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R É S U M É

Les problèmes de décision séquentielle dans l’incertain requièrent qu’un agent prenne
des décisions, les unes après les autres, en fonction de l’état de l’environnement dans
lequel il se trouve. Dans la plupart des travaux, l’environnement dans lequel évolue
l’agent est supposé stationnaire, c’est-à-dire qu’il n’évolue pas avec le temps. Toute-
fois, l’hypothèse de stationnarité peut ne pas être vérifiée quand, par exemple, des
évènements exogènes au problème interviennent. Dans cette thèse, nous nous intéres-
sons à la prise de décision séquentielle dans des environnement non-stationnaires.
Nous proposons un nouveau modèle appelé HS3MDP permettant de représen-

ter les problèmes non-stationnaires dont les dynamiques évoluent parmi un ensem-
ble fini de contextes. Afin de résoudre efficacement ces problèmes, nous adaptons
l’algorithme POMCP aux HS3MDP. Dans le but d’apprendre les dynamiques des
problèmes de cette classe, nous présentons RLCD avec SCD, une méthode utilisable
sans connaître à priori le nombre de contextes.
Nous explorons ensuite le domaine de l’argumentation où peu de travaux se sont

intéressés à la décision séquentielle. Nous étudions deux types de problèmes : les
débats stochastiques (APS) et les problèmes de médiation face à des agents non-
stationnaires (DMP). Nous présentons dans ce travail un modèle formalisant les
APS et permettant de les transformer en MOMDP afin d’optimiser la séquence
d’arguments d’un des agents du débat. Nous étendons cette modélisation aux DMP
afin de permettre à un médiateur de répartir stratégiquement la parole dans un
débat.
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A B S T R AC T

In sequential decision-making problems under uncertainty, an agent makes decisions,
one after another, considering the current state of the environment where she evolves.
In most work, the environment the agent evolves in is assumed to be stationary, i.e.,
its dynamics do not change over time. However, the stationarity hypothesis can
be invalid if, for instance, exogenous events can occur. In this document, we are
interested in sequential decision-making in non-stationary environments.
We propose a new model named HS3MDP, allowing us to represent non-stationary

problems whose dynamics evolve among a finite set of contexts. In order to efficiently
solve those problems, we adapt the POMCP algorithm to HS3MDPs. We also
present RLCD with SCD, a new method to learn the dynamics of the environments,
without knowing a priori the number of contexts.
We then explore the field of argumentation problems, where few works consider

sequential decision-making. We address two types of problems: stochastic debates
(APS) and mediation problems with non-stationary agents (DMP). In this work,
we present a model formalizing APS and allowing us to transform them into an
MOMDP in order to optimize the sequence of arguments of one agent in the debate.
We then extend this model to DMPs to allow a mediator to strategically organize
speak-turns in a debate.
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1
I N T RO D U C T I O N

“What do I want to eat?”, “which way should I take to go to work?”, “Should I
wear red or black?”, “What can I say to convince him to buy my car?”. Those are
common choices we have to face on a daily basis. Some require one-shot decisions
(once we have chosen to put on the black dress, the problem is over) while others
need us to make multiple, sequential decisions. Those decisions induce an action
to perform, e.g., take the first street on the left, and once there decide to take the
second street on the right, etc.
In this work, we only consider the more difficult second type of problems, called

sequential decision-making problems. An agent, real or virtual, has to make several
decisions, one after another, in an environment. Although the word “agent” can
have different meanings depending on the research field, it designates, in this work,
the entity responsible for making the decisions. The environment is the part of
the world the agent evolves in, where the decisions are made and the actions are
performed.
In such problems, the environment is not fixed. For instance, when pushing a

button to call an elevator, the agent expects this elevator to start moving to the right
floor. The environment, a building, evolves with the current floor of the elevator.
More generally, the associated environment may evolve with the decisions of the
agent, in response or independently. In order to stay efficient in her behaviour, the
agent has to adapt her strategy according to this evolution.

The evolution of the environment can be categorized in two types. In the first
one, the evolution can be exactly predicted. In this case, we say it evolves in a
deterministic way. An example of deterministic evolution is, for instance, a door
going from the open state to the close state when an agent performs the action to
close it.
On the opposite, when the evolution of this environment cannot be exactly pre-

dicted, we face a decision-making problem under uncertainty. With the same exam-
ple, the evolution is uncertain if, while trying to open the door, there is a chance
that the door has been locked and thus remains in the same state after the action
has been performed.
We illustrate the notion of agent, environment and evolution in the following

example.

Example 1. Consider the problem of a robot on Mars, needing to reach some coor-
dinates of the planet. After each move, the robot will have to perform another action
until it reaches its goal. In this problem, the agent is the robot and the environment
is Mars. The evolution of the environment comes from the change of position of the
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introduction

robot. Moreover, the position of the goal may also change. The agent is thus required
to adapt her path to the goal to be able to reach it.

In sequential decision-making problems, after each decision made in the environ-
ment, the agent receives a reward, contextualized according to the problem. In the
context of the questions presented previously, the reward may be proportional to
the time needed to go to work or to a satisfaction about the meal the agent just had.
A rational decision-maker is supposed to make the decision maximizing the reward,
i.e., maximizing the satisfaction or minimizing the travel time (maximizing the time
spent at home).
The reward does not only depend on the action performed but also on the current

state of the environment. Of course, the number of cars in the streets may change
the travel time across this street as well as the corresponding reward that depends
on it.

In fact, the notion of environment can be split in two parts: the real environment
and the model, the mental representation of this environment by the agent. In the
robot example, the real environment may be the whole planet Mars. It is not realistic
to consider an agent with a comprehensive representation on it. Moreover, it is often
sufficient to approximate the environment, e.g., to restrict the area, to assume the
terrain is flat, etc.
In most applications in this work, the real environment and the model are merged.

However, it assumes the agent has at her disposal an (almost) exact representation
of the environment such that performing an action in the environment and in the
model yields the same outcome.
When the environment is not known, the agent has to learn a model of it, via

interactions with which she will try to figure out what action performs the best in
the current state. In this case, the model and the environment differ, until the agent
has learned a model accurate enough to yield the same rewards in any circumstances
(see, for instance, model-based reinforcement learning (Sutton and Barto, 1998)).

Independently of being known or not, if the rules that define the evolution of the
environment never change, we say this environment is stationary. For our problems,
those rules are probability distributions. We face, in this case, a stochastic problem.
However, in other works, the evolution can be dictated by an opponent of the agent,
leading to an adversarial problem.
The stationary assumption is common, in particular with Markov models. Indeed,

most of the existing algorithms to solve this class of models cannot guarantee to
converge towards the optimal solution if the environment is non-stationary.
Unfortunately, not all problems are stationary. Indeed, the environment may

change due to external events. In finance, when investing on the stock market, a
financial crisis or a public announcement may change the dynamics of stock prices.
In the same idea, in a highly concurrential market, the entry of a new actor may
change the evolution of the supply and demand. Another example of non-stationary
environment concerns multi-agent systems. From the viewpoint of one agent, a
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change of behaviour (e.g., due to learning) of another one may affect the environment
of the first agent. For instance, in a debate problem, agents’ state-of-mind can change
from a compliant setting to an aggressive one if they start to become impatient.

In fact, environments can be non-stationary in many ways. Planning in such en-
vironments is a difficult problem to tackle in the general case. We focus instead on a
subclass of problems where non-stationary environments evolve according to a small
number of non-observable contexts, also called modes. The evolution represented
across the modes can be smooth or abrupt but, in any case, the number of modes is
fixed. The current mode of an environment determines how it reacts to the action
of the agent and what feedback is given.
Few works try to solve this type of non-stationarity, even though it is the natural

improvement of making one mean model of the environment. The purpose of this
work is to develop simple yet powerful methods to address this type of problems.

This thesis is articulated in two parts. In Part I, we first review, in Chapter 2
the work done so far in the field of sequential-decision making under uncertainty.
We start with stationary environments and extend to non-stationary environments.
However, the models presented in this chapter are limited and make strong assump-
tions, especially that the environment dynamics evolve at each decision step. In order
to relax this assumption, we present in Chapter 3 our first contribution along the list
of Markov decision models: the Hidden Semi-Markov Mode Markov Decision Pro-
cess (HS3MDP) framework. Our model allows the environment to be non-stationary,
following a semi-Markov chain, which is a less limiting hypothesis on its evolution.
In fact, the problems formalized with our new model can also be modeled with
the POMDP framework. However, we develop optimizations specific to our model,
with which we can tackle problems intractable otherwise. To conclude this part, we
explore a method to learn the model. Chapter 4 presents our second contribution
about learning mode-based models. This method, called Reinforcement Learning
with Context Detection with Sequential Change-point Detection (RLCD with SCD),
is able to learn not only the dynamics of the problem but also the number of modes
characterizing the environment evolution. Using statistical indicators, it is able to
switch between existing modes or add a new one if the results are not good enough.

An interesting example of non-stationary problems is the context of argumenta-
tive debates. This open field of research is very fertile but most of the works are
about representing debates and determining which arguments hold and should be ac-
cepted when several (possibly contradicting) arguments are put forward. While the
topic of argumentative strategies is gaining popularity recently, most of the works
focus on one-shot decisions. Our contributions in this field are about strategically
organizing sequences of arguments. We will see that argumentation problems can
be represented as sequential decision-making problems under uncertainty. Moreover,
if the strategy of the adversary in the debate changes, this problem can be seen as
non-stationary.
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In Part II, we consider two types of argumentation problems: debate problems and
mediation problems. First of all, Chapter 6 presents the foundation of argumentation
problems. In Chapter 7, we focus on probabilistic argumentation debates between
two agents, facing each other in order to convince their opponent. An agent is
convinced if the arguments composing the goal of her opponent are exposed on the
public space and hold. We recall in this chapter, our recently proposed formalization
of debates called Argumentation problems with Probabilistic Strategies (APS) based
on Hunter’s work (2014), allowing agents to behave stochastically, instead of in a
deterministic way. Starting from this model, we propose a method to transform an
APS and exploit its structure from the view-point of one agent in order to efficiently
solve it. We use this framework as a solid foundation for Chapter 8. Indeed, it
presents a slightly different type of debates: mediation problems in which, unlike
APS, the compliance or aggressivity of agents when it comes to seek a consensus
may evolve during the debate. Mediation problems are common in political contexts
where it comes to find a peaceful arrangement between conflicting parties.
In this new type of problems, we do not make any assumptions about the mediator.

In particular, the mediator does not have to be fair and can seek a biased consensus
for either one of the teams or for herself. In this work, we represent the problem
using an APS to be able to convert it to an HS3MDP and solve it, even with a high
number of agents involved in the debate.
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Sequential decision-making under uncertainty has been studied for decades. It
is interesting to see that a huge segment of this field is covered by Markov models
(Puterman, 1994). Indeed, the expressivity and the ease of modelization with those
models make them very useful for solving such problems. Although they are all
related, each Markov model requires different assumptions making it more suitable
than the others in specific contexts. In this chapter, we review the most known
and used models for sequential decision-making in stationary contexts. This will
draw the outlines of a hierarchy of the models and let us look more closely to the
part concerning non-stationary environments in the fourth section. We present the
theoretical models along with the high-level ideas of some fundamental algorithms
to solve the problems modeled with them.
The hierarchy can be split in two types of models: the explanation models and

the decision models. One purpose of explanation models is to represent an envi-
ronment in order to understand its dynamics. On the opposite, decision models
are used to compute the best action to perform considering the current situation in
the environment (the current state). Of course, no decision can be made without a
proper understanding of the problem. Therefore, each decision model is based on
an underlying explanation model.
Figure 1 sums up the relationships between the models that are presented in

Chapters 2 and 3.
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HMM HSMM
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MDP HM-MDP HS3MDP
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extends

extends extends

extends

derives

extends equivalent

derives derives
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extends

Figure 1: Hierarchy of the main Markov models

1 Foreword

1.1 Markov Chains

A Markov chain (Kemeny and Snell, 1960) allows us to formalize the evolution
of the state of an environment whose dynamics are stochastic, i.e., dictated by
probability distributions. Those distributions are also stationary, meaning that they
do not change over time.
When the evolution of an environment only depends on its current state, i.e.,

the condition of a probabilistic rule does not consider states that are further than
one step before, it is said to fulfill the Markov property (Markov, 1954). When an
environment fulfills the Markov property, is ruled by probability distributions and
its current state is completely observable, all conditions are met to define a Markov
chain for this environment.
A Markov chain is characterized by a pair 〈S,T 〉 with:

• S, a finite set of completely observable states,

• T : S → Pr(S), a transition function over the states where T (s)(s′) is the
probability of transitioning from s to s′.

Notation 1. Probabilistic functions. In this document, when defining and using
functions like the transition function above, we use indifferently T (s)(s′) and T (s, s′)
for concision purpose. Indeed, in this context, notations T : S → Pr(S) and T :
S × S → [0, 1] are equivalent, as soon as ∑s′∈S T (s, s′) = 1,∀s ∈ S.

We illustrate the Markov chain model with an elevator problem as below.
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Figure 2: Markov chain representation of the elevator problem

Example 2. Elevator problem. We consider an elevator in an office building
with three floors named {1f, 2f, 3f}. At each floor, a user can call the elevator by
hitting a button. Once inside, she can, like in any other elevator, choose the floor
she wants to reach. The repartition of persons calling the elevator over the different
floors depends on the time of the day. Indeed, in the morning, a majority of persons
want to go up into their office rooms. On the opposite, at the end of the day, the
persons want to go down and go home. During the day, variations may occur due
to meetings or some external events. Note that, in order to be modeled, the problem
needs to have a finite number of floors.
Suppose we are only interested in representing the floor where the elevator is lo-

cated. A Markov chain modeling this problem can be defined such that S = {1f, 2f, 3f}
and T follows the distributions below:

T (s, s′) 1f 2f 3f

1f 0.8 0.2 0
2f 0.2 0.6 0.2
3f 0 0.1 0.9

We could also, assuming that all those components are observable, represent which
buttons are pressed, which flow of persons (morning rush, evening rush, mid-day use)
is currently occurring, etc. However, this means that the state space would be the
Cartesian product of all the sets (floors, flows, buttons). For concision purpose, we
choose to only represent the floors in this example.

More visually, a Markov chain can be represented as a graph such as Figure 2.
In this graph, nodes represent the states of the chain where 1f, 2f and 3f are the
corresponding floors. An arc from node s to node s′ represents the transition be-
tween those states and thus is characterized by T (s, s′), the probability of transition
presented above. Note that some transitions are not represented in the graph. They
correspond to a probability of 0 in the table of probabilities and thus are impossible
transitions.
This model lets us easily represent a large class of problems. However, the most

restraining hypothesis is the need to exactly observe the current state. This may
not be suitable for problems like stock market forecasting, where we can observe the
market trends but not the market internal state.
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In order to relax this assumption, Baum and Petrie proposed the Hidden Markov
Model (HMM) framework (1966), presented below.

1.2 Hidden Markov Models

When using an HMM, the current state of the environment is not directly ob-
servable. Instead, an indirect observation is generated, conditioned by the current
hidden state.
An HMM is characterized by a tuple 〈S,T ,O,Q〉 with:

• S and T as in the Markov chain model, except S is not observable,

• O, a finite set of observations,

• Q : S → Pr(O), an observation function.

From state s, the next state s′ is drawn from T (s, ·) as in Markov chains. However,
in HMMs, s′ is not directly observable. Instead, the agent receives an observation o
drawn from Q(s′, ·). Using the history of the observations, the agent can infer what
is the underlying current state of the problem.
As stated previously, Q(s′, ·) is a notation equivalent to Q(s′)(·).

Example 3. Example 2 cont’d. Building upon the previous definition of this
problem, we now consider that we want to represent what is the current flow of
persons, using the knowledge of the current floor of the elevator.
For this problem, the set of states is S = {morning, evening,mid-day}. This time,

the current state s is not observable. Instead, we receive an observation o ∈ O =
{1f, 2f, 3f}.
T must be redefined to comply with the new definition of the problem:

T (s, s′) morning evening mid-day

morning 0 0.9 0.1
mid-day 0 0 1
evening 0.9 0.1 0

The observation function Q may be defined as:

Q(s′, o) 1f 2f 3f

morning 0.9 0 0.1
evening 0.1 0.1 0.8
mid-day 0.3 0.5 0.2

where Q(s′, o) is the probability of observing o while arriving in state s′.

The interested reader can see Rabiner’s introduction (1989) for one of the most
known introduction on HMMs.
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2 sequential decision-making under uncertainty

1.3 Hidden Semi-Markov Models

In some contexts, it is not realistic to consider that the state of the environment
evolves at each timestep. To represent such problems, HMMs have been extended
by considering that the current state of the problem can last several steps. This
behaviour could be simulated in HMMs by setting a high probability of transition
from a state to itself. However, this does not guarantee any minimum nor maximum
number of steps stayed in this state. To account for such problems, Hidden Semi-
Markov Models (HSMMs) have been proposed (Yu, 2010).
In HSMMs, the transition function T needs to integrate the period of each state.

This period is an element of D, a finite set of periods. Therefore, the new definition
of the transition function is T : (S ×D) → Pr(S ×D). For instance, a transition
from (s, 2) to (s′, 4) means that, after 2 steps in state s, the environment stays in
state s′ for 4 steps.
Even though the current state of the environment stays the same for several steps,

a (potentially different) observation is generated at each step.

Example 4. Example 2 cont’d. As the different flows of persons are spread over
a working day, it is relevant to consider they may last several steps.
We keep the definition of S, O and Q as previously. Let us consider that the

maximum period of time is 4 steps. The period for morning and evening flows is
exactly 2 steps and may be 3 or 4 steps for the mid-day flow. We redefine T as follows:
The transitions for impossible periods, e.g., (morning, 1), are not represented in the

T
morning mid-day evening

2 3 4 2

morning 2 0 0.5 0.4 0.1

mid-day 3 0 0 0 1
4 0 0 0 1

evening 2 0.8 0.1 0.1 0

table for clarity purpose.

Markov chains, HMMs and HSMMs are fundamental for the explanation of
Markov systems. However, we cannot formalize decision-making problems with
them as they are only descriptive. Therefore, no decision can be taken into ac-
count when using these models. For this purpose, we have to rely on more evolved
models presented in the following section.

2 Sequential decision-making under uncertainty

In this document, we are interested in an agent who is required to make several
decisions sequentially. This agent has to take into account the current state of the
environment (with complete or partial information) when making a decision and
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executing an action as it will react according to this decision. This procedure has
to be repeated infinitely or until the agent reaches her goal with an infinite horizon
or up to a limited number of decision steps with a finite horizon.
Depending on the assumptions made, the agent has different sets of information

at her disposal to make decisions. Once the action has been made, the agent obtains
a feedback from the environment signifying how good the chosen action was in the
current state.
The most famous model for sequential decision-making under uncertainty is the

Markov Decision Process (MDP) model (Bellman, 1957).

2.1 Markov Decision Processes

Markov Decision Processes extend Markov chains to decision-making problems. In-
deed, like Markov chains, it is assumed that the current state of the system is exactly
observed, the functions are stationary and the problem fulfills the Markov property.

An MDP is defined by a tuple 〈S,A,T ,R〉 with:

• S, a finite set of states,

• A, a finite set of actions,

• T : S ×A→ Pr(S), a transition function over the states,

• R : S ×A→ R, a reward function.

Value T (s, a, s′) is the probability of reaching state s′ from state s after performing
action a, and R(s, a) is the reward r ∈ R yielded by performing action a in state s.
The reward function gives a feedback that can represent a payoff given to the agent.
Alternatively, it can represent the preferences of the agent to some configurations
of the environment. In any cases, this feedback, which can be a reward or a cost, is
used to guide the decisions of the agent.
As a side note, like Markov chains, an MDP can be seen as a graph whose vertices

are the states of this MDP and arcs are the transitions between states. Figure 3
shows an example of a 3-state, 2-action MDP.
To illustrate further the definition of an MDP, let us modify the elevator problem:

Example 5. Elevator problem. An agent, possibly the elevator itself, now has
to control the elevator over f floors in order, for the users, to wait the less possible
amount of time. A decision in the context of this problem is a choice between moving
the elevator of one floor up or down or to open the doors. As previously, at each
decision step, a user may call the elevator at any floor and, once inside, select any
desired floor to go. This time we also take into account the states of the buttons and
the flows of persons. In this example, all components of the states are assumed to be
directly observable.
This decision problem can be formalized as an MDP where:

• S = floors× button states× flows of persons,
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s1 s2

s3

(a1, 0.5)
(a1, 0.5)

(a1, 1)

(a2, 1)(a1, 0.9)

(a1, 0.1)

(a2, 1)

(a) Transition graph

R
a1 a2

s1 s2 s3 s1 s2 s3

s1 -1 0.5 — — — —
s2 10 — — — — —
s3 0 — -1 — 10 —

(b) Reward table for the MDP

Figure 3: Example of a 3-state, 2-action MDP with (action, probability) on arcs

• A = {up one floor, down one floor, open the doors},

• T can be any probability distribution preventing from going down when at floor
1 and going up at floor f while ensuring the elevator moves of only one floor,

• R gives a negative feedback for each action that is not compliant with the des-
tination of the users inside.

To illustrate the reward function, say the elevator is at the second floor. It contains
three persons, two of them want to go to the first floor and one to the third. In this
configuration, if the elevator is going up, it complies with one the destination of one
user while getting a negative feedback for each of the two others.
In this definition of the problem, the uncertainty lies in the feedback given as the

controlling agent does not know how many users want to go to a given destination.

Once the problem is modeled, it needs to be solved. A solution of an MDP is a
policy π, i.e., a sequence (δ0, δ1, . . . , δt, . . .) of decision rules such as each decision
rule δt : S → A dictates which action to take for each state at timestep t. A policy
π can be valued at timestep t by the expected discounted total reward it yields in
state s:

V δt(s) = R(s, δt(s)) + γ
∑
s′∈S

T (s, δt(s), s′)× V δt+1(s′) (1)

where γ ∈ [0, 1[ is a discount factor. Function V δt ,∀t, is called the value function
of π and Equation 1 is the Bellman equation of an MDP (Bellman, 1957). Solving
an MDP consists in finding an optimal policy, i.e., a policy that maximizes the
expected discounted sum of rewards:

π∗(s) = arg max
a

R(s, a) + γ
∑
s′∈S

T (s, a, s′)× V π∗(s′)

 (2)

Where arg maxa Fct(a) is the action a maximizing function Fct.
Interestingly, the optimal policy of an MDP is stationary, i.e., for each timestep

t, δt = δ0. This property allows us to apply the same optimal policy, even if the
number of decision steps goes to infinity. For instance, the optimal policy of the
problem represented by Figure 3 is π∗(s1) = a1, π∗(s2) = a2, π∗(s3) = a2.
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The classical methods to exactly solve MDPs are the Value Iteration (Bellman,
1957) and the Policy Iteration (Howard, 1970) algorithms. However, both require
full knowledge of the model. When the transition function and/or the reward func-
tion are not known, one can use reinforcement learning algorithms like Q-Learning
(Sutton and Barto, 1998). This algorithm is guaranteed to converge to the optimal
solution in a finite number of steps as soon as a discount factor γ < 1 is used when
computing the value function (Watkins and Dayan, 1992).
All these methods compute the optimal value function V ∗ iteratively. For the

Value Iteration algorithm for instance, V ∗ is computed as the limit of the following
sequence:

V0(0) = 0 (3)

Vi+1(s) = max
a

∑
s′
T (s, a, s′)(R(s, a) + γVi(s

′))

 ,∀i ≥ 1 (4)

The drawback of MDPs is that they require full knowledge of the current state.
When the states are no longer observable but the decision-maker has partial informa-
tion about the state of the system, one can rely on the Partially Observable Markov
Decision Process (POMDP) model (Puterman, 1994).

2.2 Partially Observable Markov Decision Processes

A POMDP is characterized by the tuple 〈S,A,T ,R,O,Q〉 with:

• S,A,T ,R as defined for MDPs,

• O, a finite set of observations,

• Q : S ×A→ Pr(O), an observation function

In this model, after each action, instead of receiving the new state the agent
is currently in, the agent receives an observation about this state. Note that the
POMDP model is an extension of MDP. Indeed, an MDP is a POMDP where O = S
and Q(s, a, o) = 1 if s = o and 0 elsewhere.
In most problems, the observation function Q does not depend on the action taken.

To reflect this simplification, when necessary the function will be defined as Q : S →
Pr(O). Recall that, as state previously, Q is also equivalent to S ×O → [0, 1] as
soon as ∑o∈OQ(s, o) = 1, ∀s ∈ S.

Example 6. Partially observable elevator problem. Let us modify the pre-
vious formalization of the problem in order to comply with the POMDP framework.
This model let us consider components that are not directly observed, like in HMMs.

The modelization of the problem as a POMDP is as follows:

• S = floors× buttons state× flows of persons, unobserved as in HMMs

• A as previously,

• T and R as previously but considering the new set of states,
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Figure 4: Example of policy graph for a problem with at least 3 actions and 2 observations

• O = {1f, 2f, 3f},

• Q is defined considering the state and the action.

Considering the set of observations, we can have an intuition on how to solve this
problem. Indeed, if during a period of time, the observation 3f have been received
a high number of times, we can deduce that the elevator is used most of the time
to go up. To some extent, we could infer that the current flow is morning, when
employees arrive at in building and go to their office room.

Since the agent cannot observe the POMDP state, she has to choose the next
action depending on the history of past observations. However, at step t, the prob-
ability distribution over the current state given the initial states and the history up
to the current step t can be summarized by a probability distribution over states
P (st|s0, . . . , st−1) called belief state (Åström, 1965). Maintaining this distribution is
sufficient and complete information to make optimal decisions. Therefore, a policy
π can be considered as a mapping Pr(S) → A. One can note that such a mapping
cannot be computed in practice as the range of Pr(S) is infinite.
Fortunately, a policy of a POMDP can be represented compactly as a policy graph

(Hansen, 1997). This graph is a deterministic finite automaton where the nodes are
the actions to perform and the transitions are the observations received. Figure
4 shows an example of a policy graph for a POMDP with at least 3 actions and
2 observations. In this graph, starting at the pointed node, the agent performs
the action given by the label of the node. After receiving an observation from the
environment (either o1 or o2), the agent needs to follow the corresponding arc in
the automaton in order to transition to the next, possibly the same, node. She
performs the action labeled by the node, and follows the arc corresponding to the
new observation.

Optimal algorithms have been proposed to solve POMDPs such as Witness (Kael-
bling et al., 1998) and Incremental Pruning (Cassandra et al., 1997). They all use the
property of the value function of the POMDP which is PieceWise Linear and Con-
vex (PWLC). Therefore, the value function can be computed using the belief state
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and value vectors called α-vectors. The problem of those exact algorithms is they
do not scale to large-sized problems. Indeed, finding an optimal policy for infinite-
horizon POMDPs is PSPACE-Complete (Papadimitriou and Tsitsiklis, 1987). For
this situation, one can use appoximate algorithms such as SARSOP (Kurniawati et
al., 2008) or Point-Based Value Iteration (Pineau et al., 2003).

In various settings, some components of the state are fully observable while the
rest of the state is not. It is the case, for instance, in multi-agent problems where
the other agents are integrated in the environment. That way, the position of the
decision maker is fully observable while the positions of the others are not. Ong et al.
proposed the Mixed Observability Markov Decision Process (MOMDP) model (2010)
to account for such problems. MOMDP algorithms exploit the mixed-observability
property thus leading to a higher computational efficiency.

2.3 Mixed-Observability Markov Decision Processes

An MOMDP is characterized by a tuple 〈Sv,Sh,A,Ov,Oh,T ,Q,R〉 with:

• Sv and Sh, respectively a set of the observable and of the hidden parts of the
state,

• A, a finite set of actions,

• Ov and Oh, respectively a finite set of observations on the visible and and on
hidden parts of the state, with Ov = Sv,

• T : Sv × Sh ×A→ Pr(Sv × Sh), a transition function,

• Q : Sv × Sh ×A→ Pr(Ov ×Oh), an observation function,

• R : Sv × Sh ×A→ R, a reward function.

Note that an MOMDP is a structured POMDP 〈S,A,T ,R,O,Q〉 where S =
Sv × Sh and O = Ov ×Oh.

Example 7. Mixed observable elevator problem. In a more realistic setting,
the state of the buttons and the current floor are observable while still being part
of the current state. However, the current setting of the flow of persons cannot be
observed, only the number of persons induced by the flow can be. In this situation,
the MOMDP modelization of this problem is:

• Sv = floors× buttons states,

• Sh = flow sides,

• A, as previously,

• Ov = floors× buttons states,

• Oh = {0 persons, 1 person, . . . ,n persons},

• T ,Q and R set according to the MOMDP formalization.
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The different algorithms proposed to solve MOMDP modeled problems extend
standard POMDP algorithms in order to exploit the structure of this model. In
Mixed-Observability Incremental Pruning (MO-IP), Araya-López et al. (2010) used
the structure of MOMDPs to lower the dimension of the hyperplans (the α-vectors
with more than 2 states) characterizing the value function. With this reduction, the
set of regions (the belief state intervals associated to the action performing the best
on this interval) contains less elements thus allowing to tackle bigger instances while
keeping the optimality of the solution.
When the problem cannot be solved due to its size, Mixed-Observability SARSOP

(MO-SARSOP) (Ong et al., 2010) can be used to some extent. In fact, MO-SARSOP
is an algorithm on MOMDPs in which we can plug in most of the POMDP algorithms.
The factorization permitted by MOMDPs allows us to represent the whole belief
space with a union of lower-dimension belief spaces (particularly on the observable
part and on the non-observable part). With this separation, at each iteration of the
algorithm, a POMDP algorithm can be applied on the subspace representing non-
observable part (SARSOP in this case). In the same iteration, two sets of α-vectors
(the different pieces of the PWLC value function) are computed and updated on the
subset of the observable part: one representing a lower-bound on the optimal value
function and one representing an upper-bound. Finally, after enough iterations, the
lower-bound approximation converges towards the optimal value function.

For both POMDPs and MOMDPs, when no other solution is able to cope with
high-dimension problems, we can resort to Monte-Carlo methods like POMCP pre-
sented below.

3 Partially Observable Monte-Carlo Planning

The Partially Observable Monte-Carlo Planning (POMCP) algorithm (Silver and
Veness, 2010) is one of the most efficient online algorithms to approximately solve
large-sized POMDPs.
To choose an action at a given timestep, POMCP (Algorithm 1) runs an effective

version of Monte-Carlo Tree Search (MCTS) (Coulom, 2007), called UCT (Upper
Confidence Bounds (UCB) applied to Trees) (Kocsis and Szepesvári, 2006), using a
black-box simulator of the environment and a particle filter to approximate a belief
state. Each particle of the filter represents a state of the POMDP being solved.
Therefore, with an infinite-sized filter, the particle repartition would exactly match
the belief state of the POMDP.
The necessity to have a simulator can seem to be highly constraining but all

algorithms presented previously, at the exception of Q-Learning, require to know
exactly the model. Therefore, a simulator is a relaxation of this constraint. Moreover,
it does not require to reflect exactly the real environment, at the cost, of course, of
a less optimal solution.
POMCP uses the simulator to run a fixed number of simulations in order to evalu-

ate the actions before performing, in the real environment, the best action found in
the search tree. At one decision step, to choose which action to perform, search(τ )
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Figure 5: Full tree created by POMCP for a depth of 1 if all observations are received

is invoked with the current history τ , i.e., the sequence of past observations and ac-
tions. This history can be expanded with an action a giving τa and an observation o
giving τao. The root of the search tree is a node matching the last seen observation
in the real environment. Its children are all possible actions, whose own children
are the experimented observations during the simulations of the action. Figure 5
represents a full search tree at a depth of 1.
A node of the tree is a triplet 〈N(τ ),V (τ ),B(τ )〉 associated to τ where the com-

ponents are respectively the number of times τ has been visited, its mean value
and the set of particles (i.e., POMDP states) for this history. During a simulation,
the algorithm randomly draws a particle p from the particle set B(τ ) and uses the
simulator G(p, a) to get the new particle p′, the observation o and the reward r. Of
course, the particle p′ is a state of the POMDP such that T (p, a, p′) 6= 0.
Actions are selected (Line 19 of Algorithm 1) following the UCB1 (Auer et al.,

2002) procedure guaranteeing a good exploration-exploitation compromise. Once
all simulations have been done, a step is performed in the real environment with
the action returned by search, i.e., the best action found in the search tree. The
algorithm sets the new root to the node matching this observation and prunes the
tree to only keep nodes that are descendant of the new root.
At the beginning, POMCP is initialized with an empty history and an initial

(e.g., uniform) distribution I over states. Two important parameters have to be
set to guarantee that a good action is selected: the tree depth and the number of
simulations. The tree depth d can be deduced from the discount factor γ for a given
precision ε > 0 as follows: d = blog(ε)/ log(γ)c. The depth value is set such that
each step deeper than d yields a payout small enough to be neglected, due to the
discount factor. That way, the simulation part of the algorithm is sure to terminate
in a finite time.
The higher the number of simulations, the better the estimation of the values of

the actions but the longer it takes to run. This parameter is generally determined
by time constraints. However, as the number of simulations tends to infinity, this
algorithm is theoretically guaranteed to choose the optimal action at each step.
Finally, notice that the size of the initial particle filter is generally set in function of
the number of simulations.
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Algorithm 1: POMCP
procedure search(τ)

1 foreach simulations do
2 if τ = empty then
3 p ∼ I
4 else
5 p ∼ B(τ )

6 simulate(p, τ , 0)

7 return arg max
b

V (τb)

procedure rollout(p, τ , depth)
8 if γdepth < ε then
9 return 0

10 a ∼ πrollout(τ , ·)
11 (p′, o, r) ∼ G(p, a)
12 return r+ γ.rollout(p′, τao, depth+ 1)

procedure simulate(p, τ , depth)
13 if γdepth < ε then
14 return 0
15 if τ /∈ Tree then
16 forall a ∈ A do
17 Tree(τa)← (Ninit(τa),Vinit(τa), ∅)
18 return rollout(p, τ , depth)

19 a← arg max
b

V (τb) + c
√

log (N(τ ))/N(τb)

20 (p′, o, r) ∼ G(p, a)
21 R← r+ γ.simulate(p′, τao, depth+ 1)
22 B(τ )← B(τ ) ∪ {p}
23 N(τ )← N(τ ) + 1
24 N(τa)← N(τa) + 1
25 V (τa)← V (τa) + (R− V (τa))/N(τa)

26 return R
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4 Non-stationary environments

While POMCP can help to tackle high-dimension problems, one of the main limita-
tions of the (MO/PO)MDP framework is that it requires the transition and reward
functions to be stationary. Without this condition, the algorithms previously pre-
sented lose their optimality, convergence guarantee or performance guarantee.
In the context of sequential decision-making under uncertainty, a stationary envi-

ronment is an environment whose components do not evolve over time. For instance,
for an MDP, this concerns the sets of states and actions but it also means that the
transition probabilities never change and the reward function remains the same.
Example 8. Example 2. If we illustrate the notion of stationarity on the elevator
problem, the set of states and actions must remain identical over time. This means
that, for instance, no elevator, no new floor can be added and no new move can be
performed. Likewise, the transition and reward functions cannot be modified over
time, meaning that users always react identically to the elevator and its behaviour
never changes.
Unfortunately, the stationarity hypothesis does not hold in problems like stock

market forecasting, multi-agent problems where agents learn simultaneously or the
previously presented elevator problem. We now introduce methods able to model
and solve non-stationary decision-making problems.
Those methods are as diverse as the different types of non-stationarity. Among

them, two types of methods are prominent: regret-based and Markov methods. The
following section presents regret-based methods as an introduction, although we will
not use them in our contributions.

4.1 Regret minimization

The main purpose of regret minimization methods is to relax the assumptions of
stationarity and stochasticity. Removing the latter let us represent problems where
the evolution of the environment can be dictated by another agent, possibly an
opponent. In such a case, the environment is said to be adversarial. Such problems
are clearly non-stationary as the opponent can modify her strategy in order to adapt
to the decision-making agent and thus may modify the dynamics of the environment.
In regret minimization, the agent is facing a two-players repeated game, i.e., a

problem where two agents (the player and the opponent, which can be the environ-
ment) choose an action to play, get a feedback (a reward or a cost) and repeat the
game (see, for instance, (Cesa-Bianchi and Lugosi, 2006, Chapter 7)).
In this context, the regret is the difference between the feedback of the optimal

action and the feedback of the action played. The agent thus tries to minimize the
regret a posteriori in the repeated game, i.e., minimize the difference between her
policy and a reference policy. Of course, this reference policy is not known a priori
and thus cannot be executed.

More formally, let π be the policy of player p, π′ the reference policy and ltπ
(respectively ltπ′) the cost in [0,1] yielded by π (respectively π′).
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We can compute LTπ =
∑T
t=1 l

t
π and LminT =

∑T
t=1 l

t
π′ , the sums of costs for each

policy. Finally, RTπ = LTπ − LminT is the regret at timestep T of policy π. The
objective is thus to find the policy π minimizing RTπ (Nisan et al., 2007, Chapter 4).

There exists several methods minimizing the regret under different assumptions
(see, for instance, (Nisan et al., 2007; Cesa-Bianchi and Lugosi, 2006; Bubeck and
Cesa-Bianchi, 2012)). Those methods are quite efficient in the general case and
generate a sub-linear regret comparing to the best policy a posteriori. Moreover,
the mean regret tends to 0 with the number of steps increasing. While this is a
very interesting framework to tackle problems with a non-stationary environment,
those methods are pessimistic as they consider the worst case scenario. Recently,
Neu (2013) worked on such methods on non-stationary MDPs. This is an efficient
starting point for the interesting reader as we do not investigate more deeply those
methods in this document.

4.2 Hidden-Mode Markov Decision Processes

Besides those regret-based methods, works have been done in the context of
Markov models to represent non-stationary problems. In particular, Choi (2000)
proposed an interesting hypothesis using the concept of modes. In this work, the non-
stationarity is limited to a number of stationary settings, called modes or contexts,
between which the environment can switch.

Example 9. Example 2 cont’d. In the elevator problem, the different flows of
persons (morning-rush, evening-rush, general activity) can be represented as modes.
If all the other parameters (like the current state) are integrated into a known tran-
sition function, we can consider the environment stationary if the flow side is fixed.
Therefore, the non-stationarity comes from the evolution of this flow through the
time and thus of the current mode.

Choi et al. proposed the Hidden-Mode Markov Decision Process (HM-MDP)
model to formalize this subclass of non-stationary problems (2001). The environ-
mental changes are limited to a fixed and known number n of modes. Each mode
represents a possible stationary environment, formalized as an MDP. Transitions
between modes represent environmental changes. Note that there is no assumption
about the variability of the changes between modes. This means that the differences
in the functions for each mode can represent either smooth or abrupt changes.
Restraining the changes to stationary modes may seem to highly limit the range

of problems that can be addressed but, in fact, every non-stationary environments
whose evolution is stochastic, can be modeled by an HM-MDP with a high enough
number of modes. The extreme case being an infinite number of modes, one for each
decision step.
As for the probabilistic functions, one can imagine that the set of the states and

the set of actions could evolve as well. In such a case, it is sufficient to define the
global set of states as the union of the set of states of each mode. It is identical for
the set of actions.
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Figure 6: HM-MDP representation with 2 modes and 4 states

Formally, an HM-MDP is defined by a tuple 〈M ,C〉 as follows:

• M = {m1, . . . ,mn}, a finite set of modes where mi = 〈S,A,Ti,Ri〉, i.e., an
MDP,

• C : M → Pr(M), a transition function over modes.

Note that S and A are shared by all mi’s and that an HM-MDP with n = 1 is a
standard MDP. In HM-MDPs, the only observable information is the current state
s ∈ S. The current mode m ∈ M is not observable. Figure 6, showing a 2-mode,
4-state HM-MDP, depicts how HM-MDPs can be visualized.

In order to illustrate the HM-MDP formalization, let us modify and make the
elevator problem more precise.

Example 10. Elevator problem with hidden modes. Consider a fixed number
e of elevators to control in a building with f-floors. The flows of persons are no
longer part of the states. Indeed, with HM-MDP, they are modeled as modes and
thus are not required to explicitly belong to the states. The number of states of the
HM-MDP is then 2f(e+1) × fe. The actions are left untouched, leading to an action
set of size 3e. Finally, in this problem, the reward function is identical as previously.
Considering an office building of 2 floors with 1 elevator:

• M = {morning, evening, mid-day},

• S = {1st floor call button states} × {2nd floor call button states} × {1st
floor drop-off button states} × {2nd floor drop-off button states} × {elevator
positions}

• A = {open, up, down}, as previously defined
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5 conclusion

In this small example, there are 32 states, 3 actions and 3 modes. The transition
function in the morning rush-hour mode describes the situation where it is more
probable for the elevator to be called at the first floor. In the late-afternoon rush-
hour mode, it describes the opposite situation where users tend to leave the office.
For the non-rush-hour mode, the transition function models the normal operating
situation.

Choi et al. have shown that an HM-MDP can be seen as a POMDP 〈S, A, T , R,
O, Q〉 where:

• S = M × S,

• A = A,

• T (〈m, s〉, a, 〈m′, s′, 〉) = Tm(s, a, s′) × C(m,m′),

• R(〈m, s〉, a) = Rm(s, a),

• O = S,

• Q(〈m, s〉, a, o) = 1 if s = o and 0 otherwise.

Choi et al. have also proposed some algorithms to optimally solve HM-MDPs (Choi,
2000; Choi et al., 2001). They adapt exact POMDP solving methods in order to
exploit the structure of HM-MDPs. Those adapted methods can solve larger in-
stances of HM-MDPs than the original ones, but they may still suffer from the curse
of dimensionality. Like exact POMDP solving algorithms, exact HM-MDP solving
algorithms do not scale. In that case, one has to resort to approximate algorithms
like POMCP.

5 Conclusion

This chapter presents an overview on models and algorithms addressing sequential
decision-making problems under uncertainty. In all the original works we propose
in the remaining of this document, we focus on the subclass of problems assumed to
be in non-stationary environments.
In particular, HM-MDPs seem very suitable as they can theoretically model a large

class of non-stationary environments. However, some hypothesis are too strong. In
Chapter 3, we remove some assumptions and propose a new model called HS3MDP,
that we will reuse in Chapter 8.
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3
S E Q U E N T I A L D E C I S I O N - M A K I N G I N
N O N - S TAT I O N A RY E N V I RO N M E N T S

This chapter is based on a work published in (Hadoux et al., 2014b).
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We have seen in the previous chapter that some types of non-stationary environ-
ments can be modeled with an HM-MDP. However, with this model, the environ-
mental changes are described by a Markov chain and thus occur at each decision
step. We argue that this assumption is not always realistic. Indeed, in the elevator
problem for instance, allowing, even with a small probability, the environment to
be able to change between different rush modes at every move of the elevator is
debatable.
In this chapter, we propose a natural extension of HM-MDPs, called Hidden Semi-

Markov-Mode Markov Decision Processes (HS3MDPs), where the non-stationary
environment evolves according to a semi-Markov chain. This new model is to Hidden
Semi-Markov Models (Yu, 2010) what HM-MDPs are to Hidden Makov Models. In
HS3MDPs, when the environment stochastically changes to a new mode, it stays
in that mode during a stochastically drawn duration. While HM-MDPs assume
that environmental changes follow a geometric law, this assumption is relaxed in
HS3MDPs.
In order to solve large-sized HS3MDPs, we exploit the POMCP algorithm previ-

ously described in Section 3 of Chapter 2. We present two improvements of POMCP
for solving HS3MDPs more efficiently. The first adaptation exploits the special struc-
ture of HS3MDPs and the second furthermore represents belief states exactly instead
of using particle filters. Finally, we experimentally validate those algorithms showing
their effectiveness on a diverse range of domains.
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1 Hidden Semi-Markov-Mode MDP

The HM-MDP framework is not always the most suitable model for representing
sequential decision-making in non-stationary environments as it assumes that the
environment may change at every timestep. For instance, modeling the elevator
problem with an HM-MDP is problematic as decisions have to be made every (say)
second, while a mode (rush hour or not) can last several hours. In a problem where
this assumption does not hold, the usual modeling trick is to set a low probability
of transition between modes. However, from a theoretical viewpoint, this is more
than questionable when mode transitions are not geometrically distributed. The
first contribution of this document is to propose a more natural model for such cases
where the environment dynamics evolve according to a semi-Markov chain.

1.1 Definition

Formally, a Hidden Semi-Markov-Mode MDP (HS3MDP) is defined by a tuple
〈M ,C,H〉 where:

• M and C are defined as for HM-MDPs,

• H : M ×M → Pr(N) is a mode duration function.

Transition C(m,m′) represents the probability of moving to new mode m′ from
current mode m knowing that the duration in m (i.e., the number of remaining
timesteps to stay in m) is null. Value H(m,m′,h) represents the probability of
staying h timesteps in the new mode m′ when the current mode is m. Both the
mode and the duration are not observable. Note that, it is not always relevant for
the duration function to take into account the previous mode. For this purpose, the
duration function may be specified as H(m′,h), equivalent to H(m,m′,h), ∀m ∈M .
At each timestep, after a state transition in current mode m, the next mode m′

and its duration h′ are determined as follows:
if h > 0 m′ = m,

h′ = h− 1,
if h = 0 m′ ∼ C(m, ·),

h′ = k− 1 where k ∼ H(m,m′, ·)

(5)

where h is the duration of current modem. If h is positive, the environment dynamics
do not change. But, if h is null, the environment moves to a new mode according
to the transition function C and the number of steps to stay in this new mode is
drawn following the conditional probability H.

Example 11. Elevator problem with semi-Markov hidden modes. We can
extend the HM-MDP modelization of the elevator problem to an HS3MDP:

• M ,S and A, as defined for the HM-MDP,

• H can be defined as follows:
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1 hidden semi-markov-mode mdp

H(m,h) 0 1 2 3 4

morning 0.2 0.2 0.6 0 0
evening 0.1 0 0.2 0.4 0.3
non-rush 0 0 0 0.2 0.8

where {0, . . . , 4} are the number of decision steps to stay in the current mode before
considering an environment change.
This definition of the duration function can be interpreted as follows: Morning

rush-hours usually do not last as people tend to arrive at the same time (hence the
duration between 0 and 2). On the opposite, evening rush-hours may last longer and
are more spread. We can ensure that no evening rush can occur consecutively by
setting C(evening, evening) = 0. Finally, as non-rush hours are between the two
other modes, they last longer with a high probability.

Like HM-MDPs, HS3MDPs form a subclass of POMDPs. An HS3MDP can be
reformulated as a POMDP 〈S,A, T ,R,O,Q〉 whose components are defined by:

• S = M × S ×N,

• A = A,

• T (〈m, s,h〉, a, 〈m′, s′,h′〉) = αTm(s, a, s′)

with:

α =


C(m,m′)×H(m,m′,h′) if h = 0,
1 if h′ = h− 1 and m′ = m,
0 otherwise

(6)

• R(〈m, s,h〉, a) = Rm(s, a),

• O = S,

• Q(〈m, s,h〉, a, o) = 1 if s = o and 0 otherwise.

1.2 Discussion

It is easy to show that HM-MDPs form a subclass of HS3MDPs. In fact, a
problem represented as an HS3MDP can also be exactly represented as an HM-MDP
by augmenting the modes. The two models are thus equivalent in the following sense.

Definition 1. Model equivalence. A model M is expressively equivalent to a
model M′ if and only if a problem that can be represented in model M can also be
exactly represented in modelM′ and vice-versa.

Proposition 1. HM-MDPs are equivalent to HS3MDPs.

Proof. ⇒ Given an HM-MDP, we can define an equivalent HS3MDP by setting a
mode duration function H such that ∀m,m′,H(m,m′, 1) = 1 and H(m,m′,h) =
0,∀h 6= 1. At each timestep, h = 0, thus leading only to the first alternative of
Equation 6. This turns out to be the exact formulation of an HM-MDP.
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⇐ Given an HS3MDP, we show how to build an equivalent HM-MDP. To that
aim, we build a sequence of equivalent HS3MDPs. Denote 〈M1,C1,H1〉 the ini-
tial HS3MDP. We repeat the following operation to build the sequence: If, for
〈Mi,Ci,Hi〉, there exist m,m′ ∈ Mi and h 6= 1 such that Hi(m,m′,h) > 0, we
define the next HS3MDP 〈Mi+1,Ci+1,Hi+1〉 as follows:

Mi+1 = Mi ∪
⋃
h′ 6=1{m′0, . . . ,m′h′−1|Hi(m,m′,h′) > 0}

Ci+1(m,m′h′−1) = Ci(m,m′)×H(m,m′,h′)
Ci+1(m′j ,m′j−1) = 1, ∀j > 0
Ci+1(m1,m2) = Ci(m1,m2),∀(m1,m2) 6= (m,m′)
Hi+1(m,m′h′−1, 1) = Hi+1(m′j ,m′j−1, 1) = 1,∀h′ > 0, j > 0
Hi+1(m1,m2,h′) = Hi(m1,m2,h′),∀(m1,m2) 6= (m,m′),∀h′

(7)

where for all j,m′j is a duplicate of m′ and Ci+1 and Hi+1 are null for the unspecified
cases. When this operation cannot be iterated, in the last HS3MDP, unreachable
modes can be removed. Finally, the resulting HS3MDP corresponds to an equivalent
HM-MDP.

Although HM-MDPs and HS3MDPs are proven to be equivalent, representing
HS3MDPs in such a way feels unnatural and leads to a higher number of modes,
which moreover, would have a negative impact on the solving time. It is also obvious
that, if the maximum duration is unbounded, the equivalent HM-MDP would have
an infinite number of modes, making it difficult to solve.

Interestingly, HM-MDPs and HS3MDPs are also MOMDPs. Indeed, with the
state being observable and the mode (as well as the duration for HS3MDPs) being
not, the two models can easily be transformed into a MOMDP. This enable us to
use adapted algorithms for MOMDPs, which are more efficient than their POMDPs
counterparts in this context. However, we choose to base our solving method on
POMCP, because it tends to be more efficient than specialized algorithms on MO-
MDPs and more generally on factored POMDPs, even when POMCP is run using
non-factored representations (Silver and Veness, 2010).

2 Solving an HS3MDP

As for POMDPs, solving problems modeled with HS3MDPs is a difficult task to
address. In their work, Chadès et al. (2012) proposed the hidden-model MDP
model or hmMDP (note the lower case) and proved that finding an optimal policy
in a hmMDP is a PSPACE-complete problem. Independently discovered, hmMDPs
turn out to be a subclass of HM-MDPs where there the mode, once selected, cannot
be changed. As finding an optimal policy for a POMDP is also a PSPACE-complete
problem (Papadimitriou and Tsitsiklis, 1987), both HM-MDPs and HS3MDPs, as
they are equivalent, are PSPACE-complete to solve.
In order to be able to tackle large instances of problems, we therefore focus on

an approximate solving algorithm. A first naive approach is to apply POMCP to
directly solve the POMDP derived from an HS3MDP. In that case, a particle in
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2 solving an hs3mdp

POMCP represents a mode m, a state s and a duration h of the HS3MDP. We
propose in this section two possible improvements to this naive approach. Notice
that, as a subclass of HS3MDPs, these solving methods can also be applied to HM-
MDPs.

2.1 Adaptation to the structure

In large instances, POMCP can suffer from a lack of particles to approximate the
belief state, especially if the number of states in the POMDP and/or the horizon are
large. To tackle this issue, a particle reinvigoration technique is used in the original
algorithm. However, it is often insufficient. When POMCP runs out of particles, it
samples the action set according to a uniform distribution, which obviously leads to
suboptimal decisions.
We propose a first adaptation of POMCP that exploits the structure of HS3MDPs

to delay the lack of particles. In fact, in the derived POMDP, as the agent observes
a part of the state of the POMDP, a particle needs only to represent non-observable
information, that is, the mode m and the duration h. This adaptation allows us to
initially distribute the same amount of particles over a set whose cardinality is much
smaller. However, the size of the particle set |B(τ )| still depends on the number of
simulations. This modification of POMCP is introduced at line 3 of Algorithm 1.

2.2 Exact representation of the belief state

When solving large-sized problems, the above adaptation of POMCP may still
suffers from lack of particles. We thus propose a second adaptation where we replace
the particle set B by an exact representation of the belief state. This representation
consists of a probability distribution µ over M ×N (modes and duration in the
current mode).
Lines 3 and 5 of Algorithm 1 are modified as particles are now drawn according

to a probability distribution. Line 22 is not needed anymore. This probability
distribution is updated after a new observation using the following equation:

µ′(m′,h′) = 1
K

(
Tm′(s, a, s′)× µ(m′,h′ + 1)+∑

m∈M
C(m,m′)× Tm(s, a, s′)× µ(m, 0)×H(m,m′,h′ + 1)

) (8)

where K is the normalization term and elements s, s′, a are respectively the previous
observation, the new observation given by the real environment and the action per-
formed and given by the procedure search. This update is performed after every
action executed in the real environment.
In HM-MDPs we can rewrite the above equation knowing µ(m′,h′ + 1) = 0,
∀m′,h′ and H(m,m′, 1) = 1. We then obtain:

µ′(m′) =
1
K

( ∑
m∈M

C(m,m′)× Tm(s, a, s′)× µ(m)
)

(9)
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We recover to the HM-MDP update equation described by (Choi et al., 2000).
Unlike the previous adaptation, the spatial complexity of this one does not depend

on the number of simulations. Indeed, µ is a probability distribution over M ×N.
Assuming a finite maximum duration hmax, which is often the case in practice, there
always exists a number of simulations N for which the size of the particle set is
greater than the length of this distribution. In such a case, this second adaptation
will be more interesting to consider. The time complexity of the update of the exact
representation is O(|M | × hmax). It is to be compared to the particle invigoration
of the original POMCP combined with the first adaption which is O(N) with N
being the number of simulations.

3 Experimental results

We tested POMCP and our two adapted versions on four non-stationary problems.
The first three environments are problems from the literature (Choi, 2000). We
solved an extended version of each problem modeled as an HS3MDP. Recall that
those adapted versions of the problems cannot be represented as efficiently with
HM-MDPs (see the discussion related to Proposition 1). The code used for those
experiments can be found on Github1.
H(m,m′, ·) is defined as a truncated Gaussian probability distribution on duration

h of the mode m′ after a transition from m. The mean of the Gaussian is uniform
randomly drawn between 1 and 5 when creating the environment. The standard
deviation is set such as when the mean is located in the middle of the interval, each
duration can be drawn.
We present the results for the original POMCP and for our adaptations of POMCP:

the Structure Adapted (SA) and Structure Adapted combined with the Exact Rep-
resentation (SAER) of belief states. We also show the results of the optimal policy
when it could be computed, using Cassandra’s POMDP toolbox2 andMO-IP (Araya-
López et al., 2010). We also used MO-SARSOP (Ong et al., 2010) with one hour of
policy computation time when the model could be generated for offline computing.
We present the performances of the algorithms for several numbers of simulations to
study how the quality of the solutions evolves. For each number of simulations we av-
eraged the cumulative discounted rewards over 1000 runs. We reported results that
could be obtained within one hour on a computer equipped with an Intel XeonX5690
4.47 Ghz core and 16G of RAM. We chose to present the raw results for the original
POMCP and percentages for the others. Reported percentages correspond to the
percentages of improvement brought by our modified versions.

3.1 Traffic light

In the traffic light problem depicted in Figure 7, the environment is a two-way
road where the system has to choose which side to let pass. It has to decide which
traffic light to switch on, knowing only the current state of the lights and the presence

1 https://github.com/EHadoux/HS3MDP
2 http://www.pomdp.org/code/index.html
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3 experimental results

Figure 7: Traffic light problem (courtesy of T. Huraux)

or not of cars on each side of the road. In this problem, the HS3MDP has two modes:
rush on the left or on the right and two actions to choose which light to switch on.
The model contains eight states depending on the light state and on the presence
or not of cars on the left and on the right. The reward function gives a negative
reward when a car waits on a side of the road whose light is shut off. When the
duration hits 0, the environment has a probability of 0.9 to stay in the same mode
and 0.1 to change. The transition function over the state depends on the probability
of cars arriving on each side, according to the current mode. Finally, the duration
function is defined as stated previously. Exact probabilities for the original problem
can be found in (Choi, 2000) except the duration function H which is a Gaussian
bell whose mean is drawn between 1 and 5.
Table 1 describes results for the traffic light problem, using different algorithms:

original POMCP, Structure Adapted (SA), Structure Adapted combined with Exact
Representation of belief states (SAER) and Finite Grid, MO-IP and MO-SARSOP.
The last three algorithms yield the same results, which are presented in column
“Optimal” to give an idea of the optimal value. The performances of the original
POMCP almost strictly increase with the number of simulations. They therefore get
closer to the optimal value, which translates into decreasing percentages in Column
“Optimal” of Table 1. Since our modified versions of POMCP performs better than
the original one (positive percentages for columns “SA” and “SAER”), they also get
closer to the optimal. For instance, with 512 simulations, 4.7% of improvement for
SAER compared to 9.3% for Column “Optimal” means that the performances of
SAER are half-way between those of the original POMCP and the optimal value.
Note that a decreasing percentage does not mean a raw decrease in the performances.
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Simulations Original SA SAER Optimal

1 -3,42 0.0% 0.0% 38.5%
2 -2,86 3.0% 4.0% 26.5%
4 -2,80 8.1% 8.8% 25.0%
8 -2,68 6.0% 9.4% 21.7%
16 -2,60 8.0% 8.0% 19.2%
32 -2,45 5.3% 6.9% 14.3%
64 -2,47 10.0% 9.1% 14.9%
128 -2,34 4.3% 3.4% 10.4%
256 -2,41 8.5% 10.5% 12.7%
512 -2,32 5.6% 4.7% 9.3%
1024 -2,31 5.1% 7.0% 9.3%
2048 -2,38 9.0% 10.5% 11.8%

Table 1: Results for traffic light

It means that the increase of the performances of the original POMCP is higher than
those of the other algorithms. Nonetheless, the percentages being positive, the latter
still perform better.
Theoretically, POMCP converges towards the optimal solution as the number of

simulations increases. Experimental results (Table 1) show that it is also the case for
our adapted versions whose performances are always at least as good as the original
POMCP.
In the traffic light problem, both adaptations of POMCP are roughly similar.

In fact, the size of the problem is quite small so the original POMCP and the
structured adapted POMCP do not run out of particles. Moreover, there are enough
particles to draw a high quality estimation of the belief state. That is why, the
exact representation of belief states does not significantly outperform other POMCP
versions. Nonetheless, our adaptations of POMCP both outperform the original
version since exploiting the structure of the HS3MDP leads to more accurate belief
states.

3.2 Sailboat

The sailboat problem, depicted in Figure 8, is about controlling a boat from a
corner of a finite grid to the opposite corner. The states are possible positions in the
grid and the modes are the different wind directions, limited to North, South, West
and East. Two possible actions manage the sail orientation between North-South
and East-West. The transition function over states depends on the sail orientation
given the wind direction. If the sail is well-oriented the boat goes towards the wind
direction with a small probability to derive (0.1 on each side). Otherwise, the boat
does not move. The environment has a probability of 0.5 to stay in the same mode,
0.2 to go to an adjacent one and 0.1 to go to the opposite one when the duration is
at 0. The duration function is defined as previously. The reward function gives a
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3 experimental results

Figure 8: Sailboat problem (courtesy of T. Huraux)

reward of 1 when the goal is reached. This problem can be enlarged as needed by
increasing the size of the grid. Results for a 7× 7 grid are reported in Table 2.
Due to probabilities of transition between modes, the environment can stay sev-

eral steps in the same mode thus leading to the same wind direction. When the
boat is on an edge of the grid, it cannot move until the wind changes to a more
favorable configuration. This particularity of the environment leads to a big set of
runs where the boat cannot reach the goal and gets stuck on an edge until the end
of the run. Moreover, the small drops in the original POMCP performances can be
explained with the low number of simulations. If this number is not high enough to
explore efficiently, the impact of the randomness can lead to a high variance. Results
show that our adaptations always perform better than the original method and that
SAER performs almost always better than SA. We also can see that SAER converges
towards the optimal results as the number of simulations increases.

3.3 Elevators

In the elevator problem shown in Chapter 2, the environment can stay in the
current mode (see Example 11 above) with a probability of 0.1 and has a probability
0.45 to change to the other two when the duration is null. The duration function is
the same than for the previous experiments.
Table 3 contains results for an instance with 7 floors and 1 elevator whereas Table

4 shows results for an instance with 4 floors and 2 elevators. We were not able to
compute the optimal policy for these instances because of their large sizes. We can
see that, for this application, the performance of both adaptation are roughly similar.
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Simulations Original SA SAER MO-SARSOP

1 60 11.7% 6.7% 408.3%
2 63 30.2% 30.2% 384.1%
4 55 38.2% 54.5% 454.5%
8 70 8.6% 27.1% 335.7%
16 59 13.6% 88.1% 416.9%
32 66 28.8% 92.4% 362.1%
64 90 21.1% 45.6% 238.9%
128 94 53.2% 71.3% 224.5%
256 119 48.7% 76.5% 156.3%
512 159 31.4% 27.0% 91.8%
1024 177 20.9% 28.8% 72.3%
2048 206 13.6% 10.2% 48.1%
4096 226 12.4% 16.4% 35.0%
8192 227 20.7% 25.6% 34.4%

Table 2: Results for sailboat (7×7 grid)

Simulations Original SA SAER

1 -10.56 0.0% 1.1%
2 -10.60 0.0% 0.0%
4 -10.50 2.2% 3.6%
8 -10.49 4.2% 3.9%
16 -10.44 5.2% 5.0%
32 -10.54 6.2% 6.2%

Table 3: Results for elevator (f = 7, e = 1)

In fact, the SAER adaptation shows its efficiency when the original POMCP and the
SA adaptation runs out of particles. For those problems, the number of simulations
is not high enough to lead to particles deprivation. However, it is important to
note that our methods always outperform the original POMCP whose performances
increase with the number of simulations and converge to the optimal solution.
The low number of simulations reached during the computation time is explained

by the representation of the transition function. In this problem, transitions are
not represented by a matrix of probabilities because of the high number of state
components. The transitions are based on a set of rules (allowing, among other
things, to process the change of floor of each elevator independently), leading to a
longer computation time.

3.4 Randomly generated environments

These environments allow us to study, in a controlled setting, the scalability of
our algorithms. To create an instance, a number of states ns, actions na and modes
nm have to be defined. Random MDPs are then automatically generated such that,

46



4 conclusion and discussion

Simulations Original SA SAER

1 -7.41 1.0% 0.4%
2 -7.35 0.3% 0.0%
4 -7.44 1.5% 1.3%
8 -7.35 0.4% 0.0%
16 -7.30 19.1% 17.2%
32 -7.25 22.1% 21.6%
64 -7.17 24.3% 24.3%
128 -7.22 27.0% 27.0%

Table 4: Results for elevator (f = 4, e = 2)

in each state, each action can lead to b|S|/10c states and b|S|/5c states can yield
a positive reward. The purpose of those experiments is to study the evolution of
the results while increasing the number of modes. We averaged results from 10
different instances with different state/mode transition and reward functions for
each parameter set.
Tables 5, 6 and 7 describe results for randomly generated environments with re-

spectively 5, 10 and 20 modes. We were not able to compute the optimal policy for
these instances because of their large size. We can see that our methods significantly
outperform the original POMCP method. In fact, the exact representation of belief
states always outperforms POMCP versions based on particles filter on sufficiently
large environments. Indeed, these methods quickly run out of particles to accurately
represent the belief state.
Moreover, the computation time of our adaptations are promising for applica-

tion to large-sized real-life problems. For instance, in the random environment
with 20 modes (Table 7), one run of 1024 simulations took 1.15 seconds for solving
the HS3MDP with structured adapted POMCP and 1.48 seconds for solving the
HS3MDP with POMCP and exact representation of the belief state.
It is interesting to see that, for this problem, the results are independent of the

number of modes.

4 Conclusion and discussion

This chapter introduced Hidden Semi-Markov-Mode MDPs (HS3MDPs), a new
generalization of Hidden-Mode Markov Decision Processes (HM-MDPs) to handle
in a more natural and efficient way non-stationary environments. Using the Par-
tially Observable Monte-Carlo Planning (POMCP) algorithm as a solving method
for HS3MDPs, we could tackle problems with a high number of states. As a subclass
of our model, HM-MDPs can also be solved using the same methods. However, this
algorithm does not solve large-sized problems modeled with HS3MDPs in the most
efficient way. We developed two adaptations of POMCP to improve its performances.
The first adaptation exploits the structure of HS3MDPs to alleviate particle depri-
vation. The second adaptation uses an exact representation of the belief state to
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Simulations Original SA SAER

1 0.41 0.0% 5.6%
2 0.41 4.9% 51.4%
4 0.42 11.5% 140.9%
8 0.44 30.9% 209.6%
16 0.48 34.6% 234.7%
32 0.58 46.0% 223.0%
64 0.77 53.1% 187.2%
128 1.08 45.7% 123.4%
256 1.52 33.5% 70.0%
512 1.98 19.6% 34.5%
1024 2.30 12.5% 17.3%

Table 5: Results for random environments with ns = 50, na = 5 and nm = 5

Simulations Original SA SAER

1 0.39 0.1% 8.9%
2 0.39 21.0% 57.5%
4 0.40 9.9% 149.0%
8 0.41 24.0% 224.6%
16 0.43 33.0% 261.3%
32 0.48 58.2% 275.8%
64 0.60 76.2% 248.7%
128 0.83 75.4% 184.5%
256 1.16 64.1% 115.9%
512 1.61 41.5% 61.5%
1024 2.05 2.2% 28.8%

Table 6: Results for random environments with ns = 50, na = 5 and nm = 10

Simulations Original SA SAER

1 0.39 0.8% 11.9%
2 0.40 2.6% 51.1%
4 0.40 2.7% 138.9%
8 0.41 11.8% 225.2%
16 0.41 22.3% 270.8%
32 0.45 42.9% 290.3%
64 0.51 77.5% 305.5%
128 0.63 102.2% 261.1%
256 0.85 102.7% 186.8%
512 1.23 73.3% 107.7%
1024 1.66 43.6% 55.3%

Table 7: Results for random environments with ns = 50, na = 5 and nm = 20
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reach better results with less simulations than the other two methods. Experimental
results on various domains of the literature show that those adaptations significantly
improve the performance.

As future work, different research directions could be explored. In HM-MDPs
and HS3MDPs, transition functions over modes do not depend on the performed
action. This assumption does not hold in environments like stock markets where
buying a big volume of a company’s shares may influence the market. An extension
of HS3MDPs to handle such situations would be interesting.

Another important side of this research is the learning part. Indeed, solving a
problem modeled with a Makov-model requires to know a priori the dynamics of the
problem (explicitely, for exact methods or indirectly, using a simulator for POMCP).
In some cases, the model is not known and has to be learn beforehand, while being
exploited online or not. The next chapter presents a method to learn the modes
of a problem using statistical methods to detect a change in the dynamics of the
environment, induced by a mode transition.
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4
L E A R N I N G N O N - S TAT I O N A RY
E N V I RO N M E N T S

This chapter is based on a work published in (Hadoux et al., 2014a).
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1 Learning multiple contexts

In the literature, mode-based non-stationary environments has already been ac-
tively investigated in the Reinforcement Learning (RL) setting (Choi et al., 2001;
Doya et al., 2002; da Silva et al., 2006). Choi et al. learn the HM-MDP in a RL
setting using the Baum-Welch algorithm (2000). The drawback of this approach is
the assumption of an a priori known number of modes. Doya et al. (2002) apply
ideas from adaptive control (Narendra et al., 1995) to RL, which consists in learn-
ing multiple models, computing a “responsibility signal” to evaluate the goodness
of each model and averaging the models using this signal. Here, again, the number
of models is a priori fixed and known. More recently, da Silva et al. (2006) also
proposed to learn several models in RL where a quality score is computed for each
model in order to select the best current one that maximizes its quality score. In-
terestingly, their work allows them to tackle the case where the number of models
is not a priori known by incrementally building possible models. However, their
approach requires multiple parameters, depending on the problem, to be tuned at
hand. This may be a difficult task as parameters are not always easy to interpret
and their interplay can be subtle and difficult to predict. Besides, their method
seems to be ad-hoc and not very theoretically founded.

In this chapter, we propose a new approach to learn the models allowing us to
solve the sequential decision-making problem under non-stationary environments.
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Our main idea is to adapt tools developed in statistics and more precisely in se-
quential analysis (Ghosh and Sen, 1991) for detecting an environmental change
(Basseville and Nikiforov, 1993). This research domain started with the seminal
work of Wald (1945) that has been actively developed (Lai, 2001) ever since. One of
the main problems studied in sequential analysis is that of change point detection,
which consists in detecting a change in the statistical property of a random variable
that is repeatedly observed. This research has many applications (seismic detection,
industrial quality control, signal segmentation, . . . ). Although the works of da Silva
et al. and Doya et al. could somehow be reinterpreted in the sequential analysis
framework, to the best of our knowledge, our approach presents the first work that
explicitly exploits those statistical tools. In doing so, our approach is more theoreti-
cally founded and necessitates less parameters than that of da Silva et al.. We argue
that those parameters are easier to interpret and therefore easier to set a priori for
solving new problems. We show experimentally that our approach outperforms the
current methods.

2 Detecting an environmental change

Let M0 = (S,A,T0,R0) and M1 = (S,A,T1,R1) be two modes or MDPs that
are both assumed to be known. We consider that the environment is currently
represented by M0 and at some unknown timestep, the environment changes from
mode M0 to mode M1. The problem we want to tackle here is that of detecting
as soon as possible this environmental change. To that aim, a natural idea is to
use statistical hypothesis tests for such detections, i.e., given an observed history, a
null hypothesis “the current mode is M0” is tested against an alternative hypothesis
“the current mode is M1”. When performing such tests, one wants to minimize the
probabilities of two contradictory errors:

• type I error: reject the null hypothesis when it is true,

• type II error: accept the null hypothesis when it is false.

In online settings, sequential statistical tests are preferred: they perform repeated
tests as observations become available and permit detections with smaller size sam-
ples in expectation (Wald, 1945) compared to standard statistical tests. Viewing
detections as statistical tests highlights the contradiction between fast detection
(type I error) and false detection (type II error).

A simple approach to implement those sequential statistical tests for change point
detection is to recourse to cumulative sums (CUSUM) (Basseville and Nikiforov,
1993). We present the CUSUM approach adapted for our purposes below.

2.1 Detecting a change in transition distributions

In our setting, CUSUM can be specified as follows for detecting a change in
the transition distributions. Let (s0, a1, s1, a2, s2, . . . , st−1, at, st, . . .) denotes the
observed history and define V T

0 = 0.
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2 detecting an environmental change

At each timestep t ≥ 1, compute:

V T
t = max(0,V T

t−1 + ln(T1(st, at, st+1)

T0(st, at, st+1)
)) (10)

and compare V T
t to a threshold cT > 0. If V T

t ≥ cT , then a change in the transition
function is detected. The intuitive idea of CUSUM is quite simple: If M1 is more
likely thanM0 to have generated the recent history, then decide that the environment
has changed.

2.2 Detecting a change in reward distributions

As in the general case, the observed rewards are stochastic, we assume that R0
and R1 are functions from S ×A to probability distributions over numerical values
(actual obtained rewards). We denote Ri : S × A → Pr(R) the probability of
obtaining a numerical reward r ∈ R when choosing action a ∈ A in state s ∈ S
in mode Mi. Moreover, to simplify the presentation, we assume that the possible
numerical rewards are finite and known. This is generally not a very restrictive
assumption as we are considering finite-state MDPs. Note that this definition of
the reward function does not conflict with the previous definitions. Indeed, if the
probability is concentrated on a single reward value, we recover the definitions used
until then.
To detect a change in the reward function, the same procedure as for the transitions

can then be applied. Let (r1, r2, . . . , rt, . . .) be the sequence of obtained rewards and
V R

0 = 0. At each timestep t ≥ 1, compute:

V R
t = max(0,V R

t−1 + ln(R1(st, at, rt)
R0(st, at, rt)

)) (11)

If V R
t is greater than a threshold cR > 0, then a change of the reward function is

detected.

2.3 Joint detection

The two previous sums can be combined by computing at each timestep t ≥ 1:

V TR
t = max(0,V TR

t−1 + ln(T1(st, at, st+1)R1(st, at, rt)
T0(st, at, st+1)R0(st, at, rt)

)) (12)

with V TR
0 = 0. Sum V TR

t is to be compared with a threshold c > 0 to detect a
change of mode.

Computing V T
t and V R

t separately can be advantageous in some situations as
this makes it possible to detect a change in the transition function or in the reward
function alone. Indeed, in some domains, the non-stationarity is only limited to one
of the two functions and/or they can evolve in an asynchronous way. The advantage
of using V TR

t is that it may permit a faster detection of the environmental change
because of the combined effects of the simultaneous change of the transition function
and the reward function.
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2.4 Detecting changes with multiples models

In the case where there are many possible models M0,M1, . . . ,Mk (with k ≥ 2),
all assumed to be known, the previous procedures can be adapted as follows. We
assume that M0 is the current model and when a change occurs at an unknown
timestep, the new model can be any of Mi with 1 ≥ i ≥ k. Now, we need to
compute k scores at each timestep t ≥ 1:

Vi,t = max(0,Vi,t−1 + ln( Ti(st, at, st+1)Ri(st, at, rt)
T0(st, at, st+1)R0(st, at, rt)

)) (13)

with Vi,0 = 0 and i ∈ {1, . . . , k}.
An environmental change is then detected if maxi∈{1,...,k} Vi,t ≥ c and the current

environment Mi is chosen as arg maxi∈{1,...,k} Vi,t.

2.5 Detecting changes in practice

In practice, in the RL setting, the number of models and their specifications are
generally unknown. In that case, we propose to use, in the CUSUM procedure,
the empirical estimates learned from the observed history instead of the unknown
models M0,M1, . . . ,Mk. We always add among the estimated models, a “uniform”
model where all transition and reward probabilities are uniformly distributed. As
no information is better than wrong information, this “uniform” model allows new
models to be learned. The exact method is explained in details in the following
section.
Concerning the choice of the threshold c in the CUSUM procedure, one possibility

is to use the heuristic proposed by (Wald, 1945) (although in a different simpler
setting):

c = ln 1− β
α

(14)

where β is the probability of a type II error and α is that of a type I error. Although
this choice of the threshold value may not be optimal, this heuristic permits some
interpretation of the parameter. Besides, in our experiments, this choice seems to
be reasonable and leads to good performance.

3 Reinforcement Learning with Context Detection

da Silva et al. developed the Reinforcement Learning with Context Detection al-
gorithm (RLCD) to simultaneously learn and act in a non-stationnary environment.
At each timestep, a quality score of each already learned model is calculated, de-
pending on the last seen transition and reward. The model maximizing the measure
is chosen as the next current model and is updated. However, when no model has a
quality above a minimum threshold, a new model is added to the list of known mod-
els, uniformly initialized and selected as the next current model. With this method,
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RLCD is able to tackle problems without the prior knowledge of the number of
models to learn.
The quality measure of modelm is computed in several steps. After each transition

from state s to state s′ while performing action a and receiving reward r:

∆Tm(κ) =


1− Tm(s, a,κ)
Nm(s, a) + 1 κ = s′

0− Tm(s, a,κ)
Nm(s, a) + 1 κ 6= s′

∀κ ∈ S (15)

Similarly:
∆Rm =

r−Rm(s, a)
Nm(s, a) + 1 (16)

In both equations, Tm and Rm are respectively the current transition and reward
functions. Nm(s, a) represents the number of times action a has been performed in
state s while being in mode m and is iteratively computed as follows:

Nm(s, a) = min(Nm(s, a) + 1,M) (17)

with M being a memory size for the past experiences.
We can then compute a quality score for rewards eRm and transitions eTm such as:

eRm = 1− 2( ∆Rm
Rmax −Rmin

)2 (18)

eTm = 1− 2(1
2(N(s, a) + 1)2 ·

∑
κ∈S

∆Tm(κ)2) (19)

We can combine those values into an instantaneous quality em such that:

em = cm(s, a)(ΩeRm + (1−Ω)eTm) (20)

with Ω, the relative importance given to the transitions and rewards in the quality
of the model. cm(s, a), a confidence measure is defined such as:

cm(s, a) =
Nm(s, a)

M
(21)

The purpose of the confidence measure is to weight the quality of a modification
proportionally with the number of times this modification has occurred. The instan-
taneous quality measures the quality of one transition with respect to the model.
However, a high quality transition does not mean that the whole distribution is
accurate. Therefore, the quality Em of model m is iteratively computed as follows:

Em = Em + ρ(em −Em) (22)

where ρ is an adjustment coefficient for the quality.
Unfortunately, RLCD requires a set of parameters to be tuned accordingly to the

problem. Moreover, this quality measure seems to be ad-hoc and also depends on a
hand-tuned threshold Emin. Algorithm 2 shows the RLCD algorithm.
The newmodel method creates a new model and initializes it such that the qual-

ity, the reward function and the memory are set to 0 and the transition function is
initialized to the uniform distribution. mcur is the current mode of the environment.
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Algorithm 2: RLCD
1 mcur ← newmodel
2 M ← mcur

3 s← s0 // any starting state

repeat
4 Let a be the action indicated by πmcur(s)

5 Observe next state s′ and reward r
6 forall m ∈M do
7 Update Em according to Equation 22
8 mmax ← arg maxm(Em)

9 if Emcur < Emin then
10 mcur ← newmodel
11 M ← mcur

12 Tmcur(s, a,κ) = Tmcur (s, a,κ) + ∆Tmcur(κ), ∀κ ∈ S
13 Rmcur(s, a) = Rmcur (s, a) + ∆Rmcur

14 Nm(s, a)← min(Nm(s, a) + 1,M)

15 s← s′

until end of the online resolution

We propose an adaptation of RLCD, called RLCD with Sequential Change-point
Detection (RLCD with SCD) replacing the quality measure by the approach pre-
viously presented. Algorithm 3 presents our adaptation of RLCD only using the
detection on the transition distributions, for ease of exposition. Of course, this algo-
rithm can be easily enhanced with the joint detection method presented in Section
2. The solving part (given by πmcur(s)) and the learning part are exactly the same
as in the original RLCD algorithm. We use the Prioritized Sweeping algorithm
(Moore and Atkeson, 1993) for both the original RLCD and our version of RLCD,
as originally done in da Silva et al.’s work.

In our version of RLCD, we calculate Sm for each model and detect a change if
the max of these values is above c. Moreover, a new model is created if the model
maximizing the value is the uniform model. This detection method is not only more
theoretically founded, but is also more efficient.

4 Experimental results

We present in this section the results of our method compared to RLCD on two
experiments taken from the literature. The objective is to evaluate the benefit of
our method over RLCD, showing that it detects changes earlier, chooses the right
model to switch to (or create a new one if needed) and thus leads to better results.
Note that, in those problems, the reward function does not evolve with the mode.
Therefore, to fairly compare the two methods (RLCD and RLCD with SCD), we
only use the detection on the transitions in our method.
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Algorithm 3: RLCD with Sequential Change-point Detection
1 mcur ← newmodel
2 M ← mcur

3 s← s0 // any starting state

repeat
4 Let a be the action indicated by πmcur(s)

5 Observe next state s′ and reward r
6 forall m ∈M \mcur do
7 Sm ← max(0,Sm + ln Tm(s,a,s′)

Tmcur (s,a,s′)
)

8 mmax ← arg maxm Sm

9 if Smmax > c then
10 Suniform ← max(0,Suniform + ln 1/|S|

Tmcur (s,a,s′) )

11 if Suniform > c and Suniform > Smmax then
12 mcur ← newmodel
13 M ← mcur

14 else
15 mcur ← mmax

16 Update mcur with original RLCD equations as in Algorithm 2
until end of the online resolution

The two problems used in this section are the ball-catching problem and the grid
traffic problem, also used in da Silva et al.’s work.

4.1 Ball catching

In this environment, a cat has to catch a ball moving on a toroidal grid. The
direction towards which the ball moves is given by the context of the environment.
Figure 9 depicts the problem. This problem has 15 × 15 states (the size of the grid),
5 actions (4 possible directions for the cat with a no-move choice) and 4 contexts
(one for each possible direction for the ball). The reward is set to -1 for each move
and 10 when the cat catches the ball. We compare our method to the classic RLCD
algorithm, using the same algorithm (Prioritized-Sweeping) to calculate the optimal
policy for the currently learned policy. That way, the differences in the results can
only be explained by the efficiency of the context switching detection. As we said
previously, the original RLCD algorithm needs some extra parameters to be set. We
used those involving the best results we could find, which were equal to those given
in da Silva et al.’s publication.

Figure 10 shows the results obtained using the following experimental protocol:

• a run is the minimum between the number of movements the cat needs to catch
the ball and 100,
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Figure 9: Ballcatching problem
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Figure 10: Results for the ballcatching problem
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Figure 11: Traffic problem

• an episode is 100 runs,

• we choose a starting context, run 5 episodes in this context and calculate the
mean run for each episode,

• we switch the context for the next one and start 5 more episodes.

The purpose of this experimental protocol is to study the behaviour of the algo-
rithms with switching to either learned and unknown contexts. Figure 10 shows that
for each episode where the context is already known (the 4 last of each 5 episodes),
RLCD and our adaptation perform equally. The difference concerns the episodes
where the context has just been switched (the first of each 5 episodes). Using RLCD
with SCD, the cat takes less movements on average to catch the ball, meaning the
switching has been detected earlier.

4.2 Traffic

This problem is composed of 9 independent traffic lights (nodes) controlling the
passage of cars on a 3 × 3 grid. The nodes on the edges of the grid are linked to 6
sources (3 in the north and 3 in the east, represented by the arrows) and 6 sinks (3
in the south and 3 in the west, on the opposite side of the arrows). Cars enter the
grid by the sources and go in a straight line to the corresponding sink. The purpose
is to evacuate the cars the fastest possible, so as to not saturate the grid. Each
traffic light can select a plan among three, defining the amount of time it lets pass
the cars coming from the north and the east:

• equal green times for both vertical and horizontal directions,
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Figure 12: Result for the traffic problem

• priority to the vertical direction,

• priority to the horizontal direction.

The environment can be in 3 different contexts conditioning the rate of arrival of
the cars at each sources (north or east):

• low insertion rates from north and east,

• high insertion rate from north sources and average insertion rate from east,

• high insertion rates from east sources and average insertion rate from north.

The context defined by high insertion rates from both north and east sources is
not considered since even an optimal policy does not prevent from saturating the
network. See Figure 11 for an illustration of this problem.
Figure 12 presents the performance for the traffic problem. It shows the number

of stopped cars in the grid, depending on the step. This number is directly related
to the quality of the solution as a suboptimal policy leads more easily to a saturation
of the grid. The environment starts with a low rate of insertion and changes to the
next context every 200 steps. We can see that our method performs better than
the original RLCD, especially when the environment is running an unknown model
(e.g., iteration 400). This shows that our adaptation is able to detect mode changes,
create a new model and thus adapt the policy faster, implying better results.
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5 Conclusion and discussion

This chapter presents our modification of the RLCD algorithm. While the results
show that it is more efficient than the original RLCD, it also requires less parameters,
which are more understandable. Therefore, our method can be used in a wider field
of problems where the parameters of the original method may prevent us from tuning
them efficiently.
However, this method in not complete enough to learn HS3MDPs. RLCD and

our extension are reactive algorithms, meaning that they adapt when detecting a
change in the dynamics of the environment. This reactiveness enables us to ap-
ply those methods to many problems but they lack to anticipate changes. Indeed,
waiting for the detection introduces a lag in the learning of the different modes. In
highly flickering environments, where, in the extreme case, the mode changes at each
decision step, we cannot apply those methods. In fact, in this particular case, the
methods will learn a mean model over all modes of the environment.
In a less extreme setting, a very usefull component to introduce in RLCD with

SCD would be to learn the transitions between the modes. Each time a new model
is created or the algorithm switches to a previously created model, it would reinforce
the knowledge of both the transition function over modes and the duration function.
Learning those two functions would allow us to integrate this knowledge into the
resolution part of the algorithm in order to improve the results during the learning.
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5
C O N C L U S I O N A N D D I S C U S S I O N O N
N O N - S TAT I O N A RY
D E C I S I O N - M A K I N G P RO B L E M S

Sequential decision-making in non-stationary environments is a very difficult prob-
lem to address in the general case. Indeed, without a proper knowledge or control on
the non-stationarity, the solution given in this context can eventually perform worse
than the one computed considering the environment to be stationary. We decided
to restrict ourselves to tackle a specific setting: the one where the non-stationary
evolves between stationary modes. This is a mild assumption as every problem can
be modeled in such a way, considering a high enough number of modes.

For this purpose, we presented a new model, HS3MDP, able to efficiently formalize
problems. This model is an extension of HM-MDPs able to represent environments
that evolve following a semi-Markov chain. This generalization allows us to model
a wider class of problems.
As subclass of POMDPs, we could reuse and adapt algorithms of the literature,

while proving better performances on HS3MDP. The joint use of POMCP and our
adaptations to the structure of HS3MDPs enabled us to tackle high-dimension prob-
lems with very interesting results.

We also presented a method to learn models without knowing a priori the number
of modes while exploiting it online. In contrast with most of the methods address-
ing this problem, our new method is able to discover the number of modes online
and learn their dynamics. Based on RLCD, it improves the original method using
statistical tests and more theoretically founded parameters.

Although our method is able to learn the modes, it does not learn the transition
function between them, as well as a potential duration function (in the case of a
problem modeled as a HS3MDP). In fact, with this method, we cannot differentiate
the reason why a change is not detected. There are two answers to this question:

1. the duration is not null yet

2. the duration is null but the environment changed to the same mode

It is easy to prove that the two cases can be formalized equivalently. However, some
assumptions may be necessary, for instance, forbid a transition on the same mode.
The real issue is carried by the lag induced by the detection method, making the
learning of the duration function still a difficult problem.
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conclusion and discussion on non-stationary decision-making problems

A wide range of domains can be investigated while using our model and our
methods. We decided for the second part of this work, to explore the field of argu-
mentation problems.
At this time, to our knowledge, little has been done in the area of optimization

in such problems. It is interesting to see that sequential decision-making methods
enable us to have a different point-of-view on this domain. In opposition of many
works, we will look from the side of one agent instead of reasoning on the whole
debate. While exploring a new research path in argumentation, this part will show
the flexibility and the ease of modelization with our model.
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Argumentation is by essence a dialectical process, which involves different parties
exchanging pieces of information. We focus on structured argumentation as defined
by Besnard et al. (2014) in their introduction. In this context, agents exchange
arguments and use attacks as relations between those arguments. When agents play
as a turn-based game, we talk about argumentative dialogues.
Walton and Krabbe (1995) define a wide range of dialogues such as negotiation

dialogue, persuasion dialogue, inquiry, etc., depending on the goals of the debating
parties and the purpose of the dialogue. In the former, agents try to find an agree-
ment maximizing their own goals while in the latter, the purpose is to prove an
hypothesis using argumentation. In this document, we explore one type of dialogue
called persuasion dialogue where each party has its own goals and tries to convince
each others by exchanging arguments. Unlike, the common idea on debates, the
goals of the parties are not necessarily antagonistic even though, as we shall see
in our examples, it is usually possible to find a high level goal that is conflicting
among agents. Persuasion dialogues games have been largely studied to characterize
argumentation systems (Prakken, 2006).
Example 12 shows an example of dialogue where one player tries to convince the

other.

Example 12. Example of dialogue. Let us consider two persons, a gamer
(Dupond) and an athlete (Dupont). Dupond wants to state that “Electronic sport
(e-sport) is a sport”. Of course, the athlete disagrees. Dupond and Dupont have the
following arguments (claims):

1. Dupond: E-sport is a sport.

2. Dupont: Of course not, it is not even physical.

3. Dupond: Chess is not physical, though it is considered as a sport.

4. Dupont: Not from the viewpoint of an athlete.

5. Dupond: You need to be highly concentrated as well as have keen reflexes. More-
over training and competitions are mentally and physically exhausting.

67



argumentation problems

6. Dupont: Working is exhausting and yet is not a sport.

When argumenting while facing each others, agents need to agree on a common
semantics to determine which argument holds, which argument attacks, which ar-
gument defends, etc. Indeed, in Example 12, Dupond needs to agree that claim 2
attacks claim 1 for claim 3 to make sense in the articulation of the debate.

We start this chapter by giving a formal definition of an argumentation framework.
We then make the assumption that each agent agrees with this formal definition and
we use it in two different contexts:

• Debate problems, where each agent tries to convince the others,

• Mediation problems, where an agent allocates the speak-turns of debating
agents, organized as teams.

1 Formal argumentation framework

Let us define a formal argumentation framework in the sense of Dung (1995) along-
side some preliminary notions.

1.1 Definitions

A formal argumentation framework is defined by a pair 〈A, E〉 with:

• A, a set of arguments,

• E , a set of relations between the arguments called attacks, such that (a, b) ∈ E
if a ∈ A, b ∈ A and a attacks b.

Example 13. Let 〈A, E〉 be a formal argumentation framework such that:

• A = {a, b, c, d, e},

• E = {(a, b), (b, c), (c, e), (e, d), (d, b)}.

Figure 13 depicts it as a graph of the attack relations where the vertices are the
arguments and the arcs are the attack relations.

For every subsets B of A, we can define the notions of acceptability, conflict-
freeness and admissibility as follows.

Definition 2. Acceptability. An argument a ∈ A is acceptable with respect to
B ⊆ A if ∀b ∈ A such that (b, a) ∈ E , ∃c ∈ B such that (c, b) ∈ E.
In other words, B defends a from every possible attacks.

Example 14. Example 13 cont’d. Argument c is acceptable with respect to
B1 = {a, b} or B2 = {d, b} but not B3 = {b, e}.

Definition 3. Conflict-freeness. A set of arguments B ⊆ A is conflict-free if
∀a ∈ B, b ∈ B, (a, b) /∈ E and (b, a) /∈ E.
This means that there are no attacks between arguments belonging to the set B.
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Figure 13: Graph representation of Example 13

Example 15. Example 13 cont’d. Subsets B4 = {a, c, d} and B5 = {b, e} are
conflict-free but not B6 = {a, b, e}.

Definition 4. Admissibility. A set of arguments B ⊆ A is admissible if it is
conflict-free and all of its arguments are acceptable with respect to B.

Example 16. Example 13 cont’d. Subset B4 = {a, c, d} is admissible because it
is conflict-free (see Example 15) and each argument is defended by an argument of
B4: c is attacked by b and defended by a or d and d is attacked by e and defended
by c.

In argumentation problems, the primary objective is to determine which argu-
ments are accepted in order to know which agent won the debate, whether a proof
is valid or not, etc. In fact, the acceptability of arguments can be defined in a more
specific way.
To that purpose, Dung (1995) defines several possible ways to capture which

arguments should be regarded as accepted (i.e., different argumentative semantics).
Specifically, we will be interested in Dung’s grounded semantics.
Let us start by defining the notion of completeness for an extension (a set of

accepted arguments with respect to a chosen semantics).

Definition 5. Completeness. An extension B ⊆ A is complete if it is admissible
and all acceptable arguments of A with respect to B belong to B.

Example 17. Example 13 cont’d. Extension B4 = {a, c, d} is admissible (see
Example 16) and arguments b and e are not acceptable with respect to B4. Therefore,
B4 is complete.

Finally, a grounded extension is the unique minimal complete extension. The
unicity of the extension allows us to have an unambiguous way to determine which
arguments are accepted and which are not. From a practical point of view, it has
also the significant advantage of being easy to compute.

Example 18. Example 13 cont’d. Extension B4 = {a, c, d} is a grounded exten-
sion at it is the only complete extension for this problem.
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1.2 Labeling of arguments

Alternatively to the computation of the grounded extension (Dung, 1995), an expres-
sive and interpretable method to characterize arguments is using a labeling (Cami-
nada, 2006).

A label l is a value from {in, out, undec} associated to an argument a. A labeling
L is the assignment of a label l to each argument a such that:

• L(a) = in iff ∀b ∈ A such that (b, a) ∈ E ,L(b) = out,

• L(a) = out iff ∃b ∈ A such that (b, a) ∈ E and L(b) = in,

• L(a) = undec iff L(a) 6= in and L(a) 6= out.

Example 19. Example 13 cont’d. A valid labeling for Example 13 is: (L(a) =
in,L(b) = out,L(c) = in,L(d) = in,L(e) = out).

The labelings corresponding to grounded extensions are those where in labeling
is minimal, out labeling is minimal and undec labeling is maximal.

In this document, we use the labeling to characterize which arguments are in and
which arguments are out in the two contexts presented earlier, more particularly, to
determine:

1. which agent is the winner of an argumentation debate in debate problems,

2. whether the goals of the mediator are fulfilled or not in mediation debates.

Note that, due to the way attack relations have been previously defined, they are
considered to have the same strength. This means, for instance, that attacks (a, b)
and (b, a) may be considered canceling each other. Extensions of Dung’s framework
have been proposed to be able to define relations carrying different weights (see, for
instance, (Dunne et al., 2011)).

1.3 Numerical value of an argument

Apart from labelings, the value of an argument can be numerically determined.
For instance, General gradual valuations can be used (Cayrol and Lagasquie-Schiex,
2005) to compute a numerical value for an argument, considering its attackers.

Definition 6. General gradual valuations. For an argumentation framework
〈A, E〉, v : A → V is a valuation function with a minimal value Vmin and a maximal
value Vmax for an argument without attackers. Moreover, ∀a ∈ A, E−(a) = {b ∈
A|(b, a) ∈ E}. Then v(a) = g(h(E−(a))). That way, h is a function taking all the
attacks and returning the value of the combination and g is a function giving the
value of an argument with respect to this combination. The properties of functions
h and g are defined in (Cayrol and Lagasquie-Schiex, 2005).
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2 Strategical debate problems

Debate problems have been investigated in formal argumentation, firstly as a mean to
provide a proof-theoretical counterpart to argumentation semantics (see, for instance,
(Modgil and Caminada, 2009)), without considering evolved strategies. Indeed, when
autonomous agents do interact, they will typically fail to have winning strategies or
act fully rationally.
More flexible multi-agent dialogues have been studied (Prakken, 2005; Amgoud et

al., 2000) but issues of strategies have been somewhat neglicted. In these models,
agents typically exchange arguments on a common “gameboard”, and the outcome
of the debate is evaluated by computing the status of arguments that are put forward
in the public space.
In a recent survey, Thimm (2014) provides an overview of the state-of-the-art

about strategic argumentation in multi-agent systems. A key problem is designing,
for an agent, strategies of argumentation (i.e., which arguments to put forward in
the course of the dialogue).
As described in Thimm and Garcia’s classification (2010), a major element to

consider to define strategies of argumentation is the awareness of agents, i.e., the
amount of knowledge about their opponents each agent has. Two extremes of the
spectrum are when agents are fully ignorant, i.e., they just know their own argu-
ments; or omniscient, i.e., they know all arguments (and strategies) that opponents
have at their disposal. In the former case, the agent will typically have to rely on
heuristic approaches to choose which argument to play, depending, for instance, on
the number of labels this play can change (e.g., (Kontarinis et al., 2014; Amgoud
and Maudet, 2002)). While this may prove efficient in practice, it is in general very
difficult to offer any guarantee on the outcome. In the case of omniscient agents, one
can use game-theoretic approaches, like backward induction (e.g, (Von Neumann and
Morgenstern, 2007)). However, the strong assumptions on the knowledge required
in this case are problematic in general.
It is interesting to see that the distinction made on the amount of knowledge

available to the agents is the same as in decision-making problems under uncertainty.
In this domain, an agent has several levels of knowledge about the current state
of the environment, from fully observable to partially observable (which in fact
means not observable but with indirect pieces of information about the current
state). An omniscient agent can be compared to the full observability in Markov
Decision Processes (see Subsection 2.1 of Chapter 2). Likewise, fully ignorant agents
can be related to the partial observability in Partially Observable Markov Decision
Processes (see Subsection 2.2 of Chapter 2), where the observation is limited to her
own knowledge.
Of course, it exists arguably more realistic, intermediate, modelings. In Rienstra

et al.’s work (2013) for instance, a setting with an uncertain opponent model is
proposed. In this situation, the model of the opponent is embedded in a belief state.
In Hadjinikolis et al.’s work (2013), the opponent’s model is updated through the
information exchanged during the dialogue. However, in most of these works, the
actions of the agents are quite limited as they can only play one argument at a time.
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Interestingly, abstract argumentation frameworks taking into account the uncer-
tainty on arguments have been investigated. More precisely, probabilities can be
associated to various components of the argumentation framework such as the argu-
ments or the attacks (see, for instance, (Hunter, 2013)). In fact, those frameworks
are a generalization of the standard frameworks, where the arguments can be seen
to have a probability of 1.
More recently, Hunter (2014) proposed a framework where the agents are assumed

to behave stochastically and can play several arguments in one move. It is assumed
that, given a certain state of the debate, each agent knows, probabilistically, how
her opponent may react. These probabilities may have been obtained by expert
knowledge, or by observation of previous interactions with the same agent (or at least,
type of agent). For instance, a vendor may be able to predict from past interactions
the possible counter-arguments that could be put forward by a skeptical consumer.
In another case, debates on the same topic can be run in different, independent
school classes in order to estimate the probabilities and use them in a new class.
Knowing, even stochastically, what are the potential moves for the opponent may
help the agent to plan her own moves taking into account with the most probable
moves of her opponent to maximize her chances to win the debate.

2.1 Probabilistic argumentation framework

First of all, let us define some shortcut notations for the remaining of this document.

notation.

• Recall that for a set X, Pr(X) denotes the set of probability distributions over
X,

• Π = [π1/x1, π2/x2, . . . , πn/xn] denotes an element of Pr(X), where the prob-
ability for Π of getting xj ∈ X is πj ,

• For a predicate p and a set X, p(X) denotes the conjunction of this predicate
applied on each element of the set if the result is unambiguous, e.g., p(X) =∧
x∈X p(x),

• p{X} represents the set {p(x)|x ∈ X},

• 2p{X} is the set of all subsets of {p(x)|x ∈ X},

• e(x, y) is an attack from x to y, i.e., (x, y) ∈ E . This notation, in contrast
with the notation in the abstract argumentation framework, is the one used in
the remaining of this document.

In his probabilistic framework, Hunter (2014) uses a state-based model to repre-
sent the execution state of the debate (Black and Hunter, 2012) and a logic-based
formulation of states.
During her turn, an agent can fire a rule (see definition below) to add arguments

to the debate, to attack present arguments or to revise her knowledge. Those rules
modify two components of the problems:
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• A public state in space P = 2a{A}× 2E gathering used arguments and attacks,
where a(x) (respectively e(x, y)) means argument x (respectively attacks from
x to y) has been put forward by some agent,

• An internal private state, for each agent i, in space Si = 2hi{A} representing
the arguments she knows, where hi(x) means argument x is (privately) known
by agent i.

A probabilistic rule r is defined as:

r : prem ⇒ Π

where Π ∈ Pr(Acts) with Acts, the set of all possible acts and premise prem is a
conjunction of a,hi and e predicates (or their negations) applied on one or more
arguments. Distinct acts, i.e., set of modifications, are then possible when applying
a probabilistic rule. The possible modifications are denoted:

�(p)/ � (p) to add/remove p to/from the public space, where p is either a(x) or
e(x, y) for (x, y) ∈ A2.

⊕(hi(x))/	 (hi(x)) to add/remove predicate hi(x) to/from the private state, for
x ∈ A and agent i.

We denote rij the j-th rule of agent i and rij,k the k-th act of rule rij , i.e., rij,k =actk
if rij : premj ⇒ [π1/act1, π2/act2, . . . , πn/actn].
Note that a rule can only be fired by an agent i if its premise is fulfilled.

Example 20. Example 13 cont’d. We can define one set of rules for each agent
such that:

• R1 = {h1(c)⇒ [1.0/ � a(c)],
h1(a) ∧ h1(d) ∧ a(b)⇒ [0.8/ � a(a) ∧ 0.2/ � a(d)]}

• R2 = {h2(e)⇒ [1.0/ � a(e)],
h2(b) ∧ a(c)⇒ [0.4/ � a(b) ∧ 0.6/ � a(e)]}

Given a starting state, i.e., an instance of a public state and a private state for
each agent, we can define a Probabilistic Finite State Machine (PFSM) capturing all
possible sequences of application of the rules. Figure 14 shows the PFSM computed
using the rules of Example 20 with ({}, {h1(a, c,d)}, {h2(b, e)}) ∈ P ×S1 ×S2 as
starting state.
The vertices of the graph are the accessible states listed in Example 21. The edges

are the actions fireable from the states with the label being the name of the rule fired.
For instance, starting from state σ3, firing rule r1

2 can lead to σ6 or σ7, depending
on the probability of the applied act. This probability is also reported in the label.

Example 21. States of the PFSM in Figure 14.

σ0 : {},
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Figure 14: PFSM of Example 21

σ1 : {a(c)},

σ2 : {a(e)},

σ3 : {a(b) , a(c)},

σ4 : {a(c) , a(e)},

σ5 : {a(b) , a(c) , a(e)},

σ6 : {a(a) , a(b) , a(c)},

σ7 : {a(b) , a(c) , a(d)},

σ8 : {a(a) , a(b) , a(c) , a(e)},

σ9 : {a(b) , a(c) , a(d) , a(e)},

σ10 : {a(a) , a(b) , a(c) , a(d)},

σ11 : {a(a) , a(b) , a(c) , a(d) , a(e)}

Note that only the public state is represented as no rule modifies any private state.
Dashed violet (respectively plain teal) links are plays by agent 1 (respectively agent
2).

Using the probabilities, this framework allows us to remove all the restrictions
about the strategies of each agent. Particularly, it does not need to requires that
agents play rationally or maximize an internal value function. While the agents
have in common the knowledge of the universe of arguments and attacks, they do
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not know which arguments their opponents agree with and want to play. This per-
mits us to represent a wide range of moves from purely reactive to strategically
elaborate. Moreover, Hunter and Thimm’s work (2014) addressed the issue of at-
taching meaningful probabilities to probabilistic abstract argumentation frameworks.
Of course, the constraints discussed in their work can be applied to the probabilities
attached to the acts.
The framework presented in this section is able to handle debates between two

agents but can easily be generalized to an arbitrary number of agents.

The next chapter presents how this probabilistic argumentation framework can
be applied to compute strategic behaviours in debates. In this work, we aim at
optimizing the sequence of arguments of one agent, assuming that her opponent
plays stochastically.
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Most of the time, argumentation frameworks, extensions and labeling computation,
beliefs on the opponent, etc., are used to determine which arguments are worth
to play. However, from the viewpoint of one agent, it is interesting to take the
sequentiality of the problem into account, that is, not looking globally to the debate
but rather incrementally, as it is built by the agents. This allows the agent to
strategically organize not only which arguments to play but also how to play them,
in which order and for what purpose.
Although argumentation theory may be seen, to some extent, as an alternative

to traditional decision-making theory (Mercier and Sperber, 2011), the latter can in
fact assist the former as we show it in this chapter.

While Hunter’s probabilistic argumentation framework presented in Chapter 6 is
able to represent probabilistic debates, it does not tackle the issue of optimizing the
sequence of moves of the agents.
In this work, we propose to optimize the argumentation strategy of one agent

facing a stochastic opponent playing by the probabilistic rules as shown in the pre-
vious chapter. In particular, our approach does not assume that the opponent will
play optimally, and does not in general suppose knowledge of the initial state of the
opponent. This stands in sharp contrast with game-theoretic approaches optimizing
against an adversarial opponent, assumed to behave optimally, which can rely on
backward induction or similar techniques. We will see that it is possible to obtain
optimal policies in such a setting, despite the uncertainty on the internal state of
the opponent which induces a huge potential state space. We also explore to what
extent optimal resolution is feasible.
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1 Probabilistic modeling of a dialogue

To characterize the possible desired argumentation outcomes, each agent i has a
goal state gi which is a conjunction of g(x) or g(¬x) where each x is an argument
and g(x) (respectively g(¬x)) means that x is (respectively is not) accepted (in the
sense of Dung’s grounded semantics) in the public state. Once all requirements of a
goal state are fulfilled in the public state and cannot be attacked (or are defended),
the agent considers herself as the winner of the argumentation game. Although the
agents are considered as selfish, individual goals might not be antagonistic. Indeed,
in some cases, the public state may satisfy both goals. In those situations, both
agents are then considered as winners. In order to model realistic argumentation
games, the goal of an agent is assumed to be private information and cannot be
observed by the other agent. An agent that optimizes her moves does so with this
limited knowledge about the opponent.

Building upon Hunter’s framework, we formalize the Argumentation problems
with Probabilistic Strategies (APS) by adding several components to the original
modelization.
An APS is characterized by the tuple 〈A, E ,S1,S2, g1, g2,P ,R1,R2〉 with:

• A, a set of arguments,

• E , a set of attacks,

• Si, the internal states of agent i,

• gi, the goal of agent i,

• P , the set of all the possible public states, as defined in the previous chapter,

• Ri = {r : prem ⇒ Pr(Acts)} ∪ {∅ ⇒ ∅}, a set of probabilistic rules for agent i.

The empty rule ∅ ⇒ ∅ permits to skip the turn of an agent having no rule that can
be fired this turn. Note that the agents are focused, i.e., they cannot decide not to
play if at least one rule can be fired. This means that the empty rule is fired if and
only if no other rule can be.

As a side note, it is interesting to see that this formalization can be assimilated
to the Probabilistic STRIPS Operators (PSO) presented, for instance, by Boutilier
et al. (1999). However, in this formalization, agents’ choices are only driven by
probabilistic distributions depending on premises. In our framework, if several rules
are fireable, the agent chooses the rule to fire.

In the APS formalization, the public state can be observed by both agents. On
the other hand, the internal state of an agent is only observable by the agent herself
and may evolve through the debate if the agent revises her knowledge. Note that
there are |Si| = 2|A| possible private states, and 3|A| possible goal states.
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This framework explicitly manages two agents. However, it can be generalized
to any number of agents. The details of this generalization will be discussed when
necessary along this chapter.
Moreover, APS consider that agents behave stochastically. However, as the pur-

pose of this work is to optimize the actions of one agent (for instance, agent 1),
they are not ruled by probability distributions anymore. Instead, the agent has to
choose which act of a rule to apply. This means, when optimizing the sequence of
arguments of agent 1, that the rules of R1 do not contain any probabilities and each
rule is duplicated for each act it contains.

To illustrate the definition of an APS, we present Example 22. In this example,
agent 1 and agent 2 play successively and in this order.

Example 22. E-sport problem. Consider a concrete dialogical argumentation
problem. A famous debate in the gamer community is whether e-sport is a sport or
not. The arguments are as follows:

(a) e-sport is a sport,

(b) e-sport requires focusing and generates tiredness,

(c) not all sports are physical,

(d) sports not referenced by IOC exist,

(e) chess is a sport,

(f ) e-sport is not a physical activity,

(g) e-sport is not referenced by IOC,

(h) working requires focusing and generates tiredness but is not a sport.

Assume that agent 1 wants to persuade that e-sport is a sport.
This example can be formalized by an APS, from the viewpoint of agent 1, as

follows:

• A = {a, b, c, d, e, f, g, h}

• E = { e(f, a) , e(g, a) , e(b, f) , e(c, f) , e(h, b) , e(g, c) ,
e(d, g) , e(e, g)}

• g1 = g (a)

Assume that the following rules formalize the agents’ behaviors:

• R1 = {h1 (a) ⇒ [1.0/ � a(a)] ,
h1 (b) ∧ a(f) ∧ h1 (c) ∧ e(b, f) ∧ e(c, f) ⇒
[0.5/ � a(b) ∧ �e(b, f) ∨ 0.5/ � a(c) ∧ �e(c, f)] ,

h1 (d) ∧ a(g) ∧ h1 (e) ∧ e(d, g) ∧ e(e, g) ⇒
[0.8/ � a(e) ∧ �e(e, g) ∨ 0.2/ � a(d) ∧ �e(d, g)]}
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Figure 15: Graph of arguments of Example 22
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Figure 16: PFSM of Example 22

• R2 = {h2 (h) ∧ a(b) ∧ e(h, b) ⇒ [1.0/ � a(h) ∧ �e(h, b)] ,
h2 (g) ∧ a(c) ∧ e(g, c) ⇒ [1.0/ � a(g) ∧ �e(g, c)] ,

a(a) ∧ h2 (f) ∧ h2 (g) ∧ e(f, a) ⇒
[0.8/ � a(f) ∧ �e(f, a) ∨ 0.2/ � a(g) ∧ �e(g, a)]}

g2 is unknown to agent 1.
There are 3 |A| = 6561 possible goal states. The sizes of the state spaces are: |S1 | =
|S2 | = 256, |P | = 65536. The initial state (s1 , p, s2 ) ∈ S1 × P × S2 of this
problem is assumed to be: ({h1 (a, b, c, d, e)}, {}, {h2 (f, g, h)}).

From Example 22, we can build the graph of arguments and attacks presented in
Figure 15. Each argument is represented by a vertex and each edge formalizes an
attack. Bold faced arguments are the arguments that agent 1 prefers to play. The
others are preferred by agent 2. We note that in this case, arguments can unambigu-
ously be classified as either defending or attacking the main issue of the dialogue
(argument a, whether e-sport is indeed a sport). While this is not necessarily true
in general, we limit our attention to such cases in this document.
As shown previously in Chapter 6, the states that can be reached by any sequence

of rules can be represented as a PFSM. Figure 16 represents the PFSM generated
from Example 22 where violet/dashed (respectively teal/plain) edges are plays of
agent 1 (respectively agent 2).
All states are described in Example 23. Note that internal parts are never modified

in this example, the description thus only shows the public part of each possible state.
Moreover, final states of the PFSM are states from which no more rule can be fired.
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This does not necessarily mean that agent 1 wins the debate in those states. An
agent wins a debate only if it is in a final state and all of her goals are accepted.
In fact, the graph in Figure 16 is a subgraph of the real PFSM, where no rule is

applied twice. Indeed, all additional states are not interesting to represent as they
are just part of a longer path to final states. Each state is listed below, alongside
the public space it represents.

Example 23. States of the PFSM in Figure 16.

σ0 : {},

σ1 : {a(a)},

σ2 : {a(a) , a(f) , e(f, a)},

σ3 : {a(a) , a(g) , e(g, a)},

σ4 : {a(a) , a(f) , e(f, a) , a(b) , e(b, f)},

σ5 : {a(a) , a(f) , e(f, a) , a(c) , e(c, f)},

σ6 : {a(a) , a(f) , e(f, a) , a(c) , e(c, f) , a(g) , e(g, c)},

σ7 : {a(a) , a(f) , e(f, a) , a(b) , e(b, f) , a(h) , e(h, b)},

σ8 : {a(a) , a(f) , e(f, a) , a(c) , e(c, f) , a(g) , e(g, c) , a(e) , e(e, g)},

σ9 : {a(a) , a(f) , e(f, a) , a(c) , e(c, f) , a(g) , e(g, c) , a(d) , e(d, g)},

σ10 : {a(a) , a(g) , e(g, a) , a(e) , e(e, g)},

σ11 : {a(a) , a(g) , e(g, a) , a(d) , e(d, g)}

Underlined states are final states in which agent 1 wins.
Starting from the initial state given in Example 22, the sequence of rules (r1

1,1,
r2

3,2, r1
3,1), alternatively for agent 1 and agent 2, leads the environment to the state

{a(a) , a(g) , e(g, a) , a(e) , e(e, g)} (σ10) (public state only). Applying the se-
quence of actions (r1

1,1, r2
3,1, r1

2,1, r2
1,1) on the initial state leads to {a(a), a(f),

e(f, a), a(b), e(b, f), a(h), e(h, b)} (σ7). In this state, a(a) is not accepted (or
is labeled out) as it is attacked and not defended.

Determining if an argument in a state of the PFSM is accepted or not is in fact
equivalent to compute the grounded extension and test if the argument belongs to
it. Indeed, the computation of the grounded extension as defined in Chapter 6 relies
on the whole graph of attacks. However, in our context, computing the grounded
extension on this graph is only valid if assuming that all arguments and attacks have
been played. Otherwise, it is sufficient to compute the extension on the subgraph
composed by the arguments in the current state of the PFSM.
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In order to compute an optimal policy for agent 1, one can use dynamic pro-
gramming methods like backward induction on the PFSM in order to backtrack the
policy from the winning states. The downside of such methods is that they require
to know the internal state of the opponent. Indeed, in order to know which rules
the opponent is able to fire we need to either know her internal state or build a
PFSM for each possible internal state. In practice, those assumptions are not real-
istic. Moreover, as stated, the internal part of an agent is known only by the agent
herself.
In order to handle this assumption, we propose to use Markov models to represent

and solve the problem.

2 From APS to MOMDPs

An APS allows us to describe the argumentation protocols and the probabilistic be-
havior of an opponent. In this section, we show that the problem of optimizing the
sequence of moves for one agent (against an opponent assumed to behave stochas-
tically, and equipped with an unknown initial private state) can be formalized as
a Mixed Observability Markov Decision Process (MOMDP) (see Subsection 2.3 of
Chapter 2) defined from the APS.

2.1 Conversion of an APS to an MOMDP

Let us adopt the point of view of agent 1 in the argumentation problem. At each deci-
sion step, the agent must decide for the best argumentation move while anticipating
the opponent moves and the possible future states of the debate.
The assumption on the knowledge of the agents complies with the definition of

states and observations in MOMDPs. Indeed, the states of a MOMDP contain a
directly observable part and a partially observable part. Intuitively, the directly
observable part is the public state of the problem and the private part of agent 1.
On the other hand, the non-observable part is the combination of the private states
of all the other agents. This makes the MOMDPs more suitable than other Markov
models to represent such problems.

The possible (deterministic) actions of agent 1 are defined by splitting each act
of the rules of agent 1 defined in the general APS, into separate actions, to comply
with the optimization problem. For instance, rule r1

2 in Example 22:

h1 (b) ∧ a(f) ∧ h1 (c) ∧ e(b, f) ∧ e(c, f) ⇒
[0.5/ � a(b) ∧ �e(b, f) ∨ 0.5/ � a(c) ∧ �e(c, f)]

is split in two actions:

r1 ′
2 : h1 (b) ∧ a(f) ∧ h1 (c) ∧ e(b, f) ∧ e(c, f) ⇒ �a(b) ∧ �e(b, f)

r1 ′′
2 : h1 (b) ∧ a(f) ∧ h1 (c) ∧ e(b, f) ∧ e(c, f) ⇒ �a(c) ∧ �e(c, f)

Note the identical premise and the absence of probability.
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The resulting MOMDP is defined as follows:

• Sv = S1 × P , Sh = S2,

• A = {prem(r) ⇒ α | r ∈ R1 and α ∈ Acts(r)}. This set is obtained by
decomposing each act m of positive probability of each probabilistic rule r in
R1,

• Q(〈sv , sh〉, a, 〈s ′v 〉) = 1 if sv = s ′v , otherwise 0,

• T , Ov , Oh and R are defined below.

When generalizing this transformation to more than two agents, the only modified
part above is Sh, being the Cartesian product of the private state of each agent
except agent 1.

To specify the transition function T on states, we first need to introduce the
notions of compatible rules and application set.

Definition 7. Compatible rule. A rule is compatible with a state s if it can be
fired in state s. We denote Cs (Ri ) the set of rules of Ri compatible with state s.

Definition 8. Application set. The application set Fr (α , s) is the set of predi-
cates resulting from the application of act α of a rule r on s. If r cannot be fired in
s or if act m does not modify s, Fr (α , s) = s.

Example 24. Example 22 cont’d. Let s = {a(b) , h2 (h) , h2 (g)}, therefore,
Cs (R2 ) = {r2

1} with r2
1 being the first rule of R2. Let α1 and α2 be respectively

the acts of r2
1 and r2

2 drawn to be executed (with r2
1 and r2

2 ∈ R2). The application
sets are defined such that Fr2

1
(α1 , s) = {a(b), a(h), e(h,b), h2 (h), h2 (g)} as

r2
1 ∈ Cs (R2 ) and Fr2

2
(α2 , s) = s as r2

2 /∈ Cs (R2 ).

transition function T . Let r : p⇒ α be a rule/action in A, with α the only
act. The state s′ = Fr(α, s) is the application set resulting from the application of
α on state s. The rule r′ ∈ Cs′(R2) is a rule of agent 2 compatible with s′ such
that r′ : p′ ⇒ [π1/α1, . . . , πn/αn] and Fr′(α, s′) = s′′i . Assuming that r′ is the
only rule of agent 2 compatible with state s′, the function T can then be defined as
T (s, r, s′′i ) = πi. With more rules compatible with s′ involving several acts leading
to the same s′′i , it is sufficient to sum the probability of each act multiplied to a
uniform probability across all fireable rules.
To illustrate this generalization:

Example 25. Assume that s′ = {a(a), a(b), a(c)} is the current intermediate state,
reached with a probability of 0.6 from state s after performing action r. Let the only
two rules r′ and r′′ of agent 2 such that:

r′ : a(a)⇒ [ 0.8 : �a(d) ∨ 0.2� a(e)]

r′′ : a(b)⇒ [ 0.6 : �a(a) ∧ a(d) ∨ 0.4� a(f)]
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Both rules are compatible with s′. Moreover, both rules have an act leading to the
same s′′ = {a(a), a(b), a(c), a(d)}. In such a case, T (s, r, s′′) = 0.6× (0.8× 0.5 +
0.6× 0.5).
Of course, the two 0.5 come from the uniform distribution over the two rules.

Note that since the action of the first agent are deterministic, the probabilistic
transition function models the uncertainty about the second agent’s actions. Indeed,
as we focus on agent 1, the other agents are part of the environment. This fits the
requirement of Markov decision models: the agent we optimize (agent 1) has to act
at each decision step. As she cannot wait for her opponent to play, we merge the
action of the agent and all the possible one-step moves of the opponent.
When generalizing to more than two opponents, we need to merge all possible

plays of the opponents in one argumentation step. However, this raises the question
of choosing in which order the opponents play. This question is postponed for
discussion at the end of the chapter.

observation sets Ov and Oh . In the formalization of an APS as an MOMDP,
the sets of observations Ov and Oh on respectively the visible part and the hidden
part of the state are easy to define. Indeed, there is no observation on the hidden part
of the state that is not already in the visible part. What is left is never observable.
Therefore, more precisely, Ov = Sv and Oh = ∅.

reward function R. The reward function is defined as follows: each action
that does not reach a goal state needs to return a strictly negative reward (i.e., a
positive cost). If the goal is reached, the reward needs to be positive. That way, the
policy favors shorter argument sequences reaching the goal. However, the notion of
goal can be extended to account for partially reached goals. For instance, if the goal
of the agent is to have g(a) and g(b) but, only g(a) is reached, a part of the reward
could be obtained. More generally, if using another semantics for the acceptance of
the arguments, the reward can be modulated depending on the value of the accepted
arguments in the goal. Using the General gradual valuation explained in the previous
chapter (Cayrol and Lagasquie-Schiex, 2005), the reward function can be defined as
the sum of the current valuation of each argument composing the goal.

Example 26. Example 22 cont’d. After conversion, Example 22 yields an
MOMDP whose sets have the following sizes:

• |Sv| = 256 ∗ 65536 = 16 777 216 = |Ov|,

• |Sh| = 256,

• |A| = 5.

In the corresponding POMDP, the size of the set of states is |S| = |Sv| × |Sh| =
4 294 967 296. Of course, such a large number of states is very limiting for solving
methods on POMDP. While using algorithms like POMCP is more efficient than tra-
ditional methods, the reduced size of MOMDPs, when the problem fits the MOMDP
framework, drastically increases solving performances (Ong et al., 2010).
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3 Optimizing the APS

Using MOMDPs pushes away the curse of dimensionality but there is still a threshold
above which the number of states is too high. In order to improve the scalability
of argumentation problems that can be formalized and solved, we propose several
optimization schemes reducing the size of the generated MOMDP. A subtlety occurs
because these optimizations may depend upon each other, and it may be useful to
apply them several times.
We say that we reach a minimal model when no further reduction of the model is

possible by application of these techniques. Now this raises an obvious question: as
optimizations may influence each other, we may well reach different minimal models,
depending on the sequence of application chosen.

In this section we provide several guarantees in this respect:

1. we show the uniqueness of the minimal model under the iterated application
of the first three schemes,

2. we show that for the last scheme, uniqueness of the model requires some mild
conditions to hold.

[irr.] pruning irrelevant arguments. The first optimization consists in
removing the arguments of each agent that are neither modified and never used as
premises of a rule (“Irrelevant arguments”). This optimization is applied separately
on the public and on the private state of each agent. An argument can thus be
irrelevant in the description of the private state but can be relevant in the public
state. Moreover, it can be relevant for the private state of one agent and irrelevant
for the other.
We refer to an internal (respectively public) argument to denote the argument in

the private (respectively public) state.

Example 27. In Example 22, we can, for instance, remove the internal argument f
from the private state of agent 1. Applying this optimization on the example removes
3 arguments from all possible private states of agent 1 and 5 arguments from all
possible private states of agent 2.

Note that, if part of the goal turns out to be an irrelevant argument, this opti-
mization could modify the goal. But this is a degenerate case: when the irrelevant
argument is not compatible with the goal state, the outcome of the debate is known
a priori (the agent loses the debate anyway), thus we do not consider these cases.
Otherwise, the argument is removed from the goal state and the reward function is
updated accordingly.

[enth.] inferring attacks. The second optimization considers the set of
attacks. Let y be a public argument (a(y)), if e(x,y) exists and �e(x,y)⇒ �a(x)
(i.e., each time e(x,y) is added, a(x) also is), as the set of attacks is fully observable,
we can infer attacks from the sequence of arguments put forward in the public space
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and thus we remove the attacks from the rules and the states. In fact e(x,y) is no
longer used and the semantics of �a(x) becomes “add argument a and attack y if
it is present”.

Example 28. In Example 22, this optimization removes the 8 attacks from the
problem definition.

Note that the name of this procedure comes from enthymemes defined by Black
and Hunter (2008). An enthymeme is a logical element that can be deduced from
others, such as the attacks under the assumptions above.

[irr(s0).] pruning arguments wrt. initial state. For this optimization,
we exploit the knowledge about the initial state s0. As a result, this optimization
requires to rebuild the MOMDP if the initial state changes. This optimization
consists of two steps:

1. for each predicate p ∈ s0 that is not later modified
a) update the set of rules by removing all the rules that are not compatible

with p,
b) remove p from the premises of the remaining rules.

2. remove all rules of the opponent that can never be fired after any action of
agent 1.

This procedure can be formalized as follows:

1. ∀i,∀p ∈ s0 s.t. ∃r ∈ Ri s.t. p ∈ prem(r) and @r′ ∈ Ri s.t. p ∈ acts(r′):
a) Ri ← {r ∈ Ri | ¬p 6∈ prem(r)}
b) ∀r ∈ Ri, prem(r)← prem(r)\p

2. Let S′ be the set of states resulting from the execution of an action of agent 1,
i.e., states s′ = Fr(α, s), ∀s ∈ S1×P ×S2, ∀r ∈ Cs(R1), ∀α ∈ Acts(r). Then,
R2 ← R2 \ {r′ ∈ R2 | ∀s′ ∈ S′, r′ ∈ Cs′(R2)}

Note that this procedure is an extension of the procedure on irrelevant arguments.
Indeed, after being replaced by their initial value in premises, the arguments become
unused and are thus removed.

Example 29. In Example 22, this removes the 5 internal arguments of agent 1.

Note that, this optimization cannot be performed for the opponent since her initial
internal state is unknown.

The procedures presented above deeply modify the representation of the problem.
We need to ensure that the problem solved before the application of those procedures
is the same after the application. In other words, the optimal policy computed after
reduction of the problem needs to be applicable in the original problem as well as
to remain optimal. Propositions 2, 3 and 4 below characterize the optimality of the
solution and the minimality of the model after application of the procedures.
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Proposition 2. (a) Applying Irr., Enth., and Irr(s0). does not affect the optimal
policy and (b) the optimized model is unique, minimal for those three optimization
schemes and independent of the order in which they are applied (as long as they are
applied until reaching a stable model).

Proof. (a) (Irr.) If an internal or public argument is never used in premises, no rule
depends on this argument and no argument can attack it. Moreover, an argument is
never modified if and only if it never appears in an act of a rule. Such an argument
thus keeps its initial value. We deduce that an irrelevant argument does not influence
action choices and it cannot be added or removed to the state of the debate. This
argument is then not relevant to the decision problem and it can be safely removed
from the description of the APS (and thus also in the MOMDP).
(Enth.) Under this assumption, representing the attacks does not give more

information about the current state and can be removed.
(Irr(s0).) For the first part of the optimization, the proof is the same as the

one of Irr. after replacing the predicate by their value. For the second part of
the optimization, a rule is removed if and only if it can never be fired. It will thus
never correspond to a possible argumentation action and removing the rule does not
modify computed strategies.
(b) Enth. is the only optimization on attacks, it thus does not conflict with others

and can be placed anywhere in the sequence of optimizations. The optimal sequence
for the other two is (Irr(s0)., Irr.). Indeed, Irr(s0). may remove rules making
some arguments suitable for Irr. The other way around, it would involve making
another cycle. However, the model reached after applying (Irr., Irr(s0)., Irr.) and
the one after (Irr(s0)., Irr.) are identical. Therefore, those two procedures are
order-independent, as long as they are applied until reaching a stable state. The
order-independent application of the optimization schemes implies the unicity and
minimalism of the model.

Optimizations can be pushed further by using the graph of attacks.

[dom.] pruning dominated arguments. We start by defining the notion
of dominance for an argument. Note that unattacked arguments are leaves of the
graph.

Definition 9. Dominance. If an argument is attacked by any unattacked argu-
ment, it is dominated.

Since dominated arguments cannot belong to an optimal strategy, as we want
the minimal sequence of arguments, the optimization scheme consists in pruning
dominated arguments of agent 1. Recall that no assumption is made on agent 2, in
particular that she plays rationally and tries to avoid dominated arguments.

Example 30. In our example, we can see that argument b is dominated by argument
h.

This optimization scheme assumes that agent 2 will necessarily fire a rule consist-
ing in adding an argument defeating the dominated argument. In fact, a dominated
argument is an argument labeled out in every valid labeling.
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Note that this is irrespective of the opponent being an optimal player or not.
However, this does not hold if:

1. the opponent does not know all her rules,

2. the debate length is limited (in which case it may make sense to put forward
an argument even though it is easily defeated because the attacking argument
may lie outside of the debate)

3. the opponent cannot play all her arguments.

Proposition 3. If (a) the opponent knows all her rules, (b) can play all her argu-
ments and (c) the debate length is infinite then, applying Dom. does not affect the
optimal policy.

Proof. If the argument is dominated, the action adding a dominated argument can be
in the optimal policy if and only if no attacking argument can be played. Otherwise,
it adds at least one extraneous step to defend it (considering agent 1 still wins)
and thus minimizes the reward as we want the shortest sequence. However, if the
argument is eventually not attacked and thus may be in the optimal policy, it means
the opponent cannot put any dominating argument forward and thus that at least
one assumption (a), (b) and/or (c) do not hold.

Nonetheless, applying Irr. or Irr(s0). may modify the graph of attacks: some
unattacked arguments of the opponent can be removed and dominated arguments
may appear to be non-dominated. In Example 22, if the opponent cannot play
argument h, b is no longer dominated and must not be pruned.
We can now define the notion of true dominance with respect to the optimization

procedures.

Definition 10. True dominance. An argument is truly dominated is it remains
dominated after the application of Irr. and/or Irr(s0)..

Proposition 4. If all dominated arguments are truly dominated, the optimized
model is unique, minimal and independent of the order in which the optimization
schemes are applied (as long as they are applied until reaching a stable model).

Proof. If the arguments are truly dominated, no dominating argument is supposed
to be removed by any other optimization procedure. In such a case, it means Dom.
can be anywhere in the sequence of application as enough cycles will reach a stable
model. As it does not interfere with either Irr. or Irr(s0), Proposition 2 still
holds.

Otherwise, Irr. and Irr(s0). must be applied before Dom. in order to keep only
truly dominated arguments.
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Figure 17: Policy graph for Example 22

4 Experiments

This section presents experiments on two different problems and shows the policy
graphs obtained for each.
Even if the transformation of an argumentation problem to an MOMDP exploits

observable information to reduce the high dimensionality of the problem, it can
still lead to a huge state space. It may thus be impossible to use exact solving
methods. We ran experiments to test the scalability of the approach proposed in
previous sections. We developed a library1 to automatically transform an APS
into a MOMDP and apply the previously described optimization procedures on the
problem.
Since the exact algorithm MO-IP (Araya-López et al., 2010) was unable to com-

pute a solution in a reasonable amount of time (a few tens of hours), we used
MO-SARSOP (Ong et al., 2010), with the implementation of the APPL library2.

4.1 E-sport problem

The policy graph of agent 1 generated by MO-SARSOP for the problem of Example
22 is shown in Figure 17. In this graph, the observations received by agent 1 are:

Example 31. Observations in the policy graph in Figure 17.

o1 : {a(a)},

o2 : {a(a) , a(f)},

o3 : {a(a) , a(c) , a(f)},

o4 : {a(a) , a(c) , a(f) , a(g)},

1 https://github.com/EHadoux/aptimizer
2 http://bigbird.comp.nus.edu.sg/pmwiki/farm/appl
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o5 : {a(a) , a(c) , a(e) , a(f) , a(g)},

o6 : {a(a) , a(g)},

o7 : {a(a) , a(e) , a(f) , a(g)},

o8 : {a(a) , a(e) , a(g)}

To follow this policy, start on the first node, apply the rule and move in the graph
depending on the observation received. From the point of view of agent 1, accepting
states (double circled) are final states of the debate. In other words, they are states
where agent 1 can either wait and win or lose anyways.
Note that the second node of the top row of Figure 17 is an accepting state

from which the agent can transition. Indeed, receiving observation o3 can have two
meanings: either the opponent has not played a(g) yet or she will never be able to.
From that, the decision-maker can consider waiting for the opponent to play or not.
Also note that it is different in the first node of the last row. It is not an accepting
state as the agent needs to wait for the opponent to play in order to be able to reach
a winning state (the last node of the middle row). In this state, agent 1 has not lost
but cannot either wait and win. Of course, this policy takes into account the ability
for the opponent to apply a rule she has already applied before.

4.2 Experiments with potential cycles

Below, we consider another example where some predicates can be removed from the
state, unlike in Example 22. The purpose of this example is to show that the solving
algorithm gives an optimal policy, even if a cycle can be created by the agents when
adding and removing arguments.

Example 32. This example contains three arguments a, b, c and a special argument
s meaning agent 1 surrenders and thus loses the debate immediately. Rules are:

• R1 = {h1 (a) ∧ a(b) ⇒ [1.0/ � a(a) ∧ �e(a, b) ∧ �e(b, a)]
a(c) ⇒ [1.0/ � a(s)]}

• R2 = {h2 (b) ∧ h2 (c) ⇒ [0.9/ � e(b, a) ∧ �e(a, b) ,
0.1/ � a(c) ∧ �e(c, a)]}

The initial state is ({h1 (a)}, {}, {h2 (b) , h2 (c)}) and g1 = g (a).

Figure 18 shows the optimal policy graph for Example 32. The observations of
agent 1 are as follows:

Example 33. Observations in the policy graph in Figure 18.

o1 : {a(a) , e(b, a)},

o2 : {a(a) , e(a, b) , a(c) , e(c, a)},

o3 : {a(a) , e(a, b) , a(c) , e(c, a) , a(s)},

o4 : {a(a) , e(a, b)}
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Figure 18: Policy graph for Example 32

None Irr. Enth. Dom. Irr(s0). All

Ex 22 — — — — — 0.56
Ex 32 3.3 0.3 0.3 0.4 0 0
Dv. — — — — — 32
6 1313 22 43 7 2.4 0.9
7 — 180 392 16 20 6.7
8 — — — — 319 45
9 — — — — — —

Table 8: Computation time (in seconds)

4.3 Efficience of the optimization procedures

Finally, we investigated the influence of each optimization on the computation time.
Table 8 reports computation times required to solve the problems while applying
different sets of optimizations before solving the problems with MO-SARSOP. We
considered Example 22, Example 32 and a slightly modified version (in order to fit
it in our framework) of Dvorak (Dv.) problem taken from the literature3. A dash
in the table means that the computation of the optimal policy took more than 30
minutes and 0 means that the time is less than 0.01 secs. The experiments have
been performed on a machine equipped with an Intel XeonX5690 4.47 Ghz core and
16G of RAM.
We can see that for Example 22 only the fully optimized problem can be solved

in a reasonable amount of time. In order to study how the method scales, we also
generated instances built on bipartite argumentative graphs (but not trees) with
an increasing number of arguments evenly split among the two agents. In Table
8, Line n (where n = 6, . . . , 9) shows the time needed to solve problems with n
arguments. It is interesting to see that, as we could expect, when increasing the
number of arguments, the optimization procedures are more and more mandatory
to be able to have a solution in a reasonable amount of time. However, when reaching
9 arguments, the procedures could not reduce enough the size of the problem.
Note that the amount of reduction involved by the procedures are highly dependent

of the configuration of the rules and attacks. Of course, it is possible to build a
degenerate problem with only few arguments but where no optimization procedure

3 http://dbai.tuwien.ac.at/research/project/argumentation/dynpartix/

91

http://dbai.tuwien.ac.at/research/project/argumentation/dynpartix/


probabilistic argumentation debates optimization

is applicable. However, it is highly unlikely in real applications as agents will not
agree on the arguments to use and thus at least Irr. would reduce the size of the
problem.

5 Conclusion and discussion

In this chapter we explored the following research question: can we find –and to what
extent– the optimal policy of an agent facing an opponent playing stochastically in an
argumentative dialogue. We first showed that one can take advantage of the fact that
arguments are exchanged through a public space, making MOMDP a suitable model.
Next, we exploited the fact that the domain of argumentation is highly structured:
different schemes can be designed to minimize the obtained model, while preserving
the optimality of the policy. Our experimental findings are balanced: on one hand we
show the effectiveness of these optimization schemes, which make several examples
solvable in practice. On the other hand, optimal resolution remains extremely costly
with these models, and it seems at the moment very unlikely to handle instances
involving more than a dozen of arguments. We believe this provides valuable insights
as to what can be done in practice when designing argumentative agents.
One interesting improvement of this method is to use POMCP (see Section 3

of Chapter 2) in order to be able to handle more easily high-dimension problems.
We did not use POMCP in this work as we wanted to highlight the necessity and
the efficiency of the optimization procedures, even though they are compatible with
POMCP. Indeed, without using this algorithm, the optimization procedures help
to tackle problems of higher dimension but POMCP is not as limited as the other
algorithms by the size of the problems. However, in this context, using the pro-
cedures would allow POMCP to reach a solution of better quality. Future work
involves conducting comprehensive experiments, using POMCP, possibly with new
optimizations.
Several works treat the problem of optimization in the planning domain (see, e.g.,

(Koehler and Hoffmann, 2000)). It could be useful to look at possible adaptations
of those methods to the optimization of argumentation debates.
A second possible room for improvement is to use the knowledge of the goal.

Indeed by representing the goals of the opponent in a belief function, we can update
it using the observation at each step, and eventually learn the adversary’s goals, in
order to avoid them to be fulfilled if necessary.

Our work assumes that we know the associated probabilities with the acts of each
rule. However, in real-life problems, this may not be the case. Experiments with,
for instance, serious games in conjunction with machine learning, would allow us to
build a protocol able to determine the probabilities used in the rules.
Indeed, the French government recently4 unveiled a platform5 allowing citizens to

collaborate on the elaboration of a law project. This platform enables to publish

4 As of September, 26th of 2015
5 https://www.republique-numerique.fr/consultations/projet-de-loi-numerique/consultation/

consultation
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arguments for or against each article of the project and to, in some extent, answer
and/or attack arguments of other citizens. This could be the platform of choice to be
able to learn the probabilities of the rules. By allowing players to debate and iterat-
ing this experiment with different groups of persons, we could gather the arguments
used, how they are used and at what frequencies. Moreover, it could be interesting
to study the agreement of each player to the validity of the attacks put forward.
Some platforms have been previously developed in this sense, debatepedia6 to list
the arguments and organize them in semantic groups and debategraph7 to see the
interactions in a mind map presentation.

Another important point is when generalizing the framework to an arbitrary
number of agents. As evoked earlier, this would require to determine how to order the
opposing agents when merging the plays into the transition function. One solution
may be to maintain a probability distribution over the opponent, representing the
belief of which agent will be the next to play. This would allows us to encode
different emotional behaviours from the shy agent to the over-expressing one. It
could be interesting to study, assuming each agent is rational and try to optimize
her plays, to what extent this emotional behaviour interacts with the capacity to
win the debate. Is talking a lot, with the risk to put forward arguments enabling the
opponent to defeat her, a more efficient behaviour than waiting for the right time,
which could eventually never happen?
A second method would be to use a special agent, called a mediator, whose purpose

is (at least) to select the next talking agent. In the next chapter, we investigate such
mediation problems, in a non-stationary setting.

6 http://www.debatepedia.org/en/index.php/Debatepedia:About
7 http://debategraph.org/home
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Argumentation debates involve different conflicting agents, or teams of agents,
exchanging arguments to persuade each other. In many cases, it is necessary to call
on a mediator to preside the debate.
When a mediator is introduced in a debate problem, she acts as a referee among

debating parties (single agents or teams). The role of a mediator in a debate or in
a negotiation is essentially to allocate turn-taking, but we note that she could also
decide on issues being discussed, that is, set the agenda of the discussion.
While there exists a substantial literature on mediated negotiation (in which case,

the mediator’s objective is usually to reach a state all parties agree on, see for
instance Chalamish and Kraus’ AutoMed (2012)), the works addressing the role of
mediator in argumentation are seldom. When a mediator is used, as in the protocol
of Bonzon and Maudet (2011), she does not play an active role (in this specific case
she is assumed to alternate moves between teams and to pick agents “at random”
among teams). In fact, the mediator is often assumed to simply apply rules fixed
beforehand.
However, in reality, the mediator can play a much more active role: depending on

how the debate evolves, she may decide to give more time to a party, to give the
opportunity to make a point or she may try to shorten the debate. Also she may
not be neutral with respect to the outcome of the debate, and may allocate turns in
a very biased way to satisfy some hidden agenda. Or, on the contrary, the mediator
may also exploit her knowledge about the debating agents to guide the debate and
help them find a consensus (Trescak et al., 2014).

In this chapter, we envision such an active mediator, who may on the fly decide
on which agent to allocate turn, in order to satisfy her own goals. In case the agents
are split into several teams, the mediator should decide which team and which agent
of the team will speak next. To solve this decision problem, our mediator exploits
her knowledge about the debating agents, i.e., about their argumentative strategies.
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The next question raised is the amount of information that the mediator has at her
disposal. The mediator faces a number of debating agents. While it is conceivable
that the mediator knows which team each agent belongs to, it is difficult to assume
that she could assign a deterministic strategy to each single agent. Instead, agents
will be viewed as reasoning with probabilistic strategies. But this is also too strong
an assumption to make that those strategies are stationary.
Under time pressure in particular, realizing that she could not satisfy her own goal,

an agent may use a more aggressive strategy in the hope of –at least– avoiding the
other party to attain its own. On this aspect, Moore (1993), conceived three levels of
decision. At the first level, the agent must decide whether the topic under discussion
should be kept or changed. At level 2, Moore proposes two types of argumentative
behaviors: either to try to defend her own position, or to try to defeat the position of
the adversary. Finally, level 3 is concerned with the more tactical choice of deciding
how to achieve the objective set by level 1 and 2.

Following our previous work on decision-making and non-stationarity (see Chap-
ter 3), each possible behavior of an agent will be referred to as an argumentative
mode (or simply mode when there is no risk of confusion). Interestingly, we will see
in this work that levels 1 and 2 are appropriately captured as such modes.
Of course, the current mode of the agents cannot be directly observed by the medi-

ator. However, argumentative strategies played by the agents may give some insights
about their current modes. In this chapter, we develop a strategic mediator able to
decide, from her observations about the debate, the speaking slots of the agents so
as to maximize the expected reward, based on her preferences on a subset of states,
i.e., her goals. This decision-making problem requires the mediator to anticipate
and detect changes of modes. We build upon the APS formalization presented in
Chapter 7 to represent participant strategies. We argue that the problem can be
modeled as a Markov Decision Problem with hidden modes and we propose a general
formalization of the mediator’s decision problems. In fact, this work combines our
previous works in Chapters 3 and 7 on a new type of problems.
Interestingly, some properties on the mediator’s strategy can be retrieved from

problem parameters as presented in Section 3. Experimental results in Section 4
highlight performance gain obtained by our approach over standard methods based
on a mean model.

1 Dynamic Mediation Problems

In the mediation problems we consider, the agents are split into several teams such
as all members of a same team share the same common goal. A special case is when
all the agents of a team share the same rules (which only differ on the probabilities
over acts), we talk in that case of a coherent team. A goal (for a team or for
the mediator) consists in having some arguments holding or being defeated in the
common public debate space. The mediator has her own goal that can be a genuine
consensus between the teams or a more biased (e.g., selfish) goal. Her goal does not
need to be a goal of one team or the combination of the goals of all teams.
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We propose to formalize the non-stationarity of argumentative strategies with a
set of modes. As mentioned in the introduction, when taking part in a debate, an
agent can be in different argumentative modes, representing, for instance, her state-
of-mind. In particular, we shall exploit the typology of constructive vs. destructive
modes from Moore (1993).
This constitutes a basic case which has the advantage of being firmly grounded

in argumentation theory, and which can easily be extended (e.g., we could have
mixtures of those two extreme behaviors).
Depending on her current behavior, an agent can be more or less compliant or

adversarial to the debate. This means that the agent can choose to interact to reach
the goal of her team by any means or, on the opposite, try to counter the opposing
goals (assuming she knows them). The current mode of an agent may evolve over
time: agents start in the constructive mode but they may switch to the destructive
mode when they run out of time or go beyond some personal tolerance threshold (as
the reader may have observed in some business or political talks).

In order to formalize this new type of problem, we extend the APS formalization
from Chapter 7 and propose Dynamic Mediation Problems (DMP) characterized by:

• D, a set of agents,

• T = {T1, . . . , T|T |}, a set of teams (i.e., subset of agents) where T is a partition
of D:
– Tj ∩ Tk = ∅,∀j 6= k,
– ⋃

j Tj = D,

• M, a set of argumentative modes,

• A, E , (Si)i∈D and P as in APS,

• Rµi , a set of rules of agent i ∈ D while in mode µ ∈M,

• gj , the goal of team Tj and g0, the goal of the mediator, that can be any
combination of required presence or absence of arguments.

• C, a function controlling the agents’ mode switching,

• H, a function controlling the duration of each mode.

C models the joint probability of each agent to change from a constructive mode to
a destructive mode after someone has spoken. H models how many timesteps elapse
before a change of mode occurs.
Note that, as in APS, the sets of arguments A and attacks E are assumed to

be known and accepted by all agents. However, no assumption is made about the
knowledge or ignorance of a party (i.e., team or mediator) regarding the goals of
the other parties. Furthermore, the sets of rules may be different from one agent to
another and from one mode to another.
This formalization is very general. In fact, in the type of mediation problems we

are interested in, agents do not hold a private state. Indeed, even though they play
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individually, they do not play for themselves and thus can be considered to have a
collective internal state of arguments they all agree to use. Knowing the parties in
interaction, the mediator can easily infer which arguments are more likely to be use
by which team. We thus do not have to represent the internal state in this context.
Of course, this assumption has also to be applicable on the rules: a rule cannot have
in premise or in an act an h() predicate.

As a side note, every APS can be converted into a DMP where each agent forms
a mono-agent team and the mediator has a neutral behavior. However, the decision
problems addressed by these frameworks are different: an APS tackles the decision
problem of the debating agents without mediation whereas a DMP considers the
decision problem of a mediator.

We exemplify our application context and framework with a concrete example:

Example 34. Few months ago, the french government passed a law bill dubbed as
some as “the french patriot act”, a bill to legalize communication surveillance. Let
us model a part of the debate at the legislative assembly preceding the vote. The two
teams are the pro- and the anti-bill. The mediator ( i.e., assembly president) may
want to find a consensus between the two groups of agents ( e.g., a less invasive yet
efficient surveillance), and thus wants to genuinely know which arguments hold, or
may be partial on either side and wants to force some arguments. The modeling
contains 9 arguments (4 pros and 5 cons) as follows:

a using an anonymization software like TOR should not be seen as suspicious by
the system,

b innocents have nothing to hide,

c whistleblowers are not protected/may be flagged,

d sensitive jobs are protected (journalists/lawyers),

e no judge is required to monitor/flag a user,

f the system is controlled by an independent committee,

g hidden algorithm means no possible control on it,

h the fight against terrorism shall be unrestricted,

i the bill can bypass any form of control in case of “absolute emergency”, this
shall not be the case.

Figure 19 describes the graph of the attacks between arguments. Each argument is
represented by a vertex and each attack is formalized as an edge.
For clarity reasons, we only give below examples of rules in the constructive mode for
two agents i, j belonging to the two opposite teams. For conciseness, we also remove
the attacks of the rules, though they are still used to determine which arguments are
attacked and which are defended.
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a c e g i

b d f h

Figure 19: Graph of arguments of Example 34

Ri : {∅ ⇒ [0.7/ � a(a) ∨ 0.3/ � a(e)]
a(b)⇒ [0.55/ � a(g) ∨ 0.45/ � a(c)],
a(d)⇒ [0.5/ � a(i) ∨ 0.5/ � a(c)],
a(f)⇒ [0.9/ � a(c) ∨ 0.1/ � a(i)],
a(e) ∧ a(f)⇒ [1.0/ � a(i)]}

Rj : {∅ ⇒ [0.6/ � a(d) ∨ 0.4/ � a(h)],
a(a)⇒ [0.7/ � a(d) ∨ 0.3/ � a(b)],
a(e)⇒ [0.8/ � a(f) ∨ 0.2/ � a(f)],
a(g)⇒ [0.5/ � a(f) ∨ 0.5/ � a(b)],
a(i)⇒ [1.0/ � a(h)]}

g0 = {a(b), a(f)}, g1 = {a(c), a(i)}, g2 = {a(d), a(h)}.
The first rule of Ri has two acts �a(a) and �a(e) with probability of being chosen
0.7 and 0.3 respectively.
In the constructive mode, the agent will favor moves that build their goals, while

in the destructive mode they seek to destroy the arguments that are potentially goals
of the other team (recall that the actual goals of the others are unknown). So we
may have, for an agent of team 2:

constructive: a(a)⇒ [0.7/ � a(d) ∨ 0.3/ � a(b)]
destructive: a(a)⇒ [0.2/ � a(d) ∨ 0.8/ � a(b)]

C is defined such that the probability of a mode change for an agent may be higher
when an agent from the opposite team has just spoken. H is characterized such that
the stochastic duration given by H decreases as the debate progress.

We say that an agent plays a vacuous act when it does not change the state of
the debate. By extension, we talk of a vacuous rule for an agent when applying that
rule would not change the state of the debate. This means that all of the possible
moves (in the disjunct on the right-hand side) are vacuous. However, an agent may
well play a vacuous move without the rule being so.

It is important that agents have the capability to return the token so that the
debate can continue, even if they have nothing to say, otherwise we may reach a
deadlock. For that purpose, they are equipped with a special vacuous rule:

∅ ⇒ [p/skip∨ (1− p)/stop]
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This rule can only be applied by an agent when no other rule can be. This models
the fact that agents are willing to contribute to the debate as long as they can. The
skip move simply returns the turn of that agent. To make the rule more expressive,
we also allow agent to surrender with probability 1 − p by playing a stop move,
provoking the end of the debate. Note that by setting p = 1 we have agents with
unlimited patience, while on the other hand p = 0 models agents that consider that
they lose the debate as soon as they have nothing to say.

2 Decision problem formalization

A DMP models a multi-teams debate mediated by a strategic agent. In this section,
we consider the decision-problem of the mediator. We want to determine a turn
taking strategy allowing the mediator to reach a state compliant with her own goal.
Independently of the method used to solve the problem, the objective is to maximize
a value function ensuring that the computed policy, i.e., the sequence of speak-turns,
yields the highest expected reward.
Since the mediator has probabilistic knowledge about debating strategies, the me-

diator is in fact dealing with a sequential decision-making problem under uncertainty.

An additional difficulty comes with the non-stationarity of the decision problem.
As debating agents may change their behaviors over time, traditional Markov models
and algorithms fail to represent and solve the problem. In the following, we show
that the mediator decision-problem falls within the context of HS3MDPs.
Since debating agents’ behaviours depend on their argumentative modes, the me-

diator has to consider the possible combinations of those modes while making her
decisions. In argumentative debates, agents engage consistent behaviour and stay
in the same argumentative mode over several steps of the debate. Each mode of the
debate may therefore lasts over several decision steps. For this reason, the HS3MDP
model is especially suited to formalize the decision problem of the mediator since it
handles mode duration.

Given a DMP, the decision problem of the mediator can be modeled as an
HS3MDP as follows:

• M the set of modes (in the HS3MDP sense) from the mediator’s point of
view, i.e., all possible combinations of the debating agents’ modes m ∈ M.
An HS3MDP contains |M||D| modes, with |M| the number of argumentative
modes of the DMP,

• S = 2A∪E × {1, . . . , |T |}, all possible combinations of publicly exposed argu-
ments and attacks, plus the team of the agent who has just spoken,

• A = D, as one action is allowing one agent to speak,

• Tk and Rk (for each mode mk ∈M), as specified below,

• C and H are induced by C and H over M instead ofM.
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For instance, for a DMP with 2 agents which can be in two modes c and d (for
constructive/destructive), the corresponding HS3MDP will contain 4 modes that
can be understood as: m1 = (c, c),m2 = (c, d),m3 = (d, c),m4 = (d, d) (even
though argumentative modes and HS3MDP modes are not directly linked).
Those modes allow us to formalize relationships between private states of mind,

not represented in this context, and argumentative behaviours through varying the
set of rules and the weights of the acts in the rules from one mode to another.

Recall Acts(r) stands for the set of acts for rule r. Also recall Cs(R) is the set
of rules of R compatible with state s and m(i) is the argumentative mode of agent
i in the HS3MDP mode m. The transition function Tk in mode mk is defined as
follows: ∀s ∈ S, ∀l ∈ Acts(r),∀r ∈ Cs(Rmk(a)

a ),

Tk(s, i, sr,l) = 1/|Cs(R
mk(i)
i )| · ρmk(i)

r,l

where Rmk(i)
i is the set of rules of agent i in its current mode mk(i) and ρmk(i)

r,l is
the probability of act l of rule r when in mode mk(i) and sr,l is the state resulting
from the application of act l of rule r on state s. Probabilities ρmk(i)

r,l are directly
taken from the specification of the DMP problem.

The reward function Rk formalizes the objectives of the mediator and has to be
defined in a way that complies with the semantics of the problem. It may have
different profiles depending on the kind of mediator considered. Desired states of
the debate must be rewarded and unwanted states must be penalized. When the
mediator is supposed to be impartial, she should give the token alternatively to
each team. With two teams, this is ensured by assigning a penalty when giving
two consecutive turns to the same team. This penalty reflects the degree of fairness
required by the mediator and will be referred as the unfairness penalty. Indeed, a
high penalty may force the mediator to alternate between the team whereas a null
penalty does not incite her to fairly share the speak-turns among all teams.
We could also define a cost if the act chosen by an agent does not modify the

current state, in order to force the mediator to prefer agents who would actually
make the debate move forward. Note that the reward function can vary from one
mode to another thus formalizing changes in the mediator’s objective as the debate
progress.
Example 35. Example 34 cont’d. The reward function may be defined as follows:
• at the end of the debate, it returns 10 for each fulfilled goal of the mediator,

• at each step, the unfairness penalty is set at -100,

• it returns 0 otherwise.

3 Properties and discussion

This section presents several properties that can be exposed on DMPs concerning
the histories and the solutions of the problem modeled.
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Definition 11. Sequence of speak-turns/sequence of acts. A sequence of
speak-turns is a sequence of agents organized by the mediator. A sequence of acts σ
is the sequence of acts effectively performed by the agents of a speak-turns sequence.

Example 36. Example 34 cont’d. Let agents 1 and 2 be in team 1 and agents 3
and 4 be in team 2. The sequence of speak-turns (1, 3, 1, 4) starting from state s = {}
can yield the sequence of acts (r1

1,1, r2
2,1, r1

3,1, r2
5,1) after which the environment is in

state s′ = {a(a), a(d), a(h), a(i)}.

We denote σ−α the sequence of acts σ where act α is omitted. The length of a
sequence is denoted |σ|. Likewise, τ−k is the sequence of speak-turns τ where turn
k is skipped.

Definition 12. Compliance. A sequence of acts σ is compliant with the goal φ if
φ holds on the public space after executing the sequence σ. Likewise, a sequence of
speak-turns τ is compliant with φ if a history (thus a sequence of acts) generated by
τ is compliant with φ.

Definition 13. Mandatory act. An act α of a sequence σ is mandatory for the
goal φ if σ−α is not compliant with φ, whereas σ is compliant. By extension, an act
is strongly mandatory for φ if it is mandatory for any sequence of acts compliant
with φ.

In other words, an act α is strongly mandatory if no sequence can reach the goal
without executing α.

Example 37. Example 34 cont’d. If argument a belongs to the goals of the
mediator, the act r1

1,1 ( i.e., the first act of the first rule of agent 1) is strongly
mandatory as it is the only one adding argument a.

Definition 14. Minimal-length highest-rewarding sequence. A minimal-
length highest-rewarding sequence is a sequence of minimal length among the se-
quences maximizing the discounted sum of rewards.

Depending on the unfairness penalty, we can expose some properties on the solu-
tions of the problem.

Proposition 5. If the unfairness penalty is null, the highest rewarding sequence of
act does not contain any vacuous act.

Proof. Let us consider a sequence of speak-turns τ = (a0, . . . , ak, . . . , at) such that
ak is an agent playing a vacuous move. Since the agent ak does not modify the
debate, the set of states reached with τ is the same as with τ−k and so is the
expected undiscounted sum of rewards. Of course, the expected discounted sum of
rewards is different as τ contains one more step than τ−k. Indeed, let Vk(a0, at)
(resp. V−k(a0, at)) be the expected discounted sum of rewards of the sequence from
a0 to at containing (resp. not containing) ak. Therefore:

Vk(a0, at) = V−k(a0, ak+1) + γ · (0 + γV−k(ak+1, at))
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and
V−k(a0, at) = V−k(a0, ak+1) + γ · V−k(ak+1, at)

Hence, V−k(a0, at) ≥ Vk(t0, ak). That way, the sequence without the vacuous
action yields a greater or equal expected discounted sum of rewards and thus is
preferred.

As a corollary to Proposition 5:

Proposition 6. If the unfairness penalty is null, the highest rewarding sequence of
speak-turns does not contain any vacuous rule.

Proof. The proof is identical to the proof of Proposition 5, adapted to speak-turns.
Indeed, is the penalty is null, if the sequence contains a vacuous rule at ak, the
sequence τ−k yields a higher reward.

Let T (a) denote the team of agent a. Note that if T (ak−1) 6= T (ak+1), i.e., no
team plays twice consecutively, when ak is removed, Proposition 6 holds whatever
is the value of the penalty.

When the value of the unfairness penalty is high enough with respect to the reward
of reaching a goal (i.e., the discounted sum of rewards of a sequence containing a
move yielding a penalty less than any discounted sum of rewards that does not
contain a penalty), the mediator is forced to alternate between the teams when
giving the turn.
Of course, the set of states accessible with forced alternation (Salt) is a strict

subset of all accessible states (Sgen). Indeed, every state accessible with forced
alternation can be reached without it by simply alternating anyway. However, sup-
pose that a state needs two consecutive plays of the same team to be reached, it
obviously cannot be reached when the alternation is forced.
Besides these properties on the sets of states, we can characterize the length of

the sequences of acts as follows.

Proposition 7. The minimal-length highest-rewarding sequence of acts with alter-
nation forced is the longest among all minimal-length sequences of acts with the same
reward (but not necessarily with forced alternation).

Proof. Considering the minimal-length highest rewarding sequence with forced alter-
nation, if all acts are mandatory to reach the state giving this reward, all sequences
with the same outcome contain those actions and thus have the same length. How-
ever, if one action is not mandatory, it can be replaced by a vacuous act. In the
sequence where the alternation is not forced, the vacuous acts can be removed and
thus the sequence comply with Proposition 5. Therefore, the sequence is shorter. For
the sequences with forced alternation, those acts cannot be removed, the sequences
thus have the same length.
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We now investigate dominance between agents belonging to a coherent team.

Definition 15. Preference on a probability. A probability p of an act α is
preferred to a probability p′ of the same act, with respect to the mediator’s goal,
when:

• p > p′ if α is mandatory or shorten all sequences of acts to reach the mediator’s
goal,

• or p < p′ if α prevents from accessing the goal or lengthen all sequences of acts.

Definition 16. Dominance. An agent ak is strictly dominated by an agent aj of
the same team if, for each rule, the probability of each act of aj is preferred or equals
(with respect to the mediator’s goal) to the probability of the corresponding act of ak
(probability of the same act of the same rule) and a probability of on act is strictly
preferred.

Proposition 8. The sequence of speak-turns maximizing the expected discounted
sum of rewards does not contain any strictly dominated agent.

Proof. By contradiction, assume there exists a sequence (a0, . . . , ak . . . , at) of speak-
turns maximizing the expected discounted sum of rewards, where turn k involves
agent ak, strictly dominated by agent aj . As agent ak is strictly dominated by agent
aj , any act of aj is preferred to the matching act of ak. Thus, the probability of
every act compliant with the goals of the mediator is higher and the others are lower.
Therefore, the expected discounted sum is higher when giving turn to aj instead of
ak. That way (a0, . . . , ak, . . . , at) cannot maximize it.

Although those properties are basic, they give guarantees on the quality of the
solution (minimality, no dominated agents, etc.). Moreover, they open the room for
optimization procedures on the model (pre-computing mandatory acts for instance)
to improve the solving methods.

4 Solving a DMP and experiments

Since HS3MDPs form a subclass of POMDPs (see Section 1 of Chapter 3), the
policy of the mediator can be computed using POMDP algorithms. However, the
conversion of a DMP to an HS3MDP leads to large-size instances of the model.
Indeed, when converting the problem to an HS3MDP, the equivalent POMDP con-
tains 2|A|+|E|+|D|+hmax states, with hmax being the maximum duration defined by
the duration function of the problem.
For instance, in Example 34, the problem contains 216× 2|D|× 2hmax states, which

means 33 554 432 states with only 4 agents and a maximum duration of 5. In order
to solve decision problem of the mediator, we propose to use our adaptation of the
Partially Observable Monte-Carlo Planning (POMCP) algorithm (Silver and Veness,
2010) presented in Section 4 of Chapter 3. The strength of the POMCP algorithm
is its ability to solve high-dimensional problems. The adaptation of this algorithm
makes it more efficient in contexts with modes such as HS3MDPs.
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4 solving a dmp and experiments

Teams sizes min # sim.

3-4 1
15-15 64
50-50 256

100-100 512

(a) Minimum # of simulations

Teams sizes Mean HS3MDP

3-4 -30.7 -17.3
15-15 -22.8 -11.8
50-50 -55.1 -50.6

100-100 -54.7 -51.6

(b) Results at maximum simulations

Table 9: Comparative results

# Sim. Online End End and guide

1 -281.0 / -281.3 -316.6 / -292.1 -89.8 / -91.0
2 -272.4 / -272.9 -308.0 / -284.6 -61.7 / -62.7
4 -255.6 / -257.2 -291.3 / -270.1 -10.7 / -11.3
8 -91.5 / -87.6 -125.0 / -108.4 1.1 / 1.0
16 -68.0 / -50.1 -101.1 / -73.2 1.3 / 1.3
32 -24.3 / -10.1 -53.1 / -32.4 1.3 / 1.3
64 -9.0 / 1.8 -34.9 / -19.8 1.3 / 1.4
128 -5.8 / 3.6 -31.4 / -17.6 1.3 / 1.3
256 -5.2 / 4.0 -30.6 / -17.4 1.3 / 1.3
512 -5.1 / 3,9 -30.7 / -17.3 1.3 / 1.4

Table 10: Results for teams of 3 and 4 agents

We ran experiments to test the relevance of formalizing the possible modes of
the agents in the decision process. We compared the performance of the mediator
while making decisions using an HS3MDP policy with a policy issued from a mean
model over all modes. Indeed, this method can approximate the non-stationarity
to solve the problem while allowing for the use of standard algorithms. Moreover,
it can perform well if the additional information brought by the non-stationary
model is not significant enough. In the experiments, given an instance of debate
mediation, the mean model is defined by averaging over the modes, rule by rule,
the probability distributions over possible actions. We obtain a “mean” MDP with
stationary transition and reward functions. The HS3MDP and the “mean” MDP
are then solved using POMCP.

Tables 9, 10 and 11 show the performance of the mediator for different sizes of
problems. For each size of teams, we define 100 instances of the problem following
the definition of Example 34 with different probabilities on acts in the rules. They are
defined randomly for each agent with respect to the modes, i.e., in the constructive
mode, the probability of the act building the debate towards the goals is higher
than the probability of trying to defeat the opponent and vice-versa. The goal of
the mediator is randomized for each instance. Moreover, the patience of the agent
(the probability p to pass the turn instead of surrender) is also randomly drawn. Each
instance has been solved using an HS3MDP and a mean model. For each instance,
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# Sim. Online End End and guide

1 -309.0 / -312.8 -321.2 / -324.4 -6.7 / -6.6
2 -300.8 / -308.2 -314.6 / -320.3 -5.5 / -5.5
4 -289.3 / -300.6 -304.2 / -312.9 -4.6 / -4.6
8 -272.2 / -288.7 -290.6 / -303.1 -3.4 / -3.4
16 -249.6 / -273.7 -273.3 / -291.0 -2.0 / -2.0
32 -219.3 / -252.7 -249.1 / -275.2 -0.4 / -0.3
64 -177.1 / -223.4 -215.3 / -251.3 1.0 / 1.2
128 -53.2 / -106.9 -95.9 / -131.4 1.1 / 1.2
256 -29.9 / -26.3 -55.1 / -50.6 1.1 / 1.2

Table 11: Results for teams of 50 and 50 agents

we study the performance of the mediator when increasing the number of simulations
done by POMCP while averaging on 1000 runs with the given number of simulations.
The number of simulations represents the number of Monte-Carlo executions done
in the simulator before doing in the real environment the best action found during
the simulations. It starts with one simulation and doubles until it takes more than
one hour for 1000 runs for the first three sizes of instances and five hours for the last
one (100 agents in both teams). POMCP results tend towards the optimal results
when increasing the number of simulations (Silver and Veness, 2010). Note that, in
a real context, the decision-maker chooses a number of simulations suitable to the
application and to the resources and time available for computing.
Table 9a gives the minimum number of simulations needed for the HS3MDP model

to perform better than the mean model. Column 2 shows those minimum num-
bers of simulations for each size of instances. With a small number of simulations,
HS3MDPs do not always outperform the mean models. In fact, without enough
simulations, the additional information brought by HS3MDPs is not used and may
lead to wrong choices of actions when the model believes to be in a wrong mode.
The trend is reversed as the number of simulations increases, allowing the model to
have a more accurate belief of the current mode. Nonetheless, with a quite small
number of simulations (i.e., limited computation time), the mediator obtains higher
rewards when using HS3MDPs instead of the mean model.
Table 9b gives the raw performance of each model for the maximum number of

simulations that could have been done within one hour.
Table 10 shows results for the 3-4 instances with different reward functions while

increasing the number of simulations. The left value of each column is the value for
the averaging model and the right value is for the HS3MDP model. Similarly, Table
11 presents the results for instances with 50 agents in each team.
Example 38 below shows a sequence of speak-turns found by the mediator and

allowing her to reach her goal.

Example 38. Example 34 cont’d. The following sequence has been found in the
problem with 3 agents in the first team and 4 agents in the second team: (6, 3, 5,
1, 4, 1, 7, 2, 6, 1, 5, 3, 7). The last agent of the sequence (agent 7) surrender. We
can see that the mediator has learnt to alternate between the teams.
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5 conclusion and discussion

We ran experiments using three different reward functions: “Online”, “End” and
“End and guide”:

• “Online”: the rewards are given at each decision step. In particular, the reward
for a fulfilled goal is given at each step while the goal holds,

• “End”: the reward function defined in Example 35 and used in Table 9, where
the reward is given only at the end, if the goal holds. However, the penalties
are given during the execution.

When building the simulation tree, POMCP treats unknown states differently from
the states that have been previously reached in a simulation. As no simulation have
experimented actions from those states, the algorithm cannot choose the actions
maximizing the expected reward and thus selects actions randomly with a uniform
distribution. However, this random selection can be guided using knowledge about
the problem.

• “End and guide”: when a simulation reaches an unknown state, POMCP does
not uniformly select the action as in the original version. Instead it randomly
chooses an agent from a list composed of all agents that do not belong to the
last speaking team. We also add in this list one random agent from the last
speaking team, for exploration purpose.

Each profile of reward function leads to different kind of behaviours. Indeed, in
the “Online” case, the mediator will try to make the debate last longer while her
goals are fulfilled. It is the opposite for the two other situations due to the discount
factor lowering the reward as the debate lasts. As expected, guiding POMCP helps
to perform better but, interestingly, it also puts the averaging model at the same
level as the HS3MDP model. This may be due to the high value of the penalty
where avoiding it is eventually more rewarding that reaching a goal state. However,
in the general case, such knowledge about the problem is not accessible.

5 Conclusion and discussion

In this work we proposed a general framework for formalizing strategic mediation
problems in argumentative debates. Our DMP framework fits a large range of ar-
gumentative settings. It allows us to formalize the non-stationarity of the debating
agents strategies while requiring only probabilistic knowledge of the argumentative
strategies. Alongside this new model, we proposed a method to solve the decision
problem of the mediator. We showed that it can be modeled using an HS3MDP
and solved using the very efficient POMCP algorithm. Experiments proved that the
proposed approach reaches higher performance than using a mean model averaging
the dynamics of all contexts. Presenting some theoretical properties on the solutions,
we also gave insights on how to model mediation problems from the literature using
DMPs. Our theoretic study of the solutions opens the door to DMP specific proce-
dures for reducing the size of the derived HS3MDP and thus improving scalability
and performance.
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In this work, we discussed settings where a goal is satisfied when all its elements
hold in the public space. We thus adopt, as previously, Dung’s semantics of an ac-
cepted argument (1995). However, the semantics of acceptability can be relaxed to
consider general gradual valuations, see, e.g., (Cayrol and Lagasquie-Schiex, 2005).
Interestingly, our framework is able to handle general gradual valuations thus, al-
lowing a wide range of mediation behaviours. To illustrate this point, we describe
how the valuation of goals in Example 34 can be defined as an instance of a general
valuation.

Example 39. Example 35 cont’d. The valuation of goals can be defined using
GDV as follows:

• V = W = [0, 10],

• g : W → V such that g(x) = 10× 1x=0,

• h such that h(x1, . . . ,xn) = x1 + . . .+ xn

With V being the range of values for an argument and W the range of values (such
that V ⊆ W ) of the combination of the attacking arguments. Therefore, the value of
argument a,V (a) = g(h(x1, . . . ,xn)) with x1,...,n all arguments attacking argument
a (see Cayrol and Lagasquie-Schiex (2005) for more details on V , W , g and h
definition). The final outcome of an action is computed using this valuation and the
unfairness penalty of letting a team play twice in a row.

As a general model with minimal assumptions, DMPs can represent various medi-
ation problems. Although we consider an active mediator, she does not take actions
to directly modify the state of the debate. Nevertheless, the mediator may be able
to put forward arguments in the public space in order to make the debate evolve
and escape from a dead end (e.g., (Chalamish and Kraus, 2012)). In our framework,
handling such mediators is straightforward: a fictitious team of only one agent,
embodying the mediator, is added to the DMP. The rules of the fictitious player
consists in the possible arguments the mediator may want to play. Putting forward
an argument for the mediator consists in fact in letting this fictitious player speak.

Recall that, in the DMP model we proposed, a surrendering agent makes the
whole team surrender. An interesting lead to follow would be to consider problems
where the agent surrenders for herself. Therefore, the debate would continue, only
making this agent unable to speak and thus impossible to be chosen by the mediator.
However, this would imply that the set of actions of the mediator, i.e., the agents
whom to give the turn, is dynamic. After having solved this issue, this assumption
could be extended by considering an open system in the multi-agent system sense,
i.e., with agents entering and leaving the problem, dynamically, at any time.
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9
C O N C L U S I O N A N D P E R S P E C T I V E S

Sequential decision-making under uncertainty in non-stationary environments is by
essence a very difficult task. Indeed, the non-stationarity comes in different flavours:
changing sets of states or actions, changing probabilities in the distributions, chang-
ing agents, new dynamics of the environment, among others.
Many leads have been followed in previous works, addressing subclasses of the

whole problem such as non-stationary Markov Decision Processes or adversarial
settings. We chose in this work to tackle the case of a non-stationary environment
evolving between a set of different stationary versions of this environment, following
a semi-Markov chain. We proposed the HS3MDP model to represent such problems.
In this formalization, each version of the problem is call a mode. All modes share the
same set of states and the same set of actions that can be performed. However, the
transition and reward functions are unique to each mode. Moreover, the environment
changes of mode following a semi-Markov chain. This means that, in opposition of
existing works, the current model is not required to change at each decision step.
Instead, it can last for several steps, ruled by a duration function. When the current
duration reaches 0, the new mode is drawn from the mode transition function.
Although this assumption on the stationary modes can seem restraining, this

subclass can contain many variations of the original, unconstrained problem. Indeed,
making this set of settings tends to infinite can theoretically allow us to represent a
huge number of problems.

Along with this new model, we presented how to solve it on different applications
as well as how to learn a subclass of it using detection changes.
The interesting part of this work is that in fact, HS3MDPs are a subclass of

POMDPs, an extremely used model on stationary environments. This gives us the
intuition that, if problems solved with HS3MDPs can be solved using POMDPs
and if we can theoretically solve every non-stationary problems using HS3MDPs,
we can theoretically solve them using POMDPs. While in practice it is absolutely
intractable, it opens a room to improvements of non-stationary solving using proven,
very efficient methods.

Most of the time, there is a strong assumption when solving sequential decision-
making problems under uncertainty: the dynamics of the problem have to be known.
In order to remove this assumption, we also proposed a learning method for a sub-
class of HS3MDPs.
This problem has already been tackled but needed to know the number of modes of

the problem a priori. More recently, a method removing this mandatory knowledge
has been proposed. Using context detection, it is able to discover changes and build
new modes of the problem when required. However, it relies on manually tuned
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parameters, hard to theoretically justify. Building upon this method, we proposed a
modification using statistical tests with parameters easily understandable. Moreover,
our method performs better by detecting changes faster.

In a second part, this work presents how to apply Markov decision models to
represent and solve argumentation problems. In fact, few works have been done in
the area of sequential decision-making in argumentation problems. We addressed
two problems in this work:

1. how to optimize the sequence of arguments of an agent in a debate, to reach
her goals,

2. how to strategically organize speak-turns allocated by a mediator in a non-
stationary mediation problem, to, once again, reach her goals.

Those problems are difficult to tackle due to their high dimension. Indeed, adding
an agent or an argument to the system hugely increases the number of states of the
problem.
We first proposed the APS formalization, an extension of a previous work on

probabilistic argumentation dialogues. While this framework is able to represent a
dialogue, we also proposed a method to strategically optimize the sequence of argu-
ments of one agent. Converting a problem modeled as an APS into an MOMDP
formalization, we could use state-of-the-art algorithms to solve the problem. How-
ever, this conversion generates a high dimension MOMDP, hard to tackle in the
general case. To address this issue, we developed several optimization procedures
able to reduce the size of the original APS formalization of the problem beforehand.

Extending the APS formalization, we propose the DMP model to represent non-
stationary mediation problems. In those problems, an agent external to the problem,
called the mediator, distributes speak-turns by choosing, among all agents, which
one will talk during the next timestep. Those agents are organized in teams where
every agents share the same goal.
After being formalized as a DMP, we can convert the problem into an HS3MDP in

order to strategically order the speak-turns by solving the problem using POMCP.
In this decision-making problem, the mediator chooses the agents so as to reach
her own goal, which can be to find an agreement or a more selfish goal. The non-
stationarity of this problem comes from the evolution of the behaviour of each agent,
from a compliant state-of-mind, to a more destructive one.

Using very efficient models and algorithms, suitable to those applications, we
could open the way to a new part of the field of argumentation.

1 Long-term perspectives and applications

In this section we describe the long-term perspectives as the short-term ones are
discussed in the associated chapters.
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1 long-term perspectives and applications

Sequential decision-making in argumentation has a wide range of applications
where it can improve (for instance, in complement of natural language processing
for automatic dialogue) or replace (e.g., Bayesian networks in diagnosis) existing
methods. In any cases, each process of decision is an argumentation debates, most
of the time with oneself. In the light of this statement, we could tackle the case
of personal persuasion. Indeed, while some components of a decision are purely
numerical, like for instance, a travel time, others involve personal preferences, beliefs,
that are difficult to valuate.
With traditional sequential decision-making methods, the reward received by the

agent after performing an action can also represent the preferences of the agent to
some settings of the environment. In this case, it requires to numerically valuate
those preferences to weight the reward. However, some works address this issue by
using preference-based models.
Using argumentation framework, those preferences can be easily taken into account

by using, for instance, an attack to some arguments that do not comply with religious
principles.
One application where personal preferences are proeminent is the one of un-

healthy/dangerous behaviours. In this context, those preferences are stronger than
rational decisions. It could be interesting to use our debate optimization methods
in order, for a medical doctor, to convince people with a dangerous behaviour (such
as smoking or overweighted people).
Going further, we could compile the knowledge in the medical domain so as to

automatize the debate. Some interesting works are exploring this lead.

Of course, those applications are definitely non-stationary. When it comes to
human beings, the assumption of stationarity is difficult to hold due to the high
implication of emotions into the decision process.
Using and improving methods such as the one presented in this document are

crucial in this domain.

All applications previously cited are in interactions with human beings (to help
them in their decisions or present them a decision). It could be interesting to inves-
tigate problems where automated agents are argumenting among each other.
This lead has been explored many times in the multi-agent and distributed systems

field. An obvious application of this is in negotiation for resources allocation, but,
with more and more connected devices, it could serve as a means of interactions for
organization, failure avoidance, and so on, in a more efficient way than currently
existing protocols.
We could imagine a world where your fridge would argument with your oven to

propose the best cake to make, considering how many eggs are left, the current
temperature in the apartment (short cooking time if it is hot) and your personal
preferences and history of cakes you would have made before.
Of course, this situation is non-stationary, due to, for instance, the evolution of

the temperature or your food habits.
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In this context, argumentation theory could perform better than existing protocols
as it mimics how two persons look for an agreement on, for instance, food making.

In a more serious context, this method could help to interact with civil population
in war theater. Their customs, their thinking schemes, could be integrated into the
formalization of an argumentation problems. In a peacekeeping context, we could
solve this problem with the methods we presented to understand their point-of-view
and convince them to rally either of the side.
In this context, as well as in the medical one presented previously, we should not

underestimate the power of persuasion, even if it comes from an automated agent.
There can be perverse effects anyone can easily imagine and, as usual, it is up to
the designer of the application, to make it in her own conscience.
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