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Resume - Nous donnons des arguments theoriques qui  montrent l a  p r e  nce d'un 
e f f e t  d " ' a r ~ - e n - c i e l ~ ~  nuclGai r e  dans l a  d i f f u s i o n  Glast ique c12+ C I S  a 
1,016 GeV. 

Abstract  - We prese t h  r e t i c a l  evidence f o r  the occurence o f  a  nuclear 
rainbow e f f e c t  i n  C P l +  Ceq e l a s t i c  s c a t t e r i n g  a t  1.016 GeV. 

I - INTRODUCTION. The separat ion o f  the " p o s i t i v e "  and "negative" angle components 
from the  experimental data. 

The angular d i s t r i b u t i o n  o f  c12+c12  e l a s t i c  s c a t t e r i n g  a t  1.016 GeV /1,2/ has revea- 
l e d  a p a t t e r n  s i m i l a r  t o  t h a t  already observed i n  a-nucleus s c a t t e r i n g  a t  intermedia- 
te  energies. I n  the l a t t e r  case, the p a r t i c u l a r  form o f  the angular d i s t r i b u t i o n  has 
been a t t r i b u t e d  /3 /  t o  a r e f r a c t i v e  e f f e c t  due t o  a nuclear rainbow. The q u a l i t a t i v e  
i d e n t i f i c a t i o n  o f  a  rainbow i s  based on the s i m i l a r i t y  between the angular d i s t r i b u -  
t i o n  p a t t e r n  and t h a t  o f  an A i r y  func t ion .  This procedure i s  q u i t e  simple a t  low 
i n c i d e n t  energies, because i n  t h i s  case only the Coulomb rainbow i s  present /4/. 
However, a t  in termediate energies, the nuc lear  transparency becows la rge  enough t o  
reveal add i t i ona l  (nuc lear)  r e f r a c t i v e  con t r ibu t ions .  As a r e s u l t ,  the two con t r ibu -  
t i n g  e f f e c t s  give r i s e  t o  a complicated p a t t e r n  due t o  i n e v i t a b l e  wave-mechanical 
i n te r fe rences  and there fo re  the i d e n t i f i c a t i o n  o f  the nuclear r e f r a c t i v e  con t r ibu -  
t i o n  as a "rainbow", becomes ambiguous. I n  f a c t ,  i n  the r e s u l t i n g  angular d i s t r i b u -  
t i o n  only  an exponen t ia l - l i ke  decrease, a t  l a rge  angles, i s  remin iscent  o f  an A i r y  
pa t te rn .  To avoid such d i f f i c u l t i e s ,  we s h a l l  proceed f i r s t  t o  the e l i m i n a t i o n  o f  
the in te r fe rence  term from the angular d i s t r i b u t i o n .  This can be done by evoking the 
p roper t ies  o f  the envelopes o f  the o s c i l l a t o r y  pa t te rn .  These envelopes a re  def ined 
by, /5,6/ 

where a+ and o- are the s c a t t e r i n g  cross-sect ion through "negative" and " p o s i t i v e "  
angles, respec t i ve ly .  A t  each s c a t t e r i n g  angle 8, the  two values Et , al lows us t o  
ob ta in  a+ from (1 ) .  The r e s u l t s  we ob ta in  / 6 / ,  are shown i n  f i g u r e s  1 and 2, f o r  
e l a s t i c  Sca t te r ing  o f  a on ~ a 4 0  (104 NeV) /7/  and c12 on ~ 1 2  (1.016 GeV)/l/. The 
upper p a r t  o f  these f igu res ,  shows the experimental data as w e l l  as the envelopes E,. 
The two components a+ are shown by  open c i r c l e s  i n  lower p a r t  o f  the f i g u r e s .  I n  both 
cases, the exponential-1 i ke component can be unambiguously i d e n t i f i e d  as due t o  a 
Coulomb rainbow, i .e., the " p o s i t i v e "  angle component. For a + ca40, we immediatly 
recognize i n  the "negative" angle com onent, an Ai ry- type pa t te rn ,  s ignature of a  
nuc lear  rainbow. However, f o r  ~ 1 2  + C l q  , the i n t e r p r e t a t i o n  o f  the o+ / oR component 
i s  considerably less c lea r .  

- 
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Fig.1 Fig. 2 

The aim o f  the present  work i s  t o  c l a r i f y  both q u a l i t a t i v e l y  and q u a n t i t a t i v e l y  the 
o r i g i n  o f  the "negative" angle component a t  in termediate energies E S  100 MeV/A. 
P a r t i c u l a r  a t t e n t i o n  should be p a i d  t o  the r e l a t i v e  importance o f  r e f r a c t i v e  and 
absorpt ive e f f e c t s .  

I 1  - The uni form asymptot ic eva lua t ion  o f  the  h igh  energy s c a t t e r i n g  amplitude 

Assuming V / E << 1 (V i s  a measure o f  the absol Ute magnitude o f  the p o t e n t i a l )  and 
kR>> 1, the s c a t t e r i n g  amplitude i s  w r i t t e n ,  i n  the R-representat ion /8/, 

03 
f ( e ) = &  j m d a  a],(&e) exp [ - & J  v [ ( t 2 / k 2 + z 2 ) ' l  d z l  

0 -a, op 

where v = i W(r) + V( r )  i s  the o p t i c a l  p o t e n t i a l .  The angular range o f  the approxima- 
t i o n  i soP OsV/E. Furthermore, we assume t h a t  the regime o f  the s c a t t e r i n g  process 
i s  a quas i -c lass ica l  one, i .e., /U/ 

( V / E )  x kR >> 1 o r  BkR >> 1 (3) 
1 

This cond i t i on  al lows the  replacement o f  Jo(x) by ( 2/1rx)' cos ( x - a / 4 ) .  The 
s c a t t e r i n g  amp1 i t u d e  becomes, f ( 0  ) s f + ( e  ) + f - ( e ) , where f+ - ( 0 )  are given by 



The square modulus o f  f+ (8 )  gives the s c a t t e r i n g  cross-sect ion through " p o s i t i v e "  
and negat ive angles ; - o c ( 8 )  = 1 f+(B) l 2  . The exponential  fac to r ,  expw(R), i s  
the modulus o f  the S(R) mat r i x ,  I S(R) I = exp w(R). 

The a+ component i s  obta ined through the i n t e g r a l  (4) ,  i n  which w(R) and ~ ( t )  are 
supposed t o  be smooth vary ing func t ions  o f  R . As i s  w e l l  known, i n  the c l a s s i c a l  
l i m i t ,  the i n t e g r a l  (4 )  can be evaluated w i t h  h igh  degree o f  accuracy by s t a t i o n a r y  
phase methods. However, i n  the present  case, the po in ts  o f  s t a t i o n a r y  phase can be 
e i t h e r  w e l l  separated o r  coalesce , when 8 var ies.  To account f o r  both s i tua t ions ,  
we use the uni form asymptotic approximation /9,10/. The i n t e g r a l  (4) i s  o f  the 
general form / l o /  

It i s  assumed t h a t  f ;a, x )  has two s t a t i o n a r y  points ,  x = x ( ~ ) ( ~ )  , i = 1,2, which 
can close together  o r  coalesce when a var ies.  The uni form approx~mat ion o f  ( 7 )  i s  

I % 2' IT eiA I (GI + G2) <' ~ i ( - < )  + i ( G ~  - G ~ )  < -' A'i (-5) I (8) 

G~ = 9 ( ~ ( ' ) )  / [ f l t (a ,x ( l ) )  I , G~ = 9 ( x ( 2 ) )  / I  - f l ~ ( a , x ( ~ ) )  1 

where A i  and A'i are the A i r y  func t ion  and i t s  e i v a t i v e ,  respec t i ve ly .  lrlhen the 
f l y  x ( i )  are r e a l ,  5 i s  p o s i t i v e ,  whereas when the x are complexe conjugate, 5 i s  

negat i  ve. The uni form approximati on inc ludes as spec ia l  cases t h e  non-uniform 
r e s u l t s  : the s t a t i o n a r y  phase method ( < >PO ) and the A i r y  approximation ( < %  0) .  
Now, the s t a t i o n a r y  phase po in ts  o f  p+(R,B), are those s a t i s f y i n g  p;(R,B) =0 ,  o r  

The le f t -hand  s ide o f  (9 )  i s  the expression o f  the c l a s s i c a l  d e f l e c t i o n  angle /12/ 
i n  the l i m i t  V/E << 1. Equation (9)  i s  w r i t t e n  @ (R) = - 8. Therefore t o  evaluate 
a+(B) we on ly  need the negat ive p a r t  o f  the d e f l e c t i o n  func t ion  8 (R) . We parama- 
t r i z e  B(R) by 

where 8 , q and R can be r e l a t e d  t o  the parameters o f  the r e a l  p a r t  o f  the o p t i -  
ca l  p o t e s t i a l .  The rnuclear rainbow angle er , can be evaluated from (9 ) .  We take 
f o r  V(r) a Wood-Saxon shape, V = -Vo [ 1 +exp (R-r)/a 1 - 1  . The fo rce  f = -Var i s  
almost n e g l i g i b l e  outs ide the range R-a < r < R+a , where i t  remains close t o  
- V '  ( r )  r=R=-Vo/4a .  Now, the maximum s c a t t e r i n g  angle, i s  reached by the t r a -  
j e c t o r y  of impact parameter b=R-a. P u t t i n g  b / r  %1 i n  (9), one obtains, 

1 k, R t  e % -- 
r 2 7 (a) 

The curvature o f  'd (R) i n  R = a,, q , can be r e l a t e d  t o  the thickness o f  the 
surface region A r  = 2a, through /5/, 

F i n a l l y ,  i n  the l i m i t  V / E < < l  one has approximately Rr = k R .  A t  t h i s  stage, we 
are able t o  appreciate a t  what e x t e n t  the d i f f  ren condi t ions o f  the h igh energy 
approximation are f u l f i l l e d  i n  the case o f  C l e +  C f2  a t  1.016 GeV. Taking f o r  V ( r )  
the parameters obtained by Buenerd e t  a l .  /2/  from a phase s h i f t  analys is  o f  the 
data, 
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V0=80 lvieV , R=3.66fm , a = 0 . 4 7 f m ,  

one obtains 

V o / E  % 0.16 , k R %  44 , VoR/hv% 7 , 8,%0.175 

To proceed further,  we now consider the part icular form of I S(R) I = exp w ( 2 ) .  We 
shall  use the fami l i a r  parametrization, /ll/, 

exp w ( R )  = { 1 + exp I ( i o  - R )  / A ]  1-I (13) 

within'the angular range not too f a r  from O r ,  one has R <<!Lo and (13) can be appro- 
ximated by 

exp w (2)  2. exp [ (R-go) / A  I (14) 

To remain consistent with the quasi-classi cal regime expressed by ( 3 ) ,  the thickness 
( % 2 A  ) of (13) should be much larger than the uncertainty 6R on R. The R-values in 
the range I R-Ro 1 % 2 A correspond to  classical trajectories deviated through 
e%Ap/p.As 6 R = k 6 b  and B b A p a h ,  one has A>>1/29, i . e . ,  A > > l .  

Taking into account (10) and (14) ,  one obtains from (8),  

2 

F ~ ( x )  = A: (x) + S: ( a  d m )  1 X i  ('1 + A: (x )  ) 
1x1 

2 (Rr-Lo )/ A 
x = ( e - l e r l ) / q i ,  ~ = I / A ~ ~  p i =  e 

and, 
(+) for 0 < ] 8 ~ [  , S +  = s inh  ( a d l x ( )  

( - )  for  9 > l e r l  , S - =  s in  ( a f i )  

Further, we have taken for  the classical  cross-sections ol and o2 associated with 
the two branches of O ( a ) ,  the mean value a 

a1 % 0 *  % C T =  R r / 8  k 2  18' I 
and f o r  8 > , we have p u t  

l a l =  [ a F + ( e - l e r l ) / q  I :  % a, 

111 - Analysis of the angular distr ibutions . Application to C" + C" scattering 

a t  1.016 GeV. 

To analyze the angular distr ibutions,  we shall take the product ( 8 x cr+ (9) I rather 
than a+(9) i t s e l f .  The advantage i s  ,that the result ing pattern depends only on the 
reduced variable x = ( 0  - 18, ] ) / q 3  . Consider the function F (x) ,  (16). The 
graphical representation of F,(x), i s  plotted i n  figure 3, for 8 i f ferent  values of 
a ; a =  O . ,  0.5, I., 1.5, 2., 2.5. I t  i s  c lear  from figure 3 that  the pattern evolu- 
tion of Fa(x) i s  determined by the parameter, a = 1 /  Aq 3 ,  which depends on both 
absorptive and refractive contributions, through A and f , respectively. For 
a + O , A - m ,  one has,  

Fa ( x )  - A! ( x )  



x .(e-le,l)/q1/3 
Fig. 3 

This l imi t  corresponds to  a transparent nucleus. The resulting pattern i s  tha t  of an 
Airy function which exhibits the fami l i a r  structure due to interferences of classical 
trajectories near a "rainbow". As absorption i s  introduced, a > 0 ,  the oscil latory 
structure gradually disappears. However, i t  should be noted that  for eSJe r J  the e f fec t  of 
absorption i s  rather small. The asymptotic behaviour of F,(x) i 11 ustrates these quali tat ive 
analysis. One has, 

e < < l e r 1 ,  I x l > > l  ( x < O )  and a31  

This expression shows the strong dependency of the angular distr ibution pattern on 
the parameter a ,  in the angular range 0 < le,l. 

This expression i s  independent of a .  This i s  an important resul t .  I t  means that  : 

For 8 5 the scattering cross section i s  weakly affected by absorption and there- 
fore remains essential ly determined by the nuclear rainbow e f fec t .  
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We now consider the p a r t i c u l a r  case o f  c12+ c12 s c a t t e r i n g  a t  E =1.016 GeV. With 
the p a r a w t e r s  o f  Buenerd e t  a l .  /2/, f o r  V ( r ) ,  one has from (11) and (12) Or= lo0, 
and q =0.000547. These def ine the reduced var iab le  x. We have p l o t t e d  i n  f i g u r e  3 
the po in ts  a t t r i b u t e d  t o  the o+(e) component (see f i g u r e  2) mu1 t i p l i e d  by s i n  8 .  
A reasonably good agreement i s  obta ined w i t h  the  curve Fa(x), f o r  a = 2. This 
leads t o  A =6.11 and, as fir% kR = 44.2, one obta ins !Lo = 59 and expw (fir) =IS(fir)l = 
= 0.089.~0.1. These values are very close t o  those obtained by a phase s h i f t  
analys is  o f  the data / l o / ,  

I n  the l i g h t  o f  the arguments given above we can conclude w i t h  two main remarks : 
For e << l e r l  , the absorpt ion s t rong ly  reduces the c o n t r i b u t i o n  o f  the i n n e r  branch 
( R < f i r )  of the d e f l e c t i o n  func t ion .  As a r e s u l t ,  the f i r s t  "rainbow" maximum i s  
masked. 
For e 3 i e r l  the exponen t ia l - l i ke  decrease observed i n  the s c a t t e r i n g  cross- 
sec t ion  of c12+c12 a t  1.016 GeV, i s  e s s e n t i a l l y  a shadow e f f e c t  due t o  a nuc lear  
rainbow. 
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