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RSVP APPROACH TO THE QUANTIZATION AND TUNNELING I N  MULTIDIMENSIONAL 

HALMITONIAN SYSTEMS 

E. Caurier ,  S .  Droidi* and M. Ploszajczak* 

Centre de Recherches Nucl&aires e t  Universite' Louis Pasteur de Strasbourg, 
Groupe de Physique NucZ6aire The'orique, BP 20,  67037 Strasbourg Cedex, 
France 

R~sum6 - Nous montrons qu'en imposant aux so lu t ions  i n v a r i a n t s  de jauge de 
systemes hamil toniens quantiques d 1 6 t r e  r6gul iSres e t  univoques, il e s t  
poss ib le  de d e c r i r e  l a  f i s s i o n  spontanee e t  l e s  e t a t s  l i e s .  Quelques 
exemples sont  ensu i te  donnes . 
Abstract  - We show t h a t  the r e g u l a r i t y  and single-valuedness (RSV) condi- 
t i o n  imposed on the gauge i n v a r i a n t  so lu t ions  o f  quantal hamil ton ian system 
al lows t o  describe the spontaneous f i s s i o n  and quantized bound s ta tes .  
Few i l l u s t r a t i v e  examples are summarized. 

INTRODUCTION 

A fundamental problem i n  quantum many-body theory i s  the formulat ion o f  a  microsco- 
p i c  descr ip t ion  o f  c o l l e c t i v e  motion i n  any subspace o f  the  H i l b e r t  space. Some 
progress i n  t h i s  f i e l d  has been achieved r e c e n t l y  by apply ing the mean-f ield methods 
f o r  bound states,  f i s s i o n  and fus ion  cross sec t ion  /I/. TDHF equation descr ib ing 
the evo lu t ion  o f  a  mean-f ield can be der ived us ing the same time-dependent va r ia -  
t i o n a l  p r i n c i p l e  which leads, i n  the  f u l l  H i l b e r t  space, t o  the l i n e a r  time-depen- 
dent  Schrodinger equation. However, the  TDHF equation i s  nonl inear  and, consequen- 
t l y ,  the p r i n c i p l e  o f  superposi t ion does n o t  h o l d  anymore. Moreover, TDHF method 
i s  formulated as an i n i t i a l  value problem. A1 1 t h a t  leads t o  the suspic ion t h a t  
the TDHF evo lu t ion  e x h i b i t s  c l a s s i c a l  features and, therefore,  i t  cannot be appl ied 
fo r  bound s ta tes  and f i s s i o n  i n  the same fashion as the Schrodinger theory. Some 
o f  these d i f f i c u l t i e s  could be removed by apply ing the r e g u l a r i t y  and s i n g l e -  
valuedness p r i n c i p l e  (RSVP) t o  the gauge-invariant wave f u n c t i o n  /2/ o r  the  func- 
t i o n a l  i n t e g r a l  representat ion (FIR) t o  the many-body propagator evaluated i n  the 
s t a t i o n a r y  phase approximation (SPA) /3/.  I n  both approaches when app l ied  f o r  
bound s ta tes  the  TDHF i n i t i a l  value problem i s  replaced by the  TDHF t i m - p e r i o d i c  
boundary problem. However, i n  con t ras t  t o  FIR + SPA the RSV quan t i za t ion  can be 
general ized f o r  time-quasi -per i  od ic  boundaries i n  any subspace o f  the Hi l b e r t  
space /2,4/. Below we apply the RSV cond i t i on  t o  describe spontaneous f i s s i o n  and 
quant ized v i b r a t i o n a l  modes i n  quantal Hamil tonian system. The d e t a i l s  o f  the 
method are presented i n  r e f .  2  and on ly  essen t ia l  ideas and i l l u s t r a t i v e  examples 
wi 11 be summarized here. 

OUTLINE OF THE METHOD 

L e t  us c o n ~ i d e r  the subsp9ce I $ ( ~ , ~ ) l  which i s  speci f ied by the canonical conjugate 
var iab les P-bl,. . . ,p l,+n=[7~~:. . . ,nk] . Each element i n  t h i s  subspace can be+ 
w r i t t e n  as $ ( r ; t )  z $f r ;p ( t ) ,  n ( t ) ) .  The Hamil ton's equations o f  motion f o r  p ( t ) ,  + 
~ ( t )  can be obtained from the v a r i a t i o n a l  p r i n c i p l e  : 
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+ + + 
q s s u m i ~ g  the norm conserving v a r i a t i o n s  o f  $(r;p,n) /5/. Obviously, the t r a j e c t o r y  
p(t), n ( t )  f o r  separable systems i s  c o n d i t i o n a l l y  per iod ic .  Moreover, t h e  KAM 
Theorem /6/  assures t h a t  even i n  the presence o f  a  nonseparabie conservat ive p e r t u r -  
bat ion, the motion i s  c o n d i t i o n a l l y  p e r i o d i c  i n  the m a j o r i t y  o f  the phase space. 
The phase f a c t o r  gf+the wave f u n c t i o n  can be obtained consider ing the norm changing 
v a r i a t i o n s  i n  { $ ( p , ~ ) } .  The f u l l  s o l u t i o n  o f  (1)  i s  : 

~ ~ ( ; ; t ) =  $G(;;t) exp i -  1% b,%]t~ 
fl 3 

(2)  

i P -+ + -f + where ; t )=$( f ;b ( t )  ,:(t)) ~xP{; ;'dG1) ; Po: p '  ( t  1. PEP' ( t )  i s  the phase- 
+ 0  

Po A A 

determined wave func t ion  which i s  i n v a r i a n t  under the gauge t ransformat ion H+H+B(t). 
I n  the l i m i t  o f  i n f i n i t e l y  long  t ime-evolut ion i n  the regu la r  reg ion o f  the para- 
met r i c  space the t r a j e c t o r y  o f  the Hami l ton 's  system covers an i n v a r i a n t  torus 
densely and uni formly.  Thus, a t  each p o i n t  T one can+d$fine r e l a t i o n  between the 
dynamical s ta tes  $(?;;,$) o f  the  system f o r  po in ts  (p,n) on the i n v a r i a n t  torus 
and the phase-determined gauge-i nvar ian t  funct ions $G. For each ; t h i s  re1 a t i o n  
should be a  regu la r  and s ing le-va lued func t ion  on the i n v a r i a n t  torus,  i .e. f o r  
any closed t r a j e c t o r y  Co on the torus : 

1 $d; = ~ r m ~ h  n  = O,I, . . .  
cJ ( 3 )  

co 
This i s  an essent ia l  idea o f  the RSVP /2/. The RSV cond i t i on  has much i n  common 
w i t h  condi t ions i nforced upon the s t a t i o n a r y  so lu t ions  o f  the Schrodinger equation. 
Indeed the RSV cond i t i on  can be expressed i n  the form o f  the canonica l ly  i n v a r i a n t  
quan t i za t ion  p r e s c r i p t i o n  which f o r  the Schrodinger dynamics i n  the f u l l  H i l b e r t  
space y i e l d s  on ly  exact eiqenstates and, moreover, a1 1  o f  them /2,4,7/. The i n -  
v a r i a n t  t o r i  i n  RSVP are a n a l o y e s  o f  symmetries i n  the  Schrodinger problem. 

TUNNELING 

A s t ra igh t fo rward  app l i ca t ion  o f  the RSVP i n  the many-body problem i s  the est imate 
o f  the  tunne l ing  p r o b a b i l i t y .  Le t  us consider a  one dimensional p o t e n t i a l  b a r r i e r  
as shown i n  f i g .  1. We assume t h a t  the  gauge-invariant wave func t ion  i n  the c las -  
s i c a l l y  al lowed region I f u l f i l s  the RSV cond i t i on  i .e. the system i s  i n  one o f  
the s ta tes  prescr ibed by the RSV quan t i za t ion  cond i t i on  /2/.  Consider now the wave 

packet passing from region I 

Fig. 1 

Scetch o f  a  p o t e n t i a l  w e l l  f o r  a  
f i s s i o n i n g  system w i t h  two c las -  
s i c a l l y  al lowed regions ( I ,  111) 
separated by one c l a s s i c a l l y  f o r -  
bidden region ( 11). 



through t h e  potent ial  b a r r i e r  t o  the region 111. (Transformation t o  the c l a s s i c a l l y  
forbidden region can be achieved by the  so-cal led Wick ro ta t ion  t + i ~  where T i s  
r e a l .  I n  t h i s  case the act ion in tegra l  becomes imaginary). The phase-determined 
wave function i n  regions I ,  11, 111 i s  : 

where y i k ) ,  qLk) (k=1,2,3) a re  the  rea l  and imaginary phases i n  the corresponding 
I - 

regions. The wave function ( 4 )  s a t i s f i e s  the  9SVP i n  the whole space i f  and only : yA3)= y L 2 ) =  "(pA,nn)t y i l ) ,  qAZ)=qL1), qL3)=w 2 B B  ( p  ,n )+q('). o In t h i s  case the  

so lu t ions  i n  reaions I ,  11, I11 can be joined smoothly a t  t h e  b a r r i e r  and the  
transmission probabi l i ty  p e r  un i t  time is  

where u1(E)=(2n)-' n 'dp '  and (agl/aE)=T1 is  the  o s c i l l a t i o n  period i n  region I .  

Thus, i n  the r e s t r i c t e d  subspace of t h e  Hi1 b e r t  space the spontaneous f i s s i o n  width: 

( 6 )  

resembles the  WKB r e s u l t .  I t  should be s t ressed  t h a t  i n  con t ras t  t o  the FIR+ SPA 
the  RSVP y ie lds  a c o r r e c t  premultiplying f a c t o r .  

In deriving P we have neglected the  mult iple  r e f l e c t i o n  of t h e  wave packet ins ide  
a b a r r i e r  as  well as  the feedback cur ren t .  The t r u e  tunneling probabi l i ty  through 
t h e  potent ial  b a r r i e r  i s  given by an i n f i n i t e  s e r i e s  of elementary transmission 
processes as  shown schematically i n  f i g .  2 .  Thick l i n e s  with arrows i n  f i g .  2 
denote the  incoming and outgoing packets respec t ive ly  whereas t h e  dashed l i n e s  
denote the  re f lec ted  packets ins ide  the  b a r r i e r .  For a l l  independent processes 
depicted i n  f i g .  2 t h e  incoming cur ren t  i s  the  same. Graphs i n  the  upper bracket 
contr ibute  t o  the transmission probabi l i ty  whereas those included i n  the lower 
bracket increase the t o t a l  re f lec tance  of the  b a r r i e r .  Consequently, the t o t a l  
tunneling probabi 1 i t y  i s  given by a difference between the sum of p r o b a b i l i t i e s  f o r  

" transmission graphs " and 
t h e  sum of  p rababi l i  t i e s  f o r  

Fig. 2 

A schematic presentat ion of 
graphs involved i n  the 
quantum mechanical t r a n s -  
mission through t h e  bar- 
r i e r .  Direction of time i s  
denoted by t h e  arrows. 
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I' feedback graphs ". This summation i s  equiva lent  t o  the averaging over the i n i t i a l  
evo lu t ion  t ime i n  I .  A l l  dynamical s ta tes  on the i n v a r i a n t  torus i n  reg ion I can be 
reached i n  the course o f  i n f i n i t e l y  long  l ime-evo lu t ion  o f  the systems. Physica l ly ,  
one cannot spec i f y  the dynamical s t a t e  ~ ( r , ~ ( t , )  ,.rr(t,)) which a t  t,<t=ti, leads 

. .. 
t o  the penetrat ion o f  a  b a r r i e r .  Thus, one s h o i l d  average over an ensemble o f  a l l  
i n i t i a l  dynamical s ta tes .  This def ines a  quantized s t a t i o n a r y  s t a t e  J j G  i n  reg ion I 
/2,8/. D i f f e r e n t  independent transmission processes from J j  are d is t ingu ished  by 
t h e  change o f  the phase expi-kU2/2hl o f  the gauge-invarian$ wave func t ion  i n  reg ion 
11, where k  i s  the number o f  passages i n  11. Thus, one can e a s i l y  c a l c u l a t e  the 
t o t a l  f i s s i o n  probabi 1  i t y  by summing con t r ibu t ions  from d i f f e r e n t  elementary f i s s i o n  
processes : 

This r e s u l t  agrees w i t h  a  general ized JWKB formula f o r  a  spontaneous f i s s i o n  proba- 
b i l i t y  /8/. 

The t o t a l  p e n e t r a b i l i t y  o f  the b a r r i e r  can a lso  be ca lcu la ted  by summing the con- 
t r i b u t i o n s  from d i f f e r e n t  processes i n  the course o f  i n f i n i t e l y  long t ime evolu- 
t i o n  as presented schemat ica l ly  i n  f i g .  3. The graphs i n  the upper p a r t  o f  f i g .  3 
describes the  I' h i s t o r y  " o f  t h e  wave packet which entered region I 1  a f t e r  " the 
f i r s t  " h i t t i n g  o f  a  p o t e n t i a l  w a l l .  The r e f l e c t e d  wave packet comes bach a f t e r  
one o s c i l l a t i o n  per iod  T  i n i t i a l i z i n g  the nex t  b u t  one ou t  o f  an i n f i n i t e  se r ies  
o f  the independent h i s i o r i e s  " o f  the  system. 

Fig. 3 

The scetch o f  f i r s t  two 
" h i s t o r i e s  " o f  the wave pac- 
k e t  evo lv ing  i n  the i n f i n i t e  
t ime from the c l a s s i c a l l y  
al lowed region I t o  the reg ion 
111 through the c l a s s i c a l l y  
forbidden region I 1  i n s i d e  
the b a r r i e r .  

Obviously, the t o t a l  p e n e t r a b i l i t y  o f  the b a r r i e r  does n o t  depend on the choice o f  
a  p a r t i c u l a r  " h i s t o r y  " o f  the system. The above r e s u l t s  f o r  the tunne l ing  
p r o b a b i l i t y  co inc ide w i t h  the  WKB r e s u l t s  suggest ing a  close l i n k  o f  RSVP and 
quas i -c lass ica l  methods based on the 6-expansion. This s i m i l a r i t y  i s  mis leading 
because i n  the RSVP approach one considers the path i n  the  space o f  phase-determi- 
ned wave funct ions and n o t  i n  the  c l a s s i c a l  con f igu ra t ion  space. The choice o f  
t h e  v a r i a t i o n a l  subspace i s  here c r u c i a l  because f o r  the Schrodinger dynamics i n  
the f u l l  H i l b e r t  space, the  RSVP gives noth ing e l s e  bu t  the condi t ions in fo rced  
upon so lu t ions  o f  the time-dependent Schrodinger equation. Consequently, RSVP 
y i e l d s  a  w e l l  known spectrum o f  quantized Schrodinger eigenstates, the tunnel ing 
p r o b a b i l i t y ,  e t c .  /2,4/. To our knowledge, the coincidence o f  r e s u l t s  f o r  tunne- 
l i n g  i n  JWKB and i n  RSVP approach suggests an u l t i m a t e  r e l a t i o n  between the low 



order 5-expansion f o r  Schr'ddinger dynamics and the v i o l a t i o n  o f  the superposi t ion 
p r i n c i p l e  i n  the nonl inear  quantum theor ies.  

THE GAUGE INVARIANT QUANTIZATION 

Condit ions (3)  express the RSYP fo r  t h e  gauge-invariant wave func t ion  (2)  on the 
i n v a r i a n t  torus.  Topology o f  the torus spec i f i es  the se t  { C i }  o f  independent bas ic  
closed curves such t h a t  each C can be cont inuously  deformed i n t o  a l i n e a r  combi- 
nation o f  C i .  Thus, eq. (3 )  ca8 be r e w r i t t e n  i n  the form : 

N j td; = 7 Mi f ;d; 
i=l 

(8) 

Ca C i 
which must ho ld  f o r  any choice o f  i n tegers  [ M ~ ,  . . . ,MN 1. This imp l ies  : 

= ( 2  f Gd; = nid i=1,  ..., N ( 9 )  

Ci 
+ + +  

Thus, the  RSVP f o r  qJG(r;p,n) can be formulated i n  a form o f  the quan t i za t ion  pres- 

c r i p t i o n  /2/.  A p a r t i c u l a r l y  usefu l  choice o f  Ci i s  such t h a t  : 

1 ( 2  ndpi= (2n)- l l !  dnidpi (10) 

C i 
2 n I i  denotes the  Poincare surface o f  sect ion i n  the d i r e c t i o n  i. For TDHF the 
above quan t i za t ion  procedure which i s  based on invest igat ingphases o f  the A-par t i c le  
wave f u n c t i o n  i s  imprac t i ca l .  However, one can s t i  11 formulate the gauge-invariant 
quan t i za t ion  r u l e s  i n  terms o f  dens i t i es  and currents  a l low ing  i n  t h i s  way f o r  an 
easy inspec t ion  o f  the TDHF dynamics / l o / .  L e t  us consider the gauge-invariant 
wave f u n c t i o n  i n  the form o f  a  S l a t e r  determinant : 

t 

L 
+ -+ 

r , .  . . r t ) e x {  <*lifiatl 1*>dt1I 
fi + 

Lo 
where 

+ + i + -f q(Tl,. . . , rA ; t )=  Y(jl,. . . ,rA;t)exp(- f(rl.. . . .rA;t) 1 
fi 

We are look ing  f o r  the equations o f  motion f o r  $ i n  such a representat ion t h a t  
both and f are r e a l  funct ions,  i .e. f o r  each s ing le  p a r t i c l e  (s.p.) wave 
func t ion  one has : 

where iQ j i s  a square r o o t  g f  the s  .p. densi ty  p..  Expressing the  Lagrangian 
func t iona l  i n  terms of-p: 9 and f one obta ins :J 

where 1 + + -+ 
~ ( p , f ) z < $ l ~ \ ) > =  , 1 p(rl, . ,rA;t) . . . f,;t~)~d?,,. . . ,drA+E(p) 

1 

This Lagrange func t iona l  i s  equiva lent  t o  : 
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beca~se  the so lu t ions  o f  equations o f  motion f o r  both & and d' d i f f e r  on ly  by 
the r-independent phase. Thus, t h e  gauge-invariant func t ion  can be w r i t t e n  as 
fo l l ows  : t,+t 

+ + + 
and p(r l  ,..., r A ; t ) ,  f(?l ,..., r A ; t )  can now be considered as the canonical conju- 

gate va r iab les  which f u l f i l  the Hami l ton 's  equations o f  motion : 

The second equation i n  (18) i s  the c o n t i n u i t y  equation which depends on ly  on the 
1 2 " c ~ l l e c t i v e  p a r t "  Ecol,= f jp(vif) dTi,.. . ,dTA o f  t h e  Haniltonian.RSVP f o r  @ G 

(eq. (17) )  i s  s a t i s f i e d  i f  : 

(n  = O , l ,  ...) 
and t h e  densi ty  func t iona l  i s  p e r i o d i c  ( c o n d i t i o n a l l y - p e r i o d i c )  i n  t ime. Obvious- 
l y  t h i s  expression i s  gauge-invariant.  I n  the examplaric case o f  a  harmonic motion 

X 2n w i t h  the c o l l e c t i v e  energy Ecoll= E cos (r t) the quan t i za t ion  cond i t i on  (19) 
i s  : 

T 

and E;=nfi(2~/~)=n6w. Thus, one obta ins the c o r r e c t  separat ion d is tance between the 

l e v e l s  o f  the  harmonic o s c i l l a t o r .  

THE COUPLED VIBR4TIONS OF THE NON-SEPARABLE HAMILTON'S SYSTEM 

RSV quan t i za t ion  method as formulated above i s  s t r i c t l y  v a l i d  f o r  separable m u l t i -  
dimensional Hamilton systems. For these systems a t  each e x c i t a t i o n  energy and f o r  
each i-mode one can always f i n d  an i n i t i a l  cond i t i on  such t h a t  the r a t i o  o f  a c t i o n  
i n t e g r a l s  Ik/Ii=O ( k f i ) .  Obviously, t h i s  requirement i s  n o t  f u l f i l l e d  f o r  non-se- 
parable systems ( E  ns#O). However, the  RSV quan t i za t ion  method may be s t i l l  used 
as a v a l i d  approximation f o r  non-degenerate Hamilton systems close t o  the separable 
ones. I n  t h i s  case i n v a r i a n  t o r i  e x i s t  and the  ac t ion  i n t e g r a l  7 e x h i b i t s  on ly  
small o s c i l l a t i o n s  around ( f =const) the ac t ion  o f  the averaged system : 

Below we discuss the  RSVP i n  connection w i t h  quantized i sosca la r  v i b r a t i o n s  i n  the 
time-dependent deformed o s c i l l a t o r  model (TDDOM) . This node1 i s  app l ied  f o r  the 
descr ip t ion  o f  g i a n t  resonances i n  l i g h t  se l f -conjugate n u c l e i .  The evo lu t ion  i s  
s tud ied i n  the space o f  " boosted S l a t e r  determinants " which are b u i l d  by f i l l i n g  
the deformed harmonic o s c i l l a t o r  f i e l d  /2/. A l l  s ta tes have the quantum numbers 
J=L, S=T=O and the  o r b i t a l  symmetry [4,.. .,4]. S t a t i c  s.p. s ta tes  are the (nxnvnz) 

e igenfunct ions o f  the deformed harmonic o s c i l l a t o r  p o t e n t i a l  w i t h  o s c i l l a t o r  



l eng ths  b i O ) ,  b('), b('). Fo r  a l l  p h y s i c a l l y  s i g n i f i c a n t  s t a t e s  i n  l i g h t  n u c l e i  i f  
Y Z  

an i n d i v i d u a l  s .p .  s t a t e  ( n  n  n  ) i s  occup ied then t h e  s.p. s t a t e s  ( n  -l,ny, nz) ,  
Y Z  

(nxn n  -I, n z ) ,  nx, n  n z - l f  a r e  occup ied as we1 1 .  T h i s  p r o p e r t y  s i m p r i f i e s  s i g n l f i  - 
Y  Y '  

c a n t l y  t h e  TDDO c a l c u l a t i o n s  and, moreover, i t  a l l o w s  t o  e l i m i n a t e  t h e  cm wave 
func t i on .  Thus t h e  boosted s.p.  wave f u n c t i o n  can be w r i t t e n  as : - - 

where px, v x  depend on t ime .  (The s t a t i c  s o l u t i o n  corresponds t o  px= l ,  rX=O). Equa- 
t i o n s  o f  moziqn for,+@($,;) a r e  d e r i v e d  f rom ( 1 )  assuming t h e  norm-conserving v a r i a -  
t i o n s  o f  @ ( r ; p ( t ) ,  r ( t ) )  /2/  : 

A 

where 2m i s  t h e  number o f  c o l l e c t i v e  p a r a r e t e r s .  SUB i s  r e l a t e d  t o  t h e  Poisson 
b racke t  : 

A 

Transformat ion  t o  t h e  canon ica l  v a r i a b l e s  i n  (24) i s  s t r a i g h t f o r w a r d  because S 
f o r  s.p. wave f u n c t i o n s  i n  eq. (22)  i s  r e a l  and d iagona l .  The r e l a t i o n  between d i f -  
f e r e n t  p o s s i b l e  s e t s  o f  canon ica l  v a r i a b l e s  i s  t hen  p rcv ided  by canon i ca l  t r a n s f o r -  
mat ions.  S o l v i n g  the TDDO equat ions  we use t h e  Hami l t on ian  which c o n s i s t s  o f  t h e  
k i n e t i c  energy and t h e  two-body Br ink-Boeker  B 1  f o r c e  which g i ves  a  good d e s c r i p -  
t i o n  o f  i s o s c a l a r  o i a n t  resonances i n  l i g h t  n u c l e i .  

E v o l u t i o n  o f  t h e  system can be i n i t i a t e d  through t h e  v e l o c i t y  f i e l d  o f  t h e  wave 
f u n c t i o n  (22 ) .  I n  TDDOV t h e  i n i t i a l  e x c i t a t i o n  i s  t hen  : 

n  
E'.E($;B)-E(+O,P=O)= 1 A ~ ~ P ~ P ~  

a l l  i , j 
(25)  

F i g .  4 
The r e g i o n  swept o u t  by t r a j e c t o -  

r i e s  f o r  t h e  and ~ ( ~ ) - e x c i -  
t a t i o n s  a t  EX= 1 MeV i n   ON^. 
The e v o l u t i o n  i s  shown i n  t h e  
(al , q2)-p lane where ql=qL-1 and 

q2:qZ-l. The c i r c l e  enc loses a l l  

p o s s i b l e  i n i t i a l  c o n d i t i o n s  f o r  
t h e  t ime -evo lu t i on  (pl=p2=O). 

Fo r  more d e t a i l s  see t h e  d i scuss ion  
i n  t e x t .  
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For canonical var iab les invo lve  i n  our descr ip t ion  coupled monopole and quadru- 
po le v i b r a t i o n s  (qbr(px px p ) ' / 3 y  qB- oX3(px ox ) lq5  o r  q z(ox ox !l/?, qZ=p 1, 

1 2 X3 1 2  1 2  X3 
Aij=O f o r  i # j. Therefore, an i n i t i a l  energy shar ing between modes can be uniquely 

2 x m  spec i f i ed  by the parameters fi= AiiPi/E (C f -1) .  Thus, the s e p a r a b i l i t y  o f  the 
j = 1  j- . 

Hamil ton's system means t h a t  f o r  each ?(')f[fl=O,. ..,fi=l ,... ,f,,=O] one has 

Ik/Ii=O f o r  a l l  k # i .  I n  l i g h t  nuc le i ,  f o r  the  n a j o r i t j  o f  coupled i s o s c a l a r  v ib ra -  
t ~ o n s  i f  expressed i n  p h y s i c a l l y  p l a u s i b l e  s e t  o f  canonica parameters, these con- 
d i t i o n s  are approximately f u l f i l l e d .  A t y p i c a l  example i s  nucleus (see f i g .  4) 
i n  q ,qz-variables. I n  t h i s  nucleus we discuss the coupled symnetry conserving 
shape v i b r a t i o n s  perpendicular and r l l e l  t o  the  symmetry a x i s .  F ig .  5 shows the  
r a t i o  o f  i n t e g r a l s  Ik/Ii ( k # i )  f o r  ST1?-excitat ions ( i= l ,? )  corresponding t o  the 

t r a j e c t o r y  regions presented i n  f i g .  a ( s o l i d  l i n e s ) .  I n  the range o f  e x c i t a t i o n  
energies E'< 25 MeV, Ik/Ii< 0.05 and, therefore, the RSV quan t i za t ion  method should 

The r a t i o  o f  a c t i o n  i n t e g r a l s  12/11 
003 - f o r  ? ( I ) -  and I /I f o r  ?(')-exci- 

v, 
-1 t a t i o n s  i n  2 0 ~ e !  ~ $ e  s o l i d  l i n e s  
Q 
01 denote act ions which are ca lcu lated 
w i n  the "_ ro ta ted  " canonical va r ia -  ,w 0.02 - 
Z - bles ; '=R(B~,B~)$.  The r o t a t i o n  
LI angles (B1=-5", B2=-49 are chosen i n  
0 

such a way t h a t  Poincare surfaces o f  E 0.01 - sect ions qi=O and q;=O determine 
Q 
01 act ions I .  f o r  e x a c t l y  the same i n i -  

J 
/ 

/ 
/ 

_ _ - -  t i a l  condi t ions as f o r  t r a j e c t o r i e s  
0 ,  - 5-5 ,-- - I I i n  f i g .  4. The dashed and dashed 

0 5 10 15 20 d o t t e d  curves are obtained fo r  
E N E R G Y  [ M e V )  " normal modes " i n  the l e a s t  cou- 

p l e d  system constructed by r o t a t i o n  
(B1=-50, 9=-4") o f  i n i t i a l  va r ia -  
b les  and h igher  order non- l inear  

9, t ransformations which do n o t  change 
t h e  i n i t i a l  condi t ion.  

E! 

6- Fig.  6 
The region swept out  by t r a j e c t o r i e s  
i n  the  " r o t a t e d  " canonical va r ia -  

8- b l  es (8 1=-5° ,g2'-4") fo r  ( l )  - and 
?I(') e x c i t a t i o n s  a t  E"= 1 MeV i n  
20 Me. For more de ta i  1s see the t e x t  
and a capt ion o f  f i g .  4. 

- 



Fig. 7a Fig. 7b 
The region swept ou t  by t r a j e c t o r i e s  i n  the canonical var iab les qlzqb-1, qpr  q  -1 B 
f o r  the ? ( I ) -  ( f i g .  7a) and ?(2) ( f i g .  7b ) -exc i ta t ions  o f  2 0 ~ e  a t  E*= 1 MeV. 

y i e l d  an accurate approximation o f  the  quantized s tates.  One can n o t i c e  immediately 
t h a t  the p r i n c i p a l  axes o f  the  t r a j e c t o r y  reg ion i n  f i q .  4 are n o t  p a r a l l e l  t o  the 
coordinate axes. This observat ion provides a  suggestion about the poss ib le  method 
o f  the systematic improvement o f  hamil ton ian  var iab les .  One would l i k e  t o  t ransform 
the o r i g i n a l  coordinates t o  the new ones i n  which the  t r a j e c t o r y  reg ion i s  more 
symmetric and t o  i n i t i a t e  i n  those new canonical var iab les the  " normal modes " 
T i ( ' ) .  Such a  procedure i s  equiva lent  t o  the consis tent  mod i f i ca t ion  o f  the i n i t i a l  
condi t ions so t h a t  the Hami l ton 's  n o t i o n  i n  the new canonical var iab les i s  less  
coupled. The group o f  u n i t a r y  and l i n e a r  canonical transformations covers a l l  pos- 
s i b l e  i n i t i a l  condi t ions w h i l e  changing the two f r e e  parameters o f  the transforma- 
t i o n  (angles o f  the r o t a t i o n  el, 02) .  This group i s  a lso  simple enough f o r  p r a c t i -  
ca l  app l i ca t ions .  The f i n a l  improvement o f  the caust ics can be achieved by c e r t a i n  
non- l inear  transformations which do n o t  modify the  i n i t i a l  condi t ions b u t  a l low t o  
ca lcu la te  both I1 and I 2  act ions a t  the Poincare surfaces o f  sect ion.  F ig.  6 pre-  

sents the regions swept ou t  by t r a j e c t o r i e s  f o r  T o ( ' ) - ,  ? ' (2 ) -exc i ta t ions  i n  the 
" ro ta ted  I' canonical va r iab les  ql= Q1-1, q2= Q2-1 where : 

Q' = e l -  (11 (25) 

Q~ -sine7 cose, 
\ 

and Pi(p1,p2) (i=1,2) are given by the  canonical t ransformat ion.  Not ice i n  f i g .  6 
a s t rong reduct ion o f  t h e  t r a j e c t o r y  regions. This  leads t o  a  decrease, by a  fac -  
t o r  3-10, o f  the ac t ion  i n t e g r a l s  (dashed and dashed-dotted 1  ines i n  f i g .  5 as 
compared t o  the act ions ca lcu la ted  f o r  the  o r i g i n a l  va r iab les  ( the  s o l i d  curves i n  
f i g .  5 ) .  One should s t ress t h a t  the above procedure o f  cons t ruc t ing  the most de- 
coupled system i s  no t  r e s t r i c t e d  t o  the weakly oupled, nondegenerate Hamil ton's 
system. i f  one represents the v ib ra t ions  o f  Z ~ N ~  i n  terms o f  rad ius parameter qb 
generat ing the breath ing mode and the  deformation q  generat ing the volume 

B 
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conserving quadrupole v i b r a t i o n s  then both modes are s t rong ly  coupled (see f i g .  7) .  
Nevertheless, apply ing both the l i n e a r  t ransformat ion w i t h  el= 31°, e2= 67.1" and 

the i n i t i a l  cond i t i on  preserv ing h igher  o rder  nonl inear  t ransformat ions one obta ins 
the same t r a j e c t o r y  reg ion as shown i n  f i g .  6 .  Having determined a t  each e x c i t a t i o n  
energy the  most decoupled system i n  the " r o t a t e d  " canonical va r iab les  (25) one 
can ca lcu la te  the energies o f  quantized s ta tes  as prescr ibed i n  eq. (10) .  Thus, 
energies o f  the  resonances / I1= 1, 12z 0> , /I1= 0, 12=1> are obtained by i n t e r -  

p o l a t i n g  ac t ion  i n t e g r a l s  u n t i l  the des i red values o f  Ii are no t  found. These reso- 

nances are found a t  El= 25.0 MeV f o r  the ql-mode and a t  E2= 16.46 MeV f o r  the q2- 

mode. The generator coordinate method (GCM) f o r  equiva lent  generat ing funct ions 
+(;;;) and w i t h  the i d e n t i c a l  many-body Hamil tonian gives El= 25.06 MeV and 

E2= 16.54 MeV /2/. Thus, both methods are i n  exce l len t  agreement. 

I n  summary, the RSVP presented here o f f e r s  promise i n  a v a r i e t y  o f  app l i ca t ions  i n  
the many-body theory. However, several quest ions a r i s e  concerning the r e l a t i o n  
between the d i f f e r e n t  desc r ip t ions  o f  a quantum system i n  terms o f  e i t h e r  s ta t iona-  
r y  o r  non-stat ionary s tates i n  the H i l b e r t  space. The p r i n c i p a l  unresolved chal -  
lenges are the understanding accuracy o f  RSVP and developing more porh~erful appro- 
ximation techniques t o  deal w i t h  complicated dynamics i n  mult idimensional hamil-  
t o n i  an system. 
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