,

Z Z Xké Xké) )<8kﬁazjf< ( )))‘

1<U<k<n 1<5<i<n
1/2 1/2
(> e -xer) (X )

1<0<k<n 1<5<i<n

2

<
v3n2

Therefore, by Cauchy-Schwarz’s inequality, we derive

> S B - X)X R (00, (1)

1<<k<n 1<j<i<n
2
— v3n2

(m) 2 my 1/2

1<t<k<n 1<j<i<n

Using stationarity it follows that, for any z = u +iv € C* and any ¢ in [0, 1],

> % R - Xu) XE(0d S (1)

1<<k<n 1<5<i<n

< 211_3HX(§?5) — Xooll2l[Xooll2 -

Similarly, we can prove that for any z = u 4 iv € C* and any ¢ in [0, 1],

> E(XudXiy — X )E(00ds 1 (1))

1<0<k<n 1<j<i<n

< 2@73\])((%) — Xo0ll2/Xo,0ll2-
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This leads to (3.36) and then ends the proof of the theorem.

3.6 Proof of Theorem 3.3

In order to establish Theorem 3.3, it suffices to apply Theorem 3.1 and to derive the
limit of E(Sg, (2)) for any z € C*, where G,, is the symmetric matrix defined in Theorem

3.1. With this aim, we apply Proposition A.10 given in the Appendix.

Proposition A.10 is a modification of Theorem 2 in Khorunzhy and Pastur [40] (see
also Theorem 17.2.1 in [56]) since in our case, we cannot use directly the conclusion of
their theorem: we are not exactly in the situation described there. Their symmetric
matrix is defined via a symmetric real-valued centered Gaussian random field (Wy )k

satisfying the following property:
Wk,g = W&k for any (k‘,£> € 7?2
and also (2.8) in [40].

In our situation, and if (3.8) is assumed, the entries (gx¢)1<re<n of n'/2G,, have the

following covariances
E(gi;05,0) = Yiekj—e(Lizjrze + Lisiosk) + Yicej—k(Lisjosk + Ljsik>e) (3.38)
since by (3.4) and stationarity
Gkt = Gmax(k,0)min(e,e) a0d E(Gi;, Gre) = Ye—ii—j -

Hence, because of the indicator functions appearing in (3.38), our covariances do not
satisfy the condition (2.8) in [40]. However, the conclusion of Theorem 2 in [40] also
holds for Sg, (2) provided that (3.7) and (3.8) are satisfied. We did not find any reference

where the assertion above is mentioned so Proposition A.10 is proved with this aim. [
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3.7 Concentration of the spectral measure

Next proposition is a generalization to row-wise K-dependent random matrices of The-
orem 1 (ii) of Guntuboyina and Leeb [32].

Proposition 3.12. Let (X,gt?)lgggkgn be an array of complez-valued random variables
defined on a common probability space. Assume that there exists a positive integer K
such that for any integer u € [1,n — K|, the o-fields

U(Xi(’?),lgjgigu) and 0<X,£,TZ), 1§€§k,u+K—|—1§k§n)

are independent. Define the symmetric matriz X,, by (3.2). Then for every measurable

function f : R — R of bounded variation, any n > K and any r > 0,

IP’(’ [ ave, ~E [ pavs,

where Vy is the variation of the function f.

2
f

Application to the Stieltjes transform. Assume that the assumptions of Proposition
3.12 hold. Let z = u +iv € C* and note that

S,(2) = | ! v () = [ Filw)dve, () +1 [ fola)dvs, ()

where fi(z) = =5z and fa(z) = owrree Now

2 2
Vi = fill = " and Vi, = || f5]li = o

Therefore, by applying Proposition 3.12 to f; and f,, we get that for any n > K and
any r > 0,

vy 340

P(|Sx,(2) — ESx,(2)] > 1) < dexp ( T 560K

Proof of Proposition 3.12. 1t is convenient to start by considering the map A which

"constructs' symmetric matrices of order n as in (3.2). To define it, let N =n(n +1)/2
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and write elements of RY as x = (ry,...,r,) where r; = (x;;)1<;j<;. For any x € RV, let
A(x) = A(ry,...,r,) be the matrix defined by

(A(x))ij = —= { mioj = (i) 2] (3.41)

Tji = (rj)i ifi < 7.

For1<i<mn,let R = (Xi(,?))lﬁjﬁi' By definition, we have that
X, = AR, ..., R).
Let then h be the function from CV to R defined by

h(Rl>"'7Rn) = /deA(Rl ..... R,) -

Let n > K. Denoting by F, = o(Ry,..., Ry) for k > 1, and by Fy = {0,Q}, we then

write the following martingale decomposition:

[ fdve, ~E [ fdve, = h(Ry, ... Ry) ~ BA(Ry, ... R,)

[n/K]
i=1
+E(A(Ry, ..., R)Fn) = E(A(Ry, ..., Ru)|Frcnxc))
[n/K]+1
- di,n
=1
Let
R, = (Ri,...,R,) and R =(Ry,... R;,0,...,0,Re1,..., Ry)
Note now that, for any i € {1,...,[n/K]},

]E(h(Rg—l)K,(z’—&-l)K)w:iK) — ]E(h(R(i—l)K,(i—&-l)K)|3~(i_1)K) ‘ (3.42)

n

To see this it suffices to apply Lemma A.6 with

X = (R(i+1)K+17 .. .,Rn), Y = (Rl, .. -aR(i—l)K)
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and
Z=(Ry,...,Rig).

Therefore, by taking into account (3.42), we get that, for any ¢ € {1,...,[n/K]},

E(h(Rn)|Fixc) = E(h(Rn)|Fi-1)x )
_ E(h(Rn) . h(Rg—l)K7(i+1)K)|SriK) . E(h(Rn) N h(Rq(zi_l)K’(i—i_l)K)|£F(i—1)K) ' (343)

We write now that

h(Rn> . h(R(ifl)K,(’iJrl)K)

n

(+1)K iK
= > (PR = ARE)) - 3 (AR - ARITHOE)) - (3.44)
j=iK+1 j=(i—-1)K+1

since R,, = R But if Y,, and Z,, are two symmetric matrices of size n, then

‘ / Fdvy, — / fdvy,

(see for instance the proof of Theorem 6 in [32]). Hence, from Theorem A.43 in Bai and

’/fdl/yn —/fdyzn

With our notations, this last inequality implies that for any 0 < k </ <nand 0 <i <

< V| = PPl

Silverstein [5],

< ‘2 Rank(Yn — Zn) )

j<n
h(RE) = h(RLT)| < ‘2” Rank (A(RE!) — A(RYY)) . (3.45)

Starting from (3.44) and using (3.45) together with

Rank (AR — ARJV)) <2

and
Rank (A(RJ(HDK) — ARJHOHDK)) <2,
we get that
o AK
h(R,) — AR~V | < V. (3.46)
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Chapter 3. Symmetric matrices with correlated entries

Starting from (3.43) and using (3.46), it follows that, for any i € {1,...,[n/K]},

)E(h(Rn)’fﬂK) — ]E(h(Rn)|5t(i_1)K)’ < STi(Vf

On another hand, since REVEI™ is Fp, p-measurable,

E(h(R,)IF,) — E(h(Ra)|Frian))
=E(h(R,) — (REMEI)(F,) — B(h(R,) — ARE ) Fpep i)

Now
n

h(R,) — h(REVEImy = 5~ (B(RJ™) — h(R™))

j=K[n/K]+1

So, proceeding as before, we infer that

E(h(R)IT) — E(hR)| Tty )| < —V7

So, overall we derive that for any i € {1,...,[n/K]}

8K 4K
Hdz,nHoo S TVf and ||d[n/K}+1,n||oo S TVf

Therefore, the proposition follows by applying the Azuma-Hoeffding inequality for mar-

tingales.

O

3.8 Proof of Theorem 3.11 via the Lindeberg method
by blocks

By using inequality (3.40) together with the Borel-Cantelli lemma, it follows that, for
any z € CT,
lim ‘an (2) — E(an (z))‘ =0 almost surely.

n—oo
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3.8 Proof of Theorem 3.11 via the Lindeberg method by blocks

To prove the almost sure convergence (3.27), it suffices then to prove that, for any
zeCT,
lim |E(Sx, (2)) — E(Se,(2))] = 0. (3.47)

n—oo

We start by truncating the entries of the matrix X,,. Since A, holds, we can consider a

decreasing sequence of positive numbers 7,, such that, as n — oo,
7w =0, Ly(m,) = 0 and 7,v/n — 0. (3.48)

Let X, = [Xklp —;, be the symmetric matrix of order n whose entries are given by:

Ko = XL, frvi — B(Xnelx, nvi)

and define X,, := n~'/2X,,. Using (3.48), it has been proved in Section 2.1 of [30] that,
for any 2 € Ct,

lim B (S, (2)) — E(Sx, (2))| = 0.

n—o0

Therefore, to prove (3.47) (and then the theorem), it suffices to show that, for any
zeCT,
lim |E(Sg, (2)) — E(Se, (2))] = 0. (3.49)

n—oo

The proof of (3.49) is then divided in three steps. The first step consists of replac-
ing in (3.49), the matrix G, by a symmetric matrix G,, of order n whose entries are
real-valued Gaussian random variables with the same covariance structure as the entries
of X,,. The second step consists of "approximating' X,, and G,, by matrices with "big
square independent blocks" containing the entries spaced by "small blocks" around them
containing only zeros as entries. Due to the assumption Ag, the random variables con-
tained in two different big blocks will be independent. The third and last step consists
of proving the mean convergence (3.49) but with X,, and G,, replaced by their approx-
imating matrices with independent blocks. This step will be achieved with the help of
the Lindeberg method.
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Chapter 3. Symmetric matrices with correlated entries

Step 1. Let G, = [@k,g]};’z:l be the symmetric matrix of order n whose entries
(ék,g, 1 < ¢ < k < n) are real-valued centered Gaussian random variables with the

following covariance structure: for any 1 </ <k <nandany 1 <j <i <n,
E(GreGij) = E(XpeXij) - (3.50)

There is no loss of generality by assuming in the rest of the proof that the o-fields
U(C;‘M7 1<?¢<k<n)and 0(Xi,, 1 <{¢ <k <n) are independent.

Letting G,, = ﬁ(}n, we shall prove that, for any z € C*,

lim |E(Sg, (2)) — E(Se,(2))] = 0. (3.51)

n—oo
Applying Lemma A.5, we get

2

v3n2

YooY [E(GreGiy) —E(GreGij)l,  (3.52)

1<U<k<n 1<5<i<n

E(5,(2)) ~ E(Seu ()| <
where v = Im(2). Recall now that
E(GrsGij) = E(Xp e Xi;) and  E(GrGij) = E(XpeXi;) .
Hence, setting b, = 7,,4/n, we have
E(GrsGij) = B(GreGiz) = Cov(Xie, Xij) — Cov(Xpoix, ,i<h XijLix, i<b, ) -
Note that

Cov (X, Xij) = Cov (Xl xe v Xi1ix, 10, )
— Cov(Xk7e1|Xk,g\gbn,Xi,jl\xi,j|>bn) + COV(Xk,41|X,C,g|>bn,Xi,jl\xi,j|>bn)
+ COV(Xk,ellxk,zbbn, Xi,j1|xi,j|§bn)
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3.8 Proof of Theorem 3.11 via the Lindeberg method by blocks

implying, by Cauchy-Schwarz’s inequality, that

|Cov (X, Xij) = Cov(Xnelpx, i< Xiglix, /<, )
< anE(|Xi,j|1|Xi,j|>bn) + anE(|Xk,£|1\Xk,g|>bn>
+ 2/ X 5L x, 1500 12/l Xk e x50, |2
< 3E(|Xi,j|21|xi,j\>bn) + 3]E(|Xk,z|21|xk,g|>bn> :

Note also that, by assumption Ag,
|Cov ( Xk el ix, 1<t XijLix, i<b, ) — Cov( X, Xij))|
= Licjk—K k+K] 1je[£7K,Z+K]‘C0V<Xk,£1|Xkl\§bn, Xi,jl‘Xi,j|Sbn> - COV(XM, Xi,j)‘ -
So, overall,
[E(GriGij) — E(GriGiy)|

<3E (\Xi,j 1), |>bn) Liefiiivi) Leclj— K j1 K]

+3 E(|Xk,e\21|xk,g|>bn) Lick—rkrr)ljep—Kr et K] -

Hence, starting from (3.52) and taking into account the above inequality, we derive that

E(S5,(2)) —E(Se, ()| < niig (2K +1)° ki ijE(ka,dﬁleyebbn) |

which converges to zero as n tends to infinity, by assumption A,. This ends the proof
of (3.51).

Step 2: Reduction to matrices with independent blocks.

Let p := p, such that p, — oo, p,/n — 0, and 7,p4 — 0. Clearly we can take p, > K,
pn+ K <n/3, and set

q:(Jn:|:p_7:K:|_1- (3.53)
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Chapter 3. Symmetric matrices with correlated entries

Let
I =[l(p+K)+1,p+K)+p| NN
and
Skj = {(u,v) €l x Ig_l} . (354)
For any k =1,...,q, and any ¢ = 1,..., k, we define now the real matrices By, of size

p x p whose entries consist of all the X, for (u,v) € €;,. More precisely,

By = {bk,e(i>j)} where by 1(7, 7) = Xi(prK)+i,(0-1)(p+ )+ - (3.55)

p
/L‘?j:

Similarly, we define the real matrices Bj , of size p X p whose entries consist of all the

Gup for (u,v) € €. Therefore,

" %« 7. AP . ..
By = { k,€<l7])}i,j:1 where by (i, 7) = Grip &)t~ 1) (0 K)+5 - (3.56)

Using the blocks By ¢ we construct now an n x n matrix, X, by inserting 0’s. Actually
we start from the matrix X,,, keep the blocks By, and B,ZZ and replace all the other
variables by 0’s. For the sake of clarity we describe the south-western part of the matrix

X, below, the other part being constructed by symmetry.

Op:p

Oxp, Ogxrx

Bl,l Op,K Op,p

Oxp Orrx Ok, Ogrrk

~ B 0 B 0 0
X, = 2 Tl e T T . (3.57)

qul 1 Op,K qul 2 Op,K Bq71,3

Oxp Oxrx Oxp, Orxx Ox, .. Oxrx
Bq,l Op,K B‘LQ Op,K Bq73 Bq7q Opm
Om,p Om,K Om,p Om,K Om,p Om,K Om,p Om,m

where m =m, =n —q(p+ K) — p. G,, is constructed as X,, with the Bj , in place of
the Bk’g.
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3.8 Proof of Theorem 3.11 via the Lindeberg method by blocks

In what follows, we shall prove that, for any z € C*,

lim |E(Sg, (2)) —E(Sz, (2))| =0 and lim |E(Sg,(2)) —E(Sz, (2))| =0, (3.58)

n—oo

with §§n = n_l/gin, @n = n_l/Qén.

To prove it we first introduce two other symmetric nx n matrices X,, = [)/(\ ktlh =1 and
G, = [@k,g]};g:l constructed from X,, and G,, respectively, by replacing the entries by

zeros in square blocks of size p around the diagonal. More precisely, for any 1 < 1,7 < n,

)?i,j =0 if (i,7) € Ul o€rer1 and )?” = X;; otherwise

and
éi,j =0 if (Z,]) € Uglogé,bﬂ and ém‘ = Gl}j otherwise

—

where we recall that the sets €,4.1 have been defined in (3.54). Denote now X, = ﬁXn
and @n = ﬁﬁn

By Lemma A.3, we get, for any z = u + iv € C*, that

[E(Sx,(2)) —E(Sz,(2)) \2 <E(|S,(2) - sgn(z)f) < n2lv4E(Tr((Xn - X.)?)).
Therefore,
E(55,2)) ~E(S5, @) < X T E(XP).

4=0 (i,5)€E0,041

But || X, ]lco < 27,1/n. Hence,

4
2 _2 2
7’L2’U4 (QTL + 1)pn7-nn S FTnpn .

[E(S%,(2) ~E(5z,(2))] <

By our selection of p,, we obviously have that 72p, — 0 as n — oo. It follows that, for
any z € CT,
lim [E(Sg, (2)) — E(Sz (2))| = 0. (3.59)
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With similar arguments, we get that, for any z = u + iv € Ct,

1

n2yt

Y E(GLP).

£=0 (4,5) €40

E(Se, (2) - E(S@n(z)>‘2 <

But ||Gijlla = || Xijll2- So, as before, we derive that for any z € CF,

lim |E(Sg, (2)) — E(Sg, (2))] = 0. (3.60)

n—o0

From (3.59) and (3.60), the mean convergence (3.58) follows if we prove that, for any
z2eCt,

lim |E(S5 (2)) —E(Sz,(2))| =0 and lim |E(S; (2)) —E(Sz,(2))| =0, (3.61)

n—oo n—oo

Integrating by parts and applying Theorem A.43 in Bai and Silverstein [5], we get as
in Proposition 2.12 that

S3,(2) = S, ()] < - Rank(X, - X,).

But, by counting the numbers of rows and of columns with entries that can be different

from zero, we infer that
Rank(Xn - Xn) < 2(g K +my) <2(np 'K +p+2K).

Therefore,
2
[S¢ (2) = S5, (2)] < - (Kp™t +pnt + 2Kn7Y).
n n U

With similar arguments, we get

2
55, (2) = 85, (2)] < %(Kp_l Fpnt +2Kn7Y).

Since p = p,, — o0 and p,/n — 0, as n — oo, (3.61) (and then (3.58)) follows from the

two above inequalities. Therefore, to prove that the mean convergence (3.49) holds, it
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3.8 Proof of Theorem 3.11 via the Lindeberg method by blocks

suffices to prove that, for any z € C*,

lim |E(S5, (2)) — E(S3, (2))] =0. (3.62)

n—oo

This is done in the next step.

Step 3: Lindeberg method.

To prove (3.62), we shall use the Lindeberg method. Recall that the o-fields (G, 1 <
¢ <k<n)and 0(Xxs, 1 < ¢ <k <n) are assumed to be independent. Furthermore,
by the hypothesis A3, all the blocks (By,) and (Bj;,) 1 < ¢ < k < g are independent.

We shall replace one by one the blocks By, by the "Gaussian” ones By, with the

same covariance structure. So, starting from the matrix X, = in(O), the first step is to

*
qn,qn’

Bg;’qn will also be replaced by (B;mqn)T. We denote this matrix by in(l) and re-denote
the block replaced by B(1) and the new one by B*(1).

replace its block By, 4. by B this gives a new matrix. Note that, at the same time,

At the second step, we replace, in the new matrix X, (1), the block B(2) := By, 4.1
by B*(2) := B

Gn,qn—1>

step, in the matrix X,, we have replaced the blocks B(¢gn—(+1)=B, ., 0=1,....q,

(and their transposed) by the blocks B*(¢q, —{+1) = B; ,,{ =1,...,q, (and their

and call the new matrix in(Z) and so on. Therefore, after the g,-th

transposed) respectively. This matrix is denoted by X, (¢y).

Next, the ¢, + 1-th step will consist of replacing the block B(g, + 1) = By, —1,4,—1 by
By .. -1 and obtain the matrix X, (gn +1). So finally after g, (g, + 1)/2 steps, we have
replaced all the blocks By, and B,Z:é of the matrix X,, to obtain at the end the matrix

in(Qn(Qn +1)/2) = @n

Therefore we have

E(S; (2)) —E(Sz.(2)) = > (]E(Sin(k_l)(z)) = E(Sin(k)(z)n . (3.63)

where k, = ¢,(q, +1)/2.

Let kin {1,...,k,} and notice that X,(k — 1) and X, (k) differ only by the variables in
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Chapter 3. Symmetric matrices with correlated entries

the block B(k) replaced at the step k. Define then the vector X of R? consisting of all
the entries of B(k), the vector Y of RP” consisting of all the entries of B*(k) (in the same
order we have defined the coordinates of X). Denote by Z the vector of RN~#* (where
N = n(n+ 1)/2) consisting of all the entries on and below the diagonal of X,,(k — 1)
except the ones that are in the block matrix B(k). More precisely if (u,v) are such that
B(k) = By, then

X = ((bu(i,§)j=1,.p, i =1,...,D)
and

Y = ((6,,06,5))j=1..p, i=1,...,p)

where by, (i, j) and b}, (i, j) are defined in (3.55) and (3.56) respectively. In addition,
Z=(Xalk=1)i; : 1<j<i<n, (i,)) ¢ Eun),

where &, is defined in (3.54). The notations above allow to write

E(Sz o01)(2)) — E(Sz, 4 (2)) = Ef (n(X.Z)) — Ef(n(Y.Z)),

where f is the function from R" to C defined by (A.17) and 7 : RV — R¥ is a certain
permutation. Note that, by our hypothesis A3 and our construction, the vectors X, Y
and Z are independent. Moreover X and Y are centered at expectation, have the same
covariance structure and finite moments of order 3. Applying then Lemma A.7 of the
Appendix and taking into account (A.18), we derive that, for a constant C' depending
only on Im(z),
Cp* _ -
E(Sz,0-0(2) ~E(Sz,00)| < g5 2 (BIXiP) +E(GiP)) -

(ivj)egu-,v

So overall,

kn 4 _ _
;m(sgnw(z))—la(sg <k>)|sf£2 S (BOXGP) +E(GL,P) - (3.64)

1<0<k<q (i.§)€Ex.e
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3.8 Proof of Theorem 3.11 via the Lindeberg method by blocks

By taking into account that
E(|X;°) < 27 vnE(| X))

and also

3/2 _ 3/2
=2 (B(1X:5")"" < 4mv/nB(1X50%),

E(|Gi ") <2 (B(Gis])

it follows from (3.63) and (3.64) that, for a constant C’ depending only on Im(z),
C«/p4

’E(Sin(ZD - E(S@n(z))‘ < 3 Y. E(Xi,0?)

1<j<i<n

which converges to 0 by A; and the selection of p,. This ends the proof of (3.62) and
then of the theorem. O
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Chapter 4

Matrices associated with functions of

[-mixing processes

In this chapter, we study the model of Gram matrices considered in [60] as well as
sample covariance matrices. But we shall consider a more general setting in which the
matrix entries come from a non-causal stationary process (Xj)gez defined as follows: let
(€:)iez an absolutely regular process with S-mixing sequence (B¢)r>o and let g : R — R

be a measurable function such that X, which is defined for any k € Z by
Xk; = g(é.k) with é.k = ( ey 8k—1,€ky Ekt1, - - .), (41)
is a proper centered random variable having finite moment of second order; that is,

E(X;) =0 and [ X2 < 0.

We first give a concentration inequality of the spectral measure allowing us to prove
that, under an arithmetical decay condition on the S-mixing coefficients, the Stieltjes
transform is concentrated almost surely around its expectation as n tends to infinity.

This is a main step allowing us to replace the Stieltjes transform by its expectation.

Having this is done, the problem is reduced to proving that the latter converges
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to Stieltjes transform of a non-random probability measure. This will be achieved in
Theorem 4.2 which allows approximating the expectation of the Stieltjes transform by
that of a Gaussian matrix having a close covariance structure. Finally, provided that
the spectral density of (Xj), exists, we give in Theorem 4.3 the equation satisfied by the
Stieltjes transform of the limiting distribution.

This chapter shall be organized as follows: In Section 4.1, we specify the models
studied and state the limiting results. The proofs shall be deferred to Sections 4.3 and
4.4, whereas applications to examples of Markov chains and dynamical systems shall be

introduced in Section 4.2.

4.1 Main results

Let N := N(n) be a sequence of positive integers and consider the N x n random
matrix X,, defined by

X1 Xnpoo Xpeyna
Xo Xny2 0 Xponny2

%= (i) = Kyopwe) = | 7 | e ®) (12)
Xy Xon - XnN

and note that its entries are dependent across both rows and columns. Let B, be its

corresponding Gram matrix given by
1 T
B, = -X,X,. (4.3)
n

In what follows, B,, will be referred to as the Gram matrix associated with (Xj)gez. We

note that it can be written as the sum of dependent rank one matrices. Namely,
1& T
B, = - E XX,
ni=1

where for any i = 1,...,n, X; = (Xg—nyn41, .-, Xin)©

We are interested in the study of the limiting distribution of the empirical spectral
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measure pup, defined by
1 N
1B, (1) = 5 > Ox
Nz ™

where A, ..., Ay are the eigenvalues of B,. The main purpose of this chapter is to
break the dependence structure of the matrix and use then approximation techniques

from Chapter 2.
As a first step, we start by showing that if the S-mixing coefficients decay arithmeti-

cally then the Stieltjes transform of B,, concentrates almost surely around its expectation

as n tends to infinity .

Theorem 4.1. Let B, be the matriz defined in (4.3) and associated with (Xy)rez defined
n (4.1). Iflim, oo N/n =c € (0,00) and

> log(n)%an_%ﬁn < oo for some > 1, (4.4)

n>1

the following convergence holds: for any z € C*,
Sg, (2) —E(SB,(2)) = 0 almost surely, as n — +o0.

As the X,’s are dependent, classical arguments as those in Theorem 1 (i7) of Gun-
tuboyina and Leeb [32] or on page 34 of [5] are not sufficient to prove the above conver-
gence. In fact, we shall use maximal coupling for absolutely regular sequences in order
to break the dependence structure between the columns allowing us to prove a concen-
tration inequality of the associated empirical spectral measure. The proof of Theorem
4.1 shall be postponed to Section 4.3.

In the following Theorem, we shall approximate the expectation of the Stieltjes trans-
form of B,, with that of a sample covariance matrix G,, which is the sum of i.i.d. rank
one matrices associated with a Gaussian process (Z)rez having the same covariance

structure as (Xj)rez. Namely, for any k, ¢ € Z,

COV(Zk, Zg) = COV(Xk, Xg) . (45)

Denoting, for i = 1,...,n, by (Z,Ef))kez an independent copy of (Zy)x that is also
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independent of (X})g, we then define the N x N sample covariance matrix G,, by

1 1 &
G, =-2,2] ==Y Z,Z] (4.6)
n n k=1

where for any i = 1,...,n, Z; = (Zfi), ce Z](\f))T and Z, is the matrix whose columns
are the Z;’s. Namely, Z,, := ((Zn)un) = (ZW).
Theorem 4.2. Let B,, and G,, be the matrices defined in (4.3) and (4.6) respectively.
Provided that lim,,_,., N/n = ¢ € (0,00) and lim,_,o, B, = 0, then for any z € C,,

lim [E(Sg, (2)) — E(Sq, (2))] = 0.

The above Theorem allows us to reduce the study of the expectation of the LSD of
B,, to that of a Gram matrix, being the sum of independent rank-one matrices associ-
ated with a Gaussian process, without requiring any rate of convergence to zero of the

correlation between the entries nor of the S-mixing coefficients.

Theorem 4.3. Let B,, and G,, be the matrices defined in (4.3) and (4.6) respectively.
Provided that lim,,_,o. N/n = c € (0,00) and that (4.4) is satisfied, then for any z € C,

lim |Sg,(2) — Sa,(2)| =0 a.s. (4.7)

n—o0

Moreover, if (Xk)rez admits a spectral density f, then with probability one, ug, converges

weakly to a probability measure p whose Stieltjes transform S = S(z) (z € Ct) satisfies

1 c (27 1
=gt o), S+ o) 4

where S(z) := —(1 —¢)/z+ cS(z2).

the equation

Check, for instance, Remarks 2.3 and 2.4.

Now, we shall consider the case where the Gram matrix is the sum of independent

rank-one matrices whose entries are functionals of absolutely regular sequences. More
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precisely, we consider the sample covariance matrix
]. n —— /VT
n,4

with the X’s being independent copies of (X1,..., Xn)T and (X)rez the process defined
in (4.1).

Theorem 4.4. Provided that lim, .. N/n = ¢ € (0,00) and lim,_,o S, = 0, then for
any z € C
lim |Sa, (2) — Sa,(2)| =0 a.s. (4.10)

Moreover, if (Xk)rez admits a spectral density f, then, with probability one, pa, con-
verges weakly to a probability measure whose Stieltjes transform S = S(z) (z € C*t)

satisfies equation (4.8).

Remark 4.5. Since the X;’s are mutually independent, then, by Theorem 1 (ii) in
[32] or the arguments on page 84 in [5], we can approximate directly Sa,(z) by its
expectation and there is no need of any coupling arguments as in Theorem 4.1 and thus
of the arithmetic decay condition (4.4) on the absolutely reqular coefficients. So it suffices
to prove that for any z € C,,

lim [E(S4,(2)) - E(Sa,.(2))] =0

n—oo

which can be exactly done as in Theorem 4.2 after simple modifications of indices. For

this reason, its proof shall be omitted.

4.2 Applications

In this section we shall apply the results of Section 4.1 to a Harris recurrent Markov

chain and some uniformly expanding maps in dynamical systems.
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Harris recurrent Markov chain

We start by recalling that a stationary Markov chain is aperiodic and Harris recurrent
if and only if it satisfies absolute regularity, i.e. 8, — 0 as n — oo. For more details,

one can see [16, 52].

The following example is a symmetrized version of the Harris recurrent Markov chain
defined by Doukhan et al. [26]. Let (£,,)nez be a stationary Markov chain taking values
in £ = [—1,1] and let K be its Markov kernel defined by

K(z,.) = (1= [z[)d, + |z|v,

with v being a symmetric atomless law on £ and ¢, denoting the Dirac measure at point

Z.

Assume that 0 = [;|z|"'v(dxr) < oo then (g,)nez is positively recurrent and the

unique invariant measure 7 is given by
m(dx) = 0~ x| v (dr).

We shall assume in what follows that v satisfies for any = € [0, 1],

d
d—y(:c) <cz® forsomea,c>0. (4.11)
x

Now, let g be a measurable function defined on E such that

is a centered random variable having a finite second moment.

Corollary 4.6. Let (X)rez be defined in (4.12). Assume that v satisfies (4.11) and that
for any x € F,
g(~a) = —g(z) and |g(z)| < Cla|"?

with C' being a positive constant. Then, provided that N/n — ¢ € (0,00), the conclusions
of Theorems 4.2 and 4.4 hold and the limiting measure v has a compact support. In
addition, if (4.11) holds with a > 1/2 then Theorems 4.1 and 4.3 follow as well.
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Proof. Doukhan et al. prove in Section 4 of [26] that if (4.11) is satisfied then (gx)gez is

an absolutely regular sequence with
fn=0(Mn"% as n—oo.
Thereby, Theorems 4.2 and 4.4 follow. Now, noting that g is an odd function we have
E(g(ex)leo) = (1 = leo])"g(e0)  aus.

Therefore, by the assumption on g and (4.11), we get for any k£ > 0,

e = E(XoX3) = E(g(e0)Elg(e1) =0)
=07 [ $@)(1 = o)) (de)

xa—l—l

]

<cC? 9_1/ 1 — |z|)rdx.
B

By the properties of the Beta and Gamma functions, || = O(k~(@+1)) which implies
>k |7k < 0o and thus the spectral density f is continuous and bounded over [0, 27) and

the limiting measure p has a compact support (see Remark 2.3).

However, if in addition a > 1/2 then (4.4) is also satisfied and Theorems 4.1 and 4.3

follow as well.

Uniformly expanding maps

Functionals of absolutely regular sequences occur naturally as orbits of chaotic dynamical
systems. For instance, for uniformly expanding maps T : [0, 1] — [0, 1] with absolutely

continuous invariant measure v, one can write

Tk = g(€k, Ek+1,5 - - )

for some measurable function g : RZ — R where (g1, )1>0 is an absolutely regular sequence.
We refer to Section 2 of [36] for more details and for a precise definition of such maps

(see also Example 1.4 in [13]).

Hofbauer and Keller prove in Theorem 4 of [36] that the mixing rate of (gx)r>0
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decreases exponentially, i.e.
Br < Ce ™ for some C, A >0, (4.13)
and thus (4.4) holds. Setting for any k£ > 0,
X, =hoT" —u(f), (4.14)

where h : [0,1] — R is a continuous Hélder function, the Theorems in Section 4.1 hold for
the associated matrices B,, and A,,. Moreover, Hofbauer and Keller prove in Theorem
5 of [36] that Y=, |Cov(Xo, Xi)| < oo which implies that the spectral density f exists,
is continuous and bounded on [0,27) and that the limiting measure u is compactly

supported.

4.3 Concentration of the spectral measure

In this Section, we give a proof of Theorem 4.1 with the help of a concentration inequality
of the spectral measure. For absolutely regular sequences

Let m be a positive integer (fixed for the moment) such that m < v/N/2 and let
(Xk.m)rez be the sequence defined for any k € Z by,

Xim = E(Xkleh—m, - - Ektm) = Gk(Ek=ms - - > Ektm) » (4.15)

where g is a measurable function from R?>"*! to R. Consider the N x n matrix Xom =
(Xnm)ij) = (X(j—1)N+i,m) and finally set

1
Bom = —XnmXl,.. (4.16)
n b
The proof will be done in two principal steps. First, we shall prove that
lim limsup ‘SBH (2) — SBnm(z)’ =0 as. (4.17)
m—r0o0 n—oo ’

and then
lim |, (2) = E(Sp,.(2))| =0 as. (4.18)

n—oo
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4.3 Concentration of the spectral measure

We note that by Lemma A.1 we have, for any z = u +iv € CT,

2 2 /71 1
S8.(2) = Sp.(2)] < 5 <Tr(Bn + Bn,m)> (NnTr(f)Cn ) (X — xn,m)T) .

v \N
(4.19)

Recall that mixing implies ergodicity and note that as (ex)rez is an ergodic sequence of

real-valued random variables then (Xj)rez is also so. Therefore, by the ergodic theorem,

N - I &y 2
Similarly,
.1 2
Jim NTr(Bn,m) = E(Xo,m) a.s. (4.21)

Starting from (4.19) and noticing that E(Xg,,) < E(Xg), it follows that (4.17) holds if

we prove

1
lim limsup |—Tr(X, — Xpm) (X, — f)Cmm)T

m—=+00 p_s1c0 n

=0 as. (4.22)

By the construction of X,, and X,, ,, and again the ergodic theorem, we get

1
lim 7Tr(:xjn - xn,m)(xn - xn,m)T

n—oQ n
Nn

1 9 2
= lim ];(Xk ~ Xiom)® =E(Xo— Xom)  as.
(4.22) follows by applying the usual martingale convergence theorem in IL?, from which
we infer that
ml_l}_’r_loo HXO - E(X[)’{f,m, . ,€m)H2 =0.
We turn now to the proof of (4.18). With this aim, we shall prove that for any

z=u+1v and x > 0,

P(|SB,..() — ESk,,.(2)] > 47)

2 2N21 o 2 21 ol
§4exp{—x v? N*(logn) } 32n?*(logn)

4.2
256 n? x2v2 N2 5{ n  (423)

g | N
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for some a > 1. Noting that

> (log n)aﬁ{ - } < 400 is equivalent to (4.4)

n>2 (logn)™
and applying Borel-Cantelli Lemma, (4.18) follows from (4.4) and the fact that lim,,_,,, N/n =
c. Now, to prove (4.23), we start by noting that
P(\SBMZ) —E(Sp, ()] > 495)
< P(‘%e(SBn’m(zD ~ERe(Sp, . ()] > Qx)

+ P(\Jm(an,m (2)) — Edm(Sa, ()| > 2x>

For a row vector x € RN" we partition it into n elements of dimension N and write
X = (ml, . ,xn) where z1,...,x, are row vectors of RY. Now, let A(x) and B(x) be

respectively the N x n and N x N matrices defined by

A(x) = (2f]...|z]) and B(x):iA(x)A(x)T.

Also, let hy := hy, and hy := hy, be the functions defined from RY™ into R by

mx) = [ fizdipey and ha(x) = [ fo duneo,

where

A—u v
(A= d A=
Si(N) (A —u)? + 02 and  fo:(A) (A —u)? + 02
and note that Sp(x)(z) = h1(x) + iha(x). Now, denoting by X{,,..., X} the columns

of X, and setting A to be the row random vector of RN given by
A=Xym-s Xom),
we note that B(A) = B,,, and hi(A) = Re(Sp, . (2)).

Moreover, letting ¢ be a positive integer less than n, we set F; = o(eg, k < iN 4+ m)
for 1 < i < [n/q]q with the convention that Fy = {0, Q} and that F, = F, for any s €
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4.3 Concentration of the spectral measure

{In/dlq,...,n}. Noting that Xy,,,...,X,;,, are F;-measurable, we write the following

decomposition:

Re (g, (2)) — ERe(Sk,.(2))
=h1(Ximy oo Xnm) — B (Xim, -y Xom)
in/dl

= X (B (A)1%) — E(n(A)Fi-0.)
Now, let (A;); be the vectors of RM" defined for any i € {1,...,[n/q] — 1} by

Ai = (Xl,m gooe ,X(i—l)q,m b ON, Ce 70N, X(i—i—l)q—l—l,m g 7Xn,m)7

2q times

and for i = [n/q] by
A[%] = (Xl,m PIRIRE 7X([n/q]—1)q,m y ON, e 70]\[)

Noting that E A[n/q] ’? ) (hl (A[n/q])’?([n/q},l)q>, we write

(i
RS, (2 ) %e (S, (2))
_ Z (E(hi(A) — n(A0)|T:) ~ E(h1(A) ~ ha(A)|F1) )

n/ql—1

[
n ; (E(hl(Ai)mq)—E(hl(Ai)lfT"(i—l)q))

[n/q—1

= Miojaat 3 <E(h1 )IF) - (1(Az~)|3"(i1)q)).

Thus, we get
P(‘%e(SBn,m(z)) ~ ERe(Sp,,.(2))| > zx)
[n/q]—1
<P (1Mol > o) +B(| X (EOn(ADIT) — E(n(A)|T-1) | > 7).

(4.24)
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Note that (My,)r is a centered martingale with respect to the filtration (G ,), defined
by Gkq = Frg- Moreover, for any k € {1,...,[n/q|},

Mg = My—1,glloo = [E(h1 (A) = b1 (AR)|Fhg) = E(h1(A) = Rt (Ap)[F 1)) lloo
< 2[|h1(A) = h(Ax)llo
Noting that || f] _[[1 = 2/v then by integrating by parts, we get

|h1(A) — hi(Ag)| = ’/fl,zd,uB(A) - /fl,zd,uB(Ak)

<A [P — A
2
< mRank(A(A) — A(AY), (4.25)
where the second inequality follows from Theorem A.44 in [5]. Asforany k € {1,...,[n/q]—

1},
Rank(A(A) — A(Ay)) <2¢ and Rank(A(A) — A(Apy)) < g,

then overall we derive that almost surely

8q 4q
1Mrg = Mimrglloo < 5 and - [|Mpjqq = Minjg-14lloc <

and hence applying the Azuma-Hoeffding inequality for martingales we get for any = > 0,

(4.26)

2?02 N?
P (|Mp/g.ql > ) < 2exp <— > .

128qn

Now to control the second term of the right-hand side of (4.24), we have, by Markov’s
inequality and orthogonality, for any z > 0,

[n/ql-1
P(| 2 (B (A7) B (A)ITen0)| > o)
[n/ql—1
lez Z ||E(h1(Ai)|3:’iq)_]E(hl(Ai”gj(i—l)q)Hg. (4.27)

i=1
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4.3 Concentration of the spectral measure

Let i be a fixed integer in {1, ..., [n/q]—1}. To give an upper bound for ||E(hi(A;)|Fi,) —
E(h1(A;)|F-1)g)|l2, we first notice that by Berbee’s maximal coupling lemma [11],
one can construct a sequence (e} )yez distributed as (ej)rez and independent of F;, =
o(ek, k <igN + m) such that

P(g), # ek, for some k > ¢+ igN +m) = (. (4.28)
Let (X} ,,)k>1 be the sequence defined for any k > 1 by
Xl::,m = Gr(Epmy - - - ’e;c—i-m) )
with g being defined in (4.15) and let X, be the row vector of R" defined by
X;m = (X(,i—l)N+1,m7 T 7X1{N,m) .

Finally, we define for any i € {1,...,[n/q] — 1} the row random vector A} of RN" by

A; = (Xl,m P )X(Zfl)q,M’0N7 P ,ON, X,(z—l-l)q—i—l,m P 7X’/I'L,m)'
2q times
As Xlit1)gt1.ms - - - » Xpm are independent of F;; then

E(h1(ADFiq) = E(h1(A9)|Fi-1)q) -

Thus we write

E(h1(A:)|Fig) — E(h1(A)|Fi-1)g)
= E(h1(Ai) = hi(A))|Fig) — E(h1(As) = ha(A)|Fi 1))

99



Chapter 4. Matrices associated with functions of S-mixing processes

and infer that

B (R (A9)|Fig) — E(h1(A)[Fi-1q)l2
< B (71 (As) = hi(A)[Fiq) 12 + [E(h1(As) = ha(AD)[Fii-1)g) 1
< 2||hi(A) — ha(A)]]2 -

Similarly as in (4.25), we have

2
|71 (As) = ha(A))| < ~Rank(A(A;) — A(A)))
vIN
2 n
S A DI T S o
oN :
0=(i+1)g+1
2n
< ’UiN ]—{s;ﬂésk, for some k> (i+1)gN+1—m} -
Hence by (4.28), we infer that
4n? 4n?
1h1(A;) — hi(AD])3 < N2 ByN+1-2m < INZ Bg-1)N+ (4.29)

Starting from (4.27) and taking into account the above upper bounds, it follows that

?(

Therefore, considering (4.24) and gathering the upper bounds in (4.26) and (4.30), we
get

[n/q]-1 16”3
by (B (A3)|F) — <1<Ai>|?<i_1>q>)\>x)<ﬂ@_m. (4.30)

— x20v2q N?

P(|%e(Sp,,.(2) — ERe(Ss, ,.(2))| > 22)

2202 N? 16n3
<2exp|—

128gn +x21) qNQB(q LN

Finally, noting that P(‘Jm(SBn’m(z)) - EJm(SBn’m(z))’ > 23:) also admits the same
upper bound and choosing ¢ = [n/(logn)®| + 1, (4.23) follows. This ends the proof of
Theorem 4.1.
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4.4 Proof of Theorem 4.2

4.4 Proof of Theorem 4.2

The proof, being technical, will be divided into three major steps (Sections 4.4.1 to 4.4.3).

4.4.1 A first approximation

Let m be a fixed positive integer and set p := p(m) = a,,m with (a,),>1 being a sequence

of positive integers such that lim,,_.., a, = co. Setting

N
b= [yl
N P+ 3m
we write the subset {1,..., Nn} as a union of disjoint subsets of N as follows:
n n kn+1 ) )
[1,Nn]NnN=J[(i—1)N+1,iNJNnN=J J LU J,
i=1 =1 (=1

where, for i € {1,...,n} and £ € {1,... kn},

I :=[(i= )N+ =1)(p+3m)+1, (i— )N+ (£ = 1)(p+3m) +p| NN,

Ji— [(¢—1)N+(£—1)<p+3m)+p+1, (i—l)N+€(p—|—3m)] AN,
and, for { = ky +1, I, =0 and
Jiys1 = (i = DN +ky(p+3m) + 1, iN| NN.
Note that for all i € {1,...,n}, Ji ,, =0 if kn(p+3m) = N.

Now, let M be a fixed positive number not depending on (n,m) and let ¢, be the
function defined by ¢y (z) = (x A M) V (—M). Setting

Bi,f = (5(i—1)N+(€—1)(P+3m)+1—m7 e 75(i—1)N+(Z—1)(P+3m)+p+m)7 (4‘31)
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we define the sequences (Yk,m,M)k21 and (Xk7m7M)k21 as follows:

~ E(om(Xy)|Bie) if kel
Xk,m,M =

0 otherwise,

and
Xt = Xpmt — B(Xpmoar)- (4.32)

To soothe the notations, we shall write Ykm and Xk,m instead of X:k,m,M and Xk,m,M

respectively. Note that for any k£ > 1,

1 Xkmllz < 20| Xemll2 = 2 E(par(Xi)|Big)llo (4.33)
< 2| (Xi)[l2 < 2| Xk ll2 = 2[| Xol|2, (4.34)

and
HXk,m”oo < QHkaHOO < 2M7 (4-35)

where the last equality in (4.33) follows from the stationarity of (Xj)p. As X, is

o(B;)-measurable then it can be written as a measurable function hy of B, , i.e.

Xk,m = hi(Biyg). (4.36)

Finally, let X, = (Xnm)ij) = (X(j-1)n4im) and set

1- _
Bom = ~XumXl .. (4.37)
n k)

We shall approximate B,, by Bn,m by applying the following proposition:

Proposition 4.7. Let B,, and B, be the matrices defined in (4.3) and (4.37) respec-
tively then if lim, o N/n = c € (0,00), we have for any z € C*,

lim limsup lim sup ’E(SBH(Z)) - E(ngm(z))’ = 0. (4.38)

Mm=+00 M _ytoo n—+oo
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4.4 Proof of Theorem 4.2

Proof. By Lemma A.land Cauchy-Schwarz’s inequality, it follows that

‘E(SBH (z)) — E(‘Sﬁn,m(?‘))‘
o V2

—Tr(X, — X)) (X — L) || (4.39)

1

V2 1

By the definition of B,, NflE‘Tr(Bn)‘ = || Xo||3. Similarly and due to the fact that
pky < N and (4.33),

1 nkN

1 _ _
FETBum)| = 5303 3 [ Xemll3 < 41 X013 (4.40)

i=1/¢=1 ke[z

Moreover, by the construction of X,, and 5Cn,m, we have

1 _ _
—E|Tr(xn — xmm)(xn - xn,m)T|

Nn
1 n kn _ 1 n kn+1
= ]\TZZ Xy — Xewll3 + ]\TZ >3 Xkl
Miz1e=1 kel} izt =1 keJi

Now, since X}, is centered, we write for k € I},

1 X% — Ximllo = | X5 — Ykm —E(Xy — )A(/km)Hz <2|| Xk — Yk,m”2
< 2)| X5 — E(Xe|Bio)ll2 + 2| Xim — E(Xk| Big)ll2 - (4.41)

Analyzing the second term of the last inequality, we get

| Xkm — E(Xi|Bio)|l2 = |E(X) — oa0(X3)[Bi) 2

< 1 Xk — oar(Xp)|l2
= H(‘Xo‘ - M)+H2- (4-42)

As X, belongs to L2, then limy; .o || (| Xo| — M) 1|2 = 0. Now, we note that for k € I},
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0(Ek—mys - - - s Ek+m) C 0(B; ) which implies that

| Xk — E(Xk|Bio)ll2 < I Xk — E(Xklekom, - - s Ebtm) |2
= ||X() — ]E(X()|€_m, Ce 75m)||2
= [[Xo — Xoml|2 (4.43)

where the first equality is due to the stationarity. Therefore, by (4.42), (4.43), the fact

that pky < N and
n kn+1

Card(U U Jg) < Nn — npky ,

i=1 (=1

we infer that

1 _ _
—E|Tr(X,, — X X, — X, )"
N |'Tr (%, nm) (X, nm)" |

< 8[| X0 — Xoanllz + 81| Xo] = M)+l + (3(am +3)7" + ammN )| Xol3.

Thus starting from (4.39), considering the above upper bounds, we derive that there

exists a positive constant C' not depending on (n, m, M) such that

lim sup lim sup ’E<SB71(Z)> - E(ngm(z))’ < UC;(HXO — Xomll3 + 3 )1/2.

M—o0o  n—00 m

Taking the limit on m, Proposition 4.7 follows by applying the martingale convergence

theorem in IL? and that fact that a,, converges to infinity. U

4.4.2 Approximation by a Gram matrix with independent blocks

By Berbee’s classical coupling lemma [11], one can construct by induction a sequence of

random variables (&} )r>1 such that:

e Forany 1 <7 <mnand 1</ < ky,

Bi*,é = (56—1)N+(z—1)(p+3m)+1—m7 ce a5?¢-1)N+(z—1)(p+3m)+p+m)

has the same distribution as B;, defined in (4.31).
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o The array (B} ))1<i<n, 1<t<ky 18 1.i.d.
e Forany 1 <i<mnand 1< {<ky, P(Big# Bfy) < B
(see page 484 of [71] for more details concerning the construction of the array (B;,)e>1)-

We define now the sequence (X bm) k=1 as follows:
Xy =he(B;,) if keI, (4.44)

where the functions hy are defined in (4.36). We construct the N x n random matrix
x;kz,m = ((x:,m>%]) = (XEkjfl)NJri,m)'

Note that the block of entries (X} ,,, k € I}) is independent of (X ., k € I},) if (i,() #
(¢/,¢"). Thus, 5C:;7m has independent blocks of dimension p separated by null blocks whose

dimension is at least 3m. Setting

n,mY¥n,m

_ 1- _
Br,, =X X (4.45)
’ n

we approximate ]_3n7m by the Gram matrix B;ym as shown in the following proposition.

Proposition 4.8. Let B, ,,, and B}, be defined in (4.37) and (4.45) respectively. As-

suming that lim, oo N/n = ¢ € (0,00) and lim,_,o, 5, = 0 then for any z € CT,

lim limsup limsup ‘E<Sﬁn,m<z>> — E(ng’m (z))‘ = 0. (4.46)

Mm—=+00 M _stoo n—+oo

Proof. By Lemma A.1 and Cauchy-Schwarz’s inequality, it follows that

E(5s....() ~E(Ss;,,(2))
V2

< —
_U2

1/2 1/2

(4.47)

—Tr( X — :)‘c;’m)(:)‘cn,m —xx "

n n,m

1 _ _
NTY(Bn,m + B;kz,m)

1 1

Notice that
1 X5 mll2 = 1he(Bi )2 = Ihi(Bie)lla = [ Xk ll2 < 2[| Xoll2,

where the second equality follows from the fact that Bj, is distributed as B;, whereas

the last inequality follows from (4.33). Thus, we get from the definition of B}, ,, and the
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fact that pky < N,

1 nkN

1 _ _
SE[T(BL)| = 1 050 3 I3 < 41Xl (4.48)

i=1/4=1 ke]g

Considering (4.47), (4.40) and (4.48), we infer that Proposition 4.8 follows once we prove
that

Tr(Xm — Xy ) (X — X )" | = 0. (4.49)

1
lim limsuplimsup —E
M=+ M _ytoo n—too VT

*
n,m?

By the construction of f)_Cnm and X we write

1 n kn

=N Y3 Xk — Xl (4.50)

i=1/¢=1 k.g[z}'

1 _ _ _ _
NiE Tr<xn,m - x;,m)(xn,m - x;,m)T

n

Now, let L be a fixed positive real number strictly less than M and not depending on

(n,m, M). To control the term || X}, — )_(,jm”%, we write for k € I},

| Xkm = Xiinllz = [ (ha(Bie) = hie(Big)) 15, zm: I3
< 4Hhk(Bi,e)1Bi,g¢B;£

< 12[| Xpm — B(Xk| Bio) |13 + 12| E(Xk| Big) — E(pr(Xi)|Bio) I3
+ 12|[E(pr(Xe) | Bie) 1, 82,15 -

2
2

5 = 4| Xemls, 282,

Since P(B;¢ # B;y) < Bm and ¢ (X}) is bounded by L, we get
IE(or(Xi)|Bi) 1, 282 |15 < L?Brn -
Moreover, it follows from the fact that X} is centered and (4.42) that
1 Xk — E(Xe| Bi)ll3 < 41Xk — E(Xx|Bio)ll3 < 411(1Xo] — M)+

and

IE(Xk| Bie) — Eler(Xi)|Bio)llz < 1Xk — 0 (Xi)2 = [1(1Xo] = L)+ ]12-
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Hence gathering the above upper bounds we get
Xk = Ximll3 < 48I1(1Xo] = M)[I3 +12[[(|Xo| = L)+ 13 + 12L2 . (4.51)

As pky < N, the right-hand-side of (4.50) converges to zero by letting first M, then m
and finally L tend to infinity. Therefore, (4.49) and thus the proposition follow. U

4.4.3 Approximation with a Gaussian matrix

In order to complete the proof of the theorem, it suffices, in view of (4.38) and (4.46),

to prove the following convergence: for any z € C*,

lim limsup ‘E(SE:M(Z)) - E(Sgn (z))‘ = 0. (4.52)

m—+00 p_s 100

With this aim, we shall first consider a sequence (Zj,)kez such that for any k,¢ €

{1,...,N},
Cov(Zim , Zom) = Cov(Xp - Xim) (4.53)

and let (Z,g”ﬁn)k, i =1,...,n, be n independent copies of (Z,,)r. We then define the

N x n matrix Z,, m = ((Znm)uw) = (Zq(fr)n) and finally set
1 T
Gum = —ZnmZnm - (4.54)
n )

Now, we shall construct a matrix an having the same block structure as the matrix
§C;7m. With this aim, we let for £ =1,... ky,

L={l-1)(p+3m)+1,....( -1 (p+3m)+p}
and let Z,Szn be defined for any 1 <i<mand 1<k <N by

o |2, if kel forsomel € {1,... ky}
km —
0 otherwise .

We define now the N x n matrix Znm = (Znm)uo) = (Z(L”T)n) and we note that Z, .,
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as X*

n,m?

dimension is at least 3m. We finally set

consists of independent blocks of dimension p separated by null blocks whose

— 1~ =~
Gom = —ZnmZk . (4.55)
n k)

Provided that lim, ., n/N = ¢ € (0,00), we have by Proposition 4.2 in [8] that for any
z e Ct,

E(Sa,,.(2)) - ]E(San’m(z))‘ 0.

In order to prove (4.52), we shall prove for any z € C*,

lim lim sup
M= n—oo

lim [E(Sg,  (2)) —E(Sg, . (2))]=0

n—-+0o

and then

lim lim sup lim sup
m—00  pro. oo n—00

E(S6.(2)) ~ E(Sa,..())| 0.

The technique followed to prove the first convergence is based on Lindeberg’s method

by blocks, whereas, for the second, it is based on the Gaussian interpolation technique.
Proposition 4.9. Provided that N/n — ¢ € (0,00), then for any z =x + iy € CT,

lim |E(Ss.  (2)) —E(Sg

n—-+o0o

()| = 0. (4.56)

n,m

We don'’t give a proof of this proposition because it is the same as that of Proposition
2.8. Indeed, f)_C:‘L’m has a similar structure as the matrix X,, ,,, considered in the Chapter 2
and consists as well of independent blocks separated by blocks of zero entries. Therefore,

following the lines of Proposition 2.8 gives for any z = x + iy € C,,

: LBl () < CPUEMAN
E(Ss; () ~E(Sq, . (2)| < =5 i

which converges to 0 as n tends to infinity since lim,, ., N/n = ¢ € (0, 00).

To end the proof of Theorem 4.2, it remains to prove the following convergence.
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4.4 Proof of Theorem 4.2

Proposition 4.10. Provided that lim, ., N/n = ¢ € (0,00) and lim, o 5, = 0 then
for any z € C*,

lim lim sup lim sup ’]E(S(;n(2>) — E(S(;n,m (z))‘ = 0.

m—0o0 oo n—00
Proof. Let " = N +n and G, and G,y ,, be the symmetric matrices of order n’ defined

by
1 0,, 2ZF 1 0,, 2
Gn/ = — ' " and Gn/7m = — ' e .
\/ﬁ Z’n ON7N \/ﬁ Z’n,m 0N,N

We recall that since n'/N — 1+ ¢! then it is equivalent to prove for any z € C*,

lim lim sup lim sup ’E(S@,n, (z)) - E(Sanym(z))’ =0.

m—00 pr .o n—00
Following the lines of Proposition 2.13, we infer that for any z € C*,

2 C N

N
E(Se, (=) = E(Se,,,,(2))| < —5 3= (I3 + 1 XEn13) 3 1 — X7l
k=1 /=1

In view of (4.41), (4.42), (4.43) and (4.51), we get

1Xe = X7 ll” < 201X — Xeanll? + 2( Xgm — X5,
< 16| Xo — Xomll3 + 112]|(| Xo| — M)4[[3
+ 24]|(|Xo| — L)+ 5 + 24L*B,,

where L is a fixed positive real number strictly less than M and not depending on
(n,m, M). Taking into account the stationarity of (Xj), and (4.33), we then infer that

2 ON2

<
=2

E(Sg,, (2)) — E(SG,, ,,(2))

n’,m

(16 = Xoml3 +11(1Xo] = M)

+ 100l = L)+l3 + LB )

which converges to zero by letting first n, then M followed by m and finally L tend to

infinity. This ends the proof of the proposition.
O
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Chapter 5

Bernstein Type Inequality for Dependent

Matrices

In this chapter, we prove a Bernstein type inequality for the sum of self-adjoint centered

and geometrically absolutely regular random matrices with bounded largest eigenvalue.

This inequality can be viewed as an extension to the matrix setting of the Bernstein-
type inequality obtained by Merlevede et al. [46] in the context of real-valued bounded
random variables that are geometrically absolutely regular. It can be also viewed as a
generalization, up to a logarithmic term, of the Bernstein-type inequality obtained by

Tropp [70] from independent to geometrically absolutely regular matrices.

This chapter shall be organized as follows: we shall start by describing the matrices
and the dependence structure and then announce our Bernstein-type inequality (Theo-
rem 5.1). A subsection shall be also devoted to some examples of matrix models where
this Bernstein-type inequality applies.

Moreover, Section A.4 of the Appendix will be devoted to a brief introduction on
some operator functions in addition to some tools and lemmas that will be useful to the

proof given in Section 5.3.
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Chapter 5. Bernstein Type Inequality for Dependent Matrices

5.1 A Bernstein-type inequality for geometrically -

mixing matrices

For any d x d matrix X = [(X);;]¢,_, whose entries belong to K = R or C, we associate

. . . 2 . . .
its corresponding vector X in K% whose coordinates are the entries of X i.e.

X = ((X)i;,1<i<d)

1<j<d’

Therefore X = <X’L , 1 S 1 S d2> Where
Xi = (X)i—j-nyay for (j —1)d+1<i<jd,

and X will be called the vector associated with X. Reciprocally, given X = (X 0,1 <
(< d2> in K we shall associate a d x d matrix X by setting

n

X = [(X)z,]} - where (X)i,j = i+(j—1)d -

INE
The matrix X will be referred to as the matrix associated with X.

All along this chapter, we consider a family (X;);>; of d x d self-adjoint random
matrices whose entries are defined on a probability space (2, A, P), taking values in K,

and that are geometrically absolutely regular in the following sense. Let

Bo=1 and B =supA(o(X;. i< j),0(X;,i2j+k), forany k=1, (5.1)

Jj>1
where (A, B) is the absolute regular coefficient introduced in Definition 1.6. The [;’s
are usually called the coefficients of absolute regularity of the sequence of vectors (X;);>1
and we shall assume in this chapter that they decrease geometrically in the sense that

there exists ¢ > 0 such that for any integer k£ > 1,

Be=supBo(Xi, i < j),0(Xi, i>j+k) <e b (5.2)

j=1

We shall assume that the underlying probability space (€2, A, P) is rich enough to con-

tain a sequence (€;)icz = (0;, M )iez of i.i.d. random variables with uniform distribution
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5.1 A Bernstein-type inequality for geometrically S-mixing matrices

over [0, 1]?, independent of (X;);>o.

Our aim is to give a probabilistic bound for Ay (30 X;) with (X;); being a sequence
of dependent centered self-adjoint random matrices with a uniformly bounded largest
eigenvalue and satisfying (5.2). With this aim, we use the matrix Chernoff bound (1.12)

and control the matrix Laplace transform
ETr exp (t Z Xz)

i=1

to get the following Bernstein type inequality. Let

_ logn 32logn
v(e,n) = og 2 max ( ’clog2> : (5.3)
and .
2 s (B(E %1)°) 5.4
Cm Gararc e (B ) 64

with the suprimum being taken over all the non-empty subsets K C {1,...,n}.

Theorem 5.1. Let (X;);>1 be a family of self-adjoint random matrices of size d. Assume
that (5.2) holds and that there exists a positive constant M such that for any i > 1,

E(X;) =0 and Max(X;) <M almost surely. (5.5)
Then for any t such that 0 < tM < 1/v(c,n), we have

n (150 + 2M/\/en)

1ogIETr(eXp (t;Xi)) < logd+ — — tM~(c,n)

(5.6)

where y(¢,n) and v are defined in (5.3) and (5.4). In terms of probabilities, there exists

a universal positive constant C' such that for any x > 0 and any integer n > 2,

n CIQ
P )\max Xz Z S d - .
( (Z ) x) exp( v2n + ¢ tM? 4+ xM~(c, n))

=1

The bound (5.6) on the matrix log-Laplace allows us to control the expectation of
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Chapter 5. Bernstein Type Inequality for Dependent Matrices

the maximum eigenvalue:

Corollary 5.2. Under the conditions of Theorem 5.1,

EMnax ( > XZ) < 30vy/nlogd + 4Mc Y2\ /logd + M~(c,n)logd
i=1
where y(c,n) and v are defined in (5.3) and (5.4) respectively.

Proof. We proceed as in Section 4.2.4 of [43] and get for any 0 < ¢t < m

=1

[M]=

< 1E log Tr exp (t XZ)

@
I
—

NE

< 110g ETrexp (t Xi) .

@
I
—

The first inequality follows from the fact that the matrix exponential is positive definite
and thus its largest eigenvalue is bounded by the trace, whereas the second one follows
from Jensen’s inequality and the concavity of the matrix logarithm. Considering the

bound on the log-Laplace transform in (5.6) and taking the infimum on ¢, we get

n 1 £2n(150 + 2M /+/en)?
s (3%:) < it~ (logd + n(15v + 2Men) ).
P 0<tM<1/~v(c;n) t 1 —tM~(e,n)

Thanks to a personal communication with professor W. Bryc, we notice that the problem
) blogd at
0251 < t + b(1 — t)>
where a = n(15v + 2M/y/cn)? and b = M~(c,n). The latter function is convex on

t € (0,1) and thus the minimum is attained at the unique zero of the derivative giving

can be reduced to

the desired upper bound. [

In the following section, we give examples of matrices for which Theorem 5.1 can be

applied.
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5.2 Applications

5.2 Applications

Let (7%)r be a stationary sequence of real-valued random variables such that ||7|[c <1
a.s. Consider a family (Yg), of d x d independent self-adjoint random matrices which is

independent of (73),. For any i = 1,...,n, let X; = 7;Y; and note that in this case

Br = Blo(ry, 1 <0),0(r,1>k)).

Corollary 5.3. Assume that there exists a positive constant ¢ such that 5, < e~<+=1

for any k > 1 and suppose that each random matriz Yy, satisfies
EYr, =0 |, Anax(Ye) <M and Apin(Yy) > —M  almost surely.

Then for any t > 0 and any integer n > 2,

n Ct2
P /\max Y Z t S d - ’
( (X n¥) ) P < nM2E(12) + M2 + tM(log n)2>

k=1

where C' is a positive constant depending only on c.

Proof. The above corollary follows by noting that for any K C {1,...,n}

S = E( Y n¥e) = 3 E(AE(Y?) = E(r) Y E(Y3),

keK keK keK

which, by Weyl’s inequality, implies that A\yax(Xx) < M?Card(K)E(73). Therefore, we
infer that v < M?E(73). U

We consider now another model of matrices. Let (Xj)rez be a geometrically abso-
lutely regular sequence of real-valued centered random variables. That is, there exists a

positive constant ¢y such that for any k£ > 1,

Supﬁ(a(Xi, i <0),0(X;,1>k+ E)) < gmoolk=1) (5.7)

LET

For any + = 1,...,n, let X; be the d x d random matrix defined by

X; = G,C] —E(C,C))
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Chapter 5. Bernstein Type Inequality for Dependent Matrices

where C; = (X(;_1)a+1, - - -, Xia)". Note that Y1, X; = XX — E(XXT), where X is the

d x n matrix given by

X1 Xar1r o Xm—1)d+1
% — )?2 Xc'l+2 e X(n—'l)d+2
Xg Xog - Xnd

We also note that in this case, for any k > 1,

B =sup B(o(Ci,i < 0),0(Ci, i > L +k))
LeZ
= sup B(o(X;,i < d), 0 (X;, i > (k+—1)d+ 1))
LeZ
< e—Cod(k—l)

Corollary 5.4. Assume that (Xg)x satisfies (5.7). Suppose in addition that there ezists
a positive constant M satisfying supy, || Xk|leo < M a.s. Then, for any x > 0 and any

integer n > 2

~ Cx?
P(Amax X,) > ><d (— )
(221 ) =) =0 ndM* + dM* + 2 M?2(dlogn + log® n)

where C' is a positive constant depending only on cy.

Proof. As 0 < C;CT for any i € {1,...,n}, it follows by Weyl’s inequality that almost
surely,
)\max<Xi) S )\max(CiC?) < TI.(Clc;T) .

Thus we infer that Ay, (X;) < dM? a.s. To get the desired result, it remains to control
v%. We have for any K C {1,..., N},

Sk =E(YX,) = ¥ Cov(CiC, C,Ch)

€K ijEK
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5.3 Proof of the Bernstein-type inequality

and we note that the (k, )" component of Y is

(Xr)ke = [ (ZX) } > ZCOV( (i=1)dtk X (i—1)d+s » X (j— 1)d+sX(j—1)d+€)-

€K k. i,jEK s=1

Therefore we infer by Gerschgorin’s theorem that

’AmaX(Ex)‘ < Sule (Xx kel
/=1

< Sup > ZZ‘COV( (i—1)dtk X (i—1)d+s > X (j—1)d+s X(j_1)d+z)’-

1,jEK (=1 s=1

This is controlled by Ibragimov’s covariance inequality:

Lemma 5.5. ([38]) Let X and 'Y be two almost surely bounded random variables. Then
|Cov(X, V)| < 2[| X[|oo[[Y[[ccr(0(X), 0(Y))

As for any two o-algebras A and B, 2a(A, B) < (A, B) then
|Cov(X, V)| < [[X[oo[Y[locB(0(X), 0(Y))

After tedious computations involving the above inequality, we infer that v? < ¢;d M*
where ¢; is a positive constant depending only on ¢q. Applying Theorem 5.1 with these

upper bounds ends the proof. []

5.3 Proof of the Bernstein-type inequality

The proof of Theorem 5.1 being very technical, is divided into several steps. In Section
5.3.1, we give the main ingredient to prove our Bernstein-type inequality, namely: a
bound for the Laplace transform of the partial sum, indexed by a suitable Cantor-
type set, of the self-adjoint random matrices under consideration (see Proposition 5.6
and Section 5.3.2 for the construction of this suitable Cantor-set). As quoted in the
introduction, this key result is based on a decoupling lemma which is stated in Section
5.3.3. The proof of Theorem 5.1 is completed in Section 5.3.5.
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Chapter 5. Bernstein Type Inequality for Dependent Matrices

5.3.1 A key result

The next proposition is the main ingredient to prove Theorem 5.1. For a given positive
integer A, it is based on a suitable construction of a subset K4 of {1,..., A} for which it
is possible to give a good upper bound for the Laplace transform of >-,c s, X;. Its proof is
based on the decoupling Lemma 5.7 below that allows comparing ETr exp (t dicK 4 X,-)
with the same quantity but replacing °;cx, X; with a sum of independent blocks of

matrices.

Proposition 5.6. Let (X;);>1 be as in Theorem 5.1. Let A be a positive integer larger
than 2. Then there exists a subset K4 of {1,..., A} with Card(K4) > A/2, such that

for any positive t such that tM < min (%, 36211‘;gg2A),

tM)?
log ETr exp <ti€ZK:A Xi> <logd+4 x 3.1t* Av* + i . ) exp ( — 32?;;\4) , (5.8)

where v? is defined in (5.4).

The proof of this proposition is divided into several steps. First, we shall construct a
Cantor-type set K4 from {1,..., A} and then we prove a fundamental decoupling lemma

of the matrix log-Laplace before giving the full proof of Proposition 5.6.

5.3.2 Construction of a Cantor-like subset K4

As in [46] and [47], the set K4 will be a finite union of 2¢ disjoint sets of consecutive
integers with same cardinality spaced according to a recursive ‘Cantor'-like construction.
bet 1 A§(1 — )kt
_ log2 o . 1—0)"

5= o and (=4 =sup{k €N : ——

Note that ¢ < logA/log2 and § < 1/2 (since A > 2). Let ng = A and for any

Jjedl,.... 0},

> 2}

Al —95)
’7(2])—‘ and dj,1 =Nj-1— 277,]' . (59)

le:
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5.3 Proof of the Bernstein-type inequality

For any non-negative =, we denote by [z] the smallest integer which is larger or equal
to x and we note that z < [x] < z + 1. Note that for any j € {0,...,¢ — 1},
A§(1 —6) A5(1 —5)

where the last inequality follows from the definition of ¢. Moreover,

A(1 = 6)* 1< A(1 = 6)*

ST s (51

T

AS(1 =6 1=
where the last inequality follows from the fact that ( ) X 5 > 2 by the

¢
definition of ¢ and the fact that § < 1/2.

To construct K 4 we proceed as follows. At the first step, we divide the set {1,..., A}
into three disjoint subsets of consecutive integers: I, _75“71 and I; 5. These subsets are
such that Card(l1;) = Card(l12) = n; and Card(I;,) = do. At the second step, we
divide I;; and I; 2 into three disjoint subsets of consecutive integers as follows: for
1=1,2,

L= 191U ]ii U 159

where Card(Iyi—1) = Card(l) = ny and Card(I7;) = d;. Iterating this process, we
have constructed, after j steps (1 < j < £4), a family {I;;,7 = 1,...,27} of 27 sets of

consecutive integers each of cardinal n; such that for any i = 1,...,2/71
Iivi = Lo UL ;U T i,

where I*

j—14 — {bj,Zifl -+ 1, sy Q5o — 1}, aji = H’lln{k € ]j,i} and bjﬂ' = max{k € Ij,i}-

do

I31 I3,2 13,3 13,4 I3,5 13,6 I3,7 13,8

Figure 5.1 — Construction of the Cantor-type set K4
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Chapter 5. Bernstein Type Inequality for Dependent Matrices

After ¢ steps we have then constructed 2¢ sets of consecutive integers, Ip;, i =
1,...,2¢ each of cardinal ny such that Iy 9i—1 and I, 9; are spaced by dy_; integers. The

set of consecutive integers K 4 is then defined by

2[
Ky = U Iy .
k=1
Note that
{1,... Ay =K U (U U2, 17
Therefore
-1 2 -1
Card({1,..., A} \ Ka) =YY Card(I},) = > 27d; = A —2"n,.
7=01=1 7=0
But

A=2my < A(1-(1-0)) = A521— < A8 < (5.12)

Therefore A > Card(K4) > A/2.
In the rest of the proof, the following notation will be also useful: for any k£ €
{0,1,...,4} and any j € {1,...,2%}, let
jzﬁfk

Kij=Karg= U L (5.13)

i=(j—1)2¢—kF+1

K11 Ki,2

Figure 5.2 — Illustration of Ky 1, K11 and Ko

Therefore Ko; = K4 and, for any j € {1,...,2}, K,; = I,;. Moreover, for any
ke{l,....,0} and any j € {1,...,2"71} there are exactly dy_; integers between K ;1
and Kkygj.
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5.3 Proof of the Bernstein-type inequality

We include the following figure for a better illustration of the notation that we adopt

all along the chapter.

5.3.3 A fundamental decoupling lemma

We start by introducing some notations that we adopt all along this chapter, then we

state the decoupling Lemma 5.7 below which is fundamental to prove Proposition 5.6.

For any positive integer A, let K4 be defined as in Subsection 5.3.2. For any integer

m € {0,..., 0}, (ng)>1§j§2m will denote a family of 2™ mutually independent random

vectors defined on (2, A,P), each of dimension sqy,, := d*Card(K,, ;) = d*2°"™n, and
such that

VI =P (X, i€ Kny). (5.14)

The existence of such a family is ensured by the Skorohod lemma [66]. Indeed, since
(Q, A,P) is assumed to be large enough to contain a sequence (;);ez of i.i.d. random
variables uniformly distributed on [0, 1] and independent of the sequence (X;);>0, there

,,,,,

j=1,...,2™ are independent and satisfy (5.14).

Let 7™ be the i-th canonical projection from Ks¢tm onto K¢, namely: for any
(m)

vector x = (x;,1 € K, j) of K*¢tm 7" (x) = x;. For any i € K,, ;, let

X (@) =™ (VM) and SUM = 3 XU, (5.15)

J J
iEKm,j

where Xg-m) (i) is the d x d random matrix associated with Xg-m) (7). Recall that this means

that the (k, £)-th entry of Xg«m)(i) is the ((£—1)d+k)-th coordinate of the vector X§~m) (7).

With the above notations, we have

ETr exp (t > Xz) = ETr(etSEO)) : (5.16)

€K 4

We are now in position to state the following lemma which will be a key step in the
proof of Proposition 5.6 and allows decoupling when we deal with the Laplace transform

of a sum of self adjoint random matrices.
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Chapter 5. Bernstein Type Inequality for Dependent Matrices

Lemma 5.7. Assume that (5.5) holds. Then for any t > 0 and any k € {0,...,0 — 1},

ok A ok+1
N2
ETrexp (tZSyC)) < (1 + BdkﬂetM"ﬂe k) ETr exp (t Z Sg-kﬂ)),
j=1 j=1
where (Sgk)>]’:1’m72k is the family of mutually independent random matrices defined in
(5.15).
This is a decoupling lemma in the sense that, for a given k£ € {0,...,¢ — 1}, we

can compare the Laplace transform of the sum of the 2 independent matrices Sg.k)’s
associated with the blocks Ky ,’s, by that of the 2*"! independent matrices S§k+1)’s

associated with the smaller blocks Kj 1 ;’s.

For a better understanding of this zooming process, we recall that for any j €

{1, ey Qk}, KkJ‘ = Kk+1,2j—1 U Kk+1,2j and we write

s =3 xWi= Y xPo+ 3 xPae).

iEKk’j iEKk+1’2j_1 Z’EK}C+172j

The lemma replaces S;k) by Sg’;fi) + S(QI;H), where we recall that ngﬂ) and Sg;ﬂ) are

independent and have respectively, by (5.14), the same distribution as

S xWE) and Y xW).

1€KEp 11,251 1€Kp 11,25

However, the replacement of each S§k) is done up to an error depending on 4 +1 and
Card(Ky ;) = Card(Ky1) = ne2"%. We recall that 84,1 < e “%; so the larger the
gap dj, is, the smaller 4 11 and the error eventually are. The Cantor-like set K4 is
constructed, in Subsection 5.3.2, in such a way that for each k € {0,...,¢ — 1}, Sa, 41

tMn, 20—k

compensates e in order to get at the end satisfying error bounds.

We give now the proof, which explains how this process is done and how, for the

replacement of each Sg-k), the factor (1 + BdkﬂetM”ﬂe_k) appears.

Proof of Lemma 5.7. As mentioned before: for any k € {0,...,¢ — 1} and any j €

(1,...,2"),
Ky j = Kpi12j-1U Kpp19;
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5.3 Proof of the Bernstein-type inequality

where the union is disjoint. Therefore, we set the following notation

k) k) k k k
st =s® 4+ 8% and VIV = (v vy,
where
k k), - k k), -
- ¥ a0 L s- ¥ xP,
€K 1,251 1€K 41,25

Vi = (XP(0) i € Kipang) and VIR i= (XV(1) i € Kiyaa)) -

J

Note that there are exactly dj, integers separating K1 2,1 and Kj41 2; and that for any
ie{l,... 281}
Card(KkJrM) = Card(KkH’l) = 25_(“1)714 .

Recall that the probability space is assumed to be large enough to contain a sequence
(85, M )iez of i.i.d. random variables uniformly distributed on [0, 1]* independent of the
sequence (X;);>o. Therefore according to the remark on the existence of the family
(V§m))1§j§2m made at the beginning of Section 5.3.3, the sequence (7;);cz is independent
of (V§™)1<j<am.

Lemma A.17 allows the following coupling: there exists a random vector ng% of size
d?Card (K} 1 2) measurable with respect to o(n;) V O'(V( v J(Vgg)) such that

1. ngQ) has the same distribution as Vi’g,

2. ngQ) is independent of U(Vglfl) )

3. P(V) # V) < B

We note that by Lemma A.17, P (N(k) # V < 51’ ),o(V ))) which, by relation
(A.26), depends only on the joint dlstrlbutlon of (V ngz)) Therefore, by (5.14),

ﬁ(a(Vgﬁ)), U(ngQ))) = 5(U(Xz‘ 1€ Kyp11), o(Xi i€ Kk+1,2)) < Baj+1 -
Note that by construction, ngg is independent of J(Vglfl), (V§-k)) j=2 2k).

-----
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Chapter 5. Bernstein Type Inequality for Dependent Matrices

For any i € Kj119, let

X @) =xvE) and B = S xB@),

€K 1,2

where XY;) (¢) is the d x d random matrix associated with the random vector X/gkg(z)

With the notations above, we have

ok
ETr exp (t Z S;k))

j=1

2k 2k
— (%) (%)
= ]E(lvgkg_v(lk%Tr exp <tjz::1 Sj )) + E(livl(lkg);év(lk%Tr exXp <tjz::1 Sj ))
ok
(k)
< ETrexp (tSl 1+ tS + tz S ) + E<1\7§’f§¢v<1’f§Tr exp (t; S; )) . (5.17)

(With usual convention, Z?ié Sg-k) is the null vector if £ > 2%). By Golden-Thompson

inequality, we have

ok

(k)
Trexp (t > Sg-k)> <Tr (etgﬁk) tzg 25 )

=1

Since J(Vy“) L i=2,.. ., 2’“) is independent of O'(Vl Y 2), Vg ) we get

Qk

E(lvgzg;évgngI‘eXp (tZSgk))> S TI‘(]E(1~(1@)7AV(1€)6 1 ) ]Eexp (tZS k))>

J=1

Note now the following fact: if U is a d x d self-adjoint random matriz with entries
defined on (2, A,P) and such that Apax(U) < b a.s., then for any I' € A,

1re? < Il a.s. and so )\maxIE(lpeU) < ebIP’(I‘) )

Therefore if we consider V a d x d self-adjoint random matrix with entries defined on
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5.3 Proof of the Bernstein-type inequality

(Q,A,P), the following inequality is valid:
Tr(E(1re”)E(e")) < e'P(I') - ETr(c") . (5.18)

Notice now that (ng) (1),i € Kj1) has the same distribution as (X;,i € Kj1). There-
fore )\maX(ng) (1)) < M a.s. for any i, implying by Weyl’s inequality that

Amax(tSP)) < tMCard (K1) = tM2 *n, as.

Hence, applying (5.18) with b = t M2 Fn, T = {ngz) # ngg} and V=1t%2,S® and

j=2%j >
taking into account that P(I') < /34, 1, we obtain

2k 2k
E(l{’[(lk%?évgkz) Tr exp (t > Sgk)>) < 5dk+1et”‘3227kMETr exp <t > S§~k)> . (5.19)
’ ’ j=1 j=2

Note now that if V and W are two independent random matrices with entries defined
on (2,A,P) and such that E(W) = 0 then

ETr exp(V) = ETr exp (E(V + W\U(V))) :

Since Tr o exp is convex, it follows from Jensen’s inequality applied to the conditional

expectation that
ETr exp(V) < E(E(Tre"¥|o(V))) = E(Tre"*"). (5.20)

Since E(ng) (1)) = E(X;) = 0 for any ¢ € K} and since a(Sg’“l),Sﬁ’z)) and O'(Sg»k),j =
2,...,2%) are independent, we can apply the inequality above with W = t(Sg’? + §§’“2)
and V = tZ?; Sgk) . Therefore, starting from (5.19) and using (5.20), we get

2k
(k)
E <1i7§k2)7évgk2) Tr exXp (t Z Sj ))

j=1

2k:
< By re™ M BTy oxp (t (st +s9+ X Sg,k))) . (5.21)
j=2
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Starting from (5.17) and considering (5.21), it follows that

ok
ETr exp (tZSgk)) < (1+ ﬁdﬁlet”ﬁl M) ETr exp ( (Sﬁ’? + Sng) + ZSE-’C))) . (5.22)

Jj=1 Jj=2

Having replaced S by S —i—Sl 2, the proof of Lemma 5.7 will then be achieved after
having iterated this procedure 2% — 1 times more. For the sake of clarity, let us explain

the way to go from the j-th step to the (j + 1)-th step.

At the end of the j-th step, assume that we have constructed with the help of
the coupling Lemma A.17, j random vectors V;’;), t = 1,...,7, each of dimension
d?Card(Kjy111) and satisfying the following properties: for any 7 in {1,..., j } VZ(]Z)
is a measurable function of (Vzkl)7 V§’;), n;), it has the same distribution as Vl 3, is such
that IP’( 7é \'2 k)) < Baj+1, is independent of Vz | and it satisfies

2k
ETrexp (t Z Sg-k))
j=1

< (14 Bamre™® M) ETrexp (tz (S® + 88 4 ¢ Z s ) (5.23)

=1 i=j+1

where we have implemented the following notation:

s =3 xXB). (5.24)

r€Kp41,2:

In the notation above, XE? (r) is the d x d random matrix associated with the random
vector X¥ g ( ) of K defined by

,X%) (r) = Wﬁkﬂ)(vz(g)) for any 7 € Kj11,2 .

Note that the induction assumption above has been proved at the beginning of the proof
for j = 1. Since, for any m € {1,. E} ( (-m))1<j<2m is a family of independent random

vectors, then for any i € {1,..., ]} V 2 is also independent of

k <k k
0((V§,1))e 1,is (Véz))ézl,...,z’—h (Vé ))4:i+1,...,2k) :
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Now to show that the induction hypothesis also holds at step 7 4+ 1, we proceed as
follows. By Lemma A.17, there exists a random vector Vg‘]—?l,Q of size d*Card(Kjy11.1),

measurable with respect to o(n;41) V O'(VE-?LI) Y J(Vgﬁ)m) such that:
1. Vgﬂ 5 has the same distribution as Vg+1 %
2. Vy_?m is independent of O'(Vyj_)l’l),
3. ]P)(V(lj-l 2 7é V]-H 2) < /Bdk+1

The inequality in the last item above comes again from (5.14) and the equivalent defini-
tion (A.26) of the S-coefficients. Note that

(V) it s (VED)ict (V)i ia ot

and U(VE?I’Q) are independent by construction. With the notation (5.24), we have the

following decomposition:

ETr exp (tZS )+t Z S(k>

i=j+1
J+1 _ 2k
< ETrexp (t SSH +sB)y v SE’“’)
i=1 i=j+2
k)
+ E( J+12#V§].?12TreXp (tz S + SZQ )+t z;rlS( )) . (5.25)
i=j
Using Golden-Thompson inequality, we have
J ~ 2k
Trexp (t Z(Sﬁ) + SEZ)) +t Y Sgk))
i—1 i=j+1
2k
< Tr(eXp (tSJH) -exp ( Z(S +SEY +¢ > sP ))
=1 i=j+2

Since the sigma algebra generated by ((Vﬁﬁ))izl,,,,,j, (AV/Z(Z))Z‘:LMJ', (ng))i:jﬂ,mgk) is in-
dependent of that generated by (V]Ii)1 15 V§.’2L2,'\7§’21,2), we get
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E(lvg?l’ﬁév(w Trexp (tz Sgkl + S + t Z S(k )>

g+L2 i=1 =741
(k) J
< N S\ ) | gh) (k) ) _
_TI<E(1V§?112¢V§@126 1) - Eexp (¢ Z (S + S+ Z si7)) . (5.26)

i=1 i=j+2

By Weyl’s inequality,

M (ESI) <83 M (K (1) s,

TEKk’ijl
As V§?1 =% (X;,i € Ky j+1) and A\pax(X;) < M a.s. for any i, it follows that
(k) ‘ _ —k
Amax (t Sj+1) < tMCard(Ky j+1) = tM2" "ny as.
Moreover, as /\7§’2172 =P Vg']j_)lz and Vg-]_?l =% (X;,i € Kjj+1), then
E(S(—H 1t Sg+1 2)=0.

We also notice that S(+1 L+ SJHQ is independent of >7_ ( —|— §§’;) ZZ _i42S

Therefore, starting from (5.26), an application of inequality (5.18) with b = t M2~ k ‘
k

I' = {V]Jrl 2 # V§'+)1,2} and

J ~ 2k
V=t (W +8H) +t Y sP

i=1 i=j+2
followed by an application of inequality (5.20) with W = t(Syi)Ll + gyﬁl,z% gives

ok
]E(].{/—(k) v (k) Tr exp (tz il _|_§ —|—t Z Sl('k))>

J+1,2 =711

j+1 _ 2k
< By 1™ M ETr exp (tZ(Sgﬁ) + SEZ)) +t Y Sgk)) . (5.27)

i—1 i=j+2
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5.3 Proof of the Bernstein-type inequality

Therefore, starting from (5.25) and using (5.27), we get
2k

> s)

i=j+1

< (14 ™M) x ETrexp (t S48+t > sE’“’) ,

i=1 i=j+2

J _
ETrexp (t Z(Sﬁ’? + SEZ)) +t
i=1

which combined with (5.23) implies that
2k o)
ETr(etZFlSJ' )
o—kp\JtH1 A & 2 Kk
< (1 Baae™® M) ) ETresp (13061 +85) +¢ 3 sP),
i=1 i=j+2

proving the induction hypothesis for the step j 4+ 1. Finally 2* steps of the procedure
lead to

2k ) & 2k _
ETrexp (t > ng) < (1 + Bdﬁlet”ﬂe—kM)z x ETrexp (t Z(SE’? + SE?)) . (5.28)
j=1

i=1

To end the proof of the lemma it suffices to notice the following facts: the random

vectors Vgﬁ), VZ(Z), i =1,...,2% are mutually independent and such that Vz(ﬁ) =P ngfll )

and V§f2 =D ngl). In addition, the random vectors ngﬂ), i = 1,...,2F1 are

mutually independent. This obviously implies that

2k 2k+1
ETrexp <t Z(SE? + SZ(’Z))) = ETrexp (t > SE’““)) ,

i=1 i=1

which ends the proof of the lemma.

5.3.4 Proof of Proposition 5.6

Having proved the decoupling Lemma 5.7, we are now ready to prove Inequality (5.8)
with K4 defined in Section 5.3.2.
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Let us prove it first for the case where 0 < tM < 4/A. We recall that E(X;) = 0 for any
1 € K4 and we note that by Weyl’s inequality,

Amax (30 Xi) € 3 A (Xi) €AM as.

€K A €K A

Hence, applying Lemma A.13 applied with K = {1} and U; = >,k , X, we get for any
t >0,

ETrexp (t 3 X,) < dexp <t2g(tAM))\maX <E( 3 Xi)2>>.

€K 5 €K g

Therefore, we get by the definition of v?, the fact that ¢ is increasing, tAM < 4 and
g(4) < 3.1, that
ETrexp (t > Xi) < dexp(3.1 x At*v?),

€K A

proving then (5.8).

We prove now Inequality (5.8) for the case where

4/A < tM < min (;, 30211(())gg2A) = min (;, ;g) )

Let
c , A(l —6)* _ K
= — = —— < — . .
K= and k(t) = inf {k €Z o < min ((tM)27A>} (5.29)

Note that if t*M? < k/A then k(t) = 0 whereas k(t) > 1 if t*M? > x/A. In addition by
the selection of £4, A((1 —6)/2)" < 4/5. Therefore k(t) < £4 since (tM)? < ¢§/32.

Taking into account (5.16) and that K4 = Ko = K11 U K9, we apply Lemma 5.7
for k =0,

ETrexp (t 30 %) = ETr(¢®") < (14 fappne™ ) ETr (e +527),

1€EK 7

where we note that Sgl) and Sgl) are independent and have respectively the same distri-
bution as Y, , Xi and Yck, , X; as explained in (5.14) and (5.15).

Considering the selection of k(t) in (5.29) and applying Lemma 5.7 up to k(t) — 1, we
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5.3 Proof of the Bernstein-type inequality

get
k(t)—1 a2t k(1)
ETrexp (t > Xi) < ][ (1 + By €M ) ETr exp (t 3 Sg.’““”), (5.30)
i€EK 5 k=0 j=1

with the usual convention that H,;:lo a, = 1.

gk(®)
J
pendent random matrices defined in (5.15). They are then constructed from a family

Note that in the inequality above, ( )j=1...o6v is a family of mutually inde-

(Vg'k(t)))lSjSQk(t) of 2¢() mutually independent random vectors that satisfy (5.14). There-

fore we have that, for any j € 1,..., 2+,

SED D 3 g,

j .
€K k()5

Moreover, according to the remark on the existence of the family (ng(t)))

1§j§2’“(‘) made
at the beginning of Section 5.3.3, the entries of each random matrix Sgk(t)) are measurable

functions of (X, d;)icz-

The rest of the proof consists of giving a suitable upper bound for

9k(t)

ETr exp (t Z Sgk(t))> :

Jj=1

With this aim, let p be a positive integer to be chosen later such that
2p < Card(Kyp),;) ==q. (5.31)

Note that ¢ = 27*®p, and by (5.12)

- A
1= 9k
Therefore if k(t) = 0 then ¢ > A/2 implying that ¢ > 2 (since we have 4/A < tM < 1).
Now if k(t) > 1 and therefore if *M? > /A, by the definition of k(¢), we have ¢ > ong
and then ¢ > 2 since (tM)? < k/2. Hence in all cases, ¢ > 2 implying that the selection

of a positive integer p satisfying (5.31) is always possible.
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Let my, = [q/(2p)]. Forany j € {1,...,2®} we divide K@ j into 2m, ), consecutive
(k(t))

Z

interval J]( Q(m) ,+1 containing r = g — 2pmy,, consecutive integers. Note that this last

intervals (J; ., 1 <i <2myg,) each containing p consecutive integers plus a remainder

interval contams at most 2p — 1 integers Let X(k(t))(k) be the d x d random matrix
associated with the random vector X( (k) defined in (5.15) and define

Zs =2 = S x{O). (5.32)
kEKk(t)’jﬂJ](ﬁ(t))

With this notation

mq,p+1 Mq,p

Y. ZLipirt Y Ly
i=1 i=1
Since Tr o exp is a convex function, we get

9k(t)

ETr exp (t Z Sg-k(t))>
j=1
2k () mg p+1 2k mgq p

IETr exp (215 Z Z Zj2i-1 ) + IETr exp (275 Z Z Zj, 22) . (5.33)

j=1 =1 Jj=1 i=1

We start by giving an upper bound for ETr exp (Qt ZQW St L, 22) With this aim, let

us define the following vectors

Ui = UG = (X)) | k€ Ky 0 J57) (5.34)
and

W, =W = (U, i e {1,...,2my, + 1})

Proceeding by induction and using the coupling lemma A.17, one can construct random

vectors U*

GanJ=1,..., 2k®) i =1,...,m,,, that satisfy the following properties:

(i) (Usy, (4.7) € {1,...,280} x {1,...,my,}) is a family of mutually independent

random vectors,
(ii) Uj,; has the same distribution as Uy y;,

(111) ( 7,21 7é Uj 22) < 5p+1
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5.3 Proof of the Bernstein-type inequality

Let us explain the construction. Recall first that (£2,.A,P) is assumed to be rich
enough to contain a sequence (7););ez of i.i.d. random variables with uniform distribution
over [0,1] independent of (Xj, d;);cz where we recall that the sequence (;);cz has been
used to construct the independent random matrices Sg-k(t)), j=1,...,k(t), involved in
inequality (5.30).

For any j € {1,...,2¢0} let Us, = Uj,, and construct the random vectors U7,

T=2,...,Mgp, recurswely from (Uj,, 1 < ¢ <i—1) as follows. According to Lemma

A.17, there exists a random vector U7 ,; such that

] 9i = Jij (( 4, S oe)1<e<i—1, Uj i, 7]i+(j—1)2k(t)) (5.35)

where f;; is a measurable function, U} ,; has the same law as Uj;, is independent of
a(U;%,15;£g¢-—1)and

P(Ujy; # Uji) = B(0(Ugan 1 <L < i = 1),0(Uj)) < Bpaa -

By construction, for any fixed j € {1,...,2*®} the random vectors Ulgi i =1,...,mgp,

are mutually independent. In addition, by (5.35) and the fact that (W;,j = 1,...,2*")

is a family of mutually independent random vectors, we note that (U3 ,;, (i,7) € {1,...,mg,} X
{1,...,2*®}) is also so. Therefore, Items (i) and (ii) above are satisfied by the con-
structed random vectors Uy @ = 1,...,my,, j =1,... , 280 Moreover, by (5.35), we
have

0(Ujpp 1 <0<i—1) Co(Ujap 1 SL<i—1) Vo (g goparon, 1 S L<i— 1)

Since (1;)iez is independent of (X;, 0;);cz, we have

B(O—( 32671<€<Z_1) ( ]2@))<6( ( ]2271§€§i_1)70<Uj,2i))-

By relation (A.26), the quantity S(o(Uje,1 < ¢ < i —1),0(Ujy)) depends only on
the joint distribution of ((Uj2¢)1<¢<i—1, Uj2:). By the definition (5.34) of the U;,’s, the
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definition (5.15) of the X§-k(t))(k)’s and (5.14), we infer that

B(U(Uj’% l<f<i-— 1)70(Uj2i))
= (o (Xi. k € UZi Ky N I5) 0 (X, b € iy N TED)) < By

So, overall, the constructed random vectors U, i =1,...,mq,, 7 =1,..., 2k(1) satisfy

also Item (iii) above.

Denote now
X; 21 (€> (U; 2z)
(m)

where 7, is the /-th canonical projection from KP* onto K%, namely: for any vector
x = (x;,i € {1,...,p}) of K 7,(x) = x,. Let X3 ;(£) be the d x d random matrix

associated with X7,,(¢) and define, for any i = 1...,mg,,

Z; 2% — Z X;k 21 (E) .

EGK k(t), Jﬁjy( 2(:))

Recalling the definition of Zj;; in (5.32), we observe that by Item (ii), Z%,; =" Z;;, and

that by Item (i), the random matrices Z*

St =1, mgy, j=1,...,2"0 are mutually

independent.

The aim now is to prove that the following inequality is valid:

2k(®) mg p
ETrexp (Qt Z Z Zﬂi)
j=1 i=1
9k(t) 2k(®) mg p
< (1 + (Mg — 1)ethBp+1> ETr exp (2t Y7 22) . (5.36)
j=1 i=1

Obviously, this can be done by induction if we can show that, for any £ in {1,...,2¥®},

—1Mg,p 2k(®) mg,p

ETr exp (Qt Mo Ly +2ty > Zj,?i)
Jj=11=1 j=t i=1
¢ Mmgp 2k(®) mg,p
< (1 + (mgp — 1)e?™ 3 H)ETr exp (2152 MLy 42t > > Zﬂi) . (5.37)
7j=1 i=1 j=0+1 i=1
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To prove the inequality above, we set

{—1mg,p 2k() mg,p
Coore(t) =26 > L5 g+ 2t SN Ly
j=11i=1 j=t i=1
and we write
ETrexp(Cp_1,(t))
= E( I tu,pmu;, T eXp(@z—l,e(t))> + B(Laica,mqp):Unatvs,, Trexp(Coo (1)) )
i=2

< ETrexp(Creya(t)) + E(laz’e{z,..‘,mq,p}:UZ,%;&UZ%TF eXp(Ceq,e(t))) . (5.38)
Note that the sigma algebra generated by the random vectors

*(k k
(Uj,(Qz‘))iE{1,...,mq,p},je{l,.‘.,ffl} and (Ug,Q)i)iE{l,...,mq’p},j€{€+1,...72k(1)}

is independent of o ((Ue 9is UZ(QI?)iG{L_,_7mq’p}). This fact together with the Golden-Thomson

inequality give

E <1aie{2,...,mq,p} Uy U;,, 1T eXD (Cz—l,e(t))>

{—1Mmgp 2k(t) mg,p
< Tr( <exp (Qtz > Lo+ 2t > Zj,2i>)

7j=1 =1 j=0+1 i=1

Mq,p
X E<1E|ie{2,...,mq,p}:Ugﬁgi;éUZQi exp (2?5 > Zmz‘))) :
i=1
By Weyl’s inequality and (5.14), we infer that, almost surely,
Mq,p Mq,p
Amas (2t Z Zuai) S26% > Amax(Xi) < 2mgpM <tgM . (5.39)
i=1 kEKk(t) gﬁJé 2(:))

Therefore, applying (5.18) with b = tqM, I' = {Ji € {2,...,myp} : Upa; # U}, } and

/—1Mmgp 2k(t) mg,p
=20 Y Lig+2t Y Y Ly
7j=1 =1 j=0+1 i=1
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and taking into account that

< Z P(Uyo; # UZ,%) < (mq,p - 1)Bp+1 )
i=2

we get

E(hie{z,...,mq,p} U, 2#U7, 1T exp(Cpy e(t)))
1 Mg,p 2k(t) mg,p

< (mgp — 1)Bpr1e™ ETrexp (QtZ DLy +2t Y > Zj,2i> :

7j=1 =1 Jj=t+1 i=1
Noting that the sigma algebra generated by the random vectors

(Ujai)iclt,mgphielt -1y and  (Ujoi)ic(r, my o }ie(et1,..250}
is independent of U(<Uz,2i)i€{1w~,mq,p}>7 and that, by construction,
E(ZZQZ‘) = E<Z€,2i) =0,

then an application of inequality (5.20) yields

E (137;6{2,...,%,,)} U207, 1T exp(Coor g (t)>
< Bypri(myy — De™ ETrexp(Cyeyq(t)) . (5.40)

Starting from (5.38) and taking into account (5.40), inequality (5.37) follows and so does
inequality (5.36).

With the same arguments as above and with obvious notations, we infer that

2k(1) mg,pi1 >

ETrexp (275 Z Z Lij2i—1

j=1 i=1

2k (t) ) Mg, p+1

< <1 + mqype2thBp+1> ETrexp <2t Z Z L5 o 1) (5.41)
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Note that to get the above inequality, we used instead of (5.39) that, almost surely,

Mq,p+1 Mq,p+1

max(2t Z Zog 2 1) <2 3 )\max(xk)

= ke Ky, on 15

< 2Mt(mypp + q — 2pmy,) = 2Mt(q — pmy,)
< Mt(q + 2p) < 2tgM .

Starting from (5.30) and taking into account (5.33), (5.36) and (5.41), we then derive

ok(t) k(t)—1 . ok
ETrexp (t > Xz’) < (1 + mq,pezthﬁpH) 11 (1 + By, g8 M )
1€EK 4 k=0
2k(t) mq p k() mg p+1
( ETr exp (Zt Z Z Z; 21) + ETr exp (275 Z Z Lo 1)) . (5.42)
7j=1 =1 j=1 =1

— /\

Note that the random vectors (Z7 5;_;);; are mutually independent and centered. More-

over,
4
ZAmax(Zzzpﬁ <2Mp < n a.s.

Therefore by using Lemma A.13 together with the definition of v? and the fact that
2"0(my,, + 1)p < 2"0g < A,

we get
2k(t) mg p+1

ETrexp <2t Z Z Lo 1) < dexp(4 x 3.1 x At*v?). (5.43)

Similarly, we obtain that
2k() mg p

ETr exp (2t >N 7 ZZ) < dexp(4 x 3.1 x At*v?). (5.44)

7j=1 =1
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Next, by using Condition (5.2) and (5.12), we get

ok (t) A
log <1 + mq7pethMﬁp+1) < 2Ky, iMoo < 2—e2the_Cp . (5.45)

p
Several situations can occur. Either (¢tM)? < k/A and in this case k(t) = 0 implying
that A/2 < ¢ < A < k/(tM)2. If in addition ¢ > 4/(tM) then p = [2/(tM)] > 1/tM
(since tM < 1) and
A 2tM o—cp AtMe2m/(tM)e—c/(tM) _ AtMe—3c/(4tM)‘

2’ 2 2

Since logy A < ¢/(32tM), A > 2, and e=3¢/(*M) < 8t /(3c), we get

A ot —ep o AM 3c 4A(tM)? 3c
il P < _ < _
. ¢ =T exp ( 4tM) =" 3 exp ( 8tM)
4(tM)? 3c (tM)? 3¢
< 2P — < — .
= T3eAT x 16tM> = exp ( 16tM>

If otherwise ¢ < 4/(tM) then p = [¢/2] > ¢/4. Hence, since 2tM < ¢/16 (since
log A >log2) and tM > 4/A,

éthqu—cp < %e—ch/lﬁ < 4e—30A/32
2p q
3c (tM)? 3c
< AtM exp (- 8tM) s, (- 32tM) ’

where we have used that A/2 < g for the second inequality, and that log, A < ¢/(32tM),
A > 2 and e 3/(16tM) < 16¢ M /(3c) for the last one.

Either (tM)? > k/A and in this case k(t) > 1 and by using (5.12) and the definition of

k(t), we have
K

qz ok(t)+1 = A(M)?

(5.46)

If in addition ¢ > 4/(tM) then p = [2/(tM)] > 1/tM, and by (5.11) and the definition
of k(t),
(1-9)* o 2

2k = (t1M)2
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It follows that

A ptartgmep o AM (i’f) exp (—-5)

2p 2 tM M
AtM tM)?
< M exp (- 5op) < P e (- o),

where we have used that log, A < ¢/(32tM), A > 2 and e~¢/#M) < 4¢tM/c for the last
inequality. Now if ¢ < 4/(tM) then p = [q/2] > ¢q/4. Hence, using again the fact that
2tM < ¢/16 combined with (5.46), we get

ée%qufcp < 8A(tM)2673cq/16 < 82A(tM)2 exp (_ 302 )
2p - K - c 16 x 4 x 8(tM)?
< 8(tM>26—3c/(32tM) ’
C

where we have used that logy, A < ¢?/(32tM)? and A > 2 for the last inequality.

So, overall, starting from (5.45), we get

2O 8(tM)?
log (1 + mq,pthqMﬁpH) < &e_‘%/(?’%m . (5.47)
c

2k
We handle now the term H’,:gz)_l (1+Bdk+1etM”‘2e_k) only in the case where (k/A)"/2 <

tM, otherwise this term is equal to one. By taking into account (5.2), (5.10), (5.11) and
the fact that tM < ¢§/8, we have

k(t)—l 2k: k(t)—l A(S 1 _ 5 k
n L—k
log H (1 + 5dk+1etM £2 > < Z 2F exp ( - C(QHI) + 2tM
k=0 k=0
(

A(12; 5)")

k(t)—1 Sk
< > e (- CW)
k=0 2

Acs(1 — 6)kM-1
k(1) _
(1 5)k(t)—1 K

Therefore 28 < 24 (EM)”

K

By the definition of k(t), we have A R (tM)?
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Moreover

(1 — )kt cko 2K
Acd O YIE > e

since tM < ¢d/8. It follows that

o 11 (14 faene ™) <240 oy (- 20
k=0 K

tM
(tM)? 3c
< — 4
<= exp ( 32tM>’ (5.48)

where we have used the fact that log, A < ¢/(32tM).

So, overall, starting from (5.42) and considering the upper bounds (5.43), (5.44),
(5.47) and (5.48), we get

9(tM)? 3c
2,2
log ETr exp (tiezK:A Xi) <logd+ 4 x 3.1At"v" + . exp ( - 32tM> .

Therefore Inequality (5.8) also holds in the case where 4/A < tM < min (%, 3‘;112?;4).

This ends the proof of the proposition. [

5.3.5 Proof of the Bernstein Inequality

Let Ag = A=nand Y(O)(k) =Xy forany k =1,..., Ag. Let K4, be the discrete Cantor
type set as defined from {1,..., A} in Section 5.3.2. Let A; = Ay — Card(K,,) and
define for any kK =1,..., A,

YO (k) = X;, where {i1,...,ia,}={1,...,A}\ K4.

Now for i > 1, let K4, be defined from {1,...,A;} exactly as K, is defined from
{1,...,A}. Set Ajp1 = A; — Card(K y,) and {j1,...,ja,., ) = {1,..., A;} \ K4,. Define
now

Y(i+1)<k) _ Y(i)<jk) fork=1,..., A1,
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and set
L:Ln:inf{jEN*,Aj§2}.

Note that, for any i € {0,...,L — 1}, A, > 2 and Card(K,,) > A;/2. Moreover
A; < n27% With this choice of L, we have

I < {logn—logQ] ey
log 2

By the above notations, we have

n Ag
SRSV Y 0L Y yO
k=1 k=1

keKa, ke{l,...,A}\K 4,
Aq
SR
k€K 4, k=1

Iterating the above process clearly gives the following decomposition

n L—-1 Ap
SoXe=> 3 YO+ > YH(k). (5.49)
k=1 i=0 keK 4, k=1

Let
Ap
U= Y YOk)for0<i<L—landUp=Y YO (k),

k€K 4, k=1
For any positive x, let
1 clog2 )

he,2) = min (2’ 32logx

Noting that, for any i € {0, ..., L—1}, the self-adjoint random matrices (Y V) (k)),, satisfy
the condition (5.2) with the same constant ¢, we can apply Proposition 5.6 and get for

any positive ¢ satisfying tM < h(c,n/2%),

9(tM)?

exp ( S ) : (5.50)

logETr(exp(tUi)) <logd+4x 3.1A,t20% + -
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Recalling that A; < n27% and noting that exp(—=2%-) < (2!/n)* for tM < h(c,n/2"), we

32tM
get
9(tM)22%
log ]ETr(eXp(ﬂUi)) <logd+ 16t2v2% + <cn)4
4¢2 3M2% \2
<logd—+ 7.”(2@+ \/_5>
2 \/Eni
4820277 (20 + /3 x 2572 M/ (n®/2\/c))?
<logd A : 5.51
=logat 1 —tM/h(c,n27%) (5:51)
On the other hand, by Weyl’s inequality,
)\max (UL> S MAL S 2M .
Therefore by using Lemma A.13, for any positive t,
IETr(exp(tUL)) < dexp <t29(2tM))\maX (E(U%))) :
Hence by the definition of v?, for any positive ¢ such that tM < 1, we get
lo ETr(eX (tU )) <logd + 2t*v* < logd + 20 (5.52)
Let
M for0<i<L—1and& M
ki=————"for0<i<L— =
h(c,n/2") L
and

02-:2\/ﬁ<2v+\/§>< 2M
nyc

9i/2

)forOSz'gL—landaL:v\/ﬁ.

By the above choice of L, we get

L = 1 321
Z/{i < M(Z ‘+1> < M8 hax (2’0gn> = M~(c,n).
= = hic,n/2%) log 2 clog2
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Moreover,

> o =2y Z CT M

=2 27" (21} + V3 X
= n5/2\/c
< 14\/ﬁfu +2¢7 V22 2% 4 /2

< 15v/nv + 2¢7Y2M .

)+v\/§

Taking into account (5.51) and (5.52), we get overall by Lemma A.15, that for any
positive ¢ such that tM < 1/v(c,n),

n 2n(150 + 2M/(en)V/2)’
log]ETr<eXp (tZXi)) <logd + (1_tM7(/C< n)) )

i=1

= (1) (5.53)

To end the proof of the theorem, it suffices to notice that for any positive x

n

P (LX) 20) < int e (=t (0).

P t>0:tM<1/~(c,n)

where v,,(t) is defined in (5.53). O
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Appendix A

Technical Lemmas

In this Appendix, we collect some technical lemmas in addition to some preliminary

materials and tools.

A.1 On the Stieltjes transform of Gram matrices

Proposition A.1. Let A and B be two N X n random matrices, we have for any
z=u+1iv € Cy,

V2 ( 12

Saar(2) = Sear ()] < o (Tr(AAT + BB"))"” (Tr(A - B)(A - B)")

Proof. For any z = u +iv € CT, we get by integrating by parts

|<|f 7o - [ e o)
'/FAA FBB

I—Z

‘SAAT( ) SBBT

)dx‘
< / [FAA" (2) — FB5 (¢)|da. (A1)

Now, [|FAA" (z) — FBB"(1)|dz is nothing but the Wasserstein distance of first order
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between the empirical measures of AAT and BB”. To be more precise, if \; > ... > Ay
denote the eigenvalues of AAT and A1 > ... > Ay denote those of BB, then setting

1 X 1 X
nn:—Z(S,\ and ﬁn:—Z(s;\,
N = * Ni= ™

we have that
/ [FAA (2) — FPP" (2)|dx = Wi (, 71) = inf E|X — Y,

where the infimum runs over the set of couples of random variables (X,Y) on R x R
such that X ~ 7, and Y ~ 7,,. Arguing as in Remark 4.2.6 in Chafai et al. [17], we have
that

NAn

min Z |)\;g — ;\ﬂ(k)| s

B 1
Wi (N, n) = N ~cby
k=1

where 7 is a permutation belonging to the symmetric group Sy of {1,...,N}. By
standard arguments, involving the fact that if x, y, u, v are real numbers such that x <y
and © > v, then

|z —ul + [y —v| > |z = vl + |y = ul

we get that
NAn B NAn _
Eelglv D1 = Ar = D0 1A — M -
k=1 k=1
Therefore,
Wi, i) = [ |[FA (@) = FP2" ()] da (A.2)
1 NAn -~
=3 2= e =Ml (A.3)
k=1

Since A\, = s7 and A, = 57 where the s;’s and the 5,s are respectively the singular values

of A and B, we get by Cauchy-Schwarz’s inequality,
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NAn NAn

B 1/2 , NAn 1/2
Z |>\k_)\k| S (Z |3k+§k|2) <Z |5k_§k|2)
k=1 k=1 k=1
NAn 1/2 , NAn 1/2
<22 (L t+sd) (X b ail)
k=1 k=1
1/2 , NAn 1/2
< 912 (Tr(AAT) + Tr(BBT)) ( S [ — sk|2) . (A.4)

k=1

Next, by Hoffman-Wielandt’s inequality, Corollary 7.3.8 in [37],

NAn
> sk — s> < Tr(A—B)(A—-B)".
k=1
Therefore,
NAn B 1/2 1/2
3 Ak — M < 22 (Tr(AAT) + Tr(BBT)) (Tr(A _B)(A - B)T) . (AB)
k=1

The proof follows by considering (A.1) and (A.2) together with inequalities (A.4) and
(A.5).

O

Control of the partial derivatives of the Stieltjes transform of Gram matrices

We recall from Definition 2.9 that the Stieltjes transform of a Gram matrix can be

written as a function f of the matrix entries:

f(x) = ;{TI(A(X) - zI>_1,

where |
Ax) = Ax],....,xp) == > XX}, .
=1

In this section, we give some upper bounds for the partial derivatives of f and we

show how they can be computed. We start by introducing some notations:
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Let i € {1,...,n} and consider for any j,k € {1,..., N}, the notations 0; instead of
0/ 830?, %, instead of 9%/ 8:16?)8:17,(;) and so on. We shall also write A instead of A(x), f
instead of f(x), and define G = (A — 2I)~1.

Lemma A.2. Let x be a vector of R™Y with coordinates
- T
X = (xlT,...,xz) where for any i € {1,...,n}, x; = (1:,(;’), ke {1,...,N})

Let z = u++/—1v € C* and f := [, be the function defined in (2.37). Then, for any
ie{l,....,n} and any j,k,{,m € {1,..., N}, the following inequalities hold true:

8 X, . 2
05, F(x)] < DN Zl |2 + N (A.6)
48 N \3/2 24 N o \1)2
9 < ( (i 2) ( © 2> | A7
| @m]f(x)| = vin3N 7;1 |Ir | + v3n2N 7;1 |xr | ( )

Proof. To prove the lemma, we shall proceed as in Theorem 1.3 of Chatterjee [20] but
with some modifications since his computations are made in case where A(x) is a Wigner

matrix of order N.

Note that 0;A is the matrix with

n_l(xgl), . ,:L‘gzll, 2x§1),m§21, - ,mN)

as the j' row, its transpose as the j** column, and zero otherwise. Thus, the Hilbert-

Schmidt norm of 0, A is bounded as follows:

1 N i a2 270 o\ 2
oAk =—(2 X P+l <2 (X R @as)
N 1 k) N\
=1, j e

Now, for any m,j € {1,..., N} such that m # j, 872,”14 has only two non-zero entries
which are equal to 1/n, whereas if m = 7, it has only one non-zero entry which is equal

to 2/n. Hence,
2

1075 All < = (A.9)

Finally, note that 9;,,A = 0 for any j,m,l € {1,...,N}.
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Now, by using (2.38), it follows that, for any j € {1,..., N},
1
0;f = —NTr(G(ﬁjA)G) : (A.10)

In what follows, the notations > ¢ n—jmt s 2o/ m/ e)=im.ey A0d D(im 0 k) ={jm, 0.k}
mean respectively the sum over all permutations of {j,m}, {j,m, ¢} and {j,m, ¢, k}.
Therefore the first sum consists of 2 terms, the second one of 6 terms and the last one
of 24 terms. Starting from (A.10) and applying repeatedly (2.38), we then derive the
following cumbersome formulas for the partial derivatives up to the order four: for any
jm b ke{l,... N},

2. f = = 3 Tr(G(aj/A)G((‘)m/A)G)—;Tr(G(afnjA)G), (A.11)
{jlvm/}:{jrm}
8?m]f = —i Z Tr(G(c‘?]/A)G(ﬁm/A)G(ég/A)G>
{j/7m/7£l}:{j7m7£}
1
> Tr(G(a,?j,A)G(amfA)GJrG(@A)G(&?WA)G)
{3y ={g.m}
LT (GO,A)G2 A)G) + —Te(G(02 A)G(BA)G A
+ T (C@OAG(0,4G) + L Te(CE,AC@AG) . (A12)

We start by giving an upper bound for 821]- f. Since the eigenvalues of G? are all
bounded by v~?, then so are its entries. Then, as Tr(G(95,A4)G) = Tr((9;,;A)G?), it
follows that

|Tr(G(8§UA)G)| = |Tr((872njA)G2)\ <27t (A.13)

Next, to give an upper bound for |Tr(G((‘9jA)G((9mA)G) |, we shall recall some prop-
erties of the Hilbert-Schmidt norm: Let B and C be two N x N complex matrices in
Ly, the set of Hilbert-Schmidt operators. Then

a. [Tr(BC)| < [[B]f2[|C]].-
b. If B admits a spectral decomposition with eigenvalues Ay, ..., Ay, then

max{[|BClz, [CBIl2} < max |Ail.[|C]2 -
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For a proof of these facts, one can check pages 55-58 in [76].

Using the properties of the Hilbert-Schmidt norm recalled above, the fact that the
eigenvalues of G are all bounded by v™!, and (A.8), we then derive that

Tr(G(0;4)G (0 A)G)| < [|G(O;A) G2 [(0m A)G |2
< G105 A) G- 0m Al |G
< IGIP.110;All2-9m All2

4 N (3) 2
i |

(A.14)

Starting from (A.11) and considering (A.13) and (A.14), the first inequality of Lemma
A2 follows.

Next, using again the above properties a. and b., the fact that the eigenvalues of G are
all bounded by v~!, (A.8) and (A.9), we get that

Tr(G(9;A)G (0 A) G A)G)| < [|G(9;A)G(0mA)Gl2-[[(9eA) G2
< IG@; )G OmA) 2. 1G] 10:A]l
< 1G(0;A)[l2-1G (0mA) |2 GII*- |0 Al
< HGH4 105 Allz-[|0m All2-10:All2

= vin3 (Z ‘

)3/2 (A.15)

and

I Te(G(074)G (0 A)G)| < [|GOFA)G -0 A)G 2
< IGIPIG(95A)l2-10m Al
< IGI*1105All2-[10mAll-

4 N ; 1/2
< n(z 1) (A.16)

The same last bound is obviously valid for |Tr(G(9,,A)G(9};A)G)|. Hence, starting from
(A.12) and considering (A.15) and (A.16), the second inequality of Lemma A.2 follows.
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A.2 On the Stieltjes transform of symmetric matri-

ces

The following lemma is proved by Gotze et al. allowing us to compare the Stieltjes

transforms of two symmetric matrices.

Lemma A.3. (Lemma 2.1, [30]) Let A, and B,, be two symmetric n X n matrices.
Then, for any z € C\R,
‘2 1

5 2) =5 O < S

Tr((A, — B,)?),

where A,, = n12A,, and B,, = n"/?B,,.

On the partial derivatives of the Stieltjes transform of symmetric matrices

All along this section, we shall also use the fact that the Stieltjes transform of symmetric
matrices is a smooth function of its entries. Indeed, let N = n(n + 1)/2 and write
elements of RY as x = (wij)1<j<i<n. For any z € C*, let f := f, be the function defined
from RY to C by

f(x) = —~Tr(A(x) — 2I,)"" for any x € RV (A.17)

1
n

where I, is the identity matrix of order n and A(x) is the matrix defined

AX i = =

vn

The function f admits partial derivatives of all orders. In particular, denoting for any
ue{(i,j),1 <j<i<n}, Ouf for df,/0xy, the following upper bounds hold: for any
z=xz+iy € C* and any u,v,w in {(¢,7),1 < j <i<n},
2 4 3 x 25/
|8uf| S 5 a2/9 |au8vf| S 3.9 and |8u8vawf| S
yn Y

y2n3/2’ TR (A.18)
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One can check the equalities (20) and (21) in [20] together with the computations on
pages 2074-2075 of the same paper.

We state now the following lemma by Merlevede and Peligrad [45] allowing us to

control the second order partial derivative of f:

Lemma A.4. (Lemma 13, [45]) Let z = x +iy € CT and f := f, be defined by (A.17).
Let {a;;, 1 < j < i < n} and {bj;, 1 <j<i<n} be two families of real numbers.
Then, for any subset J, of {(i,7),1 < j <i <n} and any element x of RY,

ZZaub OuOy f(x

uEJn Vejn

b2>
‘ yﬁ(ég é;
A.2.1 On the Gaussian interpolation technique

Next lemma is a consequence of the well-known Gaussian interpolation trick.

Lemma A.5. Let (Yi¢)noezz and (Zig)weyezz be two centered real-valued Gaussian

processes. Let Y, be the symmetric random matrixz of order n defined by

Y, #1<j<i<n
(Yo)ij = YJ . T
G fl1<i<g<n.

Denote Y,, = ﬁYn and define similarly the symmetric matriz Z, associated with
(Z.i)ke- Then, for any z =z +iy € CT,

E(Sy, (2)) — E(Sz,(2))

1Y [ (O ~ B2 E(0dy fa(0) )t (A19)

1<U<k<n 1<5<i<n

where, fort € [0,1],
u(t) = (VtYae+VI—t 2y, 1 <0<k <n).

Moreover, we have for any z = x + iy,

E(Sv, () — E(5z,(2))| < ~

> > E(VieYiy) — E(ZieZiy)| -
1<€<k

<n 1<5<5i<n
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Proof. Using the definition of f, we first write

E(Sv,(2)) = Bf (Vio)i<ecken) and E(Sz,(2)) = Ef ((Zre)i<esksn) -

Equality (A.19) then follows from the usual interpolation trick (for an easy reference we
cite Talagrand [67] Section 1.3, Lemma 1.3.1.). To obtain the above upper bound, it
suffices then to take into account (A.18).

O

A.3 Other useful lemmas

We give now the following well-known lemma:

Lemma A.6. If X, Y, Z are three random wvectors defined on a probability space
(Q, K, P), such that X is independent of 0(Z) and o(Y) C o(Z). Then, for any measur-
able function g such that ||g(X,Y)||1 < oo,

E(g(X,Y)|Z) = E(9(X,Y)[Y) a.s. (A.20)

A.3.1 On Taylor expansions for functions of random variables

We give now the Taylor expansion for functions of random variables convenient for the
Lindeberg method.

Lemma A.7. Let f be a three times differentiable function from RT™™ to C, with con-
tinuous and bounded third order partial derivatives, i.e. there exists a constant Lz such
that

|0:0;0kf(x)| < Lz for alli,j,k and x.

Let X and 'Y be two random vectors defined on a probability space (2, K, P) taking values
in R%. Assume that both vectors belong to L3(R?), are centered at expectation and have

the same covariance structure. Let Z be a random vector defined on the same probability
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space but taking values in R™. Assume in addition that Z is independent of X and Y.

Then, for any permutation 7 : R4T™ — R*™ we have

Lyd®

Ef(r(X,2)) — Ef(r(Y,2))] < (ZE|X| FEY)

7j=1

The proof of this lemma is based on the following Taylor expansion for functions of

several variables:

Lemma A.8. Let g be a three times differentiable function from RP to R with continuous

third partial order derivatives and such that
|0;0;0kg(x)| < L3 for all i, j, k and x.

Then, for any a = (ai,...,a,) and b = (by,...,b,) in RP,

p 1 p
g(b = (b; — a;)9;9(0) + 5 > (bjby — a;ar)9;0,9(0) + Rs(a, b).
k=1 k=1

with

e b < (S )+ (S l)') < 5 (Sl + ol

Proof of Lemma A.8. We use Taylor expansion of second order for functions with

bounded partial derivatives of order three. It is well-known that

ofa) ~ 0(0,) = X dig(0,) + 3 O ajakdidho(0,) + Rufa).

jk=1

where

hS]

Ja;*.

Roa)| < ()’ <

j=1 j=1
By writing a similar expression for g(b) — ¢g(0,) and subtracting them the result follows.

O

Proof of Lemma A.7. For simplicity of the notation we shall prove it first for f((X,Z))—
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f((Y,Z)). We start by applying Lemma A.8 to real and imaginary part of f and obtain

fX,2) - f(Y,Z)

d 1 d
]:1 J’kzl

with
Lad?
|R3| < =2

(ermzwr)

By taking the expected value and taking into account the hypothesis of independence
and the fact that X and Y are centered at expectations and have the same covariance

structure, we obtain, for all 1 < j <d
E((X; —Y;)0;f(04,2)) = (EX; — EY;) EJ; f(04,Z) = 0
and, for all 1 < k,j < d,
E(XpX; — Y3 Y;)0;0kf (04, Z) = (E(X) X;) — E(Y,Y;))ED;0k f(0a,Z) = 0.

It follows that
Ef(X,Z) -Ef(Y,Z) =E(R3),
with

2
() < 2

(ZE XP) Z (%)

It remains to note that the result remains valid for any permutation of variables
(X,Z). The variables in X,Z can hold any positions among the variables in function
f since we just need all the derivatives of order three to be uniformly bounded. The
difference in the proof consists only in re-denoting the partial derivatives; for instance
instead of d; we shall use 8kj where k;, 1 < k; < d+m denotes the index of the variable
X, in f(z1,22, .., Tagym)-

O
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A.3.2 On the behavior of the Stieltjes transform of some Gaus-
sian matrices

We provide next a technical lemma on the behavior of the expected value of Stieltjes

transform of symmetric matrices with Gaussian entries. In Lemma A.9 and Proposi-

tion A.10 below, we consider a stationary real-valued centered Gaussian random field

(Gro) (k,0)ez2 With covariance function given by: for any (k,¢) € Z* and any (i, j) € Z?,
E(GreGij) = Yr—i—j

satisfying (3.7) and (3.8). We define then two symmetric matrices of order n, G, =
n2 (g i =y and W, = n=2[W, |7, where the entries g, and Wy, are defined

respectively by

1
Gkt = Grax(k,0)min(k,) and Wy = %<Gk,z + Gz,k;) :

Lemma A.9. For any z € C\R the following convergence holds:

lim [E(Se, (2)) — E(Sw, ()| = 0.

n—o0

As a consequence of this lemma and Theorem 2 in [40], we obtain the following result

concerning the limiting spectral distribution of both G,, and W,,.

Proposition A.10. For any z € C\R, Sg, (z) and Sw, (z) have almost surely the same
limit, S(z), defined by the relations (3.9) and (3.10).

Proof of Lemma A.9. According to Lemma A.5, for any z € C\R,

E(Sc,(2)) — E(Sw. ()]
2

>~ n2 |7III1(Z)|3 Z Z ‘COV(Gk’g, Gi,j) — COV(Wk’g, VVM)’ .

1<0<k<n 1<j<i<n

Taking into account (3.8), we get

E(Wk Wi ) = Yiip—j + Ye—jo—i - (A.21)
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Hence,
2

E(Se,(2)) —E(Sw,(2))| < Zm——7 |Yi—jieil
(5. (2)) ~ E(5w.9)| < e, 2 2 s
Using (3.8) and noticing that by stationarity v, = y—u —, for any (u,v) € Z?, we get

> S el <20 >0 S kel -

1<t<k<n 1<j<i<n 1<0<k<n 1<j<i<k

Let m,, be any positive integer less than n and write the following decomposition

n k k i mn k k k
DY gl DD kil
k=1¢=11=1 j=1 k=1¢=11i=1 j=1
n kK k i—mg, n k k )
+ > D> Vel + D2 D> > gl
k=mn+10=1i=1 j=1 k=mn410=1i=1 j=i—mn+1

with the convention that >%_, = 0 if k > £. Straightforward computations lead to

%

iiiZWk —j - il <m22 Z V5o —j - il

k=1/4=11i=1 j=1 p=0 g=—my
+n’ Z Z Vgl F X mn > > gl -
p=mn g=-n p=0g=—mnp
So overall, for any z € C\R,
4 2m,, &
E(Se.(2)) ~ B(S9.2)| < (s (o > bl + 33 ).
| IIl( p=0g=—n p>mn QEZL

for any z € C\R. The lemma then follows by taking into account (3.7) and by selecting

my, such that m,, - oo and m,,/n — 0.

O

Proof of Proposition A.10. The Borel-Cantelli lemma together with Theorem 17.1.1 in
[56] imply that, for any z € C\R,

lim |Sg, (2) — E

n—oo (

Se.(2))| =0 and lim |Sw, (2) — E(Sw,(2))| = 0 a.
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Therefore, the proposition follows by Lemma A.9 combined with Theorem 2 in [40)]
applied to E(Swn(z)> Indeed the entries (Wj¢)1<ke<n of the matrix n'/2W, form a
symmetric real-valued centered Gaussian random field whose covariance function satisfies
(A.21). Hence relation (2.8) in [40] holds. In addition, by (3.7) , condition (2.9) in [40] is
also satisfied. At this step, the reader should notice that Theorem 2 in [40] also requires
additional conditions on the covariance function 7, (this function is denoted by B(k, ¢)
in this latter paper), namely v4¢ = Yox = Vr.—k- In our case, the first holds (this is (3.8))
but not necessarily v, = v¢,— since by stationarity we only have v, = v_¢ ;. However
a careful analysis of the proof of Theorem 2 in [40] (and in particular of their auxiliary
lemmas) or of the proof of Theorem 17.2.1 in [56], shows that the only condition required
on the covariance function to derive the limiting equation of the Stieljes transform is
the absolute summability condition (2.9) in [40]. It is noteworthy to indicate that, in
Theorem 2 of [40], the symmetry conditions on the covariance function v, must only
translate the fact that the entries of the matrix form a stationary symmetric real-valued
centered Gaussian random field, so 74, has only to satisty vi, = Y x = v—¢_x for any
(k,0) € Z2.

O

A.4 On operator functions

As matrices do not commute, certain tools available in the scalar setting cannot be
straightforward extended. We shall recall in the first part of this section some prelimi-

naries on the matrix exponential and logarithm.

A.4.1 On the matrix exponential and logarithm

We denote by 0 the zero matrix and by I; the d x d identity matrix. For a symmetric
matrix A, we use the curly inequalities to denote the semi-definite ordering and we write
0 < A if A is positive semi-definite and 0 < A if A is positive definite.

We recall that the matrix exponential is the operator mapping defined for any d x d
self-adjoint matrix A by

A e =1 —i—iA—k
T g
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and the matrix logarithm is defined as its inverse; i.e. log(e®*) := A. The matrix

logarithm is operator monotone. Namely, for any two self-adjoint matrices A and B,
0<A=<B = log(A)<log(B).

Moreover, we note that the matrix logarithm is operator concave: for any ¢t € [0, 1] and

any self-adjoint matrices A and B
tlog(A) + (1 —t)log(B) = log(tA + (1 —1)B).

We also note that the matrix exponential is positive but it is neither operator monotone
nor convex. However, the Trace exponential function A +— Trexp(A) is so. More

precisely, for any self-adjoint matrices A and B,
A<B = Trexp(A) < Trexp(B)
and for any ¢ € [0, 1],
Trexp(tA + (1 —t)B) < tTrexp(A) + (1 — t)Trexp(B).

For more details on this issue, we refer to [12] and [35]. Having recalled the above
functions, we can introduce now the following theorem, due to Lieb, on the concavity of

the trace.

Theorem A.11. (Theorem 6, [42]) Let B be a self-adjoint matriz. The operator map-
ping
A — Trexp(B + log(A))

is concave on the positive definite cone.

The fact that the matrix exponential does not convert sums into products unless
the matrices commute makes many properties of the exponential function inextensible
to the matrix setting. However, the following Golden-Thompson inequality allows us to
compare the Trace exponential function of the sum of two matrices by the trace of the

product. More precisely,
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Lemma A.12. (Golden-Thompson inequality, [29], [69]) Let A and B be two self-adjoint

matrices, then
Tr(eA+B) < Tr(eAeB) .
We note that this lemma fails for more than two matrices (see [12]).

We recall now some properties on the expectation of matrices. The trace and the

expectation commute and for any random matrices A and B that are independent,
E(AB) =E(A)E(B).
Moreover, the expectation preserves the semi-definite ordering:
A<B — EA)=<EB),

and every operator convex function admits an operator Jensen’s inequality (see [35]). In

particular, applying Jensen’s inequality for the Trace exponential function yields

Trexp(EA) < ETrexp(A).

A.4.2 On the Matrix Laplace Transform

In this subsection, we collect some technical preliminary lemmas that are necessary for
the proof in Section 5.3.

We start by the following lemma which is due to Tropp [70] and controls the ma-
trix Laplace transform of the sum of independent centered self-adjoint matrices having

uniformly bounded largest eigenvalues.

Lemma A.13. ([70]) Let K be a finite subset of positive integers. Consider a family
(Up)ker of d x d self-adjoint random matrices that are mutually independent. Assume
that for any k € K,

E(Ux) =0 and Apax(Ug) < B a.s.

where B is a positive constant. Then for any t > 0,

ETrexp (¢ Y Up) < dexp <t2g(tB))\maX( T E(Ui))) , (A.22)

keK keK
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where g(z) = x7%(e* —z — 1).

Under the form stated above, it is a combination of (1.13) and the following lemma
that shows how the bound on the largest eigenvalue serves to control the Laplace trans-

form of a zero-mean random matrix.

Lemma A.14. (Lemma 6.7, [70]) Let U be a self-adjoint matriz satisfying
EU=0 and Aax(U) <1 a.s.

Then
Ee’ < exp ((et —t—1) -E(U2)> :

Proof of Lemma A.13. By the above lemma, we have for any k£ € K,

1
EeV* < exp (ﬁ(ew —tB—1) E(Ui)) = exp (t29(tB) E(Ui)) .
Noting that the Trace exponential and the matrix logarithm are operator increasing, we

plug the above bound in (1.13) and get

ETr exp (t > Uk) < Trexp ( > log ]Eetm>

keK keK

< Trexp (tQQ(tB) Z EUU%))

keK

< dexp <t29(tB)Amax( > E(Ui))) :

keK

where the last inequality follows from the fact the trace is bounded by d times the largest

eigenvalue. [

We restate the following lemma and give its proof:

Lemma A.15. Let Uy, Uy,... be a sequence of d x d self-adjoint random matrices.
Assume that there exist positive constants og,01,... and Ko, K1, ... such that, for any
i >0 and any t in [0,1/k;],

log ETr(etUi) < Cy+ (03t)*/(1 — Kit),
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where Cy is a positive constant depending only on d. Then, for any positive m and any
tin [0,1/(ko+ K1+ -+ Em)],

log ETr exp (t > [Uk.) < Cy+ (ot)?/(1 — kt),
k=0

where o = og+o01+--+0, and K =Ko+ K1+ + K.
Proof. For any i = 1,...,m, we define the functions ~; by
Yi(t) = (03)*/(1 — K;t) fort € [0,1/k;] and () = +oo for t > 1/~;.
The proof follows by induction on m. Considering the case m = 1, we let for any ¢t > 0,
L(t) = logETr (et(U“Ul)) :

and notice that by the Golden-Thompson inequality and the monotony of the matrix
logarithm,
L(t) <log ]ETr(etUOetml) . (A.23)

We recall now the non-commutative Holder inequality: if A and B are d x d self-adjoint

random matrices then, for any 1 < p,q < oo with p~' + ¢ 1 =1,
ITr(AB)| < [[Allse[|Bllse , (A.24)

where
d 1/p d 1/q
[Alls = (CNA)P) T and Bl = (3 NB))
i=1 =1

are respectively the p-Schatten and q-Schatten norms of A and B. We refer on this issue
to exercise 1.3.9 in [68].

Starting from (A.23) and applying (A.24) with A = e’ and B = 'Y we derive that
for any ¢ > 0 and any p €]1, 00]

L(t) < 1og B ([l s e s )
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which gives by applying Holder’s inequality
L(t) < p~ log Elle"™ |5, + ¢~ log Elle' ™ 15, .

Observe now that since Uy is self-adjoint
d
||etU0||§p — Z |)\i(etUo)|p _ Z )\i(ethUo) — Tr<eton> ’
i=1 j
and similarly ||e*V]|, = Tr(etqml). So, overall,

L(t) < p 'log ETr(etpU‘)) +q 'log ETr(ethl) : (A.25)

For any ¢ in [0, 1/k[, take
_ %

Uy (1 — Kt) + Kot ,

g

where we note that in this case, k = kg + k1 and 0 = ¢ + o1. With this choice
o
1—u = —(1— kt) + rit,
o

so that u; belongs to ]0,1[. Applying Inequality (A.25) with p = 1/u;, we get for any ¢
in [0,1/k][,

L(t) < Cd—i-ut’m( ! ) +(1 _ut)%( t )

UT 1 —uy
o2t? o2t?
=Ci+—"—+ -
d U — kot 1 —up — Kt
(o)
=C,;+ ,
Tkt

which completes the proof of Lemma A.15. [J

A.4.3 Berbee’s Coupling Lemmas

In this Section, we recall Berbee’s maximal and classical coupling lemmas [11]. We start

by the former one for random variables satisfying a S-mixing condition:
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Lemma A.16. (Berbee’s mazimal coupling lemma, [11]) Let A be a o-field in (2, A, P)
and X be a random variable with values in some Polish space. Let d be a random variable
with uniform distribution over [0,1], independent of the o-field generated by X and A.
Then there exists a random variable X* , with the same law as X, independent of X,
such that

P(X # X*) = B(A, (X))

Furthermore, X* is measurable with respect to the o-field generated by A and (X, 6).

We state now Berbee’s classical coupling lemma [11]:

Lemma A.17. (Berbee’s classical coupling lemma, [11]) Let X and 'Y be two random
variables defined on a probability space (€, A,P) and taking values in Borel spaces By
and By respectively. Assume that (Q, A, P) is rich enough to contain a random variable &
with uniform distribution over [0, 1] independent of (X,Y’). Then there exists a random
variable Y* = f(X,Y,6), where f is a measurable function from By X By x [0,1] into Bs,
such that Y* is independent of X, has the same distribution as 'Y and

B(Y #Y") = B(o(X),o(Y)).

We finally note that the S-mixing coefficient 3(o(X),o(Y)) has the following equiv-
alent definition: .
Bo(X),0(Y)) = §||PX,Y_PX®PY||, (A.26)

where Py y is the joint distribution of (X,Y’) and Px and Py are respectively the dis-
tributions of X and Y and, for two positive measures p and v, the notation ||y — v||

denotes the total variation of yu — v.
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