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Abstract. — We show how an unbiased quantal description of the center-of-mass properties of
an atomic beam is achieved by employing an appropriate statistical operator. A few examples
with experimental relevance are treated in order to illustrate the method. We find that the
quantum corrections to the classical relation between the velocity distribution and the time-of-
flight signal are negligible in reasonable experimental situations. We apply the method to atoms
traversing a longitudinal Stern-Gerlach interferometer where they are exposed to a magnetic
field gradient for a short period. The dependence of the fringe visibility upon the strength and
duration of the gradient is derived.

1. Introduction.

In atomic beam experiments the center-of-mass (CM) motion of the atoms is usually not of
any particular interest in itself. It merely serves the purpose of getting the atom first into and
then out of a region where the internal atomic degrees of freedom are manipulated. The signal
recorded refers to this internal structure; as a rule, it does not reveal details of the CM motion.
Therefore, one is not led astray when describing the CM motion in classical terms, as if the
atom had a well-defined position and velocity at all times.

Recently, however, with the advent of atom interferometry, quantal aspects of the CM motion
have become important. In theoretical treatments, it is common to represent the CM state by
a Schrédinger wave function. This may be, and frequently is, a rather bold idealization if the
actual information at hand is limited and does not specify a pure CM state uniquely. A more
appropriate approach employs a statistical or density operator, rather than a pure-state wave
function. This statistical operator has to account for what is known in an unbiased fashion,
that is: without any additional hidden assumptions. It is the purpose of this paper to give
explicit examples for such statistical operators.

(*) Permanent address: Sektion Physik, Universitat Miinchen, Am Coulombwall 1, D-85748 Garch-
ing, Germany; also at Max-Planck-Institut fir Quantenoptik, Hans-Kopfermann-Strasse 1, D-85748
Garching, Germany.
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Here is a brief outline. In the next section we formulate the general strategy, which is based
upon maximizing the entropy, subject to the constraints set by the actual knowledge. Then
in section 3.2 we illustrate the procedure for a few exemplary experimental situations. One
ingredient is always the position known, within limits, at the initial time. In our examples it
is supplemented by some knowledge about the velocity distribution, or about a final position
(“passive velocity selection”), or about a time-of-flight distribution. The relation between the
velocity profile and the time-of-flight signal is then discussed. As an application we consider
a longitudinal Stern-Gerlach interferometer with a pulsed magnetic field gradient. We close
with a summary.

2. General strategy.

2.1 STATISTICAL OPERATOR. — For simplicity we restrict ourselves to one-dimensional mo-
tion along the z axis. The formalism is easily extended to three dimensions if necessary. The
CM degree of freedom is described by the position and momentum operators z(¢) and p(t) with
eigenstates |z',t) and |p/, ),

z(t)lz',t) = |2’ e)a,
pt)Ip,t) = Ip\t)p . (2.1)
Equivalent numerical representations of the statistical operator
p(t) = p(t, 2(8), p(t) (2.2)
are its = and p matrices
px(t,2’,2") = (2, t]p(t)lz”, 1),

pelt, 20"y = (P tle()ip", 1), (2.3)

as well as its Wigner function [1]
ow(t, ', p) = /dspx(t, ' —s/2,2" + s/2) exp(isp’ [h)

- / dq po(td + /2.7 — 4/2) expli’a/h). (2.9)

For our purposes, it is more convenient to use py than py or p,. The latter functions are
obtained by Fourier transformations as soon as py(t,z’,p') is known.

The knowledge that we could have about p consists of known expectation values a;,. ,a,
of certain observables A;,. ,A.:

(4;) = tr{4;p} =, (2:5)

for j = 1,2,. ,n. The least-bias description, consistent with this knowledge, is given by that
statistical operator p which maximizes the entropy

n = —tr{plogp} , (2.6)

subject to the constraints (2.5), which are supplemented by the requirement that p is normalized
to unit trace. In close analogy to classical statistical physics this challenge is met by (2]

Z

p= tr{Z} 7
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with the “partition operator”

Z = exp (—a1A1 - azAg _- - anAn) . (28)
The operators A;,. , A, are, of course, functions of the position z and the momentum p, and
the numerical parameters a;,. , o, are Lagrange multipliers. Their values are determined by
a, ={A,) = 9 log (tr{Z}) (2.9)

7 35— aa] g .
for j =1,. ,n. Although we have written these fundamental equations for a finite number of

constraints, it is clear that j can just as well symbolize a continuous label. The sum in (2.8)
is then replaced by an integral, and the partial derivative in (2.9) by a functional one.

The trace of Z, needed in (2.7) and (2.9), can be evaluated by integrating the Wigner function
Zy(z',p') that is associated with the operator Z just like py, with p in (2.4),

dz’' dp
A "y .
tr{Z} a7 Zw(@hp) (2.10)
In all the examples discussed in the next section, the operators 4;,.. , 4, possess rather simple

Wigner functions, so that the Wigner function (log Z), is immediately available. Then the

semiclassical approximation
Zw = exp ((log Z)w) (2.11)

can be employed. As pointed out by Wigner in his seminal paper of 1932 [3] it neglects contri-
butions whose relative size is measured by the squared ratio of a quantal and a classical action.
In the present context of atomic-beam kinematics, equation (2.11) is, therefore, expected to
be well justified. Consequently, the approximation

tr{Z} = /d;v;r(;p’ exp ((log Z)w(z', 7)), (2.12)

and also the corresponding one for p,, obtained by combining (2.11) and (2.12), will work quite
well. A specific example that demonstrates the accuracy of (2.11) is given below in section 3.2

It may be worth mentioning that the approximation (2.11) can be used for a simple, direct
derivation of the WKB quantization rule [4], a derivation that makes no use of approximate
WKB wave functions. This confirms that the approximation (2.11) is semiclassical in nature [5].

2.2 TEMPORAL EVOLUTION. — Since p is the statistical operator, it does not change in time
as a whole,

d
azp(t»x(t),]?(t)) =0. (2.13)
Heisenberg’s equation of motion reads here
0 1
— —[H.,p] = 0; 2.14
5”7 H-A (2.14)

it determines the explicit ¢ dependence of p. A priori, both p and the Hamilton operator H
are regarded as functions of ¢, z(t), and p(t); inasmuch as only the explicit ¢t dependence of p
matters in (2.14), however, it is permissible to replace z(t) and p(¢) by z(¢') and p(t') as long as
they refer to any common time. Consequently, the equation of motion (2.14) obeyed by p — this
special case of Heisenberg's equation of motion is usually called “von Neumann equation” — is
equally valid in the “Schridinger picture” as in the “Heisenberg picture”; indeed, to the extent
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that “pictures” are related to each other through unitary transformations, equation (2.14) is
picture independent.

As a consequence of dp/dt = 0, the changes from the dynamical evolution of z(¢) and p(t) are
compensated for by the explicit time dependence of p. As soon as the functional dependence
of p upon = and p is known at some reference time %, the identity

p(t. (), (1)) = p(2,2(3),p(7)) (2.15)

supplies the statistical operator at any other time ¢. This requires that one solves the equations
of motion

d 1

ar = ﬁ[H’x]’

d 1

aP = ., (2.16)

and expresses z(f) and p(Z) in terms of z(t) and p(t). As an example, consider a time dependent
net force F(t) acting on an atom with mass m. Then

t

p(t) =p(t) + [ dt' F(¢') (2.17a)
t

and _

z(t) = z(?) +p(¥)t—_—t + tdt' t—_—tlF(t’) (2.17b)
m T m
imply
. A L t

p(t,z,p) = p(t,:v —P— +/? dt TF(t D —/{ dt’ F(t )) . (2.18)

The same linear transformation connects the corresponding Wigner functions in this simple
dynamical situation.

3. Examples.

3.1 SIMPLEST EXAMPLE. — In the simplest situation we know the average values zy and pg

of the position z(t) and the momentum p(t) as well as their spreads §z¢ and &p, at the initial

time. This example has been worked out repeatedly; see, for example, references [6] and [7].
Upon suppressing the time argument, the constraints (2.5) are here

(x) = x0 , (£?) = 2§ + (6x0) (3.1a)

(p) =10, (P*) = P& + (8po)? (3.1b)

The partition operator (2.8) is conveniently written in the form
Z =exp (- &%z —a)> - A3(p-b)?), (3.2)

so that the Lagrange multipliers k2, A2, a, b (with x > 0 and A > 0) are determined by

% log(tr{Z}) = 2x*(z — a) = 2x*(zo — a), (3.3a)

2 1og(ar{z)) = 22%(p — ) = 22%(p0 - ), (3.3b)
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and
- 5% log(tr{Z}) = ((z = a)*) = (w0 — a)® + (6m0)*, (3.3¢)
- %5 log(tr{Z}) = ((p — b)*) = (po — b)> + (8p0)° (3.3d)

The Gaussian operator (3.2) is essentially the partition operator of a harmonic oscillator at
some temperature, and therefore its trace

1
tr{Z} = ————— .
{2} 2sinh(hrl) (34)
is evaluated easily. Then equations (3.3) imply
Jcothd
a=z¢, b=po, K* co Azzw (3.5)

= 2(6z0)? 2(6p0)? '

where 19 measures the size of the uncertainty product §zoépg as compared to its minimal value
of hf2,

cothd = %61:061)0 >1. (3.6)

Consequently, the least-bias description of the situation specified by the knowledge of equa-
tions (3.1) employs the statistical operator

2 2
plto) = 2sinh(¥) exp (—gcoth(ﬁ) [(%) + (%) D . (3.7)

The case of a minimum-uncertainty state, for which the equal sign holds in (3.6), is contained
as the limit ¥ — oo. The Wigner function of this p is

p (t q;’ p') = h exp _l ZJ — %o : —_ 1 u ? (3 8)
WA 696y 2\ bz 2\ bpo ’ '

for which the §xoépp = /2 case is a simple matter.
It is instructive to consider the approximations (2.11) and (2.12) here. They read

Zw(xlvpl) = exp (_Kz(xl - 0,)2 - A2(pl - b)z) )
1

tr{Z} = ETPoY (3.9

and produce, in conjunction with equations (3.3), the according approximations

1 1
= = e R 3.10
a Zo , b Do, K 2(6.’1‘0)2 3 A 2(6p0)2 ( )

Quite remarkably, the resulting approximation for py is identical with the exact answer (3.8).
We thus observe that, in this example, the various approximations that are consequences of
(2.11) compensate for each other in p,. We take this as additional encouragement for using
(2.11) in more complicated situations, in which an exact answer is not available.
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3.2 KNOWN VELOCITY DISTRIBUTION. — Suppose that in addition to the position and its
uncertainty at the initial time tg, see equations (3.1a), one also knows the velocity distribution
or probability density for momentum measurements,

(0, tolplp’ to) = (8(p(te) — P')) = u(p'). (3.11)

Here, the ansatz

—logZ = Kz-a)+ /dp’ g9(p")é(p - p')
= k*z-a)®+g(p) (3.12)

is invited, where z and p refer to t = to. The values of the Lagrange multipliers x2, a, and
g(p') are fixed by (3.3a), (3.3c), and

) /
- W log(tr{Z}) = u(p'). (3.13)

For an arbitrary function g(p’), the trace of Z cannot be evaluated explicitly. Therefore, we
resort to the semiclassical approximations (2.11) and (2.12), which yield first

) 1 exp( — g(p")) ,
= ) = ) = s 3.14
CET R S ay e (- gy ) (3.14
and then \
2r B 1 /2 —=x9
W (to, /, n — _ 2 o )
puttor ') = Gt exp (-3 (5222 i) (3.15)

The proper normalization of py is ensured by the property
[awut =1, (3.16)

necessarily possessed by the probability density u(p').
The leading correction to the approximate result (3.15) is of the relative size [8]

1 1 (2 —ag 2 h O 2 , 1 B 9 I 2
[8 24( 620 )}(Ea?) log“(PHg[Ea—ﬂlogU(m] (3.17)

As a demonstration of its extreme smallness, we compute it for a unidirectional thermal velocity
distribution,

0 for p' <0,

3 2
u(p') = 9 ( I ) 3 ( P ) , (3.18)
— [} exp|-= (2 for p' >0,
2pml Pmi P 2 Dml P

where pr, is the most likely momentum value. For this u(p'), the order of magnitude of the
expression (3.17) is found to equal
A 2
3.19
(55'30 Pml ) (3.19)
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For the hydrogen beam in the experiment at Paris Nord [9], one has a velocity of ~ 10%cm/s,
and the position where the metastable hydrogen is produced is known with a precision of about

5mm, so that
h

6:50 Dml

and the relative size (3.17) of the leading correction to (3.15) is ~ 1078 — utterly negligible
indeed.

~ 1077, (3.20)

3.3 PASSIVE VELOCITY SELECTION. — In the preceding example the initial velocity distri-
bution was known, which is the situation in experiments with an active velocity selection,
achieved, for instance, by a set of Fizeau wheels. Alternatively, one might opt for a passive
velocity selection, realized by counting only those atoms that arrive in the detection region at
x = L + 6L at a certain time ¢t = T chosen beforehand. Then the constraints (3.1a) at the
initial time ¢ = ty are supplemented by

(z(T)y = L, {(&(T))*) = L + (6L)? (3.21)
Accordingly, the least-bias partition operator is of the form
—log Z = k2 (z(ty) — a)? + 2 (&(T) - ¢)* (3.22)

with £ > 0 and g > 0.

To proceed we need the dynamics to express z(T) in terms of the operators z(¢o) and p(to)
at the initial time #y;. For a spatially constant time-dependent force this is achieved with
the aid of equations (2.17). Then (3.22) is unitarily equivalent to (3.2) provided that we set
uw=mA/{(T —to) and ¢ = (T — to)b/m. Accordingly, the trace of the statistical operator of
(3.22) is given by (3.4) with A = (T — to)p/m. This implies

2 UYcothd 5, dcothd

a=1xp, C , K 2630)? U 2L (3.23)

where 9
m
= >1. 24
coth ¢ hT_toéxgéL >1 (3.24)
Note that the quantum mechanical “spreading of the wave function” sets a bound on §zqé6L/(T—
to).

Equation (2.18) supplies the statistical operator at the intermediate times. Its Wigner
function, a two-dimensional Gaussian,

, o T~ty h 1 /2 —(t—to)p'/m —s1(2)\°
pW(t’x’p) N m 0(51'0(514 P <_§< 610 > )
1/ + (T =t)p [m—sy(t)\>
X exp (—5 ( 37 ) ) (3.25)

with

si1(t) = xo—/dt'(t'—to)F(t')/m,

to

T
L- / dt' (T — ¢)F(t')/m, (3.26)

52(t)
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is a suitable generalization of (3.8). The physical significance of s1(t) and s2(t) is revealed by
the expectation values of (t) and p(t),

(z(t)) = ; s1(t) +
(3.27)

m

PO = 7 (sa(t) = s1(0).

One can use these relations to rewrite the Wigner function (3.25) in a more suggestive way,

, o _ T—ty R 1 [a' = ()] = (t = to) [P’ — (p(t))]/m\?
' _ _ ;7 _ 2
s exp (_% ([w (O + T~ o <p<t>>1/m) )(3_28)

We observe immediately that the maximum of py, is located at ' = (z(t)), p' = {p(t)) where
both Gaussian factors equal unity.

Not surprisingly, the expectation values (3.27) are of classical appearance. Quantum me-
chanics is, however, essential for the uncertainties,

6x(t) = \/(z2(1) - (a()’ = \/<f_‘tto 5%)2 + (;__tfo 6L)2

S208L =67 (3.29a)

V@Ezo)? + (0DF
00 =/ ((0) — ()" = 7= v/ a0l + GL, (3.290)

and also for the difference

1
D(t) = o {(z()p(t) +p(t)z(2))) = (=())(p(®))
m
= ——— [(T = t)(620)% = (t — tx)(6L)?] . .
Please note that the right-hand sides of equations (3.29) do not involve the force F(t). As a
consequence, the general form of Heisenberg’s uncertainty relation

V@zop)t — D? > g (3.30)

is here obeyed in a time-independent way. Indeed, it repeats the inequality of (3.24).

The momentum spread 8p in (3.29b) is time independent. In contrast, from t = ¢y on, the
position uncertainty decreases from dzy towards its minimal value 6Z, which is reached for
t = . This distinguished instant is a weighted average of t; and T,

(5:E0)2T + (6L)2t0 i
(6x0)2 + (6L)2 °
at this moment, the right-hand side of (3.29¢) vanishes. After t = %, éz(t) increases until

it equals 6L at ¢t = T. The optimal “shrinking of the wave function” is obtained in the
symmetrical situation ézq = 6L, when t = (T + t3)/2 and 6% = 6x0/V2.

=

(3.31)
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With position dependent forces, matters can be quite different and much more complicated.
Except for forces linear in z, an explicit solution of the equations of motion (2.16) is not
available then. Depending on the circumstances, reasonable approximations could be provided
for by linearizations, or by a selfconsistent solution of the semiclassical equations

(t) = p(t)/m , dip(t) = F(t,z(t)) = F(t, (z(8))) = F(¢) (3.32)

at”r ¢

which involve an effective time dependent force, or by a combination of both.

3.4 TIME-OF-FLIGHT MEASUREMENTS. — A common way to determine the velocity distribu-
tion in a beam are time-of-flight measurements. The signal is proportional to the flux entering
the detection region at z = L. If the velocity is given by p(t)/m, the probability current is

e = (' (Bo0 + o052 o'
= (J(z(t) -2, p(t))) , (3.33)
with the current operator
J(z—1',p) = bz — m')% + %5@ ~ 7). (3.34)

The time-of-flight measurement supplies j(¢, L) as a function of the arrival time ¢. Here the
constraints (3.1a) at the initial time ¢y are supplemented by

(J(=(t) - L,p(t))) = 5(¢, L), (3.35)
so that the ansatz

—log Z = k*(z(to) — a)2 + /dt (&) J(z(t) - L,p(t)) (3.36)

is appropriate for the least-bias partition operator.

Inasmuch as (3.36) involves operators at various times, the dynamics is needed, as in the
preceding section, to relate them all to one common instant. The force-free motion is typical
in the present context; it will serve us as the illustrating situation. We take the initial time £

for reference, so that
t—1t
—logZ = n2($—a)2+/dtf(t)1($+ Top—L,p) (3.37)
with z = z(t¢) and p = p(to). The Wigner function of log Z is
P m
— (log 2) (') = K2 (¢’ — a)* + |P_'|f(to + F(L -z')), (3.38)

whose derivation uses

t—t v t—t
J(x+T°p—L,p) w(96’,2)’) = Eé(z'+—0p’—L)
pl m '
= P s(t—to- (L -12")). 3.39
ot = (L =a)) (3:39)
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In a reasonable experiment the condition L — zq > 6z is obeyed and, since the relevant z’
values are anticipated to be around zg, only positive p’ values have to be considered, so that
the simplifying replacement p'/|p'| — 1 is permissible. Then (2.12) yields

tr{Z} = 57”%—71% /d—T exp (— f(to + 7')) . (3.40)

T2

Equations (3.3a) and (3.3c) imply

5z = (L —a)la—10) = (z0 - a)? + (8z0)?, (3.41)
and p
T0) log(tr{Z}) = j(t, L) (3.42)

produces the additional requirement

(t — to) "2 exp( = f(1))
fdrr=2exp(— f(to + 7))

=3(t,L). (3.43)
Consequently, we obtain

, k/m
pu(to,',p) = ZﬁhL/_anp(—nz(x'—a)Q)

x72j(to + ™ L)) (3.44)
T= %(L -z')

a = zO+L;’3° (1—\/1—8(%)2),
K2 {(6:1:0)24» (L;m")Z (1— \/1—8 (L‘S_“t(;())z)}

In view of L — zo 3> 6z, the Lagrange multipliers a and s? are very well approximated by

with [10]

(3.45)
-1

il

(620)* 9 1

o o , > _— . 3.46
a zo-f-L_TO 0 ENE (3.46)

accordingly, (3.44) simplifies to

Verh 1 (a:'—zo)z 2 /m

wlto,2',p') = ———exp | —= i(to +7,L 3.47
pulto,2',p') = —F—exp | =5 | —5— Iz, )|T:%(L~x,) (3.47)
The Gaussian z' dependence limits the relevant 2z’ range to ' = zo + 6xo; therefore, the

replacement m
T — F(L —Zg) = Ty (3.48)
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5 2
discards terms that are of relative size (L x(; ) < 1. Then (3.47) is identical with (3.15),
— o

whereby

p'u(pl) = Tp’](to + 7, L), (3.49)
relates the velocity distribution u(p’) and the time-of-flight signal j(to + 7/, L) to each other.
These relations are, of course, what would emerge also from classical kinematics. If desired,
the very small quantal corrections can be computed by inserting the Wigner function of (3.44)
into the general expression

u(p') = /% pwla’,p'). (3.50)

The data of the time-of-flight measurements on a hydrogen beam performed in Villetaneuse
are consistent with [9]

. 25 /Tm1\? 5 /Tl \ 2
ilto + 7. L) = 5 ( = ) exp (—5 (T) ) for >0, (3.51)

where 7, denotes the most likely delay. The velocity distribution thus implied by (3.49) is of
the thermal form (3.18) with pmi7Tm = /3/5m(L — z0).

4. An application to atomic interferometry.

In the recent experiment reported in reference [11] magnetic atoms move through a set of
Helmholtz coils. A passive velocity selection, as discussed in section 3.3, chooses those atoms
that are, during a known time interval, in the spatial region where the magnetic field is ho-
mogeneous. When the atoms are there, a current is sent through the Helmholtz coils. As a
result, the atoms are exposed to a spatially constant magnetic field of varying strength for a
certain time of adjustable duration. The scalar Aharanov-Bohm effect, and in particular its
non-dispersivity, are demonstrated in this way.

In a variant of this experiment one could employ a different geometry of the magnetic field, in
which one has a relatively long stretch where the field gradient is spatially constant. When the
current is switched on for a judiciously chosen time interval, all atoms in the passively-selected
velocity range are exposed to a spatially constant force that depends on the internal spin state.
Consequently, the various spin components of the atomic state are affected differently and the
final spin state will depend on the strength and duration of the current applied.

Although metastable hydrogen atoms in a spin-1 state are used in the experiments of [9] and

1 .
[11], we discuss the somewhat simpler case of spin-- atoms. Near the  axis, along which the

beam propagates, the magnetic field is in the z direction and its strength varies linearly with
z in the region of interest. We ignore the CM motion in the y, z plane and model, in the spirit
of equations (3.32), the dynamics with the aid of the Hamilton operator

H= ﬁ + Eﬂg(t)az - F(t)zo.,, (4.1)
2m 2

where Qp(t), the Larmor frequency at z = 0, and the force F'(t) are explicitly time dependent.

As usual, the spin-E degree of freedom is described by Pauli operators o, and o4 = 0, % 20y,

which are sometimes conveniently comprised into the vector operator o.

The force-free situation, when F(¢) = 0, is contained in (4.1) as a special case. Then the
time dependence of the Larmor frequency gives rise to the scalar Aharanov-Bohm effect. A
recent experimental study is reported in reference [11].
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The equations of motion implied by the Hamilton operator (4.1),

d

32 = pO)/m,
Spt) = e,
%az(t) = 0,
d ) 2
o= = F|%(t) - s FH)e(?)| 02(8), (4.2)
are solved by [12]
z(t) = x+pt_t° + o,s(t),
p(t) = p+oxq(t),
o.(t) = o, |
oult) = exp (ido(t) 3 5 [oa(t) + (0] ) o (43

where the operators z, p, o,, o+ on the right-hand sides refer to the initial time ¢t = ¢5. The
numerical functions s(t), ¢(t), and S(t) are integrals over the force F(¢),

sty = [at t;mt—'F(t'),
t ! '3 a
q(t) = t dt' F(t') = mgzs(t),
so = [ a tl_TtOF(t’) - t;nt"q(t) — s(t), (4.4)
and ,
do(t) = [ di' Qo(t') (4.5)

to

is the Larmor precession angle that would be accumulated at = = 0.
In addition to (3.1a) we require

(0z(to)) =1 (4.6)

initially. At the final time T', equations (3.21) have to hold. Consistency demands that all atoms
thus selected are in the constant-gradient region while the current is switched on; otherwise
the Hamilton operator (4.1) would not apply. Formally we have

to<t <t
F(t)=0 for and (4.7)
to<t<T

where t; -t is the time interval during which the field gradient is present. If the corresponding
z interval is £1- x2, then we must have

o <z1 < (z(th+ —bz(t)x
() +6z(t)r <z <L, (4.8)
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for t; < t < t;. The notation {-- )1 is short-hand for the expectation values of the natural
spin components,

(21 £ o.(t)]x(t))
(21 £0.()])

which makes use of {0,(t)}) = (0.(to)) = 0, as implied by (4.3) and (4.6). The statistical
operator p(t) = p(t, z(t), p(t), o(t)) here depends both on the CM variables z, p (the subscript
‘0’ stands for orbital) and on the spin vector o.

The uncertainties éx(t)+ are both given by (3.29a) because there the force does not enter.
In contrast, the global spread

62(t) = \/(22(1)) — (a(1))’ = \F (@) + ()] - 7l + @) P (410)

has to account for the longitudinal splitting of the beam and must, therefore, involve the force
F(t). Indeed, it does, as is seen in

Sx(t) = \/(%__—;61‘0)2 + (;__tt‘l 6L>2 + %[(x(t))_i_ - (x(t))_]z. (4.11)

We note that the requirements (4.8) are more stringent than the global ones,

z1 < (z(t)) —8z(t)
(z(t)) +6z(t) <z, (4.12)

= (1 £ 0. (8)]z(t)) = trotro {[1 + o, (t)]x(t)p(t)} , (4.9)

(x(t)x =

would be.
As compared to (3.22), the appropriate least-bias partition operator

—log Z = k*(z(to) - a)2 + u?(z(T) - 0)2 + ao.{to) (4.13)

has an extra term that incorporates (4.6). Again we express z(T') in terms of the operators at
the initial time tp, for which purpose (4.3) is used, and arrive at

—logZ =U(-log Z)U™! = —log(UZU 1) (4.14)

where

" T—t 2
—logz = fc2(x—a)2+u2<x+p mo—c)

+a [az cos (2 T Tto (T)x) - 0, sin <%—]—,T_n—tos(T)m>] (4.15)

is unitarily equivalent to —log Z. The unitary operator in (4.14) is

U =exp ( ;Tm (T)waz) . (4.16)

It effects the transformations

U pU = p-— s(To.,

T %
%
U lo U = exp( —hf ik )m) oy, (4.17)
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and commutes with z and o,. When using

exp ((log Z)w (x',p')) = exp <_,‘;2(z’ —a)? — 2 (3;’ +p",1% - c) 2) (4.18)

2 m A . g_ m ’ :
X [cosha (U;,cos(hT_tos(T)x> aysm(hT_tOs(T)x>)smha]

as an approximation to Zy(z',p’) we find

dz'dp’ m  cosha

2} = {2} = [ L o (2l )} = S (419)

where Tr = trotr, is the total trace. The constraints (3.1a), (3.21), and (4.6) then imply

1 1
= :L 2:-—-— 2:— h = — .
a=1xy, C , K 06z9) m 6L tanh o 1, (4.20)

so that (4.18) and (4.19) produce

- Tty h 1 (2 —z0\°> 1 [ +(T—to)p//m—L\*
/ / —_ —_—— —_ -
pullo, @) = — 6xo6LeXp( 2( 870 ) 2 5L

1 2 m 2 m
-1 - = - in| = —— ! . .
xz[ +o cos(hT_tos(T):v) oy sin (hT_tos(T)x)] (4.21)

In accordance with (4.14) we have p = UpU~!, with the consequence that the expectation
value of an observable O(z,p;o,,04,0_) is given by

(0) = Tr{Op} = TH{U~OUp}, (4.222)

where
U0z, p;0,,04,0_)U = O(z, U pU;0,, U e U U o _U) (4.22b)

involves the transformations (4.17). In conjunction with g, of (4.21), the Wigner function of
U~10U is employed for an (approximate) evaluation of (O},

() = / L e, (U OV} (4.23)

in terms of a phase space integral.
The solutions (4.3) of the equations of motion (4.2) together with the transformations (4.17)

supply the Wigner functions
t—to t—1tp
+o, ' LT _
(1 o)[(x +— p):i:(s(t) T—tos(T))] ,

U0 p0], @) = (e [i £ () - s (429

U~ (1 £ o)zt)U] (2", )

as well as

[U oL (t)U]  (2',0') = o exp (:I: igo(t) F %p’S(t) ¥ %ix' (q(t) - TTto s(T))) . (4.25)
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The mean positions of the spin components thus obtained are

_T-t t—to T (T —ts)(te —to) F(t)
(a(t)e = 70+ T_tOL¢/tO at =2 L% (4.26)

where ¢, denotes the later one of the two times ¢ and ¢’, and ¢ the earlier one. These expec-
tation values are needed in the consistency check (4.8). The corresponding average momenta.

are
m m

0 = (L= a0) & (o(0) = Fos(T)) (427)

Of course, (z); and {p), agree with the expectation values (3.27). By construction, the
locations of both spin components are the same at the initial and at the final time. Since
opposite forces act on the spin components, their momenta must differ, however. In other
words, the internal spin degree of freedom is entangled with the external CM motion. In
particular, we have initially

T ¢
Blte) = (p(ta))s = (plto))- = —gms(T) = =2 [ @ TZLFPW)  (428)
and finally
2m T =t
Bp(T) = TN+ = (D)~ = ST =2 [ A Z=0F(@0). (@29)

Please note that the passive velocity selection picks different momentum ranges for the two
spin components, viz.

(plto) % 5 0B(t0) — 8p S p S (plto) % 3 Aplto) + s (4:30)

for o, = *1, where (p) = ({p)+ + (p)-)/2 and the spreads ép+ are both given by (3.29b).
These differing ranges are necessary to ensure that all atoms move form = = zp at t = ¢p to
z = L at t = T although a spin dependent force is acting at intermediate times.

Further, concerning the time dependence of the atom’s polarization, we find

2 _ 2\ 2
(04(t)) = exp (:i: ig(t) — 2 (??’{fsm) —2 (ms(t) ;(—th. He(®) %—0) ) (4.31)

where .
2
o) = [ at ) - 2R et (432)
to
is the total Larmor precession angle accumulated along the trajectory defined by the central
position {z(t)) = ({(z(t))+ + (z(t))-)/2. At the final time T, when the orientation of the spin
vector is actually detected, we have the transparent result

2 2
(o+(T)) = exp(+19(T)) exp (—% (M) ) exp (—% (%) ) . (4.33)

The quantity C = |(o)] = [(az)2+(a+)(a_)]1/2 is the numerical measure for the spin coherence
[13]; its final value C(T) is given by the product of the two Gaussians in (4.33). This number
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sets an upper bound on the contrast of the interference pattern — in a measurement of ((1 +
0:)/2), say. A reasonable visibility of the fringes requires therefore that

h i
S — d )<= .
18p(to)] S 5= and |ANT)| S 27 (4.34)
hold. We conclude: when the force F(t) gets too strong, the fringes disappear.

In the force-free situation of the scalar Aharanov-Bohm effect one has Ap(tp) = 0 and
Ap(T) = 0in (4.33). Then a contrast of 100% is conceivable, at least as far as the kinematical
effects of the CM motion are concerned. A real experiment [11] has other limitations in
addition.

5. Summary.

We have introduced the concept of a least-bias statistical operator that correctly represents,
without any hidden assumptions, what is known about the CM degree of freedom of those
atoms in a beam that contribute to the signal in a given experimental situation. In particular,
the popular bias that the CM motion should be describable by a pure state is avoided. We
have demonstrated the method by explicit treatments of a few exemplary situations which
bear relevance for actual experiments. We have found that the standard way of inferring the
velocity distribution from time-of-flight measurements, which is based upon classical kinemat-
ics, is well-justified because the quantum corrections are negligible for reasonable experimental
parameters. Finally, we have employed the formalism for a theoretical study of magnetic atoms
that experience a pulsed field gradient in a longitudinal Stern-Gerlach interferometer. We have
found the dependence of the fringe visibility upon the strength and duration of the pulse.
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