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RESUME - Nous montrons par des exemples comment une analyse morphologique quantitative de micro-
structures peut contribuer à développer une approche micromécanique dans l’etude du comportement
mécanique des matériaux.

* Dans la première partie, nous rappelons les principaux paramètres morphologiques qui
donnent une description quantitative d’un point de vue statistique : fonctions de corrélation
d’ordre n, moments Q(B). Ces paramètres peuvent être mesurés sur des matériaux par analyse d’images,
ou calculés pour certaines classes de modèles aléatoires de structures, afin de résumer les données

disponibles sur la microstructure.
* Lorsqu’on étudie les propriétés mécaniques, il peut être utile de développer des mesures

spécifiques. Une illustration en est donnée à travers trois exemples dans le domaine de la mécani-
que de la rupture :

- une approche "auto-cohérente" a permis de relier la résistance mécanique du coke à sa
structure poreuse ;

- les associations spatiales entre fissures et structure minéralogique ont été caractéri-
sées à l’aide de mesures appropriées,dans l’etude de la dégradation d’un aggloméré de minerai de
fer au cours de sa réduction ;

- des simulations par analyse d’image de la propagation de fissures dans du graphite poreux
ont été développées pour expliquer le rôle des macropores intergranulaires sur l’anisotropie de té-
nacité et de résistance mécanique.

ABSTRACT - We give an illustration of how quantitative morphological analysis of microstructures
may help to develop a micromechanical approach to investigate the mechanical behaviour of materials.

* In the first part, we recall the main morphological parameters that account for a quanti-
tative description of microstructures from a statistical point of view : correlation functions of
order n, moments Q(B). These parameters may be measured on materials by means of image analysis, or
may be calculated for certain classes of random models of structures, in order to sum up available
data on the microstructure.

* When studying mechanical properties, it may be useful to develop specific measurements.
This will be illustrated by three examples in the case of fracture mechanics :

- a "self-consistent" approach allowed to relate coke strength to its porous structure ;
- spatial relationship between crack paths and underlying mineralogical structure were

looked for with appropriate measurements in a study of iron ore sinter degradation during reduction ;
- image analysis simulations of crack propagation in porous graphite were developed to ex-

plain the role of intergranular macropores on toughness and strength anisotropy.
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1. INTRODUCTION

The use of a microstructural description to explain
the mechanical behaviour of materials is necessary,
and rather widespread, mainly on a qualitative ba-

sis : one of the most common eXamples is the diag-
nosis of the failure of materials from fractogra -
phic examinations, where "defects" in the material
structure are detected in order to point out the
cause of the fracture process.
Getting quantitative data on the structure of ma-

terials may help to advance further in the determi-

nation of relationships between overall behaviour
and microstructure. Staying in the field of fracto-
graphy, quantitative fractography performed by
means of image analysis [1] allows getting useful
and reliable data.

From image analysis, it is also possible to mea-
sure microstructural parameters that can be used in
a "micro-mechanical" model, i.e. a model using mi-
crostructural information to predict the mechanical
behaviour. This point is illustrated by several
examples :
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- in section 2, the use of a statistical approach
for the analysis of microstructures by means of cor-
relation functions and functional moment Q(B) is

recalled ;
- in section 3, the development of specific mor-

phological measurements for micromechanics is dis-

cussed, in the frame of fracture mechanics of

brittle porous heterogeneous materials : first the

fracture strength of a porous material is consider-

ed ; then two morphological approaches of damage
during fracture are proposed.

2. STATISTICAL APPROACH OF MICROSTRUCTURES

2.1 Définition of Statistical Spatial Properties

Intrinsic heterogeneities of the structure

From (1) it is obvious that the use of different

structuring elements (with different shapes, as

illustrated in figure 1, or of different sizes)
give a complete description of the morphological
information contained in the microstructure. Par-

ticular choices of B give specific morphological
data. A classification of the types of structuring
elements (and operations derived from erosion) re-
sults in various morphological criteria [61 .

In the case of multiphase materials (phase X1,...
Xk), it is possible to consider a finite set of

points x, x+h1,...x+hn as a structuring element B,
and to define

Relation (2) gives n-7points morphological correla-

of materials result in spatial variations of their
physical properties at different scales : it is the
case of the optical microscope level for the poly-
crystal structure of steel, and the multiphase mi-
neralogical structure of iron ore sinters [2J . A
correct approach of the quantitative morphological
analysis of such materials is provided by random
sets modelling in the frame of mathematical morpho-
logy [2-8]. It can be shown that a random set X
is completely characterized from its functional mo-
ments Q(B,x)[3,4] :

where X e B is the morphological operation (acting
on X) called erosion, by the structuring element B,
as illustrated in figure 1.

Figure 1 - Example of erosion X 0 B
a. Initial image X (in black)

b. X 0398 H(r) (H’(r) = hexagon)
c. X 0398 h (erosion by a pair of points

x, x+h)

tion functions [5,7], to study order n mutual asso-
ciations of phases. Particular cases are given by
n = 2 (covariance anâlysis in fig. 1-c ) and by
n = 3 (third order correlation functions).

From the n-points morphological correlation func-
tions, it is possible to calculate the correlation
functi.ons of the material physical properties a(x),
provided that the individual properties a. of each
phase of the material are known [7] : 

1

- second order correlation function W(x,x+h) =

x+h e Xj) } is the cross - covariance between phases
X. and X.).

- third order corrélation function
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2.2 Determination of Statistical Spatial Proper-
ties.

In most cases, considered materials are, on

average, homogeneous in space. It means that they
can be modelled by stationary ergodic random sets.

Therefore the functional moments and correlation
functions in equations (1) to (4) do not depend on
the location of point x in the material, and all
the corresponding probabilities can be estimated
from volume fraction measurements.

Practically, the functional and the statistical

morphological moments can be determined in two dif-
ferent ways [7] :

- for a given material, they can be estimated 
from measurements on samples by image analysis with
appropriate image..transformations (erosions in (1)
or translations and intersections in (2)) and volu-
me fraction (or area fraction on plane sections)
measurements ;

- they can be calculated in a theoretical way for
a given model of structure as a function of the
model parameters. This is mainly useful for high
order moments, which are difficult to estimate, or

even inaccessible when 3-D structuring elements are
required (e.g. 4th order correlation functions)
and only planar samples are available. Examples
are detailed in [7] and summed up in[ 8] .

2.3 Use of Correlation Functions of Material

Properties.

The correlation functions can be used as
quantitative descriptors of the microstructure, to

sum up morphological information (for instance, the
changes of the covariance function with the distan-
ce h reflect the scales in the material).
They also enter as parameters in the prediction

of effective (macroscopic) properties of materials
from microscopic information in the case of linear
relations (such as linear elasticity for mechanical
behaviour). Representative contributions to this
approach can be classified according to different
methods :

- statistical theory of heterogeneous materials
[9,10].

- perturbation theory [11,12,13] .
- bounds derived from variational methods [14,15,

16] .
They all lead to an optimal estimation of effective
properties up to order n (which is the order of the
correlation functions entering into the approxima-
tion), and are limited in the applications to non-
porous materials. 

So, it is possible either by image analysis or
by random structure modelling, to use the available
statistical theories to estimate macroscopic linear
properties of materials from their microstructure.

3. SPECIFIC MORPHOLOGICAL MEASUREMENT IN THE CASE

OF FRACTURE MECHANICS.

There is presently no general theoretical statisti-
cal approach to predict fracture mechanics parame-
ters from microscopical information. Solving this
problem is difficult mainly foz porous materials,
where the dispersion of stresses in the material
(due to stress concentration) is so high that ap-
proximate methods such as calculations based on
perturbations are irrelevant. Instead of general
methods, particular prédiction (based on simplified
assumptions of the geometry of the material) can be

proposed as is illustrated in this paper for coke

material.

As far as damage to a material (i.e. microcracking
under stress) is concerned, new morphological mea-
surements can also be introduced (section 3.2).

3.1 Relation between tensile strength and pore
size of porous materials.

An example of porous material is given by
metallurgical coke (Figure 2), that is used in the
blast furnace. Its pore volume fraction is nearly
50%. The sizes of pores range from 10pm to several
mm. Its tensile strength may be estimated from dia-
metral compression tests on cylinders drilled in
the material. A "self-consistent" approach was pro-
posed to relate coke tensile strength to its porous
structure [5,17,18] . In this approach, an equiva-
lent médium with a simplified porous geometry and
an homogeneous matrix is considered. Two different
mechanical assumpciors can be used :

- classical fracture mechanics can be applied to
the largest pores in the material sample, consider-
ed as an isolated flaw inside an homogeneous medium.
-fracture mechanics calculation on a periodic po-

rous structure can provide an estimation of the
tensile strength as a function of the critical stress
intensity factor KI of the matrix. It accounts for

c

mechanical interactions between pores but it ne-
glects pore size distribution.

3.1.1 Prediction of the tensile strength
from the size of the largest pore.
From classical. fracture mechanics, the

tensile strength 03C3c of an homegeneous material con-
taining an isolated crack (with length 2a) is ex-

pressed by :

where E,V , and GIc are Young modulus, Poisson co-
efficient and toughness of the homogeneous material.
For a porous material (with inhomogeneous pore size
distribution) it is possible to use (5), where a is
a "size parameter" of the largest pore, and where
the other parameters depend on pore morphology.

The Poisson coefficient is usually considered
as constant (for a given matrix), while empirical
formulations were proposed to relate Young’s modu-
lus [19] and toughness [20] to pore volume fraction

From equations (5), (6), (7), a relation between
tensile strength (ac), pore volume fraction, and
the average size of cthe largest pore (I) is deri-
ved :

3.1.2 Prediction of the tensile strength
from mechanical interactions in a

regular array of spherical pores.

Finite element calculations allowed propo-
sing a different formulation to relate strength to
pore geometry [2i] : spherical pores with radius a
are implanted on an hexagonal grid. For a tensile
stress applied orthogonally to the grid and an ho-
mogeneous matrix (with critical stress intensity
factor KIc), an approximate equation relating cyc
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to the other parameters is given by

It is possible to replace a real porous structure
(with pore volume fraction V and specific surface
area Sv) by an equivalent periodic structure. The-ref ore 

The two approaches were tested on different
metallurgical cokes [5,17,18]. The morphological
parameters entering into equations (8) and (10)
were measured by image analysis on polished sections
prepared close to the fracture plane of the samples.
Each of them was explored by 4 fields of measure-
ment of size (4,86 x 4,2 mm2), where pores were
filtered according to their size, by hexagons (of
95um, 190pm, 285pm, 380pm and 475pm sides (Figure
3)). Pore volume fractions and pore average inter-

cept I were measured for each size of the filter.

They were averaged for the 4 fields and for samples
belonging to the same class of tensile strength.
Details of the result are given in the references.
Here we can only report the conclusions : in the
case of coke material, the approach derived from
relation (8) (initiation of fracture on the largest
pores) givesthe best relation strength-porosity.

Figure 2. Porous structure of metallurgical coke (po-
res in black,and carbon phase in grey).

Figure 3. Détection of largest pores seen in a section
of a coke sample (see text).

It allows deriving an estimation of parameters 03B2 and
K. The first one is a pore shape parameter, while
the second one is related to the critical stress in

tensity factor of the carbon matrix. It is therefo-

re possible to estimate porosity-free mechanical
properties of the material.

This approach is worth being followed for
other materials. It should also be of interest to
introduce more realistic geometries of porous media
and more appropriate relations than (6) and (7)
between mechanical properties and porosity.

3.2 Morphological Approach of the Development of
Damage During Material Fracture.

The purpose of this section is to show how a mor-

phological and image analysis approach may be used
to study spatial interactions during crack propaga-
tion in materials. Two different cases are consider-
ed : .

- morphological analysis of the microcracks
- image analysis simulation of crack propagation.

3.2.1 Morphological analysis of microcracking
in multi-component materials.

When studying a cracked material it may be
useful to obtain statistical information on the lo-
cation of the crack network (and of its charac-
teristics such as end points, multiple points...)
with respect to the microstructure. It should be no-

ted that in the case of cracks with zero thickness,
the use of covariances or of correlation functions
as presented in section 2, would fail, as these

functions are identically reduced to zero.

Thus, we developed appropriate methods for the
quantitative study of spatial distributions in mul-
ti-component structures [22, 21 based on the elemen-
tary morphological operation called dilation (~)

One of the components (Xk, namely a crack in
figure 4) is selected. From this component, neigh-
bourhoods with increasing sizes (by dilations) are

Figure 4 - Principle of measurement of crack
(Xk) preferential path in a multi-component

1 material (Xilxi) : dilation by an hexagon of
size 6). ~ J
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built, which are used as selected fields of measu-
rements to study the other components (X.) of the

structure.

For instance, using a dilation by an hexagon
r, H(r), one can define

and the ratio

When 03C1j(k,r) &#x3E; 1, a preferential spatial asso-

ciation (at scale r) between phases k and j may be
suspected. When p.(k,r)  1, a repulsion effect (at
scale r) of Y-k by Xj is put forward.

The functions 03A6j(k,r) and P.(k,r) are related

to the distribution functions of distances :

- distance of a random point in Xk to Xk boundary

- distance of a random point in Xj to the bounda-

ry of Xk :

and

An application of this method concerns the
examination of crack propagation in multiphase iron
ore sinters at the beginning of its reduction in
the blast furnace [22,23 t. Examples of microcracksdeveloped in this material, sometimes resulting in
its catastrophic destruction [5] are shown in fi-
gure 5. The microcracks are due to local swelling
of hematite when it is reduced into porous magne-
tite at low temperature.

The crack path was studied by image analysis,
from estimation of mentioned functions $.(k,r),
using dilations of cracks by hexagons of increasing
side r H(r), and area fraction measurements.

The results obtained from measurements on 3000
fields of JMM2 area are reported in figure 6 :

- the distribution of distances from a point of
the material to cracks (figure 6a) gives a good
evaluation of the intensity of cracking : for ins-
tance the use of the median distance (which decrea-
ses when cracking increases) allows measuring an
overall damage parameter in different sinters [23].

- the volume fraction of phases (excluding pores
in the present case) in neighbourhoods of cracks
with increasing sizes is reported in figure 6b, c.

It can be concluded that in this material cracks
are mainly located into hematite (primary and se-
condary) and into slag, while they avoid magnetite,
and mainly ferrites. 

More details on the microcracking process may
be obtained by measuring the same parameters at

different steps of the damage progression in the
material. Particular zones of the crack network

(e.g. crack ends to study crack arrest ; crack
initiation sites ; crack bifurcations ...) may be
located with respect to the microstructure in a
similar way [2,22] .

3.2.2 Simulation by.image analysis of crack
propagation.

The preceding section was devoted to
the definition and the application of morphologi-
cal descriptors of the cracking process at a given

Figure 5. Examples of microcracking of iron ore sin-
ters during the beginning of their reduc
tion in the blast furnace conditions (la-
boratory test).

stage of its advance in the material. Their imple--
mentation is made on samples after partial fracture.

We are now concerned with an inveïse process :
how to predict a crack path in a material given the
crack starting point, and given images of the micro-
structure ? A solution to this problem is proposed
and tested in the case of a porous brittle material,
polycrystalline graphite. It allows relating frac-
ture toughness of the material, Gc, to a morpholo-
gical parameter accounting for the simulated crack
path length. Hereunder we sum up the approach,which
is detailed elsewhere [2, 24 and D. Jeulin, C. Lar-

quetoux, P,. Osmont "Simulation of crack propagation
in a porous material by Image Analysis", to be pub-
lished in Acta StereologicaJ :

- polycrystalline graphite of arc furnace elec-
trodes ina porous material (pore volume fractions
20%),with grain size ranging from 1 mm to more than
10 mm. The material contains intergranular macropo-
rosity with 2-3 mm pore size. Due to the anisotropy
of the process during electrode elaboration, there
is an anisotropic distribution of grains, and there-
fore of intergranular pores in the material, result-
ing in anisotropic mechanical properties. This is
illustrated by average results obtained from flexion
tests, reported in Table 1:
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TABLE 1 - Anisotropy of polycrystalline graphite
mechanical properties.

* the samples are identified in cylindrical
coordinates (stress direction, crack propaga-
tion direction)

** sample size : 15 x 15 x 60 mm3
*** precracked specimen (ao = 10 mm) :

80 x 15 x 20 mm3.

- From fractographic examination, it is clear
that intergranular fracture is dominant in this ma-

terial, and that fracture is preferentially initiated
on intergranular macropores (the critical flaw size
deduced from fracture mechanics and from a R and Kc
ranges from 1 to 2,5 mm). 

The results give a clue to generate 2-D simu-
lations of the crack path,in the material.

- The crack propagation simulation is based on an
energy criterion : it is assumed that the actual

fracture path will minimize the fracture energy con-
sumption. If we consider an homogeneous material
with pores and with effective fracture surface ener-

gy 03B3S for the matrix, the fracture work of the ma-

terial, when creating the total fracture surface S is

Therefore, the effective toughness Gc and stress
intensity factor K of the porous material are gi-
ven by 

c 

with G c  toughness of the matrix.

A prediction of Gc (from e) and fracture paths

can be obtained by looking for paths giving e mini-
mal ("minimal path") in order to satisfy the crite-
rion of minimal energy consumption.

This can be obtained by an image analysis al-
gorithm, based on purely geometrical considerations
(no stress distribution calculation is required in
this method). The principle of this algorithm is
as follows (the details are given in the above men-
tioned reference) :

. in the case of an homogeneous medium submitted
to a uniform tensile stress cr, the minimal path
connecting the crack tip to the end of the sample
is a straight line orthogonal to 0. It corresponds
to the Euclidean distance between the crack tip and
the sample end.

Figure 6. Example of quantitative study of the loca-
tion of microcracks in a sinter material.
(a) distribution of distances from a point

of the material to cracks.
(b)(c) Location of cracks with respect to the

mineralogical components.
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. in the case of an heterogeneous medium (porous,
or multiphase material), the distance must be valued

according to the fracture surface energy of its com-
ponents : for a porous medium (y = 0 in pores) we
can put d(x,y) = 0 for x and y in the same connected
pore ; for hard particles (y = ~), we can put d(x,y)
= 00 for two points in the same particle.

In both situations the Euclidean distance is

changed into a geodesic distancie [251 .
Crack propagation simulation is obtained by

finding the geodesic paths C(x,Y) connecting the
crack tip x to the end of the sample Y.

The two extreme cases (y = 0 for pores and y
= ~ for hard particles) are illustrated in figure
7, where it is clear that in order to minimize the
"effective" path length, the path will preferential-
ly go through pores or will avoid very hard parti-
cles. The final crack path may also be considered

as a "percolating path" connecting a given point
of the material to one of its edges.

For a porous material, we can estimate the
morphological parameter e (named geodesic devia-
tion) from

This was done on graphite polished sections
obtained from the cracked samples used in the expe-
rimental determination of G_’and K_ (see Table 1)
by flexion tests., The simulations were performed
with a LEITZ-TAS image analysais system on a 9,6  9,6
nun2 field[24], starting from. the trace ut the actual
crack, and respecting the orientation of the struc-
ture with regard to the applied stress.

Figure 7 - The geodesic paths connecting x to Y for inclusions
in two extreme cases (y = 0 and y = ~).

The method is valided by the results presented in
figures 8 and 9.

Figure 8 - Comparison between actual crack (a) and simulated crack (b).
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Figure 9 - Relation between the geodesic deviation and :
a) toughness
b) porosity

- there is a general good agreement between ac-
tual and simulated crack path (figure 8) when consi-
dering medium grain size graphite.

- the expected correlation between measured Gc
and the geodesic deviation e is good, except for
one sample (figure 9 a). The slope of the regression
from the remaining samples gives an estimation of

03B3S equal to 265 J/m2 (with a correlation coeffi-
cient r = 0,81) to be compared to the known value
for dense graphite (100-500 J/m2).

In figure 9 b, it is shown that the geodesic
deviation is always less than the matrix volume
fraction (e would be equal to it.for a straight
line crack propagation). The range of variation of
e is larger than that of the (1-Vv pore) parameter,
as e is sensitive to pore anisotropy for an almost
constant pore volume fraction (see Table 2). Thus
it appears that the empirical formulation connecting
Gc to Vv pores (see relation (7)) has to be some-

what improved in further developments.
Thé proposed method is successfui, in spite of

tlie approximations made : two-dimensional simula-
tions (instead of 3-D ones), disregard for micropo-
rosity and for small scale variations of the matrix
toughness.
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