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A MODEL FOR THE CALCULATION OF SURFACE ENERGY AND SURFACE T E N S I O N  OF L I Q U I D  METALS 
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e t  Marie Cxrie,  4, place juss ieu ,  75230 Pen-s cedex 05, France. 
Department o f  Chemistry, Syracuse Univers i t y  , New York 13210, U.S. A .  

Abstract. - Surface energy and surface tension of liquia metals are calculated by applying to liquid 
surface a simple appropriate form of the Lang and 'ohn's approach. Resulting values are in reasonable 
agreement with experiments. 

Despite theoretical and technological interest 

in the study of the surface of liquid metals, few 

works are devoted to its statistical mechanical 

description. Lang and Kohn 1 1 1  (hereafter referred 
to as L.K.) have used the Hohenberg-Kohn-Sham 

theory to calculate the electronic profile n(z) 

in a semi-infinite positive jellium background. 

The results they obtain for the surface energy 

computed on solids are in good agreement with the 

surface tension of liquids extrapolated to O'K. 

Evans [ 2 1  has extended to surface properties the 

description of the liquid metals in terms of 

pseudo-atoms. In this model. the electronic profile 

is given a priori and there are no electrostatic 

contributions, which are found to be important in 

L.K. Both of these authors take no account of the 

transverse collective plasmon modes, this point 

being a subject of much controversy. 

In this paper, an approach to the liquid 

surface is proposed in the frame of Lang and 

Kohn's formalism. The liquid nature is taken into 

account by an ionic density profile ~ ( z )  of step 

function type and a simple pair correlation 
-* * 

function g(R R ) .  The electronic density profile is f 2 
computed by optimization of the zeroth-order 

surface energy. Computed properties are surface 

energy Us and surface tension Y for several simple 

metals. 

1 .  Model + 
For a given configuration of the N ions, 

and in the adiabatic approximation, the energy of 

the system can be written as 

H = H~ + E t i$))  (1) 

where Hi is the ionic hamiltonian and E({<}) the 

ground state energy of the many-electron system 

in the external potential of the ions. As in L.K., 
-+ 

we compute E({%)) by considering the difference 

between the pseudopotentials of the ion cores and 

the electrostatic potential of the uniform back- 

ground as a small perturbation. In the jellium, the 

electron-ion interactions are purely coulombic. 

Following the same procedure than Smith [3], 

we assume that the form of the zeroth-order elec- 

tron density n (2) is 
az 

where n is the bulk electron density. The parameter 

a is obtained by minimization of the functional 

Eo[n] corresponding to the reference system 

(jellium) with conservation of the total number 

of electrons. E In] includes kinetic, exchange- 

correlation and electrostatic energies plus qn 

inhomogeneity term which doesn't exist in L.K. . 
To first order in the perturbation, (I) becomes 

1 
H = Hi + ~'[n~(z)l + E [ no(z),{$}l with (3) 

I N 
E tno(z),{~)l= I . Z . ~(z~-:)n~(z)dT + 

I ?  - r'l 
where W 1s the electron-ion pseudopotential, Z the 

valence of the ion and 3 (z) the jellium density 

profile (in this paper all formulas are given in 

atomic units). H. includes the kinetic energy of 

the ions,theircoulomb energy and a Born-Mayer type 

potential which represents the core repulsion. 

In order to find the internal energy of the 

system, one has to take the statistical average 
+ 

of (3) over the configurations { % I .  With no 

adsorption on the Cibbs dividing plane, the 

surface energy U can be obtained from experiments 

by the thermodynimic relation U = y - T 3T. 
U can be written as the sum of four 

contributions 
Us = Uo + Ups + Uc + UBSH ( 5 )  

Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:19808194

http://www.edpsciences.org
http://dx.doi.org/10.1051/jphyscol:19808194


C8-784 
JOURNAL DE PHYSIQUE 

- U is  the  s u r f a c e  energy of t h e  r e f e r e n c e  
0 

system, ob ta ined  from E [ n o ( z ) ]  and t h e  s e l f  

e l e c t r o s t a t i c  energy of t h e  j e l l i u m ,  by s u b s t r a c -  

t i n g  t h e  bulk  c o n t r i b u t i o n s .  When us ing  Pines-  

Nozieres  formula f o r  exchange-corre la t ion  terms we 

have 513 , 4 1 3  
u = -  1.6423" +0.25037:  + 

o  a 'l 

0.006584 + nu + $ (6) 
2a . . 

The v a l u e s  ob ta ined  f o r  a by m l n l m ~ z a t i o n  a r e  ve ry  

c l o s e  t o  Smi th ' s  ones .  

- U which has  t h e  same d e f i n i t i o n  a s  6a  
PS' 1 PS 

i n  L.K., i s  a s s o c i a t e d  t o  E [no(z) ,{Q}]  and 

depends on t h e  i o n i c  d e n s i t y  p r o f i l e  p ( z ) .  As i n  

Fowler ' s  model we assume f o r  p ( z )  a  s t e p  f u n c t i o n .  

I f  we adopt  t h e  l o c a l  Aschrof t  p seudopo ten t i a l ,  we 

have f o r  U 
ps  i n n 2  

u = a 3  (1 -ac - e - a c )  
where gS i s  t h e  c u t o f f  r a d i u s .  

- Uc, which can be  compared t o  t h e  c l a s s i c a l  

c l eavage  energy o f  s o l i d s ,  r e p r e s e n t s  t h e  i o n i c  

p a r t  of t h e  s u r f a c e  coulomb energy minus t h e  i o n i c  

p a r t  o f  t h e  s u r f a c e  energy of t h e  j e l l i u m ,  a l r e a d y  

i n  U o  

C - t / ~  Ce(n)p,(a2~ - a cjA$~,dRa. (8) 

where g B ( ~ 1 2 )  i s  t h e  r a d l a l  dlSCrlDUtlOn f u n c t i o n  

( r . d . f . )  of t he  bu lk  l i q u i d  and p  t h e  bulk  i o n i c  

d e n s i t y .  

To go f u r t h e r ,  some a p p r o p r i a t e  approximat ions  
-+ + 

f o r  g(K , R2) s t i l l  have t o  be  made. I f  we t a k e  
* + l  

g(R1, R2) = gB(Rl2) a s  i n  Fowler ' s  model, we v i o l a t e  

t h e  e l e c t r o n e u t r a l i t y  c o n d i t i o n  t h a t  t h e  cha rge ,  f rom '  
+ 

i o n s  and e l e c t r o ~ l s ,  surrounding a n  i o n  a t  RI  should  

V i o l a t i o n  of t h e  c o n d i t i o n  can have d r a s t i c  conse- 

quences i n  coulombic systems a s  shown by one of u s  

(J.G.) [4;] ; we i n c o r p o r a t e  e l e c t r o n e u t r a l i t y  
+ 

i n t o  g(R1,R2) by w r i t i n g  

S u b s t i t u t i n g  i n t o  (9)  g i v e s  an i n t e g r a l  equa t ion  

which may b e  solved i t e r a t i v e l y  s t a r t i n g  wi th  

f  = f (o)  = 1 .  The f i r s t  i t e r a t i o n  y i e l d s  

f ( ' ) ( z1 )  = [ I p ( r 2 )  [gB(~12) - 1 7  d  S2]-l (10) 

and r e p l a c i n g  f  ( z l )  f  ( z 2 )  by f ( l ) ( z 1 )  f  ( o ) ( z ~ )  g i v e s  

r e s u l t s  c l o s e  t o  t h o s e  from a  more a c c u r a t e  cho ice  

I n  t h e  bu lk  f l u i d ,  c o r r e l a t i o n s  f o r  sma l l  r a r e  

w e l l  desc r ibed  by an " e f f e c t i v e "  hard-sphere poten- 

t i a l .  l ie re  we u s e  f o r  t h e  r . d . f .  gB( r )  of t h e  b u l k  

phase a  s i m p l i f i e d  form 

where g ( a )  i s  given by t h e  Percus-Yevick equa t ion  

and 6 is c a l c u l a t e d  from t h e  r e l a t i o n  ( s e e  eq .  9) : 

hrI-17 d f -  - p  -1 

With a l l  t h e s e  assumpt ions ,  we can w r i t e  a f t e r  

numerica l  i n t e g r a t i o n  
Uc = n  Z a  (0) (1 1 )  

Thi s  form i s  s i m i l a r  t o  Lang and Kohn's 

c leavage energy.  a ( q )  which depends only  on t h e  

packing f r a c t i o n  t- = pa3 i s  g iven i n  Table  I f o r  

d i f f e r e n t  v a l u e s  of Q 

( 0  : a : b  T a b l e 1  (----.-----.----- ) -- 

(0.3 ~ 0 ~ 0 1 0 ~ 0 ~ 0 3 6 )  V a r i a t i o n  of a ( n )  and b (n )  

( 0 ~ 3 5 ~ 0 ~ 0 3 6 ~ 0 ~ 0 3 7 )  w i th  t h e  packing f r a c t i o n  n .  
(0.40:0.068:0.039) 
(0.45:0.099:0.040) 

- U B S M  t h e  l a s t  c o n t r i b u t i o n  t o  U s ,  comes 

from Born-Mayer energy.  We have found t h a t  t h i s  

c o n t r i b u t i o n  i s  n e g l i g i b l e  because  i t s  range  

(about  2 R ) i s  g e n e r a l l y  much s m a l l e r  t han  a ,  

when we t ake  f o r  Q v a l u e s  a p p r o p r i a t e  t o  l i q u i d  

s t a t e .  

S t a r t i n g  from (3) i t  i s  p o s s i b l e  t o  d e f i n e  

t h e  f r e e  energy of t h e  system and c a l c u l a t e  i t s  

s u r f a c e  t e n s i o n  y  by d i f f e r e n t i a t i o n .  Using t h e  

s t anda rd  procedures  and a r r a n g i n g  t h e  d i f f e r e n t  

terms i n  y  a s  we d i d  i n  Us, we g e t  a f t e r  some 

a l g e b r a  
y = u  + u  

0 p s  + Yc + YB.M (12) 
w i th  y = n  Z b  (n)  (13) 

The v a r i a t i o n  of b (n )  w i th  n is  given i n  Table 1 

( d e t a i l e d  c a l c u l a t i o n  6or a ( 0 )  and b (n )  w i l l  be 

g iven  e lsewhere  [61 ).  For t h e  same r eason  a s  

b e f o r e ,  t h e  Born-Mayer te rm y  i s  n e g l i g i b l e .  
B.M 

2.  R e s u l t s  f o r  U-  and y  
J 

Our r e s u l t s  f o r  U and Y a r e  g iven  i n  

Table  I1 f o r  s e v e r a l  m e t a l s  and compared t o  expe- 

r imen t s .  The d i f f e r e n t  c o n t r i b u t i o n s  a r e  a l s o  

g iven.  The v a l u e s  o f  n  and R a r e  t h e  same a s  i n  

L.K. f o r  e a s i e r  comparison. Experimental  v a l u e s  

a r e  t aken  from L.E.  Murr [ 5 ]  . 



Table I 1  - D i f f e r e n t  c o n t r i b u t i o n s  t o  Us and 

y f o r  s imple  me ta l s .  Uni ts  a r e  dyne/cm. 

Values of  U a r e  s i m i l a r  t o  Lang and Kohn's 

r e s u l t s ,  a 1  though t h e  p a r t i t i o n  between the  va- 

r i o u s  c o n t r i b u t i o n s  may be q u i t e  d i f f e r e n t  ( i n  

L.K. t h e r e  i s  no g r a d i e n t  expansion term which gi -  

ves  he re ,  f o r  i n s t a n c e ,  26 dyne/cm f o r  Cs and 

500 dyne/cm f o r  Al).  

The pseudopo ten t i a l  c o n t r i b u t i o n  UPS is  ne- 

g a t i v e ,  i n  oppos i t ion  t o  L.K. i n  the  case  of t he  

l a t t i c e  model. U is  r a t h e r  s e n s i t i v e  t o  t h e  
PS 

choice  of Rc, e s p e c i a l l y  a t  h igh  d e n s i t y  : f o r  Al ,  

a  mod i f i ca t ion  of 10 % i n  R changes Us an  Y by 

350 dyne/cm. The presence of o s c i l l a t i o n s  i n  the  

e l e c t r o n i c  p r o f i l e  may s u b s t a n t i a l l y  modify t h e  re-  

s u l t  f o r  U [ I ] .  To t e s t  t he  o r d e r  of magnitude 
P s 

of t h i s  e f f e c t ,  we have used i n  U ano the r  form PS 
of no(z)  : 

a z  
no(z) = "(1 - pe cos 2kFz) z 0 

(13) 
no ( z )  = n~e-"  z > o  

This form roughly s imula t e s  F r i e d e l  o s c i l l a -  

t i o n s ,  a l though they have no exponen t i a l  decay. Unk- 

nown parameters a r e  obta ined by c o n t i n u i t y  c o n d i t i o n s  

of no(z)  and dno(z) /dz  a t  z = 0, and o v e r a l l  e l e c t r o -  

n e u t r a l i t y .  O s c i l l a t i o n s  i n  n  ( z )  g ive  an  i n c r e a s e  of 

77 dynelcm i n  U f o r  L i ,  15 f o r  C s  and 1800 f o r  Al. 
PS 

For a l l  me ta l s ,  U p ,  remains nega t ive ,  u n l i k e  t h e  cor-  

responding term i n  L.K. 

. The c o n t r i b u t i o n  Uc i s  ve ry  s e n s i t i v e  t o  t h e  va- 

l u e  of t he  packing f r a c t i o n  n,  a s  shown i n  t a b l e  1 ,  

through t h e  v a r i a t i o n  of a ( q ) .  Bulk thermdynamic 

p r o p e r t i e s  of l i q u i d  me ta l s  a r e  known t o  be  w e l l  

desc r ibed  by p u t t i n g  q  - 0.45 i n  t h e  ha rd  sphe re  

model. With t h i s  va lue ,  U becomes the  main c o n t r i -  

b u t i o n  t o  t h e  s u r f a c e  energy. For Al, Uc=12447 

dyne/cm when Us = 9284 dyne/cm, and f o r  CS 

Uc 
205 dyne/cm, when Us = 235 dynelcm. Th i s  con- 

t r i b u t i o n  i s  much g r e a t e r  t han  t h e  c leavage ener- 

g i e s  o f  Lang and Kohn, corresponding t o  the  I111 

p lane  f o r  f . c . c .  l a t t i c e  and [ I101 p lane  f o r  b .c .c .  

l a t t i c e .  I t  i s  comparable t o  c leavage e n e r g i e s  cor-  

responding t o  l e s s  densely  packed f aces .  

. ~0~ a  l i q u i d  metal i t  i s  i n  f a c t  d i f f i c u l t  

t o  cons ide r  t h a t  t he  ions  near  t h e  s u r f a c e  a r e  cor- 

r e l a t e d  a s  i n  the  bulk  where they a r e  t o t a l l y  

screened by the  e l e c t r o n s .  

I f  t he  d e s c r i p t i o n  of c o r r e l a t i o n s  i n  terms 

of a  ha rd  sphe re  model remains v a l i d  nea r  t h e  sur-  

f a c e ,  we can expect  a  value  of a somewhat sma l l e r  

t han  i t s  value  i n  the  bulk ,  and then e f f e c t i v e  va- 

l u e s  of q sma l l e r  t han  0.45. I t  i s  c l e a r  t h a t  an  

e f f e c t i v e  va lue  of n t akes  i n t o  account o t h e r  e f -  

f e c t s ,  such a s  a  mod i f i ca t ion  of the  s t e p  d e n s i t y  

p r o f i l e  a s  suggested i n  [71, o r  h ighe r  o r d e r  con- 

t r i b u t i o n s  t o  the  energy of the  system. On t h e  

o t h e r  hand, we no te  t h a t  yc i s  l e s s  s e n s i t i v e  to  

t h e  v a r i a t i o n  of n than U . 
Rather  than f i t t i n g  T) f o r  each meta l  a s  

done i n  [7 ] ,  an  average va lue  of n = 0.36 has  been 

taken i n  t a b l e  2. With t h i s  va lue ,  the  magnitude 

of c a l c u l a t e d  r e s u l t s  f o r  U and y a r e  i n  reasona- 

b l e  agreement wi th  exper imenta l  d a t a .  We emphasize 

t h a t  ou r  model pe rmi t s  u s  t o  compute s imul taneously  

U and y and i t  i s  s a t i s f a c t o r y  t h a t  w i t h  t h e  same 

i n g r e d i e n t s ,  t h e i r  magnitudes a r e  a t  l e a s t  reaso- 

nab le  and c l o s e  one t o  the  o t h e r .  nis is n o t  t h e  

c a s e  wi th  o t h e r  t r ea tmen t s  n e v e r t h e l e s s  t h e  remaining 

d i f f e r e n c e  cannot be  a t t r i b u t e d  t o  t h e  i n f l u e n c e  of 

t h e  temperature  (ent ropy term ) ,  because i n  t h i s  ap- 

proach U and Y depend on T only  through t h e  bulk  

d e n s i t i e s  which a r e  r a t h e r  independent of T.  A more 

r e a l i s t i c  t rea tment  of t h e  i o n i c  p r o f i l e  should  con- 

s i d e r  i t s  dependence wi th  temperature ,  i n  o r d e r  t o  

s a t i s f y  t h e  thermodynamic r e l a t i o n  

I n  our c a l c u l a t i o n s ,  i t  i s  c l e a r  t h a t  chan- 

ges  i n  t h e  two p r o f i l e s  may induce no tab le  modifi- 

c a t i o n s  i n  t h e  d i f f e r e n t  c o n t r i b u t i o n s  t o  U and y. 
A s e l f  c o n s i s t e n t  de t e rmina t ion  of  the  two p r o f i l e s  

i s  i n  p rogres s  [81. 

Our c a l c u l a t i o n s  a l s o  show the  importance of 

r e s p e c t i n g  t h e  e l e c t r o n e u t r a l i t y  c o n d i t i o n  when 

approximating the  a n i s o t r o p i c  p a i r  d i s t r i b u t i o n  

We f i n a l l y  n o t e  t h a t  ou r  model g ives  r i s e  to 

a  d i p o l e  b a r r i e r  a t  t h e  su r face ,  i n  c o n t r a s t  t o  

the  work of Evans [2] .  The va lues  of  t h e  d i p o l e  

b a r r i e r  a r e  t h e  same a s  those  computed by Smith 

131. 
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