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F-38026 Grenoble Cedex, France 

Resume . Nous d i s c u t o n s  d ' une  maniere  s imp le  l e s  r e l a t i o n s  fondamentales q u i  ex i s -  
t e n t  e n t r e  l e s  champs des  i n t 6 g a l e s  d e  mouvement, l a  p ropaga t ion  semi- 
c l a s s i q u e  e t  l a  t h e o r i e  d e  l a  f o n c t i o n e l l e  d e  l a  d e n s i t 6  dependant du  
temps. 

Abs t r ac t  . Fundamental connect ions  between t h e  f i e l d s  of time-dependent i n t e g r a l s  
of motion,  s e m i c l a s s i c a l  propagat ion  and time-dependent d e n s i t y  f u n c t i o n a l  
t h e o r y  a r e  d i scussed  i n  a  s imp le  p e d e s t r i a n ' s  way. 

I n  p r a c t i c e  we o f t e n  encounter  t h e  fo l lowing  s i t u a t i o n .  At some a r b i t r a r y  

t ime t = 0 a  s t a t e  ( a  > i s  prepared which i s  an e i g e n s t a t e  of some o p e r a t o r ( s )  
A 

A : A / a  > = a  I a  >. This  prepared s t a t e  / a  > i s  t h e n  propagated i n  a  quantum sys- 

tem o f  i n t e r e s t  i n t o  la t  > = ( t )  l a  >, 6 ( t ) b e i n g  t h e  t ime-evolut ion  o p e r a t o r .  

S ince  t h e  quantum L i o u v i l l e  space  has proved t o  be a  f l e x i b l e  background f o r  semi- 

c l a s s i c a l  c o n s i d e r a t i o n s  and s i n c e  quantum propagat ion  i s  l i n e a r ,  we may i n t r o d u c e  ,. ,. * *-I 
t h e  fo l lowing  concept.  Def ine  t h e  o p e r a t o r  I ( t )  : = U( t )  A U ( t ) , t h e n  obviously  A 
t h e  equa t ion  holds  : YA(t) l a t  > = a  ( a  > .Opera tors  o f  t h a t  t ype  have a couple  of i n -  

t 
t e r e s t i n g  p r o p e r t i e s .  Among t h e  most impor tant  ones i s  t h e  f a c t ,  t h a t  I* ( t )  i s  an 

A  
i s o s p e c t r a l  deformat ion o f  t h e  o p e r a t o r  a. I f  t h e  l a t t e r  i s  bounded from below, 

? A ( t )  can be  used t o  d e f i n e  a  minimum p r i n c i p l e  on s e t s  of time-dependent (TD) s t a -  

t e s  [1 ,3,4]  . I n  t h e  Weyl-Wigner r e p r e s e n t a t i o n  t h e  o p e r a t o r  *I ( t )  obeys t h e  f o l l o -  - A 
wing equa t ion  of motion 

a l ~  2 45 ---- + s i n  (T )I H = 0 ,  I ( t = ~ )  = A, A = vH .$ - vH . v1 
a t  A p q  q  P (1 )  

which i s  t h e  quantum analogue of t h e  c l a s s i c a l  equa t ion  a t I  + { I , H } ~ . ~ .  = 0. The ge- 

n e r a t o r s  of t h e  k inemat ic  symmetries of H a r e  always among t h e  s o l u t i o n s  of eq.  ( 1 ) .  

However, t h e r e  a r e  (TD) systems w i t h  a d d i t i o n a l  and n o n t r i v i a l  c lo sed  s o l u t i o n s  of 

e q . ( l ) .  (See e.g.  11-51 and f o r  some impor tant  r e s u l t s  f o r  t h e  c l a s s i c a l  c o u n t e r p a r t  

o f  eq .  ( 1 )  compare [7,8] . An i l l u s t r a t i o n  of t h e  a p p l i c a t i o n  of t h e  Green's func- 

t i o n  method t o  equa t ions  of t ype  (1)  i s  g iven i n  r e f .  [ 9 ]  ). It should  be s t r e s s e d  

Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:1987248

http://www.edpsciences.org
http://dx.doi.org/10.1051/jphyscol:1987248


C2-318 JOURNAL DE PHYSIQUE 

t h a t  t h e r e  a r e  many open and e x c i t i n g  ques t ions ,  concerning t h e  p r o p e r t i e s  of t h e  

s o l u t i o n s  of eq. ( 1 ) .  For example t h e  r o l e  of t h e  "%-dependent terms" i n  t h e  Sin- 

ope ra to r  has not been r e a l l y  understood s o  f a r  (compare 191 f o r  an  a n a l y t i c a l  s tudy 

of a  model system). Of course ,  t h e  ques t ion  which Hamiltonian systems admit c losed 

s o l u t i o n s  of eq. (1) touches a  wide arid l i t t l e  explored f i e l d  a s  w e l l .  

There i s  another  c l a s s  of expansio: of t h e  s o l u t i o n s  of eq. ( I ) ,  which s b d d  

be mentioned i n  t h i s  context  1.41 . Be A:= EL + V ( q j t  = 0 )  and H = A' + V(q , t ) .  The 
CU 2m 2m 

ansatz  I = i -$ I leads  t o  a  recurrence r e l a t i o n  f o r  t h e  functions I p ,  which 
R 

tu rns  out to%$! ezsy  t o  so lve  i n  c losed form. For t h e  a s soc ia ted  o p e r a t o r  I one ob- 

t a i n s  t h e  fol lowing expansion 

where t h e  do t  i n d i c a t e s  d i f f e r e n t i a t i o n  w i t h  r e spec t  t o  time. 

The i n t e r e s t i n g  po in t  i s  t h a t  these  expansions a r e  un ive r sa l  f o r  each equi- 

valence c l a s s  of systems considered,  i n  t h e  sense  t h a t  t h e  p o t e n t i a l  and i t s  der iva-  

t i v e s  e n t e r  i n  a  f u n c t i o n a l  form. I n t e r a c t i n g  many body systems may be t r e a t e d  i n  

t h e  same fash ion  [4] but t h e  d e t a i l e d  convergence p r o p e r t i e s  of t h i s  m-'-expansion. 

a r e  not  i n v e s t i g a t e d  s o  f a r .  

I n  p r i n c i p l e  d e n s i t y  f u n c t i o n a l  theory  (DFT) i s  one of t h e  b a s i c  represen- 

t a t i o n s  of quantum mechanics, s i n c e  i t  t r e a t s  w i t h  a  q u i t e  fundamental quest ion:  gi-  

ven t h e  s t a t e  11) ( t )  > of t h e  system a t  t ime t and some observable  8,be p ( q , t )  t h e  

one p a r t i c l e  d e n s i t y  corresponding t o  t h e  s t a t e  I$ ( t )  >. I s  t h e r e  a  map m g  such 

t h a t  t h e  fol lowing diagram of maps commutes ? 

The e x i s t e n c e  of t h e  map me would imply t h a t  t h e  expec ta t ion  value 8  of t h e  ob- 
L 

se rvab le  8  may be represented as  a  func t iona l  of t h e  one p a r t i c l e  d e n s i t y  p ( q , t ) .  

Here t h e  s e t  of admiss ib le  observables ,  s t a t e s  and d e n s i t i e s  must be s p e c i f i e d  i n  de- 

t a i l ,  which i s  a  h ighly  t e c h n i c a l  and t r u l y  n o n t r i v i a l  problem.(For a  d i scuss ion  of 

some aspec t s  f o r  time-independent systems,compare t h e  c o n t r i b u t i o n s  of Levy and Lieb 

t o  p o l , .  



The q u e s t i o n  of e x i s t e n c e  of  t h e  map m, has  been s t u d i e d  r e c e n t l y  [1,2,4] u s i n g  

t h e  concepts  i n t roduced  above.  It has  been shown a s  w e l l  t h a t  t h e  same means may be 

employed t o  t o u c h  t h e  p r a c t i c a l  a s p e c t s  of t h e  problem and de t e rmine  f u n c t i o n a l s  

e x p l i c i t e l y ~ i n c l u d i n g  s h o r t  t ime  and a d i a b a t i c  f u n c t i o n a l s .  The p o s s i b i l i t y  t o  de- 
C 

f i n e  minimum p r i n c i p l e s  w i t h  t h e  h e l p  of  t h e  o p e r a t o r s  of  t y p e  I ( t )  e n t e r s  a s  an  A 
e s s e n t i a l  i n g r e d i e n t  i n  a l l  t h e  s t e p s .  Work a l o n g  t h e s e  l i n e s  c o n t i n u e s .  
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