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Abstract. — Using the Fokker-Planck equation describing the evolution of the transmission
eigenvalues for Dyson’s Brownian motion ensemble, we calculate the magnetoconductance of a
ballistic chaotic dot in in the crossover regime from the orthogonal to the umitary symmetry.
The correlation functions of the transmission eigenvalues are expressed in terms of quaternion
determinants for arbitrary number N of scattering channels. The corresponding average, vari-
ance and autocorrelation function of the magnetoconductance are given as a function of the
Brownian motion time ¢. A microscopic derivation of this S-Brownian motion approach is dis-
cussed and t is related to the applhed flux. This exactly solvable random matrix model yields
the right expression for the suppression of the weak localization corrections in the large N-limit
and for small applied fluxes. An appropriate rescaling of ¢ could extend its validity to larger
magnetic fluxes for the averages, but not for the correlation functions.

1. Introduction

Ballistic transport through quantum dots of various shapes are the subject of many theo-
retical and experimental investigations. One of the fundamental issues 1s to determine in
a conductance measurement the signature of “quantum chaos”, i.e., of the quantum analog
of a classically chaotic dynamics. Usually, such dots are made with two-dimensional semi-
conductor nanostructures (quantum billiards) connected to two electron reservoirs, and one
measures the magnetic field dependence of the conductance at very low temperature [1-3]
{quantum coherent transport). The question is to describe the statistical properties of the
recorded magneto-fingerprints for different shapes of the dot. We restrict ourselves to fully
chaotic systems where we hope to state universal results, leaving aside the integrable systems.
The usual theoretical approaches [4, 5] concentrate on microscopic models, using numerical
calculations and semiclassical approximations, or more or less straightforward random matrix
models, possibly combined with supersymmetric methods. The semiclassical approach requires
in the final evaluation the so-called diagonal approximation, which is problematic [5] for the
total weak localization correction. Supersymmetry [6,7] and random matrix model have also
been recently used [8] to describe the ensemble averaged behavior of the magneto conductance.
In reference [8] the Hamiltonian of the dot was modelled by a Pandey-Mehta random matrix
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Hamiltonian [9], but the method used leads to substantial technical problems and the averaged
magnetoconductance is expressed in terms of a rather complicated integral expression which
can be evaluated by numerical means.

Another random matrix approach for the quantum billiards was used in references [10, 11]
and models directly the scattering matrix S of the dot instead of its Hamiltonian. There
are reasons [12,13] to assume that S is suitably described by one of Dyson’s classical circu-
lar ensembles [14] (COE-CUE-CSE). In references [10,11], the associated transport properties
have been calculated, e.g., for the circular orthogonal ensemble (COE) and for circular uni-
tary ensemble (CUE) corresponding to chaotic dots without or with a large enough applied
magnetic field, respectively. We propose a generalization of this approach in terms of a con-
tinuous crossover from COE to CUE, that is described by one of Dyson’s Brownian motion
ensembles [15]. The idea is to consider a Brownian motion with a fictitious time ¢ that leads
to a diffusion in S-matrix space. In the limit £ — oo the probability distribution diffuses
to a stationary solution that corresponds in our application to the circular unitary ensemble.
Choosing as initial condition for ¢ = 0 the circular orthogonal ensemble, we have a model for
the magnetoconductance of a chaotic dot, at least as a function of the Brownian motion time
t. Before completion of this manuscript, we received a preprint by Jochen Rau [16] where a
very qualitative analysis of this model is presented with essentially similar conclusions than
our detailed study. One can also mention that this crossover ensemble was already considered
in references [17,18] where the correlation functions for the scattering phase shifts 8, were
calculated. The decisive difference here is that we are interested in the transport properties,
i.e., in the statistics of the transmission eigenvalues 7, of ¢¢f, when S is parametrized by

S:(; f,) . (1.1)

The Brownian motion leads to a Fokker-Planck equation for the probability distribution of
the variables T, which have been first derived in reference [19]. This Fokker-Planck equation
can be mapped onto a Schrédinger equation of a one-dimensional system of free Fermions and
solved for an arbitrary initial condition. The corresponding propagator was already calculated
in reference [19], where the crossover of two decoupled CUEs of dimension N to one CUE
of dimension 2N was considered. Here we use another initial condition that is just the joint
probability distribution for the variables T, of the COE-case. The time dependent solution of
the Fokker-Planck equation is then the joint probability distribution for the crossover ensemble
COE — CUE.

This paper 1s subdivided in two main parts (Sections 2 and 3). Section 2 is completely
devoted to an exact solution of the Brownian motion model as it stands. We give any &-
point correlation function for the T, at one particular time ¢. In addition, we also give the
most simple correlation functions between two different time values. The technical method to
obtain these results is based on a formulation in terms of quaternion determinants [20] and
skew orthogonal polynomials. The final results for the correlation functions are given in terms
of Legendre Polynomials and can be easily evaluated by numerical means. The averages for the
conductance and the autocorrelation of its variance (between different Brownian motion times)
are exactly calculated for an arbitrary value of the channel number. All results of Section 2 are
exact consequences of the S-Brownian motion ensemble applied to the COE — CUE crossover.

It remains to express the Brownian motion time ¢ in terms of a real physical parameter
such as the applied magnetic flux ®. This issue is considered in detail in Section 3. We first
discuss the relation of the Pandey-Mehta Hamiltonian {9] with finite disordered systems (in
the diffusive regime) or with quantum billiards (in the chaotic ballistic regime). Both cases
have already been considered [21-23] and we give a simple treatment that accounts for both
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cases and generalizes the known results to the quantum billiard case. In Subsection 2.2 we
briefly recall the different magnetic field scales in a quantum billiard and the effects of the
Landau quantization for very strong fields. In Subsection 3.3, a microscopic justification (1) of
the Brownian motion ensemble is sketched, assuming a crossover Pandey-Mehta Hamiltonian
for H and using a well-known expression of S in terms of H. We obtain an explicit expression
that relates the Brownian motion time with the Pandey-Mehta parameter « and therefore with
the magnetic flux. Using this translation we find a Gaussian instead of a Lorentzian behavior
(as given in Ref. [8]) for the suppression of the weak localization correction to the averaged
conductance, when a flux @ is applied. One finds a certain characteristic flux ®¢ separating
two regimes. For a small flux & < @¢ our result matches precisely that of reference [8]. For
a large flux ® > ®¢ the discrepancy between the Gaussian and Lorentzian becomes more
important. This indicates that the Brownian motion model is not precisely equivalent to the
model used in [8] for large times of the Brownian motion. The difficulty to obtain directly from
our model the lorentzian shape for the weak localization suppression and the lorentzian square
behavior for the correlation functions 1s discussed in conclusion.

2. S-Brownian Motion Ensemble and COE to CUE Crossover

In reference [19] we used the original Dyson Browman motion ensemble for the scattering

matrix to obtain a Fokker-Planck equation for the transmission eigenvalues T,. This is suitable

for having the conductance g of a scatterer connected by N-channel contacts to the electron
N

reservoirs, since g = Z T,. The stationary solution of the Fokker-Planck equation is given by

=1
the transmission eigenvalue distribution of the circular unitary ensemble describing a chaotic
dot without time reversal invariance. The chosen initial condition for the Brownian motion
18 the COE-distribution for the 7,. Concerning the definition of the Brownian motion, the
derivation of the Fokker-Planck equation for the transmission eigenvalues and its solution for
an arbitrary initial condition, we refer the reader to reference [19]. It is convenient to use the
same coordinates z, = 1 — 2T, of [19], where the T, are the eigenvalues of et

2.1. JoINT PROBABILITY DISTRIBUTION OF THE TRANSMISSION EIGENVALUES. — The joint
probability distribution p(z,t) for the Brownian motion ensemble can be expressed [19] as
follows

p(z,t) = / dVz p(3) G(&,z;t) (2.1)
where the many-particle Green’s function is given by
1
G(Z,z;t) = ﬁp(a”:)”l o(z) det(g(z,,F,;t)) e~V | (2.2)
Vi
p@) = [[@-2) , (2.3)
>3
- = 1 Sy -
g9(z,,%,;t) = Z 5(1 + 2n) Po(z,) Pu(%,) e (2.4)

n=0

(*) We mention that in reference [18] a semiclassical and numerical justification for the validity of
the Brownian motion ensemble has been given as far as the scattering phase shifts correlations are
concerned.



850 JOURNAL DE PHYSIQUE 1 Neo7

P,(z,) is the Legendre polynomial of degree n, £, = (1 + 2n)? is the eigenvalue of the ‘one-
particle Hamiltonian” [19] and the constant Cy is given by the sum Cy = Z €n. The

function p(z) = p(z,0) is the initial condition. In our case, it is given by the _]omt probablhty
distribution for the orthogonal circular ensemble which in terms of the variables z, reads
as [10,11]

(2.5)

ng'“‘z

The integral in equation (2.1) can be evaluated by the method of integration over alternate
variables [24]. As usually in such situations, we consider now the case of an even number N of
channels. The complications that arise from the case of odd N will be discussed in Appendix B.
Our final results of this Section are valid for all values of N. The result for the joint probability
distribution can be expressed in terms of the so-called Pfaffian

N
p(z,t) o H |z, — z,| 1/ det(H (z,, x,; t) e~V (2.6)
>3

where H(x,,z,;t) is an antisymmetric function given by the double integral

1 [ ! e(y2 — 1)
H(zy,22:t) = —/ dyl/ dy. g(z1,y15t) g(x2, Y25 1) (2.7)
2/ -1 (1—w)(1-wy1) :

where £(u) = +1, 0, —1 according to the cases v > 0, = 0, < 0. In the next subsection we
will present a formulation in terms of quaternion determinants [25] that enables us to evaluate
all types of correlation functions and to get exact expressions for the average conductance and
the conductance fluctuations.

We first briefly discuss the implications of equation (2.6) for the “level” repulsion in a more
qualitative way. For this discussion the angles ¢; with z, = sin® ¢, are more appropriate. The
one-particle Green’s function g(z,, z,; t) fulfills in terms of the v, a time-dependent Schrédinger
equation [19] with a particular potential. In the (extreme) short time limit the effect of this
potential can be neglected and the Green’s function can be approximated by the free “diffusion
propagator”,ie.,

02 in2 f) ~ 1 X L oy
glsin®(pa), sin*(p,); ¢) = \/sin(2¢,) sin(2¢p, )16t € p( llz‘("oZ ¢3) ) (2:8)

Using this expression we can evaluate the integral in equation (2.7) and we obtain for the joint
probability distribution for the variables ¢, in the limit ¢ — 0 the expression

Be,) = Fi (o) det (ext (02 = ,)/ V32 )) (2.9)

where Fj () is the joint probability distribution for the orthogonal case, i.e., for exactly t = 0.
Pandey and Mehta [9] obtained for the eigenvalue distribution of the random matrix Hamil-
tonian described by equation (3.1) a very similar expression if the ¢, are identified with the
energy levels of E, and if one relates the symmetry breaking parameters o and ¢ in a suitable
way. The expression (2.9) shows that the crossover from COE to CUE has an effect for arbi-
trarily small values of ¢ > 0 if the difference |¢, — ¢, | 15 sufficiently small. Let us first consider
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the situation where all ¢, are well separated, i.e., [, — ¢,| > V/4t. In this case the error func-
tion in equation (2.9) can be replaced by sign(yp, — ;) and the determinant is just one. The
probability distribution then equals the distribution Fj(p) for the COE. On the other hand
the determinant that appears in (2.9) is an even function of ; — ¢, and vanishes if one of these
differences is zero. If for example two values of the ¢, are very close, e.g., |p1 — 2| < V4,
the square root of the determinant becomes proportional to the difference |p1 — 3|/ /4t which
leads together with the factor Fi(y) to the quadratic level repulsion of the unitary case. This
behavior means that the COE to CUE crossover for the transmission eigenvalue correlations
appears at arbitrarily small values for the time parameter ¢ on scales smaller than v/4t. The
same effect is also observed for the energy levels E, [9] and for the scattering phase shifts

8, [17].

2.2. QUATERNION FORMULATION. — In this Subsection, we use the quaternion technique,
that was introduced in the theory of random matrices [25], to calculate the m-point correlation
functions given by the usual definition

NI 1 1
R (z1,.. . Zm,t) = o d > d ,t 2.10
(21 T, t) (N~m)!/_1 Tmt1 /_1 zy p(z,1) (2.10)
We define for two arbitrary functions f, g the antisymmetric scalar product

1 1

<fi9>0= [ an [ ave B, usst) fon) on) (2.11)
-1 -1

where H(y1,y2;t) is just given by equation (2.7). Suppose that the number N of channels is

even and that we have a set of skew orthogonal polynominals qg) () of degreen =0,. .,N~1
with respect to the scalar product (2.11), i.e.,

<g¥, ¥ >W=7,, (2.12)

where Z,,, is an antisymmetric matrix with Zs, 2n+1 = —Z2n+1,2» = 1 and all other Z,,, = 0.

The superscript means that both the polynomials and the scalar product depend explicitly on
the time parameter t. At the moment, we do not consider explicit expressions for the qu ) (z)
and the following method remains general. In addition, we introduce the functions QSf) (z) via

1
QW(yy) = / dys Hlys, 05 8) o () (2.13)
-1
which are dual to the qgf) (z) :
1
/ dy QP ) ¢O(¥) = Zum (2.14)

-1

We define furthermore functions of two variables z, y by

N-—-1
Kpp(zuit) = Y. F(2) Znm FP(1) (2.15)
n,m=0

where F and F stand for one of the symbols ¢ or Q. Hence, equation (2.15) defines four
different functions K, K., Kgq and Kgg. From the definition of the matrix Z,, and
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equations (2.13-2.15) we can immediately state the following properties

Kpp(w,yst) = —Kpp(y,zit) (2.16)
- /1 dz Kooz, z;t) = /1 dz Kge(z,z;t) =N (2.17)
1 B B 1
/_1 dy Kro(z,4:t) Kgp(y,2) = —/_1 dy Krq(z,4:t) K 5(y,2) = Kpp(z, 2t) (2.18)
and .
/_1 dy H(y,zt) Kor(y, z:t) = Kgr(z, 2;t). (2.19)

From now on, we strongly refer to the notations and results of reference [25] concerning quater-
nion properties. We introduce the 2 x 2-matrix (or quaternion) function o(z,y;t) by

-+ — _‘I(a;t) Kq(yat)
o(z,y;t) = ( Hz,p:) 8}?;’0(&% ) KQZ(:;,Z;U ) (2.20)

that fulfills the three properties

1
./_1d$ o(z,z;t) = N( (1) (1) ) (2.21)
1
/ dy oz, ;) oy, 2;t) = oz, z;t) +10(z, 2;t) —o(z, z;t) T, (2.22)
-1
p(z,t) = const. - QDet ((0(z,,2;)1<1,,<N) (2.23)

where 7 = 1(} _?) and QDet(---) is the quaternion-determinant defined in reference [25].
The verification of equations (2.21) and (2.22) is a straightforward calculation applying the
properties (2.16-2.19). The proof of equation (2.23) is not so obvious and can be obtained
as follows. First, we note that (2.16) and the antisymmetry of H(z,y;t) imply that the

quaternion-matrix o(z,,x,;t) is self-dual, i e,

o(x.,2,y5t) =T (), Z,; 1) (2.24)

a b d -b
(c d)—(—c a) (2.25)
1s the quaternion adjoint in the notation of reference [25]. As in reference [25] we denote with
A(o(z.,z,;t)) the conventional 2NV x 2N-matrix that contains the quaternions as 2 x 2 blocks.
From theorem 2 of [25] we get the identity (QDet(c(z,,z;;t)))? = det(A(o(z,,z,;t))) that

relates the conventional with the quaternion-determinant for self-dual matrices. We consider
therefore the matrix

A(a(mz,x‘j;t)) B ( ., QQ(:E“’I"];t) K‘I‘](xzaxj;t) )

where

H(z.,2,;t) — Kog(2:,2,;t) Kgg(®,2,;t)
g(z.)” 0 Z 0 “Q(z,)  alz;)
( Qéh)T 1 ) ( 0 1 ) ( H(xz,:J;t) qg ) (2.26)

Here we have used a quasi block notation where 1 and Z stand for the N x N unit matrix
or the matrix with entries Z,,, respectively. g¢(z) (or @(z)) is a column vector with entries
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qu)(a;) (or QLY (z)). g(z)T and Q(z)T denote the corresponding row vectors. The determinant
of (2.26) is immediately calculated

2
det(A(o(z:,2,;1))) = det (q(t)(a:i)) det(H(z:,2,:)) ~ (p(z, 1))° (2.27)

where we have expressed the determinant of the skew orthogonal polynomials as a Vandermond
determinant. Equation (2.27) completes the proof of the property (2.23).

We can now use (2.21- 2.23) and apply theorem (4) of reference [25]. Then, we find directly
the m-point correlation functions as quaternion-determinants

Rm(21,-..,Zm,t) = QDet (0(,, 2,5 t)1<0,5<m) (2.28)
In addition, the constant in (2.23) must have the value 1/N!.

2.3. CONDUCTANCE CORRELATION FUNCTIONS AND AVERAGES. — A more explicit evalu-
ation of equation (2.28) for the m-point correlation funciions requires the knowledge of the

skew orthogonal polynomials qn)(:c) and of their dual functions Qsl)(:c) given by (2.13). The
calculation of Appendix A shows that the skew orthogonal polynomials are not unique and
one has to specify a certain choice. Of course, the final results of the last subsection do not
depend on the particular choice. A possible choice is

d(z) = L(1+4n)Pu(z)et+sP(z) |
(@) = 3B +4n) Papa(z)e ! + s (a) (2.29)
where P,(z)} are the Legendre polynomials and

2n-1

st(z) = Z( 1)™ L(1 + 2m) P (z) e * (2.30)

The complete calculation that yields equation (2.29) is done in Appendix A. Equation (2.29)
can be inverted with the result

F1+4n) Pn(m)et = ¢i)(z) - sD(x)
LB +4n) Ppa(z)ent = ¢l () - sO(a) (2.31)

where now the sum s, )(:1:) is expressed in terms of the q(t)(a:)

2n—1

s (z) = Z( D™ g(z) (2:32)

We consider now equation (2.31) for ¢ = 0 and replace in the definition of g(z,¥;t) (compare
Eq. (2.4)) one of the Legendre polynomials P, (y) with the expansion in terms of the g, )(y)
Then the integral in equation (2.7) can be done because the q( )( ) are just the skew orthogonal
polynomials of the scalar product (A.1). After some algebra with the sums (it is useful to
consider these type of operations as matrix multiplications with suitable defined matrices) we
arrive at the expansion of the kernel H(z1,x2;1)
o0
H(zy,125t) = Z e~(enter) tgion(k — n) Py (21) Pr(2) (2.33)
k,n=0
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Our first application of (2.33) is the calculation of the dual functions QSf )(a:) that appear in
equation (2.13),

= Pan(@)e i+ 50()

QY. = —Pp(z)e 't +5P(z) (2.34)
where we have itroduced the sum
S zy= Y et Pu(z) (2.35)
m=2n+2

We have now to insert the expansions (2.29), (2.33) and (2.34) in equations (2.20) and (2.28)
1n order to get the m-point correlation functions. In the following, we state the result for the 1-
and the 2-point functions. First, we emphasize that this quaternion description, as it is shown
in the last Subsection, is valid for an even value of N but the formulae below are valid for the
odd N case, too. In Appendix B, we discuss briefly how the complications for odd N can be
treated. Second, we give also an expression for the correlation function Ry ;(z,t;y,t + 7) that
describes the probability density of finding z at time ¢ and y at time ¢+ 7. Its formal definition
15 given 1n reference [19] and we calculated this function using a standard method of functional
derivatives described by Mehta [24].
For convenience, we introduce the following three functions

N-1
$$(@,y) = Y 3(1+20) Pa(a) Paly) e 1)
n=0
N-1 oo
+ Y (DN L1 4 2k) Pe(z) et B Y Pa(y)e (2.36)
k=0 n=N
N-1
Dl )z y) = sign(n — k) (1 + 2n)(1 + 2k)(—=1)"T* P, (z) Py (y) e 1+ 22 (2,37)
n,k=0
0™ (ey) = ~ Y sign(n—k) Pa(z) Puly) e~ =t (2.38)
n,k=N

Then the quaternion function (2.20) becomes

(1) )
o(z,y;t) = ( i{\};’t)((;z)) D(“ ((;’ y)) ) (2.39)

and we eventually get for the correlation functions

Ri(zt) = SU9(z,z) | (2.40)
Ry(z,y;t) = Ra(z;t)Ri(y;t) — Sw9(z,v) S50 (y,2)
+D @, 9) I8 (@, y) (2.41)
Ria(a,tiyst+7) = Ri(z;) Ryt +7)— Syt (z,9) S4 (y, 2)

+DYH (@, y) I (@) + g(z,537) ST (g,2)  (242)
For 7 = 0 the function (2.42) fulfills the identity
Rya(z,t;y,t) = Ro(z,y;t) + 6(z — y) Ri(z; 1) (2.43)
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Fig. 1. — Conductance distribution p(T;t) for N = 1 (Eq. (2.44)) and ¢/t. =0, 0.5, 1, 2, co.

where the last term accounts for the selfcorrelation of the eigenvalue z. In the limit ¢; = ¢3 — ©
in (2.36) only the first sum survives and the product Dy - Iy vanishes. Then equations (2.40-
2.41) equal the 1- and 2-poiwnt correlation functions of the CUE case that are directly obtained
with the Legendre polynomials as orthogonal polynomials [11]. The first corrections to this
behavior for ¢ > 1 are proportional e (€8 —eN-1)t — o=8Nt — o~t/tc where t, = 1/(8N) is the
critical time for the Browman motion, already given in [19]. Of particular interest is the density
for one channel which is just for N = 1 the distribution of the conductance ¢ =T = (1 —z)/2
in units of 2e?/h. The result (2.40) implies

[so]
p(T;t) = 2R (1 — 2T t)'N_l =3 Pa(1—2T)e *n(nt1) (2.44)
- n=0

The limiting cases are p(T;0) = 1/(2v/T) and tlim p(T;t) = 1 and correspond to the results of
—00

the orthogonal and unitary cases respectively given in references [10,11], which have been found
to agree with microscopic numerical results [11]. Figure 1 illustrates the crossover between these
limiting cases, where p(T';t) is shown for ¢/t = 0, 0.5, 1, 2, cc.

In the limit N — oo, it is possible to get a more explicit expression for the density. It
1s useful to express the density in terms of the angle variable @, i.e., to consider p;{p;t) =
2sin(2yp) R1(cos(2¢), t). The most important contributions in the second sum of equation (2.36)
come from terms with indices near N, i.e., N -k < N and n — N €« N. We can therefore
linearize e; — ¢, ~ —8N(n — k) and replace the Legendre Polynomials by their asymptotic
expression for large n, k. After some smoothing over the strongly oscillating contributions we
get the expression

2 2 smh(t/tc) cos(2¢)
)~ (20+1)(t /%) - = +
o1(p;t) =~ (N + IEO e cos(2(2] + l)cp)) (N SR L —cos(ae)

(2.45)

which simplifies in the limit ¢ — 0 to

(6:(0) = 6:(5 ~ 9)) (2.46)

2N
p(e;0) = — +
™

ENP
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where 6, (- ) is the half-sided delta function that is only defined for positive arguments. In
terms of the transmission eigenvalues T the density R;(T;t) = 2 R1(1 — 2T;¢t) reads

1 1 sinh(t/t.) (1 — 2T)
Ba(T58) = 7 /T(1=T) (N * 2(sinh?(t/t) + 4T(1 — T))) (247)

N 1

T /T(1—
We see that the asymptotic density for the varia.ble  1s constant for the leading order in N.
Equations (2.45-2.48) contain also the next order, responsible for the so-called weak-localization
correction of g. Equation (2.48) confirms the result of reference [10} (?).

Some finite N-results for the density are given in Figures 2 and 3 (density for the transmission
eigenvalue 7 with N = 5). Figures 2a-b compare the CUE- and COE-limits with the asymptotic
density (cp. Eq. (2.47)). One can find strange that the COE-density at finite N apparently fits
better the asymptotic density than the CUE-density. This 1s due to the finite N-oscillations
on the scale of the “level-spacing” which are stronger for the CUE than for the COE. In the
asymptotic results (2.47) and (2.48) these oscillations are smoothed out. The crossover density
interpolates between the two limits. Since the relative change for N = 5 is not so strong as for
N =1, in Figure 3 only the difference Ry (T, t)— R (T, 00) is shown for t/t: =0, 05,1, 2, 0 on
alarger scale. In Figure 4 a representative range for the 2-point correlation function Ry (Tp, T';t)
for N =5, t/t. = 107%, 1073, 1072, 1, co and Tp = 0.7, 0.6 < T < 0.8 is 1llustrated. One can
very well see the effect already discussed at the end of Subsection 2.1 that the COE — CUE
crossover happens at first for very small differences |T — Tp| 1if ¢/t. 15 small. All the curves
shown in Figures 1-4 are obtained by a direct numerical evaluation of expressions (2.40-2.44)
and (2.36-2.38).

The average of the conductance g = T, = — z,) and the autocorrelation of the
g 9= 2 7

with the limit

Ru(T;0) = <+ i (64(T) = 64.(1=T)) (2.48)

fluctuation g = g — (g) can be expressed in terms of integrals with densities (2.40-2.42).
These integrals can be evaluated by the recursion relation of the Legendre polynomials and
their orthogonality relation with the result

N N 8Nt
= -l _ 2.4
00 = T smErane (2.49)
N2 N(N +1)
— _8Nr —8(2N+1)t
(Bg(t)og(t+ 7)) = e {4(4N2 e+ )N 1) °
NN -1) —8(2N 1)t N? —16N¢t
- — 2.
TN —DEN 11 1N ¥ 12 (2.50)
These expressions yield for 7 =0, ¢ — oo, the CUE results
N N?
(gheve = 5, {69%)cuE = ENICD (2.51)
and for 7 =t = 0, the COE expressions
N N N(N +1)?

(2.52)

(69%)cor =

lgloor = 3~ 5877y (2N + 1)2(2N + 3)

(?) The delta function at T = 0 (or ¢ = 0) was not found in [10], since the density was expressed
in terms of the vanable A = 1/T — 1 so that T = 0 corresponds to A — oo, but this contribution 1s
needed here to conserve the normalization.
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b) T

Fig. 2. — Transmussion eigenvalue density R;(7T’;t) a) for N = 5 and ¢ — oo (umtary limit) and the
large N-limit N/(m+/T(1 — T)) found in reference [10]; b) for ¢ = 0 (orthogonal limt).

which are given in reference [11].
In the limit N — oo, one has to keep constant the ratio t/t. = 8Nt in order to get a
non-trivial crossover. Equations (2.49) and (2.50) then become up to corrections of order 1/N

(o) = T-getle (259
(B9(t) gt +7)) = el (1o (2:54)

The average (2.53) can also be obtained by the asymptotic density (2.45).

Figures 5 and 6 give illustrations of the expressions (2.49) and (2.50) for the average con-
ductance and its variance at N =1, 5, oo.
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Fig. 3. — Difference R;(T;t) — R1(T;00) for N = 5 and t/t. = 0, 0.5, 1, 2, co. The curve with
largest deviation corresponds to t/t. = 0.

0 .y 5
0.6 0.65 0.7 0.75 0.8
T
Fig. 4. — 2-pomt correlation function Ra(Tb,T;t) for To = 0.7 and 0.6 < T < 0.8 at N = 5 and
t/te = 1075, 1073, 1072, 1, co. One can see the beginning of the COE — CUE crossover on small

scales |T — To| when t/t. < 1.

3. S-Brownian Motion Time and Magnetic Flux

Till now, we have considered the Brownian motion ensemble COE — CUE in terms of the
parameter t. We suppose as in references [10,11] that the scattering matrix of a chaotic
quantum dot is well described by a COE or a CUE matrix for zero or sufficiently large magnetic
flux, respectively. Then, the obvious question concerning the relation between the Brownian
motion time ¢ and the magnetic flux ® arises. This section 1s devoted to this question. The
consideration of the magnetic flux requires some microscopic model. Usually, such models are
treated by numerical or semiclassical means [5,22,23]. Here we use another approach that
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Fig. 5. — The weal-locahzation suppression {g)cug — {(g(¢)} for N =1, 5, oo as a function of #/¢..
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Fig. 6. — Conductance fluctuations {(6¢(t)*) for N =1, 5, oo as a function of t/t..

connects S with a Pandey-Mehta Hamiltonian [9] describing the crossover between Gaussian
ensembles for the energy levels (GOE — GUE). The crossover parameter of the latter has been
related to the magnetic flux for disordered systems [21] and for ballistic cavities [22,23].

The argumentation of reference [22] relies essentially on numerical calculations and that of
reference [23] on a semiclassical approximation. In principle, the relation between the Pandey-
Mehta parameter and the magnetic flux is understood due to these references. However, we
reconstder this relation in Subsection 3.1, using arguments that account for both the disordered
and the ballistic case. The known result for the disordered case [21] is recovered. In the ballistic
chaotic case, we find that the relation between the Pandey-Mehta parameter and the magnetic
flux is also governed by the quotient of two characteristic energies. In Subsection 3.2 we discuss
briefly the typical field scales of a ballistic billiard. In particular, for a very strong magnetic field
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the system becomes integrable due to the appearance of Landau-levels. Finally, in Subsection
3.3, we relate the Pandey-Mehta model for the Hamiltonian with the S-Brownian motion
ensemble for the scattering matrix. We find that, in order to map the S-Brownian motion
model onto this more microscopic model, we need to assume a certain relation between the
Brownian motion time and the Pandey-Mehta parameter. This identification gives 1dentical
expression for the average quantities in the limit of small fluxes and large number of channels,
but does not solve remaining discrepancies for the correlation functions.

3.1. MAGNETIC FLUX AND PANDEY-MEHTA HAMILTONIAN. — The generic random matrix
ensemble that describes the crossover from GOE — GUE is the Pandey-Mehta Hamiltonian [9]

H, = HGOE(vz) + iaA(vz) (3.1)

where Hgog 15 a GOE matrix [24] (v? being the variance of the non diagonal elements) and A
is an antisymmetric matriz whose independent matrix elements A,;, are Gaussian-distributed
with variance v2. « € [0,1] is the crossover parameter. @ = 0 corresponds to the GOE-case
whereas a = 1 is the GUE-case.

A typical one-particle Hamiltonian is of the form

1 2

H= e (p—eA) +V(r) (3.2)
md = 2 or d = 3 space dimensions where A = %(B x r) is the vector potential in the
symmetric gauge. The potential V(r) can model the boundary of a chaotic ballistic cavity
or the impurities of a disordered conductor with bulk diffusion, such that the energy levels
have Wigner-Dyson GOE-statistics without magnetic field. We decompose H in a real and
imaginary part, H = Hy +iH, with H} = B + V(r) + £-A? ,H,= —2p-A=—2B.L
and L = r X p is the angular momentum. The contribution ~ A? in H; modifies the potential.
For the purpose of this Subsection we restrict ourselves to the case where the magnetic field
is sufficiently small and does not change the GOE statistics for H; ~ H(B = 0). The range
of magnetic field at which this behavior is not true corresponds to a strong influence of the
Landau Levels and the system can not be considered as “chaotic”. A more detailed discussion
of this topic and the relevant scales of the magnetic field will be given in the next Subsection.
We consider a certain energy Er and want to describe H by the Pandey-Mehta Hamiltonian
(3.1) in an energy range E € [Ep — AE, Ep + AE]. When B = 0 we assume that H = H;
with Hgog(v?). The variance v? is determined by the requirement [24] v = A¢gv/AN /7 where
Ap (K AE) is the level spacing of Hy and N is the chosen dimension of the GOE ensemble,
assumed to be large. We do not discuss here whether the Pandey-Mehta Hamiltonian gives
an appropriate description of the microscopic Hamiltonian H at B # 0. The numerical and
perturbative calculations of reference [21] confirm that the level correlations of a disordered
ring in the diffusive region agree with the correlation functions of H, found in reference [9].

The parameter ¢ is then given by the identification [21]

_JTEr(, &
o= N A (27r¢)0) (3.3)

where E7 = hD/(2xR)? (D = diffusion constant, R = ring radius) is the Thouless energy and
®y = h/eis the lux quantum. The dependence on A indicates that the GOE to GUE crossover
is properly described by the parameter A = v/AVa/7 in the limit N — oo [9]. The ballistic
guantum billiard has been studied by numerical diagonalization [22]. Again the correlation
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functions [9] are vahd and the parameter « is found to be proportional to a flux & applied
through a typical area of the system.

We now give an alternative derivation of equation (3.3) based on a crude estimation of the
vanance of a typical matrix element (Hs),, in the eigenvector basis of the real part H; of H.
Let |2 > be an eigenvector of H; with eigenvalue ¢,. For ¢, ~ Ep, we consider the expectation
value

<AL (0) Lo ()i >=< i|L, /P L e  Hit/h ) 5= N " <G| L,|j SIP ettt (3.4
J

where L, 1s the 2-component of the angular momentum (assuming that the direction of B
is chosen as the z-axis). L,(¢) is the time dependent angular momentum with a dynamic
determined by H;. We now average over the disorder or over the random shape of the cavity
and assume that the average of the matrix element of the angular momentum is a smooth

function of the energy difference ¢, — ¢, i.e., <[< i L.y >|2>V ~ l(e;, — €,). equation (3.4)
then becomes
(L0)L. (1) oy = L dw I(fw) Ry (-@i) et | (3.5)
z z Q’V AO AO

The subscript on the left side denotes a combined expectation value from quantum mechanics
and from the random parameters of V. Ry is just the two-point correlation function in the
orthogonal case with the limit Rp(x) ~ 1 if |z| 3> 1. The inversion of the Fourier transform
gives

I(hw) Ra (g—“;) = 2% / dt (L(O)L.(8))gy e . (3.6)

The expectation value in the integral vanishes at a time scale |¢| 3> 7; where 7 is the correlation
time for the angular momentum. Hence, the integral itself vanishes as a function of w at the
scale {w| 3> 1/71. From this behavior we can already see the limitations of the GOE description
for H;. The absolute squared matrix elements of an arbitrary fixed operator with respect to
the eigenvectors of a GOE-Hamiltonian always yields a constant value independent of the
particular indices ¢ # j after the average, since there is no preferential basis. Equation (3.6)
implies that for H; this is only true for an energy difference |¢, — ¢,| € i/7 =: Ecorr. This
limits the size of the energy range that we may consider. Since we are interested by the off-
diagonal matrix elements for Ay € lg; — &,| € Ecorr, we take RQ(Z—“;) ~ 1. From equation

(3.6) we get for the variance of the imaginary matrix elements (Hy),, = —% <iL,|lj>of H
Ao (eB)?

Hy)yP) > =2 (== L2 3.7

o) = 22 (22) 70 (2o (57

where the correlation time 7, is defined as 7 {L2)q,v = 1 fdt (L.(0)L.(t))q,v. Let 2R be
the typical diameter of the system and vp be the Fermi velocity. Furthermore, we introduce a
characteristic ballistic energy scale Ey.1 = Avp/(2R) and the lux ® = 7R2B applied through
a circle of radius R. The expectation value for the angular momentum is just (LZ}g v =
xkm?vZR? where £ is a numerical factor characteristic of the shape of the dot which can be
evaluated in a semiclassical way, as discussed in Appendix C.

The vanance (3.7) now becomes

2 2
(I(Ha)y|?) = ax (%) AgEbal] 3.8)

T
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and has to be compared with the variance of the imaginary matrix elements in equation (3.1)
that is just a®?AZAN /n2. This gives for the parameter o

47k Ebal] P
= 3.9
N AO Ecorr ( ) ( )

This expression contains the dimensionless flux and three typical energies Ep.n = hvg/(2R),
Ecorr = B/711, and the level spacing Ag.

Let us first consider a disordered conductor where the electrons are scatterered by many
impurities. The angular momentum correlation time is then the elastic scattering time 7, = 7
and the energy quotient becomes EZ |\ /(E.or:Ag) = (27)2ET d/Ap where Et is the Thouless
energy (Et = kD /(2rR)? for a diffusion constant D = vi1g/d). Equation (3.9) confirms the
result (3.3) [21] for a ring with « = 1/d (Appendix C).

For a ballistic quantum billiard, 7, equals the time of flight & 2R/vp (£ is a further numerical
factor) through the cavity and Epan = K Eeorr. This gives

_ 47(&[5&;&1_]_ ?_.
a—\/—-———N i (%) . (3.10)

Both, this result and equation (3.3) for the disordered case depend on the energy ratio Ec/Aq
where 7¢ = i/ Eg 1s the typical time for the electron to cross the system, either by a direct
ballistic or by a diffusive motion.

It is well known [26] that the level statistics of a disordered conductor are well described by
the GOE-statistics up to an energy scale Ex. Our derivation yields the energy scale Eoorr =
fi/7e. This 1s due to the fact that we use a criterion based on the matrix elements of the
angular momentum. If one estimates 1n a similar way the matrix elements of the position
operator, one recovers the characteristic scale Er, which matters if we consider only for the
level correlations (2).

Such a difference does not matter for a chaotic ballistic dot where those two energies merge
to a single charactenstic scale Epan = fivp/(2R). The energy ratio Euan/Ag is of the order
of (kpR)?™! > 1 (kp is the Fermi momentum, for comparison: Ep/Ag ~ (kpR)?). The
critical flux for the GOE to GUE crossover (for an energy interval of order Aq ) is &¢ ~
®o/(krpR)(¥~1/2 &« &;. In d = 2 dimensions one gets v/ Epan /Ao ~ (kpR)/? ~ nl/* where n
is the number of energy levels below the Fermi energy in the quantum billiard. This scaling
behavior was already given in reference [22] and applied in reference [8]. In the numerical
simulations of reference [27] the factor \/Epan/Ap is of the order of one because it is rather
difficult to increase n to values where this scaling behavior becomes important. The situation
changes a bit in three dimensions, where \/Epan/Ag ~ (kpR) ~ nl/3. An estimation of the
numerical factor that appears in equation (3.10) is given in Appendix C.

3.2. STRONG AND WEAK MAGNETIC FIELD SCALES IN A QUANTUM BILLIARD. — We now
briefly discuss the effects of stronger magnetic fields in a quantum billiard. For simplicity, we
consider the two-dimensional case, where a free electron in a magnetic field B has Landau levels
with energies E,, = fiwc(n + -%—) n =20,1,2,. .1s the number of the Landau band and w¢ =
(eB)/m is the cyclotron frequency. The eigenstates are a combination of harmonic oscillator

(3) The considerations made here for the disordered case are only vahd in the diffusive or metallic
regume where the states are not localized. In the localized regime the GOE statistics are no longer
valid and, in addition, the expectation value of L? would depend on the localization length instead of
the typical system size.
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states {with frequency w,) in one direction and plane waves in the orthogonal direction. The
magnetic length [, = \/A/(mwc) is the characteristic length of the harmonic oscillator. [ is
the typical width of the states (in the oscillator direction) of the first Landau band with n = 0.
At an arbitrary Energy Ep the states have a width ~ \/Ep/(fiwg) lc ~ vp/we = Rjam of the
order of the Lamor radius.

If in a quantum billiard of typical size R the magnetic field is very high so that Ry, < R,
the effect of the Landau Levels becomes very strong. There is a finite number of states of
each Landau band (with energies < Er) that do not feel the boundary because their typical
width Rj.nm, is sufficiently small. The states near the boundary (“edge states”) are raised to
higher energies. The energy spectrum near Er does not differ very much from the spectrum
of the unbounded plane and cannot be described by a GUE spectrum. The only effects are a
(very) small breaking of the degeneracies and the appearance of the edge states. The classical
trajectories are circles with radius Ry, that do not see the boundary. If the magnetic field is
lowered (such that !; € R <« Riam) the fast electrons at the Fermi energy Er feel very well the
boundary and the energy spectrum should be closer to a GUE statistics. But at low energies
E < Ep the Landau levels still exist and the corresponding edge states can have energies
near Er. The latter may well complicate a simple GUE picture because the corresponding
eigenfunctions have a very small overlap with most of the states at Er. This effect disappears
if the magnetic field becomes smaller such that B < I.. Then the real GUE statistics applies.

Taking into account the effects described above and the results of the last Subsection, we
distinguish four regions for the magnetic field.

(i) ®/®9 < /Ao/Eban, the GOE to GUE crossover regime. The level statistic of this
regime is described by the correlation functions of reference [9]. If ®/®y < /A¢/Ebai,
the behavior is near to a GOE but one must take into account that the level repulsion
becomes immediately quadratic on a very short energy scale.

(ii) v/Ao/Eran € ®/®4 < 1, the GUE regime. The level statistics are described by a GUE.

(iii) 1 € &/®9 « Ep/Epay or I € R € Ryjam, the regime where first Landau level effects
appear. The level statistic 1s roughly GUE with complications due to edge states.

(iv) Ep/Eban € ®/®0, or Rlam € R, the Landau level regime. The behavior of the eigenval-
ues near Ep 1s very close to the spectrum of the Landau levels and thus regular.

This subdivision of the different magnetic field scales remains essentially valid in three instead
of two space dimensions. The behavior of the regions (i) and (ii) is the same. In the regions (iii)
and (iv) the influence of the z-component of the momentum becomes important. In the region
(iv) every energy eigenvalue 1s a sum of one Landau level of the zy-plane and a contribution
due to the kinetic energy in the z-direction. The Hamiltonian 1s (roughly) a sum of two regular
independent parts. The situation in region (iii) is again rather complicated due to a mixture
of “Poisson”- and “GUE”-levels.

Our main concern is the crossover between the regions (i) and (ii), where we suppose that
the Hamiltonian is well described by the Pandey-Mehta Hamiltonian (3.1) with a parameter
o given by equation (3.10). In the next Subsection we discuss how a can be related with the
Brownian motion time ¢ of the COE — CUE crossover.

3.3. S-BROWNIAN MOTION TIME AND PANDEY-MEHTA HAMILTONIAN. — The 2N x 2N-
scattering matrix S of a physical system that is described by an A’ x A-random Hamiltonian

H can be expressed by
SHYy=1-2miW' G, W (3.11)
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where we have used the abbreviation
Gy =(E-Hzxinwwh=t | (3.12)

W is a N x 2N matrix that describes the coupling between the states of the system with the
scattering channels. The expression (3.11) is well justified 7, 28] (and references therein) and
is the usual starting point for supersymmetric calculations [7,8,28,29]. It is not very difficult
to see that S(H) given by (3.11) is indeed a unitary matrix if H is Hermitian. We take the
limit /Y — oo but the dimension 2V of the scattering matrix may remain finite (as considered
in reference [8]). When we consider the limit N > 1, we nevertheless assume N < . We
note M = 2N the dimension of S.

The expression (3.11), relating an appropriate Hamiltonian to .S, is what we need for giving
a microscopic motivation of the S-Brownian motion model. However, we assume for simplicity
a crossover random matrix model for the Hamiltonian, and not a real microscopic model.

Let us assume that the Hamiltonian H contains a typical parameter depending on the
magnetic field. A small change of the parameter leads to the replacement H — H + AH which

gves for S
S(H + AH) = S(H) exp(—16X) (3.13)

where 6X is a Hermitian matrix. Expanding equation (3.11) up to second order we obtain
after some matrix-algebra the expression

§X = 27r{W‘f G_AHG.W
+WIG_AHG, (E-H)G_AHG, W} +0 ((AH)?) (3.14)
We now assume that the Hamiltonian can be written in the form
H(y) = Hy + v Hgug(v?) (3.15)

where Hy is some (fixed or random) part of the Hamiltonian that may be rather general
at the moment. HGUE(vz) is a GUE-random matrix (statistically independent of Hy) whose
elements are independent and normally distributed. The average and variance of Hgyg(v?)
are characterized by

(Heue(v®)) =0 , (Hgue(v®)! AHgue(v?)) = v*tr(4) 1y (3.16)

where A is an arbitrary /' X A test-matrix. We consider now an infinitesimal change of the
parameter v — v + &v. Since the sum of two normally distributed variables 1s also normally
distributed, we can apply the decomposition

(v +6v) Heue(v®) — v Hguei1(v?) + Ay Hgug,2(v?) (3.17)

where Hgyg,1 and Hgyg,1 are two different and completely independent GUE-matrices both
characterized by (3.16). The variances are related through

Y+ =7 +(Av)? = Ay~ /296y (3.18)

The replacement (3.17) is exact and does not incorporate any approximation if the translation
(3.18) is properly used. We emphasize that this substitution of one set of Gaussian variables
with a sum of two independent sets of new Gaussian variables works as fas as we are only
interested in simple but arbitrary averages of the type (f[S(H(v))]} (where f is an arbitrary
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function of the scattering matrix) for a given value of 4. In the case of correlations between
different v values, i. e. if we want to calculate averages of the type (f1[S(H(m))] f2[S(H(m +
72))]}, the decomposition (3.17) can not be used because it is not possible to vary <2 1n this
way without changing v,. However, for the case ; = 0 the dependence on 2 can be considered
in the same way. Therefore, the following argumentation concerning the relation between the
Brownian motion time t and the parameter v holds for averages { f[S(H())]) and the particular
correlations {f1[S(H(0))] f2[S(H{))]).

We 1dentify the small matrix AH with Ay Hgygs. The hermitian matrix 6X given by
equation (3.14) is now a random matrix matrix because of Hgygs. We average over this
GUE-matrix (denoted by {---)2) and obtain with the help of (3.16)

(5X)s = 2o () (8x(Gy) + (G_)) QUH) (3.19)
(6XTA6X), = o* (Av)? tr(AQUH)) QH) (3.20)

where now A is an arbitrary M x M-test matrix and Q(H) is the Wigner time delay matrix

given by

1 05
0F

We underline that the matrix elements Q;, give the time delay characterizing the scattering
modes of the chaotic cavity. This physical meaning is very useful for a more concrete and
intuitive understanding of this somewhat abstract S-Brownian motion ensemble. We have
to compare the averages (3.19) and (3.20} with the corresponding averages of the Brownian
motion “increment” §X(B) [15,19] given by

QH)=2rWIG_G, W =-i8 (3.21)

i

(6X(B)), 0, (3.22)
(6XPHY A6XB), = Déttr(A)1y (3.23)

where 6t is the change of the Brownian motion time ¢ and D is the diffusion constant (which
1s chosen as D = 4 in the applications of this paper and in reference [19]). From this we can
directly state:

The Brownian motion model is the idealization in which the following two conditions are
fulfilled

tr(G4) +tr(G-) = 0 (3.24)

QUHE) = g0 1um (3.25)

where go(¥?) is a number that may depend on y* but not on the different realizations of Hgug
in (3.15). If these conditions are valid the relation between the Brownian motion time and

the parameter v is determined by D 6t = v2(Av)? g2(7?) ~ v2 2y 8 g2 (v?) which results in the
translation

2 +* )
t= 5/() dz g5 (x) (3.26)

Assuming (3.25) we can evaluate go(y?) as the trace of the matrix Q(H) which is just
Wigner’s time delay

M - go(v*)

tr(Q(H)) = (—)tr(GL(2mi WWHGL)
(=) (tr(G-) — t1(Gy)) (3.27)
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where the last equality holds due to (3.12). Let us assume (as in reference [29]) that the
operator H + inW W1 has complex eigenvalues E, +iX,, £, > 0 such that

E—E,FiX X
tr(Ge) =) (—%—E,CL)T:%Z ~FiL (3.28)
1

The second equality is an approximation valid if the typical values of the imaginary parts
satisfy X, > A where A is the level spacing of H. Then, one can replace the y-sum by an
integral over E,,. This condition is related to the limit A >> 1 where the conditions (3.24) and
(3.25) make sense. Actually, equation (3.28) yields already the first condition (3.24).

The second condition (3.25) means that the time delays of the different scattering modes are
roughly identical (which looks natural for a chaotic cavity) and do not fluctuate (in comparison
with their mean value). This second assumption is less natural, but can be justified if the
number of channels is large (4).

In the following, we only consider a range for the parameter  that is small enough for
having A determined by the part Hp of the Hamiltonian (3.15), 1.e., A ~ A where A, is the
level spacing of Hy. This assumption is very reasonable since in the large N limit the range
4 ~ 1//N yields already the wanted crossover (if Hy is a GOE matrix). The number go 15
now approximately independent of «y. Due to (3.28) and (3.27) it is given by go ~ 27 /(M Ap).
Furthermore, since the variance v? is related to the level spacing Agyg of Hgug via [24]
v? = N A4yg/7?, one gets for the Brownian motion time (3.26)

=£AéUE 2
M2 A2

where the diffusion constant D = 4. Assuming the validity of the conditions (3.24) and (3.25)
with the approximation (3.28), the S-matrix of H = Hy + v Hqug(v?) is described by the
Brownian motion ensemble with an initial condition S(¢t = 0) = S(Hp) and a time parameter
(3.29).

Now, we assume that the initial Hamiltonian is a Gaussian orthogonal random matrix Hy =
Hgore(v?) and that H(y) = Hgor(v?) + v Hgue(v?). The S-Brownian motion ensemble
corresponds approximately to this choice with the S-matrix expression (3.11) and the time-
translation ¢ = (M+?)/M?. The Brownian motion ensemble can describe properly averages
and correlations between v =0 and v > 0 (5).

¢ (3.29)

(*)If Ho 1s a GOE random matrix, we can consider the deviation 6Q = Q — 1/M tr(Q) 1as from Q
with the matrix go 137. A measure for the fluctuations 6Q is just tr(6Q?) = tr(Q?) — 1/M tr(Q)%. We
have calculated the average of this quantity using supersymmetric techniques 1n leading order of a large
channel number with the result (tr(6Q%)) = (2x/Aq¢)?/M = O(M ™) where Ag 1s the level spacing
of Hgyg. We do not present this calculation based on a perturbative treatment of the s-model [2§].
The relative variance {|6Q.,|?)/(Qu.)? of an arbitrary matrix element of 6Q., is of the order O(M 1)
thus verifying the second condition (3.25) in the limit

(°) We have still to ensure that the mtial condition ¥ = 0 corresponds to the circular orthogonal
ensemble. In general, the S-matrix described by equation (3.11) represents a wide class of random
matrix ensembles depending on the independent matrix elements of the symmetric M x M-matrix
WHW [7]. In the case H = Hgog, one expects [29] that there 1s one particular choice of WIW in
which S(H) is exactly distributed as a umtary COE random matrix. This choice is charactenzed by
the requirement that the average (S(H)) = 0 vanishes corresponding to a maximal coupling between
the scattering channels and the system [7]. At the energy range |E| < NAgog one requres [7,29]
WIW = NAgogr/7* - La. The typical value of the imaginary parts £, used in equation (3.28) can
then be estimated as $, ~ 1/A tr(nWW') = MAgog/n and the condition for the validity of (3.28)
reads as M > 1.
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We can note that the random Hamiltonian H () is not identical to the Pandey-Mehta Hamil-
tonian (3.1). However, we can again use a decomposition of Gaussian variables which leads to
the identification H, — V1 — o2 Hgor(v?) + V2 a Hgug(v?). The factor v/2 is due to the fact
that the sum of the real and the imaginary parts of the (off diagonal) matrix elements has a dou-
bled variance, i.e., ((HgoE,i,)* + (4,)?) = 2v? = 2(|Hgug ,,|?). Since the typical scale of the
parameter ¢ is o ~ 1/\/j\_f, we can approximate H, ~ Hgog(v?) + vV2a Hgus(v?) = H(v2)
and we obtain thus the relation v = v/2a leading to the final relation between ¢ and a

t=t(a) = ~M2—5 Na?) = % 72 \2 (3.30)
where A is the crossover parameter used in reference [9].

We emphasize that the identification of the Pandey-Mehta Hamiltonian H, with H(v2a)
works only as fas as averages are concerned. The correlations between o = 0 and a > 0 are
then not properly described by the Brownian motion model and indeed the critical field scale
for these correlations obtained from the Brownian motion ensemble is a factor v/2 too small if
compared with semiclassical results [5] and a supersymmetric treatment of the Pandey-Mehta
Hamiltonian [30].

4. Validity and Limit of the S-Brownian Motion Ensemble

The S-Brownian motion time ¢ is related to the crossover parameter A = VAN a/m of the
Pandey-Mehta Hamiltonian (3.1) via

212 )2

This 1dentification assumes the limit M > 1. One can express A in terms of the magnetic flux:
for a ballistic chaotic dot, we found in Subsection 3.1 the expression

4k k  hop d
/\=\/~———-—— — .
w A()QR (@o) (42)

where k and K are numerical constants characteristic for the shape of a dot of typical size 2R
and of level spacing Ag without magnetic flux, vp 1s the Ferm: velocity.

We can now compare result (2.49) for the average magnetoconductance with that of reference
[8]. From equation (4.1) we obtain for the S-Brownian motion ensemble

(4.1)

M M 812 \2
(9(A\)}BE = 7 Z(m exp (“T) ) (43)
whereas the supersymmetric result of reference [8] reads
M M 8(M —1)n® A2\ 7!
(s = F - g (1+ g ) (44)

Equation (4.4) is not the exact analytical result, but an accurate fit obtained after the numerical
evaluation of three integrals [8]. In leading order of 1/M and in the region A2 <« M/(8x?), both
results become identical, whereas for larger values of A the difference between the Lorentzian
and the Gaussian is more important. This can be understood from the argumentation devel-
oped in Subsection 3.3, which shows that the S-Brownian motion model cannot be exactly
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mapped on the S-matrix expression (3.11) used in reference [8]. The expressions (3.19) and
(3.20) for the averages of the increment §X show that in reality we have to deal with a more
complicated stochastic process than the simplified one implied by equations (3.22) and (3.23).
Both stochastic processes are only approximately in agreement for sufficiently small Brownian
motion times or values of the symmetry breaking parameter, 1e., for A?> < M/8, where the
results (4.3) and (4.4) are consistent.

The correlations between two different values A and A + AX are only properly described if
A vanishes and A is sufficiently small. In addition, the comparison with semiclassical [5] and
supersymmetric [19] results gives a factor /2 for the relevant AX scale. This factor can be
understood by the difference between a symmetry breaking due to an imaginary antisymmetric
matrix or to a fully hermitian matrix (compare Subsection 3.3 and Ref. [30]).

In reference [19] it was shown that the Fokker-Planck equation for the transmission eigenval-
ues 7, can also be obtained for a more general matrix §X than described by equations (3.22)
and (3.23). If we assume that this is true for the S-matrix (3.11) with the Pandey-Mehta
Hamiltonian, we have only to determine correctly the relation between the S-Brownian motion
time and the parameter A. Then, the expression (3.30) will only be an approximation valid in
the range A? < M/(87?) and one could use the supersymmetric result (4.4) to obtain a more

appropriate expression
1 8(M — 1)n? \?
t=—h({l+ —>7F—— .

ar " ( T (4.5)

This modified relation assumes that the problem resulting from the difference between the
S-Brownian motion model and the microscopic S-matrix (3.11) can be solved by an appro-
priate rescaling of the Brownian motion time (%). This will work for the average conductance
(suppression of the weak localization correction), but not for the conductance-conductance
correlations.

It is worth underlining that the crossover from orthogonal to unitary symmetry happens at
the critical M-dependent value Ac = /M /8 /7 for the parameter A. The corresponding critical
flux is given by

M Ap2R
27k k hup

Bc = & (4.6)

This is due to the M-dependence of the typical time for an electron to stay in the dot. With
increasing channel number N = M/2, this typical time is shorter. Therefore the critical flux
needed to break the phase coherence between time reversed paths is larger. Semiclassical
analysis [5] shows that the distribution of the effective area © surrounded by the electronic
trajectories plays an important role. The comparison (of the quadratic term) of the Lorentzian
[5] with the above expressions (4.3-4.4) yields just

1
&c = Eacl Ad (4.7)

where A is the area of the two-dimensional cavity and « is the characteristic inverse area
appearing 1n the exponential behavior of the probability density p(©) ~ exp(—ac |9|) for ©.
Equations (4.6) and (4.7) yield directly ag ~ v/M or (|©|) ~ 1/vVM.

The studied S-Brownian motion ensemble has the decisive advantage that many important
properties (Section 2) can be calculated exactly, even for a finite dimension M of the S-matrix.
It is possible to relate this model to the Pandey-Mehta Hamiltonian when there is a large

(°) In fact, relation (4.5) gives the correct A-dependence of the conductance fluctuations (in the limit
M > 1) if we apply this relation to (2.54) (for 7 = 0) and compare 1t with a perturbative treatment
of the o-model [30].
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number of channels up to a certain approximation and to express the Brownian motion time in
terms of the parameter A (directly related to the magnetic flux). This yields consistent results
for the magnetoconductance for sufficiently small values of A <« Ac whereas in the other limit
the deviation between a Lorentzian and a Gaussian behavior becomes relevant. This indicates
that the S-matrix (3.11) with the Pandey-Mehta Hamiltonian (3.1) is not equivalent to the
S-Brownian motion model. This latter model assumes a uniform and irreversible diffusion
process in the S-matrix space being valid for short time scales. For longer times, a rescaling
of the time scale, as proposed in equation (4.5), improves the validity of the model, as far as
averages are concerned, e.g., average and variance of the conductance. It is shown however [30]
that even this rescaling of the Brownian motion time is not sufficient for having the right
autocorrelation function between different times.

To improve this exactly solvable model, one might reconsider its two main assumptions:
first that the infinitesimal evolution exp(—i6X) of S is statistically independent of S, and
second, that this evolution is isotropic with a time delay matrix Q(H) fulfilling the conditions
equations (3.25) and (3.24). In principle, these conditions are only valid in average. To remove
the first hypothesis would imply a Brownian motion with memory effect or a diffusion constant
becoming a random quantity on itself, i e., a rather involved Brownian motion in a random
medium.

It might be interesting for future works to use the S-Brownian motion ensemble for a prob-
ably simpler problem: the parametric correlations with respect to the energy. In this case,
the time delay matrix Q(H) appears in a very direct way as §X/6E and just the fluctuations
around its average (which we have neglected in the last subsection) are decisive to generate
the Brownian motion dynamics. One could numerically investigate if the statistic of Q(H) in a
chaotic cavity is at least approximately independent of the statistic of S and obeys the isotropy
condition necessary for our model. Furthermore, one could try to formulate a non-isotropic
Brownian motion if imposed by a more realistic time delay matrix.
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Appendix A

Calculation of the Skew Orthogonal Polynomials

In this Appendix, we sketch the calculation of the skew orthogonal polynomials qn)(m) for the
antisymmetric scalar product (2.11). First we consider the case t = 0. Due to g(z,%;0) =
6(x — y) and (2.7) the scalar product then becomes

o @1 e(y2 —y1)
< f,g>r:=<f,g> 2/ dylf dyz N A f(n) 9(y2) (A1)

In addition, we need the conventional symmetric scalar product given by

1
< f,g>c= /~1 dy f(y) 9(v) (A.2)
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with the Legendre polynomials P,(z) as orthogonal polynomials, i.e., < P,, Py, >c=2/(1+
2n) 6pm- In the following we omit the superscript (- - -)(®) and denote qn( ) the skew orthogonal
polynomials (compare equation (2.12)). In usual random matrix applications [24] the two type
of scalar products contain the same weight function and one can exploit a simple symmetry
due to parity z — —z. The skew orthogonal polynomials are then directly related with the
conventional orthogonal polynomials and their derivatives [24]. The situation here is a bit
more complicated and our aim is to expand the g,(z) in terms of the Legendre polynomials.
We use therefore the ansatz

gn(2) = Y bam (1 +2m) Pr(2) (A.3)

m=0

where the b,,, are coeflicients to be determined. We note that both scalar products are related
via the following lemma

< £,9(@) = o(-1) b= o =3 < /,9(@) 21— ) ¢ (@) >n (4.4

where z 1s the argument of the function on the right sides. Lemma (A.4) is easily verified
by two-times partial integration of < f,¢g >g (and using that e(u) = sign(v)). Using the
expansion

m Z Pi(z) (A.5)

and standard identities which relate the Legendre polynomla.ls and their derivates we find for
an arbitrary function f(z) and for g(z) = P,,(z) from (A.4)

o0
<fi Pn—(-1)" > Pi>c=
k=0

1
=3 <f,(1+4+2m)P, —2(2m —1)Pp_1 + 2P, _, +2P, _,>p . (A.6)

The coeflicients b, can be evaluated by b,.., =< g, Pn >c¢ which follows directly from (A.3).
This identity holds also for n < m if we put in this case b,,m = 0. The skew orthogonality
of the g, implies < g, 7 >p= 0 if 7, is an arbitrary polynominal of degree m < n — 2 (or
m < n if » 15 an even number). We put f = g, if n > m and obtain from (A.6) and (A.3)

—(-1™ ank = < Gn, (1 + 2m) Py, — 2(2m — 1)P_y >R (A7)

where we have used that P),_; and P,,_, are polynomials with a degree <m ~2<n-—2. In
general, this equation holds for m < n but in the case of even n it is valid for m = n + 1, too.

We consider first the case of even n = 2[. If m < 2! the r.h.s. of (A.7) vanishes and we get
therefore

bat,m = (—1)™ szl,k = (=1)"ba,u (A.8)
k=0
where the second equality holds because the sum does not depend on m. For m = 21+ 1
equation (A.7) gives

2!

1
baot = Y bak = 5 <2, (3+ 4 Poryy >r= (bar1,2041) 7 (A.9)
k=0
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The last equality is valid because the Legendre polynomials can be expanded in terms of the
@» by inversion of (A.3). The skew orthogonality implies that for (A.9) only the first coefficient
of this expansion is needed.

We exploit now (A.7) for the case of odd n = 2{ + 1 which is a bit more 1nvolved since three
subcases m < 21, m = 2[, m = 2l + 1 have to be considered yielding the following equations

bayim = (—1)"sauyr , m<2 (A.10)
1
bati,r = S241 — 5 (A.11)
21,21
_ bar1,21 2
bay1,2141 = —Sai41 -+ + (A.12)

bart1,2141 bar2r  bara

where we have used the abbreviation

2141
82141 = Z b21+1’k . (A13)
k=0

For (A.12) the first two coefficients in the expansion of Pyy; in terms of the ¢, were needed.

Equations (A.9), (A.11) and (A.12) yield two independent equations for the four quantities
baiaty bait1,205 b2i41,2041 and sgi41- The other by 4, bary1,m (With m < 2[) are determined by
equations (A.8) and (A.10). We have therefore two free parameters that are related to the
simple transformation go; — A - go; and gorp1 — A7 gory1 + B - g (with arbitrary constants
A # 0, B) that does not change the skew orthogonality of the ¢,. Hence, we can choose
boior = 1and byyy121 =0 which result in byj11,2141 = 1, so141 =1 and by, = bayim = (=™
for m < 2I. With these values of the coefficients b,,,,, the ansatz (A.3) yields the skew orthogonal
polynomials for < ---, -+ >®) at the time ¢ = 0.

It remains the task to find the skew orthogonal polynomials for an arbitrary time ¢ > 0. We
define now the polynomials

() (z) = Xn: bam (14 2m) Po(z) et (A.14)

m=0
where ¢, is given by e, = (1 + 2n)? (compare equation (2.4)). The orthogonality of the
Legendre polynomials and (2.4) imply directly that

1
/_ Ay o(e,3:0) 6)) = 60 (2) = 0:(2) (A.15)

with g,(z) given explicitly by (A.3) and the above stated values of b,,,. This relation shows

immediately by virtue of equation (2.7) that the q,(f)(x) are indeed a set of skew orthogonal
polynomials with respect to (2.11). The result (A.14) is just equation (2.29) stated in Section
2.3.

Appendix B
Modifications in the Quaternion Formulation in the Case of Odd Dimension

The quaternion formulation as described in Section 2.2 is only valid for the case of an even
number N of channels. Here, we briefly sketch the modifications for odd N. It turns out that
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this case can be treated in a similar way as the even N case, but nevertheless some technical
complications appear. The following treating is rather parallel to the one of reference [17], but
adapted to the concrete situation given here. Since for an odd dimension the determinant of
an antisymmetric matrix vanishes, equation (2.6) makes of course no sense if N is odd. The
method of integration over alternate variables yields now for the integral (2.1) the expression

. 712
p(z,t) = [l — 2] e~ [det( ff(;’(f{;;) F ("g’t) )] (B.1)
w>7 7

where .

F(z;t) (B.2)

\/__ g(z,y;t) = ZP (z)e et

g(zx,y;t) is given by equation (2.4) and the second equality holds due to the expansion (A.5) of
the square root in terms of Legendre polynomials. H(z,,z,;t) stands for an N x N subblock
of an (N + 1) x (N + 1)-matrix. F(z,;t) corresponds to the (N + 1)*' column and —F(z,; )
corresponds to the (IV + 1) row. From equation (2.29) we get directly the 1dentity

1
[ @ r@n=1 . (53
-1
Therefore, it is useful to modify the skew orthogonal polynomials by
i) = %) i@ , n<N-1 (B-4)
iNa(e) = ay. 1(ac) : (B.5)

dN-_1\T

In addition, we denote with Qn)(x) the dual functlons that correspond to the § i )( ), i.e., they
are given by the integral (2.13) where the @ ( ) are replaced by gt (:v) equations (B.3-B.5)

imply the “orthogonality” relation
1
/ de @(2) F(z;t) = by , n<N-1 (B.6)
-1

Using this notations, we redefine the quaternion function o(z,y;t) by

o _ [ oulz,ut) ow(z,yit)
a(a:,y,t)_(am(x,y;t) 022($,y§t)) ’ (B-7)

with
onl(zyit) = —Kg(z,y:t) +dv., (@) Fly:t)
ooz, ut) = Kgglz,u3t)
oa(z,y;t) = H(z,yt) — Kaplz,9:8) +
QW1 (2) Fly;t) - F(z;) QW (v)
o2z, y;t) = K@q(w,y;t)+F(w;t)é§3)_1(y)

The function K is defined as in equation (2.15) but with the peculiarity that the sum runs
over the range n,m = 0,1,. .,N — 2. Equations (2.16-2.19) remain valid, but in (2.17) one
has to replace N with N — 1. Again the three main properties (2.21-2.23) are valid and ensure
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the expression (2.28) for the m-point correlation function. The verification of (2.21-2.22) is
a rather lengthy but straightforward calculation using (2.16-2.19) and (B.5). The non-trivial
property is again (2.23) on which we will now concentrate. Instead of equation (2.26), we find
the identity

A(o(@,2,51)) = lim My(5) Ma(8) (B8)

where M; 5(5) stand for the two 2V x 2N-matrices

_ [ @=)T2 §-49 (z.) 0
M) = (Q(xi)TZ 6.@%_1(@)1116-1 F(z;t) 1) ’ 9
—Q(x]) Q(x:))
My(6) = =6- QN 1(eg) + 67 Floyit) 8- (2) (B.10)
H(z,,x,;t) — 672 F(zs;t) F(z5;t) 0

with a quasi block notation similar as in equation (2.26). The left column in M; contains two
N x (N — 1)-matrices and the first row in Mz contains two (N — 1) x N-matrices. The column
(row) in the middle of M; (M,) is of dimension 2N x 1 (or 1 x 2N). The blocks in the right
column of M; (or in the lower row of M) are just two square matrices of dimension N x N.
The determinant of (B.8) is now evaluated as

det (A(o(z,,z;; ))):hm &2 - det q(t)(xz) : det (—H(o:i,a:j;t)+<5‘2 F(z,;t) F(z,;t)
)

(B.11)
Using the abbreviations a,, = —H(z;,z,;t), v, = § ! F(z,;t) and the identities

G DG - (F7) e

det( . ) =det( o (1) )—f—det( T o ) det(v‘;ﬁ ';)” ) (B.13)
we find that the expression in equation (B.11) becomes equal (apart from the normalization
constant) to the square of the joint probability distribution (B.1). The second equality in
(B.13) holds because the determinant of an antisymmetric matrix in an odd-dimensional space
vanishes. We have so far proved the last property (2.23), too. Hence, the m-point functions
are again given by (2.28), but now with the quaternion function (B.7). It turns now out that
the results (2.36-2.42) are valid for the odd N-case, too.

il

Appendix C
Semiclassical Evaluation of the Constants « and &

In Subsection 3.1, we introduced the numerical constants « and & that depend on the dot geom-
etry. In this Appendix, we give a semiclassical estimation of them for some simple geometries.
The constant « is defined through the relation (L2)g,y = k m?vZ R? where the brackets denote
a combined quantum mechanical and statistical average. In the disordered case the position
r and the momentum p of the electron fluctuate on two different time scales 7r ~ R?/D (D
1s the diffusion constant) for r and 7 < 71 for p. In the semiclassical limit we can therefore
assume that r and p are statistically independent and the average consists of two independent
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integrals of r in the particle volume and of p on the Fermi surface [p/| = mvp. For a circle of
radius Rind = 2 d1mens1ons we obtain k = — and for a sphere of radius R in d = 3 dimensions
the result is & = &. One can also consider a d-dimensional ring (d = 1,2,3) on the zy-plane
with a thickness much smaller than R but larger than the mean free path. The integrations
then yield & = 5.

In the ballistic case we need the two constants x and & which appear only in the combination
kK. They are defined by

. (2R 2p2,2 “
Kk (E) m* R*vg =/0 dt (L.(0)L.(t)o,v (C1)
where the time dependence of the angular momentum is determined by the dynamics of the
Hamiltonian without magnetic field. In equation (C.1) already the time reversal invariance was
exploited. Let us now consider the classical ballistic motion of the electron in the quantum
billiard. Let r, be the i*! reflection point on the surface (with i = 0,1,2,... and ry = r(¢t = 0))
and ¢, the corresponding time of the reflection. The classical path is then given by r(t) =
r, + vpte, where t, <t < {,4; and e, is the unit vector in the direction of r,y; — r,. We can
now apply the semiclassical approximation to the average

/ dt L(O L(t) Z (t’L+1 - tz) L(to) : L(tl))average (02)
=0
with roXT
L(t,) = mop ——+L
|rz+1 - I‘-,,l

Let us now consider a surface that is very rough on a scale much smaller than the diameter
of the cavity. In addition, we consider again a circle in two dimensions or a sphere 1n three
dimensions. We assume that the surface-roughness implies that all reflection points r, are
statistically independent and that the average with respect to r, 1s just an integration over a
circle (or sphere) with radius R. Then 1n equation (C.2) only the term with 7 = 0 yields a non
vanishing contribution. Let ¥ be the angle between ry and r;. In two dimensions, equations
(C.1) and {C.2) yield after some obvious vector algebra

k& = {(sin(19) cos?(39)) . =2 (C.3)

average ind = 2 3

In three dimensions the angular momentum has also an z- and a y-component and we obtain

I | 2 4
k=3 (sin(39) cos (%ﬁ))average ina=3= g5 (C.4)

The relation (4.2) has then the form

ﬁ'l)F d
A=Cy Ao R (5;> (C.5)
with
1 /4
Cy = V3 = 0.3676 , (C.6)
8
C; = — o~ 0.2379 (C.7)

457
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The square-root factor in equation (C.5) can be calculated by standard expressions that relate
the Fermi energy and the number n of electrons in the cavity with the result:

h'UF _ 1/4 R _

B - n ind=2 , (C.8)
fop 1/6 ,1/3 _
ANE S (6/m) /% n ind=3 . (C.9)

The numerical results for an asymmetric stadium on page 176 of reference [27] yield a relation
A= 1.5.(®/®q) for the first 500 energy levels. A comparison with (C.5) and (C.8) imply
that the corresponding number of electrons is just n ~ 280, which is just in the middle of
the considered energy range. The agreement is very good if we consider the simplicity of
the “rough-surface” model used above. The numerical values (C.6-C.7) should therefore be
considered as (rather good) estimations for a typical quantum billiard.

References

[1] Marcus C.M., Rimberg A.J., Westervelt R.M., Hopkins P.F. and Gossard A.C., Phys. Rev. Lett.
69 (1992) 506; Marcus C.M., Westervelt R.M., Hopkins P.F. and Gossard A.C., Phys. Rev. B 48
(1993) 2460 and Surf. Sci. 305 (1994) 481; Berry M.J., Katine J.A., Marcus C.M., Westervelt
R.M. and Gossard A.C., Surf. Sci. 305 (1994) 495.

[2] Keller M.W., Millo O., Mittal A., Prober D.E. and Sacks R.N., Surf. Sci. 305 (1994) 501.

[3] Chang A.M., Baranger H.U., Pfeiffer L.N. and West K.W., Phys. Rev. Lett. 73 (1994) 2111.

[4] Berry M.V., Proc. R. Soc. Lond. A 400 (1985) 229.

[5] Jalabert R.A., Baranger H.U. and Stone A.D., Phys. Rev. Lett. 65 (1990) 2442; Baranger H.U.,
Jalabert R.A. and Stone A.D., Phys. Rev. Lett. 70 (1993) 3876 and Chaos 3 (1993) 665.

[6] Efetov K.B., Adv. Phys. 32 (1983) 53.

[7] Verbaarschot J.J.M., Weidenmiiller H.A. and Zirnbauer M.R., Phys. Rep. 129 (1985) 367.

[8] Pluhar Z., Weidenmiiller H.A., Zuk J.A. and Lewenkopf C.H., Phys. Rev. Lett. T3 (1994) 2115.

[9] Pandey A. and Mehta M.L., Commun. Math. Phys. 87 (1983) 449.

[10] Jalabert R.A., Pichard J.-L. and Beenakker C.W.J., Europhys. Lett. 27 (1994) 225; see also:
Jalabert R.A. and Pichard J.-L., J. Phys. I France 5 (1995) 287.

[11] Baranger H.U. and Mello P.A., Phys. Rev. Leit. 73 (1994) 142.
[12] Bohigas O., Giannom M.-J. and Schmit C., Phys. Rev. Leit. 52 (1984) 1.
[13] Blimel R. and Smilansky U., Phys. Rev. Lett. 64 (1989) 241.
[14] Dyson F.J., J. Math. Phys. 3 (1962) 140.
[15] Dyson F.J., J. Math. Phys. 3 (1962) 1191,
[16] Rau J., Phys. Rev. B 51 (1995) 7734.
[17] Pandey A. and Shukla P., J. Phys. A 24 (1991) 3907.
[18] Pandey A., Ramaswamy R. and Shukla P., Pramana J. Phys. (India) 41 (1993) L75.
[19] Frahm K. and Pichard J.-L., J. Phys. I France 5 (1995) 877 (following article in this 1ssue).
[20] Dyson F.J., Commun. Math. Phys. 19 (1970) 235.
{21] Dupws N. and Montambaux G., Phys. Rev. B 43 (1991) 14390.
]

[22] Bohigas O., Giannoni M.-J. and Schmit C., “Spectral Fluctuations of Classically Chaotic Quan-
tum Systems”, Quantum Chaos and Statistical Nuclear Physics, Lecture Notes in Physics,
Vol. 263, T.H. Seligman and H. Nishioka, Eds. (Springer, 1986).



876 JOURNAL DE PHYSIQUE 1 Ne7

[23] Bohigas O., Giannoni M.-J., Ozorio A.M. and Schmit C., Nonlinearity 8 (1995) 203.

[24] Mehta M.L., Random Matrices, 2nd Ed. (Academic, New York, 1991).

[25] Dyson F.J., J. Math. Phys. 13 (1972) 90.

[26] Al'tshuler B.L. and Shklovskii B.I., Zh. Eksp. Teor. Fiz. 91 (1986) 220 (English translation m
Sov. Phys. — J. Exp. Theor. Phys. 64 (1986) 127).

[27] Bohigas O., “Random Matrix Theories and Chaotic Systems”, Chaos and Quantum Physics,
Summerschool Les Houches 1989, M.-J. Giannoni, A. Voros and J. Zinn-Justin, Eds. (North
Holland, Amsterdam, 1991).

[28] Iida S., Weidenmuller H.A. and Zuk J.A., Ann. Phys. (NY) 200 (1990) 219.

[29] Lewenkopf C.H. and Weidenmiiller H.A., Ann. Phys. (NY) 212 (1991) 53.

[30] Frahm K., Europhys. Lett. 30 (1995) 457.



