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Abstract.  - We have found a new echo phenomenon t h a t  appears i n  molecular  dynamics s imulat ions o f  a 
s o l i d .  The echo appears i n  the behavior o f  the temperature a f t e r  the  system recovers from two abrupt  
quenches. This e f f e c t  can be expla ined i n  terms o f  c l a s s i c a l  normal mode analys is  o f  the system. We 
have app l ied  these echo techniques t o  the  study o f  close packed glasses w i t h  Lennard-Jones and r u b i -  
dium in te ra tomic  po ten t ia l s .  We have been able t o  study the  degree o f  anharmonic behavior i n  the 
system as a f u n c t i o n  of temperature as the sample i s  heated from the  glass t o  the  l i q u i d  s ta te .  We 
have a lso  s tud ied  t h i s  behavior when the  a t t r a c t i v e  and repu ls i ve  te rns  i n  the  Lennard-Jones poten- 
t i a l  are varied. 

I n  a recent  paper,' a new echo phenomenon 
was repor ted t h a t  can be observed i n  molecular 
dynamics s imulat ions o f  amorphous and c r y s t a l l i n e  
so l ids .  The echo occurs when the  temperature 
(which i s  s imply  p ropor t iona l  t o  the  t o t a l  k i n e t i c  
energy o f  the system), i s  q u i c k l y  lowered two 
times i n  succession w i t h  an i n t e r v a l ,  t , between 
quenches. At  a t ime ti a f t e r  the  second quench, 
i f  the system i s  al lowed t o  run f r e e l y ,  the tem- 
~ e r a t u r e  suPdenly drops and then r i s e s  again. 
I n  Fig. 1, we show t h e  echo behavior o f  the tem- 
oerature a f t e r  the second quench when an i n t e r v a l  
tl = 45At separates t h e  two quenches. Here A t  
i s  the t ime step used i n  the i n t e g r a t i o n  o f  
?!ewtonls equation i n  the  molecular dynamics 
s inu la t ion .2  Note t h e  l a r g e  d i p  i n  temperature 
a t  a t ime tl a f t e r  the  second quench.  his quench 
echo.can be expla ined i n  terms o f  c l a s s i c a l  normal 
mode analys is .  I n  a completely harmonic s o l i d  
each mode w i l l  v i b r a t e  independently. The decay 
o f  a mode w i l l  be caused by  anharmonic in te rac -  
t i o n s  between the modes. The modes which have 

j u s t  the  r i g h t  frequency, w = where n i s  an 
- 1  

i n teger ,  w i l l  escape the  second quench w i thou t  
l o s i n g  any o f  t h e i r  k i n e t i c  energy. A1T t h e  
o ther  modes (those w i t h  the  "wrong" frequency) 
w i l l  l o s e  some energy dur ing  t h e  second quench. 
Assuming a completely harmonic system i t  i s  
poss ib le  t o  w r i t e  down e x a c t l y  t h e  behavior o f  
the temperature as a func t ion  o f  time. A f t e r  the 
f i r s t  quench each mode con t r ibu tes  an amount t o  
t $ e  k i n e t i c  energy and therefore t o  the tempera- 
t u r e  depending on i t s  ampli tude a t  the  t ime o f  
the  quench. A l l  modes s t a r t  o f f  a f t e r ' t h e  f i r s t  
quench w i t h  t h e  same phase. Hence 

where Ai i s  p ropor t iona l  t o  the  ampli tude o f  mode 
i a t  t = 0. A f t e r  a second quench the  new ampli-  
t u d e ' w i l l  be Aicosw.tl so tha t ,  measuring t ime 
from the  moment o f  $he l a s t  quench: 

I f  there  are many modes i n  the system, d i s t r i -  
buted over  a smooth dens i t y  o f  s ta tes,  t h i s  

expression leads t o  a we l l -de f ined  echo a t  t = tl. 
Each a d d i t i o n a l  quench w i l l  in t roduce another 
f a c t o r  cos2wit2 where t2 i s  the  i n t e r v a l  between 
t h e  l a s t  two quenches 

2 2 2 2 T ( t )  = GAi cos w.t  cos w.t s i n  w . t  
i 1 1  1 2  1 

where t ime i s  again measured from the  l a s t  quench. 
This  w i l l  c rea te  echoes a t  tl (which we s h a l l  
re fe r  t o  as t h e  "s t imu la ted  echo"), t 2  and smal ler  
ones a t  I t2 + tl 1 . The degree t o  which a p a r t i c -  
u l a r  s o l i d  i s  anharmonic can be measured by 
observing whethe.r the  echo behavior obeys these 
equations exact ly .  

Fig. 1.--Temperature versus t ime a f t e r  two- 
quenches w i t h  an i n t e r v a l  tl = 45At between them. 
Note t h e  echo a t  45At. 

I n  the  present  oaoer we w i l l  show the  tem- 
pera tu re  dependence o f  t h e  quench echoes i n  t h e  
g lass and l i q u i d  phases o f  two 500 p a r t i c l e  
systems i n t e r a c t i n g  v i a  d i f f e r e n t  in te ra tomic  
p o t e n t i a l  : a Lennard-Jones 6-12 p o t e n t i a l  and 
an in te ra tomic  o o t e n t i a l  which corresponds t o  
t h a t  found i n  l i q u i d  rubidium.3 The reduced 
temperature, g iven by  T* = k B T / ~  where E i s  t h e  
depth o f  t h e  in te ra tomic  p o t e n t i a l  we l l ,  was 
var ied.  These two systems have been s tud ied  
previously4, 5, 6 and were found t o  have very 
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d i f f e r e n t  p roper t ies  i n  the l i q u i d  s ta te .  The 
l i q u i d  rub id ium sample showed we l l -de f ined  modes 
ou t  t o  l a r g e  wavevectors (wavelengths as small 
as 1.25 times the  i n t e r p a r t i c l e  soacing5) whereas 
the  Lennard-Jones l i q u i d  showed t h a t  t h i s  ohonon 
behavior d i s a ~ p e a r s  much more r a o i d l y  w i t h  wave- 
vec to r  (wavelengths o n l y  as small as 5 times the 
i n t e r p a r t i c l e  distance5). By study ing the 
behavior o f  the  quench echoes i n  these two 
systems we have found evidence o f  a s i m i l a r  d i f -  
ference between the  behavior  o f  these two systems 
i n  the  g lass phase a t  temperatures much below the  
m e l t i n g  temperature. The decay i n  time o f  the  
normal modes i n  the  Lennard-Jones system i s  much 
fas te r  than t h a t  o f  the  modes i n  the  rubidium 
sample a t  the same value o f  the  reduced tempera- 
ture.  The echo behavior conta ins no in fo rmat ion  
about the s p a t i a l  d i s t r i b u t i o n  of a mode b u t  o n l y  
about i t s  t ime dependence. 

There are severa l  ways t o  demonstrate t h e  
presence 'of  anharmonic behavior  i n  a system using 
quench echoes. As can be seen from Eq. 3, i t  
does n o t  mat te r  f o r  t h e  subsequent behavior o f  a 
harmonic system whether the  i n t e r v a l  tl comes 
before o r  a f t e r  the  i n t e r v a l  t2 i n  the quench 
sequence t h a t  creates the  echoes a t  tT, t and 
I t  + tl 1 .  By quenching the  same system ? i r s t  
wizh-the i n t e r v a l s  i n  one order  and then again 
w i t h  the  i n t e r v a l s  reversed, one can moni tor  
the  amount o f  anharmonic behavior i n  a system 

by  seeinc how d i f f e r e n t  the response o f  t h e  
system i s  t o  the  two d i f f e r e n t  quench sequences. 

F ig.  2.--The temperature versus t ime f o r  
the Lennard-Jones system quenched th ree  times 
w i t h  tl = 45At and t2 = 30At (dashed l i n e )  and 
w i t h  tl = 30At and t 2  = 45At (do t ted  l i n e ) .  The 
t ~ o  curves are d isp laced v e r t i c a l l y .  The i n i t i a l  
temperatures are (a) T* = 0.11, (b) T* = 0.46 
and (c)  T* = 1.2. 

I n  Fig. 2 we show the r e s u l t s  o f  t h i s  behavior 
f o r  i n t e r v a l s  o f  30At and 45At f o r  the  Lennard- 
Jones system a t  3 temperatures. I n  each case the 
curves are displaced v e r t i c a l l y  from each o ther  
f o r  comparison and the  lower curve i n  each s e t  
i s  f o r  tl = 45At and t2 = 30At and the  upper 
curve i s  f o r  tl = 30At and t 2  = 45At. At  very 
low s t a r t i n g  temperatures, we can observe no 
d i f fe rence  between the two curves. However a t  a 
s t a r t i n g  temperature o f  T* = 0.11 (Fig. 2a) , we 
a l ready see t h a t  the depth o f  the  two echoes i s  
d i f f e r e n t  i n  t h e  two curves i n d i c a t i n g  a s i zab le  
m o u n t  o f  anharmonicity. Even a t  t h i s  low tem- 
oerature (% 1/8 o f  the m e l t i n g  temperature o f  the 
P.c.c. c r y s t a l )  the behavior  o f  the s o l i d  shows 
t h a t  approximately 20% of the energy o f  a mode i s  
rl issi,pated per period. At  h igher  temperatures 
we see t h a t  the  anharmonic behavior becomes pro- 
g ress ive ly  more pronounced u n t i l ,  i n  the  l i q u i d  
a t  T* = 1.2 we have d i f f i c u l t y  seeing any echo 
behavior a t  a1 1. 

I n  Fig. 3, we show the  behavior o f  the 
rub id ium sample a f t e r  a s i m i l a r  se r ies  o f  quenches, 
The lowest temperature s tud ied  was T* = 0.15. 
Although t h i s  temperature i s  above t h a t  f o r  Fig. 
?a-where T* = 0.11, i t  i s  c l e a r  t h a t  the re  i s  
considerably l e s s  anharmonic behavior than i n  the  
Lennard-Jones system s ince the two curves show 
much smal ler  dev iat ions from each other .  As the  
temoerature i s  r a i s e d  we c o n s i s t e n t l y  see t h a t  
the  rubidium system i s  much more harmonic than 
the  Lennard-Jones one a t  a comparable temperature. 

F ig .  3.--The r e s u l t s  o f  a s i m i l a r  quench 
sequence as i n  F ig.  2 when app l ied  t o  the rubidium 
sample. The i n i t i a l  temperatures a re  (a) T* = 
0.15, (b) T* = 0.5 and ( c )  T* = 1.1. 

I n  F ig.  4 we show t h e  decay as a f u n c t i o n  o f  
t ime interval, t g o f  the s t imu la ted  echo f o r  the  



Lennard-Jones sample a t  T* = 0.11 and the rubid ium 
sample a t  T* = 0.15. We can determine from the 
slope o f  the decay o f  the  echo the extent  o f  
anharmonic mode coupl ing. t4e see t h a t  the echo 
i n  rubidium decays much more s low ly  than i n  the  
Lennard-Jones sample. This i s  cons is ten t  w i t h  
what was found from the  data i n  F igs.  2 and 3. 

Fig. 4.--The decay o f  the  s t imu la ted  echo as 
a func t ion  o f  t f o r  the  rubidium sample a t  T* = 
0.15 ( t r i a n g l e s f  and f o r  the Lennard-Jones sample 
a t  T = 0.11 ( c i r c l e s ) .  I n  each case t l  = 30At. 

The conclusion from t h i s  analys is  o f  the quench 
echoes i s  t h a t  the  Lennard-Jones glass i s  much 
more anharmonic than t h e  rubidium. This  anhar- 
mon ic i t y  becomes more and more pronounced as the  
temperature i s  ra ised  towards the l i q u i d  phase. 
These r e s u l t s  suggest t h a t  i n  the l i q u i d  the 
sound modes o f  the  Lennard-Jones f l u i d  would be 
auch more q u i c k l y  damped than i n  rub id icm i n  p a r t  
due t o  the  g rea te r  anharmonicity i n  the former 
system. Th is  i s  what i s  p a r t i a l l y  responsible 
f o r  the f a c t  t h a t  sound modes are n o t  observed 
a t  l a r g e  wavevectors i n  Lennard-Jones f l u i d s .  

Fig. 5.--The decay o f  the  simulated echo i n  
d i f f e r e n t  p o t e n t i a l s  as a func t ion  o f  t 2  a t  T* = 
1 1 .  I n  a l l  cases tl = 30At. The r e s u l t s  are 
f o r  t l i e  10-6 
Lennard Jones (open c i r c l e s )  ; 12-6 Lennard-Jones 
(closed c i r c l e s )  and 12-8 Lennard-Jones (closed 
t r i a n g l e s ) .  

I n  order t o  understand i n  more d e t a i l  the  
r o l e  t h a t  the p o t e n t i a l  p lays i n  the  damping o f  
nodes we have s tud ied  the behavior of the st imu- 
l a t e d  echo f o r  severa l  d i f f e r e n t  p o t e n t i a l s .  
I n  each case we s t a r t  w i t h  i d e n t i c a l  conf igura-  
t i o n s  o f  the atoms so t h a t  the e f f e c t  o f  the  
p o t e n t i a l  on forming the  s t r u c t u r e  i s  n o t  
included. The i n i t i a l  s t a r t i n g  temperature o f  
the  system i s  a lso  the  same fo r  a l l  the  systems 
studied. The p o t e n t i a l s  we have used a re  s i m i l a r  
t o  the  Lennard-Jones b u t  w i t h  d i f f e r e n t  values 
-For the  exponents i n  order  t o  vary t h e  r e l a t i v e  
s t rengths o f  t h e  repu ls i ve  and a t t r a c t i v e  forces:  

V(r )  a ($)" - We have s tud ied  n = 12, 

m = 6 ;  n = 10, m = 6; and 
n = 12, m = 8. The r e s u l t s  are shown i n  Fig. 5. 
I t i s  c l e a r  t h a t  the l a r g e r  the value o f  (m + n) 
( i  .e., the  steeper the  p o t e n t i a l )  the fas te r  i s  
the  damping o f  the  echo. The deaay o f  the 
rubidium echo i n  Fig. 4 i s  c loses t  t o  t h a t  o f  the  
system w i t h  the  lowest  value o f  ( n  + m). The 
steepness o f  the p o t e n t i a l  i s  apparent ly  what i s  
~ r i m a r i l y  responsib le  f o r  the  anharmonic coupl ing 
of nodes. This conclusion i s  s i m i l a r  t o  t h a t  o f  
!laan u. ,4 who showed t h a t  the sound modes i n  
the l i q u i d  were r e l a t i v e l y  i n s e n s i t i v e  t o  the 
a t t r a c t i v e  p a r t  o f  the p o t e n t i a l  .7 They con- 
cluded t h a t  i t  was t h e  r e l a t i v e  steepness o f  t h e  
repu ls i ve  core o f  the  Lennard-Jones p o t e n t i a l  
comnared t o  t h a t  o f  rubidium which caused the  
dramatic e f f e c t  o f  the  sound modes being h i g h l y  
damned i n  the  former w h i l e  n o t  i n  the l a t t e r .  
I n  the present paper we have extended t h e i r  
r e s u l t s  and have shown how the  anharmonici ty and 
mode coupl ing i n  a g lassy system e x i s t s  even i n  
the s o l i d  s t a t e  and how they grow w i t h  temperature 
The steepness of the  p o t e n t i a l  i s  i m ~ o r t a n t  f o r  
the damping o f  the sound modes i n  the  glass 
because i t  causes each atom t o  f e e l  a s t rong 
departure from a pure ly  harmonic p o t e n t i a l  and 
thus couples t h e  var ious normal modes. !Je presume 
t h a t  t h e  f a s t  decay of the  sound modes i n  the 
l i q u i d  s t a t e  i s  i n  p a r t  due t o  s i m i l a r  e f f e c t s  as 
observed i n  the glass. 
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