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ELASTIC WAVE PROPAGATION IN THREE-DIMENSIONAL PERIODIC COMPOSITE 

MATER 1 ALS 

B.A. A u l d ,  Y . A .  Shui  and Y .  Wang 

Department of AppZied Physics, Stanford University, Stanford, CA 94305, 
U.S.A. 

Résumé - Nous avons e f fec tué  l ' a n a l y s e  d'ondes é l a s t i q u e s  dans un so l ide  à 
s t r u c t u r e  périodique. 

Abstract - An elastodynamic theory,  based on t h e  concepts of Br i l lou in  the- 
ory has been developed f o r  e l a s t i c  wave propagation in periodic  composite 
material S .  

An important new c lass  of per iodic  p iezoe lec t r ic  composite mate r ia l s  has recent ly 
been developed from considerat ions of s t r i c t l y  s t a t i c  e l a s t i c i t y  theory. This paper 
gives a  dynamic theory of such e l a s t i c  l a t t i c e s ,  neglecting p iezoe lec t r ic i ty .  

1  - PROPAGATION IN AN INFINITE COMPOSITE 

E l a s t i c  plane wave propagation in a  homogeneous s o l i d  i s  governed by the  Chris toffel  
equation, obtained from the  acoust ic  wave equation by replacing t h e  spa t ia l  der iva-  
t i v e s  with i  times the  wave vector components /1 ,2 / .  The acous t ic  wave equation 
rontains  terms i n  which s p a t i a l  der iva t ives  a c t  upon products of t h e  e l a s t i c  s t i f f -  
ness and the e l a s t i c  s t r a i n s .  In a  homogeneous medium the s t i f f n e s s e s  a r e  constant 
and can be moved outside the  der iva t ive .  This i s  not t r u e  f o r  the  cases considered 
here and these product terms must be t rea ted  by the  r u l e  of product d i f f e r e n t i a t i o n ,  
leading t o  e x t r a ,  spat ial ly-varying,  terms in the  wave equation. 

The case of two-dimension coinposite l a t t i c e s  wil l  be considered f i r s t .  Figure 1 
shows th ree  types of un i t  c e l l s  t h a t  have been studied in d e t a i l .  The r e s t r i c t i o n  
t o  square c e l l s  i s  not e s s e n t i a l ,  but i n  al1 two-dimensional cases the  l a t t i c e  i s  
uniform i n  the  z-direct ion.  In these l a t t i c e s  the mass densi ty and s t i f f n e s s e s  a re  
doubly periodic  funct ions of x and y . For convenience, the  densi ty funct ion i s  

Fig. 1 - Examples of 2-D periodic composites (uniform in z ) .  
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separated i n t o  an average densi ty p and a spat ial ly-varying par t  ~ p ( x , y )  , simi- 
l a r l y  f o r  t h e  s t i f f n e s s e s .  The e l a s t i c  wave equation then takes the  form 

i n  matrix format, where the  double underlined q u a n t i t i e s  a r e  3 x 3 matr ices  operat- 
ing on the  e l a s t i c  displacement column vector .  O n  the  l e f t  s i d e  of Eq. (1) the  
f i r s t  term i s  t h e  wave equation matrix f o r  t h e  average material p roper t i es ,  obtained 
from the  Chris toffel  matrix by the  procedure described above, and the  second term 
contains t h e  un i t  matrix. The f i r s t  term on t h e  r i g h t  contains the  same matr ices ,  
but evaluated f o r  t h e  spat ial ly-varying p a r t s  of the  material parameters, and t h e  
second term i s  t h e  e x t r a  term due t o  the  s p a t i a l  der iva t ives  ac t ing  on t h e  spa- 
t i a l ly -vary ing  e l a s t i c  constants .  

A general so lu t ion  t o  Eq. (1) i s  t h e  e l a s t i c  Bloch ( o r  Floquet) wave /3/ 

where summation over repeated subscr ip t s  i s  assumed and R i s  the  s p a t i a l  posi t ion 
vector .  The terms i n  t h i s  s e r i e s ,  cal led space harmonics, a r e  each described by 
th ree  subscripts .  The f i r s t  two, summed from - t o  + m , define t h e  order  of 
the  space harmonic and t h e  t h i r d  defines an e l a s t i c  po la r iza t ion  vector  (Fig.  2 ) .  

Fig. 2 - Three po la r iza t ions  of t h e  Rm space harmonic. (a)  Longitudinal 
(b )  Vertical shear .  ( c )  Horizontal shear. 

In the  case of e lec t ron ic  Bloch waves each space harmonic i s  a s c a l a r .  For e l a s t i c  
Bloch waves they a r e  vectors ,  which a r e  conveniently decomposed i n t o  a bas i s  con- 
s i s t i n g  of t h e  e l a s t i c  wave polar izat ions f o r  a homogeneous medium. Only i so t rop ic  
media wil l  be considered here and, i n  t h i s  case,  the  decomposition is as  shown i n  
Fig. 2. This means t h a t  the  po la r iza t ion  vectors  i n  Eq. (3) a r e  eigenvectors of 
the  l e f t  s i d e  of Eq. (1 )  and t h e  equation becomes 

2 - 2  A A 

(b - c B aRm+Rmn ~ X P  (- igLm . RI = !(x,Y) - apqgupqr; exp ( -  iB . R) ( 5 )  n am -pq - 

where t h e  average s t i f f n e s s e s  appearing on the  l e f t  s ide  a r e  11 f o r  t h e  longi tudinal  
polar izat ion and 44 f o r  the  shear .  Since the  two-dimensional Bloch funct ion 



exponentials are orthogonal over the u n i t  c e l l ,  m u l t i p l i c a t i o n  o f  Eq. ( 5 )  on the 
l e f t  by the complex conjugate o f  the Rmn space harmonic and i n t e g r a t i o n  over the 
u n i t  ce11 y i e l d s  

where i t  should be r e c a l l e d  t h a t  P i s  a  func t ion  o f  x  and y  . Equations ( 6 )  
and (7)  d e f i n e  an i n f i n i  t e  system o f  1  inear  a lgebra ic  equations determining the  
space harmonic ampli tudes i n  Eq. (3) .  

The coupl ing constants have been evaluated e x p l i c i t l y  f o r  a l 1  o f  the  geometries 
shown i n  F ig .  1 b u t  on ly  case (a)  w i l l  be presented here. I n  evaluat ing t h e  i n t e -  
g r a l s  i t  i s  h e l p f u l  t o  note, f i r s t ,  t h a t  t h e  p o l a r i z a t i o n  vectors o f  F ig .  2  a re  
a lso eigenvectors o f  the  f i r s t  term on t h e  r i g h t  s ide  o f  Eq. (2) .  It w i l l  be re -  
c a l l e d  t h a t  the second term on the r i g h t  o f  Eq. (2)  contains s p a t i a l  ,de r i va t i ves  of 
the  e l a s t i c  constants. I n  t h e  s t ruc tu res  o f  Fig. 1 each o f  the  two mate r ia l  regions 
shown i s  uniform, so t h a t  the  s p a t i a l  de r i va t i ves  generate d e l t a  funct ions a t  the  
mate r ia l  boundaries. A general r u l e  i s  t h a t  the coupl ing constants are zero f o r  
k = p  and m = q . For case (a)  

Here, Ap etc .  a re  d i f fe rences  between the  two homogeneous regions. The general 
form o f  the  r e s u l t  i s  the  same f o r  a l 1  th ree  cases and consis ts  o f  a  geometric fac-  
t o r  (conta in ing s inc  func t ions  f o r  t h e  rectangular  geometry and j i n c  funct ions f o r  
the c i r c u l a r  geometry) m u l t i p l i e d  by a  mate r ia l  and p o l a r i z a t i o n  fac to r  i n  c u r l y  
brackets. The second f a c t o r  has separate con t r ibu t ions  from dens i t y  and s t i f fness  
inhomogeneities and the 12 c o n t r i b u t i o n  t o  the l a t t e r  occurs on ly  f o r  p a i r s  of 
1  ongi t u d i n a l l  y  po l  a r i zed  space harmonics. 

Three-dimensional i s o t r o p i c  l a t t i c e s  are t rea ted  s i m i l a r l y ,  w i t h  the  r i g h t  s ide  of 
Eq. (1) a  f u n c t i o n  o f  th ree  space coordinates. I n  Eqs. ( 3 )  and (4 )  the re  are now 
th ree  space harmonic ind ices,  w i t h  an appropr ia te m o d i f i c a t i o n  o f  t h e  t h i r d  term i n  
E q .  (4) .  These changes car ry  through t o  Eqs. (6 )  and (7) ,  w i t h  the  coupl ing coef- 
f i c i e n t s  now propor t iona l  t o  the  inverse cube o f  the ce11 dimension ( f o r  a  cubic 
l a t t i c e )  . 

II - SOLUTION METHODS 

Dispers ion r e l a t i o n s  f o r  the e l a s t i c  Bloch waves [ i .e.,  B i n  Eq. ( 4 )  as a  func t ion  
o f  w ] are  obtained by t runca t ing  the i n f i n i t e  system o f  equations [Eq. ( 6 ) ]  and 
extending the  number o f  equations inc luded u n t i l  s a t i s f a c t o r y  accuracy has been 
achieved /4/ .  Per tu rba t ion  ( o r  i t e r a t i o n )  methods prov ide a r a t i o n a l  method f o r  
gu id ing the  choice o f  t runcat ion,  as we l l  as p rov id ing  phys ica l  i n s i g h t  i n t o  the  
wave behavior, i f  the coupl ing constants are weak enough t o  permi t  t h i s  approxima- 
t i o n .  A pe r tu rba t ion  order  parameter e  i s  in t roduced on the  r i g h t  s ide  o f  E q .  (6) 
and the  Bloch s o l u t i o n  i s  expanded as a power se r ies  i n  t h i s  parameter 
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For  a  homogeneous medium ( e  = 0)  t h e  s o l u t i o n s ,  which a r e  zero  o r d e r  i n  Eq. ( 9 ) ,  
a r e  p lane waves o f  l o n g i t u d i n a l ,  v e r t i c a l  shear o r  h o r i z o n t a l  shear types ( F i g .  2 ) ,  
so t h a t  each B loch  s o l u t i o n  belongs t o  one o f  these t h r e e  types.  Suppose, f o r  ex- 
ample, a  l o n g i t u d i n a l  t ype  o f  B loch  wave. T h i s  has o n l y  t h e  (OOL) space harmonic 
i n  t h e  l i m i t  o f  e  = O . The f i r s t  o r d e r  space harmonic ampl i tudes ob ta ined  by 
s u b s t i t u t i n g  i n t o  Eq. (6 )  and r e t a i n i n g  f i r s t - o r d e r  terms 

c o n t a i n  a l 1  t h r e e  p o l a r i z a t i o n s  because o f  c ross  c o u p l i n g  th rough t h e  p e r i o d i c i t y  
o f  t h e  medium. However, due t o  t h e  presence o f  t h e  resonance denominator i n  Eq. 
( IO ) ,  t h e  space harmoni cs c l  ose t o  resonance have t h e  1  a r g e s t  ampl i  tudes. 

I n  t h e  weak coup l i ng  approx imat ion  Eq. ( 6 )  i s  t r u n c a t e d  by r e t a i n i n g  o n l y  those 
space harmonics t h a t  a r e  s imu l taneous l y  near  resonance. F o r  two-dimensional  propa- 
ga t i on ,  i . e . ,  i n  t h e  x y  p lane,  symmetry r e q u i r e s  t h a t  t h e  S space harmonics be 
decoupled f rom t h e  L  and S' space harmonics (F ig .  2) .  Consider,  f o r  example, 
l o n g i t u d i n a l  p ropaga t i on  a long t h e  x  a x i s  a t  f r e q u e n c ~ e s  c l o s e  t o  t h e  f i r s t  s top-  
band. I n  t h i s  case t h e  two nea r  resonance space harmonics have wave numbers 

The t r u n c a t e d  system o f  equat ions  t h e n  takes  t h e  fo rm 

and d e f i n e s  the  s t r u c t u r e  o f  t h e  d i s p e r s i o n  r e l a t i o n  near t h e  f i r s t  stopband. H o r i -  
z o n t a l  shear waves (S') a r e  n o t  i n c l u d e d  because they  a r e  n o t  near resonance ex- 
cep t  a t  p a r t i c u l a r  combinat ions of ce11 dimensions and e l a s t i c  cons tan ts .  The band- 
gap i s  ob ta ined  by  s e t t i n g  an exac t  e q u a l i t y  on t h e  l e f t  on Eq. (11 ) .  S i m i l a r  con- 
s i d e r a t i o n s  app l y  t o  t h e  h i g h e r  stopbands except  t h a t  more than  two space harmonics 
a r e  s t r o n g l y  coupled, j u s t  as i n  t h e  case o f  e l e c t r o n i c  B loch  waves. 

For  genera l  th ree-d imens iona l  p ropaga t i on  i n  a  two-dimensional  l a t t i c e  t h e  space 
harmonics a r e  as shown i n  F i g .  2  and a l 1  t h r e e  p o l a r i z a t i o n s  a r e  coupled. D isper -  
s i o n  r e l a t i o n s  f o r  t hese  three-d imens iona l  B l o c h  waves a r e  ob ta ined  by  t a k i n g  û 
and @ f rom t h e  00 space harmonic and s o l v i n g  a  t r u n c a t e d  v e r s i o n  o f  E q .  ( 6 )  f o r  
@ as a  f u n c t i o n  o f  u . ( F o r  b o t h  two- and three-d imens iona l  p ropagat ion ,  t h e  d i s -  
p e r s i o n  r e l a t i o n  i s  a n i s o t r o p i c  because o f  t h e  l a t t i c e . )  To s tudy t h e  s t r u c t u r e  o f  
t h e  f i r s t  stopband i n  t h i s  case t h e  space harmonic wave vec to rs  i n  Eq. (12) must i n -  
c l ude  t h e  z  component, which has a  common v a l u e  f o r  a l 1  harmonics. 

I I I  - BOUNDARY VALUE PROBLEMS FOR TWO-DIMENSIONAL LATTICES 

The s i m p l e s t  boundary va lue  problem t h a t  can be cons idered i s  B loch wave s c a t t e r i n g  
a t  t h e  surface o f  a  h a l f  space normal t o  t h e  z  a x i s  o f  a  two-dimensional  l a t t i c e ,  
o r  s u r f a c e  wave p ropaga t i on  on such a  l a t t i c e .  Suppose, f o r  example, a h a l f  space 
z  < O  c o n t a i n i n g  a  l a t t i c e  o f  t y p e  (a )  i n  F i g .  1. S t r e s s - f r e e  boundary c o n d i t i o n s  
a r e  d e f i n e d  by  s e t t i n g  t o  zero  t h e  xz , y z  and zz components o f  s t r e s s  f rom t h e  
e l a s t i c  c o n s t i t u t i v e  r e l a t i o n s ,  a l l o w i n g  f o r  a  d i f f e r e n c e  i n  e l a s t i c  constants  be- 
tween t h e  shaded and unshaded p a r t s  o f  t h e  l a t t i c e .  S ince t h e  xz and y z  s t resses  
i n  an i s o t r o p i c  medium depend o n l y  on t h e  44 s t i f f n e s s  cons tan t  t h e  boundary cond i -  
t i o n s  reduce t o  



a t  z = O . Consider,  now, a  l o n g i t u d i n a l - t y p e  B loch  wave i n c i d e n t  on t h i s  boundary. 
The s t r a i n s  sxz , e t c .  a r e  now combinat ions o f  space harmonics. By n o t i n g  t h e  
o r t h o g o n a l i t y  o f  space harmonics over  t h e  u n i t  ce11 one can reduce Eq. (13)  t o  
boundary c o u p l i n g  equat ions  among t h e  space harmonics, s i m i l a r  t o  Eq. (6 ) .  T h i s  
i n te rha rmon ic  coup l i ng  occurs o n l y  th rough t h e  r i g h t  s i d e  o f  Eq. (13) .  I n  a  homo- 
geneous ha l f - space  fi space harmonic coup l i ngs  [ i n  Eq. (6)  and i n  Eq. (13) ]  d i s -  
appear and t h e  i n c i d e n t  l o n g i t u d i n a l  B loch wave becomes a  s imple  l o n g i t u d i n a l  wave. 
T h i s  s c a t t e r s  i n t o  a r e f l e c t e d  l o n g i t u d i n a l  and a  r e f l e c t e d  shear wave. I f  we con- 
s i d e r  o n l y  t h e  s p a t i a l l y  u n i f o r m  p a r t  o f  t h e  boundary c o n d i t i o n s  i n  Eq. (13),  each 
space harmonic o f  t h e  i n c i d e n t  B loch  wave w i l l  exper ience s i m i l a r  p o l a r i z a t i o n  
c o u p l i n g  a t  t h e  boundary. The problem i n  making t h e  weak coup l i ng  approx imat ion  
i s  then t o  i d e n t i f y  t h e  s i g n i f i c a n t  space harmonics o f  t h e  s c a t t e r e d  f i e l d  [i .e., 
t h e  near  resonance harmonics i n  Eqs. ( 6 )  and (1311. I t must be remembered t h a t  t h e  
z-component o f  t h e  harmonic wave numbers i s  conserved i n  Eq. (6) ,  w h i l e  x-  and y- 
components a r e  conserved i n  Eq. (13) .  The l a t t e r  c o n d i t i o n  l eads  t o  coup l i ng  be- 
tween t h e  i n c i d e n t  B loch  wave and s u r f a c e  Sta tes .  I f  none of  t h e  l a t t e r  a r e  reso-  
nant  t hey  may be neg lec ted  and t h e  s c a t t e r i n g  problem t r e a t e d  i n  t h e  weak c o u p l i n g  
approx imat ion  by i n c l u d i n g  o n l y  near resonant  space harmonics i n  t h e  i n c i d e n t  and 
r e f l  ec ted B loch  waves. 

I V  - CONCLUSION 

An ex tens ion  o f  s c a l a r  B r i l l o u i n  t h e o r y  t o  t h e  v e c t o r  problem o f  e l a s t i c  wave propa- 
g a t i o n  i n  a  p e r i o d i c  composi te has been made. T h i s  shows t h a t  s i g n i f i c a n t  p o l a r i z a -  
t i o n  e f f e c t s  occu r  because o f  t h e  v e c t o r  n a t u r e  o f  t h e  problem. The problem o f  
bounded composites i s  n o t  y e t  comp le te l y  solved, b u t  p r e d i c t i o n s  f rom t h e  t h e o r y  
have been con f i rmed  by l a s e r  probe v i b r a t i o n  p a t t e r n  measurements on  resonant  com- 
p o s i t e  p l a t e s  /5/. 
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