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Do the best you can until you know better.
Then, when you know better, do better.
— Maya Angelou

A la mémoire de ma grand-mére Marie-Madeleine, de mon grand-pére Paul
et de mon amie Christiane.
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Introduction

The problem of developing satisfactory methodology for the analysis of spatial data
has been of a constant interest for more than half a century now. Constructing a
joint probability distribution to describe the global properties of data is somewhat
complicated but the difficulty can be bypassed by specifying the local characteristics
via conditional probability instead. This proposition has become feasible with the
introduction of Markov random fields (or Gibbs distribution) as a family of flexible
parametric models for spatial data (the Hammersley-Clifford theorem, Besag, 1974).
Markov random fields are spatial processes related to lattice structure, the conditional
probability at each nodes of the lattice being dependent only upon its neighbors,
that is useful in a wide range of applications. In particular, hidden Markov random
fields offer an appropriate representation for practical settings where the true state is
unknown. The general framework can be described as an observed datay which is a
noisy or incomplete version of an unobserved discrete latent process x.

Gibbs random fields originally come from physics (see for example, Lanford and
Ruelle, 1969) but have been useful in many other modelling areas. Indeed, they
have appeared as convenient statistical model to analyse different types of spatially
correlated data. Notable examples are the autologistic model (Besag, 1974) and its
extension the Potts model. Shaped by the development of Geman and Geman (1984)
and Besag (1986), these models have enjoyed great success in image analysis (e.g.,
Stanford and Raftery, 2002, Celeux et al., 2003, Forbes and Peyrard, 2003, Hurn et al.,
2003, Alfo et al., 2008, Moores et al., 2014) but also in other applications including
disease mapping (e.g., Green and Richardson, 2002) and genetic analysis (Francois
et al., 2006, Friel et al., 2009) to name a few. The exponential random graph model
or p* model (Wasserman and Pattison, 1996) is another prominent example (Frank
and Strauss, 1986) and arguably the most popular statistical model for social network
analysis (e.g., Robins et al., 2007).

Despite its popularity, the Gibbs distribution suffers from a considerable compu-
tational curse since its normalizing constant is of combinatorial complexity and
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generally can not be evaluated with standard analytical or numerical methods. This
forms a central issue in Bayesian inference as the computation of the likelihood is
an integral part of the procedure. Many deterministic or stochastic approximations
have been proposed for circumventing this difficulty and developing methods that are
computationally efficient and accurate is still an area of active research. Mention first
of all likelihood approximations involving a product of easily normalised distributions:
the pseudolikelihood (Besag, 1974, 1975), mean field approximations (e.g., Celeux
etal., 2003, Forbes and Peyrard, 2003), the reduced dependence approximation (Friel
et al., 2009) and composite likelihoods (e.g., Okabayashi et al., 2011, Friel, 2012). On
the other hand Monte Carlo approaches have played a major role to estimate the
intractable likelihood such as the maximum likelihood estimator of Geyer and Thomp-
son (1992) or the path sampling approach of Gelman and Meng (1998). More recently
Moller et al. (2006) present an auxiliary variable scheme that tackles this problem
by cancelling out the estimation of the normalizing constant, a work then further
developed by Murray et al. (2006) in their exchange algorithm. Another opportunity
is the approximate Bayesian computation (Pritchard et al., 1999) which provides a
Monte Carlo approximation of the targeted distribution. These manifold techniques
are reviewed among others and compared by Everitt (2012). Their main drawback is
the computing time involved that can be considerable. Alternatively McGrory et al.
(2009) construct a variational Bayes scheme with more efficient computing time to
analyse hidden Potts model.

The present work cares about the problem of carrying out Bayesian inference for
Markov random field. When dealing with hidden random fields, the focus is solely on
hidden data represented by Ising or Potts models. Both are widely used examples and
representative of the general level of difficulty. Aims may be to infer on parameters of
the model or on the latent state x.

Adjustment of posterior parameter distribution approxi-
mations

The first part of the present dissertation proposes to adjust substitute to the intractable
posterior parameter distribution. One of the earliest approaches to overcome the trou-
blesome constant is the pseudolikelihood method (Besag, 1974, 1975) which replaces
the likelihood function by the product of tractable full-conditional distributions of
all nodes. However the pseudolikelihood is not a genuine probability distribution
and leads to unreliable estimate of parameters (e.g., Geyer, 1991, Friel and Pettitt,
2004, Cucala et al., 2009). Despite this drawback, the pseudolikelihood has been used,



if only for its simplicity of calculation, in a wide range of applications, especially in
hidden Markov settings following the work of Besag et al. (1991) like in Heikkinen
and Hogmander (1994), Rydén and Titterington (1998). A natural generalization to
consider is the composite likelihood (Lindsay, 1988) which refines pseudolikelihood
by considering products of larger collections of variables. Composite likelihood has
been made popular in a context where marginal distributions can be computed (e.g.,
Varin et al., 2011, and references therein). Spatial lattice processes differ from that
class of models in the sense that dependence structure makes impossible the calcula-
tion of marginal probabilities and require the application of conditional composite
likelihood instead.

The purpose of this work is to use such composite likelihood methods for Bayesian
inference on observed Markov random fields. Currently, there is very little literature
on that possibility, although Pauli et al. (2011) and Ribatet et al. (2012) present a
discussion on the use of marginal composite likelihoods in a Bayesian setting. As
the neighbors relationship for Potts model is too complicated, the interest is solely
on conditional composite likelihood. Friel (2012) had a similar focus and studied
how the size of the collections of variables influences the resulting approximate
posterior distribution. His work follows a study conducted by Okabayashi et al. (2011)
although from a likelihood inference perspective. As in this dissertation, both consider
composite likelihood consisting in a product of joint distributions of collections of
neighbouring variables, namely blocks (or windows) of the lattice. The peculiarity
of Friel (2012) lies in the exact computation of conditional composite likelihood for
moderately large blocks using the recursive algorithm of Reeves and Pettitt (2004) for
general f