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Abstract. — We present the first quantitative measurements of diffuse scattering in the vicin-
ity of the Bragg {100} peaks of a hexagonal discotic liquid crystal. The scattering takes the
form of a toroid lying in the H K0 plane. The cross-section of the diffuse scattering in the HOL
plane is an ellipse elongated along the L direction, in reasonable agreement with calculations for
the thermal diffuse scattering. The cross section in the H K0 plane has an unexpectedly smooth
six-fold sinusoidal modulation.

1. Introduction

Discotic liquid crystals are typically composed of molecules with a disk-like core and 6-8
aliphatic tails [1]. Depending on the temperature and molecular geometry, discogenic molecules
can form either discotic nematic phases (Np) or discotic columnar phases (D) with long-range
ordering of the columns in a two-dimensional lattice and only short-range intracolumnar or-
der [2,3]. The commonly observed hexagonal discotic (Dy,) phase consists of a hexagonal array
of columns with only fluid-like intracolumnar order and consequently no long-range column-
column correlation of the molecular heights. A rectangular discotic (D,) phase and other phases
with lower symmetry have also been observed [4, 5.

Since columnar phases appear as two-dimensional assemblies of one-dimensional liquids,
they are structurally intermediate between smectic phases (one-dimensional stacks of two-
dimensional liquids) and true crystals. The X-ray scattering by smectic phases has been ex-
tensively studied. Detailed analysis of peak lineshapes has shown that these phases do not
possess true long-range positional order [6]. Furthermore, an analysis of diffuse scattering in
a smectic phase can give information on its defects and elastic properties. For example, in the
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case of the smectic-A phase of a side-chain polymer [7], the observation of diffuse scattering in
the shape of “butterfly wings” was interpreted as arising from edge dislocations. Comparison
of the scattering to the Fourier transformation of the elastic deformation field suggested that
the compression modulus of this polymeric phase was unusually large.

In contrast, columnar phases do possess true long range two-dimensional positional order,
which gives rise to a set of true Bragg peaks lying on a hexagonal net in a single plane of
reciprocal space. (In this paper we will refer to these as the {HKO0} Bragg peaks and the
plane in which they lie as the basal plane, spanned by the vector Q, = Q% + Q,¥). The
short-range ordering of the cores within the columns results in a diffuse feature centered on
the @Q, axis, which may be referred to as the 001 “peak” although it is much broader than
a Bragg peak. In addition, intracolumnar correlations of the highly disordered aliphatic tails
can give rise to a shell-like diffuse scattering feature, roughly centered on the @, axis but at
a different magnitude of |Q] [3,8]. Since there are no intercolumnar correlations, no {HK L}
peaks are seen.

Previous structural measurements of discotic liquid crystals have focussed on the nature and
symmetry of the two-dimensional ordering of the columns, as evinced by the intensities and
positions of the { HK0} Bragg peaks, and the nature of the intracolumnar disorder, as evinced
by the shape of the 001 peak and tail-tail scattering. However, thermal fluctuations of the
columns and defects in the periodic columnar order can result in additional diffuse scattering
at a characteristic momentum transfer |Q| ~ 27 /(intercolumnar distance), similar to that seen
in smectics [7]. To our knowledge, the existence of diffuse scattering in a Dy, phase has been
reported only once: the diffraction pattern of hexapentyloxytriphenylene displays diffuse sheets
parallel to the axes of the columns and the { HK0} rows [9]. These diffuse sheets were presumed
to arise from low frequency bending modes of the columns.

In this paper we present the first quantitative measurements of the low-angle diffuse X-ray
scattering from highly oriented, freely suspended strands of a discotic liquid crystal. We find
that the diffuse scattering is confined to a toroid in the basal plane of the Bragg {H K0} points,
as shown schematically in Figure 1.

The diffuse scattering intensity is at its maximum near the Bragg {100} points. The cross-
section in the HOL plane of this diffuse scattering toroid is elliptical, confirming the expected
anisotropy between the momentum transfers in the plane of the two-dimensional lattice and
along the direction of the column axis. The cross section in the H KO0 plane is a circular ring
with a simple sinusoidal modulation which reflects the six-fold symmetry of the two-dimensional
lattice of the cores.

A number of different factors can give rise to diffuse scattering, in liquid crystals as well
as in crystals. Our measurements are in qualitative agreement with calculations {10, 11] of
the diffuse scattering from “phonons” (collective thermal displacive excitations) in the liquid
crystal. A similar form for the diffuse scattering can also arise from static defects in the
columnar structure [13-15]. In future work [16] we will address the extent to which aliphatic
tail disorder contributes to the diffuse scattering in the (H K0) plane.

The remainder of this paper will proceed as follows. In Section 2 we discuss the experimental
techniques used. In Section 3 we present the results of our X-ray measurements. Section 4
discusses our analysis of the shape of the diffuse scattering in reciprocal space. In Section 5
we derive the characteristic form of scattering from phonons in a discotic liquid crystal. We
provide a critical comparison between our data and the phonon scattering model in Section 6.
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Fig. 1. — Schematic representation of reciprocal space depicting the toroid and the Bragg {100} points
in the basal plane. The broad “001” scattering region due to intracolumnar core-core correlations is
found on the Q. axis. A shell of larger angle diffuse scattering is due to the intercolumnar tail-tail
scattering. Qu is the projection of the scattering vector Q on to the basal plane.

2. Experimental

The material studied was hexa(hexylthio)triphenylene (HHTT) (Fig. 2). This compound has
the phase sequence: .
K +«— H «— D, +— 1 (1)
62 °C 70 °C 93 °C

Fig. 2 — Structure of hexa(hexylthio)triphenylene (HHTT).



252 JOURNAL DE PHYSIQUE II Ne2

where K is a monoclinic crystal, H is a helical crystalline phase, Dy, is a hexagonal discotic liquid
crystal phase, and I is the isotropic phase [17-20]. Pure HHTT was synthesized and purified
as previously described [21-23]. Freely suspended strands [24,25] of HHTT were grown [26] in
a temperature-controlled environment.

Preliminary, qualitative measurements were made using a simplified strand apparatus, with
X-ray detection using photographic film [27]. For these measurements, the temperature chosen
was 90 °C, within the Dy phase. More quantitative X-ray measurements (at 75 °C, also
in the Dy, phase) were performed using an Elliott GX-13 rotating anode generator with an
apparent source diameter of 100 um. A vertically focussed LiF(200) monochromator selected
the Cu K, line, producing an incident flux of roughly 107 photons/s in a 400 um diameter
spot at the sample position. The direction of the outgoing beam was determined using a LiF
analyzing crystal and the scattered intensity measured with a Nal scintillation detector. This
configuration resulted in an in-plane longitudinal resolution (i.e., resolution along the direction
of Q in the scattering plane) of AQy, = 0.005 A~! full-width at half-maximum (FWHM). The
instrumental resolution in the scattering plane and perpendicular to Q was AQ = 0.0005 A-t
FWHM, and the instrumental resolution out of the scattering plane was AQvert = 0.042 At
FWHM. For the measurements described in this paper, which were generally made in the
vicinity of an (HKO0) peak, AQy determines the radial resolution in the hexagonal basal
plane, AQ, determines the angular uncertainty corresponding to a rotation about the Q.
axis, and AQyet determines the resolution normal to the (HKO0) plane. Note that we use
units |Q| = 4msin(8)/A = 27 /d.

The oven containing the strand was mounted in a standard 4-circle diffractometer. The
geometry was such that the strand was approximately aligned along the axis of the ¢ circle.
We define our angles such that ¢ = 0 and x = 0 when the Bragg (100) peak is brought into
the diffraction condition, as shown schematically in Figure 1. Thus, when x = 0, a  — 28 scan
is equivalent to a radial scan with Q in the basal plane, and a scan in which ¢ alone varies
results in Q tracing out a circle in the hexagonal basal plane. At a fixed value of 26 and ¢,
varying x from 0 to 90° brings Q from the basal plane to the @, or (00L), axis.

Our strands typically consisted of a number of ordered domains with different orientations,
similar to the “mosaic texture” of imperfect crystals. The mosaic texture of a strand was
characterized by measuring the scattered X-ray intensity as a function of the ¢ and x angles, at
fixed values of 2 corresponding to the Bragg (100) reflections, where |Qpragg| = 0.337 A~1. In
most strands, several closely spaced domains in the strand could be identified (see for example
Fig. 4a). Typical ¢ mosaic widths were 1-4°, although our best samples had widths that
were less than 0.1°. Measurement of the x mosaic was complicated by our poor instrumental
resolution in this direction in reciprocal space, but our best samples had mosaics < 6°. The
maximum scattering at the peak of the Bragg {100} peaks yielded a typical scattered intensity
of ~ 5 x 10* counts/s.

3. Results of X-ray Measurements

In reciprocal space, a toroid of diffuse scattering was found which enclosed the Bragg {100}
points (see Fig. 1). For the instrumental configuration utilized in these measurements, the
intensity of this diffuse scattering was reduced by ~ 4 orders of magnitude from the elastic
Bragg scattering. Initial measurements using photographic film indicated that the cross-section
of the toroid was anisotropic, and extended farther along the @, direction than in the basal
plane. In the diffraction pattern shown in Figure 5, the sample was aligned so that the 100
Bragg peak satisfied the reflection condition; this peak is shown on one side of the beam trap.
On the other side of the beam trap only diffuse scattering is seen. The ¢ mosaic in this ex-
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Fig 3. — Contour plot of the X-ray scattering intensity in a plane perpendicular to the basal plane
and passing through a Bragg peak. Note the asymmetric extension of the diffuse scattering along the
Q. direction as compared to the width of the scattering in the basal plane. The contours correspond
to diffuse scattering intensities of 20, 55, 148, 403, 1097, 2980, 8103, 22026 and 59874 counts per
600 s. This measurement was made with ¢ = 0, i.e., with the strand oriented so that the 100 peak
was brought into the scattering condition.

periment was therefore less than 0.5°, and this scattering represents the cross section in the
HOL plane of the diffuse toroid. This cross section in reciprocal space is more or less elliptical.
It is elongated along the Q,, or column, axis, with dimensions about 4 times larger along
(. than perpendicular to it. Further quantitative measurements were done with the LiF
analyzer configuration described above. A contour plot of the scattering in the HOL plane
at ¢ = @Bragg = 0 is shown in Figure 3. To quantitatively establish the cross-section of this
toroid, measurements were made at fixed @, while varying Qy,, and at fixed Q;, while varying
Q. (see for example Fig. 6). Here, Qb = Q% + Q,¥, the projection of the Q vector on to
the basal plane. In such measurements, it is important to avoid “contamination” from the
much stronger elastic Bragg scattering. Thus, Qi scans were done at @, # 0, @, scans were
done at |Qb| # QBragg, and both types of scan were done at ¢ # 0. These measurements
yield widths of A|Qp| = 0.10 A~! FWHM and AQ, = 0.28 A-! FWHM. Since AQ, = 0.28 is
much broader than the measured @Q.-width of the Bragg scattering (which is a convolution of
the intrinsic mosaic and the instrumental resolution), and A|Qg| = 0.10 is much broader than
the measured Qy-width of the Bragg scattering, we conclude that these widths are intrinsic,
and essentially unaffected by details of the resolution or sample mosaic. Although some mod-
els for the diffuse scattering [10,11,13,14] predict divergences as Q — QBragg, our relatively
loose instrumental resolution, together with the relatively poor strand mosaic, did not allow us
to make measurements extremely close to the Bragg peak, and measurements made far from
the Bragg peak did not show any significant ¢ dependence of either the shape of the toroid
cross-section or the magnitude of |Q} at the maximum. The fact that the radius of the diffuse
scattering maximum was independent of ¢ indicated that the scattering lies in a circular ring
m the HOL plane, rather than in diffuse streaks connecting {100} peaks as was previously
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Fig. 4. — Top ¢-mosaic structure of a Bragg peak in a typical strand. The data collected from
this strand correspond to data set 4 in Table I. The Bragg peak exhibits a FWHM of less than 4°,
typical of the strands reported in this paper. The intensity variation of the Bragg (100) peaks is due
to a small misorientation of the strand axis with respect to the beam. Such a misahgnment has a
pronounced effect on the Bragg peak intensities, but has a neghgible effect on measurements of the
diffuse scattering intensity. Bottom: the ¢ dependence of the diffuse scattering in the same strand, at
|Qu} = 0.300 and L = 0 00. The maxima of the diffuse scattering occur at the ¢ angles of the Bragg
(100) peaks. The triangles indicate measured intensities as a function of ¢, while the solid curve shows
the results of a least-squares fit to Equation (4).

observed in a different material [9].

Normally, one expects the intensity of the diffuse scattering associated with phonons or ex-
tended defects to decrease rapidly with increasing separation from a Bragg peak. To establish
the shape of the diffuse scattering within the basal plane, further measurements of the diffuse
scattering were made by fixing the length of Q and varying ¢. The diffuse scattering in three
different strands was measured by fixing |Qs| = 0.300 A-1and Q, =0, and varying ¢. (See,
for example, Fig. 4b).) Note that in this case |Q| < |@Bragg| = 0.337 A~1. Unlike the expected
rapid decay away from ¢ = 0 (mod 60°), these scans show a surprising sinusoidal variation in
the intensity of the diffuse scattering around the ring. The peaks of the sinusoid are at the
values of ¢ corresponding to the orientations of the Bragg points, and the minima correspond
to the edges of the Brillouin zone. We emphasize that there is significant diffuse scattering at
the edge of the Brillouin zone, well away from the Bragg peaks, even though the mosaic of the
elastic scattering is only ~ 1-4°. Additional measurements of the ¢ dependence were made on
one of the above strands at |Qp| = 0.370 and @, = 0.100 (i.e., {Q| = 0.383 > |QBrage|), and a
similar sinusoidal dependence was observed.
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e

Fig. 5. — The strand axis 1s vertical in this photograph of the diffuse scattering from an aligned
strand of HHTT. The exposure time for the photograph was four hours. “A” points to the strongly
overexposed Bragg 100 reflection of the two-dimensional hexagonal lattice which satisfies the Bragg
diffraction condition “B” points to the diffuse scattering in the basal plane away from the 100 Bragg
reflection which is not oriented so as to satisfy the diffraction condition. “C” points to the 001 diffuse
peak due to intracolumnar correlations (compare with Fig. 1). For this strand, the ¢ mosaic was
measured to be A¢ ~ 0.25° < OBragg-
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Fig. 6. — a) Triangles show the measured diffuse scattering intensity as a function of |Qp| with

¢ =15° and Q, = 0.10 A~!. The FWHM is 0 10 A~!. The smooth curve shows a fit to a Lorentzian
peak together with an empirical background, determined by measuring the scattering from an empty
cell and correcting for absorption by the sample. b) Triangles show the measured diffuse scattering
as a function of Q, with ¢ = 15° and Q, = 0.300 A~!, The FWHM is 0.28 A~!. The smooth curve
shows a Lorentzian fit with an empirically determined background as discussed above. Note that the
two data points plotted as squares were attributed to Bragg contamination and were not included in

the fit.
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4. Analysis of ¢ Dependence of the Diffuse Scattering

The observation of a sinusoidal variation of the diffuse scattering in the basal plane was unex-
pected. To further elucidate the nature of the sinusoidal modulation of the diffuse scattering
and to establish the extent to which higher harmonics are present, the four data sets discussed
above were analyzed v1a least squares fits to a sinusoidal function. The simplest model function
would be a constant plus a simple sine wave. For our initial fits we used the following function:

Lae = b+ cL(d) +d(1 + eL(¢)) sin(6¢ + 61) (2)

where
£(9) = sin(26 + 7). 3)

The £(¢) term accounts for a slow variation in both the sinusoidal term and the “background”
which we attribute to a small misalignment of the apparatus. If the strand is displaced from
the center of rotation of the goniometer by even ~ 30 — 50 it can “wobble” to a significant
extent in the X-ray beam as ¢ is varied, resulting in a sub-harmonic with period 180° in ¢ and
a phase v depending on the direction of misalignment. As can be seen in Fig. 4b, the fit to
the function in Equation (2) is remarkably good. Similarly good fits are found comparing the
simple sinusoidal function to the other four data sets.

Clearly, any function describing the variation of the diffuse scattering in the hexagonal
basal plane should mirror the lattice symmetry, i.e., 6-fold rotational symmetry plus inversion
symmetry. Any such function can be decomposed into a Fourier series, Y, C,, sin(6n¢ + 6,).
The convention ¢pragg = 0 defines 6; = 0. The inversion symmetry of the hexagonal lattice
then implies that 6, = 6, = 0 for all » > 1, with C,, free to be either positive or negative.
Our initial analysis showed that truncating the series at n = 1 already provided a good fit
to the data. The extent to which higher harmonics contribute remained to be determined.
Accordingly, we fitted our data to a function:

4
Ine = b+ cL(¢) + (1 +€L(4)) > _ Crsin(6ng + 6,) (4)

n=1

with £(¢) defined as in Equation (3). For most fits we allowed C; and at most one other C,, to
be nonzero, and fixed é, = &, for n > 1. 6; was determined by the strand orientation. Though
allowing a free phase for the higher harmonics always significantly improves the goodness-of-fit,
there is no physical basis for the development of an arbitrary phase between the fundamental
and a harmonic. (A phase shift of = can be accounted for by a negative value for C,). We
used Hamilton’s test [28] to establish whether the addition of the n‘* harmonic term improves
the quality of the fit in a statistically significant manner. This is accomplished through a
comparison of the model containing only the fundamental, to the model containing the n'"
harmonic in addition to the fundamental. The former model, found in Equation (2) has one
less fitted parameter than the latter model in Equation (4) with one other C,, allowed to be
LONZero.

Using Hamilton’s test at the 90% confidence level to compare the simple model of Equa-
tion (2) to the n*® harmonic model, for n = 2, 3, and 4, we found that the n = 2 harmonic
is statistically significant in one of the four data sets, while the n = 3 term is significant in
one and the n = 4 term is significant in one of the four data sets (see Tab. I). If the n = 2
harmonic in Equation (4) is allowed to have a variable phase, the resultant goodness-of-fit
improves greatly. In this case, Hamilton’s test at the 90% confidence level would confirm the
existence of the n = 2 harmonic in all four of the data sets. However, as discussed above
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Table I. — Parameters found in least-squares fits to a sinusoidal function for the ¢-dependent
diffuse scattering, as described wn text. The second and third columns give the values of |Qp|
and Q. at which the measurement was made. The fourth, fifth, and sizth columns gives values
of Co/C1, C3/Cy, and Cy/C, from fits to Equation ({). Statistically significant parameters are
gwen unth error bars. Parameters that are not statistically significant are given in parentheses.
Note that the statistically significant parameters have uncertainty ranges which come close to
including zero [12].

Data Set ‘le (A_l) Q. (A_l) 02/01 03/01 04/01
1 0.300 0.00 —0.154 £ 0.152 (0.029) (-0.013)
2 0 300 0.00 (0.007) (0 013) (-0.004)
3 0.300 0.00 (0.023) 0.113 £ 0.112 | 0.060 + 0.047
4 0.370 0.10 (-0.013) (0.011) (-0.021)

we believe that the inclusion of additional free phases is unphysical. Thus, we attribute the
appearance of an “offset” n = 2 harmonic to astatistical noise in our measurement, perhaps
arising from small misaligned domains in the strand.

As a final application of Hamilton’s test, the uncertainties in the amplitudes of the n =
2 harmonic are explored. The same Hamilton’s test comparison is made using the fitted
parameters in the model with one higher harmonic. By fixing the amplitude of the higher
harmonic at values successively farther from the ideal fitted value, we can determine what
higher harmonic amplitude causes the R of Hamilton’s test to cross the one-standard-deviation
level, where R = R; /Ry and Ry and R; are respectively the generalized weighted R factors
for a structure resulting from an unrestrained least-squares refinement and a refinement with
restraints on some of the parameters [28]. In this manner, the uncertainty in the amplitude
of the higher harmonic can be determined by our fits to the data. The results of our analysis
using Hamilton’s test are summarized in Table I.

In summary, we were able to obtain excellent fits to the basal plane intensity variation of
the diffuse scattering, by using ouly a simple sinusoidal model. In most of our measurements,
we found that the n = 2,3, and 4 harmonics are statistically insignificant. Even in data sets
where such harmonics could be statistically justified, the uncertainty in the amplitude of the
harmonic brings the amplitude very close to null.

5. X-ray Diffuse Scattering by Elastic Waves in the Hexagonal Phase

The anisotropy of the X-ray diffuse scattering in the vicinity of a Bragg reflection can be related
to the elastic properties of the columnar phase. In the following discussion, we will consider the
role played by phonons and we calculate their contribution to the diffuse scattering. However,
there are other explanations which a prior: apply as well as the model of phonons presented
here. For instance, the diffuse scattering may arise from static defects: either dislocations as
proposed by Bouligand [13] or from point defects and lock-in faults as proposed by Prost [14].
The scattering by such defects is then related to the displacement field around their cores (7).
This field is governed by the elastic energy of the medium in the same way that the phonon
energy and dispersion are. In both cases, the shape of the diffuse scattering appears to be
driven mainly by the values of the different elastic constants. Therefore, one can predict
that comparable diffuse scattering shapes should be observed in the case of phonons and of
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static defects, at least as far as the anisotropy in the HOL plane is concerned [29]. A possible
way to discriminate between these two models would be to perform an energy analysis of the
scattering, for example vie neutron scattering. The small monodomain size achieved to date
seriously restricts the feasibility of such an experiment.

The elastic energy density of a hexagonal columnar phase has been derived by several authors
{10,14,30]. This energy contains two contributions: that of a two-dimensional hexagonal solid
medium, and a Frank liquid-crystalline energy, containing the three usual terms: the splay
(elastic constant k;), twist (elastic constant ko), and bend (elastic constant k3) contributions
[31]. Following [30], the elastic energy density, f, is given by

1 o\’ ov\? oudv 1 ou v\’
o 5“”“’((%) *(a—y))“a—zwa“(%*'éa)
2
1 u\® (8%’
ok ((a_) +(33) ) (5)

where u and v are the components of the displacement vector u, which is perpendicular to the
director n of the hexagonal phase. We assume that n varies slightly from the fixed % direction:

u(z,y,z) = u(z,y,2)%+v(z,y,2)¥ (6)
nzy,2) = i+ o ™)

A and g are the Lamé elastic constants of a two-dimensional hexagonal solid. (The sixfold
symmetry induces isotropic two-dimensional elastic properties). Only the bend contribution
(elastic constant k3) is included in f. As shown in [32], the two other terms are forbidden in a
so-called developable domain of a columnar medium. In [10], a complete derivation including
the splay (elastic constant k;) and twist (elastic constant k;) terms is presented, and we will
compare our results with this derivation.

From Equation (5), one derives the two propagation equations for an elastic wave of dis-
placement u, which can be collected in a single vectorial equation:

d*u 8%u
(/\'F[,L)VJ_(VJ_ 'U)+MVLU“I€3 @ =pw (8)

Equation (8) is solved in Fourier space, writing u = uge{97~“*) where q = qp, + ¢, % is the
wave vector of one phonon mode. Let us choose the % direction along qp and call # the angle
between q and ug: qn, = g% and ug = up cos(#)X + ug sin(f)§. Projections on the X and §
axes read:

cos(8) (A + 2u)qf + kags — pu?) =0

9
sin(6) (ugd + ksqt — pw?) =0 ©

This system has two solutions, for § = 0 and 8 = 7 /2:
model: 6=2 = up L qpand pw? = pgt + kaq? (10)

mode2: 6=0 = ug || g and pw? = (A + 2u)g2 + kaq?

Let us calculate the contribution of these two modes to the diffuse scattering around a Bragg
reflection of reciprocal vector Qpragg. We call T (Q) the scattered intensity at the vector
Q = QBragg + 9, Where q is the phonon wave vector. We define another coordinate system, X,
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Fig. 7. — Conventions used in the analysis of Section 4. The phonon wave vector is referred to as q

in this paper, and has its origin at a Bragg point, QBragg. Only the basal plane is shown in the Figure:
qu refers to the projection of the phonon wave vector on to the basal plane. A first set of axes, X, ¥
is defined at a Bragg point with % along the qp direction and § perpendicular to X. A second set of
axes, X, Y, is also defined at the Bragg point with X along the Qg;agg direction and Y perpendicular
to X.

Y (origin at the vector Qprage and X along the Qg;ag, direction) as shown in Figure 7. For
small displacement amplitudes [{33], I(Q) is proportional to:

I(Q) o (ugr - Q)* + (up2 - Q)° (11)

The equipartition theorem gives |ug;|? o< kgT/w?, and, remembering the polarization direc-
tions of the two modes given above, one has:

1(Q) 5 ! > (QB”gfzq%’ + %(Qaraggqx +qx + q%)"’) (12)
ax +ay “h Wy

wi o plgk +ay) +ksaz® (13)

wi o (A+2u)(dk +a¥) + kagz* (14)

We introduce the length A = 1/k3 /(A + 2u) and the ratio a = (A +2u)/p (with 2 < a < +00),
I{Q) finally reads

I(Q) S8 I(QBragg + q) (15)
x 1 ( O‘(QBraggQY)2 (QBraggqx + (QX)2 + (QY)2)2) (16)
(gx)? + (av)? \(gx)* + (gv)? + aA?(gz)* (ax)? + (av)® + A%(qz)*

As expected, Equation (16) is equivalent to the comparable expression of [10] with k; and k»
set to zero. In [10], the exponential Debye-Waller term is taken into account, but one can
neglect its influence in our range of interest, that is, in the vicinity of a single Bragg reflection.

6. Discussion

To compare our measurements with Equation (16), we need to determine the two parameters
A and ¢. This is accomplished in two successive steps: first, we adjust A to agree with the
data in the HOL plane, since only A governs the scattered intensity in this plane. To reproduce
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Fig. 8. — Isointensity contours for calculated diffuse scattering I(Q) from phonons (from Eq. (16)),
drawn in the reciprocal space XZ and XY planes about the (100) reflection (see Fig. 7). We show 10
contours equally spaced in intensity between 0 and 500 (arbitrary units). Axis units are normalhzed
t0 |QBrage| = 0.334 A~'. Only the contribution arising from one Bragg peak 1s shown. For the plots
shown we chose A = 1.5 A and o = 10.

the observed anisotropy of the scattering, we found that it was necessary to choose A in the
range 1.5 A < A <4 A. Then, A being fixed in this range, we adjust o to optimize agreement
with the data in the HKO plane. A typical result is shown in Figure 8. Such a value for
A = \/k3/(A + 2u) should be compared with previous mechanical measurements reported in
the literature. Although there are very few precise measurements of the elastic constants of
discotics, from measurement in discotic nematics [34,35] and Dy, phases [36] we can estimate
ks ~1—4x107'2 N and B ~ 108 m2/N [37,38]. This then gives A = (ks/B)"/> 2 1-3 A, in
good agreement with our fitted value. This rather small value of A implies that the columns
bend more easily than they compress, which is demonstrated by an analogy with the smectic
A phase, following de Gennes [31]. We can relate A to a penetration length L, which has more
physical significance. A small undulation of the cylinders at some interface induces a distorted
region of thickness L. Assuming a wavelength of 27/k for the undulation gives L = 1/k?A.
Taking A = 2 A and 27/k = 10 um, one finds L = 13 mm. (By contrast, in smectic phases, one
typically finds L = 1 mm [31]). This indicates that, in a 50-200 ym diameter strand, surface
effects may play an important role. Thus, the phonon model describes the HOL scattering
well, although, as discussed above, models for topological or other static defects might also be
expected to provide a good description of the data.

The phonon model provides a less satisfactory agreement with the ¢ dependence of the
diffuse scattering, i.e. the lineshape in the HKOQ plane. As discussed in Sections 3 and 4,
scans in which ¢ was varied, at different values of H and L and fixed |QBragg|, indicated a
smooth sixfold sinusocidal dependence of the scattering, with little or no contribution from
higher harmonics. The analysis presented in Section 5 predicts a divergence as Q — QBragg,
which of course would imply an infinite set of harmonics, but also does not agree with the
measured ¢ dependence at other values of |Q|. To use the phonon model in the H KO plane,
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the value of a has to be large enough to reproduce the slow decay away from the Bragg
reflection of the diffuse scattering versus ¢ (see Fig. 4). However, for such large values of a,
Equation (16) actually predicts two poorly resolved maxima in the scattered intensity at +A¢,
while the measured intensity shows a single maximum at ¢ = 0. This rather strange effect is
due to the detailed shape of the scattering in the H K0 plane predicted by the model (see the
right-hand side of Fig. 8) and is only predicted for scans made at Q # Qgragg. Since this effect
is not experimentally observed, we have to restrict the value of a to the range 2 < a < 10.
In summary, the phonon model does not provide satisfactory quantitative agreement with the
observed diffuse scattering in the H K0 plane.

Indeed, the ¢ dependent sinusoidal variation in the intensity of the diffuse scattering is not
predicted by any published theory that we are aware of. It should be noted that a calculation
of the scattering from phonons or static defects, such as that presented in Section 5, generally
relies on a small AQ approximation. Thus, most of the scattering that we have measured is
outside the regime of validity of such theories. Indeed, the observation of substantial diffuse
scattering all the way out to the zone boundary is surprising in itself. Qualitatively speaking
in terms of phonons, this observation implies that transverse phonons (2D shear deformations
involving only the constant u) of all wavelengths cost little energy compared to that of longitu-
dinal phonons and also to kgT. If the scattering is considered to arise from static defects rather
than dynamic fluctuations, this observation implies that the defects must be highly localized.
Also, the relatively small radial extension of the scattering about the Bragg reflections in the
HKO0 plane indicates that the defects do not involve strong density fluctuations.

The question still remains open as to why the diffuse scattering of hexapentyloxytripheny-
lene [9] consists of diffuse sheets whereas that of HHTT has a toroidal shape. Preliminary qual-
itative experiments (using photographic plates) on phasmidic compounds [39] and on lyotropic
hexagonal phases [11] have also shown a similar toroidal shape. In the case of hexapentyloxy
triphenylene [9], the diffuse scattering may arise from the existence of screw dislocation lines
oriented along the (100} directions [11].

Further calculations are clearly required in order to elucidate the source of the sinusoidal
intensity modulation around the toroid of diffuse scattering in HHT'T and related materials.
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