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PACS.03.65.Fd - Algebraic methods -
Abstract. — The exact solution and the invariant Cartan operator of the linear nonautono-

mous system with su(1,1)®h(3) dynamical algebra are obtained by using the method of algebraic
dynamics. A novel, indirect quantum-classical correspondence of the solutions has been found.
It has been shown that algebraic dynamics can be generalized from the linear dynamical system
with su(1,1) Lie algebra to a more complicated system with su(1,1)®h(3) Lie algebra. Nonadi-
abatic Berry’s phase is also calculated.

In reference [1], Wei and Norman proved the theorem that the time evolution operator of a
quantum system whose Hamiltonian is a time-dependent linear combination of the generators
of finite Lie algebra can be expressed as a finite product of exponentials of the generators
multiplied by suitable scalar functions. Based on this theorem, a method called algebraic
dynamics [2-4] has been proposed in the study of linear nonautonomous systems with semi-
simple Lie algebras. The essential ingredients of the method are gauge transformation and
time-dependent dynamical symmetry. The properties of algebraic dynamics are: (a) by means
of gauge transformation, the problem of a nonautonomous system can be solved under dif-
ferent gauges which correspond to different representations. By a proper choice of gauge, a
time-dependent dynamical symmetry can be converted into a stationary dynamical symmetry;
(b) by virtue of this method, the number of parameters needed for solving the quantum equa-
tions of motion (in terms of these parameters, the gauge transformation can be constructed)
can be reduced to the minimum (which is equal to the order of the algebra minus the number of
its Cartan operators); (c) within the framework of algebraic dynamics, the quantum-classical
correspondence of the solutions is readily found; (d) besides, the nontrivial time-dependent
dynamical symmetries of a linear nonautonomous quantum system appear automatically in
the process of solving the Schrodinger equation of the system. The method has been applied
to problems of the dynamical systems possessing su(1,1) [3] and su(2) [4] algebraic structures
and proved to be useful.

(*) Author for correspondence (e-mail: wei@vaxfct.ct.infn.it or wei@vaxins.infn.it)
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To explore the applicability of the approach of algebraic dynamics, in this paper we shall
consider a more complicated quantum system, i.e. the dynamical su(1,1)®h(3) system which
is a linear nonautonomous system with su(1,1)®h(3) dynamical algebra. The Hamiltonian
of this system can be applied not only to the problem of a generalized harmonic oscillator
in an external field [5-8], but also to the study of the laser-plasma scattering [9]. Many
related problems have been studied extensively in literature [10-15]). Dattoli et al. [16] have
employed Lie algebraic methods to get the solutions of the linear partial differential equations
generated essentially by su(2) and su(1,1) groups. Lo [17] has obtained the propagator of
the general driven time-dependent harmonic oscillator by using the Lie-algebraic technique.
Combescure [18] has studied the correspondences between a variety of physical systems with
time-dependent quadratic Hamiltonians and the harmonic oscillator by applying the scaling
properties of the time-dependent Schrédinger equation. Cho and Kim {19] have discussed the
connection between the integrals of classical equations of motion and the Lewis-Riesenfeld
invariant for a time-dependent harmonic oscillator. There have also been many other related
works, for example, Leach et al. have studied the invariants and their associated symmetry
group generators for the time-dependent harmonic and anharmonic oscillators for classical
mechanical case using Noether’s theorem and linear canonical transformation method [20-24].

In this paper, we shall give the exact solution of the linear nonautonomous quantum sys-
tem with su(1,1)éh(3) dynamical algebra within the framework of algebraic dynamics [2-4],
and address the complete set of commuting (simultaneous) invariants of the quantum system
studied.

Consider a dynamical system whose Hamiltonian is a linear combination of su(1,1)&h(3)
generators

H@) = X4 ks +iXo (ko + X_O)hoe + X1 (k1 + Xa(Wk2 + X (£)

1, 501 NUNIE S i ) 1)
= 53X+ (0P + 3 Xo(t)(Bq + 4P) + 53X ()G + Xa () + Xa(1)G + X (1)

where X, (t) (v = +,0,~,1,2) and X(t) are non-singular and real functions of time. A direct
realization of the Hamiltonian (1) is the time-dependent harmonic oscillator in an external
field. The operators k4, kp and k_ form a su(1,1) algebra

A P R S JPPURUO SN o
ke =50 ko= 4(pq+qp), k=50, (2a)
by, k_] = 2ko, [ko, ki) = tky; (2b)

while k; = p, k» = ¢, and 1 constitute the Heisenberg h(3) algebra, which satisfy the following
commutation rule

k1, ko] = —i. 3)

The commutation relations between the two sets of operators are

~ ~ ~ ~ 1- N ~ L

[k+, kl] = 0, [ko, kl] = 5]61, [k_, kl] = Zkg,

o - L (4)
(ks ko) = —iky, [ko, ko] = =Zks, [k, ko] =0.

The time evolution of the system is determined by the following Schrédinger equation (assume
h=1)

.0 N
i5;12(®) = HH)L()). (5)
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To solve equation (5), a gauge transformation f]g (t) may be introduced (2, 3]

Uy (t) = expliv(t)] explive (t) k2] exp[—iv; (t)k1] expliv_ (¢)k_] explvo (£)ko), (6)

where v,(t) (v = 0,—,1,2) and v(t) are time-dependent and real parameters. Within the
framework of algebraic dynamics, the transformation parameters v,(t) and v(t) may be given
any real initial values. For convenience, we let Uz (¢t = 0) = 1, namely

v0(0) = v-(0) = v1(0) = v2(0) =v(0) = 0. (7)

After the above gauge transformation, the Schrédinger equation (5) becomes
i=[U()) = H(t)[T()), (8)

where the gauged Hamiltonian ﬁ(t) and the gauged wave function [¥(t)) are defined, respec-
tively, as

H(t) = U H(t)U, - iUg—laa—%, (9)
¥ () = Uyt 2(1)). (10)

Since the generators fc+, IE_, k: and k, are Hermitian and IEO anti-Hermitian, the Hamiltonian
H(t) is Hermitian and the transformation Ug(t) is unitary for real v, (t) (v = 0,—,1,2) and
v(t). The Hermiticity of the Hamiltonian implies the probability conservation of the system.

After some calculation, one obtains the gauged Hamiltonian H
H = Zy (ks +iZo(Oko + Z_(Oh- + Z1 (O + Zo(t)ke + 2(2), (11)

where the coefficients are given by

Z..(t) = exp[-u(0) X () (12a)
Zo(t) = =in(t) + Xo(t) + 2X4 (- (1), (12b)
Z-(t) = explooO)][é-(8) + X-(0) + Xo(HJo- (1) + X ()02 (1) (120)
2u0) = e[ = 2] [ 1) + Xa0) + X 09 + 3 Kol 0], (12d)
Za(t) = exp [%t—)] {[26) + Xa() + X_(5Ja () + 5 Xo(0)eat)] 20

=010+ Xu () + X Ouae) + %Xo(t)vl ®]v-0},

Z(t) = 0(t) + v1(H)v2(t) + X(8) + Xo(t)v1 (t) + X1 (D)2 (1) (120
LX) + 2 Kol (0a(t) + 5 X (300

As has been pointed out in references [2-4], one of the merits of algebraic dynamics is that
it allows one to convert a time-dependent dynamical symmetry into a stationary dynamical
symmetry by a proper choice of gauge. This will largely simplify the quantum problem. The
choice of the gauge transformation Ug(t) is motivated by the requirement that the gauged
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Hamiltonian should consist of the Cartan operators only and all the lowering and raising op-
erators be eliminated. This requirement determines the number of the independent parameter
functions to be (n —r) (n is the order of the dynamical algebra, r is its rank). Under the
above requirement, there are of course many possibilities to construct U (t), which correspond
to different ways of parametrization in group space and will result in dlfferent nonlinear rela-
tions between v,(t) and coefficients «,(t) of the Cartan operator (see below, Eq. (17)). Under
a proper gauge, a time-dependent quantum problem can be converted into two separate and
simple problems: to solve a stationary eigenvalue problem and to determine the solutions of a
set of classical equations of motion. For the system considered in this paper, a suitable gauge
is chosen through such a set of v, (¢) (v = 0,—,1,2) and v(t) that (})

28 = const. = K, Zo(t) =0, Zi(t) =0, Zs(t)=0, Z(t)=0. (13)
From (12a-f) and (13), one has
ex"p”(‘gt)l{ _() + X_(2) + Xo(Ov_ (&) + X4 ()02 ()] = &, (142)
“60(t) + Xo(t) + 2X4 (Ju_(8) = 0, (14b)
—6n(8) + Xa(6) + X4 (0al®) + 2 Xo(ua (1) =0, (14c)
0a(t) + Xa(t) + X_ (t)or (8) + %Xo(t)vg (t) =0, (14d)

B(t) +o1 (B)02(t) + X(t) + Xa()ui(t) + X1 (t)v (t)
14e)
+%X_(t)vf( t) + Xo(t)vl( Yo (t) + X+(t)v2( )=0. e

Equations (14a-e) are the differential equations satisfied by v, (¢). Once the coefficients X, (¢)
(v =+,0,—,1,2) and X (t) are specified, the above set of equations (14a-e) with initial con-
dition (7) can be readily solved. Under the special gauge (13), the gauged Hamiltonian H(t)
becomes

H(t) = £1)T(0), (15)

where ) 1 1
I(0) = ky + rkk_ = 5;52 + 5,«;2, (16a)
f(t) = X4 (t) exp[—vo(t)]. (16b)

The merit of the special choice of gauge (13) is that the Cartan operator I does not depend
on time explicitly and has the standard form of harmonic oscillator operator.
The invariant Cartan operator is

I(t) = ?(O)U— = a+l::+ + CM(]];'() + Ol_’;?_ + alkl + OAQI;?Q + 5, (17)

(*) If we consider the gauge transformation
Uy = expliv(t)] explive (t)k2) expliv— (£)k-] exp[ve (¢)ko] explivy (t)F4]

and choose Z+ =29 =2Z. =Z =0, Z,/Z2 =i, then we have H= Zao(§+1p) = V2254, and can get
the exact solution of the system in coherent state representation.
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where the coefficients a,, (t) (¥ = +,0,—,1,2) and &(¢) are given by

s (£) = expluo (8)], (18a)
ao(t) = —2iv_(t) expluo(t)], (18b)
a_(t) = v2 (t) explvo(t)] + s exp[—vo(t)], (18c)
o (t) = expluo(t)][-v2(t) + v_(Hur (t)], (18d)
cs(t) = expluo(t)]o- (B2 (t) — {v2.(t) exploo ()] + mexpl—vo(®)] fuu (4), (18¢)

8(t) = va(t) explvo (£)] [%vz(t) —v_(t)vy (t)] + %vf(t){vi (t) expluo (£)] + nexp[—vo(t)]}. (18f)

It is easy to prove that I(¢) is an invariant of the system. With the aid of equations (12a-f),
the equations of motion for a4, ap, a—, a; and as are obtained

ey (t) = Xo(t)ay (8) + i X4 (t)ao(2), (19a)
Go(t) = 2iX_(H)as (t) — 2iX4 (o (b), (19b)
& (1) = ~Xo(t)a_ (1) - iX_(Bao(t), (199
& (8) = Xa()as (1) + i Xa(ao(t) + 5 Xo(t)as () ~ X+ (Das ), (194)
G (t) = —i%Xg(t)ao(t) — X1(Ha (8) + X_(Doa () — %Xo(t)a2 ®). (19€)

Equations (19a-e) can also be obtained from the equation of motion for the invariant operator

8l (%)

I(t), i.e., TS + i[H(¢t),I(t)] = 0. In contrast to the nonlinear equations (14a-e) for v,, the
equations (19a-e) for a, lead to the linearization of the quantum equations of motion, which
is realized through the nonlinear transformations (18a-f).

Now, we discuss the correspondence between the quantum and classical solutions of the system.
The classical algebraic dynamics is

dk. (g,
%p_) = {kv(q,p)aH(Q7p7t)}7 (V: —:07+7172)1 (20)
where the classical Hamiltonian and the classical algebra are given by
H(t) = X+(t)k+ + iXo(t)ko + X_ (t)k_ + X1 (t)kl + X2(t)k2 + X(t), (21)
ki =5p° ko=-5pg, k-=3¢", ki=p, k=g, (222)
2 2 2
{k1, k2} = -1. (22b)

In (22b), {k1, k2} denotes the Poisson brackets between k; and k.. The Poisson brackets
among other classical quantities can be obtained from (22a, b). From the above equations, the
dynamical equations of k,(¢,p) (v = +,0, —, 1,2) can be readily obtained

dk .
-ati = —Xo(t)ky — 2iX_(t)ko — Xo(t)k1, (23a)
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%"’tﬂ = —iX; (ks +iX_(t)k- — iéxl(t)kl + i%X2(t)k2, (23b)
dk_ . \
e = 21Xy (ko + Xo(t)k— + X1(t) ko, (23c)
and
dk 1
T = 3 Ko®k — X_()k: — Xa(), (24a)
dk 1
T = X+ Ok + 5 Xo (ks + X (2). (24b)

It is easy to check that (23a-c) and (24a, b) are not independent, of each other. In fact, one can
derive (23a-c) from (24a, b) and (22a). Comparing (24a, b) and (14c, d), we find the following
remarkable relation

vy =ky=¢q, 2=k =p, (25)

where k, (v = 1,2) are real solutions of (24a, b). The quantum-classical correspondence
relation (25) indicates that v, and ve are determined by the classical equations of motion
of the system [10-15], while the other parameters v9 and v_ for quantum solution can not
be obtained simply from the classical solutions. As a result, for the dynamical system with
su(1,1)®h(3) algebra, a direct correspondence between o, and k, is lacking. This is because
the structure constant matrices of the invariant operator I are not completely Hermitian,
which follows naturally from the algebraic structure of su(1,1)@h(3). However, as will be seen
below, there exists an indirect quantum-classical correspondence. Introducing the following

transformation
vi(t) = VXL ()Q(), () = VX_(1)P(), (26)

equations (14c, d) or (24a, b) can be written as

QM) +m®Q) = (b), (27a)
P(t) + m(8)P(t) = pa(2), (27b)
where 7; and p; are defined by
_ _lys Xy doXoy 11Xy 3/Xy\?
m(t) = [X+X‘ 150 T 3 dt(X+)+2 Xy 4(X+) ] (282)
B c 1o, X_dy/Xoy, 1 X_. 3/X_\?
m®) =[x X-- X8+ () s 7 -1(FE) ) (28)
and 1 1 d /X
—_= [z _ a2
p(t) = \/X_+[2X0X1 X+ Xs +X+dt(x+)]’ (29a)
101 d /X

If the parameters X, (t) are periodic functions of time with the same period T, namely
X,(t+T) = X,(t), then (27a) and (27b) are called inhomogeneous Hill equations which
have wide-spread use in accelerator physics [25]. Once X, (t) are specified, v1(t) and vy (t) can
be obtained from the real solutions of the inhomogeneous Hill equations (27a, b). Before giving
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the exact solution of the Schrodinger equation (5), we first discuss how to determine vg(t) and
v_(t). Performing the following transformations

@ () = SEWE D) (30a)
ao(®) = ~E0C" (1) + € ()C(1), (30b)
a(t) = 50 0, (300)

with the aid of the differential equations (19a-c) of a4, ap and a_, we get the dynamical
equations for £(t) and (%)

€= X0 5ok, (312)
{= —%XOC - X_¢. (31b)

It is directly proved that (19a-c) and (31a, b) are equivalent, and (31a, b) are the homoge-
neous equations of (24a, b). This is important for establishing an indirect quantum-classical
correspondence. Through the transformations

§t) = VXL (H)E(), () =X (O)I(2), (32)

(31a, b) can also be written as

E)+m@®)E(t) =0, (33a)
I(t) +m@)I(t) =0, (33b)

where 7, (t) and 70(¢) are determined by (28a, b). Obviously, (33a, b) are just the homogeneous
equations of (27a, b). It is seen that vg(¢) and v_(¢) can be determined by the complex solution
of the homogeneous equations (33a, b)

w=ln[Le0P] = [ZHE0P], (34a)

1r/¢y\* ¢ 1 (X _g/IIN\* I

_5[(2) +(§>]_2VX+[(E> +(3)] (34b)
As has been pointed out in reference [3], the complex solutions of (33a, b) are necessary. The
physical significance of (34a, b) is that a continuous set of classical complex orbits corresponds
to just one quantum motion. In brief, the above analysis has established a novel, indirect
correspondence between quantum and classical solutions: an infinite and continuous set of
classical orbits of the homogeneous equations (31a, b) corresponds to one subset of quan-
tum solutions oy, ag, and a_, while the solutions of the classical inhomogeneous equations
(24a, b) correspond to the other subset of quantum solutions v; and v2 (a1 and ay are given
from (19a-e)). There is a common feature between the above indirect quantum-classical corre-
spondence and the direct one in reference [3] for the su(1,1) dynamical system: an infinite set
of classical orbits corresponds to only one quantum solution. For the su(1,1)&h(3) dynamical
system, due to the inhomogeneity of the classical equations of motion, there is a one-to-one
correspondence between k;, k2 and v1, va. However, one has to resort to the homogeneous solu-
tions (33a, b) of the inhomogeneous classical equations of motion (27a, b) in order to establish
a complete classical-quantum many-to-one correspondence.
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In what follows, we proceed to solve the Schrédinger equation (5) of the system by using
algebraic dynamics. First consider the eigenvalue problem of the invariant Cartan operator

I = UgT(O)ﬁg‘ 1 Let |n) denote the eigenstate of I(0), one has
2 1
I{0)|n) = (n + §)w0|n), (35)
where wZ = k. The eigenvalue equation of I(t) can be written as
A A 1 - 1
F(t)0eln) = (1 + 5)Ugln) = (1 + 3 ool (8), (36)

where |¢,,(t)) = Ug|n) is the eigenstate of [(t) with eigenvalue (n + )wo.
Under the special choice of gauge (13), the gauged Schrédinger equation is

2 T) = FOTO0)FE), @)
which has the following solution
[T (t)) = expliOn(t)]n), (38)
where .
Ou(t) = ~(n+ 3o /0 f(r)dr. (39)
f(t) is defined by (16b). In g-representation, the above solution [¥,(¢)) takes the form
T,(t) = Np(a) exp[i@n(t)] exp[—(aq)? /2] Hn(og), (40)

where Ny (@) = [a/y/72"n{]*/? is a normalization constant, a® = wy = /&, and H,(oq) is the
Hermite polynomial of order n. By virtue of the algebraic relations

explvoko] F(g) = exp(—vo/4) F (e~ /%), (41a)

exp[—iv1p|F(q) = F(q — 1), (41b)

one obtains the orthonormal diabatic basis, which is an exact solution of the original equa-
tion (5)

T (t) = UgTn(t)
= exp[iOn(1)]én(t)
, Tl (42)
= No(xa) exp {z[@n(t) + v(t)]} exp{q, [5”— (@ =) + v q] }
1
X exp{ ~ 5lxale- v)l? } Hn(xoq - xavy),
where x = exp[—vo/2] is determined by the classical equations (33a, b). (42) describes

a one-dimensional harmonic oscillator in a moving and dilating coordinate x(¢ — v1) with
an extra mean velocity potential {3v_(¢){g — v1(2)]* + v2(t)¢} and a time-dependent phase.
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¥, (t) provides a time-dependent basis in Hilbert space like a local, moving frame in differential
geometry. The diabatic energy levels are

En(t) = (Uo| H()|¥y)

= (T, U HU|T.) (43)
= (n+ 1) {wnrte) - ORIy y0,0) — o0

An arbitrary solution of the Schrodinger equation (5) can be expanded as

ZC T ZC exp[iOn (t)]én(?), (44)

where C,, are independent of time and only determlned by the initial state of the system, while
the dynamical information is completely contained in the diabatic basis ¥y,(¢). The expectation
value of the invariant Cartan operator I() is a constant of motion

N 1
(@OIE@E) = 3 10 P + 3o (45)
n
Now let us calculate Berry’s phase for the system studied. Suppose the parameters X, (t) and
X (t) are periodic functions of time with the same period T, then the dynamical equations of
v, (t) and v(t) will have periodic solutions. After one period of evolution the system returns to
its initial state except for acquiring a total phase

T
bu = Ou(T) = ~(n+ 3)en /0 f(tydt. (46)

The conventional dynamical phase over one period is

oa= [ Eatai= [ {r Hloor - ZOZEO ypha

Thus the nonadiabatic Berry’s phase [26] is given by

T .
¢B = ¢t + ¢a = —/0 {vﬂ')z +(n+ %)W}dt. (48)

Up to now, we have got the exact solution of the linear nonautonomous system with the
su(1,1)®h(3) algebra. It has been shown that the essence of algebraic dynamics is to emphasize
the dynamical aspect of an algebra and the algebraic structure of a dynamics. On the one
hand, the time evolution is introduced into algebra; on the other hand the algebraic method
is introduced into dynamics and makes its solution feasible.

The study in the present paper shows that the basic methods and concepts of algebraic
dynamics, such as gauge transformation, invariant operator, time-dependent dynamical sym-
metry, time-dependent orthonormal representation, and linearization of equation of motion
etc. can be generalized from the linear nonautonomous systems with su(1,1) Lie algebra to
a special system with a more complicated Lie algebra, i.e. su(1,1)®h(3) algebra. However,
the direct correspondence between quantum and classical solutions is lost. This is because the
structure constant matrices related to the dynamical equation of invariant Cartan operator
can not be chosen Hermitian. It is interesting that there is still an indirect quantum-classical
correspondence for the system studied, although the direct correspondence does not exist: both
the homogeneous solutions (33a, b) and the inhomogeneous solutions (27a, b) together corre-
spond to the quantum solution. The physical and mathematical implication of this indirect
quantum-classical correspondence is a subject for further investigation.
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