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Abstract~ The onset of the flow of
a

two-dimensional granular material resting on an in-

clined rough surface is studied in both experiments and numerical simulations. The critical

angle 9c at which the particles start to flow is found to increase when the initial thickness of

the layer decreases, showing that the strength of the material, I.e. the internal friction angle,
is greater near the rough surface than in the bulk. This phenomenon is shown to be connected

to the dilatancy occurring in the medium when it starts to flow: in a
thin layer of material the

rigidity of the surface prevents local rearrangements of the particles and thus imposes
a greater

level of dilatancy, leading to a larger effective friction angle. This robust effect is also observed

with three-dimensional granular materials involving irregular shaped particles.

1. Introduction

The understanding of the behavior of granular materials is oi prime importance for many
industrial processes (storage of seeds, handling of pharmaceutical powders, as well as in

the description and forecast of geophysical events (landslides,
snow avalanches, ...). However,

our knowledge about the dynamics of particulate systems is still very poor compared to other

media. One major difficulty is that they belong to an intermediate state of matter iii since

they can flow like a fluid but they can also sustain internal stresses like a solid. An important
problem is to predict the transition between solid-like and fluid-like behavior. The avalanches

occurring at the free surface of a sand heap when the slope is greater than a critical value, is

one of the most studied example of such a transition [2-5].
The ability of a granular material to sustain internal shear stresses up to a certain level is

generally described using a Coulomb criterion. The latter stipulates that yielding will occur

along a certain plane if the shear stress r
reaches a value corresponding to the product of the

normal stress a
with the tangent of the internal static friction angle # such that

r = a tan #.

The angle # is a macroscopic parameter that provides a measure of the strength of the material.

From the microscopic point of view, this strength can be attributed to two factors: the friction
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between individual grains and the geometrical interlocking between the particles. The former

is solely a property of the material whereas the latter is purely geometric and is known as the

Reynolds dilatancy. Reynolds [6] was the first to observe that in order to change its shape a

granular material has to dilate. In a dense packing the particles are trapped between their

neighbors and in order to move they have to get one over the other, leading to an increase of the

volume occupied by the particles. Due to this geometrical constraint [7], a pile of frictionless

grains will have a non zero macroscopic friction angle. The strong influence of the dilatancy

on the behavior of granular materials has led to many studies concerning its estimation for

packing of disks or spheres [7-10] and concerning constitutive equations trying to take it into

account ill].
The macroscopic friction angle #, which takes into account both the friction between particles

and the dilatancy, describes the strength of the material in the bulk. However, in many
problems such as "inclined chute flows" [12-15] one has to take into account the interaction

between the grains and a surface. In the continuum mechanics framework this interaction is

usually modelled by the mean of another friction angle 6 called the "bed friction angle". The

usual way to measure 6 consists in inclining the bed until the granular material starts to slide

on the surface. The angle corresponding to this event is the bed friction angle. For inclined

chute flo,vs involving a smooth bed the description in term of a bed friction angle seems to be

appropriate.
We present in this paper both experiments and numerical simulations of the onset of the

flow on an inclined rough surface. The system consist in inclining a rough surface covered by a

layer of granular material and measuring the critical angle at which it starts to flow. The role

of the bed roughness has been previously studied for a single particle flowing down a plane [16],
but to our knowledge has never been investigated in the case of a layer of granular material.

We show in this paper that the bed roughness dramatically affects the behavior of the material

at the onset of the flow: the critical angle at which the granular flow is initiated does not have

a unique value as in the case of a smooth bed, but it varies with the initial thickness of the

piling. The thinner the initial layer of material, the greater the bed inclination necessary to

initiate flow. A description in term of a bed friction angle is thus no longer valid. However

using molecular-dynamic simulations we were able to interpret these results as a variation of

the internal friction angle # arising from a variation of the dilatancy of the material close to

the bed.

The paper is organized as follo,vs. In the second Section, two-dimensional experiments
carried out with cylinders are described. The critical angle at which the cylinders start to flow

is found to strongly depend on the thickness of the pile. Details of the numerical simulations

and of their results are given in Section 3. In Section 4, calculations of the dilatancy are

performed and we discuss its role in the increase of the friction angle close to the bed. Three-

dimensional experiments using glass beads and crushed walnut shells are presented in Section

5. Final remarks and conclusion are given in Section 6.

2. Two-Dimensional Experiments

The two-dimensional experiments were carried out with 6 cm long aluminum cylinders. In order

to avoid the formation of a regular packing the medium consisted of an equal mixture of 2 mm

and 3 mm
diameter cylinders (the mean particle diameter d is 2.5 mm). The rods have a density

of 2.7 g/cm~ and the value oi the aluminum-aluminum friction angle is 19.5°. The stability
of a material layer formed by these rods was studied by the mean of the experimental set-up
shown in Figure 1. The bed had a length of1.2

m and a width of 8 cm. The cylinders being
quite long compare to the depth of the piling, no lateral motion took place and consequently no
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Fig. 2. Variation of the critical angle 0c at which the flow starts with the nondimensionalized depth
h Id of the material. Data from the two-dimensional experiments.

side-walls were required to hold the rods. The bed surface was roughened by gluing side by side

2.5 mm diameter plastic cylinders. The plastic-aluminum friction angle happens to be equal
to the aluminum-aluminum friction angle I-e. 19.5°. Therefore the use of plastic cylinders at

the wall did not cause any problem.
Before each experiment the bed was set to the horizontal and the initially well mixed medium

was arranged on the surface such that the depth h was constant over the whole bed. The bed

was then raised slowly and carefully by the mean of a wire passing through a pulley (Fig. 1).
As the bed was inclined, small events occurred which correspond to local rearrangements of the

cylinders. Such events never involved more than 20 particles and led to small displacements of

the order of one particle diameter. These motions enable the cylinders to find a new equilibrium
position. However, at a specific angle 9~ a big avalanche occurred where more than half of the

cylinders flew down the bed. This event was referred to as the onset of the flow (~). At 9~ one

clearly observes that the motion is initiated at one point between the two retaining walls that

varies from one run to another. No spurious effect due to the retaining wall was observed.

Experiments were performed for different values of the thickness of the pile, h, refined
as

shown in Figure 1. Experiments were performed for h equal to 2.5, 6.5,11,18 and 27 mm or,
in terms of the mean particle diameter, h/d

=
1, 2.6,4A, 7.2 and 10.8. Experiments for each

case were performed 8 times. The results are presented in Figure 2. The x-axis represents the

critical angle 9~ of the onset of the flow, and the y-axis is the dimensionless thickness h/d. For

(~) Very seldom
an event was observed which was too large to be considered

as a
local rearrangement

but too small to be considered
as

the onset of the flow. In this case, the experiment was stopped and

no measurement was recorded.
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a specific depth h/d the range of values of the recorded angles spreads over 3° or so. This

scatter is certainly related to the initial random packing. Some pile are less stable than others

and thus start to flow at a lower angle. However, despite this scatter, one clearly observes in

Figure 2 that 9~ increases with the reduction in depth of the granular material. The continuous

line represents the mean critical angle which increases from 22° for h/d
=

10.8 up to 27° for

one layer of particles. In the experiments where the medium has a thickness greater than 4

particle diameters, one observes that some layers of particles remain in equilibrium on the bed

even after the occurrence of the big avalanche. This shows that the failure takes place inside

the material and not at the interface between the granular medium and the bed.

These observations contrast with the usual continuum description of the effect of a rough
surface in terms of a bed friction angle 6. According to such a model, the granular medium

should start to flow at an inclination corresponding to 6 independently of the initial thickness

of the material. Moreover, the failure should occur at the bed and not inside the medium.

This last point suggests that the critical angle 9~ in our experiments measures the internal

strength of the material, and thus corresponds to au internal friction angle # rather than to

a bed friction angle. Thus, Figure 2 can be interpreted as an increase of the internal static

friction angle of the medium close to the rough surface.

One have to keep in mind that the notion of friction angle is only valid in the limit of

continuum media. In our problem we are dealing with piles less than 10 particles diameters

thick, and thus the discrete nature of the material plays a major role. However, although the

notion of bed friction angle seems to be no longer valid, the experiments clearly show that a

thin layer of materials is able to sustain higher shear stresses than thick ones, suggesting that

the notion of internal friction angle is still relevant.

3. Numerical Simulations

The avalanche that occurs at the critical inclination angle is a rapid event. It takes place over

a short period of time making impossible a precise experimental study of the motion of the

particles. In order to carefully study the initiation of the flow we have performed molecular

dynamic simulations [17-19]. The code we used is a modified version of the one developed
in [20-22]. The simulations were carried out in a two-dimensional configuration and disks were

used to represent the granular medium. The computational box consisted of a rough bed made

up of 10 particles having a uniform diameter of 0.7D, covered by a pile of particles having a

uniform random diameter distribution ranging from 0.6D to 0.8D, where D is a representative
scale of the disk size. Periodic boundary conditions are applied in the eventual direction of the

flow. The particles are submitted to an external force field which is gravity and they are also

subjected to normal and tangential contact forces that arise from inter-particle interactions.

A 'soft' particle approach is used such that multiple contacts of a finite duration take place.

3.1. CONTACT FORCE MODEL. The problem we are interested in deals with the stability of

a layer of material and with the transition between static equilibrium and flow of the medium

and thus, special attention has to be given to the contact force model. It must be able to

reproduce the static stress distribution without any spurious oscillations which would artificially
destabilize the system. Both the normal and tangential forces were thus computed according to

the models proposed by Walton and Braun [23]. In their model the normal contact interactions

are approximated by a linear spring acting between two rigid bodies such that the normal

forces are related to a spring constant hi for the loading phase and a higher stiffness k2 during
unloading. By using two different spring constants ki and k2, for the compression and recovery
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processes, the energy dissipation is incorporate into the collision. The corresponding coefficient

of restitution e is then fij.
Tangential forces are also considered to act at the interface between particles and are evalu-

ated using an incrementally slipping model. This model takes account of the elastic deformation

that can occur in the tangential direction of the contacts. The tangential force T is evaluated

using an effective tangential stiffness kt associated with a non-linear spring. It is incremented

at each time step as follows:

Tt+i=Tt+ktAs,

where As is the relative tangential displacement between two time step. The effective stiffness

kt has an initial value of k~ and decreases with tangential displacement until it becomes effec-

tively zero at full sliding, when the tangential force T is equal to the normal force N times the

coefficient of friction ~t: T
=

~tN. The effective stiffness is given by:

~°
~ IN T*

~°~ ~ ~~~~~~~~~

kt
=

~

~n~ ~n ~

~°
~

~t N + T*
~°~ ~ ~~~~~~~~~

'

The variable T* is initially zero and takes the value of T whenever the slip reverses direction.

As in [23] we used the value
~y =

1 for the calculations. Whenever there is a change in the

normal force, T and T* are rescaled proportionally to the normal force.

In the simulations presented here, the parameter ~t was taken to be 0.355 corresponding to

the experimental measurement of the aluminum-aluminum friction angle. The coefficient of

restitution e was set to 0.5. Lengths were nondimensionalized by the representative cylinders
diameter D, and the time by /@, where M is the mass of a cylinder of diameter D. A

value of 2 x
10~~

was used for the nondimensionalized gravitational acceleration g*
=

Mg/Dki
For the aluminum cylinders used in the experiments, this value of g* corresponds to a normal

loading stiffness ki of 22.7 kN/m. This value is certainly less than the real one but it has been

found that the various results that can be determined through numerical simulations are not

too sensitive to the variations of ki as long as it remains within a certain range where it is

sufficiently stiff. Besides, a lower ki Permits the use of a larger time step since the contact time

for a collision is inversely proportional to @. For the tangential stiffness we used ko
=

0.8ki

3.2. SIMULATION PROCEDURE AND RESULTS. The particles are initially arranged in a

regular array free of contacts and they are given random velocity vectors. Under the action

of gravity, they fall on the bed already inclined at 10° from the horizontal and then they flow

downward for a short period of time until a quite stable random arrangement is attained. After

the particles have come to rest the bed angle is incremented at a constant rate of 5.9° Is. The

simulations were visualized by means of an animation software, a useful tool for observing the

details of the deformation occurring in the medium.

As the bed is raised there is no movement of the particles except for local rearrangements
similar to those observed during the experiments, until almost all the particles start to flow. The

bed angles corresponding to the beginning of the flow were determined from the visualizations

with a precision of 1°. The simulations were done for 1, 3, 5 and 8 layers of particles and each

case was repeated for several samples.
The critical angles recorded from the simulations for the different initial depths are plotted

in Figure 3 where the solid line represents the mean values. One can observe that the scatter

of the angles determined from the numerical simulations is larger than in the experimental
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Fig. 3. Variation of the critical angle 9c with the nondimensionalized depth h/d of the material.

Data from the two-dimensional numerical simulations.

measurements (Fig. 2). This can be explained by the fact that a relatively small number

of particles was used in the simulations, such that when an unstable or a very stable region
developed it had a significant influence on the whole system because of the periodic boundary
conditions. However, as illustrated by the continuous curve in Figure 3, the numerical sim-

ulations properly reproduced the experimental behavior, namely the decrease of the effective

friction angle as the distance from the bed increases.

4. Discussion

4.I. INFLUENCE oF THE ORDER INDUCED BY THE REGULAR BED. Both the numerical

simulations and the experiments presented in the previous sections were performed with a

regular bumpy bed made of monosized particles perfectly aligned. This type of bed induces

some order inside the medium [24] which is lost after few layers of particles due to their random

size distribution. One thus observes a variation of the arrangement of the particle across the

material from a quasi triangular packing near the bottom surface to a random one in the bulk.

Based on these observations we were tempted to explain the reduction of the effective friction

angle with distance from the bed as being related to the change in the stacking structure.

In order to check this idea, we have performed some simulations involving irregular bottoms,
created by vertically shifting the particles of a regular bottom by a random distance between

0 and 1 particle diameter. The bed generated by this method exhibits the same kind of corru-

gation found in a layer of particles in the bulk. Simulations were conducted which consisted in

inclining a pile of1, 3 and 8 layers of particles until it started to flow. Each case was tested for

five samples of particles having a different random bed's structure. The mean critical angle at

which the flow was initiated was found to be respectively 31°, 26.3° and 20.4° for piles made

of1, 3 and 8 layers of particles. These simulations show that a similar increase of the effective

friction angle is observed with irregular beds as with regular ones. This clearly shows that the

geometric structure of the bottom surface is not crucial for our problem.

4.2. ROLE oF THE DILATANCY. We thus performed measurements of the dilatation oc-

curring in the material when it starts to flows, in order to better understand the role of the

geometrical interlocking of the particles [6] in our problem.
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Fig. 4. Role of the dilatancy.

A simple illustration of how the geometrical interlocking influences the strength of the ma-

terial has been given by Rowe [8] and is represented in Figure 4. In order to move particle
A has to overcome particle B. If no rotation of the particles is allowed this motion is possible
only if the tangential force T applied to the particle reaches the following critical value:

T
=

N tan(~ + fl),

where N is the normal force applied on the particle, ~ is the particle-particle friction angle, and

fl the angle between the tangential plane between particles A and B and the horizontal. This

simple model demonstrates how the effective friction coefficient, I.e. the ratio TIN, depends

on both the friction (~) and the geometry (fl). In the case of real packing the angle fl varies

from one contact to another. However, when a simple shear strain
~y

is imposed to the pile a

coefficient of dilatancy s can be defined in order to quantify the geometrical effect:

S "

j(
(I)

where ev =
In(V/Vo), V and l§ being respectively the volume and the initial volume of the

sample [10]. The coefficient of dilatancy s can be interpreted as an equivalent of the parameter
fl in the Rowe's Model. Its value is strongly related to the yielding properties of the material

under a simple shear [7].
In our problem of the onset of the inclined chute flow, the definition ii is no longer valid, as

the shear strain
~y

is not imposed. It is in fact an unknown quantity which furthermore varies

across the pile. In order to quantify the geometrical interlocking effects in our problem we thus

proposed the following definition for the coefficient of dilatancy:

~ "
~W' ~~~

where AX(t) (resp. AY(t)) represents the mean displacement parallel (resp. perpendicular)
to the bed of the particles present at the free surface. A relation between the two definitions

(1) and (2) can be derived if one naively assumed that the deformation profile is as sketched

in Figure 5. In such a configuration the volume dilatation rate ev calculated in the shear

region of depth Df is equal to 2AY(t)/Df (assuming the dilatation to be isotropic and the

change in volume to be small) and the shear strain
~y

inside the zone of failure corresponds to

~y(t)
=

AX (t)/Df. One then obtains:

dev dAY

T "
~W'

In the limit of a continuum medium the two definitions (1) and (2) are thus equivalent.
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Fig. 5. Sketch of the initiation of the flow. 6X(t) and 6Y(t)
are the horizontal and vertical

displacement of the free surface. Df is the thickness of the failure
zone.
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Fig. 6. Twice the vertical displacement of the free surface 26Y(t)
~ersus the horizontal displace-

ment 6X(t): the slope at the origin gives the coefficient of dilatancy
s.

Curve obtained from
a

simulation computed for h/d
=

5.

Figure 6 shows the variation of twice the vertical displacement of the free surface 2AY

versus the horizontal displacement AX obtained from the numerical simulations for a layer
having a thickness of 5 particle diameters. Before the flow is initiated the pile is static and the

corresponding point in Figure 6 is at the origin (AX
=

AY
=

0). When the critical angle is

reached the particles start to flow down the bed, AX increases, and at the same time dilatation

occurs yielding an increase in AY. The dilatancy s is obtained by measuring the slope at the

origin.
We measured s in all the numerical simulations presented in Section 3 where the thickness

of the initial piling varied. The results are summarized in Figure 7 where the horizontal axis is

the coefficient s and the vertical axis the thickness of the granular medium in terms of particles
diameter. Each point corresponds to one simulation and the continuous line joins the mean

dilatancy coefficients for the i~arious thicknesses. From this figure ~ve observe that s exhibits

a variation similar to the one observed for the friction angle in Figure 3. The thinner the pile,
the larger dilatancy. This result clearly demonstrates that the critical angle 9~ at which the

pile start to flow is strongly related to the dilatancy 8 occurring in the pile. This correlation

is even more obvious in Figure 8 where the coefficient
s is plotted versus the critical angle 9~

for all the simulations. All the points collect on a single curve and we notice that the scatter

present in Figures 3 and 6 has disappeared in Figure 8. This shows that there exists a unique
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relation between s and 9~. The initiation of the flow on the rough bed is thus driven by the

capacity of the material to dilate. The thinner the layer of material, the more it has to dilate

in order to shear, the higher the bed inclination necessary to initiate the flow.

The fact that the dilatancy depends on the thickness of the pile can be explained in the

following manner. Let us consider a monolayer of particle resting on the bumpy bottom

surface. the only way for the particles to move is to overcome the bed particles. The dilatation

occurring at the onset of the flow thus corresponds to the jump over the bumpiness of the

bed. In the case of a thick pile, the initiation of the flow correspond to the formation of a

failure zone inside the material which spreads over several layers of particles (~). In this shear

zone, local rearrangements of the particles are possible, which decrease the dilatation occurring

(~) The thickness of the failure has been the subject of many studies in tri-axial configurations [25,26].
The shear band is found to be between 8 and 15 particles diameter thick.
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during the shear. Thus a pile of 4 layers of particles exhibits a dilatation less than 4 times the

dilatation observed when one layer starts to flow, which means a lower coefficient of dilatancy.
The variation of the material strength close to the bottom surface is thus the result of the

rigidity of the surface which prevents local rearrangements of the particles, leading to a higher
coefficient of dilatancy, and thus a higher friction angle.

5. Extensions to 3D Configurations and Dynamic Ikiction Angles

The experiments and the numerical simulations presented in Sections 2 and 3 were twc-

dimensional. In this section we present three-dimensional experiments performed with two

kinds of material: spherical glass beads having a diameter of 0.45 mm and crushed walnuts

shells which are very irregular shaped particles having a mean diameter of1.25
mm.

The ex-

perimental setup consisted of a channel 80 cm in length and 4 cm in width with glass sidewalls.

The bed was roughened by gluing some of the bulk particles on it. We have performed two

kinds of experiments in this channel: the first one is the same as the one presented previously
and consists of slowly inclining the channel filed with a pile of constant thickness until flow is

initiated. The critical angle is a measure of the effective static friction angle. In the second set

of experiments we proceeded in the opposite way. We started with the channel already inclined

at a large angle and we created a steady flow by the mean of a bin placed at the top of the

channel and filed with the material. The thickness of the flow was controlled by the size of the

bin outlet. We then decreased the inclination at a very slow rate such that the flow remained

in a quasi-steady regime. The mean velocity of the flow is found to decrease continuously when

decreasing the inclination, up to a critical angle at which the flow stops. This angle corresponds

to the minimum of the dynamic friction angle [5, 27]. We have measured this critical angle for

different depths of the flow. The results are summarized in Figures 9a and b for both the glass
beads and the walnuts shells. These plots represent the variation of both static (circles) and

dynamic (triangles) friction angle with the depth of the flow.

These results first show that the increase of the static friction angle close to the bed which

was obtained with disks, is also observed in the three-dimensional systems. For both the glass
beads and the walnuts shells, a variation of the critical angle at which the medium starts to

flow is observed in the first eight layers of particles. Moreover, the fact that the phenomenon is

also observed with the crushed walnuts shells shows that the influence of the roughness of the

bed on the strength of the medium is a robust effect independent of the particle shape. Note

that the data are less scattered in Figures 9 for 3D piling than in Figure 2 for the disks. This is

probably due to the fact that in a three-dimensional packing there is much smaller probability
of peculiar situations such as the formation of arches or holes that can dramatically change
the stability properties of the pile. We have not performed dilatancy measurements in those

experiments, but one can be easily convinced that the interpretation given in Section 4 is still

valid with three-dimensional piling.
A more interesting result coming from this set of experiments is that the dynamic friction

angle exhibits the same variation as the static one, I.e. it increases with the decrease in depth
of the flow as shown by the triangles in Figures 9. A thin flow of granular material stops at a

greater angle than a thick flow. Again this effect is independent of the particle shape. This last

observation has strong consequences for the problem of inclined chute flows. First, it implies
that the range of bed inclination for which a flow is possible depends on the thickness of the

flow as already observed by Vallance [15]. Furthermore, the increase of the dynamic friction

angle near the bed certainly affects the whole dynamics of the flow as shown by the following
example: let us consider a 10 diameters thick flow of glass beads on a 25° inclined plane.
According to Figure 9a the flow is possible because the intersection between the lines h Id

=
10
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Glass beads d=0.5 mm
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Fig. 9. Variation of the effective static (circles) and dynamical (triangles) friction angle with

the thickness of the pile h/d. a) experiments with glass beads of
mean

diameter d
=

0.5 mm.
b)

experiments with crashed walnuts shells of mean size d
=

1.25 mm.

and 9
=

25° lies on the right side of the triangles. However, if one assumes that the curve given
by the triangles represents the variation of the dynamic friction angle inside the material, one

deduces from Figure 9a that a steady flow is not possible in the first 4 layers of material where

the line 9
=

25° lies on the left side of the triangles. Close to the bed a quasi-static region
should then develop which will be surmounted by a layer of flowing material. Such quasi-static

regions are indeed experimentally observed [14] and could thus be explained by the increase of

the dynamic friction angle close to the rough bed.

6. Conclusions

The initiation of the flow of granular materials on a rough inclined plane has been studied both

experimentally and by numerical simulations. The experiments consisted in slowly inclining a

long rough bed on which a layer of granular material of constant depth was resting, until a big
avalanche occurred. The critical angle at which the flow starts was found to depend on the

initial depth of the pile, being greater for thin piles than for thick ones. These results can be
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interpreted as an increase of the internal friction coefficient of the medium close to the bed.

We have performed two-dimensional experiments using cylinders as well as three-dimensional

experiments with glass beads and crushed walnuts shells. For all the cases that were studied

an increase of the shear strength was observed in the layers close to the bed, showing that this

behavior is robust and independent of the shape or the nature of the particulate material.

Molecular-dynamics simulations have permitted us to carefully study the motion that takes

place inside the pile when it starts to flow and also to obtain precise measurements of the

dilatation of the medium. This study has revealed an increase of the coefficient of dilatancy
close to the bed which is entirely correlated with the increase of the friction angle. The role of

the bed roughness can thus be explained as follows. Close to the bed the particles are strongly
affected by the rigidity of the bed such that they do not have much freedom to alter their

arrangement. Thus in order to shear close to the bed the medium has to dilate even more,

yielding a higher coefficient of friction.

We can conclude from this study that a rough bed strongly influences the dynamics of the

flow of granular materials on an inclined plane, the bed being regular or not, and that this

influence can be modelled by a variable internal friction coefficient, which increases close to

the bottom surface.
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