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ON SOME ASPECTS OF SEMICLASSICAL PROPAGATION AND TIME-DEPENDENT
DENSITY FUNCTIONAL THEORY

H. KOHL and P. SCHUCK

Institut des Sciences Nucléaires, 53, Avenue des Martyrs,
F-38026 Grenoble Cedex, France

Résumé . Nous discutons d'une maniére simple les relations fondamentales qui exis~
tent entre les champs des intégrales de mouvement, la propagation semi-
classique et la théorie de la fonctionelle de la densité dépendant du
temps.

Abstract . Fundamental connections between the fields of time-dependent integrals
of motion, semiclassical propagation and time-dependent density functional
theory are discussed in a simple pedestrian's way.

In practice we often encounter the following situation. At some arbitrary
time t = 0 a state [a > is prepared which is an eigenstate of some operator(s)
A: A la>=a | a>. This prepared state |a > is then propagated in a quantum sys-
tem of interest into {at > = ﬁ (t) la >, il (t)being the time—evolution operator.
Since the quantum Liouville space has proved to be a flexible background for semi-
classical considerations and since quantum propagation is linear, we may introduce
the following concept. Define the operator EA(t) H ﬁ(t) A ﬁ_1(t),then obviously
the equation holds : EA(t) !at > =a ,at>.0perators of that type have i couple of in-
teresting properties. Among the most important ones is the fact, that IA(t) is an

isospectral deformation of the operator A. If the latter is bounded from below,

~
IA(t) can be used to define a minimum principle on sets of time—dependent (TID) sta—

B A
tes f1,3,4] . In the Weyl-Wigner representation the operator IA(t) obeys the follo~

wing equation of motion

91
A 2 . o4 B L _H 1 _® I
5t x sin (E M) IA' H =0, IA(t—O) = A, A= Vp .Vq Vq . Vp (1)

which is the quantum analogue of the classical equation Btl + {I’H}P.B. = 0. The ge—
nerators of the kinematic symmetries of H are always among the solutions of eq. (1).
However, there are (TD) systems with additional and nontrivial closed solutions of

eq.(1). (See e.g. [1-5) and for some important results for the classical counterpart
of eq. (1) compare [7,SJ . An illustration of the application of the Green's func-—

tion method to equatiomns of type (1) is given in ref. [9} ). It should be stressed
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that there are many open and exciting questions, concerning the properties of the
solutions of eq. (1). For example the role of the "h-dependent terms" in the Sin-
operator has not been really understood so far (compare [9] for an analytical study
of a model system). Of course, the question which Hamiltonian systems admit closed
solutions of eq. (1) touches a wide and little explored field as well.

There is another class of expansion of the solutions of eq. (1), which should
be mentioned in this context [4] . Be A= B +V (q;t = 0) and H =_£3 + V(g,t). The
ansatz I = ; 'li IR leads to a recurre%@e relation for the func%?ons Iy, which
turns out toggg egsy to solve in closed form. For the associated operator I one ob-

tains the following expansion
-~

. s2 IICRINY ~ 1

1) = £+ T(gse=0) + s g(;’” +0( I_n?)
3 1
Clg,t) = 5 (V v(q,t) -V V(g,t = 0)) (2)
g(q,t) = 2 C(q,t) .V V(q,t)

where the dot indicates differentiation with respect to time.

The interesting point is that these expansions are universal for each equi—

valence class of systems considered, in the sense that the potential and its deriva-
tives enter in a functional form. Interacting many body systems may be treated in
the same fashion (4] but the detailed convergence properties of this nr1—expansion~
are not investigated so far.

In principle density functional theory (DFT) is one of the basic represen—
tations of quantum mechanics, since it treats with a quite fundamental question: gi-
ven the state [y (t) > of the system at time t and some observable 8,be p(q,t) the

one particle density corresponding to the state |P(t) >. Is there a map mg such

that the following diagram of maps commutes ?
m, "
Jw(e) > < pey] » 0 = Tr(Bly(r) > < ()] )
m, my =6 [e (q,t)]

plq,t) =Tr (Jue) > <y (&) | D)

Bi= = 6(q—ﬁv)
v

The existfnce of the map my would imply that the expectation value 6 of the ob-
servable § may be represented as a functional of the one particle density p (q,t).
Here the set of admissible observables, states and densities must be specified in de-
tail, which is a highly technical and truly nontrivial problem. (For a discussion of

some aspects for time-independent systems,compare the contributions of Levy and Lieb

to  [103).
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The question of existence of the map m. has been studied recently [1,2,4] using
the concepts introduced above. It has geen shown as well that the same means may be
employed to touch the practical aspects of the problem and determine functionals
explicitely, including short time and adiabatic functionals. The possibility to de-
fine minimum principles with the help of the operators of type EA(t) enters as an

essential ingredient in all the steps. Work along these lines continues.
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