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Résumé en Francgais

Equations de Maxwell et de Yang-Mills sur des

Espaces-Temps Courbes avec un Trou Noir

Sari Ghanem

2014

Dans cette these, nous menons une étude systématique de régularité des champs de
Maxwell et de Yang-Mills sur des espaces-temps courbes et en présence d’un trou noir.
Dans le premier chapitre, nous écrivons la preuve de la non-explosion de la courbure de
Yang-Mills sur des espaces-temps courbes quelconques, fixes, en utilisant la paramétrix de
Klainerman-Rodnianski combinée avec des inégalités de type Gronwall appropriées. Alors
que 'argument de Chrusciel-Shatah nécessite un controle de deux dérivées de la courbure
de Yang-Mills, nous pouvons en sortir en controlant uniquement une seule dérivée, et écrire
une nouvelle preuve indépendante de tout choix de jauge. Dans le chapitre qui suit, nous
étudions les équations de Maxwell dans le domaine extérieur du trou noir de Schwarzschild.
Nous montrons que si nous supposons que les composantes du milieu des solutions non-
stationnaires des équations de Maxwell vérifient une certaine estimée de type Morawetz sur
une région compacte dans ’espace autour de la surface piégée, alors nous pouvons prouver
des propriétés de décroissance uniforme pour les composantes des champs de Maxwell dans
tout 'extérieur du trou noir de Schwarzschild, y compris des points sur ’horizon, en faisant
uniquement recours a des inégalités de Sobolev combinées avec des estimées d’énergie en
utilisant directement les équations de Maxwell. Cette preuve ne passe pas par I’équation
d’onde scalaire, n’a pas besoin de séparer les composantes du milieu, et serait alors utile
pour le cas des champs de Yang-Mills ou la séparation ne peut pas se produire. Le dernier

chapitre est une ouverture sur des problemes différents en équations aux dérivées partielles.
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Abstract

Maxwell and Yang-Mills Equations on Curved Black Hole

Space-Times

Sari Ghanem

2014

In this thesis, we take a systematic study of global regularity of the Maxwell equations
and of the Yang-Mills equations on curved black hole space-times. In the first chapter, we
write the proof of the non-blow up of the Yang-Mills curvature on arbitrary curved space-
times using the Klainerman-Rodnianski parametrix combined with suitable Gronwall type
inequalities. While the Chrusciel-Shatah argument requires a control on two derivatives
of the Yang-Mills curvature, we can get away by controlling only one derivative instead,
and write a new gauge independent proof on arbitrary, fixed, sufficiently smooth, glob-
ally hyperbolic, curved 4-dimensional Lorentzian manifolds. In it’s sequel, we study the
Maxwell equations in the domain of outer-communication of the Schwarzschild black hole.
We show that if we assume that the middle components of the non-stationary solutions
of the Maxwell equations verify a Morawetz type estimate supported on a compact region
in space around the trapped surface, then we can prove uniform decay properties for the
components of the Maxwell fields in the entire exterior of the Schwarzschild black hole,
including the event horizon, by making only use of Sobolev inequalities combined with en-
ergy estimates using the Maxwell equations directly. This proof does not pass through the
scalar wave equation on the Schwarzschild black hole, does not need to separate the middle
components for the Maxwell fields, and would then be in particular useful for the non-
abelian case of the Yang-Mills equations where the separation of the middle components
cannot occur. The last chapter is an opening to different problems in partial differential

equations.
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Chapter 1

Présentation de la These en

Francais

Les théories des champs de jauge, comme les équations de Maxwell et les équations de
Yang-Mills, se posent dans des théories physiques importantes pour décrire I’électromagnétisme
et les interactions faibles et fortes, et sont dans une certaine mesure mathématiquement
liées aux équations d’Einstein dans le vide en Relativité Générale. En effet, en utilisant
le formalisme de Cartan les équations d’Einstein dans le vide peuvent étre écrites sous la
forme des équations de Yang-Mills, sauf pour le fait que la géométrie de fond fait partie de
la solution inconnue du probleme d’évolution dans la Relativité Générale, alors que dans
la théorie de Yang-Mills, on peut fixer la géométrie de fond comme étant un espace-temps
donné.

Dans un article classique, [EM1]-[EM2], Eardley et Moncrief ont prouvé l'existence
globale des solutions des équations de Yang-Mills sur I'espace-temps de Minkowski a 4
dimensions. L’objectif de cette these est d’étendre leur résultat de régularité globale sur
des espace-temps courbes, comme le trou noir de Schwarzschild.

Dans le premier chapitre, nous écrivons la preuve de la non-explosion des champs de

Yang-Mills sur un espace-temps courbe fixe quelconque. Pour cela, nous faisons usage



d’une formulation hyperbolique du probléme contrairement au cas abélien des équations
de Maxwell. Dans un article récent, [KR1], Klainerman et Rodnianski ont fourni une for-
mule de représentation covariante pour ’équation des ondes sur des espaces-temps courbes
quelconques, lisses, globalement hyperboliques, dans laquelle les termes intégrales sont pris
sur le cone de lumieére passé. Comme les auteurs 'ont souligné, leur paramétrix peut étre
immédiatement adaptée pour des dérivées covariantes de jauge; c’est parce que le produit
scalaire sur l'algebre de Lie < , > est invariant par I’action adjointe. Ils I'utilisent pour don-
ner une nouvelle preuve indépendante de tout choix de jauge du résultat d’Eardley-Moncrief
dans [EM2] concernant la non-explosion des champs de Yang-Mills, dont le seul ingrédient
est la conservation de 1’énergie. Comme les auteurs 'ont mentionné, on peut généraliser
leur preuve de la non-explosion de la courbure de Yang-Mills sur ’espace-temps plat de
Minkowski a des espaces-temps courbes quelconques lisses, globalement hyperboliques,
sous ’hypothese qu’il existe un champ de vecteur unitaire de type temps dont le tenseur de
déformation est fini, comme il I’a été supposé dans les travaux antérieurs de Chrusciel et de
Shatah, voir [CS]. Dans cette section, nous fournissons du matériel standard, mais pas aussi
clairement souligné dans la littérature, qui consiste a écrire la preuve de la non-explosion
des champs de Yang-Mills sur des espaces-temps courbes quelconques, sous les hypotheses
mentionnées ci-dessus, en utilisant la paramétrix de Klainerman-Rodnianski combinée avec

des inégalités de type Gronwall appropriées. Alors que l'argument de Chrusciel-Shatah

o0

. et de la norme Hl2oc de la courbure de

nécessite un controle simultané de la norme L
Yang-Mills, nous pouvons en sortir par le seul controle de la norme H lloc a la place. Cepen-
dant, se débarrasser de tout controle sur le gradient de la courbure de Yang-Mills, comme
c’est le cas dans la preuve sur l'espace-temps de Minkowski dans [KR1], a été tenté par
l'auteur, et nous n’avons pas pu le faire. Comme 'espace-temps étendu du trou noir de
Schwarzschild est un cas particulier d’une variété Lorentzienne lisse, globalement hyper-
bolique, & 4 dimensions avec la présence d’un champ de vecteur de type temps % (voir
Pannexe pour l’espace-temps de Schwarzschild prolongé) dont le champ de vecteur unitaire

admet un tenseur de déformation fini, nous obtenons que les solutions locales des équations



de Yang-Mills n’explosent pas en ¢ & I’écart de I’hypersurface = 0, comme on peut encore
appliquer le lemme de Gronwall dans le passé de chaque point, et son intersection avec le
futur d’une hypersurface de Cauchy prescrit par t = constante, pour obtenir une borne
sur le flux d’énergie le long du cone de lumiere passé.

L’objectif du deuxieme chapitre est de prouver une décroissance uniforme des champs
de Maxwell dans le domaine extérieur du trou noir de Schwarzschild. A l'extérieur du trou
noir de Schwarzschild % est un champ de vecteur de type temps et Killing. Appliquant le
théoreme de divergence a Tj,, ou T est le tenseur d’énergie-impulsion de Maxwell, entre
deux hypersurfaces de type espace prescrites par t = constante conduit & une conserva-
tion de I’énergie qui est au niveau d’une intégrale sur l'espace de Ty;. Dans ce cas, cela
donne une énergie positive conservée au niveau de la norme L? des champs de Maxwell.
Cependant, pres de ’horizon, une difficulté est que nous perdons le contréle sur la norme
L? de certaines composantes des champs en raison de la présence du facteur (1 — 27"‘) dans
I’expression intégrale de la conservation de 1’énergie, qui s’annule a I’horizon. Afin de prou-
ver une décroissance uniforme des solutions des équations de Maxwell dans ’extérieur, nous
aimerions majorer I’énergie conforme obtenue a partir du champ de vecteur de Morawetz.
Pour ce faire, nous supposons que les composantes du milieu des solutions non-stationnaires
vérifient une estimée de type Morawetz, c’est a dire qu’une intégrale sur ’espace-temps des
composantes du milieu, appuyée sur une zone délimitée dans l’espace autour de la surface
piégée, r = 3m, est bornée par ’énergie sans les composantes du milieu - ce qui serait
le cas si 'on obtient cette estimation en utilisant un champ de vecteur de type espace
apres I’élimination dans I’argument les solutions stationnaires des équations de Maxwell a
I’extérieur du trou noir de Schwarzschild, qui sont les soi-disant les solutions de Coulomb.
Nous prouvons alors qu’une telle intégrale sur l'espace-temps décroit dans le temps, et
nous obtenons une borne supérieure sur 1’énergie conforme par une quantité, qui dépend
des données initiales, qui n’est pas finie pour les solutions de Coulomb. Cela sera utilisé
pour prouver des propriétés de décroissance des composantes des champs de Maxwell loin

de I’horizon. Pres de I'horizon, nous parvenons a contourner la difficulté en faisant usage



d’un champ de vecteur de type horizon pour obtenir une décroissance uniforme pour quatre
composantes dans I’ensemble de la région extérieure, y compris des points & ’horizon.

Le dernier chapitre est une ouverture sur des problemes différents dans les équations aux
dérivées partielles. Le probleme de régularité des solutions de ’équation quasi-géostrophique
critique avec des données initiales quelconques lisses a été suggéré par S. Klainerman dans
[K12] comme I'un des problémes les plus difficiles dans les équations aux dérivées partielles
du XXTieme siecle. Dans un papier élégant, [KNV], Kiselev, Nazarov, et Voldberg, ont
prouvé la régularité globale des solutions de I’équation quasi-géostrophique dissipative cri-
tique & 2 dimensions avec des données initiales périodiques et lisses. Cette ouverture est
une remarque qui en utilisant une adaptation de la technique inventée par A. Kiselev, F.
Nazarov, et A. Voldberg, avec un argument de scaling modifié, nous pouvons prouver la
régularité globale des solutions de I’équation quasi-géostrophique dissipative critique a 2
dimensions avec force lisse et périodique, sous ’hypothese que la donnée initiale est lisse
et périodique, et la force est bornée dans ’espace and dans le temps, et a-Hoélder continu
dans l’espace, avec a > 0.

Remarque. L’ensemble de la these est écrite d’une maniere détaillée, ot nous détaillons
tous les calculs, et en cas de besoin, nous montrons du materiel standard pour rendre ce

travail autonome. Pour étre complet, nous détaillons du matériel bien connu dans I’annexe.

Les trois parties majeures de la these sont présentées dans ce qui suit :

1.1 L’Existence Globale des Champs de Yang-Mills sur des

Espaces-Temps Courbes

Dans ce chapitre, nous étudions les équations de Yang-Mills sur un espace-temps

courbe donné quelconque. Pour cela, nous allons utiliser une formulation hyperbolique



du probleme. En effet, tandis que les équations de Yang-Mills disent que la courbure de
Yang-Mills est a divergence nulle sur la géométrie de fond, on peut obtenir une formulation
hyperbolique en prenant la divergence covariante de l’identité de Bianchi. Cela conduit
a une équation d’onde covariante tensorielle sur la courbure de Yang-Mills avec un terme
non-linéaire. C’est exactement 1’étude de ce terme non-linéaire qui permet de répondre a
la question de I'existence locale, et de I'existence globale des solutions des équations. Dans
cette formulation, la donnée initiale se compose du potentiel de Yang-Mills, qui est une
1-forme & valeur dans 'algebre de Lie, et le champ électrique (vaguement parlant, il s’agit
de la dérivée temporelle du potentiel) sur une hypersurface de Cauchy ¥ donnée de type
espace. Les données initiales doivent vérifier elles-mémes les équations de Yang-Mills, ce
qui est que la divergence covariante du champ électrique s’annule. On cherche une cour-
bure de Yang-Mills qui satisfait les équations de Yang-Mills de sorte qu'une fois réstreint
sur cette hypersurface X la courbure de Yang-Mills correspondrait a celle donnée par les
champs électriques et les potentiels prescrits.

Eardley et Moncrief ont prouvé I'existence globale des solutions des équations de Yang-
Mills sur ’espace-temps de Minkowski & 4 dimensions en prouvant un résultat d’existence
locale et en fournissant des estimations ponctuelles sur la courbure, [EM1]-[EM2]. Leur
approche dépendait de la solution fondamentale de I’équation des ondes sur un espace-
temps plat, et l'utilisation de la condition de jauge Cronstrém, qui présente I’avantage
remarquable d’exprimer directement le potentiel en fonction de la courbure en termes
d’une intégrale, pour estimer le terme non-linéaire. Plus tard, ce résultat a été étendu par
Chrusciel et Shatah, [CS], & des espace-temps courbes en utilisant la méme approche, en
faisant usage de la paramétrix de Friedlander pour I’équation des ondes dans des domaines
causals dans des espaces-temps courbes, [Fried], ainsi que la condition de jauge Cronstrom.
Dans un article récent, [KR1], Klainerman et Rodnianski ont construit une paramétrix
pour I’équation d’onde qui leur a permis de donner une nouvelle preuve indépendante de
tout choix de jauge du résultat d’Eardley-Moncrief dans [EM2] concernant la non-explosion

des champs de Yang-Mills dans le contexte de ’espace-temps de Minkowski.



L’approche de Klainerman-Rodnianski repose sur leur dérivation d’une formule de
représentation covariante pour I’équation des ondes sur des espaces-temps courbes quel-
conques lisses, globalement hyperboliques, dans laquellle les termes intégraux s’appuient
sur le cone de lumiére passé. Comme les auteurs 'ont souligné, leur paramétrix peut étre
immédiatement adaptée pour des dérivées covariantes de jauge; c’est parce que le produit
scalaire sur ’algebre de Lie <, > est invariant par ’action adjointe. Ils ’ont utilisée pour
donner une nouvelle preuve indépendante de tout choix de jauge du résultat d’Eardley-
Moncrief [EM2], dont le seul ingrédient est la conservation de 1’énergie. Comme les auteurs
I’ont mentionné, on peut généraliser leur preuve de la non-explosion de la courbure de
Yang-Mills sur ’espace-temps plat de Minkowski a des espaces-temps courbes quelconques
lisses, globalement hyperboliques, sous I’hypothese qu’il existe un champ de vecteur uni-
taire % de type temps dont le tenseur de déformation est fini, comme il ’a été supposé
dans les travaux antérieurs de Chrusciel et de Shatah, [CS].

Dans ce chapitre, nous fournissons du matériel standard, mais pas aussi clairement
souligné dans la littérature, qui consiste a écrire la preuve de la non-explosion de la cour-
bure de Yang-Mills pour des solutions locales sur des espaces-temps courbes quelconques
en utilisant le paramétrix de Klainerman-Rodnianski combinée avec des inégalités appro-

priées de type Gronwall. Alors que 'argument de Chrusciel-Shatah nécessite un controle

o0

simultané de la norme LS.

et de la norme H 120 . de la courbure de Yang-Mills, nous pouvons

en sortir en contrélant uniquement la norme H,.! . Cependant, nous avons été incapables de

loc*
se débarrasser de tout contrdle sur le gradient de la courbure de Yang-Mills, comme il est
le cas dans la preuve sur 'espace-temps de Minkowski dans [KR1]. Ainsi, cela donne une
nouvelle preuve indépendante de tout choix de jauge et améliore le résultat du Chrusciel-

Shatah, [CS], d’existence globale des champs de Yang-Mills sur des variétés Lorentziennes

courbes quelconques, suffisamment lisses, globalement hyperboliques, a 4 dimensions.



1.2 Sur la Décroissance Uniforme des Champs de Maxwell

sur des Espaces-Temps Courbes avec un Trou Noir

Dans ce chapitre, nous étudions les équations de Maxwell sur le trou noir de Schwarzschild.
Dans un article récent, [DR1]-[DR2|, Dafermos et Rodnianski ont prouvé la décroissance
des solutions de ’équation d’onde scalaire libre [g¢ = 0 a l'extérieur du trou noir de
Schwarzschild, jusqu’a des points sur ’horizon. Nous ne savons pas comment faire marcher
ces méthodes pour [g¢p = c.¢ ou pour Ug¢p = ¢? en utilisant le tenseur d’énergie-
impulsion de I’équation des ondes. Ainsi, cela exclut la possibilité d’utiliser ces méthodes
pour les équations de Maxwell dans une formulation hyperbolique ou les termes sources
seraient (OgF'),., ou F),, est le champ de Maxwell. Dans un article récent, [Bl], Blue a
prouvé une décroissance pour les champs de Maxwell dans 'extérieur sur ’espace-temps de
Schwarzschild. La preuve de Blue a nécessité une étude d’une équation d’onde sur I’espace-
temps de Schwarzschild pour les composantes dites du milieu, qui peuvent étre séparées
des autres composantes dans le cas abélien des équations de Maxwell. Cette approche a été
ensuite étendue par Andersson et Bleu a la métrique de Kerr, [AB]. Toutefois, dans le cas
non-linéaire des équations de Yang-Mills, on ne peut dissocier les composantes du milieu
des autres. Pourtant, il semble difficile de généraliser les résultats de Dafermos et Rodnian-
ski pour I’équation d’onde scalaire libre aux équations de Maxwell en utilisant directement
le tenseur d’énergie-impulsion de Maxwell, sans se référer a I’équation d’onde scalaire, com-
biné avec des inégalités de Sobolev appropriées. Une étape clé pour atteindre cet objectif
serait de majorer I’énergie conforme sans séparation des composantes du milieu des champs
de Maxwell. Cela donnerait une nouvelle preuve indépendante et améliorerait le résultat de
Blue, et serait en particulier utile pour le cas non commutatif des équations de Yang-Mills
ou cette séparation ne peut pas se produire. J’ai essayé de faire cela dans ma these dans
le but de prouver une borne uniforme pour les champs de Yang-Mills a I'extérieur du trou

noir de Schwarzschild et la métrique de Kerr. Cependant, comme Klainerman m’a fait



remarquer plus tard, beaucoup de gens ont essayé d’obtenir une preuve plus conceptuelle
de décroissance pour les équations de Maxwell, sans passer par I’équation d’onde scalaire,
et y parvenir serait d’une grande portée. Meéme si je n’étais pas en mesure de résoudre
cela encore, dans ce chapitre, je vous écris une preuve de décroissance pour les champs
de Maxwell sur I'extérieur du trou noir de Schwarzschild, directement, sans séparation
des composantes du milieu et sans se référer a I’équation d’onde, en supposant que nous
avons une estimatée de type Morawetz au niveau de la 0-dérivée sur une région compacte
dans 'espace. Pour expliquer, rappelons-le (voir 'annexe) qu’a lextérieur, la métrique de

Schwarzschild peut s’écrire ainsi:

2
ds? = —(1 — Tm)dtQ + mdﬁ + r2(d6? + sin2(0)dg?)
Si nous définissons,
r* = r+2mlog(r—2m)
v = t+r"
w = t—r"
nous aurons alors,
2 2m 27 2
dS = —(1 — T)d'l)dw +r dO'
= —ﬂdv ® dw — ﬂdw ® dv + r2do?
2 2
Soient,
d 19
e —_ 1.1
ow (1- 277”) ow (1.1)
d d
- = 1.2
ov v (12)



) 10
) 1 0
8¢  rsinfdg (14)

et a un point de 'espace-temps de Schwarzschild, soient eq, eo une base normalisée de

S2, qui vérifie pour tout A, B € {1,2},

Blea po) = glea5) =0 (1.5
glea,ep) = dam (1.6)

Dans ce contexte, par ”en supposant une estimatée de Morawetz”, nous entendons
exactement que pour 79, Ry comme dans la preuve de (4.55), et pour tout ¢; = (1.1)%tg, ou

to est un nombre réel positif et 7 est un nombre naturel, si nous définissons:

a t=t; 11 r *R*
Tt <t <tig1)(ro <r < Ry) / / / (| Foal? + ]FA@ 2] dr*do?dt
t 7‘*:7"0
(1.7)
alors, nous supposons que les solutions non-stationnaires vérifient
TSt <t <tig1)(ro < r < Ry) (1.8)

k
~(2) L (D (D (D
S B+ 1B ()l + (B plt)| + 1B pltis))
j=1

ou Kj, j € {1,...,k}, sont des champs de vecteurs de type Killing, et ou

@ 1
8 2 F 2
/* /52 r2(1 | Fuol” + r2(1— 27’”)s11126?| to|

1 2m
Fo|Yr?(1 — ==)do?dr*
1"(1—2Tm)Sin29’T¢HT( T)G "

I 0’2
P) r*
7'2( rm)

qui est I’énergie sans les composantes du milieu Fy,.«, Fyys. Les seules solutions stationnaires



des équations de Maxwell a ’extérieur du trou noir de Schwarzschild, sont les soi-disant
solutions de Coulomb. Par conséquent, I’hypotheése ci-dessus est supposée pour les solutions
non-Coulomb. Pour simplicité, nous écrivons notre preuve avec k = 3 et K; = €);, ot {2,
Jj €{1,2,3}, est une base des opérateurs de moment angulaire, bien que la preuve marche
encore avec un produit quelconque des dérivées de Killing sur le coté droit de (4.8), en
ajustant en conséquence les quantités dans le théoreme qui dépendent des données initiales.

Nous allons montrer que si les composantes du milieu des solutions non-stationnaires
vérifient une estimation de type Morawetz au niveau de la zéroieme dérivée, (4.8), alors
nous pouvons prouver des propriétés de décroissance uniforme des solutions des équations
de Maxwell dans I’ensemble du domaine extérieur du trou noir de Schwarzschild, y com-
pris I’horizon, en faisant usage des inégalités de Sobolev appropriées combinées avec des
estimations d’énergie en utilisant le tenseur d’énergie-impulsion des champs de Maxwell.
Nous ne faisons aucune utilisation de la décomposition en harmoniques sphériques. Nous
commencons par une hypersurface de Cauchy prescrite par ¢ = tg ou la donnée initiale doit
vérifier certaines conditions de régularité (il n’y a pas de condition d’annulation pour F
sur la sphere de bifurcation). Loin de 'horizon (dans la région r > R > 2m, pour un R

fixe), nous allons montrer que

C
Foypllwv,w) < —r0v—

C
Fil(w,v,w) < ——m—

pour tout [i,7 € {a%, %, %, a%}, ou Fy, est le champ de Maxwell. Pres de I’horizon,

et dans toute la région l'extérieure r > 2m, jusqu’a des points sur I’horizon, nous allons

prouver que

|F@w(v,w7w)\ < Lv |F€162(v’w7w)’§L
max{1l,v} max{1l,v}
C 2m C

|Ff)ea (U, w?“‘))‘

l\/1- TFwea(U,w,wH <

max{1,v}’ max{1l,v}
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Pour expliquer vraiment bien :

Si I’on essaie de généraliser la preuve de Dafermos et Rodnianski pour ’équation d’onde
scalaire libre aux équations de Maxwell, sur ’espace-temps de Schwarzschild, en utilisant
le tenseur d’énergie-impulsion des champs de Maxwell & la place, certaines difficultés qui

apparaissent sont :

1. Pour majorer ’énergie conforme des champs de Maxwell et de leurs dérivés dans la
direction des champs de vecteurs de Killing, il faut controler une intégrale sur I’espace-
temps pres de la surface piégée r = 3m, qui implique les composantes de soi-disant

du milieu de champ de Maxwell (voir (4.44)). En fait, les termes dans I'intégrale sur

espace-temps JE) | obtenue en appliquant le théoréme de divergence sur le champ
de vecteur de Morawetz K = —wQa% — ’UQ% contracté avec le tenseur d’énergie-

impulsion des champs de Maxwell, sont non-négatifs dans une région rqg < r < Ry
qui contient » = 3m. Il semble que cette intégrale ne peut pas étre controlée a I’aide de
ces méthodes en raison de la présence des autres composantes avec le "mauvais” signe
dans l'intégrale sur I'espace-temps générée a partir d’un champ de vecteur de controle
de type espace (voir (4.49)). En effet, en utilisant le théoréeme de divergence avec le
champ de vecteur G = f (1"*)8%*, ol f est une fonction bornée, nous obtiendrons une
intégrale sur l’espace-temps et une inégrale sur le bord. Cependant, I'intégrale sur
'espace-temps obtenue & partir de G a des termes qui n’apparaissent pas dans J&)
qui entrent avec le mauvais signe, et donc il ne peut pas étre rendue positive. Nous
allons montrer que si nous dépassons cela, voir hypothese (4.8), nous pouvons alors
écrire une preuve indépendante de tout choix de jauge de la décroissance uniforme

des champs de Maxwell a 'extérieur du trou noir de Schwarzschild jusqu’a des points

a I’horizon, en utilisant les équations de Maxwell directement.

2. Il faut construire un nouveau champ qui vérifie les équations de Maxwell et les iden-
tités de Bianchi, qui coincide avec le champ d’origine dans une région et s’annule

identiquement en dehors d’une autre région spécifique (voir la preuve de (4.58)).
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Dans le cas de I'équation d’onde Ug¢ = 0, on peut multiplier les données initiales
dans le probléme de Cauchy par une fonction de coupure, et examiner 1’évolution de
ces données pour obtenir une solution qui vérifie I’équation d’onde et les propriétés
énoncées précédemment. Dans le cas des équations de Maxwell et de Yang-Mills, si
I’on multiplie les données initiales par une fonction de coupure alors les équations
de contraintes ne seraient plus satisfaites. Il semble a premiere vue que 'on ne peut
pas obtenir un nouveau champ qui vérifie les propriétés nécessaires. Alors que cela
est vrai si 'on voulait le faire pour toutes les composantes, néanmoins, on peut
le faire pour toutes les composantes a l’exception des composantes Fy; et Fpgs, ol
la multiplication doit étre au niveau de la dérivée spatiale des composantes. Par
conséquent, on peut construire un nouveau champ qui peut étre fait pour coincider
avec I’ dans une certaine région, et s’annule en dehors de I'autre sauf pour ces deux
dernieres composantes. Le peu de bonnes nouvelles, c’est que les calculs montrent
que ces "mauvais” termes ne figurent pas dans les intégrales de bord générées par
le théoreme de divergence appliqué & un champ de vecteurs du type espace con-
tracté avec le tenseur d’énergie-impulsion (voir (4.52)). Ainsi, dans notre hypothése
(4.8), nous supposons qu’'une certaine intégrale sur 'espace-temps autour de la sur-
face piégée r = 3m des composantes du milieu, peut étre majorée par ’énergie sans
les composantes du milieu, ce qui serait le cas si cette estimation a été obtenue en
controlant 'intégrale sur espace-temps en termes des intégrales de bord générées a
partir des champs de vecteurs de type espace multipliés par une function bornée,
comme montré dans estimation (4.53). Ceci est crucial pour établir (4.58) qui est

Pestimation principale pour majorer I'énergie conforme dans (4.74).

Pour prouver une décroissance pour une énergie généralisée qui permettrait de controler
la norme L? des champs de Maxwell prés de I'horizon, on est confronté & une sit-
uation ou il semble crucial de contrdler une intégrale sur l’espace-temps prise sur

une zone bornée dans ’espace pres de I'horizon, qui contient toutes les composantes.
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Nous surmontons ce par notre hypothese (4.8); elle peut également étre utilisée pour
majorer I'intégrale sur I’espace-temps contenant les autres composantes, comme dans

(4.104).

En outre, en plus de ce qui précede :

4. Contrairement au cas de I’équation d’onde, les flux d’une énergie généralisée qui
controle la norme L? des champs de Maxwell pres de I’horizon ne contiennent pas la
totalité de leurs composantes. Sur des hypersurfaces v = constante il ne contient que
\/1— 2TszI;é7 2 /1= QTmFM;, 1-— QTmFM, et +/1— QTmF%, et sur des hypersurfaces
w = constante, il ne contient que les composantes Fyy, Fj & F.;et F, & En outre, en
utilisant les inégalités de Sobolev prés de I’horizon, puisque 8% et % ne sont pas des
champs de vecteurs de Killing cela rajouterait une difficulté supplémentaire, tandis
que dans le cas de ’équation des ondes, les carrés de ces dérivés apparaissent dans
les flux qui sont facilement contrélés. Nous contournons ces problémes en utilisant
des inégalités de type Sobolev appropriées pour chaque composante, combinées avec
les identités de Bianchi et les équations de champ, de maniere a ce que les dérivés
dans les directions de % et a% peuvent étre controlées par des dérivés de Killing,
O et Oq;, des composantes qui apparaissent dans les flux pour lesquels nous aurions

prouvé une décroissance.

Dans le cas des équations de Yang-Mills il y a ’obstacle supplémentaire que les équations
sont non-linéaires. Si ’on obtient une identité d’énergie pour les champs de Yang-Mills,
on ne peut pas écrire directement la méme identité d’énergie pour les dérivés des champs
dans la direction des champs de vecteurs de Killing, par opposition au cas des champs de

Maxwell, en raison de la non-linéarité des équations.
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1.3 Ouverture sur des Problémes Différents en EDP

Le probleme de régularité des solutions de I’équation quasi-géostrophique critique avec
des données initiales quelconques lisses a été suggéré par S. Klainerman dans [K12] comme
I'un des problemes les plus difficiles dans les équations aux dérivées partielles du XXIieme
siecle. Dans un papier élégant, [KNV], Kiselev, Nazarov, et Voldberg, ont prouvé la
régularité globale des solutions de I’équation quasi-géostrophique dissipative critique a 2
dimensions avec des données initiales périodiques et lisses. Ce chapitre est une remarque
qui en utilisant une adaptation de la technique inventée par A. Kiselev, F. Nazarov, et
A. Voldberg, avec un argument de scaling modifié, nous pouvons prouver que le gradient
des solutions locales de ’équation quasi-géostrophique dissipative critique a 2 dimensions
avec force lisse et périodique, n’explose pas dans le temps, sous '’hypothése que la donnée
initiale est lisse et périodique, et la force est bornée dans I'espace and dans le temps, et
a-Holder continu dans 'espace, avec a > 0. Cela permet de montrer que les solutions

locales peuvent étre étendues globalement dans le temps.
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Chapter 2

Introduction

Gauge field theories, such as the Maxwell equations and the Yang-Mills equations, arise
in important physical theories to describe electromagnetism and the weak and strong inter-
actions, and are to some extent mathematically related to the Einstein vacuum equations
in General Relativity. Indeed, using Cartan formalism the Einstein vacuum equations can
be written as the Yang-Mills equations except to the fact that the background geometry
is part of the unknown solution of the evolution problem in General Relativity, while in
Yang-Mills theory one can fix the background to be a given space-time.

In a classical paper, [EM1]-[EM2|, Eardley and Moncrief proved global existence of
solutions of the Yang-Mills equations in the 4-dimensional Minkowski background. The
aim of this thesis is to extend their global regularity result to curved backgrounds, such as
the Schwarzschild black hole.

In the first chapter, we write the proof of the non-blow up of the Yang-Mills curvature
on arbitrary fixed curved space-time. For this, we do make use of a hyperbolic formulation
of the problem as opposed to the abelian case of the Maxwell equations. In a recent paper,
[KR1], Klainerman and Rodnianski provided a covariant representation formula for the
wave equation on arbitrary, smooth, globally hyperbolic, curved space-times, in which the

integral terms are supported on the past null cone. As the authors pointed out, their
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parametrix can be immediately adapted to gauge covariant derivatives; this is because the
scalar product on the Lie algebra < , > is Ad-invariant. They use it to give a new gauge
independent proof of the Eardley-Moncrief result in [EM2] concerning the non-blow up
of the Yang-Mills fields, of which the only ingredient is the conservation of energy. As
the authors mentioned, one can generalize their proof of the non-blow up of the Yang-
Mills curvature on the flat Minkowski space-time to arbitrary smooth, globally hyperbolic,
curved space-times under the assumption that there exists a unit timelike verctor field
of which the deformation tensor is finite, as it has been assumed in previous work by
Chrusciel and Shatah, see [CS]. In this section, we provide standard material, but not
so clearly pointed out in literature, that consists in writing the proof of the non-blow up
of Yang-Mills fields on arbitrary curved space-times, under the assumptions mentioned
previously, using the Klainerman-Rodnianski parametrix combined with suitable Gronwall
type inequalities. While the Chrusciel-Shatah argument, [CS], requires a simultaneous
control of the L?° and the H, 120c norms of the Yang-Mills curvature, we can get away by

loc

controlling only the H! norm instead. However, getting rid of any control on the gradient

loc
of the Yang-Mills curvature, as it is the case in the proof on Minkowski space-time in [KR1],
was attempted by the author, and we were unable to do so. As the extended Schwarzschild
black hole is a special case of a smooth, globally hyperbolic, 4-dimensional Lorentzian
manifold with the presence of a timelike vector field % (see Appendix for the extended
Schwarzschild space-time) of which the normalized vector field has a deformation tensor
that is finite, we get that the Yang-Mills curvature of local solutions of the Yang-Mills
equations will not blow up in t away from the hypersurface r = 0, as one can still apply
Gronwall lemma in the past of each point, and its intersection with the future of a Cauchy
hypersurface prescribed by ¢ = constant, to obtain a bound on the energy flux along the
past null cone.

The goal of the second chapter is to prove uniform decay of the Maxwell fields in

the domain of outer-communication of the Schwarzschild black hole. In the exterior of

the Schwarzschild black hole % is timelike Killing vector field. Applying the divergence
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theorem to T3,, where T' is the Maxwell energy momentum tensor, between two space-like
hypersurfaces prescribed by ¢ = constant leads to a conservation of energy that is at the
level of a space integral of T;. In this case, this gives a conserved positive energy that is at
the level of the L? norm of the Maxwell fields. However, near the event horizon, a difficulty
is that we lose control on the L? norm of some components of the fields due to the presence
of the factor (1 — 277”) in the integral expression of the conserved energy, which happens to
vanish at the event horizon. In order to prove uniform decay for solutions of the Maxwell
equations in the exterior, we would like to bound the conformal energy obtained from the
Morawetz vector field. To achieve this, we assume that the middle components of the
non-stationary solutions verify a Morawetz type estimate, i.e. that the space-time integral
of the middle components, supported on a bounded region in space around the trapped
surface, r = 3m, is bounded by the energy without the middle components - which would
be the case if one obtained this estimate using space like vector fields after eliminating in
the argument the stationnary solutions to the Maxwell equations on the exterior of the
Schwarzschild black hole, which are the so-called Coulomb solutions. We would then prove
that such a space-time integral would be decaying in time, and we will get a uniform bound
on the conformal energy by certain quantity, dependant on the initial data, that is not finite
for the Coulomb solutions. This will be used to prove decay properties for components of
the Maxwell fields away from the horizon. Near the horizon, we manage to get around
the difficulty by making use of a horizon type vector field to obtain uniform decay for four
components in the entire exterior region, including points on the event horizon.

The last chapter is an opening to different problems in partial differential equations.
The problem of breakdown of solutions of the critical quasi-geostrophic equation with
arbitrary smooth initial data was suggested by S. Klainerman in [K12| as one of the most
challenging problems in partial differential equations of the twenty-first century. In an
elegant paper, [KNV], Kiselev, Nazarov, and Voldberg, proved global well-posdness of the
critical 2-D dissipative quasi-geostrophic equation with smooth periodic initial data. This

opening is a remark that by using an adaptation of the technique invented by A. Kiselev, F.

17



Nazarov, and A. Voldberg, with a modified scaling argument, we can prove global no blow-
up of the gradient of solutions to the critical 2-D dissipative quasi-geostrophic equation
with periodic force, under the assumption that the initial data is smooth and periodic, and

the force is bounded in space and time, and a-Hélder continuous in space, o > 0.

Remark 2.0.1. The whole thesis is written in an expository way, where we detail all the
calculations, and when needed we show standard material to make this work self-contained.

For completeness, we detail well known material in the Appendix.

2.1 The Field Equations

In this section we present the Yang-Mills curvature, and we derive the Yang-Mills equations

from the Yang-Mills Lagrangian. We will also show the Bianchi identities.

2.1.1 The Yang-Mills curvature

Let (M, g) be a four dimensional globally hyperbolic Lorentzian manifold. Let G be a com-
pact Lie group, and G its Lie algebra such that it has a faithful real matrix representation
{0.}. Let <, > be a positive definite Ad-invariant scalar product on G. The Yang Mills

potential can be regarded locally as a G-valued one form A on M, say

A=AD0,dz™ = Aqdz®

in a given system of coordinates. The gauge covariant derivative of a G-valued tensor W is

defined as

DWW =V, 0 + [A,, V] (2.1)
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where V,, is the space-time covariant derivative of Levi-Civita on (M, g), and V,¥ is the

tensorial covariant derivative of W, that is

(Vo) (XY, Z,..) = 0.(U(X,Y,Z,...)) = U (VaX,Y,Z,...)

(X, VoY, Z,..) = U(X,Y,VaZ,...)

e — e (2.2)
The tensorial second order derivative is defined as
(VﬁVQ\I/)(X, Y. Z,...) = 85[(Va111)(X, Y, Z,...)] - (Vvﬁea\Il)(X, Y. Z,...)
. e (2.3)
By letting
(vﬁ(va\Ij>)(X7 Y7 Zv o ) = aﬂ[(vaq})(X7 Y7 Z7 . )] - (VQ\P)(V,BX7 Ya Za o )
—(VoU)X, VY, Z,..) — e
We can then write
(VeV O (XY, Z,...) = (vﬁ(va\p))(x, Y. Z,...)— (Vvﬁea\l’)(X, Y. Z,...)
(2.4)

The Yang-Mills curvature is a G-valued two form

F = F90,da® N da® = Fopda® A dz”
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obtained by commutating in a system of coordinates two gauge covariant derivatives of a

G-valued tensor ¥, where the tensorial second order gauge derivative of W is defined by

DDV w = D2 yw = DY (DY w) - DY, w (2.5)

A A A
DWMDVY) = Va(DLw) +[4,, DV

B
= VQ(V@‘P + [Aﬁ, Ul) + [Aq, V¥ + [Ag, U]

= Va(VﬁlIl) + [81114,37 \Ij] + [Aﬂv VQ\I/] + [Aon VQ\I/] + [Aa, [Aﬂv \IIH

Then,

= DY) - DY DdPw) - (DY, w)+ DY, )

a B B8 a Vaeg Vaeg
A A A
- DM DPY ) - D )(DgA’\If)+(DEvLea7vaeﬁ>‘P>

= V(YD) + [0uds, U]+ [Ag, Vol + [Aa, VU] + [Aa, [As, U]]
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where ¥ =W, 4, . q,..., and v is at the ith place, and [ is a 2-tensor given by,
Fag = VQAB — V/gAa + [Aa, Aﬁ] (2.8)
2.1.2 The Yang-Mills equations

The Yang-Mills Lagrangian is given by

1
L=—;< Fo5,F* >

A compact variation (F(s),U), where U is any compact set of M, can be written in

terms of a compact variation (A(s),U) of a gauge potential in the following manner:

) d . . . .
Fap = - Fop(s)ls=0 = Vads — Vg da + [Aa, Ag] + [Aa, Ag]
where
. d
A - 714 s=
A=
The action principle gives
d 1 .
ZL(8)|seo = — L < E5, FP >, dvg =0
/Uds (8)]s=0 /U 5 < o >g (g
1 . . . .
= _2/ < VaA,B - V,BAQ + [AomAﬁ] + [AOMA/BLFO[B >g d’Ug
U
1 . 1 .
— _/ < VoAp, F¥P >4 dvg + / < VAo, F*P >4 dvg
2 U 2 U

1 . 1 .
—/ < [Ag, Agl, F*? >4 dvg — / < [Ag, Agl, FOP >4 dvg
2 Ju 2 Ju

= —/ < Vadg, FP >4 dvg —/ < [An, Ag], F*? >4 dvg
U U
(where we have used the anti-symmetry of F')

- _/ < Ap, Vo FP >4 dug —/ < [An, Ag], F*? > dvg
U U

(where we used the divergence theorem, and the boundary terms are zero since F' has

21



compact support).

On the other hand

—/ < [An, Ag], F*P >4 dvg :/ < [Ag, An), F*P > dvg
U U

(by anti-symmetry of F')

:/ < Ag, [Aa, F®] >, dug
U

because <, > is Ad-invariant. This yields to
0= /U < Ag, Vo F 4 [Ay, FOP) >¢ dvg = /U < Ag, DV FY > dvg
So the covariant divergence of the curvature is zero
DM F =0 (2.9)
On the other hand, computing

DY E,, + DYV, + DVE,,
= VaFu +[Aa, Ful + VuFoa + [Au Fual + Vi Fau + [Ay, Fayl
= ValVuA, = VoA, + A A)) + [Aa, VA, — VA, + (A, A)]]
+Vu (Vo An — VoA, + [A, A]) + [AL, Vi Ag — VoA, + [A, Ad]]
Vo (VaA, =V, Ag + [Aa, Au)) + [Ay, VoA, — VA + [Aa, ALl
= VaVuA, = VoV A, + VoA, A+ [Au, Ve A
A0, VA, = VA, + AL A+ ViV Aa — ViV A,
H[VuAy, Ad] + [As, VAa]l + (A, Vi Ay — Vo Ay + [Ay, Al
+V VoA, — V.V, Ay + [V Aa, A

+[Aa, VLA + (A, VoA, — Vi Ag + [Aa, AL
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(where VoV A =V (V,A) — Vy,e, A is the tensorial covariant derivative of A)

= R apAy + R Ay + BT 0 Ay o [Aas [Aps Al + [Ap, [Av, Aol
+Av; [Aa, Ayl]

= _(va’au + Rﬂ/alw + Rwuva)A'y + [Aaa [Auv AVH + [Aw [Aw Aoz“
Ay, [Aa; Al

= 0

by Bianchi identity and symmetry of the curvature tensor.

So we have,
DME,, +DWYF,, +DVE,, =0 (2.10)

The equations (2.9) and (2.10) form the Yang-Mills equations. The Maxwell equations
correspond to the abelian case where [, | = 0, and therefore D) = V.

The Cauchy problem for the Yang-Mills equations formulates as the following: given
a Cauchy hypersurface ¥ in M, and a G-valued one form A, on ¥, and a G-valued one

form E; on ¥ satisfying DZ(A)Ei = 0, we are looking for a G-valued two form F),, satisfy-
ing the Yang-Mills equations such that once F},, restricted on M we have Fy; = Ej;, and
such that F),, corresponds to the curvature derived from the Yang-Mills potential A, (i.e.

Fag = VaAg — VﬁAa + [Aa, Aﬁ])

2.2 Motivation

Our motivation for the systematic study of gauge field theories such as the Yang-Mills
equations is to have insights into the Einstein vacuum equations in General Relativity.

Indeed, using Cartan formalism the Einstein vacuum equations can be viewed as to some
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extent mathematically related to the Yang-Mills equations. General Relativity postulates
that the space-time is a 4-dimensional Lorentzian manifold (M, g), that satisfies the Ein-
stein vacuum equations R, = 0, where R, is the Ricci curvature, i.e. R,, = R7 .., and

where R,,,.s is the Riemann tensor associated to the metric g, defined by,

R(Xv}/anV) = g(X7 [VUVV_VVVU]Y)

= g(X,Vu(VvY) = Vv (YY) = Vi Y)

where X,Y,U,V are vectorfields in the tangent bundle of M. We will see that using

Cartan formalism one can write the Riemann tensor as a Yang-Mills curvature.

2.2.1 Cartan formalism

At a point p of the space-time, one can choose a normal frame, which means a frame
such that g(eq,eg)(p) = diag(—1,1,...,1), and %g(ea,eﬂ)(p) = 0, i.e. the first partial
derivatives of the metric at p vanish. Cartan formalism consists in defining the connection

1-form,

(A)ap(X) = g(Vxes, ea) (2.11)

where V is the Levi-Civita connection. Thus, since A = A,dx*, we can write,

(Ao = <A>ag<§u> — g(Vyes0ca)

Lemma 2.2.2. If we define the Lie bracket [A,, A,] as

([A/u AV])ozﬁ = (Au)a A (AV)AE - (Au)a A (Au))\ﬂ (2.12)
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and,
(F,ul/)aﬂ = (V,LLAV - VVA/J. + [Ap, AV])aB (213)
with A defined as in (2.11), then, we have

Ra,B,uV = (Fuu)a,B (214)

Proof.
Computing,

R(eq, € 9 2) = glea, (VaVa —-VaVao —Via o )ep)
ay €8, 8[/47 Ov as i > o [TN’E] B

EmED

= g(ea,V%Va%eg—V%V%eﬁ—v[a 0}65)
0
- ag(eomvf%eﬁ) - g(vaiuea,V%eﬁ)
0
- [58(% V%%) —8(V.a ea, Va%eg)]

_g(ea, V[%7%]€g)

0 0

= @g(eavv el 6,3) - %g(eavv e} 65)
—‘rg(V%ea,V{%eg) — g(Va%ea,Va%eg)
([Oa,u’ a%] = 0 since they are coordinate vectorfields)

= D s = LA s+ &V 0V o en) — &(V 0 ea,V

= g Avles = 5, (Aulas 8(V 2 ca, 3%66) g( 2 ¢€a; 8%65)
0 0

= 871(14”)“6 — 5 Anas + g(ek(vgea)em Va%eg) - g(eA(V%%)em V.o ep)
0 0

= ETM(A”)“& — 5 Anas + 6A(V8%6a)g(€m Vaes) - GA(Va%ea)g(em Vo ep)
0 0

= aTL(A”)“ﬁ — 5 Anas + 6)\(V8%6a)(Au)>\6 - BA(VB%%)(AV)AB

Computing at the point p, using the normal frame,

(AM)A a = g’YA(Au)’ya = g)\A(A,u))\a = g(€>\7 eA)_l(A,u))\a = g((i)\, ek)_lg(vueaa 6)\)
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Since the metric is compatible, we have Vg = 0, and thus,

0
Vug(€a7 en) = %g(eaa ex) — g(vueaa ex) — g(ea, Vuek)

= _g(vuea’ 6)\) - g(eou vue)\) =0
Therefore,
g(vp«eav 6)\) = 7g(6a7 v,uek)

and thus, the matrix A is anti-symmetric, ie. (A,)as = (A1) 8a-

We have,

Thus,

g(ex, Vagea) = g(en, CX(Vaiea)e)\/) = g(ex,en)eM(V o eq)
I3 I3

o
Consequently,
A _ —1 _ A
e’ (Vo ea) = glea,ex) 8(ex, Voo ea) = (Au)
op m
and,
A _ -1 _ A
€ (vaiyea) = g(e)\ae)\) g(e)nvc%eoc) = (AV) o

Therefore,

26



0o 0

o) = OnlAv)as = Au)as + (A)* a(Ap)rs = (Au)* a(Av)rs

= 8M(Au)a6 - aV(Au)aﬁ - (Au)oc )\(Au)kﬂ + (Au)a A(AV)/\B

R(eq,eg,

(by anti-symmetry of the matrix A).

We define the Lie bracket [A,, A,] as

([A/M Al/])ocﬁ = (Au)a A (AV)AB —(Av)a A (AM)AB

Consequently, we get,

Rapuw = Ou(Av)as = 0u(Ap)as + ([Au, Av))as, (2.15)

We have by definition,

Vi = 0u(4) — (AT o)
and,
0
VA, =0,(A,) — (A)(Vy%)
Thus,
0 0
Vi = VoA, = O(4) = fAn) + (AT, ) — (ANVig)
= O0u(A) — 0u(A,) + (A)(Vu{i u;;)
= 0,(4) - 3,ld) + (W[50 5
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(because the metric is symmetric)

(since %, and a% are coordinate vectorfields, therefore they commute).

As a result,

Reaguw = (VaAy = Vo Ay + [A, A))
Since the curvature tensor of the connection A is,

(Fun)ap = (Vady = Vi Ay + [Au, AL]) g
We can write,

Ropuw = (Fuv)agp

2.2.3 The Einstein equations in a Yang-Mills form

The following is a well known proposition, of which we sketch the proof.

(2.16)

(2.17)

(2.18)

Proposition 2.2.4. Let (M,g) be a 4-dimensional Lorentzian manifold that is Ricci flat,

i.e. Ry, = 0. Then, we have (D(A)#Fu,j)ag = 0, where A and F are defined as in (2.11)

and (2.13).

Proof.

28



Lemma 2.2.5. We have

Proof.

Computing,

voRa,Bw/ =

vaRaB,uu = (DgA)Fuu)aﬁ

(using the anti-symmetry of A). Thus,

Computing,

%R(ea, g, ai, 6%) — R(Vseaq,es, 88“, %) — R(ea, Voes, ;u’ %)
—R(ea, €3, Vgaau, %) — R(ea,es, 8(1, Vgai;)
%R(ea,efg, 6‘1, a%) - R(ea,eﬁ,vaai, %) ~ Rlew,es, aaﬂ,vaaay)
CR(Vyea, e, ;ﬂ, %) — Rlea, Vyes, ai’ a%)
(Vs = R(Votasss s 50) = Rleas Vaca 5 51)
(Vo = R (Tata)erses, s 50) = Rlean M (Tocglen 5 51)
(VoFuw)ap — € (Voea)R(ex, eg, ;u, aa,,) — eMNVoep)R(eq, e, aau’ ;V)
(VoFu)ap = (A0) a(Fu)rs = (Ae)* 5(Fu)ar
(VoFu)as + (As)a* (Fu)rs = (Fu)ar(40)

VoRapgw = (VoFu)ap+ ([Ao; Fuv))as

= (DY Fu)ap

(D(A)#F;w)aﬁ = vﬂRaﬁMV = gquJRQB#V

= Vs, (g'uURoan/)
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(because the metric is compatible)
= VoRuws% 1, =VeR ap
(using the symmtery of the Riemann tensor)
= —VoR? g0 — VR’ y5a
(where we have used another symmetry of the Riemann tensor)
= VoR? vop — V3R vga = VaRug — VgRya =0
(since the Einstein vacuum equations say that R,y = 0= R?,4). We get,

(DWW F L )ag =0

The second Bianchi identity for the Riemann tensor,

0 = vaRva;w + vuRwaua + VVR’YO'O(M

= (DWE, + DM F,+ DM Fy)y0

«

(2.20)

(2.21)

which is the Bianchi identity for the Yang-Mills fields. The equations above (2.20) and

(2.21) are the Yang-Mills equations except to the fact that the background geometry (M, g)

is part of the unknown that we are looking for while trying to solve the Einstein vacuum

equations.

This analogy between the Einstein equations in General Relativity and the Yang-Mills

equations has been pursued by V. Moncrief in [M], by developing an integral representa-

tion formula for the curvature tensor in General Relativity, and then independently by I.
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Rodnianski and S. Klainerman in [KR1] and [KR3], partly as a desire to adapt the Eardley-
Moncrief argument [EM1]-[EM2] to General Relativity. The analogy was exploited by I.
Rodnianski, S. Klainerman, and J. Szeftel, in [KRS] in their proof of the Bounded L2

Curvature Conjecture in General Relativity.
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Chapter 3

The Global Existence of

Yang-Mills Fields on Curved

Space-Times

3.1 Introduction

In this chapter, we study the Yang-Mills equations on an arbitrary given curved space-
time. For this, we will make use of a hyperbolic formulation of the problem. Indeed,
while the Yang-Mills equations say that the Yang-Mills curvature is divergence free on the
background geometry, one can obtain a hyperbolic formulation by taking the covariant
divergence of the Bianchi identity. This leads to a tensorial covariant wave equation on the
Yang-Mills curvature with a non-linear term. It is exactly the study of this non-linear term
that permits one to answer the question of local well-posdness, and global well-posdness
of the equations. In this formulation, the initial data consists of the Yang-Mills potential,
that is a one form valued in the Lie algebra, and the electric field (loosely speaking the
time derivative of the potential) on a given spacelike Cauchy hypersurface ¥. The initial

data set has to verify itself the Yang-Mills equations, that is the covariant divergence of
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the electric field vanishes. One looks for a Yang-Mills curvature that satisfies the Yang-
Mills equations such that once restricted on this hypersurface ¥ the Yang-Mills curvature
corresponds to that given by the prescribed potential and electric field.

Eardley and Moncrief proved global existence of solutions of the Yang-Mills equations in
the 4-dimensional Minkowski background by proving a local existence result and providing
pointwise estimates on the curvature, [EM1]-[EM2]. Their approach depended on the
fundamental solution of the wave equation on flat space-time, and the use of the Cronstréom
gauge condition, that has the remarkable advantage of expressing the potential as a function
of the curvature directly in terms of an integral, to estimate the non-linear term. Later
on, this result was extended by Chrusciel and Shatah, [CS], to curved space-times using
the same approach, by making use of the Friedlander parametrix for the wave equation
in causal domains in curved space-times, [Fried]|, and the Cronstrom gauge condition as
well. In a recent paper, [KR1], Klainerman and Rodnianski constructed a parametrix for
the wave equation which permitted them to give a new gauge independent proof of the
Eardley-Moncrief result in [EM2] concerning the non-blow up of the Yang-Mills fields in a
Minkowski background.

The Klainerman-Rodnianski’s approach relies on their derivation of a covariant repre-
sentation formula for the wave equation on arbitrary, smooth, globally hyperbolic, curved
space-times, in which the integral terms are supported on the past null cone. As the authors
pointed out, their parametrix can be immediately adapted to gauge covariant derivatives;
this is because the scalar product on the Lie algebra < , > is Ad-invariant. They used
it to give a new gauge independent proof of the Eardley-Moncrief result [EM2], of which
the only ingredient is the conservation of the energy. As the authors mentioned, one can
generalize their proof of the non-blow up of Yang-Mills fields on the flat Minkowski space-
time to arbitrary smooth, globally hyperbolic, curved space-times under the assumption
that there exists a timelike verctor field % of which the deformation tensor is finite, as it
has been assumed in previous work by Chrusciel and Shatah, [CS].

In this chapter, we provide standard material, but not so clearly pointed out in litera-

33



ture, that consists in writing the proof of the non-blow up of the Yang-Mills curvature on
arbitrary curved space-times by using the Klainerman-Rodnianski parametrix combined
with suitable Gronwall type inequalities. While the Chrusciel-Shatah argument requires a
simultaneous control of the L;> and the H, 1206 norms of the Yang-Mills curvature, we can
get away by controlling only the H }OC norm instead. However, we were unable to get rid of
any control on the gradient of the Yang-Mills curvature, as it is the case in the proof on
Minkowski space-time in [KR1]. Hence, this provides a new gauge independent proof of the
control on the L7 norm of the Yang-Mills curvature and improves the Chrusciel-Shatah’s
result, [CS], for the global existence of Yang-Mills fields on sufficiently smooth, globally

hyperbolic, curved 4-dimensional Lorentzian manifolds.

3.1.1 The statement

More precisely, we will prove the following theorem,

Theorem 3.1.2. Let (M,g) be a curved 4-dimensional Lorentzian manifold. We assume
that g is sufficiently smooth, and M is globally hyperbolic. We know by then that there
exist a smooth vector field % such that M is foliated by Cauchy hypersurfaces Y. Let t be
a unit timelike vector field orthogonal to 3.

Let {f,n, e1,ea} be an orthonormal frame where t is as above. We assume there exists
Cloc(t) € L., such that for all fi,0 € {t,n,e1,ea}, the components of the deformation

tensor w7 (£) = L[VAY 4+ VTR werify,

7 (B pee < Cloelt) (3.1)

loc(Zy)

where ¢ are the t = constant hypersurfaces.
Let Fy; be the components of the Yang-Mills fields in the frame {t,n, ey, ez}, defined
as the anti-symmetric 2-tensor solution of the Cauchy problem of the Yang-Mills equations

D&A)Faﬂ = 0, where the initial data prescribed on the Cauchy hypersurface ¥i—y, verifies
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the Yang-Mills constraint equations,
D(A)Bptﬂ(t =ty) = (DW
Let,

; 1
Ep(t=to) = /Z SUFa L+ [Fpol” + [ l” + | Fual® + [ Fonl” + | Fanl*] (0)-dV5 ()
qE2t=t,

and,
; 1
Epp(t=to) = / SIDWE, 2+ DWE, 2+ [DWE, 2+ [DWE,, |
qE€ES =1,
+HDWE|* + DY E, ) (q)-dVs(q)
where,
A
DWF,2 = DY E 2 + D Fip 2 + D Fag | + DS Fs
and where | .| is the norm associated to the Ad-invariant scalar product <, >.
If
EbL(t =tg) < 00
and,

E}DWF(t =tg) < 00

then, the Yang-Mills curvature Fjy of local solutions defined for all t € [to,T) will not

blow-up in time t, i.e. at each point q of the space-time at time t, =T, we have

lim ’F[f

<
p—q, tp<T (p) %0
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also,

lim EL(t) <
t—>71,Htl<T F() o0

and

lim E&

t—T. t<T pwp(t) <00

3.1.3 A hyperbolic formulation for the Yang-Mills equations

It is known that the Yang-Mills fields can be shown to satisfy a tensorial hyperbolic wave
equation with sources, on the background geometry. To see this, we start by taking the

covariant divergence of (2.10), we obtain:

DY DA, F, + DA DA F,, + DA DA F,, =0

We have:

D(A)(XD(A)MFZIQ — D(A)HD(A)OCFVQ + vaVqua _ vaaFya + [FOZM’ Fya]

— D(A)HD(A)QFVQ -+ }%V’YOé’uFlyoZ + Ra’ya’u vy + [F;fa Fya]

(4)Vrea

- DW,DWF,,)-D Fua + R, Fyo + R F oy

HE s Fral

[0}

= 9,MWF,,) + A4, DWE,, ] —DYF(V,e,,eq) - DY F(e,, V,ea)

A)Vyea

_D( Fua + RyvauF'ya + Ra’yauFl/’y + [Faua Fua]

Vyvea

= 0-DWF(e,,Vyea) = DAy + R Fryg + Ry Fyy + [F 4, Fua

(by equation (2.9)). By choosing a normal frame at each point in space-time, i.e. a

frame where g(eq,e3) = diag(—1,1,...,1) and V,eg = 0 at that point, to compute the
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Viea

contractions D(A)aF(e,,, V,eq) and D) F,., we get that they vanish. So

D(A) D(A)uFua = Ruvochva + ROWO[MF”V + [Falw FVQ]

= RyyapF7“+ Ry F) + [F, il

= RywoF*" + R F,) + [F*,, Fa)
On the other hand, we have:

DW'DW,F,, = DW,DWE,, +VV,F,, — V,V*Fo, + [F,, Fo,
= 04 R, Fyy+ R, Foy + [F), Fo,
(by equation (2.9), and computing the contractions in a normal frame)
= Ray", F7u+ Rynan P + [Fow, F*

= Ry P+ Ry’ + [F%, Fual

(where we have used the anti-symmetry of F)

=R F7 )+ Rypna 7 + [FY, Frua)

As we have

DMF,, + DWMF,, +DME,, =0

we get

DD F,, 4+ 2R F + Ry B + Ry F7 4 2[F,,, Fra] = 0
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‘We obtain:

D(gA)FW =DW'DW F,, = 2R o F*' — Ry F, — Ry F7, — 2[F%,,, Fual

(3.2)

Due to the equation (3.2), the held belief is that the Yang-Mills equations are hyper-

bolic in nature.

3.1.4 Strategy of the proof

As we showed, see (3.2), the Yang-Mills fields satisfy a non-linear hyperbolic differential
equation on the background geometry. Since the scalar product on the Lie algebra <, > is
Ad-invariant, the Klainerman-Rodnianski parametrix can be immediately generalized (see
Appendix) to gauge covariant derivatives to give a representation formula for solutions of
(D(gA)F )uv = Suv, where S, is a source tensor, and hence it can be used for the Yang-Mills
fields, see (6.103).

We would like to bound all the terms in the representation formula in a way that we
could use Gronwall lemma to deduce that the L> norm of F' will stay finite (see (3.66)).
For this we need a parameter in which the extension of local solutions can make sense; this
would be the vector field %.

The main advantage of the parametrix is that all it’s integral terms are supported on
the past null cone. Naively, one can hope that those can be bounded by the flux of the
energy generated from ¢. Thus, if one can bound the energy flux along the null cones, the
proof might go through. To bound the energy flux, one needs, as in [CS], to assume that

the deformation tensor of a unit timelike vector field has it’s integral in ¢ finite on bounded
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domains:
m()]ege, s, < Cloclt) € Lo

Using the divergence theorem on the energy-momentum tensor contracted with ¢ will lead
to an inequality on the energy. The assumption on the deformation tensor above can show
using Gronwall lemma that the local energy will stay finite, see (3.22). Using this and the
assumption on the deformation tensor again, one can show that the space-time integral
generated from the divergence theorem will stay finite in ¢, see (3.23), from which one can
deduce the finiteness of the flux (3.24).

The integral terms supported on the past null cone in the Klainerman-Rodnianski
parametrix involve a term that is a generalization of the fundamental solution of the wave
equation on flat space-time to curved space-times. This is A, that is a two tensor solution
of a transport equation along the null cone given by (6.8) and (6.9). Using the transport
equation, one can prove that the L° norm of sA,,, where s is the geodesic parameter for
a null vector field L normal to the null cone used to define the transport equation for A,
will be bounded by the initial data for A,,, see (3.25). Yet, since we would want to apply
Gronwall lemma, the terms which contain Ay, and F),, can be bounded as in (3.2.18), by
controlling s\, see (3.25), and s~'F,,, see (3.67). The terms which contain \,, and
[F, F] can be bounded as in (3.2.20) by using the finiteness of the energy flux, see (3.70).

However, a major difference with the situation on Minkowski space, is in the way to
deal with the term which contains A(A)/\ag and F', where A(A))\ag is the induced Laplacian
on the 2-sphere prescribed by s = constant defined by (6.49). In Minkowski space, one
can control directly A(A))\aﬁ as shown by Rodnianski and Klainerman in [KR1], because
one can close a system of transport equations along the null cone. On curved space-times,
we are unable to close such a system, consequently, we will use the divergence theorem on
S?, see (3.75), so as to bring the problem to controlling DgA))\ and D((lA)F, where these are

the derivatives tangential to the 2-sphere prescribed by s = constant.
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To control DY A we will follow [KR3|, see (3.2.12). Since the area element on the

2-spheres is at the level of s, see (6.59), one would want to control the L? norm of sDSY A

on the null cone, with respect to the measure dsdo?, where do? is the usual volume form

on S?. One could try to use the fundamental theorem of calculus directly to control the

L? norm on S? then integrate in s, yet by doing so, we would find ourselves confronted to

controlling near the vertex p (s = 0) a quantity of the type (% — try), where x is the null

second fundamental form of the null hypersurfaces. This quantity cannot be controlled
2

even in the 4-dimensional Minkowski space where try = £. To change the factor in front

of % from 1 to 2, one would need to apply the fundamental theorem of calculus to control
the L? norm on the null cone of 52D((LA)/\ instead of ngA))\, see (3.38). Since it is the
L? norm, this means that one would have to consider 54]D((1A))\|2 instead of 52\D2A))\]2 for
applying the fundamental theorem of calculus. However, since what we want to control is
the integral on the null cone of 32|D2A))\|2, which is bigger than that of s4|DELA)/\|2, near
s = 0, we would need to lower the power on s, for this one can actually control the integral
on S? of 3_134]D((1A))\]2 by applying the fundamental theorem of calculus to 34\D((1A))\]2 as
described above, see (3.39) and (3.40). This would allow then to control the integral on
S? of 33|D((1A)/\|2 in a way that one could then get an estimate on the L' norm on S? for
SQ\D((IA))\\Q, see (3.50), which permits one to apply the L? maximum principle to control
the integral on the null cone of SQ\D((IA))\\Q near the vertex p (s = 0), see (3.52). Away from
the vertex s = 0 the integral is clearly finite and hence, this would give the desired control.

In order to control the L? norm of D((IA)F on the null cone, we will use the energy
momentum tensor of the wave equation 77 after contracting the free indices of the Yang-
Mills fields with respect to a Riemannian metric h, as in [CS], see (3.55). Since it is a
full contraction, we can compute it by choosing a normal frame , i.e. a frame where the
Christoffel symbols vanish at that point, and hence we can get the derivatives inside the

scalar product as covariant derivatives (and also as gauge covariant derivatives using the

fact that the scalar product is Ad-invariant) instead of partial derivatives. Since it is the
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energy momentum tensor for the wave equation, the boundary term supported on the

2]

null cone obtained after contracting 77 with the normalized timelike vector field, 55 and

applying the divergence theorem in a region inside the null cone, is at the level of the L?
norm of D,(IA)F and D(LA)F, see (3.59), and thus it controls the L? norm of D,(IA)F. We
know by then, from the divergence theorem, that this can be controlled by a quantity
that is at the level of a space integral of Tff on the initial spacelike hypersurface and in
addition a spacetime integral of [DF|(|IDUWF| 4 |F| + |F|?), see (3.62), where |F| and
|F|? arise from the sources of the tensorial gauge hyperbolic wave equation verified by F,
and [D™ F| in the parenthesis is due to the fact that the deformation tensor of a%, as well
as the covariant derivative of h, do not vanish. As we wish to get rid of the gradient of F,
so as to have a control that involves an integral or a double integral of the square of the L™
norm of F, see (3.65), we recall that the divergence theorem that we applied previously also
permits one to control the space integral of Tlg on the spacelike hypersurface, that is at the
level of the L? norm of the DM F, by the same quantity that controls the boundary term
on the null cone, (3.62). This allows one to use Grénwall lemma, after using a.b < a? + b?,
and the conservation of the energy that is at the level of the L? norm of F, to control
the L2 norm of D F on the spacelike hypersurfaces by the desired quantity, see (3.63).
Injecting this in the previous control on the L? norm of DgA)F , (3.62), and using again
a.b < a® + b? and the conservation of the energy, leads to the desired control (3.65).

Now, the parametrix (6.103) permits us to control the value of the Yang-Mills fields
contracted with an arbitrary tensor, at a point ¢ in space-time, by the estimates mentioned
above. We would want to establish a Gronwall type inequality in ¢ on the L°° norm of
F on X, the spacelike hypersurfaces prescribed by ¢t = constant in the past of a point
p, so as to deduce the finiteness of the fields at the point p. To obtain this, we take the
supremum on ¢ € Y7 in the inequality described above, i.e. after using the parametrix
and the above estimates, see (3.66). This can be used to show that [|F|[y(sp) verifies a
generalized Gronwall type inequality (3.78) to which Pachpatte in [Pach], proved a result

that ensures that the solutions will stay finite. A local existence result would give that so-
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lutions of the Yang-Mills equations will either blow up in finite time, or they will be defined
globally in time if a certain ”energy” norm does not blow up. The non-blow up result for
the Yang-Mills curvature that we have established can be used to show that this suitable
energy for a local solution does not blow up, and therefore prove that the local solution
of the Yang-Mills equations can be extended globally in time ¢, under the assumptions of

theorem (3.1.2).

3.2 The Proof of Global Existence of Yang-Mills Fields on
Arbitrary, Sufficiently Smooth, Globally Hyperbolic, Curved

Lorentzian Manifolds

3.2.1 Energy estimates

Consider the energy momentum tensor:
T —<F F B 1 F Faﬂ
wo =< Lyug, I'y” > 4g;w < Lap, > (33)

We will write < Fi,3, FoB > as Fag.Faﬁ to lighten the notation.

Taking the covariant divergence of T}, we obtain:

1
VT, = VY(Fp.F° - ZgWFa/g.FaB)
1
= (DWEp).F° + F,3DWE/S - ZgWD(A)VFaﬁ.FQ’B

1 v
_ZgWFaﬁ-D(A) FeB

(where we used the fact that the metric is Killing, i.e. Vg = 0, and that < , > is Ad-

invariant)

1
Zg, DWW F, 5 Fof

= (D(A)VFuﬂ)'FVﬂ 2
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(we used the field equations)

1
2

[6% 1 (6% 1 A (6%
= (DVFp).F + S(DFy)F*7 4 (DY Fa) F7

= (DWF,z).FP — (DgA>Faﬁ).F°é5

(using the Bianchi identities)

A af 1 A af 1 A Ba
= (D((] )Fuﬂ)F (D((l )Fuﬁ)F + (])Ey )FHB)F
= (D(j )P LB)'F — f(D( )F 5).F — f(D( )F 5).F

(where we used the anti-symmetry of F' in the last two equalities)

Considering a vector field V¥ we let

JuV)=V"T,, =T,.w

We have,

VEL(V) = 0Ty —T(Vhe,, V) = VT, + T(ey, VFV)

Hence,

VEIL(V) = VML +T(ew, VFV)
= VY(V*T,,)+ (VFVY)T,

= (VMV")T
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(since T is divergenceless)

Therefore,
VELL(V) = T,
(where we used the symmetry of 7),,), where 7#*(V) is the deformation tensor that is,
(V) = %(wv" +vrvE) (3.5)

Applying the divergence theorem on J,(V) in a region B bounded to the past by a
spacelike hypersurface ¥1 and to the future by a spacelike hypersurface ¥, and by a null

hypersurface N, we obtain:

/ T (V)T dVi = | Ju(V)wdVs, — / Tu(V)wtdVs, — / Tu(V)wydVy
B >2 N

31
(3.6)

where w” are the unit normal to the hypersurfaces ¥, wh; is any null generator of N,
dVs are the induced volume forms and dVy is defined such that the divergence theorem
applies.

Taking V = t, where ¢ is a unit timelike vector field.

Taking B =34 NJ ™ (p), we get:

/ T ()T, dVi = / Ju(HwrdVs, — / Ju(H)ywhdVy
24+nJ=(p) ENJ = (p) N=(p)nZ4

where w is a unit timelike vector field normal to 3. If ¥ = %, then w = ¢ where

g(£7 Lt) =-1 (3.7)
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Definition 3.2.2. Define the energy Ef by,
ﬂ_/lmwM%t (3.8)
pI
And define the flux Ff(N_ (p) NX4) by,
Fv- s =- [ Tl dVa- (3.9)
N=(p)nZ4
We get:
[ TV = ~E(£ 0T (0) + P ()02 (3.10)
E4nJ=(p)

Definition 3.2.3. We define {L, L, e1,e2} a null frame as in (6.3), (6.4), (6.5), and (6.6),
in the following manner:

We define L as in (6.1.1), and we define L as:

L=—g(L,1)"(2i +g(L,1)"'L) (3.11)
Define e;, i € {1,2}, such that,

g(ei,ej) = 51']‘ (3.12)

g(L,e;) =g(L,e;) =0 (3.13)

We verify that
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g(L,L) = g ’ei+g/L2+gL)=4g  g(i,i) + g, g, /et L)

g -2
o 4gL£ +4gLA
=0 (3.14)
and,
g(L,L) = -g,le(L,2t+g,'L)=—2g  g(L,{)
- 2 (3.15)
We have
-1
. cL+griL
t:_(th2th) (3.16)

Computing explicitly Ff(N_(p) NnXy)

Ju(t) L*
1
= T;L' =T, =Fp.F/ - ZgLEFaﬁ'Faﬁ
1 1
= FLL.F,gL + FLea.Fie“ + FLeb.Fieb — igLfFLL‘FLL — §gL£FLa.FLa

1 1 1 1
—*gLiFLb.FLb — §gL£FLa.FLa — §thAFLb.FLb — *thAFab.FQb

2 2
1 1 1
= oL Fiop + Fre, Fie, + Fre, Fie, + g8 FrL-Frr + 181181 Fa
1 1 1 1
+ZgL£FLb-FLb + ZgL{FLa-FLa + ZgLfFLb-FLb - §gL{Fab~Fab
1 1 1
= —otLLFy A+ Freo Fie, + Frey Fie, + 581 FLL-FLL + 5811k La-FLa

1 1
+§gL{FLb-FLb — §gL{Fab-Fab
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We have,

1 1 1 N 1
_§FLL'FEL = (—5)(—§)g(L, t)FLL-FLL = _EgLfFLL'FLL
1 _ 1 1 _
FLea'Ffea + FLeb‘Ffeb = _Eth‘lFLea'FLea — EgLfFLEa'FLea — §gL{1FL€b'FL€b
1
_§gL£FL6b'FL6b
Therefore,
J. (&) LH
1 1 -1 1 1 -1
= —y8uliL-FiL = 58 Frea-Fles = 581iF Lea FLen = 581 FLey-Fle,
1 1 1 1
—58Lil ey FLey + g8LiFLL-FLL + 5818 La-FLa + 581iFLb-FLb
1
_igLfFab-Fab
1 1 71 1 ,1 1
= g8 LLFiL = 58 Flea-Frea = 58 FLey Fley, = 581iFab-Fab
Thus,

FI(N~(p)N'Sy)

_ 1 2 1 9o 1 4 9 1 9
= [ G 5 P P e e+ el )0

8
(3.17)
where | . | is the norm deduced from <, >.
Computing Ef
Ef = / T (B)rdVs, = / TydVs, (3.18)
Zt Et

1
Ty = Fig.Fy’ — Zgﬁ?FaﬂFQB
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Choosing an orthonormal frame {f,n, e, ez}

1 o 1
Ty = FyFy+ FiyoFyy + Fyp By + S Fy F7 4 S F B

1 w1 1 1
+§F,;b.Ftb + 5 Fna F" + 5Fnb.F’"“’ + §Fab.Fab

1 1 1
= Fin-Fip + Fo Fio + Fy- By — 50 Finy = 50 Fia = 50T
1 1 1

+§Fna-Fna + §Fnb-Fnb + iFab-Fab

1 1 1 1 1 1
= §Ftn-F£n + EFfa'Ffa + §Ffb‘Ffb + ianFna + iFnb'Fnb + §Fab~Fab

1
= SUF A+ Fl 4 Fl® + [Faal® + [ B[ + [Fapl*)(q) 2 0

Thus,
E?f:to (E N Jﬁ(p)) S Ef:to (319)

Finiteness of the flux from finite initial energy

Let X, be the past of ¥;.

We also have,

/ ™ ()T, dVi
£4+NE; NI~ (p)

i 1

S > / @ < Fus BT > — 180 < Fop, F*? > |dVp

noelimeacy)” S+NZE NI~ (@)

(by computing the contraction in the basis {f, n,ey,es})

t

< % o Oleg, [ (Bl +ESP

a,Bpe{tnears) " © ¢ SN J = (p)

+|Fopl® + [FOP?).dVs, (3.20)

(by using a.b < a? + b?).
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As in [CS] we assume that the deformation tensor of ¢ is finite. More precisely, we
assume that for all i, 7 € {f,n,e1, ea}, the components of the deformation tensor, 77 (f) =
3 [VAY 4+ V70, verify,

|7r[u) (E)’LOO < Cloc(t) (321)

loc(3y) —

where Cjo.(t) € L}

loc*

Applying the divergence theorem again in the future of ¥ and the past of ¥; N J~(p),

we get:

Ei(SnT () < / T (BT dVi + By (S0 0T~ (1))
SLNE; NI (p)

. t . ~
< Bl + . CH)EH(Sgn T (p))di (3.22)
at40]

(where we used (3.20), (3.1), and the positivity of the energy (3.19)).
Using Gronwall lemma, we get that Ef(Et N J~(p)) is finite and continuous in ¢, and

therefore

t N
/ O TwdVy < / C(DELS; N T (p)di
Z4nJ=(p) i

< / ‘O
< ety (3.23)

and therefore

/ (DT dVi + By (50T (p) < elty) By,
Z4nJ=(p)
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Hence,
FI(N"(p)NZ4) S C(tp)Ef:to (3.24)

This finiteness of the flux will play a key role in the proof.

3.2.4 Definitions and notations

Definition 3.2.5. We define \,5 as in (6.8) and (6.9), by fixing at p a G-valued anti-
symmetric 2-tensor J,, and defining A,3 as the unique 2-tensor field along N~ (p), the

boundary of the causal past of p, that verifies the linear transport equation:

1
D\, + 51 as =0

(sAap)(p) = Jap(p)

where s is the affine parameter on N~ (p) defined as in (6.1.1), and x is the null second

fundamental form of N~ (p) defined as in (6.2), and trx defined as in (6.1.3).

Definition 3.2.6. We define positive definite Riemannian metric as in (6.52), in the fol-

lowing manner:

h(ea,e5) = glear€p) + 28(eq, t).g(es, 1)

where

Definition 3.2.7. We define the spaceelike foliation ¥; of the space-time M by considering

t = constant hypersurfaces as in (3.1.2).
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Definition 3.2.8. For any G-valued 2-tensor K, we define
K2 = hauhg, | K™ ||
and
Koo = [|(haguh | K™ | 1K) 2||poo = [[(|K[)Z]|oc
We recall (6.55), that for any two G-valued tensors K and G, we have
| < Kap, GP > | S (IKP)2.(GP)2

Notations

We denote by N (p) the portion of N~ (p) to the past of 3;, and to the future of ¥; ;.
t* and 7 are values of ¢, where £ is a timelike vector field verifying (3.1).
5 and s are values of s.
We denote by s;, the largest value of s on N~ (p).

We let 37 =3, N J~(p).

3.2.9 Estimates for s\,3

Proposition 3.2.10. We have,

sup [sA| < C(p,7)|J| (3.25)
N7 (p)

Proof.

We proved in (6.1.27) that,
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sup [SA]” < C(p, s)|J|?
0<5<s

Hence,

sup |s)\\2 < C(p, sT)\J]2
N7 (p)

(where in this last inequality s, is the largest value of s on N~ (p) ).

In view of (6.64),
s=t,—t+O0(t,—1)
we get,

sup [sA| < C(p,7)|J|
N7 (p)

Proposition 3.2.11.

1
H)\’|L2(N.,-_(p)) S (T)2C(p77—)|‘]|

Proof.

We have,

/\SAIQ(u:O,s,w)das < /C’(p,sT)Q\J\Qdas
S2 S2

(by (3.27) )
< C(p,s.)*J)? / 1das
SZ
< Clp,s,)?|J|?s?
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Thus,

|)\‘2(’U, = O, S,w)das < C(p7 87’)2“]’2
S2

2 _ o 2 _
H)\O‘BHLQ(N;(p)) - \/0 /S2 |A| (U = O,S,w)dasds

(where s¥ is the largest value of s for a fixed w such that (v =0,s,w) € N (p))

< Oyl /0 " ds < 5,C(p, 51211

Thus,

1
N2 ) < (57)3Clp, 7)1

Therefore, since t, —t = s+ o(s),

1
M L2 vz @y < (M)2C(p, 7| (3.31)

3.2.12  Estimates for ||DSYA[| 2y,

Definition 3.2.13. Let

R 1
Xab = Xab — §trX5ab (332)
and let (4, a € {1,2}, be defined as in (6.35):

Ca = %g(vaLaL) (3.33)
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Lemma 3.2.14.

. 1 1
DDA, = —trxDPAas — XaoDSY Aas — 5 (Vatrx)Aas = 3Catrxdas
+[FLa, )\ag] -+ Ra’yLa)\,yg + RB’yLa)\a’y (3.34)
Proof.
We hayve,
DYYDWAs = DD Aus + [Fra, Aasl + Ra"1as + Ra" o hay
A A
= DD Aap) = DY Ao + [Fras Aas]
R LaMs + RaT e
try A
= D(SA)(_T)\Q,B) - D(Va)L)‘OéB + [FLaa )\aﬁ]
+RawLa>‘75 + RBWLa/\Ow
on N (p).

We remind that for any vectorfield X, we have
1 1
X = _Qg(X7 L)L - §g(X7 L)L + g(Xu ea)ea
Taking X = V,L, we get
1 1
VoL = _§g(vaLaL)L - Eg(vaLa L)L + g(vaL7 6b)eb
we get,
VoL =g(VaL,ep)ey — Gl = Xavey — Gl (3.35)

Thus,
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1 1 A
Mo = —5(Vatr)has = 5trx(DF hag) + D Aas

~xaDSY Ao + [Fras Aag) + Ra”1aMs + Bs" ey (3.36)
(4)

Since Xab = Xab — %trxdab, and since we have D} /A5 = —%trx)\aﬁ on N- (p), we get,

A 1 1
D&, )Dz(zA))‘aB = (vatTX)Aa,B - §tTX(Dz(zA))‘aﬁ) - §<atTX)\aﬁ

1
2
R 1
_XabD[(,A)Aa,B - §trx5ab(D((,A)>\aﬁ) + [FLaa )\aﬁ}
+RoY Lads + Ra o Ay
1 1
= —trxD{ s — XDy Nas = 5 (Vatrx)has = Catrxhap

+[FLa7 )‘aﬁ] + ROC’YL&)"YB + RB’YLa)\O"Y

O]

We want to control HD&A))\HLQ(N; (p))» Where we are summing over a € {1,2}, by abuse

of notation. Following [KR3], let’s compute,
s/ 52|DgA>A|2d02:/ s—1§4|DgA>A\2d02:/ |s—1/ V1|2 DA \[2ds|do?
NG S2 NG 0
Lemma 3.2.15. Let ¥ be a G-valued tensor, we have,
Vo 2?|(p) < C(p)IDSVTLIT|+ [T (3.37)

where C(p) depends on the space-time geometry on the point p.
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Proof.

Vol U = Volhauhs| W[ [97)) = Vo (hauhs,)- ||| 7]

+haphgy Vo (U] )
Therefore,

Vol PP < [(Vohap)hg| | W11 | + [hau(Vohgy)|. 9] 9]
thauhp |- (D] 4 [0 (Vae, )] + [T (e, Voe|). 7))

haghs, |- [T (IDEOWS] 4 [W(Vye®, )| + [0 (e, Voe))

(due to (6.66)).

Choosing a normal frame (where the Christoffel symbols vanish at that point) to con-

sider the contactions, using (6.67), and the fact that the metric is smooth, we get,

Vol UPl(p) < Cp)lhaphsy DEVUH U] + haphg, 0] |27

Using Cauchy-Schwarz, we obtain the desired estimate.

We can compute,

(Drap) = 25D as + > DIVDMN g

a

= (257" DM s + DYYDWA)

Thus, using (3.37), we get

56



Vis"DEAR] S [s%(257 ' DEUA + DDA [s?DIYA| + |s*DIYA

(3.38)
Therefore,

§2|Dl(lA))\|2

N

512D A2

N

sl/ IV |s?DA A2 ds (3.39)
0

A

a / 52257 DA + DYYDIN)|s* DIV A| + 2D A ds
0

A
V)
L
n
&
)
VA
_*
<
&
>
o
o
VA

+51/ e 253257 DIIA + DIWDA A|ez 52 DI A ds
0

Nl

A

5! sup (s)/ sup (53]D((1A))\|2)ds—|—s_le/ sup (3 DIYN?)ds
s€[0,3] 0 s€[0,3] 0 s€[0,3]
1 s
+[s—1/ 52257 "D + DYDW A ds)?
0

€

A

5 sup (s3DAWAP) + ¢ sup (s*DWAP?)
s€[0,3] s€[0,3]
+1[s‘1/ 5225 DA + DIYD A jds)? (3.40)
0

Taking the supremum in this last inequality on s € [0, §], where § and § are values of

s, we get,

sup 5°[DWX%(0,5, w)do?
5€[0,3]

< (3+¢) sup sup (s’ DYAP)
5€[0,3] s€[0,3]

+ sup [3—1/ 531257 1D + DIYDW \|ds)?
5€[0,3] 0
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Choosing § and € small enough depending on the space-time geometry on p, we obtain:

sup 53 [DIYA2(0,5,w)
5€]0,3]

< sup [sl/ 8%’2871D2A)/\+D2A)D((ZA))\‘CZS]2
5€[0,8] 0

Integrating on S?, we get

/ sup 55| DAA2(0,5, w)do?
S

2 5€(0,3]

< / sup [s_l/ S%IQS_ID((IA)AjLDSZA)D((ZA)Mds]QdaQ
S2 5€/0,3] 0

We want to control

sup / [s_l/ 52257 "D + DD A ds]2do?
5€[0,8] /2 0

= || sup sl/ 53257 'DWA + DIWYDW A |ds|2,
5€[0,3] 0 «

(3.41)

where the L, denotes the LP norm on s = constant, with the canonical induced volume

form do? induced on S2.

|| sup 81/ S%|2871DEZA))\—l-DiA)DgA))\‘dSH%z
— ~ 0 w

= ||7supA 5t /0 53 125 TDWN — try DA 4 tryDA N + D(LA)DSLA))\MSH%E

5 1
= || sup s—l/ 521257 ' DM Aop — trxD Aag — XapDSY Aag — 5 (Vatrx)Aas
S 0

1
_§CatTX)\a6 + [FLaa Aa,@} + RoﬂLaAvB + RﬁwLCL)\a’ﬂhdSH%a
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where we used (3.34), and where | |5, means that we consider a full contraction with respect

to the metric h, in the indices «, 8. Hence,

| sup s—l/ 52257 ' DA + DDA A ds| 2,
5€[0,3] 0 “

< | sup 31/ s%\stngA))\—trngA))\—)QabDlEA)A|ds]\2L2
5€[0,3] 0 “

S 5 1
) sup 57 / $3) = L(Tatro s 2,
5€[0,3] 2 w

'S 5 1
+|| sup 8_1/ 57| — SCatrxAlds|75
3€(0,4] 0 2 @

'S
_ 5
+|| sup s 1/ 52 [Fras Aag)lnds| |72
3 0

S
_ 5
+|| sup 3 1/ 32’RawLa>\75+R67La/\av|hds|’%2

3€[0,3] 0 «

= Il—|—12—|—13—|—14—|—15 (342)

where I; , i € {1,...,5}, are defined in order.

Estimating I

S
L = | sup s_l/ 53257 DYV — trxDIVA — XDy ds| 12,
J 0

AN

. 5
| sup 57" sup |82D2A)>\!/ 2571 — trx — Xanlds]|7
3€[0,3] 5€[0,3] 0 «

(we remind that we were summing over a with abuse of notation)
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§ s - S
S |l sup (s2DEYN)[[72 | sup / 2571 —trx — Xaplds| |
s€0,3] 5€[0,8] JO

S
_ N 3
< || sup / 112571 — tryx — Raplds||2 ] sup (s3DANIE,
5€[0,3] s€[0,8 “
< sups/ 2571 — try — Raol2dslliz |l sup (sSDEN)]2,
5€(0,3] s€0,3]

S |l sup / 257" — trx — Xabds||Ls || sup 5||Ls]| sup (s2DEVN)[2,
5€[0,3] JO 5€(0,3] s€[0,8

'S

3

S Il sup [ 257 = tr? + [RafJdsllizsl] sup Sllusl] sup (s3DEVN)
5€[0,5] JO 5€[0,8] s€[0,3]

We know that

12571 —try| = O(s?) (3.43)
and
[ il <1 (340
(see proposition 3.1 in [Wang]).
We get,
n <3| SZ%I)S](SQD(A))‘)HB (3.45)
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Estimating I

S 5 1
b5 | swp s [ st (VatroAas
3€0,3] 0 2 @
RN 2
< |l sup SA|[f|| sup 5 52| — S (Vatrx)|ds||7:
5€(0,3] 5€[0,3] 0 2 “
< R sup 515V, trx\/ shdsl2,
5€[0,3]
< I sup 57152 | sup sVatrxl?,
5€[0,3] 5€[0,3]
< 3| sup sVatrx||7s

5€[0,3]

We have
| sup 3Vatrx|[7z <
5€[0,3]
(see proposition 3.2 in [Wang]).
We get,
<3 (3.46)
Estimating I3
L [T 1 2
Is = || sup 5~ / 52| — —(atrxA|ds||72
5€[0,4] 0 2 w
IR 2
< s MEel] sup 57 [ 5B - Leamyasi,
5€(0,3] 5€[0,8] 0 “
S WRI s stz s 57 [t clasl i,
5€(0,3] 5€(0,3] 0
< |l sup 5 / sds)3 / CaPds)HI2,
5€[0,3]
(from (3.43))
< lswp 578l [ / (GuPdsdo?
5€[0,3]
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Estimating I,

Estimating 5

14

AN

A

A

N

A

N

I < / / Cal*dsdo? (3.47)
s2 Jo

s 5
= || sup 5—1/ 52 |[Fras Mag]lnds| |72
3 3 0

5€[0,8]
1 ° s 1 2
S Nl sup 57 [ sEs B shasl sl
5€[0,3] 0 “
S
11
Sl sup Al ]| sup 5705t [ Ll Pralds
3€(0,3] 5€(0,3] 0 ¥
2 1 ff 2 278012
S Pl sup 57252( [ 87| FLe|"ds)? |7z
3€[0,3] 0 “’
S
1
Sl sup ([ PPt
5€[0,3] JO “

I < / / $?|Fro|?dsdo® (3.48)
Sz Jo

5
_ 5
HFUPAE 1/0 82\Ra7La)wﬁ+Rf37La)\om‘hd3H%g
5
_ 5
|| sup s 1/ 82\h07].|RaaLa)\75+R[30La)\a7‘hd5”%g
5€]0,8 0

S
_ S 3
I sup s\l sup 570 [ s Ragraludsl
5€(0,3] 5€(0,3] 0

NI
|J|2.H781[10pA]§ 182/0 S|R¢)¢ﬂLa|haL‘9|’%3u
se|0,s

5
1
|| sup s 2/ 1-3|RaﬁLa‘hdSH%Z
sefo.s]  Jo .

1 fF L
|| sup s 252[/ 82|RaBLa|zds]2”%a
0

5€(0,3]

s 2 1,9
| sup | / | Rasralnds] |12,
5€[0,3] JO «
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I5 < / / 5*|Ropralidsdo® (3.49)
s2 Jo

Estimating HD((IA))\\ | L2(v= ()

Injecting (3.45), (3.46), (3.47), (3.48), (3.49) in (3.42), and then in (3.41), we obtain:

/ sup 5°[DWX%(0,5, w)do?
S2 5€[0,3]

< 8| sup |s?DW A|h||p+s+//r<a| dsdo®
s€[0,3]

s
+/ / sQIFLa\stda2+/ / $*|Rapralidsdo®
s2Jo s2Jo

There exists C'(p) (constant depending on p) such that for § < C(p), we have:

/ sup 59| DAA2(0,5, w)do?
S

2 5€(0,3]

< s—l-/ / |CaPdsdo® +// §%| Fpq|?dsdo?
—|—/ / 52|RQBLG|;2Ldst2
sz Jo

For § < C(p), we have,

s/ §2IDAA2(0, 3, w)do?
S2

/ sup 5°DWAP2(0, 5, w)do?
S

2 5€(0,3]

< G4 ca 2dsdo? + 2FLa dsdo? + $%|Rosral?dsdo?
~ BLalh

N
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Hence,

/ 2 IDWX%(0, 3, w)do?
SQ

1 S
< 1+A/ / |Ca|?dsdo?
s Js2 Jo
1 s 1 8
+- / / §%| Frq|?dsdo® + = / / s*|RopLalndsdo® (3.50)
S s2 Jo S s2 Jo

Integrating, we obtain

C(p)
/ /§21D3A>A|2(o,§,w)d02d§
0 S2
C(p) Clp) 1 8
/ 1d§+/ [A/ / |Ca|?dsdo?]ds
0 0 s Js2 Jo
) q 8 C) 1 E
+ / [= / / 5| Frq|*dsdo®]ds + / = / / $*| RagLalr dsdo?)ds
0 s Js2 Jo 0 s Js2 Jo
C(p) 1 8 1 C(p) 1 8 N
1+(/ [A/ / |<a|2dsd02]2d§)z+(/ [A/ / $?|Fro|?dsdo?)?ds) 2
0 §.Js2.Jo 0 5 Js2 Jo
C(p) s
+(/ [1/ / (SQ\RagLa!%)%dsdJQFdé (3.51)
0 S Js2 Jo

Using the L? maximum principle, and letting ¢(C(p)) be the value of ¢ for which s(t) =

A

A

C(p), we get in view of (6.59):

Dz ”L< N ®)
. / /s/ GoPdsdod3)3 + / /S/ | Fa[*dsdo? 2d3) 3
w[ [/ [ Rl basao?
s / /S/ CalPdsdo?2ds) + /C(p /S/ 52| Fra|2dsdo?|2ds)}
/ /S/ 52| Ragral}) 2 dsdo]*ds
< ([ [T Gasaoast < oo oy (3.52)
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(since the metric is smooth).

We have,

C(p) St 9 212 A%
([ [ Gelasaoast <1 (359)

(see proposition 3.1 in the Appendix of [Wang]) .

Thus,

(4)
DMz iy S 1

Since the metric is smooth, A,z is smooth away from s = 0; we finally obtain:

<1

A
IDS ))\||L2(N;(p)) ~

(3.54)

3.2.16 Estimates for ||D¢(1A)F||L2(N;(p))

We want to control HD(A)GFHLQ(N; () For this, as in [CS], we take the energy mo-
mentum tensor for the wave equation, after considering a full contraction with respect to

the Riemannian metric h, and define the 2-tensor:

1
Tloéﬁ = W hPT < D(A)O‘Fup, DWAE, > _§gaﬁ < D(A)AFMP’D&A)FVU >] (3.55)

Let fg = (tA) 8
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We have
. . 1
TPty = WYhig[< DWeE,, DWE,, > —58" < DWAE,, DWVE,, >

We would like to compute V(77 p tg). Since it is a full contraction, we can compute
it by choosing a normal frame, i.e. a frame where the Christoffel sympbols vanish at
that point, and hence we can get the derivatives inside the scalar product as covariant
derivatives and also as gauge covariant derivatives using the fact that the scalar product

is Ad-invariant, instead of partial derivatives. We obatin

Va<T1aB£6)
A 1
= Va(W"hi5)[< DYF,, DWE, > - g* < DWF,, D\YF,, >]
+h i< DADWeE, DWAE, > + <« DWop, DWDWAE,, >

1 1
_igaﬁ < D&A)D(A))\FMWDE\A)FW >] — §gaﬁ < D(A))\Fupv D&A)DE\A)FVU >]

We have
1 1
_§go¢6 < D&A)D(A)AFM,D(AA)FW >=—5 < D(A)ﬁD(A))\F#mD()\A)FVG S
Computing

W hee < DAPDUWAE, DWVE,, >= o h <« DWSDUWAE,, DWVE,, >
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We get

(where we

Va(T7715)

VoW h*7tg)[< DWE,, DWPE,, > —%gaﬁ <D F,, DV, >]
+h hPoig[< DAWDWE,, DWAE, > + < DWep, DAWDWAE,, >
— <DWPDWAE, DWVE,, >

. 1
VoW h*7ig)[< DWF,, DWPE,, > —igaﬂ <D F,, DVE, >]

i< OV E,, DWPE,, >

+<DWep, DWDWAE,, - DWIDWE,, >]

VoW h7tg)[< DWF, DWSE,, > —%gaﬁ <D F,, DY, >]
+R* P15 ~2 < Ryppa PO, DWAE,, >

— < R, F,),DWFE, > <R, F, DWFE,, >

—2 < [F%,, Foo),DWPE,, >

+ <DWeE, [F? Fuol + R WPy + Ry P F,, >]

used (3.2)).

From (3.11), we have

we get,

- 1
t=—5((L,HL+g(L) L)
i 1 A 1 SN
" = —gg(Lat)TLL —58(L:1) A (3.56)
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Computing

<DWE, DWE,, >

= <DW'E, DYWE, > + < DWLFR,

+<DWep  DWE,, >

= g <DWLE, DWLE, > 1o/, < DWLE DWLE,

+<DWep, DAWE,, >

= —4<DWLE, DWLE, > 1 < pWe

(using (3.15)).

We get,

LL
T

— ppol< DWLE, DALE, > _%gLL < DWW

Hp>

= W"hP[< DWLF,
+<DWep, DWE,, >)]

1
= R < DWaep,, DVE,, >

and we have,

1
T = Wno[< DWEE,, DR, > — gt < DWAE,, DIVE, >]

= Whe <DWLE, DWLE, -

68

Dg‘)Fw >

DWE,, >

1
s DWW, > +1(—4 <DWLR DWLE

(3.57)

(3.58)



Injecting (3.57) and (3.58) in (3.56), we obtain

T = a(LOTE - gL f) T
— —%[ig(L,f)h“l’h”” <DWep, DWE,, >
+g(L, ) th e < DWLE, DWLE, >
= 8 AIDAER +g(L,f) DL (3.59)

On the other hand, we have

T = W< DWIE,, DWIE,, > —%gff < DWAF,

A
i DYV o >

~ ~ 1 ~
v A A A (A)
= W [< DWE,, DWIE,, > +5(< DWE,, DVE,, >

+ < D(A)ﬁFupa D;A)Fua >+ < D(A)GFMP’DELA)F”U >)]

~ ~ 1 ~ ~
= W< DWE,, DWIE,, > -5 < DWE,, DWE,, >

+1cpwap

X 1
5 'y DA, > 5 < DWep, DAWIE, )]

1 ~ ~ N A~
= Gh"hI< DWE,, DWE,, >+ <DWiE, DWE,, >

+<DWap  DWaE, >

%HD(A){F’Z + ‘D(A)ﬁFF + |D(A)aF|2]

(3.60)

Denoting by N, _.,(p) the portion of N~ (p) that is to the future of 3;,_- and to the

past of 3;. Denoting the gradient of F by D FE, and defining,

DWE?Z = pPprpe <« DAFE

Applying the divergence theorem to 77" g fg in J~(p)

A
Yo, DYV E,, > (3.61)

abn

tp—T

N X, , using (3.56) and

the fact that the metric is sufficiently smooth so that V,(h*"h#7%s) is finite, using (3.59),
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(3.60), and applying Cauchy-Schwarz, we obtain:

A) (12 A |2
|D¢ )FHLZ(EtﬂJ’(p)) + I )FHLQ(N&—W(Z’))

A
< |t )F||2L2(Etp_7-ﬁ]_(p))
t
+ / / D@ F(IDA F| + [F| + [F2)dVols, - () dE
ty—7 J 50T (p)

(3.62)
We get,

(A) g2 (A) 12
/Etﬂj—(p) |D F| dVOZZ‘tﬂJ*(p) + HDa F‘|L2(Ni;—7,t(p))

t

< |IDWF|? S+ / DWF2dV ols, - () dE
H ||L2(Etp_TmJ ®) lp—T E{HJ*(P)| | )
t
+/ / IDWE|(|F|? + |F|)dVols, - () di
tpr EgﬂJ*(p)
t
< |IDWF|? _ +/ / DWFPdVols - (,dE
H ||L2(Etp—TmJ (r)) lp—T E{HJ_(P)| ‘ s
t
+/ / i (IDWFP + [F|* + [F?)dVols, - () dt
tp—7 J XNJ = (p)
t
< |IDWF|? _ +/ / FI* + |F|?)dVols, - dE
I 12220, =) - Efm_(p)ﬂ "+ [F[7)dVols - )
t
+ / / IDWEFPdVols, - () dt
tp—7 JENT~(p)
t
< 14 / / |F|*dVols, - () dt
tp—7 JENJT~(p)

t t
n / / [F2dVoly, - () dE + / IDWF2dVols, s~ () dE
ty—7 JXNJ~(p) ! tp—7 JXgNJ~ (p) '

(where we absorbed the quantity HD(A)FH%2 = into the constant in the symbol

p—rNJ~(P))

<, since the quantity is assumed to be finite by assumption)
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AN

t
1 +/ (|F|? / |F[?dV ols, - () dE
t I~ (p)

p—T E{ﬂJf(p)

t t
+ / / |F1?dV ols, r7- () dt + / / IDWF2dV ols, 5~ () dE
tp—7 J 3zNJ~ (p) ! tp—7 JXgNJ~ (p)

t . t R _
1—|—/ |F|3 o EfO(ZﬂJ_(p))dt+/ E;_o(ENJ (p))dt
t tp—T

ZNJ~(p)

N

p—T

t
+/t /z ) DY FAVols, 0 dE (3.63)
p—T n

From (3.63), we get

/ IDWF2aVoly, I~ ()
Z:nJ = (p)

t t
< 1+/ |F|2 dt+/ (/ IDWEPAVols, - () dl
t t S0~ (p) ¢

p—T E?ﬁ\]_(p) p—T

Using Gronwall lemma, we obtain

t
/E B |D(A)F|2dvolztmf(p) S C(t) +/ |F|3 o dt (3.64)

tp—T NI ()

where C(t) is a finite constant that depends on ¢.

Injecting (3.64) in (3.63), we have

(A) 72 (A) )2
/E o IDORRAV ol ) 4 IDEO I

. t
1+ / Fl3  di+ / / IDWFPAV oly, - ) dE
tp—T NI~ (p) tp—7 SN~ (p) '

t t t*
< 14 |F|? dt + (C(t) + |F|? o dt)dt*
¢ £5NJ~(p) t t ZznJ = (p)

A

p—T p—T p—T
t t t*

< c(t)+/ |F|? s dt+/ / |F|3 dtdt*
tp—T EgnJ = (p) tp—7 Jtp—T NI~ (p)
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Finally,

(A) g2 (A) )12
/ZtﬂJ—(p) ’D F’ dVOlEtﬂJf(P) + HDa F”LQ(Nt;—T,t(p))

t t t*
< et +/ F|? o dt+/ / F? s dtdt*
S oclt) t | !LE?N_@) - tﬁ\ !L%m_(m

p—T

3.2.17 The proof

Let p € X,,.
Let g € ¥; where t, — 7 <t <t,, with 7 small enough depending on p.
Let Q= J () N J (3¢, —7).

Let X =%, nJ(p).

(3.65)

Using an adaptation of the Klainerman-Rodnianski parametrix in [KR1] to the Yang-

Mills setting, see Appendix (6.103), we have

A < Jop, FOP > (q)

S / < Aapd(u), OV > 4 / 5(u) < AW + 26D Ao + %mag
Qq Qq

1 1
+FLL, Aag] — iRCﬂLL}Wﬁ — 5mﬂuxm,zﬂyﬁ > +Cy,—r

where A(A))\ag is the induced Laplacian on the span of {e,}, a € {1,2}, of A4, as

in (6.49), and where Cy,, depends on the value of F on X; ;. Let i, € {f, n,eq, e}t

Hence,
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Foo(q)|?
/ | < Aagd(w), OV PP > |+/ 16(u) < AN 5, FOP > |
Qq Qq
1
+ / 16(u) < CaD{M Nap, FP > | + / 16(u) < - fidag, F*P > |
Qq Qq 2
1
[0(u) < [Frp, Aagl, F*7 > |+ | 10(u) < SRaY L, FO7 > |
Qq Qg
1 [e%
[0(u) < 5RE" L1 ey, F F>|+C,-,

Qq

We have,

/Q | < Aagd(u), OV > | :/Q | < M¥S(w), 0V F,, > |
q q

= /Q | < M¥6(u), =2Rpa FY7 — Ry B — Ry FY = 2[FC,, o >
q

(using (3.2))

AN

/|<wa R P >\+/ | < A5(w), Ry )7 > |

+/ | < Ao(u), RuyF7y > |+/ | < MYo(u), [Fy, Fual > |
Qq Qq

Finally,
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sup  |Fus(q)]?
qeNJ ~(p)

sup [/ | <A0(u), Rypwa ™7 > \+/ | < M§(u), Ry F,7 > |
q€xinJ—(p) JQq .

N

/\<W5()me >\+/ < N5, [F, Fya] >
+|/5 ) < Al ))\QBFO‘B>|+/ 0(u) < DM g, FOP > |

1
H [ 80 < ke P8 > 1+ [ 16(0) < [Fri, s B > |
Q(I Qq

2
+Cyy—r (3.66)

1 1
# [ 80 < 3R Ap P > |4 [ 150 < GRS A P>
Qq Qq B

In what follows, we note X; N J~(p) as XF.

Lemma 3.2.18. We have,

sup/ | < A6(u), Ryppa B >]+/ | < A6(u), Ryy B > |
qexy

+/Q | < MY6(u), RyyF7y > |+/Q |6(u) < §Ra7LL)\W,FQ5 > |
q q

1 o
+ /Q () < 3 Ro" ey F0 > ]

3 t _
< ””/t 11 gy )3

p—T

Proof.
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We have,

sup / | < M0(u), Ryppa F7 > |
Qq

qex?

< sup/ / | < SA™ | Ryppas TF7 > |¢dazdt
qext Jtp—7

S sup [[@]] e sup |[sA|] e sup || R]| ;0
qEE L T,t(q)) QGE L pff,t( )) qu L

¢
.sup/ (||F\|Loo(gt)/ s Vdag)dt.
qEXY Jtp—T 57
We have,

sup [| R[] St
gy L (NG, ()

(since the metric is smooth)

1M e @y S ]

thus

<1

sup HSAHLaa p—mﬂq»’”

qeES:

sup H¢||L<>o(N (@) S
qEE

(since ¢ is smooth and bounded)

t
sup [ (1F ey [ 5 dag)a
qexP Jt,—1 tJs:

t

t t
_ 1
< sup[/ (11 e 72sup[/ </ 5~ day) 2
t t -

qexy Jtp—7 qexy Jtp—7
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We get,

t 1 ¢ 1
/Q\<Auu5(u),RWaFm>y < [/t (|]F]\%oo(2f))dﬂ2sup[/t (/S 5~1da;)2d7]

a p—T qexy Jtp—1 J S

[

t t
L[ LR ey R T

p—T p—T

Recall that

Aup) = O((tp — 1))

(see (6.59)), and

tp —t=s+o0(s)

(see (6.64)).

Thus,
Ay(p) = O(s%)
We get,
' —1 (7Y 7,277 5 v 204 8
sup[ [ ([ s @dap?df)r ST sy()%de) S 7
qEEf tp—7 JS5¢ tp—T
Thus,

t
/ | < A6(u), Rypa 7 > | S T3+ [/
Qq

tp—T

1113 e o ]2 (3.68)
t
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In the same manner this controls the terms

b

1
/ 6(u) < SRa 15 FOP > | and /
Qq 2 = Q,

| < N80, By B 1, [ | < NS (), R F > |
Qq

1
16(u) < §R57LL>\M,F‘“B > |

Lemma 3.2.19. We have,

1. 1 ¢ 1
sup / |0(u) < iﬂ)\a[%Fo‘B >|ST12 4 [/ HFH%OO(E?p)dﬂTQ
Qq -7

qexy tp
Proof.
The term
1. t 1 1 _
sup/ 0(u) < =fidap, F*? > | < sup / | < Zfishag, s 1FY? > |pdazdt
qexy JQq 2 qext Jtp—7 J St 2
t
Al —1 -
S sup [N, 50 [ (Il [ il odag)
qex? p=n qexy Jtp—7 Sg
We get,

1, o t 1 ¢ L 1
sup [ 1500 < 5o P> IS [ (IR ep)alt supl [ ([ 1315 oda)?dn
q —T

qEXY tp q€XY Jtp—7 J 55

And we have

t t
Se=l g \2 7 SN2 —2 g\ 7%
sup/lt (/St |f1|s™ pdag)“dt N/t sup ([ |4 qﬁdat)(/ s~ “¢dag)dt

qEEf p—T p—T quf S? Sf

We have i = o(s™!) ( see proposition 3.1 in [Wang] )

Thus,

~12 —2
(sup [ |([*¢daz) < sup |I¢|Loo(Nt—_Tt(q))(sup/ s “dag) S 1
qexy J Sz qexy PITE qeny S5y

7



q€XY /5%
Thus,
t
sup [ ([ \als™ odar)?ans < 7
quf tpf‘l' S{
We obtain,
L. B 1 ¢ 2 1
sup [ 16(u) < 2idag FOP > | S5 ([ ||FIB e ) (3.69)
qexXt JQq 2 tp—T t
O
Next, we want to control the term
sup/ < NS(u), [F®,, Byl —sup/ /y<wa [F® 0, Fya] > dday)di
qeXt JQq qex? -7

Lemma 3.2.20. We have,

t
o / | < X¥5(u), [F, Fra] >S 77 + [/ 117 e ) )2
Q t

qex? tp—T

Proof.

Following the remark of Eardley and Moncrief in [EM2], we have
|F s Fvall S F (Lo (s0) (FLLl + [Fral + [ Fro| + | Fap|)

on N, _.4(¢) "%, =Sy, and therefore,
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sup/ | < NS, [F®,, Fral >

qEE
qexy Jtp—7
< sup \|¢HLoo @) SUP 18 e (v ()
qEE
t
sup/ ||FHL00(27:)/ (s7HFLLl + 7 [ Fra| + 57| Fro| + 57" [ Fup|)dida;
qex? Jtp—7 Sz
t
1
S U Iy’
tp—T t

qexy Jtp—1 J 5S¢

(since ¢ is smooth and bounded near p).

And we have,

[/ (s Frpl + s Fral + s Frp| + s Fapl)dag]?
T
t

< / (572)daz) / (FLLl + [Fral + |Ful? + [Fup|?)das)
T

(by Cauchy-Schwarz inequality)

and

£/ nre 1 1 1 1
FI(N(q) = / SIFLLl + 5| Fre, " + 51 Fre, I + 5| Fusl?
N (q)

Thus,

t
/ / (s~ Fug) + 5~ Fpal + 57} Fp| + 5~ Fapl)dEday
tp—T =

N|=

< / 1t (FU(N_ ()

p—T

< T3(EL,)?

79

t
1
sup| / </S (s Frpl + 5| Fral + s Frp| + s~ |Fup|)day)2di] 2
t

(3.70)



Thus,

t

N

sup/ | < NS(w), [F®,, Fuo] >< 77 + [/
o¥

| FN[7 o oy )T
qexy tp—T r (E?)

Lemma 3.2.21. We have,

t
1 .
sup /Q [0(w) < [Frp, Aagl, F*7 > | S 72 + [/ 1| o (s Al
q

q€XNJ~ (p) tp—T

Proof.

By same as previously, the term

sup / |0(u) < [FLL,/\ag],F“’B > |
Qq

qeXiNJ~ (p)
t 1 ¢ _ 1
S [ PR~y supl [ ([ (71 FL e
tp—T t qGEf tp—T S{
t — L n _ 1
S 0 [ PRyt sup (PN f0)!
tp—T t qEEf

t — 1 n 1
S+ [ NP py e (BLo)?

p—T

Lemma 3.2.22. We have,

t
sup /Q \5(u)<<aD&A>Aa,B,F“ﬂ>y§r4+[/ (ol
q —T

qeXNJ = (p) tp

Proof.

80

D=

4

(3.71)

(3.72)



The term

sup /\&@<@DW&%FW>!
(p) /€y

qeEXNJ ~
t

— s [ (Pl [ 1GDENodar)d

qutﬂJ*(p) tp*‘l' Sf

¢ . t .
S UL WP s ([ (1 JePoda]l | IDEN?odar) an?

tp—T t qeXiNJ ~(p) Jtp—T St St

We have
Ca = O(3)

(see proposition 3.1 in [Wang]).
Thus,

/ ]Ca|2¢dag < / s?day < st < 74
S? St

Therefore,

sup [6(u) < DY Aag, PP > |
qeXNJ ~ (p) Qq

t 1 t 1
S [ PRt s ([ [ DEONPodurdn
tp—T K (p) Jtp—7 /5%

qexing -

We showed previously that HD((IA))\H L2(NZ (q) < 1, thus

sup  [[DEYA] 2 n- () S 1
L L2(N7 ()

Finally,

t
swp [ 160 < GD{Nas P> | S 7t [ |y
q€XNJI~(p) /€y tp—T t

(3.73)
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We are left with the term sup,cyr | qu S(u) < ANz, F*P > | We recall that

A(A))\ag is the induced Laplacian on the span of {e,}, a € {1,2},

Lemma 3.2.23. We have,

sup | [ 0(u) < AN 5, FOP > |

quf Qq
t ) - t t* ) ~
S k[ BBttt [ [ IRy i
tp—T t tp—7 Jtp—T t
Proof.

A t ~ —
sup | o(u) < A(A)/\aﬂ,FO‘B >| = sup / / < A(A)Aag,Faﬁ > ¢pdazdt|
qext JQq qexy Jtp—7 J ¢

t
< sup / | / < AW 5, FP > pdag|di
qex? Jtp—1 J ¢

Definition 3.2.24. We define a restriction of the covariant derivative of Ve, to the span
of {e,}, a € {1,2} at ¢ € N~ (p)\{p} as being YV, e,.

Definition 3.2.25. We define,

;P Aas = DY (DY) ~ DY Aa (3.74)
pCa
whereas,
A A A
DD Ao = DY (DI Aes) — DY), Aas
We have

A(A))\aﬁ
= MY PN (ea, )
= (D) (ea,ep)] + [A%, (D) (ea, )]

(DY) (V?eq, ¢5) = (DY) (ca, Vep) = (Dga ¥)(eas ¢p)
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Hence,

< AW\ g, FOP >
= < (DY) (eq, ep)] + [A%, (DIVT)(eq, e5)], F* >
— < (DWMT)(Viey, ep), F¥ > — < (D) (eq, Vies), FP >

—< (Dggge U)(ea, e5), FP >

To compute < (D(Y;‘,zea\ﬂ)(ea,e/g),Faﬁ >, since Y%, is a full contraction on the 2-
spheres S7, we can choose a normal frame with respect to the induced metric on 5%, i.e.
a frame where the restricted covariant derivative of elements of the frame Y“e, vanish at
that point. Hence, this term vanishes.

Whereas to the terms
< —(DWW) (Ve ep), F*P >

and

< (DD)(eq, Vieg), F% >

since they are full contractions with respect to the space-time metric g, we can compute
those with respect to a normal frame where V,eg = 0 at that point. We can then express
V% as a combination of covariant derivatives at that frame V¢, and hence we get that V%,
vanish.

Consequently,

<A, PP > = < [(DNT)(eq, e5)] + [A% (DIVT) (eq, e5)], F*P >

a

Similarly,

< DA, DAV FP 5= DA, 5, 0°F? 4 (4% F*] >
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Using the fact that the scalar product <, > is Ad-invariant, we get
<A, FOP > = Y < DM, FP > — < DM, DWFP >

Integrating on 57, then applying the divergence theorem, and using the fact that we
7
have no boundary terms since it is an integral on 57, we get
\/ 5(u) < AN N5, FP > pday|
St
= \/ — < DM, DA FB > iday] (3.75)
St

1 1
< /S DA 2gday) /S DY F2gda;) s
T T

Thus,

t
| / / < AWM\ 5, Fup > |pdazdt
tp—T S{

t
1
S IIDELA)AIIL%N:(q))(/t L'DE’A)FPMWZW
p—T Y OF

We proved that HD((IA))\HLQ( < 1. We also have

N-(p)

t
1
(/t /S |DgA)F|2¢da{dt) 2 = HD((IA)F| |L2(Nt;7-r,t(q»
t

p—T

< 1+HD£LA)FH%2(N; (@)
P

We get,
sup | [ 0(u) < AN, FYP > | <1+ sup |\D§LA>F|@2(N_ @ (3.76)
qesy JQq qex? tpmmt
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We proved that,

t t t*
DWE|2, < F?2. di F|? . didt*
|Dg HLQ(th_T,z(q)) S c(t) + s | ‘ngdt + N - | ’ng dtdt

where ¢(t) is a finite constant for all ¢.

sup HD((IA)FWL?(N; (@)
p—T

qex?
t - t t* -
S 1+ 1 E [ oo (st + [Ralr
tp— t ty—7 Jty,— t
p—T p— T Yip—T
Thus,
sup | [ d(u) < A(A))\QB,F(M > |
quf Qq
¢ ¢ t*
S vk [ PRt [ [ PNy i (3.77)
t,— t _ _ t
p—T tp—7 Jilp—T
O
Finally, summing over all the indices we obtain,
¢ ¢ t*
By ST+ [ 1F IRy + FIR it (378)
t t,— t _ _ t
p—T tp—T Jtp—T
Using the result of Pachpatte in [Pach], we get,
|Fl[poo(sry S 1, for all ¢ € [t — 7, 1))
The pointwise estimate above prove that
[F'l(p) < C(p) (3.79)

where C'(p) depends on the geometry of the space-time at the point p and values depending
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on FonXf ..
Considering a local solution defined on [ty,T'), at any point ¢ in the space-time at time
ty = T, taking the limit in the above, we obtain

lim  |F|(p) < oo 3.80
g oy 1) (3.80)

and this can be done to any point ¢ in the space-time at time 7', under the assumption of
global hyperbolicity.

Injecting (3.80) in (3.65), we get

lim FE! t) < 0o
t—T, t<T p p() ’

We have already showed that the energy will stay finite and this was used to show that

the previous limits are finite; hence, we have already proved that

li EbL(t < 0.
tﬁ]l,n%<T F() >
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Chapter 4

On Uniform Decay of Solutions to
the Maxwell Equations on Black

Hole Space-Times

4.1 Introduction

4.1.1 Background and motivation

In this chapter, we study the Maxwell equations on the Schwarzschild black hole. In a recent
paper, [DR1]-[DR2], Dafermos and Rodnianski proved decay for solutions of the free scalar
wave equation [g¢ = 0 in the exterior of the Schwarzschild black hole, up to points on
the event horizon. We do not know how to make these methods work for [g¢ = c.¢ or for
Ugop = ¢? using the energy-momentum tensor of the wave equation. Thus, this rules out
the possibility of using these methods for the Maxwell equations in a hyperbolic formulation
where the source terms would be (OgF),., where F),, is the Maxwell field. In a recent
paper, [Bl], Blue proved decay for the Maxwell fields in the exterior of the Schwarzschild

background. The proof of Blue required a study of a wave equation on the Schwarzschild
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space-time for the so-called middle components, which can be separated from the other
components in the abelian case of the Maxwell equations. This was later extended by
Andersson and Blue to Kerr metrics, [AB]. However, in the non-linear case of the Yang-
Mills equations, one cannot decouple the middle components from the others. Yet, it
seems difficult to generalize the results of Dafermos and Rodnianski for the free scalar wave
equation to the Maxwell equations using the Maxwell energy-momentum tensor directly,
without referring to the scalar wave equation, combined with suitable Sobolev inequalities.
A key step to achieve this would be to bound the conformal energy without separating the
middle components of the Maxwell fields. This would provide a new independent proof
and improves the result of Blue, and would be in particular useful for the non abelian case
of the Yang-Mills equations where such separation cannot occur. I tried to do this in my
thesis in the goal of proving uniform boundedness for Yang-Mills fields on the exterior of
the Schwarzschild black hole and the Kerr metric. However, as Klainerman pointed out
to me later, many people tried to get a more conceptual proof of decay for the Maxwell
fields, without passing through the scalar wave equation, and achieving this would be very
significant. While I was not able to solve this yet, in this chapter I write a proof of decay
for the Maxwell fields on the exterior of the Schwarzschild space-time, directly without
separating the middle components or refering to the wave equation, assuming that we have
a Morawetz estimate at the O-derivative level on a compact region in space. To explain, let

us recall (see Appendix) that in the exterior, the Schwarzschild metric can be written as,

2
ds®> = —(1— ﬂ)df + mdﬂ + 72(dh?* + sin®(0)do?)
T‘ —_ =
If we define,
r* = r+2mlog(r —2m)
v = t+r*
w = t—r"
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then, we have,

ds? = —(1—2Tm)dvdw—|—r2d02
_ —ﬂdv®dw—ﬂdw®dv+r2da2
2 2
Let,

) 1 B)
- - - 7 4.1
ow (—QTm)@w (4.1)
) )
d 10
- - = 4.
00 r 00 (4.3)
B) 1 9
- — 4.4
¢ rsinf 0¢ (44)

and at a point in the Schwarzschild space-time, let e, es be a normalized basis of S?,

which verifies for all A, B € {1,2},

g(@h%) = g(eA,a—):O (4.5)

glea,ep) = dap (4.6)

In this context, by ”assuming a Morawetz estimate”, we mean exactly that for rg, Rg
as in the proof of (4.55), and for all ¢; = (1.1)%(, where t( is any real positive number and

1 is any natural number, if we define:

(G) t:ti+1 'I‘*:RS 1
Jp (t; <t <tiy1)(ro<r <Ry = / / HF{,@F + Z’Fqgé|2].d7‘*d02dt
r S2

t=t; r=rg

(4.7)
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then, we assume that the non-stationary solutions verify

~

J}(;‘G (ti <t< ti_:,_l)(To <r< RO) (4.8)

2 (%) (% 2) A(2)
S 1B ()] + 1B () V+Z |E£8t p(t) + 1ELE p(tin)])
7j=1

where Kj, j € {1,...,k}, are Killing vector fields, and where

g 1
8 Fol® + Fyl?
/ /52 r2(1 ’ ol + r2(1 — 2Tm)sir129| to|

1
r2(1 — 22) sin? §

2
1 R gy + 2r2(1 — 22 do2dr*
.

F*
21— ) |

(4.9)

that is the energy without the middle components Fy,.«, Fyy. The only stationary solutions
of the Maxwell equations on the exterior of the Schwarzschild black hole, are the so-
called Coulomb solutions. Hence, the assumption above is assumed for the non-Coulomb
solutions. For simplicity, we write our proof with k¥ = 3 and K; = ;, where Q;, j €
{1,2,3}, is a basis of angular momentum operators, although the proof would still work
with any product of Killing Lie derivatives on the right hand side of (4.8), with adjusting
accordingly the quantities in the theorem that depend on the initial data.

We will prove that if the middle components of the non-stationary solutions verify a
Morzwetz type estimate at the zero-derivative level, (4.8), then we can prove uniform decay
properties of solutions to the Maxwell equations in the domain of outer-communication of
the Schwarzschild black hole space-time, including the event horizon, by making use of
suitable Sobolev inequalities combined with energy estimates using the energy momentum
tensor of the Maxwell fields. We do not make any use of decomposition into spherical
harmonics. We start with a Cauchy hypersurface prescribed by ¢ = tg where the initial
data has to verify certain regularity conditions (there is no vanishing condition on the

bifurcate sphere for F'). Away from the horizon (in the region r > R > 2m, for a fixed R),
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we will prove that

C

Fyllw,v,w) < —F—
C
Fyllw,o,w) < ——r—t

~ A~

for all 1,0 € {%, %, %, 8%}, where F),,, is the Maxwell field. Near the horizon, and in the

entire exterior region r > 2m, up to points on the event horizon, we will prove that

C C
Fo - F <=
[ Fo (v, w,w)| - < max{1,v}’ [ Feres (v, 0, w)| < max{1,v}
C 2m C
F. - 1= <=
[ Foca (v, 0,w)] max{1,v}’ | r theq (U, W, W[ < max{1,v}

To explain really thoroughly:
If one tries to generalize the proof of Dafermos and Rodnianski for the free scalar wave
equation to the Maxwell equations, on the Schwarzschild space-time, using the Maxwell

energy-momentum tensor instead, some of the difficulties that appear are:

1. In order to bound the conformal energy of the Maxwell fields and their derivatives in
the direction of Killing vector fields, one needs to control a space-time integral near
the trapped surface r = 3m, that involves the so-called middle components of the
Maxwell field (see (4.44)). In fact, the terms in the space-time integral J) | obtained
by applying the divergence theorem on the Morawetz vector field K = —wQ% — 1)2(.%
contracted with the energy momentum tensor of the Maxwell fields, are non-negative
in a region g < r < Ry that contains r = 3m. It seems that this cannot be controlled

using these methods due to the presence of the other components with the ”wrong”

sign in the space-time integral generated from a space type vector field of control (see

. . . _ x\ 0
(4.49)). Indeed, using the divergence theorem with the vector field G = f(r*)5=,
where f is a bounded function, we will obtain a space-time integral and boundary

terms. However, the space-time integral obtained from G has independent terms
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that do not appear in J) that enter with the wrong sign, and hence it cannot be
made positive. We will prove that if we get past this, see assumption (4.8), we can
can then write a gauge independent proof of uniform decay of the Maxwell fields in
the exterior of the Schwarzschild black hole up to points on the horizon, using the

Maxwell equations directly.

. One needs to construct a new field which verifies the Maxwell equations and the
Bianchi identities, that coincides with the original field in some region and vanishes
identically outside another specific region (see the proof of (4.58)). In the case of
the wave equation Lg¢ = 0, one can multiply the initial data in the Cauchy problem
by a cut-off function, and consider the evolution of such data to obtain a solution
that verifies the wave equation and the properties stated previously. In the case of
the Maxwell and the Yang-Mills equations, if one multiplies the initial data by a cut-
off function then the constraint equations would not be satisfied anymore. It seems
at first sight that one cannot get a new field that verifies the needed properties.
While this is true if one wanted to do this for all components, nevertheless, one
can do this for all the components except to the F,; and Fyps components, where
the multiplication should be at the level of the space derivative of the components.
Hence, one can construct a new field that can be made to coincide with F' in a certain
region, and vanish outside another except to these last components. The somewhat
good news is that the calculations show that these "bad” terms do not appear in
the boundary terms generated from the divergence theorem applied to a space-like
vector field contracted with the energy-momentum tensor (see (4.52)). Hence, in our
assumption (4.8), we suppose that a certain space-time integral near the the trapped
surface r = 3m of the middle components, can be bounded by the energy without
the middle components, which would be the case if this estimate was obtained by
controlling the space-time integral by boundary terms generated from space type

vector fields multiplied by a bounded function, as shown in estimate (4.53). This is
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crucial to establish (4.58) that is the main estimate to bound the conformal energy

in (4.74).

3. In order to prove decay for a generalized energy that would control the L? norm
of the Maxwell fields near the horizon, one is confronted to a situation where it
seems crucial to control a space-time integral supported on a bounded region in
space near the event horizon, that contains all the components. We overcome this by
our assumption (4.8); it can also be used to bound the space-time integral containing

the other components as in (4.104).
Also, in addition to the above:

4. As opposed to the case of the wave equation, the flux of a generalized energy that
controls the L? norm of the Maxwell fields near the horizon do not contain all of

0o

\/1 — QTmFM;, \/1 — szFvw and /1 — 2TmFé¢3, and on w = constant hypersurfaces, it

contains only the components Fyy, Fj i F,;and F, e In addition, while using Sobolev

their components. On v = constant hypersurfaces it contains only /1 — QTmF

inequalities near the horizon, since % and % are not Killing vector fields this would

add an additional difficulty, while in the case of the wave equation, the squares of
these derivatives appear in the fluxes which are easily controlled. We get around these
problems by using suitable Sobolev type inequalities for each component, combined
with the Bianchi identities and the field equations, in a way that the derivatives in
the direction of 8% and % can be controlled by Killing derivatives, d; and Jq;, of

the components that appear in the flux to which we would have proved decay.

In the case of the Yang-Mills equations there is the additional impediment that is the
equations are non-linear. If one gets an energy identity for the Yang-Mills fields, one cannot
write directly the same energy identity for the derivatives of the field in the direction of
Killing vector fields, as opposed to the Maxwell fields, due to the non-linearity of the
equations.

More precisely, we will prove the following theorem,
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4.1.2 The statement

Theorem 4.1.3. Let (M,g) be a marimally extended Schwarzschild space-time. We know

by then that the exterior of the black hole space-time, (M,g), is isometric to (M, g) where,

g = —(1— 2ﬁ)dﬁ (112m)dr2 + r2(d6? + sin®(0)d¢?)
/r‘ —_ =

= ( dv®dw

_ 2m
)dw ® dv + r’do?

Let, ¥i—, be a Cauchy hypersurface prescribed by t = to. In a system of coordinates, let

Fu(w,v,w) be the components of the Mazwell field defined as the solution of the Cauchy

problem of the Mazwell equations:

VO Fas =0 (4.10)

VQF@Y + V,BF'ya + V»YFag =0 (4.11)

where the initial data prescribed on the Cauchy hypersurface ¥i—y, verifies the Mazwell

constraint equations:
v v 8
VY Fy (to, r,w) =V Fuy(a)”(to,r,w) =0

[VrFyp + VoFy + Vo Frg)(to,r,w) =0

We assume that for ro and Ry as in the proof of (4.55), (ro < 3m < Ry), and for

all t; = (1.1)%g, where to is any real positive number and i is any natural number, the
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non-stationary solutions verify

t=t;11 r —R* 2
[ B s
t r¥=r} S2
(&)

2(2) (2
< 1B @) + 1B (tis) \+Z |E;tF( D+ 1B p(tisn)])
7j=1

oI°].dr*do®dt (4.12)

where Q;, j € {1,2,3}, is a basis of angular momentum operators, and where

2+‘

)+ |Fs Fs 2172 sin(0)dOdpdr*

o = [ T -2 pr 1

that is the energy without the middle components Fyy and Fé(;;-

Remark 4.1.4. Our proof would work with any arbitrary product of Killing Lie derivatives
of F' on the right hand side of assumption (4.12), with an adjustment on the initial data

accordingly.

Then, we have,

C C
Fi- - F <=
[ Foi (v, w,w)] - < max{1,v}’ [ Ferea (v, w, W) < max{1,v}
C 2m C
F. - 1" g - =
| Foca (v, w0, w)] max{1,v}’ | r teq (0, w)| < max{1,v}

in the entire exterior region, up to points on the horizon, under certain regularity con-
ditions on the initial data prescribed in what follows, to which we also add the assumption
that in an orthonormal basis the limit of the initial data, and of its derivatives which appear
in the following, goes to zero at spatial infinity on the initial slice X—y,.

More precisely, away from the horizon (in the region r > R > 2m), we have,

Er

Fupllw,v,w) < ————
| Ml/|( ) (1+”UD

and,
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Er

Fopllw,v,w) < ———

for all normalized components 1,0 € {aw, 0 %, (‘%}’ and where Er is defined by,

1 5
() 2)
Ep = [ZOZOET]?tg)j(ﬁt)ZF(t—tO)—i— Syt =10)
=0 j=
- () () !
+z; z%Erj(él )j([ft)lF(t =to) + Er5(4l)5F(t =to)]2
=0 j=

where [ is the Lie derivative restricted on the 2-spheres, and where,

/ / 0= ZERE P 4 1F g+ RlUF R + Pl
r*=—o0 J¢$=0 J6=0
2m
+(w2 + 112)(1 — 7)[\Fvw|2 +| \ ])r sin(0)dfdodr*

and where,

B (1 = ) / / / 1—7 V(F gl + | Fggl?) + | Fogl2 + |Fy ?

6=0 Jo=0
+(1 - 7)(|Fw‘2+| 519)].r% sin(0)dfdpdr*

We expect the angular momentum derivatives, or any other Killing derivatives, in the

assumption (4.8) to come out due to the presence of the trapped surface r = 3m. Hence, we

also assume - although we can make the proof without the following assumption by using

only (4.8) with the price of losing more derivatives on the initial data - that the solutions
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we are looking at verify

i =i 2, 2 2 (5 5(5)
L e G )L dotae S 1B 01+ B )
r*:ro
(4.13)

Then, near the horizon (in the region 2m < r < R), we have

E E
Foo(v,w,w)] § —2 |Faaww)] S —F—
max{1,v} max{1,v}
E 2 E
Foegw,w)] $ —2— 1= P, (0, w,0)| § —2—
“ max{1,v} r “ max{1,v}
for a € {1,2}, and where,
&) >\ ) S ) s
_ ot _ ot — 4 \13
El B [ZETJ(¢)JF( _t0)+ZErJ(¢)JF( _tO)+Z:E’I‘](¢)]F( _tO)]2
where,
#(5)
BB =t = [ [ 10 IR + gl + (gl + 1)
+(‘F{;ﬁ;|2 + ¢39A| )].T2d0'2d7“*(t =tp)
and where,
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1 2
9 #(2) #(2) 1
By = [EF + Z Z Erj(z)J(ﬁt)iF<t - to) + ETg('aé )3F<t - to)] ’
i=0 j=1
- (2 (2)
J— t J— t J—
- [E%z%Eﬂ(ﬁmmF( )+ E s yer(t = 10)
1=0 j=
o (K) (K)
* ZO Zo B yeort =)+ By ypt =)
1=0 5=
R PR C S T
e iy Y 0 (g yrs Y
1=0 5=

4.1.5 Strategy of the proof

We decompose our proof of decay for the Maxwell fields, on the Schwarzschild black hole,
into two parts. The first proves decay away from the horizon (in the region » > R where
R > 2m, arbitrarily fixed), and the second part deals with the region near the horizon

(2m <r <R).

In the first part

All integrations will be done on spacelike hypersurfaces prescribed by t = constant, and
space-time integrals will be understood as integrals on a region bounded by those hyper-
surfaces. The starting point of our proof is a suitable use of Sobolev inequalities. Sobolev
inequalities permit one to bound the L norm of the square of the Maxwell field (the
square is taken with respect to the scalar product on the Lie algebra <, >), by the L?
norm of the Maxwell field and its derivatives up to some order. And yet, the L? norm
of the Maxwell fields and their derivatives in the direction of Killing vector fields can be
controlled away from the horizon by the energy E@) of those (energy obtained from the
vector field %). We lose control on the L? norm of the components Fi, F & F.s F; é of

those fields near the horizon due to the presence of the (1 — 22) term (that vanishes at the
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horizon) that appears in the expression of the energy. And so, since the covariant deriva-
tives of the Maxwell fields in the direction of non-Killing vector fields can be transformed
into covariant derivatives in the direction of Killing vector fields by using the field equa-
tions and the Bianchi identities, one can bound the L? norm of those fields by their energy
which is conserved, because we have conservation of energy for the Maxwell equations and
therefore for their Killing derivatives because the Maxwell equations are linear. This way,
we can bound the Maxwell fields away from horizon.

However, if we prove decay of the local L? norms of the Maxwell fields and their
derivatives in the direction of Killing vector fields, we can prove decay of the Maxwell
fields. The key point is that the L? norms here can be taken to be space integrals on only
a bounded region. This way, away from the horizon, they can be controlled by a piece
of the energy integral, that is the energy as a space integral without integrating on the
whole space, but only on the bounded region (this is because the terms that appear in the
space integral of the energy are exactly the squares of the Maxwell fields, multiplied by the
term (1 — 27’”) for some components). These energies taken on a bounded region of space,
can be bounded by the conformal energy (obtained by taking the Morawetz vector field
K = —wza% — vza%) divided by the minimum on that region of v? and w? (see (4.72)).
Consequently, if we bound the conformal energy, we have shown so far how one can possibly
obtain decay from this of solutions to the Maxwell equations away from the horizon.

To bound the conformal energy of the Maxwell fields and their derivatives in the direc-

tion of Killing vector fields, we proceed as in the following enumerated two steps:

1. We will use the space-time integral JI(;G) in our assumption (4.8), of which the terms
are positive, to control J I(TK) (the space-time integral obtained by using the divergence
theorem on the Morawetz vector field K contracted with the energy momentum tensor

of the Maxwell fields) in the following sense, see estimate (4.55):
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J( )(tz <t< tz—i—l) S ti_,_lJ}(;‘G)(ti <t< ti_,_l)(?“o <r< Ro) (4.14)
and from our assumption (4.8), we have

Tt <t <tipq)

3
(% 2 (%)
S B (1)) + | BR (ti) Z IELQ r(ti)] + |ng§ F(tiv1)])

(57

QJ‘QJ

21) is

where Q;, j € {1,2,3}, is a basis of angular momentum derivatives, and E

the energy without the middle components, see (4.9).

. We construct a new field, F , such that it verifies the Maxwell equations and the
Bianchi identities, and it coincides with the original field in some region and vanishes
identically outside another specific region for the components which appear in the

boundary terms E(at)( t), so that we could write:

(K)
2 (57) Ep (1)
B ) 5 7L (415)
and consequently (see (4.58)):
Tt <t <t )(
F i U > U4l TO<""<RO)
< —EI(, 2 ZEQ Lt =1t,) (4.16)

1
+—E(K)( =tir1) + —ZE(K) (t=tis1)
'L+1 z+1 j

For t; such that ¢;11 = (1.1)¢; (where i is an integer), and |r*(ro)|+|r*(R)| < 0.4¢;, we
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can make use of the divergence theorem to properly commutate these inequalities,
and use the fact that the series > ti converges, to establish a uniform bound on
the conformal energy that depends on the initial data and its Killing Lie derivatives

derivatives. We obtain (4.74):

K
EGO(1)
&) (K) M
< 8 pu— pr— pr—
~ EF,;4F7r2(4)2F7r3(4)3F(t t0)+EF,r¢F,r2(¢)2F(t to) = EF
(4.17)

In the second part

To obtain decay near the horizon, we are going to integrate in rectangles in the
Penrose diagram representing the exterior of the Schwarzschild black hole, of which

one side is included in the horizon. We will apply the divergence theorem with the

vector field H = — ( lh_(%) a% — h('r*)a% contracted with the energy momentum tensor
of the Maxwell fields, where h > 0 is supported in the region 2m < r < (1.2)r;
for r1 chosen such that, 2m < rg < r; < (1.2)r; < 3m, and where h is such

that lim«_,_ h(r*) = 1, and for r < ry, we have h > 0, b’ > 0, b/ < %"h,

(1— QTm)%h < B, and (1 + %A < 2mh’_ By applying the divergence theorem

r2 = (r—2m)

in the rectangles described previously with H defined as such, we get that the flux

through the hypersurfaces prescribed by v = constant is roughly speaking the L2

norms of 4/1 — QTmeé and /1 — QTmeq;, and the L? norms of /1 — QTmFM, and

1-— 27mFé & In addition, we get a space-time integral supported near the event
horizon —I}H), of which the terms are roughly speaking the squares of F_;, and F, &

and roughly a factor that goes to zero when r goes to 2m multiplied by the squares

of F@uy, Fé(f;’ Ff;év and Ff;q@

3. In order to prove decay for the flux of H, that is a generalized energy that would
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control the L? norm of some components of the fields near the horizon, one is con-
fronted to a situation where it seems crucial to control a space-time integral supported
on a bounded region in space near the event horizon, that contains the non-middle
components. This could be overcome by the assumed Morawetz estimate, (4.8), that
could be used to bound the space-time integral of the non-middle components as well.
Just to simplify the calculations we assume that we have (4.13), since we expect the

derivatives in assumption (4.8) to come out due to the trapped surface r = 3m, i.e.

t=tiy1 [r*=Rp 1
/ / [|F@w|2 + *|F$é|2]|’r* - (3m)*|.dr*d02dt
r S? 4

t=t; *=rg

~ (O ~ (O
< B (1)) + B9 (1) (4.18)

~

Hence, away from the horizon, in » > ri, the space-time integral, \I}H)], can be
bounded by the standard energy supported on a bounded region in space, to which
one can prove decay due to the boundedness of the conformal energy that we would
have already established in the first part.

Near the horizon, in r < rq, the choices A’ > 0, b/ < i—?h, (1-— 27m)%h < h' were
constructed on purpose to obtain 0 < —II(TH) (r < rp). This last fact will lead to
an inequality on —I}H), that involve the flux of the standard energy that one can

bound, and that from the vector field H on v = constant hypersurface, (4.107), for

v; = t; + 1%, and w; = t; — r}, where t; is defined as in the first part, t; = (1.1)%:

_ éH)(m < v < vip)(w; <w < o0)(r < rqp)

—FD (0 = v (wi < w < 00) = F (w = 00) (v < v < vi41)

(59 (10 = 10) (v , () () — 1) (w0,
Fpot(w = w;)(v; <v < viq1) — Fp /(v = 1) (w; <w < 00)

A

0
HEY (—(0.85)t; < r* < (0.85)t)( = t)|

(4.19)
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Using the Cauchy stability one can bound the flux from H by the initial data pre-
scribed on the initial Cauchy hypersurface, and hence bound the space-time integral

- I(UH) (r <r1). In addition, we can prove inequality (4.111):

inf —FI(,H) (v)(w; < w < o0)

0, SV<V; 41
< }H)(vi < v <) (w; < w < oo)(r <)
~ (Vit1 — vi)
F)
+ sup Ffpm)(v)(wi <w < o0)(r >r) (4.20)

0, SV<V;41

To prove decay to the flux from H on v = constant hypersurfaces near the horizon
and on w = constant hypersurfaces on a segment of fixed length in v, we apply the
last two inequalities above in the rectangle prescribed by [v;, viy1].[wi, 00], and we
commutate them properly. This will lead to decay in vy = max{l,v} of the flux
from H on v = constant near the horizon, and on w = constant hypersurfaces with

a fixed length in v, as shown in estimates (4.119) and (4.120)):

(Z) #(5%) M
B} EL % (t=t E
_Fwen<r<r) g I T USR] g
Ut
and,
(%) #(5) M
E.ot E7 9 (t=1 E
PP w—1<use) g IR TS0 EET] g
vy
Finally:

. To prove decay for the normalized components Fj; and Fg ., we make use of a
Sobolev inequality restricted on w = constant hypersurfaces with a fixed length in
v. Using the field equations, the L? norms of derivatives in the direction of 6% can

be controlled by the L? norms of Fie,, Fie, and of their angular derivatives, and of
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Fyp and Fe e,. This leads to a bound by the flux obtained from H on w = constant
hypersurfaces, of F' and its angular momentum derivatives. Since, those are Killing
derivatives, and since the Maxwell equations are linear, and we proved decay of for

the flux, this leads to the desired result.

We do the same to prove decay for the components Fy., and Fj., except that this
time, the L? norms of the derivatives in the direction of % can be bounded by the
L? norms of the time derivatives of Fpe,, Fpe,, and of the angular derivatives of Fyy,

Fele,, and of Fye,, Fje,, using the field equations and the Bianchi identities.

The components 4/1 — 2TmFu‘;e1 and /1 — 27mFu;eQ can be controlled by using a Sobolev

inequality where we integrate on the hypersurfaces v = constant. As a result of di-
rect computation using the field equations and the Bianchi identities, the L? norms

of derivatives in the direction of % can be controlled by the L? norms of time

derivatives of /1 — 2TmFﬁ)el, v/ 1 - QTmFmez, of angular derivatives of 4/1 — QTmFM,
\/1— QTmFeleQ, and of /1 — QTmFﬁ)el7 v /1= 2TmF@62. Making use of the decay of the

flux from the vector field H on v = constant, we obtain decay of these local L2

norms, and hence we prove pointwise decay for /1 — 27’” we,s @ € {1,2}.

In order to cover the whole exterior region in theorem (4.1.3), we chose in the first part

R = rq, and we can choose 1 = ryg.

4.2 Conservation Laws

Let ¥, be a an anti-symmetric two field valued in the Lie algebra. Consider the energy-

momentum tensor

1
T,,(¥) =< T3, ¥,° > — 8w < Uog, U0 > (4.23)
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Considering the Schwarzschild time ¢ (see (6.112) in Appendix), and considering two space-
like hypersurfaces Etxl, Ztg, ty > t;. We consider the region B = J+(Zt/1) N J‘(Et;) NnD,
where D is the closure of the exterior region of the black hole, known as the domain of
outer-communication of the black hole.

Considering a vector field V¥ we let
Ju(V)=V"T,, =T

We have,

VEL(V) = 0Ty —T(VFey, V) = VFTy + T(ey, VHV)

Hence,

VAIL(V) = VP +T(e,, VFV)
= VY(V'T,) + (VFVY)T,,

= VY(V*T,,)+ 7Ty,

(by symmetry of T')
Applying the divergence theorem on J, (V') in the region B bounded to the past by X
1

and to the future by X 0 and by a null hypersurface N, we obtain:

/V”(V“Tw)dVB—i—/ o (V)T,,dVe = Ju(V)ntdVs , —/ J,(V)ntdVs, ,
B B DY t Dy ty
1 2

- / 1. (V)nk dvi (4.24)
N

where n# are the unit normal to the hypersurfaces X, nf is any null generator of N, dVy, are
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the induced volume forms and dVy is defined such that the divergence theorem applies.

Considering the Maxwell field F, as it verifies (4.10) and (4.11), we have
VT (F)=0 (4.25)

Also, considering the spherical symmetry of the Schwarzschild black hole, the angular
momentum operators are Killing and therefore Lo I verifies the Maxwell equations(4.10)

and (4.11), and thus
VYT (Lo, F) =0

where ; is a basis of angular momentum operators, j € {1,2,3}.

And given that % is Killing, we have
VYT (L F) =0

Taking ¥ any product of Ly, Lq;, and F, where Q;, j € {1,2,3}, is a basis of angular
momentum operators, we get that U satisfies the Maxwell equations (4.10) and (4.11)

since % and €, j € {1,2,3} are Killing vector fields. Hence,

VT (¥) =0 (4.26)
Let,
2
w= Tm (4.27)
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Now, let’s compute,

< Uyp, 0P >
= < W, U > 4 < Wy, U > 4 < Uy, 092 > < Wy, U0 >

—2 1
= < \ijom\pva >4+——< \Ilvomqlwa > +ﬁ < \IIQOH\IJOOC >

(1—p) (1—p)
m < W4, Ut >
= g <Yl _(liu) < g B > — gy < W, 0 >
— < Wy, U0 > — 2 < Wy, Uy? > — < Wy, U >
(1—p) (1—p)

1 1
+— < Wy, V" > +— < Wy, Uy > +— < Wy, Up? >
T T T

_l’_

1
< Wy, UV > 4o < Wyg, 0,0 >
¢v, Vo Tan? $0, Vo

1
—_— < Wi, Vo > +——
r2sin? 6 n<é gw> £ r2sin? 6
—2 2
= S < Uy, Vg > —

Uope, ¥
P21 1) = et =t

5 < Wup, Yo >

4
(1—p)
< \I/vd), \I/w¢ > +

r2sin? 0(1 — p)
2 2
———— < VU, Vg > ————55—7—
r2(1 —p) vhs Ful r2sin? 0(1 — p)

2
—— < Uy, Uy > ————
e (R0
2 2
S S . S
r2sin? 6(1 — p) v o r2sin? 6(1 — p)

-8
= W, Uy > —
7"2(1 _M) < w6 vl >

2 < \Ilvunlllwv >

4

(1—n)
1

< U, Vo > +———— | gy |?

0wy ¥ 0w +r4sin29| 9¢‘

1
< \Ifd)w,\I/qgv > +’l“4 ’\If¢9‘2

sin? 6

< Ui, Uy > — | Wyl® +

8
r2sin? 0(1 — p) (1—p) r4sin? @

Computing,

1
Tyw = < ‘;[jw,é’,\pwﬁ > _§gww < \Ilaﬁ7\pa6 >
= < W, Uy > 4 < W, U0 > 4 < Wy, 0,0 >

1 2 1 2
ﬁ|qu0| +m|\pw¢’

107



Ty = <\Ilva7\11va>
= < \I/vwa\lj'uw >4+ < \IJ’UO’\IJ’UG >+ < \I]v¢a\:[/v¢ >

1 2 1 2
= il gl Tl

Tow
@ 1 af
< Woya, Pyu™ > _ngw < \Ijoz,Ba\Ij >

1
< \I’vwv\llww >+ < ‘1’u97‘1’w9 >+ < \I/vdnlllwd) > _ngw < qjaﬁalpaﬁ >

1
W Uy >+ < U, Uy > +———
(1 _ ,U) vwy £ wv +7“2 vl ¥ wbh +7“2 sinZ 6

(1 —u)[ -8
8 r*l-p)
8

(1-p)
9

(1—p)
1
_ﬁ < \I]w07\pv9 > =

1

(1-p)
1

(1—p)

< \I’U¢, \I’w¢ >

+ < W0, Wy > — < \I’w¢,\I/U¢ >

r2sin? 6(1 — p)

2
W |* + m"l’a‘)@m

1
2
|\Ijvw| + ﬁ < Wyg, Uiy > +T2 <in g

< \I/U¢, \I/w¢ >

2sinzg ~ Vwer Yoo >

(1 - M) 2
— |
474 sin29’ |
(1—p)

4rd sin2 0

Wy |* +

Poul® + [P0l
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Tho

1
= < Wy, ¥p* > — 80 < W, U >

= < \Ilgv,\Ifgv >+ < \Ifgw,\Ifgw >+ < \I/9¢,\I/9¢ >
ﬁ[_ig
4°r2(1—p)

8
(1—p)

= < Woy, Yoy > —

(1—n)

< \I]w97\1’v9 > = < ‘ijqba \I[U¢ >

r2sin? 6(1 — p)
W |* + m\%elﬂ

1 2
< Wou, Yoy > +W|‘I’9¢’

2
(1—p) n”

O—u)<WWA%9>+mP%i—m
+(12_7;)|\I/W|2 - Wlmge
= G:M<m%m%>+
+(12_i)2|\1/vw|2 +

< \I’w¢, \IJU¢ >

[Wgp|?

T W Uy >
sin? 0(1 — p) W Tee

T W,
2r251n29| o0l

Ty
a 1 af
< \I/(ba,\lfd, > —qugqg < \I/ag,\I/ >

< W, Ut > < Wy, U > + < Ty, Uy >
72 sin? 0 -8 8
SR VIR . —
4 [r2(1 — 1) wéh Tl r2sin? 0(1 — p)
8
(1—p)

(1—p)
2sin? 6

2
(1= p) (1—p)
2r2 sin? ¢ 9 1 9
W|‘I’vw| —272|‘I’¢6\

-2 2sin? 6
< \I/¢v7 \I/¢w >+

< \I/w¢, \I/v¢ >

W |? + W 40]°]

r4sin? 0

1
< Wiy Uy > — <gwwm>+ﬁwwﬁ

2
(1—p)

< ‘I/wo, \I]’UH >+ < ‘Iluxj)v \Ilvgb >

(1—p) (1—p)
2r2 sin? 0 1
W|‘I’vw|2 + 273“1’(;56‘2

< \Ifwa, \IIUG >
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This gives,

78T, 3
= T + Toum? + 2Ty + Tygn®® + Tyyn?®

-9 w
|‘Pw¢|2](mavv )

2 ()
\‘PWP](W@UV )

|0 l*)(

1
= [T+ ——
[7“2‘ wol” + r2sin? 0

1
W — =
+[T2’ vl + r2sin26

(1—n)
4r4sin?

1
(1—p)
-2 2
(1—p) sin? 0(1 — p)
272 1 (1 —p)
S /SN 1 e | A
+(1*M)2‘ | +2r2sin29‘ sol'l(

273
-2 2sin% 6
+[ < W, ¢w>+(1_u)

(1= n)

2r2 sin? 6 1 (1—p)

O T2 4 [ WA (e Py e
(et MU )

(1—n)

-1
(1—p)

+2] || +

< \I/9v7 qj@w >+ < \Ilu@a \I]wﬁ >

(V2 =V®)

< \I/wea ‘;[IUG >

—2
— |, 2 — 0,V
rQSin29| ol ]((1—,u) )
[ W2 4 s [T 2] (- 8,V
p2 158 r2sin? 0 vé (1—p) w
(1—p)

4r4sin2 6

1
— [5lVuol +

1
(1—n)

472
T vl

+] | +

+[

r2sin? 6

Thus,

7 (V) Tap(¥)

-2 w
!‘Pw!z](m@v‘/ )

-2 .
\‘I’w!z](mawv )

Do) (~2[0, V" + 0,7 +

1
S e Y -
[7‘2‘ wol”+ r2sin? 6

1 1
Bl N P
+[7‘2’ vl + r2sin? 6

1

1
Wy + ———
2| vwl 4rtsin? 0

BT
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[0,V + 0, VY +

3u—2)

-V

(4.28)
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4.2.1 The vector field %

Let,
0
Y — (Y
" =1(3)
We have,
o _ oo oo
ov  Ovdt Ov Or*
_ 10 19
20t 20r
o _ o oo
ow  Owodt Ow or*
_ 10 10
20t 20r
Hence,
o _ 0 0
ot v Ow
= t”g—l—twi
ov ow
where t¥ =1 and t* = 1. Thus,
0
B ) Tos(
79 () Tap(¥)
1 1 -2
= [S5|Wul? + == Vo ] (= Opt™
2 Wutl? + o e P (g 201”)
1 1 -2
Wl + ——— T P (—— O t”
1 1
S N [ ——— (YL () ] P R I
+[(1—M)2‘ | +4r4sin29‘ ool ) (=2 + *
=0
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(3p —
2r

2)

(4.29)

(4.30)

(" = t%)])



In fact, since % is Killing, its deformation tensor vanishes, i.e. W“B(%) = 0, therefore

.
™ 5%)%(\1}) =0 (4.31)
Let,
d 19
= = — 4.32
) 1

0

We also assume that,

lim Wp(t=1ty) =0 (4.34)

7—00

From a local existence result that ensures that a certain regularity will be conserved, one

can prove that the condition above will be satisfied for all time, i.e.

lim W, (t) =0 (4.35)

T—00

Thus, we will have no integrals on spatial infinity.

Applying the divergence theorem to the vector t#T),, in the region B bounded by two

hypersurfaces ¥;, and ¥, defined by ¢ = constant, where to > t1, we get,

:1

(W)dVs + /B (VT (1)) dV

m\m\

t(VH TIW ))dVp
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We have,

dVs, = (\/(1 — w)rtsin?(0)dr*dode = (\/1 — p)r2dr* sin(0)dfde

(we have sin(6) > 0 because 0 < § < 7). Thus,

dVs, = (v/1 — p)ridr*do®
On the other hand,

Ty(¥)

1
= <00 > —78ii < W, U >

1 -8 -8
= < \I’gﬁ,\ylgﬁ >+ < Wy, Vg > +

— = g g
4[r2(1—u) < Hwe, Yvg >

r2sin? 0(1 — p)
-8 2
o [V |2+ = [ U g
. 1
2 2
= gM< Wig, Wpg > +[-2 < W5, W5 > =2 < W0 W > —2| Wy + 5\%9! ]
< \Iffﬂ,\lftﬁ > = — <K \Ifﬁ, \Ifﬁg >+ < \I’tA,,A*,\I/gTA* >+ < \Ilfév\llfé >+ < \I’%,\Ifﬂi >

= Wy P Wl + W)
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From (4.29) and (4.30), we get,

0 19 10 0

o (f G = 31 3 )
(o

PN W)

Ty + 5%9 (4.36)

v,

N~ DN = »e

0 0 10 190 0
M — _ _ H v
#V(aw) (89) \Ij#ll(23t 2 Or* ) (5'0)
0 0 1 0,0
M (WY
1
Wiy — 5 Wy (4.37)

v

N =N~
S

and similarly,

1 1

Upg = =Upy— =Wy (4.39)

Thus,

r—Was War W5
to *0 to *6
<V 5V, > = < 5 e, 5 r

= [I‘I’ iol” = 1¥,gl]
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and,

<V Vs> = [\\I/t¢|2 g f7]
We have,
\Ijvw
o o 10 10,18 10
e y: — _ me- - v
V(5" (50)" = U G + 555" G5 ~ 25
1 g. 0 9 1 d 9 d
= — v M= 14
1) G~ o) T 1 ) (G~ )
1 9.0, 1 9., 0 1 9 o 1
we _— \V v - wi =\ m

Since ¥, is anti-symmetric two tensor, we get,

\Il'uw =
Therefore,
Ty (%)
1
2 2 2 2
= |9 il 11"+ 51

1
= U+ [Tyl + [Tyl + 1217

Thus,

1 0 0

S V) ()"

1

*\Ijr*t

2

1
- !‘Ifgglz]JrgH‘If;* = W]

W g+ [P 40%
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T (VHT,,(¥))dVe

(DT, — [ /T,

t1 Etg

1 2 2 2
AR L R L R g LAY

2 —+ ’\I/TA*(%’Q + ’\Ifqgé‘2](1 — /L)T’Qd?”*dUQ

Il
— — 55—
~

1
_/ *H\IJ%*F + ’\Ilfé|2 + |\I/£q§’2 + W 5 2+ |\I’1:*¢g’2 + ’\I’qgé|2](l — ,u)r2d7’*d02
t

2
_ B () - B — 4.41

v (t=1t) - By (t=1) (4.41)
where,

0

B9t = 1) (4.42)

1 *
= / —5[\‘1’%&2 F Wl 1O 4 [P+ [V g+ 1957 (1 = p)r?dr*do?

S,

Taking ¥ any product of £;, Lo, and F', where ;, j € {1,2,3}, is a basis of angular
momentum operators, since [ T"(V*T),,(¥))dVp = 0, we have conservation of the energy

generated from the vector field %.

4.2.2 The vector field K

Let
0 0
_ 209 20
K = —w 20" B0 (4.43)
w0
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We have,

Computing,

7 (K)Top(T)
2

1 2
= LMl g PR

2 v
"I’UMZ](W%K )

W) (~200, K" + 2, K + B D g0 ey

2r
(3M2; 2) (—'1}2 + w2>])

(3:“_ 2)( 2 2)]

1
WP =
+[7’2‘ ool + r2sin2 60

1
(1—p)?
WP+
(1—p)2 "

1 1
[m‘\va’Q + m‘\lf¢9’2][4(v +w) +

1

+ Wyl + ———
[ [Zoul 474 sin® 0

1

w —v

B2 () ) [y W+

T Tp(W) = (o w)id+ = ool

4r4sin?

Recall that v and w are defined as in (6.108) and (6.109), thus,

v+w = 2t
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Therefore, we also have,

(B — 2)r* 1

1
BR)T5(T) = 4t[2 . Uyl? + ————— [T yp|?
R Tap(W) = a2+ A [ W el
(4.44)
We define,
t=ti11
T (4 <t < ti) / / / ()dVol (4.45)
t r¥*=—oco J 82
Computing,
EE) (1) / / Ja(K)n®dVoli—,(t = t;) (4.46)
*=—00 JS
where
9
n® = — ot
(1—p)
and
dVoli—s, = r*\/(1 — p)do*dr*
K
ESO ()
ri=eo 1 0 « 0 « 2 2 7. %
= Sz—\/ﬁ[(%) +(87w) JJo(K)r°\/(1 — p)do=dr
1
= / 7[—1)2%1, — W Ty — Ty — ngww]rgx/ (1- ,u)danr*
sz /(1—p
1
= Vol + 55— W/
/ /S iy Vol + g el
1
7\1,1] 20— qg,,P
tv [r2(1 )’ 6‘ r281n20(1—,u)| 2
1 1
2 \Ilvw 2 i 2 2 1— d 2d *
Tl )[(1—/1)2‘ | +4r4sin29‘ ool 1= (1 = p)do™dr
(4.47)
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4.2.3 The vector field G

Let
o 0 o 0
G = )+ ) (1.48)
wa Ua
G %+G 50
where f(r*) depends only on r*.
Computing,
0 w o* o ., O0td .,
" T awor Towa®
10 .
B _iar*G 0
1,
= 5f
Wheref':%f
Similarly,
J ., o9 _, 0td
2% = wor® Taa’
10 .,
B 587‘*(; +0
1,
= 5f
0 or* o ., O0to .,
2% = o Tova
10
B 587“*G 0
1.
= _if
9 o* o , 0to
2" T wor” Tawa”
10
B _587’*(; 0
1.
= _if
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1%(G)Tap(¥)

= (a1l + g ey )a )
Heg ol + g PPl 0u?)
ol 4 o WaPl-20.60 4 0,67+ D6 - v
= [l + g Ve Pl 50
gl + g [ (1__2M)(—;f’))
ol + g el )25+ 57+ P2 4 1)
— Il + g Pl )
ool + P )
ol + o a2+ P2 g
Finally, we obtain,
TP (U, ) map(G)
= ol + o el + 0 + e
= Pl + g Wl + £ 3= 2) (1.49)
Computing,
EP ) / L /S 2 U, )ndVoly—y, (t = t;) (4.50)
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o)
t

where n® = — \/(‘;’7_7#) and dVoly—y, = r%\/(1 — p)do?dr*. Thus,

@y [ 1 9 2T e
B0 = [ [ e ) e O it

Recall (4.29) and (4.30), thus,

0
G = 1)
Therefore,
@y T _ 27 2 %
E\Il (tl) = thr*(‘ljuV)r do“dr
r*=—o0 JS2
Ty = < \Ijtay\pr*a >
= W, U > < W, U > < Wy, 0P >
1 1
= 2 < Wi, Wpng > +m < Wi, Uy >
Thus,
G
By (t;)

r*=oo 1 1 .
= /* - _f[ﬁ < \I/tg,\l’r*g > +m < \I’t¢, \I/T*¢ >]r2d02dr
r*=—00
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4.3 Bounding the Conformal Energy on t = constant Hyper-

surfaces

Let ¥ be any product of Ly, Lg;, and F, where Qj;, j € {1,2,3}, is a basis of angular

momentum operators. We know by then that we have (4.26).

4.3.1 Estimate for E\(I,G)

Let f in (4.51) be a bounded function of 7*. Then, we have

(D 2
B (=) S 1B (t = 1) S B (6 = 1) (4.53)
where,
~(2) =00 / 1 9 1 9 1 9
Eot) (1) = s — | —— |V,
v () oo Sz[r2(1—u)| a +7"2(1—,u)sin20| 16| +r2(1—u)‘ o
1 *
+7’2(1 ~)sn?0 |, |22 (1 — p)do*dr (4.54)
Proof.
We have,
G
B (1)

1 .
Sy < Ve Vg >]r?do?dr¥|

r*=o0 1
= ’/ _f[7<qlt97qlr*9>+2.
oo JS2 r r?sin

AN

/T:m/ I 1P+ 200 i [ 2 s [0 Pr2dodr
— — * —_— _ * redo“dr
oo Jg2 T2 0 p2ln e r2sin2g ¢ r2sin2g' ¢

(by using a.b < a? + b?)
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r*=o00

1 1 1
S ST 7R S R
B R e L e o oo
1
72(1 — ) sin? @

< B9 =y,
|y (t = t5)]

N

+ Wy P72 (1 = ) do?dr*

(because f is bounded).

Then, we have,

1 1 1 1 1 .
2+ 5\11/{@\2 + 51\1/%;2 + 5\\1/,;*912 + 5\%&\2 + 51\1/%\2).7«2(1 — p)do?dr

r*=00 1
= — _— m;\/\*
/’I"V*:—OO /52(2’ tr

and therefore,

1%}

ERe=rl = [ [ e,
w —wlh= G0 id

*=—00

2 W2 4 [0 P (L — p)dodr”

< 1BW (4=,
|Eg (t = t;)|

O
4.3.2 Controlling J\(I,K) in terms of J\(I,G)
Tt <t <ti) S tip St <t < tivn)(ro <7 < Ro) (4.55)
where rg < 3m < Ry. And we have,
Eft=ty) < JOW<t<ti)+EP=1) (4.56)
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Proof.

We have,

TSNt <t < tig)

bita =0 (B — 2)r* 1 1
= 4t[2 + . Uool? + ——— Tl ?)72(1 — p)do?dr*dt
t=t; /T*:oo /Sz [ r ) [(1 —,u)2| vl 4r4sin29| ool (1 = p)do™dr

We remark that [2 + M] is positive only in a bounded interval [rg, Rg| where

ro > 2m and Ry > 3m. To see this, notice that,

— 9)p*
lim [2+M]:—oo
r*——00 r
and,
— Q) p*
im 24+ CE=DT o 9y =0
r*—00 r
and
3u—2)r*
im 2+ B 50050
r—3m r

More precisely, let’s look for the region where J&,K) (t; <t <t;11) is negative:

2+T7(—2+3M)§0

when
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Choosing 1 small enough such that (3up — 2) > 0, then we need ry such that for r < rg ,

N 2r
r —
(3 —2)
so choose rg such that
2ro
rg < ——n <0
= (Buo—2)

or choose Ry large such that (3u(Rg) — 2) < 0, and such that for r > Ry, we get,

2r
r* > — >0
(3u—2)
then choose R such that
5 * 2Ry

(3u(Ro) — 2)
In conclusion choose rg such that

27’0
ro < ——mmm—= <0
(3p0 — 2)

and choose Ry as the infimum of all P:O such that

*z———gﬁ——>o (4.57)
(3u(Ro) —2)

>

Then in the region r < rg or r > Ry we know that the integrand in JI(DK) (t; <t <tit1)

is negative.

Thus,
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TSt <t < tign)

i1 = 2)r* 1 1

< 4t[2 : Woo|? + ——— Wyl ?]r%(1 — p)do?dr*dt
N /t /*—r /s? } [(1*H)2| vl 4r4sin29| ool Ir™(1 = p)do™dr

Y — 2)r* 1 1
<t 42+ . Uowl? + ———5—|Wyo|?r2(1 — p)do?dr*dt
B H1/15 /*r;; /S2 | T ] [(1—M>2| vl 4r4sin26’| ool Jr(1 = p)do™dr
< /Z+1 / _R*/ Wol? + — |y 2]dodr™ dt

. o - g -ar

>t t e Jg2 (L= )2 4risin?g'

e — 2 1 2 2 % 2
s /S L X 0 Wsal? + 1055 PLour (1 = P do*ae

t r* *
< tz’+1Jé, )(ti <t< tz’+1)(7"0 <r* < Rp)

O
4.3.3 Estimate for Jé,K) in terms of E\(I,K)
For,
tivy1 <t;+ (0.1)ti
and,
|r*(ro)| + |r*(R)| < 0.4¢;
We have:
J(K)(tz <t<tiy1) S tz’—HJ(G)(ti <t< tz’+1)(7”0 <r < Rp)
K
S/ ’LJrl[ E( t2 ZE»CQ \Il (458)
o B = 1) + ZEﬁﬂ w(t = tis)
1+1 i+1 j=1
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Proof.

We have, from assumption (4.8),

G (2
T b < < tig) S 1B (1) + 1B (1) + \Eéff (tir1)] + !Eg?f ()]

Let ¥ be an anti-symmetric 2-tensor, defined by the following,

T * ~ 2r* *
Wt =t;,77,0,0) = X( . YWt = ti,r",0,0) (4.59)
T * ~ 2r* *
Vit =ti,r",0,0) = X(— )Yyt = i, 17,0, ) (4.60)
T * ~ 2r* *
Vot =1t,r",0,0) = X(T)‘I’,:*g(t =t;,r",0,0) (4.61)
2r*
Byl = t17,0,0) = X)W (0 = 11,7°,60,0) (4.62)
. o
VoW (= ti,7%,0, ) = X( : W Tpn (t = ti,7%,0, ¢) (4.63)
2r*
Vot = i1, 0,0) = R(T) Ve gt = ti17.6.0) (4.64)

where X is a smooth cut-off function equal to one on [—1,1] and zero outside [—3, 3].
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And for,

t
e e < 4.65
Y (4.65)
Vot =ti,7%,0,0) = W.it=t,r"0,0) (4.66)
\f/%(t:ti,r*,ﬁ,gb) = \I/éqg(t:ti,’l"*,g,qb) (4.67)
And for,
ti <t <tip (4.68)
VA, =0 (4.69)
VoVl + V¥ + V¥, =0 (4.70)
Then, we have that for,
ti « i
—— <r <=
2 T2

\Iluy(t = ti,"f’*, 9, ¢) = \I/uy(t = tia T*v 07 d’)

And for
T*S—%and,r*z%
4
for,
(k1) € {(r",0),(r", 9), (¢,0), (t,9)}
we have,

i’kl(t = ti,?“*, ‘97 ¢) =0
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Now, considering the region
t; <t <tit1,and 1o <7 < Rp

where

ti+1 < ti + (O.l)ti, and |T*(TQ)| + |T*(R0)| < 04751

clearly, on t = t;, we have \ifW(t =1;) = YV, (t =1;), in the specified region. However,
since the information from the initial data propagates no faster than the speed of light,
i.e. along the null cones t = r*, and ¢t = —r*, then in the region ¢t; < t < ;41 we have
U, =0y, if ry > —4 4 (0.1)t; = —(0.4)t; and Ry < 4% —(0.1)t; = (0.4)t; which is satisfied

in the specified region because of the condition that |r*(rg)| + |r*(Ro)| < 0.4¢;. Thus,
U, =V,

in the specified region. Therefore, we have,

ISt <t<ti)(ro<r<Ry) < JéG) (t; <t <ti1) (4.71)
And for the same reason, on t = t;,1, we have \ifu,,(t =tit1) =0ifr* > —% —(0.1)t; =

—(0.85)t; and 7* < 2 4 (0.1)t; = (0.85)¢;.

E(%)(t—t» )
V] — li+1
T DA% W2 (W a2 4 [T - |2) 2 2
= S /SQ(|\I’£é| + ‘\Ilf<2>| + |\I’TA*0A] + ‘\IITA*(;AJ )2 (1 — p)dodr*
r*=(0.85)t;
/ (W35 + [l + Wl + [V ) (1 = p)do™dr”
r*=—(0.85)t; JS2 ¢ r 7

(where we used the boundedness of x)

r*=(0.85)t;
/ [
r*=—(0.85)t; JS2

N

2 W2 0 50 (1 = ) dodr®

129



We also have,

F)

E\(ilat)(t =ti+1)

= /r*_oo/ (g7 + g + 1P + [P g

*Bt
/ / (gl - 13l + 12 + 10,0417

(using the boundedness of x)

Hr2(1 — p)do’dr*

N

).r2(1 — p)do?dr*

N

=—(0.85)¢;

Lemma 4.3.4.

(0.85)t;
/ /SQ(|\Ilﬁé|2 1052+ [0 g+ (W50 2 (1 — ) do?dr*

/T _TQ/ \\If ? + ! W o] + 1 102
P SQ T‘2 wé r2 Sin2 9(1 _ u) we T‘2(1 — H) v
24 2 2 21 2 %
r25in20(1 — 1) rumvit —— | (1 — da?dr*(t
+r2sm 6( —,u)| Togl” + (1—M)2| ow|” + 4r4sin26’| #0]°)-( w)redodr*(t)
K K
< EG(®) N B ()

- 5 - 5
My {tin{ri<r*<ri} W My (13N {r; <r*<ri} U

Proof.

We proved that,

EYO(t:)

(4.72)

1 1 1
24 2 2 2 9
/*—oo /52 2|\IIUJ0’ m‘\pw¢’ ] +v [ﬁ’wve‘ + m|\lfv¢‘ ]

+(1 = ) (W? + %) S W +

1 *
=2 W9 r?do?dr

4r4sin? 0
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Because of this we have,

= 1 1
1— W WP+ —— |, 2
Lo iR s el Y
1 1
1-— Wy |2 + ———= Uy |?]) .r2dodr (t;
(1= g Vol + g Ven o (1)

< EBYO()

~

and,
/ﬂq”/<u—uw%1\wwﬁ+ilmwm
r*=—co J 82 r2(1 — p) r2sin? 0(1 — p)
1 1 i}
+(1 — M)Uz[m|\yyw|2 + m|\y¢9|2]).7"2d0—2d7" (tz)
S EQ()
and thus,
r¥=r3 1 1
1) —— W 12— = | |2
/r*:r; /32(( M)[TQ(l —M)| wel r2sin? (1 —,u)| wol]
1 1 .
+(1 - M)[m‘\pva + m\\ll¢9]2]).r2dazdr (t)
K
- By (1)
~ minwe{t}ﬁ{rfgr*grg} w?
and,
r=rj; 1 1
1— )T+ ————————— T, s|?
/r*:r; /52(( M)[TQ(l - M)’ o r2sin? 0(1 — ,u)‘ ol’]
1 1 .
+(]‘ - M)[m|\ljvw|2 + m|\lj¢9’2]).7‘2d0’2d7‘ (t)
K
- By (1)

3 2
My efeyn{ri<r*<rz} v
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Summing, we obtain,

[ e+ s et + el
T Sz r2 w r2sin? 0(1 — p) we r2(1—p) v

1 1
+ﬂ$n9<_uﬂ ")+ L Youl” + Gy Yeol)-(1 = wr*do?dr (1

2 N 2 )

3 2 2
My {tyn{ri<r*<ri} W mlnve{t}ﬂ{r* <<z} U

<

Inequality (4.72) gives,

J A R Vsl +
s gl + g (W [Ty
rr=—(0.85)t; Js2 T2(1 — p) v r2sin? 0(1 — p) wé r2(1—p)' "

1 1
F U+ 5 [ * + = | Ua|?). (1 — p)r2do?dr (¢
K K
< EG(®) B 1)
~ minwe{t}ﬁ{f(U.SS)tigr*§(0.85)ti} w? minve{t}ﬂ{f(O‘SE))tigr*§(0.85)ti} v?
(K)
Ey (1)
< q}tz (4.73)
Examining now the term,
()
\Eﬁgiw (t=1) / / (1L, W 57 + L0, W 557 + L0, W 5

+‘£Ql\llﬁ(£| )( - M)TQdUsz (t = ti)

For,

(k1) € {(r",0),(r",9), (t,0), (t, )}
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2r*

Lo, Uyt =t;,r*,0,¢) = Lo, X( )‘Pm(t—tz,r 0, )

2r*
= (t )ﬁﬂ Ui (t =t;,r*,0,0)
Thus,
55 (2) , 3t _ 3t
B gt = Wl S By o (=7 <17 < ZP)(E=1)

4.3.5 Estimate for E\(I,K)

L
=
2N
N
NE
NE
tq

e 3 3
&) s o
W Lo, V.Loy Loy Lo, VLo, Lo, Lo, (= 10) > > E \I’ﬁﬁl‘llﬁﬂlﬁg o(t = t0)
F=11=1 j=1 ~

A
&
RS

(4.74)

where,

3 3 3 (2) 3 3
v o= 2 (K) _
By = Z Z Z E\p,cnk\l/,cgkcglﬁgjxp,cgkcglcgj\p (t =to) Z Z E\If,cglﬂl,cglcgj\p(t = to)
/ =1 j=1

k=1 1=1 j=1
: (%)
= OENB&Z 1ot =1t0) + Z — to) (4.75)
1=
Proof.
Let,
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tiv1 =1 + (0.1)&' = (1.1)ti (4.76)
For ty big enough, we will have
[r*(ro)| + |r*(Ro)| < 0.4t

and therefore will be able to apply (4.58).

In view of (4.24) and (4.26) applied to the vector field K in the region ¢ € [t;, ti+1], we

get

ESG=ti) < It <t < tiar) + B = 1)

IN

ti+1J&,G)(t0 <t< ti+1)(7"0 <r< Ro) + E\(I,K) (t = to)

(from (4.55))

and,

K

< gy y(fo S < ti)(ro < 7 < Ro) + Epy)y (1= to)

(from (4.55))

Since ¥ verifies the Maxwell equations, we have
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K>

VT ap(¥) =0

and thus, we can estimate,

A

(from (4.58) )

J&,G)(tz <t <tip1)(ro <7 < Ro)
ti (c Lk
S B0t St <)o < < Ro)+ 5B (t = to)

=1 =
tiv1 (@ 1 K
+ LD (1o <t < tip1)(ro < v < Ro) + tTE; )t = to)
i+1 141
Lt
s ZJ% Yto <t <tiy1)(ro <r < Ro)+ ZELQ ot
z+1 j=1 z+1 j=1

7©)

(4.77)

We will use the notation Jé,GE)Q v = Jé,G) + Jzg v for all letters such as J, and for
.ty

different summations, so as to lighten the notation and be able to write:
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J(G)(ti <t <tir1)(ro <7 < Rp)

3
15 @
N tE;J\I/,ng\y(toStﬁti)(r0§r<RO ZE\Pﬁg o (t = to)
]:
1 S ¢
th X ZJx(p,gQ glto <t <ti1)(ro <r < Ro) + 5— ZE\I/LQ ot =to)
i+1 = j
]:1 Z+1J 1

From this we can deduce the following,

J&,K) (ti <t <tit1)

< i St <t <ti)(ro < r < Ry)
(from (4.55))
3 3
@) A 1 (K) _
S ; Ju g, wlto St < tiva)(ro <7 < Ro) + o ;Em,cgjq/(t = to)

(from the estimate above, and using the positivity of J&,C:EQJ_\I, )

Since,
tit1 = (1.1)¢

we have,

tiv1 = (1.1)" g
and thus,

1 1
= — <1
; tit1 Zz: (1.1)1+1t0 ~

Therefore,
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TS (tg <t < tiga)
1+1

— ZJ\%K)(E <t<tip)
=0

3 3
(G) K
< @+ gy 2o wlto <t < tia)(ro <7 < Ro) +ZE§IU’E)qu,(t = )
J:l j:l
(from the above)

and thus,

EY(t=tis)
< JiK )(t0<t<t+1)+E( )(t = to)

3
< (i+1) Z T t0<t<tz+1)(rogrgRO)JrZEfIffE)Qj\I,(t:to)
=1 j=1

In the same manner, this leads to,

K

< T80t <t < i) + B (=)

@ (K
S (i+1 chg)qz Lo, Lo, p(to <t <tip1)(ro <r < Ro) + ZELQZ)W Lo, Lo, w(t =to)
7j=1

(since Q, I € {1,2,3} are Killing, and therefore Lo, ¥ verifies the Maxwell equations).

Repeating the procedure again, we get,
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J(G)(ti <t <tiy1)(ro <r < Ry)

3
1 1 K
S gAO0 =10+ 5 Y Bt =1+ g EOu =t 4 - > B, = 1)
=1 t+1 i+l 11
(from (4.58))

) 3.3 (@) 1 3 3 )

S ZZ oo w o o, wlfo S TS B0 << Ho) 2.0 Furgw, Lo, Lo, u(t = 0)
t=17=1 =1 j=1
(i+1) S~ ()
+ tiy12 szw,ﬁglw,ﬁglcgjq;(to <t <tiy1)(ro <7 < Rp)
¢ =1 j=1
3 3 ”
w,ﬁglm,cgl.cgjw(t = to)

’L + ]. G
S 12 Z Z J‘%,ﬁ)ﬂl\l},ﬁglﬁgjlll(to <t <tiy1)(ro <7 < Ro)

’L

=1
EY) -
z—i—l Z Zl W Lo, ¥, Lo, Lo, u (T = T0)
Thus,

Tt <t < tipq)(—00 < 1 < 0)

N

tz’+1Jé,G) (t: <t <tit1)(ro <7 < Ro)

N
R
=
[
Mw

(@)
J\I/,[:QZ\I/,,CQl,C,Qj\II(tO <t <tiy1)(ro <r < Ry)

(using the above).

We have,
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(i+1)  (i+1) 1 <C 1
= - T = 1
b (tiv1)? (fit1)? (tiv1)?
4+ 1
(where we used the fact that i+ i <C)
(tit1)2
< —
(1.1)
1
< N
SCYERL
>i(y/ 1)t is a geometric series with (1/15) < 1, and therefore
oo
1 K]
—yi<q
> /17
=0
Finally, we have,
J&j )(to <t < ti+1)( oo < r*< OO)
i+1
= Y U <t < tin) (oo < 1 < 0)
=0
it1 1 3 &
S DO 1) 2 D Tk wn a w(to < £ < i) (r0 < 7 < Ro)
i=0 ’ =1 j=1
i+1 3 3
Z tict Z ZE‘I/ Loy ¥,Lo, Lo, \I’( o to)
=0 =1 j=1
3 3 )
< ZZ MQZMQ Lo, o(to <t <ti1)(ro <r < Ro) + Ey, LoyW.Lo Lo, ot =10)]
=1 j=1

(from the above)

which gives,
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EYO(t=ti41)

S WO <1 < ten)(-o0 <17 < 00) + B = 10
3 3
G
DS v, 0 00 < S )0 S S RO+ YD g a0 = 1)

=1 j=1

From assumption (4.8),

> (&)
JéG)(to <t< ti+1)(r0 <r< R) < E\IlatLQ\y
j

~
)

j=1
Thus,

Bt z‘+1)
3 3
k

3 3 3
Z Z Z V,Loy Loy La;V,Lay, Lo Lo, ‘1/ Z Z v Lﬂl‘lf Lo La;V (t = to)

=11=1 j=1

AN

<E‘]1‘,4

because,

Z Lo, =124 0| = [rg ¥|? (4.78)

j=1

We have t;,1 = (1.1)"1¢y, however, our proofs work with any a such that 1 < a < 2,

and t;,1 = a'ty. Since for all ¢ > tq there exist i and a such that ¢t = a’tg, tg > 1, we get
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that,

for all ¢ > %y, and similarly for all ¢ < —t3. And since the region —tg < t < tp is a

bounded region, the above inequality holds in this region. Thus, for all ¢, we have,

4.4 The Proof of Decay Away from the Horizon

We will prove that for all g, € {a%, o %, %}, all the components of the Maxwell

fields satisfy

Er
|F 9|(wvv’w) ~
g (1 +[v])
and,
Er
Fupl(w,v,w) < ———

in r > R > 2m, for an arbitrarily fixed R, and where Ef is defined by
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Proof.

We will prove that,

(K)
[EF,ﬁtF,rﬂ F Lol Fr2 ()2 F,Cor2(f)2Fr3 (4 )3F(t>]

N

Fpl(w,v,w) <
’ HV‘( ) ~ (1+’U‘)

and,

N

IO ]
FLoForfl FoLorfl Fr2()2F,Ler2 (L )2 Fr3 (L )3 F
(1 + |wl)

|Fuo|(w,v,w) <

Recall that,

thus,

B
FLoFrll F.Lorfl Fr2 ()2 F.Cor?( )2Fr3(4
1 5 1

)+ > Z szt =10)

=0 7=0 1=0 j=

A
™
g
L
3
B
5
E

N
&
S
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Definition 4.4.1. We define positive definite Riemannian metric in the following manner:

~ ~

0

0
s - s 2 as o, )" Y A, 4.
h(ea, e5) = 8lea; €p) + 2g(eas 5.)-8(es, 5.) (4.79)
where

B) o 0. 10
2 (o= )z 4.80
o~ 8o a)) T (4.80)

Definition 4.4.2. For any G-valued 2-tensor K, we let
\K|? = hophg, | KM || K| (4.81)

Lemma 4.4.3. We have,
Voh(eares) = 28(cm Vo) glen 0) + 2(en L) glen Vo l) (452
ol\€ay€3) = gl€a; 7ot -8l€g, ot gl€a, ot -glega, 7t .
Proof.

Voh(ea,e3) = 0sh(ea,eg) —h(Vsea,eg) — h(ea, Voeg)

0 0
= Vog(eae5) + 2V l(en, o) les )]
d d 6 d
= 2aa[g(€ou 8t) g(eg, a)] - Qg(voecw 8t) g(eB7 875)
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(since the metric g is Killing)

A~ N

0 0 0 0
= Qaag(eou 7)'g(6,37 &) + 2g(ea, 87)'aag(e,87 875)

ot ) ) t ) )
28(Vota, 0) 8(65 o)~ 28(c, o) &(Vocs, )
— 208w )~ &(Vora )] &les, )
+2[0-g(es, gt) g(Voes, gt)] g(ea, gt)

0 0
Vah(eon 65) = 2g(e()é7 vaa)-g(eﬂv &) + 2g(ea7 8t)-g(eﬁa VU&)
O
Let,
. 0 0
= (— = M
ta (8t)a gﬂa(at)
Hence, we can write (6.52) as,
o, 0
has = 8ap +2(5)al(5,)s (4.83)
and (6.67) as,
Vohag = 2[Vilats+ta-Voig) (4.84)
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4.4.4 The region w>1,r> R

We consider the region w > 1, r > R, where R is fixed.

Let ¥ be a tensor, and |¥,,| =< ¥, ¥, >%. We can compute

2 < E\Il y,qj v > ﬁq} v \I/ 174
’v‘\IlMVH — ’ H M - < ’ M H M ‘
2< W, U, >2 k™

< LWL

We have the Sobolev inequality,
2P < / 2| F2do” + / P2V F|2do® + / P2 |YY|F|Pdo?
S2 S2 S2

where YV is the covariant derivative restricted on the 2-spheres. We have

N

3 3 A
1 0 0
MZha,B‘z = ﬁZ‘thQﬂP Z‘ng €as€s) +291g<6a78t) (eﬁaa)’
J=1 =

Since 4 hy,, = 0, we have

T2|F|2§/ r2|F\2d02+/ 7’2]4F|2do’2+/ T2|4Z¢F|2d02
S2 S2 S2
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Let, 7r be a value of r such that R < rr < R+1, and to be determined later. we have,

/rQIFIQ(t,r,w)daz < / P2\ F(t, 1, w)do? +// [P P, vy w)dr do?
s2 s? sz Jrr=ry,

LR e o+ | / 2r|F| (t.r.)(1 — p)dr* do

174N

T*=r*
+2// TQVT*|F|2(t,r,w)d?*d02
s2 Jre=rs,

By the same,

/ 2| g F)2(t,r,w)do?
S2
< /52 rZFMZ F\Q(t,rézF,w)dJQ + /82 /T*:;¢ 2r|L F12(t,r,w)(1 — p)dr*do?

F

?*:,r,*
+2// r?Vo |[L F*(t, 7, w)dr*do”
S2 Jrr=p*
Lr

and,

18 8 PP )t

S [ g e8P g ot s [ /T*:rzztl vipprTma
T =r* 2 ) o,
w2 / Vil £ PR ) do

We showed the following estimate,
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*

r¥=rj
S 1 g g Pl 4 2. (1 = o ()

*:riﬁ
K K
< By (1) P ()
minwe{t}ﬁ{rf <r*<ri} w? minve{t}ﬂ{rfgr* <r;} v?
Thus,

rr=r E(K) " E'(K) .
re=rt J82 My e fe3n{r; <r*<ri} W Milye () {rs <<y} U
Therefore,
TR EE) 4
/ |02 (t, 7, w) (1 — p)ridodr* < ‘1/72()
T*=R* S2 t
or,
/ (W |2(t, 7, w)r2do?dr < \112( )
=R S2 t
There exists ry, such that R <ry < R+ 1 and,
2 2 2 P
Fl=(t d <
/szTF’ P e, w)do™ 5 t2(R+1—R)
which gives,
Bt
/ P2 F (¢ rp,w)do? < th( )
S2

By same,
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3
/SZTZMFP@,%F,W)CZU? _ Zrl /SQ@FMQ FP(t, 1y pow)do

N
]«
:U‘b—‘
o
i
.
NS
Rl
)
2
E
’@
=
=
”3
%

A

and,

K

Mw
M

/SQTZ¢F|¢¢F|2(t,TO, 02

On the other hand,

/_ /r!F\ (1 - w)(t,7,w)do’dr < / T REPQ - w7 w)do?dr
7 T*= S2

IZAN

Thus,
- () ()
Ep ()  Ep’(t)
2 gk F r
/ /SQT|F| (1= Wt w)do?dr 5 =E 4 P
and,
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_ Z/ ) /r2|EQJF|2(1u)(t,r,w)danF*
j=1 Tt =r* - S
3 1 Tk
< 22/ /r\ﬁg FR( = p)(t,F, w)do2dr
jzl F*ZT*gF 52
K K
_ & Fear®) B ()
~ ; 2 w?
By same,
Tr=rr 3 EE:E.)EQ.F@) Ez(:lé)cQF(t)
[ [rearra-merwita 5 Yy s
T S i=1 j=1
Now, we want to estimate the term,
/ / B 2VT*\F\2(t,r,w)dF*d02
S2 Jr
- / / . 2VTA*|F\2(t,r,w)\/Wd?*d02
S2 Jr
L TR sl 1R B e ) VT
We have,
9 B 9 9
V ;h 5 = 2 ,V 5 +2 y ~~)- ,Vgﬁ
h(ea,ep) g(ea 8t)g(eﬁ a) g(ea (,%)g(@ﬁ (%)
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and

B)
Vig, =0
Hence,
0 0 0 0
Vh? = V. h(e*, e’) =2g(e*, V. —).g(e’, =)+ 2g(e*, =).g(e’,V .. —
; ~h(e® e”) =2g(e Tat)g(e 8t>+ g(e 8t)g(e Tat)
=0
Therefore,

*

/ / RV PR 7 w)dF do?
S2 Jrr=rf

Ful|Fapl)(t,r,w)\/(1 = p)dr*do?

_ / / C R2peepiy
S2 Jrr=

*

/s/ PR B | Fag] A+ R B LV g Fagl (8 7, 0) /(1 = p)dr*do?

A

*

L / PR Lyl Fasl + 00 Fy || Fag] 1,7, 0) /(T — )i do®

)V (1 — p)drdo®

T*=r N A A
/82 / P2 RO\ L Bl | Fy gl + RPORPP | Bl | £ F
T

N

A

A~

where /1,0, 8, 8 € {{, 5=, 55> 55 )-

As we have (see (6.2.3) in the Appendix),

d
Vig =0
d
VTA*% — O
o0
00
v.2 —
o9
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we get,
LuiFy = VaFu

s T

Consequently, using Cauchy-Schwarz, we obtain

//_ P2V, |FI2(t, 7, w)dr* do?
S2

S rmerra—martar [ e
S? =r} JS2?

We have,
T (K) (K)
r T 7 Ep’(t)  Ep(t)
2 2 2 * F I
/T*TS /SQT |F| (1 _lu’)(t;r,(JJ)do- d?" 5 t2 + w2

Thus,

_ (K) ()
[ / / 2| F2do?dr*]? < Ve (t)+\/EF "
P=ry JS2 ~ ¢ w

Now, considering the case where ji = r*, (or similarly if © = r*), we can compute,

- i 0 )
V" Fpy = =V'Fy, = VFy, - VF,,

T

(since the Maxwell fields are divergence free)

Therefore,

V.Fu,=VF;

r*U to

— Valy, = Vi,
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And if both u # 7, and v # 7, we can compute,

V" Fay = —VaFypn — VoFa,

(by using the Bianchi identities)

and therefore,

V. Fuy = —VuF, . — ViF,

vr*

In all cases, we get,

VoFuo? (M=) S (IViF PP+ [VFPI(1 = p)

~

(using the triangular inequality and a.b < a? + b? )

Hence,
IVaFP(1—p) < (ViFP?+ 2ZWQ FI2(1 - p)
< |vtF12+Z|ijF12

=1

3
S BRIV F | |ViFag| + Y BR[|V, Flul. Ve, Fugl
j=1
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We have,

VeF|?
= WORPV .| ViFagsl

WO R P(| Ly Fp — F(Vy 83 aa ) — F(i,vti)mtmﬁ — F(Vtaaa,;ﬁ) - F(ai’v‘f;g)'
S VGEP + WP F(T s SOLF(Tg0, g0+ R PG L Gl 90

(using Cauchy-Schwarz inequality and a.b < a? + b2 )

Since, % is a smooth vector field away from the horizon, choosing a system of coordi-

nates to compute the contractions above, we get

IViF[P(1—p) S |LFP?+|FP

~

Similarly, we have,

‘VQ]’F|2
Qv 8 8 a 8
< Lo, FI* + |h"h 5”F(VQJ.6— a—)y |F(VQJ.%,%)|
, d d o o
HR P (- Vg HE(GL Ve, 55)l

Since 5, j € {1,2,3} are smooth vector fields, computing the contractions above in a

system of coordinates, we obtain

3 3
d Vo, Fulr S D Lo, FIP+I|F)?
j=1

=1
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Finally, we have

3
VeFP(—p) S FP+ILFP+) ] [Lo,F° (4.85)
j=1

Thus,

/ B / 72| L, F 2 dodr*

Fr=rx JS2

0
72| LoF |2 + | L F)? + |F|?|do?dr*
/ / 2F2 + |£.F)| ]da2w*+§ j/
T S2 =y
ne 2 2 4 r=r 2:9

/r /s2 2)|F| +\£tF]]daf+E / / RQ\EQF\ do*dr*

By () + B (0 + X3y By p(0) Eff)( >+E<K>< 0+ 3 By p(0)

t2 + w2

A
by
o% =
TR

*=p*

N

/ Lo, F|*do*dr*
S2

A

N

and therefore,

F*:T*
[/ / 72| L, F|2do?dr*]2
T =r S2

\/E%K) (t) + Eg(f?“(t) + Z?:l Egg;)F(t) \/EE«“K)( )+ EéfF( t) + Z] 1 ELQ)F( )
<

S +
i |l

Thus,

T*=r
/ / 72 < Lo F, F >y (t,r,w)do’dr
_ g2

¢E%K’ (1) + ELp(t) + Y0, B o (0) \/Eé“( )+ ELp(0) + Y5 ) p(0)
(

< +
|t] |wl )
VES @) VE%%)
( ; +
3 EYO )+ EY(1) +zj VER p() B0 + B () + 5 By p(0)
+
~ t2 w2
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By same,

?*:r*
/ / 72 < Lol F, LF >, (t,7,w)do?dF*
* 7,,*
4r
(K (K)
3.3 ELQ FLiLo, FLQ Lo, ) Errrice Froco F(0)

DRI e

=1 j=1

and,

=k *

/ - / < Lo LFELLE > (t,r,w)dan?*
T S2

TR =p*

(K) (K)
< Z 23: S ECQ EQ F.LiLo, Lo, FLQZLQ 59 F<t) + EﬁﬂiEQjF’EtLQiEQ]’F’LQZLQiEQJF(t)]
~ t2 w2

1=1 i=1 3:1

Using the fact that,

3
D 1L, v =g v = |rg v
7j=1

We hayve,

PArREE = g
3
= a0

LTI

7=1
3

- Z Z Lo, Lo, ¥[*

i=1 j=1
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Finally, we obtain,

r|FP(t,r,w)
(K) (K)
< EF,LtF,r,(Z F(t) EF,EtF,T¢ F(t)
~ t2 w2
(K) (K)
E’/‘¢ F,Ewﬁ F,’r‘2(¢ )2F(t) ET¢ F,Et’!‘4 F,r2(¢ )2F(t)
+ 2 + 2
t w
(K) (K)
n Er2(4Z V2E,Ler2(fL)2Fr3 (4 )3F(t) Er2(4l )2F,Ler2 ([ )2 Fr3 (4 )3F(t)
t2 w?

Since what is on the left hand side of the previous inequality is a contraction, it can be

computed in the basis {8%, 30> %, a%}. Thus,

> | o (w, v, )
PPE{ o o0 55}

(B ()]

< FLeFrll FLorfl Fr2(fL)2F.Lor2 ()2 Fr3 (4 )3F
~ rt

N|=

(K)
EF,LtF,rﬂ FLorfl Fr2(f)2F,Lor2 ()2 Fr3 (4 )3F(t)]
rw

SIS

For R fixed, consider first the region where ¢t > 1, and thus we have r +t < rt. Conse-
quently, v =r*+t <2r+t S2r+2t Srt,and o St+r Sr+t—r* Sr+w S rw (since

w>1).

For t <1, the region, w > 1, r > R, t <1 is a bounded compact region, and therefore,
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in this region

Fpol(w,v,w) S B9t = to) + B (¢t = to)
(see [G))
S (5’1) (t =to)

Thus, we have,

(K) 1
| Fao|(w,v,w) < [EF’ﬁtFﬂﬂ F.Lirll Fr2(f )2 F,Lor2 ()2 Fr3 (4 >3F(t>] ’
(1+[v])
< &
~ (1))

4.4.5 The region w < -1, r> R, |t| > 1
Again, we have the Sobolev inequality
7’2]Fﬂ5|2 5/ T2F|2d02+/ T2|¢F|2d02+/ 2|4 4 F|*do?
S2 S2 S2

We have,

/ r2|F|2(t, r,w)do?
S2

A

/ 2| F2(t, 00, w)do? +/ / VP FP (7 w)d o
SQ

/ / 2r|F|(t,r,w)(1 — p)dF*do?

S22 Jr

—|—2/ / 72 < Vo F, F >y (t,r,w)dr*do?
S2 *

N
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By the same,

/ 2| L F?(t,r,w)do?
SQ

S // 2r|L FI2(t, r,w)(1 — p)dr*do?
SQ T —p*

T* =00
+2/ / r? < VL F, L F > (t,r,w)d?*alg2
SQ =¥

and,

[ g g F

SQ

S //_ 2r| L L F2(t,r,w)(1 — p)dr*do?
S2 Jrk=p*

+2/ / - T2<VT*44F7¢¢F>h (t,T’,w)dF*daz
S2 Jyt=pr*

We have shown,

o [ Wagl® + 19y

re=rj )
(W 6l° + W45
/7:*_TT /82 weo W

2 [ Waal? + [ g5/2).(1 — pyr?do®dr (1)

EYO (1)

K K
< By (1) N ES @)
minwe{t}m{ri‘ <r*<ri} w? minvE{t}ﬂ{rfgr* <r3} V2
Thus,
e )
[ [ e a0 - prtartar 5 B0
re=ry S2 mlnwe{t}m{q <r+<ri} w
We have,

158

i 2
My ($3n{ry<r<<rz} V



[T [ Arra-pertar s [T 5 [ ARRG - g rwdstar
Tr=r* JS2 T R S2
K K
- 50, 500
~ 12 w?

Thus,
7* =00 () )
T T Ep’(t) | Ep'(t)
and,

e 3 7
T =00 T 1
/ /T!élF!Q(l—u)(t,r,w)dUer* = E / / 7L FI2(1 — p)(t,7,w)dodr*

< ZRQ/TT / Lo, FI*(1 — p)(t,7,w)do?dr*

A
g
gl\')

By same,

EUE) (K)
Eror F(t) Ez: "t F(t)
/ /T‘IMZFI (1 — p)(t,7,w)do?dr* < ZZ 2:59; ﬂzwz]

i=1 j=1

w

Now, we can estimate the term,

/ ) /r2<VT*F,F >y, (t, 7, w)do’dr*
; -

i ool [T o 1
< P2|V,« Fdo?dr )3 | 72| F2dodr*]}
Tr=r* S2 T =p* S2
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We have,

T* =00
/ / PIFR(L = 1)ty w)do®d <
TR =p* S2

Thus,

B (1) | B (0)

12 w?

E\
/ /2|F| dodi*]7 S \/
* ok S2

We also have the estimate:

T =00
/ / 72|V« F|?dodr*
Tr=r* S2

N
Loy
R
T @

N

P2(|F|? + |LiF)? + |4 F)?)do?dr*
T* =00 3 * =00
/T /82 72[|F|? + |L¢F|*do?dr™ + ]; /:
7 =00 3 7* =00
< / /S P F|? + |LF Pldo?dr + ) % /
T j=1 T =r*
+

K K K K)
Bpip(t) + Y51 Bpe) o6 ER9(0) + BLO) + X3, B p(0)

) VB

1
/ 7= | Lo, F|[*do”dr*
S2 T

/ 7’| Lq, F[*do*dr
SQ

AN

12 +

and therefore,

/ /2|v F|2do?dr)z
rr=pr* JS§2

w2

JE O+ B0 + S5 B0\ [BEO0) + B0 + T B )

< +

la
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Thus,

*:OO
/ / 72 < Ve F, F >, (t,7,w)do?dr
T S2

A

+

\/E%K) (1) + Beh(t) + X0, EL(:I;)-F(U \/E}K)( ) B (0) + S EﬁQ)F( )
(

i [w]

(¢ 500 VESO@)
’ t w

K K K K K K
B (6) + Brp(®) + S By p(0) By + B0 + T3, B p(0)

A

12 + w?

EEO 4 B0 By 0 PO+ B0+ B0

12 w?

A

By same,

/ / 72 <Vl F, 4 F >}, (t,r,w)do*dr*
—r* S2
< 7’¢ F[,tT¢ Fr2 ¢ (t) r¢ Fﬁtr¢ Fr2 ¢ <t)

12 w?

and,

/ / 7 <Vl LA F, L LF >y (t,7,w)do*dr*
a 2

(K)
r2<4 2Fz:tr2<4l>2F,r3<4Z>3F(t) n Er?(ﬂ>2F,ctr2<4l>2F,r3(4l>3F(t)

A

12 w2

Finally, we obtain,
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r?|F[P(t,r,w)

(K) (K)
< EF,QF,;,{Z F(t) EF,EtF,gﬂ F(t)
~ t

w

(K) (K)
E’/‘¢ F,Et’f"¢ F,T2(¢ )QF(t) ET4 F,Et’!’4 F,r2(¢ )2F(t)
+ 2 + 2

t w
(K) (K)
e rrewdyrradyr®  Fegerengyragyr?
+ s + o2
Thus,
(K) 1
Fl(w,0,0) < [EF,ctF,r4Z F Lokl F,r2(¢)QF,Ltr2(¢)QF,T3(¢)3F(t)]2
) ) ~ r|t|
(K) 1
n [EF7£,5F,7~¢ FLorll Fr2(f)2F,Cor2(L)2Fr3 (4 )3F(t)] ?
r|w|
We have,
V- w
T

Thus, for w < —1, we have, r* > v, and hence r > v. Therefore,

1
[0l

S|

<

Since in this region we have |w| > 1, and |t| > 1, we get,
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By AT )
Faol(w,v,0) < FLoFrll F.Lorfl Fr2 ()2 FLor? ()2 Fr3 (UL )3 F
(L4 v])
< _Er
~ 1+ vf)

NI

We also have for fixed R, and [t| > 1, |w| = [t —r*| S ||+ |t] S 2r+t < 2r+20t S rlt).

Thus, in this region, we also have,

K 1
[Fupl(w,v,w) < [E;vﬁ)tFﬁﬂ FLirf Fr2( )2 R Lo ()2 Frd (4 )3F(t)] ]
~ (14 Jwl)
< _Br
~ (L fwl)

4.4.6 Theregionw < -1, r>R, -1<t<1

Let,
t*=t—2
When
—1<t<1
we have
—3< < -1
Let,

wh =t —p* =t % =2
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When

we have

Thus, the region w < —1, r > R, —1 <t < 1, is in the new system of coordinates

included in the region w# < —1,r >R, t# < —1.

% is a Killing vector field, therefore, the time translation will keep the metric invariant,
i.e. in the new system of coordinates {t#,r, 0,¢} the metric is written exactly as in the
former system of coordinates {t,r, 0, ¢}. Consequently, we will have the same results proven

previously, i.e., in the region w# < —1, r > R, t# < —1, we have:

VI

M
(w#,v#,w) < [EF,LtF,rﬁp,ztr4ZF,r2(4l)2F,ctr2(¢)2F,r3(¢)3F]

I
Fpo < T+ 177D

=

[EM ]
FLFrfl F.Loefl Fr2()2FLor? ()2 Fr3 (4 )3F
(1+[v])

A

and,

D=

12 .
FLeFrll FLorfl (D)2 F.Lor2 ()2 Fard (L ) F
(1 + [w#])

| Fap (w#,v#,w) <

N

[EM ]
FLoFrll FoLorfl Fr2 ()2 F,Lor2 ()2 Far3 (4 )3 F
(1 + [wl)

N

which gives,

E

[EM 2 2 3 3
< FLoFrll FoLorfl Fr2 ()2 F,Lor2 ()2 Fir3 (L )3 F

| P | (w, v,w) (1 +[vl)
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and,

N

[EM ]
FLyFrll FLorfl Fr2 ()2 FLor2 ()2 Fr3 (L )3F
(1+ [w])

‘Fﬂﬁ|(wvvvw) 5

in theregionw < -1, r> R, -1 <t < 1.

4.4.7 The region -1 <w<1,r> R

Let,

rT =r*4+2
Then, when

-1<w<l1
we have,

3 <w#* < -1
and, when
r* Z R*

then,

r® > R*+2>R"

Thus, the region —1 < w < 1, r > R is included, in the new system of coordinates, in
the region w” < —1, r** > R*.
Notice that r* is defined up to a constant. With the new definition of r* everything we

have proven with r* works with 7** by replacing in (4.8), J}G) (t; <t <tiy1)(ro <r < Rp)
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by JS9% (t; <t <ti1)(rF < < RE) defined by

J(G) (rg <r < R5)(t; <t <tiy1)

t=tit1 pri=Rg>
:/ / /|\pw|2 fy\pwu dr* do?dt
t= r*—r

tt1+1 T—R0+2
= / / /\\Ifwy? \\I/¢9]]dr*da2dt
t= *=rg+2

However, since the length of the interval w € [—1, 1] was arbitrary; we only wanted in the

previous subsections to avoid w = 0, what is actually only needed is

IS <r < Ro+e)(t; <t < tz‘+1)

t=t;i11 r *R*-ﬁ-e
/t / / (1952 + |x11 5ol dr*do?dt (4.86)

—rs
in assumption (4.8) with e arbitrary small. Since we assume (4.8), we would obtain the
above, or take Ry as being the infimum of all Ry in (4.57) plus € fixed. Therefore, in the
region w” < —1, r*® > R*. we have,

EM
| Faol(w®, 0%, w) < Frerog reng e proe @ e g pr

(1 +[o™])
125 ]
< FLeFrll FLorfl Fr2 (AL 2F.Lor2 ()2 Fr3 (L )3 F
~ (1 +vl)
which gives,
Er
|Fl(w,v,w) S =77
(1 +[o])

in the region —1 <w <1, r > R.
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4.5 Decay of the Energy to Observers Traveling to the Black

Hole on v = constant Hypersurfaces Near the Horizon

4.5.1 The vector field H

Let
H
Computing,
9w
ow
where h' = %h
And,
0
ov

i) 90

d-waw " g,

w 0 v 0
H %+H%
ot 9 . 0td . .
ow Or* %QH
L9 gy

2 Or*

]. / M
2(1—u)[h_?h]
or* 9 ., otd .,

= v Taal
S 10,

- 20r*

o —1 /_H
St "
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Similarly,

o' = awar™ Tavar
- ;ai* B0
9 i g;*h,a 9
5 = Guat g
190,
- ;581”* +0
= §h/
7 (H) T (V)
= (a1l + g W Pl s 0o
02 4 g (s, )
r 72 sin” 0 (1—p)
Jr[<1_lu)2|‘1’mul2 + ml‘l’w!Q](—?[&H” + 0, HY + (3’“‘2; 2 (e — gey)
Thus,
7 (H) T (1)
= G ol + g = e g W — 28D
gl + Vsl =)
= Wl + g ool
-2l 0 = (=) = 20 + = - 1= )

(4.88)
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We have,

)

v (w=

where

and

We get

and,

Fy" (0 = v)(wi € w < wia) = /

v=v;41
wi)(v; <v < wigg) = / / Jo(H)n*dV olyy—w, (w = w;)
v=u; S2

o 9., 0

n® = glg5) (5,)
-2 0,
T awa
_ 9 9.5,
dVoly—y, = g(at, 8t)r do“dv

Fé:H)(w = w;)(v; <v < vig)
v h(r*) * 25 2
-2 T + h(r™)Tyy|r do®dv
fo Jo g Tons

v h(r*) 1 2 (1—p) 2
) o2+ ——H g
Z;m .éQ = Tl gz el
* 1 2 1 2 2 2
+h(r )(72|‘1’y0! + 2 sin20|%¢| )redo”dv

/wv”i/ () [ WP+ (W)
— T vw
— Js (1—p) 4rtsin?'

ey L 2 1 2\1,.2 7 .2
-{—h(?" )(ﬁ|qjv9| + m|\l’v¢| )]r do“dv

W=W; 41

/ Jo(H)n*dV oly—y,; (v = v;)
S2

w=w;
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where

a _ o 0.1, 0 ,
_2 a o
= 1w’
and
dVOl’UZUZ' = g(%’ %)TQdo_de
= —(1- u)erJde
Thus,
FD (0 = v) (w; < w < wiyy)
W=Wi41 *
- / _2[ h(r ) Tww + h(’l“*)va]'ero-de
W=w; S2 (1 - ,U/)
B h(r*) 1 2 1 2
= _2 A \Pw \I]w
/w:wi LQ [(1—/1,)(’]"2| 9’ +7’2Sin29| ¢‘ )
+h(7'*)( 1 ’\va‘2+u’qj¢9|2)]r2d02dw
(1—p) 45in2 g
We get

Fy (v =) (w; < w < wign)
W=Wi41 1 1
= 21— Wh(*) (g [ Pupl’ 2
luwi /52 [( .LL) (T )(7‘2(1—”)2‘ 9| +Tzsin26(1—u)2‘ ¢| )
1 1
L= wh(r)(—3%ouw 2 |W|D)rdod 4.92
+( M) (T )((1 — M)2| | + 4y sin20| ¢9‘ )}’f’ o dw ( )

Applying the divergence theorem for ¥, in a rectangle in the Penrose diagram repre-
senting the exterior of the Schwarzschild space-time of which one side contains the horizon,

say in the region [w;, 0o].[v;, vit1] :
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V=Vj+1 fW=OO # , ; ) ) 5 H
/“—vi /w—wz' /52([7“2(1 — el ey e g )

1 1 :
+([m ml%dz](—h )

1 2 1 2
_7M)Q|\va’ + mm’dm\ ]

‘\Ilv€|2 +

+
: ~1 (2 —3p)
T(1-p) (L—p)r

= —Fé,H) (w=o00)(v; <v<wvip1)+ Fé,H) (w=w;)(v; <v < vig1)

(h— (1 — p)h))).r2do?(1 — p)dwdv

(W = (1= wh) = Eh) +

- éH)(U = vit1)(w; < w < 00) + FéH)(v =v;)(w; < w < )

We are going to choose h such that

h(r* = —o0) = 1

and for all » > 2m :

h>0

Furthermore, we let h be supported in the region 2m < r < (1.2)r; for r1 chosen such

that, 2m < ro <r; < (1.2)r1 < 3m. We choose h such that, for all » < r;, we have

Bh—n' > o (4.93)
g
ho> 0 (4.94)
Wo> 0 (4.95)
-1 ;3
Ly i3 <o 4.96
T (4.99)
W= + 21 < —n (4.97)
(L—p) 7 '
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Computing

/. / el gl el
474 sin® 0

( (h (1-— ,u)h’) " h] m(h — (1 = p)h)].rde?(1 — p)dwdv
(1__ [uh — %h] + g_i’;)(uh)] r2do?(1 — p)dwdv

V= Uz+1 1
2 2

+ ——|U
/ / wz/ 2| vl + r4sin29| o[’}

,u [(g h) + ( — 3,u) = " h)r?de®(1 — p)dwdv

(1=
v= Uz+1 w=0o0 1
2 2
+ ——— |V .
/ /w w; /S [¥oul 4r4sin29| o0l']

n +;h] 2da (1 — p)dwdv (4.98)

“[<1—u>

Let,

Iv(IfH)(“i < v <) (w; < w < 00)

e A e e G (V)
B v=u; w=w; J82 T2(1_N)2 wh T2Sin29(1—ﬂ)2 wé r

1 1 —n
W2 — b2
+([r2| 6] +T28m20| vel”]( )
1

(1—p)
1 - 3
Wl T2,

+[ W+ ;h]).r2d02(1 — p)dwdv

(4.99)

Then, we have,
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(4.100)

We choose 71 small enough such that (1.2)r; < 3m .

4.5.2 Estimate 1

For (wj,v;) such that r(w;,v;) = r1, where r1 is as determined in the construction of

the vector field H, and for v;41 > v;, we have

Q

—Fé,H)(w = w;)(vi v < Vi) S Féa)(w = w;)(vi <v < vig1) (4.101)

Proof.

We have,
(2) v 0
Fyo (w = w;)(v; <v <vjq1) = / Ja(&)no‘d‘/olw:wi (w = w;)
v=0; S2

where

n = mo Dy
_ —2 (g)a
- (1—p) o
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and

_ 9 D\ 2,2
dVoly—y, = (at 8t) do*dv

= —(1—p)ride’dv

We get

)(w = w;)(vi <v < Vi)

V=Vj41
/ / 2[Tyy + Tl r’do’dv
v= vl S2

(1—p) 2
F aiszg

2
vw|

+ |\va¢\ Jrido?dv
V=Vj+1
2 Uowl?
/ /S Aol +
_|_

1
(1 )\‘I’v0|2 W()I\PUMZ]TQG — p)do’dv

P
4t sin29| |

We showed that,

(H) (w=w;)(v; <v < vz+1)

V=Vj+1
S e
S2

+h<r*><;2|w|2

1
Uy + ———|Tgg|?
)2 Foul” + 474 sin? 0| sol”)

+ m\\I’wF)]rzdazdv

The region w = w; and v; < v < v;41 is in the region r > r; as r(w;,v;) = 71, and
v;1+1 = v;. Thus, in this region

which gives immediately (4.101).
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4.5.3 Estimate 2

Let
ti+1 = (11)751
Define,
©) t=tipa pro=Hg 1
Jy 't <t <tiy1)(ro <r < Ry) = / /2[1%12 + i\qfééy?].\r* — (3m)*|.dr*do?dt
t=t; T*=r] S

(4.102)
From (4.13), we have

(©) ¢y . < 15, (50 (4
Jy ' (ti £t < tiy1)(ro <7 < Ro) |Eg™ (t)| + |Eg™ (tit1)]

~

(4.103)

Recall that

2m <rop<r < (1.2)r; <3m

We have,

Y 2 2 2 2 2 2
A A 0 | e BN (RO A

o
< 1BV (—(0.85)t < vt < (0.85))(t = t,)]

(4.104)

Proof.

Let,

*

forr) = / Xrs,(1.2)r7) (r7)dr™ (4.105)

*=—00
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where x is the sharp cut-off function, such that,

and

We get from (4.49) applied to f,

T (V)70 (G)
2 XIri (12)r]
(1—p)

1 2 (3M — 2) *
wismzg Yool T e + /r*:oo X[y, (12)r7]dr")

1 1
= [=|U, 0P —
[r2’ wol” + r2si

1 1
Upol? + =Tl + —————|T
n20‘ ws| +T2’ o] +Tzsin20‘ vl

1
51 Wow|? +

_2[(1 — )

Applying the divergence theorem between the two hypersurfaces {t = t;} and {t = ¢; 41},

we obtain

t=t;11 2 2 2 1 9 X[”'T7(1.2)T‘ﬂ
t— o 2’\1111)9‘ |\I’w¢‘ 2"1’1}6" +m|‘1’1}¢‘ ]ﬁ
( )dr*dant
t= t2+1 1

_ 2 )

N /t / /32 = Vel g Ve e a2
NETR)

" / X[r{,(1.2)r{]d7"*)-7"2(1 — p)dr*do?dt

+E (1) — B (t)

o [T L g, L w2021 = p)dr* o2t
S /t / / [m\ vl +m\ ¢ol].r°(1 — p)dr*do
[ o Al o e ) i 20
| Yo — - . - o
— - (1—p)? drisinZe 0 s
+E i) - B (1)
< I <t < tivn)(ro <7 < Ro) + B (ti11) — ESO (1)
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Instead of ¥, take U as in the proof of (4.58), we get,

t= tz+1
t= =

( )dr*dazdt

t=t;y+1
\If 2
/t / _ / rQ | w9|

r2(1 — p)dr*do?dt

IA

Recall that we have,

@, " NP cor ,
‘E\i! (—oo <" < 00)(ty)| S |EG” (—(0.85)t; <

Thus,

t= tz+l
L Lot
t =—00

I‘I’w¢>\ + = !‘I’ve\Q
2

I‘I’w¢| + 2|\Pv9\2

< Jff) (t; <t <tig1)(ro <7 < Ro) + BS) (tig1) — ES ()

< in/@(ti <t <tip1)(—00 <1 < 00)
< B (—00 <17 < 0|
el
< BT (—(0.85)t; < v < (0.85)8:)(¢ = t)|

4.5.4 Estimate 3

For

*

= ti+r]

177

1 rl,(l 2)ry]

ﬂ| U¢‘ ] (1_/1’)

1 X[rs,(1.2)r7)

72 5in2 0| U¢H (1—p)

< (0.85)t;)(t = t)|

2+ \‘I’gqs’ IX[rs 12072 (1 — p)dr* dodt



where rq is as determined in the construction of the vector field H, we have

~15" (0 < v < wi) (w; < w < 00)
~F) (1 = 00) (07 < v < 341) — FI (0 = vi1) (w; < w < 00)

o
< CFé,at)(w =w;)(v; <v < vig) — Fé,H) (v=v;)(w; <w < 0) (4.106)

(where C' is a constant)

And,
—I\(I,H)(Uz' <o < vipr)(w; S w < oo)(r <)
_ é}H)(U = ’Ui+1)(’ll}i S w S OO) — F\%H)(w — oo)(q)z S v S U’i-‘rl)
() (0 — w) (v . () () — ) (w0
S OFPY (w=w;)(vs v <v) = Fy (v =v;)(w; <w < 00)
]
HEP (—(0.85)t <1 < (0.85)t:)(t = t,)]] (4.107)
Proof.

We showed that,
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This proves (4.106). On the other hand, for all » < r;, we have,

—— h+2h <0 4.108
(1—p) r ( )

Thus,

V=41 wW=00 1 9 1 9 -1 ’ 3
- ST ra——— B+ Zh
/v:vi,r<r1 /w:wi /SQ[(l - M)2‘ vw’ 47"4 sinze‘ ¢)9’ ] M[(l _N) r ]

72do?(1 — p)dwdv

> 0 (4.109)

whereas,

V=V;41 W=00 1 9 1 9 —1 / 3
S — A K+ °h
’ V=04,T>T1 /w:wi /SQ[(l - /1’)2 ’ Uw‘ 4’/“4 Sln2 0’ ¢ ‘ ] [(1 - :U’) r ]

72(1 — p)do?dwdv|

< J&,C)(vi <v<vi)(w; <w < oo)(rp <7 < (1.2)r1)
K
< ]E\(I,at)(—(o.85)ti <7r* < (0.85)t)(t =t;)| (4.110)
Jéc)(vi <o <o) (w; <w < o0)(rp <r < 1.2r)
]
< BN (—(0.85)t; < < (0.85)t)(t = t3)]
and,
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[ /w_m/ (e W2 S -
S Ywol* + 55—

Vv=0,,r>11 JW=w; S2 7“2(1—/0 v 7’2811129(1*,[1,) we (l—u)
1

Y
+(] 2!‘11v9!2 2.79)\ vol’ K(l—ﬂ)

V=Vi41 wW=00 2 1 )
v — ¥
/U S / /Sz r2 ’ wol” + r2sin? §(1 — ,u)| ws|

2’\1/1]9‘2

)).r2do?(1 — p)dwdv|

m\ vgl? ]X[rl 1.2r7]-T 2do?dwdv

where X[, 1.2r,] 18 @ smooth positive cut-off function supported on [r}, 1.2r7].

From (4.104),

A e s SR
VP + e ——|¥
v=v;,r>r1 Jw=w; JS2 r2(1 - :U’) Y 72 Sln2 0(1 — ,u) we

1 2 1 2 2 2
+72|‘I’u0| +m\‘1’v¢| |- Xz 120717 do " dwdv

K2
< 1EY) (—(0.85)t < vt < (0.85))(t = 1)

We get,

9
1010 < v < v S w < o)(r 2 1) S [EYY (—(085) < r* < (085))(t

~

This proves (4.107).

4.5.5 Estimate 4

Let v;41 > v;. We have
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I (4 < v < s <w < < >
< v (isv 12;}31(1_[) v')w o)(r < m) + <Slip Fé,at)(v)(wi <w < o0)(r>r)
1 1 VixVXVi++1
Proof.
We hayve,
(H) e * 1 2 1 2
_F S<w< — (1) (| W S —
P w0y = 77 [ o) o el ¢ g el
1 1
1 — () (5| Py |? Voo |H)r2do?d
L= W) gVl + o Voo o
and we have
I( )(vz <v< vZJrl)(wZ <w < )
V=Vi+1 wW=00 1 1 ,LL /
Ul —— Wl (———Ph—h
/ / /52 7“2 | ol TQSiDQH(l—/L)‘ 3 K(l—,u)[r )
h/
\Ilv 2 5 . 9 v
1 1 ;3
+[m|\mw!2 + m|\1’¢9‘2].ﬂ[(1 - N)h - ;h]).r2d02(1 — p)dwdv

Given the expression of h, I/, in the region r < r{, we get for v > v;,

_Fé,H)(’U)(wi <w< OO)(T < Tl)

w=00 1 1 1w,
< _ \Ifw 2 5 \ij 2 ~h—"h
S g el + s e i =)

1 1
| Wpl? + —————| Ty |?
ISl + g ool
1 1
|V ———|T .
(1—,u)2’ vl 47“4sin29’ | ]'u[(l—u)

+

N - §h]).r%za?(l — p)dw
T
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On the other hand, we have,

K
F(at)(v = v;)(w; < w < wiy)

W=W;541
= / / 2T + Two]rido?dw
S2

w=uis (1—p)
2 2
/ / [Poul 4rt sin29’ |
1
+ qufwg\? yqfw,\ Jr2do?dv
=Wi+1 1
— ] 2 S 2
/w w; / 2‘ vl + 4r4sin29‘ o0l
1
+ ywweP W22 (1 — p)do?dw

r2sin?0(1 — p)

T2(1 1)

Thus, from the boundedness of h, h/, we have in r > rq,

S [ g el + Wl
™~ Jwewirse Js2 T2(1— ) wh r2sin? 0(1 — p) wé
1
S— /T — A EA W Y § Y
T Vol g el e (1= )
9
S By (0)(wi < w < oo)(r > 1)

Thus,

—Fé,H)(v)(wi <w < o0)

w=00 1 1 1 u ,
< — WPt ——— VP (———[Fh — h
~ /wwm"Sm /SQ([TQ(l_M)‘ 9| +T2Sin29(1_ﬂ)’ ¢| ]((1_M)[r ])
1 1 h
= Wuo? + 5= Vpg/?
+([r2| 0|” + rzsin29’ ol ]((1—u))

1 1
e W |* + ———— [Ty’
(1 o M)Q’ Uw‘ 47“4 sin29’ ¢9| ] M[(l _ M)

P
+F§,Bt)(v)(w7; <w < oo)(r>mr)

n— §h]).r2d02(1 — p)dw
T

+
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We have,

(Vi1 —v;) inf — éH)(v)(wi <w < 00)
0 Sv<vi+1

V=V 41
/ —Fé,H) (v)(w; < w < c0)dv

=v;

VUi pwses 1 1 1 u,
L S S P S [ L
/’U:vi,rgm /w:wi /SQ([T2(1 - N)‘ 0| 72 Sin2 9(1 - :u)| ¢| ]((1 - M) [T ])
1

h/
2
o))

W go|?]. 1]

IN

N

1
({51 Pusl* +

1 1
7\1’111112"'
=2 el =7

V=Vi+1 (8)
+/ Fgo' (v)(w; < w < oo)(r > r)dv

=0;

r2sin? 6

+[ n— §h]).7“2c1l(72(1 — p)dwdv
r

4rdsin2 0

N

—15" (v < v < i) (w; S w < 00)(r < 71)

0
tie —v)  sup Fy (0)(w; < w < o0)(r 1)
v; <v<vi

O
4.5.6 Estimate 5
For
wg = li+mn
vi = ti+mr
where r1 is as determined in the construction of the vector field H, we have
9 9
0< —I\(I,H)(vi <v<vg)(w; <w <oo)(r<r) < ]E\(I,"’t)] + E\?(at)(t =1p)
(4.112)
where,
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#(%>(t:t)

1 1 1
/r*—oo /2 r2(1— )| wol” + r2sin (1 — )‘ wel® + 1"2| wo|” + T2Sin29‘ 0ol
1

o W+ g [U g |?) 2 do?dr (t = t
—M)2’ vl + r4sin29’ MHT 7 ( 0)

(1
(4.113)
Proof.
Computing,
B (1) = / / W, )ncdV ol (4.114)
r*=—o0 JS2
B va
where n® = — \}?{)ﬁ and dVoly—y, = r?\/(1 — p)do?dr*, we get,
(1) ) _ / e 1 9. 2 2
By (1) = () T (H) (U, )r /(1 = p)do?dr
\\ () e oo Jg2 \/m at M

Therefore,

ES@) = / B /S (H) Ty (V,,)r?do?dr
T

T‘ =0 h
= /* /52[(1—M)Ttw + WTy|rido?dr

r*=oo h h
= / / [ ———Tww + ———Tow + hTwy + hTy|r2do?dr*
r S H

=0 Js2 (1= 1) (1—p)

- /T:__Z/SQ[(lﬁM)(;‘ wol? + 5| uol’)
+(1fu)((1i )‘\I'”w|2 4(;1 M)a Wgl?)
A el gl
+h( = |Vl 2105 l?)] 2do2dr
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Hence,

o N B e w\)

Fh(Waal? + 30507 + b1~ u)(\wz 1)

+h(|V | + |V o |?)]rPdo®dr*
00 VP

By using the divergence theorem in the region (v < wvg)(to <t < o0)(r <r1), we

—Fy (0 = vo) (wy < w < 00) = Fy (w = 00)(—00 < v < vg)
H
= By (to)
(4.115)
Due to the positivity of the terms on the left hand side, we get
—FD (0 =) (wp <w < 00) S B (to)
9
< BEOO(t = 1) (4.116)
where,
2
EFSD (4 = ¢)
1 1 1
DY T — | S SR | A E DR
/T*_Oo /52 r2(1—p) | wol” + r2sin? (1 — u)‘ wol”+ 1"2| vo| r2 sin29‘ sl
1
7\11 2 7\11 Nr2do?dr(t =t
gl Vel g Vel (¢ = 1)

From the divergence theorem and the fact that % is Killing, it is easy to see that by

integrating in a suitable region and using the positivity of the energy we get,
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9 9
Fé,‘”)(w =w;)(v; <v<wiy1) = Fé,at)(w =w;)(vi <v<vip1)(r>r1)
3
S IBGT (—(0.85)t < < (085)t:)(t = 1)

From (4.107), we get,

15 (o < v < wr)(wo < w < 00)(r < 71)

P (H)(, _
S OF (w=wo)(vg <v <) = Fy (v =wp)(wo < w < 00)
9
B (—(0.85)t0 < 1* < (0.85)t0) (t = to)]|
(%) #(5)
SO EYT (—(0.85)t0 < r* < (0.85)t0)(t = to)| + Ey " (t = to)

(from (4.116) and (4.117)).

By recurrence from inequality (4.107), and using (4.117), we obtain for all  integer

—I\(IIH)(Ui < v <) (w < w < 00)(r < 1)

—Fé,H) (v ="vi41)(w; <w < 0) — Fé,H)(w =00)(v; < v < viy1)

(B () o N 4 (H) (N
S OEPY (w=w;)(vi v <v) = Fy (v =v;)(w; <w < 00)
9
HED (—(0.85)t; < r* < (0.85),)(t = )
(&) . (aﬁ) _
< |EYY (—(0.85)t; < < (0.85)t)(t = t;)| + Ey 2 (t = to)

Due to sign of h, and the definition of h, we have that the terms in each of the integrands

on the left hand side are positive, hence, we obtain (4.112).
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4.5.7 Estimate 6

For all v, let

wo(v) =v —2r]

Let
v+ = max{1,v}
We have,
&) #(&) M
Bt E; % (t=t E
F o) <w<oo) g LD T e =0T By
Jr
and,
() #(2) M
Ep2t E; %% (t=1ty) + FE
—FéH)(w)(v—lgﬂgv) S H I |+ \IIUQ( 0) \I/]
_l’_
Proof.
Let,

v = t;+ TT
w, = t;—r]
where ¢; is defined as in (4.76):
t; = (1.1)%g

187

(4.118)

(4.119)

(4.120)

(4.121)

(4.122)



We have shown that,

Lemma 4.5.8. We have,
(4.123)

Proof. By integrating in a well chosen region and using the divergence theorem we get

that,

]
sup Féf’t)(v)(wi <w < o0)(r >r)

v; <v<v; 41
r*=Cr} 1 1
\Ilw 2 _— \ij 2 - ‘IJU 2
/r*—cr /s2 r2(1 — ) ’ ol + 7’2sin20(1—,u)| 4! }+[T2(17,u)| ol
1 1
—\I/U 7\111;11)2 — | W).(1 - 2do?du 1.
+r281n 9( )| ¢| I+ [(1_M)2| | +4T4sin20| ¢>9’ 1)-( p)r-doda124)
We showed that,
r*=rj 1 ]
/*_T /Sz r2(1— p) ‘ ol + r2 sin? 0(1 —,u)‘ o1+ [7‘2(1 —u)‘ o
1 1
22001 _ ) 7\111}11)2 — | 2.]_— 2d2d*t
T 9( _m' o)+ [ s Vol + g YeolD- (1 = w)r®do®dr (1)
K K
< By (1) L B

3 2 3 2
mlnwe{t}ﬂ{ri‘gr*gr;} w mlnve{t}ﬂ{ri‘ <r*<r;} v
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Thus, (4.124) gives,

(2) B ()
sup  Fg?" (v)(w; Sw < oo)(r>1m1) S 5 (4.125)
v; Sv<vi41 tl
O
And we showed that,
2 2
1D (0 < v <) <w < 00)(r <) < BV + BEOY (1 = 1)
Thus, we obtain,
(K)
: 1 (2)) , (&) Ey (L)
£ Fi <w < < T |t pet) i 1
'Uiggévi-&-l v (U)(wz == OO) ~ (Ui—l—l - Uz‘) H v ’ 5 ( 0)] " t?
(4.126)
and thus, there exists a vl# € [vi,vi+1] where above inequality holds.
We have,
Vit1l —V; = g1+ T‘T — (ti + ’FT) =141 —t; = (1.1)i+1t0 — (1.1)%0 = (11)1750(11 — 1)
= (0.1)(1.1)%%,
= 0.1¢ (4.127)
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Let,

wl =¥ — 27} (4.128)

Therefore,
FO ) wf <w<oo) S —F ) (w; < w < o)
(due to the positivity of —F&,H) (vfé)(wz <w <))
K

N

1 2 2
B+ B = )] +
(by (4.126)).

&

From (4.107), applied in the region [“%#7 oo}.[vz#, vit+1], we get due to the positivity of

—I\(;:H)(v? <v< Ui+1)(wz# < w < oo)(r <rp), and _FéH)(w = OO)(U;'# < v < Vi), that,

Lemma 4.5.9.

Proof. By applying the divergence theorem in a well chosen region, we get,
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B w =)o <o) $ B 07 <0 Bty
< BG01 < < v — ) = )]
< IES (rf < <t b0l — 1) (= 1)
S B <ot < (LDt 41 — t)(E = 1)
< B ( < vt < (0.0t + ) (¢ = )]

(4.129)

We proved that,

9
B (1 < < (0.0t +15)(t = )]

T*:(O.l)ti-‘ﬂ’{ 1 ) 1 ) 1 )
= Wl |Vl [——— |
/r*rf /sz([rz(l—u)| wi r281n20(1—u)| wsl] [Tz(l—u)| wl

1 1
—\IIU2 71111”1}2 Uuol?D).(1 — 2do?dr*(t
r251n29(1—,u)’ ¢H+[(1—H)2| | 4r45120| ool')-(1 = pjrdo”dr™(t)
K K
- B (t:) B ()
N Milyern{ori<r <)t} W Miye (s )nfrr<r <0140t} U
K K
- B () B ()

M« (<< (0.1) 1401y [T — 752 Mg e crr < 0.1y, 401y [0+ 772
(4.130)

For r* € [r}, (0.1)t; + r7],

ti—rf >t — 1" >t — [(0.1)t; +ri] = (0.9)t; — r}

We have,
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(0.9)t; — 17 >0

(for t; large enough)

Thus,
1(0.9)t; —ri? < [ti — 77 < [t =17
i t; — ) > 1(0.9)t; — r}|?
T*E{TTSTI*I;I{%).I)Q—FTT | T ‘ B ‘( ) ! 7’1|
Therefore,
K K
B (t:) < By (1)
MiN» e fpr<pr<0.1)t 401} [t — 752 7 t;
and thus,
(K)
2 Ey (T
EF 6 < <Dt =t 5 D)
(2
Therefore,
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We also have,

(K)
) By (b
B (—(0.85)t; < r* < (0.85))(t = t:)| < wtz( :
Thus,
(K)
1, (2 #(5 By (L
_Fé,H)(v = vi+1)(wz# <w<oo) S E[’E\(Ifa )| + E‘I’(a )(t =to)] + lpﬂ()
9 9
= LB 4+ B (1 = 1) + BYO (1)
(from the above)
and thus,
—Fé;H)(U =Vi41)(Wip1 Sw<o0) S - é/H)(U = Ui+1)(wz# <w < o)
(5| 4 &) K
< 1B | + By % (t = to) + E\(Il )(ti)]
S ti
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(due to the positivity of —F\%H) (v= Uz’+1)(w,# <w < o0)).

Repeating the same procedure,
Lemma 4.5.10.

9 9
1B + BES) (¢ = 1) + B

t;

IS (i1 < v <o) (Wi < w < o00)(r <) S

Proof. We get from (4.107),

*I\(I,H) (Vi1 < v < vigo)(wit1 < w < o00)(r < rp)

o
< Fé,at)(w = Wit1)(Vig1 < v < vig2) — F&,H)(v = V1) (Wit1 < w < 00)

~

8
B (—(0.85)t41 < 7 < (0.85)t51)(t = ti)|

(due to the positivity of —Fé,H) (w = 00)(viy1 < v < viga), —Fé,H) (v = vit2)(wit1 <

w < 00) and —I\(I,H)(viH <o < vi2)(wit1 < w < o0)(r <1p))

We have,

. EE) t;
P (0851 <1 < 089t = tin)] 5 D2
1+1

and,
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9 9
1BG"| + B = to) + BS) (1)
12

—F{ (0 = vip)(wip Sw < 00) S

(from above)

And,

8 o — (2t — v
|E\(Ifat)(,rT <t < Vi+2 ( ;Jrl Uz+2))(

Kl
< B 0 <0t < (00 tigy + 1) (E =ti41)|

A

v )(w = wiy1)(Vir1 < v < viy2) t=tiy1)]

We proved,

(K)
kel x % * E b !
IESPaJ(nSr < (0Dt +r))(E=tit)| S @ﬂ(”
i+1
hence,
) B (4,
(0 = wi)(en S v Suisy) £ D000
ZL/i-&-l
Therefore,
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9 9
1BV + BES) (¢ = 1) + B

t;

H
_I‘(P )(”Z‘rl <wv <) wipr Sw<oo)(r<ry) S

Using (4.111), we get,

1EGD| £ P& (4 — o)+ BY]  EM
v o =19) + xp]+ o

inf Fé,H) (W) (wip1 <w <o0) <

Vi1 SUSvip2 ~ tiv1(vitz — vit1) t1
(&) #(Z) M
< [[Ey™ |+ Ey * (t=1t0) + Ey]
~ t7

and thus, there exists a v?il € [vit+1, vit2] where above inequality holds. We get,

H H
FSOf )l <w<oo) < B 0F ) (i < w < o)
|+ B (4 = tg) + BM
o B + BE (1 = 1) + B
~ t7
As before, we let,
wﬁl = v?il —2r]

From (4.107), applied in the region [wﬁl, oo].[vﬁl, vito], we get due to the positivity

of —I\(I,H) (v?iﬁH <v< vi+2)(wﬁ1 <w < 00), and —F&,H)(w = oo)(vfi1 < v < j42), that,
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)
< Fé,at)(w:wﬁ_l)(v#lSUSUi+2)_F\£H)(v:Uﬁ1)(w# <w <o)

)
B (—(0.85)ti41 < 17 < (0.85)ti1)( = ti11)]

We proved that,

(K)
B E tit1
= ) <o S o) 5 D
i+l
We also have,
. EE) t:
\E\(Iﬁt)(—(().85)ti+1 St < (0.85)tis1)(E =tipa)| S \Ijt2(z+1)
i+l

Therefore,

8 9
1By") + By (e = to) + B

2
ti-i—l

and finally,
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—Fé;H) (v=vip2)(wig2 Sw < 00) S — é/H) (v= ”i+2)(wzﬁ1 < w < 00)

9 9
1B + BE S (¢ = t) + B

< :
ti+1
0 0
o IE I+ EE (= to) + EY]
~ U2 )
Fit1)

(due to the positivity of —Fé,H) (v= vi+2)(wz# | < w < 00)).

4.6 The Proof of Decay Near the Horizon

Let v4 be as defined in (4.118), we will prove that for all r < rq,

Eq

|Ff)w(vvwvw)| S -
Ut

Ey

‘Fewz(vv wvw)| g o
Ut

where,
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‘Fvel(%w’w)‘ S —
Ut
E
|Foey (v, w,0)] S =2
Ut
2m by
1-22F < 2
| , wel(%waw)‘ v
1= 22 Py (0, 0,w)| S 2
Ut
where,
2 N (D) #(2) L
By = [Bp+) D Bl et =)+ EL (= to)]:
i=0 j=1
L (D) 2)
= Eot t=t o t=t
[;; Tj(g)](ﬁt)ij( 0)+ ,,,6(4)6\1,( 0)
~ (K) (K)
—l—ZZEﬂ(ﬂ)j(ﬁt)w(t—to)+ET5(4Z)5(t—to)
i=0 j=0
+ S $ ) (t=to) + ETE0) (1= o))
ri ()i (Le)iF 0 (L )3F 0
i=0 j=1
Proof.

4.6.1 Decay for F;; and F,,.,

We have the Sobolev inequality,

V=V
Fra@wwl [ [ (PP 416 Fal + 14 Pl
v=v—

HA LoFool® +[(£) Fool® +1(£)* LoFpi|*)do?du
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o b b b
20 ow o0 V5w
_ _lgug Py Py

Eﬁ\Ij’ﬁﬂ) = V{;\Il@w - \I/(V

[V Wse, + Vo)
[Véa \Ijﬁéa + Ve”b \I]@éb]
Lo, Vse, — U(Ve,0,6) — U(b, Ve, €a) + Lo, Vg, — (Ve 0,6) — (D, Ve, )]

[ﬁéa \I/{)éa — \I/<1A), Véaéa) + Eéb\:[/,[)éb — \I/(f), Vébéb)]

N =N RN =N =

(by using the field equations)

Thus,
V=V
/ / 1L, Vs (v, w, w)|*do*dv
=v—1J8S2
V=v
S / | = Ve, Ve, — VeAb\I/@éb‘QdUQdﬁ
v=v—1J82
o 2 2 2
S / / (Ve Woe, | + |V, Wog, |*)do*dv
=v—1.J82
V=V
S / / (1L Vo, I + £ o |* + [Wou|* + [Woe, |* + [Vog, |*)do?dv
v=v—1J82
V=V
S / /2(!7“4Z oo, > + 1L Wog, | + [Wou|? + |Woe, I + |Wog, |?)r2do?do
v=v—1J8

(for r > 2m > 0)

200



Recall that,

—Fé,H)(w)(v —1<v <)

1
= / / 20 (") [| Ve, |2 + [Wye, |2 ZERY) |‘I’vw|2 ’\I/e1ez|2]7ﬂ2d0'2d@
v=v—1J82 ( ) 4

(by computing (4.90) using the orthonormal basis e,, a € {1,2} instead of = and = Wthh
are singular at 6 = 0, 7).

Consequently,

/ LU0, w, W) Pdo?ds < —FU () —1<7 < v)
v=v—1J82 \I/r,¢\11

Therefore, we have,

Pl < [ | (Pl + 160 Fial + 18 Foal?
A LoFoal? +1(8) Frol? + |(£) Lo Foo P)dodr

< _pW) - -
~ FFT‘¢F7"2(¢)2F7»3(¢)3F( )(U 1§U§v)

From (4.120), we proved that,

—Fé,H)(w)(v —1<7<0)

N
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Thus,

(H) B
_FF’T¢F,T2(¢)2F,T3(¢)SF(U})(’U —1 S T S 'U)
(5¢) (t:t)_|_E#(%) t =t
< F,T¢ F,T2(¢)2F,T3(¢ )3F 0 F,rﬂ F,r2(¢ )2F,7'3(¢ B F 0
M J—
EF,rﬂ Fr2(f)2Fr3(4 )3F(t =to)
+ —
Jr
(ar) _ #(%) B
Fr»¢ Fr2 4)2F,r3(¢)3p(t =tg) + EFJ# F,r2(4l)2F,r3(4Z)3F(t = to)
g rre syt = 1)
3 (2) 3 #(2) 3 .
— ZEN' tﬂ )J’F(t =tp) + . Erj(Z)jF(t =tp) + ZEN(ﬂ)J’F
7=0 Jary par
Recall that,
3 ) (K)
M == at J—
Er = ZOEa(tIZJFt to) +Z (t=10)
j:
Thus,
~ g (2 +K) "
JZ(:) Erj(»(Z Y F = F7r¢ F7r2(¢ )2F7r3(¢ )3F7r4(¢ )4F,r5(,¢ )5F(t = to) + Erﬁ(,(Z)GF
: (&)
. Z;E”‘a(tﬁ)JF (t=to) + Z rﬂ(¢ JF (t =to)
]:
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We get,

‘Ff)ﬁ)(vv w, w)|2

3 #(2) _ 6 (&) _ 5 (K) B
Zj:o ET,J'(Z )]F(t - to) + Zj:[) Erja(¢ )JF(t - to) + Zj:() Erj(¢ )jF(t - to)

Ut

AN

Finally we get,

E
|Fya(v,w,w)] S =%
Ut

where FEj is defined as follows,

N|=

E#.(
ri(
1

5 3
_ (5) _ 2 : (K) _ ) _
Bo= Erf€¢)jF(t—to)+ : OErj(g)jF(t_t0)+ . )jF(t_to)]
j= j=

<.
(-
o
RS

Concerning the component Fg,.,, similarly, we have the Sobolev inequality,

V=0
| Feye (7)771)7‘*))’2 S / . /32(’}76162’2 + ’ﬁvFewz’z + ’¢F6162|2
V=v—

A LoFeres|* + [(£)* Feres|* + [(£)* Lo Fere, [*)dodv

‘C'&\I/eleg = vﬁlpeleg - \Ij(vf}elv 62) - \11(617 VﬁeQ)
= _vel \I]egf) - Veg \I’f}el
= vel \ij)ez - vezlpﬁel

= Lo Whe, — U(Ve,b,e2) — U(0, Ve, e2) — LoyUie, + U(Veyd, e1) + U(0, Veyer)
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Therefore,

U=V
[ et vw P
v=v—1J8

v=v
/ 1 /SZ(|£61\11662|2 + |£e2\ljf)€1|2 + |\Ije162|2 + |\Ijﬁ62|2)d0'2d§
v=v—

N

N

V=V
L e e+ s+ Wi Phdo?n
v=v—

< ) -
< Fm,rﬂm(w)(v 1 <7 <)

(using what we already proved, and the fact that r is bounded in the region 0 < 2m <
r < R).

Consequently, we have,

H _
Faes(ow, @) S =F g opagg (0@ = 1S7<0)

We proved that,

(H) -
—FF,rﬂF,T2(4)2F,r3(,¢)3p(w)(v —1<7 <)
#(5) B
< F,ré F7T2(4)2F,T3(4)3F(t to) + EFT4FT2(4)2F7~3(4)3F
Thus,
Ey

|F6162(U7w07w)” S -
U+

4.6.2 Decay for F;., and Fj.,
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We have the Sobolev inequality,

v=v
Pl < [ [ (Rl 16 FgP + 18 7P
V=v—

B LoFygl® + [(£)2Fygl* +1(£)* Lo Fogl*)dodv

On one hand, we can compute,

[@‘I’ﬁé = Vﬁ\l’ﬁé + U (V4y0,0) + (0, V)

"
= VoW + Z‘Pfaé

1
V(U + ¥ .5 =-V

4V (W + Vo) + Ve (Vs + 0 0p)

TV (W + )+ 4(—vt\1f9r — Vi Uy + Vil 5 — (1= )V 55)

= ViV V)~ (véxyr*ﬁ( V¥ 55)

= ViV —

1
2
1
1
1

1
Z(l — ,u)(Vé\Il,:*,g + V(;E\Ilqgé)

(where we used the field equations and the Bianchi identities).

Thus,

(1—p)

[~ LW o+ W(Vgr*, ) + W (r*, V)
—L3U 55+ U(V;0,0) + (5, V0]

= LV — g\yﬁé

1 V1—p
U= W)Ly W g+ T Uy = LW g5 — =V ]
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1 1
= ‘Ct\P{;é — 1(1 — [L)Eé\lff*g - Z(l — ,u)ﬁ(z;\lléé

_l(ﬁ n M)\p A

2°r r o0
(1—p) (1—p)
Lop (1—p)
el C T S A Y /N
2(7" + r ) o0

Hence,

L
LWy = vﬁq’ﬁé*’ﬂ‘ljﬁé

1 1 1
= wa—( ;”%ww—( ’”me—(#”w

and similarly, we obtain,

(1—p) (1—p) (1—p)
,C{,\I’{)qg = Et‘I’ﬁqg — Tﬁq@‘l’{my — T[/éqjéé — o \ijw@
Thus, for r > 2m > 0,
5 (1—p) (1—p) (I-—p) o 2
‘ﬁv\p@d = |£t\IJ@é — B ﬁé\If{,w — 1 ‘C&\P({?é — o \I"@é|

SOLT P+ LV + \Q{,‘I’éép + Wl
(by using a.b < a? + b?)
We get,

1Lo00ssl” S L0051 + 14 Wou|” + [£ W gg1% + [0/

A

L0057 + P Vo |* + |r g ‘I’é¢3|2 + W0
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(in the region 0 < 2m <r < R).

Therefore,

|[Fpg (v, w,0) |2

S [ Rl 1Bl + 18 EP
AL, + (8 Fygl? + | LoFygP)dod
S [ R I+ gl
L + PR PEGE + (8L ) do o
S _FSZZ Fr2()2F,LoFrl] LoFr2 ()2 Lo Fr3 (4 )3F(w>(v —1<7<0)
2 1
o T P R TP

From estimate (4.120),

Recall that,

>

3
EY = S B (=t + 3 E

) 4=
i il pull = o)

<.
Il
o

Therefore,
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Es

‘F{;é(vvwvwﬂ 5 Z
where,
(D) (2)
Bro= L2 Byt =10+ Bsigyort="1)
§=0 i=0
S (K) (K)
F 22 B e =10+ B (0= t0)
§=0 i=0
+ 2 iE#(fi) (t=to) + EX0) (1= )]
N‘(¢)j(£t)ip — 0 7,3(4)3}7 =0
j=1 i=0
— [E2 +§:§:E#(§f) (t=to) + E*@) (1= o))}
T T Ty E T T ey T
j=11i=
and similarly,
Es
. < 2
[Fog(v,w,w)| S o

4.6.3 Decay for /1 — 27me61 and /1 — QTMF@@

We have the Sobolev inequality,
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V({1 = p)F, (v, w,w)
/ /rFFMFHc (V= 1))+ 18 (V= 1) F )
+|4z.cw (VI =W F )+ 18 (VA = p)F )

L) Lw(V/ (1= p)F,5)|?)do?dw

We hayve,
LoVes = Vil s+ (V) + T(d, Vi)
= Vol
1
= I\
(=g
Computing,
1 1
Vulyg = SVulWy =) =5Via 1.0,(F—T.)
1 1
= th(‘lltﬁ U,.5) — ZVT*(\IItG V,.5)
1 1
= VW~ V) = (Ve = Vel = Vil + (1= 1)V, 0 g5)
1 1
= th(\ljté \IJT*Q)+4( Vt *9+Vt\Pté+Vé‘IJT*t ( )V¢\P¢0)
(

1)
T(vé‘l’m V¢>‘I'¢9)

(using the field equations and the Bianchi identities).
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Thus,

(1—n) o

1
Vol » = §(Vt\Ilt9A—Vt\I/r*é)+

wb

(Vé\I/rA*{ - Vq; q§9)
1 Iz Iz
= LWy =5 Wy = LoV + 5 V)
1- N
(1—p) « . Py

o
4

0~ r*t

(1—n)
4

(1—p) (1—p)
== ﬁt\:[jwé + 2 ﬁA\I/f)w — Tﬁ(i)\PAé + \Il’wé

LV

i A Sl
T i~ RoYa0 T T

= LW+

1
(Cé‘l’r;{ - ,C(Z)\I’qgé) + ﬂ\ywé +

2r

[ ?

and similarly, we obtain,

-1, g (1—p)

Ve p Fover T

wp = Le¥ygt

Therefore,

ot
W (1 - p)

1 1
= ﬁt\pwé + §£é\1113u”) — Zﬁé\p(gé + \Ijuié

= (1 - ﬂ)ﬁw\If qu]wé

Hence,

~

Lu@ a5l S 1LeW 57 + L9 %00 " + L5947 + W51

(by using a.b < a? + b?)
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\IJTA*GA)
(1—p)

v
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We get,

LuWgl? S 1LY 517 + [ Wou | + |2 057 + |9 507

SR LRSI A PR PHEERL WG

(in the region 0 < 2m <r < R).

We also have,

K2 _ 19 190 _ (Q=po _ (A=p 1t
gV = G age VU W = g V) = e
_ M AT
T 4y (L=p)
Thus,
V(1= p)Fyp(v,w,w)
< / / IV~ n A9|2+|zw< = W Fa) 2+ 14 (VT — W F )
+|4z£ (VA=W F )2+ 1(4)2( (T = m)F, )1
L) Ly(\/ (1 — p)F,5)°)do?dw
s/ /1— ~é\2+\£ Fogl? + P F g
SZ
+IT¢E Fool? + (£ F gl + 17 (£ ) Lo F i *)do® dw
< —pW (v)(wo < w < 0)
~ FT¢F7‘2 (L 2F.LoFrll L2 (f 2L Fad(fL )3 F 0="=
2
(H)
Y FNM ey p (V)0 Sw S 00) = FL 1 (0) (w0 < w < 00)

7=0 =0
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From estimate 6,

U+
As
Sy 2w
M ot _
By = ZETJ_(¢)J_‘1/(75 to) +ZET](4Z i
Jj=0 j=0
we have,
Es
V(=) Ev,w,w)] < —
U+t
and similarly,
TR Es
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Chapter 5

Opening to Different Problems in
PDE

5.1 Introduction

The problem of breakdown of solutions of the critical quasi-geostrophic equation with ar-
bitrary smooth initial data was suggested by S. Klainerman in [KI2] as one of the most
challenging problems in partial differential equations of the twenty-first century. In an ele-
gant paper, [KNV], A. Kiselev, F. Nazarov, and A. Voldberg, proved global well-posdness
of the critical 2-dimensional dissipative quasi-geostrophic equation with smooth periodic
initial data. This chapter is a remark that by using an adaptation of the technique intro-
duced by Kiselev, Nazarov, and Voldberg, in [KNV], with a modified scaling argument,
we can immediately prove global regularity of the critical 2-dimensional dissipative quasi-
geostrophic equation with smooth periodic force, under the assumption that the initial
data is smooth and periodic, and the force is bounded in space and time, and a-Holder

continuous in space, a > 0.
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5.2 Global Regularity for the Critical 2-D Dissipative Quasi-

Geostrophic Equation with Force on the Torus

5.2.1 The statement

We consider the critical surface quasi-geostrophic equation with force, which we will write

as the following:
810(z, 1) = u.VO(z,t) — (—A)20(z, 1) + f(z,t) (5.1)

where # € R?, u(x,t) = (—R20, R10), where Ry and Ry are the usual Riesz transforms in
R% 0(z,t) : RZR — R is a scalar function, and f(z,t) : R>.R — R is the force function.
We assume f smooth and periodic on R? (in space), and bounded in space and time,

i.e.
|| f (2, 8)|[Lee < 00 (5.2)

We also assume f to be a-Hdélder continuous with « > 0, i.e. there exist constants

C1 > 0 and a > 0 which do not depend on t, such that for all z,y in R2,

|f(x,t) = f(y,t)| < Chlz —y|* (5.3)

The goal of section (5.3) is to prove the following theorem,

Theorem 5.2.2. The gradiant of local solutions of the critical surface dissipative quasi-
geostrophic equation with smooth periodic force, (5.1), with smooth periodic initial data,

will not blow up in time under assumptions (5.2) and (5.3) on the force.
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5.2.3 Strategy of the proof

We will prove theorem (5.2.2) by proving that for 6 a solution of (5.1) with smooth
periodic initial data 6g, ||V||L is bounded by a constant depending on || f||re, on C; and
« as defined in (5.3), on ||V8y||r~, and on the period of §y and f. Once this is achieved,
one can show that local solutions can be extended to global solutions in time by adapting
the argument shown by A. Kiselev in [K]. To prove such an estimate on ||V6||pe we will
use the method of modulus of continuity of A. Kiselev, F. Nazarov, and A. Volberg in

[KNV], with a modified scaling argument.

Definition 5.2.4. We say that a function w is a modulus of continuity if w : Ry — Ry is

increasing, continuous, concave, and w(0) = 0.

Definition 5.2.5. We say that 6 has modulus of continuity w, or w is preserved by 6, at

time ¢, if for all z,y € R?,
0(,t) — 0(y, )| < w(lz—yl) (5.4)

Observe now that if at time ¢, # has w as modulus of continuity, then

0 +h,t) — 0, 1)| _ w((h])
7] =

By taking the limit when || — 0 in the above inequality, we obtain for all z € R?

IVO(x,t)] < w (0)

Therefore, by taking the supremum in space in the above inequality, we get that

1V6(, 1)1 < ' (0) (5.5)
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Consequently, if we manage to find one special function w, modulus of continuity, such
that given A large enough depending on ||V6p||re, where 6y is the initial data, on || f||e~,

and on the period of 8y and of f, such that

wa(() = w(AQ) (5.6)

is a modulus of continuity for 6y, and w4 remains preserved for all time ¢ by €, a smooth

solution of (5.1) with 6y as initial data, in the sense of (5.4), then

|VO(z, t)|| L < Aw (0) (5.7)
Let’s look for such w:
If
w (0) =1 (5.8)
and
lim w(C) = o0 (5.9)
(—o0

then we notice that since any smooth periodic function 6; is bounded, we can choose A > 0
large enough such that 6y has w4 (¢) = w(A() as modulus of continuity, with A depending
on ||VOo||r~ and on the period of 6.

If we also impose on w to have

l_ " _
Jim, (¢) =—o0

then, since 6 is smooth because 0y and f are smooth, the only way for w to stop being a

modulus of continuity for § after some time is that there exists a time T, and z,y € R2,
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x # y, such that
0(x,T) = 0(y, T) = wallz —yl) (5.10)
and
O(0(x, T)—0(y, T)) >0 (5.11)
Hence, we are going to look for w verifying (5.8) and (5.9) such that
w (0) =—o0 (5.12)
and such that at x,y € R? where (5.10) is verified, we have
0 (0(x, T) —0(y, T)) <0 (5.13)

Because of (5.11), inequality (5.13) will prove that wy4 is preserved by 6 for all time t,

and consequently we will have our estimate.

5.3 Estimate for ||VO(z,t)||r~

Let w a modulus of continuity, in the sense of (5.2.4), such that,

Cli_}nolow(g“) = o0 (5.14)
W) =1 (5.15)
w'(0) = —oo (5.16)

Given an arbitrary smooth periodic initial data 6y, since it is a C! function on a

compact, we can choose A large enough depending on ||Vép||r~ and the period of 0y, such
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that 0y has w4 as modulus of continuity, i.e. for all =,y € R?, we have

[6o(z) = 0o(y)| < wallz —yl)

This gives for all z,y € R?

60(5) = b0(5)] < wlle = y])

Definition 5.3.1. Let A such that we have (5.17), we define

If 0(x, t) solves (5.1), then 0(x,t) satisfies

t
i

d,0(z,t) = a.VO(x,t) — (—A)

N|=

1)+ 1

(5.17)

(5.18)

(5.19)

(5.20)

We would want to find w preserved by 0 for all time t. For this, we will proceed as

explained in (5.2.3):

Let z,y € R%, x # y, be such that 6 has w as modulus of continuity for all time ¢t < T,

and

O, T) = 0(y, T) = w(lz - y|)

Let

¢=lr—yl
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As explained in (5.2.3), we want to find w such that for x,y € R? as in (5.21), we have

A (0(x, T) —0(y, T)) <0 (5.23)

This will give that w is preserved by 6 for all time ¢, and consequently w4 is preserved
by 6 for all time, and therefore we will have our desired estimate (5.7).

Computing,

= w.Vl(x,T) — .V, T) — [(~A)28(z,T) — (—~A)26(y, T)]
1, o T 1,y T
A O TAY T (5.24)

Lemma 5.3.2. If the function 0 has modulus of continuity w, then @ = (—R20, R10) has

modulus of continuity Q(C), where

Cw ©w
00 = B([ “Wan+¢ [~ < an) (5.25)

0
with some universal constant B > 0.

Proof. A sketch of the proof of (5.3.2) is in the Appendix of [KNV].

O
Lemma 5.3.3. For z,y and T as in (5.21), and ¢ defined as in (5.22), we have
vz, T) —a.Vi(y,T) < QO () >0 (5.26)
<
(a0 T) - (AT < L [FEEEETele I Z 20,
0 n
1 [ w@n+¢) —w(@Zn = () = 2w(()
+ﬂ_/g ?72 d?]
(5.27)
1., T y T Ci .

Z[f(Z’ Z) - f(27 Z)] < A1+O‘C (528)
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for some a >0 and C; > 0 as in (5.3).

Proof.

To prove (5.26), we compute

. V0(z, T) —0.VO(y, T) = <

ah o [0(z + hu(z),T) — O(y + hu(y), T)] (5.29)

We have

0(x + hu(z),T) — 0y + hu(y),T) < w(z+ hu(z) —y — hu(y))
(because w is preserved by 6§ at time T)

< w(C+ hla(z) —a(y)]) (5.30)
and
[a(z) —a(y)| < Q(C) (5.31)

(by (5.3.2))

Since w is increasing, (5.30) and (5.31) give

O(x + hu(e), T) = 0(y + hu(y),T) < w(¢ +hQAQ)) (5.32)
(5.32) and (5.21) lead to
O(x + hu(),T) = 0y + hu(y), T)) — [0(2,T) = 6(y, T)] < w(C + h2A(Q)) = w(C)

Hence,

O hu(@). T) iy + (). T) — . T) 0. T wlC+hQA0) ()
h—0 h ~ h—0 h
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Consequently,

/

T 0 @), T) =0y + (), 7)) < 9 () (5:33)

(5.26) comes out after injecting (5.33) in (5.29).
(5.27) is proved in [KNV].

(5.28) comes out from assumption (5.3), that f is a-Ho6lder continuous, with o > 0:

1.z T y T Crlz—y|*  C1
Z[f(272) f<272>] = Z Ao _A1+O‘C

5.3.4 Construction of w

Let § > 0 small enough to be chosen later, 5 = min{%, a}, where o > 0 is defined as in
)
(5.3),and 0 <y < 5.

For 0 < ¢ <9, let

w(¢) =¢— ¢ (5.34)

For ( > 4, let
W) =— T 5.35
O G ons) .

Remark 5.3.5. For ¢ small enough, and 0 < v < %, w is a modulus of continuity verifying

(5.14), (5.15), and (5.16).

Lemma 5.3.6. Let z,y € R? be as in (5.21) with w as defined in (5.34) and (5.35), and

let ( = |x —y| > 0. If we choose 6 and vy small enough, with 0 < v < g, then for all
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0 < ¢ < A.D, where D is the period of 0, we have (5.23), i.e.

A (0(x, T) —0(y, T)) <0

Proof.

Checking inequality (5.23) for 0 < ( <§

Injecting (5.25) in (5.26), we get

@.V0(x,T) — 0.VO(y,T)

IN

¢ w(n) Cwm)
B[ an [ SR ©

From (5.34), we have
Thus,

On the other hand,

P g —w() i [ —w (n)
—/C(nn+)dn+[n]5 /5 an

(by integrating by parts in the second integral)

- n? w(9) > 1
= [lnn) - [F]g T +7/6 mdn

1) 1

5
< ln(g)—&-l-i-%
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If we choose v < §, we obtain

/:O “’é?dn < 24 ln(g) (5.38)
We also have from (5.34),
w() <1 (5.39)

Injecting (5.37), (5.38), and (5.39) in (5.36), we get

@.VO(z,T) —0.VO(y,T) < B[¢+C(2+ ln(g)].l

< B[3+ Cln(g)] (5.40)

On the other hand, (5.27) has two terms and they are both negative due to the concavity

of w. Indeed, the first term in (5.27) is

1 /5 w(C +2n) +w(¢ —2n) — Zw(C)d?7
0

T n?

If we choose d small enough, then w is concave. In addition, wm(C) > 0 due to the

choice of 8. Hence, using the Taylor series, we can estimate

w(C+2n) < w(@)+2w'(Q)n

w(¢ —2n)

IN

w(C) — 2w (O)n + 20" ()
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Therefore,

IN
\

1[5 w(¢+2n) + w(¢ —2n) — 20(0) 1
| o< f

T 02 T

IN IN
\ \
Ec\
o
&
o
QU
3

Whereas to the second term in (5.27),

1 [ w@2n+¢) —w(2n— () —2w(()
J "

2
™
2 N

since w is concave, we have

w2n+¢) = w@n—-C+¢+Q)
< w@n -0 +w(C+Q)

< w(2n = () +2w(()

Hence,

1/:OW(%HC)—fJJ(277—C)—2w(C)d77 < 0

2
™ J¢ n
Injecting (5.41) and (5.42) in (5.27), we obtain

(-, T) - (~ayi ) < —PATP) e

- T
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Finally, injecting (5.28), (5.40), and (5.43) in (5.24), we obtain for 0 < { < ¢

. . 5 C
o0(e. 1) -8, T) < BIG+ ()] - TN e
< 3B¢+ BC(o) — Bon(Q) - M Doy T
Choosing § < 1 and A > 1, we have
¢ <
A1+5 < Alte
Consequently,
. « C
0:(0(2,T) = 0(y, 7)) < B(3¢+(In(9)) —BCln(C)—CB(B(l:B) ~ 155)

(5.44)

Choosing ¢ small enough, and A large enough depending on C; and on g, and therefore

on f, then (5.44) would lead to
K(0(x,T) =0y, T)) < 0

Checking inequality (5.23) for § < ( < A.D, where D is the period of 6

From (5.24), (5.25), (5.26) and (5.27), we have

. . , Cw W
i 7). 7) < OB M an s ¢ [T an)

<

+% /02 w(C + 2n) —i—w(nCQ— 2n) — QoJ(C)ah7
J% /:" w(2n+¢) — WE;?? -0 - Qw(C)d?7
1 z T y T
+Z(f(Z’Z) _f(Z’Z)) (5.45)
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‘We have

(from assumption (5.2) on the force).

Whereas to the term

1[5 w(C+2n) +w(C — 2n) — 2(C)
/0 ) dn

™

since w is concave, using the Taylor series, we can estimate

w(C—2n7) < w(C) - 20 (C)

wC+2n) < w(C)+ 20w (Q)

Therefore,

™

1[5 w(C+2n) +w(C —2n) — 2w(C
[Pl =20,

Now, we want to evaluate the term

I [ w2n+ () —w(2n— () —2w(()
ﬂ/g n? &

We have

w2n+¢) = w2n—-¢+2)

< w(2n = () +w(20)

(by concavity).
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Hence,

dn < —
T n? =7 )

1/°°W(2?7+C)—w(277—4)—%(€) 1/
¢
Since w is concave, we also have

w(2¢)

VAN
&
o
+
a
&

o

IN
o
=2

IN
S
o
+
\

If we choose v < g, (5.49) will lead to

1)
w(2¢) < w(()+ 3

If we choose ¢ small enough, we will have

51+,3 <

N >

then, from (5.34) and (5.35) we will get

<w(d) <w(C)

N &1

Injecting (5.52) in (5.50), we obtain

w(2¢) < sw(¢)

Consequently,

T n? - 27

L [P w0240, L [~uQ,

2 2
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oy

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)

(5.53)



(from (5.48)).

Now, we would want to evaluate the term

[Py [T

We have,

[

+
w() (%)

N
ey
‘ &
3 —
QN\_/
3
IN

IN

If we choose § small enough as before in (5.51), so that w(¢) > w(d) > 3, we obtain

CUJ
[Py < 200+ m)
< w({)(2+1n(%)) (5.54)

On the other hand, integrating by parts and using (5.35), we can evaluate

Fom) o _ wl@ > 1
/g 2= e +7/C 772(4+1H(§))d77

IN

Consequently, if we choose v < ¢, with ¢ small enough as in (5.51), then from (5.52)

we get,

/oow(mdn < 9¥© (5.55)
¢
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Hence, from (5.54) and (5.55), we get

oy [T o)) 5 o
([ P [T < w(Q@ )+ 200
< w(Q@+n(3) (5.56)

Finally, injecting (5.46), (5.47), (5.53), and (5.56) in (5.45), we obtain

o(0(z,T) — 0(y,T)) < Bw(C)(4+ln(§))w/(C)—iw?) +2”fL‘1L°°

Therefore, from (5.35) we have

06, T) by, T)) < By 1O o[l

¢ 7T ¢ A
w(¢) 1 S]]z~
< —==(By——-)4+2
If we choose v small enough, we get
1
By—-—-<0
7

then, we get for all § < { < A.D, where D is the period of 0,

0:(2.T) — by 7)) < L)

1 £z
Bry — —) 4 oL
(By ﬂ)+ 1

Since w is increasing, we can choose A large enough depending on D and ||f||ze, such

that
w(A.D)
A.D

Ly ol
(B~ 7T)-f—2 1 <0
O

Remark (5.3.5) and lemma (5.3.6) show that for 6 and v chosen small enough, with

0 <~ < 2 wis preserved by 6 for 0 < ¢ < A.D, where D is the period of 6, for all time ¢.
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Since 6 is periodic of period D depending on the period of 8y and of f, then 0 is periodic
of period A.D, and since w is increasing, we have by then that for all { > A.D and for all

time t,

O(x,t) — 0(y,t) < w(()

Therefore, wy is preserved by 6 for all time. Consequently, from (5.7) we have

V0] < Aw'(0) < A

where A depends only on ||f||z~, on C; and 8 = min{%,a}, on ||Vy||r~, on the period
of 6y, and on the period D of § (which is given by the period of 6y and the period of f). If

A is finite, this gives that local solutions of (5.1) can be extended globally in time.
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Chapter 6

Appendix

6.1 Kirchoff-Sobolev Parametrix for Oy F,,

We assume (M,g) to be globally hyperbolic, i.e. it admits a Cauchy surface ¥, which
means a space-like hypersurface ¥ C M, that is intersected precisely once by every inex-
tendible causal curve. We also assume that the null cones are regular past the space-like
hypersurface .

We sketch an adaptation to the Yang-Mills setting of the original construction by
S. Klainerman and I. Rodnianski in [KR1] of the Kirchoff-Soboloev parametrix. Recall
that the original construction presented in [KR1] was done in the context of a one tensor
with values in the tangent bundle verifying the tensorial wave equation, and cannot be
applied directly as it is to the the Yang-Mills equations. However, as noted in [KR1] this
construction could be systematically generalized to G-valued tensors of arbitrary order
verifying the gauge covariant tensorial wave equations with a compatible Ad-invariant
scalar product < , > on G, leading to a representation formula suitable to present a gauge
invariant proof of the global existence of Yang-Mills fields on the 4-dimensional Minkowski
background. We are sketching the adaptation in this appendix so as to use it to give a

proof of the global existence of Yang-Mills fields on curved backgrounds.

Definition 6.1.1. Let p be a point to the future of ¥. The affine parameter s on N~ (p)
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is defined by fixing a future unit time-like vector T}, at p and considering for every w in

S?, the null vector [, in 7,(M), such that

g(lwan) =1 (6.1)

and associate to it the null geodesic v, (s) such that ~,(0) = p, %VW(O) =l,, and L =

%%J(s) where s is chosen so that VL = 0. Thus, L(s) = 1,s(p) = 0.

Definition 6.1.2. Let N~ (p) be the boundary of the causal past of p. Let x denote the

null second fundamental form of N~ (p), that is, for all ¢ € N~ (p)\{p},

X(X,Y)(q) = &(VxL,Y)(q) (6.2)

for all X, Y in T,N~(p).

Lemma 6.1.3. x is symmetric and thus x is diagonalisable, moreover x(L, X) = x(L,L) =
0, for all X € TN~ (p), consequently, we can define trx = x(L, L)+ x(e1,e1)+ x(e2, e2) =
X11 + X22-
Proof.

Given a point ¢ € N~ (p)\{p}, we can define a null frame {L, L, e1,ea} - where e; and

es are tangent to N~ (p) N{s = constant} 2-surfaces - that forms a basis of T, M, such that

at ¢ € N~ (p)\{p},

g(L,L) = g(L L)=0 (6.3)
g(L,L) = -2 (6.4)
gleq,€) = dap, a,be {1,2} (6.5)
g(L,ea) = g(L,ea) =0, a,be{1,2} (6.6)

This null frame can be extended locally in a neighbourhood of ¢ € N~ (p)\{p} such that

L, L,eq, e are vector fields in the neighbourhood and g(L, L) = g(L, L) = 0 in the neigh-
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bourhood.

Let, X,Y € T,N~(p). Since the metric is Killing, we have,

0 = Vxg(L,Y)=Xg(L,Y)—g(VxLY)—g(L, VxY)
= —g(VxL,Y)—g(L,VxY) (6.7)

(since g(L,Y) =0for Y € T,N (p))

Thus, g(VxL,Y) = —g(L,VxY), and since we have [X,Y] € T,N~(p), we get,

0=g(L,[X,Y]) =g(L,VxY — VyX)

which gives, g(L,VxY) = g(L,—VyX), we finally get,

Again,

g(VyL,X)=—-g(L,VyX)

(by inverting the roles of X and Y in before)

This gives,

g(VxL,Y)=g(VyL,X)

Consequently x is symmetric, and hence x(L,X) = x(X,L) = g(VrL,X) = 0 because

Vi L = 0 by construction. O

Definition 6.1.4. Let J, be a fixed G-valued anti-symmetric 2-tensor at p, and let A\,g be
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the unique 2-tensor field along N~ (p), that verifies the linear transport equation:

1
DY, + 51X Aas =0 (6.8)

(sAap)(P) = Jap(p) (6.9)

Aap can be extended smoothly to be defined in a similar way in a neighborhood away from

N~ (p)\{p}-

Definition 6.1.5. For small € > 0, let T : (1 —¢,1 + €) — M be the timelike geodesic
from p such that 7.(1) = p and T, (1) = T,. We define u, optical function, as UN-(q =t—1

for each ¢ = T¢(t), where N~ (q) is the boundary of the past set of ¢, assumed to be regular.

Definition 6.1.6. The following integral in XF, future of X, for any G-valued 2-tensors

Ao and A,p supported in ¥F, is defined as,
/ < Aapd(u), AP >=< §(u), < Aag, A% >>
o+

in the sense of the distribution, where u is defined in a neighborhood D, of N~ (p)NX+

as in above, and
< 8(u), < g, AP >>= / / <Ay AP > (t=1,5,w)dsdAge (6.10)
0 S2

where dAg2 is the induced volume form on the 2-surfaces defined by s = constant, and
t = 1. This integral depends only on < A.g,A,, > on N~ (p) and the normalisation

condition

8w, Tp) =1 (gl L) = 0).

Therefore, for any continuous function f supported in *, we can define |[ N=(p) f as

< 0(u), f > in the sense of the distribution.
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6.1.7 Computing [, o/ < Aasd(u), OV Fod >

Now, our goal is to compute fJ_(p)mZJr < Aapd(u), D(gA)FO"B > for F supported in X7T.

Definition 6.1.8. We define a time foliation near p, by extending locally the parameter ¢
near p by starting with a fixed spacelike hypersurface 31 passing through p and orthogonal
to the future unit timelike vectorfield T, and considering the timelike geodesics orthogonal

to El.
Definition 6.1.9. We define Q. = (J ™ (p) N X1)\ Upep—e 1) Zt-

We have

/ < Aapd(u), OVFP >=1im [ < Aad(u), OV FP > (6.11)
J=(p)ns+ =0 Jq.

On the other hand,
/ < Aapb(u), OV PP > = / < Aagd(u), DADAN Fos > |
Q. Qe

Lemma 6.1.10. Given any two G-valued tensors K and G, since <, > is Ad-invariant,

we have,
Vy < Kop, G >=< DWK,5,G > + < Ko5,DIVG > (6.12)

Proof.

Now, given any two G-valued tensors K3 and G,g3, we have
0y < Kug, GP > — < 0,K,5,G* > — < Kup,0,G* >=0 (6.13)

Since < Kag,Gaﬁ > does not depend on the choice of the basis, one can choose a

normal frame as in (2.11) to compute (6.13). In such a frame 0,K,3 = V,K,3 and
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0,Gop = VyK,g, and by abuse of notation, we will wright 0, < Kag,Gaﬂ > as Vy <

K.z, G*? >. Hence, we have
V. < Kop, G > — <V, Kop, G > — < K3, VLG >=0
So we have

V, < Kog, G > = <V, Ku3,G% >4 < Kup,V,G% >
= <V, Ku5,G%" > - < Kus,[A,,G*] >
+ < Kop, [Ay, GP) > + < K5, V,GP >
= <V Kup, G > — < [Kup,A,],G >

+ < Kog, [Ay, G¥P) > + < Ko, VG >
(since <, > is Ad-invariant)

=<V, Kop, G > + < [A,, Kopl, G > + < Ko, [A,, G + VG >

O]

Let D, = ({—¢ <u(t) < \B_)NET, for € chosen small enough so that u(t) would
be defined on [—€,€]. Also, recall that ) is smooth in a neighborhood away from p, and
thus, by choosing ¢ small enough, A is smooth in D..

Given this, we have,

/D < Aagd(u), DIODUA pos
= /D V7 < Aagd(u), DWFF > — /D V7 < DY (Napd(w)), F*P >

+/ <O (Napd(w)), F*P >

€
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S0,

/ < )\agé(u),D(gA>F“5 >

€

= [ <o) >
D

+ /D V7 [< Aagd(u), DV FY > — < DW(N\58(u)), F*¥ >] (6.14)
By divergence theorem,

/ V7[< Aagd(u), DV FY > — < DM (A58 (u)), F* >
De

_— / T7[< Xagd(u), DSV FP > — < DN (Aapd(w)), FP >)=5
3t

+ / LY[< Aagd(u), DV FY > — < DN (N 50(u)), F7 >]
(N=(T(= ML )NEF

+ / LV[< Aagd(u), DV FP > — < DA (N 58(u)), F* >]
(N=(T(Y\SF_ )N

Since the distributions § and ¢ are supported on N~ (T'(0)) = N~ (p), we get,

/ L7]< Aapb(u), DWF > — < DA (\o56(u)), F* >] = 0
(N=(T(= )\ )n=]

/ L7[< Aapb(u), DWF > — < DA (M\y6(u)), F¥ =] = 0
(N=(T(I\EF_)NE]

V< Aagd(u), DSV FY > — < DW (X568 (u)), F*P >]
De

= / V7[< Aagd(u), DSV FY > — < DW (A58 (u)), F*F >]
Qe

This yields to,

/ V< Aapd(u), DSV FY > — < DA (56 (w)), P >]
Qe

- / T7[< Xagd(u), DSV FP > — < DN (A\ap8(w)), FP >]=5
J= (p)NZy
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where ¥y = X, and where T is defined on ¥ as being the unit normal timelike vectorfield
on .

We get,

/ < Aapd(u), OV P > = / <O Nagd(w)), F*P >
Qe Qe

<), DY S
J= (p)N%e

A o =1—¢
4 / < DY (), FoP S]=L
J=(p)NZ¢

(6.15)

6.1.11 Computing [, < O (Mg (), FoP >

Now, we would like to compute er < DggA)()\ag(S(u)), FoB >— fﬂe < D(gA)()\(S(u)), F >
in (6.15).

We start by computing D(gA)()\(S(u)). We have:

OV (A(w) = g DD (AS(u))
= gDV (V,(A(u)) + [Ay, (AS(w))]
= gD (VL (N(w) + [A, (A(w))] + A 7, (5(u))
= gDV [V, () + [As, ADS(w) + A 7y (5(w))]
= g"DVDIYN)S(u) + A (1), (w)]

= gDIDI (N)3(u) + 8 (1) V,(w)g” DY (N)

+6 (W) V u(AV, (1) + g8 (u)V ,u(w) V, (u) A

(by the symmetry of the metric tensor).
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Thus,

O (6(w) = OV (N8(u) + 8 (u) (Og(u)A + 2¢"V,uD{IN)

+6" (u)(g"'V yuV,u)A
Now, we want to compute Og(u) = V*Vau, at ¢ € N~ (p)\{p}.

Lemma 6.1.12. We have, Ogu = trx, at g € N~ (p)\{p}.

Proof.

Now, let Vu = V”ud,, defined in a neighbourhood D, of N~ N X*. Since

(6.16)

where v, (s) is the null geodesic initiating at p, we have L € T,(N~(p)) for ¢ € N~ (p)\{p}

and since u is constant on N~ (m), for m € T(t), t € [1 — €, 1 + €], we have

L(u) =0=du(L) = g(Vu, L)

And since e, € To(N~(p)), a € {1,2}. We also have,

eq(u) = du(eq) = g(Vu,eq) =0

(6.17) and (6.18) give that,

Hence,

V'uV,yu = (Vu)u = fL(u) =0
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(6.18)
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At a point ¢ of the space-time, one can choose a normal frame, which means a frame

such that g(eq,eg)(q) = diag(—1,1,...,1), and %g(ea, eg)(q) = 0. Hence, in such a frame

ri, = %gim(aggk + Bag;zl — %) = 0. Computing in such a frame,

(VeouVu)'(q) = (Vyvug, (VFudy))” = (VVuV,(VHud,))?
= (V'u(V,V*u)0,)" + (V'uV'uV,0,)"
= V'u(V,V*u)§," + V'uVHiul]
= V'u(VIV,u)e," + ViuVHul],
(using that the metric is compatible. i.e. Vg = 0)
= %V“(VZ,UV”u)(SAﬂ

=0

(in view of (6.19)).

Therefore, Vu is parallel, this gives,

where c is a constant. We have,
T(u)(p) =1 =g(Vu,Tp) = g(cL, Ty)
In view of (6.1), we have,
g(cL,Ty) =c

Thus,
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which gives,
Vu =L = V"ud, (6.20)

Computing,

Ogu = VOV u = VEV Lu + VEV Lu + VOV ,u

a={1,2}, at g € N~ (p)\{p}. Therefore, at ¢ € N~ (p)\{p},

Ogu = gl'VaViu+ gV, Viu+g*V,Vau

1 1

= —=ViViu— =V Vru+V,Vau
2 = 2 =
1 1 1 1

= _ivé(va + §VVLLU - ivL(VLu) + §VVLLU + Va(Vau) = Vy,e,u

and at ¢ € N~ (p)\{p},

We get

VL(VLU) = Lg(Lv L) = g(vLLv L) + g(Lv VLL)

thus

Vi(Viu) = 29(ViL,L)

Vi(Viu

~—

Lg(L,L) =0

va(vau) = eag(Ly ea) =0
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Therefore,
1 1
Ugu=—g(VrL, L)+ §VV£LU + ivaLu — V¥,e,U

We recall that in the frame {L, L,e;,es} a vector field X can be written as:
1 1
X =—58(X, L)L - ;g(X, L)L + (X, ea)eq (6.21)
Thus, taking X = VL, we get
1 1
VoL = —§g(VLL, L)L — §g(VLL7 L)L +g(VLL,eq)eq

Therefore,

1 1 1 1

1 1 1 1
sVviru=58(L,ViL) = —g(g(VLl, L)L, L) = 5g(ViL, L) =0

We are left with —Vy e, u

Taking X = V,e,, we obtain,

1 1
vaea = _Qg(vaeaﬁL)L - ig(vaeaa L)L + g(vaem eb)eb

1 1
= §g(6aa vaL)L + ig(eaa vaL)L + g(vaeaa eb)eb

1 1
= §trxL + itrxL + g(Vaeq, ep)ep (6.22)

Finally,

1
*Vvaeau = —g(L, vaea) = *g(La QtTXL) =trx

This yields to

Ogu = try (6.23)
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Going back to (6.16), we have now shown that

0% (Ao (u)) (6.24)

— O\ (w) + 26 (u)(TgX

A+ gV, uDN) + 6" (u)(8" V,uV,u)A

at ¢ € N~ (p)\{p}-
We recall that u is constant on N~ (p) and L € T,N~(p) for ¢ € N~ (p)\{p}.

(6.17) and (6.20) yield to
L(u) =0=g"V,uV,u

at ¢q. Also,
g"'V,uD{IA = LD A

(since L = ghV ,u0, gives L” = g'’V  u).

Thus (6.24) becomes,

/ t
O 6(w)) = OV (V)d(w) + 28" () (DEA + SEN) (6.25)
Hence,
/ <O \5(w)), F >= / <O (N)6(w) + 26" (u) (DA + WTX)\),F > (6.26)
Qe Qe

6.1.13 Evaluating [, § (u) < D(LA))\ag + X N5, FOP >

We have Vd(u) = & (u)V(u).
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Thus,
or

This yields to,

2/ 5 (u) < DA+ t%x)\,F >

-1 t
= 25 | Visw) < DA+ %)\,F >

= —/ g(L,T)5(u) < DV )A+”—XA F>
mZt

) <D (DY )A+”—XA)

/5

+/ 5(u) <D(LA)A+”—XA DV F
Qe

/5

w)VoL® < DWW+ %A,F > (6.27)

(by integration by parts)
The integrals
—/ g(L, T)5(u) < <>A+”—XAF>

ﬁEt
/ 5(u) < DA+ ”—XA D{VF >

and

/ §(u)VaLl® < DA + ”XA F>

depend only on the values of the integrated function on N~ (p) and on the normalisation

condition g(L,T)(p) = 1. As DS:A))\ + WTX)\ =0 on N~ (p), and due to the presence of §(u),
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these three terms vanish. Thus, (6.27) can be written as,

/ t
2/ §'(u) < DA + ”'TXA,F >= / 5(u) < D (DW ) + D(LA)(%A),F >
Qe Qe - -
(6.28)
and thus,
/ <O (\o(u)), F >
_ (4)
= <O \)6(u), F > (6.29)

t
+/ 5(u) < DW(DW ) + D(LA)(%)\),F >
Qe - -

6.1.14 Evaluating [, < O (Aag)d(u), F*8 >

Now, in its turn, we would like to compute the tensorial
A 2
05 (\) = g DA

where

gD, ) = g’ DD YA

which we will distinguish from gaﬁDgA)(D(BA)/\) as D(A)Zﬁ is the tensorial second order

derivative defined by
2 A A
DA\, = (DY (DSIN)),0 — (D(va)eﬁ)\)u,, (6.30)

where the tensorial derivative D&A))\ is defined by,

(DWN)(X,Y) = DY (AX,Y)) = A(VaX,Y) — A(X, VoY) (6.31)
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for any X, Y € TM. We have,

1 1
O A\ = —§D<A>iLAaﬁ . §D<A>2anﬁ +PDAW? N g (6.32)
2 2
DY) Aas —DW i Aas = ViVidag — VLVidas + [FLL, Aag]
= RaWLL)Wg + RB’YLLAO('Y + [FLL, Aag)
2 A) 1~ (A A
DAL A = DIV (DI As) = DY) A (6.33)
Lemma 6.1.15. We have,
V5L =2(eq — 2wl (6.34)
where,
1
(o = ig(VaL,L) (6.35)
1
w = —Eg(VLL, L) (6.36)
Proof.
Using (6.21),
1 1
VL = —Qg(VLL,L)L - ig(VLL, L)L+ g(ViL,eq)eq, a € 1,2

1
= ig(vééa L)L +0—g(L,Vied)eq

To show that g(L, [L, e,]) = 0 (see [C]) let ¢, be the 1-parameter group generated by

L, 0, the 1-parameter group generated by e,. Let Q(r,m) = 0_, 0 q_p, 00, 0 ¢,,. We have,
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82

(L, eq](p) = rom

©(0,0)(p)

0, maps J~ (p)NX; into itself for all ¢, and ¢, maps J~ (p)NE; into say @, (t), where the
vector field e, can still be constructed to be tangent to @, (¢) for all ¢ in a neighborhood of
p, and therefore 0, maps Q,,(t) into itself. We get that 6_, o0 g_,;, 06, 0 gy, maps J~ (p) N3,
into itself for each t and consequently, Q(r, m) maps J~ (p) N X into itself. Therefore [L, e4]

is tangential to J~ (p) N X;. Hence,
g(L, [L; ea]) =0
Thus,

1
VL = ig(VLL,L)L—g(L,VeaL)ea

1
= §g(vLLa L)L + g(VeELaL)ea

With the notation (6.35) and (6.36), we get (6.34).

O
Therefore (6.33) can be written as,
DT Aos (6.37)
= D(LA (DM Aag) — 26D Nas + 20DV Ao
+Ra i+ R Aay + [FLL, Aag]
We define,
AN g5 = 5D N (6.39)
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Injecting (6.37) in (6.32), we obtain,

O Aes = —%D(;)(D(LA)/\Q/;) - %DV‘)LAQB + DM s — wDI A4
—%RJLL)WB - %RB’VLL)\M + [Frr, Aag) + AW N5 (6.39)
Recall (6.34), then (6.33) can be written as,
D] Mg = DYV (DIA5) — 26D A5 + 20D Ao (6.40)
Injecting (6.40) in (6.39), we get
0% Aas (6.41)

A A 1
= DYDY Ap) + DM Nag — wDF A5 — o BT LL s

1 A 1 A
—5 B ey + [FLL, Aag] + A5 + §D(V£)L)‘aﬁ

6.1.16 Revisiting [, <Ot (\agd(u)), F*7 >

We showed (6.29) that is,

/ <ONOSW), F > = / < O (N)s(u), F >
Qe Q

trX
+/ 5(u) < DY DW ) + Dg“)(%A),F >
Qe - -
tr tr tr
D}’ )(TX/\aﬁ) = VL(TX))‘aB + 72XD(LA o

Recall (6.33), we also have D(LA))\ag +2X0\.5 =0 at ¢ € N~ (p)\{p}, using (6.42) we
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obtain,

| <O Qs o0 >
Qe

s 1 1
= [ 80 < GDYAas — D Ao = SR 1uhs — 3RS s e

2

1 1 ¢
HFLp Mas) + AN gs + 5D Aag + DG das + VL(%))\W, FoB >

1
- / 5('&) < CaDE‘A))\O‘B o 2wD2A))\O‘B + U‘)D(LA))‘aﬁ o itT’XDEA))\aﬁ
Qe A

1 1 1
+*”’XD(LA)/\a6 - iROﬂLL/\,YB - iRﬁVLL)‘OW 4 [Frp, Aag] + A@ g

2
1 A 1_(a tr
+5trXDE Ao + 5D Aas + VL(TX)AW, Fof >

Let p be the mass aspect function defined by
1
w=Vrtrx + §t7“Xt7"X + 2wtry (6.42)
We have,

/ <O (\o(u)), F >
Qe

1

A 1 A 1
= /Q 6(u) < GuDEM Aap +wDE Aag + StraDE Aas = SR LiAs = SRy Ay

1 1 1
HFrp, Aag) + AW 5 + §m~XDg‘>Aaﬁ + iD(V"‘L)L)\ag + Shhag P>

1 1 1
A A
- /Q 8(u) < 26D Aag + StrXDE Aas = SR 115 — SRS Lphay

1 1
HFr, Aap] + AW 5 + 5trXD(LA)A,lB + Shhag, F7 > (6.43)
(where we used (6.34))

6.1.17 Estimating limo| = [,_ )5, . < Aagd(u), DFF9 > |
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Computing (5a’bD(A)Zb)\a5 we have,

D A = DD Aes) — DY Mg (6.44)

Definition 6.1.18. We define a restriction of the covariant derivative to the span of {e,},

a€{1,2} at g € N~ (p)\{p} as being,

Yaes = Vaep — %XabL - %XabL (6.45)
where
X, = 8(VaL, ep) (6.46)
We have

1 1
8(Vaev, L) = g(Vaey, L) — 5 xav8(L, L) — 5x,8(L: L) = g(Vaes, L) + Xab
We have g(ep, L) = 0 along N~ (p) and since e, is tangent to N~ (p) at ¢, we get
eqglen, L) = 0=g(Vaep, L) + g(ey, Vo L)

SO

g(vaeb7 L) = _g(eba VaL) = —Xab

and hence

g(Vaer, L) =

Therefore, ¥ e is tangent to N~ (p).

Computing,

1 1
g(Waeva) = g(vaebvé) - QXabg(Lv L) - ixabg(lﬁé) = g(vaebyé) +Xab
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Similarly, we get

g(vaeb7 L) = _Xab

and therefore

g(Vaep, L) =0
Finally, we get that Y e is in the span of {e,}, a € {1,2}.

Going back to D(A)Zb)\aﬁ, we have

A 1 A 1 A
e, N+ X DL Ao+ 5, D

DA ;= DW :

= Aap =D
Vaep " Vet 3xabLtix,, L op

Hence, we have at ¢ € N~ (p)\{p},

1 1
3D N5 = 3 DA (DI N, 5) — 5abD%‘)8bAaﬁ = 3trXDE Aag = StrxD Aag

Ve is in the span of e, € T,N~(p) for a € {1,2}, we therefore define

- A A
D2 Ao = DIV (DY Aag) — D(W)%Aag (6.47)

where D is the restriction of the gauge covariant derivative D) along to the span of
eq € TyuN~(p), a € {1,2}. We get

a 2 abT 1 a A 1 @ A
SEDW N = G2 — o "D Ao - 30 by, DY Nas

. 1 & 1 &
= "D as — 5trxDE Aag — StraD Aag (6.48)

Definition 6.1.19. Let A4\, 5 be the induced Laplacian on the span of {e,}, a € {1,2}

defined by,

A . 1 1
AW g5 = 6 DA = A Nas + StrxDi M Aag + StrxDE Aas

(6.49)
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We obtain after injecting (6.49) and (6.43) in (6.15),

/ < Ao(u), DQA)F >g
Qe
. 1
= /Q < AW 54+ 20D N5 + §N)‘a/3 + [FrL, Mgl
1 vy 1 vy af
—5fa’LAys = SRET ey, I >
- / < Aagd(u), DYV FB )=l
J_(p)ﬂzt

A a =1—¢
H / < DY sd(w)), FoP >]=)
J_(p)ﬂzt

We have by definition,

/ < /\a,BaD(TA)Faﬂ >:/ / < )\ag,DgﬂA)Fo‘B > (u=0,s,w)dsdAs
N=(p) s? Jo

We have
We define,
¢=g(T,L)"" (6.50)
the null lapse function. We have,

ds = —gdt (6.51)

We denote by dAg,(,) the area element of the 2-surface Si(p) = N~ (p) N %y
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Thus,

/ / < /\ag,DgpA)Fo‘B > (u=0,s,w)dAds
0 S2

t=—o00

- / < Xap, DV > (—9)dAdt
St

t=1
t=1
= / / < Aap DYVFOP > gdAdt
t=—o00 JS;
We get,
‘/ < Aagd(u), DYVFO > — / < Mg DYVFP > 6dAs,_, )
J_(p)ﬂ21_€ N_(p)ﬂ21_€

Definition 6.1.20. We define positive definite Riemannian metric in the following manner:

h(ea,ep) = glea,ep) + 28(€q, f).g(eg,f) (6.52)
where
g(t,t) = -1 (6.53)
Definition 6.1.21. For any G-valued 2-tensor K, we let
IK[2 = hoyhs | K| K| (6.54)
Lemma 6.1.22. For any two G-valued tensors K and G, we have

1 1
| < Kap, G > | S (IK)2.(IG]%)2 (6.55)
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Proof.

| < Kag,Gaﬁ >| = [8au8sy < KM Gof > ]

IN

|Baul-lgsy|.| < KM, G > |

IA

haphsy| < K", G > |

IN

hoghgy | KM |.|GYP|

4 (0% 1 v (e} 1
(hayhsu| K| K23 (hoguh | G2 |G

IN

(by applying Cauchy-Schwarz)

O
Hence,
A) o
y/ < Aap, DYVFOP > 9dAg ol
N_(p)ﬁzl_e
< A2dA 3 DWF12dA 3
S 1ol ne ( AFdAg,_ ()2 ( Dy F*dAs, ()
N—(p)ﬂZl_E N_(p)ﬂzl_e
(by Cauchy-Schwarz)
A 1
S 1l DY F oo M 12 (v o)) | Asy ()2 (6.56)
where Ag,__(,) denote the area of Si—e(p) = N~ (p) N ¥i=1—e and where,
v (03 l
[y / oo NN dAg, )3 (6.57)
51,5:N7(p)02176
and
A A v A o 1
IDSVFl L = [|(haghsy DYV F™ | DY FoP|) 3| oo (6.58)
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We want to study now the behavior of ]ASI_E(p)\% near € = 0.

Lemma 6.1.23. We have,

|As,| = 4ms® + o(s?)

= 4r(1—1)%+o((1-1)?)

Proof.

We have,

We also have,

d 1 ) .
TS (trx) + 5 () = —[x[* = Rie(L, L)

where x is the traceless part of x and (stry)(p) = 2, x(p) = 0. This yields to

. 2
lim |trx(q) — g\ =0

q—p

(see [Wang]).

¢=g(T,L)"" = (Vru)~".

Since u is smooth and

d(p) =1 = (Vru) " (p)

we also have that ¢ smooth and bounded near p. Thus,

lim [¢(q) — 1/ =0

q—p
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(6.60)

(6.61)

(6.62)

(6.63)



Since, ds = —¢dt, we get,
s t
/ l.ds = / —¢dt
0 1
Hence, using (6.63), we get
s=1—t+o(l—1t) (6.64)

(6.60), (6.62), (6.63) and (6.64) yield to (6.59).

]
Injecting (6.59) in (6.56), we get,
A) o A
- / <o DYV > 0dAs, )| S elll o DFYV Pl o I M]|p2s, )
Ni(p)mzlfe
(6.65)
and
1 1
Wizzsio = (WP} S lmsiolSielt S dlidlimgsio
1—e
Now, we would want to study the behavior of ||A[|ze(g,_.) when € — 0.
Lemma 6.1.24. Let V.3 be a G-valued tensor, and |V,5| =< Vop, Uap >3, Then,
|v0|‘1/04/5” < ’D(A)\Ija,3| +[¥(Veea, 6,3)‘ + [¥(eq, Vcreﬁ” (6.66)

Proof.
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We can compute

vﬂ’\I}aB’

2 < Ve(¥ag),¥op >
2 < W Uog >3
2<Vo(Vap), Yap > —2 < Vog, [As, Yap] > +2 < Uup, [Ag, Yag] >
2<¥,8, ¥, >%
2<Vo(Vap),Yag > =2 < [Vop, Ag), Vag > 42 < Vo, [Ag, Yag] >
2 < Wop, Uop >0

(since <, > is Ad-invariant)

2 < Voo, Uog > 42 < [As, Vogl, Uog > +2 < Vo, [Ag, Yog] >
2 < Wop, Uog >3
+2 <VU(Vseq,e5),¥ag > +2 < \Il(lea,vgeﬁ),\llaﬁ >
2< V5, Vg >2

Hence,
A
Vol < PFYaslPasl | [ (Vatar e Wasl | [¥(ear Voeo)l|¥as
g [0} —=
Wags Vol [Wag
< ‘D(A)‘I/aﬁ’ +[¥(Voea, eg)| + [¥(ea, Voep)|

Lemma 6.1.25. We have,

Proof.

Voh(ea,e5) = 28(ea,Vot).gles, ) + 2g(ea,t).g(es, Vot) (6.67)

Voh(ea,e53) = 0Osh(ea,eg) —h(Voea,eg) — h(ea, Voeg)
= Vo,8(ea,e5) + 2V, [g(ea, 1).g8(es,1)]
= 280[g(ea,f).g(eg,f)] — 2g(VUea,f).g(elg,f)

—2g(ea, tA)'g(vUeﬁv tA)
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(since the metric g is Killing)

28{7g(6a7 i)'g(eﬁa tA) + 2g(€aa f)'aog(eﬂv tA)
—2g(Vseq, f).g(eg, f) —2g(eq, f).g(VUeg, f)
2[058(€art) — 8(Voea, t)]-g(es, 1)

+2[aog(eﬂv f) - g(voeﬁv f)].g(ea, i)

Using the fact that Vg = 0, we get,

Let,

Voh(ea,e5) = 2g(ea,VJf).g(65,f)+2g(ea,f).g(65,vgf)

Hence, we can write (6.52) as,

and (6.67) as,

Lemma 6.1.26. Let ¥ be a G-valued tensor, we have,

O
ta = (t)a = gua(®)"

hap = 8as + 2(H)a(t)s (6.68)

Vohag = 2[Vila-ts+ta-Vaig) (6.69)

Vo |UPl(p) < Cp)IDMTP + | (6.70)
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where C(p) depends on the space-time geometry on the point p.

Proof.

Vol U = Volhauhs| W[ [97)) = Vo (hauhs, ). |9 |. |97

+haphp, Vo (|UH).[05))

Therefore,

Vol P < [(Vohan) o [0 [0 + [hayu(Vohs, )| 27| |27
lhaphp ] (DEVTH| 4+ [W(V e, )] + (e, Ve ]).| T

Hhaph |9 |(IDEVE| 4 [8(Voe®, )] + U (e, Voe))

(due to (6.66)).

Using (6.67), applying Cauchy-Schwarz, using the fact that the metric is smooth, and

the inequality a.b < a? + b?, we get,

Vol UPI(p) < Cp)lhauhsy DSV L IDEVES| 4+ hayhsy [¥4].[07)]

S DSV 4 v

Finally, we get

Lemma 6.1.27. We have,

sup [3A? < C(p,s)|J|? (6.71)

0<5<s

Proof.
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We also have at ¢ € N~ (p)\{p},
D(LA)(sAag) = L(s)\ap + sD(LA))\aﬁ = Ao + s(—%trx)\a/g) = —gAag(trX — %)
As [try — 2| — 0, we get
D' (s)a5) = O(1)sAag (6.72)
Hence,

IVolsAPl S DYV (sA)[? + [sA]?

A

[sAI?

(due to (6.72)).

For all (u = 0,3,w) € N=(p),

/ VL\S)\IQdE = ]s/\|2(3) — ]s/\|2(p) < O(s)C(p) sup |s)\\2
0

0<5<s

[sA[2(p) = |JI?

choosing s small depending on p we have (6.1.27).
O

Therefore s)\,3 remains bounded near p, and it is also smooth away from p, so €[[A[| Lo (s, _,)

remains bounded and therefore ||A|[z2(g, ) remains bounded. Therefore (6.65) gives,

e—0

lim | —/ < Aapd(u), DYVFP > | =0 (6.73)
J_(p)mzl_e

260



6.1.28 Estimating lim. ,, fJ—(p)ﬁEl_e < D(TA)()\ag(S(u)), Fob >

Examining now,

e < DY (Aasd(w)), F*P >
—(p 1—e

_/ < DY (Mag)d(w) + Vrud (u)Aag, F* >
J=(pP)NS1—c

S—

- / 5(u) < DY (Nag), F*P > +/ 5 (u)d™t < Agp, FP >
J—- p)ﬁ21_e J_(p)ﬂzl_g

nar (6.74)
At ¢ € N~ (p)\{p} define,
N=¢L+T (6.75)
We have,

= 29 1—-1=2-1=1

means that N is unit. For all X € T,51_.(p) tangent to S1_(p), i.e. X € ToN~ (p)NT;31—,

we have

g(N, X) = g(oL + T, X) = ¢g(L, X) + (T’ X) (6.76)

g(L,X)=0 (6.77)
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(since X € T,N~(p)), and
g(T, X) =0 (6.78)

(since X € T,%_).
(6.77) and (6.78) show that IV is the unit normal to S1_ = N~ (p) N ¥1_, it can be
extended locally to define a vectorfield.

Thus, we have

Vno(u) = Vin(u).d (u) =Vgrir(u).d (u)

Thus

2 = / VNo(u) < Aag, FP >
J_(p)ﬁ21_€
_ _/ S(U)V N < Aag, FOP >
J_(p)ﬂz1_€

- / div(N).0(u) < Aag, FP >
J_(p)ﬂz1_€

(by integration by parts)

We choose e1, eo tangent to S1_.. Since N, eq, eo are unit we have
divN = g(VyN,N) +g(VaN,e), a€ {1,2}

g(N,N) =1 gives g(VNyN,N) = 0. We get divN = g(V,N,e,) and N is unit normal

to Si—¢, and N € T, % _, since,

g(N,T) :g(¢L+TaT) :¢g(L7T)+g(T’T) :¢¢_1 -1=1-1=0
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so we get diviN = trf, where 0 is the second fundamental form of the surface S;_. embedded

in ¥q_., defined as,
0(X,Y)=g(VxN,Y) (6.79)

for all X,Y € T,;S1_c. Thus (6.79) becomes,

€

Iz = _/ S(u) (VN < Aags FP > +1r0 < Aog, F*P >)
J(p)NE1—e

- -/ 5(u)(< DY Ao P > 170 < Ao, B0 >)
J(p)NE1—e

- / 5(u) < Aag, DV FOP > (6.80)
J_(p)ﬂ21_€

We showed (6.73), in the same manner, we have,

lim 5(u) < Aag, DVFP >=0 (6.81)
e—0 J— (p)m2176

Thus, injecting (6.81) and (6.80) in (6.74), we get,

Em7I' 4+ 12 = lim( §(u)[< DEY Ay, FOP >
e—0 e—0 Jf(p)f"lihfe

— < DM As, FOP > 4110 < Mo, F*P >))

= lim— S(u)(< DY L Aag, FOP > 4110 < Aog, FOP >)

e—0 J— (p)mzl_e
(6.82)

We recall that N = ¢L + T, thus ¢L = N — T, therefore
A A
DYV g = 6DY Aag

and we recall that by construction of A, we have D(LA)/\ag +3trxAap = 0at ¢ € N~ (p)\{p}.
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We obtain,
DY Aas = — LtrydA
N-T"aB = _5”’9@ af

at ¢ € N~ (p)\{p}-

Hence, from (6.83) we can write (6.82) as,

=0 J- (p)mzl—e

Ooa = g(vaN7 ea) = g(va(¢L + T)v ea)
= gleq(d)L + VoL + VT, eq)

= ea(9)8(L,€a) + 98(Val, ea) + 8(VaT €a).
We have g(L,e,) = 0, therefore,
faa = PXaa + Kaa
where,
kaa = g(VaT) €a)
Injecting (6.85) and (6.86) in (6.84) we get,
lim '+ 12 =— lim - 5(u)(%¢t7"x + kaa): < Aag, FP >

where the repeated index kq, means summation ), ;5 ke = 8Pk .
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lim I! 4 I? = — lim 5(u)(—§¢trx +176) < Aag, FP >

(6.83)

(6.84)

(6.85)

(6.86)

(6.87)



We get,

lim I} + 12 :
e e (6.88)
1
= ——lim S(u)ptrx < Aag, F*P > —lim 5(u)0%k g < Aap, FOP >
2 e—0 2176 e—0 2175

Lemma 6.1.29. We have,

lim 5(u)3%kay, < Aap, F*P >=10
e—0 2175
Proof. :
ab af _ ab afs
‘ 1) k‘abé(u) < )\a/B, Fer > | = / 0%kap < /\aﬁa F*7 > gbdASt:l—e’
Y1 Nﬁ(p)m21*€

[NIES

S EN Lo [|F' ]| Loe |l oo A 2 (54— (0)) [ A1 ()|

S €llkllzeel[FlLoe [0l oe [[Al L2(s, . )
And as we showed previously |[A[|z2¢s,_ (p)) remains bounded as e — 0. Thus,

lim 5(u)30%kay, < Aap, FOP >=10 (6.89)

e—0 S e

We are left to estimate —3 lim._,q leie S(w)dtrx < Aag, F*? > in (6.88).

Lemma 6.1.30. We have,

1 1
—— lim d(u)ptrx < Aags F8 >— _Zlim d’try < Aags Fo‘ﬁ(p) > dA
20y, 20 Ny
Proof. :
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1 1
—Z 1l S(u)dtry < Aag, FOP >= — =1 2try < Aag, FP >, dA

2 61—r>r(l) Y. (u>¢ "X af 2 egr(l) N=(p)NBt=1—c ¢ ™ o &
‘We have

\ / P*trx < Mg, FP — F%(p) > dA|
N_(p)ﬂzl_e

= | P*trx < Aag, FP — F%(p) > dA|
Sl—e(p)

1
S NellzeellAll 2, .o 1F = F@)lzoo(s, oo S1-e@)2[[trxlloe (s, o))

As,
1S1_c(p)| ~ 4me® as er— 0
and
[try| N% as er— 0
we get,

1
1S1—e()2|[trx|lpee(s,_.p)) ~ 8T as €0

This yields to

| / Pty < Aag, FP — FF(p) > dA
Ni(p)mzlfe

S olZ< 1Al L2 (s oy 1F = F®) (81 )

Since,

lim || ' = F(p)[| 2 (s, _.(p)) = 0
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and as we showed [[Aag|r2(s;_.(p)) Temains bounded as € — 0, we get

lim | / P*trx < Aag, FP — FP(p) > dA| =0
N_(p)ﬂzl_e

e—0

Therefore,

lim P*trX < Aop, FOP > dA
e—0 N_(p)ﬂzl—e
= lim P*trX < Aap, F*P(p) > dA (6.90)

e—0 N_(p)ﬂzl—e

O
Lemma 6.1.31. We have,
lim G*rX < Aag, FOP(p) > dA = 81 < (Ip)as, F*P(p) >
e—0 N=(p)NS1_c
Proof.
We have,
lim O*trx < Aag, FoP(p) >
e—0 N=(p)NS1_c
= lim ¢*(s7trx) < (shap), F*¥(p) > (6.91)
e—0 N=(p)NS1_c
As,
2 2
[trx = -1 = 0(s7) (6.92)

where O depends on the geometry of the space-time (see for example proposition 3.2 in

the thesis of Q. Wang [Wang]), we get,

2
lim sup [s 'try — —|=0 (6.93)
s—0 Sl—e(p) 82
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and we know that,

lim sup |¢p—1]=0 (6.94)
s—0 Sl—e(p)
and,
lim (sAa) = 3, (6.95)
This yields to
|57 x| ~eso 5 (6.96)
@] ~es0 1 (6.97)
(8Xap) ~es0 Ip (6.98)
and therefore,
/ P*(s7Hrx) < (8Aag), F*(p) > dA
Ni(p)mzlfe
2
~e—0 / ) < (Jp)ag,FaB(p) > dA (699)
Ni(p)mzlfe €
and since,
INT(p) N E1-e| = [S1-e(p)] ~eso 47 (6.100)
we get,
2 af 2 2 af
2 < (3)as () > dA = $(4m)€ < (3,)as F*(p) > +0(e) (6.101)
Nf(p)ﬁzlie € €

where O(e) — 0 as e — 0

Given (6.91), this yields to
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lim P*trx < Aag, F*P(p) >= 81 < (Jp)ap, F*°(p) > (6.102)
e—0 N_(p)ﬂzl—e

From (6.1.30) we get,

1
— im S(u)ptrx < Aag, F*P >= —4r < (Ip)ap, F(p)** >
2 e—0 2175

6.1.32 The parametrix

Finally, combining (6.11), (6.15), (6.43), (6.73), (6.74), (6.88), (6.1.29), (6.1.30) and (6.1.31),

we get,

/ < Aapd(u), OV Pl >
Q
) 1
= lim| / S(u) < AW 5+ 26D Aop + = pidag
e—0 Qe 2
1 1
HFLL Aag] = 5 Ra" L1y = 5 R57 A FOP>) 40— 41 < (3p)ap, F*P (p) >

+ / < Aapd(u), DSV > | - / < DY Nagd(w), FP > g
J=(p)NZe J=(p)NZy

Therefore,

1< B FP0) > = = [ < dapd(u), OFVFS >
Q
" 1

+ [ ) < A5 + 26D Ao + has

Q

1 1

HELL, Aagl = SR L Ays = SR e, Fof >
+ / < Aapd(u), DYV PP >

J=(p)NE

- / < D\ s5(w)), FP > (6.103)
J=(p)NE
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where A )5 is the induced Laplacian on the span of {e,}, a € {1,2}, of Aag, defined
by (6.49), and where the last two terms are the contribution of the initial data, the first
term is the contribution of the source term in the tensorial wave equation, and the middle

term is related to the geometry of the problem.

6.2 The Schwarzschild Space-Time and Black Holes

General Relativity postulates that space-time is a 4-dimensional Lorentzian manifold

(M, g) that satisfies the Einstein equations,

1
Ry — §guvR = 8Ty

where T}, is a symmetric 2-tensor on M that is the stress-energy-momentum tensor of
matter. In vacuum 7}, = 0, thus the Einstein vacuum equations are R, — %gWR =0. In
vacuum, this yields to R, = %gu,,R and since R = R'; by definition, we get R = g R =
%gij gijR = %R = 2R. This means that in vacuum R = 0 and therefore the Einstein

vacuum equations can be written as the following;:
R, =0 (6.104)

The simplest solution of the Einstein vacuum equations is the 4-dimensional Minkowski
metric, it represents a flat space-time. The first black hole solution of the Einstein vacuum
equations was discovered by Karl Schwarzschild about a month after the publication of
Finstein’s theory of General Relativity. However, it took nearly 50 years from then for it
to be fully understood as a black hole space-time. When it was first discovered, it was

to represent the gravitational field outside a spherical, uncharged, non-rotating star with
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mass m and was written under the form

2 1
ds? = —(1 — rm)dt24—(ljhn)drz-%Tz(dﬁz4—3in29d¢2) (6.105)

It turned out that this solution could be extended, as solutions to the Einstein vac-
uum equations (6.104), to describe the gravitational field inside the star, created by the
mass of the star, and thought of as being there in vacuum, i.e. without the matter in-
side the star. The extended Schwarzschild solution is what became to be known as a
black hole space-time. It is also good to note that according to Birkhoff’s theorem, any
spherically symmetric solution of the Einstein vacuum equations is locally isometric to the
Schwarzschild solution. In this sense the Schwarzschild solution is unique although it can

have a different form in a different system of coordinates.

6.2.1 The extended Schwarzschild solution

To obtain the extended Schwarzschild solution, as explained in [HE], first let,

d
r*:/<r2m):r—|—2mlog(r—2m) (6.106)
We have,
= =(1 2m
dr dr—l—r_der (+ﬁ— )dr (%_l)dr
1
= (1—27m)dT

Thus, the Schwarzschild space-time in the exterior (6.105) can be also written as:

2m
ds®> = —(1 — —)dt* + (1 —
s ( r) + ( ;

2
—m)dr*2 + r2do? (6.107)

where do? is the usual metric on the unit sphere.
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Let,

v o= t+r" (6.108)
w = t—r" (6.109)
We have
P v+ w
2
g = dv—;dw
dv?  dw?  dvdw  dv? dw?®  dvQ@dw  dw @ dv
2 . auv  adw” _ av”
(dt)* = 1 + 1 + 5 1 + 1 + 1 + 1
Injecting in (6.107), we get
om . _.dv?  dw?®  dvdw 2m
2 *\ 2 27 2
— (1= oy 1 2
ds ( 7,)[4—1—4—% 2]+( 7,)(dr)—i-?"da
We also have
o v —w
N 2
dv — dw dv?  dw?  dvdw
*\2 2 _ -
@) = (—5—)" =~ 1 5
Therefore,
om . dv?  dw?  dvdw 2m 2m o dv?:  dw?  dvdw
2 -1 2
= —(1—-——)—+— 11— — - )4+ — —
ds (- IS+ S+ S - 2 - 2l 4 S8 -
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Thus,

ds®> =

Kruskal coordinates

/

Let v = v’ (v), w

Define,

We get

and

2
- Tm)dvdw+r2d02
( o Qm) (1 _ 2m> 5 o
A Q) dw — - dw Q) dv + rdo

!

! / . .
= w (w) where v',w are arbitrary C! functions.

dU /
dv = —d
v T v
dw ’
dw = —d
w T w
2m . dv dw . /.
2 25 2
= — 1—7 _—
ds ( . )dv’ dw,dv dw +r-do

/ v, + w/
t =
2
/ U/ — ’U)/
€T g
2
v/ = t/ + x/
w/ = tl — :z:/
dv =dt +da’
do' =dt —da'
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Thus,

dv'do = (dt +da)(dt —dx') = (dt)? —dt dz +dz'dt — (dz')? = (dt )* — (da')?

= —(=(dt)* + (dz')?)

Let,

2m . dv dw 2m . dv dw
— ahihshed 122y 2222
)dv' dw/) ( r )dv/ dw’

2= (—q-
(a2
From (6.111), we have

(ds)? = F2(t 2 )(—(dt ) + (dz')?) + r2do?

Kruskal’s choice is:

v = exp(ﬁ) (6.114)
w = —exp(—%) (6.115)
t = (v +w)
() = 10+ @)+ 2'w] = J(exploe) + exp(— ) + ~2exp(* )
/ 1, /
T = E(v —w)
(@) = Jlexp(om) +exp(— o) + 2exp( )
Computing,
(1)~ @' = =2 (U + exp( ) = —sexp( ) = —exp( )

v—w=2r" =2r + 4mlog(r — 2m)
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Thus,

() = (@) = —exp(5-)-(r — 2m) (6.116)
Computing,
dv’ 1e(v)dw/ 1e(w)
2 exp(— ). 2 T exp(— —
dv 4m p4m’dw 4m p 4m
dv v dw w
70 m.exp(—7—), = = dm.exp( )
dv dw w—v
—— = 16.m?
dv' dw'’ mexp( 4m )
Therefore,
2m 2r*
F? = (1 - "5)16.m%exp(—
(1= ==)16.mexp(—7—)
(r —2m) 2 2
= "1 — 2 (r+2mlog(r — 2
" 6.m“exp( 4m(7“+ mlog(r m)))
(r—2m)

2r
— 2 — - —
= " 16.m“exp( 4m)exp( log(r — 2m))

1 r
= Z.16.m%exp(——
" mZexp( 2m)

_ 16.m? o (_L)
N AT
Finally, we obtain,
1 2 ’ / ! i
ds? = 20 (= Y (—(de)? + (d2)?) + (¢, 2 )do? (6.117)

6.2.2 The Penrose diagram
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The Penrose diagram, see [HE], is constructed by taking,

’

" v
= t — 6.118
v arc an(2m) ( )
" w
= t — 6.119
w arc an(2m) ( )
—r < v 4w <7 (6.120)
T " v
—— — 121
5 < v < 5 (6 )
T 1" v
—— — 122
5 < W <3 (6.122)

6.2.3 The compatible symmetric connection

Computing the Christoffel symbols for the Schwarzschild metric, we have

i 1 im(agmk 0gmi 3gkz)

k= ig ox! oxk  9zm

Hence,

im, 08mo  O8me  O8oe
00 = ngm( = = — )

oz oz oxm

We get

Ogos  Ogoo
06 (2 )

oz? oz

1
2
0
s 1 rr ag
00 — §g (— a;,,e)
1 or?
5(1 - M)(_W)
1
S0 = p)(~2r)
= —(1-pr

Fée = Fﬁ(, =0

276



Consequently,

We have,

therefore

We obtain

Vs

¢

)

TGy =

= —(1—p)r sin2(9)% — sin(#) cos(0)

or

or*

1 . g ) 8g¢¢
(= el V8,

Oz? oxm

1 agm¢ 8g¢¢
2o (9 _

28 ( ox? oz’ )
1 .., 084

ig ( ox” )

51— u)(~2rsin’(6))

—r(1 — ) sin®(0)

}99(_8g¢¢)
2 ox?
1 m, 20sin?(0)
528 (55 )

%(_2 sin(6) cos(6))

— sin(0) cos(0)

= —r sinQ(Q)i* — sin(6) cos(0)

or
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We also have

i1 im(agmﬁ O8me 6g9¢)
04 2 Ox? Ox? Oxm
_ 1 im agm¢
hence
1 og
¢ _ ¢9
Tos = 38750
B 1 (8r2 sin?(6) )
~ 2r2sin?(0) 06
1 .
= 25in’(0) (2sin(0)cos(0))
~ cos(f)
~ sin(f)
We get
0 cos(f) 0
Z _ 12
Vo5 sin(6) d¢ (6.125)
We also compute
7 _ 1 zm(agme 8gT)’Lt _ 6g9t)
ot 2 Oxt ox?  Ox™
=0
from which we derive
0
V@a =0 (6.126)
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Similarly,

gives

Computing

we derive

0
ot

2
1, g
§gzm(—7)

0 (6.127)

0gmt gt )

oxt oxt  dxm

ox™m

p(l—p) 0
2r  Or

u 0

= o= (6.128)
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Computing

we obtain

Computing

we get

P

I,

pEpE

%
I .

¢
I‘t,r*

or"” oz

m ( 8gmr* 8gmr*

_ 8g7”*7’* )
ox™

1 (1 — p)

ok agr*r* agr*r*
e T o)

(1 —p)

or*
1 (1 — p)

2(1 - ,u)( or*

1,0(1—p)

AL

o

2r

)

0
Vg T e

(2 -

or* )

(6.129)

1 im(agmt 8gmr*
2 oxr” Ozt
T 4 g
S8 (B
1

t, O8tt

1 (1 — p)
2(1 - ,u)( or* )
1,0(1—p)
2o

i

2r

2
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We have

1 lm( 8gm9 8gmr* _ ag@r* )
2 ox™" Ox? ox™
L (Bt
1

7 _
Or*

or*
3899)
or*

1 or?
52 o)

2r2 or
(A —p)
= 52 (2r)

(I—p)
r

0 00
Lo = 587(

therefore,

= = (6.131)

Computing

2 oz Oz? oxm
1 im 8gm¢
2 ( or* )
1 ¢¢(ag¢¢)
2 or*
B 1 (8r2 sin?() )
— 2r2sin?(0) or*

2r2 or
o (d=p)
N 272 (2r)

(1—p)

r

we obtain
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By letting,

we can compute,

o  (1-wo

v¢8r* - r 87¢
o _ 1 9
) 1 )

R (L

o 10
90 ~ roo
o 1 9
87? N rsin@%
0 1 0 1 0 1 0
Vigs = vV 2V~ rar
V= o
T o

9 1 g9
90¢  r2sin?(9) " 0o
V(I —p) d cos(d) O

r or*  rsin(f) 00
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+

0 o 1 1 9
o6 *V" 9 ﬁv‘)(sin(e) ¢
B cos() O 1 9
T r25in2%(0) 99 T sin(6) Ve 9o
cos() 9 cos(0)
r2sin?(0) ¢  r2sin?(0) O¢

~

0 1 0 1
00 rsin(&)v(ﬁ% o2 sin(ﬁ)v 00
B 1 cos(f) 0
~ r2sin(f) sin(d) 9o
~ 1cos(9) d
= rsin(f) 9¢
0 1 9,
Voor T (=) "0t
=0

d 1 B

Vit T - o

Y
) o
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o 02
ot rsin(6)/(1—p) = Ot

(6.137)

(6.138)

(6.139)

(6.140)

(6.141)



Ve =

V- —
(L—p) O /(1—-p) (\/(1—u)97"*)
1 B 1 B,
- V(l_ﬂ)vr(m)%""(l_u)vr*%
— (-p) 0 1 0
! M)%(l—u)% o - o
— U 0 1 pu 0
o 2r(1 — p) Or* (1—/1,)587"*
0 (6.142)
d 1 0
Vigre = U 'or
_ om0 (6.143)
DN |
1 1 g)
(1—p) (1—p)ot
1 1 )g 1 0
- (—p ot (1-p) ‘or
(—p) 0 1 pd
< M)Qr( —u)%ﬁ—i_(l_ﬂ)%&
—u 0 1 u o
T wi-por (-2
0 (6.144)

96r* r (1 _:U') Ve@r*

VAR
= Y H (6.145)
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1 0
7‘8111(9) (1—p) ~Or
V(I =p) ) 0

3¢

1 0

ﬁ
- VA- v,
e

T

r2sin(f) 0¢

=0

6.2.4 The deformation tensor

We start by evaluating

7,
E
r2sin(f) 0¢
) 0

r sin(6 3(;5)
8 1

) 8¢ rsin(0)+/(1 — p)

1 0
rsin(0)+/(1 — p) V(b%

VAT

r2sin(f) d¢

_ 1T .
=TI

o
gl
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Vo

(6.146)

(6.147)

(6.148)



We have,

i L im O08mk | 08mi 08K
k= 58 ( Ox! I axm)
Computing,
Tl = 38" (o + 0 = o)
we have,
R
= 0
[y = g+ o =
- RO -
= 0
r, =0
re, = 0
Thus,
9l =
also means,
0
V“’%:0

Now, we want to comupte

1 zm( 8gmw 8gmw agww

o = = _
ww 28 ow T Tow  oam
— im agmw
ow
. - Og
sz = gzm a:jw
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We have,

and

We have,

and

Computing,

where we define p =

2m

r

Ouww
F'U vw
=0
O8vw
F’LU — vw
ww aw
D)
Sow — 5
. UV—w
T ==
2
or or or* -1
o - (11—
ow or* ow 2 ( )
. Computing,

& B 87’87’*_1( )
v  Orr dv 2 H
Ogow 10(1-2)
or 2 or

m
- T2
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Thus,

re, =

ww

We also have

hence,

On the other hand,

F’U

VU

We also have,

and,

vwang _ 2 ang@
ow 1—p Or Ow
1 —2m, 1 om(l—p)
1_M 72 ( 5(1 :u))_ T2(1—M)
0 m 0
Vou T Trow
wv ang o 2 8ng or
8 ((91))_ 1—w Or Ov
2m  Or _ m(1—p)
r2(1—p)ov (1 —p)
)
w o wv agvv
Fvv =g ( 8’0 ) =0
Iy, = Tf =0
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from which

0 m 0
Vegw T 2o
Computing,
i _ 1 im agm@ 8gmv ag&v
w = 38 (G T og g
o 1 zmagmH
) oxv
o _ 1 993g90_i8(7’2)ﬁ_L(1_ )
v = 9 Ov 22 9r v 2r2
_ (-p
2r
thus,
0 (1—p)o
V(;%— 2 00
And,
i 1 im agmzzﬁ 0gmu agdw
w = 28 T s aam)
_ 1 zmagm¢
T2 v
¢ 1 ¢¢8g¢¢ 1 6(7“2811129)@:21(17
Pv 2 v  2r2sin?6 or ov  2r?22
_ (-p
2r
thus,

0 (1—u)o
ov " 2r 06
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Also,

1 zm( agmd> Omuw agqﬁw )

2 ozxW foler ox™
_ 1 im08me
2 ow
.2
e _ 1 ¢¢8g¢¢ _ 1 8<r231n Q)ﬁ:_L(I_M)
Pw 2 ow  2r2sin?6 or ow 212
_ _(-p)
2r
thus,
0o  (I—-p)o
V¢% N 2r  O¢
We also have,
0 (1—p) 0
ve(‘)iw T 2r 90
Therefore, in conclusion, we have:
0 m 0
— = —— .14
v ow r2 Ow (6.149)
0 m 0
vv% = 3. (6.150)
0 0
-y, 2 = 151
\% B \% 50 0 (6.151)
o  (1-wo
g  —(1-p)o
Vow = T ar 06 (6.153)
g  (1—-p)o
Vd,% = o 90 (6.154)
0 —(1—p) 0
- = X " 1
v¢8w 2r  0¢ (6.155)
Now, let
w 9 v 9
V=V (v,w)a—w +V (v,w)% (6.156)
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We use the notation V¥ (v,w) = V% and V'(v,w) = V".

Computing,

vV = (auvw)% + vw(vv%) 4 (avvv)% + vv(m%)
- (aUVW)a‘?U + (avvv)aav + vv;’;{i

VuV = V) 4 VO (Vo) 4 (0uV ) S 4 V(T
= <awVW)8‘jU - vw:’;a‘z + (awvv)%

VoV = (%V”)% + V“f(vg%) + (agvv)a% + V”(vea%)
_ VU(12_7=M)§9_Vw(12_7«M)880

VeV = VU(Vrn) 4 V' (Vgr)

o v

_ Vv(lgﬁgﬁ_vw(lgrﬂ)az
_a 2;#) (Vv — Vw)aagf)

Therefore,

V.V = (avvw)% + @V + %V”)a% (6.157)
VoV = (awvv)aav + (0, VY — gv%a‘l (6.158)
VoV = (12_70“)(1/” - Vw)% (6.159)
VoV = (1 ;T“) (VY — VW)(% (6.160)

The deformation tensor is,

1
(V) = i(vavﬁ + VAV e)
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Computing,

ﬂ_’U’LU (V)

V’LUV’U) — ngvvvw
—9

S, W Ve

(1—p)

V’UV’U — ngVwVU
—9

S, Y v

(1—p)

1 vYyyw wyYsv
S (VY VOV

1

S(E“ VLV + gV, YY)
-1

(1-p)

(V)

v w m (% w
[0,V + 0,V —i-ﬁ(V — V)]

VIV = gy, 10
(1—p)
273

VoV = g¢¢v¢v¢

(v —ve)

(1—p)
N 7 V’U . w
273 sin? 9( V)

1
§(V9V¢ + VoV
0=n%

1
F(VIVI VYY)

0=r"(V)
0=m""(V)
0= V)
0=nm"%V)
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(6.161)

(6.162)

(6.163)

(6.164)

(6.165)

(6.166)

(6.167)

(6.168)

(6.169)

(6.170)

(6.171)
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