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PACS.61.30.Gd - Orientational order of liquid crystals; electric and magnetic field effects on order
PACS.64.60.Kb — Solid-solid transitions
PACS.64.70.Md - Transitions in liquid crystals

Abstract. — We extend the Landau-de Gennes phenomenological model of the electric field
induced isotropic-nematic phase transition to describe electric field induced smectic A phase
transitions, for varying coupling between orientational and positional order parameters. Increas-
ing the field, first order nematic-smectic A transition becomes second order at a tricritical point.
The electric field induced non spontaneous nematic phase, can be metastable close enough to
the isotropic-smectic A spontaneous transition temperature. For strong enough nematic-smectic
coupling, when reentrant nematic is favored, a new non spontaneous smectic phase exists. An-
other new field induced paranematic-parasmectic phase transition is expected followed by a first
order parasmectic-smectic A transition which disappears above a critical point.

1. Introduction

Liquid crystal materials present a rich variety of order-disorder phase transitions [1] charac-
terized by the onset of one or more order parameters of various symmetry, coupled between
them and with external fields (electric or magnetic). Because of this coupling, phase tran-
sitions between the isotropic, nematic, and smectic A phases induced by external fields have
been predicted, using mostly microscopic models. In this work, we develop a phenomenological
Landau-de Gennes (LdG) model to unify previous predictions and to describe phase diagram
topologies. The present model describes electric field induced smectic transitions whose sys-
tematic experimental study began recently [2].

Nematic liquid crystals (NLC) present orientational order with the mean molecule parallel
to the director n (n? = 1). The quadrupolar nematic ordering is described by the traceless
tensor [1]: Qqp = S(3n,np — 643)/2, where 0 < .5 < 1 is the order modulus. In the isotropic
phase, orientational order is lost (S = 0). Because Q.5 and —Q,; are physically different, the
isotropic-nematic (I — N) phase transition is of first order with a critical point above which
it disappears, as for the liquid-gas transition. An I — N field induced transition was indeed
predicted by Hanus [3] in the frame of the Maier-Saupe [4-6] molecular theory and recalculated
later with microscopic models [7-10] and phenomenological LdG models [11-13]. The nematic
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critical point has been observed by applying an electric field [14], which couples directly with
the nematic order via the dielectric anisotropy of the material.

In the smectic A (S5 ) phase the molecules form layers perpendicular to n [1]. An additional
one-dimensional translational order exists. The smectic order is described by a complex order
parameter ¥(r) = |¥|e™*® that specifies the amplitude and phase of the density modulation.
The average attraction between molecules in the smectic layers becomes stronger with §,
i.e., the positional order is coupled with the orientational order {15-18]. This coupling was
introduced by Kobayashi [15,16] and McMillan [17,18] to investigate the nematic-smectic A
(N —Sa) phase transition in a molecular theory frame. Kobayashi has extended the solid-liquid
transition theory of Kirwood and Monroe [19]. McMillan has extended the Maier-Saupe model
of the transition [—N [4-6]. According to their results the N— S, transition could be either first
or second order. The order of the transition changes at a tricritical point (TCP). de Gennes
has shown [20] that the coupling between the two order parameters plays a crucial role in the
appearance of the TCP. The tricritical point of the N — S5 phase transition has been observed
by: (i) changing the length of the alkyl end chains [21], (ii) varying the concentration in binary
mixtures [22], (iii) increasing the pressure (23| and (iv) applying a strong electric field (2].

The effects of magnetic field on the N— S, and the I—S, phase transitions were investigated
by Hama [24] and Rosenblatt [25,26]. The first has introduced the magnetic field in McMillan's
model while the second has used a previously developed [27,28] lattice model. These models
predict that a strong enough magnetic field could induce the N — S and the I — Sa phase
transitions at higher temperature than the spontaneous (without external field) transition
temperature. The expected magnetic field to attain the TCP is ~ 6 x 10¢ G. For LC materials
which spontaneously transit from the isotropic phase to the smectic A phase, a field induced
non-spontaneous nematic (NSN) phase could arise [26] at a field of ~ 7.5 x 10° G. It is difficult
to achieve such strong magnetic fields. Instead of a magnetic field one can use an electric field
which couples more strongly with the system. Recently [2] we have induced by an electric
field, the paranematic-non spontaneous nematic-smectic A (pN — NSN — S, ) phase transitions.
We localised the TCP of the field induced NSN — S, transition. For the interpretation of the
existing experimental data [2,29], we need a general phenomenological model which does not
exist yet. The aim of the present paper is to extend the LdG model of the electric field induced
pN — N transition to describe the pN — NSN, the NSN — S5, the N — S4, the I — So and the
smectic A-reentrant nematic (Sx — RN) [30-33] phase transitions in a simple and unified way.

In Section 2 we define the model. In Section 3 we recall the electric field induced I — N phase
transition model. Section 4 describes the electric field induced phase transition to a smectic A
phase, the non-spontaneous nematic phase, and a new field induced parasmectic phase. Section
5 is devoted to the field induced reentrant nematic transition where a new non spontaneous
smectic A phase is predicted. In Section 6, we show the free energy versus order diagrams
of the phases. In Section 7, we present the final temperature, coupling, electric field phase
diagram of the isotropic-nematic-smectic A transitions. A preliminary report of the electric
field induced NSN phase was given in reference [2].

2. Model

2.1. THE FREE ENERGY. — In what follows, we discuss only the behaviour of uniform sys-
tems. The normalized strength of the smectic order parameter |¥| is defined as [1}:

%;—) =~ Re { %\I’(r) exp [¢{qs - r)]} , (1)
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where pg is the average density, p its oscillating amplitude, and 27/g, = d is the smectic
layer spacing. We imagine (see later) that there exist a “stabilizing electric field” E||n, which
decreases the free energy density f of the system. f writes as:

f=In(T,8)+ fa(T, ) + fan(5,9) + fe(S. ¢, E), (2)

where fn(7T',S) is the free energy density of the nematic phase, fa(T, ¥) corresponds to the
translational ordering, fan(S, ¥) is the contribution from the coupling between S and ¥, and
fe(S, ¥, E) is the free energy density associated to the coupling of the electric field with the
order parameters. In the frame of the LdG formulation each term of f is expanded in powers
of S and ¥ as follows [1]:

1 1 1
fn=fo+ §ANS2 + ngSS + Zch‘1 + .., (3a)

where:
An = an(T — Txy)- (3b)

fo is the free energy density of the I-phase (S = ¥ = 0). T is the absolute temperature. T%;
is the isotropic supercooling temperature. ay, by, cn, are supposed constants. As the [ - N
transition is first order, one chooses: ay > 0, by < 0, and ey > 0 [1]. The term fa(7,¥)
describing the one dimensional uniform positional order contains only even powers [1] of {T].
Sfa writes as:

1 1
fa= '2‘AA|\I'|2 + qu\?l‘* +. (4a)

where :
AA = CLA(T - T;N)- (4b)

Ty is the supercooling temperature limit of the nematic phase for the uncoupled system
(fan = 0) in absence of electric field (F = 0). aa, ca, are supposed constants. aa is chosen
positive because fa(7,0) must have a minimum for T > Ty and a relative maximum for
T < Tfy. The coefficient ca is chosen positive to provide stability. In absence of coupling,
equation (4) describes a second order transition. From fa one could think that the smectic
order could appear at Txy without nematic order. But if the system builds layers in one
direction from isotropic objects, i.e., without nematic order, then layers should appear also
along other directions of space and one should get a three-dimensional crystal. To obtain
one-dimensional smectic order only, one must introduce a coupling between S and ¥ so that
nematic order exists as soon as positional order appears. At lowest order the coupling term
fan(S, ¥) can be written as follows:

1
fan = vS|¥)? + -2—,\S2|\I'|2 +.., (5)

v, A, are the coupling constants. An S¥ term does not appear in fan{S,¥) because ¥ is
modulated and S is uniform. % is chosen negative to favor the Sy phase when the nematic
order exists. The second coupling term represents a saturation (A > 0). It allows reentrant
effects [30-33]. As previously explained v cannot be zero. This restriction does not exclude
that fan(S, ¥) could become zero for S # 0 from the superposition of other coupling terms.
Because of the (S, ¥) coupling, the spontaneous N — Sp phase transition can be of second or
first order [20]. For weak enough (5, ¥) coupling the N—S4 transition remains of second order,
and it is of first order for strong enough coupling. In the development (5), we suppose that
higher order terms in the coupling can be neglected. In fact, one guesses that, at a first order
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transition, these terms would be important and should not be neglected. For sake of simplicity,
we keep only these lowest order terms. The situation is the same for the nematic phase: the
development of fy should contain higher order terms, especially far from the I — N transition
temperature [29,34] but for simplicity we do not take them into account.

We discuss now the effect of a “stabilizing” field. This leads to describe the coupling of
the order parameters with an uniform external electric field. From symmetry arguments, the
lowest order terms of fr(S, ¥, F) the development writes as:

1
fo=pB'S + .. + W EOP + .., (6)

where p and p' are constants. The first term, called dielectric term in what follows, comes from
the direct coupling of the electric field E with S via the dielectric anisotropy €,. = —e,0/127;
€a0 = £a/85 is the dielectric anisotropy for S = 1. For typical materials, £, ~ 10 — 20. For
€a > 0, the electric field is stabilizing when orienting n along its direction. When the smectic
order is present, the dielectric term gives also an indirect coupling of the electric field with
¥ via the (S, ) coupling (Eq. (5)) between the two order parameters. The second term of
equation (6) describes a direct coupling between ¥ and the electric field via what could be
called “smectic electrostriction”. It is well-known [35] that the volume V of a compressible
fluid (and consequently its density p) changes when subjected to the electrostatic pressure
P = €iso % /87, where ¢, is the isotropic dielectric constant. Typically, €iso ~ €a9. Taking
as positive the external applied pressure, the free energy density varies as pdV/V = —pAp/p.
By symmetry, Ap/p is proportional to |¥|?, as: Ap/p = k|¥|%. k can be estimated from the
measured increase of density at an I — S5 phase transition {36], typically of Ap/p ~ +1072
Assuming |¥| ~ 0.6, one estimates & ~ 3 x 1072 The smectic electrostriction term y' is
then comparable to x ~ 10=2 In the isotropic phase, the electrostatic pressure would result
in a relative change of density ~ (¢,5052/87)/Kiso, Where Kiso ~ 10'° dyn/ cm? is the bulk
liquid rigidity. For fields E lower than Fep.stic = V&Kiso ~ 10% in cgs units, the smectic
electrostriction dominates over the conventional one. As Fgastic ~ 300 V/um, one order of
magnitude larger than the largest typically obtained field [2,29], the conventional direct effect
is negligible. In what follows, we assume the smectic to be incompressible (K5, ~ 00).

We can now compare the direct E?|¥|? coupling of the applied field E on the smectic order
with the indirect coupling through E2S and S|¥|2. For strong S|¥|? coupling v, ¥? and S
compare (see later). As yu ~ 1 and u’ ~ 1072, the direct electric coupling is usually much less
efficient than the indirect one and can be neglected. We describe later the one situation (weak
coupling ) where the direct electric coupling should be considered.

2.2. STATES OF EQUILIBRIUM. — The minimization of f with respect to S, and to the
amplitude |¥| (the phase is here irrelevant) gives the following two equilibrium conditions:
a
Wél = f|’q,| = |T|(4a + ca|¥]2 + 295 4+ A5%) =0
(7
0
% = fl = AnS + bnS% 4+ enS3 + 4| V)2 + AS|¥|? + pE* =0

For thermodynamic stability, f must always increase for small deviations of S, |¥| around
equilibrium. The following stability conditions must be fulfilled:

2
%J; = AN +2bnS 4 3enS%+2)0¥F >0 (8a)
82f 2 2
= Ap +3ca|¥|" + 295+ A5° > 0, (8b)

o2
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with the Hessian:

o%f O9*f S o f
852 9|¥)? 050|¥|
With the previously discussed point that the S|¥|? coupling y can never be zero, the system

(7) with the conditions (8) could be satisfied by solutions (So|¥p|) corresponding to the three
following situations in absence of external field:

2
) = 2y + AS) ¥ (8¢)

i) (So =0, |¥g| = 0), total absence of order.
ii) (So # 0, |¥g| = 0), only orientational order exists.
iii) (So # 0, |¥o| # 0), both kinds of order exist.

The first case corresponds to the isotropic phase; the second one to the nematic phase alone;
the last case corresponds to a smectic phase. Note that even for Ty > Ty;. nematic order is
always induced when positional order appears.

Let us write now the existence condition of the S5 phase. From (7) we find:

2
LA F IS AT 9454 AS? <0

|T” = cA (9)
0 if ApA+2954+X5%2>0
The equation:
Ar +29S+ 252 =0 (10)

defines the limits of the smectic A phase existence. In what follows where we discuss (S,T)
phase diagrams, this limit is called “smectic line”. From (10) we see that the transition to the
smectic A phase depends on the temperature T4y and on the ratio v/as. The transition is
favored by a large enough nematic order. The saturation coupling term AS? is important for
reentrance phenomena, discussed later.

3. The Nematic Phase

We recall here well-known properties of the I — N transition. The nematic phase has only
orientational order and no positional order. Equation (7) simplifies to:

fs=fa+ fl = ANS + bnS? +enS® + nE? = 0. (11a)
The stability condition (8a) gives:
f§ = An +2byS + 3cnS? > 0. (11b)

The spinodal line f§ = 0 defines the stability region: inside the spinodal the system is com-
pletely unstable. Equation (11a) describes the first order I — N transition at the temperature
Tni in absence of external field and the pN — N first order transition under a stabilizing electric
field. We do not give here a detailed description of these transitions extensively described in the
literature [3,7-13]. Under the electric field E action, the minimum of f corresponding to the
isotropic state is no more § = 0. It is shifted to a small but non zero value, proportional to E?
(Kerr effect). The field induced pN phase appears. The second minimum corresponding to the
nematic phase shifts also to a higher order value. A critical point exists for f§ = f§ = f&' = 0.
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Fig. 1. — Paranematic-nematic transition surface in the space (T, 5, E). ¢ = (T — T%1)/(Tc — TR1),
s =58/Sc, and e = E/Ec. a: spinodal; b: binodal; c: conjugate of the spinodal; CP: critical point.

The coordinates of the critical point, s.e., the critical order Sg, the critical field Ec, and the
critical temperature T are:

N
bn S2
E% = =€ 12
3 (12)
. b
TC = TNI + ——_3CLNCN

Above the critical point the two phases pN and N are indistinguishable, as for the liquid-gas
transition. In Figure 1 we present the (T, S, E) phase diagram of the I — N transition under a
stabilising electric field for a liquid crystal of positive dielectric anisotropy. We used the values
of the coefficients of equation (11a) for the compound 4’-n-pentyl-cyanobiphenyl (5CB) [14]:
any = 0.11 x 107 erg/cm3, by = 1.56 x 107 erg/cms, oN = 3.47 x 107 erg/cmB, Tnt = 306.8 K.
The coordinate axes are the reduced temperature ¢t = (T' — Ty§;)/(Tc — Ty), the reduced
nematic order parameter s = $/Sc and the reduced electric field e = E/Ec. The curve a is
the spinodal line. The curve ¢ is the conjugate of the spinodal line, i.e., the line representing
the value of the other minimum of f for the same E, ¢t. The curve b is the coexistence line
(binodal) of the transition and it defines the transition temperature under electric field. Let
us follow an isofield from the pN-phase. When we intersect the spinodal, the system transits
towards the N-phase on the conjugate of the lower spinodal. Let us follow an isofield from the
N-phase. When we intersect the spinodal, the system transits towards the pN-phase on the
conjugate of the upper spinodal. This process is responsible for the hysteresis of the first order
transition.

4. The Smectic Phase

The smectic phase has orientational and positional order: S # 0 and |¥| # 0. One has to
consider the full equation (2). As the two kinds of order are coupled we can eliminate the
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orientational or the positional order parameter to write the free energy as function of only one
order parameter. Here we choose to keep the orientational order parameter S because existing
experimental data measured only orientational order [2,29]. For |¥| # 0, f can be written as
function of S alone, by substituting |¥(5)|? from equation (9) in equation (2). We obtain:

A2 1 1 1
f=1fo— 4_5: + (uE? — Apv/ca)S + -2-A52 + 51753 + ZcS‘*, (13)

where the renormalized coefficients are: A = Axy — (AAa + 27?)/ca,b = bx — 3Ay/ca, and
¢ =cNn — A%/ca. The equilibrium conditions (7) write as:

f''=(nE* — Asvy/ca) + AS +b5% +¢s° =0 (14)

To ensure stability, we suppose that cy > A?/ca. If it were not the case, higher order terms
should be included. The spinodal of the coupled system which defines its stability is given by
=0 1ie.:

fl=A+2b5+3c5*=0 (15)
The spinodal is independent of E.

Let us now repeat de Gennes' argument [20] for the order of the N — S transition. One
writes for the free energy f of the smectic phase:

1 1 1 1
f = fn(So) + 5£5,(S - S0)* + SHE*S + 5AA|\1:|2 +eal®lt + ST, (16)
where fn(So) is the free energy of the nematic phase at the N—S, phase transition temperature,

Sp is the nematic order parameter value at the transition, and fg’o is its second derivative at
the same point. After minimisation and eliminating S, one finds:

1 = 1.
f = fn(So, B) + 50a(T - Tin)| ¥ + ZcA|xI:|4, (17)
where: Ty = Tiy + il F g2 5,) and &5 — 2 2/f4 . One ob renormalizati
Ty =T+ oo\ 77 o éa — 27*/fs,. One observes a renormalization
0

of the transition temperature due to the (S, ¥?) coupling and the electric field effect. One
also sees a renormalization of the saturation term &4 with the addition of a negative quantity.
For strong enough (S, ¥2) coupling, & can become negative, t.e., the transition becomes first
order. In this case, one should add in (16) a positive |¥|® term to ensure stability. If the
coupling is weak enough, €4 remains positive and the transition is of second order.

One can classify the transitions between the isotropic, nematic and smectic A phases using
as parameter either T'5\ or the reduced coupling v/aa between the two order parameters. We
choose the last way. When the spontaneous N — S5 phase transition is of second order, we
call the coupling vanishingly weak if under electric field the smectic electrostriction becomes
dominant, and very weak if the indirect coupling is dominant. If the N — S, phase transition is
of first order, we call the coupling weak. When the TCP appears at the transition, the coupling
is called tricritical. When the LC material exhibits spontaneously the I —S4 phase transition,
we call the coupling medium if a NSN-phase is induced by the field, and strong if the electric
field does not induce a NSN-phase. All these situations were already discussed independently
in various microscopic models [24-26]. In the following we examine the different possibilities
in presence of electric field in our LdG phenomenological model.

Typical values for the model coefficients are given in the Table I. The coefficients are chosen
of the same order of magnitude as the experimental values of 5CB [14] in the nematic case,
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Table I. — Model parameters used for nematic-smectic coupling ranged between very weak and
medium.

an (107 erg/Kem®) | 0.1
by (107 erg/em®) -2.0
en (107 erg/em®) 5.0
an (107 erg/Kem®) | 0.05
ca (107 erg/cm®) 0.4

A (107 erg/cm®) 0.7
Int — Ty (K) 1.8
Tin— TR (K) —-8.7

and of a mixture of 25% in 8CB and 10CB which transits spontaneously from the isotropic
phase to the smectic A one [2]. In what follows, we keep these coefficients constants and we
allow only the reduced coupling v/aa to vary, typically from —10 to —70. For each value of the
coupling, we draw the (S,T) phase diagram calculated numerically. We show later the f(S)
diagrams as function of temperature, field, and the reduced v/aa coupling.

4.1. VANISHINGLY WEAK COUPLING. — When the (S, ¥) coupling is vanishingly weak the
only influence of the electric field on the smectic order comes from the direct smectic elec-
trostriction coupling. f can be approximated as:

1 1 1 1 1
f = fn(So) + §f’5’0(s —S0)* + 5,1E25 + 5AA|xI:|2 + ZcA]\III‘* + 5,/E?|\If|2. (18)
After minimisation and eliminating $§, T%y is renormalized to:
~ M’
Tan(y =0) = Ty — —E%. (19)
aa

In absence of coupling, as u'/ax < 0, smectic electrostriction provokes an increase of the
transition temperature proportional to the square of the applied electric field. Smectic elec-
trostriction does not influence the order of the transition. In presence of coupling, smectic
electrostriction renormalizes the coefficient of the field dependent part of the T}, variation.
Although simple, this result is new, since direct coupling was never discussed. In what follows,
we do not consider smectic electrostriction any more. This approximation does not change
qualitatively the results of the model.

4.2. VERY WEAK COUPLING. — In the absence of coupling, the two transitions in S and ¥
have been chosen stable. For very weak coupling, they stay stable. The N — Sy transition is of
second order. In Figure 2 we give the (S, 7T) phase diagram for different values of the field E.
The ordinate scale represents the temperature t = T' — Tni. This phase diagram is calculated
with v = —0.65 x 107 erg/cm3 and y/ap = —13.0. The curve a is the zero field equilibrium
line. S(T') is calculated from (11a) in the nematic phase and from (14) in the smectic phase.
At Tnp appears the nematic phase with a jump of S from zero to Sy; = 25¢c. When cooling, 5
changes continuously with the temperature while at the N — S, transition temperature (Tan)
appears a slope 35/3T discontinuity. This slope discontinuity is due to the continuous onset of
positional order as it is shown at the bottom of the same figure (curve a’). |¥(T)|* is calculate
from (9). Ty is defined from (7) and the supplementary condition of equal energy of the two
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Fig. 2. — S,t = T — Tt phase diagram for very weak coupling. The dashed line is the smectic line.
a is the equilibrium curve for zero field. b, c are isofields. The lines a', b/, ¢’ show |¥|? for the a, b, ¢
isofields. The Tan upshifts with the field.

phases, f(Tan) = fs(Tan). The smectic line (dashed curve) intersects the S(T') line at Tan.
In absence of field, one finds:

- -2 2 Try — T
S/:i:N _ bx — 2van/aa i\/( bn yan/aa ) _ an( AN NI) (20)

_Z(CN—)\GN/CLA) 2(CN—/\G,N/(IA) cN—/\aN/aA )

The S root corresponds to a non physical unstable nematic. The order San at the N — Sy

transition is given by the S, solution. The transition temperature Tay is calculated from the

condition |¥(Tan)| = 0 which writes as:

[2758a + A(S§a)*]
aa

(21)

Tan =Ty —

Let us now see the effect of the electric field on the N — S, transition. The field induced
N — S, transition temperature Tan(F) and the order San(E) at the transition are calculated
numerically from the system (10, 11a) using the coeflicients of Table I. The isofield b (Fig. 2) is
calculated for E = 2Eg. Tan(E) is displaced at higher temperatures. The slope discontinuity
at Tan(E) is smaller than at zero field. This happens because the smectic order increases
slower from zero {curve b’). The isofield ¢ is calculated for E = 3E¢. The slope discontinuity
is even smaller while Tan(E) has increased more. One concludes that Tan(E) is increasing
with the field as expected while the slope 85/9T discontinuity at Tan(F) decreases. As the
nematic order Sy at the N — S, transition increases with the field: S; — Sy — ,uEz/f”O, the
appearance of the smectic order at the transition has smaller influence on the nematic order
because this later is saturated by the field.

4.3. TRICRITICAL COUPLING. — We increase |y| keeping the other parameters constants. For
E =0, when the transition point coincides with the TCP at Tan for ¥ = yr¢, the Hessian (8)
becomes equal to zero. The N — S4 transition appears with infinite slope just before the first
order transition. The TCP is found at the intersection of the smectic line (10) and the smectic
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Fig. 3. — Same as Figure 2 for tricritical coupling. TCP: tricritical point.

spinodal (15). When this point appears at the N — S, transition, it belongs also to the nematic
equilibrium curve (11a) in absence of field. These conditions define the value of yr¢ as:
(bn + ¢Stc) 2

yrc = —=ASto £ [(ASTC)? + caStc 3

(22)
where Stc is the orientational order at the transition. Using the values of Table I, we calculate
yre = —0.683 x 107 erg/cm® and ypc/aa = —13.67. The corresponding (S,t = T — Ti)
phase diagram is shown in Figure 3. For E = 0 {curve a), S appears at the transition point
with an infinite slope from the smectic side, and a finite slope from the nematic side. The
isofields b, ¢ are calculated for E = 2FE¢ and E = 3E¢ correspondingly. On the isofield b
one remarks that the electric field changes the infinite slope of S, from the smectic side, to a
finite one. At Tan(E), the slope of the isofields is decreasing with the field from both sides
of the transition. The slope decrease is more rapid from the Sa side. The slope discontinuity
at Tan(E) is decreasing with the field while Tan(E) increases. The field induced transition
could become of first order when changing the sign of the dielectric term while keeping the
orientation. This situation has no simple physical meaning,.

4.4. WEAK COUPLING. — In the absence of electric field, the N — S transition is of first
order when |7| > |yrc|. At Tan, the Hessian (8c) is negative. With v = —0.72 x 107 erg/cm®
and v/ap = —14.4, we obtain the (S,t = T — Tn1) phase diagram shown in Figure 4. In the
absence of field, the N — S, transition at ¢ay is of first order and shows a jump of S (curve a)
because positional order (curve a') appears discontinucusly. The electric field effect (isofields
b, ¢) is difficult to show on this scale. In Figure 5 we show a magnification of the region around
the N — Sa transition. The lower dashed line S — sp is the smectic line and the upper dashed
line is its conjugate. The solid line is the upper spinodal. The curve S — sp — conjugate is
the conjugate of the upper spinodal. In the region between the coupled spinodal line and the



N°10 LANDAU MODEL OF FIELD INDUCED SMECTIC PHASES 1369

>4 e Ny

0.45

0.4

S-sp-conjugate

+ . .
taN -1.2 -1 -0.8 t
Fig. 5. — S5,¢t = T — T1 phase diagram for weak coupling around the spontaneous (E = 0) nematic-

smectic A phase transition temperature tan. The lower branch of the dashed line is the smectic line,
the upper branch is its conjugate. S — sp: smectic spinodal; S — sp — conjugate is its conjugate line.
TCP: tricritical point. £ =0, a, b, ¢ are isofields.

smectic line, the smectic phase is unstable. The transition temperature Txy(E) is defined from
the supplementary condition:

F(S#0, |¥[#£0)=f(S#0, ¥ =0). (23)

The intersection of the smectic spinodal with the equilibrium line S(7', E = 0) (curve E = 0)
gives the superheating limit 4% of the first order N—S4 transition in absence of external field.
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The intersection of the spinodal with the smectic line defines the TCP where the transition
becomes of second order with coordinates (Stc,Trc) given by:

gt - _b-acy/aa | b—acy/aa \*  ac(Tin —T7)
TC 3c—ac)/aa) 3c—acA/aa 3c —acA/aa
Ti, = Tix— SE.(2v+ASE5)/aa, (24a)

where ac = an — Aaa/ca and T* = anT/ac + (292 — AaaTiy)/caac. The spinodal and
the smectic lines intersect in two points which should present tricritical behaviour. For this
coupling, the spontaneous N — S, transition appears before T, and the (T'pq, St) point is
not visible. The tricritical point is the (T, Stc) point. Note that the TCP does not depend
on the field, in our model approximation. The “tricritical field” to attain the TCP is given by:

1 [Aa(Trc)y 4

Bio =
TC cA

(Tre)Stc — bS3c — eS3| - (24b)
For the given coeflicient in Table I, we calculate: Ep¢c = 35.06 V/um. The curves a, b, ¢
in Figure 5 are isofields. The isofield a corresponds to the field E = B¢/ V2. One remarks
that the transition happens at a higher S than for zero field and the order discontinuity at
the transition temperature decreases with the field, while Tay has increased. For E = Erc
the TCP appears and the transition becomes second order (isofield b). At the tricritical point,
the curve S(T, E1c) has a finite slope on the nematic side and an infinite slope on the smectic
side. The isofield c is calculated for E = /2Etc. The transition remains of second order and
the slope discontinuity is smaller than at the TCP. The part of the smectic line on the right of
the TCP is a critical points line.

4.5. TRIPLE POINT COUPLING. — When the nematic-smectic coupling becomes stronger, in
absence of external field, the region of the nematic phase shrinks out and disappears for high
enough coupling. When the temperatures of the I — N and of the N — S transitions coincide
(In1 = Tar = Trp), a triple point appears, for the corresponding triple point coupling ytp.
The nematic phase disappears for values of coupling higher than |yrp| and an I — S, phase
transition takes place. yrp is the solution of the system:

f(In, E=0)= fn(Tn, E=0)=0
(25)
Tz, E=0) = fy(Int, E=0) =0,

(the free energy is normalized with fo = 0) where Ty = T3, + 2bx/9ancn. YT is given by:

_ 2calA} J4ca + §bn ST + FeSNAl
B AS3 4 — AaSna

TP (26)

Using the values of Table I we find yrp = —0.983 x 107 erg/cm3 and yrp/asa = —19.66.
The corresponding (S,¢ = T — Tnj) phase diagram is shown in Figure 6. The dashed line
is the smectic line. The curve n-binodal is the nematic binodal and curve ns-binodal is the
nematic-smectic binodal, i.e., the two lines, one in the nematic phase, below the smectic line,
and the other in the smectic phase, which represent the nematic and smectic phases of equal
energy. The two branches of the ns-binodal join at the TCP above which they coincide with
the smectic line. When cooling from the isotropic phase in absence of electric field, the order is
zero for T' > Tni. At Tp the lower branch of the nematic binodal crosses the temperature axis



N°10 LANDAU MODEL OF FIELD INDUCED SMECTIC PHASES 1371

Slc

smectic-A

0.4 ns-binodal _ TCP

———
-
-

B nematic

02 /

-binodal
n 1no CP

para-nematic

0 1 t

Fig. 6. — Nematic binodal (n-binodal), and nematic-smectic binodal (ns-binodal), showing the three
phases coexistence ABC. CP: critical point. TCP: tricritical point.

at a zero order point A and the energy of the nematic phase, point B conjugate of A, becomes
equal to the one of the isotropic phase. We remark also that at Ty, the upper branch of the
n-binodal crosses the lower branch of the ns-binodal at the point B. The conjugate of point
B is the point C on the upper branch of the ns-binodal. From the definition of the binodal
line, we conclude that the conjugate points A, B, C representing the isotropic, nematic and
smectic phases correspondingly, have the same energy at Trp. We conclude that in absence of
field, for v = yTp the isotropic, nematic and smectic phases coexist at T'rp, i.e., the system
is at its triple point. The application of an external electric field brings the system far from
the triple point and it favors the nematic phase which becomes the stable phase. We shall see
later (Sect. 7) how varies the triple point versus field and coupling. Increasing the field value,
the smectic phase becomes the stable phase of the system. This situation will be analyzed in
the next paragraph.

4.6. MEDIUM COUPLING. — In absence of field E, the I—S4 phase transition takes place at the
temperature Ty defined from the supplementary condition f(S,|¥| # 0) = 0. The spontaneous
1 — SA phase transition can be considered as an I — N transition, which forces immediately,
because of the (S, ¥) coupling, the onset of positional order. If one would be able to create
a nematic phase with a lower ordering, smectic order could disappear. One could eventually
observe such a non spontaneous nematic (NSN) phase when applying a field on the isotropic
phase, through for example a sequence of separated pN — NSN — Sa phase transitions. The
analysis of the NSN phase does not differ from that of a material which spontaneously presents
the I — N transition discussed previously. A critical point exists between the pN and the NSN
phase. Its coordinates are given from (12). As long as T¢ > Ta1r a NSN could be induced by
a high enough external stabilizing electric field E before the S5 phase is induced for higher
fields. Increasing E above the NSN induction field, S(E) should increase continuously. If £
becomes strong enough, S should attain a value for which equation (9) has a solution |¥| > 0
and the S should appear. Figure 7 shows the (S,t = T — Tni) phase diagram for the case
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Fig. 7. — S,t = T — Tn1 phase diagram of the field induced paranematic-non spontaneous nematic-
smectic A (pN—NSN—S4) phase transitions. The liquid crystal shows a spontaneous isotropic-smectic
A transition at ta1. The nematic phase is metastable at ta1. The lower branch of the dashed line is the
smectic line, the upper branch is its conjugate. N-sp is the NSN spinodal with its dotted coexistence
line. S-sp : smectic spinodal. E = 0 is the zero field equilibrium line. a, b, ¢, d are isofields. TCP:
tricritical point; CP: critical point.

of medium coupling. To obtain this phase diagram we have increased the coupling up to
7= ~1.0x 107 erg/ cm® and v/aa = —20.0. We have also increased the value of the second
coupling constant at A = 1.2 x 107 erg/cm®. This allows to visualize better the situation and
does not alter qualitatively the results. At the lower part of the diagram the solid line N — sp
is the spinodal of the field induced NSN phase with its dotted binodal line. In the upper part
of the phase diagram, the lower dashed line is the smectic line. The upper dashed line is the
conjugate of the smectic line. The smectic line and its conjugate coincide at the TCP with
coordinates given from (24). At the TCP comes also the smectic spinodal line (S — sp). ttc
corresponds to the tricritical temperature. The two upper dotted curves represent the nematic-
smectic binodal. If the system crosses the smectic line at ¢ < t1¢ it enters an unstable region
(f" < 0) and transits with a discontinuous increase of S towards a state in the Sy phase. As
t approaches trc from below, the jump of order becomes smaller, and at tt¢ the transition
becomes of second order. For t > trq, the tricritical points line appears. The line E = 0 is
the zero field equilibrium line. The full lines a, b, ¢, and d correspond to different isofields: a,
E=+2Erc;b, E=Erc;c, E = Erc/v?2; and d, E = 0.9E¢. The isofield d is calculated for
an electric field lower than the NSN critical one. As the system is cooled from the isotropic
phase, when it crosses the NSN spinodal, it transits from the pN to the NSN phase with a
jump of order. Cooling more, the system crosses the smectic line and undergoes a second first
order transition from the NSN to the Sp phase. For E > E¢ the system goes continuously
from the pN to the NSN without any transition (isofields a, b, c). When the isofield lines a, b,
¢ cross the smectic line, either they show a first order NSN — S, transition at the left of the
TCP (isofield ¢) or a second order transition at the right of the TCP (isofield a and b). The
isofield b is the tricritical one.

In absence of field, the NSN phase can be metastable or unstable at Tar. If T > Taj.
the nematic phase is metastable at Ta1 and it could be supercooled. Increasing the coupling,
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Fig. 8. — Same as Figure 7, when the smectic line goes through CP: the NSN critical point.

T'a1 approaches Tyif and for Ta1 = T3} the nematic phase becomes unstable. This means that
it is not possible to supercool the nematic phase without a favorable external field. Under
external field, the NSN-phase can be supercooled at Tar if Ty < Tar, where Tfgy is the
supercooling limit of the NSN-phase given from the intersection of the smectic line (10) and
the upper nematic spinodal. A phase diagram corresponding to this last situation is shown in
Figure 1 of [2].

4.7. CRITICAL COUPLING . — As the coupling increases, Ta1 approaches T of the NSN-phase.
When Ta1 and T¢ coincide the NSN phase degenerates at its critical point. For stronger cou-
pling the transition is the pN —S, one. However the metastable NSN-phase can be supercooled
under field. Increasing the coupling, the NSN-phase becomes unstable under field when the
smectic line passes through the NSN-critical point, 7.e., when the coordinates of the NSN-
critical point satisfy the smectic line equation. We call the corresponding coupling constant
critical coupling «vc. ¢ is given by:
aa(Te —T7) + ASE

= 27
1 55 (27)

Sc and Tg are given from (12). We calculate vg = —2.11 x 107 erg/cm® and yc/ap = —44.23.
To better visualize this topology, we give a (S,t = T — Tn1) phase diagram (Fig. 8) using a
different set of parameters (yc = —0.6 x 107 erg/cm®, A = 0.1 x 107 erg/cm® and T3, — T, =
0.5 K). The spontaneous transition is a first order I — S5 phase transition at ¢a;. The lower
part of the dashed line is the smectic line while the upper part is its conjugate line. S—sp is the
smectic spinodal. The pointed line is the NSN spinodal. The smectic line crosses the nematic
spinodal at the nematic critical point CP. The NSN has disappeared. TCP is the tricritical
point of the I — S, transition. The curves a, b, ¢, d, e are isofields. The curve E = 0 gives the
equilibrium line S(T') of the smectic phase in absence of field. The isofield e is calculated for a
field ' F > Eg¢. The transition is a second order pN — S4 one. The isofield ¢ is calculated for
a field Erc > E > Ec. The transition is a first order pN — So one accompanied by a jump
of order. For E = Eg, the critical isofield b gives also a first order pN — Sy transition. When
cooling, the slope of the critical isofield when crossing the smectic line is infinite because this



1374 JOURNAL DE PHYSIQUE II N°10

tut 2 t

Fig. 9. — S,¢t = T — Tt phase diagram of the field induced paranematic-parasmectic-smectic A phase
transitions. The liquid crystal shows a spontaneous isotropic-smectic A transition at ta1. Lower branch
of the dashed line: smectic line; upper branch: its conjugate. S — sp: smectic spinodal. The dotted
curve is the binodal, smectic above the smectic line and nematic below. E = 0: zero field equilibrium
line. TCP: tricritical point; CP: critical point; TP: triple point.

point is critical for the NSN phase. For E > E(, the slope is always finite. The last isofield a
is calculated for E < Ec. When cooling, a first order pN — S, transition takes place when
the isofield crosses the nematic spinodal and not at the crossing point of the isofield with the
smectic line.

4.8. STRONG COUPLING. — We increase the reduced coupling at y/apn = —60.0 and we
calculate the corresponding phase diagram. This phase diagram presents a very large critical
region in temperature. To make more compact the phase diagram scale, we use another set of
parameters (Tab. II) for the smectic phase while keeping the same for the nematic one (Tab. T).
We keep the reduced coupling at v/aa = —60.0. The phase diagram is shown in Figure 9. The
ordinate scale represents the temperature t = T'—Tni. In zero field, the spontaneous transition
is a first order I — S5 one. The dashed line is the smectic line. Below the smectic line, the
order is purely orientational and one gets under field the pN phase. The curve S — sp is the
spinodal of the smectic phase.

Table II. — Model parameters used for strong nematic-smectic coupling.
as (107 erg/Kem®) | 0.01
ca (107 erg/cm®) 5.0
X (107 erg/cm®) —-0.6
A (107 erg/cm®) 0.1
T -Tg  (K) 1.8
T —T5 (K [ =05

At high enough temperature, when applying a high enough field E, the system crosses the
smectic line from the pN phase and a smectic phase of small positional order is induced which
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Table III. — Model parameters used in the case of a field induced pN — pS — N.

an (107 erg/Kem®) | 0.03
ca (107 erg/em®) 5.0
v (107 erg/cm®) -0.2
A (107 erg/cm®) 4.0 |
Tn — T3y (K) 1.8
Tin - T (K) -0.5

we call “parasmectic” (pS) phase. The smectic line crosses the smectic spinodal at the point
TCP which is tricritical because in the left of this point the transition is a first order pN — Sa
transition and in the right of the TCP the transition is a second order pN — pSa transition.
The apex CP of the coupled spinodal is now allowed, since it appears above the smectic line.
This point is a smectic critical point. Below this critical point, a first order pSa — Sa phase
transition takes place between two phases of the same symmetry. This transition becomes of
second order at the critical point and disappears above it as for the liquid-gas transition. The
pointed line in Figure 9 is the nematic-smectic binodal. The smectic line crosses the binodal at
a point TP where the energy of the pN, pS and S5 phases are the same. TP is a triple point.
The curve E = 0 is the zero field equilibrium line. The coordinates of the smectic critical point,
critical order S&", field Eg™, and temperature Tg™, satisfy the condition f' = f" = f" =0
and one finds:

b

Ssm —__

c 3c

sm \2 b3

(EC = 2762/"’ (28)
T v

81T — T*

¢ + 3acc

In the present strong (S, ¥) coupling case, the tricritical point is somewhat different from the
tricritical point for weaker (S, ¥) coupling discussed previously. In the latter case when the
system approaches the TCP from the left the jump of order at the transition becomes infinitely
small. In the former case the jump of order remains finite at the TCP.

When increasing the reduced coupling Th1 > Trc, the field induced first order pN — Sy
transition disappears. For temperatures lower than the critical one, the system goes to the S
phase via a second order pN — pS transition and a first order pS — Sa.

In the Table IIT, we summarize the reduced coupling constant (/a,) for all cases already
studied, with the reduced v/as coupling always increasing (in absolute values) when the system
goes from a second order N — S, transition to a first order I — S transition.

5. Reentrant Nematics

5.1. REENTRANT NEMATIC TRANSITION. — As previously explained in [30-33], reentrance
phenomena, i.e., the further appearance of a nematic phase below the smectic phase, is pro-
duced when a high value of the orientational parameter S disfavors the smectic positional
ordering ¥. This is represented in the LdG model by the presence of a large and positive coef-
ficient A for the S?|¥|? coupling term in the free energy. The smectic line |¥|?> = 0 (Eq. (10))
is the parabola:

S N 2
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Fig. 10. — S,t = T'—T1 phase diagram for smectic A-reentrant nematic phase transition. Under field
the transition shifts towards higher temperature. N-sp: nematic spinodal; S-sp : smectic spinodal.
Solid £ = 0 curve: nematic equilibrium curve in zero field. Pointed £ = 0 curve: smectic equilibrium
curve in zero field. tr corresponds to the reentrance temperature. E > 0 curves: isofields.

S«f:o are real for: T' < T{y + (v%/aar). The smectic phase can exist inside the parabola
defined by equation (29). For large and favorable v and weak A, this parabola in practice is
just a straight line, its apex S,pex = —7/A being larger than 1. For reentrant systems, the
whole parabola has now a physical meaning, defining (S,7") the region where the Sa-phase can
exist.

One can make a general remark on the reentrant S, — N transition. Let us consider the
smectic and nematic isofield equilibrium curves (Eqs. (11a) and (14)). Both curves are cubic
in §. They intersect in three points. Two of these points are obviously located on the |¥|?> =0
smectic line since there one cannot distinguish between S, and N. The third intersection
happens on the § = —v/A line, independent of the temperature, which goes through the apex
of the |¥|? = 0 parabola (see Fig. 10). An immediate consequence of this behaviour is that
the reentrant Sp — N transition is predicted as a second order transition in the present model
(one have to add higher order than S* terms, in the nematic free energy, to permit a first
order reentrant Sp — N transition). The reentrant S, — N transition takes place at the
intersection of the nematic (solid E = 0 curve) and smectic (pointed E = 0 curve) zero field
equilibrium curves with the smectic line. Under electric field (isofields £ > 0, the solid one
is the nematic isofield, and the pointed one is the smectic isofield at the same field F), the
Sa — RN transition is induced at a temperature higher than the spontaneous one Tx. Another
interesting prediction from Figure 10 is the following: close to the phase transition, in the
smectic phase, the positional order is given by equation (9) as: |¥)? = —Aa + 275 + AS?/ca.
One calculates 8|¥|?/8S = —2(y + A + AS)/ca. For small S and favorable v.S|¥|? coupling, ~y
is negative, and the onset of the smectic order increases the orientational order (see in Fig. 10,
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Fig. 11. — S,t =T — Tn1 phase diagram when a non spontaneous smectic phase appears under field.
Pointed line: nematic-smectic binodal; N-CP: nematic critical point; S-CP smectic critical point; N-
sp: nematic spinodal; S-sp: smectic spinodal; Ng=p: nematic equilibrium curve in zero field; Sg=o:
smectic equilibrium curve in zero field.

the lower intersection of the smectic line with the nematic and smectic isofields with £ > 0).
On the contrary, close to the reentrant Sy, — N transition, the onset of smectic order decreases
the orientational order. Both S orders of the nematic and smectic phases would coincide on
the apex line § = —v/A.

We now discuss in more details some interesting reentrant situations.

5.2. THE NON SPONTANEOUS SMECTIC PHASE. — When the non favorable coupling constant
A becomes larger, a new situation could arise: the S4-phase could disappears completely in zero
field. This happens when the orientational smectic order Sa; at the transition temperature
Tar is equal to or larger than the S;f:o value of the smectic line for the same temperature.
From (29), one obtains the condition:

2
St—o(Tar) = —} + \/(%) - A—A%@ < Sar (30)
Sar, Tar can be calculated numerically. The condition (30) can be fulfilled for large X. A too
large value of A will shift down the smectic parabola too much for a smectic phase to appear
under field. This situation will be discussed later.

In Figure 11, we have shown a situation where there exists in zero field a direct I — N
transition, towards a large S value, and no Sa phase. We have chosen the values v = —0.1 x
107 erg/cm® and A = 0.7 x 107 erg/cm®. In presence of field, one allows a nematic phase with
lower S value, ¢.€., a non spontaneous S, phase (NSS) is expected. A way to produce the NSS
phase is to start from the nematic phase at Tn; and to apply an electric field. One heats now
the system at constant field. The nematic order S decreases, along the corresponding isofield
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Fig. 12. — S,t = T — Tw1 phase diagram of the field induced parasmectic-reentrant paranematic-

smectic A phase transitions. The liquid crystal shows a spontaneous isotropic-nematic transition.
Dashed line: smectic line; N—sp: nematic spinodal; pointed line: binodal; F = 0: zero field equilibrium
line; S — sp: smectic spinodal. There are two triple points TP1 and TP2. CP: critical point; TCP:
tricritical point.

(such isofields are shown in Fig. 10). When the isofield crosses the smectic line, the NSS is
induced, with even smaller S. The N — NSS transition is second order in the present model
approximation.

5.3. A PARASMECTIC-REENTRANT PARANEMATIC TRANSITION. — When both nematic-
smectic coupling terms v and A are strong and A 3> |y|, the transition in absence of external
field is an I — N one while no S5 phase appears. In this case the system could give under
the action of an external field a pS phase separated from the pN phase by a second order
phase transition as it is shown in Figure 12. This field induced second order pN — pS phase
transition can be followed either by a first order transition to a nematic phase or from a second
order transition to a reentrant paranematic (RpN) phase while for higher fields a transition to
the nematic phase happens with a critical point given from (12). The two regimes should be
separated by a tricritical point (TCP) at the intersection of the smectic spinodal S—sp and the
smectic line. In fact, above the smectic spinodal, no smectic phase is allowed. The transition
is now a second order parasmectic — reentrant paranematic. This transition has in fact its
tricritical point at the intersection of the two smectic and nematic spinodal. This TCP point
can appear at a temperature lower than Ty and it is not attained under field, or higher than
Tt and it is attainable under field. The intersection of the nematic binodal (pointed line) with
the smectic line gives two triple points (TP1, TP2) between the pS. RpN, and N phases (TP1)
and the pN, pS, and N phases (TP2).

6. The Free Energy Density of the Phases

In this paragraph, we present the diagrams of f(S) to better explain the complicated phase
dependence on the nematic-smectic coupling, on the temperature and on the electric field.
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Fig. 13. — Free energy density versus orientational order for coupling ranging between weak and

medium, in the absence of electric field. Curve b (medium coupling) shows the existence of a metastable
nematic phase. Curve d {(weak coupling) shows the existence of a metastable smectic.

6.1. EFFECT OF THE NEMATIC-SMECTIC COUPLING. — The influence of the nematic-smectic
coupling on the I — N or S transition in absence of electric field is shown in the free energy
versus orientational order diagram in Figure 13. Curve a is calculated with v = —1.05 x
107 erg/cm3 (medium coupling) while the other parameters are the same as in the case of
medium coupling (Tab. I). The transition is a I — S4 phase transition. At the transition
temperature Ta1, f has two minima at S = 0 and at S # 0 corresponding to the isotropic and
the smectic phase. No nematic minimum appears. Curve b is calculated for a lower coupling
v = —1.0x 107 erg/cmB. The transition is always a I — S5 one. Now at Ta1, it appears a
third relative minimum corresponding to a metastable nematic phase. This minimum wxll give
under field the NSN phase. Reducing again |y| down to v = —0.983 x 107 erg/cm (curve

e) the system arrives at the isotropic-nematic-smectic A triple point TP. The three phases
coexist at the transition temperature and f(5) has three minima with the same energy. For

v = —0.98 x 107 erg/cm® (curve d), the transition is a I — N one. f(S) has three minima.
The minimum of higher order is metastable and corresponds to the Sy phase. For a lower
v = —0.95 x 107 elrg/cm3 (curve c), the transition is always a I — N one. Only two minima

appear corresponding to the isotropic and the nematic phase while the relative minimum of
the Sa phase has disappeared.

6.2. EFFECT OF THE TEMPERATURE. — To better visualize the case of a non spontaneous
nematic phase, we present in Figure 14 some isotherms of f(S, E = 0) around Tay for a liquid
crystal with a spontaneous I — Sa phase transition. The orientational order is modified by
the positional order wia the coupling between them.

We first consider the case without metastable nematic phase at Ta1 (T3] < Tar) obtained
with v/as = —21.0. At Tar in absence of field (isotherm d), there are two minima: at § = 0,
the isotropic phase, and for S # 0 the smectic phase. For temperatures far in the smectic phase
T < Ty there is only one minimum (curve j) for § > 0, corresponding to the smectic phase.
At Tar > T > Ty, the isotropic phase appears as a metastable phase (curve h) while the
absolute minimum is the smectic phase. The lower temperature for which the I phase remains
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Fig. 14. — Free energy density versus orientational order for medium coupling without metastable

nematic phase at the isotropic-smectic A temperature. All isotherms are calculated for zero electric
field: isotherm a at 7 > TA7; isotherm b at Tx]; isotherm c at T'n1; isotherm d at Tar; isotherm e at
TNY; isotherm f at Tyy; isotherm g at Tap; isotherm h at T' < T3;.

metastable is T (curve i). Approaching Ta1 from below there is a temperature T (7y) above
which it appears a local minimum (curve g) with S > 0, corresponding to a metastable nematic
phase. Increasing the temperature the free energy of the nematic minimum increases and at
Tnt < Tar becomes equal to the energy of the isotropic phase (curve f) while the absolute
minimum is that of the smectic phase. At T3] the nematic phase becomes unstable (curve e).
At Tar (curve d), the free energy of the smectic and of the isotropic phases become equal.
The local minimum corresponding to the nematic phase has already disappeared. Increasing
the temperature, the absolute minimum is that of the I phase while the Ss phase is a local
minimum (curve ¢). The smectic phase becomes completely unstable at 75} (curve b). For
T > T23 only one minimum exists with S = 0 corresponding to the isotropic phase (curve a).

We decrease the coupling at v/ay = —20.0 and Ta; decreases at Txi > Ta1 then at Tar
it exists a third minimum corresponding to a metastable nematic phase (Fig. 15, curve d).
Varying the temperature the evolution is similar to the one of the previous case (isotherms a,
b, c, e, f, g).

6.3. EFFECT OF THE ELECTRIC FIELD

6.3.1. The Non Spontaneous Nematic. — We remain in the case of medium coupling (y/as =
—20.0). In absence of electric field, the transition is a I — Sp one. With the LC material in
the isotropic phase, at T = Ta1 + 0.15 K, f(S) has a local minimum (Fig. 16) corresponding
to the smectic phase (T < T3}). We apply a stabilizing electric field. A second local minimum
appears, at lower order than the order of the smectic phase, corresponding to a metastable
nematic phase (curve a). Increasing the field, the local minimum of this nematic phase becomes
the absolute minimum (curve b) and consequently the NSN phase appears. At Eirans (curve c,
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Fig. 15. — Same as Figure 14 for medium coupling with a metastable nematic phase at the isotropic-
smectic A temperature (curve c).
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Fig. 16. — Free energy density versus orientational order for medium coupling, at T = Ta1 + 0.15 K.

E=0is f(S,E =0). Curves a, b for £ < FE'rans, (Eirans is the electric field inducing the NSN — S5
phase transition), ¢ for £ = Elrans, and d, e for £ > Eirans.

Eirans is the electric field inducing the NSN — S5 phase transition), both NSN and smectic
minima have the same energy. For E > Ei...s the absolute minimum corresponds to the
smectic phase (curve d), while the NSN-phase is a local minimum. Increasing the field, the
NSN-phase local minimum disappears and only the minimum of the smectic phase exists. When
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Fig. 17. — Free energy density wersus orientational order for the non spontaneous smectic case, in

absence of field. The transition is a I — N (solid line). The smectic phase (dashed line) minima are in
the j¥|? region.

the smectic phase is not a local minimum in absence of field (T > T{]), it becomes metastable
under the action of a sufficiently high field. For higher values of the field it follows the same
evolution as in the previous case.

6.3.2. The Non Spontaneous Smectic. — We choose v = —0.1 x 107 erg/cm3 and A = 0.7 x
107 erg/ cm®. We plot in Figure 17 the free energy f versus the orientational order S in absence
of field. The spontaneous transition is an I — N one. The full curve has two minima of the
same energy, one at S = 0 and a second one at Sy;. The dashed curve would correspond
to a smectic phase. The arrows indicate the crossing points with the smectic line. Between
the arrows |¥|? is positive. We remark that both minima are in the region |¥|? < 0 and no
smectic phase is permitted. This is visible from the shift of the S minima: for large S, the
smectic minimum appears at a larger S than for the nematic, although for |¥|% > 0, it should
be smaller, and conversely for the small S minimum values. In Figure 18, we plot f(S) at
T = Tnr + 0.25 K, under a field £ = 8 V/um. The full curve shows two minima, one close to
S =0, the paranematic phase, and one for larger S, the non spontaneous smectic phase. The
dashed line is the pure nematic free energy, larger than the smectic one in between the two
arrows corresponding to ¥ = 0. Outside the arrows, the dashed line would correspond to the
smectic phase.

7. The v, T, E Phase Diagram

We have made the above analysis in the space: temperature or electric field and orientational
order. One is usually interested in the three-dimensional phase diagram in the space: nematic-
smectic coupling, temperature, and electric field (,7,E). The diagram in Figure 19 was
calculated in the one coupling constant approximation, in absence of saturation (A = 0, i.e.,
no reentrant nematic). We allow the variation of the nematic-smectic coupling and we fix
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Fig. 18. — Same as Figure 17, at T = Tn1 + 0.25 K, but under field £ = 8 V/um. The smectic
minimum at S > 0 is now permitted and has lower energy than the nematic minimum.
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Fig. 19. — Three dimensional phase diagram in the space “coupling, temperature, and electric field”.

Tin- The values of the model coefficients, we used to calculate this phase diagram are given
in Table IV. The grid surface separates the smectic phase under the surface from the higher
symmetry phases, above the grid surface. The solid line, AB, is a line of tricritical points.
On the left of the tricritical line the isotropic-smectic A (E = 0) or the electric field induced
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Table IV. — Model parameters used for the phase diagram in the space coupling, temperature,
and electric field (one coupling constant approzimation).

an (107 erg/Kem®) | 0.1
by (107 erg/em®) -1.5
exn (107 erg/cm®) 3.5
an (107 erg/Kem®) | 0.1
ca (107 erg/ecm®) | 1.0
Tni — T3y (K) 143
T —Ta (K |20

Table V. — The different kinds of coupling with their coupling force.

Coupling M aa
very weak -13.0
tricritical —-13.67
weak —14.4
triple point | —19.66
medium —-20.0
critical —44.23
strong —-60.0
pN—pS—-N | —66.7

nematic either paranematic-smectic A phase transition are of first order. On the right of the
tricritical line these transitions are of second order. One remarks that the isotropic-smectic A
transition is always at the left of the tricritical line and the transition is always of first order.

In absence of external field the nematic phase is localized in the “triangle” OCF (Fig. 19).
The smectic-nematic phase transition for very weak coupling is of second order. The range
of the nematic phase shrinks out with increasing coupling. The nematic phase disappears for
coupling higher than |yrp| corresponding to the triple point C and the transition is the I — S
one.

Under the action of the electric field, the I — N transition becomes a pN — N one while Ty
rises with the field. Above the critical point this transition disappears. As the pN—N transition
does not depend on the nematic-smectic coupling, the transition line is perpendicular to the
temperature-electric field plane. Its intersection with the grid surface, the CD line, is a line
of triple points. The ED line is a lne of critical points. Their intersection, the point D, is
a “triple-critical” point where the line of triple points disappears. This point appears at the
nematic critical field and it corresponds to a coupling yrpc defined by:

b4
_
324¢3 (31)

f(T07ECaS’ 'YTPC) = fS(TC,SC,Ec) =
f'(Tc.Ec, 8,vyrpc) = 0.

Using the values of the model coefficient (Tab. V), we calculate yrpc = —0.65 x 107 erg/cm®,
while yrp(E = 0) = —0.53 x 107 erg/cm®. The necessary coupling to obtain the triple point
increases, in absolute value, with the applied field.

We present a magnification of the region around the triple point line (Fig. 20) in order to
visualize better the NSN phase. We choose the point A corresponding to a system with no
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Fig. 20. — Magnification of Figure 19 around the non spontaneous nematic phase region.

nematic phase in absence of field. At K the system is in the isotropic phase. Increasing the
field, the system goes from the isotropic to the paranematic phase and for a certain strength
of the field it crosses the paranematic-nematic transition surface: the system transits to the
NSN phase. Increasing the field, the system crosses the grid surface and transits to the smectic
phase. The NSN phase can be reached under field for liquid crystals with a coupling constant
higher than |yrp|, the zero field triple point coupling, and smaller than ~yrpc, the coupling
constant of the triple-critical point D.

With our simplifying hypothesis A = 0, we cannot show on this diagram the NSS phase,
which is connected with reentrance phenomena.

8. Conclusion

We have developed a phenomenological model in the Landau de Gennes formulation to describe
the field induced phase transitions between isotropic, nematic, and smectic A. We use as
relevant parameter the reduced nematic-smectic coupling v/aa. The typical values of these
coupling are described in Table V. Increasing |y/aa| the zero field transition changes from a
second order nematic-smectic A (N—Sy4) to a first order isotropic-smectic A (I—S4) transition.
The effect of a field on a second order N—Sy transition is to increase the transition temperature
as the square of the applied field. In presence of field, a zero field first order N — S, transition
can become of second order above a tricritical point (TCP). The coordinates of the TCP are
field independent. The tricritical field values have been calculated. A material which undergoes
in zero field a spontaneous I — S, transition, can give under field a non spontaneous nematic
(NSN) phase and a smectic A phase or directly the smectic A phase. The NSN phase disappears
above a critical point. Furthermore we have found that the NSN phase is either metastable
in absence of electric field and stable under electric field or unstable in absence of field and
stable under field. We have also predicted a new parasmectic phase which could be induced
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by the electric field under certain conditions depending on the material constants. Increasing
the amplitude of the non favorable coupling, we can describe second order reentrant S, — N
transitions. Another new topology is the field induced parasmectic-reentrant paranematic
phase transition in the case of a material which transits spontaneously from the isotropic to
the nematic phase. In the reentrant case, one can find a situation where a non spontaneous
smectic (NSS) exists, visible only under electric field. The NSS and parasmectic phases have
never been observed experimentally. It would be interesting to look for their existence. Our
model predicts also some new interesting topologies, e.g., a critical smectic point. We have
also constructed the phase diagrams of these field induced transitions. Our model reproduces
in a unified way the known results from different microscopical models {24-26]. It predicts
two new phases: the parasmectic and the non spontaneous smectic, and some new transition
topologies. On the experimental ground, there exist unpublished data [29] of the electric field
induced transition in smectogenic materials, for most of the coupling parameters values. Only
part of these data, for medium coupling, have been presented in a letter [2]. The present
model will help us to analyze all these experimental data. This analysis will be presented in a
forthcoming paper [37]. We also hope the model to stimulate further experimental studies.
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