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Abstract : Experimental observations performed on polycrystalline Cu-based Shape memory alloys 
exhibit assymmetrical responses for tensile or compressive test. We used a micromechanical point of 
view to determine the physical origin of this dissymmetry. At first approximation, we assume that the 
stress field is uniform inside the material and equals to the applied stress. This modelling gives some 
differences in the transformation slope and in the transformation strain associated to these two loading 
conditions. Using this approach we established that the volume change associated to the phase 
transformation exerts no influence upon this phenomenon. It appears that the low symmetry of the 
martensite is the major physical origin of this asymmetry. Finally, we improve the accuracy of these 
results using a self-consistent approach to determine the macroscopic behavior from the definition of 
the local constitutive equations. This modelling is able to determine the internal stress field developed 
by the phase transition. This approach gives different critical transformation stress and different 
hysteresis size for tensile or compressive test. Results obtained by this modelling are in good 
agreement with experimental features observed on Cu-based Shape Memory alloys. Multiaxial 
loading are then numerically performed and used to determine a macroscopic transformation criterion. 

1. INTRODUCTION 

Many experimental recent works have clearly established that the martensitic transformation does not 
proceed in a symmetrical way in the stress space. Vacher and Lexcellent [l] have observed a very large 
dissymmetry in the mechanical response for tensiIe and compressive test on a Cu-Zn-Al Shape Memory 
Alloy. This result was confirmed by Roumagnac [2] on a Ni-Ti alloy. Rogueda [3] investigated biaxial 
tensile-torsion test on Cu-Zn-Al alloy, and these results do not fit with a Von Mises symmetrical 
transformation criterion. The design of shape memory devices (for instance with a bending load) imposes 
to define an assymmetrical transformation criterion. 
To obtain such criterion it is necessary to determine at first the physical origin of this phenomenon. A 
micromechanical approach is applied to this problem. Relative influence of the volume change due to the 
transformation and crystallographical features are considered using an uniform stress field approximation. 
Relevant parameters related to this dissymmetry are then determined. A more accurate approach is finally 
applied to define a transformation surface in the stress space coordinates. The Prager equation is then used 
to fit this yield surface, this gives a valuable macroscopic transformation criterion, 

2. MICROMECHANICAL MODELLING 

In this section major features associated to the micromechanical approaches used in this study are 
reviewed, and material parameters are defined. 

2.1. Kinematical aspects 
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Due to the microstructure of the martensitic phase (existence of several variants of martensite) the 
transformation strain field is considered as piecewise uniform. Variants of martensite are characterized by a 
habit plane normal n and a direction of transformation m. The transformation strain en associated to the 
formation of a variant n is related to these characteristics and to the amplitude g of the transformation strain 
that is equal for all. Using infinitesimal deformation framework and assuming uniform elastic complience 
tensor M gives the overall transformation strain E ~ '  as the mean value of the local strain field : 

where f" denotes the volume fraction of each variant. These parameters are choosen as internal variables to 
describe the microstructural evolution. Physical limitations put these quantities upon kinematical 
constraints are exerted upon them. 

f " 2 0  and ~ f n = f  I 1  
n 

This set of equations define the kinematical aspects associated to the martensitic transformation. They are 
useful1 both for transformation and reorientation mechanisms [4]. 

2.2. Thermodynamical potential 

Evolution of strain (1) is obtained from the definition of a thermodynamical potential fonction of the 
control parameters (applied stress Z and temperature T) and of i n ~ r n a l  variables f' . For an unit reference 
volume V of parent phase, the complementary free energy Y@, T, f) composed by elastic and chemical 
contributions is expressed by [4]: 

Y(Cij,T, f") = 1 Cij MijU Ckl + Zij C E; f' - B(T-To) f - I C Hnm f" f" 
2 n 2 n,m 

To denotes the thermodynamical equilibrium temperature, Hnm is the interaction matrix related to the 

incompatibilities in the transformation strain field. In order to put in evidence the microstructural origin of 
the observed dissymmetry a linear approximation of potential (3) is used at first. 

2.3. Linear optimization 

Evolution of the overall shape memory behavior can be obtained optimizing the thermodynamical potential 
(3). Due to the existence of kinematical constraints (2) a quadratic constraint optimization must be done. 
This problem can be simplified using a linear approximation. This leads to ignore the last contribution in 
potential (3), in that way strain incompatibilities are neglected. Such assumption is equivalent to use an 
uniform stress approximation. In this framework, despite strong assumptions at the grain level 
(transformation at constant stress level, only one variant per grain) some interesting information on the 
influence of the granular structure are obtained [5].  More acurate modelling is realized using a self- 
consistent method. 

2.4. Self-consistent resolution 

A local constitutive equation can be derived from the definition of potential (3) [6] 

Such equation characterizes the behavior of a parent phase crystal undergoing a stress-induced martensitic 
transformation. Occurence of multivariant transformation, as it happens at the grain level inside a 
polycrystalline material, is taken into account. Relation (4) is used to described the local grain behavior. 
Intergranular internal stress field arising from the granular structure is computed using a micro-macro 
transition 141. We consider the polycrystalline material as an aggregate of grains having homogeneous 
behavior this leads concentration tensors (that relate local quantities to global one) and local tangent 
modulus to be piecewise uniform. The overall behavior is then defined from the knowledge of the internal 
structure evolution. In this framework, intragranular interactions are related to the interaction matrix 
(compatible and incompatible variants) and intergranular features are obtained from the micro-macro 
transition. 



3. NUMERICAL DATA 

The polycrystalline structure is described using 100 grains having different crystallographic orientations. 
These orientations are randomly chosen to induce no particular texture effect in the material. The grain 
shape is assumed to be spherical. All these grains are assume to have an identical size. 
For each system of alloy, the martensitic transformation is characterized by a set of habit plane normal and 
transformation direction (Table 1). Due to the symmetry of the parent phase lattice, 24 variants of the same 
martensitic phase can be produced. These variants are determined from the parameters given in table 1 
(Table 2). In this paper, Cu-Zn-A1 and Ni-Ti shape memory alloys are studied. For Cu-Zn-Al alloys four 
type of characteristics are used. The first one determined by Saburi et al. [7] gives a negative volume 
change associated to the transformation and the second one due to De Vos et al. [8] gives a positive one. In 
order to test the influence of this volume change on the behavior dissymmetry a transformation without any 
volume change is also used. Such transformation is numerically obtained by El Amrani [9] projecting the 
direction of transformation on the habit plane-These three sets of parameters are both near [2 11 121 
direction thus they can be approximated by the [0 1 11 one. 
In Cu-Zn-A1 Shape memory alloy tensile test experiments performed on single crystal specimen at different 
temperature levels [1 11 give B around 0.23 MP~.K-~ .  

Table 1. Crystallographical characteristics for the martensitic transformation 
in Cu-Zn-Al and Ni-Ti shape memory alloys. 

Table 2. Habit plane normal and transformation direction for the 24 martensitic variants, habit plane 
normal and direction of transformation come from table 1. 

4. DISCUSSION 

Polycrystalline superelastic behavior is determined for a Cu-Zn-A1 alloy using the linear optimization 
scheme with (To - M,) equals to 50 Kelvin. Tensile and compressive tests are computed in such way. 
Despite strong assumptions used in this framework, numerical results present a large dissymmetry bemeen 
these two loading conditions as expected from experimental observations [I-31. Using the different 
cristallographical data given for this kind of alloy in table 1, it is established that the volum echange has no 
significant influence on the macroscopic response. Computations give the same result using a negative 
volume change, a positive one, or for a transformation without any volume change at all (figures la., l b  
and lc). Thus this characteristic is not the physical origin of the observed dissymmetry. But an identical 
behavior is obtained for tension and compression test using the [0 1 11 approximation for the habit plane 
normal and the transformation direction (figure Id). In this case, the 24 variants of martensite are reduced 
to 6 due to the high symmetry of these directions. One can conclude that the low symmetry of the 
martensitic phase play a major role in the dissymmetry of the mechanical response in the stress space. 
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Figure 1 : Tensile and compressive tests computed using a linear optimization framework for Cu Zn A1 
alloys : a/ with AV < 0 ; b/ with AV > 0 ; c/ with AV = 0 ; d/ using the [0 1 11 approximation. 
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The maximum resolved shear stress factor is determined for various orientations in tensile and compressive 
testing conditions. This gives additional informations (figure 2). In order to show the orientation 
dependance of this factor is function of the loading condition, it is drawn in the stereographic triangle for 
tensile and compressive tests. This is done for Cu-Zn-A1 and Ni-Ti alloys. Results obtained in tension are 
in accordance with previous determination for the transformation strain performed on single crystals of 
these alloys 112-131. A large dissymmetry is observed in both cases between the orientation dependance for 
the two loading conditions used. Two physical phenomena contribute to the observed macroscopic 
behavior. The first one is the low symmetry of the martensitic phase, the second one is associated to the 
pollycrystalline structure. Figure 2 shows that the size of the domain of well oriented positions (maximum 
resolved shear stress factor greater than 0.40 for instance) differs with the loading even for a non textured 
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material. 
The uniform stress assumption successfully deals with the origin of the assymmetrical aspect of the 
superelastic behavior. But the strain level obtained is too large. This can be improved using a more 
accurate micro-macro transition scheme. On Cu-Zn-A1 alloy Vacher and Lexcellent [l] have observed that 
the critical transformation stress, the transformation slope and the hysteresis loop are larger in compressive 
test than in tensile one. These tendencies are numerically obtained using a self consistent resolution scheme 
141 (figure 3) without any additional assumption keeping an isotropic crystallographical texture. 
Applications to other loading conditions define an assymmetrical transformation surface (figure 4). It can 
be noticed that the first bisector line of this computed surface is an axis of symmetry. This last point is in 
agreement with shear test experiments performed on Ni-Ti alloy by Manach [14]. 
Such surface is very far from the Von Mises criterion. 

I 
I 
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Figure 2 : Resolved shear stress factor computed for uniaxial tensile (a and c) and compressive (b and d) 
test condition for Cu Zn Al (a and b) and Ni Ti (c and d) shape memory alloys 

5. TRANSFORMATION CRITERION 

Phenomenological considerations on this transformation surface allow to determine a macroscopic 
transformation criterion. As the material is considered as an isotropic medium such criterion can be 
expressed using the scalar invariants of the stress tensor. In shape memory alloys the hydrostatic pressure 
has a very little influence. Thus the second and the third scalar invariant of the deviatoric stress (resp. J2 
and J3) can be used alone. The simpler form of such expression is obtained from the Prager equation : 

Taking b equals to zero in this function turns it into the Von Mises criterion. Due to the thermomechanical 
characteristics of the shape memory behavior, criterion (5) must be a function of the temperature. By 
analogy with plasticity, the inelastic strain e is chosen as hardening parameter. Identification with tensile 
and compressive tests gives the following expressions for parameter b and function K(eTr, T ). 

Loading surface obtains in that way shows a very good accordance with the micro-macro determination 
(figure 4). This assymmetrical transformation criterion can now be applied to determine an analytical 
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Figure 3: Dissymmetry obtained for tensile Figure 4: Transformation surface determined 
and compressive uniaxial test using a self by El Amrani using a self consistent model. 
consistent scheme [4]. Comparison with the Von Mises criterion and 

the Prager equation [9] 

behavior law very useful for structure calculation [15]. Such equation is derived using the normality rule. 
Very good results are thus obtained for superelastic beam in flexure condition by Gillet et al. [16]. 

6. CONCLUSION 

The physical origin of the dissymmetry of the polycristalline superelastic behavior in the stress space is 
established using a micromechanical point of view. Two features are at the origin of this phenomenon. The 
first one is the low symmetry of the martensitic phase, the second one, associated to the polycrystalline 
structure, is that the domain of well oriented positions depends on the loading condition. An accurate 
description of the macroscopic behavior is obtained using a self consistent approach. This framework 
allows to determine an assymmetrical macroscopic transformation criterion and its associated flow rule. 
These points are on first importance for engineering applications and are now in development. 
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