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Résumé

—{ TUDIER la croissance d’une population, dite structurée, de cellules qui se divisent selon un

1/ taux de division inconnu, fonction d’un trait biologique, est le cceur de ce travail. Le trait
biologique régissant la division est appelé variable structurante, et peut représenter ’age de la
cellule, la taille, la teneur d’un certain type de protéine, le taux de croissance, etc. Le champ
mathématique afférent se situe a l'interface de la statistique des processus, de l'estimation fonc-
tionnelle ainsi que de I'analyse.

D’un point de vue stochastique, ’objet d’étude est un processus de croissance-fragmentation :
un systeme de particules ot chaque particule présente une caractéristique individuelle sur laquelle
notre attention se porte plus particulierement — 1’age et la taille constituant les deux exemples pa-
radigmatiques considérés dans ce travail. Deux phénomeénes régissent I’évolution du systeme. D’une
part, au cours de leur vie, les particules évoluent de maniere déterministe connue : les particules
vieillissent, croissent. D’autre part, les particules se divisent au bout d’un temps aléatoire : une
particule d’age a ou de taille z se divise en deux nouvelles particules (d’age 0, de taille initiale
x/2) selon un taux instantané, noté B, dépendant de 1’dge ou de la taille de la particule. Le taux
de division B est un objet central d’intérét.

Différents cadres inférentiels sont alors envisageables pour traiter le probleme de I’estimation
non-paramétrique du taux de division, le premier objectif de ce travail :

1) Observation continue jusqu’a une date T donnée. Des difficultés sont intrinsequement liées
au cadre du temps continu, dont un phénomene de biais de sélection. Dans le cadre du modele
structuré en age, un estimateur du taux de division dépendant de l’dge, a ~ B(a), est construit
dans le Chapitre I convergeant a vitesse exp(Ap ﬁT), avérée optimale, ol s est la régularité
supposée connue de B et Ag le parametre de Malthus.

2) Observation jusqu’a une génération donnée dans 'arbre généalogique de la population. Ce
schéma d’observation permet de s’affranchir du biais de sélection. Dans le modele en taille, &
I’aide de techniques d’estimation par seuillage dans une base d’ondelettes, un estimateur du taux
de division dépendant de la taille, x ~ B(x), est alors construit : il est adaptatif et converge
aux vitesses minimax non-paramétriques classiques. La construction de cet estimateur découle de
I’étude générale que nous conduisons dans le Chapitre II sur les chaines de Markov bifurquantes,
autrement dit adaptées a la structure d’arbre binaire.



Le second objectif est ’étude de la transmission d’un trait biologique d’une cellule a une
autre. Le Chapitre II y contribue dans un cadre que nous souhaitons le plus général possible, celui
des chaines de Markov bifurquantes, et le Chapitre III y répond au travers d’une structure auto-
régressive, qualifiée de bifurquante pour souligner la structure d’arbre de notre probleme. Cette
modélisation se préte bien au trait biologique qu’est le taux de croissance : deux cellules sceurs
possedent un taux de croissance dépendant du taux de croissance de leur parent. Les deux fonctions
d’auto-régression, qui autorisent I’asymétrie dans la transmission, sont & présent les objets d’intérét.
Leur estimation est conduite sans supposer de forme a priori, ni linéaire ni autre. L’étude des esti-
mateurs que nous conduisons s’étend depuis le controle du risque quadratique jusqu’a un principe
de déviations modérées. Une des questions clés concerne la symétrie de la transmission du trait,
ce qui revient, avec la modélisation choisie, & se demander si les deux fonctions d’auto-régression
sont identiques, et nous construisons un test & cet effet dans notre cadre non-paramétrique.

Le troisieme objectif est ’étude comparative de populations a travers leur parametre
de Malthus régissant la croissance exponentielle du nombre de leurs individus. La question que
nous étudions, directement issue d’un probleme biologique, est la suivante : comment la variabi-
lité entre cellules influence-t-elle la croissance globale de la population ? Le Chapitre IV envisage
un enrichissement des modeles structurés en age ou taille précédents, chaque cellule présentant
désormais un taux de vieillissement ou un taux de croissance qui lui est propre. Des techniques
d’analyse des équations aux dérivées partielles et des techniques stochastiques sont conjointement
mises en oeuvre et nous montrons que, selon les propriétés du taux de division, la variabilité indi-
viduelle dans le taux de vieillissement ou de croissance peut aussi bien avantager que pénaliser la
croissance globale d’une population cellulaire.

Mots-clés : Statistique des processus aléatoires. Processus de Markov déterministe par morceaux,
processus de branchement, chaine de Markov bifurquante, processus auto-régressif bifurquant, arbre de
Galton-Watson. Statistique non-paramétrique. Vitesse de convergence minimax, adaptativité, esti-
mateur a noyau, estimateur a ondelettes avec seuillage. Probabilités. Many-to-one formulae, inégalité de
déviations, principe de déviations modérées. Equations aux dérivées partielles. Equation de croissance-
fragmentation, équations structurées, équation structurée en age, équation structurée en taille, probleme

aux valeurs propres, parametre de Malthus.
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Abstract

THIS dissertation is concerned with growth-fragmentation models, implemented for investigat-

ing the growth of a population of cells. Cell division occurs at an unknown rate, depending
on a biological feature called structuring variable, which can be age, size, growth rate, some proteic
content, etc. The mathematical framework includes statistics of processes, nonparametric estima-
tions and analysis.

From a stochastic point of view, we are dealing with the evolution of a system of particles.
We are especially interested in an individual feature of the particles — age and size being the two
paradigmatic examples. The evolution of the system is then driven by two phenomenons. First,
particles evolve on a deterministic basis: they age, they grow. Secondly, particles split randomly:
a particle of age a or size z splits into two particles (of age 0, of size at birth 2/2), at a rate B
depending on the age or on the size of the splitting particle. The division rate B is an unknown
function, on which we focus our attention.

The first aim of this work is to get a nonparametric estimate of the division rate. Various
observation schemes may be considered:

1) Continuous time observation up to time T. This scheme, which differs radically from those
previously used, entails specific difficulties — mainly a bias selection. In Chapter I we build, in
the age-structured model framework, an estimator of the age-dependent division rate, a ~ B(a);
moreover, the rate of convergence exp(Ap ﬁT) is reached and proved to be optimal — s denoting
the smoothness of B and Ap the Malthus parameter.

2) Observation up to a given generation in the genealogical tree of the population. In contrast
with the previous scheme, this one does not involve any bias selection. In the size-structured
model framework, a wavelet thresholding estimator of the size-dependent division rate, x ~ B(z),
is defined, which is adaptative and converges at classical minimax rates. A fundamental tool for
building such an estimator is the general study we carry out in Chapter II concerning bifurcating
Markov chains, a generalization of Markov chains adapted to a binary tree structure.

The second objective is to study the transmission of a biological feature from one cell to
another. In Chapter I, we aim at giving answers in a framework we wish as general as possible —
this chapter is devoted to bifurcating Markov chains. Chapter IIT sheds some light on this problem
by studying a so-called bifurcating autoregressive process — that is to say, adapted to the tree struc-
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ture. This model turns out to be particularly convenient when the considered feature of cells is the
growth rate: two daughter cells have a growth rate depending on the growth rate of their parents.
The two autoregressive functions, which allow asymmetry in the transmission of the individual
feature, are now the parameters of interest. We estimate them without any a priori assumption —
as linearity, or other. Our study of the estimators ranges from the control of the quadratic loss to a
moderate deviations principle. Whether symmetry occurs or not in the transmission of the growth
rate is a key issue — a question which is equivalent, in the chosen bifurcating autoregressive model,
to know whether the two autoregressive functions are equal or not. We build a test to answer that
question.

The third objective is to compare different populations of cells through their Malthus
parameter, which governs the global growth. The question we are interested in directly comes
from biology: how does the variability among cells affect the global growth of the population? In
Chapter IV we enrich the previous age-structured and size-structured models — each cell having now
its own aging or growth rate. Techniques to analyse partial differential equations and stochastic
techniques are used altogether. We show that individual variability in the aging or growth rate
can either slow down or, surprisingly, speed up the global growth, depending on the properties of
the division rate.

Keywords: Statistics of stochastic processes. Piecewise deterministic Markov process, branching
process, bifurcating Markov chains, bifurcating autoregressive processes, Galton-Watson trees. Non-
parametric statistics. Minimax rate of convergence, kernel estimator, wavelet thresholding estimator.
Probability. Many-to-one formulae, deviations inequality, moderate deviations principle. Partial dif-
ferential equation. Growth-fragmentation equations, structured equations, age-structured equation,

size-structured equation, eigenproblem, Malthus parameter.
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CHAPITRE INTRODUCTIF

Les modeles de croissance-fragmentation

1 OBJET D’ETUDE

Mes travaux théoriques sont pensés en lien étroit avec un champ d’application : I’étude de la
croissance d’une population de cellules. A un niveau microscopique, deux phénomenes régissent
cette croissance. Le premier est la croissance individuelle des cellules par ingestion d’un nutriment
présent dans leur milieu, selon une dynamique déterministe connue, supposée commune a toutes
les cellules au moins dans un premier temps. Le second phénomene est la division de chaque cellule,
au bout d’un certain temps, en deux nouvelles cellules, disons de tailles égales. La multiplication
des cellules s’opere ainsi et se trouve illustrée en Figure 1, représentant I’image d’une population de
bactéries a deux instants successifs. Il s’agit alors de comprendre, de modéliser, le temps inconnu
au bout duquel se divise chaque cellule. A cet effet une caractéristique individuelle, la taille par
exemple, est distinguée comme variable dite structurante. Le postulat suivant est alors en vigueur :
une cellule se divise selon sa taille. Autrement dit, le temps de division d’une cellule est vu comme
un temps aléatoire, dont la loi dépend de la variable structurante qui sous-tend la dynamique. Les
traits individuels privilégiés dans ce travail sont la taille et I’dge, mais d’autres caractéristiques
peuvent venir additionnellement structurer le modele : incrément de taille, taux de vieillissement
ou taux de croissance par la suite, ou encore teneur en un certain type de protéine, etc. La division
est appréhendée comme un phénomene aléatoire, par opposition a la croissance qui s’effectue selon
une trajectoire fixée.

Le mécanisme de division, lui seul a 'origine de la multiplication des cellules, se trouve résumé
par un taux de division, fonction de la variable structurante considérée, déterminant la loi des temps
de vie des cellules. Ce taux de division caractérise entierement le modele, si ’on suppose la trajec-
toire de croissance individuelle connue, et il se trouve a ce titre étre I’'objet le plus naturel d’étude.
Néanmoins la connaissance d’un certain nombre d’autres quantités, fonctions du taux de division
lui-méme certes, peut étre recherchée de fagon directe. La vitesse de croissance de la population
est par exemple une quantité clé, et est a priori plus facile d’acces que le taux de division lui-méme.
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Dans ce contexte, les axes d’étude que nous privilégions sont les suivants :

(A) Comprendre le mécanisme de division a travers la reconstruction du taux de division en tant
que fonction de la variable structurante. [Chapitres I et II]

(B) Etudier la transmission du trait individuel d’une cellule & ses descendants, étudier le trait
d’une cellule typique. [Chapitres II et III]

(C) Comparer différentes populations a travers leur vitesse de croissance. [Chapitre V]

(a) Premiéres minutes (b) Quelques temps apres

F1GURE 1 — Croissance d’une population de bactéries E. coli. La bactérie E. coli croit de fagon
exponentielle et se divise en son milieu en deux cellules de tailles égales. Le temps de doublement
de la population, en milieu riche, est de 20 minutes, tandis qu’en milieu pauvre, il est d’une heure
environ. Source : images fournies par Lydia Robert (INRA).

L’étude des axes (A) et (B) s’appuiera sur une modélisation microscopique stochastique, tan-
dis que nous mobiliserons pour axe (C) & la fois outils déterministes et outils stochastiques. L’axe
(A) est développé dans les Chapitres I et IT dans des cadres inférentiels distincts, en temps continu
ou discret, et pour des modeles distincts, avec ’age ou la taille comme variable structurante. Le
Chapitre IT comprend également une étude plus générale se rapportant & axe (B). Le Chapitre 111
est un prolongement du chapitre précédent et considére 1’axe (B) au travers d’une modélisation
plus spécifique. Enfin, le Chapitre IV est dédié & l'axe (C).

Travaux déterministes et stochastiques consacrés aux modeles de croissance-fragmentation co-
existent de longue date — citons les ouvrages de B. Perthame [Per07] et J. Bertoin [Ber06] qui
adoptent respectivement ces deux angles d’étude. Ces modeles pouvant servir a décrire la division
cellulaire [BAG67], nous proposons de garder cette image des populations de cellules en téte, ainsi
que le vocabulaire associé, tout au long de cet écrit. Nous soulignons cependant que le champ
des applications est bien plus large et englobe le protocole TCP/IP utilisé pour internet, la po-
lymérisation de protéines, la décharge de neurones en réseaux. Pour ’approche déterministe, citons
[BMR, CLO+09, PPS10], tandis que [ABG+14] recense nombre des travaux stochastiques relatifs
a ces sujets.
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2 CADRE MATHEMATIQUE ET STATISTIQUE

2.1 DESCRIPTION DES MODELES DE CROISSANCE-FRAGMENTATION

Les deux exemples paradigmatiques, étudiés dans ce travail, sont le modele structuré en age et le
modele structuré en taille. Aussi présentons-nous ici conjointement ces deux modeles. Concernant
I’approche stochastique, les deux descriptions que nous donnons, en temps continu et généalogique,
structurent fondamentalement la fagon d’aborder les questions liées aux modeles de croissance-
fragmentation que nous nous posons, et conduisent & I'utilisation de techniques probabilistes tres
différentes. L’approche déterministe vient également élargir le spectre des outils d’investigation.

Approche stochastique : description en temps continu

Définissons le processus recensant a l'instant ¢ la valeur du trait biologique, I’age ou la taille, de
toutes les cellules vivantes (par ordre décroissant par exemple),

X(t) = (Xl(t)7X2(t)a"')a t>0,

a valeurs dans U2 [0, 00)¥. Ce processus entre dans la classe des processus de Markov déterministes
par morceaux, PDMP selon ’acronyme anglais, mais également dans la classe des processus de
branchement. Lorsque la variable d’intérét est ’age, le processus X est plus connu sous le nom de
processus de Bellman-Harris, [Har63].

Concernant les processus de Markov déterministes par morceaux spécifiquement (sans structure
branchante), nous indiquons la revue détaillée des travaux disponibles réalisée par R. Azais et al.
dans [ABG+14]. D’un point de vue statistique, R. Azails s’intéresse & ’estimation du noyau de
transition dans [Azal4a] et a celle du taux de saut dans [Azaldb]. L’estimation du taux de saut a
été également abordée par N. Krell dans [Krel4].

E. Locherbach dans [L6c02a, Loc02b] étudie des processus markovien branchants généraux, sous
les angles probabiliste et statistique. Pour les travaux statistiques dans un cadre non-paramétrique,
qui sera également le notre, citons ceux de R. Hopfner, M. Hoffmann et E. Lécherbach [HHLO02],
traitant de I'estimation du taux de branchement d’un processus de diffusion branchant. Citons
aussi ceux de M. Hoffmann et N. Krell [HK11] étudiant une chaine de fragmentation.

Approche stochastique : description généalogique

Le mécanisme de division des cellules en deux nouvelles cellules amene & considérer une structure
d’arbre. Plus précisément, nous introduisons 1’arbre binaire

o0
T= U {07 1}n’
n=0
vu désormais comme ’arbre généalogique d’une population (infinie) de cellules. Chaque nceud de
Parbre u € T est identifié & une cellule et se voit attribuer la marque ((,,b,) dans le modele
structuré en age, la marque ((y, by, &) dans le modele structuré en taille, ou ¢, désigne la durée
de vie de la cellule u, b, sa date de naissance et £, sa taille a la naissance.

3.
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Modeéle structuré en dge. Précisons que nous parlons ici de I’age selon le sens courant, comme
le temps écoulé depuis la naissance. Le premier phénomene a 'ceuvre est le vieillissement des
cellules, 'age de la cellule u & Uinstant ¢ € [by, b, + () s’écrivant

¢t =1t—b,.

Le second phénomene est la division des cellules en deux nouvelles cellules d’age nul. La division
d’une cellule se produit & un taux dépendant de son age. En prenant une fonction B : [0,00) —
[0, c0) telle que [ * B(a)da = oo pour taux de division, une cellule d’age a se divise avec probabilité
B(a)dt entre les instants t et t 4 dt, ce qui se traduit par

B(Cu € [t.t + )Gy > £) = B(t)dt, (1)

ou t représente précisément 1’age d’'une cellule au bout d’un temps de vie t. Les durées de vie
(Cu,u € T) forment une collection de variables indépendantes et identiquement distribuées de
densité fp(a) = B(a)exp (— [, B(s)ds), a > 0.

Modéle structuré en taille. Nous suivons la description donnée par M. Doumic et al. dans
[DHKRI15]. Le premier phénomene & ’ceuvre est la croissance des cellules. Considérons une crois-
sance exponentielle, a un taux de croissance commun a toutes les cellules, au moins pour une
premiere modélisation, et supposé connu. Nous supposons donc que I’évolution de la taille de la
cellule u pendant sa durée de vie se fait exponentiellement a taux 7 > 0 depuis sa taille a la
naissance &,. La taille de cette cellule en ¢ € [b,, b, + () est alors donnée par

¢ =€, exp (T(t - bu)) (2)

Le second phénomene est la division des cellules en deux nouvelles cellules de tailles égales. Une
cellule u donne naissance aux cellules u0 = (u,0) et ul = (u,1) de tailles & la naissance

§uo = u1 = %fu eXp(TCu)a (3)

ou &, exp(7¢,) représente la taille & la division de la cellule u. La division d’une cellule se pro-
duit & un taux dépendant de sa taille. En prenant une fonction B : (0,00) — [0,00) telle que
7 27 1B(x)dx = oo pour taux de division, une cellule de taille  se divise avec probabilité B(z)dt
entre les instants ¢ et ¢t 4 dt, ce qui se traduit par

P(Cy € [t,t + dt)|Cu > t, & = ) = B(xp exp(rt))dt, (4)
o xp exp(7t) représente la taille d’une cellule de taille initiale x;, au bout d’un temps de vie t.

La suite (&,,u € T) forme une chaine de Markov sur un arbre, de transition

P((€u0: ur) € dzodzy|Sy = 7). (5)

Nous appellerons un tel objet chaine de Markov bifurquante, & la suite de J. Guyon [GuyO07], et
sa transition sera nommée plus spécifiquement T-transition pour souligner la structure d’arbre. Le

-4 -
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qualificatif bifurquant est préféré a branchant puisque nous autorisons ici les traits de deux cellules
sceurs a étre dépendants, conditionnellement au trait de leur parent. Une définition générale est
donnée en Section 4.

Soulignons pour finir que les deux spécifications précédentes sont conformes au développement
de la bactérie E. coli. En effet, il a été établi expérimentalement que, pour cette bactérie, la
croissance se fait exponentiellement (voir [RHK+14], Figure 2). Par ailleurs I'asymétrie dans la
division chez E. coli est tres légere (voir [MHT66] ou [SRBA14], Figure 8) et ¢’est pourquoi nous
la négligeons.

Approche déterministe : équation de croissance-fragmentation

A la vision microscopique précédente, donnant naturellement lieu & une analyse en termes sto-
chastiques, correspond une vision macroscopique, déterministe quant a elle. Macroscopiquement,
l'on s’intéresse a I’évolution temporelle de la quantité globale de cellules d’un age ou d’une taille
donnée, et cette évolution se traduit par une équation aux dérivées partielles.

Modéle structuré en dge. Nous considérons la quantité a 'instant ¢ de cellules d’age a, notée
n(t, a), satisfaisant 1'équation d’évolution

0

0
an(t, a) + =—n(t,a) + B(a)n(t,a) = 0,

da (6)

n(t,a=0)=2 [ B(s)n(t,s)ds, n(t=0,a)=n"(a),

ol n!™ est une condition initiale. Un terme de transport rend compte du vieillissement des cellules,
tandis qu'un terme de fragmentation témoigne de la division des cellules a taux B, dépendant de
I’age a. La condition au bord assure que la quantité de cellules d’age nul qui naissent est le double
de la quantité de cellules qui se divisent.

Le modele décrit par (6) est certes relativement limité pour décrire la croissance d’une popula-
tion de cellules. Il n’en reste pas moins un modele archétypique, qu’il est important de comprendre,
et qu’il est possible d’enrichir. Par exemple, les différentes phases du cycle de la division cellu-
laire peuvent étre modélisées par des équations de type (6) assemblées pour constituer un systeéme
différentiel. De nombreux autres enrichissements de ce modele sont décrits par B. Perthame [Per07]
(Section 3.9).

Modéle structuré en taille. Pour n(t,z), la quantité a linstant ¢t de cellules de taille x,
I’équation de croissance-fragmentation
0 0
—n(t, ) + =— (tan(t,z)) + B(z)n(t,z) = 4B(2z)n(t, 2x),
ot ox (7)

n(t =0,z) = n'*(z)

est valable. Le mécanisme capturé par cette équation d’évolution peut étre vu comme une équation
de bilan de masse (voir J. A. J. Metz et O. Dieckmann [MD86] ou H. T. Banks et al. [BST+11]) :
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la quantité de cellules de taille x & 'instant ¢ est alimentée par un terme de transport 7z qui rend
compte de la croissance par ingestion d’un nutriment dans le milieu expérimental, et chaque cellule
se divise en deux enfants de tailles identiques a la naissance, selon un taux de division B, dépend
de sa taille. Le facteur 4 provient de la multiplication de deux facteurs 2, une cellule de taille 2z
donnant naissance a 2 cellules de taille z.

De nombreux travaux mathématiques existent sur les équations d’évolution structurées en age
ou en taille. Citons de nouveau l'ouvrage de B. Perthame [Per07] pour une vue d’ensemble du
sujet. Le modele structuré a la fois en age et en taille est étudié par M. Doumic [Dou07], et nous
renvoyons également aux références afférentes.

Lien entre les approches stochastique et déterministe

Les deux approches précédentes coincident selon le sens suivant. Notons T? la valeur a I'instant ¢
d’un trait biologique quelconque associé a la cellule u € T et §, la masse de Dirac au point z. La
mesure empirique moyenne

n(t,dy) = ]E[Z 1{Xi(t)>0}5Xi(t) (dy)} =E { Z 1{bu§t<bu+4u}6'ri(dy):|

i=1 u€T

résout dans un sens faible 1’équation d’évolution (6) quand Y, = ¢/, et 'équation d’évolution (7)
quand Y! = &', Pour une démonstration (via 'utilisation de many-to-one formulae), nous citons
M. Doumic et al. [DHKR15] concernant le modele structuré en taille et renvoyons au Chapitre IV
pour le modele structuré en age. Citons par ailleurs les travaux de V. C. Tran [Tra08], et ceux de
B. Cloez [Clol1] par exemple, qui incluent ’étude de limites en grande population dans un cadre
général, et établissent par la un lien de méme type.

2.2 COMPORTEMENTS EN TEMPS LONG

Nous notons désormais Y, le ou les traits biologiques caractérisant la cellule u, a la naissance ou
a la division, selon la convention choisie ou la pertinence. Cette caractéristique peut représenter
Page a la division (Y, = (), la taille & la naissance (T, = &, ), ou autre.

Fragment marqué discret ou continu

L’étude de (X(¢),t > 0) comme celle de (Y,,u € T) se fondent sur un objet central nommé

fragment marqué (voir I'ouvrage de J. Bertoin [Ber06] par exemple).

Fragment marqué discret. Un fragment marqué en temps discret est construit de la facon
suivante. Pour (e, €a,...), une suite de variables aléatoires de Bernoulli de parameétre 1/2, nous
posons xg = Yy ou ) représente la cellule initiale et pour m > 1,

Xm = T@el...em~

La suite (X, m > 0) forme une chaine de Markov et revient a suivre les caractéristiques des cellules
appartenant & une branche choisie aléatoirement dans ’arbre binaire T (le choix d’une cellule se

-6-
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faisant uniformément & chaque branchement).

Fragment marqué continu, modéle en age. Le fragment marqué discret des ages a la division
peut étre suivi en temps continu et la version continue est un processus (¥, ¢ > 0) de générateur
infinitésimal

Asgla) = ¢'(a) + B(a)(9(0) - g(a)).

pour g fonction test suffisamment lisse. Un phénomene de biais de sélection, spécifique au cadre
du temps continu, que nous détaillons par la suite, requiert 'introduction d’un fragment marqué
dit biaisé (voir [BDMT11, Clo11] dans un cadre général). Il s’agit du processus (x¢,¢ > 0) dont la
dynamique est décrite par le générateur

Angg(x) = g'(a) + Hp(a)(g(0) — g(a)),

ou Hp : (0,00] — [0,00) est un taux de division, autre que B, dit biaisé. Le fragment marqué
biaisé X se distingue donc du fragment marqué précédent, y, par son taux de saut.

Fragment marqué continu, modéle en taille. Suivre en temps continu le fragment marqué
discret des tailles & la naissance définit un processus (x¢,t > 0) de générateur infinitésimal

Apg(x) = Txg'(x) + B(x)(9(%) — g(x)),

pour g une fonction test suffisamment lisse. La dynamique du fragment marqué biaisé (X, t > 0)
est quant a elle décrite par

Anpg(®) =1ag' (x) + Hp(z)(9(%) — 9(x)),

ou Hp : (0,00] — [0,00) est, de nouveau, un taux de division, autre que B, dit biaisé.

A la chaine de Markov (X, m > 0) et au processus de Markov (Xt,t > 0), nous associons, dés
qu’elles existent, leurs mesures invariantes respectives, vg et vpg.

Approzimations connues

Les résultats connus se déclinent selon les trois descriptions précédentes.

1) Lamoyenne empirique des caractéristiques des cellules appartenant aux n premiéres générations
(ensemble noté T,,) est approchée comme cela :

Z 9(Yu) =~ [Tnlvs(g),

u€T,

en probabilité, pour n grand, ot la notation vp(g) est utilisée pour [ gdvg, et vp désigne
la mesure invariante associée au fragment marqué discret xy que nous venons de définir.
Cette approximation est complétée par I’étude des fluctuations : un théoréme de normalité
asymptotique accompagne cette loi des grands nombres dans l'article de J. Guyon [Guy07],

-7
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et les fluctuations sont d’ordre |T,|'/2. Citons J.-F. Delmas et L. Marsalle [DM10] pour la
généralisation a un arbre de Galton-Watson. Un controle en norme quadratique moyenne est
en outre établi par Doumic et al. [DHKR15], des inégalités de déviations sont démontrées
dans les travaux de S. V. Bitseki Penda et al. [BDG14] (ainsi que dans le Chapitre II).

2) La moyenne empirique des caractéristiques a I'instant ¢ des cellules vivantes se comporte
quant a elle de la facon suivante,

Z g9(Ty) ~ e*'vp(wpg)Zp
bu << bt

en probabilité, pour ¢ grand, o Ap est le paramétre de Malthus (défini en 3) ci-dessous) vp
est la mesure invariante associée au fragment marqué biaisé (X, t > 0) défini ci-dessus, wp
une fonction de poids ne dépendant que de B (et dont 'expression, explicite ou non, varie
selon le modele choisi pour cadre) et Zp une variable aléatoire non-dégénérée. Un résultat
similaire peut étre écrit pour la moyenne empirique des tailles des cellules se divisant avant
t (telles que b, + ¢, < t). Les deux références clés a ce sujet sont les travaux de V. Bansaye,
J.-F. Delmas, L. Marsalle et V. C. Tran d’une part, B. Cloez d’autre part [BDMT11, Clo11].
Pour le cas spécifique de I'age (T, = (,,), nous proposons une étude concernant la vitesse de
convergence liée a cette approximation dans le Chapitre I.

3) Le comportement en temps long de la solution temporelle de ’équation d’évolution est donné
par
n(t,y) ~ e ' Np(y),

pour une certaine norme pondérée, quand t est grand, ou Ap apparait comme la valeur propre
d’un probléme aux valeurs propres associé & (6) ou & (7) selon le modele considéré, dont Np
est une solution. Pour le modele structuré en ége,

Ng(a) + B(a)Ng(a) = —A\gNg(a), Ngp(a=0)= 2/ B(s)Ng(s)ds, (8)
0
tandis que pour le modele structuré en taille,
(TQTNB(J)))/ + B(z)Np(z) — 4B(22)Np(2z) = —ApNp(z), (9)

avec fooo Np(x)dx = 1. La quantité Ap est nommée paramétre de Malthus, elle régit la crois-
sance exponentielle de la population en temps grand, et Ng est nommé profil stationnaire.
Parmi les nombreuses références & ce sujet, citons S. Mischler et J. Scher [MS13], K. Pak-
daman, B. Perthame et D. Salort [PPS14] pour les articles les plus récents traitant de la
vitesse de convergence (obtenue par des techniques de trou spectral) a laquelle cette limite
est atteinte.

A la lumiere de ces trois résultats, réinterprétons tour a tour et rendons plus précis les axes
d’étude formulés en incipit :
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(A) De chacun des résultats précédents peut découler une méthode de reconstruction du taux de
division x ~» B(z), selon la possibilité d’estimer vg, Up ou (Ag, Ng) puis d’inverser les problemes
B ~ vp, B ~ vp, abstraction faite des difficultés que peuvent générer la fonction de poids wg
et l'aléa représenté par Zp, ou encore B ~ (Ag,Np). L’exploration de cet axe dépend donc
radicalement du cadre inférentiel que ’on se donne.

(B) L’étude de la transmission du trait biologique d’une cellule & une autre s’accorde avec la
description stochastique en temps généalogique. Elle n’est pertinente que pour le modele structuré
en taille (les ages a la division étant indépendants). L’étude du trait d’une cellule typique, ou d'une
lignée de cellules typique, peut se faire en particulier via I’étude du fragment marqué discret (a
travers sa transition, sa mesure invariante) ainsi que via I’étude de la T-transition (5).

(C) Le parametre clé régissant la croissance de la population est le parametre de Malthus Ag,
qui fournit un critere simple de comparaison des populations.

2.3 ESTIMATION DU TAUX DE DIVISION : QUEL CADRE D’INFERENCE ?

Avant d’aborder la problématique (A), définissons les observables a notre disposition. Différents
scénarios sont envisageables. De facon imagée, une photographie de la population & un instant
T > 0 peut étre prise (voir Figure 1(a) ou 1(b)), ou un film de la population étre enregistré entre
deux instants, disons 0 et T'.

Schémas d’observation en temps continu
Observation au temps T'. Introduisons ’ensemble des cellules vivantes a un instant ¢ > 0 fixé,
0Ty ={u e T, b, <t <by,+Cu},

ou, nous le rappelons, b, est la date de naissance de u et (, sa durée de vie. Peut nous étre fournie
Pobservation de X (T'), ou encore, de maniére équivalente, I’observation de

(Tg,u S 8‘IT)7

YT désignant la valeur & I'instant T’ du trait de la cellule u. Dit autrement, les valeurs courantes
du ou des traits individuels choisis comme variables structurantes, des cellules vivantes a l’instant
T sont observées.

Observation jusqu’au temps T. De fagon analogue, introduisons I’ensemble des cellules qui
se divisent avant un instant ¢ > 0 fixé,

T, = {u €T, by +Cu <t}
L’observation de (X (¢),0 <t < T) est accessible, ou encore 1'observation de
(Tu € Tr).

Les caractéristiques individuelles (& la naissance ou & la division) de toutes les cellules de la popu-
lation avant l’instant T sont donc observées.
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La Figure 2(a) ci-dessous représente ces deux types d’information : les ensembles 0T et Tr
sont représentés respectivement en rouge et bleu.

L L ea
\i\ | ﬁ%w ﬁH‘
At I

(a) Temps continu (b) Temps discret

FIGURE 2 — Réalisation d’un processus de Markov branchant déterministe par morceauz jusqu’a
une date T fixée. A gauche : la longueur de chaque segment est proportionnelle a la durée de vie
d’une particule. A droite : représentation généalogique de la population, pour la méme réalisation
du processus.

11 est raisonnable d’espérer pouvoir reconstruire le taux de division & ~» B(x) & partir de I'un
ou l'autre de ces schémas d’observation, en prenant pour base le résultat 2) de la partie précédente
(Section 2.2). Cependant le probleme demeure complexe (voir la Section 3.1 détaillant les difficultés
inhérentes au cadre du temps continu), ce pourquoi des schémas d’observation approchants ont été
envisagés jusqu’a présent.

Schémas d’observation approchants

Observation en temps grand sous le profil stationnaire. Apreés un certain temps d’évolu-
tion, suffisamment grand, les caractéristiques de cellules prises au hasard dans la population
peuvent étre observées. Le cadre statistique correspondant est alors celui d’un échantillon de n
variables aléatoires (X1,...,X,) indépendantes et identiquement distribuées de densité Np, le
profil stationnaire défini en 3) de la Section 2.2.

Ceci n’est qu'un cadre approchant I'observation a un temps 7' fixé, dans la mesure ou toutes
les corrélations existant entre les tailles des cellules sont ici négligées.

Observation généalogique (jusqu’a la génération n). La technologie actuelle permet acces
a beaucoup plus d’informations sur une population cellulaire que par le passé. Il est désormais
possible de suivre I’évolution d’une colonie de cellules le long d’un arbre binaire en identifiant pour
chacune, en particulier, sa taille a la naissance, ainsi que sa taille a la division et son temps de vie.

Notons T,, = {u € T, |u| < n} ou |u| désigne la génération & laquelle appartient u (avec la
convention || = 0). Les observés statistiques se composent des caractéristiques individuelles des
cellules (& la naissance ou & la division) jusqu’a une profondeur n donnée dans l’arbre généalogique
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de la population,
(Ty,u eTy).

Ce schéma d’observation approche le schéma d’observation entre la date 0 et la date 7. Il s’en
éloigne dans la mesure ou les cellules nées entre 0 et T ne forment pas un sous-arbre plein jusqu’a
une génération donnée mais composent au contraire un sous-ensemble aléatoire de T, comme cela
est illustré par la Figure 2(b). (D’un point de vue expérimental, les caractéristiques des cellules du
sous-arbre T,, sont extraites & partir d’un arbre observé du type de celui de la Figure 2(b).)

2.4 ESTIMATION DU TAUX DE DIVISION : ETAT DE L’ART

Nous rappelons que 'inconnue des modeles établis est le taux de division B, fonction de ’age ou
de la taille, et le probleme de son estimation est de nature non-paramétrique.

Résultats connus sur le modeéle en taille

Jusqu’ici la reconstruction de B s’est faite sous les deux schémas d’observation que nous avons
qualifiés d’approchants [DHRR12, DHKR15].

Observation en temps grand sous le profil stationnaire. L’équation (7) est bien connue
en analyse et d’un point de vue numérique, [PZ07, DPZ09, DT13, BDE14]. Ces travaux s’attachent
A reconstruire globalement la fonction (B(x),z € D), en norme L?(D) par exemple, ott D est un
compact de (0,00), lorsque seule une solution perturbée de la solution n(t,z) est & disposition.
La stratégie consiste & approcher en temps grand la solution de (7) par son analogue stationnaire
e B! Np(x) (approximation 3), Section 2.2). A partir d’observations perturbées de Ag et Np, en
inversant ’équation (9), une solution approchée de B(x) est obtenue, accompagnée d’estimations
déterministes d’erreur.

En 2011, M. Doumic, M. Hoffmann, P. Reynaud-Bouret et V. Rivoirard [DHRR12] ont posé les
jalons d’un programme d’estimation statistique pour les modeles structurés : a un instant 7" grand,
sont observées les tailles de n cellules parmi les cellules vivantes. Les corrélations entre cellules sont
négligées et dans le méme esprit que les travaux sus-cités, le probléme approché (ou stationnaire)
est envisagé, le temps d’observation T étant supposé assez grand pour que le régime stationnaire
de la population soit une approximation valide.

Dans un cadre statistique rigoureusement établi, une méthode d’estimation par noyau, accom-
pagnée de 'utilisation de techniques récentes de Goldenschluger-Lepski pour le choix de la fenétre
de lissage du noyau, permet de construire un estimateur x € D ~~ En (x) satisfaisant lestimation

d’erreur
E[|IBy — Bl2a(py]"* S no/@o49), (10)

uniformément en B dans une certaine classe bien choisie, ou s est la régularité Sobolev de B.
Précisons ici que la méthode d’estimation mise en place ne nécessite pas la connaissance a priori

de cette régularité s et la méthode est qualifiée & ce titre d’adaptative. L’exposant 2s/(2s+3) obtenu

ici, en accord avec les prédictions déterministes de [DPZ09], indique un probléme inverse d’ordre 1.
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Observation généalogique (jusqu’a la génération n). Adoptons & présent le point de vue
généalogique et imaginons que les tailles a la naissance de toutes les cellules jusqu’a une génération
fixée n sont observées. Dans ce cadre, ’estimation du taux de division B, fonction de la variable
taille, a été conduite en 2012 par M. Doumic, M. Hoffmann, N. Krell et L. Robert [DHKR15]. La
procédure d’estimation développée se fonde sur la relation

T vp(x/2)

B = T vy

x>0, (11)

valide & condition que le fragment marqué discret déja introduit (Section 2.2) admette une mesure
invariante de densité vp (par rapport & la mesure de Lebesgue). Un estimateur & noyau 7, de vg
est construit a ’aide des observations (&,,u € T,) (pensons a I’approximation 1) de la Section 2.2),
permettant la construction d’un estimateur §n de B et le controle de I'erreur

E[|Bn — Blli2(py] S IT,,| =2/ @541, (12)

Ce controle est valide uniformément en B dans une certaine classe bien choisie, ou s est la régularité
holderienne de B.

La vitesse de convergence de l'estimateur fait intervenir un exposant 2s/(2s + 1) et améliore la
vitesse de (10) en celle d’un probléme direct, dit aussi bien posé. (Le nombre d’observations est n
dans le premier cas et |T,| = 27! — 1 dans le second.)

Précisons que l'estimateur a noyau construit n’est pas adaptatif : le choix de la fenétre de
lissage optimale dépend de la connaissance a priori de la régularité de B, inconnue en pratique.
Nous annongons des a présent que le Chapitre II viendra, en particulier, affiner les résultats de
[DHKR15] dans deux directions principales : une procédure adaptative d’estimation sera proposée
et 'optimalité au sens minimax de la vitesse de convergence sera démontrée.

Remarques sur le modele en age

Les deux schémas d’observation dits approchants appliqués au modele structuré en age n’ont qu’un
intérét tres limité.

Considérons d’abord ’observation en temps grand sous le profil stationnaire. Dans ce cadre,
sont observés les ages de n cellules indépendantes de densité Ng, ou Np est le profil stationnaire
solution de (8). Cette équation fournit un lien explicite entre le taux de division B d’intérét et Np.
En effet, elle se réécrit

Np(a)
Ng(a)

B(a) = — )\B.

Par conséquent, en imaginant que Ap est connu (ou issu d’une estimation préliminaire), Pestimation
de Nj et Np rend directement possible I'estimation de B. Notons qu’une vitesse de probleme
inverse est attendue, du fait de la présence de la dérivée de la densité Np.

En ce qui concerne l'observation généalogique, Iéchantillon ({,,u € T,) des durées de vie
des cellules jusqu’a la génération n, est composé de variables indépendantes et identiquement
distribuées selon la densité fp. La structure d’arbre binaire n’intervient donc en rien, et I’estimation
de B est bien connue puisque pour tout a > 0, B(a) = fp(a)/(1 — foa fB(s)ds).
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Vue d’ensemble sur les modéles en age et taille

Le cadre inférentiel étant posé, I’état de l’art étant circonscrit, nous déclinons 'axe d’étude (A)
selon les questions suivantes :

(A.Q) A partir d’'une observation généalogique, quelle procédure mettre en place pour que la
reconstruction du taux de division en taille soit adaptative et optimale?

(A.ii) A partir d’une observation en temps continu, comment reconstruire le taux de divi-

sion, en dge ou taille?

(A.iii) A partir d’une observation en temps continu, quelle procédure mettre en place pour
que la reconstruction du taux de division, en dge ou taille, soit adaptative et optimale?

Les résultats concernant le modele structuré en age consignés dans la premier colonne de la
Table 1 sont ceux obtenus dans le Chapitre I et nous les présentons plus en détail dans la partie
suivante (Section 3). Ils constituent le premier pas significatif vers la compréhension de 'inférence
dans un cadre en temps continu. Ce modele en age, dans sa simplicité apparente, renferme en
réalité les difficultés essentielles qu’il est important de comprendre avant de traiter le modele, plus
adéquat pour la modélisation de la division d’E. coli (voir [RHK+14]) mais plus complexe, struc-
turé en taille, dans un cadre continu (nous étayons cette allégation par la suite).

Observation Modele en age Modele en taille
Sous la densité stationnaire o/(2543) n—s/(25+3)
(n v.a. iid) " + adaptation ([DHRR12])

(e)\BT)—s/(25+3)

En T (Chapitre T)

|T,,| =5/t (IDHKR15))
Jusqu’a la génération n | Ty, |~ 5/ (2s+1) + adaptation + optimalité
(Chapitre II)

(eBT)=s/(25+1)

Entre 0 et T + optimalité (Chapitre I)

TABLE 1 — Synthése des principauz résultats existants concernant [’estimation du tauz de division
B en tant que fonction de ’age ou de la taille. Vitesses de convergence des estimateurs construits
en fonction de la régularité s de B — nous précisons quand la méthode d’estimation est adaptative et
st la vitesse de convergence est avérée optimale. Modéle structuré en dage : A\p désigne le parameétre

de Malthus.
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La Table 1 synthétise dans sa seconde colonne les résultats existants que nous venons de décrire
concernant le modele structuré en taille, ainsi que les résultats nouveaux apportés par cette these.
Le probleme de la reconstruction du taux de division B, fonction de la variable taille, pour les
deux schémas d’observation en temps continu reste a résoudre pour ce modele.

Notons d’ores et déja que les schémas les moins informatifs, a un instant 7', avec ou sans ap-
proximation stationnaire, conduisent a des vitesses de convergence d’un probleme inverse d’ordre 1.
Les schémas d’observation les plus complets, entre les temps 0 et T" ou entre les générations 0 et n,
conduisent quant a eux a des vitesses d’un probleme direct, dont I'optimalité au sens minimax est
avérée, alors qu’elle reste a établir dans les cas précédents.

3 PREMIERE PARTIE : ESTIMATION DU TAUX DE DIVISION EN AGE

Nous traitons ici de la question (A.ii), & laquelle le Chapitre I est consacrée, pour le modele
structuré en dge. Nous nous concentrons sur le modele structuré en age en particulier, mais le
but est de comprendre les difficultés générales liées au cadre inférentiel en temps continu, et d’y
apporter les premieres réponses.

3.1 CADRE ET DIFFICULTES INHERENTES AU TEMPS CONTINU

Selon la terminologie utilisée jusqu’a présent dans ce chapitre introductif, 'objet d’étude du Cha-
pitre I est un modele structuré en age : chaque cellule est caractérisée par son age et se divise
a un taux dépendant de son age courant. Le processus qui en résulte est en réalité plus connu
sous le nom de processus en age branchant, processus introduit et étudié par Harris [Har63], aussi
dénommé processus de Bellman-Harris. L’objectif est ’estimation non-paramétrique du taux de
branchement, ou taux de division, en tant que fonction de 1’age, lorsque les observables sont col-
lectées entre la date 0 et une date T fixée.

D’un point de vue stochastique microscopique, nous modélisons un systéeme tres simple de
particules évoluant indépendamment les unes des autres. Une particule u vit pendant une durée
(, aléatoire. Apres la durée (,, la particule u est remplacée par v, particules filles. Le nombre
de particules filles v,,, indépendant de la durée de vie (,, est distribué selon la loi de probabilité
(Pr» k> 2) telle que >, <, kpr, = m < 0o. Le cadre est donc légerement plus général que celui de la
division cellulaire puisqae que la naissance de plus de deux enfants est autorisée & chaque instant
de branchement. Les particules se divisent selon le taux de division B, a savoir

P(Cu € [a,a+ da) | {u > a) = B(a)da

avec B : [0,00) — [0,00), [~ B(a)da = oo. Autrement dit, les durées de vie ¢, des particules de
la population sont indépendantes et identiquement distribuées selon la densité

fota) = Blayesp (= [ " B(s)ds).
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Le lien entre la densité des durées de vie fp et le taux de division B s’écrit de facon équivalente

fs(a)
Bla) = —a - (13)
1— foa fB(s)ds
et c’est & partir de cette formule que nous établissons une stratégie de reconstruction de B, étant
donné les observables décrites ci-dessous.

Nous observons I’évolution du systeme de particules entre la date 0 et la date T'. Plus précisément,
nous observons (X (¢),t € [0,T]) ot X (t) recense les dges de toutes les cellules vivantes a I'instant ¢,
ce qui revient a I’observation des durées de vie (éventuellement tronquées) suivantes, accompagnées
du nombre d’enfants :

(((u,yu),u € TT) et ( E,u € 6‘J'T)

ol nous désignons par ‘j’T Iensemble des cellules qui se divisent avant la date T, et par 0T
Pensemble des cellules vivantes a la date T' (représentés respectivement en bleu et rouge sur la
Figure 2(b)). Notons que deux types d’observations coexistent : durées de vie completes (, et
durées de vie censurées, (I = T — b,, ou b, représente la date de naissance de u. Les obser-
vables sont donc constituées des longueurs des branches de 'arbre en temps continu typique de
la Figure 2(a) (durées de vie completes et censurées étant figurées respectivement en bleu et rouge).

Dans le cadre de ce modele simple, les difficultés sont engendrées uniquement par le mode
d’observation adopté :

1) Le nombre d’observations est aléatoire et sa loi dépend de B inconnu.
2) Il existe par ailleurs une dépendance complexe entre les durées de vie observées.

3) L’observation des durées de vie les plus courtes est favorisée par ce mode d’observation et
c’est ce que nous nommons biais de sélection.

Voyons comment ces trois difficultés de natures différentes se traduisent dans les résultats que
nous obtenons et dans les techniques de preuve que nous utilisons.
3.2 SYNTHESE DES RESULTATS NOUVEAUX

Comportement asymptotique des moyennes empiriques
L’asymptotique considérée par la suite est celle o1 le temps T' d’observation du processus tend vers

P’infini.

Lois des grands nombres existantes. Une étude des moyennes empiriques en temps continu
pour des processus de Markov branchants généraux a été réalisée par V. Bansaye, J.-F. Delmas, L.
Marsalle et V. C. Tran [BDMT11], dans le cas d’un taux de branchement constant, puis complétée
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par B. Cloez [Clol1], pour des taux de branchement quelconques. Deux résultats correspondent
aux deux types d’observables & disposition. Dans le cas particulier du processus en age que nous
étudions, d’une part, pour les particules vivantes a l'instant T,

7 (077, g) ST gl 5 08g(g) = / ga) 22 e nae Jo Bldsqq,  (14)
0

07| wedTr

et d’autre part, pour les particules se divisant avant T,
o 1 ]P) o o _ a
eN(Tr,9) = — Y 9(Cu) — Eplg) = / g(a)me™7" fp(a)da, (15)
- 0

ol Ap désigne le parametre de Malthus, unique solution de

/ me B fp(a)da = 1.
0

Le parametre de Malthus est central dans cette étude; il régit la croissance (exponentielle) de la
population et satisfait
E[|0T7|] ~ E[|T7[] ~ =7, (16)

quand T est grand, a constante pres ne dépendant que de B.

Comparons d’abord (14) et (15). La représentation (13) de B nous laisse voir que sa recons-
truction passe par celle de la densité fp, et 1a se trouve l'enjeu — le dénominateur de (13), comme
intégrale d’une densité, pouvant s’estimer a vitesse paramétrique. Le comportement asymptotique
de la moyenne empirique sur ‘j'T laisse précisément apparaitre la densité fg, tandis que le com-
portement asymptotique de la moyenne empirique sur 97 ne fait apparaitre B qu’a travers son
intégrale (abstraction faite pour I'heure des fonctions de poids inconnues intervenant). L’utilisation
de (15) conduira donc a priori & un probléme direct, dit aussi bien posé, tandis que (14) conduira
a priori a un probleme inverse d’ordre 1, dit aussi mal posé.

Concernant (15) en particulier, asymptotiquement, tout se passe comme si nous observions un
échantillon de densité non pas fp mais de densité x ~ me*2® fg(x), du fait du biais de sélection.
C’est de cette fagon qu’est modélisé un biais de sélection dans S. Efromovitch [Efr13] dans le
cas d’observations indépendantes et identiquement distribuées, pour une fonction de biais connue.
Outre le fait que ’analogie n’est valable qu’asymptotiquement, nous rappelons dans notre cas la
difficulté 2) et nous soulignons que la fonction de biais dépend de B lui-méme.

Identification d’une vitesse de convergence. Les lois des grands nombres (14) et (15)
peuvent étre affinées, et nous établissons que :

Résultat 1. Sous des conditions appropriées d’ergodicité du fragment marqué biaisé, les suites
T2 (ET (9T, 9) — 0€5(9)) et PTE(ET(Tr,9) — Enl9))

sont tendues, quand T — oo, uniformément sur une classe de taux de division B minorés et
majorés et de fonctions tests g bornées.
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AsT/2  est bien la vitesse attendue, de type

Compte tenu de (16), la vitesse identifiée, en e
paramétrique. Seul un critére de tension est obtenu en raison des normalisations aléatoires par
|0Tr| et |‘.TT| L’outil principal auquel nous faisons appel est constitué des many-to-one formu-
lae, développées dans [BDMT11, Cloll]. Les many-to-one formulae permettent de réduire, en
espérance, I'étude d’une somme sur les ensembles 9T ou ‘j'T a I’étude d’un processus de Markov

unidimensionnel. Plus précisément,

E[ > 9(¢h] = m e E[g(Xr) B(Rr) " Hp(¥r)
uedTr

tandis que
T
B[ Y 96| =m™ [ A Bp(R) Ha(R)]ds
ueﬁ'T 0
avec (Xt,t > 0) un processus d’age le long d’une branche, dit fragment marqué biaisé (voir Sec-

tion 2.2), ayant pour générateur Ap,g(z) = ¢'(z) + Hp(x)(g(0) — g(z)), ol le taux de saut du
processus Y n’est pas B lui-méme mais un taux biaisé Hp caractérisé par

fru(a) = me 7% fp(a),

s’écrivant par conséquent
me B fp(a)
HB(a) = 1_ a Aps d .
Jo me IB(s)ds

I’étude se réduit donc a celle du processus de Markov unidimensionnel Y, non réversible, que

nous montrons étre ergodique. La vitesse de convergence vers ’équilibre de ce processus, disons
exp(—ppT), entre en compétition avec la croissance globale du systéme mesurée par exp(AgT). La
condition pp > Ap/2 est alors essentielle, quoique ardue a satisfaire, pour 'obtention du Résultat 1.
Elle est cependant valable pour une classe restreinte de taux de division B minorés et majorés. Un
résultat général permet d’identifier la vitesse exp(min{Ag/2, pp}T) pour les moyennes empiriques
eT(0Tr,9) et T(Tr,g).

FEstimation du tauzx de division

Concernant 1’étude statistique, & la lumiére de (13) nous proposons 'estimateur du taux de division
au point a > 0 suivant :

= frla)
BT(CL) B 1-— }?T(a)’

avec

- 1 s . 1 s
fra)= = > mp'eMUKp(a—G) et Fr(a)=—=— Y mp'eM i, <q
Tr| = 1Tr| =
T uweTr

ot h > 0 est une fenétre de lissage bien choisie et Kp,(-) = h"!K(h™!) avec K : R ~» R un noyau.
L’estimateur de B dépend de deux parametres additionnels du modele, chacun estimé a la vitesse
de type paramétrique exp(ApT/2). Le premier est le nombre moyen d’enfants m estimé par mr de
fagon classique & l'aide des nombres d’enfants (v, u € Tr) observés. Le second est le parametre de
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Malthus Ap, parametre qui dépend de la fonction B inconnue elle-méme. L’estimateur XT utilise
les durées de vie tronquées (¢, u € 9T7), en sus des durées de vie completes utilisées par ailleurs
pour construire I’estimateur ET(a) en lui-méme. Le Résultat 1 s’applique a 'estimateur A1 et nous
obtenons une vitesse de convergence de type paramétrique.

Rappelons-nous (16) donnant un équivalent du nombre moyen d’observations : la vitesse cible
de convergence pour 'estimateur Br(a) de B(a) ainsi construit est alors exp(Ap 2or1 L), ot s est
la régularité de B, supposée connue dans ce travail. C’est ce que nous démontrons a travers bornes
supérieure et inférieure :

Résultat 2. D’une part, pour une classe de tauz de division B minorés et majorés (de sorte que
pB > Ap), de régularité holderienne s > 1/2, quand C — oo,

limsupsupIP(e’\BﬁT\BT(a) — B(a)| > C) =0,
T—oo B

et, d’autre part, il existe une constante C' > 0 telle que

lim inf inf sup P(eABﬁT@T(a) — B(a)| > C") >0,
T—o0 ]§T B

ot linfimum porte sur tous les estimateurs By construits a partir de 'observation du processus
jusqu’en T.

La démonstration de la premiere partie du Résultat 2 repose sur un arbitrage entre termes de
biais et de variance, le terme de variance étant controlé I'aide du Résultat 1, légérement affiné pour
obtenir un contréle précis en les normes L', L2 et L™ de la fonction test g. L’établissement de
la borne inférieure repose sur le processus de rapport de vraisemblance étudié par E. Loécherbach
dans [L6c02a] pour un systeme de particules général. Le Chapitre I fournit également la vitesse de
convergence de ET(a) dans le régime pp < Ap (cependant, cette vitesse n’est vraisemblablement
pas optimale).

Fait remarquable ici, non seulement la vitesse de convergence mais également son ordre de gran-
deur dépendent de B lui-méme, a travers ’exposant Ap. Pour atteindre cette vitesse de convergence,
le noyau doit avoir pour fenétre

h :HT :eXp(—B\\TQSIﬁ,T)7

ou XT est un estimateur de Ap. La fenétre de lissage est donc aléatoire et cela requiert I’étude
de la régularité de ET vu comme processus en la fenétre h. La mise en place d’une procédure
d’estimation s’adaptant automatiquement & la régularité de B (question (A.iii)), sans nécessiter
sa connaissance préalable, serait une prolongation naturelle et directe de ce travail. Soulignons
que la mise en place d’une procédure adaptative nécessite d’étudier les déviations de la moyenne
empirique ET(‘j'T, g).

Lorsque seules les observations tronquées (¢1', u € 3T r) sont observées, un estimateur convergent
a vitesse exp(Ap ﬁT) peut étre construit. L’optimalité de cette vitesse pour I'observation a une
unique date T fixée demeure a établir.
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Nous voyons ce travail comme une premiére étape significative dans I’étude du probleme de la
reconstruction du taux de division d’un processus branchant observé en temps continu. La simpli-
cité du processus en age a le mérite de permettre 'identification claire du spectre des difficultés,
dont nous donnons la décomposition page 15. La difficulté 1) se traduit dans nos résultats par des
criteres de tension et non des criteéres plus forts, dans L? par exemple. La difficulté 2) concernant
les dépendances complexes entre les observations est en grande partie résorbée a I'aide des many-
to-one formulae, qui réduisent ’étude a un processus de Markov unidimensionnel. Le controle de la
vitesse de convergence a 1’équilibre de ce processus — convergence devant étre suffisamment rapide —
est la difficulté résiduelle. Le biais de sélection mentionné en 3) apparait ici de fagon relativement
simple & travers la fonction poids  ~» mexp(—Apx), explicite d’une part et pouvant étre estimée
aisément d’autre part, alors que rien de tel ne peut étre espéré pour des modeles plus complexes.

A ce stade, la question (A.ii) n’est que partiellement résolue puisque le probléme de Pestimation
du taux de division pour le modele structuré en taille demeure ouvert. Pour ce modele, mentionnons
létude récente de V. H. Hoang [Hoal5] sur Pestimation du noyau de fragmentation. Cette étude
est menée en temps continu, sous I’hypothese d’un taux de division constant, ce qui permet de
s’affranchir des difficultés précédemment décrites. La question (A.iii) concernant ’adaptation pour
Pestimation du taux de division reste ouverte également, pour les deux modeles, structurés en age
ou taille. Compléter la vision d’ensemble de la Table 1 est une perspective de travail naturelle.
L’enrichissement du modele structuré en age pourra également étre envisagé, avec par exemple des
taux de division et taux de mort différents.

4 DEUXIEME PARTIE : ETUDE DE LA TRANSMISSION D’UN TRAIT

L’objet central n’est plus spécifiquement le taux de branchement des processus introduits. Nous
nous plagons dans un cadre général nous permettant d’appréhender la transmission d’un trait
quantitatif biologique entre cellules, d’une génération a une autre. Les Chapitres II et IIT abordent
l'un et Pautre cet axe d’étude (B).

4.1 CADRE GENERAL ET EXEMPLES PARADIGMATIQUES

Chaines de Markov bifurquantes

Le cadre général que nous nous donnons est celui des chaines de Markov bifurquantes, BMC selon
I’acronyme anglais, qui peuvent étre vues comme la généralisation des chaines de Markov, adaptées
a une structure d’arbre binaire. Formalisons les choses & la maniére de J. Guyon dans [Guy07].
Nous rappelons que T désigne l'arbre binaire infini ou chaque nceud est identifié & une cellule de
la population étudiée. Nous désignons par G,, = {0,1}™ l'ensemble des cellules appartenant a la
génération m et par T,, ’ensemble des cellules jusqu’a la génération m. Pour chaque cellule u,
nous nous intéressons a un trait biologique quantitatif X,, € 8 non spécifié, ou 8§ désigne un espace
d’état général. Nous nous donnons un noyau markovien noté P de (8, &) dans (8§ x §,6® &), que
nous appelons T-transition. Le processus (X,,u € T) est appelé chaine de Markov bifurquante si

E[ T 9u(Xus Xuo, Xu0)|Fon] = [T Poulx)

u€G, u€G,
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pour toute famille (g,,u € G,,) de fonctions mesurables bornées sur 8% ot la filtration F,, est, par
exemple, la filtration naturelle engendrée par (X, u € Ty, ), et Pg(z) = [5. g(x, x0, 21)P (2, drodry).
Cette propriété est fondamentale et généralise la propriété de branchement. En effet, dans ce cadre,
deux cellules sceurs peuvent étre corrélées conditionnellement a leur parent. Nous soulignons la re-
lation P(z, dzodzy) = P((Xuo,Xul) € dxodr| X, = x)

Le fragment marqué tel que défini précédemment (Section 2.2) joue un réle fondamental dans
Panalyse. Les marques d’une branche tirée aléatoirement dans arbre (uniformément & chaque
branchement) forment une chaine de Markov de transition

1
Q == 5(?0 + (Pl)

ou Py et Py sont les transitions marginales de la T-transition P. Nous supposons que la chaine de
transition Q est ergodique, et nous notons v la mesure invariante associée.

Nous nous demandons alors :

(B.i) A partir de toutes les observations (X,,u € T,), comment reconstruire la transition
moyenne Q, ainsi que la loi a I’équilibre correspondante v ?

(B.ii) A partir des observations (X,,u € T,), comment reconstruire la T-transition P ?

(B.iii) Est-il possible de reconstruire des parametres caractérisant la T-transition dans cer-
tains modeles spécifiques 7

Dans le cas des chaines de Markov, le probleme analogue & (B.1) a été traité dans les travaux de
S. Clémencon et C. Lacour [C1600, Lac07]. Bien que les objets Q et v que nous visons & reconstruire
décrivent une chaine de Markov, celle du fragment marqué en l’occurrence, nous souhaitons les
reconstruire a travers I’observation de toute la chaine de Markov bifurquante qui les induit.

Les trois approximations suivantes attestent de la possibilité d’estimer les trois objets d’intérét
des lors que (X,,u € T),) est observé, et les questions (B.i), (B.ii) trouvent bien leur sens. Outre
I’approximation

> o v(9) (17)

n| = n—oo

déja rencontrée, J. Guyon établit dans [Guy07],

Z (Xu-, Xu) & v(9g), (18)

ue’]I‘

ou u~ désigne le parent de u, ainsi que le résultat général englobant les deux précédents,

Z XququXul) §OO l/(ﬂ)g), (19)

|T ‘ u€T,
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I’ensemble T,, pouvant invariablement étre remplacé par G,,.

Ezemples paradigmatiques

Nous nous posons de plus la question (B.iii) dans les deux exemples qui suivent. L’espace d’état
8 est & présent choisi égal &, ou inclus dans, (0, c0).

Exemple 1. Modéle de croissance-fragmentation. Le processus discret des tailles a la nais-
sance (&, u € T) tel que décrit en Section 2 forme, nous I’avions annoncé, une BMC de T-transition

:PB(’JJ, dl’odl’l) = QB(SC, ‘TO)(SEO (d:cl)dxo

avec

Y

Qp(r,y) = B(2y) exp ( —/ %dz)l{yzwz},
TY zj2 TZ
expression obtenue & I’aide des équations (3) et (4) (voir [DHKR15]). La transition moyenne n’est
autre que Q = @ p, de mesure invariante ¥ = vg. Nous rappelons la formule (11), fondamentale
pour établir une stratégie de reconstruction de B. L’estimation de vg présente donc le grand intérét
de permettre celle du taux de division B. La réponse a la question (B.iii) est alors ici affirmative.
Dans ce modele spécifiquement, les objectifs (A) et (B) se trouvent étre liés, et une réponse au
premier probléeme, dans un cadre inférentiel généalogique, découle naturellement d’une réponse au
second.

Ezxzemple 2. Modéle bifurquant auto-régressif. Le modele bifurquant auto-régressif linéaire
a été introduit par Cowan et Staudte en 1986 dans [CS86] afin d’étudier la bactérie E. coli. Ces
modeles ont notamment servi a étudier le vieillissement des cellules [SMPT05, GBP+05]. Le trait
biologique privilégié dans ce cadre est alors le taux de croissance. Nous supposons que les quantités
Xuo et X1 associées aux deux descendants u0 et ul de u, dépendent de leurs ancétres seulement
a travers X,. Nous considérons le modele bifurquant auto-régressif non-linéaire défini par

Xu() = fO(Xu) +euwo et Xul = fl(Xu) + eut, (20)

pour tout u € T, ou fy et fi; sont des fonctions inconnues dites d’auto-régression. La racine Xy
est distribuée selon une mesure initiale ;1 quelconque et la famille ((Euo, Eul), U € ']I‘) est composée
de variables aléatoires indépendantes et identiquement distribuées selon une densité G. Ce modele
s’'insere également dans le cadre général des BMC précédemment introduites. La T-transition est
ici donnée par

P(z,drodrr) = G(xo — fo(z), 21 — f1(x))dzeday, (21)

ou G est la densité bivariée du bruit.

La littérature concernant les processus bifurquants auto-régressifs est déja vaste : citons en par-
ticulier J.-F. Delmas et L. Marsalle [DM10], B. Bercu, B. de Saporta et A. Gégout-Petit [BASG09],
S. V. Bitseki Penda et H. Djellout [BD14]. En vue des applications biologiques, des données man-
quantes ont été autorisées par B. de Saporta, Gégout-Petit et Marsalle [dISGPM12]. V. Blandin
[Blal3] notamment a considéré des coefficients aléatoires.
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Aucune étude n’ayant été menée sur les transitions P et Q elles-mémes, ou sur la mesure inva-
riante v, les résultats apportés par le Chapitre I sont nouveaux dans ce contexte. L’estimation de la
T-transition ne permet pas I'identification des parametres fonctionnels (fo, f1), pour G quelconque.
Contrairement au cas du modele précédent, la réponse a la question (B.iii) est donc négative dans
ce modele. C’est pour cette raison que nous prolongeons 1’étude du processus bifurquant auto-
régressif dans le Chapitre IT1. Le cas de fonctions d’auto-régression linéaires, f,(x) = a, 4+ 5,2 pour
v € {0,1}, a été étudié dans les travaux cités précédemment, avec généralisation & des processus
auto-régressifs bifurquants d’ordre quelconque. Nous nous placons au contraire dans le Chapitre 111
dans un cadre général, non-paramétrique.

4.2 SYNTHESE DES RESULTATS NOUVEAUX

Résultats généraux

Préliminaire probabiliste. Nous détaillons ici les résultats probabilistes établis dans le Cha-
pitre II, nous permettant dans un second temps de construire une procédure répondant aux ques-
tions (B.i) et (B.ii). Nous nous intéressons dans un premier temps aux déviations des moyennes
empiriques par rapport a leurs limites en probabilité respectives identifiées par J. Guyon et rap-
pelées précédemment. Nous supposons que la chaine de transition Q est géométriquement ergodique,
et ce uniformément par rapport au point initial z € §,

Q™ g(x) —v(g)| < Rlglocp™, m >0, (22)
ol R > 0 est une constante et p un taux d’ergodicité suffisamment petit,
p<1/2 (23)
hypotheses essentielles pour nos techniques de preuve, et nous permettant d’atteindre le

Résultat 3. Sous les hypotheses (22) et (23), inégalité de déviations suivante est valide,

1 —kn =Y T, |62
P D 9(Xu, Xuo, Xur) = v(Pg) 2 6) < exp (5 o)
Ty %-:n En(9) +19lecd
ot k > 0 ne dépend pas de n et %,(g) est un terme de variance valant $,(g9) = |Pg?|1 +

min<e<n—1(|Pgl32 + [Pgl2.279).

Les moyennes empiriques sur G,,, ’ensemble des particules de la génération n, ont également été
étudiées et nous obtenons des résultats du type précédent. Ces inégalités sont de type Bernstein et
viennent améliorer les inégalités de type Hoeffding obtenues par S. V. Biteski Penda, H. Djellout
et A. Guillin dans [BDG14]. L’étude fine du terme de variance ¥,(g) est cruciale en vue des
applications statistiques.

La différence fondamentale entre chaines de Markov et leur généralisation en BMC qui inter-
vient ici, tout comme dans les études précédentes, est liée au controle de la vitesse de convergence
vers Péquilibre de la transition moyenne Q. La majoration par 1/2 du taux p est cruciale pour
le Résultat 3, alors qu’aucune condition de cette nature n’apparait dans 1’étude des chaines clas-
siques. La vérification d’une telle condition dans les applications peut étre une tache délicate. Nous
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recommandons ’emploi des résultats de M. Hairer et J. Mattingly & cet effet, [HM11].

L’hypothese d’uniformité par rapport au point initial pour le résultat d’ergodicité est cruciale
dans notre méthode de démonstration mais restreint sensiblement les applications. Dans le cas du
modele de croissance-fragmentation, nous supposerons le taux de division B & support borné. Dans
le cas du modele bifurquant auto-régressif, ’hypotheése (22) est vérifiée des que les fonctions d’auto-
régression sont bornées. Des techniques radicalement différentes devront étre mises en ceuvre pour
s’affranchir de cette hypothese (technique de couplage, utilisation de la distance de Wasserstein,
voir S. V. Bitseki Penda et al. [BEG15]).

Estimation statistique. Le Chapitre II se consacre dans un second temps a I'estimation adapta-
tive des densités de la mesure invariante x ~» v(z), de la transition moyenne (z,y) ~ Q(z,y) et de
la T-transition (z,y, z) ~ P(x,y, z), répondant ainsi aux questions (B.i) et (B.ii). Le Résultat 3
précédent est développé dans un cadre le plus général possible, mais nous nous restreignons a
présent au cas ou 8§ C R et ou v(dz), Q(z,dy) et P(x,dydz) sont dominées par la mesure de
Lebesgue (nous notons les densités correspondantes de la méme fagon).

Nous construisons des estimateurs de v, Q et P & partir des observables (X,,u € T,) a
l'aide de techniques d’estimation par seuillage dans une base d’ondelettes — voir D. Donoho
et al. [DJKP95], G. Kerkyacharian et D. Picard [KP0O] ainsi que les références afférentes. Ci-
tons également 'ouvrage de W. Hérdle, G. Kerkyacharian, D. Picard et A. Tsybakov [HKPT98|
(en particulier pour l'implémentation numérique). Les fonctions v(z), fo(z,y) = v(z)Q(z,y) et
fe(z,y,2) = v(x)P(x,y, z) sont approchées via les décompositions

v(z) =Y (o )ea@),  folwy) =D (fo, b)vR (@), frlz,y,2) =Y (fp, 093 (@, v, 2),

A A A

ol (wf) A pour d = 1,2,3 est une collection de fonctions ondelettes. Forts de I'approximation
précédente (17), nous estimons v(z) par

Pu(2) = 3 Tan@rn)th(@) avec Dy = ﬁ 3 whx)

A< uw€T,

ou J est le niveau maximal de résolution, T) , est 'opérateur de seuillage dur et 7 > 0 le niveau
fn(2.y)

Up(x)Vw

de seuillage. A Taide de 'approximation (18), nous estimons Q(zx, y) par an(a:, y) = (avec

w > 0), ol

- ~ ~ 1
Fa@y) = D Tan(Pn)¥i(@,y) avec fan= i > (X, X).
IA<J " ueTy

Enfin, nous fondant sur 'approximation (19), nous estimons P(x,y, z) par ﬂA)n(x,y, z) = %,
ol

- —~ -~ 1

fn(w,y,2) = Z ‘TA,n(fA,n)%/f?\(I,%Z) avec  fan = ﬁ Z wi(XquumXul)-

n—1

A<JT WET_y

Les performances de ces estimateurs sont évaluées a ’aide du résultat suivant.
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Résultat 4. Sous les hypothéses (22) et (23), pour des choix appropriés de J et n, la vitesse
de convergence des estimateurs Uy, Qn et ﬂA’n, pour la perte LP avec p > 1, uniformément sur
toute boule de Besov, est, a termes logarithmiques prés, |Tp|~*™P) od ay(s, m,p) dépend de la
régularité s de v, Q ou P mesurée en norme L™, ainsi que de la perte LP choisie et de la dimension

d du probléme d’estimation (d = 1,2,3 pour respectivement v,Q,P) et s’exprime de fagon classique,

. s s+d(1/p—1/m)
aq(s,p,m) = mln{Qerd’ 2S+d(1’12/ﬁ) }

Cette vitesse de convergence est optimale au sens minimaz, avec un terme logarithmique addi-

tionnel dans le régime dit sparse.

L’article de référence concernant 1’établissement de la borne supérieure du Résultat 4 est celui de
G. Kerkyacharian et D. Picard [KP00]. Le controle de ¥, (¢/¢) est crucial dans cette preuve. Concer-
nant la borne inférieure, outre 1'utilisation de techniques désormais classiques, nous généralisons
a notre cadre bifurquant les techniques employées dans un cadre dépendant par M. Hoffmann, S.
Clémengon et C. Lacour [Hof99, C1600, Lac07].

Sur les modeles de croissance-fragmentation

L’estimation adaptative du taux de division dans un modele de croissance-fragmentation, soit un
modele structuré en taille, est I'une des applications majeures de ce travail. Nous rappelons que
les auteurs de [DHKR15] ont les premiers proposé une estimation du taux de division B, fonction
de la taille de la cellule. Comme nous I'avons exposé en Section 2.4, la procédure est cependant
non-adaptative.

Nous rappelant la représentation fondamentale (11) démontrée dans [DHKR15], nous proposons
d’estimer B au point z € D, pour D compact d’estimation, par

B (z) = TT Un(z/2)
! 2 (177 Zuer, Lajz<eu<a)) V@

: (24)

avec w > 0 un seuil garantissant que lestimateur est bien défini. Les propriétés de convergence
de 7,, énoncées dans le Résultat 4 se transmettent & B,,, le dénominateur de (24) convergeant &
vitesse paramétrique, et nous démontrons le

Résultat 5. Pour une classe de tauz de division B choisie de maniere a4 satisfaire les hypotheses
(22) et (23) uniformément, classe intersectée avec une boule de Besov contenant les taux de division
B de régularité s mesurée en norme L™, nous avons

~ 1/p 10g|Tn| ai(s,p,m)
swp (B[|1Bo — Bl,o)]) S (S )
5 T

2s s+1/p—1/m
2s+17 2s4+1-2/m

avec aq(s,p, ) = min{ } D’autre part, selon le régime, dense ou sparse, mous

avons
(1og T, | ) 1 (s,p,m)

inf sup (E[Hén —B|?,p ])1/17 > ‘Tn|—a1(s7p,rr) log | T,|
B B (D) |T'n.|

n

)

ot linfimum porte sur tous les estimateurs En construits a partir de (Xy,u € Ty,).

Ce résultat apporte une réponse a la question (A.i) formulée précédemment puisque esti-
mateur B, du taux de division, fonction de la taille, que nous proposons est adaptatif. Outre
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I'adaptation que nous atteignons grace a cette procédure, nous généralisons concomitamment la
perte L2 en une perte LP et la classe fonctionnelle de Holder en celle de Besov, dans le contrdle
d’erreur (12). Le prix pour satisfaire I'hypotheése (22) dans ce modele est de restreindre ’espace
d’état 8 a un ensemble borné.

Sur les modeles bifurquants auto-régressifs non-linéaires

Dans le Chapitre III, I'intérét porte directement sur les fonctions d’auto-régression fy et f; du
modele bifurquant auto-régressif décrit par (20), et non plus sur les caractéristiques du fragment
marqué de transition Q et mesure invariante v ou sur la T-transition P elle-méme (définie par (21)).
Dans ce travail nous conduisons une étude non-paramétrique, c’est-a-dire que nous ne spécifions
aucune forme a priori pour les fonctions d’auto-régression, contrairement aux études passées sus-
citées, qui considerent des fonctions d’auto-régression linéaires.

Nous proposons d’estimer (fo(x), f1(x)) les fonctions d’auto-régression au point x & partir des
observations (Xu, u € ']I‘n+1), caractéristiques des particules des n + 1 premieres générations, par

T Kile - Xu)Xu,

N o u€T, .
(for = (i % Bale-X) Ve c0.13).

ot h > 0 est une fenétre de lissage bien choisie, K;(-) = h 'K (h71:) avec K : R ~ R un
noyau et w > 0. Nous mentionnons les inégalités de déviations pour ces estimateurs venant
comme application dans le travail récent de S. V. Bitseki Penda, M. Escobar-Bach et A. Guillin
[BEG15]. Nous étudions dans le Chapitre 111 le comportement & la fois non-asymptotique et asymp-
totique de ces estimateurs de type Nadaraya-Watson. Nous obtenons la majoration du risque
sup(sy. 1y B[ (o () = fol@))* + (Frn(x) = f1(2))?] par [T,
de lissage h,, bien calibrée, en |T,, |~/ (2+1) "avec s la régularité hélderienne des fonctions fy et f;

=25 N ~
Z:+1 & constante pres, pour une fenétre

(régularités supposées égales pour simplifier), ot le supremum est pris sur une classe appropriée
de fonctions (fo, f1), sous-linéaires. L’hypothese de sous-linéarité des fonctions fy et fi, assurant
une propriété d’ergodicité non uniforme en le point initiale (moins contraignante que (22)), est ici
suffisante dans nos démonstrations.

L’étude asymptotique comprend la convergence presque sire de fon(x) et ﬁn(x) ainsi que
leur normalité asymptotique. Les estimateurs, recentrés et normalisés par (|Ty,|h,)"/?, présentent
un comportement asymptotiquement normal. Si h, = |T,|”* avec o > 1/(2s + 1), la loi limite
est centrée, mais ce choix de fenétre ne correspond pas au choix optimal précédent. En revanche,
si h, = |']I‘n|_1/(25+1)7 la loi limite est décentrée par un biais, inconnu, d’expression que nous
explicitons. Pour finir, ’étude asymptotique est renforcée par un principe de déviations modérées
portant sur ﬁ)n(a:) et ﬁn(x) La démonstration du principe de déviations modérées repose sur une
inégalité de déviations, telle celle énoncée dans le Résultat 3 (et les fonctions fy et f1 doivent pour
ce résultat, pour celui-ci seulement, étre supposées bornées, afin de satisfaire ’hypothese (22)).

La construction d’une procédure adaptative en la régularité s des fonctions d’auto-régression
pourrait étre envisagée via un protocole utilisant des ondelettes adaptées au design (voir V. De-
louille et R. von Sachs, [DvS05]) ou une méthode de type Goldenschluger-Lepski (voir A. Gol-
denschluger et O. Lepski [GL11]). Nous pourrons également généraliser le modele pour inclure de
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I’hétéroscédasticité via deux fonctions de variance og(-) et o1(-) intervenant dans les équations
d’auto-régression. Dans le cas d’un processus auto-régressif classique (non bifurquant) lestimation
adaptative de la fonction d’auto-régression ainsi que celle de la variance sur des espaces de Besov
a été réalisée par M. Hoffmann [Hof99).

Nous nous intéressons également a I’asymétrie éventuelle entre les équations auto-régressives et
nous proposons un test d’égalité entre fy et f1. Plus précisément, pour z1, ...,z points distincts,
nous construisons un test asymptotique visant a distinguer

Ho:Vie{l,....k}, fo(z) = fi(z)) de Hy:3e{1,...,k}, folx)) # fi(ay).

L’analyse de la normalité asymptotique précédente, réalisé minutieusement selon la valeur de la
fenétre h,,, permet de construire aisément, en suivant H. J. Bierens [Bie97], deux nouveaux esti-
mateurs, fon(z) et fin(z) de fo(z) et fi(x), satisfaisant

T,

(fo (@) = folx)

fin(z) — fl(x)> —5 Ny (02, 32(x)),

ou la matrice de variance-covariance asymptotique 3o (x) est obtenue explicitement en fonction de
|K|2 la norme L? du noyau K, 03 = E[e2,], 02 = E[e2,] et 0 = 0 ‘0] 'Eleuocu1]. La construction

du test est fondée sur ces estimateurs et nous obtenons le résultat suivant :
Résultat 6. Construisons la statistique de test

2s
2s+1

|'H‘
03 + 02 — 200010)| K|

k
Wn(xl,...,xk) = ( % Z fOn xl) .]Fl,n(ajl))2

ol Up(-) = Tyt ZueTn Kp, (- — Xu), avec hy, = T, |~/ (2541,
Quand n — oo, sous Ho, Wy (z1,...,x) converge en loi vers la loi du chi-2 a k degrés de
liberté tandis que, sous Hy, elle tend presque-surement vers +oc.

Une étude par simulations numériques montre d’assez bonnes performances, a la fois pour la
procédure d’estimation et pour le test proposé. Une étude de la transmission du taux de crois-
sance chez la bactérie E. coli, dans le prolongement des travaux déja cités — [DM10, dSGPM12]
par exemple —, semble donc une perspective intéressante. D’un point de vue théorique, il serait au
préalable souhaitable de construire un test d’égalité des fonctions d’auto-régression sur un inter-
valle, et non sur une grille de points. Cela requiert des résultats asymptotiques uniformes sur un
intervalle.

5 TROISIEME PARTIE : ETUDE COMPARATIVE DE POPULATIONS

Le Chapitre IV, que nous résumons ici, s’intégrant dans I'axe (C), est résolument tourné vers les
applications. Il est consacré a I’étude d’un probleme directement issu de la biologie, formulé par
Lydia Robert (INRA). Les résultats que nous obtenons serviront également a calibrer des expériences
futures.
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5.1 (QUESTION BIOLOGIQUE

L’enjeu est ici de prendre en compte la variabilité individuelle entre cellules. La croissance de
la taille des cellules, dans certains milieux controlés, se fait exponentiellement selon un taux de
croissance pouvant varier d’un individu & un autre, comme cela a été établi expérimentalement par
Kiviet et al. [KNW+14].

Nous considérons alors une généralisation du modele structuré en taille précédent. Rappelons
que dans celui-ci I’évolution déterministe du trait biologique pris en considération suit une dyna-
mique commune a l’ensemble des cellules : la taille d’une cellule augmente exponentiellement avec
un taux fixé, unique au sein de la population. Ce modele peut étre étendu au cas ou la taille de
chaque cellule croit avec un taux qui lui est propre : le taux de croissance doit alors étre ajouté
comme une variable structurante supplémentaire, comme cela a été fait par M. Doumic et al. dans
Particle [DHKR15]. Ainsi chaque cellule suivra une évolution déterministe de forme fixée (exponen-
tielle par exemple) mais avec un taux qui lui est propre. Remarquons que cette nouvelle variable
se distingue des précédentes, taille ou age, dans la mesure ou elle n’évolue pas au cours du temps,
mais est donnée une fois pour toute a la naissance.

L’objectif que nous nous fixons ici est d’étudier 'influence de la variabilité individuelle du taux
de croissance sur ’évolution globale de la population, de facon théorique dans un premier temps,
expérimentale ensuite :

(C.i) La variabilité entre cellules a I’échelle microscopique pénalise-t-elle la croissance globale
de la population au niveau macroscopique 7 Ou bien est-elle en mesure de la favoriser 7

(C.ii) Compte tenu des possibilités expérimentales, quelle procédure mettre en place pour
Iestimation du parametre de Malthus, quantifiant la croissance exponentielle de la popula-
tion ?

Concernant la question (C.i), Popinion dominante, fondée biologiquement, tranche en faveur
d’une pénalisation, la variabilité individuelle devant uniquement permettre la survie d’une popula-
tion de cellules soumises a des conditions extrémes. Elle n’a pourtant jamais été validée ou invalidée
mathématiquement. Nous souhaitons établir une comparaison entre les vitesses de croissance des
deux populations de cellules suivantes :

1) Une population de référence composée de cellules possédant toutes le méme taux de crois-
sance 7.

2) Une population avec variabilité ol chaque cellule posséde son propre taux de croissance,
le taux de croissance moyen des cellules de la population étant maintenu égal a 2.

Précisons que le taux de division est supposé de méme forme pour ces deux populations.
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Une étude théorique et une étude numérique sont conduites conjointement dans le Chapitre I'V.
Il s’agira dans un second temps d’établir des protocoles expérimentaux, en collaboration avec
Lydia Robert (INRA), pour confronter ces avancées mathématiques & 1’expérience. Nous souhaitons
obtenir des réponses concernant, en particulier, le modele structuré en taille et incrément de taille,
modele introduit récemment pour 1’étude de la bactérie E. coli par S. Taheri-Araghi et al. [TAB+15]
décrit ci-dessous (voir aussi Hall, Wake et Gandar [HWGY1]), auquel nous ajoutons de la variabilité
dans le taux de croissance. Le Chapitre IV traite également du modele structuré en taille ainsi que
d’un modele récent introduit par A. Amir [Amild].

5.2 RESULTATS THEORIQUES SUR LE MODELE JOUET EN AGE AVEC VARIABILITE

Un modele avec variabilité jouet est tout d’abord considéré. Une réponse analytique a la question
de départ (C.i) est alors atteignable. Dans le modele simple structuré en age, nous autorisons
la variabilité individuelle & travers un taux de vieillissement propre & chaque cellule (en lieu et
place d’un taux de croissance individuel). L’age ne désigne donc plus ici le temps écoulé depuis la
naissance mais un age physiologique, proportionnel seulement au temps écoulé depuis la naissance.
Une cellule u vieillit selon un taux de vieillissement qui lui est propre 7, hérédité de son parent v,

P(ry € dV'|1y- = v) = p(v,v")dv’ (25)

et son age physiologique au temps t € [by, b, + () est donné par Af, = 7, (t —b,), ol b, est la date
de naissance de u. L’age physiologique a la division de la cellule u vaut

Ay =Ty Cu

ou ¢, désigne toujours la durée de vie de u. Nous supposons que les dges physiologiques (A, u € T)
des cellules de la population sont indépendants et identiquement distribués selon

P(A,, € da) = B(a) exp(— /Oa B(s)ds)da = fp(a)da. (26)

Le taux de division B ne caractérise plus a lui seul le modele, la distribution p des taux de vieillis-
sement est également déterminante. Le cas du modele structuré en age sans variabilité présenté en
Section 3 se retrouve & travers le choix p(v, dv’) = 61(dv’), masse de Dirac au point 1. Dans ce cas,
age physiologique et temps écoulé depuis la naissance coincident, A, = (.

Les deux caractéristiques individuelles structurant le modele sont ici I’age physiologique a > 0
et le taux de vieillissement v > 0. Considérons le pendant déterministe du modele, donné par
I’équation d’évolution

%n(t, a,v) + v%n(t, a,v) + y(a,v)n(t,a,v) =0,
(27)
on(t,a =0,v) =2 [[sy(a,v)n(t,a,v")p(v,v")dv'da, n(t=0,a,v) =n"(a,v),

ou n(t,a,v) représente la quantité de cellules d’age physiologique a et de taux de vieillissement v au
temps t. Cette équation peut se lire comme un bilan de masse, de fagon analogue & I’équation (6)
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sans variabilité. Elle peut étre vue comme ’équation satisfaite par la mesure empirique moyenne
(voir le Chapitre IV), ce qui permet de faire le lien avec 'approche stochastique précédente. Le
taux de division, noté ici v, dépend en toute généralité des deux variables a et v.

Le modele décrit par (27) s’inscrit dans la lignée du modele introduit par M. Rotenberg [Rot83],
étudié par S. Mischler, B. Perthame et L. Ryzhik [MPR02]. La description donnée par (27) présente
la généralisation suivante : 'hérédité dans la transmission du taux de vieillissement (via le noyau
markovien p) est autorisée. Nous nous intéressons dans un premier temps aux vecteurs propres
(direct et ajoint) associés a 1’équation d’évolution (27).

Résultat 7. Pour v et p suffisamment réguliers, il existe un unique triplet (Ay p, Ny p, &~,p)
résolvant les problémes (direct et adjoint) aux valeurs propres associés & (27), avec Ay, > 0,
N, , et ¢, , différentiables en la premiére variable a et continues en la seconde variable v.

Le parametre de Malthus A correctement défini par le Résultat 7, intervient dans l’ap-

o)
proximation, pour ¢ grand, n(t,a,v) ~ e* !N, ,(a,v), ot N, , est le profil stationnaire (voir
Papproximation 3), Section 2.2). L’approximation doit étre lue pour une norme pondérée par le

vecteur propre adjoint ¢, ,.

Le taux de division 7(a, v) est & présent choisi comme y(a,v) = vB(a) et cela se traduit d’un
point de vue stochastique par la propriété (26). Nous notons & présent le parametre de Malthus
AB,p pour souligner la forme particuliere du taux de division 7. Il se trouve étre caractérisé de
la transmission du taux de vieillissement, ce qui revient & choisir p(v,v')dv’ = p(v')dv’ dans (25).

Pour un taux de division B commun, 1’objectif est de comparer I’évolution des deux populations
suivantes — évolution mesurée par leur parametre de Malthus :

1) Population de référence. Toutes les cellules vieillissent au taux de vieillissement @ (i.e.
p(dv) = §3(dv)). Le parametre de Malthus associé a cette population, noté Ap 3, est solution

de - \
B,5Q -
2/0 exp(— - )fB(a)da— 1.

2) Population avec variabilité. Les taux de vieillissement des cellules sont indépendamment

distribués selon une densité p(v)dv non-dégénérée telle que

/va(v)dv = 7.

Le parametre de Malthus Ap , mesurant la vitesse de croissance de cette population est

2//8 exp ( — M)fg(a)p(v)dvda =1.

v

solution de

Pour une distribution p fixée, de moyenne v fixée, la comparaison de Ag , a Ap 5 selon les propriétés
de B est l'objet du résultat suivant, répondant & la question (C.i).
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Résultat 8. Pour les choixz y(a,v) = vB(a) et p(v,v') = p(v') dans (27), sous Uhypothése que le
tauzr de division B est différentiable,

(i) Sila densité fp est décroissante, alors A, < Aps-
(1i) Sila densité fp est croissante bornée, alors A, > Ap 5.

Comme le prouve le Résultat 8, la variabilité individuelle dans le taux de vieillissement peut
pénaliser (cas (1)) ou avantager (cas (ii)) la croissance d’une population, selon le mécanisme de
division sous-jacent, i.e. selon la forme de la densité fp.

De fagon complémentaire, pour une suite de densités p, de moyenne ¥ convergeant (faiblement)
vers la masse de Dirac au point v quand o — 0, les perturbations a l'ordre 2 de o ~~ Ap ,, autour
de Apy ont également été étudiées. Un tel résultat repose sur une technique introduite par P.
Michel [Mic06] qui passe par une étude plus précise des vecteurs propres associés a Ap ., .

5.3 RESULTATS NUMERIQUES SUR LE MODELE EN TAILLE ET INCREMENT DE
TAILLE AVEC VARIABILITE

Nous nous tournons a présent vers un modele plus a méme de décrire la croissance d’une population
de bactéries E. coli.

Descriptions stochastique et déterministe

Nous travaillons ici sur un modele qui ressemble au modele structuré en taille déja décrit, sen-
siblement enrichi. La croissance des cellules est toujours supposée exponentielle et chaque cellule
possede son propre taux de croissance 7,,. Nous autorisons par la suite la transmission héréditaire
de ce taux de croissance & travers le noyau markovien p(v,v')dv’ = P(7,- € dv'|r, = v) oll u~
désigne le parent de la cellule u. Une cellule de taille a la naissance &, se divise, apres une durée de
vie (,, en deux cellules de tailles identiques égales a %fu exp(7yCu)- La quantité nouvelle importante
est I'incrément de taille, différence entre la taille courante de la cellule et sa taille a la naissance.
Ala division, I'incrément de taille de la cellule v prend la valeur

Ay = &€ — 1),

Notons que l'incrément de taille est assimilable a un age physiologique (puisque cet incrément
est nul pour toute cellule naissante). Il est fondé biologiquement de supposer que les incréments

N

de tailles a la division des cellules sont mutuellement indépendants et indépendants des autres
quantités du modele (taille & la naissance, taux de croissance),

P(A, € ds) = fp(s)ds, (28)

voir [TAB+15] (Figures S6, S8 et S12). Le modele est entierement déterminé par le taux de division
B et par le noyau markovien p.

D’un point de vue déterministe, ce modele se traduit par une équation structurée en trois
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variables que sont la taille > 0, I'incrément de taille a > 0 et le taux de croissance v > 0,
%n(t,x, a,v) + %(vxn(t,x, a,v)) + %(vxn(t,x,a,v)) +y(z, a,v)n(t, z,a,v) =0,
v'an(t,z,a =0,0") =4 [ 72z, a)n(t, 2z, a,v)p(v,v')dadv, (29)

n(t =0,z,a,v) = n*(z,a,v),

ou n(t, x,a,v) représente la quantité de cellules de caractéristiques (z, a,v) au temps ¢. Le choix du
taux de division y(z, a,v) = vz B(a) permet d’obtenir la propriété fondamentale (28). Le probléme
(29) ne permet pas une caractérisation simple de la valeur propre Ap, pouvant aboutir & un
résultat du type du Résultat 8, par les mémes techniques de démonstration. Le cadre stochastique
peut suppléer a ’analyse déterministe et nous permettre d’obtenir des résultats préliminaires a la
question (C.i).

Synthese des résultats nouveaux

Modélisation de U’hérédité. Nous autorisons, contrairement au modeéle jouet précédent, la
transmission héréditaire du trait de variabilité. L’hérédité dans la transmission du taux de crois-
sance peut étre modélisé par un processus bifurquant auto-régressif (nous référons au Chapitre IV
pour une seconde modélisation) : toute cellule u € T, de taux de croissance 7,,, donne naissance a
deux cellules dont les taux de croissance respectifs sont donnés par

Two =1 =K+ KTy + w0 and 741 = (1 — K)U + KTy + Y1, (30)

ot (Nuo,u € T) et (ny1,u € T) sont deux suites de bruit, de méme loi centrée, indépendantes,
ce qui revient a négliger I’éventuelle corrélation directe qui pourrait exister entre les taux de
croissance 7,0 et 7,1 de deux cellules sceurs. Le processus BAR est par ailleurs choisi d’une forme
simple : symétrique d’une part, linéaire d’autre part. Le coefficient £ € (0,1) mesure la force
de I'hérédité, le cas sans hérédité aucune correspondant a x = 0. A léquilibre, E[r,] = T et
E[(7,—0)?] = n?(1—k2)7L, ott n? est le niveau de bruit. Le coefficient de variation de la distribution
des taux de croissance a ’équilibre

1 — x2)-1/2
oy, = ML=+
v
est une quantification naturelle de la force de la variabilité : plus C'V, est grand, plus les taux de
croissance au sein de la population sont dispersés.

Protocole numérique. Nous paramétrons le modele par le taux de division B et le parametre
(la loi du bruit (n,,u € T) étant un parametre de nuisance). Nous notons Ag , le parametre de
Malthus relatif & B et . L’observation de (53/2, u € 0Tp)s) et de (E8,u € Tp), ou &, est la taille &
la date ¢ de la cellule u (voir (2) avec T = 7,,), permet 'estimation de Ap , via Papproximation 2)
de la Section 2.2. En effet, en notant 91; la somme des tailles courantes de toutes les cellules
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vivantes a l'instant ¢, cette approximation, nous permet d’utiliser I’estimateur

~ 2
)\T:?IH(

M )
Mpo’

La simulation d'un arbre en temps continu de 0 a T permet donc l'estimation de Ap,, et la
simulation de M arbres en temps continu de 0 & T' permet I'obtention d’un intervalle de confiance

estimé.

Conclusions numériques. A Dlaide du protocole précédent, pour un taux de division B fixé,
expérimentalement plausible, pour différents x fixés, nous évaluons la courbe CV,, ~» Ap ., ou
I’échelle des abscisses mesure la dispersion des taux de croissance au sein de la population. La
Figure 3 est une synthese des résultats numériques obtenus :

1) En l’absence d’hérédité. La courbe correspondant au cas k = 0 est, d’une part, signifi-
cativement en-deca de la valeur de référence ici égale a 1 et, d’autre part, significativement
décroissante. Cela signifie donc que, d’une part, la variabilité dans le taux de croissance
pénalise la croissance et que, d’autre part, cette pénalité est d’autant plus grande que les
taux de croissance sont dispersés au sein de la population, ce qui conforte 'induite biologique.

2) En présence d’hérédité. Pour une hérédité relativement faible (k = 0.25) les deux conclu-
sions précédentes demeurent valables. Pour une hérédité plus forte (k = 0.50), le parametre
de Malthus semble maintenu constant égal a la valeur de référence 1, quelle que soit la varia-
bilité dans le taux de croissance. Pour une valeur fixée de C'V,;, i.e. un niveau de variabilité
fixé, nous observons une croissance significative de Ap , avec la force de I'hérédité mesurée
par k. Pour résumer, nous inférons

AB,r=0 < AB,k=0.25 < AB,k=0.50 ~ 1,

ou 1 est ici la valeur de référence. Pour un k plus grand nous sommes tentés de penser qu’il
est possible que Ap , dépasse v = 1. Cependant, les essais pour £ = 0.75 que nous avons
réalisés se montrent rien de significatif par rapport au cas x = 0.50.

La variabilité peut donc pénaliser ou non la croissance globale de la population. Une seconde
modélisation de I’hérédité dans le taux de croissance, passant par la distinction de deux sous-
populations, I'une avec un taux de croissance élevé, l'autre avec un taux de croissance faible,
montre que la croissance globale de la population peut également étre accélérée. Cette conclusion
est remarquable dans la mesure ou elle va a ’encontre des intuitions biologiques.

Par ailleurs, notre étude indique que les variations du parametre de Malthus pourront étre

mesurées expérimentalement.
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— x=0
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FIGURE 3 — Modeéle structuré en taille et incrément de taille avec vartabilité dans le taux de
croissance. Tauz de division B(a) = (a — 1)*1(4>1}, les tauz de croissance (Ty,u € T) suivent la
dynamique auto-régressive (30). Courbe estimée CV,, ~» Ap . (moyenne et intervalle de confiance
a 95% calculés a partir de M = 50 arbres en temps continu) pour différentes valeurs de k. Courbe
rouge (bas) : k = 0 (pas d’hérédité). Courbe verte (milieu) : k = 0.25. Courbe bleue (haut) :
K = 0.50.

6 PERSPECTIVES

Outre les perspectives déja mentionnées, concernant les modeles structurés en age ou en taille (voir
Table 1), deux autres axes majeurs de travail se dégagent.

6.1 ESTIMATION DU PARAMETRE DE MALTHUS A PARTIR D’UNE BRANCHE

Une quantité centrale, aussi bien pour le biologiste que pour le mathématicien, nous I'avons vu,
est le parametre de Malthus, qui caractérise la croissance exponentielle de la population de cellules
en temps long. La question (C.ii) formulée précédemment (page 27) requiert encore des approfon-
dissements : ’enjeu est de proposer une procédure fiable d’estimation du parametre de Malthus,
en adéquation avec les possibilités offertes par les protocoles expérimentaux.

Des estimateurs naturels sont fondés sur I’observation de I’évolution de toute la population en
des temps grands (choisis précédemment comme T'/2 et T par simplicité). Cependant, d’un point
de vue expérimental, I'observation de I'intégralité de la population de cellules reste difficile : elle ne
peut se faire que pour 9 générations au plus (voir Stewart et al. [SMPTO05]), soit pour des popula-
tions d’au plus 500 cellules. Constituer un échantillon de taille plus importante nécessite de répéter
cette expérience : une dizaine de fois est raisonnable, ce qui conduit, par agrégation, a I’observation
de n =5 000 cellules environ. L’estimation du parametre de Malthus qui en résulte peut étre trop
médiocre des lors qu'il s’agit de comparer différentes populations & travers ce parametre.

L’évolution récente de la technologie permet a présent d’accéder a ’observation de lignées tres
longues de cellules — voir I’étude expérimentale par Wang et al. [WRP+10]. En effet, jusqu’a 150
générations peuvent étre observées le long d’une branche de I'arbre généalogique de la population.
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L’observation de mille lignées est ici réalisable, ce qui permet de constituer, par agrégation, un
échantillon de grande taille, de » = 150 000 cellules environ. Nous souhaitons alors conduire 1’es-
timation du parametre de Malthus & partir d’un tel schéma d’observation. Intuitivement, ceci est
réalisable des lors qu’il est possible d’estimer le taux de division B a partir de 'observation d’une
branche de n cellules. En effet, Ag est une fonctionnelle de B, définie comme la valeur propre
dominante du probléme aux valeurs propres associé a 1’équation d’évolution décrivant macrosco-
piquement la croissance de la population (voir par exemple les probléemes aux valeurs propres (8)
et (9) associés respectivement aux équations d’évolution (6) et (7)). Le probleme releve alors de
I’estimation du rayon spectral d’un opérateur continu bruité.

6.2 PROBLEME INVERSE DANS LE MODELE TAILLE-INCREMENT

Considérons le modele structuré en taille et incrément de taille décrit par (29), en négligeant
la variabilité par le choix p(dv) = é,(dv) pour 7 fixé, connu. Dans ce cadre un probléme par-
ticulierement intéressant est le suivant. Il s’agit de reconstruire le taux de division, B, comme
fonction de I'incrément de taille, a partir de ’observation de la taille de cellules vivantes a un
instant T'. Le cadre inférentiel est donc celui approchant 1’observation en T'.

Pour le modele structuré en taille uniquement, avec un taux de division B dépendant de la taille,
ce probléme a été entiérement traité (voir Section 2.4). Nous soulignons que dans le probléme que
nous nous proposons d’étudier, les incréments de taille des cellules, dont dépend le taux de division,
ne sont pas observés (seules les tailles le sont) et c’est ce qui constitue sa nouveauté. Une étude
préliminaire montre que nous aboutissons a un probléme de déconvolution.

L’utilisation biologique d’une telle procédure d’estimation pourrait étre la suivante. Les modeles
que nous avons décrits jusqu’ici sont essentiellement descriptifs, avant d’étre explicatifs. D’ailleurs,
pour établir des comparaison entre modeéles, nous regardons si un modele reproduit mieux les faits
observés (distributions de tailles & la naissance, corrélations entre grandeurs mesurées, etc.) que
Pautre. Ainsi, par exemple, L. Robert et al. [RHK+14] établissent que le modele structuré en taille
est plus pertinent que le modele structuré en age pour 1'étude de la division d’E. coli. (Voir aussi
la méthodologie utilisée dans [Amil4] pour la construction du modele, ou encore dans [ONC14].)

Une compréhension plus profonde de la division cellulaire repose sur la mise en lumiere de
mécanismes moléculaires sous-jacents. Dans le but de trouver des mécanismes moléculaires expli-
quant les phénomenes biologiques, des banques de mutants existent. Un mutant est une cellule sur
laquelle est opéré un changement génétique, par insertion, délétion, etc. Pour F. coli, un exemple
de banque existante est une banque de délétion ot chaque géne non-vitaux est systématiquement
délété, ce qui conduit & la création de presque 4 000 mutants (voir [BAH406]). Un géne important
pour la division cellulaire pourrait étre détecté a partir d’'un changement de forme du taux de
division B (par rapport au taux de division B de la bactérie non-mutante). Trouver des genes
importants passe nécessairement par I’étude d’une banque de mutants de taille considérable. C’est
pourquoi nous visons a rendre possible I'estimation du taux de division B a partir du protocole
expérimental le plus simple et rapide possible. Le protocole le plus rapide se trouve précisément
étre le prélevement de cellules dans la population & un instant 7' et la mesure de leur taille.

Cette problématique spécifique pose également un probleme de test : il s’agirait de tester si
deux taux de division, le premier obtenu pour une population de bactéries E. coli elle-méme, le
second obtenu pour une population composé de mutants d’E. coli, sont significativement différents.
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7 COMPOSITION DE LA THESE
Cette these se compose de quatre chapitres dont la rédaction repose sur les travaux suivants :
- [Chapitre 1] Nonparametric estimation of the division rate of an age-dependent branching

process, avec M. Hoffmann, en révision pour Stochastic Processes and their Applications.

- [Chapitre II] Adaptive estimation for bifurcating Markov chains, avec S. V. Bitseki Penda et
M. Hoffmann, soumis.

[Chapitre III] Nonparametric estimation of the autoregressive functions in bifurcating auto-
regressive models, avec S. V. Bitseki Penda, soumis.

- [Chapitre 1V] Influence of variability on the Malthus parameter, avec M. Doumic et L.
Robert, en préparation.
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CHAPITRE 1

Processus d’age branchant :

estimation non-paramétrique du taux de division

ANS un cadre d’observation en temps continu, ce premier chapitre est une contribution

a lobjectif (A) Comprendre le mécanisme de division a travers la reconstruction du

tauzx de division en tant que fonction de la variable structurante, formulé en Chapitre

Introductif (page 2). En temps continu, divers écueils apparaissent dans la reconstruction du taux
de division, y compris pour des modeles dont ’étude serait extrémement simple en temps discret.

Notre intérét se porte sur un taux de division dépendant de ’age, ’age étant ici I'unique variable
structurante du modele. Le processus que nous étudions est connu sous le nom de processus d’age
branchant ou processus de Bellman-Harris. Des particules, sans interactions entre elles, vivent
chacune pendant une durée aléatoire distribuée selon B(-) exp(— [, B(s)ds) avant de laisser place
a un nombre aléatoire d’enfants. L’évolution du processus est observée en temps continu pendant
Iintervalle [0, T]. De fagon équivalente ici, les durées de vie des particules nées entre la date 0 et
la date T fixée sont observées (ainsi que les nombres d’enfants). L’estimation du taux de division
B est alors conduite et les résultats saillants du chapitre sur la question sont synthétisés dans la
Table 1 page 13 en Chapitre Introductif.

Ce travail met en lumiere les difficultés intrinseques liées aux schémas d’observation en temps
continu, parmi lesquelles un nombre d’observations aléatoire non-ancillaire, un biais de sélection
ainsi qu’une dépendance complexe entre les observations.
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Abstract

We study the nonparametric estimation of the branching rate B(x) of a supercritical Bellman-
Harris population: a particle with age x has a random lifetime governed by B(x); at its death
time, it gives rise to k > 2 children with lifetimes governed by the same division rate and so
on. We observe in continuous time the process over [0,T]. Asymptotics are taken as T — o0;
the data are stochastically dependent and one has to face simultaneously censoring, bias selection
and non-ancillarity of the number of observations. In this setting, under appropriate ergodicity
properties, we construct a kernel-based estimator of B(z) that achieves the rate of convergence
exp(—Ap %T), where A\p is the Malthus parameter and 3 > 0 is the smoothness of the function
B(z) in a vicinity of z. We prove that this rate is optimal in a minimax sense and we relate it
explicitly to classical nonparametric models such as density estimation observed on an appropriate
(parameter dependent) scale. We also shed some light on the fact that estimation with kernel
estimators based on data alive at time 7" only is not sufficient to obtain optimal rates of convergence,
a phenomenon which is specific to nonparametric estimation and that has been observed in other
related growth-fragmentation models.
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1 INTRODUCTION

1.1 MOTIVATION

Structured models have been paid particular attention over the last few years, both from a prob-
abilistic and an applied analysis angle, in particular with a view toward a better understanding of
population evolution in mathematical biology (see for instance the textbook by Perthame [Per07]
and the references therein). In this context, a more specific focus and need for statistical methods
has emerged recently (e.g. Doumic et al. [DPZ09, DHRR12, DHKR15] and the references therein)
and this is the topic of the present chapter. If x denotes a so-called structuring variable — for
instance age, size, any measure of variability or DNA content of a cell or bacteria, and if n(¢, x)
denotes the number or density of cells at time ¢ of a population starting from a single ancestor at
time ¢ = 0, a sound mathematical model can be obtained by specifying an evolution equation for
n(t, ).

Consider for instance the paradigmatic problem of age-dependent cell division, where the evo-
lution of n(t,x) is given by the simplest transport-fragmentation equation

9, 0
an(t,x) + a—xn(t, x) + B(z)n(t,x) =0 "

n(t,0) =m [~ B(y)n(t,y)dy, t>0, n(0,z) = do,

where dy denotes the Dirac mass at point 0. In this model, each cell dies according to a division
rate  ~» B(z) that depends on its age x only (a living cell of age x has probability B(z)dz of
dying in the interval [z, + dz]) and, at its time of death, it gives rise to m > 2 children at its
time of death. The parameters (m, B) specify the so-called age-dependent model.

In this seemingly simple context, we wish to draw statistical inference on the division rate
function & ~» B(z) and on m in the most rigorous way, when we observe the evolution of the
population through time and when the shape of the function B can be arbitrary, to within a
prescribed smoothness class, i.e. in a nonparametric setting. In order to do so, we transfer the
deterministic description (1) into a probabilist model that consists of a system of (non-interacting)
particles specified by a probability distribution p on the integers (the offspring distribution) and
a probability density f on [0,00). A particle has a random lifetime drawn according to f(z)dz;
at the time of its death, it gives rise to k children with probability px (with po = p; = 0), each
child having independent lifetimes distributed as f(x)dz, and so on. The resulting process is a
classical supercritical Bellman-Harris, see for instance the textbooks of Harris [Har63] or Athreya
and Ney [ANT72]. It is described by a piecewise deterministic Markov process

X(t) = (Xu1(t), Xa(t),...), t=>0, (2)

with values in (J,-,[0,00)*, where the X;(t)’s denote the (ordered) ages of the living particles at
time ¢. The formal link between X (¢) and n(t, z) is obtained via n(t, z) = E[ Y52, 6x,(t)=«] which
has to be understood in a weak (measure) sense, i.e. the empirical measure (in expectation) of the
particle system and solves Equation (1), we refer to [Oel90].
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The correspondence between (m, B) and (f,p) is given by

f(x)
B(z) = W, x €10,00), and m = k%;kpk, (3)
provided everything is well defined. Under fairly reasonable assumptions described below, it is
one-to-one between B and f, but not between m and p. We are interested in the nonparametric
estimation of x ~» B(x), which is nothing but the hazard rate function of the lifetime density f
of each particle, and also in the mean offspring m, the whole distribution p being considered as a
nuisance parameter.

1.2 OBJECTIVES AND RESULTS

e

i

ﬁﬂ.m

Figure 4: The effect of bias selection. Simulation of a binary (p2 = 1 so m = 2) age-dependent
tree with B given in Section /, up to time T = 8 (|Tp| = 145). Left: the size of each segment
represents the lifetime of an individual. Individuals alive at time T are represented in red. Right:
genealogical representation of the same realisation of the tree.

Observation schemes

We assume we observe the whole trajectory (X(¢),t € [0,T]), where T > 0 is a fixed (large)
terminal time. Asymptotics are taken as T' — oco. If we denote by T the population of individuals
that are born before T and observed up to time T and if ({1, u € T7) denotes the values of the ages
of the different individuals of Tr (at their time of death or at time T"), we wish to draw inference
on B(z) based on

{X(#),t€0,T]} = {¢ ueTr}.

Although the lifetimes of the individuals are independent (and identically distributed) with
common density f, this is no longer the case for the population (¢I',u € T7) considered as a
whole: the tree structure plays a crucial role and we have to face several non-trivial difficulties:

1) Bias selection: particles with small lifetimes are more often observed than particles with
large lifetimes since the observation of the process is stopped along all the branches at the
fixed time T, as illustrated in Figure 4.
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2) Censoring: if 0T C Tr denotes the population of individuals alive at time T (in red in
Figure 4), they are censored in our observation scheme (we observe their lifetime only up to
time T') but contribute to the whole estimation process at the same level as the population
‘j'T C Jr of individuals born and dead before T: due to the supercriticality of the process
(m > 1) we have |Tr| ~ |T7| ~ |0T7| as T grows to infinity, and this affects the statistical
analysis, see Section 2.2 below.

3) Non-ancillarity: the number of observations |Jr| that governs the amount of statistical
information is random and its distribution depends on B: we essentially have less observations
if B is small (particles split at a slow rate) than if B is large (particles split at a fast rate).
This means that |Tr| is not ancillary in the terminology of Fisher: it is not possible to ignore
its randomness (by conditioning upon its value for instance) without losing some statistical
information. We refer to the Encyclopedia of Statistics [Kie72] for more details.

Main results

We first study in Section 2 the behaviour of empirical measures of the form

ETW,g9) =|V|! Zg(CT), with V=T7 or 877

u
ueV

for suitable test functions g. From the classical study of critical branching processes, it is known
that |‘J'T| ~ [0Tr| = €8T where Ag > 0 is the Malthus parameter associated to the model
(Harris [Har63] and (6) below). Both €7(T7, g) and €7 (T, g) converge to their respective limits
with rate exp(—ApT'/2), with some uniformity in B and ¢ as shown in Theorem 3 and 4 below. For
the proof, we heavily rely on the recent studies of Cloez [Clo11] and Bansaye et al. [BDMT11], two
key references for this chapter, adjusting the tools developed in [BDMT11] to the non-Markovian
case: the essential ingredient is the use of many-to-one formulae that reduce the problem to
studying the evolution of a particle picked at random along the genealogical tree (Propositions 10
and 11). The rate of convergence to equilibrium of this tagged particle, which governs the rates of
convergence for statistical estimators, is obtained by a simple coupling argument (Proposition 12).

These preliminary results enable us to address the main issue of the chapter: we construct
in Section 3 a nonparametric estimator ET(w) of B(z) that achieves the rate of convergence
exp(—Ap 2B%T) for pointwise error and uniformly over functions B with local smoothness of
order S > 0 (Theorem 7). We show that this rate is optimal in a minimax sense in Theorem 8,
thanks to statistical tools developed in Locherbach [L6c02a]. This result is obtained under the
restriction that convergence to equilibrium of a tagged particle is faster than the growth of the
tree. Otherwise, we still have a rate of convergence, but we do not have (nor believe in) its opti-
mality. We bypass the aforementioned bias selection difficulty 1) by weighting a kernel estimator
by a de-biasing factor that depends on preliminary estimators of A\p and m. These estimators
(essentially) converge with rate exp(—ApT/2) as shown in Proposition 5. As for the censoring
part 2), we base our nonparametric kernel estimator on ET(‘J'OT,g) and not on ET(0Tr,g), since
that latter quantity would lead to a subobtimal rate of convergence as discussed in Section 3.3.
Finally, the non-ancillarity issue 3) is solved by specifying a random bandwidth for the kernel that
also depends on the preliminary estimation of Ap. This last point requires extra efforts in order
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to show a form of stability that is detailed in Proposition 17.

The statistical study of branching processes goes back to Athreya and Keiding [AKT77] for
deriving maximum likelihood theory in the case of a parametric (constant) division rate, relying
on the fact that the number of living cells is then a Markov process, a property we lose here for a
non-constant division rate  ~ B(z). The textbook of Guttorp [Gut91] gives an account of existing
parametric methods in the 1990’s. In the early 2000’s the regularity in the sense of the LAN and
LAMN property was established in the comprehensive study of Locherbach [Loc02a, Loc02b], see
also Hyrien [Hyr07] for statistical computational methods and Johnson et al. [JSVRT79] for Bayesian
analysis, and Delmas and Marsalle [DM10] in discrete time. In nonparametric estimation, only few
results exist; we mention the case when dynamics between jumps is driven by a diffusion in Hopfner
et al. [HHLO2]. To the best or our knowledge, our study provides with the first fully nonparametric
approach in continuous time in supercritical branching processes which are piecewise deterministic.
Admittedly, the Bellman-Harris model is a toy model for the study of population dynamics, but
we believe that the present contribution sheds some light in the intrinsic difficulties that need to be
solved in more elaborate models like cell equation for which only simplified statistical models have
been considered so far (in discrete time or under additional deterministic or stochastic noise like in
e.g. [DPZ09, DHRR12, DHKR15]). Concerning bias selection, density estimation when observing
a biased sample has been studied at length framework by Efromovich [Efr04].

Organisation of the chapter

In Section 2, we define our rigorous statistical framework by means of continuous time rooted trees
(Section 2.1) and study the convergence properties of the biased empirical measures ET(‘J'DT, g) and
ET(0Tr,g) in Section 2.3. We start by deriving heuristically the respective limits of the empirical
measures in Section 2.2 (that can also be found in Cloez [Cloll] and Bansaye et al. [BDMT11])
in order to shed some light on the specific methods of proof in the subsequent study of rate of
convergence. We construct in Section 3 the estimators of m, Ap and B(x) and state our statistical
results together with a discussion on the extensions and limitations of our findings. Section 4
tackles the problem of numerical implementation on simulated data, advocating for a reasonably
use of our estimators in practice. Section 5 is devoted to the proofs. An appendix (Section 6)
contains auxiliary useful results.

2 RATE OF CONVERGENCE FOR BIASED EMPIRICAL MEASURES

2.1 CONTINUOUS TIME ROOTED TREES

It will prove more convenient to work with a representation of (X (¢));>o in terms of a continuous
time rooted tree. We need some notation and closely follow Bansaye et al. [BDMT11]. Let

u=Jm

k>0

with N* = {1,2,...} and (N*)? = {@} denote the infinite genealogical tree. We use throughout
the following standard notation: for u = (uj,ug2,...,u,) and v = (v1,...,v,) in U, we write
uv = (Ug, ..., Up,V1,...,0,) for the concatenation, we identify @u, u@ and u, we write u < v if
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there exists w such that uw = v and v < v if u < v and w # &. For u = (uy, ua, ..., Un), we also
write |u| = m.

Given a family (v,,u € U) of integers representing the number of children of the individuals
u € U, we construct an ordered rooted tree T C U as follows:

i) ed,
ii) fv e T, u=<vimplies u € T,
iii) For every u € T, we have uj € T if and only if 1 < j < w,.

For a family (,,u € U) of nonnegative numbers representing the lifetimes of the individuals u € U,
we set

bu=Y (o and dy = by + (4)

v<u

for the times of birth and death of the individual © € U. Let U = U x [0,00). A continuous time
rooted tree is then a subset T of U such that

(i) (2,0) €T,
(ii) The projection T of T on U is an ordered rooted tree,

(iii) There exists a family (¢,,u € U) of nonnegative numbers such that (u,s) € T if and only if
by, < s < d,, where (by,d,) are defined by (4).

We now work on some probability space (2, F,P). In this setting, we have the following

Definition 1 (The Bellman-Harris model). A random continuous time rooted tree is a Bellman-
Harris model with offspring distribution p = (pr)k>1 and division rate B : [0,00) — [0, 00) if

(i) The family of the number of children (v,,u € U) are independent random variables with
common distribution p.

(i) The family of lifetimes (¢, u € W) are independent random variables such that

P(¢, >z) =exp(— /Ox B(y)dy), x>0, (5)

with

/00 B(x)dx = oo,

(i11) The families of random variables (v, u € U) and ({,,u € U) are independent.

Going back to the process (X (t))¢>o defined in (2),we have an identity between point measures
on (0,00) that reads

Y Lx@>010x,0 = D Litebu,du)ye—b.-
i>1 ueT

The following assumption will be in force in the chapter:
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Assumption 2. The offspring distribution p = (p)k>0 satisfies

po =p1 =0, 2§m:kak<oo, Zkak<oo and T‘n:Z Z P < 00.
k>2 k>2 i#j k>iVj

The technical condition m < oo is needed for the so-called many-to-one formulae, see Proposi-
tion 11 below.

2.2 THE LIMITING OBJECTS

In order to extract information about x ~» B(z), we consider the empirical distribution function
over the lifetimes indexed by some Vp C Jr for a test function g, that is

e (Vr,g) = Ve[ D g(Ch),

uEVr

and expect a law of large number as T — oo. Without much of a surprise, it turns out that
depending whether ¢I' = ¢, or not, i.e. if the data are still alive at time T, therefore censored or
not, we have a different limit. More precisely, define

Tr={ueT by <Tandd, <T} and 0Tr ={u e T,b, <T < dy},

i.e. the set of particles that are born and that die before T', and the set of particles alive at time T,
so that T = T U dT7. We need some notation. Introduce the Malthus parameter Ag > 0 defined
as the (necessarily unique) solution to

/ B(x)efksr*fgw B(y)dy g, — l (6)
0 m

To a division rate function = ~» B(x) satisfying the properties of Definition 1, we associate its
density lifetime

fB(x) = B(z)exp (— /OmB(y)dy), x>0
and its biased density lifetime
frs(x) = me B fp(x), x>0,
which in turns uniquely defines a biased division rate

B me B fp(x)
el =12, Jo €= f(y)ds’ g

Finally, we define the limiting measures

9€p(9) = A = / g(x)e AT I BW)dy g, (8)
0

m—1
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and

(‘OZB(Q) = m/ooo g(z)e 7 fp(z)de = /OOO 9(x) fr, (x)dx. (9)

It is known that T(9T7,9) — 9€p(g) and ET(‘j'T,g) — éB(g) in probability as T — oo, see
Appendix 6.1 for heuristics and references. We establish in Theorems 3 and 4 in the next Section 2.3
a rate of convergence with some uniformity in B. The rate is linked to Ap and the geometric
ergodicity of an auxiliary one-dimensional Markov process with infinitesimal generator

Anp9(z) =g () + Hp(2)(9(0) — g(z)) (10)

densely defined on continuous functions vanishing at infinity and that represents the value of a
branch along the tree picked uniformly at random at each branching event.

2.3 CONVERGENCE RESULTS FOR BIASED EMPIRICAL MEASURES

Notation

For constants b, C > 0, introduce the sets
Lo = {g: [0,00) = R, sup|g(z)| < C’}

and
Byc = {B :[0,00) = [0,00),Vz > 0: b < B(x) < bmax{C, 1}}

For a family I'r = (FT(7))T>O of real-valued random variables, with distribution depending on

some parameter v € G we say that I'p is G-tight for the parameter ~ if

sup P(|IT'r(7)| > K) =0 as K — oo.
T>0,7€9

Results

We have a trade-off between the growth rate Ap of the tree E[|T7|] ~ ¢*#7 and the convergence to
equilibrium of the Markov process with infinitesimal generator Ap, defined in (10) above. More,
precisely, we show in Proposition 12 below the estimate

‘PIZBg(x) — / g (y)dy| < 2sup |g(y)|e "5 for every x € (0, 00).
0 y

Here, (P}EIB)tZO denotes the semigroup associated to Ap, and pp its unique invariant probability,
and
pp = inf Hp(x)
xr

where Hp(z) is the biased division rate defined in (7) above. The rate of convergence of the biased
empirical measures 7 (Tr, g) and €T (0T, g) to their limits O€ 5(g) and € p(g) respectively defined
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by (8) and (9) are goverened by Ap and pp: define

67 min{pBka/2}T if >\B 3& 2pB?
vp(B) = (11)
T1/2¢=A5T/2 if Ag= 2pp.

We have:

Theorem 3 (Rate of convergence for particles living at time T'). Work under Assumption 2. For
every b,C,C" > 0,
vp(B) " (ET(8Tr,9) — 0€B(9))

is By, c x L -tight for the parameter (B, g).

Theorem 4 (Rate of convergence for particles dying before T'). In the same setting as Theorem 3,
vr(B) Y (ET (Tr, g) — E5(g))
is By o x Lev-tight for the parameter (B, g).

Several comments are in order:

About the rate of convergence and the class By ¢

the restriction B € By ¢ enables us to obtain uniform convergence results. This is important for
the subsequent statistical analysis. However, this can be relaxed if only £o/-tightness is sought,
provided B complies to the conditions of Definition 1 and Assumption 2 and pg > 0. In the same
direction, the rate vr(B) can be improved replacing pp = inf, Hg(z) in (11) by

o =sup {p. Yot > 0:1P,90e) ~ [ gwns)d] < 2swplole ), (12)
0 Yy

and we have in particular pj; > pp.

About the tightness

what we need in order to handle the random normalisation in 7 (T, g) is actually the convergence
of e*8T|T |1, This convergence still holds in probability but not necessarily in L?(P), so we only
have tightness in Theorems 3 (and 4 for the same reason). However, if we replace €T (T7, g) by

. > gl¢h),

BT 55

then we have a bound in L?(P) together with a control on g, see Proposition 15 below. Such a
finer control is mandatory for the subsequent statistical analysis, since we need to pick a function
g that depends on T and that mimics the behaviour of the Dirac mass d,, see Section 3 below.
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3 STATISTICAL ESTIMATION

3.1 CONSTRUCTION OF AN ESTIMATION PROCEDURE
Estimation of m and \g

To a particle sitting at node u € ‘OTT, we associate its number of children v, (see Definition 1).
Note that the knowledge of T enables us to reconstruct v, for every u € Jp. This enables us to
define an estimator for m by setting

g = [Tp| ™! Z Uy (13)

ue'j'T

on the set |T7| # 0 and 2 otherwise. In order to estimate Ag, we first observe that for Id(z) = =,

we can write

Ep(1d) = m/ z(B(z) + Ap)e” Jo (B)+AB)y g m)\B/ ze e Jo BWdy gy,
0 0

mA\p

= m/O e Jo (B)+Ap)dy g mABz—;}i%B(Id) =m2=L _ (m —1)8Ep(1d),
the last equality being obtained integrating by parts. So we obtain the following representation

Ap = (ﬁég(ld) + GSB(Id))A

and this yields the estimator

S = (mlTrl Y G+lome Y ) 1)

ue‘fTT ue€dTr

The following convergence result for XT is then a consequence of Theorems 3 and 4.

Proposition 5. In the same setting as Theorem 3 with vr(B) given in (11) above, we have that
erBT/2 (ﬁLT — m) and T_lvT(B)_1 (XT — )\B)

are By, c-tight for the parameter B.

Reconstruction formula for B(x)

An estimator ET : [0,00) — R of B is a random function

Br(z) = Br(z,(X(t)icjo1)), € [0,00)

that is measurable as a function of (X(t)).c[o,r] but also as a function of z. By (3), we have

B fB(7)
Ble) == Iy fe(y)dy
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and from the definition &g (9) = m [;° g(x)e 5% fg(x)dx we obtain the formal reconstruction

formula

o -1, AB- .
B(z) = EOB(m 0 ())
1—83(m*1€)‘5"1{,§x})

(15)

where J,(-) denotes the Dirac function at x. Therefore, substituting m and Ap by the estimators
defined in (13) and (14) and taking g as a weak approximation of d,, we obtain a strategy for
estimating B(x) replacing furthermore €g(-) by its empirical version £7(Tr,-).

Construction of a kernel estimator and function spaces

Let K : R — R be a kernel function. For h > 0, set Kj(r) = h"'K(h~'z). In view of (15), we
define the estimator
. er (‘j'T,ﬁz;leXT'Kh(x — ))

Br(x) = s =
T( ) 178T(7T,7/7\’L;16)‘T'1{.§I})

on the set ET(‘ﬁ'T, T?L;leXT‘l{.Sx}) # 1 and 0 otherwise. Thus By (z) is specified by the choice of
the kernel K and the bandwidth A > 0. Note that the observations ({,,u € 9T7) only occur in
the estimator Ay of Ap.

We need the following property on K:

Assumption 6. The kernel K : R — R is differentiable with compact support and for some integer
no > 1, we have [~ a*K(z)dw = Ly—oy for k=1,...,no.

Assumption 6 will enable us to have nice approximation results over smooth functions B,
described in the following way: for a compact interval D C (0,00) and 8 > 0, with 8 = | 8] + {8},
0 < {B} <1and |fB] an integer, let 3—(% denote the Holder space of functions g : D — R possessing
a derivative of order || that satisfies

19 (y) — g1 (2)] < c(g)|x — y|t. (16)

The minimal constant c(g) such that (16) holds defines a semi-norm |g[,.s . We equip the space
D

J{% with the norm Hg||%% = sup, |g(z)| + |g|g{% and the balls

9(L) = {g:D >R, [gllys <L}, L>0.

3.2 CONVERGENCE RESULTS FOR Br(z)

We are ready to give our main result, namely a rate of convergence of ET(x) for x restricted to a
compact interval D, uniformly over Holder balls 9{% (L) of (known) smoothness g intersected with
By,c. Define

wr(B) = T 05250 exp ( — minfAg, 295} — (Az/ﬂpf - D2 (17)
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and note that when pp > \p, we have wr(B) = e el oy E[|Tp|]~#/ 8+,

Theorem 7 (Upper rate of convergence). Specify ET with a kernel satisfying Assumption 6 for

some ng > 1 and
hth:eXp(—)\TﬁT) (18)

for some B € [1/2,ng). For every b,C > 0,L > 0, every compact interval D in (0,00) (with
non-empty interior) and every x € D,

~

wr(B)~ ! (Br(z) — B(z))
is By N J—C% (L)-tight for the parameter B.

We have a partial optimality result in a minimax sense. Define
B;C ={B€Byc, A\g <pp} and By = {B€Byc, pp < Ap}

so that By, = B;C U B;C We then have the following

Theorem 8 (Lower rate of convergence over B;C). Let D be a compact interval in (0,00). For
every x € D and every positive b, C, B, L, there exists C' > 0 such that

lim inf inf supP(e)‘BTilT’ET(x) — B(x)’ > C”) >0,

T— 00 Br B

where the supremum is taken among all B € 3;0 N J—C% (L) and the infimum is taken among all
estimators.

We observe a conflict between the rate growth of the tree A\p and its convergence rate to equilib-
rium pg. On B;C we retrieve the expected usual optimal rate of convergence exp(—\p QJ%T) R~
E[|T7[]~#/3F+D) whereas if pp < Ap, we obtain the deteriorated rate exp ( — min{Apg,2pp}(8 —
ide ))/(28+1)T) and this rate is presumably not optimal, as discussed at length in Section 3.3

2\pB
below.

3.3 DISCUSSION OF THE RESULTS

Rates of convergence

The “parametric case” for a constant division rate B(xz) = b with b > 0 has a statistical simpler
structure, but also a nice probabilistic feature since the process t ~» [07¢|, i.e. the number of cells
alive at time ¢ is Markov. In that setting, explicit (asymptotic) information bounds are available
(Athreya and Keiding [AK77]). In particular, the model is regular with asymptotic Fisher infor-
mation of order e*27, thus the best-achievable (normalised) rate of convergence is e=*27/2, This
is consistent with the minimax rate exp(—Ap ﬁT) that we obtain for the class 5—(% (L)N B;C,
and we retrieve the parametric rate by formally setting 8 = oo in the previous formula.

However, this rate is strongly parameter dependent in the sense that it also depends on B via
Ap. This dependence is severe, since it appears at the same level as the smoothness exponent

B/(28 4 1) in the rate exponent 25‘%/\ B. For instance, in the simplest case of a constant function
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B(z) = b for every x > 0, we have Ag = (m—1)b, and we see that B (b here) plays at the same level
as /(284 1). This also has a non-trivial technical cost in establishing rates of convergence for the
estimator Br(z): in order to minimise the bias-variance tradeoff, the (log)-bandwidth has to be
chosen as —\p ﬁT(l + 0(1)) exactly, and this is achieved by the plug-in rule fXT ﬁT thanks
to Proposition 17. We then have to carefully check that our estimator is not too sensitive to this
further approximation, and this requires the analysis of the smoothness of the process h ~~ ET) n(x)
where h is the bandwidth of ET(x), as shown in Proposition 17.

Fast convergence to equilibrium in B; ., versus slow convergence in By o

While we have an optimal rate of convergence over BZf > the situation is unclear over B, . First,
the convergence rate to equilibrium pp should be replaced by an estimator and that would lead to
extraneous difficulties. Even if we knew pp, optimising the bias-variance trade-off in the proof of
Theorem 7 would not lead to the expected rate exp(— min{Ag, 2p B}Q;%T) but to an intermediate
rate that reads

min{max{pg/Ap,1/2},1}8 T)

2min{max{ps/Ap,1/2}, 115 +1 (19)

exp ( —min{Ag,2pp}
and that continuously deteriorates as pp separates Ap from below. Let us also mention that the
classes B;C and B, - are never trivial. To that end, define

Bym = {B € Byn/(m-1), V2 > 0: B'(z) — B(z)*> < 0} (20)

where m = ), -, kpj. is the mean number of children at each branching event.

Proposition 9. For any b > 0, we have By, ,,, C B;m/(mfl), For every C > 2m(m + 2)b/(m —
1),8 > 0 and any compact interval D C (0,00), there exists B € J—f’% such that B € 3;0 and

B ¢ B;C.

In the proof of Proposition 9 below we show a versatility in the choice of functions B that yield
either fast or slow rate of convergence to equilibrium. Finally, one could (at least formally) replace
pp by pf, the optimal geometric rate of convergence to equilibrium defined in(12) above, but that
would only improve on the rate of convergence (19) replacing pg by pj which we do not know how
to estimate, neither analytically nor statistically and the obtained result would still presumably
not be optimal. This suggests a totally different estimation strategy — that we do not have at the
moment — whenever convergence to equilibrium is slow.

Other loss functions

If K C D is a closed interval (D denotes the interior of D), then Theorem 7 also holds uniformly
in z € X. So we also have that

is Bp,c ﬂ?—(% (L)-tight for the parameter B. For integrated squared error-loss, we could weaken the
smoothness constraint B € 5—(% (L) to Sobolev smoothness (see e.g. [Tsy09]) when the smoothness
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is measured in L2-norm. An extension of Theorem 8 can be obtained likewise.

Smoothness adaptation

Our estimator ET({L‘) is not B-adaptive, in the sense that the choice of the B;fc—optimal (log)
bandwidth fXT Qﬁ%T still depends on #, which is unknown in principle. In the numerical im-
plementation Section 4 below, we address this issue from a practical point of view. However, a
theoretical result is still needed. The classical analysis of adaptive (or other) kernel methods & la
Lepski for instance shows that this boils down to proving concentration inequalities of the type

]P)(‘(ST (r}T7gh) - éB(gh)| > eABT/QC(Q7T)) < e_quT7 q> 07 (21)

where, for 0 < h™! < e*8T the test function g; has the form gy, (y) = hil/zg(h’l(x - y)) with
z €D and g € L. The threshold ¢(g, T') should be of order gAgT and would inflate the risk by a
slow term (of order T). By a suitable choice of ¢, it would then be possible to obtain adaptation
for 8 in compact intervals. Concentration inequalities like (21) have been explored in [BPDG14] in
discrete time. To the best of our knowledge, such inequalities are not yet available in continuous
time and lie beyond the scope of the chapter.

Information from Tr versus 0T

In the regime B € BIC, having

m o0

0Eg(g9) = Ap g(x)e P exp ( — /0z B(y)dy)dx

m—1J,

and ignoring the fact that the constants m and Ag are unknown (or rather knowing that they can

be estimated at the superoptimal rate e*s7/ 2)

, we can anticipate that by picking a suitable test
function g mimicking a delta function g(x) & 0, the information about B(z) can only be inferred

through exp(— [y B(y)dy), which imposes to further take a derivative hence some ill-posedness.

We can briefly make all these arguments more precise (still in the regime B € B;C) : we assume

that we have estimators of iz of m and Ar of Ag (using the ones defined in (13) and (14) or by
any other means) that converge with rate T-1e*sT/2 a5 in Proposition 5. Consider the quantity

fnr(@) = —€7 (37% ?Ti:l(Kh)/(x - ‘))

Tmrt
for a kernel satisfying Assumption 6. By Theorem 3 and integrating by part, we readily see that

m—1

Frr — —685( py (Kn)'(z - ~)) = /OOO Kin(r —y) fB+as (Y)dy (22)

in probability as T' — oo, where fp4, is the density associate to the division rate z ~» B(x)+ Ap.
On the one hand, it is not difficult to show that Proposition 15 (used in the proof of Theorem 7
below) is valid when substituting ‘j'T by 0T, so we expect (altough not formally established) the
rate of convergence in (22) to be of order h=3/2e*57/2 gince we take the derivative of the kernel
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Kj,. On the other hand, the limit fooo Kp(xz —y) fB+xrs (y)dy approximates fpya, (z) with an error
of order h¥ if B € J—C%. Balancing the two error terms in h, we see that we can estimate fpi, ()
with an error of (presumably optimal) order exp(—Ap 2B%T) Due to the fact that the denomina-
tor in representation (3) can be estimated with parametric error rate exp(—ApT'/2) (possibly up
to polynomially slow terms in T"), we end up with the rate of estimation exp(—Apg M‘%T) for B(z)
as well, and that can be related to an ill-posed problem of order 1 (see for instance [Tsy09]).

This phenomenon, namely the structure of an ill-posed problem of order 1 in restriction to data
alive at time T, has already been observed in other settings: for the estimation of a size-division
rate from living cells at a given large time in Doumic et al. [DPZ09, DHRR12] or for the estimation
of the dislocation measure for a homogeneous fragmentation in Hoffmann and Krell [HK11]. Note
also that this phenomenon does not appear in parametric estimation, since the number of data in
‘j“T and 0T are of the same order of magnitude (or put differently, the rates in Theorems 3 and 4
are the same and govern the rate of estimation of a one dimensional parameter).

4 NUMERICAL IMPLEMENTATION

We assume that each cell u € U has exactly two children at each division (p2 = 1). This can model
the evolution of a population of cells reproducing by binary divisions, as described deterministically
by (1). We pick a trial division rate B defined analytically by

1,3 7,2, 5 4 .
327 —gx + 3T+ 35 if 0<x<

[\SI[9N)

B(z) =
%—iexp(—(x—%)) if x>%

and represented in Figure 5 (bold red line). We have b < B(x) < ~5b for any # > 0 for b = 0.4
and m = 2 and the lifetime density fp is non-increasing (except in a vicinity of zero). Given
T > 0 we simulate the lifetime of the rooted cell {y with probability density fp and set dy = (p.
For v € U such that d, > T, we do not simulate the lifetimes of its descendants since they are
not in the observation scheme ‘j'T U 0Tr. For u € U such that d, < T we simulate (o and (1
independently with probability density fp; we set dyg := dy + Cuo and dy1 := dy + (u1- Using R
software, we generate M = 100 trees up to time 7" = 23, so that the mean number of observations
|Tr| is sufficiently large. (Note that for a binary tree, we always have the identity [0T7| = |T7|+1.)
Figure 4 represents a typical observation scheme with continuous or discrete representation. The
(random) number of observations fluctuates a lot as shown in Table 2 where some elementary
statistics are given.

Min. 1st Qu. Med. Mean 3rd Qu. Max. Std.
3 726 43930 96 480 115760 144 100 561 200 102 408

Table 2: Fluctuations of the number of observations |‘.TT\ for M = 100 Monte-Carlo continuous
time trees observed up to time T = 23.

We take a Gaussian kernel K(z) = (27)~'/2exp(—22/2) and the bandwidth hr is chosen
here according to the rule-of-thumb 1.066|T7|~1/® where & is the empirical standard deviation of
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(Cuyu € ‘J'T) We also implemented standard cross-validation with less success. We evaluate ET on
a regular grid of D = [0.25,0.5] with mesh Az = 0.01. For each sample we compute the empirical

error

BY - B
o= 1Br —Bllas
1Bl as
where || - ||a» denotes the discrete norm over the numerical sampling.

Table 3 displays the mean-empirical error € = M~} Zf\il e; together with the empirical stan-
dard deviation (M~1Y"M (e; —)?) 1z

T 13 15 17 19 21 23
Mean |[Jr| 652 1847 5202 14634 41151 115 760
e 0.1624 0.1046 0.0735 0.0448 0.0307 0.0178

Std. dev. 0.1052 0.0764 0.0599 0.0260 0.0197 0.0092

Table 3: Mean empirical relative error € and its standard deviation, with respect to T', for the
division rate B reconstructed over the interval D = [0.25,2.5] by the estimator Br.

The comparison of the density of interest fp and the biased density fr, on Figure 5 highlights
the bias selection since fr, gives more weight to small lifetimes than fp.

0.8
R}

0.6

0.4

0.4

0.2
0.2

0.0
0.0

T T T T T T T T T T
0 1 2 3 4 0 1 2 3 4

Figure 5: Reconstruction of B over D = [0.1, 4] with 95%-level confidence bands constructed over
M =100 Monte-Carlo continuous time trees. In bold red line: x ~~ B(x); in bold blue line: fr,;
in thin blue line: fp (on the same y-axis scale). Left: T = 15. Right: T = 23.

The error deteriorates as z grows since the biased density fg,, (bold blue line - we approximate
the Malthus parameter using (6) and we find Ap &~ 0.5173) decreases, see Figure 5. The larger T,
the better the reconstruction at a visual level, as shown on Figure 5 where 95%-level confidence
bands are built so that for each point x, the lower and upper bounds include 95% of the estimators
(Eéf) (x),i=1...M). Close to 0, B(x) does not lie in the confidence band: our estimator exhibits
a large bias there, and this is presumably due to a boundary effect.
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The error is close to exp(—2ApT/5) as expected: indeed, for a kernel of order ng, the bias term
in density estimation is of order h#" (01 Given that B is smooth in our example, we rather
expect exp(—Ap %T) = exp(—2ApT/5) for the Gaussian kernel with ny = 1 that we use
here, and this is consistent with what we observe in Figure 6.

0.20
|

— —(2/8)naT
Average error

010
|

0.05
|

0.02
|

Figure 6: The log-average relative empirical error over M = 100 Monte-Carlo continuous_time
trees vs. T (i.e. the log-rate) for x ~» B(x) reconstructed over D = [0.25,2.5] with x ~» Br(x)
(dashed blue line) compared to the expected log-rate (solid red line).

5 PROOFS

For a locally integrable B : [0, 00) — [0, 00) such that [* B(y)dy = oo, recall that we set

x

fB(x) = Blz)e o PO, g > .
Recall that Hp is characterised by

fry(x) = me 2 fp(z), = > 0.

5.1 PRELIMINARIES

Many-to-one formulae

For u € U, we write ¢! for the age of the cell u at time ¢ € I,, = [by, dy), i.e. ¢, = (t —by)1jer,)-
We extend ¢! over [0,b,) by setting (! = Z(t), where u(t) is the ancestor of u living at time ¢,
defined by u(t) = v if v < u and (v,t) € T. For t > d,, we set !, = (,. Note that ¢I' = ¢, on the
event u € ‘j'T.

Let (x¢)t>0 and (X¢)i>0 denote the one-dimensional Markov processes with infinitesimal gen-
erators (densely defined on continuous functions vanishing at infinity) Ap and Ag, respectively,
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where
Apg(x) = g'(z) + B(x)(9(0) — g(x))
and such that P(xo = 0) = P(Xo = 0) = 1. We also denote by (P};,)i>0 the Markov semigroup

associated to Ap,.

Proposition 10 (Many-to-one formulae). For any g € L¢, we have

6)\BT
E[ Y o] = S —E[gr) Ber) " Ha (). (23)

u€dTr

and

B[ 3 o] B[ 2 9] = - [ " (2 (R ds. (24)

ue‘j’T ué'j'T

In order to compute rates of convergence, we will also need many-to-one formulae over pairs
of individuals. We can pick two individuals in the same lineage or over forks, i.e. over pairs of
individuals that are not in the same lineage. If u,v € U, u A v denote their most recent common
ancestor. Define

FU = {(u,v) € U, |u Av| < |u| A |v]} and FT =TFUN T2

Introduce also m =7, > 4 ~,; Pk Which is finite by Assumption 2.

Proposition 11 (Many-to-one formulae over pairs). For any g € L, we have

T
Bl X aDolc)] = o [ e (TP 0T ) P HsO)ds. (29)

5[ X s =2 [T ([ ey, o) P, oo, oo

(u,0)EFTNTZ

and

T T—s
Bl S alcatc] = [ e ([ Pl (o) 0)dt) Pi (sH)0)ds. (21

it
The identity (25) is a particular case of Lemma 3.9 of Cloez [Cloll]. In order to obtain
identity (26), we closely follow the method of Bansaye et al. [BDMT11]. Although the setting
in [BDMT11] is much more general than ours, it formally only applies for exponential renewal
times (corresponding to constant functions B) so we need to slightly accommodate their proof.
The same ideas enable us to prove (27). This is set out in details in the appendix.
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Geometric ergodicity of the auziliary Markov process

Define the probability measure
T
pp(z)dr = cp exp(—/ Hg(y)dy)dz for z > 0.
0

We have the fast convergence of PIEB toward pup as T — oo. More precisely,

Proposition 12. Let pp = inf, Hg(x). For any B € Byc, g € Lo, t > 0 and z € (0,00), we
have

‘PEBg(x) - /ooo 9(y)us(y)dy| < 2sgp\g(y)\exp(—p3t)-

Proof. First, one readily checks that the process (X:):>o0 is Harris recurrent (since 0 is an atom).
Then by Kac’s formula we derive that the unique invariant probability measure pg(-) is propor-
tional to E[ OTO 1.()Zt)dt] where 73 is the duration before the first jump. It is now sufficient to
show

1Q%" — upllrv < exp(—ppt)

where QIB’t denotes the law of of the Markov process with infinitesimal generator Ag, started
from x at time ¢t = 0 and || - ||7v is the total variation norm between probability measures. Let
N(dsdt) be a Poisson random measure with intensity ds ® dt on [0,00) x [0,00). Define on the
same probability space two random processes (Y;);>0 and (Z;);>0 such that

t o0
Yt:x-i-t—/ / stl{ngB(YS,)}N(dZdSL t >0,
0 Jo
t oo
Zt:Z0+t—/ / Zs,l{ngB(ZQ,)}N(dZdS)a tz(),
0 Jo )

where Zj is a random variable with distribution pp. We have that both (Y;);>0 and (Z;):>0 are
Markov processes driven by the same Poisson random measure with generator Ag,. Moreover, if
N has a jump in [0,¢) x [0,inf, Hp(x)], then Y; and Z; both necessarily start from 0 after this
jump and coincide further on. It follows that

t pinf, Hp(x)
P(Y; £ Z;) < IP’(/O /0 N(dsdt) = o) = exp(— inf Hp(x)t) = exp(—ppt).

Observing that Y; and Z; have distribution QmB’t and pp respectively, we conclude thanks to the
fact that |Q%" — uslrv < P(Y: # Zt). O

5.2 PROOF OF THEOREMS 3 AND 4

In order to ease notation, when no confusion is possible, we abbreviate B, ¢ by B and L by £.

Proof of Theorem 3. Writing

eABT

emin{)\Bm’pB}T(ET(aTT,g) - 683(9)) = ’87 ’
T

e(min{AB/ZPB}_)‘B)T Z (g(Cg) - aEB(g))V

uedTr
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Theorem 3 is then a consequence of the following two facts: first we claim that
e/\BT|8‘J'T|71 — Wpg in probability as T — oo, (28)

uniformly in B € B, where the random variable Wp satisfies P(Wp > 0) = 1, and second, for
B € B and g € £, we claim that the following estimate holds:

2 .
E[(( D (D)~ 08n(g)) | 5 e@omnlio 20T, (29)
uedTr
where < means up to a constant (possibly varying from line to line) that only depends on B and

L and up to a multiplicative slow term of order T in the case Ap = 2pp.

Step 1. The convergence (28) is a consequence of the following lemma:

Lemma 13. For every B € B, there exists Wy with ]P’(WB > 0) =1 such that

0T7| = \2
EK*EH@‘TTH WB) } =0 as T — o0, (30)
uniformly in B € B and
k5 e TE[|0Tr]] =1 as T — o, (31)

uniformly in B € B, where k' = A" [~ exp(— [ Hp(y)dy)dz.

Lemma 13 is well known, and follows from classical renewal arguments, see Chapter 6 in the
book of Harris [Har63]. Only the uniformity in B € B requires an extra argument, but with a
uniform version of the key renewal theorem of [Tsil3], it readily follows from the proof of Harris,
so we omit it. Note that (30) and (31) entail the convergence e*5T|0Tp|~t — mbgl = Wp in
probability as T' — oo uniformly in B € B, and this entails (28).

Step 2. We now turn to the proof of (29). Without loss of generality, we may (and will) assume
that 9Ep(g) = 0. We have

E[( Y gh)]=E[ X o@I+E[ > g(cDe(¢] =1+11,

u€dT u€dTr u»vif?r
u v

say. By (23) in Proposition 10, we write

6)\BT
1= —E[g(¥r)*B(Xr) " Ha(¥r)]
ersT oo 2 Hp(x) BT | pT ( 2H >~ 2 Hp(x)
< [ oar B up oyt + S |PE, (02 5) 0) - [ 0@ S s w)ds)

Since g € £ and B € B, we successively have

o
m? g(x)? IEB(%)MB(:E)de 1 and g(z)? By S 1
0
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Note that for B € B, we have

B(x) < b2 max{C, 1}
[ B(y)e*sv=2) exp(— [ B(u)du)dy — Ap +bmax{C,1}’

HB(:E) =

We also have Ap < Aj as soon as B(x) < B(z) for all z (see for instance the proof of Proposi-
tion 9) so infges Ap > 0 and the uniformity in the above estimates follows likewise. Applying
Proposition 12 we derive

>~ Hp(x
P8, )0 - [ s S st <1
and we conclude that I < e*s7 < e(@As—min{As.205NT By (25) of Proposition 11 we have

22T T
=" / e‘ABs(PE;S(g%)(O))QPﬁBHB(O)ds.
0

m3

Since B € B and g € £, the estimates Pj; Hp(0) < 1 and |g(z)|HB(x) < 1 hold true. Applying

B(x)
Proposition 12 to the test function g(x) IEB(;”;) which has vanishing integral under up, we obtain

|Pr" (9 5) (0)] 5 e7rP

hence

T
|II| 5 62)\BT/ e—ABse—2pB(T—s)dS 5

0

AT if 2pp > Ap
eQ(AB*PB)T 1f 2,03 < >\Bv

up to a multiplicative slow term of order T" when 2pp = Ap. Note also that the estimate is uniform
in B € B since infgep Ap > 0 and infpep pp > 0. We conclude || < e?As—min{As.205 )T O

Proof of Theorem 4. The proof goes along the same line but is slightly more intricate. First, we
implicitly work on the event { "J’T| > 1} which has probability that goes to 1 as T' — oo, uniformly
in B € B. We again write

. o o ABT . o
emm{)\B/ZPB}T(g(rJ'T’g) _ EB(Q)) — T{ji‘e(mm{AB/Z,PB}AB)T Z (g(cg“) o EB(Q)),
T

uG‘j'T

and we claim that
e)‘BT“.TT’_l — Wpg > 0 in probability as T — oo, (32)

uniformly in B € B, where W, satisfies P(Wj > 0) = 1 and that the following estimate holds:
o 2 .
E|:( Z (g(g‘;{) _ 83(9))> :| 5 e(?AB—mln{)\B,Ql)B})T’ (33)
ue‘j‘T

uniformly in B € B and g € £. In the same way as in the proof of Theorem 3, (32) is a consequence
of the following classical result, which can be obtained in the same way as for Lemma 13 and proof
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which we omit.

Lemma 14. For every B € B, there exists Wg > 0 with P(/V[v/é > 0) =1 such that

E[(E[T‘J:’FTH —Wg)j —0 as T — oo,

uniformly in B € B and
(k) e E[|Tr]] = 1 as T — o,
uniformly in B € B, where (k5)~" = Apm [~ exp(— [ Hp(y)dy)dz.

It remains to prove (33). We again assume without loss of generality that & 5(g) = 0 and we
plan to use the following decomposition:

E[( Y 9(¢)"] =1+ 11 +111, (34)
ue‘j'T
with
I:E[ Z Q(Cu)Q]a
ue'j'T
IH=E[ > g(¢u)g(C)]
(u,0)€FTNTZ,

and

IIT=2B[ )" 9(¢u)g(G)]-

u,vEﬁ'Ty
u<v

Step 1. By (24) of Proposition 10, we have

1 [T - ~
I= */ e 2°E[g(Xs)?Hp(Xs)] ds,
m Jo

In the same way as for the term [ in the proof of Theorem 3, we readily check that ¢ € £ and
B € B guarantee that E[g(Ys)?Hp(Xs)] < 1 therefore

I < GABT < e(ZABfmin{)\B,QpB})T.
Step 2. By (26) of Proposition 11, we have

="

T T—S 2
-5 ] eABS(/O e’\BtPEB(gHB)(O)dt) Py, (Hp)(0)ds.

We work as for the term I7 in the proof of Theorem 3: we successively have Py (Hg)(0) <1
and |P}; (9Hp)(0)| < exp(—ppt) by Proposition 12 and the fact that gHp has vanishing integral
under pp. Therefore

T e 2 AT if 2pp >\
|II| 5 / 6)\55(/ G(ABipB)tdt) ds S, 62(,\ —pB)T 1 PB = AB
0 0 e“\N\B~PB if 2pp < Ap
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up to a multiplicative slow term of order 7" when 2pg = Ag. We conclude

|11 < e(2Ap—min{A5,2p5})T
likewise.

Step 3. By (27) of Proposition 11, we have

T
111 g/ eres
0

In the same way as for the term 11, we have | P, (|g|Hp)(0)] < 1and [P, (9Hp)(0)| S exp(—ppt).
Therefore

T—s
/ " Ply, (9Hp) (0)dt| Piy, (19| Hp) (0)ds,
0

T T—s
|III| S/ e)\Bs(/ e(/\B—pB)tdt)dS S 6>\BT < 6(2)\B—min{>\3,2p3})T.
0 0

5.3 PROOF OF PROPOSITION 5

Conditional on ‘j’T, the random variables (v, u € ‘J‘T) are independent, with common distribution
pi. It follows that
E[(T/flT - m)2 ‘(.TT] S |‘JdT|_1 Z k2pk.
k

Since e*5T|Tp| 1 is B-tight thanks to Lemma 14, we obtain the result for e*s3T/2(p —m).

The B-tightness of T~ v (B )T — A B) is a consequence of Theorem 3 and 4, together with
the convergence of the preliminary estimators my. For M > 0,

eT(1d,0T7) — 9€p(1d) = (7 (min{ld, M}, T7) — O€ p(min{ld, M}))
+ <8T((‘ — M)1{sny, 0Tp) —08((- — M)]-{'>M})) =I+1II

say. We choose M = Mp = 2T and we apply Theorem 3 for the test functions gr(z) =
min{x, Mr}/Mz which are uniformly bounded in T to get the B-tightness of T~'vy(B)~1. Since
Cu < T when u € 9Tr, we also have |I1| = 9€5((- — 2T)1{.527}) and we deduce that vy (B) 111
is B-tight. We study in the same way &7 (Id, T7) to conclude.

5.4 PROOF OF THEOREM 7

The proof of Theorem 7 goes along the classical line of a bias-variance analysis in nonparametrics
(see for instance the classical textbook [Tsy09]). However, we have two kind of extra difficulties:
first we have to get rid of the random bandwidth hr = exp(— Az 2ﬂ%T) defined in (18) (actually
the most delicate part of the proof) and second, we have to get rid of the preliminary estimators
T/T\LT and :\\T.
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The point z € (0,00) where we estimate B(x) is fixed throughout, and further omitted in the
notation. We first need a slight extension of Theorem 4 — actually of the estimate (33) — in order
to accommodate test functions g = gr such that gr — J§, weakly as T' — oo. For a function
g:]0,00) = R let

o0 o0
lgl1 =/ lg(w)|dy, 1g/3 =/ g(y)?*dy and |g|e = sup|g(y)|
0 0 Y

denote the usual LP-norms over [0, 00) for p = 1,2, co. Define also

913 + infocver (lgl3e8? + |g|2 ePPE=rBE)+=250v) 4 |gl1]gloe if A < 2pp

(I)T(Bv g) =
1913 + lgl2.e= 720207 4 |g]1|glo if Ap>2pp.
(35)
Proposition 15. In the same setting as Theorem /, we have, for any g € £,
, 2
E[( Y (o) —En(9)) | S o Igls, + X @1 (B,g), (36)
ue‘i'T

where the symbol < means here uniformly in B € B and independently of g.

Let us briefly comment on Proposition 15. If g is bounded and compactly supported with
J g =1, consider the function g,.(y) = h;lg(hgl(x — y)) that mimics the Dirac function §, for
hy — 0. Tt is noteworthy that in the left-hand side of (36), gn,.(¢T)? is of order h;* while the
right-hand side is of order e*2Th ! if we pick w = h' (allowed as soon as h;' < e*2T). We can

thus expect to gain a crucial factor hr thanks to averaging over Jr.

Proof. We carefully revisit the estimate (33) in the proof of Theorem 4 keeping up with the same
notation and assuming with no loss of generality that £g(g) = 0. Recall decomposition (34).

Step 1. For the term I, we insert fooo g(y)?Hp(y)pus(y)dy = mep fooo g(y)%e=BY f5(y)dy to obtain
I =1V +V, where

o0
IV < et / o(9)2e 7Y f5(y)dy

0
1 T
UEE A
mJo

Clearly, [IV| < e*27T|g|3. By Proposition 12, we further infer

and

Pi (¢*H2)0) - [ " 9w Hp(y) s (y)dy|ds.

T
|V| N |g|go/ eMBSeTPBS g < ‘Q|Zoe()‘prB)+T.
0

Step 2. For the term 11, using Py (Hp)(0) <1 we now obtain

T S 2
ng*BT/ e—*BS(/ eABtPIt{B(gHB)(O)dt) ds.
0 0
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A new difficulty appears here, since the crude bound

Py, (9HB)(0)] < 19lo exp(—ppt) (37)

given by Proposition 12 does not yield to the correct order for small value of ¢ because of the term
|glco- We need the following refinement (for small values of ¢), based on a renewal argument and
proved in Appendix:

Lemma 16. For everyt >0 and g € £, we have

P, (9HEp)(0)| < lg(®)|e 2" + g1

uniformly in B € B.

Let v € [0,T] be arbitrary. For 0 < s < v, by Lemma 16 we obtain

s 5 s . ,
js = (/ e)\Bt‘P}tf{B(gHB)(Oﬂdt) 5 (/O |g(t)|dt+ |g|1/0 eABtdt) 5 ‘g|%€2ABS.

0

For s > v, we have by (37)

s 2
Js 5 Ju + |g|c2>o(/ e()\B_pB)tdt) 5 Ty + |g|go(e2(/\3_pB)sl{>\B>pB} + (S - v)21{>\B§PB}1{SZU})'

v

On the one hand, fov e *857.ds < |g|2e*2? and on the other hand fUT e~*B%J.ds is less than

T T T
jv/ e %ds + g3 (/ e AmsPAnmen) s 4 / e A (s — v)2dsl{AB§pB})
v v v
lg|FersY + |g|2 e~ BY if Ag<psB
S lglfersr + |glZePem2em)vif pp < Ap < 2pp

lgffe?s” 4 lglie» =29 if Ap 2 205,

whence for every v € [0,T], we derive

11 S AT (|gfee + g2, (el A2 200 P oy e 2nTa L)),
Step 3. Finally going back to Step 3 in the proof of Theorem 4 we readily obtain

T T—s
1111 < /0 e*2* Py, (l9lHg) (0) /O ! | Py, (9Hp)(0)|dtds
T—s

T
< / A2 (g()]e " + [gl1) gl / At ot dids
0 0

by applying Lemma 16 for the term involving Pp_ and the estimate (37) for the term involving
P}, ., therefore [I11| < e*#7T|gl1[g]oc. O
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Proposition 15 enables us to obtain the next result which is the key ingredient to get rid of
the random bandwidth A7, thanks to the fact that it is concentrated around its estimated value
1
ho(B) = e~ 2571227 To that end, define, for C' > 0

Cc={g:R =R, supp(g) C [0,C] and sup|g(y)| < C}.
y

Denote by Cf (later abbreviated by C!) the subset of Cc of functions that are moreover differ-
entiable, with derivative uniformly bounded by C. For h > 0 we set gi(y) = h™'g(h™ (z — y)).
Finally, for a,b > 0 we set [a £b] = [(a — b)4,a + b]. Recall from Section 3.2 that vp(B) =
e~ mindpsAB/2YT 4f N p £ 2pp and T/ 2e=*87/2 otherwise.

Proposition 17. Assume that § > 1/2. Define wp = min{max{1, \g/pp},2}. For every k > 0,

vp(B)~ sup &7 (T, b5/ fgn) — E(h5/2 fgp,)|
helhr (8)(1£KT?vr (B))]

is B x L x Cl-tight for the parameter (B, f,g).

Proof. Step 1. Define fg, = fgn — (‘OZB(fgh). Writing

vr(B) ™ (&7 (T, i 2 fgn) = €5 (=" fgn))

AT
:eDB e(min{pB,AB/Q}—AB)T(T—1/2)105:2‘,5} Z th/zm(Cu)’
|7T| ue‘j'T

we see as in the proof of Theorem 4 that thanks to Lemma 14, it is enough to prove the B-tightness
of

sup Vil = sup [V,
helhr (8)(1£~T?vr(B))] s€0,1]
where
VhT _ e(min{pB,)\B/2}7)\B)T(T71/2)1“B:2;,B} Z th/2m(<u),
ue‘j'T
and

hs = hr(8)(1 — kT?vr(B)) + 2skhr(B)T?vr(B), s € [0,1].

Step 2. We claim that

suprso E[(VD)?] < oo
(38)
E[(Vh{ - Vh:’;)2] <C'(t—s)? fors,te]0,1],

for some constant C’ > 0 that does not depend on T nor B € B. Then, by Kolmogorov continuity
criterion, this implies in particular that

sup sup E[ sup [V;[|] < oo
T>0BeB  se€[0,1]

hence the result (see for instance [Sch00] to track the constant and obtain a uniform version of the
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continuity criterion). We have

1 o
VL = elmnlon 1T (13 0000) 3 (8B 00)(G) = E5(Aas (07 )
UE%T

Vi, —

t

where A, (h®2/2 fg3)(y) = hf’Bﬂf(y)ght (y) —h?B/Qf(y)ghs (y). By Proposition 15, we derive that
E[(V,} — V,F)?] is less than

e T A, (W2 fgp) |2, + B (B, As 1 (R72/2 fgp)) if Ap <pp
e TN 1 (h=B/2 fg)|2, + @1 (B, Ag o (hZ2/2 fgp)) if pp <Ap<2pp

e=Co=ep) TNy (h=5 /2 fgp) 2 + em Ao =200)TD0 (B, A 1 (h=5/2 fgp)) if  Ap > 2pp

(we ignore the slow term in the limiting case Ap = 2pp) and the remainder of the proof amounts
to check that each term in the estimate above has order (¢ — s)? uniformly in 7 and B € B.

Step 3. For every y, we have
As,t (th/Qfgh) (y) = (ht - hs)ah (hWB/zf(y)gh (y)) |[h=h*(y)

for some h*(y) € [min{h¢, hs}, max{h, hs}]. Observe now that since g € C! and f € £, we have

@B

on (b2 fan(y)) = (Z2 — VW2 2f@)g(h~ @ —y) —h 2 @ —y)f@)g (b (@)

therefore, for small enough h (which is always the case for T' large enough, uniformly in B € B)
and since |z — y| < h thanks to the fact that g is compactly supported, we obtain

100 (h5/2 Fgn(y))| S W22 7210 0y (B (@ — ).
Assume with no loss of generality that s <t so that hs < h(y)* < hs. It follows that

— he )P ()22 21y 01 (R (y) N (2 — v))

|A (R722 Fan)(y)| < (R
< *hs)h?B/zle[o ar(hi Nz —y)).

(h

t
t

Using that hy — hy = 2(t — 8)kT?hr(8)vr(B), we successively obtain

|Aa (B2 £ 9|2, < (he = ha)*hZP 4 < (8 — )T or(B)?hr(8)72 2,
Aa (B2 g5 < (he — ho)?hZP =y < (= )T or(B)2he (B)2 1,
|As e (W22 fg) [T < (he — ho)2hT24R2 < (8 — 5)2Tor(B)2hp(8)72,
|A, t(th/Qfgh)|1’As,t(th/Qfghﬂoo S (t—s)?THor(B)*hy(B)75 !

Step 4. Recall that hp(f) = e AsT/(26+1),

When A\ < pp, we have vr(B) = e *87/2 and wp = 1. By definition of ®7 in (35) together

- 68 -



Chapitre 1. Processus d’dge branchant : estimation non-paramétrique du tauxr de division

with the estimates of Steps 2 and 3, we obtain

E[(ViE = VD) S e 2 T|AL (B2 fan) 2 + @7 (B, Ay o (B fan))

1 1 1
<(t— 8)2T4(e>\3(m—2)T 4+ e T 4 o BEEE T Apo e%B(m—l)Te—,\Bv)

~

which is of order (¢ — s)? uniformly in 7' > 0 by picking v = 0 for instance.

When pp < Ap < 2pp, we still have v (B) = e *27/2 but now wp = Ag/pp. It follows that
E[(V,E —V;L)?] is of order

e PPTIA ((WAP1205 fgp) |2 + O (B, Ay 1 (K227 fgp,))

2-\e/pB

4/ AB( 12s/es -
S (t—s)*T(e 2p+1

A
e—pBT+e()\B—2pB)U)+e)\B( 2ﬁ+1 B/PB

4 e 2T T A

-)T nT
)( )

and this last term is again of order (t — s)? uniformly in 7' > 0 by noting that 1 < A\g/pp < 2 and
picking v = 0 for instance.

Finally, when 2pp < Ag, we have vy (B) = e ?2T and wp = 2. This entails

E[(ViE = VD)2 S e Quen)T AL (hfgn)% + e~ P2 =287 o0 (B, A, 4 (hfgn))

1
< (t — 5)2T4 (67()‘5+PB)T + ef’\B(m+1)T + 6*2pBT)

~

and these terms are all again of order (¢ — s)? uniformly in 7.

Step 5. It remains to show supps g E[(Vh{;)ﬂ < oo in order to complete the proof of (38). By Step
2 and the definition of wp, we readily have

Ty fagng e + (B, b/ Fany) it Ap<pp
E[(Vig)?] £ 1 e o Thy=/%" fgn, |2 + @ (B, hy™/*" fan,) if pp <Ap<2pp
e~ Os=P8)T |y fgp 2 4 =20 (B, hofgny) i Ap > 2pp.
When Ap < pp, since hg is of order hr (), we have
E[(ViE)?] S e The(B) ™" + 1+ hy(B)ersY + hp(B)te 5"

for every v € [0,7], and the choice v = ﬁT entails E[(V,L)?] < 1. When pp < Ap < 2pp, we

have

)\B /\B >\B )\B

E[(Vi0)2] S e " Thy(B)re 2+ hy(B)pe " + hp(B)re X2V + hy(B) oz “ePp=20)0,

The first term is bounded as soon as 8 > 1/2 and the choice v = %T for the last two terms
entails E[(VhTO)Q] < 1. Finally, when 2pp < Ap we have

B[] 5 o 41
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and this term is bounded likewise. Eventually (38) is established and Proposition 17 is proved. [

We now get rid of the preliminary estimators mr and XT. Remember that the target rate of
convergence for Br(z) is wp(B) = T's=208} exp ( — min{Ap, 2pB}WT).

Lemma 18. Assume that f > 1. Let either Gr(y) = g; (y) with g € et or Gr(y) = 1{y<ay for
y € [0,00). Then

wr(B)" (T (T, Myt Gr) — ET (Tp,m™'e* Gr))
is B-tight for the parameter B.
Proof. For u € T and its lifetime Cu, define
yr(u) = wT(B)_1 (ﬁ%}leiT@” — m_le’\BCU)GT(Cu).

Lemma 18 amounts to show that |Tp| ! > ueiy yr(u) is B-tight. Set hr(B) = exp(—Ag 2B%T)
and note that

wr(B) ™ = (T712) 0s=20p) minlon A2 (8)%8/2 — vy (B) ™ hap(8)72 /2,
where wp = min{max{1, Ag/pp},2}. We first treat the case Gr(y) = g;_(v).

Step 1. By Proposition 5, we have

1

XT = A +Tvp(B)rr and my = m~t + efABT/Qr},

where both rp and r/. are B-tight. We then have the decomposition
yr(u) = wr(B) gt (X0 — e gr (Cu) +wr(B) T (impt —m et g (Cu)

= Thr(B)=5 g rr¢ue’ v g; (Gu) +wr(B) e A T2ersCurtge (C)
— [+ 11,

say, with Jp € [min{)\B,XT},max{)\B,XT}]. Since g € @' C € and T?L;l, 97 and hy are B-tight,
we can write

1| < The (B)=2*mp rr (Chr + 2)e’T(Ch 1) g0 (C)] = The(8)7/2|g;., (Cu)lFr

and
11| < hy(B)=5/2reChr )it ge (o) = hr(B)F2? g5 (Cu) [T

where 7p and 77, are B € B-tight.

Step 2. We are left to proving the tightness of ThT(ﬁ)wB/2|g,§T (Cu)| when averaging over T that

is to say the tightness of Thy(8)77/2&7 (T, |97,,.1)- We plan to use Proposition 17. For £ > 0, on
the event

‘A‘T,N = {/};T S jT,K}? jT,n = [hT(ﬂ)(l + :‘€T21)T(B)ﬂ7
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we have
Thy(8)=>/2ET (T, g5, |) < 1T + 1V,
with
I1I = Thp(8)72/? sup Ep(|gn|)
S T,k
and

IV = Thy (8722 (he (8)(1 - kT%vr(B))) ™"/ sup (&7 (T = 2gn]) = E(h= % gnl)|
SHE S

<T sup |E7(Tr, h=>/2|gn]) — €5 (h="/|gnl) |-
h€lr x

Concerning the main term 11, we write

gnl) =m / o @ =)l )y < msup (7 fp(0) / 9()ldy < 1

since B € B, so we have a bound that does not depend on h and we readily conclude 171 < 1 on
Ar . For the remainder term IV, we apply Proposition 17 and obtain the B-tightness of IV (that
actually goes to 0 at a fast rate) on Ay .

Step 3. It remains to control the probability of Ar ,. By Proposition 5, we have XT = A +
Tur(B)rr, where rp is B-tight. It follows that

P(AS,.) = B([hr — hr(B)| > khr(8)T?vr(B))
= IP’(’ ~(r— AB)MHIT‘ > mTsz(B))
= P(‘zﬁﬂ re” T T T2 k)

where both |dr| < |XT — Ap| and rr are tight, and this term can be made arbitrarily small by
taking x large enough.

The case G7(y) = 1{,<s} is obtained in the same way and is actually much simpler, since there
is no factor h;l in the Step 2 which is therefore straightforward and there is also no need for a
Step 3. We omit the details. O

Proof of Theorem 7. We are ready to prove the main result of the chapter. The key ingredient is
Proposition 17.

Step 1. In view of Lemma 18 with test function ¢ = K, it is now sufficient to prove Theorem 7
replacing Br(z) by Br(x), where

er (‘j'T,m_le’\B'KﬁT (z—"))

L— &7 (Tp,m=1es 1 cyy)

ET(.’E) =

Since (z,y) ~ x/(1 — y) is Lipschitz continuous on compact sets that are bounded away from
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{y = 1}, this simply amounts to show the B-tightness of

wr(B)~! (ET(‘?TT, mte 1) — éB(m_leAB'l{.gz})) (39)
and )
wT(B)_l(ST (‘J'T,m_le)‘B‘KET (x =) — fs(2)), (40)

where wy(B)~! = (T~ Y2 0ap=2053 indrsAB/2 T o (3)%8/2 = yr(B) ' he(B)75/2. We readily
obtain the B-tightness of (39) by applying Theorem 4 with test function g(y) = mfleAByl{ygx}
since vp(B) < wr(B) (we even have convergence to 0).

Step 2. We turn to the main term (40). For h > 0, introduce the notation
thB(.’Ij) = (E:B( -1 )\B K / Kh r—1Y fB( ) Y.

For £ > 0 on the event Ar, = {ﬁT S JT,H} with I, = [hT(B)(l + IQT2UT(B))} introducing the
approximation term Kp, fp(z), we obtain a bias-variance bound that reads

€7 (Tp,m™ e K; ) — fp(x)| < T+11,

with
I'= sup |Kufp(z)— fo(z)]

h€Jr «

and
Il = sup |€T(’3'T,mfleAB'Kh) — éB(mfle)‘B'Kh)L
h€lr x
The term [ is treated by the following classical argument in nonparametric estimation: since
B e J{% (L) we also have fp € .‘H% (L') for another constant L’ that only depends on D, L and f.
Write 8 = | 5] + {8} with |8] a non-negative integer, {3} > 0. By a Taylor expansion up to order
| 8] (recall that the number ng of vanishing moments of K in Assumption 6 satisfies ng > 3), we

obtain

15 sup B = (he(B)(1 + kT?vr(B))” S wr(B)
helr «

see for instance, Proposition 1.2 in Tsybakov [Tsy09]. This term has the right order whenever
Ap < pp and is negligible otherwise.

Step 3. We further bound the term II on Ar , as follows:

111] < (hr(B)(1 —mTsz(B)))_wB/Q sup |7 (Tr, k=2 2m~Le e Ky) — Ep(h™2/ P m~1e e K),)|.
h€lr «

By assumption, we have 8 > 1/2, so by Proposition 17 applied to f(y) = mfle)‘Byl{yngrc} €
Loyr and g = K € Coy, we conclude that vp(B) 'hy(B)78/2|I1| is B-tight. The fact that
vp(B) ' hy(B)78/?2 = wp(B)~! enables us to conclude.
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Step 4. It remains to control the probability of Ar .. This is done exactly in the same way as for
Step 3 in the proof of Lemma 18. O

5.5 PROOF OF THEOREM &

We will prove actually a slightly stronger result, by restricting the supremum in B over a neigh-
bourhood of an arbitrary function By, provided By is an element of the set By, defined in (20)
and slightly smoother in 5{% norm (and not identically equal to the maximal element of By, ;).

(Remember also that By, ,,, C B;rm/(m_l) by Proposition 9.)

Remember that the evolution of the Bellman-Harris model can be described by a piecewise
deterministic Markov process

X(t) = (X1(t), Xa(t),...), t=>0

with values in 8 = (5,0, 00)* and where the X;(¢) denote the (ordered) ages of the living particles
at time ¢. Following Locherbach [Loc02a], we set D(]0, 00),8) for the Skorokhod space of cadlag
functions ¢ : [0,00) — 8 and introduce the subset Q C ([0, 00), 8) of functions ¢ such that:

(i) There is an increasing sequence of jump times Ty = 0 < Ty < Ty < --- such that the

restriction @}[T is continuous with values in [0, 00)"« for some l;, > 0 and every
k>

k> 0.

Trt1)

(ii) We have £(¢(Tx)) # £(p(Tk41)) for every k > 0, where we set ((z) = > k>0 kLl{ze(0,00)r} for
x € 8.

We endow  with its Borel sigma-field F, its canonical process X:(¢) = (¢1(t), 2(t),...) and
its canonical filtration (F;);>0 (modified in order to be right-continuous). By Proposition 3.3 of
Locherbach [Léc02a], there is a unique probability measure Pg on (Q,F, (F,)i>0) such that X is
strongly Markov under Pg with P5(X(0) = 0) =1 (i.e. we start with one common ancestor with
age 0 at time 0) and such that the random continuous time rooted tree associated to X via

Z 1ix,(6)>0}0x,(¢) = Z Liicipa,da))Ot—b,
i>1 ueT

is a Harris-Bellman process according to Definition 1. The strategy for proving the lower bound

is a classical two point information inequality: we nevertheless need to be careful since the target
_ B, . ..

lower bound rate e 251 7L ig parameter dependent in a non-trivial way.

Step 1. Let 6 > 0. Fix By € By, N J{%(L —0) and € D. Then, for large enough T, setting
hr(B) = e_’\BTIHT, we construct a perturbation By of By defined by

BT(y) = BO(y) + ahT(BO)/B—FlKhT(BO) (y - .23), ye [O’ OO)’

for some nonnegative smooth kernel K with compact support such that K(0) = 1 and for some
a = a5,k > 0 chosen in such a way that By € By, N J-C% (L) for every T > 0. Such a choice
is always possible (if By # max{C,1} identically in a neighbourhood of z, which we may and
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will assume from now on) thanks to the assumption HBOH%% < L — 4; it suffices then to impose
lah K, (- — m)H}f% < § which is easily obtained by picking as x sufficiently small.

Also, by construction, we have By(y) < Br(y) for every y > 0 hence Ap, < Ap,., compare the
proof of Proposition 12 (ii) and at y = x, the lower estimate |By(z) — Br(x)| = a57Kh§(Bo) holds,

B
and this quantity is of order e ozl

Step 2. Abusing notation slightly, we further write Pp for Pp|5,, i.e. the measure in restriction
to the o-field generated by the observation (X (t))o<i<r. Since By, By € By, N U-C% (L), for an
arbitrary estimator Br(x) and any constant C’ > 0 the maximal risk is bounded below by

B ~
ax Pg(e*2@r’|B — B(z)| >’
peliyy PR Br () = Bl 2 )

>1 (PBO (e*po3571 7 | By (x) — Bo(x)| > C') + Pp, (P57 | By (z) — Br(x)| > 0/))

> — 3P, — P, llrv.

N[

o [l{e*BoaaﬁlT@T(m)—Bo(r)lzC’} ! I{EABT”%TET(m)‘BT(m)'ZC'}]
By triangle inequality, we have

e)‘BOT[f“T@T(SC) — Bo()| + 6ABTT?“T@T(QU) — Br(z)|
> mintAng Any } e} "|Bo(x) — Br(z)| > ax.s

by Step 1, so if we pick C’ < ak,5/2, one of the two indicators within the expectation above must
be equal to one with full Pp -probability. In that case

Py (2271 |Bp(z) — B(z)| > C') > 1(1— |Pg. — P
L B(e |Br(z) — B(x)] > C') > 5(1 =[P, — Pp,|l7v)

and Theorem 8 is thus proved if limsupy_, o [P, — Pp,|l7v < 1.
1/2
Step 3. By Pinsker’s inequality, we have |Pp, — Pp.|rv < g (IEBO [log 55}’:0 D . By Theo-
T
rem 3.5 in [L6c02a], the measures Pg, and Pp,. are equivalent on Fr and we have

log (522 = > o () [ 3 e Bocas

u€EdT

where ¢! denotes the age of the cell u at time t € I, = [by,d,). Using —log(l +z) < 2? — z if
x > —1/2 and setting er(y) = aK,(;hT(BO)/gHKhT(BO) (y — gc), we further infer

2 T
IBo, —Por by < 5 (Eso[ 32 F(G] ~Enl 3 )+ [ Eal ¥ er(lds)

weTr w€Tr u€dTs
2

1 r Ap. s Ep - ~
=g |, €07 By | 5 () ()] ds

by (23) and (24) in Proposition 10 and the fact that the last two terms cancel. We now use the
same kind of estimates as in the proof of Proposition 15, Step 1 with test function g = er/By to
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finally get
—1_ 2 —1_ |2
IP5, — Pty S e/\B“T|Bo 15T|2 + |B; 1€T}Oo S a%m;

and this term can be made arbitrarily small by picking ax s small enough.

5.6 PROOF OF PROPOSITION 9

Pick B € By . We need to prove that Ap < pp = inf, Hp(z). By representation (3), we have

me~ B fp (1)
1—m [y e *sY fp(y)dy
me= 8% B(z)e~ Jo By

L—m [] e AsvB(y)e J§ Bdugy’

HB(LE) =

Set
Gp(x) = me BT B(z)e o BWdy _ ) (1- m/ e *BYB(y)e o B(“)d“dy).
0

The statement Ap < pp is equivalent to proving that inf,>o Gp(x) > 0. We first claim that

B(xz) < B(x) for every x € (0,00) implies Ap < Aj.

Indeed, in that case, one can construct on the same probability space two random variables 75 with
density fp and 75 with density f5 such that 75 > 75. It follows that ¢p(\) = E[fe 2] < ¢5(\) =
E[e~*75] for every A > 0. Also, ¢p and ¢ are both non-increasing, vanishing at infinity, and
¢5(0) = ¢5(0) =1 > L. Consequently, the values Ap and Az such that ¢p(Ap) = ¢z(Ag) = =

necessarily satisfy Ap < Az hence the claim. Now, for constant functions B(z) = a, we clearly
have Agp = (m — 1) and this enables us to infer

A < (m —1)sup B(z).

Remember now that B € By, ,,, implies b < B(x) < %b for every z > 0. Therefore

m

ABS(m—l)m_l

b=mb<mB(0) (41)
and Gp(0) = mB(0) — Ap > 0 follows. Moreover, one readily checks that
Gy (z) = me p%e Jo BW)dy (B'(z) — B(2)*) <0

since B'(z) — B(z)? < 0 as soon as B € By, ,,,. So G is non-increasing, G(0) > 0 and its infimum
is thus attained for x — co. Since Gp(oc0) = 0, we conclude inf, >0 Gg(z) > 0.

We finally briefly indicate how to show that B, . is non-trivial when C' > mb/(m — 1). To
that end, pick 0 < z¢p < z1, mb/(m —1) < ¢ < C and let B(z) = b for z < zo, B(z) = c¢ for
x > x1 and any smooth continuation between zy and z; bounded above by C' and below by b.
Then, having b, ¢ such that 2m(m + 2)b/(m — 1) < ¢ and suitable choices for z¢ and z; implies
pB < Ap/2. Having 2mb/(m — 1) > ¢ and suitable choices for zq, 21 implies pg < Ap < 2pp. The
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computations, based on the same kind of estimates, are rather tedious but not difficult. We omit
the details.

6 APPENDIX

6.1 HEURISTICS FOR THE CONVERGENCES TO THE LIMITS (8) AND (9)

Information from ET(0Tr, g)

Heuristically, we postulate for large T the approximation

eT(@tTT,g>~—EH;TTHE[ > o).

uedT

Then, a classical result based on renewal theory (see Theorem 17.1 pp 142-143 of [Har63]) gives
the estimate
EH@TTH ~ KVBBABT, (42)

where A\p > 0 is the Malthus parameter defined in (6) and kg > 0 is an explicitly computable
constant (that also depends on m, see [Har63] and also Lemma 13 below). As for the numerator,
call x; the age of a particle at time t along a branch of the tree picked at random uniformly at each
branching event. The process (x;):>0 is Markov process with values in [0, 00) with infinitesimal
generator

Apg(x) = g'(z) + B(x)(9(0) — g(x)) (43)

densely defined on continuous functions vanishing at infinity. Assume for simplicity that each cell
u € U has exactly m children at each division. It is then relatively straightforward to obtain the
identity
E[ 3 olch)] =E[m™glxr)], (44)
u€edT
where Ny = >, 11y, _y, <oy is the counting process associated to (xt)t>0, see Proposition 10 in
a general setting. Putting together (42) and (44), we thus expect

eM(0Tr,9) ~ rp'e TR [mMNT g(xr)],

and we anticipate that the term e~*27 should somehow be compensated by the term m™NT within

the expectation. To that end, following Cloez [Clo11] (and also in Bansaye et al. [BDMT11] when
B is constant) one introduces an auxiliary “biased” Markov process (X¢)¢>0, with generator Ag,
for a biasing function Hp(z) characterised by

frp(x) = me 27 fp(z), © >0, (45)

where fp(x) = B(x
follows from (3) or (

) exp fo y)dy) denotes the density associated to the division rate B, as
5). This nnphes

—)\B:E
me fe(x)

HB(-T) = 1— mfox e_*Bny(y)ds
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Furthemore, this choice (and this choice only, see Proposition 10) enables us to obtain
e TE[mY7 g(xr)] = m™'E[g(Xr) B(Xr) " Hp(¥r))| (46)

with Xo = 0 under P. Moreover (X:):>0 is geometrically ergodic, with invariant probability
cgexp(— [ Hp(y)dy)dz (see Proposition 12). We further anticipate

E[g(Xr)B(r) " Hp(%r)| ~ cn /0 " () Bla) Hp(w)e i Hevgy

= mcp /000 g(x)e P B(z) 1 fp(z)dx

assuming everthing is well-defined, since Hp(z)exp(— fox Hg(y)dy) = fu,(z) = me 8 fg(z) by
(45). Finally, we have k3 cp = A B by Lemma 13 which enables us to conclude

E’T(aTTLg) ~ 883(9)7

where
o0

mn g(x)e_’\”e_ Jo Bw)dy g,

883(9) = )\Bmf 1 o

Unfortunately, the statistical information extracted from 7 (9T7,g) does not enable us to obtain
classical optimal rates of convergence, since the form of 0€p(g) involves an antiderivative of B
leading to so-called ill-posedness. This is discussed at length in Section 3.3. We thus investigate
in a second step the statistical information we can get from UD'T.

Information from &7 (Tr, g)

The situation is a bit different if we allow for data in ‘j'T. Note first that ¢! = ¢, on the event

u € Tp. We also have in that case a many-to-one formula that now reads

B[ 3 och)] B[ 3 o(¢o] =m™ [ B [g(7) ()]s, (47)

uE‘j’T uE‘j’T

where (Xt)¢>0 is the one-dimensional auxiliary Markov process with generator A, see (43), where
Hyp is characterised by (45) above. Assuming again ergodicity, we approximate the right-hand side
of (47) and obtain

E|: Z g(C )i| ~ CBmfl erBT /OO g(I)HB(x)eif: HB(u)dudJC
i Az Jo
u€TT
e)\BT [e%s}
=cp / (@) 57 f (@) da
A Jo

since Hp(x)exp(— foz Hp(y)dy) = fu,(r) = me 2% fg(x) by (45). We again have an approxi-
mation of the type (42) with another constant x5, see Lemma 14 and we eventually expect

ET(‘j'Tag) ~ éB(g)v
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where

€s(g) = 1 /OOO g(x)e 27 fp(z)dz = m/ooo g(z)e 27 fp(w)dx

= /
)\BHB

as T — oo, where the last equality stems from the identity cg = Agkzm that can be readily
derived by picking g = 1 and using (45) together with the fact that fp, is a density function.

6.2 PRrROOF OF PROPOSITION 10

We start with a continuous time rooted tree which is a Bellman Harris process in the sense of
Definition 1, so we have random variables ((, vy, w € U) satistying properties (i), (i) and (iii) of
the definition. For u € U, and t > 0, let Ay = }° ) log(vw),t = 0 denote the process that
encodes the birth times and the numbers of children of the ancestors of u. Let ¥ = (J%)g>0 with
9k € U be such that || = k for k > 1 (with Y9 = @) and 9 < 9; for k <. We associate to ¢ a
counting process (N;)¢>o via the relationship

b19Nt §t<d19Nt, t>0.

This enables us to further obtain a “tagged process of age” such that y; = C@Nt for t € Iy, and
also a process (A;);>0 that encodes the genealogy of the tagged branch

Ny
A = Zlog(wk), t>0.
k=1

Step 1. Let us pick ¥ at random along the genealogical tree T. This means that if H,, denotes the
sigma-field generated by ((y, vy, u € T, |u| < n), then on the event {t € I,,} (i.e. the particle w is
living at time t), we have (or rather, we set)

1 A
]P)('l?]\/'t :U|j{|u‘) = H;ZB At.
v=<u Y

It is not difficult to see that (x;)¢>0 is a Markov process with generator Ap. By definition of
(xt)e>0 and (Ay)¢>0, it follows that E[eAT g(yr)] can be rewritten as

Z E[e* g(x1)1{rer, umon, }] = Z E[BA%Q(CLT)1{Telu,u:19NT}} = Z El9(¢a)irery),
uceU ucU ucU

where the last equality is obtained by conditioning with respect to (.

Step 2. For j > 1, let 7; = inf{t > 0, N; > j} —inf{t > 0, N; > j—1} denote the durations between
the jumps of (x¢)i>0, so that

00 k
k1 vy .
M glr) = e EIGT =Y T s
=0 = j=1Tis j=1Ti

By properties (i)-(iii) of Definition 1, the 7; are independent with common distribution fg(z)dz,
and independent of the vy, that are independent with common distribution (py)r>1. We thus infer
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that E[eA7 g(x7)] is equal to

> 3 ], |

k=0 h;>1j<k 0,00)k+1

k k+1
9T =Y )5k yaraxiity H fa(t)dty .. dtis.
j=1

Weset Fp(r) = 1— fo fB(y)dy and g, = m~ kpy, so that (gk)k>1 defines a probability distribution.
Using fu, (r) = me 8% fg(x), we can rewrite the preceding formula so that

“Ap(T-F_, t;
)yt 1,205 P2 ts)

k
-

e *?TE[e Z > HQh/ 9(T -

k=0h;>1,7<k j=1 109) J

x Fpg Z HfHB )ty ..

7j=1
Step 3. Putting Wg(z) = me *2*Fg(x)/Fm, (z), we finally obtain the representation

e MTE[A" g (xr)] = B [g(Tr)Wa(3r)].

where (X¢):>0 is @ Markov process with generator Ay, that can be constructed in the same way

as (xt)t>0, substituting fg by fu,. Straightforward computations give Wg(z) = HB((gg) Putting
together all the three steps, we have proved
T T o H ()
E T 1 —F Ar — LE[ v BixT}
Z [Q(Cu) {Telu] [ g(XT)] m 9(X1) B(Rr)

ueU

Noticing that Y, . Elg(¢L)1irer,] is nothing but E[Zuea‘h g(¢T)] establishes (23).

Step 4. By definition of the set ‘j'T,

E[ 3 0c)] = X B[ re,crlen]

weTr uel

We denote by J; the sigma-field generated by ((;,u € 9T,,s < t) and we note that d,1,eqy is a
stopping time for the filtration (¥;)¢>0. Conditioning w.r.t ¥, using that the ¢, are independent
of F},,, we successively obtain

]E{ > Q(Cu)} = ZE:I{uE‘I}

weTT uel

= Z E :l{ueﬂ“}
=) E :l{ue‘J'}

oo

g(x)l{bu-mgT}B(x)e* Iy B(y)dydx}

S~

oo

Y
(/0 g($)B($)1{b7L+m§T}d$)B(y)e_'[‘5 B(z)dzdy]

S—

Cu

9(@) B@) 1o, sasryde].

S—
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Next, using that J = s — b, for s € I,,, we get

E[ Y 9(6)] = Y E[Luen /b " 9(C)BG faeryds]

u€Tr uel “

Observing that {s € I,} = {u € 97}, we finally infer

B[ 3 0] = [ B[ 3 atcnco]1enas

uef’rT u€OT

Using (23) completes the proof of (24).

6.3 PROOF OF (26) AND (27) OF PROPOSITION 11

Whenever (u,v) € FU there exist w, % and v € U together with integers i # j, such that w = wiu
and v = wjv. Conditioning w.r.t Fy, , using the branching property between descendants of w and
the strong Markov property at time d,,, we have

E{ > Q(Cu)g(Cv)]z > E{Q(Cu)l{du<T}1{ueir}9(Cv)1{dv<T}1{uefr}}

(u,v)Eﬂf‘Tﬂ‘oT% (u,v)EFU

= Z ZE[ Z Cw’bu>1{dwm<T}1{wzu€‘T}’?d }

weW i#£j aeU
X E[ Y 9(Cuwio) Lduss <) Liwjoer) |3"dwﬂ
veU
2
= Z Z E [1{wieir,wj67} (E[ Z g(Cu)l{du<T7t}} ‘t:dw) 1{clw<T}} .

well i#j ueT
Notice that {wi € T,wj € T} = {w € T} N{i < vy,j < vy}, and v, is independent of d,, and
has distribution (px)r>1. We conclude by using (24) of Proposition 10 (slightly generalized for test
functions that depend on d,, and ().

Let us now turn to (27). For u,v € T with v < v, we have uiw = v for some w € T and some
integer 7. It follows that

E[ Y ¢ => ZE[ (G {du<ry Luen B[ D 9(Cuin) 1durw <73 L {uiweT) ’?du]]

w,veT T, ueU 1 wel
u=<v
=2 ZE{ (Cu)Ljo<d, <L {uier B[ D g(Cw)l{mefs}]\s:dul{dud}}
ueU 1 weT

conditioning with respect to ¥4, on {d,, < T'} and applying the branching property. Next, we have

T—s
E[Y gC)liaer—s] =E[ 3 ()] = %/O P (gHp)(0)dt

weT wEﬁ'T—s

by (24) of Proposition 10. Since {ui € T} = {i < 1,,}, and v, is independent of ¢, and d,, and has
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distribution with expectation m, we obtain

T—d,,
Bl Y oGl =E[ X () [ e Pl (attn) 00

w,wE€Tp, ueﬁf
u=<w

and we conclude by using once more (24) of Proposition 10 (slightly generalized for test functions

that depend on d,, and ().

6.4 PRroor or LEMMA 16

Let 7 denote the first jump time of the process (X;)¢>0. Conditioning on {7 > t} and applying the
strong Markov property yields

Pl (9H3)(0) = g(t) Hp(H)P(r > 1) + / Pl (gHp) (0) fir, (u)du.

The function ¢ ~ u(t) = P}, (9Hp)(0) satisfies a renewal equation of the form u = ug + u * fr,
with locally bounded initial condition ug = gHpP(7 > -) and renewal distribution fr, (y)dy. Its
unique solution is given by

PL (gHz)(0) = () Hu(O)P(r > 1) + /0 gt — s)Hp(t — s)P(r > t — 5)dE[N,],

where 1\7,5 = ngt 1¢%.-x._ <o} is the counting process associated to (Xt)1>0- By construction, we
have E[N;] = E[fot Hp(Xs)ds] and P(r > t) = [~ fu,(y)dy = m [ e 59 fz(y)dy < me et
therefore

t
|Prr, (9HE) (0)] < Ig(t)le‘ABtmlHB|oo+\HB|§O/ lg(w)|du
0

and we obtain the desired estimate thanks to the fact that Hp is uniformly bounded over B.
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cHAPITRE 11

Chaine de Markov bifurquante :

estimation adaptative des transitions et mesure invariante

présent ’étude est conduite en temps discret, ce qui differe radicalement du chapitre

précédent (en particulier, nous nous affranchissons par 1a du biais de sélection). Nous

nous placons dans un cadre général, celui des chaines de Markov bifurquantes. Celles-
ci sont le fruit d’'une adaptation des chaines de Markov & une structure d’arbre binaire (noté T).
Ce cadre est adapté a I’étude du probleme (B) Etudier la transmission du trait indwiduel d’une
cellule a ses descendants, étudier le trait d’une cellule typique, posé page 2.

Les caractéristiques de la chaine de Markov bifurquante que nous visons & reconstruire sont
au nombre de trois : sa transition, dite T-transition pour souligner la structure d’arbre, ainsi
que la transition dite moyenne, décrivant une lignée typique de cellules, et sa mesure invariante.
Les observables sont formées des traits des cellules appartenant aux n premiéres générations. Les
procédures que nous mettons en place présentent l'avantage d’étre adaptatives et nous évaluons
leurs performances a partir de critéres les plus généraux possibles.

Le modele de croissance-fragmentation est un exemple clé s’insérant dans le cadre général du
chapitre. Nous considérons le processus discret formé des tailles & la naissance d’une population
de cellules croissant exponentiellement vite et se divisant aléatoirement en deux cellules de tailles
égales, selon un taux de division B qui dépend de la taille courante de la cellule. Pour ce modele
spécifiquement, la reconstruction adaptative, par I’observation des n premieres générations, du pa-
rametre fonctionnel clé B découle de celle des caractéristiques de la chaine de Markov bifurquante
sous-jacente (de lestimation de la mesure invariante associée & la transition moyenne en particu-
lier). Ce chapitre apporte en conséquence une contribution & la question (A) page 2, toute autre
que celle du Chapitre 1.



Chapitre II. Chaine de Markov bifurquante : estimation adaptative des transitions et mesure invariante

Abstract

In a first part, we prove Bernstein-type deviation inequalities for bifurcating Markov chains (BMC)
under a geometric ergodicity assumption, completing former results of Guyon and Bitseki Penda,
Djellout and Guillin. These preliminary results are the key ingredient to implement nonparametric
wavelet thresholding estimation procedures: in a second part, we construct nonparametric estima-
tors of the transition density of a BMC, of its mean transition density and of the corresponding
invariant density, and show smoothness adaptation over various multivariate Besov classes under
LP-loss error, for 1 < p < co. We prove that our estimators are (nearly) optimal in a minimax sense.
As an application, we obtain new results for the estimation of the splitting size-dependent rate
of growth-fragmentation models and we extend the statistical study of bifurcating autoregressive
processes.
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1 INTRODUCTION

1.1 BIFURCATING MARKOV CHAINS

Bifurcating Markov Chains (BMC) are Markov chains indexed by a tree (Athreya and Kang [AK98],
Benjamini and Peres [BP94], Takacs [Tak01]) that are particularly well adapted to model and
understand dependent data mechanisms involved in cell division. To that end, bifurcating autore-
gressive models (a specific class of BMC, also considered in the chapter) were first introduced by
Cowan and Staudte [CS86]. More recently Guyon [Guy07] systematically studied BMC in a general
framework. In continuous time, BMC encode certain piecewise deterministic Markov processes on
trees that serve as the stochastic realisation of growth-fragmentation models (see e.g. Doumic et
al. [DHKRI15], Robert et al. [RHK+14] for modelling cell division in Escherichia coli and the
references therein).

For m > 0, let G,,, = {0,1}™ (with Gy = {0}) and introduce the infinite genealogical tree

For u € Gy, set |u| = m and define the concatenation u0 = (u,0) € G417 and ul = (u,1) € Gppp1.
A bifurcating Markov chain is specified by 1) a measurable state space (8, &) with a Markov kernel
(later called T-transition) P from (8,8) to (8§ x 8,6 ® &) and 2) a filtered probability space
(Q, F, (Fm)m>0, IP’). Following Guyon, we have the

Definition 1. A bifurcating Markov chain is a family (X, )uer of random variables with value in
(8,8) such that X, is F),-measurable for every u € T and

]E[ H gu(X“’X"O’X”1)|&rm] = H j)gu(Xu)

ueGy, ueG,,

for every m > 0 and any family of (bounded) measurable functions (gu)uecc,,, where Pg(z) =
fSXSg(x,y,z)fP(x,dy dz) denotes the action of P on g.

The distribution of (X, )yer is thus entirely determined by P and an initial distribution for Xp.
Informally, we may view (X,)uer as a population of individuals, cells or particles indexed by T
and governed by the following dynamics: to each u € T we associate a trait X,, (its size, lifetime,
growth rate, DNA content and so on) with value in 8. At its time of death, the particle u gives rize
to two children w0 and ul. Conditional on X,, = z, the trait (X0, Xu1) € 8 X 8 of the offspring of
u is distributed according to P(z, dy dz).

For n >0, let T,, = J" _, G, denote the genealogical tree up to the n-th generation. Assume
we observe X" = (X, )uer,, i-e. we have 21 — 1 random variables with value in 8. There are
several objects of interest that we may try to infer from the data X". Similarly to fragmentation
processes (see e.g. Bertoin [Ber06]) a key role for both asymptotic and non-asymptotic analysis
of bifurcating Markov chains is played by the so-called tagged-branch chain, as shown by Guyon
[Guy07] and Bitseki Penda et al. [BDGI14]. The tagged-branch chain (Y;,).>0 corresponds to a
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lineage picked at random in the population (X, )yer: it is a Markov chain with value in 8 defined
by Yo = Xy and for m > 1,
Yo = Xpe,.

€m)

where (€,)m>1 is a sequence of independent Bernoulli variables with parameter 1/2, independent
of (Xy)uer. It has transition
Q= (fpo +‘.P1)/2,

obtained from the marginal transitions
Po(z, dy) z/ P(z,dydz) and Py(z,dz) :/ P(x,dydz)
z€8 yeS

of P. Guyon proves in [Guy07] that if (¥},)m>0 is ergodic with invariant measure v, then the
convergence
1
BT 2 %)~ [ sawldn) (1)
u€eG, 8
holds almost-surely as n — oo for appropriate test functions g. Moreover, we also have convergence

results of the type
1
T O 0 Ko, Xu) = / Pg()v(dx) 2)
n u€eT, 8
almost-surely as n — oo. These results are appended with central limit theorems (Theorem 19
of [Guy07]) and Hoeffding-type deviations inequalities in a non-asymptotic setting (Theorem 2.11

and 2.12 of Bitseki Penda et al. [BDG14]).

1.2 OBJECTIVES

The observation of X" enables us to identify v(dz) as n — oo thanks to (1). Consequently, con-
vergence (2) reveals P and therefore Q is identified as well, at least asymptotically. The purpose
of the present work is at least threefold:

1) Counstruct — under appropriate regularity conditions — estimators of v,Q and P and study
their rates of convergence as n — oo under various loss functions. When 8 C R and when P is
absolutely continuous with respect to the Lebesgue measure, we estimate the corresponding
density functions under various smoothness class assumptions and build smoothness adaptive
estimators, i.e. estimator that achieve an optimal rate of convergence without prior knowl-
edge of the smoothness class.

2) Apply these constructions to investigate further specific classes of BMC. These include binary
growth-fragmentation processes, where we subsequently estimate adaptively the splitting rate
of a size-dependent model, thus extending previous results of Doumic et al. [DHKR15] and
bifurcating autoregressive processes, where we complete previous studies of Bitseki Penda et
al. [BEG15].
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3) For the estimation of v, Q and P and the subsequent estimation results of 2), prove that our

results are sharp in a minimax sense.

Our smoothness adaptive estimators are based on wavelet thresholding for density estimation
(Donoho et al. [DJKP95] in the generalised framework of Kerkyacharian and Picard [KP00]).
Implementing these techniques requires concentration properties of empirical wavelet coefficients.
To that end, we prove new deviation inequalities for bifurcating Markov chains that we develop
independently in a more general setting, when § is not necessarily restricted to R.

We stress that when Py = P, we have Q = Py = P; as well and we retrieve the usual framework
of nonparametric estimation of Markov chains when the observation is based on (Y;)1<;<s solely.
We are therefore in the line of combining and generalising the study of Clémengon [Clé00] and
Lacour [Lac07, Lac08] that both consider adaptive estimation for Markov chains when 8§ C R.

1.3 MAIN RESULTS AND ORGANISATION OF THE CHAPTER

In Section 2, we generalise the Hoeffding-type deviations inequalities of Bitseki Penda et al.
[BDG14] for BMC to Bernstein-type inequalities: when P is uniformly geometrically ergodic (As-
sumption 3 below), we prove in Theorem 5 deviations of the form

. k|G, |62
P(lGn|u;};ng(xquu07Xul)_/g)ngZ(S> Sexp(_m)
d
an ]p( 1 Z 9( Xy Xuo, Xu1) — /fpgdl/ > 5) < exp(— M)
|Tn‘ u€eT, 7 7 - - En(g) I |g|005 »

where k,% > 0 only depend on P and ¥,,(g) is a variance term which depends on a combination
of the LP-norms of g for p = 1,2, 0o with respect to a common dominating measure for the family
{Q(z,dy),x € 8}. The precise results are stated in Theorems 4 and 5.

Section 3 is devoted to the statistical estimation of v,Q and P when § C R and the family
{P(x,dydz),z € 8} is dominated by the Lebesgue measure on R?. In that setting, abusing nota-
tion slightly, we have v(dz) = v(z)dz, Q(z,dy) = Q(z,y)dy and P(z,dydz) = P(x,y, z)dydz for
some functions x ~ v(x), (z,y) ~ Q(x,y) and (x,y, z) ~ P(x,y, z) that we reconstruct nonpara-
metrically. Our estimators are constructed in several steps:

i) We approximate the functions v(z), fo(z,y) = v(z)Q(z,y) and fp(z,y,2) = v(z)P(x,y, 2)
by atomic representations

v(z)~ Y (),
AEVI(v)

folwy) = > (fo, b3 (=, v),

AEV2(fa)

fr(r,y,2) = Z <fg>,1/)§>1/)§($,y,z),

AEV3(fp)
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where (-,-) denotes the usual L2-inner product (over R?, for d = 1,2, 3 respectively) and
(¥§, A € VI(-)) is a collection of functions (wavelets) in L*(R?) that are localised in time
and frequency, indexed by a set V?(-) that depends on the signal itself (the precise meaning
of the symbol ~ and the properties of the 1,’s are stated precisely in Section 3.1).

ii) We estimate

(v, 0d) by IT.™" 3 wd(X),

u€eT,
(fa,43) by ITal™" > YR (Xu-, Xu),
u€T?
(fp, %) by Tacal™ Y YR (Xus Xuo, Xu),
u€ETH 1

where X,,— denotes the trait of the parent of u and T} = T,, \ Go, and specify a selection rule
for V¥(-) (with the dependence in the unknown function somehow replaced by an estimator).
The rule is dictated by hard thresholding over the estimation of the coefficients that are kept
only if they exceed some noise level, tuned with |T,,| and prior knowledge on the unknown
function, as follows by standard density estimation by wavelet thresholding (Donoho et al.
[DJKPI6], Kerkyacharian and Picard [KP00]).

iii) Denoting by v, (x), fn(x,y) and fn(x,y,z) the estimators of v(x), fo(z,y) and fp(x,y, z)
respectively constructed in Step ii), we finally take as estimators for Q(z,y) and P(z,y, 2)
the quotient estimators

0 /; Y D f; r,Y,=z
Qn(xay) = /V\(.’L’)) and :Pn(xvyaz) = é(l‘))

provided 7, (z) exceeds a minimal threshold.

Beyond the inherent technical difficulties of the approximation Steps i) and iii), the crucial
novel part is the estimation Step ii), where Theorems 4 and 5 are used to estimate precisely the
probability that the thresholding rule applied to the empirical wavelet coefficient is close in effect
to thresholding the true coefficients.

When v, Q or P (identified with their densities with respect to appropriate dominating measures)
belong to an isotropic Besov ball of smoothness s measured in L™ over a domain D¢ in R?, with
s > d/m and d = 1,2,3 respectively, we prove in Theorems 8, 9 and 10 that if Q is uniformly
geometrically ergodic, then our estimators achieve the rate |T,|~®¢(>»7™) in LP(D)-loss, up to
additional log|T,,| terms, where

s s+d(1/p—1/7r)}

a(s,p;m) = mm{zs Td 2s+d(l—2/7)
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is the usual exponent for the minimax rate of estimation of a d-variate function with order of
smoothness s measured in L™ in LP-loss error.

This rate is nearly optimal in a minimax sense for d = 1, as follows from particular case
Q(z,dy) = v(dy) that boils down to density estimation with |T,| data: the optimality is then a
direct consequence of Theorem 2 in Donoho et al. [DJKP96]. As for the case d = 2 and d = 3,
the structure of BMC comes into play and we need to prove a specific optimality result, stated
in Theorems 9 and 10. We rely on classical lower bound techniques for density estimation and
Markov chains (Hoffmann [Hof99], Clémencon [C1é00], Lacour [Lac07, Lac08]).

We apply our generic results in Section 4 to two illustrative examples. We consider in Section 4.1
the growth-fragmentation model as studied in Doumic et al. [DHKR15], where we estimate the size-
dependent splitting rate of the model as a function of the invariant measure of an associated BMC
in Theorem 12. This enables us to extend the recent results of Doumic et al. in several directions:
adaptive estimation, extension of the smoothness classes and the loss functions considered, and also
a proof of a minimax lower bound. In Section 4.2, we show how bifurcating autoregressive models
(BAR) as developed for instance in Bercu et al. [BASGP09] and in Chapter III which follows
are embedded into our generic framework of estimation. A numerical illustration highlights the
feasibility of our procedure in practice and is presented in Section 4.3. The proofs are postponed
to Section 5.

2 DEVIATIONS INEQUALITIES FOR EMPIRICAL MEANS

In the sequel, we fix a (measurable) subset D C § that will be later needed for statistical purposes.
We need some regularity on the T-transition P via its mean transition Q = 1(Po + P1).

Assumption 2. The family {Q(z,dy),x € 8} is dominated by a common sigma-finite measure
n(dy). We have (abusing notation slightly)

Oz, dy) = Q(x,y)n(dy) for every = € 8,
for some Q : 82 — [0,00) such that

[Qp = sup 9Q(z,y) < .
z€8,yeD

An invariant probability measure for Q is a probability v on (8, &) such that ¥Q = v where
vQ(dy) = [, v(dz)Q(x,dy). We set

Q(x, dy) = / Q(x,dz)Q ! (2,dy) with Q°(z,dy) = 0, (dy)
z€S8

for the 7-th iteration of Q. For a function g : 8¢ — R with d = 1,2,3 and 1 < p < 0o, we denote by
lgl, its LP-norm with respect to the measure n®?, allowing for the value |g|, = oo if g ¢ LP(n®9).
The same notation applies to a function g : D¢ — R tacitly considered as a function from 8¢ — R
by setting g(z) = 0 for x € §\ D.
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Assumption 3. The mean transition Q admits a unique invariant probability measure v and there
exist R >0 and 0 < p < 1/2 such that

|Q™"g(x) —/ngI < Rlgl p™, x€8, m=>0,
8

for every g integrable with respect to v.

Assumption 3 is a uniform geometric ergodicity condition that can be verified in most applica-
tions using the theory of Meyn and Tweedie [MT93]. The ergodicity rate should be small enough
(p < 1/2) and this point is crucial for the proofs. However this is sometimes delicate to check in ap-
plications and we refer to Hairer and Mattingly [HM11] for an explicit control of the ergodicity rate.

Our first result is a deviation inequality for empirical means over G,, or T,. We need some
notation. Let

w1 =k1(Q, 93) = 32max {|Q|p,4|9|3,4R*(1 + p)*},
Ko =k2(Q) = L max {1+ Rp, R(1+p)},

(Q,D) —96max{|Q|D,16|Q|D,4R2( p)*(1—2p) %},
k4 =k4(Q) = L max {1+ Rp, R(1+ p)(1 —2p)""'},

K3 =K3

where |Q|p = sup,cs yep 2z, y) is defined in Assumption 2. For g : 8¢ — R, define X1 1(g) = |g/3
and for n > 2,

Binlg) = lgla+ | _min | (lgli2" +1g15.27). (3)
Define also X2.1(g) = |Pg¢?|1 and for n > 2,

San(g) = |Pg?l + mm (|?9|12i+|?9‘2 _i) (4)

1<¢e<

Theorem 4. Work under Assumptions 2 and 3. Then, for everyn > 1 and every g: D C 8 - R
integrable with respect to v, the following inequalities hold true:

(i) For any § > 0 such that § > 4R|g|oo |G| ™!, we have

| —[Guls?
P(ig ] ZG; 9(Xu) = /Sgd” 28) < exp (5t )

(ii) For any § > 0 such that 6 > 4R(1 — 2p) 7 '|g|e|Trn| ™1, we have

1 —|T, |62
P(r gﬂg“u) B /g,gd” 20) <o (st )

Theorem 5. Work under Assumptions 2 and 3. Then, for every n > 2 and for every g : D3 C
83 = R such that Pg is well defined and integrable with respect to v, the following inequalities hold
true:
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(i) For any § > 0 such that 6 > 4R|Pg|e |G| ™1, we have

1 —|G,, |62
Pl — X, Xuo, Xu1) — | Pgdv >0) <ex .
(|G"| u;(;,,,g( o Xut) /s ! ) p(ﬁlxz,n(9)+/‘é2|g\oo5)

(ii) For any § > 0 such that § > 4(nR|Pg|oo + |g|oo)|Tn_1]|~1, we have

1 —n*1|Tn,1|52
P X, Xuo, Xu1) — | Pgdv >0 <ex .
<|Tn—1| u6;71 g( 0 1) /g g ) P (HIZQ,TL—I(Q) + HQIQ‘OO(S)

A few remarks are in order:

1) Theorem 4 (i) is a direct consequence of Theorem 5 (i) but Theorem 4 (ii) is not a corollary of
Theorem 5 (ii): we note that a slow term or order n~! ~ (log |T,|)~! comes in Theorem 5 (ii).

2) Bitseki-Penda et al. in [BDG14] study similar Hoeffding-type deviations inequalities for func-
tionals of bifurcating Markov chains under ergodicity assumption and for uniformly bounded func-
tions. In the present work and for statistical purposes, we need Bernstein-type deviations in-
equalities which require a specific treatment than cannot be obtained from a direct adaptation of
[BDG14]. In particular, we apply our results to multivariate wavelets test functions z/Jf\ that are
well localised but unbounded, and a fine control of the conditional variance Zm(wi), i=1,2is of
crucial importance.

3) For g such that |g|;"|glee < 2771, the variance term ¥ ,(g) is controlled by |g|1|g|eo up to
a constant. Similarly, for g such that |g|;*|glecs < 277!, assuming in addition that |P|p =

supps |P(z,y, 2)| < oo, the variance term Y ,,(g) is controlled by max{|P|p, |P|% }Hgl1|g]cc,1 up to
a constant, setting |gle,1 = sup,es [z |9(,y, 2)|dydz for any g : 8% — R.

4) Assumption 3 about the uniform geometric ergodicity is quite strong, although satisfied in the
two examples developed in Section 4 (at the cost however of assuming that the splitting rate of

the growth-fragmentation model has bounded support in Section 4.1). Presumably, a way to relax
this restriction would be to require a weaker geometric ergodicity condition of the form

1Q™g(x) —/ngI < RlgloV(x)p™, €8, m2>0,
8

for some Lyapunov function V' : 8§ — [1,00). Analogous results could then be obtained via
transportation information inequalities for bifurcating Markov chains with a similar approach as
in Gao et al. [GGW14], but this lies beyond the scope of this work.

3 STATISTICAL ESTIMATION

In this section, we take (8,&) = (R, B(R)). As in the previous section, we fix a compact interval
D C 8. The following assumption will be needed here

- 93 -



Chapitre II. Chaine de Markov bifurquante : estimation adaptative des transitions et mesure invariante

Assumption 6. The family {P(x,dydz),z € 8} is dominated with respect to the Lebesgue measure
on (R?,B(R?)). We have (abusing notation slightly)

P(z,dydz) =P(z,y,2)dydz for every x €8
for some P : 83 — [0, 00) such that

|Plp=sup [|P(z,y,2)| < oo
(z,y,z)eD3

Under Assumptions 2, 3 and 6 with n(dy) = dy, we have (abusing notation slightly)
P(x,dydz) =P(x,y,2)dydz, Qz,dy) = 9(x,y)dy and v(dzx) = v(z)dz.

For some n > 1, we observe X,, = (X, )uer, and we aim at constructing nonparametric estimators
of x ~ v(z), (z,y) ~ Qx,y) and (z,y, 2) ~ P(x,y, z) for z,y,z € D. To that end, we use regular
wavelet bases adapted to the domain D? for d = 1,2, 3.

3.1 ATOMIC DECOMPOSITIONS AND WAVELETS

Wavelet bases (1/¢), adapted to a domain D? in R?, for d = 1,2, 3 are documented in numerous
textbooks, see e.g. Cohen [Coh00]. The multi-index A concatenates the spatial index and the
resolution level j = |\|. We set A; = {)\, |A\| = j} and A = U;>_1A;. Thus, for g € L™(D?) for
some 7 € (0, 00], we have

g=>_ > o= gl with gy = (g9,

J>—1X€eA, AEA

where we have set 7 = —1 in order to incorporate the low frequency part of the decomposition and
(g,9%) = [ gy¢ denotes the inner product in L?(R?). From now on, the basis (¢/¢), is fixed. For
s> 0and 7 € (0,00, g belongs to B; (D) if the following norm is finite:

i(s —1/7 o\1/m
lgllz: _(y = sup 2CEHA21/m) (S (g ydymy Y/ (5)
.72_1 )\EA]'

with the usual modification if 7 = co. Precise connection between this definition of Besov norm
and more standard ones can be found in [Coh00]. Given a basis (¥{)x, there exists ¢ > 0 such
that for 7 > 1 and s < o the Besov space defined by (5) exactly matches the usual definition in
terms of moduli of smoothness for g. The index o can be taken arbitrarily large. The additional
properties of the wavelet basis (1/¢), that we need are summarized in the next assumption.

Assumption 7. Forp > 1,
117, ~ 2RAIHP2=0), (6)

for some o > 0 and for all s < o, jo >0,

llg — Z Z g>ﬂ/’§”LF < 27]-05”9”35100(@)7 (7)

7<jo AEA;
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for any subset Ag C A,

[ (S w@p)ae~ 3 1l ®

D xeho AEAo

If p> 1, for any sequence (uy)ren,

1O 1and12) 2] ~ 1Y st )

AEA AEA

The symbol ~ means inequality in both ways, up to a constant depending on p and D only.
The property (7) reflects that our definition (5) of Besov spaces matches the definition in term of
linear approximation. Property (9) reflects an unconditional basis property, see Kerkyacharian and
Picard [KP00], De Vore et al. [DKT98] and (8) is referred to as a superconcentration inequality,
or Temlyakov property [KP00]. The formulation of (8)-(9) in the context of statistical estimation
is posterior to the original papers of Donoho and Johnstone [DJ94, DJ95] and Donoho et al.
[DJKP96, DJKP95] and is due to Kerkyacharian and Picard [KP00]. The existence of compactly
supported wavelet bases satisfying Assumption 7 is discussed in Meyer [Mey90], see also Cohen
[Coh00].

3.2 ESTIMATION OF THE INVARIANT DENSITY V

Recall that we estimate x ~ v(x) for € D, taken as a compact interval in 8 C R. We approximate
the representation

vie) =Y i), n=@9})

AEA
by
/V\n(x) = Z 17,\,7@;(93)’

X<
with 1
Uan = TA,n(m > wi(Xu)>,

u€Ty,

and Ty, (r) = x1)4>, denotes the standard threshold operator (with Ty ,(z) = z for the low
frequency part when A € A_;). Thus 7, is specified by the maximal resolution level J and the
threshold 7.

Theorem 8. Work under Assumptions 2 and 3 with n(dz) = dx. Specify v,, with

| Tn|
J = log, og [T, and n = cy/log |T,|/|T,]|

for some ¢ > 0. For every w € (0,00], s € (1/m,0] and p > 1, for large enough n and ¢, the
following estimate holds

~ 1p _ rlog|T,|\ @ (s:pm)
(Bl7 i) " 5 (Crrr)

s s+1/p—1/m
2s+17 2s+1-2/m

}, up to a constant that depends on s,p,,||v|

with ay(s,p,m) = min { Bs (D)s P

-95 -



Chapitre II. Chaine de Markov bifurquante : estimation adaptative des transitions et mesure invariante

R and |Q|p and that is continuous in its arguments.

Two remarks are in order:

1) The upper-rate of convergence is the classical minimax rate in density estimation. We infer
that our estimator is nearly optimal in a minimax sense as follows from Theorem 2 in Donoho et
al. [DJKPY96] applied to the class Q(z,y)dy = v(y)dy, i.e. in the particular case when we have
iid. X,’s. We highlight the fact that n represents here the number of observed generations in the
tree, which means that we observe |T,| = 27" — 1 traits.

2) The estimator 7, is smooth-adaptive in the following sense: for every sg > 0, 0 < py < 1/2,
Ry > 0 and Qg > 0, define the sets A(so) = {(s,7),s > s0,50 > 1/7} and

Q(pO’ROa QO) = {Q such that P < P05 R < RO? |Q|Da < QO}a

where Q is taken among mean transitions for which Assumption 3 holds. Then, for every C > 0,
there exists ¢* = ¢*(D, p, so, po, Ro, o, C) such that v, specified with ¢* satisfies

[T, )pal(s,p,ﬂ)

sup sup  sup (1og T,
n

E[”i’\n - VHIJ;p(@)] < 00
n (s,m)€A(so) v,Q

where the supremum is taken among (v, Q) such that ¥Q = v with Q € Q(po, Ro, Qo) and [|v||s _(p)
< C. In particular, 7,, achieves the (near) optimal rate of convergence over Besov balls simultane-
ously for all (s,7) € A(sg). Analogous smoothness adaptive results hold for Theorems 9, 10 and 12
below.

3.3 ESTIMATION OF THE DENSITY OF THE MEAN TRANSITION Q

In this section we estimate (x,y) ~ Q(x,y) for (z,y) € D? and D is a compact interval in § C R.
In a first step, we estimate the density

fa(z,y) = v(2)Q(z,y)

of the distribution of (X,-, X,) (when £(Xy) = v) by

~

Fa(@y) =Y hantd(,y),
(AT
with 1
f)\,n = TAJ}(W Z ¢§(Xu*aXu)>7
" ueTy

and T ,(-) is the hard-threshold operator defined in Section 3.2 and T} = T,, \ Go. We can now
estimate the density Q(x,y) of the mean transition probability by

) ﬁl(xay)

W)= o) =) o
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for some threshold w > 0. Thus the estimator @n is specified by J, n and w. Define also

m(v) = ;2% v(z). (11)

Theorem 9. Work under Assumptions 2 and 3 with n(dz) = dx. Specify Q,, with

[T

og |Ty|

7= Ylogy 1 and = e/ (log [T, I7/TT
for some ¢ > 0 and w > 0. For every w € [1,00], s € (2/7,0] andp > 1, for large enough n and c
and small enough w, the following estimate holds

~ 1/p (]og‘THDQ az(s,p,m)
(]E[”Qn - Q||1£p(932)]) S (W) ; (12)

_ . 2+1/p—1
with as(s,p,m) = m1n{2sj_2’ S/sil/_?;/ﬂ/fr

depends on s,p, 7, ||Q||ss __(p2), m(v) and that is continuous in its arguments.

}, provided m(v) > w > 0 and up to a constant that

This rate is moreover (nearly) optimal: define e = sm — (p — ). We have

180~ 012, o))" 2 ‘T“T?(T’Wl ) Te>o
inf sup (E Q,—9 Ly (D2) ) <log T, )az spm)

Bt < <0
9, 9 ‘Tn| Zf g2 U,

where the infimum is taken among all estimators of Q based on (Xy)uet, and the supremum is

taken among all Q such that ||Q[|z: _(p2) < C and m(v) > C' for some C,C" > 0.

Note that the calibration of the threshold w needed to define E)n requires an a priori bound on
m(v). The (log|T,|)? comes from the slow term in the deviations inequality of Theorem 5 (ii) and
from the wavelet thresholding procedure.

3.4 ESTIMATION OF THE DENSITY OF THE T-TRANSITION P

In this section we estimate (z,y, z) ~ P(z,y, 2) for (z,y,2) € D* and D is a compact interval in
8 C R. In a first step, we estimate the density

fﬂ’(xa Y, Z) = V(x)?(x, Y, Z)
of the distribution of (X, Xuo, Xu1) (when £(Xy) =v) by

Fulay.z) = 3 Pty 2),

(A[<T
with 1
f)\,n:{'T)\m(m Z wi(Xu7Xu07Xu1))a
[ Y=
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and T} ,(-) is the hard-threshold operator defined in Section 3.2. In the same way as in the previous
section, we can next estimate the density P of the T-transition by

B,y 2) = @2 (13)

max{v,(z),w}
for some threshold @ > 0. Thus the estimator i’n is specified by J, n and w.

Theorem 10. Work under Assumptions 2, 3 and 6. Specify §>n with

T,|
J=11 [T d n= log |T,|)?/| Ty,
§10g v and 1 = ey/(og [T, )7/IT.

for some ¢ >0 and w > 0. For every 7 € [1,00], s € (3/m,0] and p > 1, for large enough n and
c and small enough w, the following estimate holds

A ) (14)

with az(s,p,m) = min{%j_?’, 82/63/231”721/:}, provided m(v) > w > 0 and up to a constant that

depends on s,p, 7, ||P||z: _(ps) and m(v) and that is continuous in its arguments.

This rate is moreover (nearly) optimal: define e3 = 5t — 5%, We have

[P0 = P12, )] Y IT”|_|%(‘|SW)< ) v
inf sup (IE P,-P Lo (D) ) (1og T, )as SPT)
P P |Tn| Zf €3 s U,

where the infimum is taken among all estimators of P based on (X, )uer, and the supremum is
taken among all P such that | P|ps _(p3)y < C and m(v) > C" for some C,C" > 0.

4 APPLICATIONS

4.1 ESTIMATION OF THE SIZE-DEPENDENT SPLITTING RATE IN A GROWTH-
FRAGMENTATION MODEL

Recently, Doumic et al. [DHKR15] have studied the problem of estimating nonparametrically the
size-dependent splitting rate in growth-fragmentation models (see e.g. the textbook of Perthame
[Per07]). Stochastically, these are piecewise deterministic Marvov processes on trees that model
the evolution of a population of cells or bacteria: to each node (or cell) u € T, we associate as trait
X, € 8 C (0,00) the size at birth of the cell u. The evolution mechanism is described as follows:
each cell grows exponentially with a common rate 7 > 0. A cell of size z splits into two newborn
cells of size x/2 each (thus X, = X, here), with a size-dependent splitting rate B(z) for some
B :8 — [0,00). Two newborn cells start a new life independently of each other. If (, denotes the
lifetime of the cell u, we thus have

P(Cy € [t,t 4 dt)|¢u > t, Xy = x) = B(xexp(rt))dt (15)
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and
Xu = %Xu* exp(TCu*) (16)

so that (15) and (16) entirely determine the evolution of the population. We are interested in
estimating  ~» B(z) for x € D where D C 8§ is a given compact interval. The process (X, )uer is
a bifurcating Markov chain with state space 8 and T-transition any version of

Pp(z,dydz) =P(Xyo € dy, X1 € dz|X,- = z).

Moreover, using (15) and (16), (see for instance the derivation of Equation (11) in [DHKR15]), it
is not difficult to check that

Pp(z,dydz) = Qp(z, dy) ® 6,(dz)

where J,, denotes the Dirac mass at y and

B(2y) Y B(2s)
p exp ( - 7d3> 1iy>a/2)dy. (17)

z/2 TS

UB (x7 dy) =

If we assume moreover that x ~» B(x) is continuous, then we have Assumption 2 with Q = Qp
and n(dz) = dz.

Now, let 8 be a bounded and open interval in (0, 00) such that inf § = 0. Pick r € S and L >0
and introduce the function class

C(r,L) = {B L8 [o,oo),/sups B 4y = oo, / B 4y < L}.
0 X

x

sup 8 de _

The requirement [ oo is natural and leads to fs Qp(z,dy) =1 via (17). We comply

with Assumption 3 for Q = @ p as stated in the following

Lemma 11. Let r € 8 such that r > sup8/2 and 0 < L < 7log2. Then for every B € C(r, L), the
mean transition Qp admits a unique invariant probability measure vp absolutely continuous with
respect to the Lebesgue measure. Moreover there exist R > 0 and 0 < p < 1/2 such that

sup  |QBg(z) —vp(9)| < Rlgl p™, z €8, m=>0,
Bee(r,L)

for every g : 8§ — R.

Finally, we know by Proposition 2 in Doumic et al. [DHKRI15] — see in particular Equation

(24) — that
T vp(z/2)

7f;/2 vp(2)dz’

where vg denotes the unique invariant probability of the transition Q = @ . This yields a strategy

B(x) =

for estimating x ~» B(x) via an estimator of z ~» vg(z). For a given compact interval D C 8,

define 5 (2)2)
~ TX Un X
Bu(x) = — - ; (18)
2 (157 Luer, Hay2<x,<a)) V@
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where 7, is the wavelet thresholding estimator given in Section 3.2 specified by a maximal resolution
level J and a threshold 1 and @ > 0 (that can be chosen given r and L, reproducing Lemma 3
and Lemma 4 of [DHKR15]). As a consequence of Theorem 8 we obtain the following

Theorem 12. Specify En with

[T
J= %IOgQ og [T, and 7 = c\/log |T,|/|Ty|

for some ¢ > 0. For every B € C(r,L), for every 7 € (0,00], s € (1/m,0] and p > 1, for large
enough n and ¢ and small enough w, the following estimate holds

(IE[HEn _B”if’(D)Dl/p < (loijﬁn)al(s,p,ﬂ)7

provided that inf D < r/2, with ay(s,p, ) = min { Zfil , %}, up to a constant that depends

on §,p, T, HB”3$‘} (D), 7 and L and that is continuous in its arguments.

This rate is moreover (nearly) optimal: define e = st — &(p — m). We have

R p ‘Tn|—a1(s,p,ﬂ) if e1>0
inf sup (E[HBn - B||’£p(9)]) > <log T, )al(s,wr) :
1 = <0
B, B ‘Tn| Zf &1V,

where the infimum is taken among all estimators of B based on (X, )uer, and the supremum is
taken among all B € C(r, L) such that ||B||gs _(p) < C.

Two remarks are in order:

1) We improve on the results of Doumic et al. [DHKRI15] in two directions: we have smoothness-
adaptation (in the sense described in Remark 2) after Theorem 8 in Section 3 for several loss
functions over various Besov smoothness classes, while [DHKR15] constructs a non-adaptive esti-
mator for Holder smoothness in squared-error loss; moreover, we prove that the obtained rate is
(nearly) optimal in a minimax sense.

2) We unfortunately need to work under the quite stringent restriction that 8 is bounded in order
to obtain the uniform ergodicity Assumption 3, see Remark 3) after Theorem 5 in Section 2.

4.2 BIFURCATING AUTOREGRESSIVE PROCESS

Bifurcating autoregressive processes (BAR), first introduced by Cowan and Staudte [CS86], are
yet another stochastic model for understanding cell division. The trait X, may represent the
growth rate of a bacteria u € T in a population of Escherichia coli but other choices are obviously
possible. Contrary to the growth-fragmentation model of Section 4.1 the trait (X0, Xu1) of the
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two newborn cells differ and are linked through the autoregressive dynamics

Xuwo = fO(Xu) + JO(Xu)Eum
(19)
Xul = fl(Xu) + Ul(Xu)Eulv

initiated with Xy and where
fo, fi:R—=R and o0g,01 : R — (0,00)

are functions and (£,,,€4, JueT are i.i.d. noise variables with common density function G : R? —
[0, 00) that specify the model.

The process (X, )uer is a bifurcating Markov chain with state space 8§ = R and T-transition

Pl dydz) = G o0(x) " (y— fol@),o1(@) ™ (= = (@) ) dy . (20)

This model can be seen as an adaptation of nonlinear autoregressive model when the data have
a binary tree structure. The original BAR process in [CS86] is defined for linear link functions
fo and f; with fo = f1 Several extensions have been studied from a parametric point of view,
see e.g. Basawa and Huggins [BH99, BH00] and Basawa and Zhou [BZ04, BZ05]. More recently,
Delmas and Marsalle [DM10] extend the study to a Galton-Watson tree and introduce asymmetry,
de Saporta et al. [BASGP09, dASGPM11, dSGPM12] take into account missing data while Blandin
[Blal4], Bercu and Blandin [BB15], and de Saporta et al. [dSGPM14] study an extension with
random coefficients. Bitseki Penda and Djellout [BD14] prove deviations inequalities and moderate
deviations for estimators of parameters in linear BAR processes. From a nonparametric point of
view, we mention the applications of [BEG15] (Section 4) where deviations inequalities are derived
for the Nadaraya-Watson type estimators of fy and f; with constant and known functions oy and
o1). A detailed nonparametric study of these estimators is carried out in Chapter III.

We focus here on the nonparametric estimation of the characteristics of the tagged-branch chain
v and Q and on the T-transition P, based on the observation of (X, )yer, for some n > 1. Such
an approach can be helpful for the subsequent study of goodness-of-fit tests for instance, when one
needs to assess whether the data (X, )uer are generated by a model of the form (19) or not.

We set Go(z) = [q G(z,y)dy and G1(y) = [5 G(x,y)dz for the marginals of G, and define, for

any M > 0,

Assumption 13. For some £ >0 and g > 0, we have
max { sup | fo(z)|, sup |f1(x)\} <l< oo
and

min { inf oo (), inf o1 (z)} > o > 0.
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Moreover, Gy and Gy are bounded and there exist ;> 0 and M > (/o such that §((1+€)/a) >0
and 2(Mg — 0)6(M) > 1/2.

Using that Gy and G are bounded, and (20), we readily check that Assumption 6 is satisfied.
We also have Assumption 2 with n(dz) = dz and

Qz,y) = §(Goly — fol@)) + Gi(y — f1(a)) ),

Assumption 13 implies Assumption 3 as well, as follows from an straightfroward adaptation of
Lemma 25 in Chapter III. Denoting by v the invariant probability of Q we also have m(v) > 0
with m(v) defined by (11), for every D C [—pu, u], see the proof of Lemma 24 in Chapter III. As a
consequence, the results stated in Theorems 8, 9 and 10 of Section 3 carry over to the setting of
BAR processes satisfying Assumption 13. We thus readily obtain smoothness-adaptive estimators
estimators for v, Q and P in this context and these results are new.

4.3 NUMERICAL ILLUSTRATION

We focus on the growth-fragmentation model and reconstruct its size-dependent splitting rate. We
consider a perturbation of the baseline splitting rate B(z) = /(5—x) over the range = € § = (0,5)
of the form

B(x) = B(z) +¢T (2 (x - §)

with (¢, j) = (3,1) or (¢,j) = (9,4), and where T'(x) = (1 + z)1{_1<z<0} + (1 — T)1jo<o<1} is a
tent shaped function. Thus the trial splitting rate with parameter (c,j) = (9,4) is more localized
around 7/2 and higher than the one associated with parameter (¢, j) = (3,1). One can easily check
that both B and B belong to the class C(r, L) for an appropriate choice of (r, L). For a given B,
we simulate M = 100 Monte Carlo trees up to the generation n = 15. To do so, we draw the size
at birth of the initial cell Xy uniformly in the interval [1.25,2.25], we fix the growth rate 7 = 2 and
given a size at birth X,, = x, we pick X, according to the density y ~ Qp(x,y) defined by (17)
using a rejection sampling algorithm (with proposition density y ~ Q5(x,%)) and set X1 = Xyo.
Figure 7 illustrates quantitatively how fast the decorrelation on the tree occurs.

1F T T T T

0.8-

0.6

0.4

Sample Autocorrelation

0.2-

-0.25 i i it i i i i i i )

Lag

Figure 7: Sample autocorrelation of ordered (Xyuo,u € Gn_1) for n = 15. Note: due to the binary
tree structure the lags are {4,6,6,...}. As expected, we observe a fast decorrelation.
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Computational aspects of statistical estimation using wavelets can be found in Hardle et al.,
Chapter 12 of [HKPT98]. We implement the estimator En defined by (18) using the Matlab wavelet
toolbox. We take a wavelet filter corresponding to compactly supported Daubechies wavelets of or-
der 8. As specified in Theorem 12, the maximal resolution level .J is chosen as 1 log,(|T,,|/log |T,|)
and we threshold the coefficients Uy ,, which are too small by hard thresholding. We choose the
threshold proportional to y/log|Ty,|/|T,| (and we calibrate the constant to 10 or 15 for respectively
the two trial splitting rates, mainly by visual inspection). We evaluate En on a regular grid of
D = [1.5,4.8] with mesh Az = (|T,|)~/2. For each sample we compute the empirical error

B - B
o= 1B Bllas iy
1Bl az
where || - ||az denotes the discrete L?-norm over the numerical sampling and sum up the results

through the mean-empirical error & = M ! Zf\il e;, together with the empirical standard devia-
tion (M~2YM (e; — )2)"/*.

Table 4 displays the numerical results we obtained, also giving the compression rate (columns
%) defined as the number of wavelet coefficients put to zero divided by the total number of co-
efficients. We choose a oracle-like error as benchmark: the oracle-like estimator is computed by
picking the best resolution level J* with no coefficient thresholded. We also display the results
when constructing En with G,, (instead of T,,), in which case an analog of Theorem 12 holds. For
the large spike, the thresholding estimator behaves quite well compared to the oracle-like for a
large spike and achieves the same performance for a high spike.

Oracle-like Threshold est. Oracle-like Threshold est.
= J* F % 1 * F %
(sd.) (sd.) (sd.) (sd.)
Large T, 0.0677 5 0.1020 96.6 0.0324 6 0.0502 97.1
spike (0.0159) (0.0196) (0.0055) (0.0055)
G, 0.0933 5 0.1454 97.9 0.0453 6 0.0728 96.7
(0.0202) (0.0267) (0.0081) (0.0097)
High T, 0.1343 7 0.1281 97.4 0.0586 8 0.0596 97.7
spike (0.0180) (0.0163) (0.0059) (0.0060)
G, 0.1556 7 0.1676 97.7 0.0787 8 0.0847 97.9
(0.0222) (0.0228) (0.0079) (0.0087)

Table 4: Mean empirical relative error & and its standard deviation (over M = 100 Monte-Carlo
trees), with respect to m, for the trial splitting rate B specified by (c,j) = (3,1) (large spike) or
(¢,§) = (4,9) (high spike) reconstructed over the interval D = [1.5,4.8] by the estimator B,,. Note:
forn =15, 3|T,| = 32 767 and |G, | = 16 384; for n =12, 1|T,,| = 4 095 and £|G,| = 2 048.

Figure 8 and Figure 9 show the reconstruction of the size-dependent splitting rate B and
the invariant measure vg in the two cases (large or high spike) for one typical sample of size
1T, | = 32 767.
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Figure 8: Large spike: reconstruction of the trial splitting rate B specified by (¢,7) = (3,1) over
D = [1.5,4.8] and reconstruction of vp over D/2 based on one sample (X,,u € Ty,) for n =15
(i.e. 3|T,| =32 767).

In both cases, the spike is well reconstructed and so are the discontinuities in the derivative of
B. As expected, the spike being localized around % for B, we detect it around % for the invariant
measure of the sizes at birth vg. The large spike concentrates approximately 50% of the mass of
vp whereas the large only concentrates 20% of the mass of vp. (Note that the reconstruction of
B on D requires the reconstruction of the invariant measure vg on D/2 only, recall (18).)
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Figure 9: High spike: reconstruction of the trial splitting rate B specified by (c,j) = (9,4) over
D = [1.5,4.8] and reconstruction of vg over D/2 based on one sample (X,,u € T,) for n = 15
(i.e. 3|T,| =32 767).

- 104 -



Chapitre II. Chaine de Markov bifurquante : estimation adaptative des transitions et mesure invariante

5 PROOFS

5.1 PROOF OF THEOREM 4 (1)

Let g : 8 — R such that |g|; < oo. Set v(g) = [5 g(z)v(dx) and g = g — v(g). Let n > 2. By the
usual Chernoff bound argument, for every )\ > 0, we have

1 ~

P(|G | Z 9(Xy) > 6) <exp (— A|Gy,|6)E [eXp (A Z } (21)

" ueG, u€G,,

Step 1. We have
Elexp(A Y 3(X)|Faa| =E[ T exp (M3(Xu0) +3(Xu)) ) |01
ueG, u€EGy, 1
u€EGy, 1

thanks to the conditional independence of the (X0, Xu1)ues,_, given F,_1, as follows from Defi-
nition 1. We rewrite this last term as

[T E[exp (A(@(Xu0) +3(Xur) = 205(X.)) ) |1 | exp (A205(X.0),

u€Gy_1

inserting the F,,_1-measurable random variable 2Qg(X,,) for u € G, ;. Moreover, the bifurcating
structure of (X, )yer implies

E[9(Xuwo) + 9(Xu1) — 299(Xu)|Fn-1] =0, uwe€ Gy, (22)

since Q = %(To + P1). We will also need the following bound, proof of which is delayed until
Appendix

Lemma 14. Work under Assumptions 2 and 3. For allr =0,...,n—1 and u € G,_,_1, we have
12"(Q"9(Xuo) +Q7g(Xur) — 22" 9(X0)) | < eilgloo

and

E[(27(Q"5(Xu0) + 95(Xun) - 2Q”1§(Xu)))2

with ¢; = 4max {1+ Rp, R(1+ p)}, c; = 4max{|Q|p,4]|9|3,,4R*(1 + p)?} and

CTnfrfl] S CQUE(Q),

2 |g|2 7':0,
oty . § 23
(9) = { min {[g[32%",g/%(2p)*"} r=1,...,n—1. (23)

(Recall that |Q|p = sup,es yen Az,y) and R, p are defined via Assumption 3.)

In view of (22) and Lemma 14 for r = 0, we plan to use the bound

E[exp(AZ)] < exp (2(1:\;\4/3)) (24)
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valid for any A € (0,3/M), any random variable Z such that |Z| < M, E[Z] = 0 and E[Z?] < ¢
Thus, for any A € (0,3/c1]go) and any u € G,—1, with Z = §(Xuo) + §(Xu1) — 299(Xu), we
obtain

E | exp (A(3(Xu0) + 3(Xa1) — 295(X.)) )

Tt < e (5 : iiog(il/m )

It follows that

E[exp ()\ Z g(X

ueGy,

A2¢002(9)|Gp—1| ~
,1} < exp (2(1 i &cl|g|oo/:1>))> “eg_l exp (A?Qg(Xu)). (25)

Step 2. We iterate the procedure in Step 1. Conditioning with respect to F,,_2, we need to control

B[ T exp(A295(x.))

u€EG,_1

Foal,

and more generally, for 1 <r <n —1:

IE[ H exp ()\ZTQrﬁ(Xu)) :;”_T_l}

u€EGH
= [T E[ex» (327(99(Xu0) + 9G(Xur) = 20715(X,) )[Far1 | exp (27107 15(X,),
UEG, _r_1

the last equality being obtained thanks to the conditional independence of the (X0, Xu1)uec

n—r—1

given F,_,_1. We plan to use (24) again: for u € G,,_,_1, we have
E[Qr(Qrg(XuO) + Q7§(Xu1) - QQ7+1§(XU)> |3'n7r71] =0

and the conditional variance given ¥, _,_; can be controlled using Lemma 14. Using recursively
(24), forr=1,...,n —1,

E[ueg_l exp (A2Qg(X ‘ffo} H ex ()\ 0120_ )\C)ll((jroo;3)1|> exp (A2"Q"g(Xyp))

for X € (0,3/c1]glo). By Assumption 3,
exp (A2"Q"G(Xp)) < exp(A2"R(2|g|oc)p") < exp(A2R]go)
since p < 1/2. In conclusion

2Zr 10 (DG
(1_)\Cl|g‘oo/3)

E[ H exp (AQQ@(XU))] < exp(

u€EG, 1

) exp(A2Rlg]).

Step 3. Let 1 < ¢ < n— 1. By definition of 02(g) — recall (23) — and using the fact that (2p)*" <1,
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since moreover |G,,_,_1| = 2"""~!, we successively obtain

1

of(g)2" Tt <2 (gl Z?W\glz Z 2"

1 r=¢+1
<2"(|glf2" + |9|g<>27 )

3
|

T

for an appropriate choice of £, with ¢,,(g) = mini<s<n—1 (|g[32° + [g/%27*). It follows that

( >‘202|Gn|¢n(9)

E[ H exp ()\QQE(XU))} < exp 2(1 - )\Cl|g‘<>0/3)

u€EG, 1

+ )\2R|g|oo). (26)

Step 4. Putting together the estimates (25) and (26) and coming back to (21), we obtain

P( . Z g(Xu)Z(S) Sexp( AG,l0 + CQ‘G 21.n(9)

4 A2R|gle
Gl 2 0 derll3) T 20)

with £1,,(9) = [g]3 + ¢n(g) for n > 2 and $11(g) = 02(g) = |g|3. Since § is such that 2R|g|e <
|G, |6/2, we obtain

P

1 - o )\202|Gn|21,n(g>
(5 %};ﬂg(){u) >6) < exp (= AGal§ + S Acﬂg'm/?))).

The admissible choice A = §/(28¢1]gloo + 2231, (g)) yields the result.

5.2 PROOF OF THEOREM 4 (1I)
Step 1. Similarly to (21), we plan to use
1 ~
}P’(m 3 (X 25) < exp (= A|T,|0)E [exp (Y } (27)
" oueT, u€T,,

for a specific choice of A > 0. We first need to control

E[exp (A 3 (X)) |Far] = ] exp (A(X)E[exp (A 3 5(X0)

ueT, u€T, 1 u€G,

Using (25) to control E[exp (A, cq. 9(Xu)) |Fn—1], we obtain
E{exp (A Z (X, _1}

A2¢002(9)|Gr—1|
< ex ex )\2Q €x >‘
=P (2(1 — /\Cl|g|oo/3)) ueg, p(A2X uel'l;n[ : PO
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Step 2. We iterate the procedure. At the second step, conditioning with respect to F,,_o, we need
to control

E[ TI e (X)) I exp (A5(X0) +2205(X.)

u€T, 2 UEG, 1

&"H}

and more generally, at the (r + 1)-th step (for 1 <r < n — 1), we need to control

IE[ H exp ()@(Xu)) H exp (AZQQOﬁ(Xu)) an_T_l}
u€Ty _r_1 wu€eG, _, m=0
r+1
= I ep(axw) [ ew()270"i(X.)
UET, — 2 UEG, —r—1 m=0

X E[exp ()\ Tr(Xuy Xu07 Xul)) ‘3:7177‘71] )

where we set

T (Xus Xuo, Xur) = Y 27(Q"G(Xuo) + Q"G(Xu1) — 20" H1G(X0)).

m=0

This representation successively follows from the F,_,_i-measurability of the random variable
[Tuer, ., exp (Ag(X.)), the identity

H exp (F(Xu)) = H exp (F<Xu0) + F<Xu1))a

UEG, uEGn_r_1

the independence of (X0, Xu1)ues
term 2>, 2mQMTg(X,).
We have, for u € G,,_,_1

..., conditional on ¥F,,_,_1 and finally the introduction of the
E[TT(XU7 Xu07 Xul) ’f}infrfl] = 07

and we prove in Appendix the following bound

Lemma 15. Foranyr=1,....,n—1, u € G,,_,_1, we have
|Tr(Xu7XanXu1)‘ < C3|g|oo

and
E[Tr(XuaXanXul)Q‘gn—r—ljl < 6403(9) <

where c; = 4R(1 + p)(1 — 2p) ™, ¢4 = 12max {|Q|p, 16|Q[3,,4R*(1 + p)?(1 — 2p) "2} and
o7 (g) = lgl3 + min (|g[f2°“"" + |92 (20)" 1 r50). (28)

(Recall that |Q|p = sup,es yen Az, y) and R, p are defined via Assumption 3.)

In the same way as for Step 2 in the proof of Theorem 4 (i), we apply recursively (24) for
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r=1,...,n— 1 to obtain

~ e C4A20—2 Gn r—1 m m~
E[exp (A Z 9(Xu))|Fo] < H exp( 2 _ig))\'|g|oo/3 ‘) exp ( Z 2mQ™G(Xy))

u€T, =0

if X € (0,3/c4]g|oc) with ¢4 = max{e, s} = 4max{1 + Rp, R(1 + p)(1 — 2p)~'} and o3(g) = |g/3
in order to include Step 1 (we use ¢4 > co as well). Now, by Assumption 3, this last term can be
bounded by

exp (/\ Z 2m(R|§|oopm)) < exp (/\2R(1 _ 2p)_1|g|oo)

m=0

since p < 1/2. Since |G,,_,_1| = 2" "1, by definition of 62(g) — recall (28) — for any 1 < ¢ <n—1
and using moreover that (2p)* < 1, we obtain

n—1 n—1
> 029Gy 27 1(g|222 "+ lgl? (22”2 S e ") Hlol > 2T>
r=0

r=~+1 r=0+1
< |TulE1n(9),

where 3 ,,(g) is defined in (3). Thus

ex ~ ex C4A2‘Tn|21,n(g) _ -1
E[ p(Au%r:"g(Xu))]< p(z(l_cé)\m‘w/g)#—)\?R(l 20) " lgloc)-

Step 3. Coming back to (27), for § > 0 such that 2R(1 — 2p)"!|g|eo < |Tn|d/2, we obtain

1 ~ B § | eaN|TulE10(9)
IEI)(|11“n| D 9(Xu) 2 5) < exp ( AlTalg + 2(1 - c’A|g|oc/3))'
u€T,, 3

We conclude in the same way as in Step 4 of the proof of Theorem 4 (i).

5.3 PROOF OF THEOREM 5 (1)

The strategy of proof is similar as for Theorem 4. Let g : 8 — R such that |g|; < oo and
set g = g—v(Pg). Let n > 2 (if n = 1, set £31(9) = |9(Pg)|eo). Introduce the notation
A, = (Xu, Xyo, Xu1) for simplicity. For every A > 0, the usual Chernoff bound reads

P(@'u%amu) > 5) < exp(-AGOE[exp (A 3 F(A)]. (29)

u€Gy,

Step 1. We first need to control

Elexp(A 3 §(A0)|Fai] :E[ I1 e (A(g(Aung(Aul))) 3’n,1]
u€eG,, w€Gy_1
=TT E[exo (AN@Duw0) +5(80) ) [T
u€EG, 1
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using the independence of (A0, Ay1)ues,_, conditional on F,_;. Inserting the term 29(Pg)(X,,),
this last quantity ia also equal to

T E[exw (A@Auw0) +5(20) — 29P5)(X.)))

ueGH_1

s"n,l} exp (\2Q(PF)(X.,)).

For u € G,,_1 we successively have
E[g(AuO) + E(Aul) - 29(?§)(Xu)|?n—l] =0,

19(Au0) + 9(Au1) = 29(Pg)(Xu)| < 4(1 + Rp)lgle

and
E[(§(Au0) + §(Au1) — 22(PG) (X)) |Faci] < 41Qlp|Pg?1,

with [Qp = sup,es yep 27, y) and R, p defined via Assumption 3. The first equality is obtained by
conditioning first on &F,, then on F,,_;. The last two estimates are obtained in the same line as the
proof of Lemma 14 for r = 0, using in particular Q(Pg?)(z) = [s Pg?(y)Q(z, y)n(dy) < |Q|p|Pg?|1
since Pg? vanishes outside D.

Finally, thanks to (24) with Z = g(Auo) + (Au1) — 29(Pg)(X,), we infer

A?4]Q|p|Pg?[y
2(1 = M(1 + Rp)|glo/3)

eXp )\ Z ’ffn 1 <eXp(

ueG,

) II e (r22@9)(X.) (30)

uEG, -1
for A € (0,3/(4(1 + Rp)|gls0)).

Step 2. We wish to control E[],cq _, exp (A2Q(Pg)(X.))]. We are back to Step 2 and Step 3 of
the proof of Theorem 4 (i), replacing g by Pg, which satisfies v(Pg) = 0. Equation (26) entails

( A2e2| G |6 (Pg)

E[ IT exp (/\29(9’?17()(“))] = PG herPglo/3)

UEG, 1

1 )\2R|ﬂ’g\oo) (31)

with ¢, (Pg) = mini<i<,—1 (|Pg|32° + |Pgli27") and ¢; = 4max {1 + Rp,R(1 + p)}, ¢z =
4max{|Q|p,4]|Q[3,4R*(1 + p)?}.

Step 3. Putting together (30) and (31), we obtain

Bfep (0 Y 5(a0)] <exp (2200 yopp)) (32)

P 21~ Acrlgloo/3)

with ¥2,(9) = |Pg?|1 + ¢n(Pg) and using moreover |g|o > |Pgloo and ¢1 > 4(1 + Rp). Back to
(29), since 2R|Pg| < |G, |d/2 we finally infer

Aey 1Gn|X2.n(9) )

p( Ly 9(Ay) ~ 1(Pg) = 6) sexp(len§+2<1—Aclg|oo/3) '

|Gn| ueG,
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We conclude in the same way as in Step 4 of the proof of Theorem 4 (i).

5.4 PROOF OF THEOREM 5 (1I)

In the same way as before, for every A > 0,

P 3 (80 20) <ep(- AT E[en (v Y ga0)].  (63)

|Tﬂ—1‘ w€eT,_1 u€T,—1
Introduce ¥4 (g) = [Pg?|1 and

S50 (9) = [Pg?1 + },Efl (IPg[322 =Y +|Pg[2 2 1pcpp1y), for n> 1.

It is not difficult to check that (32) is still valid when replacing o ,, by E’Q’n. We plan to successively
expand the sum over the whole tree T, _; into sums over each generation G,, for m =0,...,n—1,
apply Hoélder inequality, apply inequality (32) repeatedly (with X5 ) together with the bound

Z G |55 1 (9) < [Tr-1%2,n-1(9)-

We thus obtain

E[exp (A Z H exp ( Z g(Ay))]

u€T, 1 u€G,,

( exp (nAg(Ay)) H E[exp (nA Z (Au))])l/n
<(

m=1 u€G,
n—1
)\2 o0 7
exp (nA2]g] 77l;[le){p(2(1—(71/\)C1|g|oo/3)

()\202n|Tn 1122,n-1(9)
2(1 = c1(nA)|gles/3)

Coming back to (33) and using 2(nR|Pg|w + |g|s) < [Tn-1|0/2, we obtain

1/n

+ (nA)2R[Pgl) )

< exp

+20(nR|Pgl + |glc))-

A202n|'ﬂ‘n_1|22,n—1(9))

1 _ 1)
}p( Z g(Ay) > 5) < exp ( - )‘|T"—1|§ 2(1 = (nA)cilgloo/3)

|Tn71| u€eT

n—1

We conclude in the same way as in Step 4 of the proof of Theorem 4 (i).

5.5 PROOF OF THEOREM &

Put ¢(n) = (log|T,|/|T,|)*/? and note that the maximal resolution J = .J, is such that 27» ~
c(n)~2. Theorem 8 is a consequence of the general theory of wavelet threshold estimators, see
Kerkyacharian and Picard [KP00]. We first claim that the following moment bounds and moderate
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deviation inequalities hold: for every p > 1,
E[|[Dan — val?] S e(n)? for every |A < J, (34)

and
P(|Dxn — va| > psee(n)) < e(n)? for every [A < J, (35)

provided s > 0 is large enough, see Condition (37) below. In turn, we have Conditions (5.1) and
(5.2) of Theorem 5.1 of [KP00] with A,, = J,, (with the notation of [KP00]). By Corollary 5.1 and
Theorem 6.1 of [KP00] we obtain Theorem 8.

It remains to prove (34) and (35). We plan to apply Theorem 4 (ii) with g = ¢) and § = 0,, =
psec(n). First, we have |41 |, < C,2N(1/2=1/P) for p = 1,2, 00 by (6), so one readily checks that for

%> JR(1—2p) 'O (log | T) Y,

the condition &, > 4R(1 — 2p) !4} | |T,| ! is satisfied, and this is always true for large enough
n. Furthermore, since 2* < 27» < ¢(n)~2 it is not difficult to check that

S1a(y) = a3+ min (jYilf2f + w227 < C (36)

1<6<n—1

for some C' > 0 and thus k3%, () < k3C = C’ say. Also ks|th}|ecbn < kaCoo2M/2¢(n)pse <
C"pse, where C” > 0 does not depend on n since 21*/2 < ¢(n)~!. Theorem 4 (ii) yields

[ Talp?se(n)®

[ — > <
P(|Da,n — val = paec(n)) < 2exp ( O+ Cpae

) < clm

for ¢ such that
> %C// + (C//)Z + %Cl (37)
and large enough n. Thus (35) is proved. Straightforward computations show that (34) follows

using E[|Dxn — valP] = [57 puP " P(|Pan — va| > u)du and (35) again. The proof of Theorem 8 is
complete.

5.6 PREPARATION FOR THE PROOF OF THEOREM 9
For h: 8% — R, define |h|oo1 = sup,es [5 |h(2,y)|dy. For n > 2, set also

. 14 —4
Sgn(h) = b3+ min | (JR1F2° + [ ,27°). (38)

Recall that under Assumption 3 with n(dx) = dx, we set fo(z,y) = v(x)Q(x,y). Before proving
Theorem 9, we first need the following preliminary estimate

Lemma 16. Work under Assumption 2 with w(dz) = dx and Assumption 3. Let h: D?> C 82 - R
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be such that |hfaly < oo. For every n > 1 and for any 6 > 4|h|o(Rn + 1)|T% |71, we have

_n—1|T* |52
hX h, >0) < n
(|1m u%; ~ (hfo) 2 3) < exp (n5237n(h)+/<;2|h|006)
where T}, =T, \ {0} and k5 = max{|Q|p, |Q|% }x1(Q, D).
Proof. We plan to apply Theorem 5 (ii) to g(z, 20, 21) = 1 (h(2,30) + h(x,21)). Since Q = 1(Py+
P1) we readily have Pg(x fs Q(z,y)dy. Moreover, in that case,

1
— Xu, Xuo, X h(X
|Tn71| Z ( wy “Xuls ul |T*| Z

u€T, -1 u€T?

and [q Pg(x)v(z)de = [q, ¢ h(z,y)Qx,y)v(z)dedy = (h, fo). We then simply need to estimate
Y9.n(g) defined by (4). It is not difficult to check that the following estimates hold

[Pglt < 1951, |Pgl3 < 1Q5[AI%,1 and [Pyl < |Q|p|hl3
since (Pg?)(x) < fs Q(z,y)dy and h vanishes outside D2. This entails

Sa,n(g) < max{|Q|p, [Qf}} 55, (h)

and the result follows. O

5.7 PROOF OF THEOREM 9, UPPER BOUND

Step 1. We proceed as for Theorem 8. Putting c(n) = (nlog|T|/|T%|)*/? and noting that the
maximal resolution J = J,, is such that 2%/» ~ ¢(n)~2 with d = 2, we only have to prove that for
every p > 1,

E[|fan — [1P] S e(n)? for every | < J,, (39)

and
]P’(|]?>\n — fal = pre(n)) < c(n)? for every |A| < J,. (40)

We plan to apply Lemma 16 with h(z,y) = ¢¥¢(z,y) = ¥2(z,y) and § = §,, = psec(n). With
the notation used in the proof of Theorem 8 one readily checks that for

> %(1 —2p) tCo (Rn + 1) (log |T% )~

the condition d,, > 4]1)% | (Rn + 1)|T5| ! is satisfied, and this is always true for large enough n

and
4 -1
n > 5(1 —2p)7 Cx(2R+1). (41)

Furthermore, since [1¢|, < Cp2d‘)‘|(1/2_1/p) for p = 1,2,00 and 2?1 < 24/» < ¢(n)~2 we can
easily check

S50 (W8) = [513 + 1<m<1n (WJ 12f + |¢§|oo,12_l) <C
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for some C' > 0, and thus k5X3,(g9) < ksC = C’ say. Also, f<;2|1/1§|oo§n < kpCo 2N 2¢(n)pse <
C"ps, where C” does not depend on n. Applying Lemma 16, we derive

2 nHTo-1|p®s*c(n)” 2
IP’(\fAm — il > p%c(n)) < 2exp ( - O e ) < c¢(n)??
as soon as ¢ satisfies (41) and (37) (with appropriate changes for C' and C"). Thus (40) is proved
and (39) follows likewise. By [KP00] (Corollary 5.1 and Theorem 6.1), we obtain

~ 1/p nlog |'[Fn| az(s,p,m)
B~ follfoen]) S (5 ™) (42)

assoon as || fol|ps _(n2) is finite, as follows from fo(z,y) = Q(z, y)v(z) and the fact that ||u||Bg (D)
is finite too. The last statement can be readily seen from the representation v(z) = [, v sV x)dy
and the definition of Besov spaces in terms of moduli of continuity, see e.g. Meyer [Mey90] or Hardle
et al. [HKPT98], using moreover that = > 1.

Step 2. Since Q(z,y) = fao(x,y)/v(z) and @n(az,y) = ﬁ(w,y)/max{ﬁn(a:),w}, we readily have

190 (2,y) = 2z )" S Z5 (1 fu(@,) = fol@,y)P + Lo | max (D, (@), @} — v(@)P),

where the supremum for fo can be restricted over D2. Since m(v) > @, we have | max{7,(x), @} —
v(z)| < |Un(x) — v(x)| for € D, therefore

. P
190 = QI 2y S 25 (1Fn = fallh ey + L2l = w2, )

holds as well. We conclude by applying successively the estimate (42) and Theorem 8.

5.8 PROOF OF THEOREM 9, LOWER BOUND

We only give a brief sketch: the proof follows classical lower bounds techniques, bounding ap-
propriate statistical distances along hypercubes, see [DJKP96, HKPT98] and more specifically
[C1é00, Hof99, Lac08] for specific techniques involving Markov chains. We separate the so-called
dense and sparse case.

The dense case 5 > 0. Let ¢y : D* — R a family of (compactly supported) wavelets adapted
to the domain D and satisfying Assumption 7. For j such that |Tn|_1/ 2 < 2796+ consider the
family

Q. j(m,y) = [D*| Lpa(x,y) +7ITal 2 D exv)i(z,9)
)\GA]‘

where € € {—1,1}% and v > 0 is a tuning parameter (independent of n). Since [1)3 | < Coo2!? =
Cs2’ and since the number of overlapping terms in the sum is bounded (by some fixed integer
N), we have
ATl 72 Y xR (@, y)| <AITal /P NC27 S 7.
AEA;

This term can be made smaller than |D?|~! by picking + sufficiently small. Hence Qe i(z,y) >0
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and since [ = 0, the family Q. ;(x,y) are all admissible mean transitions with common invariant
measure v(dz) = 1p(x)dr and belong to a common ball in B _ (D?). For A € A;, define T} :
{—1,1}% — {=1,1}%0 by T (ex) = —ex and Ty(e,) = €, if u # X. The lower bound in the dense
case is then a consequence of the following inequality
lim su max P —Ph o <1, 43
s max L - Pl (43
where P ; is the law of (X, )uer, specified by the T-transition P ; = Q¢ ; ® Q¢ ; and the initial
condition £(Xjp) = v.

We briefly show how to obtain (43). By Pinsker’s inequality, it is sufficient to prove that
E?; [1 og dPnPE d ] can be made arbitrarily small uniformly in n (but fixed). We have

Ty (€),j
i Pry (0 (X Xuo. Xin)
En 1 |: —lo I(€). = E [ Tx(€),j wy Aulsy Au :|
ST, d]P)n u%ﬂ‘:n fj(Xu?X’lLOaXul)
LS e it X
u€eT* 41 ! Q&j(Xu*,Xu)
72(0), (%, Y)
= ‘Tn+1|/ log W)Qe,j(:ﬂ,y)l’(dm)dy

IN

Q A(0), xy) 2
Tial [ (FR9EEE 1) 0, ppwtds)dy
Qe (

using — log(1 + 2) < 2% — z valid for z > —1/2 and the fact that v(dz) is an invariant measure for
both Qp, (¢),; and Q¢ ;. Noting that

QTA(G),]’(IJJ) = Qe,j(xay) - 2’Y|Tn|71/26>\1/}§(zvy)7

we derive

‘QTA(E)J(CU’?A _ 1‘ < 29| Ty | /2 Co0??
Qe,j(mvy) 1= 7|Tn|_1/2NCoo2j

hence the squared term within the integral is of order v2|T,|~! so that, by picking v sufficiently

S AT, |22

small, our claim about E? [log dPnPE(J) -] is proved and (43) follows.

The sparse case €2 < 0. We now consider the family
QO j(2,y) = D2 L (2, ) + 7 (B T) ey d (2, )

with €x € {_1,+1} and \ € A]7 with ] such that (%)1/2 g 2_j(8+1—2/77). The lower bound

then follows from the representation

n

dIED = UL — w) log 2!

log

where P} . and P} denote the law of (Xu)uer,, specified by the T-transitions Q) ; ® Q5 ; and v Qv
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respectively (and the initial condition £(Xy) = v); the w’s are such that sup, maxyea; wx < 1,
and U} are random variables such that IP’;LJ- (UK > —C’l) > (C5 > 0 for some Cy,C5 > 0. We omit
the details, see e.g. [C1600, Hof99, Lac08].

5.9 PRroor OF THEOREM 10

Proof of Theorem 10, upper bound. We closely follow the proof of Theorem 9, choosing c(n) =
(nlog|T,_1|/|Tn_1|)*/? and J = J, such that 2%/ ~ ¢(n)~2 with d = 3 now. With § = §, =
prec(n), for 3 > £(1—2p) " Coo (2R + 1), we have 6, > 4[t) |oo (Rn + 1)[ T |~

Furthermore, since [¢§|, < C,24N1/2=1/P) for p = 1,2, 00 and 24 < 247» < ¢(n)~2 it is not
difficult to check that

San(2) < max{[Plo, [P} (1053 + min (9432 + [9fl<a27)) < ©

1<i<n—1

thanks to Assumption 6, where [¢¢|o1 = Supyep [p2 V5 (2, y,2)|dydz, and thus k132,(g) <

k1C = C'. We also have ra|thf|ocd, < K2Co0o2M4/2¢(n)pse < C"pse, where C" does not depend
on n. Noting that f\ = (fp,¢{) = [ Pyidr, we apply Theorem 5 (ii) to g = 95 and derive

n=YT,—1|p?s%c(n)?

C'+ C"ps

POﬁm_fﬂZp%dM)Spr(_

) < ¢(n)?

for every || < J,, as soon as k is large enough and the estimate

]E([”J?n — f?”ZL;p(Dg)])l/p < (nl(|)’§7|l’]rn|)a3(s,p,ﬂ)

follows thanks to the theory of [KP00]. The end of the proof follows Step 2 of the proof of Theorem 9
line by line, substituting fo by fo. O

Proof of Theorem 10, lower bound. This is a slight modification of the proof of Theorem 9, lower
bound. For the dense case e3 > 0, we consider an hypercube of the form

Pej(@,y,2) = |D*| " Ls(z,y,2) +9|Tul 72 Y exv}(z,y,2)
AEA;

where € € {—1,1}" with j such that |T,|~*/2 < 2776+3/2) and v > 0 a tuning parameter, while
for the sparse case €3 < 0, we consider the family

— log |T,, 1/2
?)\7]‘(1‘,:[/,2’) = |Dg| 11@3(1’,:%2) +7(%) / GAZﬂ?\(l',y,Z)

with ey € {—1,+1}, A € A;, and j such that (%)1/2 < 279(s+3(1/2=1/m) " The proof then goes

along a classical line. O
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5.10 PROOF OF THEOREM 12

Proof of Theorem 12, upper bound. Set v, (x) = ﬁ > uer, Ya/2<x, <2y and v, (7) = f;/z vi(y)dy.
Mimicking Lemma 3 and 4 in Doumic et al. [DHKRI15], one can check that sup . vp(z) < 00
and infyep v, () > 0 uniformly in B € C(r, L) provided that inf D < r/2. For z € D, we have

sup,cp va(z)P N
Tl (| @), =) - n @

Up(z) — I/B(x)|p + |ﬁn(z) — vy(:c)|p.

‘Bn(x) - B(x)}p N L‘i/\n(x) - VB(x)’p +

LAY

By Theorem 4 (ii) with g = 1¢,/2<.<4}, one readily checks

Eﬂﬁn(x) - v,,(a:)|p] = /000 pup_lP(ﬁn(x) — v, (x)] > u)du < |']I‘n|_p/2

and this term is negligible. Finally, it suffices to note that ||vp|/ss _(p) is finite as soon as
1Bl

ps _(p) is finite. This follows from

(@) = [va@satn =220 [T oo (- [ 22

T /2 TZ
We conclude by applying Theorem 8. O

Proof of Theorem 12, lower bound. This is again a slight modification of the proof of Theorem 9,
lower bound. For the dense case €; > 0, we consider an hypercube of the form

B j(z) = Bo(z) +7|Tn| /> exth(2)
Aj

where ¢ € {—1,1}% with j such that |T,|~'/2 < 277(+1/2) and v > 0 a tuning parameter. By
picking By and v in an appropriate way, we have that By and B, ; belong to a common ball in
B3 (D) and also belong to €(r, L). The associated T-transition Pp, ; defined in (17) admits as
mean transition

B i(2y Y B..(2z
QBE,J‘ (x,dy) = 77{;-/) exp ( - //2 %dz>1{y2x/2}dy

which has a unique invariant measure vp, ;. Establishing (43) is similar to the proof of Theorem 9,

lower bound, using the explicit representation for Qp, . with a slight modification due to the fact

that the invariant measures VB, ; and VBr, ()5 do not necessarily coincide. We omit the details.
For the sparse case ¢; < 0, we consider the family

By () = Bo(z) + v(“&5) P exyk (@)

with ex € {—1,4+1}, A € A;, with j such that (%)1/2 < 279(s+1/2=1/7) * The proof is then

similar. ]
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6 APPENDIX

6.1 Proor or LEMMA 11

Pick B : 8§ — [0,00) in the class C(r, L) for well-chosen r and L, as specified in Lemma 11. Recall
that 8 is a bounded open interval such that inf 8§ = 0, and set 8§ = (0, ) for a positive xp;. We
shall use Theorem 1.3 in Hairer and Mattingly [HM11].

We first check Assumptions 1 and 2 of [HM11]. Let us define V(z) = P for z € § and p > 1.
For any x € 8, we have QpV (x) < V(xpr/2) since the size at birth of cell u is at most x;/2, the
size at division of its parents u~ being at most x; for our choice of B. Thus Assumption 1 of
[HM11] is satisfied with v = 0 and K = (xps/2)P (with the notation of [HM11], noting that picking
~v = 0 is actually possible). Let us denote

vB(Y) = Bgy) exp (— /Oy @@)» y € 8.

For any A € & and z € (0,7],

B(2y) Y B(2s)
Qp(z, A >/ exp —/ ds)liy>g/dy
B( ) n(z,Eay TY ( w2 TS ) {y=z/2}

> / o5 (y)dy,
AN(E, =M

since the indicator is equal to one for y > r/2 and x < r. We obtain

f > .

inf @p(2,7) > apns()

setting € = (0,7], ap = f(l o) B and np(A) = az' fAm(ﬁ o1y ¢ for any A € &. Noting that
5% 2072

€ can be written {z € 8;V(z) < R} with some R > 2K/(1 — ) as soon as r > 21/P~1z,, which

is true by picking p large enough, we deduce that Asumption 2 of [HM11] is satisfied.

The existence and uniqueness of an invariant probability measure vg follows from Theorem 1.2
of [HM11]. Moreover vp is absolutely continuous with respect to the Lebesgue measure since
Qp(z,dy) itself is (see (17)). Note that ap can be rewritten ap = exp(— fOT/Q B(zs) ds), so that

DO =

inf > exp( L) >
1 (0% exXp(——
BeC(r,L) B = &Xp T

For some a9 € (0,1/2) such that infgce(ryap > 1/2 + ag, we set f = a9/K. We apply
Theorem 1.3 of [HM11] recursively, picking Q% d, and vp for p; and pe, with m > 0 and z € 8.
We conclude that for any function g : 8 — R such that |g(z)| < 1 4 SzP, we have

|Q’” ) —vi(g )| <CppE(l+p82P), €8, m=>0, (44)

with Op = 1+ [¢(1+B2P)vp(x)dx and pp > 0. Note that suppce, ) Cp < 2+ Bl In addition,
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Theorem 1.3 of [HM11] gives a precise control of pp with respect to v, K, R, ap, «p, 8 defined

previously and one can check that supgce(, ) P <1 /2. Finally, we apply (44) to the test function

9/19]e0 and use x < xps to get the announced result, uniformly over B € C(r, L).

6.2 PROOF OF LEMMA 14
The case r = 0. By Assumption 3,

|9(Xu0) + 9(Xu1) = 299(Xu)| < 2(19lo + Rlgloop) < 4(1 + Rp)|g|oo-
This proves the first estimate in the case r = 0. For u € G,,_1,

E[(§(Xu0) + §(Xu1) — 29(X.))*|Fai]
= E[(9(Xu0) + 9(Xu1) — 299(Xu))*|Fn-1]

<E[(9(Xu0) + 9(Xu1)) 1 Fn_1] < 2(Pog?(Xu) + Prg®(Xu)) = 40¢°(X,,)

and for x € 8§, by Assumption 2,

92(@) = [ o). y)ntay) <12l o
since g vanishes outside D. Thus
~ ~ ~ 2 2
E[(9(Xuo) + 9(Xu1) — 299(Xu))"|Fn-1] < 4|Q/p|gl3

hence the result for » = 0.

The case r > 1. On the one hand, by Assumption 3,

27(Q"9(Xuo) + Q79(Xu1) — 29" g(X0))| <27(2R[g|oc (0 + p™1))
<4R(1+ p)|gleo(20)".

On the other hand, since
99()| < [ lalo)120e.w)nld) < 9ol

we also have

2"1Q"g(Xuo) + Q"9(Xu1) — 29" g(Xu)|
= 2"|Q"g(Xuo) + Q"g(Xu1) — 29" g(Xu)| < 274|Qp]g]1.

Putting together these two estimates yields the result for the case » > 1.
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6.3 PROOF OF LEMMA 15
By Assumption 3,
Y (X Xuos Xu)| €2 37 27 RIglaop™ (1 + p) < 4Rlgloo (1 + p)(1 — 20) "
m=0

since p < 1/2. This proves the first bound. For the second bound we balance the estimates (46)
and (47) obtained in the proof of Lemma 14. Let ¢ > 1. For u € G,,_,_1, we have

1Ty (X, Xuo, Xu)| < T+ 1T+ 111,
with
I =3(Xuo) + 3(Xu1) — Q4(X.,)

CAT

1= 27" |Q"G(Xu0) + QG(X o) — 20" H1G(X,),
m=1

)

Il = Z 2™|Q™G(Xuo) + QMG(Xu1) — 29 G(X,)),
m=~4Ar+1

with I1I =01if £ > r. For u € G,,_,_1, by (45), we successively have

E[I*|Fn—r—1] < 4Qlp|gl3,

(7N
I1<4Qlnlgh 3 2 < 8[Qlnlgi2""

m=1

by (47), while for £ < r,

T

IIT <4R(1+p)lglee Y (2p)™ < 4R(1+ p)(1 —2p) " gloc(20)
m=¢+1

by (46). The result follows.
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cHAPITRE 111

Processus bifurquant auto-régressif non linéaire :

estimation non-paramétrique des fonctions auto-régressives

7 OBJECTIF (B) Etudier la transmission du trait individuel d’une cellule & ses descen-
dants (voir page 2) est abordé a travers une modélisation spécifique : la transmission
du trait biologique d’intérét de la cellule mere a ses deux cellules filles est ici spécifiée

comme étant auto-régressive. Autrement dit, une généralisation sur un arbre d’un processus auto-

régressif d’ordre 1 est étudiée. Le processus discret ainsi formé est nommé processus bifurquant
auto-régressif.

Ce processus entre dans la classe des chaines de Markov bifurquantes que nous venons d’étudier
dans le chapitre précédent. Les résultats du Chapitre 11 s’appliquent ici et nous sommes d’ores et
déja en mesure de reconstruire, de fagon non-paramétrique, la T-transition, ainsi que la transition
moyenne et la mesure invariante associées a une branche typique. Contrairement au cas des pro-
cessus de croissance-fragmentation, l'acces a ces caractéristiques du processus ne permet pas d’en
déduire les parametres naturels du modele que sont les fonctions auto-régressives.

Le but est dans ce chapitre de reconstruire les deux fonctions auto-régressives caractérisant
le processus (la loi du bruit étant vue comme un paramétre de nuisance). L’observation est
généalogique : les caractéristiques des cellules sont collectées depuis la cellule initiale jusqu’aux
cellules de la génération n fixée. Nous ne spécifions pas a priori la forme de ces fonctions auto-
régressives, et venons donc a ce titre prolonger la littérature existante sur les processus bifurquants
auto-régressifs, traitant de liens linéaires.
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Abstract

Bifurcating autoregressive processes, which can be seen as an adaptation of autoregressive processes
for a binary tree structure, have been extensively studied during the last decade in a parametric
context. In this work we do not specify any a priori form for the two autoregressive functions and
we use nonparametric techniques. We investigate both nonasymptotic and asymptotic behavior
of the Nadaraya-Watson type estimators of the autoregressive functions. We build our estimators
observing the process on a finite subtree denoted by T,,, up to the depth n. Estimators achieve the
classical rate |T,,|~%/(28+1) in quadratic loss over Holder classes of smoothness. We prove almost
sure convergence, asymptotic normality giving the bias expression when choosing the optimal
bandwidth and a moderate deviations principle. Our proofs rely on specific techniques used to
study bifurcating Markov chains. Finally, we address the question of asymmetry and develop an
asymptotic test for the equality of the two autoregressive functions.
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1 INTRODUCTION

1.1 A GENERALISATION OF THE BIFURCATING AUTOREGRESSIVE MODEL

BAR process

Roughly speaking, bifurcating autoregressive processes, BAR processes for short, are an adaptation
of autoregressive processes when the index set have a binary tree structure. BAR processes were
introduced by Cowan and Staudte [CS86] in 1986 in order to study cell division in Escherichia coli
bacteria. Let T be the infinite binary tree indexed in the following way

oo

T=[J{0,1}™

m=0

We can see the nodes of T as representing a given population of cells, where the initial individual
is denoted by 0. We suppose that each individual u € T gives birth to two individuals u0 = (u, 0)
and ul = (u, 1), called respectively type 0 pole and type 1 pole. In [CS86], the original BAR
process is defined as follows. If X, denotes the observation of some feature of cell u, then the first
order BAR process is given, for all u € T, by

XuO =a+ qu + w0,
Xul = a+qu + Eul,

drawing the initial value Xy according to a Gaussian law, where a and b are unknown real param-
eters, with |b| < 1, which measure heredity in the transmission of the biological feature. The noise
sequence ((Euo, Eul), U € ']I‘) forms a sequence of independent and identically distributed bivariate
centered Gaussian random variables and represents environmental effects.

Since then, several extensions of this model have been studied and various estimators for un-
known parameters have been proposed. First, one can mention [Guy07]. There Guyon introduces
asymmetry to take into account the fact that autoregressive parameters for poles of type 0 or 1 can
differ. Introducing the bifurcating Markov chain theory, Guyon studies the asymptotic behaviour
of the least squares estimators of the unknown parameters. He also introduces some asymptotic
tests which allow to decide if the model is symmetric or not. Several extensions of this linear
model have been proposed and studied from a parametric point of view, see for instance Basawa
and Huggins [BH99, BH00] and Basawa and Zhou [BZ04, BZ05] where the BAR process is studied
for non-Gaussian noise and long memory. Next, around 2010, Bercu, Blandin, Delmas, de Saporta,
Gégout-Petit and Marsalle extended in different directions the study of the BAR process. Bercu
et al. [BASGPO09] use martingale approach in order to study least squares estimators of unknown
parameters for processes with memory greater than 1 and without normality assumption on the
noise sequence. Even more recently, [ISGPM11, dSGPM12] takes into account missing data and
[BB13, Bla13, dSGPM14] study the model with random coefficients. A number of other extensions
were also surveyed, one can cite Delmas and Marsalle [DM10] for a generalisation to Galton-Watson
trees and Bitseki Penda and Djellout for deviations inequalities and moderate deviations. However,
to our best knowledge, there is no extensive nonparametric study for nonlinear bifurcating autore-
gressive processes, where there is no a priori specification on the two autoregressive functions. We
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can mention the applications of [BEG15] (section 4) where deviations inequalities are derived for
Nadaraya-Watson type estimators of the autoregressive functions.

Nonlinear BAR process

Nonlinear bifurcating autoregressive (NBAR, for short) processes generalize bifurcating autore-
gressive (BAR, for short) processes. Let us now give a precise definition for NBAR processes. We
now work on some probability space (2, F,P). For an individual u € T, we are interested in some
feature X, (it may be its size, its growth rate, its age, ...) with values in a generic state space §
(e.g. the real line) endowed with its Borel o-field 6. We suppose that the features X, o and X,
associated to its offspring, denoted by u0 and ul, depend on the past only through X,, via an
autoregressive system of equations. In this setting we have the following

Definition 1 (NBAR process). Let pu be a probability on (8,8), G be a probability on (8 x §,6)
with a null first order moment and fo, f1 : 8 = 8 be two functions. We say that X = (X,,u € T)
is a monlinear bifurcating autoregressive process (NBAR process for short) with initial distribution
w and autoregressive functions fo and fy if

(i) Xo ~ u,

(i) For any u € T,
XuO = fO(Xu) + €wo and Xul = fl(Xu) + Eul

where ((5u0,5u1),u € ’]I‘) is a sequence of independent and identically distributed centered
bivariate random variables with common density G, independent of Xy.

We denote by P, the law of the process (X, u € T) built in such a way and by E,,[-] the expectation
with respect to the probability P,,.

For the sake of simplicity, along the present study, we pick § = R and we assume that the noise
density G is continuous with respect to the Lebesgue measure, with continuous density on 8 (still
denoted by G).

1.2 ESTIMATION OF THE AUTOREGRESSIVE FUNCTIONS AND OBJECTIVES

Autoregressive functions estimators

Our aim is to estimate the unknown autoregressive functions fy and f; in Definition 1 from the
observation of a subpopulation. For that purpose, we propose to make use of a Nadaraya-Watson
type estimator. Two seminal articles in nonparametric regression function estimation where writ-
ten in 1964 independently by Nadaraya [Nad64] and Watson [Wat64]. They introduced a kernel
estimator, now called Nadaraya-Watson estimator, for the regression function E[Y\X = x] when
observing n pairs (X1,Y1),..., (X,,Y,) of independent random variables distributed as (X,Y).
The Nadaraya-Watson estimator was also used in the framework of autoregressive time series. In
that case the aim is to reconstruct E[Xn|Xn,1 = x], assuming that (Xn, n > 0) is stationary, see
[Rob83, HV92]. We generalize here the use of the Nadaraya-Watson estimator to the case of an
autoregressive process indexed by a binary tree.
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Let D C 8 be a compact interval. We propose to estimate (fo(x), f1(z)) the autoregressive
functions at point z € D from the observations

(Xu7 (NS TnJrl)

|’]I‘77«|71 Z Khn (ﬂf - Xu)XuL

N u€T,
(f“"(x) ~ (T g Kn,(z— X)) Ve ' €0 1}>’ )

where w,, > 0 and we set K, (-) = h,; 'K (h; ') for h, > 0 and a kernel function K : R — R such
that [, K = 1.

Objectives

Our first objective in this work is to study the estimators (1) both from non-asymptotic and
asymptotic points of view. The non-asymptotic study includes the control of the quadratic loss in
a minimax sense (Theorems 5 and 6) and the asymptotic study includes almost sure convergence
(Proposition 7), asymptotic normality (Theorems 8 and 9) and a moderate deviations principle
(Theorem 13). To this end, we shall make use of non-asymptotic behaviour for bifurcating Markov
chains (see [Guy07, BDG14]) and asymptotic behaviour of martingales. We are also interested in
comparing the two autoregressive functions fy and f; and to test whether the phenomenon studied
is symmetric or not. The test we build to do so relies on the asymptotic study.

The present work is organised as follows. The results are obtained under the assumption of
geometric ergodicity of the so-called tagged-branch Markov chain we define in Section 2, together
with the non-asymptotic results. In Section 3, we state asymptotic results for our estimators
which enable us to address the question of asymmetry and build a test to compare fo and fi.
After discussion in Section 4, we also give there some numerical results to illustrate the estimation
and test strategies (Section 5). The last part of the article, Section 6 with an appendix, is devoted
to the proofs of our results.

2 NON-ASYMPTOTIC BEHAVIOUR

2.1 TAGGED-BRANCH CHAIN

Let us first introduce some usual notation for binary trees. We denote by G,,, the set of individuals
belonging to the m-th generation (m > 0), T, the set of individuals up to the r-th generation
(r > 0) and T the infinite binary tree which represent the whole population:

™ o0

G ={01}", T,=JGn, T=JGn,
m=0

with the convention Gg = {}} where () is called the initial individual. The cardinality of the set
Gm, e.g., is denoted by |G,,|. We also use throughout the following standard notation: for u € G,,,
its length (the generation to which it belongs) is |u| = m and we write u0 = (u,0) € G,,41 and
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ul = (u,1) € G4 for its children.

The main tools in the study of the previous estimators come from the following property. A
NBAR process (X,,u € T) as defined above is a bifurcating Markov chain on T (see Chapter II,
Definition 1) with

P(z,dydz) = Gy — fo(x),z — fi(x))dydz (2)
as T-transition probability, defined on § x &2 (recall that G is the noise probability distribution).
For a G-measurable function f: 83 — 8, we denote by P f the G-measurable function

x €8~ Pf(x) = / flx,y, 2)P(x, dydz),
82

when it is defined. Bifurcating Markov chains are studied by Guyon in [Guy07], it allows the case
where the two offspring are not conditionally independent as we can see in the Definition 1 of
Chapter II. We denote by Py and P; respectively the first and the second marginal of P, that is

Po(z, A) =P(x,Ax8), Pi(x,A)=2P(x,8 x A)
for all x € § and A € &. We denote by Q the mean of Py and Py,
Q= (Po+P1) /2. (3)

From (2), the explicit expression of Q is

O, dy) = 1 (Goly — o) + Gy — (@) )y, (1)

where

%ozéauwwam @O:Aﬂawx (5)

are the marginals of G.

Let Y = (Y,,)m>0 be the Markov chain on 8 with initial value Y; = Xy and transition probabil-
ity Q. The chain (Y,)m>0 corresponds to a lineage taken randomly (uniformly at each branching
event) in the population. In the specific case of NBAR processes, the tagged-branch chain ¥ can
be constructed as follows. Let (tm)m>1 be a sequence of independent and identically distributed
random variables that have the Bernoulli distribution of parameter 1/2. Let (¢],)m>1 be a se-
quence of independent random variables such that ¢/, given ¢, = ¢ has density G, (for ¢ € {0,1}).
In addition ¢, and ¢/, are independent of (Y3)o<r<m—1. We set

YO = X(Z)a (6)
Ym:fLm(YWL71)+€;n7 m > 1.

Then P(Y; € dy|Yy = z) = Q(x, dy). More generally, for all m > 1, we have P(Y,,, € dy|Yo = z) =
Q™ (x,dy) where Q™ denotes the m-th iterated of Q recursively defined by the formulae

Q%z, A) = 6,(A) and Qm“(g:,A):/Q(x,dy)gm(y,A) VA€ 6.
8
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It is well known that Q™ is a transition probability on § x &.

Asymptotic and non-asymptotic studies on bifurcating Markov chains have shown that the
limit law of the Markov chain Y plays an important role, we refer to Bitseki Penda, Djellout and
Guillin [BDG14] and references therein for more details. In the present work, the estimator of
the invariant density of the tagged-branch Markov chain will play a crucial role in the analysis of
the estimators defined by (1). More precisely, we will see that the denominator converges almost
surely to the invariant density of the Markov chain Y (Proposition 20).

2.2 MODEL CONTRAINTS

The autoregressive functions fy and f; are devoted to belong to the following class. For v € (0, 1)
and £ > 0, we introduce the class F(v,¢) of continuous functions f : § — 8 such that

[f(@)] < ylz] + ¢

for any = € 8.

The two marginal Gy and G; of the noise density are devoted to belong to the following
class. For r > 0 and A > 2, we introduce the class G(r, A) of nonnegative continuous functions

g:8 — [0,00) such that
.

[ —
g<x)_1+\x|>‘

for any x € 8. When (Go,G1) € G(r,\)? for some A > 3, we denote the covariance matrix of
(€0,1), called noise covariance matrix, by

r—( 9 e (7)
00001 o7
with 0g,01 > 0 and g € (—1,1).

It is crucial for our proofs to study the ergodicity of the tagged-branch Markov chain Y.
Geometric ergodicity of nonlinear autoregressive processes has been studied in Bhattacharya and
Lee [BL95] (see Theorem 1) and also in An and Huang [AH96] and Cline [Cli07]. The main
difference is that we need here a precise control on the ergodicity rate, which should be smaller
that 1/2, due to the binary tree structure. We also see, through (6), that the autoregressive function
is random in our case. The following crucial assumption will guarantee geometric ergodicity of the
tagged-branch Markov chain Y with an exponential decay rate smaller than 1/2 (see Lemma 17).
For any M > 0, we set

6(M) = min { Jnf Go(w); inf Gi(@)}. (8)
Assumption 2. Set My = {+E[|}|] < co where &} has density (Go+ G1)/2. There exists n > 0
such that

<1
’7277
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and there exists My > 2My/(1/2 — n — ) such that

2My6((1 4 )My + ) > % (9)

The following assumption will guarantee that the invariant density v is positive on some
nonempty interval (see Lemma 21). For any M > 0, we set

/ 7;\ S dw
2 lyl>M Joes 1+ |y — ylz| — €7 A |y + |z + |

n(M) dy,

where for a function h : 8 = R, |h|s stands for sup,cg |h(z)].

Assumption 3. For My > 0 such that n(Ms) < 1, there exists M3 > ¢+~ My such that §(Ms) > 0.

2.3 MAIN RESULTS
We need the following property on K:

Assumption 4. The kernel K : R — R is bounded with compact support and for some integer
no > 1, we have [ a"K(x)dz = 1oy for k=1,...,no.

Assumption 4 will enable us to have nice approximation results over smooth functions fy and
f1, described in the following way: for X C R and 3 > 0, with 3 = |3] + {8}, 0 < {8} <1 and
| 8] an integer, let ng}C denote the Holder space of functions h : X — R possessing a derivative of
order | 3] that satisfies

B (y) = P ()| < e(h)]e — y|1. (10)

The minimal constant ¢(h) such that (10) holds defines a semi-norm | g|9c§ . We equip the space
Jf?c with the norm ”th}(§ = sup,, |h(x)| + |h|%§c and the balls

HI(L)={h:X =R, Ihllges < L}, L>0.

Theorem 5 (Upper rate of convergence). Let v € (0,1/2) and £ > 0, let r > 0 and X > 3. Specify
(fo,ns f1,n) with a kernel K satisfying Assumption 4 for some ng > 0, with

hy, = |Tn‘_1/(26+1)

and w, > 0 such that @w, — 0 as n — co. For every L,L' >0 and 0 < B < ng, for every G such
that (Go, G1) € (§(r, )\)ﬂng(L’))2 satisfy Assumptions 2 and 3, there exists d = d(v,¢, Gy, G1) > 0
such that for every compact interval D C [—d,d] with non-empty interior and for every x in the
interior of D,

1/2
< wglmnrﬂ/(%ﬂ)

sup E, [ (Jon(@) = fo(@))” + (fin(@) = fi(2))’]
(fo,f1)

where the supremum is taken among all functions (fo, f1) € (ff(%@) N J{% (L))2, for any initial
probability measure p(dz) on 8 for Xy such that u((1+|-|)?) < co. The notation S means up to
some constant independent of n.
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Some comments are in order:

1) The noise density G should be at least as regular as g, the regularity of the link functions fy
and fi, in order to obtain the rate |’]I‘n|’ﬁ/(25+1). Indeed, G determines the regularity of the mean
transition y ~» Q(z,y) (see (4)) and thus the regularity of the invariant measure v. Recall now
that we built Nadaraya-Watson type estimators: the estimator ﬁn is the quotient of an estimator
of (vf,) and an estimator of v. Thus the rate of convergence depends not only on the regularity of
f, but also on the regularity of ». A more general result would establish the rate |T,,|~#"/(26'+1)
with 4’ the minimal regularity between f, and v (and thus between f, and G the noise density).

2) Up to the factor w; !, we obtain the classical rate |T,|~%/(2#*+1) where |T,| is the number of
observations. We know it is optimal in a minimax sense in a density estimation framework and
we can infer this is optimal in our framework too. To prove it is the purpose of Theorem 6 which

follows.

3) The threshold @, should be chosen such that it inflates the upper-rate of convergence of a
slow factor only. Typically, w,, = (Inn)~! is suitable. Looking carefully at the proof, see (27), we
actually see that w,, — 0 as n — oo is not necessary. One could choose, w, = w with

1. .

w=— inf inf v(z)>0

2 (fo.fr) z€D
where the infimum is taken among all (fy, fi) € F(v,£)? and where w > 0 is guaranteed by
Lemma 21. However, to calibrate in practice w, in such a way is not possible since we cannot
compute w.

4) For the sake of simplicity, we have picked a common bandwidth h, to define the two es-
timators, but one can immediately generalize our study for two different bandwidths (h,, =
|T,,|~2/R8+1) € {0,1}) where §, is the Hélder smoothness of f,.

5) We do not achieve adaptivity in the smoothness of the autoregressive functions since our choice
of bandwidth h,, still depends on 3, we refer to the discussion in Section 4.
We complete the previous theorem by

Theorem 6 (Lower rate of convergence). Assume the noise density G is a bivariate Gaussian
density. Let D C 8 be a compact interval. For every v € (0,1) and every positive £, 3, L, there
exists C' > 0 such that, for every x € D,

liminf inf  sup P(|Tn|ﬁ/<2ﬁ+1>(|%,n(z) — fo(@)| + | fin(e) — fi(z)]) > C) >0,
n—roo (fO,mfl,n) (fDafl)

where the supremum is taken among all functions (fo, f1) € (F(v,£) N .’H’% (L))2 and the infimum
is taken among all estimators based on (Xy,u € Tpyq).

This result obviously implies a lower rate of convergence for the mean quadratic loss at point x.
We see that in a regular case, the Gaussian case, the lower and upper rates match.
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3 ASYMPTOTIC BEHAVIOUR

3.1 MAIN RESULTS

Asymptotic normality

The almost-sure convergence of the autoregressive functions estimators is obtained in Proposition 7
for any h, = |T,|~® with o € (0,1). Choosing o > 1/(28 + 1), the estimator (fon(x),fln(l'))
recentered by ( folx), f1 (ac)) and normalised by /|T,|h, converges in distribution to a Gaussian
law. Depending on o > 1/(28 4 1) or not, the limit Gaussian law is centered or not, as we state
in Theorems 8 and 9.

Proposition 7 (Almost sure convergence). In the same setting as in Theorem 5 with h,, = |T, |~

for a € (0,1),
Jon(@)) , (folx) Cws
(ﬁm)) - <f1(:c)> o e

From now on we need to reinforce the assumption on the noise sequence: we require that the
noise (g9,£1) has finite moment of order 4, E[e§ + €}] < oo, which is guaranteed by A > 5. We
denote by |K|3 = [ K(z)*dx.

as n — Q.

Theorem 8 (Asymptotic normality). In the same setting as in Theorem 5 with A > 5 and h,, =
Tn|™ for o> 1/(26 +1),

VT b <%"g:ﬂi;> Ny (05, B0(z))  with  Ta(w) = [K2(v(x)) T,

T being the noise covariance matriz and 02 = (0,0). Moreover, for x1, ...,z distinct points in D,
Jonl@) =fol@)) 4y 4
fin(z) = fi(z)

The restriction o > 1/(23 + 1) in Theorem 8 prevents us from choosing h,, = |T,,|~1/(2#+1),

which is the optimal choice to achieve the minimax rate as we have seen in Theorem 5. The

the sequence
is asymptotically independent.

following Theorem remedies to this flaw, but at the cost of an unknown bias. We obtain an explicit
expression of this bias for 8 an integer which depends on the -th derivatives of the autoregressive
functions and the invariant measure of the tagged-branch chain.

Theorem 9 (Asymptotic normality with bias expression). In the same setting as in Theorem 5

with A\ > 5 and B an integer,

(i) If h2\/|Tnlhn — K with k € [0,00) as n — +oo, then

N (%"Eiiiﬂii) Ny (kma(a), Ba(e)  with  Sa(z) = |[KB(w(@)'T
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and

) = (—1)5 8 (Vfo)ﬁ(l“) —Vﬁ(ﬂf)fo(%“)
m“)‘ﬁwwméyK@”wanW@uﬂmﬁug'

(ii) If h3+\/|Tnlhn — o0 as n — +oo, then

-8 .}:C:O,n(x)_f()(‘r> Py o (z
h”(ﬂﬂ@—hug_ﬁ 210)

If 8 is not an integer, we could generalize Theorem 9 but at the cost of introducing fractional
derivatives. Note that the definition of this notion is not unique (see [TRB99] or [Use08]). We
decided to restrict the parameter 8 to be an integer in order to avoid here additional technicalities.

Moderate deviations principle

Statistical estimators are also studied under the angle of large and moderate deviations principles.
Large and moderate deviations limit theorems are proved in the independent setting for the kernel
density estimator and also for the Nadaraya-Watson estimator (see Louani and Joutard [Lou98,
Lou99, Jou06] in the univariate case, see also Mokkadem et al. [MPTO8] and references therein).
We also refer to Mokkadem and Pelletier [MP06] for the study of confidence bands based on the use
of moderate deviations principles. The purpose of this section is to establish a moderate deviations
principle for the autoregressive functions estimators defined by (1).

Let us introduce the notion of moderate deviations principle in a general setting. Let (Z,),>0
be a sequence of random variables with values in a Polish space 8§ endowed with its Borel o-
field & and let (s,)n>0 be a positive sequence that converges to +o0o0. We assume that Z, /s,
converges in probability to 0 and that Z,/./s,, converges in distribution to a centered Gaussian
law. Let I : 8§ — R be a lower semicontinuous function, that is for all ¢ > 0 the sub-level set
{z € 8§,I(x) < ¢} is a closed set. Such a function [ is called a rate function and it is called a good
rate function if all the sub-level sets are compact sets. Let (an)n>0 be a positive sequence such
that a, /s, converges to 0.

Definition 10 (Moderate deviations principle). We say that Z,/\/an s, satisfies a moderate de-
viations principle on 8 with speed a,, and the rate function I if, for any A € &,

1 Zy 1 Zn, .
7zi€n£0 I(x) < linniig.}falogﬂj’( e €A) < lirrisipalogp( e €A)< firelgf(x),

where A° and A denote respectively the interior and the closure of A.

We will state such a moderate deviations principle for the estimators fo(z) and fi(z) in a
restricted framework. Since the moderate deviations principle requires a strong notion of conver-
gence, the super-exponential convergence (see Definition 23), it is not surprising to ask the process
to also satisfy strong assumptions. The autoregressive functions fy and f; will be restricted to
belong to the class F(v, ¢) with v = 0, which means we have

ma“x{|f0|oo; ‘f1|oo} S L.
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To guarantee we have geometric ergodicity of the tagged-branch Markov chain Y uniformly in
the initial value with an exponential decay rate smaller than 1/2, we will require the following
assumption to replace Assumption 2 (see Lemma 22).

Assumption 11. There exists My > £ such that 2(My — £)6(My) > 1/2 with 6(-) defined by (8).
We also reinforce the assumption on the kernel with

Assumption 12. The kernel K : R — R is such that

/|K+(x)|dx IGoloc+\G1\oo /|K )|dz
R 25(M3) 1— ’I’]M2

where Ma, M3 come from Assumption 3 and K*(-) = max{K(-);0}, K~ (-) = min{K (-); 0}.

Note that Assumption 12 is valid for any non-negative kernel, in particular for the Gaussian
kernel (since [, |[K~(x)|dz = 0 for such kernels).

Theorem 13 (Moderate deviations principle). In the same setting as in Theorem 5 with v = 0,
A > 5, K satisfying in addition Assumption 12, hy, = |Tp| ™% for a > 1/(28+1) and Assumption 11
replacing Assumption 2, let (by)n>0 be a positive sequence such that

by, bn, by,
() 1, g ye = F000 () Jim e =0, (i) Jim o e =

|Tn‘hn ,E),n(x) - fo(x) n>0
by, fin(@) = file)) "~

satisfies a MDP on 8% with speed b2 /(|Ty|hyn) and good rate function J, : 8% — R defined by

= +o0.

Then the sequence

Jo(z) = (2|K|§)711/(x)ztf_1z, z € 8%
where 2t stands for the transpose of vector z.

The contraction principle (see the textbook of Dembo and Zeitouni [DZ98], Chapter 4) enables
us to state the following corollary of Theorem 13.

Corollary 14. In the same setting as Theorem 13, for every é > 0,

logP (

Ty |hn Ty, |hn
fo [Tl T2

n—+oo b%

| Fon(@) = fi(@)] > 8) = — (207K ) "' w(x)8%, ve{0,1}.

3.2 (CONSTRUCTION OF AN ASYMMETRY TEST

Testing in the context of nonparametric regression is a crucial point, especially in applied contexts.
The question of no effect in nonparametric regression is early addressed in Eubank and LaRiccia
[EL93]. We may also want to compare two regression curves nonparametrically and we refer to
Munk [Mun98] and references therein. Specific tools have been developed to compare time series,
in particular through autocorrelation functions (see for instance the recent work by Jin [Jinl1]
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among many others). However the test we propose to study asymmetry follows from the estima-
tion procedure we propose and is more inspired by the regression case.

Let z1,...,z be distinct points in 8. We are going to build a statistical test that allows us to
segregate between hypothesis

Ho:Vie{l, ...k}, folx) = filz) wvs. Hy:3Le{l,... .k}, folz) # fila).

In the parametric studies on E. coli [Guy07, DM10], these tests are known as detection of cellular
aging and they permit to decide if the cell division is symmetric or asymmetric.

Inspired by Bierens [Bie97] we define new estimators in order to both achieve the rate |T,,|~#/(26+1)
in the asymptotic normality theorem and remove the bias. Let (ﬁ(%) (z),0 € {0,1}) be the estima-
tors (1) with bandwidth A" = |T,,|~1/(28+1 and (A(f;z(x),L € {0,1}) be the estimators (1) with
bandwidth Al = = |T,,|=%/28+1D) for some ¢ € (0,1). We assume that (3 is an integer so that the
results of Theorem 9 are valid. We define

(Fun(@) = (1= [Tl 7555757) T (@) = [Tal 555 [0 (@), 0 € {0,1}), (1)

new estimators such that

T, |7 (?ngg‘ig;)LNQ(O%EQ(J;)) with () = KB (@) 'T.  (12)

As announced the trick of Bierens [Bie97] enables us to remove the unknown bias while keeping
the optimal rate of convergence. We now define a test statistics based on these new estimators by

_28 k
[Ty |25+1 = 7 2
n PR = o n 13
Wi (1 Ty) 2+ 0% — 200010 K2 E: Un(x1) 1) — fin(2)) (13)

with 7 (1) = [Tal ™ X e, Kn, (X =) whete by = [T, 71/,

Theorem 15 (Wald test for asymmetry). In the same setting as in Theorem 9, let x1,...,xg
be distinct points in D. Then the test statistic Wy (x1,...,xr) converges in distribution to the
chi-squared distribution with k degrees of freedom x?*(k), under 3o, and P, -almost surely to +oo,
under H;.

Note that in (13) we could replace 03, o7 and ¢ by

n=ITn| ™" Z (Euwo)?, 3%,n = [T, |~ Z (En)®  and @, = ‘70_71131_711‘an1 Z EuoEul

w€T,, u€Ty, u€Ty,

‘70

with the empirical residuals &,, = X,, — ﬁn(Xu) for u € T,,. We claim that these estimators are
consistent, so that Theorem 15 is still valid with this other test statistics. Proving the convergence
in probability of these three quantities would imply some technical calculations and we do not give
here more details.
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4 DISCUSSION

Recursive estimators

For the sake of clarity, we have picked a bandwidth that depends on the size of the whole subtree
T,,. We could also choose bandwidths that depend on the sizes of the generations. More precisely,
we could estimate (fo(x), fi(z)) the autoregressive functions at point z € D from the observations
(Xu,u € Tyyr) by

n

A > Y K- X)X
( Fonla) = Z=0uCCn L e o, 1})
E Z Khm (l‘ - Xu)

m=0u€eG,,

with the collection of bandwidths (h,, = |G,,|7%,0 < m < n) for @ € (0,1). These estimators can
be seen as a version of recursive Nadaraya-Watson estimators when the index set has a binary tree
structure. We stress that our results also hold for these alternative estimators.

Heteroscedasticity

More generally, given two functions 0,01 : 8 — [0,00), we could consider the autoregressive
equations
Xuo = fO(Xu) + UO(Xu)5u0 and Xy = fl(Xu) + Ul(Xu)5u1

with E[e2,] = E[e2;] = 1 and E[eyocu1] = 0 where ¢ € (—1,1). Assuming 0 < inf,es0,(z) <
sup,cg 0.(x) < oo for ¢ € {0,1}, Theorems 8 and 9 still hold with

S (e) = [KB(v(a) (g%f(’ggg " wo%;w) .

The estimation of the variance functions oy and o; would be in practice of great interest but the
theoretical study of such estimators lies here beyond the scope of this work.

Adaptive estimation

Our estimators of the autoregressive functions are not adaptive in the smoothness 3 of these two
functions since the choice of the bandwidth h, = |T, |~/ (28+1) still depends on 3. For classical
autoregressive models (i.e. non-bifurcating), we refer to the early work by Hoffmann [Hof99]. This
has been also investigated by Delouille and van Sachs [DvS05] and they propose there a protocol
with design-adapted wavelets. It is well-known that the question of adaptivity boils down to
proving deviations inequalities. In our framework, we should prove deviations inequalities for the
two empirical means

Tul ™ D Kn, (&= X)Xy, and  [T,|7" ) K, (x = X0).
u€Ty, u€eT,

In the restricted class of bounded autoregressive functions F(0, £), with compactly supported noise
density G, the results of Chapter II brings such deviations inequalities. Indeed, on the class F(0, ¢),
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we can achieve uniform ergodicity, a key assumption in Chapter II. However, on the more general
class F(v,£) with v > 0, the problem of deviations inequalities is still open. We recall that on the
class F(v, ) with v > 0, only V-geometric ergodicity with V a Lyapunov function is achieved.

Uniform test

The asymmetry test we have built is based on the choice of a grid of points on 8. A theoretical
result is needed in order to build a uniform test on a interval D C 8. More precisely, to achieve
such a uniform test we should study the asymptotic behaviour of

sgg v/ |’]I‘n\hn|ﬁn(x) — fL(a:)|, L €40,1}.

This asymptotic study lies in the scope of the theory of extrema. One can see the study of
Liu and Wu [LW10] for autoregressive processes of order 1: an asymptotic Gumbel behaviour is
highlighted for the Nadaraya-Watson type estimator of the autoregressive function. One can also
see Li [Lil4] where the aim is to compare the two autoregressive functions of two autoregressive
processes of order 1: a test statistics based on estimated residuals is studied there. Studying the
limit distribution of

[ Guate) - 5@, ve o1,

we could derive an alternative criterion to discriminate between fy, = f1 and fo # fi.

Weaker assumption on the noise

More realistic assumptions on the noise sequence, which represent environmental effects, should
be considered. As in Bercu, de Saporta and Gégout-Petit [BASGP09], we could assume that the
noise is such that, for any u € G,,,

Elew|Fm-1] =0

where F,,_; is the sigma-field generated by (X,,u € T,,_1). This is much weaker than assuming
((6u0,5u1),u S 'JI‘) is an independent and identically distributed sequence but the Markovian
structure of (X,,u € T) is lost and the techniques we have used in this work are no longer
available.

5 NUMERICAL IMPLEMENTATION

The goal of this section is to illustrate the theoretical results of the previous sections, in particular
the results of Theorem 5 (Upper rate of convergence) and Theorem 15 (Wald test for asymmetry).

Quality of the estimation procedure.

We pick trial autoregressive functions defined analytically by

fo(z) = z(1/4+exp(—2?)/2) and fi(z) = z(1/8 + exp(—2?)/2)

- 138 -



Chapitre III. Processus bifurquant auto-régressif non linéaire : estimation des fonctions auto-régressives

for z € § = R. We take a Gaussian noise with 02 = 0? = 1 and ¢ = 0.3. We simulate M = 500
times a NBAR process up to generation n + 1 = 15, with root Xy = 1. We take a Gaussian kernel
K(z) = (2m)~ Y2 exp(—22/2) and h,, = |T,|~*/® in order to implement estimators given by (1).
We did not meet any problem with the denominator in practice and actually set w, = 0. We
evaluate fo »n and f1 » on a regular grid of D = [—3, 3] with mesh Az = |T,|~'/2. For each sample
we compute the empirical error

o IS = fllas
fillae

i=1,...,M,

where || - ||a» denotes the discrete norm over the numerical sampling. Table 5 displays the mean-
empirical errors together with the empirical standard deviations,

efi) and -1 Z 1/2

for ¢ € {0,1}. The larger n, the better the reconstruction of fy and f; as shown in Table 5

,:M_l

M=

i=1

n 8 9 10 11 12 13 14
| Ty | 511 1023 2047 4095 8191 16383 32767
e 0.4442 0.3417 0.2633 0.2006 0.1517 0.1285 0.0891
sd. 0.1509  0.1063 0.0761 0.0558 0.0387 0.0295  0.0209
e; 0.6696 0.5141 0.4006 0.3027 0.2356 0.1776 0.1384
sd.  0.2482 0.1626  0.1227 0.0831 0.0622 0.0440  0.0326

Table 5: Mean empirical relative error €y (resp. €1) and its standard deviation computed over
M = 500 Monte-Carlo trees, with respect to |T,|, for the autoregresswe function fo (resp. f1)

reconstructed over the interval D = [—3,3] by the estimator fo n (Tesp. fi )

/ L I 1 L L - . ! !
s 2 a1 o 1 2 3 -3 2 - 0 1 2 3

Figure 10: Reconstruction of fo over D = [—3, 3] with 95%-level confidence bands constructed over
M = 500 Monte Carlo trees. In bold red line: x ~ fo(x). In thin blue lines: reconstruction of f1
with 95%-level confidence bands. Left: n = 10 generations. Right: n = 14 generations.
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This is also true at a visual level, as shown on Figure 10 where 95%-level confidence bands
are built so that for each point z, the lower and upper bounds include 95% of the estimators
(/gzi(x),z =1...M). As one can see on Figure 10, the reconstruction is good around 0 and dete-
riorates for large or small . Indeed an histogram estimator of the invariant measure v shows that
its mass is located around 0 and thus more observations lie in this zone, which ensures a better

reconstruction there. The same analysis holds for the reconstruction of f1, see the thin blue lines.

The error is close to |’]1'|*2/5 for both ﬁ),n and ]?1n as expected: indeed, for a kernel of order
no, the bias term in density estimation is of order A#("0+1)  For the smooth fy, f1 and v we have
here, we rather expect for the rate |T,, |~ (mo+1)/((no+1)+1) — |T|=2/5 for the Gaussian kernel with
no = 1 that we use here, and this is consistent with what we observe in Figure 11.

T

f0 estimator

————f1 estimator
T, r2° i

Mean empirical error (log-scals)
/

45 . . . . . . . .
6 65 7 75 8 85 9 95 10 105
Number of observations IT | (log-scale)

Figure 11: The log-average relative empirical error over M = 500 Monte Carlo trees vs. log(|Ty|)

for fo (resp. f1) reconstructed over D = [—3,3] by ]?O,n (solid blue line) (resp. fln (dashed blue
line)) compared to the expected log-rate (solid red line).

Implementation of the asymmetry test.

We implement now the estimators (11) inspired by [Bie97] in order to compute our test statistics
(13). We keep a Gaussian kernel and we pick W = IT,|~1/5 and A = T, |~2/10 (ie. § =1/2
and the choice of ¢ proves to have no influence on our numerical results). The numerical study of
fon and fi,, leads to similar results as those of the previous study. For a given grid {z1,...,2x}
of D = [-3,3], we reject the null hypothesis Hg if W, (z1,...,2x) exceeds the 5%-quantile of the
chi-squared distribution with & degrees of freedom and thus obtain a test with asymptotic level
5%. We measure the quality of our test procedure computing the proportion of rejections of the null.

We first implement the two following cases:

(Case =) fo(x) = fi(z) = z(1/4 + exp(~2?)/2),
(Case #) fo(x) = x(1/4+exp(~2?)/2) and fi(z) = 2(1/8 + exp(~2?)/2).
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The test should reject Hy in the second case but not in the first one. The larger n, the better the
test as one can see in Table 6: H; is more and more often rejected for (Case #) and less and less
often rejected for (Case =) as n increases, which is what we expect. We also observe the influence
of the number of points of the grid which enables us to build the test statistics. Three grids of
D = [-3, 3] are tested with k = 13,25 and 61 points (corresponding to Az = 0.5,0.25 and 0.1 in
Table 6). The larger the number of points, the larger the proportion of rejections of Hy in both
cases. The choice of the number & of points is delicate but we would recommend to use a low & to
build the test.

n 8 9 10 11 12 13 14

| Ty 511 1023 2047 4095 8191 16 383 32 767
Ax =05 46.8% 67.2% 87.6% 99.0% 100% 100%  100%

Case # Az =025 59.6% 77.8% 92.8% 99.8% 100% 100%  100%
Az =01 678% 85.4% 95.6% 99.8% 100% 100%  100%

Ax =05 19.6% 18.6% 182% 16.2% 13.4% 14.8% 12.4%

Case = Az=025 304% 30.0% 29.0% 248% 21.4% 194% 19.8%
Az =01 42.6% 42.6% 404% 398% 35% 31.6% 32.2%

Table 6: Proportions of rejections of the null hypothesis Ho : {¥l = 1,...,k, fo(z;) = fi(a;)} for
5% asymptotic level tests over M = 500 Monte-Carlo trees. The test is based on the test statistics
W1, ... xr) (13) with the grids {z; = =3 + (I — 1)Az < 3;1 > 1} for Az € {0.5;0.25;0.1}.
(Case #): the proportions (power of the test) should be high. (Case =): the proportions (type I
error) should be low.

The second numerical test aims at studying empirically the power of our test. We keep with
the same autoregressive function fj for cells of type 0 and parametrize the autoregressive function
for cells of type 1 such that it progressively comes closer to fo:

fo(z) = 2(1/4 +exp(—2?)/2) and fi,(z) = z(7 + exp(—2?)/2)

for 7 € [1/8,1/4]. This choice enables us to interpolate between (Case #) and (Case =).

As 7 becomes closer to 1/4, i.e. as fi, becomes closer to fy, we see the decrease of the
proportions of rejections of the null in Figure 12. The steeper the decrease is, the better performs
our test. The proportion of rejections of Hy is higher than 40% only for 7 up to 0.1875 for
a reasonable number of observations (|T,| = 2 047 on the left in Figure 12). On the right in
Figure 12, one can see what become the results for a larger number of observations, |T,| = 32 767:
the performance is good for 7 up to 0.225, i.e. closer to the equality case 7 = 1/4.
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of the null hypothesis
~
3
o
of the null hypothesis
~
3

Propartion of rejections

Proportion of rejections

°
20 ° ° P 201 °

fop | top L Il L L L I L L |
I I . . . . . .
0125 01375 015 01625 0175 01875 02 02125 0225 02375 025 01256 01375 015 01625 01475 01875 02 02125 0225 02375 025
Similarity parameter between f0 and f1 Similarity parameter between f0 and f1

Figure 12: Proportions of rejections of the null hypothesis Hy (power of the test): {Vl €
{1,...,k} fo(z) = fi-(z)} with respect to T € [1/8;1/4] for 5% asymptotic level tests over
M = 500 Monte-Carlo trees. The test is based on the test statistics Wy (x1,...,xx) (13) with the
grid {z; = =3+ (I — 1)Az < 3;1 > 1} for Ax = 0.5. Left: n = 10 generations. Right: n = 14
generations.

6 PROOFS

The notation < means up to some constant independent of n and uniform on the class (fy, f1) €
F(v,0)2.

For a G-measurable function & : § — R and a measure p on (8,6) we define p(h) =
Js h(z)p(dx). For K C 8 let

h)y = / )y, | = / hy)Pdy. [k = sup |h(y)]
8 8 yeK

and |h|s = |h|s. For a function h: 82 — R and K, K’ C 8§ let

|h|k o = sup |h(x,z")].
(z,2")EK XK'

The following lemma is well-known (see Delmas and Marsalle [DM10], Lemma 2.1 and Guyon
[Guy07], Equation (7)) and highlights the role of the tagged-branch Markov chain. We prove it in
Appendix for the sake of completeness.

Lemma 16 (Many-to-one formulae). Let (X,,u € T) be a bifurcating Markov chain with T-
transition P and let Q be defined by (3). Then for g : 8 — R such that |g(x)| < 1+ |z| for any
T € 8, we have

B, Y 9(X0)] = GnlE, [9(¥m)] = [Gmlu(2"9) (14)
u€G,,

and
B 3 0(X0)g(X)] = 16l 32 (0 (P@ g @ 0 g) ), (15)
=1

(u,v)€CZ,
uFv

for any initial probability measure p(dx) on 8§ for Xy such that p((1+-|)?) < occ.
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6.1 PRELIMINARY
Set V(z) =1+ |z| for x € 8. Tt plays the role of the Lyapunov function in the following

Lemma 17 (Ergodicity). Let v € (0,1/2) and ¢ > 0, let r > 0 and A > 2. For every (fo, f1) €
F(y,0)2, for every G such that (Go,G1) € G(r,\)? satisfy Assumption 2, there exists a unique
probability measure v of the form v(dx) = v(x)dx on (8,6). Moreover, for every G such that
(Go, G1) € G(r,\)? satisfy Assumption 2, there exist a constant R > 0 and p € (0,1/2) such that

sup sup |Q"h(z) —v(h)| < RV(z)p™, z€8 m>0,
(fo,f1) [n|<V

where the supremum is taken among all functions (fo, f1) € F(v,£)* and among all functions
h: 8 — R which satisfy |h(z)| < V(z) for all x € 8.

Proof of Lemma 17. We shall rely on the results of Hairer and Mattingly [HM11].

Step 1. In order to make use of Theorem 1.2 of [HM11] we shall verify their Assumptions 1 and 2.
Since Y7 = f,,(Yo) + €} where ¢; is drawn according to the Bernoulli distribution with parameter
1/2 and ¢! has density (Go + G1)/2, we get

|- (=) = Es[01]] S E[|fiy(2)]] +E[l€}] < 7lz] + Mo

using (fo, f1) € F(v,£)?, with My = ¢ + E[|€}|] as defined previously. We have v € (0,1) and
My > 0, so that is Assumption 1 in [HM11] (with their V(y) = |y|).

Set € = {x € §;|x| < M;} where M; comes from Assumption 2. For any A € & and x € C,
using the expression of Q given by (4),

W A) 25 [ Goly= @)+ [ Gl A

Ane 2

For (z,y) € €2, we have |y — f,(z)] < (1 +~)M; + £ for « € {0,1}. Thus

A
ing Oz, A) > 2M15((1 4 v) My + £) | |Q|e|
€

VA € G,

where §(+) is defined by (8) and |A| denotes the Lebesgue measure of A € &. That is Assumption 2
in [HM11] with o = 2M;6((1 4+ v)M; + £) > 0. The existence and uniqueness of an invariant
probability measure v follows from Theorem 1.2 of [HM11]. Moreover v is absolutely continuous
with respect to the Lebesgue measure, since Q(z, dy) defined by (4) itself is absolutely continuous
with respect to the Lebesgue measure. By Assumption 2, for M; satisfying (9), there exists some
ap € (0,1/2) such that

o =2M5((1+y)M; + ) > 1/2+ ap. (16)

We set 8 = ag/My. For all x € § we pick Q™d, and v for uy and py in Theorem 1.3 of [HM11]
and apply it recursively. We conclude that for any function h such that |h(z)| < (1 + S|z|) for all
x € 8, for some positive constant C, we have

Q" h(x) — v(h)| < Cp™(1 + plz|)
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with C' =14 [4(1 4 Blz|)v(z)dz < cc.

Step 2. A precise control of p with respect to v, My and « is established in [HM11]. Set y9 =
v+ 2My /My +n € (v +2My/M;,1) where n comes from Assumption 2. Theorem 1.3 of [HM11]

states one can take ot 5
M B0
=(l1—-(a—ap)) V(——————).
P ( ( 0)) ( 2+ M3 )

Condition (16) gives immediately 1 — (o — ) < 1/2. Note that

2+ M
+ 15’}’0<

1 (1 +2040)M0
2+ Mip 2

1/2—=y—n
which is satisfied for «g € (0,1/2) with our choice of M; (which satisfies (9)). Thus Assumption 2
guarantees we can take p < 1/2.

— M >

It immediately follows from Step 1 and Step 2 that, for any function h such that |h| <V, for
some positive constant R, we have

Q" h(x) — v(h)| < Rp™V(z)

with V(x) = 1+4|z|, as asserted. This bound holds uniformly over (fo, f1) € F(v, £)? by construction
(the uniform choice of p is guaranteed by Step 2 and for a uniform choice of C in Step 1 recall that

(Go,Gl) S 9(7‘,)\)2). O

Step 2 of this proof highlights that Assumption 2 is written to readily obtain p < 1/2. Note
that to prove the existence of some p € (0,1) in Step 1, one only need the existence of some
My > 2My/(1 — 7) such that 2M16((1 + )My + £) > 0 with §(-) defined by (8).

6.2 ESTIMATION OF THE DENSITY OF THE INVARIANT MEASURE

For z € D, set
1

[T

> K, (x - X), (17)

u€eT,

Up(x) =

a kernel estimator of the density v of the invariant measure of the tagged-branch chain Y of
transition Q.

Proposition 18. Let v € (0,1/2) and £ > 0, let r > 0 and A > 3. Specify U,, with a kernel K
satisfying Assumption /J for some ng > 0 and

h,, = |']I‘n|_1/(26+1).

For every L' > 0 and 0 < B < ng, for every G such that (Go,G1) € (9(7", A)N f]-Cg(L’))2 satisfy
Assumptions 2 and 3, for every compact interval D C 8§ with non-empty interior and every x in
the interior of D,

sup EM{(ﬁn(x) — u(x))ﬂ < |Tn|fTil31
(fo,f1)

where the supremum is taken among all functions (fo, f1) € F(v,£0)?, for any initial probability
measure p(dz) on 8 for Xy such that p((1+]-1)?) < oo.
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Proof. The usual bias-variance decomposition can be written here as
~ 2 1 2
IE[(VH(I) —v(z)) } = E[(m Z Kp, (z — X,) — v(z)) ]
n weT,

— E[(ﬁ Z Ky, (v — X)) — Ky, *V(:L‘))ﬂ + (Kn, *v(z) — V(x))Q
M oyeT

where * stands for the convolution. For (Gy, G1) € Jfg (L), we have v € J—f’%(L”) for some L"” > 0:
since v is invariant for Q, using (4) which defines Q, we can write

o) = [ w2 )de = 5 [ v@)(Golu— fola)) + Galy = H(e) )da,

where we immediately see that the regularity of v is inherited from the regularity of Gy and G the
marginals of the noise density G. By a Taylor expansion up to order |3] (recall that the number
ng of vanishing moments of K in Assumption 4 satisfies ng > ), we obtain

(K, *v(z) —v(z))? < h2P, (18)

see for instance Proposition 1.2 in Tsybakov [Tsy09]. In addition, we claim that

B[ (g 32 = X) — K w@)] 5 (Tali)™ 19)

Choosing h,, = |T,|~*/(#*+1) brings the announced result. Let us now prove (19) in two steps.
Step 1. Result over one generation. We heavily rely on the following controls:

Lemma 19. Let F be a bounded function with compact support and G be a locally bounded function.
For h, > 0 and x in the interior of D, we define the function H, : 8§ — R by

Hy() = F(hy ' (x =) G().
For h,, such that x — h,supp(F) C D, we have
(i) |QHn|oo < hn|F1|G|p|Qls,p and [v(Hy)| < hn|[F1|Glp|v|p.

(ii) Under Assumption 2, form > 1,y € 8,
Q™ Hy(y) = v(Hy)| S ha A (V(y)p™)

up to the constant max{|F|1|G|p (|Qls,p + |[v|p), R|F|x|G|p}.

The proof of this lemma is postponed to the Appendix. Note that we have |v|p < |Qls.» < |Q|s,s <
(|Goloo + |G1]eo)/2 < 00 (recall that v is invariant for Q defined by (4) and (G, G1) € §(r, \)?).
Set

Ha() = K (b (=) and Hy(-) = Ha() = v(Hn),
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with h,, sufficiently small such that  — h,supp(K) C D. Pick m > 1. On the one hand,
Eu[ 3 B2(X0)] = [Gln(Q"F2) < Gl
uEG,

relying on the many-to-one formula (14) and Lemma 19(i). Inspired by Doumic, Hoffmann, Krell
and Robert [DHKR15] (proof of Proposition 8), set I* = ||log hy|/|logp|]|. Since p(Q™ H(P(V®
V))) < oo (use V(z) =1+ |z| for z € 8, (fo, /1) € F(7,£)? and finally 1(V?) < oo, one can look
at Lemmae 25 and 26 of Guyon [Guy07]), by the many-to-one formula (15),

* m
Bl Y HaXn)Ha(X)] S16aI( Y27 2+ > 271p200) omiy,

UAVEG,, =1 I=1*+1

using the first upper-bound given by Lemma 19(ii) for before I*, the second one after I*, and using
p € (0,1/2). Finally, we conclude that

Eu( Y Ha(X)"] S [Gmlhn:

u€G,

Thus, we have uniformly over (fo, f1) € F(v,£)?,

[ |Gm| Z Kh Kh *V(.I))Q} 5 (|Gm|hn)71, mZ 1. (20)

ueG,,

Step 2. Result over a subtree. We rely on the previous inequality (20). Decomposing by generation
and by the triangle inequality, we obtain

Eullmy 25 e )~ )]

S(Z'W e )
(\G0|h +Z

This proves inequality (19) we claimed and the proof is now complete. Note that we have removed

Gm _1/2)2 _
A (Gl %) S (Tl

the log-term which appears in Proposition 8 of Doumic et al. [DHKR15]. O

Proposition 20. In the same setting as in Proposition 18,
Up(x) = v(z), P,—as.

as n — Q.
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Proof. Write

U (z) — v(z) = (ﬁ > K, (x— X)) = K, *v(2)) + (Kp, *v(z) — v(2)).

ueT,

From (18), we deduce that

|Kp, xv(z) —v(z)] — 0 as n — oo.

(21)

Note that we could obtain (21) invoking the result stated by Theorem 2.1.1 of Prakasa Rao [Pra83],
result also known as the Bochner Lemma (see section 7.1.2 of Duflo [Duf98]). Using (19) for

By = |T, |~ with o € (0,1),

ZE#[(ﬁ Z Ky, (x — X,) — K, *V(:c))z} < 00,

n>0 wET,

and by the Borel-Cantelli lemma, we deduce that

‘ 1

| Z Kp, (xr — Xu) —Khn*y(a:)‘ -0, P,—a.s.

ueT,

as n — oo. Thus |7, (z) —v(z)| = 0, P, —a.s. as n — oo.

6.3 PROOF OF THEOREM 5

For z in the interior of D, for ¢ € {0, 1}, we plan to use the decomposition

Fon(@) — fi() = Men@ £ Lunl@) _ (1))

Up(z) V w, v(x)
M, () Lin(z) — (wf)(@) () V@, —vz)
@ Ve @ Ve, ma@ve,
with
Mb,n(‘r) = L Z Khn (Z‘ Xu)euw
Tl &
LL n(x) = i Z Khn (IE — Xu)fL(Xu)
Tl &
Thus

+E, [(an(:c) V @y — y(x))g}) (24)

using |f,|p < oo, uniformly over the class F(v,¥) for D compact interval. We successively treat

the three terms in Steps from 1 to 3.
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Step 1. Term M, ,(x). For all m > 1 and ¢ € {0,1} fixed, the sequence (gy,,u € G,,) is a family
independent random variables such that E[¢2,] = 02. Thus

[ m| Z Kh 87“)2} = |G7:L2h721]EH[|G1m| Z KQ(hgl(x_Xu))}

UEG, ueG,,

0.2
- mﬂ(gw o =) S (Gulhn)™

by the many-to-one formula (14) and using Lemma 19(i). The result over a subtree follows by the
triangle inequality (as in Step 2 of the proof of Proposition 18),

By (M (@)°] S (1Tulha) ™" (25)

Step 2. Term L, ,(x). By usual the bias-variance decomposition,

B[ (Linle) ~ 01)(@)"] = B[ (= M 2 Ko = X)X = i (0)(@)’]

u€T,

+ (Kp, * (vf.)(z) — (qu)(x))Q.

First, since (vf,) € ﬂ{%(L”) for some constant L > 0 and since Assumption 4 is valid with ng > £,

(Kn, % (vf)(@) — (vf.) ()" < h20.

Secondly, we do the same study as in the proof of Proposition 18 for

Hy () = K (hy' (2= ) £.0),

relying on Lemma 19 (using |f,|p < oo uniformly over the class F(v, £), with D compact interval),
with h,, sufficiently small such that « — h,supp(K) C D. We obtain

B, (7 32 Kl = XX = K ()@)] S (Tl

Thus
Eu|(Zon(2) = 0£)(@)°] S 52 + (Talha) ™, (26)

Step 3. Denominator U, (x) V w,. We prove the following lemma in Appendix.

Lemma 21. Let v € (0,1/2) and £ > 0, let r > 0 and X\ > 3. For every G such that (Go,G1) €
G(r,\)? satisfy Assumptions 2 and 3, there exists d = d(v,{,Go,G1) > 0 such that for every
C [—d,d],

inf inf v(z) >0
(fo,f1) z€D

where the infimum is taken among all functions (fo, f1) € F(,£)2.
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Relying first on Lemma 21, we choose n large enough such that

0 <y, Sl inf inf v(z), (27)
(fo,f1) z€D
and we get
Ey, | (On(2) V @ — ()] S By | (Onl@) — v(2))?] S B2 + (|Tolhn) ™" 28
w| Pn(2) Von —v(2)"| SEu|(Pn(z) —v(@)"| S0+ (ITalha) ™", (28)

uniformly over (fy, f1) € F(v,¢)?, using the upper-bound obtained in the proof of Proposition 18
for the second inequality.

Finally, gathering (25), (26) and (28) in (24) and choosing h, = |T,|~'/?#*1) we obtain the
asserted result.

6.4 PROOF OF THEOREM 6

In the following, P?f{) ) will denote the law on 8/T#+1! of the vector (X, u € T,41), NBAR process,
in the sense of Definition 1, driven by the autoregressive functions fy and f; with initial probability

measure p(dx) on 8 for Xy and with a Gaussian noise i.e.

o2x? — 20001 pry + 03y>
2(0g01 (1~ p?))

with 09,01 > 0 and p € (—1,1). When fy = f1 = f, we shorten P?fo,fl) into P}. We denote by

Glz,y) = (2n(0303(1 - p?)) " exp ( - ) (z,y) € 8%,

E%[] the expectation with respect to P}.

Step 1. Let § > 0. Fix fo = f1 = f* with f* € F(v,0) ﬂJ{BD(L — ) and z € D. Then, for large
enough n, setting h,, = |T,|~Y/ @+ we construct a perturbation (fo,., fi.n) of (fo, f1) defined
by

fon(y) = fin(y) = fr(y) = f*(y) + ah K (h' (x —y)), y €S,

for some smooth kernel K with compact support such that K(0) = 1, and for some a = as x > 0
chosen in such a way that f, € F(v,£) N J—C% (L). Note that at point y = =z, |fon(z) — fo(z)] =
|fin(2) — fi(2)] = asxhl = a57K‘Tn|—ﬁ/(25+1)_

Step 2. In the sequel, to shorten expressions, we set
|(Fons Frn) = | = [fon(@) = F@)] + [ Fra) — f(@)].

For arbitrary estimators (ﬁ)n(x),fln(x)) and a constant C' > 0, the maximal risk is bounded
below by

B/CBHL) | F  F Oy
(L (o Fron) = ] 2 €)
1 o~ o~

> 2 (B3 (Tl @50 (o, o) = 1] 2 ) + P (Tl |y, Fr) — £i] 2 )

1 1
25Ef. [1{\Tn|ﬂ/<2ﬁ+l>\(ﬂ,,n,ﬁn)—mzC} + 1{\Tn|ﬁ/<2ﬂ+1>\(ﬁ),n,ﬁ,n)—mzC}} = 5lPf — P llzv
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By the triangle inequality, we have

[Tl (|(Forms Frn) = f Fin) = £

)=

by Step 1, so if we now take C' < as k /4, one of the two indicators within the expectation above

n(@) = f*(@)] = 205,

must be equal to one with full P%.-probability. In that case,

1
max P} (T B/@8+D|(Fo s Fin) >C’)>71— P2, — P,

Tv)

and Theorem 6 is thus proved if limsup,,_, ., [P} —

)
v < f(]E” {1 gﬁ*b and the log-
.

n

Step 3. By the Pinsker inequality, we have |P%. — P%.

likelihood ratio can be written

dIP’” w0 — [ (Xu), Xur — f*(Xu)
[ ()] =B [ X < uz_f*(xu),xm_mi)J

n

u€Ty,

# LA BN 5 g (52 - 1),

202 or (1-
0 u€eT,

since G is chosen to be the bivariate Gaussian density and, under IP’}L*, we know X0 = f*(Xu)+euwo
and X1 = f*(Xy) 4+ €u1. Recall now that X, is independent of (e,0,&,1) which is centered. Thus

5[0 (o) - S ne 3 B 1 - )

2020%(1 — T
B 02 +0? — 20001p
= AT ) Z|<G (97 (" = £%) (29)

using the many-to-one formula (14), with

1 . .
Q- (a,y) = 5(Goly — F*@) + Ga(y — I (@))).
where Gy and G are the marginals of G. Since

h2ﬁ+1

o ((FF = F)2) () = a2 2P / K2 (h'(z — 2))0y- (3, 2)

where

s,s only depends on 0y, 01 and p. Gathering this last upper-bound together with (29)
and the Pinsker inequality, we finally get, with our choice of h,,

IBY. — P

2
v S as K

and this term can be made arbitrarily small by picking ax s small enough.
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6.5 PROOF OF PROPOSITION 7

For the choice h,, = |T,|~% with « € (0,1), relying successively on (25) and (26), we deduce

ZE# [(M”L(x))z] < oo and ZE# |:(LL,TL(‘T) - (Vfb)(x))ﬂ < 00.

n>0 n>0

Thus, as n — oo,
M, ,(z) =0, P,—as. and L,,(z)— (vf)(z), P,—a.s.
From Proposition 20 and since w,, — 0,
Up(z) Vo, = v(z), P,—a.s.

We conclude reminding that
M,

)3
&
+
I
3
&

J/c;,n (z) =

6.6 PROOFS OF THEOREMS 8 AND 9

Proof of Theorem 8. Set x in the interior of D. The strategy is to use the following decomposition,
which is slightly different from the one used in the proof of Theorem 5,

ST (@,nm - f0<x>> _ (;W{W (%OEiD

Fun(e) — Fi2)
+ VTl (%ﬁ%) + VTl (gzg;) }

where, for « € {0,1}, M, ,,(x) is defined by (22),

N.lo) = 7 > i = X (7.06) = (&) (30)
Rin(@) = (7u(@) = (#a(@) V) ) fi(@), (31)

and U, (z) is defined by (17). The first part of the decomposition is called main term, the second
part negligible term and the third part is a remainder term due to the truncation of the denominator
of the estimators. The strategy is the following: prove first that the last two terms goes to zero
almost surely and prove a central limit theorem for the main term in a second step.

Step 1. Negligible and remainder terms, N, ,,(x) and R, »(z). We use the decomposition N, ,,(z) =
Nb(ln) (z) + NL(,QH) (z) where

NL(,ln) (I‘) = ﬁ Z ]Eu [Khn (:17 - Xu)(fL(Xu) - fL(x))]7 (32)

u€T,
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N = 751 3 (Ko = X) (050 = £@)) ~ B [ K, (0 = X (1,050 - £.()]). (39)

n u€eT,

We claim that
VITalhy N (2) — 0 and  /|T,|h N2 (z) =0, P, —a.s.

as n — oQ.

Step 1.1. Set
Hy() = K (hy ' (z =) (f.(-) = ful2)) (34)

with h,, sufficiently small such that x — h,supp(K) C D. By the many-to-one formula (14), after
a decomposition of the subtree T,, in U} _qG,,,

N ) = m 2 Z Gonl B [, (2 = Yin) (£.(Yim) = ful=))] = by, v (Hy) (35)
since v is the invariant measure of the tagged-branch chain (Y,)m>0 and

/ K0 (5 — ) (£.) — £.2))v(y)dy
= hy, / K(y) fo(r —hpy) — fb(x))u(x — hny)dy
= i [ K@) (@) =) = 0£)(@) = (oo = ha) = (@) () )

We now use that both (vf,) and f, have derivatives up to order |3]|. Also remind that K is of
order ng > (. By a Taylor expansion, for some 9 and 9" € (0, 1),

Cha) sy Gy
7h/K LBJ' W) (@ — Ohay) il (@ = 9"hay) fu( ))dy (36)

L8]
~ hy / K(y "y — (£ @ = Vhy) = (1)) (@)

— (@ — 9 hny) — V1P (;C))fb(x))dy

Thus, using (vf,) € 9{% (L") and v € 9{% (L") for some L"” > 0,

1< o [ (E0ha ) (210l )00

Hence, recalling (35), NL(,IH)( < B and /|T,|h, NL(n ) goes to zero when n goes to infinity
choosing h,, = |T,|~* with « > 1/(1 +25).

Step 1.2. In the same way we have proved |v(H,)| < hi™?, we prove |QH, (y)| < hit? using the
fact that z ~ f,(2)Q(y, ) and z ~ Q(y, z) belong to J{%(L”) for some other L” > 0 for any fixed
y € 8. This enables us to reinforce the inequality of Lemma 19(i) and using Lemma 19(ii) we
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obtain
1Q"H, (y) — v(Hn)| S hitP A (Vy)p'), 1> 1.

It brings the following upper-bound using the same technique as in Step 1 and Step 2 of Proposi-
tion 18:

E, [(NG(@))*] S 2 (ITalhn)
which, by the Borel-Cantelli lemma, leads to the P,- almost sure convergence of +/ |’JTn|hnNL(’2n) (x)
to zero, choosing h,, = |Tp|™* with a > 0.

Step 1.3. To end the first step of the proof, we prove that the remainder term is such that

V| Tolbn Ry n(z) =0, P, —a.s. (37)

as n — oo. Write
Rb)n@;‘) = (I?n(l‘) — wn)fL<.%‘)1{,;n(z)<wn} (38)

where (U (z) — @,) converges P,-almost surely to v(z). We can easily prove that 1(5 (1)<, }
converges PP,-almost surely to 0, since 7, (x) converges P,-almost surely to v(z) and w, — 0,
which means that 15 (;)<w,} is null P,-almost surely beyond some integer. So

\% |Tn|hn1{ﬁn(w)<wn} =0, ]P)/L — a.s.

beyond some integer and (37) is thus proved.

Step 2. Main term M, ,,(x). We will make use of the central limit theorem for martingale triangular
arrays (see for instance Duflo [Duf98], Theorem 2.1.9, p 46). We follow Delmas and Marsalle [DM10]
(section 4) in order to define the notion of the n first individuals of T. Let (II%, ), >1 be independent

*

random variables, where for each m, I is uniformly distributed over the set of permutations

m
of Gp,. The collection (IT%,(1),..., 11}, (|Gy,)) is a random drawing without replacement of all
the elements of G,,. For k > 1, set p = inf{k’ > 0,k < |Tx |} (it can be seen as the number of
generation to which belongs the k-th element of T). We finally define a random order on T through
II the function from {1,2,...} to T such that II(1) = @ and for k > 2, TI(k) = 07, (k — |Tp, 1)
We introduce the filtration § = (G, n > 0) defined by Gy = 0(Xy) and for each n > 1,

S = o ( (Xt Xeiigmyop Xefiguyn)s 1 < b <), (LK), 1 <k <n+ 1)),

For n > 1, we consider the vector of bivariate random variables E(n)(x) = (E;n)(xL 1<k <|T,))

defined by

k -1

=) _ (n) : () — ~1/2 K (hy ' (@~ Xﬁ(z)))g(ﬁ(z) 0)

E, = E E"(x) with E}V(z) = (|Tylhn) " 2 (39)
= l K (ha (@ = Xigy)e i,

Notice that E(n)(x) is a square-integrable martingale adapted to § = (G, )n>0. Then, (E(n)(x),
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n > 1) is a square-integrable §-martingale triangular array whose bracket is given by

B ZE[ B @) (@) [5] = (7 lf:KQ (h (& = X)) T
=1

where T is the noise covariance matrix. We apply Proposition 20 (with |K|;?K? replacing K as
kernel function) and we obtain

<E(n)($)>|'ﬂ‘n\ — (ﬁ Z KQ(h;I(.’L' - Xu)))F — \K@V(ff) L, IPM - a.s. (4())
AL C—

as n — oo. Condition (Al) of Theorem 2.1.9 of [Duf98] is satisfied, this is exactly (40). Since
the bivariate random variables ((Euo, Eul), U € T) are independent and identically distributed and
since €9 and €7 have finite moment of order four,

T, et

—(n E
S E[IE @) - By @) Sk ] = [(Hﬁh D = Xingy)
k=1

E[(ed +2)?] )
- [|8'[(;n|hi (lT"h"u%r: K4(hn1(fﬂ—Xu)))

where ||-|| denotes the Euclidian norm for vectors and setting E(()n) (z) = 0. We apply Proposition 20
(with |K?|;2K* replacing K as kernel function) and we conclude that

T,
SOE[IE @) - B @I 5e] 5 0. By —as (41)

The Lyapunov condition (41) implies the Lindeberg condition (A2) of Theorem 2.1.9 of [Duf98] (see
section 2.1.4, p 47 of [Duf98]). Therefore, by the central limit theorem for martingale triangular
arrays,

Eip () = V[Tl (%Eg) 5 25 (03, K () ).

We conclude gathering Step 1 and Step 2, together with
Up(x) Vo, = v(z), P,—as.

and the Slutsky lemma.
Step 8. Independence. Let x1 # o € D. We repete Step 2 for

k

. n E(n) T
$171‘2 Z xl,xg with Ez( )($17$2) = (El(")gg;;)
I 2
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and we are led to

Mo,n(ﬂh)
—(n) My p(z1) | 4 o (v(z1)T 02
FE =/|T,|hn ’ Ny | 04, | K ’
|Tn‘(x17x2) | | M07n($2) — N ( 4 | |2 02,2 V(J}g)r
My (z2)

with 04 and Og o respectively the null vector of size 4 and the null matrix of size 2 x 2, which
shows asymptotic independence between (Mo’n($1)7 M, (gcl)) and (Mo,n (22), MLn({EQ)) and thus
between (fo,n(xl),fl,n(xl)) and (fom(xg),fl,n(.’lig)) as asserted. O

Proof of Theorem 9. Step 1. Case k < oo. We look carefully at the proof of Theorem 8 and see
that only Step 1.1 has to be reconsidered. We prove that

V| Tr|hn N(l) ) — kv(z)m(x).

Indeed for § an integer, using (35) and (36),

,3 B8
TTTon N (a & Eullin [ 08 K () ((0£)° (@ — Oha) — 7 (& — B fu () dy

and we conclude letting n go to infinity since (v f,)? and v# are continuous.

Step 2. Case k = co. With the same argument we prove that in that case,
hy, P N (z) — v(z)m(z)
as n — 0o. Looking at Steps 1.2 and 1.3 in the proof of Theorem 8, we obtain
h.? Nb(gn)(x) —0 and h,°R,.(z) —0, P,—as.

In addition,

hir? M, (2) = (WA Talhn) ™ A/ [Tllin M, () 25 0,
since we work in the case h2\/|T,|h, — k = 0o and \/|Tp|h, M, () is asymptotically Gaussian
as proved previously (Step 3 in the proof of Theorem 8). O

6.7 PROOF OF THEOREM 13
Preliminaries

In the setting of Theorem 13, we achieve uniform ergodicity as stated in the following

Lemma 22 (Uniform ergodicity). For every (fo, f1) € F(0,£)?, for every G such that (Go,G1) €
G(r, \)? satisfy Assumption 11, there erists a unique probability measure v of the form v(dr) =
v(z)dx on (8,8). Moreover, for every G such that (Go,G1) € G(r,\)? satisfy Assumption 11,
there exist a constant R > 0 and p € (0,1/2) such that

sup |Q"h(z) — v(h)| < R|h|w p™,
(fo,f1)
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where the supremum is taken among all functions (fo, f1) € F(0,£)%, for all z € 8§ and m > 0.

The proof is postponed to the Appendix. Uniform ergodicity achieved by Lemma 22 is here cru-
cial in order to make use of deviations inequalities as obtained in Chapter II. We recall that the
ergodicity proved in Lemma 17 was not uniform in the initial point.

We will intensively use the following two concepts: super-exponential convergence and super-
exponential equivalence. Let (Z,,),>0 be a sequence of random variables and Z a random variable
with values in a Polish space 8§ endowed with its Borel o-field & and endowed with d a metric
which makes (8, d) complete.

Definition 23 (Super-exponential convergence). We say that (Z,) converges (sy)-super-expo-
nentially fast in probability to Z and we note Z, ==X 7 if

Sn

1
limsup — logP (d(Z,,Z) > §) = —0

n—+oo Sn
for any 6 > 0.
Let (Y,)n>0 be another sequence of random variables with values in 8.

Definition 24 (Exponential equivalence, see [DZ98]). We say that (Z,) and (Y,) are (sn)-
exponentially equivalent and we note Z, TPy, if

1
limsup — logP (d(Z,,,Ys) > §) = —cc.
n—+oo Sn

for any 6 > 0.

Proof of Theorem 13. Set x in the interior of D. In order to prove the moderate deviations prin-
ciple, MDP for short, we use the decomposition

T |hn Ji)m(x)_fO(m) —_ 1 {|Tn|hn Mo ()

by, Jin(x) = fi(x) In(@)Ven by, My ()
|Tr|hn [ Non(x) ITyn|hn  Ron(z)
s (Nl,n(x)>+ b (Rl,n(a:)>}

where, for ¢ € {0,1}, M, ,,(z), N, ,(x) and R, ,(z) are defined respectively by (22), (30) and (31).
The strategy of the proof is the following. After studying the denominator term 7, (z) V w, in

Step 1, we will prove in Step 2 that the last two terms of the decomposition are negligible in the
sense of moderate deviations which leads us to

Talha (fonl@) = fo@))  swperexo 3 [Tulhu (Mon(2) (42)
b \fin(@) = filz))  w2/(Tain)  PEVE by \ My ()

in the sense of Definition 24. Consequently, this two quantities satisfy the same MDP (see Dembo
and Zeitouni [DZ98], Chapter 4) and we prove a MDP for the right-hand side of (42) in Step 3.
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Step 1. Denominator Up(z) V wy,. We claim that

D () V w0, —Ps (). (43)
b2 /(ITnlhn)

On the one hand, we have seen that
Ky, xv(z) — v(z)
as n — oo (see (18)). Since the previous sequence is deterministic, we conclude that

Ky *v(z) —m== 1 (z). 44
hn ()ba,/(mrnmn) (z) (44)

On the other hand, from Theorem 4 (ii) of Chapter IT,

*52|Tn‘hn> (45)

1
]P’u(|m > K, (w = X) = Kp, xv(z)| > 6) < QeXp( 1+ 20

ueT,

where ¢; and c¢; are positive constants which depend on K, R, p, Q but not on n. Note that
Lemma 22 ensures we are in the setting of Chapter II. Applying the log to the two terms of (45),
multiplying by |T,|h,/b? and letting n go to infinity, we are led to

superexp

46
b7/ (ITn |hn) (46)

1
] > K, (v = Xy) = Kp, *v()
"l wer,

using conditions (i) and (ii) on the sequence b,. From the foregoing (44) and (46), we conclude
that

~ superexp
Up(x) ——= v(x). 47
(=) b2 /(| Ty |[hn) (@) 7)

To reach (43), write the decomposition
V(@) V on = v(2)] = [Pn(2) = v(2) |15, (@) 2w, ) + [0 = V(@)[15, (2)<w.}

and note that it just remains to prove

superexp

48
b2/ (T | n) (48)

L5 (@) <wn}
We have
Pu(Lp, () <mny > 0) <07 'Pu(n(2) < @p) <6 'Pu(|0n(z) — Kp, xv(z) | > ')
with ¢’ = inf (4 ¢)infyep Kp, x v(z) — @, > 0 for n large enough under Assumption 12. Using

the deviations inequality (45) with ¢’, we obtain (48). We finally have (43), which ends the first
step.
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Step 2. Negligible and remainder terms, N, ,(z) and R, ,(z). We claim that

T h superex
wNL’n(g;) L . N (49)
bn b2 /(|Tnhn)

Remind the decomposition N, ,(z) = Nﬁln)(a:) + NL(?n) () with NL(,ITB(QU) and NL(%)(%‘) defined by
(32) and (33). On the one hand, we have proved that |NL(,1n) (z)] < h2 (Step 1.1 in the proof of

Theorem 8). Thus
T lhn | \1 Ty lhpt?
1Znim ) ar(1) < 1Znlfn
200 N )] S
and since the right-hand side of the previous inequality is deterministic and tends to 0 (condition

(iii) on the sequence b,,), we conclude that

|Tn|hn N(l)(x) superexp 0
by " b2/(Talhn)

see e.g. Worms [Wor(Ola] for more details. On the other hand, from Theorem 4 (ii) of Chapter II,
the following deviations inequality holds

—82| T, | by, >
¢y (hn + Wi T)) + 4o

Pu(INE) (@)] > 6) < 2exp (
where ¢| and ¢} are positive constants which depend on K, R, p, Q but not on n. Recalling
conditions (i) and (ii) on b, and h,, = |T,|~* with & > 1/(28 + 1), it brings

Tn hn superex
Bl 2 ) e
bn, b2 /(|Tn |hn)

Hence (49) is proved. We also have

|Tn|hn ( ) superexp
b " B2 /(T )

using (38) and recalling (47) and (48). Together with Step 1, it leads us to

1 [ Tn|hn ( Non(z) 1 |Tylhn [ Ron() superexp
—_— ’ —_— ’ _ O
mm(@VE - p, <N1,n(fv) releVEn by \ Ry p(2) ) 62/(1Talhn)

and finally to (42).

Step 3. Main term M, ,,(x). Consider the §-martingale triangular array (E,gn)(x), 1<k<nm>1)

defined by (39). In order to make use of the MDP for martingale triangular arrays (see [Wor0Ola,
Wor0O1b, Puh94]), one need to check

(n) superexp 2
E" @), 222 KR (o), (50)
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and
T,
IE[ B _E ’ } _Superexp , 51
> E[IE B0 ] 2 61)

The condition (51) is called exponential Lyapunov condition and it implies exponential Lindeberg
condition, we refer to [WorOla, WorO1b] for more details. Using (40) and (41), one see that to
prove (50) and (51), it suffices to show

K2 Xu superexp K2 9
ITn ‘h Z ) b2 /(|Tu ) [Klav (=) (52)
and )
- - K4 h71 r— X superexp 0. 53
(I Tl 2n)? u;; (k¢ ) b2 /(ITalhn) (53)

The same argument as in Step 1 (replacing K by |K|;2K? or |K?|;2K* in (45)) enables us
to prove (52) and (53). Gathering (50) and (51) and using the truncation of the martingale
() (2),1 <k <n,n>1) as in the proof of Theorem 5.1 of Bitseki Penda and Djellout [BD14],

(B
Y |Tn‘hnE(”) (z) = TRy, (M()n(x)>

we conclude that
b ITn| by \ My, (2)

satisfies a MDP on 82 with speed b2 /(|T,|h,) and the good rate function defined for all z € §2 by

1 —
I.(2) = fuﬂgz {A'z - §V(x)|K\§thz} = (2|K3) 11/(33)_1,2’511_1z
€

Finally, using Lemma 4.1 of [Wor00] (which is a consequence of the contraction principle) and

1 |Talhy [ Mon(x)

U (z)Vo, bn Ml,n(fﬂ)
satisfies a MDP on 82 with speed b2 /(|T,|h,) and rate function J, defined in Theorem 13. Re-
minding (42), we get the MDP stated in Theorem 13. O

Step 1, we conclude that

6.8 PROOF OF THEOREM 15

On the one hand, applying Theorem 9 to the estimator an) built with the bandwidth h(a
[T, -1/@54),

.
T P 1 hm>
IT,| (2) = Na(malr), Ba(x))  with  An(r) = @%@ﬁm
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On the other hand, applying Theorem 9 to the estimator ]/"3(12 built with the bandwidth h%b) —
|Tn|—6/(25+1) for € (07 1)’

=, )y
|T"‘_(2[3+)1B B (z) LN mo(z) with B,(z) = (Ji(%ﬁ)b(x) f0($)> .

Combining these two results, we obtain

— 8 a-s)B
-5 fon(z) — Jo(z) _ |Tn| 2071 Ay (2) — |Ty|” 25710 By(x) 4
e <f1,n<x> - h@) T 1 [T, 5 ' 2al02, ()

as announced in (12). The study of the test statistics W, (z1,...,2;) under ¥y and H; then
follows classical lines. We give here the main argument for k¥ = 2. By (12) and using in addition
the asymptotical independence stated in Theorem 8, we obtain

Jon(z1) = fo(z1)
| fin(@) = filza) | a ; | Ea2(w) 022
|T I :O,n(xz) - fo(l'g) — 3\1.4(047 E4($1,$2)) with 24(1‘1, 3;‘2) = ( 02,2 EQ(IEQ) > .
fl,n(x2) - f1($2)

with )
v(z1)) 0
Yo(x1, ) = |K|§(0(2] +Jf —200010) < ( ( 1)) ) ,

which boils down to, under Hy,

|Tn‘_% l/(xl)l/z(f_o,n(xl)_f_l,n(ml)) d N
VIETR(a8 + of = 200010) <v<wz>1/2 (onlaa) - Funlan)) 22002 12)

with I the identity matrix of size 2 x 2. The replacement of v(-) by its estimator 7, (-) is licit
by the Stlutsky theorem. Thus, under Ho, W, (z1,x2) BN x%(2), the chi-squared distribution
with 2 degrees of freedom. Under J{;, we prove that W, (z1,22) converges P,,~almost surely to +oo
following the same lines and using

> D) (fom(mr) — Fin(z)” — > vl (folz) — fi@)* #0, P, —as.
=1

=1

when H; is valid.
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7 APPENDIX

7.1 PROOF OF LEMMA 16

Let us first prove (i), see Delmas and Marsalle [DM10] (Lemma 2.1). For u = (u1,ug,...,uy) €
Gm,
E.[9(Xu)] = 1(Pu,Puz - - Pu,, (9))-
Then
B S o)=Y aPuPu o Pun@) =n( Y PuPue Pulo)
UEG, G o) (g i)

= (2™ (Po + P1)™(9)) = [Gu|u(279)
since Q = (Po + P1)/2 and |G,,| = 2™. We also know that u(Q"g) = E,[g(Y:)].

We now turn to (ii). We refer to Guyon [Guy07] for another strategy of proof (proof of
Equation (7)). Some notation first: for u = (uy,...,un) and v = (v1,...,v,) in T, we write
uv = (U, .., Um,V1,...,0,) for the concatenation. For m > 0, we denote by F,, the sigma-field
generated by (X, |u| < m).

For m > 1, whenever u # v € G,,, there exist w € T,,_1 together with ¢ # j € {0,1} and
4,0 such that v = wiu and v = wjv, where we call w the most recent common ancestor of u
and v. The main argument uses consecutively a first conditioning by |4+, which lets X, and X,
conditionally independent and a conditional many-to-one formula of kind (i), a second conditioning
by J),| and the definition of the T-transition P and finally the many-to-one formula (i),

Eu{ Z g(Xu)g(Xv)}:2Z Z E.| Z 9(Xwoi)9(Xu1s)]

uAVEGH, =1 weG,,_; f‘zglfl
v 1—1

=23 > [GaPE, [ g(Xu0) T (X))

=1 weG, —;

zgi(QH)Q > EM{TP(QZ’lg®Ql’19)(Xw)]

l weG,,_;

I
-

=23 (272 Gt B [P © 9 g) (Vi)

uMg

l

1
—9gm i QZflu(mel(?(Qlflg ® Qlﬂg)))
1=1

as asserted.
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7.2 PROOF OF LEMMA 19

First,

0, ()] < /5 F(ht(z — 2))IG(2)]Qy, 2)d

=h, |F(2)||G(x — hp2)|Qy, x — hyp2)dz < hy, |G|p|Qls,n|F|1
supp(F)

for h, such that x — h,supp(F) C D (remind that x belongs to the interior of D). We prove in
the same way the bound on v(H,). Hence we have proved (i) and we now turn to (ii). The first
bound h,, obviously comes from (i) and it remains to prove the second bound V(y)p™. Under
Assumption 2, we apply Proposition 17 to g = H,,/|H,|eo and it brings

Q™ H,(y) — v(Hy)| < R|Hploop™V(y).

Since |Hploo = |F|oo|G|p for hy, such that © — h,supp(F) C D, we obtain the announced upper-
bound.

7.3 PROOF OF LEMMA 21

For every |z| < d,

ly|<Mg,
|z|<d

v(z) = /S v(1)Qy, 2)dy > inf Qy.2) /|y<MQu<y>dy.

On the one hand,

. 1 . .
Lnf Q(w,y) > 5{ Lo Goly—fo(@))+ inf G (y=f1(2)) } = 8(d+(C+7Ma)) = 6(Mg) > 0
lyl<d ul<d uisd’

if d > 0 is such that d + (£ + yMs) < M3, which is possible by Assumption 3. On the other hand,
[ vway= [ [ v ydedy
ly|>Ma ly|>M> Jz€S
1
<k [ [ 3 (Goly= o)) + Gy~ fu(e))dady < ()
ly|>M2 Jz€8

since (fo, f1) belongs to F(v,¢)? and (Go,G1) to G(r,A\)%2. We know in addition that |v|, <
19155 < (|Goloo + |G1le0)/2 < 00. Using n(Mz) < 1 brings

/ v(y)dy > 0.
ly|<M2

Hence v(y) > 6(Ms)(1—n(Ms)) > 0 for any |y| < d. We have uniformity in fo and f; since 6(Ms)
and n(Mz) are uniform bounds on the class F(v, £)%.
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7.4 PROOF OF LEMMA 22
Set € = {y € 8;|y| < My — ¢} # () since My > £ under Assumption 11. We prove that, for all
yet,
inf Q(z,y) = 1{ inf Go(y — fo(x)) + inf Gy (y — fl(x))} > §(My) > 0
zes 2 Lzes z€8 -
with 6(-) defined by (8), since |y — f,(x)| < My (for |f,|oc < ¢ and |y| < My — £). From Douc et

al. [DMS14], Theorem 6.6 and Lemma 6.10, one can take p = 1 — |C|6(My) =1 — 2(My — £)6(My)
and we obtain p < 1/2 under Assumption 11.
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cHAPITRE 1V

Influence de la variabilité individuelle

sur le parametre de Malthus

SSUE directement de la biologie, la question suivante est au coeur de ce dernier chapitre :
quelle est 'influence de la variabilité individuelle entre cellules sur la croissance globale de
la population ? L’objectif général (C) Comparer les évolutions de différentes populations &

travers leur vitesse de croissance (énoncé page 2) est ici abordé spécifiquement sous cet angle.

Des modeles plus riches sont alors considérés dans ce chapitre ou la variabilité individuelle est
introduite. Les modeles étudiés jusqu’ici viennent étre complétés par une variable structurante ad-
ditionnelle : un taux de vieillissement pour le modele en age du Chapitre I, un taux de croissance
pour le modele en taille comptant parmi les applications du Chapitre II. Il s’agit de comparer,
pour un taux de division fixé,

1) la croissance d’'une population de référence composée de cellules vieillissant ou croissant
toutes au méme taux,

2) ala croissance d’'une population dite avec variabilité on chaque cellule possede son propre
taux de vieillissement ou de croissance.

Le parameétre de Malthus, déja rencontré dans le Chapitre I, mesure la croissance exponentielle
de la population et représente donc la quantité adéquate pour cette comparaison. Nous articulons
dans ce chapitre outils déterministe et stochastique pour mener & bien une telle comparaison.



Chapitre IV. Influence de la variabilité individuelle sur le paramétre de Malthus

Abstract

The aim is to compare the global growth speed of different populations of cells measured by the
Malthus parameter. The population of reference is composed of cells all growing at the same growth
rate v. The second population is composed of cells each growing at a rate v drawn according to a
non degenerated distribution p with mean ¥. Analytic answers are provided for a toy model and
numerical answers based on stochastic simulations are derived for more realistic models. It appears
numerically that in the size-structured model extensively studied, and in both of the size-increment-
structured model recently introduced for the study of E. coli by Taheri-Araghi et al. [TAB+15] and
Amir’s model [Amil4], the second population grows more slowly that the population of reference.
The decrease in the Malthus parameter we measure, around 2% for distributions p with realistic
coefficients of variations around 15-20%, is determinant since it controls the exponential growth
of the whole population. We also explore two ways to model heredity in the transmission of the
growth rate and very surprisingly, the previous conclusion can be reversed.
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1 INTRODUCTION

Recent biological studies draw attention to the question of variability between cells. We refer to
the work of Kiviet et al. published in 2014 [KNW+14]. A cell in a controlled culture grows at
a constant rate v > 0, but that this rate can differ from one individual to another. The biologi-
cal question we address in this chapter states as follows. What is the influence of the individual
variability in the growth rate on the global growth of the population? The global growth of the
population is measured by the Malthus parameter we define thereafter, also called in the literature
fitness. Even if the variability in the growth rate is small, with a distribution of coefficient of vari-
ation around 10%, and even if its influence on the Malthus parameter would be still smaller, since
it characterises the exponential global growth of the population such an influence may become
determinant. Thus we address two main questions in this work,

(i) What is the influence of individual variability on the global growth of the population mea-
sured by the Malthus parameter?

(ii) How can we estimate the Malthus parameter?

Question (i) is the seminal question to this work. Question (ii) is subsequent to Question (i)
and is motivated by experimental concerns. Indeed, if one wants to measure experimentally the
variations of the Malthus parameter for controlled populations, an efficient procedure to estimate
this parameter is required. An answer to Question (i) relies on deterministic techniques whereas
we introduce a stochastic framework to answer Question (ii).

1.1 INTRODUCING INDIVIDUAL VARIABILITY

Determanistic modeling

Structured models have been successfully used to describe the evolution of a population of cells
over the past several years, see Metz and Dickamn [MD86], the textbook of Perthame [Per07] and
references therein. We focus in this work on classical structuring variables which are size and age,
understood in a broad sense as a physiological age (not necessarily the time elapsed since birth).
The quantity n(t, x, a) of cells of size > 0 and physiological age a > 0 at time ¢ > 0 satisfies

In(t,z,a) + 2 (gu(z,a)n(t, 2,a)) + 2 (ga(z, a)n(t, z,a)) +v(z, a)n(t, z,a) = 0,
ga(z,a =0)n(t,z,a =0) =4 fooo ~v(2z, a)n(t, 2z, a)da, (1)
gz(r =0,a)n(t,x =0,a) =0, n(t=0,z,a)=n"(z,a),

in a weak sense. The mechanism at work here can be described as a mass balance. The density of
cells n(t,z,a) evolves with two terms of transport which stand for the growth and the aging, and
with one term of fragmentation:
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- Transport terms. Both size and age evolve in a deterministic way, the growth speed and aging
speed being respectively g, and g,. Let x; and a; be the size and physiological age at time
t of a cell born with size and physiological age (xp,0) = (x¢=0, at=0), then their evolution is
given by dx;/dt = g, (x¢, ar) and da;/dt = go (x4, at).

- Fragmentation terms. We assume that the division is perfectly symmetric: an individual of
size x divides into two individuals of size 2/2 (and age 0). A cell of current size x and current
physiological age a divides with probability v(x,a)dt between ¢ and t + dt. The boundary
condition for @ = 0 ensures that the quantity of new cells of size and age (z,0) is exactly
twice the number of cells of characteristics (2z, s) for s > 0 that have just divided. The factor
4 is thus the product of a factor 2 arising from the birth of two new cells at each division
and another factor 2 coming from the 2z size of dividing cells.

We mention two special cases of interest studied in the literature,

1) The size-age-structured model studied in Doumic [Dou07], with g, = 1 (thus a is there the time
elapsed since birth) and a general g,. If g, and v do not depend on size, integrating (1) in z from
0 to infinity, we obtain the age-structured equation which was the starting point of Chapter I. The
age-structured equation is classical and we refer to [Per07] (Section 3.9.1). If g, and v do not de-
pend on age, integrating (1) in a from 0 to infinity, we obtain the size-structured equation, which is
well understood. Perthame and Ryzhik [PR05], Michel [Mic07b] and Doumic and Gabriel [DG10]
studied the eigenproblem and proved the existence of a stationnary profile (first eigenvector). The
exponential convergence, for large times, toward such a stationnary profile is studied by Laurengot
and Perthame [LP09], Céceres et al. [CCM11], Balagué et al. [BCG13], Pakdaman et al. [PPS14]
and Mischler and Scher [MS13].

2) The size-increment-structured model recently proposed in Taheri-Araghi et al. [TAB+15]
for the study of the bacteria E. coli (Supplementary Information, Equations (13)-(14)), with
gz(x,a) = go(x,a) = x, i.e. the size grows exponentially, and a, growing as size x, represents
an increment between the current size x and the size at birth. The increment of size can be seen
as a physiological age, since it goes back to zero after each division, linked to the size: the bigger
the cell, the faster the aging. (Note that if the growth is linear, g, = g, = v > 0, the increment
of size is proportional to the time elapsed since birth.) We also mention the article of Hall, Wake
and Gandar of 1991 [HWGY1] where an equivalent model is built — the two structuring variables
used are there the size and the size at birth.

To take into account variability between cells, we extend the previous framework adding an
individual feature — an aging rate or a growth rate — as structuring variable. Let V be a compact
set of (0, 00) where the individual feature takes its values and let p(v, dv’) be a Markov kernel with
support in V x 'V satisfying fv p(v,dv’) =1 for all v € V. We denote the quantity of cells of size
x > 0, physiological age a > 0 and feature v € V at time ¢ > 0 by n(t,z,a,v). A fairly general
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description of the evolution of n is the following,
%n(t, x,a,v) + %(ggg(x,a,v)n(t, x,a,v)) + %(ga(x, a,v)n(t, z,a, v))

+'-Y(xa a, v)n(t, z,a, U) = 07

2
ga(x,a =0,0")n(t,z,a =0,v") =4 [[§y(2x,a,v)n(t, 22, a,v)p(v, dv")dvda, )

gl($ = O,a,v)n(t,x = O,CL, U) = 07 n(t = 0,$,CL, U) = nin(m,a7v)’

in a weak sense, abusing slightly notation, 8 being the state space [0,00) x V. The underlying
mechanism is similar to the one described previously for (1):

- Transport terms. The individual feature v does not evolve through time, it is given once and
for all at birth, only size and physiological age evolve deterministically through the transport
terms in g, and g,.

- Fragmentation term. A cell of current size x, current physiological age a and feature v divides
with probability v(z, a,v)dt between ¢ and t + dt. It gives birth to two new cells, each of one
having size /2, age 0 and feature v" with probability p(v, dv’).

Note that if we pick p(v, dv’) = 63(dv’), the Dirac mass at point ¥, and g, gq,y independent of v,
integrating the partial differential equation (2) in v, we are back to the partial differential equa-
tion (1). We do not study the model described by (2) in its full generality but we focus on three
cases of special interest,

1) Choosing v and g, g, independent of size x, integrating (2) in « from zero to infinity, we obtain
an age-structured model with variability, extending the classical setting (see Section 2).

2) When v and g, g, do not depend on the physiological age a, integrating (2) in a from zero
to infinity, we obtain the size-structured model with variability, as already introduced in Doumic,
Hoffmann, Krell and Robert [DHKR15] (see Section 4).

3) In the size-increment-structured model with variability, the variable a stands for the increment
of size, and thus the growth and aging speeds are the same, g, = g,. This is an extended version
of the size-increment model proposed by Taheri-Araghi et al. [TAB+15] for the study of E. coli
since we allow here variability in the growth rate from one cell to another (see Section 3).

These three models of interest with classical possible choices for g,, g, and vy are summed up in
Table 7. We stress again that the age-structured and size-structured models were extensively stud-
ied but mainly without variability. The novelty here is the third structuring variable v we add
to take into account an individual feature. As regards the size-increment-structured model, it has
been introduced for the study of E. coli at the beginning of 2015 by [TAB+15], and we generalize
it here adding variability.

The initial biological Question (i) can now be reformulated mathematically. As we will see,
the Malthus parameter is defined as the eigenvalue solution to the eigenproblem associated to
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(2). We denote it by A, , to stress the dependence not only on the division rate v but also on the
variability Markov kernel p(v, dv’). The long-time behaviour of the solution to (2) is expected to be
n(t,x,a,v) ~ e* et N, ,(x,a,v) with N, , a stationary profile, where we see that the global growth
of the system is governed by A, ,. Let us neglect heredity in the transmission of the individual
feature and pick p(v, dv’) = p(dv’) for a non-degenerated distribution p such that [, v'p(dv’) = ©.
Denote A, , by Ay 5 when p is the Dirac mass at point ¥ > 0. Our aim is to compare A, , to Ay 3,
i.e. to compare the evolution of a population with variability to a population of reference where
all cells have the mean characteristic v.

Related studies

Before going ahead and investigating Question (i) let us describe existing studies on the variations
of the Malthus parameter. We sum up below two studies dealing with the size-structured model
without variability, particular case of (1). Influence of the asymmetry in the division and influence
of the growth speed are respectively treated in Michel [Mic06a] and Calvez, Doumic and Gabriel
[CDG12].

We also mention a corpus of articles by Clairambault, Gaubert, Lepoutre, Michel and Perthame
[CMPO06, CGP07, CGL09, CGL11, GL15] comparing the eigenvalue of a partial differential equa-
tion with time dependent periodic coefficients (birth and death rates) to the eigenvalue of the
equation with time-averaged coefficients. They mainly focus on the age-structured system for the
cell division cycle. Evolution equations with time periodic coefficients require specific techniques
(among Floquet’s theory).

Asymmetry of the division. The influence of the asymmetry in the division was investigated
by Michel in [Mic06a] for the model described by
%n(t,x) + %n(hx) + B(x)n(t,z) = %B(%)n(t7 Z)+ ﬁB(%)n(t, ﬁ),

with n(t,z = 0) = 0, where the size evolves linearly (at rate g, = 1) and that a cell of size z
divides at a rate B(x) into two cells of sizes oz and (1 — o)z, with a parameter o € (0,1). The
case of reference is the symmetric division case corresponding to o = 1/2. If we denote g,
the Malthus parameter in this model, the aim is to compare Ap, to Ap1/2. Depending on the
form of the division rate B, the asymmetry division is beneficial or not at a global level for the
growth of the population. Two special cases are highlighted in [Mic0O6a], 1) qualitatively, if cells
divide at high sizes, then Ap, < Ap /2 which means that asymmetry slows the global growth
of the population, 2) qualitatively, if cells divides early, at small sizes, then Ap s > Ap 12 which
means that asymmetry creates a global gain speeding up the growth of the population. We refer
to Theorems 2.1 and 2.2 of [Mic06a] for precise statements of the assumptions on B. The method
developed in [Mic06a] is an interesting approach to investigate Question (i).

Influence of the growth rate. The influence of the growth speed was investigated by Calvez
et al. in [CDG12] for the model described by

%n(t, x) + a% (van(t,z)) + B(z)n(t,z) = 4B(2z)n(t, 2x),
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where the size evolves exponentially at rate ¥ and assuming that division is symmetric for simplicity.
On this very simple model, the Malthus parameter is exactly equal to the common individual
growth rate v, hence it seems that the fastest the cells grow, the fastest the overall cell population
grows. This is not the case in general: if the growth speed would be g(z) instead of z, then
increasing g by a factor may have the effect of diminishing the Malthus parameter. A plausible
example: if around infinity g(x) is equivalent to ¥ up to a constant with v < 1 and if B(z)
vanishes at infinity, being equivalent to ™7 up to a constant with 0 < v < 1 —wv, then the Malthus
parameter vanishes when inflating ¢ by a multiplicative factor. This was proved in [CDG12] (see
Theorem 1 and Proposition 1 in Appendix 2, see also Figure 2(a)). Note that in the present study,
we inflate the growth speed by a factor that depends on each individual.

1.2 ESTIMATING THE MALTHUS PARAMETER

Stochastic modeling

As in the previous chapters, let T be the infinite binary tree indexed in the following way

T= [j {0,1}™.

m=0

We can see the nodes of T as representing a given population of cells, where the initial individual
is denoted by (). Each node u € T, identified with a cell of the population, has a mark

(bu7<u7§u7 AUVTH)’

where b, is the birth time, (, the lifetime, £, the size at birth, A, the physiological age (or
increment) at division and 7, the individual feature of cell u. We introduce d,, the division time
of u, dy, = by + (u. Denote by G,(t;zp,v) the size after a time ¢ of a cell born with a size
and individual feature v. If the growth speed g.(z,a,v) = vz as in the size-structured or size-
increment-structured models then G (t;xp,v) = xpe*t. Denote by G, (t; xp,v) the physiological
age (or increment) after a time ¢ of a cell born with a size x;, and individual feature v. If the aging
speed g,(x,a,v) = v as in the age-structured model then G,(t;zp,v) = vt and if g.(x,a,v) = vz
as in the size-increment-structured model then G, (t;zy,v) = zp(e’® — 1). Thus the evolution of
the size and the physiological age of u during its lifetime is governed by respectively

fz :Gx(t_bu;§u77—u)a Atu:Ga(t_bu;gzuTu)a te [buadu)

The individual feature of w is inherited from its parent u~ and is drawn according to the Markov
kernel
p(v,dv") =P(1, € dv'|T,- =v).

The individual feature 7, is constant during the lifetime of u. Division occurs at a rate y(z, a, v)dt,

P(Cu € [t t+db)[Cu > t,&u = @1, 7w = v) = Y(Go(t; 20, 0), Ga(t; 2y, v), v)dt.
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When splitting a cell gives birth to two offspring of the same size,

1
gu = EGJE(Cu* ; gu* ’ Tu*)

where G ((y-;&u-,Tu—) is the size at division of cell u~. We have the relation A, = G4 (Cu; &u, 7o)
since Go(Cy;&u, Tu) is the physiological age after the lifetime (,, i.e. at division, of cell u. Then
((fu, Ay, Tu),u € T) is defined as a bifurcating Markov chain (see Guyon [Guy07] and Chapter 1T
for a definition).

This stochastic modeling and the previous deterministic modeling match. Recall that b,, is the
birth time of u, d, its division time and define the set of living cells at time ¢,

0Ty ={ueT;b, <t<d,}, (3)

keeping on with the notation of Chapter I. Define the measure n(t,dz, dv,da) as the expectation
of the empirical measure at time ¢ over smooth test functions f : 8§ — R,

//S f(z,a,v)n(t, dz, dv, da) :IE[ Z f( Z7AZ,Tu)i|

u€EOT

where (&, Al 1,) is the size and physiological age of u at time ¢, together with the individual
feature of u, constant through time. Then n(t,dz,dv,da) satisfies in a weak sense the partial
differential equation (2). We refer to Theorem 1 of [DHKR15] for such a result in the size-structured
model with variability. The age-structured model with variability is treated in Section 2 of this
chapter (see Theorem 3) and the size-increment-structured model with variability can be treated
with the same techniques.

Continuous time tree versus one branch

The value of the Malthus parameter is encoded in the time evolution of the tree. To build an
estimator one can exploit the asymptotic behaviour of empirical means at time ¢, as studied in
Cloez [Clol11],

e_/\%pt Z f( Z? szTu) ~ C(f;’V,P)W'y,pv (4)

u€dT;

when ¢ is large, in probability, with (&/,, Af,) defined as the size and physiological age at time ¢ of cell
u, ¢(f,7,p) a constant and W, , a non-degenerated random variable. Observing (( LA T, u €
8‘.]})7 or only a component of it for all living cells, at two different times, 7//2 and T for instance,
with T large enough, one can estimate the Malthus parameter, with a free choice for the smooth
test function f. Common choices are f =1 or f(z,a,v) = & where the empirical mean defines the
mean number of cells or the mean size of the cells respectively.

It seems more challenging to estimate the Malthus parameter observing one branch of the
genealogical tree of the population of cells since we lose the information linked to the time evolution
of the population. However one can still estimate it from only one branch. Intuitively, since the
Malthus parameter only depends on the division rate v and the variability Markov kernel p, if
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one can reconstruct both 7 and p from the observation of only one branch, then the estimation
of the Malthus parameter is still possible. The issue is then to propose some procedure achieving
statistical efficiency. We discuss this question at length later on, see Sections 2.4 and 3.4.

1.3 MAIN RESULTS AND OUTLINE

Main results

The three models embedded in (2) we consider in this chapter are summed up in Table 7 below.

Age-structured Size-increment-structured Size-structured

gz (x,a,v)  Independent on a VT VT
9a(z,0,0) v T Independent on x
v(x,a,v) vB(a) veB(a) veB(x)

Table 7: The main models with variability, described by (2). Column 1: choosing the aging speed
v means that the aging is linear at individual rate v. Columns 2 and 3: choosing the growth speed
vx means that the growth is exponential at individual rate v.

The choice v(z, a,v)dt = go(x,a,v)B(a)dt or g,(x,a,v)B(z)dt means that
v(z,a,v)dt = B(a)da or DB(z)dz.

We link the unit time division rate ~ to a division B of interest being unit age or unit size. From a
stochastic point of view, this specification of v entails the mutual independence of the physiological
ages A, in the age-structured model and of the increments of size in the size-increment-structured
model, together with their independence of the other quantities of the model: in both models the
variables A, are drawn according to the density fz(a) = B(a) exp(— [ B(s)ds), independently of
the aging or growth rate, as highlighted in Equations (23) and (29) below. In the size-structured
model, the sizes at birth £, form a bifurcating Markov chain, independent of the growth rates, as
shown in Equation (41) below.

Question (i). Our main results are summed up in Table 8. Our analysis begins with the age-
structured model, for the division rate and the aging and growth speeds given in Column 1 of
Table 7, neglecting heredity in the transmission of the aging rate by picking p(v,dv’) = p(v')dv’.
We analytically prove that the Malthus parameter, well-defined by Theorem 4, can increase or
decrease when introducing variability in the aging rate, depending on the variations of the density
fB: it decreases when fp is non-increasing and vice versa (Theorem 6). We also compute the
perturbation at order two of the Malthus parameter A, ,, when p, converges in distribution to a
Dirac mass as & — 0 (Theorem 7).

This age-structured model still being a toy model for cellular division (at least for E. coli,
see Robert et al. [RHK+14]) we turn to the most recent model which is the size-increment-
structured model (see Column 2 of Table 7). A numerical study, based on stochastic simulations,
is carried out to give preliminary answers. For the unit size division rate B chosen as a power law
with some lag (see Table 8), we infer that the Malthus parameter of a population with variability
in the growth rate is lower than the Malthus parameter of a population of reference where all cells
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grow at the mean growth rate of the previous population of interest, which writes mathematically
with our notation A, , < A, for p(-) a probability distribution of mean v. Admittingly this
conclusion agrees with biological wisdom but the strength of our methodology is to quantity such
a decrease. We evaluate the magnitude of the decrease around 2% when the variability distribution
has a realistic coefficient of variation around 15%-20%. Such a decrease is far from being negligible
since the Malthus parameter governs the ezponential growth of the whole population. In addition,
we observe the decrease of the Malthus parameter when there is more and more variability in the
growth rate. Unexpectedly, introducing heredity in the transmission of the growth rate may have
a counter effect and may change this conclusion: in presence of heredity the Malthus parameter
may be stable when introducing variability or even larger.

A classical model used so far to model cell division is the size-structured model (see Column
3 of Table 7) and our main conclusion, still based on a numerical study using stochastic simula-
tions, is the same as in the previous model.

Age-structured Size-increment-structured Size-structured
Division rate B(a) = (a—1)* 1451} B(a) = (a—1)* 1451} B(z) = (z — 1)°1{>1y
Variability In the aging rate In the growth rate In the growth rate
o Mve N Avp N AMp N
Variations (Figure 20) (Figure 14) (Figure 18)
General result: With heredity:
Comments Ao N\ or Saf fB N\ or N Ay,p N\ o — or N -
(Theorems 6 and 7) (Figures 16 and 17)

Table 8: Variations of the Malthus parameter compared to the reference value when introducing
variability between cells for the main models described in Table 7, for an experimentally realistic
unit size division rate B. Note: A\, , \, means that A\, , < A, 5 for a non-degenerated probability
distribution p(-) with mean v, and so on.

Question (ii). The estimation of the Malthus parameter can be done observing the population
of cells at times T/2 and T as suggested previously. From an experimental point of view, the
observation of a whole population of cells can be done up to the 9-th generation, and observing 10
populations is realistic. It leads to a database of around 5 000 cells (aggregating the data).

Experimental protocols developed over the past several years also made possible the observation
of one branch of the genealogical tree instead of the whole population of cells, see the major
experimental study on single cells performed by Wang el al. [WRP+10]. One branch can be
observed along 150 generations and repeating this experiment 100 times is feasible. Thus accurate
measurements can be obtained for a lineage of around 150 000 cells (aggregating the data). One
can ask if, alternatively, we could estimate the Malthus parameter from this observation scheme.
We expect the estimator built from one branch to be less accurate than the estimator built from
a continuous time tree, but it may still be interesting for experimental studies since the number of
data is much larger in the first case.
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This question is well understood in our toy model, structured by the age and the aging rate
(see Section 2.4). As regards the size-increment-structured model with variability in the growth
rate, answering Question (ii) observing only one branch is one of the main perspective of this work
and we already propose a methodology (see Section 3.4).

Outline

We fully answer to both questions in the toy model structured by the age and the aging rate
(Section 2). This toy model enables us to formalize these two questions and to highlight what is
at stake. Then, in Section 3, we turn to a new model, much more realistic for cellular division,
structured by the size, the increment of size (which can be seen as a physiological age) and the
growth rate. We give preliminary answers to Question (i) for this model based on a numerical
study. Our concern in this model is also to design upcoming experiments, and we will see how
our numerical study helps. We discuss the size-structured model in Section 4, together with some
other recent model introduced by Amir in [Amil4]. We give the main perspectives of this work
in Section 5. Finally Section 6 is devoted to the proofs of our results, together with an Appendix
in Section 7. Section 8 gives supplementary figures and tables to complete the numerical study of
Section 3.

2 THE AGE-STRUCTURED MODEL WITH VARIABILITY

2.1 DESCRIPTION OF THE MODEL

Deterministic description

In this section we study the age-structured model with variability embedded in (2). The individual
feature v we introduce represents here an aging rate. The quantity n(¢, a,v) of cells of physiological
age a and aging rate v at time ¢ evolves as

%n(t,a,v) + %(g(avv)n(t? a?”)) + ’y(a,v)n(t,a,v) = Oa t> 07 a > 07 (RS va
gla=0,v")n(t,a=0,v") =2 [[sy(a,v)n(t,a,v)p(v,dv)dvda, t>0,v" €V, (5)

n(t =0,a,v) = n'"(a,v), a>0,veEV,

which has to be read in the weak sense of measures (we allow us a slight abuse of notation here),
see for instance Equation (54) below for the weak formulation. We stress that the state variable
a is not necessarily the time elapsed since birth and that is why we call it physiological age. The
underlying mechanism to (5) is

- Transport term: the physiological age evolves in a deterministic way at a specific rate for
each individual. Let a; be the age at time ¢ of a cell of aging rate v, then its evolution is
given by da;/dt = g(as,v) with a—o = 0.

- Fragmentation term: a cell of age a and feature v divides with probability v(a, v)dt between
t and ¢t + dt. Tt divides into two new cells of age 0 (it could be any other value of refer-
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ence). At division, the aging rate is inherited and a new born cell has aging rate v/ with
probability p(v,dv’) if v is the aging rate of its mother. The boundary condition guarantees
that the quantity of new cells (of age 0) is twice the quantity of the cells that have just divided.

Lebowitz and Rubinow [LR74] and Rotenberg [Rot83] already enriched the age-structured
model by an additional feature. In [LR74], the model is structured by the age and the lifetime,
called generation time, which is inherited from the mother cell to the daughter cells. The death
or disappearance of the cells occur at a constant rate. In [Rot83], the model is structured by a
maturity (our physiological age) and by a maturity velocity (our aging rate). Rotenberg’s model is
further studied by Mischler, Perthame and Ryzhik [MPR02], establishing the existence of a steady
state and the long-time behaviour of the solution.

Rotenberg’s model is close to the model we are interested in, but different. From a certain
viewpoint, the model introduced by Rotenberg [Rot83] and studied in [MPRO02] is more general
than the model described by (5): there are distinct death and birth rates and maturity velocity
can change at any moment during the life of an individual. However, in (5) we allow for a general
evolution of the aging rate (through the aging speed g) and, most importantly, we allow for hered-
ity of the aging rate (through the Markov kernel p).

We use the notation 8§ = [0,00) x V for the state space of the physiological age and the aging
rate. We require the following two assumptions throughout this section.

Assumption 1 (Aging speed g and division rate ). The following conditions are fulfilled:
(a) Both (a,v) ~ y(a,v) and (a,v) ~ g(a,v) are continuous.
(b) For any (a,v) € 8, g(a,v) > 0 and sup(, ,yes g(a,v) < oo.

(c) For any v € V there exits 0 < amin(v) < amax(v) < 00 such that y(a,v) > 0 for a €
[amin(’v)7 Amax (U)] .

Yaw) -~ [ BB

gla0) €

(d) For anyv €V, we have [~ 28:2) 4o, = 00 and SUD(q,0)es < 0.

g(a,v)

Assumption 2 (Markov kernel p). There exists a continuous and bounded p : V? — [0,00)
satisfying [\, p(v,v")dv" = 1 for any v € V, such that p(v,dv’) = p(v,v")dv’, which satisfies in
addition

inf Ndv = ¢ > L.
J/rév/vp(“’”) v=10>3

These two assumptions enable us to define later on the Malthus parameter studying the direct
and adjoint eigenproblems (see Section 2.2). In Assumption 1, we require (a) since we look for
continuous eigenvectors. The requirement (b) on the aging speed g authorises the case g(a,v) =v
we are interested in. Note that the nonnegativity of g means that cells can only age, but not
rejuvenate. The boundedness of the aging speed is technical. The condition (c¢) is needed in our

proof for the uniqueness of the eigenelements. Finally note that (d) is not very restrictive and it
v(aw)
g(a,v)
bounded in a (and in v, which belongs to a compact set of (0,00)). In Assumption 2, the continuity

can be read as follows: for any v € V, a ~~ is a hazard rate and the associated density is

of p is needed since, again, we look for continuous eigenvectors, its boundedness seems technical
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but is not a stringent condition. The minorisation condition is used in the study of the adjoint
eigenproblem.

Both assumptions are quite strong but they present the advantage to lead to a simple proof.
The recent results of Mischler and Scher [MS13] should enable us to weaken it.

Probabilistic description

To ease the presentation, we set g(a,v) = v. Such an assumption will be in force in Sections 2.3
and 2.4 and we stress that we adopt it here for the sake of simplicity only. For a cell u € T, (,
represents its lifetime, A, its physiological age at division and 7, its aging rate. Given g(a,v) = v,
the physiological age at division of u is given by A, = 7,(, and its evolution during the lifetime
of u is governed by

Al =71,(t —by), tE [bu,dy). (6)

” =
The aging rate of u, given once and for all at birth and constant during its lifetime, is inherited
from its parent v~ and is drawn according to the Markov kernel
p(v,dv’) = P(1, € dv'|1,- = ). (7)
Cells divide into two cells of physiological age 0 according to the division rate y(a, v)dt,

P(Cy € [t,t+ dt)|Cy > t, 70 = v) = y(vt,v)dt (8)

where vt = a is the physiological age after a time ¢ for a cell with aging rate v. Equations (6),
(7) and (8) enable us to define ((A,,7,),u € T) as a bifurcating Markov chain (see Chapter I,
Definition 1).

Matching deterministic and probabilistic viewpoints

Let C}(8) be the set of real-valued test functions which are continuously differentiable in the first
variable, with compact support of the form [0, ag] x Vg for some ag € (0, 00) and Vo compact subset
of V. We denote by P, the law of the process ((Af,7,),t > 0,u € T) where the root (Ag, 79) has
distribution p and E,,[-] denotes the expectation with respect to P,,.

Theorem 3. Work under Assumptions 1 and 2. Let p be a probability distribution on 8. Define
the distribution n(t,da,dv) by

J[ raome.doan =5, 3 )] ©)

u€dTy

for every f € CL(8), where dT, is the set of living cells defined by (3), Al is the physiological age at
time t of cell uw € 0Ty and 7, is the aging rate of u, constant through time. Then n(t,da,dv) solves
the partial differential equation (5) in a weak sense with initial condition n™™(da,dv) = p(da, dv).

We stress that the matching between deterministic and probabilistic approaches is far from
being an exercise since it can be helpful in the proof of existence and uniqueness of a solution to
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(5) in a suitable space, as developed recently for Hawkes processes by Céceres, Chevallier, Doumic
and Reynaud-Bouret [CCDR15].

2.2 THE MALTHUS PARAMETER

The direct and adjoint eigenproblems

We now precisely define the Malthus parameter. To that end, let us introduce the direct eigen-
problem,

8@(1 (g(a’v U)N’Y»p(av ’U)) + fY(a” U)N’Y,P(a’ U) = 7>"Y7PN’Y7/)(Q7 v)?
g(a‘ =0, U/)N%P(a =0, Ul) =2 ffs 7(a7 ’U)N%P(aﬂ ’U),O(U7 U/)dvda7 (10)

Ny, >0, [[s Ny p(a,v)dvda =1,
and the adjoint eigenproblem,
g(a, U)(%(ﬁv,p(CE v) +7(a,v) (2 fv ¢'y,p(0a V) p(v,v")dv" — (z)'y,p(av 'U)) = A77p¢7,p(a7 v),

(11)
Pyo >0, [[s Ny pla,v)dy p(a,v)dvda =1,

linked to the evolution equation (5).

Let €, (V) be the set of functions f : V — R which are bounded and continuous and let €} (RT)
be the set of functions f : RT — R which are bounded and continuously differentiable. For
f:8 —[0,00) the notation f € C} (RT;Cy(V)) means that a ~ f(a,v) belongs to €} (R*) for any
v €V and that v ~ f(a,v) belongs to €, (V) for any a € [0, 00).

Theorem 4. Work under Assumptions 1 and 2. There exists a unique solution (Ay,,, Ny, p, 0.p)
to the direct and adjoint eigenproblems (10) and (11) such that A, > 0, (gN,,,) € Cp(RT;Cy(V))
and ¢, € CL(RT; C,(V)).

The unique A, , defined in such a way is what we call the Malthus parameter and let us now
briefly expose its key role.

Deterministic and stochastic roles of the Malthus parameter

The behaviour of empirical means at time T has been investigated by Bansaye et al. [BDMT11]
and Cloez [Clo11], and we follow their methodology introducing a so-called auxiliary biased Markov
process (X¢)i>o0 with infinitesimal generator

‘A'Ny,ﬁf(avv) = g(a,v)%f(a,v) + ?(a,v)(/vf(O,v’)ﬁ(v,v’)dv’ - f(a,v))

densely defined on bounded continuous functions, with ¥ and p biased versions of v and p (see
Lemma 10 below, Section 6.1). For suitable test functions f, the following approximation holds
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for large t,

[Zf ) Nmew//fav Wav))dvda (12)

u€dTy

with m,, = [[s ¢y.p(a,v)u(da, dv), (X, ¢~,,) solution to (11) and v, , the invariant measure
(assuming it exists) of the biased Markov process (X)¢>0. Define the distribution n(¢,-) by (9).
Then by (12), we heuristically obtain

Ay, ot Vy,p(a; v)

Aot
=m,e™"*"' N, ,(a,v)
%p(a’v) H TP\

n(t,a,v) = mye
with (A, ,, N, ,) solution to (10) if one postulates the relation

Va,p = Noy Py p-

Using that N, , and ¢, , solve respectively (10) and (11), one can check that

/O Az 5f(a,v)(Ny,p0~,0)(a, v)dadv = 0,

for any function f smooth and compactly supported, and this actually characterises the invariant
measure. Thus the relation v, , = N, ,¢,,, is valid, under appropriate assumptions ensuring
existence of these three quantities.

We have formally retrieved a classical deterministic result. Indeed, from a deterministic point of
view, the classical long-time behaviour result states as follows: the unique solution n(t, a,v) to (5)
satisfies

// In(t, a, v)e Mt - m™ Ny p(a,v)|¢y,p(a, v)dvda — 0 as ¢ — oo, (13)

where m™™ = [[s n'(a,v)¢,,(a,v)dvda (we have m™ = m,, for n defined by (9)).

For a proof of (13), when the division rate 7 is bounded, one can mimic the proof given in
Chapter 3 of [Per07] where the renewal equation is studied. Requiring such a strong assumption
on the division rate v leads to a very readable proof, via a fixed point argument for the existence
of the time solution and a generalised relative entropy principle for the long-time behaviour. For
a stronger result, with milder assumptions on ~, we refer to [MS13] whose results on the age-
structured partial differential equation without the state variable v could be generalised to our
case. We expect the rate of convergence in (13) to be given by the spectral gap and to our best
knowledge, the more recent and more complete work on this subject is [MS13].

Equations (12) and (13) show that the global growth of the population is driven by the so-called
Malthus parameter A, ,, and this quantity is thus the one to consider for our purpose.

2.3 INFLUENCE OF VARIABILITY ON THE MALTHUS PARAMETER

In all this section, we neglect heredity in the transmission of the aging rate assuming that

plv,dv') = p(o)do’ (14)
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for p : V — [0,00) such that [}, p(v')dv’ = 1. This assumption enables us to obtain explicit
solutions to the eigenproblem (10)-(11) (see Lemma 12 below, Section 6.2) and our proofs heavily
rely on the explicit expressions of the eigenelements.

Remark 5. Let us consider the case of a constant division rate, y(a,v) = ¢ > 0 for any (a,v) € 8.
Since «y is constant, we expect that variability in the aging rate has no influence on the Malthus pa-
rameter. By Lemma 12 below (Section 6.2), one can indeed show that A , = ¢ which is independent

of p.
From now on we consider the model described by (5) with the aging speed set to
g9(a,v) =v (15)

which means that the physiological age is proportional to the time elapsed since birth, up to a factor
v which is an individual feature. Let 0 < amax < 00, for a locally integrable B : [0, amax) — [0, 00)
such that [“"** B(s)ds = co, we assume that

(a,v) = g(a,v)B(a) = vB(a). (16)

One has to see the division rate B(a) as being unit physiological age. The conversion of B(a)da
to unit time involves the factor g(a,v) since da = g(a,v)dt. It leads to the unit time division rate
~v(a,v) = g(a,v)B(a) since

v(a,v)dt = g(a,v)B(a)dt = B(a)da.

Equation (23) in the next section also sheds some light on Specification (16), at a stochastic level.

Setting B(a) = 0 for @ > amax if necessary, define fp(a) = B(a) exp(— [ B(s)ds) for a > 0.

Variations

From now on we denote A, by Ap , and Ap 5 stands for Ap 5, where 5 is the Dirac mass at point

@z/vp(v)dv. (17)
v

One wants to compare the Malthus parameters Ag,, and Ap 3 respectively solution to

2//8 exp ( — )\B’pa>f3(a)p(v)dvda =1 (18)

v

and

v

QAOO exp ( - )\B’ﬁa)fg(a)da — 1. (19)

Theorem 6. Consider the model described by (5) with specifications (14), (15) and (16). Assuming
in addition that B : [0, amax) — [0,00) is differentiable,

(i) for amax € (0,00], if B'(a) < B(a)? for any a € [0, amax) then AB,p < AB5-
(i1) for amax < 00, if B is such that fg is bounded and B'(a) > B(a)? for any a € [0, amax) then

)\B,p > AB7{).
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First note that Theorem 6 is valid for any density p on V with mean v. The first derivative of
the density fp being

Fis(a) = (B'(a) — B(a)?) exp(— / " B(s)ds),

(for B differentiable), a condition of sign on B’ —B? is nothing but imposing fz to be non-increasing
or non-decreasing. The statement (i) of Theorem 6 requires fp to be non-increasing whereas the
statement (ii) requires fp to be non-decreasing.

One canonical example is the following. Assume that B is constant equal to b > 0 so that
v(a,v) = vb for any (a,v) € 8. Then, fp is the exponential density of mean b1, it is non-
increasing and statement (i) of Theorem 6 applies.

The proof of Theorem 6 is short and we give it now. Then we sketch an interpretation of the
result with the help of examples.

Proof of Theorem 6. Let Ap 5 be such that

Hy(Apo) =1 with Hy(\) = 2/0oo exp ( - %)fB(a)da,

and Ap,, be such that

H,(Ap,) =1 with H,(\) = 2//5 exp ( - %)fB(a)p(v)dvda.

We know that 1) both Hy and H, are continuous on [0,00), 2) both Hy and H, are decreasing
on [0,00), 3) when A goes to infinity, Hz(A\) — 0 and H,(A\) — 0, 4) at point A = 0, Hz(A =
0) = H,(A =0) =2 > 1. Then, by the intermediate value theorem, we know there exists a unique
positive Ap 5 such that Hy(Ap ) = 1 and a unique positive Ap , such that H,(Ap,,) = 1. Recall
that we want to compare Ap , to Ap 5. We claim that 5) if f; <0, then

H,y(A) < Hyz(X)

for any X > 0. Together with points 1) to 4), this enables us to conclude that A\p , < Ap 3.

Let us prove 5). For any A > 0, introduce

o Aa
h)\.UEVWQ/O exp(—T)fB(a)da.

Then Hy and H, can be written

Hz(A) = ha(v) and Hp()\):/vh)\(v)p(v)dv

for A > 0. We claim that hy is strictly concave when fi; < 0. Then hx(0) > [}, ha(v)p(v)dv by
Jensen’s inequality, since fv vp(v)dv = v, and 5) immediately follows.
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We now compute the second derivative of hy,

hy(v) = L /000 &<& — 2)67%f3(a)da.

v2 v \ v

Integrating by parts, recalling that we choose B differentiable, we get
" AT o aay,
hy(v) = W, a“e” v fgla)da <0

for any v € V when f5; < 0. This ends the proof for the case f; < 0 and the case f5; > 0 is treated
in the same way (we need fp to be bounded for the integration by parts). O

To better understand the two statements of Theorem 6, let us consider the following illustration.
We choose

B(a) =3(1 —a) "1gg<acty d.e. fr(a) =3(1—a)*Lip<acty (20)

and
B(a) = 3a*(1 — a®) "jp<ac1y d.e. fBla) =3a’L{p<qcty- (21)

Let us denote by f¢, |, the conditional density of the lifetime (,, conditionally to 7, = v for v € V
(one can readily compute it using (8) in both of the cases we have chosen). In the population of
reference, all cells age at the common rate v and lifetimes are drawn independently according to
Jeulra=o- When introducing variability, lifetimes are no longer identically distributed: they are
drawn, conditionally on v, according to fe, |-, =, To simplify, we focus on two subpopulations, the
first one composed of cells aging at a fast rate v (compared to ) and the second one composed of
cells aging at a slow rate v (compared to v). Figure 13 shows f¢ |, =1 together with f¢ |, —, for
one fast and one slow rate v (compare to @ = 1) in both of the cases described above.

b — v=05 b | ] — v=05
— v=1 " . — v=1
o — v=2 - | — v=2
- « 4
= >
g o g o
a o
o A &
HS
(=T I —] o —
T T T T T T T T T J
0.0 0.5 1.0 15 20 0.0 0.5 10 1.5 20
Lifetime Lifetime
(a) B given by (20), Ap,, < AB,s (b) B given by (21), AB,, > AB»

Figure 13: The lifetime density conditionally to the aging rate, t ~ fc |-, —o(t) for different v.
Population without variability: fc,|r,—1 = fB (bold blue line). Population with variability composed
of slow aging cells, fe,|r.—o.5 (red line), and fast aging cells, f¢, |7.—2 (green line). (a) fc,|r,=o(t) =
30(1 = vt)*Liocicv-1y- () fe,jru=o(t) = 30’1 o<icr1y
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For the choice (20) (see Figure 13(a)), fp is non-increasing and thus Ag , < Ap 3 since Theo-
rem 6 (i) applies. The cells of the reference population, with no variability in the aging rate, divide
at rather small lifetimes (density in bold blue line). Cells with a fast rate v have the same kind
of behaviour as the cells of the reference population and divide at small lifetimes (density in green
line). They even divide at smaller lifetimes than the cells of the reference population, which would
tend to raise the Malthus parameter, but this effect is proved to be negligible. The cells with a
slow rate v behave very differently from the cells of the reference population since they can divide
at much larger lifetimes, which tends to decrease the Malthus parameter, and this second effect is
dominant. For the choice (21) (see Figure 13(b)), fg is non-decreasing and thus Ag , > Ap 5 since
Theorem 6 (ii) applies. The cells of the reference population, with no variability in the aging rate,
divides at rather large lifetimes (density in bold blue line). Cells with a slow rate v have the same
kind of behaviour as the cells of the reference population dividing at large (actually at larger) life-
times (density in red line) whereas cells with a fast rate v divide at much smaller lifetimes (density
in green line). Of the two antagonist effects, the dominant effect is the second one which increase
the Malthus parameter. In both cases, it seems that the subpopulation which has a negligible
influence is the one which reinforces the behaviour of the cells of the reference population.

Small perturbations

The density of the aging rates is thought of as a deformation around an average aging rate o.
Given a baseline density p: V — [0, 00) with mean v, we define, for « € (0, 1],

pa(v) =a pla”Hv—(1—-a)D)), veEVy=aV+(1-a)v, (22)

so that [, pa(v)dv = 1, the mean value is constant, i.e. [, vpo(v)dv = 0. The density p,
converges in distribution to the Dirac mass 3 as & — 0. Thus we want to investigate the behaviour
of the Malthus parameter Ap ,_, which is a perturbation of Apy for small value of «.

Theorem 7. Consider the model described by (5) with specifications (15), (16) and p(v,dv’) =
pa(V)dV' . Then a ~» Ap ., is twice differentiable and the Malthus parameter g, defined by (18)

satisfies
2 2
a” d*AB,p,

A :)\ T —_—
B.pa Byt 2 da?

with Aps defined by (19) and

= /Ooo @05 fpa)da) /OOO Ao (10 _5) =252y (a)da

d2>‘B,pa
da?

v v
where 0 = [\,(v — 0)?p(v)dv.

Note that the perturbations play at order 2, but not at order 1 since we prove in Section 6 that

d’\dB&”“ |O[:0 = 0 (see Proposition 14). The amplitude of the perturbation at order 2 depends on the
2

baseline aging rate density p only through its means v and its variance o~.

Remark 8. If B is differentiable, integrating by parts we get

d2>‘B7pa 2 > _2B3e B A o _2B3C ,
W oo = /\B,EU </0 ae fB(a)da) /0 a‘e fB(a)da
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and the variation study of o~ Ap,,, around o = 0 follows as in the proof of Theorem 6 above.

The class of B for which Theorem 6 applies is quite restrictive. For applications a monotonous
density fp seems not realistic since we expect to observe a mode in the density of the physiological
ages at division, as for lifetimes. One can see the distribution of lifetimes, also called doubling times
or generation times, in [ONC14] (Figure 1.D), and in [TAB+15] for various medium (Figure S10).
Given a more realistic division rate B, in this simple model, one can numerically solve Equations
(18) and (19) in order to compare Ap , to Agz. A plausible division rate would be of the form
B(a) = (a — 1)P1{,>1}. Unfortunately for such a division rate, Theorem 6 does not apply since
fB is non-monotonous. Supplementary Figure 20 in Section 8 shows curves a ~ Ap , for different
values of 5 and we see that all these curves are non-increasing, which means that variability in the
aging rate slows down the global growth of the population, for such a B.

2.4 ESTIMATION OF THE MALTHUS PARAMETER FROM ONE BRANCH

We keep on in this section with specifications (14), (15) and (16) and we address Question (ii)
when observing one branch. Recalling (8), together with (16), cells divide according to the following
mechanism:

P(y € [t t 4+ dt)|Cu > t, 7y = v) = vB(vt)dt.

In the simple case where the division rate B is constant equal to b > 0, the lifetime (,, conditionally
on the aging rate 7, = v for v € V is an exponential random variable with mean (vb)~!. The joint
law of (Ay, 7)) = (TuCu, Tu) 1S

P((Au,7u) € dvda) = fp(a)p(v)dvda. (23)

We see that the physiological age A, and the aging rate 7, are independent and this is the
consequence of the choice (16).

Denote by L,, C T one branch of n cells: for (ug,...,u,) € {0,1}",
L, = {v1 = u1;vs = (ur,u2);...;0, = (ug,ug, ..., uy)}. (24)

We aim at estimating the Malthus parameter Ap , when observing the lifetimes (C:u, u € ]Ln).
By (18) (see Lemma 12), the Malthus parameter Ap , is solution to

//s (2exp(—Ap,,v " "a) — 1) fp(a)p(v)dvda = 0,

where f5(a)p(v)dvda is the joint density of (Ay, 7,) according to (23). Thus we look for A, solution
to 1 R
n Z (2 exp(—AnCu) — 1) =0,
u€L,
with ¢, = (7,)"tA, the lifetime of cell u. What is really interesting in the age model is that we
can estimate the Malthus parameter observing only one branch at a parametric rate n='/2. Indeed
(Cu,u € L,,) is a collection of independent and identically distributed random variables and the

~

estimator \,, we have defined is nothing but a Z-estimator (see van der Vaart [vdV98], Chapter 5).
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3 THE SIZE-INCREMENT-STRUCTURED MODEL WITH VARIABILITY

3.1 DESCRIPTION OF THE MODEL

Deterministic description

We study a model structured by three state variables: the current size x of the cell, its increment
of size a = x — x (xp being the size at birth) and its growth rate v. The model is described
deterministically by (2) choosing

gm(xa a,v) = ga(xa a, ’U) = g(m,v),

one typical choice being g(z,v) = vz, which means that the growth is exponential. Such an
assumption is realistic, we refer to the analysis of single cells growth by Schaechter et al. [SWHKG62]
and by Robert et al. [RHK+14] (Figure 2). By the techniques used in the proof of Theorem 3,
one can match this deterministic description and the stochastic setting whose description follows.

Fundamental choice of the division rate and probabilistic description

We specify the division rate as
Y(z,a,v) = g(x,v)B(a) = vzB(a). (25)

It is now time to adopt a stochastic point of view to better understand what are the huge conse-
quences of such a choice. We choose the growth speed as vz to simplify the presentation but this
is not fundamental. For a cell u € T, born at time b, and which divides after a lifetime (,, let us
denote by &, its size at birth, A, its increment of size at division and by 7, its growth rate. The
choice g(x,v) = vz means the growth is exponential, then the size and the increment of size at
time ¢ of cell u are respectively

Eo=Gue™, A =€ —& =&l —1), te by, d)
The growth rate of one cell is drawn according to the Markov kernel
p(v,dv') = P(1, € dv'|T,- = v). (26)
With the choice (25), cells divide at the rate vz B(a)dt,
P(Cu € [t,t 4 dt)|Cu = t, &y = Ty, Tu = v) = vape B(zp (e’ — 1))dt,

where z,e't = z is the size after a time t of a cell born with size z; and growth rate v, and
xp(e’ — 1) =z — 3, = a is the size added to the initial size (there are thus respectively the current
size and the current increment of size). Cells divide into two equal parts,

1

§u = EumeT (27)

- 188 -



Chapitre IV. Influence de la variabilité individuelle sur le paramétre de Malthus

where 4~ € T denotes the parent of u. By definition the increment of size at division of cell u is
Au = Eule™S 1), (28)
and its law is given by
P(A, € ds|&y = Tp, Ty = V) = P(mb(e”cu —1) eds|é&, = xp, T = v) = B(s)ds.

It means that the increment of size of cell u is independent of its size at birth and on its growth
rate, the increments of size are also independent from one cell to another and identically distributed
with common density fg. Written shortly,

P(A, € da) = B(a) exp ( — /Oa B(s)ds) = fg(a)da (29)

with fp density associated to the division rate B defined previously. Equations (26) to (29) fully
describe stochastically the model.

In a nutshell, the choice (25) leads to the fundamental property (29) of independence of the
increments of size, mutual independence and independence with respect other quantities of the
model. The authors in [TAB+15] show this is experimentally valid: Figure S6 points out the
independence between the increment of size and the size at birth of the cell. Figure S8 of [TAB+15]
indicates the independence between the increment of size and the growth rate of the cell. Figure S12
in [TAB+15] argue in favor of the independence of the increments of size across generations. This
would be interesting to carry out a systematic study based on statistical tests on these three
statements.

3.2 THE MALTHUS PARAMETER

The direct and adjoint eigenproblems

A precise definition of the Malthus parameter A, , is based on the eigenproblem associated to (2).
For a general growth speed g and a general division rate v, the direct eigenproblem is given by

a%c(g(xvv)N%p(xa C%U)) + %(9(% U)N%p(xa avv))
+’}/(I7 a, /U)N’)G,D(x? a, U) = 7>\’Y7PN’Y,p(xa a, U)v

9(@, )Ny p(2,a = 0,0") =4 [[§ v 9(22,0)7(22, a, )Ny (22, a,v) p(v, v")dvda, (30)
g(0,v" )Ny p(x =0,a,v") =0, Ny,>0, [[[gNy,(z,a,v)drdvda=1,
and the adjoint eigenproblem is given by
g(z, U)a%qb%p(a:, a,v) + g(z, v)%d)%p(x, a,v)
—|—’y(x,a,v)(2 fv br,p(5,0,0")p(v,v")dv" — qb%p(x,a,v)) = Ay p0y,p(x, a,v), 31)

Dyp =0, [[[s Ny oz a,0)0y (2, a,v)dedvda = 1.
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The existence and uniqueness of a solution (N, ¢4,p, Ay,p) to (30) and (31) can be proved in the
same spirit as in [Dou07] where the age-size-structured model (i.e. the model described by (1)
with g, = 1 and a general g,) is studied. When adding the growth rate as a third structuring
variable, the additional technicalities will be the ones we already faced in the proof of Theorem 4.

Deterministic and stochastic roles of the Malthus parameter

The study of the eigenproblem is central since it governs the long-time behaviour of the solution
n(t,x,a,v) to (2). The global growth of the population is driven by the parameter A, ,. For large
t, we expect n(t,z,a,v) ~ e’ N, ,(x,a,v), in a certain sense (for a weighted norm, see (13) for
instance), the eigenvector IV, , playing the role of a stationary profile. A stochastic version of this
result can also be written. Our model is embedded into the general framework described by Cloez
in [Clo11] and thus Approximation (4) is valid in a certain sense (in probability). In view of our
initial issue, A, , is the good quantity to focus on in order to measure the global growth of the
population described by (2). The analysis which follows relies entirely on stochastic techniques
and in particular on the asymptotic behaviour given by (4).

3.3 INFLUENCE OF VARIABILITY ON THE MALTHUS PARAMETER

We give here numerical answers to Question (i) for the size-increment-structured model, described
by (2) with g,(z,a,v) = go(z,a,v) = vz and y(x,a,v) satisfying (25) (as announced in Table 7,
Column 2). To reformulate more precisely Question (i), let us consider the case of reference without
variability:

Lemma 9. Consider the model without variability described by (1) with g.(x,a) = g.(x,a) = vz,
v > 0. Then the Malthus parameter is given by Ay 5 = V.

The proof of Lemma 9 is very short, we give in Appendix (Section 7.1). As previously, from now
on we denote the Malthus parameter A\, , by Ap , to emphasize we work with Specification (25).
Choosing a variability kernel p(v,dv’) = p(v')dv” with p : V — [0,00) a non-degenerated density
such that fv vp(v)dv = 0, the general question may state as follows: what can we say about Ap ,
compared to v the average growth rate, which is the Malthus parameter of a population without
variability in the growth rate?

Numerical protocol

In order to compare Ap , to ¥, we numerically evaluate Ap , for given division rates B and growth
rate densities p. Our estimates of Ap , are based on trees observed between time 0 and time 7". The
theoretical framework legitimating our approach is thus a continuous time setting as in Chapter I.

Estimation of the Malthus parameter. Define the sum of all sizes of living cells at time ¢,

M= Y &L=y LuerlTh, (32)

u€0Ty u€0Ty

where 07; is the set defined by (3). This quantity is called biomass in the biological literature.
If we observe (55/2,11 € 0Tr2) and (§,u € 0Tr) we can define an estimator of the Malthus
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parameter as

-2 sy
Ar =2 (o) 33
T\, (33)
Approximation (4) entails
My & ¢y, p 7T Wy p,

in a certain sense (in probability), as " — oo, with ¢, , > 0 a constant that depends only on
~ and p and W, , a non-degenerated random variable. It ensures that the estimator we build is
close to the true value for large T. Note that a large collection of estimators based on (4) can be
built, choosing different test functions, and we discuss this later on. We see that the estimator (33)
requires the observation of the whole population at two different large times, chosen for simplicity
as T'/2 and T'. Thus in order to numerically approximate Ap , by (33) for given parameters B and
p one need to simulate continuous time trees up to a large time 7.

Simulation of a continuous time tree up to time I'. Let us be given a division rate B and
a density p on V. To simulate a full tree up to a time 7', we have to keep the birth and division
dates. From (28), the lifetimes in the size-increment-structured model are computed as

1 A

Cu=—In(14=2). (34)

Tu u
Recall in addition (26) and (29) giving the distributions of the growth rates and the increments of
size. Set £y = xy and 7y = vy, some given initial values, draw Ay according to fp and compute
its division time dy = (p by (34). For a cell u € T, given ((bU,Q,,&,,AU,Tv),v =< u), where the
notation v < u means that v # wu is an ancestor of u,

(i) Ifd,- <T,

Set its size at birth &, = (§,- + Ayu-)/2.

Draw its growth rate 7, according to p(7,-,-) and its increment of size A,, according to

IB-
- Compute its lifetime ¢, by (34). Set its birth time b, = d,- and its division time
du = bu + Cu

(ii) If d,- > T, do not simulate the descendant u of u~.

Main result: the Malthus parameter decreases when introducing variability

We first specify the division rate B (recall Specification (25)) and the growth rate Markov kernel p.
Division rate. We choose the division rate of the general form

B(a) = Bag,5(a) = (a = a0) 14>y} (35)
for ag > 0 and 8 > 0. This power form in S with some lag ag is inspired by experimental data.

For instance we refer to [RHK+14], Supplementary Figures S1 and S2, where the division rate
is estimated for the age-structured and size-structured models. Adjusting 8 and ag is an easy
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way to mimic qualitatively all these curves (similar curves could be drawn for the size-increment-
structured model). The estimation is not accurate for large sizes or ages since observations are
lacking and we opt not to truncate B making it constant after some threshold but to let it grow
to infinity. In this subsection, we pick ag = 1 and 8 = 2.

Parametrisation of the variability. We suppose here that the growth rate of the daughter
cell is independent of its parent. Given a non-degenerated baseline density p : V — [0, 00) with
mean v, we define, for o € (0,1],

pa(v) =a 'pla” (v —(1—a)D)), vEV,=aV+(l-a)w.

We set [, vp(v)dv = © and [,,(v — ©)?p(v)dv = n*. The coefficient of variation, denoted by
CV indexed by the probability distribution considered, is defined as the quotient of the mean
and the standard error of this probability distribution. Then C'V, = v/n and CV,,, = aCV,. Set
o(x) = (27T)_1/26_m2/2 the density of the standard gaussian and ®(z) = [*

"o ¢(y)dy its cumulative
distribution function. We pick for the baseline density p,

w(o’nil(v - 1_})) ]‘Umingvgvmax

® (07 (Vmax — 7)) — (05 (Vmin — D))

p(v) = (36)

with © = (Umin + Umax)/2. That is to say, p is the truncation on [Vmin, Vmax] = V of a Gaussian
distribution with mean v and standard deviation o,. We set vyin = 0, Vmax = 2 so that v = 1 and
we choose g, = 0.70 so that C'V,, = 50% (using the known formulae of the moments of a truncated
Gaussian distribution). Once p is fixed, it enables us to define the collection (pa,a € (0,1]). For
a € (0, 1] the support of the density po is Vo = [1 —, 14 ] and CV, = a/2 for such a choice of
p. The larger the coefficient of variation C'V,_, the more variability in the growth rate.

Estimation of the curve CV, ~» Ap,, . Foragivena € (0,1), wesimulate M = 50 continuous
time trees up to time 7', picking xy = 2, vy = 1, with division rate B = B, —1,3—2 and growth rate
density

p(v,dv’) = po(v")dv'.

We obtain a collection
e m=1,...,M)

of M estimators of the Malthus parameter computed according to (33). We denote the mean of
these M estimators by )\(Ta). Figure 14 shows the curve

CV,, ~ X(Ta),

together with a confidence interval for each «, such that it contains 95% of the M estimators. The
aim is to get confidence intervals of good precision and to that end we choose large times T. The
mean numbers of living individuals at time T is of magnitude 50 000, see Supplementary Table 9
in Section 8. (Such an amount of data, in a full tree case, would correspond to the observation of
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the first 16 generations.) The value of reference is

7= /v Upa(v)du

for any a € (0,1). We first observe that Ap ,, is significantly lower than the value of reference
v =1, for C'V, exceeding 10%. In addition, the curve is significantly decreasing as C'V,,  increases,
i.e. as there is more and more variability in the growth rate.

More variability

in the growth rate

Estimated Malthus parameter with 95% CI

0.4 -

082 | L L | | L L | |
5 7 i3 20 35 30 35 £ 5

Coefficient of Variation

Figure 14: Size-increment-structured model with variability. Division rate B(a) = (a —1)*1,513.
Estimated curve CV,, ~» Ap,, using estimator (33) (mean and 95% confidence interval based
on M = 50 Monte Carlo continuous time trees). Reference (all cells grow at a rate © = 1):
)\B,’E =7 = ].

A last comment of importance, as regards upcoming experiments: the estimator of the Malthus
parameter (33) we used, based on the biomass, is more precise than another estimator we could
build using the number of cells. One, among many others, alternative estimator we could propose

1S
~ 2 /107
= —1
Ar = 7 ln (\airm\) (37)

where |07 | stands for the cardinality of the set (3) of living particles at time 7. This gives another
estimate of the Malthus parameter, still when observing the whole tree at large times 7/2 and T.
For a fixed T, the estimator (33) is better than (37) in the sense that its standard deviation is
much smaller (by at least a factor 2 for the lower C'V,, as shown is Supplementary Table 10 in
Section 8). However as expected the two estimators perform equivalently for large T' as pointed
out in Supplementary Figure 21 in Section 8.
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Robustness of the result

The result illustrated by Figure 14 is robust to the change of parameters. The result is robust
when changing the division rate B. In particular, we have explored several couples of parameters
(a0, B) (recall parametrisation (35)). The conclusion remains the same: the Malthus parameter
significantly decreases when there is more and more variability in the growth rate. Supplementary
Table 11 in Section 8 displays the results for ag = 1 and 8 = 8.

So far we have assumed symmetry in the division. However a slight asymmetry can arise, see
Marr et al. [MHTG66] or Soifer et al. [SRBA14] (Figure 8). Asymmetry is defined as the ratio of
the size at birth of one daughter cell over the size at division of its parent. The distribution of this
ratio shows a mode at 0.50 and has a coefficient of variation of about 4%.

In our numerical study, we amplify asymmetry since we aim at measuring an effect of asymmetry
on the curve CV, ~» Ap ,.,. We introduced asymmetry assuming that a cell of size x divides into
two cells of sizes uz and (1 — w)x with v uniformly drawn on the interval [¢,1 — €], independently
of everything else, for 0 < e < 1/2. A dividing cell does not produce an arbitrary small cell, that
is why we chose ¢ # 0. However we fix ¢ quite close to 0 for our study. Supplementary Table 12
in Section 8 collects the results for ¢ = 0.10. Once again there is no significant change compared
to Figure 14. Thus asymmetry has no significant impact on the Malthus parameter, in presence of
variability.

Toward experiments

The aim here is to be closer to experimental conditions as regards the number of observed cells.
The main issue is the following: is the variation of the Malthus parameter significant enough to
have a chance to observe it experimentally? The techniques of measurements available enable
us to observe at most 9 generations of a population of cells, which means that the population
counts at most 500 cells when we stop observing. Repeating 10 times the experiment seems
reasonable. Assuming the initial individuals of the 10 populations are generated according to the
stationnary profile, we can aggregate the data and work as if we observed one population counting
approximately 5 000 cells at the final observation time. Thus we want to build confidence intervals
for the Malthus parameter when the number of observations is around 5 000, which is realistic for
experiments. Note that we do not observe the population of cells up to a fixed time T any longer.
The observation time is instead a random stopping time. However we still use the same estimator
(33) as previously.

Figure 15 shows that for a coefficient of variation in the growth rate exceeding 15%, the con-
fidence interval at 95% (built from M = 50 Monte Carlo continuous time trees observed until the
random time IT such that |0T7| counts between 4 500 and 5 500 individuals) does not overlap the
value of reference. We expect the experimental evaluation of the Malthus parameter lie in the 95%
confidence intervals we computed.

Our preliminary study based on numerical simulations also enables us to design experiments.
Two experimental parameters have to be fixed: the number of cells we observe and the coefficient
of variation of the growth rates distribution. As we said, the observation of 5 000 cells is experi-
mentally feasible and a realistic coefficient of variation in the growth rates is around 10%-20%. Our
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numerical results (see Figure 15) entail that we can legitimately hope to measure experimentally
a significant change in the Malthus parameter observing 5 000 cells for a coeflicient of variation
around 15% (compared to the value of reference equal to the mean growth rate).

Exploiting the observation of 10 different populations of cells (without aggregating the data)
could also be interesting. One could obtain 10 estimates of the Malthus parameter by (33) and
build experimental confidence intervals. One could say this approach is model independent since
those intervals would be valid for any model described by (2) without any further specification
on ¢g,,g, and v. However the size of each population being small, around 500, we expect that
the confidence intervals overlap the value of reference (this guess is based on the same process as
previously, we compute 95% confidence intervals, based on M = 50 Monte Carlo continuous time
trees observed until the random time II such that |0T7| counts between 450 and 550 individuals,
by varying the coefficient of variation in the growth rate between 5% and 25%).
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Figure 15: Size-increment-structured model with variability, experimental conditions. Division
rate B(a) = (a — 1)*1(,>1y. Estimated curve CV,, ~> Ap,, using estimator (33) (mean and
95% confidence interval based on M = 50 Monte Carlo continuous time trees simulated up to the
random time II such that 4 500 < |0Tm| < 5 500). Reference (all cells grow at a rate v = 1):
)\Bﬂ’) =v=1.

FExtension: heredity

So far we have assumed independence between the growth rates of the cells of the population
setting p(v, dv’) = p(dv’). In this subsection we allow the growth rate to be inherited from one cell
to another, which is more realistic in some controlled medium, see Kiviet et al. [KNW-+14]. For
E. coli, heredity is not negligible in poor medium whereas it is in rich medium. Two ways to take
into account heredity are explored, both being biologically plausible.

We first assume that the growth rates (7,,u € T) form a bifurcating autoregressive process
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(see Chapter I1T) with linear autoregressive functions. Second, we assume that cells fall into two
groups, one with cells growing fast, another one with cells growing slowly (this is why we call this
case bimodal). Heredity is introduced there assuming the group to which a cell belongs depends
on the group of its parent.

Linear bifurcating autoregressive process. To take into account heredity in the transmission
of the growth rate, we assume the growth rates sequence follows an autoregressive dynamic,

Tu = (1 - '%)’D + KTy + My U E T\{Q)} (38)

with k € (0,1) and (n,,u € T) independent and identically distributed with E[n,] = 0 and with
support subset of [—(1 — K)(Umax — Umin)/2; (1 — £)(Vmax — Vmin)/2] 80 that 7, € [Vmin, Vmax] = V.
We set ¥ = (Umin + Umax)/2. In addition, 7, is independent of (7,,v < w) where the notation
v =< w means that v is an ancestor of u, with possibly v = w. In other words, (r,,u € T) is
a symmetric linear autoregressive bifurcating process. The higher the linear coefficient  is, the
stronger heredity is. The case without heredity in the transmission of the growth is given by x = 0.

Let us denote by 7 the standard deviation of the noise sequence. At equilibrium (see Chapter II1
for a precise meaning), we have E[r,,] = v and E[(r, — ©)?] = ?(1 — x?)~!, thus the coefficient of
variation of the equilibrium distribution of the growth rates is

11— 52)"V

CcV, =

v
We denote the Malthus parameter by Ap , in this case and aim at studying C'V,, ~» Ap ..

We still base our study on the simulation of continuous time trees up to a large time (we keep
on with the protocole described page 191 drawing 7, conditionally on 7,- complying with (38)).
The division rate is still picked as B(a) = (a— 1)21{a21}. We pick 7 = 1, vypin = 0.1 and vpax = 1.9
fixed once and for all. For a given x, we draw 7,, according to a centered Gaussian distribution of
variance o, truncated on [—6(1 — )/10;6(1 — x)/10]. We choose values E[n;] = n* = 12 such that
CV,, takes its value in {5%, 10%, 15%, 20%,25%}. For numerical experiments, we pick several k:
k =0 (no heredity), x = 0.25 and £ = 0.50. On Figure 16, we observe that:

1) For a fixed x, study of C'V,, ~» Ap .. In presence of a not too strong heredity (x = 0.25),
the Malthus parameter Ap , decreases as the variability in the growth rate measured by
CV, increases. For a higher level of heredity (x = 0.50), the Malthus parameter Ap , seems
constant, close to the mean growth rate v = 1, as C'V; increases.

2) For a fixed CVj, study of k ~» Ap, For a coefficient of variation C'V, fixed between
15% and 25%, we observe that the stronger heredity is, i.e. the higher x is, the higher the
Malthus parameter Ap . is: Figure 16 suggests Ap .—0 < AB,k=0.25 < AB k=0.50 and we infer
K ~+ AR, is non-decreasing.

3) Comparison of A\p ,, to 0. Introducing variability in the growth rate (with no heredity, k =
0) slows down the global growth of the population as we have already seen, we significantly
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have Ap -0 < v = 1. However heredity may have a counter effect which fully offset the
previous slowing down effect. This phenomenon is observed for k large enough: Figure 16
shows Ap .—0.50 = ¥ = 1. One may wonder if for x higher than 0.50 the global growth of the
population can be sped up: one would guess from Figure 16 that Ap , > v = 1 for high &
(close to 1). However our numerical tests for £ = 0.75 did not show any significant difference
from the curve corresponding to x = 0.50.
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Figure 16: Size-increment structured model with inherited variability. Division rate B(a) = (a —
1)*1;,>13 and the growth rates (1,,u € T) satisfy (38). Estimated curve CV, ~» Ap,. using
estimator (33) (mean and 95% confidence interval based on M = 50 Monte Carlo continuous
time trees) for different values of k. Red lower curve: k = 0 (no heredity). Green middle curve:
K = 0.25. Blue upper curve: k = 0.50.

Bimodal case. An other way to introduce heredity in the transmission of the growth rate is the
following. Assume that the growth rate take its values in V = V; UV, with V; and Vy two compact
intervals of (0,00). It means that some cells grow at a fast rate, in the interval Vs say, whereas
the others grow at a slow rate, in the interval V; say. We specify the model with probabilities of
transition (p;; > 0, (4,7) € {1,2}?) such that pi; + p12 = 1, pa1 + p22 = 1 and with two densities
p1 and po with support Vi and Vs respectively. The growth rate transmission follows the rules

where u~ is the parent of u, and
P(1, € dv|ry, € V;) = pi(v)dv, i€ {1,2}. (40)

At equilibrium, with a discrete time point of view, cells growing at a slow rate or at a fast rate
have proportions respectively given by
1 —p2s 1—pn

"= (1—=p11)+ (1 —p2)’ = (1—=p11)+ (1 —p2)
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Thus at equilibrium, the mean growth rate of the population is
V= 01q1 + V2q2

where 9; = [, vp;(v)dv for i € {1,2}, and we use this value as reference. We denote the Malthus
parameter by Ap s, 5,,p11,pe alld we want to compare it to the value of reference for different
parameters (01, 02) and (p11, p22)-

We keep on with the same protocol as previously, calculating 95% confidence intervals drawing
M = 50 Monte Carlo continuous time trees. For our numerical tests, we pick p; as a very picky
distribution, a Gaussian distribution with mean v; and standard deviation 0.03 truncated on the
interval [v; —0.10, 9; +0.10] (thus we have V; N'Vy = 0). The mean growth rates of the two groups
are chosen as 71 = 1 — ¢ and 72 = 1 + ¢ with £ € {0.20,0.40,0.60,0.80}. We use the distance
|v2 — 1| = 2¢ as x-scale on Figure 17.

For toy example, the transition probabilities are chosen so that 1) the probability pi; to stay
in the slowly growing group is high compared to the probability p12 to become fast growing (i.e.
innovation among cells is not frequent) and 2) the probability pis is smaller than the probabil-
ity pa1 (i.e. cells have more chance to degenerate than to increase their growth rate at the next
generation). We fix the probability to stay in the slowly growing group pss = 0.30 and test the
probability to stay in the fast growing group pi;; = 0.90 or p;; = 0.60.

T—p11-06,p22-03
== p11=08,p22 =0.3 (Reference)
—p11=09,p22=03
== p11=0.9,p22 = 0.3 (Reference)

More dissimilar

Estimated Malthus parameter with 95% G|

subpopulations

| | L | | 1 L
o2 0.4 06 [ 1 12 14 6

Mean difference between the 2 groups

Figure 17: Size-increment structured model with inherited variability. Division rate B(a) = (a —
1)*14,>1y and the growth rates (tu,u € T) satisfy (39) and (40). Estimated curve |vy — vy ~
AB 5, 5a,p11.pee (With U; the mean growth rate of the subpopulation i € {1,2} and U7 = 2 — Uy) using
estimator (33) (mean and 95% confidence interval based on M = 50 Monte Carlo continuous time
trees) for different values of (p11,pa2). Green upper curve: p1; = 0.60 and pes = 0.30. Blue
lower curve: p;1 = 0.90 and paa = 0.30. Reference (all cells grow at the mean growth rate v):
U = U1q1 + U2qo, in dashed lines for each case.
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Not surprisingly, the higher p;; is, all other parameters remaining equal, the lower the Malthus
parameter is, as one can see on Figure 17 (the blue curve is larger than the green one). The
more the two groups are different i.e. the higher the distance |03 — 71| between the mean growth
rates of the two groups is, the lower the Malthus parameter is. It is interesting to observe that, for
p11 = 0.60, depending on v; and vs, the Malthus parameter can be smaller or higher than the value
of reference. It means that in some cases the population with variability in the growth rate grows
faster than the population of reference composed of cells all growing at the mean growth rate.
(As a comparison, the bimodal case without heredity can be studied as well, see Supplementary
Figure 22 in Section 8 and Supplementary Table 16. However, for FE. coli, heredity may not be
negligible in the bimodal case.)

Further tests should be implemented to explore the bimodal case. As a first conclusion, we see
that the choice of p;; and posy is determinant. We should also try less spiky distributions p; and
p2 since in practice V1 and Vs overlap.

Three main conclusions regarding the size-increment-structured model with variability in the
growth rate we are studying are in order:

1) For a unit size division rate B experimentally plausible, when there is variability in the
growth rate among cells, neglecting heredity at first,

(a) The Malthus parameter is lower than the value of reference computed assuming all cells
grow at the mean growth rate.

(b) In addition the Malthus parameter decreases when there is more and more variability.

(¢) The variation is of magnitude 2% for experimentally realistic coefficients of variation in
the growth rates distribution, around 15-20%.

These conclusions are robust as argued above changing B or introducing asymmetry in the
division.

2) When we observe populations of realistic sizes (around 5 000 cells), the decrease of the
Malthus parameter still seems significant which augurs well for the experimental part.

3) When the individual growth rate is inherited from one cell to another, the Malthus parameter
may be equal or even larger than the value of reference computed assuming all cells grow at
the equilibrium mean growth rate.

Our conclusion 1)(a) precisely coincides with conventional wisdom in biology. However, our con-
clusion 3) was perhaps not expected by the biologists. At the light of these conclusions, it seems
crucial to measure the strength of heredity in the transmission of the growth rate to decide whether
we can neglect its influence or not (see also the perspectives detailed in Section 5).
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So far we based our methodology estimating the Malthus parameter from the observation of a
continuous-tree (i.e. of a whole population until a given time). We stress that our previous conclu-
sion 2), with experimental concerns, relies on this methodology. Proposing alternative procedures
to estimate the Malthus parameter (from alternative observation schemes) seems important to
better prepare an experimental part (even if our preliminary conclusion 2) is positive).

A quite recent and successful protocol is the observation of one branch in the genealogical tree
of the population (see some details on page 177) and we now briefly describe a methodology to
estimate the Malthus parameter when observing one branch. Further investigating Question (ii)
constitutes one of the main perspectives of this work.

3.4 ESTIMATION OF THE MALTHUS PARAMETER FROM ONE BRANCH

We keep on with Specification (25) of the division rate, vy(z,a,v) = g(x,v)B(a) for a general
growth speed g. At first, we neglect heredity in the transmission of the growth rate, specifying
p(v,dv’) = p(v")dv’. In the sequel we assume that g is known from previous experimentations
whereas B and p are unknown. We observe

((Auv Tu)a u e Ln)

with L, a branch of n cells defined by (24) and aim at reconstructing the Malthus parameter Ap ,
from these observations.

One estimation procedure. Remind the adjoint eigenproblem described by (31) and set
AB,pf(x7 a, U) = Sf(x, a, U) + ?g,pf(mv a, U) - Sr];f(m7 a, U)7

densely defined on bounded continuous functions, with

Sf(x,a,0) = g(,0) & f (2, a,0) + g(a,v) & f(x, a,v),
ffgpf(:cav)fquv /fQ,()v (v,v")dv’,

Fpf(e,a,0) = g(z,v)B(a)f (2, a,v).

The Malthus parameter is defined as the dominant eigenvalue of the operator Ap ,. We proceed
in two steps: we first approximate the operator Ap , by a finite-dimensional matrix Ag, p using a

projection method, the finite-dimensional matrix Ag’ , 1s then estimated by 21\,]:[ . One can hope
the spectrum of the estimated matrix is easy to calculate numerically and calculating its largest
eigenvalue provides an estimate for the Malthus parameter. This kind of method was successfully
set up in Gobet, Hoffmann and ReiffjiGHRO04] in another framework. Let us describe more precisely
how we carry out these two steps in our case.

Step 1. Discretisation. Let us be given a basis (w;,1 < i < N) of some N-dimensional approxima-
tion space. We define the finite-dimensional operator Ag » by

- |://S<‘ABani)(mya,U)U)j($,a,U)dxdad’U:|

1<i,j<N’
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which we decompose into Ag’ =GN + F+ N - Fy N The finite-dimensional matrix G*, corre-
sponding to the growth part, whose terms are given by

(GN)M = /// g(x,v)(a%wi(%a,v) + %wi(x,a,v))wj(m,a,v)dscdadv,
8

does not depend on the unknown (B, p) and can be computed in a preliminary step, independently
of the observed sample. As regards the fragmentation part, the matrix FE’;V has terms

5o )i = / / / (T5 ,wi) (@, a,v)w;(x, a,v)dzdadv = / / hi;(a,v')B(a)p(v')dadv’
’ s (0,00)XV

h+ (a,v") = 2// g(x, v)wi(%,0,v" )w;(x, a,v)dzdv,
0,00)

with

and the matrix FEN has terms

= ///S(S"Ewi)(%a,v)wj(amam)dxdadv = /0Oo h; ;(a)B(a)da

h; ;(a) = // g(z,v)w;(z, a,v)w;(x, a,v)dzdv.
’ (0,00) XV

with

Note that neither hjj nor h; ; depend on B or p so that they can be calculated in a preliminary
step.
Step 2. Estimation. Setting fp(a) = B(a)exp(— [, B(s)ds) and Fg(a) = [, f5(s)ds, the classical

relation
fB(a)

Bla)= 1 — Fp(a)

holds. For hfj(a,v’) being either i (a,v’) or h;;(a), we write

/ / hf(a, V') , .
//(Omwhi(a v')B(a)p(v')dadv’ = //(O,oow #B(a)fjg(a)p(v )dadv'.

Define ﬁn as an estimator of the cumulative distribution function Fg, converging at the parametric
rate n~1/2. Equation (29) and the assumption p(v,dv’) = p(v')dv’ prove that the couples (A, 7,)

are independent for u € L,, and distributed as fp(a)p(v)dadv. Thus we estimate (F;g)” and
(FE’N)M by respectively

~+,N 1 h;’_(Au,Tu) ~—,N 1 hz_( u
(F, )ij= - E e (F, )i; = n E : = J
S 1 Fu(Ay) L 1 Fu(Ay)

for 1 <4,5 < N. We finally define an estimator of the discretised operator Ag p a8

~N ~+,N ~—,N
A, =GN +F, -F,
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Statistical error and numerical implementation. The precise study of this methodology would give
a thorough answer to Question (ii) when observing one branch. We sketch here a work approach.
The main heuristic idea is that the error in the eigenvalue can be controlled by the error in the
operator. We should give a sense to the chain of approximations

1) (2) ~N
Ap,p = Ag’p ~A,,

in to order to successively obtain the approximations

(3) (4) ~
ABp R A, =AY

Intuitively, the errors generated by the discretisation step (Approximations (1) and (3)) are related
to a usual bias term, which only depends on N, and the errors generated to the estimation step
(Approximations (2) and (4)) are related to a usual variance term, which depends on n and N. We
expect a balance (governed by the choice of the dimension N of the approximation space) between
the two terms leading to a nonparametric rate depending on the smoothness of the unknown
parameters (B, p) and the dimension of the problem.

The difficult point of the whole proof is to prove the existence of a largest eigenvalue )\g’ , of
the discretised version Ag o of the operator Ap ,. Indeed, we work in a non-reversible framework
and thus the operator Ap , is not self-adjoint and the matrix Agy , is nonsymmetric. As regards
Approximation (2), we expect a control of the error as in Proposition 4.14 of [GHR04]. Then, once
the existence of )\g’ , is proved, proving that Approximation (2) entails Approximation (4) relies
on the spectral approximation theory for finite-dimensional matrices. We stress again that we fall
within the spectral approximation theory for nonsymmetric matrices. As regards Approximations
(1) and (4), we should rely on the general spectral approximation theory (see Chatelin [Cha83] for
instance). As explained previously, we expect this estimation procedure based on a single branch
of the population to achieve a nonparametric rate for the estimation of the Malthus parameter
AB,p, and we expect this rate to be optimal. However remind that in the toy model structured

—1/2

by the age and the aging rate we achieved the parametric rate n . A lower bound for such a

problem is thus far from being obvious.

As for the numerical implementation, the use of finite element spaces of approximation (see
[CL09]) should enable us to easily calculate the matrix G~ and to easily implement the func-
tions hj_,j and h; ;. The sparse structure of the output matrix, inherited from the properties of
the finite elements, would have the huge advantage to ease the calculation of the largest eigenvalue.

Generalisations. Taking heredity into account would be possible. One should change the scalar
product chosen in Step 1 to proceed to the discretisation and consider

][, o0

where v, is the invariant measure of the bifurcating Markov chain (7, u € T), we refer to Chapter II
for a definition. We should follow [GHRO04] introducing the estimated Gram matrix to take into
account the fact that v, is unknown. One could consider a general fragmentation, assumed to
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be known, a cell of size z giving birth to a cell of size y with probability x(x,y) where & is
a fragmentation kernel, nonnegative, such that k(z,y) = 0 for y > = and fox k(z,y)dy = 1,

Js ye(z, y)dy = Z.

Alternative estimation procedures. We can alternatively propose two other procedures: we
could first estimate the division rate B and the Markov kernel of the growth rates p (note that
such estimators are easily obtained observing one branch) and then apply classical methods as if
we knew B and p.

After an estimation of B and p from the observation of one branch, one could simulate con-
tinuous time trees (using the same protocole as described page 191) and use again the estimator
defined by (37) based on the biomass. The statistical study of such a procedure remains unclear,
but it seems competitive at a computational level.

When knowing B and p, it is possible to discretise the partial differential equation (2) using
a classical finite volume scheme (we refer in particular to [CDG12, BCP08] or more generally to
the textbook of Leveque [Lev02]) and to compute in that way the Malthus parameter Ag ,. When
B and p are unknown, if we have estimators for them, the same numerical scheme could enable
us to estimate A\p ,. We should conduct a precise study of how the estimation of (B, p) affects
the estimation of Ag ,. For the size-structured model (without variability), Perthame and Zubelli
[PZ07] (Theorem 3.2) and Doumic and Tine [DT13] (Theorem 1.1) studied the error in the Malthus
parameter Ap when having an error in B. We should also take into account the error coming from
the numerical scheme. A limitation has to be formulated as regards computational efficiency since
four dimensions occur (time added to three structuring variables).

The comparison of the previous estimation procedures at a statistical level remains to be inves-
tigated. We stress that since we are interested in a three dimensional model (the three structuring
variables being the size, the increment of size and the growth rate), achieving computational effi-
ciency is an additional issue. The comparison of the procedures at a computational level remains
also to be investigated

4 TwO OTHER MODELS OF INTEREST

Our conclusions are robust to the change of model. We discuss here the size-structured model and
a recent model introduced by Amir [Amil4]. In both cases, for a reasonable choice of the division
rate B (as a power with some lag) variability in the growth rate slows down the global growth of
the population (see Figure 18 and Supplementary Table 18 in Section 8).

4.1 SIZE-STRUCTURED MODEL WITH VARIABILITY

We remind that the size-structured model can be derived from the general formalism (2) setting
gz(x,a,v) = vz, g, = 1 and ~ independent of a (see Column 3 of Table 7) and integrating the
equation in a from zero to infinity. We refer to [DG10] and references therein for the study of the
eigenproblem. We work with a unit time division rate chosen as

v(z,a,v) = vaB(x).
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For a cell u € T, let (,,&, and 7, denote respectively its lifetime, its size at birth and its growth
rate. The size of cell u evolves as &, = &, exp (Tu(t — bu)) for t € [by,d,). Stochastically, cells
divide according to the rate vaB(x)dt,

P(Cu € [t,t +dt)|Cu > t, &0 = Tp, T = v) = vape’ B(xpe’")dt

where ze?t = z is the size after a time ¢ for a cell born with size z;, and growth rate v. Since
&y = %guf exp (Tu— Cu7)7 where u~ is the parent of u, we readily obtain

y
P(&, € dylé,- = x) = 2B(2y) exp ( — //2 QB(Qs)ds) 1y>4/2dy. (41)
Thus (£, u € T) is a bifurcating Markov chain (see Chapter II).

Notice that the model studied in [DHKR15] corresponds to the choice y(z, a,v) = B(z) (we
say that B is unit time) instead of v(z,a,v) = vzB(z) (we say here that B is unit size). This
is fundamentally different. As one can see in (41), with the choice vy(z,a,v) = vaB(z), the size
at birth of a cell actually does not depend on the growth rate of its parent whereas it would be
the case with the choice y(z,a,v) = B(x) (see [DHKR15], Equation (11)) and this is the main
difference.

More variability

Estimated Malthus parameter with 95% Gl

in the growth rate

084 -

082 | L | | | L L | |
4 7 s 20 25 30 35 £ 5

Coefficient of Variation

Figure 18: Size-structured model with variability. Division rate B(a) = (a — 1)?14>1y. Estimated
curve CV, ~ Ap,,., using estimator (33) (mean and 95% confidence interval based on M = 50
Monte Carlo continuous time trees). Reference (all cells grow at a rate v =1): A\py =0 = 1.

With the help of the same protocol as previously, we obtain a numerical answer to Question (i)
as a preliminary, see Figure 18 and Supplementary Table 17 in Section 8. For the unit size division
rate B we chose, experimentally realistic, introducing variability in the growth rate diminishes the
Malthus parameter controlling the exponential growth of the whole population compared to the

- 204 -



Chapitre IV. Influence de la variabilité individuelle sur le paramétre de Malthus

reference value (defined as the Malthus parameter for a population where all cells grow at the
mean growth rate ©), Ap s = U. This decrease has the same magnitude as previously: about 2%
for coefficients of variation around 15%-20%.

As regards Question (ii) and more precisely the estimation of the Malthus parameter observing
one branch in the genealogical tree of the population of cells, the methodology described in Sec-
tion 3.4 could be applied here. Since the sizes at birth (&,,u € L,) form a Markov chain (whereas
the increments of size (A,,u € IL,) were independent), the controls will rely on the ergodicity of
this Markov chain (which could be proved using the same kind of techniques as in Doumic et al.
[DHKR15]).

4.2 MODEL INTRODUCED BY AMIR

The model was introduced without variability. Before addressing Question (i) we give some hint to
better understand this model and in particular to set it with respect to the general size-increment-
structured model we have studied. We follow the description of the model given in [Amil4], only
adding variability in the growth rate, and then link it to the formalism we have used so far.

The mechanism described by [Amil4] is the following: the cell aims at adding a volume Ay > 0
to its size at birth &,. In order to divide precisely at size &, + Ay, the cell should grow during a
time ;; such that
bu Do = £y

if individual u grows at rate 7, belonging to a state space V = [Umin, Umax|- Actually a cell does
not live precisely during the lifetime ¢ but it lives during a lifetime (,, which is a noisy version of
the target lifetime (7,

1 A

Co=Citm=—Tn(1+22) +n, (42)
Tu u

where (n,,u € T) is a noise sequence of independent and identically distributed random vari-

ables such that E[n,] = 0 with support [—h,h] (e.g. truncated Gaussian) where h > 0 satisfies

exp(Umaxh) < V2. For a given initial size £y = gy < Tmax such that

Agelmaxh Ao

2 _ evmaxh S xmax S bl

evmaxh -1

the model is well-defined, see Section 7.3. Equation (42) together with (27) describing fragmen-
tation and (26) giving the law of the growth rates completely define the model. The Malthus
parameter depends here on the target increment of size Ag, on the noise distribution f, and on
the distribution of the growth rates. As argued in [Amil4], this model captures well the main ob-
served features as distributions of sizes at birth, sizes at division, ages at division, and correlations
between these quantities.

It remains to fix the parameter Ag. In practice, it should be thought of as the increment of size
added by a cell to its initial size in the equilibrium regime, Ay ~ E[A,]. Since &, = (&,- + Ay-)/2
for any w € T, assuming equilibrium is reached so that the sizes at birth &, and &,- follow the
same law, we deduce E[A,] = E[¢,]. Thus the parameter A, satisfies Ag &~ E[¢,] and should be
fixed in practice as the mean size at birth of cells at equilibrium.
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In order to recover the usual description through a partial differential equation as (2), assume
that the noise sequence density can be written as

P(n, € dz) = B(z + h)e™ Ji " By g,

with B : [0,00) — [0,00) such that B(z) = 0 for z > 2h. Using (42) we deduce

1 A
P(Cu € [tvt_‘_dt)mu > 1,60 = Tp, Ty :U) = B(t_ Eln (1+ ?O) +h)dt
b

Given the time elapsed since birth ¢ and the size at birth x;, we can compute the current size x
and the current increment of size a and conversely: we have

Ty, =T —a

and

Thus

B(t—%ln(1+@)+h) =B(11n(

T v zfaJrAO)—i_h):’y(x’a’v)'

The partial differential equation (2) with this choice of v describes Amir’s model in a deterministic
way. Note that we could use a description through different couples of variables instead of size and
increment of size, but we want to establish a comparison with the previous model.

The main difference with the size-increment-structured model is the following. The increments
A, in the size-increment-structured model are independent of the growth rate or of the size at
birth, remind (29), whereas it is no longer the case in Amir’s model. At first, assume that there
is no variability in the growth rate (1, = ¥ for any u € T). The two models are not equivalent.
Heuristically,

B(t—iln(u@) +h) :B(iln(Hi) N +1) ~ B(a)

v Tp v Ty v Tp
using the approximation x, &~ Ag. The choices y(z,a) = txB(a) and y(z,a) = B(a) in the model
described by (1) are fundamentally different and lead to very different properties. We obtain the
mutual independence of the increments of size in the first case but not in the second one. This
huge difference remains adding variability.

This is illustrated on Figure 19 where we see the conditional density of the increments of size
conditionally on the size at birth (left) and conditionally on the growth rate (right). Such curves in
the size-increment-structured model would all be aligned. We omit the sample autocorrelation plot
of the increments of size: we observe that the autocorrelations decrease very fast in both models.
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1=09-097
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Size increment Size increment

(a) Conditionally on the size at birth (b) Conditionally on the growth rate

Figure 19: Amir’s model [Amil4] with variability. Conditional distributions of the increment of size
(estimation by histograms based on a simulated branch of n = 100 000 cells). Noise distribution:
centered Gaussian with standard deviation 0.10 truncated on [—h, h] for h = 0.25. Target increment
of size: Ag = 3. Growth rate distribution: Gaussian with mean v =1 and standard deviation 0.70

truncated on [0.80,1.20].

To put it in a nutshell, still neglecting variability in the growth rate for the sake of presentation,
1) Size-increment-structured model. This model can be rewritten in the following equiva-
lent way. We assume that the size at division of cell u,
£u+Au :€u+A0+€u,

where A is interpreted as a target increment of size and ¢, is a noise. It boils down to
Ay = Ay + €y, with the g,’s independent and identically distributed, which enables us to
recover the fundamental property of the size-increment-structured model (the A,’s indepen-
dent and identically distributed).

2) Amir’s model. Using (42) (with 7, = 7, a common growth rate), we derive

where Ay is the target increment of size, and for some &,, a noise.

The size at division &, + A, in both models is a noisy version of a target size at division &, + Ay.
The noise is additive in the size-increment-structured model whereas it is multiplicative in Amir’s
model (since the noise is additive for the division time, see (42)). Here lies the fundamental
difference, and that is why we derive very different properties. The question is then: can we distin-
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guish experimentally the two models, which both seem to capture well the main observed features
(distributions of sizes at birth, sizes at division, ages at division, and correlations between these
quantities)?

However, as regards Question (i), the same conclusions as in the size-increment-structured
model remain valid for Amir’s model. In Supplementary Table 18 in Section 8, we observe a re-
duction of the Malthus parameter compared to the value of reference (which has to be estimated
too here) when introducing variability, and it decreases as there is more and more variability (i.e.
as the coefficient of variation of the distribution of the growth rate increases).

As a closing remark, we stress once again the similarity between the three models we have stud-
ied (size-increment-structured model, size-structured model and Amir’s model, with variability).
The main conclusion for these three models as regards the influence of individual variability on the
Malthus parameter is the same. When neglecting heredity in the transmission of the growth rate,
the Malthus parameter significantly collapse, with a reduction of about 2% when the coefficient
of variation of the growth rates distribution is about 15%-20%. Such a variation is not negligible
since it characterises the exponential growth of the whole population.

5 PERSPECTIVES

The scope of the perspectives is large and includes both theoretical, with analytic and statistical
aspects, and experimental issues. At a theoretical level,

1) In order to prove existence and uniqueness of the eigenelements in the age-structured and size-
increment-structured models with variability, what are minimal assumptions on the growth
speed g, on the division rate v and on the variability kernel p (based on the general results
of Mischler and Scher [MS13] for instance)?

2) Without heredity. For the age-structured model,

(a) Can we build more general classes of B (including experimentally more plausible B) to
discriminate between the two cases Ap,, > Ap s and Ap , < Ap5?

For the size-structured and size-increment-structured models with variability,

(b) Are the two cases, Ap,, > Apy and Ap, < Apy, possible? Is there some plausible B
such that A, > Ap 3?7 Can we build general classes of B to discriminate between the
two cases (specifying a density p if needed, a truncated Gaussian for instance)?

c¢) Can we Compute the perturbations of )\B around AB bl for Pa tending to (5@ asa — 0
sPa )
using the same kind of tools as to prove ['heorem 7, see also Michel [Mic06al)?
g
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3) With heredity.
(a) For the age-structured model with variability, how does heredity in the transmission of
the aging rate influence the results of Theorems 6 and 77

(b) For the size-increment-structured model with variability, can we analytically shed some
light on Figures 16 and 177

4) Estimation of the Malthus parameter. From a statistical point of view, with experi-
mental concerns,

(a) From the observation of the whole tree until a given time, what is the best estimator we
could build (based on empirical means), in terms of variance of instance?

(b) From the observation of one branch until a given generation, what is the quality of the
different procedures we propose in Section 3.47 What is the best procedure at statistical
and computational levels?

(¢) In practice, given the experimental protocols described on page 177, is a procedure of
estimation from one branch preferable to a procedure from the whole tree?

(d) Beyond estimation, how to build confidence intervals and to conduct tests, statistically
reliable, on the Malthus parameter?

At an experimental and biological level,

1) Based on statistical tests, are the mutual independence of the increments of size and their
independence of the growth rates and sizes at birth valid? An answer to this question would
enable us to discriminate between the size-increment-structured model and Amir’s model.

2) Can we experimentally measure the variations of the Malthus parameter in presence of vari-
ability in the growth rate?

3) How can we explain such an influence of heredity on our answers to the initial question
concerning population growth in presence of variability?

6 PROOFS

6.1 PRrROOF OF THEOREM 3

We recall that the aim of Theorem 3 is to match stochastic and deterministic approaches in the
age-structured model with variability. For given + and p, let us introduce the operator

Ao a:0) = gl 0) B Fla,) +3(a o) ([ 10.0p(0,d0") = fa,0)
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densely defined on bounded continuous functions. Our proof relies on the use of a so-called many-
to-one formula (see [BDMT11, Clol1]).

Lemma 10 (Many-to-one formula). For any nonnegative function f :8 — [0,00), for any proba-
bility measure p(da,dv) on 8§ =[0,00) X V,

Eu[ Y S8 7] = #(600)eM By [ (61,) 7 ) ()]

u€OTy

where the Markov process (Xt)t>0 has for generator As 5 with

Ha,v) =2 /v By (0, 0")p(0, A1), (a1, 0) (), (43)
0.0) = ([ 60000000, 0)0) 0,0, 0)p(0.), (1)

and P, (Xo € dvda) = p(da,dv), (\y,p, ¢,p) € (0,00) x €} (RJF; Gb(\?)) solution to (11), p(¢y,,) =
[Js &r.p(a, v)u(da, dv).

For a proof in the case without variability (where all cells age at rate ¢ = 1) we refer to
Chapter I. The simple proof given there in Appendix can be generalised to the present case with
variability. This result is also a particular case of Lemma 3.3 of [Clo11] (see Remark 3.4 of [Clo11]
for a general initial measure).

All the proof of Theorem 3 long, we admit the existence of a solution (A ,,®,,,) € (0,00) X
Cp(RT;€,(V)) to (11), with ¢, continuous and positive. This result is proved in Section 6.2 (see
Theorem 4).

Proof of Theorem 3. Let t > 0 be fixed. By Lemma 10, we obtain the new representation
//5 fla,v)n(t,da,dv) = H(Qb%p)e)w’ptEﬂ [(((st,p)ilf) (it)]

with (X¢)i>0 = ((Z.t, Vt))t>0 a biased process of infinitesimal generator Ay 5 with 7 and p defined
respectively by (43) and (44) and P,,(Xo € dvda) = pu(da,dv). Let Ny = > s>t L{z.—x._ <0} be the
counting process associated to (X)i>0. For h > 0, introduce the difference operator

Apf(t) =h= (f(t+h) = f(1)).
We study the convergence of
([ #a ot da.dv)) = o ) (To(h) + T3(0) + Toah) (15)
as h — 0, where

B [ 80 (X ((64,0) 1) R Loy
Ta(h) = Eu[An (2 (01,0) 7 £) (%) ) Linonme=ny
E

“ [Ah (ekw’pt ((¢%p)_1f) (%t)) 1{Nt+h*Nt22}} ’
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We successively study the convergence of Ty(h), T1(h) and T>2(h) as h — 0 in the three following
steps. Along this proof, the notation < means up to a constant independent of h (but that can
depend on t). We give as a preliminary the following lemma, proved in Section 7.2, useful at
different stages of the proof.

Lemma 11. Denote by F; the filtration generated by (Xs,s <t). We have

(i) Pu(Neyn — Ny = 1|Fy) = ¥(Xe)h + he(h) with |e(h)| < E(h) for some deterministic €(h) — 0
as h — 0,

(ii) Pu(Nepn — Ny > 2|F;) < b2
Step 1. To study Tp(h), we use the decomposition
To(h) = Ah(ek""’t)Eu [((%,p)flf) ()?t)l{NHrNt:o}}
+ e)\%p(t—i_h)EH [Ah ((((b%ﬁ)_lf) <>Zt>) 1{Nt,+h,*Nt:0} :

Since f belongs to C}(8) and since ¢~.p is continuous and positive (see Remark 13 in the proof of
Theorem 4 which follows), we have

|((67.0) " f)(Xe)| < ( inf by (@, 0)) " sup | f(a,v)|- (46)
Sampl ) (a,v)€8

Then, by dominated convergence, using P, (N4, — Ny =0) — 1 as h — 0,

A By [((62,0) 7 ) RNy Me=)] = A€ By [((00,0) 7 ) R0)] (47)

as h — 0.

For the sake of presentation of this step, let us assume g(a,v) = v. On the event {N;y) — N; =
0}, the process V; is constant for s € [t,t+ h), and Z¢4p, = Z¢ + Vih (linear aging at rate v). Thus

An(((@40) 1) G) = B (D)7 1) R+ Yk V1) = ((63,0)711) (20, V))-

Since

30 ((6r) 1) )| < v 500 [ ((61,) ) a0

(a,v)€
Supp(f)

9
by dominated convergence again, we obtain

e)w’p(t—s_h)Eu [Ah((w%p)_lf) (%t)) 1{Nt+h7Nt:0}:| - e/\v’ptEM [Vt% ((¢7,p)_1f) (%t)} (48)

as h — 0.

Gathering (47) and (48) gives the limit of To(h) as h — 0,

To() =5 g By [ ((61,0) ™ )R] + B [V (8,) 1) ()]
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Using Lemma 10 and the definition of n(¢,-), we finally get

(6, )Tl = [ [ (30 + 90,000, 0,005 (07,7 ) it dasde) — (49)

as h — 0, the extension to a general aging speed g being straightforward.

Step 2. We now turn to T (h) and use the decomposition

Tl(h) = Ah(ek%pt)Eu |:((¢'y,p)_1f) ()Zt)l{Nf,+h*Nt:1}:|
+ et 1R {((qﬁw,p)‘lf) (%Hh)l{mh—m:u}

— 6)‘%”@+h)h71E“ [((¢y7p)71f) (%t)l{Ni‘Fh_Nt:l} )

Since P, (Ngyn — Ny = 1) — 0 as h — 0, recalling (46), by dominated convergence, the first term
of the decomposition converges to zero. As regards the last term, conditioning with respect to F;
and using Lemma 11 (i),

—-h7'E, [((%,p)_lf) (Yt)l{NHrNt:l}} " [((%,p)—lf) (xe) (F(%e) + E(h))}
= B, [((62,,) N RG] (50)

as h — 0 since |e(h)| < e(h) for some deterministic e(h) — 0 as h — 0, using (46) once again.
Introduce the (F;);>0 stopping time

Tt = inf{s > t,NS - Nt Z 1}7 (51)

being the time of the first jump of the process X after ¢. On the event {N;1, — Ny = 1}, we have
t S Tt <t+ h and Vt+h = V’I‘t7 Z’t+h = VTt(t + h — Tt) = thh + VTt(t - Tt) Then, on the
event {Nt+h — Nt = 1},

((D9.0) 7 F) Ztns Vern) = ((64,0) " f) (Vx, b, Vy,) + her (h)
with |e1(h)| < &1 (h) for some deterministic £1(h) such that £, (h) = O(1). It follows

h_lEM [(<¢%P)_1f) (%tJrh)l{NHh*Nt:l}] = h_lEM [((¢7,P)_1f) (VTth’ VTt)l{NHh*Nt:l}] + §2(h>
= h_lE# [((qb%p)_lf) (VTth’VTi)l{NtJrh—NtZl}] +&3(h)

for some deterministic €3(h),Z3(h) — 0 as h — 0. We condition with respect to F; V Vy, and use
that {Ny1p — Ny > 1} and Vv, are independent together with Lemma 11 (i) again,

BBy | (60,0) ™ F) R Lo vimty | = B[ ((8,0) 7 ) (Y, V2 )3T | +Ea(h)
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for some deterministic Z4(h) — 0 as h — 0. Thus, as h — 0,

_IE/L [((¢7,p)_1f) (%H»h)]-{NHh—N,,:l}}
B [((00) 7 DOV)3G0)] = B[ [ (62,7 D 0,050 )5 (0] (62

conditioning with respect to F; using that Vv, is drawn according to the conditional density
P(V¢,v') to rewrite the limit.

Gathering (50) and (52),

Ta() = B[ [ ((0,)70) 000500 0)5 ) = (6, N @)

as h — 0. Using Lemma 10 and the definition of n(¢,-), we get

(6 )T (h ﬁ// / ((60) ™" 1) (0,0)3(0, ') dv'F (@, v) b, (a,0)
— f(a,v)ﬁ(a,v))n(t, da, dv).

Recalling the definition (43) of the biased division rate 7 and the definition (44) of the biased aging
rate Markov kernel p, we conclude

(o7 > [[ (2 [ 100000000

- 2f(a7 ’U) A ¢77P(O7 v’)p(v, ’Ul)dvld)’ym(av U)ilv(aa v))”(tv da? d’U) (53)

Step 3. As regards T>2(h), recalling (46) and by Lemma 11 (ii), we obtain
T>2(h) S h™'Pu(Neyn — Ne > 2) S h.

Consequently, T>2(h) converges to zero as h — 0.

Recalling the decomposition (45), gathering (49) and (53), together with Step 3, and using that
(Ay.ps &~,p) is solution to (11), we obtain

//fav n(t,da, dv) //.Avpfav) (t,da,dv), (54)

which is the weak formulation of (5). O

6.2 PRrROOF OF THEOREM 4

Theorem 4 concerns the eigenproblem of the age-structured model with variability. As a prelim-
inary, note that neglecting heredity in the transmission of the aging rate enables us to obtain
explicit expressions for the eigenvectors IV, , and ¢ ,, and an implicit relation uniquely defining
the Malthus parameter A, ,.
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Lemma 12. Work under Assumption 1. Assume in addition that
p(v,dv") = p(v")dv'.

Then the eigenvalue Ay , > 0 is uniquely defined by

a :3 exp (_ /Oa st> p(v)dvda = 1.

The unique solution N, such that (gN,,) € C;(RT;€,(V)) to (10) and the unique solution
Gy,p € CL(RT;C,(V)) to (11) are respectively given by, for any (a,v) € 8,

k() * Ay +(5,0) K[ (5, 0) N, (s, 0)ds
N*P("’”)‘g<a,v>e’<p(‘/o ) sla) = e

with r, &' normalizing constants such that [[¢ Ny, =1 and [[¢ Ny ¢y, = 1.

For a proof, one can easily check that N, , and ¢, , defined in such a way satisfy respectively (10)
and (11). We now work in the general case where p is a Markov kernel.

Proof of Theorem /. We first study the direct eigenproblem (10), then we turn to the adjoint
eigenproblem (11). At last we prove uniqueness of the eigenelements. The methodology we use is
inspired by the one of [Dou07]. In this proof we denote by Cp(V) = X the Banach space of bounded
continuous functions f : V — R, equipped with the supremum norm, ||f|lx = sup,cvy |f(v)], for V
compact set of (0, c0).

Direct eigenproblem. We split the proof into four steps.

Step 1. Since N, , satisfies (10), we immediately deduce that, for any (a,v) € 8,

(9Ny.)(0,v) = (9Ny,)(0,0) exp (- /O ' st). (55)

Using the boundary condition leads us to

(N, ,)(0,0) = 2 / /S (9N, )0, v)e 5 TEEE £ (0, v)p(v, o')dvda (56)

for v' € V, setting

o) o [y
Falar) = T80 b ( /Og(s,v)d), (a,v) €8, (57)

Note that, for every v € V, a ~ f,/4(a,v) is a density. Equation (56) leads us to define an operator
Gr: X=X by

GaN)(') = 2//f — I8 g o *fyy9(a,v)p(v,v")dvda, v €V,

for any A > 0. In the next steps, we look for a solution (), f) to the equation Gx(f) = f. We
work on the space X of continuous functions since we want to apply the Krein-Rutman theorem
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[KT48, DLI0] (then the interior of the positive cone is the set of positive functions).

Step 2. We introduce a so-called regularized operator, which is strictly positive. For a fixed £ > 0,
set

pg(U,UI> = p(v, 'U/) + |V‘_15> (v, UI) € VQ’ (58)

where |V| stands for the Lebesgue measure of the compact set V C (0, 00) and define the operator
Gre: X = X by

(G /)W) =2 //S f(v)exp ( _ /Oa g(s)\,v)d8> fy79(a,0)pe(v,v")dvda, o' €V,

for any A > 0. We claim that Gy . is 1) strictly positive on X (i.e. for any f € X nonnegative and
different from the null function, (G f)(v") > 0 for any v’ € V), 2) a linear mapping from X into
itself, 3) continuous and 4) compact. Thus we are now in position to apply the Krein-Rutman
theorem (we use Theorem 6.5 of [Per07]). For any A > 0 there exist a unique py . > 0 and a unique
positive Uy . € X such that

Gre(Une) = prcUne (59)

and ||U)\75Hx =1.

It just remains to prove the four claimed properties. 1) is precisely achieved thanks to the
regularisation p. of p by (58). 2) The linearity is obvious and for f € X, we have G .(f) € X since
v~ po(v,v") is continuous and bounded for any v € V. 3) We even achieve Lipschitz continuity,
for any (f,g) € X2,

932 (f) = Gxe(@)llox < 2(1VlIploc +)IIf — gllx

where |pleo = SUp(, ez p(v,v'). 4) We prove that for any A > 0 the family (Gae(f), feX)is
equicontinuous. Indeed (Gx cf)(v]) — (Gx.e f)(v4) is arbitrarily small when |v] —v4| is small enough,
uniformly in f € X such that ||f||x < 1, since v ~ p.(v,v") is continuous for any v € V. Therefore
by the Ascoli-Arzeld theorem for any A > 0 the family (Sx.-(f), f € X) is compact in X.

Step 3. We now study the mapping A ~» py .. Our aim is to prove that there exists a unique
Ae > 0 such that

,U,)\ms =1. (60)

To prove so we successively verify that 1) as A increases, uy . decreases (strictly), 2) the mapping
A~ e is continuous, 3) for A =0, pr=o =2(1+¢) > 1,4) as A — 00, px converges to zero.

To prove 1), since py ¢ is the spectral radius of Gy ¢, it holds

pre=  sup  [|Gxnef]lx- (61)
FEX, | fllx=1

Note that Gy . itself decreases as A increases: if Ay > Ay then Gy, (f) < Ga,e(f) for any f € X
and we deduce gy, e < fa,.e using (61). 2) Let (Mg, k > 0) be a sequence such that Ay > 0 which
converges to A > 0 as k — co. Then [|G, c(f)|lx converges to [|G5 .(f)||x uniformly in f € X,
[ fllx =1, as k — oo. By representation (61), we deduce that u, . converges to 5 .. To prove
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3), we successively compute,
Gr0N0) =2 [[ 1011 sg(a )00 )doda =2 [ )pe(o.do

since [ fy/4(a,v)da =1 for any v € V, and

/ (o /)()de! = 2(1 + <) / F(v)dv
v v

since fv pe(v,v")dv’ =1+ ¢ for any v € V. Thus, by (59) and choosing f = U, . in the previous
calculus,

/(Skzo,sUA:()’e)(v')dv' = #A:O,s/ Unzo,(v)dv" =2(1 + 6)/ Un=0,c(v)dv.
v v v

Since fv Un=o.e(v)dv < 00 (Ur=o,. being bounded and V being a compact set), we deduce that
tr=0 = 2(1 +¢€). To prove 4),

(Saef)(W)dv" =2(1 +¢) f(v)exp(— aLds)fwg(a,v)dvda
v 8 o 9(s,v)

g2(1+e)g|°°|];7/9°°/f(v)dv
v

using again fv pe(v,v")dv" = 1 + ¢ and Assumption 1 for the upper bound. Then, as previously,
by (59) and taking f = Uy . in the previous calculus, we check that

|gloo|f“//g|oo

KX < 2(1 + ‘E) A\ ) (62)

which implies that py . — 0 as A = oo.

Step 4. In this last step, the aim is to let ¢ tend to zero. Let A be uniquely defined by (60) and
denote by Uy, . = U. € X the associated positive eigenvector such that |U.||x = 1. On the one
hand, the family, (U.,0 < ¢ < 1) is compact in X (recall that U, = Gy, .U, and use again the
Ascoli-Arzela theorem). On the other hand, the family (A.,0 < ¢ < 1) is bounded, recalling (60)
and (62). Thus we can extract a subsequence, still denoted by (\.,U.), converging to (A, U) in
R x X with A > 0 and U € X positive such that ||U|x = 1. Since

Ue(v) = 2//5 Ue(v) exp ( - /O“ g()\a)ds) fy/9(@,0)(p(v,v") + [V~ e)dvda,

S,V

letting ¢ — 0, we obtain U = G;U, which means that we have found a solution to (56). Now set
Ay.p = A and for any (a,v) € 8,

Ny pla,v) = ~Utv) €xXp ( - /0“ ww»

reminding (55) and U, , = gN,,,, with £ > 0 chosen such that ffs N, , =1 (which is possible
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since [fg N,,, < 00). O

Adjoint eigenproblem. The proof follows the same steps as in the direct eigenproblem.

Step 1. Since ¢, , satisfies (11), one easily checks that

0 _ Avapt(s,v) oo _ (e Ave_ge
8 (¢>V p(a U) .fo 9(s,0) d ) = _2‘]“7/!](017 v)e fo g(s,u)d / (b%p(()7 'U/)p(v7 v/)dv/
a v

with f,/, defined by (57). Integrating in a between zero and infinity, we deduce

$y,5(0,0) = 2 / Fryala,v)e™ 6 @9 g / y,p(0,0")p(v, 0 )/ (63)
0 v

and integrating between zero and a, we deduce

a Ay, pt(s,v)
B pla,v) = 26l a0 / Fryg(s,0) ¢ i 3 “)dtds/ $7.,0(0 v')dv'. (64)

Remark 13. By a reductio ad absurdum argument, using (63) and the Markov kernel properties,
we prove that for any v € V, ¢, ,(0,v) > 0. Then, using (64), we deduce that ¢ ,(a,v) > 0 for
any (a,v) € 8.

Equation (63) leads us to define an operator 93 : X — X by

(G3/)(v) =2 / £yyq(av)e™ 58 T da /V )l ) e, v e,

for any XA > 0. The aim is now to find a solution (X, f) to the equation G5 (f) = f.

Step 2. For a fixed € > 0, we define a regularized operator 33 _ : X — X by

G300 =2 [ fuav)e ¥ 2% [ f6)puto)at, vew. (63)
0 v

with p. picked as in (58), for any A > 0. With similar arguments as previously, we prove we are
in position to apply the Krein-Rutman theorem: for any A > 0 there exist a unique py . > 0 and
a unique positive Hy . € X such that

gj,a(H)\,E) = MA,EH/\,E (66)

and ||H)\’€||x =1.

Step 3. The study of A ~» py . consists in proving the same four points as previously. Only the
verification of 3) and 4) slightly differs. To prove 3), we successively compute

(Fico () = 2 /v £ e, 0 )do!

[ Seochtoto =2 [ f)( [ ooyt e)i = 2e+) [
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relying on Assumption 2. Thus, choosing f = Hj . in the previous calculus and using (66), we
obtain piy=g > 2(0+¢) > 1 as soon as ¢ > 1/2. To prove 4), we readily obtain that
E) |g‘oo|f'y/g|oo 50

pxe < 2(]V|ploo + 3

as A — 0.

Step 4. We let € go to zero as previously and we find (\*, H) with A\* > 0 and H nonnegative,

[[¢*[lc = 1, such that G%, H = H, which means we have found a solution to (63). Recalling (64),
we set

(s g

by, p(a,v) = 2k el 75 / fry/q(8,) —Is 3t v>dtds/ H(v

and fix &' > 0 such that [[; N, 0., = 1. 0

Uniqueness of the eigenelements. We successively prove the uniqueness of the eigenvalue, of the
direct eigenvector and of the adjoint eigenvector.

Step 1. Let (A, N) be a solution to the direct eigenproblem (10) and (A*,®) be a solution to the
adjoint eigenproblem (11). We first prove that A = \*. Indeed,

Y / /S N¢ = / /S (_ %(gN)(a,v) —’y(a,v)N(a,v))qﬁ(a,v)dvda

= / : N(a,v) (g(a,v)%(b(a, v) +v(a,v) (2/\7¢(0, v )p(v,v")dv' — ¢(a,v))>dvda

and since [[; N¢ > 0 we deduce X = \*.

Step 2. Let (A, N1) and (A, Na2) be two solutions of the direct eigenproblem (10). We prove that
N; = N,. Following the proof of Proposition 6.3 of [Per07], we prove that N = |N; — Ns| satisfies

/ / (gN)(a,v) +y(a,v)N(a, v))qb(a,v)dvda ~0

taking ¢ a solution to (11) as a test function. We deduce that

2 /V ( / /S +(a,v)| Ny fNg}(a,v)p(v,v')dvda)gb(O,v')dv'
—2 /V \ / /S (@, v)(Ny — Na)(a,v)p(v, v')dvda|$(0, v')dv’

using that ¢ is a solution to (11) and since both Ny and Ny satisfy the boundary condition of the
eigenproblem (10). Thanks to the fact that ¢(0,v") > 0 for v' € V, we deduce that v(a,v)(Ny —
No)(a,v)p(v,v") is of constant sign. Then, integrating in v’, y(a, v)(N; —N3)(a, v) is also of constant
sign. Recall that for each rate v € V, the division rate v(a,v) is positive for a belonging to some
[@min(V), Gmax (v)], thus (N7 — Na)(a,v) is of constant sign on {[amin(v), Gmax(v)] X {v},v € V}.
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Using (55), we deduce that (N7 — N2)(0,v) is of constant sign on V and thus, using (55) again,
(N1 — Nz)(a,v) is of constant sign on 8. Since we have [[¢(N; —N3) = 0, the conclusion N; = Ny
follows. To conclude, Fredholm alternative (see [BrelQ]) ensures that uniqueness of a solution to
(10) implies uniqueness of a solution to (11). O

The proof of Theorem 4 is now complete. O

6.3 PROOF OF THEOREM 7

First note that since p, converges in distribution to the Dirac mass at point v as a — 0, we get
the convergence of A\g ,, to Ap s as a — 0 using the characterisations (18) and (19).

Proof of Theorem 7. For « € [0, 1),

d\p a? d®>\p
)\ A 5 B,pa - Po
Bipo = ABo T O ™ do la=0 2 do? la=0

and we use Proposition 14 (or more precisely (72)) and Proposition 15 which follow to get the final
result. O

We aim at computing the first derivative of ac ~~ Ap ;.

Proposition 14 (Age-structured model, first derivative). For a variability kernel of the form (22),
if v(a,v) = g(a,v)B(a) and g(a,v) = v,

Drg. _( // e *AWQ ) fa(@p(v)deda)

alv — 1)
>\ - -2
// va_avv v))2 exp (a(v _B;jp)ai 17)fB(a)p(u)dvda
for any o € (0,1].
Proof. Introduce the operator
0
Ao a,0) = gla, ) 5 F(0,0) +2(a,0)(2 [ 700000 = fa,0) (67)

densely defined on bounded continuous functions and let AZ , be its dual operator. The eigen-
problem given by (10) and (11) can be written more shortly

AL oNvo = A oNypr Aqpbrp = Ay pPy.p0

with N, , > 0 such that [[q N, , =1 and ¢, > 0 such that [[s N, ,¢,, = 1. In order to ease
notation, when no confusion is possible, we abbreviate A, ,, by Aa, Ny o, by Na, Ay p. by Ao
and so on. We denote the support of p, by V, and [0,00) x V, by 8,.

Step 1. Let o € (0, 1] be fixed. For 0 < € < a, we claim that

(o =2 [ /S  uNae= / /S  (at — Aacu) N (68)
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Indeed, operators A, and A}, are dual, then

/ /8 (Aada — Aacha)Na—e = / /S | (aga)Nae = da(A; - Na-o)

a—e

which leads to (68) since Aqpa = Ao and A%__No_o = Ao—cNqo—c (see also [MicO6a], Lemma
3.2 and Equation (3.11)). Using the definition (67) of A,, we get

Aatala,) = Aa-ctnfa0) = 2@ o) [ 000l = [ 0200 ()a).

a—e

which we insert in (68) to obtain

/\Oé - )‘a—e _ ffSOHE 2’7(@, ’U)Na—s(a, U)dvda

€ - ffsa,a ¢a(a,v)No_c(a,v)dvda
o (fva F(0,0)pa (V)" = [, f(O,U')paa(v’)dv’>
[f=¢a

3

and we let £ go to zero to study the differentiability on the left of a ~» A, at point . In the same
way we compute £~ (Aqre — Ao) to study the differentiability on the right of a ~ A, at point a.
Since Ny+. — N, pointwise when ¢ — 0 and [, s PalNo = 1, by Lebesgue dominated convergence

theorem we get
d\o d , N
da ~ "da (/VQ F(0,0")pa(v)dv ) ‘f=¢a (69)

with [[s 2v(a,v)Na(a,v)dvda = k, as defined in Lemma 12. Thus, A, is differentiable in o if the
derivative of the right-hand side exists.

Step 2. The adjoint eigenvector ¢, has an explicit expression we exploit now. For 8 € (0,1],
recalling the explicit expression of ¢4 given by Lemma 12,

“1(a,v) “ Ag+(s,0)
05(0,v) = K/ / exp —/ ——————=ds)da, wvevV
5(0,0) = 55 0o 9 ( o 9(s,0) ) ’

with #j; defined in Lemma 12. Thus (69) becomes

d\o , [ d ~v(a,v) “ g+ (s, v)
T —/-iana/o da(/va exp(—/o 7ds)pa(v)dv>|ﬁ da.

9(a,v) 9(s,v) —a

Before going ahead in computations, recall Specifications (15), g(a,v) = v, and (16), v(a,v) =
vB(a). The previous equality boils down to

d _ [™d —Aga
o = /-ea/o T (/\7@ exp ( ” )pa(v)dv) ‘B:afB(a)da (70)
with Bq = Kok, equal to

= (/] a ® exp(—22%) fs(a)po(v)dvda) (71)
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using ffSa ¢aNy = 1.

Step 3. In the case of the kernel (22), we can explicitly compute the derivative with respect to a.
After a change of variables (setting a~!(v — 9(1 — «)) as new variable), (70) reads

Inverting the derivative in a and the integral and computing the derivative with respect to «, we
get the announced result, recalling the definition (71) of . O

As a corollary of Proposition 14, for all division rate B, when « goes to zero, the first derivative
is null,

AdAB.po 2B (72)

doo la=0 o—0 dao

since [\, (v—10)p(v)dv = 0 (we picked a baseline density p with mean v). So we compute the second
derivative when « converges to zero.

Proposition 15 (Age-structured model, second derivative at point 0). For a variability kernel of
the form (22), if in addition vy(a,v) = g(a,v)B(a) and g(a,v) = v,

with o = [,(v —0)?p(v)dv.

d2/\B,pa
da?

Proof. For a € (0,1], we set

a A a A a A a
A (o a,u) = aexp(— %), As(a,a,u) = %exp(— %),

so that Proposition 14 reads

d)\B7pa o -1

//A1 a,a,0(v — ) + ) f5(a)p (v)dvda)
« / /S (0 = D) As(a,a, (v — B) + 0) f5(a)p(v)dvda = Dy (a) " Ds(a)

say. Then, Ag ;22 the second derivative of o ~ Ap ,, can be written

// 8A1 (a,a,a(v—0) +0) + (v — @)%(a,a,a(v — )+ 17)>f3(a)p(v)dvda

+Di(a // v—v (o, a,a(v—"0)+0)+ (v—71)2 %/:L (v, a, (v — v)—i—v))fg(a)p(v)dvda.

We claim that the first term converges to zero as a — 0 and that

OAs

aOl(ozaoz(v—11)—|—17)—>0, as a — 0, (73)
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so that,

dQAB,pa
do?

oA
=0 ((}fg})Dl // v—10) 01}3}) 875(04 a,v)fg(a)p(v)dvda, (74)

since lim, o 2 3 2 (v, a,a(v —0) +0) = limy—0 88A2 (o, a,v) by continuity of u ~ %(a a,u).

2
Step 1. We first treat the second term of d 232”“ , with three ingredients. 1) In order to check (73),

let us compute

dAB.pa dABpa
ok (a,a,u) = ( 20 Appad T a)e‘%.
O u? u? u
Asa — 0, Ag,,, converges to Ap ; defined by (19) and & B =LLa t0 () (recall (72)), (a a,u) —
0. Since u ~» %(a a,u) is continuous, we deduce (73). 2) Let us now compute
OAq —2)\35 L a ()\B, Qa)2 _2B,pa®
%(a,a,u) =( USP + 154 Je e,
which leads to oA ) ) R
2 N\ _ AB3d (ABsd —2B,®
Jim 5y (09) = =5 ( 7 2)6 (75)

since Ap,,, converges to Ag 5 defined by (19) as @ — 0. 3) Since Ai(a, a, (v — ¥) + T) converges
to A1(0,a,7) as a — 0, we get

%) fp(a)da > 0 (76)

lim Dy («) :/ gexp (_
0 /l)

a—0

using [, p(v)dv = 1. Gathering (75) and (76) enables us to compute the right-hand side of (74).

Step 2. We now check that the first term of & converges to zero as & — 0. One readily checks
that

%ﬁl(aaa(u—v)—kﬁ)ﬁﬂ, as a—0, 2) hm%(a,a,a(v—@)+6)<oo.

1) a—0 81[,

We know in addition that 3) lim,_0 D1(a) > 0 (see (76)) and that 4) lim,_,0 D2(a) = 0 since
Jy(v = 0)p(v)dv = 0. Gathering the four points enables us to conclude. O

7 APPENDIX

7.1 PROOF OF LEMMA 9

We focus on the size-increment-structured model without variability described by (1) with g, (z,a) =
ga(z,a) = vg(x). The state space is 8§ = [0,00) X [0,00) for size & and increment of size a. The
direct eigenproblem associated to (1) is the following. We denote by (Ap5, N, 5) the eigenpair
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solution to
a%(@mN%@(m, a)) + %(T)wa—,(x, a)) +v(z,a)Ny 5(z,a) = —AsNy 5(2,a),
0Ny 5(z,a =0) =4 [[° y(22,a) Ny (22, a)da,  [[s Nys(z,a)drda = 1.

Now integrate the evolution equation of the previous system against the weight = and use the
boundary condition to immediately deduce that ¥ = Ap 3.

Remark 16. It is interesting to note that when g(x) = vz, U, 5(z,a) = 9xN, 5(x,a) (with Ny 5
solution to (7.1)) is solution the problem on one branch,

%(xU%g(x, a)) + a%(xU%@(x, a)) +v(z,a)U,y 5(z,a) =0,
zU, 5(z,a =0) = [v(2z,a)N, 5(22,a)da, U,z >0, fooo U, 5(z)de = 1.

Here we have an explicit link between the problem on one branch and the problem on the tree, which
is remarkable.

7.2 PROOF OF LEMMA 11

We only give the main steps since it closely follows the proof of Lemma 1 of [DHKR15]. To prove
(i), write

h "s
Py (Nepn — Ny > 1|Fy) = / Y(Z + Vis, Vy)e ™ Jo Vet VeuVodugs — (2, V)b + he(h)
0

h
e(h) = h*ly(zt,vt)/ (e Jo vRetVeuVodu 1) s
0
h
+ h—l/ (’Y(Zt + Vs, Vt) _ ’Y(vat))ei IS ’Y(Zt+\7tu,\7t)dud8
0

and use (Z¢, V¢) bounded by sup,co 4, vev V(8, v) together with the uniform continuity of (-, Vy).
To prove (ii), for T; as defined in (51), we have { Ny, — Ny > 2} = { Ny, y(t4n—r,) —Nr, > 1,T; <
t + h}. Thus, conditioning with respect to Fr,,

Pu(Nepn — Ny > 2|Fy)
t+h—"¢ s
= ]EH |:/0 ’Y(ZTt + VT1,57 /VTf,)ei fo v (%, +VTtu’VTt)dud51{Tt<t+h} |?t:|
S hP, (Y < t+ h|Fy),

noting that P,,-almost surely, t+h—Y; < h. Noting that P,,(T; < t+h|F) = Pu(Nepn— Ny > 1|F)
and invoking part (i) of the lemma we have just proved give the asserted result.
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7.3 COMPLEMENTS ON THE MODEL INTRODUCED BY AMIR

Let us check the model is well-defined.

Step 1. We first show that if &,- < Zpmax then &, < xmax for a good choice of parameters
(Ao, Ay Vmax, Tmax). Assume that £, < Tmax, then

xmax + AO evxnaxh

1 1
&u = igu_ e Cu = 7('514_ + AO)eTuinui < 9

2

using (42) and since 7, < vymax and n, € [—h, h]. To garantee &, < Tyax We impose

- LA A eVmaxh
0< 0t a4 Tme 2 g and emh <2 (77)

Consequently we should just pick &y < xpax to have &, < xpay for any cell u € T.
Step 2. We should have ¢, > 0 for any u € T, i.e.

1 Ag
WS> ——In(1+22), weT,
e = Tu n( * fu ) "
recalling (42). Assuming that &, € [0, Zmax] and 7, € V = [Umin, Vmax), an upper-bound of the
right-hand side is

1 A0 1 AO
- In (1 >_ " In(1+ =
Umax " ( + xmax) T Tu n ( + gu )’
and one should impose
1 Ay Ay
0<hs< 1 1 < Tmax S 7 78
" Vmax n( + Qfmax) z eUmaxh —1 ( )
so that A 1 .
nuZ_hZ— 1H(1+ 0)2_71n(1_~_70)
Umax Tmax Tu u
r.e. ¢ > 0.

Gathering constraints (77) and (78) gives a non-empty solution as soon as exp(vmaxh) < v2
and we retrieve the constraint on z.x (see page 205).
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8 SUPPLEMENTARY FIGURES AND TABLES

Malthus parameter

=
N
=

More variability

in the aging rate

| 1 | | | | | | |
024 5 70 15 20 25 30 35 0 45 50

Coefficient of Variation

Figure 20: Age-structured model with variability. CV,, ~» Ap,,. defined by (18) for pao(v) =
a~!p(a™ (v — (1 — a)v)) (the baseline density p is a Gaussian density with mean v = 1 and
standard deviation 0.7 truncated on [0,2]) and different division rates B(a) = (a — 1)’ 14513,
B €{0,0.25,0.5,0.75,1,2,...,7}. Reference (all cells age at rate © = 1): point of abscissa a =0
and y-coordinate A\p 5=1 defined by (19).

CV,.=5% CV, =10% CV, =15% CV, =20%

T 10.5 11 11.25 11.5

Mean | 0T | 22 493 35 588 39 771 48 502
(Min.<-<Max.) (19 877<-<27 198) (26 895<-<44 091) (27 672<-<52 427) (21 549<.<73 785)
CV,, =25% CV,, =30% CV,, =35% CV,, =40% CV,, =45%

12 12.5 13 13.5 13.75

62 903 80 921 96 884 114 857 94 054
(26 378<-<116 323) (19 298<-<147 479) (24 879<.<177 248) (7 925<-<356 607)  (465<-<251 256)

Table 9: Size-increment-structured model with variability. Mean number (minimum, mazimun) of
living cells at time T over the M = 50 Monte Carlo continuous time trees simulated up to time T,
for the growth rate densities (pq, @ € {0.1,0.2,...,0.9}) and B(a) = (a — 1)21{a21}.
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CV,.=5% CV, =10% CV, =15% CV, =20%
Mean of A{ 0.9982 0.9931 0.9850 0.9738
(sd.) (0.0007) (0.0014) (0.0015) (0.0024)
95% CI  [0.9967,0.9996] [0.9901,0.9955] [0.9826,0.9885] [0.9684,0.9782]
Mean of A{ 0.9883 0.9970 0.9861 0.9745
(sd.) (0.0117) (0.0059) (0.0050) (0.0052)
95% CI  [0.9718,1.0123] [0.9864,1.0080] [0.9742,0.9951] [0.9628,0.9848]
CV,. =25% CV, =30% CV, =35% CV, =40% CV,. =45%
0.9580 0.9381 0.9165 0.8902 0.8585
(0.0031) (0.0037) (0.0047) (0.0061) (0.0108)
0.9497,0.9631]  [0.9297,0.9446]  [0.9041,0.9260] [0.8778,0.8999]  [0.8256,0.8764]
0.9578 0.9374 0.9163 0.8900 0.8599
(0.0058) (0.0039) (0.0062) (0.0061) (0.0123)

[0.9467,0.9676]

0.9283, 0.9447]

0.8984, 0.9313]

[0.8754, 0.8986]

[0.8282, 0.8960)]

Estimation of the Malthus parameter Ap

T T T

T T T T

--¢-- Estimation via the number of cells

—=— Estimation via biomass

0.025 -

0.015-

0.01

0.005 -

Table 10: Size-increment-structured model with variability. Division rate B(a) = (a — 1)*1{4>1}-
e (mean and variance based on M = 50 Monte Carlo
continuous time trees) with respect to the coefficient of variation of the growth rate density pe,.

Estimation by (33) via the biomass, X(Tl), and by (37) via the number of cells, /)\\(T2)

sd. of the estimated Malthus parameter

ol 1 L 1 1 I 1 1
7 7.5 8 8.5 9 95 10 105 1" 1.5 12

Observation time T

Figure 21: Size-increment-structured model with variability. Standard deviation of two estimators
of the Malthus parameter as T increases (based on M = 50 Monte Carlo continuous time trees
simulated up to time T), for pa=o5 and B(a) = (a — 1)21{a21}. Blue lower curve: estimation by
(33) wvia the biomass. Green upper curve: estimation by (37) via the number of cells.
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CV,,=5% CV,, =10% CV,, =15% CV, =20%
T 10.5 11 11.25 11.5
Mean |87 7] 23 391 36 620 44 613 46 522
(Min.<-<Max.) (18 944<-<28 357) (27 551<-<45 378) (29 271<-<56 873) (17 455<-<73 855)
Mean Ar 0.9986 0.9933 0.9853 0.9723
(sd.) (0.0006) (0.0012) (0.0018) (0.0024)
95% CI [0.9977,1.0000]  [0.9904,0.9952]  [0.9818,0.9880]  [0.9679,0.9769)]
CV,, =25% CV,,=30% CV,,=35% CV,, =40% CV, =45%
11.75 12 12.25 12.5 13
51 849 54 054 50 872 43 744 55 450
(27 560<-<81 383) (26 359<-<85 993) (8 316<-<89 667) (1 552<-<97 497) (3 585<-<112 786)
0.9573 0.9389 0.9156 0.8864 0.8592
(0.0028) (0.0031) (0.0046) (0.0082) (0.0084)

09516, 0.9623]

[0.9330, 0.9445)

[0.9030, 0.9232]

[0.8667,0.9018]

[0.8433,0.8775)

Table 11: Size-increment-structured model with variability. Division rate B(a)

= (a — 1)81{(121}.

Estimation of the Malthus parameter g ,, (mean and 95% confidence interval based on M =
50 Monte Carlo continuous time trees simulated up to time T ) with respect to the coefficient of
variation of the growth rates density py .

CvV,, =5% CV, =10% CV, =15% CV, =20%
T 10.5 11 11.25 11.5
Mean |0Tr| 23 552 36 284 41 763 46 128
(Min.<-<Max.) (20 500<-<26 481) (28 956<-<44 799) (29 816<-<59 134) (26 790<-<71 492)
Mean At 0.9984 0.9937 0.9852 0.9733
(sd.) (0.0007) (0.0014) (0.0018) (0.0022)
95% CI [0.9972,0.9999] [0.9913,0.9964] [0.9819,0.9893] [0.9685,0.9772]
CV,. =25% CV,, =30% CV, =35% CV, =40% CV, =45%
11.75 12 12.25 12.5 13
52 097 51 062 52 465 45 291 47 440
(18 007<-<92 617) (15 933<-<87 886) (13 665<-<108 159) (3 987<-<91 984) (741<-<112 594)
0.9580 0.9388 0.9143 0.8859 0.8533
(0.0028) (0.0035) (0.0046) (0.0064) (0.0069)

[0.9514,0.9631]

[0.9302,0.9442]

[0.9030, 0.9244]

[0.8696, 0.9006]

[0.8382, 0.8660)

Table 12: Size-increment-structured model with variability. Division rate B(a) = (a — 1)*1{4>1}-
Asymmetric division (a cell of size x splits into two cells of size ux and (1 — u)x for u uniformly
drawn on [0.1,0.9]). Estimation of the Malthus parameter A . (mean and 95% confidence interval
based on M = 50 Monte Carlo continuous time trees simulated up to time T ) with respect to the
coefficient of variation of the growth rates density pq .
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CV,.=5% CV, =10% CV, =15% CV, = 20%

Mean XT 0.9985 0.9930 0.9845 0.9742
(sd.) (0.0012) (0.0026) (0.0045) (0.0053)

95% CI (0.9962,1.0003]  [0.9879,0.9987]  [0.9776,0.9939]  [0.9656, 0.9840]

CV, =25% CV, =30% CV, =35% CV, =40% CV, =45%

0.9570 0.9379 0.9183 0.8925 0.8599
(0.0068) (0.0096) (0.0107) (0.0113) (0.0140)

0.9430,0.9693]  [0.9207,0.9579]  [0.8930,0.9404] [0.8659,0.9134]  [0.8318,0.8864]

Table 13: Size-increment-structured model with variability, experimental conditions. Division rate
B(a) = (a — 1)®1(4>1y. Estimation of the Malthus parameter \g ,,, (mean and 95% confidence
interval based on M = 50 Monte Carlo continuous time trees simulated up to the random time II

such that 4 500 < |0T1| < 5 500) with respect to the coefficient of variation of the growth rates
density po,.
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k=0 k = 0.25 k = 0.50
CV,., =5%
T 12 12 12.5
Mean |07 | 107 449 105 431 171 369
(Min.<-<Max.) (99 683<-<117 416) (91137<-<115 549) (151 874<-<204 780)
Mean A1 0.9984 0.9989 1.0002
(sd.) (0.0005) (0.0006) (0.0006)
95% CI [0.9972,0.9994] [0.9976,0.9999] [0.9988,1.0014]
CV, =10%
T 12.25 12.25 12.5
Mean | 0T 7| 125 013 128 835 169 206
(Min.<-<Max.) (105 156<-<145 941) (92 082<-<157 695) (124 365<-<226 150)
Mean A\ 0.9935 0.9960 1.0006
(sd.) (0.0009) (0.0011) (0.0016)
95% CI [0.9922,0.9952] [0.9937,0.9977] [0.9981, 1.0048]
CV, =15%
T 12.5 12.5 12.5
Mean |07 | 151 429 158 584 176 701
(Min.<-<Max.) (110709<-<184 649) (112109<-<202 504) (122377<-<257 817)
Mean A 0.9854 0.9905 1.0006
(sd.) (0.0012) (0.0014) (0.0027)
95% CI [0.9824,0.9877] [0.9881,0.9932] [0.9941, 1.0053]
CV,, = 20%
T 12.75 12.75 12.5
Mean | 0T 1| 160 789 185 423 184 511
(Min.<-<Max.) (105 162<-<215 072) (107 042<-<264 120) (100 129<-<328 265)
Mean A1 0.9735 0.9834 1.0022
(sd.) (0.0014) (0.0020) (0.0033)
95% CI1 [0.9708,0.9767) [0.9791,0.9871] [0.9948, 1.0089]
CV, =25%
T 18 18 12.5
Mean | 0T | 167 806 221 010 174 790
(Min.<-<Max.) (86 512<-<225 867) (94 434<-<334 486) (67 461<-<349 999)
Mean Ar 0.9583 0.9723 1.0029
(sd.) (0.0023) (0.0023) (0.0044)
95% CI [0.9533,0.9622] [0.9690,0.9793] [0.9928,1.0101]

Table 14: Size-increment-structured model with inherited variability (autoregressive case). Division
rate B(a) = (a—1)*1(,>1y and the growth rates (7., u € T) satisfy (38). Estimation of the Malthus
parameter A, (mean and 95% confidence interval based on M = 50 Monte Carlo continuous time
trees simulated up to time T ) with respect to k, for different coefficients of variation CV, of the
growth rate equilibrium distribution.
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|2 — D1 0.4 0.8 1.2 1.6
(D1, D2) (0.8,1.2) (0.6,1.4) (0.4,1.6) (0.2,1.8)
p11 = 0.90 and p22 = 0.30
T 12 1 19 33
Mean | 0T 7| 21 503 9 757 5 479
(Min.<-<Max.) (16 203<-<32 857) (7 474<-<25 486) (4 512<-<19 010) (1 525<-<20 232)
Mean Ar 0.8411 0.6641 0.4662 0.2450
(sd.) (0.0015) (0.0043) (0.0044) (0.0048)
95% CI [0.8386,0.8441] [0.6563,0.6723] [0.4562,0.4743] [0.2350, 0.2536]
Reference 0.85 0.70 0.55 0.40
P11 = 0.60 and pa2 = 0.30
T 12 1 16 21
Mean | 0T r| 46 589 50 825 15 600
(Min.<-<Max.) (35 364<-<58 004)  (30599<-<75 270) (6 680<-<35 365) (440<-<8 416)
Mean Ar 0.9190 0.7870 0.5984 0.3430
(sd.) (0.0019) (0.0022) (0.0058) (0.0075)
95% CI [0.9155,0.9227]  [0.7826,0.7903] [0.5884,0.6098] [0.3323,0.3596]
Reference 0.94 0.89 0.84 0.78

Table 15: Size-increment-structured model with inherited variability (bimodal case). Division rate
B(a) = (a — 1)*1,>1} and the growth rates (t,,u € T) satisfy (39) and (40). Estimation of
the Malthus parameter A 5, 5,.p11.p2e (€01 and 95% confidence interval based on M = 50 Monte
Carlo continuous time trees simulated up to time T ) with respect to |va — 01|, for different transition

probabilities (p11,Ppa2)-
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I I ! | I \ |
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Mean difference between the 2 groups

Figure 22: Size-increment-structured model with bimodal variability (without heredity). Division
rate B(a) = (a — 1)*1y,>1y and the growth rates (7,,u € T) are drawn according to the mizture
%pl + %pz where p; is a Gaussian distribution with mean v; and standard deviation 0.03 truncated
on V; = [0; — 0.10,9; + 0.10]. Estimation of the Malthus parameter Ap g, 5, (mean and 95%
confidence interval based on M = 50 Monte Carlo continuous time trees simulated up to time T')
with respect to |Uy — 1|

[D2 — 01 0.4 0.8 1.2 1.6
(D1, D2) (0.8,1.2) (0.6,1.4) (0.4,1.6) (0.2,1.8)
T 11.25 11.5 14 20
Mean  |8T7| 42 042 27 248 42 566 37 202
(Min.<-<Max.) 31 144<.-<63 748 11 979<-<46 040 12 414<-<119 911 2 813<-<132 317
Mean Ar 0.9734 0.8920 0.7473 0.5055
(sd.) (0.0025) (0.0043) (0.0079) (0.0113)
95% CI 0.9694,0.9781]  [0.8835,0.9011]  [0.7298,0.7607]  [0.4791,0.5272]

Table 16: Size-increment-structured model with bimodal variability (without heredity). Division
rate B(a) = (a — 1)*1y,>1y and the growth rates (7,,u € T) are drawn according to the mizture
%pl + %pg where p; is a Gaussian distribution with mean v; and standard deviation 0.03 truncated
on V; = [v; — 0.10,9; + 0.10]. Estimation of the Malthus parameter A g 5, (mean and 95%
confidence interval based on M = 50 Monte Carlo continuous time trees simulated up to time T')
with respect to |vg — 1]
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CV,, =5% CV,, =10% CV,, =15% CV,, =20%
T 10.5 11 11.25 11.5
Mean | 0T 7| 46 837 73 100 90 027 98 270
(Min.<-<Max.) (42 358<-<52 147) (57 254<-<87 282) (53 615<-<116 052) (68 946<-<128 379)
Mean At 0.9985 0.9938 0.9867 0.9757
(sd.) (0.0006) (0.0009) (0.0014) (0.0018)
95% CI [0.9974,0.9999] [0.9923,0.9954] [0.9841,0.9893] [0.9717,0.9789]
Ccv,, =25% CcV,, =30% CV,, =35% CV,, =40% CV,, =45%
11.75 12 12.25 12.5 18
107 305 120 102 104 628 117 208 114 180
(71 884<-<157 032) (63 409<-<200 860) (52 116<-<172 328) (28 171<-<192 021) (39 238<-<238 181)
0.9617 0.9450 0.9245 0.8985 0.8722
(0.0019) (0.0027) (0.0035) (0.0030) (0.0039)

0.9583,0.9656)]

0.9397,0.9505)

0.9178,0.9312]

[0.8920,0.9036]

[0.8650, 0.8794]

Table 17: Size-structured model with variability. Division rate B(a) = (a — 1)?1(,>1y. Estimation
of the Malthus parameter \g ,, (mean and 95% confidence interval based on M = 50 Monte Carlo
continuous time trees simulated up to time T) with respect to the coefficient of variation of the

growth rates density pe,.

CV,.=5% CV, =10% CV, =15% CV, =20%
T 10.5 11 11.25 11.5
Mean |87T7| 16 552 27 877 2 98 37 710
(Min.<-<Max.) 15 737<-<17 822 19 588<-<33 767 21 557<-<42 850 20 692<-<56 655
Mean Ar 0.9984 0.9935 0.9856 0.9738
(sd.) (0.0007) (0.0014) (0.0019) (0.0029)
95% CI [0.9968,0.9997]  [0.9908,0.9961]  [0.9817,0.9892]  [0.9680, 0.9799)]
CV,. =25% CV, =30% CV, =35% CV, =40% CV, =45%
11.75 12 12.25 12.5 13
40 786 37 384 37 298 34 246 35 683
17 833<-<64 689 14 053<-<65 584 10 954<-<71 054 1 028<-<95 197 412<-<113 070
0.9583 0.9382 0.9159 0.8871 0.8594
(0.0035) (0.0044) (0.0060) (0.0065) (0.0103)

0.9522, 0.9666]

09289, 0.9453)]

09047, 0.9290]

[0.8718, 0.8999)]

[0.8301, 0.8786]

Table 18: Amir’s model [Amilj] with variability. Noise distribution f,: centered Gaussian with
standard deviation 0.10 truncated on [—h,h] for h = 0.10. Target increment of size: Ay = 3.
Estimation of the Malthus parameter A, .y, . (mean and 95% confidence interval based on M =
50 Monte Carlo continuous time trees simulated up to time T ) with respect to the coefficient of

variation of the growth rates density p.

Reference: the value of reference is not significantly

different from the value 1 = ¥ (test at level 95% based on M = 50 Monte Carlo continuous time
trees simulated up to time T = 10).
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Analyse statistique des modéles de croissance-fragmentation

Résumé : Cette étude théorique est pensée en lien étroit avec un champ d’application : il s’agit de
modéliser la croissance d’une population de cellules qui se divisent selon un taux de division inconnu,
fonction d’une variable dite structurante — I’age et la taille des cellules étant les deux exemples paradig-
matiques étudiés. Le champ mathématique afférent se situe & l'interface de la statistique des processus, de
I’estimation non-paramétrique et de ’analyse des équations aux dérivées partielles. Les trois objectifs de ce
travail sont les suivants : reconstruire le taux de division (fonction de 1’dge ou de la taille) pour différents
schémas d’observation (en temps généalogique ou en temps continu); étudier la transmission d’un trait
biologique général d’une cellule a une autre et étudier le trait d’une cellule typique ; comparer la croissance
de différentes populations de cellules & travers le parameétre de Malthus (apres introduction de variabilité
dans le taux de croissance par exemple).

Mots-clés : Processus de Markov déterministe par morceaux, Processus de branchement, Chaine de Mar-
kov bifurquante, Processus auto-régressif bifurquant, Equation structurée en age, Equation structurée en
taille, Estimation du taux de division, Statistique non-paramétrique, Parametre de Malthus.

Statistical analysis of growth-fragmentation models

Abstract: This work is concerned with growth-fragmentation models, implemented for investigating the
growth of a population of cells which divide according to an unknown splitting rate, depending on a struc-
turing variable — age and size being the two paradigmatic examples. The mathematical framework includes
statistics of processes, nonparametric estimations and analysis of partial differential equations. The three
objectives of this work are the following: get a nonparametric estimate of the division rate (as a function
of age or size) for different observation schemes (genealogical or continuous); to study the transmission of
a biological feature from one cell to an other and study the feature of one typical cell; to compare different
populations of cells through their Malthus parameter, which governs the global growth (when introducing
variability in the growth rate among cells for instance).

Keywords: Piecewise deterministic Markov process, Branching process, Bifurcating Markov chain, Bifur-
cating autoregressive process, Age-structured equation, Size-structured equation, Splitting rate estimation,
Nonparametric statistics, Malthus parameter.
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