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BOSE CONDENSATION IN SPIN POLARIZED ATOMIC HYDROGEN 

E.D. S igg ia and A.E. Ruckenstein 

Laboratory o f  Atomic and SoZid S t a t e  Physics ,  CorneZZ U n i v e r s i t y ,  I t haca ,  iVew York 14853, USA. 

Resume.- Nous proposons une d e s c r i p t i o n  phenom6nologique de l 'hydrogene p o l a r i s e  suggeree par  l ' h a -  
m i l t o n i e n  microscopique e t  qu i  i n c l u t  deux p a r t i c u l e s  de Bose qui  correspondent, a l a  l i m i t e  des 
f a i b l e s  densites, aux deux e t a t s  hyper f ins  l e s  p lus  bas. On s ' a t t e n d  ti ce que 1 'experience peuple 
i n i t i a l e m e n t  l e s  deux @ t a t s  e t  8 ce que l e s  temps d ' e q u i l i b r e  so ien t  longs. Quand l a  condensation 
de Bose a l i e u  dans chacun des deux & ta ts ,  il appara i t  une aimantat ion coherente spontanee perpen- 
d icu la i rement  au champ de s t a b i l i s a t i o n  ; ceci  d e v r a i t  Ct re fac i lement  observable par une simple 
experience de resonance magnetique. Les inhomogenei t e s  de champ ne devra ient  pas e l  a r g i r  1  e s igna l  
de resonance dans une t e l l e  experience, contrairement a ce q u i  se passe avec des systemes non 
condenses. 

Abstract . -  A phenomenological desc r ip t ion  o f  sp in-polar ized hydrogen, suggested by the  microscopic 
Hamiltonian, i s  proposed t h a t  inc ludes two Bose p a r t i c l e s  which correspond i n  the  low dens i t y  l i m i t  
t o  the  two lowest hyperf ine states. Experiments a re  expected t o  i n i t i a l l y  populate both s tates,  and 
e q u i l i b r a t i o n  times w i l l  be long. When Bose condensation occurs i n  both s ta tes  a spontaneous cohe- 
r e n t  magnetizat ion perpendicular t o  the  s t a b i l i z i n g  f i e l d  w i l l  appear ; t h a t  should be r e a d i l y  
observable i n  a simple magnetic resonance experiment, F i e l d  inhomogeneities should no t  broaden the  
resonance s igna l  i n  such an experiment, con t ra ry  t o  one's experience w i t h  uncondensed systems. 

Should i t  prove poss ib le  t o  s t a b i l i z e  sp in  a f i e l d ,  we w i l l  assume herefor th  o f  order 100 kG, 

po la r i zed  atomic hydrogen, H+, a t  densi t ies,  ( n  the sp in  dependence of the low energy s tates i s  

10'' h igh enough t o  observe Bose Condensa- la> = (1 - +> - r l +  - > ) /  w 
t i o n ,  t h e  quest ion o f  how t o  unambiguously de tec t  Ib> = I - ->  

(1 1 

the  condensed phases w i l l  a r i se .  Atomic hydrogen where w i t h i n  each k e t  the signs r e f e r  t o  the  d i r e c -  

w i l l  be a t  best  metastable i n  any a t t a i n a b l e  labora-  t i o n  o f  e lec t ron  and proton spins respec t i ve ly .  

t o r y  f i e l d  and recombination ra tes  a re  very d i f f i -  The parameter F i s  the r a t i o  o f  the hyper f ine  con- 

c u l t  t o  an t i c ipa te .  Thus, t h e  canonical ~e~ super- s tan t ,  a, t o  the  Zeeman energy 2ileHZ and i s  of o r -  

f l c w  experiments may n o t  be poss ib le .  Our a t t e n t i o n  der 2 x  Also, E,, - Ea . 50 mK. When the 

has focused on t h e  magnetic p roper t ies  o f  the  dens i t y  i n  atomic u n i t s  i s  low, and t r a n s l a t i o n a l  

s u p e r f l u i d  phases o f  H+ which i n  many respects a re  energies less  than atomic e x c i t a t i o n  energies we 

expected t o  resemble those o f  a  s p i n  1/2 Boson ( i  .e. can t r e a t  s ta tes  a and b as Bosons. The corre-  

a  Boson w i t h  two i n t e r n a l  s ta tes ) .  The s t a b i l i z i n g  sponding second quan t i t i zed  f i e l d  operators w i l l  be 

f i e l d  i s  ready made fo r  a  magnetic resonance exper i -  denoted by @a, $. 

ment t h a t  i s  non-invasive and can be done on a much Most o f  the  physics we w i l l  discuss fo l lows  

shor ter  t ime scale than the  t r a d i t i o n a l  s u p e r f l u i d  from the  Hamil tonian: 

f l ow experiments. We w i l l  describe one e f f e c t  which 1 H = H  + - I  V ( r  1 
i? ij D i j )  + 7 fj VE(r i j )Si 'Sj  

i s  unique t o  s u p e r f l u i d  H+ and whose magnitude (2) 

should render i t  e a s i l y  measurable. where Ho includes the k i n e t i c  and in t raatomic 

It i s  expected t h a t  a magnetic f i e l d  can be energies as w e l l  as the i n t e r a c t i o n  w i t h  the  ex te r -  

used t o  s e l e c t  j u s t  the  two lowest hyper f ine s ta tes  na l  f i e l d  /2/. The e lec t ron  sp in  i s  denoted by - 1 o f  atomic hydrogen /I/. The upper two, whose e lec-  S and VD = (VS + 3VT). VE = VT - VS, where V,. and 

t r o n  sp in  i s  predominately p a r a l l e l  t o  the f i e l d ,  VS are the we l l  known t r i p l e t  and s i n g l e t  poten- 

w i l l  be r e j e c t e d  f rom the  experimental region. I n  t i a l s  between hydrogen atoms. 

Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:1980703

http://www.edpsciences.org
http://dx.doi.org/10.1051/jphyscol:1980703


C7.- 16 JOURNAL DE PHYSIQUE 

We can r e w r i t e  (2)  w i t h i n  the  space o f  s ta tes  

$ a , $ b  i n  the  form presented i n  (3)  below. (A  more 

care fu l  d iscuss ion of the  e f f e c t s  o f  coupl ing t o  

the upper hyper f ine  s ta tes  i s  contained i n  Refer- 

ence /3/. See a lso  121. ) 

+ C J ( E ~ )  , (3)  
+ + where the operators P = QbQb and S+ - 

a,b - + - Sx 
+ i S  = +,'Lb, Numerical arguments are i n t e -  
- Y 
grated over a l l  space. Along w i t h  (31, we can 

w r i t e  the magnetizat ion densi ty ,  mi, as 

mx,y = uJx,y 

mz = uzSZ 

w i t h  Sz = L ( D  - 0  ) and 
2 a b  

We have neglected i n  m a  background p i ~ c e  rroynr- z 

t i o n a l  t o  t h e  t o t a l  densi ty .  

There i s  an impor tant  separat ion o f  t ime scales 

i m p l i c i t  i n  (3 ) .  The therma l i za t ion  t ime Tth o f  

the  center  of mass motions i s  se t  by the l a r g e s t  

2 
term i n  (31, (VT - VE) .  The l a s t  term i n  (3 )  

acts  l i k e  an ant i fer romagnet ic  exchange i n  t h e  x-y 

d i r e c t i o n  and commutes w i t h  t h e  i n t e g r a l  o f  SZ b u t  

n o t  Sx o r  S  It thus con t r ibu tes  t o  the  t rans -  
Y' 

verse magnetizat ion r e l a x a t i o n  time, Tp. F i n a l l y  

the d i p o l a r  i n t e r a c t i o n s  we have omi t ted from (3 )  

f a i l  t o  comnute w i t h  a l l  the  components of the s p i n  

and en te r  both the  r e l a x a t i o n  time, T1 o f  the  r e l a -  

t i v e  populat ions pa - pb  and t h e  t ransverse 

r e l a x a t i o n  t ime T2. A t  low temperatures we expect 

Tth << T2 << T1 . 
For the t ime being, l e t  us take the TI due t o  

atomic processes i n f i n i t e  i n  comparison t o  Tth. 

Then as a  m ix tu re  o f  H+ i n  t h e  s ta tes  a  and b w i t h  

dens i t i es  na, nb i s  cooled, we expect Bose conden- 

sa t ion  t o  occur separate ly  i n  the two s ta tes  a t  

temperatures s e t  by the  i d e a l  Bose gas formulae. 

I n  thermodynamic e q u i l i b r i u m  Bose condensation i s  

character ized by an order  parameter <, I ]>  = .oe'e, 

($, = 1 <$>I  ) ,  t h a t  i s  complex and uni form i n  

space. I f  our ensemble corresponds t o  long range 

order i n  both s ta tes  a  and b  the  expectat ion 

value o f  the operators mx i n  ( 4 )  represent ing the  
YY 

perpendicular magnetizat ion dens i t y  w i l l  have a  

non-zero magnitude very near l y  equal: 

a b  
o l = U $ $  

L O  0 
(5)  

and a  d i r e c t i o n  i n  the  x,y plane s e t  by 

(Whether one regards the  s t a t e  i m p l i c i t  i n  (5) as 

having two condensates o r  a  s i n g l e  condensate 

formed by superimposing the two "sp in"  s ta tes  a,b 

i s  a  moot po in t . )  

I f  the  r e l a t i v e  populat ions o f  a t o  b  a re  n o t  

themselves i n  equ i l i b r ium,  the  perpendicular mag- 

n e t i z a t i o n  n, w i l l  r o t a t e  a t  a  r a t e  

va,b = (u, - Yb)/h % l o 9  hz (6) 

where ua,b are the chemical p o t e n t i a l s  o f  hydrogen 

atoms in the  two hyper f ine  l e v e l s  a,b. (Micro- 

scopic considerat ions suggest q u i t e  s t r o n g l y  t h a t  

one can n o t  have Bose condensation i n  both s ta tes  

a  and b  and pa = ub.) This  i s  the e f f e c t  t o  which 

we a l luded  i n  t h e  In t roduc t ion .  A sample o f  10 
19 

coherent ly  r o t a t i n g  spins w i t h  a  magnetic moment 

severa l  t imes the  p ro ton 's  should be observable i n  

a  magnetic resonance experiment. 

A  number o f  complicat ions have t o  be ad- 

dressed before we can asser t  t h a t  the  above e f f e c t  

w i l l  be measurable / 3 / .  

1. Inhomogeneous Broadening 

Super f lu id  84 i s  a  r a t h e r  i n t e r e s t i n g  system 

i n  t h i s  respect  s ince the  s igna l ,  ( 6 ) ,  apuears as 

t h e  d i f f e r e n c e  o f  two chemical p o t e n t i a l s .  The 

chemical p o t e n t i a l  must be uniform i n  any s t a t e  i n  



mechanical equ i l i b r ium.  A f i e l d  inhomogeneity w i l l  

induce a pressure gradient  and u l t i m a t e l y  lead t o  

uniform values o f  ua, ub. Thus, we expect no 

inhomogeneous broadening o f  the l i n e  (6) .  

2. Relaxat ion Times 

I n i t i a l l y  a  m ix tu re  o f  hydrogen atoms i n  the  

a, b  s ta tes  w i l l  have a zero value o f  nL. When 

such a m ix tu re  i s  quenched t o  below t h e  Bose con- 

densation temperatures o f  n  what a r e  the t ime 
a,b 

scales o f  the k i n e t i c  processes t h a t  lead t o  the 

appearance of oJ i n  ( 5 ) ?  Are they of order the 

atomic Tz t imes o r  because a, i s  t i e d  t o  the order  

parameter w i l l  i t  develop on a t ime  scale set  by 

VT (e.g. Tth) i n  ( 3 ) ?  We have addressed t h i s  ques- 

t i o n  by doing a v i c r o s c o p i c  c a l c u l a t i o n  t o  f i x  the  

parameters i n  a mode coupl ing Ginzburg-Landau 

theory. 'The magnitude of the order  parameter 

should r e l a x  t o  a constant uniform value i n  a t ime 

o f  order sec. T ~ E  phase o f  i h c  order para- 

meter, and thuscrL, evolves d i f f u s i v e l y  w i t h  a 

2 d i f f u s i o n  constant of order cm /sec. I n  a 

t ime measured i n  seconds. m i l l i m e t e r  s i ze  domains 

o f  o L w i l l  develop. I n  each domain, oL ro ta tes  

un i fo rm ly  a t  a  r a t e  given by ( 6 ) .  I t s  average over  

the e n t i r e  system i s  zero u n t i l  e f f e c t s  t h a t  break 

t h e  conservat ion o f  S come i n t o  p lay .  The sub- 
x  ,Y 

sequent e v o l u t i o n  of fl, i s  determined by t h e  magni- 

tude o f  T2 and the long  range d i p o l a r  forces.  

3. Domain Energet ics 

When macroscopic regions o f  near l y  un i form 

o, develop, we must enquire as t o  what l i m i t s  the 

domain s ize.  Domain formation i s  favored by the  

small d i p o l e  f i e l d s  of order  47uLn 7 .  G ( f o r  

n  - 10'' C K - ~ ) .  Normally, domain s izes are set  

by balancing exchange against  d i p o l a r  energies w i t h '  

the  th ickness of domain w a l l s  determined by the 

anisot ropy energy. There i s  no i n t r i n s i c  aniso- 

t r o p y  energy i n  H4 soo, w i l l  vary smoothly i n  

space. The on ly  analogue o f  the  exchange energy 

i s  tho  s u p e r f l u i d  dens i t y  t h a t  ac ts  as a s t i f f n e s s  

constant  against  changes i n  6, o r  gb. An order  o f  

magnitude est imate y i e l d s  domains o f  s i ze  % 0.1 cm. 

A more p rec ise  c a l c u l a t i o n  has been done f o r  

a  long c y l i n d e r  o f  rad ius R, p a r a l l e l  t o  the  s ta -  

b i l i z i n g  f i e l d  w i t h  b a  - t~,, = kz. (The phase var ies  

l i n e a r l y  w i t h  z  s ince  although the  s u p e r f l u i d  velo- 

c i t y  may be nonzero i n  thermodynamic equi 1  i brium 

t h e  divergence o f  t h e  mass cur ren t  must be zero; so 

i f  P ! ~ ~  are uniform, vGa,b = 0) .  A prec ise calcu- 

l a t i o n  o f  the magnetostat ic energy as a f u n c t i o n  o f  

k  g ives 

- vol  *; ti2 m n t Z  + 4n ( U , ~ ) ~ K ~  ( t n ) ~ ,  ( k ~ )  (7) 

and a minimum a t  e = !$ 5 .28 cm f o r  na = n b = n =  

10'' and R = 1 cm. (Above K1, I1 are modi f ied Bes- 

se l  funct ions o f  the f i r s t  order) .  

A c t u a l l y  t h i s  i s  s t i l l  an underestimate o f  the  

doa;ain s?ze s ince we have no t  imposed the  t-oundary 

cond i t i ons  on v z ,  vb on the  ends o f  the  c y l i n d e r .  
S 

The g lobal  f l o w  f i e l d  w i l l  be considerably  more com- 

p l i c a t e d  than we have assumed and the i n t r o d u c t i o n  

o f  v o r t i c e s  w i l l  probably be requ i red  i n  thermal 

equ i l i b r ium.  

4. External  Josephson E f f e c t  

We have chosen t h i s  term by analogy w i t h  

Legge t t ' s  " i n t e r n a l  Josephson E f f e c t " ,  which he 

used t o  exp la in  the  l o n g i t u d i n a l  resonance i n  super- 

f l u i d  H ~ ~ - A  /4/.  I n  H+, the re  appear t o  be no bu lk  

energies, i r r e s p e c t i v e  of size, t h a t  p i c k  ou t  a  

d i r e c t i o n  f o r  + - +b even i f  i t  weren ' t  r o t a t i n g .  
a  

The long  range d ipo le  energy w i l l  couple $a- tJb 

t o  the  shape o f  the  sample and i f  the r e s u l t i n g  de- 

magnetizing f i e l d s  a re  inser ted  back i n t o  Bloch 's  

equations, c h a r a c t e r i s t i c ,  thounh very small ,  

harmonics of va,b w i l l  appear. There w i l l  be a 
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corresponding small  o s c i l l a t i o n  i n  t h e  r e l a t i v e  

~ o p u l a t i o n s  but  no re laxa t ion .  

A more impor tant  source o f  coupl ing between 

the a-b populat ions i s  an ex te rna l  c o i l .  I f  i t  i s  

resonant, energy w i l l  o s c i l l a t e  between the f i e l d  

and sample. The coupl ing t o  the c o i l  plays t h e  

same r o l e  here as t h e  d i p o l a r  coupl ing d i d  i n  Leg- 

g e t t ' s  theory. The res is tance  o f  the c o i l  w i l l  

probably se t  the the rma l i za t ion  t ime o f  na/nb as 

long as both phases a re  super f lu id  al though r e a l  

r a d i a t i o n  damping i s  a lso  poss ib le .  

We can now r e t u r n  t o  the quest ion o f  whether 

the s igna l  (6 )  w i l l  be measurable i n  Bose condensed 

H+. L e t  us assume we can s t a b i l i z e  a dens i t y  o f  

10" atoms f o r  a t  l e a s t  several seconds. Domains 

w i l l  form, q l o c a l l y  w i l l  r o t a t e  a t  the same 

frequency (61, b u t  t h e  volume average o f  a, may be 

zero. I f  t h e  frequency o f  a surrounding c o i l  whose 

f i e l d  exceeds vLn i s  swept through v ~ , ~ ,  t h e  

var ious aamains w i l l  be p u l l e d  i n t o  a1 iynnent.  

I f  t h e  Q o f  the c o i l  i s  s u f f i c i e n t l y  h igh and if 

i t  remains locked cn resonance, the external  r.f. 

source can be turned o f f .  The sample o f  hydrogen 

w i t h  i t s  r o t a t i n g  magnetizat ion w i l l  induce a 

s u f f i c i e n t  f i e l d  i n  t h e  c o i l  t o  keep the domains 

a1 igned. 

One poss ib le  compl icat ion i s  t h a t  v w i l l  
a ,b 

change w i t h  na - nb i n  a ca lcu lab le  way. The 

resonant c o i l  has the re fo re  t o  t r a c k  a v a r i a b l e  

frequency. I n  add i t i on ,  populat ions should be 

changed s u f f i c i e n t l y  s lowly  so t h a t  the  l o c a l  

e q u i l i b r i u m  arguments we have used remain v a l i d .  

The small r a t i o  bewteen the d i p o l a r  f i e l d  and Hz 

insures a l l  t ransverse r.f. sources can be kept  

small and r o t a t i o n  r a t e  o f  the  z component of 

the magnetizat ion slow. 

We have a lso  inves t iga ted  t h e  hydrodynamics 

o f  s u p e r f l u i d  H+ and developed a s u i t a b l e  mode 

coupl ing theory t h a t  inc ludes 0, (which i s  n o t  a 

hydrodynal-ic va r iab le )  and reduces t o  Bloch's 

equations i n  the  appropr ia te l i m i t .  
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