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Résumé

Actuellement, l’étude des systèmes multi-antennaires MIMO (Multiple Input Multiple Output) est 

orientée dans beaucoup de cas vers l’augmentation considérable du nombre d’antennes de la 

station de base (« massive MIMO », « large-scale MIMO »), ain notamment d’augmenter la capacité 

de transmission, réduire l’énergie consommée par bit transmis, exploiter la dimension spatiale du 

canal de propagation, diminuer l’inluence des évanouissements, etc. Pour les systèmes MIMO à 

bande étroite ou ceux utilisant la technique OFDM (Orthogonal Frequency Division Multiplex), le 

canal de propagation (ou les sous-canaux correspondants à chaque sous-porteuse d’un système 

OFDM) sont pratiquement plats (non-sélectifs en fréquence), ce qui revient à considérer la réponse 

fréquentielle de chaque canal SISO invariante par rapport à la fréquence mais variante dans le 

temps. Ainsi, le canal de propagation MIMO peut être caractérisé en bande de base par une matrice 

dont les coeficients sont des nombres complexes. Les systèmes MIMO cohérents nécessitent pour 

pouvoir démoduler le signal en réception de disposer de la connaissance de cette matrice de canal, 

donc le sondage périodique, en temps réel, du canal de propagation. L’augmentation du nombre 

d’antennes et la variation dans le temps, parfois assez rapide, du canal de propagation, rend ce 

sondage de canal dificile, voire impossible. Il est donc intéressant d’étudier des systèmes MIMO 

différentiels qui n’ont pas besoin de connaître la matrice de canal. Pour un bon fonctionnement de 

ces systèmes, la seule contrainte est que la matrice de canal varie peu pendant la transmission de 

deux matrices d’information successives.

Le sujet de cette thèse concerne l’étude et l’analyse de nouveaux systèmes MIMO différentiels. 

On considère des systèmes à 2, 4 et 8 antennes d’émission, mais la méthode utilisée peut être 

étendue à des systèmes MIMO avec 2n antennes d’émission, le nombre d’antennes de réception 

étant quelconque.

Pour les systèmes MIMO avec 2 antennes d’émission qui ont été étudiés dans le cadre de cette 

thèse, les matrices d’information sont des éléments du groupe de Weyl. Pour les systèmes avec 

2n antennes d’émission, (n ≥ 2), les matrices utilisées sont obtenues en effectuant des produits de 

Kronecker des matrices unitaires du groupe de Weyl.

Pour chaque nombre d’antennes d’émission on identiie d’abord le nombre de matrices disponibles 

et on détermine la valeur maximale de l’eficacité spectrale. Pour chaque valeur de l’eficacité 

spectrale on détermine les meilleurs sous-ensembles de matrices d’information à utiliser (selon le 

spectre des distances ou le critère du produit de diversité). On optimise ensuite la correspondance ou 

mapping entre les vecteurs binaires et les matrices d’information. Enin, on détermine par simulation 

les performances des systèmes MIMO différentiels ainsi obtenus et on les compare avec celles des 

systèmes similaires existants.

Pour la simulation des systèmes proposés, on a d’abord sélectionné un modèle simple de canal de 

Rayleigh, largement utilisé dans la littérature, en considérant la matrice de canal constante pendant 

un intervalle de temps d’une certaine durée déterminée par le temps de cohérence du canal de 

propagation. Chaque nouvelle matrice de canal s’obtient par un tirage aléatoire, indépendant des 

tirages précédents. Ce modèle de canal est peu réaliste et, pour les systèmes différentiels, impose 

pour la simulation une réinitialisation périodique du système, chaque fois qu’on utilise une autre 

matrice de canal. Ain de déterminer les performances des nouveaux systèmes proposés dans 

des conditions plus réalistes et échapper à la réinitialisation périodique du système analysé, nous 

avons intégré une variation de la matrice de canal entre deux tirages aléatoires successifs en 

utilisant le théorème de l’échantillonnage. Cependant, dans cette première approche, la matrice de 

canal est considérée comme constante durant l’émission d’une matrice. Les simulations effectuées 

avec ce nouveau modèle de canal ont permis de mettre en évidence une certaine dégradation des 

performances, surtout quand le temps de cohérence normalisé par rapport à la durée d’un symbole 

émis est réduit et donc, quand le canal de propagation varie rapidement.

Dans un second temps, nous avons considéré une seconde approche encore plus proche de la 

réalité, pour laquelle la matrice de canal  reste constante durant uniquement l’émission d’un symbole. 

On observe dans ce cas une dégradation supplémentaire des performances.

Abstract

At present, the study of multi-antenna systems MIMO (Multiple Input Multiple Output) is developed in 

many cases to intensively increase the number of base station antennas («massive MIMO», «large-

scale MIMO»), particularly in order to increase the transmission capacity, reduce energy consumed 

per bit transmitted, exploit the spatial dimension of the propagation channel, reduce the inluence 

of fading, etc. For MIMO systems with narrowband or those using OFDM technique (Orthogonal 

Frequency Division Multiplex), the propagation channel (or the sub-channels corresponding to each 

sub-carrier of an OFDM system) are substantially lat (frequency non-selective). In this case the 

frequency response of each SISO channel is invariant with respect to frequency, but variant in time. 

Furthermore, the MIMO propagation channel can be characterized in baseband by a matrix whose 

coeficients are complex numbers. Coherent MIMO systems need to have the knowledge of the channel 

matrix to be able to demodulate the received signal. Therefore, periodic pilot should be transmitted 

and received to estimate the channel matrix in real time. The increase of the number of antennas and 

the change of the propagation channel over time, sometimes quite fast, makes the channel estimation 

quite dificult or impossible. It is therefore interesting to study differential MIMO systems that do not 

need to know the channel matrix. For proper operation of these systems, the only constraint is that 

the channel matrix varies slightly during the transmission of two successive information matrices.

The subject of this thesis is the study and analysis of new differential MIMO systems. We 

consider systems with 2, 4 and 8 transmit antennas, but the method can be extended to MIMO 

systems with 2n transmit antennas, the number of receive antennas can be any positive integer.

For MIMO systems with two transmit antennas that were studied in this thesis, information matrices 

are elements of the Weyl group. For systems with 2n (n ≥ 2) transmit antennas, the matrices 

used are obtained by performing the Kronecker product of the unitary matrices in Weyl group.

For each number of transmit antennas, we irst identify the number of available matrices and 

the maximum value of the spectral eficiency. For each value of the spectral eficiency, we 

then determine the best subsets of information matrix to use (depending on the spectrum of the 

distances or the diversity product criterion). Then we optimize the correspondence or mapping 

between binary vectors and matrices of information. Finally, the performance of differential 

MIMO systems are obtained by simulation and compared with those of existing similar systems.

For simulation of the proposed system, we irst selected a simple Rayleigh channel model, which is 

widely used in the literature. In this channel model, the channel matrix is constant for a time interval of a 

certain length determined by the coherence time of the propagation channel. Each new channel matrix 

is obtained by a random draw, independent from previous draws. This channel model is impractical 

and, for the differential systems, need to simulate a periodic reset of the system, whenever using 

another channel matrix. To evaluate the performance of the new proposed systems in more realistic 

conditions and escape the periodic reset of the analyzed system, we integrated a variation of the 

channel matrix between two successive random draws by using the sampling theorem. However, in 

the irst approach, the channel matrix is considered to be constant during the transmission of a matrix. 

Simulations with this new channel model made it possible to spotlight some performance degradation 

due to the channel characteristic, especially when the normalized coherence time with respect to the 

duration of a transmitted symbol is reduced and therefore, when the propagation channel varies rapidly.

Finally, we considered the second even closer approach to reality, where the channel matrix remains 

constant during the transmission of only a symbol. In this case there is a further performance degradation.
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Résumé étendu en français

Chapitre 1 Introdution

Dans e hapitre introdutif on présente les motivations et les prinipales ontri-

butions des ativités de reherhe menées pendant ette thèse.

Dans un premier paragraphe on présene brièvement l'évolution des téléommu-

niations sans �l à partir du 19e sièle.

Le deuxième paragraphe présente les objetifs et les motivations de l'étude. On

indique d'abord les avantages des tehniques MIMO: augmentation de la apaité

du anal de transmission et de la robustesse des liaisons radio, grâe à la diversité

d'espae. On introduit ensuite les deux types des systèmes MIMO, selon la on-

naissane (ou non) de l'état du anal de propagation (angl. CSI = Channel State

Information). Si l'état du anal de propagation doit être onnu (as des systèmes

MIMO dits �ohérents�), des signaux onnus doivent être envoyés périodiquement

pour l'estimation de la matrie de anal. Néanmoins, si le nombre des antennes

augmente ou si le anal de propagation varie rapidement, l'estimation de la matrie

de anal d'est plus très e�ae. En plus, omme e sondage périodique de anal

néessite un ertain temps, la durée de la transmission des données utile plus au

moins réduite et le débit utile des systèmes MIMO ohérent est diminué. Par on-

séquent, ertains herheurs (Marzetta, ensuite Hohwald et Sweldens) ont étudié

des systèmes MIMO di�érentiels qui ne néessitent pas la onnaissane du anal de

propagation. Pour es systèmes, les olonnes des matries transmises doivent être
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unitaires. Ainsi, ils ont introduit les shémas DUSTM (Di�erential Unitary Spae-

Time Modulation). Il est également possible de ombiner un ode temps-espae

ave un ode orreteur d'erreurs pour des systèmes MIMO ohérents ou di�éren-

tiel. C'est le as des systèmes MIMO analysés par El Arab qui utilisent les matries

unitaires du groupe de Weyl de taille 2×2 et la tehnique MCM (Matrix Coded

Modulation).

Dans le troisième paragraphe on dérit brièvement les prinipales ontributions

de la thèse:

1. En utilisant les matries de taille 2×2 du groupe de Weyl on propose des sys-

tèmes MIMO di�érentiels ave 2, 4 et 8 antennes d'émission. Pour les systèmes

MIMO ave 4 et 8 antennes d'émission, les groups de matries unitaires sont

obtenus en e�etuant des produits de Kroneker des matries du groupe de

Weyl.

2. L'amélioration des performanes des systèmes proposés est e�etuée par la

séletion des ensembles de matries de transmission séparées par les plus

grandes distanes. Plus préisément, le ritère de séletion des matries est la

distane minimale entre les matries qui doit être maximisée.

3. Un autre ritère utilisé pour l'amélioration des performanes est la orrespon-

dane optimale entre les veteurs binaires d'information et les matries trans-

mises. En e�et, la hiérarhie entre les veteurs binaires d'information établie

selon la distane de Hamming doit orrespondre à la hiérarhie entre les ma-

tries de transmission.

4. Pour une évaluation réaliste des performanes des systèmes proposés on on-

sidère une version améliorée du modèle de anal de propagation utilisé pour

la simulation. D'habitude, les oe�ients du anal de propagation suivent

une loi de Rayleigh mais ils restent onstants pendant un ertain temps qui

dépend du temps de ohérene du anal, don de la vitesse de variation des

onditions de propagation. Par ontre, ette hypothèse ne orrespond pas à

la réalité. En plus, le passage d'une matrie de anal à la matrie de anal

suivante impose une réinitialisation du système di�érentiel, situation qui ne
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orrespond non plus à la réalité. A�n d'éviter es inonvénients et obtenir des

estimations réalistes des performanes, on aepte la variation des oe�ients

de la matrie de anal. Les valeurs intermédiaires des oe�ients de anal

entre 2 tirages aléatoires selon la loi de Rayleigh sont obtenues en utilisant le

théorème d'éhantillonnage. Les simulations e�etuées montrent une ertaine

dégradation des performanes des systèmes analysées par rapport aux perfor-

manes obtenues en utilisant le modèle simple de anal onsidérant des valeurs

onstantes pendant un ertain intervalle de temps. Cette dégradation est plus

importante pour les anaux variant rapidement dans le temps (faible valeur

du temps de ohérene normalisé par la durée d'un symbole émis).

Le quatrième paragraphe dérit le ontenu de haque hapitre de la thèse, tandis

que le dernier paragraphe indique la liste des publiations.

Chapitre 2 Systèmes MIMO

Dans e hapitre on présente le shéma général d'un système de ommuniations

MIMO. Après une brève desription des ativités de reherhe dédiées à l'étude des

systèmes MIMO on rappelle les formules de alul de apaité pour les systèmes

MIMO ohérent et non-ohérent. Finalement, les performanes des odes temps-

espae sont analysées est quelques ritères de qualité sont rappelés.

Le premier sous-hapitre rappelle la représentation en bande de base des signaux

à bande limitée, ainsi que la relation entre le signal émis et le signal reçu dans le

as d'un anal de propagation variant dans le temps. La représentation des sig-

naux à bande limitée dans un espae vetoriel N-dimensionnel est aussi rappelée.

Quelques paramètres importants d'un anal de propagation sont aussi présentés:

réponse impulsionnelle, trajets multiples, éart-type des retards (angl. RMS delay

spread), évanouissements plats ou séletifs en fréquene, déalage Doppler, temps de

ohérene ou enore temps de ohérene par rapport à la durée d'un symbole émis.

Dans le as d'un anal de propagation ave un grand nombre de trajets, on dé-

montre que la fontion d'autoorrélation statistique du signal reçu peut s'exprimer

en fontion de la fontion de Bessel du premier ordre et du premier type et que
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l'enveloppe du signal reçu suit une loi de Rayleigh en absene du trajet diret et une

loi de Rie si e trajet diret est présent. Le premier sous-hapitre se termine ave la

représentation du bruit Gaussien pour les systèmes à bande limitée. Dans l'espae

des signaux à bande limitée, en utilisant une base orthonormée d'ordre N, le bruit

est représenté omme une variable aléatoire Gaussienne vetorielle de longueur N.

Le deuxième sous-hapitre présente une ourte évolution des systèmes MIMO à

partir des travaux de C. E. Shannon (1948). Au début, les systèmes MIMO étaient

utilisés pour des appliations sonar, radar ou sismiques. Leur utilisation pour les

téléommuniations à débuter dans les années 1970. Au niveau d'une station de base,

les réseaux d'antennes assurent une diversité spatiale qui permet de lutter ontre

les e�ets de la propagation multi-trajet. On rappelle les ontributions e ertains

herheurs à l'étude des systèmes MIMO: Winters (1987) qui a analysé la apaité du

anal MIMO et a obtenu ertains résultats intéressants, Teletar et Foshini (1995-

1996) qui ont étudié la apaité du anal MIMO si le anal de propagation est

onnu par le réepteur, la tehnique BLAST (1996), Tarok (1998) qui a obtenu

les ritères de performane pour les odes temps-espae, Jafarkhani (2001) qui a

introduit les odes les odes temps-espae en blo super-orthogonaux (QO-STBC),

et. Les systèmes MIMO oopératifs et la nouvelle tehnique �massive MIMO �sont

également rappelés et leurs avantages mentionnés. En même temps, l'utilisation

des systèmes MIMO ave un grand nombre d'antennes diminue le débit utile et

rend la onnaissane en temps réel du anal plus di�ile, surtout si le anal varie

rapidement dans le temps. Par onséquent, des tehniques MIMO qui ne néessitent

pas la onnaissane du anal de propagation peuvent s'avérer intéressantes. On

disute le modèle de anal ZMSW (zero mean spatially white) analysé par Zheng et

Tse (2002) qui montrent que la apaité de anal peut être obtenue ave un nombre

limité d'antennes. Les ontributions de Lapidoth et Moser (2003) sont évoquées,

ainsi que elles de Jafar et Goldsmith (2005).

Basés sur l'analyse de la apaité des systèmes MIMO ave le modèle ZMSW,

Hohwald et Marzetta ont introduit en 2000 les shémas USTM (unitary spae-time

modulation) qui n'ont pas besoin de la onnaissane du anal de propagation. Par

ontre, le problème à résoudre est la détermination des onstellations de grande
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taille qui assurent une faible probabilité d'erreur et une omplexité de démodulation

raisonnable. Il est possible de mentionner les ontributions de Hohwald (2000),

Tarokh (2002), Leus (2004) et Kim (2010) pour la génération des onstellations plus

simples à déoder tout en garantissant une faible probabilité d'erreur.

En�n, pour les shémas MIMO di�érentiels on rappelle les shémas DUSTM

proposés par Hohwald et Sweldens en (2000), les shémas DSTBC de Tarokh et

Jafarkhani (2000-2001) qui généralisent le shéma d'Alamouti (1998) ou les shémas

DSTM de Hughes (2000) utilisant des signaux PSK.

En�n, on mentionne la modulation matriielle odée proposée par El Arab et

Carlah (2011) utilisant des matries unitaires du groupe de Weyl pour les systèmes

MIMO de taille 2×2.
Le paragraphe suivant présente le modèle général d'un système MIMO, préise le

modèle de anal de propagation utilisé et obtient la desription matriielle relient le

veteur des signaux reçus du veteur des symboles émis en présene du bruit blan,

additif, Gaussien. L'expression du rapport signal à bruit est aussi obtenue.

Le paragraphe 2.4 rappelle les notions d'information mutuelle moyenne et a-

paité pour un anal de transmission bruité. On donne la formule de alul de la

apaité pour un anal Gaussien.

Le paragraphe suivant donne les formule de alul de apaité d'abord pour les

systèmes MIMO ohérents, ensuite non-ohérents. Pour les systèmes MIMO o-

hérents on en déduit les ritères du rang et du déterminant pour améliorer leur per-

formane (diminuer la probabilité d'erreur). Pour les systèmes MIMO non-ohérents

on indique le ritère utilisé en réeption pour minimiser la probabilité d'erreur (PEP

= pair-wise error probability).

Chapitre 3 Codage temps-espae non-ohérent

Le odage temps-espae non-ohérent onerne les systèmes MIMO sans onnais-

sane de la matrie de anal au niveau du réepteur. Parmi es systèmes MIMO on

peut iter eux utilisant la modulation temps-espae unitaire (USTM), la modulation

di�érentielle temps-espae unitaire (DUSTM), le odage di�érentiel temps-espae en
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blo (DSTBC), la modulation di�érentielle temps-espae (DSTM) et la modulation

matriielle odée (MCM). L'idée utilisée par DUSTM et DSTM est la même.

Modulation unitaire espae-temps

Lors de l'analyse de la apaité des systèmes MIMO sans onnaissane de la

matrie de anal au niveau du réepteur Marzetta et Hohwald ont trouvé [25℄ que

les matries transmises doivent avoir une struture partiulière: elles doivent être

unitaires, d'où le terme de modulation unitaire espae-temps (USTM = Unitary

Spae-Time Modulation).

Shéma d'émission

Marzetta et Hohwald ont montré [25℄ que les matries émises doivent avoir la

struture X = AΘ, où A est une matrie diagonale de tailleM×M et Θ une matrie

de taille M × T . Les olonnes de la matrie Θ doivent être orthogonales entre elles

: ΘΘH = IM . Quand le temps de ohérene normalisé du anal est largement

supérieur au nombre des antennes d'émission ou si T > M , ave un hoix approprié

des valeurs ak(k = 1, 2, ...,M) il est possible d'atteindre la apaité du anal.

Shéma de détetion de détermination des onstellations USTM

A partir du veteur Y reçu, le réepteur détermine la matrie Θk qui maximise

la probabilité p(Y |Θk):

Θml = arg max
Θk∈{Θ1,...,ΘK}

p(Y |Θk)

= arg max
Θk∈{Θ1,...,ΘK}

Tr[YΘH
k ΘkY

H ]. (3.1)

La probabilité d'erreur (PEP = pairwise error probability) est :

Pe =
1

2
P
(
Tr[YΘH

k′Θk′Y
H ] > Tr[YΘH

k ΘkY
H ]|Θk

)

+
1

2
P
(
Tr[YΘH

k ΘkY
H ] > Tr[YΘH

k′Θk′Y
H ]|Θk′

)
, (3.2)
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A partir de la borne supérieure de ette probabilité d'erreur (Cherno� upper bound),

il est possible d'identi�er deux ritères pour la détermination des onstellations

USTM. Le premier ritère doit minimiser:

δ = max
1≤k<k′≤K

1√
M

‖ΘkΘ
H
k′‖ = max

1≤k<k′≤K

√√√√ 1

M

M∑

m=1

d2kk′,m, (3.4)

où dkk′,1, . . . , dkk′,M sont les valeurs singulières du produit ΘkΘ
H
k′ .

Un deuxième ritère repose sur la maximisation du produit de diversité :

ζ2kk′ = 1− 1

M

M∑

m=1

d2kk′,m +O(d4kk′,m) = 1− 1

M
‖ΘkΘ

H
k′‖

2
+O(d4kk′,m). (3.5)

Modulation DUST

A partir de la modulation DPSK et des shémas USTM, Hohwald et Sweldens

ont proposé [27℄ la modulation USTM di�érentielle, nommée DUSTM.

On explique d'abord la modulation PSK di�érentielle, ensuite, par analogie, on

présente la modulation UST di�érentielle. Dans les deux as, la ondition prinipale

est de pouvoir onsidérer le anal pratiquement invariant lors de la transmission de

deux symboles suessifs.

Pour la modulation DPSK, la relation utilisée en réeption lors du déodage est:

ϕ̂t+1 = arg min
k=1,...,K

|yt+1 − ϕkyt|. (3.13)

Pour la modulation DUSTM, la relation utilisée en réeption lors du déodage

est:

V̂t = arg min
Vk∈{V1,...,Vk}

‖Yt − Yt−1Vk‖

= arg min
Vk∈{V1,...,Vk}

Tr{(Yt − Yt−1Vk)(Yt − Yt−1Vk)
H}

= arg max
Vk∈{V1,...,Vk}

ℜ{Tr[Yt−1VkY
H
t ]}

= arg max
Vk∈{V1,...,Vk}

ℜ{Tr[Y H
t Yt−1Vk]}. (3.17)
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où Yt et Yt−1 sont les matries reçues aux instants t, respetivement t− 1 et Vt l'une

des matries d'information. La matrie reherhée est don la matrie qui minimise

la norme de la matrie de la relation (3.17).

On démontre par la suite les deux ritères qu'on peut utiliser pour identi�er

de bons ensembles de matries d'information. Le premier ritère impose la max-

imisation de la distane minimale entre deux matries quelonques mais distintes

hoisies dans l'ensemble des matries d'information. Le deuxième ritère impose la

minimalisation du produit de diversité:

ζ =
1

2
min

1≤k<k′≤K
ζkk′ =

1

2
min

1≤k<k′≤K
|det(Vk − Vk′)|

1

M . (3.25)

Dans leurs travaux [27℄, Hohwald et Sweldens ont proposé un groupe ylique

de matries où la matrie génératrie V est la raine d'ordre K de la matrie unité

IM : V K = IM . Les matries d'information utilisées sont don Vk = V k
1 , ave

k = 0, ..., K − 1. Pour M = 1, 2, ..., 5 et pour R = 1, 2, Hohwald et Sweldens ont

déterminé par reherhe exhaustive les meilleures matries à utiliser pour obtenir

les performanes optimales. Les résultats sont donnés dans le Tableau 3.1. Les

performanes obtenues ave es ensembles de matries sont indiquées dans la Figure

3.1 (pour R = 1) et dans la Figure 3.2 (pour R = 2).

Code temps espae en blo di�érentiel

En se basant sur le shéma d'Alamouti [18℄, Tarkh et Jafarkhani [28, 29℄ ont

proposé un shéma di�érentiel pour les odes temps-espae en blo (STBC = Spae

Time Blok Codes).

Transmission di�érentielle ave le shéma STBC d'Alamouti

Après avoir présenté le shéma lassique d'Alamouti, on dérit le fontionnement

du shéma di�érentiel basé sur le shéma d'Alamouti. En utilisant les modula-

tions MDP2 (BPSK) et MDP4 (4PSK), on simule les performanes des systèmes

d'Alamouti et di�érentiels pour M = 2 et M = 4. Les résultats sont indiqués à la

Figure 3.3. Pour les shémas di�érentiels on met en évidene (omme attendu) une
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dégradation des performanes de 3 dB.

Modulation Codée Matriielle

La modulation odée matriielle, proposée par A. El Arab, J-C Carlah et M.

Hélard [30, 31℄ ombine le odage de anal, la modulation et le odage temps-

espae dans une unique fontion appliquée prinipalement aux systèmes MIMO

non-ohérents. Le odage de anal est appliqué au plus des données binaires à

transmettre. Si, par exemple, on utilise un ode de Hamming H(8, 4, 4), on divise

d'abord le �ux binaire en veteurs d'information de 4 bits qui sont odés. Après

odage, pour haque veteur de 4 bits d'information on obtient un veteur de 4 bits

de ontr�le. Ces 2 �ux de données (d'information et de ontr�le) sont appliqués à

des entre-laeurs πp et πq et odés par la suite dans des paires de matries inversibles

(Vα, Vβ) de taille 2 × 2. Ces deux matries sont ensuite transmise par M = 2 an-

tennes d'émission: Xt = Vα et Xt+1 = Vβ. Les matries Vα et Vβ appartiennent à

des osets Cp et Cq di�érents du groupe de matries de Weyl. Le hoix des ouples

(πp, πq) et (Cp, Cq) n'est pas indi�érent. En e�et, pour haque ouple (Vα, Vβ) du

produit artésien Cp × Cq, le ouple (Va, Vb) du même produit artésien véri�ant la

relation

VαV
−1
a − VβV

−1
b = 0

doit être unique. A la réeption, en utilisant les matries reçues on véri�e ette

relation pour la détetion des matries transmises.

Cette modulation a été utilisée seulement pour les systèmes MIMO de taille 2×2

à ause de la taille des matries du groupe de Weyl. La struture de e groupe uni-

taire de matries est expliquée en préisant le mode de onstrution du sous-groupe

C0 et des autres osets. Pour N = 2 antennes de réeption on dérit la onstru-

tion des mots de ode pour le ode orreteur d'une erreur et déteteur d'erreurs

doubles H(8,4,4). On indique aussi la paire des permutations (πp, πq) utilisées pour

l'entrelaement et le hoix du ouple de osets (Cp, Cq) à utiliser pour véri�er la

relation matriielle i-dessus. La formule permettant le déodage est aussi obtenue.

L'analyse du groupe de matries de Weyl nous a suggéré leur utilisation pour les
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modulations temps-espae unitaires di�érentielles. Ces modulations di�érentielles

seront présentées pour di�érentes valeurs de l'e�aité spetrale. Dans ette thèse

les performanes des systèmes MIMO di�érentiels seront analysées pour M = 2, 4

et 8 antennes d'émission sans l'utilisation des odes orreteurs d'erreurs. Pour-

tant le rajout d'un ode orreteur d'erreur reste possible. Il pourrait s'appliquer

diretement au �ux de données binaires avant le odage temps-espae di�érentiel.

Au niveau du réepteur, le déodage orreteur d'erreurs devrait se faire après le

déodage temps-espae di�érentiel. Pour M = 4 et 8 (et, en général, pour M = 2k

antennes d'émission, où k ≥ 2 est un nombre entier), il su�t d'e�etuer des pro-

duits de Kroneker des matries du groupe de Weyl, omme il sera expliqué dans les

hapitres suivants.

Chapitre 4 Nouvelle modulation temps-espae dif-

férentielle ave 2 antennes d'émission

Dans e hapitre on propose la nouvelle modulation temps-espae di�érentielle

pour les systèmes MIMO ave 2 antennes d'émission. Les matries d'information

assoiées aux veteurs binaires sont des éléments du groupe de Weyl. A�n de réduire

le taux d'erreur binaire (TEB), on utilise one orrespondane (angl. mapping) de

type Gray entre les veteurs binaires et les matries d'information. Le TEB peut être

enore amélioré en utilisant, selon l'e�aité spetrale souhaitée, des ensembles de

matries d'information ayant le meilleur spetre de distanes (des matries séparées

par les plus grandes distanes). Un deuxième ritère pour déterminer les meilleurs

ensembles de matries est le produit de diversité (angl. diversity produt). Une

omparaison ave les performanes d'autres systèmes DSTBC et DUSTM montre

les avantages des shémas proposés.
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Modèle général d'un système à modulation temps-espae dif-

férentielle

Ce modèle est basé sur l'équation di�érentielle (2.59) du hapitre 2 :

Y = HX +W

Dans le as général, la matrie X transmise est de taille M ×M , M étant le nombre

d'antennes d'émission. Le �ux des données binaires à transmettre est �oupé �en

veteurs binaires d'une ertaine longueur et à haque veteur binaire on met en

orrespondane bijetive une matrie d'information V séletionnée dans un ensemble

P. Au début, l'émetteur transmet une matrie de référene X0 = V0 à l'instant τ0. Au

premier veteur binaire d'information on assoie une matrie d'information Vτ1 , au

seond veteur binaire d'information une matrie d'information Vτ2 , et. La relation

fondamentale de la transmission di�érentielle est:

Xτ+1 = XτViτ+1
, τ = 0, 1, . . . (4.1)

Les N antennes du réepteur reçoivent le �ux de matries Y0, . . . , Yτ , Yτ+1, . . .

Selon la relation (2.59) on peut érire:

Yτ = HτXτ +Wτ (4.2)

et

Yτ+1 = Hτ+1Xτ+1 +Wτ+1 (4.3)

Dans l'hypothèse que le anal de propagation peut être onsidéré invariant pen-

dant l'émission de 2 matries suessives (don, pendant l'émission de 2M symboles
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de la onstellation), on en déduit:

Yτ+1 = HXτ+1 +Wτ+1 = HXτViτ+1
+Wτ+1

= (Yτ −Wτ )Viτ+1
+Wτ+1 = YτViτ+1

+Wτ+1 −WτViτ+1

= YτViτ+1
+W

′

τ+1, (4.4)

où W
′

τ+1 = Wτ+1 − WτViτ+1
. Cette relation onduit à la relation utilisée par le

réepteur pour la prise de déision:

V̂iτ+1
= argmin

V ∈P
‖Yτ+1 − YτV ‖

= argmin
V ∈P

Tr{(Yτ+1 − YτV )H(Yτ+1 − YτV )}

= argmax
V ∈P

Tr{Re(Y H
τ+1YτV )}. (4.5)

La onstellation pour les systèmes MIMO ave 2 antennes

d'émission

Pour les systèmes MIMO ave 2 antennes d'émission, les matries utilisées sont

des éléments du groupe de Weyl. Il s'agit d'un groupe de 192 matries unitaires

omplexes. Le maximum de l'e�aité spetrale est R = 3, 5 bit/s/Hz. Ce groupe

ontient un sous-groupe C0 de 16 matries. Ce sous-groupe permet d'e�etuer une

partition du groupe de Weyl (noté par la suite Gw) en 12 osets, le premier oset

étant C0. On peut véri�er que toute matrie V de C0 est à une distane de 2 de 14

autres matries de C0 et à une distane de 2
√
2 = 2.8284 de −V . A�n d'identi�er les

meilleurs sous-ensembles de matries à utiliser pour di�érentes valeurs de l'e�aité

spetrale, le spetre des distanes a été alulé pour les matries du Gw. On a pu

véri�er que haque matrie de Gw a le même spetre des distanes par rapport aux

autres matries de Gw. Ce spetre des distanes est indiqué dans le tableau 4.1.

E�aité spetrale R = 2 bit/s/Hz

Dans e as, les veteurs binaires d'informations ontiennent 4 bits. On peut avoir

24 = 16 veteurs d'information, don il est néessaire d'utiliser 16 matries. Il a été
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véri�é que C0 est le sous-ensemble de Gw qui a le meilleur spetre de distanes (la

plus grande distane minimale entre 2 matries distintes de C0). Par onséquent, les

matries de C0 sont utilisées. Pour es matries, la onstellation utilisée est 4PSK

∪ {0}. Cei revient à dire que pendant la durée Ts de l'émission d'un symbole,

seulement une antenne émet un signal de la onstellation 4PSK ave la puissane

normalisée égale à 1.

Le Tableau 4.2. indique la orrespondane utilisée initialement entre les veteurs

binaires d'information et les matries du sous-groupe C0. Les distanes entre les

matries du sous-groupe C0 sont données dans la Tableau 4.3.

Le résultat de simulation pour e shéma di�érentiel est indiqué à la �gure 4.3.
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Figure 4.3.

Pour omparaison, on indique également la variation du TEB en fontion du

SNR (dB) pour les shémas DSTBC [28℄ et DUSTM [27℄. Par rapport au shéma

DSTBC proposé par Tarokh, le résultat du shéma proposé est moins bon ar auune

méthode de prétraitement n'est utilisée. Par ontre, pour SNR inférieur à 14 dB,
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le shéma proposé a des performanes légèrement meilleures par rapport au shéma

DUSTM. En e�et, e shéma DUSTM a été proposé pour des valeurs SNR élevées,

selon le deuxième ritère.

Codage de Gray

La orrespondane entre les veteurs binaires et les matries du sous-groupe C0

peut être améliorée en utilisant la même idée utilisée lors du odage de Gray. Plus

préisément, on alule la distane de Hamming entre les veteurs binaires et on

tient ompte des distanes entre les matries de C0 données dans le Tableau 4.3.

Aux veteurs séparés par une faible distane de Hamming on utilise des matries

de C0 séparées par une faible distane, pour des veteurs binaires séparés par une

grande distane de Hamming on utilise des matries de C0 séparées par une grande

distane. La nouvelle orrespondane est donnée dans le Tableau 4.4, tandis que le

résultat de la simulation ave ette nouvelle orrespondane est donné à la Fig. 4.5.

Par rapport au premier as on observe une légère amélioration.

Le ritère basé sur la distane

Dans e paragraphe on dérit une étude qui permet de omparer les performanes

des 2 systèmes MIMO ave R = 2 bit/s/Hz. Le premier système utilise le sous-

groupe C0. Dans e sous-groupe, haque matrie est séparée par la matrie opposée

par une distane 2
√
2 = 2.8284, tandis que par rapport aux autres matries de C0,

elle a une distane de 2. Pour l'ensemble S onsidéré omme possible ontra-andidat

de C0, la distane maximale entre une matrie et sa matrie opposée est toujours 2,

par ontre, par rapport aux autres matries on a des distanes de

√
2 = 1.4142 < 2

et des distanes de

√
6 = 2.4495 > 2. Le résultat de simulation est donné à la

�gure 4.6 pour les deux ensembles utilisés C0 et S. On onstate que l'utilisation de

l'ensemble S donne un résultat légèrement moins bon, e qui prouve que la distane

minimale

√
2 = 1.4142 ompte plus que la distane maximale

√
6 = 2.4495. On

retrouve le fait que le ritère à utiliser est de maximiser la plus faible distane entre

2 matries de l'ensemble onsidéré.
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Le ritère basé sur le produit de diversité

Suivant e ritère on onstruit un sous-ensemble de matries Sd qui a un produit

de diversité plus grand, de 0.5, valeur plus grande que la valeur 0.3826 utilisée pour

le shéma DUSTM [27℄. On ompare dans la Fig. 4.7 les ourbes BER en fontion

du SNR pour le nouveau shéma utilisant les sous-ensembles de matries Sd et C0,

ainsi que le shéma DUSTM. Le meilleur résultat est obtenu ave le sous-ensemble

Sd. En e�et, pour BER = 10−3
, le SNR du nouveau shéma réalisé ave le sous-

ensemble de matries Sd est 2 dB plus faible par rapport au shéma USTM et 3 dB

plus faible par rapport au shéma DSTM utilisant le sous-ensemble C0.

E�aité spetrale R = 1 et 3 bit/s/Hz

R = 1 bit/s/Hz

Dans e as, les veteurs binaires ont seulement 2 bits et 4 matries sont utilisées.

Selon le ritère de distane, on utilise la matrie unitaire M0 et la matrie opposée

M4 = −M0 et on herhe on ouple de matries (Ml,−Ml) qui, ave le ouple

(M0,−M0) va donner les plus grandes distanes. On onstate que si la distane

D(M0,Ml) > 2, alors D(M4,Ml) < 2. Par onséquent, on doit hoisir la matrie Ml

tel que D(M0,Ml) = 2 et D(M4,Ml) = 2. Selon la Tableau 4.1 on dispose de 102

matries Ml (51 ouples) pour lesquelles on a D(M0,Ml) = D(M4,Ml) = 2. Ave

le deuxième ritère, il est possible de séletionner parmi es 51 ouples de matries

eux qui maximisent le produit de diversité. On trouve 10 ouples qui donnent

ave (M0,M4) le produit de diversité maximum

√
2/2. Une solution possible est

l'ensemble {M0,M4,M8,M12}. Dans le Tableau 4.6 on indique la orrespondane

�générale �ou �naturelle �entre les veteurs binaires et les 4 matries retenues mais

aussi la orrespondane de type Gray. Les résultats de simulation donnés à la Fig.

4.8 montrent que la orrespondane de type Gray permet d'obtenir un meilleur

résultat.

R = 3 bit/s/Hz

Pour R = 3 bit/s/Hz, les veteurs d'information ont 6 bits et on utilise 26 = 64

matries. En utilisant les premières 64 matries du groupe de Weyl, la simulation
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e�etuée permet l'évaluation des performanes de e système.

Chapitre 5 Nouvelle DSTM ave 4 et 8 antennes

d'émission

Dans e hapitre on étend les shémas obtenus dans le hapitre préédent aux

systèmes MIMO ave 4 et 8 antennes d'émission. L'idée est des générer des groupes

de matries de taille 4×4 et 8×8 en e�etuant des produits de Kroneker des matries

de taille 2 × 2 du groupe de Weyl. Une fois es groupes de matries déterminés, la

démarhe est similaire à elle utilisée dans le hapitre 4.

Systèmes MIMO di�érentiels ave 4 antennes d'émission

Dans un premier temps on dé�nit le produit de Kroneker de deux matries

omplexes de taille quelonque et on rappelle ses prinipales propriétés. On énone

et on démontre 2 théorèmes reliant la distane entre les matries et le produit de

Kroneker. Le deuxième théorème est d'une grande utilité. En e�et, si dans le

groupe de Weyl on a identi�é un sous-ensemble Sn de n matries ayant le meilleur

spetre de distanes, omme ‖M‖ =
√
2 pour toute matrie du groupe de Weyl, on

en déduit aisément que le produit de Kroneker entre une matrie M quelonque de

Gw et les matries de Sn va générer un ensemble Σn de matries de Gw4 ayant aussi le

meilleur spetre des distanes. De même, le produit de Kroneker entre une matrie

M quelonque de Gw et les matries de Σn va générer un ensemble de matries de

Gw8 ayant aussi le meilleur spetre des distanes. Ainsi, l'identi�ation des sous-

ensembles de matries ayant le meilleur spetre des distanes devient très simple, le

travail e�etué pour les meilleurs sous-ensembles de Gw pouvant être utilisé par la

suite.

Le produit de Kroneker entre les 192 matries de Gw devrait donner 1922 ma-

tries de taille 4 × 4. En réalité, seulement K = 4608 matries sont distintes.

On en déduit que pour M = 4 antennes d'émission on a une e�aité spetrale de

maximum 3 bit/s/Hz.
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E�aité spetrale R = 1 bit/s/Hz

Dans e as on doit disposer de 2RM = 16 matries distintes. Comme dans Gw

nous avons identi�é C0 omme étant le sous-ensemble ave le meilleur spetre de

distanes, le produit de Kroneker entre M0 (matrie unité) et C0 permet d'obtenir

failement un sous-ensemble C00 de Gw4 ayant aussi le meilleur spetre de distanes.

Grâe au premier théorème, le spetre des distanes des matries de C00 s'obtient

failement en multipliant par ‖M‖ =
√
2 les distanes entre les matries de C0

données au Tableau 4.3. Les résultats sont donnés au Tableau 5.1. Il est aussi

intéressant de remarquer que le produit de Kroneker onserve pour haque antenne

d'émission la onstellation utilisée par les systèmes MIMO ave 2 antennes d'émission

: 4PSK ∪ {0}. Comme pour les systèmes à 2 antennes d'émission, en utilisant les

matries du sous-ensemble C00, à haque instant, seulement une antenne Tx va

émettre. Dans le tableau 5.2 on indique une orrespondane �naturelle� entre les

16 veteurs d'information de 4 bits et les 16 matries du groupe Gw4. Ave ette

orrespondane, le résultat de la simulation pour une antenne de réeption donné à

la �gure 5.1 montre que les performanes du système sont moins bonnes que elles

des systèmes DUSTM et DSTBC ave modulation BPSK. On étudie ensuite la

possibilité de déterminer le sous-ensemble de matries de Gw4 en utilisant le ritère

du produit de diversité. On arrive à l'ensemble Sdiv indiqué par la relation:

Sdiv =M0 ⊗ {M0,M4,M3,M7,M9,M13,M10,M14}

∪ M1 ⊗ {M33,M37,M34,M38,M40,M44,M43,M47}. (5.11)

Le produit de diversité pour et ensemble est ζ = 1
2
min0≤k<k′≤16 |det(Vk − Vk′)|

1

M =

0.5946, Vk ∈ Sdiv. Le résultat de la simulation est indiqué dans la �gure 5.2.

On onstate que ette fois le shéma DSTM proposé permet d'obtenir de meilleures

performanes par rapport aux shémas DSTBC [29℄ et DUSTM [27℄. En e�et, pour,

le shéma propose assure un BER = 10−3
.
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Figure 5.2 Comparison of DSTBC [29℄, DUSTM [27℄ and new DSTM sheme with

set Sdiv (M=4, N=1, R=1)

DSTM pour 4 antennes d'émission ave nouvelle orrespondane

Comme pour les systèmes à 2 antennes d'émission, il est possible d'optimiser la

orrespondane entre les 16 veteurs de 4 bits et les matries d'information de taille

4× 4 de C00. L'idée est la même : aux veteurs binaires séparés par la plus grande

distane de Hamming on met en orrespondane les matries séparées par la plus

grande distane Eulidienne, 'est-à-dire 4. Pour les veteurs binaires séparés par

une distane de Hamming plus faible on met en orrespondane les matries séparées

par une plus faible distane Eulidienne, 'est-à-dire, 'est-à-dire 2
√
2. Le résultat

de simulation donné à la �gure 5.3 indique une légère amélioration des performanes,

ar seulement 2 distanes Eulidiennes sont possibles pour les 16 matries de C00.
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DSTM pour 4 antennes d'émission et e�aité spetrale plus

grande (R = 2 et R = 3)

Pour R = 2 bit/s/Hz, les veteurs d'information ont 8 bits, don 28 = 256

matries doivent être utilisées. Le hoix simple serait de séletionner les premières

256 matries de Gw4.

Pour R = 3 bit/s/Hz, les veteurs d'information ont 12 bits, don 212 = 4096

matries doivent être utilisées. Le hoix simple serait de séletionner dans e as les

premières 4096 matries de Gw4.

Les performanes des systèmes MIMO ainsi obtenus sont données dans la Figure

5.4.

A�n d'améliorer les performanes des systèmes onçus pour R = 2 bit/s/Hz, on

utilise les deux ritères: distane Eulidienne et produit de diversité. Pour le premier

ritère, on véri�e d'abord que la distane minimale qui sépare deux matries de Gw4

est de 1.5307. On identi�e ainsi l'ensemble S2 qui a 256 matries et dmin = 2. La

Figure 5.5 permet de remarquer l'amélioration des performanes par rapport au as

préédent qui utilisait l'ensemble S1 de matries. Par rapport au shéma DUSTM

[27℄, le shéma proposé a aussi des performanes meilleures.

Conernant le ritère du produit de diversité, pour tous les ensembles de 256

matries on obtient e produit nul, don il n'est pas possible d'utiliser e ritère.

Pour R = 3 bit/s/Hz, dans la référene [27℄ on ne peut pas trouver un shéma,

don on n'a pas la possibilité de omparer les performanes du système proposé.

Systèmes MIMO di�érentiels ave 8 antennes d'émission

Pour es systèmes à 8 antennes d'émission il faut d'abord réer le groupe de

matries unitaires en e�etuant le produit de Kroneker entre Gw et Gw4. On obtient

884736 matries de taille 8× 8 mais seulement 110592 matries sont distintes. On

obtient une e�aité spetrale maximale Rmax = 2 bit/s/Hz.

Pour R = 0.5 bit/s/Hz on utilise 16 veteurs de 4 bits, don 16 matries de

taille 8 × 8. Ces matries sont des éléments de l'ensemble S000 = M0 × (M0 × C0)

séparées par la plus grande distane minimale: dmin = 4. Selon le ritère de la
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distane Eulidienne, l'ensemble S000 est optimal. Par ontre, et ensemble a le

produit de diversité nul. Pour améliorer enore les performanes du système on

utilise Sdiv2 = M0×Sdiv omme un nouveau ensemble de matries qui a le produit de

diversité de 0.1487. Les résultats de simulation des systèmes utilisant es ensembles

de matries sont donnés à la Figure 5.6. On onstate l'amélioration des performanes

du système lors de l'utilisation de l'ensemble Sdiv2.

Pour R = 1 bit/s/Hz on utilise des veteurs de 8 bits, don 256 matries. Dans

un premier temps on utilise le sous-ensemble Sm8r1a = M0 × S1. Ensuite, a�n

d'augmenter la plus faible valeur des distanes séparant 2 matries on utilise le

sous-ensemble Sm8r1b = M0 × S2. Ces sous-ensembles ont dmin = 2.1648, respe-

tivement 2.8284. Finalement, on identi�e le sous-ensemble Sm8r1 de 256 matries

ave dmin = 4.

Les résultats de simulation pour es 3 as sont représentés à la Figure 5.7.

Pour R = 1.5 bit/s/Hz on utilise les premières 4096 matries de C000, tandis que

pour R = 2 bit/s/Hz on utilise les premières 65536 matries de Gw8. Les résultats

de simulation pour es deux as sont donnés à la Figure 5.8.

Chapitre 6 Nouveau modèle de anal pour modula-

tion temps-espae di�érentielle

Dans e hapitre on propose un nouveau modèle de anal pour la simulation des

systèmes MIMO proposés pour 2, 4 et 8 antennes d'émission.

En e�et, dans la littérature, la simulation des systèmes MIMO se fait souvent

[28, 106, 107℄ en utilisant des anaux de propagation supposés invariants dans le

temps pendant l'émission d'un ertain nombre L de symboles qui dépend du temps

de ohérene du anal, don de sa vitesse de variation. Cei revient à dire que

lors de l'émission de L symboles suessives on utilise la même matrie de anal.

Pour les L symboles suessifs suivant on utilise une autre matrie de anal obtenue

par tirage aléatoire indépendant des tirages préédents. Bien que ette façon de

proéder soit simple, elle ne orrespond pas à la réalité, ar le anal varie dans le
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temps en permanene. En plus, pour les systèmes di�érentiels, e hangement brutal

de la matrie de anal impose une réinitialisation du système, don l'émission d'une

matrie de référene (la matrie identité de taille M ×M). Cette réinitialisation ne

orrespond non plus à la réalité.

Dans [26, 27℄ pour la simulation des performanes des systèmes MIMO onsidérés

on utilise le modèle de Jakes. Ce modèle onsidère les oe�ients de la matrie de

anal indépendants spatialement mais orrélés dans le temps ave la fontion d'auto-

orrélation J0(2πfdt), où J0(x) est la fontion de Bessel d'ordre zéro du premier

type et fd la fréquene Doppler maximale. Le modèle de Jakes onsidère la réponse

impulsionnelle d'un anal SISO omme une somme de sinusoïdes. C'est une version

simpli�ée du modèle de Clarke [108℄ utilisé pour la simulation d'un anal de Rayleigh.

Nouveau modèle de anal amélioré

Comme le modèle de anal de Rayleigh onstant pendant un intervalle de temps

déterminé par le temps de ohérene est trop simple pour être réaliste, on préfère

s'approher du as réel en onsidérant que la matrie de anal peut être di�érente

pour haque matrie de transmission. Dans un premier temps on aepte que ette

matrie de anal reste onstante pendant l'émission d'une matrie de transmission

mais elle peut être di�érente lors de l'émission de la matrie de transmission suivante.

Plus préisément, on utilise des matries de anal Rk don les oe�ients sont des

variables de Rayleigh indépendantes. Sur l'axe du temps, l'éart entre deux matries

suessives RK et RK+1 est déterminé par le temps de ohérene du anal, don par

sa vitesse de variation. Ces matries peuvent être onsidérées omme des éhantillons

de la matrie du anal MIMO qui varie dans le temps. En respetant le théorème

de l'éhantillonnage, des valeurs intermédiaires de la matrie de anal peuvent être

déterminées. Le nombre Nm des matries de transmission de taille M ×M émises

entre RK et RK+1 doit véri�er l'inégalité

NmMTs ≤ T0
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oùM = nombre des antennes d'émission, Ts = durée d'un symbole émis et T0 = 1/f0,

f0 étant la fréquene d'éhantillonnage qui doit véri�er la ondition f0 > 2fd. La

première matrie de transmission sera a�etée par la matrie de anal RK , les autres

Nm−1matries de transmission seront a�etées par les matries intermédiairesH(i),

ave 1 ≤ i ≤ Nmax − 1. Les matries RK doivent se retrouver sur l'axe du temps

aussi bien avant et après les matries de anal H(i) intermédiaires, plaées entre RK

et RK+1, omme indiqué dans la Figure 6.4:

Figure 6.4 : Illustration de l'interpolation des matries de anal H(i),
1 ≤ i ≤ Nmax − 1.

Selon le théorème d'éhantillonnage, le nombre des matries RK à utiliser pour

le alul des matries de anal intermédiaires devrait être in�ni. On doit don

déterminer un nombre maximumKmax et utiliser pour l'interpolationKmax matries

RK plaées avant les matriesH(i) intermédiaires etKmax matries RK plaées après

les matries H(i). Le nombre Kmax est déterminé pour avoir une erreur relative

aeptable. Pour une erreur relative maximale inférieure à 10%, on démontre qu'il

su�t de prendre Kmax = 30.

En e�etuant la simulation des systèmes MIMO di�érentiels ave 2, 4 et 8 an-

tennes d'émission pour une e�aité spetrale R = 2 bit/s/Hz, il est possible de

remarquer à la Figure 6.9 une dégradation supplémentaire des performanes en util-

isant e nouveau modèle de anal.

Il est aussi intéressant de remarquer que ette dégradation des performanes est

aentuée pour les anaux de propagation variant rapidement dans le temps, don

aratérisés par un temps de ohérene réduit. La Figure 6.10 permet de mettre en

évidene ette dégradation des performanes pour di�érentes valeurs du temps de

ohérene normalisé.
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Modèle de anal MIMO à variation ontinue

Il est possible de s'approher plus du as réel si on onsidère des matries de

anal di�érentes pour haque olonne d'une matrie de transmission. Le prinipe

d'interpolation reste le même, sauf qu'il faut aluler séparément les olonnes de la

matrie reçue et ensuite appliquer la même méthode de détetion. Dans e as, deux

matries suessives de anal sont séparées seulement par Ts et pas par MTs omme

'était le as ave le modèle onstant par blo. Elles sont don plus prohes. Les

simulations e�etuées ave e nouveau modèle de anal à variation ontinue sont

donnés dans la Figure 6.12 pour R = 1 bit/s/Hz et dans la Figure 6.13 pour R =

2 bit/s/Hz. On peut onstater que les performanes déterminées ave e nouveau

modèle de anal sont presque aussi bonnes que elles obtenues ave le modèle simple

de anal onstant par trame mais bien meilleurs par rapports aux performanes des

mêmes systèmes déterminées ave le modèle de anal onstant pas blo.



1
Introdution

In this hapter, we present the motivations and main ontributions of our re-

searh. Wireless ommuniation has experiened remarkable evolution sine its ap-

pearane at the end of the 19th entury. Espeially from the 1970s when the ellular

systems were proposed and deployed, wireless and mobile ommuniations under-

went explosive growth for the servies of voie, data aess to Internet, video and so

on. The ultimate goal of wireless ommuniations is to ommuniate with anybody

from anywhere at anytime. Huge amounts of work need to do to reah this objetive.

1.1 Brief history of the wireless and mobile ommu-

niations

Teleommuniation is ommuniation at a distane by tehnologial means, par-

tiularly through eletrial signals or eletromagneti waves.

In the 18th and 19th enturies, more and more properties of eletriity (espeially

the relations between magnetism and eletriity) were disovered. People begun to

onsider transmitting information taking advantage of this new tehnique. Eletrial

telegraphs were studied and applied at the beginning of the 19th entury. In the

seond half of the 19th entury, telephone was invented and improved by several re-

searhers. With the theory of eletromagneti radiation formulated by James Clerk

Maxwell in 1865 [1℄, ommuniate through free spae with eletromagneti waves

beame possible. Heinrih Hertz veri�ed and demonstrated the wireless propagation
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in 1880 and 1887 respetively. Guglielmo Maroni built the �rst omplete, ommer-

ially suessful wireless telegraphy system based on radio transmission in 1894 [2℄

and patented a omplete wireless system in 1897. During the following one hundred

years, wireless ommuniation systems have experiened impressive developments.

The invention of the diode by John Ambrose Fleming in 1904 and the triode

by Lee de Forest in 1906 made possible rapid development of radio telephony. The

invention of the transistor in 1947 by Bardeen, Braittain and Shokley, whih later

led to the development of integrated iruits, paved the way for miniaturisation of

eletroni systems.

After years of researh and experimental developments, the �rst analog ellular

system (whih is alled the `�rst generation' of mobile ommuniation systems)

was deployed by NTT (Nippon Telegraph and Telephone) in Tokyo in 1979. The

other well known ellular systems in this period are the Advaned Mobile Phone

System (AMPS) in North Ameria and Nodi Mobile Telephone (NMT) in the Nodi

ountries. These systems supplied mainly voie servie and the quality was often

inonsistent with "ross-talk" between users being a ommon problem. The number

of subsribers of these systems was limited due to the tehnique and the ost.

During the 1980s, digital ommuniation was widely researhed and this new

tehnique resulted the `seond generation' (2G) mobile ommuniation systems in

the 1990s. There were mainly two mobile ommuniation systems in the global

market: Europe developed GSM (originally Groupe Spéial Mobile and later Global

System for Mobile Communiations) standard and U.S.A. developed CDMA (Code-

Division Multiple Aess) standard. The GSM standard was based on Time-Division

Multiple Aess (TDMA). These systems di�ered from the previous generation by

using digital instead of analog transmission. The seond generation introdued a new

variant of ommuniation alled SMS (Short Message Servie) or text messaging.

The 2G systems also supplied iruit-swithed data servie suh as email and other

data appliations, initially at a modest peak data rate of 9.6 kbps. During the

seond half of the 1990s, paket data over ellular systems beame a reality with

General Paket Radio Servies (GPRS) introdued in GSM. Although the data rate

was fairly low (56 - 114 kbps), there was a great potential for appliations over
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paket data in mobile systems.

To meet the growing demand for data (suh as email and aess to browse the

internet), the industry began to work on the next generation of tehnology known

as 3G (the third generation), whih supplies broadband servies. Work on the third-

generation ommuniation system started in ITU (International Teleommuniation

Union) under the label IMT-2000 [3℄ and now the main IMT-2000 reommendation

is ITU-R M.1457 [4℄. In 1998, the Third Generation Partnership Projet (3GPP)

was formed by standards-developing organizations from all regions of the world to

avoid parallel development. From then on, 3GPP has been playing a main role in the

standardization of the 3G ellular ommuniation systems and the wireless networks

have experiened rapid evolution in terms of data rates. Meanwhile, the number of

mobile subsribers inreased tremendously from 2000 to 2010 with the �rst billion

landmark in 2002 and the �fth billion in the middle of 2010. This growth has been

fueled by low-ost mobile phones and e�ient network overage and apaity.

By 2009, there was a trend that 3G networks would be overwhelmed by the

growth of bandwidth-intensive appliations like streaming media. ITU proposed

the onept IMT-Advaned for mobile systems with apaity beyond IMT-2000 in

2008 [5℄. The system aims to supply 100 Mbps for high and 1 Gbps for low mobility.

Two andidate proposals (LTE-Advaned from 3GPP and 802.16m from IEEE) were

submitted to ITU in 2009. The mainly used tehniques are orthogonal frequeny

division multiplex aess (OFDMA) to improve the spetrum e�ieny and multiple-

input multiple-output (MIMO) to enlarge the hannel apaity. Here, the term

multiple-input multiple-output refers to the use of an array of antennas for both the

transmitter end and reeiver end. The peak data rate of LTE-Advaned are 1 Gbps

and 500 Mbps for down-link (base station to user end) and up-link (user end to base

station) respetively.

Reently, researhers have been trying to study new tehnologies to ful�l the

demands of future wireless ommuniations. For example, devie-to-devie ommu-

niations [6℄, millimeter wave (mmWave) [7, 8℄, massive MIMO [9,10℄, et.

The onept massive MIMO is originally developed by Marzetta [11℄. The base

station end an be equipped with hundreds of antennas while the remote end whih
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is limited in size and ost an be with only a single antenna. This sheme have some

extraordinary advantages ompared with point-to-point MIMO systems. Under line-

of-sight propagation onditions (i.e., Riian hannel), the multiplexing e�et will

redue dramatially in point-to-point MIMO systems while retained in the multiuser

MIMO systems [12℄. As the number of antennas at the base station grows to in�nity,

the e�ets of unorrelated noise and small-sale fading an be ignored, the number

of users per ell are independent of the size of the ell, and the required transmitted

energy per bit vanishes. Furthermore, simple linear signal proessing approahes an

be used in massive MIMO systems to ahieve these advantages [10℄. However, the

aquisition of hannel state information and the phenomenon of pilot ontamination

impose fundamental limitations on massive MIMO systems.

1.2 Objetives and motivations

The way to the ultimate goal of wireless ommuniation is still long to run. The

bottleneks are the data rate and robustness of wireless ommuniation systems.

Multiple-antenna tehnique whih an supply spae diversity and multiplexing is

believed to be a neessity for the future wireless ommuniation systems from its

appearane. On one hand, the theoretial apaity of MIMO system is attrative

[13�17℄. However the methods/shemes to get this apaity are still under researh,

due to the di�ulties of appliation. On the other hand, diversity e�et an be

obtained by multiple transmit antennas [18℄ and/or multiple reeive antennas. Our

researh fouses on the MIMO systems.

The hannel apaity gain of multiple antennas tehniques is due to the multi-

plexing e�et while the spae diversity an improve the robustness of ommuniation

systems signi�antly. Basially, if the path gains between eah transmit-reeive an-

tenna pairs fade independently, the hannel matrix will have full rank with high

probability, in whih ase multiple parallel spatial hannels are reated. By trans-

mitting independent information streams in parallel through the spatial hannels,

the data rate an be inreased. This e�et is alled spatial multiplexing [19℄. In

another way, with high non-orrelation between the paths of eah transmit-reeive
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pairs, the probability of all paths su�ering deep fading simultaneously will be ex-

tremely low. The error performane of the system an be improved with all the

transmit antennas sending the same signal and eah reeive antenna reeive mul-

tiple opies of the signal simultaneously. This tehnique is alled spae diversity.

There is a tradeo� between multiplexing and diversity [20℄.

Generally, MIMO systems an be divided into two types aording to whether

the reeiver needs the preise hannel state information (CSI). The �rst one is repre-

sented by the oherent MIMO systems whih need to estimate the CSI at the reeive

side. Referenes [13℄, [14℄ analyzed the apaity and the error performane of suh

systems with Gaussian noise. Several oding shemes have been proposed based on

this assumption suh as spae-time blok odes (STBC) [18, 21℄, spae-time trellis

odes (STTC) [22℄, Bell Labs layered spae-time odes (BLAST) [23℄, et.

Atually, the CSI is often obtained by training. Known signals are periodially

transmitted to the reeiver in order to estimate the hannel oe�ients. However,

when many antennas are used or when the propagation hannel hanges rapidly,

the training based sheme doesn't work e�etively. For MIMO systems, the number

of hannel oe�ients to be estimated is equal to the produt of the number of

transmit antennas by the number of reeive antennas. In addition, given the number

of transmit antennas, the number of reeive antennas and the oherene time, the

minimum length of the training symbols that guarantees meaningful estimates of

the hannel matrix is inreasing with the number of transmit antennas [24℄, whih

results in the redution of the overall system throughput. Therefore, MIMO systems

that do not require to estimate the hannel oe�ients are very attrative in suh

ases, espeially when the number of transmit and reeive antennas is very large.

In [25℄, Marzetta and Hohwald analyzed the apaity of the MIMO systems

without CSI. They found that the rows of transmission matries (the symbol ve-

tors of eah transmit antenna) should be orthogonal to eah other to ahieve apa-

ity. They alled the ode sheme with suh partiular struture unitary spae-time

modulation (USTM) [26℄. In suession, Hohwald and Sweldens proposed the di�er-

ential unitary spae-time modulation (DUSTM) sheme [27℄. There are no general

systemati design riteria for these two shemes, i.e., their shemes are not opti-
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mal. Meanwhile, based on Alamouti's transmit diversity sheme [18℄, Tarokh and

Jafarkhani proposed a di�erential spae-time blok oding (DSTBC) sheme [28℄ for

MIMO systems with 2 transmit antennas and expanded this sheme to systems with

4 transmit antennas in [29℄. The demodulation of this sheme has a linear stru-

ture whih leads the omplexity quite low. However, the spetral e�ieny of this

sheme for 4 transmit antennas is limited to 1 bps/Hz and it is di�ult to expand to

MIMO systems with more transmit antennas while maintaining the low omplexity

of demodulation.

In [30, 31℄, El Arab et al. proposed a new spae-time sheme for 2×2 MIMO

systems in whih hannel error-orreting ode and spae-time ode are ombined

and an be used in oherent and non-oherent MIMO systems. This tehnique

is alled "Matrix Coded Modulation" (MCM). The information bits are oded by

error-orreting ode whih generates a stream of odewords. Eah odeword of

this sheme maps to a pair of transmitted matries seleted from the Weyl group.

The pair of matries have a spei� relation whih an avoid the omputing of the

hannel matrix. Furthermore, if onvolutional odes are used, the hannel matrix

an be estimated by iteration. However, this tehnique was onsidered only for

MIMO systems with 2 transmit antennas.

In addition, in our researh group of IETR in INSA-Rennes, we have studied the

Spae-Time Trellis Codes (STTC) shemes used for MIMO systems with CSI [32�43℄.

Based on this disussion, we fous on researhing MIMO systems with large number

of transmit antennas without the hannel state information and di�erential shemes

are the main onsiderations.

1.3 Overview of the thesis

This thesis fouses on the design of di�erential spae-time modulation shemes

for MIMO systems. The main ontributions of this thesis an be summarized as

follows:

1. Based on the Weyl group, we design a new di�erential spae-time modulation

sheme whih ould be expanded to MIMO systems with 2n transmit anten-
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nas. We onsider MIMO systems with 2, 4 and 8 transmit antennas in our

douments. For MIMO systems with 4 and 8 transmit antennas, the groups

of unitary matries are obtained by the Kroneker produt of matries of the

Weyl group.

2. The performane of this new sheme an be improved by seleting the trans-

mission set of matries separated by the greatest distanes. In fat, maximizing

the minimum distane of the matries an be seen as a design riterion.

3. Optional mapping between the sets of transmitted matries and the informa-

tion vetors is also a design riterion.

4. A new hannel model whih is suitable for di�erential spae-time modulation

sheme is also proposed. Conventionally, the hannel oe�ients are supposed

to be onstant during a �xed time interval. However, this situation does not

orrespond to the real world where Doppler e�et makes the hannel hange

ontinuously. Therefore, a hannel model based on the Nyquist sampling the-

ory is proposed and evaluated. Simulation results show the reasonableness of

this new model.

1.4 The struture and outline

The ontents of the thesis are strutured as 6 parts:

� Chapter 1 here is the introdution of our doument, whih gives the motivation

and main ontributions of our researh.

� Chapter 2 gives the general wireless ommuniation model, followed by the

researh bakgrounds of MIMO systems and fundamental MIMO theories in-

luding apaity and error performane of spae-time odes.

� Some existing non-oherent spae-time oding shemes, i.e., unitary spae-time

modulation (USTM), di�erential unitary spae-time modulation (DUSTM),

di�erential spae-time blok odes (DSTBC) and matrix-oded modulation

(MCM) are presented in Chapter 3.

� In Chapter 4, we propose our new di�erential spae-time modulation sheme

whih an be used for MIMO systems with 2 transmit antennas.
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� We expand our designed DSTM sheme to MIMO systems with 4 and 8 trans-

mit antennas in Chapter 5.

� In order to better simulate our proposed sheme, we design a new time seletive

hannel model in Chapter 6. We evaluate the performane and the robustness

of DSTM shemes with 2, 4 and 8 transmit antennas over this time seletive

hannel.

� Finally, Chapter 7 onludes this doument.
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2
MIMO systems

In this hapter, we present the bakground of MIMO ommuniation systems.

First, the general wireless ommuniation model and MIMO system model are pre-

sented. Seond, we brie�y present the researh history of modern MIMO systems.

Third, the hannel apaities of oherent and nonoherent MIMO systems are ex-

amined respetively. The apaity of oherent MIMO systems has been studied ma-

turely while it is di�ult to get the apaity of nonoherent MIMO systems. Finally,

the error performane of spae-time odes are studied for oherent and nonoherent

MIMO systems and some design riteria are represented.

2.1 General model of a wireless ommuniation sys-

tem

Typially, a simpli�ed point-to-point digital ommuniation system an be re-

presented as shown in Fig. 2.1. The sequene of soure bits bi are grouped into

sequential vetors of m bits, and eah binary vetor is mapped onto one of 2m

baseband signals ui(t) (i = 0, 1, ..., 2m − 1) aording to some modulation sheme

(e.g. QPSK). The waveform of u(t) an be a retangular pulse shape or a raised

osine pulse [44℄. u(t) is then onverted to passband signal x(t) whih has a bandpass

spetrum that is onentrated at ±fc where fc is seleted so that x(t) will propagate

aross the ommuniation hannel.

The transmitted and reeived signals of digital ommuniation system with one
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Figure 2.1: A general point-to-point ommuniation system model.

transmit antenna and one reeive antenna have the relation as follows:

y(t) = g(t, τ) ∗ x(t) + w(t)

=

∫ ∞

0

g(t, τ)x(t− τ)dτ + w(t)

= r(t) + w(t).

(2.1)

where x(t) is the transmitted signal, g(t, τ) is the hannel impulse response, ∗ denotes
onvolution, w(t) is the additive white Gaussian noise and y(t) is the signal deteted

by the reeiver. y(t) is then demodulated to baseband signal ũ(t) and sampled to

get z(T ). The detetor onverts z(T ) to a onstellation point and then maps the

point onto the orresponding binary vetor.

The instantaneous power of an eletrial signal with voltage v(t) or urrent i(t)

aross a resistor R is de�ne by

p(t) =
v2(t)

R
= i2(t)R. (2.2)

In ommuniation systems, power is often normalized by assuming R to be 1 Ω.

Regardless of whether the signal x(t) is a voltage or urrent waveform, we express



2.1. General model of a wireless ommuniation system 39

the instantaneous power as:

p(t) = x2(t). (2.3)

The energy dissipated by the signal x(t) during the in�nite time interval (−∞,∞)

is:

Ex = lim
T→∞

∫ T

−T

|x(t)|2dt =
∫ ∞

−∞
|x(t)|2dt, (2.4)

and the average power is:

Px = lim
T→∞

1

2T

∫ T

−T

|x(t)|2dt. (2.5)

For a ommuniation system, people mainly onern its apaity or data rate and

robustness (the probability of making an error). Capaity is an intrinsi property of

a hannel and the robustness is determined by the oding sheme of a system. The

aim of the development of modern ommuniation systems is to make the data rate

approah the apaity with less error probability and less transmit power.

2.1.1 Baseband representation of bandpass signals

In fat, the transmitted signal x(t) is a real-valued ontinuous-time funtion. It

is known that the Fourier transform X(f) of a real-valued signal x(t) has onjugate

symmetry, i.e. X(−f) = X∗(f). The transmitted bandpass signal x(t) an be

written as:

x(t) = A(t) cos(2πfct+ φ(t))

= A(t) cosφ(t) cos(2πfct)− A(t) sinφ(t) sin(2πfct)

= xI(t) cos(2πfct)− xQ(t) sin(2πfct),

(2.6)

where A(t) is the amplitude, fc is the arrier frequeny and φ(t) is the phase.

xI(t) = A(t) cosφ(t) is alled the in-phase part of the transmitted signal and xQ(t) =

A(t) sinφ(t) is alled the quadrature-phase part of x(t). In fat, the useful informa-

tion is ontained in A(t) or φ(t). Therefore, for simpliity, we model the bandpass

signal x(t) into a omplex baseband representation u(t). Normally, the bandwidth

B of x(t) is muh smaller than the arrier frequeny fc. This assumption is reason-
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able while the arrier frequeny of modern ommuniation systems is of the order

of magnitude GHz and the signal bandwidth is up to hundreds of MHz.

The baseband representation u(t) only ontains the useful part A(t) and φ(t),

and it is written as a omplex funtion alled the omplex envelope of x(t):

u(t) = A(t)(cos φ(t) + j sin φ(t)) = xI(t) + jxQ(t) = A(t)ejφ(t), (2.7)

where j =
√
−1.

In another way, the omplex envelope an be expressed as below:

u(t) = [x(t) + jx̂(t)]e−j2πfct, (2.8)

where x̂(t) = 1
πt
∗ x(t) is the Hilbert transform of the signal x(t). When A(t) has no

frequeny ontent above the arrier frequeny fc, by Bedrosian's theorem [45℄ the

Hilbert transform of x(t) an be written as:

x̂(t) = A(t) sin(2πfct+ φ(t)) = xI(t) sin(2πfct) + xQ(t) cos(2πfct). (2.9)

Introduing this relation to (2.8), we an get the same result as (2.7). In this way,

the transmitted signal has the form:

x(t) = ℜ
{
u(t)ej2πfct

}
. (2.10)

Using properties of the Fourier transform we an show that

X(f) =
1

2
{U(f − fc) + U∗(−f − fc)} . (2.11)

The spetrum of an arbitrary bandpass signal and the spetrum of its baseband

representation are shown in Fig. 2.2.

It is easy to show that the average power of the transmitted signal x(t) is Px =

Pu/2. Thus, to keep the power of u(t) the same as that of x(t), the fator 1/
√
2 is
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added to u(t) whih results:

u(t) =
1√
2
A(t) [cosφ(t) + j sinφ(t)] =

1√
2
[xI(t) + jxQ(t)], (2.12)

and (2.8) beomes:

u(t) =
1√
2
[x(t) + jx̂(t)]e−j2πfct. (2.13)

In digital omputer simulations of bandpass signals, the sampling rate used in the

simulation an be minimized by working with the omplex envelope, u(t), instead

of with the bandpass signal, x(t), beause u(t) is the baseband equivalent of the

bandpass signal.

f

|X(f)|

fc-fc fc-B/2 fc+B/2-fc-B/2 -fc+B/2

f

|U(f)|

-B/2 B/2

(a)

(b)

Figure 2.2: Spetrum of (a) bandpass and (b) omplex baseband representation of

the same signal.
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2.1.2 Vetor spae representations

As mentioned before, u(t) is a omplex-enveloped baseband waveform seleted

from a �nite set of M = 2m �nite energy waveforms {u0(t), ..., uM−1(t)}. We now

examine vetor spae in order to represent and analyse signals.

An N -dimensional omplex vetor spae is de�ned by the set of omplex or-

thonormal basis funtions {φ0(t), φ1(t), ..., φN−1(t)}, where

∫ ∞

−∞
φi(t)φ

∗
i (t)dt = δij (2.14)

and

δij =





1, i = j

0, otherwise.

(2.15)

All of the vetors in the N-dimensional vetor spae an be written as a linear

ombination of the basis funtions. For example, the baseband waveforms ui(t) an

be written as:

ui(t) =

N−1∑

n=0

sinφn(t), i = 0, ...,M − 1, (2.16)

where

sin =

∫ ∞

−∞
ui(t)φ

∗
n(t)dt. (2.17)

Therefor, the baseband signal ui(t) an be represented by a omplex vetor

si = (si0 , si1, ..., siN−1
), i = 0, ...,M − 1, (2.18)

and this vetor is alled the signal onstellation point orresponding to the signal

ui(t). There is a one-to-one orrespondene between the transmitted signal ui(t)

and its onstellation point si.

We an see that the energy of the signal ui(t) in (2.16) is:

Ei =

∫ ∞

−∞

∣∣∣∣∣

N−1∑

n=0

sinφn(t)

∣∣∣∣∣

2

dt =
N−1∑

n=0

|sin|2 = ‖si‖2, (2.19)

where we used the orthonormal property of the basis funtion in (2.14) and‖si‖2 =
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∑N−1
n=0 s2in is the squared Eulidean norm of the vetor si. Note that the squared

norm of the vetor si have the dimension of an energy.

For example, with quadrature phase-shift-keying (QPSK), the onstellation is

shown in Fig. 2.3. The signal onstellation is a plot of the permitted values for the

omplex envelope u(t) and eah onstellation point is alled a symbol. Eah symbol

is transmitted in a time duration Ts. The QPSK waveforms that are transmitted at

eah symbol time duration have omplex envelopes

ui(t) = siφ0(t), i = 0, ..., 3, (2.20)

where si is the onstellation point of QPSK and φ0(t) is the baseband pulse-shaping

�lter whih satis�es (2.14).

The omplex envelope of the QPSK signal is

ui(t) = ℜ{si}φ0(t) + jℑ{si}φ0(t) =
1√
2
[xI(t) + jxQ(t)], (2.21)

where xI(t) = ±
√
2Eφ0(t) and xQ(t) = ±

√
2Eφ0(t). The pulse modulator reads in

two bits of data at a time from the serial binary input stream, and maps the �rst of

the two bits to xI(t) and the seond bit to xQ(t).

2.1.3 Channel model

For the modelization of the hannel parameters of g(t, τ) [46�49℄, there are many

di�erent methods. In wireless ommuniation systems, the impulse response of a

SISO hannel g(t, τ) is aused by path loss, shadowing and multipath. The path

loss and shadowing determine the large-sale fading, while the multipath e�et de-

termines the small-sale fading. In our study, we do not take into aount the

large-sale fading while just the small-sale multipath fading is onsidered.

If the transmitter sends a pulse, a series of pulses with di�erent amplitudes and

time delays will be reeived at the reeiver. The �rst reeived pulse orresponds to

the LOS (line of sight) omponent (if there is) and the other pulses orrespond to a

large number of re�etors.
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Figure 2.3: QPSK signal onstellation.

An important harateristi of a multipath hannel is the time delay spread that

auses to the reeived signal. This delay spread (Td) equals the time delay between

the arrival of the �rst reeived signal omponent (LOS or multipath) and the last

reeived signal omponent assoiated with a single transmitted pulse. The inverse

of the root mean square (RMS) delay spread τRMS is an estimation of the oherene

bandwidth (Bc) of the hannel. For example, a typial delay spread is 5 µs (5×10−6

s) in ellular urban environments. If the delay spread is far less than the inverse of

the signal bandwidth B, the time delay spread have little in�uene to the reeived

signal, and we all this kind of hannel �at fading hannel. The hannel impulse

response g(t, τ) an be simpli�ed to be g(t) and y(t) = g(t)x(t) + w(t).

However, when the delay spread is relatively large, there is signi�ant time

spreading of the reeived signal whih an lead to substantial signal distortion. Un-

der this ondition, the reeived signal taking into aount the multipath propagation

is [50℄:

y(t) =

∫ ∞

0

x(t− τ)g(t, τ)dτ + w(t), (2.22)

where g(t, τ) is the impulse response of the time-variant hannel whih an be in-
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terpreted as the hannel response at time t due to an impulse applied at time t− τ .

Sine a physial hannel annot have an output before an input applied, therefore

g(t, τ) = 0 for τ < 0. This kind of hannel is alled frequeny seletive fading

hannel.

Normally, for mobile ommuniation systems, the hannel is time-varying due to

the movement of the transmitter or reeiver. Furthermore, the loations of re�etors

in the transmission path, whih give rise to multipath, also hange over time. Thus,

if we repeatedly transmit pulses from a moving transmitter, we will observe hanges

in the amplitudes, delays, and the number of multipath omponents orresponding

to eah transmitted pulse. These hanges will ause another important harateristi

of wireless hannel � the Doppler shift.

The maximum Doppler shift is also alled Doppler spread whih is de�ned as

fd = V
λ
, where V is the relative veloity between the transmitter and reeiver, and

λ is the signal wavelength. The oherene time Tc whih means during this time

interval the hannel harateristis do not hange signi�antly orresponds to the

Doppler spread. Clearly, a slow-hanging hannel has a large oherene time.

There is no exat relationship between oherene time and Doppler spread. A

popular de�nition of Tc is: Tc =
√

9
16πf2

d
= 0.423

fd
[48℄. In pratie, for simpliity,

people usually use it as Tc ≈ 0.5/fd. We de�ne L equal to the normalized oherene

time Tc/Ts, where Ts is the symbol duration. For example, with veloity V = 120

km/h, and arrier frequeny f = 900 MHz, the Doppler spread is approximately

100 Hz and the oherene time is approximately 5 ms. For a symbol rate of 30

kHz, during the transmission of L = 150 symbols, the hannel an be onsidered

quasi time-invariant. For high speed vehiular V = 350 km/h hannels [5℄, and

arrier frequeny f = 1.8 GHz, the Doppler spread is approximately 583 Hz and the

oherene time is approximately 0.7 ms. For a symbol rate of 30 kHz, during the

transmission of L = 21 symbols, the hannel an be onsidered quasi time-invariant.

With these onditions, onsider a general time-variant hannel, the reeived sig-
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nal an be written as follows:

y(t) = r(t) + w(t)

= ℜ
{

Np∑

n=1

αnu(t− τn)e
j[2π(fc+fd,n)(t−τn)]

}
+ w(t)

= ℜ
{[

Np∑

n=1

αne
−jφn(t)u(t− τn)

]
ej2πfct

}
+ w(t),

(2.23)

where Np is the number of multipath, 0 < αn < 1 is the attenuation of the nth path,

the length of eah path omponent is ln and τn = ln/c is the orresponding delay,

fd,n = fd cos θn is Doppler frequeny shift, θn is the angle of inidene between the

nth plane wave with the speed vetor of the mobile, αn is amplitude based on the

path loss and shadowing and φn(t) = 2πfcτn + 2πfd,n(τn − t).

As mentioned before, for �at fading hannel or narrowband hannel, the delay

spread is far less than the inverse of the signal bandwidth B, i.e. Td ≪ B−1
. The

symbol duration is far greater than the delay spread whih means that u(t− τn) ≈
u(t), ∀n. The reeived signal an be rewritten as:

y(t) = ℜ
{
u(t)ej2πfct

(
∑

n

αne
−jφn(t)

)}
+ w(t)

= ℜ
{
h(t)u(t)ej2πfct

}
+ w(t).

(2.24)

If the transmitted signal is an unmodulated onstant signal (whih means quite

narrow, in fat it is a δ funtion, in frequeny domain), i.e. x(t) = ℜ
{
1× ej2πfct

}
,

the reeived signal beomes:

y(t) = ℜ
{
ej2πfct

(
∑

n

αne
−jφn(t)

)}
+ w(t)

= rI(t) cos 2πfct + rQ(t) sin 2πfct+ w(t),

(2.25)

where

rI(t) =
∑

n

αn cosφn(t), (2.26)
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rQ(t) =
∑

n

αn sin φn(t), (2.27)

and

φn(t) = 2πfcτn + 2πfd,n(τn − t). (2.28)

We assume that the number of path is large and there is not a LOS omponent, if αn

and φn(t) are stationary and ergodi, aording to the Central Limit Theorem, rI(t)

and rQ(t) are jointly Gaussian random proesses. With the reasonable assumption

that φn(t) is uniformly distributed on [−π, π], we an see that the expetation of

rI(t) is 0. Similarly, E[rQ(t)] = 0. The variane of rI(t) and rQ(t) are also the same:

σ2
r = 0.5

∑
nE[α2

n]. Therefore the variane of r(t) = rI(t) cos 2πfct + rQ(t) sin 2πfct

is E[r2(t)] = σ2
r = 0.5

∑
n E[α2

n]. The autoorrelation of r(t) is

Rr(τ) = E[r(t)r(t + τ)]

= E[rI(t)rI(t+ τ)] cos(2πfcτ)− [rQ(t)rI(t + τ)] sin(2πfcτ)

= RrI (τ) cos(2πfcτ)−RrQrI (τ) sin(2πfcτ),

(2.29)

where

RrI (τ) = RrQ(τ),

RrIrQ(τ) = RrQrI (−τ).

In fat

RrI (τ) = E[rI(t)rI(t+ τ)] = σ2
rEθn [cos 2πfd,nτ ]

= σ2
rEθ[cos 2πτfd cos θ].

(2.30)

Similarly, the ross-orrelation RrIrQ is

RrIrQ = σ2
rEθ[sin 2πτfd cos θ]. (2.31)

Assume that the 2-D plane waves arrive at the mobile from all diretions with equal

probability, i.e., p(θ) = 1/(2π), θ ∈ [−π, π]. With 2-D isotropi sattering and an

isotropi reeiver antenna with gain G(θ) = 1, the expetation in (2.30) and (2.31)
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beome

RrI (τ) = σ2
r

∫ π

−π

cos(2πτfd cos θ)p(θ)G(θ)dθ

= σ2
r

1

π

∫ π

0

cos(2πτfd cos θ)dθ.

= σ2
rJ0(2πfdτ)

(2.32)

and

RrIrQ(τ) = σ2
r

∫ π

−π

sin(2πτfd cos θ)p(θ)G(θ)dθ = 0, (2.33)

where J0(x) is the zero-order Bessel funtion of the �rst kind. Therefore the auto-

orrelation of the reeived signal r(t) is

Rr(τ) = E[r(t)r(t+ τ)] = σ2
r cos(2πfcτ)J0(2πfdτ). (2.34)

The autoorrelation of the reeived omplex envelope h(t) = rI(t) + jrQ(t) is

Rh(τ) = E[h∗(t)h(t+ τ)] = 2[RrI (τ) + jRrIrQ(τ)] = 2σ2
rJ0(2πfdτ). (2.35)

For any two independent Gaussian random variables X and Y , both with mean

zero and equal variane, it is shown that Z =
√
X2 + Y 2

is Rayleigh-distributed.

Thus the reeived signal envelope z(t) = |h(t)| =
√
r2I (t) + r2Q(t) is Rayleigh-

distributed with distribution:

pZ(z) =
z

σ2
z

exp[−z2/(2σ2
z)], z ≥ 0. (2.36)

The average reeived signal power is Pz = E[|h|2] =∑n E[α
2
n] = 2σ2

r . In our researh,

we assume that Pz = E[|h|2] =∑n E[α
2
n] = 1, whih means that the average reeived

signal power is equal to the transmitted signal power. Thus |rI(t)| and |rQ(t)| are
N (0, 0.5) distributed respetively, where N (µ, σ2) denotes the Gaussian distribution

with expetation µ and variane σ2
. This narrowband Rayleigh hannel model is

used through our researh. For wide-band hannels, OFDM tehnique is supposed

to be used and the sub-hannel is onsidered to be narrowband.
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However, if there is a LOS path between the transmitter and the reeiver, the

distribution of the envelope of the reeived signal beomes Riian:

pZ(z) =
z

σ2
z

exp

(
−z2 +D2

2σ2
z

)
I0

(
Dz

σ2
z

)
, z ≥ 0, D ≥ 0, (2.37)

where D is the peak amplitude of the LOS signal and I0(·) is the modi�ed zero-

order Bessel funtion of the �rst kind. Obviously, the Riean distribution onverges

to Rayleigh distribution when the LOS signal disappears, i.e. D = 0, as expeted.

In our study, we don't onsider this situation.

The additive noise w(t) is modeled as zero-mean Gaussian wide-sense stationary

random proess. A Gaussian proess w(t) is a random funtion whose value w at

any arbitrary time t is statistially haraterized by the Gaussian probability density

funtion:

p(w) =
1

σ
√
2π

exp

[
−1

2

(w
σ

)2]
, (2.38)

where σ2
is the variane of w.

The power spetral density is Pw(f) = N0/2 (W/Hz) for all f , where the fator

of 2 indiates that Pw(f) is a two-sided power spetral density. When the noise

has suh a uniform spetral density we refer to it as white noise. Furthermore, the

noise is assumed to be ergodi in the mean and the autoorrelation funtion. The

autoorrelation funtion of the noise is given by the inverse Fourier transform of the

noise power spetral density, denoted as follows:

Rw(τ) =E [w(t)w(t+ τ)] = lim
T→∞

1/T

∫ T/2

−T/2

w(t)w(t+ τ)dt

=F−1Pw(f) =
N0

2
δ(τ).

(2.39)

The average power Pw of white noise is in�nite beause its bandwidth is in�nite:

Pw = E
[
w2(t)

]
= Rw(0) =

∫ ∞

−∞

N0

2
df = ∞. (2.40)

However, in pratie, the signal we deal with is bandpass and thus the orre-

sponding noise is seen as bandpass noise with bandwidth B (B << fc as before).
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Figure 2.4: Power spetral density of AWGN. (a) The original AWGN. (b) Bandpass

AWGN. () Baseband representation of bandpass AWGN.

The power spetral density of bandpass AWGN w(t) is nonzero only in the pass-

band, as shown in Fig. 2.4. Generally the system is analyzed in equivalent omplex

baseband. In this ase, the baseband representation n(t) and w(t) have the relation:

w(t) = ℜ{n(t)ej2πfct} = wI(t) cos 2πfct− wQ(t) sin 2πfct, (2.41)

where n(t) = 1√
(2)

[wI(t) + jwQ(t)]. To obtain the power spetrum Pn(f) of n(t),

we need to analyse the orresponding autoorrelation funtion Rn(τ) whih is the

Fourier transform of Pn(f). The autoorrelation funtion of wI(t) and wQ(t) is given
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by [51℄

RwI
(τ) = E[wI(t)wI(t + τ)] = Rw(τ) cos(2πfcτ) + R̂w(τ) sin(2πfcτ) (2.42)

RwQ
(τ) = E[wQ(t)wQ(t+ τ)] = Rw(τ) cos(2πfcτ) + R̂w(τ) sin(2πfcτ) (2.43)

Taking Fourier transform of both sides of (2.42), the power spetral density for wI(t)

and wQ(t) is obtained as:

PwI
(f) = PwQ

(f) =






Pw(f + fc) + Pw(f − fc), |f | ≤ fc

0, otherwise.

=






N0, |f | ≤ B/2

0, otherwise.

(2.44)

The ross-spetral density of wI(t) and wQ(t) is given by

PwIwQ
=





j[Pw(f + fc)− Pw(f − fc)], |f | ≤ fc

0, otherwise

= 0. (2.45)

Under this ondition, RwIwQ
= 0, implying that wI(t) and wQ(t) are unorrelated.

Further, beause w(t) is Gaussian, wI(t) and wQ(t) are independent proesses. The

autoorrelation funtion of n(t) is

Rn(τ) = E[n∗(t)n(t+ τ)] = RwI
(τ) = RwQ

(τ)

=

∫ B/2

−B/2

N0e
j2πfτdf =

N0 sin(Bτπ)

τπ
.

(2.46)

Thus n(t) is a omplex AWGN random proess with real and imaginary parts inde-

pendent, the power spetral density is

Pn(f) =





N0, |f | ≤ B/2

0, otherwise.

(2.47)
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In this ase,the variane (i.e. power) of n(t) is:

σ2 = E {[n(t)− En(t)]∗[n(t)− En(t)]}] = E[|n(t)|2]

= Rn(0) =

∫ ∞

−∞
Pn(f)df = N0B.

(2.48)

Now, we analyze the vetor spae representation of the additive white Gaussian

noise. When the bandwidth B of the signals is high enough, the autoorrelation

funtion of the noise in (2.46) an be seen as

Rn(τ) = δ(τ). (2.49)

With this assumption and the same basis funtion used in (2.16) and (2.17), we get

the noise vetor

n = (n0, n1, ..., nN−1) , (2.50)

where

ni =

∫ ∞

−∞
n(t)φ∗

i (t)dt, i = 0, ..., N − 1. (2.51)

It is lear that

E[ni] = 0, (2.52)

and

E[nin
∗
k] = N0δik. (2.53)

Thus, the elements of the noise vetor are identially independent Gaussian dis-

tributed with mean zero and variane σ2 = N0. The probability density funtion

of omplex ni is given by:

p(ni) =
1

πσ2
e−|ni|2/σ2

, (2.54)

and the probability density funtion of the noise vetor n is given by:

p(n) = (πσ2)−N exp

{
−n

H
n

σ2

}
. (2.55)

We say the elements of the noise vetor are irularly symmetri and ni ∼ CN (0, σ2),

n ∼ CN (0, σ2IN). Appendix A gives more details of Gaussian random variables,
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vetors and matries.

2.2 Brief presentation of the history of MIMO sys-

tems

It is aepted that modern eletrial information theory is established by Shannon

in the famous paper [52℄ in 1948, where the information was quantized and analyzed

in strit mathematis and hannel apaity for single-antenna system was de�ned.

Multiple antennas are originally alled antenna arrays whih are mainly used in the

�elds of sonar [53℄, radar [54℄, and seismi [55℄ signal proessing. The onept of

multiple-input and multiple-output (MIMO) was raised in 1970s, whih was used

for multipair telephone able or multiple-terminal systems to mitigate inter-symbol

interferene or inter-hannel interferene, suh as [56�60℄.

With the �rst generation of mobile ommuniation systems entered the om-

merial market around the 1980s, where multiple antennas an be installed at the

base station, the onept of adaptive antennas whih had been suessfully used in

radar tehnology was introdued to ellular systems [61℄. Adaptive antennas are

used to obtain spae diversity [62℄ in ellular systems. Antennas arrays at the base

station provide reeive diversity to ombat the e�et of multipath fading [63,64℄ and

later transmit diversity tehnique was studied [65,66℄. Meanwhile, the beamforming

tehnique was brought in [67, 68℄.

Winters analysed the hannel apaity of MIMO systems in 1987 [69℄ and get

some interesting results. However, with the limitations of the apability of ompu-

tation, MIMO systems didn't attrat muh attention until the late 1990s.

In 1995 and 1996, Telatar [13℄ and Foshini [14℄ evaluated the hannel apaity

and error performane of multiple-antenna wireless ommuniation systems with the

assumption that the hannel oe�ients are perfetly estimated in the reeiver end.

They found that the hannel apaity inreases almost linearly with the minimum

of the number of transmit antennas and the number of reeive antennas. Foshini

indiated that, at a 12-dB SNR (signal-to-noise power ratio) and with the numbers of
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antenna elements 8 or 12, apaity about 21 and 32 bps/Hz is available respetively

[23℄. This result displayed the great advantage of multiple-antenna systems and

ignited magni�ent interest in this division.

From then on, muh work has been done on generalizing and improving their

results on the apaity of MIMO systems. First, more realisti hannel models are

onsidered. For example, instead of assuming that the hannels have rih sattering,

so that the propagation oe�ients between transmit and reeive antennas are in-

dependent, it was assumed that orrelation an exist between the hannels [70�72℄.

The ohannel interferene is also onsidered in [73℄. Moreover, the line of sight

(LOS) omponent whih makes the hannel to be Riian is also onsidered in [12,74℄.

Seond, with the bakground of ellular systems, the apaity of multi-user MIMO

systems is studied [75�77℄. And third, reently, theoreti apaity results with very

low SNR have been obtained due to the researh of green systems whih onsume

muh less power [78�80℄.

These results indiate that multiple-antenna systems have muh higher Shannon

apaity than single-antenna ones. However, sine Shannon apaity an only be

ahieved by odes with unbounded omplexity and delay, the above results do not

re�et the performane of real transmission systems. A possible method is proposed

by Foshini in 1996 [23℄ whih is later alled BLAST (Bell Labs layered spae-

time) [81, 82℄. Although the throughput is pretty high, this sheme does not use

transmit diversity and the error performane without using error orreting odes

is not su�ient to apply. The shemes that an improve the error performane of

BLAST have been widely studied sine then [83�86℄.

The tehniques that exploit the spae diversity at the transmitter end are widely

investigated sine 1998 when Alamouti presented his initiative work in [18℄. Later,

Tarokh et al. expanded the transmit diversity sheme to MIMO systems with any

number of transmit antennas and named this kind of oding as spae-time blok

odes (STBC) [21℄. Sine then, the oding tehniques whih are appropriate to

multiple transmit antennas are alled spae-time oding. Spae-time oding is a

method used in multiple antenna systems to not only inrease the reliability of

the ommuniation link, but also inrease their throughput. This is aomplished
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by enoding multiple streams of data aross the spatial domain (i.e., antennas) and

aross the time domain. Tarokh et al. derived the design riteria of spae-time odes

in the sense of minimizing the upper bound of average probability of error in [22℄

and proposed a ode sheme using the so alled spae-time trellis ode (STTC). The

number of states in the trellis odes grows exponentially with either the rate or the

number of transmit antennas whih limit it to expand to MIMO systems with large

number of transmit or reeive antennas. Alamouti's sheme is also alled orthogonal

spae-time blok ode (O-STBC) due to the struture of the transmission matrix

and an ahieve full rate and full diversity gain for two transmit antennas. However,

when the number of the antenna exeeds 2, the system annot ahieve full rate with

this struture. Jafarkhani proposed QO-STBC (quasi-orthogonal spae-time blok

ode) sheme [87℄ to ahieve full rate with the sari�ing of the maximum diversity

gain. A lot of other improved spae-time blok odes are proposed suh as (linear

dispersion) LD-STBC [88℄, STBC from division algebras [89℄, the so-alled perfet

STBC [90℄ and so on.

The above systems are also alled point-to-point MIMO systems beause two

devies with multiple antennas ommuniate with eah other. In wireless or ellu-

lar systems, it is di�ult to install multiple antennas at the user devie due to the

size, ost or hardware limitations, whih an not su�iently exert the advantages

of MIMO tehniques. Thus, Sendonaris et al. proposed a new ooperative ommu-

niation sheme [91, 92℄ for ellular systems where the in-ell users an share their

antennas. Extensive work have been done in this bakground [93�97℄. This kind of

sheme is also alled virtual or distributed MIMO. Reently, Marzetta proposed a

nonooperative large-sale antenna systems or so alled Massive MIMO systems [11℄

where the base station is equipped with hundreds of antennas while the remote end

whih is limited in size and ost an have only one antenna. This sheme have

some extraordinary advantages ompared with point-to-point MIMO systems. Un-

der line-of-sight propagation onditions (i.e., Riian hannel), the multiplexing e�et

will redue dramatially in point-to-point MIMO systems while retained in the mul-

tiuser MIMO systems [12℄. As the number of antennas at the base station grows

to in�nity, the e�ets of unorrelated noise and small-sale fading an be ignored,
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the number of users per ell are independent of the size of the ell, and the required

transmitted energy per bit vanishes. Furthermore, simple linear signal proessing

approahes an be used in massive MIMO systems to ahieve these advantages [10℄.

While massive MIMO renders many traditional researh problems irrelevant, it

unovers entirely new problems that urgently need attention: the hallenge of making

many low-ost low-preision omponents that work e�etively together, aquisition

and synhronization for newly joined terminals, the exploitation of extra degrees of

freedom provided by the exess of servie antennas, reduing internal power on-

sumption to ahieve total energy e�ieny redution, and �nding new deployment

senarios [9℄.

However, all of the above systems require the reeiver or transmitter end have

perfet estimation of the hannel oe�ients. The CSI is di�ult to obtain when

the number of antennas is large. In fat, the number of hannel oe�ients to

be estimated by the reeiver is equal to the produt of the number of transmit

antennas by the number of reeive antennas. In massive MIMO systems, there

are hundreds of antennas at the base station and tens of subsribers, whih makes

the estimation of hannel oe�ients ompliated. Furthermore, the length of the

training sequenes is proportional to the number of transmit antennas [24℄, whih

redues the overall system throughput. When the hannel state hanges rapidly, the

estimation of hannel oe�ients is even not ahievable before they hange to other

values. Sine outdoor wireless systems strive to aommodate higher user mobility

and indoor wireless ommuniation systems suh as BlueTooth rely on frequeny

hopping spread spetrum tehnology, these issues neessitate further researh into

MIMO systems in the absene of CSI. Therefore, MIMO systems that do not need

CSI are attrative.

Marzetta and Hohwald analysed the hannel apaity of MIMO systems without

perfet hannel oe�ients in [25℄. In fat, they assumed that the hannel distri-

bution information (CDI) is known by both the transmitter and the reeiver, the

hannel mean is zero and the hannel oe�ient of eah pair of transmit antenna

and reeive antenna are assumed to be i.i.d. random variables. This kind of hannel

model in [25℄ is alled zero-mean spatially white (ZMSW) hannel in [75℄. Under
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the zero-mean spatially white (ZMSW) model, the hannel mean is zero and the

hannel ovariane is modeled as white, i.e., the hannel elements are assumed to be

i.i.d. random variables. They found that, under this hannel assumption, in order to

ahieve the hannel apaity, the transmission symbol vetors of di�erent antennas

should be orthogonal to eah other. There is no help for inreasing the hannel a-

paity to install more transmit antennas than the normalized oherene time. Zheng

and Tse also analysed the hannel apaity for ZMSW hannel in [98℄. They showed

that at high SNRs apaity is ahieved using no more thanM⋆ = min{M,N, ⌊T/2⌋},
where M , N and T are the number of transmitter antennas, the number of reeiver

antennas and the normalized oherene time respetively. Lapidoth and Moser indi-

ated that at high SNR without the blok fading assumption, the hannel apaity

grows only double-logarithmially with the SNR [99℄. Jafar and Goldsmith made an

extended assumption of the ZMSW model, they onsidered that the hannel oe�-

ients were spatially orrelated and the orrelations between the hannel oe�ients

are assumed to be known at the transmitter and the reeiver. They indiated that

hannel apaity inreases surely with the number of transmit antennas when the

transmit antenna fades are spatially orrelated [100℄.

Based on the analysis of hannel apaity with ZMSW model, Hohwald and

Marzetta introdued the unitary spae-time modulation (USTM) sheme whih

does not need CSI in [26℄. However, the problem of how to design onstellations

systematially that have low probability of error and low demodulation omplexity

remains open. Hohwald et al. proposed a possible systemati design based on dis-

rete Fourier transform (DFT) in [101℄ and provided some transmission shemes for

M = 1, 2, 3 transmitter antennas and data rate R = 1 bps/Hz. This sheme requires

a ompliated brute fore maximum-likelihood (ML) deoder at the reeiver, making

it di�ult to implement for large onstellation sizes. Tarokh et al. designed spei�

unitary spae-time onstellations that are simple to deode in [102℄, however the

error performane is worse than [101℄. Leus et al. proposed a spae-time frequeny-

shift keying (ST-FSK) sheme in [103℄ based on the orthogonal design in [21℄ and this

sheme is easier to design ompared to [101℄ while they have a omparable perfor-

mane. Kim et al. designed a novel lass of unitary spae-time onstellations in [104℄
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based on the quaternary quasi-orthogonal sequene (QOS) [105℄ whih is used for

designing the Walsh sequenes in ode-division multiple-aess (CDMA) systems.

This sheme has less deode omplexity than ST-FSK [103℄ and has slightly better

error performane.

Another lass of spae-time ode/modulation shemes that do not need CSI

are di�erential shemes. Hohwald and Sweldens presented the di�erential unitary

spae-time modulation (DUSTM) sheme [27℄ whih is diretly designed from the

USTM sheme. Tarokh and Jafarkhani proposed the di�erential spae-time blok

oding (DSTBC) sheme [28, 29℄ based on Alamouti's transmit diversity sheme

[18℄. Hughes introdued a di�erential spae-time modulation in [106℄ where the

information matries are seleted from a group designed from phase-shift keying

(PSK) signals.

In [30,31℄, the authors invented a new kind of non-oherent spae-time modula-

tion sheme�matrix oded modulation (MCM) based on Weyl group for 2×2 MIMO

systems. This sheme ombines the error-orreting oding and spae-time signal

design together.

2.3 MIMO system model

In our study, we express signals in signal spae, i.e., signals are represented

by omplex symbols. We onsider narrowband MIMO systems with M transmit

antennas and N reeive antennas. At a general time t, the antenna n detets the

symbol:

yn =

M∑

m=1

hnmxm + wn, n = 1, . . . , N (2.56)

where hnm is the path gain of the quasi-stati hannel from the transmit antennam to

the reeive antenna n. The hannel oe�ients hnm are independent and identially

distributed (iid), they are Gaussian distributed, i.e., hnm ∼ CN (0, 1). For a narrow-

band MIMO hannel, orresponding to low data rate wireless systems [107℄ or for

eah sub-hannel of OFDM (Orthogonal Frequeny Division Multiplexing) MIMO

systems [108℄, the frequeny response of the propagation hannel an be onsidered
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Figure 2.5: A general MIMO system model.

onstant within the frequeny bandwidth of the system, i.e., the hannel is frequeny

non-seletive or �at fading. Therefore, the oe�ients hnm of the hannel matrix

are usually onsidered onstant over the frequeny bandwidth but time-variant due

to Doppler shift. xm is the symbol transmitted from antenna m at time t. wn is the

additive white Gaussian noise at the reeive antenna n at time t, wn ∼ CN (0, σ2)

and σ2
is also the power of the noise. This system model is shown in Fig. 2.5.

If we de�ne the vetor of the transmitted signals as x = [x1, x2, ..., xM ]T , the

vetor of the reeived signals as y = [y1, y2, ..., yN ]
T
, the vetor of noises as w =

[w1, w2, ..., wN ]
T
and the hannel matrix as:

H =




h11 h12 · · · h1M

h21 h22 · · · h2M

.

.

.

.

.

.

.

.

.

.

.

.

hN1 hN2 · · · hNM




, (2.57)

the system equation an be written in vetor form as

y = Hx+w. (2.58)
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Moreover, if the oherene time Tc is muh greater than the symbol period Ts

(i.e., the Doppler shift e�et an be ignored during the transmission of L = Tc/Ts

symbols), we an use the matrix form to analyze a MIMO system. Therefore, the

system an be expressed in matrix form as:

Y = HX +W (2.59)

where Y is the N × T reeived matrix, T denotes the number of symbols of eah

matrix for eah transmit antenna and T ≤ L. H is the hannel matrix and its size

is N ×M as in (2.57). X is the M × T transmission matrix and W is the N × T

additive white Gaussian noise matrix.

Furthermore, the expetation of the total power over M transmit antennas at

eah transmit time is set to be 1:

M∑

m=1

E
[
|xmt|2

]
= 1, t = 1, . . . , T. (2.60)

As analysed before, the squared disrete symbols have the dimension of an energy.

Therefore, people usually indiate the above equation as power onstraint onven-

tionally.

For eah reeive antenna, the SNR is de�ned as follows:

SNR =
E[|ynt − wnt|2]

E[|wnt|2]
=

E

[
|

M∑
m=1

hnmxmt|2
]

E [|wnt|2]

=

M∑
m=1

E [|hnmxmt|2]

σ2
=

M∑
m=1

E [|xmt|2]

σ2
=

1

σ2

(2.61)

where E[·] denotes the mathematial expetation.

2.4 Fundamentals of information theory

In this setion, the terms onerning the hannel apaity are shown. They are

entropy and mutual information.
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The entropy of H(x) of a ontinuous random variable x is de�ned as [109℄:

H(x) = −
∫

p(x) log p(x)dx, (2.62)

where p(x) is the probability density funtion of x. We an see that this parameter

measures the unertainty of a random variable. The entropy of a typial iru-

larly symmetri omplex Gaussian random vetor z ∼ CN (µ,Q) with mean µ and

ovariane Q is:

H(z) = E[− log p(z)] = log det(πeQ) (2.63)

The joint entropyH(x, y) of a pair of ontinuous random variables (x, y) is de�ned

as:

H(x, y) = −
∫∫

p(x, y) log p(x, y)dxdy, (2.64)

where p(x, y) is the joint probability density funtion of x and y.

The onditional entropy H(y|x) is de�ned as:

H(y|x) = −
∫∫

p(x, y) log p(y|x)dxdy, (2.65)

where p(y|x) is the probability density funtion of y onditioned on x.

The mutual information I(x, y) between two ontinuous random variables is

given by:

I(x; y) =
∫∫

p(x, y) log
p(x, y)

p(x)p(y)
dxdy

= H(x)−H(x|y)

= H(y)−H(y|x).

(2.66)

The apaity of a noisy hannel is de�ned as the maximum mutual information

of input x and output y over all possible values of input distribution p(x):

C = max
p(x)

I(x; y). (2.67)

For example, onsider the ommuniation system with one transmit antenna and
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one reeive antenna in the presene of AWGN narrowband fading hannel y = hx+n.

Assume that the fading oe�ient h is onstant (non-fading Gaussian hannel), the

apaity of is given by [52℄:

C = max
p(x)

I(x; y) = max
p(x)

H(y)−H(y|x)

= max
p(x)

H(y)−H(n),
(2.68)

From (2.63), we an get H(n) = log(πeσ2). To maximize I(x; y), we should maxi-

mize H(y). It is proved that [52℄ for a ontinuous distributed random variable, the

Gaussian distribution with mean zero maximize the entropy. Thus E [y] = 0 whih

indiates E [x] = 0 and the variane of y

E
[
y2
]
= E

[
(hx+ n)2

]
= h2

E
[
x2
]
+ E

[
n2
]
= h2P + σ2, (2.69)

where P is the average power onstraint on the transmitted signal and with our power

onstraint (2.60), it is P = 1. Thus the maximized entropy H(y) = log[πe(h2+σ2)].

Finally, we get the hannel apaity of SISO system:

C = log[πe(h2 + σ2)]− log(πeσ2) = log

(
1 +

|h|2
σ2

)
. (2.70)

When the fading oe�ient h is a random variable, then the apaity above beomes

C = E

[
log

(
1 +

|h|2
σ2

)]
. (2.71)

2.5 Capaity of MIMO ommuniation hannels

The hannel apaity of multiple-antenna ommuniation systems is analyzed

by many researhers [13, 14, 25℄. The theoretial results show that the ommunia-

tion systems with multiple antennas an enlarge the hannel apaity signi�antly

ompared to SISO systems.

Generally, people all the apaity obtained with the assumption of perfet

knowledge of fading oe�ients H at the reeiver end as the oherent apaity of
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the multiple-antenna hannel, while the hannel apaity obtained with no prior

knowledge of H is alled non-oherent apaity [98℄.

2.5.1 H is known to the reeiver

Like the proedure to get the hannel apaity of SISO system in (2.71), the

hannel apaity for MIMO system is given by [13, 25℄:

C = max
p(X)

I(X ; Y )

= T · E
[
log det(IM +

1

Mσ2
HHH)

]

= T · E
[
log det(IN +

1

Mσ2
HHH)

]
.

(2.72)

Here we use the matrix form of the MIMO system as in (2.59). This apaity is

ahieved with transmitted signal matrix X whose elements are independent and

CN (0, 1) distributed. This means that the transmit power is divided equally among

all the transmit antennas and independent symbols are sent over di�erent antennas.

In [13℄, Telatar evaluated the expetation in the equation (2.72). The apaity

is obtained as:

C =

∫ ∞

0

log

(
1 +

λ

Mσ2

)K−1∑

k

k!

(k + J −K)!

[
LJ−K
k (λ)

]2
λJ−Ke−λdλ (2.73)

where K = min{M,N}, J = max{M,N} and Li
j are the assoiated Laguerre poly-

nomials:

Li
j(x) =

1

j!
exx−i d

n

dxn
(e−xxi+j). (2.74)

Fig. 2.6 and Fig. 2.7 show that for �xed SNR, the oherent apaity inreases

almost linearly with K, i.e., the minimum of M and N .

2.5.2 H is unknown to the reeiver

When both transmitter and reeiver haven't the hannel oe�ients matrix H ,

Marzetta and Hohwald evaluated the hannel apaity in [25℄ with the assumption
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Figure 2.6: The normalized apaity C/T with independent Rayleigh fading, H is

known to the reeiver. The SNR is �xed to 0, 10, 20 and 30 dB respetively.

that the elements of H are zero-mean spatially white (ZMSW). Zheng and Tse also

analysed the hannel apaity under this kind of hannel model in [98℄ and got some

useful results for speial ases.

Lapidoth and Moser indiated that at high SNR, without the blok fading as-

sumption, the hannel apaity grows only double-logarithmially with the SNR [99℄,

whih makes ommuniation at high SNR power ine�ient. Jafar and Goldsmith

made an extended assumption of the ZMSW model. They onsidered that the han-

nel oe�ients were spatially orrelated and the orrelations between the hannel

oe�ients are assumed to be known at the transmitter and the reeiver. They indi-

ated that hannel apaity inreases surely with the number of transmit antennas

when the transmit antenna fades are spatially orrelated [100℄.

We know that the mutual information between the transmitted matrix (X) and
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Figure 2.7: The normalized apaity C/T with independent Rayleigh fading, H is

known to the reeiver. The numbers of transmit antennas and reeive antennas are

�xed to 1, 2, 4 and 8 respetively.

the reeived matrix (Y = HX +W ) is:

I(X ; Y ) =

∫∫
p(X, Y ) log

p(X, Y )

p(X)p(Y )
dXdY

=

∫∫
p(Y |X)p(X) log

p(Y |X)

p(Y )
dXdY.

(2.75)

We now examine the properties of the funtion p(Y |X). With the assumption that

the hannel oe�ients are independent identially distributed: hnm ∼ CN (0, 1)

and the additive white Gaussian noise obeys: wnt ∼ CN (0, σ2), the probability

distribution funtion (PDF) of the reeived matrix Y onditioned on the transmit

matrix X is also Gaussian. We have

E[Y |X ] = E[HX +W |X ] = 0, (2.76)
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and

E[Y HY |X ] = E[XHHHHX +WHW |X ] = XHX + σ2IT . (2.77)

Thus the PDF of Y onditioned on X an be written as:

p(Y |X) =
1

πTN detN(Λ)
exp{−Tr[Λ−1Y HY ]}, (2.78)

where Λ = XHX+σ2IT . It is lear that for anyM×M unitary matrixΦ, p(Y |ΦX) =

p(Y |X). In mathematis, a omplex square matrix Φ is unitary if

ΦHΦ = ΦΦH = I,

where I is the identity matrix and ΦH
is the onjugate transpose of Φ.

Marzetta and Hohwald proved [25℄ that for any T and any number of reeiver

antennas N , the apaity obtained with M > T transmitter antennas is the same

as the apaity obtained with M = T transmitter antennas.

They also proved that the signal matrix that ahieves apaity an be written as

X = VΨ, where V is an M ×T real diagonal matrix and Ψ is an T ×T isotropially

distributed unitary matrix. Moreover, Ψ and V are independent of eah other.

An isotropially distributed unitary matrix has a probability density that is un-

hanged when the matrix is multiplied by any deterministi unitary matrix. We

denote the M real diagonal elements of V as v1, . . . , vM , and it is proved that

E[v2m] =
T

M
. (2.79)

We rewrite the signal matrix in an equivalent form, that is:

X = AΘ. (2.80)

where A is anM×M diagonal matrix with theM diagonal elements a1 = v1, . . . , aM =

vM and Θ is anM×T matrix with theM row vetors equal to the �rstM row vetors

of the matrix Ψ. The row vetors of Θ are orthogonal to eah other (ΘΘH = IM).

The ith row θi of Θ represents the diretion of the transmitted signal from antenna
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i, i.e., θi = xi/‖xi‖. The ith diagonal entry of A, ai = ‖xi‖, represents the norm of

that signal.

Marzetta and Hohwald obtained a lower bound of the hannel apaity as T →
∞ with a1 = · · · = aM =

√
T/M . The exat nonoherent hannel apaity seems

unattainable by now.

Zheng and Tse [98℄ gave some results with speial ases. They showed that

at high SNRs apaity is ahieved using no more than M⋆ = min{M,N, ⌊T/2⌋}
transmit antennas. They also indiated that for large MIMO systems, where both

M = N and T inrease to in�nity and M/T is �xed, the hannel apaity inreases

linearly with the number of antennas M . However, for nonoherent hannel at high

SNR, having more transmit antennas than reeive antennas takes no bene�t to the

hannel apaity.

2.6 Error performane of MIMO systems

In ommuniation systems, the error ours when the reeiver reovers a signal

that is not sent by the transmitter.

The pair-wise error probability (PEP) onditioned on H is the probability that

the deoder selets the estimated matrix X̂ as the transmitted matrix while in fat

the transmitted matrix is X . We examine the PEP performanes of MIMO systems

and hereby get some design riteria for spae-time odes.

2.6.1 H is known to the reeiver

With the assumption that the elements of the noise matrix W are independent

identially Gaussian distributed, i.e. wnt ∼ CN (0, N0), when the hannel oe�ients

are orretly estimated by the reeiver, the maximum likelihood detetion is:

Xml = argmin
Xl

D(Y,HXl), (2.81)
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where D(Y,HXl) is the distane between the reeived matrix Y and HXl. The

distane between two matries A and B is de�ned as follows:

D(A,B) = ‖A− B‖, (2.82)

and ‖·‖ denotes the Frobinius norm of a matrix, i.e.,

‖A‖ =

√∑

i,j

|aij |2 =
√

Tr {AHA} =
√
Tr {AAH}. (2.83)

If the transmitted matrix is X , the pair-wise error ours when:

D(Y,HX) > D(Y,HX̂), (2.84)

where X̂ is any other possible transmission matrix.

When the reeiver estimates the hannel state information perfetly, the PEP of

this ase an be written as [22, 110℄:

P (X, X̂|H) = Q

(√
1

2N0
D(XH, X̂H)

)
, (2.85)

where

Q(x) =
1√
2π

∫ ∞

x

e
−y2

2 dy, (2.86)

and N0 is the omplex noise variane. The signal-to-noise power ratio (SNR) is

γ = 1/N0 in this ase.

We an see that Q funtion is a monotonially dereasing funtion, thus, to make

the pair-wise error probability as less as possible, we should make D as larger as

possible. The Q funtion has an upper bound:

Q(x) ≤ 1

2
e

−x2

2 , x ≥ 0, (2.87)

whih is shown in Fig. 2.8. This upper bound is the Cherno� bound of the tail of

Gaussian PDF [49℄.

Obviously,

√
1

2N0
D(XH, X̂H) ≥ 0, therefore, the upper bound of the pairwise
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Figure 2.8: The upper bound of Q funtion.

error probability is:

P (X, X̂|H) ≤ 1

2
exp

[
− 1

4N0

D2(XH, X̂H)

]
. (2.88)

Now we analyse the inequality above and get some design riteria for spae-time

odes. De�ne A(X, X̂) = (X − X̂)(X − X̂)H . We an see that Tr{A(X, X̂)} =

D2(X, X̂). The eigenvalues of A(X, X̂) are denoted by λm, m = 1, 2, ...,M and

λ1 ≥ λ2 ≥ ... ≥ λM ≥ 0. Using the singular value deomposition (SVD) theorem,

we have

A(X, X̂) = V ΛV H , (2.89)

where Λ = diag(λ1, λ2, ..., λM) and V is a unitary matrix. Therefore

D2(XH, X̂H) = Tr{HA(X, X̂)HH} = Tr{HV ΛV HHH}. (2.90)
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Denote the (n,m)th element of HV as βnm, then

D2(XH, X̂H) =

N∑

n=1

M∑

m=1

λm|βnm|2. (2.91)

Attention that

D2(X, X̂) =

M∑

m=1

λm. (2.92)

As βnm is a linear ombination of Gaussian random variables, it is also Gaussian

distributed and its magnitude |βnm| is Rayleigh distributed:

p(|βnm|) = 2|βnm| exp(−|βnm|2). (2.93)

The expeted value of PEP an then be evaluated as:

P (X, X̂) = E[P (X, X̂)|H ] ≤
M∏

m=1

[1 + (γλm/4)]
−N . (2.94)

If the matrix A(X, X̂) has rank r < M , i.e., λr+1 = ... = λM = 0, then, at high

SNR, the above inequality an be written as:

P (X, X̂) ≤ γ−rN4rN
r∏

m=1

λ−N
m , (2.95)

where the omponent 1 in (2.94) is negleted due to high SNR. We know that the

diversity gain is de�ned as:

Gd = − lim
γ→∞

log(Pe)

log(γ)
. (2.96)

Thus the diversity gain of spae-time ode is rN . Therefore, a good design riterion

to guarantee full diversity is to make sure that for all possible odewords Xi and Xj,

i 6= j, the matrix A(Xi, Xj) has full rank M , i.e., (Xi −Xj) has full rank ∀i, j with

i 6= j.

If the spae-time ode has full diversity gain MN , next we should maximize the

minimum value of

∏M
m=1 λm in (2.95) whih is the determinant of A(Xi, Xj). This
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riterion set is referred to as rank & determinant riterion.

Furthermore, as mentioned before, the transmitted signals have a power on-

straint (2.60). Therefore, we have:

E‖X‖2 = E

[
∑

m,t

|xm,t|2
]
= T. (2.97)

For simpliity, as a speial ase, we set ‖X‖2 = T . In this ase D2(X, X̂) ≤ (‖X‖+
‖X̂‖)2 = 4T , i.e.,

∑M
m=1 λm ≤ 4T . In fat, if X̂ = −X , D2(X, X̂) = 4T .

The design riteria for other hannel models suh as Riian hannels and rapid

fading hannels an be found in [22℄. The exat value of P (X, X̂) is also evaluated

in [26, 111�113℄.

In order to better understand the pair-wise error probability of oherent spae-

time odes, we show some Cherno� bounds (2.94) for speial ases in Fig. 2.9 and

Fig. 2.10.

Fig. 2.9 is obtained with λ = λ1 = ... = λM = 1 and 1 reeive antenna. The num-

ber of transmit antennas is 2, 4 and 8 respetively. This �gure shows that inrease

the number of transmit antennas an signi�antly improve the PEP performane.

Fig. 2.10 shows the PEP as a funtion of λ (λ = λ1 = ... = λM). It is obtained with

4 transmit antennas and 1 reeive antenna, and SNR = 0, 10, 20 dB respetively.

This �gure show that, inrease the distane between any pair of the transmission

matries an also improve the PEP performane espeially for large SNR whih leads

people to design good spae-time odes.

2.6.2 H is unknown to the reeiver

If H is unknown to the reeiver, the maximum likelihood detetor has to selet

the matrix that maximizes the onditioned probability:

Xml = argmax
Xl

p(Y |Xl) = argmax
Xl

exp{−Tr[Λ−1Y HY ]}
πTN detN(Λ)

, (2.98)

where Λ = XH
l Xl + σ2IT .

In this ase (without CSI), the transmitted matries have spei� struture, as
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Figure 2.9: The Cherno� bound of PEP of oherent spae-time odes. Number of

transmit antennas M = 2, 4, 8 respetively and the number of reeive antenna is 1.

λm = 1, m = 1, ..,M .

disussed in Setion 2.5.2. The transmission matrix an be written as X = AΘ.

Marzetta and Hohwald [25, 26℄ proved that when the duration of the oherene

interval is signi�antly greater than the number of transmit antennas (T ≫ M)

or SNR is high and T > M , setting a1 = ... = aM =
√
T/M attains apaity.

Thus, we �x the transmission matrix as X =
√

T/MΘ and this kind of sheme

is alled unitary spae-time modulation (USTM) in [26℄ beause the rows of Θ are

orthonormal, i.e., ΘΘH = IM . With this struture, the detetor in (2.98) beomes:

Θml = argmax
Θl

p(Y |Θl) = argmax
Θl

exp{−Tr[Λ−1Y HY ]}
πTN detN(Λ)

, (2.99)

where Λ = XH
l Xl + σ2IT = T

M
ΘH

l Θl + σ2IT = σ2( T
Mσ2Θ

H
l Θl + IT ). With the matrix

formulas

det(I + AB) = det(I +BA)
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Figure 2.10: The Cherno� bound of PEP for oherent spae-time odes. Number of

transmit antennas M = 4 and number of reeive antenna is 1.

and

(A+BCD)−1 = A−1 − A−1B(C−1 +DA−1B)−1DA−1,

(2.99) an be further simpli�ed as:

Θml = argmax
Θl

p(Y |Θl) = argmax
Θl

exp{−Tr[ 1
σ2 (IT − ΘH

l Θl

1+Mσ2/T
)Y HY ]}

πTNσ2NT [1 + T/(Mσ2)]NT

= argmax
Θl

Tr[YΘH
l ΘlY

H ].

(2.100)

Now we examine the pair-wise error probability when the transmitter sends Θ1 and

the reeiver deteted Θ2 inorretly. We denote the probability as:

P (Θ1,Θ2) = P
{
Tr[Y (ΘH

2 Θ2 −ΘH
1 Θ1)Y

H ] > 0|Θ1

}
. (2.101)

Hohwald and Marzetta gave an exat expression of PEP with the help of har-
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ateristi funtion and Cherno� upper bound is given by:

P (Θ1,Θ2) ≤
1

2

M∏

m=1

[
1 +

( T
Mσ2 )

2(1− d2m)

4(1 + T
Mσ2 )

]−N

, (2.102)

where 1 ≥ d1 ≥ ... ≥ dM ≥ 0 are the singular values of the M ×M matrix Θ1Θ
H
2 .

Θ1Θ
H
2 an be seen as the orrelation between the matries Θ1 and Θ2. The less

orrelation between Θ1 and Θ2, the better the MIMO system performs. Obviously,

when Θ1Θ
H
2 = 0, i.e., d1 = ... = dM = 0, the Cherno� bound is minimized. It

seems that we should make the transmission matries Θl orthogonal to eah other.

However, as T is limited, the number of vetors that are orthogonal to eah other

in the T dimension vetor spae is limited to T , whih in turn makes the number of

matries that are orthogonal to eah other limited to ⌊T/M⌋. Nevertheless, it is still
a riterion to make the orrelation of eah pair of the matries as small as possible.

Furthermore, when the SNR is pretty high, i.e., σ2 ≪ 1, the Cherno� bound an

be written as:

P (Θ1,Θ2) ≤
1

2

(
T

4Mσ2

)−MN M∏

m=1

(
1− d2m

)−N
, (2.103)

whih is similar to (2.95). The exat pair-wise error probability of USTM is also

studied in [114℄.

Fig. 2.11 displays the Cherno� bound of PEP (2.102) as a funtion of SNR for

di�erent numbers of transmit antennas. This �gure is obtained with d1 = ... =

dM = 0.8, T = 2M and 1 reeive antenna. The number of transmit antennas are

M = 2, 4 and 8 respetively. We an see that with these values of dm, nonoherent

spae-time odes have omparable PEP performane as oherent spae-time odes.

However, the time duration of the transmission matries in this �gure is T = 2M ,

whih redues the overall throughput of the systems. Fig. 2.12 shows the Cherno�

bound of PEP (2.102) as a funtion of d for di�erent values of SNR. The number of

transmit antennas is 4 and the number of reeive antennas is 1. The time duration

of eah transmission matrix is T = 2M = 8. We an see that reduing d below 0.4

approximately does not redue the error by muh.
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Figure 2.11: The Cherno� bound of PEP of nonoherent spae-time odes. Number

of transmit antennas M = 2, 4, 8 respetively and the number of reeive antenna is

1. dm = 0.8.

2.7 Conlusion

In this hapter, we presented the general model of modern wireless digital om-

muniation systems whih inludes the baseband representation of bandpass signals

and further the vetor spae representation of signals. The hannel model was also

presented in this setion. The history of MIMO ommuniation systems were brie�y

reviewed. MIMO systems have been widely studied from the late 1990s. Spae-time

oding or modulation shemes for point-to-point MIMO systems are studied to en-

large the spetrum e�ieny and to improve the ommuniation robust. Reently,

multi-user MIMO systems have been analyzed to further improve the spetrum e�-

ieny. Then, we gave the MIMO system model whih was used through our researh.

Finally, the hannel apaities of MIMO systems with or without CSI were analyzed

and the error performane of MIMO systems were also examined.
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Figure 2.12: The Cherno� bound of PEP for nonoherent spae-time odes. Number

of transmit antennas M = 4 and number of reeive antenna is 1 N = 1. SNR = 0,

10, 20 dB respetively.



3
Non-oherent spae-time oding

In this hapter, we present some existing non-oherent spae-time oding shemes.

A non oherent ommuniation system is a ommuniation system where Channel

State Information (CSI) is not known at the reeiver end.

Some well-known spae-time oding shemes are unitary spae-time modulation

(USTM) sheme [25,26℄, di�erential unitary spae-time modulation (DUSTM) [27℄,

di�erential spae-time blok oding (DSTBC) [28,29℄, di�erential spae-time modu-

lation (DSTM) [106℄ and matrix oded modulation (MCM) [30,31℄. In fat, the basi

idea behind DSTM and DUSTM is the same. Therefore, without speial statement,

DSTM and DUSTM are equivalents. The transmit and reeive priniples of eah

sheme are presented brie�y.

3.1 Unitary spae-time modulation

During the analysis of the apaity of MIMO systems without CSI [25℄, Marzetta

and Hohwald found that the transmitted matries must have speial struture to

ahieve the apaity. They alled the MIMO shemes with this speial struture uni-

tary spae-time modulation (USTM) [26℄. The struture of this sheme is obtained

in Chapter 2, Setion 2.5.2.

3.1.1 Transmission sheme

Hohwald and Marzetta proved the transmission matrix has the struture X =

AΘ where A is an M × M diagonal matrix and Θ is an M × T matrix. The row
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vetors ofΘ are orthogonal one to eah other (ΘΘH = IM). When the duration of the

normalized oherene interval is signi�antly greater than the number of transmitter

antennas (T ≫ M) or for any �xed T > M as ρ → ∞, setting a1 = a2 = · · · =
aM =

√
T
M

attains apaity. In this ase, the transmit matrix beomes X =
√

T
M
Θ

and Θ is an M × T isotropially distributed matrix. Furthermore, in this sheme,

setting T = M results XHX = ΘHΘ = IM . The onditional probability will be

p(Y |X) = p(Y ), whih leads the mutual information I(X ; Y ) to be zero and the

hannel apaity is zero.

The information matrix is seleted by a bit stream with RM bits from a set

ontaining K = 2MR
matries, i.e., Θ ∈ {Θ1, ...,ΘK}, where R is spetral e�ieny

with unit bps/Hz or bits/(hannel use).

3.1.2 Detetion sheme and design riteria of USTM onstel-

lations

At the reeiver end, Y = HX+W of dimensionN×T is deteted by the antennas.

As presented in Chapter 2, Setion 2.6.2, the maximum likelihood detetor of this

sheme must to determine the matrix that maximizes the onditional probability.

That is

Θml = arg max
Θk∈{Θ1,...,ΘK}

p(Y |Θk)

= arg max
Θk∈{Θ1,...,ΘK}

Tr[YΘH
k ΘkY

H ].
(3.1)

With this ML detetor, the pairwise error probability (PEP) between Θk and Θ′
k

is:

Pe =
1

2
P
(
Tr[YΘH

k′Θk′Y
H ] > Tr[YΘH

k ΘkY
H ]|Θk

)

+
1

2
P
(
Tr[YΘH

k ΘkY
H ] > Tr[YΘH

k′Θk′Y
H ]|Θk′

)
,

(3.2)

where Θk and Θk′ are assumed to be transmitted with equal probability.
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It is proved that the Cherno� upper bound of the above PEP is [26, 106℄:

Pe ≤
1

2

M∏

m=1

[
1 +

( T
Mσ2 )

2(1− d2kk′,m)

4(1 + T
Mσ2 )

]−N

, (3.3)

where dkk′,1, . . . , dkk′,M are singular values of ΘkΘ
H
k′ .

To minimize the pairwise error probability, we should make the singular values

of the produts ΘkΘ
H
k′ as small as possible. The probability of error (and Cherno�

bound) is lowest when dkk′,1 = · · · = dkk′,M = 0 and highest when dkk′,1 = · · · =
dkk′,M = 1. As analyzed in Se. 2.6.2, dkk′,1 = · · · = dkk′,M = 0 indiates that

ΘkΘ
H
k′ = 0. However, as T is limited, the number of vetors that are orthogonal to

eah other in the T dimension vetor spae is limited to T , whih in turn makes the

number of matries that are orthogonal to eah other limited to ⌊T/M⌋.

There are mainly two di�erent riteria for designing USTM onstellations. The

�rst one is to minimize the maximum sum of squares of the singular values. For a

given onstellation, we de�ne

δ = max
1≤k<k′≤K

1√
M

‖ΘkΘ
H
k′‖ = max

1≤k<k′≤K

√√√√ 1

M

M∑

m=1

d2kk′,m, (3.4)

where the fator

1√
M

is used to ensure 0 ≤ δ ≤ 1. Then the design of USTM

onstellations is to �nd K matries that minimize δ.

The seond design riterion is obtained diretly from the Cherno� upper bound

of PEP(3.3). For high SNR, i.e., σ2 ≪ 1, the Cherno� upper bound depends mainly

on the produt

M∏

m=1

(1− d2kk′,m).

As shown in [115℄, we an think of dkk′,m as the osine of the prinipal angle φkk′,m

between the subspaes spanned by the olumns of Θk and Θk′. The above expression

an therefore be interpreted as the produt of the squares of the sines of the m

prinipal angles. To obtain a quantity that an be ompared for di�erent M , we
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de�ne ζkk′ as the geometri mean of the sines of the prinipal angles

ζkk′ =

[
M∏

m=1

sin(φkk′,m)

]1/M
=

[
M∏

m=1

(1− d2kk′,m)

] 1

2M

. (3.5)

Beause 0 ≤ d2kk′,m ≤ 1, we have 0 ≤ ζkk′ ≤ 1, and if ζkk′ is large, the PEP is small.

Thus, we need to maximize the diversity produt de�ned as

ζ = min
1≤k<k′≤K

ζkk′. (3.6)

In partiular, any onstellation with nonzero diversity produt is said to have full

transmitter diversity. For small dkk′,m,

ζ2kk′ = 1− 1

M

M∑

m=1

d2kk′,m +O(d4kk′,m) = 1− 1

M
‖ΘkΘ

H
k′‖

2
+O(d4kk′,m). (3.7)

Thus, ζ2 ≈ 1− δ2 and small δ implies large ζ .

However, there is no speial way to minimize these singular values dkk′,m, and the

properties of a good signal onstellation are not obvious. Hohwald and Marzetta

analyzed the speial ase where M = 1, R = 1, T = 5 and M = 2, R = 1, T = 5

in [26℄. However the transmission matries are not given in the paper. In [101℄, a

Fourier-based onstrution is proposed. This sheme is easy to realize, but it is not

proved whether it is optimal. A USTM sheme via Cayley transform is presented

in [116℄.

3.2 Di�erential unitary spae-time modulation

Motivated by di�erential phase-shift keying (DPSK) sheme and based on uni-

tary spae-time modulation, Hohwald and Sweldens proposed Di�erential Unitary

Spae-Time Modulation (DUSTM) in [27℄.
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3.2.1 Classial di�erential phase-shift keying

DPSK [46,49℄ is a tehnique used for single antenna ommuniation system where

the reeiver end does not need to estimate the arrier phase. PSK modulation

requires oherent demodulation, i.e., the phase of the reeiver must math to the

phase of the transmitted arrier. Tehniques for phase reovery typially require

more omplexity and ost in the reeiver and they are also suseptible to phase drift

of the arrier.

DPSK is traditionally used when the hannel hanges the phase of the symbol

in an unknown, but onsistent or slowly varying way. The data information is sent

in the di�erene of the phases of two onseutive symbols. For a date rate of R

bits/(hannel use) (R ∈ N), the transmitted signal is seleted from a onstellation

ontaining K = 2R signals. Normally, the onstellation is:

A = {e2πjk/2R|k = 0, 1, . . . , 2R − 1}. (3.8)

In di�erential modulation sheme, we must transmit a referene signal �rst, for

example, x0 = 1. Suppose we want to send R bits and they are mapped to a symbol

ϕt in the onstellation. By di�erential transmission, the transmitted signal should

be:

xt = ϕtxt−1, t = 1, 2, . . . (3.9)

At the reeiver end, the deteted signals will be:

yt = htxt + wt, t = 0, 1, 2, . . . , (3.10)

where ht is the fading oe�ient whih varies slowly with t and wt is the additive

white Gaussian noise. The symbol ϕt arries information and we use di�erential

detetion to reover the information bits. The signal reeived at time t+ 1 is:

yt+1 = ht+1xt+1 + wt+1 = ht+1ϕt+1xt + wt+1. (3.11)

With the approximation ht+1 ≈ ht, and the relation (3.10), the above equation an
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be further simpli�ed as:

yt+1 = ϕt+1yt + (wt+1 − ϕt+1wt). (3.12)

Thus, the maximum likelihood demodulation is:

ϕ̂t+1 = arg min
k=1,...,K

|yt+1 − ϕkyt|. (3.13)

Di�erentially enoded PSK an be demodulated oherently or nonoherently.

Moreover, the nonoherent reeiver has a simple form and performs within 3 dB of

the oherent reeiver on Rayleigh fading hannels

Di�erential modulation is less sensitive to a random drift in the arrier phase.

However, if the hannel has a nonzero Doppler frequeny, the signal phase an

deorrelate between two suessive symbols, making the previous symbol a very

noisy phase referene. This deorrelation gives rise to an irreduible error �oor

for di�erential modulation over time-varying wireless hannels whih introdues a

Doppler shift to the arrier frequeny.

3.2.2 Multiple-antenna di�erential modulation

Hohwald and Sweldens [27℄ expanded the DPSK sheme to multiple-antenna

system.

As we know, the transmitted signal of USTM sheme is a matrix with the rows

orthogonal to eah other, i.e., the vetor of T signals transmitted by one antenna

is orthogonal to the vetor of T signals orresponding to another transmit antenna.

The signals of DUSTM also onstrain this rule. In order to �t the di�erential

transmission sheme, the signals have some new properties.

Like DPSK, at time t = 0, a referene matrix, e.g., X0 = IM is transmitted.

Suppose at time t − 1, Xt−1 is transmitted. At time t, RM information bits are

mapped to anM×M unitary matrix Vt seleted from the set {V1, ..., VK}, K = 2RM
.

The transmission matrix at time t is di�erentially obtained as: Xt = Xt−1Vt. At the
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reeiver end, the reeived matries orresponding to time t− 1 and t are:

Yt−1 = Ht−1Xt−1 +Wt−1 (3.14)

and

Yt = HtXt +Wt. (3.15)

With the assumption that the hannel is approximately onstant during the trans-

mission of two matries, i.e., Ht−1 ≈ Ht, the reeived matries at time t (Yt) an be

represented by the reeived matrix at time t− 1 (Yt−1):

Yt = Ht−1Xt−1Vt +Wt = (Yt−1 −Wt−1)Vt +Wt

= Yt−1Vt +
√
2W ′

t .
(3.16)

Thus, Vt an be demodulated by the maximum likelihood detetor:

V̂t = arg min
Vk∈{V1,...,Vk}

‖Yt − Yt−1Vk‖

= arg min
Vk∈{V1,...,Vk}

Tr{(Yt − Yt−1Vk)(Yt − Yt−1Vk)
H}

= arg max
Vk∈{V1,...,Vk}

ℜ{Tr[Yt−1VkY
H
t ]}

= arg max
Vk∈{V1,...,Vk}

ℜ{Tr[Y H
t Yt−1Vk]}.

(3.17)

As Hohwald and Swelden indiated, this sheme an be seen as a speial ase

of USTM. In fat, the transmission matries an be written as:

Φt =

√
T

M
Θt =

√
T

M

1√
2
[IM , Vt] = [IM , Vt] (3.18)

for USTM, where Θt =
1√
2
[IM , Vt]. We an see that the oherene interval here is

T = 2M and the fator

√
2 ensures ΘtΘ

H
t = IM .

At the reeiver end, at time t, the deteted matrix is:

Υt = Ht [IM , Vt] +Nt = [Yt1, Yt2]. (3.19)
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The maximum likelihood detetor in (3.1) beomes:

Vml = arg max
Vk∈{V1,...,VK}

Tr[ΥtΘ
H
k ΘkΥ

H
t ]

= arg max
Θk∈{V1,...,VK}

Tr[(Yt1 + Yt2V
H
k )(Yt1 + Yt2V

H
k )H ]

= arg max
Vk∈{V1,...,Vk}

ℜ{Tr[Yt1VkY
H
t2 ]},

(3.20)

whih is the same as (3.17). Here we an see that the e�et of the �rst half part Yt1

of Υt an be seen as a not so perfet estimation of the hannel oe�ients matrix

H with a noise Nt1 whih is the �rst half part of Nt.

Therefore, the di�erential sheme is a speial ase of USTM where the �rst half

part of the transmission matrix is a referene. (3.16) is the fundamental di�erential

reeiver equation where Yt−1 an be seen as the hannel response at time t whih is

known to the reeiver. The sari�e is that the noise has twie the variane whih

makes the error performane slightly worse. This orresponds to the well-known re-

sult that standard single-antenna di�erential modulation su�ers from approximately

a 3-dB performane loss in e�etive SNR when the hannel is unknown versus when

it is known.

Now we analyse the pair-wise error probability of DUSTM and get the design

riteria. From (3.3), we know that the PEP performane of USTM depends on the

singular values of ΘkΘ
H
k′ and here Θk =

1√
2
[IM , Vk]. Then

ΘkΘ
H
k′ =

1

2
(IM + VkV

H
k′ ).

We denote the mth singular value of a matrix A as σm(A) and the mth eigenvalue of

matrix A as λm(A). We know that σ2
m(A) = λm(AA

H). Then we have the relation

σ2
m(ΘkΘ

H
k′) =

1

4
σ2
m(IM + VkV

H
k′ )

=
1

4
λm(2IM + VkV

H
k′ + Vk′V

H
k ).

(3.21)
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The term (1− d2kk′,m) in (3.3) an be written as:

1− d2kk′,m = 1− 1

4
λm(2IM + VkV

H
k′ + Vk′V

H
k )

=
1

4
λm(2IM − VkV

H
k′ − Vk′V

H
k )

=
1

4
σ2
m(IM − VkV

H
k′ ) =

1

4
σ2
m(Vk − Vk′).

(3.22)

This equation says that minimizing the singular values of the orrelations of the

unknown-hannel signals is equivalent to maximizing the singular values of the dif-

ferenes of the known hannel signals.

From this analysis, we an see that there are also two design riteria for DUSTM.

The �rst one is to maximize the sum of the square singular values of the di�erenes

of Vk and Vk′. We de�ne

δkk′ =

√√√√ 1

M

M∑

m=1

(
1− d2kk′,m

)
=

√√√√ 1

4M

M∑

m=1

σ2
m(Vk − Vk′) =

1√
4M

‖Vk − Vk′‖. (3.23)

Thus the �rst design riterion is to maximize the minimum value of δkk′ for all k.

This riterion an be interpreted by maximizing the the minimum Frobinius distane

between any two matries Vk and Vk′.

The seond design riterion is derived from (3.5) whih is suitable for high SNRs.

For DUSTM, ζkk′ in (3.5) beomes:

ζkk′ =

[
M∏

m=1

(1− d2kk′,m)

] 1

2M

=
1

2

[
M∏

m=1

σm(Vk − Vk′)

] 1

M

=
1

2
|det(Vk − Vk′)|

1

M .

(3.24)

The diversity produt for di�erential modulation an now be written as

ζ =
1

2
min

1≤k<k′≤K
ζkk′ =

1

2
min

1≤k<k′≤K
|det(Vk − Vk′)|

1

M . (3.25)

Therefore, this design riterion is to maximize ζ of the onstellation.

Hohwald and Sweldens proposed a yli group struture of the onstellation
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M R K ζ [u1, u2, ..., uM ]

1 1 2 1 [1℄(standard DBPSK)

2 1 4 0.7071 [1, 1℄

3 1 8 0.5134 [1, 1, 3℄

4 1 16 0.5453 [1, 3, 5, 7℄

5 1 32 0.4095 [1, 5, 7, 9, 11℄

1 2 4 0.7071 [1℄ (standard DQPSK)

2 2 16 0.3826 [1, 7℄

3 2 64 0.2765 [1, 11, 27℄

4 2 256 0.2208 [1, 25, 97, 107℄

5 2 1024 0.1999 [1, 157, 283, 415, 487℄

Table 3.1: DUSTM onstellations [27℄ for M = 1, 2, 3, 4, 5 transmit antennas and

spetral e�ieny R = 1, 2 bps/Hz. The number of signals in the onstellation is

K = 2RM
.

where Vk has the form

Vk = V k
1 , k = 0, ..., K − 1

where the generator matrix V1 is a Kth root of the unity, i.e., V K
1 = IM . The matrix

V1 is diagonal and an be written as

V1 = diag[ei(2π/K)u1 , ..., ei(2π/K)uM ], um ∈ {0, ..., K − 1}; m = 1, ...,M.

At any time, only one transmitter antenna is ative and transmitting a phase-shifted

symbol. When M = 1, the signals redue to standard DPSK. Now onsider the

design of {u1, ..., uM}. People should try to �nd {u1, ..., uM} that maximizes ζ :

ζ =
1

2
min

0≤k<k′≤K−1
|det(Vk − Vk′)|

1

M =
1

2
min

0≤k≤K−1
|det(Vk − IM)| 1

M

= min
0≤k≤K−1

∣∣∣∣∣

M∏

m=1

sin(πumk/K)

∣∣∣∣∣

1

M

.

(3.26)

Hohwald and Sweldens got the {u1, ..., uM}s for M = 1, 2, 3, 4, 5 and R = 1, 2

respetively with exhaustive omputer searhes and we show them in Table 3.1.

We present the bit error rate (BER) performane of this sheme in Fig. 3.1 and
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Fig. 3.2 for R = 1 and R = 2 respetively with the number of transmit antenna

M = 1, 2, 3, 4, 5 and the number of reeive antenna N = 1. The Rayleigh hannel

is assumed to be blok-onstant. In these simulations, the hannel H is onstant

during the transmission of one blok of 100 matries and hanges to other values

randomly for the next blok. From Fig. 3.1 we an see that for R = 1 systems,

using multiple transmit antennas an signi�antly improve the error performane.

However, in low SNR regime, the bene�ts of using multiple antennas more than 2

are not so lear. This phenomenon an also be seen for R = 2 systems, as shown in

Fig. 3.2. This is beause the sheme of Hohwald and Sweldens [27℄ is designed for

high SNR.
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Figure 3.1: BER performane of DUSTM [27℄, R = 1.
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Figure 3.2: BER performane of DUSTM [27℄, R = 2.

3.3 Di�erential spae-time blok ode

In [28, 29℄, Tarokh and Jafarkhani proposed a di�erential sheme (DSTBC) for

STBC based on Alamouti's sheme [18℄. This sheme is designed diretly from

Alamouti's STBC sheme and is easy to apply. In this sheme, the hannel is

assumed to be onstant during two suessive transmission matries as in DPSK.

3.3.1 Alamouti's STBC sheme

Consider a MIMO system with 2 transmit antennas and 1 reeive antenna. The

hannel oe�ients are perfetly estimated by the reeiver. The transmission matrix
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of Alamouti's sheme is:

X =




x11 x12

x21 x22


 =




s1 −s∗2

s2 s∗1


 , (3.27)

and the reeived matrix is:

Y = (y11, y12) = HX +W

= (h11, h12)




s1 −s∗2

s2 s∗1


+ (w11 w12) ,

(3.28)

where si is the signal seleted from a signal set, for example, PSK signal set aording

to the inoming information bits. Due to the orthogonal struture of transmission

matrix, if the hannel oe�ients are perfetly obtained by the reeiver, the esti-

mated signal of (s1, s2) are:

(s̃1, s̃2) = (y11, y
∗
12)




h∗
11 h∗

12

h12 −h11




=
(
(|h11|2 + |h12|2)s1 + h∗

11w11 + h12w
∗
12,

(|h11|2 + |h12|2)s2 − h11w
∗
12 + h∗

12w11

)
.

(3.29)

When the estimated signals above are obtained, the transmitted signal an be re-

overed as in the SISO ommuniation systems, whih is pretty simple.

3.3.2 Di�erential transmission of Alamouti's STBC sheme

Now we onsider the di�erential transmission of Alamouti's sheme. Any two

dimensions vetor S = (s3, s4) an be uniquely represented by the orthonormal basis
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given by Alamouti's sheme:



s3

s4


 = XP =




s1 −s∗2

s2 s∗1






p1

p2


 , (3.30)

where si are PSK signals seleted from the set A =
{

e2πkj/2b

√
2

|k = 0, 1, ..., 2b − 1
}

and b is the number of bits that eah signal an represent. P = (p1, p2)
T
is the

oe�ients vetor. In this ase, the transmission matrix X of Alamouti's sheme is

unitary matrix, i.e., X−1 = XH
and

P =



p1

p2


 = XH



s3

s4


 =




s∗1 s∗2

−s2 s1






s3

s4


 . (3.31)

Let (s1, s2) =
1√
2
(1, 1) and given all the possible ombinations of (s3, s4), the set P

that ontains all olumn vetors P an be determined. The set P has 22b olumn

vetors and 2b information bits are mapped onto P . Suppose that at time τ − 1,

Xτ−1 is transmitted. Then at time τ , 2b information bits are mapped onto Pτ and

the signals to be transmitted are determined by (3.30), i.e.:



s2τ+1

s2τ+2


 = Xτ−1Pτ =




s2τ−1 −s∗2τ

s2τ s∗2τ−1






p1τ

p2τ


 , (3.32)

and

Xτ =




s2τ+1 −s∗2τ+2

s2τ+2 s∗2τ+1


 = Xτ−1




p1τ −p∗2τ

p2τ p∗1τ


 (3.33)
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At the reeiver side, with 2 transmit antennas and 1 reeive antenna, we have the

relation:

Yτ =

(
y2τ+1 y2τ+2

)
= HXτ +Wτ

=

(
h11 h12

)



s2τ+1 −s∗2τ+2

s2τ+2 s∗2τ+1


+

(
w2τ+1 w2τ+2

)
.

(3.34)

This relation an be rewritten in the forms as followed:

(
y2τ+1 y∗2τ+2

)
= (s2τ+1, s2τ+2)




h11 h∗
12

h12 −h∗
11


 + (w2τ+1, w

∗
2τ+2), (3.35)

(
y2τ y∗2τ−1

)
= (s2τ−1, s2τ )




h11 h∗
12

h12 −h∗
11


+ (w2τ−1, w

∗
2τ ), (3.36)

and

(
y2τ −y∗2τ−1

)
=

(
−s∗2τ s∗2τ−1

)



h11 h∗
12

h12 −h∗
11


+ (w2τ−1, w

∗
2τ ). (3.37)

From (3.32), we know that:



p1τ

p2τ


 =




s2τ−1 −s∗2τ

s2τ s∗2τ−1




H

s2τ+1

s2τ+2




=




s∗2τ−1 s∗2τ

−s2τ s2τ−1







s2τ+1

s2τ+2


 .

(3.38)
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Combine the above four relations, we get the estimation of Pτ as

P̃τ =




y∗2τ−1 y2τ

y2τ −y∗2τ−1







y2τ+1

y∗2τ+2




= (|h11|2 + h12|2)




s∗2τ−1s2τ+1 + s∗2τs2τ+2

−s2τ+1s2τ + s2τ+2s2τ−1


+W ′,

(3.39)

where W ′
is the noise omponent. The losest vetor of P to P̃τ is believed to

be the information vetor and the inverse mapping let us obtain the information

bits. Jafarkhani and Tarokh expanded the sheme above to MIMO systems with 4

transmit antennas in [29℄ and the transmit and reeive proedure is similar.

The bit error rate (BER) performanes of DSTBC and STBC are shown in

Fig. 3.3.
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Figure 3.3: BER performane of STBC and DSTBC.
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The fading is assumed to be onstant over eah frame and vary from one frame to

another. We an see from this �gure that the BER performane of di�erential spae-

time oding sheme is about 3 dB worse than the orresponding oherent detetion

STBC sheme. Furthermore, the STBC and DSTBC shemes in the �gure ahieve

full diversity gain whih is represented by the slope of the BER urve.

DSTBC shemes are suitable for MIMO systems with up to 4 transmit antennas.

3.4 Matrix oded modulation

Matrix oded modulation or MCM is a kind of MIMO system that proposed by

A. El Arab, J-C. Carlah and M. Hélard [30, 31℄. This sheme ombines hannel

oding, modulation and spae-time oding into one funtion, and it is dediated to

non-oherent systems.

Fig. 3.4 shows a general model of the MCM sheme.

Figure 3.4: MIMO-MCM system model.

Information bits are enoded with a hannel error-orreting ode and then di-

vided into streams to be mapped diretly onto matries of omplex symbols. Take

2 × 2 non-oherent MIMO-MCM sheme as an example. Information bits, b0−3,

are oded by an error orreting ode (H(8, 4, 4) Hamming ode) and generates two

streams of oded bits c0−3 and c4−7, where c0−3 = b0−3 are the information bits and

c4−7 are 4 ontrol bits.

These two bit-streams are interleaved with (πp, πq) and mapped diretly into a

pair of invertible matries (Vα, Vβ) of size M ×M . These two matries are onseu-

tively transmitted over the M antennas by Xt = Vα and Xt+1 = Vβ. The invertible

matries should be hosen from a multipliative group G suh that: (Vα, Vβ) ∈
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(Cp, Cq) where (Cp, Cq) are two di�erent osets of G. The hoie of (πp, πq) and

(Cp, Cq) is not arbitrary. In fat, for a given pair (Vα, Vβ), the ouple (Va, Vb) ∈
(Cp, Cq) whih verify the equation

VαV
−1
a − VβV

−1
b = 0

must be unique. At the reeiver end, this relation will be used to detet the trans-

mitted matries.

3.4.1 The transmission group of MCM

The transmitted matries are seleted from the Weyl group Gw [117℄. The Weyl

group Gw is a set that ontains 12 osets (C0, C1, ..., C11). Eah oset ontains 16

invertible matries. The �rst oset is de�ned as:

C0 = α







1 0

0 1


 ,



1 0

0 −1


 ,



0 1

1 0


 ,




0 1

−1 0








(3.40)

with α ∈ {1,−1, i,−i}. The 12 osets of Gw are derived from C0 as follows:

Ck = AkC0, k = 0, 1, . . . , 11, (3.41)

where the matries Ak, k = 0, 1, . . . , 5 are respetively:

A0 =



1 0

0 1


 , A1 =



1 0

0 i


 , A2 =

1√
2



1 1

1 −1


 ,

A3 =
1√
2



1 1

i −i


 , A4 =

1√
2



1 i

1 −i


 , A5 =

1√
2



1 i

i 1


 ,

and the matries Ak, k = 6, 7, . . . , 11 are given by:

Ak+6 = ηAk, with η = (1 + i)/
√
2, k = 0, 1, . . . , 5. (3.42)
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3.4.2 MCM with Hamming blok oding

Consider a MCM system with M = 2 transmit antennas and N = 2 (also, we

an set N = 1, 3, ...) reeive antennas, and eah transmit matrix is sent during

T = M = 2 symbols. The systemati Hamming ode H(8, 4, 4) is used to enode

the information bits. The ode rate is r = 1/2 and its minimum Hamming distane

is dmin = 4. The generation equation of Hamming ode is: c = bG, where c is the

generated odeword (c0, c1, ..., c7), b is a blok of 4 information bits and G is the

generation matrix. For this speial sheme, the generation matrix is:

G =




1 0 0 0 1 1 1 0

0 1 0 0 0 1 1 1

0 0 1 0 1 0 1 1

0 0 0 1 1 1 0 1




The odeword (c0, c1, ..., c7) is mapped onto 2M×M matries (Vα, Vβ). The mapping

rule is de�ned as follows:

1. With the enoded bits (c0, c1, ..., c7), the �rst 4 information bits (c0, c1, c2, c3)

are permuted with π0: (0, 1, 2, 3) → (0, 1, 2, 3), i.e., (c0, c1, c2, c3) → (c0, c1, c2, c3)

and then mapped to a matrix Vα in the oset C0. The other 4 redundant bits

(c4, c5, c6, c7) are permuted with π2: (0, 1, 2, 3) → (1, 0, 3, 2), i.e., (c4, c5, c6, c7) →
(c5, c4, c7, c6) and then mapped to a matrix Vβ in the oset C2.

2. The hoie of the 2 permutations (π0, π2) and the 2 osets (C0, C2) is not

arbitrary. In fat, they are obtained by exhaustive searh. With the matries

(Vα, Vβ) generated above, there must be a unique solution to the equation:

VαV
−1
a − VβV

−1
b = 0,

where (Va, Vb) ∈ (Cp, Cq).

In fat, there are A4
4 = 24 di�erent kinds of permutations for π0 and π2 re-

spetively, and 24 × 24 pairs of (π0, π2). But the pairs whih satisfy the solution
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of the equation above are rare. For π0: (0, 1, 2, 3) → (0, 1, 2, 3), there are only 3

permutations π2 whih satisfy the ondition. They are: (0, 1, 2, 3) → (1, 0, 3, 2),

(0, 1, 2, 3) → (1, 2, 3, 0) and (0, 1, 2, 3) → (3, 2, 1, 0).

For example, four information bits 0001 feed into the enoder, aording to the

generation matrix, the odeword is 00011101. With the permutation (0, 1, 2, 3) →
(0, 1, 2, 3), we ompute the label (i0, i2) of the matries (Vα, Vβ) in the osets C0 and

C2:

i0 = 0 · 23 + 0 · 22 + 0 · 21 + 1 · 20 = 1

i2 = 1 · 23 + 1 · 22 + 1 · 21 + 0 · 20 = 14.

The pair of matries (Xt, Xt+1) = (Vα, Vβ) = (Vi0 , Vi2) is transmitted suessively

during 4 time slots on the two transmit antennas. The 2M×M matries (Xt, Xt+1) =

(Vα, Vβ) are reeived suessively by the N transmit antennas:

Yt = HXt +Wt

Yt+1 = HXt+1 +Wt+1

Aording to the mapping rule (the solution to the equation VαV
−1
a − VβV

−1
b = 0 is

unique), we get the deoding algorithm as follows:

(V̂a, V̂b) = arg min
(Va,Vb)∈(C0,C2)

‖YtV
−1
a − Yt+1V

−1
b ‖.

With the estimated matries and the bijetive mapping rule, the 4 information bits

are reovered.

In the study of this sheme, we found that the matries of the Weyl group

are perfetly suitable for the di�erential transmission sheme. Therefore we study

the performane of Weyl group in the di�erential MIMO systems and get some

interesting results.
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3.5 Conlusion

In this hapter, we presented the non-oherent spae-time oding/modulation

shemes whih are related to our researh. Marzetta and Hohwald proposed USTM

sheme [26℄ when they tried to analyze the apaity of MIMO systems without CSI

[25℄. Then they expanded this sheme to di�erential unitary spae-time modulation

[27℄. However, how to generate good performing onstellations of unitary matries

for both of these two shemes is not lear, espeially for systems with large number

of transmit antennas. Tarokh and Jafarkhani proposed DSTBC shemes in [28℄

based on Alamouti's STBC sheme for MIMO systems with 2 transmit antennas and

expanded the di�erential sheme to MIMO systems with 4 transmit antennas in [29℄.

This sheme is suitable for MIMO systems with less than 4 transmit antennas. A.

El Arab, J-C. Carlah and M. Hélard [30, 31℄ presented a new kind of modulation

sheme (MCM) for MIMO systems without using CSI. This sheme is just suitable

for MIMO systems with 2 transmit antennas. The expansion of this sheme to

MIMO systems with more than 2 transmit antennas is not lear and the spetral

e�ieny is limited. In the study of MCM, we found that the Weyl group an be

used in DSTM shemes.
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4
New di�erential spae-time modulation with 2

transmit antennas

In this hapter, we propose our new di�erential spae-time modulation sheme

based on the Weyl group and the simulation results are analyzed. This sheme an

be used for MIMO systems with 2n, n = 1, 2, ... transmit antennas. We present here

DSTM shemes with 2 transmit antennas in this hapter. For MIMO systems with

2 transmit antennas, the information matries are elements of the Weyl group whih

is a speial ase of Lie group with �nite order. Gray mapping is used to improve the

BER performane. Furthermore, the BER performane an be improved by seleting

the set with the best distane spetrum, whih is a design riterion of DSTM shemes.

The seond design riterion whih is based on the diversity produt is also analysed.

We ompare our shemes with DSTBC in [28, 29℄ and DUSTM shemes in [27℄ and

show the advantages of our shemes.

4.1 General Model of Di�erential Spae-Time Mo-

dulation System

The di�erential MIMO system model is based on the fundamental equation (2.59)

disussed in Chapter 2 and the sheme disussed in Setion 3.2. In the di�erential

spae-time modulation systems, one vetor of information bits is mapped onto a

matrix V in the andidate set P aording to a mapping rule. The dimension of the

transmitted matrix X is M × T . For simpliity, we assume that T = M . Of ourse,
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this sheme an be extended to MIMO systems with T > M or T < M . However,

this extension introdues some ompliations and we will not disuss this situation

here. For example, the transmitter sends a referene matrixX0 = V0 at time τ0. The

�rst vetor of the information bits is mapped onto the information matrix Vτ1 and

the seond blok is mapped onto Vτ2 et. The fundamental di�erential transmission

relation is:

Xτ+1 = XτViτ+1
, τ = 0, 1, . . . (4.1)

Therefore, at the transmitter end, the sequene of transmitted matries is:

X0 = V0,

X1 = X0Vi1 = V0Vi1 ,

X2 = X1Vi2 = V0Vi1Vi2,

. . .

Xτ = Xτ−1Viτ = V0Vi1 . . . Viτ ,

. . .

At the reeiver side, the N antennas reeive a matrix stream Y0, . . . , Yτ , Yτ+1, . . . .

We know that

Yτ = HτXτ +Wτ (4.2)

and

Yτ+1 = Hτ+1Xτ+1 +Wτ+1 (4.3)

Based on the di�erential transmission equation (4.1) and with the assumption that

the fading oe�ients are onstant during the transmission of two suessive matri-

es,i.e., Hτ = Hτ+1 = H , we get

Yτ+1 = HXτ+1 +Wτ+1 = HXτViτ+1
+Wτ+1

= (Yτ −Wτ )Viτ+1
+Wτ+1 = YτViτ+1

+Wτ+1 −WτViτ+1

= YτViτ+1
+W

′

τ+1,

(4.4)

where W
′

τ+1 = Wτ+1 −WτViτ+1
.
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Therefore, to estimate the information matrix, the maximum likelihood demo-

dulator is

V̂iτ+1
= argmin

V ∈P
‖Yτ+1 − YτV ‖

= argmin
V ∈P

Tr{(Yτ+1 − YτV )H(Yτ+1 − YτV )}

= argmax
V ∈P

Tr{Re(Y H
τ+1YτV )}.

(4.5)

One the information matrix is obtained, the information bits an be reovered by

the inverse mapping rule.

4.2 The onstellation for MIMO systems with 2 trans-

mit antennas

In our sheme, the information matries are derived from the Weyl group used

in [30, 31℄. The Weyl group Gw is a set that ontains 12 osets

(
C0, C1, . . . , C11

)
.

Eah oset ontains 16 invertible matries. The �rst oset is de�ned as:

C0 = α





M0 =



1 0

0 1


 ,M1 =



1 0

0 −1


 ,M2 =



0 1

1 0


 ,M3 =




0 1

−1 0








,

(4.6)

with α ∈ {1,−1, i,−i}. The 12 osets of Gw are derived from C0 as follows:

Ck = AkC0, k = 0, 1, . . . , 11, (4.7)

where the matries Ak, k = 0, 1, . . . , 5 are respetively:

A0 =



1 0

0 1


 , A1 =



1 0

0 i


 , A2 =

1√
2



1 1

1 −1


 ,

A3 =
1√
2



1 1

i −i


 , A4 =

1√
2



1 i

1 −i


 , A5 =

1√
2



1 i

i 1


 ,
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and the matries Ak, k = 6, 7, . . . , 11 are given by:

Ak+6 = ηAk, with η = (1 + i)/
√
2, ∀k = 0, 1, . . . , 5. (4.8)

There are 192 matries in this group, and we number the matries as M0,M1,

. . . ,M191:

Mk+4 = −Mk, Mk+8 = iMk, Mk+12 = −iMk, k = 0, ..., 3.

M16l+j = Al ×Mj , l = 0, ..., 11. j = 0, ..., 16.
(4.9)

Furthermore, they are all unitary matries, i.e., the inverse of the matrix is equal

to the onjugate transpose of the matrix and the matrix obeys the power onstraint

(2.60).

The matries of the Weyl Group an be seen as 192 points distributed in the

omplex matries sphere.

We de�ne the distane between two matries Ma and Mb as in (2.82):

D(Ma,Mb) = ‖Ma −Mb‖. (4.10)

We an see that D(Ma,Mb) = D(Mb,Ma). Therefore, there are 191×192/2 = 18336

values D(Ma,Mb) with 0 ≤ a < b ≤ 191. However, for any value a, the distribution

of the 191 values D(Ma,Mb) with b 6= a is the same, as shown in Fig. 4.1 and

Table 4.1. For C0, this distribution is given in Fig. 4.2.

Remark If A is an n × n unitary matrix, i.e., AAH = AHA = In, the Frobinous

norm of A, ‖A‖ =
√

Tr(AAH) =
√

Tr(AHA) =
√
n. ∀ Ma,Mb ∈ C0, ‖Ma −Mb‖ =

√
Tr[(Ma −Mb)H(Ma −Mb)]. Sine all the osets are generated from C0 by multi-

plying speial unitary matriesAk, the distane between AkMa and AkMb is ‖AkMa−
AkMb‖ =

√
Tr[(Ma −Mb)HA

H
k Ak(Ma −Mb)] =

√
Tr[(Ma −Mb)H(Ma −Mb)] =

‖Ma − Mb‖. Therefore, the distane spetrum of eah oset of the Weyl group

is exatly the same as the spetrum of C0.

Consider a MIMO system with M = 2 transmit antennas and N = 2 reeive

antennas. Eah transmit matrix is sent during T = 2 symbol durations. The
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Table 4.1: The distane spetrum for an arbitrary matrix in Gw.
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Figure 4.1: Distane spetrum of Weyl group.

number of reeive antennas is arbitrary, i.e. we an set N = 1, 2, 3, . . . . As there

are K = 192 matries in the Weyl group Gw, for MIMO systems with 2 transmit

antennas, the maximum spetral e�ieny we an get is R = 1
M
⌊log2K⌋ = 3.5

bps/Hz. We present the DSTM MIMO systems with R = 2 bps/Hz and R = 1, 3

bps/Hz respetively.
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Figure 4.2: Distane spetrum of oset C0

4.3 Spetral e�ieny R = 2 bps/Hz

With the number of transmit antennas M = 2 and T = M = 2, for spetral

e�ieny R = 2 bps/Hz, eah transmission matrix should arry RT = 4 bits and

a set with 2RT = 16 matries are needed. We selet the set with the maximized

minimum distane to map the information bits. Consider a group with K matries

V1, ..., VK , the minimum distane of the group is de�ned as:

δ = min
1≤k<k′≤K

‖Vk − Vk′‖. (4.11)

The best group should have the maximized δ. We an see that the minimum distane

of the matries in C0 is 2 whih is maximized for all possible sets with 16 matries in

Weyl group. We say that C0 is the best set. Sine the other 11 osets have exatly

the same distane spetrum as C0, they are also the best sets.

Furthermore, we an see that the onstellation of the osets C0, C1 is 4PSK
⋃{0}

and the onstellation of C6 and C7 is 4PSK with a phase shift π/4
⋃{0}. At eah
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transmission time, only one of the antenna is ative and transmit a symbol with

energy 1. When the osets C2, ..., C5 and C8, ..., C11 are used, the energy of the

transmitted symbol is half of the energy of the transmitted symbol seleted from

the osets C0, C1, C6 and C7. At eah transmission time, both antennas are ative.

Therefore, in real systems, we prefer to use the osets C2, ..., C5 and C8, ..., C11 as

the information group so that the ampli�er will work e�iently with low-power level

signal.

In our researh, for simpliity we use C0 as the andidate information set. We

use a general mapping rule from the information bits to the transmit matries, as

shown is Table 4.2. The distanes between eah of the matrix in C0 are shown in

Table. 4.3.

Information bits Matrix in oset C0

0000 M0 = ( 1 0
0 1 )

0001 M1 = ( 1 0
0 −1 )

0010 M2 = ( 0 1
1 0 )

0011 M3 = ( 0 1
−1 0 )

0100 M4 = (−1 0
0 −1 )

0101 M5 = (−1 0
0 1 )

0110 M6 = ( 0 −1
−1 0 )

0111 M7 = ( 0 −1
1 0 )

1000 M8 = ( i 0
0 i )

1001 M9 = ( i 0
0 −i )

1010 M10 = ( 0 i
i 0 )

1011 M11 = ( 0 i
−i 0 )

1100 M12 = (−i 0
0 −i )

1101 M13 = (−i 0
0 i )

1110 M14 = ( 0 −i
−i 0 )

1111 M15 = ( 0 −i
i 0 )

Table 4.2: The general mapping rule from the information bits to oset C0.



106 Chapter 4. New di�erential spae-time modulation with 2 transmit antennas

Notie that:

{M4,M5,M6,M7} = −{M0,M1,M2,M3}

{M8,M9,M10,M11} = i {M0,M1,M2,M3}

{M12,M13,M14,M15} = −i {M0,M1,M2,M3}.

(4.12)

At time τ = 0, we transmit a referene matrix X0 = M0 = ( 1 0
0 1 ).

Suppose that at time τ , Xτ is transmitted. At time τ+1, a vetor of 4 information

bits arrives. These bits are mapped onto one of the matries Miτ+1
= Ma of the

oset C0, and then

Xτ+1 = XτMiτ+1
(4.13)

is transmitted.

The maximum likelihood demodulator is

M̂iτ+1
= arg min

M∈C0

‖Yτ+1 − YτM‖

= arg max
M∈C0

Tr{Re(Y H
τ+1YτM)}.

(4.14)

as shown in the Setion. 4.1.

We ompare the performane of our new sheme with those of DSTBC [28℄ and

DUSTM [27℄. The simulation results are shown in Fig. 4.3. In these simulations, as

in [28℄, the step hannel model is used. In this model, the hannel matrix is onstant

during the transmission of L (L = Tc/Ts) symbols, and hange randomly to another

onstant hannel matrix for the next L symbols.

We �nd that for MIMO systems with 2 transmit antennas, our new sheme

performs worse than Tarokh's DSTBC sheme [28℄. This is beause the deoding

method of our sheme is a general maximum likelihood deoding without any pre-

proess, while the variable used to deode in [28℄ is linearly saled by the hannel

oe�ients due to some pre-proess. However, our new sheme performs better than

the orresponding DUSTM sheme [27℄ when SNR is less than 14 dB. This is beause

the DUSTM sheme is designed for large SNR environments aording to the seond

design riterion de�ned in (3.25).
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Distanes M0 M1 M2 M3 M4 M5 M6 M7 M8 M9 M10 M11 M12 M13 M14 M15

M0 0 2 2 2 2
√
2 2 2 2 2 2 2 2 2 2 2 2

M1 2 0 2 2 2 2
√
2 2 2 2 2 2 2 2 2 2 2

M2 2 2 0 2 2 2 2
√
2 2 2 2 2 2 2 2 2 2

M3 2 2 2 0 2 2 2 2
√
2 2 2 2 2 2 2 2 2

M4 2
√
2 2 2 2 0 2 2 2 2 2 2 2 2 2 2 2

M5 2 2
√
2 2 2 2 0 2 2 2 2 2 2 2 2 2 2

M6 2 2 2
√
2 2 2 2 0 2 2 2 2 2 2 2 2 2

M7 2 2 2 2
√
2 2 2 2 0 2 2 2 2 2 2 2 2

M8 2 2 2 2 2 2 2 2 0 2 2 2 2
√
2 2 2 2

M9 2 2 2 2 2 2 2 2 2 0 2 2 2 2
√
2 2 2

M10 2 2 2 2 2 2 2 2 2 2 0 2 2 2 2
√
2 2

M11 2 2 2 2 2 2 2 2 2 2 2 0 2 2 2 2
√
2

M12 2 2 2 2 2 2 2 2 2
√
2 2 2 2 0 2 2 2

M13 2 2 2 2 2 2 2 2 2 2
√
2 2 2 2 0 2 2

M14 2 2 2 2 2 2 2 2 2 2 2
√
2 2 2 2 0 2

M15 2 2 2 2 2 2 2 2 2 2 2 2
√
2 2 2 2 0

Table 4.3: The distanes between the matries in C0.
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Figure 4.3: Comparison of performanes of MIMO systems with 2 transmit antennas

and 2 reeive antennas. These three sheme are DSTBC [28℄ with 4PSK, our new

DSTM with oset C0 (general mapping rule) and DUSTM [27℄.

4.3.1 Gray mapping

In fat, aording to our measure rule (Frobenius distane), the matries of the

Weyl group an be seen as the points distributed on the surfae of a high dimension

sphere. The distane between M0 and M4 is the largest (the diameter of the sphere,

i.e., 2
√
2), as shown in Fig.4.4. The distanes between M0 and all other 14 matries

in oset C0 are equal, that is 2, as shown in Fig. 4.2 and Table 4.3.

We suppose to use a mapping rule like Gray mapping to improve the BER perfor-

mane. As shown in Table 4.3 and (4.12), for eah matrix, there is only 1 maximum

distane and the others are the same. We map the pair of matries with maximum

distane to the pair of bit vetors that have the largest Hamming distane. The new

mapping rule is shown in Table 4.4. The simulation result of this new mapping is

shown in Fig. 4.5. We an see that the BER performane an be slightly improved
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Figure 4.4: Position of the matries M0 and M4 on the surfae of a sphere.
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Figure 4.5: Simulation results of DSTM with oset C0 (new mapping rule).

by Gray mapping.
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Information bits Matrix in oset C0

0000 M0

0001 M1

0011 M2

0010 M3

1111 M4

1110 M5

1100 M6

1101 M7

0110 M8

0100 M9

0101 M10

0111 M11

1001 M12

1011 M13

1010 M14

1000 M15

Table 4.4: Gray mapping rule from the information bits onto the matries in oset

C0.

4.3.2 Justi�ation of the design riterion

4.3.2.1 The design riterion based on distane

In order to further investigate the e�et of distane spetrum to the performane

of DSTM MIMO systems, we onstrut a new set S = Cr
0 ∪ A1C

r
0 as an alternative

to C0. The set Cr
0 ontains the 8 real matries of C0 and A1C

r
0 is the set obtained

by multiplying A1 with the matries of Cr
0 . As the set C0, the set S ontains 8

ouples (Ma,Mb) with D(Ma,Mb) = ||Ma −Mb|| = 2
√
2, the greatest distane be-

tween 2 matries of GW . If we onsider 2 ouples (Ma,Mb) and (Mc,Md) of C0, with

D(Ma,Mb) = D(Mc,Md) = 2
√
2, we have D(Ma,Mc) = D(Ma,Md) = D(Mb,Mc) =

D(Mb,Md) = 2, while for the set S, if D(Ma,Mb) = D(Mc,Md) = 2
√
2 with

Ma,Mb ∈ Cr
0 andMc,Md ∈ A1C

r
0 , then [D(Ma,Mc)D(Mb,Md)D(Mb,Mc)D(Ma,Md)] =

[
√
2
√
2
√
6
√
6]. The distane table is shown in Table 4.5. We an see that the

minimum distane of this set is

√
2 whih is less than the minimum distane of the

set C0. As shown in Fig.4.6, the results obtained for S is slightly worse than that of

C0. This simulation justi�es our �rst design riterion based on distane. Therefore,
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Figure 4.6: Comparison of di�erential spae-time sheme for 2 transmit antennas

and 2 reeive antennas R = 2 with di�erent set.

for M = 2 and R = 2 bps/Hz MIMO systems, we selet one of the 12 osets of Weyl

group as the information group.

4.3.2.2 The design riterion based on diversity produt

We know that there is a seond design riterion alled maximizing the diversity

produt as in (3.25). We selet a set whih has the maximized diversity produt in

the Weyl Group. The seleted set Sd is:

{M0,M4,M3,M7,M9,M13,M10,M14,M144,M148,M147,M151,M153,M157,M154,M158}.

The diversity produt of this set is 0.5 whih is greater than the orresponding

diversity produt 0.3826 in DUSTM sheme [27℄. We ompare the BER performanes

of this set, C0 and the DUSTM sheme. The simulation produt is shown in Fig. 4.7.

We an see that the BER performane with this new set Sd is better than the other



1
1

2

C

h

a

p

t

e

r

4

.

N

e

w

d

i

�

e

r

e

n

t

i

a

l

s

p

a



e

-

t

i

m

e

m

o

d

u

l

a

t

i

o

n

w

i

t

h

2

t

r

a

n

s

m

i

t

a

n

t

e

n

n

a

s

Distanes M0 M1 M2 M3 M4 M5 M6 M7 A1M0 A1M1 A1M2 A1M3 A1M4 A1M5 A1M6 A1M7

M0 0 2 2 2 2
√
2 2 2 2

√
2

√
2 2 2

√
6

√
6 2 2

M1 2 0 2 2 2 2
√
2 2 2

√
2

√
2 2 2

√
6

√
6 2 2

M2 2 2 0 2 2 2 2
√
2 2 2 2

√
2

√
2 2 2

√
6

√
6

M3 2 2 2 0 2 2 2 2
√
2 2 2

√
2

√
2 2 2

√
6

√
6

M4 2
√
2 2 2 2 0 2 2 2

√
6

√
6 2 2

√
2

√
2 2 2

M5 2 2
√
2 2 2 2 0 2 2

√
6

√
6 2 2

√
2

√
2 2 2

M6 2 2 2
√
2 2 2 2 0 2 2 2

√
6

√
6 2 2

√
2

√
2

M7 2 2 2 2
√
2 2 2 2 0 2 2

√
6

√
6 2 2

√
2

√
2

A1M0

√
2

√
2 2 2

√
6

√
6 2 2 0 2 2 2 2

√
2 2 2 2

A1M1

√
2

√
2 2 2

√
6

√
6 2 2 2 0 2 2 2 2

√
2 2 2

A1M2 2 2

√
2

√
2 2 2

√
6

√
6 2 2 0 2 2 2 2

√
2 2

A1M3 2 2

√
2

√
2 2 2

√
6

√
6 2 2 2 0 2 2 2 2

√
2

A1M4

√
6

√
6 2 2

√
2

√
2 2 2 2

√
2 2 2 2 0 2 2 2

A1M5

√
6

√
6 2 2

√
2

√
2 2 2 2 2

√
2 2 2 2 0 2 2

A1M6 2 2

√
6

√
6 2 2

√
2

√
2 2 2 2

√
2 2 2 2 0 2

A1M7 2 2

√
6

√
6 2 2

√
2

√
2 2 2 2 2

√
2 2 2 2 0

Table 4.5: The distanes between the matries in S.
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two shemes. At the BER level of 10−3
, it is 2 dB better than the orresponding

DUSTM sheme and 3 dB better than the DSTM sheme with set C0.
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Figure 4.7: Comparison of DSTM for di�erent sets from di�erent design riteria. 2

transmit antennas, 2 reeive antenna and R = 2 bps/Hz.

4.4 Spetral e�ieny R = 1 and 3 bps/Hz

4.4.1 R = 1 bps/Hz

Now, we onsider the group used for R = 1 bps/Hz. With the number of transmit

antennas M = 2, T = M , RT = 2 bits are transmitted during 2 symbols time-

durations and 2RT = 4 matries are needed. Aording to the maximizing the

minimum distane design riterion, we selet the pair M0 = ( 1 0
0 1 ) and M4 = −M0

whih has the maximun distane as the �rst two matries. Then we try to selet the

other two matries that have the maximized minimum distane with M0 and M4.

We suppose the two matries are Ml and −Ml (in our de�nition here, Ml+4 = −Ml)
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whih has the maximun distane 2
√
2. We �nd that, for a general matrix Ml, if the

distane between M0 and Ml is greater than 2, the distane between M4 and Ml

is less than 2. Therefore we should selet the matries that have distane 2 with

M0 and M4. From the distane spetrum of Gw, suh as Table 4.1, we know that

there are 102 matries (51 pairs) that have distane 2 with M0 and M4. Then we

use the seond design riterion (3.25), i.e. maximize the diversity produt, to selet

the pair of matries from the 51 pairs. We �nd 10 pairs of matries in the 51 pairs

that have the maximized diversity produt

√
2
2
with M0 and M4. They are (M3,M7),

(M8,M12), (M9,M13), (M10,M14), (M40,M44), (M43,M47), (M83,M87), (M89,M93),

(M114,M118) and (M123,M127).

Based on the analysis above, we selet the set {M0,M4,M8,M12} as the infor-

mation group for the spetrum R = 1 bps/Hz. This group is exatly the same as the

group used in DUSTM sheme in Table 3.1. We ompare the BER performanes for

di�erent mapping rule, i.e., general mapping and Gray mapping. The two mapping

rules are shown in Table 4.6. The BER performanes for di�erent mapping rules are

Information bits Gray mapping general mapping

00 M0 M0

01 M8 M4

11 M4 M12

10 M12 M8

Table 4.6: Mapping rules from the information bits onto the matries in group

{M0,M4,M8,M12}.

shown in Fig. 4.8. We an see that with Gray mapping the BER performane an

be about 0.5 dB improved.

4.4.2 R = 3 bps/Hz

For DSTM sheme with M = 2 transmit antennas and spetral e�ieny R = 3

bps/Hz, the information set should have 2RM = 64 matries. We selet the �rst

64 matries in the Weyl group as the information group and the simulation result

is shown in Fig. 4.9. For all possible sets with 64 matries seleted from Gw, the

minimum diversity produt is 0 and the minimum distane is

√
4− 2

√
2 = 1.0824.
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Figure 4.8: Comparison of DSTM for general mapping and Gray mapping. 2 trans-

mit antennas, 1 reeive antenna and R = 1 bps/Hz.

Therefore, all the sets with 64 matries seleted from Gw are best sets aording the

two design riteria.

4.5 Conlusion

In this hapter, we presented a new DSTM sheme based on the Weyl group.

MIMO systems with 2 transmit antennas are onsidered.

For spetrum e�ieny R = 2 bps/Hz, all of the the 12 osets

(
C0, C1, . . . , C11

)

of the Weyl group are the best sets if the �rst design riterion is onsidered. In real

systems, we prefer to use the osets C2, ..., C5 and C8, ..., C11 as the information group

so that the ampli�er will work e�iently with low-power level signal. Our sheme

performs better than the orresponding DUSTM sheme with SNR less than 14 dB.

We also examined this new sheme with Gray mapping and the simulation results
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Figure 4.9: DSTM with 2 transmit antennas, 2 reeive antenna and R = 3 bps/Hz.

show that the improvement for BER performane is negligible. Considering the

seond design riterion, we selet a new best information set and simulation result

shows that this set performs better than the best set seleted from the �rst design

riterion.

We aslo give the best sets for spetrum e�ienies R = 1 and R = 3 bps/Hz.



5
New DSTM with 4 and 8 transmit antennas

In this hapter, we expand our new DSTM sheme to MIMO systems with 4 and

8 transmit antennas. In fat, with Kroneker produt, our sheme an be expanded

to MIMO systems with 2n (n = 2, 3, ...) transmit antennas. The BER performane

for MIMO systems with 4 and 8 transmit antennas is shown in this hapter.

5.1 Di�erential MIMO systems with 4 transmit an-

tennas

To design a MIMO system with 4 transmit antennas, the Kroneker produt is

used to expand the Weyl group.

The Kroneker produt of two arbitrary matries A and B is de�ned as:

A⊗ B =




a11B · · · a1nB

.

.

.

.

.

.

.

.

.

am1B · · · amnB




(5.1)

where A is an m × n matrix, B is a p × q matrix and the resulting matrix is an

mp × nq matrix. In general, A ⊗ B 6= B ⊗ A. The Kroneker produt has the

properties:
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1. A⊗B is invertible if and only if A and B are invertible:

(A⊗ B)−1 = A−1 ⊗B−1
(5.2)

2. The operation of transposition is distributive over the Kroneker produt:

(A⊗B)T = AT ⊗ BT
(5.3)

3. The Kroneker produt is linear and assoiative:

A⊗ (αB + βC) = αA⊗ B + βA⊗ C,

(A⊗ B)⊗ C = A⊗ (B ⊗ C)
(5.4)

4. The Kroneker produt is not ommutative:

A⊗ B 6= B ⊗A (5.5)

If we ombine the Kroneker produt and the distane between two matries,

two theorems are stated and proved.

Theorem 5.1.1. Consider the omplex matries A, B of size p×q and M a omplex

matrix of size m× n. If ‖M‖ is the Frobenius norm of the matrix M , i.e.,

‖M‖ =

√√√√
m∑

i=1

n∑

j=1

mijm
∗
ij

and D(A,B) = ‖A−B‖, then:

D(M ⊗ A,M ⊗ B) = ‖M‖ ·D(A,B). (5.6)
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Proof. We have:

D(M ⊗ A,M ⊗B) = ‖M ⊗ A−M ⊗B‖ = ‖M ⊗ (A− B)‖

=

√∑

ij

∑

kl

[mij(akl − bkl)][mij(akl − bkl)]∗

=

√∑

ij

mijm∗
ij

∑

kl

[(akl − bkl)][(akl − bkl)]∗

= ‖M‖ · ‖A− B‖ = ‖M‖ ·D(A,B).

Theorem 5.1.2. If M is a non-null omplex matrix of size m× n and A, B, C, D

are omplex matries of size p× q, then

D(A,B) < D(C,D) ⇒ D(M ⊗ A,M ⊗B) < D(M ⊗ C,M ⊗D). (5.7)

Proof. If D(A,B) < D(C,D) and ‖M‖ > 0, using the �rst theorem, we have:

D(M ⊗ C,M ⊗D)−D(M ⊗ A,M ⊗B) = ‖M‖ ·D(C,D)− ‖M‖ ·D(A,B)

= ‖M‖(D(C,D)−D(A,B)) > 0.

With the assumption M = T , for MIMO systems with 4 transmit antennas, 4×4

transmit matries should be used.

Using the Kroneker produt between eah ouple of 2× 2 matries of the Weyl

group, 4 × 4 matries are obtained. There are 192×192 matries in this set among

whih only K = 4608 matries are distint. They are denoted N0, N1, . . . , N4607.

The set of these matries is also a group denoted by Gw4. We have the de�nition

Gw4 = Gw ⊗Gw. The maximum spetral e�ieny we an get with suh 4 transmit

antennas systems is then R = 1
M
⌊log2K⌋ = 1

4
⌊log2 4608⌋ = 3 bps/Hz.
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5.1.1 Spetral e�ieny R = 1 bps/Hz

To design a sheme for R = 1 bps/Hz, we need an information set with 2RM = 16

matries. We onsider the �rst design riterion. We know that oset C0 is one of

the best sets for MIMO systems with 2 transmit antennas. We make the Kroneker

produts between the �rst matrix M0 = ( 1 0
0 1 ) of C0 and all the matries in C0 to

get a set C00. Aording to the Theorem 5.1.2, C00 is a best set for MIMO systems

with 4 transmit antennas beause C0 is the best set of 16 matries in Gw.

C00 = M0 ⊗ C0. (5.8)

That is,

C00 = α{




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




,




1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 −1




,




0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0




,




0 1 0 0

−1 0 0 0

0 0 0 1

0 0 −1 0




}

where α ∈ {1,−1, i,−i}. The minimum distane of the matries in C00 is 2
√
2 and

the distane spetrum of C00 is shown in Table 5.1.

Remark We have ‖Mi‖ =
√
2, ∀M ∈ Gw (Weyl group). Therefore, using M0 =

[ 1 0
0 1 ] in order to reate C00 ⊂ Gw4 generate a set of matries having the same distane

spetrum like any other matrix M ∈ Gw. Hene, using M0 is as good as using any

other matrix of Gw.
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1
2

1

Distanes N0 N1 N2 N3 N4 N5 N6 N7 N8 N9 N10 N11 N12 N13 N14 N15

N0 0 2
√
2 2

√
2 2

√
2 4 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2

N1 2
√
2 0 2

√
2 2

√
2 2

√
2 4 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2

N2 2
√
2 2

√
2 0 2

√
2 2

√
2 2

√
2 4 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2

N3 2
√
2 2

√
2 2

√
2 0 2

√
2 2

√
2 2

√
2 4 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2

N4 4 2
√
2 2

√
2 2

√
2 0 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2

N5 2
√
2 4 2

√
2 2

√
2 2

√
2 0 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2

N6 2
√
2 2

√
2 4 2

√
2 2

√
2 2

√
2 0 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2

N7 2
√
2 2

√
2 2

√
2 4 2

√
2 2

√
2 2

√
2 0 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2

N8 2
√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 0 2

√
2 2

√
2 2

√
2 4 2

√
2 2

√
2 2

√
2

N9 2
√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 0 2

√
2 2

√
2 2

√
2 4 2

√
2 2

√
2

N10 2
√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 0 2

√
2 2

√
2 2

√
2 4 2

√
2

N11 2
√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 0 2

√
2 2

√
2 2

√
2 4

N12 2
√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 4 2

√
2 2

√
2 2

√
2 0 2

√
2 2

√
2 2

√
2

N13 2
√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 4 2

√
2 2

√
2 2

√
2 0 2

√
2 2

√
2

N14 2
√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 4 2

√
2 2

√
2 2

√
2 0 2

√
2

N15 2
√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 2

√
2 4 2

√
2 2

√
2 2

√
2 0

Table 5.1: The distanes between the matries in C00.
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Four information bits are viewed as an information vetor. The vetor is mapped

to one of the 16 matries in C00 as an information matrix and the mapping rule is

shown in Table 5.2. One the matrix is obtained, it is used to di�erentially modulate

the previous transmitted matrix to get the urrent transmission matrix.

Information bits Matrix in oset C00

0000 N0 =

(
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

)

0001 N1 =

(
1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

)

0010 N2 =

[
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

]

0011 N3 =

(
0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

)

0100 N4 =

( −1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

)

0101 N5 =

( −1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1

)

0110 N6 =

(
0 −1 0 0
−1 0 0 0
0 0 0 −1
0 0 −1 0

)

0111 N7 =

(
0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

)

1000 N8 =

(
i 0 0 0
0 i 0 0
0 0 i 0
0 0 0 i

)

1001 N9 =

(
i 0 0 0
0 −i 0 0
0 0 i 0
0 0 0 −i

)

1010 N10 =

(
0 i 0 0
i 0 0 0
0 0 0 i
0 0 i 0

)

1011 N11 =

(
0 i 0 0
−i 0 0 0
0 0 0 i
0 0 −i 0

)

1100 N12 =

( −i 0 0 0
0 −i 0 0
0 0 −i 0
0 0 0 −i

)

1101 N13 =

( −i 0 0 0
0 i 0 0
0 0 −i 0
0 0 0 i

)

1110 N14 =

(
0 −i 0 0
−i 0 0 0
0 0 0 −i
0 0 −i 0

)

1111 N15 =

(
0 −i 0 0
i 0 0 0
0 0 0 −i
0 0 i 0

)

Table 5.2: The general mapping rule from the information bits to subset C00.
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The onstellation of the modulation of this sheme (i.e., the possible value of the

matries' elements) is {±1,±i, 0} whih orresponds to QPSK ∪0, and the spetral

e�ieny is 1 bps/Hz. The simulation result is shown in Fig.5.1.

The simulation parameters are similar to the parameters used for DSTM shemes

with 2 transmit antennas. The hannel matrix whih is onstant during the trans-

mission of L (L = Tc/Ts) symbols, and hange randomly to another onstant hannel

matrix for the next L symbols is used. For omparison, the 4×1 DSTBC sheme [29℄

with modulation BPSK has the same spetral e�ieny. The DUSTM sheme with

4 transmit antennas, 1 reeive antenna and spetral e�ieny R = 1 bps/Hz is also

shown here. We an see that similar to the shemes shown in Fig. 4.3, our new

sheme with the �rst design riterion is not better than the other two shemes.
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Figure 5.1: Comparison of DSTBC [29℄, DUSTM [27℄ and our new DSTM sheme

(M=4, N=1, R=1).

Now, we analyze the seond design riterion: maximizing the diversity produt.

The diversity produt is de�ned based on the determinent of the di�erene of the
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information matries. Consider the omplex matries A, B of size p× p and M of

size q × q. The determinent of M ⊗ A is

det(M ⊗ A) = [det(M)]p × [det(A)]q. (5.9)

We know that

| det(Mi)| = 1, ∀Mi ∈ Gw. (5.10)

Thus, for all the matries in the Weyl group, we have:

| det(Mi ⊗ (A− B))| = | det(Mi)|p × | det(A− B)|q = | det(A−B)|2. (5.11)

We selet a set whih has a maximized diversity produt from Gw4 by hand. It

is:

Sdiv =M0 ⊗ {M0,M4,M3,M7,M9,M13,M10,M14}

∪ M1 ⊗ {M33,M37,M34,M38,M40,M44,M43,M47}.
(5.12)

The diversity produt of this new set is ζ = 1
2
min0≤k<k′≤16 |det(Vk − Vk′)|

1

M =

0.5946, Vk ∈ Sdiv. The minimum distane of this new set is also 2
√
2. The sim-

ulation result is shown in Fig. 5.2. We an see that the DSTM sheme with set Sdiv

performs about 1 dB better than the DUSTM sheme at the BER level 10−3
and

slightly better than DSTBC sheme when SNR is greater than 10 dB.

5.1.2 DSTM for 4 transmit antennas with new mapping rule

Like the mapping rule used for 2 two transmit antennas, we an use the similar

mapping rule for this sheme. For the �rst 16 matries, there are also the relations:

{N4, N5, N6, N7} = −{N0, N1, N2, N3}

{N8, N9, N10, N11} = i {N0, N1, N2, N3}

{N12, N13, N14, N15} = −i {N0, N1, N2, N3}.

(5.13)
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Figure 5.2: Comparison of DSTBC [29℄, DUSTM [27℄ and new DSTM sheme with

set Sdiv (M=4, N=1, R=1).

We an see that the pairs of matries in the �rst and the third rows have the maximun

distanes. Gray mapping rule an be used for this sheme. Like the mapping rule

used in Table 4.2 and Table 4.4, we show Gray mapping rules Table 5.3. We use

this mapping rule onsidering that, the binary vetors with the greatest Hamming

distane, i.e., 4, orresponding to the matries that have the greatest Eulidean

distane, i.e., 4. The bit bloks with Hamming distane less than 4, orresponding

to the matries that have the smallest Eulidean distane, i.e., 2
√
2.

We get the BER performane for 4 transmit antennas with Gray mapping. The

simulation result is shown in Fig. 5.3. We an see that with this new mapping rule,

the BER performane an be slightly improved. However, the improvement is limit.

This is beause there are only 2 di�erent distanes in the distane spetrum.
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Information bits Matrix in oset C00

0000 N0

0001 N1

0011 N2

0010 N3

1111 N4

1110 N5

1100 N6

1101 N7

0110 N8

0100 N9

0101 N10

0111 N11

1001 N12

1011 N13

1010 N14

1000 N15

Table 5.3: The Gray mapping rule from the information bits to set C00.

5.1.3 DSTM for 4 transmit antennas with higher spetral

e�ienies (R=2 and R=3)

Furthermore, there are K = 4608 distint matries in the group Gw4. The

maximum spetral e�ieny we an get is R = 1
M
⌊log2K⌋ = 1

4
⌊log2 4608⌋ = 3

bps/Hz.

For the spetral e�ieny R = 2 bps/Hz, RM = 8 bits should be transmitted in

4 symbol duration times. The information bits are mapped onto one of the 28 = 256

matries. We selet the �rst 256 matries from Gw4 as the andidate transmission

set S1.

For R = 3 bps/Hz, we should transmit 12 bits in 4 symbol duration times. Simi-

larly, we selet the �rst 212 = 4096 matries from Gw4 as the andidate transmission

set. The seletion of the matries is arbitrary. The simulation results with di�er-

ent spetral e�ienies are shown in Fig.5.4. As for R = 3 bps/Hz, the DUSTM

sheme [27℄ didn't give us a sheme for it and we didn't make a omparison here.
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Figure 5.3: Comparison of di�erent mapping rule for DSTM (M=4, N=1, R=1)

with set C00.

We then try to improve the BER performane for R = 2 bps/Hz with the two

design riteria. First, we resort to the distane spetrum design riterion to improve

the BER performane. The minimum distane of the �rst 256 matries of group Gw4

is 1.5307. We then try to maximize the minimun distane. We selet a set whih

has minimun distane 2. It is S2 = {N0, ..., N31, N128, ..., N223, N320, ..., N447}. We

ompare this sheme with the �rst set S1 and DUSTM.

The simulation results are shown in Fig. 5.5. We an see that, onsider the

distane spetrum, the new set performs better than the original one. Our sheme

is also better than the DUSTM sheme [27℄. We also try to improve the BER

performane by seleting the set with the maximum diversity produt. We �nd

that, the diversity produt of all possible sets with 256 matries is 0. There is no

spae to design a best set based on the seond design riterion.
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Figure 5.4: Simulation results of the new di�erential spae-time sheme for 4 trans-

mit antennas and 1 reeive antenna with spetral e�ieny 1, 2 and 3 bps/Hz re-

spetively.

5.2 Di�erential MIMO systems with 8 transmit an-

tennas

As the sheme used for 4 transmit antennas MIMO systems, we an expand the

new sheme to 8 transmit antennas with Kroneker produt.

The generated matries should be with dimension 8 × 8. Obviously, the set is

from Gw ⊗ Gw ⊗ Gw = Gw ⊗ Gw4. There are 192 × 4608 = 884736 matries in

the set Gw ⊗ Gw4. However, only 110592 matries are distint, we denote this set

of distint 8 × 8 matries Gw8. The maximum spetral e�ieny we an get is

R = 1
M
⌊log2K⌋ = 1

8
⌊log2 110592⌋ = 2 bps/Hz.

For R = 0.5 bps/Hz, we use the 16 matries of the set S000 = M0 ⊗ (M0 ⊗ C0).

As stated by theorem 5.1.2, the set S000 has the highest value of dmin = 4. Then, to

improve the BER performane, we use Sdiv2 = M0 ⊗ Sdiv as a new information set
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Figure 5.5: Comparison of di�erent di�erential spae-time sheme for 4 transmit

antennas and 1 reeive antennas R = 2 bps/Hz with di�erent set.

whih has the best diversity produt 0.5946. The diversity produt of S000 is 0. The

simulation results are shown in Fig. 5.6. We an see that the MIMO sheme with

Sdiv2 is better than the sheme with S000.

For R = 1 bps/Hz, �rst, we use the 256 matries of the set Sm8r1a = M0⊗S1. As

for MIMO systems with 4 transmit antennas, Sm8r1b = M0 ⊗ S2 is used to improve

the BER performane. The minimum distanes of the set Sm8r1a and Sm8r1b are

2.1648 and 2.8284 respetively. The simulation results are shown in Fig. 5.7. We

an see that the sheme with set Sm8r1b is better than the sheme with set Sm8r1a.

Then we onstrut a new set Sm8r1c with the best distane spetrum: �rst, we get

a 4× 4 set C44 with 16 matries use Kroneker produt between the �rst 4 matries

of Gw (M0,M1,M2, and M3). Seond, the Kroneker produt between C0 and C44

produes a 8 × 8 set Sm8r1c with 256 matries. The minimum distane of this new

set is 4. However, simulation result in Fig. 5.7 shows that the BER performane
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Figure 5.6: DSTM shemes for set S000 and Sdiv2. 8 transmit antennas, 1 reeive

antenna and spetral e�ieny R = 0.5 bps/Hz.

with the set Sm8r1c is similar to the BER performane with the set Sm8r1b and a

little worse when SNR is greater than 12 dB.

For R = 1.5 bps/Hz, we use the �rst 4096 matries of the set C0a = M0 ⊗Gw4.

For R = 2, we selet the �rst 65536 matries inGw8 as the andidate transmission

set. The simulation results are shown in Fig. 5.8.

The maximum spetral e�ieny of the new di�erential sheme for 8× 8 MIMO

systems is 2, whih is quite low. Thus new shemes that an be expanded to large

spetral e�ienies are supposed to be designed in the future.

5.3 Conlusion

In this hapter, we designed DSTM shemes used for MIMO systems with 4 and

8 transmit antennas. Kroneker produt is used to expand the information group
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Figure 5.7: DSTM shemes for set Sm8r1a, Sm8r1b and Sm8r1c. (8 transmit antennas,

1 reeive antenna and spetral e�ieny R = 1 bps/Hz).
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Figure 5.8: Simulation results of the new di�erential spae-time sheme for 8 trans-

mit antennas and 1 reeive antennas with spetral e�ieny 1.5 and 2 bps/Hz re-

spetively.
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(Weyl group).

For MIMO systems with 4 transmit antennas and R = 1 bps/Hz, our sheme with

the best set Sdiv is better than the orresponding DSTBC and DUSTM shemes.

For R = 2 bps/Hz, our sheme with general set S1 and the best set S2 are both

better than the orresponding DUSTM sheme.

For MIMO systems with 8 transmit antennas, we give the best set used for

R = 0.5, 1, 1.5 and 2 bps/Hz.



6
New time-seletive hannel model

In this hapter, we propose a new model to simulate the time seletive hannel

due to Doppler e�et. Then we evaluate the performane and the robustness of

DSTM shemes with two, four and eight transmit antennas over this time seletive

hannel model.

6.1 Usual hannel model for di�erential MIMO sys-

tems

As mentioned before, the hannel model used in [28,118,119℄ is onstant during

one frame and hanges randomly for the next frame. For example, with the norma-

lized oherene interval L = 200, for M transmit antennas and N reeive antennas,

during the transmission of the �rst frame of 200 symbols, the same hannel matrix

Hτ is used for simulation. The next hannel matrix Hτ+1 is randomly generated to

be used for the next 200 symbols. However, this is not the real ase. In reality, the

hannel hanges ontinuously. Furthermore, at the beginning of the new frame, the

referene matrix V0 has to be transmitted again whih is not the real situation. This

redues the overall simulation e�ieny.

In [26, 27℄, Jakes' model [63℄ is used. Eah of the hannel oe�ients hnm,t

is assumed to be spatially independent but time orrelated with autoorrelation

funtion J0(2πfdt) where J0(·) is the zero-order Bessel funtion of the �rst kind and

fd is the maximum Doppler frequeny. In fat, Jakes' simulator is a kind of sum-
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of-sinusoids based fading hannel simulator where the reeived signal is represented

as a superposition of a �nite number of waves. It is a simpli�ed model of Clarke's

Rayleigh fading model. Clarke's model is given by [120℄:

h(t) =
N∑

n=1

αn exp[j(2πfdt cos θn + φn)], (6.1)

where N is the number of propagation paths, 0 < αn < 1 is the attenuation of the

nth path, fd is the maximum Doppler frequeny and θn and φn are, respetively, the

angle of arrival and random phase of the nth
propagation path. Both θn and φn are

uniformly distributed over [−π, π) for all n and they are mutually independent.

Jakes approximates Clarke's model by setting equal strength multipath ompo-

nents, i.e., αn = 1√
N

and hoosing the N omponents to be uniformly distributed in

angle, i.e.,

θn =
2πn

N
, n = 1, 2, ..., N. (6.2)

The normalized low-pass fading proess of this model is given by [63℄

h(t) =
1√
N

{
√
2

N0∑

n=1

[
ej(2πfdt cos θn+φn) + e−j(2πfdt cos θn+φ−n)

]

+ ej(2πfdt+φN ) + e−j(2πfdt+φ−N )

}
, N0 =

1

2

(
N

2
− 1

)
,

(6.3)

where φn is given by

φN = φ−N = 0, φn =
nπ

N0 + 1
, n = 0, 1, ..., N0. (6.4)

6.2 New and improved hannel model

Instead of assuming that the hannel is onstant during a �xed long time, we

assume that the hannel hanges ontinuously. The narrow-band hannel impulse

response h(t) is a random proess. We onsider the �at fading hannel. In this

ase, for a SISO system, the reeived signal is y(t) = h(t)x(t) + w(t). From the

analysis in Chapter 2, we know that h(t) = hI(t) + jhQ(t), where hI(t) and hQ(t)
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are jointly Gaussian random proesses. The envelope of h(t) is Rayleigh distributed.

If we try to obtain intermediate h(t) values between two suesive Rayleigh samples,

we should sample h(t) with ertain high frequeny. From the Nyquist's sampling

theorem, we know that if we sample the hannel with su�ient large frequeny, the

impulse response of a SISO hannel ould by reonstruted by the sampled points.

Our new hannel model is based on this idea.

Using the well-known Nyquist's sampling theorem, a band-limited signal x(t)

an be reonstruted from its samples x(kT0) as follows:

x(t) =

+∞∑

k=−∞
x(kT0)

sin f0π(t− kT0)

f0π(t− kT0)

=
+∞∑

k=−∞
x(kT0)

sin π(f0t− k)

π(f0t− k)
,

(6.5)

if the sampling frequeny f0 = 1/T0 > 2fM , where fM is the maximum frequeny of

the signal.

With Clarke's model, the hannel impulse response h(t) has autoorrelation:

Rh(τ) = 2σ2J0(2πfdτ), (6.6)

where J0(·) is the zero-order Bessel funtion of the �rst kind and σ2 = 0.5
∑

n E[α2
n].

Conventionally, people assume that

∑
n E[α2

n] = 1 to ensure that the reeived signal

power equal to the transmitted signal power whih results Rh(τ) = J0(2πfdτ). As

shown in Fig. 6.1, we know that the funtion J0(x) has its �rst zero-point at x ≈
2.4048. It is reasonable to suppose that the hannel oe�ients separated by τ =

2.4048/(2πfd) ≈ 0.3827/fd are independent. It lear that the funtion of h(t) in

(6.1) has the maximum frequeny fd. If we try to reonstrut h(t), the sampling

frequeny should be f0 > 2fd and the sample period T0 < 0.5/fd. Therefore it

is possible to reonstrut hannel response with independently generated Rayleigh

distributed random variables.
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Figure 6.1: The zero-order Bessel funtion of the �rst kind J0(x) =
1
π

∫ π

0
cos(x cos θ)dθ.

6.2.1 Time seletive hannel model

In this setion, we present the generation of time seletive hannel model with

random variables rk = gkr + jgki where gkr and gki are Gaussian distributed random

variables with mean zero and variane 0.5. In this ase the module of rk is Rayleigh

distributed. As disussed before, we assume that the samples rk (k = 1, 2, ..., K)

are separated by τ0 = 2.4048/(2πfd) ≈ 0.3827/fd. Aording to (6.5), with these K

randomly generated points, h(t) is onstruted by

h(t) =
K−1∑

k=0

r(kT0)
sin f0π(t− kT0)

f0π(t− kT0)

=

K−1∑

k=0

r(kT0)
sin π(f0t− k)

π(f0t− k)
,

(6.7)

where T0 = τ0 = 2.4048/(2πfd) ≈ 0.3827/fd and f0 = 1/T0 ≈ fd/0.3827. In fat,

withK points, the total time that the hannel an over is Tsp = Kτ0 and the hannel

impulse response an only be reonstruted in this time duration. For example, with

fd = 10 Hz, Tsp = Kτ0 ≈ 38.27K ms. We illustrate the proedure in Fig. 6.2 and
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Fig. 6.3. The maximum Doppler shifts are fd = 1 Hz and 10 Hz respetively. We

selet K = 200 for both of these two �gures. In simualtions, K is set aording to

the real situation. The sample periods are T0 ≈ 0.3827/fd = 0.3827 s and 38.27 ms

respetively. We an see that the hannel with fd = 1 Hz hanges more slowly than

the hannel with fd = 10 Hz.
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Figure 6.2: Channel reonstrution with fd = 1 Hz, K = 200.
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Figure 6.3: Channel reonstrution with fd = 10 Hz, K = 200.

6.2.2 Blok-onstant MIMO hannel model

We �rst examine the BER performane of DSTM shemes over blok-onstant

MIMO hannel [121℄. The hannel is assumed to be onstant during the transmission
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of one matrix. With M transmit antennas and N reeive antennas, during the

oherene interval L, Nm = L/T = L/M transmit matries will be sent. Thus

Nm hannel matries are needed to multiply the transmit matries. We interpolate

Nm − 1 hannel matries H(1), . . . , H(Nm − 1) between two suessive randomly

generated hannel matries RK and RK+1 instead of one onstant hannel matrix

RK . The Nm − 1 interpolated hannel matries are related to the passed hannel

matries and also to the future hannel matries.

The interpolated hannel sequene H(1), H(2), . . . , H(Nm − 1) is generated as

follows:

1. A �x number 2K of Rayleigh distributed matries are randomly generated,

i.e., R1, . . . , RK , RK+1, . . . , R2K .

2. With the Nyquist's sampling theorem, the hannel sequene between RK and

RK+1 is generated by sin interpolation.

Figure 6.4: Illustration of the interpolation of the hannel matrix H .

In our ase, the Rayleigh random matries Rk an be onsidered as samples of the

ontinuous hannel matrix H separated by the oherene interval, so T0 = Tc = LTs.

With 2K randomly generated matries, we get the Nm − 1 interpolated hannel

matries between the matries RK and RK+1:

H(i) =
2K∑

k=1

Rk
sin π [f0(KLTs + iMTs)− k]

π [f0(KLTs + iMTs)− k]

=

2K∑

k=1

Rk
sin π(K + i/Nm − k)

π(K + i/Nm − k)
,

i = 1, 2, . . . , Nm − 1.

(6.8)

For example, with 2K = 10 randomly generated Rayleigh hannel matries R1,
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Figure 6.5: Comparison of the two hannel models onsidering one hannel oe�ient

hnm, interpolated with the passed and future random variables.

. . . , R5, R6, . . . , R10, the number of transmit antennas M = 4, and the normalized

oherene interval L = 160, we get Nm − 1 = 39 interpolated hannel matries H(i)

between R5 and R6. This proedure is illustrated in Fig 6.4.

The module of one hannel oe�ient hnm obtained by interpolation between

the orresponding elements of RK and RK+1 is shown in Fig. 6.5. A omplete �gure

of the generated hannel oe�ient hnm ompared with the randomly generated

Rayleigh values is given in Fig. 6.6.

We an see that the hannel generated by this method hanges slightly for eah

two suessive transmit matries as expeted.

However, there is still the problem of the seletion of the number K. Here, we

resort to the relative error to selet appropriate K. As disussed before, with 2×K

Rayleigh distributed hannel matries, we get Nm−1 interpolated hannel matries.

We selet a very large number, for example Kmax = 4000 to get a set of interpolated

referene hannel matries. We estimate that Kmax = 4000 is large enough to obtain

aurate hannel matries by interpolation. With K dereasing to 1, we get other

Kmax − 1 sets of interpolated hannel matries. Compared with the referene set,
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Figure 6.6: Time variation of the module of one hannel oe�ient hnm.

eah set has di�erent variations. The sets of interpolated hannel matries are:

{Hk(1), Hk(2), · · · , Hk(Nm − 1)}, k = 1, · · · , Kmax. (6.9)

We de�ne the mean relative error as:

εk =
1

Nm − 1

Nm−1∑

i=1

‖HKmax(i)−Hk(i)‖
‖HKmax(i)‖ , k = 1, 2, · · · , Kmax. (6.10)

As the matries R1, . . . , RK , RK+1, . . . , R2K are generated randomly, the urve

of the relative error is very rough. To smooth the urve, we alulate the relative

error 100 times and get the mean as the �nal relative error. The urve of relative

error is shown in Fig. 6.7 with Kmax = 4000 and Nm = 10, 50 respetively. We

get the table of relative error versus K in Table 6.1 with Nm = 50 and Nm = 10

respetively. On the basis of these data, we set K = 30 in our simulations. In this

ase, the relative error is below 10%.

The performane of the di�erential MIMO systems are evaluated over the frame
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Figure 6.7: The relative error versus di�erent numbers of k with Nm = 10 and

Nm = 50 respetively.

onstant hannel (step hannel) and over the proposed time seletive hannel (blok-

onstant hannel). We set L = 200, whih means that for 2, 4 and 8 transmit

antennas, Nm = 100, 50 and 25 respetively.

Fig. 6.8 shows that for R = 1 bps/Hz, the M8N8 sheme o�ers for BER = 10−4
a

SNR gain of about 5.5 dB ompared to the M4N4 sheme and 17 dB ompared to the

M2N2 sheme on the step hannel. Over the new ontinuous hannel, similar gains

are obtained with the M8N8 sheme ompared to the M4N4 and M2N2 shemes.

Furthermore, using the ontinuous hannel leads to a degradation ompared to the

Nm = 50 Nm = 10

Relative error K Relative error K

2% 389 2% 548

3% 201 3% 229

5% 62 5% 105

9.725% 22 9.678% 21

10.23% 21 10.18% 20

Table 6.1: The values of K for di�erent relative errors with Kmax = 4000.
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step hannel whih is about 1 dB for a BER = 10−4
with the M8N8 sheme and

0.6 dB with M2N2 sheme. Similar relative results for R = 2 bps/Hz M8N8, M4N4

and M2N2 shemes are obtained in Fig. 6.9. As expeted, the M8N8 sheme is more

sensitive than the M4N4 and M2N2 shemes to the time seletivity of the hannel.
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Figure 6.8: Performanes of di�erential spae-time shemes with R = 1 bps/Hz over
di�erent hannel models.

Fig. 6.10 presents the performane of M4N4 DSTM sheme with R = 1 bps/Hz

over the step hannel and over the new ontinuous hannel with di�erent normalized

oherene time L. As already mentioned, the faster the hannel hanges, the smaller

the value of L. Consistent with our supposition, there is a trend that as L grows

the BER performane beomes better. However, for step hannel model as used

in [28, 29℄, the BER performanes with di�erent Ls are the same.

6.2.3 Continuously hanging MIMO hannel model

The hannel model used in the previous subsetion is still onstant during the

transmission of one matrix. Now we apply ontinuous hannel model to our dif-

ferential spae-time modulation shemes. The relations among the step hannel,

the blok-onstant hannel and the ontinuous hannel are shown in Fig. 6.11. The
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Figure 6.11: Channel interpolation with fd = 100 Hz, Ts = 25 µs.

number of transmit antennas is M = 8, the maximum Doppler frequeny fd = 100

Hz, Ts = 25µs and L = Tc/Ts = 200.

In this new hannel model, the hannel oe�ients used for two suessive

olumns of eah transmission matrix are slightly hanging. With step hannel model,

the MIMO system model an be written as:

Yt = HXt +Wt, (6.11)

where the hannel matrix H is onstant for di�erent transmission matries. With

blok-onstant hannel model, the MIMO system model an be written as:

Yt = HtXt +Wt, (6.12)

where the hannel matrix Ht is hanging for di�erent transmission matries but

onstant for di�erent olumns within the same transmission matrix. With our new

ontinuously hanging hannel model, the hannel matrix Ht is di�erent for eah

olumn within the same transmission matrix and the MIMO system model should
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Figure 6.12: Performanes of di�erential spae-time shemes with R = 1 bps/Hz

over di�erent hannel models. The normalized oherene time is L = 200.

be represent in vetor form:

yt = Htxt +wt, (6.13)

where yt, xt and wt are olumn vetors from reeived matrix, transmission matrix

and noise matrix respetively.

The performane of the di�erential MIMO systems are evaluated over these three

hannel models. We set L = 200, i.e., Tc/Ts = 200, that means for fd = 100 Hz,

Ts = 25 µs and symbol rate fs = 40 KHz.

Fig. 6.12 shows that for R = 1 bps/Hz, with the normalized oherene time

L = 200, DSTM sheme over ontinuous hannel performes similar to those over step

hannel. However, DSTM shemes perform better than those over blok-onstant

hannel, whih is resulted from the less value of disontinuity of the hannel oe�-

ients for two suessively transmitted symbols ompared to step hannel. Similar

relative results for R = 2 bps/Hz, M8N8, M4N4 and M2N2 shemes are obtained in

Fig. 6.13.

Fig. 6.14 presents the performane of M4N1 DSTM sheme with R = 1 bps/Hz
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Figure 6.13: Performanes of di�erential spae-time shemes with R = 2 bps/Hz

over di�erent hannel models. The normalized oherene time is L = 200.

over the step hannel and the ontinuous hannel with di�erent normalized oherene

time L. The simulation results show that the smaller the oherene time interval is,

whih means the fading rate is high, the worse the BER performane will be.

6.3 Conlusion

In this hapter we proposed a simple and more realisti time-seletive propagation

hannel in order to obtain more reliable estimations of the performane of DSTM

MIMO systems with 2, 4 and 8 transmit antennas. This model is based as usual

on random Rayleigh hannel matries but is ompleted with intermediate hannel

matries obtained by sin-interpolation. During the transmission of two suessive

matries, the propagation hannel may hange, whih determines a degradation

of the performane of the di�erential system. This degradation is evaluated by

simulation for DSTM MIMO systems using 2, 4 and 8 transmit antennas and for two

values of the spetral e�ieny. As expeted, the degradation is more important for
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Figure 6.14: Performane of the DSTM M4N4R1 sheme with di�erent L over on-

tinuously hanging hannel model.

MIMO systems using more antennas. Moreover, the degradation is more important

if the normalized oherene time is redued. Thus, the proposed hannel model does

not make a di�erene between slow and fast Rayleigh hannels, the only parameter

making the di�erene being the normalized oherene time.
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Conlusion and prospet

General onlusion

At present, the study of multi-antenna systems MIMO (Multiple Input Multi-

ple Output) is developed in many ases to intensively inrease the number of base

station antennas ("massive MIMO", "large-sale MIMO" ), partiularly in order

to inrease the transmission apaity, redue energy onsumed per bit transmitted,

exploit the spatial dimension of the propagation hannel, redue the in�uene of

fading, et. For MIMO systems with narrowband spetrum or those using OFDM

tehnique (Orthogonal Frequeny Division Multiplex), the propagation hannel (or

the sub-hannels orresponding to eah sub-arrier of an OFDM system) are sub-

stantially �at (frequeny non-seletive). In this ase the frequeny response of eah

SISO hannel is invariant with respet to frequeny, but variant in time. Further-

more, the MIMO propagation hannel an be haraterized in baseband by a matrix

whose oe�ients are omplex numbers. Coherent MIMO systems need to have the

knowledge of the hannel matrix to demodulate the reeived signal. Therefore, peri-

odi pilot should be transmitted and reeived to estimate the hannel matrix in real

time. The inrease of the number of antennas and the hange of the propagation

hannel over time, sometimes quite fast, makes the hannel estimation quite di�ult

or impossible. It is therefore interesting to study di�erential MIMO systems that do

not need to know the hannel matrix. For appropriate operation of these systems,

the only onstraint is that the hannel matrix varies slightly during the transmission
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of two suessive information matries.

The subjet of this thesis is the study and analysis of new di�erential MIMO

systems. We onsider systems with 2, 4 and 8 transmit antennas, but the method

an be extended to MIMO systems with 2n transmit antennas, the number of reeive

antennas an be any positive integer.

For MIMO systems with two transmit antennas that were studied in this thesis,

information matries are elements of the Weyl group. For systems with 2n (n ≥ 2)

transmit antennas, the matries used are obtained by performing the Kroneker

produt of the unitary matries in Weyl group.

For eah number of transmit antennas, we �rst identify the number of available

matries and the maximum value of the spetral e�ieny. For eah value of the

spetral e�ieny, we then determine the best subsets of the information matries

to be used (depending on the spetrum of the distanes or the diversity produt

riterion). Then we optimize the orrespondene or mapping between binary vetors

and information matries. Finally, the performane of di�erential MIMO systems

are obtained by simulation and ompared with those of existing similar systems.

For simulation of the proposed system, we �rst seleted a simple Rayleigh hannel

model, whih is widely used in the literature. In this hannel model, the hannel

matrix is onstant for a time interval of a ertain length determined by the oherene

time of the propagation hannel. Eah new hannel matrix is obtained by a random

draw, independent from previous draws. This hannel model is impratial and, for

the di�erential systems, need to simulate a periodi reset of the system, whenever

using another hannel matrix. To evaluate the performane of the new proposed

systems in more realisti onditions and esape the periodi reset of the analyzed

system, we introdued a variation of the hannel matrix between two suessive

random draws by using the sampling theorem. However, in the �rst approah, the

hannel matrix is onsidered to be onstant during the transmission of an information

matrix. Simulations with this new hannel model made it possible to spotlight

some performane degradation due to the hannel harateristi, espeially when

the normalized oherene time with respet to the duration of a transmitted symbol

is small and therefore, when the propagation hannel varies rapidly.
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Finally, we onsidered the seond even loser approah to reality, where the

hannel matrix remains onstant during the transmission of only a symbol. In this

ase there is a further performane degradation.

Prospets

Our researh an be further exploited in four diretions. Firstly,we an use error-

orreting odes before the DSTM shemes. In order to improve the performane

of DUSTM shemes, espeially for larger values of the spetral e�ieny, an error

orreting ode an be used, as in the ase of SISO systems. Depending on the prop-

agation hannel, it is possible to use a simple error-orreting ode like Hamming's

ode or more powerful odes as the Reed-Solomon ode RS(255,239).

Seondly, the spetral e�ienies of our proposed systems are limit. For exam-

ple, the maximum spetral e�ienies for MIMO systems with 2, 4 and 8 transmit

antennas are 3.5, 3 and 2 bps/Hz respetively. Therefore, expanded groups should

be designed for MIMO systems with large spetral e�ienies.

Thirdly, the proposed shemes are suitable for MIMO systems with 2n trans-

mit antennas. Aording to some exiting method [37, 41, 42℄, our shemes an be

expanded to systems with any number of transmit antennas.

Finally, our proposed systems are suitable for point-to-point wireless ommuni-

ations. New methods ould be studied to expand our shemes to MIMO systems

with multiple users, for example, "large-sale MIMO" or "massive MIMO".
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A
Gaussian random variables, vetors and matries

Gaussian random variables are widely used in the researh of wireless ommuni-

ations. In this appendix, we present the de�nition of Gaussian random variables,

vetors and matries. We also give the entropy for eah ase.

A.1 Gaussian random variables

If x is real Gaussian random variable with mean µ and variane σ2
, i.e., its pdf

is

p(x) =
1√
2πσ2

e−(x−µ)2/(2σ2). (A.1)

We write x ∼ N (µ, σ2). The entropy of the random variable x is:

H(x) = −E[log p(x)] =
1

2
log(2πσ2) + (log e)E[(x− µ)2]/(2σ2)

=
1

2
log(2πeσ2).

(A.2)

If the real and imaginary parts of the omplex random variable z = x + jy are

independent with the same variane

σ2

2
, and µ = E(z) ∈ C, then we say that z is

irularly symmetri, and we write z ∼ CN (µ, σ2). Its pdf is the produt of its real

and imaginary part:

p(z) =
1

πσ2
e−|z−µ|2/σ2

. (A.3)

In fat, by de�nition, z is irularly symmetri if eiϕz has the same probability

153
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distribution as z for all real ϕ. The entropy of the random variable z is:

H(z) = −E[log p(z)] = log πσ2 + (log e)E[|z − µ|2]/σ2

= log(πeσ2)
(A.4)

A.2 Gaussian random vetors

A real random vetor x = (x1, . . . , xn)
T
is alled Gaussian if its omponents are

jointly Gaussian, that is, if their joint pdf is

p(x) =
1

(2π)n/2detR
x

1/2
exp{−1

2
(x− µ

x
)TR−1

x
(x− µ

x
)}

=
1

(2π)n/2detR
x

1/2
exp{−1

2
Tr[R−1

x
(x− µ

x
)(x− µ

x
)T ]}.

(A.5)

Where R
x
is a nonnegative de�nite n× n matrix, the ovariane matrix of x:

R
x
= E[(x− µ

x
)(x− µ

x
)T ] = E[xxT ]− µ

x
µT
x
. (A.6)

The probability density funtion of a irularly symmetri omplex Gaussian

random vetor z is given by

p(z) = det(πR
z
)−1 exp{−(z− µ

z
)HR−1

z
(z− µ

z
)}

= det(πR
z
)−1 exp{−Tr[R−1

z
(z− µ

z
)(z− µ

z
)H ]}.

(A.7)

where

R
z
= E[(z− µ

z
)(z− µ

z
)H ] = E[zzH ]− µ

z
µH
z
. (A.8)

A.3 Gaussian random matries
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