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NUCLEATION AND CRYSTAL GROWTH I N  SOFT-SPHERE SYSTEMS 

G. Bushnell-Wye and J.L. Finney 

Department of CrystaZZography, Birkbeck College, MaZet S t ree t ,  
London WClE 7 H X ,  U.K. 

Resum6 -Pa r t an t  d lune  con f igu ra t i on  amorphe mod&lisGe, de 
4000 "sphbres-molles", une mdthode de  dynamique mol6cula i re  
permet d l i l l u s t r e r  l a  germinat ion spontan6e. L1analyse du 
processus de c r i s t a l l i s a t i o n ,  5 t r o i s  s t a p e s  de l a  simu- 
l a t i o n ,  5 l t a i d e  des i nd i ce s  des po lysdres  de Voronoi montre 
que des  germes bcc e t  f c c  cont inuent  5 c r o 4 t r e .  Des ambi- 
g u i t 6 s  dans l a  s t r u c t u r e ,  appa ra i s s an t  pour c e r t a i n s  types  
d t i n d i c e ,  peuvent S t r e  lev6es en u t i l i s a n t  des  msthodes 
graphiques num6riques. Cer ta ines  de c e s  f i g u r e s  donnent 
l t i m p r e s s i o n  d l u n  changement de phase l o c a l i s 6  d t u n e  s t r u c -  
t u r e  bcc en f c c ,  c e c i  demandant 2 S t r e  confirm6 exp6rimen- 
ta lement .  

Abs t r ac t  - Spontaneous homogeneous nuc l ea t i on  can be de- 
monstrated i n  a  model of 4000 s o f t - s p h e r e s  annealed from an 
amorphous s t a r t i n g  con f igu ra t i on  v i a  a  molecular dynamics 
method. Analysis  of t h e  c r y s t a l l i s a t i o n  process  a t  t h r e e  
s t a g e s  of t he  s imula t ion  us ing  Voronoi polyhedra i nd i ce s  
shows t h a t  bo th  bcc and f c c  n u c l e i  cont inue t o  grow. Methods 
of d e l i n e a t i n g  t h e  n u c l e i  and t he  e f f e c t s  on t h e i r  r e s u l t i n g  
shape and s i z e  a r e  d i scussed ,  and it is  shown how ambigui t ies  
i n  s t r u c t u r e  which a r i s e  both f o r  p a r t i c u l a r  index types and 
l o c a l  arrangements can be reso lved  us ing  computer g raphics  
techniques.  Some of t he  drawings d i sp layed  g ive  t he  impres- 
s i o n  of l o c a l i s e d  phase change from bcc t o  f c c  s t r u c t u r e  
though the se  even t s  have y e t  t o  be confirmed. 

1 .  INTRODUCTION 

In  computer s imula t ion  of supercooled l i q u i d s  i t  i s  r e l a t i v e l y  easy  t o  
ensure  t h a t  f o r e ign  bodies  a r e  excluded and (using s u i t a b l e  p e r i o d i c  
boundary condi t ions)  t h a t  t h e r e  a r e  no con t a ine r  w a l l s ,  thereby  provi -  
ding an environment conducive t o  homogeneous nuc l ea t i on  r a t h e r  than 
heterogeneous nuc l ea t i on  which i s  more probable i n  na tu re .  Even so ,  it 
w i l l  no t  occur  without  f u r t h e r  ensuring t h a t  t he  temperature and d e n s i t y  
of t he  ensemble p r e sen t  no b a r r i e r s  t o  nuc l ea t i on .  I n  t he  absence of 
heterogeneous s u b s t r a t e s ,  local inhomogenei t ies  occur by chance f l u c t u -  
a t i o n s  i n  s t r u c t u r e  and these  can form t h e  bases  of nuc l ea t i on .  I n  t he  
small  systems f i r s t  s t u d i e d ,  c r y s t a l l i n e  s t r u c t u r e s  formed only  under 
t he  i n f l uence  of boundary cond i t i ons .  More r e c e n t l y  it has been de- 
monstrated t h a t  t he  phenomenom of spontaneous homogeneous nuc l ea t i on  can 
occur i n  a  supercooled Lennard-Jones l i q u i d  provided t h e r e  a r e  no bar-  
r i e r s  t o  nuc l ea t i on  (Mandell, McTague and Rahman (1976) ) .  
Molecular dynamics c a l c u l a t i o n s  on a  system of 4000 so f t - sphe re s  (Cape, 
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Finney and Woodcock(l981)) i n t e r a c t i n g  by t he  p o t e n t i a l  

have a l s o  been r epo r t ed  whereonceaga in  t h e r e  was no dependence of t h e  
c r y s t a l l i t e  axes upon the  s imu la t i on  boundaries  and where both bcc and 
f c c  s t r u c t u r e s  coexis ted .  A r a p i d l y  quenched l i q u i d  (Cape and Woodcock 
(1980)) formed t h e  g l a s s y  s t a r t i n g  con f igu ra t i on  which was annealed a t  
cons t an t  temperature f o r  3230 time s t e p s  a t  A t  = 0.005 m & / E  .When 
us ing  t h e  so f t - sphe re  p o t e n t i a l  t he  equa t ions  of s t a t e  a r e  func t i ons  
of a  s i n g l e  reduced v a r i a b l e  

t he  reduced dens i t y ,  and a s soc i a t ed  thermodynamic v a r i a b l e s ,  such a s  P *  
can a l s o  be expressed i n  dimensionless  u n i t s ,  thus  

PV P * ( o C )  = - o* ., , 
NkT 

(where P  i s  pressure,V i s  t h e  volume of t he  system, N i s  t h e  number 
of p a r t i c l e s ,  k  i s  Boltzmann's cons t an t  and T  i s  t h e  temperature) .  This  
s imula t ion  allowed the  system t o  r e l a x  t o  a  s t a t e  of lower p o t e n t i a l  
energy by main ta in ing  a  cons t an t  k i n e t i c  energy (and temperature)  and 
a  cons t an t  reduced d e n s i t y  of y* = 1.831, by r e s c a l i n g  t h e  v e l o c i t i e s  
a t  each time s t e p .  The approach t o  equi l ib r ium under t he se  cond i t i ons  
can be monitored by t he  decrease  i n  t o t a l  i n t e r n a l  energy or  reduced 
p re s su re ,  which should even tua l l y  become t h a t  of t h e  most s t a b l e  s t r u c -  
t u r e  f o r  t h e  system, t he  f c c  c r y s t a l .  
I n  a  prev ious  p u b l i c a t i o n ,  Cape e t  a 1  (1981) r epo r t ed  t he  presence of 
both bcc and f c c  n u c l e i  w i t h i n  t he  system a f t e r  3230 time s t e p s  ( r e f e r -  
r ed  t o  a s  s t a g e  I  below). Fur ther  molecular dynamics i t e r a t i o n s  have 
been completed f o r  t h i s  model t o  s ee  i f  t he  n u c l e i  would d i s p e r s e  o r  
cont inue  t o  grow, and whether f c c  n u c l e i  would develop from bcc n u c l e i ,  
s i n c e  a t  s t a g e  I it was c l e a r  t h a t  t he  reduced p re s su re  was f a r  from 
the  equi l ib r ium va lue  ( f i g .  1 ) .  ( C l a s s i c a l  nuc l ea t i on  theory  p r e d i c t s  
t h a t  t h e  b a r r i e r  t o  nuc l ea t i on  i s  minimal f o r  t h i s  system and t he  nu- 
c l e i  should grow - Cape e t  a 1  (1981)).  The s t r u c t u r e  was f u r t h e r  ana- 
lysed  a f t e r  4430 and 8330 time s t e p s  ( s t ages  I 1  and 111) .  The v a r i -  
a t i o n  of P *  i s  p l o t t e d  i n  f i g u r e  1 and i s  summarized i n  t a b l e  1. Clear-  
l y  t h e  reduced p re s su re  f e l l  from i t s  s t a r t i n g  va lue  and appears  t o  
have l e v e l l e d  o u t  bu t  i s  main ta in ing  a  va lue  above t h a t  which it would 
be expected t o  a t t a i n  i f  theequi l ib r ium s t r u c t u r e  e x i s t e d  throughout 
t he  system. 

* 
Table 1 : Values o f  reduced pressure P a t  d i f ferent  stages 

o f  the simulation 

Stage : s t a r t  I 11 111 equilibrium 
* 

Reduced pressure, P 156.0 152.1 150.9 150.0 137 .3  

N u m b e r  o f  time s teps  0 3230 4430 8330 

Structure amorphous -r fcc  crystal  
c r y s t a l l i t e s  



Figure 1. The variation of the reduced pressure, P*  during the course of the 
molecular dynamics simulation. The average values fo r  each 50 time 
steps are  plotted. 

85, -  

1 5 4 -  

1 5 3 -  

252- 

151- 

350- 

1 4 3 -  

3.6- 

0 

2 .  STRUCTURE CHARACTERISATION 

The problem of i d e n t i f y i n g  o rde r  w i th in  t he  system i s  e s s e n t i a l l y  t o  
l o c a t e  n u c l e i  w i th in  a  f l u i d  of much t h e  same d e n s i t y ,  which is d i f -  
f i c u l t  u n l e s s  a  nucleus i s  l a r g e  and we l l  def ined .  I t  can be done by 
c a l c u l a t i n g  a  s t r u c t u r e  f a c t o r  f o r  s p e c i f i c  l a t t i c e  v e c t o r s  ( see  f o r  
example Mandell e t  a 1  (1976)) but  t he  r e s u l t s  can be misleading and may 
no t  d i s t i n g u i s h  between bcc and f c c  s t r u c t u r e  (Hsu and Rahman (1979)).  
The method adoptedin t he se  i n v e s t i g a t i o n s  was t h a t  employing t h e  ' i n -  
d i c e s '  of t he  Voronoi polyhedra which can be cons t ruc ted  t o  enc lose  a l l  
space c l o s e s t  t o  each atom wi th in  t he  system providing a  complete s t a t -  
i s t i c a l  c h a r a c t e r i s a t i o n  (Finney(l970)) .  Each index (ng,n4 ,n  ,n  , . . .) 
l i s t s  t h e  number of f a c e s ,  n .  having a  t o t a l  of j edges, ( t r i i l g n g  
zeros being suppressed a f t e r J j  = 6), thus  a  p e r f e c t  bcc s t r u c t u r e  would 
genera te  i nd i ce s  of (0 6  0  8)  on ly  ( f i gu re2 ) .  

A fundamental d i f f i c u l t y  a r i s e s ,  however, when at tempting t o  uncover t h e  
presence of c r y s t a l l i n e  close-packed s t r u c t u r e s .  Under i d e a l  cond i t i ons ,  
having no thermal f l u c t u a t i o n s ,  t he se  would g ive  r i s e  t o  i nd i ce s  (0 12 0  
0) f o r  both bcc and hcp arrangements ( see  f i g u r e  2).  With even t he  
s l i g h t e s t  d i s t u rbance  t he  degenerate  v e r t i c e s  formed a t  t he  i n t e r s e c t -  
i ons  of f ou r  edges i n  t he se  polyhedra (so c a l l e d  because any t h r e e  of 
t h e  four  edges de f ine  t he  ve r t ex  - f i g u r e  2) s epa ra t e  i n t o  two o r  more 
v e r t i c e s  a t - j u n c t i o n s  of t h r e e  edges and a d d i t i o n a l  f a c e s  may a r i s e .  
Consequently t h e  i nd i ce s  a r e  e a s i l y  d i s t o r t e d  and confusion r e s u l t s .  

time 
steps 

s t a g e 1  s t a g e 1 1  stage 111 

::::\ 

I I I 
1000 2000 3000 

I 
,000 

, I I 
5000 6000 7000 BOO0 
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Figure 2. Polyhedra for perfect (a) bcc, (b) fcc ,  and (c )  hcp structures. Some 
degenerate vertices (ilitersections of  four edges) are in'dicated i n  (b) 
and ( c ) .  

The u s e  of  t ime averaged coo rd ina t e s  (averaged over  100 time s t e p s )  
does n o t  improve t h e  s i t u a t i o n  (Cape(1979)). I t  i s  p o s s i b l e  t o  r e -  
v e a l  t he  under ly ing  close-packed c r y s t a l  s t r u c t u r e  by merging v e r t i c e s  
c l o s e r  than  a  d i s t a n c e  5 ( i . e .  removing s h o r t  edges) s o  c r e a t i n g  t h e  
i d e a l  polyhedra from the  d i s t o r t e d  ve r s ions .  For t h i s  procedure t o  be 
u s e f u l  a  va lue  of 5 is chosen t o  be commensurate wi th  t he  thermal 
f l u c t u a t i o n  TI and t he  inter-neighbour d i s t a n c e  d .  Hsu and Rahmann 
(1979) have demonstrated t h e  e f f e c t i v e n e s s  of t h i s  method f o r  Lennard- 
Jones systems and models of supercooled meta l s .  
A s i m i l a r  e s t ima t ion  of t h e  parameters  app rop r i a t e  f o r  t h i s  so f t - sphe re  
system gave n/d = 0.09, suggest ing / = 3 should be used  when modi- 
f y ing  t h e  polyhedra t o  i n d i c a t e  t he  p r e sen t  of f c c  (or  hcp) n u c l e i .  
( d % 0.077% ; q is es t imated  from t h e  mean square  displacement  of t h e  

atoms and i s ,  0.007R , g iv ing  < = 0.02% where R = - )  This  
was i n  agreement w i th  a  s e r i e s  of t e s t s  t o  determine t he  va lue  of  5 
empi r i ca l l y  f o r  a  reg ion  a t  s t a g e  I  p rev ious ly  i d e n t i f i e d  a s  being t h e  
l a r g e s t  f c c  nucleus (Cape e t  a 1  (1981)).  These t e s t s  i n d i c a t e d  maxi- 
mum r e s o l u t i o n  of f c c  s t r u c t u r e  occurred f o r  5 = 0.025% . I t  was ap- 
pa t en t  t h a t  some polyhedra f o r  atoms i n  a  bcc nucleus were a l s o  modi- 



f i e d  t o  become (0 12 0  0) - type when us ing  t h i s  procedure. This 
emphasized a t  an e a r l y  s t a g e  t h a t  ambigui t ies  could a r i s e  owing t o  min- 
o r  d i f f e r e n c e s  between d i s t o r t e d  bcc and d i s t o r t e d  f c c  polyhedra,  and 
t h a t  it would be necessary  t o  draw some of t h e  polyhedra t o  r e s o l v e  t he  
problem. 

The c e n t r a l  r eg ion  of t he  model, some 2200 atoms, was i n v e s t i g a t e d  a t  
each of t h e  s t a g e s  def ined  above us ing  both modif ied and unmodified in -  
d i c e s .  The propor t ions  of bcc and f c c  polyhedra a t  each s t a g e  a r e  
sho.wn i n  t a b l e  2 .  I t  appears  t h a t  t h e  number of l o c a l  bcc arrangements 
i nc r ea se s  bu t  remains t he  same between s t a g e s  I 1  and I11 whereas t he  
f c c  (and/or hcp) c l u s t e r s  i nc r ea se s  throughout t he  s imula t ion .  

Table 2 : Percentage of (0 6 0 8 )  polyhedra found before modification 

and the percentage of (0 12 0 0) polyhedra found a f t e r  

modification (expressed a s  a percentage of the t o t a l  

number of  polyhedra) 

Stage % (0 6 0 8) 

unrnodi f i e d  

polyhedra 

% (0 12 0 0) 

modified 

polyhedra 

3. DELINEATING THE NUCLEI 

I t  i s  p o s s i b l e  t o  i n v e s t i g a t e  t he  e x t e n t  (and pe r f ec t i on )  of bcc n u c l e i  
by l i s t i n g  a l l  unmodified polyhedra of type  (0 6 0  8) and checking which 
of t he se  have neighbours a t  o r  about t he  r i g h t  d i s t a n c e  and i n  t he  r i g h t  
d i r e c t i o n s  t o  form bcc aggrega tes  (Cape e t  a 1  (1981)) ,  though t h i s  can 
be a  l abo r ious  t a sk .  S imi l a r l y ,  t he  four  i n t e r p e n e t r a t i n g  s imple cubic  
l a t t i c e s  of  f c c  c r y s t a l l i t e s  could be mapped us ing  t h e  modified poly- 
hedra of type (0 1 2  0  0) a s  a  guide.  However, s i n c e  a  computer can ac- 
c e s s  a l l  t h e  d a t a  r equ i r ed ,  it i s  a  l e s s  arduous job t o  w r i t e  computer 
programs t o  do t h i s :  neighbouring polyhedra of s i m i l a r  type,  i r r e spec -  
t i v e  of d i s t a n c e  and d i r e c t i o n  c r i t e r i a ,  can be r e a d i l y  t a b u l a t e d  and 
then l i s t s  can be compiled of those  forming s e p a r a t e  groups o r  n u c l e i  
(Bushnell-Wye (1983)).  I t  i s  important  t o  recognise  t h a t  some atoms 
on t h e  s u r f a c e  of t h e  n u c l e i  may we l l  be i n  exac t  r e g i s t e r  w i th  t h e  
nucleus b u t ,  because of t h e i r  d i so rgan i sed  neighbours away from the  nu- 
c l e u s ,  they  w i l l  n o t  have t h e  r e q u i s i t  i nd i ce s  (even when modif ied) .  
Such atoms should be included i n  t he  d e s c r i p t i o n  of t h e  e x t e n t  of t he  
n u c l e i  bu t  n o t  t o  connect  neighbouring n u c l e i ,  o therwise  t he  n u c l e i  be- 
come ve ry  d e n d r i t i c .  
Using d i s t a n c e  and d i r e c t i o n  c r i t e r i a  t o  s p e c i f y  nucleus s i z e  l i m i t s  
n u c l e i  t o  t h e  n e a r l y  p e r f e c t l y  c r y s t a l l i n e  reg ions  and probably under- 
e s t ima te s  t h e i r  s i z e  though t h e i r  shapes tend t o  be f a i r l y  g lobu la r .  
Disregarding such c r i t e r i a  r e s u l t s  i n  l a r g e r  n u c l e i  ( i n  genera l )  which 
have r ami f i ca t i ons  i n t o  l e s s  p e r f e c t l y  organised  r eg ions  of t h e  model. 

4 .  RESULTS 

Tables  3 and 4 show t h e  s i z e s  of t h e  l a r g e r  n u c l e i  found a t  each of  t he  
s t a g e s  analysed and emphasize how t h e  ass igned  s i z e  i s  inf luenced  by 
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Table 3 .  The s izes  of the larger bcc nuclei identified a t  each stage both with and 
without surface contributions. 

Table 4.  The s izes  of the larger fcc  nuclei identified a t  each stage both with and 
without surface contributions. 

Stage I11 

(0 6 0 8)  (0 6 0 8)  + 
surface atoms 

43 216 

34 195 

30 138 

17 97 

11 76 

11 66 

11 6' . . 

t he  i nc lu s ion  of s u r f a c e  atoms. The t r u e  s i z e  almost c e r t a i n l y  l i e s  
sowwhere between t he  two t o t a l s  g iven  f o r  each nucleus.  Comparing t h e  
t o t a l s  f o r  each s t a g e  sugges t s  t h a t  t h e  bcc n u c l e i  grow t o  begin w i th  
bu t  then  remain much t h e  same s i z e  whereas t he  f c c  c l u s t e r s  cont inu-  
ous ly  i nc r ea se  i n  s i z e  perhaps by merging w i th  neighbouring c l u s t e r s .  
I t  is obvious t h a t  some ambigui t ies  a r i s e  i n  de f in ing  both  l o c a l  sym- 
metry and t he  e x t e n t  of ordered groups,  and t h a t  t he  on ly  way t o  r e -  
so lve  t h e  problem i s  t o  examine some groups i n  d e t a i l .  An i n t e r a c t i v e  
computer g raphics  system has  been used t o  draw both i nd iv idua l s  and 
small  c l u s t e r s  of polyhedra; some drawings a r e  presen ted  here  t o  de- 
mons t ra te  t he  r e s u l t s  of t h e  a n a l y s i s  so  f a r .  F igure  3 shows poly- 
hedra f o r  two (0 6 0 8) atoms be fo re  and a f t e r  mod i f i ca t i on  t o  remove 
s h o r t  edges. C l ea r ly ,  some (0 6 0 8)  environments a r e  ve ry  c l o s e  t o  
being i d e a l  f c c  s t r u c t u r e s  while  o t h e r s  a r e  n o t  which sugges ts  incor -  
r e c t  assignments could be made us ing  unmodified polyhedra i nd i ce s  a lone .  
Extended reg ions  of bcc and f c c  c h a r a c t e r  a l s o  e x i s t  a s  dep i c t ed  i n  
t h e  c l u s t e r s  of f i g u r e  4 .  Highl igh ted  i n  f i g u r e  5 i s  t h e  type of f ea -  
t u r e  which can occur  bo th  i n  r e a l  s t r u c t u r e s  and i n  t h i s  so f t - sphe re  
model. These can only  be allowed t o  e x i s t  i n  t h e  l a t t e r  i f  s t r i c t  d i s -  
t ance  and d i r e c t i o n  c r i t e r i a  a r e  n o t  used  i n  de f in ing  t h e  e x t e n t  of 
c r y s t a l l i n e  close-packed reg ions :  s t a ck ing  f a u l t s  in t roduce  l a t t i c e  
t r a n s l a t i o n s  and t h e r e f o r e  form a  boundary t o  a  nucleus i f  i t  i s  only  
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: I  
Stage I11 
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surface atcms 
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before ( 0  6 0 8 )  after (0 12 0 0) 

before (0 6 0 8 )  after ( 3  7 1 0) 

Figure 3. Two polyhedra having unmodified index (0 6 0 8) but clearly different 
environments. (a) The modified index (0 12 0 0) shows that the symmetry 
of the atoms' neighbours is very nearly fcc. (b) The modified polyhedron 
index (3 7 1 0) does not express a high symmetry whereas the drawing of 
the unmodified form has distinct bcc symmetry. 

Figure 4 .  (a) A group of mostly (0608) 
polyhedra with strong bcc charac- 
ter. (b) A group containing some 
(0608) polyhedra having strong 
fcc character. 
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curvature 

Figure 5. A s tack ing  f a u l t  within a  f a i r l y  wel l  ordered p a r t  of  t h e  model. 
The polyhedra can be compared with those of t h e  p e r f e c t  f c c  and 
hcp s t ruc tures .  

Figure 6. An arrangement of polyhedra suggesting plane curvature. The sense 
of curvature i s  indicated.  An a l t e r n a t i v e  i n t e r p r e t a t i o n  i s  t h a t  
a  g ra in  boundary is  being observed. 

allowed to have (by definition of the technique used) near perfectstruc- 
ture. Similarly, gross plane curvature, figure 6, and grain boundaries, 
figure 7, can also be identified in this model. 

5 .  PHASE TRANSFORMATION 

When drawing polyhedra, as described above, to examine the structure 
associated with particular indices there were often polyhedra which 
exhibited both fcc and bcc character. Sometimes this was due to the 
small size of the six quadrilateral faces of a (0 6 0 8) polyhedron 
and in other cases one 'half1 of the polyhedron could be recognised as 



plane d i rec t ions  

Figure 7. A n  arrangement of polyhedra suggesting the  exis tence of a g ra in  
boundary. 

having s t rong  bcc c h a r a c t e r i s t i c s  and t he  o t h e r  was ve ry  n e a r l y  p e r f e c t  
fcc- type .  Once aga in ,  t he se  f e a t u r e s  could no t  be i d e n t i f i e d  from in-  
d i c e s  a lone ,  making t he  u se  of t h e  graphics  e s s e n t i a l .  The o v e r a l l  i m -  
p r e s s ion  suggested a  change of phase from bcc t o  f c c  was occur r ing .  Re- 
f e r ence  t o  t a b l e  2 and maps d e t a i l i n g  t h e  d i s t r i b u t i o n  of index types  
throughout t he  system (not  shown.here) a t  each of t h e  t h r e e  s t a g e s  
analysed does n o t  s u p p o r t t h i s  however, bu t  r a t h e r  sugges ts  t h a t  n u c l e i  
grow by expancling i n t o  r eg ions  having i n d i s t i n c t  c r y s t a l l i n e  cha rac t e r .  
Fur ther  a n a l y s i s  a t  d i f f e r e n t  s t a g e s  i n  t he  s imula t ion  must be under- 
taken t o  a s c e r t a i n  e x a c t l y  what t ransformat ions  a r e  tak ing  p l ace  with-  
i n  t h e  ensemble. 
I t  i s  pos s ib l e  t o  c o n s t r u c t  hypo the t i ca l  in te rmedia te  s t a g e s  of t r a n s -  
formation from a  polyhedron of type (0 6 0  8) t o  one of type (0 12 0  O), 
and some of t he  f e a t u r e s  of t h e  in te rmedia te  s t a g e s  could be seen i n  
polyhedra d i sp layed  us ing  t he  graphics  programs. An example of t h i s  i s  
t he  unmodified (0 4 4 4 )  polyhedron i n  f i g u r e  8. Even though only  
s l i g h t  movement of neighbours would be r equ i r ed  t o  make t h i s  i n t o  a  
(0 12 0  0)- type polyhedron, it i s  easy t o  s e e  t h a t  l a r g e  coopera t ive  

movements would be r equ i r ed  t o  e f f e c t  such a  t ransformat ion  over  a  
l a r g e  number of neighbours: t he  coopera t ive  movements shown i n  f i g .8  
could no t  pos s ib ly  occur owing t o  t he  c o n s t r a i n t s  of t h e  pe r iod i c  
boundary condi t ions .  This type-of t ransformat ion  could t he r e fo re  only 
take  p lace  wi th  d i f f e r e n t  o r i e n t a t i o n s  throughout t h e  model and exten-  
s i v e  g r a i n  boundaries  would r e s u l t .  Fur ther  o rgan i sa t i on  might pro- 
ceed under thermal f l u c t u a t i o n s  t o  al low some g r a i n s  t o  grow. 

6. CONCLUSIONS 

S u i t a b l e  cond i t i ons  have been provided f o r  t he  annea l ing  process  i n  t he  
sof t - sphere  system t o  permit  spontaneous homogeneous nuc l ea t i on  of both 
bcc and c r y s t a l l i n e  close-packed s t r u c t u r e s .  The n u c l e i  grow i n  t he  
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s i m i l a r l y  f o r  lower h a l f ,  bu t  
may be r o t a t e d  by 90° 1 

( a )  Successive a l t e r a t i o n s  can be made t o  transform a polyhedron of index 
(0 6 0 8) t o  one of t h e  (0  12 0 0)-type. 

(b) An unmodified (0 4 4 4) polyhedron taken from t h e  model. Some f e a t u r e s  
of t h i s  polyhedron can be seen i n  the  s t r u c t u r e s  i n  ( a ) .  Only minor 
rearrangements of neighbours would be required t o  form a f c c  polyhedron. 

1 +, cooperative - + motion 
/ r  required 

1 

(c) The r e l a t i o n s h i p  between t h e  bcc and f c c  l a t t i c e s  i s  shown together  with 
an ind ica t ion  of  t h e  cooperative movements necessary t o  e f f e c t  a phase 
change. A widespread motion of t h i s  nature is  denied by t h e  per iod ic  
boundaries. 

Figure 8. The geometry of t h e  bcc t o  f c c  phase transformation. 

continued simulation as judged by an increased number of Voronoi poly- 
hedra having indices typical of a crystalline environment. However, 
the technique used has limitations and it is essential to be aware of 
the ambiguities which arise. These difficulties can best be sorted out 
with the aid of computer graphics. 
The (0 6 0 8) index can represent strong bcc character but additional- 
ly may indicate a distortion of crystalline close-packed symmetry. 
Modified indices of type (0 12 0 0) occur for either fcc or hcp stack- 
ing sequences and can only be distinguished by resorting to geometri- 
cal considerations or by drawing the polyhedron concerned. 
The technique used to delineate the nuclei curtails their size if geo- 
metrical constraints are specified; if not, the nuclei can be more ne- 
bulous and features such as stacking faults and grain boundaries can 



be included i n  t he  c r y s t a l l i t e s .  The l a t t e r  approach seems reasonable 
because t he se  f e a t u r e s  would be expected when c r y s t a l l i s i n g  r a p i d l y  
from undercooled l i q u i d s .  Once aga in ,  t h e  u n c e r t a i n t i e s  r e l a t e d  t o  t he  
e x t e n t  of i nd iv idua l  n u c l e i  can only  be reso lved  qu i ck ly  wi th  t he  a i d  
of computer g raphics .  
I t  i s  pos s ib l e  t h a t  a  phase change from bcc t o  f c c  i s  occur r ing  l o c a l l y  
i n  t he  model though i n s u f f i c i e n t  evidence has been found t o  suppor t  t h i s .  
I t  would n o t  be pos s ib l e  f o r  t he  whole system t o  undergo a  phase change 
i n  t h e  same sense  owing t o  t he  c o n s t r a i n t s  of t he  p e r i o d i c  boundaries .  
Fu r the r  a n a l y s i s  i s  r equ i r ed  (of smal l  r eg ions  of t h e  model) over s h o r t -  
e r  t ime i n t e r v a l s  t o  i n v e s t i g a t e  t h e  hypothes i s .  
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