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Abstract - We present a review of our recent theoretical work 
on the vibrations of an infinite or a semi-infinite super-
lattice. Explicit expressions are obtained for the disper­
sion of the bulk bands and of the surface modes, on the basis 
of elasticity theory or a simple atomic model. 

I. INTRODUCTION 

Despite a great deal of theoretical study on the acoustic waves in 

layered media' ', there is a renewal of activity in this field with 
the development of techniques for depositing overlayers on a substrate 
and fabricating artificial crystals - superlattices (SL). Infra­
red' '^' and Raman'3'4' spectroscopy has been used in semiconductor 
SL to obtain the frequencies of the few first folded phonons around 

the wave vector k = 0 - and very recently their dispersion' ' - as 
well as the frequencies of phonons in the optical range. On the other 

hand, Brillouin scattering' ' ' can detect the Rayleigh wave at the 
surface of a SL. These 
experiments yield information 
about the parameters of the films 
that constitute the SL and their 
quality. 

The surface waves on a SL 
have also been studied numeri­
cally'7' ' , showing in particular 
the possibility of elastic 

horizontal shear waves' '. In 
this paper, we review our recent 
theoretical work on vibrations in 
infinite and semi-infinite SL 
which have the advantage of 
giving explicit relations 
governing the dispersion of the 
modes. In the first part, each 
film in the SL is treated as an 
elastic medium characterized by 

Associe au C.N.R.S. 

Résumé - Nous présentons une revue de nos travaux récents sur 
les vibrations des super-réseaux infinis ou semi-infinis. En 
utilisant soit la théorie de l'élasticité, soit un modèle 
atomique simple, nous obtenons des relations explicites pour 
la dispersion des bandes de volume et des modes de surface. 
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its elastic constants and its den~it~[~-~']; the dispersion relations 
are derived by means of a transfer matrix method. The second part is 
devoted to a simple atomic model for which the Green's function can be 

obtained analytically. [I2] Further developments will be outlined in 
each Section. 

2. Elastic Model 

The geometry of a semi-infinite superlattice is depicted in Figure 1. 
Within the nth unit cell, the equations of motion in the medium A, for 
example, yield the following displacement field 

w is the frequency and zIl the wave vector parallel to the interfaces. 

The reduced coordinate xin) = x3 - (n-l)D is introduced for conven- 
ience and ranges from -h to +h. The parameters a;  are the solutions 

of a secular determinant of rank 3 while the coefgicients A:*) 
1 7  

(or B!?) ) are the eigenvectors of the corresponding matrix. There are 

conseq;ently six unknown multiplicative constants, let us say 

(j = 1, 2, 3) which have to be determined by using the Bli 
bo;ndary-conditions on the displacements and on the stresses at the 
different interfaces. By writing these six coefficients as a column 
vector I+n>, the boundary conditions easily give 

where is a 6 x 6 transfer matrix. For an infinite SL, the 
application of the Bloch theorem in the xg-direction, with a wave 
vector k3, gives the eigenvalues as solut~ons of the determinantal 
equations 

ik3D_ 
det(? - e I) = 0, ( 3 )  

where ? is the 6 x 6 unit matrix. For given w and gIl, this equation 

gives six roots for k3, associated two by two, corresponding to 

propagation in the positive or negative xg-direction. In a bulk band 

these solutions are real while in a gap they have an imaginary part. 
For a semi-infinite SL, a surface mode has to be sought in the gaps, 
in the form of a linear combination of three out of the six above 
solutions, i.e. those corresponding to the attenuation of the wave far 
from the surface 

3 3 
(?it t) = 1 R 1 [A!;) ('I exp (o x (n) + B:;) ('I exp (-a x (n) 1 ] x 

p=l pj=l j 3 j 3 



R ( p = 1, 2 ,  3) a r e  a r b i t r a r y  c o e f f i c i e n t s  i n t r o d u c e d  t o  make a  w 
l i n e a r  combina t ion  of t h e  t h r e e  p o s s i b l e  s o l u t i o n s .  F i n a l l y ,  a  
s u r f a c e  mode s o l u t i o n  must f u l f i l l  t h e  v a n i s h i n g  of t h e  stresses a t  
t h e  f r e e  s u r f a c e  of t h e  SL. T h i s  l e a d s  t o  t h r e e  l i n e a r  homogeneous 
e q u a t i o n s  i n  t h e  c o e f f i c i e n t s  R , whose d e t e r m i n a n t  h a s  t h e  f r e q u e n -  
cies of t h e  s u r f a c e  modes a s  it!$ r o o t s .  

The above t h e o r y  h a s  been a p p l i e d  under t h e  a s sumpt ion  t h a t  t h e  media 
A and A '  a r e  i s o t r o p i c ,  i n  which c a s e  t h e  s h e a r  h o r i z o n t a l  modes 
d e c o u p l e  from t h o s e  p o l a r i z e d  i n  t h e  s a g i t t a l  p l a n e .  The '? m a t r i x  
becomes a  j u x t a p o s i t i o n  of a  2 x 2 and a  4  x  4 m a t r i x .  Moreover,  w e  

s h o w e d [ l l l  t h a t  t h e  e i g e n v a l u e  problem f o r  t h i s  l a s t  m a t r i x  can  b e  
1 s o l v e d  a n a l y t i c a l l y  by i n t r o d u c i n g  t h e  m a t r i x  f = 7 (T" + when t h e  

d i s p l a c e m e n t s  (Eqs. (.I) and ( 4 ) )  a r e  e x p r e s s e d  i n  cerms of coshct x(")  
j 3  

and s i n h a  .x(")  r a t h e r  t h a n  i n  terms of e x p o n e n t i a l s .  Indeed ,  t h e  
3 

m a t r i x  f c a n  b e  b l o c k - d i a g o n a l i z e d  i n t o  two 2 x  2 s u b m a t r i c e s .  
A s  an i l l u s t r a t i o n ,  F ig .  2  g i v e s  t h e  s h e a r  h o r i z o n t a l  b u l k  bands  and 
s u r f a c e  modes i n  t h e  c a s e  t h a t  t h e  two f i l m s  A and A '  have  t h e  same 
t h i c k n e s s ,  t h e  same v a l u e  of C44,  and a  d e n s i t y  r a t i o  

-. 

p (ALAs)/p (GaAs) = 0.7. F i g .  3 p r e s e n t s  t h e  s a g i t t a l  modes o f  

a n  AR-W s u p e r l a t t i c e  ( t h e s e  a r e  two n e a r l y  i s o t r o p i c  media ,  w i t h  v e r y  

' hl.hZ.h,  ' 
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d i f f e r e n t  p a r a m e t e r s  which g i v e  rise t o  l a r g e  gaps  between t h e  b u l k  
b a n d s ) .  L e t  u s  stress t h a t  t h e  s u r f a c e  modes a r e  v e r y  dependen t  on 
t h e  n a t u r e  of t h e  f i l m  a t  t h e  s u r f a c e  and on i ts  t h i c k n e s s ,  which may 
b e  d i f f e r e n t  from t h a t  of  t h e  c o r r e s p o n d i n g  f i l m  i n  t h e  bu lk .  

F i n a l l y ,  f o r  s h e a r  h o r i z o n t a l  waves, w e  p o i n t  o u t  t h e  c a l c u l a t i o n  o f  

t h e  Green ' s  f u n c t i o n [ l o l  which makes p o s s i b l e  t h e  a n a l y s i s  of  
B r i l l o u i n  s c a t t e r i n g  from such waves,  f o r  example. 

T h i s  c a l c u l a t i o n  can  e a s i l y  be  ex tended  t o  hexagonal  c r y s t a l s  w i t h  
(0001) i n t e r f a c e s ,  where t h e  s h e a r - s a g i t t a l  d e c o u p l i n g  r ema ins  v a l i d ,  
and a l s o  n u m e r i c a l l y  t o  c u b i c  c r y s t a l s .  Moreover,  a  s i m i l a r  f o r m a l  
t r e a t m e n t  can  b e  a p p l i e d  t o  a  l i q u i d  S L  - f o l l o w i n g  a  t h e o r y  of l i q u i d  
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s u r f a c e s  and i n t e r f a c e s [ 1 3 ]  - t a k i n g  i n t o  a c c o u n t  t h e  i n t e r f a c e  o r  
s u r f a c e  t e n s i o n s  of t h e  l i q u i d s  and g r a v i t a t i o n .  These  e f f e c t s  l e a d  
t o  new bands w i t h  r e s p e c t  t o  t h e  s o l i d  c a s e .  

F i n a l l y ,  w e  ment ion  our  i n t e r e s t  i n  t h e  s u r f a c e  p r o p e r t i e s  of  a  SL c u t  
p e r p e n d i c u l a r  t o  t h e  l a m i n a t  i o n s .  

3. Atomic Model 

E l a s t i c i t y  t h e o r y  c o u l d  f a i l  t o  b e  v a l i d  i f  t h e  f i l m s  i n  t h e  SL a r e  

composed of j u s t  a  few a t o m i c  l a y e r s .  W e  i n v e s t i g a t e d [ 1 2 ]  a  model o f  
a  s u p e r l a t t i c e  made from s i m p l e  c u b i c  c r y s t a l s  w i t h  i n t e r a c t i o n s  
between n e a r e s t  n e i g h b o r s  such  t h a t  t h e  t h r e e  phonon b r a n c h e s  a r e  
decoup led  ( M o n t r o l l - P o t t s  mode l ) .  The i n t e r f a c e s  between t h e  f i l m s  
a r e  (001)  p l anes ,  Fo r  t h i s  model, w e  were a b l e  t o  o b t a i n  t h e  G r e e n ' s  
f u n c t i o n  of an  i n f i n i t e  o r  a  s e m i - i n f i n i t e  SL a n a l y t i c a l l y ,  from a  
knowledge of t h e  b u l k  G r e e n ' s  f u n c t i o n  f o r  an i n f i n i t e  c r y s t a l  and 
th rough  t h e  f o l l o w i n g  s t e p s :  ( i )  c u t  a n  i n f i n i t e  c r y s t a l  a l o n g  two 
(001)  s u r f a c e s  t o  make a  t h i n  f i l m ,  ( i i )  l i n k  t o g e t h e r  s u c c e s i v e  
a l t e r n a t e  f i l m s  t o  o b t a i n  an  i n f i n i t e  SL; ( i i i )  c u t  t h i s  SL i n t o  two 
s e m i - i n f i n i t e  ones .  The G r e e n ' s  f u n c t i o n  i n  each s t e p  r e s u l t s  from 
t h a t  of  t h e  p r e c e d i n g  s t e p  b y  making u s e  of t h e  Dyson e q u a t i o n .  The 

eigenmodes a r e  p o r e s  of t h e  
G r e e n ' s  f u n c t i o n .  F i g u r e  4 
i l l u s t r a t e s  t h e  bu lk  bands and 
s u r f a c e  modes when each f i l m  is  
two a tomic  l a y e r s  t h i c k ,  t h e  
f o r c e  c o n s t a n t s  y a r e  i d e n t i c a l  
everywhere ,  and t h e  mass r a t i o  
between t h e  two c r y s t a l s  is 2:l .  

F i n a l l y ,  it h a s  been shownrg1 
t h a t  f o r  f i l m s  t h i c k e r  t h a n  f i v e  
a t o m i c  l a y e r s ,  t h e  few f i r s t  
bands  become v e r y  c l o s e  t o  t h o s e  
o b t a i n e d  b y  e l a s t i c i t y  t h e o r y .  

T h i s  t h e o r y  can  a l s o  b e  a p p l i e d  
t o  o t h e r  v i b r a t i o n a l  models and 
even t o  t h e  s t u d y  of e l e c t r o n i c  
o r  magne t i c  p r o p e r t i e s  o f  a  SL. 
An e x t e n s i o n  t o  phonons i n  SL 
formed o u t  of  two d i f f e r e n t  

F ig .  4  

d i a t o m i c  s l a b s  is under s t u d y .  L e t  u s  f i n a l l y  p o i n t  o u t  t h a t  t h e  
knowledge of t h e  G r e e n ' s  f u n c t i o n  makes p o s s i b l e  t h e  c a l c u l a t i o n  o f  
d i f f e r e n t  v i b r a t i o n a l  p r o p e r t i e s  such  a s  l o c a l  and t o t a l  d e n s i t i e s  of  
s t a t e s ,  mean s q u a r e  a t o m i c  d i s p l a c e m e n t s ,  etc. 
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