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NUCLEATION AND CRYSTAL GROWTH IN SOFT-SPHERE SYSTEMS

G. Bushnell-Wye and J.L. Finney

Department of Crystallography, Birkbeck College, Malet Street,
London WCIE 7HX, U.K.

Résumé -Partant d'une configuration amorphe modélisée, de
4000 "sphéres-molles", une méthode de dynamique moléculaire
permet d'illustrer la germination spontanée. L'analyse du
processus de cristallisation, & trois &tapes de la simu-
lation, a 1'aide des indices des poly&dres de Voronoi montre
que des germes bcc et fcc continuent i croitre. Des ambi-
guités dans la structure, apparaissant pour certains types
d'indice, peuvent &tre levées en utilisant des mé&thodes
graphiques numériques. Certaines de ces figures donnent
1'impression d'un changement de phase localisé& d'une struc-

ture bcc en fcc, ceci demandant 3 &tre confirmé expérimen-
talement.

Abstract - Spontaneous homogeneous nucleation can be de-
monstrated in a model of 4000 soft-spheres annealed from an
amorphous starting configuration via a molecular dynamics
method. Analysis of the crystallisation process at three
stages of the simulation using Voronoi polyhedra indices
shows that both bcc and fcc nuclei continue to grow. Methods
of delineating the nuclei and the effects on their resulting
shape and size are discussed, and it is shown how ambiguities
in structure which arise both for particular index types and
local arrangements can be resolved using computer graphics
techniques. Some of the drawings displayed give the impres-
sion of localised phase change from bcc to fcc structure
though these events have yet to be confirmed.

1. INTRODUCTION

In computer simulation of supercooled liquids it is relatively easy to
ensure that foreign bodies are excluded and (using suitable periodic
boundary conditions) that there are no container walls, thereby provi-
ding an environment conducive to homogeneous nucleation rather than
heterogeneous nucleation which is more probable in nature. Even so, it
will not occur without further ensuring that the temperature and density
of the ensemble present no barriers to nucleation. In the absence of
heterogeneous substrates, local inhomogeneities occur by chance fluctu-
ations in structure and these can form the bases of nucleation. In the
small systems first studied, crystalline structures formed only under
the influence of boundary conditions. More recently it has been de-
monstrated that the phenomenom of spontaneous homogeneous nucleation can
occur in a supercooled Lennard-Jones liquid provided there are no bar-
riers to nucleation (Mandell, McTague and Rahman (1976)).

Molecular dynamics calculations on a system of 4000 soft-spheres (Cape,
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Finney and Woodcock(1981)} interacting by the potential
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have also been reported where once again there was no dependence of the
crystallite axes upon the simulation boundaries and where both bcc and
fcc structures coexisted. A rapidly quenched liquid (Cape and Woodcock
(1980)) formed the glassy starting configuration which was annealed at
constant temperature for 3230 time steps at At = 0.005 mg?/¢ .When
using the soft-sphere potential the equatlions of state are functions
of a single reduced variable

. Nos ( €)1/4
p* = N (£
A kT

the reduced density, and associated thermodynamic variables, such as P*
can also be expressed in dimensionless units, thus
n._PV *

P*(p") = —= ¢
(where P is pressure,V is the volume of the system, N is the number
of particles, k is Boltzmann's constant and T is the temperature). This
simulation allowed the system to relax to a state of lower potential
energy by maintaining a constant kinetic energy (and temperature) and
a constant reduced density of /o* = 1.831, by rescaling the velocities
at each time step. The approach to equilibrium under these conditions
can be monitored by the decrease in total internal energy or reduced
pressure, which should eventually become that of the most stable struc-
ture for the system, the fcc crystal.
In a previous publication, Cape et al (1981) reported the presence of
both bcc and fcc nuclei within the system after 3230 time steps (refer-
red to as stage I below). Further molecular dynamics iterations have
been completed for this model to see if the nuclei would disperse or
continue to grow, and whether fcc nuclei would develop from bcc nuclei,
since at stage I it was clear that the reduced pressure was far from
the equilibrium value (fig.l). (Classical nucleation theory predicts
that the barrier to nucleation is minimal for this system and the nu-
clei should grow - Cape et al (1981)). The structure was further ana-
lysed after 4430 and 8330 time steps (stages II and III). The vari-
ation of P* is plotted in figure 1 and is summarized in table 1. Clear-
1y the reduced pressure fell from its starting value and appears to
have levelled out but is maintaining a value above that which it would
be expected to attain if theequilibrium structure existed throughout
the system.

*
Table 1 : values of reduced pressure P at different stages

of the simulation

Stage : start I 11 III equilibrium
Reduced pressure, P* 156.0 152.1 150.9 150.0 37.3
Number of time steps 0 3230 4430 8330

Structure amorphous —> fce crystal

crystallites
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Figure 1. The variation of the reduced pressure, P* during the course of the
molecular dynamics simulation. The average values for each 50 time
steps are plotted.

2. STRUCTURE CHARACTERISATION

The problem of identifying order within the system is essentially to
locate nuclei within a fluid of much the same density, which is dif-
ficult unless a nucleus is large and well defined. It can be done by
calculating a structure factor for specific lattice vectors (see for
example Mandell et al (1976)) but the results can be misleading and may
not distinguish between bcc and fcc structure (Hsu and Rahman (1979)).
The method adoptedin these investigations was that employing the 'in-
dices" of the Voronoi polyhedra which can be constructed to enclose all
space closest to each atom within the system providing a complete stat-
istical characterisation (Finney(1970)). Each index (ns,n4,n IS | R
lists the number of faces, n. having a total of j edges; ( trgil ng
zeros being suppressed afteri = 6), thus a perfect bcc structure would
generate indices of (0 6 0 8) only (figure2).

A fundamental difficulty arises, however, when attempting to uncover the
presence of crystalline close-packed structures. Under ideal conditions,
having no thermal fluctuations, these would give rise to indices (0 12 0
0) for both bcc and hep arrangements (see figure 2). With even the
slightest disturbance the degenerate vertices formed at the intersect-
ions of four edges in these polyhedra (so called because any three of
the four edges define the vertex -~ figure 2) separate into two or more
vertices at, junctions of three edges and additional faces may arise.
Consequently the indices are easily distorted and confusion results.
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Figure 2. Polyhedra for perfect (a) bec, (b) fcc, and (c) hep structures. Some
degenerate vertices (intersections of four edges) are indicated in (b)
and (c).

The use of time averaged coordinates (averaged over 100 time steps)
does not improve the situation (Cape(1979)). It is possible to re-

veal the underlying close-packed crystal structure by merging vertices
closer than a distance ¢ (i.e. removing short edges) so creating the
ideal polyhedra from the distorted versions. For this procedure to be
useful a value of ¢ is chosen to be commensurate with the thermal
fluctuation n and the inter-neighbour distance d. Hsu and Rahmann
(1979) have demonstrated the effectiveness of this method for Lennard-
Jones systems and models of supercooled metals.

A similar estimation of the parameters appropriate for this soft-sphere
system gave n/d = 0.09, suggesting ¢ /n = 3 should be used when modi-
fying the polyhedra to indicate the present of fcc (or hcp) nuclei.
(d~0.0772¢ ; n is estimated from the mean square displacement of the

atoms and is. 0.007¢ , givingz = 0.02% where 4 = % 1/3). This

was in agreement with a series of tests to determine the value of ¢
empirically for a region at stage I previously identified as being the
largest fcc nucleus (Cape et al (1981)). These tests indicated maxi~-
mum resolution of fcc structure occurred for ¢ = 0.025%2 . It was ap-
parent that some polyhedra for atoms in a bcc nucleus were also modi-
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fied to become (0 12 0 0) - type when using this procedure. This
emphasized at an early stage that ambiguities could arise owing to min-
or differences between distorted bcc and distorted fcc polyhedra, and
that it would be necessary to draw some of the polyhedra to resolve the
problem.

The central region of the model, some 2200 atoms, was investigated at
each of the stages defined above using both modified and unmodified in-
dices. The proportions of bcc and fcc polyhedra at each stage are
shown in table 2. It appears that the number of local bcc arrangements
increases but remains the same between stages II and III whereas the
fcc (and/or hcp) clusters increases throughout the simulation.

Table 2 : Percentage of (0 6 0 8) polyhedra found before modification

and the percentage of (0 12 0 0) polyhedra found after

modification (expressed as a percentage of the total

number of polyhedra)

Stage % (06 0 8 % (0 12 0 0)
unmodi fied modi fied
polyhedra polyhedra

I 7.4 15.6
IX 11.6 22.5
III 11.6 27.1

3. DELINEATING THE NUCLEI

It is possible to investigate the extent (and perfection) of bcc nuclei
by listing all unmodified polyhedra of type (0 6 0 8) and checking which
of these have neighbours at or about the right distance and in the right
directions to form bcc aggregates (Cape et al (1981)), though this can
be a laborious task. Similarly, the four interpenetrating simple cubic
lattices of fcc crystallites could be mapped using the modified poly-
hedra of type (0 12 0 0) as a guide. However, since a computer can ac-
cess all the data required, it is a less arduous job to write computer
programs to do this: neighbouring polyhedra of similar type, irrespec-
tive of distance and direction criteria, can be readily tabulated and
then 1lists can be compiled of those forming separate groups or nuclei
(Bushnell-Wye (1983)). It is important to recognise that some atoms

on the surface of the nuclei may well be in exact register with the
nucleus but, because of their disorganised neighbours away from the nu-
cleus, they will not have the requisit indices (even when modified).
Such atoms should be included in the description of the extent of the
nuclei but not to connect neighbouring nuclei, otherwise the nuclei be-
come very dendritic.

Using distance and direction criteria to specify nucleus size limits
nuclei to the nearly perfectly crystalline regions and probably under-
e§timates their size though their shapes tend to be fairly globular.
Dlsregar§ipg sgch c?iteria results in larger nuclei (in general) which
have ramifications into less perfectly organised regions of the model.

4. RESULTS

Tables 3 and 4 show the sizes of the larger nuclei found at each of the
stages analysed and emphasize how the assigned size is influenced by
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Table 3. The sizes of the larger bcc nuclei identified at each stage both with and
without surface contributions.

Stage I Stage II Stage III
(0608) (0608) + (0 608) (0608)+ (0 608) (0608) +
surface atoms surface atoms Surface atoms
Number of atoms in
nuclei of 10 or more
atoms
nucleus 1 19 97 ks 239 43 216

2 14 81 41 192 34 195

3 1" 61 35 180 30 138

y 28 LT ] 17 97

5 n 76

6 1" 66

7 1 6

Table 4. The sizes of the larger fcc nuclei identified at each stage both with and
without surface contributions.

Stage I Stage II Stage III
(01200) (01200) + (01200) (01200) + (01200) (01200) +
surface atoms surface atoms surface atoms
Humber of atoms in
nuclei of 10 or more
atoms
nucleus 1 51 598 324 1227 %05 1518
2 32 139 61 280 121 ug
3 30 m 22 104
4 10 59
S 10 56

the inclusion of surface atoms. The true size almost certainly lies
somewhere between the two totals given for each nucleus. Comparing the
totals for each stage suggests that the bcc nuclei grow to begin with
but then remain much the same size whereas the fcc clusters continu-
ously increase in size perhaps by merging with neighbouring clusters.
It is obvious that some ambiguities arise in defining both local sym-
metry and the extent of ordered groups, and that the only way to re-
solve the problem is to examine some groups in detail. An interactive
computer graphics system has been used to draw both individuals and
small clusters of polyhedra; some drawings are presented here to de-
monstrate the results of the analysis so far. Figure 3 shows poly- .
hedra for two (0 6 0 8) atoms before and after modification to remove
short edges. Clearly, some (0 6 0 8) environments are very close to
being ideal fcc structures while others are not which suggests incor-
rect assignments could be made using unmodified polyhedra indices alone.
Extended regions of bcc and fcc character also exist as depicted in

the clusters of figure 4. Highlighted in figure 5 is the type of fea-
ture which can occur both in real structures and in this soft-sphere
model. These can only be allowed to exist in the latter if strict dis-
tance and direction criteria are not used in defining the extent of
crystalline close-packed regions: stacking faults introduce lattice
translations and therefore form a boundary to a nucleus if it is only
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before (0 6 0 8) after (0 12 0 0)
before (0 6 0 8) after (371 Q)

Figure 3. Two polyhedra having unmodified index (0 6 O 8) but clearly different
environments. (a) The modified index (0 12 0 0) shows that the symmetry
of the atoms' neighbours is very nearly fcc. (b) The modified polyhedron
index (3 7 1 0) does not express a high symmetry whereas the drawing of
the unmodified form has distinct bcc symmetry.

(a)

Figure 4. (a) A group of mostly (0608)
polyhedra with strong becc charac-
ter. (b) A group containing some
(0608) polyhedra having strong
fcc character,
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curvature

Figure 5. A stacking fault within a fairly well ordered part of the model.
The polyhedra can be compared with those of the perfect fcc and

hcp structures.
'fcc layer' @

'hep layer'

'fcc layer!'

17

Figure 6. An arrangement of polyhedra suggesting plane curvature. The sense
of curvature is indicated. An alternative interpretation is that

a grain boundary is being observed.

allowed to have (by definition of the technique used) near perfectstruc-
ture. Similarly, gross plane curvature, figure 6, and grain boundaries,
figure 7, can also be identified in this model.

5. PHASE TRANSFORMATION

When drawing polyhedra, as described above, to examine the structure
associated with particular indices there were often polyhedra which
exhibited both fcc and bcc character. Sometimes this was due to the
small size of the six quadrilateral faces of a (0 6 0 8) polyhedron
and in other cases one 'half' of the polyhedron could be recognised as
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plane directions

Figure 7. An arrangement of polyhedra suggesting the existence of a grain
boundary.

having strong bcc characteristics and the other was very nearly perfect
fcc-type. Once again, these features could not be identified from in~
dices alone, making the use of the graphics essential. The overall im-
pression suggested a change of phase from bcc to fcc was occurring. Re-
ference to table 2 and maps detailing the distribution of index types
throughout the system (not shown here) at each of the three stages
analysed does not supportthis however, but rather suggests that nuclei
grow by expanding into regions having indistinct crystalline character.
Further analysis at different stages in the simulation must be under-
taken to ascertain exactly what transformations are taking place with-
in the ensemble.

It is possible to construct hypothetical intermediate stages of trans-
formation from a polyhedron of type (0 6 0 8) to one of type (0 12 0 0),
and some of the features of the intermediate stages could be seen in
polyhedra displayed using the graphics programs. An example of this is
the unmodified (0 4 4 4) polyhedron in figure 8. Even though only
slight movement of neighbours would be required to make this into a

(0 12 0 0)- type polykedron, it is easy to see that large cooperative
movements would be required to effect such a transformation over a
large number of neighbours: the cooperative movements shown in fig.8
could not possibly occur owing to the constraints of the periodic
boundary conditions. This typé& of transformation could therefore only
take place with different orientations throughout the model and exten-
sive grain boundaries would result. Further organisation might pro-
ceed under thermal fluctuations to allow some grains to grow.

6. CONCLUSIONS

Suitable conditions have been provided for the annealing process in the
soft-sphere system to permit spontaneous homogeneous nucleation of both
bcc and crystalline close-packed structures. The nuclei grow in the
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(0 6 08) (2 4 2 5) (0 4 4 4)

é? similarly for lower half, but

may be rotated by 90°
(0 12 0 Q)

% (080 4) (oezz@

(a) Successive alterations can be made to transform a polyhedron of index
(0 6 0 8) to one of the (0 12 0 0)-type.

(b) An unmodified (0 4 4 4) polyhedron taken from the model. Some features
of this polyhedron can be seen in the structures in (a). Only minor
rearrangements of neighbours would be required to form a fcc polyhedron.

N\ 1 cooperative
\ L —_— «_ motion
/’l required

(c) The relationship between the bcc and fcc lattices is shown together with
an indication of the cooperative movements necessary to effect a phase

change. A widespread motion of this nature is denied by the periodic
boundaries.

Figure 8. The geometry of the bcc to fcc phase transformation.

continued simulation as judged by an increased number of Voronoi poly-
hedra having indices typical of a crystalline environment. However,
the technique used has limitations and it is essential to be aware of
the ambiguities which arise. These difficulties can best be sorted out
with the aid of computer graphics.

The (0 6 0 8) index can represent strong bcc character but additional-
ly may indicate a distortion of crystalline close-packed symmetry.
Modified indices of type (0 12 0 0) occur for either fcc or hcp stack-
ing sequences and can only be distinguished by resorting to geometri-
cal considerations or by drawing the polyhedron concerned.

The technique used to delineate the nuclei curtails their size if geo-
metrical constraints are specified; if not, the nuclei can be more ne-~
bulous and features such as stacking faults and grain boundaries can
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be included in the crystallites. The latter approach seems reasonable
because these features would be expected when crystallising rapidly
from undercooled liquids. Once again, the uncertainties related to the
extent of individual nuclei can only be resolved quickly with the aid

of computer graphics.

It is possible that a phase change from bcc to fcc is occurring locally
in the model though insufficient evidence has been found to support this.
It would not be possible for the whole system to undergo a phase change
in the same sense owing to the constraints of the periodic boundaries.
Further analysis is required (of small regions of the model) over short-
er time intervals to investigate the hypothesis.
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