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Chapitre 1

Introduction

La dynamique des fluides est la branche de la physique qui traite les mouvements des
fluides, qu’ils soient liquides ou gaz. Elle englobe ainsi tous les phénomenes d’écoulement
qui se présente quotidiennement dans notre environnement immédiat, qu’il s’agisse de
I’écoulement de I’air ou de I'eau dans un environnement naturel ou fabriqué par ’lhomme.
Cette désignation de mécanique des fluides est souvent remplacée par d’autres appella-
tions correspondant au type du fluide, comme I’hydrodynamique pour 1’écoulement de I'eau,
I’aérodynamique pour l’air, la magnétohydrodynamique pour les plasmas...etc.

La résolution d'un probleme de dynamique des fluides nécessite I'élaboration d’un modele
mathématique permettant le calcul de diverses quantités comme la vitesse, la pression, la den-
sité et la température en tant que fonctions de ’espace et du temps. Un modele fréquemment
utilisé est celui donné par les équations de Navier-Stokes compressible ou incompressible. La
présence irrésistible de la mécanique des fluides dans la nature qui nous entoure, motive la
nécessité de 1’étude de ces équations. Au début des années trente du 20°¢ siecle, J.Leray a
publié ses célebres travaux [16], [17], [18], en particulier [18] sur les équations de Navier-
Stokes incompressible. Ces résultats ont été le point de départ de tres nombreux travaux de
recherche dans le cadre des mathématiques actuelles, en particulier les travaux récents de
P.L.Lions [14] et E.Feireis] [8] qui ont permis une avancé considérable pour la compréhension
des équations de Navier-Stokes compressible.

Dans notre travail, on s’intéresse aux équations de Stokes compressibles qui sont obte-
nues a partir des équations de Navier-Stokes compressible en négligeant certains termes dans
I’équation de quantité de mouvement. En particulier on démontre l'existence de solution
du probleme de Stokes avec une loi d’état générale. Cette existence est démontrée de deux
manieres différrentes, une premiere méthode consiste a passer a la limite sur des solutions
approchées obtenues avec une régularisation par viscosité de I’équation de conservation de la
masse. Une deuxieme méthode consiste a passer a la limite sur des solutions approchées ob-
tenues avec un schéma numérique discrétisant les équations. Ce schéma combine la méthode
des éléments finis et la méthode des volumes finis. La discrétisation proposée est tres proche
de celle donnée dans [19] pour la solution des équations de Navier-Stokes barotropes et
dans [20] pour des écoulements diphasiques. Cette deuxieme méthode est particulierement
intéressante car elle donne la convergence d’un schéma numérique couramment utilisé a
I'Institut de Radioprotection et de Streté Nucléaire (IRSN).



L’IRSN réalise des recherches, des expertises et des travaux dans les domaines de la
stureté nucléaire, de la protection contre les rayonnements ionisants, du controle et de la
protection des matieres nucléaires, et de la protection contre les actes de malveillance. Une
partie essentielle de I’analyse de stireté consiste a étudier des accidents graves. les écoulements
intéressants dans ce sens sont compressibles. Il est donc nécessaire d’étudier des problemes
régissant ce type d’écoulements, ceci a motivé notre intérét pour le probleme de Stokes
compressible avec une loi d’état générale.

Ce manuscrit est organisé comme suit :

Dans le chapitre 2, on s’intéresse a ’étude de ’équation de transport (qui apparait dans le
systeme de Stokes). On montre I’existence d’une solution faible de ce probléeme en passant a
la limite sur des schémas numériques. Ce résultat est démontré avec une condition faible sur
le champ de vitesse. Un résultat analogue d’existence (sans utiliser un schéma numérique)
avec les mémes conditions de régularité sur la donnée du probleme fait 'objet de I'arcticle
fondateur de R. DiPerna et P.-L. Lions [21]. Ce papier donne aussi un résultat d’unicité.

Dans le chapitre 3, on traite le probleme de Stokes stationnaire compressible avec une
loi d’état de la forme p = ¢(p) (p :la pression, p :la densité et p € C'(R,R), super-linéaire,
convexe et croissante). On démontre I’existence de solution du probléme en passant a la limite
sur le schéma numérique quand le pas du maillage tend vers zéro. Le travail présenté dans
ce chapitre généralise I'article [6], out un résultat similaire est démontré avec la loi d’état :
w(p) = p'yy > 1 (voir aussi [13]). Le fait de considérer une loi d’état générale induit des
difficultés supplémentaires, en particulier pour avoir les estimations sur la solution discrete
et dans la passage a la limite sur 'EOS, on imite ici quelques idées développées dans [14],
[8] ou [15] dans I’étude des équations de Navier-Stokes. Ce chapitre fait 1'objet de I'arcticle
[10] et avec des hypotheses différentes [9].

Dans le chapitre 4, contrairement aux chapitres précédents, on travaille sur le plan
continu. On donne une preuve de l'existence de solution pour le probleme de Stokes station-
naire compressible en utilisant une approximation par viscosité. Le résultat est démontré en
passant a la limite sur un probleme régularisé. Ceci consiste essentiellement en deux parties :
I'étude du probleme de Convection-Diffusion (qui apparait dans le probleme régularisé) ou
on démontre l'existence et 1'unicité de solution et une deuxieme partie ou on présente le
passage a la limite sur le probleme régularisé.

Quelques notions préliminaires

Les équations de Navier-Stokes sont obtenues en appliquant les lois de conservation a un
volume élémentaire  (un ouvert borné de R, d = 2, 3) d'un fluide :

e Conservation de la masse :

dp
— +div(pu) =0
T (pu)
ou p représente la densité du fluide a l'instant t et a la position X et u représente la
vitesse.



e Conservation de la quantité de mouvement :

%+div(pu®u)—/ an—/pf
o Ot 09 Q

ou 0f) est le bord de €2, i la normale sortante de €2, o est le tenseur des contraintes de
I’écoulement et f est la densité massique des forces appliquées au fluide.

e Conservation de I’énergie :

|+ aiopw — [ 0=ow-n= [ pf-u

ou ¢ est le flux de chaleur et E est 1’énergie spécifique totale : F = e + %uQ ou e est
I’énergie spécifique interne.

En supposant que toutes ces fonctions de t et de X sont suffisamment régulieres, on
obtient en utilisant le théoreme de divergence :

i +div(pu) =0

ot
é?g;;u + div(pu @ u) — dive = pf
8§—tE + div(pEu) + div(¢ — ou) = pf - u

Supposons maintenant que le fluide est newtonien. C’est a dire qu’il existe deux réels A et
(appelés coefficients de Lamé), tels que :

oc=1T—ply
7 = Adiv(uw)ly + 2pD(u)
ou )
D(u) = §(Vu + Vu')
et p est la pression, 7 le tenseur des contraintes visqueuses, I la matrice identité et D(u)

est appelé le tenseur des déformations de I’écoulement. Enfin, en supposant que le fluide suit

la loi de Fourier :
¢ =—kVT

ou k est la conductivité thermique et T la température, on obtient le systeme :

9p + div(pu) =0

ot
dpu ) .
e +div(pu @ u) — pAu+ V(p — (A + p)divu) = pf
8g_tE + div(pEu) — div(kVT) — div(tu) + div(pu) = pf - u



que I'on doit compléter par une loi d’état pour relier toutes les grandeurs thermodynamiques.

Dans le cas d'un écoulement isovolume, isotherme et sans échange de chaleur dans un
domaine borné régulier, I’équation de conservation de I’énergie devient inutile, et on a :

e Vp =0 (écoulement homogene)
o divu =0 (1) (écoulement isovolume)
(1) est aussi appelée condition d’incompressibilité.

En effet un écoulement est dit incompressible si le volume du fluide demeure constant sous
I’action d’une pression externe, ceci se traduit mathématiquement par une masse volumique
constante et donc I’équation de conservation de la masse prend la forme particulierement
simple (1).

Dans ce cas on obtient le systeme suivant :

divu =0 (1.0.1)
Ju
p(a +(u-V)u) — pAu+ Vp =pf (1.0.2)
Pour obtenir les équations de Navier-Stokes incompressibles, il nous reste a adimensionner
les équations (1.0.1) et (1.0.2).On fixe alors une échelle de temps ¢y, une échelle d’espace [,
et une taille caractéristique fy pour les forces appliquées a ’écoulement. On en déduit une
vitesse caractéristique ug :

lo
’L[/ P
0 o
Et on pose :
= —, i = -, = -, = -, p —_— —
to ly Ug fo pug
On obtient alors en omettant les “*”
divu =0
up 0w ud U pu?
Pl 7 (w-Vu | —pzAut+=—=Vp=pfof
to Ot lo l§ lo
1.€.
divu =0
du H Jo
— +(u-V)u— Au+Vp=——
ot ( ) ,OU(]ZO b Uo/to f

Le systeme dépend des deux parametres suivants :

e Le nombre de Reynolds :
_ puolo

I

Re




e Le nombre de Froude :

_ pug/to
fo

On obtient alors :

divu =0

Ou + (u- V)u—R—Au—l—Vp——f

ot
En prenant Fr = 1, on obtient les équations de Navier-Stokes :
divu =0
ou

E—l—(u V)u—R—Au—l—Vp f

Dans le cas d'un écoulement compressible (p non constante), les équations de Navier-
Stokes peuvent se présenter (en négligeant les termes sources) comme suit :

% +div(pu) =0 (1.0.3a)
8; + div(pu ® u) + Vp — div(r(u)) = 0 (1.0.3b)
ag =+ div(pBu) + div(pu) + div(~rVe) = div(r(u) - u) (1.0.3¢)
p=w(pe), E= §|u!2 +e (1.0.3d)

Dans le cas barotrope (p ne dépend que de p), le systéme se réduit a :

dp

E +div(pu) =0 (1.0.4a)
% + div(pu @ u) + Vp — div(7(u)) =0 (1.0.4Db)
p=0(p) (1.0.4c)

Les équations de Stokes compressible s’obtiennent a partir des équations de Navier-Stokes
en négligeant les termes non linéaires et peuvent se présenter comme suit :

%": pAu — §V(d1vu) +Vp=f, (> 0) (1.0.5a)
% +div(pu) =0 (1.0.5b)
p= (o) (1.0.50)



Dans notre travail on s’intéresse au cas stationnaire, en tenant en compte les effets de la
gravité (le terme source dépend de la densité) avec une loi d’état générale. Le probleme de
Stokes stationnaire compressible se présente comme suit :

— puAu — %V(divu) +Vp=Vp=f+pg, (1.0.6a)
div(pu) =0, (1.0.6b)
p = o(p). (1.0.6¢)

10



Chapitre 2

Discrétisation de I’équation de
transport avec un champ peu régulier

2.1 Motivation

Soit © un ouvert borné polyédrique de R? (Q polygone de R?, polyedre de R? ). On veut
résoudre I'équation de transport linéaire suivante :

{ pi(x,t) + div(pu)(x,t) =0, (x,t) € Qx]0, T (2.1.1)

p(,0) = po(x), 2 € O
avec py € L=(Q) et w € L'(0,T; W, (Q)) tq (diva)™ € L®(Q).

Définition 1 Soit Q = Q x (0,7, on dit que p € L>®(Q) est solution faible du probléme
(2.1.1), si :

/(ﬂ% +up- V) dedt + / po(z)Y(z,0) dx = 0,V) € C(R? x RT,R) (2.1.2)
Q Q

On va montrer I'existence d’une solution faible du probleme (2.1.1), en passant a la limite
sur des schémas numériques. On considere alors un maillage polyédrique 7, on note par hy
le diametre de K et par € et e I'ensemble des arrétes intérieures de 7 et K respectivement
(K mailles de7") et pour la discrétisation en temps : tg = 0 < ¢ < ... <ty = T et
kn =1, —t,_1.

Supposons que :u€ CL(Q2) etp € C*(]0, T[xQ) solution réguliere de :
pt(x> t) + dlv(ﬂ“’) (ma t) = 0.

En intégrant I’équation sur K €T et en utilisant le schéma d’Euler implicite pour ’ap-
proximation de p;, on obtient I’équation de bilan semi-discrétisée en temps suivante :

é/(p(x,tnﬂ) —p(x,t,)) de + /(divpu)(x,t) de =0

K

11



On introduit les inconues discretes (pi)rxernen, censées étre des approximations de
$ p(z,t,) da, et le flux discret par interface o, Fj! ., sensé approcher le flux continu i.e.

tni1
/ /pu(.:l:,t) ‘Ngedy(x).
tn o

L’équation discrete s’écrit alors :

K T n mn
|k |(pK+1_IOK>+ Z Ftl=0

o€ek,0=K\L

Pour définir le schéma numérique, il faut donc préciser I'expression de F};  en fonction
des inconnues p} . La vitesse u étant donnée, on pose :

tn+l

n 1
UK'(;:) = m / /('U/ . TLKU):E d’}/(SE’) dt
tn ©

ol, pour a € R, at (respectivement a~) désigne la partie positive (respectivement négative)
c’est a dire : at = max(a,0) et a= = (—a)* .

On approche le flux continu en prenant le choix décentré amont de p sur o par rapport
a la vitesse u et implicite ou explicite en temps :

schéma implicite : F , =k, | o | (Pl — eyt

schéma explicite : Fg , =k, | o | (p’}(v?((:) - p’iv%; ))

Ce choix est dit "upwind fort”, et n’est pas celui qui est implanté en pratique.
En efffet, en pratique, il est plus facile d’imlpanter le choix suivant, dit ”upwind faible”

FR g =knlo| (0 (0h,)" — o (0%,)7)

avec
tn+1

n 1
Vo = m / /(’U,'n[Q,) d’7($) dt.
tn, ©

2.2 Schéma Upwind fort implicite

Le schéma est donné par :

KL =)+ > kalol (o) =ity =0, vE e T (221)

o€eg,0=K\L

12



2.2.1 Positivité de la solution

Nous allons montrer une propriété tres importante, si la condition initiale py est positive,
alors la solution donnée par le schéma numérique reste positive.

Lemma 2.2.1 Soit (p%) ket telle que : p > 0 pour tout K € T et pic solution de (2.2.1),
alors on a

Pt >0, VK € T.

» Preuve du lemme 2.2.1 : Soit M = card(T), on a :

n n _kn n n n n(—
p[(—~_1 — P = | K | Z | o | (pK—HUK(:) - pL+1UK(U))7VK €T

oCeK

= 0N K | +ha) Y Lo [ = Lo [ ki) =| K | e, VK €T
oCeK oCeK

On obtient alors un systéme linéaire de M équations & M inconnues (pi) ke7.Les équations

de ce systeme sont données par

> akippt =bi, VK €T, (2.2.2)
LeT
avec

CLK,K:|K|+Zk’n|O’|U?((:),

oCeK

ag, = —kn| o | U?((;), avec 0 = 0K NJL,

K I = 0, sioOK NOL = (Z),
b = |K|p-
La matrice A = (ak 1)k re7 saistfait les propriétés suivantes :
axr >0

arg,r <0
agKk + 2 mpip 0Lk = 0

En utilisant ces propriétes, on peut montrer que le systeme (2.2.2) admet une unique solution
(P ker et que pi > 0,VK € T = pit > 0,VK € T, ce résultat fait Pobjet du lemme
3.8.4 dans le chapitre 3.

13



2.2.2 Estimation L™

Lemma 2.2.2 Soit (pi ") ger la solution du schéma (2.2.1), supposons que :

tn+1

Vn € {0..N — 1} : / o(t) dt < % (2.2.3)
tn
avec
p(t) = [|(divu) ™| Lo
alors : } )
Vn € {0..N — 1}, M™ = sup p} < Moeqcp(t) dt - 620f<,p(t) dt
KeT

» Preuve du lemme 2.2.2 : Montrons le par récurrence :
—n =0, c’est vrai vu que ty = 0
— Hypothese de récurrence : supposons que

tn

M < A0 624@(15) dt

— Montrons le pour n+1

n(+ n n+1 n(—) n
= —
pK |K|U€Z€K|O_|U GGZEK|O-||K| UKO’ pK
= M"Y Yo oo = o) < e
’}( ‘UEEK
tn+1
= M"Y 1+— / /dlvu da dt) < M™
| K |
tn+1
o M- / I(dives) || dt) < M
tn
Or, on peut facilement démontrer que Voo € R telle que 0 < a < %,
1
<142«
-«

on obtient alors en utilisant 1’hypothese (2.2.3)

t"+1
M < M1 +2/ o(t) dt)
tn

tn+1
= In(M™h) < In(M™) + In(1 + 2/ o(t) dt)
tn

14



tn+1
= In(M™) < in(M°) + 2/ p(t) dt
0
— M < MO leOt"“ P(t) dat

2.2.3 Convergence du schéma

Dans cette étape on considere une suite de maillages (7., km)men €t on va passer a
la limite quand m tend vers +oo. Soit h,, = maxge7, hg, Supposons que cette suite est
réguliere au sens de la définition suivante :

Définition 2 Une suite (T, km)men de maillages de 2 est dite réguliére si :
1. hy — 0 as m — 400,

2. ky — 0 as m — +00,
3. there exists 8y > 0 such that 6, > 6y, Ym € N, with 0, defined by

0 = inf {%‘, KeT} (2.2.4)
K

avec £k le diametre de la plus grande boule incluse dans K.
On va démontrer le résultat suivant

Theorem 2.2.3 Soit (T, km)men une suite de maillages réquliére au sens de la définition
2. On note par pr,, k.. la solution du schéma 2.2.1 qui correspond au maillage (T, k).
Supposons que la vitesse w satisfait la condition (2.2.3), on a alors :

1. p1k,, — P qd m — +00 , pour la topologie L™ faible %
(aprés extraction d’une sous suite),

2. p est solution du probleme (2.1.2).

Preuve La convergence de la suite (p7, x, )men est une conséquence directe de l'estimation
démontrée dans le lemme 2.2.2. On passe maintenant a la preuve de convergence du schéma.
Soit W € CX(Q x [0,T7]), posons : Vi = U(xg,t,),rx € K, fixé.

Multiplions le schéma par W% et sommons sur toutes les mailles K € 7, et pour n €
{0...N — 1}, on obtient :

N-1 N-1
SN IR - o+ Y Y YT kol — o))y = 0.
n=0 KeTpm n=0 K€Tm oceg,0=K\L

N-1
On commence par le premier terme 7} = Z Z |K| (it — pl ) ¥, on va montrer que
n=0 K€Tm
T
I— - fo Jo PP — Jo po(2)¥(z,0) da; A, ki — 0.

15



En effet, on a :

N N—-1
Z Z K|pp Wit = > 3 K| O
n=1 K€Tp,

N
E:E:IKIK‘I’"1 Vi) = Y IKlpk Vi
n=1 KT

KeTm

N
S I MUY SR IERITTED LA
n=1 K€Tm -1 KeTm
N
n=1 K&T /
avec : pr,, g, = Pt St K X (t, ti1)

R, = ZZ// P (U (2, t) — U, (2k, 1)) dee dt

n=1 KeT,,

et: Ry = Z /pK (,0) — ¥(zk,0)) dx

KeTm

On peut démontrer facilement que :
|R1|7 ’RQ‘ < C(Q, \IlvTa pO)h’m — 07 hm — 0

On obtient alors, en utilisant le résultat 1 du théoreme 2.2.3 que

T, — —/OT/Qp(x,s)\Ift(a:,s) dwds—/gpo(:v)\lf(a:,O) da.

On passe maintenant au deuxieme terme 75

N-1

To=3 % D kol vy - pi i)Wk
n=0 K€Tm o€eg,0=K\L

on va montrer que

T
Ty =m0 — / / (pw)(a,1) - (YV)(z, £) d di
0 Q
En effet,

N-1
Ty = Z Z Z k, ’U|( n+1U7I?((U) _pz+1 n( )\I/n

n=0 K&€Tm oceg,0=K\L

16

pK\I/t(ZL‘ t) de dt — / % (2)¥(z,0)dx + Ry + R,
K

OTndem ¥y da dt — / p(}((x)llf(x, 0)dx + R + Ry
Q Q

(2.2.5)



Z ST kalol(T — W) gt
=0

n K€Tm oc€eg,0= K\L

N—-1
NN kel — )t
n=0 K&€Tm oceg,0=K\L
"“ U(u-ngqe)*
avec : U, ) - f £ ) , ce qui donne
. koo |0t

N-1
L= 3 kol — U)o

n=0 K€Tm o€eg,0=K\L
N-1
n n(=)y n+1, n(
- § E E kn|g|(\PK - \I[KO' )pK UKO’ +R3
n=0 K€Tm oc€eg,0=K\L
avec

N—-1
=33 Y kalol(e - (W — U)o

n=0 K&€Tm oceg,0=K\L

on obtient alors,

N-1
1y = Z Z Z ko |5 Wi O,

n=0 K€Tpm o€ex,0=K\L

N—-1
—Z S00> kol (W0 — w0 )) + Ry

n=0 Ke€Tm oceg,0=K\L

n+1
Z / / nHgT dive, da dt

KeTm

tni1
Z Z ke pitt / / Uu - ng, dedt + Rs
tn o

KeTm o€eg,0=K\L

,_.

I
23
HO

O

T T
- / / T dom YT ke, dive dae dt — / / T diom YT ke div(Vu) daz dt + R
0o Jao 0o Jo

avec : Uy = U(xg,t,) surK X (tn, thi1),

supposons, connu, que R3 — 0 qd m — 400, on aura alors :

T - /0 ' /Q (p0)(x, ) diva(z, £) da dt — /0 ' /Q (p) (. £) div(Tu)(z, 1) da dt

i.e on a démontré que

Ty — — /0 /Q (pu)(z,5) - (T0)(x, 1) da it (2.2.6)

17



On a finalement, les résultats (2.2.5) et (2.2.6) donnent que la limte p est solution du
probleme (2.1.2). Reste & montrer que R3 — 0 qd m — +o0 :

N—-1
Rl =135 N kalel(opt = ot (e — W)

n=0 KeT ocek,0=K\L

N—-1
WAY ST ST kel - ot () + o))

n=0 KeT ocek,0=K\L

Posons v}, = v K(U) + v?((a ), on obtient alors par 'inégalité de Cauchy-Schwarz :

N—-1
[Rs| < C(W ZZ Yo kalolog,)z
0 KeT oeeg,0=K\L

-

R31

N—-1
ZZ ST kalolon, (05 — ppth?)

0 KeT oceg,0=K\L

J/

7

~
R3,2

Pour avoir une estimation sur le terme Rz, on revient au schéma, on multiplie par pit
et on somme sur toutes les mailles K € 7 et pour n € {0...N — 1}, on obtient alors :

N—

H

> KI5 - ”+1+ZZ > kol = oo )eit =0

n=0 KeT n=0 K€T c€eg,0=K\L
N-1 n+1 2 n+1 —1
(p —PK (p
=) I +§ > K[
n=0 KeT n=0 KeT n=0 KeT
N-—1

+ Z Z Z knlo|(p n+lv;l((;’) p7LL+1 v?((g))p?fl -0

+1y2  N-1

n=0 KeT n=0

(PK)
E | K|———
KeT

N—1
33 3T kel oY — ot i) ek <0

n=0 KeT ocek,0=K\L

SOLLEE SR =

KeT KeT

18



i

() n p +pn+l ,0 /)nH
* S bl e (R i Py
n=0 KeT o€eg,0=K\L
Nl n+1 n+1 n+1
Z k‘o-’p+1UKU)( K . L K . L ) <0
n=0 K€T oceg,0=K\L
(pK)’ bl (PETPLT
= D IKI= ZIK\ +ZZ D halolpi Mo ()
KeT KeT n=0 KeT o€eg,0=K\L

n+1

N-—1
+>.>. >k |0'|p”“(w)@gg <0

2
n=0 KeT oceg,0=K\L

N-1

DLk +3 ) ey — (o)

KeT KeT n=0 oce,0=K\L

KeT KeT n=0 Ke€T o€ek,0=K\L

kn‘O" n 7 n
+Z Z 9 (it = Pt %og, <0

n=0 gce,0=K\L

N-1
:>Z|K|

7’L+1 tn+1
/ / divu da dt
KeT KeT n=0 KT tn K

N-1
Y R e, <0

n=0 gee,0=K\L

DL (pic)” ML (Pl )" //p” dive da dt

KeT KeT

N—-1

k’n|0" n 7 n
DD TR ), <0
n=0 gee,0=K\L

Ce qui donne

N-1 L |0_|
. > o T =, < Clpou) (2.2.7)



Pour le deuxieme terme R, on a :

N-1 N-1 tnst
Bi=Y Y k=% % / /\u.m

n=0 KeT ocek,0=K\L n=0 KeT oceg,0=K\L" "™

N-1 toit
-y / all 1o

n=0 KeT

en adaptant le Lemme 2.3 dans [11] au cas W' on a 3C dépendant de 6, t.q :

C N-—1 tnil C
Rsq1 < W Z Z / |wllwii ) = EHuHLl(O,T;lel(Q)) (2.2.8)

n=0 KeT v n
Et par conséquent, les deux inégalités (2.2.7) et (2.2.8) donnent
|[Rs| < C(U, po, w)hz — 0; b,k — 0

ceci termine la preuve.

2.3 Schéma Upwind fort explicite

Le schéma est donnée par :

KL = o)+ Y. kol (ool —pioil)) =0¥KeT  (23.)
c€eg,0=K\L
2.3.1 Positivité de la solution sous condition CFL

Lemma 2.3.1 Soit (p%) ket telle que : p > 0 pour tout K € T et pic solution de (2.3.1),
alors on a
PPt >0, VK €T,

sous la condition CFL suitvante :

| K|

Vn € {0..N — 1}, k, < ey (2.3.2)
O€EK ‘ o ‘ UKO’
» Preuve du lemme 2.3.1 : On a :
n n 1 n n(+ n_n(—
Pt = Pl — ﬁ Z kn | o | (PKUK(U) - PLUK( ))
oc€eg,0=K\L
n n 1 n(+
= P IPK(l—m > ko] Vi)
c€ek,0=K\L

20



1 )

O'EEK70':K\L

la condition CFL (2.3.2) donne :

Q=S ko] vl >
WZ

OEEK

on obtient finalement,
Pt VK €T,

2.3.2 Estimation L

Lemma 2.3.2 Soit () ker la solution du schéma (2.3.1), alors :

Vn € {0..N — 1}, M" = sup pj < C(Q,u)||pol| L=
KeT

» Preuve du lemme 2.3.2 :

On a :

n+1 n 1 n(+) 1

Pk _pK(l_ﬁ Z kn\ff\“m)+ﬁ Z

o€eg,0=K\L o€eg,0=K\L,o=K\L
1
- Mn+1 S Mn(l . Z n | o | vn(+))
| | O’E&K,O':K\L
M n(-)
kn
TR
o o
1 n+1
Mn+1 < Mn(l — m / leU dm dt)

1 tn+1
= M™ < M™(1+ m / (divu)™ dadt)

< M™(1+ [[(diva) | o))

On obtient alors :
vn € {0,N — 1}, M"™ < C(,u)||po]|oo-

21
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2.3.3 Convergence du schéma

Theorem 2.3.3 Soit (T, km)men une suite de maillages réguliére au sens de la définition
2. On note par pr,, i, la solution du schéma (2.3.1) qui correspond au maillage (T, kum,)-

Supposons que Vn € {0..N — 1}, k,, satisfait la condition CFL (2.3.2) et la condition
sutvante :

K|
P < ®

< . (2.3.3)
2ZUEEK,U=K\L | g | UKo

on a alors :

1. p1 K, — p qd m — +00 , pour la topologie L™ faible *
(apres extraction d’une sous suite),

2. p est solution du probléeme (2.1.2).

Preuve
La convergence de la suite (pr,k, )men résulte du lemme 2.3.2. On va maintenant
démontrer la convergence du schema.

On multiplie le schéma par W% et on somme sur toutes les mailles K € 7, et pour
n =0..N — 1, on obtient alors :

N-1
S I - Y Y el - s = 0
n=0 K€Tp, n=0 K€Tm ocer,0=K\L
On a déja montré dans la preuve du thoreme 2.3.3 que :

ZZ|K| (Pt — pr)un — — //qut /po U(z,0)dx; bk —0

n=0 KeTn

Reste a montrer que :

N—-1
=N N kel = o)) e

n=0 K€Tm o€eg,0=K\L

%_/0 /Q(pu)(:c,t)~(v\lf)(:c,t) dzdt; h,k — 0
On a:

N-1
L=>5 3 klol(Wk - wiD)por)

n=0 K€Tm oceg,0=K\L

N—-1
SN N kel - 9o

n=0 K&€Tm ocex,0=K\L

22



= > kalolpk Ui,

=0 K€Tm o€ex,0=K\L

3

2

Z knlo|pk (¥ K:)UkcEJr) \I]TIL((O')UkU )+ Ry
KeTm o€eg,0=K\L

N-1
avec: Ri=%" %" 3 kalol(dh — pE)(Wk — Ui )oR

n=0 K&€Tm oceg,0=K\L

i
o

T T
T2 = / LT m \I’Tm ko dive dadt — / PTokem \I[Tm,km le(\I/U) dx dt + R1
0 0

et
DTk = Prc SUTK X (tn, tny1)

On aura alors :

T — /0 ' /Q (p0)(, t)divu(z, t) de dt — /0 ' /Q (p) (@, t)div(Tu)(z, ) dz dt

T
[ [t (w00 deat
o Jo
Reste a montrer que
Ry —0;h,k—0

en effet, on a :

N—1
Rl =133 S kalol(ol — o) (W — w3 )|

n=0 K€Tm oceg,0=K\L

N-1
VA S > kol ok — ph| vk,

n=0 Ke€T o€eg,0=K\L

par 'inégalité de Cauchy-Schwarz, on a :

Ri| < C(¥ Z S>> kalolog,):
n=0 KeT oceg,0=K\L

~~

Ry

J

N—

N n n 1
( E E E knlo |0, (05 — 1))
n=0 KeT ocek,0=K\L

Ry

—

J/

Pour le premier terme R;;, comme dans la preuve du théoreme2.2.3, on a 3C
indépendante du maillage t.q :

23



C
Rl,l S EH’U,HLI(O’T;WLI(Q)) (234)

Pour avoir une estimation sur le terme R, 5, on revient au schéma et on multiplie par p',
on obtient :

N—-1
STSTIKI — pi)pEt + Z SN kol — o Ve =0

n=0 KeT n=0 KeT oc€eg,0=K\L
N-1 n+1 )2 N-1 "o
(P —p (o)
== RGN ) DLl > IR
n=0 KeT n=0 KeT n=0 KeT
N-1 I o
+ > halolpoh (L PP
2 2
n=0 K€T oceg,0=K\L
V-1 noon n o__ .n
_ Z k., |U|:0KUKU)(pK2 PL_PK2 PL):O
n=0 KeT o€eg,0=K\L
= — |K|(”K LY )y |K|(”f2<> +/ /(WQ’“) divu
n=0 KeT KeT KeT 0 Q
N-1 L |0‘|
55 e o
n=0 oce,0=K\L
et donc,
- N-1 p
Z Z 2 (pK —PL )UKO' ( » PO, U + | |— ( .O. )
n=0 UEE,J:K\L n=0 KeT

En utilisant le schéma (2.3.1) le second terme dans (2.3.5) donne :

N-1
PIPDIIERITESD D) DL DT TRl

n=0 KeT n=0 KeT c€ek,0=K\L

1 n _n n n n{—
= = X" ko | (P, + (0 — p)ui P2

N-1 1
<2 W[ >kl Pk,
n=0 KeT c€ek,0=K\L
N-1 1
+2 il 2 Ralol k= e T
n=0 KeT o€ek,0=K\L
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—1 1 tntl
> = / / prdive de dt]?
—~ K[ ), Jx
—1
+2 Z > 7' > kalol ok —phuis T

=0 KeT o€ek,0=K\L

< C<Qa Po; u)
N—

2y S0 Y klolek-mPi i X ko)

n=0 KeT oceg,0=K\L c€ek,0=K\L

[y

a ce stade on utilise la condition(2.3.3), on obtient alors

ZZ\KI i pn)? < C(Q, po,u +ZZ ST kalo | (o — o))

n=0 KeT n=0 K€T oc€eg,0=K\L

Z e
2

K| (o3 = plic)* < C(2, po, u) + > kalo | (pk—pi) Uk, (23.6)

KeT n=0 Ke€T oceg,0=K\L

I
o
Il
o

n

on a finalement, (2.3.5) et (2.3.6) donnent :
[Ri2| < C(Y, po, w) (2.3.7)
et donc (2.3.7) et (2.3.4)
IRi| < C(V, po, w)h2 — 0;h, k — 0,

ceci termine la preuve.

2.4 Schéma Upwind faible implicite
Le schéma est donné par :

K0 =pi)+ Y kalo] (0 (Te)" = o (07,) ) =0, VK € T (24.1)

o€ek,0=K\L
avec .
1 thrl
Uy = W(/ /(U ‘NKo) dy(z)dt)
tn, O

2.4.1 Positivité de la solution

En supposant que : VK € T,¥n € {0, N — 1}, p% > 0, on a alors la solution p du

schéma (2.4.1) est positive (pitt > 0) et la preuve est identique & celle du lemme 2.2.1.
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2.4.2 Estimation L™

On rappelle le lemme qui donne I'estimation :

Lemma 2.4.1 Soit (p%™)ger solution du schéma (2.4.1), supposons que :

tni1
Wn € {0..N—1} : / ot) dt < % (2.4.2)
tn
avec
o(t) = [|(divee) ™ [| Lo (o)
alors : . i
Wn € {0..N — 1}, M" = sup p- < MO@QOfso(t) dt < MO% { (t) dt

KeT

Preuve La preuve est la méme donnée dans le lemme 2.2.2.

2.4.3 Convergence du schéma

Theorem 2.4.2 Soit (T, km)men une suite de maillages réguliére au sens de la définition
2. On note par pr,, k,, la solution du schéma (2.4.1) qui correspond au maillage (T, k).
Supposons que la vitesse w satisfait la condition (2.4.2), on a alors :

1. p1, K, — p qd m — +00 , pour la topologie L™ faible *
(apres extraction d’une sous suite),

2. p est solution du probléeme (2.1.2).

Preuve
On multiplie le schéma par Uet on somme sur toutes les mailles K € 7, et pour
n € {0...N — 1}, on obtient :

Z > KR = o) +Z Yo D kol (W) = pE M (0) )WR = 0
n=0 K€Tp, n=0 KTy o=K\L
On a, d’apres les paragraphes précédents

ZZ|K| Pt — P — — //p\I/t /po U(z,0)de; hp,ky — 0

n=0 KeTpm,

Montrons maintenant que :

Z > YT kel )t — T (0,) )Wk

n=0 K€Tm oc€eg,0=K\L
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N _/0 /Q(pu)(x,t) () (@, 1) A dt; hy, Ky — 0

On a:
N-1
o= % Y kol — Wi, )i (5,)
n=0 K&Tm oceg,0=K\L
-1
=X D kel = Wi )pE T (05,)
n=0 K€Tm o€ex,0=K\L
N-1 N-1
= Yo Kol VRo T, =D D Y kalo| Vi i U, + R
n=0 K€Tm o€ex,0=K\L n=0 KeTn o€ek
avec :

N—-1
Ri=Y"5 3 Rlollop - ot (W — W) (5,)

n=0 K€Tm o€eg,0=K\L

et Ry — 0; hyp, kyy — 0, la preuve est identique a celle du théoreme 2.2.3, et donc

T N-1 g1
Ty = / priVT, ko dive da dE— ) 0 > > Wy pi! / / u- Ny dy(x)dt + Ry
0 tn o

n=0 KeT,, oc€ek

T N-1 .
15 =/ 1Y T, ke dive da dt — Z Z Z \If?((,p?l/ /w ‘nge dy(z)dt + Ry
0 tn o

n=0 K&€Tm o€k
avec : w € P!, approximation Crouzeix-Raviart de u .
On définit V% par :
U(z,,t,), sl w-ng, change de signe
tn
no— LYW ng doy(x) dt
ftt [ow-ngody(z)dt

tn

T N-1 o1
Ty, = / Tt Yrdive dae dt — Z Z Z / /\If(xo, sn)p}?lw ‘N dy(z)dt
0 tn o

n=0 Ke€T,, c€exNE

, sl w - ng, ne change pas de signe

N-1 n+1
Y X [ et gy
t o

n=0 K€Tm o€ex\E " "™

avec :E = {0 € ¢ telle que : w - nk, change de signe}

T N—-1 b1
1= [ ontradivede dt= Y Y S [ [t ara at
0 n=0 KeT,, ocexNE tn g

27



(2}
- Z / / Ut w - ngo dy(z) dt + Ry + Ry
tn

avec :
tn+1

/ /\I! U (2g,80)) 0w - npey dy(x) dt
tn

alors :

T T
T - / / (p0)(z, 1) div u(z, ) da dt — / / o, ) div(Wu) (2, 1) da dt.
0 Ja 0 Ja
Reste a montrer que
Ry — 0, hyykyy — 0 (2.4.3)
on aura besoin du lemme suivant :

Lemma 2.4.3 Soit w une fonction affine sur K telle que : {w =0} NOK # 0, alors on a :

2
|wllzor) < 3—HV7~U||L1(K)

avec : h et s diametre et surface de K respectivement.

»Preuve du lemme 2.4.3 :
On peut supposer que : w # 0 telle que : ||w|| = 1.
Ona:Ja€ K et b € K tels que : |w(a)] =1 et w(b) =0
on a alors : 1

IVw| > |[Vw - n| >

d(a,b)
donc :
IVwl| g1k

ml%

d’autre part, on a :

IVwllpiomy = D | lwl <3h

0, €0K ¥ i

d’ou le résultat :
3h?
Vw21 ax) < —va||L1(K

On démontre maintenant (2.4.3), on a :

N-1 -
= Z Z Z / / (U — U(zy,8,)) o8 w - ngy dy(z)dt — 0;h k — 0
tn

n=0 KeT c€exgNk

DDl

n=0 KeT ccexNE tn

/(\I/ — U (24, 8,)) P w - o dry() di|
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<chiny ¥ 5 [ [l

n=0 KeT UEEKOE
N-1 n+1
o S [ o
n=0 KeT
-1 tn+1
Clh+ k) z 3 / lollwiage
n=0 KeT tn

< C(h+ E)wlpo,zwr @)
< C(h + k)HuHLl(O,T;Wl«l(Q)) — 0;k,h —0

(Stabilité du projecteur Crouzeix-Raviart)

Reste a montrer que :
Vrw — Vu, dans L'(Q)

avec :Vyw = Vw,VK € T
Lemma 2.4.4 Soit f une fonction de L*(Q) et fr définie par :

1
fT:W/Kf(f)dw

On a alors : || f — fr|lLi) — 0,size(T) = 0

»Preuve du lemme 2.4.4 :
*xEtapel : Si f € C}(Q)
On a:

Ve e K:|f(x) — fr(x)| = |f(x) = f(y)|, pour y € K (théoréme de la moyenne)
< Clx —y| < Csize(T)

Donc :
1f = frlin@) < C|Qsize(T) — 0, size(T) — 0

*xEtape2 : Si f € L1(Q2)
On a: Ve > 030 € CF(Q)telle que : || f — @ 1) < ¢
On aura alors : si size(7T)< d(¢) :

I = Frileve < 1 = Plleve) + 12 = S7lloie + 187 = frlle
<20f — @l pia) + |2 — Prlpi) < 3¢

2.5 Schéma Upwind faible explicite

Le schéma est donné par :

Ko =)+ Y. kalo| (Pk(0k)" = ph(ih,) ) =0, VK €T  (25.1)

oceg,0=K\L
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2.5.1 Positivité de la solution

En supposant que : VK € T,Vn € {0,N — 1},p% > 0, alors la solution p' du

schéma(2.5.1) est positive (px > 0), sous la condition CFL suivante :

| K|
ZO’EEK | g | (,ﬁ?{o_>+

La preuve est dientique a celle du lemme 2.3.1.

Vn e {0.N —1},k, < (2.5.2)

2.5.2 Estimation L™
De méme que dans le paragraphe(2.3.1), on a si la condition CFL (2.5.2) est satisfaite :

Vn € {0...N — 1}, M"™ = sup pi < C(2,u)] pol|co-
KeT

2.5.3 Convergence du schéma

Theorem 2.5.1 Soit (T, km)men une suite de maillages réguliére au sens de la définition
2. On note par pr,, i, la solution du schéma (2.5.1) qui correspond au maillage (T, kum,)-

Supposons que Vn € {0..N — 1}, k,, satisfait la condition CFL (2.5.2) et la condition
sutvante :

K]

b < _
QZUGEK,O’:K\L | o | (vKO')_

(2.5.3)

on a alors :

1. p1, K, — p qd m — +00 , pour la topologie L™ faible *
(apres extraction d’une sous suite),

2. p est solution du probleme (2.1.2).

Preuve On multiplie le schéma par ¥’ et on somme sur toutes les mailles K € 7, et pour
n =0..N — 1, on obtient :

N-1
Z DK = i)W+ > D> > Kalol(ok(Bic,) " = pE(0k,) ) Wk = 0
n=0 KeT n=0 KeT ocek,0=K\L

On a d’apres les paragraphes précédents :

ZZ|K| Pt — P — — //plllt /po U(z,0)de; hp,ky — 0

n=0 KT

Pour montrer que :

=ZZ S kalol(oh (0,) T — P1(T50) )W

n=0 K€Tm oceg,0=K\L
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N _/0 /Q(pu)(x, $) - (VO)(2, 5) Az ds; fi, ko — 0

En procédant de la méme facon que dans les parties précédentes, on obtient :

T N-1 tnt1
T, :/ /ka\Ikadivu de dt — Z Z Z / /‘I/p?(w~n1<g dry(z)dt
0 Q tn o

n=0 KeT,, c€exgNE

N-1 n+1
—ZZ Z /t+ /‘Ilp”Kw~andfy(x)dt+R1+R2
tn o

n=0 K€Tm ocex\E

N-1 n n n n ~n —
avec : Ry =), ZKETm ZUGEK,U:K\L knlo| (0% — p7) (Vi — Vi, ) (U%,)

et : Ry = i >y /t+ /U(\If — (2, $p)) Pl - nio dy(z) di

n=0 K€T, c€exgNE

tels que :
Ry — 0,d’apres le théoreme 2.3.3.

et :
Ry — 0,d’apres le théoreme 2.4.2.

ce qui donne finalement la convergence du schéma vers une solution du probleme (2.1.2).

Ce travail a été étendu par F.Boyer avec u € Wh1(Q) et des conditions aux limites
entrantes sur p, voir [12].
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Chapitre 3

Discrétisation des équations de Stokes
sationnaires compressibles

3.1 Abstract

In this chapter, we propose a discretization for the compressible Stokes problem with an
equation of state of the form p = ¢(p) (where p stands for the pressure, p for the density and
¢ is a superlinear nondecreasing function from R to R). This scheme is based on Crouzeix-
Raviart approximation spaces. The discretization of the momentum balance is obtained by
the usual finite element technique. The discrete mass balance is obtained by a finite volume
scheme, with an upwinding of the density, and two additional terms. We prove the existence
of a discrete solution and the convergence of this approximate solution to a solution of the
continuous problem.

3.2 Introduction

Let © be a bounded open set of R%, polygonal if d = 2 and polyhedral if d = 3. Let
¢ € C(R,R) be a convex nondecreasing function such that :

©(0) =0, ¢ is C" on R

and
Va € R, 3b > 0 such that : ¢(s) > as —b, Vs € R,. (3.2.1)

For M, u >0, f € L%Q)% and g € L>(Q)?, we consider the following problem :

— pAu — %V(divu) +Vp=Ff+pgin 2, u=0on0, (3.2.2a)

div(pu) =0 in Q, p>0 in , / p(z)de = M, (3.2.2b)
Q

p=p(p) in Q. (3.2.2¢)
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Remark 3.2.1

We assume that the function ¢ is convex, but not necessarily strictly convex. We also
assume that ¢ is nondecreasing but it can be constant on an interval (in fact, since ¢
is convez, the function ¢ is, at least for m large enough, increasing on [m,+00)).
The condition (3.2.1) is equivalent to the following one :

liminf p(s)/s = 400

S$—>—+00
The fact that ©(0) = 0 is not a restriction since p can be replaced by (p — p(0)) in
the momemtum equation and the EOS (namely the equation (3.2.2c)) can be written
as p — ¢(0) = ¢(p) — ¢(0).
The convezity of the function ¢ can be replaced by the following condition : there exist
a,a,b,b>0 and v > 1 such that :

Vs €R,, as” —b < o(s) <as?’ '+ b. (3.2.3)

Here also the function ¢ is assumed to be nondecreasing but not necessarily increasing.
We give more details using this condition in section 3.5.

The coefficient 11/3 in the second term of the Left Hand Side of (3.2.2a) is natural from
the physical point of view. From the mathematical point of view, it is easy to replace it
by i, as long as 1 > 0.

Definition 3.2.2 Let f € L*(Q)?, g € L®(Q)¢ and M > 0. A weak solution of Problem
(3.2.2) is a function (u,p, p) € Hy(Q)4 x L3(Q) x L*(Q) satisfying :

,u/ Vu: Vo dw—i—%/div(u)div('u) dx —/p div(v) de
Q Q

o (3.2.4a)
= / f~'vdar:—|—/pg~'vdm for all v € H{(Q)Y,
Q Q
/ pu-Vodx =0 for all o € WH(Q), (3.2.4Db)
Q
p>0 a.e in ), /pdzc =M, p=(p) a.e inQ. (3.2.4¢)
Q

The main objective of this paper is to present a numerical scheme for the computation
of an approximate solution of Problem (3.2.2) and to prove the convergence (up to a subse-
quence, since, up to now, no uniqueness result is available for the solution of (3.2.2)) of this
approximate solution towards a weak solution of (3.2.2) (i.e. a solution of (3.2.4)) as the
mesh size goes to 0. The present paper follows a previous paper [6] where a similar result
was presented in the case p(p) = p7, 7 > 1 (see also [13]). We present here a discretization
with the so called Crouziex-Raviart element, as in [6]. However, it could be possible also,
without additional difficulties, to use a MAC scheme, as in [7]. The fact to consider a general

EOS

(instead of p = p7) induces some additional difficulties with respect to the previous

papers [6] and [7]. In particular for the estimates on the discrete solutions (Section 3.4.2 and

33



Appendix 3.6) and for passing to the limit in the EOS (Section 3.4.3 and Appendix 3.7). For
passing in the limit in the EOS, we mimic some ideas which were developped for the study
of the Navier-Stokes equations, see [14], [8] or [15]. A part of the results given in this paper
was presented in the FVCA6 workshop (Prague, 2011) and in a short paper (containing few
proofs) in the proceedings of this workshop, see [9]. The present paper is more general. In
particular, it considers more general EOS and it includes the gravity effects (two improve-
ments which induce the need of non trivial developments, for instance for obtaining estimates
on u an p and for passing to the limit in the EOS). Furthermore, the present paper contains
complete proofs and an appendix with lemmas interesting for their own sake.

Remark 3.2.3 In the spirit of [14], [8] or [15] (which are devoted to the study of the com-
pressible Navier-Stokes equations, but not on the discretization point of view), it is worth
noticing that if (p,u) € L*(Q2) x HL(Q) satisfies (3.2.4b), then, it is known that (p,u) is a
renormalized solution of div(pu) = 0 in the sense of [4], that is

(p¢'(p) — p(p))div(u) + div(¢(p)u) = 0 in D'(R?),

for any C*-function ¢ from R to R such that ¢' is bounded (in order to give a sense to the
preceding equation, we set u = 0 in R4\, so that u € H'(R?)). This is explained in Remark
3.7.5.

3.3 Discrete spaces and numerical scheme

Let 7 be a decomposition of the domain €2 in simplices, which we call herafter a trian-
gulation of €2, regardless of the space dimension. By £(K), we denote the set of the edges
(d =2) or faces (d = 3) o of the element K € T ; for short, each edge or face will be called
an edge hereafter. The set of all edges of the mesh is denoted by & ; the set of edges included
in the boundary of € is denoted by E.x and the set of internal edges (i.e. £\ Eeyx) is denoted
by &Ent. The decomposition T is assumed to be regular in the usual sense of the finite element
literature (e.g. [2]), and, in particular, 7 satisfies the following properties : Q = | J,oc K ; if
K, LecT,then KNL =0, KNLisa vertex or KNL is a common edge of K and L, which
is denoted by K|L. For each internal edge of the mesh 0 = K|L, nk , stands for the normal
vector of o, oriented from K to L (so that nx;, = —npx). By |K| and |o| we denote the (d
and d — 1 dimensional) measure, respectively, of an element K and of an edge o, and hx and
he stand for the diameter of K and o, respectively. We measure the regularity of the mesh
through the parameter 6 defined by :

0 = inf {fL—K, KeT) (3.3.1)
K

where £k stands for the diameter of the largest ball included in K. Note that for all o € &,
o = K|L, we have h, > {x > 0 hg and h, < hy and so 0 hye < hy, < 07 hg. Note also that
for all K € T and for all ¢ € £(K), the inequality h, |o] < 2 6~ |K]| holds ([11, relation
(2.2)]) and if o = K|L a rough estimate gives |K| < (2/6)??|L|. These relations will be used
throughout this paper. Finally, as usual, we denote by h the quantity maxxes hi.
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The space discretization relies on the Crouzeix-Raviart element (see [3] for the seminal
paper and, for instance, [5, pp. 199-201] for a synthetic presentation). The reference element
is the unit d-simplex and the discrete functional space is the space P; of affine polynomials.
The degrees of freedom are determined by the following set of edge functionals :

{F,, 0 € £(K)}, F,(v) = ]a]l/vd’y. (3.3.2)

The mapping from the reference element to the actual one is the standard affine mapping.
Finally, the continuity of the average value of a discrete functions v across each edge of the
mesh, F,(v), is required, thus the discrete space V}, is defined as follows :

Vi ={ve Q) : VK €T, v|x € Pi(K);

3.3.3
Vo € Ent, 0 = K|L, F,(v|x) = Fy(v|); Vo € Eext, Fy(v) = 0}. ( )

Indeed, this space V}, should be denoted by V7 since it depends on 7 and not only on A
(which is given by 7) but this (somewhat incorrect) notation is commonly used.

The space of approximation for the velocity is the space W), of vector-valued functions
each component of which belongs to V,, : W}, = (V},)% The pressure and the density are
approximated by the space L; of piecewise constant functions :

L, ={q€ L*(Q) : q|x = constant, VK € T }.

Since only the continuity of the integral over each edge of the mesh is imposed, the functions of
V;, are discontinuous through each edge ; the discretization is thus nonconforming in H*(£2).
We then define, for 1 <7 < d and u € V}, 0y, ; u as the function of L2(€) which is equal to the
derivative of u with respect to the i*" space variable almost everywhere. This notation allows
to define the discrete gradient, denoted by V,,, for both scalar and vector-valued discrete
functions and the discrete divergence of vector-valued discrete functions, denoted by divy,.

The Crouzeix-Raviart pair of approximation spaces for the velocity and the pressure is
inf-sup stable, in the usual sense for “piecewise H'” discrete velocities, i.e. there exists ¢; > 0
only depending on 2 and, in a nonincreasing way, on #, such that :

/p divy(v) de
Q

Vp € L, sup > ¢ [lp = m(p)[lrz@) ,
vews,  vllie
where m(p) is the value of p over Q and |- |15 stands for the broken Sobolev H! semi-norm,

which is defined for scalar as well as for vector-valued functions by :

loll?, = ZL;VU|2dm:/Q|VW|2dx.

KeT

This norm is known to control the L? norm by a Poincaré inequality (e.g. [5, lemma 3.31]).
We also define a discrete semi-norm on Ly, similar to the usual H' semi-norm used in the
finite volume context :

g
Vo€ Ln, o= |h—| (o — pr)*

Ueginta
o=K|L
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From the definition (3.3.2), each velocity degree of freedom may be indexed by the number
of the component and the associated edge, thus the set of velocity degrees of freedom reads :

{Ua,h S 8int> 1 S { S d}
We denote by e, the usual Crouzeix-Raviart shape function associated to o, i.e. the scalar
function of V}, such that F,(e,) =1 and F,/(e,) =0, for all o’ € €\ {o}.
Similarly, each degree of freedom for the pressure is associated to a cell K, and the set

of pressure degrees of freedom is denoted by {px, K € T}.

We define by rj, the following interpolation operator :

Th - H[l)(Q) — Vh

u = ru=Y Fy(u)e, =Y |o|™! (/qu) e,. (3.34)

oe€ oe€

This operator naturally extends to vector-valued functions (i.e. to perform the interpolation
from H{(2)? to W},) and we keep the same notation r, for both the scalar and vector case.
The properties of r;, are gathered in the following lemma. They are proven in [3].

Theorem 3.3.1 Let 6y > 0 and let T be a triangulation of the computational domain €2
such that 0 > 6y, where 0 is defined by (3.3.1). The interpolation operator ry, enjoys the
following properties :

1. preservation of the divergence :
Vv € Hy(Q)4, Vg € Ly, / q divp(rpv)de = / q div(v) de,
Q Q
2. stability :
Yo € H[l)(Q), HrhUHl,b < Cl<¢90> |U|H1(Q) ,
3. approxzimation properties :
Vv € HA(Q) N H(Q), VK € T,

||U — rhUHLQ(K) —+ hK HVh(v — ThU)HLQ(K) S 62(00) h%{ |U‘H2(K) .

In both above inequalities, the notation ¢;(fy) means that the real number ¢; only depends
on ¢y and €2, and, in particular, does not depend on the parameter h characterizing the size
of the cells; this notation will be kept throughout the paper.

The following compactness result was proven in [11, Theorem 3.3].

Theorem 3.3.2 Let (v,)nen be a sequence of functions satisfying the following assumptions :

1. Vn € N, there exists a triangulation of the domain 7T, such that v, € V}_, where Vj,,
is the space of Crouzeiz-Raviart discrete functions associated to T, (and h, given by
T.), as defined by (3.3.3), and the parameter 6,, characterizing the reqularity of T, is
bounded away from zero independently of n,
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2. the sequence (Vp)nen is uniformly bounded with respect to the broken Sobolev H' semi-

norm, i.e. :
Vn € N, vl < C,

where C' is a constant real number and || - |1, stands for the broken Sobolev H* semi-
norm associated to T, (with a slight abuse of notation, namely dropping, for short, the
index n pointing the dependence of the norm with respect to the mesh).

Then, when n — oo, possibly up to the extraction of a subsequence, the sequence (Vp)nen
converges (strongly) in L2(Q) to a limit v such that v € H)(Q).

We now present the numerical scheme we use. Let p* be the mean density, i.e. p* = M/|Q|
where || stands for the measure of the domain Q. Let also o and £ be given, with a > 0 and
0 <& < 2. Let T be a (regular) decomposition of the domain €2 in simplices. The discrete
unknowns are u, p and p, with w € W) and p,p € L;. Using the notations previously
introduced, we consider the following numerical scheme for the discretization of Problem
(3.2.2) :

u/ Viu: Vv dm+§/divh(u)divh(v)dm —/p divy(v) dx
Q Q

0 (3.3.5)
:/f-vdaz—i—/pg-vdaz for all v € W},
Q Q
> (loluk, p — lolug, pr) + M + T =0 forall K € T, (3.3.5b)
oc=K|L
prx = ¢(px) foral K € T. (3.3.5¢)
The quantity ug,, is defined by
UK, = ’0|_1/Ud7 "MK
As usual, uy , = max(ug,, 0) and uy, = —min(ug,e, 0), so that ux, = uyg ,— g,
The terms My and Tk read :
My = h" |K| (px — p"), (3.3.6a)
o
T = 3 5 (o +1onl) (o — o). (3.3.6b)

o

o=K|L
3.4 Existence and convergence of approximate solu-
tions

3.4.1 Existence of a solution

Let 7 be a (regular) decomposition of the domain € in simplices. We prove in this
section the existence of a discrete solution, that the existence of a solution to (3.3.5), by
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using the Brouwer fixed point theorem to a convenient application 7' from R to RY where

N =card(T). We first define T

Let p = (px)ker- Choosing the elements of 7 in an arbitrary order, we then have p € RY.
We calculate p by the following relation : px = (p;) for all K € T.

We now compute u as the unique solution (in W) of (3.3.5a) with p instead of p in the
Right Hand Side of (3.3.5a) (and p given by prx = ¢(p)) for all K € T). The existence and
uniqueness of u is an easy consequence of the coercivity in W}, of the bilinear form

(u,v) — ,u/ Viu: Vyvde.
Q

Furthermore, the solution w continuously depends on p (since ¢ is continuous).

We have now to define p (and we will set T'(p) = p). We change a little bit the term T.
Instead of (3.3.6b), we take

ol . i
Tx = Y, I |h_‘ (Ipxl + 1pLl) (px = pr) -

o=K|L

With this choice of T, the set of Equations (3.3.5b) leads to the linear system of N equations
with N unknowns (which are py for K € T). The equations of this system may be written
as :

Z Qg LPL = bK for all K € T, (341)
LeT
with o]
a o ~ ~
axx =K+ Y (loluf, + b 7 Upxl+1pel) ),
o=K|L a
S o T P
axr = —lolug, =1 = (Ipx| + |oe]) it o = K|L,
ak,, = 0if K and L do not share an interface.
bK = ha|K‘p*.

Using the fact that uy , = uy, (for ¢ = K|L), one has, for all K € T,

ZCLK,L >0

LeT

and, forall K, L € T, K # L,
aK.L SO

With these properties, it is quite easy to show thet the system (3.4.1) has a unique solution.
Furthermore, since bx > 0 for all K € T the solution p satisfy px > 0 for all K € T (see
Lemma 3.8.4). Finally, since the coeffcients a1, and bx depend continuously of p (and since
the application A — A~! is continuous on the set of invertible N x N matrix), the solution
p of (3.4.1) continuously depends on p.
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We define now (as we said before) the map T from RY to RY setting T'(p) = p. The map
T' is continuous.

If p € Im(T"), we also showed that px > 0 for all K € T. Futhermore summing for K € T
the equations (3.4.1) we obtain

> hKlpx =Y bk =Y h|K|p*.
KeT KeT KeT

With the definition of p*, this gives ), . |[K|px = M. Since p — > .+ |K||pk| is a norm
on R¥ this proves that the whole set Im(7T') is included in a fixed ball of RY. Then, we can
apply the Brouwer fixed point theorem. It gives the existence of p € RY such that T'(p) = p.
This gives the existence of a solution (u, p, p) to (3.3.5).

We conclude this section by remarking that if (u, p, p) is a solution to (3.3.5), we neces-
sarily have T'(p) = p and this show that

p > 0forall K € T and Y |K|px = M.
KeT

3.4.2 Estimates on the discrete solution

Lemma 3.4.1 Let T be a triangulation of the computational domain 2 and ® a nondecrea-
sing function in C*(R}). Let (u,p) € W), X Ly, satisfy the second equation of the scheme,
i.e. Equation (3.3.5b). Then, px >0 for all K € T and :

/Qq)(p)divh(u) de < 0.

Proof We first remark that p is solution of (3.4.1) with

o]

axx =h' K|+ Y (loluf, + bt 7 (el +pel) ),
o=K|L 7
e g bl o
axr = —lolug, =1 - (lox| + lorl) it o = K|L,
ak,, = 0if K and L do not share an interface.
bK = ha|K‘p*.

Then, since b > 0 for all K € T, one has px > 0 for all K € T (see Lemma 3.8.4).

Let the function ¢ € C*(RY) satisfying ¢'(s) = @ for all s > 0 (¢ is nondecreasing).
Multiplying (3.3.5b) by 1 (pk) and summing over K € T yields T} + T + T3 = 0 with :

Ti=Y Wlpx) Y lolpsus - mir,

KeT o=K|L

Ty =Y h*|K|v(px) (px = ),
KeT

Ty=> ¥pk) D (hi+hy) L;Ll (px + pr) (px = pL) -
KeT o=K|L 7
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Let :

T, = Z /KCD(pK)div(u) — Z lo|ug - ngr(P(pr) — @(pr))

KeT oc=K|L

Wehave:T4:T4—T1—T2—T3

= Y lolus - nr[®(pr) — 2(pr) — poe(V(px) — (pr))] — To — Ts,
o=K|L
with Po = PK if'u,a-'n,KL > 0 and Po = PL ifug-'nKL < 0.
The fact that ¢ is nondecreasing yields :
* 1y > ZKGT hO‘lKWJ(p*) (pK - /0*) =0,
* Ty = gy (e + hi)s 12 (pxc + 1) (px = pi) (V(px) = ¥(pr)) > 0.
For oo > 0, we define ®, on R} by ®,(s) = ®(a) — ®(s) — a(y(a) — ¥(s)). Since P is

nondecreasing (and s¢’(s) = ®'(s)), one has ®,(s) < 0 for all s € R%. Then, thanks to the
choice of p,, one has

> ol - ncr[®(px) = P(pr) = po(¥(pr) = P(pr))] <0

o=K|L
which gives :
Q

Proposition 3.4.2 Let 6y > 0 and let T be a triangulation of the computational domain (2
such that 8 > 0y, where 0 is defined by (3.3.1). Let (u,p,p) € Wy, x Ly x Ly, be a solution
of (3.3.5). Then there exists C, only depending on the data of the problem 2, f, g, u, v, M
and on 0y, such that :

Proof
Let (u,p, p) be a solution of (3.3.5) .Taking u as test function in (3.3.5a) yields :

L ||qub + % /Q div; (u) de — /Qp divy(u) dx = /Qf -udx + /ng -ude. (3.4.3)

Using Lemma 3.4.1, a (well known) discrete Poincaré Inequality and the Holder Inequa-
lity, one obtains the existence of C'; only depending on 2, f, u, g such that

lullis < Ci(1+ ol )- (3.4.4)

Since p = ¢(p), using (3.2.1), for all £ > 0 there exists C. (only depending on ¢, ¢ and
Q) such that :
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[ollLz@) < C: +elplliz@) - (3.4.5)

Then, with (3.4.4), for all € > 0, there exists C, only depending on €, f, u, g, ¢ and ¢ such
that

lullip < C:+ellpliz - (3.4.6)

We now use Lemma 3.8.2. There exists w € H}(Q)¢ such that div(w) = p — m(p) a.e. in
Qand ||w|[g gy < ez llp — m(p)|r2@@) where ¢; only depends on .

Taking v = rpw as test function in (3.3.5a) yields :

/p divy(v)de = u/ Viu: Vyvde + %/ divy,(u)divy(v) de
Q Q Q

— f-vda:—/pg-vd:c.
Q Q

Since [, divj(v)dax = 0, this gives also

/Q[p —m(p)] divy(v)de = ,u/Qth : Vyvde + g/ divy,(w)divy(v) de

Q
—/f-vd:r:—/pg-vda:
Q Q

/[p —m(p)*dz = ,u/ Viu: Vyode + %/ divy,(uw)div,(v) de
Q Q Q

—/f-vda:—/pg-vdw.
Q Q

Using theorem 3.3.1, lemma 3.8.2 and the inequalities (3.4.5) and (3.4.6) we get for all
e > 0, the existence of D., only depending on 2, f, u, g, ¢, 6y and € such that

and then

[P —m(P)llLz) < De+ellplz) -

In order to obtain an estimate on ||p||z2 , we now use the fact that [, pdz = M (and we
will deduce an estimate on ||p||z2 in term of Q, f, u, g, 6o, ¢ and M).

We first modify a little bit the function ¢ (which is only nondecreasing) in order to obtain
a function ¢ continuous and one-to-one from R, onto R, so as to be able to use its inverse
function. Let so > 0 such that ¢(sg) = 1. We define the increasing function ¢ from R, to
R4 by
@(s)zsiifogsgso,
0
p(t)

o(s) = s max — if 59 < s.
S€[s0,8]
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The function ¢ is a continuous increasing and one-to-one function from R, onto R. Then,
there exists ¢ (continuous increasing and one-to-one) from R, onto R, such that

P(p(s)) = p(p(s)) = s for all s € Ry.

Since Im(¢) = Ry, we have lim;_, 1 9(s) = 400.
We also remark that for all s > 0 one has for s > sq, ¢(s) > ¢(s) and then, a.e. in €,

V(p) = Y(p(p)) < (@(p)) + ¢(s0) = p+ 1.

This gives [, ¥ (p)de < M + |Q|.

We now use Lemma 3.6.1. It gives the existence of C, only depending on §, f, i, g, o,
@ and M such that

Ipll2 < C. (3.4.7)

Using (3.4.7) in (3.4.4) we thus get the estimate on ||u||1, -
Finally, thanks to p = ¢(p) and (3.2.1), the estimate on p follows.

Lemma 3.4.3 Let 6y > 0 and let T be a triangulation of the computational domain € such
that 0 > 0o, where 0 is defined by (3.3.1). Let (u,p,p) € Wy, X Ly X Ly, be a solution of
(3.3.5). Then, there exists C' only depending on 2, f, g, p, ¢, M and 0y such that

W ol < C and E(p) < C
., 11 2
where E(p) = Z min(—, —)(px — pr)"|ol|uko|-
e pr’ pL

Proof We recall that px > 0 for all K € 7. Multiplying Equation (3.3.5b) by In(p(K))
and summing over K € T, we thus obtain :

> nlpk) Y lolukeps + Y (p) Mk + Y In(px)Tk =0,

KeT o=K|L KeT KeT

with p, = pr if g, > 0 and p, = pr if ug, <0.
The fact that the function s € R% — In(s) is increasing yields :

> (o) Y lofukeps + > In(px)Tk <0 (3.4.8)

KeT o=K|L KeT

Reordering the summations in the second term yields :

S )i = 32 1 (e + pu) (o) = (o)) (o = o)

KeT o=K|L
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Then, using the mean value theorem, for all ¢ = K|L there exists p, between px and pr,
such that

o PK TP -
S )T = 3 8T (i pu? PP (e (o)
KeT o=K|L 7
and this gives Z In(px )Tk > Z h* ? (px —pr)°.
KeT o=K|L 7

Using this inequality in (3.4.8) we get

> (o) D lofukeps + Y hE pK—pL)2 <0

KeT o= K‘L o= K‘L
which can be rewritten as
Z 0w ops(In(pr) — In(pr)) Z hg (P — pL)2 < 0.
o=K|L o=K|L

If o = K|L, we now choose for K the cell satisfying wr , 2 0. We thus obtain

Z |olukopr(In(pr) — In(pr)) Z hg (o — pr)* < 0.

o=K|L o=K|L

Adding and substracting the quantity ZU:K|L lo|uk o (px — pr), we then get

> lolukolpx(In(pk) —In(pr)) = (px — pr)] + > bt |U| (px — pr)’?

o=K|L oc=K|L
< - Z lo|uk o (px — pr) = —/PlehU < HPHLQ(Q) el -
o=K|L L

Since we have |plli2@) < C and |u|ip < C where C is given by Proposition 3.4.2, we
obtain

> lolukelpx(n(px) — (o)) — (px — pL)]

o=K|L

3.4.9)
elol (
+ > h I (px —pr)” < C~.
oc=K|L
We now use Lemma 3.8.5 with ¢(s) = In(s). We obtain the existence for o = KIL of p,
between pgx and pr such that

1 L
> lofurolox(n(pr) = n(pr) = (o = pu)l = Y gloluro(px = pr)*p, "
oc=K|L oc=K|L
Using this equality in (3.4.9), we get :
1 2~—1 ¢ o] 2 2
> 3lolucolor = )5+ 3 B 5= (o = pr)” < C2
9€Eint  o=K|L

5 S
This gives S; < C? and Sy < C? and concludes the proof since Sy = hé [p|3 and E(p) < S;.

S
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3.4.3 Passing to the limit in the discrete problem

Theorem 3.4.4 Let « > 0 and 0 < £ < 2. Let a sequence of triangulations (T, )nen of
Q be given. We assume that h,, (given by T, ) tends to zero when n — oo. In addition, we
assume that the sequence of dzscretzzatzons is reqular, in the sense that 6, > 0y > 0 for all
n € N. Forn € N, we denote by W ) and Ly, the discrete spaces (for velocity, pressure and

density) associated to T, and by (W, Pn, pn) € W}En) x Ly, X Ly, a corresponding solution to
the discrete problem (3.3.5). Then, up to the extraction of a subsequence, when n — oo :

1. The sequence (W, )nen (strongly) converges in L2(Q)? to a limit w € HY(Q)? and (pp)nen
and (pn)nen converge weakly in L2(Q) to p, p respectively ;

2. (u,p,p) is a solution to Problem (3.2.4).

Furthermore, if ¢ is increasing, the sequences (pp)nen and (pp)nen converge in LP(Q) for
1<p<2 (up to a subsequence).

Proof The proof is devided in four steps :

e Step 1. Existence of a limit

The convergence (up to the extraction of a subsequence) of the sequence (w,, pp, pn) is
a consequence of the uniform (with respect to n) estimates of Proposition 3.4.2 (applying
Theorem 3.3.2 to each component of u,,). Then (up to an extraction) the sequence (wy)nen
(strongly) converges in L?(Q)¢ to a limit w € H}(Q)? and (p,)nen and (p,)nen converge
weakly in L?(Q) to p and p.

Since p, > 0 and fQ pndx = M, we obtain, passing to the limit as n — oo, p > 0 a.e.
and fQ pdx = M.

We now have to prove that (u,p) satisfies (3.2.4a) (this is proven in Step 2), that (u, p)
statisfies (3.2.4b) (Step 3) and that p = ¢(p) a.e. (Step 4). Step 4 will also gives the strong
convergence of p and p if ¢ is increasing.

e Step 2. Passing to the limit in (3.3.5a)

Let ¢ be a function of C>(Q2)%. We denote by 1, the interpolant of 1 in W,E”), i.e
U =13, (¥). Taking v = 1, in ((3.3.5a)), we obtain :

/ Vit : Vi U d:c+§ / div, (wp)divy, (1) dae
(3.4.10)
/pn lehn(wn dw—/f 7vbndw‘i‘/png wndm

We now write [, Vi, w, : Vi, b, de = Ty + T, with

T, = / Vi tn: Vy (U, —1¢)de and Ty, = / Vi u, : Vi de.
Q Q

Using the third property of the interpolation operator given in theorem 3.3.1, we get, with
¢(0y) only depending on 2 and 6,

T1] < Nunllip [[(Vn — D)1 < c(00)hn

@)
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and thus 7T} tends to zero as n tends to +o0o. Integrating by parts over each control volume,
the term 75 reads :

Ty = /un Apdz+ > /um Vi dy,
Q g€Eint

where [u,], = (ugx @ ng +up, @ ny) if 0 = K|L (for all K € T,, ugk is the value of u,, in
K, and n is the normal vector to 0K exterior to K). We omit the dependance of &, with
respect to n. Noticing that n;, = —nk and applying Lemma 2.4 in [11], we get, again with
¢(0y) only depending on 2 and 6,

’ > /un Vi nadv‘ < c(00) b [[wnll1p [ |m2(0)

Jeglnt

and thus tends to zero as n tends to +o0o. On the other hand we have :

—/un-A@bdw%—/u-Awdmasn—)jLoo
Q Q

— / Vu : Vi dz since u € H} ().
Q

Then, the first term of the Left Hand Side of (3.4.10) converges to [, Vu : Vi) da as n — co.
For the second term of (3.4.10), using the first property of the interpolation operator in
theorem 3.3.1, we get, with [u,, - n|, = ug - nxg +ur - ng,

/ divy, (w,)divy, () dz / divy, (w,)div (1) da

=Y ZZ/ u,) Zax 3% de+ ) / wpdiviy.ng dy

KeT, i<d j<d KeTn

ZZZ/ ““axax dz + Z/un- Sdivi) dy

KeT, i<d j<d 0€Ent

=Ty, + Top.
Applying Lemma 2.4 in [11], we get, with ¢(y) only depending on €2 and 6y,
Toal =1 3 | o mlodiverds] < @) [unl 1o 0¥ o
Jegmt

and thus T tends to zero as n tends to +oo. Then, the second term of (3.4.10) has the
same limit as Ty and this limit is [, diva dive) de.

For the third term of (3.4.10), we use, once again, Theorem 3.3.1 which yields :

/pn divy, (¢,) de = /pn div(¢y) de — /p div(¢)) de as n — +o0.
Q Q Q
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We now consider the Right Hand Side of (3.4.10). Since 1, — v in L*(Q)? we obtain

/Qf~wndw—>/gf-1pdzcasn—>+oo.

For the last term of (3.4.10), we use, once again, the (L?)? convergence of 1, to ¢ and we
use the weak-L? convergence of p, to p. We obtain

/png-¢ndm—>/pg-@/)daz as n — +00.
Q Q

Finally, we can pass to limit in (3.4.10) as n — oo and we get (3.2.4a) for all ¢ € C>°(Q2)4
(and then, by density, for all v € H}(Q)9), namely :
u / Vu: Vi de +§ div(w)div(e) da — / p div(e) da
Q Q Q

— [ svdas [ pgovia

e Step 3. Passing to the limit in (3.3.5b)

Let v be a function of C>°(Q)?.Multiplying (3.3.5b) by ¥x = ¢(7x) and summing over
K €7, we obtain :

T +T+13= Z Vi Z 0|k ops + Z hol K|[Yk (pre — p")

KeTn ce&(K) KeTn

+Zw Z h£ ,0K+PL)(PK—pL):O.

KeTn ceE(K

(3.4.11)

The first term 77 reads, with ¢, = ¥(z,),

Z Z ’0—|U’K0p0w1{_ Z Z |J‘uKapa _ng)

KeTn oeE(K KeTn ocE(K

= Z Z lolug opr (Vi — Vs) + Ra

KeTn oe&(K)

with R; = Z Z |U|UK0 PK — pa)(¢K _wU)

KE’R O'ES(K

Tl = Z PK¢K Z |O|uK,U_ Z PK Z |O-|uK7U¢U+R1

KeTn oe&(K) KeTn oc&(K)

Z pK/ Ydivu, de — Z pK/ div(Yu,) de + Ry + Ry + Rs,

KeTn KeTn

with Ry = — )~ pk / ¥ — P )diva, de

KeTn

Then,
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wd B 3 o X [ (0= v

KeTn c€e&(K)
Therefore, T} = — / Pnty, - VU + Ry + Ry + Rs.
Q

Let us now prove that the terms Ry, Ry, R3 — 0 as n — +o0o. We begin with R;. One
has, with Cy = [||[V¢|]| =) ,

Rl =1 Z loluk.o(pr — po) (VK — o)

KeTn oeE(K

<Cy Y, (hKJth)!PK—PLHUHUKH-

o=K|L

This gives, with the Cauchy-Schwarz inequality;,

< B X S )

min (-
o=K|L PE’ PL

Then,
|Ri| < CuE(pa)( Y (hic + hi)*(pxc + pr)lol|ur.q|)2.

o=K]|L

J/

-~

52
Using again the Cauchy Schwarz inequality we thus obtain :

Sy < (Y (b +ho)lollpx + pu)*) (D (hic + he)lolJukq[*)?

oc=K|L oc=K|L

The properties of the scheme given in section 2 and Hélder’s Inequality yields, with C(6p)
and C5(6y) only depending on Q and 6,

Sa < C1(60)( ) (K| +ILD ok + p2))'2( Y (b + hi)*|unl|Z2,) '

o=K|L oc=K|L
< Co(00)( ) 1K 1pR) P (Y Bollualleg) .
KeT, o=K|L

The estimate on p, in L*(Q) gives the existence of C3, only depending on the L?-bound
on p, and on Cy(fy) such that :

Sp < Oy Bllunla) .

o=K|L

By Lemma 2.3 in [11], we have :
o]

w2y < (di—

K| )2 (1wl 2y + il V|22 ).
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We thus obtain, with some Cy and Cs only depending on the L?-bound on p,,  and 6,
1/2
S2 < O Y2 Bhellunlfagey + W Vataliag)) < CohalllanllFage + lualf )
KeTn

Finally, thanks to the bound on w, (Proposition 3.4.2) we get lim,,_,», S2 = 0 and thanks to
the bound on F(p,) (Lemma 3.4.3) we conclude that lim,_,, R; = 0.

We now come to Ry. One has

|Ro| < Cyha |lpallie [[diva, (wn)liz@) < Cyha llpalliz) [[wallis
which tends to 0 as n — +o00.

It remains to treat Rs. One has

Rl =13 o Y [ v nuco il

KeTn c€€(K)

=| Z PK—PL)/W Vo )Un - Mg o dy| < O Z |PK—PL|/h [w,| dy.

o=K|L o=K|L
Using the same arguments as for the first term R; (bound on u, and bound on E(p,)) we
get a bound on R3h, 12 which gives lim,, .o, R3 = 0.

Finally, since lim,, o, R; = 0 for ¢« = 1,2, 3, one has

lim 77 = — lim | pyu, - VY de.
Q

n—o0 n—oo

Using the L?*(2) convergence of u,, and the L?*(Q2)-weak convergence of p,, we conclude that

lim 77 = —/pu~de:I:.
)

n—oo

We now prove that T, and T3 tend to 0 as n — oo. We remark that

’T2 ’—‘ Z h ‘K| PK — P )¢K ’S h22MH¢HLoo(Q) — 0 asn — 4o
KeTn

and

1Ty = ) Z hs, hi (px +p1) (Px — pr) VK |

KeTn ce€(K

= h5 Y ’h| (px +pr) (px — pr) (Ve — Y1) |

o=K|L 7

g
< Cphfy Y (hic +ho) |h—| (px +p) | px = pL |-

oc=K|L
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We now use the Cauchy-Schwarz Inequality to obtain, with C only depending on 1 and the
bound on hS|p,|* given by Lemma 3.4.3,

o 1

1< Ol Lol (32 i+ he® i)’
o=K|L v

1

<CRE( Y (hie +he)? lel (prc + pr)*)*.
o=K|L 7

The properties of the mesh given in section 2 yield the existence of ¢(fy) only depending on

) and 6, such that
lo] | K|+ [L]

ha (hK + hL)2 .
We thus obtain | T3 |< Cyv/c(f0) hi*(X,_o (K] + |L]) (px + p1)?)3. Thanks to the L*-

estimate on p,, we then conclude that lim, ., 75 = 0.

< ¢(by)

Finally, we can pass to the limit in (3.4.11) as n — oo and we obtain (3.2.4b) for all
Y € C*(Q). This gives also (3.2.4b) for all » € WH*(Q) thanks to Lemma 3.7.6 (since
u € HY(Q) and p € L*(Q)).

e Step 4. Passing to the limit in the Equation Of State

In order to conclude the proof of Theorem 3.4.4, it remains to prove that the Equation
Of State is satisfied, that is p = ¢(p) a.e. in Q. This is a tricky part of the proof.

Let (gn)nen be a sequence such that g, € Ly, for all n € N. We assume that the sequence
(Gn)nen weakly converges in L?(Q) to ¢ € L?(Q) and satisfies
|Qn|T <c h;na

where c is a positive real number and 7 is such that 7 < 1. Then one has :

vy € C2(Q), lim [ (divy, (u,) — py) gutp da = /(div(u) —p) qp de. (3.4.12)
This result is proven in [6], Proposition 5.9. Indeed, in Proposition 5.9 of [6] the hypothesis
on pis p € L*(Q), v > 1, and the sequence (p,)nen converges to p weakly in L*(Q), but
the proof given in [6] is also true for v = 1.

Taking ¢, = pp in (3.4.12) (which is possible with n = £/2, thanks to Lemma 3.4.3), one
obtains

VY € CX(Q), lim [ (divs, (un) — pn) putp de = /Q(div(u) —p) p de. (3.4.13)

n—oo Q

We now want to prove (3.4.13) with ¢» = 1 a.e. on . This is possible, thanks to Lemma
3.8.1, if the sequence ((divp,w, — Pn)pn)nen is equi-integrable. The condition (3.2.1) on ¢,
and the L*-bound on divy, u,, and on p,, will give this equi-integrability.
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Let a > 0 and b > 0 given by (3.2.1). One has a.e. on €,

apn < @(Pn) +b:pn+b7

so that 02 o2
Pn
s 2t
a a
If C'is a bound for the L?-norm of p, (such a bound is given by Proposition 3.4.2), one
obtains for any borelian subset A of €2,

20%  2b?
/pid$ < — +— 4]
A a a
Let € > 0, we then take a®> = 2C? /e which yields :

20°
/ prdr < e+ — |4l
A a

ca?

d th ith ) = —
an en, wi TR

|A| §5:>/pidx§2€.
A

This proves the equi-integrability of the sequence (p?),cn. Since the sequence ((divy, w, —
Pn))nen is bounded in L%(Q), we then easily conclude (with the Cauchy-Schwarz inequality)
that the sequence ((divy, w, — pn)pn)nen is equi-integrable. Thus Lemma 3.8.1 yields the
conclusion, namely (3.4.13) is true for ¢ = 1 a.e. on Q :

lim [ (divy, (u,) — py) ppde = /(div(u) —p) pda. (3.4.14)

We now want to get rid of [, pdiv(u)dx and [, p,div(u,)de in (3.4.14).

Since p € L3(Q), p > 0 ae. in Q, u € HY(Q)? and (p,u) satisfies (3.2.4b), we can use
Lemma 3.7.1. It gives

/ p div(u) de = 0. (3.4.15)

Then, using (3.4.15) in (3.4.14) we get :

lim (pn — divy,, (un)) pn dx — / ppdx = 0.

By Lemma 3.4.1 we also have fQ prndivy, (u,) de < 0. Hence :

limsup/pnpn da < /ppda:. (3.4.16)
Q Q

n—oo
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To conclude the proof of p = ¢(p), we will now use the so called Minty trick. Let p € L*(Q)
such that o(p) € L*(Q). We define for n € N the function G,, by

Gn = (¢(pn) = (P))(pn — p) = (Pn — ©(P))(Pn — P)-

One has G,, € LY()), G, > 0 a.e. in Q (since ¢ is nondecreasing) and

0< /QGn dz = /Q(pnpn = Pup — @(p)pn + ¢(p)p) da. (3.4.17)

Using (3.4.16) and the weak convergences of p, to p and p, to p in L*(2), we obtain :
0< limsup/ Gpdx < /(p —(p))(p— p) de.
n—00 Q Q

We have thus proven that for all p € L*(2) such that o(p) € L*(£2) one has

/Q(p —¢(p))(p—p)de = 0. (3.4.18)

We now have to choose p conveniently to deduce p = ¢(p) a.e. on Q from (3.5.11). The idea
of the Minty trick is to take p = p + (1/k)y with ¢ € C°(f2), k € N* and to let k goes
to +oo. Unfortunately, p(p + (1/k)1) is not necessarily in L?(£2). then, such a choice for
p is not possible. We will use here (and only here) the convexity of ¢. Since (p,), weakly
converges in L?(Q) to p and since the sequence (¢(py,))nen is bounded in L?(Q), we deduce,
using the convexity of ¢, that p(p) € L*(Q). This is proven in Lemma 3.7.8. This allows us
a convenient choice for p.

Let ¢ € C(Q,R). For k,m € N*, we set
1
Plm = P+ Ewlpgm-

Since p € L*(Q2), one has py,, € L*(Q). Using the fact that ¢ is nondecreasing (and nonne-
gative), we have, with M = [[¢||p~(q) ,

©(prm) < @(p) +@(m + M),

so that ¢(pr.m) € L*(R2) (since p(p) € L*()). Then, since p ., and ¢(px.m) belong to L*(Q),
we can choose p = pi,, in (3.5.11). We obtain

1
/Q(p - gO(p + Ewlpgm))¢1p§m S 0.

Fixing m in N*, we use the Dominated Convergence theorem on the sequence (gi)ren-
with g = (p — ¢(p + %wlpgm))@blpgm. Indeed, the continuity of ¢ gives gr — (p —
©(p))Y1,<p a.e. in Q. Furthermore, since ¢ is nondecreasing, one has, for all n € N*,

lgr] < H = [p+@(p) +o(m+ M)][Y| a.e. in €,
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and H € L'(Q). Then, the Dominated Convergence theorem yields

/Q (0 — 0(p))Lpem < 0.

Changing ¢ in —, we conclude that [,,(p — ¢(p))¥1 < = 0 for all ¢ € C°(Q,R).

Once again by the Dominated Convergence Theorem, as m to +oo we get : fQ(p —
©(p))y =0 for all v € C°(§2) This gives p = ¢(p) a.e. in 2.
The proof of Theorem 3.4.4 is now complete.

Remark 3.4.5 The hypothesis of convexity of the function ¢ is only used to get that the
four terms of the Right Hand Side of (3.4.17) are in L*(Q). If the hypothesis of convexity
for ¢ is replaced by the hypothesis (3.2.3), the proof is a little simpler, more details in this
case are given in section 3.5.

In both cases (¢ convex or ¢ satisfies (3.2.3)), if ¢ is increasing, we can obtain a strong
convergence of p, and p,, as in [6]. We take directly p = p in the definition of G,,. We obtain
that G, = (¢(pn) — ©(p))(pn — p) = 0 in L'(Q) as n — oo. Then, up to a subsequence, one
has G, = 0 a.e. in 2. Since ¢ is increasing, we finally deduce that p, — p a.e.. This yields
also p, — p in LYQ) for all ¢ € [1,2], p = ¢(p) a.e. in Q and p, — p in LI(Q) for all
qe[l,2.

3.5 Sationnary compressible Stokes problem without
gravity effects and ¢ non-convex

In this section, we propose a discretization for problem (3.2.2) with an equation of state
of the form p = p(p) and ¢ satisfying the following condition Ja, a, b,b>0and v > 1 such
that :

Vs e Ry, as” — b < p(s) < as® ™t +b. (3.5.1)

The discretization is the same given in section 3.3 , with a small change in the stabilization
term Tk in the discrete mass balance equation. We prove estimates for the discrete solution,
then the convergence of the scheme to a solution of the continuous problem is established.

3.5.1 The numerical scheme

Let «, ¢ and £ be given, with a > 0, 0 < £ < 2 and ¢ = max(0,2 — 7).We consider the
following numerical scheme :
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Vv € Wh,u/ Viu: Vyvde + % / divy (uw)divy(v) de — /p divy(v)de = / frvdx
Q Q Q

Q
(3.5.2a)
VK eT, > Vigpx—vVox pr+Mg+Tx =0, (3.5.2b)
o=K|L
VK €T, Pk = go(,oK), (3.5.20)
the terms My and Tk read :
My = h* |K| (px — p"), (3.5.3a)
o
T = > h |h—‘ (Il + o)) (pxc = pr).- (3.5.3b)

o=K|L g

Remark 3.5.1 Problem(3.5.2) admits a solution, the proof is the same to that given in
section 3.4.1.

3.5.2 Convergence of approximate solutions
Estimates on the discrete solution

Theorem 3.5.2 Let 0y > 0 and let T be a triangulation of the computational domain €2
such that 6 > 6y, where 0 is defined by (3.3.1). Let (u,p,p) € Wy, X Ly X Ly, a solution of
(3.5.2), then there exist C1, C2, C3 and C4, only depending on the data of the problem €,
f, M and on 6y such that :

[y < CL Pl < C2 [l < C3 and b |plr < C4 (3.5.4)

Proof
Let (w,p, p) be a solution of (3.5.2) . Taking w as test function in (3.5.2a) yields :

pllulli, + g/gdiv,%(u) de — /Qp div(u) de = /Qf -ude. (3.5.5)

Using Lemma 3.4.1, a discrete Poincaré Inequality and the Holder inequality, yields the
existence of C only depending on Q, f, 1 and 6y such that |ul|;;, < C). Using the inf-sup
stability of the discretization, we hence get from (3.5.5) a control of |[p —m(p)|r2@) (where
m(p) stands for the mean value of p over 2).

In order to obtain an estimate on p, we give here a proof using the condition (3.5.1) , an
other proof is possible using lemma 3.6.1. We set (for simplicity)p(s) = s + ¢(0) for s < 0
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and we define the function ® from R to R by ®(s) = inf{t € R,; s = 3p(t)}. The function
® satisfies the following properties :

s=3p(t) = ®(s) <t, (3.5.6a)

s = 3p(P(s)), (3.5.6b)

O(s) — +o0, as s — +00, (3.5.6¢)
® is nondecreasing. (3.5.6d)

For all 2 € Q one has
m(p) < [m(p) — p(x)| + [p(z)] < [m(p) — p()] + 2|¢(0)] + p(z).
Then, using (3.5.6d),
®(m(p)) < ©(3|m(p) — p(x)]) + 2(6(0)]) + ©(3p(x)).
Since 3p(z) = 3p(p(x)), (3.5.6a) gives

®(m(p)) < 23|m(p) — p(x)]) + (6] (0)]) + p(x).
By summing equation (3.5.2b) for K € T, we obtain that the integral of p over 2 is M,
which yields :

Awmmmséémmmﬂmmm+M+wwmwm. (3.5.7)

On the other hand, if ®(s) > 0, one has, with (3.5.6b) and the first inequality of (3.5.1),

s
S (®()) > a@(s))" b
and then ®(s) < (%ng)% < (142 11)2 This inequality gives an estimate on [, ®(3|m(p) —

p(r)|)dx from the L-estimate on (p — m(p)). We hence get, with (3.5.7), an estimate on
®(m(p)). Using (3.5.6¢) yields an estimate on m(p). Finally, the estimate on [m(p)] and
[p — m(p)] gives the existence of Cy (depending on the data and 6y) such that

IPllL2) < Co. (3.5.8)

Finally, thanks to p = ¢(p) and the first inequality of (3.5.1), the estimate on p follows. For
the estimate on |p|7, which comes form the Tk term in (3.5.2b), the proof is similar to that
given in lemma 3.4.3.

Passing to the limit in the discrete problem

Theorem 3.5.3 Let a sequence of triangulations (T™),en of Q be given. We assume that
h,, tends to zero when n — oo. In addition, we assume that the sequence of discretizations is
reqular, in the sense that there exists 6y > 0 such that 0,, > 6y, Yn € N. Forn € N, we denote
by Wh(n) and Lgn) respectively the discrete spaces for the velocity and the pressure associated
to T™ and by (Wn, pp, pn) € Wh(") X Lg") X Lgn) a corresponding solution to the discrete
problem (3.3.5), with « > 1 and 0 < & < 2. Then, up to the extraction of a subsequence,
when n — o0 :
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1. up to the extraction of a subsequence, the sequence (un)nen (Strongly) converges in
L2(Q)¢ to a limit w € HL(Q)? when n — 00, (Pp)nen converges to p weakly in L2(Q)
and p, converges to p weakly in L*7(Q) ;

2. (u,p, p) are solution to Problem (3.2.4a)—(3.2.4c).

Proof The first item of Theorem 3.5.3, namely the convergence (up to a subsequence)
of the sequence (u,, p,, pn) is a consequence of the uniform estimates of Theorem 3.5.2. The
fact that p > 0 a.e. in €, prd:n = M and (u,p,p) are solution of the momentum and
mass-balance equation, the proof is similar to the same result in theorem 3.4.4.

Then, we only need here to prove that the equation of state is satisfied, that is p = ¢(p)
a.e. in €.

The fact that p € L27(Q2), p > 0 a.e. in Q, u € H{(Q)? and that (p,u) satisfies (3.2.4b)
yields, using Lemma 3.7.1 :

/ p div(u)de = 0. (3.5.9)
Q

Then, using (3.5.9), we have, following the proof given in [6] :

lim (pn — divh(un)) pndx — / ppdx = 0.
Q

n—oo 0

As in [6], we also have limsup,,_, . [, divy(u,) p, dz < 0. Hence :

limsup/pnpnda: < /ppda:. (3.5.10)
Q Q

n—oo

We want to deduce from (3.5.10) that p = ¢(p). But, since ¢ in only nondecreasing (and
not necessarily increasing), we cannot use the proof given in [6]. We use here the so called
Minty trick.

For simplicity, we define ¢ on R~ setting (s) = ¢(0) if s < 0. Let p € L* and, for n € N,
Gn = (¢(pn) —©(p))(pn—p). One has G,, > 0 a.e. in © (since ¢ is nondecreasing). Thanks to
the second inequality of (3.2.1) (which is used only in this proof) one has p(p) € L>/=D(Q)
and then p(p)p € L'(Q). Then, one has G,, € L'(Q) and

0< /Q G, dx = /Q (Pnpn — Pnp — ©(P)pn + ©(p)p) d.

Using (3.5.10) and the weak convergences of p, to p and p, to p in L*(Q) and L*(Q)
respectively, we obtain :

0 < limsup / G, di < / (v — ()0 — ) da.

n—oo

We have thus proven that

/Q(p —9(p)(p—p)dx >0 for all p € L*(9). (3.5.11)
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We now have to choose p conveniently to deduce p = ¢(p) from (3.5.11). Let ¢p € C°(Q, R).
For n € N*, we set p, = p+ ~1). Since p, € L*?, we can choose p = p, in (3.5.11). We obtain

/Q(p —(p+ %w»w <0.

We now use the Dominated Convergence Theorem on the sequence (g,)nen+ with g, =

(p—plp+ %w))@/} The continuity of ¢ gives
gn — (p — @(p))Y a.e. in Q. Since ¢ is nondecreasing, one has, for all n € N*,

9| < G = [pY[ + lo(p + 1Yo )9 + [£(0)¢] ae. in 2.

The second inequality of (3.2.1) gives p(p + [[¢¥]loo) € L'(2). Then one has G € L'(Q)
and the Dominated Convergence Theorem yields [,(p — ¢(p))¥ < 0. Changing ¢ in —¢, we
conclude that [,(p — ¢(p))¥ = 0 for all v € C*(Q,R). This gives p = ¢(p) a.e. in Q, which
concludes the proof.

Conclusion

We gave a scheme for the discretization of the stationary compressible Stokes problem
with a general EOS and we proved the existence of a solution of the scheme along with
the convergence of the approximate solution to an exact solution (up to a subsequence)
as the mesh size goes to zero. A first difficulty of the paper is to get some estimates on
the approximate solution (in particular with the dependancy of the forcing term with the
density). A second complication is in the passage to the limit in the EOS. This difficulty is
due to the nonlinearity of the EOS and the fact that the estimates on pressure and density
only lead to weak convergences.

Appendix

3.6 Estimate on p

Lemma 3.6.1 Let 2 be a bounded set of RY (d > 1) and p € L*(Q), p > 0 a.e.. We assume
that there exist a < 1 and b € R such that

lp = mllz> < allpllz2 + 0,

where m is the mean value of p. Furthermore, we assume that there exist A € R and a
continuous function ¥ from Ry to Ry such that [,(p)de < A and lim,_ . ¥(s) = +o0.
Then, there ezists C' only depending on Q, a, b A and v such that ||p|lrz < C.

Proof
We first modify the function ¢. Let sy € R, such that ¢(sq) > 0. We define 1) by
b(s) = 1(s0) if 0 < s < s,

s) =s min —= if 55 < s.
t€[so,s]

E\
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We remark that ¢(s) < v(s) for s > sq, so that
[ 9)is < A= A+ wis)lol.
Q

Furthermore, one has lim,_, ., ¥(s) = +oco. In order to prove this result, let (s,)nen
be an incresing sequence such that lim, . s, = +o0o. For n € N let ¢, € [so, s,,] such that
V¥(s,) = (Y(tn)/tn)sn. For any converging (in R, U {+o0}) subsequence of the sequence
(t1)nen, still denoted (t,)nen, We have two possible cases,

First case. lim,_,ot, =t € Ry. Then lim,_, ¥(s,) = +00

(since ¢ (t)/t > 0)

Second case. lim,, o, t, = +00. Then lim,, . ¥ (s,) = +o0

since 1(s,) > Y (ty).

We then conclude that lims_>+ooiﬁ(s) = +o00. Finally we also remark that the function

S @ is nonincreasing on R .
We now prove the bound on ||p||z2 . Let N > 0, one has

/Q p(w)da = /p e /p _ pado < N /Q P (2)dz + % /Q B(p(x))da.

This gives m|Q| <  |[pllz2 2+ %fl. We now use the bound on ||p —ml||zz, it leads to

Ipllz2 < lp —ml|r2 1+ m|Q['/?
< b+ ——r 2y —— A
= a||p||L2 +0+ N‘Qll/z ||10||L2 + ¢(N)|Q|1/2
a . 2 .
If |[pllzz # 0, we now choose N such that le;\l/Z =3 Hlplle , that is N = %, we obtain
P R —
2 I =0T R = e
Since lim, ;o 1 (s) = +00, there exists C such that
2A l—a
N Z Cl = = S
V(N)(1 = a)|Q 4
Then, with C5 such that % = (1, ona has
2A 1—a
Ipllr: = C2 = — <
Y(N)(1 = a)|Q] 4
Therefore
4b
Ipllz2 = Co = |lpllze < T—a

Then, we conclude that [|p||zz < C' = max{Cs, 1% }.
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3.7 Passing to the limit in the EOS

Lemma 3.7.1 Let Q be a bounded open set of RY. Let p € L*(Q), p > 0 a.e. in Q and
u € H} Q). Assume that (p,u) satisfies :

/ pu-Vodr =0 for all o € WH(Q). (3.7.1)
Q

Then,
/ pdiv(w) da = 0. (3.7.2)
Q

Remark 3.7.2 Before giving the proof of Lemma 3.7.1, we want to point out the following
remark. In the case of a reqular function p, say p € CY(Q), and assuming that p > 0 in Q,
the proof is very easy. We take ¢ = In(p) in (3.7.1) which yields, since Vi = %Vp,

/u-Vpd:I::O.
Q

But, for any v € CX(Q)* one has [,v- Vpdr = — [, pdiv(v)de. Then, the density of
C(Q)* in HY(Q)? yields [yv- Vpde = — [, pdiv(v) de for v e HJ(Q)®. This gives (3.7.2).

This proof is interesting because it suggests the proof of an equivalent result in the case of
a discrete version (using a convenient numerical scheme) of div(pu) =0 (see Lemma 3.4.1).
In other words, working on a numerical scheme is quite similar of working on the continuous
equation with a reqular solution.

Proof We now prove Lemma 3.7.1. (without assuming p € C1(Q) and p > 0).
We set u = 0in R4\ Q and p = 0 in R?\ Q, we have p € L2(R?) and v € H'(R%)?. We
also deduce from (3.7.1) :

/ pu - Vdr = 0 for all ¢ € C1(R?). (3.7.3)
R4
Let (r,)nen+ be a sequence of mollifiers, that is :

re C(R ,R),/Rdrdw I, 7>0inR d (3.7.4)

and, for n € N*, x € RY, r,,(z) = nr(nx).
For n € N*, we set p,, = pxr,, and (pu),, = (pu)*r,. Thanks to (3.7.3), we have div((pu),) =0
in R Since u € H'(RY)? and p € L*(R?), we will prove in Lemma 3.7.4 that div((pu), —
pnu) — 0 in LY(R?) as n — oo. Then, if (g,)nen+ is a bounded sequence in L*°(R?) which
converges a.e. to ¢, we have :

—/ div(ppu) godx = / div((pu), — ppu) gndx — 0 as n — oo. (3.7.5)
Rd

Rd
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Let ¢ be a bounded and C? function from R to R, taking ¢, = ¥(p,) in (3.7.5) (which
converges a.e. to ¥(p), at least up to a subsequence) we obtain

—/ div(ppu) ¥(pp)dr — 0 as n — oo.
Rd
We now define 0 by 0(s) = [; t/(t) dt for s € R and we obtain

0(pn)div(u)dx = /]Rd ot (Pt - V ppda = /Rd puts - V)(py)dx

:_/ div(ppu) ¥(p,) de,

Rd

R4

and then / 0(p)div(u)dzr = lim / 0(pn)div(u) de = 0.
R4 n—o0 R4
It is now quite easy to construct a sequence of functions (1, )nen such that 0 < 6,,(s) < s
for all s € R, and lim, ,o 0,(s) = s for all s € R,. With the Dominated Convergence

Theorem we then conclude that / pdiv(u) de = 0.
R4

Remark 3.7.3 Under the hypothesis of Lemma 3.7.1, a quick look on the proof of this lemma
shows that it is also possible to prove

[ wlo)ivi) de =0,
Q
for any continuous function 1 (from R to R) “at most linear”, that is such that

¢ ()l

lim sup
S$—+00

< +00

It is also possible (as it was said in Remark 3.2.3) to prove that (p,u) is a renormalized
solution to div(pu) = 0 in R

Indeed, let ¢ be a bounded and C' function from R to R and p € C°(Q). Taking g, =
Y(pn)p in (3.7.5) (which converges a.e. to ¥ (p)e, at least up to a subsequence) we obtain

—/ div(ppu) Y(pn)pde — 0 as n — oco.
R

Taking, for s € R, ¢(s) = [ () dt and 0(s) = [, t0'(t) dt = s(s) —(s), we obtain, after

some integrations by parts and passing to the limit as n — oo,
[ w0 = dlonviede — [ dpu- Vode o
R R

Then, it is easy to see that this equality also holds if 1 is a C* fonction form R to R with a
bounded derivative. This proves that (p,u) is a renormalized solution to div(pu) = 0 in RY.
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Lemma 3.7.4 Let p € L*(R?) and u € H (R, Let (r,)nen+ be a sequence of mollifiers as
given by (3.7.4) and, forn € N*, p, = pxr, and (pu), = (pu) xr,. Then,

V((pw), — ppu) — 0 in L'(RY)?*4,

and then,
div((pu), — ppu) — 0 in L'(RY).

Proof

Let i,j € {1,...,d}. Denoting by wuy, ..., us the components of u and by 0; the derivative
with respect to z;, we have to prove that the sequence (9;[(pt;)n— pPrnt;])nen converges to 0 in
L*(R%). (As a consequence, taking i = j and summing on i, we obtain that div((pu),—p,u) —
0 in LY(R%).)

We have

Oi[(puj)n — puus] = (puj) * Oirn — (p* Oiry) uj — pOiug = F, — Gy,
with
F, = (puj) x 0ir — (p % Oiry) uj — p(Oyuj x 1y)

and
Gn = pn&uj — p(@u] * T’n).

Since p, — p in L*(R?) and d;u; xr, — d;u; in L*(R?) (as n — oo), the two parts of G,,
converges in L!'(R?) (as n — 00) to pd;u,. Then, the sequence (G,,), converges in L'(R?) (as
n — o) to 0. It remains to show that Fj, — 0 in L'(R?).

Using the fact that d;u; x r, = u; * 9;r,, and the fact that r,, has a compact support, we
have, for a.e. z € R?,

Fole) = [ (ola =) = plo) (1o =) = i) O o)

z

= [ (0o =2) = p(@) (use = 2) = 0y(@) m O (2}t

n

where B is a ball of center 0 and radius R containing the support of r. Then, we get :
Fu(a)] < n /B (p(x = 2) = pl@) (use = 2) = ()] 19ur(2)]d
We integrate over R the preceding inequality and we use the Fubini-Tonelli Theorem,
IF(a)|da <

¥ i z (3.7.6)
n/B [ Rd ole = H) — o)) = ﬁ> — u;(w))|dz | |05 (2)|dz.

60



Using the Cauchy-Schwarz Inequality, we have for z € B,

z

[ ote = 2= ot = 2) — )l
< | [0t = 2= st %zw} [ ke A

For all z € B (see Lemma 3.7.5) we have

)
z R 2
[uj(e = ) = uj(z)Pdr < (5) [l 71 ety

Rd

|< (2 = =) = p(@) sz = =) = y(x) |da

. 1/2 (3.7.7)
<l | [ ol = 2) = plo)Po
Let € > 0. Since p € L*(R?), there exists § > 0 such that
heR? |h| <8 = [lp(- + ) = pll2@ey <e.
With (3.7.7), this gives if n > R/ and z € B,

z z

ple = 2) = pla) us(x — 2) — wy @)l < 5 full e

Coming back to (3.7.6), we obtain, if n > R/J,
R
/ Fo(@)ldr < ne ull i1 e / 0r(2)]dz = £ R [lull s gy / 1057 (2)|d=.
R n B B

This proves that F;, — 0 in L'(R?) as n — oo and concludes the proof of Lemma 3.7.4.
Lemma 3.7.5 Let w € HY(R?). Then, for h € R?,

[w(-+ h) = wlr2re) < |h] |l R, (3.7.8)
where |h| is the Fuclidean norm of h.

Lemma 3.7.5 is well-known. A proof is given, for instance, in [6].

The following lemma (Lemma 3.7.6) proves that (for regular enough set 2) in Lemma
3.7.1, Wh>°(Q) can be replaced by C2°(£2). That is to say that 3.7.1 is true with ¢ € W1 ()
if (and only if) it is true with the weaker assumption ¢ € C2°(£2). Lemma 3.7.6 is given with
p € L*(Q) and u € (H(2))?, which is the case needed for the present paper (and allows a
nice proof using the Hardy inequality). Similar results are possible with different assumptions
on u and p (for instance, p € L®(Q) and u € Wy (Q)). However, the fact that pu € L'(Q)
is obviously not sufficient to ensure that (3.7.1) is true with ¢ € W*°(Q) as long as it is
true for ¢ € C(Q). In a following paper, dealing with the Navier-Stokes equations, we will
give the same lemma with a weaker assumption on p (since p € L?(f2) in the case of the
Navier-Stokes equations, when d = 3 and v < g) In this case, the proof will use a different
argument, slightly more complicated.
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Lemma 3.7.6 Let Q be a bounded open set of R?, with a Lipschitz continuous boundary.
Let w € (H () and p € L*(QQ) such that, for all p € C=(Q),

/ pu - Vpdr = 0. (3.7.9)
Q
Then (3.7.9) holds for all o € W1*°(9Q).

The proof of this lemma is given in [7] (Lemma A.1).

Remark 3.7.7 The hypothesis p € L?*(2) is sharp in Lemma 3.7.6, as we will see now.

Let d > land 2d/(d + 2) < g < 2. We give here an example for which (3.7.9) holds for all

© € C>(2) but does not hold for some ¢ € W*°(Q). In this example, one has p € L(£2)

and u € (H}(2))? (so that pu € L'(R)?). Let us assume that Q =]0,2[x] — 1,1[*"L. Let
1

o €3, ;|- We define p and u = (u1, ..., uq)" as follows :

d
=2

(2

d
Ul(I) = (2 - x1>a H(l - ’xl|) ifz € Q? Ty > 17
=2
U,QZ...:Ud:O,

plz) = —ifreQ, r <1,
Ty

1 .
p(x):mlfxefl, x> 1.

We have p € L(Q) (thanks to ag < 1) and u € (H}(Q))? (thanks to 2 > 1). Since pu; does
not depend on 1, if is easy to see (integrating by parts) that (3.7.9) holds for all ¢ € C°(Q).
Taking now ¢ € C°(RY) with, for instance ¢ = 0 outside | — 1,1[x] — %, 2[¢71, one has

272
/pu-Vgpdx:—/
Q =
L 11,

where y = (22, ..., 2,). It is possible to choose ¢ such that (0,y) > 0 for all y €] — 3, 5
This gives [, pu- Vipdz < 0 and proves that (3.7.1) does not hold for this choice of ¢ (which
belongs to WH>=(Q)).

IO - k)0, )y,

1 l[df
272 ]

Lemma 3.7.8 Let ¢ be a convex function from Ry to Ry and (pn)nen be a sequence of
nonnegative functions of L*(Q)) weakly converging in L*(Q) to p. We assume that the sequence

(0(pn))nen 18 bounded in L*(Q). Then, o(p) € L*(Q).
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Proof Since p, > 0 a.e. (for all n € N), one has also p > 0 a.e..

Since the sequence (p,, )nen Weakly converge in L?(Q) to p, there exists a sequence (i, )nen
converging (strongly) in L*(Q) to p and such that p, is (for all n € N) a convex combination
of {pk, k > n} (this result is known as the Mazur lemma). Then, for all n € N, there exists
gn € N and a0, ..., a4, such that

qn qn
Pn = Za”vip”Jri’ § :O‘n,i =1land a,; > 0fori=0,...,q,.
=0 i=0

Let M = sup{ ||¢(pn)|/r2(q) }- Using the convexity of ¢ (and the fact that ¢ take its values
in R, ) we have, for all n € N,

qn
0 < (pn) < Zoén,i@(ﬂnﬂ) a.e.,
i=0

and then .

||90(/3”)||L2(9) < Zan,i ||80(/)n+z')||L2(Q) < M.
i=0

Up to a subsequence, one has p, — p a.e. and then, using the continuity of the function
o, ©*(pn) — ©*(p) a.e on Q. Then, using Fatou Lemma, we thus get ¢(p) € L*(Q) (and

le(p) 2 < M).

3.8 General lemmas

Lemma 3.8.1 Let (F,)nen C LY(Q) be an equi-integrable sequence, and F be a function of
LY(Q). We assume that :

lim [ Fhedx = / Fodax for all ¢ € CX°(92). (3.8.1)

Then :
lim F,dx = / Fdax.
Q Q

n—oo

Lemma 3.8.1 is well-known. A proof is given, for instance, in [6]. The following lemma is also
well-known. A simple proof of this result is given in [1].

Lemma 3.8.2 Let ¢ € L*(Q) such that [,qdax = 0. Then, there exists w € H{(Q)? such
that div(w) = q a.e. in Q and |wlg (e < c2|\qlli2) where ¢y only depends on €.

We now give two simple lemmas related to the so-called “M-matrices”. We recall that for a
vector x of R™, the fact that all the components of z are nonnegative is denoted by x > 0.
Similarly the fact that all the components of x are positive is denoted by x > 0.
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Lemma 3.8.3 Let n € N* and A be a n x n matriz with real entries (these entries are
denoted by a; ;, i, 7 =1,...,n). We asume that A satisfies the following properties :

a;; <0 foralli,je{l,...,n}, i #j,
@i +Z#i a;; >0 forallie{l,...,n}.

then,
reR" Az >0=2>0, (3.8.2)

which is equivalent to say that A is invertible and that all the entries of A~! are nonnegatives.
Futhermore, one also has
reR" Az >0=1z>0, (3.8.3)

Proof The proof of (3.8.2) is very classical. We can do it, for instance, by contradiction. Let
x € R™ such that Az > 0. We assume that o = min{x;, i = 1,...,n} <0 (where the z; are
the components of x) and we choose iy € {1,...,n} such that z;, = a.

Since the ig-component of Az is nonnegative and since x;, < x; for all ¢, one has, thanks
to the properties of A,

Lig (aioﬂ'o + Z aioJ) >0,
J#i0
Which gives z;, > 0, in contradiction with x;, = a < 0. This proves (3.8.2).
In order to prove (3.8.3). Let e be the vector of R” whose all components are equal to 1.

let € R” such Az > 0. Then, for € > 0 small enough, one has A(x —ce) = Ax —cAe > 0.
Thanks to (3.8.2), one deduces x — ce > 0 and this gives x > 0.

The second lemma is a little bit less classical but is a very simple consequence of the first
one.

Lemma 3.8.4 Let n € N* and A be a n X n matriz with real entries (these entries are
denoted by a;;, i, j =1,...,n). We asume that A satisfies the following properties :

a;; <0 foralli,je{l,...,n}, i #j,
Qg +Zj¢i a;j; >0 for alli € {1,...,n}.

then,
reR", Ax>0=2>0 (3.8.4)
and

reR" Az >0= 1z >0, (3.8.5)

Proof The matrix A’ satisfies the properties of lemma 3.8.3. Then A’ is invertible and
(AY)~! has all its entries nonnegative. This gives that A is also invertible and has all its
entries nonnegative since (AY)~! = (A™!)". This gives that A satisfies (3.8.4).

The proof of (3.8.5) is the same as the proof of (3.8.3) in lemma 3.8.3.
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Lemma 3.8.5 Let ¢ be a function of class C* from R to R. Let ¢ from R% to R such that
sy'(s) = ¢'(s) for all s € R%. Let a,b € R%, a #b. Then, there exists ¢ between a et b such
that

((b) ~ (@))b — (o(b) ~ (@) = 5(b— 0)*'(c).
Proof One has
((B) —0(a))b — (o(b) — (a)) = b / ¥/(s)ds — / o/(s)ds = / (b— sy (s)ds.
But,

min ¢/ (¢) / (b~ s)as < / (b sy (s)ds < mas (1) / (b~ s)as

t€la,b] t€la,b]

Then, since ¢ is continuous on [a, b], there exists ¢ € [a, b] such that
b b
/ (b— s)0/(s)ds = ¥/ (c) / (b — 5)ds.

b
1
Noticing that / (b—s)ds = §(b — a)?, we obtain the desired equality.
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Chapitre 4

Approximation par viscosité des
équations de Stokes compressibles

4.1 Abstract

In this chapter, we consider the continuous stationary compressible Stokes problem with
a general equation of state of the form p = ¢(p) (where p stands for the pressure, p for the
density and ¢ is a nondecreasing super-linear function belonging to C*(R%,R)). We prove
the existence of a solution to this problem by passing to the limit on a regularized problem
which the existence result will be previously demonstrated.

4.2 Introduction

Let © be a connected bounded open set of R, (d = 2 or 3).

For M > 0, f € L*(Q)4, g € L>(2)? and ¢ € C(R,R) a convex nondecreasing function
such that :
©(0) =0, ¢ is C" on R%.

e Va € R, 3b > 0 such that : p(s) > as—b, Vs € R,. (4.2.1)
We consider the following problem :
—Au+Vp=f+pginQ, u =0 on 0, (4.2.2a)
div(pu) =0 in Q, p>0 in , / p(z)dx = M, (4.2.2b)
p=(p)in Q. ) (4.2.2¢)
Remark 4.2.1 — the condition (4.2.1) is equivalent to the following one :

liminf p(s)/s = +o0

S—+00

66



— The fact that p(0) = 0, is not a restriction since p can be replaced by (p — ¢(0)) in the
momemtum equation, and the EOS can be written as p — ¢(0) = p(p) — ©(0).

~ The convezity of the function ¢ and (4.2.1) can be replaced by the following condition :
Ja,a,b,b >0 and v > 1 such that :

Vs e Ry, as” —b < ¢(s) < as? ™! +b. (4.2.3)

Definition 4.2.2 Let f € L}(Q)?, g € L®(Q)¢ and M > 0. A weak solution of Problem
(4.2.2) is a function (u,p, p) € Hy(Q)4 x L3(Q) x L(Q) satisfying :

/ Vu:Vudx — / p div(v)dx = / f-vdx+ / pg -vdx, Yo € H(Q)?,  (4.2.4a)

0 0 0 e

/ pu - Vipdx =0 for all p € WH>(Q), (4.2.4D)
0

p>0 ae. in, / pdx =M, p=p(p) a.e. in . (4.2.4¢)
Q

The objective of this paper is to prove that problem (4.2.4) admits a solution
by passing to the limit on the following regularized problem as m, k, n tend to +oo,

/ Vu:Vvdx — /p div(v)dex = / f-vdx+ / Ti(p)g - vdx, Yo € H)(Q)4, (4.2.5a)

Q Q Q Q

/ pu - Vide — l/ Vp(z) - Vi(z)dr = 0 for all i) € WH®(Q), (4.2.5b)
Q nJo

p>0ae. in / pdx =M, p=pn(p) a.e. in Q. (4.2.5¢)
Q

with T} (s) = min(k, s) and ¢, (s) = min(m, ¢(s)) if s > 0
and Ty (s) = pm(s) =0if s <0.

To prove that (4.2.5) admits a solution, we first treat, in Section 2, the convection-diffusion
problem where we prove the existence and uniqueness result with some useful properties.We
then give in Section 3, the existence result of (4.2.5) and present the passage to the limit on
this problem which consists the proof of the main result of this paper. Finally, in section A,
we recall and prove some results that we use in the previous sections.

4.3 Convection-diffusion problem

We consider here the following equation

—Ap +div(pu) =0 in Q, (4.3.1)
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with the natural boundary condition which reads, if €2, u and p are regular enough, —Vp -
n+ pu-n =0 (where n is the exterior normal vector to the boundary of 2).

Under the hypothesis u € LP(Q)? for some p > d, the weak formulation of this problem
is
p € HY(Q)
/ Vp(z) - Vo(x)de — / p(x)u(r) - Vo(z)dr = 0 for all p € H'(Q).
Q

Q

(4.3.2)

We give in Theorem 4.3.1 an existence and uniqueness result along with some useful
properties.

Theorem 4.3.1 Let Q2 be a connected bounded open set of R (d = 2 or 3) with a Lipschitz
continuous boundary. Let p > d, u € LP(Q)4 and M > 0. Then, there exist a unique weak
solution to problem (4.3.2) satisfying the additional condition [, p(x)dx = M. Furthermore

one has the two following properties :
1. p>0ae onQif M >0 and p=0 a.e. on Q if M = 0.

2. For any A > 0, there exists C only depending on A, M, p, and Q) such that, if p is the
solution of (4.3.2) with [, p(x)dx = M, one has

[ullr@) < A= |pllme <C.

Remark 4.3.2 It is possible to replace in (4.3.1) the right hand side (Which is 0) by a
function f in L*(Q2) (or by T in the dual space of H'(Q)) provided that [, f(z)dz = 0 (or
(T, 1) g (y,m1 (o) = 0). In this case, an existence and uniqueness result of a Weak solution to
(4.3.1) with the additional condition [, p(z)dax = M is also true.

Proof of Theorem 4.3.1

The proof is divided in 3 steps.

Step 1 proves a a priori positivity. Namely, if p satisfy (4.3.2) with [, p(z)dz = M,
then p > 0 a.e. in Q if M >0 and p =0 a.e. in Q if M = 0. This result gives in particular,
the uniqueness of the solution (but not the existence) of (4.3.2) with [, p x)dr = M.

Step 2 gives a a priori estimate on the solutions of (4.3.2) with [, p(z d:r: = M. Indeed,
it gives the second property of Theorem 4.3.1 (but not yet the existence result).

Step 3 gives the desired existence result, using the Leray-Schauder topological degree.
Actually, this existence result can also be viewed as a consequence of the Fredholm alterna-
tive.

Step 1, a priori positivity and uniqueness

Let p be a solution of (4.3.2) with fQ p(x)dr = M. In order to prove that p > 0 a.e. if
M > 0, we argue by Contradlctlon We set w = {p < 0} and we assume that A\j(w) > 0
(where )\g is the Lebesgue measure on R?).

For n € N* we define T, from R to R by T,(s) = min{Z, max{s,0}}. It is well known
that the function T),(p) belongs to H'(Q) and that

VT.(p) = 1Vpae. in Q.

O<p<
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Then, taking ¢ = T,,(p) in (4.3.2) leads to

[1vrts= [ o 9nir < 2( [ (o)’

1
a, = (/ |u|2dx> g
O<p<%

Since u € L*(Q)? and lim,, ., \g{0 < p < %} = 0, one has lim,,_,o a, = 0. Using the fact
that [[v]lzi@) < [[v]lrz@) Aa(2)'/2, we have

with

Qn

HVT(p) i) < IV Tu(p) 20 Aa()'? < " Aa()Y2.
We now remark that 7,(p) = 0 a.e. on w. Since A\j(w) > 0, Lemma 4.4.12 (which uses the
connexity of 2 )gives the existence of C, only depending on 2 and w such that

1T ()1 < CIIVTL.(0) 10 -
Since
1

Tl 2 Nal{o2 )

we then have

Ml{p 2 7)) < Caha(2)' 7

Passing to the limit as n — oo leads to Ay({p > 0}) =0, that is p < 0 a.e..

If M > 0, it is impossible since fQ pdz = M > 0. Then, we conclude that that A\;(w) =0,
which gives p > 0 a.e. in €.

If M =0, one has fQ pdx = M = 0 and then from p < 0 a.e. we conlude that p = 0 a.e.
in €.

It is now easy to prove the uniqueness of the solution of (4.3.2) with [, pdx = M. Let p;
and p, be two solutions of (4.3.2) with [, pidx = [, podz = M. We set p = p; — pa. Then, p
is a solution of (4.3.2) with fQ pdx = 0. This gives p = 0 a.e., which is the desired uniqueness
result.

Actually, it is interesting to notice that the present step consists to prove that any solution
of (4.3.2) has a constant sign.

Step 2, a priori estimate

Let A > 0 and assume that |u|r) < Aand 0 < M < A. Let p be a solution of (4.3.2)
with fQ pdxr = M.

Taking ¢ = p in (4.3.2) and using Holder Inequality with ¢ = 2p/(p — 2) (which gives
% + % = 1) leads to

Vol 220 * Z/Q|VP|2diE < lulllze@ llolzae [1Vol ez - (4.3.3)

We Choose ¢ such that ¢ < § < +oc0 if d = 2 and ¢ = 6 if d = 3 (which gives ¢ < ). By
Sobolev Inequality, there exists Cs > 0 only depending on €2 such that

oz < Csllplla@) -
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By Holder Inequality, we also have, with 6 = q(q:ql) € (0,1) (which only depends on p and
d),

Ipllzay < lpllere ol .

This gives, since [|p||p1) = [, pdr = M,

ol za@) < MPCE? |pll o) 7,

and, with (4.3.3),
11V 6l ) < AMCI ol = (13.4)

We now use the Poincaré-Wirtinger Inequality. It gives the existence of C,, > 0 only depen-
ding on ) such that
lp = MA(Q) 2@y < Co [1VplllL2e)

(the connexity of 2 is used once again here). Then we have

Iollzz@) < llp — MA(Q) M2y + MA(Q)7Z < Cy|[Vp] 120y + ANa() 2.

This gives )
ol @) < 2(Cp + D) [[1Vplllr2@) +24X(2) 2. (4.3.5)

Finally, with (4.3.4) and (4.3.5), we obtain the existence of C; and C5 only depending on A,
M, p and €2 such that

Ipllme < Cillplm@ 0 + Co.

Since # > 0, this gives the existence of C' only depending on A, M, p and 2 such that
|l 1@ < C and concludes this step.

Step 3, existence

For uw and M given, we have to prove the existence of a solution to (4.3.2) with [, pdx =
M.

Let t € [0,1] and ¢ = 2p/(p — 2). We now define a continuous and compact application
from [0,1] x L9(2) in L9(Q). For t € [0,1] and p € L(Q), since up € L*(Q), it is well known
that there exists a unique weak solution of the following problem (which is the classical
Neumann problem) :

p € HY(Q), / pdr =0,
0 (4.3.6)

/Vp-V@dx:/ﬁu~chdx for all o € H*(Q).
Q )

This solution continuously depends in H'(Q) on p in L4(2)4.
We define

Ft.5) = 0+ )

so that [, F/(t, p)dx = tM. Then, if p = F(1, p), the function p is a solution of (4.3.2) with
fQ pdx = M. We prove below the existence of such a function p using the invariance by
homotopy of the Leray-Schauder topological degree.
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Thanks to the Sobolev Embedding Theorem, the space H'(€) is continuously embedded
in L9(Q) (since ¢ < 2d/(d — 2)). Then F' is continuous from [0, 1] x L(£2) to LI(2).

Furthermore, since H*(2) is compactly embedded in L?(f2) (once again since q < 2d/(d —
2)), the function F' is compact from [0, 1] x LI(2) to LI(2).

Now, we remark that

(t€10,1], pe LYQ), p= F(t,p)) = p is solution of problem (4.3.2) with/ p=tM
0

A quick look on step 2 gives an H' estimate on p, namley,

(te[0,1], p€ LYQ), p= F(t,p)) = 3C > Osuch that ||p|m < C.
Then, there exists R > 0 such that

(te0,1], p€ LUQ), p=F(t,p)) = lpllran) <R

Let Bg be the ball of radius R and center 0 in L?(£2). The topological degree of Id — F\(t, )
(where Id is the application p +— p) on Bpg associated to point 0 is well defined and is
independant of ¢ € [0,1]. This gives d(Id — F(1,-), Bg,0) = d(Id— F(0,-), Bg,0). But, since
F(0,-) =0, we have d(Id — F(0,-), Bg,0) = 1. Then d(Id — F(1,-), Bg,0) = 1. This proves
the existence of p € B such that p = F'(1, p) and concludes the proof of the Theorem 4.3.1.

4.4 The regularized problem

4.4.1 Existence of a solution

We prove in this section the existence of a weak solution to problem(4.2.5).
We will apply the Brouwer Fixed Point Theorem to a convenient application T': L*(Q) —
L*(Q).

Let p € L*(Q) and p defined by p = ¢,,(p).

Knowing p and p, we have the existence of u solution of the following problem :

u € H} ()4,
/ Vu:Vudx = /p div(v) de + / f-vdx+ / Ti(p)g - vdex for all v € H(Q)“.
Q Q Q Q
(4.4.1)
which the proof is classical by Lax-Milgram lemma.
Knowing u, we now define p as the solution of the following problem :
p € H'(Q),

(4.4.2)

/ Vo(z) - Vo(x)dx — / p(x)u(z) - Vo(z)dz = 0 for all p € H*(Q).
Q 0
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which the existence proof is given in section 4.3.
We now complete the definition of the application 7" as follows :

T:L*Q) — L*(Q)

p—p

T satisfies the following properties :
o’ is continuous :

Let (0n)nen a sequence in L?(Q) and p,, = T(p,).We suppose that g, converges to p in
L?(Q2) and will prove that p, = T'(p,) — T(p) in L*(Q) as n — +oo.

We first have, up to a subsequence, p, = @ (pn) = @m(p) a.e in Q (since p,, is continuous
) and now, let u,, the solution of equation (4.4.1) with p, and p,, in the right hand side, we
thus have 4 C'1 only depending on m, k, f and g such that :

HunHHé(Q)d < C1 (443)
and then, Ju € H}(Q)? such that (up to a subsequence)
w, — w in L*(Q) and weakly in Hj(Q)%.

Furthermore Sobolev embedding gives te existence of C'2 only depending on 2, m, k, f,g
and p for p € [1,400) if d = 2 and p = 6 for d = 3, such that

[t Lp)e < C2 (4.4.4)

Let now p,, the solution of the following problem

n €HYQ), | pp=M
o< ()/ﬁp (4.4.5)

/QVpn(:v) -Vo(x)dr — /Qpn(x)un(:v) -Vp(x)dr =0 for all p € H'(Q).

We thus get, using theorem 4.3.1 and inequality (4.4.4) 3 C only depending on m, k, f, g
and M such that
[onllm1@) < C

and then, 3p € H'(Q) such that p, — p in L*(Q) and weakly in H'().
It remains now to prove that the limit p is the solution of (4.4.2). To do that, we pass to
the limit on the following problem, as n — +o0,

n — M:
/ ’ (4.4.6)
]QVpn(x) -Vo(r)dr — /Q,on(:)s)un(x) - Vo(z)dz = 0 for all p € WHe(Q).
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we thus get

— M,
/ ’ (4.4.7)
ZZVp(:r) -Vo(x)dr — /Qp(a:)u(:v) -Vo(z)dr =0 for all p € WHe(Q).

We have thus proven that, up to a subsequence, p, = T(p,) — T(p) in L*(2).By a
classical proof by contradiction, we can prove that this convergence is also true without
extraction of a subsequence which concludes the proof.

o/m(T) C Br = {p € H'(Q) such that ||p||mn < R}
Indeed, taking v = w in equation (4.4.1) yields :

HuHHl < C(Q7 .f7 g,m, k)
and then, by Sobolev embedding we get for some p > d, 3C(, f, g, m, k,p) such that
el ey < C

and then using theorem 4.3.1, we get :

IR > 0 such that ||p||z < R. (4.4.8)

By Rellich Theorem and (4.4.8) we have that Im(T) is relatively compact in L?(€2).
And then applying the Brouwer Fixed Point Theorem, we get :

dp € Bg such that : T'(p) = p

Finally we thus obtain : 3(u,p,p) € H}(Q)? x L*(Q) x H'(Q) a solution of problem
(4.2.5).

4.4.2 Passage to the limit on the regularized problem

e Fixing k£,n and tending m to +oo

We first prove the following result

Lemma 4.4.1 Let n € N*, M > 0, u € HY(Q)? and p € H'(Q) a solution of the following
problem :

/ p(x)u(z) - Vip(zr)dr — l/ Vo(z) - Vip(x)dz =0 for all p € H'(R),
nJa (4.4.9)
fgp(x) dx = M.
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Then, p > 0 and for ® € C°(R",R) nondecreasing such that ®(0) = 0 and ®(p) € L*(Q),

/ O (p)div(u) dz < 0 (4.4.10)

Proof The positivity of the solution p of (4.4.9) results from theorem 4.3.1 .
We now give the proof of (4.4.10) which is composed of the following steps

Step 1 Let a,n,a € R, we suppose in this case that ® satisfies the following properties :

® € C'(R), nondecreasing
® =0on] — oo, 7|
¢ = aonja, +00]

S /
Let W defined by W(s) = (I)lft> dt.

0
Taking 1 = W o p € H'(Q) in equation (4.4.9)

1
/ pu - Vipda — —/ Vo(z) - Vip(z)de =0
Q nJo
we thus obtain :
1 ol
/ u - P'(p)Vpde — —/ |Vp|2ﬁ de =0
Q nJo P

Using the fact that the function ® is nondecreasing and p > 0, we get :
/Qu@’(p)Vpdw >0

and then since u € H}(Q)?,
/Qd)(p)div(u) dex <0

Step 2 In this step we take ® satisfying

® € C°(R), nondecreasing
® =0on|— oo,
® = avon[a, +0]

Let (am)men € C°(R) a sequence of mollifiers, that is :

., > 0 and /amzl
R
and ®,, = ® *x «,,, we then get by stepl
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/ B, (p)div(w) dz < 0
Q

and then using the fact that
P, > PaeinR

and
[Pz <[Pz ||t = [| P Lo

we thus get applying the Dominated Convergence Theorem

/QQD(p)div('u,) dx <0

Step 3 In this step we take ® satisfying

® € C°(R), nondecreasing
® =0on] — 00,0]
¢ = aona, +00]

Let n > 0 and ®,, defined by ®,(z) = &(z — n) so that ¢, = 0on| — 00, 7]
and then by step2 we get
/ P, (p)div(u)de <0
Q

Finally, applying the Dominated Convergence Theorem, we get as n — +o0

/ O (p)div(u)de <0 (4.4.11)

Step 4 In this step we take ® satisfying

® € C°(R), nondecreasing
®(0) = 0
B(p) € L2(9)

Let n € N* we define ®,, by @,,(z) = min(n, ®(x™)) where 27 = max(0, x)
Then, by step3 we have
/ D, (p)div(u)de <0
Q

And since p > 0 and ®(p) € L?(Q), applying the Dominated Convergence Theorem we
pass to the limit as n — 400, and we get

/ O (p)div(u) dx < 0.
Q
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Remark 4.4.2 [n this step the solution (u,p, p) of problem(4.2.5) depends on k,n and m,
for simplicity we denote it (W, Pm, Pm) (Since k,n are fized).

Proposition 4.4.3 Let (W, pm, prm) € HS(Q)4 x L2(2) x HY(Q) a solution of (4.2.5), then
there exists C' only depending on k,n and the data of the problem ), f, g, M such that :

[wnll g ya: |omllmie) and ([pmllrz@) < C (4.4.12)
And then, up to a subsequence, as m — +00 we have :
1. (W) mconverges to uy,, in L?(Q) and weakly in H}(Q)4,
2. (pm)mconverges to pin in L*(Q) and weakly in H'(£2),
3. (pm)m weakly converges to py., in L*(£2).

Proof Let (wp,, pm, pm) be a solution of (4.2.5) .Taking u,, as test function in (4.2.5a) yields :

||,u’m||§_]1 o)< Pm div(um) dx = f cUnm dx + Tk(pm)g U, de.
() Q Q Q

N oy = [ onle) div(un)dz = [ £ undat [ Tipn)g - unde

By lemma 4.4.1, we get

||'U,m||§_11(ﬂ)d S/Qf-umda:nL/QTk(pm)g-umdw.

Poincaré and Holder inequalities, yield the existence of C' only depending on 2, f, g and
k such that
||'U,m”H1(Q)d <C. (4.4.13)

Using (4.4.13) and theorem(4.3.1) we get :3C depending on €, f, g, k and n such that :
lom @) < €

In order to obtain a bound for p,, in L?(£2), we now choose v given by Lemma 3.8.2
with ¢ = p,, — m(pm), where m(p,,) is the mean value of p,,. Taking v in (4.4.2) and using
Jo div(v) da = 0 gives :

/Q(pm - m(pm))2dm = /Q(f v+ Ti(pm)g - v — Vu,, : Vv)de.

Since ||v||grye < 2 [[pm—m(Pm)|12(0) and [[wm|[a1 @) < C, the preceding inequality leads
to an estimate on ||pn, —m(pm)|L20) , i.e. the existence of c3, only depending on €2, f, g and
k , such that [[p, — m(pn)|lL2@) < c3. We now use the fact that [, p, de = M to deduce
an estimate on ||py||r2()

We first modify a little bit the function ¢ (which is only nondecreasing) in order to
obtain a function ¢ continuous and one-to-one from R* onto R*.To construct ¢, we take a
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continuous increasing function y : RT — R™ such that x(s) — +o00 as s — +oo and we set
o= (¢+x)", we thus get

| #tmde= [ oonton)de < [ @+ 200m) do= [ p o=

and then, using Lemma 4.4.13 | there exists C, only depending on the €2, f, g,k and M,
such that :
Ipm L2 < C. (4.4.14)

The convergence (up to the extraction of a subsequence) of the sequence (wp, P, Pm)
is a consequence of the uniform (with respect to m) estimates (4.4.12).This concludes the
proof.

Proposition 4.4.4 Let (ug,,Pkn, Prn) be the limit of (Wp,Pm,pm) in the sense of
proposition(4.4.3) ,then

(Wks Proms Prn) € HE(Q)E x L2(Q) x HY(Q) is a solution of the following problem :

/Vu:Vvdw—/pdiv(v)dm:/f-vdm+/Tk(p)g-vdw, Yo € HY(Q)Y,
0 0 0 Q

(4.4.15)
1
/ pu - Vi dx — E/ Vo(z) - Vip(x)dz =0 for all p € H'(R), (4.4.15b)
Q Q
p >0 a.e. in§, /pdaf;:M, p=@(p) a.e. in Q. (4.4.15¢)
Q

Proof The passage to the limit on the two first equations is quite classical (using
proposition4.4.3). We just prove that the equation of state is satisfied, we have

Pm — Prn strongly in L2(2) and then (up to a subsequence) a.e in € which yields

Pm = Pm(pm) = ¢(prn) a.ein Q (since ¢ is continuous) (4.4.16)

On the other hand we have p,, — py.,, weakly in L?(2)
owing to(4.4.16) we have : p,, — py, strongly in L(2), ¢ < 2,
we thus get : pp,, = @(prn) a.ein .

e Fixing n and tending k£ to +oo

Proposition 4.4.5 Forn fized, let (Wg ., Prn, prn) € HE(Q)? x L2(Q) x HY(Q) a solution of
the following problem :
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/ Vu:Vvdx — / p div(v) de = / f vdx+ / Ti(p)g - vdx Vo € H(Q)?, (4.4.17a)

Q Q Q Q

/ pu - Vipdx — 1 / Vp(x) - Vip(x)dr = 0 for all p € H(Q), (4.4.17Db)
Q nJo

p >0 ae. in €, /pda: =M, p=p(p) ae. in Q. (4.4.17c¢)
0

Then there exists C' only depending on n and the data of the problem Q, f, g, M such
that :

[kl gy [|oenllmr@): ([Penllize) < C (4.4.18)
And then up to a subsequence, as k — +o0o we have :
1. (wgp)nconverges to u, in L*(Q) and weakly in H} ()%,
2. (pkn)nconverges to p, in L*(Q) and weakly in H'(Q),
3. (pen)n weakly converges to p, in L*(2).

Proof

For the estimates on wuy, and pg, we will follow the same steps given in [10] and the
H'-estimate on py,, follows from theorem(4.3.1).

Let (g, Pkn, Prn) be a solution of (4.4.17) .Taking wuy, as test function in (4.4.17a)
yields :

Huk,n’ﬁ{é(ﬂ)d - /ka,n div(ug,) de = /Qf U, d + /QTk(pk,n)g ~ude. (4.4.19)

Using Lemma 4.4.1, Poincaré and Holder Inequalities, one obtains the existence of C
only depending on €2, f, g such that

[kl (e < CL(L+ [l prnll2c)- (4.4.20)

Since prn = @(prn), using (4.2.1), for all € > 0 there exists C. (only depending on ¢, ¢
and 2) such that :

k2@ < Cs + ellprnllz2@)- (4.4.21)

Then, with (4.4.19), for all ¢ > 0, there exists C., only depending on Q, f, g, ¢ and ¢
such that

[l 2 e < Ce + €l|prnllL2(@)- (4.4.22)
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We now use Lemma 3.8.2 . There exists wy,,, € H} ()% such that div(wy.,.) = prn—m(Pr.n)
a.e. in Q and ||wen || g1 (@) < e ||p—m(p)||L2) where c; only depends on §2. Taking v = wy,,,
as test function in (4. 4 17a) yields :

/pk,n div(v) de = / Vuy, : Vodx — / f-vdx— / T (prn)g - vde
Q Q

Since fQ div(v) de = 0, this gives also

/[Pk,n — m(prp)] div(v) de = / Vu, : Vodz — / Jrvde — / T3 (prn)g - v dx
0 0 0 0

and then

/[Pkn m(Pi,n)] diB—/V’ukn V'vdac—/f ’UdiB—/Tk(Pkn)g vdx

Using lemma 3.8.2 and the inequalities (4.4.22) and (4.4.21) we get for all € > 0, the
existence of D, only depending on €2, f, g, and ¢ such that

1Pk — M(Prn) | 220) < De + €l|pnllL20)

In order to obtain an estimate on ||py,||r2 , we now use the fact that [, py, de = M
and pr, = ¢©(prn). As in the proof of proposition 4.4.3, we can prove that there exists a
continuous and one-to-one function @ from R* onto RT and C' > 0 only depending on M
and €2 such that

/Q 2(prn) de < C

with @ and p satisfying the conditions of lemma 4.4.13, we thus get the existence of C, only
depending on €2, f, g, ¢ and M such that

1Pkl L2() < C (4.4.23)

Using (4.4.23) in (4.4.22) we thus get the estimate on ||ug || g1(0)e. Finally, thanks to theorem
4.3.1, the estimate on ||pg | g1 follows.

The convergence of the sequence (W, Pk.ns Prn) 1S a consequence of the uniform (with
respect to k) estimates (4.4.18).This concludes the proof.

Proposition 4.4.6 Let (w,, pn, pn) € HY(Q)xL2(Q) x HY(Q) be the limit of (W, Prns Prn)
in the sense of proposition(4.4.5) ,then

(Un, Py Pn) @5 @ solution of the following problem :

/ Vu:Vodx — /p div(v)de = / frvdx+ / pg -vdx, Yo € HY(Q)?,  (4.4.24a)

Q Q Q Q

/ pu - Vipda — 1 / V() - Vip(x)dr =0 for all p € H' (), (4.4.24Db)
Q nJa

p >0 ae in§, / pdx = M, p=p(p) a.e. in Q. (4.4.24c¢)
Q
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Proof We can easily pass to the limit in the two first equations (using proposition4.4.5),
we just give some details for the following terms

For the term fQ Ty (prn)g - v , we use the fact that
Pk, strongly converges to p,, and ||pxn|lr2) < C (C independent of k)

we thus get using the Dominated Convergence Theorem

/Tk(Pk,n)g'U%/png-v as k — +oo
Q Q

And for the same arguments we can pass to the limit on the equation of state we thus

get
Pk = ©(prn) = @(pn), a.ein  (p continuous)

and since
Prn — P weakly in L?(Q) and then strongly in L%(€2), g < 2
we get by uniqueness of the limit
Pn = ¢(pn)a.ein Q.
which concludes the proof.

e Tending n to +oo

Proposition 4.4.7 Let (w,, pn, pn) € HY(Q)? x L2(Q) x HY(Q) a solution of the following
problem :

/ Vu:Vode — / p div(v) dx = / f-vdx+ / pg-vdx, Yo € H(Q)?, (4.4.25a)
Q Q Q Q

/ pu - Vipda — %/ Vo(z) - Vip(x)dz =0 for all p € H' (), (4.4.25b)

Q 0

p>0 ae. in €, / pdx =M, p=p(p) aec. in Q. (4.4.25¢)
Q

Then there exists C' only depending on the data of the problem ), f, g, M such that :

HunHHl(Q)d7 [onllz2@)s IPnllLe) < C (4.4.26)

and then up to a subsequence, as n — +oo we have :
1. (wy),converges to uw in L*(Q) and weakly in H} ()4,
2. (pn)nweakly converges to p in L*(Q),

3. (pn)n weakly converges to p in L*(Q).
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Proof For the estimates on ||t,| g1 (g and [|pn[12(o) the proof is the same to that given in
proposition 4.4.5. It remains to get the estimate on ||p,||zz which comes from the estimate
on ||pnl|z2 using p, = v(p,) and (4.2.1).

The convergence of the sequence (w,,, pn, pn) is a consequence of the uniform (with respect
to n) estimates (4.4.26).This concludes the proof.

Theorem 4.4.8 The limit (u,p, p) € HY(Q)? x L%(Q) x L?(Q) is a solution of the following
problem :

/ Vu:Vovdx — /p div(v)de = / f-vda:—i—/pg-vda: for all v € HY()?,
Q Q Q Q
(4.4.27a)

/ pu - Vipdx =0 for all p € WH=(Q), (4.4.27b)
)

p >0 ae. in, / pdx =M, p=p(p) aec. in Q. (4.4.27¢)
Q

Proof
This result is obtained by passing to the limit on problem(4.4.25) as n — +o0.
Using the estimates, we can easily pass to the limit in the first equation .

For the second equation, we have :
* [o prtin - Vipda — [, pu - Vi da( proposition 4.4.7 ).

The second term yields

NI
=

1 L [ |Vpa|?
—/Vandzda:gC’w—( de) (/ pn daz)
nJa nJa Pn Q

|Vpn|2

Q Pn

D=

1
S Cw’Mﬁ< dIB)

and then

| 1 LA
—/Vpnvwdw gcw,M—(/ Vol 4yt (4.4.28)
nJa nJa Pn

On the other hand, let j > 0 taking ¢ = In(p, + %) € H'(Q) in equation(4.4.25b), we

get :
Vpn 1 [ |Vp,|
/pnun P de — — ‘p’dw:()
Q

1 1

Using the Dominated Convergence and the Monotone Convergence Theorems, we pass to
the limit as 7 — 400, we thus get

1
/pndivundw——/|Vpn|2/pndw:0
Q nJa
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which yields using proposition(4.4.7) :
1
—/ |V pn|?/pndx < C, (C independent of n)
nJo
Using this estimate in (4.4.28), we thus get :
1 1
—/Vpnvwdw§0——>0 as n — 400
nJo \/ﬁ

We thus get (u, p) satisfies equation (4.4.27b).

It remains now to prove that the equation of state is satisfied, that is p = ¢(p) a.e in €.
This proof is composed of two steps

Step 1. Proving /pnpn da:—>/ppda:.
Q Q

Since the sequence (p,)ney is bounded in L%(Q), Lemma 4.4.11 gives the existence of a
bounded sequence (v,,)nen in H(2)? such that div(v,) = p, and curl(v,,) = 0. It is possible
to assume (up to a subsequence) that v, — v in L?(Q)? and weakly in H*(Q)?. Passing to
the limit gives div(v) = p and curl(v) = 0.

Y € C%(Q) (so that v, € H}(Q)?). Taking v = v,7 in (4.4.25a) leads to :

/QVun : V(vp¢) doe — /Qpn div(v,v) de = /Qf (vp) dee + /Qpng (vp1) de.

We thus get :

/ div(w,,) div(v,y) de + / curl(w,,) - curl(v,v) de
Q

Q

— /Qpn div(v,v) de = /Qf (va) de + /Qpng - (vp0) de.

The choice of v,, gives div(v,¥) = ppp + v, - V¢ and curl(v,y) = L(¢) v, where L(v)) is
a matrix with entries involving the first order derivatives of ¥. Then, the preceding equality
yields :
/(div(un) — pn) pn ¥ dx + / div(u,) v, - Vi dx
Q

Q

+ / curl(w,,) - L(¢) v, de — / Py, - Vi da

Q

= [ @izt [ pg- 0 da.

Thanks to the weak convergence of u, in Hj(Q)? to u, the weak convergence of p,, p, in
L2(Q) to p, p(respectivly) and the convergence of v,, in L?(Q)? to v, we obtain :

lim [ (div(u,) — pn) pp ¢ de = /Qf (vy)de — /Qdiv(u) v-Viyde

n—oo Q

(4.4.29)
—/ curl(u) - L(¢) vde + / pv - Viyde.
Q Q
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Using the fact that (u,p) satisfies (4.4.27a), we get :

/QVu:V('vw)dzc—/Qp div(vw)dzc:/Qf-(vw)dzc—l—/gpg'('vw)dzc,

or equivalently :

/Q div(u) div(vy) dz + /

Q

curl(u) - curl(vy) de — / p div(vy) do

Q

:/Qf-(vw)daﬂr/ﬂpg'(vw)dwa

which gives (using div(v) = p and curl(v) =0) :

/Q(div(u) —p)pde + / div(u)v - Vpda + / curl(u) - L(¢) v de

Q Q

— [opv-Vyde = [, f - (v¢)dz+ [, pg - (vy)de.

Then, with (4.4.29), we obtain :

lim [ (p, — div(u,)) pp ¢ da = / (p — div(u)) py de. (4.4.30)

In (4.4.30), the function ® is an arbitrary element of C2°(€2). We are going to prove now that
it is possible to take ¢ = 1 in this relation, thanks to Lemma 4.4.9. To this goal, we need
to prove that the sequence ((p,, — div(w,)) pn)nen is equi-integrable. Indeed, using (4.2.1) we
can easily prove that the sequence (p?),en- is equi-integrable. And by proposition4.4.26 we
have, the sequance (p, — div(u,))nen+ is bounded in L?(Q), which gives the result

lim [ (p, — div(u,)) p, de = /Q(p — div(u)) pda. (4.4.31)

n—oo 0

In order to conclude Step 3, we use Lemma 4.4.1 and 3.7.1, we thus get :

/pn div(u,) dx = / pdiv(u)de = 0.
Q 0

Then, (4.4.31) yields :
lim | p,pnde = /ppda:. (4.4.32)
Q Q

n— oo

Step 2. Passing to the limit on the E.O.S.

To conclude the proof of p = ¢(p), we will now use the so called Minty trick. Let p € L*(Q)
such that p(p) € L?(Q2). We define for n € N the function G,, by

Gn = (¢(pn) — () (pn — P) = (Pn — ©(P))(Pn — P)-
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One has G,, € L'(Q), G,, > 0 a.e. in  (since p is nondecreasing) and

0 < / G de = / (Pupn — Puis — 2(P)pn + 9(P)P) daz. (4.4.33)

Using (4.4.32) and the weak convergences of p, to p and p, to p in L*(2), we obtain :

0 < limsup /Q G < /Q (b — ¢(2))(p — p) da.

n—oo

We have thus proven that for all p € L*(Q2) such that p(p) € L*(2) one has

L=l =piz =0 (4.4.34)

We now have to choose p conveniently to deduce p = ¢(p) a.e. on Q from (3.5.11). The idea
of the Minty trick is to take p = p + (1/k)y with ¢ € C°(R2), k € N* and to let k goes
to +oo. Unfortunately, p(p + (1/k)1) is not necessarily in L?(£2). then, such a choice for
p is not possible. We will use here (and only here) the convexity of ¢. Since (p,), weakly
converges in L2(2) to p and since the sequence (¢(pn))nen is bounded in L?(€2), we deduce,
using the convexity of ¢, that ¢(p) € L*(Q). This is proven in Lemma 4.4.15. This allows us
a convenient choice for p.

Let ¢ € C(Q,R). For k,m € N*, we set

1
Pkm = P+ Ewlpgn-

Since p € L*(Q2), one has py.,,, € L*(2). Using the fact that ¢ is nondecreasing (and nonne-
gative), we have, with M = [[¢||p~(q) ,

P (pkm) < @(p) +(m + M),
so that ©(pk.m) € L*(Q2) (since p(p) € L*()). Then, since py m and ¢(pk.m) belong to L*(Q),

we can choose p = pg, in (3.5.11). We obtain

[ o=l + {01em) 010 <0
Q

Fixing m in N*, we use the Dominated Convergence Theorem on the sequence (g )ren-
with g, = (p — ¢(p + %wlpgm))@blpgm. Indeed, the continuity of ¢ gives gr — (p —
©(p))Y1,<p ae. in Q. Furthermore, since ¢ is nondecreasing, one has, for all n € N*,

l9x| < H = [p+@(p) + o(m + M)][¢] ae. in Q,
and H € L'(Q). Then, the Dominated Convergence Theorem yields

/Q(p —@(p)P1em < 0.

Changing 1 in —, we conclude that [,(p — ¢(p))¥1,<p = 0 for all ¢ € C°(Q,R).

Once again by the Dominated Convergence Theorem, as m to +oo we get : fQ(p —
©(p)) =0 for all v € C°(2) This gives p = ¢(p) a.e. in .
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Appendix

Lemma 4.4.9 Let (F,)nen C LY(Q) be an equi-integrable sequence, and F be a function of
LY(Q). We assume that :

n—o0

lim | F,pdx = / Fodz for all ¢ € C(Q). (4.4.35)
0 Q

Then :
lim F,dx = / Fdx.
0 Q

n—oo

proof This result is proven in [6].

Lemma 4.4.10 Let g € L*(Q) such that [, qdx = 0. Then, there exists v € Hj(Q)? such
that div(v) = q a.e. in Q and ||v|lg e < e ||qlli2) where ey only depends on ).

proof The proof is given in [1].

Lemma 4.4.11 Let Q be a bounded open set of RY and p € L*(Q). Then, there exists
v € H'(Q)? such that div(v) = p a.e. in Q, curl(v) = 0 a.e. in Q and ||v|m@oe < C l|pliz@
where C' only depends on €.

Furthermore, if the boundary of 2 is Lipschitz continuous and p € HY(), it is possible to
have v € H*(Q)* and ||v|luzq)e < C|pllur) where C only depends on Q.

proof This result is proven in [6].

We now prove the following result :

Lemma 4.4.12 Let Q be a connected bounded open set of RN (N > 1) with a Lipschitz
continuous boundary. Let w C ) be a measurable set with positive Lebesgue measure. We
define the set W, by :

W, = {u € W"Y(Q) such that u =0 a.e. in w}.

Then there exist C only depending on €2 and w such that

luller) < C | |Vul|lprq)y for all u € W, and for all 1 < p < (4.4.36)

N-—-1
Proof of Lemma 4.4.12

Since € is bounded, we only have to prove (4.4.36) for p = 1* = N/(N — 1). With the
Sobolev Embedding Theorem, we already know that there exist C'; only depending on {2
such that [ull - o) < C1 [Jullwii) for all w € WH(Q). Then we only have to show that on
W,, the Wl norm of u is equivalent to the L!'-norm of the gradient of u, that is that there
exists Cy only depending on {2 and w such that

||u||L1(Q) S OQ || |Vu| ||L1(Q) for all u € Ww. (4437)
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In order to prove the existence of Cy such that (4.4.37) holds, we argue by contradiction.
We assume the existence of a sequence (uy)nen+ in W, such that

unlli = n |l [Vun| || forall n € N,

Replacing u, by w,/ ||tun| 21 (q) ; we can assume that ||u,| 1) = 1. Then, (un)nen+ is bounded
in WH(Q) and it is relatively compact in L'(Q) (by Rellich’ Theorem). Therefore, we can
assume (up to a subsequence) that u, — u in L'(Q2) and a.e..

Furthermore, since

S|

HVun| 1@y <~

one has Vu = 0 a.e. in ) and, since () is connected, u is a constant function. Then, the
fact that w, = 0 a.e. in w gives that u = 0 a.e. in w. Therefore u = 0 a.e. in 2. But, this
is impossible since u,, — w in L'(Q) and ||u,||1(q) =1. This concludes the proof of Lemma
4.4.12.

N.B. It is also possible to prove Lemma 4.4.12 using the “mean-value” Sobolev Inequality
(or also using the Poincaré-Wirtinger Inequality). Actually, there exists Cy only depending
on © such that for all u € W(Q) one has, with mAy(Q) = [, u(z)dz,

lu =mlpe @) < Cs [IVul oo -

Then, for u € W, since gives
/ = ] de + fm] A (@) < C | [Vl e
QN\w

Then, we have |m| < /\N(Sw | |Vul |1 , and we conclude by using

« An () /1
v <l = ml| e WO <1+ () ) Vel -
[ull ey < llu—=mlpq) + [m[An ()7 < @) IV ul |z
The following lemmas are proven in chapter 3 .

Lemma 4.4.13 Let Q be a bounded open set of R (d > 1), and p € L*(),p > 0 a.e. We
assume that there exist a € R such that

lp = mllL2) < a
where m is the mean value of p. Furthermore, we assume that there exist A € R and a
continuous function W from R to RT such that [, ¥(p) de < A and ¥(s) o too
S—+00

Then, there exists C' only depending on Q,a, A and V such that ||p||r2@) < C.
Lemma 4.4.14 Let Q be a bounded open set of R Let p € L?(2), p > 0 a.e. in Q and
u € H} Q). Assume that (p,u) satisfies :

/ pu-Vodr =0 for all o € WH(Q). (4.4.38)

Q

Then,
/ pdiv(u)dex = 0. (4.4.39)
Q
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Lemma 4.4.15 Let ¢ be a convex function from Rt to RT and (pn)nen be a sequence of
nonnegative functions of L*(Q)) weakly converging in L*(Q) to p. We assume that the sequence
(0(pn))nen is bounded in L*(Q). Then, p(p) € L*(£2).
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Conclusions et perspectives

Dans ce travail, on s’est intéressé au probleme de Stokes compressible avec une loi d’état
tres générale. On a établi un résultat d’existence pour ce probleme par deux approches :
une approche par schéma numérique et une approche par régularité visqueuse. En effet, on a
proposé dans le chapitre 3 une discrétisation des équations de Stokes qui combine la méthode
des éléments finis et la méthode des volumes finis et qui repose sur les espaces Crouzeix-
Raviart. Une premiere difficulté de ce travail était d’établir des estimations sur la solution
discrete, en particulier a cause de la présence de la gravité dans le terme source de I’équation
de quantité de mouvement. Une deuxieme difficulté dans le passage a la limite sur la loi
d’état qui est diie a sa non-linéarité.

Une deuxieme approche pour prouver ce méme résultat d’existence a fait l'objet du
chapitre 4. En effet, on a démontré ce résultat en utilisant une approximation par viscosité
et en passant a la limite sur le probleme régularisé.

Les perspectives de ce travail sont nombreuses, en particulier le résultat présenté dans le
chapitre 3 peut se faire en utilisant un schéma Mac, ce type de maillage étant plus utilisé en
pratique. Il sera aussi tres intéressant d’étendre ce travail aux équations de Stokes ou Navier-
Stokes instationnaires. Un travail est en cours sur le probleme de Stokes instationnaire, des
difficultés supplémentaires dans ce cas, en particulier pour démontrer les estimations sur la
solution discrete. De plus on sera limité pour des raisons techniques a des équations d’état
du type p = ¢(p) avec la fonction ¢ croissante, convexe et satisfaisant la condition suivante :
liminf, ;o ¢(s)/s*? > 0 (en dimension 3).
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