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HYDROGEN MASER : ACTIVE OR PASSIVE ?

C. Audoin, J. Viennet and P. Lesage

Laboratoire de 1'Horloge Atomique, Equipe de Recherche du C.N.R.S5. (*),
Bat. 221, Université Paris-Sud, 91405 Orsay, France

Abstract.~ It is shown that, for a specified interrogation scheme of the
atomic transition, the cavity pulling factor of passively operated masers is
the same as for actively operated ones.

The power spectral density of frequency fluctuations of passive masers is gi-
ven for a specified atomic line interrogation scheme.

The effect of spin exchange line broadening on the frequency stability capabi-
lity of passive and active masers is specified. It is shown that it exists

an optimum value of the atomic flux intensity. Design criterious are specified.
The frequency stability capability of preseéntly designed small or large size
hydrogen masers is compared when operated either actively or passively. It is
shown that large size active masers cannot be surpassed, as long as ultimate
frequency stability is considered.

The effect of temperature on freguency stability is specified.

I.Introduction-The aim of this paper is to compare the frequency stability capabili-
ties of actively and passively operated hydrogen masers. We will consider 1)
i) Hydrogen masers of classical design with a full size microwave cavity .
In the following, they will be denoted as "large size hydrogen masers",
and
ii) Hydrogen masers with a microwave cavity of reduced size, loaded with a

high permittivity dielectric medium (2'3), or with internal capacitors(4'5)
They will be labelled as "small size hydrogen masers". Due to the losses
of the materials introduced in the cavity, they are operated either as

passive devices (2), or as active ones, but with electronically achieved
(6,7)

The reported work has been initiated earlier (8), in the case of passively
operated masers. It is completed here by the consideration of the spin exchange
line broadening, and of a more realistic frequency modulation scheme for the inter-
rogation of the atomic transition.

enhancement of the cavity quality factor

In our comparison we will only be interested in the ultimately achievable
medium and long term frequency stability. We will then focus on the effect of ther-
mal noise inside the microwave cavity on the white component of the power spectral
density of frequency fluctuations. Although introduced when necessary, the effect of
noise added by the microwave amplifiers coupled to the microwave cavity is not con-
sidered as a fundamental source of frequency stability limitation. This is justified
by continual progress in the reduction of the noise figure of these amplifiers.

S.I. Units are used throughout this paper.

(*) Associe & 1'Université Paris-Sud

Article published online by EDP_Sciences and available at http://dx.doi.org/10.1051/jphyscol:1981818



http://www.edpsciences.org
http://dx.doi.org/10.1051/jphyscol:1981818

C8-160 JOURNAL DE PHYSIQUE

2. Interrogation of the atomic transition in a passive maser.- There are several
possible ways to interrogate the atomic transition in a passive maser. We will only
consider here the very convenient fast frequency modulation method 2}, which
gives access to the atomic dispersion line.

The frequency modulated microwave signal injected into the maser cavity is
represented by the following equation :
. % jnw t
w, =p e z Jn(m) e @ (1)
nE-®
where p denotes the amplitude of the signal, w is the angular frequency of the car-
rier, w is the modulation angular freguency, m is the frequency modulation index

and Jn is the Bessel function of order n.

The amplitude p is defined (8) (10) in such a way that it is not required to
specify the coupling factor of the input loop.
At the output port of the maser, the transmitted signal is proportional to :
jwt <« (n) jnwmt
w,=pe g '\ 3 (moe (2)
n=—00
where G(n) is the complex gain of the atomic medium, inside the microwave cavity,
at frequency @' = W + nw .
‘ » (10)
At a given angular frequency w', this gain G is given by H
G = %, If (3)
where b is the amplitude of the atomic response and ¥ its phase for a sinusoidal
excitation of amplitude p'. We have :
2 1 1
¢ =]c|"® cosp + 3L sine) (4)

[} )
where % cos ? and % sin¢@ are given in reference 10, such as :

- [
aTz(wo w')

Bloing =7 (0 -ow') + (5)
b ¢ ¢ 2 2 2
T -w° +TTb
1+ 2(wo w') Ty
1]
- ' T
1+ Tz(wo w')” + T1 2b

w_ is the microwave cavity angular resonance frequency, T is the microwave cavity

time constant, T1 and T2 are longitudinal and transverse Felaxation times of hy-

drogen atoms, respectively,and o a parameter, which is unity at oscillation thres-
hold, given, in sS.I. units, by :

H U 2

9B ll-QcTiT I (7)

[ Vc 2

o =

where | is the magnetic permeability of vacuum, |_ is Bohr magneton, K is Planck
constan% divided by 2m, n is the filling factor, as defined in reference 1, V_is
the volume of the microwave cavity, Q is the quality factor of the cavity
(Qc = wcTc/2) and I is the flux of hygrogen atoms entering the bulb in the state
F=1, m, = 0.

The signal w_ is amplified,then rectified in a square law detector and fi-
nally it is demodulgted by multiplication by sin w_t. The error signal V is the
d.c. component of the output signal of the demodulator. It is then given by :

*
= i t 8
vV=2C W, WO osin wp (8)

where C is a constant. The bar means time averaging.
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It will be assumed in the following that i) the angular frequency difference
W= W is much smaller than the atomic linewidth and ii) the angular frequency modu~

lation w, is much larger than the atomic linewidth.

It then comes, from equations 2, 4, 5, 6 and 8 :

_ 2 2 _o _

v = 20p°3 (m 3, m) & Tis, [Tz(wo W + T W w] (9)
where Go and So are the gain and the saturation factor respectively, for the carrier
component of the interrogation signal of amplitude p' = pJo(m) at frequency
w''=w=w_. :

[¢]

3. Cavity pulling.- 1In a steady state regime of the frequency control loop of the
quartz crystal oscillator, the error signal V is zero. We then have :
w-w Tc
P = = — (10)
[ TZ

where P_ is the cavity pulling factor of a passive maser, with the specified inter-
rogatiog scheme.

Equation 10 shows that this cavity pulling factor is the same as for an acti-
(1)

vely operated maser ; a result which has been inferred experimentally by F.L.
Walls and D.A. Howe (11). The following different result was given earlier (8
T i+s
p=—S —2° (11)
2

It is valid in different conditions, when the atomic dispersion line is cobserved
using a purely sinusoidal interrogation signal. This confirms that cavity pulling

factors (10) depend on the particular method used to interrogate the atomic transi-

tion.

Equation 10 has been checked experimentally. For that purpose, a quartz crys-
tal oscillator has been frequency locked to a passively operated large size hy-
drogen maser, as depicted on figure 1. The interrogation signal is sinusoidally
frequency modulated.

SMHz Xtal Frequency o | xo81 e HMASER Experimental set-up for the
Oscillator Synthesizer o measurement of the cavity
A 5054MH: pulling factor of a passively

cperated H-maser.

Frequency 10Hz_ Amplifier and
Cantrol Madulator Receiver

y “7 5.75kHz

Synchronous| Low-Pass Square Wave
Detector Filter Detector

[ntegrater

Fig.l
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Figure 2 shows that the cavity pulling factor has the expected value and
does not depend on 0, for § << 1. It has also been checked that changes of the sa-
turation factor So' and of e modulation index m does not modify the value of Pp'

Comparison of the cavity pulling factor P
of a passively operated maser (with

lFb/Q% so << 1 and m = 0.1) to the cavity pulling
1 factor P_ of the same maser but operated
10 ! L1 L1 actively. P_ is set equal to the ratio of
09 i T 1 1! separately = measured values of Tc and T2
[+4
025 05 075

Fig.2

4. Frequency stability of a passively operated hydrogen maser.-

4.1. Power spectral demnsity of frequency fluctuations.- As previously (8), we
assume that thermal noise in the microwave cavity useful mode is created by an ap-
propriate noise generator coupled to a dummy microwave cavity. The output signal
then becomes :

® 3 (winw Jt
(n) (n)_ . {(n) {n) A (n) m
= + ’ ’
W, E;{G [pJn(m) +p 5 ipy ] +p 2 + 3p'y e (12)
where pz(n) + jpl(n) represents the complex amplitude of the uncorrelated thermal

noise components in the microwave cavity, at frequencies close to w+nwm. Similarily,
' (n)+ .y (m)
1 P

receiver.

denotes the additive noise components attached to the microwave

The one-sided power spectral density (P.S.D.) of these components are given

by :
Lzs (n) =lzs (n) =4"?T (13)
¥ P p° P2

and Q
Ss,m=%s, m=ak =y (14)
p° Py b P2 2

where k is Boltzman constant, T is the absolute temperature of the cavity, P is
the power dissipated in the microwave cavity at frequency w = wo, Qext and Qc are

the external and loaded cavity quality factor, respectively,‘and F is the noise
factor of the microwave receiver.

The one-sided P.S.D. of fractional frequency fluctuations S _(f) = h_of the
controlled quartz crystal oscillator then possesses two components® determined by
thermal noise in the maser cavity, and by added receiver noise, respectively. It
can be shown that we have®™ :

¢ 2
T, (1+S )
h (maser) _ 8T _1 = "o KO C (15)
[} 3T 2 c m
hwo 2 o S°

% : . . - : . .
In reference 8, the contribution of noise at frequencies w + 2mm is missing.
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with
1 2 J2(“‘)2_1_[ 2, 5 m -3 (my2
= 129, m+[o_ @ - =% 5@, w -5, @) @, w5, @) %]
273 " (m)J, (m) G G
o 1 © o (16)
and ger Ty (19502
h_(receiver) = ——2_. kg (F-1) C 17)
[ Ko 3 Ty 2 ext r
o 078
[o]
with

J, {m)

2
_ 1 2 1 2 _ 2 _ 2
¢, = 3 5 {[Jo(m) —] +—-2—(2J1 (m) +(J, (m) J3(m)) +(3,(m) =3 (m)) +J}
J T (m)J, (m) G G
o 1 (18)

o ¢}

In the following, we will focus on the effect of thermal noise in the maser
cavity. We will thus detexmine the ultimate frequency stability capability of a pas—
sively operated maser. Expected progress in the noise factor amplifiers justifies
the assumption made.

Equation 16 shows that it exists an optimum value mopt of the modulation
index m, which depends on Go' However, it can be shown that for G° close to unity,
we have mopt ~ 1,1 and Cm = 4,1 and for the other extreme case Go >> 1, we have

m 21,1 and ¢ = 4,3, We then assume m = 1.1 and set C_ = 4 in equation 15,
opt m m

We also set So = 1, which is the optimum value of the saturation factor for G° =1
and G, >> 1. :

The lower limit of the P.S.D. of a passively operated hydrogen maser is then
given by :

T
h, = 128 kT3 T—1 —12— xQ, (19)
ﬁwo 2 o

4.2, Effect of spin exchange line broadening.- Relaxation times T, and T
depend on the atomic beam flux I via H-H collisions in the storage bulb.  This
effect was first considered in reference 1. We then have :

1 1 2 I

== + =gt (20)
Ty (TPg Te Iy

1 1 1 I

Lo + oo g (21)
T2 (T2)o Tt Ith

with 2
Tt = (TI)O (TZ)O (22)

where (Tl)o and (T2)o are longitudinal and transverse relaxation times for I =0,

respectively. g is the spin exchange maser parameter and I is the threshold ato-

mic flux for very small values of g. These two quantities are defined as (1)
v T I
q = g Ve A b 1 Vc tot 23
- 2 T v . nQ I
2uouB t b c
v
1 =4 = (24)

=
o
w
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0 is the spin exchange cross-section, v_ is the average relative hydrogen velocity,

‘I’b is the bulb storage time constant, Vb is the storage bulb volume and Ito " is the
total flux entexing the bulb.

It comes, from equations 7, 19, 20 and 21 :

8kT 2 N,

I
h_ = —€ g (g, =) (25)
© K2w03 0 B vc P Ith
with 1 II )
1
B (@ 7 =16 —B—[13g 2+ 2 3 ] — (26)
p th t+2g=—— th th = (1/1_)
Ith th

Figure 3 shows the variation of HP versus I/:!Zth for different values of

the parameter gq. One sees that for each value of g, there is a value of the atomic
flux which minimizes the P.S.D. of fractional frequency fluctuations. The locus
of the minimum of H_ occurs for an optimum value of I/Ith given by the following
equation : P

—— opt ¥ ——== (27)
Len q
and we have :
Hp(min.) ~ 379 q2 (28)
A q=16
H
P q=14
4
101 q=12
Variation of Hp(q, I/Ith)
q=10 versus I/Ith for different va-
lues of the parameter g. The
q=08 gotted line represents the
threshold condition of oscil-
103 lation and the thin line repre-
i q=06 sents the locus of the minima
of H_ .
q=05 P
q=04
102
q=0,3
q=0 q=02
AoX
10 o q=01 =
1/lin

01 1 10



At the minimum of Hp' one also has :

o = 0.17/q

It comes from equations 23, 25 and 28 :

ov. T I 2
h, (min) = 758 = (= 2 ';°t} L
powo U“B t v

b
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(29)
Ve
o (30)

(o]

The design goal of passively operated hydrogen masers is then to make the quantity
Vc/chVb & o/V, as small as possible.

In addition, it can be derived, from equations 23, 24 and 27 that the opti-
mum value of the atomic flux is the following :

I(opt.) = 1.69 —
ov
x

v o1 1
T
tot Tb t

1

(31)

Table 1 shows the ultimate frequency stability capability of presently de-
signed passive hydrogen masers.It is denoted Oy(T) , and calculated for T = 100 s.

Large size maser Small size maser
(passive)
Active Passive Cavity loaded Cavity loaded
with alumina* with capacitors
v, 15.5 x 1072 15.5 x 1073 2.3 x 1073 2.35 x 1073
v, 2.35 x 107° 2.35 x 1070 1.15 x 1073 0.93 x 1073
n 2.8 2.8 0.5 (n'=0.5) 1.25
Q 60 000 60 000 6 000 13 000
2, 45 000 30 000 3 000 6 500
nggc/vC 8.1 x 106 5.4 x 106 6.5 x 105 3.4 x 106
q 0.058 0.087 1.44 0.34
T, 0.4 0.4 0.2 0.2
I, 7.5 x 10! 1.1 x 1012 3.7 x 103 7 x 102
/1, (opt) 15.4 (@=~1) 1.4 0.59 2.5
I(opt) 1.1 x 1013 1.5 x 1012 2.2 x 1013 1.7 x 1013
H, (opt) 0.35 - - -
H, (opt) - 15 786 44
h 1.4 x 10727 3.8 x 10728 2.4 x 10728 7.1 x 107
o, (T = 100 5) 2.6 x 10713 1.4 x 10714 3.5 x 10714 1.9 x 10714
o' (t = 100 9 2.6 x 1013 2.4 x 10714 6 x 10714 3.2x 10714

TABLE 1. A comparison between actively and

passively operated maserxs.

3!N:i.tl'n a sapphire loaded cavity
Qc = 8 500, it comes dy(r

(3) , with

- 100 s) = 2.1 x 10”14
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5. Frequency stability of an actively operated hydrogen maser. - The one-sided
P.s.D. of fractional frequency fluctuations of an actively operated hydrogen maser
is given, for Fourier frequencies f smaller than the microwave cavity band-

width py (12) (13) (14)

4ké 1 Qext £2

S (f) =282 [1 + (F-1) ] - (32)
y P 4 2 Q 2
QR, [+ \)O

where Q) = wOT2/2 and v, is the transition frequency.
We will only consider ho’ the white frequency component of S (f), which deter-

mines the medium term frequency stability* and, hopefully 15 long term frequency
stability in the absence of drift in the cavity frequency. One then has :

4kT 1
%% =P 25 2 63
Wo T2
The variation of P versus I/Ith is given in reference 1 as :
P I 2 I
T :-Z(q'I——) +(1—3q)~1——1 (34)
c th th
with 1
= = I 3
Pc 2 ﬁwo th (35)

It results from equations 21, 33 and 34, that the effect of spin exchange

line broadening (16 upon the value of ho can be written as :
ne
_ _8kT 2 c I
By =72 3 M v Hule T (36)
7 wo c th
with
2
(1 + qI_I__)
1 th
B (g, 77 = T 7 (37)
th [~ 2a7)" (1 -39 Ao q]
I
th th

Figure 4 shows the variation of Ha versus I/Ith for different values of the

parameter q. Again, for each value of g % 0, there is a value of the atomic flux
which minimizes the P.S.D. of fractional frequency fluctuations. The locus of the
minimum of Ha is defined such as :

I <1llg
I (opt) = g 19q (38)
and we have :
B (min.) =T4‘-’~— (39)
a q - 6g+1

X
It is with noticing that h° does not depend on the receiver noise factor, for acti-
vely operated masers.
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It comes, with eguations 23, 36 and 39 :

T I
h_(min,) = 16 ﬂ%o v 52 Lot vl 5 (40)
ﬁmo t b g -6g+l

This equation shows that the white frequency noise of actively operated masers is

small if Vb is large* and g as small as possible. However, the change of ho(min)

with g is small as long as q < 0.05.

The optimum value of the atomic flux is given by :

A\
.,k I _1 i9
=2—= I 1+g (41)

I(opt.)
ovr tot Tth

where the quantity 1-q/1+g does not change much in the range 0 <g< 0.172 in which
the maser is able to oscillate

Table 1 shows the related frequency stability capability of a large size
maser of classical design.

x One should notice the interest of the elongated bulb and cavity design by H.E.

Peters (17), which enables to increase the bulb volume.
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6. A comparison of the frequency stability capability of actively and passively
operated masers.- We apply the above results to establish a comparison between 1/2
the ultimate medium and long term frequency stability capabilities Oy(T) = (h°/2T)

of some presently designed hydrogen masers.

We consider

i) a large size hydrogen maser in which only a hydrogen storage bulb (with a
diameter of about 16.5 cm) is included in the microwave cavity ; we will assume this
maser either actively, or passively operated {(but very close to oscillation thres-
hold in the second case},

ii) small size hydrogen maser with a microwave cavity loaded either by alumi-

(2) 5)

na or by internal capacitors

- 2
We assume that we have : 0 = 23.5 x 10 2 m  at room temperature (18) (19),

Tb/Tt = 1.3, Itot/I = 2 and that the output loop is critically coupled for passive

masers.

Table 1 shows the pertinent parameters and the expected ultimate frequency
stability measure 0 for T = 100 s. Receiver noise degrades the considered fre-
quency stability Y of passive masers only. The freqguency stability capability
figure 0'y, given in Table 1, is then obtained for F = 2 and Qext = ZQC.

The following conclusions can be made :

i) experimentally measured frequency stability of actively operated hydrogen
masers is close (within a factor of 2) to the ultimate frequency stability capabi-
lity in the white frequency noise region (13) (14) ; the same conclusion can be
derived for the white phase noise region.

ii) except for laboratory testing, there is no interest to operate passively,
a large size H-maser, within condition a < 1. (20)

iii) measured frequency stability of passive small size masers is also
close (within a factor of 2) to the ultimate frequency stability capability,

iv) the optimum value of the atomic flux intensity is slightly largex for
small size passive masers than for large size active masers and

V) presently designed small size passive masers cannot compete with large
size masers, as long as frequency stability is concerned.

The value of the spin-exchange parameter g varying as O ;_, this value will

be drastically reduced (18) in low temperature masers (16) (21) so that small size

hydrogen masers will very likely be able to oscillate in such conditions. Equation
40 shows that for q & 0.05, the frequency stability capability Gy(T) of an active

waser scales as T3/4(0/V )1/2. One may theﬁ expect a spectacular frequency stability
improvement of 2 or 3 oraers of magnitude at low temperature. Possible frequency
stability limitation by quantum noise should then be considered.

7. Effect of cavity gquality factor enhancement on the frequency stability.- Small
size hydrogen masers have been operated actively by enhancing articifially (6)(7),
by electronic means, the cavity quality factor. The question then arises of their
frequency stability capability compared to that of the same device, but operated
passively.

Quality factor enhancement increases the noise temperature T'e of the cavity
when a feedback loop is used, we have

Q Q
e ) 2

v . & - = 42

T Qc T [1 + Bl(F 1) G (42)

where Qe and Q° are the enhanced and unloaded cavity quality factors, respectively,
81
plifier, G is the gain introduced to achieve the value Q of the quality factor and

F is the noise figure of the amplifier. It has been assumed that the microwave ca-
vity and the amplifier are at the same temperature.

is the coupling factor of the loop comnected to the input of the microwave am-
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Neglecting the noise added by electronic components which provide Q-enhance-
ment, the cavity noise temperature becomes Te given by :
Q
T = =7 (43)
e Qc
Equation 43 merely means that thermal energy of the cavity mode being distributed

over a smaller bandwidth, its P.S.D. is increased accordingly.
It is easy to see that eqguation 36 then becomes :

2 B2

8kT e I
h =—==—7=uu (=) H (a, =) (44)
[ ”42w03 0B Vc Qc ase Ith
where H e is given by equation 37, but with the values of g and Ith which are
related®'® to Q-

Equation 44 has been applied to presently designed small size hydrogen masers,
with characteristic parameters as given in Table 1, except for the cavity quality
factor : one assumes now that the cavity is coupled to external circuits with two
loops having coupling factors 61 = 82 = 0.2, Figure 5 shows that there is an opti-
mum value of Qe.

Ultimate frequency stability
g, (100
y 3 ® °v(‘°‘:i‘ ® capability 0 , for T = 100 s
0 810 of presently designed small
size masers, versus the

l \—/ enhanced cavity quality fac—~
14 - .
3x]01 \_/ 0 i Qe

a. microwave cavity loaded

Q Q with aluminia
oté 3x10° ) e b. microwave cavity loaded
104 3104 105 104 3,104 ,05 with capacitors.
Fig.5

Table 2 summarizes the results. It includes the value of the frequency sta-
bility measure o' (100 s) when the effect of noise of the amplifier, included in
the feedback loopy (cf. egquation 42), is taken into account with F = 2,

aluminia loaded capacitor loaded

cavity cavity

Q, 4 300 9 400

Q_(opt) 50 000 25 000
0, (100 5) 1.6 x 10714 7.8 x 1073
cr'y(lOOs) 2.6 x 10”14 1.1 x 10714

TABLE 2. Frequency stability capability of small size
hydrogen masers operated actively with enhanced cavity
quality factor.
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Comparison of results given in Tables 1 and 2 shows that one may expect an
improvement (by a factor of 2 to 3) in the ultimate frequency stability of small
size hydrogen masers when operated actively via Q-enhancement. However, the cavity
pulling factorxr will be increased accordingly.

8. Conclusion.- The major conclusion of this work is that largeé size active masers
remain. , at present, the atcmic frequency standardsof the best frequency stability
capability. One often object against their relatively poor long term freguency sta-
bility. However, no serious attempt has been made to operate an efficient cavity
auto—-tuning system. It has been shown both theoretically 1 and experimentally ()
that the best solution of this prcblem would be to use a fast auto-tuning system
similar to that associated with passive masers. One may then expect that the frac-
tional frequency stability measure 0’y(T) = (h°/2't) 1/2, with ho given by equation 40

will be achieved for very large values of T, larger than several days.

The frequency stability improvement which may be expected from low tempera-
ture masers has been pointed out.
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