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The interpretation of the "anomalous" structure 

factors of Zn, Ga, Sn from long range pair po'ten- 

tial agrees with liquid thermodynamic properties. 

Polymorphism and phases change of Ga are also 

explained with the same model. 
...................... 

Recent progress have been done in the analysis 

of the liquid metals structure factors S(q), within 

the framework of the pseudopotential theory. Simu- 

lation and perturbation techniques have been used 

to calculate S(q) from full metallic pair poten- 

tials, including the long range oscillating part 

The hard sphere like profiles of the Mg, Al, 

and alkalis structure factors have been explained 

froln &b b u o  pseudoputentials i 1 ,21. Sl-iouldcr 
or asymmetry in the main peak of the Ga, Sn, Zn 

structure factors have been interpreted on the same 

basis[2,3], or from ionic polarisability l4]. 

However, calculated S(q) are rather sensitive 

to the choice of the pseudopotential in these 

"anomalous" metals (Zn, Ga, Sn). Such a sensitivity 

to the pseudopotential also appears in other struc- 

tural properties, for instance, in the determina- 

tion of the crystal structure stability of Ga 

[5,6,7]. The usefullness of a pseudopotential ap- 

proach really emerges if various properties of 

condensed matter can be described from the same 

model. 

The purpose of this work is to compare results, 

from local and non local pseudopotentials, for 

several equilibrium properties : structure factor, 

liquid thermodynamic properties near the melting 

temperature, crystalline phases stabilities and 

high pressure phases transitions of gallium. 

We briefly present the models of pair poten- 

tials and their corresponding theoretical S(q). 

The thermodynamic properties may be calculated 

either with the variational approach VA [ 8 ] ,  or 

through the "optimized random phase approximation" 

ORPA [ 9 ] .  The ORPA supersedes the VA for Lennard 

Jones fluids [I01 but it has not been applied, to 

our knowledge, in liquid metals. Results from the 

two methods are compared here. 

The analysis of the stable crystal structure for 

Ga is a sensitive test for any pseudopotential. We 

finally compare the zero temperature binding 

energies of four observed and one hypothetical 

(FCC) Ga structures. 

1. P__air-~otenti~ls-a~!-struct1!re-f_act~zs 
For each liquid metals, we consider three pair 

potentials : The ECM of Ashcroft [Ill, the OMP of 

Shaw [I21 , and the renormalized form with effec- 
tive masses, here labelled OMP 2 1131. The exchange 

and correlation between electrons are included via 

the ~ashishta-Singwi function 1141. At the liquid 

metal density, the pair potentials obtained have 

common features : Friedel oscillations at long 

range, and at short range a first minimum at a 

distance ro close to the first peak position of 

the liquid radial distribution function. The first 

minimum amplitude V(ro) and ro depends on the 

models (Table 1). 

E C M  : O M P  : O M P  2: 

: rc: ro: T'.: ro: T": ro: T": ____.___-.----.----.----.----.----.-----. 
Zn :1.11:5.45:1.65:5.60:5.58:5.55:1.36 : ----.----.----.----.----.----.----.-----. 
Ga :1.05:5.40:1.0 :5.65:- 6.:5.3 :0.60 : _---.---_.----.----.----.----.----.-----. 
Sn :1.30:5.70:0.33:6.3 :3.05:5.7 :0.53 : 

Table I : First minimum.,position ro and reduced 
temperature T" = %T/V(ro) for the three 
models. The ECM radius rc and ro are in 
atomic unit. 

The structure factors have been derived by the 

ORPA technique. The pair potentials are truncated 

at a mode close to 4 r . The numerical procedure 
and comparison to Monte Carlo method for metallic 

potentials have been discussed elsewhere . 
Quantitative agreement between ORPA and Monte Carlo 

approaches is expected for reduced temperature 

higher than 0.5 (table 1) .  Excepted for the ECM - 
* 

Sn case, T is always above this value. 
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In the figure 1, we compare the Sn calculated may be expressed in q-space, and in the ORPA 

structure factors to experiment [ I61  . The others scheme we derive the following expression in 

S(q) have been reported by [2 ,31  . atomic units : 

In (I), the terms in brackets are zero and first 

order terms in the perturbation energy expansion, 

Feeis the electronic free energy, F the perfect 
g 

gas contribution. All these terms are independent 

of the liquid structure. The hard sphere free 
1 2 3 energy Fo, the Madelung energy U (a) and the band 

M 

Fig.1 : Sn Structure factors . . . Experiment - model OMP 2 --- model OMP 
For Sn, the OMP leads to the best overall 

agreement with experiment. The ECM S(q), not repor- 

ted in the figure, exhibits very strong oscilla- 

tions, and deviates from experiment. Such oscil- 

lations are related to the large oscillations of 

the pair potential, buf in view of the low T value 

with the ECM, the ORPA procedure may be also sus- 

picious. 

For Zn we find that the OMP 2 better reproduces 

the asymmetry of the main peak in S(q). For Ga 

this model gives qualitatively the expected shoul- 

der in S(q). This suggests that effective masses 

are important for the structural behaviour of this 

two metals. 

2 -  Li~ui_d-the~mo_d~~mi~-~-r~~ertiss~n_e-af:-rne1tin~ 
EJ2i!!s 
The pseudopotential calculation of liquid me- 

tals thermodynamic properties are currently done 

with a variational determination of the free energy 

of a hard sphere reference system [171. However, 

the ORPA calculation of S(q) may be self consis- 

tently done with the optimization of the free 

energy of a reference system which includes the 

long range part of the pair potential [9] . 
Calculated thermodynamic properties of the 

Lennard Jones liquid, from the ORPA, are in much 

better agreement with computer experiments, than 

those of the variational approach [lo]. Thus, in 

this work, we develop our calculations within the 

ORPA. 

For metallic systems, the total ion free energy 

structure energy U 
BS") 

are defined in [171, but 

here the hard sphere diameter 13 is determined from 

the ORPA procedure. The last two corrective terms 

in (I) depend on the hard sphere radial distribu- 

tion function g (r) and on reference S (q) and a t 
hard sphere S (q) structure factors. u 

When the ECM is used, the effective valence Zx * 
is the reai valence. As noted in [17], the core 

term A must be adjusted in order to ensure normal 

(i.e. nearly zero) pressure at the observed liquid 

volume Q. Such uncertainty also remains with OMP 

and OMP 2 [18], and we come back to simplification 

by considering A as an independent parameter in 

these models. 

In the VA expression of the free energy [I71 , 
there is no corrective terms and u is determined 
in another way. At first, it is interesting to 

investigate the ORPA and VA differences for liquid 

metals. We have done this for the ECM pseudopoten- 

tial. We calculate the VA and ORPA free energies 

and their partial derivatives as functions of the 

volume and the temperature. Of course, the adjus- 

tment of the A term is only done in one of the 

two determination of the free energy at zero 

pressure (here for the VA). 

The table 2 summarizes the results with the 

ECM. 

The rather unreliable results for Sn again 

reflect a possible failure of the ORPA procedure 

or ECM pair potential. For Zn and Ga, we find that 

the VA values deviate from the ORPA values as in 

Lennard Jones fluids of the same density and 

reduced temperature [lo]. 



( j ~ n  : VA, o R P A ~ G ~  : VA, O R P A ~ S ~  : "A, ORPA) 
(---. -------------. -------------. ----,---- --- ) 
(-F :1.0363:1.0388:2.1739:2.1746:3.2156:3.2200) 
( :------.------.------'-------.------.------ ) 
(-S :4.46 :4.00 :4.73 :4.60 :3.36 :5.34 
( E :------:------,------:------:------:------ ) 
(Cv :3.6 :4.2 :2.0 :3.3 :2.1 :7.4 ) 
( :------.------.------.------.------.------ ) 
(B, : 255 : 321 : 308 : 372 : 367 : - ) 

Table 2 : Comparison between variational ap- 
proach and ORPA results for liquid Zn (723 K), 
Ga (293K), Sn (523 K ) .  
Free energy is in atomic unit (e = -lf = m = I ) ,  
entropy S and specific heat CV are in kg unit. 
Bulk moduFus is in Kbar. 

The thermodynamical results within the ORPA 

scheme are presented in table 3 ,  in order to 

compare the ECM, OMP and OMP 2. 

) ( Zn ECM i 1.039 j 4 . 0 0 ;  4.2 j 3 2 0  ) 
( 723 K ------' ------- '-------'------- 
( - OMP 1.075 3.96 3.5 i 348 1 
( 0 = : ------. --------. -------. -------. ------- ) 

( (a.u.) : EXP. i 1.066 3.78 3.1 i 400 ) 
( -----------------------e- - ------- * -------. -------) ------ -------- ------- ------- ------- (---Gad---: BC:4 2.176 i 4.30 3 .3 .  372 .) 
( ------ -------- ------- ------- ------- ) 

OMP2 j 2.238 4.48 : 4.3 : 420 ) 
( 128.2 : ------ ______-- ----_-- ------- ------- ) 
( (a.u.) : EXP. : 2.213 4.62 3.0 450 ) 
( ---------: ------: --------. -...---- =. ======= - =======) (---Sr---i ECM 1 3 . 2 2 0  5.34 1 7.4 j - ) 
( ------ -------- ------- ------- ------- ) 
( 523 K - . OMP j 3.552 i 3.54 2.7 406 ) 

( , = :------.--------.---------------. -------) 
( 0 '  

' OMP2 : 3.588 : 3.17 : 2.8 : 425 ) 

( 191.7 : ------. --------. ------- * ------- - -------) I (a.u.) E D .  j 3.532 j 4.08 : 3.2  i 370 ) 
) 

Table 3 : ORPA results. The core term A is adjus- 
ted for each model to assume zero pressEre at the 
observed volume Qq. Free energies experimental 
values are determined using the experimental cohe- 
sive energy values of [ I91  and, the harmonic Debye 
approximation for the vibrational free energy of 
solid at melting. Experimental values of SE, CV and 
BT are respectively from [20],[21] and [22,23] . 
Units are as in table 2. 

Clearly, for Sn and Zn, the OMP or the OMP2 

give results which are quantitatively closer to 

experiment than the ECM ones. We observe that the 

best agreement for entropy is obtained for the 

models which also reproduce the anomalies of the 

structure factors of Zn, Ga, Sn. 

Calculationshave been done in litterature with 

the WCA approximation 1211. We notice by comparison 

that including the long range forces via ORPA leads 

to a non negligible difference between WCA and 

ORTA results. 

3.  Consistency-of -t_he-~_ai~-~cr.enti_a1s~with-~~y~t_a_1 
structure stability of Ga ------------------ ------ 
Comparison of the different crystal structure 

energies has been prooved to be a test for the 

pseudopotential approach for Ga [5 ,6 ,71  . 
Here we consider the two phases a-Ga (Ro = 

131 a-u.) and B-Ga (8, = 124 a.u.) which are 

observed under normal pressure, and two high pres- 

sure structures 11-Ga ($2, = 118 a.u.) and 111-Ga 

(Ro = 118 a.u.) which have been recently measured 

[24].  Moreover, we also consider a FCC structure 

predicted but not yet observed ar very high pres- 

sure [25] . The a-Ga stable structure has the 
lowest energy at zero pressure. The extrapolation 

of the equilibrium phases diagram at OK [5 ,6 ,7]  

shows that three high pressure phase transitions 

may occur : near 30 Kbar a-Ga + 11-Ga and 

a-Ga + 6-Ga, and near 100 Kbar 6-Ga + 111-Ga. 

In a zero temperature analysis, the internal 

energy of solid is the sum of the first three 

terms in b.rackets in (-1) plus the Madelung U,, and 
I.1 

the band structure UBS energies. The numerical 

determination of U and U follows the standard M BS 
methods [6,71 and are done for any of the three 

models ECM, OMP, OMP2, either with the 

Vashista-Singwi exchange correlation function or 

with the Toigdaodruff one [261. The zero point 

vibrational energy is neglected. The internal 

energy versus volume curves are presented in 

fig. 2 and correspond to the best results obtained 

among the three pseudopotentials and the two 

exchange correlation functions. 

Fig. 2 : Internal energy (T=OK) vs volume for 
Ga : -a , ---B,OOII, AA 111, xx hypothetical FCC. 
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The ECM neither predicts the a-Ga structure to be 

the most stable, nor the correct phase transitions. 

A C O ~ ~ O ,  the OMP2 combined with the Toigo- 

Woodruff function (This gives also a slight better 

agreement between experiment and theory for S(q) 

leads to the general trends of the energy phase 

diagra6m. More precisely a-Ga is the most stable 

one, the calculated equilibrium volume being 

however 7% too high ; the I1 and I11 fa~ms are 

correctly unstable at zero pressure ; the phase 

transitions aGa + BGa and aGa + I1 Ga are predicted 

from the common tangent construction,but only the 

second one occurs near the expected pressure of 

30 Kbar ; the BGa + I11 Ga pressure transition is 

found to be near 110 Kbar. 

Present results for solid Ga, obtained with no 

empirical adjustment of the pseusopotential in the 

structural energy calculations are as successfull 

as other calculations [5-71 . 
Conclusion 

"Anomalous" properties of liquid metals Zn, Ga, 

Sn have been investigated from the pseudo-potential 

theory. We emphasize that the peculiarities such 

as shoulder or asymmetxy in structure factor, and 

the thermodynamic properties may be explained 

assuming a long range pair potential. The ORPA 

method has been used to compare the results for 

three models of pair potentials. We find that the 

non local Shaw's models better predicgs the 

expected features than Aschroft's model. Study of 

gallium polymorphism supports the present analysis. 
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